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Abstract

In dieser Arbeit geht es um Resultate zur Lokalisierung von Operatoren in Hilberträu-
men, wobei eine allgemeine, solide Spektralmatrixalgebra verwendet wird. Genauer
gesagt, ich analysiere die Struktur der Menge der lokalisierbaren Operatoren bezüglich
zweier fixierter Frames. Einige dieser Resultate wurden bereits für spezielle solide Spek-
tralmatrixalgebren bewiesen. Das heißt, ich verallgemeinere in dieser Arbeit existierende
Resultate. Zusätzlich erkläre ich detailliert die notwendigen Informationen über Topolo-
gie und Funktionalanalysis und beschreibe die relevanten Schritte für die Konstruktion
und die Eigenschaften des KoorbitraumsH p

w .
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Abstract

This thesis provides some results on the localization of operators in Hilbert spaces us-
ing a general solid spectral matrix algebra. More precisely, I analyze the structure of the
set of localizable operators with respect to two fixed frames. Many of those results have
already been proved for the case of specific solid spectral algebras, which means that
in this thesis, I generalize some existing results. In addition, I provide a detailed expla-
nation of the necessary knowledge in topology and functional analysis, and review the
relevant construction steps and properties of the co-orbit spacesH p

w .
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Introduction

In signal processing research, it is often useful to decompose a signal into elementary
parts that can be analyzed individually. A common way to do it with a periodic signal f
is to use its corresponding Fourier series

f “
ÿ

kPZ

ck fk,

where pckqkPZ are the Fourier coefficients and p fkqkPZ “ pe´2πikp¨qqkPZ are harmonic sig-
nals. If f is an L2-function, then this decomposition exists and is unique. Moreover,
p fkqkPZ is an orthonormal basis. Although the existence of such a decomposition is es-
sential, uniqueness can be a disadvantage. To better understand this argument, one
must be aware of real-world limitations. In practice, only finite sums can be computed,
which means that one must approximate the infinite sum with a finite sum by drop-
ping all summands with a sufficiently small coefficient in magnitude. Depending on
the coefficients, this implies that the approximating sum can have many summands.
Additionally, owing to numerical limitations, one must ensure that the approximation
is sufficiently stable. In some cases, having multiple ways to decompose an element
makes it possible to choose a decomposition that best suits the computational effort
and stability. This is where frames come into play. A frame p fkqkPX can be considered a
sequence with certain properties, which allows a (not necessarily unique) decomposi-
tion of an element. Frames like Gabor Frames have been shown to be useful. They also
have nice mathematical properties.

In the next chapter, we define a matrix algebraA, which intuitively consists of ma-
trices with a certain off-diagonal decay. In some literature, this algebra is explicitly de-
fined; however, I define A using axioms to cover more cases. Subsequently, a frame
can be defined to be localized if its corresponding Gramian matrix is an element ofA.
Intuitively, a localized frame is a frame in which the elements whose indices are far apart
are "almost orthogonal" to each other. This allows for more stable frame reconstruction.
More generally, two frames are localized if their cross Gramian matrix is inA.

Additionally, a localized frame allows us to define co-orbit spaces. This is similar to
the following: If we compute the Fourier coefficient of an L2-element, we obtain an ℓ2

sequence. Focusing on functions whose Fourier coefficient sequence is in ℓ1 makes
it easier to compute an approximate decomposition, as the Fourier coefficients decay
faster, which reduces the number of significant summands. However, this drastically
reduces the function space. If we choose instead p ą 2, then we can extend the space of
functions to the space, where the sequence of Fourier coefficients is in ℓp. This extension
results in the unfortunate fact that the Fourier coefficient sequence decays more slowly,
which increases the computation time. This entire idea can be transferred to the general
setting of frames. To make the math more general, we use weighted ℓp

w spaces.
We also define the notion of a localizable operator. If ψ, ϕ are two frames, we say
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that T is pψ, ϕq-localizable if the sequences ψ,Tϕ are localizable. Intuitively, if we think
of the frames ψ, ϕ as coordinate systems, then T is pψ, ϕq-localizable if it maps ϕ to
a coordinate system close to ψ. This raises the question of the structure of the set of
localizable operators. This thesis provides a detailed answer to this question.

The chapters provide the following information: In the first chapter, we discuss the
relevant results of the functional analysis. Some of these are well known, while others
may be new to the reader. To provide information as gap-free as possible, this chapter
contains proofs for most of the results. In Chapter 2, we discuss the basics of Frame
Theory. Because the content can be found in [18], I do not provide many proofs. In the
third chapter, we define the localization of a frame. The fourth chapter introduces the
co-orbit spaces. We also discuss their properties in detail. In the fifth chapter, we show
a duality result similar to the case of the ℓp

w spaces. In the final chapter, we discuss the
localizability of operators in detail.

12



1 Preliminaries

Since Frame Theory is a branch of functional analysis, this chapter provides some back-
ground information. The idea is that it contains detailed information, while the other
chapters use those results. This makes it possible to obtain the relevant information
from the other chapters more clearly, as they do not contain many details. If the reader
is not interested in the details, they can skip this chapter or read parts of it while working
through the other chapters to fill the gaps.

This chapter begins with an introduction to nets and topology. In the second part,
continuous linear functions are introduced. In the third section, we show that nets can
be replaced by sequences in certain cases. Subsequently, we rigorously define infinite
sums in locally convex Hausdorff spaces. The fifth part introduces weighted ℓp-spaces.
Subsequently, the fundamentals of Banach algebras are introduced. Finally, operators
in normed spaces are analyzed.

For every result and in this chapter, I searched for literature to cite it. However, for
some results, I could not find any literature. In this case, I do not claim to be the first
one to prove these results.

1.1 Nets

Sequences in metric spaces are useful for characterizing closed sets and continuous
functions. However, if we try to extend this characterization to more general topological
spaces, we must differentiate between continuous and sequentially continuous func-
tions. Because there are sequentially continuous functions that are not continuous,
sequences are not optimal in this setting. To solve this problem, we need to introduce
nets, which are generalizations of sequences. An introduction to nets in topological
spaces can be found in [1, Chapter 5.12]

1.1.1 Definition of a net

The index set of a sequence is N (with 0) or N˚ (without 0), which is totally ordered
with respect to ď. For a net, we need a directed set, which is a set that satisfies certain
properties.

Definition. [41, Definition 1.1.7] Let I be a nonempty set, and let ď be a relation on I.
We call pI,ďq (or I) a directed set if the following statements are true:

1. Reflexivity: For all i P I, we have
i ď i.

13



1 Preliminaries

2. Transitivity: For all i, j, k P I, we have

pi ď jq ^ p j ď kq ñ i ď k.

3. For all i, j P I, there exists a k P I such that

i ď k ^ j ď k.

To make the definition simpler to understand, we present some simple examples.
Example. Many examples are easily verified.

1. pN,ďq is a directed set. Indeed, we already know that ď is reflexive and transitive.
In addition, for i, j P N, we choose k :“ maxpi, jq, which satisfies i ď k and j ď k.
Therefore, pN,ďq is a directed set.

2. Similarly, one can show that pN˚,ďq, pN,ěq and pR,ďq are directed sets.

3. Let M be a nonempty set and P its power set. Then, pP,Ďq is a directed set. In-
deed, Ď is reflexive and transitive. For A, B P P, we choose C :“ A Y B to obtain
A Ď C and B Ď C, showing that pP,Ďq is directed.

4. Let M be a nonempty set and PF be the set of finite subsets of M. Then, pPF ,Ďq is
a directed set. This follows from the fact that the union of two finite sets is finite.

5. Let S be a set and F be the set of functions from S to R. For f , g P F, we define
the relation

f ď g ô f pxq ď gpxq @x P S .

Again, reflexivity and transitivity are easily verified. For the third property, let

h : S Ñ R, x ÞÑ maxp f pxq, gpxqq.

Then, f ď h and g ď h.

If we consider the Cartesian product of two directed sets, we can naturally obtain a
new directed set.

Proposition 1.1.1. [2] Let I and J be directed sets. Then, I ˆ J is a directed set with
respect to the following relation:

pi1, j1q ď pi2, j2q :ô pi1 ď i2q ^ p j1 ď j2q.

Proof. We show that these three properties hold.

1. If i P I and j P J, then i ď i and j ď j and so pi, jq ď pi, jq showing reflexivity.

2. If pi1, j1q ď pi2, j2q ď pi3, j3q then i1 ď i2 ď i3 and j1 ď j2 ď j3. Using the
transitivity of I and J, we obtain i1 ď i3 and j1 ď j3, which yields pi1, j1q ď p j3, j3q

proving transitivity.

14



1.1 Nets

3. Let pi1, j1q, pi2, j2q P I ˆ J. Choose i P I such that i1 ď i and i2 ď i. Choose j P J
such that j1 ď j and j2 ď j. Then pi1, j1q ď pi, jq and pi2, j2q ď pi, jq.

□

If we compute the Cartesian product of two directed sets without specifying the or-
der, we use the one of the proposition. After going through the index set, we can now
define a net.

Definition. [10, Definition 1.1.7] Let I be a directed set and S be a set. We then define
pxiqiPI Ď S to be a net.

To make the nets useful, we must introduce a space with a certain topology.

1.1.2 Nets in a locally convex Hausdorff space

For our purposes, it is sufficient to work with a special class of topological vector spaces.
Because most of the results work withR andC, we define F P tR,Cu to be fixed for the
whole thesis. In addition, for the entire thesis, we assume for the topological space T
the following:

• T is a non-trivial F-vector space (i.e.,T consists of more than one element).

• T is equipped with the topology generated by a set of seminormsP.

• T is a Hausdorff space. This means that if ppxq “ 0 for all p P P, then x “ 0.

If we require multiple such spaces, we write T1,T2, . . . , whose sets of seminorms are
P1,P2, . . . respectively. In some cases, we need an F-vector space without any topol-
ogy. In this case, we use the letter V. After setting up our space, we can define the
convergence of the net.

Definition. [10, Definition 1.1.8] Let pxiqiPI Ď T be a net. We say that pxiqiPI converges
to some x P T (or it is a converging net) if for all p P P and ϵ ą 0 there exists an i0 P I
such that

ppxi ´ xq ă ϵ @i ě i0.

In this case, we use the notation
lim
iPI

xi “ x

or
xi

iPI
Ñ x.

It is easy to see that

lim
iPI

xi “ x ô lim
iPI

ppxi ´ xq “ 0 @p P P.

Since we assume thatT is a Hausdorff space, the limits are unique. For consistency, we
show that the limit is compatible with the Cartesian product of two directed sets.

15



1 Preliminaries

Proposition 1.1.2. [45, Remark 2.5] Let I, J be directed sets and pxiqiPI be a converging
net. Then

lim
pi, jqPIˆJ

xi “ lim
iPI

xi.

Proof. Let x :“ limiPI xi. Let ϵ ą 0 and p P P. Choose i0 P I such that

ppxi ´ xq ă ϵ @i ě i0.

Now, let j0 P J. Then
ppxi ´ xq ă ϵ @pi, jq ě pi0, j0q.

This proves our statement. □

Similar to sequences, the limits are linear.

Proposition 1.1.3. [2, Proposition 2.1] Let pxiqiPI Ď T be a net converging to x, py jq jPJ Ď

T converge to y and λ P F. Then, the following statements hold:

1. limpi, jqPIˆJpxi ` y jq “ x ` y.

2. limiPIpλxiq “ λx.

Proof. The proofs are similar to those of the case with sequences.

1. Let p P P and ϵ ą 0. Then there exist i0 P I, j0 P J such that

ppxi ´ xq ă
ϵ

2
@i ě i0

and
ppy j ´ yq ă

ϵ

2
@ j ě j0.

Then

pppxi ` y jq ´ px ` yqq ď ppxi ´ xq ` ppy j ´ yq ă
ϵ

2
`
ϵ

2
“ ϵ @pi, jq ě pi0, j0q.

2. If λ “ 0, the statement is trivial. Otherwise, choose i0 P I such that

ppxi ´ xq ă
ϵ

|λ|
@i ě i0.

Then
ppλxi ´ λxq “ |λ|ppxi ´ xq ă |λ|

ϵ

|λ|
“ ϵ.

□

Similar to sequences, we can also define accumulation points.

Definition. [11, Definition 11] Let pxiqiPI Ď T be a net. We say that x P T is an accu-
mulation point of pxiqiPI if for all p P P, ϵ ą 0 and i0 P I there exists an i ě i0 such
that

ppxi ´ xq ă ϵ.

16



1.1 Nets

1.1.3 Cauchy nets

Similar to sequences, we can also define Cauchy nets.

Definition. [2, Definition 2.2] Let pxiqiPI Ď T be a net. We say that pxiqiPI is a Cauchy
net if for all p P P, ϵ ą 0 there exists an i0 P I such that

ppxi ´ x jq ă ϵ @i, j ě i0.

Equivalently, pxiqiPI is a Cauchy net if for all p P P it holds

lim
pi, jqPIˆI

ppxi ´ x jq “ 0.

We already know that any converging sequence is a Cauchy sequence. A similar state-
ment holds for nets. However, the opposite is not true. However, we can show the fol-
lowing:

Proposition 1.1.4. [2, Corollary 2.5] Let pxiqiPI Ď T be a Cauchy net with an accumu-
lation point x P T . Then pxiqiPI converges to x. This means that every Cauchy net has at
most one accumulation point.

Proof. Let p P P and ϵ ą 0. Then choose i0 P I such that

ppxi ´ x jq ă
ϵ

2
@i, j ě i0.

We also can find an i1 ě i0 such that

ppxi1 ´ xq ă
ϵ

2
.

Combining those two inequalities, gives

ppxi ´ xq ď ppxi ´ xi1q ` ppxi1 ´ xq ă
ϵ

2
`
ϵ

2
“ ϵ @i ě i0.

□

Now, we define how two nets (with possibly different index sets) can be considered
equivalent. This is useful because, later, we show that each locally convex topologi-
cal Hausdorff space can be completed using Cauchy nets. To make the notation more
intuitive, we write limiPI, jPJ instead of limpi, jqPIˆJ .

Definition. [2] Let pxiqiPI , py jq jPJ Ď T be nets. We call them equivalent if

lim
iPI, jPJ

pxi ´ y jq “ 0.

In this case, we use the notation pxiqiPI „ py jq jPJ .

If two Cauchy nets have the same index set, then equivalence can be characterized
as follows:

17



1 Preliminaries

Proposition 1.1.5. [45, Remark 2.5], [2, Proposition 2.1] Let pxiqiPI , pyiqiPI Ď T be Cauchy
nets. Then those are equivalent if and only if

lim
iPI

pxi ´ yiq “ 0.

Proof. Suppose that
lim
iPI

pxi ´ yiq “ 0.

Then, using Proposition 1.1.2 and linearity (Proposition 1.1.3), we get

lim
iPI, jPI

pxi ´ y jq “ lim
iPI, jPI

pxi ´ x j ` x j ´ y jq “ lim
iPI, jPI

pxi ´ x jq ` lim
jPI

px j ´ y jq “ 0.

The other direction is trivial in this case. □

As the name suggests, we obtain the following:

Proposition 1.1.6. [2] Being equivalent Cauchy nets is an equivalence relation in the
class of all Cauchy nets.

Proof. Simple computations show the following:

1. Reflexivity: Since pxiqiPI is a Cauchy net,

lim
iPI, jPI

pxi ´ x jq “ 0,

implying reflexivity.

2. Symmetry: If pxiqiPI is equivalent to py jq jPJ then

lim
iPI, jPJ

pxi ´ y jq “ 0.

By linearity (Proposition 1.1.3),

lim
jPJ,iPI

pyi ´ x jq “ ´ lim
iPI, jPJ

pxi ´ y jq “ 0.

3. Transitivity: Suppose that pxiqiPI „ py jq jPJ and py jq jPJ „ pzkqkPK . Then again by
Proposition 1.1.2 and linearity (Proposition 1.1.3)

lim
iPI,kPK

pxi ´zkq “ lim
iPI, jPJ,kPK

pxi ´y j `y j ´zkq “ lim
iPI, jPJ

pxi ´y jq` lim
jPJ,kPK

py j ´zkq “ 0.

□

If two nets are equivalent and one of them is a Cauchy net, then the other is also a
Cauchy net.

Proposition 1.1.7. [2, Proposition 2.1] Let pxiqiPI Ď T be a Cauchy net and py jq jPJ Ď T

be such that pxiqiPI „ py jq jPJ . Then, py jq jPJ is a Cauchy net.

18



1.1 Nets

Proof. Let ϵ ą 0 and p P P. Choose i0 P I, j0 P J such that

ppy j ´ xiq ă
ϵ

2
@ j ě j0 @i ě i0.

This implies that

ppy j1 ´ y j2q ď ppy j1 ´ xi0q ` ppxi0 ´ y j2q ă ϵ @ j1, j2 ě j0.

□

Converging nets with identical limits are equivalent.
Proposition 1.1.8. [45, Remark 2.5], [2, Proposition 2.1] Let pxiqiPI , py jq jPJ Ď T be two
nets converging to the same x. Then, these are equivalent.

Proof. By Proposition 1.1.2 and linearity (Proposition 1.1.3)

lim
iPI, jPJ

pxi ´ y jq “ lim
iPI, jPJ

xi ´ lim
iPI, jPJ

y j “ x ´ x “ 0.

□

If a net converges, then each equivalent net converges to the same limit.
Proposition 1.1.9. [45, Remark 2.5], [2, Proposition 2.1] Let pxiqiPI , py jq jPJ Ď T be
equivalent nets and pxiqiPI converge to some x P T . Then, py jq jPJ converges to x.

Proof. By Proposition 1.1.2 and linearity (Proposition 1.1.3)

lim
jPJ

y j “ lim
iPI, jPJ

py j ´ xi ` xiq “ lim
iPI, jPJ

py j ´ xiq ` lim
iPI, jPJ

xi “ x.

□

The equivalence of nets is also compatible with vector addition and scaling.
Proposition 1.1.10. [2] Let pxiqiPI „ px1

jq jPJ , pykqkPK „ py1
lqlPL inT and λ P F. Then

pλxi ` ykqpi,kqPIˆK „ pλx1
j ` y1

lqp j,lqPJˆL.

Proof. We easily compute using Proposition 1.1.2 and linearity (Proposition 1.1.3)

lim
iPI, jPJ,kPK,lPL

pλxi ` yk ´ λx1
j ` y1

lq “ λ lim
iPI, jPJ

pxi ´ x1
jq ` lim

kPK,lPL
pyk ´ y1

lq “ 0.

□

Equivalence is also compatible with seminorms.
Proposition 1.1.11. [21, Remark 3.1 d)] Let pxiqiPI Ď T be a Cauchy net and p P P.
Then pppxiqqiPI converges inR. If py jq jPJ is an equivalent Cauchy net then

lim
iPI

ppxiq “ lim
jPJ

ppy jq.
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Proof. Let ϵ ą 0. By the definition of a Cauchy net, there exists an i0 P I such that

ppxi ´ xi1q ă ϵ @i, i1
ě i0.

Since |ppxiq´ppxi1q| ď ppxi´xi1q because of the reverse triangular inequality, pppxiqqiPI

is a Cauchy net and therefore converges. Since both nets are equivalent, we get

lim
iPI, jPJ

|ppxiq ´ ppy jq| ď lim
iPI, jPJ

ppxi ´ y jq “ 0

proving the statement. □

A good thing about sequences is that the index set is always the same for all se-
quences. This is no longer true for nets, which makes the computations difficult. Our
goal is to show that we can assume, without loss of generality, that each Cauchy net
has the same index set. More precisely, we show that for each Cauchy net, there exists
an equivalent Cauchy net having this specific index set. We can also ensure that the net
members get close to each other quickly in a certain sense. To make notation simpler,
we define

P̂ :“ tP Ď P : |P| is finiteu.

Recall that P̂ is a directed set with respect to Ď.

Theorem 1.1.12. [46, Theorem 2.1] Let pxiqiPI Ď T be a Cauchy net. Then there exists
an equivalent Cauchy net py jq jPJ such that J “ N˚ ˆ P̂ and for all p̂ P P̂ and N P N˚,
we have

ppy j ´ ykq ă
1
N

@p P p̂ @ j, k ě pN, p̂q.

Proof. Let n P N˚ and p̂ P P̂. Since pxiqiPI is a Cauchy net and p̂ is a finite set, we can
find an index in,p̂ P I such that

ppxi ´ x jq ă
1
n

@i, j ě in,p̂ @p P p̂. (˚)

For a fixed pm, q̂q P J, there are only finitely many pn, p̂q P J such that pn, p̂q ď pm, q̂q.
Therefore, we can assume without loss of generality that in,p̂ ď im,q̂ if pn, p̂q ď pm, q̂q.
Now we define the net

pypn,p̂qqpn,p̂qPJ :“ pxin, p̂qpn, p̂qPJ.

Next, we show that this new net satisfies the formula of the theorem. Let pN, p̂q P N˚ ˆ

P̂. Let pm, q̂q, pn, r̂q ě pN, p̂q. Using p˚q, we get

ppypm,q̂q ´ ypn,r̂qq “ ppxim,q̂ ´ xin,r̂ q ă
1
N

@p P p̂.

Finally, we show that pxiqiPI „ py jq jPJ . Let p P P and ϵ ą 0. Choose n ą 1
ϵ

. Let i ě in,tpu

and pm, p̂q ě pn, tpuq. Then, thanks to p˚q, we get

ppxi ´ ypm,p̂qq “ ppxi ´ xim,p̂q ă
1
n

ă ϵ.
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1.1 Nets

This implies that pxiqiPI „ py jq jPJ and by Proposition 1.1.7, py jq jPJ is a Cauchy net. □

With this result, we can assume that the index set of every Cauchy net isN˚ ˆ P̂with-
out essential restrictions. This result is also important for set-theoretical reasons. If we
assume that E is an equivalence class of Cauchy nets and also a set, then this equiva-
lence class might contain a net of the form pxiqiPtEu. In this case, we have a relation of
the form

E Q pxiqiPtEu Q ¨ ¨ ¨ Q E

This means that E is a cyclic set, which is not allowed in set theory. To solve this prob-
lem, we restrict ourselves to nets with the index set N˚ ˆ P̂. So, for any Cauchy net
pxiqiPI , we define

rpxiqiPIs :“ tpy jq jPN˚ˆP̂ Ď T : py jq jPN˚ˆP̂ „ pxiqiPIu

which is a set.

1.1.4 Closure and sequential closure of a set

Having set up the basic properties of nets, we go through the definition of a closed set,
the closure, and a complete topological space using a net. We also compare these con-
cepts with the use of sequences.

Definition. [45] Let S Ď T . We say that S is closed in T if for every net pxiqiPI Ď S
converging to some x P T , it holds x P S .

A sequentially closed subset is defined in a similar manner.

Definition. [39] Let S Ď T . We say that S is sequentially closed in T if for every
sequence pxnqnPN Ď S converging to some x P T , it holds x P S .

It is easy to see that every closed subset is sequentially closed. However, the converse
is not generally true. Next, we define the closure of a set, which can be defined in two
equivalent ways.

Definition. Let S Ď T . Then we define S to be the closure of S if one of the following
equivalent conditions holds:

1. [2] It holds
S “

!

x P T : DpxiqiPI Ď S : lim
iPI

xi “ x
)

.

2. [49] The set S is the intersection of all closed subsets ofT containing S .

One can show that both definitions are equivalent. In this case, one can use a diag-
onal net argument similar to the proof of Theorem 1.2.12. In the case of sequences, we
use the following definitions.

Definition. [39] Let S Ď T .
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1 Preliminaries

1. We define the sequential hull rS ss of S as

rS s
s

“

!

x P T : DpxnqnPN Ď S : lim
nÑ8

xn “ x
)

.

2. We define the sequential closure S
s of S as the intersection of all sequentially

closed subsets containing S .

It is easy to see that rS ss Ď S
s, but the converse is not true in general. We now show

the following.

Proposition 1.1.13. [29, Lemma 4] Let S Ď T be a subspace. Then, S and rS ss are
also subspaces.

Proof. The 0-vector is contained in both the sets.

1. Let x, y P S and λ P F. Then, there exist nets pxiqiPI , py jq jPJ Ď S converging to x
and y respectively. By Proposition 1.1.3, we get

λx ` y “ lim
iPI, jPJ

pλxi ` y jq P S .

2. For rS ss, we do the same as before, but we use sequences instead.

□

Finally, we define the density in terms of nets and sequences.

Definition. Let S Ď T .

1. [45] We say that S is dense inT if S “ T .

2. [19] We say that S is sequentially dense inT if rS ss “ T .

One might define a different kind of density, where S
s has to be T , but we do not

need this definition here. Because every sequence is a net, each sequentially dense
subset is also dense.

1.2 Continuous linear operators

Using nets, we can define the continuity of functions.

Definition. [41, Theorem 1.1.9] Let f : T1 Ñ T2. We say that f is continuous if for
every x P T1 and every net pxiqiPI Ď T1 converging to x, the net p f pxiqqiPI converges to
f pxq.

Similar to metric spaces, continuity can also be characterized using open sets, neigh-
borhoods, and filters, as in [49] however, we will not focus on that. We show that each
seminorm that constructs the topology ofT is continuous.

Proposition 1.2.1. [49, Proposition 7.3] Every seminorm p P P is continuous.
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1.2 Continuous linear operators

Proof. Let pxiqiPI P T be a net converging to some x P T . This implies that

lim
iPI

ppxi ´ xq “ 0.

Then, by linearity (Proposition 1.1.3)

lim
iPI

pppxiq ´ ppxqq “ lim
iPI

pppxi ´ x ` xq ´ ppxqq ď lim
iPI

ppxi ´ xq ` ppxq ´ ppxq “ 0,

showing the continuity of p. □

Similar to normed spaces, the continuity of a linear operator can be characterized by
continuity at 0.
Proposition 1.2.2. [49, Proposition 4.7] Let T : T1 Ñ T2 be linear. Then, T is continu-
ous if and only if for every net pxiqiPI Ď T1 converging to 0, the net pT xiqiPI converges to
0.

Proof. One direction is trivial. For the other, let pxiqiPI Ď T1 be a net converging to some
x P T1. Let pyiqiPI :“ pxi ´ xqiPI . Then

lim
iPI

yi “ lim
iPI

pxi ´ xq “ x ´ x “ 0.

By our assumption, limiPI Tyi “ 0, therefore, by linearity (Proposition 1.1.3),

lim
iPI

T xi “ lim
iPI

pT xi ´ T x ` T xq “ lim
iPI

T pxi ´ xq ` T x “ lim
iPI

Tyi ` T x “ T x.

□

There is also another way to characterize the continuity of a linear operator, however,
we first introduce the notation for the set of all linear combinations of seminorms, where
the coefficients are non-negative

P̃ :“

#

N
ÿ

i“1

ci pi : N P N, pciq
N
i“1 Ď Rě0, ppiq

N
i“1 Ď P

+

.

One can easily show that each element of P̃ is a seminorm. Moreover, P is a directed
set with respect to ď. Indeed, reflexivity and transitivity are clear. Let

p :“
N

ÿ

i“1

ci pi, q “

N
ÿ

i“1

di pi,

where we assume, without loss of generality, that both seminorms use the same tuple
ppiq

N
i“1 by using 0-coefficients. Then

N
ÿ

i“1

maxpci, diqpi

provides an upper bound for the two seminorms. Our next goal is to characterize the
continuity of a linear operator similar to that in normed spaces.
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Theorem 1.2.3. [49, Proposition 7.7] Let A : T1 Ñ T2 be linear. Then A is continuous if
and only if for all q P P2, there exists a p̃ P P̃1 such that

qpAxq ď p̃pxq @x P T1.

Proof. We show both directions here.

ñ: Choose the directed set I :“ N˚ ˆ P̃1 with the combined order pď,ďq. Let q P

P2. Suppose that the second statement does not hold for any linear combination
p̃ P P̃1. Let pn, p̃q P N˚ ˆ P̃1. Then, np̃ P P̃1. By our assumption, there exists an
xn,p̃ P T1 such that

qpAxn,p̃q ą np̃pxn,p̃q.

Note that this inequality still holds if we replace xn,p̃ by λxn,p̃ for any λ ą 0. This
implies that we can assume without loss of generality that qpAxn, p̃q “ 1. Now we
show that pxn,p̃qpn,p̃qPN˚ˆP̃1

converges to 0. Let p P P1. Then, for all p̃ P P̃1 such
that p̃ ě p, we get

1 ą np̃pxn,p̃q ě nppxn,p̃q

implying
1
n

ą ppxn,p̃q.

Going to the limit with n and p̃ shows that our net converges to 0. On the other
hand, by continuity of A and q (Proposition 1.2.1),

lim
iPI

qpAxiq “ qpA0q “ 0,

giving a contradiction.

