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Zusammenfassung

Polarone sind Quasiteilchen, die durch die Wechselwirkung von Elektronen mit Git-
terschwingungen entstehen. In der Physik der kondensierten Materie spielen Po-
larone für viele Systeme eine zentrale Rolle, da sie sowohl Transporteigenschaften
als auch optische und supraleitende Eigenschaften maßgeblich beeinflussen können.
Es ist deshalb von großer Bedeutung für die theoretische Festkörperphysik, das Ver-
halten von Polaronen in unterschiedlichen Kopplungsregimen und für verschiedene
Wechselwirkungsmechanismen zu verstehen. Die vorliegende Dissertation unter-
sucht verschiedene Polaronmodelle mit Hilfe von analytischen Herleitungen und nu-
merischen Simulationen basierend auf der diagrammatischen Monte-Carlo-Methode
(DiagMC). Die Arbeit konzentriert sich dabei auf drei repräsentative Modelle in
der Elektron-Phonon-Physik: (i) das historisch wichtige große Fröhlich-Polaron, (ii)
das akustische Gitterpolaron, und (iii) das quadratische Polaron. Für das zwei- und
dreidimensionale Fröhlich-Polaron werden Grundzustandsenergien, effektive Mas-
sen und Dispersionsrelationen präsentiert. Die Ergebnisse werden sowohl mit dem
Pfadintegralansatz von Feynman als auch mit bekannten Störungstheorien für das
schwache und starke Wechselwirkungsregime verglichen und zur Überprüfung exak-
ter Skalierungsrelationen verwendet. Der zweite Teil dieser Dissertation untersucht
das akustische Gitterpolaron, bei dem das Elektron über ein Deformationspotential
mit einem akustischen Phononenzweig wechselwirkt. Die Simulationen zeigen ei-
ne Selbstlokalisierungsregion, die das schwache und starke Kopplungsregime trennt
und durch eine quantenmechanische Resonanz verschiedener Gitterverzerrungen
gekennzeichnet ist. Das resultierende Quasiteilchen besitzt eine zusammengesetz-
te Phononenwolke, welche aus dem Zusammenspiel lang- und kurzwelliger Git-
terschwingungen entsteht. Dies führt zur Ausbildung mehrerer konkurrierender
Polaronzustände sowie zu einer komplexen spektralen und optischen Antwort, die
sich deutlich von zuvor untersuchten Polaronmodellen unterscheidet. Abschließend
werden Polarone mit quadratischer Kopplung an Gitterauslenkungen untersucht.
Im Gegensatz zu linearen Modellen reagiert das Quasiteilchen weitgehend unemp-
findlich auf starke quadratische Wechselwirkungen, außer in der Nähe der Instabi-
litätsschwelle. Die Polaroneigenschaften hängen hauptsächlich vom adiabatischen
Verhältnis ab und kaum von der Elektronendispersion oder der räumlichen Dimen-
sion des Modells. Außerdem sind die Gitterverzerrungen nur schwach ausgeprägt,
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selbst nahe der Instabilitätsschwelle. Zusammenfassend liefern die Ergebnisse die-
ser Dissertation neue Referenzwerte für verschiedene Polaronmodelle und tragen
zum Verständnis der Elektron-Phonon-Physik in polarisierbaren Materialien bei.
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Abstract

Polarons, quasiparticles formed by electrons interacting with lattice vibrations,
play a central role in determining transport, optical, and superconducting prop-
erties of many condensed matter systems. Understanding their behavior across
different coupling regimes and interaction mechanisms remains a major challenge
in theoretical condensed matter physics. This thesis presents theoretical and nu-
merical investigations of several polaron models based on the Diagrammatic Monte
Carlo (DiagMC) method. The research focuses on three representative models
in electron-phonon physics: (i) the historically well-known Fröhlich large polaron,
(ii) an acoustic lattice polaron, and (iii) the quadratic polaron. For the two- and
three-dimensional Fröhlich model, ground state energies, effective masses, and dis-
persion relations are presented. The results are benchmarked against Feynman’s
path-integral approach, compared to known weak- and strong-coupling expansions,
and used to verify exact scaling relations. In the second part of the thesis, we in-
vestigate the acoustic lattice polaron, where the electron interacts with an acoustic
phonon branch through deformation-potential coupling. The simulations reveal a
self-trapping region separating weak and strong coupling regimes, characterized by
quantum resonance between various lattice distortions. The resulting quasiparticle
exhibits a composite phonon cloud arising from the interplay of long- and short-
wavelength lattice vibrations, leading to multiple competing polaron states and
a complex spectral and optical response distinct from previously studied models.
Finally, the thesis presents a study on polarons with quadratic coupling to lattice
displacements. In contrast to linear models, the quasiparticle’s behavior is largely
insensitive to strong quadratic interactions, except near the instability threshold.
Its properties depend mainly on the adiabatic ratio rather than the electron disper-
sion or dimensionality, and it exhibits weak lattice deformations even at the point
of instability. Overall, the results shown in this work provide new benchmarks for
the polaron community and contribute to the understanding of electron–phonon
physics in polarizable materials.
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Chapter 1

Introduction

Condensed matter physics is the study of macroscopic and microscopic properties of
matter in its liquid and solid phase. Over the last decades, it has arguably become
the largest and most active discipline within all of physics. Its popularity might
be attributed to the fact that it overlaps with several other branches of physics
and related sciences like atomic physics, particle physics, biophysics, chemistry or
material science. Another reason could be the large number of applications and the
enormous impact it has on our everyday lives. Many of the groundbreaking and
even Nobel Prize-winning breakthroughs of recent times have been made in the field
of condensed matter physics. Examples include the discoveries of conventional [1, 2]
and high-temperature [3] superconductivity, the explanation of the former in terms
of BCS theory [4], the detection of giant magnetoresistance on Fe/Cr films [5, 6],
the discoveries of the quantum [7] and fractional quantum Hall effects [8] (as well
as their various derivatives [9]) and the closely related theory of topological order
and phase transitions [10].

Despite such great achievements, there remain many open problems and chal-
lenges, especially from a theoretical point of view. Looking only at the above-
mentioned examples, we do not yet have an accepted microscopic theory of high-
temperature superconductivity or a satisfactory understanding of the mechanisms
behind the fractional quantum Hall effect. To be able to answer such interest-
ing questions, one has to study the individual constituents of matter and their
interactions at a quantum mechanical level.

In condensed matter physics, the fundamental microscopic building blocks are
atoms and the dominant force is the electromagnetic interaction between the pos-
itively charged atomic nuclei and the negatively charged electrons. If relativis-
tic effects can be neglected and no external forces are present, the corresponding
Hamilton operator takes on the following form [11]:

Ĥ = T̂e + V̂e−e + T̂n + V̂n−n + V̂e−n , (1.1)
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where

T̂e =
Ne∑︂
i=1

p̂2
i

2me

(1.2)
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is the potential energy between the electrons,
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2Mi
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is the potential energy between the electrons and nuclei. Here, r̂i (R̂i) and p̂i

(P̂i) are the position and momentum operators of an electron (nucleus), me is the
electron mass, e is the elementary charge, ε0 is the vacuum permittivity and Mi

and Zi denote the mass and atomic number of the ith nucleus.
Equations 1.1-1.6 can be applied to any system consisting of Ne electrons

and Nn nuclei, e.g. crystalline and non-crystalline solids, liquids or individual
molecules. They may also describe the situation where one distinguishes between
tightly bound core and valence electrons. In this case, an atomic nucleus together
with its core electrons constitute a single entity, an ion, and the bare Coulomb
potentials, vn−n(R̂i, R̂j) and ve−n(r̂i, R̂j), are replaced by effective potentials to ac-
count for screened interactions. In the following, we will not make such a distinction
and use the terms “nucleus”, “atom” and “ion” interchangeably. Furthermore, it will
be assumed that we are dealing with a crystalline solid, where each atom has an
equilibrium position, R

(0)
i , and its motion is confined to a small volume around

R
(0)
i .
The difficulty in solving the corresponding Schrödinger equation, ĤΨ = EΨ,
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is due to the large number of strongly interacting particles, which in any macro-
scopic sample is of the order of ≈ 1023 − 1024 [12]. One of the most useful and
widespread simplifications is provided by the so-called Born-Oppenheimer or adia-
batic approximation [13]. It is based on the fact that atomic nuclei are much heavier
than electrons, me/M < 1/1800, and that their dynamics take place on different
time scales. This justifies an initial decoupling of electronic and ionic degrees of
freedom and allows us to introduce the following two independent subsystems:

(i) The electronic structure problem considers interacting electrons in an exter-
nal potential created by immobile ions. It tries to solve the following Schrödinger
equation:

Ĥe(r;R)Φα(r;R) =
(︂
T̂e + V̂e−e(r) + V̂e−n(r;R)

)︂
Φα(r;R)

= Eα(R)Φα(r;R) .
(1.7)

Here, α is some quantum number and the vector notation r = (r1, . . . , rNe) and
R = (R1, . . . ,RNn) is used to denote the positions of all electrons and nuclei, re-
spectively. Since the heavy ions are assumed to be stationary, their positions R

only enter the equation as fixed parameters. Despite ignoring the motion of ions,
Eq. 1.7 still poses one of the biggest challenges in condensed matter physics to this
day. The most successful approach for computing the ground state (GS) electronic
structure of real materials is without doubt density functional theory (DFT) [14,
15]. DFT works incredibly well for many materials but can fail in certain situa-
tions, for example when correlations between electrons are strong. Such strongly
correlated systems are instead often studied by approximating Eq. 1.7 with an ef-
fective model Hamiltonian. A famous example is the Hubbard model [16], which
displays various interesting phenomena ranging from metal-insulator transitions to
high-temperature superconductivity.

(ii) The ionic subsystem, on the other hand, is governed by the general Hamil-
tonian

Ĥph = T̂n + V̂eff(R) . (1.8)

The effective potential, Veff(R), is usually either given as a parameterized, an-
alytic expression, e.g. as the Lennard-Jones potential to model van der Waals
interactions, or it can be calculated within the adiabatic approximation from first
principles. In the latter case, Veff(R) = Vn−n(R) + E0(R), where E0(R) is the
electronic GS energy from Eq. 1.7. Irrespective of its origin, the standard approach
to study Eq. 1.8 is to employ the so-called harmonic approximation [17, 18]. It
makes the assumption that the ions move only slightly away from their equilib-
rium positions, R(0), at which the potential energy exhibits a minimum. Veff(R)
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is then written as a Taylor expansion around R(0) and only terms up to second
order are taken into account. The approximate Hamiltonian can easily be diag-
onalized leading to independent harmonic oscillators with well-known properties
from basic quantum mechanics. A single quantum of vibration is called a phonon
and represents a collective excitation of all ions [12]. Note that although a phonon
is a stable excitation within the harmonic approximation, it will acquire a finite
lifetime due to phonon-phonon interactions when higher-order (anharmonic) terms
of the Taylor expansion are included.

The electronic and ionic Hamiltonians from Eqs. 1.7 and 1.8 form the basis of
modern calculations in materials physics. However, they completely neglect any
coupling between the two independent subsystems, which can have a significant
influence on various physical properties. It is therefore often necessary to go beyond
the adiabatic approximation by considering corrections in the form of electron-
phonon interactions (EPIs) [19]. EPIs have played a key role in all of condensed
matter physics over the last century. For example, the resistivity of metals, the
carrier mobility in semiconductors or the temperature dependence of electronic
band structures and optical spectra can only be explained when EPIs are taken into
account [20, 21]. Additionally, EPIs give rise to conventional superconductivity and
they constitute the driving force behind polaron formation in many materials [22].

Polarons are the central objects of the current thesis. They are fermionic quasi-
particles consisting of an electron surrounded by a cloud of phonons. Due to EPIs,
the bare electron gets dressed with phonons resulting in a new bound state with
lower energy compared to the non-interacting system. The physical properties of a
polaron, e.g. its energy dispersion, effective mass or quasiparticle weight, as well as
its response to external perturbations, e.g. its optical absorption or mobility, can
differ drastically from the bare particle. The main goal of this thesis is to calculate
how EPIs renormalize various physical quantities for selected polaron models.

In order to properly set the stage, Section 1.1 introduces the general polaron
Hamiltonian used throughout the present work. Since many textbooks [11, 17, 19]
and review articles [20] already contain detailed derivations, we will only highlight
the most important aspects and use the opportunity to establish specific notations.
Section 1.2 gives a short summary on the history of polarons and some basic polaron
models, before Sec. 1.3 outlines the rest of this thesis.

1.1 Polaron Hamiltonian

From now on, it will be assumed that the atoms form a crystalline solid with an
underlying D-dimensional Bravais lattice spanned by basis vectors {a1, . . . , aD}.
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An arbitrary lattice vector Rn can then be decomposed as

Rn =
D∑︂
i=1

niai , n = (n1, . . . , nD) , ni ∈ Z , (1.9)

and the volume of a primitive unit cell is VUC = | det(a1 . . . aD)|.
Associated with the real space Bravais lattice is a corresponding reciprocal

lattice defined by the primitive basis vectors {b1, . . . ,bD}. They fulfill the rela-
tions ai · bj = 2πδij for all i, j = 1, . . . , D and enclose a volume of size VBZ =

| det(b1 . . .bD)| = (2π)D/VUC. Similar to Eq. 1.9, a reciprocal lattice vector is
given by

Gm =
D∑︂
i=1

mibi , m = (m1, . . . ,mD) , mi ∈ Z . (1.10)

Since we are not interested in surface effects, we use Born-von Kármán (BvK)
boundary conditions to describe the infinitely expanding crystal. This means we
impose periodic boundary conditions on a large supercell (SC) consisting of Ni

primitive unit cells in direction ai such that their total number is N =
∏︁D

i=1Ni and
its volume is V = NVUC. A primitive unit cell in the BvK supercell can therefore
be identified with a lattice vector Rn, whose ni in Eq. 1.9 are restricted to integers
between 0 and Ni − 1.

Furthermore, we define the Bloch wave vectors as

q =
D∑︂
i=1

mi

Ni

bi , mi = 0, . . . , Ni − 1 , (1.11)

such that they form a uniform grid in the primitive unit cell situated at the origin
in reciprocal space. It is clear from Eq. 1.11 that there are as many different Bloch
wave vectors as primitive unit cells in the BvK supercell. In the thermodynamic
limit, the discrete Bloch wave vectors become continuous quantities and q-sums
are replaced with integrals over a primitive reciprocal unit cell:

∑︂
q

−→ V

(2π)D

∫︂
BZ

dq . (1.12)

The standard Hamiltonian describing a coupled electron-phonon system is usu-
ally comprised of three terms:

Ĥpol = Ĥe + Ĥph + Ĥel−ph . (1.13)

Here, Ĥe and Ĥph correspond to the electronic and phonon subsystems and Ĥel−ph
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contains their interactions. In the following, all summations over k, k′ and q are
restricted to Bloch wave vectors from Eq. 1.11 or equivalently to the first Brillouin
zone.

For the electrons, we assume that they can be described in terms of well-defined
quasiparticle excitations such that the electrostatic, periodic potential from the ions
in their equilibrium positions and possible electron-electron interactions are already
included in the single-particle energies εnk [20]. Then, the electronic Hamiltonian
takes on the simple form

Ĥe =
∑︂
nk

εnkĉ
†
nkĉnk , (1.14)

where εnk is the energy of an electron in band n with wave vector k and ĉ†nk (ĉnk)
creates (destroys) a particle in the Bloch state |nk⟩ [23]. The fermionic operators
obey the usual anticommutation relations{︂

ĉ†nk, ĉ
†
n′k′

}︂
= {ĉnk, ĉn′k′} = 0 ,

{︂
ĉnk, ĉ

†
n′k′

}︂
= δkk′δnn′ . (1.15)

Note that the spin variable σ has not been included to avoid a cluttered notation
and because it won’t play a role for our purposes.

To describe the phonon subsystem, suppose a primitive unit cell contains M
nuclei or ions. The position of ion κ in the primitive cell n is specified as Rnκ =

R
(0)
nκ +unκ and its D components as Rnκi, where R

(0)
nκ denotes the ion’s equilibrium

position and unκ its displacement relative to R
(0)
nκ . Within the harmonic approx-

imation, the effective potential is expanded in a Taylor series up to second order
around the ionic equilibrium positions:

Veff(R) ≈ Veff(R
(0)) +

1

2

∑︂
nκi

n′κ′i′

∂2Veff
∂Rnκi∂Rn′κ′i′

⃓⃓⃓⃓
R(0)

unκiun′κ′i′ . (1.16)

The zeroth order term is just a constant and has no influence on the lattice dy-
namics. After plugging the approximation from Eq. 1.16 into Eq. 1.8 and using the
bosonic creation and destruction operators[︂

â†qν , â
†
q′ν′

]︂
= [âqν , âq′ν′ ] = 0 ,

[︂
âqν , â

†
q′ν′

]︂
= δqq′δνν′ , (1.17)

the final, diagonalized phonon Hamiltonian can be written as (for details see e.g.
Ref. [20])

Ĥph =
∑︂
qν

ℏωqν

(︁
â†qν âqν + 1/2

)︁
. (1.18)

Here, ωqν is the phonon frequency corresponding to the wave vector q and branch ν.
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For each Bloch wave vector q, there are DM frequencies, of which D are assigned
to acoustic branches with ωqν → 0 for q → 0 and D(M − 1) to optical branches.
The following important equation relates the real displacements unκi to the phonon
creation and destruction operators [20]:

unκi =
∑︂
qν

(︃
ℏ

2MκNωqν

)︃1/2

eiqRneκi,ν(q)
(︂
âqν + â†−qν

)︂
, (1.19)

where Mκ is the mass of ion κ and eν(q) is the normal mode of the lattice vibration,
also called polarization vector. The normal modes are eigenvectors of the DM ×
DM (Hermitian) dynamical matrix and can therefore be chosen to be orthonormal
for every q:∑︂

ν

e∗κi,ν(q)eκ′i′,ν(q) = δii′δκκ′ ,
∑︂
κi

e∗κi,ν(q)eκi,ν′(q) = δνν′ . (1.20)

The electron-phonon interaction has its origin in the electron-ion potential from
Eq. 1.6. Let U(r,R) be the general potential a single electron at position r feels
due to all the ions. Using again a Taylor expansion around the ionic equilibrium
positions up to linear order, we can write

U(r,R) ≈ U(r,R(0)) +
∑︂
nκi

∂U

∂Rnκi

⃓⃓⃓⃓
R(0)

unκi . (1.21)

Here, U(r,R(0)) is just the static, lattice periodic potential when the ions are in
their equilibrium positions and it is assumed to be already included in the electronic
energies εnk. The remaining term corresponds to the linear approximation to the
electron-phonon interaction. Its second-quantized form is derived with the usual
ansatz [17]:

Ĥel−ph =
∑︂
nk
n′k′

⟨︄
nk

⃓⃓⃓⃓
⃓∑︂
nκi

∂U

∂Rnκi

⃓⃓⃓⃓
R(0)

unκi

⃓⃓⃓⃓
⃓n′k′

⟩︄
ĉ†nkĉn′k′

=
1√
N

∑︂
nk
n′k′

∑︂
qν

⟨︁
nk
⃓⃓
eiqr∆qνU(r)

⃓⃓
n′k′⟩︁ ĉ†nkĉn′k′

(︂
âqν + â†−qν

)︂
,

(1.22)

where we used Eq. 1.19 and defined the variations ∆qν as

∆qνU(r) =
∑︂
κi

(︃
ℏ

2Mκωqν

)︃1/2

eκi,ν(q)
∑︂
n

e−iq(r−Rn)
∂U

∂Rnκi

⃓⃓⃓⃓
R(0)

. (1.23)

The partial derivative describes the change in potential an electron at position r
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feels if the ion κ in unit cell n is displaced in direction i. Due to the translational
symmetry of the lattice, this change cannot explicitly depend on Rn, but only
on the difference vector r −Rn. Hence, ∆qνU(r) is a lattice periodic function of
r. To further simplify the electron-phonon Hamiltonian, let us use the following
expression for the Bloch wave functions

⟨r|nk⟩ = ψnk(r) =
1√
N
eikrunk(r) , (1.24)

where ψnk(r) is normalized to unity over the BvK supercell and unk(r) has the
periodicity of the lattice. The expectation value in Eq. 1.22 can then be written as

⟨︁
nk
⃓⃓
eiqr∆qνU

⃓⃓
n′k′⟩︁ = ∫︂

SC

drψ∗
nk(r)e

iqr∆qνU(r)ψn′k′(r)

=
1

N

∑︂
n

ei(k
′+q−k)Rn

∫︂
UC

dru∗nk(r)e
i(k′+q−k)r∆qνU(r)un′k′(r)

=
∑︂
m

δk′+q−k,Gm

∫︂
UC

dru∗nk(r)e
iGmr∆qνU(r)un′k′(r) .

(1.25)

In the second line, Eq. 1.24 and the lattice periodicity of the integrands were used
to split the integral over the BvK supercell into a sum of integrals over all unit
cells, while in the last line we explicitly performed the sum over lattice vectors with
the help of ∑︂

n

eikRn = N
∑︂
m

δk,Gm . (1.26)

Combining Eqs. 1.25 and 1.22 results in the electron-phonon Hamiltonian

Ĥel−ph =
1√
N

∑︂
kqm
mnν

gmnν(k,q) ĉ
†
mk+q+Gm

ĉnk

(︂
âqν + â†−qν

)︂
, (1.27)

with the electron-phonon matrix element

gmnν(k,q) =

∫︂
UC

dru∗mk+q(r)∆qνU(r)unk(r) . (1.28)

Figure 1.1 visualizes the two interaction terms. Their interpretation is pretty
straightforward: The ionic motion breaks the discrete translational symmetry of
the lattice such that an electronic Bloch state is no longer an eigenstate of the
Hamiltonian. An electron in state |nk⟩ can therefore be scattered into a new
state |mk+ q+Gm⟩ by either absorbing or emitting a phonon in state |qν⟩ or
|−qν⟩, respectively. Both processes occur with probability amplitude gmnν(k,q)

and conserve crystal momentum. Note that k+ q+Gm is a valid Bloch wave



1.1. Polaron Hamiltonian 9

Figure 1.1: Feynman diagrams visualizing linear electron-phonon coupling. An
electron is scattered from state |nk⟩ to |mk+ q+Gm⟩ by either (a) absorbing a
phonon in state |qν⟩ or (b) emitting a phonon in state |−qν⟩.

vector, whereas k+ q might not be, i.e. for a given k and q in Eq. 1.7, the sum
over reciprocal lattice vectors only contributes one term to the Hamiltonian. Often
this sum is not written explicitly and we will do the same from now on.

The full Hamiltonian of the electron-phonon system is given as

Ĥpol =
∑︂
nk

εnkĉ
†
nkĉnk+

∑︂
qν

ℏωqν â
†
qν âqν+

1√
N

∑︂
kq
mnν

gmnν(k,q) ĉ
†
mk+qĉnk

(︂
âqν + â†−qν

)︂
,

(1.29)
where we have ignored the zero-point energy of the lattice. Ĥpol is completely
characterized by the electronic band structure εnk, the phonon frequencies ωqν

and the electron-phonon matrix elements gmnν(k,q). All three of these quantities
can be readily calculated from first principles with modern DFT software pack-
ages [24, 25]. In fact, Reference [20] shows how Eq. 1.29 might be derived from
the Kohn-Sham Hamiltonian and thus put into direct relation with DFT-accessible
quantities. However, solving the Schrödinger equation for the polaron Hamiltonian
requires sophisticated analytical or computational methods, which either fail to or
cannot efficiently incorporate the complicated numerical data from ab initio calcu-
lations. Even though there have been recent advances towards a general treatment
of Eq. 1.29 for real materials [26–29], the standard way of dealing with this diffi-
culty is to use effective model Hamiltonians, in which εnk, ωqν and gmnν(k,q) are
derived from phenomenological arguments and take on simple analytic forms.

In this thesis, we use the latter approach and study different effective polaron
models with the diagrammatic Monte Carlo (DiagMC) technique. Furthermore, we
will restrict our calculations to the single polaron or low density limit of Eq. 1.29,
i.e. to a system consisting of a single electron interacting with a bath of phonons.
This simplifies the diagrammatic expansion and allows us to study in detail how
Ĥel−ph changes various properties compared to the bare particle. Physically, such
situation is realized in materials with low charge carrier densities, for example in
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Figure 1.2: Feynman diagrams visualizing quadratic electron-phonon coupling.
An electron is scattered from state |nk⟩ to |mk+ q1 + q2⟩ by either (a) absorb-
ing two phonons in states |q1ν1⟩ and |q2ν2⟩ or (b) emitting two phonons in states
|−q1ν1⟩ and |−q2ν2⟩. The remaining two processes, where one phonon is absorbed
and the other emitted, are not depicted.

an insulator with an additional electron in the conduction band [30].
As a final remark, let us note a slight inconsistency in the derivation of Ĥel−ph.

While the electron-ion potential is only expanded up to the first order in the atomic
displacements (Eq. 1.21), the total potential of the ions is expanded up to second
order (Eq. 1.16). If the arguments for the truncation of the expansions are based on
the smallness of unκi, why not also include the quadratic term into the interaction
Hamiltonian? On paper, this can be done without any problems. The quadratic
electron-phonon coupling term has the general form [20]

Ĥ
(2)
el−ph =

1

N

∑︂
kq1q2
mnν1ν2

g(2)mnν1ν2
(k,q1,q2) ĉ

†
mk+q1+q2

ĉnk

(︂
âq1ν1 + â†−q1ν1

)︂(︂
âq2ν2 + â†−q2ν2

)︂
,

(1.30)
with the electron-phonon-phonon matrix element

g(2)mnν1ν2
(k,q1,q2) =

1

2

∫︂
UC

dru∗mk+q1+q2
(r)∆q1ν1∆q2ν2U(r)unk(r) , (1.31)

where the variations ∆qν have been defined in Eq. 1.23. Ĥ(2)
el−ph leads to two phonon

processes, which are illustrated in Fig. 1.2. Their interpretation is the same as for
linear coupling. Unfortunately, calculations with quadratic interactions become
much more involved and they are usually restricted to smallest order in perturba-
tion theory. In Chapter 6, we will come back to this problem to show how the
DiagMC algorithm for linear coupling can be extended to include Ĥ(2)

el−ph and to
investigate its effects on a particle.
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Figure 1.3: Artistic illustration of a polaron in an ionic crystal. (A) Ideal ionic
crystal with all ions residing in their equilibrium positions. (B) An additional elec-
tron induces a lattice distortion. The positively charged ions are attracted to the
additional electron while the negatively charged ions are repelled.

1.2 Polaron models

Polaron theory has its origins in the 1930s, when Lev Landau published a short pa-
per on the possible self-trapping of an electron in a (strongly) distorted lattice [31].
Subsequently, Pekar performed quantitative, semiclassical calculations in which he
considered a single electron interacting with a dielectric continuous medium. The
situation is illustrated in Fig. 1.3, except that the dielectric continuum has been
exchanged for an ionic crystal: When an electron is placed inside an otherwise
undistorted lattice, it will attract positive and repel negative charges in its neigh-
borhood. This creates a polarization around the electron, which in turn acts on
the charge carrier and can so influence its energetics and dynamics. As the elec-
tron moves through the crystal, the polarization surrounding it follows along. The
electron together with the induced lattice distortion can then be viewed as a single
entity, for which Pekar coined the term polaron [32].

The first fully microscopic model of a polaron was formulated by Fröhlich,
Pelzer and Zienau in the 1950s [33]. They quantized the classical polarization
field of Pekar and derived an electron-phonon Hamiltonian in the form of Eq. 1.29.
The Fröhlich model describes the long-range, polar interaction of an electron in a
parabolic band with a longitudinal, optical phonon branch of constant frequency,
i.e. εk ∝ k2, ωq = ωLO and g(q) ∝ √αq−1. The strength of the electron-phonon
coupling is determined by α, a dimensionless, material dependent quantity and the
only important parameter of the Fröhlich model:

α =
1

2ℏωLO

e2

4πε0

√︃
2mωLO

ℏ

(︃
1

ε∞
− 1

ε

)︃
. (1.32)
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Here, m is the electron band mass, ε0 is the vacuum permittivity and ε and ε∞

are the static and high-frequency dielectric constants, respectively. A detailed
derivation of the Hamiltonian can be found in Ref. [34].

The Fröhlich model is based on the continuum approximation, where the discrete
crystal lattice is replaced with a continuous medium. In doing so, it assumes that
the polaron wave function and the corresponding lattice distortions spread over
multiple lattice sites, the defining feature of a large or continuum polaron [35]. On
the other hand, if the size of the polaron is of the order of the lattice parameter
a = D

√
VUC, the crystal structure becomes important and has to be accounted for

in the model. This leads to so-called small or lattice polaron theories. The oldest
and most studied small polaron Hamiltonian is due to Holstein [36]. It describes a
short-range (local) interaction of an electron in a tight-binding band with an optical
phonon branch of constant frequency, i.e. εk = −2t∑︁D

i=1 cos(kia), ωq = ωLO and
g(q) = g. Here, t is the nearest-neighbor hopping amplitude and we assumed a
hypercubic crystal structure. The two important parameters of the Holstein model
are the ratio ωLO/t and the electron-phonon coupling strength g, which is usually
replaced with the dimensionless quantity λ = g2/(2tDℏωLO). Let us remark that
Holstein based his original derivation of the Hamiltonian on a molecular crystal
model, where at each lattice site resides a polar molecule with which the electron
interacts locally [37].

In materials with covalent bonds between the atoms, e.g. non-polar semicon-
ductors or metals, another type of electron-phonon interaction is expected to be
dominant: the short-range coupling of acoustic phonons to the deformation poten-
tial [38, 39]. Similar to the Fröhlich polaron, this interaction is usually modelled
in the continuum approximation, where εk ∝ k2, ωq ∝ sq and V (q) ∝ √αq. The
parameter α is again responsible for the coupling strength but now depends on the
deformation potential constant D, the mass density ρ of the crystal and the sound
velocity s of the longitudinal, acoustic phonon branch [40]:

α =
D2m2

8πρℏ3s
. (1.33)

Besides α, another important parameter, k0, has to be introduced to function as a
wave vector cutoff in reciprocal space. It is naturally taken to be k0 ∼ 1/a, with
a the lattice constant, and should mimic the discreteness of the lattice. This is in
contrast to the Fröhlich Hamiltonian, in which all involved integrals converge for
k0 →∞ and no cutoff is necessary. Throughout the rest of the thesis, we will refer
to this model as the acoustic continuum polaron.

Another noteworthy polaron theory is due to Su, Schrieffer and Heeger [41].
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Their SSH model was derived to study soliton formation in polyacetylene and uses
an EPI mechanism, where the ionic motion couples to the electron hopping instead
of the electron density. This leads to k- and q-dependent electron-phonon matrix
elements and to polaron properties quite different from the other models [42].

Over the years, the concept of polarons has been further generalized and ap-
plied to a wide variety of other physical systems. Examples include BEC-impurity
polarons [43], exciton polarons [44], spin or magnetic polarons [45], ripplonic po-
larons [46], Fermi polarons [47] and the more “exotic” angulons [48], where the
rotational (instead of the translational) degrees of freedom of a quantum impurity
couple to a bosonic bath. They all describe the interaction of a particle with its
environment and share the general form of the Hamiltonian from Eq. 1.29. Be-
cause of the ubiquity of polaron theory in condensed matter and other branches
of physics, it is of major interest to have reliable and accurate numerical methods
that are able to calculate various polaron properties for different models.

The list of numerical methods, which have been applied to at least some kind
of polaron problem, is long and keeps extending to this day. A summary of the
most important and successful techniques can be found in Ref. [22]. Many of
those approaches are either based on approximations, e.g. variational methods,
or they only have a limited range of applicability, e.g. weak- or strong coupling
perturbation theory. In the former case, it is often difficult to distinguish between
real, physical behavior and artifacts originating from the applied approximation,
while in the latter case, it might not be clear in what parameter region the results
are actually valid. It is therefore important to have techniques available, which are
capable of producing accurate benchmarks. Ideally, they should be approximation-
free and valid for all interesting parameter ranges. The diagrammatic Monte Carlo
method is one of them.

DiagMC uses a stochastic sampling technique based on the Metropolis-Hastings
algorithm to calculate quantities expressed as an infinite series of Feynman dia-
grams. It was first applied to the Fröhlich polaron problem by Nikolai Prokof’ev
and Boris Svistunov in 1998 [49]. They computed the one-electron Green’s func-
tion in imaginary time and extracted the GS energy and quasiparticle weight from
its asymptotic, long-τ behavior. Since then, DiagMC has been extended and im-
proved to obtain other polaron GS properties like effective mass, group velocity
or phonon distribution functions. In combination with a numerical analytic con-
tinuation (NAC) method, e.g. stochastic optimization with consistent constraints
(SOCC) [50], it is also possible to calculate quantities like the Lehmann spectral
function (LSF), optical conductivity (OC) or the mobility of polarons. So far,
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DiagMC together with NAC has been applied to a wide variety of polaron mod-
els including the Fröhlich model [50–53], Holstein model [54–56], Rashba-Pekar
model [57], t-J model [58–60], tt′t′′-J model [61, 62], acoustic continuum model [63]
or the SSH model [42, 64]. Because of the approximation-free nature of the DiagMC
algorithm, some of these results have been used as benchmarks for other numeri-
cal methods [28, 29, 42, 53–55, 65] or to clarify misinterpretations of non-physical
artifacts due to previous approximate calculations [51, 63].

