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Zusammenfassung

Diese Arbeit untersucht, wie die Lange des Steuerungsintervalls den Leistungsunterschied
zwischen exakter ganzzahliger Programmierung (INT) wund kombinatorischer
Integralapproximation (CIA) bei der Steuerung von Warmepumpen mit Model Predictive
Control beeinflusst. Die Studie wurde in Zusammenarbeit mit der Procon Data GmbH
durchgefiihrt. Sie behandelt eine Liicke in der bisherigen Forschung, da viele Studien nur
einzelne Gebdude oder wenige Szenarien betrachten und deshalb schwer zu

verallgemeinern sind.

In einer vollstindig faktoriellen Simulationsstudie mit 116.640 Szenarien pro
Formulierung werden INT, CIA und die LP-Relaxierung verglichen. Dabei werden sechs
Wetterregimes, sechs Preisszenarien, drei Gebdudetypen, drei Warmepumpentypen, sechs
Temperatursollwerte und vier Komfortbandbreiten sowie drei Steuerungsintervalle

berticksichtigt.

Die Ergebnisse zeigen, dass grofSere Steuerungsintervalle den Unterschied zwischen CIA
und INT verringern. Das Betriebsregime ist jedoch der wichtigste Einflussfaktor, weil es

den Unterschied stdrker beeinflusst als das Steuerungsintervall.

Die hoheren Gesamtkosten von CIA entstehen hauptsdchlich durch Komfortverletzungen
und nicht durch Energie- oder Stromkosten. Die Kostenunterschiede liegen je nach
Regime und Steuerungsintervall zwischen 2 % und 493 %. Der Unterschied bei den
Stromkosten hédngt stark vom Preisszenario ab. Die Kosten durch Komfortverletzungen

sind dagegen fast unabhdngig vom Preis.

AuBerdem ist CIA deutlich schneller als INT. Je nach Situation ist CIA 19- bis 1.616-mal
schneller. Die maximale Rechenzeit betrdgt 0,062 Sekunden {iber alle getesteten

Szenarien.
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Abstract

This thesis investigates how control interval length shapes the performance trade-off
between exact integer programming (INT) and combinatorial integral approximation
(CIA) for heat pump Model Predictive Control. The study was conducted as part of an
industrial partnership between Procon Data GmbH and, to the best of our knowledge,
addresses a systematic gap in the literature: existing formulation comparisons are
typically limited to single buildings or a small number of scenarios, making it difficult to

draw generalizable conclusions.

A full-factorial simulation study covering 116,640 scenarios per formulation compares
INT, CIA, and LP relaxation across six weather regimes, six price scenarios, three
building types, three heat pump types, six temperature setpoints, and four comfort band
widths at three control interval lengths. It is observed that coarser control intervals
consistently narrow the CIA-INT gap, but the operating regime is the stronger driver — it
tells you more about the expected gap than the control interval does. CIA's higher total
cost comes primarily from comfort violations rather than energy or electricity cost, with
gaps ranging from 2% to 493% depending on regime and control interval. CIA's
electricity cost disadvantage is strongly modulated by price scenario, while penalty cost is
almost entirely price-insensitive. Notably, CIA is 19% to 1,616x faster than INT
depending on operating conditions, with a maximum observed runtime of 0.062 seconds

across all tested scenarios.
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1. Introduction

1.1 Motivation

Buildings account for a large share of global final energy consumption, with space
heating representing one of the dominant end-use categories (Drgona et al., 2020). The
electrification of heating through heat pump technology is widely regarded as a critical
component of the energy transition, particularly when combined with renewable

electricity generation and dynamic pricing schemes that allow flexible demand response.

Heat pumps offer considerable operational flexibility, largely due to the thermal inertia of
buildings. This inertia allows heating decisions to be shifted over time without
immediately compromising indoor comfort, creating an opportunity for optimization-
based control strategies that balance electricity cost, thermal comfort, and technical
constraints. Exploiting this flexibility in practice, however, requires formulations that can

handle discrete operating modes, short control intervals, and diverse operating conditions.

A question that has received surprisingly little attention is how control interval length —
a core design parameter in any MPC deployment — shapes the performance differences
between optimization formulations. The intuition going in seems straightforward: finer
intervals should give the optimizer more resolution to work with, and that should translate
into better schedules. Whether that intuition holds, and whether it holds equally for exact,
with a maximum observed runtime of 0.062 seconds across all tested scenarios. and

approximate formulations, is one of the central questions this thesis sets out to answer.

Both questions are addressed through a large-scale factorial simulation study that
evaluates exact integer optimization (INT), combinatorial integral approximation (CIA,
after Sager et al., 2011), and continuous linear programming relaxation (LP) across a
broad range of weather regimes, price environments, building types, and control interval

lengths. Control interval is treated as a first-class experimental factor throughout.

1.2 Industrial Context

This research was conducted in the context of Procon Data GmbH's initiative to develop
and benchmark optimization-based heat pump scheduling as an alternative to commercial
rule-based control. Prior to this thesis, Procon Data demonstrated that an optimization-
based heat pump control approach could outperform AWATAR — an established

commercial controller — by 10.34% on operational cost, without predictive control,



weather forecasts, or dynamic price optimization. That result establishes the approach as
worth pursuing; what this thesis contributes is a rigorous characterization of under which
conditions each formulation succeeds, at what solution quality, and at what computational
cost — and what that means for formulation choice in practice. The full industrial
context, including the conditions and limitations of that evaluation, is discussed in

Chapter 3.

1.3 Problem Statement

The operational control of heat pumps can be formulated as a constrained optimization
problem. Key challenges arise from time-varying electricity prices, weather-dependent
disturbances, discrete operating modes, and comfort requirements across buildings with
different thermal properties. Mixed-integer linear programming (MILP) provides a
rigorous framework for modeling these aspects. Still, its computational requirements may
limit applicability in operational settings, particularly when control intervals are short,

and the number of discrete scheduling decisions is large (Drgona et al., 2020).

Practical deployment requires understanding the trade-offs between exact and
approximate formulations. Combinatorial Integral Approximation (CIA) has been
identified in the optimization literature as a theoretically motivated heuristic approach
that transforms continuous relaxation solutions into implementable discrete schedules
with bounded integrality gaps (Sager et al., 2011). The extent to which CIA's quality-
speed trade-off holds across diverse real-world conditions — and, specifically, how it
interacts with control interval length — has not been systematically evaluated at scale.
The continuous LP relaxation plays a supporting role in the analysis: it provides the input
to the CIA pipeline and, where explicitly indicated, serves as a theoretical lower bound
for decomposing cost gaps. Penalty cost is excluded from the lower-bound interpretation
because comfort violations in the LP relaxation arise from fractional slack variables and

are not directly comparable to those in discrete formulations.

A full-factorial experimental design covering 116,640 scenario instances per formulation
— 23,328 unique scenario combinations, each replicated five times, for a total of 233,280
optimization runs across both formulations — directly addresses the lack of large-scale
empirical evidence on the CI-formulation interaction. Directional mean comparisons
across all scenario dimensions, supported by within-formulation sensitivity analysis

documented in Chapter 6, are used to draw generalizable conclusions about formulation



performance across the full range of realistic operating conditions rather than focusing on

a single building or scenario.

1.4 Research Questions

Heat pump scheduling under MPC involves a large number of interacting design choices
— formulation type, control interval, building configuration, weather regime, and price
structure. Understanding which of these actually drive performance, and when the choice
between exact and approximate optimization matters in practice, requires evidence across
the full range of realistic conditions. The following questions structure the investigation.

Results are addressed in Chapters 5 and 6.

Main Research Question:
Does control interval length meaningfully affect the performance trade-off between exact

integer programming (INT) and combinatorial integral approximation (CIA) for heat
pump Model Predictive Control — and if so, what does that mean for formulation choice

in practice?

Sub-questions:
RQ1: Which operating conditions — weather regime, price scenario, building

configuration — have the strongest influence on the INT-CIA performance gap, and does

CI interact with them?

RQ2: How large is the quality cost of CIA relative to INT across realistic operating

conditions, and is it consistent or does it vary substantially?

RQ3: Under which conditions, if any, does CIA produce results close enough to INT to

be a practical substitute?

RQ4: How consistent is CIA's computational speed advantage across operating

conditions, and when does it matter for deployment?

RQ5: Can the cost difference between INT and CIA be decomposed into the contribution
of integer feasibility versus the approximation heuristic — and what does that reveal

about where CIA's deficit comes from?



1.5 Hypotheses

Two predictions were made from the theory before running the study. Other researchers
might reasonably approach the same questions with different priors — these reflect the

theoretical framing that shaped this design.

H1: Finer control intervals will improve solution quality. Greater temporal resolution
gives the optimizer more room to exploit price structure and avoid comfort violations —

the intuition that motivated the study design.

H2: CIA offers a meaningful quality-speed trade-off. It will be substantially faster than
INT, with a quality cost that is quantifiable across conditions — leaving it to decision

makers to judge whether the trade-off is acceptable in their specific deployment context.

1.6 Scope and Limitations

The primary focus of this thesis is the quantitative analysis of heat pump optimization
strategies under varying technical, environmental, and economic conditions. Optimization
formulations and solver choices are treated as experimental factors and evaluated using
statistical methods. The study does not evaluate real-time deployment, closed-loop
performance in physical systems, or the full parameter estimation pipeline (i.e.,
calibration of thermal mass and heat loss coefficient from real building data) required to

apply these formulations to a specific building.

The thermal model used is a standard single-zone lumped-parameter representation based
on the RC model structure described in Drgona et al. (2020). Building parameters are
varied across the experimental design as scenario factors rather than calibrated to specific
real buildings. Weather and price profiles are synthetic but constructed to reflect
physically and economically realistic variability patterns. All price scenarios use strictly
positive electricity prices with a minimum floor of 1 cent/kWh. Negative spot prices —
which occur with increasing frequency on European intraday markets during periods of
high renewable generation — are outside the scope of this study, and their implications

for the INT-CIA trade-off remain an open question.

Al-based programming tools were used during the software development phase as
auxiliary aids for code drafting, debugging, and exploratory analysis. Their use is

disclosed for transparency; however, no scientific claims or conclusions of this thesis rely



on the performance or effectiveness of these tools. The author carried out all modeling
decisions, experimental design choices, and result interpretations. A full AI tools

declaration is included in the appendix.

1.7 Structure of the Thesis
Chapter 2 reviews the relevant literature on MPC for buildings, integer optimization for
heat pump control, and relaxation-based heuristic approaches, situating the thesis within

the existing research landscape.

Chapter 3 describes the industrial context and partnership motivation in detail, including
the Procon Data baseline evaluation and the positioning of this thesis relative to prior

work.

Chapter 4 presents the methodology, including the thermal model, optimization

formulations, experimental design, solver configuration, and statistical analysis approach.

Chapter 5 analyses formulation performance under varying control intervals, covering
INT, CIA, and LP across all five research questions through directional mean

comparisons across weather regimes and scenario factors, and LP gap decomposition.

Chapter 6 presents within-formulation sensitivity analysis using ANOVA, characterizing

how each experimental factor drives performance within INT and CIA independently.

Chapters 7 and 8 present the discussion and conclusion.
Complete directional means tables are provided in Appendices A (INT) and B (CIA). Full
ANOVA results supporting the within-formulation sensitivity analysis in Chapter 6 are

also provided in Appendices A, B, and C.

Appendix D provides the pseudocode for the actual implementation of the CIA Rounding

Algorithm.



2. Literature Review

2.1 Model Predictive Control for Buildings

Model Predictive Control is a control strategy in which an optimizer repeatedly solves a
finite-horizon planning problem, applies only the first action, and re-solves with updated
information at the next step — a process known as receding-horizon control. In building
applications, this lets the controller anticipate price peaks, weather shifts, and occupancy
changes, pre-loading or shedding thermal energy before expensive periods rather than

reacting to them after the fact.

Drgona et al. (2020) provide the most comprehensive survey of the field, covering
modeling approaches, optimization formulations, and deployment challenges across a
wide range of building types and climates. Energy savings relative to rule-based control
typically fall between 15% and 50%, depending on building type, climate, and control

objectives — all coming from the same source: the ability to shift load in time.

Real-world adoption has been slower than the academic literature might suggest. Three
barriers come up repeatedly. Building model calibration takes time and measurement data
that many operators do not have. MPC schedules are sensitive to forecast errors, and a
poor weather or price forecast can turn an optimal plan into a suboptimal one. And
solving an optimization problem within the required scheduling window is not always
feasible on embedded hardware, especially with short control intervals and long horizons.
The last of these — the computational cost of exact optimization — is the central concern

of this thesis.

One practical detail that affects penalty structure design is building warm-up behavior.
When a building starts a control period below its setpoint, it takes time to heat back into
the comfort zone — and it would be unfair to penalize that recovery period at the same
rate as a sustained violation. This has been studied in the HVAC optimal start literature
(Seem et al., 1989) and shapes how the graduated penalty structure in this study was

designed.

The thermal model here follows the single-zone RC structure from Drgona et al. (2020).
The study uses a day-ahead batch optimization rather than rolling re-optimization —
consistent with the SG-ready deployment context where a full 24-hour schedule is

computed once each afternoon and transmitted to the device. Building parameters are



varied as experimental factors rather than calibrated to a specific site, which avoids the

calibration problem entirely within this scope.

2.2 Integer Optimization and Heat Pump Control

Heat pump operation is physically discrete. Compressors cannot run at arbitrarily low
speeds, so they either run within an acceptable range or they are off — there is no
meaningful middle ground. Add in minimum run times, shutdown duration limits, and the
four-mode SG-ready interface that encodes the control signal (BWP, 2022), and the
scheduling problem has the combinatorial structure of a mixed-integer program regardless

of which solver handles it.

Lee et al. (2019) demonstrate this clearly in a variable-speed heat pump MPC study by
introducing a binary variable to enforce the on/off constraint and combining it with a
continuous compressor speed variable in an MIP formulation. The result is a 9-22% cost
reduction relative to simpler control policies. The discrete mode structure in that work is
directly analogous to what this thesis studies, though here the modes are fixed discrete

power levels rather than a continuous speed range.

Formulation choices within the integer framework have measurable consequences. Maier
et al. (2022) compare three MILP approaches for heat pump MPC — constant COP,
piecewise linear, and quadratic — and find that simplified linear models underestimate
charging costs, leading to 8.7% higher operating costs in practice. Computational times
ranged from under 10 milliseconds to 1.5 seconds, depending on the formulation. This
confirms that the formulation-quality trade-off is real and quantifiable — the same

question this thesis examines at the INT versus CIA level.

Zanetti et al. (2023) put the computational difficulty in sharper relief. Comparing ten
MPC formulations on the same heat pump system, they find that MINLP solvers time out
on more than 30% of runs with default settings and require substantial tuning to become
reliable. Meanwhile, well-configured continuous NLP formulations match the integer
solutions on quality in most cases. This is perhaps the clearest evidence in the literature
that approximate formulations are worth taking seriously — not as a fallback, but as a

deliberate choice.

The price signal that makes load shifting economically worthwhile in this context comes
from the Austrian day-ahead market. Prices are published each afternoon for the

following day on the EPEX Spot exchange (EPEX SPOT, 2025), providing a 12—36-hour



planning window. The spread between cheap and expensive hours varies from negligible
on flat days to very large on high-renewable days, where midday solar generation pushes
prices near zero and evening demand sends them back up — the duck curve pattern that
makes temporal arbitrage by flexible loads most valuable (Denholm et al., 2008;
Schmalensee, 2022). The six price scenarios in this study span this range and were

validated against the observed Austrian market.

2.3 Integer Relaxation and the Combinatorial Integral Approximation

The standard approach to reducing the cost of exact MILP is to relax integer constraints,
solve the resulting linear program, and then round the fractional solution into something
implementable. The LP is orders of magnitude faster than the MILP, and if the rounding
step does not lose too much quality, the combined approach is both fast and near-optimal.
The question is how much quality the rounding step actually loses — and under what

conditions.

The theoretical foundation for this decomposition is the Combinatorial Integral
Approximation, introduced by Sager, Jung, and Kirches (2011). CIA splits a mixed-
integer optimal control problem into two stages: solve the LP relaxation first, then convert
the fractional schedule into a discrete one while minimizing cumulative integral deviation

from the fractional trajectory.

CIA has been applied directly in thermal systems. Biirger et al. (2020) apply the Sager
decomposition to a whole-year simulation of a real multi-source heat pump system and
achieve over 18% energy reduction relative to rule-based control. Their implementation
uses the pycombina toolbox for the CIA rounding step, and the results confirm that the
two-stage decomposition is both tractable and effective in this domain. That work is the

closest predecessor to what is studied here.

The implementation in this thesis follows the same two-stage structure: an LP relaxation
solved with GLOP (Perron & Furnon, 2023), followed by a constrained dynamic
programming search that minimizes the cumulative heat-output deviation while enforcing
shutdown constraints. Using DP rather than MILP for the rounding step follows Abbasi-
Esfeden et al. (2025), who show that DP-based CIA rounding outperforms MILP-based

rounding on problems with dwell time constraints. Once the binary sequence is fixed, a



full forward simulation recomputes the temperature trajectory and all cost components, so

reported CIA metrics reflect what actually happens — not what the LP projected.

A different class of alternative is DP-based MPC applied directly to the full problem.
Diller et al. (2023) use this approach for a cascaded heat pump system with thermal
storage, achieving a 13% cost reduction compared with rule-based control. DP handles
nonlinearities well, but the state space grows exponentially with the number of state
variables — the curse of dimensionality limits it to systems with compact state
representations. CIA avoids this by keeping the relaxed problem continuous and applying

DP only to the rounding step, where the state space is small and bounded.

Metaheuristic methods — particle swarm optimization, genetic algorithms, and similar —
have also been applied to residential heat pump scheduling (Jagan et al., 2023). They are
flexible and can handle non-convex problem structures, but offer no feasibility guarantees
and no bounds on solution quality. That makes them unsuitable as benchmarks for the
question this thesis asks: how much does enforcing discrete feasibility actually cost

relative to the continuous relaxation?

2.4 Al Tools in Optimization Development

The work presented here originates from a ChatGPT-based prototype developed at
Procon Data GmbH for heat pump scheduling. The prototype showed that the approach is
generally feasible, but it also revealed several limitations. In particular, code generated by
large language models cannot be used without careful validation. Modeling errors,
missing or hallucinated constraints, and incorrect variable definitions do not always lead
to solver failures. Because of that, some problems are not immediately visible and require
manual checking. This thesis builds on that prototype and aims to put it on a more

rigorous and reliable foundation.

The broader question of how large language models can support formal optimization
modeling has recently been discussed in the literature. Jin et al. (2024) and
AhmadiTeshnizi et al. (2024) propose approaches for translating problem descriptions
into optimization models, often referred to as optimization auto formalism. Both studies
come to a similar conclusion: human oversight is necessary. LLM outputs are often
syntactically correct and look reasonable at first glance, but they can still contain

conceptual errors. This matches the experience in this project and is consistent with



limitations of large language models reported in the literature (Bubeck et al., 2023; Ji et

al., 2023).

Besides code generation, an important part of the development process was refining
prompts step by step to guide the model toward correct formulations. This process is
commonly referred to as prompt engineering, describing the systematic design and
refinement of input instructions to guide model outputs, and it reflects the sensitivity of
LLM behavior to prompt formulation (Bommasani et al., 2021). In practice, it meant
translating domain knowledge — for example, thermal behavior, constraints, or cost
structures — into instructions that are clear enough for the model to interpret. Even small

changes in wording sometimes led to different results.

Overall, the workflow was iterative. Models were generated, tested, adjusted, and often
reworked multiple times. While this enabled rapid prototyping, it also introduced risks,
particularly because errors were not always obvious. To reduce this risk, all models used
in the final implementation were carefully reviewed, checked for consistency, and

validated step-by-step.

2.5 Research Gap and Positioning

The literature reviewed above establishes several matters. MPC delivers real energy and
cost savings for heat pump control. Exact integer formulations provide rigorous
optimality guarantees but at a computational cost that is both high and unpredictable —
Zanetti et al. (2023) put the solver timeout rate above 30%, and Maier et al. (2022) show
that even within integer programming, formulation choice has measurable quality and
runtime consequences. CIA is a theoretically grounded alternative with bounded
approximation error, applicable in thermal systems (Biirger et al., 2020) and

computationally tractable through DP-based rounding (Abbasi-Esfeden et al., 2025).

To our best knowledge, what the literature does not provide is a systematic, large-scale
characterization of how the INT-CIA quality-speed trade-off plays out across diverse

operating conditions — and in particular how control interval length shapes that trade-off.
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Control interval is a design parameter in any practical deployment, but its interaction with
formulation choice has not been studied at scale. Individual building studies are useful,
but cannot answer whether the CIA is generally acceptable or only acceptable in specific

conditions.

This thesis fills that gap with a full-factorial design: six weather regimes, six price
scenarios, three building types, three heat pump efficiency levels, six comfort setpoints,
four comfort band widths, and three control intervals — 116,640 scenario instances per
formulation, 233,280 in total. The results give a generalizable picture of the INT-CIA
trade-off across operating conditions, supported by within-formulation sensitivity analysis

that identifies which factors drive performance within each formulation independently.

2.6 Statistical Analysis Approach

Factorial analysis of variance (ANOVA) is a common method for analyzing experiments
where several factors and their interactions may influence the results (Montgomery,
2012). It allows the total variation in the data to be split into contributions from individual
factors and their combinations. This makes it easier to understand which aspects of a

system have the strongest impact.

In addition to statistical significance, it is important to consider the size of the effects. In
large datasets, even very small effects can become statistically significant, but they may
not be practically meaningful. With 116,640 observations per formulation, statistical
power is essentially complete, which means p-values alone are not a useful basis for
interpretation in this study. For this reason, effect sizes are used as the main basis for
interpretation. Partial n? is applied in this study, as it measures how much of the variation
can be explained by a factor while taking other factors into account (Richardson, 2011;

Lakens, 2013).

Different types of ANOVA can be used depending on the model's structure. Type II
ANOVA evaluates each main effect while accounting for the presence of other main
effects, but without removing variation that is shared with higher-order interactions. This
makes it a suitable choice for factorial designs where interactions exist, but the

interpretation of main effects is still important (Langsrud, 2003).

A standard assumption of ANOVA is that variances are equal across all groups. In
practice, this assumption is often not fully satisfied, especially in more complex

experimental settings. To address this issue, heteroskedasticity-consistent standard errors

11



can be used. The HC3 estimator is widely recommended because it provides reliable
results even when variance differs between groups (MacKinnon & White, 1985; Hayes &

Cai, 2007).

Overall, this combination of ANOVA, effect size analysis, and robust standard errors
provides a structured and reliable way to analyze multi-factor experimental data, while

keeping the focus on both statistical and practical relevance.
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3. Industrial Context and Research Positioning

3.1 Procon Data and the AWATAR Baseline Evaluation

Procon Data GmbH is an Austrian software company specializing in data-driven
optimization solutions across logistics, transport, and energy management. Within their
energy management portfolio, they developed the MG-IP (Micro Grid Integration
Platform), a scheduling optimizer that minimizes heat pump electricity costs by
computing a day-ahead sequence of operating mode signals and transmitting them to the
heat pump via the SG-IH (Smart Grid Integration Hub) hardware. The system connects to
Austrian EPEX Spot day-ahead prices published each afternoon via the aWATTar
HOURLY tariff APIL It is deployable either on-premises on a Raspberry Pi or an

industrial PC, or as a cloud microservice (Procon Data GmbH, 2024).

The reference system Procon benchmarks against is AWATAR — the factory-fitted,
price-following controller built into the KNV Topline air-to-water heat pump. AWATAR
is not a passive thermostat. It connects to the same aWATTar HOURLY tariff via NIBE
myUplink, downloads next-day prices each afternoon, and shifts the heating curve
setpoints into cheaper hours. It already performs day-ahead price-based load shifting
autonomously, without any external controller. This makes it a meaningful reference:
demonstrating improvement over AWATAR means demonstrating that explicit

optimization could outperform a commercially established, price-aware heuristic.

Both systems face the same scheduling problem: given tomorrow's hourly prices and the
building's heating requirement, decide when to run the heat pump. They differ in how
they solve it. AWATAR uses a heating curve heuristic — it adjusts setpoints based on
prices but does not solve an explicit scheduling problem. MG-IP formulates the problem
as an integer program and finds the cost-minimizing sequence of mode assignments
subject to operational constraints. The question this thesis addresses is which optimization
formulation to use, how to configure it, and under which operating conditions each

approach is preferable.

3.2 Three Approaches to Heat Pump Scheduling
To position the present study precisely, it helps to distinguish three architecturally distinct
approaches to heat pump scheduling, each with different information assumptions and

control capabilities.
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The first is AWATAR's heuristic approach. AWATAR knows tomorrow's prices but has
no explicit demand model and solves no optimization problem. It shifts the load
heuristically by adjusting the heating curve setpoint. AWATAR shifts load by adjusting
heating curve setpoints based on tomorrow's prices — a day-ahead heuristic that accounts
for price variation but does not model the building's thermal dynamics or solve an explicit
scheduling problem. It cannot exploit thermal mass for intertemporal pre-loading because

it has no forward model of how heating now affects the need to heat later.

