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Abstract

The framework of open quantum systems (OQS) is used to describe
the dynamics of a quantum system interacting with its environment.
In a realistic scenario, systems inevitably couple to their environment,
and furthermore, given minimal knowledge of the environment, it is rea-
sonable to assume that the system equilibrates with its environment at
some time. In a thermodynamic setting, such equilibration processes are
referred to as thermalization and can be observed ubiquitously in our
everyday lives.

One key application of open quantum systems is to describe the open
system dynamics with a quantum master equation (ME). All physically
meaningful MEs take the form famously espoused by Gorini-Kossakowski-
Sudarshan-Lindblad (GKSL) [1, 2] and Franke [3], which implies a par-
ticular structure for the possible dynamics, stemming from natural as-
sumptions such as Markovianity. When the interaction between system
and environment is energy conserving, additional restrictions apply to
the GKSL equation [4], which allow one to derive properties about the
system directly from the quantum master equation.

In this thesis, we take a different approach and model the open quantum
system dynamics in a Markovian collision model (CM) based on con-
secutive interactions between the system and its thermal environment.
We chose this approach since, a priori, it is not clear that invoking such
thermodynamic assumptions on the GKSL equation leads to the same de-
scription as when these assumptions are already weaved in the construc-
tion process of a master equation. This approach provides a microscopic
mechanism for the open system evolution according to thermodynamic
assumptions, ensuring that the interactions follow strict energy conser-
vation (SEC). Afterwards, we take the continuous-time limit to find a
quantum master equation of GKSL form.

The resulting master equation shows the same structure as the one found
in Ref. [4], despite different approaches. This enables us to study the sim-
ilarities, such as the satisfaction of a detailed balance (DB) condition of
the kinetic coefficients.

Additionally, the collision model approach allows computing properties,
such as decay rates, in terms of relevant Hamiltonians, which offers ad-
ditional insight on how thermodynamic processes can be tuned. We
find that from a given detailed balance compliant master equation one
can always construct at least one Hamiltonian describing the system-
environment interaction that also fulfils strict energy conservation. This
result allows us to study the underlying relation between detailed balance

and strict energy conservation.
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Kurzfassung

Das physikalische Rahmenwerk der offenen Quantensysteme (OQS)
wird verwendet, um die Dynamik eines Quantensystems zu beschreiben,
das mit seiner Umgebung interagiert. In einem realistischen Szenario kop-
peln Systeme unvermeidlich an ihre Umgebung. Zudem ist es bei minima-
len Kenntnissen iiber die Umgebung verniinftig anzunehmen, dass sich
das System nach einiger Zeit mit seiner Umgebung im Gleichgewicht
befindet. In einem thermodynamischen Kontext werden solche Gleichge-
wichtsprozesse als Thermalisierung bezeichnet und konnen in unserem
Alltag allgegenwirtig beobachtet werden.

Eine zentrale Anwendung der OQS besteht darin, die Systemdynamik
eines offenen Systems mit einer Quantenmastergleichung (ME) zu be-
schreiben. Alle physikalisch sinnvollen ME nehmen die berithmte Form
der Gorini-Kossakowski-Sudarshan-Lindblad (GKSL)-Gleichung an, wie
sie von [1, 2] und Franke [3] formuliert wurde. Diese Struktur ergibt sich
aus physikalische motivierten Annahmen wie der Markovianitéit. Wenn
die Wechselwirkung zwischen System und Umgebung energieerhaltend
ist, gelten zusétzliche Einschrinkungen fiir die GKSL-Gleichung [4], die
es ermoglichen, Eigenschaften des Systems direkt aus der ME abzuleiten.
In dieser Arbeit verfolgen wir einen Ansatz in dem wir die Dynamik offe-
ner Quantensysteme in einem Markovschen Kollisionsmodell (CM), die
auf aufeinanderfolgenden Interaktionen zwischen dem System und seiner
thermischen Umgebung basiert, modellieren. Wir haben diesen Ansatz
gewdhlt, da es a priori nicht klar ist, ob thermodynamische Annahmen
direkt auf die GKSL-Gleichung angewendet zur gleichen Beschreibung
fithren wie, wenn diese Annahmen bereits in der Herleitung einer Ma-
stergleichung eingebettet sind. Dieser Ansatz liefert einen mikroskopi-
schen Mechanismus fiir die zeitliche Verdnderung des offenen Systems
unter thermodynamischen Annahmen und stellt sicher, dass die Wech-
selwirkungen der strikten Energieerhaltung (SEC) folgen. Anschlieend
betrachten wir den Grenzwert infinitessimaler Zeitschrittlinge, um eine
ME in der Form der GKSL-Gleichung zu erhalten.

Die Mastergleichung zeigt trotz unterschiedlicher Herangehensweisen die
gleiche Struktur wie die in Ref. [4]. Dies ermoglicht es uns, Gemeinsam-
keiten zu untersuchen, wie beispielsweise die Erfiilllung einer detailierten
Gleichgewichtsbedingung (DB) fiir die kinetischen Koeffizienten.
Dartiber hinaus ermdglicht der CM-Ansatz die Berechnung von Eigen-
schaften wie Zerfallsraten in Bezug auf relevante Hamiltonoperatoren.
Dies bietet zusétzliche Einblicke, wie thermodynamische Prozesse ge-
zielt beeinflusst werden kénnen. Wir zeigen, dass aus einer gegebenen
DB-konformen Mastergleichung immer mindestens ein Hamiltonopera-
tor konstruiert werden kann, der die System-Umgebung-Interaktion be-
schreibt und zugleich die strikte Energieerhaltung erfiillt. Dieses Ergebnis

erlaubt es uns, die Beziehung zwischen DB und SEC zu untersuchen.
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Acronyms

CM collision model

CPTP completely positive trace preserving
DB detailed balance

DOF degrees of freedom

GKSL Gorini-Kossakowski-Sudarshan-Lindblad
ME quantum master equation

NB Notebook

SEC strict energy conservation

0OQS open quantum systems
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1 Introduction

Out of the few assumptions we make in this thesis, energy conservation can
be seen as the most fundamental one. This basic law of nature is one of the
pillars of classical thermodynamics, a theory that describes time-independent
equilibrium states based only on a few parameters, like temperature, volume
and pressure. Thermodynamic systems are usually comprised of a large num-
ber of particles, which makes a description of the system on a microscopic
basis virtually impossible. However, it is possible to describe these systems
as an ensemble. The description based on only a few parameters is possible,
not despite the huge size of the system, but because of it. Fluctuations of
individual particles in large systems average out and microscopic effects that
can be described with the theory of quantum mechanics become negligible for
the overall behaviour of the ensemble.

Although quantum systems are small, some quantum effects (e.g. supercon-
ductivity and superfluidity) can also be observed in our macroscopic world.
Understanding how such quantum effects manifest at a large scale is one of the
goals of quantum thermodynamics, i.e. to precisely understand which quan-
tum effects can be utilised or exploited with minimal knowledge or control of
the system.

Several approaches have been taken to translate the thermodynamic laws to
the quantum regime [5]. In this work, we account for the thermodynamic laws
by modelling the interaction between a quantum system and its environment
to be energy-conserving and the surrounding environment to be in a thermal
equilibrium state.

To describe the nature of the interaction between a quantum system and its
environment we employ the framework of open quantum systems (OQS). A
physical system never exists in isolation and in this sense it always couples
to its environment. This results in effects we refer to as dissipation, an en-
ergy exchange between system and environment. An infamous example of a
dissipation process is well known to all of us and experienced virtually every
day. A cup of hot coffee that is left on the table for too long will cool down
and due to the dissipation of heat to its environment, it will reach room tem-
perature at some point and is said to have thermalized with its environment.
This ubiquitous process is inevitable and hints that dissipative systems show
a tendency towards equilibrium with their environment.

One way to describe the path towards equilibrium of open quantum systems
is through a quantum master equation (ME). This differential equation is

used to describe how the system evolves in time due to the interaction with its



environment, which is assumed inaccessible. Therefore, no explicit reference
to the environment is required in a ME. These equations were first formulated
phenomenologically to describe processes like decay rates in the form of a bal-
ance equation [6]. This probabilistic description was then further developed
to be applied to density matrices and these equations are therefore suitable
to describe the dynamics of quantum states [7]. However, contrary to closed
quantum systems, where the time evolution is governed in a unified way by
the Schrodinger equation, there is no truly general quantum master equation
to describe all open system dynamics.

It is a natural assumption, that all physically meaningful quantum master
equations are Markovian and take the form famously espoused by Gorini,
Kossakowski, Surdashan [1], Lindblad [2] and Franke [3], which is commonly
referred to as GKSL equation. It can be derived by applying the Born-Markov
assumptions, which imply that the environment is memoryless in a way that
the effects of the interaction between system and environment decay very fast
in the environment [7, 8]. These open quantum systems are referred to as
Markovian.

The general formulation of a GKSL equation allows for a direct study of the
system properties when thermodynamic assumptions are imposed [4]. Incor-
porating these assumptions directly leads to a formulation of the GKSL equa-
tion that only contains thermodynamically essential terms, which allows for
describing equilibration effects by a study of the ME’s coefficients.

There are various non-equivalent ways to incorporate thermodynamic assump-
tions into open system dynamics. In this thesis, we employ a Markovian col-
lision model, which we compare to the approach taken in Ref. [4] in Figure
1.1. The open system dynamics are modelled through consecutive collisions
between system and environment, where Markovianity is implied by assum-
ing that there are no collisions between the environment ancillas and that
each environment ancilla interacts with the system only once. This inherently
discrete dynamic description yields a master equation of GKSL form under
taking the continuous-time limit. Additionally, the resulting equation allows
for a clear connection of its coefficients and the total Hamiltonian of the open
quantum system.

Originally, collision models were used to model collisions of physical parti-
cles in microwave spectroscopy [9] and in a quantum gas [10]. These models
later also proved helpful in the theoretical description of a micromaser [11—
13], where CMs offer a physically intuitive description of the environment
composed of atoms interacting with a lossy cavity mode acting as an open

system. This theoretical description then also leads to an experimental re-



alisation [14]. However, CMs are not always applied to problems linked to
specific physical phenomena, sometimes they are also used as toy models in a
more abstract sense. In Ref. [15] a collision model was used to find a contin-
uous time description of a quantum system reaching its thermal equilibrium
with its environment in the infinite time limit. Recently, a collision model was
used to derive a quantum optics master equation [16].

In a basic Markovian collision model the interaction is modelled by consecutive
collisions between system and environment particles, while the environment
itself shows no internal collisions. In the approach taken in this work each
of these individual collisions is based on a thermodynamic dynamical map
that has the concept of strict energy conservation (SEC) weaved in right in
its setup. At first, these consecutive interactions lead to dynamics described
in discrete time steps. However, in the continuous-time limit, a ME describ-
ing the continuous system dynamics can be found. Since we implemented
thermodynamic assumptions to the setup of our collision model, the found
master equation then shows thermodynamic properties in that it shows the
same structure as in Ref. [4], even though they implied thermodynamic as-
sumptions to a GKSL equation instead of considering them in the derivation
of the equation. We find these two approaches to be fundamentally different

and point out the similarities and differences in a discussion in Section 4.1.1.

Thermodynamic
Assumptions
Collision Model

GKSL Equation

Thermodynamic Equilibrium
GKSL Equation Conditions

Thermodynamic
GKSL Equation

Thermodynamic
Assumptions
Equilibrium
Conditions
Detailed Balance
linked to

Detailed Balance Hamiltonians

(a) Approach of Ref. [4] (b) Collision model approach

Figure 1.1: In the approach of Ref. [4] (a) the thermodynamic assumptions are
applied to a GKSL equation, while in the collision model approach (b),
we applied the thermodynamic assumptions directly into the collision
model to get a thermodynamic GKSL equation.

Additionally, through the approach via the CM, we gained insight into the
structure of the master equation due to the clear connection between its co-

efficients and the total Hamiltonian. By applying the found formalism to



equilibrium conditions we were able to set these kinetic coefficients into a ra-
tio to result in a detailed balance (DB) condition.

Since we are also able to link the coefficients in the DB condition to the total
Hamiltonian of system and environment we can study the relationship be-
tween detailed balance and strict energy conservation in more detail. This
study leads to the result that it is always possible to construct at least one to-
tal Hamiltonian that follows from a given detailed balance-compliant quantum
master equation that then also fulfils strict energy conservation. While our
approach always leads to detailed balance, when assuming that strict energy
conservation holds, this result shows that the opposite direction is also true
under a certain construction.

However, this one construction method is not the only one that allows for this
underlying connection between detailed balance and strict energy conserva-
tion, which allows for further investigations. In the outlook of this work, we
highlighted some paths that could lead to a deeper understanding of how these
two concepts are linked to each other.

In this work we focused on Markovian systems that are characterised by a
memoryless environment, which means that the environment is barely affected
by the interactions it already had with the system. Therefore, the environ-
ment forgets about these interactions very quickly, which motivates referring
to these setups as memoryless. However, the effect the interaction with the
system has on the environment cannot always be neglected. The CM approach
allows for implementing memory in the environment to the setup. This extends
the model to Non-Markovian collision models, which are well tailored for in-
troducing memory effects, while traditional construction methods of quantum
master equations only offer tedious ways of implementing memory. We end
this thesis by showcasing how our Markovian collision model can be extended
to take account of these memory effects and what the next steps towards a

non-Markovian thermodynamic quantum master equation look like.



2 Framework

In this section, we will introduce the key concepts to describe the time evo-
lution of open quantum systems (OQS) interacting with their environment.
After introducing the basic formalism of quantum mechanics, we will present
the fundamentals of OQS, and quantum master equation (ME)s, which gov-
ern the time evolution of open systems. Next, we set up a basic collision model
(CM), leading to a dynamic description based on a ME. In the final part of
this Section, we will equip this CM with thermodynamic assumptions. Fol-
lowed by Section 3 where we further investigate the effects these assumptions
have on the structure of the ME.

2.1 Open Quantum Systems

Before we get started with describing open system dynamics we introduce the
basics of quantum mechanics in closed systems in a finite Hilbert space of

dimension d.

2.1.1 Closed Quantum Systems

Quantum States

The state of a system in quantum mechanics is described by a vector ¥ in a
Hilbert space H. We consider finite-dimensional Hilbert spaces, e.g H = C¢,
where d is the dimension of the complex vector space.

The bra-ket formalism (or Dirac notation) is typically used in quantum me-
chanics to describe these states. In this formulation, a pure quantum state is
represented by a ket [¢);) € H and its dual by a bra (¢;| = |1/)i>T, which is the
conjugate transpose of the ket.

A Hilbert space H is equipped with a scalar product that is used to normalize
the quantum state vector |¢;). The normalization condition can be expressed

in terms of the inner product

il = (ilapi)? = 1. (2.1)

The inner product is also used to define the orthogonality of quantum states,
by
(Vi) = dij- (2.2)

With these definitions the Hilbert space is a finite dimensional complex vector

space over C that is complete by definition of the norm in Eq. (2.1).



Linear Operators
Observables describe physical processes in quantum mechanics and are repre-
sented by linear operators acting on the elements of the Hilbert space H. A

linear operator A : H — H satisfies linearity

Alafy) + Ble)) = aAlp) + BAle) VIY),[p) € H, o, € C. (2.3)

Basis Elements

A basis is an essential framework to deal with quantum states in a math-
ematical sense. It is composed of basis elements, that are fundamental for
representing quantum states and operators in a systematic way.

A state vector [¢) € H can be expressed in a complete set of basis elements
{li)}i=, as

=Y el (24

Here ¢; are complex coefficients depending on the chosen set of basis elements
In this work, we restrict ourselves to bounded operators and finite-dimensional
Hilbert spaces. Therefore, linear operators A can be expressed in terms of

these basis elements by
Alj) =" ai;|i) where a;; = (i|Alj). (2.5)

Similarly, the operator can also be expressed in terms of the basis elements,
such that

A= "ai i) (j] (2.6)
1,5

This notation allows for expressing operators in terms of matrices, where each
matrix element a;; is assigned to the respective basis elements by the operator
|i) (§]. In this representation one can group the matrix elements into diagonal

elements (i = j) and off-diagonal elements (i # 7).

Commutation Relations
As opposed to scalar multiplication, which commutes, operators do not neces-

sarily show that behaviour, which can be seen on the hand of the commutator
[A,B] = AB — BA. (2.7)

Operators A and B are said to commute if [A, B] = 0, which means that the

physical observables are simultaneously diagonalizable and share a common



set of non-trivial eigenvectors.
One important feature of commuting observables is that the commutation

relation also holds for analytical functions of these linear operators, i.e.
[A,B]=0=[f(A),9(B)]=0 Vf, g analytical. (2.8)
Similarly, we define the anti-commutator as
{A, B} = AB + BA. (2.9)

Eigenvectors and Eigenvalues

Any non-zero vector |a) that fulfils
Ala) = ala), (2.10)
is called an eigenvector of A with corresponding eigenvalue o € C.

Hermitian Operators

A linear operator A is called Hermitian if it equals its adjoint
A=A (2.11)

The adjoint or equivalently conjugate transpose operator Af to A can be de-

fined by the inner product
(Ap|p) = <¢|AT¢> where Af := (4%)T (2.12)

Each physical observable in quantum mechanics is described by a Hermitian
operator. These observables have the property that they have real-valued
measurement outcomes. These outcomes correspond to the eigenvalues of the
Hermitian operator associated with this observable and can be found through

the eigenvalue equation (2.10) by
Alp) = alp) where a € R VA = AT (2.13)

Hamiltonians

The Hamiltonian H is a Hermitian operator. H is representative of the to-
tal energy of a quantum system and therefore also determines its dynamic
evolution. This Hermitian operator’s real eigenvalues €; correspond to the en-

ergy levels of the quantum system according to the corresponding eigenvalue



equation

H [py) = &; |vi) (2.14)

Therefore, the energy of the system in a given state [¢;) is represented by the
expectation value of H. By multiplying (¢;| from the left to Eq. (2.14) one

can find the eigenenergy of H associated to the eigenstate ;

(H)y, = Wil HY:) = & (Yilhi) = & (2.15)

The difference between the energy levels ¢; are called energy gaps or Bohr
frequencies
Wij = &5 — & (216)

Unitary Operators
Unitary operators are of fundamental importance for describing the time evo-
lution of closed quantum systems. A unitary operator U acting on an element

of a finite-dimensional Hilbert space H is defined by demanding that
UUt=UU =1 (2.17)

holds. By that property unitary transformations also preserve the inner prod-
uct, such that

{UplUg) = Wlo)  VI),|9) € H (2.18)

Applying Eq. (2.18) to the orthogonality condition, defined in Eq. (2.2), shows
that U is orthogonality preserving and applying it to states |¢) = [¢)) as in
Eq. (2.1) shows that it preserves the norm. These properties guarantee that
unitary transformations preserve the inner product structure of the Hilbert

space H and therefore also the properties of a quantum state.

Time Evolution in Quantum Mechanics
In quantum mechanics, time dependence can be introduced on either states
|1}, observables A or both. Each choice is described by the so-called dynamical

pictures of quantum mechanics:

e Schrodinger Picture
In the Schrodinger picture, observables A remain fixed while quantum
states [1(t)) evolve in time. Any observable A is therefore represented

as time-independent.

e Heisenberg Picture
In the Heisenberg picture, quantum states |¢)) are fixed, and the time

evolution is represented by observables A(t) that evolve according to the



unitary evolution
A(t) = U(t,0)AU(t,0)1.

e Interaction Picture
In the interaction picture (or Dirac picture), the aspects of both the
Schrodinger and Heisenberg pictures are combined. The state vectors
|1(t)) and observables A(t) both evolve in time.