ð: By Proposition 1.2.2, is suffices to check continuity at 0. Let pxiqiPI be a net con-
verging to 0. Let q P P2. Then there exists a p̃ P P̃1 such that

qpAxiq ď p̃pxiq @i P I.

Since the right side goes to 0, the left side does as well.

□

To simplify the notation, we define

LpT1,T2q :“ tT : T1 Ñ T2 : T is linear and continuousu.

If the domain and codomain is the same, we use the notation

LpT q :“ LpT ,T q.

We define
T 1 :“ LpT ,Fq
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1.2 Continuous linear operators

to be the topological dual space of T . A very useful result is that a continuous linear
operator maps the Cauchy nets to Cauchy nets.

Proposition 1.2.4. [50, Proposition 1.18] Let A P LpT1,T2q and pxiqiPI Ď T1 be a
Cauchy net. Then, pAxiqiPI is also a Cauchy net.

Proof. Let p2 P P2 and p̃1 P P̃1 according to the continuity of A (see Theorem 1.2.3).
Then

p2pAxi ´ Ax jq “ p2pApxi ´ x jqq ď p̃1pxi ´ x jq.

This shows that pAxiqiPI is a Cauchy net. □

Similar to Banach spaces, T can also be considered complete under certain condi-
tions.

Definition. We define two different types of completeness:

• [2] We callT complete if every Cauchy net converges.

• [43] We callT sequentially complete if every Cauchy sequence converges.

It is easy to see that if T is complete, then T is sequentially complete. The other di-
rection is generally incorrect. See, for instance, Theorem 1.5.14 and Proposition 1.5.15.
In some cases, we want to extend a densely defined continuous linear operator to the
entire space. This is possible because of the following results:

Theorem 1.2.5. [49, Theorem 5.1] Let T2 be complete. Let V Ď T1 be a dense linear
subspace and A P LpV,T2q. Then, there exists a unique Ā P LpT1,T2q such that A Ď Ā.

Proof. The idea is to define
Āx “ lim

iPI
Axi

for any x P T1 and net pxiqiPI Ď V converging to x. However, it is not clear whether this
is well-defined and fulfills the desired properties. Therefore, we proceeded stepwise.

1. Existence of the limit: If pxiqiPI Ď V converges inT1 then it is a Cauchy net. Using
Proposition 1.2.4, pAxiqiPI is a Cauchy net. SinceT2 is complete, it is also conver-
gent, therefore the limit

lim
iPI

Axi

exists.

2. Independence of the nets: Now, we have to make sure that the limit Axi does only
depend on the limit of pxiqiPI . Let pxiqiPI and pyiqiPI Ď V be two nets converging
to x P T1. Then, by Proposition 1.1.8, these nets are equivalent. So we get by
linearity (Proposition 1.1.3)

lim
iPI

Axi ´ lim
iPI

Ayi “ lim
iPI

pAxi ´ Ayiq “ A lim
iPI

pxi ´ yiq “ 0.

So limiPI Axi “ limiPI Ayi showing that Ā is well defined.

25



1 Preliminaries

3. Linearity: Suppose xi
iPI
Ñ x, yi

iPI
Ñ y and λ P F. Then, by Proposition 1.1.3,

lim
iPI

pλxi ` yiq “ λx ` y.

So
Āpλx ` yq ´ λĀx ´ Āy “ lim

iPI
Apλxi ` yiq ´ λ lim

iPI
Axi ´ lim

iPI
Ayi

“ lim
iPI

pApλxi ` yiq ´ λAxi ´ Ayiq “ 0.

4. We show that Ā is continuous. Let q P P2. Choose p̃ P P̃1 according to the
continuity of A (see Theorem 1.2.3). Let x P T1 and pxiqiPI Ď V converge to x.
Then

qpĀxq “ q
´

lim
iPI

Axi

¯

“ lim
iPI

qpAxiq ď lim
iPI

p̃pxiq “ p̃pxq,

where we use the continuity of the seminorm (see Proposition 1.2.1).

5. Uniqueness: Suppose that B̄ is another such extension. Let x P T1. By density,
there exists a net pxiqiPI Ď V converging to x. Then

B̄x “ lim
iPI

Axi “ Āx,

proving that B̄ “ Ā. This implies that the extension is unique in this case.

□

We can tweak the conditions to obtain a similar result using sequences instead of
nets. To make the result more general, we introduce the following notation. For a sub-
set S Ď T , we write S ≾ T if every Cauchy sequence in S converges in T . This is
particularly true if T is sequentially complete. For A P LpT1,T2q, we define the range
of A to be

RpAq :“ ty P T2 : Dx P T1 : Ax “ yu.

Corollary 1.2.6. [50, Proposition 1.18] Let V Ď T1 be a sequentially dense subspace
and A P LpV,T2q such that RpAq ≾ T2. Then, there exists a unique Ā P LpT1,T2q such
that A Ď Ā.

Proof. The proof is very similar to the one of Theorem 1.2.5, except that we define

Āx :“ lim
nÑ8

Axn,

where pxnqnPN Ď V converges to x P T1. Because RpAq ≾ T2, the limit exists inT2. □

In some cases, we want to extend the continuous linear functionals. The following
result provides us with a tool.

Theorem 1.2.7 (Hahn-Banach). [51, Theorem 1] Let V Ď T be a subspace and l P V 1.
Then, there exists an extension L P T 1 of l.
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1.2 Continuous linear operators

1.2.1 Projections

A special class of operators is the class of projections. They are defined as follows:

Definition. [50, Definition 4.14] An operator P P LpT q is called a projection if PP “ P.

It is easy to see that if x P RpPq then Px “ x. Indeed, let y P T such that Py “ x.
Then

Px “ PPy “ Py “ x.

This allows us to prove the following theorem.

Proposition 1.2.8. [19, Proposition 3.2] Let P P LpT q be a projection. Then, RpPq is a
closed subspace.

Proof. Let pxiqiPI Ď RpPq converge to some x P T . Then

x “ lim
iPI

xi “ lim
iPI

Pxi “ Px P RpPq.

□

To check whether a continuous operator is a projection, it is sufficient to check this
property on a dense subspace.

Proposition 1.2.9. [5, Lemma 8] Let P P LpT q and V Ď T be a dense subspace such
that

PPv “ Pv @v P V.

Then, P is a projection.

Proof. Let x P T and pxiqiPI Ď V converge to x. Then

PPx “ PP lim
iPI

xi “ lim
iPI

PPxi “ lim
iPI

Pxi “ Px.

□

1.2.2 Isometries

From normed spaces, we are familiar with isometries. This concept can be extended to
locally convex, Hausdorff spaces. Here, we have to clarify what we mean by the fact that
seminorms are preserved, since we have multiple seminorms in different spaces.

Definition. [16] Let T P LpT1,T2q. We say that T is an isometry if there exists a bijec-
tion µ : P1 Ñ P2 such that

qpxq “ µpqqpT xq @x P T1, q P P1.

Since we are in a Hausdorff space, the isometries are injective. Indeed, if T x “ 0, then
qpxq “ µpqqpT xq “ 0 for all q P P, so x “ 0. It is also easy to see that if an isometry
is bijective, then the inverse is also an isometry. Next, we show that the extension of a
densely defined isometry is an isometry.
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Proposition 1.2.10. [18, Lemma 5.1.7] Let V Ď T1 be a dense (or sequentially dense)
subspace and T P LpV,T2q be an isometry such that there exists a continuous extension
T̄ P LpT1,T2q. Then, T̄ is an isometry.

Proof. Let q P P1 and x P T1. Choose a net (or sequence) pxiqiPI Ď V converging to x.
Then by Proposition 1.2.1

µpqqpT̄ xq “ lim
iPI

µpqqpT xiq “ lim
iPI

qpxiq “ qpxq.

□

If we have a linear map, where the domain is a vector space and the codomain is
equipped with seminorms, then this map induces seminorms to the domain.

Lemma 1.2.11. [37, Lemma 3.2] Let T : V Ñ T be an injective linear map. Then for
each q P P, let

q1 : VÑ T , x ÞÑ qpT xq.

Then, q1 is a seminorm. Furthermore, tq˝T : q P Pu generate a locally convex Hausdorff
topology onV and T is an isometry.

Proof. The non-negativity is evident. For the absolute homogeneity, we get

q1
pλxq “ qpTλxq “ |λ|qpT xq “ |λ|q1

pxq

and we get the triangular inequality by

q1
px ` yq “ qpT px ` yqq “ qpT x ` Tyq ď qpT xq ` qpTyq “ q1

pxq ` q1
pyq.

The isometry property follows from this definition. If q1pxq “ 0 for every such seminorm
q1 then qpT xq “ 0 for all q P P. Since T is Hausdorff, T x “ 0. By the injectivity of T ,
x “ 0, showing thatV equipped with the induced seminorms is a Hausdorff space. □

1.2.3 Completion of T

From Topology, it is well known that every metric space can be completed. This is also
true for locally convex Hausdorff spaces. The proof is similar to that of the metric space,
but having multiple seminorms and nets complicates the proof, although the idea is
the same. A proof of the completion of a general topological vector space can be found
in [49, Theorem 5.2]. Here, we focus on the case where the topology is generated by
seminorms. This requires an extra step in which the seminorms are extended to the
completion. This is possible because of [49, Theorem 5.1].

Theorem 1.2.12. [49, Theorem 5.2] There exists a (up to an isometric bijection) unique
complete locally convex Hausdorff space T and an isometric embedding ι P LpT ,T q

such that Rpιq Ď T is dense.

Proof. We will go through these steps.
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1.2 Continuous linear operators

1. Definition: Let

T :“ trpxiqiPN˚ˆP̂s : pxiqiPN˚ˆP̂ Ď T is a Cauchy netu.

Thanks to Theorem 1.1.12, for every Cauchy net pxiqiPI Ď T , rpxiqiPIs P T . There-
fore, in the entire proof, we assume without loss of generality that I “ N˚ ˆ P̂.

2. Addition and scalar multiplication: We define

rpxiqiPIs ` rpyiqiPIs :“ rpxi ` yiqiPIs

and
λrpxiqiPIs :“ rpλxiqiPIs.

According to Proposition 1.1.10, both operations are well defined.

3. Seminorms: For x “ rpxiqiPIs P T and p P T , we define

p̄prpxiqiPIsq :“ lim
iPI

ppxiq,

which is, by Proposition 1.1.11, well-defined. In addition, if p̄pxq “ 0 for all p̄,
then x “ 0 by the equivalence of the Cauchy sequences. Therefore, this space
has the Hausdorff property.

4. Embedding: Let
ι : T Ñ T , x ÞÑ rpxqiPIs.

Then, ι is trivially linear. Also, because of

p̄pιpxqq “ p̄prpxqiPIsq “ lim
iPI

ppxq “ ppxq

ι is an isometry, and

5. Density: Let x :“ rpxiqiPIs P T and pN, tpuq P N˚ ˆ P̂1. According to Theo-
rem 1.1.12, we can assume that for j ě pN, tpuq, we have

p̄px ´ ιpx jqq “ lim
iPI

ppxi ´ x jq ď
1
N
. (˚)

Applying the limit to j, we get

lim
jPI

p̄px ´ ιpx jqq ď
1
N
.

Letting N approach 8, we get

lim
jPI

p̄px ´ ιpx jqq “ 0.

This implies that pιpxiqqiPI converges to x.

6. Completeness: Also, in this step, we assume that all nets are of the form of The-
orem 1.1.12. Let pxiqiPN˚ˆP̂ Ď T be a Cauchy net. For a fixed i P N˚ ˆ P̂, xi is
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an equivalence class of Cauchy nets. Let pxi
jq jPN˚ˆP̂ be one of its representatives.

Now choose the diagonal net

y :“ pyiqiPN˚ˆP̂ :“ pxi
iqiPN˚ˆP̂.

Then, y is a Cauchy net. Indeed, let pN, tpuq P N˚ ˆ P̂ and i, j ě pN, tpuq. Then

p̄pιpxi
iq ´ xi

q ď
1
N

because of p˚q in step 5. Also

ppxi
i ´ x j

jq “ p̄pιpxi
iq ´ ιpx j

jqq ď p̄pιpxi
iq ´ xi

q ` p̄pxi
´ x j

q ` p̄px j
´ ιpx j

jqq ď
3
N
.

This shows that y is a Cauchy net. The equivalence class of this net is the limit of
pxiqiPN˚ˆP̂, since for pN, tpuq P N˚ ˆ P̂ and i ě pN, tpuq, we have

p̄pxi
´ rpx j

jq jPIsq ď p̄pxi
´ ιpxi

iqq
looooomooooon

ď 1
N

` p̄pιpxi
iq ´ rpx j

jq jPIsq
loooooooooomoooooooooon

ď 1
N

p˚q

ď
2
N
.

7. Uniqueness: Suppose, there is another completion T̃ with the seminormsP1 and
the embedding ι̂. now let

l : Rpιq Ñ T̃ , x ÞÑ ι̂pι´1
pxqq.

Then, l is the composition of two linear isometries, and therefore, a linear isom-
etry. By Theorem 1.2.5, there exists a continuous linear extension l̄ : T Ñ T̃ ,
which is, by Proposition 1.2.10, an isometry. Similarly, we can find an isometry
m̄ : T̃ Ñ T . The composition of l̄ and m̄ in any order restricted to a dense sub-
space is the identity. By Theorem 1.2.5, l̄ and m̄ are inverses with respect to each
other, implying thatT and T̃ are isometrically isomorphic.

□

As seen in the proof, T can be embedded in T . By abuse of notation, we treat T
as a subset of T . One might ask whether we can perform a similar operation with se-
quences. Similar to the sequential hull and sequential closure of the set, defining a
space consisting of equivalence classes of Cauchy sequences does not necessarily pro-
vide a sequentially complete space. Therefore, we must be careful when defining the
sequential completion of aT .

1.3 Metrization

In this section, we show that T is metrizable if P is countable. This is very useful be-
cause, in this setting, working with sequences instead of nets is fine. Our goal is to con-
struct a metric that induces the same topology asP. First, we need to define a pseudo-
metric.
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1.3 Metrization

Definition. [15] For any set M, let d : M ˆ M Ñ Rě0. We call d a pseudometric if it
satisfies the following conditions.

1. dpx, xq “ 0 for all x P M.

2. dpx, yq “ dpy, xq for all x, y P M.

3. dpx, zq ď dpx, yq ` dpy, zq for all x, y, z P M.

Seminorms induce pseudometrics.

Example. Let p be a seminorm. Then

dpx, yq :“ ppx ´ yq

defines a pseudometric.

A proof that a locally convex Hausdorff space generated by countably many semi-
norms is metrizable can be found in [49, Proposition 8.1]. We provide a similar proof
here. To make things easier to understand, we provide three lemmas as stepping stones
before we arrive at the main result.

Lemma 1.3.1. [49, Proposition 8.1] The function

f : Rě0 Ñ Rě0, t ÞÑ
t

1 ` t

is strictly increasing. Suppose that there exists a net ptiqiPI Ď Rě0 such that limiPI f ptiq “

0. Then limiPI ti “ 0.

Proof. We compute

f 1
ptq “

p1 ` tq ´ t
p1 ` tq2 “

1
p1 ` tq2 ą 0,

showing that f is strictly increasing. For the second statement, we have

f ptq
1 ´ f ptq

“
f ptq

1 ´ t
1`t

“
f ptq

1`t´t
1`t

“ t.

So if f ptq Ñ 0 then t Ñ 0. □

In some cases, it is useful to modify a pseudometric so that it becomes bounded from
above without changing the topological structure.

Lemma 1.3.2. [49, Proposition 8.1] Let d be a pseudometric on M. Then

d̃px, yq :“
dpx, yq

1 ` dpx, yq
,

also defines a pseudometric. Moreover, d̃px, yq ď 1 for all x, y P M and d̃ induces the
same topology as d.
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Proof. We first check that d̃ is a pseudometric. Obviously,

d̃px, xq “
dpx, xq

1 ` dpx, xq
“ 0

and
d̃px, yq “

dpx, yq

1 ` dpx, yq
“

dpy, xq

1 ` dpy, xq
“ d̃py, xq.

To show the triangular inequality, note that

f : Rě0 Ñ Rě0, t ÞÑ
t

1 ` t

is increasing (see Lemma 1.3.1). So

d̃px, zq “ f pdpx, zqq ď f pdpx, yq ` dpy, zqq

“
dpx, yq ` dpy, zq

1 ` dpx, yq ` dpy, zq

“
dpx, yq

1 ` dpx, yq ` dpy, zq
`

dpy, zq

1 ` dpx, yq ` dpy, zq

ď
dpx, yq

1 ` dpx, yq
`

dpy, zq

1 ` dpy, zq

“ d̃px, yq ` d̃py, zq.

Also,
f ptq “

t
1 ` t

ď
1 ` t
1 ` t

ď 1,

showing the boundedness of the pseudometric. Finally, suppose that a net pxiqiPI con-
verges to some x with respect to d. Then

lim
iPI

d̃pxi, xq “ lim
iPI

dpxi, xq

1 ` dpxi, xq
“ 0.

On the other hand, if we have convergence with respect to d̃, then

lim
iPI

f pdpxi, xqq “ 0,

implying
lim
iPI

dpxi, xq “ 0.

□

We can use this tool to combine countable infinitely many pseudometrics.

Lemma 1.3.3. [49, Proposition 8.1] Let pdnqnPN be pseudometrics uniformly bounded by
1. Then

dpx, yq :“
ÿ

nPN

1
2n dnpx, yq
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is a pseudometric. Moreover, this pseudometric induces the same topology as the pseu-
dometrics d1, d2, . . . together, i.e. for every net pxiqiPI Ď M and x P M, we have

lim
iPI

dpxi ´ xq “ 0 ô lim
iPI

dnpxi ´ xq “ 0 @n P N.

Proof. Because the pseudometrics are bounded by 1, the sum converges. The pseudo-
metric properties can be easily verified. Suppose a net pxiqiPI converges to some x with
respect to d. Then for m P N, we have

dmpxi, xq ď 2m
ÿ

nPN

1
2n dnpxi, xq “ 2mdpxi, xq Ñ 0.

However, let pxiqiPI converge with respect to all dn. Let ϵ ą 0. Choose N P N such that

8
ÿ

n“N`1

1
2n ă ϵ.

Then

lim
iPI

dpxi, xq “ lim
iPI

N
ÿ

n“0

1
2n dnpxi, xq` lim

iPI

8
ÿ

n“N`1

1
2n dnpxi, xq ă

N
ÿ

n“0

1
2n lim

iPI
dnpxi, xq`ϵ “ ϵ.

Since ϵ is arbitrary, the statement follows. □

We now present the main theorem.

Theorem 1.3.4. [49, Proposition 8.1] Suppose that the topology of a locally convex Haus-
dorff spaceT is generated by a countable setP of seminorms. Then,T is metrizable.

Proof. Let ppnqnPN be the seminorms. Then, using Lemma 1.3.2 and Lemma 1.3.3, we
get a pseudometric with

dpx, yq “
ÿ

nPN

1
2n

pnpx ´ yq

1 ` pnpx ´ yq
.

Since we are in a Hausdorff space, d is a metric. □

Having a metrizable space is very useful because it allows us to work with sequences
instead of nets, which is much more convenient. First, we need the following lemma as
a stepping stone.

Lemma 1.3.5. [49, Proposition 8.2] Let T be metrizable with metric d. Let pxiqiPI Ď T

be a Cauchy net and S :“ txiuiPI . Then there exists a sequence pynqnPN Ď S , which is
equivalent to pxiqiPI .

Proof. Let n P N˚. Since pxiqiPI is a Cauchy net, there exists some in P I such that

dpxi, x jq ă
1
n

@i, j ě in.
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Therefore, we choose yn :“ xin . Ensuring that ¨ ¨ ¨ ď in´1 ď in ď in`1 . . . completes the
proof. □

Now, we can explicitly show what it means to replace nets with sequences.

Theorem 1.3.6. LetT be metrizable.

1. [49, Proposition 8.2] For any S Ď T , the closure of S coincides with the sequential
closure and the sequential hull.

2. [49, Proposition 8.2] The completion of T , coincides with its sequential comple-
tion, i.e., using equivalence classes of sequences instead of nets produces the same
space.

3. [49, Proposition 8.5] A linear operator A : T Ñ T2 is continuous if and only if it is
sequentially continuous.

Proof. For all proofs, we use the previous lemma.

1. Let x P S . Then, there exists a net in S that converges to it. By Lemma 1.3.5, we
can use an equivalent sequence instead.

2. Each equivalence class of Cauchy nets contains a sequence according to Lemma 1.3.5.

3. Suppose A is sequentially continuous but not continuous. Then there exists a net
pxiqiPI Ď T converging to x and p P P1 such that

ppAxi ´ Axq

does not converge to 0. This means that there exists some ϵ ą 0 such that for all
i P I, there exists some ji P I with ji ě i such that

ppAx ji ´ Axq ě ϵ.

Then, we define a net such that yi :“ x ji , which is equivalent to pxiqiPI . This has
the property that

ppAyi ´ Axq ě ϵ @i P I.

Now, thanks to Lemma 1.3.5, there exists an equivalent sequence pznqnPN, giving
us

ppAyi ´ Axq ď ppApyi ´ znqq ` ppApzn ´ xqq.

Since the right-hand side approaches 0, we obtain a contradiction.

□

Metrizable spaces are very useful because they allow us to prove certain theorems. A
very useful result is the uniform boundedness principle, which is usually proved in the
setting of normed spaces. Here, we prove a more general form.
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Theorem 1.3.7 (Uniform boundedness principle). [22, Chapter 5] LetT1 be complete
and metrizable. Suppose F Ď LpT1,T2q such that

sup
TPF

qpT xq ă 8 @x P T1, q P P2.

Then for every q P P2, there exists a p̃ P P̃1 such that

sup
TPF

qpT xq ď p̃pxq @x P T1.

Proof. Let q P P2. For every n P N, let

Xn :“
"

x P T1 : sup
TPF

qpT xq ď n
*

“
č

TPF

tx P T1 : qpT xq ď nu
looooooooooomooooooooooon

p˚q

.

By continuity, the sets marked with p˚q are closed. In addition, Xn is closed because it
is the intersection of closed subsets. By pointwise boundedness,

ď

nPN

Xn “ T1 ,H.

By Baire’s theorem (see, for instance, [49, Proposition 8.3]), there exists some m P N
such that Xm contains a non-empty open set O. Since Xm can be written as

Xm “

"

x P T1 : sup
TPF

qpT xq ď m
*

“

"

x P T1 : sup
TPF

q
ˆ

T
1
m

x
˙

ď 1
*

“ mX1,

X1 also contains a non-empty open set O. By symmetry, it also contains ´O. In addi-
tion, X1 is convex (i.e. λX1 `p1´λqX1 Ď X1 for allλ P r0, 1s), because q˝T is convex (by
the triangular inequality), and the intersection of convex sets is convex. The convexity
implies that

0 P
1
2

O `
1
2

p´Oq Ď X1.

Since the topology of T is generated by the preimage of open sets in Rě0 with respect
to the semi norms, we can find a semi norm p̃ P P̃1 (using a scaling argument) such
that

U :“ p̃´1
pr0, 1qq Ď X1.

This implies that
qpTyq ď 1 @T P F, y P U.

For x P T1zt0u, we get

qpT xq “ p̃pxqqpT
1

p̃pxq
x

loomoon

PU

q ď p̃pxq.

□
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Using this theorem, we immediately obtain the following:

Corollary 1.3.8. [22, Chapter 5] Let T1 be complete and metrizable. Let pTnqnPN Ď

LpT1,T2q converge pointwise to some T . Then T P LpT1,T2q.

Proof. Since the sequence converges pointwise, it holds

sup
nPN

qpTnxq ă 8 @x P T1, q P P2.

Let q P P2. By the uniform boundedness principle (Theorem 1.3.7), there exists some
p̃ P P̃1 such that

qpT xq “ lim
nÑ8

qpTnxq ď sup
nPN

qpTnxq ď p̃pxq @x P T1.

Finally, we use Theorem 1.2.3 to prove that T is continuous. □

Note that this corollary cannot be generalized using nets instead of sequences, as the
following result shows.

Proposition 1.3.9. [44, Proposition 6 (e)] Let T : T Ñ F be linear. Then there exists a
net pTiqiPI Ď T 1 such that

lim
iPI

Tix “ T x @x P T .

Proof. Let
I :“ tV Ď N : V is a finite-dimensional subspaceu.

Then, for each V P I, T |V has a finite dimensional domain, so it is continuous. Using
the Hahn-Banach extension theorem (see Theorem 1.2.7), we can extend it to some
TV P LpT ,Fq. Now, if v P V , then

TVv “ Tv

This means that pTVvqVPI converges to Tv. □

1.4 Infinite sums

In this section, we analyze infinite sums inT . First, we need the following tool to define
an infinite sum:

Definition. [5] Let pFnqnPN be a sequence of finite subsets of X such that Fn Ď Fn`1

for all n P N and
X “

ď

nPN

Fn.

Then, we call pFnqnPN a nested approximation of X.

All statements in this chapter are trivial if X is finite. Therefore, we restrict the proofs
to the cases where X is infinite. Now, we can define infinite sums.
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1.4 Infinite sums

Definition. [18] Let pxkqkPX Ď T . Then we say that the sum
ÿ

kPX

xk

converges unconditionally, if for any nested approximation pFnqnPN of X the limit

lim
nÑ8

ÿ

kPFn

xk

exists and is independent of the choice of nested approximation. If the limit exists for
at least one nested approximation such that |Fn| “ n for all n P N, we say that the sum
converges. If a sum converges but does not converge unconditionally, then we say that
it converges conditionally.

One might ask the following: If a sum converges for any nested approximation, is the
limit always the same? The answer is yes. To prove this, we reduce the general case to
the case in F using the Hahn-Banach theorem.

Theorem 1.4.1. [31, Theorem 1.3.1] Let pxkqkPX Ď T . Suppose that for any nested ap-
proximation pFnqnPN of X, the limit

lim
nÑ8

ÿ

kPFn

xk

exists. Then, the sum converges unconditionally.

Proof. Suppose there are two different limits, x and y for different nested approxima-
tions. Then, there exists some l̂ P pspantx, yuq1 such that l̂pxq , l̂pyq. By the Hahn
Banach extension theorem (see Theorem 1.2.7), there exists some l P T 1 such that
lpxq , lpyq. Then

lpxq “ l

˜

lim
nÑ8

ÿ

kPFn

xk

¸

“ lim
nÑ8

l

˜

ÿ

kPFn

xk

¸

“ lim
nÑ8

ÿ

kPFn

lpxkq

and

lpyq “ l

¨

˝ lim
nÑ8

ÿ

kPF̃n

xk

˛

‚“ lim
nÑ8

l

¨

˝

ÿ

kPF̃n

xk

˛

‚“ lim
nÑ8

ÿ

kPF̃n

lpxkq.

On the right-hand side, we have convergence inF. Here, we already know that if a series
converges conditionally, then there exists a nested approximation of X where the series
does not converge (see [31, Theorem 1.1.3 2)]). This is a contradiction; therefore, we
have unconditional convergence. □

Similar to infinite sums in the real case, the terms of a converging sum decrease in a
certain sense.

Proposition 1.4.2. [48, Theorem 1] Let pxkqkPX Ď T such that the sum
ÿ

kPX

xk

37



1 Preliminaries

converges unconditionally. Then for any ϵ ą 0 and p P P, there exists a finite set F Ď X
such that

ppxkq ă ϵ @k P XzF.

Proof. Choose a nested approximation pFnqnPN of X with |Fn| “ n for all n P N. Because
the sequence of partial sums converges, it is a Cauchy sequence. So, there exists an
N P N such that

p

¨

˝

ÿ

kPFn`1zFn

xk

˛

‚ă ϵ @n ě N.

Choosing F :“ FN , the statement follows because Fn`1zFn is a singleton. □

Next, we define absolute convergence using seminorms:

Definition. [33, Definition 1.1] Let pxkqkPX Ď T such that the sum
ÿ

kPX

ppxkq

converges for all p P P. Then we say that the sum
ÿ

kPX

xk

converges absolutely.

Note that the order of the summands of
ÿ

kPX

ppxkq

does not matter because we only add non-negative real numbers. Now, we show that
convergence in combination with absolute convergence implies unconditional conver-
gence.

Lemma 1.4.3. [31, Theorem 1.2.2] Let pxkqkPX Ď T such that the sum
ÿ

kPX

xk

converges absolutely and converges. Then, it converges unconditionally.

Proof. Let pFnqnPN be a nested approximation of X such that the sum converges with
respect to this approximation, and let pF̃nqnPN be another nested approximation of X.
Let p P P. We now check different cases.