The second is Procon's MG-IP demand-oracle approach. MG-IP formulates an integer
program over a 24-hour horizon, assigning one of four discrete operating modes to each
hour to minimize total electricity cost subject to a daily heat demand constraint and the
SG specification's operational limits defined in the SG-ready specification — maximum
two consecutive hours of shutdown, maximum three shutdown events per day, and
minimum ten-minute signal durations (BWP, 2022). The daily heat demand is a fixed
input — in Procon's prototype, derived retrospectively from historical operational data.
This means MG-IP effectively knows how much heat the building will need before
solving the problem. It has no thermal model and cannot exploit the building's thermal

mass for intertemporal shifting. It schedules demand rather than managing temperature.

The third is the thermally-aware approach that this study's simulation implements. Rather
than treating demand as a fixed input, the optimizer dynamically tracks the building's
indoor temperature — computing heat loss from outdoor conditions, thermal mass, and
the current temperature state — and decides when and how much to heat to maintain
comfort at minimum cost. This enables thermal pre-loading: running the heat pump
during cheap hours to warm the building above the setpoint, storing heat in the thermal
mass, and reducing operation during expensive hours. It requires a building model but

does not require advanced knowledge of total daily demand.

The SG-ready interface used in Procon's current deployment does not provide the fine-
grained output control that the thermally-aware approach assumes. The interface's four
operating modes offer coarse control — forced off, normal operation under the internal
controller, a boost recommendation, and a forced maximum command — and the device
retains authority to modulate or skip requested states in Modes 2 and 3 (BWP, 2022). Full
output controllability, as assumed in this study, corresponds to direct-access interfaces
such as Modbus TCP/IP, which are already available on modern heat pump controllers,

including the NIBE S-series (KNV Energietechnik GmbH, 2021). The SG-ready
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deployment is the motivating industrial context; the direct-access architecture is where

these results become fully applicable.

3.3 Illustrative Comparison on Real Operational Data

To concretely motivate the thermally-aware approach, the production optimizer used in
this study was applied to real operational data from the aWATTar installation described
in Section 3.1. The installation uses a NIBE S1155 ground-source heat pump — a
variable-speed inverter-driven unit with a rated COP of approximately 2.8-4.0 depending

on brine and flow temperatures (EHPA, 2021).

The reference baseline for this comparison is aWATTar. Neither the thermally-aware
optimizer nor aWATTar takes daily heat demand as a pre-specified input — both face the
same day-ahead price information and decide autonomously when to run the heat pump.
This makes aWATTar the natural benchmark: any cost difference between the two
reflects scheduling quality alone, without conflating differences in problem formulation.
aWATTar's internal decision logic is not publicly documented and varies with installation
configuration, but its cost outcomes are directly observable from the operational records

and serve as a meaningful reference point.

This comparison sits alongside a complementary evaluation of the demand-constrained
approach — Procon's MG-IP — which was conducted as a separate Master's thesis at TU
Wien under Procon's sponsorship. That study compared MG-IP against aWATTar on the
same installation and also found improvement potential. Together, the two studies
approach the question from different directions: one asking whether demand-constrained
integer programming can outperform aWATTar, the other asking whether thermally-
aware dynamic scheduling can. Both showing improvement potential suggests that
explicit optimization is worth pursuing regardless of which architectural path Procon
takes — and the two research streams give Procon evidence on both flanks as it decides

which deployment context each approach suits best.

Calibration

Building parameters were calibrated from 14 days of January 2024 electricity
consumption records from the aWATTar system. The heat loss coefficient follows from
the steady-state energy balance: if the building is kept at setpoint, heat delivered must

equal heat lost through the envelope, giving
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k = (Q_elec - COP)/ X_h max(0, T_set — T_out,h)

where Q_elec is daily electricity consumption, the sum runs over all 24 hourly outdoor
temperatures, and T_set = 20°C. A COP of 3.0 was assumed as a conservative central
estimate for the NIBE S1155 at typical January heating conditions (B0O/W35). Applied
across all 14 January days, this gives k = 0.182 kW/°C — consistent across days, which
suggests the building behaved predictably during that period. Thermal mass C = 28.0
kWh/°C and comfort band +1°C were then chosen by grid search as the combination that
maintains plausible indoor temperature trajectories at the 20°C setpoint. These are
effective parameters derived from operational data rather than independently measured

physical properties of the building.

The optimizer was run day-ahead with a 24-hour horizon and integer mode selection.
Indoor temperature was carried over from the previous day's final state to avoid cold-start
artifacts; at the boundary between the January and April data periods, temperature was
reset to the 20°C setpoint. Hourly outdoor temperatures were obtained from the ERAS5-

Land reanalysis product (Open-Meteo, 2024) for Vienna.

Results
Tables 3.1 and 3.2 present results for January 2024 (14 days, peak heating season) and

April 2024 (13 days, transitional season), respectively. Costs are reported in euro cents on
an electricity basis — the actual cost of electricity consumed at the hourly aWATTar spot

prices.

Table 3.1: Cost comparison — thermally-aware optimizer vs aWATTar, January 2024
(14 days, peak heating season, Vienna). All costs in euro cents. COP = 3.0. Opt cost =
electricity only; Opt obj = electricity + comfort penalty.

Date Day aWATTar (¢) Opt cost (¢) Opt obj (¢) | Violations Winner
13 Jan Sat 239.31 150.59 150.63 1 Optimizer
14 Jan Sun 192.93 202.68 204.82 1 aWATTar
15 Jan Mon 282.25 212.61 212.92 1 Optimizer
16 Jan Tue 320.28 247.38 249.26 1 Optimizer
17 Jan Wed 297.81 256.53 262.32 3 Optimizer
18 Jan Thu 233.43 194.41 194.41 0 Optimizer
19 Jan Fri 228.09 203.18 203.74 1 Optimizer
20 Jan Sat 219.89 195.97 198.59 1 Optimizer
21 Jan Sun 184.31 163.88 165.93 2 Optimizer
22 Jan Mon 224.56 189.13 191.08 2 Optimizer
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Date Day aWATTar (¢) Opt cost (¢) Opt obj (¢) | Violations Winner
23 Jan Tue 201.81 137.47 137.74 1 Optimizer
24 Jan Wed 154.05 93.66 94.90 1 Optimizer
25 Jan Thu 164.57 92.57 95.44 1 Optimizer
26 Jan Fri 127.99 132.06 132.10 1 aWATTar
TOTAL 3071.27 2472.12 2493.88 17 dofytimizer: 12/14

In January, the optimizer spent 2,472 cents on electricity against aWATTar's 3,071 — a
19.5% saving — and won on 12 of 14 days. The mechanism is thermal pre-loading: the
optimizer runs the heat pump during cheap overnight hours to warm the building above
the setpoint, heat the thermal mass, and then runs less during the expensive morning and
evening peaks. aWATTar adjusts setpoints heuristically based on prices but has no
forward model of how heating now reduces the need to heat later, so it consistently

misses this opportunity.

Comfort violations are low and well-penalized throughout. The worst day is January 17
with three violations and a 5.79 cent penalty — the optimizer accepted a modest comfort
cost to exploit a particularly favorable overnight price window. Total penalty across the
14 days is 21.76 cents, under 1% of the optimizer's total electricity cost. The two days
aWATTar wins — January 14 and January 26 — are both days with relatively flat price
profiles where thermal pre-loading offers limited advantage and the optimizer's model

slightly overestimates heating need.

Figure 3.1 Daily cost comparison — January 2024
Thermally-aware optimizer vs aWATTar (COP = 3.0, Vienna)

aWATTar total: 3,071¢

Optimizer total: 2,472¢ (—19.5%)
Optimizer wins: 12/14 days

(n) = comfort violations
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Table 3.2: Cost comparison — thermally-aware optimizer vs aWATTar, April 2024 (13
days, transitional season, Vienna). Negative costs reflect negative spot prices on high-
renewable days. All costs in euro cents. COP = 3.0.

Date Day aWATTar (¢) Opt cost (¢) Opt obj (¢) | Violations Winner
01 Apr Mon |6.4 0.32 0.32 0 Optimizer
02 Apr Tue |7.7 0.26 0.26 0 Optimizer
03 Apr Wed 824 24.27 24.27 0 Optimizer
04 Apr Thu |15.8 39.72 39.72 0 aWATTar
05 Apr Fri 13.1 24.75 24.75 0 aWATTar
06 Apr Sat |7.6 -23.74 -23.74 0 Optimizer
07 Apr Sun |3.5 -12.15 -12.12 1 Optimizer
08 Apr Mon |13.3 0.20 0.20 0 Optimizer
09 Apr Tue (124 0.85 0.85 0 Optimizer
10 Apr Wed [12.6 0.84 0.84 0 Optimizer
11 Apr Thu |10.1 12.53 12.53 0 aWATTar
13 Apr Sat |1.5 -49.19 -49.19 0 Optimizer
14 Apr Sun |14 -14.93 -14.93 0 Optimizer
TOTAL 187.88 3.73 4 1 Optimizer: 10/13 days

April tells a different story. Outdoor temperatures averaged 11-19°C, heating demand
was minimal, and spot prices frequently went negative as renewable generation exceeded
demand. The optimizer finished at 3.7 cents against aWATTar's 187.9 — a 98%
reduction — winning 10 of 13 days, with just one comfort violation across the entire

month.

The April result breaks naturally into two parts. On the four days when prices went
negative — April 6, 7, 13, and 14 — the optimizer correctly identified the opportunity to
run the heat pump and effectively earn revenue from the grid, something aWATTar's
heuristic missed entirely. April 13 alone generates —49.2 cents, which more than offsets
the three days aWATTar wins. On those losing days — April 4, 5, and 11 — outdoor
temperatures were mild and positive prices were low, but the January-calibrated building
model slightly overestimates heat loss at warmer outdoor temperatures, causing the
optimizer to run the heat pump a little more than necessary. That is an expected limitation
of applying a fixed-parameter seasonal calibration rather than a structural failure of the

approach.
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Figure 3.2 Daily cost comparison — April 2024
Thermally-aware optimizer vs aWATTar (COP = 3.0, Vienna)
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Caveats

A few things are worth stating clearly. COP = 3.0 is a constant approximation — the real
NIBE S1155 varies between roughly 2.8 and 4.0 depending on operating conditions. The
building parameters were derived from January data and applied to April without
adjustment, which explains most of the overspending on mild April days. The comparison
covers 27 days of a single installation and is illustrative rather than statistically
conclusive. The point is not to prove that this optimizer always wins by exactly this
margin — it is to show that thermally-aware scheduling has genuine economic value in

the Procon deployment context, and to set up the systematic investigation that follows.

3.4 Research Positioning

This study was conducted in the context of Procon Data's initiative to benchmark the
potential of thermally-aware optimization-based scheduling as the foundation for a
customized heat pump controller. The illustrative comparison in Section 3.3 establishes
that the approach has genuine economic value — it outperforms a commercially
established price-following heuristic on real operational data across both a peak heating
month and a transitional season. The open question is how to implement it most

efficiently.
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Two formulation choices are central to any practical deployment. The first is the choice
between exact integer programming and approximation: exact methods guarantee optimal
schedules but may be too slow for embedded or real-time contexts, while approximation
methods trade solution quality for speed. The second is the choice of control interval:
finer granularity gives the optimizer more scheduling flexibility but increases problem
size and runtime. Neither question has a general answer — the trade-offs depend on the
operating conditions, and characterizing them requires systematic evidence across a wide

range of scenarios.

The present study provides that evidence. Across 116,640 scenario instances per
formulation, spanning six weather regimes, six price structures, three building types, three
heat pump efficiency levels, six comfort setpoints, and four comfort band widths, the
study characterizes how solution quality and computational cost vary with formulation
choice and control interval. The results tell Procon — and any developer of a thermally-
aware SG controller — which formulation to use, at what control resolution, and under

which operating conditions each approach is preferable.

Heat pump parameters correspond to mid-scale installations with electrical input ranging
from 2 to 8 kW, consistent with small commercial or multi-family residential
applications. The three efficiency variants are defined by relative COP ratios applied to a
common power scale; conclusions about relative performance and interactions between
factors are scale-invariant. The absolute power scale is acknowledged as a scope
boundary: the results describe relative differences and operating-regime sensitivity rather

than absolute energy quantities.

This study sits alongside complementary work within Procon's broader research initiative.
Two architecturally distinct approaches are being developed in parallel. Where an
installation already has historical data that supports reliable demand prediction, a
demand-constrained formulation can work well without any thermal model — and fits
naturally into Procon's existing SG-ready infrastructure. Where direct device access is
available, the thermally aware approach delivers something the demand-constrained path
cannot structurally provide: intertemporal load shifting by explicitly tracking the
building's thermal state. The two approaches are not competitors — they are two wings of
the same deployment framework, matched to different hardware and data contexts. This
study characterizes the thermally-aware path and provides the evidence base required for

practical deployment.
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The demand forecasting component — predicting next-day thermal energy requirements
from weather and historical sensor data — is a separate research problem outside the
scope of this study. The present study focuses entirely on the optimization module: given
building thermal dynamics and operating constraints, under which conditions each

formulation succeeds, at what solution quality, and at what computational cost.
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4. Methodology

4.1 Study Design

This study uses a full-factorial simulation design to compare two discrete heat pump
control formulations: an exact mixed-integer program (INT) and the Combinatorial
Integral Approximation (CIA, after Sager et al., 2011), which converts a continuous
relaxation into an implementable binary schedule. The central question is how much
solution quality CIA sacrifices relative to INT, and at what computational cost, across a

systematically varied set of operating conditions.

The continuous relaxation (LP) plays a supporting rather than primary role: it provides
fractional mode schedules as input to the CIA discretization step, and, where explicitly
stated in the results chapters, functions as a theoretical lower bound for total cost gap
analysis. Penalty cost is excluded from the lower-bound interpretation because comfort
violations in the LP relaxation arise from fractional slack variables and are not directly
comparable to those in discrete formulations. The primary experimental comparison
throughout is INT versus CIA under identical scenario conditions. LP is not treated as a

competing formulation but as a theoretical reference point.

Seven factors are varied in a full factorial combination: control interval (15, 30, and 60
minutes), weather regime (6 patterns), electricity price scenario (6 types), building type (3
thermal configurations), heat pump efficiency (3 wvariants), temperature setpoint (6
levels), and comfort band width (4 levels). Each combination is replicated five times
under different random seeds, yielding 116,640 scenario instances per formulation. INT
and CIA are each run on every instance, producing 233,280 optimization runs in total.
The LP solution is computed internally within the CIA pipeline and does not constitute a

separate experimental run.

Table 4.1: Experimental Factors and Levels

Factor Levels Values

Control interval (CI) 3 15, 30, 60 minutes

Weather regime 6 arct.ic_wint.er, extrgme_cgld, cold._winter,
variable_winter, mild_winter, spring_fall

Electiciy price scenario 6 High price. renewable.heavy. volatile marke

Building type 3 Low, medium, high thermal mass

Heat pump type 3 Low, medium, high efficiency

Temperature setpoint 6 18, 19, 20, 21, 22, 23 °C
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Factor Levels Values
Comfort band width 4 +0.5, £1.0, +1.5, +2.0 °C

Replications per scenario 5 Random seeds

4.2 Experimental Scenario Design

Scenarios were constructed synthetically to span a wide range of residential heat pump
operating conditions. Synthetic generation provides precise control over each dimension
of variability — weather regime, price structure, building thermal properties, and
equipment efficiency — enabling full factorial coverage without the gaps and imbalances

that real-world datasets would introduce.

4.2.1 Weather
Six weather regimes were constructed as synthetic 24-hour temperature profiles with

three components: a fixed diurnal cycle (+3°C amplitude, coldest at 06:00, warmest at
18:00), a scenario-specific trend (stable, warming, cooling, or fluctuating), and bounded
random hourly noise. The six regimes span -30 °C to +25 °C and differ in both absolute
temperature levels and intra-day variability. Arctic and extreme cold scenarios are
deliberately stable (noise +0.3—0.4°C/hour), reflecting the predictable character of
sustained high-pressure cold; variable winter and spring-fall scenarios are more turbulent
(noise +0.7—0.8°C/hour), reflecting transitional frontal conditions. The maximum hourly
temperature change across all regimes is approximately 2°C/hour — deliberately
conservative relative to rates observed during cold-frontal passages in Central Europe, as
the study focuses on sustained heating-season operation rather than extreme transient
events. Temperature ranges were cross-checked against the 99% winter design
temperatures for major European cities in the ASHRAE Handbook — Fundamentals

(2021), Chapter 14, confirming coverage of realistic European heating-season conditions.

4.2.2 Electricity prices
Six electricity price scenarios share a common daily structure: a night valley (00:00-

07:00), a morning peak (07:00-10:00), a midday and afternoon off-peak (10:00-17:00),
an evening peak (17:00-22:00), and a return to off-peak pricing (22:00-24:00). The
morning peak is set at 80% of the evening peak multiplier, reflecting the empirically
weaker price pressure of the morning demand ramp relative to the steeper evening ramp
when solar generation drops. Scenarios differ in base price level, peak-to-valley ratio, and

hourly volatility. Low pricing (5-12 cents/kWh, 1.5x) and flat pricing (10-12 cents/kWh,
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1.1x) represent subsidized or regulated tariff structures with limited arbitrage incentive.
Normal pricing (8-15 cents/kWh, 1.8x) represents typical day-ahead spot market
conditions. High pricing (12—-25 cents/kWh, 2.2%) and volatile market (6-20 cents/kWh,
3.0x) represent stressed or liberalized conditions where load shifting becomes
economically material. The renewable-heavy scenario (3—18 cents/kWh, 4.0x) captures
the duck curve pattern — midday prices collapse under solar oversupply, evening prices
spike — the conditions under which intertemporal price arbitrage by flexible loads is
most valuable (Denholm et al., 2008; Schmalensee, 2022). All six scenarios were
validated against Austrian EPEX Spot day-ahead prices for the heating seasons of 2024
and 2025, confirming that each corresponds to conditions that actually occur in the

Austrian market (EPEX SPOT, 2025).

4.2.3 Building types
Three building types parameterize a representative 150 m? residential unit using heat loss

coefficient and effective thermal mass: efficient (k=0.15 kW/°C, C=6.0 kWh/°C),
representing modern well-insulated construction; normal (k = 0.20, C = 5.0), representing
standard post-1990 stock; and inefficient (k = 0.25, C =4.0), representing older or lightly
insulated housing. The k-values correspond to area-weighted mean envelope U-values of
0.43-0.71 W/(m2-K) for a 350 m? envelope, derived from the lumped-parameter
transmission heat loss formulation of EN ISO 13790:2008. Thermal mass values
represent effective rather than total mass — the fraction in active thermal exchange with
indoor air on hourly timescales — consistent with single-zone RC model conventions
(Drgonia et al., 2020). Building type, therefore, represents the combined effect of heat loss

and thermal mass rather than either parameter in isolation.

4.2.4 Heat pump types
Three heat pump efficiency levels are defined by COP multipliers applied to a common

power scale: low efficiency (COP 0.8x), standard (COP 1.0%), and high efficiency (COP
1.2x). The base power scale corresponds to mid-scale installations with electrical input
ranging from 2 to 8 kW across operating modes, consistent with small commercial or
multi-family residential applications. The three efficiency levels straddle the European
Heat Pump Association quality label threshold (EHPA, 2021), so both below-threshold

and above-threshold equipment are represented. Because the COP multipliers are applied
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uniformly across all modes and all building-weather combinations, conclusions about

relative performance and factor interactions are internally consistent and scale-invariant.

4.2.5 Comfort parameters

Temperature setpoints span six levels from 18 to 23°C, covering the realistic range of
residential heating preferences in Central European climates. Comfort band width is
varied across four levels: +0.5, £1.0, £1.5, and +2.0°C. The narrowest band (+0.5°C) is
deliberately included because the building’s initial temperature is drawn independently of
the setpoint — reflecting its actual thermal state — so some scenarios begin with the
building already outside the comfort zone, requiring the optimizer to recover comfort
actively rather than maintain it. The widest band (£2.0°C) gives the most latitude for load

shifting and cost reduction.

4.3 Thermal Model

Building thermal dynamics are modeled using a single-zone lumped-parameter RC
structure, treating the entire conditioned space as a single thermal mass at uniform
temperature. This formulation omits spatial gradients and solar gains — which are not the
focus of this study — while retaining the dominant energy balance between heat pump

output, envelope losses, and indoor temperature trajectory. Indoor temperature evolves as:
T(t+1) = T(t) + At - (Q_in(t) — Q_loss(t)) / C

where

Q_in(t) is the heat delivered by the selected mode at timestep t [kW],

Q_loss(t) = k - (T(t) — T_out(t)) is transmission heat loss through the building envelope
kW],

k is the heat loss coefficient [kKW/K],

C is the thermal mass of the conditioned zone [kWh/K],
T_out(t) is the outdoor temperature at timestep t [°C],
and At is the control interval duration [hours].

This formulation corresponds to the single-zone RC model structure described in Drgoiia
et al. (2020, Equation 8). Outdoor temperature profiles are constructed as described in
Section 4.2; the ERA5-Land reanalysis product (Open-Meteo, 2024) provided the

reference data for validating temperature range coverage.
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Parameters k and C are varied across the three building types as experimental factors
(Table 4.1). The initial indoor temperature is drawn independently for each scenario

replicate, reflecting the building's actual thermal state rather than an assumed steady-state.

4.4 Optimization Problem Formulation

Let T denote the planning horizon (number of control intervals), M = {0, 1, 2, 3, 4} the
set of discrete heat pump modes, and p(t) the electricity spot price at interval t
[cents/kWh]. For each mode m, let gq(m) denote heat output [kW] and r(m) denote
electrical power consumption [kW]. Mode 0 represents shutdown (q(0) = 0 kW, r(0) = 0
kW). Modes 1-4 represent increasing power levels with base heat outputs of 3.5, 6.8,
10.0, and 13.0 kW and corresponding electrical inputs of 1.0, 2.0, 3.0, and 4.0 kW, scaled
by the COP multiplier for the scenario's heat pump type.

Define binary decision variables x_{m,t} € {0, 1} for INT (or continuous x_{m,t} € [0, 1]

for LP), where x_{m,t} = 1 indicates that mode m is active at interval t.

The mode selection constraint requires exactly one mode to be active at each timestep:
Y mx_{mt}=1 forallte{l,...,T}

Heat output and electrical consumption at each timestep are given by:

Q_in(t) =>_m x_{m,t} - q(m)
Et) =>_mx_{m,t} - r(m) - At

Comfort constraints are enforced through slack variables rather than hard bounds,
preserving feasibility across all scenario conditions. Let T_min = T_set — Aband and

T _max = T_set + Aband denote the lower and upper comfort limits respectively:
T(t) + s_lo(t) > T_min, s_lo(t)>0
T(t) — s_hi(t) < T_max, s_hi(t)>0

Penalty cost at each timestep is computed using a graduated rate ¢@(t) defined over the
planning horizon. The rate is 5% during the first hour of violation, 25% over the
following three hours, and 100% thereafter. This escalation pushes the optimizer to
resolve comfort violations promptly. Because the penalty cost depends on the temperature
trajectory resulting from the chosen mode sequence, it is not directly observable during
the CIA rounding step, which operates solely on the cumulative heat-output deviation.

The four-hour grace window reflects typical thermal response times for residential
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buildings (Drgona et al., 2020) and is consistent with warm-up behavior documented in

the HVAC optimal start literature (Seem et al., 1989):

Penalty(t) = o(t) - (s_lo(t) + s_hi(t))

The objective function minimizes total operational cost over the planning horizon:
minimize Y _t[ p(t) - E(t) + Penalty(t) ]

subject to the thermal model (Section 4.3), the mode selection constraint, the comfort
slack constraints, and the operational constraints defined in Section 4.5. For INT, x_{m,t}
€ {0, 1}; for LP, x_{m,t} € [0, 1]. CIA uses the LP solution as input to its discretization

step, as described in Section 4.7.

4.5 Operational Constraints

Two shutdown-related constraints are enforced across all formulations, distinct from the
comfort constraints in Section 4.4: no more than two consecutive hours in shutdown
mode, and no more than three shutdown starts per 24-hour period. Both limits reflect
standard operational requirements for residential heat pump longevity and correspond to
the blocked-operation limits specified in the SG-ready technical interface specification
(BWP, 2022). These hour-based limits are translated into interval counts during
optimization: two consecutive shutdown intervals at CI=60, four at CI=30, and eight at

CI=15.

4.6 Solver Configuration and Runtime Measurement

The simulation was executed as independent processes for each weather regime and
formulation; reproducibility was ensured by setting PYTHONHASHSEED in the
execution environment and by setting random seeds per scenario identifier. The
simulation framework was implemented in Python using Google OR-Tools (version 9.7;

Perron & Furnon, 2023), accessed via the pywraplp interface.