1.3 Outline

The present thesis aims to further increase our understanding of polarons by study-
ing the effects of different electron-phonon interaction mechanisms using DiagMC
and SOCC. To be more specific, we calculate accurate energy dispersion relations
for the Fröhlich polaron in two (2D) and three dimensions (3D), we perform a de-
tailed study of a novel acoustic lattice polaron model and we investigate the effects
of quadratic electron-phonon coupling using a simple model Hamiltonian.

The outline of the rest of this work is as follows:

• Chapter 2 introduces the DiagMC and SOCC algorithms from a general
point of view without any references to polaron Hamiltonians or many-body
physics.

• Chapter 3 reviews the theory of many-body Green’s functions and Feynman
diagrams, before discussing and reviewing DiagMC implementations for linear
polaron Hamiltonians.

• Chapter 4 presents novel results for the Fröhlich polaron problem. First our
DiagMC code is benchmarked against data obtained with another DiagMC
implementation, then it is used to study energy dispersion relations in 2D
and 3D.

• Chapter 5 introduces the acoustic lattice polaron model and shows results
for GS properties, OC and LSFs. Emphasis is placed on the crossover region
from the weak- to the strong-coupling regime and on the comparison with
other model systems.

• Chapter 6 investigates the effects of quadratic EPIs by studying a simple
Hamiltonian similar to the linear Holstein model with DiagMC and another
MC technique based on a path integral formulation [66].
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• Chapter 7 summarizes the work done in the current thesis and gives a short
outlook for possible follow-up projects.

In addition to the work described above, the author has implemented two major
scientific software libraries: (i) a generic Monte Carlo (MC) library that forms the
basis for all MC simulations performed as part of this thesis, and (ii) a flexible
DiagMC code for the general polaron Hamiltonian from Eq. 1.29. Even though the
development of these two software projects has occupied a significant part of the
author’s PhD program, they are not part of the current dissertation. Instead, they
will be released as open-source libraries in the near future or, if necessary, access
can be granted upon request.
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Chapter 2

Methodology

A lot of interesting phenomena in condensed matter physics occur because of the in-
teractions and correlations between particles. Examples include high-temperature
superconductivity [3], metal-insulator transitions [67], the fractional quantum Hall
effect [68] or, most relevant to the current work, polaron formation in materials [22].
Understanding such systems requires the study of quantum many-body problems
which are inherently difficult to solve and rely on sophisticated numerical tech-
niques often based in quantum field theory. A direct solution of the corresponding
Schrödinger equation is all but impossible, even for the simplest model systems.
Instead, the calculation of many-body Green’s functions is usually more practical.
Their advantage is that they contain most of the relevant physical information of
the system and, by treating the interaction between particles as a perturbation, can
be written as an infinite series of Feynman diagrams (for more details see Ch. 3).
Although the summation of such a diagrammatic series is not any easier than solv-
ing the original Schrödinger equation, it allows us to make use of diagrammatic
Monte Carlo [49] methods which deal with the complicated series by sampling in-
dividual terms (Feynman diagrams) in a stochastic fashion. The calculated Green’s
function usually does not directly correspond to a physical observable quantity but
is related to one via an integral equation, e.g. the imaginary time single-particle
Green’s function, Gnk(τ), at zero temperature is related to its spectral function,
Ank(ω), via

Gnk(τ) =

∫︂ ∞

0

dωAnk(ω)e
−ωτ . (2.1)

Here, |nk⟩ is a single-particle state and the quantum numbers, n and k, refer to
the particle’s band and wave vector, respectively. To retrieve the physical rele-
vant quantity, Ank(ω) in case of Eq. 2.1, we have to perform numerical analytic
continuation [50].

This chapter introduces the two main numerical approaches used throughout
the thesis: (i) diagrammatic Monte Carlo and (ii) stochastic optimization with con-
sistent constraints analytic continuation. We start with a general review of Monte
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Carlo (MC) methods in Sec. 2.1, including Markov chain Monte Carlo (MCMC)
sampling with emphasis on the Metropolis-Hastings algorithm and basic error anal-
ysis. Section 2.2 explains the general idea behind diagrammatic Monte Carlo from a
mathematical point of view without any reference to many-body physics or Green’s
functions. Using a simple toy example, we show how the previously introduced
concepts work in practice and highlight the differences between “traditional” and
diagrammatic MC. The final part of this chapter, Sec. 2.3, is dedicated to numerical
analytic continuation, especially to SOCC.

2.1 Monte Carlo method

For the most part of this introductory section, we follow closely the excellent book
by Gubernatis et al. [69] and the doctoral thesis of Marchand [70].

The first mention of the name “Monte Carlo method” can be found in a paper
by Metropolis and Ulam from 1949 [71], in which they describe a general statistical
approach to study integro-differential equations occurring in natural sciences.

A probably more familiar use case of MC comes from classical statistical me-
chanics. In 1953, Metropolis et al. [72] calculated thermodynamic properties of a
system consisting of N interacting molecules. They were faced with the well-known
problem of solving high-dimensional integrals of the form (in case of a canonical
ensemble):

⟨F ⟩ =
∫︁
Γ
dp dqF (p,q) e−E(p,q)/(kBT )∫︁

Γ
dp dq e−E(p,q)/(kBT )

, (2.2)

where F is the quantity of interest, Γ is the integration volume, p and q are
the momenta and positions of the N particles, T is the temperature, kB is the
Boltzmann constant and E(p,q) is the energy corresponding to a certain state of
the system specified by a point in phase space.

In order to obtain the thermodynamic average ⟨F ⟩, one has to solve the 2DN -
dimensional integrals, D being the number of dimensions. For many particles and
non-trivial interactions, this quickly becomes an impossible task to do analytically.
Deterministic numerical integration techniques are also not an option, since they
suffer from the curse of dimensionality, referring to the fact that the number of
function evaluations needed for such methods grows exponentially with the number
of dimensions, i.e. as MD, where M is the number of discrete points used in one
dimension.

To overcome this issue, Metropolis et al. approached the problem stochastically.
Instead of integrating over a regular grid in phase space, they generated points
(pi,qi) randomly from some probability distribution p(p,q). The numerator of
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Eq. 2.2 (similar considerations apply to the denominator) can then be rewritten as:∫︂
Γ

dp dqF (p,q) e−E(p,q)β =

∫︂
Γ

dp dq
F (p,q)

p(p,q)
e−βE(p,q)p(p,q)

=

⟨︃
F (p,q)

p(p,q)
e−βE(p,q)

⟩︃
p

≈ 1

M

M∑︂
i=1

F (pi,qi)

p(pi,qi)
e−βE(pi,qi) .

(2.3)

Here we have introduced the common notation β = 1/(kBT ) for the inverse temper-
ature and ⟨. . . ⟩p for an expectation value with respect to the probability distribu-
tion p. The last line in Eq. 2.3 employs the usual approximation of an expectation
value with its arithmetic mean, where theM individual phase space samples (pi,qi)

are distributed according to p(p,q). As will be shown later in this section, the error
of the approximation in Eq. 2.3 scales as O(M−1/2), i.e. it is independent of the
dimensionality and only depends on the number of samples taken into account (see
Eq. 2.29). The efficiency of this approach is determined by the choice of p(p,q).

Naively, one could simply use a uniform distribution defined on the phase space
volume: p(p,q) = Γ−1. In most cases, this would generate a large number of states
with high energies or very small Boltzmann factors exp{−βE(pi,qi)}, which only
have a negligible contribution to the integral.

A much more efficient way is to sample directly the Boltzmann distribution.
Let us define

pB(p,q) =
e−βE(p,q)∫︁

Γ
dp dq e−βE(p,q)

=
e−βE(p,q)

Z , (2.4)

where we have introduced the partition function Z. Equation 2.2 now becomes

⟨F ⟩ =
∫︂
Γ

dp dqF (p,q) pB(p,q) = ⟨F (p,q)⟩pB ≈
1

M

M∑︂
i=1

F (pi,qi) , (2.5)

with (pi,qi) ∼ pB(p,q). The difficulty of the original problem is thus shifted to
the generation of random samples (pi,qi) from the Boltzmann distribution.

Metropolis et al. already proposed a simple procedure on how to achieve this in
their original publication [72], which would later be known as the famous Metropolis
algorithm. In 1970, Hastings generalized the method, leading to the Metropolis-
Hastings algorithm [73]. We will provide the details in Sec. 2.1.2.

Ever since then, the Monte Carlo method has been further developed, special-
ized and optimized. It has established itself as an indispensable tool in all fields of
physics, mathematics, chemistry and various other branches of science. Nowadays,
the term Monte Carlo method comprises a huge class of stochastic algorithms and
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numerical techniques. Their main purpose is to provide solutions to problems for
which deterministic methods fail or which are inherently stochastic by nature.

The rest of this section focuses on the necessary background knowledge needed
to understand how MC methods work and how to implement them. This includes
some general remarks about MC (Sec. 2.1.1), MCMC algorithms (Sec. 2.1.2) and
basic error analysis (Sec. 2.1.3).

2.1.1 General remarks about MC

Let us start by generalizing the notation from the previous section: Suppose we
are interested in the ensemble average of some quantity X(C). Each possible state
of the system is represented by a specific configuration C = (x1, . . . , xN) ∈ C and
has an associated weight factor W(C). The average or expectation value of X(C)

can then be written as a weighted sum over all configurations

⟨X⟩ = E(X) =

∑︁
C X(C)W(C)∑︁

CW(C)
=

∑︁
C X(C)W(C)

Z , (2.6)

where Z is the partition function or, more generally, the normalization of the
weights. Depending on the nature of xi, the sum over C includes integrals over
continuous (

∫︁
dxi) and summations over discrete (

∑︁
xi

) variables. The configura-
tion space C is simply the set of all possible configurations and does not necessarily
have any particular mathematical structure associated with it.

To make a connection to Eq. 2.2 from the previous section, consider the fol-
lowing transformations: X(C) → F (p,q), C = (x1, . . . , xN) → (p,q), W(C) →
e−E(p,q)/(kBT ) and

∑︁
C →

∫︁
Γ
dp dq.

There it has already been established that the MC method is especially suited
to evaluate complicated expectation values such as Eq. 2.6. The general idea is to
interpret the normalized weights

p(C) =
W(C)

Z (2.7)

as probabilities (or a probability density) and approximate the exact average ⟨X⟩
with its so-called sample mean X by generating random configurations Ci from
p(C):

⟨X⟩ = ⟨X⟩p =
∑︂
C

X(C)p(C) ≈ 1

M

M∑︂
i=1

X(Ci) = X . (2.8)

This is only valid, as long as the normalized weights represent proper probabilities,
i.e. if

W(C) ∈ R ∧ 0 ≤ W(C) <∞ ∀C ∈ C . (2.9)
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For the more general case, when W(C) < 0 or W(C) ∈ C for some C ∈ C,
Eq. 2.6 needs to be rewritten as

⟨X⟩ =
∑︁

C X(C)eiϕ(C) |W(C)|∑︁
C |W(C)|

∑︁
C |W(C)|∑︁

C e
iϕ(C) |W(C)| . (2.10)

Here, we have first factorized the complex weight W(C) into its modulus |W(C)|
and its phase factor exp{iϕ(C)} and then introduced the new normalization Zc =∑︁

C |W(C)|. If the weights are known to be real, the complex phase may be
replaced with the sign function sgn {W(C)}. With these modifications, it is again
possible to use the probability interpretation for

pc(C) =
|W(C)|
Zc

(2.11)

and to approximate the exact averages in Eq. 2.10 with their sample means

⟨X⟩ =
⟨︁
Xeiϕ(C)

⟩︁
pc

⟨eiϕ(C)⟩pc
≈
∑︁M

i=1X(Ci)e
iϕ(Ci)∑︁M

i=1 e
iϕ(Ci)

= X . (2.12)

Note that due to the linear property of expectation values, one can choose to
measure the real and imaginary parts of a complex quantity separately, e.g.

⟨︁
eiϕ(C)

⟩︁
pc
= ⟨cosϕ(C)⟩pc + i ⟨sinϕ(C)⟩pc . (2.13)

Although Eq. 2.12 enables us to use the MC method to evaluate ⟨X⟩ for complex
(negative) weights, there is still a price we have to pay. If the average phase (sign)
in the denominator goes to zero, the statistical error of the MC approximation
will be much larger than its mean and it becomes practically impossible to get a
meaningful result for ⟨X⟩ from Eq. 2.12. This is the famous sign problem plaguing
many quantum Monte Carlo algorithms, especially those dealing with interacting
fermions. Since we will mostly avoid such difficulty in the rest of the thesis, we
refer the interested reader to Ref. [74] and assume from now on that the weights
for all configurations satisfy 0 ≤ W(C) <∞, unless otherwise stated.

2.1.2 Markov chain Monte Carlo

As was already mentioned in the introductory part of this section, the most efficient
way to evaluate Eq. 2.6 with a MC procedure is to generate configurations C
according to their weight W(C) and approximate the expectation value with its
sample mean. This simply implies that configurations with a larger weight are
more likely to be sampled and therefore more likely to contribute to the right hand
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sum in Eq. 2.8. The difficult part is the sampling of the non-trivial distribution
p(C).

MCMC methods provide a solution to this problem by constructing a Markov
chain on the configuration space C with p(C) as its stationary distribution. That
means after reaching equilibrium, it will generate a sequence of configurations

C0 → C1 → C2 → . . . Cn → Cn+1 → . . . , (2.14)

where each Ci represents a random sample ∼ p(C).
A (time-homogeneous) Markov chain is defined by some arbitrary initial dis-

tribution p(0)(C) and transition probabilities P (C ′|C) from state C to C ′. The
transition probabilities are required to be normalized∑︂

C′

P (C ′|C) = 1 , (2.15)

and they are used to construct the chain recursively [69]:

p(k+1)(C ′) =
∑︂
C

P (C ′|C) p(k)(C) . (2.16)

Intuitively, the stationary distribution should satisfy

p(C ′) =
∑︂
C

P (C ′|C) p(C) . (2.17)

We can derive this condition by considering the following master equation [75]

p(k+1)(C)− p(k)(C) =
∑︂
C′

P (C|C ′) p(k)(C ′)−
∑︂
C′

P (C ′|C) p(k)(C) . (2.18)

It describes the change in probability between two consecutive time steps, where
the first and second term on the right-hand side represents the flow of probability
into and out of state C, respectively. If we require that the stationary distribution
does not change with time, i.e. p(k+1)(C) = p(k)(C) = p(C), and if we use the
normalization from Eq. 2.15, the master equation becomes∑︂

C′

P (C|C ′) p(C ′) =
∑︂
C′

P (C ′|C) p(C) = p(C) , (2.19)

which is equal to Eq. 2.17.
The following conditions are sufficient for the Markov chain to asymptotically

converge to its stationary distribution p(C) [76]:
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• Global balance: If Eq. 2.19 is satisfied by p(C) and P (C|C ′) for all C, then
the Markov chain is said to have global balance.

• Ergodicity : Any configuration C has to be reachable from any other config-
uration C ′ in a finite number of Markov steps.

It is common, but not necessary, to impose an even stronger condition on the
transition probabilities such that Eq. 2.19 is automatically satisfied:

P (C|C ′) p(C ′) = P (C ′|C) p(C) ∀C,C ′ ∈ C . (2.20)

These are called detailed balance equations and they state that the probability flow
from configuration C into C ′ and vice versa is balanced for all pairs C,C ′ ∈ C.

Our task now is to find transition probabilities P (C ′|C) which obey the system
of equations in Eq. 2.19 or Eq. 2.20 for a given (desired) target distribution p(C).
MCMC methods provide us with different solutions to this problem. Here, we will
only focus on the one developed by Metropolis et al. [72] and Hastings [73].

The Metropolis-Hastings algorithm fulfills detailed balance and is based on the
simple idea to split the transition probability P (C ′|C) into a proposal T (C ′|C) and
an acceptance A(C ′|C) probability:

P (C ′|C) = T (C ′|C)A(C ′|C) . (2.21)

For the proposal distribution we require T (C ′|C) ≥ 0 and
∑︁

C′ T (C ′|C) = 1 to
hold. Plugging Eq. 2.21 into Eq. 2.20 yields the modified detailed balance equation

A(C|C ′)

A(C ′|C) =
T (C ′|C)p(C)
T (C|C ′)p(C ′)

. (2.22)

Furthermore, the Metropolis-Hastings algorithm proposes the following acceptance
probabilities:

A(C|C ′) = min

{︃
1,
T (C ′|C)p(C)
T (C|C ′)p(C ′)

}︃
. (2.23)

One can check that this choice satisfies Eq. 2.22.
In practice, the algorithm works as follows: Suppose the current configuration is

C ′. Use T (C|C ′) to propose a new state C and calculate the acceptance probability
A(C|C ′) from Eq. 2.23. Accept the new configuration C with probability A(C|C ′),
otherwise stay in C ′. Figure 2.1 depicts the pseudo-code of these steps [69].

A great advantage of the Metropolis-Hastings algorithm is that the normaliza-
tion of the target distribution p(C) does not need to be known, as can be seen from
Eq. 2.23. However, it is advisable to be careful, when working with unnormalized
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Input : Current configuration Ci

Target distribution p(C)
Proposal distribution T (C|Ci)

Output: New configuration Ci+1

Propose a new C from T (C|Ci);
Calculate acceptance probability R = A(C|Ci) using Eq. 2.23;
Generate a uniform random number r ∈ [0, 1];
if r ≤ R then

Ci+1 ← C;
else

Ci+1 ← Ci;
end
return Ci+1;

Figure 2.1: Metropolis-Hastings algorithm.

weights: Suppose one is interested in the weighted sum

SX =
∑︂
C

X(C)W(C) , (2.24)

for which Z =
∑︁

CW(C) ̸= 1. Since Z is not needed for the Metropolis-Hastings
algorithm, it is tempting to use the same MC strategy as if the weights were
properly normalized. But this produces the maybe at first unexpected result SX/Z,
instead of SX . In Sec. 2.2, it will be shown how we can estimate Z and hence also
SX , regardless of the presence of Z in Eq. 2.24.

2.1.3 Error analysis in MC

Equipped with Eqs. 2.6–2.8 and the Metropolis-Hastings algorithm to efficiently
sample p(C), we are now in a position to perform actual calculations and obtain
reasonable results for the ensemble average ⟨X⟩ of some observable X(C). Due to
the stochastic nature of the MC method, the approximation X will always have
an associated statistical error. It is important to understand the origin of such
error, its magnitude and how to confidently estimate it in applications. The rest of
this section therefore tries to give a short overview of the most important concepts
concerning error analysis in MC simulations.

In Sec. 2.1.1, we defined a specific configuration in terms of xi. From a statistics
point of view, each xi represents a random variable such that C = (x1, . . . , xN) and
any other function of C, like X(C), are themselves random variables. Knowing that
the configurations are distributed according to p(C), we can define the expectation
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value of X(C) as
⟨X⟩ =

∑︂
C

X(C)p(C) (2.25)

and its variance as

Var(X) = σ2
X =

⟨︁
(X − ⟨X⟩)2

⟩︁
=
∑︂
C

(X(C)− ⟨X⟩)2 p(C) . (2.26)

Typically, the standard deviation, σX =
√︁
σ2
X , is used for reporting error bars,

rather than the variance itself.
As already discussed previously, an unbiased estimator for the expectation value

is given by the sample mean

X =
1

M

M∑︂
i=1

X(Ci) . (2.27)

The variance, on the other hand, can be estimated with the sample variance

s2X =
1

M − 1

M∑︂
i=1

(︁
X(Ci)−X

)︁2
. (2.28)

Unbiased implies that ⟨X⟩ = ⟨X⟩ and ⟨s2X⟩ = σ2
X .

The sample mean itself can be regarded as a random variable with its own
expectation value ⟨X⟩ and variance σ2

X
. In fact, the central limit theorem tells us

that the distribution of X approaches a normal distribution with mean µ = ⟨X⟩
and standard deviation σ = σX = σX/

√
M as M →∞ [69].

An obvious choice for estimating the error of a MC calculation of X is therefore

σX =
σX√
M
≈ sX√

M
=

⌜⃓⃓⎷ 1

M(M − 1)

M∑︂
i=1

(︁
X(Ci)−X

)︁2
. (2.29)

This shows that the MC error indeed scales as O(M−1/2) and that it is possible to
reduce the error by taking more samples into account or, equivalently, increasing
the run time of the simulation.

So far we have implicitly assumed that the generated configurations Ci are
statistically independent. However, samples taken from Markov chains are inher-
ently correlated, since the probability of visiting state Ci+1 depends explicitly on
the current state Ci (see Fig. 2.1). Using Eq. 2.29 with correlated samples will
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underestimate the error [69]:

Var(X) = Var

(︄
1

M

∑︂
i

xi

)︄
=

⟨︄(︄
1

M

∑︂
i

xi

)︄2⟩︄
−
⟨︄

1

M

∑︂
i

xi

⟩︄2

=
1

M2

{︄∑︂
i

⟨︁
x2i
⟩︁
+ 2

∑︂
j>i

⟨xixj⟩ −
∑︂
i

⟨xi⟩2 − 2
∑︂
j>i

⟨xi⟩⟨xj⟩
}︄

=
1

M2

{︄∑︂
i

(︁⟨︁
x2i
⟩︁
− ⟨xi⟩2

)︁
+ 2

∑︂
j>i

(⟨xixj⟩ − ⟨xi⟩⟨xj⟩)
}︄

=
1

M2

{︄∑︂
i

Var(xi) + 2
∑︂
j>i

χ|j−i|

}︄

=
1

M

{︄
σ2
X + 2

M−1∑︂
i=1

(︃
1− i

M

)︃
χi

}︄

=
σ2
X

M
(1 + 2τX) .

(2.30)

Here, we have used X(Ci) = xi and assumed that the summation limits are clear
from the context unless specifically stated. In line four, we introduced the correla-
tion function χ|j−i| = ⟨xixj⟩ − ⟨xi⟩⟨xj⟩, which depends only on the distance |j − i|
and is equal to the variance σ2

X for j = i, i.e. χ0 = ⟨x2i ⟩− ⟨xi⟩2 = σ2
X . The last line

defines the important autocorrelation time

τX =
M−1∑︂
i=1

(︃
1− i

M

)︃
χi

χ0

. (2.31)

It takes on values τX ≥ 0 and indicates the degree of correlation between individual
measurements X(Ci).

If the samples are statistically independent, τX = 0 and Eq. 2.30 reproduces
the previous result σ2

X
= σ2

X/M . On the other hand, correlations between the
generated data reduce the effective sample size by a factor of 1 + 2τX and the
naive error estimation in Eq. 2.29 would produce error bars that are too small. In
principle, it is possible to calculate σ2

X and τX directly and use Eq. 2.30 to compute
σ2
X

. This turns out to be rather cumbersome in practice. The so-called blocking
analysis offers a more pragmatic approach.

The main idea behind blocking is to group individual samples together into
NB blocks of size MB, i.e. M = NBMB, and use their average values as effec-
tive measurements. If MB is big enough, the block averages become statistically
independent and naive error estimation from Eq. 2.29 applies. Since the required
block size is not known before the simulation, it is common practice to study how
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Figure 2.2: MC error σX as a function of the block size Mb. Block averages be-
come statistically independent after ≈ 28 = 256 measurements. The final error is
≈ 1.3× 10−5.

the calculated error changes with increasing MB. Our considerations in the last
paragraph have shown that for block sizes which are taken too small, the error will
be underestimated. Therefore, as MB gets larger and block averages become less
correlated, the estimated error increases and gets closer to its true value derived in
Eq. 2.30. At some point, it will level off as a function of the block size, indicating
statistical independence of the block averages. The value the error assumes at this
plateau will usually be a good estimate. Figure 2.2 shows an example taken from
a real MC simulation.

In general, autocorrelation times, τX and τY , of two different observables, X(C)

and Y (C), do not coincide and blocking should be performed for each observable
separately.

To complete this section, let us mention the important subject of error propa-
gation. Suppose we are interested in a function of one or more ensemble averages:
f(⟨X⟩, ⟨Y ⟩, . . . ). A frequently encountered example can be found in Eq. 2.12. The
obvious approximation, f(X,Y , . . . ), is in most situations good enough, although it
comes with a bias of order O(M−1) for non-linear functions [77]. Depending on the
form of f , estimating the error σf can become more involved. Two general strate-
gies dealing with error propagation are the jackknife [78, 79] and bootstrap [80]
resampling techniques. A detailed description is outside the scope of the current
thesis and we refer the interested reader to Refs. [69, 77].
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2.2 Diagrammatic Monte Carlo

For many numerical problems, it is possible to write down a formal solution in
terms of an infinite series of multi-dimensional integrals or summations. Because
of the complexity of such a series, this is in most cases just a mere reformulation of
the original problem without actually providing an answer. An important example
is the calculation of various correlation functions for quantum many-body systems.
In Chapter 3 it will be shown, how correlation functions can be written as an
infinite series of Feynman diagrams using a perturbative expansion. Each term in
the series contains complicated integrals or summations, which makes it impossible
to provide an exact analytic solution.

Two standard approximations are (i) to truncate the series and focus only on
the lowest order diagrams or (ii) to sum a specific class of diagrams up to infinity.
In the former case, one can use MC techniques from the previous section and apply
them to the pre-selected set of terms individually to calculate the multi-dimensional
integrals. Either way, both approximations have to be justified depending on the
situation.

Diagrammatic Monte Carlo offers a more generic and systematic approach to
this problem. It generalizes the Metropolis-Hastings algorithm to sample the con-
figuration space of all Feynman diagrams (or terms in the series) and is therefore
not restricted to any order or specific class of diagrams. Lifting those restrictions
is one of the most important aspects of the technique, because it makes DiagMC
numerically exact, i.e. it does not have any bias or systematic errors attached to
it.

The rest of this section introduces the basic theory of DiagMC (Sec. 2.2.1), with
special attention given to the important concept of updates (Sec. 2.2.2), and shows
how it works in practice by studying a very simple toy model with an analytic
solution (Sec. 2.2.3).

2.2.1 General remarks about DiagMC

The following discussion is based on the lecture notes by Prokof’ev in Ref. [81].
Diagrammatic Monte Carlo is a numerical method first developed by Nikolai

Prokof’ev, Boris Svistunov and Igor Tupitsyn in 1998 [49, 82]. Despite its name,
DiagMC is not limited to problems in many-body physics dealing with Feynman
diagrams. It is a generic MC sampling technique, based on the Metropolis-Hastings
algorithm, that allows for an unbiased exploration of a configuration space with a
varying number of continuous (or discrete) variables [81]. Unbiased in this context
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means without introducing any systematic errors, e.g. when restricting the config-
uration space to some subspace or when discretizing the domain of an otherwise
continuous variable.

DiagMC therefore generalizes the ideas and algorithms presented in Sec. 2.1,
where it was implicitly assumed that the number of variables describing a configura-
tion is fixed. For example, looking back at the thermal average in Eq. 2.2 for a three-
dimensional system, each configuration C corresponds to a point in phase space
specified by exactly 6N continuous variables, i.e. C = (p1x, . . . , pNz, q1x, . . . , qNz).

However, many problems are more naturally defined on a configuration space
C with a varying number of degrees of freedom, e.g.

C =
∞⋃︂
n=0

Cn =
∞⋃︂
n=0

{(x1, . . . , xn) : (x1, . . . , xn) ∈ Cn} , (2.32)

where Cn is some n-dimensional subspace of C. DiagMC provides us with the
necessary tools to sample complicated spaces like Eq. 2.32. The main difference to
“traditional” MCMC methods is that, in addition to the usual transitions,

Cn ∋ C = (x1, . . . , xn) ←→ (x′1, . . . , x
′
n) = C ′ ∈ Cn , (2.33)

DiagMC also offers transitions between subspaces of different dimensionality

Cn ∋ C = (x1, . . . , xn) ←→ (x′1, . . . , x
′
n, x

′
n+1, . . . , x

′
n+m) = C ′ ∈ Cn+m .

(2.34)
In DiagMC terminology, transitions are called updates and they form the backbone
of the algorithm. Their correct implementation decides on the success or failure of
any DiagMC simulation.

Once a configuration space is defined and updates to explore it are established,
the theory from Sec. 2.1 can be used to evaluate expectation values similar to
Eq. 2.6. To be more precise, DiagMC is able to calculate averages ⟨X⟩ of the
following form

⟨X⟩ =
∑︂
C

X(C) p(C) =
∞∑︂
n=0

∫︂
dx1· · ·

∫︂
dxnX(x1, . . . , xn) p(x1, . . . , xn) . (2.35)

Here, X(C) and p(C) are some known functions defined on C and integrals indicate
integration over continuous and summation over discrete variables. The probabil-
ity (density) p(C) can be further factorized into a weight function W(C) and a
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normalization factor Z

p(C) = p(x1, . . . , xn) =
W(C)

Z =
W(x1, . . . , xn)

Z , (2.36)

where

Z =
∑︂
C

W(C) =
∞∑︂
n=0

∫︂
dx1· · ·

∫︂
dxnW(x1, . . . , xn) . (2.37)

In case of complex or non-positive weights, considerations from Sec. 2.1 apply.
Note that p(C) is normalized over the whole configuration space C. The re-

stricted function p(C)|Cn is therefore not a proper probability (density) on Cn
because it does not integrate to unity, i.e.

∑︂
C∈Cn

p(C) =

∫︂
dx1· · ·

∫︂
dxn p(x1, . . . , xn) ̸= 1 . (2.38)

This shows that DiagMC is fundamentally different from simply going through
each order n ≤ N separately and using “traditional” MC to evaluate the multi-
dimensional integrals [81]. While the former treats all possible states C ∈ C on
equal footing, which allows it to incorporate information from the whole config-
uration space C into its sampling routine, the latter is always restricted to some
subspace Cn without being even aware of all the other configurations C /∈ Cn.

For a simple example of these abstract concepts, we refer the reader to Sec. 2.2.3.

2.2.2 DiagMC updates

Similar to “traditional” MC methods, DiagMC is based on a Markov process, which
generates new states C = (x1, . . . , xn) ∈ Cn according to their weight W(C) =

W(x1, . . . , xn). However, since the configuration space is not restricted to Cn, the
Markov chain needs to be able to move from Cn to Cm and back for n ̸= m. We
can distinguish between two types of updates:

• Type-I updates do not change the number of variables of a configuration.
They belong to transitions described in Eq. 2.33. If the Markov chain is in
the current state C ∈ Cn, it will be in some state C ′ ∈ Cn after the update.
In this case, the standard Metropolis-Hastings algorithm from Fig. 2.1 can
be used without modification.

For completeness, we provide the detailed balance equation and acceptance
probability for the simplest update which changes a single xi:

C = (x1, . . . , xi, . . . , xn) ←→ (x1, . . . , x
′
i, . . . , xn) = C ′ (2.39)
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Let T (x′i|C) be the proposal distribution. Detailed balance tells us that

W(C)T (x′i|C)A(C ′|C) =W(C ′)T (xi|C ′)A(C|C ′) , (2.40)

such that the acceptance probability for the transition C → C ′ is given as

A(C ′|C) = min

{︃
1,
W(C ′)T (xi|C ′)

W(C)T (x′i|C)

}︃
, (2.41)

and for the inverse transition C ′ → C as

A(C|C ′) = min

{︃
1,

1

A(C ′|C)

}︃
. (2.42)

• Type-II updates change the number of variables of a configuration. They be-
long to transitions described in Eq. 2.34 and they distinguish DiagMC from
“traditional” MC methods. In order for the Markov chain to sample config-
uration spaces like Eq. 2.32, it needs to be able to move between different
subspaces Cn and Cm. Type-II updates make these transitions possible.

Consider an update, which adds/removes m variables while keeping all others
fixed:

C = (x1, . . . , xn) ←→ (x1, . . . , xn, xn+1, . . . , xn+m) = C ′ , (2.43)

where C ∈ Cn and C ′ ∈ Cn+m. Let T (xn+1, . . . , xn+m|C) be a probability dis-
tribution which is used to propose values for the m variables xn+1, . . . , xn+m.
In this case, the detailed balance equation is

u(C ′|C)W(C)T (xn+1, . . . , xn+m|C)A(C ′|C)
= u(C|C ′)W(C ′)A(C|C ′) . (2.44)

Here, we have included implementation specific probabilities u(C ′|C) and
u(C|C ′). They need to be chosen correctly, depending on how the addi-
tion/removal of the new variables is performed (see Sec. 2.2.3 for an illustra-
tive example). Following the Metropolis-Hastings algorithm, the acceptance
probability for the transition C → C ′ is

A(C ′|C) = min

{︃
1,

u(C|C ′)W(C ′)

u(C ′|C)W(C)T (xn+1, . . . , xn+m|C)

}︃
, (2.45)
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and for the inverse transition C ′ → C

A(C|C ′) = min

{︃
1,

1

A(C ′|C)

}︃
. (2.46)

Before looking at a practical example in the next section, let us make a few
final remarks.

