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Abstract

Recently, Hikita proved the Stanley—Stembridge conjecture, utilizing the so-called
modular law, a linear relation satisfied by the chromatic (quasi-)symmetric function of
unit interval graphs or unicellular LLT polynomials. This master’s thesis concerns itself
with different aspects of the modular law, culminating in describing a generalization of it
which produces linear relations amongst bigger numbers of unicellular LL'T polynomials
behaving in a similar fashion to the modular law (see chapter |4)).

Furthermore, this thesis provides a new proof for Lee’s result of unicellular LLT
polynomials (and thus chromatic quasisymmetric functions of unit interval graphs)
satisfying the modular law in chapter 2 Chapter [3|offers a new proof on the termination
of the algorithm used to prove Abreu and Nigro’s characterization of functions satisfying
the modular law by their values on complete graphs.






Zusammenfassung

Vor Kurzem wurde von Hikita die Vermutung von Stanley—Stembridge bewiesen.
Dabei wurde das sogenannte ,modular law® genutzt, eine lineare Relation, die von
den chromatisch (quasi-)symmetrischen Funktionen von ,Einheitsintervallgraphen
oder ,einzelligen“ LLT Polynomen erfiillt wird. Diese Masterarbeit beschéftigt sich
mit unterschiedlichen Aspekten des modular law und kulminiert in Kapitel [ in der
Beschreibung einer Generalisierung dieser Relation, die weitere lineare Relationen
zwischen einer grofleren Anzahl an einzelligen LLT Polynomen liefert, die ihrerseits
alle ein dem urspriinglichen modular law &hnliches Verhalten aufweisen.

Dariiber hinaus liefert diese Arbeit in Kapitel 2] einen neuen Beweis dafiir, dass
einzellige LLT Polynome (und damit chromatisch quasisymmetrische Funktionen von
Einheitsintervallgraphen) das modular law erfiillen. Kapitel |3|liefert einen neuen Beweis
dafiir, dass der von Abreu und Nigro verwendete Algorithmus zur Charakterisierung von
das modular law erfiillenden Funktionen mit ihren Werten bei vollstdndigen Graphen
fiir alle Eingaben nach endlich vielen Schritten terminiert.
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1 Introduction

The aim of this work is to study relations between LLT polynomials, which are certain
generating functions of tuples of semistandard Young tabelau. We focus on the special
case of unicellular LLT polynomials, closely related to the chromatic quasisymmetric
functions as shown by Carlsson and Mellit [CM18|, Proposition 3.5]. In this case, a
connection between the relations of unicellular LLT polynomials and the relations
between chromatic quasisymmetric functions of unit interval graphs has already been
established. An especially powerful example of such relations, the so-called modular
law, first described by Guay-Paquet |Gual3| and generalized to the quasisymmetric
case by Lee [Lee21], was recently used by Hikita in his proof of the Stanley—Stembridge
conjecture.

We try to further generalize the modular law to produce a family of identities sharing
similar characteristics which we will call interlacing filters (see chapter . Put more
concretely, we produce relations between LLT polynomials that filter out all terms
corresponding to non-interlacing permutations and where the remaining terms take
the same value except for their sign changing depending on the permutation. Here, an
interlacing permutation is a permutation of variables from two sets whose sizes differ
by at most 1 and no two elements of a single set directly follow each other. E.g., for
the sets {a} and {b, c}, the interlacing permutations of these variables are bac and cab.

1.1 The structure of this thesis

The starting point for the work on this thesis was Hikita’s proof of the Stanley—
Stembridge Conjecture found in [Hik25], which lead the author to concern himself with
some literature on the modular law used in the proof. This also reflects in the thesis
presented here, with each chapter being related to the modular law in a different way.

In this introduction, we give an overview of the thesis and fix the notation later used
in different parts of the thesis.

The next chapter, chapter [2] concerns itself with stating the modular law and proving
that the chromatic (quasi-)symmetric functions satisfy their respective versions of it.
To this end, we first follow Guay-Paquet’s proof for the chromatic symmetric function
presented in [Gual3| and then introduce all necessary concepts to give a self-contained
proof (Theorem different from the proof by Lee in [Lee21].

Following this, in chapter [3| we turn to an application (Theorem of the modular
law used to express values of functions defined on Dyck paths, or equivalently unit
interval graphs, as products of their values on complete graphs. This application
was discovered by Abreu and Nigro in [AN21]. We mostly follow their paper in



our exposition, but use a modified algorithm (Algorithm and provide our own
proof (Corollary for its termination which also proves the termination of their
formulation of the algorithm, though in a less technical way.

Finally, in chapter [4, we formulate generalizations of the modular law which we
will call interlacing filters (Definition [4.5]). In these terms, the modular law can be
associated to the 12-interlacing filter, with other interlacing filters being examples of
linear relations between a bigger number of different variations of Dyck paths. We
will not be able to prove their existence in this thesis, but will instead, based on our
observations of computationally calculated examples, formulate Conjecture 4.7], which
provides formulae for directly calculating interlacing filters and which we intend to
prove in our future work.

1.2 (Semi-)Standard Young Tableaux

An extensive treatment of the combinatorial objects described below can be found in
[Stall] and [Sta23].

A composition X = (A1,...,\) of an integer n is a sequence of integers \; € Z™,
also called parts of A\, with >>; \; = n. A partition is a composition A where \; >
Ao > ... > )\ also holds. We write A - n to express that A is a partition of n. The
Young diagram corresponding to a partition A - n is an array of n boxes (also called
cells), where row i contains \; boxes and all rows are left-justified. It is drawn in
english notation, if the topmost row corresponds to A1, the next row corresponds to
Ao continuing like this with the last row corresponding to \;. If a Young diagram is
drawn in french notation, the order of the rows is reversed, i.e. the topmost row is the
shortest one with the other rows following in the ascending order given by the parts
of A. This thesis will use the french notation unless stated otherwise. To talk about
specific boxes we may reference them by coordinates, i. e. the box (5,2) in the Young
diagram of the partition A = (5,5,3,1) - 14 is the fifth box of the row corresponding
to the part Ao = 5.

A Semistandard Young Tableau (SSYT) of shape A = (A;)i=1,..; with A being a
partition, is a map from the boxes of the Young diagram of A to the integers ZT, where
rows are weakly increasing and columns strictly increase, i. e. the entry of (1,1) is
strictly smaller than the entry of (1,2), whilst the entries of (1,1) and (2,1) may be
equal. A SSYT is visualized by placing the appropriate numbers into the boxes of the
Young diagram.

To get the definition of a Standard Young Tableau (SYT) we put additional constraints
on the definition of a SSYT: A SYT of shape A F n is a map from the boxes of the
Young diagram of A to [n] := {1,2,...,n} (instead of ZT), where now the rows also
increase strictly.

We denote the sets of all (Semi-)Standard Young Tableaux by SSYT respectively
SYT and we also allow for (Semi-)Standard Young Tableaux to be of skew shape,
meaning that the underlying shape consists of the boxes remaining after removing
the boxes associated to a partition whose Young diagram is contained in the Young
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Figure 1.1: From left to right: The Young diagram, a semistandard Young tableau and
a standard Young tableau all corresponding to the partition A = (5,5,3,1).
In both the semistandard and standard Young tableau the box (5,2) has
the entry 14.
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Figure 1.2: A dyck path of size 5 and its corresponding Hessenberg function.

diagram of the initial partition. E.g. A\/p with p C A, consists of the boxes contained
in A but not in pu.
Figure [I.1] provides examples of these objects written in french notation.

1.3 Dyck paths, Hessenberg functions and unit—interval graphs

For more information on the objects presented in this section, the reader can refer to
the survey respectively introduction of [Hik25] or [AN21].

A Dyck path of length n is a path in the lattice Z x Z starting from (0,0) and ending
in (n,n) that only utilizes n north and n east steps and never steps below the diagonal,
i.e. the only possible steps to take from (a,b) are the steps to the east, corresponding
to (a+ 1,b) (provided a + 1 < b), or north, corresponding to (a,b + 1). The set of all
Dyck paths is denoted by D, the set of all Dyck paths of size n is denoted by D,. See
Figure for an example of a Dyck path in Ds.

Hessenberg functions of length n are maps h : [n] — [n] satisfying h(i + 1) > h(7)
and h(i) > i. All Hessenberg functions are denoted by H with those of length n being



Figure 1.3: The Hessenberg function h = (1, 3,5,5,5) and its associated unit interval
graph.

denoted by H,. It is easy to see that there is a bijection between Dyck paths and
Hessenberg functions: Every Dyck path from D defines a Hessenberg function from H,,
when interpreted as the “graph” of a function and vice versa. We say that a Hessenberg
function is complete if h(i) = n for all i € [n], because under the bijection explained
below, it is associated to a complete graph. Finally, we define the product of h; € H,
and hy € H,,,, h = hihs € Hy 44, via

hi) = {hl(i) ifi <n

ho(i —n) ifn<i<nt+m

See Figure for a Hessenberg function and its related Dyck path.