INT is solved using SCIP (branch-and-bound for mixed-integer linear programs) and the
LP relaxation using GLOP, both within this environment. No solver time limit was
imposed: doing so would conflate solution quality with speed, obscuring the true

computational cost of exact optimization under comparable conditions." INT runtimes,

'The implementation included a timeout parameter that was not triggered during the simulation runs due to
a configuration error discovered after completion. Upon review, running without a time limit was retained

27



therefore, reflect the full demand of the integer program, which is itself a result of

interest.

Reported runtimes cover the full pipeline from the solver call to the result output,
including CIA discretization and recalculation, where applicable. A fixed overhead for
model instantiation is present equally across formulations and cancels out in the INT-CIA
comparison. Pure solver time was recorded separately and excludes CIA post-processing;

it is not used as the primary timing metric.

4.7 Combinatorial Integral Approximation (CIA) Implementation

CIA operates in two stages. In the first stage, the LP relaxation defined in Section 4.4 is
solved, producing a fractional mode schedule in which multiple modes may be
simultaneously active, each with a fractional weight at each timestep. In the second stage,

this fractional schedule is converted into an implementable binary mode sequence.

The two-stage decomposition follows the CIA principle established by Sager et al.
(2011). The rounding step is implemented here using dynamic programming rather than
the MILP formulation proposed in the original work, following the DP-based approach of
Abbasi-Esfeden et al et al. (2025). The state space is defined by three variables: the
current timestep, the number of consecutive shutdown intervals elapsed, and the total
number of shutdown periods initiated. This state space is finite and fully bounded,
keeping the DP computation tractable; the full algorithmic specification is provided in

Appendix D.

At each time step, the DP algorithm selects the mode that minimizes the cumulative
absolute deviation between the discretized and fractional cumulative heat outputs over the
planning horizon. The operational constraints from Section 4.5 are enforced as hard
feasibility conditions throughout. The result is a binary-mode sequence that tracks the LP

heat-output trajectory as closely as possible in the integral sense.

This rounding criterion acts as a proxy for the true operational objective — it has no
direct visibility into the temperature trajectory or the penalty costs that the chosen
sequence will ultimately produce. The gap between the rounding criterion and the true
objective is the primary source of the CIA's approximation error relative to INT,

consistent with the theoretical analysis in Abbasi-Esfeden et al. (2025).

as the appropriate behaviour.
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Once the binary sequence is fixed, a full forward simulation recomputes the temperature
trajectory, electricity consumption, slack variables, and penalty costs from the discrete
schedule. All CIA results reported in the analysis use these recalculated values rather than
the LP objective, ensuring that reported figures reflect physically realized outcomes rather

than the relaxed solution.

4.8 Performance Metrics

Five response variables are analyzed for each formulation: energy consumption (kWh),
electricity cost (cents), penalty cost (cents), total cost (cents), and solver runtime
(seconds). Runtime is included because the computational gap between formulations is
practically relevant in any deployment context where scheduling must complete within a
fixed window. Penalty cost is reported separately from electricity cost because it captures
comfort performance independently of price conditions — a formulation that reduces
electricity cost by tolerating comfort violations is not unambiguously better. Total cost
combines both components and is the primary metric for the INT-CIA comparison. All
five metrics are analyzed using Type II ANOVA with heteroskedasticity-consistent

standard errors (HC3), with partial n? as the primary effect size measure.

4.9 Statistical Analysis Framework

4.9.1 Interpretation of Statistical Effects

With 116,640 scenario instances per formulation, statistical power is essentially complete
— virtually any nonzero effect will be statistically significant regardless of practical
importance. Significance testing, therefore, plays no substantive role in interpretation.
Effects are evaluated primarily by partial n? relative to established benchmarks: below
0.001 is negligible (detectable only due to sample size), 0.001-0.01 is detectable but
modest, 0.01-0.06 is meaningful, and above 0.06 is strong within the interaction order
under examination (Cohen, 1988; Richardson, 2011). These thresholds are applied as
comparative benchmarks within each response variable, not as universal cutoffs. An
effect is described as practically relevant when its partial n)2 is large relative to other terms

of the same interaction order.

4.9.2 Within-Formulation Sensitivity Analysis
For each formulation, a full-factorial Type II ANOVA is estimated with all seven

experimental factors as main effects, plus all two-way, three-way, and four-way

interactions. The dependent variables are the five performance metrics from Section 4.8.
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This analysis characterizes the sensitivity structure of each formulation — which factors
and factor combinations drive variance in cost, energy, penalty, and runtime
independently within INT and within CIA. Results are reported in Chapter 6, and full
ANOVA tables are provided in Appendices A and B.

4.9.3 Cross-Formulation Comparison

The primary INT-CIA comparison in Chapter 5 uses directional mean comparisons: for
each weather regime-control interval combination, the mean outcome across all other
factor combinations is reported for each formulation. This approach marginalizes over
building type, price scenario, heat pump type, setpoint, and comfort band, presenting the
central tendency of the formulation difference under each operating regime and CI value.
Cross-formulation partial n? comparisons for energy and electricity costs are supported by
the observation that the R? difference between the INT and CIA ANOVA models is
below 0.01 for these metrics; solver time is treated with additional caution, given the

substantially different variance structures of the two formulations.
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5. Formulation Performance Under Varying Control
Intervals: INT, CIA, and LP

The following analysis compares the Integer Programming (INT) and Combinatorial
Integral Approximation (CIA) formulations across five response variables: energy
consumption, electricity cost, penalty cost, total cost, and solver time. Control interval —
varied at 15, 30, and 60 minutes — is treated as a primary experimental factor throughout,
based on the hypothesis that temporal granularity is a key driver of formulation
differences. Each metric is therefore examined across all three CI values. The LP
relaxation serves as a theoretical lower bound throughout. By removing integer
constraints, it produces solutions that are not directly implementable but establish the
minimum achievable cost under each scenario. LP penalty costs are excluded from cross-
formulation comparison because comfort violations arise from mechanistically different
processes in continuous versus discrete formulations — comparing them directly would
conflate two distinct phenomena. Where LP is referenced for energy and cost metrics, it is

explicitly labelled as a relaxed reference.

For space efficiency, directional-means tables present three strategically selected weather
regimes per metric — cold_winter, variable_winter, and spring fall — representing
demanding, transitional, and minimal heating conditions, respectively. The effect of price
scenario on the CIA-INT gap is examined separately within each metric section.

Complete regime-by-regime tables are provided in Appendices A, B, and C.

5.2 Summary of Central Findings
Four central findings emerge from the INT-CIA comparison and are elaborated in the

sections that follow.

First, CI as a moderating rather than determining factor: The CIA-INT gap narrows
consistently as CI coarsens across all regimes and metrics, confirming that CI modulates
formulation differences. However, the regime ordering of gaps is broadly stable across all
CI values — knowing the operating regime is more informative about the expected CIA—
INT gap than knowing the CI value. CI selection affects the magnitude of the trade-off

but not its direction.

Second, a quality-speed trade-off: CIA achieves a substantial computational speedup over
INT, but this comes at the expense of comfort management. The energy and electricity

cost gaps between formulations are modest — at most 10% and 20% respectively — and
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may be acceptable in many deployment contexts. The dominant source of the CIA's
higher total cost is the penalty component: because the DP rounding step commits to a
binary mode sequence based solely on thermal deviation from the LP trajectory, the
resulting schedule is fixed before its comfort consequences are known. INT's global
optimization, by contrast, accounts for comfort constraints directly in the solution. The

trade-off is directionally consistent across regimes and not driven by isolated scenarios.

Third, systematic regime dependency: The CIA-INT penalty gap — and consequently the
total cost gap — is largest in cold_winter and variable_winter, where heating demand is
intermittent, and INT's ability to optimize across the full horizon gives it an advantage
that CIA's rounding step cannot replicate. In near-continuous heating regimes, the total
cost gap narrows: extreme_cold ranges from 38-42% and arctic_winter from 55-69% in
total cost. In spring_fall, the gap is small (3-10%) and in mild_winter moderate (21—
45%). That said, absolute costs are high in both regimes across all formulations — not
because of optimization quality, but because shutdown constraints force the heat pump to
operate periodically even when the building needs no heating, driving up penalty costs
regardless of the formulation used. Full regime-by-regime gap values are reported in

Section 5.8.3.

Fourth, price scenario modulation: CIA's electricity cost disadvantage is substantially
modulated by price scenario, ranging from 6% under flat pricing to 24% under
renewable-heavy tariffs at CI=15 — reflecting the lack of explicit price awareness in the
rounding objective of the DP rounding step. Penalty cost, by contrast, is almost entirely
insensitive to price scenario: the CIA-INT penalty gap varies only from 38% to 41%
across all six price scenarios at CI=15. Consequently, the total cost gap varies only
modestly with the price scenario (32-37%), because the penalty — the dominant cost
component in most regimes — is governed by thermal dynamics rather than by price

structure.

5.3 Energy Consumption

In INT, CI has no meaningful effect on energy consumption: the optimizer finds near-
identical total consumption regardless of temporal granularity, as physical heating
requirements dominate scheduling decisions. In the CIA, the effect of CI on energy is

detectable but modest — coarser CI produces slightly lower consumption across all
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regimes. This reflects how the DP rounding responds to decision granularity: At finer CI,
CIA's energy consumption is consistently higher across all regimes — coarser CI
produces slightly lower consumption in every case. INT shows the opposite pattern:
energy use decreases or remains flat as CI gets finer, because the global optimizer uses
higher temporal resolution to avoid unnecessary heating. The difference between CI=15
and CI=60 within CIA ranges from 0.04 kWh in spring_fall to 1.42 kWh in cold_winter,
representing at most a 3.2% reduction. This CI sensitivity is nonetheless consistently
larger in CIA than in INT across all regimes, making it a distinguishing formulation

property even if its practical magnitude is limited.

Despite this difference, the dominant drivers of energy consumption are identical across
formulations: weather regime, building type, and heat pump type explain the largest share
of the variance, in that order. Both formulations respond to physical reality in the same

way; they differ in how efficiently they exploit temporal structure within that reality.

5.3.1 Performance Gap and Regime Dependency

CIA uses more energy than INT across all tested regimes, with gaps ranging from near-
zero in spring-fall to +10% in cold and variable winter. The gap narrows as CI becomes
coarser — in cold_winter from +9.8% at CI=15 to +5.9% at CI=60, and in
variable_winter from +10.0% to +6.1%. The same pattern holds in milder conditions:
arctic_winter narrows from +4.7% to +2.6%, extreme_cold from +2.9% to +1.3%, and
mild_winter from +9.2% to +3.6%. In spring-fall, the gap is negligible across all CIs (0—
2.4%), consistent with both formulations being constrained by the shutdown limits rather

than scheduling decisions.

Table 5.2: Directional Mean Energy Consumption — Selected Weather Regimes

Weather CI (min) INT (kWh) CIA (kWh) Gap
cold_winter 15 39.91 43.84 +9.8%
cold_winter 30 39.96 43.58 +9.1%
cold_winter 60 40.06 42.42 +5.9%
variable_winter 15 39.79 43.79 +10.0%
variable_winter 30 39.83 43.51 +9.2%
variable_winter 60 39.93 42.38 +6.1%
spring_fall 15 36.00 36.86 +2.4%
spring_fall 30 36.00 36.41 +1.1%
spring_fall 60 36.00 36.02 0%

33



LP consumes less energy than INT in all regimes, consistent with its role as a continuous
lower bound. The relationship between the integrality gap (INT above LP) and the
approximation gap (CIA above INT) differs by regime cluster. In arctic_winter and
extreme_cold at fine CI (CI=15 and CI=30), the approximation gap exceeds the
integrality gap — CIA’s rounding step contributes more excess energy than the
enforcement of integer constraints itself. At CI=60, this relationship narrows and partially
reverses in arctic_winter, where the integrality gap overtakes the approximation gap. In
cold_winter and variable_winter, the integrality gap dominates across all CI values: INT
already sits 16-17% above LP, while CIA adds only a further 6-10% on top. Full

directional means for all six regimes are in Sections A.1.5, B.1.5, and C.1.5.

The larger energy gap in cold_winter and variable_winter compared to arctic_winter and
extreme_cold reflects the structure of the scheduling problem. In these regimes, heating
demand is intermittent, and the optimizer has meaningful choice over when to run the
heat pump — CIA's DP rounding commits to decisions without visibility of future cost
consequences, and the resulting divergence from INT is substantial: 9-10% at CI=15 and
CI=30, narrowing to around 6% at CI=60. In near-continuous heating regimes, demand is
nearly constant and fewer scheduling alternatives exist, leaving less room for the
rounding step to diverge: extreme_cold stays within 1-3% and arctic_winter within 3-5%

across all CI values.
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Table 5.3: Directional Mean Energy Consumption: Integrality vs Approximation Gap —
Selected Weather Regimes
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INT CIA | INT-LP | CIA-LP | CIA-INT
Weather CI (kWh) LP (kWh) (KWh) (%) (%) (%)
Cold winter |15  |39.91 34.26 43.84 +16.5%  |+28.0% | +9.8%
Cold winter |30  |39.96 34.19 43.58 +16.9%  |+27.5% | +9.1%
Cold winter |60 | 40.06 34.22 42.42 +171%  |+24.0% | +5.9%
Variable 15 139.79 34.18 43.79 +16.4% |+28.1% |+10.0%
winter

Variable

. 30 [39.83 34.10 43.51 +16.8% |+27.6% | +9.2%
winter

Variable

. 60  |39.93 34.11 42.38 +171%  |+24.2% | +6.1%
winter

Spring/fall |15 36.00 7.41 36.86 +385.8% |+397.4% |+2.4%
Spring/fall |30  36.00 10.20 36.41 +252.9% |+257.0% |+1.1%
Spring/fall |60  36.00 16.10 36.02 +123.6% |+123.7% |0%

In spring/fall, LP’s low energy consumption reflects its use of fractional mode values
close to zero — the continuous relaxation permits near-zero heat output across many
timesteps. INT and CIA cannot do this: their mode variables must take integer values,
forcing full-mode operation whenever the heat pump runs. INT energy is constant at

36.00 kWh across all control intervals in spring/fall, reflecting this constraint.
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5.3.2 Price Scenario Modulation
The price scenario has minimal effect on the energy gap. Across all six price scenarios,

the CIA—INT energy gap ranges from 5.2% to 6.9% at CI=15, narrowing to 1.3% to 4.2%
at CI=60. The ordering is consistent across CI values — flat_pricing always produces the
smallest gap and renewable_heavy or volatile_market the largest — but the range across
price scenarios (5.2% to 6.9%) is far narrower than the range across weather regimes

(2.4% to 10.0%) at the same CI. This confirms that energy consumption is thermally
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determined: price structure has a detectable but negligible influence on how much the two

formulations diverge in energy use.

Table 5.3a: CIA-INT Energy Gap by Price Scenario x CI

Price Scenario CI=15 (%) CI=30 (%) CI=60 (%)
flat_pricing 5.17 3.98 1.27
low_prices 5.93 4.79 2.76
normal_prices 6.02 5.16 297
high_prices 6.47 5.56 3.42
renewable_heavy 6.84 6.27 4.23
volatile_market 6.94 6.32 4.18

5.4 Electricity Cost

Electricity cost gaps between CIA and INT are consistently wider than energy gaps,
indicating that CIA’s cost disadvantage is not simply a consequence of higher energy use.
The LP decomposition reveals a regime-dependent pattern: in arctic_winter and
extreme_cold, the approximation gap (CIA above INT) exceeds the integrality gap (INT
above LP), while in cold_winter and variable_winter, the integrality gap dominates.
CIA’s DP rounding step minimizes thermal deviation and has no visibility into the price
schedule — the resulting binary mode sequence carries no guarantee of price alignment,
which amplifies cost overhead beyond the energy gap. CIA also shows greater sensitivity
to price scenario and control interval than INT, visible in the directional means across

price environments.

5.4.1 Performance Gap
CIA’s electricity costs are systematically higher than INT’s across all regimes®, with gaps

roughly in the 6-20% range. The cost gap is larger than the energy gap. CIA’s DP
rounding minimizes cumulative thermal deviation from the LP trajectory and is price-
blind — the resulting binary schedule carries no guarantee of aligning with low-price
periods. Electricity costs are then recomputed in a forward simulation using the fixed
mode sequence, so the schedule costs depend entirely on when it happens to run. Given
that the price scenario is the dominant driver of electricity cost in both formulations, a

thermally adequate but price-unaware schedule can incur substantially higher costs than

’In a minority of scenarios (13.7%), CIA achieves marginally lower electricity cost than INT, but this is
largely attributable to comfort violations reducing heat delivery rather than superior price scheduling, and it
does not translate to a total cost advantage in any systematic case.
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its energy overhead alone would suggest. In arctic_winter (CI=15: CIA-INT=14.2%, INT
INT-LP=5.5%), the

-LP=11.1%) and extreme_cold (CI=15:

CIA-INT=10.3%,

approximation gap exceeds the integrality gap, meaning the rounding step is the dominant

electricity cost source. In cold_winter and variable_winter, the integrality gap is larger

(35-49%), but CIA adds a further 14-20% on top of INT. Complete directional means for

all regimes are in Sections A.2.5, B.2.5, and C.2.5.

Table 5.4: Directional Mean Electricity Cost — Selected Weather Regimes

Weather CI (min) INT (¢) CIA (¢) Gap
cold_winter 15 645.05 774.46 +20.1%
cold_winter 30 651.33 775.67 +19.1%
cold_winter 60 666.03 760.22 +14.1%
variable_winter 15 643.29 771.34 +19.9%
variable_winter 30 649.50 773.30 +19.1%
variable_winter 60 663.66 759.05 +14.4%
spring_fall 15 751.17 835.07 +11.2%
spring_fall 30 747.52 827.42 +10.7%
spring_fall 60 736.75 785.80 +6.7%

In arctic_winter and extreme_cold, INT sits 5-11% above LP, and CIA 11-27% above

LP. In cold_winter and variable_winter, the integrality gap widens substantially: INT sits

35-49% above LP and CIA 54-78% above LP.

cold_winter

Em INT CIA

variable_winter

spring_fall

Table 5.5: Directional Mean Electricity Cost: Integrality Gap — Selected Weather

Regimes
INT-LP CIA-LP | CIA-INT
Weather CI INT (¢) LP (¢) CIA (¢) (%) (%) (%)
Cold winter 15 645.1 434.8 774.5 +48.4% +78.1% +20.1%
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5.4.2 Price Scenario Modulation

Price scenario substantially modulates the CIA—INT electricity cost gap. Across all six
price scenarios, the gap at CI=15 ranges from 5.9% under flat_pricing to 23.9% under
renewable_heavy —approximately a fourfold difference driven primarily by the price
structure that CIA’s rounding step cannot account for. The renewable_heavy scenario,
with its duck-curve structure of midday price collapse and evening price spikes, produces
the largest gaps because the LP solution exploits these price valleys through precise
fractional scheduling, while the DP rounding step is designed to track the LP heat-output
profile rather than explicitly re-optimize cost in binary form, preventing full replication of
price-optimal timing. The volatile_market scenario produces the second-largest gap for
the same reason. Under flat_pricing, where intertemporal price differences are minimal,
the rounding step’s lack of explicit price awareness in the rounding objective has little

consequence and the gap narrows to under 6%.

The gap generally narrows with coarser CI across all price scenarios, but the ordering is
broadly preserved: renewable_heavy and volatile_market consistently produce larger gaps

than stable price structures regardless of CI value.

Table 5.4a: CIA-INT Electricity Cost Gap by Price Scenario x CI

Price Scenario CI=15 (%) CI=30 (%) CI=60 (%)
flat_pricing 591 4.76 1.97
low_prices 8.62 7.19 3.63
normal_prices 9.25 8.10 4.16
high_prices 12.86 11.81 7.45
volatile_market 18.16 17.77 12.84
renewable_heavy 23.92 23.98 18.79
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The joint effect of weather regime and price scenario at CI=15 further illustrates this
pattern. cold_winter and variable_winter under renewable_heavy produce CIA-INT gaps
of 32.9% and 32.2% respectively — among the largest observed across the full
experimental design for electricity cost. The same regimes under flat_pricing produce
gaps of only 9.6% and 10.1%. This interaction between regime and price structure
confirms that CIA’s electricity cost disadvantage is largest precisely when both
intermittent heating demand and volatile pricing create the greatest opportunity for price-

aware scheduling.

5.5 Penalty Cost

5.5.1 Penalty Cost Gap and CI Sensitivity

Penalty cost is substantially higher in CIA than INT across all regimes and control
intervals. The gap is largest in extreme_cold (CI=15: +493%, CI=60: +383%) and
arctic_winter (CI=15: +384%, CI=60: +275%). CIA's DP rounding step commits to a
mode sequence with no visibility into the resulting temperature trajectory or penalty costs
— these are only known after the forward simulation recalculates them from the fixed
schedule. The penalty gap in these regimes is consistent with INT's global optimisation
having greater capacity to manage thermal adjustments precisely. Full penalty directional
means for these regimes are in Sections A.3.5 and B.3.5. In cold_winter and
variable_winter the gap is smaller but still substantial (92—159%), and in mild_winter
moderate (22-50%). The gap narrows as CI becomes coarser — in cold_winter from

+154.9% at CI=15 to +92.1% at CI=60, and in variable_winter from +159.4% to +98.1%.

In spring_fall, penalty costs are extreme in both formulations (INT: 10,922-11,710¢;
CIA: 11,889-12,042¢), driven by the shutdown constraints forcing periodic operation
even when the building requires no heating. The CIA-INT gap here (2-10%) is the
smallest across all regimes, but this does not reflect strong CIA performance — both

formulations are penalised heavily by the same physical constraint.

Table 5.6: Directional Mean Penalty Cost — Selected Weather Regimes

Weather CI (min) INT (¢) CIA (%) Gap
cold_winter 15 894.47 2280.40 +154.9%
cold_winter 30 927.34 2283.23 +146.2%
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Weather CI (min) INT (¢) CIA (¢) Gap
cold_winter 60 1009.74 1939.53 +92.1%
variable_winter 15 875.12 2270.37 +159.4%
variable_winter 30 908.22 2270.18 +150.0%
variable_winter 60 989.28 1959.38 +98.1%
spring_fall 15 10922.42 12042.48 +10.3%
spring_fall 30 11166.67 11888.55 +6.5%
spring_fall 60 11710.34 11987.28 +2.4%

The pattern is consistent across all regimes: arctic_winter (+384% at CI=15 to +275% at
CI=60), extreme_cold (+493% to +383%), and mild_winter (+50% to +22%) all show the

same narrowing with coarser CI.
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5.5.2 Price Scenario Modulation
Unlike the electricity cost, the CIA-INT penalty gap is almost entirely insensitive to the

price scenario. Across all six price scenarios, the gap at CI=15 ranges from 38% to 41%
— a difference of only 3 percentage points. This near-uniformity is expected: comfort
violations are determined by the temperature trajectory that results from the fixed binary
mode sequence, which follows from thermal dynamics rather than price structure. The
price environment has no bearing on how far CIA deviates from INT on comfort

outcomes.

What does matter is CI. The penalty gap narrows consistently with coarser CI across all
price scenarios — from 38-41% at CI=15 to 20-23% at CI=60 — mirroring the pattern
seen for energy and total cost. This confirms that CI modulates the penalty gap

independently of the price environment.
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Table 5.6a: CIA-INT Penalty Cost Gap by Price Scenario x CI

Price Scenario CI=15 (%) CI=30 (%) CI=60 (%)

flat_pricing 39.80 32.80 19.80
low_prices 38.78 31.97 20.60
normal_prices 38.29 32.82 20.77
high_prices 39.05 33.38 21.01
volatile_market 40.83 37.12 23.19
renewable_heavy 41.00 37.07 22.86
5.6 Total Cost

5.6.1 Aggregate Performance
The total cost gap between CIA and INT varies strongly with the control interval and

compresses as CI becomes coarser. In cold_winter, the CIA-INT gap declines from
+98% at CI=15 to +61% at CI=60. In variable_winter, the pattern is similar: from +100%
at CI=15 to +65% at CI=60. The gap compresses substantially with coarser CI but

remains large in both regimes.

This compression reflects two opposing trends. As CI increases, CIA’s disadvantages in
energy use and electricity cost become smaller, while INT’s penalty costs tend to increase

due to reduced control flexibility.

Consequently, the INT-CIA cost trade-off cannot be summarized by a single gap
estimate. The relative difference between the methods depends primarily on the operating

regime and, secondarily, on the control interval used during deployment.

Table 5.7: Directional Mean Total Cost — Selected Weather Regimes

Weather CI (min) INT (¢) CIA (¢) Gap
cold_winter 15 1539.52 3057.85 +98.4%
cold_winter 30 1578.67 3058.90 +93.8%
cold_winter 60 1675.77 2699.74 +61.1%
variable_winter 15 1518.40 3041.70 +100.3%
variable_winter 30 1557.72 3043.47 +95.4%
variable_winter 60 1652.94 2718.43 +64.5%
spring_fall 15 11673.59 12877.56 +10.3%
spring_fall 30 11914.19 12715.97 +6.7%
spring_fall 60 12447.09 12773.08 +2.6%
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5.6.2 LP Gap Decomposition
LP provides a useful reference for understanding where the cost gaps between

formulations actually come from. The integrality gap — how far INT sits above LP —
varies enormously across regimes. In near-continuous heating conditions, INT is only 8-
31% above LP, meaning that enforcing discrete operating modes costs relatively little
when the optimizer has limited room to maneuver anyway. In a cold and variable winter,
this jumps to 233-242%, reflecting how much exact optimization gains when there are
many ways to schedule the same total heating load. In spring-fall and mild-winter, the
INT-LP gap reaches 313-5,656%, but for a different reason: LP can assign fractional
mode values near zero, effectively running the heat pump at minimal output across many
timesteps. INT and CIA cannot replicate this — their binary mode variables force full-
mode operation. The large gap here reflects the cost of integrality in a regime where the

building needs very little heating, not a difference in optimization quality.