In Ref. [81] it is shown, how to make the detailed balance equation 2.44 for
type-II updates plausible by reducing them to type-I. The idea is to rewrite the
nth-order term of the original series in Eq. 2.35 as∫︂

dx1· · ·
∫︂
dxnX(x1, . . . , xn) p(x1, . . . , xn)

×
∫︂
dxn+1· · ·

∫︂
dxn+m T (xn+1, . . . , xn+m|C) , (2.47)

which is possible because the proposal distribution is required to be properly nor-
malized, i.e. ∫︂

dxn+1· · ·
∫︂
dxn+m T (xn+1, . . . , xn+m|C) = 1 . (2.48)

In this way, any transition of type-II can be reduced to type-I.
The set of updates needed to explore a specific configuration space with DiagMC

is not unique. One can choose from an infinite number of possible updates. The
only requirements are (i) detailed balance and (ii) ergodicity.

The latter has the same meaning as in Sec. 2.1.2: Any configuration C ∈ C
should be reachable from any other configuration C ′ ∈ C with a finite number of
Markov steps. For most systems, it is straightforward to design a set of updates
which is ergodic.

Detailed balance, on the other hand, requires updates to come in pairs: If one
transition is able to move the Markov chain from state C to C ′, then a corresponding
inverse transition should be able to move the chain back to its original state C.
While type-I updates are usually their own inverses, it is common to split type-II
updates into additions and removals, which increase and decrease the number of
variables, respectively.

Closely related to detailed balance are the probabilities u(C ′|C) and u(C|C ′) of
type-II updates. Their values are implementation dependent and can be a source
of subtle and hard to catch errors. We will therefore mention them explicitly in
the next section when introducing type-II updates for our practical example.
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2.2.3 DiagMC in practice

The previous sections have introduced the most important topics needed to run suc-
cessful DiagMC simulations including the “traditional” MC method, error analysis,
MCMC sampling as well as the Metropolis-Hastings algorithm and its extension
to DiagMC. For readers, who are unfamiliar with these abstract concepts, it might
not be clear how everything fits together and how the various tools are actually
used in practice.

In the following, we therefore provide a working DiagMC implementation for a
simple toy model. Starting from the diagrammatic (infinite series) expansion of the
problem, we show how to rewrite it such that Eq. 2.35 applies and how Feynman
diagrams can be used as visual aids. We describe a possible set of updates and
measurements in detail and finally compare our numeric calculations to analytically
known results.

Even though the example might seem artificial and trivial at first, the underlying
DiagMC implementation incorporates all the previously mentioned concepts and
serves as a perfect starting point for more complicated models. Furthermore, the
series of the simple toy model has the same form as the diagrammatic expansion
of the electron-hole two-particle Green’s function of an exciton model [83]. With
few modifications, it would thus be possible to obtain various excitonic properties.

The model and many other ideas in this section are taken from Ref. [84].

Diagrammatic series

We are interested in calculating the following infinite series with DiagMC

Q(τ) =
∞∑︂
n=0

(−1)n
τ∫︂

0

dτn· · ·
τi+1∫︂
0

dτi· · ·
τ2∫︂
0

dτ1 e
−(ε−µ)τ1V e−(ε−µ)(τ2−τ1)V . . .

× V e−(ε−µ)(τi+1−τi)V . . . V e−(ε−µ)(τ−τn) , (2.49)

for τ ≥ 0 and the model parameters ε, µ, V ∈ R. The 0th-order term is given
by exp{−(ε − µ)τ} and the integration limits restrict the domain of each τi to
0 ≤ τ1 ≤ τ2 ≤ · · · ≤ τn ≤ τ . It is easy to show that the series simplifies to the
analytic result

Q(τ) = e−(ε−µ)τ

∞∑︂
n=0

(−1)n V n

τ∫︂
0

dτn· · ·
τi+1∫︂
0

dτi· · ·
τ2∫︂
0

dτ1

= e−(ε−µ)τ

∞∑︂
n=0

(−1)n (V τ)
n

n!
= e−(ε−µ+V )τ .

(2.50)
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Our DiagMC implementation will work directly with Eq. 2.49. As indicated,
we want to calculate Q as a function of τ . In this case, it is convenient to treat
τ as another fixed parameter and introduce an additional integration variable τ ′.
Equation 2.49 can be rewritten as

Q(τ) =

∫︂ τm

0

dτ ′δ(τ − τ ′)Q(τ ′)

=
∞∑︂
n=0

τm∫︂
0

dτ ′
τ ′∫︂
0

dτn· · ·
τ2∫︂
0

dτ1 δ(τ − τ ′) (−1)n V ne−(ε−µ)τ ′
(2.51)

where τm is chosen such that 0 ≤ τ < τm.
To make a connection to previous sections, let us first identify the configuration

space

C =
∞⋃︂
n=0

Cn =
∞⋃︂
n=0

{(τ1, . . . , τn, τ ′) : 0 ≤ τ1 ≤ · · · ≤ τn ≤ τ ′ < τm} (2.52)

and the weight function

W(C) =Wn(τ
′) = (−1)n V n e−(ε−µ)τ ′ . (2.53)

Note that the weights are only positive definite if V ≤ 0. If V > 0, even terms
in the series have a positive and odd terms a negative contribution leading to the
sign problem. Since any V ∈ R should be allowed, we follow the discussion from
Sec. 2.1.1 and rewrite Eq. 2.51 once more

Q(τ)

Z =
∞∑︂
n=0

τm∫︂
0

dτ ′
τ ′∫︂
0

dτn· · ·
τ2∫︂
0

dτ1 δ(τ − τ ′) sgn {Wn(τ
′)} |Wn(τ

′)|
Z , (2.54)

where |Wn(τ
′)| = |V |ne−(ε−µ)τ ′ and sgn {Wn(τ

′)} = sgn(−V )n. Both sides have
been divided by the normalization factor

Z =
∑︂
C

|Wn(C)| =
∞∑︂
n=0

τm∫︂
0

dτ ′
τ ′∫︂
0

dτn· · ·
τ2∫︂
0

dτ1 |Wn(τ
′)| , (2.55)

which allows us to identify the probability density

p(C) = pn(τ
′) =

|Wn(τ
′)|

Z (2.56)
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and the quantity to be measured

q(C) = qn(τ
′) = δ(τ − τ ′) sgn {Wn(τ

′)} . (2.57)

Measurements

The right-hand side of Eq. 2.54 has now the same form as Eq. 2.35 and can therefore
be calculated with a proper DiagMC implementation. The main idea is to generate
configurations Ci according to p(C) = pn(τ

′) and approximate the left hand side
with its sample mean, i.e.

Q(τ)

Z ≈ 1

M

M∑︂
i=1

q(Ci) =
1

M

M∑︂
i=1

qn(τ
′
i) . (2.58)

There are still two open problems with this approach: (i) the probability of gener-
ating a configuration Ci with τ = τ ′i , such that qn(τ ′i) is non-zero, is infinitely small
for a continuous variable τ ′ and (ii) the normalization Z is not known.

One possible solution to the first problem is to use the histogram approach.
Instead of focusing on an isolated point τ , let us consider an interval I = [τl, τr] ∈
[0, τm] of finite length |I| = τr − τl and the average Q̄(I) of Q(τ) over I:

Q̄(I) = 1

|I|

τr∫︂
τl

dτ ′Q(τ ′) =
1

|I|

τm∫︂
0

dτ ′Q(τ ′)χI(τ
′) , (2.59)

where

χI(τ
′) =

⎧⎨⎩1 if τ ′ ∈ I
0 otherwise

(2.60)

is the characteristic function for the interval I. Repeating the same steps which
led us to Eq. 2.54, we can derive the following estimator

q̄(C) = q̄n(τ
′) =

χI(τ
′)

|I| sgn {Wn(τ
′)} (2.61)

and use it to approximate Q̄(I) with its sample mean Q(I):

Q̄(I)
Z ≈ 1

M

M∑︂
i=1

q̄(Ci) =
1

M

M∑︂
i=1

q̄n(τ
′
i) =

Q(I)
Z . (2.62)

The mean value theorem for definite integrals tells us that there is some point
τ ∈ I such that Q(τ) = Q̄(I). Since τ is usually not known, it is common
practice to assign the value of Q(I) to the center, τc = (τr + τl)/2, of the interval,
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i.e. Q(τc) ≈ Q(I). For non-linear functions, Q(I) will generally not converge to
the exact Q(τc), which represents a systematic error typical for histograms. In
Chapter 3, we provide an exact estimator for Q(τ) without any associated bias.

There are several options on how to deal with the unknown normalization Z.
An obvious solution for our simple toy model would be to calculate it analytically
from Eq. 2.55:

Z =
∞∑︂
n=0

τm∫︂
0

dτ ′
τ ′∫︂
0

dτn· · ·
τ2∫︂
0

dτ1 |V |ne−(ε−µ)τ ′ =
1− e−(ε−µ−|V |)τm

ε− µ− |V | . (2.63)

A more universally valid approach is to use some known integral I0, which can
either be part of the original series or added artificially. For example, it is often
possible to integrate the 0th-order term analytically. In our case, this means

I0 =

τm∫︂
0

dτ ′ |W0(τ
′)| =

τm∫︂
0

dτ ′e−(ε−µ)τ ′ =
1− e−(ε−µ)τm

ε− µ . (2.64)

Furthermore, we can also calculate I0/Z with DiagMC:

I0
Z =

τm∫︂
0

dτ ′
|W0(τ

′)|
Z =

∞∑︂
n=0

τm∫︂
0

dτ ′
τ ′∫︂
0

dτn· · ·
τ2∫︂
0

dτ1 δn,0
|Wn(τ

′)|
Z

≈ 1

M

M∑︂
i=1

I(Ci) =
N0

M
= I0 ,

(2.65)

where

I(C) =

⎧⎨⎩1 if C ∈ C0

0 otherwise
(2.66)

and N0 is simply the number of times the 0th-order term is generated during the
DiagMC simulation. Since I0 is known analytically, the normalization factor can
be estimated with

Z ≈ I0

I0
=
I0M

N0

. (2.67)

Multiplying Eq. 2.62 with Eq. 2.67, gives us the final DiagMC approximation
to Q(τc):

Q(τc) ≈ Q(I) = I0
|I|N0

M∑︂
i=1

χI(τ
′
i) sgn(−V )n . (2.68)

In practice, the general strategy is to discretize the interval [0, τm] into N subinter-
vals or bins Ii of size |Ii| and approximate the value of Q(τ) at the center of each
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Figure 2.3: Recipe for drawing a 4th-order Feynman diagram for the simple toy
model.

bin with Eq. 2.68.

Updates

When discussing the implementation of updates, it is usually much easier to think in
terms of Feynman diagrams rather than points in a configuration space or algebraic
expressions. Let us therefore introduce a possible diagrammatic representation for
our toy model. For the time being, diagrams are just used as visual aids and have
no particular physical meaning.

The goal is to create a one-to-one mapping between any C ∈ C and its graphical
representation as a Feynman diagram. Suppose we are given a configuration C =

(τ1, . . . , τn, τ
′) ∈ Cn. We use the following steps to turn it into a Feynman diagram

of order n:

1. Draw n vertices (dots) on a horizontal line and label them from left to right
with τ1, τ2, and so on until τn.

2. Connect the vertices with directed straight lines.

3. Add two more directed straight lines, one going into vertex τ1 and one going
out of vertex τn and label the left end of the diagram with 0 and the right
end with τ ′.

Figure 2.3 shows the individual steps for a 4th-order diagram.
The numerical value of a diagram is the weight W(C) of the corresponding

configuration C. We can use the dictionary in Fig. 2.4 to translate between a given
diagram and its algebraic expression. For example, the value of the diagram in
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Figure 2.4: Feynman dictionary for the simple toy model.

Fig. 2.3 (3) is given by

W(τ1, τ2, τ3, τ4, τ
′) = e−(ε−µ)τ1 (−V ) e−(ε−µ)(τ2−τ1) (−V ) e−(ε−µ)(τ3−τ2) (−V )

× e−(ε−µ)(τ4−τ3) (−V )e−(ε−µ)(τ ′−τ4) = V 4e−(ε−µ)τ ′ =W4(τ
′) , (2.69)

which is just its weight from Eq. 2.53.
When designing a set of appropriate updates, we will follow the general advise

from Refs. [81, 84] and try to keep the updates local. That means an update should
only change a small part of the diagram, while leaving the rest unchanged. Local
updates have the advantage of being computationally less expensive, they are less
error-prone and their acceptance-rejection ratios are easier to control.

For our DiagMC simulation of the simple toy model, we use three updates:

• Add-vertex and Remove-vertex : Those are type-II updates which either in-
crease (add-vertex) or decrease (remove-vertex) the order n by 1. Figure 2.5
(a) shows an example of an add-vertex (from left to right) and of a remove-
vertex (from right to left) update.

Our implementation works as follows: Suppose the left diagram corresponds
to the configuration C = (τ1, . . . , τn, τ

′) ∈ Cn, while the right diagram cor-
responds to C ′ = (τ1, . . . , τ, . . . , τn+1, τ

′) ∈ Cn+1. The ratio of the moduli of
their weights is

|W(C ′)|
|W(C)| = |V | . (2.70)

To add a new vertex, we first choose a random line segment with probability
u(C ′|C) = 1/(n+1). Let τl and τr be its left and right end, respectively. Then
we propose a position τ of the new vertex uniformly on the line segment, i.e.
with probability T (τ |C) = 1/(τr−τl). On the other hand, to remove a vertex
we choose it randomly with probability u(C|C ′) = 1/(n+1) (remember that
C ′ has n + 1 vertices). Finally, we can plug everything into Eq. 2.45 to
calculate the acceptance probability for the add-vertex update

A(C ′|C) = min {1, |V |(τr − τl)} , (2.71)
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Figure 2.5: Updates for the simple toy model. In red are the parts of the dia-
grams which are subject to changes. (a) The add-vertex update is depicted from
left to right and the remove-vertex update from right to left. (b) Change-length up-
date.

as well as for the remove-vertex update

A(C|C ′) = min

{︃
1,

1

A(C ′|C)

}︃
= min

{︃
1,

1

|V |(τr − τl)

}︃
. (2.72)

Note that the above is just one of many possible implementations. For exam-
ple, one could add and remove vertices only on the last line segment or one
could choose to propose the position of the new vertex from the distribution
T (τ |C) = 1/τ ′. In the last case, u(C ′|C) would be unity!

• Change-length: A type-I update which changes the length τ ′ of a diagram.
Figure 2.5 (b) shows an example of a change-length update.

Our implementation works as follows: Suppose the left (current) diagram
corresponds to the configuration C = (τ1, . . . , τn, τ

′) ∈ Cn, while the right
(proposed) diagram corresponds to C ′ = (τ1, . . . , τn, τ) ∈ Cn. The ratio of
the moduli of their weights is

|W(C ′)|
|W(C)| =

e−(ε−µ)τ ′

e−(ε−µ)τ
. (2.73)

Only the last line segment is changed. Set τl = τn if n > 0 and τl = 0 if
n = 0. We could propose a new length τ uniformly between τl and τm, i.e.
from the distribution T (τ |C) = 1/(τm − τl). However, looking at Eq. 2.41,
a more effective approach is to use T (τ |C) ∝ e−(ε−µ)τ normalized on the
interval [τl, τm], i.e.

T (τ |C) = ε− µ
e−(ε−µ)τl − e−(ε−µ)τm

e−(ε−µ)τ . (2.74)

This way the acceptance probability will be unity: A(C ′|C) = 1. Refer-
ence [69] explains in detail how to draw random samples from an exponential
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distribution.

Before discussing the results, let us make some final remarks about our DiagMC
implementation.

The reader can convince himself that the above forms an ergodic set of updates.
It is not unique and one could think of other updates which might increase the
convergence of the simulation, e.g. shifting a vertex on the line segment between
its neighbors or scaling (stretching or squeezing) the diagram as a whole. For
the current problem, performance and convergence are not crucial and the three
updates are sufficient.

At every Markov step, we choose one of the three updates randomly with equal
probability. This is not required and one could assign different weights to each
update. In such a case, the detailed balance equations 2.40 and 2.44 should be
modified to account for the change in probabilities.

It is possible for updates to propose invalid diagrams outside of the configuration
space. We treat such cases as if the weight of the diagram is zero, i.e. we reject
the update but still take measurements. For example, a frequently encountered
situation is when the remove-vertex update is applied to a 0th-order diagram. In
principle, one could work around the issue by never choosing the remove-vertex
update if the current diagram order is 0. However, this would again complicate
the detailed balance equations and it is much easier to simply take the approach
suggested above.

Since computer storage is limited in size and we somehow have to store the
current diagram in memory, DiagMC simulations are in practice limited to some
maximum diagram order Nm. On modern hardware, Nm can easily be ≥ 105

without running out of memory. If the simulation actually reaches such diagram
orders, it would most likely have problems to converge in a reasonable amount of
time anyway and DiagMC might not be the right tool to use. For all calculations
done in the current thesis, Nm can always be chosen much larger than the highest
diagram order generated during a simulation.

Results

All results presented in the current section were obtained with a standard laptop.
Due to the locality of the updates and the simplicity of the performed measure-
ments, the implementation, without special attention given to performance, can do
≈ 15× 106 updates/sec. Note that this number might drop significantly for more
complicated problems.

Figure 2.6 compares results for Q(τ) obtained with DiagMC (colored shapes)
to the analytically known expression Q(τ) = exp{−(ε − µ + V )τ} or log[Q(τ)] =
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Figure 2.6: (a)-(d) DiagMC (colored shapes) in comparison with analytic results
(black straight lines). ε = 0, V = −0.1 and τm = 10 for all simulations. Blue
circles (continuous lines) correspond to µ = −0.11, orange squares (dashed lines) to
µ = −0.15 and red triangles (dotted lines) to µ = −0.2. (b)-(d) Close ups including
error bars.

−(ε−µ+V )τ (black straight lines). For all three simulations, ε = 0, V = −0.1 and
τm = 10. Blue circles (continuous lines) correspond to µ = −0.11, orange squares
(dashed lines) to µ = −0.15 and red triangles (dotted lines) to µ = −0.2. The
interval [0, τm] was divided into 50 bins of equal length to evaluate the histogram.
The run time of each simulation was≈ 1.3 seconds or equivalently 20×106 MC steps
and measurements were performed after every 5 updates to reduce the correlation
between samples, which means a total of 4× 106 measurements.

It is clear from the left plot in Fig. 2.6 that DiagMC reproduces the overall
analytic results very well for this simple problem. The right column features close
up plots of the three simulations for the interval [3, 6] including their error bars,
which correspond to three times the standard deviation of the sample mean, i.e.
3 σQ. For all points displayed, the analytic value lies within the error bars of the
DiagMC result. Note that the size of the error bars are actually comparable for all
three simulations, it is just the scaling of the y-axis which makes it appear to be
shrinking with decreasing µ.

Since the simulations in Fig. 2.6 were performed for negative V , the weights
of the diagrams were all positive such that their average sign ⟨sgn(W)⟩ was equal
1.0. To demonstrate the effect of the sign problem on DiagMC results, Figs. 2.7–
2.9 show the convergence of three DiagMC simulations with different ⟨sgn(W)⟩.
All calculations were done for ε = 0 and τm = 10 and histograms were collected
on the interval [0, τm] subdivided into 100 bins. M corresponds to the number of
measurements.
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Figure 2.7: Convergence of a DiagMC simulation with an average sign of 1.0.
Red lines show the DiagMC results, black dashed lines the analytic expression.
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Figure 2.8: Convergence of a DiagMC simulation with an average sign of ≈
3.4 × 10−2. Orange lines show the DiagMC results, black dashed lines the analytic
expression.
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Figure 2.9: Convergence of a DiagMC simulation with an average sign of ≈
2.7 × 10−3. Blue lines show the DiagMC results, black dashed lines the analytic
expression.

Figure 2.7 shows results for V = −0.25, µ = −0.255 and ⟨sgn(W)⟩ = 1.0,
Fig. 2.8 for V = 0.25, µ = 0.245 and ⟨sgn(W)⟩ ≈ 0.03444 and Fig. 2.9 for V = 0.4,
µ = 0.395 and ⟨sgn(W)⟩ ≈ 0.00274. The analytic expression for the average sign
is

⟨sgn(W)⟩ =
∞∑︂
n=0

τm∫︂
0

dτ ′
τ ′∫︂
0

dτn· · ·
τ2∫︂
0

dτ1 sgn {Wn(τ
′)} |Wn(τ

′)|
Z

=
(ε− µ− |V |)

(︁
1− e−(ε−µ+V )τm

)︁
(ε− µ+ V ) (1− e−(ε−µ−|V |)τm)

.

(2.75)

The overall effect of the sign problem is quite obvious form the three figures.
The closer the average sign is to zero, the longer it will take the simulation to
converge. However, the calculations in Figs. 2.8 and 2.9 also indicate that for
sign problems which are not too severe, it is still possible for DiagMC to produce
reliable results in a reasonable amount of time. For example in the case of our
simple model, one can expect to reach convergence for average signs ≥ 10−3.

It is important to note that the sign problem is an artifact of the series expan-
sion and of the DiagMC algorithm to interpret the weights as probabilities. The
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analytic expression of Q(τ) from Eq. 2.50 is well defined for any V . Therefore, in
some situations one might be able to avoid the sign problem by using a different
expansion.

2.3 Numerical analytic continuation

DiagMC and other quantum Monte Carlo methods belong to the most successful
and versatile tools for studying quantum many-body systems. Due to practical
reasons, they are usually formulated in the imaginary time or Matsubara frequency
representation and produce correlation functionsG(ξ) defined on the imaginary axis
ξ = τ or ξ = iωn, respectively. Here, we adopt the standard notation, where τ = it

denotes imaginary time and

iωn =

⎧⎨⎩ i2nπ
ℏβ for bosons
i(2n+1)π

ℏβ for fermions
(2.76)

are Matsubara (imaginary) frequencies (see e.g. Ref. [85]). Associated with corre-
lation functions are real frequency spectral densities A(ω), which are connected to
experimentally measurable quantities through linear response theory [17, 85, 86].
It is therefore crucial to be able to perform analytic continuation of QMC data
from the imaginary back to the real axis.

The relationship between G(ξ) and A(ω) is given by a Fredholm integral equa-
tion of the first kind:

G(ξ) =

∞∫︂
−∞

dωK(ξ, ω)A(ω) , (2.77)

where the explicit form of the kernelK(ξ, ω) is determined by the type of correlation
function G and its representation ξ [87, 88]. Depending on the analytic properties
of K(ξ, ω), Equation 2.77 is generally ill-posed, i.e. its solution A(ω) might not
exist, it might not be unique or it might be unstable with respect to the input
G(ξ) [89]. To make things worse, the left hand side in Eq. 2.77 is usually only
known for a finite set of points {ξn : n = 1, . . . , N} and with finite precision. The
problem of inverting Eq. 2.77 and thereby restoring A(ω) from some numerical
input data

{︁
G(ξn)

}︁
with associated error bars {σG(ξn)

} is called numerical analytic
continuation.

In the current thesis, we will show how DiagMC can be used to calculate (i) the
imaginary time single-particle Green’s function, G(τ), and (ii) the imaginary time
current-current correlation function, Π(τ), for various polaron problems. At zero
temperature, the former is related to the single-particle Lehmann spectral function,
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A(ω), via

G(τ) =

∞∫︂
0

dω e−τω A(ω) , (2.78)

while the latter is connected to the optical conductivity, σ(ω), through

Π(τ) =

∞∫︂
0

dω
ω

π
e−τω σ(ω) . (2.79)

Comparing Eqs. 2.78 and 2.79 with Eq. 2.77, we can identify the kernels

K(τ, ω) = Θ(ω) e−τω and K(τ, ω) =
ω

π
Θ(ω) e−τω , (2.80)

respectively. Θ(ω) is the step function defined as

Θ(ω) =

⎧⎨⎩1 for ω ≥ 0

0 for ω < 0
. (2.81)

Both functions, A(ω) and σ(ω), are experimentally observable quantities. Lehmann
spectral functions can be measured with angle-resolved photoemission spectroscopy
(ARPES) [90] and optical conductivities with optical measurements [91].

The rest of this section gives a short summary of the main difficulties inherent
to NAC problems and available strategies how to deal with them (Sec. 2.3.1),
before focusing on the stochastic optimization with consistent constraints method
(Sec. 2.3.2).

2.3.1 General remarks about NAC

Numerical analytic continuation is concerned with extracting real frequency, dy-
namical information from correlation functions defined on the imaginary time or
frequency axis [86]. For this purpose, it tries to reconstruct a function A(ω) from
a finite set of integrals [92]:

G(ξn) ≈ G[A](ξn) =

∞∫︂
−∞

dωK(ξn, ω)A(ω) , n = 1, . . . , N . (2.82)

Here, K(ξn, ω) is a given integral kernel and the provided input, G(ξn), is only
known for some selected ξn and with uncertainty σG(ξn)

. G[A] denotes a functional
of A defined by the integral on the right-hand side.
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The goal is to find a function A(ω), which satisfies the system of equations in
Eq. 2.82 without violating the error bars σG(ξn)

. More precisely, A(ω) should be
chosen such that

G[A](ξn) ∈ [G(ξn)− σG(ξn)
, G(ξn) + σG(ξn)

] ∀ n = 1, . . . , N . (2.83)

The main difficulty in NAC problems comes from the non-uniqueness of A(ω).
In fact, there usually will be an infinite number of solutions satisfying Eq. 2.83 and
one can only hope to find the best A(ω) with respect to some additional criteria [93].

The simplest approach looks for a least squares solution, ALS(ω), by minimizing
the deviation measure DLS[A], i.e.

ALS(ω) = min
A
DLS[A] = min

A

N∑︂
n=1

{︁
G[A](ξn)−G(ξn)

}︁2
= min

A

⃦⃦
G[A]−G

⃦⃦2
.

(2.84)
Here, we have introduced two N -dimensional vectors, G =

(︁
G(ξ1), . . . , G(ξN)

)︁
and G[A] = (G[A](ξ1), . . . , G[A](ξN)), and defined the deviation measure as their
squared Euclidean distance. Due to the statistical errors in G, the least squares
solution will suffer from so-called sawtooth instabilities. Those are fast oscillations
appearing in ALS(ω), constantly over- and undershooting the actual spectrum,
but without compromising Eq. 2.83. For visual examples, we refer the reader to
Ref. [93].

Techniques that try to suppress such spurious noise in the least squares solu-
tion are generally termed regularization methods. They use a modified deviation
measure, which penalizes large fluctuations, to produce a smoother A(ω). It is also
possible to incorporate other prior knowledge into the regularization procedure.
This allows one to obtain solutions with a certain expected behavior. However, too
much additional information and constraints can bias the result in an unwanted
way. In the worst case, this could lead to unphysical features in the spectrum,
which could be falsely attributed to real physical processes.

Depending on the regularization scheme and on what prior knowledge is used to
restrict the possible solutions, one can distinguish between various NAC techniques,
including the (probably most) popular maximum entropy method [69, 86, 94],
averaging Padé approximants [95], stochastic continuation methods [96, 97] or the
historically important Tikhonov-Phillips regularization [98–100].

The present work makes use of the stochastic optimization with consistent con-
straints method, which was first introduced by Goulko et al. in 2016 to study
spectral functions of the Fermi polaron [101]. A more detailed description of the
algorithm can be found in Ref. [92], while Refs. [87, 88] provide an open source
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implementation based on the TRIQS library.

2.3.2 Stochastic optimization with consistent constraints

SOCC is a rather sophisticated NAC scheme, which combines the stochastic opti-
mization method (SOM) [50] with the method of consistent constraints (MCC) [102].
In the following, we will only give a short overview of the algorithm and highlight
some of its particular features. For implementation details, we refer the interested
reader to Refs. [87, 92, 93].

The main idea of SOCC is to generate a large set of independent, basic solutions
{Al : l = 1, . . . , L}. They are found by minimizing the deviation measure

D[A] =
1

N

N∑︂
n=1

{︄
G[A](ξn)−G(ξn)

σG(ξn)

}︄2

, (2.85)

with the additional constraints that A(ω) ≥ 0 and∫︂ ∞

−∞
dω A(ω) = N . (2.86)

Here, N is a known normalization and it is assumed that there are no correlations
between the components of the input vector G (otherwise one can work in the
eigenbasis of the covariance matrix as described in Ref. [92]). Dividing the deviation
G[A](ξn)−G(ξn) by σG(ξn)

prioritizes points ξn with smaller error bars. Note that
the basic solutions are not biased to be smooth but are expected to fully display
sawtooth fluctuations.

In contrast to many other NAC methods, SOCC does not use a predetermined
ω-grid. Instead, it parametrizes the spectra as a superposition of positive-definite
rectangles {Pk} = {ck, wk, hk} restricted to some domain [ωmin, ωmax]:

A(ω) =
K∑︂
k=1

η{Pk}(ω) . (2.87)

Here, wk > 0 is the width, hk > 0 the height and ck the center of the kth-rectangle
and

η{Pk}(ω) =

⎧⎨⎩hk if ω ∈ [ck − wk/2, ck + wk/2]

0 otherwise
. (2.88)

The number of rectangles K as well as their heights, widths and positions of their
centers are allowed to vary. A spectrum is therefore fully characterized by a set of
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rectangles,
C = {{Pk} : k = 1, . . . , K} , (2.89)

which we call its configuration. If one works with non-overlapping rectangles, a
configuration always obeys

K∑︂
k=1

hk wk = N , (2.90)

in accordance with Eq. 2.86 and the integrals in Eq. 2.82 can be evaluated as

G[A](ξn) =
K∑︂
k=1

hk

ck+wk/2∫︂
ck−wk/2

dωK(ξn, ω) . (2.91)

The minimization of Eq. 2.85 to obtain a single basic solution Al(ω) proceeds in
the following way. First, a random initial configuration C(0) with 0 < K(0) < Km̊ax

rectangles is generated. Then, a total ofNG global updates are performed to produce
a sequence of configurations C(i) with corresponding spectra A(i):

C(0) → · · · → C(i) → · · · → C(NG) . (2.92)

Each global update consists of NE elementary updates, which propose a new config-
uration by making local changes to the current spectrum, for example by adding or
removing a rectangle, shifting the center of a rectangle or by changing the height or
width of a rectangle. Since D[A] is in general a complicated functional with many
local minima, it would be ineffective to only accept proposed configurations with
a lower deviation measure. SOCC therefore splits the NE elementary updates into
two stages:

1. The first stage, consisting of NE1 < NE updates, accepts configurations with
larger deviation measures with a higher probability. This allows the algorithm
to escape local minima and explore the configuration space more effectively.
During this stage, SOCC also makes use of a consistent constraint (CC)
update, which is performed periodically after a certain number of elementary
updates. It changes a configuration more radically and can speed up the
search for a basic solution considerably. The details of the CC update are of
technical nature and can be found in Refs. [92, 102].

2. The second stage, consisting of NE2 = NE−NE1 updates, strongly suppresses
configurations with larger D[A] in order to reach a local minimum.

The result of a global update is the configuration C ′ with the lowest deviation
measure that was generated in the course of the two stages. It is only accepted as
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the next configuration C(i+1) in Eq. 2.92, if its deviation measure is smaller than
that of the current spectrum C(i), otherwise it is rejected, i.e.

C(i) →

⎧⎨⎩C(i+1) = C ′ if D[A′] < D[A(i)]

C(i+1) = C(i) otherwise
. (2.93)

After NG global updates, if the last configuration, C(NG), fulfills D[A(NG)] < Dmax,
where Dmax is some maximal tolerance, it is stored as a basic solution for further
processing.

Once a set of L basic solutions is found, they can be combined to form the final
spectrum

Af (ω) =
L∑︂
l=1

clAl(ω) . (2.94)

Here, cl are coefficients which should be normalized to unity,
∑︁

l cl = 1.
In the original SOM formulation [50], the coefficients are simply chosen to be

cl = 1/L such that Eq. 2.94 represents the mean of all basic solutions. Although
each Al(ω) on its own possesses sawtooth instabilities, those fluctuations can be
expected to average out in the final solution due to the stochastic nature of how
they are generated. Including more basic solutions in the averaging procedure, i.e.
increasing L, should therefore result in a smoother Af (ω).

SOCC employs a more flexible strategy, where the optimal cl are determined
via a self-consistent optimization procedure based on the method of consistent
constraints. Besides calculating the coefficients that produce the smoothest possible
solution, one can also incorporate other constraints or prior knowledge about the
problem to enforce some expected behavior. The main idea is to minimize some
objective function, O(c) =

∑︁
i oi(c), where oi(c) is a quadratic positive-definite

form of the coefficient vector c = (c1, . . . , cL). The terms oi(c) can be chosen,
for example, to penalize non-smooth behavior in the final solution or deviation
from some default model. For readers, who are interested in the technicalities and
various default parameters, we suggest Ref. [92] and the online documentation of
Ref. [87].

