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Abstract

In many disciplines the data are often collected in designed experiments. Lasso models are
classical tools in most experimental sciences to identify factors and their interactions that
are crucial for the variable of interest. For example, one might run a chemical reaction
under various conditions in order to identify reaction components that result in the best
yield. In modern applications these models have become much more complex: (i) one
often is interested in many more than 2 factors, (ii) there is typically only one observation
per each factor level combination, (iii) the response variable is not necessarily normal. As
a result, none of the classical results are applicable. This thesis aims to address these
issues. In presence of many factors and single replications per factor level combination, it
is reasonable to assume that most of the factor level combinations are not significant. It
is tempting to apply directly a Lasso algorithm to perform estimation and model selection
in one step. However, due to the hierarchical structure of the data (there can be no
interaction effect, if the main effects are not significant), the classical Lasso algorithm is
not applicable. There were several Lasso algorithms developed for hierarchical data under
various assumptions. However, these algorithms are limited to two-factor models. Since
with the growing number of factors the complexity of the structure increases exponentially,
it is a highly non-trivial task to extend such hierarchical Lasso algorithms to multifactorial
models. This thesis attempts to develop a hierarchical Lasso algorithm for three factors
that is suitable for responses modeled by distributions from the exponential family. The
method should be applied to the data on Deoxyfluorination which has a non-normal
response.
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Kurzfassung

In vielen Fachrichtungen werden Daten oft durch bestimmte Experimente gesammelt.
Lasso-Modelle sind klassische Werkzeuge, die in den meisten experimentellen Wis-
senschaften verwendet werden, um Faktoren und Interaktionen zu identifizieren, die
essentiell fiir die gesuchte Variable sind. Zum Beispiel kann eine chemische Reaktion unter
verschiedenen Bedingungen durchgefiihrt werden, um Reaktionskomponenten zu identifiz-
ieren, die zum besten Ertrag fiihren. Diese Modelle sind in modernen Anwendungen viel
komplexer geworden: (i) man interessiert sich oft fiir viel mehr als 2 Faktoren, (ii) es gibt
normalerweise nur eine Beobachtung pro Kombination der Faktorstufen, (iii) die Antworts-
variable ist nicht unbedingt normal. Im Ergebnis sind keine der klassischen Resultate
anwendbar. Diese These zielt darauf ab, die oben erwdhnten Aspekte anzusprechen. In
der Anwesenheit von vielen Faktoren und einzelnen Replikationen pro Faktorstufenkom-
bination ist es verniinftig anzunehmen, dass die Mehrheit der Faktorstufenkombinationen
nicht signifikant ist. Es ist verlockend, einen Lasso-Algorithmus direkt anzuwenden, um
Schitzungen und Modellauswahl in einem Schritt durchzufithren. Jedoch ist der klassische
Lasso-Algorithmus trotz der hierarchischen Struktur der Daten (es kann keinen Interak-
tionseffekt geben, wenn die Haupteffekte nicht signifikant sind) nicht anwendbar. Es
wurden viele Lasso-Algorithmen fiir hierarchische Daten unter verschiedenen Annahmen
entwickelt. Allerdings sind diese Algorithmen auf Zwei-Faktormodelle limitiert. Da mit
der wachsenden Anzahl von Faktoren die Komplexitit der Struktur exponentiell zunimmt,
ist es eine hochgradig nicht-triviale Aufgabe, solche hierarchischen Lasso-Algorithmen
auf multifaktorielle Modelle zu erweitern. Diese These versucht, einen hierarchischen
Lasso-Algorithmus fir drei Faktoren zu entwickeln, der fiir Antworten geeignet ist, die
durch Verteilungen aus der Exponentialfamilie modelliert werden. Die Methode sollte
auf die Daten zur Deoxyfluorierung angewendet werden, die eine nicht-normale Antwort
aufweisen.
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1. Introduction

In experimental sciences many complex datasets are being generated from high throughput
experimentation (HTE). Data scientists have to develop models that take into account all
the specific data structures of these datasets. One example of a dataset that has drawn
the interest of researchers is the Deoxyfluorination dataset [D23].

1.1. Motivation

1.1.1. Deoxyfluorination data

Deoxyfluorination is a chemical reaction that converts alcohols into fluorides, which are
considered valuable targets in pharmaceutical research and development. An example
of such a chemical reaction is shown in Figure according to [D23]. An alcohol is
combined with a sulfonyl fluoride and a base under specific reaction conditions, resulting
in obtaining the final product.

