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Abstrakt

Eine der bemerkenswertesten Kuriositidten der Zahlentheorie ergibt sich aus dem Wert

e™ 163 ~ 262 537 412 640 768 743.99999999999925,

der erstaunlich nahe an einer ganzen Zahl liegt. Auf den ersten Blick mag dies wie ein
blofler numerischer Zufall erscheinen, doch tatséchlich spiegelt es tiefe Zusammenhéange
zwischen algebraischer Zahlentheorie, Modulfunktionen und der Theorie elliptischer Kur-
ven wider. Diese Arbeit untersucht diese Zusammenhénge anhand der Betrachtung ellip-
tischer Kurven mit komplexer Multiplikation, der Arithmetik von Modulfunktionen und
expliziten Konstruktionen von Klassenkorpern tiber die Kubikwurzel der j-Funktion, ~s.
Durch die Kombination analytischer und algebraischer Techniken werden die Integritét-
seigenschaften relevanter Modulinvarianten gezeigt und erldutert, wie diese Ergebnisse
die nahezu ganzzahlige Erscheinung von e™V163 erkliren.

Als motivierende Perspektive wird in der Fachliteratur héufig betont, dass jeder Mathe-
matiker zumindest einmal eine klare Erklarung fiir dieses Phénomen kennenlernen sollte.
Ziel der vorliegenden Arbeit ist es, zu einem solchen Verstdndnis beizutragen.






Abstract

One of the most remarkable curiosities in number theory arises from the value

e™ 163 ~ 262 537 412 640 768 743.99999999999925,

which comes astonishingly close to being an integer. At first sight this appears to be a
mere numerical coincidence, but in reality it reflects deep connections between algebraic
number theory, modular functions, and the theory of elliptic curves. This thesis explores
these connections through the study of elliptic curves with complex multiplication, the
arithmetic of modular functions, and explicit constructions of class fields via the cube
root of the j-function, v5. By combining analytic and algebraic techniques, we establish
the integrality properties of relevant modular invariants and demonstrate how these re-
sults explain the near-integrality of e™v163,

As a motivating perspective, it has frequently been emphasized in the literature that
every mathematician should at least once encounter a clear explanation of why this phe-
nomenon holds. The aim of the present work is to contribute to such an understanding.
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Introduction

In April 1975, Martin Gardner amused the readers of Scientific American (a popular-
science magazine) with a clever prank: he claimed that the number

T/ 163

e

was exactly an integer, attributing this remarkable fact to a result mentioned by the
Indian mathematician S. Ramanujan in his 1914 paper (see [5, p. 126]). A few months
later, Gardner admitted that it had been an April Fools’ joke. Yet the claim, though
playful, was not entirely unfounded: the number is astonishingly close to the integer

262537412640768744,

differing from it by less than a trillionth. In number-theoretic terms, this makes it
an example of an “almost integer”, a number whose distance to the nearest integer is
extraordinarily small.

The reference to Ramanujan’s paper was, however, legitimate. In his 1914 work on
modular equations and approximations to 7 ([9]), he had already observed such almost
integers, noting values like e™ and e™67. He was fully aware that none of these
values were actually integers. Later, the remarkable value e™V163 emerged as an extreme
example of this phenomenon and came to be known as Ramanujan’s constant. What
may first appear to be a numerical coincidence in fact reflects deep connections between
algebraic number theory, modular functions, and elliptic curves. The goal of this thesis
is to explain, step by step, the mathematical structures underlying this phenomenon,
highlighting its deep connections with the theory of complex multiplication.

The underlying theme of this work is the remarkable interplay between three perspectives
on the same objects

o Analytic, through lattices in C and the associated elliptic functions such as the
Weierstrass gp-function and its companions.

e Geometric, via elliptic curves realized as quotients of C by a lattice.

o Algebraic, through the arithmetic of imaginary quadratic fields, orders, and their
class groups.

The theory of complex multiplication lies precisely at the intersection of these perspec-
tives, providing both a conceptual explanation and concrete formulas.



Contents

The central theorem around which this thesis is built is the First main theorem of complex
multiplication. It establishes a precise link between the Galois action on j-invariants of
elliptic curves with complex multiplication and the action of the ideal class group of an
imaginary quadratic order. This fundamental result not only explains the algebraicity
of certain modular invariants but also leads to explicit class field constructions. In the

case of discriminant —163, these ideas culminate in the near-integrality of e™v163,

Overview of the thesis. The presentation is organized into seven chapters, each
developing a key part of the argument explaining the remarkable value e™V163,
Chapter 1 is mainly devoted to recalling basic results that provide the foundation for
many of the discussions in the later chapters.

Chapter 2 introduces lattices in the complex plane and explains how they give rise to el-
liptic curves, thereby establishing the analytic-geometric dictionary that underlies much
of the later theory. This correspondence not only provides intuition but also equips us
with concrete tools to pass between algebraic and analytic viewpoints.

Chapter 3 develops the theory of complex multiplication. Here we describe elliptic curves
whose endomorphism rings are larger than usual and show how such curves are orga-
nized by the ideal class group of imaginary quadratic orders. This chapter makes the
arithmetic structure encoded in the geometry of elliptic curves precise.

In Chapter 4 we turn to modular functions. Starting with congruence subgroups and the
classical j-function, we study how these functions generate fields of modular functions
and how their algebraic properties connect with the arithmetic of elliptic curves. This
prepares the ground for studying elliptic curves and their invariants within a number-
theoretic framework.

Chapter 5 is devoted to the proof of the First main theorem of complex multiplication,
a central result of the subject. This theorem describes in exact terms how the Galois
action on elliptic curves with complex multiplication corresponds to the action of the
ideal class group, thereby forging a deep link between geometry and arithmetic.
Building on this foundation, Chapter 6 introduces a specific cube root of the j-function,
denoted ~». This function, though less classical than j, plays a crucial role in explicit
class field theory: its values generate ring class fields in cases where the classical j-
invariant does not generate the full field.

In Chapter 7 we address the integrality of the Fourier coefficients of the j-function by
constructing 7. algebraically and relating it to j. While the integrality result already
suffices for the main goal of the thesis, the construction also yields explicit formulas
for o, making the final conclusions especially transparent and bring the analytic and
arithmetic viewpoints together in a concrete way.

Finally, Chapter 8 brings together all the previous results. Using the explicit formu-
las developed in the previous chapter, we numerically evaluate 72(7) at the imaginary
quadratic arguments corresponding to orders of class number one. This allows us to
deduce the extraordinary near-integrality of ™13 and to conclude the thesis by illu-
minating how the abstract theory of complex multiplication explains one of the most
remarkable numerical phenomena in number theory.



1 Preliminaries

As a preparation for the upcoming sections, we summarize some classical results and
theorems. These will provide the necessary groundwork for our subsequent discussions.

Theorem 1.0.1 (Bolzano-Weierstrafl). Every bounded sequence in R™ has a convergent
subsequence.

Proof. A proof can be found in [10, Thm. 2.42]. O
Theorem 1.0.2 (L’Hoépital’s rule). Let I be an open interval and let ¢ be an accumu-

lation point of I (possibly ¢ = £00). Let f and g be real-valued functions differentiable
on I\ {c}, with ¢'(x) # 0 for all x € I\ {c}. Assume that the limit

lim f(z)
T—C g’(;p)

=L eRU{£o0}

exists. If either
lim f(z) =limg(x) =0 or lim|g(z)| =00

Tr—C Tr—C Tr—C

lim@ = L.

or x — ¢~ ) if ¢ is a finite endpoint of I.

then

The limit may be one-sided (x — c¢*

Proof. A proof can be found in [10, Thm. 5.13]. O

Theorem 1.0.3 (Cauchy’s residue theorem). Let 2 be a simply connected open subset
of C, let U be a finite set of points in C, Uy = Q\U and let f be a holomorphic function
on Uy. Let C be a positively oriented simply closed curve and denote by Res(f,p) the
residue of f at the point p € U. Then

Z Res(f.p) = omi / /(z

peU

Proof. See [2, Thm. 2.2]. There the general form of the residue theorem is established
using winding numbers. Our formulation is the special case where C' is a positively
oriented Jordan curve, so the winding numbers reduce to 0 or 1. 0

Theorem 1.0.4 (Cauchy criterion for series). Let (an)n>1 be a sequence in a complete
metric space. Then the series > o> an converges if and only if for every € > 0 there
exists N € N such that for allm >n > N,




1 Preliminaries

Proof. For a proof see [10, Thm. 3.22]. O

Theorem 1.0.5. Let (fn)nen be a sequence of holomorphic functions on an open set
Q that converges uniformly to a function f on every compact subset of ). Then f is
holomorphic on Q.

Proof. For a proof see [1, Thm. 5.1]. O

Theorem 1.0.6 (Liouville). Let f be a holomorphic and bounded function on C. Then
f is constant.

Proof. For a proof see [1, p. 122]. O

For a non-zero complex function f(z) that is meromorphic on an open neighbourhood
of a point zg € C, we define

n if f has a zero of order n at zg
ord,, (f) =< —n if f has a pole of order n at 2
0 otherwise.

By convention, ord,, (0) = oc.

Theorem 1.0.7 (Generalized argument principle). Let v be a simple closed, positive
oriented curve, let I' denote its interior, and let f be a function that is meromorphic on
an open set Q containing v and I'. Assume that f has no zeros or poles on v and let g
be a non-zero holomorphic function on 2. Then

= [ = X o).

2w ) wel
Proof. A proof can be found in [14, Thm. 14.17]. O
When g(z) = 1, we recover the classical argument principle:

Theorem 1.0.8 (Cauchy’s argument principle). Let v be a positive oriented Jordan
curve, let I' denote its interior and let f be a function that is meromorphic on an open
set § containing v and I'. Assume that f has no zeros or poles on . Then

1 ore,
i [ =2

where Z and P denote the number of zeros and poles of f in ', counted with multiplicity.

Theorem 1.0.9 (Maximum modulus principle). Let Q C C be a connected open set, and
let f: G — C be holomorphic. If there exists a point zg € Q such that |f(zo)| > |f(2)]
for all z € G, then f is constant on Q.

Proof. For a proof, see [2, Thm. 6.1.1]. O



Theorem 1.0.10 (Primitive element theorem). Fvery separable field extension of finite
degree is simple.

Proof. For a proof see [4, Thm. 14.25]. O

Theorem 1.0.11 (Vieta’s formulas, discriminant of a polynomial). Let P(x) = anz™ +
Ap_12" 4 ...+ a1z + ag be a polynomial with a; € C for 1 <i <n and a, # 0. Then
we have

(i) Let ey, ea,...,e, € C denote the (not necessarily distinct) roots of P(x). Then the
coefficients of P(x) are related to its roots by

Z ( ) eij) = (_1)16?-
Jj=1 "

1< <2<, <N =

(ii) The discriminant of P(x) can be expressed in terms of its roots and the Vander-
monde determinant as

1<i<j<n

Proof. For a proof see [7, Exc. 33, p. 257-258]. O






2 The correspondence between lattices and
elliptic curves

One of the central ideas in the theory of elliptic curves is that their geometry can be
described both in algebraic and in analytic terms. Over C, this dual perspective takes
the form of a precise correspondence between elliptic curves and lattices, a theme that
will guide this chapter. We will examine this correspondence in both directions: starting
from a lattice, we construct the associated elliptic curve, and conversely, given an elliptic
curve over C, we recover a lattice that encodes its analytic structure.

The chapter is organized into five sections. The first two provide background material:
we recall the basic definitions and properties of elliptic curves, and we introduce lattices
and complex tori. In the third section, we develop the analytic side of the correspondence
by constructing elliptic functions on the torus and showing how these functions define
a corresponding elliptic curve. The fourth section describes explicitly the isomorphism
between the complex torus and its associated elliptic curve, a construction that will
also serve as an important tool later on. Finally, the fifth section treats the converse
direction: starting from an elliptic curve over C, we recover a lattice that produces it,
thereby completing the picture. This framework provides the analytic foundation on
which much of the later theory in this thesis will build.

The exposition in this chapter is inspired by [3, §10 A-B, §11 A] and has been expanded
and supplemented with additional results and proofs following [14, Lec. 14, 15].

2.1 Elliptic curves

We begin by introducing elliptic curves, their basic properties, and how they are de-
scribed algebraically. This will provide the necessary background and notation for the
constructions that follow.

An elliptic curve is a smooth projective curve of genus one with a distinguished point.
Over a field K with char(K) # 2,3, every elliptic curve can be defined by the set of
solutions (x,y) of an equation of the form

y* =2+ Az + B

with coefficients A, B € K and 4A43 + 27B? # 0 with the K-rational projective point
(0:1:0). This equation is called a (short) Weierstrass equation and the elliptic curve
is said to be in Weierstrass form. The curve is required to be non-singular, meaning
that the curve has no singularities (cusps or self-intersections), which is assured by
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the discriminant of the polynomial 23 + Az + B being non-zero, i.e. by the equation
4A3 +27B? # 0. Therefore is the number —16(4A3 4 27B2) called the discriminant of
an elliptic curve, where the use of the factor —16 will become clear later in this chapter.
When the coefficient field has characteristic 2 or 3, this equation is not general enough
to include all non-singular cubic curves, so its place is taken by the general Weierstrass
equation

y2 + a1yxy + azy = 23+ agx® + agx + ag,

with a; € K, which can be transformed through a chance of coordinates into the short
Weierstrass equation whenever the characteristic is not 2 or 3. Indeed, two elliptic curves
are called isomorphic, if their Weierstrass equations are related to each other by a change
of variables of the form

xb—>u2x+r

y > uly + sulx +t
with u,7,s,t € K and u # 0.

Elliptic curves defined over a field K can be viewed in two complementary ways: as alge-
braic curves and as abelian groups. As algebraic curves, they are defined by polynomial
equations of the form y? = x3 + Az + B and studied using morphisms, such as isogenies

gf)ZEl—)EQ,

which are surjective maps that preserve the algebraic structure of the curves. On the
other hand, elliptic curves also possess a group structure, with points on the curve
forming an abelian group under addition. The corresponding group homomorphism

E1(K) = Ey(K)
is a map between the sets of points E;(K) = {(z,y) € K x K | y* = 23+ Az + B} U {0}
on the respective elliptic curves over the algebraic closure K. Thus, ¢ serves as a map
between the algebraic curves and as a homomorphism between their group of points,
linking the algebraic and group-theoretic perspectives of elliptic curves.

There is a rich theory of elliptic curves over the rational numbers, finite fields, and p-adic
fields. However, we will focus instead on elliptic curves defined over the field of complex
numbers.

2.2 Lattices in C and complex tori

We now turn to the analytic side of the correspondence. Central to this perspective are
lattices in C and the complex tori they define, which provide the geometric framework
for constructing elliptic curves analytically.

Definition 2.2.1 (Lattice in C). A lattice in C is an additive subgroup L = [wy,ws] =
w1Z + weZ of C generated by two complex numbers w; and wo, which are linearly
independent over R.



2.2 Lattices in C and complex tori

The condition that w; and we are linearly independent over R ensures that the lattice
spans a two-dimensional real vector space, making it a full-rank lattice in C, which in
this case is of rank 2. The set {w1, w2} is called a basis of L.

Now that we have defined a lattice in C it is useful to explore its geometric properties.
Specifically, we are interested in understanding how the lattice points are arranged in
the complex plane. To do this, we introduce the next definition, which helps to capture
the repeating structure of the lattice in a well-defined region of the plane.

Definition 2.2.2 (Fundamental and period parallelogram). For a lattice L = [wq, wa],
the set
Py ={Awi + daws | 0 < Aj, Ao < 1}

is called fundamental parallelogram for L.
More generally, a period parallelogram P is any translate of the fundamental parallelo-
gram given by

P=PFy+h,

with h € C.

For two lattices Ly and Lo in C with L C Lo, the index of L1 in Lo is defined as the
number of cosets of L1 in Lo, i.e.

(L2 : L1] = |L2/Lal,

which equals the number of distinct translates of L that partition Lo.
Note that this quantity is finite, as both lattices are of full-rank by definition.

The fundamental parallelograms allow us to interpret the index of two lattices in terms
of volumes and determinants. Writing the basis vectors for a lattice L = [wy,w2] in terms
of real and imaginary parts, w; = x1 + y1 and ws = 2 + iya, then the volume of the
fundamental parallelogram spanned by the vectors wi,ws in R? is given by the absolute
value of the determinant of the matrix whose columns are given by their coordinates:

VO](PQ) =

Tl X2 __
det ( ) ‘ = |z1y2 — zoy1| = Im(w1w3).
Y1 Y2
Even though different bases can generate the same lattice, the volume is uniquely deter-
mined by L and is invariant under a change of basis.
Now, suppose L; C Ly. Then the fundamental parallelogram P of Lo is contained
within the fundamental parallelogram Py of L1, which means that each coset of L1 in Lo
corresponds to a distinct copy of Pj in Py and the total number of such cosets matches
the ratio of their volumes, leading us to
VOI(P())
Lo: L] = ——~.
(L= L] vol(P})
To express this in terms of determinants, let M7 and My be the matrices whose columns
are the basis vectors of L1 and Lo respectively. Since L is a sublattice of Lo, each basis
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vector of L can be written as an integer combination of the those of Lo, i.e. there exists
an integer matrix A, called transition matriz, such that

My = MsA.

Taking determinants and using its multiplicative property, we obtain det(M;) = det(MaA)
= det(Mz)det(A). Thus the index of Ly in Lo can also be expressed as

_|det(My)]

[L2: L] = |det(My)|

= |det(A)],

explaining the link between algebraic and geometric interpretation of the index of two
lattices.

Since C is an abelian group under addition, all of its subgroups are normal. Therefore,
for a lattice L in C, we can consider the quotient group C/L, called a complex torus.
Viewing C and L as topological spaces with the usual Euclidean topology and the discrete
topology respectively, this quotient is also a compact topological group.

A natural way to represent the quotient C/L is through a period parallelogram by iden-
tifying its opposite edges to form a torus. This construction associates the points of the
parallelogram with those of C/L.

Figure 2.1: The complex torus associated to a lattice spanned by two periods w; and wo.
Corresponding edges are identified.
© Sam Derbyshire, Lattice torsion points, https://commons.wikimedia.org/
wiki/File:Lattice_torsion_points.svg, accessed 13 Oct 2025. Licensed under
CC BY-SA 3.0. Changes: none.
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2.3 From lattices to elliptic curves

2.3 From lattices to elliptic curves

Having established the necessary background, we now develop one direction of the cor-
respondence between lattices and elliptic curves by constructing, from a lattice L in C,
a corresponding elliptic curve. For this, we first introduce elliptic functions and Eisen-
steins series, then define the Weierstrass gp-function, and finally show how any lattice
naturally defines an elliptic curve over C.

2.3.1 Elliptic functions and Eisenstein series

Having introduced lattices and complex tori, we now turn to the analytic tools that will
allow us to construct elliptic curves explicitly. In particular, we study elliptic functions
and Eisenstein series, which enrich these tori with additional structure and connect the
analytic and algebraic viewpoints.

Consider the lattices L = [wi.wz] and L' = [1,7] = {n + m7 | n,m € Z} in C with
T = wo/wy and consider the complex torus C/L’. The bijective map C — C: z — zw;
sends L' to L, so multiplication-by-wy induces an isomorphism C/L' = C/L. This allows
us to restrict our consideration to complex tori associated with lattices where w; = 1
and wy = 7. Moreover, since the lattice generated by 1 and 7 is the same as the lattice
generated by 1 and —7, we may assume Im(7) > 0.

Note that the complex structure on the torus depends on the lattice L. Also, the complex
structure on C induces a complex structure on the quotient space C/L, ensuring that
the projection map 7 : C — C/L is holomorphic.

For a fixed lattice L = [1, 7] and its associated complex torus C/L with projection map T,
a function f : C/L — C is meromorphic if and only if the composition for : C — C is
meromorphic, by definition of a complex structure on C/L. We deduce that meromorphic
functions on C/L correspond to meromorphic functions on C, which are invariant under
translation by elements of the lattice L, also referred to as L-periodic.

Definition 2.3.1 (Elliptic function). An elliptic function for a lattice L is a meromor-
phic function f on C, which is periodic with respect to L, i.e. f(z 4+ w) = f(2) for all
z€Cand w e L.

Note that if f is an elliptic function for L, then it is also elliptic for every sublattice of
L, since it remains doubly periodic with respect to a finer lattice.

Moreover, sums, differences, products and quotients (as long as the denominator is not
identically zero) of elliptic functions for L are again elliptic functions for L. Thus, the
set of elliptic functions for a fixed lattice L forms a field, which we denote by C(L).

We conclude that since the points in any period parallelogram correspond to those in
C/L, and elliptic functions over C/L correspond to those over C, elliptic functions over
C are entirely determined by their behaviour on any period parallelogram. The following
definition and theorem will provide a more explicit formulation of this result and simplify
future references.

11



2 The correspondence between lattices and elliptic curves

Definition 2.3.2 (Congruence modulo a lattice). Let L be a lattice in C. Two complex
numbers z and w are said to be congruent modulo L if there exist n, m € Z such that

zZ=w+n+mr,
We then write z = w mod L.

By the periodicity of an elliptic function f, we conclude that
f(z) = f(w), if z=w mod L. (2.1)
Theorem 2.3.3. Let L be a lattice in C. Then

(1) Ewvery point in C is congruent to a unique point in the fundamental parallelogram.

(ii) Ewvery point in C is congruent to a unique point in any given period parallelogram.

Proof. (i): For existence, let z € C with z = z + ¢y and consider the lattice L = [1, 7].
Write z = a + b7 with a,b € R. Choose n and m to be the greatest integers such that
n<aand m<bandset w=z—n—mr. Then w= (a —n) + (b — m)7 satisfies z = w
mod L by definition of the lattice relation. By construction it follows that w € Pj.

To show uniqueness, let w,w’ € Py with w = ' mod L. Writing w = a + br and
W =d+br, wehave w—w' =(a—d)+ (b—V)r € Landsoa—d,b—b € Z. But
since 0 < a,a’ <land 0 < b b <1,wegeta—a =0andb—b =0, thus w=w'.

(74): Applying (i) to z — h gives the statement (i7). O

We see that L = [1, 7] and Py give rise to a covering of the complex plane

C= W (Po+n+mr)= (P +w).
nmez weL

Note that this union is disjoint by definition of Fj.

We conclude that an elliptic function f is completely determined by its values in any
period parallelogram. It follows that knowing all the roots and poles of an elliptic
function in some period parallelogram is sufficient to describe all the roots and poles of
the elliptic function, as all other roots and poles are congruent to the former ones. Such
a set of poles or zeros in any given parallelogram is called an irreducible set of poles or
zeros, respectively.

This naturally leads us to a deeper study of the roots and poles of elliptic functions.

Proposition 2.3.4. The number of zeros and poles of an elliptic function f in any
period parallelogram is finite.

Proof. Let {z,}nen be a sequence of poles of an elliptic function f with z; # z; for
1 # j. Since a period parallelogram is bounded, the sequence has to have a convergent
subsequence with a limit point z within the cell by the Bolzano-Weierstrafl Theorem
(1.0.1). This would imply that z is a non-isolated singularity of f, contradicting the
fact that f is meromorphic. Hence, f has only finitely many poles within any period

parallelogram. Moreover, since % is also an elliptic function and the zeros of f are the

poles of %, it follows that f has only finitely many zeros in any period parallelogram. [

12



2.3 From lattices to elliptic curves

Before stating the next proposition, we recall a definition:
The residue of a meromorphic function f at an isolated singularity p, denoted Res(f, p),
is the coefficient of (z — p)~! in the Laurent expansion of f around p, i.e.,

(e o]

f2)= ) an(z=p)"

n=—oo
for 0 < |z — p| < r, where a_; = Res(f,p).

Proposition 2.3.5. The sum of residues over an irreducible set of poles of an elliptic
function is zero.

Proof. Let L = [w1,ws] be a lattice with fundamental parallelogram Py, let U be an
irreducible set of poles and let C' = 9P be the the boundary of Py. Then C' is a simple
closed curve, assumed with positive orientation. Also, suppose that f has no poles in
C' (otherwise use another parallelogram, such that no poles do not lie on its boundary).
By Cauchy’s residue theorem (1.0.3), we get

S Res(f.p) = 5 [ £) dz

pelU
_1( Owlf(z) dz + /MWQf(Z) dz + /w2 f(z) dz + /Of(z) dz>'

N 21 w1 w1tws2 w2
Shifting the second integral by wi the third by we, we get

1 e 1 [

(f(2) = flz—w)) dz — o— [ (f(2) = f(z —w1)) dz,

2w Jo 21i Jo

> Res(f,p)

peU

which vanishes by the double-periodicity of f. Therefore,

Z Res(f,p) = 0.

peU
]

Corollary 2.3.6. The number of zeros of a non-constant elliptic function f in any
period parallelogram P is equal to the number of poles in P. The zeros and poles are
counted by multiplicity.

Proof. Let f be an elliptic function and P any period parallelogram. Then also fTI is an

elliptic function and by Proposition 2.3.5, we get [;p % dz = 0. Then the statement
follows from Cauchy’s argument principle (Theorem 1.0.8), since

1 f'(2)

2mi Jop f(2)

dz = #(zeros of f in P) — #(poles of f in P).

13



2 The correspondence between lattices and elliptic curves

Proposition 2.3.7. An elliptic function with an empty irreducible set of poles is con-
stant.

Proof. An elliptic function f with no poles in a period parallelogram P cannot have any
poles at all, since any pole outside P would necessarily have a congruent pole inside
P. It follows that f is holomorphic on all of C. Moreover, as a period parallelogram is
compact, f is bounded on P. By periodicity, f is bounded everywhere and hence, by
Liouville’s Theorem (1.0.6), f must be constant. O

This motivates our next definition:

Definition 2.3.8 (Order of an elliptic function). The order of an elliptic function f is
the number of poles of f in any period parallelogram, counted with multiplicity.

Proposition 2.3.9. For a non-constant elliptic function f, the sum of its zeros is
congruent modulo the lattice to the sum of its poles within a period parallelogram, with
all points lying in an irreducible set and counted with multiplicity.

Proof. Let f be a non-constant elliptic function and let U = {aq,...,ax} and V =
{b1,...,bx} denote the irreducible sets of zeros and poles, respectively, within a period
parallelogram P, spanned by {wi,w2}. We aim to show that the sum of zeros of f differs
from the sum of its poles by a period. By Proposition 2.3.4, there are only finitely
many zeros and poles, and by Corollary 2.3.6, they occur in equal numbers. Then, as a
consequence of Cauchy’s residue theorem 1.0.3, we get

. ()
;al ij—%/mjz 72) dz.

Shifting the second integral by w; and the third one by w3, and using the periodicity of
f and f’, we obtain

/w1 ') dz + - f’(z) dz:/wl(z— (z—l—wz))f/(z) dz = —wo REAC dz
0 0

7 T o™ FC) i) 0 )
s fi(z) F(2) Y LC LY (C
L o et Lo o= e e dema [ 55

which yields

a 1 w2 f(z2) e f(z)
2 a Zb"‘zm< e e e )

0

Using f(w2) = f(0) and choosing a suitable branch of the complex logarithm, we get

w2 f'(2) f(w2)
o f(2) £(0)

dz = (In(f(ws)) — In(£(0)) = m( ) — In(1) = 2mmi,

14



2.3 From lattices to elliptic curves

for some m € Z. Similarly,

w1 !/
- ') dz = 2nmi,
o f(2)
for some n € Z. This implies
k k
Zai - ij = mwi + nws,
i=1 j=1
which completes the proof. O

Proposition 2.3.10. The order of a non-constant elliptic function is at least 2.

Proof. Let f be a non-constant elliptic function. By Proposition 2.3.7, f must at least
have one pole in some period parallelogram P, so its order is at least 1. However, an
elliptic function of order 1 has exactly one simple pole in a period parallelogram. In this
case, the sum of the residues of f equals the residue at this single pole and therefore
cannot vanish, contradicting Proposition 2.3.5. Thus, f must have order at least 2. [

Next, we introduce Eisenstein series, a family of lattice-based functions that encode
essential information about the lattice and underlie the construction of the Weierstrass
p-function, making them central to the study of elliptic functions.

Definition 2.3.11 (Eisenstein series). Let L be a lattice in C and k& > 2 an integer.
The Eisenstein series of weight k£ for L is defined as

Gl = 3 .

wer\ {0} ¥

Note that this series is well-defined by the next proposition.
1

Moreover, for all odd weights k, the Eisenstein series vanishes, as the terms —r and

ﬁ cancel out in the sum by symmetry. Consequently, the only interesting Eisenstein

series are those of even weight.

Considering lattices of the form L = [1, 7], where 7 lies in the upper half plane
H:={z € C|Im(z) > 0}, we can view Gi(L) as a function of 7:

1
= 1 = E —_—.
Gk(T) Gk([ 77—]) = (m + TLT)k
(m,n)#(0,0)

Since Gi(7) arises from a lattice function, it satisfies the transformation properties
1
Gp(t+1)=Gg(r) and Gy (—) = 77G (1) (2.2)

for all 7 € H.

15



2 The correspondence between lattices and elliptic curves

Proposition 2.3.12. For any lattice L C C, the series Gi(L) converges absolutely for
all integers k > 2.

Proof. Let § be the minimum distance between two lattice points. Consider an annulus
A of inner radius r and width g. Then any two distinct lattice points in A must be
separated by an arc of length at least g. So A contains at most 8%? lattice points.
Therefore, since the number of points (n,m) € Z\{(0,0)} with N < |m +n7| < N +1
correspond to lattice points m + n7T € Z + Z7 in the annulus of radii NV and N + 1, the

number of lattice points in this annulus is bounded by ¢V, where ¢ < % . 8%5”" = 1(?—2”. The
assumption k > 2 allows us to estimate
1 >, cn =01
< -7 _ - .
Zwk —an CZnH <
weL n=1 n=1
|w|>1
. . 1 .
Since the finite sum > e o<ju|<1 [ 18 clearly bounded, we get
1 1 1
—_— = — + — < 00,
2 F T X GET X F
weL\{0} welL weL
0<|w|<1 |w|=1
as claimed. O

For the next proposition, let ¢ = e*™7 with 7 = x + iy € H. It will be useful later on to
express the Eisenstein series as sums of powers of ¢, which will converge as |q| = e ™2™ <
1. We will need the following two functions:

e The sum of positive divisors function of a positive integer n for a real or complex
number [ defined by
9 (TL) = Z dl?

din
e The Riemann (-function defined as
o0
C(s)=>_ m™
m=1
for complex numbers s with Re(s) > 1 and its analytic continuation elsewhere.

Proposition 2.3.13. For all integers k > 2 and 7 € H we have

(2mi)*F &
(2k — 1)

! m=1
(27m')2k 00 T2k71q7‘
2k 1)1 = 1—¢

Gor (1) = 2¢(2k) + 2 ook—1(m)q™

= 2¢(2k) + 2

16



2.3 From lattices to elliptic curves

Proof. With ¢ = ¢*™7 and using Euler’s identity ¢™ = —1 we have

cos(7T) e 4 T , q% +q—% ) q—% g+1
™ — =T — — =Tl |/ = T T
Sln(T('T) eimT _ o—inT g7 +q 2 gz q—l
_ miqg+mi mwiq—mi+ 2w wi(q — 1) + 2mi
og¢-1  g-1  g-1
211 21 >
=i+ = i — =mi—2mi Yy q"

where in the last equality we used the geometric series.
The function sin(77) has the following product expansion (for a proof see [6])

sin(nr) = w7 ﬁ (1 - ;) (1 + ;) ,

m=1

and taking its logarithmic derivative (log(sin(77)))’ yields

cos(mT 1 & 1 1 1 o 1 1 ad 1
sin(7T) T A \T—m  T+m T Ttm T~ Tm+m
Combining these results, we obtain
oo (@) 1
o r_ .
e e Z q Z T
r=0 m=—00

Now we differentiate both sides of the equation 2k—1 times. As interchanging the order of
differentiation and summation over an infinite series is only possible if the derivatives of
the summands uniformly converge to 0 and the original sum converges, we need to show
this for both series. The geometric series is convergent as |¢| < 1 and the convergence
of the series on the right hand side of the equation is given by

o0

S s - St 5 e S 2
= =2|7 o0
—|lrT—m T+m — |72 —m?2 — | — m?| — m?2 ’
m=1 m=1 m=1 m=1
as |7| = 22 + % > 0, as absolute convergence implies convergence. For the uniform

convergence we use that a series of a sequence of functions (f,,)22; converges uniformly
to a function f, if the sequence of its partial sums converges uniformly to f. Since C
is a complete metric space, the claim follows by the Cauchy criterion for series (1.0.4).

17



2 The correspondence between lattices and elliptic curves

Thus, we can interchange the order of differentiation and summation, and compute
ko 1 d2k 2
qr2k—1 — 2m Z q = qr2k—2 —2mi Z dr?
oo
= T3z (—2m' Z(Qmjr)qr>

and

d2k71 00 1 d2k72 0 d 1
dr2k-1 <mzoo T+ m) ©dr2k2 m;m dr7+m

Hence,
(e.9] o 1
—(2mi)?k N P2l = (—1)2R N2k — 1) — .
x N
Now consider the Eisenstein series Go(7). Since 2k is even, the terms for (m,n) and
(=m., —n) are equal, so we only need to sum over n = 0,m > 0 and n > 0,m € Z and
double it. Therefore, we have

1

e _ -
24 (7) m%z (m + nr)?*
(m,m)£(0.0)
1 1
= 2 B — T B — T
g;) (mtnr)2 * go (m + nr)2k
m>0 meZ
=2 2
Sty Y G
o0 2k—1
= 2¢(2k) — 2 (2mi) - o
((28) =23 2P Y- et
2 oo o0
20(2K) +2; mi)” ,ZZr% g
'n 1r=1

18



2.3 From lattices to elliptic curves

where in the fourth step we used the Riemann (-function as Re(2k) > 1. Setting m = nr,
the sum over r can be regarded as the sum over the positive divisors of m

oo o0 o0 o0 o0 o0
DD DRl G S S VU S R e

n=1r=1 m=1 n=1 m=1 r=1
m=nr "=n,neN
0o o0 00
_ 2k—1 _m __ m
=Y > g =) oupa(m)g™,
m=1r|m m=1

which proves the first formula. The geometric series
i =t
n=1 1- qr

yields the second expression. ]

2.3.2 The Weierstrass p-function

We now define one of the most important non-constant elliptic functions: the Weierstrass
p-function. This function allows us to embed the complex torus into the projective plane,
realizing it as an elliptic curve. Moreover, this fundamental example of elliptic function
will serve to describe every other non-constant elliptic function in a later chapter.

Definition 2.3.14 (Weierstrass p-function). For a lattice L in C and z € C\L, the
Weierstrass g-function is defined as

1 1 1
oz L) = 22 +w€LZ\{O} ((z —w)? uﬂ) '

In the following, whenever the lattice L is fixed or clear from the context, we will simply
write p(z) instead of p(z; L).

By definition, the Weierstrass p-function has a double pole at each lattice point, including
z = 0. We will show that these are its only poles and that p(z) is holomorphic on C\L.

Proposition 2.3.15. The Weierstrass p-function is well-defined and holomorphic on
C\L.

Proof. To prove well-definedness, we show that the series

Z < 1 1 )
(2 —w)2 w2

wenqoy VWS w

is convergent. For each n € N, define the function

1 1 1
M=zt T (o)
0<|w|<n

19



2 The correspondence between lattices and elliptic curves

Each function f,(2) is clearly holomorphic for all z € C\L, since we can differentiate the
finite sum term by term. We will show that the sequence of functions (f,)nen converges
uniformly to @ on all compact subsets S of C disjoint from the lattice L. This will allow
us to apply Theorem 1.0.5 to conclude that g is holomorphic on C\L.

Let S C C be a compact set disjoint from L. Then S is bounded, so we can fix r € Ryg
such that |z| < r for all z € S. For all but finitely many w € L, we have |w| > 2r. By
the triangle inequality, |w — z| + |z| > |w|, and thus we get the following inequalities:

1
w—z| > |w| — 2] > §|w|
5
2w —z| < 2w| 4+ | — 2| < §|w\

Hence,
1 1

(z—w)?  w?

22w — 2)
w?(z —w)?

r%\w[ _10r
T WwPGlw)?

for all z € S. Since the series > ¢\ (0} % is convergent by Proposition 2.3.12, it

follows that > e\ 0} (ﬁ — ﬁ) converges absolutely for all z € S, and hence g is
well-defined. Moreover, the sequence (f,)nen converges uniformly to p on S, since for
every € > 0 there exists N € N such that for all n > N we have |p(2) — fn(z)| < € for all
z € S. Then Theorem 1.0.5 implies that p(z) is holomorphic on the open set C\L. [

Proposition 2.3.16. For any lattice L C C, the Weierstrass p-function and its deriva-

tive )
/
Pz)=—2) ——
weL (Z B w)3

satisfy the following:

(i) ©(z) is an even meromorphic function, whose poles consist of double poles at each
z€e L,

(ii) ¢'(z) is an odd meromorphic function, whose poles consist of triple poles at each
z€L.