Another object in bijection with Hessenberg functions and Dyck paths are unit
interval graphs. Given n intervals of length 1, we can construct a unit interval graph by
assigning a vertex to every interval and connecting exactly the vertices with edges whose
associated intervals intersect. Note that, instead of treating intervals of unit length
as underlying objects, we can also consider points on the number line as underlying
objects, where the vertices corresponding to two points are connected if the distance
between them is at most 1. One bijection between Hessenberg functions and Dyck paths
can be defined in the following way: For h € H,,, construct a graph with n vertices,
where the vertex associated to ¢ is labeled with n + 1 — 4 and connect two vertices
labeled a =n+1—iand b=n+1—j, a < b with an edge exactly if j < ¢ < h(j).
See Figure for a Hessenberg function and its associated unit interval graph.

The above bijection is similar to the bijection we will use in Section some
examples of other bijections can be found in [Hik25, section 2.3.1]

1.4 g-integers and the chromatic (quasi-)symmetric function

For any integer n we define the corresponding g-integer [n], for a real variable ¢ € (0,1)
by




Symmetric functions are formal power series in the infinitely many variables (z;);cz+
such that, given a such a series f, we have that f(z1,72,...) = f(T,1); To(2), - - ) for
any permutation o of ZT. A quasisymmetric function is a formal power series in
the infinitely many variables (z;);cz+ such that for a given series f, the coefficient of
the term x{'z5* - -z is equal to the coefficient of the term zj'xy” - - - x{" whenever
i1 <19 < ...<ip, with a; € ZT. For more information we refer the reader to [Sta23,
Chapter 7]. We sometimes write X instead of x1,x2,x3,... as a shorthand.

Given a graph G with n vertices and a proper coloring of this graph x : G — ZT,
proper meaning that two connected vertices have different color, we define the chromatic

symmetric function csf(x; G) of the graph G by

CSf(X G Z 'qu(’ul xli(’UQ)xl‘i('US) e ‘rH(Un)

K

_ ZAf‘““bﬁ‘“”‘xg””(f”)' .

which was first described by Stanley [Sta95]. We then define the chromatic quasisym-
metric function by

CSf Z qasc x) Ii fi(’UQ)xl'{(’Ug) o xn(vn)

_ ansc K) 71(1)| |’$71( )|x|3“71(3)‘ .

where asc(k) == [{v;,v; € G :i < j and k(v;) < k(v;)}| and which was first described
by Shareshian and Wachs [SW16]. For both the chromatic symmetric function and
the chromatic quasisymmetric function it is easy to see that they are a symmetric
respectively quasisymmetric function.

The survey of [Hik25] and introduction of [Gual3| also give a short overview of the
chromatic (quasi-)symmetric function of a graph.

When speaking of linear maps or linear relations in this thesis, we work over the
base field Q(q) unless another field is clear from the context.



2 The modular law

The so—called modular law was first described by Guay—Paquet |Gual3, Proposition
3.1] for the chromatic symmetric function of a (341)-free poset. For a poset to be
(3+1)-free it is not allowed to contain a subposet consisting of a chain with three
elements and a fourth vertex incomparable to each of the other three. A g-analogue
was later found by Lee [Lee21, Theorem 3.5] which can be translated to the chromatic
quasisymmetric function of unit interval graphs.

We state the modular law here as it is stated in [AN21], using Hessenberg functions.
The formulation below is used in the quasisymmetric case, for the symmetric case
see [2.7 and By the bijection given in section this is equivalent to stating it
directly for unit interval graphs.

Definition 2.1 (modular law, [AN21} Definition 2.1]). A function f : H — A, where
A is a Q(g)-algebra, satisfies the modular law if

(1+q)f(h1) = qf(ho) + f(h2) (2.1)

for a triple of Hessenberg functions (hg, h1, he) that in turn satisfies one of the following
two conditions:

(1) There exists i € [n — 1] such that hi(i — 1) < h1(i) < h1(i+ 1) and hi(h1(2)) =
hi(h1(i) + 1) or hy(i) = n. Moreover, hg and hgy satisfy hi(j) = h1(j) for every
j#iand k=0,2, while hg(i) = h1(i) — 1 + k.

(2) There exists i € [n — 1] such that hy(i 4+ 1) = hy(i) + 1 and hy (i) = . Moreover,
ho and hg satisfy hi(j) = hi(j) for every 7 # 4,9+ 1 and k = 0,2, while
ho(l) = ho(’i + 1) = hl(Z) and hz(l) = hg(i + 1) = hl(i + 1).

See Figure and Figure for examples of triples satisfying condition (1) respec-
tively condition (2).

As mentioned before, in [Lee21] a similar relation for unicellular LLT polynomi-
als is found that, together with a result from |[CM18|, proves that the chromatic
quasisymmetric function of unit interval graphs satisfies the modular law as stated
above.

In the following sections we will state and prove the modular law for the chromatic
symmetric function of a (3 + 1)-free poset respectively a unit interval graph, which is
then followed by a short introduction into unicellular LLT polynomials in order to state
and give an alternative proof of Lee’s [Lee21, Theorem 3.5] result. It is our intention
to collect as self-contained proofs as possible of both formulations in the same work.

The sections following section 2.1 do not depend on it, therefore the reader interested
just in the quasisymmetric case may skip to section [2.2
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Figure 2.1: An example of a triple hg, h1, he € Hjs satisfying condition (1) of Defini-
tion and their associated unit interval graphs.
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Figure 2.2: An example of a triple hg, h1, he € Hj satisfying condition (2) of Defini-
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2.1 The chromatic symmetric function and the modular law

In this section, we closely follow [Gual3|, omitting the parts not required for our
purposes and providing additional details on some proofs.

First, we note that the chromatic symmetric function of a poset matches the chromatic
symmetric function of its incomparability graph. A colouring of a poset is called proper,
if every colour class is a chain. Thus, the same colouring interpreted as the colouring
of the incomparability graph also is a proper colouring, since elements from a chain
are by definition disconnected in this graph. Conversely, a proper colouring of the
incomparability graph of a poset P also is a proper colouring when viewed as the
colouring of P, since vertices not connected in the incomparability graph are comparable
in P and thus the subposet induced by the colour classes forms a chain.

In order to state the modular law, we now introduce a different way of representing
(3+1)-free posets.

Definition 2.2 (part listings, [Gual3l p. 3]). A part listing is an ordered list of parts.
All parts are arranged on positive integer levels, with a single part being either a single
vertex or a bipartite graph where both colour classes are each arranged on a level
directly adjacent to the other colour class and no edge of the graph connects two
vertices with matching colour.

A part listing can also be given as a word from the alphabet

YS={v;:i € ZT}U{b;;i4+1(G) :i € ZT,G a bipartite graph},

where v; corresponds to a single vertex on level ¢ and b; ;41 (G) corresponds to a copy of
the bipartite graph G whose colour classes are placed on level i and ¢ 4 1 respectively
and no edge connects two vertices of the same colour.

To construct the poset corresponding to a part listing L, we use the following rules
for every two vertices z and y in L (sticking to |Gual3| p. 4]): We say = < y if
(i) x is at least two levels below y, or
(ii) x is exactly one level below y and z is listed strictly to the left of the part
containing vy, or
(iii) « is exactly one level below y and they are joined by a bipartite graph edge.

Remark 2.3. One poset may admit multiple part listings L and L'. E.g. if in a part
listing L, the vertex x is two or more levels below y, with « and y both not being
part of a bipartite graph and there is no other vertex between them, it is possible to
exchange the position of x and y in the word defining the part listing to get a different
part listing L’ that still yields the same poset.

Two part listings giving rise to the same poset are called poset-equivalent. In [Gual3)]
multiple transformations of part listings yielding poset-equivalent part listings are
described, in order to, in combination with the modular law, reduce the Stanley—
Stembridge-Conjecture from (3+1)-free posets to (3+1)- and (2+42)-free posets which
are in bijection with unit interval graphs.
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Figure 2.3: An example of a part listing and its associated poset. The order relations
given by the edges in the poset on the right are to be read from the bottom
to the top.

Ezample 2.4. Figure illustrates the part listing given by b12(G)vsvive — where G
is a bipartite graph of 5 vertices — and its associated poset.

The next two propositions show that it suffices to consider part listings when working
with (341)-free posets.

Proposition 2.5 ([Gual3, Proposition 2.4]). Given any part listing L, the associated
poset P is (3+1)-free.

The proof stated here uses the same approach as in |Gual3| whilst being more
explicit.

Proof. We give a proof by contradiction. Suppose there exists a chain z < y < z and a
vertex w that is incomparable to each of z, y and z in P.

First, we observe that w has to be on the same level as y since otherwise it is
comparable to at least one of x, y or z. Furthermore, x and z cannot be in the same
part, as such a part would have to extend over more than two levels.

Now, the condition x < y < z forces them to be listed in alphabetical order in the
part listing provided they each are in distinct parts. In case where x and y are in the
same part, the part containing z has to be to the right of their part. In case where y
and z are in the same part, the part containing x has to be to the left of their part.

