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Abstract

The thesis is divided into two main parts. The first develops the theoretical setting of stochas-
tic differential equations, including the notions of strong and weak solutions, path-wise uniqueness,
and the characterization of strong solutions. Particular attention is devoted to existence and uni-
queness theorems under global and local Lipschitz conditions, as well as to the C'*— version of the
diffeomorphism theorem and the non-crossing lemma. Building on this probabilistic foundation,
the second part focuses in mathematical finance, with particular emphasis on the robustness of the
Black—Scholes formula under volatility misspecification. After revisiting the classical pricing and
hedging of an European call option under the Black—Scholes model, we investigate the impact of
volatility misspecification on option prices and the associated hedging strategies. We then study
an optimization problem in which a family of models is penalized, through an uncertainty-aversion
parameter 1, relative to a reference local volatility model. In particular, in the limit of small un-
certainty aversion, explicit asymptotic formulas for the prices and hedging strategies of vanilla
options are derived. Finally, we consider a novel multiplicative setting with logarithmic utility,
where explicit expressions for the optimal hedging strategies and corresponding prices are also
obtained.



Abstrakt

Die vorliegende Arbeit gliedert sich in zwei Hauptteile. Im ersten Teil wird der theoretis-
che Rahmen stochastischer Differentialgleichungen entwickelt. Dabei werden die Begriffe starker
und schwacher Losungen, pfadweise Eindeutigkeit sowie die Charakterisierung starker Losungen
eingefiihrt und untersucht. Besonderes Augenmerk liegt auf Existenz- und Eindeutigkeitsséatzen
unter globalen und lokalen Lipschitz-Bedingungen sowie auf einer Version des Diffeomorphiesatzes
und dem Nicht-Kreuzungs-Lemma. Aufbauend auf diesen probabilistischen Grundlagen widmet
sich der zweite Teil der Finanzmathematik, insbesondere der Robustheit der Black—Scholes-Formel
bei fehlspezifizierter Volatilitdt. Nach einer Darstellung der klassischen Bewertung und Absiche-
rung einer européischen Kaufoption im Black—Scholes-Modell untersuchen wir die Auswirkungen
einer fehlerhaften Volatilitdtsannahme auf Optionspreise und die zugehorigen Hedging-Strategien.
Anschliefsend betrachten wir ein Optimierungsproblem, in dem eine Modellfamilie mittels eines
Unsicherheitsaversion-Parameters relativ zu einem Referenzmodell mit lokaler Volatilitdt penalisi-
ert wird. Insbesondere werden im Grenzfall geringer Unsicherheitsaversion explizite asymptotische
Formeln fiir die Preise und Hedging-Strategien von Vanilla-Optionen hergeleitet. Abschliefsend un-
tersuchen wir einen neuartigen multiplikativen Ansatz mit logarithmischer Nutzenfunktion, fiir den
ebenfalls explizite Ausdriicke fiir die optimalen Hedging-Strategien und die entsprechenden Preise
gewonnen werden.
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1 Introduction

Mathematical finance relies fundamentally on stochastic modeling. Financial quantities such
as asset prices, interest rates, and volatility are typically described through stochastic processes
whose dynamics evolve under uncertainty. Among the mathematical tools used to model such
phenomena, stochastic differential equations play a central role, providing a flexible framework
capable of incorporating randomness directly into dynamical systems. The classical theory of
option pricing and hedging, most notably the Black—Scholes model, is formulated in terms of
diffusion processes driven by Brownian motion. Under suitable assumptions, these models allow
for explicit pricing formulas and perfect replication strategies. However, many of the assumptions
underlying these classical models are difficult to justify empirically. In particular, the precise
specification of volatility is often uncertain, and even small misspecifications may lead to significant
hedging errors. This motivates the study of hedging problems under model uncertainty, where one
seeks strategies that remain effective across multiple possible probabilistic models.

In section , we study the theory of stochastic differential equations in the strong formula-
tion. We introduce the canonical path space , predictable path functionals , and the notion
of solutions relative to a prescribed stochastic basis . We focus on defining pathwise uniqueness
and exactness, emphasizing the deterministic character of strong solutions , once the dri-
ving Brownian motion is fixed. We then establish existence and uniqueness results under global
and local Lipschitz assumptions ( and respectively), using Picard iteration arguments and
localization techniques. The discussion is further extended to a rigorous characterization of strong
solutions, culminating in the C*—version of the Diffeomorphism Theorem for stochastic flows
and the Non-Crossing Lemma . We additionally state a weaker C*— version of the Diffeo-
morphism Theorem . Moreover, we delve into the realm of Weak solutions, where we provide a
definition of of a weak solution to an SDE and, in accordance with the path-wise uniqueness
definition within the strong formulation, give a proper definition of uniqueness in law . Finally,
we state without proof the famous Yamada and Watanabe Theorem (@, which links the exactness
of an SDE with both weak and strong formulations.

In section (3)), we turn at once to applications in mathematical finance. We first give account
of some definitions that will form the foundations of the remaining thesis. We revisit the classical
Black—Scholes setting and analyze the replication of an European call, in order to obtain a first
solid intuition on the whole setting of self-financing strategies and correspondant hedging strategies
in complete markets. We then proceed to define the problem clearly: an agent wrongfully assumes
that the underlying asset is governed by a(t, S;), while it is governed by true volatility oy. It is
worth here to mention that we assume that & depends randomly only on the asset S; (hence our
choice to present it explicitly as often as possible), for otherwise it would lead to counter-intuitive
effects, as one can see in [6, Section 4, Theorem 4.1]. Indeed, in the latter case, [0] shows that
an increase (decrease) of volatility may lead to a decrease (increase) of the price of an European
call - a scenario with little resemblance in a practical scenario. Under this estabilished setting,
we proceed to prove the convexity of European contingent claims @, which then proves to be
useful in the proof of the main theorem of this section . Within the latter, we finally end
up with mathematical evidence of the robustness of the Black-Scholes Model, as it shows very
clearly that, assuming that we have an almost sure dominance of (o(t,S¢))i=0 over (a (¢, S¢))t=0
a.s), our portfolio at the terminal time (which is constructed according to the hedging strategy
identified by &) is no worse than that, that we would have obtained if no misspecification had
occurred. Naturally, because of market completeness, we also find in this case that the initial



investment is as well greater than the one we would have had made, had we no uncertainty. If we
would have assumed the opposite, that is, if we had an almost sure dominance of o over &, the
conclusions would be reversed. It is then by virtue of this theorem, that the robustness property
of the Black-Scholes Model comes to light.

In section (4f), we retain the main theorem of the previous section in mind, but now we
approach a quite different problem. Contrary to the previous section where it is implicit that the
true volatility (o (¢, St))o<t<r is fixed (assume that we fix a terminal time 7), and additionally
that it is of our interest to analyze cases where the misspecified volatility dominates (is dominated)
by the latter; here we assume a priori a local reference volatility model given by (& (¢, St))o<t<T
governing the underlying asset, obtained by some numerical analysis on previous data. It is
now of our interest to assess the performance of our hedging strategies, hence Definition or
P&L(Profit and Losses) and the concern now with optimality. We thus define the problem more
concretely at hand and introduce a penalty function attached with an uncertainty parameter 1.
The uncertainty parameter measures how averse we are to the local reference model given by
(a(t,St))o<t<r and the penalty function is identified with a function f satisfying some suitable
properties. These two additions together, which turn the optimization problem into a penalized
one, function as a measure of distance to our reference model identified by (5 (t, S;))o<t<r, Where
f creates that measure of distance and ¢ compounds that measure, so to speak. All in all, we
arrive at the optimization problem at interest and define the value function u as in . More
concretely, we now take a very abstract set consisting of natural (true) volatilities and hedging
strategies and, according to optimization Problem , (and speaking very plainly) measure the
performance of each hedging strategy "against"a true fixed volatility (which governs the asset),
while holding to our model identified by (& (¢, S;))i=0. That is the reason why, in this setting, the
true volatility may be coined as adversarial. Then, with a view towards an asymptotic explicit
formula with regard to this optimal hedging strategy, in the sense discussed above (as well as
to the correspondent price of the underlying option), we perform a Taylor expansion of the value
function around 1) = 0 (where the uncertainity aversion is very small, meaning that we have a very
good belief on our reference model) and arrive at Theorem . Here, one is faced with another
function w (which is just the value function u viewed in another light), briefly introduced in ([74))
and described by Hypothesis (3)), whose statements become at once comprehensible in subsection
, in which an heuristic proof of Theorem is provided. We then derive explicitly not only
the full characterization of the value function w (thereby attaining the main result in (86))), but
also the formulas for the optimal hedging strategy and the adversarial volatilities .

Finally, in Section , we consider a novel multiplicative setting together with a logarithmic
utility function, which is not covered under Hypothesis , in the spirit of the previous section. We
begin by deriving the classical delta hedging strategy within this multiplicative setting, obtaining
a formulation closely related to Lemma . We first analyze the case in which the true volatility
process (o (t, St))i=0 is fixed, allowing us to derive explicit expressions for the corresponding optimal
trading strategies. Subsequently, we extend the analysis to a more general optimization problem
by allowing the adversarial volatilities to vary freely within the admissible class. To address this
setting, we introduce a penalty functional (more precisely, a quadratic error penalty) leading to
the penalized optimization problem defined in . We then perform a Taylor expansion around
1 = 0 under Conjecture . By virtue of the multiplicative structure of the modified asset process
introduced in , together with the geometric analogue of the profit-and-loss process defined in
, the optimization problem can be evaluated directly at the terminal time 7", without requiring
a further extension of the value function u through function w, already mentioned. After extensive



calculations, we conclude our thesis, by deriving explicit formulas for both the optimal hedging
strategies and the corresponding adversarial volatilities.



2 General Overview of Stochastic Differential Equations

2.1 Definitions and Initial Considerations

We will therefore restrict our attention, for the purposes of this thesis, to stochastic differential
equations (hereafter SDEs) of the form

dX; =b(t,X.)dt + o(t, X.) dBy, (1)
where (By)¢>0 is a Brownian motion defined on a filtered probability space
(Qa ‘F) (‘Ft)tZO)]P))-

Such equations arise naturally in mathematical finance, where may be interpreted as describing
the dynamics of the price of a financial asset.

Equation is understood in the integral sense, namely

t t
X =&+ f b(s,X.)ds + J o(s,X.)dBs, t>0, (2)
0 0

where ¢ is an Fyp-measurable random variable. Since (X;);>¢ is adapted to the filtration (F)i>o,
it is natural to require that the processes b(t, X;) and o(t, X;) be predictable, ensuring that both
integrals in (2 are well defined.

Definition 1 (Solution of an SDE). [13, Definition 1.1] Let
b:[0,0) x R* — R, o:[0,00) x R — R"*4
be jointly Borel measurable functions, and let p be a probability measure on (R™, B(R™)).
A solution of the stochastic differential equation
dXy =b(t,X.)dt + o(t, X.) dBy, t >0, (3)

with initial distribution p is a pair (B, X) of continuous adapted processes defined on a filtered
probability space
(QvfaFaP)v F= (—Ft)tZO?

such that:

1. B = (By)t=0 is a standard (F,P)-Brownian motion with values in R?;
2. the initial value Xy has distribution p;
3. the integrability conditions required to define the stochastic integrals hold, i.e. for all t = 0,

ie{l,...,n}, and je{1,...,d},

t t
fo |bi(s, X.)|ds <0 a.s., Jo U%(S,X.)ds <0 a.$;



4. for every i € {1,...,n}, the i-th component of X = X(l),...,X(") 1 satisfies, up to
t t =0
indistinguishability,

. A t d ot ,
Xfﬂ:Xp+J;m@xﬁd&+ZLL@A&XJﬂ¥Z t>0. (4)
j=1

Before proceeding further, the notion of predictability, although seemingly natural, deserves
some justification. In particular, it plays a crucial role in ensuring the well-posedness of stochastic
integrals. To that purpose, the following example shows that relaxing the predictability condition
on the integrand may lead to inconsistencies.

Example 1. Consider the process M; = N; — t, where (N;)i>0 is a Poisson process of unit
intensity defined on a filtered probability space (2, F, (Ft)t=0,P). We first show that (My);>0 is a
martingale.

For 0 < s < t, using the independent increments of the Poisson process,
E[M; | Fs] = E[Ny —t | F]

—E[N, + (N, — N,) | Fu] — ¢
— N, +E[N; — N,] — ¢t

=Ng+(t—s)—t
= Ns; —s = M,.
Thus, (M})¢=0 is a martingale.
Now consider the stochastic integral
t
J N dMs.
0

Using the decomposition Ny = Ns;_ + AN;, we obtain

t t t t
f N, dM, =J N,_ dM, +f AN, dM, =f N,_dM,+ ) (AN,)*.
0 0 0 0

0<s<t

Since (Ny)¢=o is a unit Poisson process, its jumps satisfy AN € {0,1}, hence (AN;)? = ANy, and
therefore

¢ ¢
f NsdM; =f Ns_dM; + Ny.
0 0

The process (Ns_)s>0 is predictable and locally bounded, so the first term is a local martingale.
However, the second term N, is not a martingale, and hence the full integral fails to be a local
martingale. Indeed (Ns)s>0 is not predictable, even though it is adapted and cadlag.

We are now in a position to revisit equation more carefully. In order to formalize the
notion of predictability for the coefficients, we introduce the canonical path space and the class of
predictable path functionals acting on it. For this, we follow [I].



Definition 2. [1, Chapter 5, Section 2, 8.2][Canonical Path Space] We let W (or, when necessary,
W) denote the Polish space (Path Space)

W = C([0,0),RY)

of continuous paths in R?, endowed with the topology of locally uniform convergence. The associated
Borel o-algebra is denoted by W := B(W).

We define the canonical process X = (Xi)i=0 on W by
Xi(w) := w(t), t=>0, we W.

Fort >0, let
Wt::U<Xs:O<S<t)7 WOO:IO'(X$:3>O),

and call {W,;}=0 the canonical filtration.
Remark 1. Note that the o-algebras W; are not completed.
Remark 2. If X is a continuous stochastic process, then adaptadness and predictability coincide.

Definition 3. [1, Chapter 5, Section 2, Definitionn 8.3/[Predictable path functionals| Let {W;}i=0
denote the canonical filtration on the path space W, given by

Wyi=0(Xs:0<s<t),

where X¢(w) = w(t) is the coordinate process on W. Let PV be the predictable o-algebra on
(0,00) x W associated with {W;}i=0, that is, the smallest o-algebra on Ry x W such that every
{W;}-adapted left-continuous process is measurable. A PYY-measurable mapping a : Ry x W — R
1s called a predictable path functional.

Example 2. [1, Chapter 5, Section 2, 8.5] Let (2, F, {Fi}i=0,P) be a filtered probability space,
and P7 denote the predictable o-algebra on (0,00) x  associated with {F;};>0. Further, let
X = (X;)¢=0 be a continuous R%valued {F;}-adapted process. For each w € €, define the sample

path
X (w) 1t — Xy(w),

so that the path map X. : Q — W sends w to its realized path. Consider the map

®:(0,00) x Q — (0,00) x W, O(t,w) := (t, X.(w)).

We claim that ® is P /P"-measurable. To see this, it suffices to check that stopping times
pull back correctly. If T: W — R is an {W;}-stopping time, then for each ¢ > 0

{w: (ToX)(w) <t} =X""{w:T(w) <t}) e F.

Thus 7 o X. is an {F;}-stopping time. It follows that ® is P /P"-measurable.

Consequently, if a : Ry x W — R is a predictable path functional, then the composed process
(t,w) — a(t, X.(w))

is P/ -measurable, i.e. predictable.

10



Remark 3. In particular, if a : Ry x W — R is a predictable path functional of the form
a(t,w) = o(t,w(t)),

for some Borel measurable function o : [0,00) x R — R, then the process
(t,w) — o(t, X.(w))

is predictable with respect to (Fi)i=o. The same holds for coefficients of the form b(t, X ).

Now, in contrast with ordinary differential equations, a SDE is formulated relative to a filtered
probability space equipped with a Brownian motion. Within this framework two notions arise:
that of a strong setting, where the filtered probability space and the driving Brownian motion are
given a priori; and that of a weak setting, where one only requires the existence of some filtered
space and some Brownian motion for which the equation is satisfied. In the strong formulation,
the emphasis is on constructing the solution process X; explicitly on a prescribed stochastic basis,
given the initial data and the driving noise. In the weak formulation, by contrast, the focus is on
the distributional properties of the solution: both the filtered space and the Brownian motion are
allowed to vary, provided that the resulting process satisfies the prescribed dynamics.

We will focus, in the present moment, on the strong solution formulation. In this setting,
the stochastic basis and the driving Brownian motion are fixed in advance, and solutions are
constructed as processes adapted to this prescribed noise. Consequently, it becomes meaningful
to compare solutions path by path, that is, for each realization of the underlying randomness.

This observation leads naturally to the notion of pathwise uniqueness in the most immediate
sense. Indeed, in the strong framework, uniqueness should reflect the idea that the driving Brow-
nian motion completely determines the evolution of the system: if two solutions are defined on the
same probability space, with the same Brownian motion and the same initial condition, then we
expect they should coincide almost surely. By contrast, such a notion is not available in the weak
formulation, where both the probability space and the Brownian motion are allowed to vary, and
solutions are only specified in distribution. Thus, we introduce the following important definition,
intimately associated with the strong formulation.