E  Boc PBSF (2 equiv) Boc
N BTMG (3 equiv)
-
H THF (0.4 M) .
HO 4h H
1q 2q 79%

Figure 1.1: Deoxyfluorination

The dataset given in [D23] comprises 740 yield values (outputs or responses in a
statistical model), taken under various reaction conditions. The yield is the ratio of moles
of product to moles of reactant and can range from 0% to 100%. There are three reaction
components (factors in a statistical model), referred to as alcohols, sulfonyl fluorides, and
bases. These factor variables take 37, 5, and 4 possible values (also referred to as factor
levels). The dataset contains exactly one observation of the yield per each factor level
combination. The purpose of the analysis is to find factor level combinations that lead to
high values of the yield.

From the histogram of the yield, shown in Figure|l.2] it is clear that the yield has a
positive distribution with a compact support (it takes values only in [0, 100], aligning
with the physical interpretation of the yield). In addition to this, the distribution is
right-skewed due to a higher frequency of lower yields.
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Figure 1.2: Yield density

It turns out that the distribution of the yield can be modelled by the continuous
Bernoulli distribution, which, in particular, belongs to the exponential family. With this,
the data generating process can be modelled via

g{E(yieldiji)} = po + ai + Bj + Yk
+ (aB)ij + (ay)ix + (B7) ik
+ (aBY)ijik,
i=1,....37, j=1,....5, k=1,....4,

(1.1)

where g is a canonical link function, pg is the intercept, oy, 8; and 73 are referred to as
the main effects, while the subsequent terms are the two-way and three-way interactions.
More specifically, «; is the i-th level of factor "alcohol", 3; is the j-th level of factor
"sulfonyl fluoride", and -4 is the k-th level of factor "base".

Equation can be rewritten in a matrix form notation:

g{E(yield)} = Xv, (1.2)

where X € R740%70 j5 a dummy matrix that describes which main effects and interactions
are present in each sample, and v € R™0 is the vector of coefficients. The details on this
matrix are given in the Chapter ] Since there are as many observations as parameters,
no consistent estimation of v is possible.

However, it seems reasonable to assume that v is sparse, that is, v has a relatively
small number of non-zero components compared to the total number of components.
Hence, it seems reasonable to apply Lasso to this problem. Lasso is a procedure that
has the advantage of doing feature selection and model fitting simultaneously. First,
one has to check if the data matrix is suitable for the direct usage of Lasso. Data
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matrix should satisfy certain properties to ensure consistency of variable selection. In
particular, restricted eigenvalue, or neighborhood stability [BvdGI11] should hold. When
the interpretability of the coefficients is important, the consistency of variable selection is
also required. These type of conditions do not hold when the matrix X is too "ill posed"
[BvdGTI]. In our case, most of the columns of matrix X are obtained by element-wise
multiplication of two other columns of the matrix, since two-way interactions are created
by element-wise multiplication of the columns of the two corresponding main effects and
three-way interactions are obtained by element-wise multiplication of the columns of the
three corresponding main effects. Therefore, X is ill-posed, having a condition number of
almost 200. Additionally, in most settings, the Lasso error depends on a constant similar
in form to the compatibility constant from [vdGI6]. The large number of zeros in the
matrix X causes this constant to behave poorly, impacting the standard results on the
performance of Lasso.

Moreover, one might argue that the data has a hierarchical structure. Indeed, if two
components of the reaction have insignificant influence on the yield, it is reasonable to
assume that their interaction cannot be significant as well. Consequently, it is sensible to
assume and enforce hierarchy in the estimation. In this situation, directly using Lasso for
feature selection may overlook the inherent pattern of the data, potentially leading to
incorrect interpretation of the results. Consequently, one has to use a Lasso technique
which is adapted for hierarchical data.

To present the problem in a thorough and formal manner, complete definitions of
hierarchy will be provided.

1.1.2. Hierarchy

Let us consider model In the following, we will present the definition of hierarchy for
three-way interactions which implies two hierarchical layers: one between main effects
and two-way interactions, and another between two-way interactions and three-way
interactions.