Considering each case it is easy to see that there is no way to place w such that it is
incomparable to the other three vertices:

If z, y and z are in distinct parts, w cannot be in an additional distinct part, because
any placement would make it comparable to x or z. For the same reason, it is not
possible to place w inside a part containing one of the other three vertices.

If z and y or y and z are in the same part, w cannot be outside of the part since
placing it there makes it comparable to x or z. It also cannot be in the same part as x
and y or y and z, since this would force w < z or x < w respectively.

Thus, we have a contradiction to P containing a (3+1) subposet. O

Proposition 2.6 (|Gual3, Proposition 2.5]). Given any (3+1)-free poset P, there
exists a part listing L for which the associated poset is P.



Proof. See |Gual3| where this is proven by applying a result from [GMR14, Theorem
3.3[1 O

Now it is possible to state and prove the modular law for the chromatic symmetric
function of a (3+1)-free poset.

Proposition 2.7 (csf satisfies the modular law, [Gual3, Proposition 3.1]). Consider
a part listing of the form Ab;;11(G)B where A and B are words over ¥ and G is a
bipartite graph satisfying the necessary conditions for b;i11(G) to be part of a part
listing. Additionaly, suppose G contains two edges e1, es incident to the same vertex y
such that for some vertices x and z we have ey = xy and es = yz.

Consider the following graphs and posets obtained by removing edges from G:

L4 G1 = (G without 61), P1 = Abiﬂurl(Gl)B,

L] GQ = (G without 62), PQ = Abi’H_l(GQ)B, and

o G2 := (G without ey and e3), P12 := Ab; ;4+1(G12)B.
Then,

csf(P) + cst(Pra) = csf(Py) + csf(Pa). (2.2)

Remark 2.8. Equation (2.2) is what is called the modular law for the chromatic
symmetric function.

See Figure 2.4 for an illustration of the covering relations between the vertices z, y
and z in the posets P, P;, P> and Pis.

Proof. Reviewing the Definition of the chromatic symmetric function (see section
makes it obvious that it suffices to check that any colouring x : V — Z™ contributes
the same amount to both sides of , since all involved posets have the same vertices.
Firstly, in order to make any contribution, it has to be proper for P. We assume this
has been checked for all vertices and edges except for the relations amongst z, y and z.
For the vertices z, y and z this forces k(x) # k(z) since x and z are incomparable.
Also, k(y) may be equal to k(x) or k(z) or neither.
There are three cases to consider:
o If k(y) = k(z), then k is proper for P and P, (there is a chain connecting z to
y), but not for P; and Pj2 (there is no chain connecting z to y).
o If k(y) = K(2), then & is proper for P and Pj, but not for P» and Pjs.
o If k(y) is distinct from both k(z) and x(z), k is proper for all of P, P;, P» and
Pio.
Since there are no other cases left and the contribution to both sides of has
been checked to always be the same, we have proven that the chromatic symmetric
function of (3+1)-free posets satisfies the modular law. O

Remark 2.9. As it is noted in [Gual3|, the proof of Proposition only relies on the
covering relations between x, y and z. Thus, we can state a more general proposition,

'This paper seems to have been restructured, the result relevant here corresponds to Theorem 3.3
from the first version of the paper found on arXiv: |https://arxiv.org/abs/1303.3652v1.
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Figure 2.4: The relations between the vertices z, ¥y and z in the posets respectively
graphs appearing in Proposition and

now formulated in terms of graphs, about the chromatic symmetric function satisfying
the modular law, by translating the covering relations into conditions for edges and
paths connecting the three vertices in the incomparability graph.

Proposition 2.10. Consider a graph G with vertices x, y and z, such that there is an
edge connecting x to z and that there are no edges or paths connecting any of these
three vertices in any other way. Then, we construct the graphs G1, G2 and G113 by

e adding an edge connecting x and y to obtain Gy,

e adding an edge connecting z and y to obtain Go, and

e adding both the edges connecting x to y and z to y respectively to obtain G1a.
Then,

csf(GQ) + csf(Gr2) = cst(Gr) + csf(Ga).

Figure illustrates the relations between the vertices x, y and z in the graphs G,
G1, G2 and G2 from the proposition above.

2.2 LLT polynomials

In this section, we will introduce LLT polynomials, which are used to prove that
the chromatic quasisymmetric function satisfies the modular law, similar to how it is
stated in Definition 2:1] Furthermore, we will explain how it is possible to transfer
linear relations found for unicellular LLT polynomials to the chromatic quasisymmetric
function justifying that the proof in the following section also proves the modular law
for the chromatic quasisymmetric function. Leading up to our own proof of Lee’s
result, we will structure our work similarily to [Lee21|, but use different formulations of
intermediate results providing more detailed proofs and drawing from |Ass07], [Hag-+05]

11



Figure 2.5: The diagram of the 3-tuple A = ((3,2),(1,1,1,1)/(1,1),(3,1)/(1)).

and [HNY20]. We also try to give an explanation of the connection to the chromatic
quasisymmetric function. Again, it is our goal to keep this work as self-contained as
possible.

Lascoux, Leclerc and Thibon first described LLT polynomials in [LLT97]. In this
thesis, we will use the formulation of LLT polynomials later found by Haglund et al.
in [Hag+05].

Given a d-tuple X = (AN, X X9)) of Young diagrams of the (possibly skew)
shape A, we define the sets

SSYT 4(A) = {d-tuples of SSYT of shape A}
SYT4(A) = {standard d-tuples of shape A}

where a standard d-tuple of shape A is a d-tuple of shape A where the cells have entries
from 1 to n, where n is the total number of cells in A, each number is used exactly
once and in every component of A, rows and columns are strictly increasing. Now,
for a T € SSYT4(A) we denote by 27 the product 7 := 2{'z5? - - where o is the
number of cells in T with entry 7. We think of the skew shapes forming A as arranged
diagonally from the southwest to the northeast, so that cells x of same content c¢(z) lie
on the same diagnonal (if the cell z is the cell in row ¢ and column j of its skew shape,

c(x) =7 —1).
Ezample 2.11. Figure[2.5]shows the diagram of the 3-tuple A = ((3,2), (1,1,1,1)/(1,1),
(3,1)/(1)) and Figure an example of a T € SSYT3(A) and a S € SYT3(A).

As a final ingredient for the definition of LLT polynomials we require the notion
of two cells of some 7" € SSYT;(A) being in inversion with each other. To this end,
we define the content of a cell x € T as é(x) := de(x) + 4, with x being part of the
component \(?) of A and ¢(x) being the content of z inside A?) as explained above.
The entry of the cell x is denoted by T'(z). Now, two cells x and y form an inversion,
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Figure 2.6: Examples of a 3-tuples of SSYT and a standard 3-tuple, both of shape
A=1((3,2),(1,1,1,1)/(1,1),(3,1)/(1)).

Figure 2.7: The two possible configurations of cells with entries a < b that are in
inversion.

if both T'(z) < T'(y) and 0 < é(z) — é(y) < d hold. The number of pairs of cells of A
forming an inversion is then denoted by inv(T).

Ezxample 2.12. There are two possible ways for cells x and y to be in inversion. Suppose
a:=T(x) < T(y) =: b, then either ¢(x) = é(y) and the cell y is in a component of X of
lesser index than the component of the cell x or é(z) = é(y) + 1 and the cell y is in a
component of greater index than the component of x. See Figure for an illustration
of both options.

Looking at S from Figure the cells with the following entries are in inversion:

{(2,8),(1,2)}.
Now we can formulate the definition of LLT polynomials, as it can be found in

[Lee21] or [HNY20, Definition 2.3]. A proof that the following definition matches the
LLT polynomials initially discovered by Lascoux, Leclerc and Thibon when multiplied

13



by a suitable power of ¢ can be found in [Hag+05, Corollary 5.2.4].

Definition 2.13. (LLT polynomials) Let A = (A, X&) ) be a d-tuple of Young
diagrams. Then the LLT polynomial corresponding to A is given by

LITA(X;q) = > ¢™Dal
TESSYT(A)

For a combinatorial proof that LLT polynomials are symmetric functions, one can
consult the appendix of [HHLO5|, else, |[LLT97, Theorem 6.1] provides a proof for the
initial formulation of these polynomials.

Our next goal, similarily to [Lee21], is to find a formula expressing LLT polynomials
in terms of a sum over SYT's of Gessel’s fundamental quasisymmetric functions, which
were first presented by Gessel in |Ges84]. We will diverge from [Lee21| and stick
more closely to the formulations chosen by |Ass07]. Thus, our treatment of Gessel’s
fundamental quasisymmetric functions utilizes maps o : [n — 1] — {4, —} to define
them as

FU(X) = Z L Ljg =" Ly -

Tig STig <...<Tiy,
O’(j)=7:>{l‘ij <@ij

To sum over T' € SYT 4(A), we need to explain how to construct the maps o depending
on a given 7T. This requires the notion of the content reading word of T'. It is obtained
by reading the entries of each cell in T, starting with the diagonal with least content
k and reading it from left to right, i.e. from the southwest to the northeast end and
then continuing in the same way with the diagonal of content k£ + 1 until finally the
diagonal with highest content is read. We denote the content reading word of T" by wr
and define

+ if 4 + 1 appears to the right of ¢ in wy

or i=oluwr): {— if 1 + 1 appears to the left of i in wr,
similarily to how it can be found in [Ass07, p. 17]

The next proposition gives us our desired result. It is stated in a similar way in [Lee21,
p. 975] and |Ass07, p. 35], with the latter providing some hints on how an explicit
proof could look like. We will provide our own proof, utilizing the process for the
standardization of tableaux described in [Hag+05, Lemma 5.2.3, Proposition 2.4.2].

