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Abstract

In dieser Arbeit geht es um Resultate zur Lokalisierung von Operatoren in Hilbertrau-

men, wobei eine allgemeine, solide Spektralmatrixalgebra verwendet wird. Genauer

gesagt, ich analysiere die Struktur der Menge der lokalisierbaren Operatoren beztglich

zweier fixierter Frames. Einige dieser Resultate wurden bereits fir spezielle solide Spek-

tralmatrixalgebren bewiesen. Das heift, ich verallgemeinere in dieser Arbeit existierende
Resultate. Zusétzlich erklareich detailliert die notwendigen Informationen tiber Topolo-

gie und Funktionalanalysis und beschreibe die relevanten Schritte flr die Konstruktion

und die Eigenschaften des Koorbitraums HY.
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Abstract

This thesis provides some results on the localization of operators in Hilbert spaces us-
ing a general solid spectral matrix algebra. More precisely, | analyze the structure of the
set of localizable operators with respect to two fixed frames. Many of those results have
already been proved for the case of specific solid spectral algebras, which means that
in this thesis, | generalize some existing results. In addition, | provide a detailed expla-
nation of the necessary knowledge in topology and functional analysis, and review the
relevant construction steps and properties of the co-orbit spaces Hp.






Introduction

In signal processing research, it is often useful to decompose a signal into elementary
parts that can be analyzed individually. Acommon way to do it with a periodic signal f
is to use its corresponding Fourier series

f = Z Ckfk’

keZ

where (c)rez are the Fourier coefficients and (fi )kez = (e~ 27()),ez are harmonic sig-
nals. If £ is an L2-function, then this decomposition exists and is unique. Moreover,
(fi)rez is an orthonormal basis. Although the existence of such a decomposition is es-
sential, uniqueness can be a disadvantage. To better understand this argument, one
must be aware of real-world limitations. In practice, only finite sums can be computed,
which means that one must approximate the infinite sum with a finite sum by drop-
ping all summands with a sufficiently small coefficient in magnitude. Depending on
the coefficients, this implies that the approximating sum can have many summands.
Additionally, owing to numerical limitations, one must ensure that the approximation
is sufficiently stable. In some cases, having multiple ways to decompose an element
makes it possible to choose a decomposition that best suits the computational effort
and stability. This is where frames come into play. A frame (fi)kex Can be considered a
sequence with certain properties, which allows a (not necessarily unique) decomposi-
tion of an element. Frames like Gabor Frames have been shown to be useful. They also
have nice mathematical properties.

In the next chapter, we define a matrix algebra A, which intuitively consists of ma-
trices with a certain off-diagonal decay. In some literature, this algebra is explicitly de-
fined; however, | define A using axioms to cover more cases. Subsequently, a frame
can be defined to be localized if its corresponding Gramian matrix is an element of A.
Intuitively, alocalized frame is a frame in which the elements whose indices are far apart
are "almost orthogonal” to each other. This allows for more stable frame reconstruction.
More generally, two frames are localized if their cross Gramian matrix is in A.

Additionally, a localized frame allows us to define co-orbit spaces. This is similar to
the following: If we compute the Fourier coefficient of an L2-element, we obtain an £2
sequence. Focusing on functions whose Fourier coefficient sequence is in £' makes
it easier to compute an approximate decomposition, as the Fourier coefficients decay
faster, which reduces the number of significant summands. However, this drastically
reduces the function space. If we choose instead p > 2, then we can extend the space of
functionstothe space, where the sequence of Fourier coefficientsisin €7. This extension
resultsin the unfortunate fact that the Fourier coefficient sequence decays more slowly,
whichincreasesthe computation time. Thisentireidea can be transferred to the general
setting of frames. To make the math more general, we use weighted €%, spaces.

We also define the notion of a localizable operator. If ¢, ¢ are two frames, we say

11
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that T is (¢, ¢)-localizable if the sequences , T¢ are localizable. Intuitively, if we think
of the frames ¥, ¢ as coordinate systems, then T is (¥, ¢)-localizable if it maps ¢ to
a coordinate system close to . This raises the question of the structure of the set of
localizable operators. This thesis provides a detailed answer to this question.

The chapters provide the following information: In the first chapter, we discuss the
relevant results of the functional analysis. Some of these are well known, while others
may be new to the reader. To provide information as gap-free as possible, this chapter
contains proofs for most of the results. In Chapter 2, we discuss the basics of Frame
Theory. Because the content can be found in [18], | do not provide many proofs. In the
third chapter, we define the localization of a frame. The fourth chapter introduces the
co-orbit spaces. We also discuss their properties in detail. In the fifth chapter, we show
a duality result similar to the case of the 4, spaces. In the final chapter, we discuss the
localizability of operators in detail.

12



1 Preliminaries

Since Frame Theoryis a branch of functional analysis, this chapter provides some back-
ground information. The idea is that it contains detailed information, while the other
chapters use those results. This makes it possible to obtain the relevant information
from the other chapters more clearly, as they do not contain many details. If the reader
isnotinterested in the details, they can skip this chapter or read parts of it while working
through the other chapters to fill the gaps.

This chapter begins with an introduction to nets and topology. In the second part,
continuous linear functions are introduced. In the third section, we show that nets can
be replaced by sequences in certain cases. Subsequently, we rigorously define infinite
sums in locally convex Hausdorff spaces. The fifth part introduces weighted ¢P-spaces.
Subsequently, the fundamentals of Banach algebras are introduced. Finally, operators
in normed spaces are analyzed.

For every result and in this chapter, | searched for literature to cite it. However, for
some results, | could not find any literature. In this case, | do not claim to be the first
one to prove these results.

1.1 Nets

Sequences in metric spaces are useful for characterizing closed sets and continuous
functions. However, if we try to extend this characterization to more general topological
spaces, we must differentiate between continuous and sequentially continuous func-
tions. Because there are sequentially continuous functions that are not continuous,
sequences are not optimal in this setting. To solve this problem, we need to introduce
nets, which are generalizations of sequences. An introduction to nets in topological
spaces can be found in [1, Chapter 5.12]

1.1.1 Definition of a net

The index set of a sequence is N (with 0) or N* (without 0), which is totally ordered
with respect to <. For a net, we need a directed set, which is a set that satisfies certain
properties.

Definition. [41] Definition 1.1.7] Let I be a nonempty set, and let < be a relationon I.
We call (1, <) (or I) a directed set if the following statements are true:

1. Reflexivity: Foralli € I, we have

13



1 Preliminaries

2. Transitivity: Forall i, j, k € I, we have

3. Foralli, j € I,there exists a k € I such that

i<knj<k

To make the definition simpler to understand, we present some simple examples.

Example. Many examples are easily verified.

1. (N, <)isadirected set. Indeed, we already know that < is reflexive and transitive.
In addition, fori, j € N, we choose k := max(i, j), which satisfiesi < kand j < k.
Therefore, (N, <) is a directed set.

2. Similarly, one can show that (N*, <), (N, =) and (R, <) are directed sets.

3. Let M be a nonempty set and P its power set. Then, (P, <) is a directed set. In-
deed, < is reflexive and transitive. For A, B € P, we choose C := A U Bto obtain
A € Cand B < C, showing that (P, <) is directed.

4. Let M be anonempty setand P be the set of finite subsets of M. Then, (Pr, <) is
a directed set. This follows from the fact that the union of two finite sets is finite.

5. Let S be asetand F be the set of functions from S to R. For f, g € F, we define
the relation
f<ge f(x) <glx) VxeS.

Again, reflexivity and transitivity are easily verified. For the third property, let
h:S — R, x+— max(f(x),g(x)).

Then, f < handg < h.

If we consider the Cartesian product of two directed sets, we can naturally obtain a
new directed set.

Proposition 1.1.1. [J] Let I and J be directed sets. Then, I x J is a directed set with
respect to the following relation:

(i1, 1) < (@2, o) = (1 < i) A (1 < Jo).

Proof. We show that these three properties hold.
1. Ifielandje J,theni <iandj < jandso (i, j) < (i, j) showing reflexivity.

2. 1If (il,jl) < (iz,jz) < (i3,j3) then i1 < i2 < i3 and j1 < j2 < j3. Using the
transitivity of I and J, we obtaini; < izand j; < js, whichyields (i1, j1) < (J3» j3)
proving transitivity.

14



1.1 Nets

3. Let(iy, j1), (ia, jo) € I x J.Choosei € Isuchthati; <iandi, <i. Chooseje J
suchthat j; < jand j, < j. Then (i1, j1) < (i, j) and (iz, j2) < (i, ).

O

If we compute the Cartesian product of two directed sets without specifying the or-
der, we use the one of the proposition. After going through the index set, we can now
define a net.

Definition. [10, Definition 1.1.7] Let I be a directed set and S be a set. We then define
(x:)ier < S to beanet.

To make the nets useful, we must introduce a space with a certain topology.

1.1.2 Nets in a locally convex Hausdorff space

Forour purposes, itis sufficient to work with a special class of topological vector spaces.
Because most of the results work with R and C, we define F € {R, C} to be fixed for the
whole thesis. In addition, for the entire thesis, we assume for the topological space 7
the following;

« 7 is a non-trivial F-vector space (i.e., 7 consists of more than one element).
+ T isequipped with the topology generated by a set of seminorms P.
« T is a Hausdorff space. This means that if p(x) = Oforall p € P, then x = 0.

If we require multiple such spaces, we write 71, 7>, ..., whose sets of seminorms are
P1,Pa, ... respectively. In some cases, we need an F-vector space without any topol-
ogy. In this case, we use the letter V. After setting up our space, we can define the
convergence of the net.

Definition. 10, Definition 1.1.8] Let (x;);e; © T be a net. We say that (x;)e; converges
to some x € 7 (oritis a converging net) if forall p € P and € > O there existsan iy € I
such that

p(xi — x) < € Yi = .
In this case, we use the notation

limx; = x
iel

or
It is easy to see that
limx; = x < limp(x; —x) =0 VpeP.
i€l i€l

Since we assume that 7~ is a Hausdorff space, the limits are unique. For consistency, we
show that the limit is compatible with the Cartesian product of two directed sets.

15



1 Preliminaries

Proposition 1.1.2. [45] Remark 2.5] Let I, J be directed sets and (x;)ie; be a converging
net. Then

lim x; = lim x;.
(i.j)elxJ iel

Proof. Let x := lim;e; x;. Lete > 0 and p € P. Choose i € I such that
p(xi — x) < € Vi = .
Now, let jo € J. Then
p(xi —x) < e V(i j) = (io, jo)-
This proves our statement. i
Similar to sequences, the limits are linear.

Proposition 1.1.3. [2 Proposition2.1] Let (x;)ie; < T be anetconverging to x, (y;) jes <
T converge toy and A € E. Then, the following statements hold:

1. Himg jyerss (X +y;) = x+ .
2. limiel(/lxi) = Ax.

Proof. The proofs are similar to those of the case with sequences.

1. Let pe Pand e > 0. Then there existiy € I, jo € J such that
€ . .
plxi—x) < 5 Vi =i
and .
pyj—y) < 3 Vj= Jo
Then

P((xi+3) = (x4 ) < plxi = x) £ ply = 3) < 5 + 5 = € ¥(i.)) = (io. o).

2. If A = 0, the statement is trivial. Otherwise, choose iy € I such that

€
p(xi —x) < — Vi = ip.
|
Then

€
Pl = 13) = [px ) < |4l = e

Similar to sequences, we can also define accumulation points.

Definition. [II] Definition 11] Let (x;);e; € 7 be a net. We say that x € 7~ is an accu-
mulation point of (x;);e; if forall p € P,e > 0and iy € I there exists ani > iy such
that

p(xi —x) <e

16



1.1 Nets

1.1.3 Cauchy nets

Similar to sequences, we can also define Cauchy nets.

Definition. [2| Definition 2.2] Let (x;)ie; S T be a net. We say that (x;);es is a Cauchy
netifforall p € P, e > 0there exists an iy € I such that

p(xi —x;) < € Vi, j=ip.
Equivalently, (x;)ier is a Cauchy net if forall p € P it holds

li . —x;) = 0.
(i,jgl}lxlp(x xj)

We already know that any converging sequenceis a Cauchy sequence. Asimilar state-
ment holds for nets. However, the opposite is not true. However, we can show the fol-
lowing;

Proposition 1.1.4. [2 Corollary 2.5] Let (x;)ie; S T be a Cauchy net with an accumu-
lation point x € T. Then (x;)ie; converges to x. This means that every Cauchy net has at
most one accumulation point.
Proof. Let p € P and e > 0. Then choose iy € I such that
€ . ..
p(xi —x;) < 5 Vi, j = .

We also can find ani; = iy such that

p(xil - x) <

N m

Combining those two inequalities, gives

plxi—x) < p(xi —xi,) + p(xi, —x) < 5+ 5 =€ Vi =

N m
N m

O

Now, we define how two nets (with possibly different index sets) can be considered
equivalent. This is useful because, later, we show that each locally convex topologi-
cal Hausdorff space can be completed using Cauchy nets. To make the notation more
intuitive, we write lim;es je; instead of limg; e/ .

Definition. [2] Let (x;)ics, (v;)jes S T be nets. We call them equivalent if

iel;ﬂgj(xi —v;)=0.

In this case, we use the notation (x;)ies ~ () jes-

If two Cauchy nets have the same index set, then equivalence can be characterized
as follows:

17



1 Preliminaries

Proposition 1.1.5. [45 Remark2.5], [2) Proposition 2.1] Let (x;)ier, (yi)ier © T be Cauchy
nets. Then those are equivalent if and only if

lgl(x,- —yi) =0.
Proof. Suppose that

lir}l(x,- —i) =0.

1€

Then, using Proposition and linearity (Proposition|(1.1.3), we get

ig}fjgl(xi —y)) = ig}fjgl(xi —Xjtx;—y) = ig}fjgl(xi —Xx;) + l;gl(xj —y;) =0.

The other direction is trivial in this case. ]
As the name suggests, we obtain the following:

Proposition 1.1.6. [2] Being equivalent Cauchy nets is an equivalence relation in the
class of all Cauchy nets.

Proof. Simple computations show the following:
1. Reflexivity: Since (x;);er is a Cauchy net,

dim (xi —x;) = 0,

implying reflexivity.
2. Symmetry: If (x;)es is equivalent to (y;) jes then

lim (Xi — yj> = 0.

iel, jeJ
By linearity (Proposition|1.1.3),

Am O =) = = lim (6 =) = 0.

3. Transitivity: Suppose that (xi)ier ~ (v;)jes and (¥;)jes ~ (zx)rek. Then again by
Proposition|1.1.2|land linearity (Proposition|1.1.3)

iel},iEK(x" —) = iel’},lel}}ceK(xi —yj+tyi—u) = iel;ggj(xi —yj)+ jel;g;K(yj —z) = 0.

O

If two nets are equivalent and one of them is a Cauchy net, then the other is also a
Cauchy net.

Proposition 1.1.7. [2 Proposition 2.1] Let (x;),e; < T be a Cauchy netand (y;) jes < T
be such that (x;)ier ~ (¥;) jes. Then, (y;) jes is a Cauchy net.

18



1.1 Nets

Proof. Lete > 0and p € P. Choose iy € 1, jo € J such that

This implies that

p(yjl _yjz) < p(yjl - xio) + p(xio _yjz) <€ Vj],jz = jO-

Converging nets with identical limits are equivalent.

Proposition 1.1.8. [45] Remark 2.5], [2] Proposition 2.1] Let (x;)ier, (¥;) jes S T be two
nets converging to the same x. Then, these are equivalent.

Proof. By Proposition and linearity (Proposition|1.1.3)

Iim (x; —y;)= lim x;, — lim y,=x—x=0.
ieI,jeJ( i = Yi) iel,jes ' ieI,jeJy]

If a net converges, then each equivalent net converges to the same limit.

Proposition 1.1.9. [45] Remark 2.5], [2) Proposition 2.1] Let (x;)ier, (¥;)jes S T be
equivalent nets and (x;):e; converge to some x € 7. Then, (y;) jes converges to x.

Proof. By Proposition and linearity (Proposition|1.1.3)

limy; = lim (y; —x; + x;) = lim (y; — x;) + lim x; = x.

jeJ iel, jeJ iel, jeJ iel,jeJ
i
The equivalence of nets is also compatible with vector addition and scaling.
Proposition 1.1.10. [2] Let (xi)ier ~ (X)) jes, Vk)rex ~ (V)ier in T and A € F. Then
(Ax; + yi) iwyerxk ~ (AX; + ¥1) (jnesxL-
Proof. We easily compute using Proposition and linearity (Proposition|1.1.3)
. . / AN . R . ) —
iel, jeljl,?elK,IEL(/lXZ e — Ax; + ) Aielll,rng(x’ x;) + kel}(r,}éL(y c =) =0.

i

Equivalence is also compatible with seminorms.

Proposition 1.1.11. [21) Remark 3.1 d)] Let (x;)ie; < T be a Cauchy netand p € P.
Then (p(x;))ier convergesinR. If (y;) jes is an equivalent Cauchy net then

lim p(x;) = lim p(y;).

19



1 Preliminaries

Proof. Let e > 0. By the definition of a Cauchy net, there exists an iy € I such that
p(xi — xp) < € Vi,i' = iy.

Since |p(x;)—p(xi)| < p(xi—x») because of the reverse triangularinequality, (p(x;))ies
is a Cauchy net and therefore converges. Since both nets are equivalent, we get

lim |p(x;) — p(y;)| < lim p(x; —y;) =0

icl,je] icl,jel]
proving the statement. ]

A good thing about sequences is that the index set is always the same for all se-
quences. This is no longer true for nets, which makes the computations difficult. Our
goal is to show that we can assume, without loss of generality, that each Cauchy net
has the same index set. More precisely, we show that for each Cauchy net, there exists
an equivalent Cauchy net having this specific index set. We can also ensure that the net
members get close to each other quickly in a certain sense. To make notation simpler,
we define

P = (P < P:|P|isfinite}.

Recall that # is a directed set with respect to <.
Theorem 1.1.12. [46] Theorem 2.1] Let (x;)ie; © T be a Cauchy net. Then there exists

an equivalent Cauchy net (y;) jes such that J = N* x P and forall p € P and N € N*,
we have

1 . N
Py —y) < N VpepVjk=(N,p).

Proof. Letn € N*and p € P Since (x:)ier is @ Cauchy net and p is a finite set, we can
find anindex iy, € I such that

1
p(xi—xj) < = Vi, j =i, Yp € p. (%)

n
For afixed (m, §) € J, there are only finitely many (n, p) € J such that (n, p) < (m, g).
Therefore, we can assume without loss of generality that i, 5 < ing if (1, p) < (m, §).

Now we define the net
V) mpyer := (Xi,;) mp)es-

Next, we show that this new net satisfies the formula of the theorem. Let (N, p) € N* x
P. Let (m,q), (n,?) = (N, p). Using (=), we get

1 .
p(y(m@) - y(l’l,f')) = p('xlm,z} - xin,f‘) < N vp € p‘
Finally, we show that (x;)ier ~ (;)jes. Let p € Pand e > 0. Choosen > % Leti > ipp
and (m, p) = (n,{p}). Then, thanks to (=), we get

1

P(Xi = Ymp)) = P(Xi — X;,,) < ~<e

20



1.1 Nets

This implies that (x;)ier ~ (y;)jes and by Proposition[L.1.7} (y;) jes is @ Cauchy net. O

With this result, we can assume that the index set of every Cauchy net is N* x # with-
out essential restrictions. This result is also important for set-theoretical reasons. If we
assume that E is an equivalence class of Cauchy nets and also a set, then this equiva-
lence class might contain a net of the form (x;)ie(gy. In this case, we have a relation of
the form

E> (x,-),-e{E} 5---3FE

This means that E is a cyclic set, which is not allowed in set theory. To solve this prob-
lem, we restrict ourselves to nets with the index set N* x #. So, for any Cauchy net
(x)ier, we define

[(x0)ier] := {(yj)jeN* «p ST (yj>jeN* i ~ (Xi)ier}

which is a set.

1.1.4 Closure and sequential closure of a set

Having set up the basic properties of nets, we go through the definition of a closed set,
the closure, and a complete topological space using a net. We also compare these con-
cepts with the use of sequences.

Definition. [45] Let S < 7. We say that S is closed in 7 if for every net (x;)ie;r < S
convergingtosomex e 7, itholdsx e S.

A sequentially closed subset is defined in a similar manner.

Definition. [39] Let S < 7. We say that § is sequentially closed in 7 if for every
sequence (x,)qen S S convergingtosomex € 7, itholdsx € §.

Itiseasytoseethateveryclosed subsetissequentially closed. However, the converse
is not generally true. Next, we define the closure of a set, which can be defined in two
equivalent ways.

Definition. LetS < 7. Then we define S to be the closure of § if one of the following
equivalent conditions holds:

1. [2] It holds
S = {xe T :3(x)ier S - ljr}lx,- = x}.

2. [49] The set S is the intersection of all closed subsets of 7~ containing S .

One can show that both definitions are equivalent. In this case, one can use a diag-
onal net argument similar to the proof of Theorem[1.2.12] In the case of sequences, we
use the following definitions.

Definition. [39] LetS < 7.

21



1 Preliminaries

1. We define the sequential hull [S]* of § as

[S]° = {xeT:H(x,,)neN cS:limx, = x}.

n—o0

2. We define the sequential closure S’ of § as the intersection of all sequentially
closed subsets containing S..

Itis easy to see that [S]* = 8, but the converse is not true in general. We now show
the following.

Proposition 1.1.13. 29 Lemma 4] Let S < T be a subspace. Then, S and [S]° are
also subspaces.

Proof. The 0-vector is contained in both the sets.

1. Letx,y € S and A € F. Then, there exist nets (x;)er, (vj)jes S S converging to x
and y respectively. By Proposition|1.1.3} we get

Ax+y= lim (Ax; +y;) € S.
iel,jeJ

2. For [S]*, we do the same as before, but we use sequences instead.

Finally, we define the density in terms of nets and sequences.
Definition. LetS < 7.

1. [45] We say that S isdense in 7 if S = 7.

2. [19] We say that S is sequentially dense in T if [S]* = T

One might define a different kind of density, where S° has to be 77, but we do not
need this definition here. Because every sequence is a net, each sequentially dense
subset is also dense.

1.2 Continuous linear operators

Using nets, we can define the continuity of functions.

Definition. [41] Theorem 1.1.9] Let f : 77 — 7,. We say that f is continuous if for
every x € 77 and every net (x;)ie; S T converging to x, the net (f(x;))e; converges to

f(x).

Similar to metric spaces, continuity can also be characterized using open sets, neigh-
borhoods, and filters, as in [49] however, we will not focus on that. We show that each
seminorm that constructs the topology of 7~ is continuous.

Proposition 1.2.1. [49 Proposition 7.3] Every seminorm p € P is continuous.
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1.2 Continuous linear operators

Proof. Let (x;)ie; € T be a net converging to some x € 7. This implies that
lim p(x; — x) = 0.
iel

Then, by linearity (Proposition|1.1.3)

lim(p(x;) — p(x)) = lim(p(x; — x + x) — p(x)) <limp(x; — x) + p(x) — p(x) =0,

iel i€l iel
showing the continuity of p. ]

Similar to normed spaces, the continuity of a linear operator can be characterized by
continuity at 0.