Definition 4. [, Chapter 5, Section 2, Definition 9.2][Pathwise uniqueness|

We say that pathwise uniqueness holds for (with initial distribution w) if the following
statements are true:
1. For any filtered probability space
(Qa]:a]FaP)a F= (]:t)tZOa

satisfying the usual conditions and carrying a d-dimensional (F,P)-Brownian motion B =
(Bt)t207.

2. For any two F-adapted continuous processes X = (X¢)i=0 and X' = (X])t=0 (in particular,
continuous semimartingales) such that:

(a) Xo =X a.s. and L(Xo) = p;

11



(b) the integrability conditions required to define the Ito integrals hold, i.e. for allt > 0 and
all components i€ {1,...,n}, je{l,...,d},

t t
L]bi(s,X.)\ds<oo, L]Jij(s,X.)|2ds<oo 0s.,

and likewise with X replaced by X';
(¢) X and X' both solve in integral form with respect to the same Brownian motion B,

i.e. for everyie {1,...,n},
, . t d A
Xt(l) - X(()Z) + J bi(S,X.) ds + Z f O’ij(S,X.) ngJ)’
0 oo

. . t drt ,
X% = x4+ f bi(s, X!)ds + > f oi(s, X)dBY,  t>0;
0 =170
then
P(X; = X{ for all t > 0) = 1. (5)

r.e. X and X' are indistinguishable or, more concretely, there exists a set

N e J<U }"t> with P(N) =0
t=0

such that
{X; # X{ for somete[0,0)} < N

Our decision not to include the initial measure in the usual setup is motivated by the example
below, which shows that pathwise uniqueness of solutions may depend heavily on the choice of the
initial distribution. In particular, this phenomenon already appears in the case of a deterministic
SDE.

Example 3. [13, Ezample 1.5] Fix a € (0,1) and consider the one-dimensional (deterministic)

SDE
1

11—«

(X))@ dX, = dt,  t=0, (6)

where 1 := max{x,0} denotes the positive part of z € R.

Assume first that the initial distribution X satisfies
L(Xo) =p and p((0,0)) = 1.

Then X > 0 almost surely. Since the right—hand side of @ is nonnegative, any solution has a
nonnegative derivative whenever it is strictly positive. Consequently, for every w € {2 such that
Xo(w) > 0, we have

Xi(w) = Xo(w) >0 forall t=0.

Thus (X;" )™ = X;* for all t > 0, and (6) reduces pathwise to the ordinary differential

equation
1
X, “dXy = ——dt. 7
¢ t=1 4 (7)

12



Define Y; := thfa. Applying the chain rule yields
dY; = (1 — a)X; %dX; = dt,

and hence
X} =X+t

Therefore, the solution is given explicitly by

1

X = (X, “+t)7™=, t=0. (8)

Since the drift coefficient x — ﬁxo‘ is locally Lipschitz on (0, 0) and the solution remains
strictly positive, classical ordinary differential equation theory implies that is the unique solu-
tion (up to indistinguishability). In particular, pathwise uniqueness holds for @ with this choice

of initial distribution.

Assume now that the initial distribution p is the Dirac measure at 0, i.e. u = dp. Let 7 be an
arbitrary stopping time with value in [0, 00). Define

1

Xpi=(t—71)°%, t=0.

Then X; = 0 for all ¢ < 7, while for ¢ > 7 the process follows the (unique) positive solution of @
starting from 0 at time 7. Hence X; is a solution of @ with initial distribution dq.

Since T is arbitrary, this yields different solutions, which clearly violates condition .

Once more, the relevance of Definition (4]) is that, within a fixed stochastic basis (2, F,F,P) and
for a given initial distribution u, the driving Brownian motion determines the solution uniquely.
More precisely, whenever pathwise uniqueness holds, there exists at most one adapted process
satisfying with the prescribed Brownian motion and initial condition. Hence, the following
definition

Definition 5. [1, Chapter 5, Section 2, Definition 9.4[[Pathwise Exact SDE| We say that SDE
is a pathwise exact SDE, only if, given a setup (Q, F,F,P), with F = (F;)i=0, there is at most
a semi-martingale X (up to indistinguishability) such that conditions given by Definition hold.

In this sense, the strong formulation exhibits a deterministic character once the randomness
has been fixed: the sample paths of the Brownian motion uniquely determine the sample paths of
the solution.

2.2 Uniqueness and Existence Theorems

To establish the desired property of pathwise uniqueness (Definition [4)), we first fix a suitable
setup. Let
(Q,f,F,P), F= (Ft)tZ()y

be a filtered probability space satisfying the usual conditions, and let

B = (By)i=0

13



be a standard F-adapted Brownian motion. Let b and o be predictable path functionals as in
Definition[3] well-defined on the canonical path space of Definition[2] and, by Remark[3] predictable
with respect to the filtration F;.

Moreover, let ¢ € L?(Q, Fo,P). Then it turns out that equation admits a unique solution
provided the coefficients satisfy appropriate Lipschitz and integrability conditions. We now make
these conditions precise.

Definition 6. [1, Section 5, Chapter 2, 11.1][Lipschitz condition] Let f : [0,00) x R? — R? be a
predictable path functional. We say that f satisfies a Lipschitz condition if there exists a constant
K > 0 such that for all t = 0 and all paths w,w € R,

[ £t w) = f(t, w)] < K sup [w(s) —w(s)].

0<s<t
Definition 7. [1, Section 5, Chapter 2, 8.8][Integrability condition] Let f,g : [0,00) x R? — R?
be predictable path functionals as in . The pair (f, g) satisfies the integrability condition if

T
quxﬁ+g@xnm<w ws,

for every T > 0.

Remark 4. In Deﬁnition@ the norm || - | is the standard Buclidean norm on RY.

Remark 5. If there is some time T, for which the condition is not satisfied, we can always
localize, by defining a stopping time

t
nwﬁM&ZWLU@XW+M@XW%=w}

and then consider the solution only up to 1. As a consequence, we can always assume that
holds.

Theorem 1. [2, Section 6.1, Theorem 6.1] Suppose we have the general setting given by Definition
with the further property that € € L?(Fy) and the predictable functionals o: [0,00) x R" — R™*4
and b: [0,00) x R" — R", satisfy conditions @ and accordingly. Moreover, suppose that for
each T > 0, there exists a constant Cr for which

|o(s, w)| + [b(s, w)| < Cr(1 +wr), (9)

where w} := sup,cp |ws|, for all s <T. Then, equation s exact as in .

The proof rests on 2 important results, for which the proofs will be provided.

Lemma 1. [I, Chapter 5, Section 2, Lemma 11.5] Suppose we have a setup (2; F; P; Ft), an
adapted process relative to the filtration Fy Xy = (X}, ..., X[) and predictable path functionals
a e LP(RY R") and B € LP(R™) defined as in . Suppose, that X satisfies equation mn matriz
form, that is,

t t
Xy =£—|—J a(s,X.)ds—l—J B(s, X.) dBs, t>0, (10)
0 0

where £ € LP(Fy) and B is a d-Brownian Motion.

14



Then, for each T' > 0 and p > 2, there exists a constant depending on t and p, K;p, such that

(7)) < Ky (ElP) + B[ [ (480 as] ). o<,

0

where X 1= supgc,<; | Xs|.
Proof. First, note that

S
(XF) < €] + sup j cvu dB.
0<s<t |JO

= (X[/)P<(A+B+C)P

t
+ <J |ﬁu|,du> =A+B+C
0

Now, consider a probability space = {1,2,3} equipped with the uniform probability measure.
Define a random variable Y by

where A, B,C are defined above. By assumption A, B,C > 0 and since zP is convex, Jensen s
inequality gives

A+B+C p<AP+BP+CP
3 h 3
— (X})P <3P H(AP 4+ BP + CP)

Now, by Holder “s inequality, we have

t t t o, % t % p—1 t %
— . p—1 p =t p p
[ 16udas = [ 11 pujas < (Ll ds> (fo 184 ds> i (L 184 ds)
— E[C?] =E {(th |ds>p} <t E Ut 13 |pd5}
0 ’ 0 °

As for BP, we apply the Burkholder-Davis-Gundy inequality proved in [I, Chapter 4, 42.1],

obtaining
t 5
E[BP] < K,E [(f agds> ]
0

Now, consider a probability space ([0,¢], B([0,¢])) equipped with the uniform(continuous) proba-
bility measure. Define a random variable Y by

Then, on the space above, with respect to the function xg, which is convex by assumption, Jensen ‘s

inequality gives
t 2 1t , t
f ta? ds> < - J t2af ds = t21J aof ds
0 t Jo 0

1 [t ERA

(tfa?ds) =<

tJo t
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Note that we are in the strong setting, meaning that we are given a realized Brownian path, i.e,
a path is already fixed and therefore the above inequality only makes sense if we assume it to be
pathwise. As a consequence, we obtain

t z . t
E <J a?ds) <t 'E [J aé’ds]
0 0

Putting everything together, we have the result.
O

Corollary 1. [1, Chapter 5, Section 2, Corollary 11.7] Suppose thatp = 2, &1,&2 € LP(Fy) and let
as usual b € R™ and o € R™? be predictable path functionals both satisfying the Lipschitz Condition
©). Let X = (X!,..X") and Y = (Y!,..Y"™) be continuous adapted stochastic processes carried
by some setup (2, Fi=0, P). Define two processes X and Y as

X =& —i—La(s,X‘)st + LB(S,X.)dS

Y =& +£a(s,Y)st+£ﬁ(s,Y)ds

where By is a Brownian motion on R®.

Then, there exists a constant K1 depending on t,n,p and K, from , such that

BI(E - V)] < K [Blde - @)+ B | [ (o= vizyas||

Proof. First, define the adapted continuous process Z = X — Y, which has the form

t t

Zi= (61— &) + f (a(s, X.) — (s, Y))dBs + f (B(s,X.) — B(s, Y)ds

0

[e=]

Then apply (...) to the latter, thereby obtaining

E[Z*)] < K, [Ema Gl +E [ [ ats. )~ ate 1+ (866 0) - 65 Y»)Pds]]

Applying then the Lipschitz condition @ to both differences on the right term and absorbing the
constants yields the result. O

Lemma 2. Let f : [0,T] — [0,0), be a non-negative, continuous function defined in [0,T].
Assume that

t
ft) <c(t) + kfo f(s)ds

for k =0 and some integrable c : [0,00) — RL. Then
t

f(t) < e(t) + kJ c(s)eFt=)ds, 0<t<T (11)
0
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Proof. By assumption and provided that f is non-negative, we have

@+k£f@ms<qw+k£(d@+kffmm@ds

=c(t)+k:fotc(s)d$+k:2fo tf(u)duds

()+kf ds+k2fff ) ds du

=c(t)+kfo( ds+k2ff (t—s)ds (12)

By induction on j, we prove now that for 7 > 1, it holds

J . tcs(t_s)i—l ) i t S(t_s)j oo )
N R e e e )

for 0 <t < T. Indeed, for j =1, g(t,1) agrees with (12)).

Fix ¢ and suppose that f(t) < g(¢,7). Then by assumption if follows
7 t — S) ]+1f 8)]
)+ 2 k J oD (A f(s ds
i t — S)Z ! j+1 )

=c(t) + 2 k:iJO C(S)(t,_is)i_lds + kIt Jot c(s) (t—s) ds + k:]+2f (t — i f(u)duds

(Z - 1)! J! O<u<s<t J!

+j§k:f Z_‘S)li)_!lds +k]+2f flu U (t;,!s)jds] du

i+l )i+

; t (t—s)i—t " t (t— _ )
+ij ﬁds + K 2Lf(ﬂ)(j+1)!d“—9(t7j+1)

Since f is continuous and is defined on a compact set, it has a maximum M. Since, moreover,
k is a fixed constant and t —s < T, then V € > 0, 3jp > 1 such that Vj > jo, we have

]Jrl ) ) t 1
kﬁ?f fu u < TJHMkJ”f : ds < e
(7 + 1 o (4+1)!

If we let € — 0, then j — o0 and since c is integrable on [0, 7] by assumption, it follows from
the dominated convergence theorem that

o0 t _ )il % — g))i!
f(t)<c(t)+2kifoc(s)(t(i_)l)'ds—c J Z tz—l) ds
i=1 ‘ i=1
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Corollary 2. [1, Chapter 5, Section 2, Ezercise 11.11][Gronwall’s Lemma] Assume that all con-
ditions in Lemma hold. Assume, in addition, that c(t) = ¢, i.e, a constant on [0,T]. Then it
follows that

f(t) < cet

Proof. Tt follows directly from solving (11]), with ¢(t) = c. O

Proof of Theorem [l We start by showing pathwise uniqueness. Fix a filtered probability space
(Q,]:,IF,P), F= (ft)tZ(h

satisfying the usual conditions, and let X and X be two F-adapted solutions of with the same
initial condition ¢ € L?(Fp).

t t
Xy =&+ J b(s, X.)ds + J o(s,X.)dBs
0 0

~ t ~ t
Xy =&+ J b(s, X.)ds + j o(s,X.)dBs
0 0

for t = 0. Notice that we are working implicitly with the augmented filtration
]FP = (‘ng)t207

generated by the Brownian motion B and the initial sigma-algebra Fy, and completed with respect
to P. In particular, all P-null sets are included, which ensures that the solutions X and X are
FP-adapted. Now, define a stopping time 7, as

Tm = inf{t > 0: |X; — X{| =m}.

For fixed m, consider their correspondingly restriction to 7,,, that is

tATm tATm
Onm =6+ [ bts x5+ [ oo, ) ams
0 0
~ tATm ~ tATm _
(X)inrm =&+ J b(s, X.)ds + f o(s,X.)dBs
0 0

for all ¢ = 0. Now, by Corollary with p = 2, we immediately obtain for a given T > 0,

E[(X-X). )% < KiE Umm((X - X);“)%zs] - K Jmm B[(X=X)?|ds, o0<t<T

tATm
0 0

for a determined constant K7, by Fubini’s Theorem. Define

f) =E[(X - X)), 0<t<T.

tATmM

By definition, f is non-negative and with the dominated convergence theorem it follows that f
continuous on [0, T]. Therefore, we can apply Gronwald “s Lemma and together with 7, — 0,
f =0on [0,7]. That implies X = X on [0,7] a.s and since T is arbitrary X = X a.s. As for
existence, first of all, it is enough to prove that a solution X exists on [0,7T]. Indeed, assuming
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only existence on [0,7'], we can extend existence to (7', 00). To that, consider a global solution X
as well as a local solution X7 and any predictable path functional a as defined in . Then

a(s, X) = a(s, X,) = a(s, XT) = a(s, XT)

for all s < T'. Since T is arbitrary the extension follows. Fix T > 0 and let L7 be the space of
continuous functions adapted to F, for which E[((X7)*)?] < oo (and say, for the well posedness of
the space, that X := Xp for t > T'). We state without proof that this space is Banach, as shown
in [2, Page 158]. On this space, denote || X;|| := /E[X[]2. We proceed by applying Picard s
iteration algorithm. For that purpose, define the map R : L7 — Lr and the iterations X' as
follows

t t
b(s, X" 1) ds + f o(s, X" 1) dBs, 0<t<T

Xp = ROG = ¢+ | 0

0
XP=¢

Let us remember that & € L?(Fy) by assumption. Fix m and consider processes X;” and infl.
By Corollary , we obtain

T
| X7 — X7~ = BI(XF — X7~ 1)) < KlL E[(X™ = X"0)] ds
T _
< K{”J E|(x! - XO);‘M)Q] d$p_1...ds,
0<sm—1<...<51 -
T r T
< K{"J E J b(s1, E)[2 + |a(sm_1,g)y2] dsm_1...ds1
0<sm-1<...<81 LJO
T r o
< K{”J E f K2(1 + 5)2} dsm—1...ds
0<sm—1<...<s1 LJO
T
< K{”j K3T(1+E[€*])dsm—1...ds1
0<sm-1<...<s1
me+1 2 2
=K o K;(1+E[£7]) (13)

where we used condition @ Since T is fixed and ¢ € L?(Fp), m! dominates the sum, with the
result that X™ is a Cauchy sequence on Lr. Therefore, assume X" — X, as m — o in Lr. To
see that there exists indeed a solution, we notice that X is a fixed point with respect to R. Indeed,
we have the following

|X = REOI< [X = X" + X" = RX™TH| + [R(X™H = R(X))|

As m — oo, the first and second terms go to 0, by assumption and by respectively, since
R(X™1) = X™. As for the last term, it suffices to see that, by definition of the map R, we have

T 2
RO = RO < Crx | B[00 = 202)%] as.

By the dominant convergence theorem, the right term goes to 0 and thus R(X) = X, thereby X
is a solution of (2) on [0,77]. O
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We thus have obtained that whenever the coeflicients are globally Lipschitz and satisfy condi-
tion @D (hereafter Linear Growth condition), together with the integrability of £, a solution X of
exists and, moreover, is unique. This result is enough for our future endeavors and it deserves
some explanation. Nonetheless, it is of our interest to state and prove an even stronger result,
which replaces the global Lipschitz condition to a local one.

