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Abstract

In this thesis, we lay the foundations for the Gaussian beam approximation of high-
frequency electromagnetic wave packets on globally hyperbolic spacetimes. After an
introduction to the necessary mathematical notions, we review the theory of Gaussian
beams and present the current state of the art, which treats the scalar case on general
Lorentzian manifolds. This is done in considerable detail, since the methods developed
there are very general and can be adapted to the electromagnetic case with only minor
modifications. Next, we present the initial value formulation of Maxwell’s equations in
curved spacetime and discuss the well-posedness of the Cauchy problem for both the vector
potential and the field strength tensor. We then prepare some basic results on bitensors,
i.e. tensors that depend on two spacetime points. Such objects arise naturally in the study
of observables such as linear and angular momentum. We provide a geometric definition
of these observables based on the concept of local approximate symmetries. Furthermore,
we introduce the method of stationary phase, together with a slight adaptation to the
curved spacetime setting, which will later be used to evaluate the observables under
consideration. In the final chapter, we introduce our approximation scheme and provide
the necessary tools to construct approximate solutions to arbitrary order in the frequency.
Finally, we prove an energy estimate for the difference between the approximate and exact
solution. This estimate demonstrates that, under a suitable choice of timelike vector field
with respect to which the energy is defined, the energy of the residual solution can be
bounded in terms of the residual error in the divergence term of Maxwell’s equations.
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Kurzfassung

In dieser Arbeit legen wir die Grundlagen fiir die Gaufs-Strahl-Approximation hochfre-
quenter elektromagnetischer Wellenpakete auf global hyperbolischen Raumzeiten. Nach
einer Einfithrung in die notwendigen mathematischen Begriffe geben wir einen Uberblick
iiber die Theorie Gaufscher Strahlen und stellen den aktuellen Stand der Forschung dar,
welcher den skalaren Fall auf allgemeinen Lorentz-Mannigfaltigkeiten behandelt. Wir
prasentieren die Resultate ausfiihrlich, da die dort entwickelten Methoden sehr allge-
mein sind und sich mit nur geringfiigigen Anpassungen auf den elektromagnetischen Fall
iibertragen lassen. Anschlieffend diskutieren wir das Anfangswertproblem der Maxwell-
Gleichungen in gekriimmter Raumzeit und zeigen, dass das Cauchy-Problem sowohl fiir
das Vektorpotential als auch fiir den Feldstarketensor wohlgestellt ist. Danach erarbeiten
wir einige grundlegende Resultate zu Bitensoren, also Tensoren, die von zwei Raumzeit-
punkten abhéngen. Solche Objekte treten in natiirlicher Weise bei der Untersuchung von
Observablen wie linearem Impuls und Drehimpuls auf. Wir geben eine geometrische Defin-
ition dieser Observablen auf Grundlage des Konzepts lokaler approximativer Symmetrien.
Dariiber hinaus fithren wir die Methode der stationdren Phase ein, zusammen mit einer
leichten Anpassung an den Fall gekriimmter Raumzeiten, welche spéter zur Auswertung
der betrachteten Observablen verwendet wird. Im abschlieffenden Kapitel fiihren wir
unser Approximationsschema ein und stellen die notwendigen Werkzeuge zur Konstruk-
tion approximativer Losungen beliebiger Ordnung in der Frequenz bereit. Schliefilich
beweisen wir eine Energieabschétzung fiir die Differenz zwischen der approximativen
und der exakten Losung. Diese Abschétzung zeigt, dass unter einer geeigneten Wahl
eines zeitartigen Vektorfeldes, beziiglich dessen die Energie definiert wird, die Energie
der Residuenlésung durch den Residualfehler im Divergenzterm der Maxwell-Gleichungen
abgeschétzt werden kann.






Contents

Acknowledgements i

Abstract iii
Kurzfassung v
1. Introduction 1
2. Gaussian beams on Lorentzian manifolds 5
2.1. Preliminaries on Lorentzian geometry and causality . . . . . . .. ... .. )
2.2. The Gaussian beam approximation for the scalar wave equation . . . . . . 9
2.3. The construction of Gaussian beams . . . . . . . ... ... ... ..... 11
3. Maxwell’'s equations in curved spacetime 23
3.1. Operations on differential forms . . . . . . .. .. .. ... 0L 23
3.2. The Cauchy problem for Maxwell’s equations . . . . .. .. ... ..... 25
4. Bitensors and associated geometric structures 33
4.1. Synge’s world function . . . . . . ... Lo o L 33
4.2. Parallel propagator . . . . . . ... 35
4.3. The Van Vleck-Morette determinant . . . . . . .. .. ... ... ..... 35
4.4. Expansion of bitensors near coincidence . . . . .. . .. .. ... ... .. 38
5. Relevant observables and the method of stationary phase 41
5.1. A geometric definition of linear and angular momentum . . . . . .. . .. 41
5.2. The MPD equations . . . . . . . . . .. .. ... ... 45
5.3. The Minkowski case . . . . . . . . . . . . . ... ... 46
5.4. The stationary phase approximation . . . .. ... .. ... ... ..... 47
6. Approximate solutions to Maxwell's equations in curved spacetime 51
6.1. The approximation scheme . . . . . . . . . .. ... .. 51
6.2. Explicit form of the equations to order w™2 . . . . . . .. ... ... ... 57
6.3. The stationary phase approximation for the approximate solutions . . . . 59
6.4. Energy estimate. . . . . . . . . . ... 66
A. Appendix 73
Bibliography 75

vil






1. Introduction

Propagation of waves is governed by hyperbolic partial differential equations, which admit
solutions concentrated near distinguished curves in spacetime. In the high-frequency
regime, approximate solutions to the scalar wave equation

Oyt = "V, Vo = 0 (1.1)
are often constructed using a geometric optics ansatz of the form
Y, = e? (a0 + wla ...+ w’NaN) , (1.2)

where N € N, ¢ is a real-valued function called the eikonal, the a; are complex-valued
functions, and w > 0 denotes the frequency of the wave. Substituting this ansatz into the
wave equation yields a hierarchy of equations that can be solved order by order in w. At
leading order one obtains the eikonal equation for ¢, while the next-to-leading order gives
a transport equation for ag along the bicharacteristic flow generated by ¢.

It is well known that the time up to which one has good control over the solution cannot
be chosen arbitrarily large, since the approximation breaks down at caustics, i.e. where
geodesic meet. To circumvent this problem, one chooses a complex-valued eikonal ¢ in
the ansatz (1.2), which is real-valued along a bicharacteristic v and whose imaginary part
grows away from this bicharacteristic . Consequently, one obtains exponential decay in w
away from the bicharacteristic. Moreover, the equations obtained from the asymptotic
expansion are imposed only up to a prescribed order of vanishing along ~. That is, the
corresponding quantities and their derivatives are required to vanish on v up to some
order. The resulting approximate solution is known as a Gaussian beam. The advantage
of the Gaussian beam approximation is that the simple ansatz above does not break down
at caustics and yields an approximation valid up to arbitrarily large but finite times. A
general mathematical theory of Gaussian beams was developed by Maslov [Mas94]. A
detailed construction for traveling wave packets is given by Ralston [Ral83].

The approximation by Gaussian beams on curved spacetimes can be carried out under
minimal assumptions. One requires a well-posed initial value problem, which is ensured
by assuming that the spacetime is globally hyperbolic. Furthermore, one needs an ap-
propriate energy estimate. This is guaranteed by imposing a suitable condition on the
timelike, future-directed vector field with respect to which the energy is defined.

For the scalar case, Sbierski [Sbil5| studies the behavior of Gaussian beams on general
globally hyperbolic Lorentzian manifolds. It is shown that the error between the exact and



1. Introduction

approximate solution, measured in an appropriate energy norm, can be made arbitrarily
small up to a finite, but arbitrarily long, time by choosing w sufficiently large. The
construction of the functions ay and ¢ in (1.2) allows one to restrict the support of the
amplitude to a small neighborhood of a given null geodesic. Thus, from the fact that
@w is an approximate solution with respect to a suitable energy norm, one can infer
the existence of exact solutions to the wave equation whose energy remains localized
along a given null geodesic up to some finite, but arbitrarily long, time. An analysis of
the Gaussian beam approximation for electromagnetic waves in inhomogeneous media
is presented in [COS26]. There, the authors derive a system of ordinary differential
equations incorporating the leading-order correction to geodesic motion.

Outline of the analysis. In this thesis, we study the Gaussian beam approximation
for electromagnetic fields on curved spacetimes governed by Maxwell’s equations. In
particular, we analyze observables such as the energy, linear momentum, and angular
momentum of the wave packet, all constructed from its stress-energy tensor. This
work provides the foundation for extending the results of [COS26] to curved spacetime
backgrounds. More precisely, we consider a globally hyperbolic Lorentzian manifold (M, g)
that is foliated by a one-parameter family of spacelike Cauchy hypersurfaces {3;};cr
and we seek to construct an approximate vector potential A, such that, for some T > 0
and p > 0,

sup [|0gAa — Ry’ Agl (s

)= O(w?),
T7€[0,T]

0
. (1.3)
sup [[VgV*Aullr2(s, 9 = O(w™P).
T7€[0,7T
Here g denotes an auxiliary Riemannian metric on M, constructed from the original
Lorentzian metric g and R.” denotes the Ricci tensor of (M, g). Our Gaussian beam
ansatz takes the form

N
Ay = Re [w_1/4 Z w_jag)eiw‘i’} , (1.4)
j=0
where the a¥’ (j =1,...,N) are compactly supported 1-forms and ¢ is a complex-valued

phase. The main result, see theorem 6.2 is that, upon choosing the timelike vector field wu,
with respect to which the energy E* is defined, to be Killing, then the energy associated
to the difference of exact and approximate solution can be estimated as

d
2 VEU(T) = O w)llfsll 25, 0)- (1.5)
Here fg is given by the residual error in the divergence term of Maxwell’s equations, i.e.

V‘”‘Fag = fz and C(7,u) is a constant depending on 7 and u.

The thesis is organized as follows. In chapter 2, we introduce the necessary mathematical
background from causality theory, including the 3 + 1 decomposition of spacetime, global



hyperbolicity, Cauchy surfaces, as well as Jacobi and Killing fields. In chapter 3, we
formulate Maxwell’s equations using the language of differential forms and introduce the
geometric objects required for later developments. We then discuss the prescription of
initial data on a Cauchy surface and summarize existing results on the well-posedness
of the Cauchy problem for both the vector potential and the field strength tensor. In
chapter 4, we present an introduction to the theory of bitensors and define the van
Vleck—Morette determinant, which relates the manifold measure to the corresponding
measure on the tangent space. In chapter 5, we give geometric definitions of linear and
angular momentum that remain meaningful even in spacetimes without symmetries. We
also introduce the stationary phase approximation, which will later be used to evaluate
the observables associated with the Gaussian beam. Finally, in the last chapter, we
formulate a precise notion of approximate solutions to Maxwell’s equations and derive the
constraints on the amplitudes appearing in eq. (1.4) required for eq. (1.3) to hold. The
thesis concludes with the energy estimate controlling the difference between the exact
and approximate solutions.






2. Gaussian beams on Lorentzian manifolds

After recalling some basic notions of Lorentzian geometry, this section introduces Gaussian
beams and reviews the state of the art in their analysis on curved spacetimes.

2.1. Preliminaries on Lorentzian geometry and causality

Throughout this thesis, let (M, g) be a real, oriented and smooth pseudo-Riemannian
manifold of finite dimension d € N, equipped with its Levi-Civita connection V. We
denote by C*°(M,K) the ring of smooth K-valued functions on M and by C§°(M, K) the
subspace of smooth functions with compact support. If it is clear from the context, we
will omit explicitly specifying the base field K. For a given vector bundle £ — M over
M, we denote by I'(E) the C°°(M )-module of smooth sections. Furthermore, we use the
notation

X(M):=T(TM), QFM):=T(AT*M), (2.1)

for the C°°(M )-modules of smooth vector fields and differential k-forms on M, respectively.
For the Riemann and Ricci curvature tensor of (M, g), we adopt the sign and index
conventions

(VuVy =V V0P = R, 0% Yo € X(M),  Ryg:=R,5 (2.2)

Let (M, g) be a smooth 4-dimensional Lorentzian manifold with signature (—, 4, +, +).
The Lorentzian metric g allows for a classification of tangent vectors into three categories:
a tangent vector v € T, M at some point p € M is called

(i) spacelike if gy(v,v) > 0 or if v =0,
(ii) null or lightlike if gp(v,v) = 0 and v # 0,
(iii) timelike if gp(v,v) < 0.

A vector is called causal, if it is either timelike or lightlike. A Lorentzian manifold
M is called time-orientable, if there exists a smooth timelike vector field on M. Now,
for a time-oriented Lorentzian manifold, we can define for every p € M its chronological
future/past by

It (p) :=={q € M : Ffuture/past directed timelike curve from p to q }.
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If we replace the word “timelike” with “causal”, we obtain the causal future and past,
denoted by J¥(p). For a subset A C M, we further define

(A= IF(p) and J5(A) = ] T (p).
peEA pEA

Let M be a submanifold of a pseudo-Riemannian manifold (M, g) with inclusion i : M —
M. Then the pull back i*g of the metric g to the submanifold M at some p € M is just
the restriction of g, to the subspace T, pM C T,M. If g is Riemannian, this restriction is
positive definite and so i*g =: g|;; turns M into a Riemannian manifold. However, if M
is only pseudo-Riemannian the induced “metric” g|;; need not be non-degenerate. For
the rest of this subchapter we will closely follow [Lan21].

Definition 2.1 (Hypersurfaces). Let (M,g) be a Lorentzian manifold and McMa
hypersurface with nonzero normal vector field n € X(M). M is called

(i) spacelike if gp(np,ny) <0 for each p € M. This is the case iff the induced metric
gl 7 s positive definite, so that (M, g|;;) is a 3-dimensional Riemannian manifold.

(it) timelike or Lorentzian if g,(np,n,) > 0 for each p € M. This is the case iff the
induced metric g|; is Lorentzian with signature (—,+,+).

(111) null if g,(ny,ny) =0 for each p € M. This is the case iff gl 7 s degenerate.

We will now define a special class of connected, oriented, time-oriented smooth Lorent-
zian manifolds, or spacetimes for short, for which the Cauchy problem of hyperbolic
operators is well posed.

Definition 2.2 (Global hyperbolicity). A spacetime (M, g) is called globally hyperbolic
if

(i) (M,g) is causal, i.e. there do not exist closed causal curves, and
(ii) for every p,q € M the causal diamond J*(p) N J~(q) is compact.

The second condition implies that whenever ¢ € J*(p), there exists a causal geodesic
from p to ¢ that extremizes the proper time among causal curves connecting them [O’N83|.
It is easy to prove that a globally hyperbolic spacetime is necessarily non-compact [Sch26].
It turns out that a globally hyperbolic manifold possesses a particularly simple topological
structure: it is diffeomorphic to a product R x ¥, where X is a spacelike hypersurface.
This surface functions as a sort of snapshot and shows how causality is organized within
the spacetime framework.

Definition 2.3. A Cauchy (hyper)surface is a subset ¥ C M that is met by any inex-
tendible timelike curve precisely once.

The following theorem makes precise the above remark about the topology and causal
structure on globally hyperbolic spacetimes.
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Theorem 2.1. A spacetime (M, g) is globally hyperbolic iff it has a smooth spacelike
Cauchy surface. In that case:

(i) There exists a smooth surjection t : M — R with timelike past-directed gradient V*t,
called a temporal function, such that M is foliated as

M=|]z%,

TER

where each ¥ = {p € M | t(p) = 7} is a smooth spacelike Cauchy surface and all
> are diffeomorphic.

(i) M is diffeomorphic to R x X, where 3 is diffeomorphic to X, for any 7 € R.
(i11) (M, g) is isometric to (R x X, ¢"), where the metric g’ is given by
¢ = —N2%dt* + h,

where N : R x ¥ — (0,00) is a smooth function, called the lapse function, and h is
a Riemannian metric on the Cauchy surface X.

The first part about the characterization of global hyperbolicity is due to Geroch [Ger70],
while the rest is due to Bernal and Sanchez [BS05, BS06|. In view of theorem 2.1(ii),
a foliation is equivalent to a diffeomorphism F' : R x ¥ — M with the property that
every subspace X, := F.(X) is spacelike, where we have used the notation F; : ¥ —
M, F;(z) := F(r,z). With this diffecomorphism at hand we define the lapse N and the

—

shift N of the foliation in a coordinate-independent way by the decomposition

dF;
dr
Here we have N € C*°(M) being the lapse function, ny, € X(M) is the normal future-

directed vector field to ¥, and N € X(M) is the orthogonal projection of dF;/dr onto
TF, (2)2r, hence tangent to ;. Using the temporal function, we have the relations

—: Nny_+ N. (2.3)

N = - and ny, = -—-NVt. (2.4)

From this, together with theorem 2.1 (iii), the induced Riemannian metric on X, is given
by

h;w = G +npny, (2'5)

where we have abbreviated the unit normal ny_ by n.