1. If F̃n Ď Fn for all n P N then

p

¨

˝

ÿ

kPFn

xk ´
ÿ

kPF̃n

xk

˛

‚“ p

¨

˝

ÿ

kPFnzF̃n

xk

˛

‚ď
ÿ

kPFnzF̃n

ppxkq
nÑ8
Ñ 0.
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1.4 Infinite sums

This implies that both the sequences of partial sums converge to the same point.

2. If Fn Ď F̃n for all n P N, we do the same as before, except that Fn and F̃n are
swapped.

3. Otherwise, let F̂n :“ Fn X F̃n. Then, pF̂nqnPN is also a nested approximation of X.
Also, F̂n Ď Fn and F̂n Ď F̃n. By the previous cases, we get

lim
nÑ8

ÿ

kPFn

xk “ lim
nÑ8

ÿ

kPF̂n

xk “ lim
nÑ8

ÿ

kPF̃n

xk.

□

Similar to the real case, absolute convergence implies unconditional convergence.
However, in our case, we have to assume that the space is complete.

Theorem 1.4.4. [31, Theorem 1.2.2] Suppose thatT is complete. Let pxkqkPX Ď T such
that the sum

ÿ

kPX

xk

converges absolutely. Then, it converges unconditionally.

Proof. Let pFnqnPN be a nested approximation of X. Let p P P. Then, for all m, n P N
with m ě n we have

p

¨

˝

ÿ

kPFmzFn

xk

˛

‚ď
ÿ

kPFmzFn

ppxkq.

This implies that the sequence of partial sums is a Cauchy sequence. It converges by
completeness. Since pFnqnPN is arbitrary, we have unconditional convergence. □

The opposite of this statement is false. Indeed, suppose that T “ ℓ8pN˚q and we
analyze the series

ÿ

kPN˚

1
k
δk,

where pδkql “ δk,l for all k, l P N˚. Then this sum converges unconditionally to the
element

ˆ

1,
1
2
,

1
3
, . . .

˙

,

but
ÿ

kPN˚

›

›

›

›

1
k
δk

›

›

›

›

ℓ8

“
ÿ

kPN˚

1
k

“ 8,

Therefore, it does not converge absolutely.
Convention: From now on, if the convergence type of sum is not explicitly stated

then we implicitly mean unconditional convergence.
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1.5 Weighted ℓp spaces

In this section, we introduce weighted ℓp- spaces. We assume that X is a countable
index set. First, we define the vector space of sequences as

ℓ :“ tpαkqkPX Ď Fu.

Next, we introduce a positive weight function w : X Ñ Rą0. If multiple weight functions
are required, we use w̄ and w̃ as potentially different weight functions. Then, for any
sequence α “ pαkqkPX and any p P r1,8s, we define the weighted ℓp-norm as

}α}ℓp
w

:“ }αw}ℓp “ }pαkwkqkPX}ℓp .r5s

For p “ 0 we use the same norm as for p “ 8. For p P r1,8s, We define the corre-
sponding spaces

ℓp
w :“ tα P ℓ : }α}ℓp

w
ă 8u.

For p “ 0, we define

ℓ0
w :“ tα P ℓ8

w : @ϵ ą 0 : D finite F Ď X : |αk|wk ă ϵ @k P XzFu.r5s

For any α P ℓ
p
w and Y Ď X, we define the restriction of α on Y as

pα|Yqk :“

#

αk, k P Y
0, otherwise [17].

We define
ℓ00 :“ tα P ℓ : D finite F Ď X : αk “ 0 @k P XzFu.r5s

For k P X, we define δk such that

pδkql :“ δk,l “

#

1, l “ k
0, otherwise.

@l P X.

We can easily define an isometric isomorphism between a weighted ℓp space and the
corresponding unweighted ℓp- space, defining the map

ω : ℓp
w Ñ ℓp, α ÞÑ αw.

Now, we show that these spaces are complete.
Theorem 1.5.1. [5] Let p P t0u Y r1,8s. Then, ℓp

w is a Banach space.

Proof. We know that the ℓp spaces are Banach spaces. Let pαnqnPN Ď ℓ
p
w be a Cauchy

sequence. Then
}αm

´ αn}ℓp
w

“ }αmw ´ αnw}ℓp ,

Therefore, pαnwqnPN is a Cauchy sequence in ℓp, so it converges to some β P ℓp. This
implies that βw´1 P ℓ

p
w, so we conclude,

lim
nÑ8

›

›αn
´ βw´1

›

›

ℓ
p
w

“ lim
nÑ8

}αnw ´ β}ℓp “ 0.
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□

The dominated convergence theorem is well known in the unweighted case. The
following theorem shows that it also holds for the weighted case.

Theorem 1.5.2 (Dominated convergence). [14] Let p P r1,8q. Let pαnqnPN Ď ℓ
p
w con-

verge pointwise to some α P ℓ
p
w. Assume that there exists a majorant β P ℓ

p
w such that

|αn| ď β (componentwise) for all n P N. Then

ℓ
p
w

lim
nÑ8

αn
“ α.

Proof. By definition, αnw P ℓp for all n P N and βw P ℓp. In addition, αnw converges
pointwise to αw as n Ñ 8 and βw dominates pαnwqnPN. So, by dominated conver-
gence,

lim
nÑ8

}αn
´ α}ℓp

w
“ lim

nÑ8
}αnw ´ αw}ℓp “ 0.

□

Using this theorem, we can show that each α can be approximated by its restrictions
to the finite subsets of X.

Corollary 1.5.3. [5] Let p P t0uYr1,8q,α P ℓ
p
w and pFnqnPN be a nested approximation

of X. Then
ℓ

p
w

lim
nPX

α|Fn “ α.

In particular,

α “

ℓ
p
w

ÿ

kPX

αkδk.

Proof. First, we analyze the case p P r1,8q. Let αn :“ α|Fn . Then, pαnqnPN converges
pointwise to α and is dominated by α. We obtain the result by dominated convergence
(see Theorem 1.5.2). If p “ 0, let ϵ ą 0. Then there exists a finite F Ď X such that

›

›α|XzF

›

›

ℓ0
w

ă ϵ.

Then for large n P N, we have Fn Ě F and we get

}α ´ αn}ℓ0
w

“
›

›α|XzFn

›

›

ℓ0
w

ă ϵ.

This proves the above statement. □

Unfortunately, this does not hold in the case of p “ 8, as one can see with the
sequence p1qkPX . However, we can prove a slightly weaker statement that covers p “

8.
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Corollary 1.5.4. [17] Let p P t0u Y r1,8s, α P ℓ
p
w and pFnqnPN be a nested approxima-

tion of X. Then
lim
nÑ8

}α|Fn}ℓp
w

“ }α}ℓp
w
.

Proof. For the case p ă 8, we use Corollary 1.5.3 and the continuity of the norm. Oth-
erwise, note that for m ď n, we have

}α|Fm}ℓ8
w

ď }α|Fn}ℓ8
w

ď }α}ℓ8
w
.

This shows that the limit exists and one of the inequality directions. By way of contra-
diction, assume that

lim
nÑ8

}α|Fn}ℓ8
w

ă }α}ℓ8
w
.

Then, there exists some k P X such that

lim
nÑ8

}α|Fn}ℓ8
w

ă |αk|wk.

For large n, it holds k P Fn, contradicting the strict inequality. □

Next, we show that the Hölder inequality also holds in the weighted case. To do this,
we have to introduce the Hölder conjugate

p1 :“

$

’

&

’

%

1, if p P t0,8u

8, if p “ 1
p

p´1 , otherwise.

Theorem 1.5.5 (Hölder inequality). [50, Proposition 2.23] Let p P t0u Y r1,8s and p1

be the Hölder conjugate of p. Then, for all α P ℓ
p
w, β P ℓ

p1

w´1 , we have

}αβ}ℓ1 ď }α}ℓp
w

}β}
ℓ

p1

w´1
.

Proof. By the Hölder inequality in the unweighted case, we get

}αβ}ℓ1 “
›

›αwβw´1
›

›

ℓ1 ď }αw}ℓp

›

›βw´1
›

›

ℓp1 “ }α}ℓp
w

}β}
ℓ

p1

w´1
.

□

Here, we introduce a method to combine sequences.

Definition. [5] Let p P t0u Y r1,8s. Let α P ℓ
p
w, β P ℓ

p1

w´1 , we define

xα, βy
ℓ

p
w,ℓ

p1

w´1
:“

ÿ

kPX

αkβk.

According to the Hölder inequality (Theorem 1.5.5), this sum converges absolutely
and, therefore, unconditionally. This also defines a sesquilinear form.
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Our next goal is to introduce an isometric isomorphism between the dual space of
the ℓp space and a weighted version of it.

Lemma 1.5.6. [50, Proposition 4.27 (1)] Let p P t0u Y r1,8s and

ω1 : pℓp
q

1
Ñ pℓp

wq
1, β1

ÞÑ β1
˝ ω.

Then,ω1 is an isometric isomorphism.

Proof. Linearity is clear. On the one hand,

}ω1
pβ1

q} “ }β1
˝ ω} ď }β1} }ω} “ }β1} .

On the other hand

}β1} “
›

›β1
˝ ω ˝ ω´1

›

› ď }β1
˝ ω}

›

›ω´1
›

› “ }β1
˝ ω} “ }ω1

pβ1
q} .

This implies thatω1 is an isometry. We can construct the inverse by

ω1´1 : pℓp
wq

1
Ñ pℓp

q
1, β1

ÞÑ β1
˝ ω´1,

since
ω1

pω1´1
pβ1

qq “ ω1
pβ1

˝ ω´1
q “ β1

˝ ω´1
˝ ω “ β1

and
ω1´1

pω1
pβ1

qq “ ω1´1
pβ1

˝ ωq “ β1
˝ ω ˝ ω´1

“ β1.

□

Now, we want to characterize the dual spaces of the weighted ℓp spaces. We use ω
andω1 to reduce the weighted case to the case without weights.

Theorem 1.5.7. [5] Let p P t0u Y r1,8q. Then, there is a bijective, isometric, conjugate
linear map

ι : ℓp1

w´1 Ñ pℓp
wq

1

with
ιpβq “ x¨, βy

ℓ
p
w,ℓ

p1

w´1
.

Proof. Let
ι̂ : ℓp1

Ñ pℓp
q

1

be the bijective, isometric, conjugate linear map given by

ι̂pβq “ x¨, βyℓp,ℓp1 .

Now we define
ι :“ ω1

˝ ι̂ ˝ ω´1.

This is a composition of three isometric bijections; therefore, it is an isometric bijection.
This implies

ιpβq “ ω1
pι̂pω´1

pβqqq “ ι̂pω´1
pβqq ˝ ω
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and so

ιpβqpαq “ ι̂pω´1
pβqqpωpαqq “ xωpαq, ω´1

pβqyℓp,ℓp1 “ xα, βy
ℓ

p
w,ℓ

p1

w´1
,

because the weights cancel. The conjugate linearity is easy to verify. □

1.5.1 Synthesis operators

Since in frame theory, some operators are defined in terms of sums, we provide a the-
orem that gives us continuity for free if it is well defined.

Theorem 1.5.8. [18, Lemma 3.2.1] Let p P t0u Y r1,8s and pvkqkPX Ď T such that the
operator

Dv : ℓp
w Ñ T ,Dvα :“

ÿ

kPX

αkvk

is well-defined. Then, Dv is continuous.

Proof. Let pFnqnPN be a nested approximation of X. We define the operator

Dn : ℓp
w Ñ T , α ÞÑ

ÿ

kPFn

αkvk.

Then, Dn is linear and bounded for all n P N. Additionally, the family pDnqnPN converges
pointwise to Dv. By Corollary 1.3.8, Dv is continuous. □

Next, we want to show that if such an operator is continuous on ℓ00, then the sum
even makes sense on the whole space.

Theorem 1.5.9. [49, Theorem 5.1] Let p P t0uYr1,8q andT be complete. Let pvkqkPX Ď

T . Suppose the operator

Dv : ℓ00
Ñ T , α ÞÑ

ÿ

kPX

αkvk

is well-defined and continuous with respect to ℓp
w in the domain. Then the unique contin-

uous extension can be written as

D̄v : ℓp
w Ñ T , α ÞÑ

ÿ

kPX

αkvk.

Proof. Since ℓ00 is dense in ℓ
p
w (Corollary 1.5.3), we obtain a unique extension D̄v P

Lpℓ
p
w,T q. Let pFnqnPN be a nested approximation of X and αn “ α|Fn . Then accord-

ing to Corollary 1.5.3,

D̄vα “ D̄v lim
nÑ8

αn
“ lim

nÑ8
Dvα

n
“ lim

nÑ8

ÿ

kPFn

αkvk “
ÿ

kPX

αkvk.

□
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We need to exclude p “ 8, since ℓ00 is not dense in ℓ8
w . Additionally, if we choose

w “ p1qkPX ,T “ ℓ8 and pvkqkPX “ pδkqkPX , then the operator

Dv : ℓ00
Ñ ℓ8, α ÞÑ

ÿ

kPX

αkδk

is well-defined and continuous, because it is the identity. Unfortunately,

D̄v : ℓ8
Ñ ℓ8, α ÞÑ

ÿ

kPX

αkδk

is not well-defined, since for α “ p1qkPX , the sum
ÿ

kPX

δk

does not converge in the norm in ℓ8. If we assume that T “ F then we can include
p “ 8.

Theorem 1.5.10. [38] Let p P t0u Y r1,8s. Let pckqkPX Ď F. Suppose the operator

Dc : ℓ00
Ñ F, α ÞÑ

ÿ

kPX

αkck

is well-defined and continuous with respect to the ℓp
w-norm in the domain. Then the op-

erator
D̃c : ℓp

w Ñ F, α ÞÑ
ÿ

kPX

αkck

is well-defined and continuous.

Proof. Let K :“ }Dc} with respect to the ℓp
w-norm on ℓ00. Suppose that there exists

some α P ℓ
p
w such that the sum does not converge unconditionally. This implies that

the sum does not converge absolutely. Then there exists a finite set F Ď X such that
ÿ

kPF

|αkck| ą K.

By scaling, we can assume, without loss of generality, that }α}ℓp
w

“ 1.Choosing β P ℓ
p
w

such that |βk| “ |αk| and βkck ě 0 for all k P X, we get
ÿ

kPF

βkck ą K.

This implies
|Dcβ|F| ą K “ }Dc} ě |Dcβ| ě |Dcβ|F|,

This is a contradiction; therefore, D̃c is well-defined. By Theorem 1.5.8, D̃c is continuous.
□

We also require the following result:
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Theorem 1.5.11. [50, Proposition 2.26] Let p P t0u Y r1,8s. Let α P ℓ such that for all
β P ℓ

p
w we have

ÿ

kPX

αkβk

converges unconditionally (or absolutely). Then, α P ℓ
p1

w´1 .

Proof. First, we assume that p ă 8. Then let

T : ℓp
w Ñ F, β ÞÑ

ÿ

kPX

αkβk.

By Theorem 1.5.8, T P pℓ
p
wq1. By duality (Theorem 1.5.7), α P ℓ

p1

w´1 . For p “ 8, choose β
such that αkβk ě 0 and |βk|wk “ 1 for all k P X. Then

}α}ℓ1
w´1

“
ÿ

kPX

|αk|w´1
k “

ÿ

kPX

|αk||βk| “
ÿ

kPX

αkβk ă 8.

□

1.5.2 Analysis operators

Next, we analyze operators, which are defined in terms of the elements ofT 1. We want
to show that for such an operator, well-definedness is sufficient to obtain continuity.

Theorem 1.5.12. [18, Exercise 3.7] Let p P t0u Y r1,8s andT be complete and metriz-
able. Let pv1

kqkPX Ď T 1. Suppose the operator

Cv1 : T Ñ ℓp
w, v ÞÑ pv1

kpvqqkPX

is well-defined. Then it is continuous.

Proof. Let pFnqnPN be a nested approximation of X. We define

Cn : T Ñ ℓp
w, v ÞÑ pv1

kpvqqkPX|Fn .

Then, Cn is a finite linear combination of continuous operators and is therefore contin-
uous. Also, for some fixed v P T , we have

}Cnv}ℓp
w

ď }Cv1v}ℓp
w
.

Therefore, pCnqnPN is pointwise bounded, so we apply the uniform boundedness prin-
ciple (Theorem 1.3.7) to get p̃ P P̃ such that

sup
nPN

}Cnv}ℓp
w

ď p̃pvq @v P T .

Using Corollary 1.5.4, we get

}Cv1v}ℓp
w

“ lim
nÑ8

}Cnv}ℓp
w

ď p̃pvq.

□
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Our next goal is to show that if such an operator is densely defined, then the contin-
uous extension still has this form.
Theorem 1.5.13. [18, Lemma 3.2.6] Let p P t0u Y r1,8s. Let pv1

kqkPX Ď T 1. Let V Ď T

be a dense subspace. Suppose the operator

Cv1 : V Ñ ℓp
w, v ÞÑ pv1

kpvqqkPX

is well-defined and continuous. Then its unique continuous extension is of the form

C̄v1 : T Ñ ℓp
w, v ÞÑ pv1

kpvqqkPX.

Proof. Let C̄v1 be the unique continuous extension of Cv1 . Let v P T and pviqiPI Ď V
converge to v. Then for any k P X, the net pv1

kpviqqiPI converges to v1
kpvq, so we have the

pointwise limit
pw

lim
iPI

Tvi “ pv1
kpvqqkPX.

On the other hand, pCv1viqiPI is a Cauchy net and converges in ℓp
w. Since convergence in

ℓ
p
w implies pointwise convergence and the pointwise limit is unique, we conclude that

pCv1viqiPI converges to pv1
kpvqqkPX in ℓp

w. □

1.5.3 Weak-˚ topologies

In this chapter, we introduce the weak-˚ topologies of certain ℓp
w spaces and show some

of their properties. For p P r1,8s, we define

p˚ :“

#

0, if p “ 1
p1, otherwise.

Note that p˚ is chosen such that pℓ
p˚

w´1q
1 is isometrically isomorphic to ℓp

w. We introduce
the notation

xα, βy
ℓ

p
w,ℓ

p˚

w´1
:“

ÿ

kPX

αkβk.r5s

This allows us to define the weak-˚ topology.
Definition. [50] We define the weak-˚ topology on T 1 as the topology generated by
the seminorms

x1
ÞÑ |x1

pxq|, x P T .

So, for p P r1,8s, the weak-˚ topology on ℓp
w is the topology generated by the semi-

norms
ˇ

ˇ

ˇ

ˇ

x¨, αy
ℓ

p
w,ℓ

p˚

w´1

ˇ

ˇ

ˇ

ˇ

, α P ℓ
p˚

w´1 .

It is easy to see that if a net converges with respect to this topology, then it converges
pointwise, since we can take δk P ℓ

p˚

w´1 for all k P X. Our first goal is to show that these
spaces are sequentially complete with respect to this topology, that is, each Cauchy
sequence converges.
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Theorem 1.5.14. [5] Let p P r1,8s. Then, ℓp
w is sequentially complete with respect to

the weak-˚ topology.

Proof. Let pαnqnPN Ď ℓ
p
w be a Cauchy sequence. Then, for each αn, we take the corre-

sponding linear continuous functional ln using duality (see Theorem 1.5.7). For each
β P ℓ

p˚

w´1 , we obtain that plnpβqqnPN is a Cauchy sequence in F and therefore converges
to some lpβq. It is easy to show that l is linear. By Corollary 1.3.8, l is continuous and can
therefore be identified with someα P ℓ

p
w, which is the weak-˚ limit of the sequence. □

One might ask whether the spaces are complete (with respect to general nets). To
answer this question, we first introduce the algebraic dual space of a vector space.

Definition. [32] We defineV˚ as the vector space of all linear functionals onV.

Now, we can show the following proposition:

Proposition 1.5.15. [44, Proposition 6 (e)] The weak-˚ completion ofT 1 isT ˚.

Proof. Let pv1
iqiPI be a Cauchy net. Then,

v1
pvq :“ lim

iPI
v1

ipvq @v P T ,

is well defined because F is complete. Linearity follows from the linearity of the limit
(see Proposition 1.1.3). On the other hand, let T P T ˚. Then, using Proposition 1.3.9,
there exists a net inT 1 converging to T . □

This directly implies that ℓp
w is not complete with respect to the weak-˚ topology if X

is infinite, since the completion yields the set of linear functionals on the predual. Next,
we show that each element can be approximated by restrictions on finite sets in the
weak-* sense.

Theorem 1.5.16. [5] Let p P r1,8s and pFnqnPN be a nested approximation of X and
α P ℓ

p
w. Then pα|FnqnPN converges to α in the weak-˚ sense. In particular, ℓ00 is dense in

ℓ
p
w with respect to the weak-˚ topology.

Proof. For any β P ℓ
p˚

w´1 , we get

ˇ

ˇ

ˇ

ˇ

xα ´ α|Fn , βy
ℓ

p
w,ℓ

p˚

w´1

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

kPXzFn

αkβ̄k

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

nÑ8
Ñ 0.

□

Because working with weak-˚ convergence can be complicated, we provide a simpler
characterization.

Proposition 1.5.17. [50, Corollary 5.6], [22] Let p P r1,8s and pαnqnPN Ď ℓ
p
w. Then,

this sequence converges with respect to the weak-˚ topology if and only if it converges
pointwise and p}αn}ℓp

w
qnPN is a bounded sequence.

Proof. We show both directions.
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ñ: Suppose the weak-˚ limit is α. Pointwise convergence follows by taking δk P ℓ
p˚

w´1

for all k P X, since

αn
k ´ αk “ xαn

´ α, δkyℓp
w,ℓ

p1

w´1

nÑ8
Ñ 0.

Also,
sup
nPN

ˇ

ˇ

ˇ

ˇ

xαn, βy
ℓ

p
w,ℓ

p˚

w´1

ˇ

ˇ

ˇ

ˇ

ă 8 @β P ℓ
p˚

w´1 .

By duality (see Theorem 1.5.7), the elements αn P ℓ
p
w correspond to the elements

xαn, ¨y
ℓ

p
w,ℓ

p˚

w´1
P pℓ

p˚

w´1q
1. By the uniform boundedness principle (see Theorem 1.3.7)

and
}αn}ℓp

w
“

›

›

›

›

xαn, ¨y
ℓ

p
w,ℓ

p˚

w´1

›

›

›

›

,

the sequence p}αn}ℓp
w
qnPN is bounded.

ð: Suppose that α is the pointwise limit and p}αn}ℓp
w
qnPN is a bounded sequence.

Since
}αn

´ α}ℓp
w

ď }αn}ℓp
w

` }α}ℓp
w
,

the sequence p}αn ´ α}ℓp
w
qnPN is also bounded. Let β P ℓ

p˚

w´1 . Let pFmqmPN be a
nested approximation of X. Then

ˇ

ˇ

ˇ

ˇ

xαn
´ α, βy

ℓ
p
w,ℓ

p˚

w´1

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

xαn
´ α, β|Fmy

ℓ
p
w,ℓ

p˚

w´1

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

xαn
´ α, β|XzFmy

ℓ
p
w,ℓ

p˚

w´1

ˇ

ˇ

ˇ

ˇ

.

let ϵ ą 0. Using the boundedness of p}αn ´ α}ℓp
w
qnPN, Corollary 1.5.3 and Hölder

(Theorem 1.5.5), we get for large m,
ˇ

ˇ

ˇ

ˇ

xαn
´ α, β|XzFmy

ℓ
p
w,ℓ

p˚

w´1

ˇ

ˇ

ˇ

ˇ

ď }αn
´ α}ℓp

w

›

›β|XzFm

›

›

ℓ
p˚

w´1
ă ϵ.

Using pointwise convergence, we get

xαn
´ α, β|XzFmy “

ÿ

kPFm

pαn
k ´ αkqβk

nÑ8
Ñ 0,

since each of the finitely many summands approaches 0.

□

Recall that we have shown that if a synthesis operator is defined on ℓ00 and is contin-
uous, then it can be continuously extended to ℓp

w, still having the sum representation.
We can obtain a similar result using the weak-˚ topology. To do this, we introduce the
notation

˚

lim

to indicate converges with respect to the weak-˚ topology.
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Theorem 1.5.18. [49, Theorem 5.1] Let p P r1,8s. Let pvkqkPX Ď T . Suppose that the
operator

Dv : ℓ00
Ñ T , α ÞÑ

ÿ

kPX

αkvk

is well-defined and continuous with respect to the weak-˚ topology on the domain and
RpDvq ≾ T . Then,

D̄v : ℓp
w Ñ T , α ÞÑ

ÿ

kPX

αkvk

is well-defined and continuous with respect to the weak-˚ topology on the domain.

Proof. By weak-˚ density (Theorem 1.5.16) and Corollary 1.2.6, there exists a unique
weak-˚ continuous extension D̄v of Dv. Let pFnqnPN be a nested approximation of X
and αn :“ α|Fn . Then

D̄vα “ D̄v

˚

lim
nÑ8

αn
“ lim

nÑ8
D̄vα

n
“ lim

nÑ8
Dvα

n
“ lim

nÑ8

ÿ

kPFn

αkvk “
ÿ

kPX

αkvk.

□

Now, we show that such a sesquilinear form is continuous in a certain sense with
respect to both slots.

Proposition 1.5.19. [50, Proposition 2.23], [22] Let p P t0u Y r1,8q. Let pαnqnPN Ď ℓ
p
w

converge to α P ℓ
p
w in norm and pβnqnPN Ď ℓ

p1

w´1 converge to β P ℓ
p1

w´1 in the weak-˚
topology. Then

lim
nÑ8

xαn, βn
y
ℓ

p
w,ℓ

p1

w´1
“ xα, βy

ℓ
p
w,ℓ

p1

w´1
.

Proof. We compute

xαn, βn
y
ℓ

p
w,ℓ

p1

w´1
´ xα, βy

ℓ
p
w,ℓ

p1

w´1
“ xαn, βn

y
ℓ

p
w,ℓ

p1

w´1
´ xα, βn

y
ℓ

p
w,ℓ

p1

w´1
` xα, βn

y
ℓ

p
w,ℓ

p1

w´1
´ xα, βy

ℓ
p
w,ℓ

p1

w´1

“ xαn
´ α, βn

y
ℓ

p
w,ℓ

p1

w´1
` xα, βn

´ βy
ℓ

p
w,ℓ

p1

w´1
.

We apply Theorem 1.5.5 and Proposition 1.5.17, to get
ˇ

ˇ

ˇ

ˇ

xαn
´ α, βn

y
ℓ

p
w,ℓ

p1

w´1

ˇ

ˇ

ˇ

ˇ

ď }αn
´ α}ℓp

w
}βn}

ℓ
p1

w´1
≲ }αn

´ α}ℓp
w

Ñ 0.

The second summand becomes small because of weak-˚ convergence. □

1.6 Infinite matrices

In this whole chapter, a Matrix has the form

M : X ˆ X Ñ F, pk, lq ÞÑ Mk,l.
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It is well known that in the finite-dimensional case, matrices can be identified with
linear operators on the entire vector space. This is no longer the case in the infinite-
dimensional case. A major problem is that matrix-vector multiplication requires the
computation of infinite sums. Because infinite sums do not always converge, we must
be careful. If we use an infinite matrix as a linear operator, we must know which vectors
are allowed for multiplication. This leads to the following definition:

Definition. [23] Let M be a matrix. Then we define the domain as

DpMq :“

#

α P ℓ :
ÿ

lPX

Mk,lαl converges unconditionally @k P X

+

.

We can identify each matrix with a linear operator as

M : DpMq Ñ ℓ, pMαqk :“
ÿ

lPX

Mk,lαl.

In some cases, we want to identify a matrix with a linear operator. We can show that
if a matrix can be identified with a well-defined linear operator on an ℓp space, then it is
continuous.

Theorem 1.6.1. [23, Lemma 1.1 (a)] Let p, q P t0uYr1,8s. Let M be a matrix such that
DpMq Ě ℓ

p
w and Mα P ℓ

q
w̄ for all α P ℓ

p
w. Then the operator

ℓp
w Ñ ℓ

q
w̄, α ÞÑ Mα

is continuous.

Proof. For k P X, let

Mk : ℓp
w Ñ F, α ÞÑ pMαqk “

ÿ

lPX

Mk,lαl.

By Theorem 1.5.8, Mk P pℓ
p
wq1 for all k P X. So for α P ℓ

p
w, we have

Mα “ pMkαqkPX.

Applying Theorem 1.5.12 shows that the operator is continuous. □

In the finite-dimensional case, the operator norm of a matrix is always well-defined.
This is no longer the case in the infinite-dimensional case, but we can define it for some
matrices.