Proposition 1.2.2. [49 Proposition 4.7] LetT : T1 — 7> be linear. Then, T is continu-
ous if and only if for every net (x;)ie; S T converging to 0, the net (T x;)ie; converges to
0.

Proof. Onedirectionis trivial. Forthe other, let (x;);c; S 71 be a net converging to some
X €E Tl. Let (yi)iel = (X,' — x)ie[~ Then

limy;, = lim(x; —x) = x — x = 0.
iel iel

By our assumption, lime; T'y; = 0, therefore, by linearity (Proposition|1.1.3),
im7Tx; =lim(Tx; — Tx+Tx) =limT(x; — x) + Tx =limTy; + Tx = Tx.
i€l iel iel iel

O

Thereis also anotherway to characterize the continuity of a linear operator, however,
we firstintroduce the notation forthe set of all linear combinations of seminorms, where
the coefficients are non-negative

N
P = {2 cipi i N e N, (e)il; € Rao, (P, € ?} '
i=1

One can easily show that each element of £ is a seminorm. Moreover, P is a directed
set with respect to <. Indeed, reflexivity and transitivity are clear. Let

N N
pi=Y cpng =) dipi,
i=1

i=1

where we assume, without loss of generality, that both seminorms use the same tuple
(pi)X_, by using 0-coefficients. Then

N
Z max(c;, d;)p;
i—1

provides an upper bound for the two seminorms. Our next goal is to characterize the
continuity of a linear operator similar to that in normed spaces.
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Theorem 1.2.3. [49 Proposition 7.7] LetA: T — T be linear. Then A is continuous if
and only if for all g € P, there exists a p € Py such that

q(Ax) < p(x) Yx € T;.

Proof. We show both directions here.

=: Choose the directed set I := N* x P, with the combined order (<, <). Letq €

P,. Suppose that the second statement does not hold for any linear combination
p e Py Let(n, p) € N* x Py. Then, np € P,. By our assumption, there exists an
Xn5 € 771 such that
q(Axn,[z) > nﬁ(xn,ﬁ>‘
Note that this inequality still holds if we replace x,, 5 by Ax, 5 forany A > 0. This
implies that we can assume without loss of generality that g(Ax,, ;) = 1. Now we
show that (X,.5) ( p)ers <, CONVerges to 0. Let p € Py. Then, forall p e P, such
that p = p, we get
1 > np(x,p5) = np(x,5)

implying

! >

> plnp).
Going to the limit with n and p shows that our net converges to 0. On the other
hand, by continuity of A and ¢ (Proposition|1.2.1),

limg(Ax;) = g(A0) =0,
1€

giving a contradiction.

: By Proposition|1.2.2] is suffices to check continuity at 0. Let (x;);c; be a net con-

verging to 0. Let g € P. Then there exists a p € P, such that
q(Ax,-) < ﬁ(x,-) Viel.

Since the right side goes to 0, the left side does as well.

To simplify the notation, we define

L(71,72) :=={T : T1 — 7> : T islinear and continuous}.

If the domain and codomain is the same, we use the notation

L(T) = L(T,7T).

We define
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1.2 Continuous linear operators

to be the topological dual space of 7. A very useful result is that a continuous linear
operator maps the Cauchy nets to Cauchy nets.

Proposition 1.2.4. [50 Proposition 1.18] Let A € L(T1,73) and (xi)ier S 71 be a
Cauchy net. Then, (Ax;)ie; is also a Cauchy net.

Proof. Let p, € P, and p, € P, according to the continuity of A (see Theorem|1.2.3).
Then
P2(Ax; — Axj) = pa(A(xi — x;)) < Pi(x — x;).

This shows that (Ax;);es is a Cauchy net. O

Similar to Banach spaces, 7~ can also be considered complete under certain condi-
tions.

Definition. \We define two different types of completeness:
+ [2] We call 7~ complete if every Cauchy net converges.
« [43] We call T sequentially complete if every Cauchy sequence converges.

It is easy to see that if 7~ is complete, then 7~ is sequentially complete. The other di-
rection is generally incorrect. See, for instance, Theorem([1.5.14and Proposition[1.5.15
In some cases, we want to extend a densely defined continuous linear operator to the
entire space. This is possible because of the following results:

Theorem 1.2.5. [49 Theorem 5.1] Let T, be complete. Let V. < T be a dense linear
subspace and A € L(V,T3). Then, there exists a unique A € L(T1,T>) suchthatA < A.

Proof. Theideaisto define

Ax = lim Ax;
i€l
forany x € 77 and net (x;)ic; € V converging to x. However, it is not clear whether this
is well-defined and fulfills the desired properties. Therefore, we proceeded stepwise.

1. Existence of the limit: If (x;),e € V convergesin 77 then itis a Cauchy net. Using
Proposition (Ax;)ier is a Cauchy net. Since 75 is complete, it is also conver-
gent, therefore the limit

lg}lei

exists.

2. Independence of the nets: Now, we have to make sure that the limit Ax; does only
depend on the limit of (x;)ie;. Let (x;)ier and (yi)ier S V be two nets converging
to x € 77. Then, by Proposition these nets are equivalent. So we get by
linearity (Proposition|1.1.3)

limAx; — lim Ay; = lim(Ax; — Ay;) = Alim(x; — y;) = 0.
iel iel iel

iel

So limje; Ax; = lime; Ay; showing that A is well defined.
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3. Linearity: Suppose x; 5 x,y; = yand A € F. Then, by Proposition
lir?(/lx,- +yi) = Ax +y.
1S
So _ _ _
A(Ax +y) — AAx — Ay = im A(Ax; + ;) — Alim Ax; — lim Ay,
e e 1€
= lflr?(A(/lx,- +y;) — AAx; — Ay;) = 0.
1€
4. We show that A is continuous. Let g € P,. Choose p € P, according to the

continuity of A (see Theorem|[1.2.3). Let x € 77 and (x;),e; S V converge to x.
Then

q(Ax) = ¢q (limAxl-> = limg(Ax;) < lim p(x;) = p(x),
iel iel iel
where we use the continuity of the seminorm (see Proposition[1.2.1).

5. Uniqueness: Suppose that B is another such extension. Let x € 7. By density,
there exists a net (x;)e; € V converging to x. Then

Bx = limAx; = Ax,
icl

proving that B = A. This implies that the extension is unique in this case.

O

We can tweak the conditions to obtain a similar result using sequences instead of
nets. To make the result more general, we introduce the following notation. For a sub-
setS < 7,wewriteS < 7 if every Cauchy sequence in S converges in 7. This is
particularly true if 7~ is sequentially complete. For A € L(77,7>), we define the range
of Ato be

R(A):={yeTr:3xe T : Ax = y}.

Corollary 1.2.6. [50, Proposition 1.18] Let V. < T be a sequentially dense subspace
and A € L(V,T,) such that R(A) s T». Then, there exists a unique A € L(T1,7>) such
thatA  A.

Proof. The proofis very similar to the one of Theorem|1.2.5] except that we define

Ax := lim Ax,,
n—o0

where (x,)nen € V convergesto x € 7. Because R(A) < 7>, the limitexistsin7,. O

In some cases, we want to extend the continuous linear functionals. The following
result provides us with a tool.

Theorem 1.2.7 (Hahn-Banach). [51] Theorem 1] Let V < T be a subspace andl e V'
Then, there exists an extension L € T of L.
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1.2 Continuous linear operators

1.2.1 Projections

A special class of operators is the class of projections. They are defined as follows:
Definition. [50, Definition 4.14] An operator P € L(7) is called a projection if PP = P.

It is easy to see that if x € R(P) then Px = x. Indeed, lety € 7 such that Py = x.
Then
Px = PPy =Py = x.

This allows us to prove the following theorem.

Proposition 1.2.8. [I9 Proposition 3.2] Let P € L(T") be a projection. Then, R(P) is a
closed subspace.

Proof. Let (x;)ier © R(P) converge to some x € 7. Then

x = limx; = lim Px; = Px € R(P).
i€l i€l

O

To check whether a continuous operator is a projection, it is sufficient to check this
property on a dense subspace.

Proposition 1.2.9. [0 Lemma 8] Let P € L(7) and V < T be a dense subspace such
that
PPy =Py YvelV.

Then, P is a projection.
Proof. Letx e 7" and (x;)ier € V converge to x. Then

PPx = PPlim x; = lim PPx; = lim Px; = Px.
i€l i€l iel

1.2.2 Isometries

From normed spaces, we are familiar with isometries. This concept can be extended to
locally convex, Hausdorff spaces. Here, we have to clarify what we mean by the fact that
seminorms are preserved, since we have multiple seminorms in different spaces.

Definition. [16] Let 7 € L(77,7>). We say that T is an isometry if there exists a bijec-
tionu : P; — P, such that

q(x) = p(q)(Tx) Vxe Ti,q € Py.

Since we areinaHausdorff space, theisometries are injective. Indeed, if Tx = 0, then
q(x) = u(q)(Tx) = Oforallg € P,so x = 0. Itis also easy to see that if an isometry
is bijective, then the inverse is also an isometry. Next, we show that the extension of a
densely defined isometry is an isometry.
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Proposition 1.2.10. [I8 lemma 5.1.7] Let V < T be a dense (or sequentially dense)
subspace and T € L(V,T>) be an isometry such that there exists a continuous extension
T € L(7T1,72). Then, T is an isometry.

Proof. Letg € Py and x € 77. Choose a net (or sequence) (x;),e; S V converging to x.
Then by Proposition|(1.2.1
w(q)(Tx) = limu(q)(Tx) = limg(x;) = q(x).
O

If we have a linear map, where the domain is a vector space and the codomain is
equipped with seminorms, then this map induces seminorms to the domain.

Lemma 1.2.11. [37 Llemma 3.2] LetT : V — T be an injective linear map. Then for
each g € P, let
q:V—->T,x—q(Tx).

Then, 4" is a seminorm. Furthermore, {qoT : q € P} generate a locally convex Hausdorff
topology onV and T is an isometry.

Proof. The non-negativity is evident. For the absolute homogeneity, we get

q (Ax) = q(TAx) = |A|q(Tx) = ||q'(x)

and we get the triangular inequality by

qd(x+y)=q(T(x+y)) =q(Tx+Ty) < q(Tx) +q(Ty) = ¢'(x) + 4'(y).

Theisometry property follows from this definition. If ¢’(x) = 0forevery such seminorm
¢ then ¢(Tx) = Oforallg € P. Since T is Hausdorff, Tx = 0. By the injectivity of T,
x = 0,showing that V equipped with the induced seminorms is a Hausdorff space. 0O

1.2.3 Completion of 7~

From Topology, it is well known that every metric space can be completed. This is also
true for locally convex Hausdorff spaces. The proofis similar to that of the metric space,
but having multiple seminorms and nets complicates the proof, although the idea is
the same. A proof of the completion of a general topological vector space can be found
in [49] Theorem 5.2]. Here, we focus on the case where the topology is generated by
seminorms. This requires an extra step in which the seminorms are extended to the
completion. This is possible because of [49, Theorem 5.1].

Theorem 1.2.12. [49 Theorem 5.2] There exists a (up to an isometric bijection) unique
complete locally convex Hausdorff space T~ and an isometric embedding v € L(T,T)
such that R(¢) < T is dense.

Proof. We will go through these steps.
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1.2 Continuous linear operators

. Definition: Let
T = {[(xi)ieN* x@] . (xi>ieN* xp S T isa CaUChy net}.

Thanks to Theorem|1.1.12] for every Cauchy net (x;)ie; € 77, [(x:)ies] € T . There-
fore, in the entire proof, we assume without loss of generality that I = N* x P.

. Addition and scalar multiplication: We define

[(xi)ier] + [Oi)ier] == [(xi + yi)ies]

and
A(xi)ier] = [(Ax)ier]-
According to Proposition[L.1.10} both operations are well defined.

. Seminorms: For x = [(x;)ie/] € T and p € T, we define
P([(xi)ier]) = 1im p(x;),

which is, by Proposition[1.1.11} well-defined. In addition, if p(x) = 0 for all p,
then x = 0 by the equivalence of the Cauchy sequences. Therefore, this space
has the Hausdorff property.

. Embedding: Let .
T > T, x> [(%)ier]

Then, ¢is trivially linear. Also, because of
p((x)) = p([(Wier]) = lim p(x) = p(x)

tis an isometry, and
. Density: Let x := [(x;)ier] € T and (N, {p}) € N* x P,. According to Theo-
rem|1.1.12) we can assume that for j = (N, {p}), we have

plx—1(x) = lim plx, — ) < 1. %

Applying the limit to j, we get

. 1
ljl.gllp(x —1(x))) < N

Letting N approach oo, we get

lim p(x — ¢(x;)) = 0.

jel
Thisimplies that (¢(x;))ies converges to x.

. Completeness: Also, in this step, we assume that all nets are of the form of The-
orem|1.1.12} Let (x);qpxp S T be a Cauchy net. For afixedi € N* x P, x' is
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an equivalence class of Cauchy nets. Let (xi.)jeN* «p be one of its representatives.
Now choose the diagonal net

Y= (Vi) icn xP = (xﬁ)ieN*XV:"

Then, y s a Cauchy net. Indeed, let (N, {p}) € N* x Pand i, j = (N, {p}). Then

< J—
N
because of (x) in step 5. Also

p(xi = xj) = p(e(x) — ) < plul) = &) + plx' =) + plod —u(x))) < -
This shows that y is a Cauchy net. The equivalence class of this net is the limit of

(X)) ;cp0% 0 SinCe for (N, {p}) € N* x Pand i = (N, {p}), we have

—

PO — () r]) < P — () + Plela) — () € =
_N_—J _ )

<

~

Z|—
N
=

7. Uniqueness: Suppose, there is another completion 7~ with the seminorms #’ and
the embedding . now let

1:R(t) — T ,x— it (x)).

Then, lis the composition of two linear isometries, and therefore, a linear isom-
etry. By Theorem @ there exists a continuous linear extension I : T — 7,
which is, by Proposition[1.2.10 an isometry. Similarly, we can find an isometry
9 — T . The composition of I and i in any order restricted to a dense sub-
space is the identity. By Theorem [ and i are inverses with respect to each
other, implying that 7~ and 7 are isometrically isomorphic.

O

As seen in the proof, 7~ can be embedded in 7. By abuse of notation, we treat 7~
as a subset of 7. One might ask whether we can perform a similar operation with se-
quences. Similar to the sequential hull and sequential closure of the set, defining a
space consisting of equivalence classes of Cauchy sequences does not necessarily pro-
vide a sequentially complete space. Therefore, we must be careful when defining the
sequential completion of a 7.

1.3 Metrization

In this section, we show that 7~ is metrizable if # is countable. This is very useful be-
cause, in this setting, working with sequences instead of nets is fine. Our goal is to con-
struct a metric that induces the same topology as P. First, we need to define a pseudo-
metric.
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1.3 Metrization

Definition. [15] Foranyset M, letd : M x M — R-. We call d a pseudometric if it
satisfies the following conditions.

1. d(x,x) =0forallxe M.
2. d(x,y) =d(y,x)forallx,y e M.
3. d(x,z) <d(x,y) +d(y,z) forallx,y,ze M.

Seminorms induce pseudometrics.

Example. Let p be aseminorm. Then

d(x,y) == p(x =)
defines a pseudometric.

A proof that a locally convex Hausdorff space generated by countably many semi-
norms is metrizable can be found in [49, Proposition 8.1]. We provide a similar proof
here. To make things easier to understand, we provide three lemmas as stepping stones
before we arrive at the main result.

Lemma 1.3.1. [49 Proposition 8.1] The function

t
:Rso — Ryg, t /> ——
f:Rxo >0 1 +:

is strictly increasing. Suppose that there exists a net (;)ic; < Rso such thatlimy, f(t;) =
0. Then limj; t; = 0.

Proof. We compute
14+1)—1t 1
/t — ( — O,
Ay (T2 (1+07

showing that f is strictly increasing. For the second statement, we have

fl _ f) [

T-f) T R

1+1

Soif f(t) — Othent — 0. o

In some cases, itis useful to modify a pseudometric so that it becomes bounded from
above without changing the topological structure.

Lemma 1.3.2. [49 Proposition 8.1] Let d be a pseudometric on M. Then

. o d(xy)
d(x.y) := 1 +d(x,y)

also defines a pseudometric. Moreover, J(x,y) < lforall x,y € M and d induces the
same topology as d.
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Proof. We first check that d is a pseudometric. Obviously,

- d(x, x)
d(x,x) = 1+d(xx)
and

y d(x,y) d(y, x)
d(x,y) = 1 +d(x,y) T 1+ d(y, x)

To show the triangular inequality, note that

=d(y,x).

t
:Rso — Ryg, t /> ——
f:Rxo >0 1 +:

isincreasing (see Lemma|l.3.1). So

d(x,z) = f(d(x.2)) < f(d(x,y) + d(y.2))

__dlxy) +d(.2)

1 +d(x,y) +d(y,2)
d(x,y) d(y,z)

1 +d(xy) +d(y,z) 1+d(xy)+dy,.z)
d(x,y) N d(y,z)

T+ d(x,y) 14+d(y,z)

=d(x,y) +d(y.2).

Also,
t 1+1¢
<

fi)=—— <<,

BT

showing the boundedness of the pseudometric. Finally, suppose that a net (x;);e; con-
verges to some x with respect to d. Then

3 d i»
limd(x, x) = lim —25%)

iel iel 1+ d(x;, x)
On the other hand, if we have convergence with respect to d, then

lim f(d(x;, x)) = 0,

i€l
implying
limd(x;, x) = 0.

iel

We can use this tool to combine countable infinitely many pseudometrics.

Lemma 1.3.3. [49 Proposition 8.1] Let (d,,)next be pseudometrics uniformly bounded by
1. Then

d(x,y) := Z %dn(x,y)

neN
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is a pseudometric. Moreover, this pseudometric induces the same topology as the pseu-
dometrics dy, d,, . .. together, i.e. for every net (x;)ie; € M and x € M, we have

limd(x; —x) = 0 < limd,(x; —x) =0 Vne N.

i€l i€l

Proof. Because the pseudometrics are bounded by 1, the sum converges. The pseudo-
metric properties can be easily verified. Suppose a net (x;),e; converges to some x with
respect to d. Then form € N, we have

(X1, X 2’“2 (X0, x) = 2"d(x;, x) — 0.

neN

However, let (x;);e; converge with respect to all d,.. Let € > 0. Choose N € N such that

$1,
n=N+1 2
Then
N 0 N
1 : 1 1
11md(xl, x) = lim d (x;, x) +1lim —d,(x;,x) < Z — hmd (xi,x)+€ =€
iel iel iel n n
n=0 n=N+1 n=0
Since € is arbitrary, the statement follows. m]

We now present the main theorem.

Theorem 1.3.4. [49 Proposition 8.1] Suppose thatthe topology of a locally convex Haus-
dorff space T is generated by a countable set P of seminorms. Then, T~ is metrizable.

Proof. Let (p,)nen be the seminorms. Then, using Lemma and Lemma(1.3.3} we
get a pseudometric with

1 pa(x—)
d(x,y) = ) 5o
=271+ pu(x —y)
Since we are in a Hausdorff space, d is a metric. ]

Having a metrizable space is very useful because it allows us to work with sequences
instead of nets, which is much more convenient. First, we need the following lemma as
a stepping stone.

Lemma 1.3.5. [49 Proposition 8.2] Let T~ be metrizable with metric d. Let (x;)ie; < T
be a Cauchy net and S := {x;}ie;. Then there exists a sequence (y,)nenw S S, which is
equivalent to (x;)er.

Proof. Letn € N*. Since (x;)ie; is @ Cauchy net, there exists some i, € I such that

1
d(x,x;) < =Vi, j =i,
n
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Therefore, we choosey, := x;,. Ensuringthat - - - < i,y <i, < i,y ... completes the
proof. m]

Now, we can explicitly show what it means to replace nets with sequences.
Theorem 1.3.6. Let T be metrizable.

1. [49 Proposition 8.2] For any S < T, the closure of S coincides with the sequential
closure and the sequential hull.

2. [49, Proposition 8.2] The completion of T-, coincides with its sequential comple-
tion, i.e., using equivalence classes of sequences instead of nets produces the same
space.

3. [49 Proposition 8.5] A linear operator A : T~ — T is continuous if and only if it is
sequentially continuous.

Proof. For all proofs, we use the previous lemma.

1. Letx € §. Then, there exists a net in § that converges to it. By Lemma/(1.3.5, we
can use an equivalent sequence instead.

2. Eachequivalence class of Cauchy nets contains a sequence according to Lemmal1.3.5

3. Suppose A is sequentially continuous but not continuous. Then there exists a net
(x:)ier € T convergingto x and p € P, such that

p(Ax; — Ax)

does not converge to 0. This means that there exists some € > 0 such that for all
i € I, there exists some j; € I with j; > i such that

p(Ax;, — Ax) > €.

Then, we define a net such thaty; := x;,, which is equivalent to (x;);e;. This has
the property that
p(Ay; — Ax) = e Vie L.

Now, thanks to Lemma|l.3.5 there exists an equivalent sequence (z,)uen, giving
us

P(Ay; — Ax) < p(A(yi — zx)) + p(A(z, — X)).
Since the right-hand side approaches 0, we obtain a contradiction.

i
Metrizable spaces are very useful because they allow us to prove certain theorems. A

very useful result is the uniform boundedness principle, which is usually proved in the
setting of normed spaces. Here, we prove a more general form.
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Theorem 1.3.7 (Uniform boundedness principle). [22, Chapter 5] Let T be complete
and metrizable. Suppose F < L(773,7>) such that

supg(Tx) < 0 VxeT1,q € Ps.
TeF

Then for every q € P,, there exists a p € P, such that

supq(Tx) < p(x) Vxe T;.
TeF

Proof. Letq € P,. Foreveryn € N, let

X, = {xeTI:supq(Tx)Sn} = ﬂ{XETl 1 q(Tx) <nj.

TeF TeF
(%)

By continuity, the sets marked with (*) are closed. In addition, X,, is closed because it
is the intersection of closed subsets. By pointwise boundedness,

UL=ﬂ¢Q

neN

By Baire’s theorem (see, for instance, [49, Proposition 8.3]), there exists somem € N
such that X, contains a non-empty open set O. Since X, can be written as

X, = {xe T1 :supgq(Tx) < m} = {xe T :supgq (Tlx) < 1} = mX|,
TeF TeF m

X, also contains a non-empty open set O. By symmetry, it also contains —O. In addi-
tion, X; isconvex (i.e. AX; + (1 - )X, < X, forallA € [0, 1]), because goT is convex (by
the triangular inequality), and the intersection of convex sets is convex. The convexity
implies that

1 1
0e 50 + 5(—0) - Xl.

Since the topology of 7 is generated by the preimage of open sets in R, with respect
to the semi norms, we can find a semi norm p € P, (using a scaling argument) such
that

U:=p~'([0,1)) < X,.

This implies that o
q(Ty) < 1V¥T e F,yeU.