Proof. First, note that the series defining g is uniformly convergent on C\ L by the proof
of the previous proposition, so we may differentiate term by term to compute g’

Since {—w | w € L} = L and the defining series of g converges absolutely, we may
rearrange terms without affecting the limit, hence p(z) = p(—z2). It is clear from the
definition that p(z) has a double pole at each lattice point, so (i) follows from Proposition
2.3.15. Part (4i) then follows from the fact that ¢'(z) is meromorphic on C\L, as p(z)
is meromorphic and the expression for ©'(z) involves only termwise differentiation. [

Corollary 2.3.17. For any lattice L C C, p(2) is an elliptic function of order 2 for L
and @' (z) is an elliptic function of order 3 for L.
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2.3 From lattices to elliptic curves

Proof. Recall that the order of an elliptic function is the number of poles in any period
parallelogram, counted by multiplicity. The function g(z) has two poles in every funda-
mental domain, while ¢/(2) has three. By definition, ¢'(2) is periodic with respect to L,
so it remains to show the same for p(z).

Since ©(2) is periodic, we have ¢'(z 4+ w) = ¢'(2) for all w € L. Integrating with respect
to z yields p(z) = p(z + w) + ¢(w), where ¢(w) € C is a constant independent of z.

Evaluating at z = —%w (which does not lie in L) gives

()= 5e) 0 (5) e

Since p is an even function, we get ¢(w) = 0 and thus p(z) = p(z+w) for w € L, proving
that g is periodic. The corollary then follows from Proposition 2.3.16. O

The Weierstrass p-function is one of the simplest non-constant elliptic functions, having
minimal order 2 (Proposition 2.3.10) and being constructed in a natural, explicit way
from the lattice L. Moreover, from Section 2.3.1, it follows that the Weierstrass g-
function and its derivative g’ descend to well-defined elliptic functions over the complex
torus C/L, making them a natural starting point for the study of elliptic functions. For
now, we will use p and ' to construct an explicit isomorphism between C/L and an the
set of points of an elliptic curve over C.

The study of elliptic functions goes back to the German mathematician Gaufl, who
discovered them as solutions to elliptic integrals [ +/f(z) dz, where f(z) is a cubic or
quartic polynomial. His work was later taken on by Legendre, Abel and Jacobi.

Our next goal is to show that the Weierstrass p(z)-function satisfies a differential equa-
tion of the form ¢'(2)? = f(p(2)), where f(z) is a cubic polynomial with coefficients in
C. To derive this differential equation, we first compute the Laurent series expansion of
p(z) around z = 0.

Proposition 2.3.18. Let L be a lattice in C. The Laurent series expansion of p(z)
around z = 0 is given by

1 o0
—7 Z (2n + 1)Gant2(L)2*",

where Goyny2(L) is the Eisenstein series of weight 2n + 2 for L.

Proof. Consider the geometric series

00
=3 an
n=0

which converges absolutely for |z| < 1. By taking the derivative on both sides, while
noting that termwise differentiation is allowed inside the open disk of convergence, we
find

o)

an = Z(n—l—l)aj”

1—£U =0
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2 The correspondence between lattices and elliptic curves

Fix the lattice L and choose a radius r > 0 smaller than the length of the shortest
non-zero vector in L (which exists since L is discrete). Then for any w € L\{0} and z
with |z| < r, we have |Z] < 1, so we may set x = Z and obtain

1 1 1 1 1 = (n+ 1)z
(z—w)? w? w2 ((1_$)2 ) w2 Z n+ Z Cognt2

Summing over all w € L\{0} gives a double series. For |z| < 7’ with any 0 < ' < r,
this series is absolutely convergent: indeed for fixed n, the outer sum |w|~(n+2)
converges (because n + 2 > 3 and the lattice sum > 4 |w|~* converges for k > 2 by
Proposition 2.3.12), and for |z| < 7’ the factor (n + 1)z" makes the inner sum in n
converges as well. By absolute convergence we may interchange the order of summation,
thus for |z| <r

=5+ ¥ (mm- ) mmr x>

2
wel\{0} —w) W weL\{0} n=1
1= 1\,
:Z—Q Zn—l—l ( Z wn+2)z'
n=1 weL\{0}
Setting Gny2(L) = > uer\{0} w~(*2) " and noting that for odd k the terms w™* and

(—w)~* in the sum cancel by symmetry we obtain

1 > "
? + Z(Qn + 1)G2n+2(L)Z2 .

n=1

O]

We now deduce the fundamental algebraic relation satisfied by the Weierstrass p-function
and its derivative. This differential equation provides the link between a lattice L C C
and the corresponding elliptic curve, with coefficients determined by the lattice via
Eisenstein series.

Theorem 2.3.19. Let L be a lattice in C. Then p(z) satisfies the equation
9'(2)* = 4p(2)° = g2(L)p(2) — g3(L),
where go(L) = 60G4(L) and g3(L) = 140G¢(L).

Proof. We use the previous proposition to write out the first few terms of o and g’
around 0:

1
p(z) = =t 3G4(L)z% + 5Gg(L)z* + - --

2
©'(2) = ——5 +6Ga(L)z + 20Ge(L)z5 + - -

0(2)? = 2—16 + 9G§( ) | 15Ge(L) +
()P = = 4 HC(L) _ 80Ge (L) +

26 22

22



2.3 From lattices to elliptic curves

Now consider the function
f(z) = p’(z)2 — 4@(2)3 + 60G4(L)p(z) + 140G¢s(L).

Forming a linear combination of powers of p and ', we can compute the Laurent series
expansion of f(z) around z = 0 and see that f(0) = 0, since the non-positive powers of
z all cancel. Also, since p and g’ have poles only at points of L, f is holomorphic on the
fundamental parallelogram Py. By periodicity of f, since p and ¢’ are, f is holomorphic
on the entire complex plane. Note that all values of f(z) lie in the closure of a period
parallelogram, which is a compact set, so f is bounded. It then follows from Liouville’s
Theorem (1.0.6), that f is constant, hence identically 0 and the theorem is proven. [

With z = p(2) and y = ¢/(2), the differential equation corresponds to the elliptic curve
Ep :y? =42° — go(L)x — g3(L).

This curve can easily be written in Weierstrass form by setting go(L) = —4A and g3(L) =
—4B. Thus, every lattice L determines an elliptic curve over C, provided that the
corresponding projective curve

flzy) =y — g(@) = y* — 4a® + go(L)x + g3(L)

is non-singular. Singular points (xg,yp) are the points on the curve where all partial
derivatives vanish simultaneously, i.e. f(zo,y0) = %(wo,yo) = %(mo,yo) = 0. Solving

this system, the third equation yields yo = 0, and the second gives 73 = 22(L)  which

12 o
—ggzgég Reinserting this value into the second then

leads to go(L)3 — 27g3(L)? = 0. Hence, as long as the discriminant of the lattice L,

inserted in the first gieves xg =

A(L) = go(L)* — 27g3(L)?,
is non-zero, the above equation defines an elliptic curve over C.

We will show next that the discriminant is indeed non-zero for every lattice L.

Lemma 2.3.20. Let L be a lattice in C and let z,w € C\L. Then p(z) = p(w) if and
only if z = +w mod L.

Proof. The direction “<* follows from (2.1) and the fact that g is an even function.
For the other direction, suppose o(z) = p(w) for some z,w € C\L. Consider the elliptic
function f(z) = p(z) — p(w), whose only pole lying in some period parallelogram P is
at 0. Since it is a double pole, the number of zeros of f in P, counted with multiplicity,
is equal to 2, by Theorem 2.3.6. Now there are two cases:

If w # —w mod L, then w and —w are two distinct points in P, both zeros of f. Since the
total number of zeros is 2, these are all zeros, each of multiplicity 1. Hence, p'(z) # 0.
If w=—w mod L, then 2w € L by the definition of congruence. Since '(z) is an odd
function, we have ¢'(w) = p/(w—2w) = p'(—w) = —p(w), which forces p/(w) = 0. Hence
w gives rise to a zero of f in P. Since the total number of zeros in P is 2, this zero must
have multiplicity 2 and these are all zeros of f in P. O
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2 The correspondence between lattices and elliptic curves

Lemma 2.3.21. Let L C C be a lattice and let z € C\L. Then ¢'(z) = 0 if and only if
2z € L.

Proof. Suppose 2z € L for some z ¢ L. Then ¢/(z) = /(2 —22) = ¢/(—2) = —¢p/(2) =0,
since ¢’ is periodic with respect to L and an odd function. Conversely, let L = [w1, wa],
and suppose 2z € L with z ¢ L. Then the only points z in a period parallelogram P
satisfying '(z) = 0 are 4+, %2 and lezer. These points are all distinct by Lemma, 2.3.20,
since they are distinct modulo L. Finally, since ¢’ is an elliptic function of order 3, it has

exactly three zeros (counted with multiplicity) in P, namely the ones listed above. [J

The points %', < and w are called the half-periods of L. They correspond precisely

to the non-zero points of order 2 on C/L, i.e. the non-zero solutions of 2z = 0 mod L.

2.3.3 Lattices define elliptic curves

With the Weierstrass gp-function and its key properties in hand, we now construct an
elliptic curve from any lattice in C and explicitly identify its points with those of the
corresponding complex torus, making the analytic-to-algebraic correspondence concrete.

Theorem 2.3.22. For any lattice L C C, we have A(L) # 0.

Proof. Let L = [w1,ws] and set ry := %, 7y := 22 and r3 := % to be the half-periods

of L. By the previous lemma, ©'(r;) = 0, and from the differential equation we obtain

0= ¢'(r:)* = 4p(ri)* — g2(L)p(ri) — g3(L),

so the values p(r;), i = 1,2,3, are roots of the polynomial 423 — go(L)z — g3(L). Dividing
the equation by the leading coefficient of the polynomial gives an equivalent equation
with a monic polynomial g(z) = 23— %1‘ - %, whose roots we denote by e; = p(r;),
1 =1,2,3. We now relate the discriminant of the polynomial g to that of the lattice L.
By Theorem 1.0.11 (44), the discriminant of g is A(g) = (e1 — e2)?(e1 — e3)?(e2 — e3)?.
Using Vieta’s formulas listed in Theorem 1.0.11 (4), we find

e1+ex+e3 =0,

L
e1ez + eres + exez = _9251 ),
3(L
€1e0€3 = gi)
The first relation gives e3 = —e; — es and inserting it into the other two yields
o (L
g El ) = —(e1eg +er(—ep —ex) +ea(—ep —e2)) = €7 + ejey + €3,
3(L
9 EL ) = eea(—ey — ep) = —eley — erel.
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2.3 From lattices to elliptic curves

Thus, using the definition of the discriminant of L, we compute

1

A(L) = 1—6(92(L)3 — 27g3(L)?)

3 2
_ 4 (92(L)> _ o7 (93(L)>
4 4
= 4(e? +ejen +€3)3 — 27(—eley — e1e3)?
6

= 4ef + 12e3ey — 36162 26e3es — 36162 + 12eq€5 + 4e§

= (2€3 + 3e3ey — 3erel — 2¢3)?
= ((61 — 62)(261 + 62)(61 + 262))2

(61 — 62) (61 — 63)2(62 — 63)2.

Since the roots e; = p(r;) are all distinct for i = 1,2,3 by Lemma 2.3.20, we conclude
that A(L) # 0, as desired. O

Note that this proof explains the appearance of the factor —16 in the definition of the
discriminant of an elliptic curve mentioned in Section 2.1. Moreover, this definition
coincides with that of the discriminant of a lattice by using the identities go(L) = —4A
and g3(L) = —4B.

Having established the non-vanishing of the lattice discriminant, the cubic equation
associated with the Weierstrass p-function defines a non-singular elliptic curve. This
ensures that the construction of the elliptic curve directly from the lattice in C is well-
defined and leads to the following result:

Corollary 2.3.23. For every lattice L in C there is an elliptic curve E over C such
that E = EL.

The construction carried out in this section not only establishes the previous corollary,
but also provides a natural map from the complex torus defined by the lattice L and the
set of points of the corresponding elliptic curve Ej, over C:

D (C/L — EL((C),

where each class z + L is sent to (p(z), '(2)) for € C\L. The map ® embeds the torus
into C? as an algebraic curve satisfying the Weierstrass equation y? = 23 +go(L)x+g3(L)
with A(L) # 0. The lattice points themselves are excluded to ensure that p and ' are
defined; they correspond to the point at infinity on the elliptic curve, completing the
curve in the projective setting. A more detailed discussion will follow in the next section.

25



2 The correspondence between lattices and elliptic curves

2.4 The isomorphism from a complex torus to the associated
elliptic curve

Building on the construction of the map ® in the previous section, we now show rigor-
ously that ® defines a group isomorphism between the complex torus associated with a
lattice in C and the set of points of the corresponding elliptic curve over C. This iso-
morphism identifies the additive structure of the torus with the group law on the curve,
providing a concrete link between the analytic and algebraic description of elliptic curves.

To achieve this, we will explore the group structure of elliptic curves in more detail, in
particular their property of being commutative groups under component-wise addition.
Elliptic curves are symmetric about the z-axis, so for a point P, we take —P to be
its opposite point. Algebraically speaking, for an elliptic curve defined by Ep, : y? =
23 4+ Ax + B over C, the opposite point to a point P = (x,%) is the point —P = (z, —y)
with the same z-coordinate but negated y-coordinate.

For two points P,@ € EL(C), the addition P + @ is defined geometrically by drawing
the line that intersects P and (), which generally will intersect the curve at a third point
R, and then define P+ () = —R, the opposite point to R. Thus, by definition, any three
points P,Q, R € Er(C) lying on the same line satisfy P+ @+ R = co. This definition of
addition covers all cases except for a few special situations involving the point at infinity,
which are treated separately as follows:

o Identity: If one of the points is co, say () = 0o, then we define P+o0o0 = P = co+ P,
making oo the identity element of the group.

e Opposites: If two points are opposites of each other, say ) = —P, then the line
through them is vertical. In this case we define the third intersection point as
R = o0, so that P4 (—P) = oc.

e Doubling: If the two points coincide, say P = @, then we use the tangent to the
curve at P as our line.

— In the generic case, the tangent intersects the curve in another point R, and
we define P+ P = 2P = —R.

— If the tangent does not intersect the curve at another point, we set R = oo,
which gives P+ P = 2P = .

e Inflection: If P is an inflection point, i.e. a point where the concavity of the curve
changes, then the tangent has triple intersection with the curve at P. In this case
we obtain P+ P+ P =3P = o0.

Moreover, a point of order k on the elliptic curve is a point P satisfying kP = oco. From
the doubling case we see that points of order 2 on the elliptic curve are precisely those
which are their own opposites, i.e. those with P = — P, namely points of the form (z,0)
where the y-coordinate vanishes. (In contrast, for a general point P = (x,y) with y # 0,
the opposite point is —P = (z, —y), which is distinct from P.)

We are now prepared to state the theorem.
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2.4 The isomorphism from a complex torus to the associated elliptic curve

Theorem 2.4.1. Let L be a lattice in C and let B, : y?> = 23 + Az + B be the corre-
sponding elliptic curve over C. Then the map

: . (0(2), ¢'(2)), if z € C\L
(I>.(C/L—>EL((C).z—i—L»—>{07 il

is a group isomorphism.

Proof. Well-definedness: If 2/ = 2 mod L, then 2’ = z + X\ with A\ € L. Since g and g
are periodic, p(2') = p(z) and ¢/(2’) = ¢'(2) and hence ®(2' + L) = (2 + L).
Identity and inverses: 0 € L implies ®(0+ L) = 0 and for all z ¢ L we have

O(—z+ L) = (p(—2), ¢'(—2)) = (p(2), =¢'(2)) = = (2 + L),

as g is even and g’ is odd and on an elliptic curve —(z,y) = (z, —y).

Before turning to the other properties of a group isomorphism, a short consideration.
Let L = [w1,wo] and consider the three half-periods %+, %* and %, which represent
exactly the non-zero points of order 2 in C/L, i.e. those satisfying 2z = 0 in C/L, or
equivalently, 2z € L with z ¢ L. By Lemma 2.3.21, o’ vanishes at these three points,
hence ® maps points of order 2 in C/L to points of order 2 in E7(C), since points of
order 2 on an elliptic curve are precisely those with y-coordinate equal to 0. Moreover,
by the proof of Theorem 2.3.22, the images of the half-periods under g are all distinct
and correspond to the three roots of 4p(2)% — g2(L)p(2) — g3(L), so it follows that the
map P is injective on points of order 2.

Surjectivity: let (zo,yo) € EL(C) and we show that there exists zp € C/L with ®(z) =
(xo,y0). Since p(z) is an elliptic function for L of order 2 by Corollary 2.3.17, the
function f(z) = p(2)—xo is also an elliptic function for L of order 2. Hence, by Corollary
2.3.6, f has two zeros in any fundamental parallelogram P, counted with multiplicity.
These cannot occur at 0 as f has a pole at 0. So let zg € P with zy # 0 be one such
zero. Then p(zy) = z¢. Since (xo,y0) € EL(C), it follows that the differential equation
satisfied by p from Theorem 2.3.19 implies ¢’ (20)? = 4p(20)> — g2(L)p(20) — g3(L) = 43,
so ¢'(z20) = Fyo. Therefore, ®(z0 + L) = (w0, ¢'(20)) = (w0, +w0)- If ©'(20) = o
we are done. If ¢'(z9) = —yo, replace 29 by —zp; since p(—z20) = p(20) = o and
o' (—20) = —¢'(20) = yo, we obtain ®(—2z9 + L) = (z0,yo). Thus, in any case, there
exists zg € C\L such that ®(z9) = (xo,y0), as desired.

Injectivity: let z1, zo € P and suppose that ®(z1+ L) = ®(z9+ L). We show that z; = 29
in C/L. If 2z; € L, then z; is a point of order 2 in C/L, and by the consideration above,
this implies z; = 2o mod L. Otherwise, if 2z; ¢ L, then ¢/(21) # 0 by Lemma 2.3.21. As
argued in the surjectivity proof, the function f(z) = p(z)—p(21) has exactly two zeros in
P; let these be aj and ag. Then p(a;) = p(z1) for i = 1,2, and a; = z; by construction of
f and ag = —z; by the evenness of p. Now, since p(z1) = p(22) by assumption, it follows
that either zo = 27 mod L or 29 = —2; mod L. But also ©/(z1) = ©'(22) by assumption,
and by the oddness of ©' we have p/'(—21) = —p/(21) # ¢'(21) and ¢'(21) # 0. Hence
the second possibility is excluded, and we conclude z9 = 2; mod L.
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2 The correspondence between lattices and elliptic curves

Homomorphism: let 21, 22 € C/L and we show ®(21+22+L) = ®(21+L)+P(22+L). By
Theorem 2.3.3, we may assume 21, 2o € P. Also, if z1 or z3 is in L, the claim is immediate
from the definition of ®, and if 21 + 29 € L, then z; = —29 mod L, which forces z1 = 29
mod L by the injectivity argument. So in addition we may assume z1, 29,21 + 22 ¢ L.
Let P = ®(z1) and P> = ®(22), which are affine points in E7(C), and since z; and z,
are not opposites of each other, P and P, are neither, so that P; and P, have different
x-coordinates, hence the line ¢ through them is not vertical. Let y = mx 4+ b be the
equation describing the line ¢ and let P3 be the third intersection point of ¢ with E(C).
Since P; and P, are not opposites of each other, Ps cannot be the point at infinity and
hence P; + P> + P3 = 0 by the addition law on Ep(C).

Now consider the function ¢(2) = —g'(2) + mgp(z) + b, which vanishes exactly when
(p(2),©'(2)) lies on the line . By construction, ¢(z) is an elliptic function for L, which
is of order 3 as p'(2) is of order 3 by Corollary 2.3.17, hence it has exactly 3 zeros (counted
with multiplicity, in P by Corollary 2.3.6. Two of them are z; and 29, as P; = ®(z1) and
Py, = ®(z) lie on the line by assumption. Let the third one be z3 € P. The point ®(z3)
lies both on the line ¢ and on the elliptic curve Er(C) and hence must lie in { Py, P>, Ps}.
As we have a bijection between {z1, 22, 23} and {®(z1), P(22), (23)} = {P1, P2, P3} and
P, = &(z1) and P, = ®(22) by assumption, the point z3 is mapped to Ps. Indeed, it
clearly holds if Pj5 is distinct from P; and Ps, otherwise, if Pj is coincides with P} or P,
say Pp, then ¢(z) has a double zero at z; and we have z3 = 21 and finally, if P; = P, = Ps,
then clearly z; = z9 = 23 holds. Thus, in every case we have P3; = ®(z3). Hence, as
P, + P, + P3 =0, it suffices to show z1 + 2o + z3 € L, since this implies z1 + 20 = —2z3
mod L giving

P(z1+ L)+ P(2o+ L) =P+ Po=—P3=—P(z3+ L) =P(—23+ L) = P(21 + 20+ L).

Assume that the boundary C of P does not contain any zeros of ¢(z); otherwise use
another period parallelogram and replace z1, z9, 23 by congruent points (Theorem 2.3.3).
Moreover, assume the boundary to be oriented counterclockwise. Then the generalized
Cauchy’s argument principle 1.0.7 for g(z) = z and f(z) = £(z) gives

1 0
/ (2) dz-Zword )=z1+22+23—3-0=21 + 22 + z3.
omi c l(z) ey

Now we evaluate the integral. Define f(z) = EI((Z)), which is an elliptic function for L

since £(z) is, therefore also its derivative ¢'(z), and thus their quotient because the set
of elliptic functions for L forms a field. By writing P = Py + h for some h € C and Py
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2.4 The isomorphism from a complex torus to the associated elliptic curve

being the fundamental parallelogram, we have

h+w1 h+wi+ws h+wo h

/ 2f(2)dz = / 2f(2)dz + 2f(2)dz + cf(2)de+ | 2f(2)dz
C

h h4w1 h+wi+w2 h4w2

h+w1 h+ws
:/ uf(u)du—i—/ (u + wi) f (w)du
h h
h+w1 h+w2
—/ (u+w2)f(u)du—/ uf(u)du
h h
h+ws h+wq
= wj /h fu)du — wg/h f(u)du,

where we used the shifts u = z — w; and u = z — ws for the second and third integrals
and then the periodicity of f with respect to L.

A naive attempt to compute the integral [ f(u)du using [ g((—;‘))du = log(4(u)) fails, since
£(u) is multivalued and its logarithm is not single-valued. Instead, we interpret it in
terms of the winding number: for a closed (not necessarily simple) curve C' and a point
2o ¢ C, the integral ﬁ Jo Zﬁi > Is always an integer and counts the number of times the
curve C “winds around“ the point zg.

In our case, the function ¢(h+tws) parametrizes a closed curve C; from £(h) to ¢(h+ws) =
¢(h) as t ranges in [0,1]. By construction, this curve circles exactly one zero of ¢(z) in
the fundamental parallelogram P (counted with multiplicity). Therefore, the winding
number around 0 is a non-zero integer. Hence,

1 h+w2 1 1 gl(h + tLUQ) ’ 1 dz

f(u)du = i ) mwg = ¢ € Z\{0}.

27 Ju " 2mi o, 2= 0

Similarly, the function ¢(h+tw;) parametrizes a closed curve Cy from ¢(h) to {(h+w1) =
£(h), as t ranges from 0 to 1, giving

h+wq d
;m/h f(u)du :/ 720 = cp € Z\{0}.

CQZ_

Combining these results, we have

h+w2 h~+wq
/ z2f(z)dz = wl/ f(u)du — w2/ f(u)du = wie; — wace € L.
C h h

Comparing this with the expression obtained from the Generalized argument principle,
we conclude z1 + 20 + 23 = ciw1 — cowo € L, as desired. O

While this gives a precise identification of a torus with an elliptic curve, it does not yet
yield a one-to-one correspondence between lattices and elliptic curves: distinct lattices
can lead to isomorphic curves. We will return to this point in the next section, when we
consider the converse direction from elliptic curves to lattices.
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2 The correspondence between lattices and elliptic curves

2.5 From elliptic curves to lattices

We now turn to the converse direction of the correspondence between lattices and elliptic
curves: starting from an elliptic curve over C, we aim to reconstruct a lattice that
generates it. To do so, we rely on the j-invariant and the j-function, which provide a
precise way to classify elliptic curves and relate them to homothety classes of lattices.
This establishes a bijective correspondence at the level of objects - elliptic curves and
lattices - thereby completing the full two-way correspondence that underlies the analytic
and algebraic perspectives.

2.5.1 The j-invariant

We now focus on the j-invariant, the key quantity that captures the essential properties
of an elliptic curve. It assigns to each curve a complex number uniquely determining its
isomorphism class, allowing us to compare curves and connect them explicitly to lattices.
Definition 2.5.1 (j-invariant of an elliptic curve). Let E : y?> = 2% + Az + B be an
elliptic curve over C. Its j-invariant is defined by
3
i(F)=7(A,B) =1728————.

This expression is always defined by Theorem 2.3.22, since the discriminant of a lattice
agrees with that of the associated elliptic curve, as mentioned in Section 2.3.3.

Definition 2.5.2 (j-invariant of a lattice). For a lattice L in C, the j-invariant j(L) is
defined to be the complex number

@ ()P
o7 — 3T~ Ay

4(L) = 1728

where g2(L) and g3(L) denote the Eisenstein series of weight 4 and 6 for L.

Again, this definition is well-defined as A(L) # 0 for any lattice L by Theorem 2.3.22.
Also, the reason for the factor 1728 will become clear later (Chapter 4).

Since the elliptic curve Ef, : y? = 42 — go(L)x — g3(L) is isomorphic to the elliptic curve
y?> = 23 + Az + B with go(L) = —4A and g3(L) = —4B, we get

g2(L)3 B
(D) — 21gs(L)F PP (C4AP — 27(4B)

(—4A)3 4A3
= 17287

i(L) = 172 A
J(L) =1728 A3 £ 2782

= ](EL)7

so the j-invariant of the lattice L agrees with the j-invariant of the corresponding elliptic
curve Ey,.

Definition 2.5.3 (Homothety). Two lattices L and L’ are called homothetic, if L' = AL
for some A € C\{0}.
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2.5 From elliptic curves to lattices

Lemma 2.5.4. Let L C C be a lattice, and let p(z) have the Laurent expansion

1 o0
= = Z 2n + 1 G2n+2( ) n,

as in Proposition 2.3.18. Then, for each n > 1, the coefficient (2n + 1)Gap (L) of 22"
is a polynomial with rational coefficients in ga(L) and g3(L), independent of L.

Proof. Set a, == (2n + 1)Ga,12(L) so that we can write p(2) = 272 + 30 | a,2"
Differentiating twice gives

oo
o"(2) =627 + Z 2n(2n — 1)a, 2" 2,

n=1
and squaring p(z) yields
0o n—2
p(z +22a22”2+22akank12 —2,
n=3 k=1

Recall from Theorem 2.3.19, that p satisfies the differential equation

¢'(2)* = 4p(2)° — g2(L)p(2) — g3(L),
which upon differentiating twice gives

/() = 6p(2)” — Son(D).

By comparing the coefficients of 22772 for n > 3 we get

n—2
2n(2n — 1)a, =6 <2an + Z akank1> ,

k=1

and therefore

6 n—2
an = > apan—p—1.
2n(2n —1) =12 ~
for n > 3. Thus, each a, can be computed recursively from aq,...,a,_9o for n > 3.
Since a; = 922(0L ) and as 932(; ) all coefficients are polynomials in g, (L) and g3(L) with
rational coefficients, as claimed. O

Theorem 2.5.5. Let L and L' be lattices in C. Then L and L' are homothetic if and
only if j(L) = j(L).

Proof. Suppose first that the lattices L and L’ are homothetic. Then there exists A\ €
C\{0} such that L' = AL. By definition of the Eisenstein series, we have

L')y=60 Y i4 =60 > = M ga(L), (2.3)

wern{oy ¥ weL\ {0} w)
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2 The correspondence between lattices and elliptic curves

and similarly, g3(L') = A"%g3(L). Therefore, the j-invariant satisfies

(O ga(1)? s (D)
I (L)) — 20 (D)2~ D) — 27ga(E)

J(L') = 1728 5 = J(L).

Conversely, let L and L’ be lattices such that j(L) = j(L'). Let Er, : y* = 23+ Az+B and
Ep :y* = 23+ A'z+ B’ be the corresponding elliptic curves, with go(L) = —4A, g3(L) =
—4B and go(L') = —4A’, g3(L") = —4B’. By the theory of elliptic curves over C, there
exists u € C\{0} such that A’ = y*A and B’ = u®B (see [14, Thm. 13.13]). Setting A\ =
% gives go(L') = A\ *go(L) = go(AL) and g3(L') = A" %g3(L) = g3(\L). By the previous
lemma, the coefficients of the Laurent expansion of p(z; L) are polynomials in go(L) and
g3(L) with rational coefficients, which uniquely determine g(z; L). Since g2(L') = g2(AL)
and g3(L') = g3(AL) by (2.3), it follows (2n + 1)Gapt2(L’) = (2n + 1)Gap42(AL), which
implies that p(z; L) and @(z; L') have the same Laurent expansion at 0. By analytic
continuation, p(z; L") = p(z; AL) everywhere, and therefore L' = AL, as desired. O

Corollary 2.5.6. Two lattices L and L' are homothetic if and only if the corresponding
elliptic curves Er, and Ey; are isomorphic over C.

Combining Theorem 2.5.5 and Corollary 2.5.6, we see that elliptic curves over C are
classified up to isomorphism by their j-invariant.

Moreover, these results show that the map from homothety classes of lattices in C to iso-
morphism classes of elliptic curves over C is injective. To establish a full correspondence,
we still need surjectivity.

For our current purpose, the next theorem would suffice for the case of elliptic curves
over C. However, we state it in a more general form for future reference.

Accordingly, we assume that K is a field of characteristic char(K) # 2,3, so that every
elliptic curve can be described by a short Weierstrass equation 32 = x3 + Az 4+ B. This
assumption ensures that the curve is non-singular; for more details, see Section 2.1.

Theorem 2.5.7. Let K be a field with char(K) # 2,3. For every jo € K there is an
elliptic curve E over K such that j(E) = jo.

Proof. Let E be an elliptic curve over K. As the j-invariant of an elliptic curve F is
defined by j(E) = j(A,B) = 1728@%, there are two special cases worth noticing:
if A =0 then j(E) =0 and if B = 0 then j(F) = 1728. Since the discriminant of E
never vanishes by Theorem 2.3.22, A and B can not be 0 at the same time. Thus we
must treat these to cases separately: if jo = 0 or jo = 1728, we may take F to be z3 + 1
or z3 + x, respectively. Otherwise, let E be the curve defined by y? = 2® + Az + B,

where

A =35(1728 — jo) and B = 24jo(1728 — jo)>.
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2.5 From elliptic curves to lattices

We claim that j(A, B) = jo. Indeed,

4A3
i(A,B) =1728———
i(4, B) S48 1 27B?
1798 4-3353(1728 — jo)?
T T4 3353(1728 — )3 + 27 - 2252(1728 — jo)*
Jo
=1728————
jo + 1728 — jo
= jOa
which completes the proof. O

With K = C, this theorem implies that the j-invariant defines a surjective map between
C and the set of isomorphism classes of elliptic curves over C.

2.5.2 The j-function

To extend the correspondence to lattices, we introduce the j-function, which assigns to
each homothety class of lattices a complex number. Expressing the j-invariant analyt-
ically in terms of a lattice parameter leads to its definition as a function on the upper
half-plane.

Recall that every lattice L = [w1,ws] is homothetic to a lattice of the form L' = [1, 7],
with 7 = % € H. This allows us to define the j-invariant as a function on H.

Definition 2.5.8 (j-function). For 7 € H, the j-function is defined by j(7) = j([1, 7]).
Similarly, we define g2(7) = g2([1,7]), g3(7) = g3([1,7]) and A(7) = A([1,7]).

It follows that

‘ g2(7)? g2(7)?
i) A(T) g2(T)% — 27g3(7)?
and
1 1
R =0 2, Eomr wO=M0 ) e
(m.n)#(0,0) (m,n)#(0,0)

which converge absolutely by Proposition 2.3.12.

Theorem 2.5.9. The j-function is holomorphic on H and satisfies the relations
j(=3) = j(1) and j(r +1) = j(7).

Proof. Note that j(—21) and j(r + 1) are well-defined, since —2 and 7 + 1 lie in H.
Moreover, the lattices [1,7] and [1,—1] are homothetic, while the lattices [1,7] and
[1,7 + 1] are equal, hence j(—1) = j(r) and j(r + 1) = j(7) by Theorem 2.5.5.

To show that the j-function is holomorphic on H, it therefore suffices to show that go(7)
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2 The correspondence between lattices and elliptic curves

and g3(7) are holomorphic on H. We begin with g2(7). By Proposition 2.3.12, the series
defining g2(7) converges absolutely. It remains to show, however, that this convergence
is uniform on compact subsets of H. Let D C H be compact and consider the function

f:DxS'—R:(r,e") — |cos(t) + Tsin(t)].

Then f is continuous and non-zero on the compact set D x S!, Hence it is bounded below
by some constant cp and |[m+n7| > cpv'm? + n2 holds for all pairs (m, n) € Z*\{(0,0)}.

But the series
Z (m2 + 712)77

m,neZ
(mn)#(0,0)
converges for v > 1. The proof for g3(7) is similar. It follows that g2(7), g3(7), and thus
j(1) are holomorphic on H, since A(7) never vanishes. O

To describe when two points 7, 7/ € H give the same lattice up to homothety, we consider

the group
b

which acts on H via linear fractional transformations

a,b,c,d € Z, ad—bc:l},

ar +b
ct+d

T =

for v = (¢ 5%) € SLy(Z).

The group SLa(Z) is generated by the matrices S = (9 ') and T = ({ 1), so the j-
function satisfies j(y7) = j(7) for all v € SLy(Z) by Theorem 2.5.9. We say in this case
that j is SLa(Z)-invariant. In fact, more is true.

For practical reasons, we set I' = SLa(Z).
Lemma 2.5.10. Let 7,7' € H. Then j(7) = j(7') if and only if 7/ = y7 for some v € T.

Proof. Suppose 7/ = ~7 for some v € T' and 7,7/ € H. By Theorem 2.5.9, we have
§(ST) =j(—=1) = j(r) and j(TT) = j(r + 1) = j(7) and so j(7) = j(7'), since S and T
generate I'.

Conversely, suppose j(7) = j(7') for some 7,7 € H. The lattices [1,7] and [1,7’] are
homothetic by Theorem 2.5.5, so there exists A € C\{0} such that [1,7'] = A[1,7].
Therefore, there are a, b, c,d € Z such that

7' = alT + bA
1 =cArt+dX\

Rewriting the second equation gives A = ﬁ and substituting this into the first yields

/_(ZT+b_ . a b 2%2
T—CT+d—’)’T, Where'y—<c d)eZ .
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2.5 From elliptic curves to lattices

Using Theorem 2.5.5, we could also write [1, 7] = A71[1, 7], which similarly gives 7 = /7’
for some 7/ € Z**2. Combining these relations implies 7/ = yv'7’, so that det(y) = +1.
Since both 7 and 7/ lie in H, we must have det(y) = 1, and therefore vy € T". O

Two points 7,7 € H with the property 7/ = ~7 for some v € I' are said to be I'-
equivalent. This defines an equivalence relation on H, and he equivalence class of 7 is
called the I'-orbit of T.

The previous lemma shows that j(7) = j(7') if and only if 7 and 7" are I'-equivalent. In

other words, j takes the same value on each I'-orbit. Thus the j-function is a complete

invariant for the action of I' on H, i.e. two points have the same j-value if and only if

they belong to the same I'-orbit.

Therefore, when studying the j-function, it suffices to study its behaviour on I'-equivalence
classes, that is, on the quotient H/T". This action does not distinguish between matrices

that differ by a sign, so taking the quotient by PSLo(Z) = SLa(Z)/{+I2} yields the same

result. Despite this fact, we will stick with I' = SLy(Z).

Now we want to find a fundamental domain for H/T', i.e. a set of unique representatives
in H for each I'-equivalence class. There are many ways of constructing one, but a
common choice is the region

F = {7’ €H | |r| > 1, Re(r) € [-1,1), such that |7| > 1 if Re(r) > 0},
bounded by the vertical lines Re(7) = 1 and Re(r) = —% and the circle || = 1.

100

+ t t

-1 2 0 1/2 1

27

Figure 2.2: Fundamental domain F for H/T" with i = e? and p=es3s.
Reproduced from [14, Lec. 15]. Changes: none.
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2 The correspondence between lattices and elliptic curves

Lemma 2.5.11. The set F is a fundamental domain for H/T.

Proof. We show that for any 7 € H there is a unique 7/ € F such that 7/ = 7 for some
v € I'. We start with existence. Let 7 € H and v = (‘C‘ Z) € I'. We have

ar + b> ~ Im((ar +b)(cT +d))  (ad —bc)Im(r)  Im(7)

er+d) leT +d|? et +d]2 e +dJ?

>0,
(2.4)

Im(y7) = Im <

so y7 € H. Since (c,d) + |cr +d|? is a positive definite quadratic form, it has minimum
value for integers ¢, d which are relatively prime. By Bézout’s Theorem, there are integers
a, b, such that ad —bc = 1. So we can find a matrix yo = (24) € I, such that Im(y7) <
Im(yo7) for all v € . Set v = T*vy, where k € N is chosen such that Re(y7) € [—3, 3],
and T' = (1) is one of the generators of I'. We claim that 7/ = y7 € F. If this was
not the case, we would have |7/| < 1 and therefore Im(S7’') = Im(7')|7'|~2 > Im(7'),
contradicting the maximality of Im(vo7), where S = (9 *01) is the other generator of I'.
Hence, |7/| > 1 and together with |Re(7’)| < § we obtain 7/ € F, proving existence.