Proposition 2.14. Using the same notation as above, we have

LITA(X;q)= > ¢"DF,(X). (2:3)
TESYT4(N)
Proof. To prove this proposition we first describe how a T' € SSYT4(\) gives rise to a
unique S € SYT4(A), preserving inv(T), i.e. inv(T") = inv(S) and prove the injectivity
of the map. Following this, we show how in turn each term of the right hand side of
Z qinv(T) FO'(T) _ Z qinv(T) Z Tiy Tiy - - T,

TEeSYTq(X) TESYT4(N) Tig STig <...<Tiy,
or(j)=—=xi;<zi;
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corresponds to a unique T’ € SSYT4(A), proving the surjectivity of our map.

Starting with a 7' € SSYT4(\), we choose S € SYT4(A) such that T o S~ is
weakly increasing (here, we interpret 7' and S as maps assigning the cells of A to
the entries in Z*), and if To S71(j) = To S™1(j +1) = ... = T o S7(k), then
diS)yn{j,7+1,...,k — 1} = 0. Note, that d(S) := {a : if S(z) = a,S(y) =
a+ 1, then é(z) > é(y)} denotes the set of descents of S.

This choice of S is unique for every T'. To see this, observe that the first condition,
T o S~! being weakly increasing only allows for variations in the standardization in
cells of T' with equal entries. Now, considering that equal entries in T form horizontal
strips in the SSYT constituting 7', i. e. no two equal entries can appear in the same
column of a component of A, the condition on the descents ensures a unique choice of
standardization for the remaining cells.

This way of standardizing also preserves inv(T"): Equal entries in T" are increasing in
S in content reading order, generating no new inversions and the entries that are not
equal remain in the same relation to each other as well. Thus inv(7") = inv(S).

Also note, that 27 is a term appearing in F,: Equal entries j in T' correspond to
entries 7, i + 1 increasing in content reading order in S, meaning og(i) = +. Thus,
there is a term in Fi g with x; reaching the required power.

Now, given distinct 77,72 € SSYT4(\), they correspond to different terms on the
right hand side of (2.3)), because if they belong to the same S € SYT4(X), they will
also differ in the entries used to fill them, since 77 having the same entries as 15, albeit
rearranged, contradicts them belonging to the same S, since T; o S~! has to be weakly
increasing.

The arguments above prove that we have a well-defined and injective map from the
terms appearing on the left hand side to the terms appearing on the right hand side.
It remains to show that this map is also surjective.

Indeed, since given an S € SYT4(A) and a term = = z;, x4, - - - z;, of F,., we get a
T € SSYT4(A) by reversing the map described above. This is done by replacing 1 in S
with z;,, 2 with z;,, ... until n is replaced by z;,. Here, og ensures that in this way
we are constructing a well-defined T' € SSYTg4(\), since when we take a step to a cell
of smaller content than the cell before, the number assigned to it will be strictly larger
than every other number assigned until then by the definition of og.

Thus, we have a bijection between the terms appearing on the left and right sides of
the equation , proving the proposition. ]

In order to prove that the chromatic quasisymmetric function satisfies the modular
law, we only require the LLT polynomials of shapes A where the components of A
consist of single cells. These LLT polynomials are called unicellular LLT polynomials
and from now on, all the LLT polynomials we use will be unicellular. See Figure [2.§]
for an example of a d-tuple underlying a unicellular LL'T polynomial.

We also want to give another reformulation of the formula defining unicellular LLT
polynomials. To this end, we assign a skew shape, now using the english notation, Dy
to any A which is contained in a staircase shape, i. e. it is a subset of the partition
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Figure 2.8: A schematic illustration of the d-tuple of an unicellular LLT polynomial.

defined by (d — 1,d — 2,...,1). The bijection we use here can be found in [HNY20,
p. 5] which is in turn based on [CM18, Section 3.2].

Given a d-tuple A of Young diagrams, we start with the staircase shape (d — 1,d —
2,...,1) and label the columns from 1 to d starting from the leftmost column and label
the rows from d to 1, starting with the topmost row. It turns out to be convenient to
label the diagonal entries (i,d + 1 — ¢) with 4 for ¢ € [d] which enables us to infer the
row and column of a cell in the labeling described above since the label of the diagonal
entry in the same row determines the row of the cell and analogously the label of the
diagonal entry in the same column determines the column of the cell.

Next, we cross out the cells in the column labeled ¢ and row labeled r whenever the
c-th and r-th cell of A in content reading order do not attack each other, i. e. cannot
form an inversion no matter their entries according to our earlier definition. This leaves
us with crossed out cells corresponding to a partition and a skew shape of cells that
are not crossed out which we will denote by Dy.

In chapter [4] it will be convenient think of Dy as rotated clockwise by a quarter turn
such that the partition formed by the crossed out boxes is rotated and justified in the
northeastern corner and the labels of the diagonal cells are increasing from 1 to d from
the northwest to the southeast. Under this point of view, the information contained in
Dy may also be described by a 0-1-matrix whose entries are 0 when they are not the
coordinates of a cell in Dy and 1 if they are.

See Figure for an example of a unicellular shape and its associated skew shape
under the bijection above.

Using the Dy we can give a simple reformulation of the formula for LLT polynomials
in the unicellular case, similar in spirit to [Lee21, Proposition 3.2 or Definition 3.3],
but continuing our own approach.
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Figure 2.9: The shape A of a unicellular LLT polynomial and the corresponding Dy.
(The cells of A are labeled in content reading order.)

Proposition 2.15. For a unicellular d-tuple of Young diagrams X\, we have

LLTA(X;q) = Y ¢™™PVE, |
TESY

where inv(mw, Dy) is the number of inversions (i,j), i < j of m such that (i,7) € Dy
and o is defined similarily as above, using the word constructed by writing down the
values (i), i € [d], next to each other.

Proof. This is just a simple reformulation. Instead of summing over all SYTg(\),
we now sum over the content reading words . The definition of Dy and inv(w, Dy)
amounts to considering exactly the same inversions we would have considered in the
previous formulation for a T € SYT4(A) of content reading word 7. O

We now have everything in place to state and give our proof of Lee’s result (cf.
section , but first we want to elaborate how a linear relation of unicellular LLT
polynomials translates to a linear relation of chromatic quasisymmetric functions of
different graphs.

Again, we use a bijection described in [HNY20| p. 5] to associate a unit interval
graph to a skew shape Djy.

Given a D) as defined above, we construct a graph consisting of d vertices, each
vertex associated to a cell in A but label them in reverse content reading order, giving
us the vertex set V' = {v;};c(q. The choice of labeling them in reverse content reading
order is made so that the asc and inv statistics directly coincide later on. Finally, two
vertices v; and v; will be connected by an edge whenever the cell in row ¢ and column
j is inside of Dy.
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Figure 2.10: The skew shape Dy and its associated unit interval graph Gjy.

A possibly simpler way to describe this bijection works as follows: Reverse the
numbers written in the diagonal used in the construction of Dy and then connect the
vertices labeled 7 and j whenever the cell in row ¢ and column j is in Dy, now using
the reversed diagonal entries to determine the row and column of a cell.

We denote the unit interval graph constructed via this bijection by G if it is
associated to Dy.

See Figure for an example of this bijection.

Remark 2.16. To see that this map is well defined, note that, using the latter labeling,
if there is a cell (7,4), i < j in Dy, meaning the vertices ¢ and j are connected in Gy,
this implies that the points on the number line underlying GG are at most 1 apart. To
obtain a valid unit interval graph, it is now necessary that all vertices [ with ¢ <[ < j
are connected to ¢ and j, since their associated points on the number line lie between
those associated to i and j. But by construction of Dy, this is clearly the case. It is
now easy to convince oneself that this map also is a bijection.

Remark 2.17. Colouring the graph G, one quickly sees that due to the way of
constructing the graph, inv(7") and asc(T") coincide when the entries of the cells match
the colour of their associated vertex. Thus, we may justify to write (cf. [HNY20, p. 5])

LLTGA (X7 q) = LLT)\(X7 q) — Z anC(n)xm
K

colourings of G

The formula in Remark already is very similar to the formula defining the
chromatic quasisymmetric function of a graph — it only differs in also admitting
non-proper colourings of the graph. But the following result from [CM18§| describes
how they are related using the plethystic substitution.