Forx € 77\{0}, we get
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Using this theorem, we immediately obtain the following;

Corollary 1.3.8. (27 Chapter 5] Let T be complete and metrizable. Let (T, <
L(T1,7>) converge pointwise to some T. Then T € L(T1, 7).

Proof. Since the sequence converges pointwise, it holds

supg(T,x) < 0 Vx € T1,q € P>.
neN

Let g € P,. By the uniform boundedness principle (Theorem[1.3.7), there exists some
p € Py such that

q(Tx) = lim ¢(T,x) < supq(T,x) < p(x) Vx € 7.

n— neN
Finally, we use Theorem to prove that T is continuous. m]

Note that this corollary cannot be generalized using nets instead of sequences, as the
following result shows.

Proposition 1.3.9. [44] Proposition 6 (e)] Let T : T~ — F be linear. Then there exists a
net (T;)ier T such that

ljrpT,'x =TxVxeT.

1€

Proof. Let
[ :={V < N : Visafinite-dimensional subspace}.

Then, foreach V € I, T|y has a finite dimensional domain, so it is continuous. Using
the Hahn-Banach extension theorem (see Theorem [1.2.7), we can extend it to some
Ty € L(7,F). Now, ifv e V, then

Tyw=Tv

This means that (Tyv)ye; converges to T. O

1.4 Infinite sums

In this section, we analyze infinite sums in 7. First, we need the following tool to define
an infinite sum:

Definition. [5] Let (F,),an be a sequence of finite subsets of X such that F, < F,,;

forallm e N and
X = UFn.

neN

Then, we call (F,),ex a nested approximation of X.

All statements in this chapter are trivial if X is finite. Therefore, we restrict the proofs
to the cases where X is infinite. Now, we can define infinite sums.
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1.4 Infinite sums

Definition. [18] Let (x;)wex S 7. Then we say that the sum

S

keX

converges unconditionally, if for any nested approximation (F,).en of X the limit

lim Z Xy
n—o

keF,

exists and is independent of the choice of nested approximation. If the limit exists for
at least one nested approximation such that |F,| = nforalln € N, we say that the sum
converges. If a sum converges but does not converge unconditionally, then we say that
it converges conditionally.

One might ask the following: If a sum converges for any nested approximation, is the
limit always the same? The answer is yes. To prove this, we reduce the general case to
the case in F using the Hahn-Banach theorem.

Theorem 1.4.1. [3]] Theorem 1.3.1] Let (xx)kex S T . Suppose that for any nested ap-
proximation (F,)nen Of X, the limit

lim 2 X
n—0oo

keF,

exists. Then, the sum converges unconditionally.

Proof. Suppose there are two different limits, x and y for different nested approxima-
tions. Then, there exists some [ € (span{x,y})’ such that i(x) # I(y). By the Hahn
Banach extension theorem (see Theorem [L.2.7), there exists some [ € 7 such that
I(x) # I(y). Then

i) =1 (JLI?O 2, ) = Jim (Z ) = Jim, 2, %)

keF, keF, keF,

and

1) = 1| Jim e | = fim 1] D | = fim ) tox)
keF, keF, keky

On theright-hand side, we have convergence in F. Here, we already know that if a series
converges conditionally, then there exists a nested approximation of X where the series
does not converge (see [31, Theorem 1.1.3 2)]). This is a contradiction; therefore, we
have unconditional convergence. O

Similar to infinite sums in the real case, the terms of a converging sum decrease in a
certain sense.

Proposition 1.4.2. [48 Theorem 1] Let (x;)kex < T Such that the sum

S

keX
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converges unconditionally. Then for any € > 0 and p € P, there exists a finite set F < X
such that
p(x;) < € Vk e X\F.

Proof. Choose anested approximation (F,)en of X with |F,,| = nforalln € N. Because
the sequence of partial sums converges, it is a Cauchy sequence. So, there exists an
N € Nsuch that

p Z Xy | < €Vn=N.

KEF 1 1\F),
Choosing F := Fy, the statement follows because F,,1\F, is a singleton. O
Next, we define absolute convergence using seminormes:

Definition. [33] Definition 1.1] Let (x )rex S 7 such that the sum

> p(x)

keX
converges forall p € P. Then we say that the sum
2%
keX
converges absolutely.

Note that the order of the summands of

2 p(x)

keX

does not matter because we only add non-negative real numbers. Now, we show that
convergence in combination with absolute convergence implies unconditional conver-
gence.

Lemma 1.4.3. [3]] Theorem 1.2.2] Let (x;)kex < T Such that the sum
2%
keX

converges absolutely and converges. Then, it converges unconditionally.

Proof. Let (F,).en be a nested approximation of X such that the sum converges with
respect to this approximation, and let (F',),ex be another nested approximation of X.
Let p € P. We now check different cases.

1. IfF, < F,foralln e Nthen

p Zxk_zxk =p Z X | < Z p(x) "=° 0.

keF, keF, keF,\F, keF,\F,
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1.4 Infinite sums

Thisimplies that both the sequences of partial sums converge to the same point.

2. IfF, < F,foralln € N, we do the same as before, except that F,, and F, are
swapped.

3. Otherwise, let F, := F, n F,. Then, (Fn)neN is also a nested approximation of X.
Also, F, < F, and F,, < F,. By the previous cases, we get

lim Z x = lim 2 x = lim Z Xt
n—0o0 n—0o0 n—o0

keF, keF, keF,

Similar to the real case, absolute convergence implies unconditional convergence.
However, in our case, we have to assume that the space is complete.

Theorem 1.4.4. 3]} Theorem 1.2.2] Suppose that T~ is complete. Let (x;)rex < T such
that the sum
S

keX

converges absolutely. Then, it converges unconditionally.

Proof. Let (F,)en be a nested approximation of X. Let p € . Then, forallm,n € N
with m > n we have

P Z X | < Z p(xe).

kEFm\Fn kEFm\Fn
This implies that the sequence of partial sums is a Cauchy sequence. It converges by
completeness. Since (F,).en is arbitrary, we have unconditional convergence. O

The opposite of this statement is false. Indeed, suppose that 7~ = ¢*(N*) and we
analyze the series
1
Y ,
Z A

where (6;); = &, for all k,I € N*. Then this sum converges unconditionally to the

element
11
15_7_7~-- )
(135)

s keN*

but

2

keN*

Therefore, it does not converge absolutely.
Convention: From now on, if the convergence type of sum is not explicitly stated
then we implicitly mean unconditional convergence.
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1.5 Weighted ¢” spaces

In this section, we introduce weighted ¢P- spaces. We assume that X is a countable
index set. First, we define the vector space of sequences as

€= {(a’k)kex c F}

Next, we introduce a positive weight functionw : X — R.. If multiple weight functions
are required, we use w and w as potentially different weight functions. Then, for any
sequence @ = (ay)rex @and any p € [1, 0], we define the weighted €7-norm as

| o= lew|p = [ (awi)rex| -[5]
For p = 0 we use the same norm as for p = co. For p € [1, 0], We define the corre-
sponding spaces

& ={ael:|a

For p = 0, we define
O ={aelt®: Ye>0:3finite F < X : |ay|wi < € Yk e X\F}.[5]
Foranya € £/, and Y < X, we define the restriction of @ on Y as

, keY
(0|Y)k3:{ak §

0, otherwise [17].
We define
" :={aet:Ifnite FS X :aq =0 Yk e X\F}.[5]
Fork € X, we define §; such that

I, =k

0); i= 0y = Vie X.
(%) Kl {O, otherwise.

We can easily define an isometric isomorphism between a weighted ¢7 space and the
corresponding unweighted ¢7- space, defining the map

w: = a—aw.

Now, we show that these spaces are complete.
Theorem 1.5.1. [5] Let p € {0} U [1,00]. Then, £}, is a Banach space.

Proof. We know that the €7 spaces are Banach spaces. Let (a"),en < €% be a Cauchy
sequence. Then

la" = o]y = o"w —a"w|,,

Therefore, (@"w),en is @ Cauchy sequence in €7, so it converges to some 8 € €. This
implies that pw=! e €4, so we conclude,

lim Ha" —,BW_IHW = lim ||&"w — B|,, = 0.
n—o0 w n—00
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1.5 Weighted € spaces

O

The dominated convergence theorem is well known in the unweighted case. The
following theorem shows that it also holds for the weighted case.

Theorem 1.5.2 (Dominated convergence). [I4] Let p € [1,0). Let (@) e < € cON-
verge pointwise to some a € .. Assume that there exists a majorant B € €4, such that
|| < B (componentwise) for alln € N. Then

o
lim o" = a.
n—ao0

Proof. By definition, @"w € ¢ foralln € N and Bw € ¢7. In addition, a”*w converges
pointwise to aw asn — o0 and Bw dominates (a'w),en. SO, by dominated conver-
gence,

lim [@" —a|, = lim |&"w —aw|, = 0.
n—o0 w n—oo

O

Using this theorem, we can show that each a can be approximated by its restrictions
to the finite subsets of X.

Corollary 1.5.3. [5] Let p € {0} U[1, ), @ € €, and (F,).en be a nested approximation
of X. Then

&
lima|r, = a.
neX

In particular,

by
a = Z a/kék.

keX

Proof. First, we analyze the case p € [1,). Leta@” := a|f,. Then, (@").en CONverges
pointwise to a and is dominated by a. We obtain the result by dominated convergence
(see Theorem|1.5.2). If p = 0, let € > 0. Then there exists a finite F < X such that

|alxr] <€

Then for large n € N, we have F,, 2 F and we get

|a — "

o= Ha|X\Fn o <€

This proves the above statement. ]
Unfortunately, this does not hold in the case of p = o0, as one can see with the

sequence (1)ex. However, we can prove a slightly weaker statement that covers p =
0.
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Corollary 1.5.4. [I7]Let p € {0} U [1,00], @ € £}, and (F,,)nex be a nested approxima-
tion of X. Then

lim [afr, |, = |l -

Proof. Forthe case p < oo, we use Corollary[1.5.3]and the continuity of the norm. Oth-
erwise, note that form < n, we have

lalr, e < |elf,lme < -

This shows that the limit exists and one of the inequality directions. By way of contra-
diction, assume that
lim [afr, |z < e

Then, there exists some k € X such that

lim [afr, |z < |a|we.

For large n, it holds k € F,,, contradicting the strict inequality. O

Next, we show that the Holder inequality also holds in the weighted case. To do this,
we have to introduce the Holder conjugate

1, if p € {0, 0}

pi=<L oo, ifp=1
—£-,  otherwise.
p

Theorem 1.5.5 (Holder inequality). [50) Proposition 2.23] Let p € {0} U [1, 0] and p’
be the Hélder conjugate of p. Then, forall a € €4, B € fﬁl_], we have

laBly < e

P
€w

ﬁ”gl’, *
w1

Proof. By the Holder inequality in the unweighted case, we get

Bl = Jawpw™" |0 < lawlp [Bw "], = ledy 18], -
Here, we introduce a method to combine sequences.

Definition. [5] Let p € {0} U [1,0]. Leta e €,B € fﬁl_,, we define

<a,’ﬁ>[£’,€ﬁ/71 = Z Cl’k[?k.

keX

According to the Holder inequality (Theorem [1.5.5), this sum converges absolutely
and, therefore, unconditionally. This also defines a sesquilinear form.
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1.5 Weighted € spaces

Our next goal is to introduce an isometric isomorphism between the dual space of
the €7 space and a weighted version of it.

Lemma 1.5.6. [50 Proposition 4.27 (1)] Let p € {0} U [1, 0] and
W'z (€)= (€)= ow.
Then, &' is an isometric isomorphism.

Proof. Linearity is clear. On the one hand,

|’ (B = 8" c w| < B o] =151

On the other hand

18] =8 cwow™| < cw| o™ =8 0w =o' ®B)].
This implies that ' is an isometry. We can construct the inverse by
W) () Bow,

since

w'(w'_l(ﬂ')) _ w'(ﬁ’ow_l) :Blow—l ow :,8/
and

w/—l(w/(ﬂ/)) _ w/—l(ﬁ/ oa)) ZIBI oa)oa)fl :ﬁ/-

m]

Now, we want to characterize the dual spaces of the weighted €7 spaces. We use w
and «' to reduce the weighted case to the case without weights.

Theorem 1.5.7. [5] Let p € {0} U [1,0). Then, there is a bijective, isometric, conjugate

linear map
O - ()
with
L(ﬁ) = <"18>g{;’€17'71'
Proof. Let

P — ()
be the bijective, isometric, conjugate linear map given by
iB) = s Bw -

Now we define
t:=w olow .

Thisisa composition of three isometric bijections; therefore, it is an isometric bijection.

Thisimplies
((B) = W' ((w™'(B))) = Aw™ () o w
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and so
B) (@) = i(w ™ (B))(w(@)) = (w(@),w  (B))pw = <a,ﬁ>€5,gi{7 g

because the weights cancel. The conjugate linearity is easy to verify. ]

1.5.1 Synthesis operators

Since in frame theory, some operators are defined in terms of sums, we provide a the-
orem that gives us continuity for free if it is well defined.

Theorem 1.5.8. [I8 Llemma 3.2.1] Let p € {0} U [1, 0] and (Wi )rex S T such that the
operator
D,: ¢ -7 ,Da:= Zakvk
keX

is well-defined. Then, D, is continuous.

Proof. Let (F,)qen De a nested approximation of X. We define the operator

D,/ - T,a— Z @ Vg.
keF,

Then, D, islinear and bounded for all n € N. Additionally, the family (D,,) e converges
pointwise to D,. By Corollary[1.3.8} D, is continuous. O

Next, we want to show that if such an operator is continuous on £%, then the sum
even makes sense on the whole space.

Theorem 1.5.9. [49 Theorem5.1]Let p € {0}u[1,0)and T be complete. Let (vi)kex S
7. Suppose the operator

Dv:{’OO—>‘7',an—>Zakvk

keX

is well-defined and continuous with respect to €%, in the domain. Then the unique contin-
uous extension can be written as

D, : —>T,a»—>2akvk.

keX

Proof. Since €% is dense in €% (Corollary [1.5.3), we obtain a unique extension D, €
L(€5,T). Let (F,)qen be a nested approximation of X and " = a|f,. Then accord-

ing to Corollary[L.5.3]

D,a = D, lim " = lim D,0" = lim Z vy = Zakvk.
n—oo n—oo n—oo
keF, keX
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1.5 Weighted € spaces

We need to exclude p = oo, since €% is not dense in €. Additionally, if we choose
w = (1)ex, T = €* and (vi)rex = (61 )rex, then the operator

DV:KOO—>€O°,Q'—>Zak6k
keX

is well-defined and continuous, because it is the identity. Unfortunately,

Dv . foo - foo,(l —> Zakdk
keX

is not well-defined, since for @ = (1)iex, the sum

2%

keX

does not converge in the norm in £*. If we assume that 7~ = F then we can include
p = .

Theorem 1.5.10. [38/ Let p € {0} U [1,0]. Let (ck)rex S F. Suppose the operator

D, : ™ —>IF,a'—>Zozkck
keX

is well-defined and continuous with respect to the €%,-norm in the domain. Then the op-
erator

D, : —>IF,a/'—>Zakck
keX

is well-defined and continuous.

Proof. Let K := |D.| with respect to the £5-norm on ¢%. Suppose that there exists
some a € ¢!, such that the sum does not converge unconditionally. This implies that
the sum does not converge absolutely. Then there exists a finite set F < X such that

Z |(1'ka| > K.

keF

By scaling, we can assume, without loss of generality, that |e|,» = 1.Choosing 8 € £},
such that |B¢| = |ax| and Brex = Oforall k € X, we get

> B > K.

keF

Thisimplies
’Dcﬁ’F‘ > K = HDCH = ’Dcﬁ‘ = ’DCB‘F‘,

Thisisa contradiction; therefore, D, is well-defined. By Theorem|1.5.8] D, is continuous.
i

We also require the following result:
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Theorem 1.5.11. [50 Proposition 2.26] Let p € {0} U [1,0]. Let a € € such that for all
B e ) we have
> By
keX
converges unconditionally (or absolutely). Then, a € 55 I_l.
Proof. First, we assume that p < co. Then let

T: ) >F.p— > af.

keX

By Theorem|1.5.8] T € (¢£%)’. By duality (Theorem|[1.5.7), @ € 55,_1. For p = o, choose B
such that ayBc = 0and |Bx|wy = 1 forallk € X. Then

H“H[}Fl = Z alw ' = Z | |Bi| = Zakﬁk < .

keX keX keX

1.5.2 Analysis operators

Next, we analyze operators, which are defined in terms of the elements of 7. We want
to show that for such an operator, well-definedness is sufficient to obtain continuity.

Theorem 1.5.12. [I8 Exercise 3.7] Let p € {0} U [1,00] and T be complete and metriz-
able. Let (v )kex S T Suppose the operator

Co:T = v— (Vi(v))rex

is well-defined. Then it is continuous.

Proof. Let (F,)nen be a nested approximation of X. We define

Co:T = v— (Vi(V))iex

Fy-

Then, C, is a finite linear combination of continuous operators and is therefore contin-
uous. Also, for some fixed v € 77, we have

[Cavlley < [Cov

P .
by

Therefore, (Cy)nen is pointwise bounded, so we apply the uniform boundedness prin-
ciple (Theorem([1.3.7) to get p € P such that

sup [Cov[[p < p(v) VweT.

neN

Using Corollary[1.5.4] we get
||CV/V

g = lm [Covlp < p(v).
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Our next goal is to show that if such an operator is densely defined, then the contin-
uous extension still has this form.

Theorem 1.5.13. [I8 Lemma 3.2.6] Let p € {0} U [1,00]. Let (V) )kex S T Let V = T~
be a dense subspace. Suppose the operator

Cy i V=Ll v > (Vi(v) ex
is well-defined and continuous. Then its unique continuous extension is of the form

Co: T — v (Vi(v))ex-

Proof. Let C,» be the unique continuous extension of C,s. Letv € 7 and (v;)ie; S V
converge tov. Then for any k € X, the net (v} (v;))ies converges to v, (v), so we have the
pointwise limit

pw

lir? Tvi = (vi(v))rex-

e
On the other hand, (C,»v;)ies is a Cauchy net and converges in €%. Since convergence in
¢, implies pointwise convergence and the pointwise limit is unique, we conclude that

(Cyvi)ier converges to (v, (v) )rex in &5 o

1.5.3 Weak-+ topologies

In this chapter, we introduce the weak-= topologies of certain €%, spaces and show some
of their properties. For p € [1, o], we define

)0, ifp=1
p= p’, otherwise.

Note that p* is chosen such that (f‘;i] ) isisometrically isomorphic to €%,. We introduce
the notation

<a”8>€5,€”i1 = Z a/kE[S]

keX

This allows us to define the weak-= topology.

Definition. [50] We define the weak-+ topology on 7 as the topology generated by
the seminorms
x|} (x)],xeT.

So, for p € [1, 0], the weak-+ topology on ¢, is the topology generated by the semi-
norms

5
,aefi_l.

<'9 a/>d:”€f,>il

Itis easy to see that if a net converges with respect to this topology, then it converges
pointwise, since we can take 6; € fﬁil forall k € X. Our first goal is to show that these
spaces are sequentially complete with respect to this topology, that is, each Cauchy
sequence converges.
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Theorem 1.5.14. [5] Let p € [1,0]. Then, €4 is sequentially complete with respect to
the weak-+ topology.

Proof. Let (@"),en S €4 be a Cauchy sequence. Then, for each @”, we take the corre-
sponding linear continuous functional 1, using duality (see Theorem[1.5.7). For each

Be fii,, we obtain that (1,(8)).en is @ Cauchy sequence in F and therefore converges
tosomel(B). Itis easy to show that/islinear. By Corollary[1.3.8} Zis continuous and can
therefore be identified with some a € €4, which is the weak-= limit of the sequence. O

One might ask whether the spaces are complete (with respect to general nets). To
answer this question, we first introduce the algebraic dual space of a vector space.

Definition. [32] We define V* as the vector space of all linear functionals on V.
Now, we can show the following proposition:
Proposition 1.5.15. [44, Proposition 6 (e)] The weak-+ completion of T is T *.

Proof. Let (v});e; be a Cauchy net. Then,

i

V() = lim vi(v) YWwe T,
1€
is well defined because F is complete. Linearity follows from the linearity of the limit
(see Proposition|1.1.3). On the other hand, let T € 7*. Then, using Proposition|1.3.9]
there exists a netin 77/ convergingto T. O

This directly implies that €%, is not complete with respect to the weak-+ topology if X
is infinite, since the completion yields the set of linear functionals on the predual. Next,
we show that each element can be approximated by restrictions on finite sets in the
weak-" sense.

Theorem 1.5.16. [5] Let p € [1,90] and (F,).en be a nested approximation of X and
a € 8. Then (a|F, )nen cONverges to a in the weak-x sense. In particular, €% is dense in
£ with respect to the weak-+ topology.

Proof. Foranyp e fii, we get

(o —a

> | n—oo
Fn’ﬁ>[€/€17*l = Z akﬁk - O'
v kEX\F,
O

Because working with weak-= convergence can be complicated, we provide a simpler
characterization.

Proposition 1.5.17. [50) Corollary 5.6], [27] Let p € [1,0] and (&")pew < €. Then,
this sequence converges with respect to the weak-= topology if and only if it converges
pointwise and (||| )nen is a bounded sequence.

Proof. We show both directions.
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= Suppose the weak-= limit is @. Pointwise convergence follows by taking 6 € {)Z:
forallk € X, since

—00
@ — o =" — a, 5k>€£,{,p/ 1 "570
Also,
*
sup |(a”, B, ot | <® vge .
neN W=

By duality (see Theorem|1.5.7), the elements a” € €%, correspond to the elements
*
(a", ->€5’€pﬁl e (£7_,)". Bythe uniform boundedness principle (see Theorem|1.3.7

and

| =

2

<an’ ‘>[€”(f:i1
the sequence ([|a"| ) nen is bounded.

<: Suppose that @ is the pointwise limit and (||| ).en is @ bounded sequence.
Since

Ha/" — o < ||a’ana + Ha/H[ﬁ ’

the sequence ([la" — @z )nerr is also bounded. Let g € fv’;: Let (Fon)men be a
nested approximation of X. Then

<a/n - a’ﬁ>gﬁ’gp*l < <an - a’ﬁ|Fm>gvPV’gF*l + <an - a’ﬁ‘X\Fm>€£,€P*l .
w— w— w—

let € > 0. Using the boundedness of (@ — @] )ser, Corollary[L5.3and Hlder
(Theorem|1.5.5), we get for large m,

@ =@ Blxr,) g | <l —aly H:B’X\Fmng*l <e
w w—

Using pointwise convergence, we get

(" —a.Blxr,) = ), (0} —a)B "> 0,

keF,,

since each of the finitely many summands approaches 0.
i

Recall that we have shown that if a synthesis operator is defined on €% and is contin-
uous, then it can be continuously extended to £, still having the sum representation.
We can obtain a similar result using the weak-* topology. To do this, we introduce the
notation

‘*
lim

to indicate converges with respect to the weak-* topology.
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Theorem 1.5.18. [49 Theorem 5.1] Let p € [1,0]. Let (vi)rex S T . Suppose that the
operator

Dv:{’OO—>‘7',an—>Zakvk

keX

is well-defined and continuous with respect to the weak-= topology on the domain and
R(D,) 3 T. Then,
D, : 00— T,a— Za/kvk
keX

is well-defined and continuous with respect to the weak-= topology on the domain.