Now we show uniqueness. We show that no two points in the interior of F share the
same D-orbit. Let 71,7 € F with 75 = 47 and v = (2%) € I, and assume Im(7y) <

Im(72). By (2.4) we get

Im(my) = Im(yr) = Im(m)|er +d|72 > Im(n), (2.5)
so |ery +d|? < 1, thus using that Re(r1) € [—3, 3] since 71 € F, we get
1> |ery 4+ d> = (ery + d)(er1 + d) = P|mi|? + 2cdRe(y) + d? > 2| |? + d* — |cd| > 1,

where the last inequality follows from || > 1, again since 71 € F, and the fact that ¢
and d cannot both be zero since det(vy) = 1. Thus |c¢m + d| = 1, which implies Im(7;) =
Im(72) by (2.5). Also we get |c|,|d| < 1 and, by replacing v by —~ if necessary (as
discussed earlier), we may assume ¢ > 0. This leaves us with 3 cases:

Case 1: ¢ = 0,d = £1: by the constraint ad — bc = 1, we get a = d and so
T9 = 711 = 71 £ b. By comparing real parts on both sides and using that —% < Re(m),
Re(m) < %, we see that there are only 3 possibilities for b, i.e. b=0,—1, 1.

If b =0, then 7 = 75 since both real and imaginary parts coincide.
Ifb=1resp. b= —1,then 7o = 7+1and Re(r;) = % resp. 7 = 71 —1 and Re(m) = —%,
so 71 and 79 lie on the boundary lines of F and thus not in the interior.

Case 2: ¢ = =+1,d = 0: the constraint forces b = —1 and by above we get |7| =1, so
71 lies on the unit circle. Thus m» = a — % and again by comparing real parts we get
a = 0,—1,1 as possibilities. If a = 0, then 77 = 70 = 4. If a = 1 resp. a = —1, then
TI=Tg=p= 5 resp. 7| = Ty = e%, which lie on the boundary of F.

Case 3: ¢ = d = £1: Since |er| < 1, we see that 7 = p, as for any other 7 € F, we
have |£7+1| > 1. By the constraint ad —bc = 1, it follows that a—b=1,s0 b= —1+a.
Fora=0weget m =m=pandfora=1weget n=7m+1= e%, so all choices lie
on the boundary again.

We conclude that in no case do 71 and 7o belong to the interior of F, unless v = Iy and
T4 = T9, which concludes the proof. ]
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2.5 From elliptic curves to lattices

Theorem 2.5.12. The restriction of the j-function j|r : F — C to the fundamental
domain F is bijective.

Proof. Since injectivity follows from Lemma 2.5.10 and Lemma 2.5.11, it remains to
show surjectivity. For this aim we compute the limits of go(7) and g3(7) as Im(7) — oc.
Following the approach used in the proof of Proposition 2.3.13, we write

g(r)=60 ;=60 2Zf+ Z

m,neZ (m + nT m,ne” m + nT
The second sum vanishes for Im(7) — oo, leading to
4 4
T 47
li — 120 = 120¢(4) = 120— = ——
i, 927 Z ¢(4) = 1205 = 5~
where ((s) denotes the Riemann (-function. Similarly, we obtain
> 6 876
li = 280(¢(6) = 2807 = —.
Im(lggoo g3 Z C ) 945 3

This implies

3 2
At 876
Iﬁﬂm”><3> 7<3> 0

Thus the quantity j(7) = 1728% is unbounded when Im(7) — co.
Furthermore, since the j-function is non-constant and holomorphic on H by Theorem
2.5.9, its image j(H) is an open subset of C. We now claim that j(H) is also closed in C.
Let j(11),j(72), ... be a convergent sequence in j(H) converging to some w € C. We need
to show that j(7) = w, for some 7 € H. By Lemma 2.5.10 we know that j(7) = j(7') if
and only if 7/ is T-equivalent to 7. Thus, since the j-function is I'-invariant (Theorem
2.5.9), we may replace each 7, by a I'-equivalent point in the fundamental domain F.
Hence, without loss of generality, we may assume 7, € F for all n > 1. Now, if the
sequence Im(77),Im(72), ... were unbounded, then by the above mentioned limit
e 7) =
the sequence j(11),j(72),... would have a subsequence convergent to oo, contradicting
the fact j(7,) — w € C for n — oco. Hence the sequence of the imaginary parts is
bounded, say by B. Consequently, all the 7, lie in a compact subset of F, namely

Q= {TEH| Re(T) € {—;,;], Im(7) € B,B]} C F.

By compactness, there is a subsequence of the 7, which converges to some 7 € ). Since
the j-function is holomorphic (Theorem 2.5.9) and hence continuous, we get j(7) = w.
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2 The correspondence between lattices and elliptic curves

It follows that the set j(H) contains all its limit points and is therefore closed as claimed.
As the set j(H) is both open and closed, and C is connected, we get j(H) = C. Finally,
since every point of H is I'-equivalent to an point of F (Lemma 2.5.11) and the j-function
is constant on I'-orbits (Lemma 2.5.10), it follows that j(F) = C. O

This proof explains the coefficients 60 and 140 in the definitions of g2(L) and g3(L),
indeed they are the smallest pair of integers, such that the above limit is 0.

2.5.3 Elliptic curves arise from lattices

With the j-invariant and j-function in place, we can now complete the correspondence
between lattices and elliptic curves by showing that every elliptic curve over C arises
from a lattice. This establishes the full two-way link between the analytic and algebraic
perspectives.

The surjectivity of the j-function restricted to the fundamental domain from the previous
theorem now allows us to deduce the following result:

Corollary 2.5.13. Let g2, g3 € C with g3 — 27g3 # 0. Then there exists a lattice L C C
such that go(L) = g2 and g3(L) = g3.

Proof. Since the j-function is surjective, and g3 —27g3 # 0 by assumption, there is some
7 € H such that

9
jlr) = 172822
9 — 2793
As in the proof of Theorem 2.5.5, there is a complex number A, such that go = A% go(L)
and g3 = A %g3(L). It follows that L = A[1,7] is the desired lattice. O

This shows that the j-invariant induces a surjective map from the set of homothety
classes of lattices in C to C. Together with the surjectivity of the j-invariant on elliptic
curves over C (Theorem 2.5.7), the composition yields a surjective map from the set of
homothety classes of lattices in C to the set of isomorphism classes of elliptic curves over
C. The injectivity of this map was established earlier, hence we obtain the following
fundamental result.

Note that this also provides an alternative proof of Corollary 2.3.23, which established the
existence of an elliptic curve Ef, over C associated to every lattice L C C. While Corol-
lary 2.3.23 was deduced via the explicit construction of E using Weierstrass functions,
the present approach derives it as a consequence of the surjectivity of the j-invariant.

Corollary 2.5.14. For every elliptic curve E over C there is a lattice L in C such that
E = Er. Moreover, there is a one-to-one correspondence between the set of homothety
classes of lattices in C and the set of isomorphism classes of elliptic curves over C.

An important and classical result in elliptic curve theory, the Uniformization Theorem,
is a direct consequence of the first part of this corollary together with Theorem 2.4.1.
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3 Complex multiplication and the ideal
class group correspondence

Complex multiplication of elliptic curves over C sits at the intersection of arithmetic
and geometry, connecting the structure of imaginary quadratic orders with the lattices
underlying elliptic curves. In this chapter, we aim to make this connection precise by
establishing a correspondence between the ideal class group of an order O and the lat-
tices in C associated with elliptic curves having complex multiplication by O.

To achieve this, we proceed step by step. We begin with homomorphisms of complex
tori and isogenies of elliptic curves, laying the geometric and group-theoretic ground-
work. This naturally leads us to the study of endomorphisms of elliptic curves, and
from there to the algebraic framework of orders in imaginary quadratic number fields.
With this foundation, we define complex multiplication, highlighting curves whose en-
domorphism rings are larger than usual. We then examine the lattices corresponding
to a given endomorphism ring, introducing proper and fractional ideals to capture their
structure. Finally, we bring these threads together in the study of the ideal class group
and its action on lattices, culminating in a complete classification of elliptic curves with
complex multiplication and a clear demonstration of the deep link between arithmetic
and geometry.

This chapter follows the structure of [3, §10 C] and has been expanded with additional
explanations and proofs following [14, Lec. 16], as well as some results from [3, §7 A].

3.1 Homomorphisms of complex tori and isogenies of elliptic
curves

We begin by considering holomorphic maps between complex tori. These maps capture
the algebraic structure of the tori and, when passed to the associated elliptic curves,
correspond precisely to isogenies. This perspective sets the stage for understanding how
lattice structures control the relationships between elliptic curves.

Every a € C determines a holomorphic map z — «az, which is an endomorphism of C
when considered as an additive group. So whenever we have two lattices L; and Lo in
C, the inclusion L.y C Lo induces a group homomorphism

QQIC/L1—>C/L222+L1P—>O£Z+LQ,

which is also a holomorphic map of complex manifolds. In fact, every holomorphic map
that fixes zero arises this way. The well-definedness is ensured by the condition al.;y C Lo
as z = w mod Lj implies az = aw mod Ly for all z,w € C. Thus the following diagram
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3 Complex multiplication and the ideal class group correspondence

(CL) (C/Ll

e

commutes, where 7 : C — C/L; and my : C — C/Ly denote the quotient maps.

Conversely, for every holomorphic map ¢ : C/L; — C/Ls with ¢(0) = 0 there is a
unique o € C with ¢ = ¢,. Thus we have the following isomorphism of additive groups:

{a € C| aL; C Ly} — {homomorphmisms ¢ : C/L; — C/Ly}
a s Q.

If L1 = Lo, then the sets are isomorphic as commutative rings.

Indeed, the set on the left-hand side contains 0, is closed under addition, and thus
forms an additive subgroup of C. When L = Lo, it is also closed under multiplication,
making it a subring of C. Similarly, the set on the right-hand side is an additive group
under pointwise addition. In the case L; = Lo, we obtain that Hom(C/L;,C/Ly) is the
endomorphism ring End(C/L;), with multiplication given by composition.

Thus we can identify Hom(C/Ly,C/L2) with {a € C | aL1 C Lo} and « with ¢,. For
better readability, will therefore write « for the complex number satisfying al.y C Lo as
well as for a homomorphism C/L; — C/Ls.

As next step we want to identify {a € C | aL; C Ly} with Hom(Ey,, Er,), for which
we will now study Hom(C/Ly,C/Ly) and Hom(Ey,, Er,) a little more.

To study maps between elliptic curves, we first recall that a rational function is a function
which can be expressed as a rational fraction, i.e., an algebraic fraction where both the
numerator and denominator are polynomials. The coefficients of these polynomials may
be taken from any field K, they are not restricted to be rational numbers. The set of
rational functions over a field K forms the field of fractions of the ring of polynomial
functions over K.

Also recall that the set of elliptic functions for a fixed lattice L forms a field, denoted
C(L). As mentioned in Section 2.3.2, the Weierstrass p-function provides a natural
starting point for describing all elliptic functions. Indeed, every elliptic function can be
expressed as a rational function of p and its derivative, and the subfield of even elliptic
functions C(L)®¥*™ C C(L) is generated by p alone, meaning that every even elliptic
function is a rational function in p.

Theorem 3.1.1. Let L be a lattice in C. Then we have

(i) C(L) = C(p,¢),

(i) C(L)"*™ = C(p).
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3.1 Homomorphisms of complex tori and isogenies of elliptic curves

Proof. Let f € C(L). Writing f as a sum of an even and an odd function

f@):f@)szﬁ)+f@%;ﬂ—@,
we see that it suffices to prove the theorem separately for even and odd elliptic functions.
Now, let g € C(L). Since ¢(2) is an odd elliptic function with simple zeros and no poles
aside from those of order 3 at lattice points by Proposition 2.3.16 and Corollary 2.3.17,
the quotient g,((zz)) is even and elliptic. Hence, every odd elliptic function can be written
as a product of an even and an odd elliptic function:

9(2)
g(z) = o' (2)-
¢ (2)
Thus, it suffices to consider even elliptic functions, and statement (i) follows from (7).
So let f € C(L)®*¥*", and note that any zero or pole at the origin has even order.
Indeed, if the order at 0 is k, then near 0 we can write

f(2) = apz® + apr 25+

with ay # 0. Since f is even, we have f(z) = f(—z), which implies
ar?® +ap 2" = f(2) = f(—2) = ()P (ar2® — ap 2T ).

Therefore (—1)*a; = ay, so k must be even.

Now, since elliptic functions are doubly periodic, the same local behaviour occurs at
every lattice point w € L. Therefore, the order of any zero or pole of f at any lattice
point is even. Hence, there exists an integer m such that the product fp(z)™ has no
zeros or poles at any lattice points. By replacing f with fp(z)™, we may therefore
assume that f has no zeros or poles on the lattice L. Our goal is to construct a function
using p that has the same zeros and poles (with the same multiplicities) as f.
Consider the function f.(z) = p(z) — ¢ for some ¢ € C, which, like p(z), has double poles
at each lattice point. Note that the zeros of f. are the preimages of ¢ under p and since
o is even, f.(z9) = 0 implies f.(—z9) = 0 as well. Thus, f. has either one double zero or
two simple zeros on C/L, depending on whether zy = —zp mod L holds, that is whether
zo is a half-period. It follows that f. has a double zero if and only if ¢ = ey, e or e,
where e; = p(%), e2 = p(%2) and ez = p(“12) are the values of p at the half-periods
of L. For all other ¢ € C, the function f. has two distinct simple zeros.

We now study the zeros and poles of f in more detail. Since f is even, its zeros come in
pairs {a, —a}, unless a = —a mod L, in which case a is a half-period and, by our earlier
observation, the corresponding order is even. Thus, if a1, —azi,...,am, —am,, counted
with multiplicity, denote all the zeros of f, then the function

(p(2) — pla1)) - ... - (p(z) — p(am))

has the same zeros as f. Similarly, if by, —by, ..., by, —by, again counted with multiplic-
ity, describe all the poles of f, then
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3 Complex multiplication and the ideal class group correspondence

has the same poles as f. Hence, the function

((2) = plar)) - - - (p(2) = p(am))
(p(2) =pb1)) - .. - (p(2) = p(bm))

has exactly the same zeros and poles as f. Since f and g are elliptic functions and share
the same zeros and poles, the quotient 5 is an elliptic function without any zeros or poles
and thus holomorphic and doubly periodic on C. Hence it is also bounded and therefore
constant by Liouville’s Theorem 1.0.6. It follows that f = Cg for some constant C € C
and since g € C(gp), we conclude f € C(p) as desired. O

9(z) =

For future use, we state the following refinement of part (i7) of the previous theorem:

Proposition 3.1.2. Let L C C be a lattice. FEvery even elliptic function for L that is
holomorphic on C\L is a polynomial in .

Proof. Let f be an even elliptic function for L that is holomorphic on C/L. We claim
that there is a polynomial A(x) € Clz] such that

9(2) = f(2) — A(p(2))

is holomorphic at the origin. Assume that it is not possible.

Therefore, among all such polynomials, choose A(z) such that g(z) has a pole of minimal
order at the origin. Since f and p are even, the difference g(z) is also even, so the pole
at z = 0 must be of even order. That is,

a
= 2 higher order terms,
9(z) o + higher order terms

with a # 0 and M > 0. Now, using the Laurent expansion of g(z) near the origin given
in Proposition 2.3.18, we obtain

1
= —— + high der t .
p(z) oI + higher order terms

Hence,
9(2) = ap(2)™ = f(2) = (Alp(2)) + ap(2)M)

has a pole of order strictly less than 2M at z = 0. This contradicts the minimality of
the pole order for the original choice of A(z). Therefore, such a polynomial A(x) must
exist, for which f(z) — A(p(z)) is holomorphic at z = 0.

Since f is elliptic, the difference f(z) — A(p(z)) is elliptic as well and hence it is holo-
morphic at all points of the lattice L by periodicity. By assumption, f is holomorphic on
C\L, so f(z)—A(p(z)) is holomorphic on all of C. It follows that |f(z) — A(p(z))| is con-
tinuous and hence bounded on the compact region P = {Ajw; + Aaws | 0 < Ay, Ao < 1},
say by @ > 0. Then, given any z € C, we can find 2’ € P such that z = 2’ mod L by
Theorem 2.3.3. It follows that |g(z)| = |g(2’)| < @, since g(z) is L-periodic. Thus f(z)
is bounded. By Liouville’s theorem 1.0.6, it follows that g(z) is constant. Thus f(z)
differs from A(p(z)) by a constant, so in particular, f(z) is a polynomial in p(z). O
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3.1 Homomorphisms of complex tori and isogenies of elliptic curves

Theorem 3.1.3. Let Ly, Ly be lattices in C and E1, E5 the corresponding elliptic curves.
Moreover set p;(z) = p(z;L;) and let ®; : C/L; — E;(C) be the isomorphism between
complex tori and elliptic curves over C fori = 1,2, as in Theorem 2.4.1. Then for any
a € C the following are equivalent:
(i) aly C Lo,
(ii) p2(az) is a rational function in ©1(z), i.e. pa(az) = %2183 for some polynomials
u,v € Clx] with v # 0,

(iii) There is a unique homomorphism ¢ : E1 — Ey such that the following diagram
commutes:

(
Jo [
C —— C/Ly —225 E5(C).
Proof. Since the statements clearly hold for oo = 0, we assume « # 0.

“(1) = (41)“: Let w € L;. Then po(a(z + w)) = pa(az + aw) = pa(az) since aw € Lo
and gy is periodic with respect to La. So p(az) is periodic with respect to L; and being
meromorphic, it is an elliptic function for L. Moreover, it is even by Proposition 2.3.16,
and therefore a rational function in p; by Theorem 3.1.1 (ii).

“(ii) = (i9i)“: Let po(az) = Zggigj;; for some polynomials u,v € C[z] with v # 0.
To prove existence, let s := (u/v — v'u) and let ¢t := av?, where v/ and v’ denote the
derivatives of v and v and define the function

ot - (25, 52),

which is well-defined as v,t # 0. By the chain rule we compute

pa(az) = é(m(OZZ))' I (“@1(2)))

a \v(p1(2))
_ 1u(p1(2)o(pi(2) = w'(p1(2)v(p(2)) _ 8(@1(2))p, (2)
a v(p1(2))? t(p(2)

and thus
P (P1(2)) = dal(p1(2), 91 (2)) = (

so the above diagram commutes.
To show uniqueness, we assume that ¢ is another group homomorphism satisfying
d(P1(2)) = P2(az). Then we have

(¢ = ¢a)(P1(2)) = ¢(P1(2)) = Pa(P1(2)) = P2(@z) — Pa(az) =0,
and therefore ¢ = ¢,.
“(#i7) = (i)“: For all w € Ly we have ®3(aw) = ¢o(P1(w)) = ®(0) = 0, thus aw € Ly
and al1 C Ly as desired. O

u(g1(2)) s(p1(2)) o
v(p1(2))" tpa(2))

1)) = (2(a), 9h(02) = Bfa),
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3 Complex multiplication and the ideal class group correspondence

Since the polynomials u and v are non-constant, as @2(z) is not, the map ¢ : £1 — E»
is a non-constant morphism and hence surjective, as a morphism of projective curves is
either constant or surjective. This establishes that ¢, is an isogeny, a concept introduced
in Section 2.1. Moreover, the fact that u and v can be chosen to be relatively prime, while
s and t already are, implies that the polynomials u,v,s and ¢ are uniquely determined
up to a non-zero scalar in C. Thus the expression

Pa(z,y) = (28 : (:((j))y)

is often referred to as the standard form of the isogeny ¢, : F1 — E5 and one can show
that every isogeny of elliptic curves is of this form (see [14, Lemma 4.26]).

For later use, we define the degree of an isogeny ¢ by deg(¢) := max({deg(u), deg(v)}),
which is well-defined by above. Moreover, we say that an isogeny is separable, if the
derivative % is non-zero, otherwise we call ¢, inseparable.
As noted above, the polynomials u, v, s and t are uniquely determined up to a non-zero
scalar in C, so the degree and separability of ¢, are intrinsic properties and do not
depend on the choice of its representation as a rational map.

3.2 Endomorphism rings of elliptic curves

The results of the previous section also provide structural insight into homomorphisms
of elliptic curves. Specializing to the case where the domain and codomain coincide, we
obtain the corresponding description of endomorphisms, which will lead naturally to the
study of orders in imaginary quadratic number fields.

Corollary 3.2.1. Let Ly, Ly be lattices in C. For every ¢ € Hom(E1, Es), there is a
unique o = oy € C satisfying (i) — (ii3) from Theorem 3.1.3. The map ¢ — ay defines
the group isomorphism between Hom(E1, Es) and {a € C | aL; C Lo} with inverse map
Q> Qg

Proof. Let the maps ®; and ®5 be as in the previous theorem. Then for every ¢ €
Hom(F}, Es), the composition ®;! o ¢ o ®; is an element of Hom(C/Ly,C/Ly) and is
therefore induced by the multiplication-by-a map « +— az for a unique o = a4 with
ali C L9 by the observations at the beginning of this chapter. The maps a — ¢, and
¢ +— ay are thus inverse bijections.

It is easy to show that the map ¥ : Hom(E1, Ez) = {a € C| aly C La} : ¢ — oy fulfills
U (o1 + ¢2) = ¥(p1) + ¥(¢p2) for some ¢1, po € Hom(FE1, E2) and ¥(0) = 0, so that ¥ is
a group homomorphism, thus an isomorphism and the statement is proven. ]

Thus we have described the following isomorphisms
{a € C|al; C Ly} ZHom(C/Ly,C/Ly) = Hom(EyL,, EL,).

We will now consider the special case L = L1 = Lo and set E, = E, obtaining
{a € C| oL C L} = Hom(Er,Er) = End(EL) the endomorphism ring of Ej with
multiplication defined by composition.
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3.3 Orders in quadratic number fields

Corollary 3.2.2. Let L C C be a lattice and set £ = Er,. The map ¢ — oy defines the
ring isomorphism between End(E) and {a € C | aL C L} with inverse map o — ¢q.

Proof. Let ¥ : End(E) — {a € C | aL C L} be the group homomorphism as in the proof
of the previous corollary. It is straightforward to check that W(¢1¢p2) = ¥ (¢1)1p(¢2) for
all ¢1,¢2 € End(E), so V¥ is a ring homomorphism, and thus a ring isomorphism since
it is a bijection. O

The ring End(E) is not necessarily commutative, however its center always contains the
multiplication-by-n maps, denoted by [n], for all n € Z. These endomorphisms form
a subring of End(F) isomorphic to Z, so we have Z C End(F). This inclusion is not
always an equality, as we will see in the next sections.

3.3 Orders in quadratic number fields

Our discussion shows that endomorphism rings always contain the integer multiplica-
tions, but in certain cases they can be strictly larger. To describe these richer structures,
we first recall some background on quadratic number fields and their orders, which pro-
vide the natural setting for such enlarged endomorphism rings. This material also lays
the groundwork for a detailed classification of orders in a later chapter.

Every quadratic number field K can be written as K = Q(+v/d) for a uniquely determined
squarefree integer d € Z\{0,1}. Every such K has an integral basis {1,wx}, with wg
given by
IEZ if d # 1 mod 4
wK_{l'g‘/g if d =1 mod 4.

As the integral basis is a set of elements in K that generates the ring of integers Ok as
a Z-module, Ok can be written as Og = [1,wg| = Z + Zwk.
The discriminant dg of K is then defined in terms of this integral basis by

4d ifd#1mod 4
dg =
d if d =1 mod 4.

For more details see [8, Thm. 3.3].

This integer dy is sometimes also called a fundamental discriminant, i.e. an integer D
such that either D = 1 mod 4 is squarefree, or D = 4d with d = 2,3 mod 4 with d square-
free. The term ,fundamental discriminant“ suggests the existence of non-fundamental
ones, and together, they provide a natural description of what we mean by a discriminant
in general. We call an integer D a discriminant, if D = 0,1 mod 4 is a non-square.
The non-fundamental discriminants are also related to quadratic number fields in a
similar way as the fundamental ones: they correspond to discriminants of orders in
quadratic number fields. This leads us to the next definition:
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3 Complex multiplication and the ideal class group correspondence

Definition 3.3.1 (Order in a quadratic number field). An order O in a quadratic
number field K is a subset @ C K, which satisfies the following properties:

(i) O is a subring of K containing 1,
(ii) O is a finitely generated Z-module,
(iii) O contains a Q-basis of K.
Remark 3.3.2. Some facts about orders in a quadratic number field K :

1. Any order O is torsion-free, since K is torsion-free. Conditions (ii) and (iii) then
imply that O is a free Z-module of rank 2.

2. The ring of integers O is always an order of K. Moreover, conditions (i) and (i1)
imply that for any order O we have O C Ok, so Ok is the maximal order of K.

3. Since both O and Ok are free Z-modules of rank 2 by 1. and O C Ok by 2., the
index f =[Ok : O] is finite and is called the conductor of O.

4. Writing Og = [1,wgk] as seen above, every order O can be described as
O =2+ fOx =1, fwk].

In particular, this shows that every order can be expressed in the form O = [1,w],
for some element w € K (see [3, Lemma 7.2/ for a proof).

From part 4. of the above remark, it follows that an order O admits an integral basis
of K, so we can define the discriminant of O in the same way as for Ok - as the square
of the determinant of a 2 x 2-matrix whose rows are the elements of the integral basis,
evaluated under the two automorphisms of the field K. Similar to the case of Ok, it can
be shown that the discriminant of O is independent of the chosen basis. When using the
basis [1, fwk], the discriminant of O is given by D = f2dy, where dj is the fundamental
discriminant of K, i.e. the discriminant of the maximal order Ok.

Since the square of any integer is congruent to either 0 or 1 modulo 4, we have f2 = 0,1
mod 4. Moreover, as dx = 0,1 mod 4, it follows that every discriminant of the form
D = f%dy satisfies D = 0,1 mod 4, making it consistent with our general definition of
a discriminant. More generally, it turns our that any non-square integer D = 0,1 mod
4 is in fact the discriminant of some order in a quadratic field.

We summarize the preceding remark and discussion in the following theorem:

Theorem 3.3.3. Let O be an order in a quadratic number field K with fundamental
discriminant di. Then the discriminant of O is given by D = f2dy, where f > 1 is an
integer. Conversely, if D = 0,1 mod 4 is non-square, then there exists a unique funda-
mental discriminant dg and a unique integer f > 1, such that D = f%dy. Moreover,
there exists a unique order O C Q(v/dk) with discriminant D.

46



3.4 Complex multiplication

3.4 Complex multiplication

Having analysed the endomorphisms of elliptic curves and introduced the framework of
orders in imaginary quadratic number fields, we now bring these perspectives together.
We focus on the special case where the endomorphism ring extends beyond Z, which
leads naturally to the notion of complex multiplication.

Theorem 3.4.1. Let E be an elliptic curve over C. Then End(E) is isomorphic to
either Z or an order in an imaginary quadratic number field.

Proof. Let L be the lattice corresponding to the elliptic curve E (Corollary 2.5.14).
Since End(F) = {a € C | oL C L} is commutative, it is not isomorphic to an order in
a quaternion algebra. Since any lattice is homothetic to one of the form L = [1,7], it
suffices to consider this case. Note that «[l,7] C [1,7] is equivalent to a- 1 € [1, 7] and

a7 € [1,7], so there exist integers m,n, p, ¢ such that &« = m+nr and ar = p+gqr, i.e.
nt? +71(m—q) —p=0.

Unless 7 is quadratic irrational, one has n =0, so a € Z and End(F) = Z.
If 7 is quadratic irrational, it satisfies a minimal polynomial of the form 2%+ b’z + ¢’ over
Q. By multiplying the polynomial with the least common multiple of the denominators
of its coefficients, say a € Z, it follows that 7 satisfies a polynomial of the form az?+bx+c
with a,b,c € Z and ged(a,b,c) = 1. Then, from
9 —br —c —bn
ar =m7T +n7" =mr+n——m—=m+ ——
a a

we see that « -7 € [1,7] if and only if a | n. In this case, End(E) = Z + Zar. Since at
is algebraic over Q(7), it follows that End(E) is isomorphic to an order in an imaginary
quadratic number field. O

We want to focus on the case where End(F) is isomorphic to an order O in an imaginary
quadratic number field.

Definition 3.4.2 (Complex multiplication). Let E be an elliptic curve over C. If
End(E) = O for some order O in an imaginary quadratic number field, then we say that
E has complex multiplication by O.

3.5 The ideal class group and correspondence with lattices

Building on the introduction of complex multiplication, we now turn our attention to the
lattices that realize these enlarged endomorphism rings. In particular, we aim to classify
lattices up to homothety for which the corresponding elliptic curve has endomorphism
ring isomorphic to a given order . This perspective naturally brings us to the notion
of O-ideals and, ultimately, to the ideal class group, which organizes these lattices into
equivalence classes.
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3 Complex multiplication and the ideal class group correspondence

Having seen that complex multiplication arises precisely when an elliptic curve has a
larger endomorphism ring isomorphic to an order O in an imaginary quadratic field, we
now seek to determine for which lattices L C C this occurs.

Since any order O can itself be written as [1,w] for an element w € K as stated in
Remark 3.3.2, it can be viewed as a lattice in K and therefore in C. Thus a natural
candidate is L = O. Moreover, as the set {a € C | aL C L} remains unchanged when
replacing L with any homotetic lattice L', we are naturally led to study lattices up to
homothety.

Theorem 3.5.1. Let L C C be a lattice, Ef, the corresponding elliptic curve and let
O be an order in an imaginary quadratic number field K. If End(EL) = O, then L is
homothetic to a sublattice of O.

Proof. We may assume that L = [1,7] and O = [1,w] for some 7 € H and w € K. Since
End(Er) = O, we have a - 7 € [1,7] for all @ € O. In particular, for & = a + bw with
a,b € Z and a = 0 this gives bw - 7 € [1,7] for all b € Z. Hence wr € [1,7], which
implies w € L. Thus we can write w = m + n7 for some m,n € Z with n # 0. Then
nL = [n,nt] = [n,w —m] C [1,w] = O, so L is homothetic to a sublattice of O. O

We now reveal that the result admits a stronger form.

Definition 3.5.2 (O-ideal). Let O be an order in an imaginary quadratic number field.
An O-ideal is an additive subgroup of O closed under multiplication by O.

This definition generalizes the classical notion of an ideal in K: by allowing the additive
subgroup to be in K rather than being strictly contained in O, it permits the existence
of elements outside of O while still maintaining closure under multiplication by O.

Since sublattices of O are additive subgroups closed under multiplication by O, they
are nothing other than O-ideals. Therefore, under the assumption End(Ez) = O, the
previous theorem implies that L is homothetic to an O-ideal, i.e. there is some A € K\{0}
such that AL is an O-ideal. As for every a € O we have oL C L by assumption, it follows
that L is closed under multiplication by O and so L is an O-ideal.

However, the converse implication does not hold in general: if L is an O-ideal, it does
not necessarily follow that End(E) = O. To see this, let L be an arbitrary O-ideal and
name the set

OL) ={acC|aLCL},
which is an order in K. It is clear that O C O(L) always holds, since L is closed under
multiplication by O by assumption. However, equality may fail. As counterexample
consider K = Q[v/-3],0 = Z[V/-3],L = (2,1 + v/=3), here O(L) strictly contains O.
This fact motivates the following definition:

Definition 3.5.3 (Proper ideal, fractional ideal). Let O be an order in an imaginary
quadratic number field K and L be an O-ideal. We say that L is a proper O-ideal if
O(L) = O. For every a € K\{0} and every O-ideal a, the O-module b = aa = {«a |
a € a} is called a fractional O-ideal.
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It follows from the definition that a fractional (O-ideal is an additive subgroup of an
imaginary quadratic number field, which is closed under the multiplication by elements
of O. Thus fractional O-ideals are more general structures than O-ideals, as they may
contain elements that do not belong to the order O itself.

Now, if L is homothetic to a proper O-ideal, i.e. L = Aa with a proper and A € K\{0},
we have
End(EL) 2 O(L) = O(Xa) = O(a) = O,

so the converse indeed holds. The isomorphism End(Ey) = O(L) is given by Corollary
3.2.2.

Moreover, note that every O-ideal is homothetic to a proper O-ideal. Indeed, for any
O-ideal L, the set O(L) contains O, as seen before. By multiplying L with a suitable
non-zero element of K, one can always obtain a lattice with endomorphism ring equal
to O. That is, there exists A € K\{0}, such that AL is a proper O-ideal. Thus, every
(O-ideal is homothetic to a proper one. This and the fact that the concept of homothety
can also be applied to lattices in C and O-ideals, as every (O-ideal is a lattice in C,
completes the picture:

Corollary 3.5.4. Let L C C be a lattice, E1, the corresponding elliptic curve and let O
be an order in an imaginary quadratic number field. Then End(EL) = O if and only if
L is homothetic to a proper O-ideal.

Remark 3.5.5. For future theory we recall some facts about fractional O-ideals:

(i) Setting a = 1, we see that every O-ideal is a fractional O-ideal. Fractional ideals
that are contained in O are precisely the (integral) O-ideals. Moreover, the order O
itself is an O-ideal by previous considerations and hence also a fractional O-ideal.

(i) Every proper O-ideal is a fractional O-ideal. Indeed, if L C K is an O-ideal with
O(L) = O, then there exists « € K* such that L = aa, where a := o 'L is an
O-ideal.

(iii) A fractional O-ideal a is called invertible, if there exists another fractional O-ideal
b such that ab = O. We denote the inverse b by a='. A fractional O-ideal is proper
if and only if it is invertible (see [3, Prop. 7.4] for a proof).

(iv) The (absolute) norm of a non-zero O-ideal a is defined by
Na =[O0 :a] =|0/a| € Zso.
For a fractional O-ideal a = [, §] we have aa = (Na), where @ = [@, 3] and (Na)

denotes the principal O-ideal generated by the integer Na. In particular, the inverse
of a is given by the fractional O-ideal a=' = Niaﬁ. For a proof see [14, Thm. 17.10].
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3 Complex multiplication and the ideal class group correspondence

Remark 3.5.6. For later purposes, note that with Definition 3.5.3, Lemma 3.4.1 implies
that if T is a root of a polynomial of the form ax?® + bx 4+ ¢ of minimal degree with
integer coefficients and ged(a,b,c) =1 in K = Q(7), then [1,7] is a proper O-ideal with
O = [1,a7]. Indeed, using the notation as in the proof, at € [1,7] if and only if a | n
with « = m + nt implies {a € K | a[1,7] C[1,7]} = [1,ar] = O, then the claim follows
from the definition of proper O-ideal.

Remark 3.5.7. As we are interested in lattices up to homothety, we regard two O-ideals
a and b to be equivalent, if they are homothetic as lattices, i.e. if aa = Bb for some non-
zero o, B € O. So for homothetic lattices L' = \L that are O-ideals, we can write A = %
for some a, 8 € O. It is easy to see that ideal multiplication respects this equivalence.

This brings us to the definition of the ideal class group, which consists of equivalence
classes of proper O-ideals under multiplication. By Remark 3.5.5 (7i7), proper O-ideals
are exactly the invertible fractional ideals, and multiplication of fractional ideals is com-
mutative since multiplication in K is commutative. Thus, proper ideals form an abelian
group, and principal ideals, i.e. those of the form aO for some o € K\{0}, form a
subgroup. Taking equivalence classes modulo principal ideals then yields a well-defined
quotient.

Definition 3.5.8 (Ideal class group). Let O be an order in an imaginary quadratic
number field. We denote by I(Q) the abelian group of proper O-ideals under ideal
multiplication and by P(O) its subset of principal O-ideals. Then the quotient

C(0) = 1(0)/P(0)
is called the ideal class group of O. Its cardinality is known as the class number h(O).

This brings us to the final result of this chapter, which establishes the one-to-one corre-
spondence we aimed to prove.

Corollary 3.5.9. Let O be an order in an imaginary quadratic number field. There
is a one-to-one correspondence between elements of the ideal class group C(O) and the
homothety classes of lattices L C C with End(Er) = O. In particular, the number of
homothety classes is equal to the class number h(O).

Note that the second statement relies on the finiteness of the ideal class group. The
Class number theorem states that the ideal class group of a maximal order Ok in an
imaginary quadratic number field K is finite. We will not prove this here, but refer
the reader to standard references such as [8, Thm. 9.7]. Moreover, for a general order
O C Ok, its class number h(O) is an integer multiple of A(Of), which is a general
result that we will state in Chapter 5 to classify orders with specific class numbers. In
particular, this ensures that h(QO) is finite.
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4 Modular functions

Modular functions lie at the crossroads of analysis, geometry and arithmetic. They arise
as special meromorphic functions on the upper half-plane that respect the action of
congruence subgroups and encode deep symmetries of elliptic curves. Our goal in this
chapter is to develop their analytic and algebraic theory, focusing on the connections
between the classical j-function and modular functions for congruence subgroups.

We proceed in five steps. We begin with congruence subgroups, which provide the natural
setting in which modular functions are defined. As a starting point, we consider modular
functions for SLa(Z), focusing on the fundamental role of the modular j-function. Build-
ing on this foundation, we extend our attention to more general subgroups, where new
functions arise and interact with j through the modular polynomial. This leads us to a
structural analysis of the corresponding fields of modular functions, clarifying degrees of
extensions and explicit generators. Finally, we adopt an arithmetic perspective, showing
how modular functions can be described over Q. This viewpoint will be crucial later,
where modular functions connect analytic constructions with arithmetic applications.