Throughout this thesis, we remain in the Schrodinger picture with time-
independent Hamiltonians H. The quantum states [¢(¢)) dynamical evolution

is then governed by its Hamiltonian H according to the Schrodinger equation

. d
ih 5 o) = H (), (219)

where h is the reduced Planck constant and is set equal to 1 from now on
and will therefore be omitted in all following equations. The unitary operator

U(0,t) is the formal solution to the Schréodinger equation, such that

[¥(t)) = U(,0) |4(0)) - (2.20)

For time-independent Hamiltonians H the unitary time evolution operator
U(t,0) in Eq. (2.20) is given by

U(t,0) =e "t = . (2.21)

It is then easy to verify that U as defined in Eq. (2.21) is indeed unitary by
multiplying it with its adjoint, since H = HT.

Mixed Quantum States - Density Matrices

A pure state |¢) is not the only way states can be described in quantum me-
chanics, some states need to be considered as mixed. This representation is
used for describing a probabilistic mixture of pure quantum states, also known
as superposition. A density matrix p is a suitable representation of pure as
well as mixed quantum states.

A quantum state in density matrix form is defined in terms of a convex com-

bination of pure state projectors |¢);) (¢;| such that

d—1

p=">_pili) (Wil (2.22)

i=0
The parameters p; fulfil the properties of a probability distribution, i.e. 0 <
pi < 1 and ) ,p; = 1. Therefore, if all the p; except for one are 0, the



remaining one is 1 and p describes a pure state. The density matrix p satisfies

the properties
e Hermitian: p = p!
e Positive: p > 0, such that (¢|ply) >0V |y) € H

e Unit trace: tr[p] =1
An additional property following from the above properties of density matrices
p is that
0<tr [,02] <tr[p] =1. (2.23)

Here, for pure states tr [p2] = tr [p|, which also holds as a measure known as
the purity.
One common way to display two-dimensional quantum states (qubits) is by

plotting them on the Bloch’s sphere, as in Figure 2.1.

10) 7 10) 10)

> K

11)

11)

(a) p=10) (0] (b) p=310) (0] + 3 11) (1 (e) p=310) (0] + 3 [1) (1

Figure 2.1: A pure state (a) is located at the outer hull of the Bloch sphere, while
mixed states (b and c) are on the inside of the sphere. A fully mixed
state (c) can be found right at the origin. These plots were created
using the QuTiP python package [17].

State Evolution of Density Matrices

Similar to quantum states, the Schrodinger equation in Eq. (2.19) can be
expressed in terms of density matrices. Computing the time derivative of a
density matrix (Eq. (2.22)) shows the equivalence between the Schrodinger
equation (2.19) and the von-Neumann equation

dg@ _ izp [i(t)) (i(t)]

- zi:pi <W (Wi ()] + [ (1)) W)

(2.24)
=—i (H Zpi [9i(t)) (i(t)] + Zpi i (t)) (i (t)] H)
= —i[H, p(t)].
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Here, we plugged in the time-dependent Schriodinger equation and its con-
jugate transpose in the second line. The von-Neumann equation (Eq. (2.24))
holds as the basis for a further derivation of the dynamics of an open quantum
system. By neglecting the environmental degrees of freedom (DOF) of the
second subspace and taking several assumptions Eq. (2.24) is extended to also
describe open system dynamics as we will present in Section 2.1.4.

The formal solution of the von Neumann equation can be expressed in terms

of unitary operators similar to in Eq. (2.20) when applied to density matrices
p(t) =U[p(t)] = Up(0)UT = e~ p(0)e' (2.25)

Here, the transformation on the state p(0) is expressed in terms of the quantum
map U [¢] = U e UT.

2.1.2 Quantum Maps

A quantum map (or also quantum channel) M describes the transformation

of a quantum state p to another state p’ such that

o =M. (2.26)

These maps are used to describe e.g. unitary evolution as seen in Eq. (2.25),
where a quantum state evolves unitarily in time, or other quantum effects like
noise or decoherence of the system.

Dynamical maps and composite quantum systems

In a composite quantum state, we use the tensor product (®) to combine
systems A and B such that

pAB = pA® pp € Hy ® Hp, (2.27)

describes the uncorrelated composite state. This state then also evolves uni-
tarily due to its Hamiltonian H4p and when interested in the evolution of A
one can trace over the DOF of B to find

oy =Epa] =trp (UABpA ® pBUI‘B> . (2.28)

We call € the dynamical map, which describes how a quantum state p 4 evolves
in time, due to the interaction with its external environment in state pg. It
provides a general method to represent quantum processes in open quantum
systems. Figure 2.2 illustrates the action of Eq. (2.28).

The dynamical map in Eq. (2.28) is a CPTP map. These maps are formally

11



PB

Figure 2.2: The interaction of the composite quantum system describes the evolu-
tion of quantum system p4 due to its interaction with pg governed by
the unitary map Uap.

defined as the following set of linear maps:
CPTP = {A : tr{Alp]] = trfp] Vp and (A © Tp)[pag] > 0 Vpap > 0} (2.29)

where Zp is the identity channel on subsystem B.

The concept of dynamical maps forms a mathematically founded theory of
irreversible quantum dynamics that plays an important role in OQS. Here we
will deal with a composite quantum system describing the interaction between
system S and environment F.

Dynamical maps can also be represented in the Kraus decomposition
p=E[p] = z:KZ,oKZJf where ZKsz =1, (2.30)
i i

with the help of the Kraus operators K;. By their definition, they ensure that
P’ also fulfils the properties of a quantum state in the sense that they represent
transformations that map physical states to physical states.

Therefore, it comes as no surprise that the time evolution described by the
unitary map (Eq. (2.25)) is also a CPTP map with only one Kraus operator
K; = U that fulfils K] K; = UTU = 1.

The dynamical map in Eq. (2.28) can also be rewritten in terms of Kraus

operators

Elpal = Z (Jlg (UABPA ® pBULB) 9B

= Z Ulg (UABpA ® sz’ |4) (il UilB) 175
= " Vi (il Uas lid s pav/mi (il s Uk i)

(2.31)

/L?J
=2 KJ’Z‘PAKL'
i?j

Here, we express the state of subsystem B in its eigenbasis such that pp =
>, pi li) (i|  and find that Kj; = /p; (j| 3 U i) . By checking Y, KI,Kj; =1

12



one can see that the dynamical map in Eq. (2.28) is a CPTP map as in
Eq. (2.29). Through the Stinespring dilation theorem [18, 19] these two repre-
sentations are seen as equivalent and from a Kraus form one can always find

a non-unique dynamical map describing the transformation.

Fixed Points of Maps
A fixed point p* of a quantum map M is always mapped onto itself:

Mp] =o', (2.32)

where once the equilibrium state is reached the system stays in that state.
As an example, any eigenstate p; = [¢;) (¢;] of the Hamiltonian H is a fixed
point the unitary map in Eq. (2.25) in a sense that

Ulp) = UpUT = e 1) (1] et = e Pttt |y (4| = pi, - (2.33)
-1

Here we used that the eigenvalue equation (2.14) also holds for analytical func-
tions f (see Eq. (2.8)), e.g. f(H) = e,

Fixed points represent stable states of a quantum system under evolution and
are therefore particularly important. These processes are an important part
of this work and we will see that an equilibrium state is a fixed point of a

thermodynamic dynamical map.

2.1.3 Fundamentals of OQS

Any realistic model used to represent observed physical phenomena cannot
be considered closed since no system is ever completely isolated from its en-
vironment [20]. Every energy loss in the system has to be taken into account
by its environment. In a closed system, there is no mechanism in place to
account for these losses. An important result of this exchange is dissipative
behaviour, which is an effect, that the framework of OQS is perfectly capable
of describing.

When dealing with open systems composed of a system S embedded in a
larger system, called environment F, the framework of open quantum systems
becomes essential to faithfully describe the dynamic evolution of the open sys-
tem.

Open Quantum System Setup

Mathematically speaking the open system S is embedded in an environment

FE with which it interacts. The interaction takes place in a composite Hilbert

13



space Hg ® Hg.
The energy levels of an open quantum system are typically described in terms

of three main components which are illustrated in Figure 2.3:

e System Hamiltonian Hg: is the free Hamiltonian of the system, de-

scribing the energy of the system and influences the system dynamics

¢ Environment Hamiltonian Hpg: is the free Hamiltonian of the envi-
ronment, representative of the energy of the environment that due to its

interaction with the system also influences the system dynamics.

e Interaction Hamiltonian Hgg: this Hamiltonian determines how ex-

actly the system and environment interact with one another.

System Environment

Hsg
Hg, ps € Hg | > Hg, pp € Hg

Hsp,psg € Hs @ Hg

- J/

Figure 2.3: Schematic diagram of an open quantum system S in contact with an
environment £ . The system interacts with the environment and the
interaction Hamiltonian Hgg governs this interaction.

This set of Hamiltonians forms the total Hamiltonian of the open quantum

system

HZH5+HE+HSE. (2.34)

Here one has to consider that the system and environment’s free Hamiltonians
are each defined with respect to their subspaces Hg and Hg. Therefore the
sum of these Hamiltonians has to be understood such that Hg + Hg = Hg ®
1g+1g® Hg. The interaction Hamiltonian Hgg acts on both subspaces and

can be represented in the respective composite basis

Hsp =9 Y ciuw i) (ils © 1) (V] (2.35)
i7j7u7y
Here, basis elements of the system are denoted by lowercase Latin letters and

in the environment basis by lowercase Greek letters. For future reference
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we will require that subscripts S and E are considered with respect to each
individual subspace, such that |i) = |i)g and |u) = |u) -

The coefficient g in Eq. (2.35) is a real-valued scaling factor, that we will use
later when finding a description of the open system dynamics.

Since the interaction Hamiltonian Hgg is a Hermitian operator we can restrict
its components c¢;;,j,, in a chosen joint system-environment basis, such that by

demanding

Hsp =9 Y cigeld) (G1O10) W1 =g D Suipli) (@) (v] = Hip (2.36)
i?thL!l/ i’j’l"’?”

we find that

Ciuju = cjuiu' (2.37)

Markovianty in classical systems
Markovianity is an assumption that holds for many physically relevant sce-
narios. Classical Markovian systems are those, where the future evolution of
a system only depends on its present state and not on any further in the past.
The state evolution of a classical process {X;} can be described in terms of
probabilities, where X; are random variables describing the outcome of a ran-
dom process, e.g. a coin toss. Here the probability distributions of any future
state X;41 depend only on the current state X; and not on the states that
came before. A classical process is said to be Markovian if it fulfils the Markov
condition

P (X1 X, Xio1,y ... Xo) = P (Xy41] X)) - (2.38)

Markovianty in quantum systems

As an analogy in closed quantum systems, the Schrodinger equation (Eq. (2.19))
and also the von-Neumann equation (Eq. (2.24)) are Markovian, since the
evolved state only depends on the current state. In open quantum systems
where an environment is present, this simple structure is potentially not true
any more, since past interactions with the environment might influence future
dynamics. Markovian master equations hold as a ‘middle ground’, that keeps
the dynamics memoryless by describing them with a differential equation that
only depends on the current state of the system, while still incorporating inter-
actions with the environment. The memoryless nature of Markovian systems
is often understood in terms of rapidly vanishing memory effects in the envi-
ronment. In that sense, the environment is not unaffected by the interaction
it had with the system but forgets about them very fast. This fundamental

concept plays a major role in describing the dynamics of a system and will
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be exhibited from different angles when we introduce various paths to find a
quantum master equation. In the next section we will introduce the quantum

semigroup property, which can be seen as the formal definition of Markovianity

in OQS.

2.1.4 Quantum Master Equations

Quantum master equations are a tool to describe the dynamics of an open
quantum system. In their easiest application, on Markovian dynamics, they
yield a simplified description of the system dynamics, by applying several ap-
proximations to an initially unitary evolution of the composite S — E state.
Their solution is the description of the irreversible time evolution of the sys-
tem state governed by its interaction with the environment. Therefore, they
describe the dynamics of a system that interacts with an environment. But
first we will give an intuitive example of how to derive such an ME in a clas-
sical setup.

Statistical (classical) master equation

Initially, master equations were introduced to describe the time evolution of
probabilistic systems on the hand of differential equations. These equations
are suitable for describing, among others, decay processes [6]. Based on an
example from Ref. [21] we highlight how a probabilistic master equation can
be found and in Section 2.3.3 we show that in the infinite time limit the dy-
namic evolution leads to an equilibrium state.

Consider a two-level system, with a ground and an excited state, referred to as
lg) and |e). Here P,(t) and P.(t) denote the probabilities of the system being
found in the ground or excited state at time ¢ and they fulfil Py(t) 4+ P.(t) = 1.
The decay |e) — |g) and excitation processes |g) — |e) can then be described
by considering the probabilities for the next time step ¢ + At. By invoking
that the state only depends on the previous one and not the entire history
of the state we already assume that the system is Markovian in the sense of
classical probability theory (c.f. Eq. (2.38)). The probability of the ground

state population
P,(t + At) = Py(t)(1 — y(e — g))At + Pu(t)y(g — e)At + O(At?), (2.39)

is expressed in terms of the transition rates v. Here 1 — y(e — g)At is the
probability of the system staying in the ground state and v(g — e)At is the
probability for the system jumping from the ground to the excited state during
time At. We disregard terms of O(At?), since we are later going to take the

limit of infinitesimal time steps (At — 0), where these terms are outweighed

16



by terms of O(At). Disregarding terms of order O(At?) excludes excitations
followed by a de-excitation back to the ground state within one time step At
and other unlikely events of even higher order.
Rearranging Eq. (2.39) to compute the change in the probability with AP, (t) =
P,(t+ At) — P,(t) and dividing by At allows us to express the change rate of
the probability in the continuous-time limit as At — 0 and we find

4P, (1)

—qi = = g2 OB (1) + (e = 9)Pe(). (2.40)

By setting up an equation similar to Eq. (2.39) for the probability of the

system being in the excited state, we find its change rate

dP(t)
dt

= —v(e = g)Pe(t) +v(g9 = e) Py(1). (2.41)

This system of first-order differential equations (Egs. (2.40) and (2.41)) forms
a master equation describing the time evolution of the probabilities of the
system being in either the ground or the excited state. This master equation

can be solved analytically to the time evolution of the probability distribution

Py(t) = Py(to)y(e = g) — Pe(to) exp {— (v(e = g) +v(g = 9)) (t —t0)}
Pe(t) = Py(to)y(g — €) + Pe(to) exp{— (v(e = g) + (9 = 9)) (t —t0)} -
(2.42)
In the course of this work we will use quantum master equations, to study the
time evolution of density matrices p instead of probability distributions P and
start by introducing the formal definition of Markovianity in OQS, which is

deeply linked to a Markovian quantum master equation.

Quantum master equations and the semigroup property

The time evolution of an open quantum system, that is initially uncorrelated
to its environment, can be expressed in terms of a dynamical map £ similar
to Eq. (2.28). It describes the system evolution by a unitary transforma-
tion of the composite system and afterwards taking the partial trace over the
environment’s DOF. The time-dependent state p(t) in a time-independent

environment is given by the dynamical map

ps(t) = A [ps(0)] = trg (U(£,0) ps(0) @ pp U(2,0)) (2.43)

It is reasonable to assume that a quantum system is Markovian if the char-

acteristic time scales in which the environment correlations decay are much
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faster than the time scales of the system. Dynamical maps that fulfil

AN =A_g0A;ViEi>s>0and lim Ay =7 (2.44)
t—0t

are said to fulfil the semigroup property, which is seen as the formal definition
of Markovianity in open quantum systems.
It fulfils the properties of a mathematical group in that it is associative
Ay = Ay_s0A, and the identity element is defined as ¢t approaches 0 by Ag = Z.
However, there does not exist an inverse element A_; such that Ao A_; = 7.
Hence, it is called a semigroup instead of a group and one cannot reconstruct
the history of a system through the semigroup map A; since ¢t > 0. The map
only determines how the state evolves into the future based on its current
state.
Time evolution in Markovian open quantum systems is a fundamentally dif-
ferent description than that of unitary evolution describing the dynamics in
closed quantum systems, where time evolution in both directions is possible.
For all systems where the semigroup property holds, it is possible to state the
time evolution in terms of a linear map L, the generator of the semigroup.
It can be shown [7] that the map A; can then be expressed in terms of its

semigroup generator

Aifo] = €“t[o]. (2.45)
Eq. (2.45) is the formal solution to a first-order differential equation

dp(t)
dt

which is called the Markovian quantum master equation. Eq. (2.46) leads to

= Llp(t)], (2.46)

the most general form of a Markovian quantum master equation. We will
now present a sketch of a microscopic approach to find the structure of this
Markovian ME.

The Markovian quantum master equation

This section sketches the outline of the derivation of a Markovian quantum
master equation in a microscopic approach as presented in Section 3.3 of [7]. It
employs several assumptions referred to as the Born-Markov approximation,
which are summarized here.

This approach starts with a description of the total system pgr dynamics as
given by its total Hamiltonian H in Eq. (2.34). The interaction between the
system and the environment is represented by the interaction Hamiltonian

Hgg and the isolated evolution of the subsystems by their free Hamiltonians
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Hg and Hg. The unitary evolution of this composite quantum system can
be described by the von Neumann equation given in Eq. (2.24). Finding the
dynamics of the open quantum system S is achieved by taking the partial
trace over the environment’s DOF and making several assumptions commonly
referred to as Born Markov assumptions [7].

After applying these approximations one can find a Markovian quantum mas-
ter equation in Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) form

dps . T 1 T
Llps) =~ = —i [Hs, ps] +sz: <Lz’jpSLij —3 {LijLij7pS}> . (247)
Hlps] i

Dlps]

The so-called, Lindbladian £ defines a generator of a quantum dynamical
semigroup in its most general form. The first part H describes the unitary
evolution of the system governed by the system’s Hamiltonian Hg = Hs+Hsg,
rescaled by the Lamb shift term Hjg. This contribution renormalizes the sys-
tem’s energy levels due to its interaction with the environment [7, 22, 23].
The second part D describes the dissipative evolution of the system due to
its interaction with the environment governed by the so-called Lindblad jump
operators L;;.

The GKSL equation is usually solved numerically and allows for an investiga-
tion of general features like irreversibility, and relaxation to equilibrium [7].
In Figure 2.4 we illustrated the numerical solutions of the time evolution of an
open quantum system. Here, one can see how the initially pure state p(0) loses
its purity due to the interaction with the environment. It becomes ever more
mixed over time and with increasing interaction strength I', it approaches an

equilibrium state with its environment ever faster.

In the following section, we will present a way to derive a Markovian quantum
master equation based on a simple collision model. This will allow us to
keep track of all contributions to the dynamic description and therefore, gain
a deeper understanding of all the contributing factors to the open quantum

system dynamics.

2.2 Markovian Collision Models

Similar to the microscopic approach presented in Subsection 2.1.4, a collision
model can be used to describe the interaction of a System S with its envi-

ronment E. In the basic version of this model [8, 15, 24-28] the dynamics
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Figure 2.4: Time evolution of the initial state pg(0) = |0) (0] with its free Hamil-
tonian Hg = o, due to the open system dynamics following from the
Lindblad jump operators of the form L;; = VTo, plotted on the Bloch
sphere. The dynamic evolution is illustrated on the hand of three differ-
ent dampening factors I' and shows how an initially pure state loses its
purity in 30 time steps for ¢ € [0, 7]. Each time step is represented by
a red dot, while the final state is represented by a red vector. Created
using the QuTip python package [17]

are modelled such that S is in contact with individual parts E; of the en-
vironment consecutively. The environment is assumed to be described by a
bath comprised of a large number of particles. These particles, also referred
to as ancillas, are considered non-interacting with each other in a Marko-
vian collision model (CM). The design of the environment differs vastly from
the microscopic description, where the system is coupled to all environmental
modes at once instead of interacting with them individually in a CM as illus-

trated in Figure 2.5.

o~(e

(a) microscopic approach (b) collision model

Figure 2.5: In the microscopic approach (a), the system S interacts with all modes
of the environment E at the same time. In a collision model (b) the
system S interacts with each ancilla E; consecutively. The consecutive
nature of the interaction is illustrated by the fading grey colour tone of
the arrows of interactions further down in the past.