Proof. By weak-= density (Theorem [1.5.16) and Corollary [1.2.6] there exists a unique
weak-+ continuous extension D, of D,. Let (F,),en be a nested approximation of X
and o" := alp,. Then

— — * —
D,a = D, lim " = lim D,@" = lim D,@" = lim E vy = E @ Vg.
n—ao0 n—o0 n—o0 n—o0
keF, keX

O

Now, we show that such a sesquilinear form is continuous in a certain sense with
respect to both slots.

Proposition 1.5.19. [50 Proposition 2.23], [22] Let p € {0} U [1, ). Let (@"),en < €,
converge to a € &}, in norm and (B"),en S €/, converge to B € L', in the weak-
topology. Then

m <an’ﬁn>€{$,ff:_, =a.p >f{i,fgf_1‘

Proof. We compute

<an,ﬁn>[€”[5/71 - <a’ﬂ>€fi”€£¢l = <an,ﬁn>[fz_’[5/71 - <a’ﬂn>£5’[5,71 + <a’ﬂn>€5’g£:l - <a’ﬁ>[5’[5/71
= <a,7l - a,’ﬁn>ggﬁgill + <a,’ﬁﬂ _ﬁ>€§”€§.’71 N

We apply Theorem and Proposition|1.5.17} to get

(" — .y v 1< " —alp 18", S lo" —alp — 0.
w— wo

The second summand becomes small because of weak- convergence. ]

1.6 Infinite matrices

In this whole chapter, a Matrix has the form

MZXXX—’IF,(IC,Z)HM/(’[.
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1.6 Infinite matrices

It is well known that in the finite-dimensional case, matrices can be identified with
linear operators on the entire vector space. This is no longer the case in the infinite-
dimensional case. A major problem is that matrix-vector multiplication requires the
computation of infinite sums. Because infinite sums do not always converge, we must
be careful. If we use an infinite matrix as a linear operator, we must know which vectors
are allowed for multiplication. This leads to the following definition:

Definition. [23] Let M be a matrix. Then we define the domain as

D(M) := {a el: ZMk,la'l converges unconditionally Yk € X} .

leX

We can identify each matrix with a linear operator as

M : D(M) - f, (MCY)k = ZM](JCY[.

leX

In some cases, we want to identify a matrix with a linear operator. We can show that
if a matrix can be identified with a well-defined linear operator on an €7 space, then it is
continuous.

Theorem 1.6.1. 23 Llemma 1.1 (a)] Let p,q € {0} U[1,0]. Let M be a matrix such that
D(M) 2 €, and Ma € €1 for all @ € €5, Then the operator

P q
0 —C,a— Ma

is continuous.

Proof. Fork e X, let

Mk . fv’i, — F,(Y — (MCL’)k = ZM"”Q"
leX

By Theorem|1.5.8, M, € (¢4) forall k € X. So fora € €%, we have
MCZ = (Mka)kex.

Applying Theorem|1.5.12|shows that the operator is continuous. O

In the finite-dimensional case, the operator norm of a matrix is always well-defined.
Thisis no longer the case in the infinite-dimensional case, but we can define it for some
matrices.

Definition. [23] Let p,q € {0} U [1, 0] and M be a matrix such that D(M) = ¢}, and
Ma € €] forall a € €. Then we define the operator norm of a matrix M as

IMal

M, = sup |Mals = sup [Mafy = sup

wiely .
Jarp =1 ol <1 ceenjoy Nl

Because Theorem|1.6.1} the norm is always finite.
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If a matrix M can be interpreted as an operator in L(€y, 1), we write M € M(€}, £21).
We also use the shorthand notation M(¢€)) := M(£h, €)). Now, we show that if the
matrix operator is continuous on €% it is well-defined and continuous on the entire
space.

Theorem 1.6.2. [73 Lemma 1.1 (b)] Let p,q € {0} U [1,00) and M be a matrix such
that D(M) = £* and the operator

M|wo : 6% — £ a — Ma

is continuous from €}, to €1. Then M € M(¢L, £2).
Proof. Fork e X, let

M]?O . fOO — F,a — (Ma)k = ZM/{JCX[.

leX

It is easy to see that for all k € X, MY is continuous. By Theorem|[L.5.9, the unique
continuous extension is M. We then have

Ma = (Mka)kex Ya € 500.

Applying Theorem[L.5.13|completes the proof. o

Now, the question arises as to whether each linear continuous operator gives a cor-
responding matrix. This is indeed the case if p < 0.

Theorem 1.6.3. [23| Lemma 1.1 (b)] Let p € {0} U [1,00) and T € L(¢€%). Then there
exists a unique matrix M € M(EL), such that

Ma =Ta Vael’.

Proof. Let
Mk,l = (Té])k

Then for any @ € £, we get by using Corollary[1.5.3/and continuity of T

o oh
Ta = TZQ’151 = Za’[T(S[.
leX leX

This gives us

(T(l’)k = Z(l’[(Té[)k = EM/{’[CU[.

leX leX

Now, suppose there is another matrix M with this property. Then

M, = (T = Z My 1S1m = M,y
leX

showing uniqueness. O
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1.6 Infinite matrices

This theorem does not hold for p = oo. Indeed, let

I span({(Dex} U €%), A(ex + > Bidi > A,
keF

Then, we use Hahn-Banach (Theorem|1.2.7) to obtain an extension I € (¢*°)’. Now, for
fixed k € X, we define
T : goo — [oo,a —> (l<a/)6k,l)leX-

Note that T'|,0 = 0, sofor p = 0, the corresponding matrix representation has to be the
0-matrix. This implies that the matrix representation of T must be the 0-matrix, which
is a contradiction, since T # 0.

To define the corresponding continuous linear operator, only pointwise convergence
is required. However, if p < oo, we obtain convergence in 4.

Lemma 1.6.4. [23 Lemma 1.1 (a)] Let p € {0} U [1,0). Let M € M(L)). Then for all

a € ¢, we have
o

Ma = Z(Mk,la'l)keX-

leX

Proof. Let (F,)qen be a nested approximation of X and @” be the restriction on F, of @.
By Corollary|1.5.3 @" converges to ain €%,. This implies that

P P P [5'
.{W n ‘[W’ n ‘fW
Ma =M | lima" | = lim M (o) = lim E (M) ex = E (M) kex-
n—oo n—oo0 n—oo0
[eF, leX

O

This also does not work in €2, since one can simply take My, = 635, w = (1)iex = @
to obtain a counter example.

Similar to the finite-dimensional case, matrices can be multiplied; however, we must
be careful with the convergence of the resulting entries.

Definition. [17] Let M, N be matrices. Then we define

(MN)j; = Z M N
keX

if the sum converges unconditionally for all j, I € X.

This multiplication also corresponds to the composition of two continuous linear
operators.

Proposition 1.6.5. [34] Let p,q,r € {0} U [1,0). Let N € M(&,¢1) and M €
M(EL,¢). Then, MN is well-defined and MN € M(¢€%, €%). Moreover, MN is the matrix
representation of the composition of the operators.

Proof. First, we show that the product is well-defined. We get

(N((sm))k = 2 Nk,lél,m = Nk,m

leX
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and

(M(N(8)); = (M(New)iex); = > MiuNiw = (MN) 1,

Therefore
M(N(6n)) = ((MN)jm)jex = (MN)6.

This also implies that D(MN) 2 £%. We see that MN and the composition of M and
N match on €%, showing that MN is bounded. Using Theorem [1.6.2] we obtain the
result. m]

1.6.1 Formulas for specific norms

From linear algebra, we already know that the 1-norm of a matrix can be computed
as the maximum of the absolute sum of the columns, and the co-norm can be com-
puted as the maximum of the absolute sum of the rows. We show that this also holds in
the infinite-dimensional case. To simplify the discussion, we start with the unweighted
case.

Theorem 1.6.6. [35] Theorem 2.13 (ii)] Let M be a matrix. Then M € M(¢€") if and only
if
SUPZ |My| < .

leX kex

In this case,
”MHL(ZI) = SUPZ | M.

leX kex

Proof. We show both of these inequalities.

> Suppose M € M(¢"). Then we compute

sup " (M| = sup Y [(Mo)i| < sup [(Ma)| = sup [Mal = (Ml
€X kex kex ”‘YH[I Lrex ||(1/H(,1 1

< 7@ Suppose the supremum is finite. Let || = 1. Then

[Marp =D 1D Misen| < D0 [ Migllen] = D len| Y 1My

keX |leX keX leX leX keX
< Z || supZ | M| = supZ | My -
leX meX pex MEX jex
—_——

=1

The swapping of sums is allowed because of Tonelli’s theorem.

We can show a similar statement with the £* norm.
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1.6 Infinite matrices

Theorem 1.6.7. [35 Theorem 2.6] Let M be a matrix. Then M € M(¢*) if and only if

supZ |M,,| < 0.
keX 1oy

In this case,
HM”L({’OO) = supz | M.
keX

leX

Proof. We show both of these inequalities.

” =" Suppose M € M({®). Forevery k € X leta* € €* such that [af] = 1 and
My af = 0foralll € X. Then we compute

supZ M| = sup(Ma*), <sup sup |(Ma)] = sup sup|(Ma)
keX iy keX keX ||af0=1 la|l,o0 =1 keX
= sup [Malpm = [M] -
lafl o =1
The third step is allowed, since supremums can be interchanged.

29

< 7”@ Suppose, the supremum of the sum is finite. Let |a| . = 1. Then

Z M,

leX

|Maf e = sup

keX

< supz |My ||| < supz |M,,|.
keX k

lex €X jex
O

Now, we analyze how the norms behave on weighted €7 spaces. We introduce the
matrix
Wi = Wiy

which is a diagonal matrix consisting of the elements of w. Itis easy to see that
Wa = w(a),
implying that W € M(¢€%, €7). The inverse is of the form
(W) = w61y

and an element in M(¢7, ().

Proposition 1.6.8. [23 Theorem 3.3, [6) Proposition 3] Let M be a matrix. Then M €
M(Eh) if and only FWMW ™' € M(LP). In this case

VVMM/_1 = (WkMkJW;I )k,IEX-

Proof. Using the diagram

w1 M w
e
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We can easily see that M € M(£%) implies WMW =" € M(¢?). On the other hand, the
diagram
oW oper WMW™! P w! P

gives us the converse. Now we compute

(WM )i = Z Wi My = wiMy

leX
and
(WMWY = D (WM Wyt = > Wi Wity = WM aw,,
meX meX
i
Using this representation, we obtain the following formula for the €4,-norm:
Proposition 1.6.9. [23| Theorem 3.3] For any matrix M, we get
- -1
HMHL(fﬁ,) = HWMW IHL(@V) - H(WkMkJWz )k’IEXHL((P) ’
if one of these three expressions makes sense.
Proof. We easily compute
|Mal,, Jo(Ma)]
| M|y = sup = sup  ———— = (%).
aet\{0} HaHfﬁ, w(a@)etr\{0} |lw(@)],
Substituting 8 = w(a) gives
|o(Mw™'(B))], _
(¥) = sup L = | wWMWwW IHW).
Betr\{0} 181l »
i

Now, we easily obtain the two corresponding formulas for the L(£!)-norm and the
L(£X)-norm.

Theorem 1.6.10. V3 Theorem 3.3] The following formulas hold (if one side makes sense):
L ”MHL(Q.) = SUPjex Dgex |WkMkJW1_1|

2 ”MHL([S.C = SUPex Dujex |WkMk,lW;1|

Proof. Using Proposition|1.6.8} Theorem and Theorem|1.6.7] we easily see that

1 ”MHL([}V) = ”(WkMk,lWl_l)k,leXHL(gl) = SUPjcx Dtex |WkMk,lW1_1

)

2. ||MHL(KSC) = H(WkMk,lW[_1>k,leXHL(goo) = SUPjex ZleX ’WkMk’lWl_l|'
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1.6.2 The adjoint

For a given Matrix M, we define its formal adjoint as

* L
Mk,l = Ml,k-

1.6 Infinite matrices

The connection between a matrix and its formal adjoint is the same as that between

operators on Banach spaces.

Proposition 1.6.11. [3 Let p € [L,0]. If M € M(5) then M* € M(E"-, (7)),

*

Additionally, for all @ € £, and B € £, it holds

<Mcy,,8>€va(/,p=x<1 = {a, M*’B>€$f", -
wT w

Proof. Note that p* # oo, therefore €% is norm-dense in {’5:. First, we assume that
B e ™ Let F C X befinite such that 8 = B|r. We get

<M“’ﬁ>g5,¢j] = Z(Ma/)kﬁ_k = Z Z My B = ZZ M}, B

keF keF leX

l[eX keF

= Z (Y[(M*ﬁ)[ = <CY, M*ﬁ>€lv)¢y€p_l,1 ’

leX

where the last equation follows from Theorem|1.5.11] Moreover,

{a, M*ﬁ>€£7€,,/ ]‘ = '<Ma,,8>d:’€p*l
w w

< [Mllye

| B

€]7* )
w1

(p')*

according to Theorem m Now we take the supremum of all@ € ¢’ < & such
that ||| »+ = 1, to get by duality (Theorem i and the Holder inequality (Theo-

rem
HM*ﬁngl = Sup <a’ M*ﬁ>€py [p/ < Sup
" ”“‘b(ﬂ)* =1 Mt HQHZ(H)* =1
= |M|| )

This shows that M* is continuous on £%°. By Theorem
The remainder follows from the density.

1.6.2

HMHL(&Q) [

P
o

ﬁ“gl’*
W

1

Bl -

w1

we obtain M* € M({’ifl,ffvll).
m

Note that the result is useful for p > 1, since then p’ = p*, meaning thatif M €
M(€h) then M* € M(fﬁ:). Inthe case p = 1,we get I’ = co and 1* = 0. This means
that M € M(¢,,) implies M* € M(£0_,,£* ). We would like to have M* € M(£° )

w1

instead. However, this is generally not the case, as one can see with a matrix having a

row of ones and zeroes everywhere else. Let X = N,

My := 0o
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andw = (1)iex. In this case, M € M({") as can be seen using the column sums (The-
orem|1.6.6). However, &, € £°, but

(M*80)x = Z M 610 = Z M; 610 = 251,051,0 = 00,0000 = 1.

leX leX leX

This implies that M*6y = (1)wex ¢ €°. We can slightly change the conditions to obtain
the desired results.

Proposition 1.6.12. [5] Let

Me [ M)

pe{0}u[1,00]

Then
M e () ML)
ge{0}u[1,00]

Additionally, it holds

*
<Ma”8>€£ifji. = {a, M*ﬁ>e¢’,,€ji] Vpe[l,ol,aelh,pel’ .

Proof. We consider different cases.
« g € [1,00): According to Proposition|1.6.11} it holds
M* e M(ff;l,{’all) Vp e [l,x].

Choosing p := ¢’ € (1, ] gives

and

This implies
* /
M e ML, 60 _) = M(£2 ).
« g = o0: We use the formula for the oo norm of a matrix (Theorem|1.6.10) to get

|M*| ey = sup D wi ' Mg wil = sup Y [wiMyow | = | M0 < 0.
w keX lex keX ex

Therefore,
M* e M(L7,).

« g = 0: Because of Proposition|1.6.11} it holds

M* e M(E_,,€2.).
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1.6 Infinite matrices
Foranyk € X, it holds
M*sp el <,
w w
because M* € M(¢! ). Thisimplies
M0 e

and by continuity
MO <,

showing that M* € M(£)_,).
O

Using the adjoint, we can easily show that continuity implies continuity in a weak-=
sense.

Theorem 1.6.13. [24] et p € (1,00]. Let M be a matrix. If M € M(L}) then M is
continuous in the weak-+ sense.

Proof. Notethat p’ = p*. LetB e 55:. Let (@')ie; S € converge to a € £, in a weak-»

sense. Then according to Proposition|(1.6.11}

i€l

lim<Ma",,8>&pwt,p*l = ll_ier;l<a",M*,8>€5’€pll = {(a, M*,8>€£’[,,/| = <Ma/,ﬁ>di’€,)*].
w w— w— w—

This also does not work for p = 1. Indeed, suppose X = N, w = (1) and let
Mk,l = 5](’().

Then, the sequence (& ke S €' converges to 0 with respect to the weak-+ topology.
However,
(M6,)i = Z My 161m = Mym = Oxp-

leX

This implies that Mé,, = &y and the sequence (dy)men does not converge to 0. If we
change the conditions, we can include p = 1.

Theorem 1.6.14. [27] let p € [1,0]. Let

Me (] M)

ge{0}u[1,00]
Then M is continuous in a weak-+ sense on €%,

Proof. LetB € fi: Let (@')ie; S €h converge to @ € €% in a weak-+ sense. Then
according to Proposition|1.6.12

. 7 o . 7 * . * _
lim (Ma’. 3 >f’;,t’§i1 = lim (o', M"p >€£:,f(jfl = (o, Mp >fﬁ,€j;fl = (Ma.fp >t’£,€fﬁ1'
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1.7 Banach algebras

Inthis section, we recall the concept of Banach algebras. Theideais as follows: A certain
set of square matrices can be considered as a vector space. Additionally, we can mul-
tiply two matrices to obtain another matrix. This multiplication satisfies certain prop-
erties. In addition, we can equip this space with a certain norm that satisfies certain
properties. Finally, each matrix has its adjoint that satisfies certain properties. We can
use all of these properties as axioms for some abstract sets with a structure that is rele-
vant beyond the chosen case. First, we focus on the multiplication of two such objects.

Definition. [20] Let D be a C-vector space and - : D x D — D be a bilinear and
associative operation. Then, we call D an algebra.

In some cases, the algebras have certain elements or additional maps.
Definition. Let D be an algebra.

« [20] If D contains a neutral element I with respect to -, then we call D a unital
algebra.

« [20, Definition 1.1.2] If D is equipped with a norm |-|| such that
|AB| < |All|B] VA,B e D,
then we call D a normed algebra.

« [20, Definition 1.1.2] If a normed algebra is complete with respect to the norm,
then it is called a Banach algebra.

« [20, Definition 3.5.1] If D has a conjugate linear map = : D — D, such that
(A*)* = Aand (AB)* = B*A™ YA,B € D,
then D is called a =-algebra.

« [30] If Dis a Banach algebra and a =-algebra such that = is an isometry with re-
spect to the norm then D is called an involutive Banach algebra or a Banach-x
algebra.

In some cases, we have an algebra thatis not unital. In this case, we can extend it to
obtain a similar algebra, which has a unit.

Definition (Unitization). [20] Let D be a non-unital algebra. Then we define
DY =D xF
with the multiplication
(A, 1) - (B,u) := (AB + pA + AB, Ay).

In this case, (0, 1) is a unit.
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1.7 Banach algebras

1. If Disnormed then we define

[(A, D) == Al +[A].

2. IfDis a #-algebra then we define

(A, 2)* := (A%, ).

Itis easy to see that DT is a Banach algebra if D is one. A similar statement holds for
D being a Banach =-algebra.

In some cases, we have an involution = on a Banach algebra D, which is assumed to
be continuous. In this case, one can define the norm

] := max{]Al, [A*

}

which is equivalentto |-|| and makes (D, ||-|||) a Banach-+ algebra [47]. This means that
if we are only interested in the topological structure of a norm, we can assume, without
loss of generality, that a continuous involution is automatically isometric by changing
the norm.

From now on, we assume that A, Ay, A,, ... are unital Banach-= algebras. We have
the following classical example.

Example. LetH be anontrivial Hilbert space. The vector space L(H) is a unital Banach-
x-algebra. Indeed, multiplication corresponds to the composition of two operators. For
the norm, we use the operator norm, and the map = corresponds to the adjoint. We will
leave the details for the reader.

1.7.1 Inversion

Similar to matrices, some elements have a multiplicative inverse. This leads to the fol-
lowing definition.

Definition. [20] Definition 1.4.1] We say that an element A € A is invertible if there
exists some A~! € A such that

AAT =T=A""A
It is well known thatif A, B € A are invertible, then AB is invertible with
(AB)"' =B 'A"".
One can easily show thatif A € A is invertible then A* is invertible with
(A = (A7)
To simplify the notation, we define
Ay = {A € A: Aisinvertible}.

Now, we show that any element close to I is invertible.
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Theorem 1.7.1 (Von Neumann series). [I8 TheoremA.5.3]LetA € Asuchthat|I — A| <
1. Then A is invertible and
AN =) (1—A)"

neN

Proof. First, we show that the sum converges absolutely. We get

=A<y Ir-al.

neN neN

Since this is a geometric sum with [l — A| < 1, it converges. By Theorem|1.4.4] we
obtain unconditional convergence. Now let N e Nand B := 1 — A. Then

N N
AYB'=(I-B)) B Z ZB" — BVt
n=0 n=0 n=

A similar computation shows that

N
<Z B”> A=1— Bt
n=0

Letting N approach oo and using B¥+! =3 0, we get
AY B =1= (ZB") A
neN neN

O

We can immediately show that the inverses of operators close to the identity are uni-
formly bounded. For convenience, we introduce the following notation. We write <
to indicate that an inequality holds up to a positive constant factor. This factor might
depend on the variables quantified before the inequality but not on those quantified
after.

Corollary 1.7.2. [20 Theorem 1.4.2 (iv)] Let
={AceA:|A-1I| <1/2}.

ThenU < A, and
A7 s1vAeU.

Proof. According to Theorem[1.7.1] every A € U is invertible. Using the von Neumann
series (Theorem|1.7.1), we get forall A € U,

MU—Ar| < =A< D |- A" <Z()

neN neN neN neN

Ja™] =
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1.7 Banach algebras

O

We can make this result slightly more general by replacing I with any otherinvertible
element.

Lemma 1.7.3. [20 Theorem 1.4.2 (iv)] Let B € A,,,. Then there exists a neighborhood
Ug < Aof Bsuch thatUs < A, and

|A7" s 1 VA € Us.

Proof. Let .
Up = {Aeﬂ: |A—B|| < —}
2B

Then |
|aB~ 1| = |(A-B)B"!| < |A- B [B7] < 3.

This implies that AB~" is invertible and by Corollary[1.7.2)
|AB™!| <1 VA € Up.
Since Bis also invertible, AB™'B = A is also invertible. Next
4= = 4~ BB| < |a~'B B < 1 va € U,
proving the statement. O

Now, we can show that the inversion is continuous.

Theorem 1.7.4. |20 Theorem 1.4.2 (iv)] Let
¥ Ay — A, A— A
Then, ¥ is continuous.
Proof. Let B € Ai,,. We show that W is continuous at B. Forany A € Ay,
A" B '=AYI-AB")=A""(B-A)B".

Therefore
|a=t =B~ < a7 1B — Al |B~"].