Another concept that we will need in section 2.3 is that of Jacobi fields and Jacobi
tensors [JKK95|. Let I C R be an open interval containing 0, and let v : I — M be a
geodesic. Since 7 is an immersion, it induces a vector bundle

Ty := U {t} X T’y(t)M
tel
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over I, whose fiber at ¢ € I is given by T, M. The normal bundle of v, denoted by
N(), is the subbundle of Ty whose fiber over t € I is

N(7)e = {v € TyM | g(v,4(t)) = 0}. (2.6)

The Levi-Civita connection on M induces connections on T+, N (), and related bundles
such as End (N (7)), which we also denote by V. The Riemann curvature tensor R induces
a bundle endomorphism R, € I'(End(N(v))) defined by

Ry(t)v = R(v,5(1)3(t), v e N
A vector field X along v satisfying
VEX + R(X,4)7=0 (2.7)
is called a Jacobi vector field along ~.

Definition 2.4 (Jacobi tensor). A tensor field J € I'(End(N(v))) is called a Jacobi
tensor along 7y if it satisfies

ViJ+RyoJ=0. (2.8)

One can easily see that for every parallel section X € I'(N (7)), i.e. V45X =0, the vector
field

(JX)(t) == J(H)X(t)

is a Jacobi vector field along . Note that the Jacobi equation eq. (2.7) is a linear
second-order ordinary differential equation along . Hence, a Jacobi field J is uniquely
determined by the initial data J(0) and V5J(0). Let to,t1 € I with tg # t;. If there
exists a non-trivial Jacobi field X along v with X (¢9) = 0 = X (¢1), then the points (o)
and (t1) are called conjugate points along . Note that Minkowski space contains no
conjugate points, while on the sphere the north and south poles are conjugate points
along every geodesic connecting them [dC16].

We conclude this section with the notion of Killing fields, which will play an important
role in later chapters. A vector field X € X(M) is called a Killing vector field if

Lxg =0,

where Ly denotes the Lie derivative with respect to X. In local coordinates, this condition
is equivalent to the Killing equation

VX, +V, X, =0.

Killing vector fields are the infinitesimal generators of isometries of a spacetime. More
generally, a vector field X is called a conformal Killing vector field if

Lxg=\g
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for some scalar function A. Killing vector fields are closely related to Jacobi fields. Indeed,
one can show that the restriction of a Killing vector field to any geodesic is a Jacobi field
along that geodesic [O’N83, Lem. 9.26]. In particular, a Killing vector field is uniquely
determined globally by its value and derivative at a single point. On an n-dimensional
pseudo-Riemannian manifold, the dimension of the space of Killing vector fields is at
most %n(n + 1), so that in four-dimensional spacetime there can be at most 10 linearly
independent Killing vector fields. This maximal case is realized, for instance, by Minkowski
space.

2.2. The Gaussian beam approximation for the scalar wave equation

Wave propagation is governed by hyperbolic partial differential equations. It is well known
that linear hyperbolic equations admit highly localized solutions. As an example, consider
the equation
n 0
Py =0 on R" xR, where P:a.
It is clear that its solutions are precisely the functions that do not depend on ¢. Thus,
Py = 0 admits solutions that vanish outside a small neighborhood of {(xo,t) : t € R} C
R™ x R.
A more interesting problem is the Cauchy problem for the wave equation
Py =Y
Yy = — — —5 =0on R*" xR
v ot? £ Oz} ’

with initial data

Vi) =m(@), G (to) = ar(z).

This problem is well-posed, in the sense that there always exists a unique solution depending
continuously on the initial data [Eval0]. Suppose that one starts with stationary, localized,
oscillatory initial data, where the frequency is denoted by w > 0. To this end, choose a
bump function x € C§°(R"™) such that x(x) = 1 for |z| < R, and let ¥(z,t,w) be the
solution to the Cauchy problem

\Ij(xat()aw) = X(x)eiwxlgeigwi‘TO'z?
W(x,tO,W) :0, k:(],l, {GR \{0}

Now, the main idea is to construct a function ¥ (x,t,w;xg, &) such that for some T' > ¢y
||¢(CC, T,W) - \I’(IIT, T’W)H = O(w_p)7

where ||-|| denotes a suitable Sobolev norm. A general mathematical treatment of ap-
proximate solutions to differential equations which decay, in the high-frequency limit,
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outside a neighborhood of certain curves was given in [Mas94]. In work dating back to
1977, referred to as the compler WKB method for nonlinear equations, Maslov showed
that such solutions are almost everywhere well approximated by functions of the form

a(z)e“?®), (2.10)

where ¢(z) is a complex-valued function satisfying Jm(¢(x)) > 0. The name “complex
WKB method” comes from the fact that when ¢(z) is real-valued, the method for
constructing approximate solutions of this type is known in quantum mechanics as the
WKB method.

A detailed construction of Gaussian beams as approximate solutions to the wave
equation on R™ x R can be found in [Ral83]. The construction starts with an ansatz of
the form

Y (z) = w2 (ap(z) + ar(2)w ™ + ... +an(@)w ™) (N eN), (2.11)

where we have introduced the notation x = (xg,x1,...,2,) with g = t. Given some
p > 0, the complex-valued functions ¢(z),ap(x),...,an(x) are constructed such that

1B < Cpw™.

The Gaussian beam approximation for the wave equation on Lorentzian manifolds is
treated in [Sbil5|. We give a fairly detailed summary, since the concepts used there are
quite general and can be applied, with only minor modifications, to the setting considered
in this thesis. Consider a time-oriented globally hyperbolic Lorentzian manifold with time
function ¢, foliated by ¥, = {t = 7}. Given some T > 0, we set

R[O,T} = U ZT.
0<r<T

The future-directed unit normal to the slice ¥, will be denoted by ny_. We define the
stress-energy tensor T of ¢ by

S N 1 —
T[] = 5 (00 0t + 0,0 ) — 5 909 Dot T

N | —

Given a future-directed timelike vector field u € X(M), we define

EX[¢] ::/ Tu'n,_dus, (2.12)

T

to be the u-energy of ¥. Furthermore, let v be a null geodesic intersecting the Cauchy
hypersurface Xy, and let A/ be a neighborhood of . Similarly to the flat spacetime case
described above, we seek to construct approximate solutions to the scalar wave equation

Uyt =0, (2.13)

10
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which are localized along v, where [, = g, V#V" denotes the d’Alembert operator. If
the underlying metric is clear from the context, we will simply write (1. In analogy with
eq. (2.10), our Gaussian beam ansatz will be a function ¢, € C*°(M, C) of the form

Vo) = a(z)e™?®  (w > 0), (2.14)

where a, ¢ € C*°(M, C) are independent of w and a = ap depends on N. Note that the
phase function ¢, also called the eikonal, is a complex-valued function. In section 2.3 we
will construct a and ¢ such that 1, satisfies the following three conditions:

HlewHL%R[O _ C(T), where C(T) does not depend on w, (2.15a)
E§[¢w] — 0o for w — oo, and (2.15b)
1, is supported in N. (2.15¢)

Once this has been achieved, we normalize our ansatz by setting

772)0.) = L
VE§ ]

which yields
|||:|12w”L2(R[O,T]) — 0 for w— oo.

We now define the exact solution ¥, of the wave equation, approximated by z@w, to be
the solution of the initial value problem

0w =0,
\I"zo - iw}zov
”20‘1"20 = ”EO¢W|20'
One can then show, [Shil5, Thm. 2.1], that

EYW,, — 1] < O(T,u,%,) ||D¢w||§2(R[07T]) forall 0<7<T,

which converges to zero as w — co. Thus, from the fact that 1/~Jw is an approximate solution
with respect to a suitable energy norm, one obtains the existence of exact solutions to
the wave equation whose energy remains localized along a given null geodesic for finite,
but arbitrarily long, times.

2.3. The construction of Gaussian beams

First we calculate
(h, = g“”VHVZ,(aeiw¢)
= [Da + 2iwg" (V ,,a) (V,¢) + iwaOep — w?agh (V,6)(V,¢) | . (2.16)

11
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In order for eq. (2.15a) to be satisfied, we could require
g""(Vu0)(Vy9) =0 (eikonal equation), (2.17)
as well as
29" (Vpa)(Vyg) +al¢p =0 (transport equation). (2.18)

This is usually done in the context of geometric optics approrimation. However, it turns
out that the solution of the eikonal equation might break down at some point along -~y
due to the formation of caustics [Shil5]. To see this, note that the eikonal equation can
be solved using the method of characteristics. Define

1
H(z, k) := 59“”]{“1{,,, (2.19)

where k,, := V,¢. The characteristic system associated to H(x,k) is given by Hamilton’s
equations on T*M:

H
jju B gk - guy('r) kV)

5}1 L e (2.20)
oo 199"
ky = oy 5 BF (7) ky k.

The cotangent bundle T* M carries its canonical symplectic form
w = dx" A dk,.

A submanifold A C T*M is called Lagrangian if
wip=0 and dimA= %dimT*M = dim M.

Let X9 C M be a non-characteristic hypersurface and let initial data ¢|x, be given. We
choose the normal derivative n’éovuqﬁ such that the eikonal equation

9"V oV =0

is satisfied on X, and assume that d¢ is transversal to . This determines an initial
submanifold

Ao ={(z,d¢y) : ® € Xo} CT*M.

Since d(d¢) = 0, the canonical symplectic form restricts to zero on Ag, so Ag is a
Lagrangian submanifold. Geometrically, it is the space of initial 1-jets of the phase
function ¢. Let ®; denote the Hamiltonian flow generated by H which is defined as the
one-parameter family of diffeomorphisms satisfying

d

%(I’t(x) = XH(q)t(aj‘)), ¢‘0 = 1dM

12



2.3. The construction of Gaussian beams

Because Hamiltonian flows preserve the symplectic form®, A; := ®;(Ag) remains Lag-
rangian for as long as the flow is defined. If the projection m : Ay — M is a local
diffeomorphism, then A; can be written locally as the graph of an exact one-form,

Ay = {(z, dp(x))},

for some smooth function ¢. This is a special case of the general Hamilton—Jacobi
existence theorem for involution systems of first-order PDEs, see [Duill, Thm. 3.6.3]. In
this case ¢ satisfies the eikonal equation

H(z,dp(x)) =0,
and A; is foliated by bicharacteristic curves, whose projections onto M are null geodesics

with tangent vector #* = V*¢. Indeed, using k, = g,\a&", we find

. d . - .
k, = g(g,wm”) = O\guv iV + G "

On the other hand, the second characteristic equation gives

1

ku = D) ugl/)\gupgkoipia~

Using Gugl’)‘ = —g”ag)‘ﬁaugag, we obtain
1

kp = 5 OnGpo i
Hence
1
Gt + 0pgue P17 — 50u9ps iPi% = 0.

Since 2Pz is symmetric in p and o, we may symmetrize the second term as

1
9" Opguo 717 = 59" (Op9uo + 0o gup) 2737

'Let (M, w) be a symplectic manifold and H € C*°(M). Let X be the Hamiltonian vector field defined
by
txpyw =dH.

By Cartan’s magic formula,
Lxyw=dlx w)+tx,dw=d(dH)+0=0.

Hence,

d * *
7 (Piw) = @} (Lxyw) =0.

Therefore ®;w is constant in ¢, and since ®o = id,

Piw = w.

13



2. Gaussian beams on Lorentzian manifolds

Therefore,

hod 1 . .
B+ 50" (OpGuo + 0 Gp — Ongoo) "7 = 0,

which is the geodesic equation
"+ TP 17 = 0. (2.21)

Moreover, ¢ is constant along these geodesics. Let y(s) be a characteristic curve. Then

%cb(v(S)) =3 (s)Vup(1(s)) = VFo(v(5)) Vup(1(5)),

which is zero due to the eikonal equation. The solution breaks down once two characteristic
geodesics meet. Such an intersection is called a caustic. Since ¢ is constant along
characteristic geodesics, each geodesic carries the value of ¢ assigned to it by the initial
data on Y. Different geodesics therefore generally carry different values of ¢. If two such
geodesics intersect, then the function ¢ would have to take two different values at the same
spacetime point. Hence the solution to the eikonal equation cannot be extended smoothly
beyond the caustic. Also note that by eq. (2.18) a is transported along the geodesics
determined by ¢. Hence, the transport equation has the same domain of existence as the
eikonal equation, and thus also breaks down at caustics.

Also note that the breakdown of solutions to the eikonal equation does not necessarily
occur in every spacetime. For example, in flat Minkowski spacetime one can always choose
suitable initial data for ¢ so as to avoid the formation of caustics. A sufficient condition
guaranteeing that no such choice of initial data exists is the presence of conjugate points
along the null geodesic v, see [Sbil5, Thm. C.1|. Therefore, instead of requiring the
eikonal and transport equations to hold exactly, we only require approximate solutions in
the sense that ¢"”(V,¢)(V,¢) and 2¢""(V ,a)(V,¢) + aO¢ vanish on v to some order.
Furthermore, we also require the imaginary part of ¢ to be non-negative, at least locally.
To this end, we impose the conditions

¢‘7 and Vmb‘w are real valued, and (H2.1)
TIm(Vqu!Ay) is positive definite on a 3-dimensional subspace

transversal to 4. (H2.2)

Here, for x € M, the expression jm(VV¢|m) denotes the imaginary part of the bilinear
map

VV¢| :ToM x T,M — C, (VV¢| v,w):=(V,gradg| ,w).

Now, since M is globally hyperbolic, it follows that + is an embedded submanifold of M.
Thus, there exists a chart (U, ) satisfying

e(Im(y) NU) = {z1 = z2 = w3 = 0},

14



2.3. The construction of Gaussian beams

called slice coordinates, such that
Jm(¢)(z) > c- (z3 + x3 + 23). (2.22)

We introduce the notation fRe(¢p) =: ¢1 and Im(¢) =: ¢a, so that ¢ = ¢1 + i¢2. Then
eq. (2.16) becomes

Oty = — w? g"(V,u0) (Vo) a0t e

+iw [2g" (V ,a) (V. ¢) + O - a] 91 e (2.23)
+ Oae™P1ew92,

As discussed previously, if the underbraced terms vanish on v to sufficiently high order,
then, due to the exponential suppression arising from the factors e %2, one expects
1E0% [l 22 Rp7p) to become small for sufficiently large w. The following lemma provides
an explicit formula for calculating the order to which the underbraced terms must vanish.

Lemma 2.1. Let f € C§°([0,T] x R3,C) vanish along {z1 = xo = x3 = 0} to order S, i.e.
all partial derivatives up to and including order S of f vanish along {x1 = x9 = x3 = 0},
and let ¢ > 0 be a constant. We then have

3
2

/ ‘f(x)‘Qefw-c(x%+x§+z§)dw < wa(SJrl)f (2.24)
[0,T]xR3

where C' depends on f and T.

Proof. We will follow [Sbil5, Lem. 2.17] while being more explicit. Let z = (xg,z) €
[0, 7] x R3. We introduce stretched coordinates

Yo := w0, Y= wx; for ie{l1,2 3}
Since f vanishes on {x; = x9 = x3 = 0} we have
0 f(20,0) =0 for any multi-index with |a| < S. (2.25)
We can now Taylor-expand f around 0 € R? as
1
flwo, ) = ) 192 f(20,0)z% + Rs1 (0, 2),
laj<s
where the remainder term Rgy1 is given by
1 1
Rsnlana) = (S+1) 3 2o [ (=008 fan, ta)i.
la|=5+1 -0

From eq. (2.25) we can now estimate

|f(zo,2)| < C1 Z 2| sup |03 f (o, tz)|.
lal=5+1  t€[01]

15



2. Gaussian beams on Lorentzian manifolds

Since f has compact support we also have that

sup |09 f(x)] < Ca.
z€[0,T]xR3

Noting that |z%| < |z|t! for |a| = S + 1 we obtain
|f(xo, z)| < Calz|5FL for all (xzq,2z) € [0,T] x R3.