The open system evolution is initially described in an inherently discrete man-

ner. This follows from the nature of a collision model where successive pairwise
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interactions between S and E occur. Only one interaction between S and E
happens at a time and in Markovian CMs each environmental ancilla is ex-
cluded from any further interaction with S afterwards. Each of these collisions
is modelled by a dynamical map, similar to Eq. (2.28).

To get a continuous description of the open system dynamics one takes the
continuous time limit, which yields a Markovian master equation of GKSL
form [24, 29].

2.2.1 Setup of a Markovian Collision Model

For the setup of the collision model, we follow the approach of Ciccarello [16].
Alternative approaches are presented in the reviews and tutorials [30, 31] or
in a mathematical rigours form in the work of Altamirano et al. [32].

The collision model describes the evolution of an open quantum system. There-
fore, its dynamics are based on interactions between S and F. As depicted
in Figure 2.5, the environment is modelled by each ancilla’s individual Hamil-
tonian Hpg, and its interaction with S is governed by a time-independent
Hamiltonian Hgg,. In this approach, the bath is comprised of identical states
1 with identical energies, i.e. Hp, = Hpg, where all the subspaces that the
operator acts trivially on are omitted.

Each individual interaction is modelled by an initially unitary interaction of

the composite quantum system
U, [0] = U, o Ul = ¢~HnAl ¢ gillnAt (2.48)

for the time step length At and the total Hamiltonian H,,, defined similar to
the one used for the general open quantum system approach in Eq. (2.34).
However, due to the nature of consecutive interactions it is defined for each

environmental ancilla F,, individually by
H,=Hs+ Hg, + Hsg,, . (2.49)

It is to be noted here that the respective Hilbert spaces of S and E,, can be of
any dimension and that the subspaces that are acted on trivially are omitted.
From now on and throughout the rest of this thesis p = pg is always the state
representing the system DOF and 1 = ng the environment’s. The state of the
composite system and environment is represented by ¢ = ogg.

The aim is to describe the system dynamics with a model as depicted in

Figure 2.6. Here pg represents the system state before any interaction with
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the environmental ancillas 1. At this point, S is uncorrelated with all the

ancillas and the joint S-FE state is given by the product state

The state of the joint system after the n-th interaction is then given by apply-
ing the unitary map in Eq. (2.48) consecutively on the initial state oo, which

leads to the evolved state
Op = Z/{n [ . .L(l [O‘OH . (251)

Taking the partial trace over the environmental DOFs then leads to the final
system state p,,.

Assuming that each environment state is excluded from any further interaction
and that there are no ancilla-ancilla interactions ensures that fresh ancilla
states are uncorrelated with the system. Therefore, the system state always
interacts with 7, which allows for expressing individual interactions in the form
of a dynamical map &£ acting on the previous system state p,—1 to find the

evolved state
pn =€ lpna] = tri, (Un pu1 @1 UJ) | (2.52)

Figure 2.6 illustrates the discrete nature of the interaction based on the uni-
tary interaction between S and each individual environment ancilla E;. By
applying the dynamical map in Eq. (2.52) we take the partial trace over the en-
vironmental DOF after the unitary interaction. Modelling the interaction like
this makes any ancilla-ancilla correlations impossible and the systems state is
only correlated with the past environment states and never with the ones it

hasn’t interacted with yet.

Through consecutive evolution by applying the CPTP map £ n-times to the

initial state pg in equal time steps At we find
pn = E" [po] - (2.53)

The open dynamics of S from state p, to p, (i.e. n’ > n) depends only on the
state of S at step n. The system, therefore keeps no memory of its past and
the evolution to the next state only depends on the system’s current state,
making this CM Markovian by construction.

The dynamical map &, therefore fulfils the properties of a semigroup and by
referring to " = A,, we define it as in Eq. (2.44). The Markovian properties

hint that in the continuous-time limit, we will then find a Markovian master
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Figure 2.6: A simple collision model where the initial system input state pg interacts
with environment states n consecutively. Each interaction is considered
acting on its respective subspace H,, represented by a unitary interac-
tion U;. The environment degrees of freedom are traced out after each
interaction.

equation of GKSL form.

2.2.2 Discrete Master Equation from a Markovian Collision Model

Appling the unitary map in Eq.(2.48) to the joint S-E state can be approxi-
mated by a second order series expansion

At);H,% N

U, = e HnAt — 1 _ jAtH, — ( O(AtY). (2.54)

We require the time steps At to be small enough such that terms of order
O(At3) vanish. Computing the difference of the evolution in one time step
Apy = E[pn] — pn using the definition of the discrete dynamical map £ in
Eq. (2.52) we find

Apn = —iAt ([Hg, pp] + tre [Hsg,, (pn @ n)]) —
1 ¢ - .
— (@02 g, (5 { (2 4+ 20, s, + HE, ) (o o)} +
5 ) L (2.55)
+ Hy,(pn ® n)Hy, + Hsg, (pn @ 0)Hy, + Hy(pn ® n)Hsp, +

© Hep, (pn ® n)HSEn) L o@d),

Here, we collected the free Hamiltonians of system and environment to H, =
Hg+ Hg, . To further simplify this expression we scale the Hamiltonians, such
that

Hg,Hg, = O(w) Hsg, = gV, = O(g) w<Lg. (2.56)
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Here, the coefficient g is the interaction strength multiplied by the unscaled
interaction Hamiltonian V,,. H, is also of order O(w), which is very small
when compared with the scaling g of the interaction Hamiltonian. We used
this to eliminate the H,, when they are multiplied with A¢, while terms of
order gAt are finite in the continuous-time limit. Terms of order wgAt will
vanish in this limit. Each of these terms in Eq. (2.55) can then be evaluated
to either vanish because they are very small when compared to the coefficient
g or by simply using the linearity of the partial trace.

To summarize, we demand for the coefficients w and ¢ in the continuous time
limit that while g2At is finite,

qwAt — 0, wAt — 0, w?At — 0, (2.57)

as At — 0. These terms then do not contribute to the overall system dynamics,
since their effect is very small when compared to the other terms. Therefore,
it is implied that the product of g with a value x = 0 vanishes, such that
lim gz =0 Vz = 0. (2.58)
g—o0
This condition is necessary to be able to get finite results of the commutator

of the free Hamiltonians together with Hgg, = gV}, in Section 3.7.

Collecting all the remaining terms leads to the discrete-time master equation

Appn B
At

—i[Hs + gtrg, (Van) , pn] +
2 ) 2 (2.59)
+g* At (trp, (Vapn @ V) = 5 {tre, (Vim), pn} )

by additionally dividing Eq. (2.55) by At.
To express this master equation in terms of Lindblad jump operators L, the

rearrangement

tre, (Vapn @ V) = > (v| Vapn ® (Z Py [7) <7> Valv)

v ¥
_Z\/IT’V (v| Va ”Y>pn\/pi’y Y Valv) ZLV’ypn vy*
77
(2.60)

in the eigenbasis of S and E, suffices. Here, we expressed 7 in terms of its
eigenbasis and used the fact that the system state p, commutes trivially with

eigenstates of the environment subsystem. The final result follows from the
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definition
Ly = /Dy V|V |7) - (2.61)

With the help of the Lindblad jump operators in Eq. (2.61), the term within

the anti-commutator of Eq. (2.59) can be rewritten as

tre, (Vi) = Y (ul Viipy |v) (1)

By

= Vo) By I Ve lr) = > L L.
v,V

,y?l/

(2.62)

Due to the discrete nature of the CM, the found master equation in Eq. (2.59)
is based on differentials of discrete time steps At. To get a continuous-time
master equation we will take the continuous-time limit in the next section,

allowing us to express the master equation as a first-order differential equation.

2.2.3 Continuous Time Master Equation

We want to describe the evolution of the system state p up until time ¢. Since
this happens in time steps At we find after a total number of steps IN that
t = NAt. Or, equivalently a relation for the time step length

t
At= . (2.63)

For an infinite number of steps, i.e. N — oo, follows that At — 0. If ¢
is chosen to be a finite constant, the dissipator in Eq. (2.59) vanishes. This
vanishing dissipative behaviour is discussed in detail in [32, 33]. Therefore we
need to carefully scale g together with At — 0 such that the newly introduced
constant

I = g?At for At — 0, g — oo, (2.64)

is finite.

However, g also appears in the unitary part of Eq. (2.59) without being scaled
by At. This, so called, Lamb shift term Hyg = gtrg, (V,,n) therefore diverges
in the limit of ¢ — oo. It is often assumed that the average of this term
is zero or that it can be renormalized by incorporating it with the system
Hamiltonian Hg [16, 30]. The divergent behaviour of Hyg will further be
discussed in Section 4.2.1, where we also present alternative approaches.

By applying Eq. (2.64) to Eq. (2.47) we then find a continuous time master
equation of GKSL form

d ) 1
£ = —1 [HS + HLS,p] + PZ (LVMPLJL# - 5 {L:r/p,LVua P}) . (265)
vp
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The system state p in Eq. (2.65) is time-dependent and we imply that p = p(t).
The same dynamics are described by plugging in the L, as given in Eq. (2.61)
again and finding a continuous time evolution in terms of the Hamiltonians.
For the sake of simplicity, we will from now drop the index of all Hamiltonians
that act on the n-th subsystem since we assume that the system interacts with

identical ancillas in each collision. Therefore, from now on
HSEn EHSEZQV HEn EHE (266)

Since the Markovian collision model approach also exhibits the semigroup

property (Eq. (2.44)) we will refer to the resulting Lindbladian

Ll = % = —i[Hs + Hps,p] + T (trE (VenV) — % {trE(V%%p}) (2.67)

as the generator of the semigroup map

Ailp] = e [p]. (2.68)

The found generator in Eq. (2.67) follows the general structure of the Lind-
bladian £ = —iH + D of a GKSL master equation. As in the result from the
microscopic derivation in Section 2.1.4, the unitary part H = Hg + Hrg is
rescaled by the Lamb shift Hamiltonian Hyg and from Eq. (2.59) we can read
off that the energy shift of the unperturbed system Hamiltonian is precisely

Hslpl = [Hs, pl, (2.69)
while the Lamb shift is defined by
Hrs [p) = [His, pl = [tre (HseT) , p] - (2.70)

On the other hand, the dissipator D is scaled by the finite constant I' and
since Eq. (2.59) and Eq. (2.67) are equivalent it reads

1
D|p] :FZ <LuupLiu ) {LLMLI//.MP}>
Vi

. (2.71)
=I (trE VpaTV)— B {tl“E(VQT),,O}>

Even though the assumptions in the microscopic approach differ vastly from
the collision model introduced here, they both yield a GKSL equation. Ref. [31]
compares the assumptions taken in both approaches and by that highlights
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another benefit of the collision model: no further assumptions need to be taken
once the model is set up and the continuous time limit is taken. In the colli-
sion model, there is no need to take the Born-Markov approximation since it
is already implied by the setup of the collision model, by Egs. (2.50) and the
Markovian nature of the chosen collision model in Figure 2.6 by tracing over
each ancilla’s DOF and excluding it from any further interaction with S and
therefore not allowing for any ancilla-ancilla collisions.

Taking account of effects like ancilla-ancilla is done by an extension of a CM.
These CMs are referred to as non-Markovian. A few examples of how the
formalism of collision models might be extended are presented in an outlook

in Section 5.2.

2.3 Quantum Thermodynamics

In this section, we will equip the before-found collision model setup with ther-
modynamic assumptions such that it results in a thermodynamic GKSL equa-
tion.

Classical thermodynamics is a theory that allows one to describe otherwise
complex systems comprised of a large number of particles in equilibrium states
by only a few macroscopic parameters. This theory is formulated based on a
few postulates justified by experimental observations. These postulates ulti-
mately allow for the formulation of the laws of thermodynamics and fundamen-
tal relations that fully describe the properties of thermodynamic equilibrium
states.

Thermodynamics, therefore is a macroscopic theory, that describes the state
of a system with only a few parameters instead of trying to describe the dy-
namics of each individual particle within an enclosed space. This approach is
possible since thermodynamic experiments are slow and coarse-grained when
compared to an atomic scale. This simplification can be traced back to statis-
tical properties and is made possible because these systems are so large and
not despite that. Extending this thermodynamic framework to small systems
and also to study non-equilibrium systems gave rise to the advent of quantum
thermodynamics, summarized in review papers [5, 34].

Thermodynamic systems are known to equilibrate in a classical setting and
since quantum systems reproduce the laws of classical thermodynamics in the
thermodynamic limit we expect that these thermodynamic principles can also
be applied to open quantum systems. In this thesis we want to examine the
path towards equilibrium for quantum processes by applying thermodynamic

assumptions to these open systems.
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2.3.1 Energy Conservation

Energy conservation is the foundation of many physical theories. In classical
thermodynamics energy conservation is postulated and manifests the first law
of thermodynamics. In a dissipative system, energy is lost to the environment.
Therefore, in open quantum systems, that exchange energy with their environ-
ment, energy within the system itself is not necessarily conserved. However,
the concept of strict energy conservation (SEC) [35], states that every energy
change in S has to be met in . This condition is formulated in terms of the

Hamiltonians in Eq. (2.34) as the commutation relation
[HSE7H5+HE] =0. (2.72)

In Appendix C.1 we illustrated how this commutation relation restricts the
eigenenergies of an open quantum system. It then becomes clear that due to
SEC every energy change in .S has to be met in F and therefore, no energy is

lost in between them.

2.3.2 Entropy Maximization

Postulating that thermodynamic systems assume the state for which the en-
tropy is maximized is fundamental for formulating the second law of thermody-
namics. A consequence thereof is that these systems monotonically approach
the steady state. After the steady state is reached, the system doesn’t change
in time and it can be described by its intrinsic properties and there is no need
to take account of how the system reached its steady state. When describing
a system with a quantum map, a fixed point of the map constitutes a steady
state.

In quantum thermodynamics, there exists a unique state that maximizes the
von Neumann entropy

S = —kptrplog p (2.73)

for fixed energy (H) = tr(Hp). It is a thermal equilibrium state defined as

I, ! 74
= ————, Where = —— 2.
Pth tr (e_ﬁHS) 3 B k’BT ( )
and is referred to as either thermal or Gibbs state since it can be seen as
the quantum version of the canonical (Gibbs) ensemble known from statistical
mechanics. Thermal states are completely passive, which means that no energy

can be extracted unitarily [36, 37].
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Here 3 is the inverse temperature, where we will set the Boltzmann constant
kp = 1 as we are working in natural units throughout this thesis.

As we will shortly see, the thermal state’s equilibrium properties will also play
a role in the dynamic evolution of the system in that it will turn out as the

fixed point of a thermodynamic dynamical map.

2.3.3 Thermal Equilibrium and Thermalization

In open quantum systems equilibration is considered a process where the sys-
tem approaches its steady state. After reaching this fixed point the states
before cannot be recovered by the map that led to the equilibrium condition
[38].

Usually, systems reach equilibrium after a very long time. We want to illus-
trate this behaviour on hand of the example of the classical master equation in
Section 2.1.4. Considering the limit ¢ — oo in Eq. (2.42) shows that the prob-
ability distributions converge towards a time-independent equilibrium state

and can be described by the ratio

Pyl (e —g)
P y(g—e)

(2.75)

This result shows that for a higher transition rate from |e) — |g) a population
in the ground state becomes more likely in the time-independent probabil-
ity distribution at equilibrium conditions. Eq. (2.75) is a general property
that holds in closed, isolated, finite physical systems called a detailed balance
(DB) condition [39]. Detailed balance conditions have also been found for
open quantum systems and can be identified with thermal equilibrium [4, 40].
Detailed balance is so closely related to equilibrium that, the violation of a DB
conditions has been employed as an indicator for out-of-equilibrium conditions
[41, 42]. In the next section we will find a master equation following from a
thermodynamic collision model, that we will ultimately apply to its steady
state to find a detailed balance condition describing thermal equilibrium in
Section 3.6.1.

2.4 Thermodynamic Master Equation

Applying the thermodynamic considerations of Section 2.3 to the Markovian
collision model derived in Section 2.2 implies certain restrictions on the master
equation of GKSL form in Eq. (2.65). Compatibility of open quantum system
dynamics with the laws of thermodynamics has been shown before [4, 10, 43].
However, we provide a new approach that offers insight into the connection

of a GKSL equation and the individual coefficients of the Hamiltonian H in
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Eq. (2.34) by implying thermodynamic considerations to the CM setup in-
stead of applying thermodynamic assumptions to an already existing GKSL
equation.

We simply implement the thermodynamic considerations of Section 2.3 by as-
suming that the interaction defined by the dynamical map in Eq. (2.52) is
strictly energy conserving and the environment is initially found in a ther-
mal equilibrium state. Therefore, the unitary interaction between system and
environment fulfils SEC as in Eq. (2.72) and the environment is composed
out of thermal states 7 defined similar to Eq. (2.74) but stationary w.r.t. the

environment’s free Hamiltonian Hpg, such that

= e (2.76)

.
Applying the thermodynamic considerations of this section to the dynamical
map in Eq. (2.52) then yields

pn = Elpn-a] = trp (Upn 1 @ 7U1), (2.77)

which we will refer to as the thermal map. Here, the environment remains in a
thermal state 7 (Eq. (2.76)) and the open system Hamiltonian H (Eq. (2.34)),
governing the unitary transformation i, fulfils SEC (Eq. (2.72)). The thermal
map has the equilibrium property that the thermal state is its fixed point,

which can be easily shown by

Elpwm] = tre (U,Oth ® TUT)
_ 1 —iHt —B(Hs+Hp) iHt
~ tr (e FHs)tr (eiﬁHE)trE (e ¢ c )
_ 1
~ tr(e=PHs) tr (e=PHE)
e_ﬁHS

- £ ( —5HE) = pen.
tr (e=BHs) tr (e=BHE) e Pt

(2.78)

trp <e—B(HS+HE)6—th6th)

Here, we used SEC in the second line such that the exponentials commute by

them being analytical functions of H and therefore
e—iH’f,e—mHﬁHE)] ~0. (2.79)

By using the dynamical map with these thermodynamic properties to derive

the GKSL equation (2.67) following from the Markovian collision model setup
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according to Figure 2.6 we find the thermodynamic master equation

(2.80)

Lp]=—i[Hs+ Hrs,p] +T <t1"E (VprV) — % {tI‘E(V2T>7p}>

where Hrg = trg (HgpT) and [V, Hg + Hg] = 0 according to SEC.

We will now study the effects these thermodynamic considerations have on
the dynamics of an open quantum system and will see in the end that by
letting the map generated by L act on its fixed point py, we will find that the
open system’s equilibrium conditions can be described by a detailed balance

condition.
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3 Results

3.1 Steps Towards a Thermodynamic Master Equation

The approach via the collision model allows us to directly relate between the
total Hamiltonian in Eq. (2.34) and the Lindblad jump operators appearing in
a GKSL master equation in Eq. (2.47). Therefore, the chosen model describes
the Markovian system dynamics reliably and we get additional insight into
how the individual parts of the total Hamiltonian affect these dynamics.

On the other hand, we have illustrated that to define a dynamical map as
in Eq. (2.43), the total Hamiltonian has to satisfy SEC as it is defined in
Eq. (2.72). The effects this physically motivated conservation law has on the
dynamics of an open quantum system will be worked out in this section. We
will do this on hand of the ME resulting from a thermodynamic CM, or ther-
modynamic master equations as we will refer to them here. Even though these
master equations are exactly those that respect strict energy conservation, one
does not directly see how the thermodynamic assumptions might affect their
structure, at least not when it is in written in the form of Eq. (2.80).

These energy-conserving assumptions allow for a further simplification of the
master equation. By that, not only the structure of the equations is changed
but also additional insight into its properties is possible. This representation
will allow us to directly read off transition rates between energy levels of the
system Hamiltonian.

