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Abstract

This work develops two super-potential methods for solving the screened Poisson equation
(—A + k?)u = p in free space with compactly supported, smooth source density. Both
methods replace the convolution with the Yukawa kernel, which is singular at the origin,
by the convolution with a more regular surrogate kernel that is bounded at the origin.
The Mixed-Screened approach obtains the solution by applying the Laplace operator
to a super-potential, the Double-Screened approach by applying the screened operator.
The evaluation is based on separable Gaussian-sum approximations of the kernels and
an FFT-based convolution followed by spectral operator application, where a one-time
precomputation is separated from the actual solution phase.

For both approaches, an a priori error estimate is derived whose kernel approximation
component contains a near-field contribution of order O(¢?) and which additionally
contains a discretization term that decays with the grid size for smooth densities. In the
Double-Screened approach, the transformed integrand is analytic and double exponentially
decaying on both sides, so that a standard sinc quadrature error bound is directly
applicable and a more favorable number-of-terms asymptotics results. In the Mixed-
Screened approach, the double exponential decay at the left boundary is absent, which is
why a manual error decomposition is required.

The methods are examined on test problems with known exact solution, including
Gaussian, anisotropic, compactly supported, and oscillating sources as well as a variation
of the screening parameter. At the finest grid size examined, N = 128, both approaches
achieve relative £°°-errors near machine accuracy in most benchmark configurations, and
nearly coinciding accuracy at identical configurations. In the considered variation of
the screening parameter, the accuracy remains stable. The Double-Screened approach
requires fewer Gauss terms in the majority of cases and achieves shorter mean solve
times for most configurations. This work thereby transfers the super-potential principle,
formulated for the Poisson equation, to the screened operator and supplements it with
two explicit kernel constructions together with the associated error theory depending on
the screening parameter.



Kurzfassung

Diese Arbeit entwickelt zwei Super-Potential-Verfahren zur Losung der abgeschirmten
Poisson-Gleichung (—A + k?)u = p im freien Raum mit kompakt getragener, glatter
Quelldichte. Beide Verfahren ersetzen die Faltung mit dem im Ursprung singulédren
Yukawa-Kern durch die Faltung mit einem regulédreren, im Ursprung beschrankten
Ersatzkern. Der Mixed-Screened-Ansatz gewinnt die Losung durch Anwendung des
Laplace-Operators auf ein Super-Potential, der Double-Screened-Ansatz durch Anwendung
des abgeschirmten Operators. Die Auswertung beruht auf separablen Gaufsummen-
Approximationen der Kerne und einer FFT-basierten Faltung mit anschliekender spek-
traler Operatoranwendung, wobei eine einmalige Vorberechnung von der eigentlichen
Losungsphase getrennt ist.

Fiir beide Ansétze wird eine a-priori-Fehlerabschétzung hergeleitet, deren Kernapprox-
imationsanteil einen Nahfeldbeitrag der Ordnung O(e?) enthélt und die zusitzlich einen
fiir glatte Dichten mit der Gittergrofte abklingenden Diskretisierungsterm enthéalt. Beim
Double-Screened-Ansatz ist der transformierte Integrand analytisch und beidseitig doppelt-
exponentiell abklingend, sodass eine Standard-Sinc-Quadraturfehlerschranke direkt an-
wendbar ist und sich eine giinstigere Termzahlasymptotik ergibt. Beim Mixed-Screened-
Ansatz fehlt der doppelt-exponentielle Abfall am linken Rand, weshalb eine manuelle
Fehlerzerlegung erforderlich ist.

Die Verfahren werden an Testproblemen mit bekannter exakter Losung untersucht, dar-
unter Gauf-, anisotrope, kompakt getragene und oszillierende Quellen sowie eine Vari-
ation des Abschirmparameters. Bei der feinsten untersuchten Gittergrofse N = 128 er-
reichen beide Ansétze in den meisten Benchmark-Konfigurationen relative £°°-Fehler nahe
der Maschinengenauigkeit und bei identischer Konfiguration nahezu iibereinstimmende
Genauigkeit. In der betrachteten Variation des Abschirmparameters bleibt die Genauigkeit
stabil. Der Double-Screened-Ansatz benotigt dabei tiberwiegend weniger Gaufiterme und
erzielt fiir die Mehrzahl der Konfigurationen kiirzere mittlere Loserzeiten. Die Arbeit
iibertragt damit das fiir die Poisson-Gleichung formulierte Super-Potential-Prinzip auf
den abgeschirmten Operator und ergédnzt es um zwei explizite Kernkonstruktionen samt
zugehoriger, vom Abschirmparameter abhéngiger Fehlertheorie.
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1. Introduction

1.1. Motivation and Application Context

Elliptic partial differential equations form one of the central classes of second-order partial
differential equations [7]. In contrast to parabolic or hyperbolic equations, which describe
time-dependent evolution problems, elliptic equations model stationary phenomena, in
which the sought solution typically describes a physical quantity in equilibrium, such as a
concentration or a potential.
One of the most important elliptic operators is the negative Laplace operator —A. The
associated Poisson equation

—Au(x) = p(x), r € R lim |u(z)| =0, (1)

|| =00

serves as the standard model for stationary potential and field problems, where p € L>(R3?)
denotes a compactly supported source density and u denotes the sought potential. Its
fundamental solution is the free-space Green’s function, also referred to as the Coulomb
kernel, U(r) = 4, r = ||, and the solution can be represented as the convolution
u = U x p. The Poisson equation describes, for example, the electrostatic potential of
a charge distribution as well as the gravitational potential of a mass density.
In numerous applications, however, screening effects arise that can be modelled by an
additional linear term. A natural one-parameter extension of the Laplace operator is
(—A + k?) with the screening parameter x > 0, which reduces to —A in the limit x — 0.
The subject of this work is the screened Poisson equation

(-A+rxHu=p, xR} lim |u(x)| = 0. (2)

|z|—o00

The associated fundamental solution is the Yukawa Green’s function

kT
G(r): dAnr T:‘x|7

and the solution can be represented as the convolution

ua) = G+ p)a) = [ Gyl oo =) do

In contrast to the Coulomb kernel U, whose interactions decay algebraically as ~!, the

factor e™"* 1

" causes an exponential decay on the length scale k™.
Since G describes screened interactions, equation (2)) arises in numerous applications
in physics and chemistry, in particular in electrolyte solutions within the framework of
Debye-Hiickel theory [6], in complex plasmas [11], and in the modelling of interactions in
Debye plasmas in quantum collision dynamics |14].



1. Introduction

1.2. Existing Approaches and Their Limitations

The kernel G has a non-removable singularity at r» = 0, which complicates the numerical
evaluation of the convolution ©v = G * p and typically requires special regularization
strategies. An analogous situation arises for the Coulomb kernel U of the Poisson equation
, for which several common approaches have been developed, such as truncated-kernel
methods, Ewald-type techniques, and direct Gauss-sum regularizations of the singular
kernel. One such approach is based on the Gaussian-sum approximation of the kernel,
applied to nonlocal potentials as in [9]. Without additional near-field treatment, this
direct approximation typically leads to a truncation error of order O(¢2), where ¢ > 0
denotes a near-field truncation parameter. To compensate for this error, local correction
terms are usually introduced, which are based on a Taylor expansion of the density near
the kernel and require a subsequent FF'T evaluation. These near-field corrections increase
the computational effort and complicate an FFT-based evaluation. This issue arises for
the Coulomb kernel as well as for the Yukawa kernel, and motivates in both cases the
development of an approach without near-field correction.

1.3. The Super-Potential Idea and Objective of the Work

Exl and Schaffer pursue the following approach in [10] for the Poisson case. Instead
of evaluating the convolution with the singular kernel directly, they introduce a super-
potential v satisfying the relation © = Av. The solution then takes the form v =V x p
with the biharmonic kernel V(y) = %, y € R3. In contrast to the singular Coulomb kernel,
V is bounded at the origin and satisfies V(0) = 0 with linear behaviour V(y) = O(|y|)
as |y| — 0. This improved regularity enables a Gaussian-sum approximation without
near-field correction and contributes to the fact that a truncation error of order O(g%) can
be achieved. The overall method achieves machine-accurate results at a computational
complexity of O(N log N).

The objective of this work is to transfer the super-potential method of Ex] and Schaffer [10]
to the screened Poisson equation. Building on this fundamental idea, two super-potential
approaches for (—A + k?)u = p are constructed, analysed, and implemented. For both
approaches, separable Gaussian-sum approximations of the respective kernels are derived,
FFT-based algorithms are developed, and complete a priori error estimates are proved.
The theoretical results are verified by numerical experiments that examine the accuracy,
stability with respect to &, and efficiency of the methods. Since the constructed kernels
do not vanish at the origin, and the near-field contribution is therefore not suppressed by
the kernel behaviour, a reduced near-field order O(g3) results compared to the Poisson
case.

1.4. Overview of the Developed Methods

The W-approach (Mixed-Screened) obtains the solution by applying the Laplace operator
to a super-potential, u = —A(W % p), where W is the fundamental solution of the operator



1.5. Structure of the Work

(—=A)(—=A+#k?). The H-approach (Double-Screened) uses the screened operator to recover
u from a super-potential, u = (—A + k2)(H * p), where H is the fundamental solution of
(—A + k?)2. Both kernels are bounded at the origin, in contrast to the non-removable
singularity of the Yukawa kernel G. The structural difference between the two approaches
lies in the integral representation: in the H-approach, the transformed integrand decays
double exponentially, so that the sinc quadrature bound can be applied directly.

1.5. Structure of the Work

Chapter [2| presents the super-potential method for the Poisson equation following Ex] and
Schaffer [10] and thereby establishes the methodological foundation for the subsequent
chapters. Chapter [3| develops the W-approach (Mixed-Screened) for the screened Poisson
equation. The kernel construction and fundamental solution, the regularity analysis, the
Gaussian-sum approximation, and the complete a priori error estimate are addressed.
Chapter [ treats the H-approach (Double-Screened) in a structurally analogous manner.
Since the transformed integrand decays double exponentially, the direct application
of the sinc quadrature bound leads to improved asymptotics of the number of terms.
Chapter [p| presents the numerical results in two parts. First, the theoretical predictions of
both approaches are verified numerically. Subsequently, both methods are compared by
means of systematic benchmarks with respect to accuracy, number of terms, and runtime.
Chapter [ summarises the main results and discusses open questions.



2. The Super-Potential Method: Basic
Principle in the Poisson Case

The application of the super-potential method to the Poisson equation presented in this
chapter is based on the work of Exl and Schaffer [10]. In the following, the components
of their approach that are relevant to this work are presented in consolidated form and
used as the basis for the later transfer to the screened Poisson equation.

We consider a (rescaled) source density p and assume for simplicity that it is compactly
supported in the unit cube By := [—1/2, 1/2}3. We study the Poisson equation . The
classical representation of the solution is then given by

ua) = (U p)e) = [ Ve -)dy  aeR
Although this classical representation is exact, its practical application is demanding and
its direct evaluation requires O(N?) operations for N grid points. As discussed in
the singularity of the kernel U at y = 0 furthermore leads to near-field problems, which
in common methods require local correction terms.

2.1. Kernel Construction and Fundamental Solution
The method is based on a super-potential v satisfying the relation
u=Av (3)

(cf. [L.3). With this substitution, the Poisson equation becomes the biharmonic
equation —A?v = p. Let V be the biharmonic Green’s function in R3, which is related
to the Green’s function of the Laplace operator via AV = U. For the three-dimensional
case it is given by V(y) = ém, y € R3. Thus the super-potential possesses the Green’s
representation

o) = (V p)la) = [

R3

V(y)p(z —y)dy = /R& g;'p(:v —y) dy.

The solution to the original Poisson problem is then obtained by applying the Laplace
operator,
u(z) = Av(z) = A(V * p)(z), (4)

where this differentiation is later carried out spectrally in Fourier space.



2.2. Regularity of the Kernel and Near-Field Order

Since p is compactly supported in Bj, the convolution representation for x € B; can be
restricted to the doubled cube By := 2 - By = [~1,1]3. Indeed, for x € By and y ¢ Bs,
it holds that = —y ¢ By. Since supp(p) C By, it follows that p(x —y) = 0, so that no
contribution to the integral arises outside of By. Thus for z € B;

uw) =2 [ Vpe-nar=5 [ Doa-pay

2.2. Regularity of the Kernel and Near-Field Order

The biharmonic kernel V' is bounded at the origin and satisfies V' (0) = 0 with linear
behavior V(y) = O(|y|) for |y| — 0. This regularity forms the basis of the subsequent
error analysis and in particular enables a Gaussian-sum approximation without near-field
correction with a truncation error of order O(g*) (cf. [L.3).