From this follows that

y ly|>*!
‘f(o;\/(;) §027%-
w
This yields
2(S+1)
2 —w-c|£|2d < 02/ 1 ‘g’ —c\g|2d
Amkwumne L
< C%/ 2+ | el gy~ (54D
N [0,T]xR3

S Cw—(s—i-l)—% )
O

Remark 2.1. Note that, if S < 0, the condition that f wvanishes to order S along
{z1 = x9 = x3 = 0} is understood to be vacuous, i.e. no vanishing is imposed. In this
case, the estimate still holds in the weaker form

[ P ar < cw,
[0,T]xR3
Indeed, for any f € C5°([0,T] x R3),
—we|z|? —we|z|?
/ [f (@) Pemeelel da < T”f”%w([o,ﬂxw)/ e da
[0,T]|xR3 R3

Performing the change of variables y = \/w x gives
/ o—cwlzl? dx = w—s/z/ e—clyl? dy,
R3 R3

Remark 2.2. The above lemma also applies to compactly supported one-forms on M.
Indeed, let a € Q5(M) and let {€°,...,e3} be a smooth orthonormal coframe. Then

3
a= E abeb,
b=0

which proves the claim.
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2.3. The construction of Gaussian beams

where a, € C§°([0,T] x R3,C). Since the coframe is smooth and pointwise invertible, a
vanishes to order S along {x1 = x9 = x3 = 0} if and only if each coefficient ap does.
Moreover,

3
a2 := g auar = 3 a2
b=0

Applying lemma 2.1 to each coefficient ap and summing over b yields the corresponding
estimate for a. Also note that the “vanishing to some order” condition can be expressed
both in terms of standard partial derivatives and covariant derivatives. Indeed,

AaLY =0 and (")MAOl’,y =0
implies VMAQ‘V =0, since

VIJJAOZ‘W = BNAO“A/ B Fga"yAB"y
An inductive argument also shows this for higher order tensors.

We now want to find the minimal order up to which the underbraced terms in eq. (2.23)
need to vanish such that their L2 —norms including the corresponding factors of w go to
zero as w — co. We find that

" (V,,0)(V,¢) has to vanish to second order along ~y, and (H2.3)
2g" [(V4a) (Vo) + 06 - a] has to vanish to zeroth order along 7. (H2.4)

These constraints follow directly from lemma 2.1 observing that

1/2
<w4/ \g““(VuczS)(Vygb)F e—wc(a}%—i—z%-&-x%)) < Cw2 . w—3/2—3/4
[0,T]xR3

=Cw 450 (w— o0),

as well as
W /
[0,T]xR3

Assume now that we are given a, ¢ € C°°(M,C) satisfying (H2.1), (H2.2), (H2.3), and
(H2.4), as well as

1/2
2
29“”[(Vua)(vu¢)+5¢‘a]‘ e_wc(x%ﬂ%ﬂg)) < Cw-w1/273/4

=Cw™ " 50 (w— ).

a(Im(y)N3p) #0 and VH¢(Im(y)NXg) # 0. (H2.5)

It is straightforward to show that, given a neighborhood A of v, we can multiply by a
suitable bump function x with supp xn»r € N such that

o = xn - 0 e?

17



2. Gaussian beams on Lorentzian manifolds

satisfies eq. (2.15a), eq. (2.15b), and eq. (2.15¢), see [Sbil5, Lem. 2.19]. In the following,
we explicitly construct a Gaussian beam along v satisfying all five assumptions stated
above.

First note that all of the conditions only constrain the values of ¢, a, and their derivatives
along . Therefore, in order to satisfy these conditions, it suffices to construct suitable
first and second derivatives of ¢, together with a function a, along . To obtain globally
defined functions on M, we then write down a formal Taylor expansion up to second order
for ¢ and up to zeroth order for a. This yields smooth functions on M whose derivatives
of interest coincide with the values constructed previously. Such a construction is possible
by Borel’s lemma, see [H503, Thm. 1.2.6].

To begin, we require the first and second derivatives of ¢ to be compatible, in the sense
that

VuVLb((5))3 (5) = - V,0(1(5)). (12.6)

Now let s — 7(s) be an affinely parametrized, future-directed null geodesic such that
~7(0) € 3 and ¢(0) € R. Set

Vud(s) = Au(s), (2.26)

which implies that ¢(s) € R for all s, and hence (H2.1) is satisfied. Since 4 is null, it
follows from eq. (2.26) that ¢"V,¢V,¢ = 0 along ~.

At this point we switch from covariant derivatives to partial derivatives. Note that
the two operations coincide when acting on scalars, and second covariant derivatives on
scalars commute since the Levi-Civita connection is torsion-free. The reason for this
switch is that we will differentiate expressions in which the metric appears explicitly.
If one were to use covariant derivatives throughout, then the identity Vg = 0 would
eliminate these terms automatically.

We choose slice coordinates (p,U) along v and define

1

f(@) = 39" @00(@)0,0() (2 € V).

We now derive the equations implied by requiring f to vanish to second order. The
zeroth-order condition has already been discussed above and implies that the eikonal
equation holds along «. At first order we obtain

0= 0uf|, = —(9x0) + 4" 0,0, (2.27)

Requiring f to vanish to second order yields

0 Z%(f)’fﬁpg’“’)(f%b)((‘W)!7 +(0rg")(0p09) (0u9)|., + (0pg"") (00 9) (D),

(2.28)
+ g" (8p8u¢) (anauﬁb) ‘,y + g“yanb(ap@K@V(;ﬁ) |’Y'
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2.3. The construction of Gaussian beams

One can readily verify that eq. (2.28) can be rewritten as a (non-linear) Riccati equation

0=A+BM + MB" + MCM + diM, (2.29)
S

where the matrices are given by

wo(8) = (3 9pg")0u 90y $(7(s)),
Bip(s) 1= 09 0,0(7(s)),
Crp(s) == g™ (7(s)),

M/{p(s) = anapd)(’y(s))'
Our aim is to show that there exists a global solution for M satisfying (H2.2) and

(H2.6). It turns out that one can solve eq. (2.29) by constructing suitable Jacobi tensors
V and J along ~ satisfying the matrix ODE system

J=BTJ+0V,
(2.30)

V =—AJ - BV.
We claim that if J is invertible, then M := VJ~! solves eq. (2.29). Indeed, differentiating
the identity J(s)J~!(s) = I yields
Jl=—J it
Using this identity, we compute
M=VJ -Vl l=(—4J-BV)J ' = vJ YBTJ+CV)J!
=—-A—-BM - MB" — MCM,

which proves the claim. Thus, it suffices to show that one can always choose initial data
such that J remains invertible for all time.

We refer the reader to [Sbil5| and only sketch the main idea of the proof. The key point
is that constructing a matrix solution (J, V) to eq. (2.30) with invertible .J is possible if
and only if one can find four everywhere linearly independent Jacobi fields along . Note
that if we required J to be real-valued, corresponding to a real-valued eikonal, then the

solution would break down at caustics, as discussed previously. It turns out that choosing
M (0) such that

(i) M(0) is symmetric,
(ii) M(0),u3" = (9,6)(0),

(iii) jm(M(O)W)dac“L/(o) ® dw”|7(0) is positive definite on a three-dimensional

subspace of T’ g)M which is transversal to 7,
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2. Gaussian beams on Lorentzian manifolds

and solving eq. (2.30) with initial data

JO)\ [ I

V(0)) — \M(0)
yields invertibility of J(s) for all s and a matrix M which is symmetric, solves eq. (2.29),
and satisfies both the compatibility condition (H2.6) and condition (H2.2). In particular,
eq. (H2.3) is satisfied. Condition (H2.4) follows from the fact that it is a linear first-order

ordinary differential equation, and hence existence of solutions is always guaranteed. Ap-
plying Borel’s lemma finally yields functions a, ¢ € C°°(U, C) which also satisfy eq. (H2.5).

Covering Im(y) with slice coordinates (U, ¢r), k € N, and extending {Uy}ren to
an open cover of M, we may patch together the local constructions via a partition of
unity subordinate to that cover to obtain functions a, ¢ € C*°(M,C) satisfying all of our
assumptions.

Remark 2.3. Observe that one can rewrite eq. (2.28) in a covariant form. Recall the
notation k, = 0,¢ = V,¢. Replacing partial deriatives by covariant derivatives, at the
expense of additional connection terms, we find that eq. (2.28) can be equivalently rewritten
as

Rypuik" k" + (V k) (Vik!) + (V,V ki) = 0. (2.31)
Proof. First note that by the fact that k, is null, we have
k" (Vgk,) = 0.
Now, using

Bpky = V ok + T ks
09" = ~Thyg™ = Thug”

0pOrky =V, Vky + (0,1, ) ko + T, (V ko) + T2,k + 19 (Voky) +19,(Vik,)
we can rewrite eq. (2.28) as

0 = g" (0,1 Vkoky — g7 (0kThy Yk + " T, T kinky — g" T T kinky
+ 9" (V k) (Viky) + (V,V ok, K.

By the definition of the Riemann curvature tensor this simplifies to
0= Ruypck"E" + g™ (V k) (Viky) + (V,Vicky )EY.
The last term can be reformulated as

(V,Vik )K= (V,V k)K= (VyV ke )k — Rpunpnkk,
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2.3. The construction of Gaussian beams

where we have used that
(VuVy, = Vo,V )ky = —Roxuwk?.
Thus we obtain
0= (Rw/pﬂ - RuﬁpV)k'Hk‘V + g“”(VpkM)(Vﬁky) + (VpV,{k:,,)k:”.

By the symmetry properties of the Riemann tensor and the Bianchi identity, it now
follows that

Ruupfi - Runpu = R,uupn + Rum/p = _R,upm/ = Rupum

which gives the claim.
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3. Maxwell's equations in curved spacetime

Before being able to talk about the formulation of Maxwell’s equations in curved spacetime,
we will need to introduce some operators acting on differential forms.

3.1. Operations on differential forms

The conventions used here coincide with those of [Ham17|. Let (M, g) be an n-dimensional
oriented pseudo-Riemannian manifold of signature (s,t). To avoid repeatedly introducing
complex conjugation, we treat the bundle of exterior k-forms A*T*M as a real vector
bundle. However, in chapter 6 we will work with complex-valued differential forms, and
complex conjugation will then have to be taken into account.

If w € QF(M) is a k-form, we write it in local coordinates as

1
w = gwmm#kdx’“ A--- ANdxh* = Z Woy oo A A - N dah
’ 0<p1 <...<pr<n

where wy, .y = W15 -+, Oy )-

On M there exists a uniquely determined family of local maps d*) : QF(M) — QF+1 (M),
denoted simply by d, which is called ezterior derivative. It is R-linear, satisfies d(a A ) =
daAB+(—=1)*andB for « € QF(M) and 8 € Q!(M), coincides with the standard tangent
map on Q°(M) = C®(M) and satisfies d o d = 0. Given w € QF(M), in local coordinates
we have

(dw)ulmﬂkﬂ = (k + l)a[mwuz..uk“}-

The metric g together with the orientation of M define a canonical volume form dpug. It
is characterized by dpg(er, ..., e,) = +1, where {e1,...,e,} is an oriented, orthonormal
basis of T, M. In local coordinates it is given by

dug = /gl dz' A - A da™,
where |g| = |det(g,.)|- We equip QF(M) with a C°°(M)-bilinear from (-,-) : Q¥(M) x
QF(M) — C°°(M) as follows: for a, 8 € QF(M) we set
1 1
(0,8) 1= (67 (0,8) = g 5

We define the Hodge x-operator to be the linear operator x : QF(M) — Q"~*(M) uniquely
determined by the condition

aAxf = (a, B)du, (3.1)
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3. Maxwell’s equations in curved spacetime

for all o, 3 € QF(M). Explicitly we have
*(Ozml A A Ozmk) — gm1m1 . -gmkmk5m1...mkmk+1...mn@mk+1 A A amn’ (32)

where € is totally antisymmetric with €123, = 1 and no summation over indices on the
right hand side is assumed.

Let Q’g (M) denote the set of differential k-forms with compact support on M. Then we
define the L2-scalar product of forms (-,-)r2 : QF(M) x Q&(M) — R by

(@ Bz = [ (o By

We further define the codifferential 6 : Q*1(M) — QF(M) by
5= (_1)t+nk+1 % d * .

One can show, see [Ham17, Thm. 7.2.10], that the codifferential ¢ is the formal adjoint of
the differential d with respect to the L2-scalar product on forms with compact support,
i.e.

(da, B)p2 = (o, 08) 12 (3.3)
for all a € QF(M) and B € QF T (M). Given w € QF(M), in local coordinates we have
(00 i = =V Oy i1
where V denotes the Levi-Civita connection on (M, g). Further we have [Sch26]
*ok = (—1)kA=k)g acting on  QF(M), (3.4)

where d = dim M and s = 1 for Riemannian manifolds and s = —1 for Lorentzian
manifolds. With this notation, we define the de Rham-Hodge d’Alembertian by

Oaryg := dé + 4d.

It turns out that Lgry and the connection d’Alembertian [, = gV, V), are related by
means of the the Weitzenbdck identity

Ogra = —0y, + Re on QF(M),

where R, is a Oth-order operator constructed out ot the curvature of (M, g). For f € Q°(M)
we have Ogru f = —0y f while for w € QY (M) we have

Ugrpgw = —Ow + Rng(w)

with Ricg(w)a := (Ricg)aﬁ wg. For a general formula for higher forms in the Riemannian
case, see [Rha84, Chap. 27].
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3.2. The Cauchy problem for Maxwell’s equations

3.2. The Cauchy problem for Maxwell’s equations

In Minkowski space, Maxwell’s equations can be compactly written down using the
electromagnetic field strength tensor F'. In the absence of charges and currents they read

8[anc] =0 and (‘9“Fab =0.

The generalization of Maxwell’s equations to curved spacetime is accomplished by replacing
partial derivatives with covariant ones. The equations then become

ViuFe) =0 and VHF,, =0. (3.5)

With the mathematical language introduced in section 3.1, Maxwell’s equations can be
elegantly written in coordinate-independent form. Let (M, g) be a globally hyperbolic
spacetime. By theorem 2.1, there exists a one-parameter family of Cauchy surfaces
{X;}rer, giving the spacetime the topology M = R x ¥. Each Cauchy surface inherits a
Riemannian metric b, and the future-directed unit normal field to » will be denoted by
n. The Hodge x-operator with respect to g acting on compactly supported forms will be
denoted by

B0k (M) — QiR (M),

On (M, g) we also have the exterior derivative d¥) and codifferential
5 =+ WaW ™ . k(M) — QF1(M).
On (X, h) we have the Hodge x-operator
(D) - 03,
as well as the exterior derivative d® and codifferential
53 = (=1)F +® dBB) : ol (z) - QEL(m).

Let n” denote the metric dual one-form of n. Then the electromagnetic field strength
decomposes as a differential 2-form into

F:=EAn"+B, (3.6)

where the electric field E is a spatial one-form and the magnetic field B is a spatial
two-form satisfying ¢, F := E(n) = 0 and ¢,B := B(n,-) = 0. The Hodge dual of F is
given by

*VF = OBy AR -+ E, (3.7)

which follows immediately from eq. (3.2). Note that x3) E € Q2(%) and «®) B € Q}(X). By
abuse of notation, we will not distinguish between the spatial magnetic 2-form B € Q3(%),
its spatial Hodge dual +®)B ¢ QL(X), and the spatial projection of (*DF) defined
by (*(4)F)a“nu, as all of these are naturally identified under the 3 + 1 decomposition
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3. Maxwell’s equations in curved spacetime

determined by n. To this end, given a field strength tensor F', we define the electric and
magnetic fields relative to n* by

E® := F%n, and B® := (%F)*n,, (3.8)

where we have abbreviated xF := %) F. This definition is consistent with the decom-
position of F' in terms of E and B from eq. (3.6). Indeed, for the first relation we
compute

m(EAD" 4+ B) = (thE) A0’ + (~1)'E A t,n” + 1, B = E,

where we used that the insertion map ¢, is a graded A-derivation and that g(n,n) = —1.
The second relation follows analogously.

Now, the vacuum Maxwell equations can be written elegantly as
d9F =0 and §WF=0. (3.9)

To see that these equations reproduce the classical Maxwell equations in Minkowski
space, we choose the standard observer n = 0; and compute

0=dWF =dEAdt+B)=d®EAdt +d® B+ 8,BAdt
= (@B +8,B) ndt+d?B.
From this we immediately conclude
d®F+9,B=0, d®B=0,
which correspond to
curl £ 4+ ;B = 0, divB =0,

under the standard identifications between differential forms and vector fields. Abbreviat-
ing (3 by % and using eq. (3.7), we find

0= 6(4)F — *(4)d(4) *(4) F
_ @ {(d@) xB)Adt —d®) « E — (8% E) A dt}

=+ (P« B =0, xB) Adt - D < B].

Since we are in vacuum (otherwise d® «®4) F = «®4) ] with +J := j A dt — Q), we
conclude

A %xB-g,xE=0, d®+E=0,
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3.2. The Cauchy problem for Maxwell’s equations

which corresponds to the remaining Maxwell equations
curl B— 0,F =0, div E = 0.