The exposition in this chapter follows [3, §11 B-C], supplemented with additional expla-
nations and proofs from [14, Lec. 18, 19] and [3, §12 A].

4.1 Congruence subgroups

To understand functions that reflect the symmetries of elliptic curves, we focus on those
invariant under certain subgroups of SLy(Z), called congruence subgroups. These invari-
ances lead naturally to modular functions, which encode both the analytic and arithmetic
structure of the curves and set the stage for the constructions that follow.

Recall from Chapter 2 that I' = SL9(Z) acts on the upper half plane H via fractional

linear transformations
a b at +b
T = —
c d ct+d

and that the points of the quotient H/T" (the I'-orbits of H) can be identified with the
points of the fundamental domain F by Theorem 2.5.11. Since F is unbounded along
the positive imaginary x-axis, it is not compact in H, and hence neither is H/T.

To compactify this space, we add an extra point, called the point at infinity co. More
generally, it is natural to include not just oo but all points I'-equivalent to it, i.e. all
points in its I'-orbit, in order to ensure that the extended upper half plane is compatible
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4 Modular functions

with the action of I'. Indeed, for 7 € H, we have

b
aT + —EGQ,

11m =
Im(t)—oo €T + d c

so it makes sense to include all rational numbers together with co. This leads to the
extended upper half plane

H* =HUQU {0} = HUPY(Q).

By extending the action of SLy(Z) on H to P}(Q) via

we obtain an action of SLa(Z) on the extended upper half plane H*. Here (z : y) denotes
a point in P*(Q) in homogeneous coordinates, and the points in H*\H = P!(Q) are called
cusps. Every cusp is equivalent under the action of I'. Indeed, let (z : y) be any cusp.
Since we are using homogeneous coordinates, we may assume z,y € Z and ged(z,y) = 1.
By Bézout’s Theorem, there are a,b € Z, such that ax + by = 1. Then

*y:<_ay 2)6]? with y(z:y) = (1:0).

Thus every cusp is I'-equivalent to co.

This allows us to extend the fundamental domain F of H to a fundamental domain F*
of H* by including a single cusp, namely oco. In this way, F* becomes a compact subset
of H*, and consequently, the quotient H*/I" is also compact.

To study finer arithmetic and geometric properties of these quotients, we consider certain
subgroups of I' = SLy(Z):

Definition 4.1.1 (Congruence subgroup). For any N € N, the principal congruence
subgroup of level N in SLa(Z) is

T'(N) ::{(Z Z) S SLQ(Z)‘ (i Z) = (é (1)> mod N}.

A subgroup of SLa(Z) is called a congruence subgroup if it contains I'(/V) for some N;
the smallest such N is called its level.

It follows from the definition that every congruence subgroup of level NV is a congruence
subgroup, but not every congruence subgroup is necessarily associated with a specific
level N.

Remark 4.1.2. Every congruence subgroup is a subgroup of SLao(Z) of finite index. The
converse does not necessarily hold. A proof can be found in [12].

52



4.1 Congruence subgroups

One of the most important families of congruence subgroups of level N is the following:

To(N) = {(Z Z) € SLy(Z)

Note that T'(N) C T'g(IN) € T' = SLy(Z), so that in the special case N = 1, we have
I'(1) =To(1) =TI. From now on, however, we will use I' to denote a generic congruence
subgroup, not necessarily all of SLo(Z).

CEOmOdN}.

Remark 4.1.3. Quotients of H or H* by a congruence subgroup are called modular
curves. In particular, the following are examples of modular curves:

Y(N) =H/T(N),  Yo(N) == H/To(N)

and similarly,
X(N) =H*"/T(N), Xo(N) :==H"/To(N).

Using the same arguments as before for X (1), one can show that X (N) and Xo(N) are
compact Riemann surfaces. However, the proof requires a slight modification, since a
fundamental domain may contain several cusps, not just the one at co.

From a more conceptual perspective, these modular curves also arise as moduli spaces:
for instance, X (1) classifies elliptic curves up to isomorphism, while Xo(N) classifies
elliptic curves together with a cyclic subgroup of order N. Since we do not need this
moduli interpretation later, we will not develop the theory further.

Instead, we consider functions that are invariant under a congruence subgroup. Their
invariance under translations implies periodicity, which in turn ensures they admit g-
expansions - an essential tool for defining modular functions.

Definition 4.1.4 (I'-invariant). Let I" be a congruence subgroup. A function f : H — C
is called I'-invariant if f(y7) = f(7) for all 7 € H and v € T".

This generalizes the notion of I'-invariance introduced in Section 2.5.2, where I' = SLy(Z).

Let TV be a congruence subgroup of level N and suppose that f is meromorphic on H.
Moreover, assume that f is I'-invariant. Consider the element U = (} 4') € I and note
that 7+ N = Ur. By I"-invariance of f, we have

f(r+N)=f(Ur) = f(7),
so f is periodic with period N. In particular, f(7 4+ 1) = f(7), so f can be expressed

as a function in ¢ = q(7) = €2™7, defined for 0 < |¢| < 1. Thus, f admits a Fourier
expansion of the form

0o ) 00
f(T): Z ane27rm-n: Z anqn7

n=—oo n=—0oo
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4 Modular functions

called the g-expansion of f. X
Belcause f has period N, we can also express f as a function in ¢¥, defined for 0 <
lg™| < 1, yielding the expansion

o0

f(r) = Z anq%.

n=—oo

Moreover, f(y7) also has period N, since yYU~y~! € I implies

fy(r+N)) = f(UT) = f(yUr~"97) = f(y7).
by I’-invariance.

Definition 4.1.5 (Meromorphic at the cusps). Let f : H — C be a meromorphic
function, which is I'-invariant for some congruence subgroup I' of level N. The function
f(7) is said to be meromorphic at the cusps, if for all v € SLy(Z), the g-expansion of
f(y7) has only finitely many nonzero coefficients a,, with n < 0. That is, it can be

written in the form -

f(’YT) = Z anq%v

with ay, # 0 for some ng € N.

Note that it follows from the definition that if f(7) is meromorphic at the cusps then
f(y7) is meromorphic at the cusps for every v € SLy(Z), as SLa(Z) permutes the cusps
and so the transformation 7 simply takes one cusp to another.

Definition 4.1.6 (Modular function). Let I' be a congruence subgroup. A modular
function for I' is a I-invariant meromorphic function f : H — C, which is meromorphic
at the cusps.

Sums, products and quotients of modular functions for a congruence subgroup I' are
again modular functions for I'. Since constant functions are also modular functions, the
set of all modular functions for I" forms a field, which we denote by C(I").

Moreover, if f is a modular function for a congruence subgroup I', then f is also modular
for any smaller congruence subgroup IV C I'. Indeed, invariance under I implies invari-
ance under I, and the property of being meromorphic at the cusps does not dependent
on the choice of subgroup. This gives the inclusion relation

I'CT = C(I')CCI). (4.1)

4.2 Modular functions for I'(1): the j-function

We begin with the simplest congruence subgroup, I'(1) = SLy(Z), and focus on the
j-function as a concrete example of a modular function. Its invariance under the full
modular group captures key symmetries and provides a foundation for studying modular
functions for other subgroups.

54



4.2 Modular functions for T'(1): the j-function

Since j(7 + 1) = j(7) by Theorem 2.5.9, the j-function admits a g-expansion, which we

write as
o

j(r) = Z ng”.

n=-—00
Our goal is to show that j(7) is indeed a modular function for I"(1).

We have already shown in Theorem 2.5.9 that j(7) is I'(1)-invariant and holomorphic,
and hence meromorphic on H. To verify that j(7) is a modular function for I'(1),
it remains to check that it is meromorphic at the cusps. Since all cusps are I'(1)-
equivalent (see the previous section), it suffices to consider oo, which can be done via
the g-expansion. Expressing j(7) in terms of go(7) and g3(7) (or equivalently A(7) and
92(7)), where these functions are constant multiples of the Eisenstein series G4(7) and
Ge(T) respectively, it suffices to compute the g-expansions of the Eisenstein series. By
the transformation properties in (2.2), the functions G (7) are periodic under 7 — 7+ 1
and hence admit g-expansions.

Theorem 4.2.1. Let L = [1,7] with 7 € H, let ¢ = €*™™ and let o;(n) denote the sum
of positive divisors function. Then we have

go(7) = 47; (1 +240 Z a3(n )

n=1

87T

g3(1) = (1—504205 )

Proof. As introduced in Section 2.5.2, the functions go and g3 are given in terms of
Eisenstein series by g2(7) = 60G4(7) and g¢3(7) = 140G¢(7). Using the special values of

the Riemann (-function
m 6
4 = — d = —
W=7 and C(6) = o

and Proposition 2.3.13 with £ = 2 and k = 3, we obtain

4 o0
() = 60Ga () = 120¢(4) + 12027 S o3(m)g™
m=1

31
4
7; <1+240§:a3 M>
m=1
27T26

g3(1) = 140Gs(7) = 280¢(6) + 280

876
=5 (1—504205 )

as desired. ]

)
> os(m
m=1
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Corollary 4.2.2. Let g = e?™7. The g-expansion of the j-function is of the form

1 (o ¢]
j(r) = p + 744 + Z ang",

n=1
where the coefficients a,, are integers.

Proof. With the help of the previous theorem, we first compute the expansion of the
discriminant A(7), which by definition is given by A(7) = g2(7)% —27g3(7)%. For go(7)3,
the computation is straightforward since all coefficients are positive:

4
%w”u + 240q 4 2160¢> + .. .)?

64
= 277#2(1 + 720q 4 179280¢° + ...).

ga(7)? =

For the second term, we use the binomial formula (1 4+ 22) = 1 4 2z + 22 with 2 =
—504q — 16632¢% — - - - and obtain

64
27g3(7)* = Ew”(l — 504q — 16632¢° — .. .)?

64
= ﬁw”(l +2(—504q — 16632¢* — ...) + (—504q — 16632¢*> — ...)?)
64
= ﬁw12(1 —1008¢ + 220752¢° + ...),

where we note that only the coefficient of ¢ is negative, since the square in the last term
contributes only higher-order positive terms. Combining these computations yields

A(T) = go(7)% — 27g3(7)?
64
= —72((1+720q + 179280¢* + - -+ ) — (1 — 1008g + 220752¢* + - - -))

27
4
= 6—7712(1728q —41472¢% — )
27
4
= (21777121728(1(1 — 24q +252¢% +---),

where in the penultimate step we used that all coefficients are divisible by 1728. Indeed,
all coefficients (except the leading one) of go(7)® and 27g3(7)? are divisible by 2403
and 27 - 5042, respectively, whose prime factorisations are 2'2 - 32 . 5% and 26 .37 . 72,
Hence they share the factor 2633 = 1728, which divides all coefficients of the difference

go(7)3 — 27g3(7)2.
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4.2 Modular functions for T'(1): the j-function

Finally, using the definition of the j-function and the computed expansions of go(7)?
and A(7), a simple polynomial division gives

g2(1)°
A(7)
4 712(1 + 720q + 179280¢° + - - - )

55 0
= 1728 27
S37121728¢(1 — 24g + 252¢2 + - - -)

j(r)=1728

1
= = 744 + 196884q + 21493760¢> + . . .
q

1 [e.9]
==+ T4+ anq",
q

n=1

which is the desired g-expansion of the j-function. The integrality of the coefficients a,,
is not immediate from this division, since dividing two series with integer coefficients
need not produce integer coefficients in general. This will be addressed rigorously in
Chapter 7. O

Observe that the factor 1728 is the smallest integer required to ensure that the coefficients
of j(7) are integers. Moreover, the prefactor $27121728 = 4096 = (27)'? in the expansion
of A(7) will reappear in its product expansion in terms of the Dedekind 7-function (see
Chapter 7).

In particular, the corollary shows that j(7) is a modular function for I'(1), since it has
a simple pole at co and so is meromorphic there.

Moreover, every modular function for I'(1) can be expressed in terms of the j-function,
as we will see next.

Definition 4.2.3 (Holomorphic at co). Let f be a modular function for a congruence
subgroup of level N. We say that f is holomorphic at oo if its g-expansion involves only
non-negative powers of ¢, i.e. it can be written in the form

f(r) = Z ang™.
n=0

Lemma 4.2.4. The following statements hold:
(i) A modular function for T'(1) that is holomorphic on H and at co is constant.
(ii) A modular function for T'(1) that is holomorphic on H is a polynomial in j(T).

Proof. “(i)“: Let f be a modular function for I'(1) that is holomorphic on H and at oc.
Since f is holomorphic at oo, we have that f(0o) = limyy,(r)—eo f(7) exists by definition
and is a complex number. Thus it makes sense to extend the domain of f from H to the
compactified set H U {oo} by setting f(oo) equal to this limit.

We now show that f(HU{co}) is compact. To this end, let f(71), f(72),. .. be a sequence
of points in the image of f. We have to find a subsequence, which converges to a
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4 Modular functions

point f(7rp) for some 79 € H U {oo}. Since f is I'(1)-invariant, we can assume that
the points 7%, k& > 1, lie in the fundamental domain F = {7 € H | |7| > 1, Re(r) €
[—3,3), such that |7| > 1if Re(r) > 0} of H. If the sequence of the imaginary parts
Im(7y),Im(72),... is unbounded, then f(71), f(72),... has a subsequence converging to
f(00), which exists by above. If the sequence of the imaginary parts is bounded, then
the 7, k£ > 1, lie in a compact subset 2 C H as in the proof of Lemma 2.5.11. It follows
that we can find the desired converging subsequence. Thus f(H U {oo}) is compact.
Since f is holomorphic on H and at oo, it is continuous on H U {oco}. Moreover, the
absolute value function |- |: C — R is continuous, hence |f| is continuous on H U {oco}
as well. Since its image is compact, |f| attains a maximum there, and the Maximum
modulus principle 1.0.9 then implies that f is constant.

“(#9)“: Let f be a modular function for I'(1) that is holomorphic on H. Since f is
meromorphic at the cusps by definition, its g-expansion only has finitely many terms
with negative powers of ¢. Since by Corollary 4.2.2 the g-expansion of j starts with %,
we can find a polynomial A(x) € C[x], such that f(7)— A(j(7)) is holomorphic at co. As
f is also holomorphic on H, f is constant by (i). Thus f(7) is a polynomial in j(7). O

Proposition 4.2.5. Every modular function for I'(1) is a rational function in j(7), i.e.

CIT(1)) = CQ)-

Proof. Let f be a modular function for I'(1). We want to find a polynomial B(x) € Clz],
such that B(j(7))f(7) is holomorphic on H, which will imply that f(7) is a rational
function in j(7) by the previous lemma. Since f has a meromorphic g-expansion, f
only has finitely many poles in the fundamental domain F and since f is I'(1)-invariant,
Lemma 2.5.11 implies that every pole of f is SLy(Z)-equivalent to one in F. Therefore,
it suffices to eliminate the poles in F: if f has a pole of order m at 79 € F, then
(j(1) — 4(70))™ f(7) is holomorphic at 79. By repeating this process for each pole in F,
we construct a polynomial B(z) such that B(j(7)) has no poles in F is holomorphic on
H. It follows that f(7) is a rational function in j(7). O

Proposition 4.2.6. Let I' be a congruence subgroup. The field C(T") of modular func-
tions for T is a finite extension of C(j) of degree at most [I'(1) : T.

Proof. Let n = [I'(1) : T'] and let y; be the identity in I'(1). Moreover, let I' C T'(1)
be a subgroup and {7i1,...,7,} C I'(1) a set of right coset representatives for T, i.e.
we have I'(1) = 'y ... ITy,. Now let f € C(I'), and for i € I := {1,...,n} define
fi(t) = f(vi7). Since f is I-invariant, we have f(y;7) = f(vi7) for any ~ € T'y,.
Moreover, for any v € I'(1), multiplication on the right by v permutes the cosets {I'y; }ier,
so that as sets { f (7:v7) bier = {f(7i7) }icr. Since f is meromorphic at the cusps and I'(1)-
invariant, each f; inherits these properties. Consequently, any symmetric polynomial in
the f;’s is meromorphic at the cusps and I'(1)-invariant, and is therefore an element of
C(j) by Proposition 4.2.5. Now consider the monic polynomial

P(Y) =TIV - f).

el
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4.3 Modular functions for T'o(N)

which has degree n and coefficients in C(j), since the coefficients are symmetric polyno-
mials in the f;. Note that f = f; is a root of P, as =1 is the identity. It follows that
every f € C(j) is a root of a monic polynomial in C(5)[Y] of degree n. Hence, C(T")/C(y)
is an algebraic extension. Since we are in characteristic zero, it is also separable.

We claim that that C(T") is finitely generated over C(j). Suppose the contrary. Then
there exist elements g1, ...gn+1 € C(I') such that

C(j) S CU)(91) S CU)(g1592) & --- S CU) (g1, Gnta)-

But then C(5)(g1,---9gn+1) is a finite separable extension if C(j) of degree at least n +
1, and by the Primitive element theorem (1.0.10) it must be a simple extension, i.e.
generated by a single element g € C(I") of degree at least n+1. This is a contradiction, so
we conclude that [C(T") : C(j)] < n. A symmetric argument, considering the construction
of f; and the monic polynomial P(Y"), shows that [C(T") : C(j)] > n. Therefore, equality
holds, which concludes the proof. O

Generally, the equality [C(T) : C(5)] = [I'(1) : T'] holds if —I € T", which we will prove
for the congruence subgroup I'g(/V) in the next section.

4.3 Modular functions for I'y(V)

Having seen that the j-function is central to our study of modular functions for I'(1), we
now build on this foundation to consider modular functions for the congruence subgroup
Io(NV). Similar ideas will allow us to explore a richer structure of modular relationships.

Theorem 4.3.1. The function jy(7) = j(NT) is a modular function for To(N).

Proof. As j(7) is a modular function for I'(1) by the previous section, it is also a modular
function for any congruence subgroup, in particular for I'g(N) by (4.1). Hence, jn(7)
is meromorphic on H and meromorphic at the cusps. It remains to show that jy(7) is
Do(N)-invariant. Let v = (2¢5) € To(N). Then ¢ =0 mod N and

‘ (N(aT—i-b)) . (aNTerT

JN(yT) = J(NqT) = j or +d W) :j(’Y/NT):j(NT):jN(T)y

since the j-function is SLo(Z)-invariant, where ~' = (% bflv) € SL2(Z) because & is an
integer and det(y') = det(y) = 1. Thus, jn(7) is indeed I'y(NV)-invariant. O

Theorem 4.3.2. The field of modular functions for To(N) is an extension of C(j) of
degree [I'(1) : To(N)] generated by jn(T).

Proof. Let n = [['(1) : To(N)]. By the previous theorem, we have jy € C(T'g(N)), so
C(jn) CC(T'o(N)). Since C(I'y(V)) is a finite extension of C(j) of degree at most n by
Proposition 4.2.6, the degree formula gives

[C(To(N)) : C(H)] = [C(To(N)) : C(4n)] - [C(Gn) = CH)I;
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4 Modular functions

so it suffices to show that the minimal polynomial of jx over C(j) has degree at least n.
As in the previous proof, let {~1,...,7,} C I'(1) be a set of right coset representatives
for To(N) and let P € C(j)[Y] be the minimal polynomial of jx(7) over C(j). Then we
have P(j(7),jn(7)) = 0. Replacing 7 by ~;7 for each i = 1,...,n, we get

0= P(j(ir),in(nT)) = P((7), v (7)),

since j is I'(1)-invariant by Theorem 2.5.9. Hence each function jy(v;7) is a root of
P. To prove that deg(P) > n, we show that the functions jy(v;7), i = 1,...,n, are
distinct. Suppose they are not. Then there exist 0 < i,k < n with ¢ # k£ and 7 € H such
that jn(7:7) = jn(7%7). Consider the fundamental domain F for H/I'(1) from Theorem
2.5.11, and pick «, 8 € I'(1) such that aN~;7, BNy, € F. Since j is injective on F by
Theorem 2.5.12, we have

jaNyT) =j(BNwT) <= aNv7T=+xfNy7r <= aNvy=+£8Ny.

Here N is viewed as the matrix (§ %), since N7 = 1(\)7:110 Now let v =718 = (2b).
Then the above equivalence gives

N o0y _,(a b)(N O

o 1)~ \¢e a)\lo 1%

L 0o\ (a b\ (N O a 2
P N _ N
ViTk _i<o 1) <c d) (0 1>_i<c]\7 d)'

Since %7,;1 € SLy(Z) as it is a group, we have % € Z and ¢cN = 0 mod N, hence
Yt € To(N). Tt follows that 7; € To(N)y and so v; and 7 lie in the same right
coset of I'g(NN), contradicting the choice of distinct coset representatives. Therefore, the

functions jy(v;7) are all distinct, and the minimal polynomial of jy over C(j) has degree
n. This completes the proof. ]

so that

Note that this theorem implies that the field of modular functions for I'g(NN) is equal
to C(j(7),4n(7)), since C(j(1))(jn(7)) = C(j(7),jn(7)). Therefore, every modular
function for I'g(N) is a rational function in j(7) and j(NT).

4.4 The modular polynomial

With the structure of modular functions for I'g(/V) in hand, we now turn to the modular
polynomial. This polynomial encodes the algebraic relations between the values of the
j-function at related points and provides a key tool for understanding the arithmetic
properties of modular functions, including the integrality of its coefficients.

Definition 4.4.1 (Modular polynomial). The minimal polynomial of jx over C(j) is
called the modular polynomial and is denoted by ® .
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4.4 The modular polynomial

By the proof of the previous theorem, we can write the modular polynomial ® as

n

on(Y) = [[(Y —jn(rir)),
=1

where {v1,...,7} € I'(1) is a set of right coset representatives for I'g(N) with n =
[['(1) : To(N)]. Its coefficients are symmetric polynomials in the values jy(v;7) and
hence I'(1)-invariant, as in the proof of Proposition 4.2.6. Since these coefficients are
also holomorphic on H, as j(7) is, Lemma 4.2.4 implies that they are polynomials in
j(7). Therefore, we have ®y € C(5)[Y].

By introducing a new variable X in place of j(7), we may view ®n(j(7),j(NT)) as
a polynomial ®n(X,Y) € C[X,Y]. Our next goal is to show that the coefficients of
O (X,Y) are actually integers. To this end, we first fix a set of right coset of right
representatives for I'o(N) in I'(1) = SLa(Z).

In the next lemma and in the subsequent proofs, we restrict ourselves to prime NV, as this
case is sufficient for proving the First main theorem of complex multiplication and covers
the most practical applications (such as the SEA algorithm). The proof for composite N
is essentially the same, but explicitly determining a set of right coset representatives ;
and computing the g-expansions of the functions jy(v;7) is slightly more complicated.

Lemma 4.4.2. Let N be prime. The right cosets of To(N) in T'(1) are of the form
{To(N)} U {To(N)ST* [0 < k < N},

where S = (9 ') and T = (} 1) are the generators of I'(1).

Proof. We first show that these cosets cover I'(1). Let v = (¢%) € I'(1). If ¢ = 0 mod
N, then v € T'g(N) and so it lies in the first coset. Otherwise choose k € [0, N — 1],
such that kc = d mod N, which is possible since ¢ is nonzero modulo N. Moreover, let

70 = (f2=he) € To(N), then

ka—b a 0 -1 a b
k _ _
05T _<kc—d c) (1 k>_<c d>_%

which lies in To(N)ST*, the second coset.

It remains to show that the cosets are distinct. Suppose they are not. Then there exist
71,72 € I'o(IN) such that one of the following cases occurs:

Case 1: y1 = 72 ST* for some 0 < k < N. Let 72 = (2}4) € To(N). Then

_ p_[(a b)Y [0 =1\ (b bk—a
n = "725T _<c d) (1 k:)_(d dk—c)'

Since 1 € I'yp(N), we must have d = 0 mod N. But 75 € T'y(IN) implies ¢ = 0 mod N,
so det(vy2) = ad — be = 0 mod N, contradicting v2 € To(N).
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4 Modular functions

Case 2: v18T7 = 49 ST* with 0 < j < k < N. Let m =k — j. Then

_ ma—1__ (@ b\ (0 —1 0 1\ f(a—bm b
=181 _<c d) (1 m) (—1 0>_<c—dm d)’

Again, since 1 € I'g(N), we have c—dm = 0 mod N. But 73 € I'g(V) implies ¢ = 0 mod

N and since m # 0 mod N, this implies d = 0 mod N. Therefore, det(y2) = ad — bec = 0

mod N, which contradicts v2 € To(V).

Thus, in both cases, we reach a contradiction, showing that the cosets are indeed distinct.
O

Lemma 4.4.3 (Hasse g-expansion principle). Let f be a modular function for I'(1) that
s holomorphic on H and whose q-expansion has coefficients lying in an additive subgroup
A of C. Then f is a polynomial in j(T) with coefficients in A.

Proof. Since we know that f(7) = P(j(7)) for some P € C[X] by Lemma 4.2.4, we just
need to show that P € A[X]. We prove the claim by induction on d = deg(P).

The statement is clear for d = 0, so we may assume d > 0 and that the claim holds
for polynomials of degree d — 1. Let P € C[X] have degree d = deg(P). Since the
g-expansion of j(7) begins with ¢! by Corollary 4.2.2, the g-expansion of f = P o j has

the form
o0

f(r) = Z ang",
n=—d
with a, € A and a_q # 0. Set Pi(X) = P(X) —a_¢X?% and fi(7) = Pi(j(7)) =
f(1) — a_qj(7)%. By induction hypothesis, P;(X) has coefficients in A, and hence also
the g-expansion of f1(X) does. Therefore, also P(X) = P1(X) +a_qX d has coefficients
in A, which concludes the proof. O

For the last proof in this section, recall that for N > 1, the cyclotomic field Q((x) is

the field extension of Q obtained by adjoining a primitive N-th root of unity {(y = e
Since the roots of the minimal polynomial of (, the N-th cyclotomic polynomial, are
precisely the distinct powers of (n, Q((y) is its splitting field over Q. Moreover, as Q
has characteristic zero, the minimal polynomial is separable, so the extension Q((n)/Q
is Galois. The Galois group Gal(Q(¢x)/Q) is naturally isomorphic to the multiplicative
group (Z/NZ)* with an element r € (Z/NZ)" corresponding to the automorphism o,

defined by o,((n) = (y-
Theorem 4.4.4. Let N be a positive integer. Then @y € Z[X,Y].

Proof. We prove the theorem for prime IV, see the comment above.
Let v, = ST*. Using Lemma 4.4.2 we have

N-1

ON(Y) =Y —jn(r) [T —in(wr)).
k=0
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4.4 The modular polynomial

Now let f(7) be a coefficient of ®x(Y). Then f(7) is a holomorphic function on H
since j(7) is. Moreover, f(7) is I'(1)-invariant as in the proof of Proposition 4.2.6, since
it is a symmetric polynomial in jy(7) and the functions jn(vx7), which correspond to
a complete set of right coset representatives for I'g(/N). Finally, f(7) is meromorphic
at the cusps since jy(7) and the functions jy(yx7) are, giving that f(7) is a modular
function for I'(1). Thus f(7) is a polynomial in j(7) by Lemma 4.2.4.

We now show that the g-expansion of f(7) has integer coefficients; it then will follow
that f(7) is an integer polynomial in j(7) by Lemma 4.4.3 and therefore &y € Z[X,Y].
As first step, we show that the g-expansion of f(7) has rational coefficients. Using
q = q(1) = ¥ Corollary 4.2.2 gives

. 1 =
Jn(T) = &~ + 744 + Z ang™,

n=1

with coefficients a,, € Z (the integrality of these coefficients will be justified in Chap-
ter 7.). This shows jn € Z((q)). Moreover, we have

jN<w>:j<Nw>=f<<]§ ?) ST’“T>:J'<S ((1) JOV> ((11 lf) )
(6 %) )= )05,

since (§ 9)S = S(§ V) and j(7) is T'(1)-invariant. Now let {n = '~ . Then

T+ k Tk T omik 1
q( ¥ >_€27”N :eQﬂzNeQMN:qNCk

and using the above g-expansion we obtain

. N A vA n
In(VT) =J< )= No > anCiign.
N qnN n=0

Hence jn(v,7) lies in the field of formal Laurent series Q(¢ N)((q%)), i.e. the field of
formal Laurent series in powers of q% and coefficients in the cyclotomic field Q({y).
We claim that f(7) is contained in the smaller field @((q%)), which we show using Galois
theory. Let 0 € Gal(Q(¢n)/Q), acting on the coefficients of the Laurent series by (n +—
(y for some r € (Z/NZ)*. This Galois action permutes the functions jy(v,7), since
o(Jn (7)) = jn(7rk7) and leaves jy(7) fixed. Since f(7) is a symmetric polynomial
in the jn(yx7), it is invariant under this action, i.e. o(f(7)) = f(7). Therefore, all
coefficients of the g-expansion of f(7) are fixed under this Galois action, and hence lie
in the fixed field of Q((x), namely in Q. Thus,

z|~

feQ((gv)).

63



4 Modular functions

However, since f(7) is a polynomial in j(7), whose expansion involves only integer powers
of ¢, its g-expansion cannot contain fractional powers of ¢. It follows that

f(7) € Q(9)),

the field of formal Laurent series with integer powers of ¢ and rational coefficients.
Moreover, the coefficients of the g-expansion of j(N7) = jy(7) are integers by above
and hence are algebraic integers. For jy(v,x7) = ](TH“) the argument of the function

involves a translation and scaling, which leads to an expansion in powers of q% with
coefficients in Z[(x]. These coefficients lie in the ring of integers of a cyclotomic field
and thus are algebraic integers. Consequently, since f(7) is a symmetric polynomial in
the jn(vT), its coefficients are algebraic integers as well, i.e.

f(r) € Z((9)),

By the Hasse g-expansion principle 4.4.3, we conclude that f(7) is an integer polynomial
in j(7) and therefore &y € Z[X,Y]. O

4.5 Modular functions for I'y(NV): explicit form

Since every modular function for I'o(N) can be expressed in terms of j(7) and j(NT) by
Theorem 4.3.2, it is natural to seek a more explicit description of this dependence. Such
a formula, derived via the modular polynomial ®, will not only clarify the structure of
these functions but will also be instrumental for the arithmetic applications in Chapter 6.

As in the previous section, we express the modular polynomial ¢y as

n

On(Y) = [[(V —jn(yir)),
=1

where {71,...,v,} is a set of right coset representatives for I'o(N) in I'(1) with n =
[['(1) : To(N)]. Now let f be a modular function for I'g(N). To describe the structure
of modular functions for I'g(N), we introduce the auxiliary function

G(1,Y) = ; Y N% )

=Y flum) [TV = §(Nver)).
i=1 k=1
ki
Proposition 4.5.1. Let f be a modular function for T'o(N). Then f has the form

L GUr).)
T =39 (i(r).5(vr)

where O (X,Y) denotes the modular polynomial.

)
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4.5 Modular functions for T'g(N): explicit form

Proof. By definition, G(7,Y) is a polynomial in Y, and we first show that its coeffi-
cients are modular functions for I'(1). The coefficients of G(7,Y") are polynomials in the
functions f(;7) and j(Nv,7), both of which are meromorphic on H. Since sums and
products of meromorphic functions are meromorphic, it follows that the coefficients of
G(7,Y) are meromorphic on H. Moreover, these coefficients are symmetric polynomials
in the f(v;7) and j(N~x7), so they are I'(1)-invariant as in the proof of Proposition
4.2.6. Finally, since f(7) and j(N7) are meromorphic at the cusps, the same holds for
f(y7) and j(N~7) for every v € I'(1), as elements of I'(1) permute the cusps (see Section
4.1). Therefore, the coefficients of G(7,Y) are modular functions for I'(1).

By Proposition 4.2.5, this implies that the coefficients of G(7,Y") are rational functions
in j(7) i.e. G(1,Y) € C(j(7))[Y]. Since the coefficients of G(7,Y’) are functions in 7 by
definition, we deduce that G(7,Y") can be written as a polynomial of the form G(j(7),Y).
Now, assume that ~y; is the identity element in I'(1). Then, by the product rule we get

N (i), 5N T)) = s (ﬁ(y —j(Nw») (5(r),4(NT))

Yy oy \
. B 2(Y = j(NyT))
_ ) — T Y
— <’£[1(J(N ) = J (N ))) (,;1 e _J(N%T)>
n ) n 1
- @(ﬂm) - J(N%T))> (kg _— (NW)>
_ i [Ti=1 G(NT) — J(N%T))

where in the last step all the other terms in the product involving the identity element
vanish since j(NT) — j(N~17) = 0. Using the definition of G(j(7),Y) and substituting
Y = j(N7) yields

G(j(r),i(NT)) =D f(vr) [T G(NT) — j(Ne7))
=1 i
— () TGOV = §(Nyr)
k=2
0d N

= 1) SR (), ().

In the second equality, we again used the fact that all product terms involving the identity
element vanish. Since ®y is the minimal polynomial of jy by definition and hence
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4 Modular functions

irreducible, it follows that ® is separable, as we work in characteristic 0. Therefore,
aa(}%(j(T),j(NT)) # 0 and obtain

the desired expression. O

Theorem 4.5.2. Let f(7) be a modular function for To(N) whose q-expansion has
rational coefficients. Then

(1) f(r) € Q(i(7),4(NT)).
(i3) Assume in addition that f(T) is holomorphic on H, and let 1o € H. Then

a&)q;v(j(TO)’j(NTO)) #0 = f(m0) € Q(j(70),j(N70)),

where @ denotes the modular polynomial.

Proof. By the previous proposition, we can express an arbitrary modular function f for

I'o(N) as . .
f) — CU).G(NT)
(i), §(NT))

where G(j(7),Y) is a polynomial in Y defined by

G, Y) = @ (). 1) Y L)

D= NGO 2y Ny

whose coefficients are rational functions in j(7). Therefore, to prove part (i), it suffices
to show that both the numerator and the denominator of f(7) lie in Q(j(7),j(NT)).
Note that the claim always holds if f(7) is the zero function. Otherwise, since ®n(X,Y) €
Z[X,Y] by Theorem 4.4.4, its partial derivative also lies in Z[X,Y], so in particular in
Q[X,Y]. Hence, the denominator %(j(T),j(NT)) lies in Q(j(7),7(N7)). For the
numerator, again by the proof of Proposition 4.5.1, we have that G(j(7),7(NT7)) lies
in C(j(7))[j(NT)], i.e. it is a polynomial in j(N7) with coefficients that are rational
functions in j(7). Thus, we can write

P(j(r),j(NT))

Q7))
where P(X,Y) and Q(X) # 0 are polynomials with complex coefficients. Explicitly, let
P(X)Y) = Yo Y00 a; X7 and Q(X) = Yh—obiY" with a;;, b, € C not all zero.
Then

G(j(7),j(NT)) =

. Gt PG),E(0NT)
e %mm 7)) QUT)ERE(i(7),5(NT))
i OE] Oazﬂ( )J(N )J
(koo i (V7)) 25 (), (7))
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and rearranging yields

n m !
> ayi(r) (N7 = f(7) (Z bm(Nr)’f) %V (), 5(NT)).
i=0 j=0 k=0

Now we use the g-expansions of f(7),j(7) and j(NT) to equate the coefficients of ¢*/V.

On one hand, since j(7) and j(N7) admit infinite g-expansions, raising them to various
powers and multiplying them produces infinitely many terms in ¢. Consequently, equat-
ing the coefficients of each power of ¢ yields infinitely many equations. Moreover, as
the expressions on both sides of the equation are linear in the unknowns a;; and by, the
resulting system is homogeneous and linear. On the other hand, although the number
of unknowns a;; and by, is finite by definition of the polynomials P and (), substituting
the infinite g-expansions of f(7),j(7) and j(N7) produces infinitely many equations in
these variables. Thus, the system is underdetermined and therefore has a non-trivial
solution over C.

By Corollary 4.2.2, the g-expansions of j(7) and j(N7) have integer, and hence rational
coefficients. By assumption, the g-expansion of f(7) also has rational coefficients, and
8;%( j(7),7(NT)) has rational coefficients as shown earlier. Hence, all coefficients in the
infinite homogeneous system of linear equations lie in Q. It follows that the solution
space is a QQ-vector space, and since the system has a non-trivial solution over C, it also
has a non-trivial solution over Q.

In particular, since Q(j(7)) # 0, the solution is non-trivial in the coefficients by.

As the unknowns arise only through rational combinations of the a;; and b;, with the
integer coefficients of the g-expansions of f(7),j(7) and j(NT), is follows that all a;; and
by are rational. Thus, the polynomials P(X,Y) and Q(X) can be chosen with rational
coefficients, so that the numerator G(j(7),j(N7)) lies in Q(j(7), 7(IN7)). This completes
the proof of (7).

For part (i7), assume in addition that f(7) is holomorphic on H. Since j(7) is also holo-
morphic on H, and products of holomorphic functions are holomorphic, it follows that
the coefficients of G(j(7),Y") are holomorphic functions on H. Moreover, by the proof of
Proposition 4.5.1, these coefficients are modular functions for I'(1). Hence, by Lemma
4.2.4, they are polynomials in j(7). Therefore, we can write

G(5(7),3(N7)) = P(j(7), 5(NT)),

for some polynomial P(X,Y") with complex coefficients. By an argument analogous to
part (i), we can show that the coefficients of P(X,Y") are rational. Indeed, if f(7) is the
zero-function, the claim clearly holds. Otherwise, write P(X,Y) = 37> a;; X ty
with a;; € C not all zero as above, so that

flr) = P(j(7),j(NT)) _ > iso Z;-nzo a,-inYj'
GR(T), 4 (NT)) SR (i(7), (N T))

Hence,

SN ani(r) VY = £ 22N () ().
Y

i=0 j=0
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4 Modular functions

Substituting the g-expansions of f(7),j(7) and j(IN7) as before yields an infinite system
of inhomogeneous linear equations in the unknowns a;;. Due to the infinite series expan-
sions, this again leads to infinitely many equations involving finitely many variables a;;,
hence the system is underdetermined and therefore has a non-trivial solution over C. As
before, all coefficients in this system are rational, since the g-expansions f(7),j(7) and
JNT), as well as %}%(j(T),j(NT)) have rational coefficients.

