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Abstract

Graphs are versatile representations for real-world objects and abstract entities in many
applications, such as social network analysis, healthcare, and fraud detection. Graph
learning tasks, ranging from node classification and link prediction to graph classification
and regression, have become more and more prevalent. With increasing data, scalability
has become crucial for graph learning methods. Additionally, expressivity, which measures
the ability of a method to distinguish pairs of non-isomorphic graphs, still poses a
fundamental challenge in graph learning.

This thesis aims to advance graph learning techniques by enhancing scalability, improv-
ing similarity measures, and addressing expressivity limitations in current methods. Since
graph similarity measures typically rely on similarity measures for nodes, we investigate
and develop methods to capture the neighborhood of nodes more accurately. Specifically,
we focus on efficiently approximating the graph edit distance for search in graph databases.
Using an existing lower bound for the graph edit distance in combination with a metric
index in a filter-verification framework, we make searching in large graph databases
possible. We propose novel lower bounds that can be embedded into ℓ1 space to be used
as an even more efficient first filter. Using the distance between pruned unfolding trees as
the underlying cost function in bipartite graph matching to approximate the graph edit
distance, an improved trade-off between running time and approximation accuracy can
be achieved. To gain a more fine-grained vertex similarity measure, we propose a more
gradual version of the Weisfeiler-Leman algorithm that converges to the stable coloring
more slowly. The resulting similarity measure significantly improves the accuracy of
graph edit distance approximations and graph kernels. Message passing neural networks
can be seen as a neural version of the Weisfeiler-Leman algorithm. We develop message
passing on pruned unfolding trees that represent node neighborhoods without information
redundancy. This type of redundancy has been linked to oversquashing. We mitigate
computational redundancy, by merging isomorphic substructures in the computational
graph. Therefore, we address both types of redundancy present in graph neural networks.

Furthermore, we propose a linear-time graph transformation that enables the Weisfeiler-
Leman algorithm to distinguish any two non-isomorphic outerplanar graphs. This is
especially relevant for molecular data, as most molecules can be represented as outerplanar
graphs. The expressivity of message passing neural networks in relation to the Weisfeiler-
Leman algorithm has been studied extensively, but expressivity on specific graph classes
has not yet been widely investigated.

In this thesis we advance graph learning by finding a better trade-off between efficiency
and accuracy in approximating the graph edit distance, specifically focusing on accurate
representations of node neighborhoods. Furthermore, we apply our representations to
graph neural networks to develop more expressive models.
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Kurzfassung

Graphen dienen als vielseitige Darstellungen für reale und auch abstrakte Objekte in
vielen Anwendungsbereichen, zum Beispiel in der Analyse von sozialen Netzwerken, dem
Gesundheitswesen und bei der Erkennung von betrügerischen Aktivitäten. Aufgaben im
Graphlernen, die von der Klassifikation von Knoten und der Vorhersage von Kanten, bis
hin zur Klassifikation von Graphen reichen, werden immer häufiger. Mit zunehmender
Menge an Daten, ist die Skalierbarkeit von Graphlernmethoden entscheidend geworden.
Außerdem stellt die Expressivität, die die Fähigkeit einer Methode misst, Paare von nicht-
isomorphen Graphen zu unterscheiden, immer noch eine grundlegende Herausforderung
im Graphlernen dar.

Ziel dieser Arbeit ist es, Graphlernverfahren voranzutreiben, indem die Skalierbarkeit
erhöht, Ähnlichkeitsmaße verbessert und die Beschränkungen von derzeitigen Methoden
in Bezug auf die Expressivität untersucht werden. Da Ähnlichkeitsmaße für Graphen
typischerweise auf Ähnlichkeitsmaßen für Knoten beruhen, untersuchen und entwickeln
wir Methoden, um die Nachbarschaft von Knoten genauer zu erfassen. Insbesondere
konzentrieren wir uns auf die Approximation der Grapheditierdistanz zur effizienten Suche
in Graphdatenbanken. Durch die Verwendung einer bestehenden unteren Schranke für
die Grapheditierdistanz in Kombination mit einem metrischen Index in einem Filter-
Verifikations-Framework ermöglichen wir die Suche in großen Graphdatenbanken. Wir
schlagen neue untere Schranken vor, die in den ℓ1-Raum eingebettet werden können,
um als noch effizientere erste Filter zu dienen. Wir entwickeln kompakte Bäume, die
Knotennachbarschaften ohne Redundanz kodieren. Durch die Verwendung der Distanz
dieser Bäume als zugrundeliegende Kostenfunktion beim Bipartite Graph Matching zur
Approximation der Grapheditierdistanz, kann ein besserer Kompromiss zwischen Laufzeit
und Approximationsgüte erreicht werden. Um eine feingliedrigere Knotenähnlichkeit zu
erhalten, entwerfen wir eine graduellere Version des Weisfeiler-Leman-Algorithmus, die
langsamer zur stabilen Färbung konvergiert. Die sich daraus ergebende Ähnlichkeitsfunk-
tion verbessert die Genauigkeit bei der Approximation der Grapheditierdistanz und in
Graphkernen erheblich.

Das Message Passing in Graphneuronalennetzen kann als neuronale Version des
Weisfeiler-Leman-Algorithmus gesehen werden. Wir entwickeln Message Passing auf
kompakten Bäume, die Knotennachbarschaften ohne Informationsredundanz darstellen.
Diese Art von Redundanz wurde mit Oversquashing in Verbindung gebracht. Außerdem
verringern wir die Berechnungsredundanz, indem wir isomorphe Teilstrukturen im Berech-
nungsgraphen zusammenführen. Wir gehen also auf beide Arten von Redundanz ein, die
in Graphneuronalennetzen vorkommen.

Zusätzlich entwickeln wir eine linear-zeit Graphtransformation, die es dem Weisfeiler-
Leman-Algorithmus ermöglicht, zwei beliebige nicht-isomorphe außerplanare Graphen zu
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Kurzfassung

unterscheiden. Dies ist besonders wichtig für Moleküldaten, da die meisten Moleküle als
außerplanare Graphen dargestellt werden können. Die Expressivität von Graphneuronalen-
netzen in Bezug auf den Weisfeiler-Leman-Algorithmus wurde ausgiebig untersucht, aber
die Expressivität für bestimmte Graphklassen wurde noch nicht umfassend erforscht.
In dieser Arbeit entwickeln wir Graphlernverfahren weiter, indem wir einen besseren Kom-
promiss zwischen Effizienz und Genauigkeit bei der Approximation der Grapheditierdistanz
finden, wobei wir uns besonders auf die genauere Darstellung von Knotennachbarschaften
konzentrieren. Außerdem wenden wir unsere Erkenntnisse auf Graphneuronalenetze an,
um expressivere Modelle zu entwickeln.
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1 Introduction

Graphs are everywhere, and graph learning has become increasingly prevalent in various
fields. Graphs consisting of nodes and edges represent both real-world objects, such as
molecules, and abstract structures, such as social networks. Graph learning includes a
variety of tasks within graphs, such as node classification and link prediction, as well as
graph-level tasks, such as graph classification and regression. In social networks, tasks
such as community detection and user-specific recommendations can be solved, while in
healthcare, drug discovery plays an important role [GFS19]. In transportation systems,
graph learning can predict traffic [ZZL+22] or optimize routes [LGW+22]. Fraudulent or
abnormal transactions can be detected within transaction networks [MR24]. In addition,
graph-based models have also been used in computer vision for object detection and scene
understanding [BCH12].

In recent years, the amount of data that has to be processed has steadily increased
in nearly all applications. Therefore, a method must scale to large datasets. Index
structures are specialized data structures that can help search or retrieve data efficiently.
Therefore, methods that utilize index structures can be very efficient when handling large
amounts of data. Graph learning methods must also scale to large datasets to be useful
in practice [YHC+18].

Graphs are complex data structures, and deciding whether two graphs are the same,
meaning they are isomorphic, is already a challenging problem. Currently, no polynomial
time algorithm for the graph isomorphism problem is known [GS20], and most methods
used in practice cannot distinguish all pairs of non-isomorphic graphs. Any method that
cannot distinguish two non-isomorphic graphs will not be able to compute different values
or representations for them. Therefore, a method’s ability to distinguish non-isomorphic
graphs, called expressivity, also plays an important role in graph learning.

However, solving graph-related tasks requires more than just the binary decision of
whether two graphs are the same or not; it requires a notion of similarity. For instance,
in chemistry, it is often assumed that similar molecules have similar properties. When
analyzing user behavior, we might expect the interaction patterns of real users to differ
significantly from those of bots.

However, comparing graphs is not straightforward. Determining whether two graphs
are more similar to each other than two other graphs can be challenging, and in some
cases, it is even difficult to define what similarity means. This similarity could be based
more on the structural properties of the graph or on its features (but often, we expect it
to be a mix of both).

Graph learning methods commonly rely on one of the following concepts for graph
similarity: graph edit distance, graph kernels, and graph neural networks. All three
concepts typically define graph similarity based on the similarity or embeddings of
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1 Introduction

individual nodes. To achieve this, they consider the neighborhood structure around each
node, capturing both local and global patterns in the graph.

The graph edit distance is an intuitive and interpretable method for comparing graphs,
which quantifies the cost of transforming one graph into the other. However, its exact
computation is NP-hard [ZTW+09] and not feasible for larger graphs, making it imprac-
tical for many real-world applications. To address this, many approximations for the
graph edit distance have been proposed, several of them use so-called bipartite graph
matching [RB09]. This technique computes an upper bound for the graph edit distance
by finding an optimal assignment between the nodes of the two graphs and deriving a
suboptimal edit path from this assignment. Other approaches, often more accurate than
bipartite graph matching, use approximate versions of exact algorithms, such as relaxed
binary linear programming or beam search techniques [BBG+20]. While these methods
sometimes outperform others regarding accuracy, their computational complexity still
renders them impractical for large-scale use.

Graph kernels are a traditional and widely used similarity measure for graphs. Although
they often rely on hand-crafted features, they have achieved good accuracy in practice.
Many graph kernels work by comparing the counts of specific substructures within the
graphs. A particularly popular family of graph kernels are the Weisfeiler-Lehman graph
kernels [SSvL+11], which are based on the Weisfeiler-Leman algorithm. The Weisfeiler-
Leman algorithm [GKMS21, WL68], a heuristic for the graph isomorphism problem,
iteratively colors the nodes of the graphs based on their current color (initially set to the
node label) and the multiset of colors of their neighbors. In each iteration, two nodes
get the same color if and only if they had the same color previously, and the multisets of
neighbor colors are equal. Although this approach provides a fast and straightforward way
to derive a similarity function for nodes, this similarity is often not fine-grained enough.
In order to develop better similarity measures for graphs, a suitable similarity measure
for the nodes is crucial.

Recently, graph neural networks (GNNs) have emerged as a popular tool for tackling
graph learning tasks. In GNNs, typically, embeddings for the nodes or graphs are learned
(in some cases, also embeddings for edges). In message passing GNNs, nodes communicate
with their neighbors by sending messages. The embedding of a node is updated by
combining its previous embedding with an aggregation of the messages received from its
neighbors. This process is conceptually very similar to the Weisfeiler-Leman algorithm.
It has been shown that if the Weisfeiler-Leman algorithm fails to distinguish two graphs,
message passing GNNs will also fail, computing identical embeddings for them [MRF+19].
This limitation highlights the importance of expressivity, the ability to differentiate non-
isomorphic graphs. While GNNs often achieve superior prediction accuracy compared to
the graph edit distance and graph kernels, their expressivity and generalization capabilities
remain areas of ongoing research. Furthermore, their results are often difficult to interpret,
and training GNNs requires substantial amounts of data and computational resources.

Conceptually, the graph edit distance provides a tangible distance measure, graph
kernels offer a middle ground by using predefined features to compute a similarity measure,

2



1.1 Overview of Publications
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Figure 1.1: Overview of the papers (red) in this thesis, their main method for graph
learning used (yellow), and main areas of the contributions in them (teal).
Approximating the graph edit distance efficiently is the most prominent topic
in papers A to C, while paper D focuses on the Weisfeiler-Leman algorithm.
In papers E and F the focus is set on graph neural networks and expressivity.

and GNNs provide representations based on the task and data at hand, allowing them to
handle complex graph-based tasks.

1.1 Overview of Publications

In general, our research focuses on developing efficient and expressive methods for
graph learning, including the design of scalable similarity measures for graphs and more
expressive graph learning methods. We aim to improve both the accuracy and running
time of existing methods and discover new approaches. Central to our research is the
Weisfeiler-Leman algorithm, and since graph similarity is usually defined through node
similarity, how to capture a node’s neighborhood accurately.

Figure 1.1 provides an overview of how the different contributions are structured with
respect to their main topics and methods for graph learning. Searching a database for
graphs similar to a query graph is a common task. The increasing amount of data in
recent years makes this task even more challenging. Therefore, finding ways to efficiently
search in graph databases and improve the trade-off between running time and accuracy
of approximations for the graph edit distance is important. In Paper A: Metric Indexing
for Graph Similarity Search [BBSK21], we use an existing lower bound for the graph
edit distance to accelerate search in large graph databases, while in Paper B: EmbAssi:
Embedding Assignment Costs for Similarity Search in Large Graph Databases [BSK22],
we develop new lower bounds for the graph edit distance, that can be used as an even
more efficient pre-filter for graph database search. Also focusing on approximating the
graph edit distance, in Paper C: Approximating the Graph Edit Distance with Compact
Neighborhood Representations [BPK24], we propose k-redundant neighborhood trees and
use them in the bipartite graph matching framework. These trees provide an accurate
and compact representation of a node’s neighborhood, and the distance between them
can be used to find a better edit path via optimal assignments.

3



1 Introduction

In Paper D: Gradual Weisfeiler-Leman: Slow and Steady Wins the Race [BK22], we
modify the Weisfeiler-Leman algorithm by slowing down its convergence, resulting in a
more fine-grained node similarity. We use this approach both in graph kernels as well
as for approximating the graph edit distance by swapping the original Weisfeiler-Leman
algorithm with ours in the respective methods. By developing a more fine-grained node
similarity measure, we can capture graph similarity more effectively.

We use the k-redundant neighborhood trees proposed in Paper C to eliminate informa-
tion redundancy in message passing GNNs in Paper E: On the Two Sides of Redundancy
in Graph Neural Networks [BML+24]. We also investigate computational redundancy and
propose ways to mitigate it. Information redundancy has been identified as a contributor
to so-called oversquashing. Therefore, reducing redundancy helps to increase performance
in practice.

In Paper F: Maximally Expressive GNNs for Outerplanar Graphs [BJI+25], we develop
a linear time graph transformation that allows the Weisfeiler-Leman algorithm and
sufficiently expressive message passing GNNs to distinguish any two non-isomorphic
outerplanar graphs. The class of outerplanar graphs is especially interesting since most
molecules can be represented as outerplanar graphs. Developing a method to make these
graphs distinguishable from each other without substantial computational overhead is a
step toward more expressive models for specific graph classes.

Together, these contributions aim to advance the efficiency and expressivity of graph
learning by refining node similarity measures and by utilizing and extending the Weisfeiler-
Leman algorithm across various graph learning methods.

1.2 Thesis Structure

This thesis is structured as follows: In Chapter 2, the necessary background on graph
theory and graph learning is provided. Chapter 3 highlights the key contributions, which
are further examined in the conclusion (Chapter 4) with respect to their scientific relevance
and potential future directions. The papers underlying these contributions, along with
additional details such as publication venues and author contributions, are presented in
Appendix A.

4



2 Background

This chapter provides key theoretical definitions to support the contributions presented
in this thesis. Each relevant topic is discussed briefly and only to the necessary extent,
as the papers in Appendix A are self-contained. The chapter begins with fundamental
concepts of graph theory, followed by graph learning and its associated methods, and
concludes with an overview of database search.

2.1 Graph Theory

A graph consists of nodes, or vertices, that are connected by edges. A graph can be directed
or undirected. In undirected graphs, an edge connects two vertices in both directions. In
directed graphs, every edge has a start and an end vertex. Vertices connected by an edge
are neighbors of each other. There is at most one edge between two vertices in graphs and
possibly more than one edge in multigraphs. Vertices and edges can have features, that
are usually specific to the application or dataset. They can be categorical features, such
as the atom type of vertices in a molecular graph, continuous attributes, for example, in
the case of coordinates, or even a mix of both.

An undirected graph is connected, if any vertex can be reached by any other vertex
following the edges, and a connected graph is biconnected, if it has at least three vertices,
and removing any vertex yields a connected graph. A graph is planar, if it can be drawn
in the plane, without any edges crossing. Similarly, a graph is outerplanar, if it can
be drawn in the plane, without any edges crossing and so that all vertices touch the
surrounding space. An outerplanar graph, a graph that is planar but not outerplanar, and
a graph that is not planar are shown in Figure 2.1 (see [Fel04] for further details on planar
graphs). A Hamiltonian cycle is a cycle which contains each node of the graph exactly
once, and biconnected outerplanar graphs have a unique Hamiltonian cycle [Mit79].

(a) Outerplanar graph (b) Planar graph (c) Non-planar graph

Figure 2.1: Graph (a) is outerplanar, because all vertices touch the surrounding space,
while graph (b) is not outerplanar. Graph (c) is not planar, since it cannot
be drawn without edges crossing.

5



2 Background

(a) G (b) H

Figure 2.2: Two undirected graphs. The colors represent vertex labels.

Figure 2.2 shows two graphs that will be used to illustrate concepts and methods in
this chapter.

An undirected tree is a connected graph without any cycles, which means that for each
vertex, there is exactly one way to reach any other vertex via edges. In a rooted tree,
one vertex is called the root of the tree. In rooted trees, we call the neighbors of a vertex
further away from the root the children of this vertex, and the neighbor closer to the
root the parent. This way, the root is the only vertex with no parent. Vertices without
children are called leaves.

Two graphs are isomorphic, if there exists a bijective mapping between their vertex sets,
so that edges and features are preserved. Deciding whether two graphs are isomorphic is
a difficult problem (and it is still not known, whether it is NP-complete or can be solved
in polynomial time [GS20]). The ability of a function to distinguish two non-isomorphic
graphs from each other is called its expressivity. One method is more expressive than the
other if it can distinguish (strictly) more pairs of non-isomorphic graphs, including all
graphs that the other method can distinguish. A method is maximally expressive on a set
of graphs if it can distinguish all pairs of non-isomorphic graphs in that set.

Weisfeiler-Leman and Unfolding Trees. A popular method, which is very prominent
in this thesis, is the Weisfeiler-Leman1 (WL) or color refinement [WL68, GKMS21]
algorithm, which was originally proposed to solve graph isomorphism. It will produce the
same result for any two isomorphic graphs. However, there are non-isomorphic graphs,
that it cannot distinguish, making it only a heuristic for graph isomorphism.

The Weisfeiler-Leman algorithm works by iteratively coloring the vertices of graphs
according to their neighborhood. It starts with a coloring c0, where all vertices have a
color representing their label (or a uniform coloring in the case of unlabeled vertices). In
iteration i, the coloring ci is obtained by assigning each vertex v a new color according to
its color from the previous iteration and the colors of its neighbors N(v), i.e.,

ci+1(v) = f (ci(v), {{ci(u) | u ∈ N(v)}}) ,

where f is an injective function. An example of the first two iterations of the Weisfeiler-
Leman algorithm on the graphs from Figure 2.2 is given in Figure 2.3. A coloring allows
to partition a set of vertices into subsets of vertices with the same color. The algorithm

1

We use the spelling Leman over Lehman, as preferred by Andrew Leman (see also [MLM+23]). For
methods including the h, such as the Weisfeiler-Lehman kernels [SSvL+11], we include it as well.
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2.1 Graph Theory

: ( ,{{ }})
: ( ,{{ }})
: ( ,{{ }})
: ( ,{{ }})

(a) Color mapping in iteration 1 (b) Colors after iteration 1

: ( ,{{ }})
: ( ,{{ }})

: ( ,{{ }})
: ( ,{{ }})

: ( ,{{ }})

(c) Color mapping in iteration 2 (d) Colors after iteration 2

Figure 2.3: The first two iterations of the Weisfeiler-Leman algorithm for the two graphs
from Figure 2.2. Colors are reused between iterations. The mapping to new
colors is depicted in (a) and (c).

eventually reaches a so-called stable coloring, meaning that this partitioning does not
change anymore.

If the multisets of vertex colors of two graphs differ in any iteration, they cannot
be isomorphic. However, there are non-isomorphic pairs of graphs, that cannot be
distinguished by the Weisfeiler-Leman algorithm; for example, the Weisfeiler-Leman
algorithm cannot distinguish a 6-cycle from two triangles.

Colors generated by the Weisfeiler-Leman algorithm encode so-called unfolding trees,
which can be used to represent the neighborhood of a node. If the unfolding trees with
height h of two vertices differ, their colors ch also differ, and vice versa.

Mathematically, the unfolding tree F v
h with height h of the vertex v is defined recursively

as the tree with a root nv that represents v, and child subtrees Fw
h−1 for all w ∈ N(v),

and F v
0 consisting only of the node nv. The node and edge labels of the original graph

are preserved. An example of the unfolding trees with height 2 of the vertices of graph H
is given in Figure 2.4.

While graph isomorphism poses as a way to decide whether two graphs are equal, the
similarity measure given by it is binary. Two graphs are either isomorphic or they are not.
However, this is not sufficient in many applications, and a notion of similarity is needed.
In drug discovery, for example, it would not make much sense to search for the same
molecule; instead, the task is usually to search for similar molecules. Similarity is also
important in graph learning, as it is typically assumed that similar graphs have similar
properties.

7



2 Background

Figure 2.4: Unfolding trees with height 2 of the nodes of H.

2.2 Graph Learning

Graph learning refers to learning representations or making predictions for graph-structured
data. This is often done in a supervised manner, where a training set with known labels
is used to train a model. The model learns from this labeled data, and after optimizing
its parameters, it is evaluated on a test set, which consists of data it has not encountered
during training. If the model performs well on this test set, it is considered to generalize
well.

Graph learning tasks can be categorized into graph-level, node-level, and edge-level
tasks. A common graph-level task is graph classification, where the goal is assigning a
class label to an entire graph, such as determining whether a molecule is toxic. Graph
regression involves assigning a numerical value to a graph, such as predicting the solubility
of a molecule. These tasks can also be applied at the node or edge level. At the edge level,
another possible task is link prediction, which aims to predict whether an edge should exist
between two nodes. This is particularly useful in applications such as social networks or
recommender systems, where predicting potential connections between entities is essential.

To solve graph learning tasks, typically, a similarity measure for graphs is needed.
Defining a similarity measure between graphs is not trivial and often depends on the
graphs and the task. Since the applications of graphs are very diverse, many researchers
have focused their attention on developing similarity measures suitable for graphs. In the
following, different approaches for graph similarity and graph learning are described.

Graph Edit Distance

The graph edit distance (GED) is a general distance measure between graphs. It describes
how expensive it is to transform one graph into the other using a sequence of edit
operations (also called an edit path). These edit operations usually include inserting
or deleting edges or isolated vertices, or changing the attribute of either of them. Edit
operations have costs assigned to them, depending on the task or often uniform costs for
simplicity reasons. Formally, the graph edit distance dGED is defined as the cost of an
optimal (minimum cost) edit path between the two graphs:

dGED(G,H) = min

{
k∑

i=1

c(ei)
∣∣∣ (e1, ..., ek) ∈ Υ(G,H)

}
,

8
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→ → → →

Figure 2.5: An edit path between the two graphs G and H from Figure 2.2. If the cost
of each edit operation is defined as 1, this edit path has a cost of 4 and is
optimal, meaning that dGED(G,H) = 4.

where Υ(G,H) is the set of all possible edit paths between G and H, and c(ei) is the cost
of edit operation ei. Figure 2.5 gives an example of an edit path.

Graph-level learning tasks, for example, can be solved by using the graph edit distance
for k-nearest neighbor classification. The costs of the edit operations are typically tuned
manually but have also been learned to adjust the graph edit distance to the task at
hand [GHFS20].

Exact algorithms for computing the graph edit distance use integer linear program-
ming [LAR+17] or are based on depth- or breadth-first search [CFL+20, GH16]. However,
computing the graph edit distance (even with all edit costs defined as 1) is an NP-hard
problem [ZTW+09], and exact computation is often not feasible. Therefore, many approx-
imations have been proposed, for example, [KGBW19, RB09, BBG+20, NRB06, BG18].
Some approximations can be derived from exact algorithms, for example, using linear
programming relaxations or beam search [NRB06] instead of the A∗ algorithm. Others
are based on finding a suboptimal edit path, which is an upper bound for the exact
distance.

Approximating the Graph Edit Distance. One method of finding a suboptimal edit
path is to first find an (optimal) assignment between the vertices of the graphs. The
assignment is optimal in that it minimizes the costs regarding an underlying cost
function. The assignment problem can be solved optimally in cubic time using the
Hungarian algorithm [Mun57] or approximated in quadratic time using simple greedy
strategies [RFFB15], and a suboptimal edit path can be derived from the optimal assign-
ment to gain an upper bound for the graph edit distance. This type of heuristic is widely
used and successful in practice [RB09, BG18].

However, defining the cost matrix for the optimal assignment problem is difficult. A
popular approach uses the difference in local structures around the nodes as the cost
function [RB09], while a very similar approach, called Branch [BG18], adjusts these
costs carefully to ensure that the cost of the optimal assignment is a lower bound for the
graph edit distance. This means that with this approach, a lower and an upper bound
can be computed by solving only one assignment problem. While another benefit of this
approach is that the lower bound computed this way is a metric, the runtime still is not
feasible for processing large amounts of data.

In general, there is a trade-off between runtime and quality of approximation, and
with lower quality of approximation, the expressivity might also decrease as the graph
edit distance becomes a coarser distance measure, while the scalability usually increases.
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Initial labels Colors from iteration 1 Colors from iteration 2Number of nodes
with color in

G 1 4 1 2 1 1 1 0 2 1 1

H 1 3 1 2 0 1 1 2 0 0 1

Figure 2.6: The Weisfeiler-Lehman subtree kernel WLST2 between the two graphs G and
H from Figure 2.2 can be computed from the inner product of their feature
vectors, which consist of the number of nodes per color in each iteration. This
is equivalent to the formulation given in Equation 2.1 [SSvL+11]. Following
the definition, WLST2(G,H) = 21.

Methods that compute an optimal assignment between the vertices of the graphs or
find a (possibly suboptimal) edit path are more easily interpreted due to the one-to-one
correspondence of the vertices.

Graph Kernels

A kernel is a positive-semidefinite function that describes the similarity between two
objects. In recent years, graph kernels have become a commonly used tool for graph
learning. A wide variety of graph kernels have been proposed, and many were quite
successful in solving graph classification tasks. Usually, these kernels are based on counting
common substructures, such as graphlets [SVP+09], paths [BK05], walks [KTS12] or
vertices with the same neighborhood [KM12].

The Weisfeiler-Lehman kernels [SSvL+11], which are based on the Weisfeiler-Leman
algorithm, are very popular and commonly used. The Weisfeiler-Lehman subtree kernel
with h iterations (WLSTh) is defined as the common occurrences of node colors up to
iteration h, i.e.,

WLSTh(G,H) =

h∑
i=0

∑
u∈V (G)

∑
v∈V (H)

δ(ci(u), ci(v)), (2.1)

where δ is the Dirac kernel (it is 1 if the two inputs are equal, and 0 otherwise). Figure 2.6
shows an example of the Weisfeiler-Lehman subtree kernel for the two graphs from
Figure 2.2.

The Weisfeiler-Lehman graph kernels are only defined for graphs with discrete labels.
For graphs with attributed vertices, other kernels have been proposed, for example, the
Wasserstein Weisfeiler-Lehman graph kernels [TGL+19] or hash graph kernels [MKKM16].

The main drawbacks of graph kernels are that the ones used in practice cannot distin-
guish certain non-isomorphic graphs, and many, for example the Weisfeiler-Lehman kernels,
cannot even predict specific graph properties like connectedness or planarity [KMRS18].
In contrast to the graph edit distance, the similarity is more abstract and cannot be
interpreted as a mapping between the vertices. Additionally, the features used in the
kernels are limited and often predefined.
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Graph Neural Networks

Graph neural networks (GNNs) have become popular for their ability to solve various
graph learning tasks. Typically, graph neural networks learn an embedding for each
node by iteratively aggregating information from its neighborhood. This can be seen as
messages sent between nodes via the edges of the graph, and it allows to capture not
only individual node features but also more complex patterns within the graph. The
representation of a graph is usually computed using the representations of its nodes.

Message passing neural networks such as GIN [XHLJ19] can be seen as a neural variant
of the Weisfeiler-Leman algorithm. The embedding of a vertex v in layer i is defined as

xiv = COMBINE

(
xi−1
v ,AGGREGATE

(
{{xi−1

u | u ∈ N(v)}}
))

,

where the initial embedding x0v is usually acquired by applying a multi-layer perceptron
(MLP) to the vertex features, and AGGREGATE and COMBINE are realized by suitable
functions with learnable parameters. For graph-level tasks, the embedding xiG of a graph
G in layer i is defined as

xiG = READOUT

(
{{xiv | v ∈ V (G)}}

)
,

where READOUT is a suitable function with learnable parameters.
In graph neural networks, the features that are important for the task are learned and

not provided manually, which makes graph neural networks suitable for different tasks
with little expert knowledge required. Due to their nature, graph neural networks are
highly adaptable and can be applied to all graph learning tasks and datasets. But it has
also been shown that the expressivity of message passing graph neural networks is limited:
for distinguishing non-isomorphic graphs, message passing neural networks are at most as
powerful as the Weisfeiler-Leman algorithm [MRF+19].

A graph neural network is essentially a black box, which leads to poor interpretability.
Many methods have been proposed to combat this, trying to explain graph neural
networks [YYGJ23]. Additionally, although graph neural networks can process large
amounts of data, the training procedure is often time-consuming.

With an increasing number of layers, more and more information is aggregated into the
embedding of each node. However, since the embeddings are of a fixed size, they might
not accurately represent these growing node neighborhoods. This problem, referred to as
oversquashing [AY21], makes it difficult for graph neural networks to learn the interaction
of distant nodes.

2.3 Database Search

Databases can be used to efficiently store and find data. Therefore, searching in databases
is a very common task. In this thesis, we focus on two types of queries when searching in
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a database: range queries and k-nearest neighbor queries. A range query finds all objects
with a distance no more than the specified range to the query object (see Figure 2.7).

If the distance is expensive to compute, using a so-called filter-verification principle
makes sense. In this approach, different lower and upper bounds filter out a large portion
of the database (in the best case). A function d′ is a lower bound for another function d,
if d′(x, y) ≤ d(x, y), and an upper bound, if d′(x, y) ≥ d(x, y) holds for all inputs x and y.
Objects with a lower bound above the specified range can be dismissed since the exact
distance will be even larger. Objects with an upper bound within the specified range can
be added to the result without further verification. Only the remaining objects need to
be verified by computing the exact distance.

A k-nearest neighbor query returns the k nearest objects to the query object (see
Figure 2.8). If multiple objects are tied for being the kth nearest neighbor, usually all
of them are returned, meaning the k-nearest neighbor query might return more than k
objects in those cases.

Since the distance to the kth nearest neighbor is not known at the start of the query,
the filter pipeline cannot be as clearly separated into filtering and verification as for range
queries. However, the optimal multi-step k-nearest neighbor search algorithm [SK98]
can be used: The database objects are retrieved from the database in ascending order
according to a lower bound (regarding their distance to the query object). For each
object retrieved, the exact distance is computed, and only the k objects with the smallest
exact distance are maintained. The current kth smallest exact distance can be used as a
bound for further searching: The search can be terminated once we have found at least
k objects with an exact distance smaller than the lower bound of all remaining objects.
This procedure is optimal in the sense that none of the exact distance computations could
have been avoided [SK98].

Approaches for Graph Similarity Search. Most approaches relying on pairwise compu-
tation of the graph edit distance are not suitable for similarity search and, thus, may not
be able to handle large amounts of data.

•q
r

•

•
•

•

•
•

•

Figure 2.7: An example of a range query: All objects in the specified range r around the
query object q are returned.
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•q ••
•

•
•

•

•

•

Figure 2.8: An example of a k-nearest neighbor query with k = 3. The 3 objects with the
smallest distance to the query object q are returned.

Methods specifically proposed for similarity search in graph databases can mainly be
divided into two categories, depending on whether they compare overlapping [WWYY12,
ZTW+09, WDT+12, ZXLW12] or non-overlapping substructures [ZXL+13, LZ17, KCL19].
The methods that belong to the first category are inspired by q-grams used for computing
the string edit distance and use either q-grams based on trees [WWYY12, ZTW+09,
WDT+12] or paths [ZXLW12].

Methods that partition the graphs into non-overlapping substructures obtain lower
bounds based on the observation that if x non-overlapping substructures of a data-
base graph are not contained in the query graph, the graph edit distance is at least x.
Mixed [ZZL+15] combines the idea of q-grams and graph partitioning.

These methods, however, only allow uniform edit costs (and some additionally cannot
handle edge labels) and are, therefore, not suitable for graphs with continuous attributes
or custom edit cost functions. Additionally, the bounds given by these approaches are
often not tight enough to perform efficient similarity search on very large datasets.
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In the following sections, a brief overview of each paper and the key contributions made
within them is presented. We explain each method briefly by using a figure describing the
approach. Further details are presented in the corresponding papers, which are included
in Appendix A.

3.1 Metric Indexing for Graph Similarity Search

Lower bound with index Upper bounds Verification

Branch

BranchConst

BLPF2-V

BSS GED

Result

Range query
Branch

BranchConst
BranchUB BranchRUB

BLPF2-V

BSS GED

Result

Figure 3.1: This figure shows the filter-verification pipeline of our approach. For a range
query, first candidates are generated using the Branch lower bound together
with an index structure. The candidates are then further filtered using the
BranchUB upper bound and its refined version, BranchRUB. At these
steps, results can already be reported. Only graphs, that could not be filtered
out or be reported as results have to be processed using an exact algorithm in
the verification step. For k-nearest neighbor queries, the optimal multi-step
k-nearest neighbor search algorithm is used. The lower bound and exact
algorithm used depend on whether the edit costs are uniform (yellow) or not
(red). Figure adapted from [BBSK21].

In the paper Metric Indexing for Graph Similarity Search [BBSK21] (Appendix A.1),
we develop a filter-verification framework for graph similarity search that is suitable for
graphs with arbitrary attributes and non-uniform edit costs. This framework is depicted
in Figure 3.1.

We employ the general, assignment-based lower bound Branch [BG18] together with a
metric index to generate initial candidates. Branch approximates the graph edit distance
by finding a minimal cost assignment between the vertices of the two graphs. The cost
function is based on the cost of the edit operation and ensures that the cost of the optimal
assignment is a lower bound of the graph edit distance. Since the Branch lower bound is
a (pseudo-)metric for metric edit costs, we accelerated the candidate generation step using
metric indexing. The generated candidates are further filtered using the upper bound
BranchUB that is computed by deriving an edit path from the vertex assignment. If
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needed, this edit path is subsequently refined in a local search (BranchRUB) by swapping
the assignment of two vertices to generate a cheaper edit path. The remaining candidates
are verified using one of two efficient verification algorithms. BSS GED [CHHV19] is very
fast but only suitable for discrete labels and uniform edit costs, while BLPF2-V is used
in the other cases.

Contribution. We develop a framework for fast graph similarity search using a lower
bound for the graph edit distance, known to be a metric, along with a metric index
structure and several upper bounds. In contrast to competing methods, our approach is
general regarding dataset properties and edit costs, and is suitable for k-nearest neighbor
search. Other approaches for similarity search in graph databases are typically restricted
to uniform edit costs and can only answer range queries up to a threshold specified
beforehand. In this work, we show that using the lower bound Branch together with a
metric index in a filter-verification framework makes efficient similarity search possible,
even when using attributed graphs and non-uniform edit costs. Specifically, range queries
on a dataset consisting of over 100.000 graphs with attributes can be answered efficiently
using our framework. Our approach outperforms competing methods, which can only
handle graphs with discrete labels, on several datasets regarding filter quality and total
query time.
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3.2 EmbAssi: Embedding Assignment Costs for Similarity
Search in Large Graph Databases

Graph database

Embedding
using tree metric

Vectors stored
in index

Query graph

Filter Verification

Result

Figure 3.2: An overview of the filter-verification pipeline for graph similarity search used
in our approach. First, the graphs of the database are embedded into vector
space using a tree metric. These vectors are then stored in a suitable index
structure. Any given query graph is also embedded and its resulting vector
representation is used as the query in the first filtering step. Further filters
can be applied before verification. Figure adapted from [BSK22].

In EmbAssi: Embedding Assignment Costs for Similarity Search in Large Graph Data-
bases [BSK22] (Appendix A.2), we develop several lower bounds for the graph edit distance,
that can be represented as the Manhattan distance between two vectors, making them
suitable for usage with index structures for vectors. The lower bounds are derived from
an assignment problem, where the cost function is a tree metric1. This allows embedding
the costs of optimal assignments into ℓ1 space [KGBW19]. The tree metrics that the
lower bounds are based on are carefully constructed to reflect the edit costs, which do
not have to be uniform. Figure 3.2 shows an overview of our framework.

Proposed Lower Bounds. We propose the label lower bound and the degree lower
bound, which are based on the cost of an optimal assignment between the vertices of the
graphs. The underlying cost functions for both bounds are tree metrics so that the cost
of the optimal assignment can be represented as the Manhattan distance of two vectors.
The two lower bounds are added in the combined lower bound to gain an even better
approximation.

Conceptually, the label lower bound between two graphs G and H describes the minimal
cost needed to change the node labels and the number of nodes in G, so that it matches
those in H. The degree lower bound is based on the minimum number of edges that have

1

A function d : X × X → R is a tree metric if there is a tree T with X ⊆ T and strictly positive
real-valued edge weights ω, so that d(u, v) = dT,ω(u, v), ∀u, v ∈ X [KGBW19].
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to be inserted and deleted so that the distributions of vertex degrees in the two graphs
are equal.

The combined lower bound between G and H is the sum of the label and the degree lower
bound, which can be represented by concatenating the vector representations computed
for these two lower bounds.

Contribution. Using the vector representation of the combined lower bound together
with an index (suitable for the Manhattan distance), we make efficient similarity search
in large graph databases possible. We also integrate our approach into existing filter-
verification pipelines as a fast pre-filtering step. Specifically, using our approach as the
first filtering step, datasets of almost 2 million graphs can be processed.

Many methods for searching in graph databases rely on lower bounds based on non-
overlapping substructures and indices specialized for graphs. They often can only answer
range queries up to a maximum threshold, which has to be specified before index con-
struction. Compared to competing methods for graph similarity search, our approach
can answer both range and k-nearest neighbor queries and can be used with well-studied
index structures for vector data. The proposed bounds can also be used with non-uniform
edit costs, which is usually not possible for such approaches.

We relate our bounds to several commonly used lower bounds and show that they are
very tight while being efficiently computable. We use our approach as a pre-filtering step
in graph database search and show that the bounds generate manageable candidate sets
quickly.
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3.3 Approximating the Graph Edit Distance with Compact
Neighborhood Representations

Input graphs 1. Neighborhood trees 2. Optimal vertex assignment

Cost matrix
based on
SDTED ×

3. Edit path based on assignment 1. Generate neighborhood trees
2. Compute optimal assignment of nodes
3. Derive edit path from assignment
4. Cost of edit path is GED approximation

Figure 3.3: An overview of approximating the graph edit distance using our approach:
For each vertex of the input graphs, a neighborhood tree is generated (step 1).
In step 2 an optimal assignment between the vertices is computed. The cost of
assigning a vertex to another is based on the structure-and-depth-preserving
tree edit distance (SDTED) of their corresponding neighborhood trees. Once
an assignment is found, an edit path can be derived from this assignment
(by checking for each vertex and edge, whether any edit operation has to be
performed on them to make them match their assigned counterpart) in step 3.
The cost of this (possibly suboptimal) edit path is used as an upper bound
for the graph edit distance (step 4). Figure adapted from [BPK24].