Definition 1.1: Weak (Strong) Hierarchy for three-way interactions holds if the
following two properties are satisfied:

i) Hierarchy between main effects and two-way interactions:
Weak Hierarchy: o; = ;=0 = (af);; =0
Strong Hierarchy: either ; =0or 5; =0 = (af);; =0

ii) Hierarchy between two-way interactions and three-way interactions:
Weak Hierarchy: (af);; = (oY) = (87)jxk =0 = (af7)ijxr =0
Strong Hierarchy: either (af);; = 0 or (ay)ixz = 0 or (By)jxy = 0 =
(aB7)ijr =0

One can easily observe that a model that follows the strong hierarchy constraints
implicitly follows the weak hierarchy constraints. It is also worth noting that while
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having the main effects to be 0 is sufficient to result in the corresponding interaction being
0, it is not necessarily required. An interaction can be 0 even if both of the corresponding
main effects are not 0. Similarly, while having the two-way interactions set to 0 is sufficient
to result in the corresponding three-way interaction being 0 , it is not strictly necessary.
A three-way interaction can be 0 even if the three corresponding two-way interactions are
not 0.

1.1.3. Existing methods

There are several works that come up with approaches to hierarchical models estimation
(IBI3], [ZBYQT|, [NHCZIO), but most of them are limited to hierarchy for two-way
interactions and normal response. In [NHCZIQ], the authors propose a hierarchical model
employing equality constraints between the main effects and two-way interactions. In this
thesis we aim to extend their approach to hierarchy that includes three-way interactions.
This subsection will be concluded with a brief description of the method by [NHCZIQ.

[NHCZIQ consider a regression model for an outcome Y € R™ and a data matrix

(p+1) . .
X e R , where n is the number of samples and p the number of main effects. The

data matrix includes predictors X1, Xo, ..., X, to describe the main effects, as well as the
two-way interactions between these predictors Xy 1, X12,..., X1,,..., Xp_1,p, where X;
is the Hadamard product between columns X; and Xy, for any j, k € {1,...,p} with j < k.
Hence, the regression model has the following form:

Y:ﬁo+2ﬂij+Z@ijij+€, (1.3)
J I<k
where ¢ is the error term. The 8 terms are the coefficients of the main effects and the ©

terms are the coefficients of the interactions. Let us define the function h: R™ 2~ — R,

h(z) =Po+ Y Bjm;+ Y Ojwjax,
i

i<k

which predicts the response of a sample given that the estimates B and O are computed.
In order to induce hierarchy in the model, the authors considered the following con-
straints:

Ojk = 1B Br Vi, k € {1,...,p} with j < k. (1.4)

One can observe that having a main effect equal to zero implies that all the associated
two-way interactions are also zero. Therefore, strong hierarchy is satisfied. Consequently,
the function h becomes:

hx) =Bo+ > Byai+ > 4B Brai (1.5)
J

i<k
For the variable selection, the authors suggest to find the hierarchical solution by
minimizing the following penalized least square objective:
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n

min » (y; — h(xi))* + Al Bl + A7l (1.6)

Byy =1

where A\g and A\, are two tuning parameters that control the amount of regularization for
the main effects and interactions. The authors developed an algorithm that optimizes
this objective iteratively for § and v until convergence. The method can be directly
extended to the generalized linear models framework by replacing the penalized least
square objective with a penalized log-likelihood criterion.

1.2. Problem statement

Now that the motivation and key aspects of the dataset, which prompted the research, have
been outlined, the problem can be clearly stated. Given that the dataset presented, has
also three way interactions, the goal of this thesis is to extend the method from [NHCZI0Q]
to hierarchy for three-way interactions and a response from the exponential
family. The final goal is to apply the extended method on both synthetic datasets that
contain three-way interactions and the Deoxyfluorination data.

Tackling this task proves to be challenging due to various reasons. The lack of
theoretical frameworks for hierarchical models that incorporate more than two-factor
interactions complicates the analysis. Additionally, extending optimization algorithms to
address problems with three-way interactions increases exponentially the complexity of
the problem.

Even if extending the current hierarchical methods to three-way interactions is an
important step, there is future research that can still be done. There are datasets that
contain four-way interactions such as the Buchwald-Hartwig amination data [AELT18a],
so extension to more hierarchical layers is of interest.