Theorem 2. [1, Chapter 5, Section 2, Theorem 12.1] Assume all conditions of Theorem are
satisfied. Further, assume that both predictable functionals o and b are locally Lipschitz. More
concretely, for every N > 0, suppose there exists Ky > 0 such that for all t <T

|o(t, w) —o(t, )| + |b(t,w) — b(t, w)| < Ky sup |w(s) —w(s)],
0<s<t (14)
for allt =0 and w,w € W such that w* v 0* < N
Then, there exists a unique solution X that satisfies SDE .
Proof. Fix N and define the hitting time On(w) := inf{t > 0: |wi| = N} A N and nn(w(t)) :=
w(t AOn(w)). Define on(t,w) := o(t, Tyw) and by (t, w) := b(t, 7yw). Thus, condition holds

for oy and by for some K. Within these conditions, both coefficients are globally Lipschitz and
thus if we let X}V be the process that satisfies

t t
XtN=§+J bN(s,X,N)derf on(s, X¥)dBs, t=0
0 0

by Theorem , X} is thus the unique solution on (0, c0). We now construct a global solution by
localization. For each N € N, define the stopping time
T~ = inf{t >0:|XN| > N} A N.
By Corollary , it is clear that the processes XV *! and XV agree on [0, 7x].
Hence, we may define a process X by setting

Xi = XtN for any N such that t < 7.

Next, define
T = SUP TN .
N

Then X is well-defined on [0, 7 ), and it remains to show that

so that X extends to a global solution on [0, c0).

To this end, fix T > 0. By the linear growth condition @ and Lemma (cf. the argument
in ), there exists a constant C' > 0 such that

0 = Bl )P < €[] [ 0]

0

Using Grownwall “s Lemma , we conclude that

f(t) < Cet
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We are then able to show that T]]VV = o0 a.s using Markov inequality as follows

P(ry < T) < ]P’(sup [ Xynry | = N)
t<T

1
< W]E[((XT/\TN)*)Q]
cT
C;[z — 0, as N — oo. (15)

To prove uniqueness, let X and Y be two solutions of the SDE and define this time
v i=inf{t >0:|Xy| v |Yi| =N} AN

Again, by Corollary , for some constant K, they must agree on [0,7x]. Provided that
supy Tn = o0 almost surely, we conclude X = Y almost surely. To that, observe that for any
T >0,

{tn < T} = {sup(]Xt| v Vi) = N} c {sup|Xt\ > N} v {sup]Y}\ > N}.
t<T t<T t<T

Thus, we have

Pty <T) < IP’(sup|Xt] > N) —I—IP’(sup|Y}| > N).
t<T t<T

which, by the estimates obtained above in , converges to 0 as N — o0, and hence
P(TN < T) — 0.

Since T' > 0 is arbitrary, it follows that sup, 73 = o0 almost surely. O

On seeing the proofs more carefully, on the one hand it appears that a form of Lipschitz
condition, either global or local, is necessary for uniquenesss to take place. On the other hand, it
is not so clear whether the Lipschitz condition is necessary for the existence of a solution, since
for the local version , it did not have as strong as a role as in the case of the global theorem
and, as remarked in [2, Page 159|, the fixed point argument might not be the only way of proving
existence. In addition to this, it is not so obvious whether we can obtain exactness, if we drop
the Growth Condition @ or if we just assume JFy-measurability with respect to £. Both of these
questions will remain unanswered in the present thesis. Moreover, as observed in [I, Chapter
5, Section 3, 16], both theorems provide conclusions that are much stronger than required, as
they offer us a strong solution on any conceived setup (assuming square-integrability of £), which
is not necessary for control problems. Thus, the concept of weak solution is also justified and
deserves further, though small, clarification. Before turning to this, we next develop a deeper
characterization of strong solutions, under which we will state and prove the diffeomoprhism
theorem, a central result under the strong formulation.
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2.3 Characterization of Strong Solutions

In this short subsection, we explore more openly the characterization of strong solutions and
then connect it with the already well-established property of path-wise exactness of an SDE
provided in . A strong solution usually means that, given a stochastic basis and Brownian
motion, the solution is adapted to the filtration generated by the Brownian motion and the initial
condition (which is already sufficient when, in the next section, we proceed with the proof the
diffeomorphism theorem, a result within the strong formulation). However, we decided to explore
the definition provided by [1], who gives an even stronger (and more rigorous) formulation than the
probabilistic one described above. In trying to connect path-wise uniqueness with strong solutions
more emphatically, he lets the latter be represented by a measurable map F(£, B), which serves
to unquestionably prove the deterministic nature of a strong solution, once the Brownian motion
and the initial condition are fixed. Thus, we start with the following definition.

Definition 8. [i, Chapter 5, Section 2, 10.9]/[Strong solution] A measurable function
F:R"xW?—Wwn

1s called a strong solution of the SDE if:

(1) For every t = 0,

FLOW!) = BR™) @ WY
(ii) For every stochastic basis (Q, F, (F),P, &, B) with Brownian motion B, the process
X = F(¢, B)

is an (Fy)-adapted solution of the SDE.

With this definition, one is led to think intuitively that there should exist a measurable de-
terministic functional F), (depending on the initial law ) such that X = F,(§, B) a.s.. The next

theorem, for which the proof is provided in [I, Chapter 5, Section 2, Theorem 10.4|, makes this
notion precise.

Theorem 3. Fiz a stochastic basis (0, F, (F;), P, &, B). Suppose X is an (F;)-adapted solution of
the SDE with initial law . Then there exists a measurable map

F, R x W% - Wwn
such that:
(i) For every t >0, F), is F; -measurable
(i) P(Fu(€, B) = X) = 1

Moreover, for any other stochastic basis (Q, F,(F),P,&,B) with € law p, the process X =
F.(&, B) a.s, satisfies

t t -

b(s,X.)derf o(s,X)dB,, t
0

\%
=

X’t=£+f

0
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With this result, it is clear that under Lipschitz conditions on the coeflicients given by Theorem
(1), with which we obtain uniqueness, and assuming that Theorem holds for every law u,
one then obtains an equivalence relation between strong solutions and pathwise exactness as in
Definition . This generalization, however, is non-trivial. With the following theorem, one shows
that indeed such strong solution exists.

Theorem 4. [1, Chapter 5, Section 2, Theorem 13.1] Suppose we have the process X that satisfies:
dX; = O‘(t, X)dBt + b(t, X)dt

and that b and o satisfy the conditions given in Theorem . Then, there exists a unique strong
solution F : R® x W% — W™ such that for each w € W?, x — F(z,w) is continuous from
R"™ — W™,

First we define the dyadic rationals and provide a proof of Kolmogorov “s Continuity Theorem,
which will be essential for future results.
Definition 9 (Dyadic Rationals). Denote
D= {j27%, j keZ}
the set of dyadic rationals on R and D™ =D x ... x D the set of dyadic rationals on R™.

Definition 10 (Hélder continuous function). Let D < R and let f : D — R? be a function. For
~v € (0,1], the function f is called Holder continuous with exponent ~y if there exists a constant

C > 0 such that for all z,y € D,

[f (@) = f(y)] < Clz —y[".

Theorem 5 (Kolmogorov Continuity Theorem). Let (2, F,P) be a probability space and let
(Xt)te[QT] be a stochastic process with values in R%. Suppose there exist constants o > 0, € > 0
and C > 0 such that for all s,t € [0,T]

E[|X; — X4|*] < C|t — s|*T=.

Then, there exists a modification (Xt)te[O,T] of (Xy) with continuous sample paths which are
locally Hélder continuous of any order v satisfying

0<7<£.
o

More precisely, there exists positive random variables h and § > 0 (both depending on w) such
that

| Xi(w) — Xs(w)]

P sup <d(w) | =1
5,€[0,7] |t — s
O0<t—s<h(w)
Proof. For both the statement and full proof, we refer to [3, Theorem 2.10]. O
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Proof of Theorem . Under the conditions of Theorem , consider the probability measure p
as the Dirac measure on some point z € D". Thus we have, together with Theorem , that
Fs, = F* = X7 a.s, for X the unique solution of SDE .

Consider, further, that we have a fixed setup (Q, F,P). For T'> 0, p = n + 1, notice that for
z,y € D", it holds by Corollary the following

0

N

E[((X* = X¥))] < K; [Ix —y"th JO.IE[((Xm - Xy).*)”]dS]

which by Gronwall ‘s Lemma gives
E[((X* — X¥)")] < Ki(|z — y|)Pe™r

For a fixed ¢, consider the family of processes {X} : 2 € D" 0 <t < T}. According to Kolmogo-
rov’s Continuity Theorem , with probability 1, there exits a continuous extension of the latter
to a family of processes {X? : 2z € R" 0 <t < T}. We can assume that if Np €  is a set for
which no continuous extension is possible, then Q¢(N7) = 0 and further, defining N = | J Nr,
then for ¢t > 0,

lim F¥(w) = lim XV(w), (w¢ N)
P (w) = { yeh™ yeD™
07 (w € N)

Suppose now that the setup above is also carried out by some initial condition £. Consider a family
of measurable functions vy, : R* — D", such that | (x) — 2| < 27%. Define a stochastic process
X* that satisfies SDE with initial condition

Then, by Theorem , there exists a mapping F for which F(¢(¢), B) = X* a.s. By Corollary
, X* converges uniformly on (0,7) to X, with initial condition Xy = £. But, by definition of
the continuity of the map F', we have

XF - F(¢B)

thereby X = F(&, B.) a.s. Such construction then shows that for each w, x — F'(x,w) is continuous
and w — F(z,w) is Wd/W” measurable for each x. Thus, it follows that for each ¢, v — F(z,w)
is B(RY) x V_Vd/ W™ and so, joint measurability follows. O

We moreover add the following result, which is of importance to the subsection that follows.

Theorem 6. If the SDE is of diffusion type so that:
o(t, Xe) = o(Xe)  b(t, Xi) = b(Xy)

and both coefficients satisfy conditions of Theorem , then the strong solution F' has the following
property. For all w = 0 and x

P(X?

u+s

(w) = F(XJ(w),b0,w(t) =1

where (0,w(t)) = wyts. For each x, the process {X{ : t = 0} is Markovian.
Proof. We both statement and proof, we refer to [I, Chapter 5, Section 2, Lemma 13.6] O
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2.4 The Diffeomorphism Theorem

We are thus ready to prove the most important result of this section. We will follow the
stronger version provided by [4] that assumes boundness on all derivatives of the coefficients o
and b and assume from here on that the SDE is of diffusion type, so that by Theorem @, for each
initial condition x, we consider the Markovian process { X} : ¢ = 0}.

Theorem 7 (Diffeomorphism Theorem, C* version). [{, Chapter 5, Theorem 2.3 Let
o:R" > R" x R?
b:R" - R"

be given such that they are smooth functions (C™) and all derivatives of a,i and b* are bounded.
Assume moreover that they satisfy the Linear Growth Condition @ Let Xy be the solution to the
SDE on matriz form

dX] = o(X{)dBy + b(X{)dt (16)
X5 ==, forallt>=0

Then, there exists a modification of Xi such that, for almost every w € €}, the map x — X[ is a
C*-diffeomorphism of R™ for each t = 0.
For this purpose, we begin with a lemma that uses polygonal approximations of paths. Set
On(s) =k27", forse k27", (k+1)27").

We start by proving the following lemma.
Lemma 3. [J, Chapter 5, Lemma 2.1] Let

a:R" - R" x R?

8:R" - R"
Assume further that for every N > 0 and T > 0, there exists a constant Ky for which

la(z) —a(y)| + [8(z) = By)| < Knl|z -y

for every x,y € R™, with |z|,|y| < N. Additionally, assume that o and 8 satisfy the Linear Growth
Condition @ Further, let c(t) and cy(t), n = 1,2, ... be continuous adapted processes such that
for some p = 2

supE[ sup |cn(t)\p+1] <o and (17)

n o<t<T

E { sup |e(t) — cn(t)|p] -0, n—o>o (18)
0<t<T

Let Yy and Y*, n = 1,2, ... be continuous predictable R™-processes which in matriz form satisfy

t

t
Y(t) = c(t) +f (Y (s))dB, + L B(Y(s))ds, and

0

t t
Y7 (1) = en(t) +j o (Y (9(s)))dB, + fo BY™(8(s)))ds

0
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for allt = 0. Then, for T > 0, we have

E[ sup |V (1) —Y"(t)]p] ~0, n—w®

0<t<T

Proof. First of all, notice that by Fatou’s Lemma we have

E[ sup |c(t)|p+1] < liminfE[ sup |cn(t)|p+1}
0<t<T n 0<t<T

< limsupE[ sup ]cn(t)\pﬂ} < (19)
n

o<t<T

and also for T' > 0,

E[ sup len) cn(gz)(t))v’} <0 [E[ sup |e(t) cn(¢(t))|p} +E[ sup_|c(t) - cn(t)lp”

0<t<T o<t<T 0<t<T

By the continuity of the polygon paths and by conditions and , both terms on the right
side converge to 0 by the dominated convergence theorem and hence we obtain

E | sup lea(®) -~ calo()?| 0. 0o

0<t<T

Now fix some N > 0 and define, as before, the stopping times 7V and 7V as

N = inf{t : |Y;| > N} and
N = inf{t : |Y"| > N}

and observe that for a fixed T' > 0, we have

E { sup |Y(t) — Y™ (¢) yp] - E { sup |Y(t) — Yn(t)\plrgLVATNsT] +E { sup [Y/(t) — Y”(t)\plf,gvmwg]

0<t<T 0<t<T 0<t<T

<E [ sup Y (t) — Y”(t)|p] +E { sup (Y ()| + [Y"(@®))P : 7V > T] +

0t<T AT AN 0<t<T

E { sup ([Y (&) + [Y"(t)])P : 7'711\7 > T]

0<t<T

=E [ sup Y (t) — Y"(t)]p] +E { sup (|Y(&)| + [Y" ()P : Y () < N] +

Ot<T AT AN o<st<T

E [ sup (Y(5)] + Y (O)P : Yalt) < N}
o<t<T

<E [ sup Y (t) = Y"(t)[P

Ot<T AT AN ]

+9E [ sup ([Y ()] + Y (@))P : Y (£) + Y™(t) < N]

0<t<T

<E [ sup Y () = Y"(@)F | +

0t<T AT AN

E [ sup (Y ()] + |Y“<t>|>p“}

0<t<T

2|
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Thus, provided that we can prove that the first term goes to 0 as n — o and that

E[ sup |Y(t)]p+1] < (20)
0<t<T
IE[ sup |Y”(t)|p+1] < (21)
0<t<T

then, as IV — o0, we obtain the result, because for a fixed p, one then has

E{ sup ([Y'(t)] + Y”(t)l)p“] < E{ sup (max([Y ()], [Y™(2)]) + max(]Y'(2)], Y”(t)l))”“}

o<t<T o<t<T

— 5| sup (2max(Y () [V OD) | = 2| sup (max(V )L Y ODP | <

o<t<T 0<t<T

For the first term, on the compact set [0,T A Tév A TN ], both Y and Y™ are Lipschitz and so, for

a fixed T', we can apply a slight variation of Corollary , due to the definition of Y, obtaining
E[  sup  [Y() =Y"()["]

0<t<TATN ATN

TAﬂyATN
< K [E[ sup |e(t) — cn(t)[F] + f E { sup |Y(u) — Y"(¢n(u))|p] dS]
0<t<T 0 0<u<s
TAnyATN

< KL swp [e(t) — a0 + K | B s v -]

0<t<T 0 0<u<s

TAﬂyATN
v | s V() = V"G, ()P | ds

0 0<u<s

TAnyATN

= KoE[ sup |e(t) — en(t)P] + Kgf E [ sup |Y"™(u) — Y"(¢n(u))|p} ds

0<t<T 0 0<u<s

TAﬂyATN
+ KQJ E [ sup |Y (u) — Y”((U))Ip} ds

0 0<u<s
= Ko eln) 4 B | s [¥(0) = V()] s

o<u<s
TAﬂyATN
where €(n) = E[ sup |c(t) — e (t)[P] + J E [ sup |Y"(u) — Yn(ﬁbn(u))‘p] ds
o<t<T 0 0<u<s

Therefore, by Gronwald “s Lemma ,
E[ s [Y() = Y"(0)] < e(n)e’eT

0<t<T AT ATN
As a consequence, provided that ¢(n) — 0, as n — 00, we obtain

E[  sup V() =Y"@)F] >0

Ot<T ATN AN

But ¢(n) — 0 follows by noting that holds on the first term and on the second term, given
the continuity of the polygon paths, by applying the dominated convergence theorem. Hence, it
takes only to prove now that

E {( sup |Y(t)|p+1] < ®
0<t<T
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To that, observe that by definition

sup
0<t<T

E[ sup ]Y(t)]pH] < C’ﬂE[ sup ]c(t)]pH] + C1E

0<t<T 0<t<T

p+1]
p+1]

The first term is finite by . As for the second term, one has by application of the Burkholder-
Davis-Gundy inequality proved in [I, Chapter 4, Section 6, 42.1|, Holder "s inequality and the
Linear growth condition @D,

J " (Y (u))du

0

ey jo BY (u))du

sup
0<t<T

p+1

2

E < CLE ft oY (u))?du

0

f t a(Y (u))du

0

sup
o<t<T

< Cgfo E [|a(Y (w))[PT] du < C4J0 [1+E[|Y(w)[P]] du

By a similar reasoning, one obtains

< C5JO 1+ E[|Y ()] du

E[ sup L B(Y (u))du

0<t<T

Hence, we have
t
E { sup |Y(t)|p+1} < CGJ [1 +E [|Y(u)|P+1]] du
0<t<T 0

Thus, by Gronwald “s Lemma , we at last obtain

E[ sup |Y(t)|p+1] < CrelTt
0<t<T

Thus, we obtain (20). A similar reasoning can be obtained with regard to E [[Y™()|[P*1]. As a
consequence, we have proven the result. O