For the numerical evaluation of the convolution , the density is first approximated by
a truncated Fourier series. For an L-periodic function f we use the Fourier representation

. . 1 A
f($) _ Z fk€27rzlc~w/L7 fro = = ($)€—27rzk~a:/L dz.
kez3 L Br
By zero-padding we extend p from Bj to the doubled domain By = [~1,1]® and consider

its L = 2-periodic continuation on R3. In the notation we do not distinguish between p
and its periodic continuation. For L = 2 one obtains the Fourier representation

pla) = 3 e = [ )
kez 8 /B,

Since p vanishes outside of By, a Fourier pseudospectral approximation on the doubled
domain By suffices [9]. The corresponding Fourier coefficients are computed by means of
FFT-based trapezoidal quadratures.
The application of the Laplace operator appearing in is then carried out by means of
the Fourier symbol of A. For an L-periodic function f, by integration by parts, since the
boundary terms vanish due to periodicity,

— 2mkiN2 4 — 27\ 2 A

G fk) = ~(T5) i andtius AFR) == () kP i
With v = V % p, the convolution theorem yields 6(k) = Vipy, and therefore &)(k‘) =
—(2%)2]14\2 Vipr. For L = 2 one thus obtains from by spectral differentiation the
representation

u(@) =3 Av(k) €™ = —72 3" k2 Vi pr ™R (5)
k k

with the kernel Fourier integrals

Vi = / M e TRY dy. (6)
B

, 8T

The sum is evaluated by means of inverse FFT.



2. The Super-Potential Method: Basic Principle in the Poisson Case

2.3. Gaussian-Sum Approximation of the Kernel

The kernel Fourier coefficients @ are both computationally expensive and numerically
demanding. To make this step efficient and to shift a substantial part of the computational
effort into a precomputation phase, we approximate the kernel |y| by a separable Gaussian-
sum. This reduces the computation of the three-dimensional coefficients to sums of tensor
products of one-dimensional integrals.

The basis of the Gaussian-sum approximation is the following integral representation,
which follows from the Gamma/Laplace transform:

1 2 /OO —Jy|2e2
L2 [T e gy (7)
lyl V7 Jo

To approximate the integral we use sinc quadrature [8, 9, 13|. Here the integral is
approximated by the truncated quadrature rule

/f(x) dr~h Y f(kh)
® k<S5
The associated error estimate is provided by the following proposition.

Proposition 1 (|13, Prop. 2.1], |9, Prop. 1]). Let f € HY(D)) with A < 7/2, where
Dy :={z € C:[3z]| < A}, N(f,D)) := /R(\f(u+ iN| 4 [f(u—i)N)]) du < oo.
If f satisfies the double exponential decay condition, i.e.,
FO] < Cexp(=be) ViR, ab,C>0,

then for the quadrature error with step size h = ln(%) /(aS) the estimate

—2mAaS
/Rf(t)dt—h > f(kh) SCN(fyDA)eXp(ln(Qﬂas/b)>

|k|<S
holds.
After the variable substitution ¢ = sinh(w) one obtains
1 1 / —|y|? sinh?(w)
—=—1ce cosh(w) dw. (8)
vl V7 Jr

The transformed integrand satisfies the assumptions of Proposition [I| From this follows
the separable Gaussian-sum approximation

=R | L) o)

s=0 p=1



2.4. Algorithmic Realization

with
h

2h
= ]r3/2° ap =0, Ws = COSh(Sh), g = SinhQ(sh), s> 1.
s

“o T 873/2

Multiplying the approximation @ by |y|? yields an approximation of the biharmonic
kernel V (y) = lul

- 8w

S S 3
_ 2 _ 2
V() ~ Vas(y) =D wslyl? e =3 "wi(yf + 93 +43) [ e v
s=0 s=0 p:l

Splitting the factor |y|? into the individual coordinates yields the separable form

S 3 3 2 —asy? —
yye %, p=gq,
\% = w 10
-3y I[{7 7 1 ()
thus a sum of rank-3-separable functions. Substituting into @7 the three-dimensional
integral factorizes into products of one-dimensional integrals. Since the appearing factors
ygle_asyg are even in y,, upon integration over the symmetric interval [—1, 1] the sine
part of e ¥™*»¥% vanishes, and only the cosine part remains. Thus, using the definitions

1 1
Iy(k; ) = / 2 cos(mky) dy, Iy(k; ) = / 2y2e Y’ cos(mky) dy,
0 0

the approximation

5L 3{b%M%% p=4q,

Ta U =S w ST

The kernel coefficients can thus be efficiently determined in a precomputation phase.

2.4. Algorithmic Realization

The method is divided into a one-time precomputation phase for determining the kernel
coefficients and an FFT-based solution phase for given densities p. For N = nynang grid
points, this yields a complexity of O(N log N).

Algorithm 1 Precomputation (once per configuration (g, By, N))

Require: Truncation parameter €, Gaussian-sum rank .S, sinc step size h, grid dimensions
(n1,n92,ns)
Ensure: Precomputed kernel coefficients VkGS
1: Compute Gaussian-sum parameters (ws, as), s =0,...,5
2: Compute kernel coefficients f/st via one-dimensional quadratures
3: Create FF'T plans on the doubled grid
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Algorithm 2 Solution phase for given density p

Require: Sample values of p on the (ny X ng X ng) grid; precomputation results from
Algorithm

Ensure: Approximate solution wu, on the original grid

. Zero-padding of p to the doubled domain Bs

: Compute Fourier coefficients p; by means of FFT

: Compute ay, = —m2|k|2V,55 py

: Compute u by means of inverse FFT and restrict to the original grid

=W N =

2.5. Error Analysis

The error analysis of the Poisson case consists of two components: a kernel approxim-
ation error, which arises from replacing the biharmonic kernel V' by its Gaussian-sum
approximation Vg, and a discretization error, which results from the spectral resolution
on a finite grid. The kernel error is controlled by the following localization lemma. The
linear behavior V(y) = ls%l at the origin suppresses the near-field contribution of the ball

B.(0) without near-field correction.

Lemma 2 (|10, Lemma 1]). Let € > 0, let p be bounded, and suppose g —Vas(y)| =

O(e?) for |y| € (e,1]. Then for x € By

v(r) = / gﬂp(w —y)dy = / Vas(y)p(a —y) dy + O(e").
By OT By

Thus the kernel error of the super-potential is of fourth order in &, uniformly in the
target points x € B;. The subsequent application of the Laplace operator is carried out
spectrally in the discrete method. On the space of resolved Fourier modes this operator
is bounded, so that the order O(g*) is preserved according to Proposition 2 in [10].

The a priori bound |10, Thm. 3| combines the near-field term, the outer kernel error on
(¢, 4], and the spectral projection error for smooth densities to

[u — uplee(py) = O(e*) + (spectral in N),

uniformly for all target points x € Bj. The essential point for the subsequent chapters is
that the Poisson case achieves fourth order in the truncation parameter € through the
regularity of the biharmonic kernel.



3. The Mixed-Screened Super-Potential
Approach

We consider the screened Poisson equation with compactly supported density p €
L>®(R3), supp p C By. Since p(z — y) = 0 for y ¢ B, the solution can be represented as

u(z) = (G *p)(x) = i G(lyl) plx —y) dy.

As in the Poisson case, we replace the direct evaluation of this convolution by the
introduction of a super-potential with a kernel non-singular at the origin.

3.1. Kernel Construction and Fundamental Solution

Analogously to the Poisson case (cf. , we introduce a super-potential w by
u=—Aw. (11)

In contrast to the Poisson case, an additional minus sign appears here. This choice proves
to be natural for the screened Poisson equation and is motivated by the subsequent
construction of the kernel W.
In order to represent w explicitly, we need a kernel W that yields the super-potential as
a convolution w = W x p. We define

1 _ e—K)T

—(U(r) = G(r) =

The following statement justifies this definition.

di2r

Lemma 3 (W as Fundamental Solution). The kernel W is the fundamental solution of
the operator (—A)(—=A + k%), i.e. (=A)(—A + k2)W = §g in the sense of distributions.

Proof. Tt is known that —AU = &g, (—A + k%) G = &y hold in the sense of distributions,
where G is the Yukawa fundamental solution. From the second identity it follows that
—AG = 6y — K*G. Therefore —AW = L(=AU + AG) = % (6 — (60 — £*G)) = G.
Applying (—A + k?) yields

(—A) (A + )W = (A + ) (-AW) = (A + &%) G = do. O

Thus w = W % p is the desired super-potential, and from follows the solution
representation

u(z) = —Aw(z) = =AW * p)(z).



3. The Mixed-Screened Super-Potential Approach

Comparison of Yukawa kernel G and super-potential kernel W

— W(r), k=0.1
W(r), k=1.0

— WI(r), k=10.0

=== G(n, k=1
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Figure 3.1.: Comparison of the super-potential kernel W (r) with the Yukawa kernel G(r)
for various k-values. While G grows unboundedly as r — 0, W converges to
the finite limit W (0) =

T Adrwk”

3.2. Regularity of the Kernel and Near-Field Order

The behavior of W at the origin distinguishes the W-approach from both the Yukawa
kernel G and the biharmonic kernel V' of the Poisson case, and is decisive for the achievable
accuracy of the Gaussian-sum approximation. Using the Taylor expansion, one obtains

from which
follows. In particular, W(0) = ﬁ, so the kernel is bounded at the origin and continuously

— KT

extendable. This stands in contrast to the Yukawa kernel G(r) = %_-, which has a
non-removable 1/r-singularity at » = 0 (cf. Figure . Compared to the singular kernel
G, the introduction of the super-potential thus represents a substantial gain. In contrast
to the biharmonic kernel V(r) = ¢~ of the Poisson case (cf. [2.1)), however, W does
not vanish at the origin, so that the near-field contribution is not suppressed by the
vanishing of the kernel. The consequences of this property for the achievable error order

are investigated in [3.4.2]

10



3.3. Gaussian-Sum Approximation of the Kernel

3.3. Gaussian-Sum Approximation of the Kernel

Analogously to the Poisson case (cf. , we approximate the kernel W by a separable
Gaussian-sum of the form

Was(r Z wje 7 W(r), r € [e,d], (12)
Jj=M

in order to enable the FFT-based evaluation of the convolution w = W % p. Here § > 0
denotes an upper bound for the support of p and € > 0 a lower bound of the approximation
interval.

3.3.1. Indirect Construction

A natural approach to constructing a Gaussian-sum approximation for W consists in
exploiting the decomposition W = (U — G)/k2. Since Gaussian-sum approximations Ugg
and Ggg for the Coulomb and Yukawa kernel, respectively, are separately available, their
difference

W (r) = %(UGS(T) — Gas(r))

yields an approximation of W. For the Coulomb part, the approximation of U(r) = 471W

follows from the integral representation (§)) by means of sinc quadrature with step size h:

2
Ugs(r Zw e~ U= QL/Q cosh(kh), oV =sinh(kh), k>0,
71'

where w§ = h/(47%/?) and o = 0.
For the Yukawa part, followmg [3, 5 [12], one obtains by the variable transformation
t = e* and subsequent sinc quadrature with step size h

G 2,2 h K2 2t
Gas(r § W e~ (@m) r’ wﬁzmetme 1 ¢ m, aﬁ:etm, tm, = mh.

By combining both representations, one obtains the Gaussian-sum approximation of
W with a total of S + M; + M5 + 2 Gaussian terms. Since the Coulomb and Yukawa
kernels each satisfy the assumptions of Proposition (1| |9} |12], the quadrature error of the
individual approximations Ugg and Ggg decreases exponentially in the number of terms.
Since the approximations of U and G are performed independently of one another, the
error estimate follows immediately from the triangle inequality

Rl =

sup |W(r) — W (r )| §
rele,d]

(EU + Eg),

where ey and ¢ denote the absolute approximation errors of Ugg and Gas, respectively,
on [g,0].

11



3. The Mixed-Screened Super-Potential Approach

This construction, however, exhibits structural disadvantages. For small values of x, the
kernels U and G closely approach one another, so that the computation of W = (U —~G)/k?
relies on the difference of two nearly equal quantities. Rounding errors can be significantly
amplified by cancellation, as Figure illustrates. Furthermore, the errors ey and e¢
add up, and the boundedness of W at the origin is not exploited, since the approximation
proceeds via the difference of two singular kernels. This motivates the development of a
direct Gaussian-sum approximation of W.