We must ensure that the right-hand side becomes small. Since Bis fixed, | B~ is also
fixed. By Lemmal1.7.3} |A~!| is bounded forall A close to B. Since we can make |B — A
as small as we want, ¥ is continuous. O

1.7.2 The spectrum

Analyzing the eigenvalues of matrices is very useful. A similar definition can be used for
unital algebras. To simplify the notation, we write A — A instead of AT — A, if 1 € C.
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Definition. [20] Definition 2.1.1] Let A € A. We define the resolvent of A as
palAd):={1eC:(1—A) e An}.

We define the spectrum as

In some cases, we might omit the subscript A if there is no ambiguity in the context.

It can be shown that the spectrumis always nonempty and compact [20, Proposition
2.1.3]. We now show the following.

Lemma 1.7.5. [20] Let A, B € Asuch thatl — AB € A,,,. Then,I — BA € A,,,.
Proof. LetC := (I — AB)~!. Then
(I — BA)(I + BCA) = I + BCA — BA — BABCA = I + B(C — I — ABC)A
—I-B(I-AB)C—DA=1—-B(I-DA=1
and
(I + BCA)(I — BA) = I + BCA — BA — BCABA = [ + B(C — I — CAB)A = I.
Thisimpliesthat (I — BA)™! = (I + BCA). m

This lemma can be used to prove that the spectrum of a product does not change,
except possibly at 0, when we swap the factors.

Theorem 1.7.6. [20] We have

o (AB)\{0} = o"(BA)\{0} VA, B € A.

Proof. Letd € p(AB)\{0}. Then,A—ABisinvertible. Dividing by A gives the invertibility
of I — (A7'A)B. Then I — B(A'A) is invertible because of LemmalL.7.5] and so 1 — BA
is invertible. This implies that

o (AB)\{0} = o(BA)\{0}
The otherinclusion follows from the symmetry. m]

Since the spectrum of an element is nonempty and compact, there is always an ele-
ment with the maximal absolute value. This yields the following definition:

Definition. |20 Definition 2.1.2] For A € A, we define the spectral radius to be
ra(A) := max{|4] : 1€ o (A)}.
One can show that r4(A) < |All and

1
n

ralA) = Jim |4
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1.8 Operators on normed spaces

See, for instance, [20, Proposition 2.1.3 (iv)].

Definition. [20] Let D < A such that D is a unital =-algebra with respect to the re-
stricted operations of A. Then, we call D a unital =-subalgebra.

If we write A; < A, we assume that Aj is a unital =-subalgebra of A,. However, we
do not necessarily assume that the norm of Aj is the restriction of the norm of A,. To
distinguish between the different norms, we sometimes write ||| 5 and || 4,.

Next, we show that the spectrum becomes larger if the algebra is reduced.

Proposition 1.7.7. [20] If A, < A, and A € A, then

oa,(A) S oq,(A).

Proof. Letd € o4,(A). Then, A — Alis notinvertible in A,. Therefore, itis not invertible
inA;andsod € o4 (A). o

From this, we immediately obtain the following.

Corollary 1.7.8. 20/ If A, < A, and A € A, then

r?h(A) < ra, (A)

In some cases, we want to ensure that each element of a subalgebra that is invertible
in the larger algebra has its inverse in the subalgebra.

Definition. [27] Let A; < A,. We call A, inverse closed in A, if for all A € A, which
are invertible in A, we have
Al e A,.

The following can be shown:
Proposition 1.7.9 (Hulanicki). [27 Proposition 3.2] Let D < A be a unital subalgebra
such that for each self adjoint A € D (i.e, A* = A), we have
rp(A) = ra(A).

Then foreach A € D, we get
op(A) = oalA).

1.8 Operators on normed spaces

In this chapter, we discuss some properties of operators in normed spaces. First, we
analyzed the invertible operators and properties of the inversion. Next, we discuss the
basics of adjoint operators. Subsequently, we go through the projections. Finally, we
discuss the definition and properties of the pseudo-inverse of an operator. Hereinafter,
we use the following conventions:
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« N,N1, N,, ... are non-trivial normed spaces over F.
« 8B,8B,8,,... are non-trivial Banach spaces over F.

o H,H,,H,, ... are non-trivial Hilbert spaces over F. The inner product is conju-
gate and linear with respect to the second slot.

We begin with a useful result.

Proposition 1.8.1. (18 LemmaA.7.1]LetT € L(Hy, H,). Then T := T |y isinjective
and
R(T) = R(T).

Proof. Letx € K(T). Then
0="Tx=Tkx,

so x € K(T). By the definition of T, x € K(T)*, so x = 0, showing the injectivity of T
Clearly, R(T) < R(T). Lety € R(T). Then there exists an x € H, such that

Tx=y.
Now we can write x = k + o, where k € K(T) and o € K(T)*. Then, we get
y=Tx=Tk+To=To="To,

provingy € R(T). o

1.8.1 The inverse operator

In some cases, it is useful to invert the operators. In this section, we analyze the invert-
ibility of operators and some properties of the inverse of an operator. First, we define
the inverse as follows:

Definition. [50] Let T € L(By, B,) be bijective. Then we define theinverse T~! of T to
be the unique linear operator from 8, to B, such that

TT' = idg,

and
T7'T = idg,.

One might ask whether the inverse of an operator is always bounded. Because we
are in the Banach space setting, the answer is yes, according to the following theorem.

Theorem 1.8.2. (Bounded inverse) [18 Theorem A5.2] Let T € L(By, B,) be invertible.
ThenT 'e L(Bz, Bl>

Now we introduce the notation

I[(B1,8,) :={T € L(B,,8B,) : T isinvertible}
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1.8 Operators on normed spaces
and
1(B) := I(B,B).

It is well known that the composition of invertible operators is also invertible. More
precisely, if T € I(B1,8,) and S € I(B,, B;) then

ST € I(B],B3)

and
(sT)"'=T7's".

Using the theory of inversion, we can characterize injective operators with a closed
range.

Proposition 1.8.3. [[9] et T € L(By,B.). Then, the following are equivalent:
1. T is injective and has closed range.
2. We have the inequality
ITx] 2 [x]| Vxe B
Proof. Both directions can be easily demonstrated.
= Since T is injective, we can define the inverse
T':R(T) — B,.

Since R(T) is closed, it is a Banach space, and by the bounded inverse theorem
(Theorem|1.8.2), T~! is bounded. This implies

|x| = [77'Tx| < |Tx|| Vxe 8.

<: IfTx = 0then we get x = 0 by the assumed inequality, showing injectivity. Now
let (yu)newr © R(T') converge to somey € 8B,. Then choose the unique sequence
(Xa)new S By such that
T-xn = Yn Vn € N.

By the assumed inequality,

oem = 2| < T Com = 20) | = [ym = Yl -

Since (y,)nen is @ Cauchy sequence, (x,) ey Must also be a Cauchy sequence, and
it converges to some x € B,. By the boundedness of T, we get

y=limy, = lim Tx, = Tx,
n—00 n—0o0

soy € R(T) showing the closedness of R(T).

It suffices to show the lower bound on the dense subspace.
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Proposition 1.8.4. [I8 Lemma 5.1.7] LetT € L(B,,8B,) and V < B, be a dense sub-
space such that
ITx| 2 |x] VxeV.

Then, this inequality holds for all x € B (with the same implicit constant factor).

Proof. Let x € By and (x,).en & V converge to x. Then

7] = lim [ Tox,| 2 Tim |l = ]

1.8.2 The Adjoint

In this section, we restrict ourselves to the setting of Hilbert spaces because, in this case,
the definition of the adjoint of an operator is simpler.

Definition. [40] Let T € L(H,, H,). Then the adjoint of T is defined to be the unique
operator T* € L(Ha, H, ) such that

(Tx,y)g, = (X, T*y)g Vx € Hyy € H.

Itis also well known that
R(T)" = K(T*)

and

K(T)" = R(T*),

where K(T) is the kernel of T and L indicates the orthogonal complement of a set. It
is also known that forany T € L(H;, Hy)), it holds

2 2
|7 = *T) = 17"

It is important to note that the adjoint of an operator depends on the codomain of
the operator. Therefore, it is reasonable to introduce a notation. Let A, B be sets and

f:A— B.
LetC < Aand f(C) < D < B. Then, we define

f|C—>D :C — D,x — f(X)

We show that the adjoint behaves well if we restrict the domain of T to K(T)*.

Proposition 1.8.5. (et T € L(H,, H,) then

(T|krytogn)™ = T gk (r)L-

Proof. Forall x e K(T)*,y € H,, we have

<X, T*“HZHK(T)L)&K(T)L = <X, T*y>7{1 = <Txa y>7{2 = <T’K(T)iﬂ‘]—(2x9y>(ﬂz'
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O

The adjoint also behaves well if the codomain of the operator is restricted to the clo-
sure of its range.

Proposition 1.8.6. Let T € L(H,,H,). Then

(Tl —rey)” = T |rpy -

Proof. Forall x € H;,y € R(T), we have
Ty Vg, = 5T o, = T30, = (Tl oW
m

Sometimes, it is useful for an operator to have a closed range. We show that if an
operator has a closed range, then its adjoint also has a closed range.

Proposition 1.8.7. [I8 Lemma A.6.1 (ii)] Let T € L(H,, H,) have a closed range. Then,
T* also has a closed range.

Proof. We go through different cases.
1. Assume that T is bijective. Then

(TN T* = (TT™')* = idj, = idgy

and

T*(T™')* = (T7'T)* = id}, = idgy,
implying that T* is bijective with (T*)~! = (T~')*. Therefore, T* has a closed
range.

2. If T is surjective then
T’K(T)J-—ﬂ‘(z
is bijective and has the same range as T according to Proposition Then,
Proposition|1.8.5yields

(T|kryLogn)™ = T gk (r):-

Because of the previous case, both operators had a closed range. In addition, this
operator has the same range as T*, so T* has a closed range.

3. Inthe general case,
T |yt —r(r)

is surjective. Using Proposition|1.8.6]

(Tl —rr)™ = T* Ry,
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has a closed range because of the previous case. Moreover, this operator has the
same range as T*, since R(T) = K(T*)* and because of Proposition This
implies that T* has a closed range.

Composing a closed-range operator with its adjoint does not change its range.
Lemma 1.8.8. [40] Let T € L(H,, H>) have a closed range. Then
R(TT*) = R(T),

and
R(T*T) = R(T*),

Proof. We begin with the first equation. Trivially,
R(TT*) < R(T).

For the other inclusion, lety € R(T). Then, there exists some x € H; suchthat Tx = y.
Now, we write x ask + o, where k € K(T) and o € K(T)* = R(T*). Then

y=T(k+ o) =To.
Sinceo € R(T*) andy = To, it holds,
y € R(TT*).

The second equation follows from swapping T with T* and using Proposition[1.8.7 O

1.8.3 Projections
In this section, we discuss the definition of an orthogonal projection.

Definition. [18] Let P € L(H). We call P an orthogonal projection if it is a projection
and one of the following equivalent statements holds:

- PP =P
- K(P)* = R(P)andR(P)* = K(P).

For a closed subspace V. H, we define g,y € L(H) as the unique orthogonal
projection such that R(mg—v) = V.

1.8.4 Pseudo inverse operator

Because the inverse of an operator is very useful but not always defined, the pseudo-
inverse operator might help in some cases. Although pseudo inversion has less useful
properties than inversion, it is sometimes good enough in Frame Theory as it allows us
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1.8 Operators on normed spaces

to show that the set of localized frames has a certain structure. More on that can be
found in the next chapters. Therefore, we show how to construct and characterize the
pseudo inverse of an operator.
Before proceeding, we introduce another notation. Let A < B be sets. Then, we
define
idssg : A — B, x +— Xx.

We can now construct the pseudo-inverse of an operator with a closed range. We use
the idea shown in [18, Lemma A.7.1]. Let T € L(H,, H,) have a closed range. Let T :=
T\ k()L —r(r)- Then T is bijective so we get the inverse

A

T7':R(T) — K(T)*.

Since R(T)isclosed, T~'is bounded by the bounded inverse theorem (see Theorem|1.8.2).
Finally, we define the pseudo inverse of T' as

T .= idK(T)L_,(Hlfflﬂq-(zqR(T) € L(H,, H,).

In particular, Tt = T~1if T is bijective. Keep in mind that the domain of the pseudo-
inverse is the codomain of T. Similar to the adjoint operator, in some cases, we must
explicitly write the codomain of the restriction to avoid confusion. Now, we show that
restricting an operator to the orthogonal complement of its kernel interacts well with
the pseudo-inverse.

Proposition 1.8.9. [2f] Let T € L(H,, H-) have a closed range and T := T\ k(1)L o0
Then
TT = (T|K(T)J-—>'7'(2)Jr = TT

Hy—K(T)L-

Proof. Let H, := K(T)-and T := T| g, —rer)- Then

TT|7‘(2—>7:{1 = (id(]:{|—>(}‘{|T_]HHZ_’R(T))|7‘{2—>(]:{| = T_lﬂ(}_IZ_’R(T)'

Using Proposition|1.8.1] we get

A

T_lﬂ%—»R(T) = T_lﬂ‘i-{z—»R(T)
and by injectivity ) ~
K(T)" = {0} = H,,
where I denotes the orthogonal complement in ;. Therefore
T = P gty = it g pery = T.
Ho—Hi H—R(T) K(T)L—>H, Ho—R(T)

O

If we restrict the codomain of an operator to its range, it also interacts well with the
pseudo-inverse.
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Proposition 1.8.10. Let T € L(H,,H,) have closed range and T := T |34, _x(r). Then

T" = (T|sy—r)' = TMrer)—90.-

Proof. Let H, := R(T). Since T and T only differ by the codomain, we get

. A1 . A1 ~
T, = (dkrytman T ot rr) g, = 1Qxeryrom T~ 7y = T

We now discuss some basic properties of the pseudo-inverse operator.

Proposition 1.8.11. (et T € L(H,,H,) have a closed range. Then, we obtain the
following properties:

1. [I8 (A11)] K(T)* = R(T"), in particular, TT has closed range.
2. [I8 (A11)]R(T)* = K(TT)
3. [13 Theorem 2.1. (ii))] TT" = mgg—r(r)

4. [18 Lemma A 7.2 (i)] T'T = mgq _perny

Proof. Again, let

A

T = T|K(T)¢~>R(T)‘

1. Since T is defined on K(T)* and bijective, we get

Since mmg(,r(ry Maps its domain surjectively to R(T'), which is the domain of 71,
we get
R(T™") = R(T™'7p,r(r))-

Finally, TT = idgry:a, T~ g r(r), which gives us
K(T)* = R(T").
2. We get
xeR(T)' < Mo —rr)X = 0 < Tﬁlﬂ-q-{zﬁR(T)x =0=Tx=0< xeK(T").
3. Letx e H,. Then
TT x = Tf_lnq{z_,R(T)x = TT_lﬂ'q_{z_,R(T)x = M4, R(T)X-

4. We get
T'TT'T = T'ryyre T = T'T,
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1.8 Operators on normed spaces

Therefore, TTT is a projection. Since

TTT = idK(T)LHfHIT_lﬂ(HZ—»R(T)T = idK(T)LHfHIT_lT,

we get
R(T'T) = R(T7'T) = R(T™") = K(T)*,

where the equation in the middle follows from the fact that T maps H; surjec-
tively onto the domain of 7=!. Also

K(T'T) = K(T™'T) = K(T),

where the last equation follows from the injectivity of 7=!. Therefore, TTT is the
orthogonal projection onto K(T)* = R(TT).

O

Itis useful to know which operators have the same range. Therefore, we propose the
following:

Proposition 1.8.12, [I8 (A.11)]LetT € L(H;, H>) have a closed range. Then
R(T*) = R(TT)

and
R((T*)") = R(T) = R((T")").

Proof. We use Proposition|1.8.11|and Proposition|1.8.7|to get
R(T*) = K(T)* = R(T").

Similarly,
R((T")') = K(T*)" = R(T) = K(T')" = R(T')").

The pseudo-inverse can be characterized as follows:

Proposition 1.8.13. [I§ (A.1l)] Let T € L(H,,H,) have a closed range and S €
L(H,, Hy) such that the following hold:

3. TSx=xforallxeR(T).

Then, TT = §S.
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Proof. Suppose that x € R(T)*. Then
TT)C = T_lﬂ'(}-{z_)R(T)X = T_IO = 0.

Since R(T)* = K(S),
Sx=0.

This shows that TT and § match on R(T)*. Now let x € R(T). Then
TSx = x.
Applying T from left on the left-hand side, gives
TITS x = T, RTHYS X = Mg, g (1)L S X = Mg, LR(s)S X = Sx.
Applying T to the right-hand side gives
TTx.
This shows that TT and S also match on R(T). o

There is also a second method to characterize the pseudo-inverse. This is similar to
the way the inverse is defined.

Theorem 1.8.14. [2¢] Let T € L(‘H,, H,) have closed range and S € L(H,, H;) have
closed range such that
TS = 7tgt,r(1)

and
ST = TTH, —R(S)-

Then, S = TT.
Proof. We prove this statement using the characterization of Proposition|1.8.13] Let
Ts := T|r(s)—r(1)

and
St = S|R(T)—>R(S)-

Then, Ts and S 7 are inverses with respect to each other. We get
TsSx =TSx = Mgy, r(1)X.
Multiplying S7 = T ' from the left gives
Sx = S1e,R(T) X

This gives
K(S) = K(Stmpriry) = K(mpmriry) = R(T)™.

Similarly,
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1.8 Operators on normed spaces

or
K(T): = R(S).

We obtain the third property for free,so § = TT. m|

We know that the inverse of the inverse of a bijective operator is the operator itself.
The same is true for the pseudo-inverse.

Proposition 1.8.15. [9 (4.7)] Let T € L(H,, H,) have a closed range. Then, (TT)T = T.

Proof. We check the three properties from Proposition|1.8.13

1. Using Proposition|1.8.11} we get

K(TH* = R(T)** = R(T) = R(T).

2. Again, by Proposition[1.8.11] it holds

R(TH* = K(T)* = K(T).
3. Forx € R(T"), we get by Proposition[L.8.11]
TH(THx = Tpt, >R(TT)X = X.
O

Next, we will show that the pseudo-inverse behaves well if an operator is composed
with its adjoint.

Proposition 1.8.16. [I8 Lemma A.7.2 (iii)] Let T € L(H;,H,) have a closed range.
Then
(T*)" = (T7)".

Proof. We check the two properties of Theorem|1.8.14] By Proposition|[1.8.12]
(TH*T* = (TTY)" = 7} piry = Tr6R(T) = Tsr((71)%)-
Similarly,
T*(TT)* — (TTT)* — ﬂ;{l"R(TT) = 7T'H1—>R(T7L) = TTH,—R(T*)-
This shows that
(T)" = (T")".

Pseudo inversion works well with the composition of an operator with its adjoint.
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Proposition 1.8.17. [36] Theorem 1.1(9), (10)] Let T € L(H,,H>) have a closed range.
Then, TT* and T*T have closed ranges. Moreover,

(T7%)" = (T%)'T",

and
(T*T)" = T7(T*)".

Proof. By Proposition|[1.8.7, T* has a closed range. By Lemma[1.8.8) TT* and T*T have
closed ranges. We show the two properties of Theorem(1.8.14} Acombination of Propo-
sition|1.8.16} Proposition|1.8.12|and Lemma|1.8.8|gives

R((T*)") = R((T")*) = R(TT)*T") = R((T*)'TT).
Therefore
(TH'TITT* = (T*) 'y, gy T* = (T*) g mopry T* = (T*)'T*
= gL R((T%)T) = THo—R((T#)1T1)-
Similarly,
TT*(T*)'T" = Trgyorr)T' = Trgy gty T" = TT" = myppr) = mgtmor(rrs)-

By Theorem[1.8.14} the first equation follows. Swapping the roles of T and T* yields the
second equation. ]

If we assume that T is injective or surjective, we obtain a slightly stronger result.
Corollary 1.8.18. [36] Theorem 1.1 (9), (10)] Let T € L(H,, H,) have a closed range.

1. If T isinjective, then T*T is invertible and
(T*T)~" = TH(T*)".
2. If T is surjective, then TT* is invertible and
(TT*)~' = (T*)'T".

Proof. We show both cases.

1. Using Proposition|1.8.12

and
K(T*T) = R((T*T)*)* = R(T*T)* = R(T*)* = K(T) = {0}.

This implies that T*T is invertible. Using Proposition [1.8.17] the proof is com-
plete.
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2. We define § := T*. According to Proposition[L.8.7] S has a closed range. Apply-
ing the first case to § completes the proof.

O

Next, we prove that the pseudo inverse of any operator can be expressed in terms of
the pseudo inverse of a self adjoint operator.

Lemma 1.8.19. [36) Corollary 2.8,2.9] Let T € L(H,, H,) have a closed range. Then

" = (T*T)'T* = T*(TT*)".

Proof. We use Proposition[1.8.17|and Proposition|[1.8.16|to get

(T*T)'T* = THT*)'T* = TTry rreyry = Trgmrqrtyry = Trpgmgrnye = T

Similarly, Proposition[L.8.12]yields

T*(TT*)T _ T*(T*)TTT _ 7T‘H|—>R(T*)TT _ 7T7ﬁ—>R(TT)TT _ TT_

If T is injective or surjective, we obtain a simple formula for the pseudo-inverse.
Corollary 1.8.20. et T € L(H,,H,) have a closed range.

1. [I3 Theorem 4.2.] If T is injective, then
T = (T*T)~'T*.
2. [18 Lemma A.7.2 (V)] If T is surjective, then

Th = T*(TT*)~".

Proof. Both statements follow directly from Corollary|1.8.18/and Lemma|1.8.19 m]

Our goal is to construct a formula for the pseudo-inverse of T without requiring that
T is injective or surjective. To do this, we need the following result as a stepping stone:

Lemma 1.8.21. [53 Remark 2.3 (iii)] Let 6 > 0and T € L(H, Hy). Then, T*T + 6 is
invertible.

Proof. First,
(T*T + 6)x,x) = (T*Tx, x)+{6x,x) = (Tx, Tx)+8{x, x) = |Tx[*+6 |x|* = & |x|*,
The left-hand side is also real. On the other hand by Cauchy-Schwartz,

(T*T + 6)x,x) < |[(T*T + 6)x]| [|x| -
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Combining these two inequalities and dividing by || x| gives us
o[ xl| < I(T*T + 6)x] .

Using Proposition [1.8.3] we obtain that T*T + ¢ is injective and has a closed range.
Obviously, T*T + ¢ is self adjoint, therefore

R(T*T +6) = K((T*T + 6)*)*" = K(T*T + 6)*" = {0} = H,.
Thisimplies that T*T + § is surjective and, therefore, invertible. ]

The second result is that (T*T + 6)~'T* can be restricted nicely.

Lemma 1.8.22. let T € L(H,,H,) have a closed range, H, := K(T)- and T :=
T| g, e, Then

(T*T + )" T") gy, = (T"T +6)7'T".
Proof. By Lemmal1.8.21) T*T + ¢ is invertible. According to Proposition|1.8.1} T is in-
jective and, because of Proposition|1.8.5] we get
T* == T*|(]_[2_>(}:{1.