The solution set of an inhomogeneous linear system is obtained by the translating the
solution space of the corresponding homogeneous system by a particular solution of the
inhomogeneous one. Since the homogeneous system has a non-trivial solution over Q by
the same argument as in part (i), and the inhomogeneous part has rational coefficients,
any solution obtained via rational operations (for instance, Gaussian elimination) will
also be rational. Thus, the solution space of the inhomogeneous system consists entirely
of rational vectors. Choosing any such rational solution determines the coefficients a;;,
which are therefore rational. Hence P(X,Y) € Q[X,Y].

Finally, whenever the denominator %}%(j (1),7(NT)) does not vanish at 79 € H, we can
evaluate f(7) at 79 and conclude that f(79) € Q(j(70),7(N70)), which completes the
proof of (ii). O

To apply the previous theorem to special values of modular functions, we need to ensure
that the denominator does not vanish. The next lemma provides sufficient conditions
for this. In order to state it, we first recall some basic notions.

As noted in Remark 3.3.2, every order O is a lattice, so we may write O = [1,w]| with
w € K, where K is an imaginary quadratic number field.

Recall further that for an imaginary quadratic number field K = Q(v/d), the norm and
trace of an element 7 = a + bv/d € K are given by
N(7)=a* - b?’d and T(7) = 2a.
When K is viewed as a subfield of C, these can equivalently be expressed as
N(r)=77 and T(1)=7+4T7,
where 7 denotes the Galois conjugate of 7 in K, which coincides with the complex
conjugation of 7 in K.

Finally, recall from Section 2.2 that the index of two lattices L1 and Lo in C with L1 C Lo
is given by
|det (M)
Lo : 1] = ————% = |det(A4)],
(L L) = (o = ldet(4)
where M7 and Ms denote the matrices whose columns are formed by basis vectors of Ly
and Lo, respectively, and A is the transition matrix satisfying M; = My A.

Lemma 4.5.3. Let O be an order in an imaginary quadratic number field K, and assume
that the group of units of O is given by O* = {£1}. Write O = [1,7] with T € K, and
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4.5 Modular functions for T'g(N): explicit form

assume s | T(7) and ged(s?,N(7)) is squarefree for some integer s. Then for every

positive integer N,
oy (. (T Nt
— - 0.
v (0(5)(5))

Proof. Although we showed a‘I)N( (1),j(NT)) # 0 in the proof of Proposition 4.5.1, we
cannot deduce our claim from it, since dividing 7 by s does not guarantee that ¢ and N a
lie in different I'(1)-equivalence classes of H. Therefore, we need a different approach In

the same proof, we computed the partial derivative of the modular polynomial ¢, which

at (J'(%),j(%)) is given by

v () () -1L6(T) - (5)

ay \U\s/)7 s N Pt IS J s ’
where {71,...,7} C I'(1) is a set of right coset representatives for I'o(N), where n =

) . . .. N N

[[(1) : To(N)] and ~1 is the identity in I'(1). Thus we need to show that j(5T) # j(=227)
for all 2 < k < n. Assume the contrary, i.e. there exists k € {2,...,n} such that
j(&) = j( & 1:T). We want to rewrite this statement in terms of lattices. By definition
of the j-function we have j([1,%]) = j([L, NZ’“T]), so by Theorem 2.5.5 the lattices

[1, &7] and [1, NZ’“T] are homothetic. Thus there exists A € C\{0} such that
N N T+b
s c s

s T+d
where the second equality follows from linear fractional transformation with ~ = (¢ g
Now, observe that both lattices [1, %] and [c% + d, N(a% + b)] are sublattices of [1, T]
(see [cf +d,N(a%+b)] = {(d+mNb)1+(nc+mNa)Z | d+mNb,nc+mNa € Z} C [1,7]
for the second one). Since both lattices are of index N in [1, T] (the transition matrices
are A= (} V) and A = (¢ {?)), taking norms on both sides yields N(\) = 1. Moreover,

As € [As, ANT] = [cT + sd, N (a1 + sb)] C [s, 7],

‘]01\‘\\_/

so there exist u,v € Z with As = us 4+ vr. Taking norms again gives
5% = s®N(\) = N(\s) = N(us + v7) = u?s> + uvsT(7) + v*N(7).

Since s | T(7) by assumption, we have s? | v2N(7), and since ged(s?,N(7)) is squarefree,
it follows that s | v. Hence, As = s(u + w7) for some w € Z and so A € [1,7] = O. As
A has norm 1, it is a unit, which by the assumption O* = {£1} implies that A\ € {£1}.

Thus, {1, %} = [¢Z +d,N(aZ +b)], which implies v = v = ({9), a contradiction to
k €{2,...,n}. Therefore, the assumption is false and the theorem is proven. ]

Remark 4.5.4. This lemma establishes a uniqueness property among the coset repre-
sentatives: assuming that O* = {£1}, s | T(7) and that gcd(s?,N(7)) is squarefree, the
equality j(NV’“T) = j( T) holds if and only if i is the identity element .

Lemma 4.5.3 provides a sufficient condition to ensure that the partial derivative of the
modular polynomial does not vanish at the points of interest. This will be important
for the applications to modular functions in Chapter 6.
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5 The First main theorem of complex
multiplication

Complex multiplication of elliptic curves reveals a deep and remarkable connection be-
tween arithmetic and geometry. Building on the lattices, endomorphism rings, and ideal
class groups introduced in the previous chapters, our goal in this chapter is to prove the
First main theorem of complex multiplication. This theorem establishes a precise link
between the Galois action on elliptic curves and the ideal class group, representing a
central result of the theory developed so far.

To reach it, we proceed through seven sections. We begin by defining the action of
the ideal class group on elliptic curves, which creates a natural link between ideals and
isomorphism classes of elliptic curves with complex multiplication. This is then refined
in the section on the ideal class group action via isogenies, where we further explore the
connection between ideal actions and morphisms of elliptic curves. Building on this, we
establish the algebraicity of the j-invariant. A key ingredient is the integrality of the
modular polynomial, proved in the previous chapter, which allows us to deduce that
the j-invariant of an elliptic curve with complex multiplication is an algebraic integer,
enabling us to work within number fields. Next, we study the Galois group action on
elliptic curves and their ring class polynomials, preparing the ground to relate ideal
class group actions to Galois actions. With all these tools in place, we finally state and
prove the First main theorem of complex multiplication itself, splitting the proof into
injectivity and surjectivity. Finally, we explore the consequences and ring class fields,
showing how the theorem allows us to construct finite abelian extensions of K generated
by j-invariants, and culminating in a key result for proving the near-integer value e™v 163,
the ultimate goal of this work. We conclude the chapter with a classification of orders
in imaginary quadratic number fields with class number one.

The exposition in this chapter is primarily based on [14, Lec. 17, 20, 21|, supplemented
by explanations from [13, Ch. IT §1] in the first section.

Throughout the chapter, let O be an order in an imaginary quadratic number field K.

5.1 The ideal class group action on elliptic curves

We turn our attention to the action of the ideal class group on elliptic curves and
their j-invariants, building on the correspondence established in Chapter 3. This action
translates the arithmetic structure of the ideal class group into geometric transformations
and prepares the ground for the Galois-theoretic results that follow.
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5 The First main theorem of complex multiplication

We start with a short consideration. By Corollary 3.5.4, every lattice L with End(E}) =
O is homothetic to a proper O-ideal, say b, so there exists A € K\{0} such that L =
Ab = a. Moreover, by Corollary 2.5.14, for every elliptic curve E over C there exists a
lattice L in C such that £ = Er. We deduce that every elliptic curve E over C with

End(E) = O is isomorphic to E, for some proper O-ideal a. In particular, it follows
that End(E,) = O.

In Subsection 2.5.1 we established that the j-invariant classifies elliptic curves over C up
to isomorphism. This naturally leads us to consider the set

Ellp(C) :== {j(E) € C| E is an elliptic curve over C with End(E) = O}.
By Corollary 3.5.9, there is a natural bijection
C(0) — Ellp(C),  [a] = j(Ea) = j(a),

where [a] denotes the class of a proper O-ideal a in the ideal class group C(O). Explic-
itly, each proper O-ideal a is a free Z-module of rank 2, hence a lattice in C under the
embedding K — C. The elliptic curve E, associated to this lattice then has endomor-
phism ring O, and its j-invariant coincides with j(a) by definition. Since the ideal class
group C(0) is finite (see end of Chapter 3), it follows that Ellp(C) is finite as well. In
fact, its cardinality equals the class number h(O).

We will now show that these sets are not only in bijection, but that Ellp(C) also carries
a natural group action of C(O).

Proposition 5.1.1. Let E be an elliptic curve over C with End(E) = O and let a,b, ¢
be proper O-ideals. Then we have

(i) Eqp is well-defined,
(ii) Bnd(Ey) = O,
(iii) Eq = Ee if and only if [a] = [¢] in C(O).

Proof. (i): The short consideration at the beginning of this section tells us that every
elliptic curve F over C with End(F) = O is isomorphic to Fj for some proper O-ideal b
and that End(Fy) = O. Thus, to show that Egp is well-defined, it suffices to verify that
ab is a proper O-ideal. This is immediate since a is proper by assumption and the group
I1(O) of proper O-ideals is closed under ideal multiplication.

(71): For every a € C and proper O-ideals a, b we have

loab C a~tab < ab C b.

aab C ab < a~
Hence by part (i),

End(Egp) ={a€C|aab Cab} ={a e C|abC b} =End(Ey) =O.
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5.1 The ideal class group action on elliptic curves

(7i7): By Corollary 2.5.6 and Remark 3.5.7 we know that Fg, = E holds if and only if
ab = Acb for some A € C\{0}. Since a is a proper O-ideal and thus invertible, multiplying
by a~! gives

Ep=2FEp<— b= )\Cl_ICb,

using the fact that Ob = b as b is an O-ideal. Similarly, multiplying by A~'¢™! yields
Eg & Eg <= b= \""ac'b.

Hence, if Eyy =2 Ep, both Aa~'c and A 'ac™! are contained in O as b € O. These two
ideals are clearly inverse to each other and contained in O, so by the properties of ideals,
they must both equal O. Thus, a = A¢, with A € K'\{0}, and therefore [a] = [¢] in C(O).
Conversely, if [a] = [¢] in C(O), so that a = Ac¢ for some A € K\{0} C C\{0}, then
for any proper O-ideal b we have ab = Acb, and hence F,, = E¢, by Remark 3.5.7 and
Corollary 2.5.6. O

Now, let Ey be an elliptic curve over C with complex multiplication by O. For a proper
O-ideal a € 1(0), its inverse a~! exists, so F,-1, is well-defined by (i) and has complex
multiplication by O by (ii) of the previous proposition. We then define the action of a
on Fy by

aby = Eafl b>

obtaining a group action of the set of proper O-ideals I(O) on the set of elliptic curves
with complex multiplication by O.
Note that we use E,-1, rather than Ey, because ab C b, whereas b C a~!b.

The j-invariant induces an action of the ideal class group C(O) on the set Ellp(C) of
isomorphism classes of elliptic curves with complex multiplication by O, defined by

[a]j(Ee) = j(Ea-1p),

or equivalently, identifying elliptic curves with their corresponding lattices,

[a]j(6) = j(a™"b).

This action is well-defined, independent of the representatives a and b, since proper
O-ideals in the same ideal class define isomorphic elliptic curves by Proposition ().

To verify the action axioms, for a non-zero principal O-ideal a, i.e. a € P(O), we have
that b and a='b are equivalent as O-ideals, and by Theorem 2.5.6,

CLE[, = Ea—lb = Eh

Hence, the identity element of C'(O) acts trivially. Finally, for any proper O-ideals a, b, c,
we have

[Cl]([t]Eb) = [a]Ec—lb = Ea—l(c—lb) = E(ac)—lb = ([Cl”t])E[,

This establishes a well-defined group action of I(Q) on the set of elliptic curves with
CM by O, and hence of C(O) on Ellp(C) via the j-invariant.

73



5 The First main theorem of complex multiplication

Remark 5.1.2. The above action is simply transitive.

Indeed, consider two proper O-ideals a and b and suppose [a]j(b) = j(a"'b) = j(b).
By Theorem 2.5.5, this means the lattices b and a~'b are homothetic, i.e., there exists
A € K\{0} such that ab = Ab. Cancelling b, which is possible since it is a proper O-ideal
and hence non-zero, yields a = XO. Hence a is a principal, so [a] is trivial in C(O).
This shows that the action is not only faithful, but also free.

To see transitivity, note that C(O) and Ellp(C) have the same cardinality by the previ-
ously established bijection. Indeed, fix any jo € Ello(C) and consider its orbit under the
action of C(O), that is, the set of elements of the form [a]jo for [a] € C(O). Since the
action is free, all these values are distinct, and hence the orbit contains exactly |C(O)|
elements. But |[Ellp(C)| = |C(O)|, so the orbit of jo must be the entire set.

Therefore, the action is both free and transitive, i.e., simply transitive.

5.2 The ideal class group action on elliptic curves via isogenies

We reinterpret the action of the ideal class group on elliptic curves with complex mul-
tiplication, introduced in the previous section, in terms of isogenies. This geometric
perspective allows us to compute degrees and kernels explicitly, which will be essential
for the surjectivity part of the First main theorem of complex multiplication.

Let L1 and Ly be lattices in C and E; and F» the corresponding elliptic curves. By
Theorem 3.2.1, there exists a unique o = oy satisfying aLi; C Lo, such that the following
diagram commutes:

C/Ll L C/LQ

b e
Ga

This follows from the fact that the larger diagram in Theorem 3.1.3 (i4i) commutes,
as well as its left square (see Section 3.1). Since we are interested in lattices up to
homothety and elliptic curves up to isomorphism, we may replace L; by the homothetic
lattice a1 and F; with an isomorphic elliptic curve, so that we can assume a = 1.
This allows us to view the isogeny ¢ = ¢1 : £1 — E»o as being induced by the inclusion
L1 C Ly. As we compose ¢, with an isomorphism, its degree remains unchanged. Then,

ker(¢) = ker(® 010 ®7') = {w € B (C) | (P010d7 ) (w) =0}
={w=>P1(z) € E1(C) | P2(2) =0, z € C}
= {‘131(2:) S El((C) ‘ S LQ}.

Since ®1(z) = 0 if and only if z € Ly, it follows that
ker(¢) = La/Lx,

and its order is given by |ker(¢)| = |L2/L1| = [L2 : L1], which is exactly the index of L;
in Lo (see Section 2.2). This index is finite, as both lattices are of full-rank by definition.
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5.2 The ideal class group action on elliptic curves via isogenies

Since ¢ is defined by a non-constant polynomial map and we are working in characteristic
zero, it follows that ¢ is separable. Moreover, one can show that the degree of a separable
isogeny equals the order of its kernel (see [14, Section 4.5]), i.e.

deg(¢) = [ker(¢)| = [La : L].

Thus, over a field of characteristic zero, every separable isogeny has finite degree. In
particular, a separable isogeny of degree 1 has trivial kernel and thus is an isomorphism.
Since every isogeny arises from a lattice inclusion by Corollary 3.2.1, this discussion
applies to any isogeny of elliptic curves over C. In particular, the inclusion nL. C L
induces the multiplication-by-n endomorphism [n] of the corresponding elliptic curve Ey,.

Moreover, note that Corollary 3.2.2 establishes a ring isomorphism between the endo-
morphism ring End(E}) of the elliptic curve E = Ep, and the set {a € C | oL C L}.
By the preceding discussion, each such lattice inclusion induces an isogeny from Ej, to
itself. Thus, every endomorphism of an elliptic curve over C is, in particular, an isogeny.

Proposition 5.2.1. For any two elliptic curves with complex multiplication by O there
exists an isogeny ¢ and, up to isomorphism, every such isogeny is of the form Ey — aFEy,
where a and b are proper O-ideals of degree Na.

Proof. Let L be a lattice in C with corresponding elliptic curve E; with End(E;) = O.
By the short consideration at the beginning of this chapter, every elliptic curve over C
with complex multiplication by O is isomorphic to Ey for some proper O-ideal b. Hence,
Ey = E, for some proper O-ideal a. Now let b be an another proper (O-ideal. Then the
inclusion of lattices b € a~1b induces an isogeny

¢a : Eb — Ea—lb = CLE[,,

which corresponds to the action of a on F} defined previously.

If E5 is another elliptic curve with End(E2) = O, then Ey = E, for some proper O-
ideal ¢ by the same argument. Let a = N¢. Then b and ab are equivalent, and since
a € Zso C O, we have ab = (a)b. Considering b instead of («)b and using Remark
3.5.5, we get (N¢) = ¢, so ()b = ccb C b, which shows that ¢ divides (and hence
contains) b. Thus we may set ¢ = a~'b, and the isogeny ¢, : Fy — E. = aFj induced by
the inclusion b C a~!b = ¢ corresponds to the action of a on Ey. After rescaling a, b, ¢ by
integer multiples if necessary, we may assume that a is a proper O-ideal. As the elliptic
curves with complex multiplication by O were arbitrary, this proves the first part.

For the degree, let L; and L9 be the lattices corresponding to Fy, and E,-1,, where
we may assume L; = b and Ly = a~'b by the short consideration above. We have
seen earlier that degree of the isogeny ¢ : Ey — E,-1, = aFp induced by the inclusion
b C a~!b is given by the index of Ly in L. Since both a and b are proper by assumption
and hence invertible, we get

deg(¢) = [Ly: Ly =[a"'b:b] =[b:ab] = [bb~:abb™!]=[O:a] = Na

by definition of the norm of a non-zero O-ideal (Remark 3.5.6 (4i7)) in the last equality.
O
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5 The First main theorem of complex multiplication

5.3 Algebraic integrality of j

Now that we understand how the ideal class group acts via isogenies, we focus on cyclic
isogenies, whose kernels correspond to cyclic sublattices of a lattice. Classifying these
sublattices allows us to connect the action of ideals with the roots of modular polynomials
and, ultimately, to deduce the algebraic integrality of the j-invariant.

Definition 5.3.1 (Cyclic sublattice). Let L; and Lo be lattices in C. We say that L;
is a cyclic sublattice of Lo, if L; is a sublattice of Lo and the group Lo/L; is cyclic.
Similarly, an isogeny ¢ : E1 — F» between elliptic curves over C is called cyclic, if its
kernel is a cyclic group.

By definition, it follows that if ¢ is induced by a lattice inclusion Ly C Lo, then ¢ is
cyclic if and only if Lq is a cyclic sublattice of Lo.

Note that, up to isomorphism, every isogeny is a composition of cyclic isogenies of prime
degree (for a proof see [14, Cor. 5.12]). Since isogenies of prime degree are necessarily
cyclic, we may restrict our attention to cyclic isogenies ¢ of prime degree N.

Lemma 5.3.2. Let L = [1, 7] be a lattice in C, and let N be prime. The cyclic sublattices
of L of index N are the lattice [1, NT| and the lattices [N, 7 + k] for 0 <k < N.

Proof. Clearly, the lattices [1, N7] and [N, + k] for 0 < k < N are sublattices of L of
index N. Since the quotient L/L’ of a lattice L by a sublattice L’ of index N has order
|L/L'| = [L: L' = N, and every group of prime order is cyclic, each such sublattice is
cyclic. Conversely, any sublattice L' C L can be written as [d,ar + k|, where d is the
least positive integer in L’ and the index of L' in L is ad = N. Since N is prime, either
d=1and a= N, giving L' =[1,N7],or d = N and a = 1, giving L' = [N, 7 + k| with
0<k<N. O

T+1

2

Figure 5.1: The three cyclic sublattices of [1, 7] of index 2.
Reproduced from [14, Lec. 20]. Changes: none.

Proposition 5.3.3. Let ji,j2 € C. Then ®x(j1,72) = 0 if and only if j1 and jo are the
j-tnvariants of elliptic curves over C that are related by a cyclic isogeny of degree N.

Proof. We show the proposition for N prime (cf. Section 4.4); the case of composite
N is analogous but involves more complicated combinatorics of sublattices and coset
representatives. We will prove the equivalent statement that ®n(j(L1),j(L2)) = 0 if
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5.3 Algebraic integrality of j

and only if Ly is homothetic to a cyclic sublattice of L; of index N. Since every lattice
is homothetic to one of the form [1, 7], we may assume Ly = [1,71] and Lo = [1, 79| for
some 71,72 € H. As in the proof of Theorem 4.4.4, we have

N-1

O (j(r),Y) = (¥ —jn(n) [T (Y = jn(wr)),
k=0

where v = ST* and jn(7) = j(NvT) = j (%) with N = (¥ ¢). Thus

N-1

N (j(L1),5(L2)) = @n(j (1), 5(72)) = (i(72) — jn(m)) ] (i(r2) — jin(yem1))
k=0
is zero if and only if 75 is SLy(Z)-equivalent to N7 or Tlg,r k with 0 < k < N, and hence
if and only if Lo is homothetic to cyclic sublattice of L; of index N by Lemma 5.3.2. [

Remark 5.3.4. Note that we cannot assume that the j-invariants of lattices are distinct,
but we can assume that the cyclic sublattices are. It may happen that two different cyclic
isogenies have the same j-invariant for their images, even though their kernels, i.e.
their cyclic sublattices they correspond to, are different. This occurs because distinct
sublattices may be homothetic, meaning they are scalar multiples of each other, which
results in isomorphic elliptic curves with the same j-invariant.

Note that if Ly and Lo are homothetic, then finding all cyclic sublattices of L1 of index
N to which Lo is homothetic is equivalent to finding all cyclic sublattices of Lo of index
N to which Ly is homothetic. This observation provides insight for our next proposition.

Proposition 5.3.5. Let N > 1 be an integer. Then ®n(X,Y) = n (Y, X).

Proof. As in the previous proof, let v, = ST* and

N-1

O (i(1),Y) = (Y —jn(n) TT (Y = jn (7).
k=0

In particular, jy(y07) = j(Nw7) = j (%) is a root of ®n(j(7),Y). By definition,
PN (j(7),jn(7)) = 0, which implies ®n(j (%) .j(7)) = 0, hence j () is also a root of
SN (Y, j(7)). Since ®n(j,Y) is the minimal polynomial of jx over C(j), it is irreducible
in C(5)[Y], and therefore must properly divide ® (Y, j) in C(j)[Y]. The numbers of roots
(counted with multiplicity) of ®n(5(L),Y) and ®n (Y, j(L)) for a lattice L C C coincide,
although the roots need not be distinct (cf. Remark 5.3.4). Since these numbers also
equal the number of cyclic sublattices of index N by Proposition 5.3.3, both polynomials
have the same degree. It follows that ®n(Y,75) = f(j)Pn(5,Y) for some f € C(j).
Substituting Y = j gives f(j) = 1, because ®n(j,j) # 0 as j(7) is not a root of the
minimal polynomial jy(7) for N > 1. Thus, the modular polynomial is symmetric in X
and Y. O
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5 The First main theorem of complex multiplication

The symmetry of ®5(X,Y) in X and Y implies that the diagonal substitution ¥ = X
is well-defined, so ®n (X, X) is a legitimate polynomial in X.

Lemma 5.3.6. Let N be prime. Then the leading term of ®x (X, X) is —X 2V,

Proof. Again consider the expression of the modular polynomial from the proof of The-
orem 4.4.4, and replace Y with j(7) to obtain

N-1

®n(j(r),5(r) = (i(r) = i(N7)) T (jﬁ) —J (T;k» '

k=0

In that proof we also computed the g-expansions

. 1
TR\ G
()=
qN
where ¢ = €™ and CN:e%. Hence,
. 1 1
J(r) = j(NT) = ——% + —

i -3 (T

Multiplying these leading terms shows that the g-expansion of ®x(j(7),j(7)) begins
with —q%N .... Since ®n(j(7),j(7)) is a polynomial in j(7) = % + ..., it follows that
the leading term of ® (X, X) is — X2V, O

Lemma 5.3.7. Every ideal class in C(O) contains infinitely many proper O-ideals of
prime norm.

Proof. This follows from Lemma 7.7 and Corollary 9.12 in [3]. O

Theorem 5.3.8. Let E be an elliptic curve over C with complex multiplication by O.
Then j(E) is an algebraic integer.

Proof. Let E be an elliptic curve over C with complex multiplication by O, and let p be
a principal O-ideal of prime norm p, which exists by the previous lemma. By definition,
the class [p] represents the identity element in C(Q), so p acts trivially on Ellp(C), i.e.
[p]7(E) = j(E), and hence pE = E by the classification of elliptic curves over C via
their j-invariants (see Section 5.1). Therefore, the action of p on E corresponds, after
composing with an isomorphism if necessary, to an isogeny ¢ : E — pFE of degree p by
Proposition 5.2.1. As p is prime, the isogeny ¢ is cyclic. Hence, by Proposition 5.3.3,
we have ®,(j(E),j(E)) =0, and so j(F) is a root of the polynomial ®,(X, X), which is
monic by Lemma 5.3.6 and has integer coefficients by Theorem 4.4.4. Thus j(F) is an
algebraic integer. O
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5.4 The Galois action on elliptic curves and ring class
polynomials

We now turn to a complementary perspective, considering the action of the absolute
Galois group on elliptic curves with complex multiplication and, in particular, on their j-
invariants. While the ideal class group action on elliptic curves translates ideal-theoretic
structure into geometry, the Galois action provides an arithmetic perspective, permuting
the j-invariants in a way that preserves the endomorphism ring. Studying this action
allows us to understand important properties of the associated ring class polynomials.

Recall the set Ellp(C) = {j(F) € C | E is an elliptic curve over C with End(E) = O}
of j-invariants of elliptic curves over C with complex multiplication by O.
Also recall that, by Theorem 3.3.3, every discriminant D = 0,1 mod 4 determines a
unique order O in K = Q(v/dk), and can be written uniquely as D = f?dy for some
integer f > 1. This ensures that the following polynomial is well-defined:

Definition 5.4.1 (Ring class polynomial, Hilbert class polynomial). Let O be an order
of discriminant D. The ring class polynomial of discriminant D is defined as

Hp(X)=Ho(X)= [ (X-j(E)).
J(B)ERllo(C)

A special case arises when O = Ok is the maximal order of K. In this case, the
discriminant equals the field discriminant dx, and the polynomial Hy, (X) := Hop, (X)
is called the Hilbert class polynomial.

Note that the ring class polynomial is monic and its roots are precisely the distinct j-
invariants of elliptic curves with complex multiplication by O. By, definition, these form
the set Ellp(C) by definition, on which the ideal class group C(QO) acts by Section 5.1.
Therefore, C'(O) naturally acts on the roots of the ring class polynomial by permutation.

Our next goal is to study two important natural actions of the absolute Galois group
and prove related theorems. To prepare for this, we first recall some Galois theory.

A Galois extension is an algebraic field extension L/K, which is both normal and sep-
arable. Then the Galois group Gal(L/K) of a Galois extension L/K is defined to be
the automorphism group Aut(L/K) of L/K, which is the group consisting of all field
automorphisms of L that fix K.

The separable closure K*P of K is always normal. Indeed, if an irreducible polynomial
f € KJz] has a root a in K*P, then f is the minimal polynomial of a over K (up to
scalars) and hence separable over K, so all its roots lie in K*P. Thus K*? /K is a Galois
extension and its Galois Group Gal(K*?/K) is called the absolute Galois group of K.
For finite Galois extensions, L/K the order is defined by |Gal(L/K)| = [L : K].

Now, the j-invariant j(E) of an elliptic curve E over C, given in Weierstrass form
E :y?* = 23 + Az + B, clearly lies in the number field Q(j(E)), so we have j(E) = jo for
some jo € Q(j(E)). Since char(Q(j(F))) # 2,3, the proof of Theorem 2.5.7 shows that
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5 The First main theorem of complex multiplication

the coefficients A and B can be expressed explicitly by the formulas
A=3o(1728 — jo) and B = 2jo(1728 — jo)2,

as long as jo & {0,1728}. In the two special cases jo = 0 and jo = 1728, the same proof
gives the equations y? = 23 +1 and y? = 23 +2 for E, respectively, both of which are also
defined over Q(j(£)). Hence, in all cases, the coefficients A and B lie in the Q(j(F)).

Now consider the absolute Galois group Gal(Q, Q) of Q, which by definition, is the group
of all automorphisms of the algebraic closure Q of Q that fix Q pointwise. In other words,
each o € Gal(Q, Q) is an isomorphism ¢ : Q — Q, such that o(a) = a for all a € Q. Since
the coefficients A and B of E lie in Q(j(E)), and hence in the closure Q, the Galois group
Gal(Q, Q) acts naturally on them, and we have o(4),0(B) € 0(Q(j(E))) = Q(o(j(E))).
The transformed coefficients still satisfy the relation 40(A)3 + 270(B)? # 0 since the
Galois group automorphisms preserve algebraic relations, ensuring that the new curve
is also non-singular. Therefore, o maps E to another non-singular elliptic curve

E° :y? =23+ o(A)z + o(B)

defined over Q(o(j(E))). Thus, we obtain a natural action of the absolute Galois group
Gal(Q/Q) on the set of elliptic curves defined over Q, given by applying o to the coeffi-
cients of their defining equations.

This Galois action extends naturally to isogenies and, in particular, to endomorphisms.
Indeed, every endomorphism of an elliptic curve over C arises as an isogeny induced by
a lattice inclusion, as discussed in Section 5.2. Moreover, every isogeny can be expressed

by a rational map of the form ¢(z,y) = (1;83, i((z)) y), where u, v, s,t are polynomials

with coefficients in C, and this representation is unique up to multiplication by a non-
zero scalar in C, as seen in Section 3.1. Now, given an automorphism o € Gal(Q/Q),
this standard form allows us to define a Galois conjugate of ¢ by letting o act on the
coefficients of these rational functions, yielding the new map

v o)) o))
@) = (50w

This gives rise to an isogeny ¢ : K — E°, and if ¢ is an endomorphism of E, then ¢“
is an endomorphism of the Galois conjugate curve E°.

Moreover, this action respects the algebraic structure of the endomorphism ring: for all
¢, € End(F), we have (¢ + )7 = ¢7 + 97 and (¢ o 1))? = ¢ 0 1)?. Hence, every o €
Gal(Q, Q) induces a ring homomorphism End(FE) -+ End(E?). Applying the inverse
endomorphism o~ to E? gives the inverse map, so this is correspondence is, in fact, a
ring isomorphism

End(E) = End(E”).

In particular, this shows that if £ has complex multiplication by an order O, then its
Galois conjugate E“ also has complex multiplication by O.
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Another natural and important action is that of the absolute Galois group Gal(Q, Q) on
the set Ellp(C). Since j(FE) is, by definition, a rational function of the coefficients A and
B, we have j(E)? = j(E°) for every o € Gal(Q,Q). From the previous discussion, E°
has complex multiplication by the same order O, and hence j(E?) € Ellp(C). Therefore,
the absolute Galois group Gal(Q, Q) acts on Ellp(C), the set of roots of the ring class
polynomial Hp(X), by permuting its elements.

This observation will be useful in the theory that follows and already allows us to deduce
the following remark.

Remark 5.4.2. The coefficients of the ring class polynomial Hp(X) are integers. In-
deed, by definition, these coefficients are symmetric polynomials in the roots j(E) €
Ellp(C). By the discussion above, the Galois group Gal(Q/Q) acts on the set Ellp(C)
by permutation, so the coefficients of Hp(X) are fized under this action and therefore lie
in the fized field Q. Moreover, by Theorem 5.3.8, the roots of j(E) are algebraic integers,
which implies that the symmetric polynomials in these roots are also algebraic integers.
Combining these two facts, the coefficients lie in Z N Q = Z.

5.5 The First main theorem of complex multiplication

We have now reached the central result of this chapter: the First main theorem of com-
plex multiplication. This theorem establishes a precise correspondence between the ac-
tion of the ideal class group on elliptic curves via isogenies and the action of the absolute
Galois group on their j-invariants, thereby connecting the arithmetic of an imaginary
quadratic order with the geometry of elliptic curves possessing complex multiplication.
To prove this correspondence, we divide the argument into two parts. In the first sub-
section, we verify injectivity and compatibility of the class group action with the Galois
action. In the second subsection, we establish surjectivity, completing the theorem.

For the next two sections, we assume that O is an order in an imaginary quadratic
field K with discriminant D, so that the corresponding ring class polynomial Hp(X) is
well-defined.

5.5.1 Injectivity and compatibility

We begin with injectivity and compatibility of this correspondence.

By the previous section, we now have two groups acting on the coefficients of the ring
class polynomial Hp(X): the ideal class group C(O) and the absolute Galois group
Gal(Q,Q). In the latter case, instead of considering the whole Galois group, we can
restrict ourselves to any subfield of @ that contains the splitting field L of Hp(X).
Indeed, every o € Gal(Q, Q) acts on the roots of Hp(X) by permuting them, so the
action is determined by its restriction to Gal(L, Q).

Since L is a finite extension of Q, the Galois group Gal(L, Q) is finite, just as C'(O) is
finite, as discussed at the end of Chapter 3. Both groups act on the same set of elements,
so it is natural to ask whether these actions are compatible.
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5 The First main theorem of complex multiplication

Note that the Galois group Gal(L/Q) may contain automorphisms which do not fix the
order O, so instead of working with the splitting field L of Hp(X) over Q, we will restrict
our attention to the splitting field L of Hp(X) over K = Q(v/D).

Now, let E71 be an elliptic curve over C with complex multiplication by O and let o €
Gal(L/K). As established in the previous section, End(E7) = End(EY), so the conjugate
curve EY also has complex multiplication by O. Since the action of C'(O) on Ellp(C) is
transitive by Remark 5.1.2, there exists a proper O-ideal a such that EY = aF;.

Let Es be another elliptic curve over C with complex multiplication by O. Then by the
same argument, there exists a proper O-ideal b such that Fs = bF;, and therefore

ES = (bEy)° = b°EJ = bE? & baE) = abE; = aFy,

where the second equality holds since b C K and every o € Gal(L/K) fixes K.

Note that this would not have been true if we had taken o € Gal(L/Q). Moreover,
the first equality is not immediate and requires a more detailed argument involving a
diagram chase, which we omit here, see [13, Prop. I1.2.5] for a proof.

Since Fy was arbitrary, it follows that the action of o on Ellp(C) coincides with the
action of the ideal class [a] € C(O). Moreover, as the action of C(O) on Ellp(C) is not
only transitive but also free by Remark 5.1.2, the map that sends each o € Gal(K, K)
to the unique class [a] € C(O) satisfying EY = aF; defines a group homomorphism

U: Gal(L/K) — C(O).

Theorem 5.5.1. Let L be the splitting field of the ring class polynomial Hp(X) over
K = Q(V/D). The map ¥ : Gal(L/K) — C(O) : 0 ~ ag, which assigns to each o €
Gal(L/K) the unique class o, € C(O) satisfying j(E)? = a,j(F) for all j(E) € Ellp(C)
is a well-defined and injective group homomorphism.

Proof. Transitivity of the action of C'(O) on Ellp(C) guarantees the existence of an ideal
class [a] € C(O) for each 0 € Gal(L/K) such that E7 = aFE. Freeness of the action
ensures the uniqueness of this class, so the the map & is well-defined. Since elliptic
curves are classified up to isomorphism by their j-invariant (see Subection 2.5.1), we
have j(E)” = [a]j(E).

To show that ¥ is a homomorphism, let 01,02 € Gal(L/K), and let [a1], [a2] € C(O) be
the corresponding classes with £ = ;. Then

E7172 = (E°Y)% = (4 E)™ = 0, B = a3,

SO ‘1’(0’10’2) = [alag] = \I’(O'l)\I/(O'Q).

For injectivity, suppose o € Gal(L/K) satisfies W(0) = idg(p). The trivial class in
C(0O) is given by idg) = [O]. Then, E° = OF = E for all E € Ellp(C), which
implies j(E)? = j(E?) = j(E) by the previous section. Since the roots of the ring
class polynomial Hp(X) are precisely the j-invariants of elliptic curves with complex
multiplication by O and Gal(L/K) acts on Ellp(C) by permuting these roots, it follows
that o fixes all the roots of Hp(X). By the definition of the splitting field L, the only
element of Gal(L/K) that fixes all the roots of Hp(X) is the identity automorphism.
Hence, o = idgai(z/K), proving injectivity. O
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5.5 The First main theorem of complex multiplication

It follows directly from the proof of the previous theorem that ¥ is Gal(L/K)-equivariant,
ie. j(E?) =V(0)j(E) for all j(F) € Ellp(C) and o € Gal(L/K), which shows that the
actions of Gal(L/K) and C(O) on Ellp(C) are compatible via the homomorphism .
This can be illustrated by the commutative diagram:

Gal(L/K) x Ello(C) —— Ellp(C)

U x idl J{id )

C(0) x Ellp(C) —— Ellp(C)

where the top row represents the Galois action (o, j(E)) — j(E)? and the bottom row
the ideal class group action ([a],j(E)) — [a]j(E). Following either path in the diagram
yields (o,j(E)) — j(E)? = ayj(E). Since j(E)? = j(E?) by definition of the Galois
action on j-invariants in the previous section, we obtain j(E?) = ¥(0)j(FE), showing
that the diagram commutes and the actions are compatible via ®.