Definition. [23] Let p, q P t0u Y r1,8s and M be a matrix such that DpMq Ě ℓ
p
w and

Mα P ℓ
q
w for all α P ℓ

p
w. Then we define the operator norm of a matrix M as

}M}Lpℓ
p
w,ℓ

q
w̄q :“ sup

}α}
ℓ

p
w

“1
}Mα}ℓq

w̄
“ sup

}α}
ℓ

p
w

ď1
}Mα}ℓq

w̄
“ sup

αPℓ
p
wzt0u

}Mα}ℓq
w̄

}α}ℓp
w

.

Because Theorem 1.6.1, the norm is always finite.
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If a matrix M can be interpreted as an operator in Lpℓ
p
w, ℓ

q
w̄q, we write M PMpℓ

p
w, ℓ

q
w̄q.

We also use the shorthand notationMpℓ
p
wq :“ Mpℓ

p
w, ℓ

p
wq. Now, we show that if the

matrix operator is continuous on ℓ00, it is well-defined and continuous on the entire
space.

Theorem 1.6.2. [23, Lemma 1.1 (b)] Let p, q P t0u Y r1,8q and M be a matrix such
that DpMq Ě ℓ00 and the operator

M|ℓ00 : ℓ00
Ñ ℓ

q
w̄, α ÞÑ Mα

is continuous from ℓ
p
w to ℓq

w̄. Then M PMpℓ
p
w, ℓ

q
w̄q.

Proof. For k P X, let

M00
k : ℓ00

Ñ F, α ÞÑ pMαqk “
ÿ

lPX

Mk,lαl.

It is easy to see that for all k P X, M00
k is continuous. By Theorem 1.5.9, the unique

continuous extension is Mk. We then have

Mα “ pMkαqkPX @α P ℓ00.

Applying Theorem 1.5.13 completes the proof. □

Now, the question arises as to whether each linear continuous operator gives a cor-
responding matrix. This is indeed the case if p ă 8.

Theorem 1.6.3. [23, Lemma 1.1 (b)] Let p P t0u Y r1,8q and T P Lpℓ
p
wq. Then there

exists a unique matrix M PMpℓ
p
wq, such that

Mα “ Tα @α P ℓp
w.

Proof. Let
Mk,l :“ pTδlqk.

Then for any α P ℓ
p
w, we get by using Corollary 1.5.3 and continuity of T

Tα “ T
ℓ

p
w

ÿ

lPX

αlδl “

ℓ
p
w

ÿ

lPX

αlTδl.

This gives us
pTαqk “

ÿ

lPX

αlpTδlqk “
ÿ

lPX

Mk,lαl.

Now, suppose there is another matrix M̃ with this property. Then

Mm,l “ pTδmqk “
ÿ

lPX

M̃k,lδl,m “ M̃m,l

showing uniqueness. □
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This theorem does not hold for p “ 8. Indeed, let

l̂ : spanptp1qkPXu Y ℓ00
q, λp1qkPX `

ÿ

kPF

βkδk ÞÑ λ.

Then, we use Hahn-Banach (Theorem 1.2.7) to obtain an extension l P pℓ8q1. Now, for
fixed k P X, we define

T : ℓ8
Ñ ℓ8, α ÞÑ plpαqδk,lqlPX.

Note that T |ℓ0 “ 0, so for p “ 0, the corresponding matrix representation has to be the
0-matrix. This implies that the matrix representation of T must be the 0-matrix, which
is a contradiction, since T , 0.

To define the corresponding continuous linear operator, only pointwise convergence
is required. However, if p ă 8, we obtain convergence in ℓp

w.

Lemma 1.6.4. [23, Lemma 1.1 (a)] Let p P t0u Y r1,8q. Let M P Mpℓ
p
wq. Then for all

α P ℓ
p
w, we have

Mα “

ℓ
p
w

ÿ

lPX

pMk,lαlqkPX.

Proof. Let pFnqnPN be a nested approximation of X and αn be the restriction on Fn of α.
By Corollary 1.5.3, αn converges to α in ℓp

w. This implies that

Mα “ M

˜

ℓ
p
w

lim
nÑ8

αn

¸

“
ℓ

p
w

lim
nÑ8

M pαnq “
ℓ

p
w

lim
nÑ8

ÿ

lPFn

pMk,lαlqkPX “

ℓ
p
w

ÿ

lPX

pMk,lαlqkPX.

□

This also does not work in ℓ8
w , since one can simply take Mk,l “ δk,l, w “ p1qkPX “ α

to obtain a counter example.
Similar to the finite-dimensional case, matrices can be multiplied; however, we must

be careful with the convergence of the resulting entries.

Definition. [12] Let M,N be matrices. Then we define

pMNq j,l :“
ÿ

kPX

M j,kNk,l

if the sum converges unconditionally for all j, l P X.

This multiplication also corresponds to the composition of two continuous linear
operators.

Proposition 1.6.5. [34] Let p, q, r P t0u Y r1,8q. Let N P Mpℓ
p
w, ℓ

q
w̄q and M P

Mpℓ
q
w̄, ℓ

r
w̃q. Then, MN is well-defined and MN PMpℓ

p
w, ℓ

r
w̃q. Moreover, MN is the matrix

representation of the composition of the operators.

Proof. First, we show that the product is well-defined. We get

pNpδmqqk “
ÿ

lPX

Nk,lδl,m “ Nk,m
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and
pMpNpδmqq j “ pMpNk,mqkPXq j “

ÿ

kPX

M j,kNk,m “ pMNq j,m.

Therefore
MpNpδmqq “ ppMNq j,mq jPX “ pMNqδm.

This also implies that DpMNq Ě ℓ00. We see that MN and the composition of M and
N match on ℓ00, showing that MN is bounded. Using Theorem 1.6.2, we obtain the
result. □

1.6.1 Formulas for specific norms

From linear algebra, we already know that the 1-norm of a matrix can be computed
as the maximum of the absolute sum of the columns, and the 8-norm can be com-
puted as the maximum of the absolute sum of the rows. We show that this also holds in
the infinite-dimensional case. To simplify the discussion, we start with the unweighted
case.

Theorem 1.6.6. [35, Theorem 2.13 (ii)] Let M be a matrix. Then M PMpℓ1q if and only
if

sup
lPX

ÿ

kPX

|Mk,l| ă 8.

In this case,
}M}Lpℓ1q “ sup

lPX

ÿ

kPX

|Mk,l|.

Proof. We show both of these inequalities.

” ě ” : Suppose M PMpℓ1q. Then we compute

sup
lPX

ÿ

kPX

|Mk,l| “ sup
lPX

ÿ

kPX

|pMδlqk| ď sup
}α}

ℓ1 “1

ÿ

kPX

|pMαqk| “ sup
}α}

ℓ1 “1
}Mα}ℓ1 “ }M}Lpℓ1q .

” ď ” : Suppose the supremum is finite. Let }α}ℓ1 “ 1. Then

}Mα}ℓ1 “
ÿ

kPX

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

lPX

Mk,lαl

ˇ

ˇ

ˇ

ˇ

ˇ

ď
ÿ

kPX

ÿ

lPX

|Mk,l||αl| “
ÿ

lPX

|αl|
ÿ

kPX

|Mk,l|

ď
ÿ

lPX

|αl|

loomoon

“1

sup
mPX

ÿ

kPX

|Mk,m| “ sup
mPX

ÿ

kPX

|Mk,m|.

The swapping of sums is allowed because of Tonelli’s theorem.

□

We can show a similar statement with the ℓ8 norm.
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Theorem 1.6.7. [35, Theorem 2.6] Let M be a matrix. Then M PMpℓ8q if and only if

sup
kPX

ÿ

lPX

|Mk,l| ă 8.

In this case,
}M}Lpℓ8q “ sup

kPX

ÿ

lPX

|Mk,l|.

Proof. We show both of these inequalities.

” ě ” : Suppose M P Mpℓ8q. For every k P X let αk P ℓ8 such that |αk
l | “ 1 and

Mk,lα
k
l ě 0 for all l P X. Then we compute

sup
kPX

ÿ

lPX

|Mk,l| “ sup
kPX

pMαk
qk ď sup

kPX
sup

}α}ℓ8 “1
|pMαqk| “ sup

}α}ℓ8 “1
sup
kPX

|pMαqk|

“ sup
}α}ℓ8 “1

}Mα}ℓ8 “ }M}Lpℓ8q .

The third step is allowed, since supremums can be interchanged.

” ď ” : Suppose, the supremum of the sum is finite. Let }α}ℓ8 “ 1. Then

}Mα}ℓ8 “ sup
kPX

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

lPX

Mk,lαl

ˇ

ˇ

ˇ

ˇ

ˇ

ď sup
kPX

ÿ

lPX

|Mk,l||αl| ď sup
kPX

ÿ

lPX

|Mk,l|.

□

Now, we analyze how the norms behave on weighted ℓp spaces. We introduce the
matrix

Wk,l :“ wkδk,l

which is a diagonal matrix consisting of the elements of w. It is easy to see that

Wα “ ωpαq,

implying that W PMpℓ
p
w, ℓ

pq. The inverse is of the form

pW´1
qk,l “ w´1

k δk,l

and an element inMpℓp, ℓ
p
wq.

Proposition 1.6.8. [23, Theorem 3.3], [6, Proposition 3] Let M be a matrix. Then M P

Mpℓ
p
wq if and only if WMW´1 PMpℓpq. In this case

WMW´1
“ pwkMk,lw´1

l qk,lPX.

Proof. Using the diagram
ℓp W´1

Ñ ℓp
w

M
Ñ ℓp

w
W
Ñ ℓp,
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We can easily see that M P Mpℓ
p
wq implies WMW´1 P Mpℓpq. On the other hand, the

diagram
ℓp

w
W
Ñ ℓp WMW´1

Ñ ℓp W´1

Ñ ℓp
w

gives us the converse. Now we compute

pWMqk,m “
ÿ

lPX

Wk,lMl,m “ wkMk,m

and
pWMW´1

qk,n “
ÿ

mPX

pWMqk,mW´1
m,n “

ÿ

mPX

wkMk,mW´1
m,n “ wkMk,nw´1

n .

□

Using this representation, we obtain the following formula for the ℓp
w-norm:

Proposition 1.6.9. [23, Theorem 3.3] For any matrix M, we get

}M}Lpℓ
p
wq “

›

›WMW´1
›

›

Lpℓpq
“

›

›pwkMk,lw´1
l qk,lPX

›

›

Lpℓpq
,

if one of these three expressions makes sense.

Proof. We easily compute

}M}Lpℓ
p
wq “ sup

αPℓ
p
wzt0u

}Mα}ℓp
w

}α}ℓp
w

“ sup
ωpαqPℓpzt0u

}ωpMαq}ℓp

}ωpαq}ℓp

“ p˚q.

Substituting β “ ωpαq gives

p˚q “ sup
βPℓpzt0u

}ωpMω´1pβqq}ℓp

}β}ℓp

“
›

›WMW´1
›

›

Lpℓpq
.

□

Now, we easily obtain the two corresponding formulas for the Lpℓ1
wq-norm and the

Lpℓ8
w q-norm.

Theorem 1.6.10. [23, Theorem 3.3] The following formulas hold (if one side makes sense):

1. }M}Lpℓ1
wq “ suplPX

ř

kPX |wkMk,lw´1
l |

2. }M}Lpℓ8
w q “ supkPX

ř

lPX |wkMk,lw´1
l |

Proof. Using Proposition 1.6.8, Theorem 1.6.6 and Theorem 1.6.7, we easily see that

1. }M}Lpℓ1
wq “

›

›pwkMk,lw´1
l qk,lPX

›

›

Lpℓ1q
“ suplPX

ř

kPX |wkMk,lw´1
l |,

2. }M}Lpℓ8
w q “

›

›pwkMk,lw´1
l qk,lPX

›

›

Lpℓ8q
“ supkPX

ř

lPX |wkMk,lw´1
l |.

□
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1.6.2 The adjoint

For a given Matrix M, we define its formal adjoint as

M˚
k,l :“ Ml,k.

The connection between a matrix and its formal adjoint is the same as that between
operators on Banach spaces.

Proposition 1.6.11. [5] Let p P r1,8s. If M P Mpℓ
p
wq then M˚ P Mpℓ

p˚

w´1 , ℓ
p1

w´1q.
Additionally, for all α P ℓ

p
w and β P ℓ

p˚

w´1 , it holds

xMα, βy
ℓ

p
w,ℓ

p˚

w´1
“ xα,M˚βy

ℓ
p
w,ℓ

p1

w´1
.

Proof. Note that p˚ , 8, therefore ℓ00 is norm-dense in ℓp˚

w´1 . First, we assume that
β P ℓ00. Let F Ď X be finite such that β “ β|F . We get

xMα, βy
ℓ

p
w,ℓ

p˚

w´1
“

ÿ

kPF

pMαqkβk “
ÿ

kPF

ÿ

lPX

Mk,lαlβk “
ÿ

lPX

ÿ

kPF

αlM˚
l,kβk

“
ÿ

lPX

αlpM˚βql “ xα,M˚βy
ℓ

p
w,ℓ

p1

w´1
,

where the last equation follows from Theorem 1.5.11. Moreover,
ˇ

ˇ

ˇ

ˇ

xα,M˚βy
ℓ

p
w,ℓ

p1

w´1

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

xMα, βy
ℓ

p
w,ℓ

p˚

w´1

ˇ

ˇ

ˇ

ˇ

ď }M}Lpℓ
p
wq }α}ℓp

w
}β}

ℓ
p˚

w´1
,

according to Theorem 1.5.5. Now we take the supremum of all α P ℓ
pp1q˚

w Ď ℓ
p
w such

that }α}
ℓ

pp1q˚

w
“ 1, to get by duality (Theorem 1.5.7) and the Hölder inequality (Theo-

rem 1.5.5)

}M˚β}
ℓ

p1

w´1
“ sup

}α}
ℓ
pp1q˚

w
“1

ˇ

ˇ

ˇ

ˇ

xα,M˚βy
ℓ

p
w,ℓ

p1

w´1

ˇ

ˇ

ˇ

ˇ

ď sup
}α}

ℓ
pp1q˚

w
“1

}M}Lpℓ
p
wq }α}ℓp

w
}β}

ℓ
p˚

w´1

“ }M}Lpℓ
p
wq }β}

ℓ
p˚

w´1
.

This shows that M˚ is continuous on ℓ00. By Theorem 1.6.2, we obtain M˚ PMpℓ
p˚

w´1 , ℓ
p1

w´1q.
The remainder follows from the density. □

Note that the result is useful for p ą 1, since then p1 “ p˚, meaning that if M P

Mpℓ
p
wq then M˚ PMpℓ

p˚

w´1q. In the case p “ 1, we get 11 “ 8 and 1˚ “ 0. This means
that M P Mpℓ1

wq implies M˚ P Mpℓ0
w´1 , ℓ

8

w´1q. We would like to have M˚ P Mpℓ0
w´1q

instead. However, this is generally not the case, as one can see with a matrix having a
row of ones and zeroes everywhere else. Let X “ N,

Mk,l :“ δk,0
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and w “ p1qkPX . In this case, M PMpℓ1q as can be seen using the column sums (The-
orem 1.6.6). However, δ0 P ℓ0, but

pM˚δ0qk “
ÿ

lPX

M˚
k,lδl,0 “

ÿ

lPX

Ml,kδl,0 “
ÿ

lPX

δl,0δl,0 “ δ0,0δ0,0 “ 1.

This implies that M˚δ0 “ p1qkPX < ℓ
0. We can slightly change the conditions to obtain

the desired results.

Proposition 1.6.12. [5] Let

M P
č

pPt0uYr1,8s

Mpℓp
wq.

Then
M˚

P
č

qPt0uYr1,8s

Mpℓ
q
w´1q.

Additionally, it holds

xMα, βy
ℓ

p
w,ℓ

p˚

w´1
“ xα,M˚βy

ℓ
p
w,ℓ

p˚

w´1
@p P r1,8s, α P ℓp

w, β P ℓ
p˚

w´1 .

Proof. We consider different cases.

• q P r1,8q: According to Proposition 1.6.11, it holds

M˚
PMpℓ

p˚

w´1 , ℓ
p1

w´1q @p P r1,8s.

Choosing p :“ q1 P p1,8s gives

p˚
“ pq1

q
˚

“ q

and
p1

“ q2
“ q.

This implies
M˚

PMpℓ
p˚

w´1 , ℓ
p1

w´1q “Mpℓ
q
w´1q.

• q “ 8: We use the formula for the 8 norm of a matrix (Theorem 1.6.10) to get

}M˚}Lpℓ8

w´1 q “ sup
kPX

ÿ

lPX

|w´1
k M˚

k,lwl| “ sup
kPX

ÿ

lPX

|wlMl,kw´1
k | “ }M}Lpℓ1

wq ă 8.

Therefore,
M˚

PMpℓ8

w´1q.

• q “ 0: Because of Proposition 1.6.11, it holds

M˚
PMpℓ0

w´1 , ℓ
8

w´1q.
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For any k P X, it holds
M˚δk P ℓ1

w´1 Ď ℓ0
w´1 ,

because M˚ PMpℓ1
w´1q. This implies

M˚ℓ00
Ď ℓ0

w´1

and by continuity
M˚ℓ0

w´1 Ď ℓ0
w´1 ,

showing that M˚ PMpℓ0
w´1q.

□

Using the adjoint, we can easily show that continuity implies continuity in a weak-˚
sense.

Theorem 1.6.13. [24] Let p P p1,8s. Let M be a matrix. If M P Mpℓ
p
wq then M is

continuous in the weak-˚ sense.

Proof. Note that p1 “ p˚. Let β P ℓ
p˚

w´1 . Let pαiqiPI Ď ℓ
p
w converge to α P ℓ

p
w in a weak-˚

sense. Then according to Proposition 1.6.11,

lim
iPI

xMαi, βy
ℓ

p
w,ℓ

p˚

w´1
“ lim

iPI
xαi,M˚βy

ℓ
p
w,ℓ

p1

w´1
“ xα,M˚βy

ℓ
p
w,ℓ

p1

w´1
“ xMα, βy

ℓ
p
w,ℓ

p˚

w´1
.

□

This also does not work for p “ 1. Indeed, suppose X “ N, w “ p1qkPN and let

Mk,l :“ δk,0.

Then, the sequence pδkqkPN Ď ℓ1 converges to 0 with respect to the weak-˚ topology.
However,

pMδmqk “
ÿ

lPX

Mk,lδl,m “ Mk,m “ δk,0.

This implies that Mδm “ δ0 and the sequence pδ0qmPN does not converge to 0. If we
change the conditions, we can include p “ 1.

Theorem 1.6.14. [24] Let p P r1,8s. Let

M P
č

qPt0uYr1,8s

Mpℓq
wq

Then M is continuous in a weak-˚ sense on ℓp
w.

Proof. Let β P ℓ
p˚

w´1 . Let pαiqiPI Ď ℓ
p
w converge to α P ℓ

p
w in a weak-˚ sense. Then

according to Proposition 1.6.12

lim
iPI

xMαi, βy
ℓ

p
w,ℓ

p˚

w´1
“ lim

iPI
xαi,M˚βy

ℓ
p
w,ℓ

p˚

w´1
“ xα,M˚βy

ℓ
p
w,ℓ

p˚

w´1
“ xMα, βy

ℓ
p
w,ℓ

p˚

w´1
.

□
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1.7 Banach algebras

In this section, we recall the concept of Banach algebras. The idea is as follows: A certain
set of square matrices can be considered as a vector space. Additionally, we can mul-
tiply two matrices to obtain another matrix. This multiplication satisfies certain prop-
erties. In addition, we can equip this space with a certain norm that satisfies certain
properties. Finally, each matrix has its adjoint that satisfies certain properties. We can
use all of these properties as axioms for some abstract sets with a structure that is rele-
vant beyond the chosen case. First, we focus on the multiplication of two such objects.

Definition. [20] Let D be a C-vector space and ¨ : D ˆ D Ñ D be a bilinear and
associative operation. Then, we callD an algebra.

In some cases, the algebras have certain elements or additional maps.

Definition. LetD be an algebra.

• [20] If D contains a neutral element I with respect to ¨, then we call D a unital
algebra.

• [20, Definition 1.1.2] IfD is equipped with a norm }¨} such that

}AB} ď }A} }B} @A, B P D,

then we callD a normed algebra.

• [20, Definition 1.1.2] If a normed algebra is complete with respect to the norm,
then it is called a Banach algebra.

• [20, Definition 3.5.1] IfD has a conjugate linear map ˚ : DÑ D, such that

pA˚
q

˚
“ A and pABq

˚
“ B˚A˚

@A, B P D,

thenD is called a ˚-algebra.

• [30] IfD is a Banach algebra and a ˚-algebra such that ˚ is an isometry with re-
spect to the norm thenD is called an involutive Banach algebra or a Banach-˚
algebra.

In some cases, we have an algebra that is not unital. In this case, we can extend it to
obtain a similar algebra, which has a unit.

Definition (Unitization). [20] LetD be a non-unital algebra. Then we define

D` :“ Dˆ F

with the multiplication

pA, λq ¨ pB, µq :“ pAB ` µA ` λB, λµq.

In this case, p0, 1q is a unit.
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1. IfD is normed then we define

}pA, λq} :“ }A} ` |λ|.

2. IfD is a ˚-algebra then we define

pA, λq
˚ :“ pA˚, λq.

It is easy to see thatD` is a Banach algebra ifD is one. A similar statement holds for
D being a Banach ˚-algebra.

In some cases, we have an involution ˚ on a Banach algebraD, which is assumed to
be continuous. In this case, one can define the norm

|||A||| :“ maxt}A} , }A˚}u,

which is equivalent to }¨} and makes pD, |||¨|||q a Banach-˚ algebra [47]. This means that
if we are only interested in the topological structure of a norm, we can assume, without
loss of generality, that a continuous involution is automatically isometric by changing
the norm.

From now on, we assume thatA,A1,A2, . . . are unital Banach-˚ algebras. We have
the following classical example.
Example. LetH be a nontrivial Hilbert space. The vector space LpHq is a unital Banach-
˚-algebra. Indeed, multiplication corresponds to the composition of two operators. For
the norm, we use the operator norm, and the map ˚ corresponds to the adjoint. We will
leave the details for the reader.

1.7.1 Inversion

Similar to matrices, some elements have a multiplicative inverse. This leads to the fol-
lowing definition.
Definition. [20, Definition 1.4.1] We say that an element A P A is invertible if there
exists some A´1 P A such that

AA´1
“ I “ A´1A.

It is well known that if A, B P A are invertible, then AB is invertible with

pABq
´1

“ B´1A´1.

One can easily show that if A P A is invertible then A˚ is invertible with

pA˚
q

´1
“ pA´1

q
˚.

To simplify the notation, we define

Ainv :“ tA P A : A is invertibleu.

Now, we show that any element close to I is invertible.
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Theorem 1.7.1 (VonNeumannseries). [18, Theorem A.5.3] Let A P A such that }I ´ A} ă

1. Then A is invertible and
A´1

“
ÿ

nPN

pI ´ Aq
n.

Proof. First, we show that the sum converges absolutely. We get
ÿ

nPN

}pI ´ Aq
n} ď

ÿ

nPN

}I ´ A}
n
.

Since this is a geometric sum with }I ´ A} ă 1, it converges. By Theorem 1.4.4, we
obtain unconditional convergence. Now let N P N and B :“ I ´ A. Then

A
N

ÿ

n“0

Bn
“ pI ´ Bq

N
ÿ

n“0

Bn
“

N
ÿ

n“0

Bn
´

N`1
ÿ

n“1

Bn
“ I ´ BN`1.

A similar computation shows that
˜

N
ÿ

n“0

Bn

¸

A “ I ´ BN`1.

Letting N approach 8 and using BN`1 NÑ8
Ñ 0, we get

A
ÿ

nPN

Bn
“ I “

˜

ÿ

nPN

Bn

¸

A.

□

We can immediately show that the inverses of operators close to the identity are uni-
formly bounded. For convenience, we introduce the following notation. We write ≲
to indicate that an inequality holds up to a positive constant factor. This factor might
depend on the variables quantified before the inequality but not on those quantified
after.

Corollary 1.7.2. [20, Theorem 1.4.2 (iv)] Let

U :“ tA P A : }A ´ I} ă 1{2u.

ThenU Ď Ainv and
›

›A´1
›

› ≲ 1 @A P U.

Proof. According to Theorem 1.7.1, every A P U is invertible. Using the von Neumann
series (Theorem 1.7.1), we get for all A P U,

›

›A´1
›

› “

›

›

›

›

›

ÿ

nPN

pI ´ Aq
n

›

›

›

›

›

ď
ÿ

nPN

}pI ´ Aq
n} ď

ÿ

nPN

}I ´ A}
n

ă
ÿ

nPN

ˆ

1
2

˙n

“ 2.
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□

We can make this result slightly more general by replacing I with any other invertible
element.

Lemma 1.7.3. [20, Theorem 1.4.2 (iv)] Let B P Ainv. Then there exists a neighborhood
UB Ď A of B such thatUB Ď Ainv and

›

›A´1
›

› ≲ 1 @A P UB.

Proof. Let
UB :“

"

A P A : }A ´ B} ă
1

2 }B´1}

*

.

Then
›

›AB´1
´ I

›

› “
›

›pA ´ BqB´1
›

› ď }A ´ B}
›

›B´1
›

› ă
1
2
.

This implies that AB´1 is invertible and by Corollary 1.7.2
›

›AB´1
›

› ≲ 1 @A P UB.

Since B is also invertible, AB´1B “ A is also invertible. Next
›

›A´1
›

› “
›

›A´1BB´1
›

› ď
›

›A´1B
›

›

›

›B´1
›

› ≲ 1 @A P UB,

proving the statement. □

Now, we can show that the inversion is continuous.

Theorem 1.7.4. [20, Theorem 1.4.2 (iv)] Let

Ψ : Ainv Ñ Ainv, A ÞÑ A´1.

Then,Ψ is continuous.

Proof. Let B P Ainv. We show thatΨ is continuous at B. For any A P Ainv,

A´1
´ B´1

“ A´1
pI ´ AB´1

q “ A´1
pB ´ AqB´1.

Therefore
›

›A´1
´ B´1

›

› ď
›

›A´1
›

› }B ´ A}
›

›B´1
›

› .

We must ensure that the right-hand side becomes small. Since B is fixed, }B´1} is also
fixed. By Lemma 1.7.3, }A´1} is bounded for all A close to B. Since we can make }B ´ A}

as small as we want,Ψ is continuous. □

1.7.2 The spectrum

Analyzing the eigenvalues of matrices is very useful. A similar definition can be used for
unital algebras. To simplify the notation, we write λ ´ A instead of λI ´ A, if λ P C.
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Definition. [20, Definition 2.1.1] Let A P A. We define the resolvent of A as

ρApAq :“ tλ P C : pλ ´ Aq P Ainvu.

We define the spectrum as
σApAq :“ CzρApAq.

In some cases, we might omit the subscriptA if there is no ambiguity in the context.

It can be shown that the spectrum is always nonempty and compact [20, Proposition
2.1.3]. We now show the following.

Lemma 1.7.5. [20] Let A, B P A such that I ´ AB P Ainv. Then, I ´ BA P Ainv.

Proof. Let C :“ pI ´ ABq´1. Then

pI ´ BAqpI ` BCAq “ I ` BCA ´ BA ´ BABCA “ I ` BpC ´ I ´ ABCqA

“ I ´ BppI ´ ABqC ´ IqA “ I ´ BpI ´ IqA “ I

and

pI ` BCAqpI ´ BAq “ I ` BCA ´ BA ´ BCABA “ I ` BpC ´ I ´ CABqA “ I.

This implies that pI ´ BAq´1 “ pI ` BCAq. □

This lemma can be used to prove that the spectrum of a product does not change,
except possibly at 0, when we swap the factors.

Theorem 1.7.6. [20] We have

σpABqzt0u “ σpBAqzt0u @A, B P A.

Proof. Let λ P ρpABqzt0u. Then, λ´AB is invertible. Dividing by λ gives the invertibility
of I ´ pλ´1AqB. Then I ´ Bpλ´1Aq is invertible because of Lemma 1.7.5, and so λ´ BA
is invertible. This implies that

σpABqzt0u Ě σpBAqzt0u

The other inclusion follows from the symmetry. □

Since the spectrum of an element is nonempty and compact, there is always an ele-
ment with the maximal absolute value. This yields the following definition:

Definition. [20, Definition 2.1.2] For A P A, we define the spectral radius to be

rApAq :“ maxt|λ| : λ P σpAqu.