Then T*T + 6 € I(‘H,) is invertible because of Lemma|1.8.21| Then

(T*T + 6)| g, g, = T*T + Sidy, gy,
and because of H; = K(T)* = R(T*), we get

(T*T + 0)| g1, = T*T + Oidg, g, -

This implies that

and therefore
(T*T + 6) ' T*|yyiy, = (T*T + Sidgy, _iy,) ' T*.
O

For general T, we obtain a formula that is slightly more complicated but very useful.

Theorem 1.8.23. 57 Corollary 3.4] Let T € L(H,,H,) have a closed range. Then we
get
T" = im(T*T + 6)~'T*,
N\0

where we have convergence with respect to the operator norm.
Proof. LetH; := R(T*) = K(T)* < H,. Then, we define

T:=T

'7:(1 H'}{z ’
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which is, according to Proposition|1.8.1] injective. Then, T*T is invertible according to
Corollary|1.8.18) and T*T +¢is invertible because of Lemmal(1.8.21] Then by Lemmal1.8.22|

(T*T +8) ' T*) gy, = (T + 6k )T
Since the inversion is continuous (Theorem|1.7.4), we get

L ; -1 7 ) — 1
lim(T*T + 8idg )~ = (T*T) .

Combining everything and using Corollary[L.8.20] we get

~ = N ] . ~ o~ . —15 . —1
T = (T*T)'T* = (151{%(T*T +6idg, Lg,) T = (lsl\zr(l)(T*T +6) T gy,

By Proposition|1.8.9
T =Ty o,
This implies that

T! = lim(T*T + 6)~'T*.
5N\0

O

One can show that an inverse closed unital =-subalgebra of L(H) is even pseudo-
inverse closed. Because this proofis involved, we omit it.

Theorem 1.8.24. [77] Corollary 3.5] Let A < L(H ) beinverse closed. Then A s pseudo-
inverse closed in L(H), that is, for every T € A with closed range, we have Tt € A,

Sometimes, we also need to compare the operator norm with another norm. This is
possible because of the following reasons:

Theorem 1.8.25. [77 Proposition 3.2] Let A < L(H). Then

IT < [T|n ¥T € L(H).

Proof. First, we assume that T is self-adjoint. Then by Corollary[L.7.8land [42],

1
7] = raa(T) < ra(T) = lim [T"]}, < T

For the general case, we get

2 2
1T =TT < |T*Tla < IT*|a Tl = 1T |-
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2 Frames

Orthonormal bases in Hilbert spaces can be very useful because they provide a way
to uniquely decompose an element into its basis parts. In some applications, this is
too restrictive, and multiple ways to decompose an element are required. This leads
us to frame theory. In this chapter, we introduce frames, which are a generalization of
orthonormal bases, and their corresponding operators, that is, the coefficient operator,
synthesis operator, and frame operator. The content of this chapter can be found in
118].

Definition. [5] For a sequence ¢ = (Y )iex S H, we define the synthesis operator

Dy : £* — H (if possible) to be

Dy(ai)kex = Z -

keX
Next, we introduce the coefficient operator.

Definition. [5] Forasequencey = (Y )wex S H, we define the coefficient (oranalysis)
operator C,, : H — ¢* (if possible) to be

Cyf = ({fsthi))kex.

Having defined the coefficient operator, we can easily define a frame. To write it more
compactly, we introduce the symbol ~. We write A ~ Btoindicate A < Band B < A.

Definition. [5] A sequence ¥ = (Y )ex is called a frame if Cy, f is well-defined and

ICufI? = D 1wl ~ £, Vf € H.

keX

There are many examples of frames.
Example (Gabor frames). Let H := L?>(R)and g : R — C. Then

(eZHim(')g((.) — l’l))(m,n)EZXZ

is a frame for L*(R) if g is chosen correctly. This is a special case. More general cases
and details can be found in [25].

A benefit of a frame is that there are multiple ways to characterize them.
Proposition 2.0.1. Lety = (Y )rex S H be a sequence. The following are equivalent.
1. Y isaframe.

2. [18 Lemma 5.5.1] The synthesis operator is well-defined, bounded, and surjective.
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3. [18 Corollary 5.5.3, (i)] The coefficient operator is well-defined, bounded, injective
and has closed range.

Because the synthesis operator must be surjective, H must be separable. Otherwise,
no frames would exist. Therefore, we assume that H is separable. The coefficient op-
erator and synthesis operator are adjoint to each other.

Proposition 2.0.2. D8] Lety = (Y )ex be a frame. Then

and

By composing the synthesis operator with the coefficient operator, we obtain the
frame operator.

Definition. [5] Foraframey = (Y )rex S H, we define the frame operator S, : H —

H to be
Suf = DyCuf = ) L.

keX

This operator has useful properties.

Theorem 2.0.3. [I8 Lemma 5.1.5, (i)] The frame operator is self-adjoint and invertible.
In addition, (S, "W rex s a frame.

Next, we use the frame operator to define the corresponding canonical dual frame
for a certain frame.

Definition. [5] Lety = (Y1 )wex S H be aframe. We define it’s corresponding canoni-
cal dual frame as

U = Wiiex := (S Wikex-

Recall from functional analysis that if we have an orthonormal basis (ex )iex, we can
reconstruct any element f € H using

=Y. {feve

keX
For frames, we have a similar formula using the canonical dual frame.

Theorem 2.0.4 (Reconstruction formula). [I8 Lemma 5.1.5, (i)] Lety = (i )rex S H
be a frame. Then it holds

f=DgCuf = ) ¥

keX

and

f=D,Cyf = Z<f’ .

keX
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In some cases, the reconstruction formula still holds if we replace  with another
frame . Inthis case, ¥ is called the dual frame of . From now on, we write s to indicate
that ¢ is a dual of . We now introduce the Gramian matrix of two frames.

Definition. [5] Suppose thaty, ¢ are frames. Then we define the (mixed) Gramian ma-
trix as

(Gup)ii := b1 Yi)-

The Gramian matrix can be interpreted as an operator that is the composition of the
coefficient operator and the analysis operator.

Proposition 2.0.5. (5] Lety, ¢ be frames. Ifthe cross Gramian matrix Gy 4 is interpreted
as an operator in L(€*), then

Gl//,¢ - Cl/,D(p.
Proof. Leta € €2. Then
2 £2 pw
CyDya = C¢2 P = Z o Cyr = Z @ (B> Y1))iex = 2((Gw,¢)k,la'k)leX = Gyya.
keX keX keX keX

O

If two Gramian matrices are composed in a certain way, then the result is again a
Gramian matrix.

Proposition 2.0.6. [I8 Lemma 5.1.5, (i)], [5] Let i, ¢, & be frames. Then

GyyGje = Gy

Proof. Using Proposition and Theorem[2.0.4} we get
GysGis = CyDyCiDe = CyDs = Gy .
o

The Gramian matrix of a frame and its canonical dual frame has the following prop-
erty:

Proposition 2.0.7. [ Lemma 8] Lety be a frame. Then

Gyy = Giy-

Proof. We have

(Gyaer = by = (S, Wiy = W, S iy = W) = (G -
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2 Frames

Computing the adjoint of the Gramian matrix swaps the order of the frames.

Proposition 2.0.8. (28], [5] Let yr, ¢ be frames. Then

*
Gw’(p - G¢,¢/ .

Proof. By Proposition and Proposition|2.0.2}
G:;’¢ - (C¢D¢)* - D;C:; - C¢D¢ - G¢’¢.
m]

The Gramian matrix of a frame and its canonical dual frame is an orthogonal projec-
tion.

Proposition 2.0.9. [5 Lemma 8] Let s be a frame. Then, G, ; is the orthogonal projec-
tion onto R(Cy).

Proof. By Proposition[2.0.6] we get
GyiGyy = Gy
Therefore, G, ; is a projection. Also by Proposition and Proposition
Gy = Gy =Gy
Therefore, G, 5 is an orthogonal projection. Since Dy is surjective,
R(Gyy) = R(CyDy) = R(Cy).
o

The coefficient and synthesis operator of a frame have properties similar to those of
the canonical dual frame.

Corollary 2.0.10. /5 Lemma 8] Let y be a frame. Then
R(Cy) = R(Cy)

and
K(Dy) = K(Dy).

Proof. Applying Proposition|2.0.9/and Proposition|2.0.7} gives
R(Cy) = R(Gyy) = R(Gyy) = R(Cy).
Next, we use Proposition[2.0.2|to get

K(Dy) = K(C}) = R(C,)" = R(C)" = K(C}) = K(Dy).
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2.1 Riesz bases

O

Because the coefficient and synthesis operators have closed ranges, we can compute
their pseudo-inverses, which have a specific form.

Proposition 2.0.11. [I8 Lemma 5.4.3] Let y be a frame. The following statements are

true:
T _ .
1. Dw = Cw~
T .
2. Cw =Dy.

Proof. Both statements can easily be verified.
1. By thereconstruction formula (Theorem|2.0.4), we get
DlpC@ = idy = THR(D,)-

By Proposition|2.0.9,
CyDy = Gy = Tr—r(cy)-

Using Theorem|1.8.14] we conclude that Djb = Cy.

2. Using Proposition|1.8.16{and Proposition|2.0.2, we get

C}, = (D' = (D))* = C; = D;.

The pseudo-inverse of the Gramian matrix also has a useful representation.

Proposition 2.0.12. [36 Theorem 1.1 (9), (10)], [18 Lemma 5.4.3] Let ¢, ¢ be frames.
Then
G, =Gy

Proof. A combination of Proposition [2.0.5] Proposition [2.0.2] Proposition [1.8.17| and
Proposition[2.0.11]gives

Gl

Lo =(DyCy)l = C;D; = D;C; = Gy

2.1 Riesz bases

Riesz bases are a special case of frames. The only difference between an orthonormal
basis and a Riesz bases is a bijective operator in-between.
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2 Frames

Definition. [18| Definition 3.6.1] A frame y is called a Riesz basis if there exists an or-
thonormal basis e = (e )wex < H and a bijective T € L(H) such that

Tek = lﬁk Vk e X.

Riesz bases can be characterized in several ways.

Proposition 2.1.1. [4] Lety = (Y1 )wex be a sequence. The following are equivalent:
1. Y is a Riesz basis.
2. Cy iswell defined and bijective.

3. Dy is well defined and bijective.

The inverses of the synthesis and coefficient operators have useful representations.

Proposition 2.1.2. [4] [I8 Lemma 5.4.3] Let ¥ be a Riesz basis. Then the following
statements hold:

—1
1 Dw = Cy.
—1
2. C(p = Dy,
This implies that §r is also a Riesz basis.

Proof. This statement follows from Proposition[2.0.11land the fact that both operators
are bijective (Proposition[2.1.1). m|

There are several methods for constructing Riesz bases. To obtain some examples,
we introduce the left shift operator on €2(Z). For ¢ € £*(Z), we define

LC = (Ck—])kEZ‘
Itis easy to see that Lis anisometry. Forn € N*, we get

L'"=L...L.
—

ktimes

For general n € Z, we naturally get
an = (Ck—n)keZ-

Such operators are sufficient to provide a set of Riesz bases.
Theorem 2.1.3. [I8 Theorem A.5.3] Suppose that X = Z and L is the left shift operator.
Let (Ck)keZ el! (Z) with H(Ck)kethﬂ < land
T := idy + ZCkLk.
keZ

Then T € I(H). Therefore, the corresponding sequence (Tex )ren IS O Riesz basis. The
same holds for the right shift R instead of L.
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2.1 Riesz bases

Proof. Linearity is clear. For continuity, we have

IT| = Hidﬂ Yl <1+ el < 2.

keZ keZ
Similarly,
lidg — T < | et < 1,
keZ
Therefore, according to Theorem|1.7.1} T is invertible. ]

Using this theorem, we can construct an example and analyze it.

Example. We analyze the sequence

1 1 1 1 1
lﬂ = (...,61 + 560,60 + 561,61 + 562,62 + 563,...> = (ek + §€k+1>kez.

By Theorem [2.1.3] ¢ is a Riesz basis. The correspondmg synthesis operator is D, =
idgr + 2R, vvhereas the coefficient operatoris Cy, = id + L The frame operatoris

S,=D,Cy, = 1{id +1R id +1L —Sid +1L+1R
w—ww—'w2 L) = gldn+ 5L+ Sk

n -2 ()

We get the following inverse

S
(=]

since
N n N n n+1 N+1
1 1 1 1
(1 3%) 2 (-37) =§<(‘5R) - (-2) )Z'dﬂ‘<‘5’*)
n= n= H_/
—0 (N—0)

Swapping both side also give the identity. Similarly,
0 1 n
-1 _
c,' =), (—EL)
and

(o (L L LAY (L
S, _<|d7{ <4|d7{ SL— SR =) Jidn — 5L =SR] .

neN
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2 Frames

2.2 Applying operators to frames

In this chapter, we apply operators to frame elements and analyze the results. Let s be
aframeand T € L(H). We use the notation

Ty := (Ty)kex-

Now, the question arises as to whether Ty is still a frame. To answer this question, we
first need the following lemma.

Lemma 2.2.1. [5] Lety be aframe and T € L(H). Then

Proof. Let (¢x)iex € €2. Then

TDy(ci)rex = TZ W = Z Tk = Dry(ci)rex-

keX keX

o
ltturns out that the question of whether Ty is still a frame can be easily characterized.

Theorem 2.2.2. [28 Theorem 6.1], [18, Lemma A.6.1] Let Y be a frame and T € L(H).
Then, Ty is a frame if and only if T is surjective.

Proof. We show both directions.

= If Ty is a frame then Dy, is surjective because of Proposition This means
that for any f € H, there exists (a; )rex € € such that

Dry(ai)iex = f.
On the left-hand side, we get by Lemma[2.2.1
Dry(ap)rex = TDy(a)kex.
This shows that f € R(T) proving surjectivity.
<: Suppose that T is surjective. By the Lemma|2.2.1]
Dy, = TD,.

Because T and D, are surjective, Dy, is surjective, proving that Ty is a frame
(Proposition[2.0.1).

We can also use the adjoint to characterize this statement.
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2.3 Banach frames

Corollary 2.2.3. [28 Theorem6.1] Letybe aframeand T € L(H). Then, Ty is a frame
if and only if T* is injective and has a closed range (or equivalently |T* f|| = ||f]| Vf €
H).

Proof. We know that Ty is a frame if and only if T' is surjective. In addition, T has a
closed range if and only if T* has a closed range (Proposition|1.8.7). Moreover,

K(T*) = R(T)",
Therefore, K(T*) = {0} ifand only if R(T') is dense in H. o

The next question is the following: If y is a Riesz basis, is Ty also a Ries basis. For
this, we need an additional assumption to be made.

Theorem 2.2.4. [I8 Definition 3.6.1] Let s be a Riesz basis and T € L(H). Then, Ty is
a Riesz basis if and only if T is bijective.

Proof. By Theorem we only need to focus on injectivity. If T is bijective, then
Dry, = TDy is also bijective (Lemma[2.2.1]and Proposition [2.1.1), showing that Ty
is a Riesz basis. On the other hand, if Ty is a Riesz basis, then Dy, = TD,, is bijective.
Since Dy, is bijective, T must also be bijective. ]

2.3 Banach frames

So far, we have only analyzed frames in Hilbert spaces. Now, we extend the definition
to Banach spaces. In this setting, frames are sequences in 8 instead of 8. In addition,
previously, we only worked with the sequence space 2. In the Banach space setting,
we use a more general sequence space B,.

Definition. [5] Lety = (Yy )wex S B'. We call a Banach frameif there exists a Banach
space B, of F-valued sequences with index set X such that the following hold:

1. The coefficient operator

Cy:8B— By f— (Wi(f))kex
is well defined and bounded.

2. We have
I£ls = |Cufly, ¥ e B.

3. There exists a bounded operator R : 8; — B called the reconstruction operator,
such that

R(Cyf)=fVfe8B.

In the Hilbert space setting, we obtain the third condition for free, since the recon-
struction operatoris simply the synthesis operator. This is no longer the case in Banach
space settings.

89






3 Localized Frames

In this section, we introduce the notion of localizable frames. The idea is that we call a
pair of frames localized with respect to each otherif their corresponding Gramian matrix
fulfills certain properties. In some other literature, the Gramian matrix is expected to
have a certain off-diagonal decay. One example of such a definition can be found in
[28] Definition 2.1]. In our case, we define the localization property more generally using
abstract axioms. We do this by defining a certain Banach-= algebra. Our final goal is to
show that certain results also hold in the more general case.

Definition. [5] We call a unital Banach =-algebra A of matrices with index set X a solid
spectral matrix algebra, if

1. A< M(P).

2. Ais inverse closed in M(£?). This means that for any matrix A € A, which is
invertible in M(£%),A™! € A.

3. Aissolid, ie, ifA = (ars)riex € Aand |byy| < |ar,| forallk,l € X, then B =
(bra)riex € Aand |Bl| 4 < [|A] 4.

There are many examples of such structures, but first, we introduce a simple one.

Example. Let
A= {Me M : My, =0ifk+1}

the subsets of all the diagonal matrices. It is easy to see that A is a linear subspace,
closed under = and contains the identity. Let M, N € A. Then

(MN )i = ZMk,lNl,m = My Nim.-

leX

If & # m then the right-hand side is 0, meaning that MN is a diagonal matrix. Therefore,
we have a unital sub-+-algebra. If

My = Oxmy
one can easily see that M is invertible in M(¢?) if and only if
lmy| > 1 Vk e X.

The inverse is given by
~1 -1
Mk,l = 6k,lmk s

since
—1 —1 —1 —1
(MM )j,l = 2 ijkMk,l = Z 6j,kmj6k,lmk = mjéj,lmj = 61"1

keX keX
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3 Localized Frames

and the other way around. Equipping A with the L(£?) norm, which can be computed
by
HMHL(ﬁ) = sup M|,
keX

A becomes a Banach-= algebra, which is also solid in this case.

Otherexamples can be found in the literature; however, showing that these examples
fulfill the requirements is not trivial.

Example. For simplicity, we restrict ourselves to the special cases. More general cases
can be found in the literature.

« [27] Let X = Z and 2 < s. Then, the Jaffard norm is defined to be

|A] 7 == sup |Ag[ (1 + [k = 1])".
k,lIeZ

In this case, Ais defined as a subset of matrices such that the expression above is
finite. This means that the matrices in A must have a certain off-diagonal decay.
Indeed, for any entry far from the diagonal, |k — I| becomes large, implying that
(1 + |k — 1])* also becomes large. Therefore, |Ax;| must be small to ensure that
the supremum is finite.

« [28, Definition 2.1] Let X = Z. Then, the norm is defined to be

Al =

sup ‘Ak,k+(-)|
kezZ L1
This also implies that these matrices have a certain off-diagonal decay. However,
unlike the Jaffard class, the decay is not bounded by a specific sequence up to a
constant factor but is bounded by any ¢! sequence.

Note that some norms, like the Jaffard norm, are not necessarily submultiplicative,
as we only have the inequality

|AB| 5 < |Al 4Bl 4 YA, B e A,

However, this is not a problem because it is possible to define a submultiplicative norm
thatis equivalent to ||| 4.

From now on, we assume that A is a solid spectral matrix algebra. This Banach-=
algebra allows us to define the localization of the frames.

Definition. [5 Definition 1] Let y, ¢ be frames. We call them localized with respect to
each otherif G, 4 € A. In this case, we use the notation ¢ ~ ¢. We call y self-localized
ifGy,y € A.

It turns out thatif a frame is self-localized, then this localization property is conveyed
to its canonical dual frame.

Proposition 3.0.1. [5 Theorem 2] Let s be a self-localized frame. Let s be the canonical
dual frame of . Then, r ~ @ and §r ~ .
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Proof. Since Aisinverse closed, itisalso pseudo-inverse closed (Theorem|1.8.24). There-
fore, by Proposition|2.0.12]
..
G,,=GjgeA

By the closedness of the multiplication and Proposition[2.0.6}, we get
Gyy = Gy gGyy €A
o

As expected, the order of the frames does not matter in the definition of localization.

Lemma 3.0.2. [5 Lemma 8] Suppose a pair ¥, ¢ is localized, then ¢, is localized. In
other words, localization is a symmetric relation.

Proof. Since A is closed under = and by Proposition[2.0.8
Gyy =Gy A,
we obtain ¢ ~ . O
We also have the following result:

Lemma 3.0.3. [5] Lety, ¢, & be frames such thaty ~ ¢ and ¢ ~ & Then, y ~ €.
Proof. By definition, we obtain Gy 4 € Aand Gy, € A. Therefore, by Proposition[2.0.6]

Gye = GyyGoe € A
Thisimplies thaty ~ &. O
If we combine different results, we obtain transitivity.

Proposition 3.0.4. [5] Lety, ¢, & be frames such thaty ~ ¢ and ¢ ~ & Then, y ~ &

Proof. By Proposition[3.0.1} ¢ ~ @. We apply Lemma[3.0.3to ¢ ~ dand ¢ ~ & to obtain
$ ~ & Then, we apply Lemma to W ~ ¢and @ ~ Etoobtainy ~ & proving the
result. m]

To simplify the notation, we let Loc(A) be the set of frames with index set X that are
self-localized. Now, we obtain the following result:

Theorem 3.0.5. [I] Localization is an equivalence relation on Loc(A).

Proof. Reflexivity follows from the definition of Loc(A). Symmetry follows from Lemma|3.0.2
Transitivity follows from Proposition|[3.0.4 O

Finally, we show that self-localization can be conveyed to other frames.

Theorem 3.0.6. [5 Lemma 5] Lety € Loc(A) and ¢ be a frame such that ¢ ~ . Then

¢ € Loc(A).
Proof. By symmetry (Lemma(3.0.2), ¥ ~ ¢. By transitivity (see Proposition|3.0.4), ¢ ~ ¢
completing the proof. m]
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4 H! space

In this section, we introduce the co-orbit space HY using our Hilbert space H. Here, p
has a fixed value in {0} U [1, 00] and w is a fixed positive weight on X. We also have to
ensure that the weight w satisfies a certain property.

Definition. [5] We say that wis admissible for A if

Ac () M)
qe{0}n[1,00]
For a special case of A, an example of a class of admissible weights is as follows:

Example. Let A be the Jaffard class with some fixed s > 2. If the weight w satisfies the
condition
Wiy S (1 + [x])°wy Vx,y e Z

then w is A-admissible. This follows from [27, Lemma 2.1].

For our purposes, we assume that w is A-admissible. This means that forany a € €,
we get
Ma € £l Yq e {0} U [1,00].

To distinguish between a matrix and an operator, we define
M*Y bl — 1o — Ma.

w?

Using Theorem|1.6.1} we conclude that M4 € L(£%). By Theorem|1.6.14) M4 is weak-
= continuous for all g € [1,90]. Using Proposition|1.6.12} we can even conclude that
M e M(£! ), meaning that w™! is A-admissible.