Proposition 2.18 (|CM18| Proposition 3.5]). Let G be a unit interval graph. Then

esfy(X;G) = (¢ — 1) "¢ LLTg[(qg — 1)X; q].
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Proof. We refer the reader to [CM18] for a proof of this proposition. O

Using this, as stated in [AP18| Proposition 8.1], we have for unit interval graphs G;

k k
Z ci(q) esty(X,Gy) =0 if and only if Z ¢(q) LLT g, (X;q) =0,
1=0 1=0

telling us that any linear relation found for unicellular LLT polynomials also holds for
the chromatic quasisymmetric functions corresponding to them.

2.3 The modular law for the chromatic quasisymmetric
function

Using the setup from the previous section, we can now state Lee’s result that translates
to the modular law for the chromatic quasisymmetric function. Note, that we think of
D) as rotated by a quarter turn clockwise and consider the partitions right justified,
i.e. we produce rotated shapes Dy by removing right justified partitions from the right
justified staircase shape.

Theorem 2.19 (cf. |Lee21 Theorem 3.5]). Let ' be a partitz’on contained in a staircase
shape (d—1,d—2,...,1) and let i be such that,qu <pb<plg and,un p = pn ot
We deﬁne additional partitions 1° and p? by uj = uj ifi # j and pd = pl +1 and
pi =i —1.

Furthermore, let N¥ be the unicellular d-tuples of Young diagrams such that the Dy
associated to the LLT polynomials LLT & are the skew shapes defined by removing the
cells of u* from the staircase shape.

Then,

LLTy(X;q) - LLTx (X:q) = (LUTx (X3 q) - LLTxo(X5q).  (24)

Remark 2.20. Interpreting the Dy» as Hessenberg functions hj by viewing the north-
eastern border of the cells as a Dyck path, it is clear that the theorem above proves the
first case of the modular law (Definition for the chromatic quasisymmetric function.
The statement corresponding to the second case is analogous to the statement above,
as is the proof to the one presented below.

See Figure for an illustration of some D,» behaving as in Theorem We
now give our own proof.

Proof. Since unicellular LLT polynomials are given by the formula

LLTA(X;q) = > ¢™™PVE, |
TESY

it suffices to check that no matter how « permutes the indices of the rows and columns
of the cells differeing in Dyo, Dy1 and Dy, both sides of equation (2.4) remain equal.
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Figure 2.11: Some Dy as in Theorem

For the purposes of this proof, we view Dy as rotated clockwise by a quarter turn,
allowing us to describe the cells as if they were entries in a (d x d)-matrix.

Under this point of view, the cells differing in Dyo, D1 and Dy2 are the cells (z,y)
and (z,y — 1), where we use x =i and y = n — pu}. Given a permutation 7 € Sy, we
write 7(z) = a, 7(y — 1) = b and 7 (y) = c.

Now, we list the factors contributed to inv(mw, Dyx) by x, y — 1 and y, depending on
the order relations between a, b and ¢, in the table following this paragraph. Expressed
differently, this amounts to listing the values of inv(m, Dyx)N{(z,y—1), (z,y), (y—1,v)}.
Note, that we do not have to consider What happens in the remaining parts of the rows
y—1 and y, since due to the condition ,u = un pi—1 O0 all possible configurations
of a, b and ¢, for a 7 that is otherwise ﬁxed have equal contribution outside of the
three cells we are interested in, which we will use later on in the proof.

Dyo Dyt Dyxs D2 — Dyt Dyt — Dy
a<b<c| 1 1 1 0 0
a<c<b| ¢ q q 0 0
b<a<c| 1 q q 0 q—1
b<c<al| 1 q ¢ q(g—1) qg—1
c<a<b| ¢ q¢ ¢ qlg—-1) 0
c<b<a| ¢ ¢ ¢  lg-1) (¢—1)

Looking at the contributions of the differences corresponding to each side of equa-
tion listed in the table above, we see that, since the right side is multiplied by
q in the equation, the contributions match in all cases except when b < a < ¢ and
c<a<b.

Thus, it is left to show, denoting by 7 a permutation where b < ¢ and by w9 the same
permutation, except that the roles of b and ¢ have been interchanged, that F,, = Fp_ .

Considering that b and ¢ are the images of y — 1 and y under m; respectively my, we
see that they are listed right next to each other in the word used in the definition of
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O, Therefore, o, will not change when b and ¢ swap places, provided that |b—c| > 2.
But this is always the case, since we are working with permutations where b < a < ¢
and ¢ < a < b, proving Theorem [2.19 ]

21



3 Abreu and Nigro’s characterization

In this chapter, we will discuss the algorithm developed by Abreu and Nigro to
prove their result in [AN21], Theorem 1.2] making it possible to characterize functions
satisfying the modular law by their values on complete graphs.

Theorem 3.1 ([AN21, Theorem 1.2]). Let A be a Q(q)-algebra and let f:H — A be
a function that satisfies the modular law, as in Definition[2.1. Then f is determined
by its values f(kn,kny - ... kn,,) on the product of complete Hessenberg functions and
these values are independent of the order the product is taken in.

As alluded to before, the main ingredient to the proof of this theorem is an algorithm
that allows to decompose the value f(h) for arbitrary h € H into values of f on
complete Hessenberg functions.

We will present a slight variation of the algorithm and provide a proof different from
the proof found in [AN21] for its termination, which still applies to the unmodified
version of the algorithm.

3.1 Preliminary propositions

A few preliminary results are required to state the algorithm. The next two propositions
lead up to the proposition used in the algorithm to decompose functions satisfying the
modular law.

Proposition 3.2 (JAN21, Proposition 2.2]). Let hy € H,, be a Hessenberg function
and 1 <i < j <n be integers such that

(1) either hi(i —1) < hq(i), ori=1 and hy(1) > 1,

(2) j—1 <h1(l):h1(l+1) ::hl(j—l), and

(3) hi'({is....j —2}) = 0.
Furthermore, let hg and ho be the Hessenberg functions defined by

ho(l) = hi(l)—1 ifle{i,...,j—1},
o hi(l) otherwise

and
l)—1 fle{i,...,7—2
hz(l) — hl( ) Zf € {Za ] }7
hi(l) otherwise.

Then, for a function f satisfying the modular law (Definition , we get

f(ha) =[5 —ilqf (he) + (1 = [7 = ilq) f(ho)-
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Figure 3.1: Examples of hg, h1, and hs as in Proposition

See Figure [3.1] for an illustration of the Hessenberg functions used in Proposition [3.2]
We give a proof following the outline described in |[AN21], filling in some details.

Proof. In order to prove this Proposition, we will iteratively apply the modular law to
functions g € H,,, k € {0,...,7 — ¢ — 1}, defined by

h()—1  ifle{i,....i+k)
gi(l) == :
hi(1) otherwise.

Additionally, we define g_; := h;. Conditions (1) and (2) in the statement of this
proposition ensure that all g; are well defined.

Now, every triple (gx—1, 9k, 9k+1), k € {0,...,j — i — 2}, satisfies condition (2) in the
Definition of the modular law (Definition , with gx—1, g and gr+1 taking the roles
of hg, h1 and hg respectively:

o gr(k+i+1)=gr(k+1i)+1 by construction for k € {0,...,5 —i — 2},

e gy (k+1i)=0for k€ {0,...,j—i— 2} by condition (3) in the statement of this
Proposition, and

o gr—1 and gy satisfy gx1(k+1i) = gr—1(k+i+1) = gp(k +4) and g1 (k +1) =
gk+1(k+i+1) = gr(k 4+ i+ 1) by construction.

Thus, we can write

(1+q)f(gr) = af (grs1) + f(gr—1),

or, after rearranging,

flgr—1) = 1+ @) f(gx) — af (gr+1)- (3.1)

Now, noticing that we can use g-integers to write f(g—1) = [2]¢f(g0) — (2]4 — 1) f(91)
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and using to replace f(gx) in [k + 2]qf(9x) — ([k +2]q — 1) f(gr+1), we get

[k + 2]qf<9k) — ([k + 2]11 — 1) f(gk+1)
= [k +2]g((1 + @) f(gr+1) — af (gr+2)) — ([k +2]g — 1) f(gk+1)
=((1+ gk + 2]!1 —[k+ 2](1 + 1) f(gr+1) — qlk + 2]qf(gk+2)
= [k + 3lgf(gr+1) — ([k + 3lg — 1) f(gr+2),

where (14 ¢)[n]; — [n]q +1 = [n+ 1], and ¢[n]; = [n + 1]; — 1 is used in the last step.
Observing that g_1 = h1, gj—i—2 = h2 and gj_;—1 = hg, we get the statement of the
Proposition by iteratively applying (3.1)):

f(h) = flg-1) = —i—2+2|gf(gj—i—2) — ([F =1 =2+ 2]g = 1) f(gj—i—1)
= [j —ilqf(h2) + (1 = [j —ilg) f(ho)-

O]

Proposition 3.3 ([AN21, Proposition 2.3]). Let hy € H,, be a Hessenberg function
and 1 < i <n be an integer such that
(1) either hi(i — 1) < hq1(i), ori =1 and h1(1) > 1 and
(2) there exists max{hi(i—1),i} <a < hy(i) such that hi(a+1) =hi(a+2)=... =
hi(hi()).
Let hg and ho be Hessenberg functions defined by

a ifl =1,
ho(l) == L=
hi(1) otherwise

and

a+1 if l =1,
ha(l) == ! :
hi(1) otherwise.