5.5.2 Surjectivity

To prove surjectivity in the First main theorem of complex multiplication, we require a
few additional tools that will allow us to describe the image of the Galois action more
precisely.

i. The Frobenius automorphism as generator of Galois groups of finite fields
Consider the Frobenius endomorphism

T — 2P,

When regarded as a map on the finite field ), of prime order p, it acts as the identity.
However, when extended to the algebraic closure F,, it becomes a nontrivial field auto-
morphism, called the Frobenius automorphism, which we denote by .

Every power 7" is again an automorphism of F,,, and its fixed field is precisely the finite
field Fp» with p™ elements. In particular, for a finite field F; = Fyn, the map = — 29 is
called the g-power Frobenius automorphism.

The Frobenius automorphism generates the Galois group Gal(F,»/F,) for each finite
extension F,n C Fp. Indeed, Fy» is a Galois extension of I, for all n > 1 and its Galois
group is cyclic of order n. The generator of this cyclic group is precisely the Frobenius
automorphism 7, whose powers act as

7t (x) = 2P .

Since 7" (x) = 2" = x for all * € Fyn and 7% # id for 0 < k < n, the order of 7 is
exactly n. Thus, we have

Gal(Fpn /Fp) = (m) = Z/n.
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ii. Ramification in finite Galois extensions
The ring of integers Ok of a number field K is a Dedekind domain, which means that
every nonzero proper ideal p C Ok admits a unique factorization into a product of prime
ideals, i.e.

p=p P,
where the p; are distinct non-zero prime ideals of Ok and v; € Z~g for 1 <7 < r.
Now let L be a finite Galois extension of K and consider the ideal extension pOy,. This
is typically not a prime ideal, but it factors uniquely as

pOL =q1---qr,

where the g; are (not necessarily distinct) prime ideals of Op, satisfying q; N Ox = p
for 1 <4 < r. The prime ideals q; are said to lie above p. Moreover, when the q; are
distinct, we say that p is unramified in L.

iii. The decomposition group, the Frobenius element and the Artin map
Let 0 € Gal(L/K) and apply it to both sides of the above factorization pOr = q1 - - - qs.
By definition, o fixes all elements of K and respects algebraic relations over K, so it maps
algebraic integers to algebraic integers. In particular, it preserves the ring of integers Oy,
ie. 0(Or) = Or. Consequently, o(pOr) = pOr. We now turn to the right hand side.
Since automorphisms preserve sums and products, o maps each prime ideal q; C Op, to
another prime ideal o(q;) € Or. Again by the automorphism property, the image of
a prime ideal is a prime ideal and so ¢ sends each prime ideal in the factorization to
another prime ideal lying over p, i.e. o(q;) N Ox = p. Hence, Gal(L/K) acts on the set
{q1,...,9,} by permutation. For each q;, its stabilizer under this action is a subgroup

D, = {o € Gal(L/K) | o(q) = 4} C Gal(L/K)

called the decomposition group of q;.

Now, given o € Dy, we define a map on the residue field Fq :== Or/q by

o:Fq = Fq:7T— o(x),

where T denotes the image of x € Op, under the natural projection Oy, — Or/q. This
map is well-defined since o € Dy fixes q: if x = y mod q, then x — y € q, which implies
o(x —y) € q and so o(z) = o(y) mod q.

Since in a Dedekind domain every prime ideal is maximal, the quotient O /q is a field.
Moreover, q has finite index Nq = [Of, : q] in Op, so Fy is a finite field of cardinality
Ng (which must be a prime power). Furthermore, since o fixes K, it also fixes O, and
the image of O under the natural projection O — Op/q = Fq is Og/(q N Ok) =
Ok /p = Fy, so Fy is a subfield of F; (and necessarily has the same characteristic). Since
the extension Fy/F, is finite and hence Galois, it follows that & € Gal(Fy/F,) and we
obtain a group homomorphism

Dy — Gal(Fy/Fy) : 0= 7.
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This homomorphism is surjective (by the exactness of the sequence 1 — I — Dq —
Gal(Fq/F,) — 1, where I denotes the inertia group; see [8, Prop. 1.9.4]. Moreover, if p
is unramified, the kernel I is trivial (see [8, Prop. 1.9.6]), so the map is an isomorphism.
From now on, we assume that p is unramified.

We already know that the group Gal(Fy/F,) is cyclic, generated by the Frobenius au-
tomorphism z +— 2™, where Np = [Ok : p] = |Fp|. The unique element o4 € D,
whose reduction o is the Frobenius automorphism, is called the Frobenius element of
Gal(L/K) at q. Note that uniqueness holds by the injectivity of the reduction map, and
the existence follows from its surjectivity.

In general, the Frobenius element oy depends on the choice of the prime ideal q lying
over p. However, if q; and q; are two such prime ideals and o(q;) = q; for some o €
Gal(L/K), then conjugation by o sends Dy, to Dy;. This means that if oq, € Dg,, then
ocogo ! € Dy, and so oq; = oog,0~ 1. Hence, all Frobenius elements at prime ideals
lying over p are conjugate in Gal(L/K).

It follows that the 7, are also conjugate in their respective residue field Galois groups,
since the reduction map respects conjugation, and thus have the same order. Each Ga-
lois group Gal(Fg,/Fp) is cyclic and generated by the Frobenius automorphisms &g, so
the order of 7, equals the degree of the field extension Fy, /F,. By injectivity of the
reduction map, the order of the oy, equals the order of its image 7,, so the degrees of
the extensions Fg, /F, are equal for all 4. Since finite fields are uniquely determined up
to isomorphism by their size, the extensions Fq, /I, are all isomorphic.

However, when Gal(L/K) is abelian, all elements commute, so for any 0,7 € Gal(L/K)
1 = 7, i.e. conjugation has no effect Therefore, the Frobenius element no
longer depends on the choice of q lying over p.Consequently, each unramified prime ideal
p determines a unique Frobenius element o,. We define the map

we have o170~

p = oy,

known as the Artin map, which assignes to each unramified prime ideal p of Ok its cor-
responding Frobenius element o, in Gal(L/K). While this map extends multiplicatively
to all Og-ideals that are products of unramified prime ideals, here we only focus on
prime ideals. The automorphism oy is uniquely characterized by property

op(z) = 2™ mod q

for all x € Of, and for every prime ideal g C Op, lying above p.

iv. Elliptic curves over number fields and good reduction modulo q

While the theory of elliptic curves over C provides the analytic and geometric founda-
tions, studying curves over number fields reveals their deep arithmetic properties and
connection to prime numbers. We have already encountered elliptic curves over number
fields when observing that an elliptic curve E with j-invariant j(F) gives rise to Galois
conjugates E7, defined over Q(o(j(E))). This motivates working over number fields such
as Q(j(F)) rather than over C alone. We now expand this idea by passing to a finite
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Galois extension L of QQ - for instance, the splitting field of the ring class polynomial -
so that all j-invariants of elliptic curves with complex multiplication lie in L.

In particular, since all j-invariants of elliptic curves with complex multiplication by O lie
in L, and every root of the ring class polynomial Hp(X) (which splits in L) corresponds
to a complex elliptic curve with complex multiplication by O, the sets of j-invariants of
elliptic curves with complex multiplication by O over C and L coincide:

Ello(C) = Ellp(L).

Given this identity, for an elliptic curve E over C with complex multiplication by O,
we have j(E) € L, which implies that (up to isomorphism) E can be defined by a
Weierstrass equation y?> = 22 + Az + B with A,B € L. As in the proof of Theorem
2.5.7, we can express A and B in terms of j(F) as A = 3j(E)(1728 — j(E)) and B =
2§(E)(1728 — j(E))? for j(E) # 0,1728, which ensures that A, B € O, since j(E) is an
algebraic integer.

Then, for any prime ideal q of L, as long the discriminant A(E) = —16(4A43 + 27B?)
does not lie in g, or equivalently, the image of A(E) under the quotient map O —
OL/q = Fq is non-zero, reducing £ modulo q yields an elliptic curve E over Fy defined
by y? = 2® + Az + B. We then say that E has good reduction modulo q. This holds for
all but finitely many prime ideals q of L, since the principal ideal (A(FE)) is divisible by
only finitely many prime ideals, by the finite unique factorization of ideals in Dedekind
domains.

v. The Frobenius endomorphism and the decomposition of isogeny degree
Let E be an elliptic curve over a finite field F,. The Frobenius endomorphism of E is
the map

g (z,y) = (29, y9)

where g = |Fy|. This map reflects the action of the g-power Frobenius automorphism on
the coordinates of points on F. It defines an isogeny of degree g from E to the curve
E@ given by the equation y? = z° + A%z + BY.

In particular, 7g is the standard example of an inseparable isogeny.

In Section 5.2, we saw that all isogenies over a field of characteristic zero are separable.
In positive characteristic, however, not all isogenies are separable. Indeed, every isogeny
¢ of elliptic curves over a field K of characteristic p > 2 can be decomposed into a
separable part and an inseparable part involving the Frobenius endomorphism of E as

o= ¢sep o 77”7

where ¢gep, is a separable isogeny and n > 0 is an integer. The degree of ¢ then satisfies
deg(¢) = p™ deg(¢sep). For a proof, see [14, Cor. 5.4].
Accordingly, the separable degree degs(¢) and inseparable degree deg;(¢) of ¢ are defined
by

deg,(¢) = deg(asep) and  deg;(¢) = p",
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so that
deg(¢) = deg,(¢)deg; ().

Note that the inseparable isogeny 7™ has separable degree 1, and such isogenies are
called purely inseparable. In particular, this shows that the Frobenius endomorphism 7g
is purely inseparable.

vi. The dual isogeny

In Section 5.2, we saw that the degree of separable isogenies is finite and equals to the
order of its kernel. More generally, for any isogeny, the order of its kernel equals the
separable degree; a proof can be found in [14, Thm. 5.8].

Recall also that for all n € Z, the map [n] denotes multiplication-by-n on an elliptic
curve. Using the fact that the order of the kernel of an isogeny ¢ equals its separable
degree, which ensures the existence of a separable isogeny with any given finite kernel,
and the fact that the separable degree divides the degree of ¢ as seen earlier, one can
show the following: for any isogeny ¢ : E1 — FEjs of elliptic curves over a field K, there
exists a unique isogeny quS : E5 — F, such that

$po¢=[n],

where n = deg(¢). This isogeny 6 is called the dual isogeny of ¢. See [14, Section 6.3]
for more details.

With these preparations in place, we are now ready to state the full First main theorem
of complex multiplication and establish surjectivity.

Theorem 5.5.2 (First main theorem of complex multiplication). Let L be the splitting
field of the ring class polynomial Hp(X) over K = Q(v/D). The map ¥ : Gal(L/K) —
C(O) : 0 — ap, which assigns to each o € Gal(L/K) the unique class a, € C(O) satis-
fying §(E)? = ayj(E) for all j(E) € Ellp(C) is a group isomorphism and is compatible
with the actions of Gal(L/K) and C(O) on Ellp(C).

Proof. In Theorem 5.5.1 and the subsequent discussion, we have already seen that W is
well-defined, injective, and commutes with the group actions of Gal(L/K) and C'(QO) on
Ellp(C). It remains to show surjectivity.
Let av € C(O) and choose a prime ideal p in K such that:
(i) pN O is a proper O-ideal of prime norm p with [p] = «,
(ii) p is unramified in K and p is unramified in L,
(iii) Each j(F) € Ellp(C) corresponds to an elliptic curve E over L that has good
reduction modulo every prime ideal q lying over p,
(iv) The reductions of the j-invariants of elliptic curves in Ellp(C) modulo every prime
ideal q lying over p are distinct.
By Lemma 5.3.7, there are infinitely many prime ideals p satisfying (i), while conditions
(ii)-(iv) exclude only finitely many prime ideals, so such a p exists.
For simplicity, we will also use p to denote the O-ideal p N O; the context will clarify
whether we view it as an Og-ideal or an O-ideal.
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Now consider a prime ideal q lying over p and an elliptic curve E over L with com-
plex multiplication by O that has good reduction modulo q. Then E can be written as
E:y* =23+ Ar+ B with A, B € Oy, and q 1 (A(E)) in Of, where (A(E)) denotes the
principal ideal generated by the discriminant A(E) in Op. Let Fqy = Or/q and denote
by E the reduction of E modulo g, given by the equation y? = z3 + Az + B over [y,
where A, B are the images of A, B under the reduction map.

Since Np = p by (i), the Frobenius element o, induces the p-power Frobenius automor-
phism 7, € Gal(IF;/F,). Correspondingly, we have the isogeny

7 EsEv=E"=E",

given by (z,y) — (2P,y?). The second equality follows from the fact that 7, acts on

the coefficients of F by raising them to the p-th power, giving the curve E® defined by
the equation y? = 2% + A’z + B”. As seen above, the isogeny 7 is purely inseparable of
degree p.

By Proposition 5.2.1, the proper O-ideal p N O corresponds to an isogeny ¢, : F — pE
of degree Np, where pE has good reduction modulo q by (iii). We may assume that ¢,

is given by a rational map of the form (ZLEQ, i((;c)) y), with u, v, s,t € Op[z], v monic and
v non-zero modulo ¢, as seen in Section 3.1. Reducing the coefficients of u,v,s and ¢
modulo ¢ yields an isogeny

¢: E—pE

over Iy, which has the same degree as 7, namely p. This follows from the fact that we can
assume deg(v) < deg(u) and since u is monic, the degree of the rational map is preserved
under reduction. The composition of ¢ with his dual QAﬁ equals the multiplication-by-p
map on E as discussed in the preparation, which is inseparable, since [Fy has characteristic
p. Hence at least one of ¢ or ng must be inseparable.

Without loss of generality, assume that ¢ is inseparable. If not, replace F¥ by pFE and p
by its complex conjugate p, which still satisfies conditions (i)-(iv) and induces the dual
isogeny (ﬁp : pE — E (up to isomorphism). Indeed, since pp = (Np) = (p), this induces
the multiplication-by-p map on E and reducing the rational maps defining p yields the
dual isogeny qg : pE — E. This ensures that we always have an inseparable isogeny to
work with. By the preparation, an inseparable isogeny of degree p factors as ¢ = ¢gepo,
where ¢, is a separable isogeny of degree 1, hence an isomorphism (see Section 5.2).
Therefore,

PE = Im(¢) = Im(¢gep 0 7) = Im(nr) = EP) = B,

and so j(pE) = j(E) by the classification of elliptic curves over C by their j-invariant
(Subsection 2.5.1). Then condition (iv) gives j(pE) = j(E?) over L, hence pE = E%,
i.e. that the action of the ideal class [p] on E coincides with the Galois action of oy, on E.
Finally, since this class in C'(O) is uniquely determined by its action on E by the freeness
of the action of C(O) on Ellp(C) (Remark 5.1.2), we conclude that ¥(op) = [p] = a,
establishing surjectivity. d
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Remark 5.5.3. The title of this theorem suggests the existence of a broader result, known
as the Second main theorem of complex multiplication. This theorem generalizes the
First main theorem and relates the field of complex multiplication to the mazimal abelian
extension of a quadratic field. While the First main theorem constructs the ring class field
via j-invariants of elliptic curves with complex multiplication, the Second main theorem
describes how all abelian extensions of an imaginary quadratic field can be generated
by the values of more general modular functions - such as modular units or values of
Weber and Siegel functions - evaluated at elliptic curves with compler multiplication.
This requires a deeper understanding of class field theory beyond the ring class field. For
more details, see [3, p.189-190)].

5.6 Consequences and ring class fields

Having established the First main theorem of complex multiplication, we can now explore
its arithmetic consequences. In particular, the theorem allows us to describe the fields
generated by the j-invariants of elliptic curves with complex multiplication. This leads
naturally to the notion of ring class fields and their relation to the ideal class group.
By examining these fields, we not only obtain information about the degrees and Galois
groups of the extensions they generate but also recover important integrality properties
of the j-invariants themselves.

Corollary 5.6.1. The ring class polynomial Hp(X) is irreducible over K = Q(v/D).
Moreover, for any elliptic curve E over C with compler multiplication by O, the field
K(j(E)) is a finite abelian extension of K with Gal(K(j(E))/K) = C(O).

Proof. Let L be the splitting field of the ring class polynomial Hp(X) over K. Since
the ideal class group C(Q) acts transitively on the set of isomorphism classes in Ellp(C)
(Remark 5.1.2), it also acts transitively on the set of roots of Hp(X) via its action on
the corresponding j-invariants. By the First main theorem of complex multiplication
5.5.2, the Galois group Gal(L/K) is isomorphic to C(O) and thus also acts transitively
on the roots of Hp(X) as well. It follows from a standard result in Galois theory that
Hp(X) is irreducible over K and hence it is the minimal polynomial of each of its roots.
Since Hp(X) is defined as the product over all j-invariants of elliptic curves with com-
plex multiplication by O, its roots correspond bijectively to the isomorphism classes
in Ellp(C), which in turn are in bijection with C'(O) (see Section 5.1). Therefore, the
degree of Hp(X) equals the class number h(O) = |C(O)|. Thus, we obtain

deg(Hp(X)) = h(0) = |C(O)| = |Gal(L/K)| = [L : K].

Since Hp(X) is irreducible over K, it follows that the field L is generated over K by
any of its roots, i.e. L = K(j(F)) for every root j(F) of Hp(X), or equivalently, for
every j(E) € Ellp(C). The claim then follows from the isomorphism Gal(L/K) = C(O)
by the First main theorem of complex multiplication 5.5.2, noting that this group is
abelian. O
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5 The First main theorem of complex multiplication

Definition 5.6.2 (Ring class field, Hilbert class field). The ring class field of O is the
splitting field of the ring class polynomial Hp(X) over K, or equivalently, the extension
of K generated by the j-invariant of any elliptic curve with complex multiplication by
O. The Hilbert class field of K is defined analogously by taking O = O, the maximal
order of K.

Using this definition, we can restate Corollary 5.6.1 more conceptually as follows.

Corollary 5.6.3. Let E be an elliptic curve over C with complex multiplication by O.
Then the ring class field of O is given by K(j(F)). In particular, its degree over K
equals the class number h(O).

Note that for two orders @ and O with O’ C O and corresponding ring class fields L
and L', we have L C L. Indeed, let E be an elliptic curve over C with End(E) = O.
Since O’ C O, the endomorphisms in O act on E, so E admits complex multiplication
by O’ (though End(FE) = O). It follows that the j-invariant of E is also a root of the ring
class polynomial He:. By definition, the ring class field of L’ is generated by any root
of Hor, i.e. by the j-invariant of any elliptic curve with complex multiplication by O'.
Hence, j(E) € L'. Since E was an arbitrary elliptic curve with complex multiplication
by O, every j-invariant generating the ring class field L of O lies in L/, and thus L C L'.

We now examine the consequences of this corollary for the arithmetic of j(F), particu-
larly its integrality and its relation to the class number of O.

As seen in Theorem 5.3.8 that j(F) is an algebraic integer, and therefore naturally lies
in the ring of integers of the field it generates. By Corollary 5.6.3, the ring class field of
the order O is generated over K = Q(+/D) by the j-invariant j(E) of any elliptic curve
E with complex multiplication by O, and the degree [K(j(E)) : K] of this extension
equals the class number h(O) = |C(O)]. Since the ring of integers of Q is Z, j(E) lies
in Z exactly when it is rational. This happens exactly when the ring class field K (j(E))
coincides with K itself, so when h(Q) = 1. This leads directly to the following significant

163

result, which will play a key role in our ultimate goal of showing that e™ is almost

an integer:

Corollary 5.6.4. Let E be an elliptic curve over C with complex multiplication by O.
Then j(E) € Z if and only if h(O) = 1.

5.7 Orders in imaginary quadratic number fields with class
number one

Building on the previous corollary linking j-invariant integrality to class numbers, we
now aim to classify orders in imaginary quadratic number fields. To this end, we recall
the necessary tools and then use them to determine all orders of class number one, both
maximal and non-maximal, along with their discriminants.

Throughout this section, let @ and O denote orders in an imaginary quadratic number
field K, with maximal order O and conductor f = [O : O] for O.
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5.7 Orders in imaginary quadratic number fields with class number one

Recall the definition of the Legendre symbol (3) for odd primes p > 2:

0 if a =0 mod p,

A~
SRR
N
Il
—_

if a is a quadratic residue modulo p and a # 0 mod p,

-1 if a is a quadratic nonresidue modulo p,

where an integer a is called a quadratic residue modulo p, if there is an integer x such
that 22 = ¢ mod p. Otherwise a is called a quadratic non-residue modulo p.
By Euler’s criterion, Legendre’s symbol can be calculated more explicitly:

(CL> — a% mod p and (Z) S {07 17 _1}

p

For p = 2, the symbol (§) is called the Kronecker symbol and is defined as

0 if2]a
<a>: 1 if = +1 mod 8
—1 if a = 4£3 mod 8.

Also recall from Remark 3.3.2 that an order O can be written as O = Z+ fOx = [1, fwk].

Proposition 5.7.1. Let O* and O} denote the groups of units of O and Ok, respec-
tively, dg be the discriminant of K, and (C%K) the Legendre-Kronecker symbol. Then

o~ B2 T (- ()2

p prime
Moreover, h(O) is an integer multiple of h(O).
Proof. For a proof, see [3, Thm. 7.24]. O

For future reference, we state the following consequence of the previous proposition,
which relates the class number of an order O of discriminant D to that of some suborder
O’ of index N.

Proposition 5.7.2. Let D = 0,1 mod 4 be negative and let N be a positive integer.
Furthermore, let O and O' be orders of discriminant D and N2D, respectively. Then

h(O)N DN 1
WO = oo 11 (1 - () ) :
(020" 5 p/)p
where O* and O™ denote the groups of units of O and O, respectively.

Proof. See [3, Cor 7.28] for a proof. O
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5 The First main theorem of complex multiplication

For our calculations, we will also need the following proposition:

Proposition 5.7.3. Let K be an imaginary quadratic number field of discriminant d .
Then for the group of units OF we have:

{£1, 4w, £w?} for dg = —3
Of = ¢ {*1, 44} for dg = —4
{:l:l} for dg <0, dg ¢ {—3, —4},

where w = e5* denotes the third root of unity.
Proof. A proof can be found in [8, Prop. 4.2]. O
Remark 5.7.4. We observe that:

o If|Ok| =2, then [0} : O] =1, since £1 are always units,

o If|Ok| =4, then [0} : O] =2, since i ¢ [1, fi] for f > 1,

o If|Ok| =6, then [0} : O] =3, since :I:e%, 5 ¢ [1,fe%] for f>1.
The formula in Proposition 5.7.1 provides a practical tool for identifying orders with a
given class number h. To this end, we rewrite the formula by introducing the function

o) =f [I (1—(6“() ).

plf p/p

p prime

which can be regarded as an analogue of Euler’s totient function in the setting of
quadratic orders. With this notation, the task of finding all orders of class number
h reduces to solving

h(0)
(C] =— [0k :0"
for the pair (f,dx). Once a solution is found, the corresponding order O is uniquely
determined by its discriminant D = f2dg, as stated in Theorem 3.3.3.

Guided by Corollary 5.6.4, we are particularly interested in the case where the order O
has class number one, and therefore assume h(Q) = 1. Since the class number h(O) is
an integer multiple of h(O) by Proposition 5.7.1, it follows that h(Og) = 1. Our task
thus reduces to solving the following equation for (f,dx):

Ok(f) =[Ok : O7].

In the special case f = 1, we have O = O by definition of the conductor. This identifies
the nine maximal orders with class number one in imaginary quadratic number fields,
which were explicitly determined through the work of Baker, Heegner, and Stark:
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5.7 Orders in imaginary quadratic number fields with class number one

Theorem 5.7.5. There are exactly 9 maximal orders of class number one in imaginary
quadratic number fields K, with discriminants

di = —3,—4,—7, —8, —11,—19, —43, —67, —163.
Proof. A proof can be found in [3, Thm. 7.30]. O

It remains to check if there are non-maximal orders O with class number one. For that
we assume f > 1 and examine the three cases of [0} : O] given by Remark 5.7.4. This
allows us to identify all possible values for the conductor f.

Let f =11; pfi be the prime factorization of f. Then we can rewrite O (f) as

=0 (- (5)5) =1 (- (57)

p prlme

Case 1: [0} : O*] = 1. Then we need to solve O (f) = 1.
Since each factor pfi_l (pi — (‘;—f)) is a positive integer and their product equals 1,
every factor must be 1 for each prime p2 | f.
Case 1.1: (‘;—‘?) = 1. Then pZ (pZ —1)=1and so p; =2 and k; = 1. Thus
dg = £1 mod 8 by definition of the Kronecker symbol and so dx = —7 by
Theorem 5.7.5.
Case 1.2: (%) = —1. Then pf"~" (p; +1) = 1, which is impossible.
Case 1.3: (%{) = 0. Then pfi_lpi = pfi = 1, which is impossible.
Hence p; = 2 is the only prime dividing f, so f = 2. This identifies one non-maximal
order with (f,dx) = (2,—7) and discriminant D = f2dy = —28.
Case 2: [0} : O*] =2. Then dg = —4 by Proposition 5.7.3, and we solve Ok (f) = 2.
Case 2.1: (‘;—fj) — 1. Then pf(p; —1) | 2 and so p; = 2 and k; = 2 or p; = 3 and
ki = 1.
If p;, = 2, then (%4) = 0, which contradicts the assumption.

If p; = 3, then (%4) = —1, which contradicts the assumption.
Case 2.2: (d—K) = —1. Then pfifl(pz' + 1) | 2, which is impossible.

Case 2.3: (—) =0. Thenpl pz pZ | 2 and so p; =2 and k; = 1. Then 2 | di
by definition of the Kronecker symbol, which is valid.

Thus p; = 2 is the only prime dividing f, so again f = 2. This yields the non-maximal

order with (f,dr) = (2, —4) and discriminant D = —16.

Case 3: [0} : O*] = 3. Then dx = —3 by Proposition 5.7.3, and we solve Ok (f) = 3.
Case 3.1: (C;K> = 1. Then p; F=l(p; —1) | 3and so p; = 2 and k; = 1. Thus

dg = +1 mod 8 by definition of the Kronecker symbol, a contradiction to —3 =5
mod 8.
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5 The First main theorem of complex multiplication

Case 3.2: (%) = —1. Then pf* ' (pi +1) | 3 50 p; = 2 and k; = 1. Then d = +3
mod 8 by definition of the Kronecker symbol, which is valid.
Case 3.3: (%‘) = 0. Then pfi_lpi = pfi | 3 and so p; = 3 and k; = 1. Thus
dr = 0 mod 3 by definition of the Kronecker symbol, which is valid.
Hence, p; = 2 and p; = 3 are the only primes dividing f, each occurring with exponent
1. Both contribute a factor of 3 to O (f), and since the total product must equal 3, at
most one primes can appear. Thus the only possibilities are f =2 or f = 3. This gives
the two remaining non-maximal orders with (f,dx) = (2,—3) and (f,dx) = (3, —3) and
discriminants D = —12 and D = —27, respectively.

Collecting all cases, we obtain the complete list of orders of class number one in imaginary
quadratic number fields.

Corollary 5.7.6. There are exactly 13 orders of class number one in imaginary quadratic
number fields, thereof 4 are not mazximal, with discriminants

D=-3,—-4,-7,-8,—11,-12, 16, —19, —27, —28, —43, —67, —163.
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6 The cube root of the j-function and its
role in ring class fields

In this chapter, we study a modular function closely related to the j-function: a specific
cube root of j, denoted 5. Building on the First main theorem of complex multiplication
and the theory of modular functions developed in Chapter 4, we explore an alternative
path to constructing ring class fields through this cube root, providing a complementary
perspective on the arithmetic of imaginary quadratic orders.

The chapter is organized into two sections. In the first, we introduce 5 and establish
its modularity. The second section investigates the algebraic integrality of vo(7) and its
role in the explicit construction of ring class fields. Altogether, these results form a key
ingredient for understanding the remarkable near-integer value of e™v163, which serves
as a central motivation for the computations presented here.

This chapter follows the presentation of [3, §12 A], with additional explanations and
proofs included where appropriate.

6.1 The function v, and its modularity

Our first step is to introduce the function 5 and demonstrate that it is itself modular,
thereby preparing the ground for its role in the theory of ring class fields.

We begin by recalling the definition of the j-function of a lattice L = [1, 7], given by
g2(7)°
A(r)’

() = 1728

where A(7) denotes the discriminant of L, defined by A(7) = go(7)? — 27g3(7)?. To
understand how a cube root of j(7) can be defined, we first take a closer look at the
functions involved.

The functions go(7) and g3(7) are holomorphic on the upper half plane H as seen in
the proof of Theorem 2.5.9, and hence so is A(7). Moreover, A(7) is non-zero on H by
Theorem 2.3.22, which implies that a holomorphic cube root of A(7) exists on H.
Since taking a complex cube root involves choosing a branch due to its multivalued
nature, we first examine how A(7) and j(7) behave under complex conjugation.

Definition 6.1.1 (Complex conjugate of a lattice). Let L be a lattice in C. The
complex conjugate of L is defined by L = {& | w € L}.

By definition, w € L holds if and only if @ € L.
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6 The cube root of the j-function and its role in ring class fields

Lemma 6.1.2. Let L be a lattice in C and L its complex conjugate. Then j(L) = j(L).

Proof. For any lattice L C C, we have

T
@pL)=60 > — =60 > ——60 > 1 =9(D),
weL\{O} weL\{O} weL\{O}
and similarly,
= 140 R = 140 =
wen o} ¢ welL\{0} weL\{0}

where the first equality in each line follows from continuity of the complex conjugation.

Thus,
——3
YN 92 (L)

J(L) = 1728 92(L) (T

92(L)3 - 2793(L)2 - 92(L)® — 27g3(L)? =)

O

Lemma 6.1.3. Let 7 € H be purely imaginary, i.e. T =iy withy > 0. Then A(1) € R.

Proof. Let 7 = iy with y > 0. Since A(7) = go(7)3 — 27g3(7)?, it suffices to show that
g2(7) and g3(7) are real-valued. Note that with L = [1, 7], we have

L= [Liy] = [17 _iy] = [17@] = [Liy} = L.

Using Lemma 6.1.2, we obtain

92(L) = g2(L) = ga(L) and  g3(L) = g3(L) = g3(L).

Since ga2(L) = g2(7) and g3(L) = g3(7) by definition, it follows that

92(7) = g2(iy) = g2([1,1y]) = g2([1,1y]) = g2([1,1y]) = g2(iy) = ga(7)

and similarly,

93(7) = g3(iy) = g3([1,1y]) = g3([1,y]) = gs([1,y]) = g3(iy) = g3(7).

Thus g2(7) and g3(7), and hence A(7), are real-valued for purely imaginary 7 = iy.
U

Since A(T) is real-valued when 7 € H is purely imaginary by the previous lemma, and
since cube roots of real numbers are uniquely defined within the real numbers, we may
fix a holomorphic branch of /A(7) on H by requiring it to agree with the real cube
root along the imaginary axis. This choice determines a unique holomorphic cube rootof
A(7) on all of H.
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6.1 The function vo and its modularity

Moreover, since ga(7) is also real for purely imaginary 7 (Lemma 6.1.2), it follows that
the function

92(7)

VA(T)

is real-valued on the imaginary axis. Since both the numerator and the denominator are
holomorphic on H, and the denominator never vanishes (Theorem 2.3.22), v2(7) defines
a holomorphic function on H that coincides with the real cube root of j(7) for purely
imaginary 7. This ensures that the function is well-defined.

Yo (7) == 12

We are now ready to study the transformation properties of v2(7) under the action of
SL2(Z), which will allow us to establish its modularity.

Lemma 6.1.4. Let F(q) =1+ 72, anq™ be a power series converging in a neighbour-
hood of 0 € C. Then:

(i) For any positive integer m, there exists a unique power series G(q), converging in
a possibly smaller neighbourhood of 0, such that F(q) = G(¢)™ and G(0) = 1.

(ii) If, in addition, the coefficients of F(q) are rational, then the series G(q) from part
(1) also has rational coefficients.

Proof. (i): Let F(q) =1+ .72, anq™ be a power series converging in a neighbourhood
of the origin. Define the function H(z) = %/z in a small neighbourhood U of 1 € C
such that H(1) = 1. Then H is holomorphic on U and satisfies H(z)™ = z for all
z € U. Since F is analytic and hence holomorphic with F(0) = 1, and power series
are continuous inside their radius of convergence, F(q) is continuous at 0 € C, so there
exists a neighbourhood V' of 0 such that F(V) C U. Then the composition G = H o F’
is holomorphic on V, since the composition of holomorphic functions is holomorphic.
Moreover, for g € V' we have G(q)™ = (H(F(q)))™ = F(q) and G(0) = H(F(0)) = 1.
(74): By part (i), G is holomorphic and hence analytic, so it can be written as a
power series G(q) = 1+ >.>°, bpg¢™ with b, € C. The equation G(q)" = F(q) im-
plies (14+>0%,b,¢™)™ = 14 >0° 1 anq™. We now compare the coefficients of ¢" on
both sides. Expanding the left hand side using the Binomial theorem gives

(1o Zer) B (0 (Bor) - £ ) (B

k=0

meaning that ¢" appears in the expansion whenever we select terms of the form

by bny =+ + b, ¢ 2T whose indices add up to n. In particular, the only way b,
appears in the sum is when n; = n for some 1 < ¢ < k and n; = 0 for all j # 7. Since
there are exactly k choices for which index ¢ takes the value n, we obtain

an =kby+ > bpy e bp,.
1<ny,...,np<n
ni+...+ng=n

In particular, a; = kby, so by is rational because a; is rational by assumption. Then, by
complete induction on n, it follows that all b,, are rational. ]
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6 The cube root of the j-function and its role in ring class fields

Proposition 6.1.5. For v € H, the following relations hold

V2 (—i) = y2(7)

(1 +1) = G5 1a(r),
where (3 L% sa primitive third root of unity.

Proof. For the first relation, note that —% lies on the imaginary axis whenever 7 does.
Hence, y2(—1) is real whenever v5(7) is. Therefore, y2(—21) is the cube root of j(—1) =
J(7) (Theorem 2.5.9) for purely imaginary 7 € H.

For the second relation, note that replacing 7 by 7+ 1 does not affect j(7) by Theorem
2.5.9, but 7 + 1 is not purely imaginary anymore. We instead use the g-expansion of

§(7) by Corollary 4.2.2:

oo [e's) 0o
i =a ) " =g (1 +2 anq"H) =q ! (1 + anq"> =: ¢ 'h(q),
n=0 n=0 ne1

where the geometric series h(q) converges for ¢ < 1 and so is analytic, and hence
holomorphic. Moreover, h(0) = 1. By part (i) of Lemma 6.1.4, there exists a holomorphic
function u(q) with u(0) = 1 such that h(q) = u(q)3. Since the coefficients of j(7) are
rational as they are obtained by a polynomial division of two polynomials with integer
coefficients, as shown in the proof of Corollary 4.2.2, the coefficients of h(q) are rational
as well, and by part (ii) of Lemma 6.1.4, the coefficients of u(q) are also rational. Now,
for 7 = iy with y > 0, we have

7\_2_2 [ee] ) 7r o0
q_%u(q) = 6_2 3 “ (1 —|— E bn€27m2y> = 623y 1 + E bn 6_27Ty € R, (6].)
—_ _ N~
n=1 n=1 cQ

and since (qféu(q))g’ = j(7) by construction, it follows that qféu(q) is the real-valued
cube root of j(7) when 7 € H is purely imaginary. Finally, using Euler’s identity, we
conclude

72(7_ + 1) _ e—%Qm‘(T-‘rl)u(q) (1 + Z bn62m‘n(7+1)>

n=1

_ 67%67 27r37,‘r u(q) <1 + Z bn€27ri‘l"n62ﬂ'in>

n=1
— ¢ 5u(g) (1 +y bnq”>
n=1
= G5 'y2(7).

2mi/3

where (3 = e is a primitive third root of unity. O
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6.1 The function vo and its modularity

Proposition 6.1.6. For 7 € H and v = (¢4) € SLa(Z), the following relation holds

at +b _ 2 g
) _ Cgc ab+a“cd Cd’YQ(T)-

ntm) = (2

Proof. Since SLy(Z) is generated by the matrices S = (9 ') and T = ({ 1), we can
prove the relation by induction on the length of v = (¢ %) as a word in S and T'.
For the induction base, note that the identity holds for the generators S and T by the

relations from Proposition 6.1.5. Indeed, we have

1a(57) =72 (5 ) = () = a(r)

Yo (T7) = y2(T + 1) = & 1ya(7).

Next, we show that the relation holds for S~! and 7~!. The linear fractional transfor-
mation 7 — Z:j_'g
v=(2%),i.e. y7 =7’ so T =7/ but not necessarily v = 7' if y7 = 7'7, it could happen
that v # + when y2(y7) = 72(7/7). Consequently, it may happen that vo(y7) = vy2(v'7)
for v # 7/, so we must keep track of the exponent p(y) = ac — ab + a?cd — cd of (3
whenever two different matrices yield the same 7.