In Approximating the Graph Edit Distance with Compact Neighborhood Represent-
ations [BPK24] (Appendix A.3), we use trees representing the node neighborhood to
approximate the graph edit distance in the bipartite graph matching framework. We pro-
pose k-redundant neighborhood trees, a compact representation of a node’s neighborhood,
that can be compared efficiently. Figure 3.3 shows an overview of our approach. First, a
neighborhood tree is generated for each vertex. The distance between the neighborhood
trees is used as the underlying cost function in the bipartite graph matching framework:
an optimal assignment between the vertices of the two graphs is computed based on the
cost function, and then the cost of an edit path derived from this assignment is used as
the approximated graph edit distance.
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v1

(a) Graph (b) T v1
2,0 (c) T v1

2,1

Figure 3.4: A graph (a) and the 0-redundant and 1-redundant neighborhood tree with
height 2, (b) and (c), respectively, of the vertex v1.

k-redundant Neighborhood Trees. A k-redundant neighborhood tree (k-NT) T v
h,k of

a node v with height h is derived from the unfolding tree F v
h of v with height h by

removing all subtrees with roots that occurred more than k levels before (seen from root
to leaves). Figure 3.4 provides an example of 0- and 1-redundant neighborhood trees.
More formally, let depth(v) denote the length of the path from v to the root, and ϕ(v)
denote the original vertex in V (G) represented by v in the unfolding or neighborhood
tree, then T v

h,k is defined as the subtree of F v
h , induced by its nodes u, that satisfy

∀w ∈ V (F v
h ) : ϕ(u) = ϕ(w) ⇒ depth(u) ≤ depth(w) + k.

Contribution. We propose k-redundant neighborhood trees as a compact way to represent
node neighborhoods. We also improve the theoretical runtime for computing the structure-
and-depth-preserving tree edit distance between two trees by conducting a thorough
analysis. We use the structure-and-depth-preserving tree edit distance of neighborhood
trees as the cost function in the bipartite graph matching framework. In contrast to
competing approaches, our method yields a good trade-off between runtime and accuracy:
While our method is slightly slower than standard bipartite graph matching, it achieves
much lower approximation error. Experimentally, we showed that our method yields a
better approximation, especially when the distance between the graphs is small, which
is relevant for k-nearest neighbor classification. Compared to approaches using more
complex neighborhood representations to compute the cost function for the optimal
assignment, our method is multiple orders of magnitude faster and more accurate.
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3.4 Gradual Weisfeiler-Leman: Slow and Steady Wins the
Race

Initial coloring One iteration of WL

One iteration of GWL

Standard Weisfeiler-Leman

Gradual Weisfeiler-Leman

: ( ,{{ }})
: ( ,{{ }})
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Color mapping

Color hierarchy

Restrict the
number of new
colors per old
color!

Figure 3.5: An overview of the gradual Weisfeiler-Leman refinement. The intuitive idea
is to restrict the number of new colors in each iteration. The algorithm works
similar to the original Weisfeiler-Leman algorithm, with the exception, that
two nodes, which had the same color in the previous iteration, but have
different multisets of neighbor colors now, might get assigned the same color
again, given that at least two nodes that had the same color previously, get
different colors. One can illustrate this using a color hierarchy, which describes
how the colors evolve over the iterations. Using the gradual variant, colors
of the original Weisfeiler-Leman might be merged into one color. Using, for
example, k-means clustering to cluster the multisets of neighbor colors, the
number of new colors can be restricted for each old color. Figure adapted
from [BK22].

In Gradual Weisfeiler-Leman: Slow and Steady Wins the Race [BK22] (Appendix A.4),
we propose a more gradual variant of the Weisfeiler-Leman algorithm. In the original
Weisfeiler-Leman algorithm, two nodes get assigned the same color, if and only if they had
the same color in the previous iteration and their neighbor color multisets do not differ.
This makes sense for the original application of isomorphism testing, but the Weisfeiler-
Leman algorithm has recently been used to define node similarities for multiple other
applications. However, the similarity induced by the Weisfeiler-Leman color hierarchy,
which describes how the colors evolve over the iterations, is not suitable for reflecting
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minor differences. It cannot quantify the similarity of multiple nodes that get different
colors in the same iteration.

For example, after the first iteration, nodes with differing degrees are assigned different
colors. This means that a node with degree 5 will be just as similar to a node with degree
4 as a node with degree 100.

We tackle this problem by allowing nodes to get assigned the same color, even if their
neighbor color multisets differ, given that overall, color classes are split up (see Figure 3.5).
This allows for a more nuanced similarity function. We define the theoretical framework of
renep functions as all functions that fulfill specific properties so that they are guaranteed
to lead to the same stable coloring as the original Weisfeiler-Leman algorithm and use
k-means clustering of the neighbor color multisets as a suitable and easy way to generate
such a function.

Contribution. We propose a gradual version of the Weisfeiler-Leman algorithm to gain
a more fine-grained node similarity by slowing down the convergence of the refinement
process. We define which conditions must be fulfilled to obtain the same stable coloring
as the original Weisfeiler-Leman algorithm. We show that the kernels derived from the
gradual refinement surpass the original ones in accuracy, especially on social network
data, and outperform all other kernels in 9 out of 12 datasets while being close to the
best method in the other cases. Also, we use the gradual version to define a tree metric
that can be used to find an optimal assignment between the vertices of two graphs for
graph edit distance approximation and show that it is in general better than the original
version, leading to a significant increase in classification accuracy (over 15% in some
cases). Our gradual Weisfeiler-Leman algorithm can be used as a potent variation of the
original version with little computational overhead. Especially applications where a more
fine-grained node similarity is needed, for example, in social network data, can benefit
from using the gradual Weisfeiler-Leman algorithm.
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3.5 On the Two Sides of Redundancy in Graph Neural
Networks

Unfolding tree

Remove information redundancy

prune trees

0-NT

Remove computational redundancy

0-NTs

Merge trees into computational DAG

Information flow in computational DAG

First layer Second layer

Standard message passing

Graph Merged unfolding trees

Figure 3.6: Overview of the DAGGNN framework. We investigate both information
redundancy and computational redundancy in graph neural networks. We
first propose to prune unfolding trees representing the computational trees
of message passing neural networks, so that they do not contain information
redundancy. To combat computational redundancy, we propose to merge
isomorphic computational trees (and subtrees) into directed acyclic graphs
(DAGs), from which node embeddings can be computed in a bottom-up fashion
(see Information flow in computational DAG).

In the paper On the Two Sides of Redundancy in Graph Neural Networks [BML+24]
(Appendix A.5), we investigate information and computational redundancy in GNNs
and propose ways how to mitigate them. We use the k-redundant neighborhood trees
developed in [BPK24] (refer to Section 3.3) to reduce information redundancy, and
tree compression techniques to tackle computational redundancy (see Figure 3.6). Our
approach, DAGGNN, performs message passing on directed acyclic graphs stemming from
this tree compression.

Information Redundancy. Information redundancy occurs when a node sends a message
to another node and this node then incorporates this message in its message back to the first
node. This information redundancy can be seen when looking at the computational trees
in message passing GNNs, the Weisfeiler-Leman unfolding trees. We link this redundancy
of information to the phenomenon of oversquashing [DGGB+23] - the node neighborhood
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influencing the fixed-size embedding grows exponentially with each message passing step,
making it harder for distant nodes to communicate. We propose using k-redundant
neighborhood trees for the information flow to remove the redundant information in
message passing.

Computational Redundancy. We also investigate the other side of redundancy in GNNs
- computational redundancy. Computational redundancy means that for vertices with the
same neighborhood, the same embedding will be computed and is essentially computed
twice. Our approach avoids computational redundancy by merging duplicate subtrees in
the computational trees, yielding a directed acyclic graph as the computational graph.
The information flow in standard message passing GNNs can be expressed as simple
matrix multiplication using the graph’s adjacency matrix. However, this is not possible
when using trees other than the unfolding trees. Therefore, we show how to propagate
information using arbitrary computational DAGs. The representation of a node in the
DAG is only updated once and as soon as all its children’s representations have been
updated (see Information flow in computational DAG in Figure 3.6).

Contribution. We investigate information and computational redundancy in message
passing GNNs and propose ways to reduce both. By using k-redundant neighborhood
trees (refer to Section 3.3) as the computational trees in our message passing, we combat
information redundancy, and by merging isomorphic substructures in the computational
graph we eliminate computational redundancy. We prove that k-redundant neighborhood
trees are incomparable to unfolding trees in terms of expressive power on the node level
and show that oversquashing can be mitigated using our method. Our GNN architecture
outperforms competing methods, especially on node classification tasks with low homophily
ratio, with an improvement over the best other method of up to 12%.

24



3.6 Maximally Expressive GNNs for Outerplanar Graphs

3.6 Maximally Expressive GNNs for Outerplanar Graphs

A large percentage of molecules can be represented as outerplanar graphs. However,
standard message passing GNNs cannot distinguish specific pairs of non-isomorphic
outerplanar graphs, making it impossible for them to compute different embeddings
(and different predictions) for them. In Maximally Expressive GNNs for Outerplanar
Graphs [BJI+25] (Appendix A.6), we develop a graph transformation that enables the
Weisfeiler-Leman algorithm to distinguish all non-isomorphic outerplanar graphs. Due to
the connection of the Weisfeiler-Leman algorithm and message passing GNNs, this graph
transformation also enables GNNs, which achieve the same expressivity as the Weisfeiler-
Leman algorithm, to distinguish those graphs in theory. We show that empirically, this
leads to better performance on molecule datasets, which primarily consist of outerplanar
graphs.

We build on results by Colbourn and Booth [CB81] to first transform biconnected
outerplanar graphs to make them distinguishable by the Weisfeiler-Leman algorithm using
our graph transformation CAT∗. We then extend CAT∗ to CAT, which can distinguish
all outerplanar graphs.

CAT∗ and CAT. CAT∗ transforms biconnected outerplanar graphs by augmenting
two copies of the graph, directing their edges in a specific way and annotating the
edges with the distance of their corresponding nodes using only edges of the directed
Hamiltonian cycle. This way, the so-called Hamiltonian adjacency list (HAL) sequences
are encoded in the Weisfeiler-Leman unfolding trees. For two biconnected outerplanar
graphs, these sequences are the same or cyclic shifts of each other, if and only if they are
isomorphic [CB81]. Figure 3.7 shows an overview of CAT∗ and how the HAL sequences
are encoded in the unfolding trees of graphs transformed using CAT∗. By transforming
all biconnected outerplanar components of outerplanar graphs and adding additional
vertices that help determine the orientation of these components in the original graph
(see Figure 3.7), our transformation CAT can enable the Weisfeiler-Leman algorithm to
distinguish all non-isomorphic outerplanar graphs.

Contribution. By enabling the Weisfeiler-Leman algorithm to distinguish all non-
isomorphic outerplanar graphs, we also allow message passing GNNs to distinguish
these graphs. As many molecules can be represented by outerplanar graphs, this can help
achieve better results on many molecular tasks. Using CAT, we improve the performance
of message passing neural networks, such as GIN and GCN, on 6 and 8 out of 10 datasets,
respectively.

Additionally, until recently, it was largely unexplored which classes of graphs different
architectures could distinguish, and expressivity was measured using the Weisfeiler-Leman
hierarchy. We provide a method that is maximally expressive on the specific class of
outerplanar graphs and show that maximal expressivity can be achieved in linear time
for these graphs.

25



3 Contributions

CAT∗

G CAT∗(G) Unfolding tree of b

a

bc

d

e f

→ a

bc

d

e f

1

1

1

1

1

1

4
2

3

3 a

bc

d

e f

1

1

1

1

1

1

2
4

3

3

b
a

c

a b

d
a c

f
e

1

2 3 1

4 1 3 1 1

CAT

Node types

Cycle
Pooling

Block
Connect
Graph

Globala

b

c

d

e

j

f

g

h

i

→

a

a a

b

j

j

□□□c
d

□□□

g

□□□
f

e

h

h

i

△

b

a
c

d

a

c

d
a

e

f

a

e

f

j

g

hh

j

g

G CAT(G)

Figure 3.7: An overview of CAT∗ and CAT. In CAT∗ a biconnected outerplanar graph
is transformed by copying the graph and directing the edges of its (unique)
Hamiltonian cycle once in each direction. All other edges are present in both
directions and are annotated with the distance of their endpoints on the
Hamiltonian cycle. This encodes the Hamiltonian adjacency list sequence
(which can be used to uniquely identify the graph) in the unfolding tree of
each node. CAT takes any graph, applies CAT∗ to its biconnected outerplanar
components, and adds further nodes to encode the position and orientation of
these components within the graph. Letters represent original node labels,
colors represent edge and node labels from CAT. Cycle nodes represent nodes
added by CAT∗, while pooling nodes are added to connect two corresponding
cycle nodes. Block nodes connect the pooling nodes for each biconnected
component, thereby able to store information about its HAL sequence, and
a global node connects these nodes to reduce the diameter of the graph.
Connect nodes connect the pooling nodes to the rest of the graph, thereby
determining the orientation of the biconnected component. Using CAT, all
outerplanar graphs can be distinguished by the Weisfeiler-Leman algorithm.
Figure adapted from [BJI+25].26



4 Conclusion

In this thesis, we developed both efficient and expressive graph learning methods, address-
ing two critical challenges. First, we introduced scalable similarity measures for graphs,
enabling efficient comparison and search in large graph databases. Second, we developed
graph learning methods with improved expressivity and little computational overhead.
In the following, we briefly summarize the contributions of this thesis, outline potential
directions for future research, and give some final remarks.

4.1 Contribution

Since the amount of data to be processed has drastically increased in recent years,
scalability has become a significant challenge in graph learning. We proposed using the
Branch lower bound for approximating the graph edit distance in combination with
a metric index to enable search in large graph databases [BBSK21]. We showed that
efficient search is possible, even when using attributed graphs and non-uniform edit costs.
Our approach outperformed competing methods regarding filter quality and total query
time, and additionally could efficiently handle attributed data of over 100.000 graphs.

We also developed lower bounds for the graph edit distance that can be embedded
into ℓ1 space [BSK22]. Using these lower bounds as an even more efficient first filter led
to a significantly improved query time and made searching in large datasets of almost
2 million graphs possible.

Since graph similarity measures rely on similarity measures for nodes, we developed
node similarities that can capture the neighborhood structure more accurately. We
used the distance of pruned unfolding trees as the underlying cost function in bipartite
graph matching to gain a significantly improved approximation with little increase in
running time [BPK24], providing a better trade-off than competing methods. We slow
down the convergence of the Weisfeiler-Leman algorithm by clustering similar nodes,
which leads to a more fine-grained node similarity [BK22]. This gradual version of the
Weisfeiler-Leman algorithm showed excellent performance when used in graph kernels,
as well as for approximating the graph edit distance. Specifically, the proposed kernels
outperformed competing approaches in 9 out of 12 datasets and were close to the best
method in the other cases. When used to approximate the graph edit distance, our
gradual version led to a significant increase in classification accuracy (over 15% in some
cases) compared to the original Weisfeiler-Leman algorithm.

We also investigated and developed methods based on message passing neural networks,
which are closely related to the Weisfeiler-Leman algorithm, with a special focus on
expressivity. We used pruned unfolding trees [BPK24] to remove information redundancy
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in message passing and showed how this can help mitigate oversquashing [BML+24]. We
also proposed reducing computational redundancy by merging isomorphic substructures
in the computational graph of message passing neural networks. Additionally, we proved
that unfolding trees are incomparable to their pruned version regarding expressivity on
the node level, and experiments indicated that they might have higher expressivity on
the graph level. Our corresponding graph neural network architecture performs especially
well on node classification tasks with a low homophily ratio, improving over the best
other method by up to 12%.

We addressed one of the challenges (Challenge II.4: Towards expressiveness on relevant
classes of graphs) brought up in a recent position paper [MFD+24] by focusing on the
class of outerplanar graphs. Specifically, we developed a linear time graph transformation
that enables the Weisfeiler-Leman algorithm to distinguish all pairs of non-isomorphic out-
erplanar graphs [BJI+25]. This is especially relevant for molecules, as most of them (up to
98% in common benchmark datasets [BJI+25]) can be represented as outerplanar graphs.

4.2 Limitations and Future Work

Our findings suggest several promising directions for future research. The notion of
similarity for graphs could be considered in the context of the task at hand. While it is
generally assumed that structurally similar graphs have similar properties, this is not
always the case, for example, in molecules, where small structural changes can cause
significant differences in properties (so-called activity cliffs [SHB19]). The graph edit
distance is often used with fixed hand-picked edit costs, but learning a cost function
for the specific task at hand as in [GHFS20] could improve its applicability. Therefore,
learning meaningful distances for graphs beyond graph neural networks is an important
challenge that should not be overlooked.

While methods related to graph matching, such as the graph edit distance, are usually
inherently interpretable, they are not easily adapted to learning. However, graph embed-
ding methods, such as graph neural networks, are highly adaptive, despite typically being
a black box. Graph kernels provide a middle ground, as they can often adapt to the data
at hand, but they still use predefined features and often require domain knowledge to
achieve the best results. Combining these different underlying concepts could lead to
both interpretable and adaptive models. Thus, future work can focus on bridging the gap
between graph matching and graph embedding.

While this thesis does not focus on specific applications, we hope the findings can be
helpful when applied to real-world problems. Given a specific application, the methods
might need to be adapted slightly. Our findings already imply that, especially for social
network data, the gradual Weisfeiler-Leman framework provides a better node similarity
measure. Learning how to best partition nodes based on the task might yield an even better
similarity measure, while also providing some interpretable insight into how different two
nodes are from each other based on the task. Using the graph transformation developed
in [BJI+25] in combination with the Weisfeiler-Lehman graph kernels might also be a
possible future direction.
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4.3 Final Remarks

Our graph neural network architecture developed in [BML+24] performed especially
well on node classification in heterophilic datasets. Therefore, the proposed method could
be tailored more specifically to these datasets.

It might be worth further investigating the effect of information redundancy in graph
neural networks and how it relates to expressivity. Developing models that are maximally
expressive on other relevant graph classes and computationally feasible to use in practice
could be another direction of future research.

The interplay between expressivity and the ability to generalize to new data is still
an ongoing branch of research [MGTG23, FMVG24]. While methods that lack the
expressivity to distinguish a pair of graphs cannot predict different values for them, it
remains unclear why more expressive methods tend to generalize better. A different view
on expressivity could be explored, for example, based on the ability to embed similar
graphs to similar embeddings instead of solely distinguishing them.

4.3 Final Remarks

While the methods proposed in this thesis are only a small contribution in the fast evolving
field of graph learning, we hope that these findings will inspire further research, especially
into efficiently computable and more accurate similarity measures for nodes and graphs.
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Abstract Finding the graphs that are most similar to a query graph in a
large database is a common task with various applications. A
widely-used similarity measure is the graph edit distance, which
provides an intuitive notion of similarity and naturally supports
graphs with vertex and edge attributes. Since its computation
is NP-hard, techniques for accelerating similarity search have
been studied extensively. However, index-based approaches for
this are almost exclusively designed for graphs with categorical
vertex and edge labels and uniform edit costs. We propose a
filter-verification framework for similarity search, which supports
non-uniform edit costs for graphs with arbitrary attributes. We
employ an expensive lower bound obtained by solving an optimal
assignment problem. This filter distance satisfies the triangle
inequality, making it suitable for acceleration by metric indexing.
In subsequent stages, assignment-based upper bounds are used
to avoid further exact distance computations. Our extensive ex-
perimental evaluation shows that a significant runtime advantage
over both a linear scan and state-of-the-art methods is achieved.
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Abstract. Finding the graphs that are most similar to a query graph in
a large database is a common task with various applications. A widely-
used similarity measure is the graph edit distance, which provides an
intuitive notion of similarity and naturally supports graphs with ver-
tex and edge attributes. Since its computation is NP-hard, techniques
for accelerating similarity search have been studied extensively. How-
ever, index-based approaches for this are almost exclusively designed for
graphs with categorical vertex and edge labels and uniform edit costs.
We propose a filter-verification framework for similarity search, which
supports non-uniform edit costs for graphs with arbitrary attributes. We
employ an expensive lower bound obtained by solving an optimal assign-
ment problem. This filter distance satisfies the triangle inequality, mak-
ing it suitable for acceleration by metric indexing. In subsequent stages,
assignment-based upper bounds are used to avoid further exact distance
computations. Our extensive experimental evaluation shows that a sig-
nificant runtime advantage over both a linear scan and state-of-the-art
methods is achieved.

Keywords: Graphs · Similarity search · Graph edit distance

1 Introduction

Graph-structured data is ubiquitous in many areas such as chemo- and bioinfor-
matics or computer vision. A common task is to search a database containing a
large number of graphs for those that are most similar to a given query graph. Such
queries are submitted directly by the user or occur as subproblems in downstream
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machine learning algorithms. A widely accepted concept of graph similarity is the
graph edit distance, which is the minimum cost for transforming one graph into the
other by a sequence of edit operations. A strength of this measure is that it can ele-
gantly be applied to graphs with vertex and edge attributes by defining the costs
of edit operations adequately. For example, to compare protein graphs where ver-
tices are annotated by the amino acid sequence of the secondary structure elements
they represent, the Levenshtein distance was used [20].

However, the vast majority of efficient methods for similarity search in graph
databases are limited to the special case where graphs have categorical labels and
the costs of edit operations are uniform (either zero or one) [10,13,16,25,26,28–
31]. A fairly recent development in this domain are neural graph embeddings,
e.g. [19], which do not return exact similarity search results. For the pairwise
computation of the graph edit distance, several exact approaches [10,15] and
heuristics such as bipartite graph matching based on optimal vertex assign-
ments [20] have been proposed, many of which support the graph edit distance
in its full generality [15,20]. Several of these yield lower and upper bounds on the
graph edit distance as a byproduct, which have just recently been compared sys-
tematically [4]. However, these lower bounds for the general graph edit distance
are not yet widely used for similarity search in graph databases. For the methods
based on optimal vertex assignments, it has only recently been shown how to
derive a distance termed Branch that is guaranteed to be a lower bound and
proven to satisfy the triangle inequality [2]. Branch has been shown to provide
an excellent trade-off between tightness and running time [4].

We propose a filter-verification framework for similarity search, which sup-
ports the general graph edit distance with arbitrary metric edit costs and is hence
suitable for graphs with any attributes comparable with a distance measure. We
employ Branch as an initial filter accelerated by metric indexing. In the next
stages, we derive upper bounds from the optimal assignment and improve them
via local search to reduce the candidate set further, before performing veri-
fication by exact computation of the graph edit distance. We experimentally
evaluate our approach on graphs with attributes and categorical labels showing
the effectivity of the filter pipeline. The results show that our approach allows
scalable similarity search in attributed graphs with non-uniform edit costs. For
the special case of uniform edit costs, where competing methods are available,
our approach is shown to outperform the state of the art.

2 Related Work

We discuss approaches for similarity search regarding the graph edit distance
and methods for its pairwise exact or approximate computation.

2.1 Similarity Search in Graph Databases

Methods for similarity search in graph databases can be divided into two cate-
gories, depending on whether they compare overlapping or non-overlapping sub-
structures. The methods k-AT [25], CStar [28], Segos [26] and GSim [30] belong
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to the first category. These techniques are inspired by the q-grams used in the
computation of the string edit distance. Either q-grams based on trees [25,26,28]
or paths [30] are used. The methods Pars [29], MLIndex [16], and Inves [13]
partition the graphs into non-overlapping substructures. They essentially obtain
lower bounds based on the observation, that if x non-overlapping substructures
of a database graph are not contained in the query graph, the graph edit dis-
tance is at least x. Pars uses a dynamic partitioning approach to achieve this,
while MLIndex uses a multi-layered index to manage multiple partitions for
each graph. Inves is a method used to verify whether the graph edit distance
of two graphs is below a specified threshold by first trying to generate enough
mismatching non-overlapping substructures. Mixed [31] combines the idea of q-
grams and graph partitioning. These methods only allow uniform edit costs and
are therefore not suitable for graphs with continuous attributes.

The concept of a median graph of a set of graphs regarding the graph edit
distance has been studied extensively, see [3] and references therein. An appli-
cation of median graphs is their use as routing objects in hierarchical index
structures [3,23]. However, we are not aware of any concrete realization using
this concept in a setting comparable to ours.

2.2 Pairwise Computation of the Graph Edit Distance

For computing the exact graph edit distance, both general-purpose algo-
rithms [15] as well as approaches tailored to the verification step in graph
databases have been proposed [9], which are usually based on depth- or breadth-
first search [9,12], or integer linear programming [15]. As the exact computa-
tion of the graph edit distance is not feasible for larger graphs, many heuristics
have been proposed, e.g., [2,4,11,14,18,20]. The properties of the dissimilarities
obtained from these are in general not well investigated. For heuristics based on
optimal vertex assignment [20], which are widely used in practice [24], a variant
called Branch was recently studied thoroughly [2]. Branch is a lower bound
on the graph edit distance, a pseudo-metric on graphs and supports arbitrary
cost models (c.f., Sect. 4.1).

3 Preliminaries

We introduce the required basic concepts of graph theory and discuss database
search with a focus on the metric space.

3.1 Graph Theory

A graph G = (V,E, μ, ν) consists of a set of vertices V (G), a set of edges
E(G) ⊆ V (G) × V (G) between vertices of G, a labeling function for the ver-
tices μ : V (G) → L, and a labeling function for the edges ν : E(G) → L. We
discuss only undirected graphs and denote an edge between u and v by uv. The
set of neighbors of a vertex v ∈ V (G) is denoted by N(v) = {u | uv ∈ E(G)}.
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Table 1. Notation for edit costs.

cv(u, v) Cost of substituting vertex u with vertex v (adjusting the label/attributes)

cv(u, ε) Cost of deleting the isolated vertex u

cv(ε, v) Cost of inserting the isolated vertex v

ce(uv, wx) Cost of substituting edge uv with edge wx (adjusting the label/attributes)

ce(uv, ε) Cost of deleting the edge uv

ce(ε, wx) Cost of inserting the edge wx

The set L can be categorical labels or arbitrary attributes including real-valued
vectors and complex objects such as strings.

A measure commonly used to describe the dissimilarity of two graphs is the
graph edit distance, which is the minimum cost for transforming one graph into
the other using edit operations. An edit operation can be deleting or inserting
an isolated vertex or an edge or relabeling any of the two. An edit path from
graph G1 to G2 is a sequence of edit operations (e1, e2, . . . ) that transforms G1

into G2.

Definition 1 (Graph Edit Distance [20]). Let c be an edit cost function
assigning non-negative costs to edit operations. The graph edit distance between
two graphs G1 and G2 is defined as

dged(G1, G2) = min
{ ∑k

i=1 c(ei) | (e1, . . . , ek) ∈ Υ (G1, G2)
}
,

where Υ (G1, G2) is the set of all possible edit paths from G1 to G2.

The costs of the different edit operations can be chosen as required for the
specific use case, see Table 1 for our notation. If the edit costs are symmetric, non-
negative, and strictly positive for each non-identical edit operation, the graph
edit distance is a metric on graphs, treating graph isomorphism as identity [3].
Note that this holds even if the edit costs do not satisfy the triangle inequality
(and hence are no metric), because the graph edit distance uses the edit path
with minimal cost. In this work, we nonetheless assume that the edit costs respect
the triangle inequality, i.e., we assume that the following inequalities hold1:

cv(u,w) ≤ cv(u, v) + cv(v, w) ∀(u, v, w) ∈ V3 (1)

cv(u, v) ≤ cv(u, ε) + cv(ε, v) ∀(u, v) ∈ V2 (2)

ce(uv, yz) ≤ ce(uv,wx) + ce(wx, yz) ∀(uv,wx, yz) ∈ E3 (3)

ce(uv,wx) ≤ ce(uv, ε) + ce(ε, wx) ∀(uv,wx) ∈ E2 (4)

Equations (1), (3), and (4) can be enforced via pre-processing without chang-
ing the graph edit distance and can hence be assumed to hold w.l.o.g. [5].
1 For simplicity of notation, we have defined the costs on the vertices and edges instead

of their labels. Hence, the sets V and E are all possible vertices and edges, respec-
tively.
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E.g., if we have c(u, v)>c(u,w)+c(w, v), we can simply substitute c(u, v) with
c(u,w)+c(w, v), because a minimum cost edit path cannot contain c(u, v). The
only remaining constraint, Equation (2), is met (to the best of our knowledge)
in all applications where the graph edit distance is used to address real-world
problems [24]. Computing the graph edit distance is NP-hard [29], rendering
exact computation possible for small graphs only. There are several heuristics,
many of which are based on solving an assignment problem.

Definition 2 (Assignment Problem). Let A and B be two sets with |A| =
|B| = n and c : A × B → R a cost function. An assignment between A and B is
a bijection f : A → B. The cost of an assignment f is c(f) =

∑
a∈A c(a, f(a)).

The assignment problem is to find an assignment with minimum cost.

For an assignment instance (A,B, c), we denote the cost of an optimal assignment
by dcoa(A,B). The assignment problem can be solved in cubic running time using
a suitable implementation of the Hungarian method [8].

3.2 Searching in Databases

Databases provide means to store data to be able to retrieve, insert or change it
efficiently. In the context of data analysis, retrieval (search) is usually the crucial
operation on databases, because it will be performed much more often than
updates. We focus on two important types of similarity queries when searching
a database DB, the first of which is the range query for a radius r:

Definition 3 (Range Query). A range query range(q, r), with query object
q and range r, returns all objects in the database with a distance to the query
object not exceeding the range, i.e., range(q, r) = {o ∈ DB | d(o, q) ≤ r}.
The second type of query considered here is the k-nearest neighbor query.

Definition 4 (k-Nearest Neighbor Query). A k-nearest neighbor query
(kNN query) NN(q, k) with query object q and parameter k returns the smallest
set NN(q, k) ⊆ DB, so that |NN(q, k)| ≥ k and

∀o ∈ NN(q, k),∀o′ ∈ DB \ NN(q, k) : d(o, q) < d(o′, q).

In conjunction with range queries, it is preferable to return all the objects with
a distance (including the query object, if part of the database), that does not
exceed the distance to the kth neighbor, which may be more than k objects when
tied. That yields an equivalency of the results of kNN queries and range queries,
i.e., we have range(q, r)=NN(q, |range(q, r)|) and NN(q, k)=range(q, rk), where
rk is the maximum distance in NN(q, k). Provided that the distance used is a
metric, both types of queries can be accelerated using metric indices. In our work,
we use the vantage point tree (vp-tree) [27] as a classical method and the more
recent cover tree [1], because they are available in the ELKI framework [21],
but others could also be used. While the vp-tree is a height balanced binary
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Result

Upper Bounds VerificationLower Bound with Index

BranchConst

Branch BLPF2-V

BSS GED
BranchRUBBranchUBRange Query

Fig. 1. Overview of the filter pipeline. For general metric edit costs the blue modules
are used; yellow modules are more efficient for uniform (edge) edit costs.

tree dividing the data into near and far halves of the dataset based on the
median distance from the vantage point, the cover tree controls the expansion
rate by reducing the maximum radius in each level of the tree, branching out if
necessary into multiple branches. In both trees, queries are performed top-down
by traversing all paths that cannot be dismissed using the routing objects and
employing the triangle inequality.

4 Efficient Filtering for the General Graph Edit Distance

We propose a filter pipeline for range queries regarding the graph edit distance
following a common paradigm for expensive distances, see e.g. [28]. Here, lower
bounds allow to filter out graphs that do not satisfy the query predicate. For
the remaining candidates, upper bounds are evaluated to add them immediately
to the result set without exact distance computation. Finally, in the verification
step, the exact distance is computed for the remaining candidates only. Our
approach starts with the optimal assignment based lower bound Branch accel-
erated by metric indexing. From the same optimal assignment, an upper bound is
derived (BranchUB) and subsequently refined by local search (BranchRUB)
before the remaining candidates are verified. The pipeline is illustrated in Fig. 1,
the individual steps are described in the following.

4.1 Index-Accelerated Lower Bound Filtering

Several lower bounds on the graph edit distance have been proposed or can be
derived from known heuristics, see [4]. One of the most effective lower bounds with
an excellent trade-off between tightness and runtime is referred to as Branch.

Definition 5 (Branch Distance). For two graphs G1 and G2 the branch dis-
tance is defined as dbranch(G1, G2) = dcoa(V (G1)∪ε1, V (G2)∪ε2), where εi denotes
a multiset of ε elements, so that |V (Gi)∪εi| = |V (G1)∪V (G2)| for i ∈ {1, 2}, and

c(u, v) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

0 if u = v = ε

cv(u, v) + de(u, v) if u 	= ε and v 	= ε

cv(ε, v) + 1/2 · ∑
n∈N(v) ce(ε, vn) if u = ε and v 	= ε

cv(u, ε) + 1/2 · ∑
n∈N(u) ce(un, ε) if u 	= ε and v = ε

,

with de(u, v) = dc
′

oa(N(u) ∪ εu, N(v) ∪ εv), where c′(w, x) = 1/2 · ce(uw, vx).
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Remark 1. Note that, by using a customized version of the Hungarian algorithm,
Branch can also be implemented in a slightly more efficient way, where only
one dummy vertex ε is added to the vertex sets V (G1) and V (G2) (see [7] for
details). In this paper, we use the classical implementation employed in [2,20],
which corresponds to the characterization provided in Definition 5.

Branch has its origin in one of the most successful heuristics for the graph
edit distance proposed by Riesen and Bunke [20]. However, in contrast to the
original approach, it is guaranteed to underestimate the graph edit distance
by dividing all edge costs by two to avoid that the cost of a single edge edit
operation is counted twice, once for each endpoint [2]. Since an instance of the
assignment problem on the vertices of the two graphs has to be solved, and for
each vertex pair an assignment on their edges, Branch can be computed in
O(n2Δ3 + n3) time for graphs with n vertices and maximum degree Δ. In the
case of uniform edge edit costs, de can be computed by multiset intersection of
edge labels and the running time reduces to O(n3). This special case is referred
to as BranchConst [2]. It has been shown that, if the edit costs are metric,
the branch distance is a pseudo-metric on graphs [2]. This allows to acceler-
ate computing the candidate set w. r. t. this lower bound by employing metric
indexing.

4.2 Upper Bound Filtering and Verification

From the solution of the assignment problem of Branch, an upper bound can
be obtained by deriving the corresponding edit path [20], denoted BranchUB
here. By definition of the graph edit distance, the cost of every edit path is an
upper bound of the graph edit distance. Following [28], we refine the assignment
by local search to gain a tighter upper bound. Starting with the assignment
obtained for the lower bound, the mapping of two vertex pairs is iteratively
swapped, and kept whenever it induces a cheaper edit path, until there is no
improvement. We refer to the refined upper bound obtained from the Branch
assignment as BranchRUB.

Eventually, the graphs that were neither filtered out by the lower bound
nor approved by the upper bounds are verified by exact graph edit distance
computation. We use BSS GED [10] for datasets with discrete labels and uniform
costs and BLPF2-V otherwise. The latter is based on the integer programming
formulation F2 of [15] with the additional constraint that the objective function
does not exceed the threshold to allow for early termination.

4.3 Nearest-Neighbor Queries

For kNN queries it is not possible to separate the different steps of the filter
pipeline as clearly as shown in Fig. 1. We realize kNN queries using the optimal
multi-step k-nearest neighbor search algorithm [22]. The database graphs are
scanned in ascending order according the lower bound Branch regarding the
query graph. For each graph, the exact graph edit distance is computed and the k
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Table 2. Datasets and their statistics [17]. Some datasets contain graphs with labeled
or attributed vertices and edges, as can be seen in the last two columns.

Name |Graphs| avg |Vertices| avg |Edges| Labels (V/E) Attributes (V/E)

Cuneiform 267 21.27 44.80 +/+ +/+

Fingerprint 2800 5.42 4.42 −/− +/+

Letter-high 2250 4.67 4.50 −/− +/−
Letter-low 2250 4.68 3.13 −/− +/−
MUTAG 188 17.93 19.79 +/+ −/−
PTC FM 349 14.11 14.48 +/+ −/−
QM9 129433 18.03 18.63 −/− +/+

graphs with the smallest exact graph edit distance are maintained. Once we have
found at least k objects with an exact distance smaller than the lower bound of all
remaining objects, the search can be terminated. This is optimal in the sense that
none of the exact distance computations could have been avoided [22]. Accessing
the graphs ordered regarding the Branch lower bound can be achieved näıvely
by sorting all graphs, or by using suitable metric index structures.

5 Experimental Evaluation

In this section, we experimentally address the following research questions:

Q1 What speed-up in range queries can be achieved when using metric indices
compared to a linear scan of the database?

Q2 How effective are the individual lower and upper bounds in our pipeline?
Q3 Can the proposed filter pipeline compete with state-of-the-art methods for

uniform edit costs?
Q4 What speed-up in kNN queries can be achieved when using metric indices?
Q5 Does the proposed filter pipeline scale to a very large dataset?

5.1 Setup

As metric index we chose the vp-tree as a classical method and the cover tree as
a state-of-the-art approach. For both we used the implementation provided by
ELKI [21] with a sample size of 5 for the vp-tree and an expansion rate of 1.2
for the cover tree.

For a comparison in databases containing graphs with categorical labels, we
used MLIndex [16] and GSim [30], since the former is considered state-of-the-art,
while the latter provided much better results in our experiments. For MLIndex
the number of partitions was set to threshold+1 and in GSim all provided filters
were used. We used the implementations provided by the authors. In addition, we
used CStar [28], which follows a filter-verification approach related to ours. For
verification we used BSS GED [10] and BLPF2-V [15] with the Gurobi solver.

We conducted experiments on a wide range of real-world datasets with dif-
ferent characteristics, see Table 2. The costs of inserting, deleting or relabeling
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Fig. 2. Runtime comparison for filtering 100 range queries using Branch with thresh-
olds 1 to 5 and preprocessing time for constructing the index.

a vertex or edge with a categorical label were set to 1, which is equivalent to
the fixed setting in MLIndex, GSim, and CStar. For continuous attributes, the
Euclidean distance was used to define the relabeling cost. For simplicity, we
did not use domain-specific distances. Continuous attributes were normalized
to the range [0, 1] (separately for each dimension), to make distances roughly
comparable between different datasets.

5.2 Results

We report on our findings regarding the above research questions.

Q1: Speed-up of range queries through metric indices. We first investigate how
much of a speed-up can be achieved by using an index structure when filtering
candidates for a range query by a lower bound. We randomly sampled 100 graphs
from the dataset to be queries and then performed lower bound filtering without
an index, using the cover tree, and the vp-tree.

Figure 2 shows the time needed for filtering 100 range queries (each with
thresholds 1 to 5) and additionally the preprocessing time for index construc-
tion. The runtime does not depend on the given threshold for a linear scan, but
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Fig. 3. Average number of initial candidates (dashed) and hits identified in the different
stages of the filter pipeline for each threshold.

increases for the metric indices with the threshold, in particular for the Let-
ter -datasets. It can be seen that, while on most datasets both index methods
provide the same runtime benefit for filtering, the cover tree is much faster in
preprocessing than the vp-tree. The runtime advantage on the Letter -datasets
is quite small for larger thresholds. The runtime of the index structures directly
corresponds to the number of Branch distance computations. Compared to the
cover tree, the vp-tree requires many more distance computations in the prepro-
cessing due to the chosen sample size. In general, the runtime corresponds to
the number of candidates, which we investigate in the following.

Q2: Filter pipeline. In this experiment we investigate how the candidate and
result set are updated during filtering. Figure 3 shows the average number of
candidates for Branch and the number of results after each step for 100 range
queries. When comparing the size of the candidate sets with the results of the
previous experiment, it can be seen, that the runtime for filtering highly depends
on the number of candidates. For some datasets almost all candidates remaining
after the upper bound filtering are not results. This indicates that improvement is
possible with tighter lower bounds. In general, BranchRUB manages to report
almost all results, except in dataset MUTAG.