Cancellation effects in the indirect representation W = (U — G)/k?

k=1e—-08 k=0.01
5 6 7.96 x 10°
82x 10 7.9675 x 10 P —_—
7.965 x 10° T Waabe 7.95 x 10°
8x 108
7.9625 x 10° 1 7.94 x 10°
i
_ 7.8x10° 7.96x 10° Jﬂ ) 7.93x 10°
= t i
= 7.9575 x 10° ' 'Hrr‘ - 7.92 x 10°
7.6x10° 7.955x 105 |1
92X i 7.91x10°
6
7.4%10° 79523 x10%) 7.9 x10° .
-= |(U-G)Kk?|
6| i
7.95% 10 7.89 % 100 | = Waabie
10° 10 107 102 107! 10° 10° 10 107 102 107! 10° 10 10™* 1073 102 107! 10°

r r r

Figure 3.2.: Cancellation effects in the indirect representation W = (U — G)/k? for
small . The direct representation W = (1 — e=*")/(4wk?r) remains stable
(analytically, before GS discretization).

3.3.2. Direct Construction

The starting point of the direct approximation are the standard Gaussian integral represent-
ations of the Coulomb and Yukawa kernels. We recall the Gaussian integral representation
of the Coulomb kernel (cf.

1 2 /OO 242 gt 2 / _p2e2u u g
—=—— e =— e e" du,
T o VT IR

where the second equality follows from the substitution ¢ = e, dt = e“du. For the
Yukawa kernel, the following holds (cf. [12], Eq. (2.1))

- 00 2
e FTr _ 1 / €_T2t2_:? gt — 1 /e—TQezu—'fGQueu du
dr  2m3/2 ), 27m3/2 Jp

176_“{”‘
4mk2r

o o0 K2
W)= = / eerth—/ e i gt
471'52 ﬁ 0 0
! R C A P (13)
= — — t
5372 | e e .

By combining both representations and using W (r) = one obtains

12



3.3. Gaussian-Sum Approximation of the Kernel

Logarithmic Transformation

Analogously to the strategy in [9] for the Coulomb kernel and in [12] for the Yukawa
kernel, we apply the substitution 7 = €%, d7 = €* du. This transforms to

1 _rf 2w 220,
W(T)ZW/IRf(u,r)du, flu,r):= (1—6 1° >e e,

for r € [e,d]. Sinc quadrature with step size h and nodes u; = jh formally yields the
Gaussian-sum structure with

. h . K2 _2jn
Tj:(ijh, wjzie]h l—e7° )
273/2 2

The application of Proposition [1| for error analysis requires that the integrand f(-,r)
satisfies two conditions:

1. f(-,7) € HY(D,) for some \ < /2,
2. the double exponential decay condition.

However, the double exponential decay condition is satisfied for this transformation only on

2 —2u
one side, as the following analysis shows. For u — 400, fromr > cand [1—e” 7¢ " | <1
it follows that
2.2u 2,2u 2u
]f(u, ’I“)| < ele™ e < ele—€Ee < Cece ,

for suitable constants C, ¢ > 0, hence double exponential decay. For u — —oo, on the

other hand, 1 — e_zjf% — 1 and e ¢" = 1, so that for sufficiently negative u
fu,r)| < e = e,

hence only singly exponential decay. The logarithmic transformation thus formally yields

a Gaussian-sum structure, but not the double exponential decay structure required for

Proposition [T}

Sinh Transformation

As an alternative to the logarithmic transformation, we consider the sinh transformation
t = ¢(u) = e snhv, o >0,

with Jacobian ¢'(u) = o cosh(u) e 5" %, Substituting into yields

1 __ 2,20 sinhu _ﬁ —20 sinhu inh
W(r) = 378/2,2 /]Rg(U) du, g(u):=e"° (1 —e 1€ ) o cosh(u) €754,

The truncated trapezoidal rule with step size h and nodes u; = jh yields the Gaussian-sum
structure (12)) with nodes and weights

. (osinh(jh) . hocosh(Gh) osinngny (| - e2osmnon
Tji=e , wj 1= e e 1 )
2m3/2K2

13



3. The Mixed-Screened Super-Potential Approach

This transformation generates double exponential decay in both directions. However, it is
not compatible with the strip analysis of Proposition [l} For z =« + ¢\ with 4 — —oco we
have

R (sinh(u +iX)) = sinh(u) cos A ~ —%elu‘ COS A,

so that for |\ < 7/2
5}3(—20 sinh(u + M)) ~ el cos X = 0.

The expression e 20 5nh(u+id) thyg grows super-exponentially along the boundary lines of
the strip, and the transformed integrand is not controllable there. A direct application of
Proposition [1| is therefore not possible for the sinh transformation either.

Choice of Transformation

This reveals a fundamental conflict of objectives: the logarithmic transformation 7 = e*
satisfies the strip condition, but does not yield double exponential decay for u — —oo.
The sinh transformation generates double exponential decay in both directions, but
fails the strip condition. Neither of the two transformations simultaneously satisfies all
assumptions of Proposition

The numerical comparison (Figure shows that the logarithmic transformation con-
sistently requires fewer terms in the practically relevant accuracy range (n < 107%) and
reliably achieves the desired accuracy with well-controllable parameter scaling. Since
it also leads to a simpler analytic structure, the error analysis in [3.4.1] is carried out
exclusively for the logarithmic transformation.

Comparison of logarithmic and sinh transformations

—e— log: t=e"
107 Sinh; t=eosinhu

10744

1076

108 4

sup |[W—Wes [/|W]

rele, 61

10710

10712

10-14 4

0 50 100 150 200 250 300
Number of terms M

Figure 3.3.: Approximation error sup,¢i. 5 |W — Was| as a function of the number of
terms M for the logarithmic transformation and the sinh transformation,
each with optimized parameters h, M7, M, (and o for sinh).
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3.4. Error Analysis

3.4. Error Analysis

3.4.1. Error of the Gaussian-Sum Approximation

Since Proposition [1] is not directly applicable, we analyze the error of the truncated
trapezoidal rule directly. For r € [e,d], with the integrand f(u,r) defined after the
logarithmic transformation in we have

W(r)— Was(r) = 23/%2 /furdu—hijhr

Jj=Mi

For arbitrary truncation parameters My, Ms € Z, one decomposes the difference into
three contributions,

/furdu—hijhr /furdu—hijhr)

j=M JEZ
=: Eirap(r)
+h Y f(Ghr) R Y f(GRr). (14)
J<My 3>Mo
=: Blegt (1) =: Erignt(T)

where Eirap(r) denotes the error of the infinite trapezoidal rule and Eief(r), Eright(r)

denote the truncation errors at the left and right boundary, respectively. Setting 7 :=

2”3/ K2 7, it suffices to bound each of the three terms by 7, since then it follows that

1
W) = Was(r)] < 55755 (1Beran ()] + 1 Buoa (1) + | Erigae (1)]) < .

The three contributions are estimated separately and uniformly in r € [, 4] in what
follows.

Error Estimate for the Trapezoidal Rule

To estimate the trapezoidal error, we first examine the analytic properties of the trans-
formed integrand. This subsequently enables the application of a general result for analytic
functions in complex strips.

Proposition 4 (Analytic Properties of the Integrand). Let 0 < e < d < oo, k > 0 and
0 < A< 7/4. For the integrand

flu,r) = (1 — e_”2672U/4) e eY, ueR, relgd],
the following statements hold.

(i) f(-,r) has a holomorphic continuation to Dy := {z € C: |Sz] < A}.

15



3. The Mixed-Screened Super-Potential Approach

(it) f(u+io,r) — 0 as |u| — oo, uniformly in o € (—=\,\) and r € [g,d].
(i4i) With cy = €2 cos(2)) > 0 we have

sup / flutio,r)du < —— forallo € (=M, \).
A R\ ( )| NGy (=AA)

Proof. (i) Since e??, e~2% and e? are entire functions and sums, products, and compositions
of holomorphic functions remain holomorphic, f(-, ) is holomorphic in D).

(i1) and (iit) Let z = u + io with |o] < A < 7/4. Then cos(20) > cos(2X) > 0. For the
first factor, one obtains due to R(e™2?) = e 2“ cos(20) > 0

‘6—526_22/4‘ = exp (—%2 e 2u cos(20)> <1
Therefore it follows from the triangle inequality that ’1 — et/ 4‘ < 2. For the second
factor, since r > e:
2,2z

—_ _ 2u
‘e el = exp(—r262“ cos(20)) < exp(—s262“ cos(2N)) = e,

where ¢y, := £2cos(2)\) > 0. For the third factor we have |e?| = e, so that altogether the
pointwise bound is obtained:

|f(u+io,r)| < 2eteere™ (15)

For u — —oo we have e% — 0. For u — 400 the factor e~¢" dominates super-
exponentially. It therefore follows from that

flu+io,r) =0 (lu] — o0)
uniformly in o € (=A\,\) and r € [e,d]. This proves (ii). Integrating and the
substitution t = e" yield

/ |f(u+io,r)|du < / 2ete= A" Jy = 2/ e—ot® gy — ﬁ
R R 0 Ve

Since the right-hand side is independent of r and o, (iii) follows. O
The following error estimate for the infinite trapezoidal rule is due to Trefethen and
Weideman |[16].

Theorem 5 (|16, Theorem 5.1|). Suppose w is analytic in the strip | Im(z)| < a for some
a > 0. Suppose further that w(z) — 0 uniformly as |x| — oo in the strip, and for some
M, it satisfies

/ w(a + ib)| dze < M

—00

for allb € (—a,a). Then, for any h >0, Iy, := hzjezw(jh) exists and satisfies

2M
Ih—/w(x)dm <
R

— e2ma/h _ 1’
and the quantity 2M in the numerator is as small as possible.
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3.4. Error Analysis

Corollary 6 (Trapezoidal Error for the Integrand f). Let 0 < e < d < o0, 0 < A < 7/4
and cy := €2 cos(2\) > 0. Let f(-,7) be as in Proposition I Then for every h > 0

Etrap(r /furdu—hZf]hr

JEZ

the uniform estimate

27 1

Sup | Eirap(7)] <

refe,d] Vex e —1
holds.
Proof. The conditions (i)—(iii) from Proposition [4] are precisely the assumptions of The-
orem [5| with a = A and M = \/L% Direct application yields the claimed bound. ]
The corollary provides an explicit condition on the step size h to keep the trapezoidal
error below the auxiliary error 7. Setting C) := %, the choice
h< 2T A

log(1 + Cx/7)

suffices to ensure sup, [ 5) | Etrap(7)] < 7.

Left Truncation Error

Next, the truncation error at the left boundary of the infinite trapezoidal sum is controlled.

Proposition 7 (Left Truncation Error). Let 0 < e < § < oo, h >0 and f(-,r) be as in
Proposition . For Bl (1) := h2j<M1 f(jh,r) the uniform estimate
h e(lel)h
sup |Eiee (r)] < —————
refe,d] ¢ L—e "
holds for every My € Z.

Proof. For every j < My and every r € [g,0] we have 0 < 1 — e e <10 <
2 2jh

e 7 ¢”" < 1. Therefore it follows that |f(jh,r)| < e/*. Thus, with the index change
m = M; —1— 7 > 0 and a geometric series, one obtains

Mt o0 B e(Mi—1)h
Ben(r)| b 3 (FGRI S h 3o & =he@iTDh Y] e = S
J<M j=—00 m=0 —€

Since the right-hand side is independent of r, the claimed uniform estimate follows

immediately.
O

Therefore, the choice
1 i(l—e"
My < MP, M= {1 + 1og<77(6)>J

suffices to ensure sup,¢c ) [Elett(7)] < 7.
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3. The Mixed-Screened Super-Potential Approach

Right Truncation Error

It remains to estimate the truncation error at the right boundary of the infinite trapezoidal
sum.

Proposition 8 (Right Truncation Error). Let 0 < e < < 0o, h >0 and f(-,r) be as in
Proposition . For Eyign(r) := th>M2 f(Gh,r) the uniform estimate

1 2 _2Moh
sup |Frignt (1)] < —— e ¢ 7
20y B0 <

holds under the constraint e2e2M2h > 1,

Proof. For r € [¢,6] and all u € R we have 0 < 1 — e~%"¢ *"/4 < 1, so that due to r > &
|flu,r)| < ete ™ < euem="¢™  Thus it follows that

| Brigni (7)) < h Z piho—e?e?h

Jj=M2+1
With g(u) = e%e ¢ we have ¢/(u) = e%e =" (1 — 22¢2*), so g is monotonically
decreasing for e2e?* > % Under the constraint e2e2M2h > 1 2 % g is in particular
monotonically decreasing for all u > Msh. Therefore g(jh) < % f u) du holds for
all 7 > Ms + 1, and by summation it follows that
a 9]
RS gGn) < / 9(u) du.
j=Ma+1 Mzh
With the substitution ¢ = e* one obtains
oo o
/ ete =™ qu —/ e~ gt
Msh Moh
The standard estimate fx 2 qt < 252 e—e , x> 0, applied with z = 2" yields

1 2 2Mqyh
| Evignt (1)] < 222k € e

Since the right-hand side is independent of r, the claimed uniform estimate follows. O

With s :=¢ 62M2h the condition

1 6752e2MZ h
2e2¢Mzh

<7 isequivalent to <.