Since S7! = (% §), we have ST = —1 = S717, 50 75(S77) = 12(57) = 72(7) by
above. As p(S) =0 = p(S~1), the relation holds for S~1. Since ' = (§ '), we have
Tr=71+1#7—1=T"'7. By above we have 7o(7) = 1o(T~'T7) = (3 '2(T~'7), so
Y2(T~17) = (372(7) and the relation holds also for 71,

For the induction step, we first need to prove the following claim:

= 7 is injective with respect to 7 but not necessarily with respect to

v €8SLy(Z), 6 € {ST,T*'} = p(8) + p(v) = p(67) mod 3. (*)
Fix v € SLg(Z), and treat the four cases separately:

(I) For § = S, we have p(S) = 0 and so we show that p(y) — p(Svy) = 0 mod 3.

We have Sy = (;"’ *bd) € SL2(Z) and p(Sv) = —ac — cd + c*ab — ab. With

p(7) = ac — ab+ a’cd — c¢d and ad — be = 1, it follows that

p(v) — p(S7v) = 2ac + ac(ad — be) = 3ac = 0 mod 3.

(II) Let § = S™1. Using case (I) with § = S and v = S~1v in the last step, together
with associativity of multiplication of matrices in SLy(Z), we get

p(7) = p((SS™)7) = p(S(S™')) = p(S) + p(5~"7) mod 3.

Thus, p(S7'y) = —p(S) + p(y) mod 3, and since p(S) = p(S~!) = 0, we have
p(S~1y) = p(S~1) + p(v) mod 3.
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6 The cube root of the j-function and its role in ring class fields

(III) For 6 =T, we have p(T) = —1 and so we show that p(Ty) = p(y) — 1 mod 3. We
have Ty = (“‘(‘:‘C bjf) € SL2(Z) and using ad — be = 1 in the third step, we obtain

(a+c)e—(a+c)(b+d)+ (a+c)’ed—cd

() 4+ ¢ — ad — be — cd + 2ac’d + ¢3d

() + 2 = (1 4+ bc) — be — ed + 262 (1 + be) + 3d
() = 14 ¢(3¢ — 2b — d + 2bc? + 2d)
(7)
(7)
(7)

p(Ty)

v) =14 ¢(=2b — d + 2bc* + ¢*d) mod 3
v) —1+c(c+1)(c—1)(2b+ d) mod 3

where the last equality holds since one of ¢,c — 1 and ¢ — 2 is divisible by 3.

(IV) Let 6 = T~!. Note that —p(T) = —(—1) = 1 = p(T~!) and by using case (I1I)
with 7 = T~y together with with associativity of multiplication of matrices in
SL2(Z), gives the desired relation with the same argument as in case (I1).

For the induction step, we assume that the identity holds for all v € SLy(Z) and show
that it holds for v, where § € {S*!, T#1}. This is now easy:

(1H)

Ya((67)7) = 12(8(v7)) 2 ZDa(r7) B Oty ()

s () .p(o
_ C:»'?( )+p(v)72(7) *) Cg( 7)72(7)’
where the first line uses the associativity of the linear fractional transformation, the
induction base (IB) and hypothesis (IH) and the second line uses the claim (). Hence,
the relation holds for vy, completing the induction. O

With the transformation behaviour of v2(7) under SLo(Z) established, we can now de-
duce the modularity of its scaled version:

Theorem 6.1.7. 2(37) is a modular function for the congruence subgroup T'9(9).

Proof. Consider the congruence subgroup

G:{(Z 2) e SLQ(Z)‘bECEOmOdS}.

First, by Proposition 6.1.6 the function v2(7) is G-invariant. Indeed, for any v = (¢ g) €
G and 7 € H, we have b = ¢ = 0 mod 3, which implies p(y) = ac — ab + a’cd — cd = 0

Cg(v)

mod 3. Hence = 1 and said proposition gives y2(y7) = v2(7).

Next, the group G is related to the congruence subgroup

To(9) = {(Z Z) € SLy(Z)

CEOm0d9},
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6.1 The function vo and its modularity

via the identity

Indeed, for (2%) € G, we compute

b6 -G

Since b = ¢ = 0 mod 3, b is an integer and 3¢ = 0 mod 9. Moreover, the determinant is
1, so the matrix lies in T'o(9). Conversely, for (¢ %) € T'y(9), we have

69696 -6 IE G

As ¢ = 0 mod 9, we have ¢ = 0 mod 3. Also 3b = 0 mod 3 and since again the
determinant is 1, the matrix lies in G. Thus the above identity holds, connecting the
congruence groups G and I'g(9).

Now, we show that v2(37) is invariant under I'g(9). Let v € T'¢(9) and by writing
v = (é ?)ﬁ(%?) with 7 € G by the above identity gives (39)y = ¥(3¢). By the
fractional linear transformation with 7 € H we have

3 0 _(3 0 _
377'—(0 1>77' <0 1)7’—737’,

where we may view 3 as the matrix (3 ), since 37 = ngl) It follows that

Y2(377) = 12(¥37) = 12(37),

where the last equality holds since v2(7) is G-invariant by above. Thus 7, (37) is invariant
under I'g(9). As 742(7) is holomorphic on H and hence meromorphic on H, it remains to
check that ~2(37) is meromorphic at the cusps.

Let v € SLy(Z). By Theorem 4.3.1 j(37) is a modular function for T'y(3), so it is
meromorphic at the cusps, i.e. j(3y7) has a meromorphic expansion of the form

Jj(3yT) = Z angs,

n=ng

with a,, # 0 for some ng € N. Taking cube roots then gives a meromorphic expansion
for v2(3v7) of the form

Y2(3yT) = Z bnq®,
n=ng

with by, # 0 for some ng € N, so v2(37) is meromorphic at the cusps, completing the
proof that v2(37) is indeed a modular function for T'y(9). O
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6 The cube root of the j-function and its role in ring class fields

Remark 6.1.8. Note that G is not the largest subgroup of SLo(Z) fixing vy2(T), but it is
the one that relates the most directly to the congruence subgroups T'o(N). One can show
that the largest such subgroup fixing vo(T) is actually the following:

S = {(‘CL Z) € SLy(Z)

6.2 Algebraic integrality of 7, and the construction of ring
class fields

azdzOmodBorbEcmod3}.

With the modularity of 7o established, we are now ready to investigate its arithmetic
properties. In particular, we focus on the algebraic integrality of its values and on how
they can be used to explicitly construct the ring class fields associated with imaginary
quadratic orders.

Ensuring that ~o(7) faithfully reflects the arithmetic of an order O in an imaginary
quadratic number field requires a careful choice of the representative 7 € H for the
lattice defining 0. While replacing 7 by 7 4+ 1 does not affect j(7), it does change the
value of v2(7) (see Proposition 6.1.5); selecting the appropriate 7 guarantees that the
value correctly encodes the structure of the lattice and the order.

To describe the appropriate choice of 7, recall that any imaginary quadratic field K =
Q(v/d), with d < 0, has an integral basis given by {1,ws}, where

Vd if d # 1 mod 4
w =
K 1*—2‘/3 if d =1 mod 4.

The discriminant dg of K is defined in terms of this basis as

4d ifd# 1 mod 4
dig =
d if d =1 mod 4.

Accordingly, the maximal order is O = [1,wk] and any suborder O C Ok of conductor
f > 1 has the form O = [1,w] with w = fwk (cf. Remark 3.3.2). Its discriminant D is
then D = f?d, as stated in Theorem 3.3.3, and satisfies D = 0 or 1 mod 4.

Associating O with a complex number 7 € H such that O = [1,7], suggests taking
7 = w. However, since the modular function 7, is not invariant under the transformation
T +— 7+ 1, which corresponds to the matrix 7' = (1) € SLy(Z), the chosen 7 might
lie outside the appropriate domain for the modular subgroup relevant for . Thus, to
ensure that y2(7) is evaluated correctly, we must ensure that 7 lies a fundamental domain
for H/S, where S is the maximal subgroup of SLs(Z) fixing 72 seen in Remark 6.1.8.

In the case d # 1 mod 4, the value w = f/d already lies in the appropriate domain, so
we may safely take 7 = w. In contrast, when d = 1 mod 4, the expression w = f 1+27\/E
typically lies outside the above domain. Although w still defines the correct lattice,
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6.2 Algebraic integrality of e and the construction of ring class fields

evaluating o at this point may yield an incorrect value. To avoid this, we instead take
the SLa(Z)-equivalent representative

T=w++1,

which lies in the appropriate domain and satisfies j(7) = j(w) by Lemma 2.5.10.

By Theorem 2.5.5 it follows that the lattices [1, 7] and [1,w] are homothetic and hence
define the same order O by Corollary 3.5.4. Thus, this normalization preserves both the
algebraic structure of O and the transformation behaviour of s, ensuring the correct
value for the associated class field.

We are now ready to state the theorem.

Theorem 6.2.1. Let O be an order in an imaginary quadratic number field K of dis-
criminant D not divisible by 3, and write O = [1, 19|, where

Vd if D=4d =0 mod 4
T0 =
0 3*—2‘/3 if D=d=1 mod 4.

Then ~2(10) is an algebraic integer, and K (y2(19)) is the ring class field of O. Moreover,
Q(12(m0)) = Q(j(70))-

Proof. Let O = [1,79] be an order in an imaginary quadratic number field K of dis-
criminant D not divisible by 3. Since every order in K can be viewed as a lattice in
C (see Remark 3.3.2), Corollary 3.5.4 implies that the elliptic curve E corresponding
to the lattice L = [1, 7] has complex multiplication by O, as L is homothetic to itself
and every order O is, by definition, a proper O-ideal. Then Theorem 5.3.8 implies that
j(E) = j(70) is an algebraic integer. As y2(70)® = j(70), it follows that y2(79) satisfies
the monic polynomial 22 —j(79) = 0, whose coefficients are algebraic integers. Therefore,
~2(70) is an algebraic integer as well.

Since E is an elliptic curve with complex multiplication by O, Corollary 5.6.3 shows that
K (j(7p)) is the ring class field of O. As 72(70) is the real cube root of j(7y), we have

K(j(m0)) = K(v2(70))

and therefore, K (v2(70)) is also the ring class field of O.
It remains to prove Q(v2(7)) = Q(j(70)). By equation (6.1) in the proof of Proposition
6.1.5, we know that the g-expansion of v2(37) has rational coefficients. Moreover, since
v2(37) is a modular function for I'4(9) by Theorem 6.1.7, we can apply Theorem 4.5.2
(), which implies that

12(37) € Q(i(7),7(97)).

As we are interested in y2(7p), we need to evaluate this expression at 7 =
Since y2(37) is holomorphic by definition, and Lemma 4.5.3 ensures that

5 () o) o

70

3 -

103



6 The cube root of the j-function and its role in ring class fields

for N = 9,5 = 3 and 7 = 79, we may apply Theorem 4.5.2 (ii) to conclude that
y2(70) € Q(43(%),5(370)), which we can rewrite as

() €@ (5 ([LR]) sn.3mD). (6.2)

by definition of the j-function. Now set O = [1,79]. Then O’ = [1, 37] is an order of O of
index 3 by Lemma 5.3.2. Then by the same argument as above, Corollary 3.5.4 implies
that the elliptic curve corresponding to the lattice [1,37p] has complex multiplication by
O'. Now we claim that [1, 2] is a proper O’-ideal, so that the elliptic curve corresponding
to the lattice [1, %0] also has complex multiplication by O’ by the same corollary.

Indeed, note that the assumption 3 { D implies 3 { d. If on one hand D = 0 mod 4,
then 79 = v/d and the minimal polynomial of s 922 — d. Since 3t d, this polynomial

has relatively prime integer coefficients, thus Remark 3.5.6 shows that [1, %] is a proper

[1,97%] = [1,370]-ideal. If on the other hand D = 1 mod 4, then 7o = 3+2\/&7 and 7 is

a root of the polynomial 3622 — 36z + 9 — d. Since we have d = 1 mod 4, d — 9 is a

multiple of 4, so that 922 — 9z + % has integer coefficients and still has 3 as a root.

Since 3 1 d, the coeflicients are relatively prime and so by Remark 3.5.6, [1, %] is again
a proper ([1,9%] = [1,37g])-ideal, which proves our claim.

It follows by Corollary 5.6.3, that both j(%) and j(379) generate the ring class field L’
of the order @'. Thus (6.2) implies that y2(79) lies in L'.

Now let L denote the ring class field of O. Then we have L C L’ as seen in Section 5.6.
Let f be the conductor of O. Since O is an order of discriminant D by assumption, then
D is of the form D = f?di by Theorem 3.3.3, where f > 1 is an integer. As O’ is an
order of index 3 in O, it follows that the order O has conductor f' =[Ok : O'] = [Ok :

O] - [0 : O] = 3f and discriminant

D' = (f)dg = 3*f*dx = 9D.
Then, by the degree formula for field extensions and the isomorphism Gal(L/K) = C(O)

by the First main theorem of complex multiplication 5.5.2, we have

L2 K] _|Gal(L'/K)| _ |C(O)] _ h(©') _ h(9D)
[L:K] |Gal(L/K)| |C(O)] h(O) WD)’

(L) : L] =
Then, by Proposition 5.7.2, we get
h(9D) 3 ( (D) 1)
= 1— (=)=
h(D) [O* : O] 3/ 3
3 1
=— —(1+£-
oo (153)

3+1
[O* . O]’

where we used the assumption 34 D and hence (%) € {£1} by the Legendre-Kronecker
symbol. We simplify this expression by considering the three possible cases for the
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6.2 Algebraic integrality of e and the construction of ring class fields

group of units Ok of the maximal order, given by Proposition 5.7.3. Since 3 t D we have
D # —3, so we only need to consider the cases O} = {£1} and O}, = {£1, £i}.

In the first case we clearly have O* = O™ = {1} and so [O* : O"*] = 1. In the second
case we have O* = {1} or O* = {£1,+i}, since O C Ok and the smallest order
containing 7 is the maximal order Ok. As ' is a proper suborder of O (namely of index
3), we get O™ = {£1} in both subcases, and therefore the index is either 1 or 2.

Note that the case where both the numerator and denominator are 2 cannot occur, as
this would imply (%) = —1 and the class number formula would give };L((g g)) = 2, which

contradicts % = 1. Therefore we get

h(OD) 31
WD) o .or 0T

It follows that L’ is an extension of degree 2 or 4 over L.
As L is the ring class field of O = [1, 79, and the ring class field is the field extension of
Q(\/ﬁ) generated by the j-invariant of any elliptic curve with complex multiplication
by O, we have

L= K(j(n)) = QD j(n)).

Since Q(v/D) is a quadratic extension of Q, and j(7) is real while v/D is imaginary, and
hence v'D ¢ Q(j()), it follows that L is an extension of degree 2 over Q(j(7p)).
So we have the following tower of field extensions:

Qe(n)) < I
ul ul

Q@) < L
Then
[L":Q(j(m0))] = [L": L] - [L: Q(j(70))] = (2 0r 4) -2 =4 or 8.

We deduce that Q(v2(70)) has to be an extension of degree at most 8 over Q(j(7)).
But since we know that ~2(7p) is the real cube root of j(79), the extension of Q(y2(m))
over Q(j(70)) has degree 1 or 3. Hence its degree has to be 1, since the degree of the
field extension Q(v2(79))/Q(j(70)) has to divide the degree of the extension L'/Q(j(9)).

This proves Q(v2(70)) = Q(j(70)). =

Note that we restricted to orders whose discriminant D is not divisible by 3 to guarantee
that v2(7) is an algebraic integer. This condition avoids complications arising from the
cube root in the definition of 72 and ensures that the value y2(7) generates the corre-
sponding ring class field. For completeness, we record the case where the discriminant
is divisible by 3.
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6 The cube root of the j-function and its role in ring class fields

Theorem 6.2.2. Let O be an order in an imaginary quadratic number field K of dis-
criminant D divisible by 3, and write O = [1, 9], where

_[Vd if D =4d =0 mod 4
T4 D =d=1mod 4.

Then K (v2(70)) is the ring class field of O' = [1,379] and is an extension of degree 3 of
the ring class field of O. Moreover, Q(v2(0)) = Q(j(370)).

Proof. For a proof see [3, Thm. 12.13]. O

Remark 6.2.3. Besides the cube root vyo(T) of j(T), there is also an interesting square
root to consider. Since A(T) = g2(7)3 — 27g3(7), it follows that

ga(1)* 1) _ 693(7)

j(r) — 1728 = 1728 ( NG NG

and hence we can define

93(7)

v3(T) = \/j(T) — 1728 = 216 AT

Similar to Theorems 6.2.1 and 6.2.2, one can choose 1y such that v3(7y) generates a field
closely related to the ring class field of O = [1,79]. For more details, see [11, Thm. 3].

The integrality of 72(79) leads to an interesting arithmetic property of the j-invariant.
We have seen in Corollary 5.6.4 that for an elliptic curve E with complex multiplication
by an order O of class number one, the associated j-invariant j(E) = j(7p) is an integer.
By definition, we have y2(79)% = j(70), and Theorem 6.2.1 shows that v2(79) € Z when-
ever 31 D. Hence, j(E) is a perfect cube in Z, i.e. the cube of an integer, which not
only explains the following result, but also provides a crucial ingredient for our ultimate
goal of explaining the near-integer phenomenon of e™v163:

Corollary 6.2.4. Let E be an elliptic curve over C with complex multiplication by an
order O of discriminant D and class number one in an imaginary quadratic number
field. If 31 D, then j(E) is a perfect cube.
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7 Algebraic construction of v,

In order to conclude the ultimate goal of this work, we need to prove the remaining part
of Corollary 4.2.2: the coefficients a,, in the j-function’s g-expansion

1 o
j(r) = p + 744 + Z ang"”

n=1

are integers. While the expansion itself has already been established, this chapter is
devoted to that last missing piece. By constructing o algebraically and linking it to the
arithmetic of j, we obtain the integrality result and close the final gap in the argument.
The chapter is divided into three sections. The first two focus on introducing the neces-
sary analytic functions: we begin with the Weber functions, whose g-expansions encode
modular information in a form suitable for algebraic manipulation, and then consider the
Weierstrass o-function, which, through its relation to the Weierstrass g-function, links
the geometry of lattices to these modular quantities. The third section combines these
tools in the algebraic computation of ~», thereby completing the connection between
analytic constructions and arithmetic properties and establishing the integrality of the
j-function coefficients.

The exposition in this chapter is based on [3, §12 B], and has been expanded with
explanations and proofs for material not detailed in the original exposition.

7.1 The Weber functions

We start with the Dedekind n-function and the Weber functions, focusing on their ¢-
product expansions, which will serve as the basis for the subsequent algebraic computa-
tion of v,.

Definition 7.1.1 (Dedekind 7-function). Let 7 € H and ¢ = €2>™". The Dedekind
n-function is defined by

o

n(r) = qx [[(1-q").

n=1

Since 7 € H, we have 0 < |g| < 1, which ensures that the infinite product defining 7(7)
converges absolutely and defines a non-vanishing holomorphic function on H.
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7 Algebraic construction of 7o

Definition 7.1.2 (Weber functions). Let 7 € H. The Weber functions are defined by

1 77(731)
f(T) T C48 77(7_> ’
oy ()
fi(7) n(r)’
= n(2r)
fal7) = V2 n(r)’

where (48 = e = e3i denotes a primitive 48th root of unity.

Note that the Dedekind n-function and the Weber functions are modular functions for
certain congruence subgroups of SLo(Z), but for the full group they satisfy only a weaker
form of modularity, being invariant up to roots of unity. We will examine their trans-
formation properties in the next chapter; here, the full modular property is not needed.

Many functions arising in complex analysis, number theory, or combinatorics can be
written as infinite series in powers of ¢ = €?™7, known as g-expansions (see Section 4.1).
Some of these functions also admit a representation as an infinite product in powers of
q, these are known as g-product expansions. While g-expansions highlight the additive
structure of a function through its Fourier coefficients, g-product expansions reflect their
multiplicative structure and often arise in explicit constructions or factorizations.
Recall that for a meromorphic function f on H that is invariant under a congruence
subgroup of level N € Z~q, then invariance under translations implies that f is periodic
with period N. Therefore, f can be expressed as a function in ¢q. Consequently, the
g-product expansion of f generally takes the form

o0

fr)=a* [T —c-qm*t)en,

n=1
where ¢ € {£1}, o,a,b € Q, and ¢, € C, defined for 0 < |g| < 1.

Proposition 7.1.3. Let 7 € H. The Weber functions have the following q-product
expPansions:

(1+¢"7)

—n
—~
9
~
I
QI
&l
=8

3
Il
—

—n
—
—~~
3
~
I
QI
&l
—8
—~~
—_
|
LS
3
|
N
S~—

i
8)—‘

Pa(1) = V2 ¢2 [[ (1 +4").

i
I
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Proof. We compute the expansions one after another, starting with (7).
Using ¢ = ™7, we calculate

T+ 1 omiTEL L T omi Tl \p
n (T30 = @m s Tl a - @5y

n=1
. 1 . 1 e . .
— (6271'17')@(6171')7 H(l _ emnremn)
n=1
1 © n
=qwGs [[(1—q2(-1)")
n=1
1 s n s n
=qu¢s [[ A-az(-1)") [T A -¢2(-1)")
n=1 n=1
n even n odd
L 00 00
=qwGs [[0-¢") [[0+¢"2)
n=1 n=1

Thus, by using the definitions of the Weber functions and the n-function, we get

) = M) _ 1 s T (L= ) T (L + g7 7%)

G 071 [, (1 — ")
1 s 1
g q_TS H (]_ + qn_i).
n=1

Similarly, for f;(7) we compute

n=1
1 © n
=g [[(1-q2)
n=1
) )
=qu [Ja-¢") [0 -q¢"2),
n=1 n=1

which leads to

_n(3)y _ am (= ) [T (= g™ )

f1(1) = T
T 03 T, (1 — g)
=q % [[(1—q"7)
n=1
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Finally, for fa(7) we have

[eS)
1
(fT 271'127' 5 H 27rzn27'
n=1

I
L
S
—8
—~
—
|
Q

2n)

3
Il
—

I
S
1
\
Q
1
+
Q

) LA +4"),

3
Il
_
3
Il
_

using the third binomial formula. It follows that

fo(r) = 32T _ e Tl (L= g T (L ")
() g3 T2, (1 — ")

~Vagh T+,

n=1

which gives the last expansion. O

From the ¢-product expansions we can derive the following identities connecting the
Weber functions:

Corollary 7.1.4. Let 7 € H. The Weber functions fulfil the relations

F()fL(T)f2(7) = V2
fL(27)f2(7) = V2.

Proof. Using the ¢g-product expansions of the Weber functions calculated in the previous
proposition, we have

o0 o0

Hrh(r) =¢® [J(1+q¢2) ¢ [[(1—¢"2)
n=1 n=1
:q—i Sad (1 an—l)7
n=1
and
Fa(r)n(r) = v2 g [[(1+¢") -7 [ (1 ¢")
n=1 n=1
—fq112ﬁ(1—q )
n=1

110



7.2 The Weierstrass o-function

Multiplying these two expressions yields

i (M) = ¢ 2 [[(1 -1 V2 ¢ (1 - ¢
n=1 n=1
=g 2 ]O—O[ (1-4q") V2 gt 10_0[ (1-q"
nno:dld nne:wlen
=2V2 [[(1-¢")
n=1

Dividing both sides of the equation by n(7) gives the first relation.
The second relation follows from the definitions of the Weber functions and the 7-
function:

i (2)fal(r) = n”((;j) V3 7;7((2; _ 2

7.2 The Weierstrass o-function

Building on the g-product expansions of the Weber functions, we now turn to the Weier-
strass o-function. We introduce its definition and develop its own g-product expansion,
highlighting its relation to the Weierstrass p-function, which will play a key role in link-
ing lattice structures to modular functions and, ultimately, in the computation of ~s.

Definition 7.2.1 (Weierstrass o-function). For a lattice L C C and z € C, the Weier-
strass o-function for L is defined by

o(z; L) =z H <1 - Z> esTa(2)?

weL\{0} w

We will write o(z) instead of o(z; L) whenever the lattice L is clear from context.
Moreover, note that the only zeros of the Weierstrass o-function are simple zeros at the
lattice points (including z = 0), which follows from the factor 1 — 2 = =2,

The o-function is defined by a convergent infinite product of functions that are holomor-
phic except at isolated points, and the product is arranged so that these singularities
cancel out. Since o(z) has simple zeros exactly at the lattice points and no poles any-
where in C, it follows that o(z) is holomorphic on all of C.

Moreover, using the fact that {—w | w € L} = L, a short calculation shows that o(z) is
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an odd function:

o(—z)=—z H (1 — j) e%z+;(%z)2

weL\{0}

- _ L e e 16

= —z H (1 _w>e 2
weL\{0}

== I (1-7) @ = )
weL\{0}

which will be useful to show its quasi-periodical behaviour.

Proposition 7.2.2. Let 7 € H. The Weierstrass o-function for the lattice L = [1,7]
satisfies the following relations:

o(z47) = —eMEF2)g(2)
o(z+1) = —6772(Z+%)0'(Z),
where n1,n2 € C fulfil the Legendre relation nom — n1 = 2mi.

Proof. We prove this proposition in four steps:
Step 1: Define the Weierstrass (-function by

which should not be confused by the Riemann {-function. Since

In(o(z)) = 1In(z) + Z <ln <1 - Z> + 5 + ;;) )

weL\{0} w

applying the chain rule yields

:é-i- 3 ( ! +1+Z).

2
z w w w
weL\{0}

It follows that ((z) has poles at every lattice point L (including 0).
Step 2: Differentiating once more gives

co- () i B oo )

so that we obtain the fundamental relation p(z) = —(’(2). Therefore, for any wg € L,

6+ ) — (=) = e+ wn) = C(2) =~z + ) + (=) =0,
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7.2 The Weierstrass o-function

since the Weierstrass p-function is L-periodic, i.e. ©(z + wp) = p(z). This implies that
the function ((z + wg) — ((2) is constant for every wy € L.

Step 3: Using the definition of the (-function and the identity 71 = ((z + 7) — {(2),
which is independent of z by Step 2, the quotient rule yields

doz+7) o(z)o’(z+71)—0d'(2)o(z+ 1)
dz o(z) o%(z)
_ 0(@)a(z+7)¢(z+17) —0(z)o(z +7)¢(2)
o?(2)
o(z+7)¢(z) +m) —o(z+7)¢(2)
a(2)

oz 4+T1)
el

Now define f(z) = J(UZ(JZF)T ). Then f(z) satisfies the first-order linear differential equation
f'(z) = m f(z), whose general solution is f(z) = Ce™? for some constant C' depending
on 7. Hence,

o(z+ 1) =Ce"*0(2).

To determine C, we evaluate at z = —7. Using the oddness of o(z), we get

o (;) =Ce Mig (—;) = Ce Mig (;) .

Since o(5) # 0, it follows that —Ce ™3 =1, so that C' = —e™%. Substituting back
gives
o(z+7) = —eM3eMg(z) = —eME+3)g(2),

which is the first quasi-periodicity formula.
Similarly, replacing 7 with 1 and using 72 = ((z + 1) — {(2) gives the second formula

o(z+1) = —e®ET2)g(2).

Step 4: It remains to show that n; and 79 fulfil the relation 27wi = 197 — n;. For that,
choose v € (—1,0) and let P = Py + v = {A\1 + Xo7 | ¥ < A1, A2 < 7+ 1} be a period
parallelogram for the lattice L = [1,7] with boundary C = ¢ P. Then C is a simply
closed curve, assumed with positive orientation. Since ((z) has a pole at every lattice
point (including 0) by Step 1, the only pole of ((z) in P is 0 (note that 0 € P since
-1 <v<0s00<y+1< 1), and it does not lie on C. As the function o(z) is
holomorphic on C, its derivative ¢’(z) is holomorphic on C as well, and so the quotient
Z/((j)) is meromorphic on C. Thus, all the assumptions for Cauchy’s argument principle
1.0.8 are satisfies, and we can apply it to conclude that

= J/(z) = ) - zeros of o in — oles of ¢ in
/Cg(z) dz—/co_(z)dz_%rz (( f o in P)— #(poles of & in P)).
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7 Algebraic construction of 7o

Since the only pole of ((z) in P is at z = 0, the only zero of o(2) in P is also at z = 0.
Turning to the poles of o(z), we consider the zeros of ( L which are determined by the

factors —*- for w € L\{0}. These never vanish for z ¢ L, so o(z) has no poles in P
other than at the lattice points. Therefore,

/CC(z) dz = 2mi.

Now let C;, i = 1,2, 3,4, be the bottom, right, top and left boundaries of the parallelo-
gram C respectively, all with induced positive orientation. Then

2mi = /( dz—/C dz+/ ¢(z dz+/ ¢(z dz—I—/C

Y147 YH1+(y+1)T Y+(+D)7 YT
= C(z) dz + C(2) dz + ((z) dz + C(2) dz
YT V14T YHIH(y+)T Y+ T

Using the same idea as in Proposition 2.3.9, namely, by considering the integrals over
the bottom and top boundaries of C, and the identity n; = ((z 4+ 7) — ((z), we obtain

Y1497 YA+(v+1)T
/ dz+/ dz-/ ((z) dz+ ((z) dz
gl

7 YHI+(y+ )7
v+1 v+1
= [ ¢t m du= [ Gt (4 D7) du
8! 2!
1
:/ C(u+~r) du—/ C(u+~T+7) du
v v
7+1 v+1
:/ C(u+~7) du—/ C(u+~1)+m du
2! 2!
y+1
=— mdu = —n,
8!

with the change of variables u = z — aT with a = v, 4+ 1 in the second equality.
Similarly, by considering the integrals over the right and left boundaries of C', and the
identity n = ((z + 1) — ((z), we get

YHI+ (DT YT
/ dz+/ dz-/ ¢(2) dz+/ ((2) dz
Y147 Y+ +)T

y+1 y+1
:/ C(y+ur+ )T duf/ C(y+ur)T du
7 v
Y+
= C(y+ur)+mno)T du—/ C(y 4+ ur)T du
¥ ¥

= / N7 du = 19T,
v

with the change of variables z = v + ur + 1 for the first and z = v + ur for the second
integral. Combining these results yields 2mi = 17 — 11, as desired. O
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7.2 The Weierstrass o-function

In such way as the numbers 1 and 7 are called the periods of the Weierstrass gp-function,
the numbers 7; and 70 are called the quasiperiods of the Weierstrass o-function.

Although the o-function is not periodic, we aim to express it as a g-product expansion,
which will help us connect it to the Weber functions and the Dedekind n-function. To
do so, we need the following theorem:

Proposition 7.2.3. Let 7 € H and let L = [1, 7] be the corresponding lattice in C. For
z,w € C\L, the Weierstrass o-function and the Weierstrass p-function satisfy

ol :_U(z—i—w)a(z—w)
p(2) = p(w) (2)02 ()

Proof. Let z,w € C\L, and set

oy = -2 ol )

We break down the proof of this proposition into three steps:

Step 1: We show that f(z) is an even elliptic function for L, this will then imply that
f(2) is a rational function in p(z) by Lemma 3.1.1 (i1).

Since the Weierstrass o-function is odd as seen earlier, it follows that f(z) is even:

o(—z4+w)o(—z—w) o(z —w)o(z+w)

f(=2)=— =— = f(2).

o?(—2)o%(w) o?(z)o?(w)

To verify periodicity, it suffices to show that f(z+1) = f(z+7) = f(2), since L = [1, 7].
Using the quasi-periodicity relations from Proposition 7.2.2, we obtain

o(z+w+1)o(z —w+1)

o2(z+ 1)o?(w)

- 62’72(z+%)02(2)02(w)

oz +w)o(z —w
- ( 2 ) 2( ) = f(Z)7

0%(z)0*(w)

flz+1) =

and similarly,
o(z+w+T)o(z —w+T)
o%(z 4 7)o2(w)
eMEt ) gz 4+ w)eMmE—w+3)g(2 — w)

2 +2) 52 (2)02 (w)

flz+71)=—

o(z+w)o(z —w)

=TT e

Therefore, f is doubly periodic with respect to L.
As 0(z) is holomorphic on C and vanishes precisely at the lattice points L, any poles of
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7 Algebraic construction of 7o

f(z) arise only from zeros of o(z) in the denominator. Thus, f(z) is meromorphic on C.
Step 2: We show that the Laurent series expansion of f(z) at z = 0 starts with Z%
Since we established in Step 1 that f(z) is meromorphic on C with poles only at the
lattice points L, it is meromorphic in a neighbourhood of z = 0, and hence admits a
Laurent expansion there. To determine the leading term, we write

f(2) = 1 (_a(z—i—w)a(z—w))

o?(z) o?(w)

g, ()

weL\{0}

Both factors in the parentheses are holomorphic near z = 0. Indeed, this holds for the
first factor, since o(z) is holomorphic near z = 0 and we exclude the initial z-term. For
the second factor, the nominator is holomorphic as w ¢ L, and the denominator o(w)?
is non-zero by the same assumption, hence the whole expression is holomorphic near
0. Hence both factors admit Taylor expansions, so in particular Laurent expansions
involving only non-negative powers of z. Their constant terms are found by setting
z = 0. The first factor evaluates to 1 and the second one is

00 +wo(0—w)  oWw)(-oWw)  —ow)?

2 2 5 = L

o(w) o(w) o(w)

It follows that the Laurent expansion of f(z) at z = 0 indeed starts with the term Z%

Step 3: We conclude f(z) = p(z) + C for some constant C' and deduce the formula.
Since f(z) is meromorphic on C with poles only at lattice points L by Step 1, it is
holomorphic on C\L. Moreover, f(z) is an elliptic function for L by Step 1, so by
Proposition 3.1.2, it can be expressed as a polynomial in p(z), that is, there exists
A(z) € Clz], such that f(z) = A(p(z)). By Step 2, the Laurent expansion of f(z) at
z = 0 starts with Z%, which matches the leading term of the Laurent expansion of g(z)
(Theorem 2.3.18). Hence, the polynomial A(z) must be linear of the form A(x) =z +C,
so that f(z) = p(z) + C for some constant C' € C. To determine C, we evaluate at
z = w. Since 0(0) = 0 by definition, we get
o(w+w)o(w—w) o(2w)o(0)

I ) I 70 R

Therefore, C' = —p(w), giving the desired formula f(z) = p(z) — p(w). O

While one-variable g-product expansions (Section 4.1) reflect the periodic behaviour
of functions with respect to the lattice L = [1, 7], the two-variable case generalizes this
structure to functions that are typically no longer periodic with respect to L. Instead, the
focus shifts to quasi-periodicity. This is naturally reflected in their g-product expansion
in two variables, involving both ¢, = €*™7 and ¢. = 2™, which encode both the zeros
of the function and their quasi-periodic transformations under lattice translations.

A central example is the Weierstrass o-function, whose quasi-periodicity we established
in Proposition 7.2.2, and which admits the following two-variable ¢-product expansion:
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7.2 The Weierstrass o-function

Proposition 7.2.4. Let 7 € H and z € C. The Weierstrass o-function has the following
two-variable g-product expansion:

121 o (1-grg)(1— %)
0(2) = 5—e™7(¢2 — ¢ ?) =,
2mi : : nl;[l (1 - q¢)2
where ¢, = 2™ and q, = €>™=.

Proof. Denote by f(z) the right-hand side of the above equation. We prove the propo-
sition in four steps:

Step 1: We show that the zeros of f(z) and o(z) are precisely the lattice points in L.
Since the quotient of holomorphic functions is holomorphic whenever the denominator

is non-zero, it will then follow that ?8 is holomorphic on C\L.

By definition, the Weierstrass o-function has simple zeros at the points of L (including
z = 0). The zeros of f(z) occur in two ways:

N

1 _ , . .
e ¢ =g, 2, which gives €™? = e7™%, or equivalently, e>™* = 1, so that z € Z C L.

° qﬁqéﬁl = 1, which means e2mn7+2miz — 2mi(nT£2) — | g6 that nT+2 € Z and hence
z =m + nt for some m € Z, and since n € Z, we have z € L.

This case distinction includes the lattice point z = 0, which is also a zero of f(z).
Conversely, let z=m +n7 € L. If n =0, then

by Euler’s identity. If n > 0, then

ﬁ — 627Ti(7ZT—Z) — e—27rim — (_1)—2m =1,
qz

and if n < 0, then
q;nqz _ e?wi(z—n’r) _ e?m’m _ (_1)2m -1

Hence every lattice point z € L corresponds to a zero of f(z), which matches the simple

zeros of o(z). It follows that the quotient % is holomorphic on C\L.

Step 2: Next, we show that % is L-periodic. Since every lattice L C C is homothetic
to a lattice of the form [1,7] with 7 € H, we may assume L = [1, 7]. Therefore it suffices
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7 Algebraic construction of 7o

to show that fg g has periods 1 and 7. We begin by computing f(z + 1):

L om&8= 1 o (= dren) (- glat)
1 = —¢ 2 2 T 74241
f(Z + ) 27‘(’16 z Qz-l,-l ]J (1 — q7T_L)2
_ LQWQ(Z_‘—TU(eﬂi(Z‘Fl) B e—ﬂi(z-l-l)) (1 _ qn 27rl(z+1))(1 _ q:}e—27ri(z+l))
2 n=1 (1 - qg})Q
— Léh%(ewizewi _ e—ﬂ'ize—ﬂ'i) lo_O[ (1 q:} 27”2 27”)(1 q77} 727rzz€727m>
> -1
= eng 22;'1 Lenz 22 (671'1,2(_1) —7mz ]- - ngzl)(l _Qq;LqZ 1)
2mi n:l (1 - q;’})
L w2 i (= ale:)(1—graz")
— (—1)em(z+3) 7722 @z —q a-q "q;
o 27”6 " nrzll (1—qp)?
_ *6n2(2+%)f(z).