Q3: Comparison with state-of-the-art methods. Many methods for similarity
search in graph databases limited to uniform edit costs have been proposed. We
compare to MLIndex [16], CStar [28] and GSim [30]. We used BSS GED [10]
for a fast verification in our filter pipeline, as well as in CStar. The implementa-
tions of MLIndex and GSim contain their own verification algorithm. Figure 4
shows the runtime for preprocessing and filtering as well as the total query time
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Fig. 4. Runtime for answering 100 range queries and average number of candidates
remaining after applying all filters for thresholds 1 to 5. Our approaches are shown
with dashed lines and are marked bold in the legend. For MLIndex no verification time
is given, since it did not finish within the time limit of 2 days.

including filtering and verification for 100 range queries. The average number of
candidates remaining after application of all filters in the different methods is
also shown. Only these need to be verified by exact graph edit distance compu-
tation. For Branch only one line is shown, since linear scan, vp-tree and the
cover tree variant apply the same filters and generate the same candidates.

MLIndex produces the largest candidate set, and did not finish the verifi-
cation process in the time limit. It can be seen that, while GSim is quite fast
in preprocessing and filtering, the verification step takes a long time. This is
due to a combination of a slower verification algorithm and a higher number of
candidates that have to be verified. The results indicate that, even when using
BSS GED for verification, the approach would not be competitive with the cover
tree due to the high number of candidates. CStar needs much more time for filter-
ing and cannot filter out as many candidates leading also to a higher verification
time. Interestingly, the time for verification does not increase proportionally to
the number of candidates, which might indicate, that the verification algorithm
needs more time to verify certain difficult graphs.

Q4: Speed-up of kNN queries through metric indices. We investigate how much
of a speed-up can be achieved by using an index structure compared to not
using one, when answering kNN queries using the optimal multi-step k-nearest
neighbor search, cf. Sect. 4.3. We randomly sampled 20 graphs from the dataset
to be queries and then used the cover tree as well as the vp-tree as the underlying
metric index to compare them. Figure 5 shows the time needed for answering 20
kNN queries, each with k ∈ {1, . . . , 5} (excluding preprocessing). Since in the
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Fig. 5. Runtime comparison for answering 20 kNN queries using Branch and k ∈
{1, . . . , 5}.

Fig. 6. Runtime comparison for preprocessing and filtering 100 range queries in the
dataset QM9 using Branch and thresholds 1 to 5.

optimal multi-step k-nearest neighbor search, the candidates have to be verified
during search, before further candidates are explored, the runtime also includes
the time needed for verification. It can be seen that, again both index structures
provide the same runtime benefit. Taking into account the preprocessing time
however, the cover tree has a clear advantage over the vp-tree.

Q5: Similarity search in a large dataset. We investigate the scalability of our
approach on the dataset QM9 with 129 433 graphs with attributed vertices and
edges. The results shown in Fig. 6 confirm the high preprocessing time of the
vp-tree compared to the cover tree. Both index methods achieve a significant
advantage over a linear scan in filtering by reducing the running time by several
orders of magnitude depending on the selectivity of the query.
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6 Conclusions

We have shown that the recently studied lower and upper bounds on the graph
edit distance can be employed to realize scalable graph similarity search in a
filter-verification framework accelerated by metric indexing. Our approach sup-
ports attributed graphs without restrictions of edit costs. For the extensively
studied special case of graphs with discrete labels and uniform edit costs, our
approach was shown experimentally to outperform the state-of-the-art methods.

There are several directions of future work to improve the filter-verification
pipeline further. Our tightest upper bound was obtained via local search using
a straightforward approach. More sophisticated techniques have been proposed
recently [6] and can be incorporated to reduce verification. For the verification
step, tailored methods that benefit from the already obtained assignment or the
upper and lower bound can be developed. A well-known phenomenon of metric
trees is that their effectivity decreases with increasing intrinsic dimensionality
of the data/distance. Therefore, a suitable lower bound should not only be effi-
ciently computed and tight, but ideally also have a low intrinsic dimensional-
ity. Studying this property for the available lower bounds remains future work.
Finally, recent advances in median graph computation [3] suggest to compute
routing objects instead of using database graphs. An experimental comparison
to such orthogonal approaches remains future work.
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Abstract The graph edit distance is an intuitive measure to quantify the
dissimilarity of graphs, but its computation is NP-hard and chal-
lenging in practice. We introduce methods for answering nearest
neighbor and range queries regarding this distance efficiently for
large databases with up to millions of graphs. We build on the
filter-verification paradigm, where lower and upper bounds are
used to reduce the number of exact computations of the graph
edit distance. Highly effective bounds for this involve solving a
linear assignment problem for each graph in the database, which
is prohibitive in massive datasets. Index-based approaches typ-
ically provide only weak bounds leading to high computational
costs verification. In this work, we derive novel lower bounds for
efficient filtering from restricted assignment problems, where the
cost function is a tree metric. This special case allows embed-
ding the costs of optimal assignments isometrically into ℓ1 space,
rendering efficient indexing possible. We propose several lower
bounds of the graph edit distance obtained from tree metrics
reflecting the edit costs, which are combined for effective filtering.
Our method termed EmbAssi can be integrated into existing
filter-verification pipelines as a fast and effective pre-filtering
step. Empirically we show that for many real-world graphs our
lower bounds are already close to the exact graph edit distance,
while our index construction and search scales to very large
databases.
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1 Introduction

In various applications such as cheminformatics (Garcia-Hernandez et al. 2019), bioin-
formatics (Stöcker et al. 2019), computer vision (Xiao et al. 2013) and social network
analysis, complex structured data arises, which can be naturally represented as graphs.
To analyze large amounts of such data, meaningful measures of (dis)similarity are
required. A widely accepted approach is the graph edit distance, which measures the
dissimilarity of two graphs in terms of the total cost of transforming one graph into the
other by a sequence of edit operations. This concept is appealing because of its intu-
itive and comprehensible definition, its flexibility to adapt to different types of graphs
and annotations, and the interpretability of the dissimilarity measure. However, com-
puting the graph edit distance for a pair of graphs is NP-hard (Zeng et al. 2009) and
challenging in practice even for small graphs. This renders similarity search regarding
the graph edit distance in databases difficult, which is relevant in many applications.
A prime example is a molecular information system, which often contains millions
of graphs representing small molecules. A standard task in computational drug dis-
covery is similarity search in such databases, for which the concept of graph edit
distance has proven useful (Garcia-Hernandez et al. 2019). However, the extensive
use of graph-based methods in such systems is still hindered by the computational
burden, especially in comparison to embedding-based techniques, for which efficient
similarity search is well studied (Nasr et al. 2010). Moreover, similarity search is the
fundamental problem when using the graph edit distance in downstream supervised
or unsupervised machine learning methods such as k-nearest neighbors classification.
Promising results have been reported for classifying graphs from diverse applications
representing, e.g., small molecules (Kriege et al. 2019), petroglyphs (Seidl et al. 2015),
or cuneiform signs (Kriege et al. 2018). However, this approach does not readily scale
to large datasets, where embedding-based methods such as graph kernels (Kriege
et al. 2020) and graph neural networks (Wu et al. 2021) have become the dominating
techniques.

Algorithms for exact (Gouda andHassaan 2016), (Lerouge et al. 2017), (Chang et al.
2020), (Chen et al. 2019) or approximate (Neuhaus et al. 2006), (Riesen and Bunke
2009), (Kriege et al. 2019) graph edit distance computation have been extensively
studied. They are typically optimized for pairwise comparison but can be accelerated
in cases when a distance cutoff is given as part of the input. While not directly suitable
for searching large databases, these algorithms are used in the verification step after
a set of candidates has been obtained by filtering. In the filtering step, lower bounds
on the graph edit distance are typically used to eliminate graphs that cannot satisfy
the distance threshold, while upper bounds are used to add graphs to the answer set
without the need for verification. Several techniques following this paradigm have
been proposed, see Table 1 for an overview. An important characteristic for scalability
is whether these techniques use an index to avoid scanning every graph in the database.
This is not directly possible for many of the existing bounds on the graph edit distance,
whichwere often studied in other contexts. A recent systematic comparison of existing
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Table 1 Overview of methods for similarity search in graph databases

Name Ref. Description Bounds Index Exact

CStar (Zeng et al. 2009) Optimal assignments on star
structures

lower/upper no yes

GSim (Zhao et al. 2012) Approximation using
path-based q-grams

lower yes yes

Segos (Wang et al. 2012) Two-level inverted index lower/upper yes yes

k-AT (Wang et al. 2012) Index over tree-based
q-grams

lower yes yes

Pars (Zhao et al. 2013) Dynamic partitioning of
graphs

lower yes yes

Mixed (Zheng et al. 2015) Partitioning and q-gram
based filtering

lower yes yes

MLIndex (Liang and Zhao 2017) Partitioning graphs in a
multi-layered Index

lower yes yes

Inves (Kim et al. 2019) Incremental partitioning used
in verification

lower/upper no yes

BSS_GED (Chen et al. 2019) Filtering and efficient
verification algorithm

lower no yes

GHashing (Qin et al. 2020) Approximate filter via
hashing and GNNs

— yes no

EmbAssi Embedding assignment costs lower yes yes

bounds (Blumenthal et al. 2019) shows that there is a trade-off between the efficiency
of computation and the tightness of lower and upper bounds. Lower bounds based on
linear programming relaxations and solutions of the linear assignment problem were
found to be most effective. However, the computation of such bounds requires solving
non-trivial optimization problems and is inefficient compared to computing standard
distances on vectors. Moreover, their combination with well-studied indices for vector
or metric data is often not feasible because they do not satisfy the necessary properties
such as being metric or embeddable into vector space. (Qin et al. 2020) concluded,
that methods without an index do not scale well to very large databases, while those
with an index often provide only loose bounds leading to a high computational cost for
verification. To overcome this, they proposed an inexact filtering mechanism based on
hashing, which cannot guarantee a complete answer set. We show that exact similarity
search in very large databases using the filter-verification paradigm is possible. We
achieve this by developing tight lower bounds based on assignment costs which are
embedded into a vector space for index-based acceleration.
Our ContributionWe develop multiple efficiently computable tight lower bounds for
the graph edit distance, that allow exact filtering and can be used with an index for
scalability to large databases. Our techniques are shown to achieve a favorable trade-
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off between efficiency and effectivity in filtering. Specifically, we make the following
contributions.

(1)Embedding Assignment Costs.Webuild on a restricted version of the combinatorial
assignment problem between two sets, where the ground costs for assigning individual
elements are a treemetric.With this constraint, the cost of anoptimal assignment equals
the �1 distance betweenvectors derived from the sets and theweighted tree representing
the metric (Kriege et al. 2019). We show that these vectors can be computed in linear
time and optimized for combinationwithwell-studied indices for vector data (Schubert
and Zimek 2019).

(2) Lower Bounds. We formulate several assignment-based distance functions for
graphs that are proven to be lower bounds on the graph edit distance. We show that
their ground cost functions are tree metrics and derive the corresponding trees, from
which suitable vector representations are computed. We propose bounds supporting
uniform as well as non-uniform edit cost models for vertex labels. Further bounds
based on vertex degrees and labeled edges are introduced, some of which can be
combined to obtain tighter lower bounds. We analyze the proposed lower bounds and
formally relate them to existing bounds from the literature.

(3) EmbAssi.We use the vector representation for similarity search in graph databases
following the filter-verification paradigm, building upon established indices for the
Manhattan (�1) distance on vectors. Our approach supports range queries as well as
k-nearest neighbor search using the optimal multi-step k-nearest neighbor search algo-
rithm (Seidl and Kriegel 1998). This allows employing our approach in downstream
machine learning and data mining methods such as nearest neighbors classification,
local outlier detection (Schubert et al. 2014), or density-based clustering (Ester et al.
1996).

(4) Experimental Evaluation. We show that, while the proposed bounds are often
close to or even outperform state-of-the-art bounds (Blumenthal et al. 2019), (Zeng
et al. 2009), they can be computed much more efficiently. In the filter-verification
framework, our approach obtains manageable candidate sets for verification in a very
short time even in databases with millions of graphs, for which most competitors fail.
Our approach supports efficient construction of an index used for all query thresholds
and is, compared to several competitors (Liang and Zhao 2017), (Zhao et al. 2012), not
restricted to connected graphswith a certainminimum size.We show that our approach
can be combined with more expensive lower and upper bounds in a subsequent step
to further reduce overall query time.

2 Related work

We summarize the related work on similarity search in graph databases and graph edit
distance computation and conclude by a discussion motivating our approach.
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2.1 Similarity search in graph databases

Several methods for accelerating similarity search in graph databases have been pro-
posed, see Table 1. Most approaches follow the filter-verification paradigm and rely
on lower and upper bounds of the graph edit distance. These techniques focus almost
exclusively on range queries and assume a uniform cost function for graph edit oper-
ations. Most of the methods suitable for similarity search can be divided into two
categories depending on whether they compare overlapping or non-overlapping sub-
structures.

Representatives of the first category are k-AT (Wang et al. 2012),CStar (Zeng et al.
2009), Segos (Wang et al. 2012) and GSim (Zhao et al. 2012). These methods are
inspired by the concept of q-grams commonly used for string matching. In (Wang
et al. 2012) tree-based q-grams on graphs were proposed. The k-adjacent tree of a
vertex v ∈ V (G), denoted k-AT(v), is defined as the top-k level subtree of a breadth-
first search tree in G, starting with vertex v. For example, the 1-AT(v) is a tree rooted
at v with the neighbors of v as children. These trees can be generated for each vertex
of a graph and the graph can then be represented as the set of its k-ATs. Lower
bounds for filtering are computed from these representations, which are organized
in an inverted index. CStar (Zeng et al. 2009) is a method for computing an upper
and lower bound on the graph edit distance using so-called star representations of
graphs, which consist of a 1-AT for each vertex, called star. An optimal assignment
between the star representations of graphs regarding a ground cost function on stars
the assignment cost yields a lower bound (Zeng et al. 2009). An upper bound can be
obtained by using the cost of an edit path induced by the optimal assignment. Segos
(Wang et al. 2012) also uses these stars as (overlapping) substructures, but enhances
the computation of the mapping distance and makes use of a two-layered index for
range queries. Another view on q-grams is given by the GSim method (Zhao et al.
2012), which uses path-based q-grams, i.e., simple path of length q, instead of stars.
Since the number of path-based q-grams affected by an edit operation is lower than the
number of tree-based q-grams, the derived lower bound is tighter (Zhao et al. 2012).

The second category includes Pars (Zhao et al. 2013), MLIndex (Liang and Zhao
2017) and Inves (Kim et al. 2019), which partition the graphs into non-overlapping
substructures. They essentially obtain lower bounds based on the observation, that if
x partitions of a database graph are not contained in the query graph, the graph edit
distance is at least x . Pars uses a dynamic partitioning approach to exploit this, while
MLIndex uses a multi-layered index to manage multiple partitionings for each graph.
Inves is a method used to verify whether the graph edit distance of two graphs is below
a specified threshold by first trying to generate enough mismatching partitions.Mixed
(Zheng et al. 2015) combines the idea of q-grams and graph partitioning. First, a lower
bound that uses the same idea as Inves (Kim et al. 2019), but a different approach to find
mismatching partitions, is proposed. Another lower bound based on so-called branch
structures (a vertex and its adjacent edges without the opposite vertex) is combined
with the first one to gain an even tighter lower bound. This bound can be generalized to
non-uniform edit costs and is referred to as Branch (Blumenthal et al. 2019). Recently,
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it has been proven that this bound is metric and its combination with an index to speed
up similarity search for attributed graphs has been proposed (Bause et al. 2021).

2.1.1 Pairwise computation of the graph edit distance

In the verification step, the remaining candidates have to be validated by computing
the exact graph edit distance. Both general-purpose algorithms (Lerouge et al. 2017)
as well as approaches tailored to the verification step have been proposed (Chang et al.
2020), which are usually based on depth- or breadth-first search (Gouda and Hassaan
2016), (Chang et al. 2020) or integer linear programming (Lerouge et al. 2017).

On large graphs, these methods are not feasible and approximations are used
(Neuhaus et al. 2006), (Chen et al. 2019), (Riesen and Bunke 2009), (Kriege et al.
2019). These can be obtained from the exact approaches, e.g., using beam search
(Neuhaus et al. 2006) or linear programming relaxations (Blumenthal et al. 2019).
BeamD (Neuhaus et al. 2006) finds a sub-optimal edit path following the A∗ algo-
rithmby extending only a fixed number of partial solutions. A state-of-the-art approach
is BSS_GED (Chen et al. 2019), which reduces the search space based on beam stack
search. It is not only used for computation of the exact graph edit distance, but also
for similarity search by filtering with lower bounds during a linear database scan.
Recently, an approach using neural networks to improve the performance of the beam
search algorithm was proposed (Yang and Zou 2021).

A successful technique referred to as bipartite graph matching (Riesen and Bunke
2009) obtains a sub-optimal edit path from the solution of an optimal assignment
between the vertices where the ground costs also encode the local edge structure. The
assignment problem is solved in cubic time usingHungarian-type algorithms (Burkard
et al. 2012), (Munkres 1957) or in quadratic timeusing simple greedy strategies (Riesen
et al. 2015). The running time was further reduced by defining ground costs for the
assignment problem that are a tree metric (Kriege et al. 2019). This allows computing
an optimal assignment in linear time by associating elements to the nodes of the tree
and matching them in a bottom-up fashion. A tree metric gained from the Weisfeiler-
Lehman refinement showed promising results.

2.1.2 Discussion

Various upper and lower bounds for the graph edit distance are known, some of which
have been proposed for similarity search, while others are derived from algorithms
for pairwise computation and are not directly suitable for fast searching in databases.
Recently, an extensive study (Blumenthal et al. 2019) of different bounds confirmed,
that there is a trade-off between computational efficiency and tightness. Lower bounds
based on linear programming relaxations and the linear assignment problem were
found to be most effective. However, the computation of such bounds requires solving
an optimization problem and the combination with indices is non-trivial. Therefore, it
has been proposed to compute graph embeddings optimized by graph neural networks,
which reflect the graph edit distance, to make efficient index-based filtering possible
(Qin et al. 2020). This and numerous other approaches (Li et al. 2019), (Bai et al. 2019)
that use neural networks to approximate the similarity of graphs do not compute lower
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or upper bounds on the graph edit distance and hence cannot be used to obtain exact
results. Because of this, they are only suitable in situations inwhich incomplete answer
sets are acceptable and are not in direct competition with exact approaches.

Recently, distance measures based on optimal assignments or, more generally,
optimal transport (a.k.a. Wasserstein distance) have become increasingly popular for
structured data. A method for approximate nearest neighbor search regarding the
Wasserstein distance has been proposed recently (Backurs et al. 2020). Another line
ofwork studies special cases,which allowvector space embeddings, e.g., in the domain
of kernels for structured data (Kriege et al. 2016), (Le et al. 2019), (Kriege et al. 2019).
On that basis we develop embeddings of novel assignment-based lower bounds for the
graph edit distance, which are effective and allow index-accelerated similarity search,
while guaranteeing exact results.

3 Preliminaries

We first give an overview of basic definitions concerning graph theory and database
search. Then, we introduce tree metrics and the assignment problem, which play a
major role in our new approach.

3.1 Graph theory

A graph G = (V , E, μ, ν) consists of a set of vertices V (G) = V , a set of edges
E(G) = E ⊆ V × V , and labeling functions μ : V → L and ν : E → L for the
vertices and edges. The labels L can be arbitrarily defined. We consider undirected
graphs and denote an edge between u and v by uv. The neighbors of a vertex v

are denoted by N (v) = {u | uv ∈ E(G)} and the degree of v is δ(v) = |N (v)|. The
maximumdegree of a graphG is δ(G) = maxv∈V δ(v) andwe let� = maxG∈DB δ(G)

for the graph dataset DB.
A measure commonly used to describe the similarity of two graphs is the graph

edit distance. An edit operation can be deleting or inserting an isolated vertex or an
edge or relabeling any of the two. An edit path between graphs G and H is a sequence
(e1, e2, . . . , ek) of edit operations that transforms G into H . This means, that if we
apply all operations in the edit path to G, we get a graph G ′ that is isomorphic to
H , i.e., we can find a bijection ξ : V (G ′) → V (H), so that ∀v ∈ V (G ′).μ(v) =
μ(ξ(v)) ∧ ∀uv ∈ E(G ′).ν(uv) = ν(ξ(u)ξ(v)). The graph edit distance is the cost of
the (not necessarily unique) cheapest edit path.

Definition 1 (GraphEditDistance (Riesen andBunke 2009) Let c be a function assign-
ing non-negative costs to edit operations. The graph edit distance between two graphs
G and H is defined as

dged(G, H) = min
{∑k

i=1 c(ei ) | (e1, . . . , ek) ∈ ϒ(G, H)
}

,

where ϒ(G, H) denotes all possible edit paths from G to H .
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Computation of the graph edit distance is NP-hard (Zeng et al. 2009). Hence, exact
computation is possible only for small graphs. There are several heuristics, see Sect. 2,
many of which are based on solving an assignment problem.

3.2 Optimal assignments and treemetrics

The assignment problem is a well-studied combinatorial optimization problem
(Munkres 1957), (Burkard et al. 2012).

Definition 2 (Assignment Problem) Let A and B be two sets with |A| = |B| = n
and c : A × B → R a ground cost function. An assignment between A and B is a
bijection f : A → B. The cost of an assignment f is c( f ) = ∑

a∈A c(a, f (a)). The
assignment problem is to find an assignment with minimum cost.

For an assignment instance (A, B, c), we denote the cost of an optimal assignment
by dcoa(A, B). The assignment problem can be solved in cubic running time using a
suitable implementation of the Hungarian method (Munkres 1957), (Burkard et al.
2012). The running time can be improved when the cost function is restricted, e.g.,
to integral values from a bounded range (Duan and Su 2012). Of particular interest
for our work is the requirement that the cost function is a tree metric, which allows
to solve the assignment problem in linear time (Kriege et al. 2019) and relates the
optimal cost to the Manhattan distance, see Sect. 4.1 for details. We summarize the
concepts related to these distances.

Definition 3 (Metric) A metric d on X is a function d : X × X → R that satis-
fies the following properties for all x, y, z ∈ X : (1) d(x, y) ≥ 0 (non-negativity),
(2) d(x, y) = 0 ⇐⇒ x = y (identity of indiscernibles), (3) d(x, y) = d(y, x)
(symmetry), (4) d(x, y) ≤ d(x, z) + d(y, z) (triangle inequality).

The Manhattan metric (also city-block or �1 distance) is the metric function
dm(x, y) = ‖x − y‖1 = ∑n

i=1 | xi − yi |. A tree T is an acyclic, connected graph. To
avoid confusion, we will call its vertices nodes. A tree with non-negative edge weights
w : E(T ) → R≥0 yields a function dT,w(u, v) = ∑

e∈P(u,v) w(e) on V (T ), where
P(u, v) is the unique simple path from u to v in T .

Definition 4 (Tree Metric) A function d : X × X → R is a tree metric if there is a
tree T with X ⊆ V (T ) and strictly positive real-valued edge weights w, such that
d(u, v) = dT,w(u, v), for all u, v ∈ X .

Vice versa, every tree with strictly positive weights induces a tree metric on its nodes.
Equivalently, a metric d is a tree metric iff ∀v,w, x, y ∈ X . d(x, y) + d(v,w) ≤
max{d(x, v) + d(y, w), d(x, w) + d(y, v)} (Semple and Steel 2003). For such a tree
with leaves X , a distinguished root, and the additional constraint that all paths from
the root to a leaf have the same weighted length, the induced tree metric is an ultra-
metric. Equivalently, a metric d on X is an ultrametric if it satisfies the strong triangle
inequality ∀x, y, z ∈ X . d(x, y) ≤ max{d(x, z), d(y, z)} (Semple and Steel 2003).
In the following, we also allow edge weight zero. Therefore, the distances induced by
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a tree may violate property (2) of Definition 3 and are therefore pseudometrics. For
the sake of simplicity, we still use the terms tree metric and ultrametric.

We consider the assignment problem, where the cost function c : A × B → R is
a tree metric d : X × X → R. To formalize the link between these two functions
and, hence, Definitions 2 and 4, we introduce the map � : A ∪ B → X . Given a tree
metric specified by the tree T with weights w and the map �, the cost for assigning an
object a ∈ A to an object b ∈ B is defined as c(a, b) = dT,w(�(a), �(b)). Note that
� is not required to be injective. Therefore, c may be a pseudometric even for trees
with strictly positive weights. The input size of the assignment problem according to
Definition 2 typically is quadratic in n as c is given by an n × n matrix. If c is a tree
metric, it can be compactly represented by the tree T with weights w having a total
size linear in n.

3.3 Searching in databases

Databases can store data in order to retrieve, insert or change it efficiently. Regarding
data analysis, retrieval (search) is usually the crucial operation on databases, because it
will be performed much more often than updates. We focus on two types of similarity
queries when searching a database DB, the first of which is the range query for a
radius r .

Definition 5 (Range Query) Given a query object q and a threshold r , determine
range(q, r) = {o ∈ DB | d(o, q) ≤ r}.

A range query finds all objects with a distance no more than the specified range
threshold r to the query object q. If the distance d is expensive to compute, it makes
sense to use the so-called filter-verification principle. In this approach different lower
and upper bounds are used to filter out a hopefully large portion of the database.
A function d ′ is a lower bound on d if d ′(x, y) ≤ d(x, y), and an upper bound if
d ′(x, y) ≥ d(x, y) for all x, y ∈ X . Clearly, objects where one of the lower bounds
is greater than r can be dismissed since the exact distance would be even greater.
Objects, where an upper bound is at most r can be added to the result immediately.
Only the remaining objects need to be verified by computing the exact distance.

The second type of query considered here is the nearest neighbor query, which
returns the objects that are closest to the query object.

Definition 6 (k-Nearest Neighbor Query, knn Query) Given a query object q and a
parameter k, determine the smallest set NN(q, k) ⊆ DB, so that |NN(q, k)| ≥ k and
∀o ∈ NN(q, k),∀o′ ∈ DB \ NN(q, k) : d(o, q) < d(o′, q).

In conjunction with range queries, it is preferable to return all the objects with a
distance, that does not exceed the distance to the kth neighbor, which may be more
than k objects when tied. That yields an equivalency of the results of knn queries
and range queries, i.e., we have range(q, r) = NN(q, |range(q, r)|) and NN(q, k) =
range(q, rk), where rk is the maximum distance in NN(q, k).

The optimal multi-step k-nearest neighbor search algorithm (Seidl and Kriegel
1998) minimizes the number of candidates verified by using an incremental neighbor
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search, which returns the objects in ascending order regarding the lower bound.As new
candidates are discovered, their exact distance is computed. The current kth smallest
exact distance is used as a bound on the incremental search: once we have found at
least k objects with an exact distance smaller than the lower bound of all remaining
objects, the result is complete. This approach is optimal in the sense that none of the
exact distance computations could have been avoided (Seidl and Kriegel 1998).

4 EmbAssi: embedding assignment costs for graph edit distance
lower bounds

We define lower bounds for the graph edit distance obtained from optimal assignments
regarding treemetric costs. These bounds are embedded in �1 space and used for index-
accelerated filtering. In Sect. 4.1 we describe the general technique for embedding
optimal assignment costs for tree metric ground costs based on (Kriege et al. 2019).
In Sect. 4.2 we propose several embeddable lower bounds for the graph edit distance
derived from such assignment problems. These are suitable for graphs with discrete
labels and uniformedit costs and are generalized to non-uniformedit costs. In Sects. 5.1
and 5.2we showhow to use these bounds for both range and k-nearest neighbor queries
and discuss optimization details.

4.1 Embedding assignment costs

Let (A, B, c) be an assignment problem, where the cost function c is a tree metric
defined by the tree T with weights w. The cost of an optimal assignment is equal to
the Manhattan distance between vectors derived from the sets A and B using the tree
T and weights w (Kriege et al. 2019). Recall that the cost of an assignment is the sum
of the costs of all matched pairs. A matched pair (a, b) contributes the cost defined
by the weight of the edges on the unique path between the nodes �(a) and �(b) in T .
Hence, the total cost can be obtained from the number of times the edges occur on
such paths.

Let S←−uv correspond to the number of elements of a set S, that are associated by the
mapping � with nodes in the subtree of T containing u, when the edge uv is deleted
(see Fig. 1). It was shown in (Kriege et al. 2019) that an optimal assignment has cost

dcoa(A, B) =
∑

uv∈E(T )
| A←−uv − B←−uv | ·w(uv). (1)

Note that the roles of u and v are interchangeable and we indicate the choice by
directing the edge accordingly. Although this does not affect the assignment cost
when applied consistently, there are subtle technical consequences, which we discuss
for concrete tree metrics in Sect. 5.1. Using T andw we canmap sets to vectors having
a component for every edge of T defined as 	c(S) = [S←−uv · w(uv)]uv∈E(T ) . From
Eq. 1 it directly follows that the optimal assignment cost are

dcoa(A, B) = ‖	c(A) − 	c(B)‖1.
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This embedding of the optimal assignment cost into �1 space is used in the following
to obtain assignment-based lower bounds on the graph edit distance.

4.2 Embeddable lower bounds

Several lower bounds on the graph edit distance can be obtained from optimal assign-
ments (Blumenthal et al. 2019). However, these typically do not use a tree metric
cost function, which complicates the embedding of assignment costs. In (Kriege et al.
2019) two tree metrics, one based on Weisfeiler-Lehman refinement for graphs with
discrete labels and one using clustering for attributed graphs, were introduced. These,
however, both do not yield a lower bound. We develop new lower bounds on the graph
edit distance from optimal assignment instances, which have a tree metric ground
cost function. Most similarity search techniques for the graph edit distance assume a
uniform cost model, where every edit operation has the same cost. We also support
variable cost functions and discuss choices that are supported by our approach. We
use cv/ce to denote the costs of inserting or deleting vertices/edges and cvl /cel for the
costs of changing the respective label.

4.2.1 Vertex label lower bounds

A natural method for defining a lower bound on the graph edit distance is to just take
the labels into account ignoring the graph structure.Wefirst discuss the case of uniform
cost for changing a label, which is common for discrete labels. Then, non-uniform
costs are considered.

Uniform Cost Functions Clearly, each vertex of one graph, that cannot be assigned
to a vertex of the other graph with the same label has to be either deleted or relabeled.
The idea leads to a particularly simple assignment instance when we assume fixed
costs cvl and cv . Let G and H be two graphs with n respectivelym vertices. Following
the common approach to obtain an assignment instance (Riesen and Bunke 2009), we

u v

t

s

x

w

(a)Tree T representing metric c

←−su ←−
tu ←−uv ←−wv ←−xv

Φc(A) 0 2 2 3 0

Φc(B) 2 1 3 1 1

(b)Embeddings

Fig. 1 a An assignment problem (A, B, c) with a tree T representing the metric c. The elements of A are
denoted by red circle and the elements of B by blue circle and associated to the nodes of T by � as depicted.
All edges have weight 1. b Embedding of A and B regarding T . The entry ←−uv for the set B counts the total
number of blue circle elements associated with the nodes s, t and u as indicated by the direction of the edge
uv in the tree. The assignment cost is dcoa(A, B) = 7
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extend G by m and H by n dummy nodes denoted by ε.1 We consider the following
assignment problem.

Definition 7 (Label Assignment) The label assignment instance for G and H is given
by (V (G), V (H), cllb), where the ground cost function is

cllb(u, v) =

⎧
⎪⎨
⎪⎩

0 if μ(u) = μ(v) or u = v = ε

cvl if μ(u) �= μ(v)

cv if either u = ε or v = ε.

We define LLB(G, H) = dcllboa (V (G), V (H)) and show that it provides a lower bound
on the graph edit distance.

Proposition 1 (Label lower bound) For any two graphs G and H, we have
LLB(G, H) ≤ GED(G, H).

Proof Every assignment directly induces a set of edit operations,which canbe arranged
to form an edit path. Vice versa, every edit path can be represented by an assignment
(Riesen and Bunke 2009), (Blumenthal et al. 2019). Let e be aminimum cost edit path.
We construct an assignment f from the vertex operations in e, where the deletion of v is
represented by (v, ε) ∈ f , insertion by (ε, v) ∈ f , and relabeling of the vertex u with
the label of v by (u, v) ∈ f , where u, v �= ε.Wehave c(e) = Zv+Ze, where Zv and Ze

are the costs of vertex and edge edit operations, respectively.According to the definition
of cllb and the construction of f we have Zv = cllb( f ). An optimal assignment o
satisfies cllb(o) ≤ cllb( f ) and LLB(G, H) = cllb(o) ≤ cllb( f ) ≤ c(e) = GED(G, H)

follows, since Ze ≥ 0. ��
To obtain embeddings, we investigate for which choices of edit costs the ground

cost function cllb is a tree metric.

Proposition 2 (LLB tree metric) The ground cost function cllb is a tree metric if and
only if cvl ≤ 2cv .

Proof First we assume cvl ≤ 2cv and define a tree T with a central node r having
a neighbor for every label l ∈ L and a neighbor d. Let w(rl) = 1

2cvl for all l ∈ L
and w(rd) = cv − 1

2cvl , cf. Figure 2b. The assumption guarantees that all weights are
non-negative. We consider the map �(v) = μ(v) for v �= ε and �(ε) = d. We observe
that cllb(u, v) = dT,w(�(u), �(v)) by verifying the three cases.

The reverse direction is proven by contradiction. Assume cvl > 2cv and cllb a
tree metric. Let u and v be two vertices with μ(u) �= μ(v), then cllb(u, v) = cvl and
cllb(u, ε) = cllb(ε, v) = cv . Therefore, cllb(u, v) > cllb(u, ε)+cllb(ε, v) contradicting
the triangle inequality, Definition 3, (4). Thus, cllb is not a metric and, in particular,
not a tree metric contradicting the assumption. ��
1 One can also add only a single dummy node and modify the definition of an assignment (Blumenthal
et al. 2019). However, this makes no difference for our technique, which embeds the assignment costs. We
discuss how dummy vertices can be avoided in Sect. 5.1.
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G

H

(a) Graphs

r

d

w1

w2
w2

w2

(b)Weighted tree

Φ(G)
4 · w1
1 · w2
1 · w2
2 · w2

Φ(H)
4 · w1
1 · w2
2 · w2
1 · w2

(c) Embeddings

Fig. 2 Two graphsG and H a, theweighted tree representing the ground cost function cllb b, and the derived
embeddings c. The weights are w1 = cv − 1

2 cvl and w2 = 1
2 cvl . The entries of the vectors correspond to

the edges of the tree, from left to right, arrows indicate the direction used when counting elements

The requirement cvl ≤ 2cv states that relabeling a vertex is at most as expensive
as deleting and inserting it with the correct label. This is generally reasonable and not
a severe limitation. Because the proof is constructive, it allows us to represent cllb by
a weighted tree, from which we can compute the graph embedding representing the
assignment costs following the approach described in Sect. 4.1.

Figure 2 illustrates the embedding of the label lower bound for an example. The
tree representing the cost function is shown in Fig. 2b. The weight of the edge from
the dummy node to the root is chosen, such that the path length from a label to the
dummy node is cv . Figure 2c shows the vectors 	 of the two example graphs, which
allows obtaining LLB(G, H) = ‖	(G) − 	(H)‖1 = cvl as the Manhattan distance.

Non-Uniform Cost FunctionsWe have discussed the case where changing one label
into another has a fixed cost of cvl . In general, the cost for this may depend on the
two labels involved, i.e., we assume that a cost function cvl : L × L → R≥0 is given.
Two common scenarios can be distinguished: First, L is a (small) finite set of labels
that are similar to varying degrees. An example are molecular graphs, where the costs
are defined based on vertex labels encoding their pharmacophore properties (Garcia-
Hernandez et al. 2019). Second, L is infinite (or very large), e.g., vertices are annotated
with coordinates in R

2 and the cost is defined as the Euclidean distance. We propose
a general method and then discuss its applicability to both scenarios.

We can extend the tree defining the metric used in the above paragraph to allow
for more fine-grained vertex relabel costs. To this end, an arbitrary ultrametric tree on
the labels L is defined, where the node d representing deletions is added to its root
r . Recall that in an ultrametric tree the lengths of all paths from the root to a leaf are
equal to, say, u. We define the weight of the edge between r and d as cv − u and
observe that cv ≥ u is required to obtain a valid tree metric in analogy to the proof of
Proposition 2.

To obtain an ultrametric tree that reflects the given edit cost function cvl , we employ
hierarchical clustering. To guarantee that the assignment costs are a lower bound on
the graph edit distance, it is crucial that interpreting the hierarchy as an ultrametric
tree will underestimate the real edit costs. For optimal results, we would like to obtain
a tight lower bound. We formalize the requirements. Let cvl : L×L → R≥0 be the
given cost function and dhc : L×L → R≥0 the ultrametric induced by hierarchical
clustering of L with cost function cvl . Let U−(cvl) be the set of all ultrametrics that
are lower bounds on cvl . There is a unique ultrametric d∗ ∈ U−(cvl) defined as
d∗(l1, l2) = supd∈U−(cvl ){d(l1, l2)} for all l1, l2 ∈ L (Bock 1974). This d∗ is an
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upper bound on all ultrametrics in U−(cvl), a lower bound on cvl and called the
subdominant ultrametric to cvl . The subdominant ultrametric is generated by single-
linkage hierarchical clustering (Bock 1974), which therefore is, in this respect, optimal
for our purpose. In particular, it reconstructs an ultrametric tree if the original costs
are ultrametric. Moreover, single-linkage clustering can be implemented with running
time O(|L|2) (Sibson 1973).

For a finite set of labels L , our method is a viable solution if the edit cost function
cvl is close to an ultrametric and L is small. If L is infinite, we need to approximate
it with a finite set through quantization or space partitioning. The realization of such
an approach preserving the lower bound property depends on the specific application
and is hence not further explored here.

4.2.2 Degree lower bound

The LLB does not take the graph structure into account. We now introduce the degree
lower bound, which focuses on how many edges have to be inserted or deleted at the
minimum. When deleting or inserting vertices, all of the adjacent edges have to be
deleted or inserted as well. If two vertices with differing degrees are assigned to one
another, again edges have to be deleted or inserted accordingly. As in Sect. 4.2.1, we
extend the graphs G and H by dummy nodes ε and define an assignment problem.

Definition 8 (Degree Assignment) The degree assignment instance for G and H is
given by (V (G), V (H), cdlb), where the ground cost function is cdlb(u, v) = 1

2ce |
δ(u) − δ(v) | with δ(ε) := 0 for the dummy nodes.

We define DLB(G, H) = dcdlboa (V (G), V (H)), and show that it is a lower bound.

Proposition 3 (Degree lower bound) For any two graphs G and H, we have
DLB(G, H) ≤ GED(G, H).

Proof Using the same arguments as in the proof of Proposition 2, let e be a minimum
cost edit path and f an assignment that induces e. We divide the costs c(e) = Zv+Ze

into costs Zv and Ze of vertex and edge edit operations. For the matched vertices v

and f (v) at least | δ(v) − δ( f (v)) | edges must be deleted or inserted to balance
the degrees; in case of insertion and deletion all adjacent edges must be inserted or
deleted. Since each edge edit operation increases or decreases the degree of its two
endpoints by one, the sum of these costs over all vertices must be divided by two and
cdlb( f ) = Ze follows. ��

To obtain an embedding, we show that cdlb is a tree metric.

Proposition 4 (DLB tree metric) The ground cost function cdlb is a tree metric.

Proof To prove that cdlb is a tree metric, we construct a tree T with edge weights w

and a map �, so that cdlb(u, v) = dT,w(�(u), �(v)). Let T have nodes V (T ) = {r =
0, 1, . . . , �} and edges E(T ) = {i j | j = i+1} with weight w1 = 1

2ce. Since ce
cannot be negative, all edge weights are non-negative. We consider the map

�(u) =
{
r if u = ε or δ(u) = 0

δ(u) otherwise.
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G

H
r 1 2 3w1 w1 w1

Φ(G)
4 · w1
3 · w1
1 · w1

Φ(H)
4 · w1
4 · w1
0 · w1

(a)Graphs (b)Weighted tree (c)Embeddings

Fig. 3 Two graphs G and H a, the weighted tree representing the cost function cdlb b, and the derived
embeddings c

It can easily be seen, that cdlb(u, v) = dT,w(�(u), �(v)) by verifying the path lengths
in the tree. ��

The proof gives a concept to construct a tree representing the DLB cost function.
As there is no difference between a vertex with degree 0 and a dummy vertex, they can
both be assigned to the root node r . Note, that the edge labels are not taken into account
by this lower bound and edge insertion and deletion are not distinguished. Figure 3
illustrates the embedding of the degree lower bound, which yields DLB(G, H) = ce
for the running example.