This result already hints at what one ought to do next. We want to consider a solution of
the SDE and consider, for a fixed n, its transformation in the space of polygon paths. In
the setting of the latter, by construction, we obtain directly nice regularity and measurability
properties and, in particular, the so desired C*-map. Thus, we hope to extract a subsequence
from it, such that it strongly approximates the original solution sufficiently well, or to be more
precise, with respect to a specific norm that approximates the partial derivatives sufficiently well,
and, at last, for almost all w, to obtain a modification of the original solution that satisfies the
required conditions. To that end, fix a realization of the Brownian Motion B¢ and consider the
process X', which is defined on the canonical path space (W, PW)

t

XP=a+t f o (X (6(5))dBE + f b(Xn (8(5))ds

0 0

for all ¢ > 0. By definition of the polygon paths, for a fixed n and t € [(k — 1)27",k27"], note
that, given that X = x, one has

Xi' = X(p-nygn + 0(X(g_1)2-n) [Bta - B(Cz_l)w] + (X (pypn) [t = (k= 1)27"]
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Provided that both o and b are C* functions, it is very clear that there exists some C'* and
measurable function F;, for which

n (0% (0% (6% (0%
Xt =Fn(x,Bi, 2 g eeey 2”*17Bt)
2n 2’!’1 n

2

for all ¢ > 0. For a fixed d, define 8 = (f31, ..., 84) such that

B=01+..4+ B4

for 1, ..., 84 € N and a differential operator Dg such that

oxP

Ds = oxb .. .xha

(22)

and define Yﬁnf = DB (X} ’i), where 1 < ¢ < d, represents each component of X;*. Then, we
have the following Lemma

Lemma 4. [{, Chapter 5, Proposition 2.1] For each x € R%, 1 <i < d and each f3, there exists a
unique process such that

E[ sup \Yé,t—Yéf;"!p] -0, n—o0

0<t<T

for allT > 0 and p = 1. Moreover, we have uniform convergence on a bounded domain €2, that is,

e 0<t<T

supE{ sup Vi, —Yéff!p] ~0, n—ow

Proof. Recall that, for z € R%, we have

t t

o (X (6(5))dBs + f b(Xa ((5))ds

X[‘:x—i—f
0

0
Let us first consider |3] = 1. If we denote Y;;Z = (YZ;Z)], where -2 X' = YZLJZ then, deriving
only once, we obtain in matrix form

t

Ve = 14 [ Y60 (XM @), + [ Y (6(s)H (X (0())ds

0 0
where ¥/ (ac); = 37"; and o’ (x); = %‘; denote the partial derivatives of b and o for a fixed component
i and naturally I = §; ;. From Lemma (3)), we obtain for 1 <i <d

E sup |}/1-§Z _ }/;’mi

LO<t<T

p]—>0, n — o0

and

E| sup |X§le’i|p:|—>0, n — o0

L0<t<T

for each component i and for all T > 0, where Y} is given by
V) =1+ J Y'(s)o' (X (s))dBs + J Y*(s)V' (X (s))ds
0 0
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Now, let us assume that |8| = 2, we are thus evaluating for second-order derivatives. In that case,

02 ng i n,1
set s Xkt = Yigpy Yigs = (}/;,k,l)kvl and we obtain

Vi = [ VL0 e+ [ V00 ols))ds

" f o (X)), (6(5)) Y (6(5))dB

0

" fo V(X7 (0(5) Y7 (6(5)) Y, (6(5) s

1" _ 2% "N _ 9% o }
where b ( )]17‘72 il oniz and o (x)]i,jz = 2piiowiz In addltlon, set

an(t) = f o (X)), (6(5)) Y (6(5))dB,

0

¥ j V(X7 (0(3) Y (6(5)) Y7 (6(5))ds

0

We can now apply Lemma (3) to

Kf?j,f,h = an(t J Y ]1 J2 o' (X" (¢(5))dBs + f Y t,j1 JQb/(Xn(¢(3))d5
obtaining, accordingly, for each 1 <4, j1,72 < d

_ym™t o |p
E[ Sup |Y»]1 »J2 Y;Zjl,]'2| } —0, n—w
0<t<T

where
Vi = a(t) + j Vi (6(5)0" (X(6(3))dBs + f Vi (X (6(s))ds

with «(t) correspondingly as

t .
alt) = fo o (X ()Y}, ()Y, ()dB,

t .
+j V(X ()Y}, ()7 5 (s)ds
0

It is also clear that, on a compact set, uniform convergence holds. Thus, if we proceed with the
same reasoning for higher-order derivatives, we obtain the result. O

Proposition 1. [/, Chapter 5, Proposition 2.2][Stochastic Flow| Let X be the solution of the
SDE , whose coefficients satisfy conditions stated in @ Then, there exists a continuous
modification of X, denoted by X, such that for each t, the mapping x € R — X(t,x,w) is C®
a.s.

The above proposition is a fundamental result in the theory of stochastic differential equations,
as it shows that the same C'* mapping (provided that it is also a diffeomorphism) generates, as
the name suggests, a stochastic difeomorphic flow. In particular, for almost every w, the mapping

z— X(t,z,w)
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is smooth (as well as its inverse) and bijective for each fixed ¢t > 0, which is a much stronger
property than mere existence and uniqueness of a solution. An important consequence of this
regularity, coupled with global boundness on every derivative of the coefficients o and b (though
these conditions are too strong), is a strengthened version of the well-known property of non-
crossing for different initial conditions. In other words, we obtain smooth trajectories which never
intersect. The proof of this will be provided.

Proof of Proposition . Consider a smooth function f and fix p = 1. Recall the differential
operator Dg defined on and consider a bounded domain € € R% Let m € N and define the
following semi-norms

I£1

b= 3| [ Ies@pa] " 1012, = 3 s iDase)

|B|<m B<m €

Now, it follows from the inequalities of Sobolev [5], that for m’ > m, Q < @ and p > 1, there
exists a constant C' such that

£ m < CIf I (23)

Thus, by use of previous Lemma , we know that for each 8 and m and for any compact domain
) we must have component wise

SUPE[ sup |V, — Yéff\”} -0, n—o

e o<t<T

where ' ‘ . .
Ygﬁf = DﬁXZ”, YBZJ = DgX{

for every T' > 0. Thus, we have

E [ sup JQ Y3 () — Y;f(x) ]pdx}

0<t<T

< [ 2] swp W) i@ a0 n

o<t<T

Q

p?m’

the following

Q
p,m] -0

We must have have then, by definition of |.|

B s - X

0<t<T
for all ny,ne — oo, T'> 0 and p > 1. Thus, there must exist some subsequence Xf ’i, such that

Q =0

p?m

sup | X0 — X

o<t<T

for all kq, k9 — c0. By , it follows that there must exist some subsequence, again X" " such
that ) A
sup HXfl’Z — sz’z

0<t<T

S — 0

for all ki, ks — 0. That is, there exists a modification X, such that for almost all w,

lim X"(t,z,w) = X(t,z,w).

n—0o0
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exists uniformly for each (#,) on each compact set in [0, 0] x R%. Also that it is continuous and

for each t = 0, the map * — X (¢,z,w) is C* by construction. In particular, we obtain
P[X(t,z,w) = X(t,z,w) : t =0] =1

for each x. O

We are left to show that it is indeed a diffeomorphism. We will first prove that the inverse
mapping is C®.

Proposition 2. Let X be a solution of the SDE , whose coefficients satisfy the Linear Growth
condition @D Assume, moreover, that there exists a modification of X, call it X again, such that

for each t = 0, the continuous mapping v — X (t,z,w) is C* a.s. Then, the inverse mapping
X(t,z,w) — x is C”.

Before proving this result, we will take a step back and take a look at the so called Stratonovich
integrals. They will be important to simplify the proof of the above Proposition. To that end, let
H; and H| be two predictable stochastic processes adapted to some filtration F; . Then define

1
Ht o dHé = thHé + §d[H, H’]t

where [.,.] denotes the co-variation between 2 stochastic processes. From the above representation
it follows immediately by It6 that

d(H H|) = H;dH, + H,dH, + d[H, H'];

1 1
= H,dH] + 5d[H, H'), + H{dH; + 5d[H, H');
= HyodH| + Hj o dH;

After a small motivation, we enumerate several properties of the Stratonovich integrals in the
following Proposition.

Proposition 3. Let X and Y be continuous semimartingales. The Stratonovich integral

¢
szodYs
0

satisfies the following properties:

(i) Linearity. For any constants a,b € R,

¢ ¢ ¢
J(aXs—i—sz)odYszaJ XsodYs—kbf ZsodYs.
0 0 0

(i) Additivity in the integrator.

£ t t
szod(Ys+Zs)=J XsodYs+J Xso0dZ,.
0 0 0
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(iii) Classical chain rule. If f € C1(R), then
t
A = £(X0) + | (¥ ax..

(iv) Product rule
t t
XtY}zXoYo—kf XsodYs—i—f Y 0 dXs.
0 0

(v) Relation to It6 integral.

t t
1
f X, 0dY, f XodY + 5[X, VY,
0 0

We will, from now on, assume all properties listed above. Assume that H; = o(X;) and
H; = By denote a Brownian Motion adapted to F;. For simplicity assume that o : R - R x R
and By lives on R!. Then, note by Ité that, and under SDE , we have

d(o(X))) = o' (X))dX, + %U”(Xt)d[X, X],
= o (X))o (X)dBy + o' (X)W(X0)dt + Lo (Xi)o (X0t

and therefore,
O'(Xt) odB; = 0tdB; + O'/(Xt)O'(Xt)dt

And hence this particular representation gives rise to following equivalent expression of SDE (|16])
dX; = o(X;) o dBy + b(X,)dt,

where b(X;) = b(X;) — o/ (X;)o(Xy).

Proof of Proposition , Assume that SDE has representation
dXt = O'(Xt) e} dBt + b(Xt)dt,

For simplicity, we can always assume that X; is governed by this representation, since both
drifts (the original one and the adjusted one) satisfy our requirements. For a true equivalence,
a change of variables would be needed, but it would lead to the same conclusion, that of the exis-
tence of an inverse. Define, therefore, Y,/ = %X;. We then have in matrix form the following

¢ t
Yi=1+ f o' (X(s))Y(s) odBs + f Y (s)b' (X (s))ds
0 0
Now, let Z; = (Zf’j)m be the solution of
t

Z :I—Lo—’(X(s))Z(s)ost—LZ(s)b’(X(s))ds
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Then, according to the previous remark, we have
d(Y:Zy) =Y 0dZy + Zy o dY;
=Y, 0(=Zo'(Xt) 0o dBy — ZV' (Xy)dt)
+ Zy o (Yio' (Xy) o dBy + YV (Xy)dt)
= Y Zi0'(Xy) o dBy — Vi 2,V (Xy)dt
+ Z,Yi0! (Xy) 0 dBy + Z, Y0 (Xy)dt
=0

Thus, we immediately obtain by integrating and YyZy = I, that

YiZ, =1
or, in other words, we have found that Y; is invertible and, in particular, its inverse is Z;. By
construction, Z; is C®, hence the result follows. O

Finally, we prove that the map is bijective.

Lemma 5. [/, Chapter 5, Lemma 2.2] Let X(t,x,w) be the process obtained in which solves
equation:

dXt = O’(Xt) o dBt — b(Xt)dt
X(0) ==z

Then, we have

X(T—-tz,w)=Xt,X(T,z,w),w), 0<t<T
holds a.s, where B(T —t) — B(T) = B(t), for all 0 <t < T is reversed Brownian path of By.

Proof. We will fix a discrete realization of the Brownian Motion Bj,. Let then:

t, —1 t—t ,
B%(t,w) = = w(ty) + = ~w*(ty), a=12...r,
tn _tn tn _tn
where k41 k k k1
ALY L TR Py |
on on on on

k=1,2,...,2" =1, n=1,2,.... It is clear that
BX(T —t,w) —w*(T) = By(t,w), 0o<t<T.

Both the following equations

dX: o dB ,

° = . Xn - s ' Xn s = 1>27 5 by
30 = N oh06) T w) +H ), d
Xn(0) ==

O s .
70 = X o0 Xal0) G B OG0, =12
X,(0) ==
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have unique solutions X™ and X". It follows very easily by uniqueness that
X(T—t,z,w) = X(t,X(T,z,w),w), 0<t<T
O

Corollary 3. It follows easily that © = X (t, X (t,z,@),w) and x = X (t, X (t,z,w), D), i.e, the
continuous map x — X (t,z,w) is bijective.

Remark 6. Corollary above essentially means that, by fiving T > 0, if we take a realization
w under finite time horizon [0,T] (that is, from O to T) and its reverse (that is, from T to 0)
and let x be any point of the path Xy on [0,T], that we can achieve this very same point x either
by taking the path backwards for some time t and then going forward for t units of time again,
X(t, X(t,z,@),w); or by taking the path forward for some time t and then going backwards for
t unitst of time again, X(t,X(t,x,w),u?) (for an appropriate time t which remains under time
horizon [0,T]), thus proving bijectivity.

Corollary 4. From Proposition and Corollary , the Diffeomorphism Theorem follows.

The smoothness assumptions on the coefficients o and b in Theorem [7]can, as one might expect,
be weakened. If o and b are only C* (for some integer k£ > 1) with bounded derivatives up to
order k, then the associated stochastic flow is no longer C®, but still retains C*-regularity. We
will state this theorem without proof.

Theorem 8 (Diffeomorphism Theorem, C*-version). Let
o R" >R p:R" > R"

be Ck-functions for some integer k > 1, and assume that all derivatives of 0}; and b up to order
k are bounded. Suppose moreover that o and b satisfy the Linear Growth Condition @

Let X[ be the solution to the SDE
dX} = o(X])dB; + b(X)) dt, (24)
Xg=xz  t=0. (25)
Then, for each w, there exists a modification of Xi such that, for everyt > 0, the map
7 X7 (W)

is a C*-diffeomorphism of R™.

Proof. We refer to [8, Chapter 4.7, Theorem 4.7.2] O]

Proposition 4 (The Non-crossing Lemma: Strong Version). Let X (t,x,w) be the stochastic flow
generated by the SDE
dX; = J(Xt) dB; + b(Xt) dt,

where both b and o are C* functions in which all first k derivatives are globally bounded. Assume,
moreover, that for each t = 0, the map

x— X(t,r,w)
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is a C*-diffeomorphism almost surely.

Then for any x1 < xo we have
X(t,x1,w) < X(t,x9,w) forallt=0

almost surely.

Proof. Fix x1 < x5 and define the hitting time
Ti=1inf{t > 0: X(¢,z1) = X(¢,22)}.

Suppose P(7 < o0) > 0. If not, by the continuity of the paths, we have the result. Otherwise, by
this very same continuity of the paths, at t = 7, we therefore must have

X(T,xl) ZX(T,:CQ).

Now, by assumption, both are, in particular, Markov processes. As a consequence, if they were
to meet, they would become indistinguishable: from 7 onward, they would remain the same ad
infinitum. Thus, the weak version of the Non-Crossing Lemma follows. That is,

Ty <xe = X(t,z1,w) < X(t,22,w) Vt=0. (26)
In addition to this, by Corollary , for each path w
r#y = X(t,z,w) # X(t,y,w), Yt=0
By , we must have then
r1 <x9 = X(t,x1,w) < X(t,x2,w) Vt=D0.

O

The illustration below, which can be found in [7, Figure 1], shows the non-crossing property
in play described by Lemma (both in the strong and weak sense).
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Fig. 1: On the bottom, we observe two independent realizations of Brownian Motion (given by
dense black and light black) up to time 7. On the top, for each realization, we compare the paths
starting at different positions at time ¢. For the dense black paths, we observe the weak formulation
of the Non-Crossing Lemma : the paths eventually touch at time ¢’ and stay the same afterwards.
The strong formulation of the aforementioned lemma, by contrast, is demonstrated by the light
dark paths: one always stays above the other.
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2.5 Weak Solutions

Now, we will give a brief exposition into Weak solutions, since we will use them implicitly in
due course in the following sections. Therefore, we present the following definition

Definition 11. [, Chapter 5, Section 3, Definition 16.1] The SDE:

o(s, X )dBs + ft b(s, X )ds (27)
0

t
Xy =X+ J

0
has a weak solution if for some (2, F,P) satisfying the usual conditions and a given initial law p,
if there exist continuous semi-martingales X and B such that

(i) t t

o(s, X )dBs + J b(s, X )ds (28)

XtZXo-l-f
0

0
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(i)

Xo has law p; (29)
(iii) For allt =0,
t
| (o5, 20 + s, ) s < o0 (30)
0
(i)
B = (Bt)t=0 s a Brownian motion adapted to (F) (31)

Moreover, if there is a weak solution for every given probability measure p, then we say that the

SDE has a weak solution.

This definition is only natural, insofar as it enables us to guarantee a solution of SDE for,
at least, one initial probability measure. It is clear, therefore, why weak solutions focus on the
distributional properties of X. We may, for the purposes of simplicity, for example, fix an initial
measure and study the problem in hand with full guarantee that a solution exists. It arises as
well from the concept of a weak solution, that of a different notion of uniqueness. In the Strong
setting, we were interested in path uniqueness, since a strong solution is by driven only by the
initial measurable process £ and the adapted Brownian motion. In the Weak setting, however, we
have the following appropriate notion of uniqueness

Definition 12. [1, Chapter 5, Section 3, Definition 16.3/[Uniqueness in Law| SDE has
uniqueness in law if for any two weak solutions X and X with

L(Xo) = L(Xo)

it holds that

With this definition in hand, it is not so surprising that if we have pathwise uniqueness ,
then it immediately follows uniqueness of law. Indeed, taking into account Theorem , if we
fix ¢ to be a random variable governed by some probability measure p, uniqueness of law easily
follows by noticing that the strong solution is controlled by a Brownian motion and a deterministic
function that applies to all set-ups. This is one of the consequences of the Yamada and Watanabe
Theorem @D stated below. But, before we state it, we will show a well-known example where not
only both concepts of uniqueness are easily distinguished, but also completely justified.