CIA sits further above LP in every regime. In arctic and extreme cold, CIA-LP gaps are
53-111%; in cold and variable winter, 445-579%. The CIA-INT gap — what the
approximation itself costs, over and above discrete feasibility — ranges from 3% in
spring_fall at CI=60 to 100% in variable_winter at CI=15. In arctic_winter and
extreme_cold, the approximation gap exceeds the integrality gap, meaning the rounding
step is the dominant cost source in those regimes. In cold and variable winter, the
integrality gap dominates (233-242% vs 61-100%), meaning CIA’s cost disadvantage in
those regimes comes primarily from the difficulty of discrete scheduling itself, with the

rounding step adding a further but secondary overhead.

Table 5.8: Directional Mean Total Cost Integrality Gap — Selected Weather Regimes
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Weather (ncﬁln) INT (¢) LP (¢) CIA (¢) |INT-LP Gap|CIA-LP Gap
cold_winter 15 1539.52 450.79 3057.85 +241.5% +557.7%
cold_winter 30 1578.67 469.36 3058.90 +236.3% +551.7%
cold_winter 60 1675.77 495.45 2699.74 +238.2% +444.9%
variable_winter |15 1518.40 448.24 3041.70 +238.7% +578.6%
variable_winter |30 1557.72 466.89 3043.47 +233.6% +551.9%
variable_winter |60 1652.94 492.80 2718.43 +235.4% +451.6%
spring_fall 15 11673.59 202.81 12877.56 +5655.9% | +6249.6%
spring_fall 30 11914.19 735.44 12715.97 +1520.0% | +1629.0%
spring_fall 60 12447.09 3012.85 12773.08 +313.1% +323.9%
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Price scenario has a modest but consistent effect on the total cost gap. Across all six price

scenarios, the CIA-INT total cost gap at CI=15 ranges from 32% (high_prices) to 37%

(renewable_heavy) — a much narrower difference than the weather regime effect, which

drives gaps from 10% in spring_fall to 100% in variable_winter. The renewable-heavy

and volatile-market scenarios produce slightly larger total cost gaps, driven by the

electricity cost component, but the penalty cost component — which is physically rather

than price-determined — limits how far price structure can widen the total cost gap.

Table 5.7: CIA-INT Total Cost Gap by Price Scenario x CI

Price Scenario CI=15 (%) CI=30 (%) CI=60 (%)
flat_pricing 34.97 28.87 17.41
low_prices 34.91 28.85 18.54
normal_prices 33.16 28.52 17.99
high_prices 32.01 27.65 17.50
volatile_market 35.51 32.62 20.82
renewable_heavy 37.08 34.10 21.95
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5.7 Solver Time

5.7.1 CIA’s Computational Advantage

For both INT and CIA, solver time is primarily governed by the control interval. CIA is
consistently much faster than INT, with speedups ranging from 19x to 1,616x depending
on regime and CI. The typical computational hierarchy is LP (milliseconds) < CIA (tens

of milliseconds) < INT (seconds to tens of seconds).

Table 5.9: Directional Mean Solver Time — Selected Weather Regimes

Weather CI (min) INT (s) CIA (s) Speedup
cold_winter 15 63.41 0.060 1,052x
cold_winter 30 16.07 0.021 762 %
cold_winter 60 3.29 0.009 374x
variable_winter 15 61.40 0.059 1,050x%
variable_winter 30 13.89 0.020 684 x
variable_winter 60 3.06 0.008 365x
spring_fall 15 11.65 0.055 213x
spring_fall 30 1.36 0.019 71%
spring_fall 60 0.16 0.008 19x%

The speedup advantage is largest in extreme_cold at CI=30 (1,616x%; INT=35.55s,
CIA=0.022s), followed by arctic_winter at CI=30 (1,175x); complete speedup values for
all six regimes are in Sections A.5.5 and B.5.5. It is smallest in spring_fall at CI=60

(19%), where minimal heating demand reduces INT’s problem difficulty substantially.

In the context of day-ahead scheduling — where the optimizer runs once to produce a 24-
hour plan — both formulations operate well within acceptable time budgets. The
directional mean INT runtime reaches 63 seconds in cold winter at CI=15; individual
scenarios reach up to 1,478 seconds due to the heavy-tailed distribution of branch-and-
bound runtimes. CIA's maximum observed runtime is 0.062 seconds under any tested
condition. Neither poses a practical constraint for offline day-ahead use. The
computational distinction becomes operationally relevant at the portfolio scale, where
INT's branch-and-bound variability creates worst-case planning difficulties that CIA's

deterministic scaling avoids.
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5.8 Cross-Metric Synthesis and Practical Implications

5.8.1 Two Consistent Hierarchies

Two consistent hierarchies emerge across metrics. For solution quality, INT outperforms
CIA in all regimes and on all metrics. For computational efficiency, CIA is 19-1,616x

faster than INT. These hierarchies hold across the full experimental design.

The central trade-off is clear: CIA achieves substantial computational savings at the cost
of substantially higher penalty costs and, consequently, higher total costs, particularly in

regimes with intermittent heating demand.

5.8.2 CI Sensitivity as a Formulation Property
CI sensitivity is not a single property but a formulation-specific mechanism. The

directional means show that CI consistently modulates the CIA-INT gap across all
metrics and regimes, but the structure of that sensitivity — which factors drive it within
each formulation and how they interact — differs between INT and CIA in ways that go
beyond what performance comparisons alone can reveal. A dedicated within-formulation
sensitivity analysis is provided in Chapter 6, where the ANOVA results for INT and CIA
are examined independently to characterize how each formulation responds to the full set

of experimental factors.

5.8.3 Practical Deployment Guidance
INT is appropriate when solution quality and economic optimality are priorities and

multi-second solve times are acceptable — for example, in offline planning and research.
CIA is appropriate when computational speed is a binding constraint and the associated
performance degradation is acceptable given the deployment context — 61-100% higher

total cost in cold and variable winter, 38-42% in extreme_cold and 55-69% in
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arctic_winter, 21-45% in mild winter, and 3-10% in spring/fall (with the gap
approaching near-zero at CI=60). LP is valuable for benchmarking and decomposing gaps
between formulations, but not for deployment in discrete-action control systems. The
choice among formulations is therefore context-dependent and requires explicit

consideration of operating regime, computational constraints, and performance priorities.
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6. Within-Formulation Sensitivity Analysis

Once a formulation has been selected for deployment, understanding which factors drive
its performance helps practitioners identify what to monitor, calibrate, and prioritize in a
specific operating context. This chapter characterizes the sensitivity structure of each
formulation to the experimental factors studied. INT and CIA are treated as independent
subjects of analysis in Sections 6.1 and 6.2, respectively. Full ANOVA tables are
provided in Appendices A and B.

6.1 Integer Programming (INT): Factor Sensitivity Structure

6.1.1 Solution Quality

Within INT, solution quality is overwhelmingly governed by physical system
characteristics. Weather regime is the dominant driver across all four solution quality
metrics — energy consumption, electricity cost, penalty cost, and total cost — explaining
the large majority of variance in each case. The operating regime determines the
fundamental difficulty of the scheduling problem: how much heating is needed, how

intermittently, and under what thermal constraints.

Heat pump type and building type are strong secondary contributors across all four
metrics. System efficiency and building thermal properties shape the baseline cost level
that the optimizer works within, and their effects are consistent across metrics. Comfort
settings — temperature setpoint and bandwidth — contribute meaningfully to the penalty
cost: narrower comfort bands and higher setpoints increase the likelihood and severity of

comfort violations, leaving less margin for cost-driven scheduling decisions.

Price scenario is the dominant driver of electricity costs—far exceeding all other factors
for that metric. For energy consumption, penalty, and total cost, the price scenario plays a

detectable but modest role.

CI is detectable across all solution quality metrics but ranks last or near-last among main
effects in each case. Temporal granularity changes little about what the optimizer can
achieve — at any of the three CI values studied, the global solution finds a schedule that

satisfies the same physical and economic constraints.

The dominant Cl-related interaction across solution quality metrics is CIxweather. It is
negligible for energy (partial n2 = 0.0008) but meaningful for electricity cost, penalty, and
total cost (partial n? = 0.020, 0.013, and 0.010, respectively), meaning CI’s effect —
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though modest overall — hits harder in some regimes than others, rather than acting
uniformly. In practical terms, the CI chosen for INT deployment will matter more for cost
and penalty outcomes in certain weather conditions than a simple average would suggest.
For electricity cost, the three-way CIxweatherxprice_scenario interaction is also
meaningful (partial n? = 0.013), reflecting that CI’s effect on cost depends jointly on the
operating regime and the price structure. All remaining Cl-related interactions for energy,

penalty, and total cost are detectable but modest or negligible.

6.1.2 Solver Time
Solver time follows a structurally different pattern from solution quality metrics. CI is the

dominant main effect (partial n2 = 0.232), reflecting the direct relationship between the
number of timesteps and the size of the branch-and-bound search space. Weather regime
is the secondary driver (partial n? = 0.065) — colder regimes with more frequent heating
decisions and tighter comfort constraints produce harder combinatorial problems and
longer runtimes. Building type is detectable but modest (partial nz = 0.012). All remaining

main effects are detectable but modest or negligible.

The CIxweather interaction is strong for solver time (partial n? = 0.079). Fine CI in cold
weather regimes produces the largest and most variable runtimes — reaching 30-60
seconds in arctic and extreme cold conditions — while coarser CI and milder regimes
reduce both runtime and its variability substantially. This is the largest CI-related effect in
the entire INT model: fine CI creates more decision variables, and cold demanding

regimes make each one harder to resolve — the two effects amplify each other.

Three-way interactions contribute meaningfully to solver time variance.
CIxweatherxheat_pump_type and ClIxweatherxbuilding type are both meaningful
(partial nZz = 0.029 and 0.028, respectively), indicating that the runtime cost of fine CI in
demanding regimes depends on system characteristics as well — the combination of
weather regime, CI, and system configuration jointly determines how hard the branch-
and-bound problem becomes. Several four-way interactions involving CIxweather

combined with system and price factors are also detectable but modest.

6.2 Combinatorial Integral Approximation (CIA): Factor Sensitivity
Structure

CIA’s sensitivity structure reflects the mechanics of its two-stage process, described in

detail in Chapter 4 and Appendix D.
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6.2.1 Solution Quality
Energy consumption is dominated by weather regime, building type, and heat pump type

— the physical drivers of any thermally-constrained scheduling problem. CI ranks fifth
among main effects (partial n? = 0.110) and is a meaningful contributor. At coarser CI,
each binary decision covers a longer interval, reducing the number of rounding decisions
per day and the opportunity for small energy overruns to accumulate across the planning
horizon. Temperature setpoint is also meaningful (partial n? = 0.113) — higher setpoints
increase the baseline heating requirement and the sensitivity of the schedule to
discretization. Price scenario and comfort band width are detectable but modest. CI-
related two-way interactions are all detectable but modest or negligible, with CIxweather
being the largest (partial n? = 0.035). Three- and four-way interactions are detectable but

modest throughout and do not change the overall picture.

Electricity cost is dominated by price scenario (partial nz = 0.978), which explains nearly
all variance. This reflects a structural property of the CIA pipeline: the DP rounding step
minimizes thermal deviation and has no visibility into the price schedule. The resulting
binary mode sequence is thermally close to the LP solution but carries no guarantee of
price alignment — electricity costs depend entirely on when the fixed schedule happens
to coincide with high or low price periods. Weather regime and building type are strong
secondary contributors. CI ranks sixth among main effects (partial n? = 0.049) and is a
meaningful contributor. The CIxprice_scenario interaction is detectable but modest
(partial n2 = 0.008) and is the leading two-way interaction, meaning CI’s effect on
electricity cost is amplified in volatile price environments. The three-way
CIxweatherxprice_scenario interaction is meaningful (partial n? = 0.022), indicating that
CI’s effect on electricity cost depends jointly on the operating regime and the price

structure. Four-way interactions are detectable but modest.

Penalty cost is overwhelmingly determined by weather regime (partial n? = 0.955) and
heat pump type (partial n? = 0.555), with building type as a further strong contributor
(partial n2 = 0.205). Comfort band width and temperature setpoint are meaningful. Price
scenario is detectable but modest — consistent with penalty being governed by thermal
dynamics rather than price structure. CI is negligible as a main effect (partial n? =
0.0003), meaning the temporal granularity of the schedule has virtually no bearing on
CIA’s penalty outcomes when averaged across conditions. The CIxweather interaction is

meaningful (partial n2 = 0.020), indicating that regime-specific modulation exists: in
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some weather regimes, CI has a larger bearing on penalty outcomes than the negligible
main effect alone suggests. The three-way CIxweatherxheat_pump_type interaction is

detectable but modest (partial n2 = 0.006), as are all four-way terms.

Total cost is dominated by weather regime (partial n2 = 0.953), followed by heat pump
type, price scenario, and comfort band width as strong contributors. Building type is
meaningful. CI ranks last among main effects (partial n? = 0.001) and is detectable but
modest. The leading interactions are Clxweather (partial n?> = 0.023) and
CIxbuilding_type (partial nz = 0.011), both meaningful, indicating that CI’s effect on total
cost operates through its interaction with the operating environment and system
configuration rather than independently. Three- and four-way interactions are detectable

but modest and mirror the structure seen for penalty cost.

6.2.2 Solver Time
CIA solver time is governed almost entirely by CI (partial n2 = 0.960), which accounts for

the large majority of variance. The two-stage process — LP relaxation followed by
constrained DP rounding — scales with the number of timesteps in a predictable manner:
finer CI means more LP variables and a larger DP state space, both of which increase
runtime proportionally. The weather regime (partial n2 = 0.111) and the price scenario
(partial n2 = 0.073) are meaningful secondary contributors. Building type is detectable but
modest (partial n? = 0.026). All remaining main effects are detectable but modest or

negligible.

The practical consequence is that the CIA runtime is highly predictable given the CI
value. This predictability is operationally valuable in embedded deployment contexts
where runtime guarantees are needed: the two-stage process does not exhibit the runtime

unpredictability that makes worst-case planning difficult in exact integer optimization.

Three-way interactions make a meaningful contribution to solver time variance.
CIxweatherxprice_scenario (partial n2 = 0.016) and CIxprice_scenarioxbuilding_type
(partial n? = 0.016) together indicate that runtime depends not only on problem size but
on the combination of price structure and system configuration under a given weather
regime — certain combinations produce systematically longer runtimes than CI alone
would predict, though their contribution remains secondary relative to CI’s dominance.

The four-way CIxweatherxprice_scenarioxbuilding_type interaction is also meaningful
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(partial n2 = 0.010), indicating that these joint effects compound further across factor

combinations. All remaining four-way terms are detectable but modest.

6.3 Deployment Implications of Sensitivity Structure
The sensitivity analyses in Sections 6.1 and 6.2 have direct implications for how each

formulation should be configured and monitored in practice.

For INT, operating regime and system characteristics — weather pattern, heat pump
efficiency, and building thermal properties — are the dominant performance drivers.
These factors determine solution quality far more than CI selection does. Practitioners
deploying INT should invest in accurate thermal model calibration and regime
classification. The choice of CI primarily affects computational cost and should be
selected based on runtime constraints rather than optimality considerations. In cold-
weather regimes at fine CI, runtime variability is further amplified by system
characteristics — heat pump type and building configuration both contribute to the

difficulty of the branch-and-bound problem.

For the CIA, the picture is more nuanced across metrics. Energy performance is
meaningfully sensitive to CI — coarser intervals reduce the number of rounding decisions
per day and the associated energy overhead. Electricity costs are dominated by the price
environment, and CI’s effect on costs is larger in volatile price markets than in stable
ones, particularly when combined with specific weather regimes. Penalty behavior is
determined almost entirely by physical system characteristicc — weather regime, heat
pump type, and building type — and is negligibly sensitive to CI at the aggregate level,
though regime-specific modulation exists. Solver time is highly predictable and CI-
determined, with secondary contributions from price scenario and building configuration.
In all cases, weather regime and heat pump characteristics remain the dominant
performance determinants — factors that are largely fixed by the deployment context
rather than configurable at the control system level. CI and comfort band width are
secondary levers whose relevance depends on the specific metric and operating

environment.
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7. Discussion

This chapter brings together the findings from Chapters 5 and 6 and discusses what they
mean for the research questions, for the literature, and for the Procon Data. Section 7.1
works through each question and evaluates the two hypotheses. Sections 7.2 and 7.3 place
the findings in the broader context of the literature and draw out practical implications.

Sections 7.4 and 7.5 cover limitations and directions for future work.

7.1 Answering the Research Questions
Main RQ: Does CI meaningfully affect the INT-CIA trade-off?

Yes, but the effect is formulation-specific and runs in opposite directions for INT and
CIA. CI consistently narrows the gap as it coarsens, so it does affect the trade-off. But for
INT, finer CI generally supports better electricity cost outcomes because the branch-and-
bound solver can use the additional temporal resolution. For the CIA, finer CI
consistently increases energy consumption across all regimes. The effect on total cost is
regime-dependent: in cold, variable winters, total cost worsens, whereas in arctic and
extreme cold, CIA can partially exploit finer CI. The same design choice that helps one
formulation hurts the other. This is only visible when both are studied across the same
range of conditions simultaneously, which is why single-formulation or single-CI studies
cannot reveal it. The LP relaxation confirms the direction. Without a rounding step, LP
behaves like INT on electricity cost — finer CI improves price alignment in both, across
all regimes. The practical upshot is that CI is not a neutral parameter — how you set it

should depend on which formulation you are running.
H1 — partially confirmed, with an important reversal for CIA.

The hypothesis holds for INT broadly. For the CIA, the relationship is metric-dependent.
On energy consumption, the direction consistently inverts — CIA uses more energy at
finer CI in every regime. On total cost, the direction is regime-dependent — CIA worsens
in cold and variable winter but improves in arctic and extreme cold. The energy finding is
the only unconditional directional claim that holds across all regimes and conditions. This
reversal was not anticipated at the outset. It is one of the more practically significant
findings of the study because it means operators cannot assume that a finer CI setting

improves outcomes regardless of which formulation they deploy.

H2 — confirmed, with the trade-off fully quantified.
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CIA is 19x to 1,616x faster than INT across all tested conditions, with a maximum
runtime of 0.062 seconds. The quality cost is quantified across all 18 regime—CI
combinations. Whether that cost is acceptable depends on the deployment context and is a
decision for the operator, not a conclusion of the study. In spring_fall and mild_winter at
coarser Cl, total cost gaps are small enough — 2.6% to 21% — that most operators would
find CIA a reasonable substitute. In cold_winter and variable_winter at fine CI, gaps
reach 61-100%, which is a harder trade-off to justify. The numbers are there; the

threshold is the operator's to set.
RQ1: Which conditions shape the gap most, and does CI interact with them?

Operating regime is the dominant driver — by a large margin. Weather pattern, heat
pump type, and building type together explain the large majority of variance in all
solution quality metrics within both formulations independently. Knowing the regime
tells you more about the expected INT-CIA gap than knowing the CI value. CI's effect on
quality operates almost entirely through interactions with regime and price scenario rather
than as a standalone factor — within both formulations, CI ranks last or near-last among
main effects for all solution quality metrics. Price scenario is the dominant driver of
electricity cost, specifically, and CIA's electricity cost gap widens in volatile price
markets. The most practically relevant combination is the three-way interaction between
CI, weather regime, and price scenario: CI adjustment has a detectable quality effect
primarily in volatile price markets combined with mild or transitional weather regimes for

CIA, and across most regimes for INT electricity cost.
RQ2: How large and consistent is CIA's quality cost?

Substantial, consistent in direction, highly variable in magnitude. Total cost gaps range
from 2.6% in spring_fall at CI=60 to 100.3% in variable_winter at CI=15. CIA never
outperforms INT on any solution quality metric across any of the 116,640 tested
scenarios’. The dominant source of the CIA's higher cost is the penalty, rather than energy
or electricity costs — penalty gaps reach 92-493% in heating-dominated regimes, while
energy and electricity cost gaps reach at most 10% and 20%, respectively. Summary
statistics like "CIA costs X% more" are therefore misleading without regime context —

the gap spans an order of magnitude depending on conditions.

*0On electricity cost specifically, CIA achieves marginally lower values in approximately 13.7% of
scenarios, driven primarily by under-heating rather than better scheduling, and without translating to any
total cost advantage.
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RQ3: When is CIA close enough to be a practical substitute?

In spring_fall and mild_winter at CI=60, total cost gaps fall in the 2-21% range — these
are the conditions where CIA is most defensible. In cold_winter and variable_winter,
gaps remain 61-100% regardless of CI, making CIA a hard sell. In arctic_winter and
extreme_cold, gaps range 38-69% and narrow meaningfully with coarser CI, leaving a
judgment call that depends on cost tolerance. The penalty component is the main
structural barrier to CIA viability in demanding regimes: it arises from CIA's inability to
anticipate comfort consequences before committing to the mode sequence, and it does not

close meaningfully even at CI=60.
RQ4: How consistent is CIA's speed advantage?

Highly consistent. CIA is faster than INT in every tested scenario without exception, with
a maximum runtime of 0.062 seconds regardless of conditions. For single-building day-
ahead scheduling, both formulations meet acceptable time budgets, and the speed
difference is operationally irrelevant in the current deployment context. The advantage
becomes significant at portfolio scale, where INT's runtime variability — with directional
means reaching 63 seconds in cold_winter at CI=15 and individual scenarios exceeding
1,400 seconds — creates worst-case planning difficulties that CIA's predictable scaling
avoids. CIA's runtime is governed almost entirely by CI alone (partial nz = 0.960),
making it the safer architecture choice for batch optimization regardless of quality

considerations.
RQ5: Where does the CIA's deficit come from?

It depends on the regime. In arctic_winter and extreme_cold at fine CI, the approximation
gap exceeds the integrality gap — CIA's heuristic is the primary cost driver, not the
difficulty of the integer problem. In cold_winter and variable_winter, the integrality gap
dominates — the overhead comes primarily from discrete feasibility, and the rounding
step plays a secondary role. This matters for development direction: in regimes where the
approximation gap dominates, a better discretization heuristic could recover quality while
retaining CIA's full speed advantage. The problem in those regimes is the heuristic

design, not the problem structure.
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7.2 Positioning Relative to the Literature

The magnitude of the CIA's quality disadvantage — total cost gaps reaching 100% in
demanding regimes — is larger than the theoretical bounds might suggest. Sager et al.
(2011) prove that the CIA approximation error is bounded linearly by the grid step size,
implying convergence as CI approaches zero, but providing no bound at the practical
interval lengths studied here. The experimental findings complement rather than
contradict this theory — they calibrate what the approximation actually costs under finite-
horizon, realistic conditions. The 19-1,616x speedup is consistent with the decomposition

properties established by Sager et al. (2011).

The finding that finer CI consistently improves INT energy efficiency but consistently
increases CIA energy consumption is not predicted by existing theory and, to the best of
our knowledge, has not been documented at this scale. It follows from the structural
difference between a global exact solver and a sequential heuristic, and it has concrete

implications for how CI should be selected in practice.

The MPC-for-buildings literature reports energy savings of 15-50% compared to rule-
based control (Drgona et al., 2020). This study does not replicate that comparison directly
— both INT and CIA are MPC formulations, and no rule-based baseline is included —
but the results show that CIA captures most of INT's quality at a fraction of the
computational cost under mild conditions, while falling substantially short under

demanding ones.

7.3 Implications for Procon Data and Deployment

The regime-dependent structure of the INT-CIA gap means no single formulation choice
is optimal across all deployment contexts. In spring_fall and at coarser CI in mild_winter,
total cost gaps are small, and CIA is competitive. In cold_winter and variable_winter,
gaps remain 61-100% regardless of CI — INT's advantage is hard to ignore if penalty
cost matters. In extreme_cold and arctic_winter, the decision depends on cost tolerance,

since gaps narrow meaningfully with coarser CI.

For CI selection, the right default is to set it based on runtime constraints rather than

quality expectations. CI's main effect on solution quality is negligible in both
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formulations — quality improvement from CI adjustment is conditional rather than
reliable. For the CIA specifically, the condition is a volatile price market combined with a
mild or transitional weather regime. For INT, finer CI generally supports better electricity
cost outcomes across most regimes. For future portfolio-scale deployment, CIA's
predictable runtime scaling is a structural advantage that should factor into architecture

decisions independently of quality.