4.1 The Gramian matrix

For this whole chapter, we assume that vy is a self localized frame. This means
that we get a continuous operator using the Gramian Matrix, i.e.,

Gy, € L(Lh).
We can also show that the Gramian matrix of some different frames is continuous.
Proposition 4.1.1. [5 Lemma 8] Let ¢, & be frames such that ¢ ~ v and & ~ . Then

Gye € M(L1) Vg e {0} U [1,0].
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Proof. By Theorem and Theorem|3.0.5, we obtain ¢ ~ &. This implies that

Gps € A M(LL) Vg e {0} U [1,:0].

mi
We also show a similar result for the weight w™!.
Proposition 4.1.2. [O] Let ¢, & be frames such that ¢ ~ Y and & ~ . Then
Gyee M(L]_,) Vg e {0} U [l, 0]
Proof. By Propositionf.1.1Jand closedness under involution, it holds
Gje € AS M(LL) Vg € {0} U [1,0].
Using Proposition|1.6.12} we conclude that
Gye € M(L!_,) Vg e {0} U [l,o0].
mi

We already know that G4 is an orthogonal projection (see Proposition [2.0.9) on £2.
We can show a similar statement for £Z.

Proposition 4.1.3. [5 Lemma 8] Let be a frame such that ¢ ~ . Then, Gg’;v is well-
defined and a projection in €%,

Proof. A combination of Proposition{4.1.1land Proposition gives

Gip € M(EY).

Because of Proposition[2.0.9 Gg’;” behaves like a projection on £%. Since £% is norm

dense (Corollary[1.5.3) or sequehtially weak-+ dense (Theorem [1.5.16) in €%, we use
Proposition|1.2.9|to conclude that Gg’;” is a projection onto its range. m]

By Proposition|1.2.8, R(G, ;) is norm closed in €}, and is therefore norm complete.
For p € [1, 0], we can also use the weak-+ topology to conclude that R(G,, ;) is weak-+
closed. Additionally, because €, is sequentially weak-+ complete and R(G, ;) is se-
quentially weak-= closed, it is sequentially weak-+ complete.

4.2 The construction of the co-orbit space

Our goal is to construct the co-orbit space HY. To make the concept simpler to under-
stand, we start with an analogy using the £, space. Suppose one starts with the £ space
and wants to construct the £ space. The first step is to restrict £2 to £%°. For p < oo,
the next step is to equip €% with the £-norm. Finally, the €}-space can be defined as
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4.2 The construction of the co-orbit space

the completion of €% with respect to this norm. For p = oo, £ can be reached by first
taking the weak-+ completion of £%. Subsequently, one takes the sequential hull of £
inside the completion, yielding €. To start, we first define a subspace similar to €%,
namely [5]

HO i Dy — span(¥i)icx.

To construct the co-orbit space, we must ensure that the coefficient operator fulfills
certain properties. For a frame ¢, we use the notation

Cgo = C¢‘<H00.

First, we must ensure that its range is a subset of £%.
Proposition 4.2.1. [5] Let ¢ be a frame such that ¢ ~ . Then

R(CP)c e

In particular, this statement holds for ¢ = .
Proof. Being a subset of £2is clear. Let I € X. Then by Proposition[2.0.5|

Coi = Cothy = CyDy6; = Gy = G461,
Sincee; € ££ and Gf;::; e L({h), Cgolm e £f, the result follows. m]

The next step is to define a norm and a topology on H® similar to the weak-* topol-
ogy. First, for p € [1, 0], we define the map

Il = H® = B f g = |C2f

b
P
4

which is a norm since the coefficient operator is injective. For p € [1, «], we can also
equip H® with seminorms, which we define as

%
Va e t'_,.
1 w

Go: HY >R, f ‘<Cg°f, a)

*
e
w

For simplicity, we call the topology generated by the seminorms the weak-* topology.
According to Lemma|(1.2.11} H® is a Hausdorff space with respect to this topology, and
Cgo isanisometry with respect to both topologies. We now have to distinguish between

p <oandp = .

4.2.1 The case p < ©

For p € [1,90), we define HY as the norm completion of H® [5, Definition 2]. For
p = 0,we use the [-[ 4 norm. Since Cgo is an isometry, we can use Theorem|1.2.51and

Proposition|1.2.10[to extend it to HY, calling the extension Cg’w which is an isometry.
We can also define the extended seminorms

Go: HE >R, f ‘<C§’Wf, @) Va € f‘:’;l.

*
P pP
e
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4 HY space

Here, we see that by definition Cg’w isanisometry with respect to the weak-= topologies.

4.2.2 The case p = ©

The case p = o is more involved. First, we define H to be the weak-+ completion of
H™. Afterward, we define H® to be the sequential hull of H® in H with respect to this
topology. We also use Corollary|1.2.6/and Proposition|1.2.10|to extend Cgo tothewhole
space

w,w o0 lo¢}
Cor HY — €,

getting an isometry. We also get a norm by

| /1

b

R oo,w
HE HC‘Z ffe,o

Therefore, C;JO’W is an isometry with respect to both topologies.
The case H = % provides a simple example.

Example. Suppose that H = €% and (Y )kex = (k)iex- Thenyy = yand Cy = idp =
D, Thisimplies that
HP = ¢ Vp e {0} u|l, ]

4.3 Continuity in #*

Since we have different topologies, we must be very precise when dealing with conti-
nuity. Therefore, we introduce the following term to cover both types of continuity: Let
U, V be subspaces of £, or HY. We say thatan operator T : U — V is super-continuous
if the following hold:

1. T isnorm continuous.
2. Forp € [1,m0], T is continuous with respect to the weak-= topologies.

First, we showthat the Gramian matrixis super-continuousifthe corresponding frames
are localized in a certain sense.

Proposition 4.3.1. [29] Let ¢,¢ be frames such that ¢ ~ W and € ~ . Then, Gy is
super-continuous.

Proof. By Proposition (4.1.1] G§; is norm continuous for all ¢ € {0} u [1,0]. Using
Theorem|1.6.14) G/’ is weak-+ continuous if p € [1, o0]. m

We can easily see that Cg’w is super-continuous.
Proposition 4.3.2. [5] The coefficient operator Cg’w is super-continuous.

Proof. Thisfollows from thefactthatcg’w isanisometry with respect to both the topolo-
gies. O
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4.4 Intersection of H and H?E

Itiseasytoseethatthe composition of super-continuous operatorsis super-continuous.
We also obtain the following:

Theorem 4.3.3. [49 Proposition 4.3] Let U be a subspace of €5, or HYE. Let V € {€h, HE}.
LetS,T : U — V be super-continuous operators. Suppose that W < U is a norm dense
or sequentially weak-= dense subspace of such that

Slw = T|w.
ThenS =T.
Proof. This follows from Theorem[L.2.5applied to S |y. O

4.4 Intersection of  and 7

By the construction of HY,
HO < HP A H.

In some cases, it is reasonable to identify more elements of H with elements in H}.
Note that it holds,
C(}|'H00 = Cg’w|(Hoo.

Since both coefficient operators are injective, it makes sense to identify f € H with
ge HLif
£ P
Cif =C;8.

This immediately gives us

) _ oo
Cilppnge = Cy ot

To better understand the intersection, we do the following. Let f € H. Then f € HE
H if and only if there exists some g € H} such that

Cof = Cg’wg.
We can equivalently write
HENH ={feH: Cl;feR(Cg’W)}.
A similar argument gives us
HENH = {feH: Cg’wfeR(Cl;)}.
We can also characterize the intersection as follows:
Proposition 4.4.1. Let f € H suchthat Cyf € £} Then

feH, nH.
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4 HY space

Proof. Leta := Cyf € £, N %, Let (F,)nen be a nested approximation of X and o :=
a|r,. Then, (@")en S €% converges to a in € and €4, for p < oo (see Corollary|1.5.3).
In the case p = o, we have weak-* convergence instead (see Theorem|1.5.16). Now let
fn := Dya" € H™. Then, it holds

2 2
lim f, = lim Dya" = Dya = D,Cjf = f,
n—o0 n—oo0

where the last equation follows from the reconstruction formula (see Theorem[2.0.4).
Next, we show that (f;).en is @ Cauchy sequence in HE, where we use the norm topol-
ogy if p < oo and the weak-= topology if p = co0. Because of Proposition[2.0.5] It holds

Cg’wfn = Cyfu = CyDya" = G 0" = Gg’,:;a/".

Since (a")qen is a Cauchy sequence in €% and G% is super-continuous (see Proposi-

tion4.3.1), (Gg’Zaf”)neN is a Cauchy sequence (see Proposition|1.2.4). Since Cg’w is an

isometry, (f,)nen is @ Cauchy sequence in HE. Because of HY < HE, (f,)nen con-
verges to some g € HY. Our final goal is to show that f = g. Recall that this means
that

Cif = Cg’wg.
We get
o o a o
Co'e = Jim €57 = Jim €57 Dya” = lim CoDya” = Jim G 0" = G,
=Gyua=Cyf.
Thisimplies f = g and therefore f € HY n H. m|

4.5 Other coefficient operators

By construction, Cg’w behavesverywell, asitis anisometry with respect to both topolo-

gies. For a different frame, this might not be the case, but if we have a frame such that
itis localized with ¢ then we obtain at least super continuity.

Proposition 4.5.1. [5 Lemma 8], [5 Proposition 3] Let ¢ be a frame such that ¢ ~ .
Then the operator Cgo is super-continuous and has a unique super-continuous extension
C," on Hy, namely
W __ PW DW
Cy = GWC& .

Proof. According to Theorem and Proposition|2.0.5,

Cy = C4DyCy = G4y Cy.

100



4.6 The synthesis operator

Restricting both sides to H and using R(Cgo) c €% ~ % (Proposition|4.2.1), we get

00 _ pw 00
Cy = GWClZ .

Because both operators on the right side are super-continuous, the composition is as
well. Using Theorem4.3.3| the unique super-continuous extension is

p.w PW —~P,W
i = Ghyeh.

Next, we show that Cy and C;™ match on H n H.

Theorem 4.5.2. [5 lemma 6] Let ¢ ~ . Then

p.w
C¢

= Colpe -

Proof. Let f € HY n H. Using Proposition4.5.1] Theorem[2.0.4|and Proposition[2.0.5]
we get

Cy"f = GyuCrf = GouCuf = Cof.

4.6 The synthesis operator

After introducing the coefficient operator, we are ready to define the synthesis operator
as follows: The idea is simple. We restrict D, to €% and extend it continuously to .
We start with the special case of the frame ¢, and then define the synthesis operator for
other frames.

4.6.1 The special synthesis operator

Recall that R(Gy,,) = R(Cy) according to Proposition We show a weaker state-
ment for the case of HY.

Lemma4.6.1. [5 Theorem 4 (i)] It holds

R(GL™) < R(CE™).

Proof. By Proposition[2.0.5} it holds

R(G%) = R(chDgO) c R(ng’).

If p < oo, we use the super continuity of Ggow (Proposition |4.3.1) and Cgo (Proposi-

tion}4.3.2) to get

R(G}) = R(G%) - R(Cgo) < R(C}Y),

101



4 HY space

where we use the closure with respect to the H”-norm. The last inclusion follows from
the fact that R(Cg’w) is isometrically isomorphic to a norm-complete space. If p = o,
we get

R(GE)) = [RIGY,)) < [RIC))* = R(CE™),

where we use the sequential hull with respect to the weak-* topology on H,>. The last
inclusion follows from H® < H> with respect to the weak-x topology and the fact that
C;/O’w is an isometry with respect to the weak-* topology. m]

This result allows us to show that the synthesis operator can be uniquely and contin-
uously extended to 4.

Proposition 4.6.2. [5 Lemma 8] The restricted synthesis operator
Dgo = D¢|goo

is super-continuous with respect to €5, and HZE and has a unique super-continuous exten-
sion, namely
P.w - 124 | _1 p.w
Dw - (C& |7{£—>R(Cl'z”“)) le,-

Proof. By Proposition[3.0.1l ¢y ~ . Leta € £%°. Since Cg’w is an isometry, it is injective
with a super-continuous inverse on R(Cg’w). So we get

Dy = (Cg’w\m—m(cgw))_1C§’WD30 = (C}”

—1,~00
H—rcp™) gy

where the last equation follows from Proposition [2.0.5] By Lemma [4.6.1 R(Gg’:;) c
R(Cg’w). Therefore,

PW . (PW S Lepw
D¢ = (CJ, 7—{£—>R(C§‘ )) GJ,’(/,

is well-defined and a super-continuous extension. By Theorem |4.3.3] this extension is
unique. m|

According to Proposition[2.0.5} it holds
A similar statement holds for HZ.
Proposition 4.6.3. [5 Lemma 8] It holds

PWPW _ ~PW
CLZ D, —le.

Proof. According to Proposition [2.0.5] this equation holds on £%. Since both sides are
super-continuous and €% is norm or weak-+ dense in €5, we use Theorem|4.3.3|to con-
clude that this equation holds. O
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4.6 The synthesis operator

Itis clear that D, and D}, coincide on £%. We can even show that they coincide in
their common domain.

Proposition 4.6.4. [5 Lemma 7] We have

— DWW
Dt/f‘eﬁ,mﬂ = Dl/, |e€vm52-

Proof. Leta € € n £2. Using Proposition and Proposition|4.6.3} we get
CiDya = Gy

and
PWRPW o PV,
C& D, a—GJI’wa—lea.

This implies that
Dya = D}"a.

4.6.2 Other synthesis operators

We now want to look at the synthesis operator of frames not used to define the co-orbit
space. Similar to before, the idea is to restrict D, to £ and extend it to €. Here, we
have to be careful, sinceitis not clear if R(DY’) < . Therefore, we need the following
results.

Lemma 4.6.5. [5] Let ¢ be a frame such that ¢ ~ . Then forall k € X, we have

qbke?'(v’:,ﬂ?‘(.

Proof. Trivially, ¢, € H. By Proposition[3.0.1]and Theorem[3.0.5} it holds § ~ ¢. We get
by Proposition[2.0.5]

b — C- — G5, =GP p
C¢¢k = C¢D¢5k = G¢’¢,5k = Gz]/,qﬁék € fw,

because Gy 4 € M(£5). Thisimplies ¢, € Hj, by Proposition[4.4.1] O
Later, we need a similar statement with the weight w=!. Therefore, we prove this here.

Lemma 4.6.6. [5] Let ¢ be a frame such that ¢ ~ . Then for all k € X, we have

¢k € 7'{5:71 NH.

Proof. Trivially, ¢, € H. By Proposition[3.0.1]and Theorem[3.0.5] it holds § ~ ¢. We get
by Proposition[2.0.5]

b — C- G S5 = P
Cw(pk - C(//D¢6k - Gw7¢5k - G'Z’,¢ (Sk S fw_],
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4 HY space

because of Gy 4 € M(L_,) (see Proposition|4.1.2). This implies ¢ € H”_, by Proposi-
tiond4.1l m|

This result allows us to define the synthesis operator for the other frames.

Proposition 4.6.7. [5 Lemma 8], [5 Proposition 3] Let ¢ ~ . Then
00 . p00
Dy : 07 — HY

is well-defined and super-continuous. Moreover, it has a unique super-continuous exten-
sion, namely

PW _ pyPW DW
Dy =D, Gi&,aﬁ'

Proof. Because of Theorem|[2.0.4/and Proposition it holds
Dy = DyGyy
and
00 _ ypw 00
D¢ = D(p GJ/,¢'

Since both operators on the right-hand side are super-continuous (Proposition 4.6.2
and Propositioni4.3.1), D’ is also super-continuous. We can write

PW P DW
Dy, =D, G&,¢

to obtain a super-continuous extension, which is according to Theorem unique.
O

In the next step, we recover the sum representation of the synthesis operator. Here,
we must specify the topology used for the sum.

Proposition 4.6.8. [5 Lemma 7] Let ¢ ~ . Then the synthesis operator has the ex-
pression

DYl — HD o — > and.

For p < oo, the sum converges in the norm. For p € [1, 0], the sum converges in the
weak-x sense.

Proof. Recall that D} is super-continuous according to Proposition Because of

the definition, Dgo has the sum representation, which is by Lemmal4.6.5\well defined. If
p < oo then we use Theorem to conclude that the unique continuous extension
D3™ has the sum representation that converges in norm. If p € [1, 0], we use Theo-

rem|1.5.18|to conclude that D} has a sum representation that converges in a weak-+
sense. o

Note that the sum does not always converge in the norm if p = o0. Indeed, suppose
that H = 2w = (1)iex = @, H® = (* and ¥ = (6 )rex. Then

Dlopc,wa = Zakék = 26k

leX lexX
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4.6 The synthesis operator

does not converge in the £*°-norm because the summands do not converge to 0.
We also have to ensure that Dy and D™ match on their common domain.

Proposition 4.6.9. [5 Lemma 7] Let ¢ ~ . We then

I VAT
D¢‘€§,m€2 = D¢ |££m£2-

Proof. Let a € £ n €% Then, using Theorem [2.0.4] Proposition and Proposi-
tion.6.4l
Dya = DyGyga = Dj"Gyua = D" a.

O

Having defined the most important operators in the co-orbit space, we can recover
some of their properties, which we know from the Hilbert space setting.

Theorem 4.6.10. [ Lemma 8] Let ¢, & be frames such that ¢ ~ ¥ and & ~ . Then

PW _ DWW
Gye =Cy D7

Proof. By Proposition[2.0.5] this equation holds on the dense subset £%. Since both
sides are super-continuous operators, by Theorem|4.3.3} they are equal. O

We can also recover the reconstruction formula.
Theorem 4.6.11. [5 Proposition 3] Let ¢ be a frame such that ¢ ~ . Then

DW ADW - , — DPY PV
D Ch" = idyy = D} CL".

Proof. By Theorem|2.0.4] this equation holds on the dense subset £%°. Since both sides
are super-continuous operators, by Theorem4.3.3| they are equal. m]

In the space H, the coefficient operator has a lower bound. We also show that this
works in the co-orbit spaces.

Theorem 4.6.12. [5 Proposition 1] Let ¢ be a frame such that ¢ ~ . Then

If Cy"f

(H@’S‘

v VfeH?.

w

Proof. By Theorem|4.6.11]and Theorem4.6.10]

p,w — [3,WD[3,W p,w — [3,\/1/ p,w
C p C 5 D5 Cy G ¥ Cy.
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4 HY space

This gives us

H p’w
< .
o V.0

_ ||z opow
o HGW)C"’ f

£y = |21 o f

L(eh) o

4.7 Completeness of H),

So far, we only know that HY is norm complete for p < oo0. To obtain more information
about completeness, we show the following.

Lemma4.7.1. [5 Theorem 4 (i)] It holds
pWY\ p.w
R(CH") = R(G™).
Proof. According to Theorem4.6.11)and Theorem(4.6.10} we get

W _ OPW QPWOPW P P
C@ Cl// y Cw Gw,wcw '

This implies that R(C;™) < R(Gg’:;). The other inclusion follows from Lemmal4.6.1
This completes the proof. O

This allows us to show completeness.

Theorem 4.7.2. [27], [5) Proposition 2] The space HY is norm-complete. For p € [1, 0],
H? is sequentially weak-+ complete.

Proof. We know that Cg’w is an isometric isomorphism onto R(Cg’w). By Lemmap.7.1
R(Cg’w) = R(G%). Since R(G%) is norm complete and for p € [1, o] sequentially
weak-x complete, the same holds for Hy. m]

4.8 Riesz bases

In this subsection, we assume that ¥ is a Riesz basis. In this case, we can also recover
some properties that we know from the space ‘H.

Theorem 4.8.1. [5 Lemma 8], [5 Proposition 3], [5 Theorem 4 (i)] The operators CE’W
and D" are bijective with (Cg’w)_1 = D"

Proof. By Proposition[2.1.1] Cy and D, are bijective. Using Proposition[2.0.5land Propo-
sition[2.0.9) we get

C&Dw = G,’Z,w = ﬂgZ*,R(CJ/) = id€2.
Therefore, Gy, is the identity matrix, and Gg’:; is the identity operator. Since Theo-

rem}4.6.10/implies

cjoy - 6l ~ iy
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4.8 Riesz bases

and Theorem4.6.11|implies

DLVCI™ = idyg,

We obtain that Cg’w and D" are invertible and inverses with respect to each other. O
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5 Duality of H”

As seen in one of the previous chapters, (€;) ~ fﬁll for p € {0} U [1,00). Our goal

is to show that similarly, (H%) is isomorphic to 7—(5:1. Similar to the previous chapter,
we assume that ¢ is a self-localized frame. First, we define a sesquilinear form similar
to that in weighted €7 spaces.

Definition. [5, Proposition 2] Let p € {0} U [1,0]. For fe HE, g € 7—(5:1, we define

e JPW pw!
<f’ g>(]—(5’7{£:1 T <Cl/~/ f’ C¢/ g>€vpv’€]7./_l *
A natural question is whether this sequilinear form coincides with the inner product

on H on an appropriate domain. The following proposition provides the answer.

Proposition 5.0.1. (78] Let p € {0} U [1,c0]. Let f € HE nHandg e H”, n H.
Then
S8y = L&

Proof. Using Theorem|4.5.2} Proposition and Theorem[2.0.4] we compute

= <C1Zf’ Clﬂg>gz = <D¢ClZf’ g>~7—{ = <f’ g>ﬂ

1

w ]
s g>q{£7q{l’11 = <C§’ 1 Ci &

/
a0
O

It turns out that this sequilinear form has properties similar to (-, -) . For exam-

e
ple, we can show that we also have a Holderinequality in this case. However, we obtain
an additional factor.

Theorem 5.0.2. [5] Proposition 2] Let p € {0} U [1, o0]. It hold's

Sl 18l Vf € HE g e HI L

|<f’ g>q{£,7{P’71 HP

Proof. Using the Holder inequality (Theorem([L.5.5) and the continuity of the coefficient

operator (Proposition{4.3.2), we get

p/,wil
C v 8

w !l X
‘<f,g>ﬂm,:f_ | =\<cg’ fe e, . <y L 5l

w—1

P H / .
é;p €17/ [P 7—{w g (}_[p 1
wot ] w w—
w

O
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5 Duality of HY,

This shows that the sesquilinear form is continuous with respect to both slots.

We can combine the norm continuity of the first slot with the weak-* continuity of the
second slot to obtain the following:
Lemma 5.0.3. [50, Proposition 2.23], [22] Let p € {0} U [1,0) and f € H}, g € 7{5:1.
Let (fp)nen S HE converge to some f € HYL inthe norm. Let (g,)nen S 7-(5:/,1 converge
tosome g e 7—(511 in the weak-= sense. Then

nlggo <ﬁl’g”>‘7{5ﬁ£:1 = <f’ g>7{5’7{£:'.

Proof. Using Proposition [1.5.19|and super continuity of the coefficient operators, we
get

w !l
=(CI"f.C" gy

. . N l’ —1
nlirg(l) <f'l7 gﬂ>7_{£,(]_{PLl = nlLIg <C§ wfn’ CZ " g’l>€p [p’
w wot —

/

P P
0.0,

w

= <f’ g>71{§,7{”/_1'

In H, we know that Cj; = D,,. We can prove similar statements for Hy;.

Theorem 5.0.4. [5] Lemma 7]Let¢ ~ yand p € {0} u[1, ). The following statements
hold:

1. Forall fe HY,a € {’ill, we have

7 ,—1
<Cg’wf9 a’>[‘pw[p’71 = <f’ Dg " a’>7{£,ﬂp:1 .