4.2.3 Combined lower bound

We can combine LLB and DLB to improve the approximation.

Definition 9 (CLB) The combined lower bound between G and H is defined as
CLB(G, H) = LLB(G, H) + DLB(G, H).

We show, that CLB is a lower bound on the graph edit distance. Note that this lower
bound is based on the two assignments given by LLB and DLB, which are not neces-
sarily equal.

Lemma 1 Let c1, c2 and c be ground cost functions on X and c(x, y) = c1(x, y) +
c2(x, y) for all x, y ∈ X. Then for any A, B ⊆ X, |A| = |B| = n, the inequality
dc1oa(A, B) + dc2oa(A, B) ≤ dcoa(A, B) holds.

Proof Let o1, o2 and o be optimal assignments between A and B regarding the ground
costs c1, c2 and c, respectively. Due to the optimality we have c1(o1) ≤ c1(o) and
c2(o2) ≤ c2(o). Hence, d

c1
oa(A, B)+dc2oa(A, B) = c1(o1)+ c2(o2) ≤ c1(o)+ c2(o) =

c(o) = dcoa(A, B). ��
Proposition 5 (Combined lower bound) For any two graphs G and H, we have
CLB(G, H) ≤ GED(G, H).

Proof Let e be aminimum cost edit path and f an assignment that induces e.We divide
the costs c(e) = Zv + Ze into costs Zv and Ze of vertex and edge edit operations.
From the proof of Propositions 1 and 3 we know that Zv ≥ cllb( f ) and Ze ≥ cdlb( f )
and, hence, c(e) ≥ cllb( f ) + cdlb( f ). Application of Lemma 1 yields CLB(G, H) =
cllb( f1) + cdlb( f2) ≤ cllb( f ) + cdlb( f ) ≤ c(e) = GED(G, H), where f1 and f2 are
optimal assignments regarding cllb and cdlb. ��
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This lower bound is at least as tight as the ones it consists of and, therefore, most
promising. The combined lower bound is embedded by concatenating the vectors for
LLB and DLB.

4.3 Analysis

We provide a theoretical comparison of our proposed bounds to existing lower bounds
and also give details on the time complexity of our approach.

4.3.1 Comparison with existing bounds

We relate the CLB to two well-known lower bounds when applied to graphs with
vertex labels. The simple label filter (SLF) is the intersection of vertex and edge label
multisets, i.e., SLF(G, H) = |LV (G) ∩ LV (H)| + ||E(G)| − |E(H)|| in our case,
where LV denotes the vertex label multiset of a graph. Although simple, this bound
is often found to be selective (Kim et al. 2019) and, therefore, widely-used (Zhao
et al. 2012), (Zhao et al. 2013). A very effective bound according to (Blumenthal et al.
2019) is BranchLB based on general optimal assignments. Several variants have been
proposed (Riesen and Bunke 2009), (Zheng et al. 2015), (Blumenthal et al. 2019) with
at least cubic worst-case time complexity. In our case, BranchLB is the cost of the
optimal assignment regarding the ground costs cbranch(u, v) = cllb(u, v) + cdlb(u, v).
Note that cbranch in general is not a tree metric. SLF assumes cv = cvl = ce = 1
and we consider this setting although CLB and BranchLB are more general. Using
counting arguments and Lemma 1 we obtain the following relation:

Proposition 6 For any two vertex-labeled graphs G and H, SLF(G, H)≤CLB(G, H)

≤BranchLB(G, H)≤GED(G, H).

Experimentally we show in Sect. 6 that our combined lower bound is close to
BranchLB for a wide-range of real-world datasets, but is computed several orders
of magnitude faster and allows indexing. This makes it ideally suitable for fast pre-
filtering and search.

4.3.2 Time complexity

We first consider the time required for generating the vector 	c(S) for a set S and tree
T defining the ground cost function c.

Proposition 7 Given a set S and a weighted tree T representing the ground cost
function c, the vector 	c(S) can be computed in O(|V (T )| + |S|) time.
Proof We first associate the elements of S with the nodes of T via the map � and then
traverse T starting from the leaves progressively moving towards the center. The order
guarantees that when the node u is visited, exactly one of its neighbors, say v, has
not yet been visited. Then S←−uv can be obtained as

∑
w∈N (u)\{v} S←−

wu from the values
computed previously. The tree traversal and computation of S←−uv for all uv ∈ E(T )

takes O(|V (T )|) total time. Together with the time for processing the set S we obtain
O(|V (T )| + |S|) time. ��
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The time complexity of the different bounds depends on the size of the tree repre-
senting the metric and the size of the graphs.

Proposition 8 The bounds cllb, cdlb and cclb for two graphs G and H can be computed
in O(|V (G)| + |V (H)|) time.
Proof First the tree T defining the metric is computed. For the different tree metrics,
the trees sizes are linear in the number of nodes of the two graphs G and H : For cllb
the tree (denoted Tllb) has size |Lv(G) ∪ Lv(H)| + 2, where Lv(G) denotes the set of
vertex labels occurring in G. The tree consists of a node for each vertex label plus a
dummy and a central node. In the worst case, where all labels occur only once, the tree
is of size |V (G)| + |V (H)| + 2. For cdlb, we have |V (Tdlb)| = max(δ(G), δ(H))+ 1,
since there is a node for each vertex degree, up to the maximum degree (including
degree 0). As shown in Proposition 7, the vector 	c(G) can then be computed in
time O(|V (T )| + |V (G)|). For cclb we concatenate the vectors of cllb and cdlb. The
Manhattan distance between two vectors is computed in time linear in the number of
components, which is O(|V (T )|). Thus, the total running time for computing any of
the bounds is in O(|V (G)| + |V (H)|). ��

The bound SLF also has a linear time complexity while BranchLB requires
O(n2�3 + n3) time for graphs with n vertices and maximum degree � (Blumen-
thal et al. 2019). Our new approach matches the running time of SLF but in most cases
yields tighter bounds, cf. Proposition 6 and our experimental evaluation in Sect. 6.
Hence, it provides a favorable trade-off between efficiency and quality and at the
same time can conveniently be combined with indices.

5 EmbAssi for graph similarity search

We use the proposed lower bounds for similarity search by computing embeddings
for all the graphs in the database in a preprocessing step. Given a query graph, we

Fig. 4 Overview of our pipeline for graph similarity search. In a preprocessing step the embeddings of all
database graphs under the specified tree metric are computed and stored in an index. Then similarity search
queries are answered by computing the embedding of the query graph and filtering regarding theManhattan
distance. In k-nearest neighbor search, the information gained from refining candidates is used to reduce
the search range. This is indicated with a gray arrow
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Algorithm 1 Construction for LLB
procedure constructIndex(set of graphs DB)

T ← new tree with root ε and child r
w((ε, r)) ← cv − 1

2 cvl � Set edge weight
for all G ∈ DB do � Construct tree metric LLB

for all v ∈ V (G) do
if μ(v) /∈ T then

add node μ(v) as child of r with w((r , μ(v))) = 1
2 cvl

�(v) ← μ(v)

end if
end for

end for
for all G ∈ DB do � Compute embedding under tree metric

	(G) ← computeVector(G, T )
end for
Create index({	(G) | G ∈ DB}, Manhattan distance)

end procedure

Algorithm 2 Vector Computation
procedure computeVector(graph G, tree T )

	(G) ← sparse vector
S ← relevant subtree(V (G), T ) � ∀v ∈ V (G) : �(v) and path to root
count[n] ← 0, ∀n ∈ V (S)

for all v ∈ V (G) do
count[�(v)] ← count[�(v)] + 1 � Count vertices at leaves

end for
leaves ← leaves of S
while l ← leaves.dequeue() and l �= root of S do

	(G)[(l, p)] ← w((l, p)) · count[l]
count[p] = count[p] + count[l] � Propagate vertex count to parent
delete l from S
if δ(p) ≤ 1 then � p is now a leaf itself

leaves.enqueue(p)
end if

end while
return 	(G)

end procedure

compute its embedding and realize filtering utilizing indices regarding the Manhattan
distance. The approach is illustrated in Fig. 4. Algorithm 1 shows how the preprocess-
ing is done, exemplary for LLB: We construct the tree metric based on the labels and
associate the vertices with the leaves of the tree. Then for each graph the embedding
is computed using Algorithm 2.

Several technical details must be considered. The choice of how to direct the edges
has a huge impact on the resulting vectors and of course using a suitable index is also
important. In the following, we briefly discuss our choices and explain how similarity
search queries can be answered.
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5.1 Index construction

We compute the vectors for all graphs in the database and store them in an index to
accelerate queries. When defining the bounds, we considered the pairwise comparison
of two graphs and added dummy vertices to obtain graphs of the same size. We have
chosen the direction of edges in the trees representing the metrics carefully, cf. Sec-
tion 4.1, to generate consistent embeddings for the entire database. By rooting the
trees at the node �(ε) representing the dummy vertices (see Algorithm 1) and direct-
ing all edges towards the leaves the dummy vertices are not counted in any entry of
the vectors, see Fig. 2 and 3. Moreover, this choice often leads to sparse vectors, e.g.,
for the LLB, where every entry just counts the number of vertices with one specific
label. Labels that only appear in a small fraction of the graphs in the database then lead
to zero-entries in the vectors of the other graphs and sparse data structures become
beneficial. Moreover, this simplifies to dynamically add new vertex labels without
requiring to update all existing vectors in the database. Using sparse vector represen-
tations, Algorithm 2 can be implemented in time O(|V (G)|) by considering only the
relevant part of T . This is the subtree S formed by the nodes of T to which vertices
of G are assigned to via �, and the nodes on the path to the root from these nodes.
The subtree S is processed in a bottom-up fashion computing a non-zero component
of 	(G) in each step. Note that S can be maintained and modified with low overhead
using flags to indicate whether a node of T is contained in S.

The choice of a suitable index is crucial for the performance of our approach.
We chose to use the cover tree (Beygelzimer et al. 2006) because our data is too
high-dimensional for the popular k-d-tree, and our vectors have many zeros and dis-
crete values. The cover tree is a good choice for an in-memory index because of its
lightweight construction, lowmemory requirements, and good metric pruning proper-
ties. It is usually superior to the k-d-tree or R-tree if the data stored is high-dimensional
but still has a small doubling dimension.

5.2 Queries

For similarity search, we compute the embedding of the query graph and use the index
for similarity search regarding Manhattan distance. The index takes responsibility to
disregard parts of the database that are too far away from the query object. In k-nearest
neighbor search, we use the optimal multi-step k-nearest neighbor search (Seidl and
Kriegel 1998) as described in Sect. 3.3 to stop the search as early as possible and
compute the minimum necessary number of exact graph edit distances. Our lower
bounds are especially useful for this because it is well understood how to index data
for ranking by Manhattan distance. Further exact distance computations (in particular
for range queries) can be avoided by checking additional bounds similar to Inves (Kim
et al. 2019) or BSS_GED (Chen et al. 2019) prior to an exact distance computation.

A tighter (but more expensive) lower bound produces fewer candidates, while in
some applications (such as DBSCAN clustering), where the exact distance is not
necessary to have, an upper bound can identify true positives efficiently.
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6 Experimental evaluation

In this section,we compareEmbAssi to state-of-the-art approaches regarding efficiency
and approximation quality in range and k-nearest neighbor queries. We investigate the
speed-up of existing filter-verification pipelineswhenEmbAssi is used in a pre-filtering
step. Specifically, we address the following research questions:

Q1 How tight are our lower bounds compared to the state-of-the-art? How do our
bounds perform when taking the trade-off between bound quality and runtime
into account?

Q2 Can EmbAssi compete with state-of-the-art methods in terms of runtime and
selectivity? Is CLB a suitable lower bound to provide initial candidates for range
queries?

Q3 Can EmbAssi perform similarity search on datasets with a million graphs or
more?

Q4 Can k-nearest neighbor queries be answered efficiently?

6.1 Setup

This section gives an overview of the datasets, the methods, and their configuration
used in the experimental comparison.

Methods and Distance FunctionsWe compare EmbAssi toGSim (Zhao et al. 2012)
andMLIndex (Liang and Zhao 2017), which are representative methods for similarity
search based on overlapping substructures and graph partitioning. MLIndex is con-
sidered as state-of-the-art (Qin et al. 2020), although we observed that GSim often
performs much better. We also compare to CStar (Zeng et al. 2009) and Branch (Blu-
menthal et al. 2019), which provide both upper and lower bounds on the graph edit
distance, but are not accelerated with indices. Furthermore, we compare to the exact
graph edit distance BLP (Lerouge et al. 2017), BSS_GED (Chen et al. 2019), and the
approximations LinD (Kriege et al. 2019), BLPlb (Blumenthal et al. 2019) and BeamS
(Neuhaus et al. 2006) regarding the approximation of the GED. The costs of all edit
operations were set to one because some of the comparison methods only support
uniform costs. For BeamD, we used a maximum list size of 100. For LinD, the tree
was generated using the Weisfeiler-Lehman algorithm with one refinement iteration.
For GSim, we used all provided filters and q = 3. For MLIndex, the default settings
of the authors’ implementation were used.

The bounds computed by CStar can also be used separately and will be referred to
as CStarLB, CStarUB, and CStarUBRef, which is obtained by improving an edit path
using local search. SLF and BranchLB are the lower bounds discussed in Sect. 4.2.3
and were implemented following the description in (Kim et al. 2019) and (Blumenthal
et al. 2019), respectively. BranchLB and the upper bound gained from the edit path
induced by it (BranchUB) are referred to as Branch when applied together. Table 2
gives an overview of the distance functions compared in the experiments including
those known from literature as well as those proposed here for use with EmbAssi. The
graphs and their respective vectors are indexed using the cover tree (Beygelzimer et al.
2006) implementation of the ELKI framework (Schubert and Zimek 2019).
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Table 2 Distance functions compared in the experiments

Name Description Bound Source

BLP Exact graph edit distance exact (Lerouge et al. 2017)

BSS_GED Efficient ged computation/verification exact (Chen et al. 2019)

BeamD Approximation using BeamSearch upper (Neuhaus et al. 2006)

LinD Optimal assignments with WL upper (Kriege et al. 2019)

BranchUB Cost of edit path gained from BranchLB upper (Blumenthal et al. 2019)

CStarUB Optimal assignments with stars upper (Zeng et al. 2009)

CStarUBRef Refined Version of CStarUB upper (Zeng et al. 2009)

CStarLB Mapping distance between stars lower (Zeng et al. 2009)

SLF Min. label changes lower (Kim et al. 2019)

BranchLB Modification of BP lower (Blumenthal et al. 2019)

BLPlb Relaxation of BLP lower (Blumenthal et al. 2019)

New distance functions based on tree metrics

LLB Min. vertex label changes lower new

DLB Min. edge insertion/deletions lower new

CLB LLB and DLB combined lower new

Table 3 Datasets with discrete vertex labels and their statistics Morris et al. (2020). ChEMBL (chembl_27,
Gaulton et al. (2016)) contains small molecules, Protein Com contains protein complex graphs Stöcker
et al. (2019)

Name |Graphs| avg |V | avg |E | avg δ(v) |L|
KKI 83 26.96 48.42 3.59±2.58 190

MCF-7 27770 26.08 28.29 2.16±0.76 23

MUTAG 188 17.93 19.79 2.20±0.74 7

NCI1 4110 29.04 31.61 2.16±0.78 21

PTC_FM 349 14.11 14.48 2.05±0.81 18

Protein Com 1455324 9.98 8.98 1.80±3.03 717

ChEMBL 1941411 30.18 32.71 2.15±0.74 31

DatasetsWe tested all methods on awide range of real-world datasets with different
characteristics, see Table 3. The datasets have discrete vertex labels. Edge labels and
attributes, if present, were removed prior to the experiments since not all methods
support them. Also, since MLIndex and GSim do not work for disconnected graphs,
only their largest connected components were used.

6.2 Results

In the following, we report on our experimental results and discuss the different
research questions.

Q1: BoundQuality and RuntimeAccuracy is crucial to obtain effective filters for
similarity search. We investigate how tight the proposed lower bounds on the graph
edit distance are. Figure 5 shows the average relative approximation error

|GED−dapprox|
GED
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Fig. 5 Comparison of several different approximations regarding their relative approximation error and
runtime. �: exact approach, ◦: upper bound, ×: existing lower bound, �: newly proposed lower bound
from tree metric

of the different bounds in comparison to their runtime. The newly proposed bounds,
as well as SLF, are very fast, with varying degrees of accuracy. Although CLB is much
faster than BranchLB, its accuracy is in many cases on par or only slightly worse. Note
that a timeout of 120 seconds per graph pair was used for the computation of the exact
graph edit distance for this experiment. For this reason, values for BSS_GED are not
present for the datasets with larger graphs.

Q2: Evaluation of Runtime and Selectivity The runtime of the algorithms con-
sists of three parts: (1) preprocessing and indexing, (2) filtering, and (3) verification.
Preprocessing and indexing is performed only once, and this cost amortizes over many
queries, while the time required to determine the candidate set and its size are crucial.
The verification step requires to compute the exact graph edit distance and is usually
most expensive and essentially depends on the number of candidates.

In the following, we investigate how well EmbAssi performs on range queries, how
much of a speed-up can be achieved for existing pipelines when filtering withEmbAssi
first, and compare to state-of-the-art approaches. We omit bounds that were shown in
the previous experiments to have a poor accuracy or a very high runtime. Figure 6
shows the runtime for preprocessing, filtering and the average number of candidates
per query for range queries with thresholds 1 to 5. The solid lines show the results,
when using EmbAssi with CLB as a first filter, while the dotted line represent the
original approaches. The solid red line shows the results using only EmbAssi with
CLB and no further filters.GSim andMLIndex are shown with dashed lines, since they
are stand-alone approaches. These two methods skip database graphs that are smaller
than the given threshold. To obtain a valid candidate set, these graphs were added
back after filtering. For GSim and MLIndex the preprocessing time is rather high and
highly dependent on the maximum threshold for range search, which must be chosen
in advance.

It becomes evident that EmbAssi significantly accelerates all methods across the
various datasets. The preprocessing and filtering time of EmbAssi is very low: While
filtering only takes a few milliseconds, preprocessing ranges from 0.01 to 2 seconds
over the various datasets. CStar and Branch have the best selectivity, but they also
employ both upper and lower bounds and need more time for filtering. The usage of
EmbAssi heavily accelerates both methods, while even increasing the selectivity of
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Fig. 6 Runtime and selectivity comparison of different filters. Preprocessing time, filtering time for 50 range
queries (excluding verification), and the average number of candidates, that need to be verified, is shown.
For the methods, that can be enhanced using EmbAssi, the solid line shows the advantage of pre-filtering
with CLB, while the dotted line is the original approach

CStar (as seen in Fig. 5, CStar LB seems to be looser than CLB in general). Note,
that LinD is an upper bound, so the candidate set consist of all graphs, that could not
be reported as a result. In combination with EmbAssi it is only slightly worse than the
other approaches regarding filter selectivity, while being very fast.

Considering the properties of the datasets and the performance, we observe that a
larger set of vertex labels and a high variance among the vertex degrees seem to lead
to a better filter quality. The larger the graphs, the greater the improvement in runtime
during the filtering step.

Since competing approaches do not use the fast verification algorithm BSS_GED
(Chen et al. 2019) a comparison of verification time would not be fair. On the various
datasets the time for verification (of 50 queries with threshold 5) using the candidates
of CLB ranged from around 35ms (KKI) to a maximum of 5s (MCF-7).

Combining these results,we can conclude thatEmbAssi iswell suited as pre-filtering
for more effective computational demanding bounds. EmbAssi substantially reduces
the filtering time and promises scalability even to very large datasets. We investigate
this below.

Q3: Similarity Search on Very Large DatasetsWe investigate how well EmbAssi
performs on very large graph databases using the datasets Protein Com and ChEMBL.
Figure 7 shows the average number of candidates per query as reported by the different
methods, as well as the time needed for preprocessing and filtering. MLIndex did not
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Fig. 7 Comparison of several different filters regarding their selectivity and runtime on datasets Protein
Com and ChEMBL. The solid lines show the advantage of using EmbAssi with CLB as a pre-filter, while
the dotted lines show the original approaches

Table 4 Runtime and number of
candidates in k-nearest-neighbor
search using EmbAssi and
BranchLB

k EmbAssi BranchLB |NN|
|Cand| Time (sec) |Cand| Time (sec)

PTC_FM

1 14.40 0.24 9.00 1.42 1.20

2 24.40 0.42 19.60 1.34 3.40

3 28.40 0.43 22.20 1.16 4.40

4 31.80 1.06 25.20 1.40 5.60

5 39.00 1.19 31.20 1.24 6.60

MUTAG

1 6.80 0.15 6.80 0.87 1.60

2 9.80 0.22 9.80 0.99 3.80

3 14.00 0.25 14.00 1.31 5.80

4 14.00 0.49 14.00 1.03 5.80

5 15.80 0.55 15.80 1.08 7.40

MCF-7

1 659.67 48.04 434.33 191.95 1.33

2 1114.33 152.43 737.00 244.42 2.33

3 1610.00 214.64 1045.67 410.11 4.00

4 1968.33 391.37 1380.33 577.75 10.00

5 2401.00 642.29 1696.33 678.06 10.67
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finish onChEMBLwithin a time limit of 24 hours (for threshold 1). For datasetProtein
Com our new approach is not only much faster, but also provides a better filter quality
than state-of-the-art methods. It can clearly be seen, that EmbAssi with CLB provides
a substantial boost in runtime, while also improving the filter quality.

Q4: k-Nearest-Neighbor Search An advantage of EmbAssi is that it can also
answer k-nn queries efficiently due to the use of the multi-step k-nearest neighbor
search algorithm as described in Sect. 3.3. Table 4 compares the average number of
candidates generated using EmbAssi (withCLB) and BranchLB, as well as the average
time needed for answering a k-nn query. In both methods, candidate sets were verified
using the faster exact graph edit distance computation BSS_GED. The last column
shows the average number of nearest neighbors reported, which may be larger than k
because of ties.

It can be seen, that EmbAssi provides a runtime advantage in k-nearest neighbor
search, and the number of candidates generated is not much higher than when using
BranchLB. For larger datasets, we expect the advantage of EmbAssi to be more sig-
nificant. Further optimization of the approach is possible. For example, it might be
beneficial to combine both methods and use EmbAssi in combination with tighter
lower bounds such as BranchLB to reduce the number of exact graph edit distance
computations.

7 Conclusions

We have proposed new lower bounds on the graph edit distance, which are efficiently
computed, readily combined with indices, and fairly selective in filtering. This makes
them ideally suitable as a pre-filtering step in existing filter-verification pipelines that
do not scale to large databases. Our approach supports efficient k-nearest neighbor
search using the optimal multi-step k-nearest neighbor search algorithm unlike many
comparable methods. Other methods have to first perform a range query with a suffi-
cient range and find the k-nearest neighbors among those candidates.

An interesting direction of future work is the combination and development of
indices for computational demanding lower bounds such as those obtained from gen-
eral assignment problems or linear programming relaxations. Efficient methods for
similarity search regarding the Wasserstein distance have only recently been investi-
gated (Backurs et al. 2020). Moreover, approximate filter techniques for the graph edit
distance based on embeddings learned by graph neural networks were only recently
proposed (Qin et al. 2020). With the increasing amount of structured data, scalability
is a key issue in graph similarity search.
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acy and computation speed. We analyze the running time of
the tree matching method and propose techniques to accelerate
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computation in practice, including compressed tree representa-
tions, tree canonization to identify redundancies, and caching.
Experimental results demonstrate significant improvements in
the trade-off between running time and approximation quality
compared to existing state-of-the-art approaches.
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Abstract. The graph edit distance, used for comparing graphs in vari-
ous domains, is often approximated due to its high computational com-
plexity. Widely used heuristics search for an optimal assignment of ver-
tices based on the distance between local substructures. However, some
sacrifice accuracy by only considering direct neighbors, while others
demand intensive distance calculations. Our method abstracts local sub-
structures to neighborhood trees, efficiently comparing them using tree
matching techniques. This yields a ground distance for vertex mapping,
delivering high quality approximations of the graph edit distance. By lim-
iting the maximum tree height, our method offers to balance accuracy
and computation speed. We analyze the running time of the tree match-
ing method and propose techniques to accelerate computation in prac-
tice, including compressed tree representations, tree canonization to iden-
tify redundancies, and caching. Experimental results demonstrate signif-
icant improvements in the trade-off between running time and approxi-
mation quality compared to existing state-of-the-art approaches.

Keywords: Graph edit distance · Bipartite graph matching · Trees

1 Introduction

Graphs have become prevalent in modeling structured data, with applications
in web content mining [29], pattern recognition [10], molecular property predic-
tion [11], and various other domains. Many tasks and applications require quanti-
fying the similarity of two graphs. One of the most prominent measures of graph
similarity is the graph edit distance (GED), which measures the cost of transform-
ing one graph into another through predefined edit operations. However, exact
computation of the GED is limited due to its NP-hard [37] nature. To address
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Fig. 1. Overview of our approach. To approximate the GED between two graphs, an
optimal assignment between their vertices is computed based on a cost matrix. The
entries of the matrix correspond to the SDTEDs between the neighborhood trees of
the associated vertices. An edit path is derived from the assignment, and the cost of
this (suboptimal) edit path is the approximated GED.

this, fast heuristic algorithms such as bipartite graph matching (BGM) [28] have
been developed, which approximates the GED by deriving a suboptimal edit
path from an optimal (linear) assignment between the vertices of the graphs. The
method provides a fast approximation widely used in many domains [34]. How-
ever, some applications require a higher approximation quality, such as graph
clustering, k-nn classification or similarity search in graph databases. Extensions
of BGM capture only limited structural information using walks [12] or require
exact GED computation between subgraphs [8] leading to a drastic increase in
both memory and time complexity. To improve the trade-off between computa-
tion time and approximation quality, we propose a new GED heuristic based on
BGM, integrating local information in the form of neighborhood trees. We com-
pare neighborhood trees by a structure and depth preserving tree edit distance
(SDTED), which is highly efficient compared to computing the exact GED, while
retaining the benefits of incorporating expressive structural information.

Neighborhood trees are inspired by unfolding trees, which are related to
the Weisfeiler-Leman algorithm. The technique has recently become popular in
graph learning, where it forms the basis of successful graph kernels [19,33] and
is fundamental to the expressivity analysis of graph neural networks [23,24,36].
The discrete colors representing unfolding trees have been used to obtain a highly
efficient heuristic for the GED ignoring their subtle structural differences at the
expense of approximation quality [17]. While unfolding trees are a suitable con-
cept for understanding the structure encoded by iterative methods based on
direct neighborhoods, they are rarely generated explicitly, since they quickly
grow in size with increasing height. Our concept of neighborhood trees overcomes
this problem by pruning repeated vertices and allowing compact representations
without redundancy amenable to efficient tree matching.

Our Contribution. We make the following contributions.

1. We use tree structures encoding node neighborhoods and their SDTED in the
BGM framework to approximate the GED (see Fig. 1 for an overview).

2. We propose neighborhood trees, a compact variation of unfolding trees.
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3. We thoroughly analyze the running time of the SDTED and improve it to
O(n2Δ) for two trees with n vertices and maximum degree Δ, reducing it by
a factor of Δ2h over the best known result [30], where h is the tree height.

4. We employ caching and compression to significantly accelerate computation.
5. We show that our approach outperforms state-of-the-art GED approximation

methods regarding approximation quality, while being computed efficiently.

2 Preliminaries

Graph Theory. A graph G = (V,E, μ, ν) consists of a set of vertices V , a set of
edges E ⊆ V ×V between them, and labeling functions μ : V → L and ν : E → L
for the vertices and edges, respectively. Here, L is a set of categorical labels. We
consider undirected graphs, denoting an edge between u and v by uv = vu.
Vertices and edges of a graph G are denoted by V (G) and E(G), respectively.
The neighbors of a vertex u ∈ V are denoted by N(u) = {v | uv ∈ E}. A path
is a sequence of vertices (v0, . . . , vn) such that vivi+1 ∈ E for 0 ≤ i < n, with
vertices and edges connecting consecutive vertices being contained in the path.
The length of a path is the number of edges it contains. A shortest path between
two vertices u, v ∈ V is a path (u, . . . , v) of minimum length. The diameter of
a graph G is the maximum shortest-path length between any two vertices in
G, denoted by diam(G). A rooted tree T is a connected, acyclic graph with a
distinct vertex r ∈ V (T ) referred to as root, denoted by r(T ). For v ∈ V (T )\{r}
the parent p(v) is the unique vertex u ∈ N(v) closer to r than v, and ∀v ∈ V (T )
the children are defined as chi(v) = N(v)\{p(v)}. A node v is a leaf if chi(v) = ∅.
The leaves of a tree T are denoted by L(T ) = {v ∈ V (T ) | chi(v) = ∅}.

Two graphs G and H are isomorphic, denoted by G ∼= H, if there exists a
bijection Φ : V (G) → V (H) such that (i) ∀u, v ∈ V (G) : μ(v) = μ(Φ(v)), (ii)
Φ(u)Φ(v) ∈ E(H) ⇔ uv ∈ E(G), and (iii) ∀uv ∈ E(G) : ν(uv) = ν(Φ(u)Φ(v)).
For two rooted trees T and T ′, also Φ(r(T )) = r(T ′) must hold.

Graph Edit Distance. The graph edit distance (GED) measures the cost of
transforming one graph into the other through deletion, insertion, and rela-
beling of vertices and edges. An edit path between G and H is a sequence
(e1, e2, . . . , ek) of edit operations that, when applied sequentially to G, yield
a graph G′ ∼= H. Edit operations have non-negative costs defined by the edit
cost function c. The GED is the cost of a cheapest edit path. Formally, the
graph edit distance between two graphs G and H is defined as GED(G,H) =
min

{∑k
i=1 c(ei)

∣∣∣ (e1, ..., ek) ∈ Υ(G,H)
}

, where Υ(G,H) denotes the set of all
possible edit paths from G to H. As computing the GED is NP-hard [37], it
is often approximated. Many heuristics rely on finding an optimal assignment
between the vertices of the graphs. Let A and B be two sets with |A| = |B| = n
and c : A × B → R a ground cost function. An assignment between A and B is
a bijection π : A → B. The cost of an assignment π is c(π) =

∑
a∈A c(a, π(a)).

The assignment problem is to find an assignment with minimum cost and can
be solved in cubic time using the Hungarian method [16,25].

A.3 Approximating the Graph Edit Distance with Compact Neighborhood Representations

87



Approximating the GED with Compact Neighborhood Representations 303

Bipartite Graph Matching. An upper bound for the GED between two graphs
can be obtained from any edit path between them, which can be derived from
an optimal assignment of their vertices. Riesen and Bunke [28] constructed a
k × k cost matrix C, with k = n + m for two graphs with n and m vertices,
respectively. For simplicity, we present a reduced matrix with k = max{n,m}
that is sufficient for metric edit costs [32]. Due to the symmetry of the GED
no vertices need to be inserted. Assume w.l.o.g. that n ≥ m, then we obtain
a quadratic n × n cost matrix by adding n − m columns representing deletion
of vertices in G by defining the cost matrix C (Eq. 1). The entries of C can be
interpreted as follows: Values ci,j (left part) represent costs for replacing vertex i
of G with vertex j of H. The entries ci,ε (right part) are costs for deleting vertex
i of G and its incident edges. Based on C an optimal assignment is computed.
An equivalent solution can be obtained from an n × m cost matrix by a more
involved reduction applicable even for non-metric edit costs [7].

C =

⎡
⎢⎢⎢⎢⎣

c1,1 c1,2 . . . c1,m c1,ε . . . c1,ε

c2,1 c2,2 . . . c2,m c2,ε . . .
...

...
...

. . .
...

...
. . .

...
cn,1 cn,2 . . . cn,m cn,ε . . . cn,ε

⎤
⎥⎥⎥⎥⎦

(1)

An edit path can be derived from a vertex assignment π : V (G) → V (H) as
follows [28]: Any vertex v ∈ V (G) with π(v) /∈ V (H) is deleted, v ∈ V (H) with
π−1(v) /∈ V (G) is inserted, v ∈ V (G) with π(v) ∈ V (H) and μ(v) �= μ(π(v)) is
relabeled. Any edge uv ∈ E(G) with π(u)π(v) /∈ E(H) is deleted, uv ∈ E(H)
with π−1(u)π−1(v) /∈ E(G) is inserted, uv ∈ E(G) with π(u)π(v) ∈ E(H) and
ν(uv) �= ν(π(u)π(v)) is relabeled. The sum of edit costs is the approximated
GED. Since the edit path might not be optimal, these costs are an upper bound.

Weisfeiler-Leman Unfolding Trees. The Weisfeiler-Leman unfolding trees encode
neighborhoods of increasing radius by a tree structure. Let φ : V (T ) → V (G) be
a mapping such that φ(n) = v if the node n in V (T ) represents the vertex
v in V (G). Mathematically, the unfolding tree F v

i with height i of the vertex
v ∈ V (G) is defined recursively as the tree with a root nv with φ(nv) = v and
child subtrees Fw

i−1 for all w ∈ N(v), and F v
0 = ({nv}, ∅). The labels of the

original graph are preserved.

Structure and Depth Preserving Tree Edit Distance. The structure and depth
preserving tree edit distance (SDTED) [30] computes the distance between two
labeled, rooted trees, preserving parent-child-relations, as well as the depth of
vertices. It is defined as SDTED(T, T ′) := min{c′(M) | M ∈ SDM(T, T ′)},
where SDM(T, T ′) denotes the set of all structure and depth preserving map-
pings between T and T ′. A mapping M ⊆ V (T ) × V (T ′) is structure and depth
preserving, iff (i) ∀(u, u′), (v, v′) ∈ M : u = v ⇔ u′ = v′, (ii) (r(T ), r(T ′)) ∈ M ,
and (iii) ∀(u, u′) ∈ M : (p(u), p(u′)) ∈ M . Let M1 = V (T )\{m1 | (m1,m2) ∈ M}
and M2 = V (T ′) \ {m2 | (m1,m2) ∈ M} be the vertices not in the mapping.
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The cost c′ of the mapping M is defined as

c′(M) =
∑

(u,v)∈M

c(μ(u), μ(v))

︸ ︷︷ ︸
Relabeling

+
∑

u∈M1

c(u, ε)

︸ ︷︷ ︸
Deletion

+
∑

v∈M2

c(ε, v)

︸ ︷︷ ︸
Insertion

.

We can respect the label of an edge p(v)v by associating the cost for its relabeling
with the endpoint v. Given two trees, the SDTED can be computed in a bottom-
up fashion from optimal assignments between the children of vertices at the same
level until reaching the roots. For our implementation we included edge costs and
store the costs of all computed pairs of trees and subtrees using a lexicographic
encoding, see Sect. 4.6.

3 Related Work

Exact Methods for Computing the GED. Computing the GED is a combinato-
rial optimization problem. Different standard approaches exist and have been
adapted specifically for the GED. Some exact methods rely on backtracking
search, e.g., A*-GED, DF-GED [1], CSI-GED [14] or BSS_GED [9], while
others employ integer linear programming formulations, like BIP-GED [20] or
MIP-GED [6]. Despite their accuracy, exact approaches become infeasible for
large graphs due to their complexity, and approximate methods are widely
employed [34].

Approximate Methods for the GED. Many approximation methods [4,5,8,28,
37] are based on optimal assignments, computing an assignment between the
vertices of the graphs to find an upper or lower bound for the GED. Typically,
faster methods are suitable only for graphs with discrete labels and uniform edit
costs [4]. Riesen and Bunke [28] introduced the foundational concept of bipartite
graph matching (BGM), estimating the costs for the assignment problem based
on the vertices assigned to each other and their incident edges. This general
approach can handle continuous labels and has been further refined to yield a
tight lower bound for arbitrary (metric) edit costs, known as Branch [5].

While restricting to vertices and their incident edges allows obtaining lower
bounds for the GED, better approximations can be achieved using larger sub-
structures. Carletti et al. [8] proposed to use neighborhood subgraphs, which are
defined for a vertex v of G as the subgraph induced in G by the vertices with a
shortest-path distance from v of at most h, where h is a radius parameter. The
cost for assigning a node v to a node v′ is obtained by comparing their neigh-
borhood subgraphs using the exact GED with the additional constraint that v
is assigned to v′. However, the exact GED computation leads to a running time
exponential in the size of the subgraphs, drastically increasing the computational
complexity of the method. Gaüzère et al. [12] associate bags of walks Bv with
each vertex v, containing all label sequences (μ(v0), ν(v0v1), μ(v1), . . . , μ(vh))
associated with walks (v0, v1, . . . , vh) of length h starting at the vertex v = v0.
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The cost for assigning v to v′ is obtained by comparing Bv and Bv′ . To avoid
enumerating an exponential number of walks, the assignment cost is estimated
from the hth powers of the adjacency matrices AG, AH and AG×H of G, H and
their direct product graph G × H, respectively. This approach loses local struc-
ture information, as only the labels of the start and end vertices are considered,
omitting intermediate vertices. Moreover, the approximation quality decreases
for walks with five or more vertices due to the phenomenon of tottering [12]. In
Table 1, we compare the theoretical complexity of the methods based on BGM,
closely related to our approach.

GED approximation methods not based on BGM are often multiple orders
of magnitude slower, with only marginal improvements in accuracy [4]. These
methods, such as the LP relaxations of ILP formulations [20], may yield tighter
lower bounds at drastically increased runtime.

Weisfeiler-Leman Based Methods for GED Approximation and Graph Similar-
ity. Our concept of neighborhood trees is inspired by Weisfeiler-Leman unfold-
ing trees. Graph and vertex similarities based on the Weisfeiler-Leman algo-
rithm have been studied extensively in machine learning [21]. Several graph ker-
nels count matching Weisfeiler-Leman colors [19], use them to compute optimal
vertex assignments [18] or define similarities between colors, e.g., by matching
unfolding trees [30]. Kriege et al. [17] proposed a GED approximation based on
finding an optimal vertex assignment regarding a tree metric generated by the
Weisfeiler-Leman algorithm. This approach employs matching Weisfeiler-Leman
colors and implicitly compares the unfolding trees of two vertices level-wise (from
root to leaves), determining similarity as the number of levels up to which the
unfolding trees are isomorphic. This results in a coarse similarity, where vertices
with different labels, but equal neighborhoods are considered less similar than
vertices with the same label and completely different neighborhoods. Although
faster than comparable BGM methods, it is less accurate on some datasets.

Graph neural networks have been used to predict the GED for pairs of
graphs [3]. However, these methods do not yield an edit path and cannot guar-
antee that the result is a lower or upper bound for the GED. A recent method
attempting to learn an edit path [26] suffers from high running time, and from
the fact that datasets annotated with ground-truth GED are rare.

Discussion. Methods for approximating the GED inherently encounter a trade-
off between approximation quality and running time. Among these, algorithms
following the framework of BGM show particular promise in this regard [4].
However, in certain applications, the approximation quality of standard BGM
algorithms is not sufficient. Current approaches using larger substructures [8,12]
rely on computationally expensive cost functions. While this can potentially
negate the advantage of BGM in terms of running time, the time complexity of
these methods has often not been thoroughly analyzed. Therefore, we provide
an analysis here. The method based on subgraphs [8] computes the exact GED
between subgraphs of size Δh, where Δ is the maximum degree and h the radius
parameter. As exact GED algorithms require exponential time for each of the
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|V |2 subgraph pairs, the running for computing the cost matrix time becomes
O(|V |2 exp(Δh)). For the method based on walks [12], the hth power of the
adjacency matrices of both graphs and their product graph is computed. Using
exponentiation by squaring O(log(h)) matrix multiplications are needed, where
the matrix size is n2 × n2 for the product graph of two graphs with n vertices.
From this, all entries of the cost matrix can be derived, leading to a total running
time of O(log(h)|V |2ω), with ω being the exponent of matrix multiplication. The
summarized results are shown in Table 1, providing simplified running times for
the case of input graphs with bounded-degree, which are relevant as the GED is
often applied to compare graphs with bounded degree such as molecular graphs.