At least locally, it is common to introduce the vector potential A,,, which is related to
the field strength tensor by Fj,, = V[, A,). Reformulated in terms of the vector potential,
the first Maxwell equation from eq. (3.5) is trivially satisfied, due to the first Bianchi
identity. The Maxwell equations in both flat and curved spacetime exhibit gauge freedom.
This freedom arises because one can always add the gradient of an arbitrary scalar function
to the vector potential without changing the physical fields. Since covariant derivatives —
like ordinary partial derivatives — commute when acting on scalar functions, this additional
gradient term cancels out when forming the field strength tensor. As a result, one is free
to impose a specific gauge condition, such as the Lorenz gauge V#A, = 0, to simplify
calculations.

A classical vector potential may be described as a one-form A € Q!(M). The field
strength tensor is then given as F' = dA € Q?(M). In this case we may write Maxwell’s
equations as

ddA =0 and 0dA=0. (3.10)

Note that by d o d = 0, the first equation is trivial, so we only need to study the second
equation. The Lorenz gauge condition can be expressed with the codifferential as §A = 0.
In this case, the second Maxwell equation reduces to

—Oaruda =0, — R, Az =0, (3.11)
where Ro” denote the components of the Ricci tensor of g.

The Cauchy problem for Maxwell’s equations was intensively studied, with different
topological assumptions on the spacetime. While [Fur99] assumes compact Cauchy sur-
faces, more recent papers show that the bare assumption of global hyperbolicity is enough
to obtain satisfactory results. While [SDH14| presents a comprehensive study of the
distributional Cauchy problem for the vector potential, [Pfe09] provides an analysis thereof
in the classical setting. The Cauchy problem for the field strength is discussed in [DL12].
Although not directly treating Maxwell’s equations, [BGP08] establishes fundamental
results on wave equations on Lorentzian manifolds and their quantization. In the following
we will summarize the most important results.

What we now want to study is the Cauchy problem for eq. (3.11). First we need to
deal with the initial data. We introduce a series of operators that map a solution to its
data. For this, chose any Cauchy surface, say {0} x X, and let i : ¥ < M be its smooth
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3. Maxwell’s equations in curved spacetime

embedding. We define the operators

Py =1 (pullback) (3.12a)
pa) = — *3) 5@ d® (forward normal derivative) (3.12b)
Py = 6™ (pullback of divergence) (3.12¢)
Pn) = — *3)* 5 @ (forward normal), (3.12d)
where p(g), p(a) QIS(M) — QIS(E) and ps), p(n) QIS(M) — QS_I(E).
Next, let A € Q}(M) and define
Ay = po)A, A =i As) = p)A Aw) = pm)A. (3.13)

It is not difficult to see that specifying A (), A(q), A(s) and A(y) is equivalent to specifying
Cauchy data for A. Thus, the operators from eq. (3.12) collectively map a solution A to

its Cauchy data (A, n”V,,A“)’T:O .

Theorem 3.1 (Cauchy problem for the vector potential). Let (M,g) be a globally

hyperbolic spacetime with Cauchy surface ¥ C M. Let (A (o), A(a), A(s) An)) specify initial
data on X. Then there exists a unique solution A € Qé(M) to UaruA = 0 which satisfies

pyA= A0y, pA=Aw, peA=Ar), and pmyA=Ag.  (3.14)
Furthermore, A depends continuously on the Cauchy data.
Within the initial value formulation for the electromagnetic field strength, the electric
and magnetic fields are commonly viewed as a one-form and a two-form, respectively. As
initial data one chooses

B = p(O)F S Qg(z), E = p(n)F € Q(IJ(E)

The fact that this data indeed corresponds to the magnetic and electric fields is immediate
in the first case. For the second case we compute

peyF = —+® "+ (" A E + B)
— —x® z*( %O E BB A nb)
— *(3) *(3) E — E,

where we used eq. (3.4) and the fact that ¥ is Riemannian, so that

*(3)*(3) = (—1)1(3_1) ldQ(l)(E) = 1d§25(2)
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3.2. The Cauchy problem for Maxwell’s equations

As initial data, F and B must satisfy constraint equations. We find that

SO E = —x3) 4B3) B g
— 43 g® B (- %35 (4) F)
— 3@ @ g
— 4 3)xq@ @)
— x3)x @) (B q(@) (@) B

— @) (§OFY) = 0,
=0

where we used that the exterior derivative commutes with pullbacks, as well as
*(4)*(4) = (—1)3(4_3) (—1) lng(M) = ldQS(M) .
Furthermore,

d®B =d®i*F = i*dWF = 0.
=0

With this, we record that the Cauchy problem for the electromagnetic field strength is
also well-posed:

Theorem 3.2 (Cauchy problem for the field strength). Let (M, g) be a globally hyperbolic
spacetime! with a Cauchy surface > C M. For each pair (E, B) such that E € Q}(X),
B € Q3(X), satisfying the constraints

SYE=0 and d®B=0,

there exists a unique solution F € Q?(M) of the initial value problem

dWF =0, SWE =0,
pyF'=E,  pot =B.

Furthermore, F depends linearly and continuously on the initial data (E, B). Each solution
also satisfies

supp(F) € JH(X) U J ™ (X),

where X = supp(E) U supp(B).

'The original theorem in [DL12] further assumes that A has at most finitely many connected components.
In our convention, a spacetime is always connected. Also note that the initial magnetic field differs by
a sign, which is due to an opposite sign convention.
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3. Maxwell’s equations in curved spacetime

The connection between the field strength F' and the vector potential A is straight-

forward in spacetimes with trivial topology. Indeed, consider Maxwell’s equations on a
Minkowski background M, i.e.

dF =0, 0F =0. (3.15)

Since M is diffeomorphic to R*, the Poincaré lemma implies that every closed 2-form is
exact. Hence, there exists A € Q'(M) such that

F = dA. (3.16)

However, on a general spacetime, it is no longer true that every closed 2-form can be
written globally as the exterior derivative of a 1-form. A possible way to retain the
relation F' = dA would be to restrict attention to spacetimes whose second de Rham
cohomology group is trivial. Recall that the k-th de Rham cohomology group is defined as
the quotient vector space

Hjjp(M) := Z*(M)/B"(M),
where

ZF(M) == ker (d : Q¥ (M) — Q"H(M)) = {closed k-forms on M},
B*(M) = im(d : Q= (M) — Qk(M)) = {exact k-forms on M}.

Thus, H25(M) = 0 means that every closed 2-form is exact. However, this assumption is
too restrictive from a physical point of view, as it excludes relevant spacetimes such as the
Schwarzschild spacetime [DL12|. In general, if [F] € H35(M) is a non-trivial cohomology
class, then it consists of all elements of the form

[F]={F+dA| Ac Q' (M)},

where F' € Q?(M) is any fixed closed representative. This shows that a field strength
[F] can be decomposed into two contributions. More precisely, given a representative
F € [F], one can write

F:Ftop"i'Fexa

where Fiop, is closed and non-exact while Fiy is exact, i.e. can be written as Fox = dA. The
term Fi,p captures qualitative information, such as topological charges, and depends on
the specific chosen spacetime. In contrast, the exact part Fey encodes the local, dynamical
properties associated with a vector potential. Consequently, even in the presence of
non-trivial topology, one can recover a well-posed Cauchy problem for the vector potential
by restricting the dynamical analysis to the exact part of the field strength, while treating
Fiop as a fixed background contribution. In particular, if one prescribes initial data only
for the exact part, one can still apply theorem 3.1. The following argument makes the
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3.2. The Cauchy problem for Maxwell’s equations

above more precise: Let (M, g) be a globally hyperbolic spacetime and let F' € Q?(M) be
a field strength satisfying dF' = 0. For a fixed tg € R define

Tto - R X X — Xy, Tt (T, ) == (to, T),

and let

ity Lty > R x X
denote the inclusion map. Then

Tty © ity = idy, -
Now define H : [0,1] x (R x ¥) - R x ¥ by

H(s,(r,z)) = ((1 — s)T + stg, x).
This satisfies
H(0,-) = idrxy, H(1,) =iz, 014
Moreover,
H{(s, (to, ©)) = (to,x)

for all s € [0,1]. Hence ¥4, is a strong deformation retract of M. Therefore the inclusion
ity © 2t, — M is a homotopy equivalence. Since pullback commutes with the exterior
derivative, i.e. if (dw) = d(if,w) for all v € Q¥(M), it follows that i}, maps closed forms
to closed forms and exact forms to exact forms. Indeed, if w € QF(M) satisfies dw = 0,
then

d(’i;fow) = ifo (dw) =0,
s0 if,w is closed. If moreover w = dn for some 1 € Q*~! (M), then
oW = iy (dn) = (3 m),
implying that i w is exact. Hence iy descends to a well-defined map on the de Rham
cohomology. In particular,

it [F] = [i1, ).

One can further show (see [Leel3, Thm. 17.11], for example) that

gy Hir (M) — Hig (Sr,)
is an isomorphism for every k. If the initial data are topologically trivial, i.e.

iy, F'=dA for some A € QY(%y,),

then

[if, F]=0  in Hig(Sy,).
Since if, : H3z (M) — H3p(34,) is an isomorphism, it follows that

[F]=0  in Hig(M).

Therefore, if the initial Maxwell data belong to the trivial cohomology class on one Cauchy
hypersurface, then the evolved Maxwell field remains globally exact for all time.
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4. Bitensors and associated geometric structures

In the following chapters, we will work with tensorial quantities that depend on two
points (z,2') € M x M. Such objects are called bitensors. We adopt the convention that
unprimed indices refer to the point x, while primed indices refer to the point z’. More
precisely, in the language of fiber bundles, a bitensor of type (r,s,7’, ') is defined as a
section of the exterior tensor product bundle

T'M R T, M — M x M,

where T7 M denotes the tensor bundle of type (r,s) and X the exterior tensor product.
As an example, the bitensor B" v (@, 2") represents a vector at z and a rank-2 covariant
tensor at ', and thus assigns to each (x,2’) € M x M an element of T, M @ T M QT M.
The first subsection is primarily based on [AMO™25, KS21]|, while the discussion of
parallel propagators and the expansion of bitensors near coincidence closely follows
[PPV11, Vis93|.

4.1. Synge’s world function

A smooth curve ¢ : [0,1] — M into a pseudo-Riemannian manifold M is called a geodesic
if its acceleration is zero, i.e ¢’ = 0, where the primes denote covariant derivatives
along c. In local coordinates, this condition translates to a nonlinear system of ordinary
differential equations of second order. It is thus an immediate consequence of standard
existence and uniqueness results, that given some x € M and v € T, M there exists an
open interval I C R around 0 and a unique geodesic ¢, : I — M with ¢,(0) = =z and
c,(0) = v. Furthermore it can be shown that the domain of ¢, is indeed mazimal, i.e.
if ¢: J — M is any geodesic with ¢(0) = x and ¢/(0) = v then J C I and CU‘J = c.
Define D, := {v € T, M : ¢, is at least defined on [0, 1]}. The exponential map of M at x
is defined as

exp, : Dy — M, exp,(v) :=cy(1).

It follows that exp,(tv) = ¢w(1) = ¢ (t), i.e. the exponential map maps straight lines
t — tv through 0 in T, M to geodesics ¢,(t) through x in M. It turns out that this is done
in a diffeomorphic way, i.e. there exist neighborhoods U of 0 in T, M and U of z in M
such that exp,, : U — U is a diffeomorphism. If in this case U is star shaped, i.e. v € U
and t € [0, 1] implies that tv € U, then U is called a normal neighborhood of x. One can
show that for each 2/ € U there exists a unique geodesic ¢, : [0,1] — U from z to 2/
called the radial geodesic from x to a’. A subset C' C M is called (geodesically) convez, if
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it is a normal neighborhood of all its points, i.e. for every z,z’ € C there exists a unique
geodesic segment contained entirely in C' from z to /. On such a set, we use the notation

' —z:=exp,t(z)) € T,M

which is the tangent vector at x of the unique geodesic segment from z to z’ that is
contained entirely in C.

Definition 4.1 (Synge’s world function). Let (M, g) be a smooth pseudo-Riemannian
manifold and C' a geodesically convex open set. Then, the map o : C' x C — R defined by

o(z,2') = %ggg(x/ —z,2' —x), (z,2 €C) (4.1)

is called Synge’s world function.

The unique geodesic segment in C' connecting x € C with 2’ € C' is given by ¢(t) =
exp,[t(z’ — )] and since this defines a smooth map on [0,1] x C' x C, we conclude that o
defines a smooth function on C' x C. Furthermore, if (M, g) is a Riemannian manifold
or a Lorentzian manifold with signature (—,+,...,4), then o is related to the geodesic
distance via

2

b
o) = gse| [l GOSN at] (4.2

where s, ,» = —1 if 7 is timelike and s, ,» = 1 otherwise. In other words, o is half the
square of the signed geodesic length from z to x’.

If (M, g) is globally geodesically convex, which means that any pair of points of M can
be connected by a unique geodesic segment, then o is well defined globally on M x M. In
general, the world function o depends on the choice of convex set C' and therefore cannot
be defined globally. However, one can always find an open neighborhood 4 C M x M of
the diagonal {(z,x) € M x M | z € M} on which o is well defined.

The world function o(z, 2') may be differentiated with respect to either of its arguments.
We denote by o, := do/0z® its partial derivative with respect to x, and by o, := 0o/ oz
its derivative with respect to /. The quantity o, transforms as a covector at z but as a
scalar at 2/, whereas o,/ behaves as a scalar at z and as a covector at /. We further define
0ap = Vo, as the covariant derivative of o, with respect to x. This object is a rank-2
tensor at  and a scalar at 2/, and since o is a scalar field at z, it follows that o3 = 034.
Similarly, we define 0,5 := dp o4 = 020 /(dx? dx®), which is a covector at both 2 and
z'. In the same way, o4/g 1= 0oy = 820/(8x58x‘”/). By the commutativity of partial

derivatives, it follows that 0,3 = 0g/. Finally, we define o5 := Vg oy, which is a
symmetric rank-2 tensor at 2’ and a scalar at x. This notation extends naturally to higher
derivatives. For instance, 0,55 := V5V, V3V ,0 defines a bitensor that is of rank three

at = and a covector at 2’
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4.2. Parallel propagator

Let x,2" € C as in the previous section. Thus there exists a unique geodesic segment c,
parametrized by ), that connects x with /. We want to construct an object that takes a
vector at ' and parallel transports it to a vector at x along ¢. To this end, along ¢ we
introduce an orthonormal frame €4 (z) (a = 0,...,3) that is parallel transported along

this segment, i.e.

Dek

=0.
dX

g;wegel,; = Tab, and
The dual frame is defined as e}, := nabg#,,eg and is likewise parallel transported along c.
Given now a vector field A#(z) along ¢, we can uniquely decompose it in terms of the
frame as

Al(z) = A%(2)e; (2),
where the components are given by A%(z) = A*(z2)ef,(z). Note that if A* is parallel
transported along ¢, then its coefficients A% are constant, i.e. A* = A%*(z) for any z on c.
In particular, we have
A* = A%2") = A* (2")e ().
From this it follows that the vector at x can be written as

A%(z) = J, (z, ') AY (2), (4.3)

where J, (z,2") = eJ(x)e?, (2) is called the parallel propagator. Similarly, one obtains

a
o
/

AY () = J% (2, 2) A% (), (4.4)

with J (z/,z) = e’ (2/)e(z), which performs the reverse operation of transporting a

vector at z to a vector at 2’. One readily checks that
J, Y (z,a)=JY, (2',2) and  J, %, x) = JY, (z, ).

The action of the parallel propagator on higher-rank tensors is immediate: each index is
parallel transported separately. As an example, the rank-2 tensor A*? at z is obtained
by parallel transport from 2’ via

A% (z) = J*, (x,x')Jﬁﬁ, (z,2') AP ().

4.3. The Van Vleck-Morette determinant

Definition 4.2 (Van Vleck-Morette determinant). Let (M,g) be a Riemannian or
Lorentzian manifold, and U be an open neighborhood of the diagonal on which o is
well defined. Then, the Van Vleck-Morette determinant is defined as

det [-0,0,0(z, 2"))

VI0g(@)[v/19(z")]

Az, 2') = ¢4

(4.5)
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or all (z,2') € U, where g(x) := det((gz)u) denotes the metric determinant at x an
for all (x,2") € U, where g(x) = det((ga)w) denotes the metric determinant at z and
g = sgndet((gz) ) = (—1)9, with q representing the number of negative eigenvalues of
the metric.