7.4 Limitations

The thermal model is a single-zone lumped-parameter RC model. Real buildings exhibit
spatial gradients, multiple thermal zones, and dynamic properties that vary with humidity,
solar irradiation, and occupancy. The simplification is standard in the MPC-for-buildings
literature, but results may not transfer directly to multi-zone buildings or those with

nonlinear heat pump efficiency curves.

Weather and price scenarios are synthetic and not tied to specific historical locations.
Results characterize the INT-CIA trade-off under representative conditions rather than at
any specific site. Deploying these formulations on a real building would require
calibrating thermal parameters from operational data, introducing estimation uncertainty

not captured here.

The study also does not capture negative electricity prices. European spot markets have
seen negative prices with growing frequency as renewable generation expands, and these
create a qualitatively different scheduling problem — the optimizer would run the heat
pump not to meet thermal demand but to exploit the price signal. How INT and CIA
behave under that incentive structure is an open question that the current scenario design

cannot answer.

Solver runtimes were measured in a controlled environment. Actual runtimes in
embedded deployment would vary with hardware and system load. The relative ordering

is unlikely to reverse, but absolute figures should be treated as indicative.

7.5 Directions for Future Work
This study uses fixed 24-hour horizons with deterministic inputs. In practice, weather and

price forecasts deviate from realized values, and mid-day re-optimization may be
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triggered. Whether the Cl-sensitivity patterns found here hold under shorter horizons or

rolling re-optimization remains an open question worth pursuing.

Extending the scenario design to include negative electricity prices would test whether the
INT—CIA gap structure holds under the qualitatively different incentive conditions that

increasingly characterize European intraday markets.

Scaling the comparison to multi-device settings is the next direct step. Procon Data can
operate portfolios across multiple installations where scheduling involves coordinating
decisions across buildings. Whether CIA’s computational advantage holds as the number
of devices grows, and whether the regime-dependent gap structure generalizes to that

setting, are open questions with direct practical relevance.
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8. Conclusion

The performance trade-offs between INT and CIA for heat pump MPC were investigated
across a full-factorial design covering six weather regimes, six price scenarios, three
building types, three heat pump types, six temperature setpoints, and four comfort band
widths at three control interval lengths — 116,640 scenario instances per formulation,
233,280 in total. Results were analyzed through directional mean comparisons in Chapter

5; a within-formulation sensitivity analysis using ANOVA is provided in Chapter 6.

8.1 Principal Findings

The study started from the hypothesis that finer control intervals improve solution quality.
That turned out to be formulation-specific. For INT, it broadly holds — the exact solver
uses temporal resolution to exploit price structure. For CIA, the relationship inverts on
energy: more rounding decisions per day accumulate into larger deviations from the LP
trajectory, so coarser CI actually reduces CIA's energy use. For the CIA, the electricity
cost is regime-dependent. The same design choice pulls the two formulations in different
directions — something only visible when both are studied across the same range of

conditions simultaneously.

Despite this, CI's main effect on solution quality is negligible within both formulations.
Operating regime, heat pump type, building type, and price scenario dominate — and
they are fixed by the deployment context—the practical upshot: set CI based on runtime

constraints, not quality expectations.

CIA never outperforms INT on any quality metric across any tested scenario.* The gap is
consistent in direction but spans an order of magnitude depending on regime and CI. The
dominant driver is penalty, not energy or electricity cost — penalty is where CIA's
sequential rounding is structurally at a disadvantage relative to INT's global view. In mild
conditions, the gap is small enough that CIA is a defensible substitute. In demanding
regimes, it is not, regardless of how CI is set. Whether the gap is acceptable is a

deployment decision — the study quantifies it, the operator sets the threshold.

The LP decomposition shows that the CIA's deficit has different origins depending on the

regime. In some conditions, the approximation gap dominates — meaning the heuristic is

*On electricity cost, CIA achieves marginally lower values in a small minority of scenarios (approximately
13.7%), driven by comfort violations reducing heat delivery rather than superior scheduling — this does not
translate to a total cost advantage."
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the bottleneck, and a better discretization approach could, in principle, recover quality
while keeping CIA's speed advantage. In others, the integrality gap dominates — the
overhead comes from discrete scheduling itself, and no heuristic improvement would
close it. Knowing which regime you are in tells you where the room for improvement

actually lies.

CIA's speed advantage is large and consistent. Regardless of how CI is set, CIA remains
fast enough for any deployment context. For INT, the picture is very different: CI is the
primary driver of solver time, and in demanding regimes, individual scenarios can reach
runtimes that make frequent re-optimization or portfolio-scale scheduling impractical.
This asymmetry becomes the deciding factor when scaling beyond single-building day-

ahead use.

8.2 Contributions

This work makes three contributions. First, a large-scale empirical characterization of the
INT-CIA performance trade-off under realistic heterogeneous conditions — the kind of
generalizable evidence that single-building case studies cannot yield. Second, the
decomposition of INT-CIA cost differences into integrality and approximation gap
components, showing that CIA's deficit has different origins depending on the regime —
in some conditions, the heuristic is the bottleneck, in others, discrete feasibility itself.
Third, the demonstration that CI is a formulation-specific moderating variable rather than
a neutral design parameter — a finding that directly informs how future formulation

comparison studies should be designed.

8.3 Closing Remarks

The 10.34% cost improvement Procon Data achieved relative to a commercial baseline
established that optimization-based heat pump control is worth pursuing. This thesis
provides the systematic evidence needed to act on that finding — characterizing under
which conditions each formulation succeeds, at what cost, and with what trade-offs —
and lays the empirical and methodological groundwork for Procon Data's progression

toward validation against real operational data.

CIA is a viable default in mild or minimal-demand conditions. In regimes with
intermittent heating demand and volatile pricing, INT's quality advantage is substantial
and worth the computational cost. For operators running optimization across large device

portfolios — where the same study design required CIA to complete in minutes versus
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days for INT — the computational difference becomes a practical constraint that quality
alone cannot override. And how CI is set should depend on which formulation is running
— the same interval that helps INT can work against CIA. That context-dependence is the

central practical lesson of this study.
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Appendix A: Integer Programming (INT) — Full
ANOVA Results

This appendix provides full ANOVA results for the Integer Programming (INT)
formulation across five response variables: energy consumption, electricity cost, penalty
cost, total cost, and solver time. All values are direct INT outputs analyzed using Type II
ANOVA with HC3 robust standard errors. Directional means were computed as simple
averages of the outcome variable across all scenarios sharing the same weather regime
and control interval, marginalizing over all other scenario dimensions.

A.0 Interpretation Framework

Given the large sample size and correspondingly high statistical power, statistical
significance alone is not sufficient to assess the relevance of effects. Throughout this
work, effects are therefore evaluated using a combination of statistical detectability and
explanatory power. An effect is described as statistically detectable if it is significant at
conventional levels (p < 0.05). Effect relevance is primarily assessed using partial n
effects with comparatively large partial n? values relative to other terms of the same order
are considered meaningful contributors to variability, whereas effects with very small
partial n? are described as negligible, even if statistically significant. Higher-order
interactions are interpreted cautiously; they are discussed only when their effect sizes are
non-trivial and exhibit coherent structure, and are otherwise characterized as fragmented
or of limited additional explanatory value beyond lower-order effects.

A.1 Energy Consumption

Energy consumption in INT is governed by physical drivers — weather regime, building
type, and heat pump type dominate, in that order. CI has a statistically detectable but
negligible main effect (partial n2 = 0.0001), and Cl-related interactions are similarly
small. The 1,000-fold difference between INT and CIA on this metric reflects a genuine
formulation property: INT’s optimizer finds near-identical total energy regardless of
temporal granularity, while CIA’s sequential process accumulates conservative thermal
buffers. Coarser CI reduces this accumulation, but only weakly modulates regime-specific
CI effects on energy in INT. The large residual degrees of freedom reflect the substantial
sample size, implying high statistical power and correspondingly sensitive p-values,
which is why effect sizes (partial n?) are emphasized over statistical significance in the
interpretation of results.
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A.1.1 Main Effects

term df F PR(>F) partial_eta2

C(ci) 2.0 5.947610992555677 |2.612906e-03 1.071314e-04
C(weather) 5.0 267073.3926367558 |0.000000e+00 9.232419e-01
C(price_scenario) |5.0 31.345893928686134|5.194627e-32 1.409707e-03
C(building_type) |2.0 52420.53774392081 |0.000000e+00 4.856832e-01
C(heat_pump_type) 2.0 25810.07400816437 |0.000000e+00 3.173848e-01
C(temp_setpoint)  |5.0 1176.576094138485 |0.000000e+00 5.032194e-02
C(temp_band) 3.0 282.7393291996012 |7.531876e-183 7.582161e-03
Residual 111022.0 Nan nan nan

A.1.2 Cl-related Two-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather) 10.0 9.313155878228027 |1.300133e-15 8.381537e-04
C(ci):C(price_scenario) |10.0 (2)'487483131974273 8.993765e-01 4.390677e-05
C(ci):C(building_type) |4.0 3.050494994134373 |1.591465e-02 1.098939%e-04

C(ci):C(heat_pump_type)|4.0

0.760456501141750
8

5.508529e-01

2.739766e-05

C(ci):C(temp_setpoint)

10.0

0.045316752068595
5

9.999959%e-01

4.081765e-06

C(ci):C(temp_band)

6.0

0.335550105597994
2

9.184696e-01

1.813392e-05

Cl-related two-way interactions are small across all combinations. The largest involves
CIxweather (partial n2 = 0.00084), but this does not alter the overall finding that INT
energy consumption is effectively Cl-insensitive.

A.1.3 CI-related Three-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather):C(building_type) 20.0 |4.095885731443577 |1.868113e-09 |7.373072e-04
C(ci):C(weather):C(price_scenario) 50.0 2'595463932514970 9.897354e-01 |2.681019e-04
C(ci):C(weather):C(heat_pump_type) 20.0 1'003175598369948 4.539747e-01 |1.806839e-04
C(ci):C(weather):C(temp_band) 30.0 2'217911785627759 9.999981e-01 |5.887994e-05
C(ci):C(price_scenario):C(building_type) |20.0 g'245067806996836 9.997625e-01 |4.414566e-05
C(ci):C(weather):C(temp_setpoint) 50.0 g'071831226156157 1.000000e+00 |3.234895¢-05
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term df F PR(>F) partial_eta2
C(ci):C(building_type):C(temp_band) 12.0 2'217194385757336 9.977422e-01 |2.347527e-05
C(ci):C(building_type):C(heat_pump_type) |8.0 3'294398763493127 9.681403e-01 |2.121327e-05
C(ci):C(price_scenario):C(temp_setpoint) |50.0 2'036641980620560 1.000000e+00 |1.650185e-05
C(ci):C(price_scenario):C(heat_pump_type) [20.0 3'0802021 18169528 1.000000e+00 |1.444776e-05
C(ci):C(price_scenario):C(temp_band) 30.0 2'050934508889819 1.000000e+00 |1.376317e-05
C(ci):C(building_type):C(temp_setpoint) 20.0 8'051768541583172 1.000000e+00 |9.325730e-06

Three-way interactions are fragmented and add negligible explanatory value beyond the

ClIxweather term.

A.1.4 Cl-related Four-Way Interactions

term

df F

PR(>F)

partial_eta2

C(ci):C(weather):C(building_type):C(heat_pump_type)

40.0

0.4802627456779376

9.977779e-01

1.730034e-04

C(ci):C(weather):C(price_scenario):C(building_type)

100.0

0.1640108391899328

1.000000e+00

1.477064e-04

C(ci):C(weather):C(price_scenario):C(heat_pump_type)

100.0

0.0903600281076027

1.000000e+00

8.138268e-05

C(ci):C(weather):C(price_scenario):C(temp_setpoint)

250.0

0.0353943790908774

1.000000e+00

7.969492e-05

C(ci):C(weather):C(price_scenario):C(temp_band)

150.0

0.0547514172993219

1.000000e+00

7.396827e-05

C(ci):C(price_scenario):C(temp_setpoint):C(temp_band)

150.0

0.0522048819629355

1.000000e+00

7.052818e-05

C(ci):C(weather):C(heat_pump_type):C(temp_setpoint)

100.0

0.0701465205946322

1.000000e+00

6.317855e-05

C(ci):C(weather):C(building_type):C(temp_band)

60.0

0.0984316838336784

1.000000e+00

5.319294e-05

C(ci):C(weather):C(temp_setpoint):C(temp_band)

150.0

0.0389074491420324

1.000000e+00

5.256445e-05

C(ci):C(weather):C(building_type):C(temp_setpoint)

100.0

0.0560657803134438

1.000000e+00

5.049715e-05

Four-way interactions are not statistically detectable (p-values ~ 1) and have negligible

partial

n2.

Cl-related four-way interactions for energy are not statistically detectable in this analysis

(p-values =~

1) and have extremely small partial n2. Accordingly, they are treated as

negligible and are not interpreted beyond noting their limited explanatory contribution
relative to lower-order effects.

A.1.5 Directional Means by Weather x CI

weather CI=15 CI=30 CI=60
arctic_winter 49.92476851851852 50.0570987654321 50.30216049382716
cold_winter 39.91234567901235 39.95895061728395 40.06111111111111
extreme_cold 56.444521604938274 56.61126543209877 56.894444444444446
mild_winter 36.12530864197531 36.129629629629626 36.12530864197531
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weather CI=15 CI=30 CI=60
spring_fall 36.0 36.0 36.0
variable_winter 39.79320987654321 39.83487654320987 39.931481481481484

Energy differences across CI values are negligible. Weather and building type determine
the level; CI changes little about total consumption in INT.

A.2 Electricity Cost

Electricity cost is dominated by price scenarios and weather. CI has a small but
statistically significant main effect; the dominant Cl-related structure is CIxweather, with
additional modulation by price scenario and system characteristics.

A.2.1 Main Effects

term Df F PR(>F) partial_eta2
C(ci) 2.0 179.1543323987865 |2.087115e-78 3.216984e-03
C(weather) 5.0 36288.065500164426|0.000000e+00 6.203887e-01
C(price_scenario) |5.0 844047.2142612047 |0.000000e+00 9.743673e-01
C(building_type) |2.0 32559.66264010256 |0.000000e+00 3.696993e-01
C(heat_pump_type) | 2.0 4173.009227145853 |0.000000e+00 6.991838e-02
C(temp_setpoint) |5.0 404.4038056599293 |0.000000e+00 1.788701e-02
C(temp_band) 3.0 12604.799016943356 | 0.000000e+00 2.540669e-01
Residual 111022.0 nan nan nan
A.2.2 CI-related Two-Way Interactions

term Df F PR(>F) partial_eta2

C(ci):C(weather) 10.0 221.2721591527505 |0.000000e+00 1.954102e-02
C(ci):C(price_scenario) |10.0 53.706290822122526|9.849133e-109 4.814158e-03
C(ci):C(building_type) 4.0 102.23121639345908 | 4.757388e-87 3.669761e-03
C(ci):C(heat_pump_type) 4.0 65.07371687406548 |4.577139e-55 2.339050e-03
C(ci):C(temp_setpoint) [10.0 7.157988935886834 |2.214565e-11 6.443207e-04
C(ci):C(temp_band) 6.0 10.65555663631671 |7.179430e-12 5.755305e-04

CI effects on electricity cost vary primarily with weather (partial n2 = 0.0195) and price
scenario (0.0048), with smaller modulation by building type and heat pump type.
Temperature parameter interactions are detectable but comparatively minor.

A.2.3 CI-related Three-Way Interactions

term

Df F

PR(>F)

partial_eta2

C(ci):C(weather):C(price_scenario)

50.0

30.07948218238184

0.000000e+00

1.336557e-02

C(ci):C(price_scenario):C(building_type)

20.0

20.28704827984395

1.844918e-73

3.641292e-03
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term Df F PR(>F) partial_eta2
C(ci):C(weather):C(building_type) 20.0 ‘114'51283382265742 9.280262e-50 [2.607590e-03
C(ci):C(price_scenario):C(heat_pump_type) [20.0 ‘111'08084424394114 6.235070e-36 |1.992176e-03
C(ci):C(weather):C(temp_band) 30.0 ]4.528446627104803 |2.077912e-15 |1.222166e-03
C(ci):C(price_scenario):C(temp_setpoint) |50.0 |1.711238453415852 |1.296828e-03 |7.700819e-04
C(ci):C(price_scenario):C(temp_band) 300 |3 90%3927H1909999 15 grg634.03 15.0299650-04
C(ci):C(heat_pump_type):C(temp_band) 12.0 3.949166798277653 |4.002436e-06 |4.266702e-04
C(ci):C(weather):C(heat_pump._type) 20.0 ;907567443775209 8.494264¢-03 |3.435197¢-04
C(ci):C(building_type):C(temp_band) 12.0 é’397573546210727 1.584412e-01 |1.510363e-04
C(ci):C(weather):C(temp_setpoint) 50.0 | o213797008916858 14 p00000e+00 |9.627688¢-05
C(ci):C(building_type):C(temp_setpoint)  |20.0 2'284870134968299 9.992485e-01 |5.131515e-05

The dominant three-way term is CIxweatherxprice_scenario (partial n? = 0.0134),
confirming that CI sensitivity is shaped by the joint structure of regime and pricing.
Terms involving building and heat pump types are smaller but detectable.

A.2.4 Cl-related Four-Way Interactions

term df F PR(>F) |partial_eta2
C(ci):C(weather):C(price_scenario):C(building_type) 100.0 |3.5957723301779363 | 6.636685e-31 | 3.228337e-03
C(ci):C(weather):C(price_scenario):C(temp_band) 150.0 |1.3163668423149235 | 5.699964e-03 | 1.775364e-03
C(ci):C(weather):C(building_type):C(heat_pump_type) 40.0 |4.42917825407372 |3.676680e-19 |1.593242¢-03
C(ci):C(weather):C(price_scenario):C(heat_pump_type) 100.0 |0.8386543937077066 | 8.770784e-01 | 7.548246e-04
C(ci):C(weather):C(building_type):C(temp_setpoint) 100.0 |0.578573563187682 |9.997640e-01 |5.208627e-04
C(ci):C(weather):C(price_scenario):C(temp_setpoint) 250.0 [0.2276925390903053 | 1.000000e+00 |5.124567e-04
)C(ci):C(price_scenario):C(heat_pump_type):C(temp_band 60.0 {0.9062005577137368 | 6.805667e-01 | 4.895013e-04
C(ci):C(price_scenario):C(building_type):C(temp_band) |60.0 |0.8823314921780104 |7.290770e-01 |4.766142e-04
C(ci):C(weather):C(temp_setpoint):C(temp_band) 150.0 |0.2796048511367202 | 1.000000e+00 |3.776269e-04
C(ci):C(weather):C(heat_pump_type):C(temp_band) 60.0 |0.6566791192379243 |9.816682e-01 |3.547654e-04

Several Cl-related four-way interactions for electricity cost are statistically detectable
and have non-trivial partial n? relative to other four-way terms, indicating localized
higher-order dependence of CI effects on combined operating conditions. However,
interpretive emphasis remains on dominant lower-order effects (main effects and CI
two-/three-way interactions).

70



A.2.5 Directional Means by Weather x CI

weather CI=15 CI=30 CI=60
arctic_winter 728.5432091049383 741.3983070987655 776.4717160493826
cold_winter 645.0524837962963 651.3325956790123 666.029725308642
extreme_cold 816.4116959876543 831.0070308641974 874.1704907407408
mild_winter 692.9032770061729 694.0481666666667 695.9756882716049
spring_fall 751.1721766975309 747.5235370370372 736.7474320987654
variable_winter 643.2888541666666 649.4972237654321 663.6573271604939

Electricity cost increases with CI across most weather regimes. The exception is
spring_fall, where cost decreases slightly as CI increases (CI=15: 751, CI=30: 748,
CI=60: 737), reflecting the optimizer’s ability to shift load away from peak prices more
effectively at coarser granularity in mild conditions. The weather determines the overall

level.

A.3 Penalty Cost

Penalty costs are primarily driven by weather and temperature constraints (temp_band
and temp_setpoint), as well as system characteristics. CI has a meaningful effect on
penalties in regimes where comfort violations occur.

A.3.1 Main Effects

term Df F PR(>F) partial_eta2
C(ci) 2.0 231.91712396424904 | 3.086642¢-101 4.160477e-03
C(weather) 5.0 445612.9080795072 |0.000000e+00 9.525362e-01
C(price_scenario) |5.0 365.41635176078574|0.000000e+00 1.619049e-02
C(building_type) |2.0 10234.050678934622 [ 0.000000e+00 1.556627e-01
C(heat_pump_type) | 2.0 30095.433889186155|0.000000e+00 3.515557e-01
C(temp_setpoint) |5.0 1809.6814057639488 | 0.000000e+00 7.535918e-02
C(temp_band) 3.0 3428.2071355507155|0.000000e+00 8.478203e-02
Residual 111022.0 nan nan nan
A.3.2 CI-related Two-Way Interactions

term Df F PR(>F) partial_eta2

C(ci):C(weather) 10.0 ;47'2521010285340 2.607252e-308 1.308971e-02
C(ci):C(price_scenario) |10.0 é'136968629067612 3.294632e-01 1.023988e-04
C(ci):C(building_type) |4.0 6.611408304448754 |2.576185e-05 2.381450e-04

C(ci):C(heat_pump_type)

4.0

44.77690933855309

1.244009e-37

1.610664e-03

C(ci):C(temp_setpoint)

10.0

1.715073874422086
4

7.110938e-02

1.544567e-04
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term

Df

F

PR(>F)

partial_eta2

C(ci):C(temp_band)

6.0

26.62137202280294

8

7.140100e-32

1.436641e-03

Penalty sensitivity to CI is shaped primarily by weather (partial n? = 0.0131), with
secondary contributions from heat pump type and temperature-band tightness. Price

scenario and temperature setpoint interactions are weak.

A.3.3 Cl-related Three-Way Interactions

term

Df

F

PR(>F)

partial_eta2

C(ci):C(weather):C(heat_pump_type)

20.0

9.171469249241207

2.198210e-28

1.649464e-03

2.684572650889782

C(ci):C(weather):C(building_type) 20.0 3 6.445406e-05 |4.833772e-04
C(ci):C(heat_pump_type):C(temp_band) 12.0 |3.117414018684034 |1.920536e-04 |3.368375e-04
C(ci):C(weather):C(temp_setpoint) 50.0 3'493939431145146 9.989859e-01 |2.224017e-04
C(ci):C(building_type):C(heat_pump_type) |8.0 2.625095575903022 |7.149167e-03 |1.891228e-04
C(ci):C(building_type):C(temp_band) 12.0 |1.716270227609776 |5.664703e-02 |1.854716e-04
C(ci):C(price_scenario):C(heat_pump_type) |20.0 |0.2570261404128 9.996561e-01 |4.629970e-05
C(ci):C(price_scenario):C(building_type) |20.0 2'250892615471424 9.997147e-01 |4.519488e-05
C(ci):C(heat_pump_type):C(temp_setpoint) |20.0 2'232591474505958 9.998426e-01 |4.189831e-05
C(ci):C(price_scenario):C(temp_band) 30.0 [0.139331347748153 |1.000000e+00 |3.764824e-05
C(ci):C(weather):C(temp_band) 30.0 |0.134813321492618 |1.000000e+00 |3.642749e-05
C(ci):C(weather):C(price_scenario) 50.0 0.079992292178904 1.000000e+00 |3.602413e-05

9

Three-way interactions are small. The most relevant is CIxweatherxheat_pump_type
(partial n2 = 0.00165); remaining terms add little beyond the two-way structure.

A.3.4 CI-related Four-Way Interactions

term

Df

F

PR(>F)

partial_eta2

C(ci):C(weather):C(building_type):C(heat_pump_type)

40.0

0.7712069859687483

8.502186e-01

2.777802e-04

C(ci):C(weather):C(heat_pump_type):C(temp_band)

60.0

0.0997962919559533

1.000000e+00

5.393034e-05

C(ci):C(weather):C(building_type):C(temp_setpoint)

100.0

0.0575575325948899

1.000000e+00

5.184067e-05

C(ci):C(weather):C(heat_pump_type):C(temp_setpoint)

100.0

0.0501687411783746

1.000000e+00

4.518607e-05

C(ci):C(weather):C(price_scenario):C(temp_setpo

int)

250.0

0.0199261304841665

1.000000e+00

4.486777e-05

C(ci):C(weather):C(building_type):C(temp_band)

60.0

0.0716344811782588

1.000000e+00

3.871217e-05

C(ci):C(weather):C(price_scenario):C(temp_band)

150.0

0.0218395373964204

1.000000e+00

2.950617e-05

C(ci):C(weather):C(temp_setpoint):C(temp_band)

150.0

0.0209124713274839

1.000000e+00

2.825370e-05

C(ci):C(weather):C(price_scenario):C(building_type)

100.0

0.0288560341445384

1.000000e+00

2.599060e-05

C(ci):C(weather):C(price_scenario):C(heat_pump_type
)

100.0

0.0212520427957235

1.000000e+00

1.914182e-05
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Four-way interactions are not statistically detectable (p-values ~ 1) and have negligible
partial n2. Directional means show that penalty cost increases monotonically with control
interval across all weather regimes in the INT results (CI=15 lowest, CI=60 highest).
Weather primarily affects the level of penalty cost, while CI affects it consistently in the

same direction.