While our approach is less efficient in terms of time complexity compared
to standard BGM, it proves to be more efficient or competitive with existing
approaches using larger substructures. In Sect. 5 we demonstrate experimentally
that our method outperforms these state-of-the-art approximation methods in
terms of approximation quality while maintaining computational efficiency, offer-
ing a favorable trade-off.

Table 1. Time complexity of computing the cost matrix C for GED approximations
based on BGM. Here, Δ denotes the maximum degree, h is the radius of the sub-
graphs/walk length and ω is the exponent of matrix multiplication (best algorithms
achieve ω < 2.38, but typically ω ≈ 2.81 in practice [4]). In addition, we consider the
complexity, when Δ is bounded by a constant.

Method General graphs Bounded-degree graphs

BGM [28] O(|V |2Δ3) O(|V |2)
Walk [12] O(log(h)|V |2ω) O(log(h)|V |2ω)

Subgraph [8] O(|V |2 exp(Δh)) O(|V |2 exp(h))
Ours [Theorem 3] O(|V |2|E|2Δ) O(|V |4)

4 Neighborhood Trees for Graph Matching

Accurate approximation of the GED through BGM requires representations of
sufficiently large and complex vertex neighborhoods, which allow the efficient
computation of suitable and expressive distances. We propose to use trees for
representing neighborhoods and use the SDTED between such trees as a cost
function for the assignment. See Fig. 1 and Algorithm 1 for an overview of our
approach. By leveraging the structured nature of rooted trees, we can efficiently
compute distances, leading to significant speed-ups compared to neighborhood
subgraphs. We explore traditional unfolding trees, which rapidly grow in size
with increasing height and store a large amount of redundant information. To
address this issue, we propose k-redundant neighborhood trees, which are equiva-
lent to Weisfeiler-Leman unfolding trees for sufficiently large k while exhibiting
less redundancy for smaller values of k, resulting in more compact representa-
tions. Of particular interest are 0-redundant neighborhood trees, which represent
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Algorithm 1. GED approximation algorithm
function approximateGED(Graph G, Graph H, height h, k)

assert |V (G)| ≥ |V (H)| by swapping G and H if necessary
C ← empty |V (G)| × |V (G)| cost matrix
for each u ∈ V (G) do Tu ← buildNT(G, u, h, k) � for each vertex
for each v ∈ V (H) do Tv ← buildNT(H, v, h, k) � build k-NTs of height h

for each u ∈ V (G) do
for each v ∈ V (H) do

Cu,v ← SDTED(Tu, Tv) � fill cost matrix with SDTED values
for each u ∈ V (G) do � deletion costs for vertices of larger graph

Cu,v ← DeletionCosts(Tu) for v /∈ V (H) � (right part of matrix in Eq. 1)
assignment ← solveAssignment(C)
editpath ← deriveEditPath(assignment)
return computeCost(editpath)

a vertex with its surroundings through a rooted tree of shortest paths up to a
maximum length. By bounding the tree height, the trade-off between more accu-
rate results and faster execution can effectively be controlled.

Fig. 2. Graph G and neighborhood representations (height 2) of upper left vertex.

4.1 Definitions and Properties

A k-redundant neighborhood tree can be derived from the corresponding unfold-
ing tree by removing nodes that occurred more than k levels earlier, along with
their associated subtrees. Here, depth(v) denotes the length of the path from
vertex v to the root, and φ(v) denotes the original vertex in V (G) represented
by v in the unfolding or neighborhood tree.

Definition 1 (k-redundant Neighborhood Tree, k-NT). For k ≥ 0, the
k-redundant neighborhood tree of a vertex v ∈ V (G) with height i, denoted by
T v

i,k, is defined as the subtree of the unfolding tree F v
i induced by the vertices

u ∈ V (F v
i ) satisfying ∀w ∈ V (F v

i ) : φ(u) = φ(w) ⇒ depth(u) ≤ depth(w) + k.

For k ≥ i, the k-NT is equivalent to the Weisfeiler-Leman unfolding tree. We
refer to the 0-NT simply as neighborhood tree (NT), see Fig. 2 for an example.
In the neighborhood tree of a vertex v, the edges connecting two vertices with
the same shortest-path distance to v are not be represented, e.g., the diagonal
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edge between the blue and the green vertex of graph G in Fig. 2. Hence, we also
investigate 1-redundant neighborhood trees (1-NTs), which include such edges.
Note that of course, only edges in the same connected component as the vertex
can be present in a neighborhood tree.

A k-NT may contain multiple instances of the same vertex. Two vertices u
and v with φ(u) = φ(v) and depth(u) = depth(v) are duplicates of a vertex on
the same level, and following the definition, the subtrees rooted at u and v are
isomorphic. This means, the tree contains duplicate subtrees increasing its size
without providing additional information. Therefore, we propose a compressed
neighborhood tree (cNT) to avoid this redundancy. Given two vertices u and v on
the same level of a rooted tree T , by merging u onto v we refer to the operation
that adds the edge p(u)v to T and deletes the subtree rooted at u. When merging
two vertices, we assume that no vertices with lower depth can be merged.

Definition 2 (Compressed k-Redundant Neighborhood Tree, cNT).
The compressed neighborhood tree Rv

i,k of v ∈ V (G) is the reduction of T v
i,k

obtained by merging vertices u onto vertices w whenever φ(u) = φ(w) and
depth(u) = depth(w).

The rooted subtrees of two vertices that are merged are isomorphic leading to a
well-defined compressed neighborhood tree independent of the merging order of
vertices at the same level. Size and height of a cNT are bounded as follows.

Theorem 1. The cNT of a k-redundant neighborhood tree rooted at any vertex
of a connected graph G has size at most O(|E(G)| · (k + 1)) and height at most
diam(G) + k, where diam(G) is the diameter of G.

Proof. A cNT Rv
∞,0 rooted at vertex v ∈ V (G) includes all shortest paths from

v to any vertex u with length at most diam(G). As the parameter k in k-NTs
allows for up to k repetitions of vertices in subsequent layers, at most k layers are
added to the compressed k-NT through repetition of the vertex w ∈ V (G) where
∀u ∈ V (G) : depth(u) ≤ depth(w). Thereby, the maximum height is bounded
by diam(G) + k. Since no vertex can occur multiple times in a layer due to
compression and a vertex can only occur in 1+k consecutive layers, we can infer
an upper bound on the size of any compressed k-NT. Any vertex u ∈ V (G) can
occur at most k+1 times together with its incident edges. As |E(G)| ≥ |V (G)|+1
since G is connected, the size of any Rv

i,k is bounded by O(|E(G)| · (k + 1)).

Theorem 1 holds for connected graphs. If G consists of multiple connected com-
ponents, each can be processed independently and the theorem applies for each
component. Restricting the maximum height reduces the tree size further by
pruning deeper levels.

4.2 Creating Compressed Neighborhood Trees

The compressed k-redundant neighborhood tree Rv
i,k can be created directly,

which is more efficient than deriving it from the full tree. Algorithm 2 shows how
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Algorithm 2. Creation of compressed k-NT (cNT)
function buildNT(Graph G, vertex w, height h, k)

T ← cTree(w) � initialize cNT with root w
D ← empty dictionary � initialize depth dictionary
D(w) ← 0
for i ← 1, . . . , h do

F ← empty dictionary � initialize found dictionary
for each v ∈ L(T ) do

for each u ∈ N(φ(v)) do
if u not in D then � new vertex

D(u) ← i

if D(u) + k ≥ i then
if u not in F then � new on this depth

add new vertex c to V (T )
φ(c) ← u
F (u) ← c

add new edge vF (u) to E(T )

return T

to generate compressed trees according to Definitions 1 and 2 with a maximum
height h. The maximum height is naturally bounded by the diameter of G. Hence,
we set the parameter h to min{h,diam(G) + k} and assume h ≤ diam(G) + k
when the algorithm is applied. For the creation of a tree the chosen vertex is
set as its root and then the neighborhood of this vertex is explored level-wise
in a breadth-first search fashion. We build the cNT by keeping track of the first
level at which a vertex v was found through D(v), and whether a vertex was
already found at the current level through F (v). Then a corresponding vertex has
already been created and only the missing edge is inserted. This continues until
the maximum height h is reached. With these techniques Algorithm 2 constructs
a compressed neighborhood tree of a given vertex in time O(|E(G)| · (k + 1)).

4.3 Neighborhood Tree Edit Distance

We compare (compressed) neighborhood trees using the SDTED to obtain a
distance between vertex pairs. Vertices further away should have a smaller influ-
ence on the similarity of two vertices than the vertices themselves or their direct
neighbors. Therefore, we introduce a sequence of weights λ = (λ1, λ2, . . . ), where
λi controls the contribution of the ith level of the neighborhood tree, multiply-
ing the edit costs of the nodes at depth i by λi. We propose setting λi = wi

for 0 ≤ w ≤ 1, where w controls the influence of vertices with increasing depth.
Choosing w = 1 yields the unweighted case, while w < 1 reduces the influence
of vertices further away.

The SDTED can be computed recursively starting from the root vertices and
solving optimal assignments between their children, where the cost for matching
two children depends on the SDTED of their subtrees. Schulz et al. [30] used this
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approach with memoization to obtain a runtime of O(nn′hΔ3) for two unfolding
trees with n and n′ vertices, height h and a maximum degree of Δ. We improve
this by using techniques for efficient tree matching and refining the analysis.

Theorem 2. The SDTED of two trees with n and n′ vertices and maximum
degree Δ can be computed in O(nn′Δ) time.

Proof. Consider two trees T = (V,E), T ′ = (V,E′) with n and n′ vertices,
respectively. For each pair of vertices (i, j) ∈ V × V ′ with depth(i) = depth(j),
a linear assignment problem has to be solved. Let ni and nj denote the number
of children of i and j, respectively. Introducing placeholder vertices for insertion
and deletion leads to a squared cost matrix with ni + nj rows and columns [30].
However, we can find an equivalent solution using the reduction of Bougleux
et al. [7] resulting in an ni × nj cost matrix C. The resulting problems can be
solved by maximum weight matching algorithms for unbalanced bipartite graphs
in time O(ms + s2 log s), where m is the number of edges, i.e., non-zero entries
in C, and s the smaller vertex set [27]. We obtain an upper bound of O(ninjΔ),
since m ≤ ninj and s = min{ni, nj} ≤ Δ. This leads to a total running time of

∑
i∈V

∑
j∈V ′

O(ninjΔ) = O

⎛
⎝∑

i∈V

ni

∑
j∈V ′

njΔ

⎞
⎠ = O(nn′Δ).

For integral edit costs bounded by K, the costs in all assignment problems are
bounded by C = K(n+n′). Using the bipartite matching algorithm by Goldberg
et al. [13] we obtain a total running time of O(nn′√Δ log(ΔC)).

4.4 Deriving an Edit Path

We obtain a cost matrix for computing a minimum assignment between the
vertices of the two graphs, based on the SDTED between their neighborhood
trees. From the assignment an upper bound for the GED is derived yielding
our approximation. For this, we follow the methodology described in the initial
publication using bipartite graph matching [28], also see Sect. 2. The mapping
obtained from the vertex assignment via their neighborhood trees represents a
suboptimal edit path. As the overall path derived from this assignment is not
guaranteed to be optimal, the cost of the derived path must be greater or equal
to the cost of an optimal one. Therefore, our approximation, just like BGM, is
an upper bound for the GED.

4.5 Theoretical Complexity

We investigate the theoretical complexity of our approach, which is dominated
by the time needed for creating the cost matrix C.

Theorem 3. Given two graphs with n and n′ vertices, m and m′ edges, and
maximum degree Δ, the running time for computing the cost matrix C based on
the SDTED for cNTs with constant k is O(nn′mm′Δ).
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Proof. For each entry of the cost matrix the SDTED between two cNTs is com-
puted. According to Theorem 1 the size of the cNTs is bounded by O(m) and
O(m′), respectively. This leads to a running time of O(mm′Δ) for SDTED com-
putation with Theorem 2. Since the cost matrix has n · n′ entries, the total
running time is O(nn′mm′Δ).

In bounded-degree graphs, where Δ is constant and the number of edges is a
constant multiple of the number of vertices, the running time is O((nn′)2).

Table 1 compares the theoretical complexity of commonly used approxima-
tions for the GED based on the bipartite graph matching method. Only the cost
to compute the cost matrix C is shown, as the subsequent steps (computing the
assignment and deriving the edit path from it) do not differ between the meth-
ods. While BGM is theoretically the fastest, the substructure captured in the
cost is not sufficient for good approximation quality in some cases. With increas-
ing radius, Subgraph is much slower than the other approaches, as computing the
exact GED between the subgraphs is computationally complex. Compared to the
Walk method, our approach promises to be more efficient for graphs of bounded
degree. We investigate the empirical runtime of these methods in Sect. 5.

4.6 Optimization Strategies

We describe implementation details and techniques to speed up the computation
in practice. The most significant acceleration is achieved by storing and reusing
the results of SDTED computations for neighborhood trees and subtrees. To
this end, we use canonical string encodings of trees, which are equal for two
trees if and only if the trees are isomorphic. While no polynomial-time algo-
rithm is known for the graph canonization problem [15], canonical encodings of
unlabeled trees can be computed in linear-time by classical algorithms [2], which
sort siblings level-wise in a bottom-up fashion. While for unlabeled graphs sort-
ing can be realized in linear-time using bucket sort, for arbitrary label alphabets
O(n log n) time is required to order the tree unambiguously. From this, a string
encoding is derived via tree traversal serving as a unique identifier. Here, this
technique is used for accessing a hash-based data structure storing the SDTED
between trees by using tuples of canonical encodings as key.

We implemented the tree canonization such that it generates canonical encod-
ings of all subtrees as a byproduct, which are also cached in the same way. This
means that, not only the encodings of subtrees can be reused for computing the
encoding of all parents, but also the repeated computation of SDTED between
subtrees can be avoided. Since Weisfeiler-Leman unfolding trees have a highly
repetitive structure, they are expected to greatly benefit from caching.

5 Experimental Evaluation

We compare our proposed technique to state-of-the-art approaches regarding
approximation quality and runtime. We address the following research questions:
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Q1 How tight are the upper bounds of our method compared to state-of-the-art?
Q2 How do our bounds perform when taking the trade-off between bound qual-

ity and runtime into account?
Q3 How much of a speed-up is gained by our caching strategy?

Fig. 3. Average relative approximation error of newly proposed (bold) and state-of-the
art methods regarding the exact GED on the different datasets.

Methods. We compare our approach to the state-of-the-art bipartite graph
matching methods BGM [28], its extensions using bags of walks (denoted by
Walks or W ) [12] and subgraphs (denoted by Subgraph or SG) [8]. The competi-
tors employ the same framework as our approach, but offer different trade-offs
between quality and running time. Other approximation algorithms are typically
orders of magnitude slower. In addition, we used the state-of-the-art exact GED
method BSS_GED [9]. For our method, we compare the assignments under the
SDTED using traditional unfolding trees WL and neighborhood trees, investi-
gating both 0-NTs (NT ) and 1-NTs (1-NT ), and varying the height parameter
for all trees. We employ the optimizations described in Sect. 4.6 and apply com-
pression to all trees generated. The parameter w to weight down the edit costs
of distant nodes in the SDTED computation, was set to 0.5 for all datasets,
yielding promising results in preliminary experiments. Since the exact approach
can handle uniform edit costs only, we use these in our experiments.

Implementation. We implemented our methods, as well as BGM and its exten-
sions, in Java1, following the implementations presented by the authors. We
used the C++ implementation of BSS_GED provided by the authors. All exper-
iments were conducted on an Intel Xeon Gold 6130 machine at 2.1GHz with 96
GB RAM. We report average execution time over 5 runs.

Datasets. We tested all methods on a wide range of real-world datasets from the
TUDataset [22]. These datasets are widely used for graph similarity computation
and have discrete vertex and edge labels. Attributes, if present, were removed
1 Our implementation is available at https://github.com/frareba/NeighborhoodTrees.

A.3 Approximating the Graph Edit Distance with Compact Neighborhood Representations

97



Approximating the GED with Compact Neighborhood Representations 313

Fig. 4. Approximated GED of NT_10 in comparison to state-of-the-art methods on
Protein Com and MSRC_9. Methods are denoted with variant_parameter.

prior to the experiments since not all methods support them. Additionally, we
sampled 1000 graphs from the dataset Protein Com [35].

Results. Q1: Bound Quality. Tight bounds are crucial, particularly when the
exact GED is small. In this section, we compare our new approaches with state-
of-the-art bipartite graph matching. We first investigate how many iterations are
needed for the different tree structures to achieve the best accuracy.

For a dataset D = {G1, G2, . . . , GN} we select n = 100 pairs (Gi, Gj) with i �=
j uniformly at random to obtain a set P = {(G1,H1), (G2,H2), . . . , (Gn,Hn)} ⊆
D2. For each pair we compute the exact GED di = GED(Gi,Hi) and the result
of the approximation method d̂i. We consider the average relative error for this
set of pairs, i.e., R = 1

n

∑n
i=1

|di−d̂i|
di

. The average relative error of the differ-
ent methods is shown in Fig. 3. Since BGM does not have any parameter to
adjust the tree height, walk length or subgraph radius, the approximation error
is constant and is used as a baseline. While our methods gain a huge advan-
tage initially in all datasets, the approximations do not get much better after
a certain tree height. An explanation for this is that many graphs are already
fully explored by NTs of small height. The Walk method performed sometimes
worse and sometimes better than the baseline BGM, while always performing
worse than our approach. Additionally, the accuracy varies unpredictably with
increasing walk length, often even leading to degraded accuracy. The Subgraph
method could only be tested with a subgraph radius of 1 and 2 due to the huge
increase in runtime (see Fig. 5). The results were comparable to or worse than
our method. It can be seen, that 1-NTs are only slightly better than 0-NTs in
some cases, and that the performance of WL is also comparable to NT.
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We compare NT with height 10 directly to the state-of-the-art methods on an
instance level in Fig. 4. Points below the gray line indicate a better approximation
by our approach. Since almost all points are below this line, we can conclude,
that our method performs generally better, even on datasets with larger graphs.
Especially, when the (approximated) distance is small, NT performs much better
in many cases. A high accuracy for small distances is very important, e.g., in
k-nearest neighbors search, which is commonly used in data mining tasks such
as k-nn classification.

Fig. 5. Average time for computing the distance of two graphs (proposed in bold).

Q2: Runtime. There is typically a trade-off between runtime and accuracy. In
this section, we evaluate our proposed approaches in terms of runtime. Figure 5
shows the average runtime for computing the distance between two graphs using
the different methods. Exact computation is much slower than most approxima-
tions and shown as a baseline (for the datasets MSRC_9 and NCI1 no values are
given, since the graphs are already too large for this method). Given that BGM
only computes one larger assignment (along with a small assignment for each
vertex pair), it is expected to be faster than our proposed methods. In practice,
the runtime difference between BGM and NT/1-NT is quite small, while our
WL variant is much slower. Since the unfolding trees in the WL variant contain
many redundant vertices and grow fast in size with increasing height, this aligns
with our expectations. For MSRC_9 and NCI1 the WL variant is slightly faster
than NT/1-NT for lower heights h. This can be explained by the impact of our
caching strategy, since unfolding trees contain many isomorphic subtrees allowing
to skip SDTED computation whenever they reoccur. The plateauing of runtime
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for NT and 1-NT can be explained by the bounded size of neighborhood trees.
Once every edge in the graph is explored, the tree ceases to grow. However, Sub-
graph becomes very slow with increasing subgraph radius, to the extend where
exact GED computation is faster than the approximate method. Consequently,
we did not test subgraph radii of 3 and larger. The runtime of Walk varies a lot
between the datasets relative to the other methods. Seemingly, Walk is fastest
when the number of distinct labels is large, due to the small number of matching
node pairs in the method’s product graph. While Walk was the fastest method
other than BGM for the Protein Com dataset, it is important to note, that it
performed worse than the baseline BGM. Interestingly, 1-NT performs much
worse on dataset MSRC_9 than NT, while on the other datasets, there was not
much of a difference between them. This could be due to the higher average
vertex degree in this dataset, since 1-NT allows for some redundancy in the tree
(by allowing vertices to appear in two consecutive levels). Given the minimal
accuracy gain from using 1-NT over NT, suggests that 0-NTs are sufficient for
representing the neighborhood of a vertex accurately and efficiently.

Q3: Caching. We evaluate the speed-up in runtime gained by our caching strat-
egy for the different tree variants. For a fair comparison, the cached values are
not stored for the whole dataset, but only during pairwise computation. Keeping
the values for all or multiple computations may provide additional speed-up at
the cost of memory, whenever subtree pairs reoccur for different graph pairs.
Figure 6 shows the average runtime for computing our approximations with and
without using our caching strategy and varying tree height. Since the runtime
for the uncached WL increased very quickly with larger height, only values up
to a tree height of 5 are given. On almost all datasets we can see a huge runtime
benefit for all methods. Because the size of the WL trees is not limited by the
graph size and grows quickly, WL benefits the most from caching. The other
methods benefit more on datasets with higher average degree or larger diame-
ter. A reason for this might be the higher number of redundant computations
occurring in these graphs, which can be avoided by our caching strategy.

Fig. 6. Average time for computing the distance with/without caching.
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Discussion. While our method provides tighter bounds for the GED, it is only
slightly slower than state-of-the-art BGM. Especially for graphs with small diam-
eter, a small tree height is often sufficient. In contrast to bags of walks, where
large walk lengths can decrease the accuracy due to “tottering” [12], the accu-
racy of our method increases with larger tree height. This indicates, that a good
choice for the tree height can easily be found, as it trades accuracy for runtime.

6 Conclusions

We introduced a new approximation for the GED based on bipartite graph
matching. Using neighborhood trees and their SDTED for vertex assignment, our
approach takes complex structural information around the vertices into account,
without performing expensive exact GED computations for local subgraphs. As
our trees can be limited in height, an individual trade-off between runtime and
accuracy can be achieved. We analyzed the running time of the SDTED compu-
tation and improved it to O(n2Δ) for two trees with n vertices and maximum
degree Δ. We proposed to accelerate it, using compact compressed tree represen-
tations and tree canonization to avoid redundant computations. Experimentally
we showed that our method is only slightly slower than standard bipartite graph
matching, while providing great benefits regarding approximation accuracy.

Future work involves investigating other applications, such as database
search, where globally storing SDTEDs seems promising, or molecular graphs for
structure-based virtual screening [11], where the improved approximation qual-
ity with little overhead could be especially beneficial with larger molecules [31].
The Weisfeiler-Leman algorithm is fundamental for graph learning methods such
as graph kernels and GNNs [21]. Replacing unfolding trees with compact neigh-
borhood trees holds potential across many applications in this domain.

Acknowledgments. This work was supported by the Vienna Science and Technology
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Abstract
The classical Weisfeiler-Leman algorithm aka color refinement is fundamental
for graph learning with kernels and neural networks. Originally developed for
graph isomorphism testing, the algorithm iteratively refines vertex colors. On many
datasets, the stable coloring is reached after a few iterations and the optimal number
of iterations for machine learning tasks is typically even lower. This suggests that
the colors diverge too fast, defining a similarity that is too coarse. We generalize
the concept of color refinement and propose a framework for gradual neighborhood
refinement, which allows a slower convergence to the stable coloring and thus
provides a more fine-grained refinement hierarchy and vertex similarity. We assign
new colors by clustering vertex neighborhoods, replacing the original injective
color assignment function. Our approach is used to derive new variants of existing
graph kernels and to approximate the graph edit distance via optimal assignments
regarding vertex similarity. We show that in both tasks, our method outperforms the
original color refinement with only a moderate increase in running time advancing
the state of the art.

1 Introduction
The (1-dimensional) Weisfeiler-Leman algorithm, also referred to as color refinement, iteratively
refines vertex colors by encoding colors of neighbors and was originally developed as a heuristic for
the graph isomorphism problem. Although it cannot distinguish some non-isomorphic graph pairs,
for example strongly regular graphs, it succeeds in many cases. It is widely used as a sub-routine
in isomorphism algorithms today to reduce ambiguities that have to be resolved by backtracking
search [1]. It has also gained high popularity in graph learning, where the technique is used to
define graph kernels [2–5] and to formalize the expressivity of graph neural networks, see the recent
surveys [6, 7]. Graph kernels based on Weisfeiler-Leman refinement provide remarkable predictive
performance while being computationally highly efficient. The original Weisfeiler-Leman subtree
kernel [2] and its variants and extensions, e.g., [3–5], provide state-of-the-art classification accuracy
on many datasets and are widely used baselines. The update scheme of the Weisfeiler-Leman
algorithm is similar to the idea of neighborhood aggregation in graph neural networks (GNNs). It has
been shown that (i) the expressive power of GNNs is limited by the Weisfeiler-Leman algorithm, and
(ii) that GNN architectures exist that reach this expressive power [8, 9].

As a consequence of its original application, the Weisfeiler-Leman algorithm assigns discrete colors
and does not distinguish minor and major differences in vertex neighborhoods. Most Weisfeiler-
Leman graph kernels match vertex colors of the first few refinement steps by equality, which can be
considered too rigid, since these colors encode complex neighborhood structures. In machine learning
tasks, a more fine-grained differentiation appears promising. Real-world data is often noisy leading
to small differences in vertex degree. Such differences get picked up by the refinement strategy of the
Weisfeiler-Leman algorithm and cannot be distinguished from significant differences.

We address this problem by providing a different approach to the refinement step of the Weisfeiler-
Leman algorithm: We replace the injective relabeling function with a non-injective one to gain a more

F. Bause et al., Gradual Weisfeiler-Leman: Slow and Steady Wins the Race. Proceedings of the First Learning
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gradual refinement of colors. This allows obtaining a finer vertex similarity measure, distinguishing
between large and small changes in vertex neighborhoods with increasing radius. We characterize
the set of functions that, while not necessarily injective, guarantee that the stable coloring of the
original Weisfeiler-Leman algorithm is reached after a possibly higher number of iterations. Thus, our
approach preserves the expressive power of the Weisfeiler-Leman algorithm. We discuss a realization
of such a function and use k-means clustering in our experimental evaluation as an exemplary one.

Our Contribution.

1. We propose refining, neighborhood preserving (renep) functions, which generalize the concept
of color refinement. This family of functions leads to the coarsest stable coloring while only
incorporating direct neighborhoods.

2. We show the connections of our approach to the original Weisfeiler-Leman algorithm, as well as
other vertex refinement strategies.

3. We propose two new graph kernels based on renep functions, which outperform state-of-the-art
kernels on synthetic and real-world datasets, with only a moderate increase in running time.

4. We apply our new approach for approximating the graph edit distance via bipartite graph
matching and show that it outperforms state-of-the-art heuristics.

2 Related Work
Various graph kernels based on Weisfeiler-Leman refinement have been proposed [2–5, 10]. Recent
comprehensive experimental evaluations confirm their high classification accuracy on many real-
world datasets [11, 12]. In both studies, the classical Weisfeiler-Leman subtree kernel [2] is shown
to provide a competitive baseline. Variants based on optimal assignments [5, 10] improve the
classification accuracy on some datasets and achieve excellent results overall.

Most Weisfeiler-Leman based approaches implicitly match colors by equality, which can be consid-
ered too rigid, since colors encode unfolding trees representing complex neighborhood structures.
Some recent works address this problem: Yanardag and Vishwanathan [13] introduced similarities
between colors using techniques inspired by natural language processing, which were subsequently
refined by Narayanan et al. [14]. Schulz et al. [15] define a distance function between colors by
comparing the associated unfolding trees using a tree edit distance. Based on this distance, the
colors are clustered to obtain a new graph kernel. Although the tree edit distance is polynomial-time
computable, the running time of the algorithm is very high. A kernel based on the Wasserstein
distance of sets of unfolding trees was proposed by Fang et al. [16]. The vertices of the graphs are
embedded into `1 space using an approximation of the tree edit distance between their unfolding
trees. A graph can then be seen as a distribution over those embeddings. While the function proposed
is not guaranteed to be positive semidefinite, the method showed results similar to and, in some cases,
exceeding state-of-the-art techniques. The running time, however, is still very high and the method
is only feasible for unfolding trees of small height. These approaches define similarities between
Weisfeiler-Leman colors and the associated unfolding trees. Our approach, in contrast, alters the
Weisfeiler-Leman refinement procedure itself and does not rely on the computationally expensive
matching of unfolding trees.

Some graph kernels use a neighborhood aggregation scheme similar in spirit to the Weisfeiler-Leman
algorithm with a non-injective relabeling function. The neighborhood hash kernel [17] represents
labels by bit-vectors and uses logical operations and hashing to encode neighborhoods efficiently.
Shervashidze [18, Section 3.7.3.2] proposed to compress neighborhood label histograms using locality
sensitive hashing allowing collisions of similar neighborhoods. Propagation kernels [19] provide a
generic framework to obtain graph kernels from (neighborhood) propagation schemes by comparing
label distributions after every propagation step. In contrast to these methods, our approach uses
a data-dependent non-injective relabel function and guarantees that the expressive power of the
Weisfeiler-Leman algorithm is reached.

Several authors proposed techniques supporting graphs with continuous attributes directly based on
or inspired by the Weisfeiler-Leman algorithm. Propagation kernels were adapted to this setting by
using a hash function to map continuous attributes to discrete labels [19]. The hash graph kernel
framework [20] repeatedly performs such a discretization using random hash functions, applies a
kernel for graphs with discrete labels to each resulting graph and combines their feature vectors. It
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obtains high classification accuracies when combined with the Weisfeiler-Leman subtree kernel. The
Wasserstein Weisfeiler-Leman graph kernel [3] establishes node matchings similar to the Weisfeiler-
Leman optimal assignment kernel [5, 7]. The authors support continuous attributes by replacing
discrete colors with real-valued vectors without guaranteeing that the resulting function is positive
semidefinite. Finally, graph neural networks can be viewed as a neural version of the Weisfeiler-
Leman algorithm, where continuous feature vectors replace colors, and neural networks are used to
aggregate over local node neighborhoods [7–9]. None of these methods explicitly aims to slow down
the Weisfeiler-Leman refinement process.

3 Preliminaries
In this section we provide the definitions necessary to understand our new vertex refinement algorithm.
We first give a short introduction to graphs and the original Weisfeiler-Leman algorithm, before we
cover graph kernels.

Graph Theory. A graph G = (V,E, µ, ν) consists of a set of vertices V , denoted by V (G), a set
of edges E(G) = E ⊆

(
V
2

)
between the vertices, a labeling function for the vertices µ : V → L, and

a labeling function for the edges ν : E → L. The set L contains categorical labels, which can be
represented as natural numbers. We discuss only undirected graphs and denote an edge between u and
v by uv. The set of neighbors of a vertex v ∈ V is denoted by N(v) = {u | uv ∈ E}. A (rooted) tree
T is a simple (no self-loops or multi-edges), connected graph without cycles and with a designated
node r called root. A tree T ′ is a subtree of a tree T , denoted by T ′ ⊆ T , iff V (T ′) ⊆ V (T ). The
root of T ′ is the node closest to the root in T .

A vertex coloring c : V (G) → N0 of a graph G is a function assigning each vertex a color. For
vertices with c(u) = c(v) we also write u ≈c v. A coloring π on a set S is a refinement of (or refines)
a coloring π′, iff s1 ≈π s2 ⇒ s1 ≈π′ s2 for all s1, s2 in S. We denote this by π 4 π′ and write
π ≡ π′ if π 4 π′ and π′ 4 π. If π 4 π′ and π 6≡ π′, we say that π is a strict refinement of π′, written
π ≺ π′. The refinement relation defines a partial ordering on the colorings.

Color Hierarchy. We consider a sequence of vertex colorings (π0, π1, . . . , πh) with πh 4 · · · 4 π0
and assume that for i 6= j the colors assigned by πi and πj are distinct. We can interpret such a
sequence of colorings as a color hierarchy, i.e., a tree Th that contains a node for each color c ∈
{πi(v) | i ∈ {0, . . . , h} ∧ v ∈ V (G)} and an edge (c, d) iff ∃v ∈ V (G) : πi(v) = c ∧ πi+1(v) = d.
We associate each tree node with the set of vertices of G having that color.1 Here, we assume that
the initial coloring is uniform. If this is not the case, we add an artificial root node and connect it to
the initial colors. Likewise we insert the coloring π0 =

{
V (G)

}
as first element in the sequence of

vertex colorings. An example color hierarchy is given in Figure 1.

Using this color hierarchy we can derive multiple colorings on the vertices: Choosing exactly one
color on every path from the leaves to the root (or only the root), always leads to a valid coloring. The
finest coloring is induced by the colors representing the leaves of the tree. Given a color hierarchy T ,
we denote this coloring (which is equal to πh) by πT .

Weisfeiler-Leman Color Refinement. The 1-dimensional Weisfeiler-Leman (WL) algorithm or
color refinement [21, 22] starts with a coloring c0, where all vertices have a color representing their
label (or a uniform coloring in case of unlabeled vertices). In iteration i, the coloring ci is obtained
by assigning each vertex v in V (G) a new color according to the colors of its neighbors, i.e.,

ci+1(v) = z
(
ci(v), {{ci(u) | u ∈ N(v)}}

)
,

where z : N0×NN0
0 → N0 is an injective function. Figure 1 depicts the first iterations of the algorithm

for an example graph.

After enough iterations the number of different colors will no longer change and this resulting coloring
is called the coarsest stable coloring. The coarsest stable coloring is unique and always reached after
at most

∣∣V (G)
∣∣− 1 iterations. This trivial upper bound on the number of iterations is tight [23]. In

practice, however, Weisfeiler-Leman refinement converges much faster (see Appendix C).
1Here, we consider a color hierarchy for a single graph. However, given corresponding colorings on a set of

graphs, a color hierarchy can be generated in the same way. In an inductive setting, where no fixed set of graphs
is given, the color hierarchy contains all colors, that can be produced by the corresponding coloring algorithm.
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(a) Initial colors (b) Iteration 1 (c) Iteration 2 (d) Iteration 3 (e) Hierarchy

Figure 1: Initial coloring and results of the first three iterations of the Weisfeiler-Leman algorithm.
To use less colors for this example, vertices with a unique color do not get a new color. The color
hierarchy shows the development of the colors over the refinement iterations.

Graph Kernels and the Weisfeiler-Leman Subtree Kernel. A kernel on X is a function k : X ×
X → R, so that there exist a Hilbert spaceH and a mapping φ : X → H with k(x, y) = 〈φ(x), φ(y)〉
for all x, y in X , where 〈·, ·〉 is the inner product ofH. A graph kernel is a kernel on graphs, i.e., X
is the set of all graphs.

The Weisfeiler-Leman subtree kernel [2] with height h is defined as

khST (G1, G2) =
h∑
i=0

∑
u∈V (G1)

∑
v∈V (G2)

δ(ci(u), ci(v)), (1)

where δ is the Dirac kernel (1, iff ci(u) and ci(v) are equal, and 0 otherwise). It counts the number of
vertices with common colors in the two graphs up to the given bound on the number of Weisfeiler-
Leman iterations.

4 Gradual Weisfeiler-Leman Refinement
As a different approach to the refinement step of the Weisfeiler-Leman algorithm, we essentially
replace the injective relabeling function with a non-injective one. We do this by allowing vertices
with differing neighbor color multisets to be assigned the same color under some conditions. Through
this, the number of colors per iteration can be limited, allowing to obtain a more gradual refinement
of colors. To reach the same stable coloring as the original Weisfeiler-Leman algorithm, the function
has to assure that vertices with differing colors in one iteration will get differing colors in future
iterations and that in each iteration at least one color is split up, if possible.

We first define the property necessary to reach the stable coloring of the original Weisfeiler-Leman
algorithm and discuss connections to the original as well as other vertex refinement algorithms. Then
we provide a realization of such a function by means of clustering, which is used in our experimental
evaluation. Figure 2 illustrates our idea. It depicts the initial coloring, the result of the first iteration
of WL and a possible result of the first iteration of the gradual Weisfeiler-Leman refinement (GWL),
when restricting the maximum number of new colors to two by clustering the neighbor color multisets.

Update Functions. Using the same approach as the Weisfeiler-Leman algorithm, the color of a
vertex is updated iteratively according to the colors of its neighbors. Let Ti denote a color hierarchy
belonging to G and ni(v) = {{πTi(x) | x ∈ N(v)}} the neighbor color multiset of v in iteration i.
We use a similar update strategy, but generalize it using a special type of function:

∀v ∈ V (G) : ci+1(v) = πTi+1
(v),with Ti+1 = f(G, Ti),

where f is a refining, neighborhood preserving function.

A refining, neighborhood preserving (renep) function f maps a pair (G, Ti) to a tree Ti+1, such that
Condition 1. Ti ⊆ Ti+1

Condition 2. Ti = Ti+1, iff ∀v, w ∈ V (G) : v ≈πTi
w ⇒ ni(v) = ni(w)

Condition 3. Ti ( Ti+1 ⇒ πTi+1
≺ πTi

Condition 4. ∀v, w ∈ V (G) : (v ≈πTi
w ∧ ni(v) = ni(w))⇒ v ≈πTi+1

w

The conditions assure, that the coloring πTi+1 is a strict refinement of πTi , if there exists a strict
refinement: Condition 1 assures that the new coloring is a refinement of the old one. Condition 2
assures that the tree (and in turn the coloring) only stays the same, iff the stable coloring is reached,
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(a) Initial colors
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(b) Neighbor colors (c) Result of WL (d) Result of GWL (e) Color hierarchy

Figure 2: Initial coloring and results of the first iteration using WL and GWL refinement. We assume
that the update function of GWL is a clustering algorithm, producing two clusters per old color.
Vertices colored gray and yellow by WL are put into the same cluster, as well as green and light blue
ones, as their neighbor color multisets only differ by one element each.

while Condition 3 assures that, if the trees are not equal, πTi+1
is a strict refinement of πTi . Without

this condition it would be possible to obtain a tree, that fulfills Condition 1 but does not strictly refine
the coloring (for example by adding one child to each leaf). Condition 4 assures that vertices, that are
indistinguishable regarding their color and their neighbor color multiset, get the same color (as in the
original Weisfeiler-Leman algorithm).

We call this new approach gradual Weisfeiler-Leman refinement (GWL refinement). Since f is a
renep function, it is assured that at least one color is split into at least two new colors, if the stable
coloring is not yet reached. This property and its implications are explored in the following section.

Usually, the refinement is computed simultaneously for multiple graphs. This can be realized by using
the disjoint union of all graphs as input. Note that this will have an influence on the function f , since
refinements might differ based on the vertices involved. This is a typical case of transductive learning,
because the algorithm has to run on all graphs and if a new graph is encountered, the algorithm has to
run again on the enlarged graph. To counteract this, one could only run the algorithm on the training
set and keep track of the coloring choices. Then for new graphs, the vertices are colored with the
most similar colors.

4.1 Equivalence of the Stable Colorings

The gradual color refinement will never assign two vertices the same color, if their colors differed in
the previous iteration, since we require the coloring to be a refinement of the previous one. We can
show that the stable coloring obtained by GWL refinement using any renep function is equal to the
unique coarsest stable coloring, which is obtained by the original Weisfeiler-Leman algorithm.
Theorem 5 ([24], Proposition 3). For every coloring π of V (G), there is a unique coarsest stable
coloring p that refines π.

This means GWL with any renep function, should it reach a coarsest stable coloring, will reach this
unique coarsest stable coloring. It remains to show that GWL will reach a coarsest stable coloring.
Theorem 6. For all G the GWL refinement using any renep function will find the unique coarsest
stable coloring of V (G).

Proof. Let πT = {p1, . . . , pn} be the stable coloring obtained from GWL on the initial coloring
π0. Assume there exists another stable coloring π′ = {p′1, . . . , p′m} with πT ≺ π′ 4 π0, so m < n.
Then ∃v, w ∈ V (G) : (v ≈π′ w ∧ v 6≈πT w) and since Condition 4 applies n(v) 6= n(w), which
contradicts the assumption that π′ is stable.