The reason for introducing the Van Vleck-Morette determinant will become clear in what
follows. In section 5.1 we will deal with integrals of bitensors over Cauchy hypersurfaces.
These integrals will be of the form

Q(r) = / (') P(e, 2')dps. (z'), (4.6)

.

where T denotes the stress-energy tensor, P is a bitensor, 2’ is an auxiliary integration
variable, and x denotes a point on a reference wordline I' with respect to which the
quantity @ is defined. What we want to do is evaluate these integrals using the stationary
phase approximation in flat spacetime, as discussed in section 5.4. However, since our
integrals are, in general, taken over hypersurfaces with nontrivial curvature, this flat-space
result cannot be used directly. In order to apply it, we will have to lift the integrals in a
covariant manner to the corresponding tangent space at a given point on I'. To this end,
note first that o# = V¥ o (x,2’) gives (minus) the tangent vector of the unique geodesic
between x and 2’ emanating from x. Comparing with the definition of the exponential
map from section 4.1, we see that the function

ol U(z) CEr = T2, ' — Vto(x,2) (4.7)

is precisely the inverse of the exponential map. With this insight, the following result is
not too hard to prove.

Proposition 4.1 (Pullback of the manifold measure under the exponential map). Let
(X, h) be an oriented Riemannian manifold and let x € ¥.. Assume we work in a geodesically
convex normal neighborhood of x such that exp,, is a diffeomorphism onto its image. Then

(exp,)*(dps) (v) = Az, 2") ™ dpr,s(v), (4.8)

where
2 = exp,(v).

Proof. Fix x € ¥ and work in a geodesically convex normal neighborhood of x such that
7' = exp,(v), veT,,
is well-defined and invertible. Let
(1) = expy (t0)

be the unique geodesic segment from z to 2/, with ¢,(0) = z and ¢,(1) = 2’. As pointed
out above we have

o' (x,2’) = Vlo(z,2') = —ot.

36



4.3. The Van Vleck-Morette determinant

Hence
oy(z,2') = —v,.
Differentiating with respect to 2’ gives
—VuVyo(z,2') ==V o,(z,2') = dyv,.

Here we used that o, (z,2’) carries an index only at z, so the covariant derivative in the
a'-variable reduces to an ordinary partial derivative. Since exp,, is a diffeomorphism in
our neighborhood, the inverse function theorem yields

ov

P (dexp,), "

Therefore
det[ — 8Hr6,ja(x, x')] = det(deXPI);l-

By definition of the van Vleck-Morette determinant,
_ det[-0y0,0(x,z")]

Az, z') = mm :
Thus
det(dexp,), = ! .
Az, ') /h(z)/h(a")

Now we compute the pullback of the volume form

dus(z") = dvolp(x') = \/h(x') d"z'.

Since exp,, is a diffeomorphism onto its image, we use the general identity for volume
forms under orientation-preserving diffeomorphisms, which reads

(exp,)*(dvoly) = dvoliexp yop, -
In coordinates v® on 7.3, the pullback metric is given by

((eXpa:)*h)aﬁ(U) _ hu/l,/(expx(v)) a(eng((XU))u 8(exgzév))y | (49)

The volume form associated with the pullback metric is

dvol(expx)*h(v) = \/det((expx)*h)(v) d™v.

From eq. (4.9) it follows that

det((expy)*h)(v) = det(h(exp,(v))) (det d(exp,), ).
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Taking square roots gives

V/det((exp,)* = +/h(exp, (v ‘det d(expy)v ‘

If exp,, is restricted to a sufficiently small neighborhood of 0, it is orientation preserving,
so det d(exp,), > 0, and therefore

dvOl(exp yrn = VI (exp, (v)) det d(exp,), d"v

Thus
(exp,)*(dus)(v) = \/h(z") det(dexp,), d"v, 7’ = exp,(v).
Substituting the expression for the determinant yields
1
(exp,)* (djis)(v) = —————— d".

Az, x')\/h(z)

Since the metric at x induces the volume form

dur,s(v) = v/h(z) d",

we conclude

(exp,)* (dux)(v) = A(w,2') ™ dpr, = (v).
O

With this result at hand, we can perform the following coordinate transformation: let
x € Im(T") a point on some reference worldine I' and let 2’ = exp,(v) < v = exp, }(z')
on a normal neighborhood with v € T,.3,. Then

/ T(a')\P(e, ')z, (') = /T _ Tlexp, 0)P(,exp, (0)A (. exp, (0)dpr, . ().
(4.10)

Note that we are now integrating over the tangent space T,%¥, = R? at some fixed
x € Im(T"), which allows us to apply the standard stationary phase result, as we will do
in section 6.3.

4.4. Expansion of bitensors near coincidence

It is sometimes useful to study a bitensor B(z, ") under the assumption that x is close to
a’. This leads to a generalized notion of a Taylor series, where the monomials (z — /)
from the flat-spacetime case are replaced by the Synge world function o (x,2"). We first
study the limiting behaviour of a bitensor as x approaches x’. The coincidence limit of a
bitensor B, , where _ denotes the indices carried by B, is defined by

[B.] := lim B_(z,2').

r—x’
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Here, the limit is assumed to be independent of the direction from which = approaches 2’
and to yield a unique tensorial function at the point x’. Using Synge’s rule

o .o]=[0 ]o —l0. 4l (4.11)

one can derive a general procedure for computing coincidence limits. We refer the reader
to [PPV11] for details and only summarize the most important results concerning the
Synge world function and the van Vleck determinant, which will be used in later chapters.
One finds

(0] =0,  [oa] =0=[on], (4.12)
as well as

(00l = garp = [owp],  loap] = —gup = [ows]. (4.13)

One can further show that the coincidence limit of any third derivative of the Synge world
function, irrespective of whether derivatives are taken with respect to z or 2/, always
vanishes. The coincidence limit of the fourth derivatives of o, again independently of the
choice of base point, consists of a sum of two terms involving the Riemann tensor.

As already mentioned above, bitensors can also be expanded near coincidence as a
generalized Taylor series in powers of —¢® . Again, we refer the reader to [PPV11] for
the general method and only record the special cases needed in the following. Note that
the zeroth-order term in each expansion is simply the coincidence limit of the expanded
object. One finds

1

Oarf = G — §Rafw'5’5/07/06/ +0(c%), (4.14)
/ 1 / !

Gas =17 (gaw + Ry o’ ) +0(o%), (4.15)

/ / 1 / !
O-Ocﬂ = Jaajﬁﬁ (ga’ﬁ’ — gRa/,Y/B/(;/O"Y 0,6 > + 0(0'3). (416)

For the van Vleck determinant, we obtain

1 a/ /8/ 3

A =1 + 6RO/[3’U g + O(O’ ) (417)
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5. Relevant observables and the method of
stationary phase

In this section, we introduce observables such as linear and angular momentum and
present a method for evaluating them using the stationary phase approximation.

5.1. A geometric definition of linear and angular momentum

In this subsection we will give a geometric definition of linear and angular momentum
in general relativity. A detailed analysis thereof can be found in [Har12, Harl5]. We
consider a relativistic extended test mass with stress-energy tensor T” moving in a
globally hyperbolic spacetime (M, g). We denote its worldtube by W := supp T*" and
assume the spacial slices W N Y. to be compact and of finite 3-volume. Further we assume
stress-energy conservation expressed as

vV, T = 0. (5.1)

We define a momentum functional
PeE) = [ gueTds,, (5.2)
i

where dS, = (nx_.)sduy, denotes the measure induced on ¥, by the metric g. This
functional takes as input a Cauchy hypersurface X, with ¥, N W non-empty and a vector
field &* that we will choose later. The term “momentum” in the functional comes from
the fact that P¢(¥X;) returns the component of momentum conjugate to £ at a time 7
defined by 3. Note that if £* is a Killing field, then P¢(X;) is independent of 3. Indeed,
by energy-momentum conservation and the symmetry of T" we have

1 1
Vo (§&T77) =T (Ve€,) = §T”U(VJ§V +V.&) = 5T”"Eggw, (5.3)

which equals to zero by the Killing equation. Now let X1, 35 be two Cauchy slices and
denote by (X1, ¥2) the region bounded by these two slices. Then using the compact
support of spacial slices of T' we have

P(S) — P(S) = /Q(Z L TeAET ) =0

which gives the claim.
Note that & — P¢(X;) is linear. Suppose for now that £* is a Killing field. Recall
from section 2.1 that any Killing field is fixed everywhere by specifying it and its first
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derivative at a single point. Setting =, := g,,{" we may thus express P:(X;) as a linear
combination of these values as

Pi(S) = P (1)Zu(T7) + 35 (1)V,5, (L) (5.4)

where I' = (I';)-er denotes some timelike worldline with Im(I") N X, non-empty. Note
that knowledge of P¢(X;) for all possible & is equivalent to the knowledge of p* and
Srr — Sl Tt will turn out that, in the flat spacetime case, the coefficients p* and
S# will closely correspond to classical textbook definitions for the linear and angular
momentum, see section 5.3. However, in a general spacetime, one cannot expect that
Killing fields exist and certainly not the 4 4 6 = 10 required to define all components
of p* and S*. The idea is to construct Killing-type generalized affine collineations or
generalized Killing fields (GKFs), see [Har08| for more details. The key concept is that of
local symmetries.

We introduce vector fields 1 (g, 2’) which should generalize Killing fields in some
reasonable way in a normal neighborhood U of a fixed reference point xy. We associate
primed indices with spacetime points around z’ in U while unprimed indices are associated
with the preferred point xy. Without loss of generality we can chose 1/10‘/ such that

=0.

va/£¢gﬂlgl

o

We further assume that wa/ depends linearly on the initial data ¢®(zg, £¢) and V410% (g, 20).
After an anti-symmetrization operation, approximate Killing fields can be constructed
by projecting symmetries of 7T,,U into U using the exponential map. Consider the
transformations

X* = X“+ By X"’
in T,,,U and define the associated homogeneous transformations by
U* = By X7 (5.5)
Such transformations correspond to shifts
=2 +ep

of spacetime points in U associated to X via 2’ = exp,, X. It turns out that 1/10‘/ and
U< are related via

!

U = —og%, (g, x) ™.
Introducing

Ha/a ($07 ml) = [_O,aa, (LIJ(), x,)]ilv
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5.1. A geometric definition of linear and angular momentum

from eq. (5.5) it follows that

/

W (o, ') = —H®, (20, 2" )o (o, z') B, (5.6)
Including the transformations shifting directly the base point zg, given by
Ty — To + €A,
generates a 20-parameter family of so-called approximate affine collineations
v = HY (20, 2) [aaﬁ(xo,x')Aﬁ — og(o, x')Bﬁa]. (5.7)

The initial data A* = ¢ (zq, 2¢) and B* = V8 (¢, z¢) determine ¢ (x¢,2’) through-
out U. Singling out the subset of fields distinguished by antisymmetric B,z = V13,
which, by abuse of notation, we will also call ¢, yields a 10-dimensional group of fields
that can be thought of as infinitesimal generators of a generalized Poincaré group. In
Minkowski space eq. (5.7) reduces to

ﬂ)a/ = Aa/ + (.’L’/ — I’O)B/BIB/Q/,

which makes the name affine collineation apparent. One can show, see [Har08, Cor.1],
that given any ¢® satisfying Lygaps we have that

Ewa = £¢Ja = [,wo‘a/ = £¢Gaa/ = [,wHO/a = 0, (5.8)
where the Lie derivative is defined to act independently on each argument.

Now that we have constructed local symmetries around a particular point, we want
to extend the notion to symmetries near a worldline, that corresponds to the path
of some observer. In order to do that one needs to fix a metric, a timelike wordline
I'={T; | 7 € R} and a timelike vector field n% along T'. The n¥ fix a family of spacelike
hypersurfaces ¥, that provide a time function ¥, 3 x + 7 inside W. At a fixed 7, 3,
is defined as the union of radially-emanating geodesics that pass through I'; and are
are orthogonal to ny at that point. We assume that each hypersurface is in a normal
neighborhood of T';. One can show, see [Sch79a, Sch79b] that, in the massive case, under
mild assumptions, I' and n% are uniquely specified by center of mass conditions. The case
for a massless object is subject to ongoing work. The main idea now is to consider the
function s(z’) that identifies which leaf of the foliation includes an arbitrary point 2’ in
the worldtube W, i.e. it satisfies 2/ € X(s(z’)). Then we set

¥ (a') = v (2!, T(s(a")). (5.9)

Suppose now that A, (70) and Bag(70) = Bjas)(70) are given as initial data at some I'7,.
The goal is to determine the £ (2) which satisfy

A(r) =€),  BY(r) =V (Ty)
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5. Relevant observables and the method of stationary phase

at the appropriate point. To do that we solve the Killing transport equations
D
dr

D P
%BQB(T) + Raﬁfy (FT) Fl Ag(’l‘) =0, (5.10b>

Ay(1) = T2 Bgo (1) =0, (5.10a)

to uniquely extend A and B to all of T'. Consider all pairs (I';, v®) with v* € Tr, M. and
v = 0 These pairs define a subset 1| I' of the tangent bundle T'M. For each element
of T T, one can associate an affinely parameterized geodesic w — y(w) satisfying

y(0)=T7,  y%(0) = v
Provided that these geodesics admit sufficiently large extensions, the map
(T, 0%) = y(1)

defines a smooth map from 7T I" into M. Its Jacobian is invertible, at least at every
point (I';,0). Hence, by the inverse function theorem, this map determines a local
diffeomorphism on some neighborhood W of I'. This neighborhood is precisely the region
in which the generalized Killing fields are defined. We assume that the body under
consideration remains entirely contained within this region, i.e. YW C W. We now define
the generalized Killing field

Ea(2') := gapg®(2)) (5.11)

corresponding to prescribed data A,(79) and B,g(79). The diffeomorphism described
above uniquely associates each point x € W with a pair (I';,v*) € T, I'. Using this pair,
we construct the geodesic y(w) as above. The generalized Killing field is then obtained
along y(w) by solving the Jacobi equation

L QEQ 0 Brre . —
T2 —Raﬁ,yy y'=2s =0
with initial data

Ea(lr) = Aa(T),
D=, (T5) 3
Tl _ BB ,
dw v BQ(T)

By virtue of the Jacobi equation, GKFs are also globally specified by one value and its
derivative at some point I';. Moreover by construction GKFs are ‘approximately Killing’,
in the sense that

V(CXEB)‘F =0= VQV(BEU)’F & ﬁggaﬁ‘r =0=VaoLegss - (5.12)

Linear and angular momenta p®(7) and S®?(7) may now be introduced as tensor fields
along T as in eq. (5.4). Note that S contains information about both the spin 1-form
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5.2. The MPD equations

and the dipole moment of Newtonian physics, see section 5.3 for the details in Minkowski
space. If 2/ € X7, then from eq. (5.7) we may relate Z,(z’) to Z4(T'r) and V,Z3(T';) as

!