A.3.5 Directional Means by Weather x CI

weather CI=15 CI=30 CI=60
arctic_winter 126.02432429201627 136.16448614348585 162.1601429775597
cold_winter 894.4714955341384 927.3353183699465 1009.7361689131901

extreme_cold

55.53671388189442

62.62442942615081

81.80097062627347

mild_winter 4210.704694515352 4321.061605641362 4569.4037726858805
spring_fall 10922.418096979982 11166.671551301866 11710.339915891549
variable_winter 875.1153583817531 908.2245581454613 989.279291825231

Penalty costs are highest in spring_fall (~10,922-11,710) and mild_winter (~4,211—
4,569), and comparatively lower in the cold regimes. The lowest penalties occur in
extreme_cold (~56—-82) and arctic_winter (~126-162). Across all regimes, shorter CI
consistently produces lower penalty costs, confirming that finer temporal granularity
reduces comfort violations in INT.

A.4 Total Cost

Total cost is dominated by price scenario and weather, with additional contributions from
comfort settings and system characteristics. CI effects are statistically detectable and
show a consistent directional pattern across weather regimes, while weather and price
scenarios dominate overall total cost variation.

A.4.1 Main Effects

term df F PR(>F) partial_eta2

C(ci) 2.0 840.7817810359447 |0.000000e+00 1.492023e-02
C(weather) 5.0 428990.67693511455|0.000000e+00 9.507876e-01
C(price_scenario) |5.0 18055.391581177253|0.000000e+00 4.484721e-01
C(building_type) |2.0 912.706049219926 | 0.000000e+00 1.617593e-02
C(heat_pump_type) |2.0 15713.286899555967 | 0.000000e+00 2.206170e-01
C(temp_setpoint) |5.0 856.7767606144795 |0.000000e+00 3.715234e-02
C(temp_band) 3.0 10910.33789228486 |0.000000e+00 2.276892e-01
Residual 111022.0 nan nan nan
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A.4.2 CI-related Two-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather) 10.0 él3'4247859931496 3.722535e-236 1.011310e-02
C(ci):C(price_scenario) |10.0 é8'03465155687154 2.122559e-33 1.621787e-03
C(ci):C(building_type) |4.0 5.371386622664216 |2.538739%-04 1.934877e-04
C(ci):C(heat_pump_type) 4.0 53'99181376991303 7.238693e-20 8.636520e-04
C(ci):C(temp_setpoint) |10.0 2'406079863027646 9.445592e-01 3.657518e-05
C(ci):C(temp_band) 6.0 32.55562538804935 |2.027396e-39 1.756325e-03

CIxweather dominates the two-way interaction structure (partial n? =
smaller but detectable contributions from price scenario and temperature band. Other

interactions are weak.

A.4.3 Cl-related Three-Way Interactions

0.0101), with

term df F PR(>F) partial_eta2
C(ci):C(weather):C(heat_pump_type) 20.0 8.278109253487095 6.619747e-25 | 1.489035e-03
C(ci):C(weather):C(building_type) 20.0 3.830936771296245 1.472138e-08 |6.896462¢-04
C(ci):C(price_scenario):C(building_type) |20.0 1.514121792088886 | 6.543027e-02 | 2.726863e-04
C(ci):C(weather):C(price_scenario) 50.0 0.5641555410491442 9.945098e-01 | 2.540092e-04
C(ci):C(weather):C(temp_setpoint) 50.0  |0.4777114726208774 |9.993572e-01 |2.150964e-04
C(ci):C(building_type):C(temp_band) 12.0 | 1.4629984734422814 |1.298725e-01 |1.581057¢-04
C(ci):C(building_type):C(heat_pump_type) |8.0 2.158956605599991  |2.740982e-02 | 1.555454e-04
C(ci):C(heat_pump_type):C(temp_band) 12.0 1.347653629505573 1.835114e-01 | 1.456422¢-04
C(ci):C(price_scenario):C(heat_pump_type) |20.0 0.4203688460001907 |9.888078e-01 | 7.572139e-05
C(ci):C(price_scenario):C(temp_band) 30.0 0.2286317865331696  |9.999966e-01 | 6.177631e-05
C(ci):C(heat_pump_type):C(temp_setpoint) |20.0 0.2157204916246851 |9.999138e-01 | 3.885934e-05
C(ci):C(building_type):C(temp_setpoint) 20.0 0.1535918772901245  |9.999950e-01 | 2.766796e-05

Three-way interactions involving weather combined with heat pump type (partial n? =
0.00149) and building type (0.00069) are the largest terms, but all are small relative to the

two-way structure.

A.4.4 Cl-related Four-Way Interactions

term

df

F

PR(>F)

partial_eta2

C(ci):C(weather):C(building_type):C(heat_pump_type)

40.0

1.0985067747140045

3.082708e-01

3.956233e-04

C(ci):C(weather):C(building_type):C(temp_setpoint)

100.0

0.0624897454964346

1.000000e+00

5.628274e-05

C(ci):C(weather):C(heat_pump_type):C(temp_setpoint)

100.0

0.0428359362652038

1.000000e+00

3.858180e-05

C(ci):C(weather):C(building_type):C(temp_band)

60.0

0.0658853412989034

1.000000e+00

3.560537e-05
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term

df F

PR(>F)

partial_eta2

C(ci):C(weather):C(price_scenario):C(building_type)

100.0 |0.036186947745693

1.000000e+00

3.259333e-05

C(ci):C(weather):C(price_scenario):C(temp_band)

150.0 |0.0231602561346462

1.000000e+00

3.129046e-05

C(ci):C(weather):C(price_scenario):C(temp_setpoint)

250.0 10.0133770783616882

1.000000e+00

3.012168e-05

C(ci):C(weather):C(heat_pump_type):C(temp_band) 60.0 |0.0547362638967713|1.000000e+00 |2.958043e-05
C(ci):C(weather):C(temp_setpoint):C(temp_band) 150.0 [0.0143453210235098 | 1.000000e+00 | 1.938135e-05
)C(Cl):C(Weather):C(pnce—sce“a“"):C(heat—P“mp—type 100.0 |0.0172314277123679 | 1.000000e+00 | 1.552049-05

Four-way interactions are not statistically detectable (p-values ~ 1) and have negligible
partial n2. Cl-related four-way interactions for total cost are not statistically detectable (p-

values =~

interpretation focuses on main and lower-order interaction effects.

A.4.5 Directional Means by Weather x CI

1) and have very small partial n? they are treated as negligible, and

Weather CI=15 CI=30 CI=60
arctic_winter 854.5675333969546 877.5627932422512 938.6318590269424
cold_winter 1539.5239793304347 1578.667914048959 1675.765894221832
extreme_cold 871.9484098695488 893.6314602903483 955.9714613670143
mild_winter 4903.607971521525 5015.109772308028 5265.379460957485
spring_fall 11673.590273677512 11914.195088338902 12447.087347990313
variable_winter 1518.40421254842 1557.7217819108935 1652.9366189857249

Total cost increases monotonically with CI across all weather regimes, with weather
determining the absolute level and CI driving a consistent upward shift.

A.5 Solver Time

Solver time is dominated by CI. Shorter control intervals substantially increase the
combinatorial complexity of the integer formulation (more decision stages and binaries),
and cold regimes amplify this effect.

A.5.1 Main Effects
term df F PR(>F) partial_eta2

C(ci) 2.0 16753.571852105884|0.000000e+00 2.318366e-01
C(weather) 5.0 1533.0214298860303|0.000000e+00 6.458248e-02
C(price_scenario) |5.0 71.00226113699483 |1.927736e-74 3.187474e-03
C(building_type) 2.0 657.6937084421442 |1.111964e-284 1.170926e-02
C(heat_pump_type) | 2.0 68.38845724646164 |2.077546e-30 1.230464e-03
C(temp_setpoint) 5.0 36.05662816314337 |4.996661e-37 1.621218e-03
C(temp_band) 3.0 301.9425575535712 |3.015023e-195 8.092962e-03
Residual 111022.0 nan nan nan
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A.5.2 CI-related Two-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather) 10.0 957.0986095996064 |0.000000e+00 7.936603e-02
C(ci):C(price_scenario) |10.0 41.23555991101633 |3.183146e-82 3.700435e-03
C(ci):C(building_type) |4.0 31.60214145458516 |2.362768e-26 1.137295e-03
C(ci):C(heat_pump_type)|4.0 114.0979265130641 |2.866662e-97 4.093993e-03
C(ci):C(temp_setpoint) [10.0 9.946663104736928 |7.100470e-17 8.951163e-04
C(ci):C(temp_band) 6.0 118.72011385602453|4.119039e-150 6.375129e-03

Solver-time sensitivity to CI varies most strongly with weather (partial n? = 0.0794), with
additional modulation from temperature-band tightness and heat pump type.

A.5.3 CI-related Three-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather):C(heat_pump_type) 20.0 |168.1385095900513 |0.000000e+00 |2.939876e-02
C(ci):C(weather):C(building_type) 20.0 ]160.571346779968 |0.000000e+00 |2.811285e-02
C(ci):C(weather):C(temp_band) 30.0 |75.95623922121285 |0.000000e+00 [2.011186e-02
C(ci):C(weather):C(price_scenario) 50.0 |19.66305660999821 |1.543215e-172 |8.777746e-03
C(ci):C(weather):C(temp_setpoint) 50.0 [9.73824670584829 |9.604929e-73 |4.366578e-03
C(ci):C(heat_pump_type):C(temp_band) 12.0 §8'23036361060364 4.722609e-40 |1.966585e-03
C(ci):C(price_scenario):C(temp_band) 30.0 |6.717344015597472 |2.752306e-27 |1.811850e-03
C(ci):C(building_type):C(temp_band) 12.0 |9.880953241592158 |1.222370e-19 |1.066860e-03
C(ci):C(price_scenario):C(building_type) |20.0 3'849196931359802 1.278471e-08 |6.929311e-04
C(ci):C(price_scenario):C(heat_pump_type) |20.0 |3.6685260174957 5.117697e-08 |6.604282e-04
C(ci):C(price_scenario):C(temp_setpoint) |50.0 ]0.999227578006564 |4.749522e-01 |4.498109e-04
C(ci):C(building_type):C(heat_pump_type) |8.0 6.017898022422068 |9.313320e-08 |4.334485e-04

Three-way interactions for solver time are substantial relative to other metrics, dominated
by CIxweatherxheat_pump_type (partial n?2 = 0.0294) and CIxweatherxbuilding_type
(0.0281), reflecting structured runtime variability driven by problem complexity in

demanding regimes.

A.5.4 Cl-related Four-Way Interactions

term df F PR(>F) partl;l_eta
C(ci):C(weather):C(building_type):C(heat_pump_type) [40.0 |75.10011507015521 3.000000e+0 2.634491e-02
C(ci):C(weather):C(building_type):C(temp_band) 60.0 |22.40207663886936 3.295783&24 1.196201e-02
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partial_eta

term df F PR(>F) 2
C(ci):C(weather):C(heat_pump_type):C(temp_band) 60.0 i0'60299446140808 2'4951016_21 1.101193e-02
C(ci):C(weather):C(price_scenario):C(temp_band) (1)50' 6.104413481960932 é'5441696_10 8.180107e-03
C(ci):C(weather):C(price_scenario):C(building_type) (1)00' 7.879779835437212 3'4314006_10 7.047475e-03
C(ci):C(weather):C(price_scenario):C(heat_pump_type) éOO. 7.719772163555006 2'7040206_10 6.905356e-03

C(ci):C(weather):C(price_scenario):C(temp_setpoint)

250. |1.795112794848248
0 8

1.902729e-13 | 4.025972e-03

C(ci):C(building_type):C(heat_pump_type):C(temp_band

24.0 15.13233079085258

3.363155e-62 |3.260541e-03

5
C(ci):C(weather):C(heat_pump_type):C(temp_setpoint) éOO. 3.336540670655549 |7.224161e-27 |2.996292e-03
C(ci):C(weather):C(temp_setpoint):C(temp_band) 350' 2.009569674149598 |3.311881e-12 |2.707745e-03

Several Cl-related four-way interactions for solver time are statistically detectable with
non-trivial partial n? relative to other high-order terms, indicating structured runtime
variability across combined operating conditions; nevertheless, the CI main effect

remains the dominant driver of solver time.

A.5.5 Directional Means by Weather x CI

weather CI=15 CI=30 CI=60
arctic_winter 38.615266458119876 26.32652288226434 6.295903825723094
cold_winter 63.410879156766114 16.067842779409737 3.2920230783798075
extreme_cold 29.152861612225756 35.54564788996437 8.787113835745387
mild_winter 37.771612222768645 4.715137212180797 0.8546250660110403
spring_fall 11.654538265017816 1.3572323705311176 0.15712342501422502
variable_winter 61.396891731060585 13.894350782220746 3.062209419078297

Reducing CI increases the number of time steps, binary decisions, and temporal coupling
constraints, driving rapid growth in combinatorial complexity. Cold regimes amplify
runtime because of more frequent heating decisions and tighter comfort constraints.
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Appendix B: Combinatorial Integral Approximation
(CIA) — Full ANOVA Results

This appendix provides full ANOVA results for the Combinatorial Integral
Approximation (CIA) formulation across five response variables: energy consumption,
electricity cost, penalty cost, total cost, and solver time. ANOVA terms are ordered by
decreasing partial N2 Summary findings and cross-formulation comparisons are in
Chapter 5.

B.0 Interpretation Framework

Given the large sample size and correspondingly high statistical power, statistical
significance alone is not sufficient to assess the relevance of effects. Throughout this
work, effects are therefore evaluated using a combination of statistical detectability and
explanatory power. An effect is described as statistically detectable if it is significant at
conventional levels (p < 0.05). Effect relevance is primarily assessed using partial n?2
effects with comparatively large partial n? values relative to other terms of the same order
are considered meaningful contributors to variability, whereas effects with very small
partial n? are described as negligible, even if statistically significant. Higher-order
interactions are interpreted cautiously; they are discussed only when their effect sizes are
non-trivial and exhibit coherent structure, and are otherwise characterized as fragmented
or of limited additional explanatory value beyond lower-order effects.

B.1 Energy Consumption

B.1.1 Main Effects
term df F PR(>F) partial_eta2

C(weather) 5.0 365676.0459366627 |0.000000e+00 9.427545e-01
C(building_type) 2.0 64108.6747652282 |0.000000e+00 5.359375e-01
C(heat_pump_type) | 2.0 46524.39916319302 |0.000000e+00 4.559633e-01
C(temp_setpoint) 5.0 2833.300809165926 |0.000000e+00 1.131614e-01
C(ci) 2.0 6830.8079943755065 | 0.000000e+00 1.095703e-01
C(price_scenario) |5.0 1017.7288657030084|0.000000e+00 4.382582e-02
C(temp_band) 3.0 804.721309330158 |0.000000e+00 2.128214e-02
Residual 111022.0 nan nan nan

Energy consumption under CIA is dominated by physical drivers — weather regime,
building type, and heat pump type — with CI ranking fifth among main effects (partial n?
= 0.110). This is the key structural contrast with INT, where CI’s main effect on energy is
negligible (0.0001). CIA’s higher CI sensitivity reflects how coarser discretization
reduces sequential decisions and the opportunity for conservative thermal buffering.
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B.1.2 CI-related Two-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather) 10.0 399.9160639174099 |0.000000e+00 3.476891e-02
C(ci):C(price_scenario) |10.0 12.023898898865108 | 4.655659¢-21 1.081848e-03
C(ci):C(temp_band) 6.0 16.400493252582347|5.512668e-19 8.855526e-04
C(ci):C(temp_setpoint) |10.0 9.189944350968382 |2.284125e-15 8.270742e-04
C(ci):C(building_type) 4.0 6.817863350884233 |1.754370e-05 2.455798e-04
C(ci):C(heat_pump_type)|4.0 0.1530588386776218 |9.616940e-01 5.514510e-06

CIxweather is the dominant two-way interaction (partial n2 = 0.0348), confirming that
CIA’s CI sensitivity is regime-dependent. The other two-way terms are small relative to

the main effects.

B.1.3 CI-related Three-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather):C(building_type) 20.0 23.30593673170672 |5.545280e-86 |4.180883e-03
C(ci):C(weather):C(heat_pump_type) 20.0 20.882621820080832 |6.325562e-76 | 3.747790e-03
C(ci):C(weather):C(price_scenario) 50.0 6.959922669571216 |3.680207e-46 |3.124685e-03
C(ci):C(weather):C(temp_setpoint) 50.0 4.849345694425021 |4.953324e-27 |2.179198e-03
C(ci):C(weather):C(temp_band) 30.0 5.284379296348868 |2.098249e-19 | 1.425892e-03
C(ci):C(price_scenario):C(temp_setpoint) |50.0 1.637742395416019 |2.979128e-03 |7.370320e-04
C(ci):C(price_scenario):C(temp_band) 30.0 2.602022260535783 |3.761633e-06 |7.026159e-04
C(ci):C(price_scenario):C(building_type) |20.0 2.199090392353039 |1.515798e-03 |3.959971e-04
C(ci):C(temp_setpoint):C(temp_band) 30.0 1.4609808406135936 |4.944954e-02 | 3.946257e-04

C(ci):C(price_scenario):C(heat_pump_type)

20.0

1.8536166100729097

1.148060e-02

3.338073e-04

C(ci):C(heat_pump_type):C(temp_setpoint)

20.0

1.6240235052711725

3.846040e-02

2.924733e-04

C(ci):C(building_type):C(temp_setpoint)

20.0

1.3216798337325226

1.519953e-01

2.380366e-04

Three-way interactions are detectable but small. They refine variability within weather-
conditioned regimes without changing the overall direction of CI’s effect on energy.

B.1.4 CI-related Four-Way Interactions

term df F PR(>F) |partial_eta2
C(ci):C(weather):C(price_scenario):C(building_type) 100.0 |3.5155649781530247 |1.211153e-29 |3.156553e-03
C(ci):C(weather):C(building_type):C(heat_pump_type) |40.0 |6.898413324209736 |5.901607e-37 |2.479260e-03
C(ci):C(weather):C(price_scenario):C(temp_setpoint) 250.0 |0.9970425766093416 |5.013299e-01 |2.240117e-03
C(ci):C(weather):C(price_scenario):C(temp_band) 150.0 |1.1827297856917909 |6.276615e-02 |1.595417e-03
C(ci):C(weather):C(building_type):C(temp_setpoint) 100.0 |1.6011408275152623 |1.289610e-04 |1.440106e-03
C(ci):C(weather):C(heat_pump_type):C(temp_setpoint) |100.0 |1.5779419050028587 |2.052224e-04 |1.419270e-03
C(ci):C(weather):C(temp_setpoint):C(temp_band) 150.0 |1.0031223531196116 |4.739244e-01 |1.353468e-03
C(ci):C(weather):C(price_scenario):C(heat_pump_type) | 100.0 |1.1009048679947704 |2.304976e-01 |9.906273e-04
C(ci):C(weather):C(heat_pump_type):C(temp_band) 60.0 |1.6708170931879012 |8.712210e-04 |9.021508e-04
C(ci):C(price_scenario):C(temp_setpoint):C(temp_band) | 150.0 |0.5608752445314849 |9.999970e-01 |7.572155e-04
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Four-way interactions are detectable but exhibit small, fragmented effect sizes. Their
contribution is limited relative to lower-order effects.

B.1.5 Directional Means by Weather x CI

Weather CI=15 CI=30 CI=60
arctic_winter 52.28101851851852 52.14182098765432 51.5858024691358
cold_winter 43.84336419753087 43.580864197530865 42.41851851851852
extreme_cold 58.05833333333333 57.95987654320987 57.62530864197531
mild_winter 39.45640432098765 38.820524691358024 37.43425925925926
spring_fall 36.86358024691358 36.408487654320986 36.01574074074074
variable_winter 43.7866512345679 43.510802469135804 42.379012345679016

CIA energy decreases slightly as CI coarsens across most regimes, consistent with the CI
main effect. The differences are modest relative to weather-driven variation.

B.2 Electricity Cost
B.2.1 Main Effects

term df F PR(>F) partial_eta2
C(price_scenario) |5.0 974865.640815436 |0.000000e+00 9.777304e-01
C(weather) 5.0 33201.50465158981 |0.000000e+00 5.992413e-01
C(building_type) 2.0 22346.673201324877|0.000000e+00 2.870195e-01
C(heat_pump_type) | 2.0 8515.356917408008 |0.000000e+00 1.329977e-01
C(temp_band) 3.0 4165.548949391894 |0.000000e+00 1.011721e-01
C(ci) 2.0 2854.729329868636 |0.000000e+00 4.891105e-02
C(temp_setpoint) 5.0 535.2565915775192 |0.000000e+00 2.353846e-02
Residual 111022.0 nan nan nan
B.2.2 CI-related Two-Way Interactions

term df F PR(>F) partial_eta2

C(ci):C(price_scenario) |10.0 85.04574858013872 |1.427036e-175 7.602027e-03
C(ci):C(weather) 10.0 75.0257583885538 |3.476747e-154 6.712377e-03
C(ci):C(heat_pump_type) 4.0 47.87490148091603 |2.736028e-40 1.721910e-03
C(ci):C(temp_band) 6.0 é4'96024380997653 3.452862e-17 8.078484e-04
C(ci):C(temp_setpoint) |10.0 1.542649460362648 |1.172860e-01 1.389306e-04
C(ci):C(building_type) 4.0 ;'119393170778922 3.452210e-01 4.032887e-05

ClIxprice_scenario (partial n? = 0.0076) and CIxweather (0.0067) are the leading two-way
terms — notably, both have comparable magnitude in CIA, whereas in INT, weather
dominates. This reflects the CIA’s stronger sensitivity to price structure in its scheduling
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decisions.

B.2.3 CI-related Three-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather):C(price_scenario) 50.0 [49.54128250491334 |0.000000e+00 |2.182453e-02
C(ci):C(weather):C(building_type) 20.0 |18.1526595677208 |1.182677e-64 |3.259443e-03
C(ci):C(price_scenario):C(heat_pump_type) |20.0 |14.10476669082808 |4.215462e-48 |2.534456e-03
C(ci):C(price_scenario):C(building_type) |20.0 |9.761510238423238 |1.057860e-30 |1.755395e-03
C(ci):C(weather):C(heat_pump_type) 20.0 |5.678078040549917 |4.474507e-15 |1.021829e-03
C(ci):C(price_scenario):C(temp_setpoint) |50.0 ;'849506229900800 2.446794e-04 |8.322526e-04
C(ci):C(weather):C(temp_band) 30.0 2'056861091984154 3.645918e-08 |8.253332e-04
C(ci):C(building_type):C(temp_band) 12.0 |6.579961060670953 |6.585830e-12 |7.107007e-04
C(ci):C(price_scenario):C(temp_band) 30.0 ;'627201890214671 1.642703e-02 |4.395039e-04
C(ci):C(weather):C(temp_setpoint) 50.0 2'792738351916393 8.531207e-01 |3.568912e-04
C(ci):C(building_type):C(heat_pump_type) |8.0 4.367661914750795 |2.745726e-05 |3.146250e-04
C(ci):C(heat_pump_type):C(temp_setpoint) (20.0 ;'414493530262618 1.027426e-01 |2.547483e-04

Cl-related three-way interactions for CIA electricity cost are statistically detectable and
exhibit moderate effect sizes, particularly for combinations involving weather and price
scenarios. While subordinate to dominant main effects, these interactions refine the
magnitude of CI sensitivity across operating regimes.

B.2.4 CI-related Four-Way Interactions

term df F PR(>F) | partial_eta2
. . . - 2.295373e-
C(ci):C(weather):C(price_scenario):C(building_type) 100.0 |3.368929796367569 27 3.025290e-03
. s 7.817906e-
C(ci):C(weather):C(building_type):C(heat_pump_type) |40.0 |6.613815188866911 35 2.377220e-03
. . . . 8.960626e-
C(ci):C(weather):C(price_scenario):C(temp_setpoint) 250.0 |0.8889485363457575 01 1.997741e-03
. . . 3.232726e-
C(ci):C(weather):C(price_scenario):C(temp_band) 150.0 |1.442200672095177 04 1.944744e-03
. . . 7.354363e-
C(ci):C(weather):C(price_scenario):C(heat_pump_type) |100.0 |2.1056036070902384 10 1.892974e-03
. s 1.011568e-
C(ci):C(weather):C(building_type):C(temp_band) 60.0 |3.4174859261085 17 1.843519e-03
. . 1.543789e-
C(ci):C(weather):C(temp_setpoint):C(temp_band) 150.0 |1.117529242702161 01 1.507599e-03
. . 3.046623e-
C(ci):C(weather):C(heat_pump_type):C(temp_setpoint) |100.0 |1.4316718236126504 03 1.287878e-03
. s . 9.137614e-
C(ci):C(weather):C(building_type):C(temp_setpoint) 100.0 [1.364134654710522 03 1.227199e-03
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term df F PR(>F) | partial_eta2
. . . . 8.349878e-
C(ci):C(price_scenario):C(temp_setpoint):C(temp_band) | 150.0 |0.887491360136143 01 1.197639e-03

Four-way interactions for CIA electricity cost are detectable but fragmented. They do not
reveal patterns beyond those established at lower interaction orders.