2. Literature review

The field of chemistry is currently undergoing significant changes due to the incorporation
of data-driven models that facilitate the analysis of complex datasets. There are many
papers that analyze datasets obtained using HTE (high throughput experimentation)
(D23, [AELT18], MK23, [DPYT22]). Since the data obtained with HTE is usually very
complex, it is tempting to use machine learning models to improve the efficiency of the
analysis. Many of these datasets contain the yields of a reaction obtained under various
reaction conditions. The purpose of the analysis of such datasets is usually to find the
reaction conditions that lead to efficient reactions (i.e. high values of the yield) ( [TEK23],
[DPYT22). The focus of some papers ([NARDLS|, [AELT18D]) is the performance of the
yield prediction given the reaction conditions, and the models used are general machine
learning models (e.g., random forest). These papers do not take into account all the
specific data structures and the methods proposed might lead to uninterpretable or even
poor results. There are also papers that focus more on the interpretability of the model
(ME23), [DPYT22]), considering the specific data structures [TK23).

To be more specific, we can use the Deoxyfluorination data [D23], which was thoroughly
described in Section of Chapter [} The dataset comprises yield values (outputs or
responses in a statistical model) and a matrix of descriptors (features or predictors). There
are 740 yield values which result from measurements under all possible 37 x 5 x 4 = 740
combinations of reaction components. These reaction components, referred to as alcohols,
sulfonyl fluorides, and bases are factor variables that can take 37, 5, and 4 possible values
(also known as factor levels). The dataset contains exactly one observation per factor
level combination. As discussed in section the designed experiment can be modeled
in a matrix form by considering the contributions of main effects, two-way interactions,
and three-way interactions: g{E(yield)} = Xv (see equation (1.2))), where X can be
seen as a dummy matrix, v contains the coefficients for the main effects and interactions,
and the link function g is applied component-wise to the yield values. In this setting,
the property of having single replicates per factor level combination implies that the
number of parameters of the designed experiment is equal to the number of observations.
Consequently, a model that induces sparsity has to be used.

Variable selection has been thoroughly studied in statistical literature ([Bre95|, [TIhod]).
Lasso [TIh96] has gained much attention in recent years due to its ability to provide
sparse solutions through simultaneous variable selection and regularization. However, in
many methods, such as in Lasso [TIh96], the variables are treated individually. When
interaction terms are present in the data, as it is in Deoxyfluorination data, it is reasonable
to assume that there may be a hierarchical pattern between the interactions and their
corresponding main effects. In statistical modeling, hierarchy refers to the principle that
interaction terms in a model should be included if only the corresponding main effects are
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also included. This ensures that the model follows a natural structure where the presence
of higher-order interactions is conditioned by the presence of the associated lower-order
effects. Recalling the definitions of hierarchy from section [[.1.2] from Chapter[I], strong
hierarchy requires an interaction term to be set to zero if any of its corresponding main
effects is zero, whereas weak hierarchy imposes that an interaction term is zero if both
of its corresponding main effects are zero. Some statisticians even argue that violating
strong hierarchy is usually not sensible [MNR3|. These definitions were extended to third
order interactions in section Moreover, in the hierarchical framework, interactions
between large main effects are expected to have a higher magnitude than the others. This
behaviour would increase the interpretability of the model in practice. As a consequence,
there has been significant attention given to creating hierarchical models in statistics

and machine learning ([NHCZIQ|, [ZRY0Q9], [IBI3], [NeI94]). In some papers, the term
hierarchy is alternatively referred to as heredity [NHCZI0] or marginality [NeI94].

There are various approaches to enforce hierarchy in a model, and in the subsequent
part of this chapter, we will introduce three types. The first type is based on sequential
modeling, the second on penalties that induce hierarchy and the third on constraints that
impose the hierarchical structure.

One simple approach to build hierarchical models is to use a step-wise procedure that
greedily adds or removes variables to the model with the condition that an interaction is
included if only the corresponding main effects are included ([Agr02], [BRITO]). There
are also models that do initially feature selection without considering hierarchy and then
add all the lower order terms such that hierarchy is satisfied [NRI2]. Other approaches
include adapting well-known step-wise models to be hierarchical, one example being

YILO7 which modifies LARS [EHIT04] to enforce hierarchy.

A different approach to induce hierarchy in a model is to use specific penalties. CAP
penalties [ZRYQJ] are a general class of penalties that can be used to achieve hierarchical
sparsity. This type of penalty is based on the idea that it is possible to group and penalize
terms such that if a specific term deviates from zero, the terms from a related group
also deviate from zero. This method can be directly adapted to the hierarchical case by
considering penalties that ensure that once an interaction is not zero, the associated main
effects deviate from zero. Similar type of penalties were also used in [RJII0] to enforce
hierarchy.