£ (2) = g*P (1) | K (Tr, 2") 25(T,) — HYA(Dry2') 00(Tyr, ') VEA(TS) |, (5.13)

where K, = Hﬂo‘,vaag. Inserting the above expressing into eq. (5.2) and eq. (5.4)
yields the following explicit expressions for the momenta:

p(r) = g**(Ty) / Jorpr (VK 5 (Tr, ) TP (2)dS, (5.14)

T

S5e8(7) =2 / gorpr (2" YH (01, 2" PN T ) oa (Try )TN () d Sy (5.15)
2,

5.2. The MPD equations

If we differentiate eq. (5.4) and use the identity

VsVaEa(Tr) = Ryog’ (Tr) E5(T7), (5.16)
we find
d _ (D" 1 aghifd | = 1 (DS§? [aps] =
dTPg(ET) = ( dr 2Rﬁ)\5 S FT ot 9 dr 2p FT va_,ﬁ (517)

Here I'® denotes the tangent vector to the curve I' at I';. On the other hand from eq. (5.3)
we obtain

d 1
— P2 == | T*Legogdus. . 5.18
e =5 [ e, (5.19)

It is now clear, that if £ is Killing, i.e. P is conserved, then from eq. (5.17) we obtain the
following evolution equations for p® and S*?, which are called the MPD equations:

Dp* 1 :

% — §Rﬂ)\5a56>‘F£ = 0, (519&)
DSs :
577 —2ploerdl = o. (5.19D)

Named after Mathisson [Mat10], Papapetrou [Pap51, CP51] and Dixon [Dix70a, Dix70b,
Dix74], these describe the motion of a spinning body moving in a gravitational field.
Although they are most commonly applied in the massive case, the formalism also works
for massless particles. If £ is not Killing, then L¢gqg will not be zero and thus there will
be correction terms. We define a net force F®(7) and a net torque N*?(7) = N*8l(r)
such that

Dp* 1 :
% = 5Ran ML+ Fe, (5.20a)
DSB
di = 2plesfl 4 NoB, (5.20b)
=

Here F and N ca be written as (formal) series, see [Har12, Har10] for explicit formulas.
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5. Relevant observables and the method of stationary phase

5.3. The Minkowski case

It is enlightening to see how the observables defined above, reduce to the well-known
quantities in flat spacetime. In Minkowski spacetime (R'*3 7). geodesics are straight
lines and parallel transport is trivial, so the Jacobi propagators reduce to identity maps:

/ / ’ /
K, =68, HO e

The Synge world function becomes

1
o(z,2') — inag(x — )%z — 2P,

which yields for the Synge’s separation vector the ordinary displacement
oz, 2") = (z — 2.
Hence the linear momentum becomes
Pa = / T, dSs.
<,
Choosing a constant-time hypersurface {t = 7} = R3, with
dSs = n5d3x and n® = (1,0,0,0),
gives
e :/ T d3z. (5.21)
R3
Therefore the components of p# are
pO — F = TOO dgfI,', pZ — / TUi d3$7
R3 R3

so the four-momentum encodes both total energy and linear momentum. Similarly, the
angular momentum tensor reduces to

5o — / (2= 2P T0(&') = (2 — &) T ()] &, (5.22)
where 27 (1) corresponds to some reference worldline. Its purely spatial components,
Sii — / (@ — 2/ YTO ') — (x — /)T (2")] &,
R3

correspond to the ordinary angular momentum, with

Jk = ek,;jS”.
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5.4. The stationary phase approximation

From eq. (5.22) one can easily derive the transformation behavior of S if we change the
reference point x. Suppose we shift the reference point as

at — at + st
Then we immediately find that
5B (x4 6x) = S (x) + 202°p, (5.23)

where p® is the momentum as given by eq. (5.21). The center-of-energy worldline is fixed
by the condition

ta S8 =0,

where t* = (1,0, 0,0) denotes the standard observer in Minkowski spacetime. Evaluating
eq. (5.22) on the hypersurface ¥, with 20 = 2/% = 7 gives (z — 2/)? = 0, so that

S0 — / (z — /)T (2" d32, (5.24)
=,
which represents the dipole moment. Imposing S% = 0 then yields

1
== [ P10 d3 (5.25)
E Jgs

5.4. The stationary phase approximation

The observables p® from eq. (5.14) and S®° from eq. (5.15) are expressed in terms
of integrals over Cauchy hypersurfaces. What we want to do is approximate those
integrals using the stationary phase approximation. Note that in general spacetimes, these
hypersurfaces will be of non-zero curvature, hence the integration is non-trivial. However,
as pointed out in section 4.3, there is a covariant way to lift the integrals, based at some
point I'; on a reference worldline T, to the corresponding tangent space 1. %, = R? via
the exponential map, see eq. (4.10). Now that we integrate over R3 we can apply the
following

Theorem 5.1 (Stationary phase 1, [H603, Thm. 7.7.5]). Let K C R" be a compact
subset, X an open neighborhood of K, k a positive integer and w > 0. If u € CO%(K),
fe 03k+1(X) and Jmf >0 in X, Imf(y;) = 0, f/(’)/‘r) =0, det f//(’yﬂ') #0, f'#0in
K\ {v+} then

, , —1/2 :
‘ / u(z)e! @ dy — ) [det (; _A) } Zw*JLju(%) < Cw™* Z sup|D%ul.
n ™

i<k || <2k

(5.26)
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5. Relevant observables and the method of stationary phase
In the above equation Ay, = 0u0pf (7)), D* = (—i)l*19?,

g9(x) = f(z) = f(rr) = %f%abf(%)(fﬂ — )@ = r)", (5.27)

and

L) = Y Y ot [ aa] @t (5.28)

92V ! v
V=] 20 >3

Remark 5.1. In section 6.3 we will use this result to approximate integrals over the
energy-momentum tensor of our Gaussian beam. By construction, as in section 2.3, all of
the assumptions of theorem 5.1 are fulfilled. In particular we are in the case where all the
functions are infinitely differentiable.

Remark 5.2. Note that the point of stationary phase v, does not have to coincide with
the point I'; on the reference worldine, see section 6.3.

We compute explicitly the action of L; on u for j = 0,1. Note that by the definition of
g we have

9(vr) =0, V() =0 for Ja| <2 and 9%(yr) = 0%f(vr) Vl]a| = 3. (5.29)
At lowest order (j = 0) we have

LOU(’YT) = u(’Y‘r)‘ (530)

At first order (j = 1) we have to evaluate

L) = Y% g [ 00 (@0 6o

P2 ! v
v—pu=12v>3u

We need to find all pairs (v, u) such that v — p = 1 and 2v > 3u. The only ones that
work are (1,0),(2,1) and (3,2). Thus we find

Liu(or) = 5(A7) 0u0u(ry) — £(A~)P(A)10,0,0.04(0u) ()

+ o (AT AT AT 0,0,0.040.05 (5%u) (7).

Note that by eq. (5.29) at least 3 derivatives need to hit g to get a non-zero term when
evaluated at x = .. In particular we can rewrite the second term from above as
i

— = (AN (A™1)0,0,0.04(gu) (v7) = —

! 4 (A™H (A (9,001 f ) (Dqu)

oo .

+ (A1) (AN N(9,040:0uf Ju | (v7),

—
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5.4. The stationary phase approximation

where the factor of 4 comes from the symmetry of A. So altogether we have

Liu(y;) = 5(A7) " 0,0yu(r7) = 5 (A (A7) (Du0h0k) (77) (D) (37)
— e AT N 0040:0uf) (3) (5.31)
i
96
In section 6.3 we apply the stationary phase approximation to amplitudes which are
formally bitensors. However, these bitensors are scalar-valued in the integration variable.
More precisely, the oscillatory integrals under consideration involve bitensors u(z, ')
where the first variable x = I'; is fixed along a reference worldline I' and the second
variable 7’ is the integration variable. For fixed z, the dependence on 2’ is scalar-valued,
so the integrand depends on 2’ through scalar functions of the form

+ e (ATHP(ATH AT 0,0,0:000:01 (9% ) (7).

Y32 = u(z,2).
Introducing exponential coordinates around x, we write
Tp3; 3 v u(z, exp,(v)).

Since stationary phase involves ordinary derivatives in Euclidean coordinates, these
correspond to vertical derivatives with respect to v € T, 3. In our setting, the critical
point of the phase is located at ~y,, rather than at . We therefore introduce exponential
coordinates centered at v, by writing

exp, (v) = exp,, (w),

where w = w(z,v) € T,, X7 is uniquely determined in a sufficiently small normal neigh-
borhood U, as illustrated below.

e I g
/// \\
/ exp,(v) = exp., (w)
\
x
:' v z >
] v w I\ T
\ I U
\ /
\ /
7/
AN T yr—x U1 K

Figure 5.1.: Visual representation of the change in exponential coordinates. The points x,
v, and w all lie within the normal neighborhood U C ¥, and v, —x, v, and
w denote the corresponding (geodesic) displacement vectors between them.
I' denotes the reference worldline with respect to which the observables
are defined, while v is the null geodesic along which the Gaussian beam is
constructed.
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5. Relevant observables and the method of stationary phase

Applying the chain rule yields

_ow” 9

verrma B0 G T P ()

(=, exp,(v))

U .
81}0/ w=0

Since u is scalar-valued in the integration variable, we obtain

0
e u(e,exp, ()| = Vau(, ),

w=0

as justified by the following

Lemma 5.1 ([Sha05, Lemma 2.1|). Let u € C*°(M). Then for every multi-index c,

Vu(yr) = 05 [ulexp,, (w))],_,.

In this formulation, all derivatives are taken in a fixed coordinate neighborhood after
identification via the exponential map. Once evaluated at w = 0, the resulting expression
involves only tensors at the single point 7,, and standard product rules for covariant
derivatives in the second variable apply.
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6. Approximate solutions to Maxwell’'s equations
in curved spacetime

With all the necessary notions and methods collected in the previous sections, we can
finally put them to use for studying electromagnetic Gaussian beams that satisfy Maxwell’s
equations.

6.1. The approximation scheme

Here we want to make precise our notion of approximate solutions to Maxwell’s equations.
We consider a globally hyperbolic Lorentzian manifold (M, g) that is foliated by a one-
parameter family of spacelike Cauchy hypersurfaces {¥;},cr. The future directed unit
normal vector to ¥, denoted by n, satisfies g(n,n) = —1. We introduce an orthonormal
frame (e,)" with eg = n, such that

3
Juv = nab(ea)u(eb)u = —nuny + Z(ej)u(ej)u- (6.1)
j=1

Recall from eq. (2.5) that the induced Riemannian spatial metric on ¥, is given by
h’/l,l/ = Gu +npuny. (62)

In order to keep information of the data in the transverse direction of ¥, we introduce
the following auxiliary Riemannian metric on M:

Ouv = G + 20Ny (6.3)

We consider Maxwell’s equations
VeF,5 =0, (6.4)
v[,u,Faﬁ] =0, (65)

where F,3 = VoAg — VgA,. Our aim is to construct approximate solutions Faﬁ (z;w)
such that for some T > 0 and p > 0 we have

sup |V Fopll2es, g = Ow™P), (6.62)
T€[0,7T

sup ||V, Fagllr2es, g = OW ™). (6.6b)
7€[0,7T]
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6. Approximate solutions to Maxwell’s equations in curved spacetime

Note that by F' = dA and the fact that the exterior derivative satisfies d> = 0, the second
equation from above is trivially fulfilled if we work with the potential A. Since Fis an
approximate solution, it differs from the exact solution by a residual, which we denote by
f- So we have

VeE,5 = fs. (6.7)

The norm from (6.6) is defined as

3
ol = | s, = / T (!f(n)|2 " ;ﬂem?) dus,.  (68)

As usual, the integration measure duy,, is given by
duy,. = dup = Vhdaz' A da? A da,

where h = det(h;;). Note that if we consider the special case of flat Minkowski space with
n = 0;, then we have

e = [, (IV- B+ |00E = ¥ x BP)
RS

Let us now continue to work with the vector potential A in Lorenz gauge V¢4, = 0.
Then we have

v'qu,a — v'u(vp,Aa - VO[A#) - DQAO( — VMVQAM
= OgAq — VoV, A" — Ry A7
= DgAa - RaﬁAﬁv
where we have used that

(VuV, = V. VAP = RP A”

as well as the symmetry of the Ricci tensor. We want to construct A (z;w) so that
Fop = V,Ag — VA, is an approximate solution to Maxwell’s equations, as defined in
eq. (6.6a). We introduce the notation

0,40 — RPAs =w,, — V¥4, =G, (6.9)
where w, and G are residuals of the approximation. We then obtain
fo=VE,5 = V4Vadg — Vsd,) = 0,45 — VOV5A,
= wg + Ry"Aq — V*Vj54,
= wg+ Rg*Aa — (R°3Aa + V5V Ay)
= wg — VgG.
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6.1. The approximation scheme

Consequently, at the level of norms, we have

1 fll2(s, ) < Nlwsllees, g) + VGl L2, g)- (6.10)

So, in order to obtain an approximate solution that satisfies eq. (6.6a), the approximate
vector potential A needs to satisfy

sup [|TgAa — R, Agl s, 5 = Ow™), (6.11a)
7€[0,7T
sup [|VaV*Aallr2(n, g = Ow™). (6.11b)
T7€[0,T]

We now make the following ansatz for our Gaussian beam,
Ao () = w V4 ag(z)e™?®  (z e M), (6.12)
where a € Q}(M, C) and ¢ € C°(M,C). The prefactor w4 was introduced such that

the initial energy is of order w’. This choice follows directly from theorem 5.1 as well as

the fact that, without that factor, the energy-momentum tensor is of order w?.

We will now derive conditions on a, and ¢ such that eq. (6.11a) holds. In order to
do that we will use lemma 2.1. Note that by remark 2.2, the lemma can still be used,
even though our integrands are given as squared norms with respect to the auxiliary
Riemannian metric g. This is due to the fact that on finite-dimensional vector spaces all
norms are equivalent and that a,, is a compactly supported one-form on M. Concretely
this means there is a constant C' > 0 such that g"’a,a, < Czu\au\f]. We have

D2 — Ry s = 0] — w00 g"(9,0)(V,0)
+ iw3/4 [Zg“y(vuqﬁ)(vyaa) + aq D¢] (613)
+ w4 [Daa — Raﬁag] }

We make a formal expansion of a,, as
N . .
Ao = Z aDw™ (N eN), (6.14)
§=0
where a¥ € Qy(M) for 5 =0,...N. Our ansatz will thus be
Ay = w /4 Z Vw7 ew? (6.15)
7=0

and for the approximate, physical potential we set
~ 1 _
Ay = Re(RUy) = §(Qla +2As). (6.16)

In the following we will derive constraints on the order up to with certain terms have to
vanish, so that the chosen ansatz satisfies our approximation.
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6. Approximate solutions to Maxwell’s equations in curved spacetime

Remark 6.1. Note that by the fact that Ay = Re(Ay,), letting differential operators act
on it, will always give two contributions: some amplitude times e“? plus the complex
conjugate amplitude times e~™?. Now, it is clear that z = 0 iff Z = 0 for every z € C.
This means that in the following it is sufficient to perform computations with A, since
the contributions from the complex conjugate part do not contain further structure. In
this sense, when deriving constraint equations that need to be satisfied as we will do in
the following, it is always understood that the complex conjugated version also has to be
satisfied.

Plugging the above ansatz into the expression from eq. (6.13) we obtain

(O~ BUg) = |~ D g (9,6)(19)
| g (V,0)(9,0) + 2ig(9,0) (Vo) + ial?) O
+ WV = 0D (9,0)(V.6) + 2ig™ (9,6) (Vald)
+ial) 06 + Dal? - R, o]

N
£ 3w g (9,6)(V,0) + 200" (V,0)(Voad )
=3

+iaf ™ 09 + D=2 - R,7af 7|

+ lower orders.

Now, using lemma 2.1, we analyze to what order the various terms from above have to
vanish such that the approximation from eq. (6.11a) is fulfilled. We need that

H(Vu,0)(Vy¢) vanishes to (2p + 1)-th order along 7, (6.17a)
— Vg™ (V,0) (V) + 2ig" (V1) (V,a?) 4 iaP0¢ vanishes (6.17D)

to (2p — 1)-th order along ~y, and

— a " (V,u8)(V.8) + 2ig™ (V,8)(Vya ) +ia V06 + Dal > — Ry af ™
vanishes to (1 4 2p — 2j)-th order along for j > 2. (6.17¢)

Proposition 6.1. In this setting, we have

sup [|V¥Aallz2(s, g = OW™) = sup |VaV*Aal2s, g = O(w ).
7€[0,T 7€[0,T
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6.1. The approximation scheme

Proof. In view of remark 6.1 it suffices to perform computations with ,. We find
e VU, = w4 [ia)) V)
+w /A [V“a&o) + ia&l)vaqﬁ]
w4 [Vaa(g) + iaf)vo‘gb]
N
+ Z w34 [V”a&jfl) + iag)vaqﬂ
j=3
+ lower orders.
Further we have e*%’mﬁvgvama =
= —w " [aOVe$Ve]
+ w1 iV5aOV26 + a0V VY + iV V50 — a DV 4V 50
+w A vvealD) + Nﬁa Ve + ialV 5V
+ iVeal Vﬁ(ﬁ VagbVBqS]
N
+) W [VaVeal D +iVal IV + ial IV V0
j=3
+iV*ay V¢ — af) V¢V 9]
+ lower orders.

We apply lemma 2.1 to find that if sup,cp 1 HVO‘AO‘HLQ(ET&) = O(w™P) then we need
that

a9V has to vanish to (2p — 1)-th order on 7,

vea® + ia(l)Vo‘¢ has to vanish to (2p — 3)-th order on ~, and

Va9V + ialJ) V¢ has to vanish to (2p — 2j — 1)-th order on ~ for j > 2.
For p = 2 we thus have

a)Vog| =0 (6.21a)
vﬁ(ag))vaqs)] = 0= Vgal)Vog| = 0>v5va¢\ (6.21D)
(Vea® +iall )V"‘qb)‘ =0=1iV% &)‘7 =a(V) (6.21c)
Vs(Vea? +iall >va¢)\7 = 0= VgVl = —iVa()Vg| —ia)VsV®

(6 21d)
VuVsa) VG| + V5alV, V| + V,aVsVe| + eV, V5V =0, (6.21c)
VoV Vsa)Veo| + V,V5al Vo V0| + Vo V5al)V, V|
+ Va0V V, V9| + Vo V,ua)IVsVee| + VeV, VsVe| (6.21f)

+ VUQ(O)VﬁLvﬁvagbL{ + a&o)vavuvﬁvaqﬂ,}, =0.