The original Weisfeiler-Leman refinement can be realized by using the renep function with⇔ instead
of⇒ in Condition 4. This ensures that vertices get assigned the same color, iff they previously had
the same color and their neighborhood color multisets do not differ. Since this procedure splits all
colors, that can be split up, it is the fastest converging possible renep function (because only direct
neighborhood is considered). A trivial upper bound for the maximum number of Weisfeiler-Leman
iterations needed is

∣∣V (G)
∣∣−1 and there are infinitely many graphs on which this number of iterations

is required for convergence [23]. We obtain the same upper bound for GWL.
Theorem 7. The maximum number of iterations needed to reach the stable coloring using GWL
refinement is

∣∣V (G)
∣∣− 1.
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Proof. The function we consider is a renep function. It follows that, prior to reaching the stable
coloring, at least one color is split into at least two new colors in every iteration. Since vertices that
had different colors at any step will also have different colors in the following iterations, the number
of colors increases in every step. Hence, after at most

∣∣V (G)
∣∣ − 1 steps, each vertex has a unique

color, which is a stable coloring.

Sequential Weisfeiler-Leman. For optimizing the running time of the Weisfeiler-Leman algorithm,
sequential refinement strategies have been proposed [24–26], which lead to the same stable coloring
as the original WL. Our presentation follows Berkholz et al. [24], who provide implementation
details and a thorough complexity analysis. Sequential WL manages a stack containing the colors
that still have to be processed. All initial colors are added to this stack. In each step, the next
color c from the stack is used to refine the current coloring π (and generate a new coloring π′)
using the following update strategy: ∀v, w ∈ V (G) : v ≈π′ w ⇔

∣∣{{x | x ∈ N(v) ∧ π(x) = c}}
∣∣ =∣∣{{x | x ∈ N(w) ∧ π(x) = c}}

∣∣ ∧ v ≈π w. Note that π′ ≺ π is not guaranteed. For colors that are
split, all new colors are added to the stack with exception of the largest color class. This is shown to
be sufficient for generating the coarsest stable coloring [24].

Sequential Weisfeiler-Leman can be realized by our GWL with the restriction, that in sequential
WL, some refinement operations might not produce strict refinements. We need to skip these in our
approach (since renep functions have to produce strict refinements as long as the coloring is not stable).
The renep function has to fulfill ∀v, w ∈ V (G) : v ≈πTi+1

w ⇔
∣∣{{x | x ∈ N(v) ∧ πTi(x) = c}}

∣∣ =∣∣{{x | x ∈ N(w) ∧ πTi(x) = c}}
∣∣ ∧ v ≈πTi

w, where c is the next color in the stack that produces a
strict refinement.

4.2 Running Time

The running time of the gradual Weisfeiler-Leman refinement depends on the cost of the update
function used.
Theorem 8. The running time for the gradual Weisfeiler-Leman refinement is O(h · tu(

∣∣V (G)
∣∣)),

where h is the number of iterations and tu(n) is the time needed to compute the renep function for n
elements.

The update function used in the original Weisfeiler-Leman refinement can be computed in time
O(
∣∣V (G)

∣∣+
∣∣E(G)

∣∣) in the worst-case by sorting the neighbor color multisets using bucket sort [2].

4.3 Discussion of Suitable Update Functions

The update function of the original Weisfeiler-Leman refinement provides a fast way to reach the
stable coloring, but in machine learning tasks a more fine grained vertex similarity might be desirable.
A suitable update function restricts the number of new colors to a manageable amount, while still
fulfilling the requirements of a renep function. Clustering the neighborhood multisets of the vertices,
and letting the clusters imply the new colors, is an intuitive way to restrict the number of colors per
iteration and assign similar neighborhoods the same new color. We discuss how to realize a renep
function using clustering.

Whether two vertices, that currently have the same color, will be assigned the same color in the next
step, depends on two factors: If they have the same neighbor color multiset, they have to remain in
one color group. If their neighbor color multisets differ, however, the renep function can decide to
either separate them or not (provided any new colors are generated to fulfill Condition 3). We propose
clustering the neighbor color multisets separately for each old color and let the clusters imply new
colors. If a clustering function guarantees to produce at least two clusters for inputs with at least two
distinct objects, we obtain a renep function.

Although various clustering algorithms are available, we identified k-means as a convenient choice
because of its efficiency and controllability of the number of clusters. In order to apply k-means to
multisets of colors, we represent them as (sparse) vectors, where each entry counts the number of
neighbors with a specific color. The above method using k-means clustering with k > 1 satisfies the
requirements of a renep function. Of course, if the number of elements to cluster is less than or equal
to k, the clustering can be omitted and each element can be assigned its own cluster. The number of
clusters in iteration i is bounded by |L| · ki, since each color can split into at most k new colors in
each iteration and the initial coloring has at most|L| colors.

6

A Appended Papers

110



Gradual Weisfeiler-Leman: Slow and Steady Wins the Race

5 Applications
The gradual Weisfeiler-Leman refinement provides a more fine-grained approach to capture vertex
similarity, where two vertices are considered more similar, the longer it takes until they get assigned
different colors. This makes the approach applicable not only to vertex classification, but also in graph
kernels and as a vertex similarity measure for graph matching. We further describe these possible
applications in the following and evaluate them against the state-of-the-art methods in Section 6.

Graph Kernels. The idea of the GWL subtree kernel is essentially the same as the Weisfeiler-
Leman subtree kernel [2], but instead of using the original Weisfeiler-Leman algorithm, the GWL
algorithm is used to generate the features. We use the definition given in Equation (1) replacing
the Weisfeiler-Leman colorings with the coloring from the GWL algorithm. The Weisfeiler-Leman
optimal assignment kernel [5] is obtained from an optimal assignment between the vertices of two
graphs regarding a vertex similarity defined by a color hierarchy. We replace the Weisfeiler-Leman
color hierarchy used originally by the one from our gradual refinement. We evaluate the performance
of our newly proposed kernels in Section 6.

Tree Metrics for Approximating the Graph Edit Distance. The graph edit distance, a general
distance measure for graphs, is usually approximated due to its complexity. Many approximations
find an optimal assignment between the vertices of the two graphs and derive a (sub-optimal) edit
path from this assignment. Naturally, the cost of such an edit path is an upper bound for the graph
edit distance. An optimal assignment can be computed in linear time, if the underlying cost function
is a tree metric [27], which means an approximation of the graph edit distance can be found in
linear time, given a tree metric on the vertices. The color hierarchy, see Figure 1, produced by the
original Weisfeiler-Leman refinement, as well as our gradual variant, can be interpreted as such
a tree metric. Lin [27] approximated the graph edit distance as described above. We can again
replace the original color hierarchy by the one produced by our gradual Weisfeiler-Leman refinement.
Appendix I includes a more detailed explanation on how to approximate the graph edit distance using
assignments. We evaluate this approximation of the graph edit distance regarding its accuracy in
knn-classification against the state-of-the-art and the original approach.

6 Experimental Evaluation
We evaluate the proposed approach regarding its applicability in graph kernels, as the gradual
Weisfeiler-Leman subtree kernel (GWL) and the gradual Weisfeiler-Leman optimal assignment
kernel (GWLOA), as well as its usefulness as a tree metric for approximating the graph edit distance.
Specifically, we address the following research questions:

Q1 Can our kernels compete with state-of-the-art methods regarding classification accuracy on
real-world and synthetic datasets?

Q2 Which refinement speed is appropriate and are there dataset-specific differences?

Q3 How do our kernels compare to the state-of-the-art methods in terms of running time?

Q4 Is the vertex similarity obtained from GWL refinement suitable for approximating the graph edit
distance and solving learning problems with it?

We compare to the Weisfeiler-Leman subtree kernel (WLST) [2], the Weisfeiler-Leman optimal
assignment kernel (WLOA) [5], as well as the approximation of the relaxed Weisfeiler-Leman subtree
kernel (RWL*) [15], and the deep Weisfeiler-Leman kernel (DWL) [13]. We do not compare to [4],
since the kernel showed results similar to the WLOA kernel. We compare the graph edit distance
approximation using our tree metric GWLT to the original approach Lin [27] and state-of-the-art
method BGM [28]. Our implementation is publicly available at https://github.com/frareba/
GradualWeisfeilerLeman.

6.1 Setup

As discussed in Section 4.3 we used k-means clustering in our new approach. If for any color less
than k different vectors were present in the clustering step, each distinct vector got its own cluster.
We implemented our GWL, GWLOA and also the original WLST and WLOA in Java. We used the
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Table 1: Average classification accuracy and standard deviation (highest accuracies marked in bold).

Kernel PTC_FM KKI EGO-1 EGO-2 EGO-3 EGO-4

WLST 64.16 ±1.30 49.97 ±2.88 51.30 ±2.42 57.15 ±1.61 56.15 ±1.67 53.40 ±1.77
DWL 64.18 ±1.46 50.93 ±2.87 55.80 ±1.35 56.50 ±1.64 55.90 ±1.64 53.25 ±2.81
RWL* 62.43 ±1.46 46.54 ±4.03 65.60 ±2.74 70.20 ±1.36 67.60 ±1.07 74.25 ±2.12
WLOA 62.34 ±1.39 48.72 ±4.05 55.95 ±1.11 60.30 ±2.00 54.25 ±1.35 52.30 ±2.29

GWL 62.61 ±1.94 57.79 ±3.95 67.95 ±2.05 73.65 ±1.86 65.45 ±1.88 77.45 ±1.97
GWLOA 64.58 ±1.77 47.47 ±2.41 69.80 ±1.65 72.40 ±2.52 67.45 ±1.69 75.35 ±1.67

COLLAB DD IMDB-B MSRC_9 NCI1 REDDIT-B

WLST 78.98 ±0.22 79.00 ±0.52 72.01 ±0.80 90.13 ±0.75 85.96 ±0.18 80.81 ±0.52
DWL 78.93 ±0.18 78.92 ±0.40 72.36 ±0.56 90.50 ±0.76 85.68 ±0.18 80.83 ±0.40
RWL* 77.94 ±0.38 77.52 ±0.65 72.96 ±0.86 88.86 ±0.89 79.45 ±0.32 77.69 ±0.31
WLOA 80.81 ±0.22 79.44 ±0.31 72.60 ±0.89 90.68 ±0.92 86.29 ±0.13 89.40 ±0.14

GWL 80.62 ±0.33 79.00 ±0.81 73.66 ±1.25 88.32 ±1.20 85.33 ±0.35 86.46 ±0.35
GWLOA 81.30 ±0.29 78.49 ±0.57 72.88 ±0.79 91.27 ±1.06 85.36 ±0.36 89.98 ±0.34

RWL* and DWL Python implementations provided by the authors. Note that in contrast to the other
approaches, the RWL* implementation uses multi-threading.

For evaluation, we used the C-SVM implementation LIBSVM [29] and report average classification
accuracies obtained by 10-fold nested cross-validation repeated 10 times with random fold assign-
ments. The parameters of the SVM and the kernels were optimized by the inner cross-validation
on the current training fold using grid search. We chose C ∈ {10−3, 10−2, . . . , 103} for the SVM,
h ∈ {0, . . . , 10} for WLST, WLOA, GWL and GWLOA and k-means with k ∈ {2, 4, 8, 16}. For
RWL* we used h ∈ {1, . . . , 4} and default values for the other parameters. In DWL the window
size w and dimension d were set to 25, since this generally worked best out of the combinations
from d,w ∈ {5, 25, 50} and no defaults were provided. We used the default settings for the other
parameters and again h ∈ {1, . . . , 10}. The running time experiments were conducted on an Intel
Xeon Gold 6130 machine at 2.1 GHz with 96 GB RAM. For evaluating the approximation of the
graph edit distance, we compare the 1-nn classification accuracy and used the Java implementation of
Lin provided by the authors and implemented our approach GWLT, as well as BGM, also in Java for
a fair comparison.

Extension to Edge Labels. The original Weisfeiler-Leman algorithm can be extended to respect
edge labels by updating the colors according to ci+1(v) = z(ci(v), {{(l(u, v), ci(u)) | u ∈ N(v)}}).
All kernels used in the comparison use a similar strategy to incorporate edge labels if present.

Datasets. We used several real-world datasets from the TUDataset [30] and the EGO-Nets
datasets [15] for our experiments. See Appendix B and F for an overview of the datasets, as
well as additional synthetic datasets and corresponding results. We selected these datasets as they
cover a wide range of applications, consisting of both molecule datasets and graphs derived from
social networks. See Appendix C for the number of Weisfeiler-Leman iterations needed to reach the
stable coloring for each dataset.

6.2 Results

In the following, we present the classification accuracies and running times of the different kernels.
We investigate the parameter selection for our algorithm and discuss the application of our approach
for approximating the graph edit distance.

Q1: Classification Accuracy. Table 1 shows the classification accuracy of the different kernels.
While on some datasets our new approaches do not outcompete all state-of-the-art methods, they
are more accurate in most cases, in some cases even with a large margin to the second-placed (for
example on KKI, EGO-1 or EGO-4). While RWL* is better than our approaches on some datasets,
the running time of this method is much higher, cf. Q3. WLOA also produces very good results on
many datasets, but cannot compete on the EGO-Nets and synthetic datasets (see Appendix F). For
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Figure 3: Number of times a parameter combination of GWL and GWLOA was selected from
k ∈ {2, 4, 8, 16} and h ∈ {0, . . . , 10} based on the accuracy achieved on the test set.
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Figure 4: Running time in milliseconds for computing the feature vectors for all graphs of a dataset
using the different methods. Note that RWL* uses multi-threading, while the other methods do not.
Missing values for RWL* and DWL in the larger datasets are due to timeout.

molecular graphs (PTC_FM, NCI) we see no significant improvements, which can be explained by
their small degree and sensitivity of molecular properties to small changes. Overall, our method
provides the highest accuracy on 9 of 12 datasets and is close to the best accuracy for the others.

Q2: Parameter Selection. For GWL and GWLOA two parameters have to be chosen: The number
of iterations h and the number k of clusters in k-means. We investigate which choices lead to the best
classification accuracy. Figure 3 shows the number of times, a specific parameter combination was
selected as it provided the best accuracy for the test set. Here, we only show the parameter selection
for some of the datasets. The results for the other datasets, as well as the parameter selection for
WLST and WLOA, can be found in Appendix D. We can see that for GWL and most datasets the
best k is in {2, 4, 8} and on those datasets classification accuracy of GWL exceeds that of WLST. On
datasets on which GWL performed worse than WLST, the best choice for parameters is not clear
and it seems like a larger k might be beneficial for improving the classification accuracy. Similar
tendencies can be observed for GWLOA.

Q3: Running Time. Figure 4 shows the time needed for computing the feature vectors using the
different kernels (for results on the other datasets and the influence of the parameter k on running
time see Appendix E and G). RWL* and DWL are much slower than the other kernels, while only
RWL* leads to minor improvements in classification accuracy on few datasets. While our approach is
only slightly slower than WLST/WLOA, it yields great improvements on the classification accuracy
on most datasets, cf. Q1.

Q4: Learning with Approximated Graph Edit Distance. Table 2 compares the 1-nn classifi-
cation accuracy of our approach when approximating the graph edit distance to the original [27]
and another state-of-the-art method based on bipartite graph matching [28]. Our approach clearly
outcompetes both methods on all datasets.

We investigate the approximation quality for similar graphs (which are important for k-nn classifica-
tion) further by comparing the approximation of Lin [27] to our method GWLT directly, see Figure 5.
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Table 2: Average classification accuracy and standard deviation (highest accuracies marked in bold).

Method PTC_FM MSRC_9 KKI EGO-1 EGO-2 EGO-3 EGO-4

BGM 60.14 ±1.50 72.13 ±1.28 43.89 ±1.27 44.75 ±1.05 42.05 ±1.25 out of time out of time
Lin 62.38 ±1.08 81.36 ±0.64 55.18 ±2.44 40.40 ±1.17 31.65 ±1.07 26.60 ±0.94 36.55 ±1.72

GWLT 63.19 ±0.11 85.97 ±0.59 55.18 ±2.44 56.20 ±1.42 47.90 ±1.28 36.40 ±1.04 47.90 ±1.32
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Figure 5: Approximation quality of GWLT compared to Lin [27]. Marks below the gray diagonal
indicate that GWLT had a better approximation, while marks above indicate the same for Lin.

Only graph pairs for which at least one of the methods returned a distance below a cutoff threshold
are depicted to emphasize the important case of highly similar graphs. The results clearly show that
GWLT provides more accurate approximations, in particular, for the EGO-Nets. This finding and
the accuracy results discussed in Q1 indicate that on these datasets methods benefit from the more
fine-grained vertex similarity provided by GWL.

7 Conclusions

We proposed a general framework for iterative vertex refinement generalizing the popular Weisfeiler-
Leman algorithm and discussed connections to other vertex refinement strategies. Based on this, we
proposed two new graph kernels and showed that they outperform the original Weisfeiler-Leman
subtree kernel and similar state-of-the-art approaches in terms of classification accuracy in almost all
cases, while keeping the running time much lower than comparable methods. We also investigated
the application of our method to approximating the graph edit distance, where we again outperformed
the state-of-the-art methods.

In further research, other renep functions can be explored, for example, by using different clustering
strategies or developing new concepts for inexact neighborhood comparison. Moreover, we will
systematically relate our approach to graph neural networks and investigate whether similar ideas can
be incorporated into their neighborhood aggregation step and to what extent common architectures
and optimization methods are capable of learning certain renep functions.
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Table 3: Datasets with discrete vertex and edge labels and their statistics [30]. The EGO-Nets
datasets [15] are unlabeled.

Name |Graphs| |Classes| avg |V | avg |E| |LV | |LE|
KKI 83 2 26.96 48.42 190 −
PTC_FM 349 2 14.11 14.48 18 4

COLLAB 5000 3 74.49 2457.78 − −
DD 1178 2 284.32 715.66 82 −
IMDB-BINARY 1000 2 19.77 96.53 − −
MSRC_9 221 2 40.58 97.94 10 −
NCI1 4110 2 29.87 32.30 37 −
REDDIT-BINARY 2000 2 429.63 497.75 − −
EGO-1 200 4 138.97 593.53 − −
EGO-2 200 4 178.55 1444.86 − −
EGO-3 200 4 220.01 2613.49 − −
EGO-4 200 4 259.78 4135.80 − −

A Pseudocode
Algorithm 1 shows the procedure of gradual Weisfeiler-Leman refinement. We start with an initial
coloring (either uniform or based on the vertex labels) and then iteratively refine these colors using a
renep function, h times.

Algorithm 1 Gradual Weisfeiler-Leman Refinement.

1: procedure GWL(G, h) . h is number of iterations
2: for all v ∈ V (G) do . Initial coloring
3: c0(v)← µ(v)

4: initialize T0 as described in Section 3
5: for i← 1, i ≤ h, i← i+ 1 do
6: Ti ← f(G, Ti−1) . Compute new colors
7: for all v ∈ V (G) do . Assign new colors
8: ci(v)← πTi(v)

B Datasets
We used several real-world datasets from the TUDataset [30], the EGO-Nets datasets [15], as well
as synthetic datasets for our experiments. See Table 3 for an overview of the real-world datasets.
We selected these datasets as they cover a wide range of applications, consisting of both molecule
datasets and graphs derived from social networks.

The synthetic datasets were generated using the block graph generation method [15]. We generated 9
synthetic datasets with two classes and 200 graphs in each class. For each dataset we first generated
two seed graphs (one per class) with 16 vertices, that both are constructed from a tree by appending
a single edge, so that their sets of vertex degrees are equal. For the dataset graphs each vertex of
the seed graph was replaced by 8 vertices. Vertices generated from the same seed vertex, as well as
from adjacent vertices are connected with probability p. m noise edges are then added randomly.
We investigated the two cases p = 1.0 and m ∈ {0, 10, 20, 50, 100}, and p ∈ {1.0, 0.8, 0.6, 0.4, 0.2}
and m = 0. We denote the datasets by S_p_m.

C Number of Weisfeiler-Leman Iterations
We investigate the number of WL iterations needed to reach the stable coloring in the various datasets.
On the datasets with − entries (see Table 4) our algorithm, that checked whether the stable coloring
is reached, did not finish in a reasonable time due to the size of the datasets/graphs. It can be seen
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Table 4: Number of iterations needed to reach the stable coloring.

Dataset KKI PTC_FM COLLAB DD IMDB-B MSRC_9
WL 3 13 − − 3 3

Dataset NCI1 REDDIT-B EGO-1 EGO-2 EGO-3 EGO-4
WL 39 − 5 4 4 5

16
8
4
2

0 1 2 3 4 5 6 7 8 9 10

81

0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 0 3 0 2 1 10

0 0 0 0 0 0 2 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

(a) EGO-2

16
8
4
2

0 1 2 3 4 5 6 7 8 9 10

410 0 3 0 4 0 11 3 4 0

0 0 4 0 12 10 0 1 0 0 0

0 0 0 4 0 0 0 0 0 0 1

0 0 0 0 0 2 0 0 0 0 0

(b) EGO-3

16
8
4
2

0 1 2 3 4 5 6 7 8 9 10

76

0 0 0 0 0 0 0 0 1 0 1

0 0 3 11 0 0 0 0 2 1

0 0 0 0 0 0 0 0 0 5 0

0 0 0 0 0 0 0 0 0 0 0

(c) EGO-4

16
8
4
2

0 1 2 3 4 5 6 7 8 9 10

32

28 19 15

0 0 0 0 0 2 0 0 1 0

0 0 0 0 0 0 3 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

(d) COLLAB

16
8
4
2

0 1 2 3 4 5 6 7 8 9 10

540 0 0 2 0 1 10 2 1 1

1 0 0 0 0 5 0 2 0 0 4

0 0 0 0 0 0 0 0 0 1 3

0 0 0 1 0 9 1 1 1 0 0

(e) DD

16
8
4
2

0 1 2 3 4 5 6 7 8 9 10

18

10 8

16

1 0 4 0 2 0 0 0 0 0

1 3 0 2 4 1 0 0 0

0 5 4 1 0 4 1 1 3 0

1 3 2 2 2 0 0 0 0 0 1

(f) MSRC_9

16
8
4
2

0 1 2 3 4 5 6 7 8 9 10

690 0 0 0 0 0 1 2 21 5

0 0 0 0 0 0 0 0 0 0 2

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

(g) NCI1

16
8
4
2

0 1 2 3 4 5 6 7 8 9 10

33 670 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

(h) REDDIT-BINARY

Figure 6: With k ∈ {2, 4, 8, 16} and h ∈ {0, . . . , 10}, we show the number of times a specific
parameter combination for GWL was selected as it provided the best accuracy for the test set.

that on most datasets the number of iterations needed to reach the stable coloring is very low. This
means that after a few iterations we do not gain any new information when using for example the
traditional WLST kernel.

D Parameter Selection - Further Results

Figures 6 and 7 show the parameter selection for the remaining datasets for GWL and GWLOA. In
most datasets the choice is restricted to two or three values. For some of the datasets, the best choice
seems to include k = 16. This might indicate that a larger k could be beneficial for increasing the
accuracy.

Figure 8 shows the parameter selection for WLST and WLOA. There is only one parameter, the
number of WL iterations, for both kernels. We can see that indeed on most datasets, only few
iterations are needed to gain the best possible accuracy. On datasets such as EGO-2, EGO-4 or NCI1,
however, this is not the case. For NCI1 we can assume that we still gain information through more
iterations, since we have not yet reached the stable coloring. For the EGO-datasets, this is surprising,
since the stable coloring is reached after 4 (5) iterations. On the other hand, the classification accuracy
reached is still not good.
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Figure 7: With k ∈ {2, 4, 8, 16} and h ∈ {0, . . . , 10}, we show the number of times a specific
parameter combination for GWLOA was selected as it provided the best accuracy for the test set.
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Figure 8: With h ∈ {0, . . . , 10}, we show the number of times a specific parameter combination for
WLST and WLOA was selected as it provided the best accuracy for the test set.
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Figure 9: Running time in milliseconds for computing the feature vectors using the different methods.
Note that RWL* uses multi-threading, while the other methods do not. Missing values for RWL* and
DWL in the larger datasets are due to timeout.

E Running Time - Further Results

Figure 9 shows the running time results for the remaining datasets. While the runtime of our approach
exceeds that of DWL on some of the larger datasets, it enhances the classification accuracy a lot.

F Results on Synthetic Datasets

Table 5 shows the classification accuracy of the different methods on the synthetic datasets (generated
as described in Appendix B), with the best accuracy for each dataset being marked in bold. We can
see, while all kernels can perfectly learn on the datasets without noise, neither WLST, WLOA nor
DWL can manage the noise included in the other datasets, having worse accuracy with increasing
noise. While the decrease in accuracy with decreasing the edge probability is slightly worse than that
of RWL*, our approach has a much lower running time.
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Table 5: Average classification accuracy and standard deviation on the synthetic datasets.
Kernel S_1_0 S_1_10 S_1_20 S_1_50 S_1_100 S_0.8_0 S_0.6_0 S_0.4_0 S_0.2_0

WLST 100.00±0.00 98.68 ±0.34 61.93 ±1.08 54.55 ±0.68 49.78 ±1.18 50.65 ±1.57 48.10 ±1.10 51.98 ±1.40 42.65 ±1.80
DWL 100.00±0.00 98.70 ±0.31 62.10 ±0.98 43.83 ±1.66 51.40 ±0.94 49.80 ±2.01 46.88 ±1.89 49.05 ±1.98 42.85 ±1.98
RWL* 100.00±0.00 100.00±0.00 100.00±0.00 out of time 100.00±0.00 100.00±0.00 99.35 ±0.17 81.93 ±1.00 56.33 ±2.48
WLOA 100.00±0.00 97.65 ±0.44 60.85 ±1.65 47.50 ±1.83 50.23 ±1.24 49.45 ±1.47 48.08 ±1.92 43.23 ±1.21 50.53 ±1.92

GWL 100.00±0.00 100.00±0.00 100.00±0.00 100.00±0.00 100.00±0.00 100.00±0.00 92.20 ±0.97 72.53 ±1.78 53.58 ±1.71
GWLOA 100.00±0.00 100.00±0.00 100.00±0.00 100.00±0.00 100.00±0.00 100.00±0.00 94.95 ±0.59 72.03 ±1.66 50.90 ±2.63
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Figure 10: Running time in milliseconds for computing the feature vectors using the different values
for parameter k on our newly proposed methods.

G Influence of Parameter k on Running Time
We investigate which effect the choice of k has on the running time. Figure 10 shows the time needed
for computing the feature vectors using our kernels with k ∈ {2, 4, 8, 16}. The difference in running
time between GWL and GWLOA is only marginal on most datasets, only on KKI and NCI1 a larger
difference can be seen. As expected, the running time of both kernels increases with increasing k.
Interestingly, for larger k, the running time does not increase much anymore, after a certain number
of iterations, this might be because the stable coloring was reached by then.

H Results on Larger Datasets
GWL allows to generate explicit sparse feature vectors just as WLST. Therefore, these kernels can be
used with a linear SVM, which is more efficient than a kernel SVM and makes the application to
larger datasets feasible. We performed additional experiments with these kernels on larger synthetic
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Table 6: Parameters used for generating the larger datasets.

Dataset p m |Graphs| b r

L1 1 200 10000 25 10
L2 1 100 20000 25 10
L3 1 200 20000 10 15
L4 1 400 20000 25 10

Table 7: Results on larger datasets with running time in seconds and |f | being the number of features
(for WLST we only give the order of magnitude).

Kernel L1 L2 L3 L4
time acc |f | time acc |f | time acc |f | time acc |f |

WLST 25 50.92 106 59 84.57 106 45 49.91 106 124 49.65 106

GWL 208 99.98 61 237 100.0 15 103 100.0 7 137 99.98 7

datasets using the linear SVM implementation LIBLINEAR [31]. The datasets were generated using
the same method as described in Appendix B, but with different values for the number of vertices
in the seed graphs, b, and number of vertices, each vertex in the seed graph is replaced by, r (see
Table 6 for the values of the parameters). The experimental setup used in these experiments was as
follows: We split the dataset randomly into a training, validation and test set and chose the parameter
C ∈ {0.1, 1, 10}. We used h ∈ {1, . . . , 5} for both kernels and set k = 2 for all datasets.

In Table 7 we report the running time and the number of features f obtained for the choice of h that
gave the best classification accuracy (for GWL this choice was h = 2 for L4 and L5, h = 3 for L2
and h = 5 for L1, for WLST it was h = 2 for all datasets except L4, on which it was h = 5). We
noticed that running the SVM with the feature vectors generated by WLST took much more time
than GWL, which can be explained by the number of features each algorithm produced: For GWL
the number is restricted by the choice of parameters, but for WLST the number of features is only
restricted by the number of vertices in the dataset. In WLST the number of features exceeded 106 for
h ≥ 2. For a small increase in running time in generating the feature vectors, GWL provides not only
a much better classification accuracy than WLST, it also generates less features, but more meaningful
ones.

I Approximating the Graph Edit Distance using Optimal Assignments
The graph edit distance (GED), a commonly used distance measure for graphs, is defined as the
cost of transforming one graph into the other using edit operations, i.e. deleting or inserting an
isolated vertex or an edge, or relabeling any of the two. An edit path between G and H is a sequence
(e1, e2, . . . , ek) of edit operations that transforms G into H . This means, that applying all operations
in the edit path to G, yields a graph G′ that is isomorphic to H .

Edit operations have non-negative costs assigned to them by a cost function c and the GED of two
graphs is defined as the cost of a cheapest edit path between them:

GED(G,H) = min


k∑
i=1

c(ei) | (e1, . . . , ek) ∈ Υ(G,H)

 ,

where Υ(G,H) denotes the set of all possible edit paths from G to H .

Since computing the GED is NP-hard [32], it is often approximated; often an optimal assignment
between the vertices of the graphs is computed and a (suboptimal) edit path is derived from this
assignment [28]. Figure 11 shows two graphs, an assignment between their vertices indicated by
matching numbers, and a corresponding edit path.

If the cost function is a tree metric, such an assignment can be computed in linear time [27] (as
opposed to cubic runtime for arbitrary cost functions). The color hierarchy produced by for example
GWLT can be interpreted as such a tree metric, which means it can be used to find an optimal
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1 12 2

3 34 4

G H

Figure 11: Two graphs G and H with an assignment between their vertices (vertices with matching
numbers are assigned to each other) and an edit path derived from this assignment.

assignment between the vertices and in turn approximate the graph edit distance. Given a tree T ,
representing a tree metric, an optimal assignment between two sets A and B can be computed as
follows: Let φ be a function that associates all elements with their node in the tree (for GWLT this
means, that we associate each vertex with its "newest" color). Then deconstruct T fully (until there
are no leaves left) by repeating these steps:

1. Pick a random leaf l.
2. Assign as many elements of A associated with l to elements of B associated with l as possible.
3. Re-associate remaining elements to the parent of l.
4. Delete l from T .

The resulting assignment is optimal and can be used to derive an edit path as above.
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Abstract Message passing neural networks iteratively generate node em-
beddings by aggregating information from neighboring nodes.
With increasing depth, information from more distant nodes is
included. However, node embeddings may be unable to represent
the growing node neighborhoods accurately and the influence of
distant nodes may vanish, a problem referred to as oversquashing.
Information redundancy in message passing, i.e., the repetitive
exchange and encoding of identical information amplifies over-
squashing. We develop a novel aggregation scheme based on
neighborhood trees, which allows for controlling redundancy by
pruning redundant branches of unfolding trees underlying stand-
ard message passing. While the regular structure of unfolding
trees allows the reuse of intermediate results in a straightforward
way, the use of neighborhood trees poses computational chal-
lenges. We propose compact representations of neighborhood
trees and merge them, exploiting computational redundancy
by identifying isomorphic subtrees. From this, node and graph
embeddings are computed via a neural architecture inspired by
tree canonization techniques. Our method is less susceptible
to oversquashing than traditional message passing neural net-
works and can improve the accuracy on widely used benchmark
datasets.
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Abstract. Message passing neural networks iteratively generate node
embeddings by aggregating information from neighboring nodes. With
increasing depth, information from more distant nodes is included. How-
ever, node embeddings may be unable to represent the growing node
neighborhoods accurately and the influence of distant nodes may van-
ish, a problem referred to as oversquashing. Information redundancy in
message passing, i.e., the repetitive exchange and encoding of identi-
cal information amplifies oversquashing. We develop a novel aggrega-
tion scheme based on neighborhood trees, which allows for controlling
redundancy by pruning redundant branches of unfolding trees underly-
ing standard message passing. While the regular structure of unfolding
trees allows the reuse of intermediate results in a straightforward way, the
use of neighborhood trees poses computational challenges. We propose
compact representations of neighborhood trees and merge them, exploit-
ing computational redundancy by identifying isomorphic subtrees. From
this, node and graph embeddings are computed via a neural architecture
inspired by tree canonization techniques. Our method is less susceptible
to oversquashing than traditional message passing neural networks and
can improve the accuracy on widely used benchmark datasets.

Keywords: Graph neural networks · Oversquashing · Non-redundant
message passing

1 Introduction

Graph neural networks (GNNs) emerged as the dominant approach for machine
learning on graph data, with the class of message passing neural networks
(MPNNs) [13] being widely used. These networks update node embeddings layer
wise by combining the current embedding of a node with those of its neighbors,
involving learnable parameters. Suitable neural architectures, which admit a
parametrization such that each layer represents an injective function uniquely
encoding the input, have the same expressive power as the Weisfeiler-Leman
c© The Author(s), under exclusive license to Springer Nature Switzerland AG 2024
A. Bifet et al. (Eds.): ECML PKDD 2024, LNAI 14946, pp. 371–388, 2024.
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algorithm [36]. The Weisfeiler-Leman algorithm distinguishes two nodes if and
only if the unfolding trees representing their neighborhoods are non-isomorphic.
These unfolding trees correspond to the computational trees of MPNNs [16,31].
Hence, nodes with isomorphic unfolding trees will obtain the same embedding,
while for nodes with non-isomorphic unfolding trees, there exist parameters such
that their embeddings differ. This implies that deeper unfolding trees lead to
more expressive methods. Despite this theoretical connection, shallow MPNNs
are often favored in practice. Challenges arise from the observed convergence of
node embeddings for deep architectures, referred to as oversmoothing [21,22],
and the issue of oversquashing [5], where the node neighborhood grows expo-
nentially with the number of layers, and therefore, cannot be supposed to be
accurately represented by a fixed-sized embedding. Recently, oversquashing has
been investigated by analyzing the sensitivity of node embeddings to the initial
features of distant nodes, relating the phenomenon to the graph curvature [34],
the effective resistance [8] and the commute time [14]. On this basis several graph
rewiring strategies have been proposed to mitigate oversquashing [8,34].

We address the problem of oversquashing by modifying the message passing
scheme for eliminating the encoding of repeated information. For example, in an
undirected graph, when a node sends information to its neighbour, future mes-
sages sent back via the same edge will contain the exact information previously
sent, leading to redundancy. In the context of walk-based graph learning this
problem is well-known and referred to as tottering [23]. Recent work by Chen
et al. [9] established a first result formalizing the relation between redundancy
and oversquashing by sensitivity analysis. Several recent GNNs replace the walk-
based aggregation by mechanisms based on simple or shortest paths reporting
promising results [2,17,27]. PathNNs [27] and RFGNN [17] are closely related
approaches, defining path-based trees for nodes and employing custom aggre-
gation schemes. However, these methods suffer from high computational costs
compared to standard MPNNs and often have an exponential time complexity.
The crucial advantage of MPNNs is the regular structure of aggregations applied
through all layers, while reducing information redundancy leads to a less regular
structure, rendering it challenging to exploit computational redundancy.

Our Contribution. We systematically explore the issue of information redun-
dancy within MPNNs and introduce principled techniques to eliminate superflu-
ous messages. Our investigation is based on the implicit tree representation used
by both MPNNs and the Weisfeiler-Leman algorithm. We first develop a neural
tree canonization approach that systematically processes trees in a bottom-up
fashion and extend it to directed acyclic graphs (DAGs). To exploit computa-
tional redundancy, we merge trees representing node neighborhoods into a DAG,
identifying isomorphic subtrees. Our approach, termed DAG-MLP, recovers the
computational graph of MPNNs for unfolding trees, while avoiding redundant
computations in the presence of symmetries. We employ the canonization tech-
nique on neighborhood trees, which are derived from unfolding trees by elimi-
nating redundant nodes. We show that neighborhood trees allow distinguishing
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Table 1. Time complexity of preprocessing, size of computation graph and expressivity
of our method compared to related work. n: number of nodes, m: number of edges,
b: maximum node degree, K: path length, h: tree height, L: number of layers, and
m2 = 0.5

∑
v∈V |N2(v)|.

Method Preprocessing Size Comp. Graph/Runtime Expressivity

PathNet O(mb) O(2L(m + m2)) n/a

PathNN-SP O(nbK) O(nbK) incomparable

PathNN-SP+ O(nbK) O(nbK) > 1-WL

RFGNN O(n!/(n−h−1)!) O(n!/(n−h−1)!) incomparable

DAG-MLP (0-/1-NTs) O(nm) O(nm) incomparable

nodes that are indistinguishable by the Weisfeiler-Leman algorithm. The DAGs
derived from neighborhood trees have size at most O(nm) for input graphs with
n nodes and m edges making the approach computational feasible. We formally
show by sensitivity analysis that our approach reduces oversquashing. Our app-
roach achieves high accuracy across various node and graph classification tasks.

2 Related Work

The graph isomorphism network (GIN) [36] is an MPNN that generalizes the
Weisfeiler-Leman algorithm, achieving its expressive power. The limited expres-
sivity of simple MPNNs has led to an increased interest in researching more pow-
erful architectures, such as encoding graph structure as additional features or
modifying the message passing procedure. Shortest Path Networks [2] use multi-
ple aggregation functions for different shortest path lengths, allowing direct com-
munication with distant nodes. While this might help mitigate oversquashing,
information about the structure of the neighborhood still cannot be represented
adequately and the gain in expressivity is limited. Distance Encoding GNNs [20]
encode the distances of nodes to a set of target nodes. While being provably more
expressive than the standard WL algorithm, the approach is limited to solving
node-level tasks, as the encoding depends on a fixed set of target nodes and
has not been employed for graph-level tasks. MixHop [3] concatenates results
from activation functions for each neighborhood, but in contrast to Shortest
Path Networks [2], the aggregation is based on normalized powers of the adja-
cency matrix, not shortest paths, which fails to solve the problem of redundant
messages. SPAGAN [38] proposes a path-based attention mechanism, sampling
shortest paths and using them as features. However, a theoretical investigation
is lacking and the approach utilizes only one layer. Short-rooted random walks
in [33] capture long-range dependencies, but have notable limitations due to
sampling paths. The evaluation is restricted to node classification datasets and
an extensive study of their expressive power is lacking. IDGNN [39] tracks the
identity of the root node in unfolding trees, achieving higher expressivity than
1-WL, but failing to reduce redundant information aggregation. PathNNs [27]

A.5 On the Two Sides of Redundancy in Graph Neural Networks

127



374 F. Bause et al.

Fig. 1. Graph G and its unfolding trees F v
2 for all v ∈ V (G).

define path-based trees and a custom aggregation scheme, but overlook exploit-
ing computational redundancy. RFGNNs [9] aim to reduce redundancy by alter-
ing the message flow to only include each node (except for the root node) at
most once in each path of the computational tree. While this reduces redun-
dancy to some extent, nodes and even the same subpaths may repeatedly occur
in the computational trees. The size and running time complexity of RFGNN are
very restrictive. While the term breadth-first search used in the definition of the
underlying TPTs suggests linear running time, the breadth-first search has to
be modified, leading to exponential running time. Additionally, redundancy in
computation is not addressed resulting in a highly inefficient preprocessing and
computation, limiting the method to a maximum of 3 layers in the experiments.

These architectures lack thorough investigation of their expressivity and con-
nections to other approaches. Importantly, they do not explicitly investigate both
types of redundancy in MPNNs – redundancy in the information flow and in
computation. We compare the time complexity, as well as the expressivity of our
method DAG-MLP and other relevant methods in Table 1 and further discuss it
in Sect. 4.5.