Then, for a function f satisfying the modular law (Definition ,

f(h1) = [ (i) = alqf (he) + (b1 (i) — a) f(ho).

Figure illustrates an example of a triple of Hessenberg functions hg, h1, and hg
as in the statement of the proposition above.

Proof. We proceed similarily to Proposition [3.2] First, we define Hessenberg functions
9k by
hi(l) — k ifl=1
() = {1 |
hi(1) otherwise,
for k € {0,...,h1(i) — a}. Their well-definedness is guaranteed by condition (2).
This time, all triples (gx—1, gk, gr+1), k € {1,...,h1(i) — a — 1} satisfy condition (1)
in the statement of the modular law (Definition , with gx_1, gx and gp+1 taking
the roles of ho, hy and hg respectively:
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Figure 3.2: Examples of hg, h1, and hs as in Proposition

o gr(i—1) < gr(i) < gr(i + 1) by construction,
o gr(gk(7)) = gr(gx(i) + 1) or gx(i) = n by condition (2), and
* gk—1, gk+1 match gy for [ # i and gr+1(i) = gr(i) = 1 by construction.
Now, by using the modular law as in the proof of Proposition [3.2] and since we now
start with gy instead of g, we get

f(h1) = f(go) = [P1(i) — alqf (gn(i)—a—1) + (1 = [R1(2) — alq) f(In(i)—a)
= [h1(i) — algf(h2) + (1 = [R1 (i) — alg) f(ho),

where we used that gy;)—q—1 = he and gu)—q = ho. ]

Combining the previous two propositions, we are able to state and prove the next
proposition.

Proposition 3.4 (JAN21, Proposition 2.4]). Let hy € H,, be a Hessenberg function
and let 1 <1 < 5 <n be integers such that

(1) either hi(i —1) < hq1(i) ori=1 and hi(1) > 1,

(2) j—1<hi(i)=hi(i+1)=...=h1(j — 1) < h1(y),

(3) hy*({i,...,j—2}) =0, and

(4) there exists 1 < b < hy(j) — h1(i) such that hy(h1(i)) = h1(h1(i) +1) = ... =

hi(hi(i) +b).
Let hy and ho be the Hessenberg functions defined by

hi(l) —1 iflefi,....,j—1},
ho(l) == :
hi(1) otherwise
and
hi(l) —1 iflefi,...,j—2},
ho(l) := (1) +b  ifl=j—1,
hi(1) otherwise.
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Figure 3.3: Examples of hg, hi, and hy as in Proposition

Then,

[b + 1]qf(h1) = [J - Z']qf(h2) + ([b + 1]61 - [] - i]q)f(]m)-

See Figure for an example of Hessenberg functions hg, h1, and ho as they appear
in the proposition above.

Proof. We define h' € H,, as

WD) = hi(l) —1 ifle{i,...,j —2},
ERV0) otherwise.

Applying Proposition to hi, which is possible because of conditions (1)—(3), we
get
f(ha) =7 —ilgf (W) + (1 = [ — ilg) f (ho),
and applying Proposition [3.3] to hg, with ¢ from Proposition [3.3] corresponding to j — 1
and a := h1(i) — b — 1 and condition (1) and (4) ensuring its applicability, we get

f(ha) = [b+1]gf (W) + (1 = [b+ 1g) f (o).

Rearranging for f(h'), multiplying by [b+ 1], and [j — i, respectively and equating
the equations, we get

[b + 1]qf(h1) - [b + l]q
=7 —ilgf(ha) =i — ilq

which is equivalent to,

[b + 1]qf(h1) - [b + l]qf(ho) = [j - i]qf(h2) - [j - i]qf(h0)7

which can be rearranged to yield the statement of the proposition. O

(ho) + [b+ 1g[j — il f (ho)
[j - i]q[b + qu(ho)?

—
>

N
+
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Figure 3.4: Examples of an aligned corner on the left and a non-aligned corner on the
right.

Similarily to the notion of aligned Hessenberg used in |[AN21], we define aligned
corners that we will use in our alternative proof of the termination of Algorithm

Definition 3.5 (aligned corner). Let h € H,, be a Hessenberg function. A corner of
h is a pair (i, h(i)) such that h(i — 1) < h(i) for i € {1,...,n — 1}, using h(0) = 0 if
necessary. We say that a corner (i, h(i)) is an aligned corner if h(h(i)) < h(h(i) + 1),
otherwise we say that it is non-aligned.

Figure illustrates examples of aligned and non-aligned corners.

We also use this notion to define the next proposition, used to choose appropriate
parameters for Proposition in Algorithm similar to [AN21, Propositions 2.5
and 2.6].

Proposition 3.6. Let h € H,, be a Hessenberg function containing non-aligned corners
and let (I, h(l)) be the non-aligned corner with mazximal | such that, with k := min{s :
h(s) > h()}, we have h=*({l,...,k —2}) = 0. Now, define i := I, j := k and
b :=max{m : m > 1,h(h(i) +m) = h(h(i)) and h(i) +m < h(j)}.

Then, h together with i, j and b satisfies the conditions required for Proposition [3.4)

Proof. If such a corner exists, all conditions follow directly from the definition of i, j
and b and the fact that (i, k(7)) is non-aligned.

To prove the existence, note that if there is a non-aligned (I, h(l)) corner and there
is no k := min{s : h(s) > h(l)} such that we have h=1({l,...,k — 2}) = ), there has
to be a non-aligned corner (I’ h(l")) where h(l') € {I,...,k — 2} and thus I’ <. But
since Hessenberg functions are finite, there has to be a smallest non-aligned corner
satisfying our requirements in order to not contradict its minimality. O

Remark 3.7. Proposition [3.6] differs from Proposition 2.5 and Proposition 2.6 used
in [AN21] to choose i, j and b: There, instead of always choosing the rightmost corner
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satisfying the necessary conditions, the authors choose the leftmost corner (i,h(7))
whenever there is a non-aligned corner with h(i) # n.

This difference in choices will also be the part making our algorithm differ slightly
from the algorithm in [AN21]. Our version seems to give decompositions of h € H,, into
fewer parts than Abreu and Nigro’s algorithm for Hessenberg functions, provided the
specific function actually leads to the algorithm taking different steps. This behaviour
has been checked computationally for all h € H,, for n < 12 and our proof of the
termination of Algorithm (which also proves the termination of Abreu and Nigro’s
algorithm since the proof does not depend on Proposition will provide heuristic
reasons for this difference in behaviour.

3.2 Abreu—Nigro’s algorithm
Using propositions [3.:4 and [3.6] we are finally able to state our variation of the algorithm.

Algorithm 3.8 (variation of [AN21, Algorithm 2.7]). Let f : H — A be a function
satisfying the modular law (Definition[2.1]). To compute f(h) in terms of f(kp, - . .-kn,,),
or in terms of f(k;) if f is multiplicative (i.e. f(hi1h) = f(h1)f(h2)), we proceed the
following way:
(1) Return f(h) if h =ky, ... ky,, for n; € Z*. Else, go to step (2).
(2) Choose i, j and b as in Proposition then use Proposition with ¢, j and b.
Then, return to step (1) with kg and hy respectively.

Remark 3.9. Notice that a Hessenberg function containing non-aligned corners cannot
be of the form h = ky, -...- ky,,, ensuring that at every step of the algorithm either
step (1) or step (2) can be applied.

See Figurefor the algorithm applied to the Hessenberg function h = (1,3,4,5,5) €
Hs.

For our proof of the termination of this algorithm, we introduce the notion of an
alignedness vector.

Definition 3.10. (alignedness vector) We consider h € H,, and call h(i) the height for
any corner (i, h(i)). Then, we associate numbers a;(h) € {0,1} to h defined by

az(h) =

1 if there exists a non-aligned corner of height ¢ in h,
0 otherwise.

Finally, we call a(h) := (an(h),an—1(h),...,a1(h)) the alignedness vector of h, since
it encodes the height of any non-aligned corners in h.

It turns out that applying Proposition to a Hessenberg function always yields
Hessenberg functions with strictly smaller alignedness vectors when ordering them
lexicographically.
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Figure 3.5: Algorithm applied to the Hessenberg function h = (1, 3,4,5,5) € Hs.

29



Theorem 3.11. For hi, hy and hy and parameters (i, j,b) from Pmpositz’on we
have that

a(h()) <lex a,(hl)
and
a(hg) <lex a(hl).

Proof. We look at the non-aligned corner (i, (7)) (if there is no non-aligned corner,
applying Proposition is not possible).

To construct hg, we lower the value of h; for all [ such that hi(l) = hi(é) by 1. Thus,
the non-aligned corner at height h(7) vanishes and a new non-aligned corner may be
introduced at height ho (7). But ho(i) < hi(i), so a(hg) <iex a(h1).

In the case of hy, we repeat its construction in terms of hq:

hi(i)—1  ifle{i,...,j—2},
ho(l) == { by (i) + b ifl=j—1,

hi () otherwise.