The assumptions taken in this work will allow for even more insight into the
dynamics of an open quantum system. It is possible to set the before-found
transition rates into a ratio which leads to a detailed balance condition. This
ratio can be found by applying the resulting semigroup map (Eq. (2.44)) of a
thermodynamic master equation to one of its fixed points, the thermal state.
The resulting detailed balance condition then shows that the observed dynam-
ics indeed describe a thermalization process. This behaviour is to be expected
since we are dealing with an energy-conserving system.

Following the path and by that also the assumptions taken so far in this work
therefore guarantees that strict energy conservation implies detailed balance.
The extra insight into the structure of the transition rates appearing in the
detailed balance condition will allow us to directly show that detailed balance
implies strict energy conservation for some specific but representative cases.
The results in this section can be compared with those of Dann and Kosloff
[4]. However, the approach taken in this work is fundamentally different, in
that thermodynamic considerations are weaved in right at the beginning of

the setup and not directly to a given GKSL equation. Nevertheless, we chose
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to use the same notation as in Ref. [4] to allow for direct comparison of the
results at intermediate steps. We strive for this section to be self-contained
and to keep it that way some calculations can be found in Ref. [4] as well. We
decided not to point out every similarity in this section and will discuss the

similarities and differences in Section 4.1.1.

3.2 Commutation Relations Following from Strict Energy Con-
servation

Before it is possible to directly observe the effects of strict energy conserva-
tion on the structure of a GKSL equation, we will start by considering the

commutation relations of different building blocks of the Lindbladian

£l = -ilfts + Hus. 4T (irp (Voo 7v) - L {2 ©7).0)

Hp]

Dlp]

found in Eq. (2.80) with the system Hamiltonian map Hg. This first step
is preliminary to directly observing the effects of strict energy conservation
on the structure of the dissipator D. In the later course of this work, these
commutation relations will allow us to find an eigenoperator condition for D
by employing the eigenoperator condition of the commuting system unitary

map Us.

3.2.1 Commutation of Dissipator D and Hamiltonian Hg

We will from now on consider only the dissipative part of the continuous time

master equation in Eq. (2.80), which reads

Dlp]=T <trE Vpa1V) — % {trp(V?® 7'),,0}) . (3.1)

It is expressed in terms of the individual Hamiltonians or states that are a func-
tion of the Hamiltonians of their respective degrees of freedom. The unscaled
interaction Hamiltonian V' is part of Hgp = gV and the environment thermal
state 7 = e BB /7 is stationary w.r.t its free Hamiltonian Hp. Therefore,
this representation will allow for the direct application of the restrictions due
to strict energy conservation as stated in Eq. (2.72). In the first step, we will
illustrate this behaviour by considering the commutation relations of the maps
‘Hs and the dissipator D.

The commutation relation between the dissipator D and the system Hamil-

tonian map Hg can be best observed directly by applying these maps on an
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arbitrary system state p and computing their action by considering D[Hg] and

Hs[D] individually as expressed in
1
D[Hspl]] =T <trE (V[Hg,p|@1V) — itrE {V2, [Hg, p] ® T}) (3.2)

Hs[Dp)] =T ([Hg,trE (Vpa V)] — % [Hg, trg {V%, p® T}]) . (3.3)

Equivalence between Egs. (3.2) and (3.3) suffices to show that the maps D
and Hg commute.

Considering the dissipator in two parts simplifies this proof. We will refer to
the first term as the ”sandwich” and the second term as the ”anti-commutator”

term. The sandwich term of Eq. (3.2) can then be rearranged to

trg (V[Hs,p)|@7V) =trg (VHs p@7V = Vp 1 HSV)
=trg(V(Hs +Hg)p@7V —Vp@7(Hs + Hp)V
~VHpp@1V +VpRTHEV)
=trg (Hs+ Hg)VpR 71V —VpR7V(Hs + H))
=trg [Hs, (Vp@7V)] + trg [Hg, (Vp @ TV)]
= [Hs,trg (Voo 7V)].

(3.4)

In this calculation, we used the fact that Hr and 7 commute since the en-
vironment thermal state 7 is an analytical function of the Hamiltonian Hg.
Another property of Hg is that it commutes with Vp ® 7V within the partial
trace over the environment degrees of freedom, even if they do not commute
in general. This holds without making any further assumptions on Hg, 7 and
V. We express the unscaled interaction Hamiltonian V' as decomposition in a
basis of system and environment by V' =3 A¢ ® B% and find that

trp [Hp, Voo 7V] = 3 A2pAS tr [HE (Bgng)} -0, (3.5
a,B

since the commutator is always traceless.

Similarly, we now consider the anti-commutator terms of Eq. (3.2) and see
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that they can be transformed into their counterpart in Eq. (3.3) via

trp {V? [Hs,p) @7} =

=trg (V2ng® T—V?p@71Hs+ HspRTV? - p® TH5V2)

=trp(VH(Hs + Hp)p@ 1 -V Hpp® T+ p@ THEV?
—pR7(Hs+ Hp)V? - V?p@ 7Hg + Hgp @ 7V?)

=trg((Hs + Hg)V*p @7 — HpV?p @7+ p®@ 7V Hg
—pR7V*(Hs + Hp) —V?’p@ THg + Hgp @ 7V?)

=trg (HSVZ/) RT—p® TV?Hg — V2p QRTHg + Hgp ® TVQ)

=trg [HS, {V2,p®7}] = [Hg,trE {Vz,p®r}] .

Similarly, V2 can be expressed as a sum of tensor products of system and
environment parts and it can be shown as in Eq. (3.5) that V? commutes
with Hg within the partial trace due to the cyclic properties of the trace and

commutativity of Hg and 7, i.e.

trg (V2HEp ® 7') =trg (HEVQp ® T) ) (3.7)

Since both terms of the dissipator commute with the system Hamiltonian as
shown in Egs. (3.4) and (3.6) commutation of the D and Hg follows immedi-

ately, i.e.

D[Hs [pl] = Hs [Dpl] - (3.8)

This result also allows for expressing a similar commutation relation of the

—iMst by employing the fact that if two objects

system unitary map Ug = e
commute, analytical functions of them commute as well. In this case, Ug is

an analytical function of Hg and the consequences can be summarised as

[D,Hs] =0 = [D,Us] =0. (3.9)

This commutation relation will prove quite useful in the later course of this
work. In section 3.4.1 we will use Eq. (3.9) to find eigenoperator conditions of

D by knowing how Ug acts on each matrix element |k) (¢| of a system state p.

3.2.2 Commutation of Lamb Shift H;s and Hamiltonian Hg

In this section, we show that commutation of the Lamb shift Hamiltonian
Hps = trg (HsgT) as defined in Eq. (2.70) and system Hamiltonian Hg is a
direct consequence of strict energy conservation. This result is of particular
interest since it is required to show that the Lindbladian map £ = i(Hps +
Hs)+ D and the system Hamiltonian map Hg commute. We will also use this
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result directly when showing that the thermal state py, is a fixed point of the
semigroup map A; in Section 3.3.

First, we show that [Hrg, Hg] = 0 holds. This commutation relation can then
be extended to their respective maps Hys and Hg.

Before showing that [Hpg, Hs| = 0 directly, we use a as decomposition of
Hps =3, Aa ® B, to rearrange the commutator to

[HLS,Hs] = [tI‘E (HSET) ,Hs]

— Z (Ao Hstr (TBy) — HgAptr (B,T))
a (3.10)
=trg (HspHs ® T — Hs ® THgE)

=trg [Hsp, Hs ® 7] .
To show that the commutator in Eq. (3.10) indeed vanishes we will start with

strict energy conservation as given in Eq. (2.72) and apply several transfor-

mations to it and see that

[Hsp,Hs + Hg] =0 |- Xg |trg
tre (HspHsXp + HspHpXp — HsHspXp — HeHspXp) =0
treg (HspHsXp+ HspHpXp — HsXpHsp — HspHpXp) =0
trp [Hsp, HsX5] = 0

(3.11)

This calculation is valid for all X g that commute with the environment Hamil-
tonian, i.e. they fulfil the commutation relation [Hg, Xg| = 0. Therefore, it
also holds for Xg = 7. By this choice Eq. (3.11) can be seen to be equivalent
to Eq. (3.10) and we can conclude that

[H.g, Hs] = 0. (3.12)

To see the equivalence between Eq. (3.12) and the commutation relation of

the maps, the following calculation suffices

HLS [HS [p]] = [HL5'7 [HS710]]
=HpsHsp— HrpspHs — HspHps + pHsHpg

= HgHsp— HspHrs — HpspHs + pHpsHg (3.13)
= [Hgs, [HLs, p)]
=Hs [Hrs [p]] -

Hence, by strict energy conservation, the commutation relation of Lamb shift

and system Hamiltonian map Hrgs [Hs [p]] = Hs [Hrs [p]] holds.
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3.2.3 Commutation of the Unitary U{s and the Semigroup Map A;

To better compare our results to those of Ref. [4], we show that the maps A,
and Ug commute.

By using the commutation relations in Egs. (3.8) and (3.13) we can now con-
clude that the Lindbladian £ = —i(H s +Hs) + D commutes with the system

Hamiltonian map Hg, i.e.
(L, Hs| =[—i(Hs+Hrs) + D, Hs] = —i[Hrs,Hs] + [D,Hs] =0. (3.14)

The commutation relation of the maps A; = e£t and Ug = e st follows
from the commutation relation of their generators £ and Hg in Eq. (3.14).
Employing that the maps of interest are analytical functions of their generators
yields

L, Hs] =0 = [Ay,Us] =[5, e7Tts!] = 0. (3.15)

We want to emphasise again that this is a direct consequence of strict energy
conservation.

All results that are needed for the following calculations were already found in
Egs. (3.9) and (3.12). It is still not obvious how these commutation relations
will help to gain more insight into the open system dynamics following a GKSL
master equation. However, the fundamental consequences of strict energy
conservation that are already embedded in Eq. (3.9) will reveal themselves in

the calculations of Section 3.4.

3.3 Fixed Point of the Semigroup Map A,

In Section 2.1.2 we introduced the dynamical map &£ in Eq. (2.77), which
doesn’t necessarily lead to the same dynamics as the semigroup map in Eq. (2.44)
as we showcased in an example in Appendix B.1. However, in Eq. (2.78) we
find the fixed point of the thermal map, the thermal state py, at the same
inverse temperature 3 as the environment. We will now show that this also
holds for the semigroup map A; generated by the Lindbladian £ in Eq. (2.80).
To show the fixed point condition Ay [p,] = pn, we will let the individual terms
of £ act on the system thermal state p;, and see afterwards that vanishing
action of £ on pyp, indeed leads to a fixed point of the map A;.

We start by considering the product of the un-normalized thermal states of

system and environment at equilibrium. This expression can be simplified to

¢~PHs=PHE _ o—B(Hs+Hg) (3.16)
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since the Hamiltonians Hg and Hpg act on different subspaces and by that
they trivially commute.

Computing the commutator of the interaction Hamiltonian Hgg and the prod-
uct in Eq. (3.16) can then be simplified to

[HSE,e_ﬁHSe_/BHE} _ |:HSE76_5(HS+HE):| =0 = [Vpm®7] =0, (3.17)

by employing SEC. Before we show that the action of £ on p;, vanishes, we
first let D act on py, and see that

1
Dlpwm) =T <t1"E Vo @7V) — StE (V2 pin ® T}>
| (3.18)
=T <t1"E (V2pth ® T) — §trE (2V2pth ® 7')) =0,

due to the result of Eq. (3.17). In Eq. (3.12) we have already shown that
the Lamb shift Hamiltonian map Hys and the system Hamiltonian map Hg
commute. By that, the action of the Lindbladian £ on the thermal state

vanishes, and the following calculation suffices to show that

L pin] = —i (Hs [pen] + His [pen]) + D lpwn] = 0. (3.19)

Here we used Hpg [pin] = %s [HLs,G_BHS] = 0 by virtue of Eq. (3.12). The
same reasoning suffices to show that Hg [psn] = 0, since the system thermal
state py, is stationary w.r.t. its free Hamiltonian Hyg.

To see that the thermal state is a fixed point of the semigroup map A; we will
express the action of the map in a series expansion. With help of Eq. (3.19)

we see that

e o] =Y (ﬁf)z [pen] = (I lptn] + L [pen] t + LLElpull® + - ) = Pth-
— 2

(3.20)

The result shows that any state for which the action of the Lindbladian £

vanishes is a fixed point of the semigroup map A; and therefore also holds for

the thermal state pyp,, i.e.

At [pin] = pin | (3.21)

We will later employ the fixed point of the semigroup map A; to find a detailed
balance condition for the coefficients appearing in the master equation, similar

to the DB condition in Eq. (2.75) we found for a classical master equation.
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3.4 Study of the Action of D on Basis Elements of U

In Section 3.2.1 we found the commutation relation for the dissipator D of a

thermodynamic master equation and the system unitary map Us,
[D,Us] = 0.

Since the maps Ug and D commute, they share a common set of eigenoperators.
But we will soon see that the spectrum of Ug is degenerate, which requires a
more detailed consideration of how D acts on the eigenoperators of Ug. More
precisely, the diagonal elements of Ug’s spectrum constitute the degenerate
part and the off-diagonal elements the non-degenerate part. In the end, this
distinction allows for eliminating terms the GKSL equation and expressing it

in its thermodynamic essential form.

3.4.1 Analysing the Action of the Maps on Distinct Basis Elements

To motivate this classification, we will first consider the action of Ug on a
general basis element |n) (m| where |n) , |m) are eigenvectors of Hg. According

to Eq. (2.25) this unitary evolution is given by

US [|n> <mH :efiHst ‘n> <m| eiHst
= D2 e k) Gk n) (m] € 17) (]
™ (3.22)
=cEn =20 fn) {m)

=e™nmt |n) (m] .

Here we used the definition of the Bohr frequency wy,, between the energy
levels |n) and |m), as given in Eq. (2.16). It can now be seen that Eq. (3.22)
constitutes an eigenoperator condition with eigenvalue e®»m? for all n, m. The
degeneracies of the eigenoperators of Ug can be best observed when separating
them into two distinct sets. These will be named based on how the map Ug acts
on them. First, there is the set that contains projection operators II; = |7) (i|.

This set is referred to as unitarily invariant since
Us [IL] =T11I; Vi (3.23)

constitutes a dg-fold degenerate eigenoperator condition with eigenvalue 1.
The set containing transition operators F,,,,, = |n) (m| for n # m is referred

to as unitarily non-invariant and fulfils the following eigenoperator condition

Us [Frm] = €t Fypn. (3.24)

39



For these eigenoperators, we assume nondegeneracy of their corresponding

eigenvalues e/“nmt,

This means that the Bohr frequencies as in Eq. (2.16)
between energy level |n) and |m) of the system Hamiltonian Hg are non-
degenerate, i.e. Wy # Wy for all (n,m) # (n’,m'). One direct consequence
thereof is that the spectrum of Hg composed of eigenvalues ¢; is also non-
degenerate. However, even non-degenerate Hg can still lead to degenerate
Bohr frequencies if e.g. two different pairs of eigenvalues exhibit the same
energy gap.

Classifying the entire spectrum of Hg into a degenerate and a non-degenerate
part w.r.t the eigenoperator condition of Us in Eq. (3.22) will allow us to make
statements on how the dissipator D acts on these parts individually by also
employing the commutation relation of Ug and D found in Eq. (3.9).

If two observables commute then there exists a common eigenbasis. If these
operators are additionally non-degenerate then this eigenbasis is unique. A
similar statement can be made about commuting maps. The action of D
on the unitary non-invariant (non-degenerate) part of the spectrum yields a
unique eigenoperator condition on the same basis as for Ug. Therefore, Egs.
(3.9) and (3.24) imply

D[Fum] = famFam ¥V n#m. (3.25)

If at least one of two commuting observables is degenerate to some degree, then
the eigenspace of the other observable is typically spanned by a linear com-
bination of the basis elements of the degenerate one. Applied to the maps at
hand, this is the case for the degenerate unitary invariant part of the spectrum
of Ug. This means that Egs. (3.9) and (3.23) imply that

DL, = M, (3.26)

The coefficients dl(-n) and fp,, could be computed explicitly once Hg, Hg and
Hgp are known, but since their actual value is of no significance we will leave
them unspecified.

Knowing how D acts on the elements of the eigenbasis of Hg is necessary for
an analysis of coefficient contributions to the open system dynamics, which
will be performed in Section 3.5.3. In this analysis, we will find out if some of
the coefficients f,,, and dgn) vanish and by that restrict the structure of the

resulting thermodynamic master equation.
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3.5 Thermodynamic GKSL Equation
3.5.1 Basis Change of the Dissipator

In this section, we will determine which terms in the dissipator contribute to
the overall dynamics and can reduce the dissipator to its thermodynamically
essential form, which leads to the thermodynamic master equation.

Considering the dissipator in its dual form helps to compare our calculations
to those in Ref. [4], but also slightly simplifies the notation. The dual form can
be found by employing the Hilbert Schmidt product of an arbitrary Hermitian
operator A and the map in its primal form acting on a state p. This can then

be transformed to

tr (D [p] A) = tr (Z <LW,0LLV - % {LLVLW,,,O}> A)

I'I‘7V

1
— tr (Z <LLVALWp -5 (LLZ,LWAp + ALL,,L,W,)) ))
v

- tr(z <LLVALW - % {LLVLW,A}) p) — tr (D*[4] ).

v

—D[4]
(3.27)
Here, we used the fact that A and p are Hermitian operators, that the dissi-
pator is Hermitianity preserving (D [A] = (D[A])") and employed the cyclic

properties of the trace. Therefore, the dissipator in its dual form D* reads

D e =% <L1W oLy, — % {LLVLW, .}> . (3.28)

IR
To eliminate elements of the dissipator that don’t contribute to the dynamic
evolution of the system, we will next perform an analysis of coefficient con-
tributions to these dynamics. Expressing Eq. (3.28) in a basis of orthogonal
matrices S; will be used to define coefficients for each index combination.
Orthonormality can be defined by the Hilbert-Schmidt product (S;,S;) =
tr (S;r Sj> = 0;5. The Lindblad jump operators on the basis of these orthonor-

mal matrices are then given by

2
d%—1

L =Y (L, Si) Si. (3.29)

i=0
Plugging Eq. (3.29) into Eq. (3.28) gives the dissipator in the basis of these

orthonormal operators
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D (o] = > (L, Si)* (Lyws Si) <S;f °S; — % {S;Si, .}) . (3.30)

Jit v

By collecting scalar terms in Eq. (3.30) we define the coefficients

aji =Y (Lyvs 5" (Lyuw, Si) - (3.31)

JTR”

With the help of these, we express the dissipator in a compact form as
% 1
Do) = S ()05 5 {sisie} ). (5.3
3y

We choose S; = |m) (n| and S; = |n/) (m/| and plug them into Eq. (3.31).
These operators are orthonormal according to the Hilbert-Schmidt product
and cover diagonal elements II; as well as off-diagonal elements F,,,,. There-
fore, the set of orthogonal matrices {S} spans over the entire eigenspace of
Us, where {|m) (n|} forms a complete basis that is also orthonormal.
The action of the dissipator can then be expressed in terms of the new indices
j — (n,m) and i — (n/,m’). The sum over these indices shows D* in the
abstract form

D [o]= > tnmwm Dy 9] - (3.33)

! m/

*
nmn’m

The partial dissipator maps D , appearing in Eq. (3.33) can be obtained
by plugging the operators S; = |n) (m| and S; = |n) (m/| into the unscaled

part of Eq. (3.32) and read

e (8] = 1) (m] e |n) (m/| — % {In) (m|n") (m/|, o} . (3.34)
We introduce these partial maps together with the four index coefficients
Apmn'm: 10 determine the action on individual basis elements for different in-
dex combinations (n,m,n’,m’). Considering these elements individually will
enable us to tell which of these partial maps contribute to the overall dynamics
and which do not. In the end this results in a thermodynamically essential
form of the master equation.