1
e
2e./s
Since under the constraint s > 1 we have 7 < 1, the sufficient condition is 2—15 e * <,
ie s> max{l, ln( 2577)}' Thus the choice

M, = {1 1n(mrlax{l, ln(21/(2€77))}>—‘ ’

2h €

2€2M2h

suffices, by which the constraint > 1 is simultaneously satisfied.
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3.4. Error Analysis

Combining the Error Terms

Theorem 9 (Gaussian-Sum Approximation of the Kernel W). Let 0 < ¢ < § < oo,

0 <A< m/4, k>0, and 17 > 0 be sufficiently small. Set cy := £2cos(2)), Cy =
Qﬁ ~ 27r3/2/£2 h =
oo = n,

M, = {1+ llzlog<77(1—h€_h)>J7 My {21}1 ln<max{1, 11(21/(2577))}” |

Then for the Gaussian-sum approzimation

WG and

—7ir . ojh -
Was(r Z wije i, T =€, wj =
Jj=M

jh _—rK2e7%h/4
27r3/2/€2€ (1 e ,

the uniform error estimate

sup |[W(r) —Was(r)| <n
rele,d]

holds. The number of terms is M := My — My +1 = O(logQ(l/n)) asn 0.

Proof. From the decomposition it follows for all r € [e, §] that

1
W (r) —Was(r)| < 37322 (‘Etrap(r)‘ + | Eefe ()| + |Eright(7“)|)-

By Corollary [6| and the choice of h we have sup,. | Eqrap(r)| < 7. By Proposition [7]and the
choice of My we have sup, |Flett(r)| < 7. By Proposition |8 and the choice of My we have
sup, |Eright ()| < 7. Thus it follows that

31
W(r)— W, =
reles W) =Wes()l < 35,5
For the number of terms we have |M;| = O(log(1/7)/h) and My = (’)(log log(1/7)/h).
Since h ~ log(l/n) as 7j — 0, | M;| dominates and it follows that M = O(log?(1/7)). Since
log(1/7) = log(1/n) + O(1), we have M = O(log?(1/n)). O
The Gaussian-sum approximation Wgg is separable in the sense that each summand
2,2 202 2 2
eI = 7T @IFTEH3) factorizes as a product of one-dimensional Gaussian functions,

The product structure reduces the precomputation of the Fourier coefficients to products
of one-dimensional integrals.
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3. The Mixed-Screened Super-Potential Approach

3.4.2. Localization Lemma

Theorem [9] yields with the choice § = 2 the bound

sup |W(r) — Was(r)| <,
réele,2]

which applies on the entire far field By \ B.(0), since |y| < v/3 < 2 for all y € Bs. We set
WSS 1= Wgg * p and estimate the error w — wSS on Bj.

Lemma 10 (Convolution error of the kernel replacement). Let e > 0 and p € L>(R?)
with supp p C By. Suppose sup,¢ic o [W(r) — Was(r)| < n. Then for all z € By

|(W = p)(2) = (Was * p)(2)] < Clony llpllze (7 +€°),

where CW > 0 is independent of x, n, and ¢.

conv

Proof. Since supp p C By, for all z € By
(W p) (&) — (Was * p)() = /B (W () — Wes(luD) oz — v) dy.

We decompose the integration domain into near field and far field:

/ (W (lyl) = Was(lyl)) p(z —y) dy = / (W(lyl) = Was(lyl)) plx — y) dy
B; B2\ B:(0)

=:Iout
[ (W = Wos (D) ol )y
B-(0)

=:Iin

Far-field term Ioy. For y € By \ B-(0) we have € < |y| < /3 < 2, so that by assumption
(W (|ly]) — Was(ly])| < n. Therefore it follows

Lows] < 1 / p(z =)l dy < Bl o]l .
B2\ B:(0)

Near-field term I,. Since W is continuous on [0, c0) with finite limit W(0) = ;2-, there

Y
exists a constant Cw > 0 with sup,cp o [W(r)| < Cw. For Wgs, since w; > 0 and
2,2

e T <1
[Was(r)] < Z wje i < Z wj = Was(0 :Cg/s.
Jj=M Jj=M
Since Wgs(0) = Z w; represents the trapezoidal sum approximation of W(0) = ﬁ and
471' 3

converges to W(0) as n — 0, CYg is uniformly bounded in 1 and e. With |B(0)| =
it follows

‘Iin‘ < (CW+CCI§VS) HPHLOO ‘B€(0)| neaerHLC’og
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3.4. Error Analysis

Combining both estimates yields

[(W  p) () — (Was * p) ()| < |Balllpllzee 0 + Chear ol €° < Cétny llpllz= (n + %),

with CW

W o i=max(|Bz|, C¥ ) > 0, independent of z, n, and ¢. O

Under the coupling condition n < C¥ &3, the error order simplifies as follows.

coup

Corollary 11. If one chooses n < Cg/gup e3 with a constant Cfgup > 0, then under the
assumptions of Lemma[I(

sup |(W * p)(z) — (Was * p)(z)] < Choy llpll Lo €%,
T 1

where CW. .= CW (1 4+CW

pot conv( coup

) > 0 is independent of € and x.

Proof. From n < CW &3 it follows that n 4 ¢ < (C¥ + 1) 3. Substituting into the

coup coup
bound from Lemma (10| yields the claim with C}; := C3, (1 4+ C,)- O

3.4.3. A Priori Error Estimate

Corollary [TI] provides a bound for the error of the super-potential w = W * p in the
{°°-norm on Bj. The numerical solution uy is however only obtained by the spectral
application of the Laplace operator to a Gaussian-sum convolution with the discretized
density. The total error |[u — upls(p,) therefore consists of a kernel approximation error
and a spectral discretization error. We first establish the spectral framework in which the
discretization statements are formulated.

For s > 0, the Sobolev space H*(T?) is defined by the Fourier norm

ol Frsemsy = D (1+ K[ el
keZ3

Let Sy be the space of trigonometric polynomials with frequencies —N < k; < N —1
in each coordinate, and let Py be the L?-orthogonal projection onto Sy. The following
classical approximation estimate is needed in the proof of the main theorem.

Lemma 12 (|4, Eq. (5.8.4)]). Let s >m >0 and p € H*(T3). Then

lp — Pnpllamersy < C N |pllgs T3y,
where C' > 0 is independent of N and p.

In the following theorem, the complete a priori bound is derived. It combines the
contributions of kernel approximation and spectral discretization into a single inequality.

Theorem 13 (Total Error Estimate, W-Method). Let pn > 3 be fived, p € H*(T3) with
s > p and supp p C B1. The Gaussian-sum approzimation Was is constructed according

to Theorem@ with accuracy n < CW &3 Let wy, be the grid function computed by

coup
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3. The Mixed-Screened Super-Potential Approach

Gaussian-sum FFT convolution with Was, and let up := —Apwy be the result of the
spectral Laplace application. Then

[ = un g (8,) < Ca(N) Chop 1ol oo 13y €% 4 Chvoy N*~* [lpll (13,

where ngt, Cgoj > 0 are constants independent of € and N, and Ca(N) = O(N?) denotes

the operator norm of the spectral Laplace operator on Sy.

Proof. The total error is decomposed into two contributions by introducing the auxiliary
quantity u®S := —A(Wgs * p):

u—up = (u—u%) + (uC —uy).

kernel error grid error

Here u®S denotes the continuous solution with approximated kernel and exact source
density. Both contributions are estimated separately.

Kernel error. We identify w := W  p and w®S := Wgg * p with their trigonometric
interpolants in the space Sy and continue to use the same notation. Since the spectral
Laplace operator —A, on Sy corresponds to the Fourier multiplier |k|?, it coincides with
the continuous Laplace operator on Sy. Since |k|? < 3N? for all k with —N < kj < N-—1,
—Ay, defines a bounded linear operator with constant Ca(N) = O(N?) (cf. Proposition 2
in |10]), that is | — Apfllece < CA(N) || f]lee for all f € Sy. It follows that

lu = u oo (,) < Ca(N) [l = w [ goo ()
Since 1 < Cpe? is assumed, Corollary [11] and Lemma [10] yield for all grid points = € By
= e ) < CAN) 0 = 0O ) < Ca(N) Oyl e <%
Grid error. We model the numerical solution as
up, = Tas(Pxp) = —A(Was * Pnp),

where Tgsf := —A(Wgs * f) denotes the solution operator induced by the Gaussian-sum
approximation. Since convolution and the Laplace operator are linear, it holds that

u® —uy, = —A(Was * (p — Pnp)) = Tas(p — Pup).

Since derivatives commute with convolution, Tqg is a convolution operator with kernel
Kags := —AWgs:
Tosf = (~AWgs) * f = Kas * -

Since Wgg is a finite sum of smooth Gaussian functions, Kgg is also smooth and in
particular integrable, hence Kgg € L'(T?). From Young’s convolution inequality and the
Sobolev embedding H*(T3) < L>(T3) for > 2 (cf. [1]), that is || f| e < C& || fll e,
it follows that

1Tas fll oo crsy < 1Kasllzrersy | fllzoe(rsy < (1 KasllLrsy Csob | f1laursy = C | f1l gucrs)-
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3.4. Error Analysis

Applied to f = p — Pnp this yields
14 = upllgoo ) < U = unll 19y = [ Tas(p = Prp)llpoe(rsy < Cllp = Prplln(rs)-
Lemma [12| with m = p finally yields

[ = unllee(py) < CN*= lpllazsray =t Coroj N**llpllscrsy, 5> p> 3

Combination. For the kernel error it was shown that ||u—uSS ll¢oo (1) < Ca(N) ngt 1ol oo (13 €3,
and for the grid error [|u%S — up||pee(p,) < C’grvoj NE= ol gs 13y, 8 > p > 3. Together, an
application of the triangle inequality yields the total error estimate

lu = unllee(,) < Ca(N) Cpop oMl oo (1) €% + Cprog N*~> [lpll s (v9)-
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4. The Double-Screened Super-Potential
Approach

We continue to consider the screened Poisson equation with compactly supported
density p € L>®(R3), supp p C Bj.

4.1. Kernel Construction and Fundamental Solution

In the previous chapter, the mixed factorization (—A)(—A + x2)W = §y was used, which
leads to the solution representation u = —A(W xp). We now replace this by a construction
in which the screened operator is applied twice:

(A + k%2 H = 6, u=(—A+ &% (H * p).

This corresponds to the natural generalization of the Poisson construction from [2.1], in
which the super-potential is characterized by —A2V = §y and the solution is subsequently
obtained by u = A(V x p).

We define the kernel H as the fundamental solution of

(A + k%2 H = 6.
The following lemma gives an explicit representation of H and justifies this definition.

Lemma 14 (H as Fundamental Solution). The kernel

—KRT
H(r) =< r =,

8tk

is the fundamental solution of the operator (—A + k2)2, i.e. (—=A + k?)2H = §g in the
sense of distributions.

Proof. Since (—A + k?)G = &y holds for the Yukawa fundamental solution G(r) =
e~ /(47r), it suffices to show (—A + x?)H = G. From this it follows immediately that

(—A+£K2)2H = (-A + I<,2)((—A + /{2)H) = (=A+ k)G = .
A direct computation yields for r > 0

e*K/l" K 67,{7‘
AH(r) = - i T R
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4.2. Regularity of the Kernel and Near-Field Order

and thus
—KT —KT —KT —KT
(—A+R)H="—-"° 2.5 % __q)

drr 8T . 87k Adwr

Since H is bounded at the origin, this pointwise identity extends to the sense of distribu-
tions. O

Setting s := H * p, it follows that (—A + £?)?s = ((—A + k?)*H) % p = 6o * p = p, and
thus
ui=(—A+ k%) s=(—A+r>(H*p)

satisfies the screened Poisson equation ([2)).

4.2. Regularity of the Kernel and Near-Field Order

Like the kernels V' and W before, H also has no singularity at the origin.