One can show that rApAq ď }A} and

rApAq “ lim
nÑ8

}An}
1
n .
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See, for instance, [20, Proposition 2.1.3 (iv)].
Definition. [20] LetD Ď A such thatD is a unital ˚-algebra with respect to the re-
stricted operations ofA. Then, we callD a unital ˚-subalgebra.

If we writeA1 ď A2, we assume thatA1 is a unital ˚-subalgebra ofA2. However, we
do not necessarily assume that the norm ofA1 is the restriction of the norm ofA2. To
distinguish between the different norms, we sometimes write }¨}A1

and }¨}A2
.

Next, we show that the spectrum becomes larger if the algebra is reduced.
Proposition 1.7.7. [20] IfA1 ď A2 and A P A1 then

σA2pAq Ď σA1pAq.

Proof. Let λ P σA2pAq. Then, λ´ A is not invertible inA2. Therefore, it is not invertible
inA1 and so λ P σA1pAq. □

From this, we immediately obtain the following.
Corollary 1.7.8. [20] IfA1 ď A2 and A P A1 then

rA2pAq ď rA1pAq.

In some cases, we want to ensure that each element of a subalgebra that is invertible
in the larger algebra has its inverse in the subalgebra.
Definition. [27] LetA1 ď A2. We callA1 inverse closed inA2 if for all A P A1 which
are invertible inA2 we have

A´1
P A1.

The following can be shown:
Proposition 1.7.9 (Hulanicki). [27, Proposition 3.2] LetD Ď A be a unital subalgebra
such that for each self adjoint A P D (i.e., A˚ “ A), we have

rDpAq “ rApAq.

Then for each A P D, we get
σDpAq “ σApAq.

1.8 Operators on normed spaces

In this chapter, we discuss some properties of operators in normed spaces. First, we
analyzed the invertible operators and properties of the inversion. Next, we discuss the
basics of adjoint operators. Subsequently, we go through the projections. Finally, we
discuss the definition and properties of the pseudo-inverse of an operator. Hereinafter,
we use the following conventions:
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• N ,N1,N2, . . . are non-trivial normed spaces over F.

• B,B1,B2, . . . are non-trivial Banach spaces over F.

• H ,H1,H2, . . . are non-trivial Hilbert spaces over F. The inner product is conju-
gate and linear with respect to the second slot.

We begin with a useful result.

Proposition 1.8.1. [18, Lemma A.7.1] Let T P LpH1,H2q. Then T̂ :“ T |KpTqK is injective
and

RpT q “ RpT̂ q.

Proof. Let x P KpT̂ q. Then
0 “ T̂ x “ T x,

so x P KpT q. By the definition of T̂ , x P KpT qK, so x “ 0, showing the injectivity of T̂ .
Clearly, RpT̂ q Ď RpT q. Let y P RpT q. Then there exists an x P H1 such that

T x “ y.

Now we can write x “ k ` o, where k P KpT q and o P KpT qK. Then, we get

y “ T x “ Tk ` To “ To “ T̂ o,

proving y P RpT̂ q. □

1.8.1 The inverse operator

In some cases, it is useful to invert the operators. In this section, we analyze the invert-
ibility of operators and some properties of the inverse of an operator. First, we define
the inverse as follows:

Definition. [50] Let T P LpB1,B2q be bijective. Then we define the inverse T ´1 of T to
be the unique linear operator fromB2 toB1 such that

TT ´1
“ idB2

and
T ´1T “ idB1 .

One might ask whether the inverse of an operator is always bounded. Because we
are in the Banach space setting, the answer is yes, according to the following theorem.

Theorem 1.8.2. (Bounded inverse) [18, Theorem A.5.2] Let T P LpB1,B2q be invertible.
Then T ´1 P LpB2,B1q.

Now we introduce the notation

IpB1,B2q :“ tT P LpB1,B2q : T is invertibleu
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and
IpBq :“ IpB,Bq.

It is well known that the composition of invertible operators is also invertible. More
precisely, if T P IpB1,B2q and S P IpB2,B3q then

S T P IpB1,B3q

and
pS T q

´1
“ T ´1S ´1.

Using the theory of inversion, we can characterize injective operators with a closed
range.

Proposition 1.8.3. [19] Let T P LpB1,B2q. Then, the following are equivalent:

1. T is injective and has closed range.

2. We have the inequality
}T x} ≳ }x} @x P B1.

Proof. Both directions can be easily demonstrated.

ñ: Since T is injective, we can define the inverse

T ´1 : RpT q Ñ B1.

Since RpT q is closed, it is a Banach space, and by the bounded inverse theorem
(Theorem 1.8.2), T ´1 is bounded. This implies

}x} “
›

›T ´1T x
›

› ≲ }T x} @x P B1.

ð: If T x “ 0 then we get x “ 0 by the assumed inequality, showing injectivity. Now
let pynqnPN Ď RpT q converge to some y P B2. Then choose the unique sequence
pxnqnPN Ď B1 such that

T xn “ yn @n P N.

By the assumed inequality,

}xm ´ xn} ≲ }T pxm ´ xnq} “ }ym ´ yn} .

Since pynqnPN is a Cauchy sequence, pxnqnPNmust also be a Cauchy sequence, and
it converges to some x P B1. By the boundedness of T , we get

y “ lim
nÑ8

yn “ lim
nÑ8

T xn “ T x,

so y P RpT q showing the closedness of RpT q.

□

It suffices to show the lower bound on the dense subspace.

67



1 Preliminaries

Proposition 1.8.4. [18, Lemma 5.1.7] Let T P LpB1,B2q and V Ď B1 be a dense sub-
space such that

}T x} ≳ }x} @x P V.

Then, this inequality holds for all x P B1 (with the same implicit constant factor).

Proof. Let x P B1 and pxnqnPN Ď V converge to x. Then

}T x} “ lim
nÑ8

}T xn} ≳ lim
nÑ8

}xn} “ }x} .

□

1.8.2 The Adjoint

In this section, we restrict ourselves to the setting of Hilbert spaces because, in this case,
the definition of the adjoint of an operator is simpler.
Definition. [40] Let T P LpH1,H2q. Then the adjoint of T is defined to be the unique
operator T ˚ P LpH2,H1q such that

xT x, yy
H2

“ xx,T ˚yy
H1

@x P H1, y P H2.

It is also well known that
RpT q

K
“ KpT ˚

q

and
KpT q

K
“ RpT ˚q,

where KpT q is the kernel of T and K indicates the orthogonal complement of a set. It
is also known that for any T P LpH1,H2qq, it holds

}T}
2

“ }T ˚T} “ }T ˚}
2
.

It is important to note that the adjoint of an operator depends on the codomain of
the operator. Therefore, it is reasonable to introduce a notation. Let A, B be sets and

f : A Ñ B.

Let C Ď A and f pCq Ď D Ď B. Then, we define

f |CÑD : C Ñ D, x ÞÑ f pxq.

We show that the adjoint behaves well if we restrict the domain of T to KpT qK.
Proposition 1.8.5. Let T P LpH1,H2q then

pT |KpTqKÑH2q
˚

“ T ˚
|H2ÑKpTqK .

Proof. For all x P KpT qK, y P H2, we have

xx,T ˚
|H2ÑKpTqKyyKpTqK “ xx,T ˚yy

H1
“ xT x, yy

H2
“ xT |KpTqKÑH2 x, yy

H2
.
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□

The adjoint also behaves well if the codomain of the operator is restricted to the clo-
sure of its range.

Proposition 1.8.6. Let T P LpH1,H2q. Then

pT |
H1ÑRpTq

q
˚

“ T ˚
|RpTqÑH1

.

Proof. For all x P H1, y P RpT q, we have

xx,T ˚
|RpTqÑH1

yy
H1

“ xx,T ˚yy
H1

“ xT x, yy
H2

“ xT |
H1ÑRpTq

x, yy
RpTq

.

□

Sometimes, it is useful for an operator to have a closed range. We show that if an
operator has a closed range, then its adjoint also has a closed range.

Proposition 1.8.7. [18, Lemma A.6.1 (ii)] Let T P LpH1,H2q have a closed range. Then,
T ˚ also has a closed range.

Proof. We go through different cases.

1. Assume that T is bijective. Then

pT ´1
q

˚T ˚
“ pTT ´1

q
˚

“ id˚
H2

“ idH2

and
T ˚

pT ´1
q

˚
“ pT ´1T q

˚
“ id˚

H1
“ idH1 ,

implying that T ˚ is bijective with pT ˚q´1 “ pT ´1q˚. Therefore, T ˚ has a closed
range.

2. If T is surjective then
T |KpTqKÑH2

is bijective and has the same range as T according to Proposition 1.8.1. Then,
Proposition 1.8.5 yields

pT |KpTqKÑH2q
˚

“ T ˚
|H2ÑKpTqK .

Because of the previous case, both operators had a closed range. In addition, this
operator has the same range as T ˚, so T ˚ has a closed range.

3. In the general case,
T |H1ÑRpTq

is surjective. Using Proposition 1.8.6,

pT |H1ÑRpTqq
˚

“ T ˚
|RpTqÑH1

69



1 Preliminaries

has a closed range because of the previous case. Moreover, this operator has the
same range as T ˚, since RpT q “ KpT ˚qK and because of Proposition 1.8.1. This
implies that T ˚ has a closed range.

□

Composing a closed-range operator with its adjoint does not change its range.

Lemma 1.8.8. [40] Let T P LpH1,H2q have a closed range. Then

RpTT ˚
q “ RpT q,

and
RpT ˚T q “ RpT ˚

q,

Proof. We begin with the first equation. Trivially,

RpTT ˚
q Ď RpT q.

For the other inclusion, let y P RpT q. Then, there exists some x P H1 such that T x “ y.
Now, we write x as k ` o, where k P KpT q and o P KpT qK “ RpT ˚q. Then

y “ T pk ` oq “ To.

Since o P RpT ˚q and y “ To, it holds,

y P RpTT ˚
q.

The second equation follows from swapping T with T ˚ and using Proposition 1.8.7. □

1.8.3 Projections

In this section, we discuss the definition of an orthogonal projection.

Definition. [18] Let P P LpHq. We call P an orthogonal projection if it is a projection
and one of the following equivalent statements holds:

• P˚ “ P.

• KpPqK “ RpPq and RpPqK “ KpPq.

For a closed subspace V Ď H , we define πHÑV P LpHq as the unique orthogonal
projection such that RpπHÑVq “ V .

1.8.4 Pseudo inverse operator

Because the inverse of an operator is very useful but not always defined, the pseudo-
inverse operator might help in some cases. Although pseudo inversion has less useful
properties than inversion, it is sometimes good enough in Frame Theory as it allows us
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1.8 Operators on normed spaces

to show that the set of localized frames has a certain structure. More on that can be
found in the next chapters. Therefore, we show how to construct and characterize the
pseudo inverse of an operator.

Before proceeding, we introduce another notation. Let A Ď B be sets. Then, we
define

idAÑB : A Ñ B, x ÞÑ x.

We can now construct the pseudo-inverse of an operator with a closed range. We use
the idea shown in [18, Lemma A.7.1]. Let T P LpH1,H2q have a closed range. Let T̂ :“
T |KpTqKÑRpTq. Then T̂ is bijective so we get the inverse

T̂ ´1 : RpT q Ñ KpT q
K.

Since RpT q is closed, T̂ ´1 is bounded by the bounded inverse theorem (see Theorem 1.8.2).
Finally, we define the pseudo inverse of T as

T : :“ idKpTqKÑH1T̂
´1πH2ÑRpTq P LpH2,H1q.

In particular, T : “ T ´1 if T is bijective. Keep in mind that the domain of the pseudo-
inverse is the codomain of T . Similar to the adjoint operator, in some cases, we must
explicitly write the codomain of the restriction to avoid confusion. Now, we show that
restricting an operator to the orthogonal complement of its kernel interacts well with
the pseudo-inverse.

Proposition 1.8.9. [26] Let T P LpH1,H2q have a closed range and T̃ :“ T |KpTqKÑH2 .
Then

T̃ :
“ pT |KpTqKÑH2q

:
“ T :

|H2ÑKpTqK .

Proof. Let H̃1 :“ KpT qK and T̂ :“ T |H̃1ÑRpTq. Then

T :
|H2ÑH̃1

“ pidH̃1ÑH1
T̂ ´1πH2ÑRpTqq|H2ÑH̃1

“ T̂ ´1πH2ÑRpTq.

Using Proposition 1.8.1, we get

T̂ ´1πH2ÑRpTq “ T̂ ´1πH2ÑRpT̃q

and by injectivity
KpT̃ q

K̃
“ t0u

K̃
“ H̃1,

where K̃ denotes the orthogonal complement in H̃1. Therefore

T :
|H2ÑH̃1

“ T̂ ´1πH2ÑRpT̃q “ idKpT̃qK̃ÑH̃1
T̂ ´1πH2ÑRpT̃q “ T̃ :.

□

If we restrict the codomain of an operator to its range, it also interacts well with the
pseudo-inverse.
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Proposition 1.8.10. Let T P LpH1,H2q have closed range and T̃ :“ T |H1ÑRpTq. Then

T̃ :
“ pT |H1ÑRpTqq

:
“ T :

|RpTqÑH1 .

Proof. Let H̃2 :“ RpT q. Since T and T̃ only differ by the codomain, we get

T :
|H̃2ÑH1

“ pidKpTqKÑH1T̂
´1πH2ÑRpTqq|H̃2ÑH1

“ idKpT̃qKÑH1
T̂ ´1πH̃2ÑRpT̃q “ T̃ :.

□

We now discuss some basic properties of the pseudo-inverse operator.

Proposition 1.8.11. Let T P LpH1,H2q have a closed range. Then, we obtain the
following properties:

1. [18, (A.11)] KpT qK “ RpT :q, in particular, T : has closed range.

2. [18, (A.11)] RpT qK “ KpT :q

3. [13, Theorem 2.1. (iii)] TT : “ πH2ÑRpTq

4. [18, Lemma A.7.2 (ii)] T :T “ πH1ÑRpT :q

Proof. Again, let
T̂ :“ T |KpTqKÑRpTq.

1. Since T̂ is defined on KpT qK and bijective, we get

KpT q
K

“ RpT̂ ´1
q.

Since πH2ÑRpTq maps its domain surjectively to RpT q, which is the domain of T̂ ´1,
we get

RpT̂ ´1
q “ RpT̂ ´1πH2ÑRpTqq.

Finally, T : “ idKpTqKÑH1T̂
´1πH2ÑRpTq, which gives us

KpT q
K

“ RpT :
q.

2. We get

x P RpT q
K

ô πH2ÑRpTqx “ 0 ô T̂ ´1πH2ÑRpTqx “ 0 ô T :x “ 0 ô x P KpT :
q.

3. Let x P H1. Then

TT :x “ TT̂ ´1πH2ÑRpTqx “ T̂ T̂ ´1πH2ÑRpTqx “ πH2ÑRpTqx.

4. We get
T :TT :T “ T :πH2ÑRpTqT “ T :T,
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Therefore, T :T is a projection. Since

T :T “ idKpTqKÑH1T̂
´1πH2ÑRpTqT “ idKpTqKÑH1 T̂

´1T,

we get
RpT :T q “ RpT̂ ´1T q “ RpT̂ ´1

q “ KpT q
K,

where the equation in the middle follows from the fact that T mapsH1 surjec-
tively onto the domain of T̂ ´1. Also

KpT :T q “ KpT̂ ´1T q “ KpT q,

where the last equation follows from the injectivity of T̂ ´1. Therefore, T :T is the
orthogonal projection onto KpT qK “ RpT :q.

□

It is useful to know which operators have the same range. Therefore, we propose the
following:

Proposition 1.8.12. [18, (A.11)] Let T P LpH1,H2q have a closed range. Then

RpT ˚
q “ RpT :

q

and
RppT ˚

q
:
q “ RpT q “ RppT :

q
˚
q.

Proof. We use Proposition 1.8.11 and Proposition 1.8.7 to get

RpT ˚
q “ KpT q

K
“ RpT :

q.

Similarly,
RppT ˚

q
:
q “ KpT ˚

q
K

“ RpT q “ KpT :
q

K
“ RppT :

q
˚
q.

□

The pseudo-inverse can be characterized as follows:

Proposition 1.8.13. [18, (A.11)] Let T P LpH1,H2q have a closed range and S P

LpH2,H1q such that the following hold:

1. KpT qK “ RpS q,

2. RpT qK “ KpS q,

3. TS x “ x for all x P RpT q.

Then, T : “ S .
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Proof. Suppose that x P RpT qK. Then

T :x “ T̂ ´1πH2ÑRpTqx “ T̂ ´10 “ 0.

Since RpT qK “ KpS q,
S x “ 0.

This shows that T : and S match on RpT qK. Now let x P RpT q. Then

TS x “ x.

Applying T : from left on the left-hand side, gives

T :TS x “ πH1ÑRpT :qS x “ πH1ÑKpTqKS x “ πH1ÑRpS qS x “ S x.

Applying T : to the right-hand side gives

T :x.

This shows that T : and S also match on RpT q. □

There is also a second method to characterize the pseudo-inverse. This is similar to
the way the inverse is defined.

Theorem 1.8.14. [26] Let T P LpH1,H2q have closed range and S P LpH2,H1q have
closed range such that

TS “ πH2ÑRpTq

and
S T “ πH1ÑRpS q.

Then, S “ T :.

Proof. We prove this statement using the characterization of Proposition 1.8.13. Let

TS :“ T |RpS qÑRpTq

and
S T :“ S |RpTqÑRpS q.

Then, TS and S T are inverses with respect to each other. We get

TS S x “ TS x “ πH2ÑRpTqx.

Multiplying S T “ T ´1
S from the left gives

S x “ S TπH2ÑRpTqx.

This gives
KpS q “ KpS TπH2ÑRpTqq “ KpπH2ÑRpTqq “ RpT q

K.

Similarly,
KpT q “ RpS q

K
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or
KpT q

K
“ RpS q.

We obtain the third property for free, so S “ T :. □

We know that the inverse of the inverse of a bijective operator is the operator itself.
The same is true for the pseudo-inverse.

Proposition 1.8.15. [9, (4.7)] Let T P LpH1,H2q have a closed range. Then, pT :q: “ T .

Proof. We check the three properties from Proposition 1.8.13.

1. Using Proposition 1.8.11, we get

KpT :
q

K
“ RpT q

KK
“ RpT q “ RpT q.

2. Again, by Proposition 1.8.11, it holds

RpT :
q

K
“ KpT q

KK
“ KpT q.

3. For x P RpT :q, we get by Proposition 1.8.11

T :
pT :

q
:x “ πH1ÑRpT :qx “ x.

□

Next, we will show that the pseudo-inverse behaves well if an operator is composed
with its adjoint.

Proposition 1.8.16. [18, Lemma A.7.2 (iii)] Let T P LpH1,H2q have a closed range.
Then

pT ˚
q

:
“ pT :

q
˚.

Proof. We check the two properties of Theorem 1.8.14. By Proposition 1.8.12,

pT :
q

˚T ˚
“ pTT :

q
˚

“ π˚

H2ÑRpTq
“ πH2ÑRpTq “ πH2ÑRppT :q˚q.

Similarly,

T ˚
pT :

q
˚

“ pT :T q
˚

“ π˚

H1ÑRpT :q
“ πH1ÑRpT :q “ πH1ÑRpT ˚q.

This shows that
pT ˚

q
:

“ pT :
q

˚.

□

Pseudo inversion works well with the composition of an operator with its adjoint.
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Proposition 1.8.17. [36, Theorem 1.1 (9), (10)] Let T P LpH1,H2q have a closed range.
Then, TT ˚ and T ˚T have closed ranges. Moreover,

pTT ˚
q

:
“ pT ˚

q
:T :,

and
pT ˚T q

:
“ T :

pT ˚
q

:.

Proof. By Proposition 1.8.7, T ˚ has a closed range. By Lemma 1.8.8, TT ˚ and T ˚T have
closed ranges. We show the two properties of Theorem 1.8.14. A combination of Propo-
sition 1.8.16, Proposition 1.8.12 and Lemma 1.8.8 gives

RppT ˚
q

:
q “ RppT :

q
˚
q “ RppT :

q
˚T :

q “ RppT ˚
q

:T :
q.

Therefore

pT ˚
q

:T :TT ˚
“ pT ˚

q
:πH1ÑRpT :qT

˚
“ pT ˚

q
:πH1ÑRpT ˚qT ˚

“ pT ˚
q

:T ˚

“ πH2ÑRppT ˚q:q “ πH2ÑRppT ˚q:T :q.

Similarly,

TT ˚
pT ˚

q
:T :

“ TπH1ÑRpT ˚qT :
“ TπH1ÑRpT :qT

:
“ TT :

“ πH2ÑRpTq “ πH2ÑRpTT ˚q.

By Theorem 1.8.14, the first equation follows. Swapping the roles of T and T ˚ yields the
second equation. □

If we assume that T is injective or surjective, we obtain a slightly stronger result.
Corollary 1.8.18. [36, Theorem 1.1 (9), (10)] Let T P LpH1,H2q have a closed range.

1. If T is injective, then T ˚T is invertible and

pT ˚T q
´1

“ T :
pT ˚

q
:.

2. If T is surjective, then TT ˚ is invertible and

pTT ˚
q

´1
“ pT ˚

q
:T :.

Proof. We show both cases.
1. Using Proposition 1.8.12

RpT ˚T q “ RpT ˚
q “ KpT q

K
“ H1

and

KpT ˚T q “ RppT ˚T q
˚
q

K
“ RpT ˚T q

K
“ RpT ˚

q
K

“ KpT q “ t0u.

This implies that T ˚T is invertible. Using Proposition 1.8.17, the proof is com-
plete.
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2. We define S :“ T ˚. According to Proposition 1.8.7, S has a closed range. Apply-
ing the first case to S completes the proof.

□

Next, we prove that the pseudo inverse of any operator can be expressed in terms of
the pseudo inverse of a self adjoint operator.

Lemma 1.8.19. [36, Corollary 2.8, 2.9] Let T P LpH1,H2q have a closed range. Then

T :
“ pT ˚T q

:T ˚
“ T ˚

pTT ˚
q

:.

Proof. We use Proposition 1.8.17 and Proposition 1.8.16 to get

pT ˚T q
:T ˚

“ T :
pT ˚

q
:T ˚

“ T :πH1ÑRppT ˚q:q “ T :πH1ÑRppT :q˚q “ T :πH1ÑKpT :qK “ T :.

Similarly, Proposition 1.8.12 yields

T ˚
pTT ˚

q
:

“ T ˚
pT ˚

q
:T :

“ πH1ÑRpT ˚qT :
“ πH1ÑRpT :qT

:
“ T :.

□

If T is injective or surjective, we obtain a simple formula for the pseudo-inverse.

Corollary 1.8.20. Let T P LpH1,H2q have a closed range.

1. [13, Theorem 4.2.] If T is injective, then

T :
“ pT ˚T q

´1T ˚.

2. [18, Lemma A.7.2 (iv)] If T is surjective, then

T :
“ T ˚

pTT ˚
q

´1.

Proof. Both statements follow directly from Corollary 1.8.18 and Lemma 1.8.19 □

Our goal is to construct a formula for the pseudo-inverse of T without requiring that
T is injective or surjective. To do this, we need the following result as a stepping stone:

Lemma 1.8.21. [53, Remark 2.3 (iii)] Let δ ą 0 and T P LpH1,H2q. Then, T ˚T ` δ is
invertible.

Proof. First,

xpT ˚T ` δqx, xy “ xT ˚T x, xy`xδx, xy “ xT x,T xy`δxx, xy “ }T x}
2
`δ }x}

2
ě δ }x}

2
,

The left-hand side is also real. On the other hand by Cauchy-Schwartz,

xpT ˚T ` δqx, xy ď }pT ˚T ` δqx} }x} .
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Combining these two inequalities and dividing by }x} gives us

δ }x} ď }pT ˚T ` δqx} .

Using Proposition 1.8.3, we obtain that T ˚T ` δ is injective and has a closed range.
Obviously, T ˚T ` δ is self adjoint, therefore

RpT ˚T ` δq “ KppT ˚T ` δq˚
q

K
“ KpT ˚T ` δqK

“ t0u
K

“ H1.

This implies that T ˚T ` δ is surjective and, therefore, invertible. □

The second result is that pT ˚T ` δq´1T ˚ can be restricted nicely.
Lemma 1.8.22. Let T P LpH1,H2q have a closed range, H̃1 :“ KpT qK and T̃ :“
T̃ |H̃1ÑH2

. Then
ppT ˚T ` δq´1T ˚

q|H2ÑH̃1
“ pT̃ ˚T̃ ` δq´1T̃ ˚.

Proof. By Lemma 1.8.21, T ˚T ` δ is invertible. According to Proposition 1.8.1, T̃ is in-
jective and, because of Proposition 1.8.5, we get

T̃ ˚
“ T ˚

|H2ÑH̃1
.

Then T̃ ˚T̃ ` δ P IpH̃1q is invertible because of Lemma 1.8.21. Then

pT ˚T ` δq|H̃1ÑH1
“ T ˚T̃ ` δidH̃1ÑH1

and because of H̃1 “ KpT qK “ RpT ˚q, we get

pT ˚T ` δq|H̃1ÑH̃1
“ T̃ ˚T̃ ` δidH̃1ÑH̃1

.

This implies that

pT ˚T ` δq´1
|H̃1ÑH̃1

“ pT̃ ˚T̃ ` δidH̃1ÑH̃1
q

´1

and therefore

pT ˚T ` δq´1T ˚
|H2ÑH̃1

“ pT̃ ˚T̃ ` δidH̃1ÑH̃1
q

´1T̃ ˚.

□

For general T , we obtain a formula that is slightly more complicated but very useful.
Theorem 1.8.23. [52, Corollary 3.4] Let T P LpH1,H2q have a closed range. Then we
get

T :
“ lim

δŒ0
pT ˚T ` δq´1T ˚,

where we have convergence with respect to the operator norm.

Proof. Let H̃1 :“ RpT ˚q “ KpT qK Ď H1. Then, we define

T̃ :“ T |H̃1ÑH2
,
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which is, according to Proposition 1.8.1, injective. Then, T̃ ˚T̃ is invertible according to
Corollary 1.8.18, and T̃ ˚T̃`δ is invertible because of Lemma 1.8.21. Then by Lemma 1.8.22,

ppT ˚T ` δq´1T ˚
q|H2ÑH̃1

“ pT̃ ˚T̃ ` δidH̃1ÑH̃1
q

´1T̃ ˚.

Since the inversion is continuous (Theorem 1.7.4), we get

lim
δŒ0

pT̃ ˚T̃ ` δidH̃1ÑH̃1
q

´1
“ pT̃ ˚T̃ q

´1.

Combining everything and using Corollary 1.8.20, we get

T̃ :
“ pT̃ ˚T̃ q

´1T̃ ˚
“ lim

δŒ0
pT̃ ˚T̃ ` δidH̃1ÑH̃1

q
´1T̃ ˚

“ lim
δŒ0

pT ˚T ` δq´1T ˚
|H2ÑH̃1

.

By Proposition 1.8.9,
T̃ :

“ T :
|H2ÑH̃1

.

This implies that
T :

“ lim
δŒ0

pT ˚T ` δq´1T ˚.

□

One can show that an inverse closed unital ˚-subalgebra of LpHq is even pseudo-
inverse closed. Because this proof is involved, we omit it.

Theorem 1.8.24. [27, Corollary 3.5] LetA ď LpHq be inverse closed. ThenA is pseudo-
inverse closed in LpHq, that is, for every T P Awith closed range, we have T : P A.

Sometimes, we also need to compare the operator norm with another norm. This is
possible because of the following reasons:

Theorem 1.8.25. [27, Proposition 3.2] LetA ď LpHq. Then

}T} ď }T}
A @T P LpHq.

Proof. First, we assume that T is self-adjoint. Then by Corollary 1.7.8 and [42],

}T} “ rLpHqpT q ď rApT q “ lim
nÑ8

}T n}
1
n
A

ď }T}
A .

For the general case, we get

}T}
2

“ }T ˚T} ď }T ˚T}
A ď }T ˚}

A
}T}

A “ }T}
2
A .

□
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2 Frames

Orthonormal bases in Hilbert spaces can be very useful because they provide a way
to uniquely decompose an element into its basis parts. In some applications, this is
too restrictive, and multiple ways to decompose an element are required. This leads
us to frame theory. In this chapter, we introduce frames, which are a generalization of
orthonormal bases, and their corresponding operators, that is, the coefficient operator,
synthesis operator, and frame operator. The content of this chapter can be found in
[18].

Definition. [5] For a sequence ψ “ pψkqkPX Ď H , we define the synthesis operator
Dψ : ℓ2 Ñ H (if possible) to be

DψpαkqkPX :“
ÿ

kPX

αkψk.

Next, we introduce the coefficient operator.