The coefficients anmp/my appearing in Eq. (3.33) replace the two index co-
efficients aj;. To see this we again plug the explicit orthonormal operators
Sj = |m) (n| and S; = |n) (m/| into Eq. (3.31) and find

e = Y (L |m) (n])* (L, [0 () . (3.35)

2l

42



The L, are the Lindblad jump operators that follow from the collision model
and were introduced in Eq. (2.61). They allow us to relate the four-index
coefficients aympims to the elements of the Hamiltonians in Eq. (2.34). To
illustrate this step, one individual Hilbert-Schmidt product of Eq. (3.35) can

be evaluated to

(Lyars lm) () = tr (Lf,, m) (]
= Vot (V] V 1) ) (n])
= Ve > tr (v eigsy i) Gl @ 1) Ol 1) ) ()

i7j7£7x

= \/]Ty;ciumu tr (’Z> <TL|)

=6in

(3.36)

= VPvCnvmpu-

Here, the coefficients p, are the eigenvalues of the environment thermal state
7 and cpumy, are the elements of the unscaled interaction Hamiltonian V. This
result can be plugged into the Hilbert Schmidt products in the definition of
the four index coefficients anmpm as stated in Eq. (3.35). The apmnm can

then be evaluated in terms of the coefficients p, and ¢;,j, to

Anmn'm/ = Z (LMW ’m> <n’)* (Ll“” n/> <m/‘) = Zpyc:leicm,l’n,“' (337)
uv 1,V

Letting the maps in Eq. (3.34) act on an operator |k) (¢| will give an idea of
what the action of the map on a state p looks like. The action of the partial

dissipator map on individual basis elements can be expressed as

= n) {mli) (Ol (] — % (it (1n) (! ) (€] + |K) (€ln) ()
= 6km5€n’ ‘n> <m/’ - %‘Lnn’ (5km’ |n> <£’ + den ‘k> <m/D :
(3.38)

; , maps onto an individual matrix element [k") (¢

nmn’'m

Considering how D

reveals

<k,’ Dnmn/m’ Hk> <€|] ’£/> =

1 (3.39)
= 6nk/5km5€n/5m’€’ - §5mn’ (6k’n5km/5£€’ + 5€n6m’€/6k/k)

The work done in this section is preliminary to performing an analysis of
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coefficient contributions to the open system dynamics, where the action of
the map D* on elements from the invariant and non-invariant spectrum of Ug
will be evaluated. To tell which index combinations contribute to the overall
dynamics and which do not, Eq. (3.39) will prove itself useful. The elements
that do not contribute to the dynamics can then subsequently be removed from
the sum in Eq. (3.33) and the dissipator in its thermodynamically essential
form is constructed of the remaining coefficients a,,n/m’ and partial maps

’D*

 mn'me - 1t Will be possible to separate the remaining coefficients into two

distinct sets that each show properties that allow for more insight into the

dynamics of the open quantum system.

3.5.2 Consequences of Strict Energy Conservation on Elements of

the Dissipator

The calculation of this section aims to make out for which combinations of in-
dices, the coefficients a,mn/m vanish due to strict energy conservation. There-
fore, we will highlight exactly how strict energy conservation affects the struc-
ture of the dissipator. This will be done in line with the restrictions that
follow from the commutation of Ug and D given in Eqgs. (3.25) and (3.26).
These effects will be considered separately for elements of the invariant and
non-invariant spectrum, which will then be combined to see a complete picture
in the end.

First, we observe the action of the dissipator on elements of the unitary non-
invariant spectrum, i.e. transition operators F,,,. While Eq. (3.38) already
reveals how the dissipator acts on a general basis element. We will take one
step back and start by bringing Eqgs. (3.25) and (3.33) together to obtain

(3.40)
Plugging the results of Eq. (3.39) into Eq. (3.40) summarises the relation
between the four-index coefficients @,/ and the eigenvalues fir, in the

following way

1

Uk =5 D (WrmmkOee + GommeOkrr) = fredprrbee Yk AL (3.41)

m

Next, we will consider the action of the dissipator on elements of the invariant

spectrum, i.e. diagonal elements II;. To achieve this, we first need to set
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Egs. (3.26) and (3.33) equivalent, resulting in

K| D" awmnm D [ (B[] €)= (K (Zb@\w) ). (3.42)

n,m,n’ m’

Similarly as before, by plugging Eq. (3.39) into Eq. (3.42), but this time setting
k = {, we find another condition between proportionality constants bl(-n) of
Eq. (3.26) and four index coefficients anmpn/ms of Eq. (3.33) of the following

form

1

(k)
ke~ Z (k' mmkOrer + rmme Opkr) = by Serpr- (3.43)

m

The Kronecker deltas d;; in Egs. (3.41) and (3.43) govern which pairs of in-
dices of the coefficients a;jx, are set to be equivalent. It is hard to make
any statements about these coefficients by directly looking at Egs. (3.41) and
(3.43). Up until now, it is not clear how these conditions, which are again a
consequence of strict energy conservation, will alter the structure of a GKSL
master equation. To gain more insight into their implications, we will perform
a thorough analysis of coefficient contributions to the open system dynamics
in the next section. The final result of this analysis will show which terms of
the master equation contribute to the open system dynamics and which vanish

due to the thermodynamic setup of the CM.

3.5.3 Analysis of Coefficient Contributions to the Open System

Dynamics

In this case study we considered all possible index combinations in Eqs. (3.41)
and (3.43). The calculations that lead to the results can be found in Appendix
E.1. Here, we present the results in a concise form in Tables 1 and 2. To make
this more accessible, we repeat the relevant equations from Appendix E.1

above each table.

1

k
'kt — 5 > (WkrmmkOrer + Qe Or) = b e
m
1
ke — 5 > (Wrmmiee + mme i) = Foepdor Yk # L.
m

To give meaning to Tables 1 and 2, we want to emphasize that they summarize
the results of an evaluation of all the coefficients a,,,n/m/ that can be non-zero

while still satisfying the eigenoperator Eqs. (3.41) and (3.43).
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Cases Contributing Elements Reference

k= (3.43)
K #0 (E.1)

k#£EK and k £ ¢/ none (E.2)

k=l =k#K apeees Akke Vk # £ (E.3)

k=k=k#! Apoees Akke Vk # 4 (E.4)

- (E.5)

k= k/ Aok vk ;é ¢ (E 6)

k#FK ageer Yk # 0 (E.7)

Table 1: Results of the case study considering the action of D on the invariant part
of the spectrum

Cases Contributing Elements Reference
k0 (3.41)
k=Fand L #C  aprom, aeee, arkee Yk # 00 Fm (
k 75 k/ and £ = /¢ Altmms Akttt Akl Vk 75 E,E 75 m (E.ll
k#K and ¢ £ 1 none (
k=Fk and ¢ =1/ Akkols Akmmk vk 75 14 (

Table 2: Results of the case study considering the action of D on the non-invariant
part of the spectrum

This case study reveals which terms of the dissipator vanish due to eigen-
operator commutation relations following from strict energy conservation. It
additionally shows how the remaining terms are related to each other. We

also copied the final result of the case study in Eq. (E.18) to present it here

Qkkke = Okett = Oktnn = Ommke ¥V kK # L, L #n, k# m. (3.44)

This tells us that all the surviving coefficients except apree and agerr need
to coincide but not necessarily vanish to fulfil the initial conditions on how
the dissipator D acts on the elements of a basis according to Egs. (3.25) and
(3.26). Hence, up until this point it is not clear if the coefficients in Eq. (3.44)
contribute to the dynamics since they coincide but don’t necessarily vanish.
Therefore, they need to be considered in the structure of the dissipator for
now. However, we will soon see that the requirement for them to coincide also
sharply restricts their contribution to the overall system dynamics.

To summarise, all the terms that can be found in a dissipator that still complies

with strict energy conservation read

o appe for k # £ and agggy for all k, £ from Egs. (E.4), (E.7) and (E.13) .

® Akkke, Akoets ktnn, Gmmke ¥V k # £, € # n, k # m combined in Eq. (3.44)
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Here the separation into these two distinct sets is chosen intentionally and the

calculation in the next section will justify this choice.

3.5.4 Contributions to the Overall Dynamics

We will now see that all the terms in the dissipator except arpr and agpee
are insignificant since they do not contribute to the overall dynamics. By
considering the dissipator composed of the non-vanishing coefficients found in
Section 3.5.3 we will find which elements contribute by plugging in Eq. (3.34)
into Eq. (3.33) to find that

D (o] = S ansae (1) (6 16 6] = 5 (1) (K10 4o} )

k¢

(
+ Zakeek <\k) (| o) (k| — % {1k) (€)0) (K| 7.})
(

+ 3 auane (10 (6 o 1) (21— 5 00 618 (] o))
kit 1 (3.45)
X aunr (10 (1 016) 1= 5 () 166) 1) )

P,

S cutn (1) (o ] = 3 08) () o) )

k£0,04£m

S cunan (16 (10 16) (el = 5 () 416 ] o} )

k£0,64£m

We want to note here that we moved the index combination & = ¢ from
the second line (ager), to the sum in the first line (agree) by exchanging the
summation indices k # £ and k, ¢ in these two lines. This shift of the indices
will prove itself convenient later when the remaining operators in the dissipator
are grouped based on the way they act on input states.

To see which terms contribute to the overall dynamics and for which the
action vanishes, it is convenient to let Eq. (3.45) act on basis elements of
the invariant and non-invariant spectrum of Ug separately. To isolate the
individual contributions of the found index combinations to the dynamics,
we will treat each line of Eq. (3.45) individually. The full calculation can be
found in Appendix E.2. Nevertheless, we choose to present the third line of

Eq. (3.45) on an element [i) (j| for i # j as a show-case example
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5= e (18) 41 1) (61 = 5 (1) 618} (9 () )

kH#L
7 (3.46)

=— % <Z akkki k) (3] + Zajjjﬁ |2) <€|> ;
k l

where we evaluated the inner products and applied the resulting Kronecker
deltas to the coefficients. Similar calculations for the other lines can be found
in Egs. (E.19) to (E.22). By applying the restriction in Eq. (3.44) on the
four index coefficients @,/ we indeed find that the lines in Eq. (3.45) with
coefficients axpre, Qreee, Opemm and agrem cancel each other. The calculation can
be found in Eq. (E.23) in Appendix E.2. Similar calculations for Eq. (3.45)
acting on projection operators II; can be found in Egs. (E.24) to (E.27). The
lines in Eq. (3.45) with coefficients aggke, Gkeee, Akomm and agken also vanish by
employing Eq. (3.44), which can be seen in Eq. (E.28)

By that, we see that all lines except the first and second one of Eq. (3.45)
vanish when considering their joint action on any given basis element. Since
this covers the action of the map on an entire operator basis, these two lines
represent the overall dynamics governed by the dissipator. We will then be able
to state the thermodynamic essential form of the dissipator only consisting of
the lines with coefficients of the form aggg and agre in Eq. (3.47). This result
of strict energy conservation will allow for directly observing the effects it has

on the structure of the master equation.

3.5.5 Thermodynamic Essential Structure of the Dissipator D

Up until now, we found that out of the index combinations a,,,/m only the
ones of the form agree and apepr contribute to the overall dynamics. In every
step that led up to this point, the actual values of these coefficients were of no
significance and we only found out which terms contribute and which do not.
Due to Eq. (3.37) we know how they are related to Hg, Hg and Hgp and we
will now illustrate their physical significance.

The non-vanishing lines of Eq. (3.45) describe the overall dynamics and lead

to the thermodynamic essential dissipator of the form

D* o] =) akkee <|k> (k| o |€) (€] — % {1k) (kl€) (€] ,0})
k0
(3.47)

+ 3 auan (1) €010 61— 5 (1 1616) 4o}

k£0

To simplify this equation we will express it in terms of transition operators
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Fyy = |k) (¢] for k # ¢ and projection operators Il = |k) (k|]. We will also
define the two different combinations of four index coefficients as apry = Qe
and ageer = Yo for £ # k. Reassigning both the operators and the coefficients
in Eq. (3.47) gives

D [o] = aw (sz oIl — % {1011, °}>

0k
i Lyt
+> o ( Flo Foo— 5 {FloFiso} ).
Py,

We will refer to this representation as the dissipator in its thermodynamic es-

(3.48)

sential form, where the first line of Eq. (3.48) is referred to as transition part
Dr and the second line as the dephasing part Dry.
Plugging the dissipator in Eq. (3.48) into Eq. (2.80) yields the the thermody-

namic master equation

Llpl=—i[Hs+ Hrs, p|+

1 I o
DD ke (HkPHz -3 {Hkﬂz,P}) + ) e (FZkPng -3 {ngsz, P})

0,k kL

(3.49)

It is now possible to express the coefficients vy and agy in terms of the com-
ponents of the total Hamiltonians Hsp, Hr and Hg as defined in Eq. (2.34).
By means of the relation established in Eq. (3.37) these coefficients then read

Vo = akeek = Y Py |ckoen|® Yk # L (3.50)
M?V
and
Okt = Qkktt = Y PuChukpChty (3.51)
v

Relating these two coefficients to the elements of Hg, Hr and Hgg allows us to
further study the implications of thermodynamic constraints like strict energy
conservation (2.72) on the system dynamics. But they also allow for a deeper
insight into the mathematical structure of the thermodynamic master equation
given in Eq. (3.49). In Appendix E.2.3 we will be studying the properties of
age, which will allow us to further simplify the structure of D under certain

circumstances.
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3.5.6 Properties of ayy

We will now study the properties of the coefficients ayy appearing in Eq. (3.51).
These coefficients constitute a matrix (age) which we will refer to as a. We

now consider the complex conjugate of Eq. (3.51) and see that

*
O‘ZE = Zpu (ckl/kyCZVZM) = Zpllcéuﬁ,uczl/ku = Q- (3.52)
v wv

This suffices to show that (age) = (age)t and by that « is a Hermitian matrix.
It is to be noted here that the eigenvalues p, of the environment thermal state
7 are real and are not affected by the complex conjugate in Eq. (3.52). Addi-
tionally, for some given interaction Hamiltonians Hgp, « is a real symmetric
matrix. One trivial example is an interaction Hamiltonian Hgg that only has
real elements c,g, in the eigenbasis of Hg + Hp. This can be directly seen
when considering real coefficients in Eq. (3.52).

Two insightful qubit examples are given in Appendix C.2. Both examples
employ interaction Hamiltonians with complex elements cg,¢,. While one of
them yields a real symmetric matrix «, the other one results in a matrix «
with complex components. These examples highlight that even though real
symmetric Hgg imply real «, real a do not necessarily imply that Hgg is real.
In Appendix E.2.3 we further investigate the effects real-valued matrices «
have on the structure of the thermodynamic master equation.

The definition of ayy w.r.t the elements of Hgp and Hg is made possible by
obtaining the initial master equation from a collision model. This highlights
one key advantage of the approach we took in this work — it offers more insight
into the underlying structure of the coefficients appearing in the found ther-
modynamic master equation by linking them to the Hamiltonian in Eq. (2.34),

which is the salient point of using collision models in this work.

3.5.7 Role of the Kinetic Coefficients vy

In this section, we illustrate the role the kinetic coefficients 4 play in the open
system dynamics. We will show that these coefficients describe transitions
between energy eigenstates of the system Hamiltonian Hg. In the later course
of this work we will also be able to show that these transitions are related to
one another by a detailed balance condition.

The first sum of the dissipator in Eq. (3.48) is comprised of transition operators
Fy, which motivates us to refer to it as transition part Dp. To see how it

acts on an energy eigenstate of Hg will help us to understand the role of these
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kinetic coefficients.

It is to be noted here that we are dealing with the dissipator in its primal form
again since we are considering the action on an actual state. To understand the
role of D we will consider the action of the dissipator on an energy eigenstate

of Hg with a population in the level |j) (j| and obtain

D 1) Gl = 3 o ( Fucld) 1 Bl = 5 { FlFo ) 41}

kAl

=S (10613 16 (0= 5 Q6L GY) a5
P,

=S (81510 (€= 300 G+ 1) (0 ).
vy,

When considering the first term in the third line of Eq. (3.53), for k = j,
we can observe how a fixed state state |j) (j| is mapped to all the possible
other states |¢) (¢|. This happens with each respective transition rate -;;.
The second term describes how the state is mapped to itself with a factor of
— 2 _u(j) Vej- This term sums all the transition rates from states [j) to [£) and
recovers the state-preserving properties of the semigroup map A; by keeping
the action of its generator, the Lindbladian £, traceless.

For k # j Eq. (3.53) describes a transition from any state |k) other than |j)
to |¢). These transition rates vanish since all states other than [j) are not
populated in the first place and therefore no transitions from these states can
occur.

To summarise this, ¢ describe the transition rate from energy level |j) to
|¢). Knowing what this transition rate means will be used later when we
give physical meaning to the detailed balance condition and see that it indeed

describes the dynamics of an equilibration process.

3.6 Detailed Balance

In this section, we will show how a detailed balance condition can be found
when employing the fact that the thermal state pg, is a fixed point of the semi-
group map As. In Eq. (3.20) we proved that the thermal state py, is the fixed
point of the semigroup map A; by applying the master equation following from
the collision model to p;, and invoking SEC. The detailed balance condition is
a ratio between the transition rates 7y, which can be related to the elements
of the Hamiltonians found in Eq. (3.50). This connection to the Hamiltonians
will render itself useful when trying to find a necessary and sufficient condition

between detailed balance and strict energy conservation for exemplary sets of
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Hamiltonians.

3.6.1 Employing the Fixed Point p;, of the Map A;

To show that py, is the fixed point of Ay we used that D [py,] = 0, which we
proved in Eq. (3.18). We will use this vanishing action of D when acting on the
thermal state to find that detailed balance holds for the dissipator in Eq. (3.48)
and therefore also for the thermodynamic master equation in Eq. (3.49).

Since the thermal state is diagonal in the eigenbasis of Hg, we will consider
the dephasing part of the dissipator acting on a single projection operator II;.

This action can be shown to vanish by

D [11] = Z Ut (Hknjng - ;{Hkm,r{j}> =0, (3.54)

ok
since projection operators 1I; mutually commute. This result allows us to
consider only the part of the dissipator that is made up of transition operators
Fie, namely Dp. This reduces the vanishing action of D = Dy + Dp on the

thermal state to

1
D (o] = Dr [ou] = Y 7o <FekmeJk -3 {FJkFek,pth}) =0 (355)
£k

The transition operators Fjy represent transitions between energy levels in the
system Hamiltonian Hg as shown in Section 3.5.7. Therefore, they fulfil the

eigenoperator condition

[Hs, Fam] = Z [ej 17) (I, In) (ml] = (en — em) [n) (M| = —wnm Fom  (3.56)

By employing the Hadammard Lemma of the Baker Campbell Hausdorff for-

mula eABe_A = Z;)io % [/l7 B]] where [A, B]O = Band [A, B]] == [A7 [A’ B]j—l]

it can be seen that

(o0
_ 1 _
P8 Fyne P15 =3 " — [BHg, Fum); = € 7" Fyp,. (3.57)
=0 N———

(_ﬁwnm)j Frm

Here we used that the commutator [SHg, Fy,]; is similar to the eigenoper-

J
ator condition in Eq. (3.56) applied j-times and therefore yields (—Bwpnm ).
Multiplying e #Hs from the left to Eq. (3.57) yields the following relations for
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swapping operators e 215 and F,,, and its conjugate transpose Fﬂ:m
Fyme PHs = e Ponme=PHs (3.58)
e PHs I — g7 Punm il o=BHs (3.59)

These results can now be employed to swap the thermal state py, and the
transition operators Fj,,, by multiplying them by a factor e*5“»m to simplify

the action of the dissipator to

1 _
{ BHS} Z’Yék <sz6 BHSFJ,C ~3 {FéTszk,e 5HS}>

ok
= ZWk (e_ﬂw“kaFeTk - ngFKk) e~ PHs (3.60)
£k
|
=" (e*ﬁwk 1) (€] — |k) <1<;|) e—BHs L.
£k

Eq. (3.55) allows us to set the action of the dissipator in Eq. (3.60) to zero,
which in turn enables us to eliminate e “#s by multiplying e’#s to both sides
of Eq. (3.60). As can be seen in the third line of Eq. (3.60) only diagonal
elements need to be considered when evaluating the action of D on individual

matrix elements. Evaluating this action on diagonal matrix element results in

(1D [P Ji) = 5 e — pORE

k() £(#1)

= Z (’Yike_ﬁwik - '7ki> =0.

k(#0)

(3.61)

Eq. (3.61) constitutes a set of dg equations that are each set to zero due to
Eq. (3.55). It can be seen that these equations can be solved by setting each
term ~y;pe P@ik — ~4; in the sum to zero individually. Rearranging these terms

then yields the following solutions to these equations

Yok _ B Vyge # 0, £ < k. (3.62)
Yie
These solutions are the desired detailed balance condition between energy lev-
els |[¢) and |k) of the system Hamiltonian Hg and represent a central result
of this work. The detailed balance conditions sets the before found transition
rates vy, into a ratio and relates them to the Bohr frequencies. To avoid re-
dundant equations we demanded ¢ < k in Eq. (3.62) and also in the following

derivations.
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3.6.2 Physical Interpretation of Detailed Balance

To give more meaning to Eq. (3.62) we focus on what this detailed balance
condition tells us about the population of the energy levels of the system
Hamiltonian. Therefore, we will consider the case where energy level |k) has

higher energy than level |¢), i.e. g5 > 4. Rearranging Eq. (3.62) reveals that

Yor = Yeee” T >y Vep>e,8>0. (3.63)

The transition rate 7y, describing the transition from energy levels |k) to |¢),
is higher than the opposing transition rate 7 if energies e > ¢;. Therefore,
the detailed balance condition in Eq. (3.62) describes the behaviour of an
equilibration process where a system equilibrates with its environment since it
makes a population of the lower energy levels more likely than the higher ones.
This behaviour also meets our expectations due to our day-to-day experiences,
where hot objects cool down until they reach the temperature of their colder

environment.