Using the Taylor expansion e ™" =1 — kr + ”2{2 — “36T3 + O(r*) it follows that

1 r K2 K23

Hr)y=— — — + — — o@rh).
(r) 8Tk 87T+167T 487 +0()

In particular, H(0) = ﬁ # 0, so that the kernel H is bounded at the origin. The
consequences of this property for the convolution error analysis are examined in

4.3. Gaussian-Sum Approximation of the Kernel

The decisive structural advantage of the kernel H over the W-approach lies in its integral
representation: the transformed integrand fully satisfies the assumptions of Proposition
so that the Gaussian-sum approximation manages without the error decomposition into
three terms required in the W-case.

The starting point is the Gaussian integral representation of the Yukawa kernel [5| |12]

/ et ) g
0

By the substitution ¢t = k/(2ru) and subsequent multiplication by 47r one obtains for
r>0
o rr — /Oo 12 oK (482) gy
v Jo ’

—RT 1

ek 1

Anr  273/2

and thus
e

Stk 873/2

The logarithmic transformation ¢t = e*, dt = e* du transforms into

H(r) = / 12 TR () gy (16)
0

2 2u_ K

H(r)= ﬁ /RfH(u,r) du, fu(u,r):=e e T4 T, (17)
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4. The Double-Screened Super-Potential Approach

The sinc quadrature with step size h and symmetric truncation |j| < S yields from this
the Gaussian-sum approximation

2 .
_KZ e—2jh

Hgs(r) = Z wj e TIT , ;= e, wj = e Ihe (18)

4.4. Error Analysis

4.4.1. Error of the Gaussian-Sum Approximation

To apply Proposition [I| we examine the properties of the transformed integrand fg from
. On the one hand, for © — 400, since r > ¢ > 0,

|frr(u,r)] < e hese

< Ce_bEQu
for every b < £2 and sufficiently large u. On the other hand, for u — —oco we use the

estimate e~ ¢ < 1. Thus it follows that

2 2
K~ —2u "{762|u|

fr(u,r)| < e e 1 = el em e < gt
for every b < k?/4 and sufficiently large |u|, since the term r2e?* /4 dominates the
prefactor el*l. In summary, for every b < min(e2, x2/4) and sufficiently large |u]

|fH(u7r)| <C eXp(_bea|u|)v a=2,

uniformly in 7 € [e,]. This essentially distinguishes the H-case from the W-case: the
integrand there contains, after logarithmic transformation, the factor 1 — emrie ™/ 4
which tends to 1 as u — —o0, so that no double exponential decay is present at the left
boundary.
To verify the strip condition, let z = u+1iy with |y| < A < w/4. Then cos(2y) > cos(2X) >
0, and with R(e*??) = e*2% cos(2y) it follows for r € [¢, 6] that

’fH(Za T)’ — e U 677“262“ cos(2y) — '1—26’2“ cos(2y) < e U 675262“ cos(2M) — %e’%‘ cos(2/\).
The right-hand side is integrable on R, since the double exponential decay in both
directions dominates the prefactor e™*. Since cos(2y) is even in y, this bound holds
identically for y = +A and y = —A, so that

N(fu, Dy) = /R(ny(H A1)+ |frr (e — idr)]) du < oo

uniformly in r € [g,6]. Since fg(-,7) is analytic as a composition of entire functions,
fu(-,r) € HY(D)) holds for 0 < A < 7/4. Thus all assumptions of Proposition [1| are
satisfied.
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4.4. Error Analysis

Theorem 15 (Gaussian-Sum Approximation of the Kernel H). Let 0 < ¢ < § < o0,
k>0 and 0 <X\ < 7/4. Witha =2, b€ (0,min(e?, k%/4)) and the step size

b In(27aS/b)
B aS

the following uniform error estimate holds for the Gaussian-sum approximation

2mAaS
sup |H(r) — Hag(r)| < CH. exp<—) ,
re[5,6]| ( ) ( )| GS IH(ZTFGS/I))

where Cgs > 0 depends on e, §, k and A, but is independent of S. For a target accuracy
n > 0 the choice

S = O(log(1/n) loglog(1/n))

suffices.

Proof. By the preceding discussions, fp satisfies the assumptions of Proposition [I} holo-
morphy in Dy for 0 < A < 7/4, N(fyg, D)) < oo uniformly in r, and double exponential
decay with @ = 2 and b < min(e?,x%/4). Since fy decays in both directions with
the same rate a = 2, a symmetrically truncated trapezoidal rule can be used. The
direct application of Proposition [I] yields the claimed error estimate. For the num-
ber of terms one sets S = ¢ log(1/n)loglog(1/n) with sufficiently large ¢ > 0. Then
In(27aS/b) = O(loglog(1/n)) and thus

2w haS
_ 2 Olog(1
In(27aS/b) Olog(1/1)),
so that the error bound reaches the magnitude 7. O

The number-of-terms asymptotics S = O(log(1/n)loglog(1/n)) represents a substantial
advantage over the W-approach, which, due to the absence of double exponential decay at
the left boundary, requires a manual error decomposition and needs O(log®(1/n)) terms
(cf. Theorem E[) At the same time, the separability decisive for the FFT evaluation is
preserved, since each summand

factorizes as a product of one-dimensional Gaussian functions. The precomputation of the
Fourier coefficients therefore proceeds analogously to the W-approach via one-dimensional
integrals.

4.4.2. Convolution Error

Since H is bounded at the origin with H(0) = g and the weights w; of the Gaussian-sum

81K
approximation Hgg are non-negative, the convolution error analysis from the W-case can

be transferred directly (cf. Lemma [L0).
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4. The Double-Screened Super-Potential Approach

Lemma 16 (Convolution Error of the Kernel Replacement). Let ¢ > 0 and p € L>(R3?)
with supp p C By. Suppose sup,¢|c o) |H(r) — Has(r)| <n. Then for all x € By

|(H  p)(z) — (Has * p) ()| < CLL, lIpllLe (n+ &%),

where CX

> 0 is independent of x, n, and .

Proof. The proof follows that of Lemma [I0} where the near-field term is controlled by the
boundedness of H with H(0) = ¢ and the uniform boundedness of Hgs(0) = > jwj. O

81K

Under the coupling condition n < Cgup g3, the error order simplifies as in the W-case.

Corollary 17. If one chooses n < ngup e3 with a constant Cfgup > 0, then under the
assumptions of Lemma

Sup |(H * p)(z) — (Has * p) ()| < Cfl [l €°,
rED)

where Cg)t =CH (1+ C’gup) > 0 is independent of € and x.

4.4.3. A Priori Error Estimate

We use the spectral framework from [3.4.3] and obtain a total error estimate that is
structurally analogous to the W-method. The only difference lies in the application of the
operator (—Ay, + x?) instead of —Aj. On Sy this corresponds to the Fourier multiplier
|k|? + k% with the same asymptotic operator norm Ca(N) = O(N?).

Theorem 18 (Total Error Estimate, H-Method). Let u > 3 be fizred, p € H*(T?)
with s > p and supp p C B1. Let the Gaussian-sum approrimation Hgs be constructed
according to Theorem with accuracy n < ngup 3. Let s, be the grid function computed

by Gaussian-sum FFT convolution with Hgs and up, := (—Ap, + k2) s,,. Then

lu = unlles () < Ca(N) Coce 1ol Lo (13) € + Crog N2 Il pll s 1),

where C’é{)t, Cgoj > 0 are constants independent of € and N, and Ca(N) = O(N?)

denotes the operator norm of (—Ap + k?) on Sy .

Proof. The proof proceeds in a structurally analogous manner to Theorem [I3] With
sG5 .= Hag * p, u®S := (= A 4 k?) 555 and the decomposition

w— 1wy = (u— %) + (%5 — uy)

~~ ~~

kernel error grid error

we analyse both contributions.

Kernel error. As in the W-case, the kernel error is interpreted on the discrete spectral
space Sy. We apply not the continuous operator —A + k2 to the mere L>-error s — 595,
but the discrete operator —Aj, 4+ &2 to the corresponding spectral grid function. On Sy
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4.4. Error Analysis

this coincides with the Fourier multiplier [k|? + x2. Since |k|? + 2 < 3N? + k2 holds for
all k with —N < k; < N — 1, it has there the operator norm Ca(N) = O(N?). Therefore
it follows with Corollary [I7] that

lu — w5,y < Ca(N) [ls = 8% g0 (,) < Ca(N) Conyllpll oo (79 €7

Grid error. We define the solution operator T&y f := (—A + x%)(Hgs = f). With the
identification uy, = T&(Pyp) one obtains by linearity u®S — w;, = T&L(p — Pnp). Since
derivatives commute with the convolution, Tgs is a convolution operator with kernel
K := (—A + k?)Hgs. This consists of finitely many terms of the form

wj (67]-2 - 47';-L|1'|2 + Kz)e_TJg'xP, that is, of polynomial-times-Gaussian terms, and therefore
belongs to L!(T?). Young’s convolution inequality and the Sobolev embedding H*(T?3)
Lo°(T3) for > 3 (cf. |1]) yield

ITEs Fllpoe(rsy < NE sl crsy Cabp Il n(rsy =2 C7 1 f |l gscrs)-

Applied to f = p — Pyp and with Lemma [12] it follows that

GS H —
||’LL - uhHEOO(Bl) < C’proj NHT® ||p||HS(T3)7 §>p> %
Combination. The triangle inequality yields the claim. O
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5. Numerical Results

5.1. Experimental Setup
All numerical experiments concern the screened Poisson equation
(~-A+rHu=p inR3

(cf. with density p € L®(R3), supp p C By, where B; C R? denotes an axis-aligned
rectangular domain. The numerical solution is computed on a uniform N x N x N grid on
B;. For the FFT solver, B; is extended by zero-padding to By = 2 - By. The source code
of both solvers, the parameter selection routines, and the benchmark runner is provided

in Appendix [A]

5.1.1. Reference Solutions and Error Measure

For all source densities p considered in the exact solution u* is known analytically.
The error measure used is the relative £*°-error on By,

g v = ey maxper [ut(2) — un (@)
oo T

lulleesy — maxger, [u*(2)]

)

where up, denotes the computed grid solution and T denotes the set of all grid points on
the discrete computational grid.

5.1.2. Choice of Gaussian-Sum Parameters

The construction of the Gaussian-sum approximation Kgg of the kernel K € {W, H} is
operated in two modes, which are aimed at different purposes.

In the verification experiments (cf. , the parameters (h, My, M) for Wgg and (h, S)
for Hgg, respectively, are determined according to the a priori formulas from Theorem [9]
and Theorem respectively. This choice of parameters allows direct coupling with the
theoretical error bounds.

In the benchmarks (cf. , the parameters are determined by a numerical grid search
procedure: For each &, (h, M1, Ms) and (h,S), respectively, are chosen such that

sup !K(r) - KGS(T)} < tol

T€[egs, Ogs]

is satisfied with minimal number of terms. Here 45 = 10~° denotes the near-field cutoff,
tol = 1076 the target accuracy, and dgs = maxyep, |y| the Euclidean half-diagonal of Bj.
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5.2. Verification of the Theoretical Results

For both methods, the same grid search procedure is applied on the same interval [eqs, Ogs)-
Runtime and accuracy comparisons between the W- and H-approach are therefore directly
comparable and independent of the method-specific theoretical constants.

5.1.3. Runtime Measurement

Two timing quantities are reported. The precomputation time t,.. comprises the one-time
computation of the Fourier coefficients K of the kernel and of the spectral multiplier. It
is incurred once per grid /parameter configuration and is not recomputed upon repeated
solving. The precomputation phase is structurally analogous to and |10, Alg. 1],
respectively, where the biharmonic kernel Vg is replaced by Kgg € {Wgs, Has} and
the spectral Laplace multiplier is replaced by the operator responsible for the respective
approach. The mean solver time .., is the arithmetic mean over ten repetitions of the
actual FF'T convolution including the spectral operator application and the back-projection
onto Bj.

5.1.4. Implementation

All computations were carried out in Python (NumPy/SciPy) in double precision (float64).
Runtimes were measured with time.perf_counter. The experiments were carried out
on a MacBook Air (2022) with Apple M2 chip (8 CPU cores), 8 GB of RAM, and the

operating system macOS Tahoe 26.5.

5.2. Verification of the Theoretical Results

5.2.1. Mixed-Screened Super-Potential Approach W

The following experiments verify the theoretical results from Section [3|in the order of
their derivation.

The numerical results confirm the statements of Theorem [d for the tested choice of
parameters (Figure . The parameters (h, M7, Ms) chosen according to the theorem
reliably satisfy the prescribed target accuracy 1. Furthermore, the theoretically predicted
complexity M = O(log?(1/n)) is observed. The linear fit in the transformed variables
yields a coefficient of determination of R? = 0.993.