Lowering the values at [ € {i,...,j—2} may introduce a non-aligned corner of height
hi(i) — 1 but at the same time ensures that there is no non-aligned corner of the form
(I,h1(3)) present in ho.

Adding b to the value at [ = j — 1 ensures that there is no non-aligned corner
(j — 1,h1(7)) present in hy. Additionally, no new non-aligned corner is introduced,
because b is chosen such that either

hl(hl(i) -+ b) < hl(hl(i) +b+ 1) and hl(Z) +b< hl(j)

or

hi(h1(i) +b) < hi(h1(2) + b+ 1) and hy(i) + b = hq(j).

In the first case, the newly introduced corner is aligned and in the second case,
since hi(j) = h2(j — 1), the newly introduced corner, although perhaps non-aligned,
introduces no new non-aligned corner of height hq(i) 4+ b in hy compared to h; since
such a corner would have already existed for h; due to hy(i) + b = hy(j).

Thus, we get a(ha) <jex a(h1) as well. O

Corollary 3.12. Algorithm [3.8 terminates.

Proof. There are only finitely many Hessenberg functions and their lexicographic
ordering decreases with every step, thus forcing the algorithm to eventually terminate.
O

Remark 3.13. The proof now makes it possible to give a heuristic reason for the different
number of parts in the decomposition of h € H between Algorithm and |[AN21,
Algorithm 2.7]: In contrast to the unmodified algorithm from Abreu and Nigro, we
always choose the “highest” possible non-aligned corner, thus reducing the amount of
places where non-aligned corners can appear during the execution of the algorithm
faster.
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Remark 3.14. Note that the algorithm alone does not prove Theorem [3.1] To complete
the proof, one uses the following proposition.

Proposition 3.15 ([AN21, Proposition 2.14]). For every sequence of positive integers

(c1y-..,¢m), a permutation o € Sy, and f: H — A a function satisfying the modular
law, we have

f(kcl k02 T kcm) = f(ka(cl)ka(cg) T kU(cm))'

Proof. For a proof we refer the reader to [AN21]. O
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4 Interlacing filters

In this chapter we take the first steps outlining the direction of our future research. It
is based on our own work with Anton Mellit pointing the author in the right directions.

The purpose of this chapter is to generalize the modular law to find similar linear
relations for infinitely many skew shapes following certain rules to be specified in
section

Having this goal in mind, we initially review certain aspects of our proof of the
chromatic quasisymmetric function satisfying the modular law we intend to generalize,
continue by describing the Dyck paths used for interlacing filters in section and
finally state the definition of interlacing filters together with conjectured formulae for
calculating them in section

4.1 From the modular law to interlacing filters

Considering the proof of Theorem and continuing to use its notation as well as
sticking to the rotation chosen for Dy, the first thing to notice is that the non-fixed
sections of the shapes D, correlate to all possible sections of Dyck paths that consist
of one south and two east steps. We will later call these sections a 12-block. Note,
that in this chapter a Dyck path of length n is considered to be a sequence of n south
and n east steps, starting at the northwest corner of an n x n grid and ending in its
southeast corner, with no part of the path dipping below the diagonal. Therefore, we
can interpret the northeast border of D,x as a Dyck path.

Next, the variables relevant for the proof correspond to the images of the row and
column indices of the 12-block under the permutation .

Finally, denote by c1, co and ¢3 the coefficients (c1,c2,¢3) = (1, —(¢ + 1), q) corre-
sponding to the Dyck paths of the sections p; = ees, p2 = ese and p3 = see (here, the
string of e and s is meant to represent the east and south steps of the Dyck path Dyx
inside the 12-block; also beware, that the numbering of the paths has been changed).
When ¢y, co and c3 are used in the linear combination

3
3" e, (4.1)
=1

where inv(m,p;) = inv(m) N {(z,y — 1), (z,y), (y — 1,y)}, it evaluates to O for all =
except for those where b < a < ¢ or ¢ < a < b. In these cases, the absolute value of
the linear combination turns out to be the same. Furthermore, the sign of the linear
combination correlates with sgn(7), because in the case of b < a < ¢, equation
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turns into 1-¢— (1 +¢q)-q+¢q-1 = —¢*>+ q and in the case of ¢ < a < b it turns into
1-¢*-(1+q)-q+q-9=¢"—q

Since a is associated to the row index and b, ¢ to the column indices, we have two
sets of variables that we say to be interlacing when b < a < ¢ or ¢ < a < b, since
variables from each set are listed alternatingly. These are the only two possibilities for
variables of a 1-element and 2-element set to interlace.

Hence, expressed differently, the coefficients in the modular law act as a filter, filtering
out all the permutations m where a, b and ¢ are not interlacing. It therefore seems
justified to call (1, —(¢+ 1), q) the 12-interlacing filter.

4.2 The Dyck paths used by interlacing filters

We now discuss the Dyck paths used to construct interlacing filters.

It is our goal to filter for the cases where two sets of variables interlace, one
corresponding to adjacent row indices and the other one to adjacent column indices,
already putting up restrictions for the possible sections of Dyck paths we have to
consider. If the difference in size of each set is greater than or equal to 2, it is not
possible to have them interlace, because two variables of one set would always end up
directly next to each other. So it is only necessary to find useful sections of Dyck paths
in the four cases where

e there is one more column than row involved, fixing a unique way of interlacing,

e the number of rows matches the number of columns and they interlace starting
with a variable associated to a row,

e the number of rows matches the number of columns and they interlace starting
with a variable associated to a column, and

e there is one more row than column involved, again fixing a unique way of
interlacing.

When talking of the paths associated to r rows and ¢ columns, we speak of an rc-block.

Notice that the first and fourth cases are similar in structure. Accordingly, we
construct the paths used in the fourth case from the first case by replacing south
steps with east steps and vice versa. Additionally, for the examples calculated in this
thesis, we have reversed the order of the paths. The second and third possible case for
variables to interlace only differ on the level of the permutation, the underlying paths
used are the same. This leaves us to find suitable paths in the first and second case.

One final restriction for the paths used is that they have to avoid two consecutive
south steps, because they would not contribute any useful information for reasons that
will become apparent later (cf. Remark [4.6).

We are now in a position to describe the paths we want to use.

To construct the paths inside of a n(n + 1)-block, start with a sequence of n + 2
south and n + 1 east steps that are taken alternatingly, i. e. start with sese... ses.
Then, to create the paths one by one, delete two south steps. For the first path in the
block, delete the first and second south step, for the second path, delete the first and
third south step of the initial sequence and continue in this way until the last path is
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eTh s

Figure 4.1: Example of a path from the 23-block and the 22-block being constructed.

23-paths: _LI _I_I —LI_ I | | L |_|_
e 7L TN L

ppaths b L L

Figure 4.2: All the paths appearing in a 23-, 32- and 22-block, listed from top to
bottom.

created by deleting the second to last and last south step. In this way, (";2) paths are

created.

For the case of an nn-block, proceed similarily, this time starting with an initial
path of n + 1 south and n east steps and only deleting one south step for each path.
Therefore, ("Tl) = n + 1 paths are constructed.

Example 4.1. Figure gives an example of two paths being constructed by deleting
south steps. For a complete list of the paths appearing in the 23-, 32- and 22-block,
see Figure |4.2

Finally, we would like to chain multiple instances of rc-blocks together, always
starting with a 12-block, in order to create paths varying over much larger sections.
Then, the indices of the columns of one block are the indices of the rows of the block
directly following it.

The parts of the path which are the same for all paths no matter the paths chosen
inside the blocks are of no interest to us, since they have no effect when used in linear
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Figure 4.3: On the left: 12-, 23- and 33-blocks chained together with some sections of
the path outside of boxes. On the right: 12-, 23- and 33-blocks directly
chained together.

combinations similar to Due to this, we will directly chain the blocks we choose
together, ignoring the rest of the path, meaning that their south west corner always
touches the diagonal. See Figure for an example of blocks that are chained together.

Finally, to fix an order in which the paths created by chaining together smaller
blocks are listed, we say that the first path is the path where the path constructed
first in every block is chosen, the second path matches this path except for the last
block where we chose the section constructed second. Continuing like this, chosing
sections constructed later in the other blocks when necessary, we iterate through all
the possible paths associated to the given chain of blocks, with the last path being the
one where the section constructed last is chosen in every block.

4.3 Interlacing filters and direct formulae

Using the Dyck paths from the previous section, our next goal is to give a definition of
interlacing filters.

First, more notation is required to better describe the interlacing cases of interest.
Analogously to how the paths in a section of r rows and ¢ columns are called an
rc-block, we will also speak of the rc-interlacing cases when we want to express that
the r variables of one set interlace with the ¢ variables of another set. This is already
unique whenever |r — ¢| = 1 and to distinguish the two cases that are possible when
r = ¢, we call the rWe-interlacing cases the cases where a variable from the first set
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(corresponding to the r variables) starts the interlacing pattern, and the r M c-interlacing
cases the cases where a variable from the second set starts the interlacing pattern. The
sequence rc with a possible W or M in between will be called a block sequence.