3.6.3 Inner Structure of the Detailed Balance Condition

Detailed balance as in Eq. (3.62) obscures the inner structure of the transition
rates ygr. With the help of the results of Eq. (3.50), which are a direct conse-
quence of an energy-conserving collision model, it is possible to find a detailed
balance condition that depends only on elements of the set of Hamiltonians in

Eq. (2.34). Plugging in these results reveals the detailed balance condition

5 Z Pv |C£Vku |2

ke 1LL7V

S ) TV} (3.64)

Yek Y. pglckpeal
a7ﬁ

This connection between the detailed balance condition and the coefficients
of the Hamiltonians allows for constructing these Hamiltonians from a given
DB compliant master equation. This construction will then in turn allow for
checking if SEC is also fulfilled. This analysis is possible since we found a
master equation following from a collision model and therefore enables us to

find out more about the underlying relation between SEC and DB.
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3.7 Detailed Balance Compliant Master Equation and Strict
Energy Conservation

Following the course of this work so far, we see that a strict energy-conserving
collision model leads to a detailed balance for non-degenerate Bohr-frequencies
wyk. It is a priori unclear if a detailed balance-compliant master equation also
implies the existence of an underlying total Hamiltonian that satisfies strict
energy conservation. In this section, we will construct Hamiltonians from a
DB compliant master equation and show that it is possible to construct at
least two that also fulfil SEC for each dimension dg = dg.

This construction is based on the kinetic coefficients 4, the eigenenergies
g; of the system Hamiltonian Hg and the eigenvalues p, = e 7% /Zg of the
environment thermal state 7 appearing in the detailed balance condition (c.f.
Eq. (3.64))

AT

Vke _ b _ e,Bwkg v k 7& /
2 b
Yek Y pglckpeal
a7ﬁ

and the thermodynamically essential form of the master equation (c.f. Eq. (3.49))

Lp]=—i[Hs+ Hrs,p|+

1 P
r Z Qge (HkPHZ -3 {HkHZaP}> + Z’Yezc (F&PFM -3 {ngFek, P})

0k kAl

These coefficients are then used to construct the individual terms of the Hamil-
tonian H = Hg + Hg + Hgg, where

Hs =Y eli)(il, He=> ey |7) (3, Hsp =9 Y, Cipju |i) (j| @ ) (v] .
i ol 7,1,V
(3.65)

In the following example we show, that with a single given master equation
following from a DB compliant collision model, one can construct non-unique
sets of Hamiltonians that yield said master equation via a CM, where one
fulfils SEC and one doesn’t. This construction is based on the master equa-
tions kinetic coefficients ~yy;, fulfilling Eq. (3.64). Therefore, all of the found
Hamiltonians are compliant with detailed balance, but only some of them also
fulfil strict energy conservation. This already points out that whether or not

energy conservation is also fulfilled depends on the construction.
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3.7.1 Qubit Examples of Detailed Balance Compliant Master Equa-

tions

We will now derive a set of Hamiltonians from a given master equation in
dS = dE = 2 resulting from a collision model that we demand to fulfil detailed

balance. For an inverse temperature 8 = 1 we are given the kinetic coefficients

Yo1 =2, 710 = 1. (3.66)

From this statement of parameters, we can construct a set of Hamiltonians
that has to fulfil Eq. (3.64), since we know () and («) defined by Egs. (3.50)
and (3.51) from its origin of the collision model. We start by computing the
Bohr frequency wg; = €1 — €g in terms of the eigenenergies of the system Hg.
Without loss of generality we set the first eigenenergy €9 = 0 and by em-
ploying % = P01 we construct Hg. The detailed balance condition doesn’t
strictly restrict the structure of V', it can be chosen freely. However there is
a relation between V’s elements ¢y, and the eigenenergies p, of the thermal
state 7 which depends on the environment free Hamiltonian Hg due to DB in
Eq. (3.64). In this case, we chose V to be anti-diagonal and solving detailed
balance in Eq. (3.62) for 5—: allows for a construction of Hg. This construction

results in the Hamiltonians

0 0 !
Hs = (O 10g(2)) V=

It is important to note here that this construction is not unique but it complies
with the detailed detailed balance condition in Eq. (3.64) and follows from the

given kinetic coefficients given in Eq. (3.66) at inverse temperature g = 1.

1 0
Hp = (0 —log(5)> . (3.67)

w o O O
S = O O
o O = O
oS O O W

Computing the commutator for strict energy conservation in Eq. (2.72) then

results in
0 0 0  —3log ()
0 0 log(10) 0
V,Hs + Hg| = 0.
glV,Hs + Hg] =g 0 log10) 0 0 =
log (%) 0 0 0
(3.68)

Therefore, we immediately see that strict energy conservation is not necessarily
a direct consequence of detailed balance. However, another construction based

on the same master equation defined by its kinetic coefficients in Eq. (3.66)
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and at the same inverse temperature § = 1 leads to a different result. Here
the ratio % leads to the same Hg but by a different choice of V' we find a

different Hg. Summarized, this construction reads

0 0 ! 0 0
Hs = (0 log(2)> V= He = (0 1og(2)>' (3.69)

For this choice of V' we find that the energy gaps in the system’s and the

oS O O O
S = O O
S O = O
o O O O

environment’s free Hamiltonians need to be the same for detailed balance as
in Eq. (3.64) to be fulfilled. Computing the commutator (Eq. (2.72)) for the

Hamiltonians in Eq. (3.69) results in
g|V,Hs+ Hg| =0, (3.70)

which shows that strict energy conservation is fulfilled as well. A similar
reasoning to why g — oo multiplied by zero still results in zero as we have
explained in Eq. (2.58) applies here.

For both of these qubit examples, the Lamb shift Hamiltonian Hys (Eq. (2.70))
vanishes. The factor g, approaching in infinity in the continuous time limit
also scales the Lamb shift but isn’t met by a infinitesimal At here. In both
cases

Hpg =trg (HSET) = gtrg (VT) =0, (371)

since the partial trace vanishes.

3.7.2 Construction of Sparsely Populated Interaction Hamiltoni-

ans in Higher Dimensions

Nevertheless, we are able to show that there exists always at least one con-
struction of Hamiltonians from a DB compliant master equation which also
fulfils SEC for dg = dg. Showing that each detailed balance-compliant master
equation might have come from a strict energy-conserving total Hamiltonian,
even if the underlying structure of the master equation isn’t uniquely defined.
For any given master equation that follows from a collision model, we imme-
diately know all the factors vy, and agy by Egs. (3.50) and (3.51). In these
equations, it can be seen that the coefficients o;; are composed of elements of

the interaction Hamiltonian cg,g, for k = £. The coefficients vy, are exactly
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those where k # £. This means that the coefficients vy and ayy address differ-
ent parts of Hgg and are therefore independent of each other. Additionally,
since the coefficients aiy do not appear in the detailed balance condition in
Eq. (3.64), we do not have to explicitly consider them in this construction and
focus only on the part of the master equation scaled by the coefficients .

By rearranging the detailed balance condition (Eq. (3.62)) we find the Bohr

frequencies

1 Wk)
w, =—=In | — | =€ — ey, 3.72
-~ (W A (3.72)

of the system Hamiltonian Hg in relation to the ratio of kinetic coefficients
Yer- By fixing one eigenenergy ¢y of Hg, all the other eigenenergies can be
defined by the energy gaps (Bohr frequencies wyy) relative to the fixed one.
This restriction also points out that not all ~y in a master equation that
fulfils detailed balance can be chosen freely. However, together with these
constraints knowing the coefficients ~y; allows for defining the entire system

Hamiltonian Hg up to a constant phase, i.e.

H{g = Hg+xlg Vx € R. (3.73)

While the energy gaps of Hg are fixed through detailed balance, the construc-
tion of V and Hg offers some leeway. For simplicity, we are assuming that the
interaction Hamiltonians V is sparsely populated. By a sparsely populated
Hamiltonian we mean that in each off-diagonal block (k,¢) for k # ¢ there is
exactly one non-vanishing element cy,¢, . Its conjugate transpose cgx, = ci, by
populates the block (¢, k). The diagonal blocks (k,¢) for k = ¢ are assumed
to be empty in these sparsely populated Hamiltonians V. For qubits where
ds = dg = 2 there are exactly two elements that are non-vanishing in a
sparsely populated interaction Hamiltonian. Omne element is in the Block
(k,£) = (1,0) and the other one in the block (k,¢) = (1,0), e.g.

0 0 0 0
11
0 0 co0 O
V= Chpw |pt) (bv] = . (3.74)
k,zzzo u,uzzo g 0 cio001 0 0
0 0 0 0

Additionally to V being sparsely populated, we demand that the indices of the
non-vanishing cg,e, in the system and environmental degrees of freedom coin-

cide such that dy, and dy, describe which elements vanish in the off-diagonal
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block. The interaction Hamiltonian then reads

V=" cruenOepdn k) (CV] (3.75)

k#L v

Computing detailed balance as defined in Eq. (3.64) for our chosen Hg and
sparsely populated V' then results in

2
Zpu lcéuku‘ )
Tkt _ pv _bv |cevkpl” Otu0ky _ bPr _ e Bler—er) — Bler—ex)

Vi Y Palckaes|”  Dulchuen|’ 00uny P
«

)

(3.76)
Here we used that cgup = c}fuku and therefore, their absolute values cancel.
Additionally, we plugged in p, = e % the eigenvalues of 7. The last equal-
ity follows directly from detailed balance in Eq. (3.62) and plugging in the
eigenenergies of Hg into the Bohr frequency wiy = €y — €.
Therefore, detailed balance with our choice of a sparsely populated V' demands
that
€ — € = Eg — €k (3.77)

Which means that by restricting Hggr with dy, and dz, we also demand that
the energy gaps in system (g — €x) and environment (e, — €;) are equivalent.

This result allows us to construct the environment Hamiltonian such that
H};:HE—Fy]lE Yy € R, (3.78)

where we choose y such that the eigenenergies of Hg exactly coincide with the
ones of Hg.

This set of Hamiltonians

ds—1 dp—1
Hs= > eplk)(kl Hp=> e )l V=" ciunSuudr, lkp) (tv]
k=0 v=0 k#L p,v

(3.79)
follows from a master equation where we know that its kinetic coefficients fulfil

DB. Computing the commutator given in Eq. (2.72) results in

g [HS + -HE7 V] =
dg—1 dgp—1
=g | D&l Gl+ 3 exlx) (Xl X D cnpbendin k) (]| 5 g0
k=0 x=0 k#£L p,v
= gZCkggk |k‘f> <£k‘| (Sk +Ep—€Ep— Ek) =0,
)
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which shows that we found a set of Hamiltonians that also fulfils SEC. It
is to note here that we scale g such that when multiplied with At — 0 in
the continuous time limit (see Section 2.2.3) it approaches a finite constant
I' = g?At. It does approach infinity but when multiplied with a number that
approaches zero in the same limit it results in a finite value. Therefore, the
vanishing commutator in Eq. (3.80) multiplied with g vanishes as well, similar
as in Eq. (2.58).

With these assumptions, it is always possible to construct Hamiltonians from
a master equation with kinetic coefficients vy, that fulfil DB that then also
fulfil SEC for all dg = dp. Additionally, for a choice of a sparsely populated
V', where only the elements ¢, 0k, and ¢, 60, for k # £ are populated, we
find that the energy gaps in Hg need negative to those of Hg to fulfil DB.
This construction then also fulfils SEC. Therefore, from a given master equa-
tion that fulfils detailed balance and follows from a collision model, we can
always construct at least two sets of Hamiltonians that then also fulfil strict
energy conservation. This result hints that wherever the DB compliant master
equation came from, it might have always come from an energy-conserving sys-
tem. In other words, any detailed balance condition following from a collision
model can always be traced back to a setup based on a strict energy-conserving
Hamiltonian.

However, these two solutions are certainly not the only possible constructions
of H following from a DB compliant ME. In the next section, we present a
construction method for all sparsely populated V' that are compliant with DB

for arbitrary dimensions dg = dg.

3.7.3 General Construction Methods for Higher Dimensions

In this Section, we construct sets of Hamiltonians (Hg, Hg, Hsp) that are
compliant with detailed balance and follow from a collision model. In that
sense, they are defined by their kinetic coefficients 7, that fulfil detailed bal-
ance as in Eq. (3.64). We present a calculation that constructs all detailed
balance-compliant sets of Hamiltonians for arbitrary dimensions dg = dg and
sparsely populated interaction Hamiltonians Hgg = gV. For each of these
results, it is then possible to compute the commutation relation in Eq. (2.72)
which determines if the resulting set of Hamiltonians also fulfils strict energy
conservation. The instructions in this Section are supplementary to the Math-
ematica notebook in Appendix D.1.

Similarly to the construction in Section 3.7, Hg and Hg in Eq. (3.73) lead
to the same free dynamics according to the unitary evolution and have the

same Bohr frequencies wy;. This shift allows for a free choice of constructing
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the system Hamiltonian Hg by employing the given coefficients . For this
calculation, we choose to set the first eigenenergy g = 0 and compute all the
other eigenenergies relative to ey according to Eq. (3.72). This calculation

constructs the system Hamiltonian

1 _
Hg = diag(eg,€1,...,6d49-1) = Bdiag (0,ln (i?;) yee.,In <m>) )
o

(3.81)
This choice of a system Hamiltonian is only unique up to a constant phase that
can be added without changing the dynamics of the open quantum system.
We then continue to construct Hg and V relative to Hg. We again choose V'
to be sparsely populated such that only one element in the sum in Eq. (3.64)
contributes. This lets us find a relation for the energy gaps of the system
(er — €¢) and environment (e, — €,,) Hamiltonians are related in the following
way

€y — €y = Ek — &y (382)

Here, the indices k, ¢, i, v depend on the specific population in the interaction
Hamiltonian.

We now illustrate the working principle of the calculation in Appendix D.1
based on an example in dg = dg = 3. First, we fix the system indices (k, ¢) and
compute all possible variations of (v, u) which we refer to the arrays k1s and
numus in the Mathematica NB. In the detailed balance condition in Eq. (3.62)
each index pair (k, ) appears also swapped in %, therefore we additionally
require k > ¢ to avoid redundant index combinations. On the other hand, some
of the index combinations (v, ) are not compliant with detailed balance. For
these index pairs, Eq. (3.82) can’t be solved and they are excluded from further
calculations. However, if these sets of equations can be solved then the indices
(v, u) are considered for the construction of the Hamiltonians V' and Hp.

We illustrate how these equations are solved on hand of an example where
the fixed choice of indices is k1s = {{0,1},{0,2},{1,2}} and one detailed
balance compliant rotation is numus = {{0,2},{0,1},{2,1}}. These index
combinations applied to Eq. (3.82) result in the set of equations

Ep — &1 =€) — €2
E) — &2 =€y — €1 (383)

€1 — &9 —€9 — €71.

Similarly to the system Hamiltonian in Eq. (3.81) where we set g9 = 0, we will

also set the first eigenenergy of the environment Hamiltonian ¢y = 0. Again
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we are only interested in energy gaps and not what the actual eigenenergies
of Hg and Hpg are. Solving the equations in Eq. (3.83) for the eigenenergies
€, of Hg results in

€) — 0 €1 = €9 €9 = &1 (3.84)

Since the set of equations in Eq. (3.83) is solvable the chosen pairs of (k, /)
and (v, p) fulfil detailed balance and we can populate the coefficients ¢z,

of the interaction Hamiltonian V according to Eq. (3.64) and find a set of

Hamiltonians
0O 0 O 0 0 O

Hs=10 g 0|, He=|0 e 0],
0 0 &9 0 0 &
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 co120 O 0
0 0 0 02,10 0 0 0 0 0
0 0 (co2,1,0)" 0 0 0 0 0 0

V=10 0 0 0 0 0 0 0 c11,2.2
0 0 0 0 0 0 0 0 0
0 (co120)* 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 (cla22)* 0 0 0 0

(3.85)
For each of these sets of Hamiltonians (Hg, Hg, Hsg) that directly follow from
a master equation that fulfils detailed balance we can compute the commutator
in Eq. (2.72). The resulting set in Eq. (3.85) fulfils the commutation relation

glV,Hs+ Hg] =0, (3.86)

and we see that also SEC holds for this example.

The Mathematica NB in Appendix D.1 was used to compute all sparsely pop-
ulated interactions Hamiltonians V for dimensions ds = dg = (2,3,4) that
follow from a detailed balance compliant master equation. We found that for
each resulting set of Hamiltonians, strict energy conservation also holds. To
avoid diverging unitary behaviour we also confirmed that the Lamb shift van-
ishes for each individual set of Hamiltonians. This Mathematica NB could in
principle be used for arbitrary dimensions dg = dg. However, the number of
possible combinations (v, i) scales in a factorial manner and for dp > 4 the

table numus can’t be computed by a laptop computer with 16 GB of RAM.
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We can now conclude that for at least 2, 3 and 4 dimensions all constrictions
of Hg, Hr and sparsely populated V', constructed from the detailed balance
compliant 4 of a master equation following from a collision model, also fulfil
strict energy conservation.

Since these results come at great computational cost and don’t allow for calcu-
lations in dimensions greater than dg = dg = 4 on a regular laptop computer
we give an outlook on how this calculation could be made more efficient in
Section 5.1.
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4 Discussion

In the approach we used in this work, most of the assumptions are implemented
directly in the setup of the collision model. The first major assumption we
made was that the open system dynamics are modelled by a Markovian col-
lision model. Therefore, we assumed how the open system interacts with the
environment and about the environment itself. These major simplifications
result in a quantum master equation of GKSL form by additionally taking
the continuous-time limit. In Section 4.2.1 we will take account of a similar
Markovian CM setup where this limit is taken in a coarse-graining approach.
By setting up the CM such that the system dynamics follow basic thermody-
namic assumptions we were able to further restrict the dynamic description
of the open quantum system. To get to these results the thermodynamic as-
sumptions were implemented by demanding that strict energy conservation
holds and that the environment is in a thermal equilibrium state.