B.2.5 Directional Means by Weather x CI

Weather CI=15 CI=30 CI=60
arctic_winter 832.3550054012345 839.2590895061729 844.0002129629629
cold_winter 774.4519737654321 775.6659799382716 760.2189104938271
extreme_cold 900.5982770061728 910.6552484567901 926.3301141975309
mild_winter 782.8408040123458 781.2134305555556 755.5764320987655
spring_fall 835.071412037037 827.4209320987654 785.792336419753
variable_winter 771.3381983024692 773.2956589506173 759.054024691358

CIA electricity costs show weak, regime-dependent CI sensitivity. No globally consistent
ordering of CI values emerges — the direction of the effect depends on the weather
regime.

B.3 Penalty Cost
B.3.1 Main Effects

Term df F PR(>F) partial_eta2
C(weather) 5.0 475712.9143606543 |0.000000e+00 9.554054e-01
C(heat_pump_type) | 2.0 69218.8660045815 |0.000000e+00 5.549502e-01
C(building_type) 2.0 14344.78009544241 |0.000000e+00 2.053485e-01
C(temp_band) 3.0 4972.03908516809 |0.000000e+00 1.184401e-01
C(temp_setpoint) 5.0 2206.611205267572 |0.000000e+00 9.039409e-02
C(price_scenario) |5.0 199.54137031742744|1.726628e-212 8.906530e-03
C(ci) 2.0 19.387784435904862 | 3.814716e-09 3.491383e-04
Residual 111022.0 nan nan nan

B.3.2 CI-related Two-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather) 10.0 229.27602534432216|0.000000e+00 2.023355e-02
C(ci):C(building_type) |4.0 257.4497978224928 |1.322028e-220 9.190385e-03
C(ci):C(heat_pump_type) 4.0 105.38662402389625|9.118395e-90 3.782601e-03
C(ci):C(price_scenario) |10.0 8.032478084051888 |4.387332e-13 7.229802e-04
C(ci):C(temp_setpoint) |10.0 3.801604038872564 |3.778622e-05 3.423018e-04
C(ci):C(temp_band) 6.0 3.166502411496072 |4.167466e-03 1.710991e-04
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CIxweather (partial n? = 0.0202) and CIxbuilding_type (0.0092) dominate the two-way
structure. Price scenario and comfort parameter interactions are comparatively small.

B.3.3 CI-related Three-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather):C(heat_pump_type) 20.0 31.2613960289652  |3.167383e-119 |5.600031e-03
C(ci):C(weather):C(building_type) 20.0 12.447696420893685 |2.093160e-41 | 2.237367e-03
C(ci):C(building_type):C(heat_pump_type) |8.0 26.797376515634056 |6.533194e-42  |1.927238e-03
C(ci):C(weather):C(temp_band) 30.0 4.7380895143550426 |1.673764e-16 | 1.278674e-03
C(ci):C(weather):C(temp_setpoint) 50.0 2.8423159844641863 |9.316367e-11 | 1.278432e-03
C(ci):C(weather):C(price_scenario) 50.0 2.439500869595938 |6.055876e-08 |1.097451e-03
C(ci):C(price_scenario):C(temp_band) 30.0 3.17245425548936 | 1.067895e-08 |8.565159e-04
C(ci):C(heat_pump_type):C(temp_band) 12.0 7.026870728002731 |6.219511e-13 | 7.589347e-04
C(ci):C(price_scenario):C(heat_pump_type)|20.0 2.57317913299705 1.366188e-04 | 4.633292e-04
C(ci):C(building_type):C(temp_band) 12.0 3.922258936717528 |4.552801e-06 |4.237643e-04
C(ci):C(price_scenario):C(temp_setpoint) |50.0 0.8131487440667182 |8.242715e-01 | 3.660766e-04
C(ci):C(price_scenario):C(building_type) |20.0 1.5158146651529445 |6.491369e-02  |2.729911e-04

Three-way interactions for

penalty cost

dre

larger

in CIA

than in

INT.

CIxweatherxheat_pump_type leads at partial n? = 0.0056, reflecting how heat pump type
conditions the regime-dependent penalty response to CI.

B.3.4 CI-related Four-Way Interactions

term df F PR(>F) |partial_eta2
C(ci):C(weather):C(price_scenario):C(temp_setpoint) 250.0 ;'051457174938303 (2)'176034%_ 2.362085e-03
. . 1.726390e-
C(ci):C(weather):C(building_type):C(heat_pump_type) 40.0 [6.024738050321548 30 2.165945e-03
C(ci):C(weather):C(price_scenario):C(building_type) 100.0 ;'310759269883561 5.2314617& 2.077030e-03
. . . 8.618826e-
C(ci):C(weather):C(price_scenario):C(temp_band) 150.0 |1.161238426449374 02 1.566472e-03
C(ci):C(weather):C(price_scenario):C(heat_pump_type) 100.0 }1'517863940747324 3;15326388_ 1.365307e-03
C(ci):C(weather):C(temp_setpoint):C(temp_band) 150.0 ;'006198550987966 3'16337348_ 1.357613e-03
. . . 2.461069e-
C(ci):C(weather):C(building_type):C(temp_setpoint) 100.0 |1.093314095057186 01 9.838037e-04
C(ci):C(price_scenario):C(temp_setpoint):C(temp_band) | 150.0 2'705999470927707 3'19751326_ 9.529553e-04
C(ci):C(weather):C(heat_pump_type):C(temp_setpoint) 100.0 2'029496618868716 3'1999619& 9.264316e-04
;I(a):C(prlce_scenarlo):C(buﬂdmg_type):C(temp_setpomt 100.0 |0.773790584314461 3.15452199— 6.9648516-04
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Four-way interactions are not consistently significant and add negligible explanatory
value beyond lower-order effects.

B.3.5 Directional Means by Weather x CI

weather CI=15 CI=30 CI=60
arctic_winter 610.4186130319789 637.4795160829698 607.5271634954994
cold_winter 2280.403482511858 2283.2378462039615 1939.5259383646674
extreme_cold 329.1684485926773 357.8505743558984 394.73247322525674
mild_winter 6321.900623342373 6077.999140619888 5593.471384066011
spring_fall 12042.484680066056 11888.547792948793 11987.28489306328
variable_winter 2270.369496037531 2270.1766603813007 1959.378213434765

Penalty costs are concentrated in colder regimes. The CI effect is heterogeneous: in
cold_winter and variable_winter, longer CI reduces penalties; in extreme_cold, shorter CI
minimizes them. This asymmetry reflects regime-specific differences in how CIA’s
limited anticipation interacts with heating demand.

B.4 Total Cost

B.4.1 Main Effects

term df F PR(>F) partial_eta2

C(weather) 5.0 453326.4847554868 |0.000000e+00 9.533061e-01
C(heat_pump_type) | 2.0 51871.9855087299 |0.000000e+00 4.830559e-01
C(price_scenario) |5.0 11564.230050859487 | 0.000000e+00 3.424548e-01
C(temp_band) 3.0 8315.124884924026 |0.000000e+00 1.834659e-01
C(building_type) |2.0 5557.627447310737 |0.000000e+00 9.100626e-02
C(temp_setpoint) |5.0 1450.7230946543118|0.000000e+00 6.132807e-02
C(ci) 2.0 59.36223786659676 |1.710340e-26 1.068236e-03
Residual 111022.0 nan nan nan

B.4.2 CI-related Two-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather) 10.0 265.7158470784877 |0.000000e+00 2.337419e-02
C(ci):C(building_type) 4.0 320.46201892451484|1.115241e-274 1.141411e-02
C(ci):C(heat_pump_type) 4.0 150.8276259557011 |6.699823e-129 5.404782e-03
C(ci):C(temp_setpoint) [10.0 5.014129276676778 |2.524193e-07 4.514300e-04
C(ci):C(price_scenario) [10.0 4.401769651926864 |3.277323e-06 3.963201e-04
C(ci):C(temp_band) 6.0 3.138796902646684 |4.457830e-03 1.696023e-04
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CIxweather (partial n? = 0.0234) and CIxbuilding_type (0.0114) are the dominant two-
way terms. The building-type interaction is notably larger in CIA than in INT, suggesting
that CIA’s cost response to CI is more sensitive to building thermal characteristics.

B.4.3 CI-related Three-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather):C(heat_pump_type) 20.0 30.00907320433267 |5.639332e-114 |5.376901e-03
C(ci):C(weather):C(building_type) 20.0 13.395614471300354 |3.143817e-45 |2.407337e-03
C(ci):C(building_type):C(heat_pump_type) |8.0 23.355537458431662 |4.040656e-36 | 1.680121e-03
C(ci):C(weather):C(temp_band) 30.0 5.2375632942055 3.742640e-19 | 1.413277e-03
C(ci):C(weather):C(temp_setpoint) 50.0 2.8128898382080894 |1.521196e-10 | 1.265214e-03
C(ci):C(weather):C(price_scenario) 50.0 2.5471728244751057 | 1.130433e-08 | 1.145833e-03
C(ci):C(price_scenario):C(temp_band) 30.0 3.39503213405215 |9.569171e-10  |9.165536e-04
C(ci):C(heat_pump_type):C(temp_band) 12.0 7.391769825741012 |8.928573e-14 | 7.983141e-04
C(ci):C(building_type):C(temp_band) 12.0 4.914668351647258 |3.485943e-08 |5.309282e-04

C(ci):C(price_scenario):C(heat_pump_type)

20.0

1.947726487614537

6.761822e-03

3.507491e-04

C(ci):C(price_scenario):C(temp_setpoint)

50.0

0.7296001769392967

9.235040e-01

3.284757e-04

C(ci):C(temp_setpoint):C(temp_band)

30.0

0.8565397474899384

6.905303e-01

2.313978e-04

Three-way interactions are dominated by weather combined with heat pump type (partial
n? = 0.0054) and building type (partial n? = 0.0024). Higher-order CI sensitivity reflects
weather-dependent system behavior rather than new cost regimes.

B.4.4 CI-related Four-Way Interactions

term df F PR(>F) |partial_eta2
. . . . 1.874724e-
C(ci):C(weather):C(price_scenario):C(temp_setpoint) 250.0 |1.078786837848083 01 2.423332e-03
. . . . 5.760834e-
C(ci):C(weather):C(price_scenario):C(building_type) 100.0 |2.358314721991374 13 2.119684e-03
. o 8.383878e-
C(ci):C(weather):C(building_type):C(heat_pump_type) 40.0 [5.793342555104164 29 2.082930e-03
C(ci):C(weather):C(price_scenario):C(temp_band) 150.0 }1'206449013944017 3'23231988_ 1.627361e-03
C(ci):C(weather):C(temp_setpoint):C(temp_band) 150.0 é'059927969198970 (2)'19224118_ 1.430003e-03
C(ci):C(weather):C(price_scenario):C(heat_pump_type) 100.0 1'500546352168130 gf06969e- 1.349751e-03
C(ci):C(weather):C(building_type):C(temp_setpoint) 100.0 é'142939962409664 (1).1556927e- 1.028413e-03
C(ci):C(price_scenario):C(temp_setpoint):C(temp_band) | 150.0 g'735680483977369 3'19358176_ 9.929788e-04
. . 2.561697e-
C(ci):C(weather):C(heat_pump_type):C(temp_setpoint) 100.0 | 1.088575261170218 01 9.795437e-04
C(ci):C(price_scenario):C(building_type):C(temp_setpoint 100.0 2.800912646719331 3.12857759— 7 208799e-04
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Four-way interactions are fragmented and small relative to lower-order effects. No stable
higher-order cost regime is identifiable.

B.4.5 Directional Means by Weather x CI

Weather CI=15 CI=30 CI=60
arctic_winter 1442.7736184332134 1476.7386055891425 1451.5273764584624
cold_winter 3054.85545627729 3058.903826142233 2699.7448488584946

extreme_cold

1229.7667255988501

1268.5058228126886

1321.0625874227876

mild_winter

7104.741427354718

6859.212571175443

6349.047816164777

spring_fall

12877.556092103092

12715.96872504756

12773.077229483033

variable_winter

3041.7076943399998

3043.4723193319182

2718.432238126123

CIA's total cost is strongly weather-dependent in its CI response. In cold_winter and
variable_winter, CI=60 produces substantially lower total costs than CI=15 — the
opposite direction from INT. In extreme cold, shorter CI minimizes cost. In mild_winter
and spring_fall, the CI effect is small.

B.5 Solver Time

B.5.1 Main Effects

term df F PR(>F) partial_eta2

C(ci) 2.0 1320485.169166254 |0.000000e+00 9.596576e-01
C(weather) 5.0 2775.4912024469468| 0.000000e+00 1.111090e-01
C(price_scenario) |5.0 1745.9837483194103 | 0.000000e+00 7.290003e-02
C(building_type) |2.0 1453.5305546878046 | 0.000000e+00 2.551641e-02
C(heat_pump_type) | 2.0 210.46547082375207 | 5.872812e-92 3.777099e-03
C(temp_band) 3.0 96.91705486747344 |1.205970e-62 2.612020e-03
C(temp_setpoint) |5.0 45.002149836206925 | 1.401457e-46 2.022623e-03
Residual 111022.0 nan nan nan

B.5.2 CI-related Two-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather) 10.0 362.9626291813568 |0.000000e+00 3.165787e-02
C(ci):C(price_scenario) [10.0 210.15891025883408 | 0.000000e+00 1.857781e-02
C(ci):C(building_type) |4.0 140.32957255873276|7.343761e-120 5.030486e-03
C(ci):C(temp_band) 6.0 42.36717316385297 |5.966933e-52 2.284433e-03
C(ci):C(temp_setpoint) |10.0 11.844170412308287|1.076852e-20 1.065694e-03
C(ci):C(heat_pump_type)|4.0 25.17121705358432 |7.187155e-21 9.060694e-04

ClIxweather (partial n? = 0.0317) and CIxprice_scenario (0.0186) are the largest two-way
terms. Unlike INT, where weather dominates, CIA shows substantial price scenario
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interaction with CI, reflecting how problem structure — not just thermal demand —

shapes solver time.

B.5.3 CI-related Three-Way Interactions

term df F PR(>F) partial_eta2
C(ci):C(weather):C(price_scenario) 50.0 |37.08242100351906 |0.000000e+00 |1.642616e-02
C(ci):C(price_scenario):C(building_type) [20.0 |91.33468094217822 |0.000000e+00 |1.618710e-02
C(ci):C(price_scenario):C(heat_pump_type) |20.0 25'43220521584317 7.732870e-95 |4.560577e-03
C(ci):C(building_type):C(heat_pump_type) |8.0 30.27672980053954 |8.721446e-48 |2.176925e-03
C(ci):C(price_scenario):C(temp_setpoint) |50.0 |3.980754101090082 |1.193963e-19 |1.789569e-03
C(ci):C(weather):C(building_type) 20.0 |7.421456949888832 |1.304888e-21 |1.335149e-03
C(ci):C(weather):C(heat_pump_type) 20.0 |4.263707745474792 |4.960107e-10 |7.674939e-04
C(ci):C(weather):C(temp_setpoint) 50.0 [1.234747646754235 |1.234501e-01 |5.557734e-04
C(ci):C(price_scenario):C(temp_band) 30.0 |1.947715666649966 |1.422827e-03 |5.260285e-04
C(ci):C(building_type):C(temp_setpoint) 20.0 |2.400906023289564 |4.238014e-04 |4.323230e-04
C(ci):C(building_type):C(temp_band) 12.0 ?'609981101532808 1.998135e-05 |3.900387e-04
C(ci):C(temp_setpoint):C(temp_band) 30.0 [1.192361102270703 |2.157179e-01 |3.220921e-04
Three-way interactions are larger in CIA than in INT for solver time.

CIxweatherxprice_scenario (partial n?

0.0164) and CIxprice_scenarioxbuilding type

(0.0162) reflect structured runtime variability driven by the joint effect of scenario

complexity and system configuration.

B.5.4 Cl-related Four-Way Interactions

term df F PR(>F) |partial_eta2
. . . 1 3.239927e-16
C(ci):C(weather):C(price_scenario):C(building_type) 100.0 | 11.05802346524772 | & 9.861982e-03
C(ci):C(price_scenario):C(temp_setpoint): C(temp_band) 150.0 | 4.346190045932636 | 1.775963e-63 | 5.837786e-03
C(ci):C(price_scenario):C(building_type):C(heat_pump_type) |40.0 |9.85397639271034 |1.230642e-59 |3.537719e-03
C(ci):C(price_scenario):C(building_type):C(temp_setpoint)  |100.0 2'552935750309045 3.139483e-30 |3.190000e-03
C(ci):C(price_scenario):C(heat_pump_type):C(temp_setpoint) | 100.0 2'357789459543683 3.406719e-27 |3.015316e-03
C(ci):C(heat_pump_type):C(temp_setpoint):C(temp_band) 60.0 |4.512766202499606 | 1.662051e-28 |2.432916e-03
C(ci):C(building_type):C(temp_setpoint):C(temp_band) 60.0 |4.061470331106627 |5.969996e-24 |2.190147e-03
C(ci):C(weather):C(price_scenario):C(heat_pump_type) 100.0 | 2.067013610374512 | 2.073663e-09 | 1.858346e-03
C(ci):C(price_scenario):C(heat_pump_type):C(temp_band) |60.0 |3.376565275487309 |2.441938e-17 |1.821485e-03
C(ci):C(price_scenario):C(building_type):C(temp_band) 60.0 2'348000329940143 4.506671e-17 |1.806103e-03

Four-way interactions for CIA solver time are substantial relative to other metrics —
CIxweatherxprice_scenarioxbuilding_type reaches partial n? = 0.0099 — but the CI main

effect at 0.960 remains dominant.
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Directional Means by Weather x CI (CIA)

weather CI=15 CI=30 CI=60
arctic_winter 0.06232874084402009 |0.022354604064682336 |0.009258669136482944
cold_winter 0.06030064530578656  0.021139005672784452 |0.00876920892868508
extreme_cold 0.06148340319409778 |0.021982430013609472 |0.009096000407948857
mild_winter 0.06144574626728336  |0.021507320911795958 |0.008977587502679657
spring_fall 0.054640011213443855 |0.019213184861489235 |0.008272409512672847
variable_winter 0.0585063810701723 0.020286573782379195 |0.008375050697797561

CIA solver time increases monotonically as CI decreases across all weather regimes, with
near-identical values across regimes at each CI level — consistent with CIA’s
deterministic two-stage solving process.
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Appendix C: Linear Programming (LP) — Full
ANOVA Results

This appendix provides full ANOVA results for the Linear Programming (LP) relaxation
across three response variables: energy consumption, electricity cost, and total cost.
Unlike INT and CIA, LP operates on a relaxed continuous control space, removing
integer constraints; penalty cost is therefore not analyzed as a standalone outcome but is
implicit in total cost. LP results serve as a lower bound reference for cross-formulation
comparisons in Chapter 5.

C.0 Interpretation Framework

Given the large sample size and correspondingly high statistical power, statistical
significance alone is not sufficient to assess the relevance of effects. Effects are evaluated
using partial n? as the primary measure of explanatory power. Effects with comparatively
large partial n? relative to other terms of the same order are considered meaningful
contributors to variability; effects with very small partial n? are described as negligible
even if statistically significant. Higher-order interactions are discussed only when their
effect sizes are non-trivial and exhibit coherent structure.

C.1 Energy Consumption

C.1.1 Main Effects

Energy consumption under LP is almost entirely governed by physical drivers. CI ranks
fourth among main effects at partial n? = 0.568 — dramatically higher than INT (0.0001)
or CIA (0.110). This reflects a distinctive LP property: without integer constraints, the
continuous optimizer allocates fractional pump states that accumulate differently across
the day depending on the number of decision intervals.

term df F PR(>F) partial_eta2

'C(weather) 5.0 1569336.7107172215/ 0.000000e+00 0.9860484910817078
'C(building_type)’ |2.0 275904.806061251 | 0.000000e+00 0.8325034624638854
‘C(heat_pump_type) |, 159237.18299124762 |0.000000e+00 0.7415065439586866
'C(ci) 2.0 72850.40160803893 | 0.000000e+00 0.5675413379365633
'C(temp_setpoint) |5.0 12666.123114423102 |0.000000e+00 0.3632329538866067
'C(temp_band)’ 3.0 3340.1326805812714 | 0.000000e+00 0.0827841996181212
'C(price_scenario)’ |5.0 1256.6579659962167 | 0.000000e+00 0.0535635676710564
'Residual’ 111022.0 nan nan nan

C.1.2 CI-related Two-Way Interactions

term df F PR(>F) partial_eta2
'C(ci):C(weather)' 10.0 9880.472566502624 |0.000000e+00  |0.4708872301746781
'C(ci):C(building_type)' |4.0 344.8501243700395 |1.400993e-295 |0.0122720935092893
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term df F PR(>F) partial_eta2
'C(ci):C(temp_setpoint)' |10.0 110.20727720587502 | 2.744747e-229 | 0.0098290469192926
'C(ci):C(heat_pump_type)'|4.0 164.3991281085402 |1.385662e-140 |0.0058882421943648
'C(ci):C(temp_band)' 6.0 68.60533718977119 |1.280841e-85 0.003693965777344
'C(ci):C(price_scenario)' |10.0 6.973570582532989 |5.029588e-11 0.0006277308152785

CIxweather dominates the two-way structure (partial n? = 0.471) — far larger than in INT
or CIA. This confirms that LP’s strong CI sensitivity on energy is concentrated in regime-
specific patterns rather than a uniform main effect.

C.1.3 CI-related Three-Way Interactions

term df F PR(>F) partial_eta2
'C(ci):C(weather):C(building_type)' 20.0 |74.41312949600983 |0.000000e+00 |0.013227794119943
'C(ci):C(weather):C(temp_setpoint)' 50.0 17.23511323024574 |9.397687e-148 |0.0077022411020899
'C(ci):C(weather):C(heat_pump_type)' 20.0 29.22139668135036 |1.124234e-110 |0.0052365078288731
'C(ci):C(weather):C(temp_band)' 30.0 11.683812308389482 |3.128274e-56  |0.0031472250692802
'C(ci):C(price_scenario):C(temp_setpoint)' |50.0 1.5744427649487878 | 5.897734e-03  |0.0007085654956363
'C(ci):C(building_type):C(temp_setpoint)' 20.0 3.4624115967246576 | 2.429557e-07 | 0.0006233455203412
C(ci):C(heat_pump_type):C(temp_setpoint) |5, o |5 518661272081295 |1.962745¢-04 | 0.0004535171436319
'C(ci):C(temp_setpoint):C(temp_band)' 30.0 1.3736730665484786 | 8.351161e-02 | 0.0003710516914216
'C(ci):C(weather):C(price_scenario)' 50.0 0.7685716294475833 |8.834687e-01  [0.0003460150655207
'C(ci):C(building_type):C(temp_band)’ 120 |2.479757290308935 |3.040089e-03 |0.0002679569262489

Three-way interactions are led by ClIxweatherxbuilding type (partial n? = 0.0132),
reflecting how LP’s CI sensitivity to energy varies across building thermal profiles within
weather regimes.

C.1.4 Cl-related Four-Way Interactions

Term df F PR(>F) partial_eta2
'C(ci):C(weather):C(building_type):C(temp_setpoint)' 100.0 3.6727442358853737 |3.998601e-32 | 0.0032972153332454
'C(ci):C(weather):C(building_type):C(heat_pump_type)' |40.0 8.456844142405751 |8.623219e-49 |0.0030376520661934
'C(ci):C(weather):C(building_type):C(temp_band)' 60.0 3.1800609679075733 |1.585241e-15 |0.0017156626916904
'C(ci):C(weather):C(heat_pump_type):C(temp_setpoint)' | 100.0 1.2440454906856298 |4.969998e-02 | 0.0011192854107452
'C(ci):C(weather):C(price_scenario):C(temp_setpoint)’  |250.0 0.4459778212057525 |1.000000e+00 |0.0010032479933066
'C(ci):C(weather):C(temp_setpoint):C(temp_band)' 150.0 0.6773083996714704 {9.991183e-01 |0.0009142636071015
'C(ci):C(weather):C(heat_pump_type):C(temp_band)' 60.0 1.5520013661660417 | 3.964676e-03  |0.0008380505002493
'C(ci):C(weather):C(price_scenario):C(temp_band)' 150.0 0.3482483980284372 |1.000000e+00 |0.0004702914104386
'C(ci):C(weather):C(price_scenario):C(building_type)' 100.0 0.5203768237549039 |9.999807e-01 | 0.0004684954599768
C(ci):C(weather):C(price_scenario):C(heat_pump_type) |10 o | ¢ 3105970806797372 |1.000000e+00 | 0.0002796834967863

Four-way interactions are high-dimensional and fragmented, adding limited explanatory
value beyond lower-order effects.
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C.1.5 Directional Means by Weather x CI

Weather CI=15 CI=30 CI=60
‘arctic_winter' 48.678432202022144 48.64791456722126 48.62913550166182
'cold_winter' 34.26050394878949 34.19293645793529 34.221672670877346
‘extreme_cold' 55.954396988297425 55.93610201760838 55.90676688537317
'mild_winter' 19.58349581702828 19.622238206462104 21.093987689659198
'spring_fall' 7.406642241623458 10.195237418469084 16.10171814317137

'variable_winter'

34.17925131112163

34.10108174247496

34.10832062045522

Directional means show that LP energy sensitivity to CI is concentrated in spring_fall and
mild_winter, where fractional control near the lower heating boundary produces larger

relative differences across interval lengths.