We justify the choice of “W” and “M” by imagining both sets of variables written
as vertices in two rows, with the top row corresponding to the first set of variables and
then connecting vertices with edges to form a chain read from left to right instead of
using order relations, the initial segment of the interlacing cases starting with the top
row will form a “W?”-shape and conversely the cases starting with the second row form
an “M” shape — assuming that the rows are written in increasing order.

Ezample 4.2 (interlacing cases). Given the two sets of variables {a,b} and {c,d, e},
some 23-interlacing cases are “c < a < d < b < e€”’, “d <a <e<b<c” or
“e <b<d<a<c In total, there are 12 cases, since there are 2 ways to permute the
first set and 6 ways to permute the second set.

If both sets have the same size, i. e. {a,b} and {c,d}, there are 4 2W 2-interlacing
cases, one of them being “a < ¢ < b < d” and 4 2M2-interlacing cases, one of them
being “c < a < d < b".

It is now straightforward to express the interlacing cases created by chaining multiple
sets of variables together, one simply chains together their block sequences with the
last number of one sequence being the first number of the following one. This process
yields sequences of the form 23W 34 or 34321.

Definition 4.3. (interlacing sequence) A sequence as above that starts with 1 is called
an interlacing sequence. The length of an interlacing sequence I is denoted by I(]),
with [(I) := ), ¢, where i runs over all integers appearing inside of I (e.g. the sequence
12W2M23 has length 1+ 24242+ 3 = 10).

From now on, for every interlacing sequence I we will consider the elements of the
sets whose size is described by I to be the integers from 1 to I(I), where, if i1, 79, ...
are the integers appearing in I, the integers 1,2, ...,4; correspond to the first set, the
integers i1 + 1,71 + 2, ... correspond to the second set etc.

A permutation m € &1y is said to be interlacing, if the integers corresponding to ij,
ij+1, for all possible j, interlace according to their block sequence when ignoring all
other integers.

Ezample 4.4. (interlacing sequence) Given the interlacing sequence I = 12W 23, we are
dealing with permutations in Sg, with 21643758 being an example of an interlacing
permuntation and 12643758 being an example of a non-interlacing permutation, since
the integers corresponding to the 12-block do not interlace.

We can finally state the definition of interlacing filters.
Definition 4.5. (interlacing filter) Let I be an interlacing sequence of the integers
i1,...,1 with equal integers separated by W or M. Let p,, v € [n] be the paths

created by chaining together the sections of paths corresponding to each block in I,
where n is the number of all possible combinations of these sections of paths.
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Let the positions of the integers (mi,ma,...,m;,) associated to the last integer in 1

be fixed to some positions (sq,s2,...,s;,) and let the possible positions of the integers
1, associated to the part i, of the interlacing sequence be fixed to sets J,. We call
a tuple of coefficients (cj, ca,...,¢,) an interlacing filter, if for all the possible fixed

positions as above the linear combination

3 1™ ) 4 gD 4 g dinv(mpn)

WEcSl(I)
7T|('m1,m2 ..... mjk):(317327~--’sjk)
7|10 =Ja

evaluates to 0 if the permutations 7 are non-interlacing and to sgn(o)Sy for a Sy fixed
and o being the permutation of the integers in the last block, ignoring all other integers,
if the permutations 7 are interlacing. (Note, that we sum over 7 where the variables
of a set can always be found in the same positions, thus the “interlacingness” of the
permutations does not change once the positions are fixed as above.)

Here, inv(m, p;) denotes the number of inversions (i, j) of 7 such that (7,j) is a box
between p; and the diagonal.

We call the interlacing filter corresponding to the interlacing sequence I the I-
interlacing filter.

We would now like to prove the existence of interlacing filters and give explicit
formulae for the coefficients ¢;. Sadly, the former is out of the scope of this thesis,
but we will spend the rest of this chapter further examining some properties and
formulating a conjecture for directly calculating interlacing filters.

Computationally looking at examples for small numbers of variables using Python
and Sage, leads us to believe that the coefficient of a path can be calculated by
multiplying the coefficients of each of the sections that chain together to form the given
path. Continuing forward, we will assume the multiplicativity of path sections due to
this observation, enabling us to reduce the problem of finding coefficients for the whole
path to finding coefficients for all the sections of the path.

Suppose we have an interlacing sequence I and have already found the interlacing
filter associated to the sequence I’, with I’ matching I up to the last set of variables
appearing in I, which are missing in I’.

Then, with ¢’ now denoting the permutation of just the last set of variables I; of I’,

|I;] = K/, and fixing their positions as (s, s5, ..., s},), we know that the sum of linear
combinations
Z Cllqinv(ﬁ/’pll) n C/2qinv(7r/’p/2) TR C;Zqinv(w’,pﬁl)
ﬂJGSl(I’)
W’\]j:(s’l,sé,...,s;c,)
|10 =Ja

is 0 if the permutations 7" are non-interlacing and sgn(o’)Sy if the 7’ are interlacing.
Since we are assuming that the coefficients of the path are multiplicative and since
the contributions to the number of inversions by the last block in I does not change
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anything about the inversions counted by the earlier blocks, we need to find & such
that ¢;¢; = ¢, where the ¢, form the interlacing filter corresponding to I. In other
words, we want to find & such that, fixing the positions (s1, so,...sg) of the last set
of variables I in I, |Ij41| = k, o expressing the permutation of the last block of
variables of I and p;, i € i (7 denoting the number of possible p;), expressing the parts
of the Dyck path chosen in the last block,

Z Sgn(U,)S]/ (élqinv(a’ﬁl) + équnv(U,;ﬁz) 4+ éﬁqinv(a,ﬁﬁ))
7T€Sl(1)

7I"[J.+1:(81782,...8k)

g =Ja

is 0 if all the integers in [[(])] form a non-interlacing permutation and equal to some
St multiplied by the sign of the permutation of the last set of variables.
With [ enumerating the paths in the last block, this can be rewritten as

Sy - Z (Z & < Z qinv(cr,ﬁl) o Z qinv(O',f)l)>> )
TES(1) l o’ even o’ odd

wlr; =(51,52,..-5%)

Noticing that the summation over paths stays the same except for possible reorderings
depending on 7 resulting in every summand of the outer sum being the same, we have
found a formula allowing us to calculate the coefficients ¢; for a single block. To do
this, set every sum over a path corresponding to the non-interlacing cases equal to 0
and solve the system of linear equations in the variables ¢;.

Remark 4.6. This formula now also makes it obvious why paths with two consecutive
south steps are avoided: For every path like this, it would be possible to simply swap
the rows corresponding to the south steps in question to find a permutation with
different sign but a matching number of inversions restricted to said path, leading to
the sum always being 0.

Finally, equipped with a simpler way of calculating the coefficients ¢, it is possible
to computationally generate more examples, leading to the next conjecture, marking
the end of this thesis. We intend to prove these formulae in our future work.

Conjecture 4.7. For every block being a part of an interlacing sequence I, there exist
coefficients ¢ for each section of the path inside the block, which, when multiplied
together according to how their corresponding path sections form a full path for I,
form an interlacing filter. They are given by the formulae

(1) for n(n + 1)-blocks, ((~1)¢* 1_g¢7) 4o, » or, written more explicitly,
1=0,....,n—k
(15 —q— ]-7 q2 +q+ ]-7 ey (_1)n ;‘L:O qzv _Q(Q+ ]-)a sty (_1)n—1q Z?;Ol qlv cety qn)’
(2) ((=1)%q")i=o0....n for nWn-blocks,

(3) ((=1)%)i=0.,...n for nMn-blocks and
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(4) & =1 if the [-th path is the path alternating south and east steps, starting with
a south step, and ¢ = 0 else, for n(n — 1)-blocks.

Ezample 4.8. We look at the interlacing sequence I = (12343). The coefficients of
each block are (1,—¢—1,q), (1,—¢—1,¢* +q+1,¢,—¢*> —q,¢%), (1,—q —1,¢*> + ¢+
L—-¢—¢*-q-1,¢,-¢—q¢.¢*+¢*+4,¢*,—¢* — ¢*,¢*) and (0,0,0,0,0,0,1,0,0,0),
resulting in an interlacing filter with 1800 coefficients, some of which are (0,...,0,—q¢—
1,0,...,0, > +q+1,0,...,¢" +2¢* +3¢*+2¢* +q,...,—¢°* — ¢*, 0,...,0, ¢%, 0, 0, 0).

An example of a managable size is I = (12W2), yielding the coefficients for each
block (1,—q —1,q) and (1, —q, ¢?), resulting in the interlacing filter (1, —q,¢? —q —
L¢* + ¢, —¢* — 4% 4, —¢* ¢°).

The interlacing filter corresponding to I = (123) is (1,—¢ — 1,¢* + ¢+ 1,q, —¢* —
¢ —q— 1, +2¢+1,-¢* - 2¢* =29 - 1,-¢* — ¢, ¢* + 2¢° + ¢, —¢* — ¢*, ¢, —¢* —
¢+ +q,¢%, —¢> — ¢%,¢%), which can be calculated by using the coefficients for the
blocks that are already listed in the first example.
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