Note that the computationally most expensive part of SOCC is the accumu-
lation of basic solutions. However, it is trivial to generate them in parallel on
multiple cores, since they are independent of each other.
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Chapter 3

Diagrammatic Monte Carlo for
Polarons

One of the early successes of DiagMC was its application to the Fröhlich polaron
problem. In 1998, Prokof’ev and Svistunov demonstrated how DiagMC can be used
to calculate imaginary time single-electron Green’s functions, G(k, τ), for the three-
dimensional (3D) Fröhlich polaron at zero temperature [49]. Using the asymptotic
behavior of G(k, τ), they were able to extract the GS energy and quasiparticle
weight as a function of the polaron wave vector k as well as the electron-phonon
coupling strength α.

In a follow-up paper [50], Mishchenko et al. improved the DiagMC approach to
the 3D Fröhlich polaron problem by introducing direct MC estimators for various
GS properties: energy, quasiparticle weight, effective mass and group velocity. To
get more information on the phonon cloud surrounding the electron, such as the
average number of phonons or their distribution, they extended the DiagMC sim-
ulation to single-electron-N -phonon Green’s functions, GNph

(k,q1, . . . ,qNph
, τ) =

GNph
(k,q, τ). Additionally, an estimator for G(k, τ) was derived, which does not

suffer from any systematic errors usually inherent to histograms. The numerically
more exact data for G(k, τ) enabled the authors to perform NAC and thus study
excited states via the real frequency spectral function, A(k, ω).

Subsequently, Mishchenko et al. further developed their approach to obtain the
imaginary time current-current correlation function, Π(τ), and the corresponding
optical conductivity, σ(ω), for the Fröhlich Hamiltonian [51].

Since then, the same combination of DiagMC and NAC has been applied to
numerous other electron-phonon systems. For example, it was used to study GS
properties and OC of the Holstein polaron [54, 55], self-trapping behavior in the
Rashba-Pekar model [57], GS properties of the SSH [42, 64] and acoustic continuum
polaron [63], GS properties, spectral functions and OC of the t-J model [58–60]
and spectral functions of the tt′t′′-J model [61, 62].
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All these calculations have in common that they work with some specialized
form of the general polaron Hamiltonian from Eq. 1.29. For the sake of convenience,
let us reproduce it here once more:

Ĥpol = Ĥel + Ĥph + Ĥel−ph , (3.1)

Ĥel =
∑︂
nk

εnkĉ
†
nkĉnk , (3.2)

Ĥph =
∑︂
qν

ℏωqν â
†
qν âqν , (3.3)

Ĥel−ph =
1√
N

∑︂
kq
mnν

gmnν(k,q) ĉ
†
mk+qĉnk

(︂
âqν + â†−qν

)︂
. (3.4)

From a numerical point of view, the various models only differ in their crystal
structure, dimensionality, number of electron bands and phonon branches and in
their analytic expressions for the electron band structure εnk, phonon frequencies
ωqν and electron-phonon matrix elements gmnν(k,q). In particular, this means that
their diagrammatic expansions of many-body Green’s functions and other corre-
lation functions contain exactly the same Feynman diagrams. It should therefore
be possible to develop and implement a generic DiagMC algorithm, which can be
used for any effective polaron model given in the form of Eqs. 3.1–3.4.

This chapter builds on the basic introduction given in Sec. 2.2 and discusses
the most important aspects of a DiagMC algorithm for polaron problems. Detailed
derivations of MC estimators, instructions on update procedures and various other
implementation specifics can readily be found in some of the studies cited above, e.g.
Refs. [49, 50, 103], as well as publicly available dissertations [70, 104] and lecture
notes [81, 84, 105]. We will therefore refrain from repeating all the technical details
here and instead focus on the bigger picture, how the algorithm for polarons relates
to the algorithm for the simple toy model described in Sec. 2.2.3 and some of the
intricacies that DiagMC users should be aware of.

Section 3.1 starts with a summary of several polaron properties that we are
interested in and that can be calculated with DiagMC. In Section 3.2, we review
some essential theory of many-body Green’s functions and other correlation func-
tions and how they relate to measurable quantities. Section 3.3 introduces polaron
specific diagrammatic expansions and corresponding Feynman diagrams for the
single-electron Green’s function G(mk, τ), the single-electron-N-phonon Green’s
function GNph

(mk, nqν , τ) and the current-current correlation function Π(τ). Fi-
nally, DiagMC specific implementation details, especially possible updates and
measurements, are provided in Sec. 3.4.

As already mentioned in Sec. 1.1, we will only consider the single polaron limit
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at zero temperature. However, DiagMC can also be used for finite temperature [52,
56] and finite electron density calculations [106, 107]. While the differences between
the zero and finite temperature DiagMC algorithm for a single polaron are small
(we will discuss some of them in the following sections), finite density simulations
need to be done with the bold diagrammatic MC technique due to the fermionic
sign problem [108]. The details for the bold line extensions are beyond the scope
of this thesis. Instead, we refer the interested reader to Refs. [70, 81, 105] for an
overview.

3.1 Polaron properties

Our goal in studying polaron Hamiltonians is to learn how the properties of an
electron change with varying electron-phonon coupling strengths and different in-
teraction mechanisms. Before introducing various quantities of interest, let us state
some general facts about Ĥpol.

The polaron Hamiltonian, Ĥpol = Ĥ0+ Ĥ1, can be split into an exactly solvable
part consisting of the free electron and phonon subsystems

Ĥ0 = Ĥel + Ĥph =
∑︂
nk

εnkĉ
†
nkĉnk +

∑︂
qν

ℏωqν â
†
qν âqν , (3.5)

and the remaining part describing their interactions

Ĥ1 = Ĥel−ph =
1√
N

∑︂
kq
mnν

gmnν(k,q) ĉ
†
mk+qĉnk

(︂
âqν + â†−qν

)︂
. (3.6)

The eigenstates and eigenvalues of Ĥ0 are known. Considering only the subspace
spanned by single-electron Bloch states |mkel⟩, we write them as

Ĥ0 |mkel, nq1ν1 , . . . , nqNνr⟩ =
(︂
εmkel

+
∑︂
qν

ℏωqνnqν

)︂
|mkel, nq1ν1 , . . . , nqNνr⟩

=
(︂
εmkel

+
∑︂
qν

ℏωqνnqν

)︂ ⃓⃓⃓
mkel, nqν

⟩︂
, (3.7)

where N is the number of unit cells in the BvK supercell, r is the number of
phonon branches, nqν denotes the number of phonons in the state |qν⟩ and nqν =

(nq1ν1 , . . . , nqNνr) is a vector notation for a specific phonon occupation. The ex-
pected number of phonons in a given state is then

Nph(nqν) =
⟨︂
mkel, nqν

⃓⃓⃓∑︂
qν

â†qν âqν

⃓⃓⃓
mkel, nqν

⟩︂
=
∑︂
qν

nqν . (3.8)
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The total wave vector of the combined electron-phonon system, the polaron
wave vector, is represented by the operator

k̂ =
∑︂
nk′

k′ĉ†nk′ ĉnk′ +
∑︂
qν

qâ†qν âqν . (3.9)

Since the eigenstates of Ĥ0 are simultaneous eigenstates of k̂, i.e.

k̂
⃓⃓⃓
mkel, nqν

⟩︂
=

(︄
kel +

∑︂
qν

qnqν

)︄ ⃓⃓⃓
mkel, nqν

⟩︂
= k

⃓⃓⃓
mkel, nqν

⟩︂
, (3.10)

Ĥ0 commutes with k̂ and therefore conserves the total wave vector k [109]. If we
ignored the so-called Umklapp processes in Ĥ1, i.e. terms for which Gm ̸= 0 (see
Eq. 1.27), then [k̂, Ĥ1] = 0 and k would also be a constant of motion for Ĥpol. This
is not true anymore for the general case, since states with total wave vector k can
mix with states with total wave vector k +Gm for some reciprocal lattice vector.
Nevertheless, it is still possible to use k as a good quantum number for the polaron
Hamiltonian by restricting it to the first BZ.

The usual starting point when studying any quantum system is the time-
independent Schrödinger equation

Ĥpol |η,k⟩ = Eη(k) |η,k⟩ , (3.11)

which provides the polaron energies Eη(k) and polaron states |η,k⟩. Here, η in-
dexes different eigenstates with the same polaron wave vector k. The GS and
corresponding energy will be denoted by |0,k⟩ and E0(k), respectively.

A property closely related to the polaron energy dispersion, Eη(k), is its effective
mass. The k-dependent effective polaron mass tensor, m∗

ij(k), is defined in the usual
way

1

m∗
ij(k)

=
1

ℏ2
∂E0(k)

∂ki∂kj
=

1

ℏ2
[HE0(k)]ij , (3.12)

where i and j are Cartesian directions and HE0(k) is the Hessian matrix of E0

evaluated at k. In this thesis, we are only interested in the effective mass at the
bottom of the polaron band, which for all our models is located at the Γ-point,
i.e. at k = 0. Moreover, the diagonal entries of m∗

ij(k = 0) turn out to be equal
due to symmetry considerations, e.g. spherical symmetry in the Fröhlich model or
cubic symmetry in the acoustic lattice model. We therefore simply use the notation
m∗ = m∗

ii(k = 0) for the effective mass of the polaron.
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In general, any polaron eigenstate |η,k⟩ can be written as a linear combination
of non-interacting electron and phonon states:

|η,k⟩ =
∑︂
m

∑︂
nq1ν1

· · ·
∑︂
nqNνr

Θ(η,k)
m,nq1ν1 ...nqNνr

|mkel, nq1ν1 , . . . , nqNνr⟩

=
∑︂
m

∑︂
nq1ν1

· · ·
∑︂
nqNνr

Θ(η,k)
m,nq1ν1 ...nqNνr

ĉ†mkel

(︁
â†q1ν1

)︁nq1ν1√︁
nq1ν1 !

. . .

(︁
â†qNνr

)︁nqNνr√︁
nqNνr !

|∅⟩

=
∑︂
m

∑︂
nqν

Θ(η,k)
m,nqν

⃓⃓⃓
mkel, nqν

⟩︂
,

(3.13)

where Θ
(η,k)
m,nqν are expansion coefficients, |∅⟩ is the electron-phonon vacuum state

and summations run over all electron bands m and over all possible phonon occu-
pations. The electron wave vector is fixed by the condition

kel = k−
∑︂
qν

qnqν +Gm ∧ kel,k,q ∈ 1.BZ , (3.14)

for some Gm.
Assuming that |η,k⟩ is normalized, the absolute squared value of an expansion

coefficient can be interpreted as the probability that the polaron state contains the
electron in band m, nq1ν1 phonons with wave vector q1 in branch ν1, nq1ν2 phonons
with wave vector q1 in branch ν2, and so on:

Z(η,k)
m,nqν

=
⃓⃓⃓
Θ(η,k)

m,nqν

⃓⃓⃓2
=
⃓⃓⃓⟨︂
η,k
⃓⃓⃓
mkel, nqν

⟩︂⃓⃓⃓2
. (3.15)

A special name is given to the squared overlap of the polaron state with the free
electron state, the so-called quasiparticle weight:

Z(η,k)
m = Z

(η,k)
m,nqν=0 = |⟨η,k|mk⟩|2 =

⃓⃓⃓⟨︂
η,k

⃓⃓⃓
ĉ†mk

⃓⃓⃓
∅
⟩︂⃓⃓⃓2

. (3.16)

In the following, we derive more general probabilities based on Z(η,k)
m,nqν . It shall

be noted that one can come up with several other ways to combine the individual
Z

(η,k)
m,nqν and so obtain different information on the phonon cloud of the polaron.

We start by summing Z(η,k)
m,nqν over all bands m. This gives us the probability

of finding the specific phonon occupation nqν in the state |η,k⟩ irrespective of the
electron band:

Z(η,k)
nqν

=
∑︂
m

Z(η,k)
m,nqν

. (3.17)

Furthermore, we introduce the phonon distribution function, Z(η,k)
Nph

. It is defined
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as the probability that a polaron state contains exactly Nph phonons. To get Z(η,k)
Nph

,
Z

(η,k)
nqν has to be summed over all possible phonon occupations with the restriction

that the total number of phonons is equal to Nph, i.e.

Z
(η,k)
Nph

=

∑︁
qν nqν=Nph∑︂

nq1ν1

· · ·
∑︂
nqNνr

Z(η,k)
nqν

=

Nph∑︂
nqν

Z(η,k)
nqν

. (3.18)

The phonon number distribution has the simple normalization condition

∞∑︂
Nph=0

Z
(η,k)
Nph

= 1 . (3.19)

Closely related to the phonon number distribution is the average number of
phonons in the polaron state. Using the probability interpretation of Z(η,k)

Nph
and

Eq. 3.19, it is simply given as

⟨Nph⟩(η,k) =
∞∑︂

Nph=0

NphZ
(η,k)
Nph

. (3.20)

In Chapter 5 on the acoustic lattice polaron, we calculate two more probabilities
related to the phonon cloud. For this purpose, let us first introduce so-called LME
and HME phonons. An LME phonon has a wave vector close to the Γ-point and a
lower energy, whereas an HME phonon lies in the vicinity of the BZ boundary with
a higher energy (see inset of Fig. 5.3). More specifically, we divide the first BZ into
two volumes: (i) a sphere centered around the Γ-point with volume VLME = VBZf

and corresponding radius

qf =
3

√︃
3VBZf

4π
, (3.21)

and (ii) the rest of the BZ with volume VHME = VBZ(1 − f), where f ∈ [0, 1]. A
phonon with wave vector q is now classified as LME if |q| < qf , or equivalently if
q ∈ LME, and as HME otherwise. Similar to the phonon number distribution in
Eq. 3.18, it is possible to define the quantity Z(η,k)

NLME

(︂
Z

(η,k)
NHME

)︂
as the probability of

finding NLME LME (NHME HME) phonons in the polaron state |η,k⟩:

Z
(η,k)
Nα

=

∑︁α
qν nqν=Nα∑︂

nq1ν1

· · ·
∑︂
nqNνr

Z(η,k)
nqν

=
Nα∑︂
nqν

Z(η,k)
nqν

, (3.22)

Here, the summation over all possible phonon occupations is restricted to states
with exactly Nα α phonons, where α can be replaced with either LME or HME.
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Note that the normalization from Eq. 3.19 is still satisfied:

∞∑︂
NLME=0

Z
(η,k)
NLME

= 1 ,
∞∑︂

NHME=0

Z
(η,k)
NHME

= 1 . (3.23)

The rest of this thesis is mostly concerned with phonon cloud properties of
the polaron GS at the Γ-point. We therefore use the simplified notation ⟨Nph⟩ =
⟨Nph⟩(0,k=0) and Zβ = Z

(0,k=0)
β , where β depends on the type of Z-factor.

Information on excited states is contained in the spectral function A(mk, ω) and
optical conductivity σij(k, ω) at zero temperature. A(mk, ω) is closely related to
the imaginary time single-electron Green’s function, G(mk, τ), whereas σij(k, ω) is
calculated from the imaginary time current-current correlation function, Πij(k, τ).
They are discussed in more detail in Sec. 3.2.1 and Sec. 3.2.3, respectively. The
connection of A(mk, ω) and σij(k, ω) to the excited spectrum is easily seen from
their Lehmann representations:

A(mk, ω) =
∑︂
η

⃓⃓⃓⟨︂
η,k

⃓⃓⃓
ĉ†mk

⃓⃓⃓
∅
⟩︂⃓⃓⃓2

δ(ω − Eη(k)/ℏ) , (3.24)

σij(k, ω) =
π

ω

∑︂
η

⟨︂
0,k
⃓⃓⃓
ĵi

⃓⃓⃓
η,k
⟩︂⟨︂
η,k
⃓⃓⃓
ĵj

⃓⃓⃓
0,k
⟩︂
δ (ω + [E0(k)− Eη(k)] /ℏ) . (3.25)

Here, ĵi is the charge current operator for the Cartesian direction i. Its expression
for the polaron Hamiltonian consists of two terms, one originating from Ĥel and the
other from Ĥel−pol, and its general form is rather complicated. We will only consider
the electronic contribution and further assume that it is diagonal in the band
indices. This is justified for the model systems in the current thesis. The current
operator may then be written in terms of the band velocity of the electron [110]

ĵi = −
e

ℏ
∑︂
nk

∂εnk
∂ki

ĉ†nkĉnk , (3.26)

where e is the elementary charge. A more detailed discussion on current operators
for electron-phonon systems can be found in Ref. [103].

Similar to the other polaron properties, we will use a simplified notation for
specific results: A(ω) = A(k = 0, ω) for spectral functions of single-band models
at the Γ-point and Π(τ) = Πii(k = 0, τ) and σ(ω) = σii(k = 0, ω) for the diagonal
entries of current-current correlation functions and optical conductivities at the
Γ-point, respectively.

The next section shows how various polaron properties can be calculated with
the help of many-body Green’s functions.
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3.2 Many-body Green’s functions and correlation
functions

In quantum mechanics, physically measurable quantities often appear as some kind
of averages, either as expectation values of operators, A(t) = ⟨Â(t)⟩, or as corre-
lation functions between them, CAB(t, t

′) = ⟨Â(t)B̂(t′)⟩. The calculation of these
averages requires the full knowledge of the eigenfunctions, |Ψn⟩, and eigenvalues,
En, of a given system, which have to be obtained as solutions to the corresponding
Schrödinger equation, Ĥ|Ψn⟩ = En|Ψn⟩. For interacting many-body systems, this
quickly becomes an impossible task and it is necessary to resort to approximate
schemes.

The method of Green’s functions offers a direct way to calculate averages such
as A(t) and CAB(t, t

′) without knowing |Ψn⟩ and En in advance. For this purpose,
it uses an infinite series expansion in terms of Feynman diagrams. Compared to
ordinary perturbation theory, this allows for a more systematic approach to the
problem since drawing all Feynman diagrams of a given order is much easier than
writing down the complicated terms of a perturbation series. It also becomes
possible to carry out perturbation theory up to infinite order by restricting the
sum to a specific class of diagrams. Such partial summation techniques are crucial
for systems that have divergent terms in the low-order perturbation expansion,
e.g. the jellium model [17, 111]. Additionally, Feynman diagrams usually have a
straightforward physical interpretation in which particles propagate and interact
with each other.

Many-body Green’s functions and correlation functions can appear in different
forms: retarded, advanced, causal (time-ordered), greater, lesser, and so on [17].
They are usually closely interrelated but depending on the problem, one might
be more useful than the others. In the following, we will not bother about the
terminology and simply give the mathematical definition that will be used for our
DiagMC algorithm.

Let us start by defining a general real time correlation function at some tem-
perature T = 1/(kBβ) as

CAB(t, t
′) =

⟨︂
Â(t)B̂(t′)

⟩︂
= Z−1Tr

[︂
e−ĤβÂ(t)B̂(t′)

]︂
. (3.27)

Here, Ĥ is the Hamiltonian of the system, ⟨. . . ⟩ represents an ensemble average,
Z = Tr

[︂
e−Ĥβ

]︂
is the partition function and Â(t) and B̂(t′) are arbitrary operators
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in the Heisenberg picture, i.e.

Â(t) = eiĤt/ℏÂe−iĤt/ℏ , B̂(t′) = eiĤt′/ℏB̂e−iĤt′/ℏ . (3.28)

At zero temperature, the ensemble average in Eq. 3.27 simplifies to an expectation
value with respect to the ground state |Ψ0⟩:

CAB(t, t
′) =

⟨︂
Ψ0

⃓⃓⃓
Â(t)B̂(t′)

⃓⃓⃓
Ψ0

⟩︂
. (3.29)

Note that the finite temperature correlation function contains two different
kinds of exponential operators, one with a purely real (−Ĥβ) and others with
purely imaginary (±iĤt/ℏ) exponents. This would lead to various complications
when we later want to perform the perturbation expansion. Mathematically, it
is more convenient to work with imaginary times. Introducing the real quantity
τ = it, we can define the imaginary time (Matsubara) analog of Eq. 3.27 as

CAB(τ, τ
′) =

⟨︂
Â(τ)B̂(τ ′)

⟩︂
= Z−1Tr

[︂
e−ĤβÂ(τ)B̂(τ ′)

]︂
, (3.30)

with the modified Heisenberg operators

Â(τ) = eĤτ/ℏÂe−Ĥτ/ℏ , B̂(τ ′) = eĤτ ′/ℏB̂e−Ĥτ ′/ℏ . (3.31)

Although the imaginary time formalism is usually associated only with finite tem-
perature calculations, it is also better suited for the DiagMC algorithm at zero
temperature. The corresponding correlation function takes the form

CAB(τ, τ
′) =

⟨︂
Ψ0

⃓⃓⃓
Â(τ)B̂(τ ′)

⃓⃓⃓
Ψ0

⟩︂
. (3.32)

From now on, we will exclusively work with imaginary times unless otherwise noted.
Before introducing various specializations of Eq. 3.32, let us state a useful prop-

erty of CAB(τ, τ
′): For time-independent Hamiltonians, CAB(τ, τ

′) only depends on
the difference τ − τ ′, allowing us to focus on CAB(τ) = CAB(τ, 0) without loss of
generality [111].

3.2.1 Single-electron Green’s function

The main quantity of interest for our calculations is the zero temperature single-
electron Green’s function. It is defined as follows:

G(mk, τ) =
⟨︂
∅
⃓⃓⃓
ĉmk(τ)ĉ

†
mk(0)

⃓⃓⃓
∅
⟩︂
. (3.33)
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Here, τ ≥ 0 and |∅⟩ is the electron and phonon vacuum state. The reason why
we use |∅⟩ instead of the polaron GS, |0,k = 0⟩, is connected to the fact that we
are only interested in the single polaron limit. Note that many textbooks have an
extra factor of −1 on the right-hand side of Eq. 3.33. For our purposes, however,
it is more convenient to omit this convention.

G(mk, τ) gives the probability amplitude to add an electron in the Bloch state
|mk⟩ to the system and to find it in the same state at a later time τ . This becomes
obvious, when we plug the τ -dependence of the modified Heisenberg operators into
Eq. 3.33 and use eĤpolτ/ℏ|0⟩ = |0⟩:

G(mk, τ) =
⟨︂
∅
⃓⃓⃓
eĤpolτ/ℏĉmke

−Ĥpolτ/ℏĉ†mk

⃓⃓⃓
∅
⟩︂
=
⟨︂
mk

⃓⃓⃓
e−Ĥpolτ/ℏ

⃓⃓⃓
mk
⟩︂
. (3.34)

The operator, Û(τ) = Û(τ, 0) = e−Ĥpolτ/ℏ, is just the imaginary time analog of the
time-evolution operator for a time-independent Hamiltonian in the Schrödinger
picture and has the effect of evolving a state in imaginary time according to the
Schrödinger equation:

−ℏ∂|ψ(τ)⟩
∂τ

= Ĥpol|ψ(τ)⟩ . (3.35)

To see how certain polaron properties can be obtained from G(mk, τ), let us
insert a complete set of polaron eigenstates into Eq. 3.33:

G(mk, τ) =
∑︂
η

⟨︂
∅
⃓⃓⃓
ĉmk(τ)

⃓⃓⃓
η,k
⟩︂⟨︂
η,k
⃓⃓⃓
ĉ†mk(0)

⃓⃓⃓
∅
⟩︂

=
∑︂
η

e−Eη(k)τ/ℏ
⟨︂
∅
⃓⃓⃓
ĉmk

⃓⃓⃓
η,k
⟩︂⟨︂
η,k
⃓⃓⃓
ĉ†mk

⃓⃓⃓
∅
⟩︂

=
∑︂
η

e−Eη(k)τ/ℏZ(η,k)
m ,

(3.36)

where Eη(k) is the polaron energy and Z
(η,k)
m is the quasiparticle weight from

Eq. 3.11 and 3.16, respectively. If we assume that Eη(k) is positive and that
there is a finite energy gap between the polaron GS and all excited states, the term
with the lowest energy, i.e. E0(k), will dominate the behavior of G(mk, τ) for large
τ values. Taking the limit τ →∞, we get

G(mk, τ →∞)
τ→∞−−−→ e−E0(k)τ/ℏZ(0,k)

m , (3.37)

which enables us to calculate the polaron energy dispersion E0(k), the correspond-
ing quasiparticle weights Z(0,k)

m and other derived quantities, like the polaron effec-
tive mass (see Eq. 3.12).
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Furthermore, G(mk, τ) is also related to the real frequency spectral function,
A(mk, ω), via the integral equation

G(mk, τ) =

∞∫︂
0

dω e−τω A(mk, ω) . (3.38)

Together with Eq. 3.36, it is now clear that Eq. 3.24 is indeed the correct Lehmann
representation of A(mk, ω). The spectral function provides energies of various
excited states of the polaron as well as their corresponding spectral weights, Z(η,k)

m .
As already discussed in Sec. 2.3, to retrieve A(mk, ω) from a known G(mk, τ), one
has to perform numerical analytical continuation.

3.2.2 Single-electron-N-phonon Green’s function

Another interesting quantity for the polaron problem is the zero temperature single-
electron-N-phonon Green’s function. Its definition and interpretation are similar
to G(mk, τ), except that additional Nph phonons are added to the vacuum state:

GNph
(mk, nqν , τ) =

⟨︄
∅
⃓⃓⃓⃓
⃓∏︂
qν

(âqν(τ))
nqν√︁

nqν !
ĉmkel

(τ)ĉ†mkel
(0)
∏︂
qν

(︁
â†qν(0)

)︁nqν√︁
nqν !

⃓⃓⃓⃓
⃓ ∅
⟩︄

=
⟨︂
mkel, nqν

⃓⃓⃓
e−Ĥpolτ/ℏ

⃓⃓⃓
mkel, nqν

⟩︂
=
∑︂
η

e−Eη(k)τ/ℏZ(η,k)
m,nqν

.

(3.39)

Here, the electron wave vector, kel, is given in Eq. 3.14 and nqν is some specific
phonon occupation with a total of Nph phonons. G(mk, τ) is obviously a special
case of GNph

(mk, nqν , τ) with Nph = 0.
Using the same reasoning as before, the large τ limit takes the form

GNph
(mk, nqν , τ)

τ→∞−−−→ e−E0(k)τ/ℏZ(0,k)
m,nqν

, (3.40)

and provides us with E0(k) and the probabilities Z(0,k)
m,nqν defined in Eq. 3.15.

For the DiagMC algorithm, it will be convenient to also introduce the sum of
GNph

(mk, nqν , τ) over all phonon occupations:

P (mk, τ) =
∑︂
nqν

GNph
(mk, nqν , τ) =

∞∑︂
Nph=0

Nph∑︂
nqν

GNph
(mk, nqν , τ)

=
∑︂
nq1ν1

· · ·
∑︂
nqNνr

GNph
(mk, nqν , τ) . (3.41)
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Because of Eqs. 3.37, 3.40 and 3.19, P (mk, τ) has the limiting behavior

P (mk, τ)
τ→∞−−−→ e−E0(k)τ/ℏ . (3.42)

3.2.3 Current-current correlation function

The zero temperature current-current correlation function is defined as

Πij(k, τ) =
⟨︂
0,k

⃓⃓⃓
ĵi(τ)ĵj(0)

⃓⃓⃓
0,k
⟩︂

=
∑︂
η

e−[Eη(k)−E0(k)]τ/ℏ
⟨︂
0,k
⃓⃓⃓
ĵi

⃓⃓⃓
η,k
⟩︂⟨︂
η,k
⃓⃓⃓
ĵj

⃓⃓⃓
0,k
⟩︂
,

(3.43)

with τ ≥ 0 and the current operator ĵi specified in Eq. 3.26. Note that |0,k⟩ is the
polaron GS, i.e. an eigenstate of Ĥpol, and not of Ĥ0.

The current-current correlation function is a key quantity, as it directly links
microscopic dynamics to measurable transport properties; in particular, the optical
conductivity σij(k, ω) is obtained from Πij(k, τ) via numerical analytic continuation
by solving the equation

Πij(k, τ) =

∞∫︂
0

dω
ω

π
e−τω σij(k, ω) . (3.44)

We can again check the Lehmann representation of σij(k, ω) by plugging Eq. 3.25
into Eq. 3.44 and comparing with Eq. 3.43. Similar to the spectral function, the
optical conductivity gives us information on the excited polaron spectrum but with
different symmetry selection rules [112].

3.3 Diagrammatic expansions and Feynman dia-
grams

The previous section has introduced the concept of many-body Green’s functions
and has shown how they relate to the various polaron properties from Sec. 3.1. How-
ever, Eqs. 3.36, 3.39 and 3.43 make it clear that a direct calculation of G(mk, τ),
GNph

(mk, nqν , τ) and Πij(k, τ) requires the complete polaron spectrum, Eη(k),
and eigenstates, |η,k⟩. To work around this issue, a perturbation expansion of the
time-evolution operator, e−Ĥpolτ/ℏ, or the density matrix, e−βĤpol , in the interaction
picture can be used. Then, by mapping individual terms of the resulting series to
Feynman diagrams, we will immediately be able to write down all contributions
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for a given perturbation order and even assign them an intuitive physical interpre-
tation. The diagrammatic series may then be evaluated (approximately) by either
focusing on a few dominant terms, by partially summing a specific class of dia-
grams up to infinite order or by using more sophisticated techniques like DiagMC
as discussed in Sec. 3.4.

In the following, we will abstain from deriving the diagrammatic expansions in
all its details, something that can be found in many textbooks [17, 85, 111, 113]
and other references [70, 103]. Instead, we will only summarize some important
steps and put our focus on the mathematical structure of the infinite series, the
topology of the Feynman diagrams and the connection to Sec. 2.2 from the last
chapter.

3.3.1 Perturbation expansion of the time-evolution operator

As already mentioned above, the derivation of Feynman diagrams is based on an
expansion of the imaginary time-evolution operator

Û(τ) = e−Ĥpolτ/ℏ = e−(Ĥ0+Ĥ1)τ/ℏ , (3.45)

where Ĥ0 is the non-interacting part of the Hamiltonian given in Eq. 3.5 and Ĥ1

is the electron-phonon interaction given in Eq. 3.6.
Introducing the modified time-evolution operator

Û (I)(τ) = eĤ0τ/ℏ Û(τ) . (3.46)

and differentiating with respect to τ , leads to a Schrödinger-like differential equa-
tion for Û (I)(τ):

d

dτ
Û (I)(τ) =

d

dτ

(︂
eĤ0τ/ℏe−(Ĥ0+Ĥ1)τ/ℏ

)︂
=

1

ℏ
Ĥ0 e

Ĥ0τ/ℏe−(Ĥ0+Ĥ1)τ/ℏ − 1

ℏ
eĤ0τ/ℏ(Ĥ0 + Ĥ1)e

−(Ĥ0+Ĥ1)τ/ℏ

= −1

ℏ
eĤ0τ/ℏĤ1e

−(Ĥ0+Ĥ1)τ/ℏ = −1

ℏ
Ĥ

(I)
1 (τ) Û (I)(τ) , (3.47)

where we have defined the interaction-picture operator

Ĥ
(I)
1 (τ) = eĤ0τ/ℏ Ĥ1 e

−Ĥ0τ/ℏ . (3.48)

We can integrate Eq. 3.47 from 0 to τ to give

Û (I)(τ) = Û (I)(0)− 1

ℏ

∫︂ τ

0

dτ1Ĥ
(I)
1 (τ1)Û

(I)(τ1) . (3.49)
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The imaginary time-evolution operator appears again under the integral and so,
by using the initial condition Û (I)(0) = 1 and iterating, one obtains an expansion
of Û (I)(τ) in terms of an infinite series of integrals:

Û (I)(τ) = 1− 1

ℏ

∫︂ τ

0

dτ1Ĥ
(I)
1 (τ1) +

(︃
−1

ℏ

)︃2 ∫︂ τ

0

dτ2

∫︂ τ2

0

dτ1Ĥ
(I)
1 (τ2)Ĥ

(I)
1 (τ1) + · · · =

=
∞∑︂
n=0

(︃
−1

ℏ

)︃n ∫︂ τ

0

dτn· · ·
∫︂ τ2

0

dτ1Ĥ
(I)
1 (τn) . . . Ĥ

(I)
1 (τ1) . (3.50)

Textbooks often write this formally as

Û (I)(τ) = Tτ exp
(︃
−1

ℏ

∫︂ τ

0

dτ ′ Ĥ
(I)
1 (τ ′)

)︃
, (3.51)

where Tτ is the imaginary time-ordering operator [17, 85, 111, 113].
Equations 3.45, 3.46 and 3.50 can be combined into

e−Ĥpolτ/ℏ = e−(Ĥ0+Ĥ1)τ/ℏ

= e−Ĥ0τ/ℏ
∞∑︂
n=0

(︃
−1

ℏ

)︃n ∫︂ τ

0

dτn· · ·
∫︂ τ2

0

dτ1Ĥ
(I)
1 (τn) . . . Ĥ

(I)
1 (τ1) , (3.52)

which forms the basis for diagrammatic expansions of Green’s functions, partition
functions and other correlation functions.