Example 4. [1, Chapter 5, Section 3, Example 16.5] Consider a process X : Q — C([0,0) x R)
and respective one dimensional SDE

dX; = f(X,)dB,

where f(z) = 1,50 — 1z<0. Suppose we have an initial setup where X is governed by some law
1 such that

t
Xt = XO + f f(Xs)st>
0
Then, notice that
t
(X, X]; = f f(X,)3%ds =t
0
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which implies, by the Lévy s characterization Theorem, that X; follows the law of a Brownian
motion. Then, under Definition , it follows uniqueness in law. Now, to prove existence, say
that X; := & + B;. Consider

t
Bt = J(] f(Xs)st

again, by the Lévy s characterization Theorem, (Bt)t>0 is a F; Brownian Motion and observe that
t _ ¢
f f(Xs)st = f f(Xs)Qst = By
0 0

and thus X; = & + Sé f(X,)dBg is a weak solution by Definition (12). But now notice that if

¢
X = Jo f(Xs)dBs

that is, with (¢ = 0), then we have
t
j IXS:()dS =0
0
which, by Ité“s isometry, implies
t
J 1x,-0dBs =0
0

It results that if X is a solution, then — X is a solution as well. Although both have the same law,
pathwise uniqueness as in , however, fails.

We are now prepared to state the Yamada and Watanabe Theorem, although with no proof.
For that, we refer to [14].

Theorem 9 (Yamada and Watanabe Theorem). Let o and b be predictable path functionals, and
consider the SDE
dX¢ = O'(t,X.) dB; + b(t,X) dt. (32)

Then SDE s exact as in if and only if it has a weak solution and pathwise uniqueness
holds.
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3 Robust Hedging under Uncertainty

3.1 Definitions and Initial Considerations

Fix T > 0 and assume, within this time horizon, that we trade continuously two assets in
a market with no arbitrage. In particular, we assume that there exist an equivalent martingale
measure (risk-neutral measure). Denote M; the price of the money market at time ¢ and a stock
St the price of a stock at time ¢. More rigorously, we have the following hypothesis

Hypothesis 1. [0, Section 2, Hypothesis 2.1] Assume no-arbitrage holds and let Q be a risk-
neutral measure. Assume we have a setup (2, F, P, (Fi)i=0, B), which satisfies the usual conditions.
Further, let (My)i=o be a Fy-adapted stochastic process associated with a deterministic function ry

(interest rate) such that
t

Mtzexp<j rsds>, 0<t<T (33)
0

and a (St)i=0 a Fi-adapted stochastic process associated with a predictable non-negative func-
tional o, the volatility process, governed by

dS; = SiodBy + Siredt (34)

where B = (By)i=0 is a one dimensional-Brownian motion adapted to Fy. For simplicity, we
T
may assume that F = U Fi holds. Following the first Fundamental Theorem of Asset Pricing, we
further have that St/Mt s a local Martingale with respect to Q. In particular, we have

t 1 t
St = Spexp [f audBu—f Uidu} , 0<t<T (35)
M; 0 2 Jo

and we assume, in fact, that it is a square-integrable martingale, that is,

Remark 7. Note that in Hypothesis , we do not assume that the volatility o; is not path-
dependent. In fact, o; is assumed to be a very general predictable functional, which means that
it may or may not depend only on its current price.

Remark 8. That A% is a local Martingale follows easily by noting that by Itd we have

St Syry
Siot Sir Siry Siot

= —dB; + dt — dt = dB 37
M, Pt M, M, (37)

To show Equation , assume that %tt = A;. Thus, becomes

dAt = AtO’tdBt
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with Ag = Sy. By Itd, again, we then have

1 11
d(log(Ay)) = ztdAt - iﬁd[AuA]t
t

1
= 04dB; — §a§dt

By integrating from 0 to ¢ we obtain,
t t 1
log(A;) = log(Ag) + j oudBy, — J iaidu
0 0

and follows. In addition, we assume that the market is not complete. In particular, that the
filtration F is strictly larger than the one generated by the Brownian motion (Bj)o<i<7. This
choice will soon be clear, since the additional information in this case may account for volatility
misspecification that cannot be replicated by trading in the underlying assets.

Due to the non-completeness of the market, we are forced to define a portfolio in the following
way:

Definition 13. [6, Section 2, Definition 2.3] Let {6; : 0 < t < T} be a bounded adapted process.
Then, given an initial value I1y(0), the self financing process 0y is governed by

dlly = ’l“(t) (Hg (t) — St9t>dt + 0,dS; (38)

where, by the same technique employed in Remark applied to ]1\17‘1, we obtain

11y() = (1) 115(0) + L "ud (J\i) ] (39)

Remark 9. Since %tt 1s assumed to be a square-integrable martingale and 0; is a bounded process
by definition, it follows that HJ\(’/[—(:) 1 a square-integrable martingale.

Definition 14. [6, Section 2, Definition 2.5] A payoff function is a convex function h, defined on
(0,00), and having bounded one-sided derivatives, that is,

W (z4)| < C Vx> 0. (40)

Definition 15. [15, Part 111, Section 7.3, Definition 7.7] A vanilla contingent claim is a contract
that pays h(St) at time T.

Example 5. Let h(z) = (x — K)*, for a fixed price K.

FEuropean call option:

Ccall = (ST - K)+

where the owner of a Furopean call option has the right but not the obligation to buy the underlying
asset with price St at time T for a fized strike price K.

FEuropean put option:
Cput = (K — Sp)™*

where the owner of a European put option has the right but not the obligation to sell the underlying
asset with price Sp at time T for a fived strike price K.
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Path-dependent contingent claim (e.g., up-and-out call): Let B > 0 be a fized barrier level.
Then,

Cafglf _ {(ST — K)+, if maxogi<T St < B,
u o

0, otherwise.

Definition 16. [15, Part III, Subsection 7.3, Assumption 7.3.1] An adapted stochastic process
{V(t,S;) : 0 <t <T} is called the price process for a vanilla contingent claim if

V(T,Sr) = h(Srt), a.s., (41)
and (S, V (t,St)) admits no-arbitrage.

In a non-complete market, we do not have an explicit expression for the price process, but in
a complete one, by virtue of the second fundamental Theorem of asset pricing, under the unique
risk-neutral measure Q, it follows immediately by Definition and the martingale property that

GG

and so, we are able to replicate directly the option using our self-financing portfolio. We will
provide more details on this soon. This leads us to the following definition.

Definition 17. [0, Section 2, Definition 2.6] Suppose you have some self-financing portfolio Iy,
governed by the strategy {0y : 0 < t < T} defined on the finite time horizon T. Define the error
process ey := y(t) =V (t,St), where V(t, Sy) represents the price process of some contingent claim.
If we assume further that I15(0) = V (0, So) then the pair (6¢, V (t,St))o<t<T 5 said to be

1. a replicating strateqy, if Ae/f—tt 1s identically equal to 0,
2. a super-strategy, if ]\e/[—it 15 mon-decreasing,

3. a sub-strategy, if 1\% 1S NOM-INCreasing.

Remark 10. If the pair (0;, V (¢,5;)) is a super strategy, we are guaranteed by definition to have
er = 0. Since ij;[—(tt) is a martingale by (39) and tt is non-decreasing by assumption, it follows
that (t T) is a super martingale and we have the following relation

V(;’;t) >E [h](\j;) ‘Ft]
Thus, in particular, given that My = 1, we have

Under the assumptions of no-arbitrage and market completeness, the quantity

{5

Mr

represents the unique arbitrage-free price of the contingent claim. Indeed, a replicating strategy
attains the payoff h(Sr) exactly with this initial capital, while any super-hedging strategy must
require at least as much initial wealth. Otherwise, if an investor could super-replicate the claim
with strictly smaller initial capital, then purchasing the claim below its replicating price and
hedging it accordingly would generate a risk-free profit, thereby creating an arbitrage opportunity.
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3.2 Classical Black-Scholes

Now, let us focus more precisely on the price process under model . Suppose we have a
function f(t,S;) := V (¢, S¢) and, for simplicity, further assume that S; is already discounted and
that o, = 0, i.e, a constant. By [t6, we have

df(t) St) = ft(t7 St)dt + fs(tv St)dSt + fss(ta St) [Su S]t
= (fe(t,S¢) + fos(t, Sp)o2S)dt + fo(t,Sy)dS;, 0<t<T

where [., .] denotes the quadratic variation between 2 processes. By definition, the price process
V(t,S;) is a martingale. Therefore, we must have

ft(tast)+fss(t7st)gt25152:07 0<t<T

with the extra condition that
V(T,Sr) = h(Sr)

Further, since V' (t,S;) is a martingale, it follows that
dV(t, St) = fs(ta St)d5t7 0<t<T

or in the integral form:
t
V() = V050 + | flwS)dS, 0<t<T
0

That is, with a fixed initial price V' (0, Sp), we are able to replicate the option h(St) at expiration
if and only if we know explicitly fs(¢,S;) = a%V(t, Sy). Let us look more closely into it. First,
notice that, under the taken assumptions, we have

1 1 1
St = Spexp(oBr — §U2T) = Spexp(cB; — 50275) exp(o(Br — By) — EJQ(T —t))
1
= Siexp(o(Br — By) — 502(T —t))
Thus, we have, by definition

V(t,50) = E[A(S1) | Fi] = E[(Ssexplo(Br — By) — 5o*(T — 1)) | 7] (43)

Now, notice that since the filtration F; is generated by By, by the independent increments
property of the Brownian Motion, By — B; is, therefore, independent of F;. As a result,
becomes

[ hsexploy— 302~ )i

—00

where yp_; = 4N (0,7 —t), i.e, a normal distribution with mean 0 and variance T' — t. Further, it

becomes
2

mj h(sexp(oy(VT —1t) — %(72(T —1)))e T dy (44)
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For the sake of simplicity, let us assume that we are dealing with an European call option with
strike price K, that is, h(S7) = (Sp— K)*. Then, set a = 04/T — t and the integral becomes

1 (™ o— o2 _¥2
\/%J_Oo(se(y 29 _ K)fe T dy (45)

Accordingly, set
u = (46)

then, we have

And results in

s (% 1,2y
= vz =) dy — K&(—u)
s [P _w-o?
=—— | e 2 dy— K®(—u)
V21 Ju
=s®(a —u) — K&(—u) (47)

where @ is the probability distribution of a Normal Distribution with mean 0 and variance 1.
Thus, the replicating strategy A(t,S;) is given by

A(t, Sy) = aiV(t, Si) = P(a—u) + saaS‘I)(oz —u) — Kai@(—u), (48)

where u is defined in (46])).

By construction, @ —u = —u + o+/1 — t, hence

0 0
%(a —u) = %(—u)

Moreover,

2

(v — u) =u2—2ozu+042:u2—|—2log<i),

K

K
u? = log(> .
s

0

Lo(a—u) < 1 1 > K
0s 2 2

e —exp| —z(a—u)+ -u | = —.

which implies

1

N =

Therefore,

Substituting into yields
A(t,S;) = (o — u).
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Finally, defining
+ _ log(%) + 30
a )

d

we obtain

A(t,S;) = ®(dh). (49)

Thus, in this setting, we obtain an explicit and relatively easy representation of the price
process defined in , together with the associated self-financing replicating strategy given by
. Moreover, this example illustrates the completeness of the Black-Scholes model, in the sense
that any European contingent claim can be replicated by trading in the underlying asset.

3.3 Convexity of European Contingent Claims

Now, let us assume that the tradable asset Sy is governed by SDE , while we believe instead
that it is governed by some volatility (¢, S;), that is,

dS; = St(}(t, St)dBt + Sirdt (50)

with r as in . Notice that, by Example provided in [0, 4. Stochastic Volatility Countere-
xample|, we assume that the misspecified volatility is stochastic only through S;. First of all, we
state the following Hypothesis.

Hypothesis 2. [0, Section 5, Hypothesis 5.1] Suppose & : [0,T] x (0,00) — R is a continuous
bounded function, for which %(s&(t, s)) is Lipschitz continuous with respect to s and uniformly
continuous with respect to t.

The following lemma will prove exceedingly useful for the main theorem of this subsection,
because we obtain, together with Hypothesis , the so desired property of convexity for the price
process defined weakly in . We will prove this result under the further assumption that the
price process starts at time 0, although it is possible to prove it for other times within the finite
horizon (0, 7). For that particularly, I refer to [7]. Therefore, following [6], we will consider, under
misspecified model , the price process vz starting at time 0,

1
My
Lemma 6. [6, Section 5, Theorem 5.2] Under Hypothesis and the ruling dynamics described
m , the contingent European claim vg is convex with respect to Sy.

E[n(5T)] (51)

Vs

Proof. Consider the SDE ([50). By Theorem , we can find a modification of S, called again
Sy, such that for each ¢ € [0,7] and for each realization path w, the map z — Sy(w) is a C*-
diffeormophism. Set S} to be this modification with the additional property that S§ = z. It
follows that the process DY = %(S@‘), by the Chain Rule, is given by

de = Df?"tdt + %(Sf&(t, St))dBt

0
= Df’l“tdt + Dtxg(p(t, St))dBt

0
= Dy (rydt + g(P(t, St))dBy)
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where p(t,s) = sa(t, s) is well-defined. Moreover, we immediately obtain that

where

t o 1(t/ 0 2
Ct = eXp (J{; %p(ua Su)dBu - QJ;) (55/)(“7Su)> du) ’

is a strictly positive martingale.

Define a new probability measure Q* on (2, F) by

dQ*
dQ

- ().

According to Girsanov’s Theorem, under Q¥ the process

to
BY =B | £plu,SD)du (52)
0 55
is a Brownian motion. Now, since

Sy " plu, Sy)
Pt B2 aB,
7 JO M,

for y > x, we have

dB,

Sy St f plu, Si) — p(u, S3)

L=y x4t
M, Y 0 M,

for all 0 < ¢ < T'. Thus, it follows

()] xlu- e [ (o]

for a constant K. The cross term vanishes under expectation, since the integral is a Martingale.
By It67s Isometry and the Lipschitz condition with respect to s assumed in Hypothesis , for

some constant C, (b3)) becomes
t Sy Y 2
2 u U
— E —2 ) d
(y— )"+ “0 ( AL > u

el (8 =5\
M,

for all ¢ € (0,T]. Thus, as a consequence, by Gronwall ‘s Lemma , it results in

E

<C

E[(Sf — SY)?*] < CME(y — )28 0<t<T
or, more plainly, for a global constant, say C again

E[(Sf - S))?]<Cly—=2)*, 0<t<T (54)
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Therefore, for y > x > 0, consider the following,

vz (y) — v () 1 o\ 1oQy
)= tnle) L (s - i)

Since y > z, we know by the Non - Crossing Lemma that S} > S7 almost surely (although a
strict inequality is too strong). Thus, since and hold, the difference quotient is uniformly
integrable in L? and, by the dominated convergence theorem, we have

Ve (y) — s (2)

S ¥
lim sup — < E [A(S5) lim su (tit
yax‘*'p y—T ( T ) y%:p‘*’p MT(y - l’)

= E[I/(S7")¢] = E°[1'(S7)]

where E*[.] denotes the expectation under Q*. Similarly, we have

liminf *2¥) =95 (®) _ pa [W(5%)]

y—at y—x

The same reasoning applies to E*[h/ (S;’)] As a result, we have
v (z) = E*[I'(ST)]
Now, notice that the SDE can be rewritten in the form
dSy = (S{re + p(t, St))dt + p(t, Sy)dBf

where Bf denotes the transformed Brownian Motion given by . If we consider a weak solution
of this SDE, by the boundness of & and Lipschitz condition with respect to s, we know uniqueness
in law holds. Therefore, we can take another process Sf of the following form

dSy = (Sfre + p(t, Sp))dt + p(t, Sy)dBy

where, B; denotes the original Brownian Motion under P and such that Sg = z. Using uniqueness

in law, we obtain .

vz (z) = E[W(S7)],
and using again the No-Crossing Lemma , we obtain the increasingness of this function. O
Corollary 5. Under Hypothesis and the convexity of h, the Furopean contingent claim satisfies

lvg(x)| < C,  forallz >0

Proof. It follows by Lemma @ and the convexity of h. O

3.4 Volatility Misspecification and Main Theorem

We are thus ready to state the main theorem of this section, which will be important for future
considerations.

For that, we first assume that the asset Sy is wrongfully assumed by the investor to be governed
by a misspecified volatility o, as in while it is actually governed by the SDE , with true
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volatility o. Naturally, if the misspecified volatility happens to be equal to the true one, that is
o = o, almost surely, the market would be complete and, as a consequence, one would be in the
case of a replicating strategy, that is, one could replicate the option risk-free. But in a practical
setting, through local volatility models, the estimate & rarely represents the true volatility o,
because we are only assuming one source of randomness.