The spatial error profile |W(r) — Wag(r)| for various target accuracies is shown in
Figure For all considered tolerances, the error remains uniformly below the prescribed
bound 7 over the entire investigated range. This numerically confirms the uniform error
estimate from Theorem [9l

The effects of the cancellation discussed in [3.3.1] are shown in Figure For small values
of k, the indirect approximation W(‘fsd exhibits a significantly larger relative error than the
direct approximation ngsr Here, the error of W(‘;nsd increases in particular for decreasing
values of r, while ngsr achieves errors close to the prescribed target accuracy over the
entire considered range. With increasing x, the difference between both constructions
decreases.
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5. Numerical Results

Verification of the Gaussian-Sum Approximation Error Bound
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Figure 5.1.: Verification of Theorem @ Top: Error sup,cr. 5 [W — Was| as a function of
the number of terms M for various target accuracies 7. Bottom: Number of
terms M versus log®(1/n) with linear fit.
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5.2. Verification of the Theoretical Results

Uniform Error Control of Wgs
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Figure 5.2.: Absolute error |W (r) — Wgs(r)| for various target accuracies 7.
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Figure 5.3.: Relative error of W (green) and W (purple) for k € {1077, 1} at e = 1075

and § = /3.
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5. Numerical Results

The error order O(g3) predicted in Corollary [11is confirmed in Figure The measured
global slope in the double logarithmic scale is 2.985, while the local slopes lie in the interval
[2.90, 3.09]. This numerically confirms cubic convergence over the entire considered range
g€ [1074,1071].

Convolution Error Scaling Local Convergence Rate
5
1072 lw — weslli=@,) -~-- expected slope 3
--- 0(¢) reference A tolerance +0.5
-
=g3 ~
n=¢€? (kernel target) s a4

1071 e

,_.

)
4

\,
\,

W = wesllL=@.)
\
\
local slope

,_.
)
b
\
\
\

10-11 e 14

£ € (midpoint)

Figure 5.4.: Verification of Corollary Left: Error ||w —was||g(p,) versus e with O(e3)
reference. Right: Local convergence rates.

The two-term structure of the total error predicted in Theorem [13]is consistent with the
numerical results (cf. Figure . For small grid sizes N, the error decreases rapidly. For
large IV, the error transitions into an e-dependent plateau, where smaller values of € lead
to lower plateau values. This behavior is consistent with the error decomposition from
Theorem [I3} for small N, the discretization-induced part of the error dominates, while
for large IV, the kernel error depending on € becomes visible.

5.2.2. Double-Screened Super-Potential Approach H

The following experiments verify the theoretical results from Section [4] in the order of
their derivation.

The numerical results confirm the statements of Theorem [I5] for the tested choice of
parameters (Figure . The parameters (h, S) chosen according to the theorem reliably
satisfy the prescribed target accuracy 7. The observed error lies significantly below
the prescribed bound, which reflects the conservative character of the a priori sinc
quadrature estimate. The complexity measurement is consistent with the theoretical
prediction S = O(log(1/n)loglog(1/n)). The linear fit in the transformed variables yields
a coefficient of determination of R? = 0.998977.

The error order O(e%) predicted in Corollary [17] is confirmed in Figure [5.7, In the
double logarithmic scale, the measured convolution error follows the O(g3) reference
over the considered range. The global slope determined from the measurement data is
approximately 3.16, consistent with the theoretically predicted cubic error order.

The two-term structure of the total error predicted in Theorem [18|is consistent with the
numerical results (cf. Figure . For small grid sizes N, the error decreases significantly
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5.3. Benchmarks

Verification of the A Priori Error Estimate
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Figure 5.5.: Verification of Theorem . Error |lu — up| g (p,) versus grid size N for
various values of €. The dashed lines mark the observed plateau values.

upon grid refinement. For large N, the error transitions into a plateau depending on ¢,
where smaller values of ¢ produce lower plateau values. This behavior corresponds to
the error decomposition from Theorem initially, the discretization error dominates,
while for sufficiently large grid resolutions, the error contribution determined by the
Gaussian-sum approximation becomes visible.

5.3. Benchmarks

In this section, various test problems are considered. For each benchmark, the results of
the Mixed-Screened super-potential approach (W-approach) and the Double-Screened
super-potential approach (H-approach) are presented.

5.3.1. Gaussian source
Cubic Domain

As the first benchmark, we consider the Gaussian density

1 x —c|?
p(z) = WGXP<—|202’> ) (19)
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5. Numerical Results

Verification of the Gaussian-Sum Approximation Error Bound
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Figure 5.6.: Verification of Theorem Top: Error sup,¢ 5 [H — Hgsg| versus the number
of terms M. Bottom: Number of terms M versus log(1/n)loglog(1/n).
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5.3. Benchmarks

Convolution Error Scaling
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10-44 --— O(e3) reference, slope =3.16
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Figure 5.7.: Verification of Corollary Error ||s — sas|le(p,) versus e with O(e?)
reference.

where ¢ denotes the center of the computational domain. The corresponding exact solution

reads

() = e [e—m—c erfc<m2—|$—c|> _ prla—cl erfc<'<“72+\x—d>] (20)
87|z — ¢ V20 V20 .

We first consider the cubic domain B = [~2,2]3. The experiments are carried out for
x = 1 and various values of o. The results are compiled in Tables and [5.15]

Rectangular Domain

Next, we consider the same Gaussian source from equation on the rectangular domain
B =(-3,2) x (—2,3.5) x (—1,5) for the case k = 1 and ¢ = 0.20. The numerical results

are compiled in Tables and

Variation of the Screening Parameter

Subsequently, the influence of the screening parameter k is examined. For this purpose,
the parameters o = 0.20 and N = 128 are fixed, while x is varied. The corresponding

results are listed in Tables [F.3al and B30
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5. Numerical Results

Table 5.1.: Results for the Gaussian source (19) on the cubic domain B = [-2,2]? for

38

(a) W-approach

o N M E tpre [s] tave [s]
16 401 2.631 x 1073 2998 x 1072 2.582 x 1073
0.90 32 401 9.269 x 1072  5.504 x 1073 1.415 x 102
: 64 401 T7.798 x 10716 2.494 x 1072 1.361 x 10~*
128 401 3.231 x1071° 2.432 x 107! 3.207
16 401 3.303x 1072 4.584 x 1073  7.857 x 1073
015 32 401 8.380x 1076 6.848 x 1073  4.225 x 102
: 64 401 1.009 x 10715 3.637 x 1072 2.075 x 10~}
128 401 1.575x 10715 6.873 x 107! 1.884
16 401 3.689 x 10~1  1.926 x 1073  2.564 x 1073
0.10 32 401 2.392x 1073  4.800 x 1073 1.438 x 1072
: 64 401 8.606 x 1072 2219x 1072 1.161 x 10!
128 401 1.840 x 1071° 2.023 x 1071 1.206
(b) H-approach
o N M E tore [S] tave [s]
16 241 2.631 x 1073 2.059 x 1073 7.534 x 1074
0.20 32 241 9269 x 1079 2542 x 1073 5.921 x 1073
: 64 241 6.684 x 10716 1.575 x 1072 5.808 x 102
128 241 3.119x 10715 1.401 x 10~' 5.680 x 10~*
16 241 3.303x 1072 1.061 x 1072 7.463 x 10~*
015 32 241 8380x107% 2.440 x 1073 5.558 x 1073
: 64 241 4.726 x 10716 1.403 x 1072 5.603 x 1072
128 241 1.733x 10715 1.631 x 1071 5.074 x 10~}
16 241 3.689 x 1071 8.827x107* 7.063 x 104
0.10 32 241 2392 x 1073 2.336 x 1073 5.407 x 1073
: 64 241 8.606 x 1072 1.350 x 1072 5.497 x 102
128 241 5.934x 10716 1.290 x 1071 5.148 x 107!

k=1.



5.3. Benchmarks

Verification of the A Priori Error Estimate
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Figure 5.8.: Verification of Theorem . Error |lu — up| g (p,) versus grid size N for
various values of €. The dotted lines mark the observed plateau values.

(a) W-approach

o N M E tpre [S] tave [s]
16 381 4.700 x 1072  3.777 x 1073  2.541 x 103
0.20 32 381 2818 x107° 4.711 x 1073 1.398 x 102
’ 64 381 4.434 x1071% 2460 x 1072 1.137 x 107!

128 381 2.005x 10715 2122 x 107! 3.238

(b) H-approach

o N M E tore [8] tave [s]
16 221 4.700 x 1072 1.053 x 1072 7.024 x 10~*
0.20 32 221 2818 x107° 3.473x 1073 5.750 x 1073
' 64 221 4.423x 1071 1.615x 1072 5.727 x 102
128 221 2.005x 10715 1.339 x 1071  5.201 x 107!

Table 5.2.: Results for the Gaussian source on the rectangular domain B = (—3,2) x
(—1,5) for k = 1.

(—2,3.5) x

39



5. Numerical Results

(a) W-approach

K N M E tpre [s] tave [s]
0.5 128 401 1.582x 107! 1.620x 10~} 8.672 x 1071
1.0 128 401 3.231x 107 2155 x 10~ 7.911 x 10~
2.0 128 401 2.096 x 10715 2.045 x 1071 7.887 x 1071
50 128 381 2.412x 10715 1.966 x 10~} 7.649 x 107!
10.0 128 461 5.698 x 10715 2.313 x 1071  8.040 x 107!

(b) H-approach

K N M E tore 3] tave [3]
0.5 128 201 1.582x 107 1.538 x 10~} 5.982 x 10~
1.0 128 241 3.119x 107 2797 x 10! 6.975 x 107!
2.0 128 231 2.096 x 10715 2454 x 10~! 5.717 x 1071
50 128 281 2.666 x 10715 2.569 x 1071  6.584 x 1071
10.0 128 441 5.837x 107 2778 x 1071 5.820 x 10~!

Table 5.3.: Results for the Gaussian source for varying values of x on the cubic
domain B = [-2,2]3 and o = 0.20.

5.3.2. Superposition of Two Gaussian Sources

Next, we consider the superposition of two Gaussian sources p(z) = 3 (p1(z) + p2(z)),
where

1
pi(x) = WQXP -

The corresponding exact solution follows, by linearity of the screened Poisson equation,
as the superposition of the corresponding individual solutions from equation . The

results are compiled in Tables and

|z — c;]?
201-2 ’

i=1,2.

5.3.3. Anisotropic Gaussian Source (Manufactured Solution)

For the following experiments, the exact solution

u*(z) = exp <_

( — cz)?

_ (y—¢)° _

(z —c,)?

2

Oy

2

9y

g

)

(21)

is prescribed. The corresponding right-hand side is determined by p = (—A + k?)u*:

Mz —)? Ay —c)?  Az—ce)? 2 20 2 A
P(a?)< p= + o1 + p P Uz—l—/i u*(z).

Table shows the results for the cubic domain for k =1 and o = (0.3,0.2,0.28).
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(a) W-approach

5.3. Benchmarks

N M E tore [s] tave [s]
16 401 4.508 x 1072  3.154 x 1072 1.607 x 1073
32 401 9.404 x 107%*  5.050 x 1073 8.599 x 103
64 401 4.061 x 1072 1.708 x 1072 7.343 x 1072
128 401 1.476 x 10715 1.683 x 107! 7.840 x 107!
(b) H-approach
N M E tpre [8] tave [8]
16 241 4508 x 1072 3.899 x 107  7.095 x 10~*
32 241 9404 x107* 2709 x107% 5511 x 1072
64 241 4.061x 1077 1.515x107% 5915 x 1072
128 241 1.186x 107" 1487 x 107! 5478 x 107!
Table 5.4.: Results for two superposed Gaussian sources on the cubic domain B = [-2, 2]3
for k =1 and 0 = (0.2,0.1).
(a) W-approach
N M Fs tpre [S] tave [s]
16 401 1.684 x 107! 1.529 x 1073  1.651 x 1073
32 401 1.313x107% 3.628 x 1073 9.074 x 1073
64 401 9.015 x 1071* 1.779 x 1072  7.664 x 102
128 401 2.127x 10715 1.578 x 107! 9.203 x 10!
(b) H-approach
N M E tpre [S] tave [5]
16 241 1.684x 1071 1.137x 1072 7.346 x 10~*
32 241 1.313x107% 2543 x 1073 5.727 x 1073
64 241 9.015 x 1071* 1.486 x 1072  5.680 x 102
128 241 4.441 x 10716 1.389 x 107!  5.604 x 10!