Definition. [5] For a sequenceψ “ pψkqkPX Ď H , we define the coefficient (or analysis)
operator Cψ : H Ñ ℓ2 (if possible) to be

Cψ f :“ px f , ψkyqkPX.

Having defined the coefficient operator, we can easily define a frame. To write it more
compactly, we introduce the symbol ». We write A » B to indicate A ≲ B and B ≲ A.

Definition. [5] A sequence ψ “ pψkqkPX is called a frame if Cψ f is well-defined and

}Cψ f }
2

“
ÿ

kPX

|x f , ψky|
2

» } f }
2
, @ f P H .

There are many examples of frames.
Example (Gabor frames). LetH :“ L2pRq and g : RÑ C. Then

pe2πimp¨qgpp¨q ´ nqqpm,nqPZˆZ

is a frame for L2pRq if g is chosen correctly. This is a special case. More general cases
and details can be found in [25].

A benefit of a frame is that there are multiple ways to characterize them.

Proposition 2.0.1. Letψ “ pψkqkPX Ď H be a sequence. The following are equivalent.

1. ψ is a frame.

2. [18, Lemma 5.5.1] The synthesis operator is well-defined, bounded, and surjective.

81



2 Frames

3. [18, Corollary 5.5.3, (i)] The coefficient operator is well-defined, bounded, injective
and has closed range.

Because the synthesis operator must be surjective,H must be separable. Otherwise,
no frames would exist. Therefore, we assume thatH is separable. The coefficient op-
erator and synthesis operator are adjoint to each other.

Proposition 2.0.2. [28] Let ψ “ pψkqkPX be a frame. Then

C˚
ψ “ Dψ

and
D˚
ψ “ Cψ.

By composing the synthesis operator with the coefficient operator, we obtain the
frame operator.

Definition. [5] For a frameψ “ pψkqkPX Ď H , we define the frame operator S ψ : H Ñ

H to be
S ψ f :“ DψCψ f “

ÿ

kPX

x f , ψkyψk.

This operator has useful properties.

Theorem 2.0.3. [18, Lemma 5.1.5, (i)] The frame operator is self-adjoint and invertible.
In addition, pS ´1

ψ ψkqkPX is a frame.

Next, we use the frame operator to define the corresponding canonical dual frame
for a certain frame.

Definition. [5] Let ψ “ pψkqkPX Ď H be a frame. We define it’s corresponding canoni-
cal dual frame as

ψ̃ “ pψ̃kqkPX :“ pS ´1
ψ ψkqkPX.

Recall from functional analysis that if we have an orthonormal basis pekqkPX , we can
reconstruct any element f P H using

f “
ÿ

kPX

x f , ekyek.

For frames, we have a similar formula using the canonical dual frame.

Theorem 2.0.4 (Reconstruction formula). [18, Lemma 5.1.5, (i)] Let ψ “ pψkqkPX Ď H

be a frame. Then it holds

f “ Dψ̃Cψ f “
ÿ

kPX

x f , ψkyψ̃k

and
f “ DψCψ̃ f “

ÿ

kPX

x f , ψ̃kyψk.
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In some cases, the reconstruction formula still holds if we replace ψ̃ with another
frame ψ̄. In this case, ψ̄ is called the dual frame ofψ. From now on, we write ψ̄ to indicate
that ψ̄ is a dual of ψ. We now introduce the Gramian matrix of two frames.

Definition. [5] Suppose thatψ, ϕ are frames. Then we define the (mixed) Gramian ma-
trix as

pGψ,ϕqk,l :“ xϕl, ψky.

The Gramian matrix can be interpreted as an operator that is the composition of the
coefficient operator and the analysis operator.

Proposition 2.0.5. [5] Letψ, ϕ be frames. If the cross Gramian matrix Gψ,ϕ is interpreted
as an operator in Lpℓ2q, then

Gψ,ϕ “ CψDϕ.

Proof. Let α P ℓ2. Then

CψDϕα “ Cψ

ÿ

kPX

αkϕk “

ℓ2
ÿ

kPX

αkCψϕk “

ℓ2
ÿ

kPX

αkpxϕk, ψlyqlPX “

pw
ÿ

kPX

ppGψ,ϕqk,lαkqlPX “ Gψ,ϕα.

□

If two Gramian matrices are composed in a certain way, then the result is again a
Gramian matrix.

Proposition 2.0.6. [18, Lemma 5.1.5, (i)], [5] Let ψ, ϕ, ξ be frames. Then

Gψ,ϕGϕ̃,ξ “ Gψ,ξ.

Proof. Using Proposition 2.0.5 and Theorem 2.0.4, we get

Gψ,ϕGϕ̃,ξ “ CψDϕCϕ̃Dξ “ CψDξ “ Gψ,ξ.

□

The Gramian matrix of a frame and its canonical dual frame has the following prop-
erty:

Proposition 2.0.7. [5, Lemma 8] Let ψ be a frame. Then

Gψ,ψ̃ “ Gψ̃,ψ.

Proof. We have

pGψ,ψ̃qk,l “ xψ̃l, ψky “ xS ´1
ψ ψl, ψky “ xψl, S ´1

ψ ψky “ xψl, ψ̃ky “ pGψ̃,ψqk,l.

□
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Computing the adjoint of the Gramian matrix swaps the order of the frames.

Proposition 2.0.8. [28], [5] Let ψ, ϕ be frames. Then

G˚
ψ,ϕ “ Gϕ,ψ.

Proof. By Proposition 2.0.5 and Proposition 2.0.2,

G˚
ψ,ϕ “ pCψDϕq

˚
“ D˚

ϕC˚
ψ “ CϕDψ “ Gϕ,ψ.

□

The Gramian matrix of a frame and its canonical dual frame is an orthogonal projec-
tion.

Proposition 2.0.9. [5, Lemma 8] Let ψ be a frame. Then, Gψ,ψ̃ is the orthogonal projec-
tion onto RpCψq.

Proof. By Proposition 2.0.6, we get

Gψ,ψ̃Gψ,ψ̃ “ Gψ,ψ̃,

Therefore, Gψ,ψ̃ is a projection. Also by Proposition 2.0.8 and Proposition 2.0.7,

G˚

ψ,ψ̃
“ Gψ̃,ψ “ Gψ,ψ̃,

Therefore, Gψ,ψ̃ is an orthogonal projection. Since Dψ̃ is surjective,

RpGψ,ψ̃q “ RpCψDψ̃q “ RpCψq.

□

The coefficient and synthesis operator of a frame have properties similar to those of
the canonical dual frame.

Corollary 2.0.10. [5, Lemma 8] Let ψ be a frame. Then

RpCψq “ RpCψ̃q

and
KpDψq “ KpDψ̃q.

Proof. Applying Proposition 2.0.9 and Proposition 2.0.7, gives

RpCψq “ RpGψ,ψ̃q “ RpGψ̃,ψq “ RpCψ̃q.

Next, we use Proposition 2.0.2 to get

KpDψq “ KpC˚
ψq “ RpCψq

K
“ RpCψ̃q

K
“ KpC˚

ψ̃
q “ KpDψ̃q.
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2.1 Riesz bases

□

Because the coefficient and synthesis operators have closed ranges, we can compute
their pseudo-inverses, which have a specific form.

Proposition 2.0.11. [18, Lemma 5.4.3] Let ψ be a frame. The following statements are
true:

1. D:

ψ “ Cψ̃.

2. C:

ψ “ Dψ̃.

Proof. Both statements can easily be verified.

1. By the reconstruction formula (Theorem 2.0.4), we get

DψCψ̃ “ idH “ πHÑRpDψq.

By Proposition 2.0.9,
Cψ̃Dψ “ Gψ̃,ψ “ πHÑRpCψ̃q.

Using Theorem 1.8.14, we conclude that D:

ψ “ Cψ̃.

2. Using Proposition 1.8.16 and Proposition 2.0.2, we get

C:

ψ “ pD˚
ψq

:
“ pD:

ψq
˚

“ C˚

ψ̃
“ Dψ̃.

□

The pseudo-inverse of the Gramian matrix also has a useful representation.

Proposition 2.0.12. [36, Theorem 1.1 (9), (10)], [18, Lemma 5.4.3] Let ψ, ϕ be frames.
Then

G:

ψ,ϕ “ Gϕ̃,ψ̃.

Proof. A combination of Proposition 2.0.5, Proposition 2.0.2, Proposition 1.8.17 and
Proposition 2.0.11 gives

G:

ψ,ϕ “ pDψCϕq
:

“ C:

ϕD:

ψ “ Dϕ̃Cψ̃ “ Gϕ̃,ψ̃.

□

2.1 Riesz bases

Riesz bases are a special case of frames. The only difference between an orthonormal
basis and a Riesz bases is a bijective operator in-between.
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Definition. [18, Definition 3.6.1] A frame ψ is called a Riesz basis if there exists an or-
thonormal basis e “ pekqkPX Ď H and a bijective T P LpHq such that

Tek “ ψk @k P X.

Riesz bases can be characterized in several ways.

Proposition 2.1.1. [4] Let ψ “ pψkqkPX be a sequence. The following are equivalent:

1. ψ is a Riesz basis.

2. Cψ is well defined and bijective.

3. Dψ is well defined and bijective.

The inverses of the synthesis and coefficient operators have useful representations.

Proposition 2.1.2. [4], [18, Lemma 5.4.3] Let ψ be a Riesz basis. Then the following
statements hold:

1. D´1
ψ “ Cψ̃.

2. C´1
ψ “ Dψ̃.

This implies that ψ̃ is also a Riesz basis.

Proof. This statement follows from Proposition 2.0.11 and the fact that both operators
are bijective (Proposition 2.1.1). □

There are several methods for constructing Riesz bases. To obtain some examples,
we introduce the left shift operator on ℓ2pZq. For c P ℓ2pZq, we define

Lc :“ pck´1qkPZ.

It is easy to see that L is an isometry. For n P N˚, we get

Ln
“ L . . . L

loomoon

k times

.

For general n P Z, we naturally get

Lnc :“ pck´nqkPZ.

Such operators are sufficient to provide a set of Riesz bases.

Theorem 2.1.3. [18, Theorem A.5.3] Suppose that X “ Z and L is the left shift operator.
Let pckqkPZ P ℓ1pZq with }pckqkPZ}ℓ1 ă 1 and

T :“ idH `
ÿ

kPZ

ckLk.

Then T P IpHq. Therefore, the corresponding sequence pTekqkPN is a Riesz basis. The
same holds for the right shift R instead of L.
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Proof. Linearity is clear. For continuity, we have

}T} “

›

›

›

›

›

idH `
ÿ

kPZ

ckLk

›

›

›

›

›

ď 1 `
ÿ

kPZ

|ck| ă 2.

Similarly,

}idH ´ T} ď

›

›

›

›

›

ÿ

kPZ

ckLk

›

›

›

›

›

ă 1,

Therefore, according to Theorem 1.7.1, T is invertible. □

Using this theorem, we can construct an example and analyze it.

Example. We analyze the sequence

ψ :“
ˆ

. . . , e´1 `
1
2

e0, e0 `
1
2

e1, e1 `
1
2

e2, e2 `
1
2

e3, . . .

˙

“

ˆ

ek `
1
2

ek`1

˙

kPZ

.

By Theorem 2.1.3, ψ is a Riesz basis. The corresponding synthesis operator is Dψ “

idH ` 1
2R, whereas the coefficient operator is Cψ “ id ` 1

2 L. The frame operator is

S ψ “ DψCψ “

ˆ

idH `
1
2

R
˙ ˆ

idH `
1
2

L
˙

“
5
4

idH `
1
2

L `
1
2

R.

We get the following inverse

D´1
ψ “

8
ÿ

n“0

ˆ

´
1
2

R
˙n

since
ˆ

idH `
1
2

R
˙ N

ÿ

n“0

ˆ

´
1
2

R
˙n

“

N
ÿ

n“0

˜

ˆ

´
1
2

R
˙n

´

ˆ

´
1
2

R
˙n`1

¸

“ idH ´

ˆ

´
1
2

R
˙N`1

looooomooooon

Ñ0 pNÑ8q

.

Swapping both side also give the identity. Similarly,

C´1
ψ “

8
ÿ

n“0

ˆ

´
1
2

L
˙n

and

S ´1
ψ “

ˆ

idH ´

ˆ

´
1
4

idH ´
1
2

L ´
1
2

R
˙˙´1

“
ÿ

nPN

ˆ

´
1
4

idH ´
1
2

L ´
1
2

R
˙n

.
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2.2 Applying operators to frames

In this chapter, we apply operators to frame elements and analyze the results. Let ψ be
a frame and T P LpHq. We use the notation

Tψ :“ pTψkqkPX.

Now, the question arises as to whether Tψ is still a frame. To answer this question, we
first need the following lemma.

Lemma 2.2.1. [5] Let ψ be a frame and T P LpHq. Then

DTψ “ T Dψ.

Proof. Let pckqkPX P ℓ2. Then

T DψpckqkPX “ T
ÿ

kPX

ckψk “
ÿ

kPX

ckTψk “ DTψpckqkPX.

□

It turns out that the question of whether Tψ is still a frame can be easily characterized.

Theorem 2.2.2. [28, Theorem 6.1], [18, Lemma A.6.1] Let ψ be a frame and T P LpHq.
Then, Tψ is a frame if and only if T is surjective.

Proof. We show both directions.

ñ: If Tψ is a frame then DTψ is surjective because of Proposition 2.0.1. This means
that for any f P H , there exists pαkqkPX P ℓ2 such that

DTψpαkqkPX “ f .

On the left-hand side, we get by Lemma 2.2.1

DTψpαkqkPX “ T DψpαkqkPX.

This shows that f P RpT q proving surjectivity.

ð: Suppose that T is surjective. By the Lemma 2.2.1,

DTψ “ T Dψ.

Because T and Dψ are surjective, DTψ is surjective, proving that Tψ is a frame
(Proposition 2.0.1).

□

We can also use the adjoint to characterize this statement.
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Corollary 2.2.3. [28, Theorem 6.1] Letψ be a frame and T P LpHq. Then, Tψ is a frame
if and only if T ˚ is injective and has a closed range (or equivalently }T ˚ f } ≳ } f } @ f P

H ).

Proof. We know that Tψ is a frame if and only if T is surjective. In addition, T has a
closed range if and only if T ˚ has a closed range (Proposition 1.8.7). Moreover,

KpT ˚
q “ RpT q

K,

Therefore, KpT ˚q “ t0u if and only if RpT q is dense inH . □

The next question is the following: If ψ is a Riesz basis, is Tψ also a Ries basis. For
this, we need an additional assumption to be made.

Theorem 2.2.4. [18, Definition 3.6.1] Let ψ be a Riesz basis and T P LpHq. Then, Tψ is
a Riesz basis if and only if T is bijective.

Proof. By Theorem 2.2.2, we only need to focus on injectivity. If T is bijective, then
DTψ “ T Dψ is also bijective (Lemma 2.2.1 and Proposition 2.1.1), showing that Tψ
is a Riesz basis. On the other hand, if Tψ is a Riesz basis, then DTψ “ T Dψ is bijective.
Since Dψ is bijective, T must also be bijective. □

2.3 Banach frames

So far, we have only analyzed frames in Hilbert spaces. Now, we extend the definition
to Banach spaces. In this setting, frames are sequences inB1 instead ofB. In addition,
previously, we only worked with the sequence space ℓ2. In the Banach space setting,
we use a more general sequence spaceBd.

Definition. [5] Letψ “ pψkqkPX Ď B1. We callψ a Banach frame if there exists a Banach
spaceBd of F-valued sequences with index set X such that the following hold:

1. The coefficient operator

Cψ : BÑ Bd, f ÞÑ pψkp f qqkPX

is well defined and bounded.

2. We have
} f }

B » }Cψ f }
Bd

@ f P B.

3. There exists a bounded operator R : Bd Ñ B called the reconstruction operator,
such that

RpCψ f q “ f @ f P B.

In the Hilbert space setting, we obtain the third condition for free, since the recon-
struction operator is simply the synthesis operator. This is no longer the case in Banach
space settings.
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3 Localized Frames

In this section, we introduce the notion of localizable frames. The idea is that we call a
pair of frames localized with respect to each other if their corresponding Gramian matrix
fulfills certain properties. In some other literature, the Gramian matrix is expected to
have a certain off-diagonal decay. One example of such a definition can be found in
[28, Definition 2.1]. In our case, we define the localization property more generally using
abstract axioms. We do this by defining a certain Banach-˚ algebra. Our final goal is to
show that certain results also hold in the more general case.

Definition. [5] We call a unital Banach ˚-algebraA of matrices with index set X a solid
spectral matrix algebra, if

1. A ĎMpℓ2q.

2. A is inverse closed inMpℓ2q. This means that for any matrix A P A, which is
invertible inMpℓ2q, A´1 P A.

3. A is solid, i.e., if A “ pak,lqk,lPX P A and |bk,l| ď |ak,l| for all k, l P X, then B “

pbk,lqk,lPX P A and }B}
A ď }A}

A.

There are many examples of such structures, but first, we introduce a simple one.
Example. Let

A :“ tM PMpℓ2
q : Mk,l “ 0 if k , lu

the subsets of all the diagonal matrices. It is easy to see that A is a linear subspace,
closed under ˚ and contains the identity. Let M,N P A. Then

pMNqk,m “
ÿ

lPX

Mk,lNl,m “ Mk,kNk,m.

If k , m then the right-hand side is 0, meaning that MN is a diagonal matrix. Therefore,
we have a unital sub-˚-algebra. If

Mk,l “ δk,lmk

one can easily see that M is invertible inMpℓ2q if and only if

|mk| ≳ 1 @k P X.

The inverse is given by
M´1

k,l “ δk,lm´1
k ,

since
pMM´1

q j,l “
ÿ

kPX

M j,kM´1
k,l “

ÿ

kPX

δ j,km jδk,lm´1
k “ m jδ j,lm´1

j “ δ j,l
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3 Localized Frames

and the other way around. EquippingA with the Lpℓ2q norm, which can be computed
by

}M}Lpℓ2q “ sup
kPX

|Mk,k|,

A becomes a Banach-˚ algebra, which is also solid in this case.
Other examples can be found in the literature; however, showing that these examples

fulfill the requirements is not trivial.
Example. For simplicity, we restrict ourselves to the special cases. More general cases
can be found in the literature.

• [27] Let X “ Z and 2 ă s. Then, the Jaffard norm is defined to be

}A}
A :“ sup

k,lPZ
|Ak,l|p1 ` |k ´ l|qs.

In this case,A is defined as a subset of matrices such that the expression above is
finite. This means that the matrices inAmust have a certain off-diagonal decay.
Indeed, for any entry far from the diagonal, |k ´ l| becomes large, implying that
p1 ` |k ´ l|qs also becomes large. Therefore, |Ak,l| must be small to ensure that
the supremum is finite.

• [28, Definition 2.1] Let X “ Z. Then, the norm is defined to be

}A}
A :“

›

›

›

›

sup
kPZ

|Ak,k`p¨q|

›

›

›

›

ℓ1

.

This also implies that these matrices have a certain off-diagonal decay. However,
unlike the Jaffard class, the decay is not bounded by a specific sequence up to a
constant factor but is bounded by any ℓ1 sequence.

Note that some norms, like the Jaffard norm, are not necessarily submultiplicative,
as we only have the inequality

}AB}
A ≲ }A}

A
}B}

A @A, B P A,

However, this is not a problem because it is possible to define a submultiplicative norm
that is equivalent to }¨}A.

From now on, we assume that A is a solid spectral matrix algebra. This Banach-˚
algebra allows us to define the localization of the frames.

Definition. [5, Definition 1] Let ψ, ϕ be frames. We call them localized with respect to
each other if Gψ,ϕ P A. In this case, we use the notation ψ „ ϕ. We call ψ self-localized
if Gψ,ψ P A.

It turns out that if a frame is self-localized, then this localization property is conveyed
to its canonical dual frame.

Proposition 3.0.1. [5, Theorem 2] Letψbe a self-localized frame. Let ψ̃be the canonical
dual frame of ψ. Then, ψ „ ψ̃ and ψ̃ „ ψ̃.
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Proof. SinceA is inverse closed, it is also pseudo-inverse closed (Theorem 1.8.24). There-
fore, by Proposition 2.0.12,

G:

ψ,ψ “ Gψ̃,ψ̃ P A.

By the closedness of the multiplication and Proposition 2.0.6, we get

Gψ̃,ψ “ Gψ̃,ψ̃Gψ,ψ P A.

□

As expected, the order of the frames does not matter in the definition of localization.

Lemma 3.0.2. [5, Lemma 8] Suppose a pair ψ, ϕ is localized, then ϕ, ψ is localized. In
other words, localization is a symmetric relation.

Proof. SinceA is closed under ˚ and by Proposition 2.0.8

Gϕ,ψ “ G˚
ψ,ϕ P A,

we obtain ϕ „ ψ. □

We also have the following result:

Lemma 3.0.3. [5] Let ψ, ϕ, ξ be frames such that ψ „ ϕ and ϕ̃ „ ξ. Then, ψ „ ξ.

Proof. By definition, we obtain Gψ,ϕ P A and Gψ̃,ξ P A. Therefore, by Proposition 2.0.6,

Gψ,ξ “ Gψ,ϕGϕ̃,ξ P A.

This implies that ψ „ ξ. □

If we combine different results, we obtain transitivity.

Proposition 3.0.4. [5] Let ψ, ϕ, ξ be frames such that ψ „ ϕ and ϕ „ ξ. Then, ψ „ ξ.

Proof. By Proposition 3.0.1, ϕ̃ „ ϕ̃. We apply Lemma 3.0.3 to ϕ̃ „ ϕ̃ andϕ „ ξ to obtain
ϕ̃ „ ξ. Then, we apply Lemma 3.0.3 to ψ „ ϕ and ϕ̃ „ ξ to obtain ψ „ ξ proving the
result. □

To simplify the notation, we let LocpAq be the set of frames with index set X that are
self-localized. Now, we obtain the following result:

Theorem 3.0.5. [5] Localization is an equivalence relation on LocpAq.

Proof. Reflexivity follows from the definition of LocpAq. Symmetry follows from Lemma 3.0.2.
Transitivity follows from Proposition 3.0.4. □

Finally, we show that self-localization can be conveyed to other frames.

Theorem 3.0.6. [5, Lemma 5] Let ψ P LocpAq and ϕ be a frame such that ϕ „ ψ. Then
ϕ P LocpAq.

Proof. By symmetry (Lemma 3.0.2),ψ „ ϕ. By transitivity (see Proposition 3.0.4), ϕ „ ϕ
completing the proof. □
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4 H p
w space

In this section, we introduce the co-orbit spaceH p
w using our Hilbert spaceH . Here, p

has a fixed value in t0u Y r1,8s and w is a fixed positive weight on X. We also have to
ensure that the weight w satisfies a certain property.

Definition. [5] We say that w is admissible forA if

A Ď
č

qPt0uXr1,8s

Mpℓq
wq.

For a special case ofA, an example of a class of admissible weights is as follows:
Example. LetA be the Jaffard class with some fixed s ą 2. If the weight w satisfies the
condition

wx`y ≲ p1 ` |x|q
swy @x, y P Z

then w isA-admissible. This follows from [27, Lemma 2.1].
For our purposes, we assume that w isA-admissible. This means that for anyα P ℓ

q
w,

we get
Mα P ℓq

w @q P t0u Y r1,8s.

To distinguish between a matrix and an operator, we define

Mq,w : ℓq
w Ñ ℓq

w, α ÞÑ Mα.

Using Theorem 1.6.1, we conclude that Mq,w P Lpℓ
q
wq. By Theorem 1.6.14, Mq,w is weak-

˚ continuous for all q P r1,8s. Using Proposition 1.6.12, we can even conclude that
M PMpℓ

q
w´1q, meaning that w´1 isA-admissible.

4.1 The Gramian matrix

For this whole chapter, we assume that ψ is a self localized frame. This means
that we get a continuous operator using the Gramian Matrix, i.e.,

Gp,w
ψ,ψ P Lpℓp

wq.

We can also show that the Gramian matrix of some different frames is continuous.

Proposition 4.1.1. [5, Lemma 8] Let ϕ, ξ be frames such that ϕ „ ψ and ξ „ ψ. Then

Gϕ,ξ PMpℓq
wq @q P t0u Y r1,8s.
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Proof. By Theorem 3.0.6 and Theorem 3.0.5, we obtain ϕ „ ξ. This implies that

Gϕ,ξ P A ĎMpℓq
wq @q P t0u Y r1,8s.

□

We also show a similar result for the weight w´1.

Proposition 4.1.2. [5] Let ϕ, ξ be frames such that ϕ „ ψ and ξ „ ψ. Then

Gϕ,ξ PMpℓ
q
w´1q @q P t0u Y r1,8s.

Proof. By Proposition 4.1.1 and closedness under involution, it holds

G˚
ϕ,ξ P A ĎMpℓq

wq @q P t0u Y r1,8s.

Using Proposition 1.6.12, we conclude that

Gϕ,ξ PMpℓ
q
w´1q @q P t0u Y r1,8s.

□

We already know that Gϕ̃,ϕ is an orthogonal projection (see Proposition 2.0.9) on ℓ2.
We can show a similar statement for ℓp

w.

Proposition 4.1.3. [5, Lemma 8] Let be a frame such that ϕ „ ψ. Then, Gp,w
ϕ̃,ϕ

is well-
defined and a projection in ℓp

w.

Proof. A combination of Proposition 4.1.1 and Proposition 3.0.1 gives

Gϕ̃,ϕ PMpℓp
wq.

Because of Proposition 2.0.9, Gp,w
ϕ̃,ϕ

behaves like a projection on ℓ00. Since ℓ00 is norm
dense (Corollary 1.5.3) or sequentially weak-˚ dense (Theorem 1.5.16) in ℓ

p
w, we use

Proposition 1.2.9 to conclude that Gp,w
ϕ̃,ϕ

is a projection onto its range. □

By Proposition 1.2.8, RpGψ,ψ̃q is norm closed in ℓp
w and is therefore norm complete.

For p P r1,8s, we can also use the weak-˚ topology to conclude that RpGψ,ψ̃q is weak-˚
closed. Additionally, because ℓp

w is sequentially weak-˚ complete and RpGψ,ψ̃q is se-
quentially weak-˚ closed, it is sequentially weak-˚ complete.

4.2 The construction of the co-orbit space

Our goal is to construct the co-orbit spaceH p
w . To make the concept simpler to under-

stand, we start with an analogy using the ℓp
w space. Suppose one starts with the ℓ2 space

and wants to construct the ℓp
w space. The first step is to restrict ℓ2 to ℓ00. For p ă 8,

the next step is to equip ℓ00 with the ℓp
w-norm. Finally, the ℓp

w-space can be defined as
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4.2 The construction of the co-orbit space

the completion of ℓ00 with respect to this norm. For p “ 8, ℓ8
w can be reached by first

taking the weak-˚ completion of ℓ00. Subsequently, one takes the sequential hull of ℓ00

inside the completion, yielding ℓ8
w . To start, we first define a subspace similar to ℓ00,

namely [5]
H00 :“ Dψℓ

00
“ spanpψkqkPX.

To construct the co-orbit space, we must ensure that the coefficient operator fulfills
certain properties. For a frame ϕ, we use the notation

C00
ϕ :“ Cϕ|H00 .

First, we must ensure that its range is a subset of ℓp
w.

Proposition 4.2.1. [5] Let ϕ be a frame such that ϕ „ ψ. Then

RpC00
ϕ q Ď ℓ2

X ℓp
w.

In particular, this statement holds for ϕ “ ψ̃.

Proof. Being a subset of ℓ2 is clear. Let l P X. Then by Proposition 2.0.5,

C00
ϕ ψl “ Cϕψl “ CϕDψδl “ Gϕ,ψδl “ Gp,w

ϕ,ψδl.

Since el P ℓ
p
w and Gp,w

ϕ,ψ P Lpℓ
p
wq, C00

ϕ ψl P ℓ
p
w, the result follows. □

The next step is to define a norm and a topology onH00 similar to the weak-˚ topol-
ogy. First, for p P r1,8s, we define the map

}¨}H p
w

: H00
Ñ R, } f }

H
p
w

:“
›

›

›
C00
ψ̃

f
›

›

›

ℓ
p
w

,

which is a norm since the coefficient operator is injective. For p P r1,8s, we can also
equipH00 with seminorms, which we define as

qα : H00
Ñ R, f ÞÑ

ˇ

ˇ

ˇ

ˇ

xC00
ψ̃

f , αy
ℓ

p
w,ℓ

p˚

w´1

ˇ

ˇ

ˇ

ˇ

@α P ℓ
p˚

w´1 .