Theorem 10. [6, Section 6, Theorem 6.2] Suppose that Hypothesis holds and assume that
we believe the price process is governed by , while the true model governing the asset is given
by . Further, assume that both the deterministic interest rate function r : [0,T] — R and
gy : [0,T] x (0,00) — o0 are Hélder Continuous, as in , Consider the self-financing portfolio
process Iy governed by , with initial investment

H@(O) = V(07 SO)?

and hedging strategy

0
et = %V(t, St)

Then, if we have

oy < ay(t, St), almost surely

for all t € [0,T], the pair (0, V;) is a superstrategy and we have

y(T) = h(S(T)) (55)
and
V(0,50 = E [h](\j;)] (56)

On the other hand, if
oy = ay(t,St), almost surely

holds for all t € [0,T], then the pair (0:, V(t,S:)) is a substrategy and inequalities and
are reversed.

For this, we prove a Lemma and a Proposition that hold without any strict assumption.

Lemma 7. Consider a FEuropean contingent claim priced incorrectly according to model . More
precisely, set correspondingly vs(t,x) to be the initial price of the incorrect European contingent
claim - starting, more generally, at time t associated with stock Sy starting at price x - according

to dynamics (50) as
—(ST rsds) t,x
vs(t, @) = Ele™Ur @Ip(Sp™)], 0<t<T, z>0. (57)

so that starting at time t = 0, it coincides with definition (51)). Therefore, if we would have & = o
almost surely, we would be on the case of a replicating strategy as in . Then, we have the
following

L(vs(t,z)) =0, (58)
where the operator L is defined for f € CH2([0,T) x (0,0)) as
2
LU (1)) = rof (1) = o f(62) — reae (1) = Lou(a)a> o [ (1)

forall0 <t <T.
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Proof. To ease notation, fix (t,x) and define
X, = St u =t

as a stochastic process with the same dynamics as S; in , starting at time ¢ with associated
price S¥. Thus, we are generalizing the starting time (¢ = 0), to the whole time horizon (0, 7).
Define, to that end, the discount factor

Mu = exp <—f rsds> .
t

Y, = Myvs (u, Xy)-

Now, consider the process

Again, we assume that the underlying asset is wrongfully governed by &. Thus, by assuming
further completeness of the market, we impose the martingale condition. In our present notation,
this means that

Y, = Myvs(u, X,) = E[Mrh(St) | Fi] (59)

is a Martingale. Since vy € C12, It6’s formula implies

&U(—T 1 62’05—
(u7 Xu)du + E(ua Xu)qu + 5@(“7 Xu)d[XUa Xu]

dvg (u, Xy) = aﬁit&

Since, by , we have
dX, = ryXydu + 7(u, Xy) XydBy,

and
d[X, X1y = & (u, Xu)* X 2du,
we obtain,
6115 6115 17 2 262?]5
dvz(u, Xy) = [ﬁ + TuXu% + §U(U,Xu) X 3.2 ]du
F o X Xu 24
g u7 u u a'f u-
Since

dMu = —ruMudu,
the product rule yields

uVs (U, Xy))

dY, = d(
M, dvz(u, X)) — ruMuv(—,(u, Xy)du.

Substituting the Itd6 expansion,

~ 61)5 a’Ua— 1_ 2 2a Vs
dYu = Mu[ﬁ +TuXu% + 9 ( ,Xu) Xu P 2 *’I"u’l)a-]du
+ Mo (u, X)X, aa”" (u, X,)dB,.
T



By the observation {Yu}ust is a martingale, thus the drift coefficient must vanish, which
implies

ava- 61}5- 1 2 262’05
Tt O'( l‘) T 2

ot P 5 —rvs =0, t<T.

Finally, at t =T,
v5(T,x) = h(x).
The conclusion of follows. O
Within this framework, by incorrectly assuming dynamics , we now set vz(t, S¢) to be the
price of the European contingent claim and let A = %Ua—(t,x) be our hedging strategy. With initial

price vz(0, Sp), the self-financing portfolio IT5 will evolve according to the dynamics prescribed in
. We have the following Proposition.

Proposition 5. Under the true dynamics of St, let IIx be the (incorrect) portfolio process
described above and the corresponding error process ex defined as

En = HA(t, St) — 'l)&(t, St)

where v5(t, S;) is given by (57). Then, it holds

t 1 ~ 82
ex — MtL a0 S)? = 2153 s, 5,) du

Proof. First, notice that by It6 and by reminding ourselves that Sy is governed by the true volatility
o, that is, by SDE , we have

2

0 0 10
d(’l)&(t, St)) = %U&(t’ St)dt + %’Ua—(t, St)dSt + 5@’05—(

Only by incorrectly pricing the contingent claim, under , through which the PDE holds,
do we obtain

t,S;)S2o?dt (60)

0 .
ot °
and thus, becomes

0 1 0>
(t, St) = Tt'l)g(t, St) - Ttstafx”l)a—(t, St) - 55’(t, St)QStQ@’Ua—(t, St)

2

_ 1
v (t, 50)) = rev(t, S:)dt — 78 Adt — o (1, St)2jx2ua(t, S,)dt
_ 1 02 5 o
+ AdSt + 5@05(15, St)St [ dt
= Tt’l)a—(t, St>dt - TtStAdt + AdSt
1 02 _
+ 5@@5—(@ St)S?(O'? — O'(t, St)z)dt (61)

Now, consider the discounted tracking error. By the product rule, we must have

d (eﬁ/[(f)> = d(I15 (¢, St) — vs(t, St)))f\lﬂ + (A S) — vo(t, S51))d <J\14t>
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which by and becomes

<T‘tHA<t, St)dt + AdSt - ArtStdt — Y’t'l)g(t, St)dt - AdSt
1 02 1
+ ArSydt + 5 5—5v (t S)S2(5(t, Sp)? — o )dt) 7

AR )|
Mt A(t St)dt+ Mt (t, St>dt

1 02
= 53T 52" vs (t,8¢)S2(a(t,S)* — o?)dt

This, together with I15 (0, Sp) = v5(0,Sp)) implies that

%(t)_f 1 o2 . L
M, 511, a2 Vo (S )S2(5(u, Su)® — o) du

O

Proof of Theorem . Using the hedge A, by the convexity of vs(u, S,) proved in @ and Pro-
position , we obtain
ex(t) =0

Thus, A is a superstrategy according to and the subsequent conclusions follow by Remark
(10). O

3.5 Example

We follow [6, Section 11, Arithmetic Mean Example 11.1|. Let o1 and o2 be constants. Define
Sy and S] such that
dS; = 015:dBy, dS; = 025,dBj,

where B; and Bj are independent Brownian motions.

Further, define

St + CH
" t
St 2 .

which is governed by
1
dS;l = 5 [StﬂldBt + SéO'QdBé]

Accordingly, set
0'1 S t g9 S/

B} =
- u
+025’2 0 /0% —I—o*25”2

so that By is a Brownian motion.

To verify this, using Itd’s isometry Lemma and the independence of the Brownian Motions,
notice that

AB B = TS gy o35,
0252 + 3572 0252 + 3572
015, 095,

d[Bt7 Bg]

+
0252 + 0252 0252 + 52512
— [B/,B/] =t

ol



By Lévy’s characterization Theorem, By is then a Brownian Motion. Now, set accordingly
ds) = So,dB}

with oy, now stochastic, given by

\/ﬁ
oi{Si + 038 (62)

St-i-Sé

gt =

If we are interested in pricing the European call on S} with strike price K at time T,
E[(S} — K)™] is not easy to compute. Therefore, if we find constants omin and omax satisfying

Omin < 0¢ < Omax

for all ¢ € [0,7] almost surely, then, according to Theorem , it follows that the initial price
associated with the option v,, (0, 5) , by (A7), satisfies

Sg¢(amin — Umin) — K(—tmin) < v, (0, St ) < Sg¢(amax — Umax) — K ¢(—Umax) (63)

where amyin = O'min\/Tv Omax = Umax\/T and accordingly

—log (%") 1 —log (ST?) 1
umin = + 7amin7 umax = + 704max
Qmin 2 Omax 2
where the precise calculations of these quantities are accounted in Subsection (3.2)). One can set
0102

Omin = B

Let us verify both inequalities. With regard to opax, one first notices that oy is scale invariant.
Therefore, set x = S; and y = 5. Then, it is enough to consider the subspace Q2 < RT x R* for
which

Omax = max(oy,09)

r+y=1
holds. Then, we have

\/amax 1 - x)Z) < Omax
As for opin, for any fixed values of S; and Sy, there exists r € R such that

S, =rS; (64)

Substituting into , we obtain

2 2,2
A/ O] +o5T

1+7
Consider now the function g(r) given by
(r) = a% + U%Tz
g (1+47)2

Differentiating g(r) with respect to r and setting ¢’(r) = 0, we find that g(r) attains its minimum,
Say Tmin, When



And thus, we obtain, under these conditions, that

2

2 2
01 + 03 hin o9 o203 + of
oy = = 5 5
1+ 7min o1 + 03
0201

2 2
\/ o+ 03

Since, within our assumptions, we can always find r € R for which is satisfied, we obtain, as
a consequence, explicit bounds for the initial price of the option, according to . In particular,
by using strategy A that is, the hedging strategy associated with op,.x, We are guaranteed to

have at terminal time 7" at least h(S7), provided that we invest at least E [}L(Mi;)]

Omax?

4 Optimal Hedging under Uncertainty

4.1 Initial Considerations

Having stated and proved Theorem , we thus have acquired a slight intuition on what
to expect under misspecification of volatility. On Example , we have seen that, under the
assumption of constant volatility on both assets, we were able to find (constant) lower and upper
bounds for the stochastic volatility given by the resulting arithmetic mean of both assets. Theorem
then provided us with lower and upper bounds for the initial price of the option as well as
what to expect with regard to the payout, thereby showing the robustness of the Black-Scholes
Model.

This motivates us, therefore, to expand two notions. The first one, to define a random variable
Y; as our current Profits and Losses (hereafter P&L) at time ¢, given by the difference between
our hedging portfolio IIy (identified by the set of strategies (;)o<i<7) and the believed price of

the contingent claim under the model of our choice (identified by &), V(¢,S;), with the further
addition of some initial capital yg

i
Vit | 0.8, - V(S), 0<t<T (65)
0

or, more plainly,

dY; = 0,dS, —dV(t,8), 0<t<T. (66)

In particular, Y7 is the payout at terminal T. And secondly with this definition, how to properly
approach hedging in general, that is, firstly how to find an optimal set of strategies 6 = (6;)o<i<T
under possible volatility misspecification and secondly, to this end, how to define "optimal".

Unlike Theorem , we are looking for a means to quantify the value of our set of strategies,
with the further assumption that we are more or less certain that our estimate of & is the true
one, with regards to the true volatility governing stock S;. For that, first notice that under model
misspecification identified by & and no interest rate, that is

dS; = 8,5 (t, S;)dB, (67)
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the price process V (¢, S;) satisfies, accordingly, as in , the following

O yits)+ to2s2 C vin s
%V<t, {;) + iat tﬁv(t7 t) = 07 (68)
for all 0 <t < T, with

V(T,St) = h(St),
where h(St) represents the payoff function of the vanilla option, as in Definition (5)).

By defining the delta hedge

0
Aa-(t) = $V(t, St),

to be the hedging strategy under no-arbitrage with respect to model , assuming ¢ = o a.s,
equation , by It6’s formula, becomes

2
0:dS; — Ag(t)dS; — aatV(t, Sy)dt — ;ijV(t, Sy)o?SEdt,

which, by , simplifies to

1
2 02

1 02

0:dS; = Az (£)dS; + 525V (¢, Sy)a2SEdt — V(t,Sy)olS2dt.

Hence, in integral form, this becomes

t
V(u,Su) Sioy = o (u, 82)%) du, 0

IN

t 2
wu—Aa(u))dSu—f L2 F<T.

Yt=y0—V(0,50)+f . 2022

0

Thus, we may ask ourselves what is the most sensible hedging strategy, that is, assuming that
we fix a priori a model of our choice and given a subset of trading strategies, how can we maximize
the following quantity

max E[U(Yr)] (69)

with U a concave function, the so called Utility function. This is a reasonable first step in defining
an "optimal" set of strategies. Let us first confirm that the problem is well defined. For instance,
if we assume that indeed (¢, 5:;) = o and Sg(@u — As(u))dS, is a supermartingale (both to
rule out doubling strategies and to allow some friction on the market, though with no arbitrage
opportunities), then, by Jensen s inequality, becomes

T

E {U(yg —V(0,80) + fT(au - Ag(u))dSu)] < U(yo—V(O, So)+E U

(6~ Aa)dS, | ) < Uln-7(0,50)
0 0

Thus, we obtain 6} = A(u, S,) as the best strategy pointwise, that is, precisely what one obtains
in the case of a full replication of the underlying option as in . We have then the following

Lemma 8. [9, Subsection 2.1, Lemma 2.1] Suppose oy = (t,S¢) and
Ve Ch((0,T) x Ry) n C([0,T] x Ry)

solves the PDE )
2 2075

vy _
a(t,x)’x 2 = 0, t<T. (70)

1
ot 2
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according to Lemma (with no interest rate). Then the delta hedge

_ o _
Ay = %V(t, St)

mazimizes (69)) over any set A3 A of strategies 0 such that

T -
J (6. — A)) dS,
0

1S a supermartingale.

Moreover,

sup: [U <x0 + LT 0, dS, — h(ST))] — Ulzo — V(0,50)).

For the reason why we, from now on, assume a zero interest rate, we refer to [9, Remark 2.2]

4.2 General Setup and Introduction to the Penalized Optimization Problem

On this subsection, we follow directly [, Subsection 2.2|. Fix a time horizon 7" > 0 and initial
values sg > 0 and yp € R. Define

Q={w= (Wfawty)te[o,T] e C([0,T];R?) : wo = (s0,%0)} -

That is, € is the space of all continuous R2-valued paths starting from (so, o), equipped with the
topology of uniform convergence. Let F = B(2) denote the Borel o-algebra generated by this
topology. We introduce the canonical process (S,Y) = ((St, Y1))sejo,r) on 2 by setting

Sy(w) = wy, Yi(w) = wy.

Thus, S and Y are simply the first and second coordinate processes, respectively. Finally, let F =
(J:t)te[O,T] be the filtration generated by (S,Y’), without imposing right-continuity or completion.
Further, let S be the collection of all triplets (6,0, Q) such that: 0 = (64).cj0,7) and o = (0t)se(0,7]
are progressively measurable processes, and Q is a probability measure on (2, F). Under Q, the
process S is a continuous local martingale whose quadratic variation satisfies

d[S, S]; = S%o? dt,
and the process Y is a continuous QQ - semi martingale admitting a canonical decomposition

t t 1 2 _
Y, = yo— V (0, Sp) +f (0, — Ay (u))dS, —f i%V(u, S.)S%(0% —5(u,S,)?), 0<t<T (71)
0 0

Each pair of progressively measurable processes ¢ = (01)c[o,7] and o = (0¢)se[o,7] determines
a probability measure Q on (€2, ) under which the canonical processes (S¢)o<t<r and (Yi)o<i<r
are defined.

Here, o, represents the true (or natural) volatility governing the dynamics of S, while 6;
denotes the hedging strategy implemented over the time interval [0, T]. Together, (6,0) generate
the corresponding state processes (S,Y).
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We now select a suitable subset

ScsS,

and introduce sets of admissible controls
A and V,

representing admissible hedging strategies and admissible volatility processes, respectively. These
sets are chosen such that

AxVcS,

and for every fixed strategy (0;)o<t<r € A and every volatility process (o¢)o<i<r € V, the
pair (0, 0) induces a probability measure Q on (€2, F) belonging to §. Or more succinctly, denote
P(0,0) the set of probability measures induced by 6 = (0;)o<i<r and o = (0y)o<t<r (as the
probability measure might not be unique). Then,

PO,0) # I

It is important to point out that under the governing dynamics of S and Y given by
dSt = StO'tdBt, 0 <t < T

and
102 _

dY; = (6; — Ay (t))dS; — 5@1/(@ S)S2(02 —5(t,Sp)?)dt, 0<t<T

with initial law given by (4 .), if the weak solution satisfies uniqueness in the weak sense
, then P(6,0) is constituted by a single measure.

Now, introducing a penalty function o € L°(£2,F), the optimization problem that we are
interested in is given by

sup inf inf EglU(Yr) + a(o)].
963 o€V QeP(6,0) Q[ ( T) ( )]

The penalty function a(o) is of the form

1 T
() = fo U'(Y)) £(t, Ve, 00, S0) db,

where 1 € Rt denotes the uncertainty parameter, and the function f is strictly convex with respect
to 0. More precisely, for all (t,Y;,S) fixed, the mapping

gt — f(ta )/;570—257 St)

is strictly convex. Moreover, we further assume that

F(8,Y0,00,50) = o f(6,Y3,51,5) = 0
Ot
The function f describes the shape of the penalty function, whereas 1 describes its magnitude:
the lower the ¢, the more certain we are of our model. One good example of f(¢,Y;, 0, St) is just
the quadratic distance with respect to . For the justification of the inclusion of U’(Y;) in the
penalty function we refer to [9, Remark 2.6].
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With this optimization problem, we have thus defined a good way of selecting an optimal set
of strategies (0;)o<t<r and further we defined what we mean by "optimal". Indeed, by essentially
selecting the set of strategies that best perform against the worst possible true volatility or, more
sensibly, against the worst adversarial true volatility. In turn, the weight given to this adversarial
volatility is controlled by the penalty function in the above described manner.