3.3.2 Perturbation expansion of the single-electron Green’s
function

The standard way to derive Feynman diagrams perturbatively at zero temperature
involves the following steps: (i) switch on interactions adiabatically, (ii) apply the
Gell-Mann-Low theorem to turn expectation values with respect to the interacting
GS into expectation values with respect to the non-interacting GS, (iii) replace
time-evolution operators by their series expansion in Eq. 3.50, (iv) use Wick’s
theorem to evaluate expectation values of time-ordered products of operators and
(v) identify Feynman rules to translate the resulting terms and its individual factors
to diagrams and back.

This is a rather technical and lengthy procedure which is beyond the scope
of this thesis. We refer interested readers to one of the excellent textbooks in
Refs. [17, 85, 113]. Instead, we will rely on a more intuitive approach that makes
use of some characteristic properties of the polaron problem which leads to various
simplifications.
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Let’s start by plugging Eq. 3.52 into Eq. 3.34. This immediately gives us the
single-electron Green’s function for the polaron problem as an infinite series of
integrals:

G(mk, τ) =
⟨︂
mk

⃓⃓⃓
e−Ĥpolτ/ℏ

⃓⃓⃓
mk
⟩︂

=
∞∑︂
n=0

(︃
−1

ℏ

)︃n ∫︂ τ

0

dτn· · ·
∫︂ τ2

0

dτ1

⟨︂
mk

⃓⃓⃓
e−Ĥ0τ/ℏĤ

(I)
1 (τn) . . . Ĥ

(I)
1 (τ1)

⃓⃓⃓
mk
⟩︂

=
∞∑︂
n=0

G(n)(mk, τ) . (3.53)

Note that the integrands in Eq. 3.53 are expectation values with respect to the free
electron state, |mk⟩ = ĉ†mk|∅⟩, an eigenstate of Ĥ0 containing one electron and no
phonons. This is a unique feature of the single polaron limit that we are interested
in. For finite electron densities, the expectation value would be with respect to the
true interacting ground state |Ψ0⟩ of the full Hamiltonian Ĥ which would require
a more careful analysis centered around the Gell-Mann-Low theorem [114].

Another important observation is that odd expansion orders vanish. To see
this, note that each term of Ĥ1 is proportional to (âqν + â†−qν). Therefore acting
with Ĥ1 on some eigenstate of Ĥ0, e.g. |mk, nqν⟩, produces a superposition of two
different eigenstates of Ĥ0, one with an additional phonon in mode (−q, ν) and one
with a phonon in mode (q, ν) removed. Since the initial and final state is given
by |mk⟩, every phonon created by some â†qν at time τi has to be destroyed by a
corresponding âqν at a later time τj. Hence, there must be an even number of Ĥ1

operators in the expectation value.
A direct consequence of this is that all exponential operators appearing in the

expectation value, e−Ĥ0τ/ℏ as well as e±Ĥ0τi/ℏ coming from Ĥ
(I)
1 (τi), simply propa-

gate whatever state they act on in imaginary time without modifying it, i.e.

e−Ĥ0τ/ℏ
⃓⃓⃓
mk, nqν

⟩︂
= exp

{︄
−
(︂
εmk +

∑︂
qν

ℏωqνnqν

)︂
τ/ℏ

}︄ ⃓⃓⃓
mk, nqν

⟩︂
, (3.54)

where we have used Eq. 3.7.
Equipped with this knowledge, let’s take a closer look at the first non-zero

contributions to the series in Eq. 3.53.
Using Eq. 3.54, the expectation value for the 0th-order term gives

F (0) =
⟨︂
mk

⃓⃓⃓
e−Ĥ0τ/ℏ

⃓⃓⃓
mk
⟩︂
= e−εmkτ/ℏ . (3.55)
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Since there are no integrations at 0th-order, its full contribution to Eq. 3.53 is
simply

G(0)(mk, τ) = e−εmkτ/ℏ . (3.56)

In fact, as the notation already suggests, this is identical to the free electron Green’s
function of the non-interacting system.

The expectation value of the 2nd-order term looks as follows:

F (2) =
⟨︂
mk

⃓⃓⃓
e−Ĥ0τ/ℏĤ

(I)
1 (τ2)Ĥ

(I)
1 (τ1)

⃓⃓⃓
mk
⟩︂

= e−εmkτ/ℏ
⟨︂
mk

⃓⃓⃓
Ĥ

(I)
1 (τ2)Ĥ

(I)
1 (τ1)

⃓⃓⃓
mk
⟩︂
. (3.57)

From previous considerations, we already know that the only way to get a non-zero
contribution is to have Ĥ(I)

1 (τ1) create a phonon and Ĥ
(I)
1 (τ2) destroy the same

phonon at a later time. Applying Ĥ(I)
1 (τ1) to |mk⟩ in Eq. 3.57 results in

F (2) =
1√
N

∑︂
q′m′ν′

gm′mν′(k,q
′)e−εmkτ/ℏe−εmkτ1/ℏe(εm′k+q′+ℏω−q′ν′ )τ1/ℏ

×
⟨︂
mk

⃓⃓⃓
Ĥ

(I)
1 (τ2)

⃓⃓⃓
m′k+ q′, n−q′ν′ = 1

⟩︂
. (3.58)

where we have used the fact that ĉn′k′ from Ĥ
(I)
1 (τ1) must annihilate the electron

in the initial state |mk⟩, which leads to two Kronecker deltas, δn′mδk′k, and gets
rid of the summations over n′ and k′.

Doing the same for Ĥ(I)
1 (τ2) and again summing over all constrained degrees of

freedom gives

F (2) =
1√
N

∑︂
q′m′ν′

gm′mν′(k,q
′)e−εmkτ/ℏe−εmkτ1/ℏe(εm′k+q′+ℏω−q′ν′ )τ1/ℏ

× 1√
N
gmm′ν′(k+ q′,−q′)eεmkτ2/ℏe−(εm′k+q′+ℏω−q′ν′ )τ2/ℏ . (3.59)

Eq. 3.56 allows us to replace certain exponential factors by free electron Green’s
functions G(0)(mk, τ). In the same spirit, we introduce corresponding free phonon
Green’s functions

D(0)(qν, τ) = e−ωqντ . (3.60)

Then, the full 2nd-order contribution to Eq. 3.53 can be written as

G(2)(mk, τ) =
1

ℏ2N
∑︂
qnν

∫︂ τ

0

dτ2

∫︂ τ2

0

dτ1 |gnmν(k,q)|2G(0)(mk, τ − τ2)

×G(0)(nk+ q, τ2 − τ1)D(0)(−qν, τ2 − τ1)G(0)(mk, τ1) , (3.61)
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where we have renamed the summation indices in Eq. 3.59, m′ → n, ν ′ → ν and
q′ → q, and used the identity

gmnν(k+ q,−q) = [gnmν(k,q)]
∗ , (3.62)

which follows from the hermiticity of Ĥ1.
Deriving higher order contributions follows the same procedure. However, due

to the increasing number of terms and possibilities to pair phonon creation and
annihilation operators, the algebra becomes more and more tedious. Writing down
all 4th order contributions, for example, would require ≈ 10 lines of equations. It
is much more intuitive and convenient to work with Feynman diagrams as we will
see in the next section.

3.3.3 Feynman diagrams for the single-electron Green’s func-
tion

Similar to Sec. 2.2.3, where we used diagrammatics for the simple toy model to help
with the visualization of complicated terms of an infinite series, the current section
introduces Feynman diagrams for the perturbation expansion of the single-electron
Green’s function given in Eq. 3.53.

It was shown above that the 0th- and 2nd-order contributions can be written in
terms of free electron and phonon Green’s functions, G(0)(mk, τ) andD(0)(qν, τ), as
well as electron-phonon matrix elements, gmnν(k,q). The same is actually true for
all terms in the series. To make this plausible, consider that (i) every exponential
operator in the expectation value simply propagates states of the form |mk, nqν⟩
in imaginary time resulting in one free electron Green’s function (there is always
exactly a single electron in the system) times zero or more free phonon Green’s
functions (depending on the state’s phonon occupation nqν), and (ii) every interac-
tion Hamiltonian Ĥ1 creates or destroys a phonon with amplitude gmnν(k,q) while
scattering the electron into a new state.

That means that these three quantities are the fundamental building blocks of
our Feynman diagrams. Figure 3.1 shows the corresponding Feynman dictionary
(cf. Fig. 2.4 for the toy model analog):

• Free electron Green’s functions are represented by directed, straight lines
from τi to τj and are associated with a factor G(0)(mk, τj − τi).

• Free phonon Green’s functions are represented by undirected, wavy lines from
τi to τj and are associated with a factor D(0)(qν, τj − τi).
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Figure 3.1: Feynman dictionary for the polaron problem. (a) Free electron
Green’s function, G(0)(mk, τ), (b) free phonon Green’s function, D(0)(qν, τ), and
(c) electron-phonon interaction vertex, gmnν(k,q).

• Electron-phonon interaction vertices are represented by black dots at time
points τi and are associated with a factor gmnν(k,q).

The dictionary can be used to turn any term of the series into a Feynman
diagram and back. For example, the 0th- and 2nd-order contributions from Eqs. 3.56
and 3.61 are depicted in Fig. 3.2. Their interpretations are straightforward.

The 0th-order diagram in Fig. 3.2(a) simply describes the propagation of the
electron in state |mk⟩ in imaginary time from 0 to τ without any interaction with
phonons.

The 2nd-order diagram in Fig. 3.2(b) describes the process in which the electron
first propagates freely in state |mk⟩ from 0 to τ1 (= G(0)(mk, τ1)). At τ1, the
electron scatters into state |nk+ q⟩ by emitting a phonon in mode (−q, ν) (=
gnmν(k,q)). Both, electron and phonon, propagate in their respective states until
τ2 (= G(0)(nk+ q, τ2 − τ1)D

(0)(−qν, τ2 − τ1)), where the electron scatters back
into the original state |mk⟩ by absorbing the same phonon (= gmnν(k+ q,−q) =
[gnmν(k,q)]

∗) and finally propagates freely from τ2 to τ (= G(0)(mk, τ − τ2)).
To draw all diagrams of G(mk, τ) for a given order n, we provide, without

derivation and proof, the following recipe:

1. Draw n interaction vertices (dots) on a horizontal line and label them from
left to right with τ1, τ2, and so on until τn (Fig. 3.3(1)).
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Figure 3.2: Feynman diagrams for the (a) 0th- and (b) 2nd-order contributions to
the single-electron Green’s function, G(mk, τ).

2. Connect the vertices with directed, straight lines, i.e. with free electron
Green’s functions (Fig. 3.3(2)).

3. Add two more free electron Green’s functions, one going into vertex τ1 and
one going out of vertex τn. Label the left end of the diagram with 0, the right
end with τ and both Green’s functions with mk (Fig. 3.3(3)).

4. Connect pairs of vertices with undirected, wavy lines, i.e. with free phonon
Green’s functions, such that each vertex is connected to exactly three propa-
gators (one incoming electron line, one outgoing electron line and one phonon
line). Fill in the missing labels for the propagators. Remember that phonon
wave vectors and branches as well as electron band indices are summed or
integrated over and are therefore free variables. Only the electron wave vec-
tors are fixed by crystal momentum conservation at the vertices according to
Eq. 3.14 (Fig. 3.3(4a)).

5. Repeat steps 1 - 4 for all possible ways the vertices can be connected by
phonon propagators, i.e. for all possible diagram topologies ξn (Fig. 3.3(4b)-
(4c)).

Figure 3.3 depicts the recipe step by step for the 4th-order contribution. Note
that the number of diagrams belonging to the same order n but with a different
topology grows as

Nξn =
n!

2n/2(n/2)!
= (n− 1)!! . (3.63)

Table 3.1 lists the number of topologies for some diagram orders. It is obvious
that any attempt to treat the series manually or deterministically is unrealistic for
higher orders. This is where DiagMC, discussed in Sec. 3.4, comes into play.
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Figure 3.3: Recipe for drawing a 4th-order Feynman diagram for the single-
electron Green’s function. See text for detailed instructions.



3.3. Diagrammatic expansions and Feynman diagrams 71

Table 3.1: Number of diagram topologies, Nξn , for the single-electron Green’s
function for various orders n.

n Nξn

0 1
2 1
4 3
6 15
10 945
20 654729075
100 ≈ 2.7× 1078

Before we move on to the diagrams for the single-electron-N-phonon Green’s
function and the current-current correlation function, let us rewrite the diagram-
matic expansion of Eq. 3.53 in a form better suited for DiagMC:

G(mk, τ) =
∞∑︂
n=0

(n−1)!!∑︂
ξn=1

∫︂
· · ·
∫︂

dxn Dn,ξn (mk, τ ;xn) . (3.64)

Here, the sums are over all diagram orders n and topologies ξn and the integrals
over xn denote sums/integrals over all imaginary time points, phonon wave vectors,
phonon branches and electron band indices, i.e.

xn = (τ1, . . . , τn,q1, ν1 . . . ,qn/2, νn/2, n1, . . . , nn−1) . (3.65)

Note that sometimes the letter n is used for both the diagram order and the electron
band indices. However, it should be clear from the context which one is meant. For
example, in Eq. 3.65, subscript n refers to the diagram order, while n1, . . . , nn−1

refer to the electron band indices.
The integrand Dn,ξn (mk, τ ;xn) corresponds to the diagram weight or the nu-

meric value of the diagram with order n and topology ξn. We assume that all
missing factors like (−1/ℏ)n and N−n/2 are included in Dn,ξn (mk, τ ;xn), e.g. by
incorporating them into the interaction vertices.

To make things clear, consider the numeric value of the 4th-order diagram in
Fig. 3.3(4c):

D4,3 (mk, τ ;xn) =
1

ℏ4N2
gn1mν1(k,q1) gn2n1ν2(k+ q1,q2) gn3n2ν1(k+ q1 + q2,−q1)

× gmn3ν2(k+ q2,−q2)G
(0)(mk, τ1)G

(0)(n1k+ q1, τ2 − τ1)
×G(0)(n2k+ q1 + q2, τ3 − τ2)G(0)(n3k+ q2, τ4 − τ3)G(0)(mk, τ − τ4)
×D(0)(−q1ν1, τ3 − τ1)D(0)(−q2ν2, τ4 − τ2) . (3.66)
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Figure 3.4: 6th-order Feynman diagram of the single-electron-1-phonon Green’s
function, G1(mk,qν, τ).

3.3.4 Feynman diagrams for the single-electron-N-phonon
Green’s function

The starting point for deriving a diagrammatic expansion for the single-electron-N-
phonon Green’s function, GNph

(mk, nqν , τ), is Eq. 3.39. The procedure is exactly
the same as for the single-electron Green’s function, so we will not go into the
details again.

Figure 3.4 shows a 6th-order Feynman diagram for the single-electron-1-phonon
Green’s function, G1(mk,qν, τ). As you can see, diagrams for GNph

(mk, nqν , τ)

have Nph phonon propagators attached to the beginning and end of the diagram
corresponding to the phonons present in the initial and final state, |mkel, nqν⟩. We
refer to such phonon lines as external phonons. Their modes and wave vectors are
fixed, as opposed to the internal phonon lines which are summed or integrated over.
Also note that k is the polaron wave vector, while the initial and final electron wave
vector, kel, is again given by Eq. 3.14.

The Feynman dictionary from Fig. 3.1 remains valid and can be used to translate
between pictorial and algebraic representations of the diagrams. On the other hand,
the recipe for drawing or enumerating all diagrams of a given order n in Fig. 3.3
needs a little bit more attention.

In principle, external phonon propagators do not need to interact with the
electron at all. For example, the 0th-order diagram forG1(mk,qν, τ) simply consists
of a free electron and external phonon propagator from 0 to τ . However, as was
shown in Ref. [50], such diagrams do not contribute to the asymptotic τ → ∞
behavior of the Green’s function. Since we are only using GNph

(mk, nqν , τ) to
extract GS properties of the polaron in the spirit of Eq. 3.40, we can subtract all
terms with disconnected external phonon lines from the diagrammatic expansion
and focus only on fully connected or irreducible diagrams. The same is true for
diagrams with external phonons crossing each other, i.e. where the length of the
resulting propagator is > τ . Such diagrams can always be rewritten in terms of a
connected diagram times disconnected phonon lines and thus can also be ignored.



3.3. Diagrammatic expansions and Feynman diagrams 73

From now on, we don’t distinguish between GNph
(mk, nqν , τ) and its irreducible

part and we keep the same notation for both. This should not cause any confusion.
With all that in mind, we can write down the diagrammatic expansion for

GNph
(mk, nqν , τ), similar to Eq. 3.64:

GNph
(mk, nqν , τ) =

∞∑︂
n=2Nph

∑︂
ξn

∫︂
· · ·
∫︂

dxn DNph

n,ξn
(mk, nqν , τ ;xn) . (3.67)

Here, DNph

n,ξn
(mk, nqν , τ ;xn) is again the diagram weight and xn is the tuple of all

internal integration or summation variables. Note that the sum over diagram orders
starts at 2Nph, which is the lowest order for which fully connected diagrams with
Nph external phonons can be drawn.

Combining Eqs. 3.41 and 3.67 gives the diagrammatic expansion for P (mk, τ)

(or to be more precise, for its irreducible part):

P (mk, τ) =
∞∑︂

Nph=0

Nph∑︂
nqν

GNph
(mk, nqν , τ)

=
∞∑︂

Nph=0

Nph∑︂
nqν

∞∑︂
n=2Nph

∑︂
ξn

∫︂
· · ·
∫︂

dxn DNph

n,ξn
(mk, nqν , τ ;xn) . (3.68)

3.3.5 Feynman diagrams for the current-current correlation
function

Although we are interested in the zero temperature, imaginary time current-current
correlation function, Π(k, τ), defined in Eq. 3.43, the diagrammatic series used to
calculate it is based on an expansion of the partition function, Z(β), at finite
temperature. The T → 0 limit can then be recovered by performing simulations
for β →∞ [51].

The partition function for the single polaron problem is given by

Z(β) = Tr
[︂
e−βĤpol

]︂
=

∞∑︂
n=0

(︃
−1

ℏ

)︃n ∫︂ ℏβ

0

dτn· · ·
∫︂ τ2

0

dτ1Tr
[︂
e−Ĥ0βĤ

(I)
1 (τn) . . . Ĥ

(I)
1 (τ1)

]︂
, (3.69)

where we have used Eq. 3.52.
Evaluating and simplifying the trace is not very complicated but rather tech-

nical. We refer the interested reader to the detailed derivation in Ref. [103] and
simply focus on the result here.
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The diagrammatic expansion of Z(β) turns out to be very similar to that of
G(mk, τ). The relevant differences are that (i) the phonon propagator from Eq. 3.60
has to be replaced by its thermal counterpart

D(0)(qν, τ) =
e−ωqντ + e−ωqν(ℏβ−τ)

1− e−ℏβωqν

= [1 + nB(ωqν)] e
−ωqντ + nB(ωqν)e

−ωqν(ℏβ−τ) , (3.70)

where nB(ωqν) = (eℏβωqν − 1)−1 is the Bose-Einstein distribution function, (ii) the
trace over the electronic degrees of freedom introduces a sum over m and k, and
(iii) the trace over the phonon degrees of freedom leads to an additional factor of
Zph(β) = Tr[e−βĤph ], the canonical phonon partition function.

The corresponding Feynman diagrams are usually depicted as β-circles shown
in Fig. 3.5. However, it is possible to cut the circle at τ = 0 and straighten it out
to get a diagram that looks very similar to the one for G(mk, τ), cf. Fig. 3.3(4b).
In fact, we can immediately reuse the Feynman dictionary from Fig. 3.1 and the
recipe from Fig. 3.3 as they are.

Putting everything together, the diagrammatic expansion for Z(β) is given by

Z(β) = Zph(β)
∞∑︂
n=0

(n−1)!!∑︂
ξn=1

∫︂
· · ·
∫︂

dxn DZ
n,ξn(β;xn) , (3.71)

where summations over n and ξn are identical to those in Eq. 3.64 and the diagram
weights DZ

n,ξn
(β;xn) have the same functional form as Dn,ξn (mk, τ ;xn), except that

the zero temperature phonon propagators are replaced by the thermal ones from
Eq. 3.70. The integrals over xn include the additional sum over m and k such that

xn = (τ1, . . . , τn,q1, ν1 . . . ,qn/2, νn/2, n1, . . . , nn−1,m,k) . (3.72)

3.4 DiagMC for polarons

With the diagrammatic expansions for G(mk, τ), GNph
(mk, nqν , τ), P (mk, τ) and

Z(β) at hand, we are now in a position to discuss the DiagMC algorithm for
polarons. Comparing their expansions in Eqs. 3.64, 3.67, 3.68 and 3.71 to Eq. 2.35,
it is clear that DiagMC is capable of tackling this kind of problems. The only
missing ingredients are updates to stochastically sample diagram configurations
and measurements to extract the relevant polaron properties from the sampled
diagrams.
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Figure 3.5: 4th-order Feynman diagram of the partition function, Z(β).

To make the connection to Sec. 2.2, we can identify the configuration space C as
the space of all Feynman diagrams for a given expansion, i.e. there is a one-to-one
mapping between every diagram in the series and a unique configuration C ∈ C.
The weight W(C) of a configuration C is simply the weight of the corresponding
diagram.

Before detailing the updates and measurements, we briefly outline the expan-
sions simulated in the later chapters of this thesis, specify which physical properties
are extracted from each expansion, and provide some general remarks on DiagMC
implementations:

P (mk, τ): The sum of all single-electron-N-phonon Green’s functions is used
to compute various polaron GS properties relevant to this work. It is related to
the polaron dispersion E0(k) via Eq. 3.42, to the probabilities Z(0,k)

m,nqν via Eq. 3.40,
and indirectly to the effective mass tensor m∗

ij(k) via Eq. 3.12. There is usually no
need to simulate individual GNph

(mk, nqν , τ).
Furthermore, since we are only interested in the asymptotic τ →∞ behavior of

P (mk, τ) and since there exist direct MC estimators for all properties mentioned
above (see Sec. 3.4.1), the full τ -dependence is not required. Instead, it is sufficient
to run simulations at a fixed, large τ value (how large depends on the model and
should be checked carefully).

G(mk, τ): The single-electron Green’s function is used to compute the spectral
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function, A(k, ω), via Eq. 3.38. That means G(mk, τ) is provided as input to SOCC
(see Sec. 2.3). Numerical analytic continuation is a notoriously difficult problem
and thus it is crucial to calculate G(mk, τ) to very high accuracy. Section 3.4.1 de-
scribes an exact MC estimator for Green’s functions that eliminates the systematic
errors introduced by the binning procedure inherent to histogram-based statistics
(cf. Sec. 2.2.3).

In contrast to P (mk, τ), the full τ -dependence of G(mk, τ) is required for NAC.
An update is designed to change τ during the simulation and statistics are collected
for G(mk, τ) according to some measurement procedure (see Sec. 3.4.1).

To have more control over the τ -behavior, it is common to simulate eµτG(mk, τ)

instead of the bare Green’s function. µ is a fictitious chemical potential that can
be tuned to make the Green’s function decay or rise more slowly with τ and so
improve the sampling efficiency at large or small τ , respectively.

Z(β): The partition function is used to compute the current-current correlation
function, Πij(τ), and thus the optical conductivity, σij(ω), via Eq. 3.44. Since we
are interested in the zero temperature limit, simulations are performed for large
but fixed β values, which allows us to measure Πij(τ) at arbitrary τ values in the
range [0, ℏβ].

The constant factor Zph(β) in Eq. 3.71 does not affect calculations of Πij(τ)

and can be ignored.

3.4.1 Measurements

Any measurement done during a DiagMC simulation is based on Eqs. 2.35–2.37.
The goal therefore is to write each quantity of interest X as

X =
∑︂
C

XMC(C) p(C) =
∑︂
C

XMC(C)
W(C)∑︁
C′W(C ′)

≈ 1

M

M∑︂
i=1

XMC(Ci) , (3.73)

where XMC(C) is the MC estimator for X, p(C) is the probability of sampling
configuration C (or equivalently, the corresponding diagram), Ci are the actual
diagrams sampled during the simulation, and M is the total number of samples.

For the rest of this chapter, we will assume units such that ℏ = 1.

Green’s function

The easiest way to measure G(mk, τ) is to use a histogram. The procedure, in-
cluding the calculation of the normalization Z, is identical to the one described in
Sec. 2.2.3 for the function Q(τ).



3.4. DiagMC for polarons 77

Mishchenko et al. [50] introduced an exact MC estimator for G(mk, τ) that does
not suffer from any systematic errors. The derivation is based on a reweighting
technique and is applicable in many different contexts. The resulting estimator is
given by

GMC(C) = (1 + η)n
χI(τ

′)

|I| e−ηE(C) , (3.74)

Here, η = (τ − τ ′)/τ ′ with τ ′ the length of the sampled diagram and τ the point
at which we want to measure the Green’s function, χI(τ

′) and |I| are defined in
Sec. 2.2.3 and

E(C) =
∑︂
c

εmckc∆τc −
∑︂
a

ωqaνa∆τa . (3.75)

The summations are over all electron (
∑︁

c) and phonon (
∑︁

a) propagators in the
diagram and ∆τc and ∆τa are their respective lengths.

Phonon distribution

Various phonon distributions in the polaron GS are related to the general proba-
bilities Z(0,k)

m,nqν as described in Sec. 3.1. Considering Eqs. 3.40 and 3.41, an obvious
estimator is given by

ZMC(C) = δnqν ,n′
qν
, (3.76)

where n′
qν is the phonon occupation of the sampled diagram and nqν corresponds

to the probability Z(0,k)
m,nqν we want to measure.

In Ref. [50], a circular diagram representation was used to obtain a more ef-
fective estimator for ZNph

. The same principles can be applied here to improve
Eq. 3.76.

Polaron energy

The derivation of the polaron energy estimator is based on Eq. 3.42 and can also
be found in Ref. [50]. If we replace the Fröhlich specific quantities with their more
general analogs, εmk and ωqν , we arrive at

EMC(C) = −
1

τ
(n− E(C)) , (3.77)

where E(C) is defined in Eq. 3.75.

Effective mass

A MC estimator for the Hessian matrix HE0(k = 0) = HE0 , and therefore for
the effective mass tensor m∗

ij(k = 0) = m∗
ij (see Eq. 3.12), is given in Ref. [115].
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The derivation is again based on Eq. 3.42 and assumes that gnmν(k,q) = gnmν(q)

is independent of the electron wave vector k (which is the case for all models
considered in this thesis). The resulting estimator is given by

HMC = H(C)− τ v(C)⊗ v(C) , (3.78)

v(C) =
∑︂
c

∇ εmckc

∆τc
τ

,

H(C) =
∑︂
c

Hε(kc)
∆τc
τ

,

where the sum is over all electron propagators and ∇ εmckc and Hε(kc) are the
gradient and Hessian of the electron dispersion, respectively, evaluated at the band
index and wave vector of the electron propagator c.

Current-current correlation function

The estimator for the current-current correlation function can be derived directly
from its definition

Πij(τ) =
⟨︂
ĵi(τ)ĵj(0)

⟩︂
= Z−1(β)Tr

[︂
e−Ĥpolβji(τ)ĵj(0)

]︂
. (3.79)

Plugging Eq. 3.26 for the current operator into the above expression, one finds
that the diagrammatic expansion of the numerator is the same as the one for
the partition function except for two additional current vertices, one measured at
imaginary time 0 and one at τ . This leads to the following estimator for Πij(τ):

[ΠMC]ij (C) = e2
∂εm0k0

∂ki

∂εmτkτ

∂kj
, (3.80)

where m0 and k0 are the band index and wave vector of the electron propagator
at time 0 and mτ and kτ are the band index and wave vector of the electron
propagator at time τ .

Note that this estimator is only valid for the simple current operator from
Eq. 3.26. Reference [103] explains how to measure more general (current) operators
for polaron like Hamiltonians.

3.4.2 Updates

It is not very difficult to design a set of updates for the diagrammatic expansions
introduced in the previous sections that (i) fulfill detailed balance, (ii) are ergodic,
and (iii) work for the generic polaron Hamiltonian from Eq. 3.1. However, their
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efficiency is very much problem dependent and in the worst case can slow down
simulations by orders of magnitude. When running demanding calculations like
DiagMC, trading generality for performance is often not a good idea. In practice,
it is usually better to optimize updates for a given system to make the sampling
procedure as efficient as possible. Since the present thesis is concerned with three
very different polaron models, we will therefore not discuss specific implementation
details here but rather summarize the updates used in later chapters and point the
interested reader to relevant literature.

Add/Remove internal phonon propagator

Adding and removing internal phonon propagators are the most essential updates
needed to simulate G(mk, τ), P (mk, τ) and Z(β). They are type-II updates that
either increase (add) or decrease (remove) the diagram order n by 2 (or equivalently,
the number of internal phonon lines by 1). Applying these updates allows the
Markov chain to transition between the diagrams in Fig. 3.2, i.e. going from 0th-
to 2nd-order and back, as well as between the diagram in Fig. 3.2(b) and the ones
in Figs. 3.3(a)-(c), i.e. going from 2nd- to 4th-order and back.

Implementation details for specific models are provided in the following refer-
ences: Fröhlich polaron [50, 81, 105], Holstein polaron [70, 104], general polaron
model [103].

Add/Remove external phonon propagator

Adding and removing external phonon propagators are also type-II updates that
change the number of external phonon lines Nph by 1 and thus the diagram order
n by 2. They are only required for the simulation of P (mk, τ) and, for example,
enable transitions from the diagram in Fig. 3.3(a) to the diagram in Fig. 3.4.

Implementation details for specific models are provided in the following refer-
ences: Fröhlich polaron [50], Holstein polaron [104].

Change τ

This type-I update changes the diagram length τ and is only required for the sim-
ulation of G(mk, τ) to obtain its full τ -dependence. The update is nearly identical
to the Change-length update in Sec. 2.2.3.

Implementation details for specific models are provided in the following refer-
ences: Fröhlich polaron [50, 81, 105], Holstein polaron [70, 104].
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Change k and m

Changing the polaron wave vector k and the electron band m of the initial/final
electron propagators in a diagram is a type-I update that is only necessary for
simulating the partition function Z(β).

Implementation details for specific models are provided in the following refer-
ences: general polaron model [103].

Other updates

The updates mentioned above constitute only a minimal ergodic set for the dia-
grammatic expansions considered in this thesis. It is easy to come up with other
updates, such as:

• changing the topology ξn of a diagram without changing its order n,

• changing individual summation or integration variables like phonon wave
vectors qi, phonon modes νi, electron band indices ni, or imaginary time
points τi,

• adding or removing multiple internal or external phonon propagators at once,

• stretching or squeezing the diagram as a whole,

• and others.

If and when additional updates are beneficial is very much problem dependent.
More updates are not necessarily better as they can increase the complexity of the
implementation and slow down simulations if they are not designed carefully or
used in the wrong situations.

3.4.3 Further remarks

This chapter has introduced the theory and basic implementation details of a Di-
agMC algorithm for polaron problems. Our considerations are valid for the Hamil-
tonian in Eq. 3.1 describing a single electron coupled linearly to phonons. We apply
the algorithm to the Fröhlich polaron in Chapter 4 and to the acoustic lattice po-
laron in Chapter 5. In Chapter 6, we study the quadratic interaction of an electron
with phonons. This requires an extension of the theory presented here. The details
are given in Secs. 6.4 and 6.8.3.
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Chapter 4

Fröhlich polaron dispersion in two
and three dimensions

This chapter includes a verbatim copy from the following published article:

T. Hahn, S. Klimin, J. Tempere, J.T. Devreese, C. Franchini, Diagrammatic Monte
Carlo study of Fröhlich polaron dispersion in two and three dimensions, Physical
Review B 97 (13), 134305 (2018).

Preamble: The manuscript uses the DiagMC approach discussed in Chapter 3 and
applies it to the two- and three-dimensional Fröhlich polaron problem to obtain the
following polaron properties:

• Ground state energy E0(0, α) and effective mass m∗(α) as a function of the
coupling strength α for k = 0.

• Polaron dispersion curves E0(k, α) for different α values.

The correctness of the author’s DiagMC implementation has been verified by com-
paring the computed ground state energies and effective masses for the 3D model
with reference data from Mishchenko et al. [50].

Contribution: As the first author of the paper, I developed the methodology, in-
dependently implemented the code, conducted the simulations, analyzed the data,
prepared the figures, and wrote the manuscript.