For simplicity, we call the topology generated by the seminorms the weak-˚ topology.
According to Lemma 1.2.11,H00 is a Hausdorff space with respect to this topology, and
C00
ψ̃

is an isometry with respect to both topologies. We now have to distinguish between
p ă 8 and p “ 8.

4.2.1 The case p ă 8

For p P r1,8q, we define H p
w as the norm completion of H00 [5, Definition 2]. For

p “ 0, we use the }¨}H8
w

norm. Since C00
ψ̃

is an isometry, we can use Theorem 1.2.5 and
Proposition 1.2.10 to extend it toH p

w , calling the extension Cp,w
ψ̃

which is an isometry.
We can also define the extended seminorms

qα : H p
w Ñ R, f ÞÑ

ˇ

ˇ

ˇ

ˇ

xCp,w
ψ̃

f , αy
ℓ

p
w,ℓ

p˚

w´1

ˇ

ˇ

ˇ

ˇ

@α P ℓ
p˚

w´1 .
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Here, we see that by definition Cp,w
ψ̃

is an isometry with respect to the weak-˚ topologies.

4.2.2 The case p “ 8

The case p “ 8 is more involved. First, we defineH to be the weak-˚ completion of
H00. Afterward, we defineH8

w to be the sequential hull ofH00 inH with respect to this
topology. We also use Corollary 1.2.6 and Proposition 1.2.10 to extend C00

ψ̃
to the whole

space
C8,w
ψ̃

: H8
w Ñ ℓ8

w ,

getting an isometry. We also get a norm by

} f }
H8

w
:“

›

›

›
C8,w
ψ̃

f
›

›

›

ℓ8
w

,

Therefore, C8,w
ψ̃

is an isometry with respect to both topologies.
The caseH “ ℓ2 provides a simple example.

Example. Suppose thatH “ ℓ2 and pψkqkPX “ pδkqkPX . Then ψ̃ “ ψ and Cψ̃ “ idℓ2 “

Dψ. This implies that
H p

w � ℓ
p
w @p P t0u Y r1,8s.

4.3 Continuity in H p
w

Since we have different topologies, we must be very precise when dealing with conti-
nuity. Therefore, we introduce the following term to cover both types of continuity: Let
U,V be subspaces of ℓp

w orH p
w . We say that an operator T : U Ñ V is super-continuous

if the following hold:

1. T is norm continuous.

2. For p P r1,8s, T is continuous with respect to the weak-˚ topologies.

First, we show that the Gramian matrix is super-continuous if the corresponding frames
are localized in a certain sense.

Proposition 4.3.1. [24] Let ϕ, ξ be frames such that ϕ „ ψ and ξ „ ψ. Then, Gp,w
ϕ,ξ is

super-continuous.

Proof. By Proposition 4.1.1, Gq,w
ϕ,ξ is norm continuous for all q P t0u Y r1,8s. Using

Theorem 1.6.14, Gp,w
ϕ,ξ is weak-˚ continuous if p P r1,8s. □

We can easily see that Cp,w
ψ̃

is super-continuous.

Proposition 4.3.2. [5] The coefficient operator Cp,w
ψ̃

is super-continuous.

Proof. This follows from the fact thatCp,w
ψ̃

is an isometry with respect to both the topolo-
gies. □
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4.4 Intersection ofH andH p
w

It is easy to see that the composition of super-continuous operators is super-continuous.
We also obtain the following:

Theorem 4.3.3. [49, Proposition 4.3] Let U be a subspace of ℓp
w orH p

w . Let V P tℓ
p
w,H

p
wu.

Let S ,T : U Ñ V be super-continuous operators. Suppose that W Ď U is a norm dense
or sequentially weak-˚ dense subspace of such that

S |W “ T |W .

Then S “ T .

Proof. This follows from Theorem 1.2.5 applied to S |W . □

4.4 Intersection of H and H p
w

By the construction ofH p
w ,

H00
Ď H p

w XH .

In some cases, it is reasonable to identify more elements of H with elements in H p
w .

Note that it holds,
Cψ̃|H00 “ Cp,w

ψ̃
|H00 .

Since both coefficient operators are injective, it makes sense to identify f P H with
g P H

p
w if

Cψ̃ f “ Cp,w
ψ̃

g.

This immediately gives us
Cψ̃|H p

wXH “ Cp,w
ψ̃

|H p
wXH .

To better understand the intersection, we do the following. Let f P H . Then f P H
p
w X

H if and only if there exists some g P H
p
w such that

Cψ̃ f “ Cp,w
ψ̃

g.

We can equivalently write

H p
w XH “ t f P H : Cψ̃ f P RpCp,w

ψ̃
qu.

A similar argument gives us

H p
w XH “ t f P H p

w : Cp,w
ψ̃

f P RpCψ̃qu.

We can also characterize the intersection as follows:

Proposition 4.4.1. Let f P H such that Cψ̃ f P ℓ
p
w. Then

f P H p
w XH .
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Proof. Let α :“ Cψ̃ f P ℓ
p
w X ℓ2. Let pFnqnPN be a nested approximation of X and αn :“

α|Fn . Then, pαnqnPN Ď ℓ00 converges to α in ℓ2 and ℓp
w for p ă 8 (see Corollary 1.5.3).

In the case p “ 8, we have weak-˚ convergence instead (see Theorem 1.5.16). Now let
fn :“ Dψα

n P H00. Then, it holds

ℓ2

lim
nÑ8

fn “
ℓ2

lim
nÑ8

Dψα
n

“ Dψα “ DψCψ̃ f “ f ,

where the last equation follows from the reconstruction formula (see Theorem 2.0.4).
Next, we show that p fnqnPN is a Cauchy sequence inH p

w , where we use the norm topol-
ogy if p ă 8 and the weak-˚ topology if p “ 8. Because of Proposition 2.0.5, It holds

Cp,w
ψ̃

fn “ Cψ̃ fn “ Cψ̃Dψα
n

“ Gψ̃,ψα
n

“ Gp,w
ψ̃,ψ
αn.

Since pαnqnPN is a Cauchy sequence in ℓp
w and Gp,w

ψ̃,ψ
is super-continuous (see Proposi-

tion 4.3.1), pGp,w
ψ̃,ψ
αnqnPN is a Cauchy sequence (see Proposition 1.2.4). Since Cp,w

ψ̃
is an

isometry, p fnqnPN is a Cauchy sequence in H p
w . Because of H00 ≾ H p

w , p fnqnPN con-
verges to some g P H

p
w . Our final goal is to show that f “ g. Recall that this means

that
Cψ̃ f “ Cp,w

ψ̃
g.

We get

Cp,w
ψ̃

g “
ℓ

p
w

lim
nÑ8

Cp,w
ψ̃

fn “
ℓ

p
w

lim
nÑ8

Cp,w
ψ̃

Dψα
n

“
ℓ

p
w

lim
nÑ8

Cψ̃Dψα
n

“
ℓ

p
w

lim
nÑ8

Gp,w
ψ̃,ψ
αn

“ Gp,w
ψ̃,ψ
α

“ Gψ̃,ψα “ Cψ̃ f .

This implies f “ g and therefore f P H
p
w XH . □

4.5 Other coefficient operators

By construction, Cp,w
ψ̃

behaves very well, as it is an isometry with respect to both topolo-
gies. For a different frame, this might not be the case, but if we have a frame such that
it is localized with ψ then we obtain at least super continuity.

Proposition 4.5.1. [5, Lemma 8], [5, Proposition 3] Let ϕ be a frame such that ϕ „ ψ.
Then the operator C00

ϕ is super-continuous and has a unique super-continuous extension
Cp,w
ϕ onH p

w , namely
Cp,w
ϕ “ Gp,w

ϕ,ψCp,w
ψ̃
.

Proof. According to Theorem 2.0.4 and Proposition 2.0.5,

Cϕ “ CϕDψCψ̃ “ Gϕ,ψCψ̃.
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4.6 The synthesis operator

Restricting both sides toH00 and using RpC00
ψ̃

q Ď ℓ2 X ℓ
p
w (Proposition 4.2.1), we get

C00
ϕ “ Gp,w

ϕ,ψC00
ψ̃
.

Because both operators on the right side are super-continuous, the composition is as
well. Using Theorem 4.3.3, the unique super-continuous extension is

Cp,w
ϕ “ Gp,w

ϕ,ψCp,w
ψ̃
.

□

Next, we show that Cϕ and Cp,w
ϕ match onH p

w XH .
Theorem 4.5.2. [5, Lemma 6] Let ϕ „ ψ. Then

Cp,w
ϕ |H p

wXH “ Cϕ|H p
wXH .

Proof. Let f P H
p
w XH . Using Proposition 4.5.1, Theorem 2.0.4 and Proposition 2.0.5,

we get
Cp,w
ϕ f “ Gp,w

ϕ,ψCp,w
ψ̃

f “ Gϕ,ψCψ̃ f “ Cϕ f .

□

4.6 The synthesis operator

After introducing the coefficient operator, we are ready to define the synthesis operator
as follows: The idea is simple. We restrict Dϕ to ℓ00 and extend it continuously to ℓp

w.
We start with the special case of the frameψ, and then define the synthesis operator for
other frames.

4.6.1 The special synthesis operator

Recall that RpGψ̃,ψq “ RpCψ̃q according to Proposition 2.0.9. We show a weaker state-
ment for the case ofH p

w .
Lemma 4.6.1. [5, Theorem 4 (i)] It holds

RpGp,w
ψ̃,ψ

q Ď RpCp,w
ψ̃

q.

Proof. By Proposition 2.0.5, it holds

RpG00
ψ̃,ψ

q “ RpC00
ψ̃

D00
ψ q Ď RpC00

ψ̃
q.

If p ă 8, we use the super continuity of G00
ψ̃,ψ

(Proposition 4.3.1) and C00
ψ̃

(Proposi-
tion 4.3.2) to get

RpGp,w
ψ̃,ψ

q Ď RpG00
ψ̃,ψ

q Ď RpC00
ψ̃

q Ď RpCp,w
ψ̃

q,
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where we use the closure with respect to theH p
w-norm. The last inclusion follows from

the fact that RpCp,w
ψ̃

q is isometrically isomorphic to a norm-complete space. If p “ 8,
we get

RpG8,w
ψ̃,ψ

q Ď rRpG00
ψ̃,ψ

qs
s

Ď rRpC00
ψ̃

qs
s

Ď RpC8,w
ψ̃

q,

where we use the sequential hull with respect to the weak-˚ topology onH8
w . The last

inclusion follows fromH00 ≾ H8
w with respect to the weak-˚ topology and the fact that

C8,w
ψ̃

is an isometry with respect to the weak-˚ topology. □

This result allows us to show that the synthesis operator can be uniquely and contin-
uously extended to ℓp

w.

Proposition 4.6.2. [5, Lemma 8] The restricted synthesis operator

D00
ψ :“ Dψ|ℓ00

is super-continuous with respect to ℓp
w andH p

w and has a unique super-continuous exten-
sion, namely

Dp,w
ψ “ pCp,w

ψ̃
|H p

wÑRpCp,w
ψ̃

qq
´1Gp,w

ψ̃,ψ
.

Proof. By Proposition 3.0.1, ψ̃ „ ψ. Let α P ℓ00. Since Cp,w
ψ̃

is an isometry, it is injective
with a super-continuous inverse on RpCp,w

ψ̃
q. So we get

D00
ψ “ pCp,w

ψ̃
|H p

wÑRpCp,w
ψ̃

qq
´1Cp,w

ψ̃
D00
ψ “ pCp,w

ψ̃
|H p

wÑRpCp,w
ψ̃

qq
´1G00

ψ̃,ψ
,

where the last equation follows from Proposition 2.0.5. By Lemma 4.6.1, RpGp,w
ψ̃,ψ

q Ď

RpCp,w
ψ̃

q. Therefore,
Dp,w
ψ :“ pCp,w

ψ̃
|H p

wÑRpCp,w
ψ̃

qq
´1Gp,w

ψ̃,ψ

is well-defined and a super-continuous extension. By Theorem 4.3.3, this extension is
unique. □

According to Proposition 2.0.5, it holds

Gψ̃,ψ “ Cψ̃Dψ.

A similar statement holds forH p
w .

Proposition 4.6.3. [5, Lemma 8] It holds

Cp,w
ψ̃

Dp,w
ψ “ Gp,w

ψ̃,ψ
.

Proof. According to Proposition 2.0.5, this equation holds on ℓ00. Since both sides are
super-continuous and ℓ00 is norm or weak-˚ dense in ℓp

w, we use Theorem 4.3.3 to con-
clude that this equation holds. □
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4.6 The synthesis operator

It is clear that Dψ and Dp,w
ψ coincide on ℓ00. We can even show that they coincide in

their common domain.
Proposition 4.6.4. [5, Lemma 7] We have

Dψ|ℓp
wXℓ2 “ Dp,w

ψ |ℓp
wXℓ2 .

Proof. Let α P ℓ
p
w X ℓ2. Using Proposition 2.0.5 and Proposition 4.6.3, we get

Cψ̃Dψα “ Gψ̃,ψα

and
Cp,w
ψ̃

Dp,w
ψ α “ Gp,w

ψ̃,ψ
α “ Gψ̃,ψα.

This implies that
Dψα “ Dp,w

ψ α.

□

4.6.2 Other synthesis operators

We now want to look at the synthesis operator of frames not used to define the co-orbit
space. Similar to before, the idea is to restrict Dϕ to ℓ00 and extend it to ℓp

w. Here, we
have to be careful, since it is not clear if RpD00

ϕ q Ď H
p
w . Therefore, we need the following

results.
Lemma 4.6.5. [5] Let ϕ be a frame such that ϕ „ ψ. Then for all k P X, we have

ϕk P H p
w XH .

Proof. Trivially, ϕk P H . By Proposition 3.0.1 and Theorem 3.0.5, it holds ψ̃ „ ϕ. We get
by Proposition 2.0.5,

Cψ̃ϕk “ Cψ̃Dϕδk “ Gψ̃,ϕδk “ Gp,w
ψ̃,ϕ
δk P ℓp

w,

because Gψ̃,ϕ PMpℓ
p
wq. This implies ϕk P H

p
w by Proposition 4.4.1. □

Later, we need a similar statement with the weight w´1. Therefore, we prove this here.
Lemma 4.6.6. [5] Let ϕ be a frame such that ϕ „ ψ. Then for all k P X, we have

ϕk P H
p
w´1 XH .

Proof. Trivially, ϕk P H . By Proposition 3.0.1 and Theorem 3.0.5, it holds ψ̃ „ ϕ. We get
by Proposition 2.0.5,

Cψ̃ϕk “ Cψ̃Dϕδk “ Gψ̃,ϕδk “ Gp,w´1

ψ̃,ϕ
δk P ℓ

p
w´1 ,
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w space

because of Gψ̃,ϕ PMpℓ
p
w´1q (see Proposition 4.1.2). This implies ϕk P H

p
w´1 by Proposi-

tion 4.4.1. □

This result allows us to define the synthesis operator for the other frames.

Proposition 4.6.7. [5, Lemma 8], [5, Proposition 3] Let ϕ „ ψ. Then

D00
ϕ : ℓ00

Ñ H p
w

is well-defined and super-continuous. Moreover, it has a unique super-continuous exten-
sion, namely

Dp,w
ϕ “ Dp,w

ψ Gp,w
ψ̃,ϕ
.

Proof. Because of Theorem 2.0.4 and Proposition 2.0.5 it holds

Dϕ “ DψGψ̃,ϕ

and
D00
ϕ “ Dp,w

ψ G00
ψ̃,ϕ
.

Since both operators on the right-hand side are super-continuous (Proposition 4.6.2
and Proposition 4.3.1), D00

ϕ is also super-continuous. We can write

Dp,w
ϕ “ Dp,w

ψ Gp,w
ψ̃,ϕ

to obtain a super-continuous extension, which is according to Theorem 4.3.3 unique.
□

In the next step, we recover the sum representation of the synthesis operator. Here,
we must specify the topology used for the sum.

Proposition 4.6.8. [5, Lemma 7] Let ϕ „ ψ. Then the synthesis operator has the ex-
pression

Dp,w
ϕ : ℓp

w Ñ H p
w, α ÞÑ

ÿ

kPX

αkϕk.

For p ă 8, the sum converges in the norm. For p P r1,8s, the sum converges in the
weak-˚ sense.

Proof. Recall that Dp,w
ϕ is super-continuous according to Proposition 4.6.7. Because of

the definition, D00
ϕ has the sum representation, which is by Lemma 4.6.5 well defined. If

p ă 8 then we use Theorem 1.5.9 to conclude that the unique continuous extension
Dp,w
ϕ has the sum representation that converges in norm. If p P r1,8s, we use Theo-

rem 1.5.18 to conclude that Dp,w
ϕ has a sum representation that converges in a weak-˚

sense. □

Note that the sum does not always converge in the norm if p “ 8. Indeed, suppose
thatH “ ℓ2, w “ p1qkPX “ α,H8 “ ℓ8 and ψ “ pδkqkPX . Then

D8,w
ψ α “

ÿ

lPX

αkδk “
ÿ

lPX

δk
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4.6 The synthesis operator

does not converge in the ℓ8-norm because the summands do not converge to 0.
We also have to ensure that Dϕ and Dp,w

ϕ match on their common domain.

Proposition 4.6.9. [5, Lemma 7] Let ϕ „ ψ. We then

Dϕ|ℓp
wXℓ2 “ Dp,w

ϕ |ℓp
wXℓ2 .

Proof. Let α P ℓ
p
w X ℓ2. Then, using Theorem 2.0.4, Proposition 2.0.5 and Proposi-

tion 4.6.4
Dϕα “ DψGψ̃,ϕα “ Dp,w

ψ Gp,w
ψ̃,ϕ
α “ Dp,w

ϕ α.

□

Having defined the most important operators in the co-orbit space, we can recover
some of their properties, which we know from the Hilbert space setting.

Theorem 4.6.10. [5, Lemma 8] Let ϕ, ξ be frames such that ϕ „ ψ and ξ „ ψ. Then

Gp,w
ϕ,ξ “ Cp,w

ϕ Dp,w
ξ .

Proof. By Proposition 2.0.5, this equation holds on the dense subset ℓ00. Since both
sides are super-continuous operators, by Theorem 4.3.3, they are equal. □

We can also recover the reconstruction formula.

Theorem 4.6.11. [5, Proposition 3] Let ϕ be a frame such that ϕ „ ψ. Then

Dp,w
ϕ Cp,w

ϕ̃
“ idH p

w
“ Dp,w

ϕ̃
Cp,w
ϕ .

Proof. By Theorem 2.0.4, this equation holds on the dense subset ℓ00. Since both sides
are super-continuous operators, by Theorem 4.3.3, they are equal. □

In the spaceH , the coefficient operator has a lower bound. We also show that this
works in the co-orbit spaces.

Theorem 4.6.12. [5, Proposition 1] Let ϕ be a frame such that ϕ „ ψ. Then

} f }
H

p
w
≲

›

›

›
Cp,w
ϕ f

›

›

›

ℓ
p
w

@ f P H p
w.

Proof. By Theorem 4.6.11 and Theorem 4.6.10,

Cp,w
ψ̃

“ Cp,w
ψ̃

Dp,w
ϕ̃

Cp,w
ϕ “ Gp,w

ψ̃,ϕ̃
Cp,w
ϕ .
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4 H p
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This gives us

} f }
H

p
w

“

›

›

›
Cp,w
ψ̃

f
›

›

›

ℓ
p
w

“

›

›

›
Gp,w
ψ̃,ϕ̃

Cp,w
ϕ f

›

›

›

ℓ
p
w

ď

›

›

›
Gp,w
ψ̃,ϕ̃

›

›

›

Lpℓ
p
wq

›

›

›
Cp,w
ϕ f

›

›

›

ℓ
p
w

.

□

4.7 Completeness of H p
w

So far, we only know thatH p
w is norm complete for p ă 8. To obtain more information

about completeness, we show the following.

Lemma 4.7.1. [5, Theorem 4 (i)] It holds

RpCp,w
ψ̃

q “ RpGp,w
ψ̃,ψ

q.

Proof. According to Theorem 4.6.11 and Theorem 4.6.10, we get

Cp,w
ψ̃

“ Cp,w
ψ̃

Dp,w
ψ Cp,w

ψ̃
“ Gp,w

ψ̃,ψ
Cp,w
ψ̃
.

This implies that RpCp,w
ψ̃

q Ď RpGp,w
ψ̃,ψ

q. The other inclusion follows from Lemma 4.6.1.
This completes the proof. □

This allows us to show completeness.

Theorem 4.7.2. [22], [5, Proposition 2] The spaceH p
w is norm-complete. For p P r1,8s,

H
p
w is sequentially weak-˚ complete.

Proof. We know that Cp,w
ψ̃

is an isometric isomorphism onto RpCp,w
ψ̃

q. By Lemma 4.7.1,
RpCp,w

ψ̃
q “ RpGp,w

ψ̃,ψ
q. Since RpGp,w

ψ̃,ψ
q is norm complete and for p P r1,8s sequentially

weak-˚ complete, the same holds forH p
w . □

4.8 Riesz bases

In this subsection, we assume that ψ is a Riesz basis. In this case, we can also recover
some properties that we know from the spaceH .

Theorem 4.8.1. [5, Lemma 8], [5, Proposition 3], [5, Theorem 4 (i)] The operators Cp,w
ψ̃

and Dp,w
ψ are bijective with pCp,w

ψ̃
q´1 “ Dp,w

ψ .

Proof. By Proposition 2.1.1, Cψ̃ and Dψ are bijective. Using Proposition 2.0.5 and Propo-
sition 2.0.9, we get

Cψ̃Dψ “ Gψ̃,ψ “ πℓ2ÑRpCψ̃q “ idℓ2 .

Therefore, Gψ̃,ψ is the identity matrix, and Gp,w
ψ̃,ψ

is the identity operator. Since Theo-
rem 4.6.10 implies

Cp,w
ψ̃

Dp,w
ψ “ Gp,w

ψ̃,ψ
“ idℓp

w
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4.8 Riesz bases

and Theorem 4.6.11 implies
Dp,w
ψ Cp,w

ψ̃
“ idH p

w
,

We obtain that Cp,w
ψ̃

and Dp,w
ψ are invertible and inverses with respect to each other. □
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5 Duality of H p
w

As seen in one of the previous chapters, pℓ
p
wq1 » ℓ

p1

w´1 for p P t0u Y r1,8q. Our goal
is to show that similarly, pH

p
wq1 is isomorphic toH p1

w´1 . Similar to the previous chapter,
we assume that ψ is a self-localized frame. First, we define a sesquilinear form similar
to that in weighted ℓp spaces.

Definition. [5, Proposition 2] Let p P t0u Y r1,8s. For f P H
p
w, g P H

p1

w´1 , we define

x f , gy
H

p
w ,H

p1

w´1
:“ xCp,w

ψ̃
f ,Cp1,w´1

ψ gy
ℓ

p
w,ℓ

p1

w´1

.

A natural question is whether this sequilinear form coincides with the inner product
onH on an appropriate domain. The following proposition provides the answer.

Proposition 5.0.1. [28] Let p P t0u Y r1,8s. Let f P H
p
w X H and g P H

p1

w´1 X H .
Then

x f , gy
H

p
w ,H

p1

w´1
“ x f , gy

H
.

Proof. Using Theorem 4.5.2, Proposition 2.0.2 and Theorem 2.0.4, we compute

x f , gy
H

p
w ,H

p1

w´1
“ xCp,w

ψ̃
f ,Cp1,w´1

ψ gy
ℓ

p
w,ℓ

p1

w´1

“ xCψ̃ f ,Cψgy
ℓ2 “ xDψCψ̃ f , gy

H
“ x f , gy

H
.

□

It turns out that this sequilinear form has properties similar to x¨, ¨y
ℓ

p
w,ℓ

p1

w´1
. For exam-

ple, we can show that we also have a Hölder inequality in this case. However, we obtain
an additional factor.

Theorem 5.0.2. [5, Proposition 2] Let p P t0u Y r1,8s. It holds
ˇ

ˇ

ˇ

ˇ

x f , gy
H

p
w ,H

p1

w´1

ˇ

ˇ

ˇ

ˇ

≲ } f }
H

p
w

}g}
H

p1

w´1
@ f P H p

w, g P H
p1

w´1 .

Proof. Using the Hölder inequality (Theorem 1.5.5) and the continuity of the coefficient
operator (Proposition 4.3.2), we get
ˇ

ˇ

ˇ

ˇ

x f , gy
H

p
w ,H

p1

w´1

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

xCp,w
ψ̃

f ,Cp1,w´1

ψ gy
ℓ

p
w,ℓ

p1

w´1

ˇ

ˇ

ˇ

ˇ

ď

›

›

›
Cp,w
ψ̃

f
›

›

›

ℓ
p
w

›

›

›
Cp1,w´1

ψ g
›

›

›

ℓ
p1

w´1

≲ } f }
H

p
w

}g}
H

p1

w´1
.

□
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This shows that the sesquilinear form is continuous with respect to both slots.
We can combine the norm continuity of the first slot with the weak-˚ continuity of the

second slot to obtain the following:

Lemma 5.0.3. [50, Proposition 2.23], [22] Let p P t0u Y r1,8q and f P H
p
w, g P H

p1

w´1 .
Let p fnqnPN Ď H

p
w converge to some f P H

p
w in the norm. Let pgnqnPN Ď H

p1

w´1 converge
to some g P H

p1

w´1 in the weak-˚ sense. Then

lim
nÑ8

x fn, gny
H

p
w ,H

p1

w´1
“ x f , gy

H
p
w ,H

p1

w´1
.

Proof. Using Proposition 1.5.19 and super continuity of the coefficient operators, we
get

lim
nÑ8

x fn, gny
H

p
w ,H

p1

w´1
“ lim

nÑ8
xCp,w

ψ̃
fn,C

p1,w´1

ψ gny
ℓ

p
w,ℓ

p1

w´1

“ xCp,w
ψ̃

f ,Cp1,w´1

ψ gy
ℓ

p
w,ℓ

p1

w´1

“ x f , gy
H

p
w ,H

p1

w´1
.

□

InH , we know that C˚
ψ “ Dψ. We can prove similar statements forH p

w .

Theorem 5.0.4. [5, Lemma 7] Letϕ „ ψand p P t0uYr1,8s. The following statements
hold:

1. For all f P H
p
w, α P ℓ

p1

w´1 , we have

xCp,w
ϕ f , αy

ℓ
p
w,ℓ

p1

w´1
“ x f ,Dp1,w´1

ϕ αy
H

p
w ,H

p1

w´1
.

2. For all f P H
p1

w´1 , α P ℓ
p
w, we have

xDp,w
ϕ α, f y

H
p
w ,H

p1

w´1
“ xα,Cp1,w´1

ϕ f y
ℓ

p
w,ℓ

p1

w´1
.

Proof. If f P H00 and α P ℓ00 then both statements hold because of Proposition 5.0.1
and Proposition 2.0.2. Next, we show that the statement holds for p ă 8.

1. Let p fnqnPN Ď H00 norm converge to f P H
p
w and pαnqnPN Ď ℓ00 weak-˚ converge

to α P H
p1

w´1 . Then, because of Lemma 5.0.3,

xCp,w
ϕ f , αy

ℓ
p
w,ℓ

p1

w´1
“ lim

nÑ8
xCp,w

ϕ fn, α
n
y
ℓ

p
w,ℓ

p1

w´1
“ lim

nÑ8
x fn,D

p1,w´1

ϕ αn
y
H

p
w ,H

p1

w´1

“ x f ,Dp1,w´1

ϕ αy
H

p
w ,H

p1

w´1
,

where we use the super continuity of the coefficient operator (Proposition 4.5.1)
and the synthesis operator (Proposition 4.6.7).
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2. Let pαnqnPN Ď ℓ00 norm converge to α and p fnqnPN Ď H00 weak-˚ converge to
f P H

p1

w´1 . Then, because of Lemma 5.0.3, the super continuity of the synthesis
operator (Proposition 4.6.7) and the super continuity of the coefficient operator
(Proposition 4.5.1),

xDp,w
ϕ α, f y

H
p
w ,H

p1

w´1
“ lim

nÑ8
xDp,w

ϕ αn, fny
H

“ lim
nÑ8

xαn,Cp1,w´1

ϕ fny
ℓ2

“ xα,Cp1,w´1

ψ f y
H

p
w ,H

p1

w´1
.

For p “ 8, we swap the terms to reduce it to one of the previous results in the case of
p “ 1. First, we get

xC8,w
ϕ f , αy

ℓ8
w ,ℓ1

w´1
“ xα,C8,w

ϕ f y
ℓ1

w´1 ,ℓ
8
w

“ xD1,w´1

ϕ α, f y
H1

w´1 ,H
8
w

“ x f ,D1,w´1

ϕ αy
H8

w ,H1
w´1
.