Proceeding, let 1) > 0 be fixed. For any admissible strategy 6 € A, any admissible volatility
process o € V, and any probability measure Q € P(6,0), we define the performance criterion of
the hedging problem as

T
(0, Q) = Eg [U(YT> b3 [ U0 s Yo s) dt]

and the associated value function by

— u(¥; :=supinf inf JY 72
u(¥) = u(y; A, V) 2233212@6%%9,@" (0,Q) (72)

4.3 Assumptions and Main Theorem

Following directly [9, Subsection 3.1 |, we impose sufficient conditions that guarantee uniform
boundedness of the relevant processes. In particular, we restrict attention to triplets (0, o, Q) such
that the processes S, Y, and o are Q-almost surely uniformly bounded by a constant that does
not depend on (0, 0,Q).

Let constants
K >sov syt Yo < Yo < Yu

be fixed. Define S as the collection of triplets (6, o, Q) satisfying
or(w) e [0,K],  Sw)e[KTL K], Yi(w)€ (ye, ), (73)
for (dt x dQ)-almost every (t,w) € [0,T] x Q.

We are interested in a Taylor expansion (with respect to ¢ around 0) of the value function
associated with the penalized control problem, u (1), defined accordingly in (72).

To this end, we introduce a function w¥ (t,s,y), which at the terminal time 7" satisfies

wd)(T7 S, y) = U(y)

We use w¥ as a representation of the terminal utility U(Y7) evaluated along the state variables
(St, Yy), and we assume that for small v, it admits the expansion

w’(t,s,y) =Uly) — U y)w(t,s,y) v + U (y)d(t, s,y) ¥? + o(1h?). (74)

The functions w and W correspond, therefore, to the first and second-order corrections in the
expansion of u(v), induced by the penalized control problem. They are characterized as solutions
of two partial differential equations, which are given as follows.
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Hypothesis 3. Let
D =(0,T) x (K™ K) % (ye, yu)-

For every y € (yg, yu) we consider the linear second—order parabolic PDEs

1
Wu(ts 5,y) + 55t )5 D (t5,9) + 3t 5,9) = 0, (t,9) € (0,T) x (K, K),
w(T,s,y) =0, se(K ' K),
w(t,s,y) =0, te(0,T), se{K ' K},

and

1
Wi(t, s,y) + =5 (t, 5)2s%Wss(t, 5,9) + §(t,8,9) =0, (t,5) € (0,T) x (K~ K),

w(Tysay>:Ov SE(K_laK)a
ﬁ)(tvsay):O? tE(O,T), SE{K_vi}'

[\

The source terms g, g : D — R are given by

(7(t,5)s*Vs(t, 5))?
2f"(t,s,y;5(t,s))

g(t, s,y) =
and

1 1 _
g(ta S, y) = EU(t, S, y)3f(3) (ta S, Y; 5(t7 S)) - §U(t7 S, 9)232‘/88 (ta S)

+ oty 5,9)5(t, 8)52 Vs (t, 8) (Wy (L, 5,) — Wes(t, 5,7)) U"(y

U'(y)

a(t,5)%s°0(t,5,9)" — o(t,s,9)°f"(t,5,y;5(t, s)) w(t, s, ).

~—

1
2
The optimal trading strategy 6 and the worst adversarial volatility & are defined by
- U’

9(t7 S, y) = ws(t') S, y) + ﬂ

and

o(t,s,y) = f'(t,s,y;0(t, s))

(75)

(79)

(80)

These expressions will become at once clear in the next section, when we derive them explicitly
in a heuristic setting. As to the conditions that allow for a such setting, we follow [, Subsection

3.1, Assumption 3.2|, hence the next hypothesis.
Hypothesis 4. The following conditions hold.
(i) PDE regularity. There exist functions

w,w e CY?%(D) n C(D)

such that for each y € (yo,yu), W(-,+,y) and W(-,-,y) are classical solutions of the PDEs above.

Moreover,
[wi |, [ws|, [wy |, [wss], [wsyl, [wyy| < K, w € {w, W},
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on D.

(ii) Reference local volatility. The function
7:[0,T] x [K~', K] — [0, K]
1s Borel measurable and there exists € > 0 such that
e<a(t,s) <K —e¢, (t,s) e [0,T] x (K™, K),

with boundary conditions

a(t,K)=a(t, K ') =0
for all t € [0,T].
(iit) Reference value function. The function
V:[0,T] x[K' K] >R
is Borel measurable and satisfies
Vi(t,) e C*((K ', K)) nC([K™!, K])
for allt € (0,T), together with the bound

152V,s(t, )| < K, (t,s) e (0,T) x (K1, K).

(iv) Penalty function. The function f is C* inc. For k = 2,3,4 the derivatives f*¥) satisfy
1
— <
K
on D x [0, K].

"t s,y56) < K, 1F®O(t,5,956)] < K, 1FD(t,5,y;6)| < K,

v) Utility function. The utility function U : R — R is C® with
(v)

U'(y) > 0, U'(y) <0 (81)

for all y.

Finally, since (¢, K) = o(t, K~1) = 0, it is convenient to extend the definitions of o, g, and g
by setting
olt,s,y) = g(t,s,y) = g(t, s,y) =0,

for
te(0,7), se{K 'K},  ye (ynyu)

With this, we can state the following Theorem.

Theorem 11. [9, Subsection 3.2, Theorem 8.4] Assume that Hypothesis is satisfied and in-
troduce the stopping time

Ti:=inf{t € [0,T]: |V —yo| = 1} A T. (82)
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For every v > 0, define the perturbed strategy 6% = (ezp)te[O,T] and volatility o¥ = (U;p)te[O,T] by
0] = A+ 0(t, S, Yi)li<ry, (83)
Uzb = 6-(t7St) +1/}6.(t7 St7Y;f)7 (84)

where the functions 0 and & are specified in and , respectively.

Let A and V be collections of progressively measurable processes such that, for all sufficiently
small ¢ > 0, we have
0¥, 0¥)e AxVcCS.

Then, as ¥ | 0, the value function admits the expansion

R : b

u(y) = 223;25 Qe;}ggp)J (0,Q) (85)
= Ul(yo) — U'(y0) w(0, s0,50) ¥ + U’ (y0) (0, 50, y0) * + 0(1h*), (86)
_ b ( 2

- erl(ggﬂw)‘] (U ’Q) + 0(1/1 )7

where w and W denote the solutions of PDEs and , respectively.

In particular, the strategy 0¥ is optimal up to second order in 1, that is, at order O(¢?) within
control A. Likewise, c¥ represents a worst-case volatility up to order O(?) within control V.

The proof of the above Theorem can be found on [9, Subsection 5.1]. We will provide an
heuristic proof in the next subsection, following [J, Subsection 4.1] . But, before that, some
comments on Theorem ([11)).

According to [9, Subsection 3.2, Remark 3.5], it is not of small worth to take a look at the
optimal controls and . Indeed, if we observe more carefully the dynamics of the P&L
described in and further assume a linear perturbation on both controls as Theorem does,
it is easily seen, by performing a Taylor Expansion on the value function u (more concretely, to
U(Y7)), that a perturbation of the optimal strategy #% is only noticeable at order O(t?), since
it only influences P& L through the diffusion term. By contrast, a perturbation of the optimal
volatility o¥ directly affects the value function u at the leading order O(1)).

These observations help us explain the strong emphasis placed, in practice, on accurate model
calibration, and, in particular, the potentially greater need of careful tuning local volatility models
relative to adjusting our trading strategies. Indeed, this is as well reflected by the very definition
of the stopping time 7 in . In instances where a considerable profit or loss is observed,
Theorem dictates, from then on, the use of the unperturbed hedging strategy A over any other
perturbed strategy, with the clear goal of minimizing risk. This reliance on the reference model
and its associated hedging strategy A, under such conditions, is partially justified by Theorem
(10), which, as previously discussed, establishes the robustness of this approach.

In addition to these observations, it is also important to give an account on the nature of the
value function itself, w(t, s, y) described fully in Hypothesis . To that, we state the following
Proposition, which gives an explicit representation of its linear term, w(t, s, y).

Proposition 6 (Feynman-Kac representation). Suppose Hypothesis holds. Moreover, assume
that &(t, ) is uniformly continuous on (K1, K) for each t € [0,T].
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Then for all t € [0,T], se [K~', K], and y € (yo, yu),
T (& (u, Su)S2Vias (1, Sy))?

_ t, ’ Z]Et’?, f
w(t, s,y) = Eg [t 2f" (u, Su,y; 7 (u, Su))

where the measure Q7 is such that governs dynamics

du |, (87)

Sy = Su(u, Su) AW,

and expectation Ef(;, [.] is taken accordingly with starting point t and S; = s.

A proof of this Proposition can be found in [9, Subsection 5.2].

As found in [9 Subsection 3.2, Proposition 3.6], "we see that if f” is constant, w measures the
expected volatility-weighted cash-gamma accumulated over the remaining lifetime of the option."
Thus, in instances where the stock S; stays in high cash-gamma (S?V;,) zones, @ will be high,
with the incremented effect of . In particular, in turbulent markets, we have an amplification
of the value function. In particular, w becomes large when the process S spends significant time
in regions where the cash gamma, S?V,(t,S;), is high. This effect is further amplified by the
reference volatility . In particular, in more volatile market conditions, already high values of w
are further amplified.

In addition, of the interplay between the optimal strategy 8% and w?, we refer to [J, Subsection
3.2, Discussion of the almost optimal strategy].

4.4 Heuristic Proof of Theorem

Let T > 0, A and V be two admissible controls and, as before, for each pair (6, ), let Q := Q%
be the induced measure for such pair. Further, let MQHJJ be an integrable process under Q%°.

Proposition 7 (Martingale Optimality Principle). Assume there ezists o* € V and 0* € A such
that .
for each 8, qu,a 1S a supermartingale

* . .
for each o, Mé’: 7 is a submartingale

holds. Then the following must hold

My = E[M;*’e*] = sup inf E[M;’G] = inf sup IE[M;’B]
e A oEV o€V ge A

where the expectation is taken at each case under PP, for corresponding o and 6. In particular,
o* and 0* are optimal controls.

Proof. First, notice that under Qo* ", Mg*’a* is a Martingale. Therefore, we have immediately
* 9*
My = E[Mz "]
In addition, we have

sup E[M27"] < My < inf E[M5 ]
e A oeV
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Thus, we have

My < inf E[M5""] < sup inf E[M%7] = inf sup E[M7] < sup E[M27"] < M,
2% e A OEV o€V gc A e A

Thus, the other equalities hold. O

Now, suppose that the dynamics of Mf 7 are given by
AMP = dA?? +uPedt
where Af’g is a Q% - martingale. Then, clearly, for the pair (6%, ¢*), if we impose
(i) For each 6, M%" is a supermartingale,
(i) For each o, M?" is a submartingale.
by the Martingale Optimality Principle (7)), we must have

0% 0% inf 0o . £ 6‘,0’_0
Uy = sup inf u;"" = inf supu,” =

e A o€V o€V ge A

with the value function u defined in .

Now, set w := w(t, s, y) to be the value function, so that w(T, s,y) = U(y) and f(t,Y;, 0, S¢) =
f(o¢). Thus, setting

<M:w@&ﬂﬁ+;£U@@ﬂ%mS
By It6 “s formula, we have
d(w(t, S, Y:)) = wedt + wedSy + wydYs + wsyd[ Sy, Yy (88)
+ ged[Se, S gy d[Yi, Vi (59)

Let us assume, w.l.o.g, the following dynamics under Q%“
dS; = SiodBy, dY; = b(t, Sy, 00)dt + (0, — Ay)dS;
where b(t, s,0) is defined so that b(¢,s,5) = 0. As a consequence, we have the following
d[S,Y]|r = S?c2(6; — A)
d[S, S); = S?o?
d[Y,Y], = Sfof (0 — Ay)?
Thus, becomes

B 1 B
Af’gdBt + (wt + wyb(t, S, Ut) + wsy(Ut - At>St20t2 + iwssStQUt2 + wnytQUtZ(Ht - At)z)dt

According to the condition derived by the Martingale Optimality Principle , under the optimal
pairs (0*,0%), we are left with the following equality, the HJBI Equation

1 1 _ _
w; + sup inf [—U'(y)f(at) + wyb(t, S, 0¢) + 7S3U§[2wsy(9t — Ay) + wgs + wyy (O — At)2]] =0
oA oey ¢ 2
(90)
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Now, taking into account Lemma , motivated by the fact that in the absence of model
uncertainty the optimal strategy corresponds to the hedge A with respect to the reference volatility
o, we consider the reasonable ansatz

ow(t, s,y) =al(t,s) +a(t,s,y),
Hw(t,s,y) = A(t,s) + wé(t, 5,Y),
w?(t,s,y) = Uly) — U'(9)@(t, s, )¢ + U'(y)ib(t, s,y)¢7,

with the view to obtaining an asymptotic solution for small values of the uncertainty aversion
parameter 1. We are left to find 7, &, A, 0, w(t, s,y) and w(t, s,y). Notice that the form of the
ansatz of w corresponds exactly to the expansion of the value function included in Theorem ([11)).
Moreover, since f(5) = f/(5) = 0 and b(G) = 0 by assumption, we use the expansions
1., _ 1 _ _
flo) ~ 5 f"(o)(o - 7)? + g/ (@)~ )%,
1

b(o) =V (5)(c —7) + 5()”(5)(0 —5)?
Remark 11. On the above expansions, we stopped at the quadratic order, as the ansatz suggests,
because we are interested in, at most, a quadratic behavior of the value function.

From the ansatz we obtain

wy = ~U'(y) o + U (y)ig?,
wy = U'(y) = (U"(y)w + U'(y)w,) Y + (U" ()@ + U (y)ir,) >,
wes = —U"(y)Wsst) + U’ (y) 551,
wsy = —(U"(y)ws + U (y)wsy) ¥ + (U" (y) s + U’ (y) sy )?,
wyy = U"(y) — (U"(y)@ + 2U" (y) @y + U’ (y)yy ) ¥
+ (U™ ()i + 20" ()b, + U ()i )0

Since

we obtain

_1//— 2~2 1///— 3~3
f(0) = 511002 + - (@),

and therefore
LUWI0) = U | @) + 70
Similarly,
bo) = ¥ (o) + b (71025
so that
wyb(o) = (U'(y) = (U ()i + U' ()i, )0 )¥ (o) + U/(y)%b”(&)w252 +0(¢?)

= U' W) @)y — (U"(y)o + U'(y)@,)¥ (5)1°5 + U’(y)éb”(c‘rw?&? + o(¥).
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Next, observe that
02 = (6 +v5)%* = 6% + 256 + 1?52, (91)

and

— Ag = 98

We now expand
2wy (0 — Ag) + wss + wyy (0 — Az)2.

Up to order 92 this gives

b = U/ ss | + 02| = 200" Wy, + U (9)1y)0 + U (y)iss + U (9)67]
+o(¥?)

Multiplying by %5202, by expanding o2 as in , yields up to order o(¢?)

S0 (bt + 55%6° ] — 20" ()b + U ()i + U (y)iss + U ()20
— 52660 (y)wssth? + o(¢?).

Collecting all terms, the HIBI Equation becomes

— —U'(y)wpp + U'( )wtw (92)
+ sup mf{ 7)Ya? + f”’( L 3] +U' (Yt (0)po (93)
U )GV @5 — (U)o + U ()wy )V (0075 — 380U (s (99)
+ 55252[ = 2U" (), + U'(y)i0)0 + U’ (y)is + U" ()62 |02 (95)
— S256U" (y)wss)® + o(wz)}- (96)

With the view towards determining explicitly &, for ¢ << 1, the linear order term dominates
and thus we have to consider

V()| - ; F1(3)52 — (5 )0—%5252@55]1/1. (97)

Differentiating with respect to 6 and making expression @ equal to 0, we thus obtain
b'(o)
fr@)
Indeed by looking at the second derivative, it is indeed an infimum. Applying the same reasoning
to the quadratic order term, so that an optimal strategy may be obtained, we first group all the

o=

(98)
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terms of interest together
1 1
[U/(y)u?t + U W)f"(0)5" = U)o + U'(y)wy)¥' (2)5 + U'(y) 50" ()95
1 _ i
+ 58702 = 2V ()i, + U () w:)8 + U (y)is + U" ()67

- SzaéU’(y)wss]W. (99)
Differentiating with respect to 6 and making expression equal to 0, it results in

$%02| — (U (y)ins + U'(y)isy) + U" ()] = 0

i Uy
= 0 = Wg + sty. (100)
Taking into account equation , we impose both expressions inside linear and quadratic orders
to be equal to 0. As a consequence, by plugging the optimal controls and (100)) into
and 7 we end up, under the already determined optimal controls, with the following PDE “s
pertaining to w and w.