Table 5.5.: Results for the Manufactured Anisotropic Gaussian on B = [-2,2]? for

k=1and o= (0.3,0.2,0.28).
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5. Numerical Results

5.3.4. Bump Function

Next, we consider a compactly supported reference solution. For r = |z — ¢| let

d <R
expl ———5—5 ], T )
wz) = TP\ 1 -2 Re (22)
0, r > R.
The corresponding right-hand side is defined by p(z) = (—A + k?)u*(z). The experiments
are carried out on the domain B = [—4,2] x [—3,4] x [-3,5]. The results are compiled in
Tables (.6al and (.60
(a) W-approach
N M B tore |S] tave [s]
16 421 4281 x107% 1.212x 1072 1.639 x 1073
32 421 3.630 x 107° 3.411x 1073 8.778 x 1073
64 421 1.984 x 107 1.714 x 1072 7.153 x 102
128 421 1.069 x 10712 1.517 x 1071 7.114 x 10~
(b) H-approach
N M B tpre 3] tave [s]
16 231 4281 x107% 6.362x 1072 7.410 x 10~*
32 231 3.630x107° 3.655 x 1073 5.905 x 1073
64 231 1.984 x 107 1.508 x 1072 6.033 x 102
128 231 1.069 x 10712 1.395 x 10~!  5.765 x 10!

Table 5.6.: Results for the bump function on B = [—4,2] x [-3,4] x [-3,5] with
k=1 R=2and d=10.

5.3.5. Oscillatory Manufactured Solution

As the last benchmark, we consider an oscillatory analytical reference solution of the form

—|z—cf?/0?

u(z) =e cos(w|z — c[?). (23)

The corresponding right-hand side is defined by p(x) = (—A+ k?)u*(x). The experiments
are carried out on the domain B = [~2,2]3. The results are compiled in Tables
and B.7hl

5.4. Comparison of the Approaches

In this section, the results of both approaches are directly compared using the benchmark
data collected in . The quantities compared are the average solver time .., the
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5.4. Comparison of the Approaches

(a) W-approach

N M E tore [s] tave [s]

16 401  1.036 x 10°  1.185 x 1073  1.626 x 1073
32 401 3.688x 1073 3.268 x 1073 8.660 x 1073
64 401 2.929 x 107  1.718 x 1072  7.469 x 102
128 401 8281 x 1071 1.678 x 10t 7.273 x 10!

(b) H-approach

N M E tpre [s] tave [8]

16 241  1.036 x 10°  1.086 x 102 7.203 x 1074
32 241 3.688x 1072 2499 x 1073 5.607 x 1073
64 241 2929 x 107  1.545 x 1072  5.660 x 102
128 241 2.220x 10716 1.403 x 10~! 5.745 x 107!

Table 5.7.: Results for the oscillatory density on B=[-22 withk=1,0=0.3
and w = 20.

relative £*°-error F,, and the number of Gaussian terms M for all configurations in
which both methods were evaluated under identical parameters. Figure [5.9| contrasts the
kernels G, W and H for k = 1.

In the direct runtime comparison (Figure , the majority of points lie below the
diagonal, i.e. the H-approach exhibits a shorter average solver time than the W-approach
for the predominant part of the evaluated configurations.

The accuracy comparison in Figure [5.11] shows that for almost all configurations the
points lie on or very close to the diagonal. Points that deviate slightly from the diagonal
in the near-machine-precision regime correspond to configurations in which both methods
achieve errors close to machine precision.

The predominant part of the points in Figure [5.12]lies in the upper right quadrant, i.e. the
H-approach requires fewer Gaussian terms and simultaneously achieves a shorter solver
time. Configurations to the left of the vertical line, for which the H-approach requires
slightly more terms, exhibit no noteworthy runtime disadvantage.
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5. Numerical Results

Regularity hierarchy near r=0

~~o == G(r): Yukawa (singular)
104 - N‘s\\ - W(r): screened super-potential
‘N\\ = H(r): double-screened super-potential
102 4
)
©
(o]
"
8 100 4
9]
=}
E
o 1072
£
N
10—4 4
10—6 4

10 103 1074 1073 1072 107! 10° 10!

Figure 5.9.: Regularity hierarchy of the kernels G, W and H for k = 1.
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5.4. Comparison of the Approaches

Runtime comparison: W vs H

Benchmark group i
@ Anisotropic e
Anisotropic Domain Scaling /"
® Bump '/'
10°91 @ Gaussian o
Kappa Sweep
Oscillatory
Two Gaussians
1071 4
)
z
2
1072 4
10734
i I o
1073 1072 107t 10°
tavg, w [S]

Figure 5.10.: Direct runtime comparison of the average solver times tavew and taye i
across all benchmark configurations on a double logarithmic scale.
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5. Numerical Results

Accuracy comparison: W vs H

Benchmark group

® Anisotropic 1
10714 Anisotropic Domain Scaling &’
® Bump ,‘

® Gaussian
Kappa Sweep

1073 f
Oscillatory
Two Gaussians ¥
107° + ’
g
107 1
T 7
&
g P
7
109 4 //,
10711 4 /
g
o
10712 '

10715 4 ‘
&

10715 10713 10711 10~° 1077 107> 103 107!
Eow

Figure 5.11.: Direct accuracy comparison of the relative £>°-errors Fu, yw and Eu, fy across
all benchmark configurations on a double logarithmic scale. The dashed line
marks Foow = Eoo 1.
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5.4. Comparison of the Approaches

Gaussian-sum terms versus runtime advantage

Benchmark group Y
55 @ Anisotropic
Anisotropic Domain Scaling
® Bump
® Gaussian
204 Kap.pa Sweep
= Oscillatory
% Two Gaussians
(©
T
z’ 1.5
— ]
2
z
5
7 1.0
2
2
0.5 1
o [ J
° o e
0.0 +--& B @ @
0 50 100 150 200

My — My (>0: H uses fewer terms)

Figure 5.12.: Difference of the numbers of Gaussian terms My, — My versus the difference

of the average solver times t,yg w — tavg,m across all benchmark configura-
tions.
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6. Conclusion

6.1. Summary

This work develops and analyzes two FFT-based methods for the efficient numerical
solution of the free-space equation (—A + x%)u = p in R with compactly supported
source density p € L>®(R3). Both methods are based on the super-potential method,
in which the direct convolution with the singular Yukawa kernel G(r) = e™*" /(4nr) is
avoided by convolution with a more regular surrogate kernel. The spectral evaluation is
performed by means of separable Gaussian-sum approximations of the kernels and an
FFT-based convolution computation.

The main results are:

e Kernel construction and regularity. The W-approach (Mixed-Screened) uses the
super-potential u = —A(W x p), where W is the fundamental solution of the operator
(—A)(—A+k?). The H-approach (Double-Screened) uses u = (—A + x2)(H * p), where
H is the fundamental solution of (—A + x2)2. Both kernels are bounded at the origin,
in contrast to the non-removable singularity of the Yukawa kernel G.

e Gaussian-sum approximation. For the W-approach, a Gaussian-sum approximation
is derived via a logarithmic transformation. Since Proposition[I]is not directly applicable
to the transformed integrand, the error analysis is carried out by a manual decomposition
into three terms, yielding a complexity of M = O(log?(1/1)) terms for a target accuracy
1. For the H-approach, the transformed integrand fully satisfies the assumptions of
Proposition [I} so that the error analysis can be applied directly and the improved
complexity S = O(log(1/n)loglog(1/n)) follows.

e Error analysis and a priori bounds. For both approaches, a complete a priori
bound for the total error ||u —up||g(p,) is derived, which exhibits a two-term structure:
a near-field term of order O(e?) and a spectral discretization term that decays with
the grid size N for smooth densities. The order O(g3) is one order below that of the
Poisson case (O(e?)), since both kernels do not vanish at the origin and the near-field
contribution is not suppressed by the kernel behavior.

e Numerical verification. The numerical experiments confirm the central theoretical
predictions. The Gaussian-sum approximation meets the prescribed target accuracies
uniformly, and the measured complexities agree with the theoretical predictions. The
cubic near-field convergence of both approaches is confirmed in the double logarithmic
scale. The two-term structure of the total error is compatible with the numerical data
in both cases.
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6.2. Outlook

e Benchmarks. Both methods achieve relative /*°-errors near machine accuracy for grid
sizes N = 128 across various test problems, including Gaussian sources, anisotropic and
compactly supported manufactured solutions, as well as oscillating reference solutions.
Both approaches deliver nearly identical accuracy at the same configurations. The
H-approach consistently requires fewer Gauss terms and achieves shorter mean solve
times for the majority of the evaluated configurations.

The results show that both approaches enable the numerical solution of the screened
Poisson equation in free-space geometry with accuracy near machine precision. The
H-approach offers structural advantages over the W-approach in the error analysis and a
more favorable number-of-terms asymptotics, which is reflected in the benchmarks for
the majority of the considered configurations in shorter runtimes.

6.2. Outlook

The present work raises several follow-up questions that go beyond the treated framework.

Sharpness of the O(¢?) bound. Both kernels W and H are bounded at the origin and
do not vanish there. In contrast to the Poisson case, where V(y) = O(|y|) for |y| — 0
holds and the near-field term yields order O(e?), the boundedness of the kernels at the
origin gives rise to an a priori bound of order O(e3) for W and H. Whether this bound
is sharp remains open. Likewise, it is unclear whether a construction exists in which
the super-potential kernel for the screened Poisson equation vanishes at the origin and
thereby restores O(g4).

Error analysis of the W-approach. The error analysis of the W-approach required
a manual decomposition into three terms, since none of the transformations examined
satisfies all assumptions of Proposition [I} the logarithmic transformation violates the
double exponential decay condition at the left boundary, while the sinh-transformation
fails at the strip condition. It remains an open question whether a transformation exists
that satisfies both conditions simultaneously and thereby enables a more direct analysis,
as was possible for the H-approach.

Generalization of the operator factorization. The H-approach is based on the
factorization (—A + x2)2H = &y, which can be understood as a generalization of the
Poisson construction —A2?V = §y. The principle used, of reducing the solution of Lu = p
via a factorization L - L - K = 8y to the convolution with a more regular kernel K, is not
restricted to the operators considered here. A natural extension concerns operators of
the form (—A 4+ x2)" for n > 3, for which analogous fundamental solutions are explicitly
known. More generally, the approach appears transferable to elliptic operators whose
fundamental solution is bounded at the origin.
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A. Source Code Listings

Appendix lists the core functions of the Mixed-Screened approach (W-approach),
Appendix those of the Double-Screened approach (H-approach), and Appendix

documents the benchmark methodology together with the Gaussian source experiment.

A.1. The Mixed-Screened Super-Potential Method

Listing A.1: Numerically stable evaluation of W (r; k) and the naive indirect form (U —
G)/k? illustrating cancellation for small .

def W(r, kappa):

with np.errstate(invalid=’ignore’, divide=’ignore’):
val = (1.0 - np.exp(-kappa * r)) / (4.0 * np.pi * kappax**2
* 1)

return np.where(r < le-14, 1.0 / (4.0 * np.pi * kappa), val)

def W_stable(r, kappa):
return (-np.expml (-kappa * r)) / (4.0 * np.pi * kappax*2 * r)

def W_naive_indirect(r, kappa):
U=1.0/ (4.0 *x np.pi * 1)
G_kern = np.exp(-kappa * r) / (4.0 * np.pi * r)
return (U - G_kern) / kappa**2

2,2
Listing A.2: Direct Gaussian-sum approximation Wgs(r) = Z;‘fMl wje 7" with

nodes 7; and weights w; from the logarithmic transformation.

@dataclass (frozen=True)

class WDirectGSParams:
kappa: float; h: float; M1l: int; M2: int
tau: np.ndarray; omega: np.ndarray

def build_W_direct_gs_params (kappa, h, M1, M2) -> WDirectGSParams:

j = np.arange (M1, M2 + 1, dtype=np.float64)

tau = np.exp(j * float(h))

omega = (float(h) / (2.0 * np.pi**1.5 x float(kappa) *x*2)
* tau

* (-np.expml (-(float (kappa)**2 / 4.0) * np.exp(-2.0 *
j * float(h)))))
return WDirectGSParams (kappa=float (kappa), h=float(h), M1=M1,
M2=M2,
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A.1. The Mixed-Screened Super-Potential Method

tau=tau, omega=omega)

def W_direct_gs_r(gs: WDirectGSParams, r) -> np.ndarray:
r2 = np.atleast_1d(np.asarray(r, dtype=np.float64)) *x2
return (gs.omegal:, Nonel] * np.exp(-(gs.taul:, Nomelx**2) *x r2[
None, :]1)).sum(axis=0)

Listing A.3: Fourier integral Iy(k; o) evaluated across four numerical regimes, and separ-

A

able assembly of W} via Kronecker products.