2. Forall f e H”.,,a € €2, we have
w

7, —1
<D5’Wa’ f>7’{£’(}_{5’_1 = <a, C;I; W f>€a’€5/_ .

1

Proof. If f € H® and a € £% then both statements hold because of Proposition|5.0.1
and Proposition Next, we show that the statement holds for p < co.

1. Let (fy)new S H® norm converge to f € HY and (@"),en S €% weak-+ converge
toa e 7—(571. Then, because of Lemmal5.0.3

1

. ’ . /’ —1
Cl Wy = B C g = Jig e Dy
7 —1
= <f ’ Dg " CL’>7{5’(H,7.’71 ’

where we use the super continuity of the coefficient operator (Proposition4.5.1)
and the synthesis operator (Proposition4.6.7).
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2. Let (@)nenr S €% norm converge to @ and (f)pen S H® weak-+ converge to
fe 7{5—1' Then, because of Lemmal5.0.3} the super continuity of the synthesis
operator (Proposition and the super continuity of the coefficient operator
(Proposition(4.5.1),

) X /=1
DYy = lim D o), = lim . CJ 1),

7 ,—1
:<(}’,C5’W f>‘H£,‘le_ .

1

For p = oo, we swap the terms to reduce it to one of the previous results in the case of
p = 1. First, we get

—1 -1
CE @ =@y o =D @Dy e =D @y -

The other case works similarly, namely

—1 —1
<D;§O,Wa“/’ f>.7_{l’30’r}_11171 = <f’ D;O,Wa/>(l_(l.71’(]_{$o = <C;’W f’ a/>[171’€‘30 = <a’ C;’W f>€39’€l » *
O

By definition, (-, -) is non-degenerate. This means that for all v € H, it holds

v, y=0=v=0and{(,v)=0=v=0.

1

We want to show that the same holds for (-, ), , . -

Lemma 5.0.5. [5] Proposition 2] Let p € {0} v [1, oo]. The sesquilinear form (-, ), 4
wo it 1

/s non-degenerate.
Proof. We show this for both slots.
1. Let f € HY such that
<f7 g>(H‘]:’(H::,—1 = O vg € 7_{5—1'
Then, forall k € X, we use Theorem|5.0.4|to get
0= (f D" 60w =(CL"f00 0 = (CJ"F)
I R T L e e
Thisimplies C;;" f = 0 and by injectivity (Theorem|4.6.12), f = 0.
2. Letg e H”_, suchthat

A P
<f’ g>(]_{5’(}_{£71 0 Vf € ﬂw'
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5 Duality of HY,

Then forall k € X, we use Theorem|5.0.4{to get

w !w! ! w
O = <D5/’ 61(7 g>(}_{5’7..{PL1 = <6k’ Ci g>€ﬁ’€Pll = (C{; g)k'

This implies Cp/’w_lg = 0 and by injectivity (Theorem4.6.12), g = 0.
plies C} y injectivity

This sesquilinear form allows us to define linear functionals naturally.

Lemma 5.0.6. [5] Proposition 2] Let p € {0} U [1, 0]. Then
O 7_{::—1 - (Wvﬁ)/’g — <"g>7_(£’7_(p:1
is an injective, norm-continuous, and conjugate linear map.

Proof. The map is well-defined because the sesquilinear form is linear with respect to
the first slot and continuous because of Theorem Conjugate linearity is clear be-
cause the sesquilinear form is conjugate linear with respect to the second slot. Norm
continuity follows from Theorem 5.0.2] The injectivity follows from Lemmal5.0.5 O

This lemma shows that any element in 7{5’_, can be identified with an element in
(HPE)'. We can also show the converse if we exclude p = .

Lemma 5.0.7. [5] Proposition 2] Let p € {0} u [1,0) and k' € (HY)'. Then there exists
someh e ?{‘i’/_] such that

W) = Lol o VS € HE.

Proof. We easily see that W'D e (£;)". By duality (Theorem|1.5.7), there exists some

Be fﬁl_, such that
h/Di,w =, 13>€£’€p/7 K

Now, let h ;= Dgl’W_I,B. Then, using Theorem|5.0.4

FiWygyr = D) B)

1 1

o = CiIB g = HDSICE = H(f),

where the last equation follows from Theorem|4.6.11 m]
Finally, we can show that (H%)" can be identified with 7—(5/,1.

Theorem 5.0.8. [5] Proposition 2] Let p € {0} u [1,00). Then, there exists a bijective,
conjugate linear map ® : H? | — (H)'.

Proof. Combining Lemma(5.0.6land Lemmal5.0.7|yields the desired result. ]
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5.1 Banach frames on HY

5.1 Banach frames on

Recall that for any Banach space B, we need a sequence (¢ )rex to be in the dual space
B'. In our case, this means that any Banach frame for HY% is in (HL)’. Using Theo-

rem|5.0.8, we can use the space ﬂfv’:l instead. Moreover, we also investigated the inter-
section 7{511 N H. This means that for a frame ¢ = H, we can checkif ¢ = (H}) by

the abuse of notation. If this is the case, one can also check if ¢ is a Banach frame for
H?. First, we need the following result.

Lemma5.1.1. [5 Lemma 6] Let p € {0} U [0, 0]. Let ¢ ~ . Then

Cg’wf = (<f’ ¢k>7{‘1;’7{£’_1> VfeHy.

keX

Proof. Because of Lemma 6.6, (f, $x), 0, IS well defined. According to Proposi-
w1

tion[5.0.1} this statement is valid for f € HO etk € X and f e H Forp < oo, let
(fi)nenr S H converge to f in norm. Then, by super continuity (Proposition4.5.1), it
holds

W IRT DaW BT _
(C¢ f)k = ;}L%(C¢ ﬁl)k = nh—{l;) <ﬁ1’ ¢k>’H£,‘HZ/_| - <f’ ¢k>(]_(£’7_{:/_] .

If p = oo, choose the sequence (f,)uen  HY to converge to f with respect to the
weak-= topology. In this case, 0’ = 1 = oo*; therefore, the same calculation works. O

We now provide an answer to this question. This is a generalization of [28] Theorem
5.1].

Theorem 5.1.2. (et p € {0} U [1,0]. Lety, ¢ € Loc(A) such thaty ~ ¢. Then, ¢ isa
Banach frame for HE ().

Proof. Let B, := {!,. We go through the three steps of the definition of a Banach frame.
1. According to Lemmal5.1.1} the coefficient operator is of the form

Cf;’w CHO(w) — 0, f — ({f, ¢k>(H5*WP,/—1 Jkex-

This is bounded by Proposition(4.5.1

2. We get the lower bound from Theorem4.6.12

3. Using Theorem4.6.11} we get Dg’w as the reconstruction operator.
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6 Localization of operators

In this section, we analyze localizable operators. The idea is that any operator in L(H)
has a matrix representation in M(€?). This matrix can either be an element in A or not.
If it is, then we say that the operator is localizable. Then, some natural questions arise.

« If an operator is localizable, is the adjoint also localizable?
« Isthe sum of two localizable operators also localizable?
« Is the composition of two localizable operators also localizable?

Our goal is to answer these questions and more. For this entire chapter, we assume
thaty, ¢, & are frames. While the other chapters have provided different approaches to
prove or state known results, in this chapter, we provide unknown results, generalizing
28].

6.1 Matrix representation of operators

In this chapter, we use frames to represent a linear continuous operator on H as a ma-
trix in a certain sense, see also [3].

Definition. [28| Definition 3.1] Let T € L(H). We define the matrix representation of
T as

MPT) := (T, i) )rsex-

If we interpret the matrix representation of an operator as an operator, we obtain the
following;

Proposition 6.1.1. [28 Proposition 3.2] Let T € L(H) and a € €. Then

Mw’¢(T)CY = CwTD¢CY.

Proof. On the left side, we get

(T i) rjex (r)iex = <Z (T, wk>a;> )

leX

Starting on the right side from the inside, we get

D¢C¥ = 2&’1¢1

leX
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6 Localization of operators

and
TDya =T Y a = Y a/T¢.
leX leX
Then
CyTDyar = ((TDyer, i) rex = ( ZalT¢l’ L//k>) = ( ZT@’ l//k>afz) )
leX kex leX kex
which is the same as the left-hand side. O

Using Theorem|1.6.3 we identify M(¢*) with L(€?) for the rest of the chapter. Recall
that this identification is consistent with matrix multiplication (see Proposition [1.6.5)
and involution (see Proposition(1.6.11). Next, we analyze the operator M%¢ : L(H) —
L(6%).

Proposition 6.1.2. [3 Theorem 3.1] It holds M?*¢ € L(L(H), L(£?)).
Proof. For all statements, we use Proposition|6.1.1|to represent the matrix.
1. Additivity: We compute

M8 +T) =Cy(S +T)Dy = CySDy + C,TDy = M"(S) + MP(T).

2. Homogeneity: We get

MPP(AT) = Cy(AT)Dy = AC,TDy = AM**(T)

3. Continuity: We get
[MPT)| = [CTDy | < [Cull T [ D]

showing continuity.

Next, we show the following.
Proposition 6.1.3. [3 Proposition 3.2] The operator MY is injective.

Proof. We show that K(M*¢) = {0}. Suppose that M¥?(T) = 0. Using Proposi-
tionfe.1.1} we get

Using Theorem|2.0.4} we get
0=D;0C; = D;jCyTDyCy =T.

Next, we show that the matrix representation works well with involution.
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6.1 Matrix representation of operators

Proposition 6.1.4. (et T € L(H). Then

MPT™) = (MP(T))".

Proof. We use Proposition and Proposition[2.0.2|to get

MIAT*) = CuT*Dy = (DFTCy)" = (CyTDy)" = (MP(T))".

Additionally, the matrix representation works well with the composition.

Proposition 6.1.5. [3 Proposition 3.2] Let S, T € L(H). Then

MEV(ST) = MEP(S)MP(T).

Proof. We use Proposition and Theorem[2.0.4]to get
MEX(SYMPU(T) = DTC3DyS Cy = DTSCy = MEV(ST).
i

In some cases, we obtain a useful representation of the range of the matrix represen-
tation of an operator.

Lemma 6.1.6. [/ Lemma 3.3] Let T € L(H) be a surjective operator. Then

RM"*(T)) = R(Cy).

Proof. By Proposition[6.1.1} we get
R(M"?(T)) = R(C,TDy).
Since T and Dy are surjective, it holds
R(C,TDy) = R(Cy),

which proves the claim. ]

The condition that T is surjective cannot be omitted since T = 0 provides a coun-
terexample. If we choose two frames that are canonical duals with respect to each other,
then the matrix representation of the identity is an orthogonal projection.

Lemma 6.1.7. [3 Example 3.1 (4)] It holds

M (idyg) = TeoR(Cy) = TP—R(Cy) = MY (idy).
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6 Localization of operators

Proof. Using Proposition and Proposition[2.0.9 we get
MP(idy) = CyDy = Gy = 7eric,)-

Similarly, ]
Mw’w(|d¢{) = GlZl,l// = ﬂfz"R(CJ;)'

Using Proposition|2.0.7|completes the proof. m]

Finally, we show that the matrix representation works well with inversion. Here, we
must use the pseudo-inverse.

Proposition 6.1.8. [8 Theorem 4.1] Let T € I(‘H). Then

MU = (MA(T))'.

Proof. We use Proposition[6.1.5} Lemmal6.1.7]and Lemmal[6.1.6]to get
MOYTIMPAA(T) = MP(TT™Y) = MP(idy) = me_ricy) = Tprvis(r)-
Similarly,
MATYMP(T) = MPY(TT'T) = MU (idgy) = mesric,) = Tomsromes(r—1)-

Using Theorem|1.8.14|completes this proof. m]

Note that this proposition shows that M*¢(T) is invertible and
MMT) = (MP(T))
if and only if  and ¢ are Riesz bases [7, Theorem 3.4]. Indeed, since
MP(T) = CyTDy,

D, must necessarily be injective to make M*¢(T') injective. Similarly, C,, must neces-
sarily be surjective to make M¥?(T') surjective. Therefore, C,, and D4 must be bijective,
being equivalent to ¢ and ¢ being Riesz bases (Proposition[2.1.1). Note that these con-
ditions are also sufficient because M¥?(T) is the composition of three bijective oper-
ators.

One might ask the following question: If T e L(H) has closed range, do we get
MM(TT) = (MPA(T))"?

The answer is no. To see this, let H = R2. Let ¢ be a Riesz basis such that
11
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6.2 Localization

Then, because of Proposition|2.1.2|

L1 -1
D; =C, _<0 P
0 0
r (09)

MY TIMII(TTY = MPY(TTT) = MPY(T) = C,TD;

(1 1\ (0 0\ /1 =1\ (0 1\ /1 -1\ (0 1
~\0o 1J\o 1J\0o 1) \o 1)\0 1) \O 1)°
Note that the resulting matrix is not self-adjoint and therefore cannot be an orthogonal

projection. According to Theorem [1.8.14, M?¥(T*) cannot be the pseudo-inverse of
MU(T).

Let

Then, TT = T. Now, we compute

6.2 Localization

Having set up the matrix representation, we can now define when an operator is local-
izable. Here, we need our solid spectral matrix algebra A-

Definition. Lety, ¢ be frames. Let T € L(H). We call T (¢, ¢)-localizable if
M"(T) e A.

In this case, we use the notation T' € Loc(y, ¢). If both frames are the same, we write
Loc(y) instead of Loc(y, y).

We easily see thatidg, € Loc(y, ¢) ifand only ifyy ~ ¢. Now, we analyze the structure

of Loc(y, ¢).
Proposition 6.2.1. The set Loc(y, ¢) is a linear subspace of L(H).

Proof. Trivially,
MP?(0) =0¢€ A

LetS,T € Loc(¢, ¢) and A € F. By Proposition[6.1.2]
MPP(AS +T) = AMP?(S) + M (T) € A,
showing that AS + T € Loc(y, ¢). ]

128, Theorem 3.3] provides a result about the composition of two localizable opera-
tors. This statement also holds in the general setting.

Proposition 6.2.2. et y, ¢, & € Loc(A) (i.e, be self-localized frames), S € Loc(y, §)
and T € Loc(¢,&). Then, ST € Loc(y, &).
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6 Localization of operators

Proof. By Proposition|6.1.5] we get
MPE(ST) = MV (S)MP(T).
The remainder follows from the closedness of multiplication in ‘A. m|

Next, we show that a frame can be replaced by a frame thatis in the same localization
equivalence class, without changing the localizability property of the operator, which is
a generalization of [28, Theorem 4.1].

Theorem 6.2.3. [et y, /', ¢, ¢’ € Loc(A) be such thaty ~ ' and ¢ ~ ¢ LetT €
Loc(y, ¢). Then
T € Loc(y/,¢').

Proof. Using Proposition|6.1.5) we get
MP(T) = MY (idg ) MPP (idge) MY (T)MP (idg ) MO (i)
By our assumptions, all five matrices are in (A, so the product is also in A. m|

Because self-localized frames are localized with their canonical dual frames (Propo-
sition|3.0.1), we immediately obtain

Corollary 6.2.4. Fory, ¢ € Loc(A), we get

Loc(y,¢) = Loc(y,¢) = Loc(yh, ¢) = Loc (i), §).

Using this corollary, we can rephrase Proposition|6.2.2|by omitting the canonical dual
frame as follows.

Proposition 6.2.5. Lety, ¢, & € Loc(A), S € Loc(y, ¢) and T € Loc(g, ). Then

ST € Loc(y,&).

Proof. By Corollary[6.2.4]
S € Loc(y, §).

Using Proposition[6.2.2]
ST € Loc(¢, &).

The localization property interacts well with the involution.

Proposition 6.2.6. [et T € Loc(y, ¢). Then T* € Loc(¢, ).
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6.3 Induced norm

Proof. This follows from Proposition[6.1.4] i.e.,
MP(T*) = MO (T)*
and the fact that A is closed under =, m]
We summarize the results as follows.
Theorem 6.2.7. The set Loc(y) is a unital =-algebra,

Proof. By Proposition|6.2.1} Loc(¢) is a subspace. Since ¢ € Loc(A), Loc(y) contains
the identity operator. By Proposition [6.2.6] Loc(y) is closed under an involution. By
Proposition|6.2.5) Loc(y) is closed under composition. o

Next, we generalize [28] Theorem 4.4], stating that localization works well with inver-
sions.

Theorem 6.2.8. (et T € Loc(y, ¢) be invertible. Then T~ € Loc(¢, ).
Proof. According to Proposition|6.1.8} we have
M) = (M9(T))'
Because of Theorem[1.8.24] the matrix is in A, which implies that
T-' e Loc(¢,¥).

By Corollary[6.2.4]
T~ e Loc(¢, ).

6.3 Induced norm

So far, we know that Loc(y) is an inverse closed unital =-algebra. Our goal is to equip
this algebra with an appropriate norm such that it becomes a Banach algebra. In this
case, we obtain pseudo-inverse closedness for free.

Definition. \We define the map
|-l : Loc(¥,¢) — R, T = | M"(T)] ;.
Now, we show that thisis a norm.
Proposition 6.3.1. The map |-|,,, /s a norm.

Proof. We go through the three properties and use the fact that M?*¢ is linear (see
Proposition|e.1.2).

1. Positive definiteness follows from Proposition(6.1.3
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6 Localization of operators

2. We compute
[T 5 = |MPAAT)| g = |AMOAT) | 7 = 1AL [MPAT) | = AL IT
showing positive homogeneity.
3. We also compute
IS+ Tlyy = IMU2(S + T = [MP(S) 4 M(T)],
< [MeA(s) |+ Mo,
= HS ”w,(p + HTpr >
showing a triangular inequality.
o

For the next couple of results, we restrict ourselves to the space Loc(y). In this case,
we use the notation

[y =1l
Proposition 6.3.2. The norm ||-|,, is submultiplicative:

Proof. We use Proposition|6.1.5] to get

571, = eism] = essiesa, < [aeis)] s

A
=[S, 171, -
i
We also show that our new norm dominates the operator norm.
Lemma 6.3.3. /t holds
IT| < [T, vT € Loc(y).
Proof. By the reconstruction formula (Theorem[2.0.4),
T = D;C,TD;Cy = DyM"(T)C,
and therefore
IT| = |DgM“¥(T)Cy| < | Dgl| M (1) Gyl < | M4(T)
Using Theorem |1.8.25} we get
pesn] < ], =
o

This shows that Loc(y) is a normed algebra. Next, we show that it is complete.

122



6.3 Induced norm

Proposition 6.3.4. The algebra Loc(y) is complete with respect to |-,

Proof. Let (T,)nenr < Loc() be a Cauchy sequence. Then, (M*Y(T,))ex is a Cauchy
sequence in A and therefore converges to some M € A. By Theorem|1.8.25 this con-
vergence also holds for M(£2). By Theorem[2.0.4} it holds

[T = Tall = |D5Co (T = Ta)D3Cy | < | Dy

HMW(TW, -7,

IColl-

This shows that (T,).exn is @ Cauchy sequence with respect to the operator norm and
converges to some T € L(H). Thisimplies that

M(£%) 5 L(£%) .
M = lim M*(T,) = lim C,T,D; = C,TD; = M**(T).

n—0o0 n—ao0

So, T € Loc(y). Finally,

7, = Tl, = | ML) = MA(T)| = | MAT) — M .

A

Since the right-hand side converges to 0, the left-hand side does as well, showing that
Loc(y) is complete. o

This yields the following result.
Theorem 6.3.5. The set Loc(y) is a unital Banach-+ algebra with respect to |-,
Proof. We must show that the involution is continuous. Let
TN = max{| T, , [T}
Itis simple to show that this map is a norm. Moreover,

ISTI = max{|STl, . [ST];} < max{|S, T[], S5 1[5}

<
< max{{[[S Il [IS 1713

= IS,
proving submultiplicativity. Next, we show that A is complete with respect to |||-||. Let
(T)next be a Cauchy sequence with respect to ||-||. Then, itis a Cauchy sequence with

respectto |||, and |-[ ;. By completeness (Proposition|6.3.4), there exist S, T € A such
that

lim |T, - T, =0

n—o0
and

lim |7, — ] = 0.

By Lemma [6.3.3} (T,).eny converges to S and T in the operator norm, implying that
S = T. This also implies that the sequence converges to T in ||-||, thus proving com-
pleteness. By definition,

I7], < lIT|| ¥T € Loc(y).
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6 Localization of operators

Using the bounded inverse theorem (Theorem|1.8.2) on the identity, we conclude that
both the norms are equivalent. Since

IT%, = |CuT*Dg| 5 = [(CoTDy)* | < |C3T Dy 5 = IT 155

we get
T = max{|[ 7], . 17%];} = max{|T(;, [T],} = IIT]l-

This shows that the involution is continuous with respect to |[|-|| and by norm equiva-
lence, it is continuous with respect to |-, i

This result gives us pseudo-inverse closedness.

Lemma 6.3.6. Let T € Loc(y) have a closed range. Then

TT € Loc(v).

Proof. We have shown that Loc(y) < L(H) (see Theorem[6.3.5). Since Loc(y) is
inverse closed (Theorem[6.2.8), it is also pseudo-inverse closed (Theorem[1.8.24), so
TT e Loc(y). O

We can also show pseudo-inverse closedness if the two frames are different.

Theorem 6.3.7. Let T € Loc(y, ¢) have a closed range. Then

TT € Loc(¢, ¥).

Proof. By Proposition[e.2.6] T* € Loc(¢, y). By Proposition|6.2.5, T*T € Loc(y). Then
(T*T)' € Loc(y) because of Lemma Finally, by Lemmal(1.8.19]

T = (T*T)'T* € Loc(¢, ).

6.4 Localization on Banach spaces

Note that any operator T € L(H) can be restricted to H®. The question is whether
this restriction can be continuously extended to H},. We show that this is possible. Ths
following result is a generalization of [28, Theorem 5.2].

Theorem 6.4.1. [ety € Loc(A). Let T € Loc(y). Then forall p € {0} U [1, 0],
T HO — P

is super-continuous with respect to H% and can be uniquely extended to a super-continuous
linear operator on H?.
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6.5 Connection to localized frames

Proof. By Theorem|2.0.4} we get
T = D,C;TD,C; = DM (T)C;.
Since MP¥(T) € A < M(L), thisimplies
T% = Dy MP(T)CY.

All operators on the right side are super continuous (Proposition4.6.2), so T% is also
super continuous. Writing

™" = D" M™(T)C3",

we obtain a super continuous extension, which is according to Theorem unique.
i

6.5 Connection to localized frames

Recall that for any operator T € L(H) and any frame y, Ty is a frame if and only if T is
surjective. One might ask, in which cases Ty is a localized frame. The following result
provides a characterization, which is a generalization of [28 Theorem 6.2].

Theorem 6.5.1. ety € Loc(A) and T € L(H) be surjective. Then, Ty € Loc(A) if
and only if T*T € Loc(y).

Proof. By Theorem|2.2.2} Ty is a frame. An easy calculation shows that
MINUTT) = (T Ty i) wiex = (T T kiex = Gryry-

Since the left-hand side is in A if and only if the right-hand side is in A, the proof is
complete. ]
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