4.1 Abstract

We present results for the solution of the large polaron Fröhlich Hamiltonian in
3-dimensions (3D) and 2-dimensions (2D) obtained via the Diagrammatic Monte
Carlo (DMC) method. Our implementation is based on the approach by Mishchenko
[A.S. Mishchenko et al., Phys. Rev. B 62, 6317 (2000)]. Polaron ground state

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.97.134305
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.97.134305
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energies and effective polaron masses are successfully benchmarked with data ob-
tained using Feynman’s path integral formalism. By comparing 3D and 2D data,
we verify the analytically exact scaling relations for energies and effective masses
from 3D→2D, which provides a stringent test for the quality of DMC predictions.
The accuracy of our results is further proven by providing values for the exactly
known coefficients in weak- and strong coupling expansions. Moreover, we com-
pute polaron dispersion curves which are validated with analytically known lower
and upper limits in the small coupling regime and verify the first order expansion
results for larger couplings, thus disproving previous critiques on the apparent in-
compatibility of DMC with analytical results and furnishing useful reference for a
wide range of coupling strengths.

4.2 Introduction

Ever since the emergence of polaron theory in the 1930s [31], the concept of polarons
has been applied to a wide variety of physical systems in which a particle is coupled
to its environment, e.g. spin or magnetic polarons [45], exciton polarons [44],
BEC-impurity polarons [43], ripplonic polaron [46] etc. The polaron problem in
its original form considers a single electron in a polar crystal interacting with the
surrounding lattice. Due to Coulomb forces, the electron distorts the ions in its
neighbourhood, which creates a polarization that follows the electron as it moves
through the crystal. This generated polarization acts back on the electron and
so renormalizes electronic properties. The resulting quasiparticle consisting of the
electron surrounded by the distorted lattice was termed a "polaron". Nowadays (cf.
the review by Alexandrov and Devreese [35]) a more quantum mechanical picture
of a polaron is used in which the electron dresses itself with a cloud of phonons.

Polarons may be classified according to the strength of the electron-phonon
coupling (weak/strong) and the extension of the lattice distortion around the elec-
tron (small/large) [35, 116]. Weak-coupling polarons dress themselves with only
a small number of phonons N̄ ≪ 1 leading to a slightly enhanced effective mass
compared to the "bare" electron (m∗ −m) ≪ m. Strong-coupling polarons have
more phonons in the cloud N̄ ≫ 1 and a much larger effective mass m∗/m ≫ 1.
By N̄ we denote the average number of phonons in the cloud, m∗ is the effective
mass of the polaron and m the mass of the "bare" electron without coupling. Fur-
thermore, a polaron is called a small polaron when the lattice distortion induced
by the electron is of the same size as the lattice constant and a large polaron when
the distortion extends over several lattice sites. Typically, the description of small
polarons requires the treatment of short-range electron-phonon interaction and an
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explicit account of the lattice periodicity. Instead, the theory of large polarons
assumes long-range forces and relies on the continuum approximation.

Studies of polarons are historically conducted in the framework of quantum
field theory using effective quantum Hamiltonians [34, 36]. More recently, first
principles methods based on density functional theory turned out to provide an
accurate microscopic description of both large and small polarons [117, 118]. The
most famous model Hamiltonians go back to the 1950s to Fröhlich [34] and Hol-
stein [36]. Both contain a term for a free particle He, a free phonon field Hph and
for the particle-phonon interaction He-ph. While the Holstein Hamiltonian models
small polarons, the Fröhlich Hamiltonian, which is the focus of the present study,
describes large polarons and is given as

H = He +Hph +He-ph, (4.1)

He =
∑︂
k

k2

2
a†kak, (4.2)

Hph =
∑︂
q

b†qbq, (4.3)

He-ph =
∑︂
k,q

[︂
Vd(q)b

†
qa

†
k−qak + V †

d (q)bqa
†
k+qak

]︂
. (4.4)

Here ak and bq are destruction operators for a particle with wave vector k and
a phonon with wave vector q, respectively. Vd(q) is the coupling function for a
system in d dimensions and takes the form

V3(q) = i

(︄
2
√
2πα

A

)︄ 1
2
1

q
(4.5)

in 3 dimensions and

V2(q) = i

(︄√
2πα

A

)︄ 1
2

1√
q

(4.6)

in 2 dimensions [119]. In Eq. 4.5 and 4.6, A is the d-dimensional volume of the
system and α is the coupling constant which is material dependent and determines
the strength of the electron-phonon interaction. Typical values for real materials
are in the range 0 < α < 5 [120]. Units are chosen such that energy is measured
in units of ℏω0 and length in units of

√︁
ℏ/mω0 which leads to ℏ = ω0 = m =

1. In deriving and solving the Fröhlich Hamiltonian, it is a common practice
to assume certain approximations: (i) the energy dispersion for the electron is
parabolic with a band massm, (ii) the phonon frequency ω(q) = ω0 is dispersionless
and constant, (iii) the interaction is only between the electron and long-wavelength
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optical, longitudinal phonons and (iv) the spatial extension of the polaron is larger
than the lattice constant. In this paper, we exclusively focus on the Fröhlich model
and we study the polaron dispersion law, i.e. the dependence of the ground-state
energy E0(k, α) on the modulus of the total polaron momentum k = |k|.

A large body of work [35] exists on solving the Fröhlich Hamiltonian, and most
of it concerns the energy of the polaron at rest, E0(0, α). Yet, so far no exact
analytic solution was found. The most successful approach to calculate E0(0, α) is
Feynman’s path integral formalism [121, 122], a variational treatment that provides
a very accurate upper bound for the polaron ground state energy for all coupling
strengths as well as approximate values for the polaron effective mass. Early work
on the behavior of the dispersion curve [123, 124] allowed to conclude that the
energy-momentum relation starts off quadratically at low k (thus allowing to define
a polaron mass) but bends over when approaching the continuum edge Ec(α) =

E0(0, α)+ℏω0. Later it was found that in 3D the dispersion hits the continuum edge
whereas for 2D it approaches it asymptotically, and upper and lower bounds for
the dispersion were obtained [125–127]. These bounds, as well as some analytically
known limits, constitute good benchmarks for any theory of the polaron dispersion.

More recently, the Diagrammatic Monte Carlo method (DMC) was developed
and applied to the 3-dimensional Fröhlich polaron [49, 50]. It makes use of dia-
grammatic expansions of Green’s functions and a Metropolis sampling algorithm to
perform a random walk in the space of all Feynman diagrams. The DMC not only
allows for the calculation of the ground state energies but as well as the polaron
dispersion curves, Z-factors (quasiparticle weights) and phonon statistics. However,
the DMC results [49, 50] were criticized [125, 126]: the reported results disagree
with the analytically known second order coefficient in α for the polaron ground
state energy, as well as the large-α expansion coefficient.

The aim of the present paper is the application of our newly implemented DMC
code to the solution of the Fröhlich Hamiltonian in both the 3-dimensional (3D)
and the 2-dimensional (2D) case. To our knowledge, there do not exist any DMC
results for the 2D Fröhlich polaron in the literature. We find that the present
DMC results, both in 2D and 3D, agree with the analytically known limits, thus
refuting the critique of the DMC method formulated in [125, 126]. In addition, we
compare the obtained dispersion relations with analytic upper and lower bounds
(where available) and a fitting function [125].

The structure of the paper is as follows. The DMC program is based on the
seminal works of Prokof’ev [49] and Mishchenko [50], and is described in Sec. 4.3.
The numerical outcome is presented and discussed in Sec. 4.4. We first benchmark
our results for the 3D case with the reference data of Prokof’ev et al. [49] and
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Mishchenko et al. [50] as well as with results obtained from Feynman’s path integral
approach [122]. Furthermore, we show ground state energies E0(0, α), polaron
dispersions E0(k, α) and effective masses m∗(α) for the 2D Fröhlich polaron and
compare them to various scaling relations derived by Peeters and Devreese [128].
We also provide values for the exactly known weak- and strong coupling coefficients.
Finally, conclusive remarks are drawn in Sec. 4.5.

4.3 Theory and Methodology

In this section, we introduce the concepts of many-body Green’s functions, dia-
grammatic expansions and corresponding Feynman diagrams as well as the basic
concepts of the Diagrammatic Monte Carlo method. Necessary computational de-
tails of our code are also given in this section.

4.3.1 Green’s functions and Feynman diagrams

To solve the Fröhlich Hamiltonian from Eq. 4.1 for the lowest energy eigenvalues, we
make use of the Green’s function formalism from many-body physics. In particular,
we are interested in the one-electron-N -phonon Green’s function in the momentum
(k, q̃i) - imaginary time (τ) representation at zero-temperature, where we assume
τ > 0:

G(N)(k, τ, {q̃i}) =
⟨︂
0
⃓⃓⃓
bq̃N

(τ) . . . bq̃1
(τ)ak1

(τ)a†k1
(0)b†q̃1

(0) . . . b†q̃N
(0)
⃓⃓⃓
0
⟩︂

(4.7)

The ket |0⟩ in Eq. 4.7 is the electron and phonon vacuum state [114] and the
operators are in the Heisenberg picture ak(τ) = eτHake

−τH . The total or polaron
wave vector is given by k = k1 +

∑︁
i q̃i and is a conserved quantity [34].

By adding a complete set of polaron eigenstates |β(k)⟩ to Eq. 4.7, withH|β(k)⟩ =
Eβ(k) |β(k)⟩ and H|0⟩ = Ev|0⟩ = 0, the Green’s function becomes

G(N)(k, τ, {q̃i}) =
∑︂
β

⃓⃓⃓⟨︂
β(k)

⃓⃓⃓
a†k1

b†q̃1
. . . b†q̃N

⃓⃓⃓
0
⟩︂⃓⃓⃓2

e−(Eβ(k)−Ev)τ =

=
∑︂
β

Z
(N)
β (k, {q̃i}) e−Eβ(k)τ . (4.8)

The Z
(N)
β -factor measures the squared overlap between the polaron eigenstate

|β(k)⟩ and a state with one free electron and N free phonons. If τ → ∞, Eq. 4.8
shows that the term which contains the state with the lowest energy eigenvalue
E0(k) is the dominant one in the sum. Therefore it is possible to retrieve E0(k)

and the corresponding Z(N)
0 (k, {q̃i})-factor for given k and {q̃i} values from the
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asymptotic behaviour of the Green’s function at long imaginary-times:

G(N)(k, τ →∞, {q̃i}) = Z
(N)
0 (k, {q̃i}) e−E0(k)τ . (4.9)

To calculate G(N), we expand the Green’s function in a perturbation series [85].
Formally, this leads to an expression of the form

G(N)(k, τ, {q̃i}) =
∞∑︂
n=0

∑︂
ξn

∫︂
· · ·
∫︂
Dn,ξn

(︁
k, τ, {q̃i};x

)︁
dx, (4.10)

where n labels the order of the perturbation expansion, ξn indexes different terms
of the same order and x = (τ1, . . . , τn,q1, . . . ,qk) is a vector of integration variables
(times of interaction vertices and internal phonon wave vectors). Note the difference
between external phonon wave vectors {q̃i} appearing in the definition of G(N) and
internal phonon wave vectors {qi} over which is integrated. The integrands Dn,ξn

are given as a product of free electron Green’s functions G0(k, τi− τj), free phonon
Green’s functions W0(q, τi−τj) and squared interaction vertices |Vd(q)|2. With the
following simple rules it is possible to map all Dn,ξn functions to Feynman diagrams:

G0(k, τi − τj) = τj τik
= e−k2/2(τi−τj), (4.11)

W0(q, τi − τj) = τj τiq
= e−ω0(τi−τj), (4.12)

|Vd(q)|2 =
Vd(q) V †

d (q)

q q
=

(d− 1)
√
2πα

Aqd−1
. (4.13)

This allows us to write the Green’s function as an infinite series over Feynman di-
agrams. Odd orders in the perturbation series evaluate to zero because phonon op-
erators appear linear in the interaction term of the Hamiltonian (Eq. 4.4). A typical
diagram is presented in Fig. 4.1. It shows a 8th-order diagram of G(2)(k, τ, q̃1, q̃2).
All diagrams of G(N) have N external phonon propagators attached to the diagram
end. The rules from Eq. 4.11 - 4.13 can be used to translate a diagram back into
its functional form. Integration has to be performed over all internal phonon wave
vectors {qi} and over all times {τi} so that their chronological order is maintained,
e.g.0 < τ1 < τ2 < · · · < τ8 < τ in Fig. 4.1. The total wave vector k is always
conserved at interaction vertices. For example, the electron propagator between τ1
and τ2 in Fig. 4.1 must have the wave vector k2 = k1 + q̃1 so that k = k2 + q̃2.

Expressing the Green’s function in terms of Feynman diagrams doesn’t solve
the problem. It merely is a way to rewrite the expansion in a more accessible way.
It is still necessary to sum the infinite series of integrals from Eq. 4.10.
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Figure 4.1: 8th-order diagram for G(2)(k, τ, q̃1, q̃2). Note that diagrams in the
expansion of G(2) have two phonon propagators attached to the diagram end. The
total polaron wave vector k = k1 + q̃1 + q̃2 is conserved at the vertices.

4.3.2 Diagrammatic Monte Carlo

In Ref. [49, 50, 129] it was shown how to use the DMC method to numerically
calculate a function Q({y}) which is given in a diagrammatic expansion of the
form

Q({y}) =
∞∑︂
n=0

∑︂
ξn

∫︂
· · ·
∫︂
Dn,ξn({y}; x1, . . . , xn) dx1 . . . dxn. (4.14)

The overall idea behind the DMC method is to interpret Q({y}) as a distribution
function for the external variables {y} [49]. It then uses a Markov chain Monte
Carlo (MCMC) procedure to simulate Q({y}) by generating diagrams stochasti-
cally. This is achieved with a Metropolis-Hastings update scheme to accept or
reject new diagrams in which the numerical values of Dn,ξn serve as statistical
weights. The function Q({y}) is obtained by collecting statistics for the external
variables {y}, e.g. in the form of a histogram. At the heart of the DMC algorithm
are updates that allow the Markov chain to explore the whole space of Feynman
diagrams, i.e. the Markov chain has to be ergodic. It is therefore necessary to
implement updates which change the order n, the topology ξn, external variables
{y} and internal variables xi. Details on basic updating procedures and acceptance
probabilities can be found in the Refs. [49, 50, 129, 130].

A general workflow of a DMC application is sketched in Fig. 4.2. Necessary
requirements are a diagrammatic expansion of Q({y}), updates {U1, . . . , Uk} and
probabilities {p(U1), . . . , p(Uk)} with which the updates are chosen. The current
diagram in each step is denoted by Dcur and characterized by its parameters values
z = ({y}; x1, . . . , xn, n, ξn). The proposed diagram is called Dnew with new param-
eters z′ = ({y′}; x′1, . . . , x′n′ , n′, ξ′n′). At the beginning, an initial diagram D(0), e.g.
a free electron propagator, is defined and the grid for the histogram is generated.
During each Monte Carlo step an update Ui gets selected with probability p(Ui).
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Input: initial diagram D(0) ← ({y(0)}; x(0)1 , . . . , x
(0)
n , n(0), ξ

(0)
n ),

update procedures {U1, . . . , Uk},
update probabilities {p(U1), . . . , p(Uk)};

Output: histogram of Q({y});

initialize histogram[];
initialize diagram Dcur ← D(0);
while not converged do

choose an update Ui from {U1, . . . , Uk} with probability p(Ui);
propose a new diagram Dnew ← ({y′}; x′1, . . . , x′n′ , n′, ξ′n′) ac-
cording to Ui;
calculate acceptance ratio R;
draw random uniform number r;
if R ≥ r then

accept the proposed diagram: Dcur ← Dnew;
else

reject the proposed diagram: Dcur ← Dcur;
end if
histogram[{y}]← histogram[{y}]+1;

end while
return histogram;

Figure 4.2: General workflow of the DMC algorithm. The algorithm returns the
histogram of the function Q({y}).
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The update Ui proposes a new diagram Dnew by changing one or more of the current
parameters of z to z′. Then a Metropolis-Hastings accept/reject step is performed
with the following acceptance ratio (detailed balance is assumed)

R =
p(U †

i )DnewP (z
′ → z)

p(Ui)DcurP (z→ z′)
, (4.15)

where p(U †
i ) is the probability of selecting the inverse update U †

i of Ui and P (z→ z′)

is an arbitrary probability density from which the new parameters z′ are chosen. If
R ≥ r, where r is a uniform random number, Dnew is accepted otherwise rejected.
Finally, the histogram at position {y} is updated. These steps are repeated until
convergence is achieved. Normalizing the resulting histogram leads to an estimation
for Q({y}).

4.3.3 DMC for the Fröhlich polaron

With the general procedure of the DMC algorithm at hand, it is fairly easy to apply
it to the Fröhlich polaron. Comparing Eq. 4.10 with 4.14 leads to the following
identifications:

(i) Q↔ G(N)

(ii) {y} ↔ {k, τ, {q̃i}}

(iii) {x1, . . . , xn} ↔ {τ1, . . . , τn,q1, . . . ,qk}

The most straightforward way to obtain the lowest energy eigenvalues E0(k, α)

of the Fröhlich Hamiltonian for a given k and α with the DMC method is to simulate
G(0)(k, τ) and fit an exponential function to its long imaginary time behaviour, as
can be seen in Eq. 4.9. This was done in the original paper by Prokof’ev [49].

Mishchenko et al. [50] provided some improvements to this method. They
simulated all G(N)(k, τ, {q̃i}) up to some maximum value N < Nmax in a single
run. It allowed them to introduce direct Monte Carlo estimators for the energy,
effective mass, group velocity and Z-factors and to obtain results up to α = 20.

In the present paper, we follow the approach by Mishchenko using estimators
for the energy eest(D) and inverse effective polaron mass mest(D) making the curve
fitting procedure obsolete. A detailed exposition of the workflow can be found in
Fig. 4.3. Values for the coupling constant α and the polaron wave vector k are
defined as inputs before the simulation starts. The parameter µ is used as part of
a guiding function of the form eµτ to improve the sampling in τ -space. In practice
this means that each diagram is multiplied by eµτ or simply by changing the value
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of the free electron Green’s function to

G0(k, τi − τj, µ) = e−(k2/2−µ)(τi−τj). (4.16)

For our calculations, we set µ slightly smaller than the true ground state energy, as
recommended in Ref. [49]. We also have specified maximum values for the diagram
length τmax, the order nmax and for the number of phonon propagators attached
to the diagram end Nmax. The value τmin is used as a cut off, in the sense that we
only accumulate estimators if the current diagram length τ is greater than τmin.
In our case, τmax = 50 and τmin = 5. Values for nmax and Nmax are dependent on
the coupling strength α, τmax and µ and should be chosen sufficiently higher than
the average diagram order and average number of external phonons per diagram.
The most important ingredients are the updates Ui. We implemented updates for
adding and removing internal as well as external phonon propagators, changing
the diagram length τ , stretching the diagram as a whole, shifting a single vertex in
imaginary time and swapping the phonon propagators of two adjacent vertices. All
these updates and a derivation of the estimators are explained in detail in Ref. [50].
We only changed the arbitrary proposal probability distribution P (z→ z′) for some
of the updates (see Eq. 4.15). Updates are addressed with the same probability
p(Ui) = p(Uj).

The basic concept is the same as in the general DMC algorithm, except that we
accumulate estimators instead of a histogram (cf. Fig. 4.2 and 4.3). We start from
an initial diagram D(0). The accumulators for the energy EMC

0 and inverse effective
mass mMC

∗ as well as the counter c, for the number of diagrams with τ > τmin, are
set to zero. In the main loop, an update Ui is chosen with probability p(Ui) and
a new diagram Dnew is proposed. It is accepted with probability min{1, R}. After
the accept/reject step, we check if the current diagram length is greater than τmin.
If τ > τmin, c is increased by 1 and the energy and inverse effective mass estimator
for the current diagram Dcur are accumulated. The effective mass is calculated
near k = 0 using the quadratic approximation:

m∗(α) =

[︃
∂2E0(k, α)

∂k2

]︃−1

k=0

. (4.17)

The loop is repeated until the energy and inverse effective mass estimates have
converged. The final estimates are obtained by dividing the accumulators by c.

In Fig. 4.4, we reproduced some of the results from Ref. [50] to verify the
correctness of our code. The top graph shows the polaron ground state energy and
the bottom graph shows the logarithm of the effective mass as a function of α. Our
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Input: initial diagram D(0) ← (k, τ (0), {q̃(0)
i }; {τ (0)i }, {q(0)

i }, n(0), ξ
(0)
n ),

update procedures {U1, . . . , Uk},
update probabilities {p(U1), . . . , p(Uk)},
values for: α, µ, k,
parameters: τmax, τmin, nmax, Nmax;

Output: energy EMC
0 (k, α),

inverse effective polaron mass mMC
∗ (α);

initialize diagram Dcur ← D(0);
EMC

0 ← 0, mMC
∗ ← 0;

c← 0;
while not converged do

choose an update Ui from {U1, . . . , Uk} with probability p(Ui);
propose a new diagram Dnew ← (k, τ ′, {q̃′

i}; {τ ′j}, {q′
k}, n′, ξ′n′) ac-

cording to Ui;
calculate acceptance ratio R;
draw random uniform number r;
if R ≥ r then

accept the proposed diagram: Dcur ← Dnew;
else

reject the proposed diagram: Dcur ← Dcur;
end if
if τ > τmin then
c← c+ 1;
EMC

0 ← EMC
0 + eest(Dcur);

mMC
∗ ← mMC

∗ +mest(Dcur);
end if

end while
return EMC

0 /c, mMC
∗ /c;

Figure 4.3: Detailed workflow of the DMC algorithm as it was used in this pa-
per. The algorithm returns estimates for the lowest eigenenergy E0(k, α) and the
inverse of the effective polaron mass 1/m∗(α) for given k and α values.
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proach [122] (dashed lines). The top graph shows the polaron ground state en-
ergy E0(0, α) and the bottom graph the logarithm of the polaron effective mass
logm∗(α) as a function of α.

data are in very good agreement with Mishchenko’s data which lets us assume that
our code gives reliable DMC results. The figure also displays results obtained with
Feynman’s variational treatment [122].

4.4 Results and discussion

In this section, we provide a more extensive discussion of the DMC results for the
Fröhlich polaron in 3D and 2D. We show and discuss polaron ground state energies,
effective polaron masses and polaron dispersions for different coupling strengths and
prove that DMC correctly accounts for the 3D→2D scaling relations. All energies
are given in units of ℏω0 and lengths in units of

√︁
ℏ/mω0.

4.4.1 Polaron ground state energy and effective mass

We first focus on our results for the polaron ground state energy E0(0, α) (Fig. 4.5),
i.e. the minimum of the polaron energy band, and for the effective polaron mass
m∗(α) (Fig. 4.6) as a function of α for 3D and 2D systems. Both cases are compared
to Feynman’s approach [122] and with available DMC results in 3D [50] (Fig. 4.4).
The corresponding numerical values are written in Table 4.1 (3D) and Table 4.2
(2D).

Feynman results in 2D have been obtained from the 3D results via scaling
relations [128, 131, 132]. These scaling relations are exact for the Feynman polaron
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energy and Feynman polaron mass:

E2D
0 (0, α) =

2

3
E3D

0 (0, 3πα/4) , (4.18)

m2D
∗ (α)

m2D
=
m3D

∗ (3πα/4)

m3D
. (4.19)

For α = 0 the polaron does not form and therefore E0 = 0 and m∗(0) = m.
As expected, with increasing electron-phonon coupling the polaron energy E0(0, α)

decreases and the effective mass increases as a consequence of the progressive local-
ization of the polaron band. This effect is stronger in 2D than in 3D and explains
the steeper curves in 2D.

Overall, our DMC data agree very well with the Feynman results in the entire
range of coupling strength, in particular for what concerns the polaron energy
(Fig. 4.5). The only sizeable deviation is observed for the effective mass in the
intermediate coupling regime, for which Feynman’s approach gives considerably
higher values than the DMC (Fig. 4.6). Both the DMC results and the variational
results obey the scaling laws (4.18) and (4.19). This can be seen in the insets of
Figs. 4.5 and 4.6 where we show the ratios RE(α) = E2D

0 (0, α)/E3D
0 (0, 3πα/4) and

Rm∗(α) = m2D
∗ (α)/m3D

∗ (3πα/4) between our DMC results in 2D and 3D. However,
the uncertainty in the Monte Carlo calculations of m2D

∗ for α > 2 worsens the
stability of the scaling relation of the effective mass at large α. The reason for
this low performance is that the effective mass estimator actually calculates the
inverse of the effective mass rather than the effective mass itself [50]. Since the
polaron mass grows very fast with increasing coupling, its inverse becomes very
small, which unavoidably worsens the accuracy of the results.

To test the accuracy of our calculations, we have also retrieved values for the
exactly known weak-coupling coefficients q1 and q2

E0(0, α) = −q1α− q2α2 +O(α3) (4.20)

and the strong-coupling coefficient γ

lim
α→∞

E0(0, α)/α
2 = −γ. (4.21)

The exact [126, 132] and DMC values for these coefficients, listed in Table 4.3,
are in very good agreement. However, a word of caution is needed here: the coef-
ficients are obtained with a simple curve fitting procedure and the final numerical
values are highly sensitive to the range of α values included in the fitting process.
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Table 4.1: Ground state energies E0(0, α) and effective masses m∗(α) in 3D from
the DMC and Feynman method [122]. Values in brackets stand for the uncertainty
in the DMC simulation, e.g −1.01662(47) has a sample standard error of 4.7×10−4.

α E0 DMC E0 Feynman m∗ DMC m∗ Feynman
1 -1.01662(47) -1.0130308 1.19396(2) 1.1955147
2 -2.06957(84) -2.0553559 1.46166(7) 1.4718919
3 -3.16829(136) -3.1333335 1.85047(13) 1.8889540
4 -4.32490(211) -4.2564809 2.45196(57) 2.5793104
5 -5.55297(296) -5.4401445 3.47194(180) 3.8856197
6 -6.86647(287) -6.7108710 5.41952(625) 6.8383564
7 -8.31039(309) -8.1126875 9.7130(268) 14.394070
8 -9.92206(606) -9.6953709 20.55(14) 31.569255
9 -11.72535(701) -11.485786 46.90(78) 62.751527
10 -13.7820(136) -13.490437 98.8(3.3) 111.81603
11 -16.0660(127) -15.709808 158.2(4.6) 183.12497
12 -18.5943(240) -18.143395 270.1(20.0) 281.62189
13 -21.2434(249) -20.790681 / 412.78190
14 -24.1151(369) -23.651278 / 582.58390
15 -27.2629(359) -26.724904 / 797.49838

Table 4.2: Ground state energies E0(0, α) and effective masses m∗(α) in 2D from
the DMC and Feynman method [122]. Values in brackets stand for the uncertainty
in the DMC simulation, e.g −1.64348(23) has a sample standard error of 2.3×10−4.

α E0 DMC E0 Feynman m∗ DMC m∗ Feynman
1 -1.64348(23) -1.62321 1.57437(8) 1.59966
2 -3.48333(62) -3.39482 3.01609(21) 3.40982
3 -5.66337(46) -5.47667 8.94191(730) 15.2085
4 -8.45543(149) -8.20738 52.108(341) 81.1684
5 -12.08288(610) -11.7281 229.3(7.8) 257.452
6 -16.5403(269) -16.0402 601.9(46.0) 609.244
7 -21.7231(566) -21.1408 / /
8 -27.1346(802) -27.0283 / /
9 -34.4669(370) -33.7021 / /
10 -40.4139(379) -41.1602 / /
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Table 4.3: Exactly known (exact) vs. calculated (calc.) expansion coefficients
of E0(0, α) for the weak- and strong coupling limit. The coefficients were obtained
using different ranges of α in 2D and 3D. In 2D, we have included α < 0.2 for com-
puting q1 and q2 and 4 ≤ α < 9 for γ. The corresponding 3D ranges are α < 0.85
(q1 and q2) and 9 ≤ α < 18 (γ).

q1 exact q1 calc. q2 exact q2 calc.
3D 1.0 0.9999 ± 3.8×10−4 0.01592 0.01588 ± 9.1×10−4

2D 1.5708 1.57084 ± 1.7×10−4 0.06397 0.06483 ± 2.8×10−3

γ exact γ calc.
3D 0.1085 0.10805 ± 7.7×10−4

2D 0.4047 0.40236 ± 3.8×10−3
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Figure 4.7: Polaron energy E0(k, α) − E0(0, α) as a function of the modulus of
the total wave vector k in 3D (left, for coupling constants α = 1.0, 2.0 and 3.0) and
2D (right, α = 0.5, 1.0 and 1.5). The continuum edge is shown at Ec(k) = 1.

We have computed q1 and q2 using α < 0.85 and α < 0.2, in 3D and 2D respec-
tively, whereas for γ we have included values in the range 9 ≤ α < 18 (3D) and
4 ≤ α < 9 (2D).

Gerlach, Kalina and Smondyrev [126] correctly point out that the (3D) second
order perturbative result q2 = 0.0126 obtained by Mishchenko using DMC [50]
deviates from Röseler’s [133] exact result q2 = 0.01592..., but we surmise that
they incorrectly concluded that the DMC results E0(0,α) are incompatible with
Röseler’s results. Here, we resolve this issue by providing the calculated DMC
values explicitly, showing that there is no discrepancy. Both for the 3D and the 2D
case, it can be seen in Table 4.3 that the DMC technique yields accurate estimates
for q2, as well as for the other analytically known expansion coefficients q1 and γ.
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4.4.2 Polaron dispersion

In Fig. 4.7, we display some dispersion curves in 3D and 2D for selected values
of α. The results have been shifted so that the ground state energy at k = 0

is E0(0, α) = 0. This makes a comparison between different α values easier. As
expected, E0(k, α) increases monotonically as a function of k and becomes more
flat with increasing coupling. This reflects the tendency to form more localized
bands as the electron-phonon coupling strength becomes stronger, an effect that
is more intense in the more-localized 2D limit, where the dispersion curves bend
over more sharply. Clearly, this behavior correlates with the polaron effective mass
since it is defined as the inverse of the curvature of the energy band at k = 0 (see
Fig. 4.6).

For large k, the energy curve approaches the so called "continuum edge" Ec(α)

defined as the energy value:

Ec(α) = E0(0, α) + ℏω0 = E0(0, α) + 1, (4.22)

i.e. the energy value which is one phonon excitation quantum or unity (in our
units) above the ground state energy. An important difference between the 3D and
2D case is that in 3D the dispersion curve crosses the continuum edge at a finite
critical wave vector length kc(α). Instead, in 2D, it has been proven that this edge
constitutes an asymptote and is approximated from below as k →∞ [125–127].

For small α, there exist rigorous upper and lower bounds for the polaron dis-
persion [127] that restrict this dispersion to a narrow domain. In the top row of
Fig. 4.8, the DMC results are shown together with these bounds for α = 0.068, the
value of the coupling strength for GaAs. Our results lie in between the bounds,
close to the upper bound, both in 3D (upper left panel of Fig. 4.8) and 2D (upper
right panel). The strict lower bound only exists for small values of the coupling
strength: α = 0.5 already lies outside the range where this lower bound can be
found.

Gerlach and Smondyrev [127] propose a fitting function for the dispersion. This
fit is based on a re-scaling of the upper bound formula, to obtain the correct
gap between bottom of the band and the continuum edge, while maintaining the
effective mass. As shown in the lower left panel of Fig. 4.8, the DMC results for the
3D case for α = 0.5 lie below both the variational upper bound and the Gerlach-
Smondyrev dispersion. The same conclusion can be drawn for the 2D case, shown
in the lower right panel of Fig. 4.8.
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Figure 4.8: Polaron energy E0(k, α) in 3D (left) and 2D (right) as a function of
the modulus of the total wave vector k for coupling constant α = 0.068 (top row)
and α = 0.5 (bottom row). Lower and upper bounds, and a fitting function to the
dispersion are taken from Ref. [127].

Table 4.4: Critical wave vectors kc(α) for coupling constants α = 0.068, α = 0.5
and α = 1.0. Listed are results from our DMC calculations, from Eq. 4.23 which is
valid up to first order in α, as well as from the fitting function from Ref. [127].

α = 0.068 α = 0.5 α = 1.0
DMC, this work 1.440 1.615 1.833
Result to order α, Eq. (4.23) 1.442 1.616 1.818
Gerlach and Smondyrev, Ref. [127] 1.442 1.570 1.697
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We now focus on the 3D case, in which the dispersion reaches the continuum
edge at a given kc. Up to lowest order in α,

kc(α) =
√
2 +

(︂π
2
− 1
)︂ α√

2
+O(α2). (4.23)

In Table 4.4, we compare for several α values the critical wavenumber obtained (i)
with DMC, (ii) with the first order approximation, Eq. 4.23, and (iii) using the
Gerlach-Smondyrev dispersion. At small coupling strength α = 0.068, all three
approaches yield the same result. However, as α is increased slightly (remaining
in the regime where the lowest order approximation can be expected to be valid),
the result obtained from the Gerlach-Smondyrev dispersion drops below the value
found by the other two approaches. The value of kc in the Gerlach-Smondyrev
approach is 3% resp. 8% smaller than the DMC result for α = 0.5 and 1.