LARGE_ALPHA_THRESHOLD 50.0
SMALL_ALPHA_THRESHOLD le-8

def build_I_tables(alphas_scaled: np.ndarray, kmax: int, nq: int =
256,
need_I2: bool = True):
alphas = np.asarray(alphas_scaled, dtype=np.floaté4)
k = np.arange(0, kmax + 1, dtype=np.float64)
K = k.shape [0]
S alphas.shape [0]
I0 np.empty ((K, S), dtype=np.float64)
I2 = np.empty((K, S), dtype=np.float64) if need_I2 else None
zero_mask = (alphas == 0.0)
small_mask = (alphas > 0) & (alphas < SMALL_ALPHA_THRESHOLD)
large_mask = (alphas >= LARGE_ALPHA_THRESHOLD)
mid_mask (alphas >= SMALL_ALPHA_THRESHOLD) & (alphas <
LARGE_ALPHA_THRESHOLD)
cos_pik = np.cos(np.pi * k) # (K,)
pk = np.pi * k
# alpha = 0
if zero_mask.any():

idx0 = np.where(zero_mask) [0]

k_is_zero = (k == 0.0)

I0_0 = np.where(k_is_zero, 2.0, 0.0)

with np.errstate(divide="ignore", invalid="ignore"):

I2_0 = np.where(k_is_zero, 2.0/3.0,
2.0*%(np.sin(pk)/pk + 2*np.cos(pk)/pk
**%2 - 2%np.sin(pk)/pk*%*3))
IO[:, idx0] = I0_O[:, Nonel
if need_I2:
I2[:, idx0] = I2_0[:, Nonel
# alpha small: Taylor
if small_mask.any():
idx_s = np.where(small_mask) [0]
a_s = alphas[small_mask] # (Ss,)

k_is_zero = (k == 0.0)
I0_0 = np.where(k_is_zero, 2.0, 0.0)
with np.errstate(divide="ignore", invalid="ignore"):

I2_0 = np.where(k_is_zero, 2.0/3.0,
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A. Source Code Listings

2.0*%(np.sin(pk)/pk + 2*np.cos(pk)/pk
**%2 - 2%np.sin(pk)/pk**3))
# I0(k,alpha) ca IO0O(k,0) - alpha * I2(k,0)
IO[:, idx_s] = IO_O[:, Nonel] - a_s[None, :] * I2_0[:, None
]
if need_I2:
I2[:, idx_s] = np.broadcast_to(I2_0[:, Nonel, (K, a_s.
shape [0])) .copy O)
# alpha big: Gaussian-asymptotic (faster than wofz, neglect
the term on the edge “e~{-alphal)
if large_mask.any():
idx_L = np.where(large_mask) [0]
a_L = alphas[large_mask] # (SL,)
sq = np.sqrt(np.pi / a_L) # (SL
,)
exp_k = np.exp(-(np.pi**2) * k[:, Nonel**2 / (4.0 *x a_L[
None, :1)) # (k, SL)
I0[:, idx_L] = sqlNone, :] * exp_k
if need_I2:
# I2 = I0/(2alpha) * (1 - pi~2k~2/(2alpha))
alpha}t cos(pik)/alpha
I2[:, idx_L] = (IO[:, idx_L] / (2.0 * a_L[None, :1)) \
* (1.0 - (np.pi**2) * k[:, Nonelx*x*x2 /
(2.0 * a_L[None, :1))
# alpha middle: analytic via Faddeeva
if mid_mask.any():
idx_m = np.where(mid_mask) [0]
a_m = alphas[mid_mask] # (Sm,)
sa = np.sqrt(a_m)
b = (np.pi * k[:, Nonel]) / (2.0 * sal[None, :]) # (K, Sm
)
z = sal[Nomne, :]J + 1j * D
W = _wofz(1lj * =z)
phase = cos_pik[:, None] # (K, 1)
, t/-1
re_term = np.exp(-a_m) [None, :] * phase * np.real (W)
re_erf_times_expmb2 = np.exp(-b*b) - re_term
IO_m = np.sqrt(np.pi / a_m)[None, :] * re_erf_times_expmb2
IO[:, idx_m] = IO0_m
if need_I2:
I2[:, idx_m] = (IO_m / (2.0 * a_m[None, :1)) \
* (1.0 - (np.pi**2) * k[:, Nonelx*x2 /
(2.0 * a_m[None, :1)) \
- (np.exp(-a_m) / a_m) [None, :] *
cos_pik[:, Nonel

e~{-

return I0, I2

Listing A.4: FFT-based solver for u;, = —Ap(Wgs * p) via spectral Laplacian multiplier.
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A.2. The Double-Screened Super-Potential Method

def build_W_multiplier(W_hat, setup):
return -setup.lap_mult * W_hat

def solve_superpotential (setup, gs, rho_Bl):

nt = setup.nt
n = setup.n
sl = bl_center_slices(n)

rho_B2 = np.zeros(nt, dtype=np.float64)
rho_B2[sl.sx, sl.sy, sl.sz] = rho_B1
W_hat = precompute_W_hat (setup, gs)

G = build_W_multiplier (W_hat, setup)
rho_hat = np.fft.fftn(rho_B2)

u_B2 np.fft.ifftn(rho_hat * G).real
return u_B2[sl.sx, sl.sy, sl.sz].copyQ

A.2. The Double-Screened Super-Potential Method

2.2
Listing A.5: Gaussian-sum approximation Hgg(r) = Zf:_ gwje 7" and parameter

selection implementing the O(log(1/n)loglog(1/n)) complexity bound.

@dataclass (frozen=True)
class HDoubleScreenedGSParams:
kappa: float
h: float
S: int
tau: np.ndarray
omega: np.ndarray

def build_H_double_screened_gs_params (kappa, h, S) ->
HDoubleScreenedGSParams:
kappa = float (kappa)
h = float (h)
S = int(8)
j = np.arange(-S, S + 1, dtype=np.float64)
tau = np.exp(j * h)
omega = (
h / (8.0 * np.pix*1.5)
* np.exp(-j * h)
* np.exp(-(kappa**2 / 4.0) * np.exp(-2.0 * j * h))
)
return HDoubleScreenedGSParams (
kappa=kappa,
h=h,
S=S,
tau=tau,
omega=omega,
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A. Source Code Listings

def H_double_screened_gs_r(gs: HDoubleScreenedGSParams, r) -> np.
ndarray:
r2 = np.atleast_ld(np.asarray(r, dtype=np.float64)) **2
return (
gs.omegal:, None]
* np.exp(-(gs.taul:, Nonel*x*2) * r2[None, :])
) .sum(axis=0)

Listing A.6: FFT-based solver for uy = (—Ap + &%) (Hgs * p) via screened spectral
multiplier ((27)2|k|? + %) H.

def build_H_screened_multiplier (H_hat: np.ndarray, setup: FFTSetup
, kappa: float) -> np.ndarray:
screened_mult = -setup.lap_mult + float (kappa) **2
return screened_mult * H_hat

def solve_double_screened_superpotential (
setup: FFTSetup,
gs: HDoubleScreenedGSParams,
rho_B1l: np.ndarray,

) -> np.ndarray:
nt = setup.nt
n = setup.n
sl = bl_center_slices(n)
rho_B2 = np.zeros(nt, dtype=np.float64)
rho_B2[sl.sx, sl.sy, sl.sz] = rho_B1
H_hat = precompute_H_hat (setup, gs)
G = build_H_screened_multiplier (H_hat, setup, gs.kappa)
rho_hat = np.fft.fftn(rho_B2)
u_B2 = np.fft.ifftn(rho_hat * G).real
return u_B2[sl.sx, sl.sy, sl.sz].copyQ

A.3. Benchmark Methodology and Gaussian Source
Experiment

Listing A.7: Benchmark runner measuring precomputation time and averaged solver time
separately, with GS parameters cached per kappa.

def benchmark_table_H(*, name, B, Ns, param_list, rho_fn,
u_exact_fn, eps_gs=1le-5, tol=le-14,
delta_gs=np.sqrt(3.0), repeats=5, nq=256):
# Cache GS parameters per kappa to avoid redundant computation
gs_cache = {}
for params in param_list:
kappa = float (params["kappa"])
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A.3. Benchmark Methodology and Gaussian Source Experiment

if kappa not in gs_cache:
h_gs, S = eps_to_h_S_H_direct (kappa=kappa, eps=eps_gs,
delta=delta_gs, tol=tol
)
gs_cache [kappal] = build_H_double_screened_gs_params (
kappa, h_gs, S)
gs = gs_cache[kappal
# Precompute kernel and measure t_pre per grid size
for N in Ns:
setup = build_fft_setup(N, N, N, DomainBox (*B))

t0 = time.perf_counter ()

H_hat = precompute_H_hat (setup, gs, ngq=nq)

G = build_H_screened_multiplier (H_hat, setup, gs.
kappa)

t_pre = time.perf_counter () - tO

rho_Bl = rho_fn(setup, params)

u_ex_B1l = u_exact_fn(setup, params)

sl = bl_center_slices(setup.n)

rho_B2 = np.zeros(setup.nt, dtype=np.float64)

rho_B2[sl.sx, sl.sy, sl.sz] = rho_B1l
# Average solver time over repeated runs

t0 = time.perf_counter ()
for _ in range(repeats):
rho_hat = np.fft.fftn(rho_B2)
u_B2 = np.fft.ifftn(rho_hat * G).real
u_num_B1l = u_B2[sl.sx, sl.sy, sl.sz].copy()
t_avg = (time.perf_counter () - t0) / repeats
E_inf = relerr_inf(u_ex_B1l, u_num_B1)

Listing A.8: Gaussian source density p and closed-form exact solution u*, evaluated using
erfcx to avoid overflow with a L’Hépital limit at » = 0.

def rho_gaussian(setup: FFTSetup, p: dict) -> np.ndarray:
sigma = float(p["sigma"])
cx, cy, cz = map(float, p.get("center", setup.Bl.center))
X, Y, Z, _ = Bl_coords_from_setup(setup, return_mesh=True)
r2 = (X - cx)**x2 + (Y - cy)**2 + (Z - cz)*x%2
pref = 1.0 / ((2.0 * np.pi)**1.5 * sigmax**3)
return pref * np.exp(-r2 / (2.0*sigmax**2))

def u_exact_gaussian_screened(setup: FFTSetup, p: dict) -> np.
ndarray:
sigma = float(p["sigma"])
kappa = float(p["kappa"l)
cx, cy, cz = map(float, p.get("center", setup.Bl.center))
A = np.exp(kappa**2 * sigma**2 / 2.0)
X, Y, Z, = Bl_coords_from_setup(setup, return_mesh=True)
r

= np.sqrt ((X - cx)**x2 + (Y - cy)**2 + (Z - cz)*%*2)
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A. Source Code Listings

sq2 = np.sqrt(2.0)

# Limit at 7=0 wia L’Hopital

u0 = (1.0 / (4.0 * np.pi)) * (
-kappa * A x erfc(kappa * sigma / sq2)
+ np.sqrt (2.0 / np.pi) / sigma

)

with np.errstate(over="ignore", invalid="ignore", divide="
ignore"):
al = (kappa * sigma**2 - r) / (sq2 * sigma)
a2 = (kappa * sigma**2 + r) / (sq2 * sigma)
B = kappa**2 *x sigmax*x*2 / 2.0
terml = np.exp(B - kappa * r - alx*x*x2) * erfcx(al)
term2 = np.exp(B + kappa * r - a2*x%2) * erfcx(a2)
u = (terml - term2) / (8.0 * np.pi * r)

return np.where(r < 1e-10, u0, u)

Listing A.9: Benchmark Example: Gaussian source on a cubic domain, four grid sizes,
four parameter pairs, averaged over 10 solver runs.

B = (-2., 2., -2., 2., -2., 2.)

records_H += benchmark_table_H(
name="Gaussian source on B=[-2,2]"3",
B=B,
Ns=[16, 32, 64, 128],
param_list=[

{"kappa": 1.0, "sigma": 0.20},
{"kappa": 1.0, "sigma": 0.15},
{"kappa": 1.0, "sigma": 0.10},
{"kappa": 5.0, "sigma": 0.20},

1,

label_fn=lambda p: f"kappa={pl[’kappa’]}, sigma={p[’sigma’]}",
header_left="(kappa, sigma)",

rho_fn=rho_gaussian,

u_exact_fn=u_exact_gaussian_screened,

eps_gs=1le-5,

tol=1e-16,

delta_gs=box_radius(B),

repeats=10,
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