[0}
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6. Approximate solutions to Maxwell’s equations in curved spacetime

Applying lemma 2.1 in order to obtain SupTE[(],T]HVBVQAO[HLQ(ET7Q) = O(w™PH) we
need

a&o)vo‘d)VMﬁ to vanish to (2p — 1)-th order on ~, (6.22a)
iVa OV + iV + iV4aOVs0 — alV V¥4V 3¢ to vanish (6.22b)

to (2p — 3)-th order on ~, and

VsV +iVal YV +iad VsV +iV*a{ IV — a¥) V¢V 50
to vanish to (2p — 25 — 1)-th order on ~ for j > 2. (6.22¢)

What we now have to do is show that the conditions in eq. (6.22) are satisfied, given
the relations in eq. (6.21).

We start by checking eq. (6.22a). We first need that ag?)V"‘qﬁVﬁgb}v = 0. Since within
the Gaussian beam approximation we assume that Vﬁqﬁ‘w is non-zero we obtain the
desired result due to eq. (6.21a). Next we find

Vi@V oV 50)| = V,ua)VG V| +al)V, VGV 0| +al)VGV,Vse| = 0.

(6.216) ¢

GQO)VHVQ(]S‘,Y (6.2:10,)0

We further compute VZ,V#(G&O)VQ¢V,B¢)‘7 =

ViV, V V5ol + V)V, V0 V6| + V,ual VOV, V|
— — —

(1.1) (1.2) (2.1)
+ Y,V VO V0|, +al)V, V. V6 Vd| + )V, V6V, V59|

(1.3) (1.4) (2.2)
+ Y,V OV, V0|, +al)V, VOV, V| +al)) VOV, V, V50| .
(3.1) (3.2) (6-21a)

We notice that the terms (1.1)—(1.4) all have the common factor Vﬁqb}v, hence they can

be combined to give exactly the four terms in eq. (6.21e) which sum to zero. Similarly
the terms (2.1)-(2.2) and (3.1)—(3.2) sum to zero due do to eq. (6.21b). Thus this

yields that also V,,V,l(a(ao)VaqﬁVggb)‘a = 0. For the case p = 2 it remains to show that
VUVVVH(a&O)Vo‘(bVB(é) ‘7 = 0. The proof works analogously to the previous calculation:
now we get 27 terms, 8 of which can be eliminated by eq. (6.21f), 3 sets of 4 terms vanish

due to eq. (6.21e), 3 sets of 2 terms cancel due to eq. (6.21b) and one term vanishes due
to eq. (6.21a). A detailed calculation can be found in chapter A.
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6.2. Explicit form of the equations to order w™?

Next we analyze eq. (6.22b). We compute
ivﬁag?)va% +mg°>vﬁva¢\7 +ivea?) Vaol, — a&l)VO%)V/ng‘,y = 0.

—_——
; (©:210), (1)
O _ 0y gag| Z9aveg|

We further find that the first covariant derivative of eq. (6.22b) is given by

iVuValIV| +iVa)V, V| +iV,aVeVe| +ialV, VsV

(11) (12) (13) (14)
+iV, V%% Vsol, + ivea) VuVsdl|, — V,.a Vv Vsol, - aVv, v Vsdl,
(3.1) (2.1) (3:2) (3.3)
—a)V$V, Vel
(2.2)

We notice that the terms (1.1)—(1.4) sum up to zero due to eq. (6.21e), the terms (2.1)
and (2.2) vanish due to eq. (6.21c) and the terms (3.1)-(3.3) cancel due to eq. (6.21d).

For the case p = 2, the condition from eq. (6.22c) is trivial by remark 2.1. Similarly on
argues for the case p > 2, which finishes the proof.

O
6.2. Explicit form of the equations to order w2
We analyze the equations that we get by requiring
sup [|0gAa — Ry A2, g) = Ow™?)
T7€[0,T
more closely. In particular this yields
9"V udVug|, =0, (6.23)
which means that qub}y is null. Further we obtain
9" (VVud)(Vuo)|, = 0. (6.24)

Higher derivatives of g“”V,ﬂ;SV,,d)‘v lead to an analogue of eq. (2.29), which in this setting

becomes an inhomogeneous linear ordinary differential equation along ~, see [Ral83].
Standard ODE theory then guarantees existence and uniqueness of solutions. The term
from eq. (6.17b) reduces to

(20" V,6V,al) +a00) | =0, (6.25)
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6. Approximate solutions to Maxwell’s equations in curved spacetime

which is a transport equation for a((lo) along the bicharacteristic flow defined by ¢. The
term from eq. (6.17c) gives

<2zg‘”’(V $)(VyalD) +ialV) O¢ + 0a®) — Raﬁa(ﬁo)) ‘ =0. (6.26)
ol

Note that both eq. (6.25) as well as eq. (6.26) are linear ODEs and can be easily solved
analytically. Indeed, let y(s) be a bicharacteristic curve associated to the phase function
¢, defined by

d’y“

o = 9"V

v(s)’
Then for any component f,
d dr* v v
ST = TV = g (V) VS = 0" (Tu0) Vo,

so that along v the differential operator g"*(V ,¢)V, acts as d/ds. With this identification,
eq. (6.25) becomes

2L 4 Opa® — o,

ds
hence
1 S
a(aO)(g) = a&o)(so) exp<—2/ Oo(7) dT) . (6.27)
50
Further, eq. (6.26) can be rewritten as
d i
(1) n_ - 0 _ p 8,0
a4 o (¢>) 2<Da R af) .
Thus
afl)(s) = Z(s, s0) all) (s0) + 5 / Z(s.1) (Do) ~ B,af") (1)t (629)
50
where we have defined
Z(s,t) = e~ 2 Ji Do(r)dr
We know by proposition 6.1 that if we want
sup [[VV*Aallr2(z, 9 = Ow™?)

T7€[0,7T]
to be fulfilled we need that

sup ||V Aallz2(s, g = Ow™).
T7€[0,T

Using lemma 2.1 we get that
ag))vaqﬁ has to vanish to 5th order on 7,

V% &) + ma )V has to vanish to 3rd order on v, and
V@V +ia® V¢ has to vanish to 1st order on v .
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6.3. The stationary phase approximation for the approximate solutions

6.3. The stationary phase approximation for the approximate solutions

In the following we will combine the results obtained previously to approximate observables
defined in section 5.1 using the stationary phase approximation from section 5.4. Recall
our ansatz

N
Ay = Re [w_1/4 Z w_ja(of)eiw¢] .
=0

Let
Sau = VanN - VMQIO(.

Then due to the linearity of PRe we have

N

Fop = Re(Fap)-
We find
Sap = W V/Agiwe [Vaau — Vyaq +iw {(Vaqb)au — (Vugé)aa}} .
In order to keep the notation shorter, we define
Bay = Vaau — Vyag +iw {(Vad)a, — (Vud)aa (6.30)
so that Fay = w™/4e@?B,,,. Using that Re(z) = 3(z + 2) for any z € C, we compute

w—1/2

FopFy" = Re(Fap) Re(F"5) = 7 o+ B (F5" +55")
_ w41/2 [eQi“¢BauBﬁ” n ei“(¢+@3au3g“ 1 e w(®=9) BauBgﬂ 4 e—iné&BauBﬁ#}
_ w41/26—2w:im(¢) [ngﬁu + BauB,@“] 19, w41/2 gc{e(e%wBa”Bﬁu)
_ w21/2 {i)f{e [Baugﬁu]e—mﬁm(@ + Re [BOWB/BMG%"JW(@] 6_2w3m(¢)}~ (6.31)

Thus the stress-energy tensor is given by

w—1/2
2

w

{9{2 [Ba“BﬂM] 672w3m(¢) + NRe [Ba“Bﬁuemwim(d))] 672w3m(¢) }
—1/2

8
w—1/2

= {49%e[BwBﬁ“}e—2w3‘“<¢>— gag\Blge_ijm(‘z’)} (6.32)

w

ToplF) =

# o aasl B e[, )20 |

—-1/2
+

{49% [(BCWBBH _ B#VBuu)emw%e(@] o~ 2wIm(9) } (6.33)
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6. Approximate solutions to Maxwell’s equations in curved spacetime

Explicitly we have

Bauff’g“:(va%)(vﬁ@“) (Vaa,) (V" iw(V)(Vaa,)a"

ag) —
ag —(V uaa)(v ")+ (Vyaa)(VFiag)
b iw(VHe) pla)ag + 1w (Vao)(Vga*)a,

2l ~ v _ (6.34)
(Viag)a, + w ( aqﬁ)(Vﬁqﬁ)aua“ — W (Vagb)(vuqﬁ)a#ag

(

(

Vsa")ao + iw(Vud)(V'ag)aa — w* (V) (Vo) aad"

From this follows that

B2 = Bayu B = 2 {(Vaa,) (V@) = (Vaa,) (V"a")

T i0[(Va0,) (V*B)a® + (Vad) (V20 )ay — (Vaa,) (VH)a"
— (Vad)(V"a®)ay,]
+ 62 [(Vad) (V29 — (Vad) (V*S)a,a”] }.
(6.35)
Setting x = I';, we first want to compute
Pa(T) = . K, (2,2 ) Ty (') dps, (2')

/

= / T[)”a’ (epr (U))Kaa (1"> CXPyg (v))Ail(J% CXPy (U))nﬁl (expx (U))dsv‘
Ty, 2R3

By theorem 5.1 we know that we have

. iwf(yr) .
/ u(z)ef @ g3y = L ZwiJLju(’yT) + 0w, (6.36)
R3 :

271'1

where A4, = V,V,f(v:), f = 2iJm¢ and v, = v(7) denotes the geodesic along which
our Gaussian beam is constructed.

We notice that the term in eq. (6.33) contains a factor of e2*%¢(®) and hence decays to
an arbitrarily high order in w. This is justified by the following

Theorem 6.1 (Stationary phase 2, [H603, Thm. 7.7.1]). Let K C R™ be a compact set,
X a neighborhood of K and k a non-negative integer. If u € C[’)“(K) and f € CF1(X R)

then
/ u(x)ef @y

Here C' is bounded when f stays in a bounded set in C*T1(X).

k

w <C Z sup| D%ul| f'[11=2F w > 0. (6.37)

|| <k
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6.3. The stationary phase approximation for the approximate solutions

For convenience we define
1 1 _
Tap 1= —g0as |B|2 + 5N [BauBj3'"]. (6.38)

Then, working in local coordinates, the corresponding integrand for the linear mo-
mentum is

(1,03, (v)) = w2 Torr(exp, (0) 1y () K, (2, exp, () A, exp, (v). (6.39)

exp,

For the angular momentum we have as integrand

/

ul” (l’, €XPy (’U)) = w_1/2 7;/5/((3sz (U)) ngxp (U)J[VH“]ﬂl (:E? €XPy (U>)A_1(x7 €XPy (U))
(6.40)

In what follows we will assume that the point of reference x with respect to which the
observables are defined is close to the point of stationary phase .. Hence, as discussed
in section 4.4, it makes sense to expand the bitensors from eq. (6.39) and eq. (6.40) near
coincidence. This will give a generalized Taylor series in powers of —o(z, ;).

Remark 6.2. Comparing with a similar analysis of electromagnetic wave packets propagat-
ing in an inhomogeneous medium [COS26], one expects that the Synge separation vector
o® between the point of stationary phase and the point on the center of mass worldine
with respect to which S and p are defined is of order w™'. In curved spacetime this fact is
not as immediate since the center of energy is only implicitly defined by requiring that
ta S =0 for some timelike vector field t. We will give a proof here in the Minkowski
case. Suppose that x(T) is a point on the center of energy wordline I' and ~; is the point
of stationary phase evaluation. Then by eq. (5.23) we know that

599(w) = 5°7(3,) + 202l
where dx = x — ;. Contracting with t gives
0 = ta S (2) = 1o 5% (v;) + 2t0 6P p). (6.41)
Applying stationary phase to S5 (v) yields
5°%(35) = 200 — 1)1 T (37) + O™,

i.e. SP(v;) = O(w™). On the other hand if we apply stationary phase to the second
term in eq. (6.41), we simply have to evaluate p* on ~y,. Note that at leading order in the
stationary phase approzimation we have a factor of w™3/2 coming from the determinant
term which cancels the order of T, which is of order w®'? by construction. So, in order
for eq. (6.41) to be satisfied, we need that §2° has to be order w™1.

Lemma 6.1. In our situation we have

o (e ) = O(w™ ). (6.42)
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6. Approximate solutions to Maxwell’s equations in curved spacetime

Proof. In the following, unprimed indices will always refer to the first argument of bitensors,
while primed indices will refer to the second argument. Let u” := o#(v;,z) € T, X;. For
fixed 2/ within the support of our Gaussian beam we expand o®(z, 2') around x = 7, as
follows

1
o (x,a") = J, (x,77) [0" (s, 2") + 0", (5, 2" )u” + §J“Vp(%,x')u"up + O(u?)]

From eq. (4.16) we obtain that

1

UMV(’YT’H:/) - Juﬂ’ (77'737/)‘]1/1/ (Vrs x/) <65’/ B gRM/)\/y/(s/UAlvél + O(RUS)) )

with v# := 0" (v;,2') € TyS,. Further, by the fact that the coincidence limit of any
third derivative of the Synge world function vanishes, we have
o, (v 2') = 0+ O(Rv).
From this follows that
oz, a") = J, (x, 7)o" (yr, a") + T, (2,77 )o" (97, @) + O(Rv?u, Ruu?).
Further we have
H (2,2)) = [-Vaoa(z,a)] 7 = J%, (2,7 ) H* (y-,2") + O(u).
Thus we obtain
5P (1) = 2/2 [J[B“ (z, 7)o" (yr, ") + J[Bﬂ (z,77)o"(yr, ) + (9(Rv2u,Rvu2,u3)]
T @) H (3, ') + O() | T, (2') S

= J[ﬁu ($7 ’YT)JOé]O' (:Bv ’VT) /E O—M(’Yﬂ x/)Haa (’7T7 x/)Tﬁa (x,)dsﬂl

+2J[ﬁu(ﬂ:,%)0“(%,x)Jo‘]a(;U,'yf)/ H"O‘,(%,x’)Tﬁa, (2")dSs (2")

5,
+ O(Rv*u?, Ruv)

= JB (2, 7:) T, (2, 77)S7"(77)
+ 20t IV (2,77) %), (2, 77) / H (v, )T, (a!)dS g (a)

T

+ O(Rv*u?, Ruv). (6.43)

Similarly to the Minkowski case discussed in remark 6.2 we have that S3(v,) = O(w™!).
Contracting with a timelike vector ¢ we can rewrite eq. (6.43) as

F(e,u) := Cre + Cou+ f(u) =0,
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6.3. The stationary phase approximation for the approximate solutions

with appropriate constants that do not depend on € := w™! and a function f that encodes
the u-dependence of the higher order terms. Note that f(0) = 0. We can also assume
that f'(u)|,_, # —1. We thus have

oF

S| =1+ f(u) #0.
au (070)

Now due to the implicit function theorem, locally, there exists a smooth function ¢ such
that ¢(0) = 0 and such that F(e,u = ¢(€)) = 0. From this follows that

u=p(e) =0+ ¢'(0)e + O(e?) = O(e),
which concludes the proof. O

Remark 6.3. As a consistency check, we analyze eq. (6.43) in flat Minkowski space.
Recall that in this case parallel transport is trivial and H aol _, 770‘0‘/. Choosing the standard
Minkowski observer ng = (1,0,0,0) and a constant-time hypersurface {t = 7} =2 R we
obtain

59%(z) = 5% (y,) + 2(x — 7,)l? / TP (a')dS

T

= 5% (3r) + 2(z — %)w/ T (' yngd’a’
R3

= 5 (y;) + 2(x — ;)PP / 70 (2)d3
R3
= 5% (77) + 2( — ) Pp,
which is consistent with eq. (5.23).

Now, we have a look at the expansion of the bitensors that appear in the definition of
the linear and angular momentum. Using eq. (4.15) we find

Haa’(x7x/) = [_va’aa]il = [_Ua’a]il
U 1 / / -1
- {Jﬁa <9a’6' T ERa"y’/BW‘ﬂ o’ + 0(03)> ]
o a/ ! 1 a/ / / !
= J%, (g - o o7 05> + O(R%a%). (6.44)

For the inversion operation we used the following: suppose we are given a metric g that
is perturbed by some metric h. Hence we can write

gab = Gab + hab-
We want to find k% such that

(9% + E“)(gep + hep) = 0y -
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6. Approximate solutions to Maxwell’s equations in curved spacetime

Neglecting the kh term, we find that
K = —g"g"heq + O(hk).