Previously [127], this discrepancy was blamed on the fact that the DMC method
supposedly failed to reproduce even the known q2 parameter (the coefficient of
α2), whereas the fitting function is claimed to be good up to order α3. However,
as we have shown in the previous subsection, this explanation cannot hold since
contrary to what was believed earlier, the DMC does reproduce the q2 value with
high accuracy. The Gerlach-Smondyrev dispersion is not the result of variational
minimization, nor is it a rigorous lower bound: rather it is an ad hoc proposal that
rescales the best variational upper bound to give the correct known limits. Keeping
in mind that the DMC calculation takes many phonons into account (i.e. goes well
beyond order α in the diagrams), we can conclude that the DMC results indicate
that this fitting procedure is not appropriate for α ≥ 0.5.

4.5 Summary and Conclusion

The Diagrammatic Monte Carlo is a powerful method which has proven to work
in many applications for many different systems [51, 63, 83, 106, 134, 135]. For
this paper, we have implemented a DMC code based on the Refs. [49, 50] and
applied it to the solution of the large polaron Fröhlich Hamiltonian in 3D and 2D.
We benchmarked our code with existing DMC results for the 3D case to verify
its correctness and then computed polaron ground state energies, effective polaron
masses and polaron dispersion curves in 2D and 3D.

In summary, our data confirm that the effect of electron-phonon coupling is
enhanced in 2D compared to 3D, and this is reflected in all computed physical
quantities. Concerning the ground state energies, the DMC results are in very
good agreement with those obtained by Feynman’s approach [122] and we have
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demonstrated that they obey the scaling relations between 3D and 2D [128]. The
reliability of the DMC procedure is further corroborated by the calculations of
the coefficients used for the weak- and strong-coupling regime, which are almost
identical to the exactly known values. This refutes a claim [126] that the DMC
technique is not able to correctly obtain the q2 coefficients. Regarding the effective
polaron mass, the DMC performance becomes slightly less satisfactory at stronger
coupling. This inaccuracy should be traced back to the numerical errors involved
in the calculation of the inverse of the effective mass. Alternative definitions of the
polaron effective mass have been proposed in literature, which could be possibly
tested in future work to assess and compare the performance of DMC and path-
integrals approaches [136, 137].

One of the most interesting outcomes of the present study are the polaron dis-
persion curves. The DMC calculations reproduce very well the different behaviour
seen in 2D and 3D: in 2D the energy curve approaches the continuum edge asymp-
totically from below, whereas in 3D it reaches the continuum edge at a finite critical
kc. For small α (=0.068, a realistic value for a material like GaAs), the DMC disper-
sion as well as the kc are in very good agreement with the known lower and upper
limits derived from the variational approach of Gerlach and Smondyrev [127]. For
larger α (α= 0.5, 1.0), the DMC data agree well with the first order expansion
results, but deviate from the values based on a proposed fitting function for the
dispersion. While the DMC technique cannot validate the fitting procedure pro-
posed by Gerlach and Smondyrev for α ≥ 0.5, it does suggest that up to α ≈ 1 the
first order expansion result of Eq. 4.23 already provides an accurate estimate of kc.
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Chapter 5

Acoustic lattice polaron

This chapter includes a verbatim copy from the following published article:

T. Hahn, N. Nagaosa, C. Franchini, A.S. Mishchenko, Diagrammatic quantum
Monte Carlo study of an acoustic lattice polaron, Physical Review B 104 (16),
L161111 (2021).

Preamble: The manuscript uses the DiagMC + SOCC approach discussed in
Chapters 2 and 3 and applies it to an acoustic lattice polaron model in three
dimensions. The model Hamiltonian describing the acoustic lattice polaron has
been derived as part of the study and the following polaron properties are presented
(as functions of the coupling strength λ and Debye frequency Ω0):

• Ground state energy EGS, effective mass m∗, quasiparticle weight Z0, average
phonon number ⟨Nph⟩, and phonon distribution function Z(n).

• Spectral function A(ω) and first excited state energy.

• Optical conductivity σ(ω).

The correctness of the author’s DiagMC implementation has been verified by com-
paring the computed polaron properties to weak- and strong-coupling perturbation
theory results (not shown in the thesis).

Contribution: As the first author of the paper, I developed the methodology, in-
dependently implemented the code, conducted the simulations, analyzed the data,
and wrote part of the manuscript.

5.1 Abstract

We present a diagrammatic Monte Carlo study of a lattice polaron interacting with
an acoustic phonon branch through the deformation potential. Weak and strong
coupling regimes are separated by a self-trapping region where quantum resonance

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.104.L161111
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.104.L161111
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between various possible lattice deformations is seen in the ground state properties,
spectral function, and optical conductivity. This study shows that the acoustic
lattice polaron represents a distinct quantum object with unique features, markedly
different from any previously considered polaron model. In particular, the acoustic
lattice polaron exhibits an interplay between long- and short wavelength acoustic
vibrations resulting in a composite phonon cloud which leads to the formation of
multiple competing polaron states with a complex spectral response.

5.2 Introduction

The fundamental conception of a polaron, an electron interacting with phonons
and increasing its mass by dragging the accompanying phonon cloud with it, was
formed long ago [31, 32]. Depending on the type of phonon involved and on the
mechanism used to model the electron-phonon coupling [41, 42, 101, 138–141], it is
possible to distinguish between optical [34] vs. acoustic [38, 142] and lattice [36] vs.
continuum [143] polarons. Optical polaron models have been studied extensively
over the years. The gap in the spectrum of optical phonons makes them accessible
to approximate approaches [55, 144, 145], approximation free numerical techniques
[146–154], and even analytic methods [155]. On the contrary, acoustic polaron
models have received much less attention. Due to their gapless phonon spectrum,
many techniques, which work well for the optical case, either fail [155] or are
effective only at weak coupling [156]. This lack of reference studies in the polaron
literature is in contrast to the growing evidence that realistic calculations require
a thorough treatment of electron-acoustic phonon interactions [20, 26, 157–166].

In general, a typical polaron model describes an electron interacting with a
single phonon branch (ℏ = 1):

Ĥ =
∑︂
k

ϵkc
†
kck +

∑︂
q

ω(q)b†1bq +N−1/2
∑︂
k,q

V (q,k) c†k+qck(b
†
−q + bq) . (5.1)

Here, the operator c†k/b
†
q creates an electron/phonon with momentum k/q. The

Hamiltonian is fully determined by the electron dispersion ϵk, the phonon frequency
ω(q), and the interaction vertex V (q,k). In lattice models, N specifies the number
of unit cells and sums over momenta are restricted to the first Brillouin zone (BZ).

Every polaron eigenstate |ν,k⟩ of Eq. (5.1) with energy Eν(k) can be written as
a linear combination of states in which an electron with momentum k−q1−. . .−qn
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is accompanied by n phonons with momenta q1, . . . ,qn:

|ν,k⟩=
∞∑︂
n=0

∑︂
q1...qn

Θν,k
q1...qn

c†k−q1−...−qn
b†q1

. . . b†qn
|Ø⟩ . (5.2)

|Ø⟩ denotes the electron and phonon vacuum and Θν,k
q1...qn

are expansion coeffi-
cients. For a fixed polaron momentum k, we can identify the eigenstate |ν = 0,k⟩
with the lowest energy E0(k). The ground state (GS) ⟨0,kGS⟩, which is usually
located at k = kGS = 0, has an energy EGS = E0(k = kGS) and effective mass
m∗ = (d2E0(kGS)/dk

2)−1. The structure of the phonon cloud is described by the
probabilities of finding n-phonons in the GS, Z(n) =

∑︁
q1...qn

⃓⃓
Θ0,k=kGS

q1...qn

⃓⃓2, and their
average number ⟨Nph⟩ =

∑︁
n nZ(n). More information is contained in the spectral

function Ak(ω) =
∑︁

ν δ(ω − Eν(k)) |⟨Ø| ck |ν,k⟩|2, which has poles (sharp peaks)
at energies of stable (metastable) states of the polaron.

Optical polaron models with phonon dispersion ω(q) = ω0 > 0 and interaction
vertex V (q,k) = V (q) are well understood. In the case of lattice models, it is
common practice to quantify the electron-phonon coupling strength with a single
parameter ˜︁λ =

∑︂
q

2 |V (q)|2
W ω(q)

, (5.3)

where W is the width of the electronic band. Polaron states for ˜︁λ≪ 1 and ˜︁λ≫ 1

show profound differences. In the weak coupling regime (WCR) at ˜︁λ≪ 1, the GS
is light m∗/m∗(˜︁λ = 0) ≈ 1 with a slightly distorted lattice ⟨Nph⟩ ≪ 1 around the
electron, whereas in the strong coupling regime (SCR) at ˜︁λ ≫ 1, the GS is heavy
m∗/m∗(˜︁λ = 0) ≫ 1 because of a large phonon cloud ⟨Nph⟩ ≫ 1 surrounding the
electron.

At ˜︁λ = ˜︁λcr ≈ 1, one may observe the self-trapping (ST) phenomenon. ST, as
it was defined in the pioneer works [31, 167–169], refers to an apparent quantum
resonance between WCR and SCR. There are two indicators for ST: (i) a two-
peak structure in the phonon distribution function Z(n), and (ii) a clear avoided
crossing behavior of the GS and first excited state (FES) in the spectral response.
These two fingerprints are very spectacular when the optical phonon frequency ω0

is sufficiently small ω0 ≪ W , but they are hardly observed at large ω0 [170].
The phonon spectrum of the acoustic polaron model dramatically changes the

situation because the energy gap ω0 > 0, inherent to optical phonons, is missing
and there is no a priori knowledge whether the Debye frequency Ω0 of the acoustic
phonon dispersion can be a good substitute. It so happened that all previous
non-perturbative studies were restricted to a simplified continuum model [39, 63,
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142, 171–173]. The electronic band in the continuum model is approximated by
ϵk = k2/2 while the phonon dispersion and interaction vertex are set to ω(q) = vsq

and V (q) ∼ √q, with vs a sound velocity [40]. A momentum cutoff q ≤ k0 is
introduced to establish the maximal Debye frequency Ω0 = vsk0. Surprisingly, it
was shown [39, 63, 142, 171, 174] that the WCR to SCR crossover is sharper for
larger values of Ω0. This is clearly opposite to what is found in optical polaron
models, where the crossover is sharper for smaller ω0.

With the present Letter, we fill a gap in the polaron literature by providing a
reference study of an acoustic lattice polaron model using approximation free di-
agrammatic Monte Carlo [49–51, 175] and stochastic optimization consistent con-
straints (SOCC) [50, 92, 93] analytic continuation methods. SOCC does not involve
any approximation and does not assume any predefined shape of the real frequency
spectra because the procedure is based solely on the imaginary time input data [92].

5.3 Model

We consider a three dimensional primitive cubic lattice with the tight binding
dispersion for the electron

ϵ(k) = 2t

x,y,z∑︂
i

[1− cos(ki)] , −π ≤ ki < π , (5.4)

(t is the nearest-neighbor hopping amplitude) and an acoustic phonon spectrum
due to nearest-neighbor force constants and with Debye frequency Ω0

ω(q) = Ω0

⌜⃓⃓⎷x,y,z∑︂
i

sin2 {qi/2} , −π ≤ qi < π . (5.5)

Estimating the deformation potential D = σdiv(u(r)) = σ
∑︁x,y,z

i ∂ui/∂xi, as the
energy proportional to the change of the unit cell volume D ∼∑︁x,y,z

i | ui(r+ âi)−
ui(r) |, where âi is a primitive unit vector of the 3D cubic lattice and ui(r) ∼
âi

∑︁
q e

iqr
(︂
bq + b†−q

)︂
/
√︁
ω(q) is a displacement due to the acoustic phonon mode,

one arrives at the interaction vertex

V (q) = γ

x,y,z∑︂
i

sin {|qi/2|}
[︄
x,y,z∑︂
i

sin2 {qi/2}
]︄−1/4

. (5.6)
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As is usually the case, we define a dimensionless coupling constant λ = γ2/(6 tΩ0)

which corresponds to ˜︁λ ≈ 2.5λ as follows from Eqs. (5.3)–(5.6). The lattice con-
stant a and the hopping amplitude t are set to unity throughout.

5.4 Results

Figures 5.1(a)–5.1(d) show the ground state properties (effective mass, energy,
quasiparticle weight and average number of phonons) as functions of the coupling
strength λ. In contrast to the acoustic continuum polaron, the transition from
WCR to SCR is sharper for smaller values of the Debye energy cutoff Ω0. This
behavior is similar to what is observed in optical lattice models, where the crossover
is more abrupt for smaller ratios ω0/W . Moreover, it is interesting to note that
the value of ˜︁λcr ≈ 2.5λcr in the adiabatic limit is in good agreement in both optical
and acoustic lattice models. In Fig. 5.1(e), we show λcr(Ω0) determined from
derivatives of various GS properties with respect to λ (see the caption for more
details). Although the values of λcr(Ω0) slightly depend on the kind of derivative,
this discrepancy becomes negligible at small values of Ω0 allowing us to extrapolate
to the adiabatic limit λcr(Ω0 → 0) = 0.355±0.01. Using Eq. (5.3), we can compare
this value for the acoustic polaron ˜︁λaccr (Ω0 → 0) = 0.895± 0.03 to the one obtained
for the optical polaron ˜︁λopcr (Ω0 → 0) = 0.9 [176, 177].

The general features of the phonon distribution function Z(n) in Figs. 5.1(f)
and 5.1(g) are very similar to the optical polaron case [55, 57, 178]. In the WCR,
the free electron contribution to the expansion of the polaron GS in Eq. (5.2) is
the dominant one and so Z(n = 0) ≈ 1 while Z(n > 0) ≈ 0. In the SCR, Z(n)
resembles a Poisson distribution with its mean located at ≈ 13.47λ/Ω0. For the
nearly adiabatic case Ω0 = 0.5 [Fig. 5.1(f)], Z(n) develops a two-peak structure
close to the critical coupling λcr ≈ 0.41. This self-trapping indicator is not seen
in the nearly anti-adiabatic case Ω0 = 2 [Fig. 5.1(g)], where we always observe a
single peak.

It is thus no surprise that for Ω0 = 0.5, in agreement with the resonant behavior
of Z(n), the spectral function in Fig. 5.2(a) demonstrates the avoided crossing
phenomenon representative for self-trapping. At λ = 0.1, the FES is still well
separated ≈ 0.2t from the GS, which contains nearly all of the weight, i.e. Z0 ≈
1. With increasing coupling, this gap becomes smaller and the weight is slowly
transferred to the FES, as can be seen from Figs. 5.2(b) and 5.2(c). At the crossover
point λ = λcr, the energy gap between GS and FES is minimal and their weights
become equal.
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Figure 5.1: (a-d) Polaron ground state properties for Ω0 = 0.5 (red circles),
Ω0 = 1 (blue squares), Ω0 = 2 (magenta rhomboids), and Ω0 = 3 (olive triangles):
(a) effective mass m∗, (b) ground state energy EGS [horizontal red double line
shows a break in the y-axis from -5 to -8 separating two different energy scales],
(c) quasiparticle weight Z0, and (d) average phonon number ⟨Nph⟩ in the phonon
cloud. (e) Ω0-dependence of the critical values λcr determined from the condition
d2Z0/dλ

2 = 0 (rhomboids), Min[d2EGS/dλ
2] (squares), and d2⟨Nph⟩/dλ2 = 0

(circles). Dashed line shows extrapolation to zero Debye frequency Ω0 → 0. (f-g)
Distribution Z(n) of the number n of phonons in the GS for different λ (in legend)
for (f) Ω0 = 0.5 and (g) Ω0 = 2.
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Figure 5.2: (a-c) Ω0 = 0.5: (a) Spectral functions A(ω)/κ [κ with increasing λ is
0.006, 0.02, 0.08, 0.12, 0.23, 0.44, 0.61, 0.65, 0.67, 0.68], (b) energy, and (c) weight
of the GS (red circles) and FES (blue squares) peaks. The spectrum at λcr ≈ λ =
0.41 is highlighted by a dotted line. (d-e) Ω0 = 2: (d) Incoherent part of spectral
functions A(ω)/κ [κ with increasing λ is 0.04, 0.21, 0.45, 0.6, 0.75, 0.8, 0.8, 0.9,
0.95, 0.65, 0.2] and (e) energy of the excited state peaks counted from EGS.
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Figure 5.3: Distribution of the number n of phonons in the ground state for
Ω0 = 2. Phonons are grouped into LME/HME (circles/rhomboids). Inset in the
upper right corner shows the division into LME and HME.

On the other hand, it seems surprising that we can see the avoided cross-
ing hybridization behavior for Ω0 = 2 [Figs. 5.2(d) and 5.2(e)], since there is no
corresponding two-peak structure in the phonon distribution function Z(n) [see
Fig. 5.1(g)].

However, the unique feature of the acoustic lattice polaron is the presence of
two distinctive groups of phonons whose properties are significantly different. Con-
sidering the dispersion in Eq. (5.5) and the interaction vertex in Eq. (5.6), one
can distinguish between low momenta and energy (LME) phonons close to the
Γ point and high momenta and energy (HME) phonons near the BZ boundary.
We tentatively divide the phonons into LME/HME by using a sphere with radius
qf=1/2 = (3π2)1/3, where f is the fraction of the volume of the BZ [see inset in
Fig. 5.3]. Phonons with momenta inside the sphere belong to LME otherwise to
HME. Figure 5.3 shows their different behavior for Ω0 = 2. The LME phonon cloud
transfers from WCR to SCR at λ ≈ 0.6, while the HME cloud makes the crossover
at a considerably stronger coupling λ ≈ 0.725. Depending on λ, it is thus possible
to observe three qualitatively different situations in the GS: (i) LME and HME are
both in the WCR, (ii) LME is in the SCR while HME is still in the WCR and (iii)
LME and HME are both in the SCR. It is important to note that the number of
possible GS regimes is the same as for the self-trapping phenomenon observed for
optical polarons. Moreover, the situations in (i) and (iii) simply correspond to the
standard WCR and SCR. However, regime (ii) is specific to the acoustic lattice
polaron. It shows an additional fine structure in the LME/HME phonon clouds
which is not present in the total phonon distribution Z(n) [see Fig. 1(g)]. We
observed no qualitative difference between LME and HME phonons for different
fractions f because LME enters the SCR at smaller values of λ both for f = 1/4
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Figure 5.4: Optical conductivity σ(ω)+χ for different λ given in the legend. χ is
an artificially added onset to discern the curves for different values of λ: (a) Ω0 = 2
[χ with increasing λ is 0, 0.015, 0.03, 0.06, 0.09, 0.11] and (b) Ω0 = 0.5 [χ with
increasing λ is 0, 0, 0, 0, 0.01, 0.02, 0.07, 0.16, 0.26, 0.33, 0.36, 0.39, 0.42]. Dotted
blue lines in (a) follow peaks to guide the eye. The spectrum in (b) at λcr ≈ λ =
0.41 is highlighted by the dotted red line.

and f = 3/4 (Fig. S1 and Fig. S2 in Supplementary material 5.7). Besides, the
LME cloud transfers for λ = 0.625 from WCR to SCR in the range f ∈ [1/4, 3/4],
whereas HME always stays in the WCR (Fig. S3 Supplementary material 5.7). The
configuration (iv) when LME is in the WCR and HME is in the SCR, is not seen in
the GS but might be realized in some excited states. Furthermore, the very nature
of acoustic phonons implies that there is always a group of soft phonons present,
namely LME, which are responsible for the manifestations of the self-trapping phe-
nomenon even for large Debye frequencies Ω0, see Figs. 5.2(d) and 5.2(e). For
Ω0 = 0.5, both LME and HME show a two-peak structure while the number of
phonons n at maximal Z(n) is, indeed, larger for LME (Fig. S4 in Supplementary
material 5.7).

The anomalously rich structure of the phonon cloud leads to the existence of
multiple competing states. For example, a third competing state is clearly seen in
the spectral function A(ω) for Ω0 = 0.5 (see Fig. S5 in Supplementary material
5.7). To reveal more details on the excited spectrum, one can look at the zero
temperature optical conductivity (OC) σ(ω), since the symmetry selection rules
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for A(ω) and σ(ω) are different [55, 112]. We are aware of only one pioneering
variational study which investigated the optical response of the acoustic continuum
polaron [179]. Figure 5.4 presents approximation free results for σ(ω) for our lattice
model. Numerous excited states, which were never observed in the OC of optical
polarons, can be identified for Ω0 = 2 (Fig. 5.4(a)) and Ω0 = 0.5 (Fig. 5.4(b)).
This is a reflection of the unique composite phonon cloud of the acoustic polaron
containing a combination of differently behaving LME and HME phonons.

5.5 Conclusions

In conclusion, we have shown that the lattice polaron interacting with an acoustic
phonon branch via the deformation potential is an object whose complexity is
going far beyond the previously studied optical and acoustic continuum polarons.
Its most interesting feature is the existence of two groups of phonons which can
interact with the quasiparticle in different ways. These two phonon clouds are
responsible for the rich structure in the optical response showing multiple excited
states and for the persistent self-trapping phenomenon even at large values of the
Debye frequency. Furthermore, the sharpness of the crossover between weak and
strong coupling has a different dependence on the Debye/cut-off frequency in the
acoustic continuum polaron compared to our lattice model. This shows that these
two models are not simply two limiting cases of each other but that they describe
very different objects. Our results constitute the first comprehensive account of
the fundamental properties of an acoustic polaron. They will be useful in detecting
characteristic features of electron-acoustic phonon coupling in experiments and can
further guide the exploration of polaron physics in real materials.

5.6 Acknowledgements

We are grateful to O. Barišić and S. N. Klimin for fruitful discussions. This work
was supported by JST CREST Grant Number JPMJCR1874, Japan and by the
joint FWO-FWF Grant No. I 2460-N36 and Grant No. I 4506. The computational
results presented have been achieved in part using the Vienna Scientific Cluster
(VSC).

5.7 Supplemental Material



5.7. Supplemental Material 111

Figure 5.5: Distribution of the number n of phonons in the ground state for
Ω0 = 2. Phonons are grouped into LME/HME (circles/rhomboids) with the thresh-
old q1/4.

Figure 5.6: Distribution of the number n of phonons in the ground state for
Ω0 = 2. Phonons are grouped into LME/HME (circles/rhomboids) with the thresh-
old q3/4.
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Figure 5.7: Distribution of the number n of phonons in the ground state for
Ω0 = 2 and coupling constant is λ = 0.625. Phonons are grouped into LME/HME
(circles/rhomboids) with different thresholds q0.25, q0.375, q0.5, and q0.75.

Figure 5.8: Distribution of the number n of phonons in the ground state for
Ω0 = 0.5. Phonons are grouped into LME/HME (circles/rhomboids) with the
threshold q1/4.
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Figure 5.9: Spectral functions A(ω)/κ for Ω0 = 0.5 and different coupling
strengths λ. κ with increasing λ is 0.006, 0.02, 0.08, 0.12, 0.23, 0.44, 0.61, 0.65,
0.67, 0.68.
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Chapter 6

Quadratic electron-phonon
interaction

This chapter includes a verbatim copy from the following published article:

S. Ragni, T. Hahn, Z. Zhang, N. Prokof’ev, A. Kuklov, S. Klimin, M. Houtput,
B. Svistunov, J. Tempere, N. Nagaosa, C. Franchini, A. S. Mishchenko, Polaron
with quadratic electron-phonon interaction, Physical Review B 107 (12), L121109
(2023).

Preamble: The manuscript extends the DiagMC + SOCC approach described
in Chapters 2 and 3 to nonlinear electron-phonon coupling and applies it to a
Holstein-like polaron model with purely quadratic interactions to obtain the fol-
lowing polaron properties (as functions of the coupling strength g2 and the adiabatic
ratio Ω/W ):

• Ground state energy E, effective mass m∗, quasiparticle weight Z, average
number of phonons ⟨Nph⟩, and phonon distribution function Zn.

• Spectral function A(ω) and first excited state energy.

The updates and estimators used in the DiagMC algorithm have been developed in
close collaboration with the first author of the publication. Implementation details
can be found in Sec. 6.8.3 and in Stefano Ragni’s PhD thesis [115]. The correctness
of the algorithm has been verified by comparing with another numerically exact
method, the x-representation approach, and with analytically known atomic limit
results.

Contribution: As a co-author of the paper, I collaborated with the first author
in developing the theory, supervised the development of the DiagMC code, and
contributed to the writing of the manuscript.

https://journals.aps.org/prb/abstract/10.1103/PhysRevB.107.L121109
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.107.L121109
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6.1 Abstract

We present the first numerically exact study of a polaron with quadratic coupling
to the oscillator displacement, or X2-polaron, using two alternative methodological
developments. Our results cover both anti-adiabatic and adiabatic regimes and the
entire range of electron-phonon coupling g2, from the system’s stability threshold
at attractive g2 = −1 to arbitrary strong repulsion at g2 ≫ 1. Key properties of
X2-polarons prove dramatically different from their linear counterparts. They (i)
are insensitive even to large quadratic coupling except in the anti-adiabatic limit
near the threshold of instability at attraction; (ii) depend only on the adiabatic
ratio but are insensitive to the electron dispersion and dimension of space; (iii)
feature weak lattice deformations even at the instability point. Our results are
of direct relevance to properties of electrons at low densities in polar materials,
including recent proposals for their superconducting states.

6.2 Introduction

The first results on polarons with quadratic coupling to phonons were reported in
Refs. [180, 181], which explored properties of large-radius solitons in the adiabatic
limit at strong coupling. Indications that nonlinear coupling to atomic displace-
ments is important were found in several materials such as doped manganites [182],
halide perovskites [183], and quantum paraelectrics [184–186]. Most notable is the
unusual T 2 dependence of resistivity at high temperature, which was explained by
considering electron-phonon interactions (EPI) with quadratic dependence on the
phonon coordinates [184, 187]. The soft vibrational modes in these materials are
transverse optical (TO) phonons for which the linear EPI is suppressed in the long-
wave limit. However, local electron density changes the potential acting on nearby
atoms and this change may increase or decrease the local spring constants. Early
suggestions that bi-phonon exchange could be an important pairing mechanism at
low doping [188] were recently revisited by quantifying and employing them for
explaining the superconducting properties of SrTiO3 [189–191]. While the treat-
ment of the problem was perturbative, the dimensionless coupling constant was
estimated to be of order unity, raising the question of consistency.

In the low-density limit—when the polaron physics is most relevant [107]—the
key assumption on which the Migdal-Eliashberg theory is based (irrelevance of
vertex corrections at strong coupling), namely EF ≫ Ω, where EF is the Fermi
energy and Ω is the characteristic phonon frequency, fails. Thus, any quantitative
study of strong EPI effects in this limit should start from precise calculations of
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basic polaron properties such as its energy, E, effective mass, m∗, and the quasi-
particle residue, Z. We are aware of only few theoretical attempts to account for
quadratic EPI beyond perturbation theory. The original work [180, 181] was based
on a variational approach for large-radius soliton-type solutions. A nonperturbative
momentum average approximation [144] was used to study the interplay between
linear (Holstein model [36]) and non-linear EPI at zero temperature in Refs. [192,
193]. Effects of non-linear EPI on the formation of charge density waves, super-
conductivity, and quasi-particle properties were investigated in a series of papers
[194–196]. These determinant Monte Carlo [197] studies considered finite clusters
(up to N = 8× 8 sites) in two dimensions at high electron density and finite tem-
perature. More recently, the interplay between linear and quadratic EPI in the
Fröhlich model of continuous space polarons was studied at zero temperature in
Ref. [198] using variational Feynman’s path integral method [121].

All studies find that quadratic interaction with positive/negative coupling con-
stant decreases/increases the effective strength of the linear EPI. However, none of
the previous work was able to treat effects of strong quadratic coupling in the ther-
modynamic limit without approximations, or was investigating polaron properties
for purely quadratic interaction. Meanwhile, as was mentioned above, there exist
important cases when coupling to soft transverse phonons has no linear terms in
the long-wave limit, e.g. quantum paraelectrics [184] and optically pumped systems
[199, 200].

In this Letter, we employ two complementary numerically exact methods to
solve the polaron model with quadratic coupling to atomic displacements, or X2-
polaron, at zero temperature. The first one is based on Feynman diagrams and is
best suited for studying dispersive phonons in the regimes of weak and intermediate
coupling. The second method—performing best at strong coupling and becoming
particularly simple in the dispersionless regime —works with the path-integral rep-
resentation for both the electron and atomic displacements. The two methods
are new methodological advances that go well beyond previous developments. We
explore both adiabatic and non-adiabatic limits and find that X2-polarons remain
well-defined all the way to the instability threshold and possess the remarkable abil-
ity (especially in the adiabatic case) to resist renormalization even in the extreme
strong coupling limit.

6.3 Model

The key difference between our Hamiltonian and the well-studied Holstein model
[36] is the quadratic, instead of linear, coupling to the local oscillator coordinates,



118 Chapter 6. Quadratic electron-phonon interaction

Xi = [b†i + bi]/
√
2MΩ ≡ xi/

√
2MΩ, where M and Ω are the oscillator mass and

frequency, respectively (we use standard notation for on-site creation/annihilation
operators for harmonic modes and electrons):

H = −t
∑︂
<ij>

a†jai + Ω
∑︂
i

b†ibi +
Ω

4
g2
∑︂
i

ni[b
†
i + bi]

2 . (6.1)

Here ni = a†iai is the electron occupation number. The first two terms describe the
electron hopping between nearest neighbor sites on the simple cubic lattice (in what
follows we take t as the unit of energy) and the local vibration modes, respectively.
We count oscillator energies from their ground states, and use the dimensionless
constant g2 to parameterize the coupling. By writing the local potential energy for
ni = 1 as MΩ2[1 + g2]X

2
i /2, we observe that (i) the model becomes unstable at

g2 ≤ −1, implying that the radius of convergence for a perturbative treatment in
powers of g2 is unity, (ii) the oscillator frequency is renormalized to

Ω̃ = rΩ, r =
√︁
1 + g2 , (6.2)

and (iii) its ground state energy shifts to Ω(r − 1)/2.

6.4 Momentum-space representation

See also Supplemental material in Sec. 6.8 and references [50, 201] therein. The
first scheme is based on the Diagrammatic Monte Carlo (DiagMC) technique intro-
duced in Ref. [49] and further developed in Ref. [50]. The imaginary-time Green’s
function, G(k, τ), for momentum state k is sampled stochastically from the series
expansion in powers of g2 expressed as Feynman diagrams in terms of bare elec-
tron and phonon propagators. This method is convergent for |g2| < 1 where all
results are identical with those of the second approach within the statistical error
bars. The difference between linear and quadratic coupling is a more complex set
of diagram topologies consisting of a set of n-phonon loops because now each in-
teraction vertex involves two phonons (instead of one) being emitted or absorbed
(see Eq. (6.1)).

Figure 6.1 shows typical low-order diagrams. The simplest self-energy diagram
is given by the 1-loop; its series, see Fig. 6.2, is absorbed into the “bare" electronic
propagator, G0 → G̃0, by shifting the tight-binding dispersion ϵk → ϵ̃k = ϵk +

g2Ω/4:
G̃0(k, τ) = e−ϵ̃kτ , D0(q, τ) = e−Ωτ . (6.3)
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G
=

G̃0
+

D0

+ +

+ + +

+ + + . . .

Figure 6.1: Momentum-space diagrams for the Green’s function up to fourth
order in the quadratic coupling.

G̃0
:=

G0
+ + + · · · = e−ϵ̃kτ

Figure 6.2: The geometric series of the 1-loop diagrams defines the “Hartree"
renormalized electron propagator.

The remaining high-order loops display a wide variety of topologies that increase
dramatically with the order of the diagram. In addition, there exist multiple Wick
pairings that are topologically equivalent and result in the same contribution, mean-
ing that each diagram comes with the combinatorial factor 2NV−N2 , where NV is
the total number of vertices and N2 is the number of 2-phonon loops, i.e. loops
consisting of two phonon propagators. The sign of the diagram is given by (−g2)NV ,
meaning that the expansion is sign-positive for g2 < 0.

An ergodic sampling scheme includes the following updates:
Add/remove 2-loop: Seed time, τ1 and τ2, and momentum, q1 and q2, variables for
new vertices to be added to the diagram and balance this proposal by suggesting
to remove any of the existing 2-loops.
Add/remove 3-loop: This update is a straightforward generalization of the previous
one, but for 3-loops. It is required for the generation of odd-order diagrams.
Relink : Pick any two phonon propagators across the whole diagram at random
such that they do not share vertices, i.e. they start and end on four different
vertices. Propose a new diagram topology by connecting the four vertices with the
two phonon propagators randomly.
Additional updates, such as changing time and/or momentum variables of the
diagram, are introduced to improve the autocorrelation time.

Following Ref. [50], the simulation is extended to the N -phonon Green’s func-
tion, which allows one to collect information about the structure of the phonon
cloud. We employ standard procedures to extract the ground state energy, E,
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quasiparticle weight, Z, average number of phonons, ⟨Nph⟩, and effective mass,
m∗, of the polaron.