The other case works similarly, namely

xD8,w
ϕ α, f y

H8
w ,H1

w´1
“ x f ,D8,w

ϕ αy
H1

w´1 ,H
8
w

“ xC1,w´1

ϕ f , αy
ℓ1

w´1 ,ℓ
8
w

“ xα,C1,w´1

ϕ f y
ℓ8

w ,ℓ1
w´1
.

□

By definition, x¨, ¨y is non-degenerate. This means that for all v P H , it holds

xv, ¨y “ 0 ñ v “ 0 and x¨, vy “ 0 ñ v “ 0.

We want to show that the same holds for x¨, ¨y
H

p
w ,H

p1

w´1
.

Lemma 5.0.5. [5, Proposition 2] Let p P t0uYr1,8s. The sesquilinear form x¨, ¨y
H

p
w ,H

p1

w´1

is non-degenerate.

Proof. We show this for both slots.

1. Let f P H
p
w such that

x f , gy
H

p
w ,H

p1

w´1
“ 0 @g P H

p1

w´1 .

Then, for all k P X, we use Theorem 5.0.4 to get

0 “ x f ,Dp1,w´1

ψ δky
H

p
w ,H

p1

w´1
“ xCp,w

ψ f , δkyℓp
w,ℓ

p1

w´1
“ pCp,w

ψ f qk.

This implies Cp,w
ψ f “ 0 and by injectivity (Theorem 4.6.12), f “ 0.

2. Let g P H
p1

w´1 such that

x f , gy
H

p
w ,H

p1

w´1
“ 0 @ f P H p

w.
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Then for all k P X, we use Theorem 5.0.4 to get

0 “ xDp,w
ψ δk, gy

H
p
w ,H

p1

w´1
“ xδk,C

p1,w´1

ψ gy
ℓ

p
w,ℓ

p1

w´1
“ pCp1,w´1

ψ gqk.

This implies Cp1,w´1

ψ g “ 0 and by injectivity (Theorem 4.6.12), g “ 0.

□

This sesquilinear form allows us to define linear functionals naturally.

Lemma 5.0.6. [5, Proposition 2] Let p P t0u Y r1,8s. Then

Φ : H p1

w´1 Ñ pH p
wq

1, g ÞÑ x¨, gy
H

p
w ,H

p1

w´1

is an injective, norm-continuous, and conjugate linear map.

Proof. The map is well-defined because the sesquilinear form is linear with respect to
the first slot and continuous because of Theorem 5.0.2. Conjugate linearity is clear be-
cause the sesquilinear form is conjugate linear with respect to the second slot. Norm
continuity follows from Theorem 5.0.2. The injectivity follows from Lemma 5.0.5. □

This lemma shows that any element in H p1

w´1 can be identified with an element in
pH

p
wq1. We can also show the converse if we exclude p “ 8.

Lemma 5.0.7. [5, Proposition 2] Let p P t0u Y r1,8q and h1 P pH
p
wq1. Then there exists

some h P H
p1

w´1 such that

h1
p f q “ x f , hy

H
p
w ,H

p1

w´1
@ f P H p

w.

Proof. We easily see that h1Dp,w
ψ P pℓ

p
wq1. By duality (Theorem 1.5.7), there exists some

β P ℓ
p1

w´1 such that
h1Dp,w

ψ “ x¨, βy
ℓ

p
w,ℓ

p1

w´1
.

Now, let h :“ Dp1,w´1

ψ̃
β. Then, using Theorem 5.0.4,

x f , hy
H

p
w ,H

p1

w´1
“ x f ,Dp1,w´1

ψ̃
βy
H

p
w ,H

p1

w´1

“ xCp,w
ψ̃

f , βy
ℓ

p
w,ℓ

p1

w´1

“ h1Dp,w
ψ Cp,w

ψ̃
f “ h1

p f q,

where the last equation follows from Theorem 4.6.11. □

Finally, we can show that pH
p
wq1 can be identified withH p1

w´1 .

Theorem 5.0.8. [5, Proposition 2] Let p P t0u Y r1,8q. Then, there exists a bijective,
conjugate linear mapΦ : H p1

w´1 Ñ pH
p
wq1.

Proof. Combining Lemma 5.0.6 and Lemma 5.0.7 yields the desired result. □
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5.1 Banach frames on H p
w

Recall that for any Banach spaceB, we need a sequence pϕkqkPX to be in the dual space
B1. In our case, this means that any Banach frame for H p

w is in pH
p
wq1. Using Theo-

rem 5.0.8, we can use the spaceH p1

w´1 instead. Moreover, we also investigated the inter-
sectionH p1

w´1 XH . This means that for a frame ϕ Ď H , we can check if ϕ Ď pH
p
wq1 by

the abuse of notation. If this is the case, one can also check if ϕ is a Banach frame for
H

p
w . First, we need the following result.

Lemma 5.1.1. [5, Lemma 6] Let p P t0u Y r0,8s. Let ϕ „ ψ. Then

Cp,w
ϕ f “

ˆ

x f , ϕkyH p
w ,H

p1

w´1

˙

kPX
@ f P H p

w.

Proof. Because of Lemma 4.6.6, x f , ϕkyH p
w ,H

p1

w´1
is well defined. According to Proposi-

tion 5.0.1, this statement is valid for f P H00. Let k P X and f P H
p
w . For p ă 8, let

p fnqnPN Ď H00 converge to f in norm. Then, by super continuity (Proposition 4.5.1), it
holds

pCp,w
ϕ f qk “ lim

nÑ8
pCp,w

ϕ fnqk “ lim
nÑ8

x fn, ϕkyH p
w ,H

p1

w´1
“ x f , ϕkyH p

w ,H
p1

w´1
.

If p “ 8, choose the sequence p fnqnPN Ď H00 to converge to f with respect to the
weak-˚ topology. In this case, 81 “ 1 “ 8˚; therefore, the same calculation works. □

We now provide an answer to this question. This is a generalization of [28, Theorem
5.1].

Theorem 5.1.2. Let p P t0u Y r1,8s. Let ψ, ϕ P LocpAq such that ψ „ ϕ. Then, ϕ is a
Banach frame forH p

wpψq.

Proof. LetBd :“ ℓ
p
w. We go through the three steps of the definition of a Banach frame.

1. According to Lemma 5.1.1, the coefficient operator is of the form

Cp,w
ϕ : H p

wpψq Ñ ℓp
w, f ÞÑ px f , ϕkyH p

w ,H
p1

w´1
qkPX.

This is bounded by Proposition 4.5.1.

2. We get the lower bound from Theorem 4.6.12.

3. Using Theorem 4.6.11, we get Dp,w
ϕ̃

as the reconstruction operator.

□
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6 Localization of operators

In this section, we analyze localizable operators. The idea is that any operator in LpHq

has a matrix representation inMpℓ2q. This matrix can either be an element inA or not.
If it is, then we say that the operator is localizable. Then, some natural questions arise.

• If an operator is localizable, is the adjoint also localizable?

• Is the sum of two localizable operators also localizable?

• Is the composition of two localizable operators also localizable?

Our goal is to answer these questions and more. For this entire chapter, we assume
that ψ, ϕ, ξ are frames. While the other chapters have provided different approaches to
prove or state known results, in this chapter, we provide unknown results, generalizing
[28].

6.1 Matrix representation of operators

In this chapter, we use frames to represent a linear continuous operator onH as a ma-
trix in a certain sense, see also [3].

Definition. [28, Definition 3.1] Let T P LpHq. We define the matrix representation of
T as

Mψ,ϕ
pT q :“ pxTϕl, ψkyqk,lPX.

If we interpret the matrix representation of an operator as an operator, we obtain the
following:

Proposition 6.1.1. [28, Proposition 3.2] Let T P LpHq and α P ℓ2. Then

Mψ,ϕ
pT qα “ CψT Dϕα.

Proof. On the left side, we get

pxTϕl, ψkyqk,lPXpαlqlPX “

˜

ÿ

lPX

xTϕl, ψkyαl

¸

kPX

.

Starting on the right side from the inside, we get

Dϕα “
ÿ

lPX

αlϕl
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6 Localization of operators

and
T Dϕα “ T

ÿ

lPX

αlϕl “
ÿ

lPX

αlTϕl.

Then

CψT Dϕα “ pxT Dϕα, ψkyqkPX “

˜C

ÿ

lPX

αlTϕl, ψk

G¸

kPX

“

˜C

ÿ

lPX

Tϕl, ψk

G

αl

¸

kPX

,

which is the same as the left-hand side. □

Using Theorem 1.6.3, we identifyMpℓ2q with Lpℓ2q for the rest of the chapter. Recall
that this identification is consistent with matrix multiplication (see Proposition 1.6.5)
and involution (see Proposition 1.6.11). Next, we analyze the operatorMψ,ϕ : LpHq Ñ

Lpℓ2q.

Proposition 6.1.2. [3, Theorem 3.1] It holdsMψ,ϕ P LpLpHq, Lpℓ2qq.

Proof. For all statements, we use Proposition 6.1.1 to represent the matrix.

1. Additivity: We compute

Mψ,ϕ
pS ` T q “ CψpS ` T qDϕ “ CψS Dϕ ` CψT Dϕ “Mψ,ϕ

pS q `Mψ,ϕ
pT q.

2. Homogeneity: We get

Mψ,ϕ
pλT q “ CψpλT qDϕ “ λCψT Dϕ “ λMψ,ϕ

pT q

3. Continuity: We get
›

›Mψ,ϕ
pT q

›

› “ }CψT Dϕ} ď }Cψ} }T} }Dϕ} ,

showing continuity.

□

Next, we show the following.

Proposition 6.1.3. [3, Proposition 3.2] The operatorMψ,ϕ is injective.

Proof. We show that KpMψ,ϕq “ t0u. Suppose thatMψ,ϕpT q “ 0. Using Proposi-
tion 6.1.1, we get

CψT Dϕ “ 0.

Using Theorem 2.0.4, we get

0 “ Dψ̃0Cϕ̃ “ Dψ̃CψT DϕCϕ̃ “ T.

□

Next, we show that the matrix representation works well with involution.
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6.1 Matrix representation of operators

Proposition 6.1.4. Let T P LpHq. Then

Mψ,ϕ
pT ˚

q “ pMϕ,ψ
pT qq

˚.

Proof. We use Proposition 6.1.1 and Proposition 2.0.2 to get

Mψ,ϕ
pT ˚

q “ CψT ˚Dϕ “ pD˚
ϕTC˚

ψq
˚

“ pCϕT Dψq
˚

“ pMϕ,ψ
pT qq

˚.

□

Additionally, the matrix representation works well with the composition.

Proposition 6.1.5. [3, Proposition 3.2] Let S ,T P LpHq. Then

Mξ,ψ
pS T q “Mξ,ϕ̄

pS qMϕ,ψ
pT q.

Proof. We use Proposition 6.1.1 and Theorem 2.0.4 to get

Mξ,ϕ̄
pS qMϕ,ψ

pT q “ DξTCϕ̄DϕS Cψ “ DξTS Cψ “Mξ,ψ
pS T q.

□

In some cases, we obtain a useful representation of the range of the matrix represen-
tation of an operator.

Lemma 6.1.6. [7, Lemma 3.3] Let T P LpHq be a surjective operator. Then

RpMψ,ϕ
pT qq “ RpCψq.

Proof. By Proposition 6.1.1, we get

RpMψ,ϕ
pT qq “ RpCψT Dϕq.

Since T and Dϕ are surjective, it holds

RpCψT Dϕq “ RpCψq,

which proves the claim. □

The condition that T is surjective cannot be omitted since T “ 0 provides a coun-
terexample. If we choose two frames that are canonical duals with respect to each other,
then the matrix representation of the identity is an orthogonal projection.

Lemma 6.1.7. [3, Example 3.1 (4)] It holds

Mψ,ψ̃
pidHq “ πℓ2ÑRpCψq “ πℓ2ÑRpCψ̃q “Mψ̃,ψ

pidHq.
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6 Localization of operators

Proof. Using Proposition 2.0.5 and Proposition 2.0.9, we get

Mψ,ψ̃
pidHq “ CψDψ̃ “ Gψ,ψ̃ “ πℓ2ÑRpCψq.

Similarly,
Mψ̃,ψ

pidHq “ Gψ̃,ψ “ πℓ2ÑRpCψ̃q.

Using Proposition 2.0.7 completes the proof. □

Finally, we show that the matrix representation works well with inversion. Here, we
must use the pseudo-inverse.

Proposition 6.1.8. [8, Theorem 4.1] Let T P IpHq. Then

Mψ,ϕ
pT ´1

q “ pMϕ̃,ψ̃
pT qq

:.

Proof. We use Proposition 6.1.5, Lemma 6.1.7 and Lemma 6.1.6 to get

Mϕ̃,ψ̃
pT qMψ,ϕ

pT ´1
q “Mϕ̃,ϕ

pTT ´1
q “Mϕ̃,ϕ

pidHq “ πℓ2ÑRpCϕ̃q “ πℓ2ÑRpMϕ̃,ψ̃pTqq.

Similarly,

Mψ,ϕ
pT ´1

qMϕ̃,ψ̃
pT q “Mψ,ψ̃

pT ´1T q “Mψ,ψ̃
pidHq “ πℓ2ÑRpCψq “ πℓ2ÑRpMψ,ϕpT ´1qq.

Using Theorem 1.8.14 completes this proof. □

Note that this proposition shows thatMψ,ϕpT q is invertible and

Mϕ̃,ψ̃
pT ´1

q “ pMψ,ϕ
pT qq

´1

if and only if ψ and ϕ are Riesz bases [7, Theorem 3.4]. Indeed, since

Mψ,ϕ
pT q “ CψT Dϕ,

Dϕ must necessarily be injective to makeMψ,ϕpT q injective. Similarly, Cψ must neces-
sarily be surjective to makeMψ,ϕpT q surjective. Therefore, Cψ and Dϕ must be bijective,
being equivalent to ψ and ϕ being Riesz bases (Proposition 2.1.1). Note that these con-
ditions are also sufficient becauseMψ,ϕpT q is the composition of three bijective oper-
ators.

One might ask the following question: If T P LpHq has closed range, do we get

Mϕ̃,ψ̃
pT :

q “ pMψ,ϕ
pT qq

:?

The answer is no. To see this, letH “ R2. Let ψ be a Riesz basis such that

Cψ “

ˆ

1 1
0 1

˙

.
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6.2 Localization

Then, because of Proposition 2.1.2,

Dψ̃ “ C´1
ψ “

ˆ

1 ´1
0 1

˙

.

Let
T :“

ˆ

0 0
0 1

˙

.

Then, T : “ T . Now, we compute

Mψ,ψ
pT qMψ̃,ψ̃

pT :
q “Mψ,ψ̃

pTT :
q “Mψ,ψ̃

pT q “ CψT Dψ̃

“

ˆ

1 1
0 1

˙ ˆ

0 0
0 1

˙ ˆ

1 ´1
0 1

˙

“

ˆ

0 1
0 1

˙ ˆ

1 ´1
0 1

˙

“

ˆ

0 1
0 1

˙

.

Note that the resulting matrix is not self-adjoint and therefore cannot be an orthogonal
projection. According to Theorem 1.8.14,Mψ̃,ψ̃pT :q cannot be the pseudo-inverse of
Mψ,ψpT q.

6.2 Localization

Having set up the matrix representation, we can now define when an operator is local-
izable. Here, we need our solid spectral matrix algebraA-

Definition. Let ψ, ϕ be frames. Let T P LpHq. We call T pψ, ϕq-localizable if

Mψ,ϕ
pT q P A.

In this case, we use the notation T P Locpψ, ϕq. If both frames are the same, we write
Locpψq instead of Locpψ, ψq.

We easily see that idH P Locpψ, ϕq if and only ifψ „ ϕ. Now, we analyze the structure
of Locpψ, ϕq.

Proposition 6.2.1. The set Locpψ, ϕq is a linear subspace of LpHq.

Proof. Trivially,
Mψ,ϕ

p0q “ 0 P A.

Let S ,T P Locpψ, ϕq and λ P F. By Proposition 6.1.2,

Mψ,ϕ
pλS ` T q “ λMψ,ϕ

pS q `Mψ,ϕ
pT q P A,

showing that λS ` T P Locpψ, ϕq. □

[28, Theorem 3.3] provides a result about the composition of two localizable opera-
tors. This statement also holds in the general setting.

Proposition 6.2.2. Let ψ, ϕ, ξ P LocpAq (i.e., be self-localized frames), S P Locpψ, ϕ̃q

and T P Locpϕ, ξq. Then, S T P Locpψ, ξq.
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6 Localization of operators

Proof. By Proposition 6.1.5, we get

Mψ,ξ
pS T q “Mψ,ϕ̃

pS qMϕ,ξ
pT q.

The remainder follows from the closedness of multiplication inA. □

Next, we show that a frame can be replaced by a frame that is in the same localization
equivalence class, without changing the localizability property of the operator, which is
a generalization of [28, Theorem 4.1].

Theorem 6.2.3. Let ψ, ψ1, ϕ, ϕ1 P LocpAq be such that ψ „ ψ1 and ϕ „ ϕ1. Let T P

Locpψ, ϕq. Then
T P Locpψ1, ϕ1

q.

Proof. Using Proposition 6.1.5, we get

Mψ1,ϕ1

pT q “Mψ1,ψ
pidHqMψ̃,ψ̃

pidHqMψ,ϕ
pT qMϕ̃,ϕ̃

pidHqMϕ,ϕ1

pidHq.

By our assumptions, all five matrices are inA, so the product is also inA. □

Because self-localized frames are localized with their canonical dual frames (Propo-
sition 3.0.1), we immediately obtain

Corollary 6.2.4. For ψ, ϕ P LocpAq, we get

Locpψ, ϕq “ Locpψ, ϕ̃q “ Locpψ̃, ϕq “ Locpψ̃, ϕ̃q.

Using this corollary, we can rephrase Proposition 6.2.2 by omitting the canonical dual
frame as follows.

Proposition 6.2.5. Let ψ, ϕ, ξ P LocpAq, S P Locpψ, ϕq and T P Locpϕ, ξq. Then

S T P Locpψ, ξq.

Proof. By Corollary 6.2.4,
S P Locpψ, ϕ̃q.

Using Proposition 6.2.2,
S T P Locpψ, ξq.

□

The localization property interacts well with the involution.

Proposition 6.2.6. Let T P Locpψ, ϕq. Then T ˚ P Locpϕ, ψq.
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6.3 Induced norm

Proof. This follows from Proposition 6.1.4, i.e.,

Mψ,ϕ
pT ˚

q “Mϕ,ψ
pT q

˚

and the fact thatA is closed under ˚. □

We summarize the results as follows.

Theorem 6.2.7. The set Locpψq is a unital ˚-algebra,

Proof. By Proposition 6.2.1, Locpψq is a subspace. Since ψ P LocpAq, Locpψq contains
the identity operator. By Proposition 6.2.6, Locpψq is closed under an involution. By
Proposition 6.2.5, Locpψq is closed under composition. □

Next, we generalize [28, Theorem 4.4], stating that localization works well with inver-
sions.

Theorem 6.2.8. Let T P Locpψ, ϕq be invertible. Then T ´1 P Locpϕ, ψq.

Proof. According to Proposition 6.1.8, we have

Mϕ̃,ψ̃
pT ´1

q “ pMψ,ϕ
pT qq

:.

Because of Theorem 1.8.24, the matrix is inA, which implies that

T ´1
P Locpϕ̃, ψ̃q.

By Corollary 6.2.4,
T ´1

P Locpϕ, ψq.

□

6.3 Induced norm

So far, we know that Locpψq is an inverse closed unital ˚-algebra. Our goal is to equip
this algebra with an appropriate norm such that it becomes a Banach algebra. In this
case, we obtain pseudo-inverse closedness for free.

Definition. We define the map

}¨}ψ,ϕ : Locpψ, ϕq Ñ R,T ÞÑ
›

›Mψ,ϕ
pT q

›

›

A
.

Now, we show that this is a norm.

Proposition 6.3.1. The map }¨}ψ,ϕ is a norm.

Proof. We go through the three properties and use the fact that Mψ,ϕ is linear (see
Proposition 6.1.2).

1. Positive definiteness follows from Proposition 6.1.3.
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6 Localization of operators

2. We compute

}λT}ψ,ϕ “
›

›Mψ,ϕ
pλT q

›

›

A
“

›

›λMψ,ϕ
pT q

›

›

A
“ |λ|

›

›Mψ,ϕ
pT q

›

›

A
“ |λ| }T}ψ,ϕ ,

showing positive homogeneity.

3. We also compute

}S ` T}ψ,ϕ “
›

›Mψ,ϕ
pS ` T q

›

›

A
“

›

›Mψ,ϕ
pS q `Mψ,ϕ

pT q
›

›

A

ď
›

›Mψ,ϕ
pS q

›

› `
›

›Mψ,ϕ
pT q

›

›

A

“ }S }ψ,ϕ ` }T}ψ,ϕ ,

showing a triangular inequality.

□

For the next couple of results, we restrict ourselves to the space Locpψq. In this case,
we use the notation

}¨}ψ :“ }¨}ψ,ψ̃ .

Proposition 6.3.2. The norm }¨}ψ is submultiplicative:

Proof. We use Proposition 6.1.5, to get

}S T}ψ “

›

›

›
Mψ,ψ̃

pS T q

›

›

›

A
“

›

›

›
Mψ,ψ̃

pS qMψ,ψ̃
pT q

›

›

›

A
ď

›

›

›
Mψ,ψ̃

pS q

›

›

›

A

›

›

›
Mψ,ψ̃

pT q

›

›

›

A

“ }S }ψ }T}ψ .

□

We also show that our new norm dominates the operator norm.

Lemma 6.3.3. It holds
}T} ≲ }T}ψ @T P Locpψq.

Proof. By the reconstruction formula (Theorem 2.0.4),

T “ Dψ̃CψT Dψ̃Cψ “ Dψ̃M
ψ,ψ̃

pT qCψ

and therefore

}T} “

›

›

›
Dψ̃M

ψ,ψ̃
pT qCψ

›

›

›
ď

›

›Dψ̃

›

›

›

›

›
Mψ,ψ̃

pT q

›

›

›
}Cψ} ≲

›

›

›
Mψ,ψ̃

pT q

›

›

›
.

Using Theorem 1.8.25, we get
›

›

›
Mψ,ψ̃

pT q

›

›

›
ď

›

›

›
Mψ,ψ̃

pT q

›

›

›

A
“ }T}ψ .

□

This shows that Locpψq is a normed algebra. Next, we show that it is complete.
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6.3 Induced norm

Proposition 6.3.4. The algebra Locpψq is complete with respect to }¨}ψ.

Proof. Let pTnqnPN Ď Locpψq be a Cauchy sequence. Then, pMψ,ψ̃pTnqqnPN is a Cauchy
sequence inA and therefore converges to some M P A. By Theorem 1.8.25, this con-
vergence also holds forMpℓ2q. By Theorem 2.0.4, it holds

}Tm ´ Tn} “
›

›Dψ̃CψpTm ´ TnqDψ̃Cψ

›

› ď
›

›Dψ̃

›

›

›

›

›
Mψ,ψ̃

pTm ´ Tnq

›

›

›
}Cψ} .

This shows that pTnqnPN is a Cauchy sequence with respect to the operator norm and
converges to some T P LpHq. This implies that

M “
Mpℓ2q

lim
nÑ8
Mψ,ψ̃

pTnq “
Lpℓ2q

lim
nÑ8

CψTnDψ̃ “ CψT Dψ̃ “Mψ,ψ̃
pT q.

So, T P Locpψq. Finally,

}Tn ´ T}ψ “

›

›

›
Mψ,ψ̃

pTnq ´Mψ,ψ̃
pT q

›

›

›

A
“

›

›

›
Mψ,ψ̃

pTnq ´ M
›

›

›

A
.

Since the right-hand side converges to 0, the left-hand side does as well, showing that
Locpψq is complete. □

This yields the following result.

Theorem 6.3.5. The set Locpψq is a unital Banach-˚ algebra with respect to }¨}ψ.

Proof. We must show that the involution is continuous. Let

|||T ||| :“ maxt}T}ψ , }T}ψ̃u.

It is simple to show that this map is a norm. Moreover,

|||S T ||| “ maxt}S T}ψ , }S T}ψ̃u ď maxt}S }ψ }T}ψ , }S }ψ̃ }T}ψ̃u

ď maxt|||S ||||||T |||, |||S ||||||T |||u

“ |||S ||||||T |||,

proving submultiplicativity. Next, we show thatA is complete with respect to |||¨|||. Let
pTnqnPN be a Cauchy sequence with respect to |||¨|||. Then, it is a Cauchy sequence with
respect to }¨}ψ and }¨}ψ̃. By completeness (Proposition 6.3.4), there exist S ,T P A such
that

lim
nÑ8

}Tn ´ T}ψ “ 0

and
lim
nÑ8

}Tn ´ S }ψ̃ “ 0.

By Lemma 6.3.3, pTnqnPN converges to S and T in the operator norm, implying that
S “ T . This also implies that the sequence converges to T in |||¨|||, thus proving com-
pleteness. By definition,

}T}ψ ď |||T ||| @T P Locpψq.
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6 Localization of operators

Using the bounded inverse theorem (Theorem 1.8.2) on the identity, we conclude that
both the norms are equivalent. Since

}T ˚}ψ “
›

›CψT ˚Dψ̃

›

›

A
“

›

›pCψ̃T Dψq
˚
›

›

A
≲

›

›Cψ̃T Dψ

›

›

A
“ }T}ψ̃ ,

we get
|||T ˚||| “ maxt}T ˚}ψ , }T ˚}ψ̃u “ maxt}T}ψ̃ , }T}ψu “ |||T |||.

This shows that the involution is continuous with respect to |||¨||| and by norm equiva-
lence, it is continuous with respect to }¨}ψ. □

This result gives us pseudo-inverse closedness.

Lemma 6.3.6. Let T P Locpψq have a closed range. Then

T :
P Locpψq.

Proof. We have shown that Locpψq ď LpHq (see Theorem 6.3.5). Since Locpψq is
inverse closed (Theorem 6.2.8), it is also pseudo-inverse closed (Theorem 1.8.24), so
T : P Locpψq. □

We can also show pseudo-inverse closedness if the two frames are different.

Theorem 6.3.7. Let T P Locpψ, ϕq have a closed range. Then

T :
P Locpϕ, ψq.

Proof. By Proposition 6.2.6, T ˚ P Locpϕ, ψq. By Proposition 6.2.5, T ˚T P Locpψq. Then
pT ˚T q: P Locpψq because of Lemma 6.3.6. Finally, by Lemma 1.8.19,

T :
“ pT ˚T q

:T ˚
P Locpϕ, ψq.

□

6.4 Localization on Banach spaces

Note that any operator T P LpHq can be restricted toH00. The question is whether
this restriction can be continuously extended toH p

w . We show that this is possible. Ths
following result is a generalization of [28, Theorem 5.2].

Theorem 6.4.1. Let ψ P LocpAq. Let T P Locpψq. Then for all p P t0u Y r1,8s,

T 00 : H00
Ñ H p

w

is super-continuous with respect toH p
w and can be uniquely extended to a super-continuous

linear operator onH p
w .

124



6.5 Connection to localized frames

Proof. By Theorem 2.0.4, we get

T “ DψCψ̃T DψCψ̃ “ DψM
ψ̃,ψ

pT qCψ̃.

SinceMψ̃,ψpT q P A ĎMpℓ
p
wq, this implies

T 00
“ Dp,w

ψ M
ψ̃,ψ

pT qC00
ψ̃
.

All operators on the right side are super continuous (Proposition 4.6.2), so T 00 is also
super continuous. Writing

T p,w
“ Dp,w

ψ M
ψ̃,ψ

pT qCp,w
ψ̃
,

we obtain a super continuous extension, which is according to Theorem 4.3.3 unique.
□

6.5 Connection to localized frames

Recall that for any operator T P LpHq and any frame ψ, Tψ is a frame if and only if T is
surjective. One might ask, in which cases Tψ is a localized frame. The following result
provides a characterization, which is a generalization of [28, Theorem 6.2].

Theorem 6.5.1. Let ψ P LocpAq and T P LpHq be surjective. Then, Tψ P LocpAq if
and only if T ˚T P Locpψq.

Proof. By Theorem 2.2.2, Tψ is a frame. An easy calculation shows that

Mψ,ψ
pT ˚T q “ pxT ˚Tψl, ψkyqk,lPX “ pxTψl,Tψkyqk,lPX “ GTψ,Tψ.

Since the left-hand side is in A if and only if the right-hand side is in A, the proof is
complete. □
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