Finally, there are also models that induce hierarchy with the help of constraints. One
example is [IBI3], which proposes a hierarchical model obtained by using constraints on
the magnitude of the interactions. The authors bound the size of the interactions by the
size of the associated main effects. Intuitively, a null main effect sets all the corresponding
interactions to zero due to these constraints. Another paper that proposes a hierarchical
model with the help of constraints is [NHCZI(Q]. The authors create a model that can
impose both strong and weak hierarchy by using equality constraints. Strong hierarchy is
imposed by assuming that any interaction is the product of the associated main effects
multiplied by a constant. As a result, any null main effect sets all the associated two-way
interactions to zero. The authors also adapted the model for weak hierarchy by assuming
that any interaction is the sum of the absolute values of the corresponding main effects



multiplied by a constant. This constraint ensures that an interaction corresponding to
two null main effects is also null. One important aspect of this paper is that the authors
managed to prove an oracle property for their model, stating that it is the first paper to
prove such a property for a model that does variable selection with heredity constraints.






3. Data modelling

In this chapter, we will thoroughly explain how to model the Deoxyfluorination data by a
GLM with continuous Bernoulli distribution response, as shown in the equation [I.2

3.1. Matrix of descriptors

Recall equation [I.J] which describes the data generating process. In this section, we will
show how equation [[.]] can be rewritten in the matrix form notation from equation [I.2]

For simplicity, we will describe how to obtain equation for a model with two factors
with an arbitrary number of levels. Generalization to three factors is straightforward
but involves more complicated notations. We will closely follow [TK23| in this section.
Assume there are two factors A and B, where factor A has I levels and factor B has J
levels. Let us rewrite equation [I.1] for the case of two factors

g{E(yzeldU)} = o + a4 + ,Bj + (O[ﬁ)ij i=1,...,1, j=1,...,J, (31)

where pg is the intercept, «; is the contribution of the i-th level of factor A, §; is
the contribution of the j-th level of factor B, and («f3);; is the contribution of the
interaction term between the two factors. For identifiability, it is assumed to have

SIS I SIS S

i J
This model can be written as a regression model:

g{E(yield;;)} = po + alx’f‘ 4+ ...+ a1_11:‘14_1 + ﬁlm? + ...+ BJ_lm]JS_l

(3.2)
+ (@f)nzit + ..+ (af) il g,
where
1, fori =1
et ={ -1, fori=1 forl=1,...,1—1, (3.3)
0, otherwise
1, for j=m
eB =S 1 forj=J form=1,...,J—1, (3.4)
0, otherwise

and xff = xf‘ - 2B . For example, for I = 3 and J = 3 the corresponding regression

11
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model is:
Y11 1 1 0 1 0 1 0 0 0 Ho
Y12 1 1 0 0 1 0 1 0 0 Qi
Y13 1 1 O -1 -1 -1 -1 0 0 a9
Y21 1 0 1 1 0 0 0 1 0 51
gV)=glyn|=l1 0 1 0 1 0 0 0 1 By | = xv
Y23 1 0 1 -1 -1 0 0 -1 -1 (aﬁ)Ll
Y31 1 -1 -1 1 0O -1 0 -1 0 (af)12
Y32 1 -1 -1 0 1 0 -1 0 -1 (aB)21
Y33 1 -1 -1 -1 -1 1 1 1 1 (04,3)22
(3.5)

From the identifiability conditions one finds a3 = —a; — ag , f3 = —f1 — P2, (af)31 =
—(aB)i1 — (aB)a1, (aB)s2 = —(aB)iz — (aB)a2, (aB)iz = —(aB)i1 — (af)12, (aB)2s =
—(af)21 — (af)22, and (af)3z = —(aB)31 — ()32

Extension to three factors is straightforward. One should consider all the two-way
interactions by multiplying all pairs of main effects that correspond to different factors,
and the three-way interactions by multiplying any three main effects that correspond to
different factors.