6.5 X-representation approach

As discussed in Ref. [66], see also the Supplemental Material in Sec. 6.8, any non-
linear coupling to local vibration modes can be dealt with exactly and efficiently by
specifying dimensionless atomic coordinates xi for all sites connected by the electron
hopping transitions. The only new ingredient required for adapting the scheme of
Ref. [66] to the model in Eq. (6.1) is the imaginary-time oscillator propagator in
the presence of the electron

Ũ(y, x, τ) = e(1/2)Ωτ−Q̃(y,x,τ)

√︃
r

4π sinh(Ω̃τ)
,

Q̃(y, x, τ) =
r[cosh(Ω̃τ)(x2 + y2)− 2xy]

4 sinh(Ω̃τ)
. (6.4)

For empty sites, the “bare" propagator U(y, x, τ) has the same functional form as
Ũ(y, x, τ) but with r = 1 and Ω̃ = Ω. Thus, for any electron’s lattice path and
any set of atomic displacements on sites connected by hopping transitions, one
has an exact sign-positive expression for the system’s evolution operator subject to
stochastic sampling without a bias.

In the so-called atomic limit (AL), t = 0, the solution for the Green’s function
immediately follows from the Gaussian integral GA(τ) =

∫︁
dxdyU(x)Ũ(x, y, τ)U(y)

leading to

GA(τ) = ZAe
−EAτ

[︄
1−

(︃
1− r
1 + r

)︃2

e−2Ω̃τ

]︄−1/2

, (6.5)

where
ZA =

2
√
r

1 + r
, EA =

Ω

2
(r − 1) . (6.6)

The spectral density, defined by GA(τ) =
∫︁∞
0
dωAA(ω)e

−ωτ , is readily obtained by
Taylor expanding GA(τ) in powers of e−2Ω̃τ :

AA(ω) =
∞∑︂
k=0

Z2kδ(ω − E2k) . (6.7)

It is a set of δ-functions at frequencies E2k = EA + 2kΩ̃ with Z2k-factors equal to

Z2k = ZA
(2k − 1)!!

(2k)!!

[︃
1− r
1 + r

]︃2k
. (6.8)
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Figure 6.3: Polaron properties (energy, effective mass, and Z-factor) in the adi-
abatic regime Ω/W = 1/48 (bandwidth W = 12t in 3D) as functions of EPI cou-
pling.

Finally, the atomic limit admits an exact solution for the average number of
phonons in the polaron cloud defined as in Ref. [50]

⟨Nph⟩ =
∞∑︂
k=0

(2k)Z2k =
(1− r)2

4r
. (6.9)

If both Ω̃ and Ω are much larger than t (meaning that to the leading approx-
imation the oscillators always remain in the ground state as the electron moves),
then the finite-t effects can be fully characterized by the overlap integral squared
between the bare and renormalized ground states equal to ZA:

E = −6ZAt+ EA , m∗/m = Z−1
A . (6.10)

6.6 Results

In sharp contrast to conventional polarons, properties of X2-polarons strongly de-
pend on the sign of g2, see Figs. 6.3 and 6.4. The effective mass (quasiparticle
weight) goes through a minimum (maximum) at g2 = 0, while the energy is an in-
creasing function of g2. The asymmetry is especially notable in the anti-adiabatic
case Ω/W = 4, see Fig. 6.4, and is directly linked to the fact that at g2 → −1
the local phonon frequency undergoes a dramatic change and ultimately softens to
zero. Correspondingly, as long as the condition Ω̃ > W is satisfied, the atomic-
limit expressions featuring square-root singularities, see Eqs. (6.5)–(6.10), provide
an accurate description of the polaron properties. However, on approach to the
stability threshold, this condition ultimately gets violated and the singularity is re-
moved because an electron moves away before the slow phonon mode has a chance
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2
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Figure 6.4: Polaron properties (energy, effective mass, and Z-factor) in the anti-
adiabatic regime Ω/W = 4 in 3D as functions of EPI coupling. Solid lines are the
analytic predictions based on the atomic limit (6.6)–(6.10); dashed lines connecting
data points are used to guide an eye.

to adjust to its interacting ground state. This explains the remarkable fact, that
all polaron properties remain well defined and regular in the g2 → −1 limit for any
finite value of t, see Figs. 6.4 and 6.5.

For positive g2, all properties change gradually even at g2 ≫ 1. Moreover, in
the adiabatic limit Ω/W = 1/48, see Fig. 6.3, both Z and m∗/m remain close
to unity with sub percent accuracy for any |g2| ≤ 1. One way to interpret the
data is to make a connection with the linear problem where the crossover from
weak to strong coupling takes place when the dimensionless coupling λ, defined as
the ratio between the coupling strength squared and the product of W/2 and Ω,
is of the order of unity. Introducing a similar parameter for model (6.1) we get
λ = 2(g2Ω/4)

2/(WΩ) = (g22Ω)/(8W ). Its value for |g2| = 1 is λ = 1/384 for the
adiabatic case shown in Fig. 6.3 and λ = 1/2 for the anti-adiabatic case shown in
Fig. 6.4.

Another stark difference between linear and quadratic couplings is found in
the structure of the lattice distortion dragged along by polarons. It is quantified
through probabilities Zn of having n virtual phonons in the ground state [for AL it
is given by Eq. (6.8)]. In the linear case, the peak in Zn shifts from n = 0 at weak
coupling to large finite values of n at strong coupling [50, 202]. In contrast, Zn for
X2-polarons is peaked at n = 0 and decreases exponentially at large n (Fig. 6.5b)
for any value of negative g2, including the close vicinity of the instability point
(1+g2) < 10−3 when the average phonon number of phonons ⟨Nph⟩ is already large
(Fig. 6.5a). Somewhat counter-intuitively, Zn=0 for the moving particle (t > 0) is
larger than for the localized particle in the AL (t = 0), whereas for large n the
opposite is true, see inset in Fig. 6.5a. Only for large g2 in the deep adiabatic limit
Ω/t≪ 1 it is possible that Zn has a peak at finite n due to formation of the soliton
state [180].
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Figure 6.5: Phonon cloud in the anti-adiabatic limit in 3D at Ω/W = 4. (a)
Average number of phonons ⟨Nph⟩ (blue circles) and the AL prediction (line),
Eq. (6.9), for negative coupling constant. (b) Phonon distributions Zn in the po-
laron cloud (symbols) and the AL prediction (lines, Eq. (6.8)), g2 =: −0.25 (stars,
dotted line), −0.75 (circles, dashed line), −0.95 (triangles down, dash-dot line),
−0.98 (triangles up, dash-dot-dot line), −0.998 (squares, short-dash-dot line), and
−0.9996 (diamonds, solid line). Inset in panel (a) shows the phonon distribution
(squares) and Eq. (6.8) (diamonds) for g2 = −0.9996 on a smaller scale.

We also find that properties of X2-polarons mostly depend on the particle
bandwidth, and are rather insensitive to the form of the dispersion relation and even
the dimension of space, e.g., E, Z, ⟨Nph⟩, and m∗ are practically indistinguishable
between the 3D and 1D cases provided the bandwidth is the same (see Supplemental
material).

To complete the picture, we performed analytic continuation of the Green’s
function spectral density, A(ω), in the anti-adiabatic limit by the Stochastic Opti-
mization with Consistent Constraints method [50, 92]. In Figure 6.6b, we show the
extracted positions of excited states and how they compare with the AL predictions
(Fig. 6.6a). One can see in Fig. 6.6b that the onsets of high energy peaks are well
described by energies E2k in Eq. (6.7).

6.7 Conclusions

We find that properties of X2-polarons are dramatically different from those based
on the intuition gained during a long history of Holstein polaron studies. In the
adiabatic regime, X2-polarons are nearly indistinguishable from bare particles for
any coupling with |g2| ∼ 1. In the anti-adiabatic regime, particle properties are
renormalized more strongly (but saturate to finite values) when approaching the
instability threshold at g2 = −1, but remain small for positive g2 except in the
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Figure 6.6: Anti-adiabatic limit in 3D at Ω/W = 4. (a) Ground state energy
(circles connected by the black line) and that of the first excited state (blue dia-
monds). Blue dashed line is the first excited state energy in the AL. Vertical line
at g2 = −0.95 corresponds to the coupling for which the spectral function A(ω) in
panel (b) is shown. (b) Spectral function A(ω) at g2 = −0.95 for which Eq. (6.2)
predicts ˜︁Ω ≈ 10.7. Arrows show energies of 2-phonon 2Ω̃ and 4-phonon 4Ω̃ thresh-
olds above the ground state energy.

limit of large coupling. Perhaps the most unexpected result is that the lattice
deformation around the X2-polaron remains weak even at the threshold. This
outcome explains the success of recent work on superconductivity in SrTiO3 [189–
191] which treated electrons as bare particles.

We established that the adiabatic ratio Ω/W is the key parameter to pay at-
tention to for this problem, while other microscopic details and even the system
dimension are less relevant. This fact can be used for the development of approxi-
mate schemes, such as momentum average [144], dynamical mean field theory [203],
or many body approach [106] in the low density limit, that can then be validated
against our numerically exact results.

The soliton-type solutions [180] cannot form for model parameters simulated in
this work. The minimal requirement is to have m∗/m ≫ 1 at Ω ≪ Ω̃ ≤ t, which
is not satisfied even for the (Ω/t = 0.1, Ω̃ = 30Ω) parameter set, for which we find
m∗/m ≈ 3. Future work should address the soliton problem under the assumption
that the crystal is in close proximity to the quantum critical point when Ω → 0

and the electron contribution to the local vibrational energy is finite when Ω̃ →
const.
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Figure 6.7: (a) Energy shifts, (b) Z0-factors, (c) average number of phonons
⟨Nph⟩, and (d) effective masses m∗/m0 for models 1 (triangles up), 2 (triangles
down), and 3 (circles). Solid lines show the analytic results in the AL.
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6.8 Supplemental material

6.8.1 Sensitivity to the microscopic details of the electron
spectrum

Figure 6.7 demonstrates that the renormalization of X2-polaron properties depends
only on the electronic bandwidth and is rather insensitive to the details of the
electron dispersion and dimension of space. We consider the anti-adiabatic regime
for which all properties change most dramatically with coupling. Model 1 is the
three dimensional simple cubic lattice with Ω/W = 4 and Model 2 is the one
dimensional chain with the same adiabatic ratio. Model 3 is the one dimensional
chain with the bandwidth reduced by a factor of three, Ω/W = 12. Since the three
models have different bandwidths W we compare the ground state energy shifts
(EGS − E0)/Ω ≡ (EGS −W/2)/Ω in units of Ω.

One can see that ground state energies, Z-factors, average number of phonons
in the phonon cloud ⟨Nph⟩, and effective masses in Models 1 and 2 are nearly
impossible to distinguish whereas the results for the Model 3 are different and, as
expected, closer to the AL predictions.



126 Chapter 6. Quadratic electron-phonon interaction

6.8.2 Implementation of the x-representation approach

Here we work in the representation of the eigenstates of local oscillator coordinates
Xi (the so-called x-representation). A convenient “visual" starting point is the
coordinate path-integral formulation for both the particle and the (local) oscillators.
The particle path starts at τ = 0 and ends at a certain finite τ . It is used to sample
the ground-state imaginary-time polaron Green’s function

G(τ, r) = ⟨ar(τ)a†0(0)⟩ . (6.11)

The next step is a massive integration over the oscillator paths leaving behind
only (i) the finite-time propagators in the coordinate representation, (ii) the oscil-
lator ground-state wavefunction, and—only in the case of dispersive phonons—(iii)
interaction vertices between (otherwise local) oscillator coordinates.

In the case of dispersionless phonons—like the one we deal with in the present
work, a dramatic simplification comes with the observation that the paths for
phonon modes on different sites are disconnected. Hence, we need to sample oscil-
lators paths only for the sites reached by the particle’s worldline and need not be
sampled for time periods when the particle occupation number remains constant.

Without loss of generality, one can count oscillator energies from their ground
state and write

H
(ph)
i = Ωb†ibi . (6.12)

Now one may assume that oscillator paths start at τ = −∞ and end at τ =

+∞. This way the “boundary conditions" at ±∞ become irrelevant: an infinitely
long oscillator path is τ -independent and equivalent to the ground-state projector,
yielding, upon the integration, the value U0(x) of the oscillator ground-state wave
function at the coordinate x corresponding to the fixed end of the infinite path:

U0(x) =
e−x2/4

(2π)1/4
. (6.13)

Further integration converts the path of the i-th oscillator—interacting with the
given particle path—into a string of x-propagators, Π(x′′, x′, τ ′′ − τ ′), sandwiched
between two functions U0 (for clarity, we suppress the site subscript i):

U0(x1)Π(x2, x1, τ2 − τ1) . . .Π(xn, xn−1, τn − τn−1)U0(xn).

There are two types of x-propagators: the ones corresponding to the free oscillators,

U(x2, x1, τ) = ⟨x2|e−τH(ph)|x1⟩ , (6.14)
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Figure 6.8: A typical diagram for the ground-state Green’s function G(τ, r). Site
subscripts are suppressed for clarity. The solid (blue) line represents particle’s path,
each hopping event of which contributes a factor of t. Dashed lines with free ends
represent the functions U0. Dashed lines with both ends attached to the particle’s
path represent x-propagators, the choice between U or Ũ is dictated by the absence
or presence of the solid line.

and the ones corresponding to the oscillators whose potential energy is changed by
the presence of the particle,

Ũ(x2, x1, τ) = ⟨x2|e−τH̃(ph)|x1⟩ , (6.15)

H̃(ph) = H(ph) + g2
MΩ2

2
X2 . (6.16)

This way we arrive at the configuration space illustrated in Fig. 6.8. To compensate
for an exponential decrease of G(τ, r) with τ , we use a standard trick of introducing
an auxiliary chemical potential µτ .

Our MC scheme includes three updates:
Change the τ value. A new value, τ ′, is generated within the interval [τn, τmax]

as shown in Fig. 6.9, where τn is the time of the last hopping transition and τmax

is a preset maximum value of τ . The acceptance ratio for this update is given by

R =
P (τ)

P (τ ′)

Ũ(xm, xm−1, τ
′ − τn)

Ũ(xm, xm−1, τ − τn)
e−µτ (τ ′−τ) , (6.17)

where P (τ ′) is the distribution function for generating τ ′. We choose the exponen-
tial distribution P (τ ′) = µpe

−µp(τ ′−τn) optimizing the value of µp to make sure that
R ∼ 1.

Change x-value. A new x-value x′j is generated at a randomly chosen hopping
kink. Fig. 6.10 shows two possible cases:
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Figure 6.9: An illustrative diagram for the τ -update.

Case 1. Here the coordinate xj is shared between propagators U0 and Ũ . The
acceptance ratio is

R =
P (xj)

P (x′j)

U0(x
′
j)Ũ(x

′
j, xk,∆τ)

U0(xj)Ũ(xj, xk,∆τ)
(6.18)

where P (x′j) is the probability distribution function for generating x′j.
We use the Gaussian distribution

P (x′j) =
(︁
2πσ2

)︁−1/2
exp

[︂
−
(︁
x′j − µ

)︁2
/
(︁
2σ2
)︁]︂
, (6.19)

µ =
rσ2

2
xk csch(Ω̃∆τ) , (6.20)

σ2 = 2
[︂
1 + r coth(Ω̃∆τ)

]︂−1

, (6.21)

in which case R = 1, and the update is always accepted.
Case 2. Here the coordinate xj is shared between propagators U and Ũ . The

acceptance ratio is

R =
P (xj)

P (x′j)

U(xl, x
′
j,∆τ2)Ũ(x

′
j, xk,∆τ1)

U(xl, xj,∆τ2)Ũ(xj, xk,∆τ1)
, (6.22)

Similarly to Case 1, we achieve R = 1 by using the Gaussian distribution (6.19),
now with

µ =
σ2

2

[︂
xl csch(Ω∆τ2) + rxk csch(Ω̃∆τ1)

]︂
, (6.23)

σ2 = 2
[︂
coth(Ω∆τ2) + r coth(Ω̃∆τ1)

]︂−1

. (6.24)

Add/delete a hopping kink. In this update (illustrated in Fig. 6.11), we first
choose to add a hopping kink with probability Padd or delete one with 1− Padd.

Add a kink. This update adds a hopping transition to any of the Nnb nearest-
neighbor sites (for 3D cubic lattice, Nnb = 6) at the end of the diagram at time τ
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Figure 6.10: An illustrative diagram for the x-update.

and extends the path’s imaginary time variable to τ ′ > τ . This procedure generates
two x-values, x′ and x′′, for the new propagator Ũ(x′′, x′, τ ′ − τ). The acceptance
ratio is

Radd =
1− Padd

Padd

Nnb

P (τ ′)f(x′, x′′)
te−µτ (τ ′−τ)

× Ũ(x′′, x′, τ ′ − τ)U(x′, xk,∆τ)U0(x
′′)

U0(xk)
,

(6.25)

where P (τ ′) and f(x′, x′′) are the distribution functions for generating τ ′, x′ and
x′′.

There is a special case: if the added hopping transition moves the particle to
a site that it never visited before, one should replace U(x′, xk,∆τ)/U0(xk) with
U0(x

′) in the acceptance ratio.
One possible choice for P (τ ′) and f(x′, x′′) is P (τ ′) = µpe

−µp(τ ′−τn) and f(x′, x′′) =
f(x′)f(x′′) with f(x) = (2πσ2)−1/2 exp [−x2/ (2σ2)], where σ2 = 2/(1 + r).

Delete a kink. This update deletes the last hopping kink and changes the
imaginary time from τ ′ to τ . The acceptance ratio is the reciprocal of the one for
the add update:

Rdelete = R−1
add (6.26)
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Figure 6.11: An illustrative diagram for adding and deleting hopping kinks.

6.8.3 Implementation of the momentum-space representa-
tion approach

By applying the Fourier transform to the electron and phonon creation/annihilation
operators, the Hamiltonian is written in momentum space:

H =
∑︂
k

ϵka
†
kak + Ω

∑︂
q

b†qbq

+
Ω

4

g2
N

∑︂
k,q1,q2

a†k+q1+q2
ak(b

†
−q1

+ bq1
)(b†−q2

+ bq2) ,
(6.27)

where N is the number of unit cells and the lattice constant is set to a = 1. The
electron dispersion is

ϵk = −2t
3∑︂

i=1

cos(ki) , −π ≤ ki < π . (6.28)

We work in the thermodynamic limit, so that momentum sums are turned into
integrals: ∑︂

k

→ V

(2π)3

∫︂
BZ

dk , V = Na3 . (6.29)

Feynman diagrams in the momentum-space representation are mathematically
represented by a diagram weight denoted by the symbol Ddiag. The diagram weight
is given by the product of all diagram elements, translated by substituting lines
with the electron and phonons propagators presented in Eq. (3) of the main text.
Each interaction vertex is translated to a factor of (g2Ω/4)/(2π)3, with the factor
(2π)3 coming from the thermodynamic limit included for convenience.
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τA τB τA τB

Figure 6.12: Diagram representation of the two possible Wick pairings for two
vertices.

Combinatorial factors

In the S-matrix expansion, the time-ordered phonon bracket generates many pos-
sible Wick pairings. Some of them link the vertices in different ways, so that they
are topologically different terms and we represent them as different diagrams. But
there are also multiple pairings that are topologically equivalent, and evaluate to
the same expression, which means that each diagram may appear more than once
in the expansion: that is, it carries a combinatorial factor.

Let us take the simplest case of two vertices at τA and τB:

⟨|T Bq1(τA)Bq2(τA)Bq3(τB)Bq4(τB)|⟩ , (6.30)

where Bq(τ) = bq(τ) + b†−q(τ). In this case there are two possible Wick pairings
(neglecting equal time pairings, which would result in two 1-loops):

⟨|T Bq1(τA)Bq2(τA)Bq3(τB)Bq4(τB)|⟩ , (6.31)

⟨|T Bq1(τA)Bq2(τA)Bq3(τB)Bq4(τB)|⟩ . (6.32)

Both translate to the 2-loop diagram, which then gets a combinatorial factor of 2.
It is possible to represent these different Wick pairings graphically if we always

distinguish between the two “sockets” in which we can plug the phonon line, for
example above or below the horizontal (see Fig. 6.12).

In a general diagram consisting of NV =
∑︁∞

n=2 nNn quadratic vertices linked
together into Nn n-phonon loops, the combinatorial factor associated with such
diagram is

2NV−N2 . (6.33)

This result can be shown as follows. Consider first the vertices that are linked in
2-loops. Each 2-loop has 2 possible Wick pairings: (a) and (b) from Fig. 6.12. If
there are N2 2-loops, the number of possibilities is 2N2 .

Consider now a loop of n vertices, with n > 2. Start by connecting two of them:
this can be done in 4 ways (Fig. 6.13a). Then, for each further vertex added to the
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Figure 6.13: Graphical representation of the factors in Eq. (6.34).

loop, there are 2 possibilities (without or with a twist, Fig. 6.13b). The last one is
constrained to just 1 possibility, because it must reattach to the beginning of the
n-loop (Fig. 6.13c). Putting it all together:

4× 2n−2 × 1 = 2n . (6.34)

Multiplying together the contributions from the N2 2-loops and from higher
order loops:

2N2 × (23)N3 × (24)N4 · · · = 2NV−N2 . (6.35)

The result (Eq. (6.33)) is in agreement with the rule based on diagram symme-
tries presented in [201].

Updates

Add/remove 2-loop. The addition of a 2-loop to the diagram is proposed. First,
one of the NV + 1 electron propagators is selected at random, and its initial and
final times are labeled as τl and τr. The initial time τ1 of the 2-loop is chosen
uniformly between τl and τr, and the final time τ2 is chosen from the exponential
distribution P (τ2) ∝ e−2Ω(τ2−τ1). The phonon momenta q1 and q2 are chosen inside
the 1st BZ from the uniform distribution U(q1,q2) = (2π)−6.

The update is balanced by proposing the removal of one of the N2 + 1 2-loops
from the diagram, which is chosen uniformly. The acceptance ratio for the add
update is

Radd-2 =
NV + 1

N2 + 1

τr − τl
P (τ2)

1

U(q1,q2)

Dadd-2

Dcur
× 2 , (6.36)

where Dcur and Dadd-2 are the weights of the current and proposed diagram, respec-
tively. The factor of 2 arises from Eq. (6.33) because the proposed configuration
contains one 2-loop more than the current configuration. The diagram weight ratio
is given by

Dadd-2

Dcur
=

(g2Ω/4)
2

(2π)6
exp {−Στ1→τ2(q1 + q2)} , (6.37)

Στa→τb(q) =
∑︂

i∈τa→τb

[ϵ̃ki−q − ϵ̃ki
+ 2Ω]∆τi , (6.38)
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τl τr

τl τ1 τr τ2

q1
q2

Figure 6.14: An illustrative diagram for adding and removing 2-phonon loops.

where the sum is over all electron propagators between time points τa and τb, ki is
the electron momentum of the i-th propagator and ∆τi its length.

The acceptance ratio of the Remove 2-loop update is the reciprocal of the one
for the Add 2-loop update.

Add/remove 3-loop. The addition of a 3-loop to the diagram is proposed.
First, one of the NV + 1 electron propagators is selected at random, and its initial
and final times are labeled as τl and τr. The initial time τ1 of the 3-loop is chosen
uniformly between τl and τr, the middle time τm is chosen from the exponential
distribution P (τm) ∝ e−2Ω(τm−τ1) and the final time τ2 is chosen from the expo-
nential distribution P (τ2) ∝ e−2Ω(τ2−τm). The phonon momenta q1, q2 and q3 are
chosen inside the 1st BZ from the uniform distribution U(q1,q2,q3) = (2π)−9.

The update is balanced by proposing the removal of one of the N3 + 1 3-loops
from the diagram, which is chosen uniformly. The acceptance ratio for the add
update is

Radd-3 =
NV + 1

N3 + 1

τr − τl
P (τm)P (τ2)

1

U(q1,q2,q3)

Dadd-3

Dcur
× 8 , (6.39)

where the factor of 8 arises from Eq. (6.33) because the proposed configuration
contains one 3-loop more than the current configuration. The diagram weight ratio
is given by

Dadd-3

Dcur
=

(g2Ω/4)
3

(2π)9
exp {−(Σ12 + Σ13)} , (6.40)

Σ12 = Στ1→τm(q1 + q2) , Σ13 = Στm→τ2(q1 + q3) , (6.41)

with Στa→τb(q) defined in Eq. (6.38).
The acceptance ratio of the Remove 3-loop update is the reciprocal of the one

for the Add 3-loop update.
Relink. Randomly pick two phonon propagators across the whole diagram. If

the two propagators have any vertex in common, the update is rejected, so that 4
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τl τr

τl τ1 τr τm τ2

q1
q2

q3

Figure 6.15: An illustrative diagram for adding and removing 3-phonon loops.

q1 q2

q1 q2 q1

q2

Figure 6.16: Relink update on a diagram containing one 2-loop and one 3-loop.
A possible choice for the phonon propagators to relink is highlighted in red, and
the possible transitions are shown.

distinct vertices can be identified. The vertices can be connected in 3 different ways
with the phonon propagators leading to 3 distinct diagram topologies (including
the topology of the current diagram): we propose at random one of the other two
(see Fig. 6.16).

When evaluating the acceptance ratio, we observe that, unlike in higher order
loops, the two phonons in a 2-loop are indistinguishable in the sense that they
connect the same vertices. Picking any of them is an equivalent choice for the
purpose of the relink update, yielding the same final state. For this reason, the
probability to switch between configurations with a different number of 2-loops is
not balanced.

To satisfy detailed balance, we find the following transition ratio: 2∆N2 , where
∆N2 = N ′

2 − N2 is the difference in the number of 2-loops between the proposed
and current diagram. This ratio exactly compensates the combinatorial factors, so
that only the diagram weight ratio is left to compute:
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Rrel = 2∆N2
Drel

Dcur
× 2NV−N ′

2

2NV−N2
=
Drel

Dcur
. (6.42)

External phonons

Within the momentum-space approach, information about the phonon cloud can
be obtained by extending the simulation to generate diagrams of the irreducible
N -phonon Green’s function [50]. To this end, we generalize the updates previously
described in a simple way. When proposing the final time in the add 2-loop update,
and when proposing the middle and final time in the add 3-loop update, we allow
them to go beyond the total diagram length τ . The resulting phonon is regarded
as an external phonon, as if the representation were circular. Moreover, the relink
update is generalized to allow phonon propagators to cross the origin in order to
create topologies with external phonons.
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Chapter 7

Summary and conclusion

This thesis presents a comprehensive theoretical and numerical investigation of po-
laron physics across a range of interaction mechanisms and model Hamiltonians. Its
primary objective has been to understand how different forms of electron-phonon
coupling give rise to distinct quasiparticle behavior and how the corresponding
properties can be accessed using numerically exact many-body techniques. To this
end, different continuum and lattice polaron models have been studied, charac-
terized by their specific interaction vertices, electron band structures and phonon
dispersion relations.

The first part of this work is devoted to the analytical derivation of the theory
underlying these models and to the development of the numerical infrastructure
required for their solution. After introducing the polaron concept and deriving
the general electron-phonon Hamiltonian in Chapter 1, it focuses in Chapter 2 on
the two main numerical methods utilized in this thesis: (i) Diagrammatic Monte
Carlo, and (ii) stochastic optimization with consistent constraints for numerical
analytic continuation. Both methods are described in a pedagogical way with
special emphasis on the DiagMC approach.

Chapter 3 starts with a summary of various polaron properties and their rela-
tion to many-body correlation functions. Using a perturbation expansion of the
time-evolution operator in imaginary time, it is shown how these correlation func-
tions can be expressed as infinite sums of Feynman diagrams. The last section of
the chapter discusses the details of a DiagMC implementation for polaron Hamil-
tonians in the form of Eq. 1.29, with a particular focus on the Monte Carlo updates
and estimators used to efficiently sample the configuration space of all Feynman
diagrams and to extract physical observables.

The overall strategy for studying polaron problems in this thesis can be sum-
marized as follows: (i) Use DiagMC to obtain ground state properties like energies,
effective masses, quasiparticle weights or average number of phonons in the po-
laron cloud, and to compute imaginary time correlation functions, such as the
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single-particle Green’s function or current-current correlation function. (ii) Per-
form numerical analytic continuation to reconstruct dynamical quantities such as
spectral functions and optical conductivity from the imaginary time data. (iii) An-
alyze the obtained results and interpret them in terms of the underlying physical
mechanisms.

In the remaining chapters, this strategy has been applied to three representative
polaron models, each illustrating distinct aspects of electron-phonon physics.

The first study in Chapter 4 addresses the Fröhlich large polaron in two and
three spatial dimensions [175]. The simulations reproduce ground state energies
and effective masses with high accuracy compared to other DiagMC results and
confirm exact scaling relations connecting two- and three-dimensional systems. Fur-
thermore, the calculated weak and strong coupling expansion coefficients agree with
their analytically known values, thereby validating the numerical procedure. The
computed polaron dispersion relations reveal characteristic differences between 2D
and 3D systems: in two dimensions the spectrum approaches the continuum edge
asymptotically, while in three dimensions it reaches the continuum at a finite critical
momentum. These results provide a stringent validation of the DiagMC approach.
They clarify earlier discussions concerning its accuracy in describing Fröhlich po-
larons, and they give us the confidence to extend our studies to less conventional
cases.

The second study in Chapter 5 investigates a lattice polaron interacting with
an acoustic phonon branch through deformation-potential coupling [202]. In con-
trast to previously studied optical or continuum polarons, this system exhibits a
significantly richer physical structure. The numerical results reveal the existence of
a self-trapping region separating weak and strong coupling regimes, characterized
by quantum resonance between competing lattice distortions. A key aspect of this
model is the presence of two distinct phonon contributions that interact with the
quasiparticle in different ways, leading to the formation of a composite phonon
cloud. This mechanism produces a complex spectral and optical response with
multiple excited states and demonstrates that the acoustic lattice polaron repre-
sents a qualitatively distinct quasiparticle compared with both optical and acoustic
continuum polarons. The results presented here provide the first systematic char-
acterization of this system and offer useful guidance for identifying signatures of
electron-acoustic phonon coupling in experimental studies.

The final part of the thesis, Chapter 6, examines polarons with quadratic cou-
pling to lattice displacements [204]. This interaction leads to quasiparticle prop-
erties that differ substantially from models with linear electron-phonon coupling.
The numerical results show that, in the adiabatic regime, the quadratic polaron
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remains nearly indistinguishable from a bare particle even for relatively strong cou-
pling strengths. In the anti-adiabatic regime, stronger renormalization effects are
observed near the instability threshold. However, these effects stay in a moderate
range and saturate to finite values. An unexpected outcome of the simulations is
that lattice deformations remain weak even close to the instability point. These
findings help explain why electrons in certain polar materials, such as SrTiO3, can
often be successfully treated as nearly free particles in theoretical descriptions of
superconductivity. Moreover, the study identifies the adiabatic ratio as the key
parameter controlling the system’s behavior, indicating that simplified theoretical
approaches may be constructed and validated against the numerically exact results
from this work. Our results obtained with momentum-space DiagMC have been
compared with an alternative X-representation (i.e. atomic coordinates represen-
tation) approach working with a path-integral representation for both the electron
and atomic displacements. This method, originally developed by Prokof’ev and
Svistunov [66], was further extended by the first author of our quadratic polaron
paper, Stefano Ragni, to treat polarons with arbitrary nonlinear electron-phonon
interactions [205]. A more detailed description of the method and other simi-
lar applications can be found in Stefano Ragni’s PhD thesis [115]. In parallel,
complementary analytical approaches were developed by incorporating quadratic
interactions into the method of squeezed phonon states [206].

In addition to developing the theory, running the simulations and analyzing
the data of the three main studies mentioned above, a significant part of the au-
thor’s PhD work has been devoted to the implementation of a high-quality C++

Monte Carlo library that forms the core of all DiagMC codes developed and used
in the present thesis. The library has been designed with robustness, modularity,
and extensibility in mind, enabling users to efficiently implement different Monte
Carlo algorithms. Owing to space and time limitations, the details of this effort
have not been discussed as part of the dissertation. They will be presented in a
forthcoming technical publication, accompanied by an open-source release of the
software including dedicated documentation and tutorial material. This initiative
aims to support the growing interest in Diagrammatic Monte Carlo and to provide
standardized benchmark implementations that can facilitate future research in the
field.

In conclusion, this thesis demonstrates that DiagMC, together with numeri-
cal analytic continuation methods, provides a powerful and versatile framework
for investigating polaron Hamiltonians. By combining analytical derivations, al-
gorithmic development, and extensive numerical simulations, the work establishes
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a coherent approach to study polaron physics across different interaction mecha-
nisms and model systems. The results presented here deepen our understanding
of electron-phonon interactions in both continuum and lattice environments and
provide reliable reference data for future research. At the same time, the method-
ological advances and computational tools developed for this dissertation open new
perspectives for the application of DiagMC techniques to more complex quantum
many-body polaron problems, including their integration into first-principles elec-
tronic structure codes.
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