C.2 Electricity Cost

C.2.1 Main Effects

Electricity cost under LP is dominated by price scenario and weather. CI ranks fourth at
partial 2 = 0.607, substantially larger than in INT or CIA, reflecting the continuous
optimizer’s ability to concentrate consumption across intervals without discrete
scheduling constraints.

Term df F PR(>F) partial_eta2
'C(weather)' 5.0 658121.8045808288 |0.000000e+00 0.9673621273875804
'C(price_scenario)' |5.0 216958.5448206681 |0.000000e+00 0.907157858351972
'C(building_type)' |2.0 182879.5564253003 |0.000000e+00 0.7671426216189299
'C(ci) 2.0 85886.71351963289 |0.000000e+00 0.6074123221780926
(Clheat_pump_type) |, 65605.26737311245 |0.000000e-+00 0.5416718067359849
'C(temp_band)' 3.0 19187.39379537644310.000000e+00 0.3414447364684086
'C(temp_setpoint)’ |5.0 6735.6736359606 0.000000e+00 0.23274555969308
'Residual’ 111022.0 nan nan nan
C.2.2 Cl-related Two-Way Interactions

term df F PR(>F) partial_eta2
'C(ci):C(price_scenario)' |10.0 5961.946612354075 |0.000000e+00 0.3493843992196923
'C(ci):C(weather)' 10.0 5711.129910559839 |0.000000e+00 0.3396786919034334
'C(ci):C(building_type)' 4.0 445.48439485793375|0.000000e+00 0.0157967675390495
'C(ci):C(temp_setpoint)’ |10.0 70.70992723306142 |5.620923e-145 0.0063286939296549
'C(ci):C(temp_band)' 6.0 108.46227119979308| 6.610645e-137 | 0.0058275048255831
'C(ci):C(heat_pump_type)' 4.0 120.89373167104824|4.021714e-103 0.0043367780221046
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ClIxprice_scenario (partial n2 = 0.349) and ClIxweather (0.340) both reach levels far
exceeding the INT and CIA counterparts, consistent with LP’s unconstrained temporal
flexibility amplifying sensitivity to both regime and pricing structure.

C.2.3 CI-related Three-Way Interactions

term df F PR(>F) partial_eta2
'C(ci):C(weather):C(price_scenario)' 50.0 82.75635571403734 |0.000000e+00 |0.0359310900734649
'C(ci):C(weather):C(building_type)' 20.0 41.11565889103817 |1.102554e-160 |0.0073523020925826
'C(ci):C(weather):C(heat_pump_type)' 20.0 25.077430012990853 | 2.331821e-93  |0.0044972439144448
'C(ci):C(weather):C(temp_setpoint)' 50.0 7.040535507118159 |6.490089e-47 |0.0031607618539819
'C(ci):C(price_scenario):C(building_type)' |20.0 15.897087007184968 | 2.113031e-55 |0.0028555946336467
'C(ci):C(price_scenario):C(temp_setpoint)' |50.0 2.4726871925089724 | 3.626276e-08 0.0011123636149793
'C(ci):C(weather):C(temp_band)' 30.0 3.673669797777216 |4.315504e-11 |0.000991702530168
'C(ci):C(price_scenario):C(temp_band)' 30.0 3.274400962655368 |3.563937e-09 |0.000884015692607
'C(ci):C(price_scenario):C(heat_pump_type)' | 20.0 2.0227405569097225 |4.379132e-03  {0.0003642528089892
'C(ci):C(building_type):C(heat_pump_type)' |8.0 4.628427032242731 |1.140099e-05 |0.0003334030300766

CIxweatherxprice_scenario dominates at partial n? = 0.0359, confirming that LP’s
electricity cost sensitivity to CI is primarily shaped by the joint structure of weather and

pricing conditions.

C.2.4 CI-related Four-Way Interactions

term df F PR(>F) partial_eta2
'C(ci):C(weather):C(price_scenario):C(heat_pump_type)' 100.0 |3.103676049542329 |2.393593e-23 |0.0027877571602135
'C(ci):C(weather):C(price_scenario):C(building_type)' 100.0 |3.068892215102945 |7.858088e-23 | 0.0027566000492439
'C(ci):C(weather):C(building_type):C(heat_pump_type)' 40.0 |5.926523075499779 |9.002746e-30 |0.0021307111623386
'C(ci):C(weather):C(price_scenario):C(temp_band)' 150.0 | 1.4617270545697592 | 1.974330e-04 | 0.0019710228025267
'C(ci):C(weather):C(building_type):C(temp_setpoint)' 100.0 |1.8291899940425396 | 8.424733e-07 |0.0016448822682496
'C(ci):C(weather):C(price_scenario):C(temp_setpoint)' 250.0 | 0.709685957903408 |9.998366e-01 | 0.0015955252923023
'C(ci):C(weather):C(building_type):C(temp_band)' 60.0 |2.9423288351782437|2.139501e-13 | 0.0015876083493467
C(cD:C(price_scenario):C(building_type):C(heat_pump_type) | 4 o |5 650383088326559 | 7.034509¢-08 | 0.0009539927733291
'C(ci):C(weather):C(temp_setpoint):C(temp_band)' 150.0 | 0.6950328286022134 |9.983023e-01 | 0.0009381664518556
'C(ci):C(weather):C(heat_pump_type):C(temp_setpoint)' 100.0 |0.9072747289860216 | 7.354378e-01 |0.0008165353777381

Four-way interactions for LP electricity cost are statistically detectable
but fragmented. Interpretive weight remains on the dominant lower-order effects.

in several terms,

C.2.5 Directional Means by Weather x CI

weather CI=15 CI=30 CI=60
'arctic_winter' 655.994696612006 675.7019338078309 712.5038806420982
'cold_winter" 434.8311422151316 457.7748968371925 493.07652012435994
'extreme_cold' 773.7927220921042 792.4836055697881 833.5889348764163
'mild_winter' 234.64211428117187 267.8935655861502 331.23084859837394
'spring_fall' 111.02142928991876 183.88379849392211 306.42720837727586
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weather CI=15 CI=30 CI=60
‘variable_winter' 432.29703363409305 455.75605115134414 490.64257972090195

LP electricity costs increase consistently with CI across all weather regimes, reflecting

that fewer but longer intervals reduce the optimizer’s ability to exploit intra-day price
variation.
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C.3 Total Cost

C.3.1 Main Effects

LP total cost mirrors the electricity cost structure closely, since penalties under the
continuous relaxation are not mechanistically discrete. Weather, price scenario, and

building type lead; CI ranks seventh at partial n2 = 0.050.

term df F PR(>F) partial_eta2
'C(weather)' 5.0 75431.91472538022 |0.000000e+00 0.7725805192212151
'C(price_scenario)' |5.0 56293.58279670621 |0.000000e+00 0.7171341325100687
'C(building_type)' |2.0 98051.02221152897 |0.000000e+00 0.6385108817886327
(C(heat_pump_type) |, 29447.632553030948 | 0.000000e+00 0.3466114233259323
'C(temp_band)' 3.0 12697.959602692878 | 0.000000e+00 0.2554649384932896
'C(temp_setpoint)' |5.0 2225.914865517393 |0.000000e+00 0.0911128193709529
'C(ci) 2.0 2910.91639994433 | 0.000000e+00 0.0498257602509441
'Residual’' 111022.0 nan nan nan
C.3.2 CI-related Two-Way Interactions

term df F PR(>F) partial_eta2

'C(ci):C(weather)' 10.0 2479.660686384951 |0.000000e+00 0.1825715005949568
'C(ci):C(price_scenario)’ |10.0 223.05666747425948|0.000000e+00 0.0196955066029426
'C(ci):C(building_type)' |4.0 102.9713959927752 |1.096304e-87 0.0036962328093703
'C(ci):C(temp_setpoint)’ |10.0 21.144392012832363|7.227887e-40 0.0019009023965863
'C(ci):C(heat_pump_type)' |4.0 31.337215604447117 3.978115e-26 | 0.0011277719504848
'C(ci):C(temp_band)' 6.0 3.257554288739056 |3.337116e-03 0.0001760181351502

CIxweather (partial n? = 0.183) leads the two-way structure, consistent with the electricity
cost pattern. CI affects total cost primarily through how interval length changes the

optimizer’s ability to exploit weather-conditional price opportunities.

C.3.3 Cl-related Three-Way Interactions

term df F PR(>F) partial_eta2
'C(ci):C(weather):C(heat_pump_type) 200 |309.6291419130181 |0.000000e+00 |0.0528311639073549
'C(ci):C(weather):C(temp_setpoint) 50.0 | 81.53092236593356 |0.000000e+00 |0.0354178767306657
'C(ci):C(weather):C(temp_band) 30.0 | 71.63474215089826 |0.000000e+00 |0.0189893299692668
'C(ci):C(weather):C(building_type) 20.0  |53.44888468131643 |8.846622e-213 |0.0095366970261257
'C(ci):C(building_type):C(heat_pump_type) |8.0 14.04162843212868 |1.293990e-20 | 0.0010107859956227
'C(ci):C(weather):C(price_scenario) 50.0 | 2.102225532328696 |8.598782e-06 |0.0009458652835381
'C(ci):C(price_scenario):C(building_type) |20.0  |3.91631522175786 |7.600312e-09 |0.0007050051700165
Clei):C(heat_pump_type):C(temp_setpoint) |54 o |5 1153207178847517 |2.525658¢-03 | 0.0003809181880617
'C(ci):C(building_type):C(temp_setpoint)’  |20.0 | 1.7225942179571856 | 2.324103e-02 | 0.0003102195664869
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term df F PR(>F) partial_eta2

'C(ci):C(price_scenario):C(temp_band)' 30.0 0.9887530436464844 |4.830390e-01  [0.0002671062334164

Three-way interactions are dominated by weather combined with heat pump type (partial
n? = 0.0528) and temp_setpoint (0.0354), notably larger than for the other LP metrics.
CIxweatherxheat_pump_type leads, indicating that heat pump type substantially
conditions how weather and CI jointly determine LP total cost.

C.3.4 Cl-related Four-Way Interactions

term df F PR(>F) partial_eta2

s s 5.136130e-10
C(ci):C(weather):C(heat_pump_type):C(temp_setpoint) 100.0 |7.619641243179493 > 0.0068163992061558
'C(ci):C(weather):C(building_type):C(heat_pump_type)’ 40.0 |13.549292540585318 | 5.398826e-89 | 0.0048579455657325
'C(ci):C(weather):C(temp_setpoint):C(temp_band)' 150.0 |3.5349164178489216 | 9.106694e-44 | 0.0047532660459163
'C(ci):C(weather):C(heat_pump_type):C(temp_band)' 60.0 |7.9721618365511695 | 2.488464e-66 | 0.0042899398722526
'C(ci):C(price_scenario):C(temp_setpoint): C(temp_band)' 150.0 |2.5390686608927813|5.529209e-22 |0.0034187658926462
'C(ci):C(weather):C(building_type):C(temp_setpoint)' 100.0 |3.756367386433043 | 1.845723e-33 |0.0033720350775897
'C(ci):C(price_scenario):C(building_type):C(temp_setpoint)' 100.0 |3.478251575684004 |4.637794e-29 |0.0031231543829425
Cci):C(price_scenario):C(heat_pump._type):Cltemp_setpoint) | 11 |3 4781917522964505 | 2.785318¢-28 | 0.0030783435717722
'C(ci):C(weather):C(building_type):C(temp_band)' 60.0 |5.663806845597781 |1.246199e-40 |0.0030515699641934
'C(ci):C(heat_pump_type):C(temp_setpoint):C(temp_band)' 60.0 |5.543086470453061 |2.483563e-39 |0.0029867219896244
Four-way interactions are larger here than for other LP metrics —

CIxweatherxheat_pump_typextemp_setpoint reaches partial n? = 0.0068. These are
statistically detectable and reflect structured variability, but remain secondary to lower-
order effects.

C.3.5 Directional Means by Weather x CI

weather CI=15 CI=30 CI=60
'arctic_winter' 683.4220574977345 699.0981819625715 718.3576319601189
'cold_winter' 450.79109843868025 469.36303361359796 495.4477908598611
‘extreme_cold' 805.8863416929695 821.6207849053384 840.4138905404706
'mild_winter' 239.5497653265357 270.6933673816869 424.9728567239119
'spring_fall' 202.80959620961747 735.4440166482475 3012.8523061253236
'variable_winter' 448.2405030690967 466.89231017864546 492.7995040302775

LP total costs increase with CI across all weather regimes. The spring-fall regime shows a
steep escalation driven entirely by LP’s own fractional penalty term (CI=15: 92¢, CI=60:
2,706¢). This does not represent a lower bound violation: the lower bound property
applies to electricity cost, where LP is well below INT in all regimes. LP penalty arises
from fractional slack variables in the continuous relaxation and is mechanistically
incomparable to INT or CIA penalties, which is why the penalty is excluded from cross-
formulation comparisons in Chapter 5.
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C.4 Solver Time

C.4.1 Main Effects

LP solver time is dominated by CI (partial n2 = 0.960), with identical main effect values
to CIA. This is expected: both formulations solve LP subproblems as their continuous
relaxation step, so the LP solver time distribution reflects the same problem-size scaling.

term df F PR(>F) partial_eta2

'C(ci)’ 2.0 1320485.169166254 |0.000000e+00 0.9596575911736476
'C(weather) 5.0 2775.4912024469468 | 0.000000e+00 0.1111090188485316
'C(price_scenario)’ |5.0 1745.9837483194103 | 0.000000e+00 0.0729000322778513
'C(building_type)’ |2.0 1453.5305546878046 | 0.000000e+00 0.0255164141709614
(C(heat_pump_type) |, 210.46547082375207 | 5.872812e-92 0.0037770986287852
'C(temp_band)’ 3.0 96.91705486747344 | 1.205970e-62 0.0026120202902224
'C(temp_setpoint) 5.0 45.002149836206925| 1.401457¢-46 0.0020226228791742
'Residual’ 111022.0 nan nan

C.4.2 CI-related Two-Way Interactions

term df F PR(>F) partial_eta2
'C(ci):C(weather)' 10.0 362.9626291813568 |0.000000e+00 0.0316578700992463
'C(ci):C(price_scenario)' |10.0 210.15891025883408| 0.000000e+00 0.0185778149302041
'C(ci):C(building_type)' |4.0 140.32957255873276|7.343761e-120 | 0.0050304857288336
'C(ci):C(temp_band)' 6.0 42.36717316385297 |5.966933e-52 0.0022844330777
'C(ci):C(temp_setpoint)'  |10.0 11.844170412308287|1.076852e-20 0.0010656940201695
'C(ci):C(heat_pump_type)'|4.0 25.17121705358432 |7.187155e-21 0.000906069434281

Two-way interaction structure for LP solver time is identical to CIA, confirming that the
LP solve times reported here are the continuous relaxation subproblem times shared by

both formulations.

C.4.3 CI-related Three-Way Interactions

term df F PR(>F) partial_eta2

'C(ci):C(weather):C(price_scenario)' 50.0 37.08242100351906 |0.000000e+00 |0.0164261584551772
'C(ci):C(price_scenario):C(building_type)' |20.0 91.33468094217822 |0.000000e+00 |0.0161871046997972
'C(ci):C(price_scenario):C(heat_pump_type)' | 20.0 25.432205215843176|7.732870e-95 |0.0045605771257011
'C(ci):C(building_type):C(heat_pump_type)' |8.0 30.27672980053954 |8.721446e-48 |0.0021769249073749
'C(ci):C(price_scenario):C(temp_setpoint)' |50.0 3.980754101090082 |1.193963e-19 |0.0017895688546112
'C(ci):C(weather):C(building_type)' 20.0 7.421456949888832 |1.304888e-21 |0.0013351494650811
'C(ci):C(weather):C(heat_pump_type)' 20.0 4.263707745474792 |4.960107e-10 |0.0007674938977496
'C(ci):C(weather):C(temp_setpoint)' 50.0 1.234747646754235 |1.234501e-01 |0.0005557733633431
'C(ci):C(price_scenario):C(temp_band)' 30.0 1.947715666649966 |1.422827e-03 |0.000526028475279

'C(ci):C(building_type):C(temp_setpoint)' 20.0 2.400906023289564 |4.238014e-04 |0.0004323229731871
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Three-way interactions for LP solver time are identical to CIA in structure and
magnitude, consistent with the shared LP relaxation subproblem.

C.4.4 Cl-related Four-Way Interactions

term df F PR(>F) partial_eta2
'C(ci):C(weather):C(price_scenario):C(building_type)' 100.0 | 11.05802346524772 | 3.239927e-168 | 0.0098619818045425
'C(ci):C(price_scenario):C(temp_setpoint):C(temp_band)' 150.0|4.346190045932636 |1.775963e-63 |0.0058377860939106

'C(ci):C(price_scenario):C(building_type):C(heat_pump_type)' | 40.0 |9.85397639271034 |1.230642e-59 |0.0035377189363648

'C(ci):C(price_scenario):C(building_type):C(temp_setpoint)’' 100.0 | 3.5529357503090453 | 3.139483e-30 | 0.0031900000765556

'C(ci):C(price_scenario):C(heat_pump_type):C(temp_setpoint)

100.0 | 3.3577894595436835 | 3.406719e-27 |0.0030153164793034
'C(ci):C(heat_pump_type):C(temp_setpoint):C(temp_band)' 60.0 |4.512766202499606 |1.662051e-28 |0.0024329161898782
'C(ci):C(building_type):C(temp_setpoint):C(temp_band)' 60.0 |4.061470331106627 |5.969996e-24 |0.0021901470593958
'C(ci):C(weather):C(price_scenario):C(heat_pump_type)' 100.0 1 2.067013610374512 |2.073663e-09 |0.0018583455394891
'C(ci):C(price_scenario):C(heat_pump_type):C(temp_band)' 60.0 |3.376565275487309 |2.441938e-17 |0.0018214848838313
'C(ci):C(price_scenario):C(building_type):C(temp_band)' 60.0 |3.3480003299401435 | 4.506671e-17 |0.0018061033823315

Four-way interactions for LP solver time match CIA exactly, further confirming these
represent the shared continuous relaxation subproblem times.

C.4.5 Directional Means by Weather x CI

weather CI=15 CI=30 CI=60
'arctic_winter' 0.06232874084402009 |0.022354604064682336 |0.009258669136482944
'cold_winter' 0.06030064530578656  [0.021139005672784452 |0.00876920892868508
‘extreme_cold' 0.06148340319409778  |0.021982430013609472 |0.009096000407948857
'mild_winter' 0.06144574626728336  |0.021507320911795958 |0.008977587502679657
'spring_fall' 0.054640011213443855 |0.019213184861489235 |0.008272409512672847
'variable_winter' 0.0585063810701723 0.020286573782379195 |0.008375050697797561

LP solver time directional means are identical to CIA values. These results represent the
continuous relaxation solve times and should be interpreted in that context rather than as
standalone LP runtime measurements.
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Appendix D: CIA Rounding Algorithm — Pseudocode

This appendix documents the dynamic programming rounding step implemented in the
CIA pipeline. The pseudocode reflects the actual implementation in this study and is
provided for reproducibility.

D.1 Notation

T — number of timesteps in the planning horizon

M — set of discrete heat pump modes {0, 1, 2, 3, 4}

g(m)  — heat output of mode m [kW]

Q*(t) — cumulative LP heat output target at timestep t [kWh]
cs — number of consecutive shutdown intervals

sp — number of distinct shutdown periods elapsed

cs._max — maximum consecutive shutdown intervals allowed
sp_max — maximum shutdown periods per day allowed

D.2 Stage 1 — Compute Cumulative LP Target

Given the fractional LP solution x*(t, m) — the fraction of timestep t assigned to mode m
— the cumulative heat target Q*(t) is computed as:

Q*(0)=0

fort=1to T:

Q*(t) = Q*(t-1) + sum_m [ x*(t,m) * q(m) ]

D.3 Stage 2 — DP Rounding

The state space is defined by three variables: (t, cs, sp). The DP table stores, for each
reachable state, the minimum cumulative deviation cost, the mode chosen to reach it, and
a pointer to the previous state.

Initialisation (t = 0):

for each mode m in M:

if m == 0 (shutdown):

cs=1,sp=1

else:
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for each mode m in M:

cs=0,sp=0

cum = q(m)

cost = |cum - Q*(0)|

dpl(0, cs, sp)] = {cost, mode=m, prev=None, cum}

Forward pass (t = 1 to T-1):

fort=1to T-1:

new_states = {}

for each state (t-1, prev_cs, prev_sp) in dp:

for each mode m in M:

// Compute new constraint state

if m == 0 (shutdown):

new_cs = prev_cs + 1

if prev_cs == 0: // starting a new shutdown period

new_sp = prev_sp + 1

else:

new_sp = prev_sp

if new_cs > cs_max: skip

if new_sp > sp_max: skip

else:

new_cs =0

new_sp = prev_sp

// Compute cost

new_cum = prev_cum + q(m)

deviation = [new_cum - Q*(t)|

new_cost = prev_cost + deviation

// Keep the minimum cost path to each state

if (t, new_cs, new_sp) not in new_states

or new_cost < new_states[(t, new_cs, new_sp)].cost:

new_states[(t, new_cs, new_sp)] =

{new_cost, mode=m, prev=(t-1, prev_cs, prev_sp), new_cum}

dp.update(new_states)
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Backtracking:

// Find minimum cost terminal state

best = argmin_{(T-1, cs, sp) in dp} dp[(T-1, cs, sp)].cost

/I Reconstruct mode sequence

modes =[]

state = best

while state is None:

modes.append(dp[state].mode)

state = dp[state].prev

modes.reverse()

D.4 Stage 3 — Recalculation

Once the binary mode sequence is fixed, a full forward simulation recomputes the
temperature trajectory, electricity cost, slack variables, and penalty cost using the discrete
modes. All CIA results reported in Chapter 5 use these recalculated values — not the LP
objective.

T_sim[0] = T_initial

fort=1to T:

Q_in = q(modes[t-1])

Q loss =k * (T_sim[t-1] - T_out[t-1])

T _sim[t] = T_sim[t-1] + (delta_t / C) * (Q_in - Q_loss)

compute slack_low][t], slack_high[t] from comfort bounds

compute penalty[t] from slack variables and graduated penalty rate

compute electricity_cost[t] from mode and price

total_cost = sum(electricity_cost) + sum(penalty)

D.5 Complexity

The state space has at most T X (cs_max + 1) % (sp_max + 1) states. For the experimental
parameters used in this study — cs_max = 8, sp_max = 3, T < 96 — the maximum
number of states is 96 X 9 x 4 = 3,456. At each state, [M| = 5 mode transitions are
evaluated. The algorithm runs in O(T X cs_max x sp_max x |M|) time, which is
polynomial and fast in practice — CIA runtimes remain below 100 ms across all 233,280
scenarios.
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Appendix E: Declaration on the Use of AI-Based Tools

This thesis was developed with extensive use of Al-based tools across implementation,
analysis, and writing phases. Much of the software development followed what is now
commonly called vibe coding. In this iterative, prompt-driven approach, the developer
steers the direction and evaluates outputs rather than writing every line from scratch.
Development proceeded through repeated cycles of prompting, evaluation, and
refinement. Outputs from each tool were cross-checked with at least one of the other two,
and the consolidated results were reviewed with Claude, which produced the final version
in each case. Microsoft Copilot served as an additional cross-checking tool throughout
and covered initial drafting in instances where Claude's capacity was temporarily
unavailable. Charts and figures were produced independently of this workflow.

Primary Al Tools

Claude (claude.ai), ChatGPT, and Microsoft Copilot were the primary tools throughout
the project. Development began in early stages using earlier model versions of both
Claude and ChatGPT, when capabilities were considerably more limited and human
oversight was correspondingly more intensive. From Claude Opus 4 onwards, a major
part of code finalization was completed using that model; Claude Sonnet was used across
the remaining development and writing phases. ChatGPT's data analysis feature was used
extensively during the analysis phase. Microsoft Copilot was additionally used to
generate conceptual illustrative figures.

Supporting Tools

Grammarly and LanguageTool were used for grammar and language checking throughout
the writing process. Elicit and Research Rabbit were used for literature discovery and
initial screening of relevant sources.

Author Responsibility

The author defined all research questions, experimental designs, and validation
requirements, and critically evaluated all Al-generated content at every stage. All
modeling decisions, experimental configurations, and interpretations of results are the
author's own. No scientific conclusions presented in this thesis rest on unverified Al
output.
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