For the second bitensor, using eq. (4.16), we find that

/ ! / ]_ / / !
K,” = H g5, = 0% — 5B s’ o® + O(R%s%), (6.45)

where we have used the pair-symmetry of the Riemann tensor. Recall from eq. (4.17),
that for the expansion of the van-Vleck Morette determinant we have

1 !/ /
A = 1+6Ra’ﬁ’0a 0'5 +O(03),
which yields the following expansion of the inverse
1 / /
A_l = 1 — éRO/ﬁ’Ua O'B —|— O(R2O'4).

So, altogether we have

’ ’ 1 ’ 1 ’ ’ost
Kaa Ail = 52{ — 5 (Ra ,Y/O“S/ + g(sg R,y/y) O"Y 0'6 + 0(0'3).

The expression appearing in the definition of the angular momentum is given by

208 Al AT = (gaalaﬁ - gﬂalaa> (1 — éR7,6,07’05’>
]. / ! / !
~ 5 (Ra 7,"5,05 — R® 7,'85,0") oV 0% +0O(°).

Applying now stationary phase yields

w32

pu(T) = ———— (up + w ' Lyuy,) +O(w™?) (6.46)
det (ﬁA) v=r o
and
w-3/2
S (1) = ————— (u" + w ' L1u!") +OwW™?). (6.47)
det (%MA) =y

First note that u, and u*” itself are of order w3/2, since Tap is of order w?. Thus, the
prefactor w=3/2 coming form the stationary phase gives that the first term in both the Dy
and S* is of order 0 in w. Also note that the evaluation of the above expression is at the
vector

Ve — & =exp; (V7).

64



6.3. The stationary phase approximation for the approximate solutions

This comes from the fact that we are integrating an expression of the from u(x, exp,(v))
with respect to v, which evaluates to

u(z, exp, (v))] = u(z, exp,(exp, ' (v7)) = u(z,77),

V="r—T

as desired. Note that u(x,exp,(v)) is always a scalar at exp,(v) since all primed indices
are contracted, and it is a 1- or 2-form at x = I'; in the case of linear or angular momentum.
Recall that derivatives of the form

Wu(:v, exp,(v)) o

may be evaluated by introducing the vector w = = — +, + v which yields

w’ 9

ul, exp, (v)) (2, exp,, (w)

ov V=7, —T - oY awﬁlu w=0
Thus we can apply lemma 5.1 to find that
0
Wu(a:,exp% (w))‘ = Vyu(z, ). (6.48)
At zeroth order in w we have for the linear momentum
(0) U.)_2 1 = o ]_ 2 o B/

P (r) = e [Ba,afBﬁ, - Z\Byggo,ﬂ,}n 57 ’ . (6.49)

det (ﬁA) T

From eq. (6.34) we see that there are four terms of order w?

a,(f)) + O(w™1), we note that the term

. After writing a, =

(Vo) (V"¢)al®af)

Yr

vanishes, since V“qﬁ‘ is real-valued and ¢ satisfies the eikonal equation along ~. Further,
the two terms of the form

(Vad)(V*3)alVa

V-

also vanish, since V¢ aOr =0 = VHe a,(LO) by eq. (6.21a) as well as remark 6.1. Moreover,
from eq. (6.35) there are two terms at order w?, that vanish due to the above arguments
as well. Thus, we record that

2
w
Tosl,, = 5 (Vad) (Vs0) a7 O, (6.50)
So, what remains is
1 1
(1) = ————5 (Vad)(V36)a 0 n" 5]
det (ﬁA ¥r

1

= ———1d"; (n-k)gk,

2y /det (5 A)

(6.51)

Vr
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6. Approximate solutions to Maxwell’s equations in curved spacetime

For the angular momentum at highest order we have

_ = o 1 o oy vB’
S(O) 1/22me|: a’o”Bﬁ’ — Z|B’§ga/ﬁ/:|n (guﬁo— —g ﬁa—ﬂ)
\/det yr
|: /gb ng )|CL(0) |!2]1’LO‘, (g“B,O‘V _ gV’BIO'”):|

2\ / det Yr

|a [ (n-k)gkto” —(n- k)gk”a“]
\/det v
ya(0>\ (n- k), kFo”! (6.52)
w/det e

6.4. Energy estimate

Our aim is to find an estimate for the energy of the difference between approximate and
exact solution. To do that we have to first recall the notion of energy that we will use.
The stress-energy tensor in the Maxwell case is given by

1
TaslF) = FopFy" — 1 FuwF" gap.

The stress-energy current associated with a future directed timelike vector field u® is
given by

(Ja = uH'T)0.

Then, as in section 2.3, the u-energy is defined by

EY(r) = / (J“)an®dps. (6.53)

T

where n denotes the unit normal vector field to X,.
Proposition 6.2. The u-energy is conserved if and only if u is conformally Killing.
Proof. We calculate
VT = V(' Tpa) = (VAU ) Tyo + 0" (VT a)
= (V") T o,
since we know that V*T),, = 0. Using the symmetry of T" we can write

1
V(" )a = 5T (Vatt + Vita): (6.54)
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6.4. Energy estimate

Consider now the spacetime region D C M bounded by two Cauchy slices 31 and 5.
Assuming that F' has compact support on each X, and using Stokes’ theorem, we can
write

/ Vo (I dpp = / (T nadps, — / (T nadps, = E*(7s) — E*(11).  (6.55)
D o PN

Thus the u-energy is conserved if and only if V,(J*)* = 0.
Suppose now that u is conformally Killing, i.e.
Vaty + Vg = Agap

for some scalar A. Then by eq. (6.54) and the fact that 7" is trace-free, we find

A
va(Ju)a = §T'uaguoc =0,

i.e. the u-energy is conserved. Conversely, if the u-energy is conserved, then again by
eq. (6.54) we must have

THAF)(Vauy + Vyue) =0

for all fields F'. Introduce the tensor U, := V,u, + V41, and decompose it as
1 1
Uap = <Uau — Zgau(tr U)) + Zgau(tr U),

where the first term is the trace-free part of U, which we denote by U. Contracting U
with T now gives

TFYF)Uyq =0 for all F.

We conclude that

- 1
Upa =0 Vou, + V,u, = Z(tr U)Gap

which shows that u is conformally Killing. O

We now consider the difference of the approximate and exact solution and introduce
the notation

F.=F—F, (6.56)
where F = dA and F = dA such that

Vo5 = f5. (6.57)
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6. Approximate solutions to Maxwell’s equations in curved spacetime

Lemma 6.2. Using the notation introduced above we have
VTP [F) = FPrf,, (6.58a)
VaolJ")* = Fuq f5 + TP [FIV (qug). (6.58D)

Proof. We compute
VoTo8 = Vo (F, PO — % GO R V)
= fuFP1 4 F®, (Vo Py — éFW(VBFW).
Now using the fact that V[NFQB] = 0 as well as the antisymmetry of F' we find that
PRy Fg = _éﬁwvﬁm,

which yields eq. (6.58a). The second claim is a direct consequence of the first, noting that
T is symmetric. ]

Since also F has compact spatial support, from the proof of proposition 6.2 we know
that

[ Valrydun = [ (1) nadis, — [ (") nadus, = E'(r) ~ E(n). (659)
D Yo ¥

where D C M denotes the spacetime region bounded by the two Cauchy slices X1 and .
Based on the chosen foliation of M, we can write the spacetime volume element restricted
to D as

d/L'D = N(Ta mi)de/‘LE-r (xl)a

where N is the lapse function. Using now eq. (6.59) as well as the fundamental theorem
of calculus we obtain

T2

T2
/ < purydr = / / NV o (") dpsy. dr- (6.60)
T dT T1 Z‘r'

1
From lemma 6.2 we conclude that

d . .
dTEu(T):/ NV (J") dps,, :/ N(Faﬁuafﬁ—l—Taﬁ[F]V(auB)) dus. . (6.61)
=,

T

We estimate both terms of the above integral by

/ Nﬁo‘ﬁuafgdugT
=,

< / NIEPug ol foladpis,
S,

<IN oo 1 FPual i2cs. g1 f3ll 2205, )
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6.4. Energy estimate

and

NTP[FIV ugdus,
=,

< [ NIV s,

<INl g Viatisy s, 0 /E T8 (F gy,

Proposition 6.3. Suppose that uw and n are consistently oriented, then we have
1FP g L2, gy < Ci(ru)/E4(7) (6.62)

and

/ TP [F)|gdps, < Co(r,u)E*(T). (6.63)

T

Proof. We have

||Faﬁua||%2(2ng) = /Z guVFaMFBVUQU5dMZT.

T

We estimate
gwﬁ'a“ﬁﬁ”uauﬂ < !guyﬁ'a“ﬁﬁ”uauﬂ + 2‘nynyﬁo‘“ﬁ'ﬁ”uau5 ‘ (6.64)

Recall that the energy-momentum tensor with respect to F' is given by

- . 1 - .
TaslF) = FopFy" = 2905 Fuu P

From now on we will simply write T, 3 instead of T,z [F]. From this follows that
- 1 _
e(u) := Taﬁnauﬂ = FauFB“no‘uB — 1(n cu)g B FHY > 0,

where we have used that T satisfies the dominant energy condition. We decompose u into
normal and tangential parts to the Cauchy slice as

u! =an’ + " with ny,o* =0 and a = —gun”.
We define the electric field £ and the magnetic field B relative to n by
E® .= F%n,, B® := (xF)*n,,,

and we notice that E%n, = 0 = B*n,. In what follows, we denote the scalar product and
norm induced by h simply by “-” and | - |, respectively. The components of T" are given by

T(n,n) = 5(|B + |BP),
T(n,v) = (E x B) - v,

T(v,0) = 5B + [BAWP - (v B)? ~ (v B)?
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6. Approximate solutions to Maxwell’s equations in curved spacetime

Since u is timelike and consistently oriented with n we have
glu,u) = glan +v,an +v) = —a> + |v|* < 0= a® > [v]*> = a > |v|.
We compute
T(u,u) = T(an + v,an +v) = a*T(n,n) + 2aT(n,v) + T(v,v) (6.65)
and
e(u) =T (u,n) =T(an +v,n) = aT(n,n) +T(v,n). (6.66)

Since T'(n,v) = (E x B) - v we have

1
(T(n,v)| < [EI|Bllo] < S(IE* + [BI*)[v] = T(n, n)[v] (6.67)

Also from T'(v,v) = 3(|E|> + |B|*)|v|? — (v- E)? — (v- B)? we have

1
2

T(v,0)] < T(n,n)|v]* + |v[*(|E]* + |B]*) = 3]v[*T(n,n). (6.68)
So, using eq. (6.66) and eq. (6.65) as well as eq. (6.67) and eq. (6.68) we have

|T(u,u)| = ]aQT(n, n) + 2aT(n,v) + T(v,v)|
< (a* + 2a|v| + 3|v*)T(n, n).

Moreover it holds that
e(u) > aT(n,n) — [T(n,v)| > (a —|v|)T(n,n),

from which follows that

a + 2alv| + 3|v|?

e(u)
T(n,n) < , and |T(u,u)| < e(u). (6.69)
a— [v] (a —v])
Also, we have that
F? = 2(B? - |B[%) < 2(E? + | B[?) = 4T(n,n). (6.70)

Now, for the first term in eq. (6.64) we can use eq. (6.69) and eq. (6.70) to estimate
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6.4. Energy estimate

For the second term in eq. (6.64) we have
2|nunuﬁa“ﬁ'6”uau5| =2|(u- E)y|* =2|(u- E)y|?
< 2[uf3| BJf < 4lul3T(n,n)
< " (u)e(u),

where we have used the Cauchy-Schwarz inequality for the Riemannian metric g as well
as \E|§ = |E|? < |E> + |B|?> = 2T(n,n). So all together we have

1P ua)Bas, o) < c1(u7) / e(u)ds,

T

which gives the first estimate from eq. (6.62). For the second estimate we chose an
orthonormal frame (n, ey, e2, e3) such that we have

3 3
TR = [T(n,n)]> +2> |T(n,e)]> + D |T(es, e5) ]
i=1 ij=1

From eq. (6.67) we have
T (n,e)|? < T(n,n)? < é(u)e(u)?,
while from eq. (6.68) we obtain
T (ei, ;)| < 9T (n,n)? < 9¢(u)e(u)?

This yields

/ T [F|gdps, < Cz(T,U)/ e(u)drs,
s,

T

which also gives the second claim from eq. (6.63). O
Putting everything together, we obtain the following

Theorem 6.2 (Energy estimate). Let E*(7) be the u-energy computed from the stress-
energy tensor Tog [F], where F' is the difference between the exact and approzimate field
strength. Further, let Vaﬁ'ag = fg as in eq. (6.57) and denote by N the lapse function of
the foliated spacetime. Then

d

5 20(r) < Al )l fsllpas, 0V E(T) + B(T, u) B¥(7), (6.71)

where A(T,u) = C1(1,u)||N| poo (s, ) and B(1,u) = Co(7, u)|[N|| (s, 0| Vi@us)ll Lo (s, 0)-
We can also rewrite this as
d

1 1
VB < AW sl s, g+ 5 B ) VBT, (6.72)
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6. Approximate solutions to Maxwell’s equations in curved spacetime

Proof. This now follows immediately from lemma 6.2 as well as eq. (6.61). O

Remark 6.4. We make the following observations. If u is a Killing vector field, then
B(1,u) = 0 which implies that the change in energy is bounded above by the norm of the
residual from eq. (6.57), i.e.

d

—\Eu (1) <

1
- < SAm Wl (e, 0 -

If u is not Killing, then by the lemma of Gronwall' we find

VE(7) < \/E*(19) exp (; /TB(s,u) ds)

70

1 (7 1 [7
45 [ Al g e (2 / B(nu)dr)ds.
T0 S

Note that this gives an exponential growth in time. This does however not mean that our
approximation breaks down, but is just a consequence of the fact that u is not Killing.

et I = [to,t1) and f,g € C(I,R). If ¢ € C*(I,R) satisfies the inequality

¢'(t) < () +gt)p(t) VEET,

o(t) < p(to) exp </t: g(s)ds) + /t: f(s)exp (/Stg(r)dr) ds (tel).

then

72



A. Appendix

Here we provide the full calculation from the proof of proposition 6.1, showing that

VUVVVM (G&O) va¢v5¢) ‘,y =
Proof. We calculate VUV,,VM(CL&O)VO‘QZ)VB@‘W —

= (VoViVya
(11

ONTB) (V0| + (Vo V,al®) (Vo VE) (V)| + (V0 V,al®) (V6) (Vo V59)],
1) 2)
)

(1.2 (2.1)
)(V,V0) (V)| + (V,al) (Vo V,V20) Vo) | + (VD) (V, V) (Vo V50)|

+ (Vo V,al (
(13) (1.4) (2.2)
+ (Vo Vual) (V) (Vi V30) | + (Vua)(VoV29) (Vi Vo) | + (V,ual)) (V) (Vo Vi Vo)
(3.1) (3.2) (5.1)
+ (Vo Via) (Vi V0) (Vo) + (Voal) (Vo ViV9) (Va9)|, + (Voal)) (Vi V) (Ve Vo)
(1.5) (1.6) (2.3)
+ (VoaD) (Vo V28)(V50)| + 0l (Vo VY, V20) (Vo) + 0l (V. V. V*6) (Vo V50)|
(7 (18) (2.4)
+ (Voal) (Vi V) (Vi Vs)|, + al (Vo Vi) (Vi V350) | + ald (VuV6) (Vo V.,V s8)|
~~ ——
(3.3) (3.4) (5.2)
+ (Vo Viua) (V) (V. V30)|, + (Vo) (Vo V) (Vi V)|, + (Vieal) (V) (Vo ViV 59)]
~ %,_/
(4.1) (4.2) (6.1)
+ (Voa)(V V) (V. V30)|, + al) (Vo V, V) (V. V50)| + al) (V. V) (Ve V,uV59)|
~- S———-—
(4.3) (4.4) (6.2)
+ (Voa)) (V) (Vo Vi V30) |+ al) (Vo V) (Vi V)|, + al) (V9) (Ve ViV, V50)] .
(7.1) (6.2) (6.21a)
_ . pey

Now, the terms (1.1)—(1.6) vanish due to eq. (6.21f), the terms (2.1)—(2.4), (3.1)—(3.4)
and (4.1)—(4.4) vanish due to eq. (6.21e) while the terms (5.1)—(5.2), (6.1)—(6.2) and
(7.1)—(7.2) sum to zero due to eq. (6.21Db). O
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