/ _ 1 1"y~ b/(a')Q = b’(é’) 1 _9 _
U'(y) [wt 57" @ ey Y @Oy * 55202%5] —0
IS PSP V(e)?
== w; + 55202@055 + ) 0 (101)
and
U )i+ U' () 6" (0)5° — (U" () + U’ (y)a, ¥ (0)5 (102)

1 1 ~ ~
+ U/ (y) 58 (0)57 + 55%5%| = 2U" (), + U' (), )0 + U’ (y) s + U (9)6]
— S256U' (y) s = 0.
Now, from ({100)), the optimal control 0, as a consequence, satisfies
éU”(y) = wsU" (y) + U/(y)wsy'
Thus, (102) simplifies to
- 1 N _ _ N
U'(y)in + U'(y) ¢ f"(5)5° = (U" ()@ + U (y) @) (5)5
1 1 -
+ U ()3t ()5 + 55767 U(y)ibss = U" ()0
— 52660 (y)wss = 0,
which implies, in a compact form,
~ 152—2[]/ - 1 me=\=3 lb// ~\~2
Wt + 5570 (y)wss + 6f (o)6° + 5 (o)o
— Wy (5)6 — S%55wss

U'(y)
U'(y)

[@b' (5)5 + %(?5252] = 0. (103)
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In the case we are interested in, the drift term of Y; is given by
1 os =
b(t, Sy, 01) = 55,52‘/55(03 —o?)

which, in turn, implies

b/(O't) = —Stz‘?ssa't, b”(Jt) = —ngfss.
Thus, equations (101)) and (103)) become, respectively,

I (5%Vis0)?
wt+§S0wss+W:0
and
~ 1 2277/ ~ 1 " — ~3_1—2 27/
Wy + 25 U (y)wss + 6f (o)o 50 S*Vss

+ 8266 (Vssthy — Wss)
U'(y)
U'(y)

thereby obtaining PDEs described in and . By the Martingale Optimality Principle ,
we have additionally

[ - f"(e)5%w + 25252&2] =0

o ES
E[MZ "] = My = w(0, s0, o)

which, by assumption, results in

U(yo) — U’ (yo)w(0, s0, yo)¥ + U’ (o) (to, so. yo)¥*

which, as expected, coincides with .

5 Multiplicative Setting and Log-Utility Function

Theorem provides us with a measure of the performance of our derived optimal trading
strategy under the worst possible volatility, under Assumptions (4.3) (and through the value
function w, described by PDEs and , assuming that we are uncertain of our model, given
by parameter 1. We will look now into more detail on what particular form this collection of
optimal pairs (0, 0}) assumes within a particular choice of a suitable Utility function. Unlike
before, here we have a multiplicative approach and consider a logarithm utility function. This
setting is therefore novel and not covered by [9]. For that, note first that we assumed that

dSt = StO'tdBt

with oy as the true volatility governing asset S;, though we incorrectly assume that it is governed
by &, thus

_ 1 _
Vi + 50(t, 51)*S7Vas = 0

— — \/ \/ 2
Remark 12. V; and Vi, represent, respectively, avgt’st) and (’)V(ats,gt) )
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Suppose now that we define

- Sy
S, = — 104
t ‘7(t,St)’ ( )

and we are interested in trading the asset S; instead of S;. If we denote
t
X =x9 —|—J 0, dSt,
0
as our wealth, taking into account our trading strategy provided by (0;)o<t<7, we define accordingly

X, = TS (105)

X; serves as a geometric analogue of the P&L, Y;, defined in . In this formulation, the
condition X7 = 1 corresponds to replicating the option at maturity 7. Naturally, if we denote
by Q the measure associated with martingale S;, we want to further find the martingale measure
Q associated with S;. First of all, let us make an analogue of Lemma , in order to find the
analogue hedge strategy under these conditions on the call option applied to S;. To that, as in
Lemma (§), if indeed oy = &4, notice that, under measure Q, which satisfies

d@ _ V(Ta ST)
@ B V(O,So)
we have,
tatr - V(0,5) Eg[SiV(T, Sr)|Fs] _ Eg[SiV (¢, Si)lFs]
EglSilFsl = V(0,50) Eg[V(T,Sr)|Fs] V (s, Ss)

_ E@[St‘}_S] _ Ss o
V (s, S) V (s, Ss) ®

where the first equality is achieved through applying Bayes‘ rule applied to conditional expec-
tations, the second through the tower property and the rest follow from the properties of the
Q-martingale S;. Under Q and any concave utility function U, we must have, by Jensen s equa-
lity and by the martingale property of Sy, under Q,

T

Eg|U(Xr)| = Eg|U(a0 + f 6.dS.)| < Bg|U(a0)|

0

which is attained at ] = 0 a.s. Thus, if we define X;* to be

the optimal geometric P&L is given by
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and it follows that

¢
X =zoV(t,S) = 2oV (0, S0) + f ToVs dSy

0 V(ua Su)
: _
|7
= X7 X* *dS,
0 - 0 “V(U,Su)
By setting, -
=9 106
ﬂ-t V(t,St) ( )

we thus obtain
dX} = XfmdSy, dV(t,S;) = V(t, Sp)mdS;

and our hedging strategy (more precisely, the delta hedge adapted to this setting) becomes the
proportion that we invest with respect to the stock we currently held. Thus, if we had before

t
X =al+ f 0.,dS,
0
we now reparametrize to
t
X[ =y + J Xy Ty dSy
0

t 1t
—_— XZT =$geXP[J Wudsu_Qf ﬂgd[575]“]
0 0

If we now assume that

dSt = StO'tdBt
then, we have by Ito6

=V, dS; + 521/85(at — & (t, S)?)dt

> Vs Vs
= V(t,St)<V(t 5 dS; + S o S)( a(t, St) )dt)
— V(t,8;) = V(0,S0) exp J
% J 6(u, Su)? —o2) du
;j 25303 du]

As a consequence, we obtain

_ X Zo Jt V J Vs _ 2 2
X, = _ SR LR 5.2 —o2)d
YTV“S,) V(0,5 eXp[ o \ ™7 V(u, Sa) YV (u, Su) (0w, Su)” = ) du
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L 15 2 2
—= — d
2L<7Tu V(uS))SU U

If indeed, we have 6; = o a.s, then clearly we have a full replication of the option and, as a result,
X7 = 1. Let us now find exactly the change of measure by which S5; becomes a Q-martingale. For
that, assume that

d
dg =Z, dZ; = LdS, (107)

with Zp = Z. First, notice that

d(ZtSt) = S5:dZ; + Z;dS; + Ltd[S, S]t
= (S¢Ly + Z;)dS; + LiS?c2dt

and so,
Z: St 1 ZiSt - d[ZS,V (t, )] Z+ St _ _
= = — d(ZSt) — =————=dV (t,5¢) — — — dlV(t,S:),V(t,S,
<V(t,St)> V(t, S (Z:50) V(t, S;)2 (t.5) V(t, S;)? V(t, S;)3 [Vt 50), Vit Se)le
LtStQO'g Zt 3 9 _ 2 (StLt + Zt)‘_/:;StZO'g V2ZtS?O't2
= | = - = S Vs t,S¢)°%) — = 5 dt + A:dS,
[V(t, S, V(t, S22 (0t = 5(t, 5)°) V(t,S;)? V(t,S;)3 ] + Aoy
with A; some Q- martingale. Thus, in order to make S; a Q martingale, VZ(;%Z) = Z,S; must be a
Q- martingale, provided that dQ = Z. Thus, we must have
{/tSEO'tQ B Zy St SS( 6(t, St)z) B (StLt + Zt)‘_/ 520}2 Z_tStS‘_/SQO'g _
V(t,S))  V(t, S)?2 V(t,S)? V(t,S¢)3
And so, we derive L; in the following way:
LiSiol I L0t} - otr, sty - (St Z0VStol | ZSVor_
V(t,S) V(t,S5:)?2 V (t, St)? V(t,St)?

- 1 _ o(t _ _ _
LiV(t, S¢)? — §ZtStVSS(1 _ ot S)° )V(t St) = (SeLy + Z)VV (L, 81) + ZiSVE = 0
ot
_ o _ 7 (t,S51)2 -
Li(V(t,81)* = SiVV (¢, S1)) = ZViV (¢, St) — ZuSi Vi + ZtStVss( - 0(0;) )V(ta St)
i

av, 1%V (1- 250

t

TV@S) 2 V(S - SV,

AY 1 V(t, )8,V 5(t, ;)
t = = 1+ ——=——= — (1 — 5 )
V(t, St) 2 ‘/S(V(t, St) — St‘/;) Jt

With this particular choice of L, Sy is a Q-martingale through the change of measure % = Z;.
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Now, take the logarithm as the Utility function. Note that this particular choice of the utility
function does not satisfy condition . We consider the objective

sup Eg [log(X7)] .

where the reference volatility (¢, S¢) and the natural volatility o, are both fixed. Since we have

_ X, To jt Vs
X == = 5 ( U5 )dS
CTVS) T V(0.5) e"p[ o\ V(u,8)
1t V.
- S2 _ SS ~2 2 d
+ QJO U7V(U,Su) (O‘u Uu) U
1 (", %4
_ -5 52 2 d
2f0 (% - o) St u]
and we are maximizing over all possible strategies, we are interested in maximizing

T 1 T
sup Eg [f TudSy — QJ WgSgagdu]
T 0 0

Since 4 d@ = Z and the dynamics of Z is given by (107)), it is sufficient to solve under Q the following

! 1t 1
SlTlrp Eg {fo TuLud[S, STu — QJO WﬁSﬁUﬁZudu] Eg {J S2a 2 QWZZu]du} (108)

Maximizing point-wise, by differentiating with respect to 7, we obtain the optimal strategy
u

. L Vs 1 V(t,S)SVss a(t,St)?
- sl S (- 1)
Zt V(t, St) 2 V;(V(t, St) — St‘/s) [

And, indeed, if oy = 7, a.s, we obtain the hedging strategy obtained at ((106)).

(109)

One may further consider a more general formulation in which model uncertainty is incorpo-
rated through a penalty functional and we impose the most adversarial true volatility. We follow
the same procedure as in previous subsection and try to approach the following problem

T

supinf F [log(XT) (o—t)dt]

2 Jy

g Vs
fo (”“ - V(u,Su)>dSu

1 g 2 ‘7;3 = 2 2

or, more explicitly,

supinf Es
7rp o Q
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If we perform the change of measure to Q and let a(c) = (o — &(t,S;))?, it results in

T 1 1 1 (T
supinf Eg J (LuSZ (71'“*0(“) *gSZZu (ngozi) f§BuZu 05 du+2— Zu (quﬁ(u, Su))2 du
n O 0 ¥ Jo
(110)
with - -
= B g2
R N SR h A

Before we proceed, we need to make sense of this optimization problem and further how to
advance in a reasonable way. Contrary to the previous case, in which we approached optimization
problem under a fixed natural volatility, here we are faced with a different one, in which the
measure QQ varies by construction, with the result that a pointwise maximization is not allowed.
We make this more explicit.

Suppose we have a random variable f : RT™ x R — R and we are interested in the problem
sup E[f(t, )] (111)
a

where the underlying measure is fixed and a is a random variable. In this case, we are allowed to
treat f as a deterministic function and, as a consequence, to transform problem (111)) into

Elsup f(t, a)] = E[f(Z, a®)] (112)

where a* attains the supremum. Since the measure is fixed by hypothesis, if we choose , for each
t, the corresponding a* according to , the value of corresponds then exactly to that
attained by choosing a* in . Thus, why the derivation of was possible in the first place.
If we, moreover, add one more layer of complexity and let f : RT x R x R — R, while being
interested in the optimization problem

inf inf Ep[f(¢ a,b)], 113
supinf  inf ol f(t,a,0)] (113)

where now the underlying measure P® depends directly on parameter b and is contained in the
set of measures spanned by parameters a and b, the point-wise approach is not possible, since the
attainable supremum, under a fixed measure, may not solve the optimization problem correctly.
The only choice to overcome this is either finding a way to account for the choice of the current
measure in some explicit way, or more simply, to assume that for a specific choice of b, say b
and its associated measure P?, that all measures P’ within a very small interval around b, say
(b—e€,b+¢), for e << 1 behave as measure P*. Thus, under this latter assumptions, optimization
problem would assume the form

sup H(}f EI{DE [f(t7 a, b)]

which, by applying Taylor Expansion reasonably on both parameters, does not give totally unre-
asonable results. We opted for this second approach and thus, we conjecture the following

Conjecture 1. Assume that the candidate optimal volatility satisfies

oy = 5‘(t,St) + O(¢), with ¢ « 1.

71



Then the corresponding probability measure Q7 is close to Q° in the sense that, for any admissible
controls (mw, o), we have,
I I
Ege | log(X dt| = Eqgo | log(X
oo | log(X7) + 5~ 3 ), a(ot) o7 | log(X7) + 5~ 20 ),

Consequently, up to an error of order O(v)), the optimization problem

(at)dt] +O®W).

sup inf Ego -]
T g
can be approximated by
sup inf Egz[-],
T g

i.e., the optimization can be carried out under the fized reference measure Q°.

Assuming Conjecture 7 the optimization problem (110]) transforms then into

T

T
supinfEQa[f (LuS (mu— ozu)— S2Zy(m2—al)— ﬂu u)a du+21¢} Zy(ou—5(u, Sy ))Qdu +O(v)
T 0

where Q7 denotes the measure under dynamics
dSt = St(}(t, St)dBt

Similarly to the formulation above, we now need to come up with reasonable ansatz for both
controls under this formulation. With the analogue of Lemma together with our prior estimate
of the true volatility given by the local volatility model, it is reasonable to assume the following
ansatz, with ¥ << 1

o¥(t.s,y) = (t.s) +$a(t,s,y) (114)
w(t,s,y) = alt,s) + Y (L, 5,y) (115)

The difficulty now resides in grouping all terms according to their respective order with regard
to 1, followed by finding the worst volatility in the linear order and the optimal strategy in the
quadratic order. Before we actually proceed, notice that

% % % = 2
ZiVs [1 L 1 VI, 5)5:Vss (1 ot gt) >]
V (¢, St) 2Vs(V(, St) — SiVs)

O

L; =

thus containing a control we are interested in. Set, to that end,

C(St, V(t, St), Zt) = Zt

and

d(Sy, V(t,5), Z;) = —=—=

(
To ease notation, say c(S, V (¢, S:), Z;) = ¢, d(S, V(t,S;),Z;) = dy and 5(t,S;) = 5. Then, L;
can be written as
cr + — (116)



Plugging in the ansatz (114)) into (116]), we obtain

o + a

C - =<5 —C - -

' (G¢ + Yay)? T aly 261041) + 6429?
dy 1

52 20, G2
Ot 1+7:¢+#w2

~ ~92 ~ 2
=c+ % [1 - (2_th + U_t2¢2> + (2_Utw> + o(¢2)]
Ot Ot Ot Ot
2
_ct+ci [1—2"%—2 4_g¢ +o(¢)}

d 2di0 3d0
—t+*t— ,g t ¥? + o(y?)

=Ct+

Plugging both (115)) and ((114)) into (110]), and likewise easing notation by letting & (t, s,y) = &¢
and 7(t, s,y) = T, we thus obtain

[+ 2 20y 4 390 24 oy stm)

Ot

1 - - _ -

- 553275[2%1)7%0% + P 7;] - iﬂtzt](gt +1p6)?
1

+ = Zp)5}
2

Grouping all the terms according to their respective order, we obtain
1 _
- §5tZtUt2

dy
+ [(Ct + )St 7Tt0't St Ztﬂ'tOétO't ﬁtZtO'tO't + Zto't]w
t
2d;0¢

d
+ |:2a-t6-t5t27~rt (Ct + T;) St Ztﬂ't O't QO'tO'tSt Zﬂrtat BtZt&tQ —
O

SE7 0% + o(v?)

which simplifies to

1

— 5@@6?

dy 1
+ [(Ct + )52527},55}2 St Ztﬂ'tO[tO't ,BtZtO'tO't + 20't]¢
Y o2~ 1 o_ . . 1 -
+ [26tatst T¢Ct — §St22tﬂ—t20-t2 — QO'tO'tStQZtﬂ'tOét — iﬁtZtUtz]wZ + 0(1/12)

Using the same procedure, we first analyze the linear term in 1. Minimizing with respect to
0¢, yields the first-order condition
—pBiZior + Zror = 0,

and hence
. _
Oy = ﬁtO't.

Indeed, since the second derivative is positive, this critical point corresponds to a minimum.
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Next, we consider the quadratic term. Differentiating the quadratic coeflicient with respect to
T gives
25}5’:5152015 - StzZtﬁffrt - 25}5';:5'152275(175.

Solving for the optimal control yields

= =%
~x 2Jt0t (Ct — ZtOét)
t =2

Ztat

Further, substituting 6; = [10; gives

F 25t(ct - ZtOét)
t — - = .
Zy

All in all, plugging everything back, we obtain the following optimal controls

of =Gy + 1p5S? V(‘t/S) (117)
« Vs % 1 V(t,S)SVss V,
TV Sy T2 Bt[ Vi, St) {1 3 V,(V(t,S;) — stvs)} 0 st)]
_ ‘/s Btst SS _ v S?‘ZSQS
" Vs s - s Vs Ve s sy —svy P

The previous derivations provide an explicit asymptotic characterization of the robust optimal
investment problem under multiplicative dynamics and logarithmic utility. In particular, we derive
explicit first-order representations for the worst-case volatility, given by , quantifying the
deviation from the reference local volatility model, together with the associated optimal hedging
strategy, given by , which can be interpreted as a first-order correction to the classical delta
hedge associated with this multiplicative setting.

Hence, similarly to the optimal controls we have constructed in the previous section, this robust
optimization problem admits, for small uncertainty aversion parameter 1, an explicit perturbative
structure around the reference local volatility model identified with &. In particular, the leading-
order terms recover the unperturbed local volatility model and its associated hedging strategy,
while the linear corrections quantify the investor’s adjustment against model misspecification and
volatility uncertainty.

Had we more time, we would have aimed not only to investigate more thoroughly the validity
of Conjecture and to extend the multiplicative setting to more general utility functions, but
also to study the practical implications of the model through numerical simulations. In particular,
this would allow us to compare the performance of the derived optimal hedging strategy against
other hedging approaches under different market scenarios.
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