Aso(z+1) = —e”2<z+%)a(z) by Proposition 7.2.2, we conclude that
o(z+1) —6772(Z+%)U(Z) _o(z)
Fe+1) ~ onCibpo)  f)

627Ti(Z+T) — o2miz 2miT _ ¢-qr, SO we get

Now we compute f(z + 7). Note that ¢, =

1 42 1 = (1= @ qeir) (1 — qqz )
ﬂ“ﬂ:%wz(@”%”g (1= a)?
2ZT+T 1 32 i1 -1 -1 od (1 — qn+1 )(1 — qn_lq_l)
— T2 —e™T (g2g2 — g, 2q. 2 = .
=e 27_”,6 (QZ qr q- “qr ) n:1(1 _ q¢)2

Using the Legendre relation nor — 11 = 2me gives
2 z+T . zZ4T T : T
T er BT (t2mi) BT i (2+3) 2mi(2+ )
. o . 1
— M (z+§)e27rzze7m7— — M (z+§)qzq7g 7
and rearranging the terms in the product yields

o0
Hl—q”+1 )(1— g2 lqz_l):Hl—qn“ )T -a et
n=1 n=1 n=1

o o
:Hl_qqunl_qu
m=2 p=0

— <11 ﬁ(l—qi”%)) (1—qz lo_o[ (1—qPg;! )
p=1

— 4749z =
=T 1—-qlq.)(1—qrq; ).
el | CEVSEYE

(7.1)
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7.2 The Weierstrass o-function

Combining these two facts gives

1—q;t 35 (1—qPq.)(1 — ¢q;t)
1—¢rq: ;= (1—gh)?

o L1 2 11 3 —3
Flz+71)=enEt)g,q2 W6”27((136172 —q:7¢r ?)

1 1
71 5 5 -
Ll EE T ) ).
1_Q‘rq,z

1 1
11—q;b ¢Ze —q:%qr -1 qq —1 )
QZQT 1 — ‘ 1 1 1 — — 1 — — 1.
4rq: qZQ —q. p) 4rq- qz

Thus, we obtain
Flz47) = et D ()
and since o(z 4+ 7) = —eM T 2)g(2) by Proposition 7.2.2, we again conclude that
o(z+71)  o(2)
flz+71) f(2)
o(z)

Hence, ) is invariant under shifts by 1 and 7, and therefore L-periodic.

Step 3: Now, we show that ;EZ) is holomorphic at z = 0 and assumes the value 1 there.

z)
By Step 1, both o(z) and f(z) have a simple zero at z = 0, so their quotient % is

well-defined at 0. We write

o(2) .z [oervioy 1= 2) es T3
IO = (1—qnq-)(1—%2)
2 2 zZ 00 —4r 4z .
gz — 4z~ 273 Hn:l — T 9z

so by inserting z = 0, all factors in the products and the exponential evaluate to 1.
Turning to the first fraction, both the numerator and denominator vanish at z = 0,
but are holomorphic near 0. Since the derivative of the denominator does not vanish at
z =0, we may use L’Hopital’s rule (1.0.2) to compute the limit:

1 271
9mi lim ————— = 2 lim ——— A
20 Tz _ g~ Tz 20 7T’L(€7”Z + e—mz) 271
Hence, lim,_,q % = lim,_,o % exists, and the function (]’:22 extends holomorphically

to z = 0 with the value 1, as claimed.

Step 4: Finally, we conclude that o(z) = f(z). Since % is holomorphic on C\L by
Step 1 and both o and f have simple zeros at the same lattice points, all singularities of
the quotient are removable. Indeed, near any w € L, we can write 0(z) = (z — w)o1(2)
and f(z) = (z — w) fi(z), where o1 and f; are holomorphic and non-vanishing near w

by the Taylor expansion of o and f at w, so their quotient ;8 = ?i((;) is holomorphic

near w. It follows that U(? extends to a holomorphic function to all of C and hence is

meromorphic on C. By Step 2, this function is L-periodic and hence an elliptic function
for L. It follows that it is constant by Liouville’s Theorem 1.0.6. Since % assumes the

constant value 1 at z = 0 by Step 3, we conclude o(z) = f(z). O
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7 Algebraic construction of 7o

7.3 Algebraic computation of v,

We now arrive at the final step of our algebraic construction. Having developed the ¢-
product expansions of the Weber functions and the Weierstrass o-function and clarified
their interrelations, we can now explicitly construct 2. This construction forms the
missing link to the arithmetic of the j-invariant and leads to the proof that the coefficients
of its g-expansion are integers.

Lemma 7.3.1. The following formulas, involving the Weierstrass o-function, the Weber
functions, the Dedekind n-function, and Legendre’s relation, hold

2 2
o <T> = Le’”%q_éfl(ﬂ ,
2 21 n(T)?
(7 + 1) i, 0?1 f(7)?
g = e 8 q 8 .
2 2 n(T)?

Proof. The main tool for this proof is the g-product expansion of the o-function from
Proposition 7.2.4. We compute the formulas one by one.
For o(1), we begin by rewriting the product

- rp (L)1 —a)”
1 _|_q T T
1L U =

(I+¢)(1—gf)?* 7 (1—¢")?
(1—qn)? 7}1 (1—qp)?

1 2 1 1 2
qr (qT o (1 — g2 ¢ ° (%"’f— ?:1(1—q37)>

~1 1 2 1/ 1 2
- (qT <1—qf>) P (qz4 zilu—qz))

Il
|| ::]8 |

_ @21 -~ La(r)?
= ,L =qr 2
qr 2n(T)?
At z = %, we have ¢, = ™ = —1. Substituting ¢ = ¢, in the g-product expansion of
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o(z), and using the above calculation gives

o <1> = ie%((—l)% — (—1)7%) H Sk ittt )

2 270 i (T—gm)?

L e%ao m(1+4")°

2mi ne1(1—q")?

1 12 q_ﬁL(TF

=_—e82i—p2

2w gmaEg(r)?
_ 1 ma(r)?
C2m ()

For o(%), we again start by rewriting the product

= n+i n—1 1 s n—i 9
Hl_q 2 1—QT 2):7;1_‘[(1_%_ 2)
n=1 1_qu n=1
1 2
@ [ AT !
= T | dr H(l_qT )
1—q72 n=1
1
g2
= - ;fl(T)Qv
1—q7

where in the first equality we used the same trick as in equation (7.1).
1

At z = 5, we have ¢, = e’ = ¢2. Substituting again ¢ = ¢, we get

) 00 a4l ol
J<T>:Penzg(q1_q1)ﬂ<1 ¢ )1 —q"72)

27 el (1—q")?

1 1
1 2 1 I (1 — g™ 2) (1 — ¢ 2)
= e (gh - g bt D D
211 Hn:l(l_q )
_1 1 2
_ 1 6772%q4 —q 1 q24f1(7')
2mi 1— q% q—%n(T)Q
2
= — ™’ Bfl(T)
2mi n(T)?
2 2
= LenQ%q_éfl(T)
2m n(t)?
where we used i~ = —¢ and
1 _1 1 1(1 1) _5 1 1 1
q4—q 4 q24 —q 4 —q2 q 24q4 1 —q2 1 1
T T = T 1 1 = —q 4 1 q8 = —q 8
1—q2 q 12 1—q2 q 3q1 1—q2
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Finally, for O'(HTT), we similarly rewrite the product

i n+i n—1 1 b n—=3.9
[[a+e H0+e )= —=[[C-a ?
n=1 1+ g7 n=1
31 o 2
_1 _1
_ qr . <q7_ 18 H(l_i_qf: 2))
1+ g7 n=1
1
q24
= . ;T(T)Q'
1+¢q7
. 1 1
At z = HTT we have ¢, = ¢™(Tt1) = ¢2¢i™ = 42 and substituting again ¢ = ¢, yields

1+7 1 (1+7)? 11 L1 (1—|—q”+%)(1+q"7%)
G R e O e e

1 1OTI® (14 g™ 3)(1 & g™ 3
o (" RGP L= el () Lhat
nzl(l_qn)

., 4 -1 1
1 pes?ile! +art) | g¥f(7)’

- . 1 _ 1

2mi 1+q2  a =n(r)?

O

_ 1 pute tar ' q?‘if(T)2

2 14+q¢2 q 7n(r)?

2

IRPNEEENTD

2m n(T)?

where in the last equality we used

—_

+

L
[SIES

SIS S L _1(;+1) _5 1
qi+q 1 g2 q %(q2 q 21q1 1 1 1
P W T 11~ 4°* T ¢85 =¢q 8
14 q2 q 12 14 q>2 q 3q4 14 q2
This completes the formulas for o(3),0(3) and o(ZH). O

The next theorem summarizes the computations carried out in this chapter, providing
explicit expressions for the yo-function, and in particular for the j-function.

Moreover, it allows us to finally conclude that the g-expansion j(7) has integer coeffi-
cients, thereby establishing the remaining part of Corollary 4.2.2.

Theorem 7.3.2. Let 7 € H. Then A(7) = (27)2n(7)** and

f(r)* =16 §1(1)** +16 _ fo(7)** + 16

2= T TS T ReR
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7.3 Algebraic computation of vy

Proof. For the first part, we relate the Dedekind n-function and the Weber functions to
the Weierstrass go—function Let p(z) denote the p-function for the lattice L = [1, 7], and
recall the half-periods 1,7 and 3+ of L from Lemma 2.3.21. Set e = p(3),e2 = p(5)

202
and e3 = p(l‘gT). We prove the following differences:

4

f(r)®
e1 — ez = won(7) 1 (1)® (7.2)
€3 — €2 = 7T27}(7')4f2(7)8

e] —eg = 7r277(7)

using the Weierstrass o-function and its properties.
By Proposition 7.2.3, the p-function can be expressed in terms of the o-function as

o=t = -l

for w,z € (C\L We apply this identity to the three pairs of half-periods.
With z = 3 L and w = Z, we have

eel) o)

)

%)_ LG ARY
o(3)

) = —6_772%

/-\
\_/’\

— 2 —HJ-"- )U(

2
g2

N \/

02(%) (%)’

where we used Proposition 7.2.2, and the oddness of o(z) in the last step. Using the
formulas from Lemma 7.3.1, we get

. 1 @R L
I S G ) B w4 ey
1 T 2
7)) e B hen il
1_f(n)*
_ w0
B e S f1(7)4f2(m)*

1

as the factor ¢~ 4 cancels and

(147)2
2 2% 772
T € 4 T € 4 e'“2e T T
—e Mz — = T2 2— = —e 33 = 1.
n2 72 n2 T2
et -elT ed - ePa

Using §(7)f1(7)f2(7) = V2 from Corollary 7.1.4, we conclude

N, en@)(r)!

— " =7 = w2 (1)4(1)8.
() ()7 a0 e

61—62:471'2
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Similarly, with z = % and w = 14T

5, we compute

e —e3 :p<;> _p<142-7'> _ _U(l—i-%lal(—%)

)
enrpt 0B)0(5) g ()
o%(3)0%(H57) o2 (3)0*(HT)
72 4
na Tt 4_1267727(1_42(:))4
__emT
2. 4 a+n? 1 4
G e
=1 f(n)?
_ 4n? n(r) — 4 () 1 (7)
1 @4 1§ 4 4
o a0 R

4 4
n(7) (7
:471'2 ( )4 ( ) :7T277(7—)4f1(7-)87
f1(r)*
by Proposition 7.2.2, Lemma 7.3.1, Corollary 7.1.4 and as

2 2
ol T N2 juink
ppril e eP3es )
2 = =
‘ 2o R OR mE e
ede 1
Finally, with z = 137

%—@zp(“”)_p():_07+bd9:éwy (%)
2 2) *(5H)e*(3) 2(57)02(3)
n2 4
— mTTH ﬁe * f;((;—))4
—e - o

n(r)*
1 fa(n)?
— pm—mer) T 4m? n(7)*
11§ -1 f(n)?
47T2q

fo(r)?
— 7_[_26—7ri7—6—7ri77(7_)4f2 (7_)8
= mon(r) f2(7)",

6Z7T —

again by Proposition 7.2.2, Lemma 7.3.1, Corollary 7.1.4, using no7 — m = 2w and
= —1, and as

n2 n2
1 e 41 e 41 1
eMmM—  — = — Nl =M
(1+7)2 2
el 1 T

2 2 7 — e(mim‘r) T;rl .
n2 T T T T T
ed ez 7 7 e2z 273
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7.3 Algebraic computation of vy

Now, using these differences, we can express the discriminant A(L) = A(7) of the lattice
L = [1,7] in terms of the Dedekind n-function by applying the connection between the

half-periods of a

lattice and its discriminant explored in the proof of Theorem 2.3.22:

A(T) = 16(e; — 62) (e — ) (eg — 63)2
2

= 16(m*n(r)*(r)*)*(
= 24 2n(m) () o
= (2m)"n(r)*,

w2n(r) a (r)*) (w20 (1) a(7)*)?
(7) "R ()"

where the last equality follows from Corollary 7.1.4.
For the second part, note that n(7) is strictly positive for purely imaginary = € H.
Indeed, for 7 = iy, we have

e}

771'2, s 7ri2 n — T TYn
n(iy) = 62241] H(l — 62 e ) = e H(l - e_%) € R<p.

n=1 n=1

It follows that the expression A(7) = (27)127(7)?* is not only real, as already established

in Lemma 6.1.3,

but also strictly positive for purely imaginary 7. Hence, its cube root

is well-defined and given explicitly by

VA(T) = (2m) (7).

By definition of ~2(7) in Section 6.1, this gives

10(r) = {f3(m) = 12200 _1p_02(0) __ 32(7)

VA(T) T @m)in(r)s drin(r)®

Now, we express ¢ga2(7) in terms of the Dedekind n-fuction and Weber functions. The
idea is to first relate g2(7) to the e;’s and then apply the above differences (7.2).
Recall from Theorem 2.3.22, that the e;’s are roots of the polynomial 423 — go(7)x —g3(7)

g2(7)

and satisfy ejes + ejeg + egeg = —=3~ and e; + ez + e3 = 0. We compute

=4(e; +e9 + 63)
e? 4 e2 4 e2) + 8(eren + eres + eges)

NN

eo — 61) — (e2 —e3)(es —e1)) + 12(erea + ere3 + ezes)

(
A((e2 = €1)” = (e2 — es)(es — e1)) + 12 (_QU)
(

(
(e}
(
( 4
(

4((eg — e1)* — (e2 — e3)(e3 — €1)) — 3g2(7),

which yields 3g2(7) = 4((e2 — e1)? — (e2 — e3)(e3 — e1)). Using the differences (7.2) gives
392(7) = 4((=m*n(r)§(7)%)? — w*n(7) () m?n(r) f1.(7)%)

= 4r'n(r)>(5(7)"0 = Fa(7)*1(7)").
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7 Algebraic construction of 7o

Hence, substituting this into the formula for 5 (7) yields

_ Artn(n)P () — a(r)*f1(7)%)

Ya(T)

drmin(T)8
= (1) = fa(7)*h (1)
_ f()16 _ 16
_ f(r)* —16
f(r)s 7

where we used Corollary 7.1.4 in the third equality.
To obtain the remaining two formulas, note that the expression

4((ea — €1)? — (ex —e3)(e3 —e1)) = €2 + €3 + €2 + 2(ejen + egez + ere3)
is symmetric in the e;. By permuting the indices, we obtain two additional equations:

3g2(T) = 4((e1 — e3)” — (e1 — €2)(ea — €3))
3g2(7) = 4((e3 — e2)” — (e3 — e1)(e1 — e2)).

Again, using the differences (7.2) together with Corollary 7.1.4, we obtain

392(7) = 4((e1 — e3)” — (e1 — e2)(e2 — €3))
= 4((F*n(r)*11(1)%)? = wPn(r) ()P (= >n(T) a2 (7)?)
= 4r'n(T)3 (F1(1) "0 + §(7)2(7)®)
()8 (5 (16 4 16
st (o) + 15
4 sh(n)* 16
= 47*n(T) 7f1 L

and similarly,

3g2(7) = 4((e3 — €2)” — (e3 — e1)(e1 — €2))
= 4((*n(7)2(1)*)? = (=70 (7)1 (7)®)mn(7) (1))
= 47 (7)3(F2(7) "0 + 1 (7)*§(7)®)

— At ()8 )16 16
-4 ()" + 155

8f2(7')24 + 16
fa(m)®

Substituting these expressions into v2(7) yields the two remaining formulas:

Cf(m)* 416 fo(1)** 416
2= EE T T LR

= 47r477(7')
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7.3 Algebraic computation of vy

Corollary 7.3.3. The q-expansion of the j-function has integer coefficients.

Proof. By definition, y2(7) is the unique real cube root of j(7) for purely imaginary 7
(see Section 6.1), so v2(7) = ¥/j(7). Using the formulas from the previous theorem, we
obtain

5 J(0)* =16 f1(1)* +16 fao(7)* + 16

](T) = 72(7) = f(T)S 1 (T)g fg(T)S
_ F(0)* () f2(7)* + 16 P(F(7), f1.(7), f2(7))
f(7)%51(7)%2(7)® ’

where P(f(7),fi1(7), f2(7)) is the polynomial

P(f(1), }1(7), F2(7)) = F()*51(7)** + (1) 2 (7)** = f1(7)**2(1)**
+ 16f(7)%* — 16§, (7)** — 16§3(7)** — 16

in the Weber functions f(7), f1(7) and f2(7) with integer coefficients. Using the relation
§(7)§1(7)f2(7) = V2 from Corollary 7.1.4, we rewrite the nominator and denominator as
powers of /2, giving

i) = V2 A 16PG) i), ()
\/§8

= 256 + P(f(7), f1(7), f2(7)).

Substituting the three functions by their ¢-product expansions from Proposition 7.1.3,

oo
1 1

() =q 5 [[(1+4"2)
n=1
) =q % [0 —q" )
n=1
Fo(7) = V2 g2 ﬁ(l +4q"),
n=1

into the polynomial P yields a power series expansion in ¢ with integer and rational
exponents. The coefficients of this series are integers: indeed, both §f(7) and f;(7) have
integer coefficients and so f(7)** and 1(7)?* do as well. In the case of fo(7), raising
the prefactor v/2 to the power of 24, allows also fa(7)** to have integer coefficients.
Therefore, combining these expansions through addition and multiplication preserves
integrality, and the resulting power series has integer coefficients.

Now it remains to compute its leading power. The functions f(7) and fi(7) both
start with ¢~ 7, while fo(7) starts with g2, Consequently, both f(7)**fo(7)%* and
§1(7)%42(7)?* start with g2, while §(7)241 (7)%* starts with ¢~ 1.
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7 Algebraic construction of 7o

Finally, since we have already established in Section 4.2 that the j-function admits a

g-expansion
o

J (T) = Z cnq"
n=-—00
with integer powers, the linear independence of the monomials {¢" | r rational} over C
implies that all coefficients of actual rational powers of ¢ must vanish, leaving only integer
powers beginning with ¢~'. Hence, the resulting power series has integer coefficients,
which proves the theorem and completes the proof of Corollary 4.2.2. ]
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8 Conclusion

This final chapter brings together the results developed throughout this work and culmi-
nates in the main conclusion. Building on the formulas for v9(7) derived in the previous
chapter, we make the arithmetic of class number one fields fully explicit. These expres-
sions, originally introduced to establish the algebraic properties of 72, prove particularly
useful for the explicit computations carried out here. In doing so, the analytic and alge-
braic aspects of complex multiplication meet in concrete computations that reveal the
remarkable near-integrality of ™V 163,

The chapter is organized into two sections. In the first, we employ the formulas for
~2(7) to numerically approximate its values and thereby obtain explicit results for j(E).
While this step is not strictly necessary - the integrality of j(E) already follows from
Corollary 5.6.4 - it requires only minimal additional effort and provides a concrete illus-
tration of the theoretical results. The second section then combines these computations
to demonstrate that e™163 lies extraordinarily close to an integer, thereby concluding
the central line of reasoning that has guided this work.

The first section of this chapter follows [3, §12 B-C], with additional explanations and
proofs, while the second section presents original conclusions and exposition.

8.1 Numerical computation of v,

We now reach the stage where our theoretical framework meets computation. With
~v2(7) expressed via Weber functions and their transformation properties in hand, we
can numerically approximate its values for each order of class number one, directly
linking these algebraic results to the arithmetic of the corresponding j-invariants.

Recall from Corollary 5.7.6 that there are exactly thirteen orders in imaginary quadratic
number fields of class number one, corresponding to the discriminants

D=-3-4,-7,-8 —11,-12, 16, —19, —27, —28, —43, —67, —163.

According to Corollary 5.6.4, the j-invariants j(E) = j(7) of elliptic curves E with
complex multiplication by such orders are integers. Moreover, for the ten discriminants
not divisible by 3, Corollary 6.2.4 shows that these values are perfect cubes. Since s is,
by definition, the unique real cube root of the j-function, it follows that in these cases
v2(10) = /j(70) is an integer, for a suitably chosen element of the order (as in Theorem
6.2.1). Rather than evaluating 7, (7p) directly, we approximate it using the expressions
in terms of the Weber functions derived in Theorem 7.3.2. Since ~2(7p) is an integer, an
approximation within half an integer then suffices to determine its value uniquely.
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8 Conclusion

As mentioned in the previous chapter, the Dedekind n-function and the Weber functions
satisfy only a weak form of modularity for the full modular group. We will now examine
their transformation properties, which follow directly from Theorem 7.3.2.

Proposition 8.1.1. Let ¢, = e2™/™ be a primitive n-th root of unity. Then we have

n(T+1) = Cn(r)
U (—i) = V—irn(7),

where the square root is chosen to be positive on the imaginary axis. Moreover,

f(r+1) = (g fa(7)
Fi(r+1) = g f(r)
fo(7 + 1) = Caafa(7),

and

Proof. We start with the transformation properties of the Dedekind n-function. The
first formula follows immediately from the definition of (7). For the second formula,
we consider the discriminant of a lattice L in C, given by A(L) = g2(L)® — 27g3(L)?. In
the proof of Theorem 2.5.5, we showed that for any non-zero A € C, the functions g
and g3 scale as g2(AL) = A"*go(L) and g3(AL) = A~%g3(L), which implies that

AAL) = A"2A(L).

Now let L = [1, 7], so that A(L) = A(7). By applying the above with A = 771, we get

1 1
A (-) —A ([1 —D = AL 7)) = 72A(L, 7)) = T2A (7).
T T
Using the formula A(7) = (27)'2n(7)?* from Theorem 7.3.2 and taking 24th roots on
both sides yields

n(~1) ==,

for some 24th root of unity (. Observe that for purely imaginary 7, the quantities
n(t),n(—1) and v/—it are positive real numbers. Hence, both sides of the equation are

real and positive, which forces ( = 1 and gives the second formula.
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8.1 Numerical computation of 7o

Turning to the Weber functions, we begin with the transformation under 7 — 7 4+ 1.
Their definitions and the first transformation property of the n-function give

T+2 T
f(r+1) = C481 77((7 )) C4 E_ti)) C481 ?4 Zi )) Cz@lfl (1)

Con(E) n(E) G AN
fi(r+1) = 77(7—2#1) Coan(7) = (' (48 n(r) ) = (g f(7)

n(2t +2) ¢34n(27)
far +1) = V2 ECESIE =2 54 () = Coafa(7).

For the transformation behaviour under 7 — —%, their definitions together with the
second transformation property of the n-function yield

A 77(_%) _ V=2imp(21) n(27
(=)= YT A e

Replacing 7 with —1 in this computation gives fo(—1) = (7). Finally, combining these
two formulas and using Corollary 7.1.4, we obtain
: < 1) _ V2 V2
) fi(=Df(—3) FAT)h(7)

) _ fa (7).

O]

In preparation for the numerical evaluation, denote by |e]| the nearest integer function,
defined as follows for a real number x ¢ Z + 3 1 the value |x] is the integer closest to ,
and if z € Z + 2, it is defined to be the mteger greater than z.

We now proceed to state the theorem that provides an explicit numerical approximation
for v2(70). As already mentioned at the beginning of this section, 7y is an appropriately
chosen element of an order O of discriminant D not divisible by 3 in an imaginary
quadratic number field. More precisely, Theorem 6.2.1 helps us identify the correct
choice of 7y associated to O:

Vd if D =4d =0 mod 4
B {33\/3 if D=d=1mod 4.
To numerically evaluate v5(7), we work with the real parameter |g|2 = e~*71™(70) in
place of the complex quantity ¢ = €>™7. This is convenient because, for odd discrim-
inants, one has ¢ = —e™ " ‘d‘, so fractional powers such as q_% become multivalued,
whereas |g|? € (0, 1) is single-valued and preserves the exponential decay of the g-series.
Moreover, the identities relating v2(79) to Weber functions involve powers of ¢2, so |q|?
is the natural parameter governing convergence. Since all analytic estimates used later
depend only on the magnitudes |¢"|, replacing ¢ by |q|?> does not affect the validity of
the approximation.
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8 Conclusion

Theorem 8.1.2. Let O be an order in an imaginary quadratic number field K of dis-
criminant D with 31 D, and write O = [1,79|. Then

72(7T0) = 2 _1 .
1256]q|5 — |q|75] if To = 3£/d,

27riTg| — 27 Im(7o)

where |q| = |e , and |e] denotes the nearest integer function.

For clarity, note that the expression L256|q\% - |q\_%1 arises by rewriting

1256(|q[2)5 — (|gI?) 5]

in terms of |g|. The latter form makes the dependence on the real parameter |¢|*> =
e~4mIm(70) explicit and reflects the change of variables used in the proof.

Proof. We begin with the case 7y = v/d, which occurs when the discriminant is even, i.e.
when D = 4d = 0 mod 4 as in Theorem 6.2.1. In this case, d = —1, -2, —4 or —7. (Note
that we exclude d = —3 here, since this corresponds to the discriminant D = —12, which
is divisible by 3 and thus excluded by our assumption 3 t D.) Using Theorem 7.3.2, we
express y2(7) in terms of the Weber function fa(7) as

B 6 16
(V) = RV +

In order to estimate fo(v/d), recall its g-product expansion f(v/d) = v/2 g2t ne1(14+¢™)
given by Proposition 7.1.3, where ¢ = 2™, Note that in this case, the parameter

q = €m0 = 72TV ll ¢ R+ is already real and positive. Therefore, as explained above,
no substitution by |¢|? in the computation is needed. To estimate the infinite product,
we use the inequality 1+ = < e” for x € R and the geometric series formula:

[e.e] [e.e]
n o o n 1,0 4
1<H(1+qn)<H6q :eznzlq = el—q q = el—q,
n=1 n=1
Since ¢ = e 2™Vl < 727 2 (0.0019, we estimate the exponent by

q < q
1—qg  1—¢e2

— < 1.002q.

Combining these facts, we obtain the inequalities
V2 g3 < fo(Vd) < V2 gziel 0%,
which lead to the following bounds for the powers of fa(1v/d):

25643 < fo(Vd)'S < 25645 16032
16¢3 < fo(Vd)® < 16¢3 30164,
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8.1 Numerical computation of 7o

This yields upper and lower bounds for v (v/d):
256¢5 + ¢~ 3e 30164 < 1, (v/d) < 25645160324 4 43
To evaluate the sharpness of these bounds, consider their difference

FE = 256q§616‘032q + q_% — (256q§ + q_é6—8.016q)
= 256q§(616.032q 1)+ q*%(l _ 80160,

Using the inequality 1 —e™ < % for 0 <z < 1, we estimate

2 _1 8.016q
E 256 3 16.032(] _ 1 3
< 256g3 (e )+ T3 0164
2
2 8.016g3
— 256 3 16.032¢q _ 1 ,
a(e )+ T—s.016¢

which is an increasing function in ¢. Then ¢ < e™2™ ~ 0.0019 implies
FE < 0.25.

Since 3 D, the j-invariant j(v/d) of the corresponding elliptic curve is an integer and
a perfect cube (Corollary 6.2.4). By definition of o, we have y2(v/d)? = j(v/d), and
hence v2(v/d) itself is an integer. Therefore, because the total width of the estimate is
less than %, the above computation implies that |z] = 72(\/&) for all z lying between
the upper and lower bound of v(v/d). In particular, the value 256q% + qfé lies between
these bounds, proving the first statement.

Now we turn to the case 1y = 3+T\/&7 which arises when the discriminant is odd, i.e. when
D =d =1 mod 4 by Theorem 6.2.1. In this case, d = =7, —11, —19, —43, —67 or —163.
(Note that we exclude d = —3 and d = —27, since these correspond to the discriminants
D = —3 and D = —27, which are divisible by 3 and thus excluded by our assumption
31D.) As before, we use the Theorem 7.3.2 to write

16
fa(70)8"

However, the more complicated form of 79 makes a direct estimation of fa(79) less con-
venient. We simplify this by shifting the evaluation to 27y via the relation

R
P2 = 5 o)

from Theorem 7.1.4, where the expansions now involve integral powers. By applying the
transformation properties from Proposition 8.1.1 to f;(279), we obtain

Y2(10) = F2(70)'® +

f1(270) = f1(3 + Vid) = (52 + V)
= (e h(1+Vd) = Gf(Vd) = (' f(Vd),

133



8 Conclusion

where (,, denotes a primitive n-th root of unity. Hence,

V2 (6
f(vd)

fa(m0) =

and therefore
256
f(vd)16

We now proceed analogously to the first case by estimating f(\/&) via its g-product

— f(Vd)®.

Y2(70) =

expansion §(vd) = g [z (1 + qnfé), where, as discussed above, we evaluate all
infinite products and powers using the parameter |q|? = e~4mIm(n) ¢ R_, to ensure
well-defined numerical approximations. Using 1+ z < e* for x € R, we get

1< H 1+ ( ‘q, ) < H 1+ \ql ) < He —el \ql2 < 61002|Q|27
n=1
where we estimated |g|> = e~" () = e=2m/1dl < e ?™, as before. Thus,

=2 = (Jg?) "% < §(Vd) < (|gf?)" e 00U = |g|~zr 10020,
and raising to powers yields

175 = (lg*)75 < §(Vad)* < (|

a5 = (lgl>)73 < {(Vd)'° < (Ig

We obtain the following bounds for 42(7p) in terms of the real parameter |q|?:

8.016|q|% _ 368 .016|q|?

= lq|”

_1
ql*)"ve
| = lq|”

(
2\—1 16.032|¢|> _ 16. 032|q\2
< (lg]") " 3e fe
2
256]q| 5 e~ 10:03214" _ || 75 SO0 <, (1) < 256q|5 — [g 73
To evaluate the sharpness of this estimate, consider their difference
E = 256|g|5 — |q| 5 — (256]q|se 00211 — |g| 75 50100
= 256q5 (1 — e 00%2101%) — Jg 75 (1 — H0101F),
and using the inequality 1 —e™* < %= for 0 <z < 1, we find
16.032|¢|* - 8.016]q|?
P B S, 3 1 — e~ ql
T— 1603217 41! )

4104.192]q|5
1 16.032|q|?

E < 256|q|3
_ | ‘—%(1 _ e8.016|q\2)’

which is an increasing function in |q|, and since |¢| < e72™ & 0.0019, this again implies
E <0.25.

By the same argument as before, since v2(79) is an integer and the total width of the
estimate is less than 3, we conclude that |2] = v2(r0) for all « lying between the upper

and lower bound of y5(79). In particular, the value 256|q|% - |q|_% lies between these
bounds, completing the proof of the second statement. ]
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8.1 Numerical computation of 7o

With these formulas in hand, it is now straightforward to compute v2(79) for the ten
imaginary quadratic orders of class number one with 3 + D. In these cases, v2(79) is
an integer (cf. Corollary 6.2.4), so the defining relation v2(m)® = j(7) determines

the corresponding values of j(7p) unambiguously. The results are summarized in the
following table:

D 70 g resp. |gq| | ~2(70) (est.) Y2(70) j(70)
—4 i e T 12.0027 12 123
7| BT | VT —14.9647 ~15 ~15°
-8 V=2 e=2mV2 20.0199 20 203
11 | L Vil —31.9922 —32 —323
—16 2 e=4m 66.0018 66 663
—19 | D oomVI9 —95.9991 —96 —963
—28 V=T e=2mV7 255.0001 255 2553
—43 | B v —959.9999 —960 —9603
—67 | O | VBT | _5979.9999 —5280 —52803
—163 | SVZ168 | o -mVIB | _640319.9999 | —640320 | —640320

Table 8.1: j-invariants of imaginary quadratic orders of class number one with 31 D.

Remark 8.1.3. Numerically, it can be observed that for large discriminants, using the
original complex parameter ¢*™™ in the approzimate expression for v2(o) may yield a
value whose absolute magnitude is very close to the correct one, but with the opposillte
sign. This reflects the fact that the dominant contribution comes from the term q~ 3,
whose sign depends on the complex argument of q. As Im(7y) increases (i.e. as |D|
becomes large), the smaller term q§ becomes negligible, and the approximation becomes
nearly symmetric in absolute value. Using the real and positive parameter |q|* avoids

this ambiguity, ensuring that the computed values have the correct sign while preserving
the exponential decay that controls numerical accuracy.

For completeness, we also give the j-invariants of the three imaginary quadratic orders
with discriminant divisible by 3:

D 0 Jj(70)
1 -3
—3 | /=3 0
12| -3 54000 = 24 - 33 . 53
—27 | LE3Y=3 | 12988000 = —215 - 3. 53

Table 8.2: j-invariants of imaginary quadratic orders of class number one with 3 | D.

As predicted in Corollary 6.2.4, the last two entries are not perfect cubes, unlike the
values of j(79) for the orders with discriminant not divisible by 3, listed in Table 8.1.
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8 Conclusion

8.2 ¢™V1% is almost an integer

Having developed the necessary constructions and clarified their interrelations, we are
now ready to bring everything together and focus on the order of discriminant D = —163
to conclude that €™ 163 is astonishingly close to an integer - a result that can bemade
even more precise using the numerical approximations of o from the previous section.

Consider the order O of an imaginary quadratic field K = Q(+/d), d < 0, of discriminant
D = —163. Since every order is a Z-module of rank 2, hence a lattice in C under the
embedding K < C, it can be written in the form O = [1,w]| by Remark 3.3.2. This
order is maximal by Theorem 5.7.5, so O = Ok. Since —163 = 1 mod 4, we have D = d,
and it follows that O = [1, ﬂ], again by Remark 3.3.2. By Corollary 5.7.6, O
has class number one.

Let 7 = Hzﬂ € H and set L = Ok = [1,7]. By Corollary 2.5.14, which establishes a
one-to-one correspondence between homothety classes of lattices in C and isomorphism
classes of elliptic curves over C, the associated elliptic curve Ep, is defined over C. Since
L = Ok, it follows naturally that End(EL) = Ok (see Section 3.5), i.e. Er, has complex
multiplication by Q. Since the order Ok has class number one, Corollary 5.6.4 guar-
antees that j(Ep) = j(7) € Z.

Now, by Corollary 4.2.2, the j-function admits the g-expansion

1 (e.)
j(r) = p + 744 + Zanq”

n=1

with integer coefficients a,,. Using the corresponding parameter

omi 2rj 1163 i _mi/—163 —mv/163
q:em‘r:eﬂ'z 5 — ™ eTt — _e T ,
we obtain .
j(T) — _e7r\/163 4744 + Z an(_e—wx/163)n,
n=1
and hence

oo
e™VI63 — (7)) 4744 + Z an(—e VI3,

n=1

Since e7™V163 x~ 3.8.107!® and all coefficients a,, € Z, the series converges exponentially.
Using a; = 196884 as calculated in the proof of Corollary 4.2.2, the first term contributes
roughly

lai|(4-10718) ~ 7.9 10713,

and the higher-order terms are even smaller, so that

[ee]
Z an(_e—ﬂ\/163)’n < 8 . 10—13.
n=1
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8.2 e™163 js almost an integer

Consequently,
™03 — _j(7) + 744 + e,

with € < 8- 10713, Since j(7) € Z, it follows that e™V163 differs from an integer by less
than 10~!3, making it astonishingly close to an integer.

As mentioned earlier, the integrality of j(7) follows from the theoretical framework;
using the numerical approximations in the previous section, in particular Table 8.1, we
can now make this conclusion more explicit and precise.

To work with a representative compatible with the modular transformation properties

(cf. Section 6.2), rather than evaluating the j-function at 1+v-163 V=163 we consider the

2
SL2(Z)-equivalent point
34+ +v—163
TO=T+1= —

Since 7 and 79 lie in the same SLo(Z)-orbit, Lemma 2.5.10 implies j(7) = j(79), so we
may compute the value of the j-function at 7y instead. Using the parameter ¢ = 2™ =
e3miemiV=I63 — _o=mVI63 Taple 8.1 provides the value j(7p) = —6403203. Inserting this
into the previous result, we obtain

eI = —j(r0) + T44 + €
= 640320 + 744 + €
= 262537412640768744 + e,

where € < 8- 10713, as estimated above.

This shows that e™V163 differs from the integer 262537412640768744 by less than a
trillionth - a remarkable phenomenon resulting from the interplay between algebraic
number theory, modular functions, and the arithmetic of elliptic curves with complex
multiplication, so that it is, in fact, almost an integer.
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