In this approach we were able to reproduce the structure of a thermodynam-
ically informed GKSL equation of Dann and Kosloff [4], despite following a
different path. We will, therefore start this discussion by giving an account of

the differences and similarities between our work and the results of Ref. [4].

4.1 Comparing our Results to Existing Results in the Litera-
ture

4.1.1 Dann and Kosloff’s Approach

Dann and Kosloff [4] employed an approach to implement thermodynamic
assumptions to an existing GKSL equation that is formulated in an axiomatic
way based on five thermodynamically informed postulates. We have recited
these postulates in the following list and compared them to the approach we
took:

e Postulate 1: ” The dynamical map is a completely positive trace-preserving
(CPTP).”
The dynamical map is used to describe the dynamic evolution directly.
The individual collisions in our approach are also described by a dy-
namical map that is CPTP. However, we go on and find a dynamical
description based on the semigroup map, that we use to determine which

elements of the master equation contribute to the overall dynamics.

e Postulate 2: ” The environment is initially in a stationary state with re-
spect to the environment’s free Hamiltonian Hp. In the thermodynamic

ltmit, we can extend this condition to all times.”
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By assuming that the environment is in a thermal equilibrium state,
the thermal state 7, we directly imply that it is stationary with its free
Hamiltonian Hg. In the setup of the CM we additionally assumed that
the environment states that have not interacted with the system yet are
uncorrelated to it. Therefore, for each future interaction the environ-

ment states are still stationary w.r.t. their free Hamiltonian Hpg.

e Postulate 3: ” The fixed point of the dynamical map is a thermal state.”
We did not need to make this assumption, since we were able to show
that the thermal state py, is the fixed point of the semigroup map A; in
Eq. (3.20).

e Postulate 4: ” The dynamical map Ay is Markovian.”
We also assumed that the open system dynamics are Markovian. How-
ever, we derive a master equation based on the interactions in a collision
model employing a dynamical map, while the authors of Ref. [4] set
this map to be equivalent to the semigroup map A;. In Appendix B.1
we show in an example that these two maps do not necessarily lead to
the same dynamics and directly equating them is at least an additional

assumption that we do not have to make.

e Postulate 5: ” Strict energy conservation.”
The individual collisions are modelled by a dynamical map, where the

unitary transformation of the composite S — E fulfils SEC.

Despite some of our assumptions differ we were able to reproduce the results
they found, like the final form of the master equation master equation in its
thermodynamic essential form, as well as detailed balance. Additionally, our
approach gives a direct connection between the original system-environment
dynamics and the resulting master equation, which is useful for deriving con-
ditions where a detailed balance-compliant master equation directly leads to
strict energy conservation. To illustrate the differences and similarities in the
respective approaches to deriving thermodynamically compliant master equa-

tions, we have given an overview in Figures 4.1 and 4.2.
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4.1.2 Detailed Balance in Open Quantum Systems

Detailed balance is deeply linked to equilibrium and was found for several
0OQS setups. It was presented following a microscopic approach by Breuer and
Pettrucione [7] where we compared their result directly to ours in Appendix
B.2.

In Ciccarello [30] they also found a detailed balance condition for open system
dynamics. Since they considered a quantum optics setup it can’t be compared
directly to us but shows a similar relation between SEC and DB as the one we
found. Diimcke [10] found detailed balance following from energy conservation

in a Bose and a Fermi gas by modelling successive collisions.

4.2 Collision Models and their Physical Meaning

In this work, we have seen that thermodynamic properties can be implemented
into a collision model by demanding that the interaction between the system
and environment follows strict energy conservation while the environment re-
mains in a thermal equilibrium state. While this implementation was straight-
forward in mathematical terms, we want to give an account of the physical
meaning of collision models in general.

Collision models have to be considered theoretical toy models. Even though
they do find their experimental counterparts in e.g. the experimental realisa-
tion of a micromaser [14], where the open system dynamics of a lossy cavity
mode can be described by a collision model [11-13]. Describing the setup at
hand by a Markovian CM is justified by assuming that the atoms, in the beam
entering the cavity, are themselves non-interacting and are initially uncorre-
lated.

To summarize, CMs offer a theoretical description of conceptual issues in open
quantum systems theory that might not be solvable with different approaches
and have proven their validity in experimental realisations. Especially non-
Markovian dynamics might get tedious in the microscopic approach by intro-
ducing tools like a Memory Kernel [7]. Non-Markovian Collision models offer
a more straigth forward approach to introducing memory as we sketch in an

outlook in Section 5.2.

4.2.1 Modelling of Time Steps

In the continuous-time limit, we assumed that the product I' = g?At is finite
in the limit of At — 0, while ¢ — 0o at the same time. However, the coef-

ficient g still appears in the Lamb shift term Hypg = trg(gV7) of the master
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equation (2.65), which would in turn also approach infinity and outweigh the
dissipative part of the ME. In Ref. [16], it is argued that usually, the average
of the Lamb shift term vanishes or that a renormalization of the free system
Hamiltonian Hg is applied to avoid divergent behaviour.

To avoid problems with diverging terms in our master equation we made sim-
ilar assumptions as in Ref. [16] and for all our examples in the Appendix, we
chose Hamiltonians for which H g vanishes, before taking the limit of g — oc.
However, this certainly is not always the case [44] and we might as well have
constructed Hpg such that we find energy-conserving Hamiltonians that follow
from a detailed balance-compliant collision model that would require renor-
malization of the unitary terms of the master equation. For such cases, differ-
ent construction methods as in Ref. [30] might be advantageous, where they
applied the continuous-time limit via coarse graining of timesteps. This ap-
proach results in a dissipator where the dynamic evolution depends on the
chosen time step length. These steps have to be chosen carefully since for ever
shorter time step length the action of the dissipator vanishes and the dynamics
become unitary. However, there is no explicit dependency on time step length
or interaction strength in the unitary part of the resulting master equation
and therefore also no divergent behaviour of the the Lamb shift terms. This
approach is probably more suitable to simulate open system dynamics in dis-
crete numerical simulations where the time step length can be chosen as a

simulation parameter.
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5 Outlook

5.1 Extending the Set of Hamilonians Compliant with De-
tailed Balance

In Section 3.7 we have shown that for every dimension dg = dg there are
at least two possible constructions of Hamiltonians following from the kinetic
coefficients g, that fulfil detailed balance according to Eq. (3.64). These
are exactly those Hamiltonians where the energy gaps in Hg and Hp are
either equivalent or opposite and the interaction is governed by a sparsely
populated V. In Section 3.7.3 we have shown how to compute additional
sets of Hamiltonians from the same properties. However, this construction
is computationally intensive and we were not able to compute these sets for
dimensions larger than dg = dg = 4 on a regular laptop computer. Therefore,

we present an outlook on how this calculation could be made more efficient.

5.1.1 Decrease RAM Usage by Discarding non-DB Compliant Equa-

tions

In the calculation presented in Section 3.7.3, for each dimension the number
of solvable equations is much smaller than the total number of combinations
possible for fixed (k,l). While in three dimensions out of the 48 total com-
binations, only 12 are solvable, in four dimensions it’s only 48 out of 46080.
This shows a huge potential in reducing the need for RAM in the computation.
Solving the set of equations following from Eq. (3.82) directly after the pairs
are created individually allows for discarding the unsolvable combinations right
away. However, at some point, this calculation will become unfeasible again
and is not suitable to find all sparsely populated Hamiltionians V following

from a DB compliant ME in even higher dimensions.

5.1.2 Combinatorics Approach

A possible step to make the numerical computation obsolete is to detect pat-
terns in the solvable equations following from Eq. (3.82) and infer how the
index combinations in higher dimensions might look. The following notes
can give an idea of how this works based on examples in dg = dg = 3 for
k1ls = ((0,1),(0,2),(1,2))

e equal and opposite energy gaps are always a solution:
numus = ((0, 1), (0,2), (1,2)) and numus = ((1,0), (2,0), (2, 1))
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e for each found solution, swapping the indices in the individual (v, u) is

also a solution.

e the reverse order of pairs that form a solution is always a solution:
numus = ((0,1), (0,2),(1,2)) = numus = ((1,2), (0,2), (0,1))

Just detecting patterns certainly does not hold for a general derivation of
all possible constructions. However, understanding how these constructions
come about might give an idea of the underlying connection between detailed

balance and strict energy conservation.

5.1.3 Dimensions dg # dp and Degenerate Ratios v /vke

We have only constructed sets of Hamiltonians for dimensions dg = dg so far.
Considering non-matching dimensions will certainly lead to some kind of de-
generacies in the spectra of the system’s and environment’s free Hamiltonians
and possibly also in the ratios g /vke. Following the approach taken in this
work, we find DB by applying a ME resulting from a thermodynamic collision
model to its fixed point. To find this master equation we had to assume that
the Bohr frequencies wyi of Hg are non-degenerate. This also implies that the
eigenenergies of the system are non-degenerate. It is unclear how a possible
degeneracy in the eigenenergies will affect the results. When the non-invariant
spectrum composed of transition operators Fj, experiences degeneracies, the
eigenoperators of the dissipator D are represented by a linear combination of
the degenerate transition operators {Fy,, }. However, in Ref. [4] an outlook is
given of how these degeneracies might influence the structure of the dissipator
in a way that it may include cross terms of F},,;,’s. The implications of degen-
eracies in the ratios v /vke that directly lead to degenerate Bohr-frequencies

are unclear and require further investigation.

5.2 Non-Markovian Dynamics

A CM setup is a perfectly suitable approach to implement memory to a given
model. Here, we introduce one method to implement memory based on the
work of Kretschmer et al. [45]. Their proposed collision model includes an-
cilla—ancilla collisions after each ancilla collision with the system. It is rea-
sonable to assume that these interactions in the environment happen as these
collisions can also occur in principle. These memory effects are modelled by
including another unitary interaction of the environment state after interac-
tion with the system with a fresh environment state n. This interaction is

represented by V; in Figure 5.1.
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Figure 5.1: Non-Markovian collision model portraying the first two interactions of
the system with its environment. The system’s initial state pg interacts
with its initially uncorrelated environment () followed by an interaction
with the now correlated ancilla.

By allowing for these ancilla-ancilla interactions the interaction between the
ancillas could be modelled in a unitary fashion and was scaled with a real-
valued coupling constant. This description results in a time evolution of the
input state based on these constants and also reveals a non-Markovianity mea-
sure. However, no universal master equation, like its Markovian counterpart
the GKSL equation, describing the non-Markovian dynamics has been found.
Studying the effect of energy conservation in this collision model might be

fruitful in getting answers to newly emerging questions

e Are there any effects of strict energy conservation on the system dynam-

ics without having to solve the differential equation?

e How do the ancilla-ancilla interactions affect the found detailed balance

condition?

e The Lindbladian £ generating the semigroup map leads to Markovian
dynamics. Do we need to choose a different approach such that we
can avoid using the semigroup property for the derivation of a dynamic

description?

Ref. [30] presents additional approaches on how to implement memory in a

collision model, by introducing different types of memory effects
e ancilla-ancilla interaction
e initially correlated ancillas
e multiple collisions of one ancilla with the system

In the end, which implementation of memory in the bath best reflects reality
depends on the process one wants to model. Further looking into these ap-

proaches allows for a more realistic depiction of the open system dynamics.
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A Basic Notation

Maps and operators
In general maps are denoted by calligraphic capital letters A, B,C, ... and op-
erators by capital letters A, B,C,....

Commutators
The commutator is denoted as [A, B] = AB — BA
The anti-commutator is denoted as {A, B} = AB + BA

Commutators of maps

Commutation relations on the hand of maps are less common than for opera-
tors. For operators the notion of commutators can be seen as a difference of
matrix multiplications in varying order when finite Hilbert space are consid-
ered. A commutation relation of maps might seem a little more abstract since
maps are only defined when they act on a state or general operator of interest.
In our case what we mean by writing maps in commutator brackets, is that
their action commutes when acting on any arbitrary state p. To summarise,
the following statements about arbitrary maps X and ) can be considered

equivalent

XY =YX < XV =0 < [x,Y]=0.

These maps could as well be seen as superoperators in a representation like
the Liouville space, where states become vectors and maps are represented as
operators that act on these state vectors. The commutation relation between
two superoperators can then be seen as the general commutation relation in

the sense that these superoperators commute in their matrix form.

Referring to subspaces
Basis elements of the environmental DOF's are refereed to by lower case Greek
letters, e.g. |u) = |1) i, while basis elements of the systems DOF's are referred

to as lower case Latin letters e.g. |[{) = [{).

Summation indices
Summing over indices where one is in parenthesis, e.g. k(# ¢) means the sum
runs over all k except for the one being equal to £. However, £ is fixed and not

an additional summation index in this notation!

Omitting tensor products



For the Hamiltonians where the index already reveals the relevant subsystem
it is a clear on which DOFs they act. Therefore in the products HspHg =
Hsp(ls®Hg) and Hsp 7 = Hgp(1s®71) we have omitted the tensor product
sign (®).

Natural units
We use natural units & = kg = 1 and therefore these constants are omitted in

all equations.

B Qubit Examples

B.1 Dynamic Description of Open Quantum Systems

Starting with the following choice of Hamiltonians in dg = dp = 2

Hg =0, Hg =0, Hsp=0,Q0_+o0_Qo0y, (B.1)

where o4 = [0) (1] and o_ = |1) (0] and o} = or.

B.1.1 Evolution Following from the Semigroup Map

Computing the Lindblad jump operators according to Eq. (2.61) gives

Loy = VPaf(a| (04 ®0- +0-®04)|7) (B.2)
= /P (0-7600461'\{ + 0'+51a50'y)

Computing the Lindbladian £ according to Eq. (2.47) when applied to an
arbitrary systems state p = >, . pi; [7) (j| in parts yields

Z LO&’YPLT&’Y = Zpa (U—PU—&-(SOa(Sl'y + U+p0—51a507)
oy oy (B.3)

= popoo |1) (1] + p1p11]0) (O]

All other crossterms vanish since the contain dg, as well as 1, which always
results in zero. Similarly for the index ~y. Analogous for the anti commutator

part
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Z {L:rnya’ya P} = Zpa {(0150a517 + U+61a50'~/) (0'75004517 =+ U+51a50’y) ,p}
o,y oLy

= pa {(11) (1] 80ad1y + |0} (0] 51a00+) , p}

a,y

=p1 (1) (1] p+ p|1) (1]) + po (|0) (O] p + p|0) (O)

= p1p10 1) (O] + p1p11 [1) (1] + popoo |0) (O + popor [0) (1]
+ p1po1 0) (1] + p1p11 1) (1] + popoo |0) (O] + pop1o 1) (O]

= 2popoo [0) (O + po1 |0) (1] + p10[1) (O] + 2p1p11 1) (1],
(B.4)
where we used that the environment thermal state 7 is of trace 1 and therefore,
po+p1 =1
The Lamb Shift Hamiltonian can be computed according to Eq. (2.70).

Hps =trg((0y ®0o_+0_®oy)T
s = trg (o +)7) (B.5)
= pooytr(o_) + pro_tr(o4) =0

since o4 and o_ are both traceless. Therefore, also the Lamb shift Hamiltonian
map vanishes.

The system Hamiltonian commutator can also be calculated by

—i[Hs,p] = —i(0=p — po-)
= —i(poo |0) (O] + po1 0) (1] = p10[1) (O] = p11 [1) (1]
— p00[0) (0] = p1o [1) (O] + por [0) (1] + p1[1) (1])
= 2i (po1 |0) (1] = p10[1) (O)

Plugging in Egs. (B.3) to (B.6) into Eq. (2.47) then yields

(B.6)

% = L [p] =2i (po1 [0) (1] = p10 [1) (0]) + popoo [1) (1] + p1p11 [0) (0]

1
3 (2popoo [0) (O] + pot [0) (1| + p10|1) (O] + 2p1p11 [1) (1])

_ <—P1f700 +pop11 —2ipo1 — %p01>

2ip1o — 310 P1Po0 — Popil
(B.7)

To compute the action of the semi group map it is convenient to switch to the

Liouville picture where the elements of a matrix are stacked on top of each

A-3



other to become vectors, while maps become matrices (superoperators).

—P1poo0 + Popi11
—2ipo1 — po1

o) =1 . 1 (B.8)
2ip10 — 310
P1poo — Pop11
similarly the density matrix p is expressed as
Poo
Po1
p)) = (B.9)
P10
P11
The master equation can then be rewritten to |p)) = L|p)) where L is a

superoperator that is a 4x4 matrix in Liouville space for this qubit example.

A non-unique choice of L that solves the equation is

—p1 0 0 Do
. 0 —2i—1 0 0
i= ‘T2 ) (B.10)
0 0 2-1 o0
D1 0 0 —Po

Since L is the generator of the map A; we can compute it by also employing
po + p1 = 1 and find

1+ (et =1)p 0 0 (et —1)po
A= ekt 0 e(z72)t g | 0
0 0 e (a2 0
(1—eHpy 0 0 et+(1—eY)p

(B.11)

Which results in p(¢) by multiplying its vector in Eq. (B.9) with the matrix in
Eq. (B.11)

p(t))) = Ae[p(0))) (B.12)

We can then compute the time evolution of p and its expectation value w.r.t

z starting in a pure ground state p(0) = |0) (0|
(p(1)), = tr[p(t)o.] = (1 — e ") tanh(B) + e ". (B.13)

The resulting time evolution is plotted in Figure B.1 where it is compared to

the result of directly applying the dynamical map to p.
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B.1.2 Evolution Following from the Dynamical Map

Here, we illustrate the difference in the dynamics following from the semigroup
map A; generated by L using Eq. (2.43) to the dynamic description of the

dynamical map
&lp] = trp [U (p®7) Uf] . (B.14)

Since 7 is a positive operator the decomposition 7 = 1/74/7 is admissible. In

the eigenbasis of system and environment {|a)} we find that

& lp] =trp [U (pa7)U T}

:Zaj<a|U(]ls®ﬁ)(p®]lE)(]15®\ﬁ)UT’O‘> (B.15)

= (@|ULs ® v7)18) p (6] (1s ® VDU |a),
a’/B
where in the third line we introduced an identity matrix. Eq. (B.15) is a Kraus
decomposition of the dynamical map A;. The unitary evolution can then be

computed to

e~ 0 0 0
0 cos(t) —isin(t) O
0 —isin(t) cos(t) 0
0 0 0 2

U = et = (B.16)

The product with the square root of the environment thermal state then gives

e /po 0 0 0
t —1 in(t
Uls ® /7) = 0 /P1 cos(t) i1/Po sin(t) 0 (B.17)
0 —iy/prsin(t)  /pocos(t) 0
0 0 0 e*t /p1

Computing the Krausoperators K, = (u|U(Lg ® 1/7) |v) results in

(3 o) (st o
(K = 0 /Do cos(t) —iy/prsin(t) 0 (B.18)
e (0 —i+/po sin(t) /P1cos(t) 0 ) '

0 0 0 et /by

The Liouville form of the dynamical map in Kraus form is then
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p1 cos?(t) + po 0 0 po sin?(t)

5 0 cos(t)e™2i 0 0
& =) Ku®K;,, = .
' uz; e 0 0 cos(t)e?it 0
p1 sin®(t) 0 0 pocos?(t) + p1
(B.19)

From this represenation we immediately see that the dynamics of the semi
group map in Eq. (B.11) and from the dynamical map in Eq. (B.19) differ
from one another. To highlight these differences we compare the dynamics
form these two maps by computing the expectation value in the z direction of
the state p(t) = & [p(0))) w.r.t the z-direction from an initially pure ground
state p(0) = |0) (0|

(1 + e cos(2t)) (1 — tanh(B)) (B.20)

(o(0). = trlp(t)o] = 5

N N\Cab—uueenu]

Figure B.1: Comparison of the time evolution following from a dynamical map
(Eq. (B.20)) and a semigroup (Eq. (B.13)) map from an initially pure
ground state p(0) = |0) (0] at an inverse temperature § = 1 of the en-
vironment.