3 Preliminaries

Graph Theory. A graph G = (V,E, μ, ν) consists of a set of vertices V , a set
of edges E ⊆ V × V between them, and functions μ : V → X and ν : E → X
assigning arbitrary attributes to the vertices and edges, respectively.1 An edge
from u to v is denoted by uv, and in undirected graphs uv = vu. The vertices and
edges of a graph G are denoted by V (G) and E(G), respectively. The neighbors
(or in-neighbors) of a vertex u ∈ V are denoted by N(u) = {v | vu ∈ E}, and
the out-neighbors of a vertex u ∈ V are denoted by No(u) = {v | uv ∈ E}. A
multigraph is a graph, where E is a multiset, allowing multiple edges between
a pair of vertices. Two graphs G and H are isomorphic, denoted by G � H,
if there exists a bijection φ : V (G) → V (H), such that ∀u, v ∈ V (G) : μ(v) =
μ(φ(v)) ∧ uv ∈ E(G) ⇔ φ(u)φ(v) ∈ E(H) ∧ ∀uv ∈ E(G) : ν(uv) = ν(φ(u)φ(v)).
We refer to φ as an isomorphism between G and H.

An in-tree T is a connected, directed, acyclic graph with a distinct vertex
r ∈ V (T ) with no outgoing edges, referred to as root (r(T )), in which ∀v ∈
V (T )\r(T ) : |No(v)| = 1. For v ∈ V (T )\r(T ) the parent p(v) is the unique
vertex u ∈ No(v), and ∀v ∈ V (T ) the children are defined as chi(v) = N(v).

1 Edge attributes are not considered in the following for clarity of presentation, though
the proposed methods can be extended to incorporate them.
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Fig. 2. Graph G and the unfolding, 0- and 1-redundant neighborhood trees of height
2 of vertex v (vertex in the upper left of G).

We refer to vertices without incoming edges as leaves, denoted by l(T ) = {v ∈
V (T ) | chi(v) = ∅}. Conceptually an in-tree is a directed tree, in which there
is a unique directed path from each vertex to the root [26]. In our paper, we
only consider in-trees and will therefore refer to them simply as trees. In-trees
are generalized by directed, acyclic graphs (DAGs). The leaves of a DAG D and
the children of a vertex are defined as in trees. However, there can be multiple
roots, and a vertex may have more than one parent. We refer to all vertices in
D without outgoing edges as roots, denoted by r(D) = {v ∈ V (D) | No(v) = ∅},
and define the parents p(v) of a vertex v as p(v) = No(v). The height hgt of a
node v is the length of the longest path from any leaf to v: hgt(v) = 0, if v ∈
l(D) and hgt(v) = maxc∈chi(v) hgt(c) + 1, otherwise. The height of a DAG D is
defined as hgt(D) = maxv∈V (D) hgt(v). For clarity we refer to the vertices of a
DAG as nodes to distinguish them from the graphs that are the input of a graph
neural network.

Weisfeiler-Leman and Message Passing Neural Networks. The 1-dim.
Weisfeiler-Leman (WL) algorithm, also known as color refinement, starts with
vertices having a color corresponding to their label (or a uniform coloring for
unlabeled vertices). In each iteration the vertex color is updated based on the
multiset of colors of its neighbors according to

c
(i+1)
wl (v) = h

(
c
(i)
wl (v), {{c

(i)
wl (u) | u ∈ N(v)}}

)
∀v ∈ V (G),

where h is an injective function, typically using integers to represent colors.
The color of a vertex encodes its neighborhood through a tree T , which

may contain multiple representatives of each vertex. Let φ : V (T ) → V (G) be
a mapping such that φ(n) = v if the node n in V (T ) represents the vertex v
in V (G). The unfolding tree F v

i with height i of the vertex v ∈ V (G) consists
of a root nv with φ(nv) = v and child subtrees Fu

i−1 for all u ∈ N(v), where
F v
0 = ({nv}, ∅). The attributes of the original graph are preserved, as illustrated

in Fig. 1. The unfolding trees F v
i and Fw

i of two vertices v and w are isomorphic
if and only if c

(i)
wl (v) = c

(i)
wl (w).

Message passing neural networks such as GIN [36] can be seen as a neural
variant of the Weisfeiler-Leman algorithm. The embedding of a vertex v in layer
i of GIN is defined as
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xi(v) = MLPi

⎛
⎝(1 + εi) · xi−1(v) +

∑
u∈N(v)

xi−1(u)

⎞
⎠ , (1)

where the initial features x0(v) are usually acquired by applying a multi-layer
perceptron (MLP) to the vertex features.

4 Non-redundant Graph Neural Networks

We propose to restrict the information flow in message passing to regulate redun-
dancy through the use of k-redundant neighborhood trees. We first develop a
neural tree canonization technique, and obtain an MPNN via its application to
unfolding trees. Subsequently, we explore computational methods on graph level,
reusing information computed for subtrees and derive a customized GNN archi-
tecture. Finally, we prove that k-redundant neighborhood trees and unfolding
trees are incomparable regarding their expressivity on node-level.

4.1 Removing Information Redundancy

As previously discussed, two vertices obtain the same WL color if and only if
their unfolding trees are isomorphic. This concept directly carries over to message
passing neural networks and their computational tree [16,31]. However, unfold-
ing trees were mainly used as tools in expressivity analysis and as a conceptual
framework for explaining mathematical properties in graph learning [19,30]. We
propose a novel perspective on MPNNs through tree canonization. From this per-
spective, we derive a non-redundant GNN architecture based on neighborhood
trees.

In their classical textbook, Aho, Hopcroft, and Ullman [4, Section 3.2]
describe a linear time isomorphism test for rooted unordered trees. We give a
high-level description to establish the foundation for our neural variant without
focusing on the running time. The algorithm proceeds in a bottom-up manner,
assigning integers cahu(v) to each node v in the tree. The function f injectively
maps a pair consisting of an integer and a multiset of integers to a new, unused
integer. Initially, all leaves v are assigned integers cahu(v) = f(μ(v), ∅) based on
their label μ(v). Then internal nodes are processed level-wise in a bottom-up
manner, ensuring that whenever a node is processed, all its children have been
considered. Hence, the algorithm computes for all nodes v of the tree

cahu(v) = f(μ(v), {{cahu(u) | u ∈ chi(v)}}). (2)

This process ensures the unique representation of non-isomorphic trees, serving
as the foundation of our neural tree canonization technique.
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GNNs via Unfolding Tree Canonization. Combining Eq. (2) and unfolding
trees, denoting the root of an unfolding tree of a vertex v of height i by ni

v, yields

cahu(ni
v) = f(μ(ni

v), {{cahu(ni−1
u ) | ni−1

u ∈ chi(ni
v)}})

= f(μ(v), {{cahu(ni−1
u ) | u ∈ N(v)}}). (3)

By implementing the function f using a suitable neural architecture and replac-
ing its codomain with embeddings in R

d, we readily obtain a GNN based on
our canonization approach. The key difference to standard GNNs is that the
first component of the pair in Eq. (3) is the initial vertex feature instead of the
embedding from the previous iteration. Utilizing the technique proposed by Xu
et al. [36] and replacing the first addend in Eq. (1) with the initial embedding,
we formulate the unfolding tree canonization GNN

xi(v) = MLPi

⎛
⎝(1 + εi) · x0(v) +

∑
u∈N(v)

xi−1(u)

⎞
⎠ . (4)

It is established that MPNNs cannot distinguish two vertices with the same WL
color or unfolding tree. Given that the function cahu(ni

v) uniquely represents the
unfolding tree for an injective function f , realizable by Eq. (4) [36], we infer the
following proposition.

Proposition 1. Unfolding tree canonization GNNs, as defined in Eq. (4), are
as expressive as GIN, as defined in Eq. (1).

Despite the equivalence in expressivity, the canonization-based approach avoids
redundancy since xi−1(v) represents the entire unfolding tree rooted at v of
height i−1, while using the initial vertex features x0(v) is sufficient. We proceed
by investigating redundancy within unfolding trees themselves.

GNNs via Neighborhood Tree Canonization. We leverage the concept of
neighborhood trees to manage redundancy in unfolding trees.2 A k-redundant
neighborhood tree (k-NT) T v

i,k is derived from the unfolding tree F v
i by removing

all subtrees with roots that occurred more than k levels before (seen from root
to leaves). Here, depth(v) denotes the length of the path from v to the root, and
φ(v) denotes the original vertex in V (G) represented by v in the tree.

Definition 1 (k-redundant Neighborhood Tree). For k ≥ 0, the k-
redundant neighborhood tree (k-NT) of a vertex v ∈ V (G) with height i, denoted
by T v

i,k, is defined as the subtree of the unfolding tree F v
i induced by the nodes

u ∈ V (F v
i ) satisfying

∀w ∈ V (F v
i ) : φ(u) = φ(w) ⇒ depth(u) ≤ depth(w) + k.

Figures 2 and 3 provide examples of unfolding and neighborhood trees. It is
worth noting that for k ≥ i the k-NT is equivalent to the WL unfolding tree.
2 In a parallel work, neighborhood trees were investigated for approximating the graph

edit distance [7].
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Fig. 3. Graph G and its 0-NTs T v
2,0 for all v ∈ V (G).

Fig. 4. Computation DAGs for unfolding (a) and 0-NTs (b) of height 2 of graph G.
And edges in the different layers of the merge DAG of 0-NTs (c), (d).

We can directly apply the neural tree canonization technique to neighborhood
trees. However, a simplifying expression based on the neighbors in the input
graph, as given by Eq. (3) for unfolding trees, is not possible for neighborhood
trees. Therefore, we explore techniques to systematically exploit computational
redundancy.

4.2 Removing Computational Redundancy

The computation DAG of an MPNN involves the embedding of a set of trees
representing the vertex neighborhoods of a single or multiple graphs. Results
computed for one tree can be reused for others by identifying isomorphic sub-
structures, thereby minimizing computational redundancy. We first describe how
to merge trees in a general context and then discuss its application to unfolding
and neighborhood trees.

Merging Trees Into a DAG. The neural tree canonization approach devel-
oped in the last section can be directly applied to DAGs. Given a DAG D, it com-
putes an embedding for each node n in D that represents the tree Fn obtained by
recursively following its children, similar as in unfolding trees, cf. Sect. 3. Since
D is acyclic, the height of Fn is bounded. A detailed description of a neural
architecture is postponed to Sect. 4.3.

Given a set of trees T = {T1, . . . , Tn}, a merge DAG of T is a pair (D, ξ),
where D is a DAG, ξ : {1, . . . n} → V (D) is a mapping, and for all i ∈ {1, . . . , n}
we have Ti � Fξ(i). The definition guarantees that the neural tree canonization
approach applied to the merge DAG produces the same result for the nodes in the
DAG as for the nodes in the original trees. A trivial merge DAG is the disjoint
union of the trees with ξ(i) = r(Ti). However, depending on the structure of
the given trees, we can identify the subtrees they have in common and represent
them only once, such that two nodes of different trees share the same child,
resulting in a DAG instead of a forest.
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We propose an algorithm that builds a merge DAG by successively adding
trees to an initially empty DAG, creating new nodes only when necessary. Our
approach maintains a canonical labeling for each node of the DAG and computes
a canonical labeling for each node of the tree to be added using the AHU algo-
rithm. Then, the tree is processed starting at the root. If the canonical labeling
of the root is present in the DAG, then the algorithm terminates. Otherwise,
the subtrees rooted at its children are inserted into the DAG by recursive calls.
Finally, the root is created and connected to the representatives of its children in
the DAG. We introduce a node labeling L : VT → O used for tree canonization,
where VT =

⋃n
i=1 V (Ti) and O an arbitrary set of labels, refining the original

node attributes, i.e., L(u) = L(v) ⇒ μ(u) = μ(v) for all u, v in VT . When O
consists of integers from the range 1 to |VT |, the algorithm runs in O(|VT |) time.
When two siblings that are the roots of isomorphic subtrees are merged, this
leads to parallel edges in the DAG. Parallel edges can be avoided by using a
labeling satisfying L(u) = L(v) ⇒ μ(u) = μ(v) ∧ p(u) 
= p(v) for all u, v in VT .

Unfolding trees and k-NTs can grow exponentially in size with increasing
height. However, this is not case for merge DAGs obtained by the algorithm
described above, as we will show below. Moreover, we can directly generate
DAGs of size O(m · (k + 1)) representing individual k-NTs with unbounded
height in a graph with m edges (see Bause et al. [7] for details on generating
compact DAGs).

Merging Unfolding Trees. Merging the unfolding trees of a graph with the
labeling L = φ leads to the computation DAG of GNNs. Figure 4a shows the
computation DAG for the graph from Fig. 1. The roots in this DAG correspond
to the representation of the vertices after aggregating information from the lower
layers. Each vertex occurs once at every layer of the DAG, and the links between
any two consecutive layers are given by the adjacency matrix of the original
graph. While this allows computation based on the adjacency matrix widely-
used for MPNNs, it involves the encoding of redundant information. Our method
has the potential to compress the computation DAG further by using the less
restrictive labeling L = μ, leading to a DAG where at layer i all vertices u, v with
c
(i)
wl (u) = c

(i)
wl (v) are represented by the same node. This compression appears

particularly promising for graphs with symmetries.

Merging Neighborhood Trees. When merging k-redundant neighborhood
trees in the same way using the labeling L = μ (or L = φ to avoid parallel
edges), it results in a computation DAG with a more irregular structure, as
illustrated in Fig. 4b. Firstly, there might be multiple nodes at the same level
representing the same original vertex. Secondly, the adjacency matrix of the
original graph cannot be used to propagate the information. A straightforward
upper bound on the size of the merge DAG for a graph with n nodes and m
edges is O(nmk + nm).

We apply the neural tree canonization approach to the merge DAG in a
bottom-up fashion, starting from the leaves and progressing to the roots. Each

A.5 On the Two Sides of Redundancy in Graph Neural Networks

133



380 F. Bause et al.

edge is used exactly once in this computation. Let D = (V, E) be a merge DAG.
The nodes can be partitioned based on their height, leading to Li = {v ∈ V |
hgt(v) = i}. This induces an edge partition Ei = {uv ∈ E | v ∈ Li}, where all
edges with the same end node v are in the same layer, and all incoming edges of
children of v belong to a previous layer. Note that, since L0 contains all leaves
of the DAG, there is no E0. Figures 4c and 4d depict the edge sets E1 and E2 for
the example merge DAG illustrated in Fig. 4b.

4.3 Non-redundant Neural Architecture (DAG-MLP)

We propose a neural architecture to compute embeddings for nodes in a merge
DAG, allowing to retrieve embeddings of the contained trees from their roots.
The process involves a preprocessing step that transforms the node labels, using
MLP0 to map them to an embedding space of fixed dimensions. Subsequently,
an MLPi is used to process nodes at each layer Li.

μ′(v) = MLP0 (μ(v)) , ∀v ∈ V
x(v) = μ′(v), ∀v ∈ L0

x(v) = MLPi

(
(1 + εi) · μ′(v) +

∑
∀u : uv∈Ei

x(u)

)
, ∀v ∈ Li, i ∈ {1, . . . , n}

The DAG-MLP can be computed through iterated matrix-vector multiplication
analogous to standard GNNs. Let Li be a square matrix with ones on the diago-
nal at position j if vj ∈ Li, and zeros elsewhere. Let Ei represent the adjacency
matrix of (V, Ei), and let F denote the node features of V, corresponding to the
initial node labels. The transformed features F′ are obtained through MLP0,
and X[i] represents the updated embeddings at layer i of the DAG.

F′ = MLP0 (F) , X[0] = L0F′,

X[i] = MLPi

(
(1 + εi) · LiF′ + EiX[i−1]

)
+ X[i−1]

In the above equation, MLPi is applied to the rows associated with nodes
in Li. The embeddings X[i] are initialized to zero for inner nodes and com-
puted level-wise. To preserve embeddings from all previous layers, we add X[i−1]

during the computation of X[i]. Suppose the merge DAG (D, ξ) contains the
trees {T1, . . . , Tn}. We obtain a node embedding X[n]

ξ(i) for each tree Ti with
i ∈ {1, . . . , n}. This approach allows for obtaining the final embedding for a ver-
tex by using a single tree (Fixed Single-Height) or combining trees of different
heights, for example all NTs of size up to a certain maximum (Combine Heights).

Figure 5 shows the DAG-MLP architecture for graph-level tasks. Vertex
features are transformed using MLP0. Messages propagate through the DAG
according to Ei. After n layers, all node embeddings have been computed and
stored in X[n]. Readouts extract embeddings from k-NTs of varying heights.
Pooling operations are applied to each layer’s output, and the pooled outputs
are averaged and processed by a final MLP for prediction.

A Appended Papers

134



On the Two Sides of Redundancy in Graph Neural Networks 381

MLP 0F DAG-MLP 1

E 1
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Pooling
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Pooling
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Pooling

X[n]

Pooling
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Fig. 5. DAG-MLP architecture for graph-level tasks with n layers. Each layer includes
a DAG-MLP, readout, and pooling operations, processing the input F.

4.4 Expressivity of k-NTs

We investigate how expressive k-NTs are compared to unfolding trees. While it
is evident that k-NTs are a node invariant, providing the same result for nodes
that can be mapped to each other by an isomophism or automorphism, they
might also produce the same results for nodes that cannot. This means that,
similar to unfolding trees, they are not a complete node invariant.

We show that there are vertices that 1-WL cannot distinguish, but k-NTs
can, and vice versa, proving that both methods are incomparable regarding
their expressivity on node level. We further conjecture that, while k-NTs cannot
distinguish certain vertices that 1-WL can, they can still distinguish the graphs
containing such vertices, making k-NTs more expressive on the graph level.

Theorem 1. The expressivity of k-NT and unfolding trees is incomparable, i.e.,

1. ∃u, v : Fu
∞ = F v

∞ ∧ Tu
∞,k 
= T v

∞,k

2. ∃u, v : Fu
∞ 
= F v

∞ ∧ Tu
∞,k = T v

∞,k

Proof. We prove the statement by giving concrete examples. Figure 6 gives an
example for 1.: the Weisfeiler-Leman algorithm is unable to distinguish the two
graphs, indicating identical unfolding trees of the vertices. However, for any k
the k-NT of the vertices will differ for h ≥ k + 2. Figure 7 gives an example for
2. (for 1-NTs): the unfolding trees of the two marked vertices differ, while the
1-NTs are identical.

We have shown that on node level, the expressivity of k-NTs and unfolding
trees is incomparable. However, the examples, where k-NTs fail to distinguish
nodes that 1-WL can, can actually be distinguished on the graph level. This
arises from the fact, that the graphs have a different number of vertices and the
k-NTs of the other nodes differ.

4.5 Theoretical Analysis and Comparison to Related Work

We provide a detailed analysis of the computational complexity and expressivity
of our approach compared to related work and formally prove, that our method
can mitigate oversquashing better than comparable approaches.
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(a) Hexagon (b) Two triangles (c) Unfolding trees (d) 1-NTs

Fig. 6. Two graphs (a), (b) that cannot be distinguished by unfolding trees, but by
k-NTs. Figure (c) shows the unfolding tree F3, which is the same for all vertices of
both graphs, while (d) shows the 1-NTs of the vertices in the hexagon (left) and the
triangle (right).

(a)G1 (b)G2 (c) 1-NTs of red vertices

Fig. 7. Two graphs (a), (b) in which the red vertices can be distinguished by unfolding
trees, but not by k-NTs. The 1-NTs of the red vertices (c) are the same. However, G1

and G2 can be distinguished by their multisets of 1-NTs. (Color figure online)

Computational Complexity and Expressivity. The DAG representing the
k-NT of a single vertex has a size in O(mk+m), where m is the number of edges
in the graph. The lexicographic encoding and merging of k-NTs to generate the
DAG can be done in time linear in its size. A trivial upper bound on the size of
the merge DAG of a graph with n nodes and m edges is O(nmk +nm). Overall,
this means that preprocessing can be done in O(nmk) time, where k can be
considered constant. For 0- and 1-NTs, we obtain time O(nm).

Table 1 compares the complexity and expressivity of our method to related
work. Understanding and relating the expressivity of different approaches is non-
trivial. In the case of PathNet, its expressivity concerning the WL-hierarchy
remains unexplored. PathNN-SP+ has been shown to be more expressive than 1-
WL. While it is claimed that RFGNNs are maximally expressive, the proof claim-
ing higher expressivity on node level as presented in Chen et al. [9, Lemma 7]
is not correct (rather it is incomparable on node level), which was shown in
Bause et al. [6]. Consequently, it remains uncertain, whether RFGNN is strictly
more expressive on graph level. PathNN-SP [27] states that it can only disam-
biguate graphs at least as well as 1-WL and is not strictly more powerful. Due
to sampling, isomorphic graphs could be mapped to different representations,
indicating that it is not a graph invariant.

RFGNN and PathNN-SP+ involve enumerating all possible paths and all
shortest paths, respectively. Our approach avoids this redundancy by not explic-
itly building NTs, but instead generate DAGs, resulting in a much more com-
pact representation (refer to Bause et al. [7] for an algorithm on how to generate
compact DAGs). We investigate the theoretical connection of our method and
RFGNN in terms of relative influence, and show that 0- and 1-NTs can address
the oversquashing problem more effectively.
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Oversquashing. Several authors [8,9,14,34,37] developed and refined tech-
niques to measure the influence of a vertex v with initial vertex feature xv on
the output h(l)

u of a vertex u after layer l by the Jacobian ∂h(l)
u /∂xv. Following

Chen et al. [9, Lemma 3], the relative influence of a vertex v on a vertex u in an
MPNN is

I(v, u) = E

(
∂h(l)

u /∂xv∑
w∈V ∂h(l)

u /∂xw

)
=

[Âl]u,v∑
w∈V [Âl]u,w

,

where Â = A+ I is the adjacency matrix of G with added self-loops, and [Âl]u,v

is the number of walks of length l from u to v (and vice versa) in G with added
self-loops. Oversquashing occurs when I(v, u) becomes small, indicating that
only a small fraction of walks of length up to l ending at u start at v.

This idea can easily be linked to the trees underlying our work. Consider the
unfolding tree Fu

l of u with height l. It follows from its construction that there is
a bijection between walks of length at most l ending at u in G and paths in Fu

l

from some node to the root (see [18] for details on unfolding trees and walks).
Therefore, pruning the unfolding tree has an effect on walk counts and, thus, on
the relative influence. Consider the example in Fig. 1 and let u be the red vertex
(upper left) and v the yellow vertex (lower right). We obtain a relative influence
of IMPNN(v, u) = 1

8 for unfolding trees, and I0NT(v, u) = 1
4 for 0-NTs, showing

that NTs have the potential to reduce oversquashing.
We formally show that our method is less susceptible to oversquashing than

MPNNs and RFGNN [9]. Consider a vertex v and a vertex u with shortest-path
distance of l. To pass information from v to u, at least l layers are required.
Comparing the unfolding tree underlying MPNNs, the 0- and 1-NT, and the
TPT used in RFGNN, all of height l, reveals that the vertex v occurs in the last
level only, i.e., as a leaf of the tree, and the number of occurrences of v is equal in
all trees, since all walks and simple paths of length l reaching v are shortest paths.
Hence, the numerator of the relative influence is equal for all methods. However,
since 0- and 1-NTs are subtrees of unfolding trees, and 0-NTs/1-NTs are subtrees
of TPTs (they contain only shortest paths/some simple paths, instead of all
simple paths), the total number of nodes in the trees, i.e., walks contributing to
the denominator of the relevant information can be compared, obtaining

IMPNN(v, u) ≤ ITPT(v, u) ≤ I1NT(v, u) ≤ I0NT(v, u).

This theoretical analysis shows that our proposed method offers advantages
in mitigating oversquashing, leveraging the formalization developed in recent
papers. Additionally, it establishes a theoretical connection between the pro-
posed approach and RFGNN [9], highlighting that our method more effectively
addresses the oversquashing problem.

To summarize, our method is the first to address both types of redundancy in
GNNs, informational and computational redundancy, with polynomial running
time, and can mitigate oversquashing better than comparable approaches.
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5 Experimental Evaluation

We assess the performance of DAG-MLP with k-NTs on a range of synthetic
[1,29] and real-world datasets [10,12,25,28,32].3

Experimental Setup. For synthetic datasets, we determine the number of lay-
ers in DAG-MLP based on the average graph diameter, ensuring effective aggre-
gation during message propagation. The embeddings at each layer are obtained
using readouts, concatenated, and then fed through two learnable linear layers
for prediction. For TUDataset, we use the 10-fold splits proposed by Errica et
al. [11], allowing a grid search for optimal hyper-parameters. The architecture for
combined heights involves using each “readouti” to extract the embeddings for
each layer, with mean of the average-pooled embeddings being passed to a final
MLP layer responsible for prediction. For the fixed single-height architecture,
only the last readout is used, pooled, and passed to the final MLP layer.

Graph Classification. Table 2 presents the results on synthetic expressivity
datasets. Our hypothesis that NTs are more expressive than GIN on graph level
is experimentally validated, but a theoretical proof remains future work.

In Table 3, we investigate the impact of the parameter k and the number
of layers l on the accuracy for the EXP-Class dataset. Cases where k > l can
be disregarded, as the computation for NTs remains the same as when k = l.
Empirically, 0- and 1-NTs yield the highest accuracy. This observation aligns
with our discussions on expressivity in Sect. 4.4. The decrease in accuracy with
increasing k indicates that information redundancy leads to oversquashing. We
investigate this theoretically in Sect. 4.5.

For TUDataset, we report the accuracy compared to related work in Table 4.
We report only the best results for the different parameter combinations reported
in Michel et al. [27], and the best result for our different combine methods. We
group the methods by their time complexity. Note that, while PathNN performs
well on ENZYMES and PROTEINS, the time complexity of this method is
exponential. Therefore, we also highlight the best method with polynomial time
complexity. For IMDB-B and IMDB-M, which have small diameters, k-NTs out-
perform all other methods. For ENZYMES a variant of our approach achieves
the best result among the approaches with non-exponential time complexity, and
k-NTs lead to a significant improvement over GIN.

Node Classification. We investigate the performance of our approach on node
classification datasets. These datasets differ regarding their homophily ratio,
i.e., the fraction of edges in a graph that connect vertices with the same class
label [40]. Heterophily tasks are particularly challenging for standard GNNs [40]
as they require capturing the structure of neighborhoods instead of “averaging”
over the neighboring features. In Table 5 we present results from Giraldo et
3 The implementation is available at github.com/samirmoustafa/k-redundancyGNNs.
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Table 2. Average classification accuracy for EXP-Class and CSL across k-folds (4-
folds and 5-folds), and the number of indistinguishable pairs of graphs in EXP-Iso.
Best results are highlighted in gray, best results from methods with polynomial time
complexity are highlighted in bold.

Model EXP-Class ↑ EXP-Iso ↓ CSL ↑
GIN [36] 50.0 ± 0.0 600 10.0 ± 0.0

3WLGNN [24] 100.0 ± 0.0 0 97.8 ± 10.9

PathNN-SP+ [27] 100.0 ± 0.0 0 100.0 ± 0.0

PathNN-AP [27] 100.0 ± 0.0 0 100.0 ± 0.0

DAG-MLP (0-NTs) 100.0 ± 0.0 0 100.0 ± 0.0

DAG-MLP (1-NTs) 100.0 ± 0.0 0 100.0 ± 0.0

Table 3. Average accuracy for DAG-MLP using 4-fold cross-validation on EXP-
Class [1], evaluated with varying number of layers.

k-NTs 1 layer 2 layers 3 layers 4 layers 5 layers 6 layers

0-NTs 51.1 ± 1.6 57.5 ± 6.6 91.7 ± 11.6 99.7 ± 0.3 100.0 ± 0.0 100.0 ± 0.0

1-NTs 50.1 ± 0.2 58.9 ± 4.6 59.4 ± 5.7 99.6 ± 0.5 99.9 ± 0.2 100.0 ± 0.0

2-NTs – 52.6 ± 3.4 54.9 ± 5.3 52.4 ± 3.8 97.6 ± 1.9 100.0 ± 0.0

3-NTs – – 56.2 ± 5.7 51.1 ± 1.9 52.4 ± 4.1 87.1 ± 21.4

4-NTs – – – 50.1 ± 0.2 50.6 ± 1.0 50.4 ± 0.7

5-NTs – – – – 50.4 ± 0.7 50.0 ± 0.0

6-NTs – – – – – 53.2 ± 5.2

al. [15] including the state-of-the-art graph rewiring technique SJLR combined
with SGC and GCN, which performs best in the evaluation. We also performed
experiments with GIN and DAG-MLP, using the same data splits as Giraldo et
al. [15] to ensure a fair comparison. We report the best results for l layers with
l ∈ {2, 3, 4} and four different combine methods for GIN and DAG-MLP.

DAG-MLP outperforms GIN on heterophily datasets (those with low
homophily ratio), while GIN performs better on homophily ones, indicating that
neighborhood trees can capture the relevant neighborhood structure more accu-
rately than unfolding trees used by GIN. Additionally, our method outperforms
SJLR on heterophily datasets Texas and Wisconsin by a large margin.

6 Conclusion

We introduce a neural tree canonization technique and combine it with neigh-
borhood trees, which are pruned versions of unfolding trees used by standard
MPNNs. By merging trees in a DAG, we create compact representations that
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Table 4. Classification accuracy (± standard deviation) over 10-fold cross-validation
on the datasets from TUDataset, taken from Michel et al. [27]. Best results highlighted
in gray, best results from methods with polynomial time complexity highlighted in
bold. “-”: not applicable, “NA”: not available.

Model IMDB-B IMDB-M ENZYMES PROTEINS

L
in

ea
r

GIN [36] 71.2 ± 3.9 48.5 ± 3.3 59.6 ± 4.5 73.3 ± 4.0

GAT [35] 69.2 ± 4.8 48.2 ± 4.9 49.5 ± 8.9 70.9 ± 2.7

SPN (l = 1) [2] NA NA 67.5 ± 5.5 71.0 ± 3.7

SPN (l = 5) [2] NA NA 69.4 ± 6.2 74.2 ± 2.7

E
x
p

PathNet [33] 70.4 ± 3.8 49.1 ± 3.6 69.3 ± 5.4 70.5 ± 3.9

PathNN-P [27] 72.6 ± 3.3 50.8 ± 4.5 73.0 ± 5.2 75.2 ± 3.9

PathNN-SP+ [27] - - 70.4 ± 3.1 73.2 ± 3.3

O
u
rs DAG-MLP (0-NTs) 72.9 ± 5.0 50.2 ± 3.2 67.9 ± 5.3 70.1 ± 1.7

DAG-MLP (1-NTs) 72.4 ± 3.8 51.3 ± 4.4 70.6 ± 5.5 70.2 ± 3.4

Table 5. Classification accuracy (± standard deviation) on node classification tasks
(GCN, SJLR-GCN, SGC and SJLR-GCN taken from Giraldo et al. [15]).

Model Texas Wisconsin Cornell Cora CiteSeer PubMed

Homophily ratio 0.11 0.21 0.3 0.8 0.74 0.8

GCN 58.05 ± 0.9 52.10 ± 0.9 67.34 ± 1.5 81.81 ± 0.2 68.35 ± 0.3 78.25 ± 0.3

SJLR-GCN 60.13 ± 0.8 55.16 ± 0.9 71.75 ± 1.5 81.95 ± 0.2 69.50 ± 0.3 78.60 ± 0.3

SGC 56.69 ± 1.7 47.90 ± 1.7 53.40 ± 2.1 76.90 ± 1.3 67.45 ± 0.8 71.79 ± 2.1

SJLR-SGC 58.40 ± 1.4 55.42 ± 0.9 67.37 ± 1.6 81.24 ± 0.7 68.39 ± 0.6 76.28 ± 0.9

GIN 73.78 ± 6.0 71.76 ± 5.1 60.81 ± 8.5 76.76 ± 1.4 64.49 ± 1.5 76.46 ± 1.1

DAG-MLP (0-NTs) 85.68 ± 4.8 81.35 ± 4.1 79.02 ± 6.8 74.01 ± 2.0 60.55 ± 3.6 75.33 ± 1.1

DAG-MLP (1-NTs) 80.54 ± 6.0 81.62 ± 3.4 79.41 ± 4.6 74.54 ± 1.4 61.09 ± 1.5 75.53 ± 1.1

serve as the foundation for our neural architecture termed DAG-MLP. It inherits
the advantageous properties of the GIN architecture, while being more expres-
sive than 1-WL on many graphs. Notably, our method is only less expressive
on node level for specific examples. Our work contributes general techniques for
constructing compact computation DAGs for tree structures that encode node
neighborhoods. This exploration reveals a complex interplay between informa-
tion redundancy, computational redundancy, and expressivity. The delicate bal-
ance of these factors is an avenue for future work.
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Abstract

We propose a linear time graph transformation that enables the Weisfeiler-Leman (WL)
algorithm and message passing graph neural networks (MPNNs) to be maximally expressive
on outerplanar graphs. Our approach is motivated by the fact that most pharmaceutical
molecules correspond to outerplanar graphs. Existing research predominantly enhances the
expressivity of graph neural networks without specific graph families in mind. This often
leads to methods that are impractical due to their computational complexity. In contrast,
the restriction to outerplanar graphs enables us to encode the Hamiltonian cycle of each
biconnected component in linear time. As the main contribution of the paper we prove that
our method achieves maximum expressivity on outerplanar graphs. Experiments confirm
that our graph transformation improves the predictive performance of MPNNs on molecular
benchmark datasets at negligible computational overhead.

1 Introduction

We study graph neural networks (GNNs) for the class of outerplanar graphs and devise a linear time pre-
processing step that message passing graph neural networks (MPNNs) to distinguish all non-isomorphic
outerplanar graph. Morris et al. (2019) and Xu et al. (2019) showed that MPNNs have limited expressivity,
i.e., there exist non-isomorphic graphs on which each MPNN produces the same embedding. Such graphs
exist even within the restricted class of outerplanar graphs (see Figure 1). This led to the development
of GNNs that are more expressive than MPNNs, often called higher-order GNNs. However, the increase
in expressivity usually comes with a significant increase in computational complexity. For example, k-
GNNs (Morris et al., 2019) have a time complexity of Ω(|V |k). Other higher-order GNNs count pattern graphs
such as cliques (Bodnar et al., 2021b), cycles (Bodnar et al., 2021a;b), and general subgraphs (Bouritsas
et al., 2022), which can take time exponential in the pattern size. However, for certain domains of interest,
the graph structure can be exploited to build efficient higher-order GNNs. In this work, we focus on the
pharmaceutical domain and on graphs that represent molecules. Over 92% to 97% of the graphs in widely
used benchmark datasets in this domain are outerplanar (see Table 1). The properties of outerplanar
graphs have been exploited by algorithms for graph mining (Horváth et al., 2010) and molecular similarity
computation (Schietgat et al., 2013; Droschinsky et al., 2017), but not yet for GNNs. We focus on this

∗Equal contribution.
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Figure 1: The molecules bicyclopentyl (left) and decalin (right) which correspond to outerplanar graphs that
cannot be distinguished by MPNNs and 1-WL.

class of graphs and devise a linear time transformation that allows MPNNs to become maximally expressive
on outerplanar graphs. This implies that, in principle, our architecture can solve any learning task on
outerplanar graphs. While this does not mean that any given maximally expressive model will perform well
in practice, our experiments show that our proposed transformation improves the predictive performance of
several GNN architectures on multiple benchmark learning tasks.

We propose to decompose outerplanar graphs into biconnected outerplanar components and trees. Using the
fact that each biconnected outerplanar component has a unique Hamiltonian cycle that can be computed in
linear time, we split each component into two graphs corresponding to the directed Hamiltonian cycles, and
prove that MPNNs are maximally expressive on biconnected outerplanar graphs transformed in this way.
Taking advantage of the well-known fact that MPNNs are maximally expressive on labeled trees (Arvind
et al., 2015; Kiefer, 2020), we extend our result to a linear time graph transformation called Cyclic Adjacency
Transform (CAT) that works on all outerplanar graphs. We benchmark CAT with common MPNNs on a
variety of molecular graph benchmarks and show that CAT consistently boosts the performance of MPNNs.

Main contributions. We propose CAT, a linear time graph transformation that renders MPNNs max-
imally expressive on outerplanar graphs. Experimentally, CAT consistently improves the performance of
MPNNs with little increase in runtime.

2 Discussion and Related Work

Since the expressivity of MPNNs is bounded by the 1-WL algorithm (Morris et al., 2019; Xu et al., 2019), any
pair of non-isomorphic graphs that cannot be distinguished by 1-WL will get mapped to the same embedding
by any given MPNN. One such pair of graphs are the molecules decalin and bicyclopentyl (see Fig. 1). As
these two graphs are outerplanar, it follows that MPNNs are not sufficiently expressive for outerplanar
graphs. Furthermore, in the graph mining community it is well known that many pharmaceutical molecules
are outerplanar (Horváth et al., 2006; Horváth & Ramon, 2010). Outerplanarity has also been discussed in
the context of reconstruction with GNNs (Cotta et al., 2021). This motivates the need for GNNs that are
highly expressive on outerplanar graphs. Outerplanar graphs have treewidth at most two (Bodlaender, 1998),
and Kiefer (2020) showed that 3-WL is sufficiently expressive to distinguish all outerplanar graphs. Hence,
any GNN that matches the expressivity of 3-WL, such as 3-IGN (Maron et al., 2019) or 3-GNN (Morris
et al., 2019), is capable of solving our main goal of distinguishing all outerplanar graphs. However, a single
iteration of a naive implementation of the 3-WL algorithm on a graph with n vertices is at least O(n3)
(Immerman & Lander, 1990; Kiefer, 2020), which can be infeasible even for medium-sized real-world graphs.
Similarly, a single 3-GNN or 3-IGN layer runs in roughly O(n3) time (Maron et al., 2019; Morris et al.,
2019). Even when additionally restricting the graph class to biconnected outerplanar graphs, MPNNs are
not sufficiently expressive. Furthermore, Zhang et al. (2023b) have shown that most GNNs cannot even
detect simple properties associated with biconnectivity such as articulation vertices. They find that only
their distance-based GNN and specific GNNs based on subgraphs (Bevilacqua et al., 2021; Frasca et al.,
2022) are able to detect some of these properties. Again, these approaches have at least quadratic worst case
runtime.

It is not straightforward to use outerplanarity to efficiently improve the expressivity of GNNs, as even finding
a subgraph remains NP-hard for outerplanar graphs (Sysło, 1982). Thus, methods like the graph structural
network (Bouritsas et al., 2022) that rely on counting subgraphs remain computationally expensive even on
outerplanar graphs. Subgraph GNNs model graphs as a collection of subgraphs (Frasca et al., 2022), which
usually requires a pre-processing with at least quadratic runtime, depending on the method used to extract
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Figure 2: A graph and both directions of its directed Hamiltonian cycle. Nodes are annotated with their
HALs, the distances on the Hamiltonian cycle to their neighbors (Colbourn & Booth, 1981).

subgraphs. For example, Node-delete (Bevilacqua et al., 2021) creates all subgraphs that are obtained by
deleting a single node creating O(n2) nodes in total. k-ego-net (Bevilacqua et al., 2021) extracts the k-hop
neighborhood for each node which for k ≥ 2 can create O(n2) nodes in the worst case, for example for star
graphs, which are also outerplanar.

Recently, Dimitrov et al. (2023) have proposed PlanE, a GNN architecture that can distinguish all planar
graphs in O(n2) time. As a consequence, PlanE is also able to distinguish all outerplanar graphs. However,
this comes at the cost of (1) runtime, (2) flexibility, and—counter-intuitively—(3) expressivity. (1) PlanE
requires a quadratic time pre-processing whereas our proposed CAT+MPNN runs in linear time. (2) PlanE
is a GNN architecture while CAT is a graph transformation. This means, that CAT can be combined
with any GNN while PlanE requires specialized GNN layers which are not easily combined with other
architectures. (3) Without changes to PlanE’s pre-processing, PlanE is incapable of operating on graphs
with non-planar components whereas CAT still achieves at least 1-WL expressivity on such graphs. This
leads to the counter-intuitive result that vanilla PlanE is incomparable in expressivity to CAT (see Prop. 2
and 3 in the Appendix).

Finally, while there exist many GNNs that are provably more expressive than WL, little is known about the
precise class of graphs for which such GNNs are provably maximally expressive. Furthermore, proving an
upper bound on the expressivity of an architecture is considered difficult and requires significant effort as
demonstrated by Zhang et al. (2023a). In contrast, we identify outerplanar graphs as a large practical graph
family that our proposed method CAT can distinguish.