This clearly highlights the dissipative behaviour of the dynamics following from
a Markovian master equation when compared to dynamics following from uni-
tary evolution and tracing out the environment. Therefore, the dynamics of

the semi group map and the dynamical map aren’t necessarily equivalent.

B.2 Detailed Balance in an Energy Conserving Open Quan-
tum System Following from a Microscopic Description

In a setup where

Hs=0,, Hgp=o0, Hsg=0,®0_+0_Ro04 (B.21)
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we know that it fulfils SEC as in Eq. (2.72). By employing o+ = 0, + io, we

can rewrite the interaction Hamiltonian

1
Hgp = 5(0x®ax+ay®ay):ZAa®Ba (B.22)
o

where A, = AL and B, = B,E. From this most general form of the interaction
Hamiltonian we can read off that
( ) = 71 ( ) ( 23)
B Oz, 0y) - B.
“ \/5 ey

Plugging in these terms into the kinetic coefficients in Eq. (3.139) of Ref. [7]

the Fourier transformation then reads on hand of the example of & = 0 and

p=1
oo ) i(_eﬁwoe—iwos 4 eiwos)
_ iws
Yo1(w) = /_Oo ds e > (P 1) (B.24)

and use the Fourier transform F [e™"!] = 70(w — wy), where §(w — wp) is the
Dirac delta function that is only non-vanishing for w = wg. By computing the

ratio of the kinetic coeflicients we find

Yap(w) _ Z'\/g(S(w +wp) — i\/geﬁw‘)é(w — wp)
Yga(—w) i\/geﬁw()é(w +wp) — i\/gé(w — wo)

(B.25)

When plugging in w = wp = ¢ — ¢ = 2, where ¢ are the eigenenergies of the

systems Hamiltonian in Eq. (B.21) we find that

Nas(wo) _ —i\/gefwoa(wO — @) _ g (B.26)
Vga(—wo) —i/56(wo — wo)

Similarly for w = —wg we find that

Yap(—wo) _ Z'\/g‘g(_""o + wo) — o—Buwo
Voalwo)  in/FeP0d(—wo + wo) '

(B.27)

These two equation then immediately show that detailed balance also holds
for the strict energy conserving set of Hamiltonians in Eq. (B.21).

However if we chose a setup where Hgp = 20,, the energy gaps in the en-
vironment are wg = +4. However, there is no energy gap in the system’s
energylevels for Hg = o, matching the environment’s and Eq. (B.25) doesn’t
result in a detailed balance condition. Therefore, with this interaction Hamil-
tonian Hgg non-matching energy gaps in the system and environment free

Hamiltonians mean that detailed balance doesn’t hold.
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C Sidenotes to Calculations

C.1 Interpretation of Strict Energy Conservation

To try to implement strict energy conservation lets consider the commutation

relation it in its spectral form

[Hsg,Hs + Hg] =

— | 2 e ) W@ 1) ], el (i + 3 e 1) (4]
il

k,u,l,v i

= > chutw [R) (U @ |1) (W] (e —ex + & — ) = 0.
k,u,l,v

(C.1)
By computing the expectation value for individual basis elements of system

and environment we find that

(il {a| [Hsp, Hs + HE] |j) |7v) =

Cijary (€ — € + €y — €a) =0,

(C.2)

which simply states that an energy change in the environment has to be met

in the system

€j — & = —€y+ €q. (03)

This result shows that any energy change in the system has to be met by an
equal energy change in the environment and by that no energy is lost at the

interface between system and environment.

C.2 Properties of a Hermitian Matrix (c;;)

For arbitrary two-dimensional diagonal system and environment Hamiltonians

and an interaction Hamiltonian

Hep — , C.A
5E 0 0 5 24i (C-4)

0 0 2—-¢ 6

with the help of Eq. (3.51) we find a Hermitian matrix « by

(o) = ) = (aw)".  (C.5)

3po + 11p; (8 —i)po + (21 +i)p1
(8 +1)po + (21 — i)py 30po + 41p;
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Here we want to mention that only block diagonal elements contribute to «,
since only matrix elements cg,x, of the interaction Hamiltonian Hgpr con-
tribute to the resulting matrix ay;.

On the other hand we know that if Hgg is real symmetric, « is also real
symmetric. The other way around is not always true as proven by the follow-
ing counter-example with arbitrary two-dimensional system and environment

Hamiltonians and an interaction Hamiltonian

0 - 0 —¢
i 00 0
Hgp = . C.6
o 0 0 i (C6)
i 0 i 0

Applying equation (3.51) to the chosen set of Hamiltonians leads to

(uge) = Po+Pp1 po+Dp1 . ©.7)
Po+p1 po+p1

This is a real symmetric matrix despite a chosen non-real Hermitian Hgg.

D Code

D.1 Mathematica Notebook for Construction of DB-Compliant
Hamiltonians

This Mathematica Notebook can be used to construct Hamiltonians from a
DB compliant ME and then checks if they also fulfil SEC.



Derive Detailed Balance Compliant Sets of
Hamiltonians

In[« ]:=

out[«]=

ds = 2;

dE = dS;

energiesSys = Table[e;, {i, 1, dS-1}];

energiesEnv = Table[e;, {i, 1, dS-1}];

HSvec = Append[{@}, energiesSys] // Flatten;

HEvec = Append[{@}, energieskEnv] // Flatten;

kls = Flatten[Table[If[k = 1, #& &[], {k, 1}], {k, @, dS-1}, {1, @, dS-1}], 1]

({0, 1}}

computing all possible combinations of vand pand then finding
the solvable ones.

In[«]:=

out[«]=

Infe J:=

In[«]:=

Inf+ J:=

Out[«]=

Infe J:=

numus = Flatten[Table[Tuples[Map[Permutations, pair]], {pair, Permutations[kls]}], 1];
Dimensions [numus] ;
numus

{{{e, 1}}, {{1, @}}}

eqns = Table[HSvec[kls[j, 1] + 1] - HSvec[kls[j, 2] + 1] ==
HEvec[numus[i, j, 1] + 1] - HEvec[numus[i, j, 2] +1], {i, 1, Length[numus]}, {j, 1, Length[kls]}];

sols = Table[Solve[eqns[i]], energiesEnv], {i, 1, Length[eqns]}];
Flatten[sols, 1]

{{e1 > e}, {€1> -€1}}

solvable = Table[If[sols[i] == {}, @, 1], {i, 1, Length[eqns]}];
solvablePos = Position[solvable, 1] // Flatten
Length[solvablePos];

{1, 2}

newHEvecs = Table[If[sols[j] == {}, O,
Append[ {0}, Table[Replace[e;, sols[[j, 111, {i, 1, dE-1}]] // Flatten], {j, 1, Length[eqns]}];
newHEvecs[[solvablePos] ;

comparing the DB compatible solutions to the equations with the
resulting HE

In[« ]:=

, unsolved equations: ",
eqns[solvablePos] // TraditionalForm, ", sets of {v,u}: ", numus[solvablePos] // TraditionalForm]
numus [solvablePos];

Print["diagonals of HE: ", newHEvecs[solvablePos] // MatrixForm,

]
2]

-£€1 = -€1

diagonals of HE: (
-€1=€1

£ s
* ), unsolved equations: (
—&;

), sets of {v,u}: ({0, 1})

{1, @}
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computing HSE and checking if the DB compliant set of
Hamiltonians fulfils strict energy

m[- 1= PartialTrace[matrix_, d_, sys_] := Module[{partialTr, i, j, k}, partialTr = ConstantArray[@, {d, d}];
Which[sys == 2 (xTrace over the second subsystemx), For[i=1,i=x<d, i++, For[j=1, j=<d, j++,
For[k =1, k <d, k++, partialTr[i, j] +=matrix[d* (i-1) +k, d* (7j-1) +kD;1;1:1,
sys == 1(xTrace over the first subsystemx), For[i=1,i<d, i++, For[j=1, j<d, j++,
For[k =1, k <d, k++, partialTr[i, j] += matrix[d+ (k-1) +i, d» (k-1) +30;151511;
partialTr]

in[-]= SECiffDB = {};
HSEs = {};
LambShiftZero = {};
For[j =1, j < Length[solvablePos], j++,
HSE = ArrayFlatten[Table [If[Or @@ Table[And[1 == k1s[[i, 2], v == numus[solvablePos[j], i, 11,
k == kl1s[i, 1], ¢ = numus[solvablePos[jl, i, 2]], {i, dE+ (dE-1) / 2}],
Subscript[c, k, u, 1, v], 01, {k, @, dS-1}, {1, @, dS-1}, {u, @, dE-1}, {v, 0, dE-1}]];
HSE = HSE + ConjugateTranspose [HSE] ;
HE = DiagonalMatrix [newHEvecs[[solvablePos[jl11];
Tau = MatrixExp[ (-B) * HE];
identTau = IdentityMatrix[dS]®Tau / Tr[Tau] // ArrayFlatten;
trvt = PartialTrace [HSE.identTau, dS, 2] (xTrace over 1==System, 2==Environmentsx);
HSpHE = ArrayFlatten[TensorProduct[DiagonalMatrix [HSvec], IdentityMatrix[dE]] +
TensorProduct [IdentityMatrix[dS], DiagonalMatrix [newHEvecs[solvablePos[j11111;
Print["HS=", DiagonalMatrix[HSvec] // TraditionalForm, " , HE=",
DiagonalMatrix[newHEvecs[solvablePos[jl1] // TraditionalForm, " , V=", HSE // TraditionalForm,
", Trg(Vr)= ", trvt // TraditionalForm, " follow from detailed balance and",
If [HSpHE.HSE == HSE.HSpHE, Style[" fulfil", Underlined, Bold], " don't fulfil"],
" strict energy conservation. "];
AppendTo [SECiffDB, If[HSpHE.HSE == HSE.HSpHE, "yes", "no"]];
AppendTo[LambShiftZero, If[trVt == ConstantArray[0, {dS, dS}], "yes", "no"]1;
AppendTo [HSEs, HSE];
]

] 0 [} Q)
0 0 0 o ] ] Co,1,1,0 ©
Hs= | - - L1 Tre (Vo) =
s ] 51) ’ (9 e’ 0 (Co,1,1,0)" ] e’ Pe (VE)
[} ] [} Q)
(g g) follow from detailed balance and fulfil strict energy conservation.
%) © 0 Co,0,1,1)
0 0 0 0o 0 00 ]
Hs,(eg) ’HE7(0 . ),Vf o o0 o , Tre(Ve) =
(Co,0,1,1)" © @ o )
(g g) follow from detailed balance and fulfil strict energy conservation.

Printed by Wolfram Mathematica Student Edition
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E Derivations

E.1 Calculations for Coefficient Contribution Analysis

We will start this analysis with the results from the unitary invariant spectrum.
Here, we will find a condition that allows us to eliminate some coeflicients
right away. Therefore, we will first consider the case k = ¢ where we found
the condition relating a,,mn/m’ to bg’ in Eq. (3.43) and discuss its implications
first. Afterwards we will do the same for the case k # £ where the a,mpm/
are related to fn,, in Eq. (3.41). We will perform this analysis systematically
and consider every relevant combination of index pairs being equivalent or not.
So, starting with the first case k = ¢ and Eq. (3.43) we can distinguish the

following subcases.

e k' # (': This restriction reduces Eq. (3.43) to

1
ke — 5 Z (k' mmkOker + Qmme Ogrr) =0 (E.1)

m

o k#k and k # 0':

Ak kke! = 0 (E2)
ok=0 =k#K:
! > 0 (E.3)
1prpryr — — ag = .
Qgreee 9 — k'mmd
ok=k k£l
1
WKk~ 5 > apmme =0 (E.4)
m

e k' = ¢": This restriction reduces Eq. (3.43) to

1
Uikt — 5 > (Whrmmk Ot + O Okky) = by (E.5)

m
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o k=F

1

Akkkk — 5 Z (@kmmk + Qkmmk) = bgf)

agkkk — | Gkkkk + Z kmmk | = b,(f) (E.6)
m(#k)
- Z Ulemmk = b,ik)
m(#k)
o k#k

AR/ kkk! = b,gf) (E.7)

Here Egs. (E.3) and (E.4) both lead to the same result when the indices are
matched and by that both lead to

aklglflg/ = ak/k/klél, <E8>

This can be seen on hand of Eq. (E.3) by extracting the two terms where

m = k' and m = ¢ out of the sum over m.

agrerprg — % agrerpre + Qprgire + Z WO =0 (E.9)
m(#k' )

Here we used Eq. (E.2) to eliminate all the remaining terms in the sum.
This and a similar calculation starting from Eq. (E.4) immediately result in
Eq. (E.8).
To summarize, the case study for k£ = ¢, Egs. (E.6) to (E.8) tell us that the
coefficients with index combinations apgpk, arrre and apgp can be non-zero in
general and still fulfill the conditions in Egs. (3.25) and (3.26), that are a
direct consequence of the thermodynamic setup of the CM.
For the case k # ¢ that leads to the condition in (3.41) a study of the following

subcases suffices.

e k=K and ¢ # {

Aploe — ;zﬂ; Aormmer = 0 (E.10)

o k#AK and £ =0
Qpkoor — ;%: Armmk = 0 (E.11)

o k#AkK and 0 #£ /1
akrkeer =0 (E.12)
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e k=K and /=7
1

Akker = 5 ; (akmmk + Qomme) = fre (E.13)
From Eq. (E.10) we find that
1
ke — 5 | Geeve + ager + > G ") =0 (E.14)

m(£4,0)

This result was found by extracting the terms where m = £ and m = ¢’ out of
the sum and employing Eq. (E.2) to see that the remaining elements are all
zero individually.

Applying this conclusion to the results of Eq. (E.8) implies that
akker = appee = agerpe ¥k #LLFEL (E.15)

A similar calculation as in Eq. (E.14) can be done on the basis of Eq. (E.11)
which leads to

1 0
'kt = 5 | Wkkk T Ok kRE Z ke | = 0. (E.16)
m(ARK)
By again employing Eq. (E.8) we find that
ket = Gk = Qpkke VK # K,k F# L (E.17)

When matching the indices of Eqns. (E.15) and (E.17) they can be brought
together and reveal a final restriction following from SEC on the four-index

coefficients @,/ that can be written as

Akkkt = Qkett = Ohtnn = Ammke ¥k # L, L #n, k #m. (E.18)

E.2 Terms Contributing to the Overall Dynamics

Since we want to show that all the terms beside appr and aggee vanish in the
dissipator we will start by considering the third line of Eq. (3.45) acting on

elements of the non-invariant basis (transition operators Fy,;,).
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E.2.1 Dissipator D Acting on Transition Operators

e third line

S awae (18) 1) G0 (6] 5 () 418} (19 (1) )
Py,

1 (E.19)
=3 (Z akkki k) (3] + Z ajjje |i) <€|>
k L
e fourth line
>~ aven (14) 60 1016~ 5 16) (16 (6.1 1)
kA0
1 (E.20)
= —5 (Z Akidi |]€> <]| + Zaﬂfﬁ ’Z> <€’>
k J4
e fifth line

S ki (|k> (i) lm) Gl = 5 (1K) (ehm) (] 13 <j|})
kAL 0#m (E.21)

= ani; |k) (]
k

e sixth line

> ki (|k> (kli) (16) (m] — 5 (1K) (k16) (], i) <jr})
k#£0,0£m (E.22)

= aiijm i) (m]

Lines three to six of Eq. (3.45) when acting on transition operators can be

combined to
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(Z apkki |k) (7] + Z ajjjk |%) ) (Z agiii |k) (7] + Z Qjkkk |1)

e k() o)
Z agijj | k) J| + Z @i |1)
k(#0) k()
1 ' .
=3 (Z (2akij; — Arkki — i) [k) (| + Z (2aiijk — ajjjk — jkkk) 1) <k) = 0.
k(#9) k(#£3)

(E.23)
Combining these lines yields zero since Eq. (3.44) implies that both terms in
the last line of Eq. (E.23) are zero individually.
Since equation (E.23) only holds for ¢ # j a similar consideration needs to be
performed when considering Eq. (3.45) acting on elements from the invariant

part of the basis (projection operators II;).

E.2.2 Disspator D Acting on Projection Operators

e third line

5™ anaae (16) (1) G0 6] = 3 08) G418 e 1) 1 )
Py,
(E.24)
= agieli) (0] - 5 (Z arrni | (1] + ) aiiie |i) (ﬁ) -
l k l
e fourth line
> <|k> (1) 1) 6 = 5 18 10y 6.1 i)
P,
(E.25)
- Z Qleigi |k (Z ALiig |k l‘ + Z Qipee ’Z> <€|>
¢
e fifth line
5t (10160 ) (0] = 5 (1 e Gl 10 1)) =
kA0 04m
(E.26)

e sixth line
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S ankem (rk> (kli) {i16) (] — 3 1K) (k16) (] ) <z‘\}) ~0 (R27)

k£0,04£m

Similar as for the transition operators, when lines three to six of equation

(3.45) are combined they equate to

Z iiie [1) (0] = 5 | Y arewi k) (i + > aiiie |i) (4]
£(#1)

k(1)
1 .
+ Z ALiii ‘k | - 5 Z ALiig |k Z Qieep |'L> <€| (E'28)
k(1) k(#z {#0)

S Z kiii — akkki) k) (i) + Z (@iiie — aiee) |7) (€] = 0.
k(# (#i)

Combining lines three to six of Eq. (3.45) again yields zero since by Eq. (E.18)
both terms in the last line of Eq. (E.28) are zero individually.

E.2.3 Consequences of a Real Matrix (o)

Studying the special case of o being a real symmetric matrix allows for a
further simplification of Dy in Eq. (3.48). This simplification can be achievied
by diagonalizing « via a similarity transformation QaQT = diag (A1, ..., Adg)
where @) are orthogonal matrices. Since orthogonal matrices are real, any

operator of the form

M; = Z Qij11; (E.29)

is a Hermitian matrix with real eigenvalues. Substituting axy in the D part

of Eq. (3.48) with its similarity transformation yields
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Zau <Hk oI, — % {TIx 11y, o}) =
0k
Z Z QrjAj (Qje) ( keIl — % {110y, o})
=D % (ZQkJHk.ZQeJHg— {ZQkJHkZernz, })
j

:—7Z>\ Mj  M; + M;M; o +  M;M; — M; o M)
Z—ngj[MjaMﬂ—'Mj]

- %Z)‘j [M;, [M;, e]] .

’ (E.30)
Here we substituted each product of orthogonal matrix ) and projection oper-
ator II; with the Hermitian operator M; as defined in Eq. (E.29). Expressing
the dephasing part of the dissipator in Eq. (3.47) as in Eq. (E.30) therefore
allows for a further simplification by collapsing the sum over two indices to
just one index.
The matrix a can experience complex values as well, as can be seen in Sec-
tion 3.5.6. Diagonalizing Hermitian matrices o that are not real symmetric
by a similarity transformation does not allow for the same simplification as
in Eq. (E.30). General Hermitian matrices can be diagonalized by a unitary
similarity transformation UaU! = diag (A1,..., Adg), where the matrices U
are unitary. This implies that any operator of the form V,, = > . Us,ll; is
a matrix that can experience complex eigenvalues. Substituting oy, in the
dephasing part of Eq. (3.48) with the unitary similarity transformation leads

to problems when trying to further simplify the equation
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Zake (Hk oll, — % {II,T1,, .}> _

0k
AT 1
= E E Ukj\j (Uﬂ) <Hk oI, — B} {11y, ‘}>

i Lk
* 1 *
— ZAJ- (Z U,y @ Z Uit — 5 {Z U1k ZU@.H,Z,.D
J k l k ¢
— A (Ve GV ek eV - Ve V).
J

(E.31)
It can now be seen that, if « is not a real symmetric matrix it is not possible
to simplify the dissipator in a meaningful manner.
We want to stress again that Eq. (E.30) only holds for real symmetric o and
no further simplification of the dissipator is possible for general Hermitian .
The matrix « is certainly not always real valued, but one case where ays are

real is for real symmetric Hgg in the eigenbasis of Hg + HE.
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