3 Preliminaries

A graph G = (V,E, µ, ν) consists of a set of nodes V , a set of edges E ⊆ V × V and attributes (also called
features) for the nodes µ : V → X and edges ν : E → X, respectively, where X is a set of arbitrary attributes.
We refer to an edge from u to v by uv and in case of undirected graphs uv = vu. The in-neighbors of a
node u ∈ V are denoted by Nin(u) = {v | vu ∈ E}. The out-neighbors of a node u ∈ V are denoted by
Nout(u) = {v | uv ∈ E} and in case of undirected graphs, Nin = Nout. In this paper, the input graphs are
undirected and are transformed into directed ones. A graph G′ = (V ′, E′, µ′, ν′) is a subgraph of a graph G,
denoted by G′ ⊆ G, iff V ′ ⊆ V , E′ ⊆ E, ∀v ∈ V ′ : µ′(v) = µ(v), and ∀e ∈ E′ : ν′(e) = ν(e). A (directed)
cycle (v1, . . . , vk) is a sequence of k ≥ 3 distinct nodes, with ∀i ∈ {1, . . . , k − 1} : vivi+1 ∈ E and vkv1 ∈ E.
A graph is acyclic if it does not contain a cycle. Given a graph G, we denote the shortest path distance
between two nodes u and v by dG(u, v), or d(u, v) if G is clear from the context. We denote the diameter of
a graph G by Φ(G) = maxu,v∈V (G) d(u, v).

A graph is outerplanar if it can be drawn in the plane without edge crossings and with all nodes belonging
to the exterior face (see Appendix A for details). We call an undirected graph with at least three vertices
biconnected if the removal of any single node does not disconnect the graph. A biconnected component is a
maximal biconnected subgraph. We refer to the outerplanar biconnected components of a graph as blocks.

Two graphs G and H are isomorphic, if there exists a bijection ψ : V (G) → V (H), so that ∀u, v ∈
V (G) : µ(v) = µ(ψ(v)) ∧ uv ∈ E(G) ⇔ ψ(u)ψ(v) ∈ E(H) ∧ ∀uv ∈ E(G) : ν(uv) = ν(ψ(u)ψ(v)). We
call ψ an isomorphism between G and H. An in-tree T is a directed, acyclic graph with a distinct root
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Figure 3: Biconnected outerplanar graph G, CAT∗(G), and unfolding tree of node b.

having no outgoing edges and all other nodes having one outgoing edge and for every node there is exactly
one path from it to the root.

Weisfeiler-Leman. The 1-dimensional Weisfeiler-Leman algorithm (WL) assigns colors (usually rep-
resented by numbers) to nodes. The color of a node v ∈ V (G) is updated iteratively according to
ci+1(v) = h (ci(v), {{(ν(uv), ci(u)) | u ∈ Nin(v)}}), where h is an injective function and c0 = µ. Note, that
this variant of WL makes use of edge features and works on directed graphs. While traditionally WL is
defined for undirected and unlabeled graphs, this is a common assumption in similar lines of work.

The unfolding tree with height i of a node v ∈ V (G) is defined as the in-tree F v
i = (v, {{Fu

i−1 | u ∈ Nin(v)}}),
where F v

0 = ({v}, ∅). The unfolding trees F v
i and Fw

i of two nodes v and w are isomorphic if and only if
the colors of the nodes in iteration i are equal, see, e.g., Kriege (2022). The Weisfeiler-Leman algorithm
has historically been used as a heuristic for graph isomorphism. Let WL(G) = {{c∞(v) | v ∈ V (G)}} be the
multiset of node colors in the stable coloring (Arvind et al., 2015). Two graphs G and H are not isomorphic
if WL(G) ̸= WL(H). However, non-isomorphic graphs G and H with WL(G) = WL(H) exist. WL for
example cannot distinguish the molecular graphs in Figure 1 or a 6-cycle from two triangles.

Expressivity. Let G denote the set of all graphs and Gn = {G ∈ G | |V (G)| ≤ n} for all n ∈ N. Let
ϕ, ψ be two graph embedding algorithms, which map graphs to embedding spaces (e.g., Rd). We say ϕ is at
least as expressive as ψ if for all pairs of graphs G,G′ with ψ(G) ̸= ψ(G′) it holds that ϕ(G) ̸= ϕ(G′). Let
G′ ⊆ G be a family of graphs, for example, the set of all outerplanar graphs. We say that a graph embedding
algorithm ϕ is maximally expressive for G′ if for every non-isomorphic pair of graphs G,G′ ∈ G′ it holds that
ϕ(G) ̸= ϕ(G′). We can generalize this to parameterized graph embeddings such as GNNs: Let ϕw be a graph
embedding with parameters w (e.g., the weights of a neural network). A parameterized graph embedding
ϕw is maximally expressive for G′ if for all n ∈ N there exists a parameter choice wn such that for every
non-isomorphic pair of graphs G,G′ ∈ G′ ∩ Gn it holds that ϕwn

(G) ̸= ϕwn
(G′).

Hamiltonian adjacency lists. A Hamiltonian cycle of a graph is a cycle containing each node exactly
once. A Hamiltonian cycle (v1, . . . , vk) on an undirected graph, can be separated into two directed Hamilto-
nian cycles C = (v1, . . . , vk) with corresponding edges v1v2, . . . , vkv1 and←−C = (vk, . . . , v1) with corresponding
edges vkvk−1, . . . , v1vk. Biconnected outerplanar graphs have a unique Hamiltonian cycle that can be found
in linear time (Mitchell, 1979). Hamiltonian adjacency lists (HALs) are derived by annotating each node
with the sorted distances dC to all its neighbors on the two directed variants of the Hamiltonian cycle C.
Figure 2 shows a graph annotated with its HALs in both directions of the Hamiltonian cycle. Following
the Hamiltonian cycle in one direction and concatenating the HALs gives a HAL sequence S (and a reverse
sequence R, for the other direction).

A sequence S of length n is a cyclic shift of another sequence S′ of length n if there exists an ℓ ∈ N such that
Si = S′j for all i ∈ {1, . . . , n} where j = i+ ℓ mod n. The HAL sequence uniquely identifies a biconnected
outerplanar graph (if both directions and cyclic shifts are considered):

Lemma 1 (Colbourn & Booth 1981). Two biconnected outerplanar graphs G and H with HAL and reverse
sequences SG, SH and RG, RH are isomorphic, iff SG is a cyclic shift of SH or RH .
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Table 1: Common benchmark datasets and per-
centage of outerplanar graphs in them.

Dataset #Graphs Outerplanar

ZINC 12000 98 %
PCQM-Contact 529434 98 %
MOLESOL 1128 97 %
MOLTOXCAST 8576 96 %
MOLTOX21 7831 96 %
MOLLIPO 4200 96 %
MOLCLINTOX 1477 94 %
NCI-2000 250251 94 %
peptides-func 15535 93 %
MOLBACE 1513 93 %
MOLSIDER 1427 92 %
MOLBBBP 2039 92 %
MOLHIV 41127 92 %

Table 2: Pre-processing time of CAT on the
training splits of all datasets and relative addi-
tional training/evaluation time with CAT.

Dataset CAT
Runtime

Train+Eval.
Time Change

MOLESOL 2 ± 1 s 26 %
MOLBBBP 5 ± 1 s 36 %
MOLSIDER 6 ± 1 s 21 %
MOLBACE 6 ± 1 s 42 %
MOLLIPO 14 ± 1 s 38 %
MOLTOX21 15 ± 1 s 27 %
MOLTOXCAST 16 ± 1 s 13 %
ZINC 44 ± 1 s 27 %
MOLHIV 152 ± 1 s 31 %

4 Identifying Outerplanar Graphs Using Weisfeiler-Leman

We develop a graph transformation called cyclic adjacency transform (CAT), that enables WL to distinguish
all outerplanar graphs. We first introduce CAT∗, enabling WL to distinguish any pair of non-isomorphic
biconnected outerplanar graphs, and then extend it to all outerplanar graphs.

In CAT∗ (see Section 4.1), nodes are duplicated to represent the Hamiltonian cycle in both directions. We
annotate edges not in the Hamiltonian cycle with the distance their endpoints have on the Hamiltonian
cycle. This allows the Weisfeiler-Leman algorithm to encode HAL sequences in the unfolding trees of the
nodes and in turn distinguish pairs of non-isomorphic biconnected outerplanar graphs.

To extend our transformation to all outerplanar graphs (see Section 4.2), we need to ensure that the bicon-
nected components keep their unique encoding. It should also be ensured that non-isomorphic graphs with
the same biconnected components (but arranged or rotated differently) can be distinguished. We address
this by introducing articulation and block pooling vertices. These nodes contain all the information about
their respective blocks and their position in these blocks. Together with nodes outside of blocks, this forms
a forest which encodes the entire original graph. As it is known that WL is maximally expressive on forests,
it follows that WL is maximally expressive on such graphs.

4.1 Identifying Biconnected Outerplanar Graphs Using Weisfeiler-Leman

We first present a graph transformation called CAT∗, that allows the Weisfeiler-Leman algorithm to distin-
guish any two non-isomorphic biconnected outerplanar graphs. Figure 3 shows an example of CAT∗. Note
that CAT∗(G) consists of two disjoint copies of G, with directed and annotated edges. We first describe the
transformation informally for ease of understanding, followed by the formal definition.

We start with an empty graph and add the (unique) Hamiltonian cycle of the original graph twice, directed
in opposite ways (steps 1 and 2). Then, we add the remaining edges of the original graph to both cycles,
directed in both directions each (step 3). Finally, we set node and edge features to the original features, and
extend edge features with the distance of their endpoints in the Hamiltonian cycle (step 4).
Definition 1. The CAT∗(G) = G′ transformation maps a biconnected outerplanar graph G = (V,E, µ, ν)
to a new graph G′ = (V ′, E′, µ′, ν′) as follows:

1. Let (v1, . . . , vn) be the Hamiltonian cycle of G and C and ←−C be its directed versions.

2. Add node and edge disjoint copies of C and ←−C together with the corresponding edges to an empty
graph G′ and ∀e ∈ E′ set ν′(e) = (1, ν(e)).
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Figure 4: One part of the CAT∗ transformation of the graph from Figure 3 and an example unfolding tree
of one of its nodes from which the HAL sequence of the original graph can be reconstructed.

3. Let D ⊆ E be the edges of G not on the (undirected) Hamiltonian cycle. Add edges in both directions
to G′ for the copies of C and←−C for each edge in D: E′ = E′∪Ed∪E←−d with Ed =

⋃
vivj∈D{v′iv′j , v′jv′i}

and E←−
d

=
⋃

vivj∈D{v′′i v′′j , v′′j v′′i } for copies v′i of vi in C (resp. v′′i in ←−C ).

4. ∀v′i, v′′i ∈ V ′ set µ′(v′i) = µ′(v′′i ) = µ(vi). ∀vivj ∈ Ed set ν′(vivj) = (dC(vj , vi), ν(vivj)) and
∀v′iv′j ∈ E←−d set ν′(v′iv′j) = (d←−

C
(v′j , v′i), ν(vjvi)).

Using CAT∗ we prove our first main result.
Theorem 1. Two biconnected outerplanar graphs G and H are isomorphic, if and only if
WL(CAT∗(G)) = WL(CAT∗(H)).

Proof. Two graphs are distinguished by WL if and only if the multisets of node colors of their stable colorings
differ. Trivially, |V (G)| ≠ |V (H)| ⇒ |V (CAT∗(G))| ̸= |V (CAT∗(H))| ⇒ WL(CAT∗(G)) ̸= WL(CAT∗(H)),
so we only focus on graphs with |V (G)| = |V (H)|. Two nodes only get the same color if their unfolding trees
are isomorphic. The first number in the HAL of each node is always 1, so it can be ignored, and the last
number is always |V (G)| − 1, so this can simply be reconstructed by |V (CAT∗(G))|. The rest of the HAL
sequence and the node labels of G can be reconstructed from the unfolding tree of any node in CAT∗(G):
Trivially, each node has two direct neighbors in the Hamiltonian cycle. In the unfolding tree these are the
parent and the single child with the 1-annotated edge. All other neighbors in the HAL can be reconstructed
by looking at the weights of the edges that do not have weight 1. Figure 4 shows an example. Looking
at any two biconnected outerplanar graphs with n nodes, the Weisfeiler-Leman algorithm will be able to
distinguish them after at most n iterations, iff they are non-isomorphic: Since the HAL sequence is encoded
in the unfolding trees from all starting points (cyclic shift) and in both directions (reverse direction), this
identifies isomorphism by Lemma 1.

4.2 Extending CAT∗ to All Outerplanar Graphs

While CAT∗ is defined for single blocks (biconnected outerplanar components), an outerplanar graph can
contain multiple of them, as well as additional connections. We define the CAT transformation by applying
CAT∗ to the blocks of the graphs and adding additional nodes and edges, which enable WL to distinguish
any two non-isomorphic outerplanar graphs. We first give an informal description to provide an intuition
for the various steps before stating the formal definition.

Starting from an empty graph, add the graph induced by all edges not in blocks and nodes in more than
one block (steps 1 and 2). For each block, add the result of CAT∗ applied to the block (step 3.1). We
refer to nodes created in this step as Hamiltonian cycle nodes. Add pooling nodes connecting the two
Hamiltonian cycle nodes corresponding to the same original node (step 3.2). Add a node for each block
(block nodes) and connect it to the pooling nodes of that block (step 3.3). Relabel the nodes from step 2,
that belong to at least one block (articulation nodes) and connect them to the pooling nodes corresponding
to the same original node (step 3.6). Finally, create a global (block) pooling node and connect it to the
block nodes (step 4). For each node we add, its initial features (if present) are extended by a label referring
to the type (Hamiltonian cycle node, pooling node, articulation node, etc.).
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Figure 5: A graph and its CAT transformation. Original node labels are represented by letters, edge and
node labels from the CAT transform are represented by colors. Note that CAT(G) looks like a cat.

Definition 2. The CAT(G) = G′ transformation maps a graph G to a new graph G′ as follows:

1. Let B1, . . . , Bℓ be the blocks of G and let F be the graph induced by the edges of G that are not in
any block plus the nodes that are present in more than one block. Let {⊥,□, ▷◁, ⋆,△} be distinct
node labels not in X.

2. Add F to G′ with labels µ′(v) = (⊥, µ(v)) for all v ∈ F .

3. For each block Bi in G:

3.1. Let B′i,
←−
B′i be the two connected components in CAT∗(Bi). Add B′i and

←−
B′i to G′.

3.2. For all pairs (v,←−v ) of corresponding nodes in B′i and
←−
B′i add a node pv with µ′(pv) = ( ⋆, µ(v))

and edges pvv, vpv, pv
←−v ,←−v pv to G′.

3.3. Add a node bi to G′ with µ′(bi) =□. For all v ∈ V (Bi) add edges bipv and pvbi.
3.4. Let Ai = V (Bi) ∩ V (F ) be the nodes of Bi in F .
3.5. Let γi : Ai → V (B′i) map nodes of F to their copy in B′i.
3.6. For each a ∈ Ai, let µ′(a) = ( ▷◁, µ(a)) and add edges pγi(a)a and apγi(a) to G′.

4. Add node g with µ′(g) =△ to G′ and for all nodes bi, add edges gbi and big to G′.

5. Let CAT(G) = G′.

An example of the CAT transformation can be seen in Figure 5. Appendix F contains additional visualizations
of the transformation on real-life molecular graphs. Informally, a graph is transformed using CAT by uniquely
encoding all its blocks (using CAT∗) and then connecting the results to encode also the position within the
graph and the orientation using the original graph structure. All nodes and edges that are not part of a
block are of course also added to the transformed graph.

We can now prove our main result, which implies that MPNNs together with CAT are maximally expressive
on outerplanar graphs.
Theorem 2. Two outerplanar graphs G and H are isomorphic, if and only if WL(CAT(G)) =
WL(CAT(H)).

Proof. Following Theorem 1, each block will be uniquely identified by WL. Since the additional nodes have
distinct labels, they will not cause WL to falsely report two blocks as isomorphic when they are not. The
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Table 3: Resistance and diameter before and after the CAT transformation. ρ(G) and maxρ(G) denote the
average and maximum pair-wise effective resistance for graph G. Results are reported as mean and standard
deviation across all graphs in the datasets. In all cases, smaller is better.

Dataset Φ(G) Φ(CAT(G)) ρ(G) ρ(CAT(G)) maxρ(G) maxρ(CAT(G))

ZINC 12.5 ± 2.6 9.9 ± 1.6 4.0 ± 0.7 2.6 ± 0.4 10.0 ± 2.0 7.7 ± 1.9
MOLESOL 6.6 ± 3.3 6.9 ± 3.8 2.3 ± 1.0 2.1 ± 0.9 5.5 ± 2.3 6.0 ± 2.8
MOLTOXCAST 8.5 ± 4.7 8.4 ± 4.0 3.0 ± 1.5 2.6 ± 1.3 7.2 ± 4.3 7.4 ± 3.9
MOLTOX21 8.8 ± 4.6 8.7 ± 4.0 3.1 ± 1.5 2.7 ± 1.3 7.5 ± 4.2 7.7 ± 3.9
MOLLIPO 13.8 ± 4.0 9.9 ± 2.1 4.3 ± 1.2 2.6 ± 0.5 10.7 ± 3.4 7.9 ± 2.3
MOLBACE 15.1 ± 3.2 11.5 ± 2.8 5.0 ± 1.3 2.9 ± 0.7 12.5 ± 3.4 9.1 ± 2.6
MOLSIDER 12.6 ± 11.8 10.4 ± 7.3 4.1 ± 3.8 2.9 ± 2.2 10.4 ± 11.0 8.9 ± 6.8
MOLBBBP 10.7 ± 3.7 9.1 ± 2.6 3.4 ± 1.1 2.4 ± 0.6 8.3 ± 3.8 7.5 ± 2.5
MOLHIV 11.9 ± 5.2 9.9 ± 3.8 3.9 ± 1.7 2.7 ± 1.2 9.3 ± 4.7 8.2 ± 3.8

information about the entire HAL sequence of each block is stored in the block nodes b. The pooling nodes p
connect the block and block nodes to the rest of the graph (through the articulation nodes a), determining
the orientation of the block. Note that the graph returned by CAT without the CAT∗ blocks and the
global pooling node g is a tree. Relying on the labels of the pooling and block nodes, we can reconstruct
the original graph from this tree. As WL can distinguish non-isomorphic labeled trees (Arvind et al., 2015;
Kiefer, 2020), it can thus distinguish non-isomorphic outerplanar graphs using CAT. For the other direction,
note that CAT is permutation-invariant: for two isomorphic graphs G and H, the graphs CAT(G) and
CAT(H) are isomorphic and WL will give the same coloring for both.

Importantly, we can compute CAT(G) in linear time. The computational complexity is dominated by the
computation of the blocks (Tarjan, 1972) and their Hamiltonian cycles (Mitchell, 1979), which both require
linear time. Note that we only add a linear number of nodes and edges. From Morris et al. (2019) and Xu
et al. (2019) it follows, that MPNNs, that are as expressive as 1-WL, can distinguish CAT(G) and CAT(H)
for non-isomorphic outerplanar graphs G and H.

Note that our proof used an important property of the WL algorithm: Adding uniquely labeled nodes and
edges to WL-distinguishable graphs never leads to WL-indistinguishable graphs. We use this property to
add a global pooling node in step 4 of CAT which is connected to all block pooling nodes. This allows to
pass messages between block nodes in fewer iterations in the subsequent MPNN step.

CAT can also be applied to non-outerplanar graphs. In this case, our graph transformation performs the
steps described in Definition 2. However, if a non-outerplanar biconnected component Bi is encountered,
only one copy B′i is created in CAT(G) and its vertices are connected to the corresponding pooling nodes. An
example for this is depicted in Appendix D. While this never reduces expressivity, it is also not guaranteed
to improve expressivity on non-outerplanar graphs. Note that it can be determined in linear time whether
a block is outerplanar while trying to compute the Hamiltonian cycle of the block (Mitchell, 1979). Hence,
the CAT transformation always only requires linear time.

4.3 Influence of CAT on Graph Connectivity

As poor graph connectivity may negatively influence the predictive performance of GNNs (Alon & Yahav,
2021), we investigate the effects of CAT on different measures of graph connectivity such as the diameter
Φ(G) of a graph. We refer to the shortest path distance between two nodes as the distance between them.
Observation 1. For a block B of a graph G, it holds that Φ(CAT(B)) ≤ 4.

Proof. Let u, v ∈ V (CAT(B)). By definition all nodes in CAT(B) are either from a Hamiltonian cycle created
by CAT∗, a pooling node, or a block node. If both nodes are from a Hamiltonian cycle, then there is a path
u, pu, b, pv, v between them, where pu, pv are pooling nodes and b is the block node. Hence, dCAT(G)(u, v) ≤ 4.
If u or v is a pooling or a block node, then the above path implies that dCAT(G)(u, v) < 4.
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Table 4: Predictive performance of MPNNs with and without CAT on different molecular benchmark
datasets. Arrows indicate whether smaller (↓) or bigger (↑) results are better. Bold entries are an MPNN
with CAT that outperforms the same MPNN without CAT.

Dataset →
↓ Model

ZINC
MAE ↓

ZINC250k
MAE ↓

MOLHIV
ROC-AUC ↑

MOLBACE
ROC-AUC ↑

MOLBBBP
ROC-AUC ↑

GIN 0.168 ± 0.007 0.033 ± 0.003 77.9 ± 1.0 74.6 ± 3.2 66.0 ± 2.1
CAT+GIN 0.101 ± 0.004 0.034 ± 0.003 76.7 ± 1.8 79.5 ± 2.5 67.2 ± 1.8
GCN 0.184 ± 0.013 0.067 ± 0.005 76.7 ± 1.4 77.9 ± 1.7 66.1 ± 2.4
CAT+GCN 0.123 ± 0.008 0.034 ± 0.003 77.1 ± 1.6 79.2 ± 1.5 68.3 ± 1.7
GAT 0.375 ± 0.013 0.103 ± 0.004 76.6 ± 2.0 81.7 ± 2.3 66.2 ± 1.4
CAT+GAT 0.201 ± 0.022 0.046 ± 0.004 75.3 ± 1.6 79.3 ± 1.6 66.0 ± 1.9
Dataset →
↓ Model

MOLSIDER
ROC-AUC ↑

MOLESOL
RMSE ↓

MOLTOXCAST
ROC-AUC ↑

MOLLIPO
RMSE ↓

MOLTOX21
ROC-AUC ↑

GIN 56.6 ± 1.0 1.105 ± 0.077 65.3 ± 0.6 0.717 ± 0.016 75.8 ± 0.7
CAT+GIN 58.2 ± 0.9 0.985 ± 0.055 65.6 ± 0.5 0.798 ± 0.031 74.8 ± 1.0
GCN 56.7 ± 1.5 1.053 ± 0.087 64.4 ± 0.4 0.748 ± 0.018 76.4 ± 0.3
CAT+GCN 57.9 ± 1.8 1.006 ± 0.036 66.2 ± 0.8 0.771 ± 0.023 74.9 ± 0.8
GAT 58.4 ± 1.0 1.037 ± 0.063 63.8 ± 0.8 0.728 ± 0.024 76.3 ± 0.6
CAT+GAT 58.3 ± 1.3 1.09 ± 0.048 64.5 ± 0.8 0.754 ± 0.021 75.4 ± 0.7

Observation 2. Let Bi and Bj be two blocks of a graph G. In CAT(G), the maximum distance between
any node in CAT(Bi) and any node in CAT(Bj) is 6.

Proof. Let u ∈ V (CAT(Bi)) and v ∈ V (CAT(Bj)). If Bi = Bj , then Observation 1 implies dCAT(G)(u, v) ≤ 4.
If Bi ̸= Bj , then there exists a path u, pu, bi, g, bj , pv, v where pu, pv are pooling nodes, bi, bj are the block
node for block Bi, Bj , and g is the global block pooling node. Thus, dCAT(G)(u, v) ≤ 6.

Observations 1 and 2 show that for some subgraphs CAT provides constant upper bounds in diameter. On
the graph level, CAT can only lead to a small increase of the diameter.

Proposition 1. For an outerplanar graph G, Φ(CAT(G)) ≤ Φ(G) + 7.

Proof sketch. To prove the proposition we bound the distance between any pair of nodes in CAT(G) by case
analysis based on the type of nodes. We defer the full proof to Appendix B.

In most practical cases, the short-cutting inside or between blocks leads to CAT reducing the graph diame-
ter (see Observations 1 and 2). In Table 3, we demonstrate this on molecular benchmark datasets. Besides
the diameter, another useful graph connectivity measure is the effective resistance. The notion of effec-
tive resistance originates in electrical engineering (Kirchhoff, 1847) and has implications on several graph
properties. For example, the effective resistance between two nodes is proportional to the commute time
between them (Chandra et al., 1989). Intuitively, a large effective resistance between two nodes suggests
that information propagation between the nodes is hindered. Recently, effective resistance has been in fact
linked to over-squashing (Black et al., 2023) in GNNs, which is a negative effect that leads to long-range
interactions having little impact on the predictions of a GNN. Effective resistance as introduced by Kirchhoff
(1847) is naturally only defined for undirected graphs. As CAT produces directed graphs, we therefore use
an extension of effective resistance introduced by Young et al. (2015) that is applicable to directed graphs.
We refer to Young et al. (2015) for more details. In Table 3 we demonstrate that CAT reduces the pair-wise
effective resistance on molecular benchmark datasets.
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5 Experimental Evaluation

We investigate whether our proposed method CAT can improve the predictive performance of MPNNs on
molecular benchmark datasets.1 We utilize three commonly used MPNNs: GIN (Xu et al., 2019), GCN (Kipf
& Welling, 2017), and GAT-v2 (Veličković et al., 2018; Brody et al., 2022). We train on the commonly used
ZINC (Gómez-Bombarelli et al., 2018; Sterling & Irwin, 2015) and MOLHIV (Hu et al., 2020) datasets, which
contain graphs representing molecules. We supplement these with 7 small datasets (see Table 4) from the
OGB collection (Hu et al., 2020). In addition to the ZINC dataset with 12k graphs we also use the larger
ZINC250k variant with 250k graphs. In total, we train three MPNNs on ten datasets with and without CAT.
For each configuration, we separately tune hyperparameters on the validation set and train a model with
the best hyperparameters ten times on the training set and evaluate it on the test set. The only exception
to this is ZINC250k where we evaluate the final hyperparameter configuration five times, due to the large
dataset size. For each dataset we report the mean and standard deviation of the most common evaluation
metric on the test set in the epoch with the best validation performance. For ZINC we use a batch size of 128
and an initial learning rate of 10−3 that gets halved if the validation metric does not improve for 20 epochs.
The training stops after 500 epochs or if the learning rate dips below 10−5. For all other datasets we train
with a fixed learning rate for 100 epochs and a batch size of 128. We use the same hyperparameter grid for
all models and provide more details in Appendix E. Besides measuring the predictive performance, we also
measure the time needed for applying CAT (averaged over ten runs), and the training and evaluation time
for GIN and GIN+CAT with the same hyperparameters on all datasets (averaged over five runs). Finally,
we report the values for the diameters and effective resistances as described in Section 4.3.

Results. Table 2 shows the pre-processing time of CAT. Note that this is the performance of running
CAT on only a single CPU core. It is possible to achieve faster runtimes by simply parallelizing different
graphs over different cores. This negligible runtime allows applying the transformation even in realistic
high-throughput screening applications (Krasoulis et al., 2022), for example, on MOLHIV it takes only 5ms
to process a graph. Training and prediction time on CAT transformed graphs increases by 29% on average.
Table 4 shows the predictive performance of all models. Note that our baseline models obtain strong results,
often surpassing the performance of (higher-order) GNNs reported in the literature, and that we train each
MPNN and MPNN+CAT with exactly the same sets of hyperparameters. Overall, CAT improves the
predictive performance of GIN and GCN in the majority of datasets (6 / 10 and 8 / 10, respectively). For
GIN and GCN, performance increases reliably on all datasets, except MOLLIPO and MOLTOX21. Surprisingly,
CAT does not work well with GAT and only improves its performance in 2 / 10 datasets. Most notably on
ZINC, CAT achieves very strong results boosting the predictive performance of MPNNs between 33% (GCN)
and 46% (GAT). This is only surpassed by higher-order GNNs such as CW Networks (Bodnar et al., 2021a)
which obtain a MAE of 0.079 ± 0.006 at the cost of potentially exponential pre-processing runtime due to
enumerating cycles in the graph. Table 3 shows that CAT reduces both graph diameter and maximum pair-
wise resistance on most datasets. Furthermore, CAT reduces the average pair-wise resistance in all datasets.
This suggests that CAT is effective at improving graph connectivity in real-life molecular graphs.

6 Conclusion

We proposed Cyclic Adjacency Transform (CAT), a linear time graph transformation, that enables the
Weisfeiler-Leman algorithm to be maximally expressive on outerplanar graphs. We rely on the fact that
biconnected outerplanar graphs can be uniquely identified by their Hamiltonian adjacency list sequences,
which CAT encodes in unfolding trees. It follows that a combination of MPNNs and CAT can distinguish
all outerplanar graphs. We achieved promising empirical results on standard molecular benchmark datasets
where CAT improved the performance of GIN and GCN in most cases, while for GAT we could not observe
this benefit. Computing CAT takes linear time and our implementation of CAT typically runs in the
order of seconds. Motivated by the recent interest in the over-squashing phenomenon, we also studied the
effect of CAT on graph connectivity. We proved that in the worst-case CAT increases the diameter of
outerplanar graphs by a small additive constant. However, inspecting CAT on real-world data, we find that

1Our code can be found at https://github.com/ocatias/outerplanarGNN.
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the diameter decreases most of the time. Similarly, we observed that the maximum and average pair-wise
effective resistance, which is associated with over-squashing, typically decreases after applying CAT.

Our work highlights the value of GNNs designed for specific graph classes. This perspective aligns with
a recent position paper, in which Morris et al. (2024) propose to investigate the runtime complexity of
maximally expressive GNNs on practically relevant graphs (Challenge II.4). In general, achieving high
expressivity is computationally expensive. However, for some graph classes this might not be the case. In
this work, we have demonstrated that for outerplanar graphs maximal expressivity can be achieved in linear
time.

Focusing on specific graph classes allows making use of existing graph theoretical results. This could lead to
novel GNNs that are both runtime efficient and highly expressive. Possible applications are infrastructure
and road networks, which are characterized by near-planar graphs that tend to have low graph degeneracy
(Eppstein & Gupta, 2017). More generally, it seems promising to study sparse graphs, such as bounded
expansion graphs (Nešetřil & De Mendez, 2012). Finally, in the future we plan to extend our work to
k-outerplanar graphs, which are known to capture even more molecular graphs (Horváth et al., 2010).
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A Outerplanar Graphs

Let G = (V,E) be an undirected graph. A planar embedding of G consists of an injective mapping f of
nodes V to vectors in the plane R2 and for each pair of adjacent nodes u, v a continuous path between f(u)
and f(v) such that no pair of such paths cross. More formally, a continuous path from f(u) to f(v) is a
continuous function p : [0, 1]→ R2 such that p(0) = f(u) and p(1) = f(v). Two such continuous paths p, p′
cross if there exist t, t′ ∈ (0, 1) such that p(t) = p′(t′). The graph G is planar if it has a planar embedding.
By Fáry’s theorem each planar graph always has a planar embedding with straight line segments as paths
(Fáry, 1948). Intuitively a planar embedding dissects the plane into regions called faces. Formally these are
the (topologically) connected regions of R2 with all the edge paths p removed. Any planar embedding has
a unique face not bounded by paths (the only non-compact face), which is called the outer face. A graph
is outerplanar if it has a planar embedding with all nodes lying on the boundary of the outer face. See, for
example, Felsner (2012) for more details.

We can also characterize outerplanar graphs using forbidden graph minors. A graph H is a minor of G, if
H can be obtained from G by a series of node deletion, edge deletion, and edge contractions (i.e., removing
an edge and replacing the two endpoints by a new node). Let Ka,b be the complete bipartite graph with
bi-partition A ∪ B = V with a = |A| and b = |B| and Kc be the complete graph on c nodes. A graph
G is outerplanar if and only if G has no K2,3 minor and no K4 minor. Similarly, planar graphs can be
characterized by the Kuratowski theorem as graphs with no K3,3 and no K5 minor. For more details see,
for example Diestel (2024).

B Proof of Proposition 1

We prove Proposition 1 which states that Φ(CAT(G)) ≤ Φ(G) + 7 for every outerplanar graph G.

Proof. Let u, v ∈ V (CAT(G)) such that dCAT(G)(u, v) = Φ(CAT(G)). We call a node a tree node if it was
not part of a block in G and was not created by CAT. A node that is not a tree node is either a Hamiltonian
cycle node, a pooling node, a block pooling node, or a global block pooling node.

Case 1: Both u, v are not tree nodes. By Observation 2: dCAT(G)(u, v) ≤ 6.

Case 2: Node u is a tree node and v is not. Let a ∈ V (G) be the closest articulation node to u in CAT(G).
Then, there is a path of length dG(u, a) in CAT(G) from u to a. We can extend this path by one node to
reach a pooling node. By Definition 2, there exists a path of length at most 6 from this pooling node to v.
Thus dCAT(G)(u, v) ≤ dG(u, a) + 7 ≤ Φ(G) + 7.

Case 3: Both u, v are tree nodes.

Case 3a: Suppose that the shortest path between u and v in G does not contain any edge inside of an
outerplanar block, then dCAT(G)(u, v) = dG(u, v) ≤ Φ(G).

Case 3b: Suppose that the shortest path between u and v in G contains one or more edges inside exactly
one block. Then, we can enter and exit this block in CAT(G) through a path a1, p1, b, p2, a2, where a1, a2
are articulation nodes, p1, p2 are pooling nodes, and b is a block node. Note that the articulation nodes were
part of the path in G which implies dCAT(G)(u, v) = dG(u, a1) + dG(a2, v) + 4 = dG(u, v) − dG(a1, a2) + 4.
Furthermore, we do not need to take the one or more edges inside the block to go from a1 to a2. Using
dG(a1, a2) ≥ 1 we obtain dCAT(G)(u, v) = dG(u, v)− dG(a1, a2) + 4 ≤ dG(u, v) + 3 ≤ Φ(G) + 3.

Case 3c: Suppose that the shortest path between u and v in G contains two or more edges that are
contained in two or more different blocks. Then, for CAT(G) we can shortcut from the first to the last
block node of the shortest path between u and v through a path a1, p1, b1, g, b2, p2, a2, where a1, a2 are
articulation nodes, p1, p2 are pooling nodes, b1, b2 are block nodes, and g is the global block pooling node.
Note that the articulation nodes were part of the path in G which implies that dCAT(G)(u, v) = dG(u, a1) +
dG(a2, v) + 6 = dG(u, v) − dG(a1, a2) + 6. By assumption, we know that dG(a1, a2) ≥ 2 which implies
dCAT(G)(u, v) = dG(u, v)− dG(a1, a2) + 6 ≤ dG(u, v) + 4 ≤ Φ(G) + 4.
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Figure 6: Additional examples for CAT∗. The biconnected outerplanar graphs on the left are transformed
using Definition 1.

Figure 7: Two nonplanar graphs which PlanE cannot distinguish. However, CAT can distinguish the graphs
by their two central outerplanar biconnected components.

C Additional Examples for CAT∗

Here, we provide additional examples for CAT∗. Figure 6 shows two graphs and the results, when transformed
using CAT∗. As described in Definition 1, the original graph is copied twice and the edges of the Hamiltonian
cycle are directed in each direction once (with their label extended with 1). The remaining edges are added
to each copy directed in both directions, with their label being extended to describe the distance of their
two nodes when only using edges from the Hamiltonian cycle.

D Incomparable Expressivity of CAT and PlanE

The expressivity of CAT and PlanE is incomparable. This follows from Propositions 2 and 3, showing that
there are pairs of graphs that are distinguishable by CAT and not PlanE and vice versa.
Proposition 2. There exists non-planar graphs that CAT can distinguish and PlanE cannot distinguish.

Proof. The claim follows from Figure 7.
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Figure 8: Two planar (but not outerplanar) graphs which CAT cannot distinguish.

Proposition 3. There exists planar graphs that PlanE can distinguish and CAT cannot distinguish.

Proof. The claim follows from Figure 8.

E Details for Experimental Evaluation

Our models are implemented in PyTorch-Geometric (Fey & Lenssen, 2019) and trained on a single NVIDIA
GeForce RTX 3080 GPU. We use WandB (Biewald, 2020) for tracking. The used server has 64 GB of
RAM and an 11th Gen Intel(R) Core(TM) i9-11900KF CPU running at 3.50GHz. Table 5 shows the
hyperparameters of our MPNNs for different datasets. We use the same hyperparameter grid for MPNNs
combined with CAT. We used a smaller hyperparameter grid for MOLHIV as MOLHIV is larger than the most of
the other datasets, meaning that training takes much longer. When benchmarking the speed of GIN against
GIN+CAT we train for 100 epochs with a batch size of 128 on all datasets with the same hyperparameters
for both models (see Table 5).

CAT implementation. CAT adds an additional feature to each node which encodes the type of that
node, i.e., nodes from Hamiltonian cycles, block nodes, pooling nodes, articulation nodes and or global block
nodes. Furthermore, we create additional edge features encoding the types of nodes incident to this edge
i.e., an edge between two different nodes in a Hamiltonian cycle has a different type than an edge from a
pooling node to the block node. For newly created nodes and edges we set their remaining features to the
feature of the node / edge they are based on; for example, a pooling node will have the features of the node
they are performing the pooling operation for. For nodes that have no natural representation in the graph
(block and block pooling nodes) we set these features to 0. To ensure that only these nodes get assigned
0 features, we shift the values of these features for all other nodes by 1.2 Note that our MPNNs treat the
distance on edges in blocks as a categorical feature. Representing the distances as numerical features did
not improve performance in preliminary experiments.

Table 5: Hyperparameter grids for GIN, GCN and GAT on different datasets.

Parameter All datasets
except MOLHIV

MOLHIV
Speed
Benchmarks
(Table 2)

Message passing layers 2, 3, 4, 5 4, 5 4
Final MLP layers 2 2 2
Pooling operation mean, sum mean, sum mean
Embedding dimension 64, 128, 256 64,128 64
Jumping knowledge last concat concat
Dropout rate 0, 0.5 0.5 0

Dataset description. All graphs in our datasets represent molecules and have graph-level tasks. For all
tasks we use the metrics that are commonly used by the community, e.g., MAE for ZINC or ROC-AUC

2This assumes that the features are categorical and not numerical–which is the case for the used datasets.
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for MOLHIV. For ZINC (10k graphs) and ZINC250k (250k graphs) (Gómez-Bombarelli et al., 2018; Sterling &
Irwin, 2015) the task is to predict the constrained solubility which is a regression task. All other datasets
are from the Open Graph Benchmark (Hu et al., 2020) based on MoleculeNet (Wu et al., 2018) and the task
is always to predict some molecular property. On MOLHIV, the task is to predict whether a molecule inhibits
HIV virus replication or not (Hu et al., 2020). For the tasks of the other datasets, we refer to Wu et al.
(2018).

F Additional Figures

We provide additional visualizations of the CAT transformation. In all figures, the color of the vertices
in the transformed graph have the following meaning: red nodes are from Hamiltonian cycles, blue nodes
correspond to blocks, yellow nodes pool the nodes from Hamiltonian cycles, orange nodes correspond to
articulation nodes and the gray node pools block nodes. Figure 9 shows a synthetic example with a non-
outerplanar graph. Figure 10 demonstrates CAT on various synthetic graphs. Figure 11 shows the result of
CAT on molecular graphs from ZINC and MOLHIV. Somewhat ironically, CAT often generates frog graphs on
MOLHIV as can be seen in Figure 12.

Figure 9: Left: example non-outerplanar graph. Right: result of applying CAT to the graph. Colors indicate
the type of node (see Appendix F).
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Figure 10: Left: example graphs. Right: result of applying CAT to these graphs. Colors indicate the type
of node (see Appendix F).
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Figure 11: Left: example graphs from MOLHIV (top) and ZINC (bottom). Right: result of applying CAT to
these graphs. Colors indicate the type of node (see Appendix F).
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Figure 12: Left: example graphs from MOLHIV. Right: result of applying CAT to the graph. Colors indicate
the type of node (see Appendix F).
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