This section will be concluded by showing two important properties of our data matrix
X. Firstly, we will show that it is invertible for the general case of F' > 2 factors. To do
this, some notations will be introduced. The number of levels of factor f will be denoted
by L. Let us consider the matrix X to be our initial matrix X without the intercept
column. It can be written in the following form

X = [Xu)‘ ’X(m‘X(Lz)’ ‘Xu,...,F)]’

where X (/i) represents the sub-matrix containing the columns for the levels of factor f;
and Xi-fi) is the sub-matrix that contains the columns corresponding to the k-way
interactions between factors f; ,..., fi;,. More specifically, these column sub-matrices
have the following form

X figseosfin) — {ngllfk)

3

. X(f7‘17’fzk)
Lfil —1,...,Lf.k—1 )

where the exponents represent the factors and the indices the level corresponding to each
factor. Note that this is just the generalization of the matrix X from equation to F
factors. The dummy matrix X has ngp = L1 X ... X L entries, and pp := ng — 1 columns.
The latter claim follows by induction over the number of factors.

One can show that the sub-matrix [ X1 | ... | X(F)] g Rrrx(LitetLr=F) consists of
linearly independent columns. Since the remaining sub-matrix [ X012 | ... | X1-F) ] ¢
Rnr*(pr—(Lat.+Lr=F)) i obtained by element-wise multiplication of suitable columns of
the first sub-matrix, this consists of linearly independent columns as well. This means
that the enlarged matrix [1|X] is square and invertible. Let us now state a result on
the eigenvalues of the sample covariance matrix Sy = XTX /np. For simplicity, the

12
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eigenvalues of the sample matrix X7 X will be computed since the eigenvalues of Sx can
be directly obtained by scaling with nr We note that this result belongs to Dr. Gianluca
Finocchio.

Lemma 3.1. The eigenvalues of the sample matriz XTX, where matriz X has factors with
at least three levels, correspond to the products of the elements of all possible submultisets
of {L1,...,Lr} (an empty product is 1).

Proof. Let F :={1,2,..., F'} be the set of all factors. One can observe that the sample
matrix is block diagonal and can be written as X7 X = diag(B(l), ..., B p2) B F)y,
For any 1 < r < F and any subset F' = {fi,, fiss -, fi, } of r factors, we denote by
Lrr = Lp, xLf x..x Ly . With E(} = L\{Ly} the set obtained by removing the
last element from level set Ly, we denote [,9_-, = E%l X EOiQ X o X E(}“. With two
multi-indexes [ := (I1,12,...,1) € L%, and 1 := (11,12, ...,1,) € LY, we denote ||l — |
the number of entries in which the two multi-indexes differ. There are (1: ) r-way blocks

B ¢ RIEwIX1E5] corresponding to any subset F’ of r factors, and their entries are

F F F N-li=ile  EF 5
BT = (X)X = o7 -l lllo.|‘ﬁp", (LT) € £% x L5

With the convention that |Ly| = 1, ][,?0| = |Lf] — 2 and |C(}| = |Lf| — 1, their
characteristic polynomials are given by

det (BY) = Ao )

’ 1%
L lcFo0] | r o
= (-1l (,\_ ||Ef|’> 101 11 ()\— |£|f‘|> gt (3.6)
7 k=1FICF! FAFY
F =k

By putting together all the different blocks in equation (3.6]), one can observe that the
eigenvalues of X7 X correspond to the products of the elements of all possible subsets of
{L1,...,Lr} and the proof is completed. O

The range of the sample covariance matrix can be partitioned

RED)= @  RGapn) mh(Es,) = L%
FeP(F)\{0}

Each of the orthogonal subspaces R (3, ) is isometric to R(B (7)) and can be written
as trivial embedding into the enlarged space by padding suitable entries to 0. These
subspaces measure the contribution of all the |F'|-way effects involving the factors in F.
Let us exemplify the eigenvalues of the sample matrix X7 X, where X is the matrix
defined in Equation and X is the matrix X without the intercept term. Since X
has two factors, each having three levels, the multiset {L;, Lo} = {3,3}. Hence, the
submultisets are 0, {3}, {3,3} and the distinct eigenvalues of the matrix are 1, 3 and 9.

13



3. Data modelling

3.2. Continuous Bernoulli distribution

We will closely follow the steps from the supplementary material of [TK23] to present
the theory needed to use a GLM with a response modeled by a continuous Bernoulli
distribution.

The density of the continuous Bernoulli distribution is given by

2py(1_p)1_ya lfp: %7

for y € [0,1]. Rewriting the probability density function

log{(1=p)/P} w1 _ p)1—v  if 1
— P p) Y, ifpe(0,1) and p # 3,
T e LR

f(y;p) = exp [ylog <1 i p) +log(1 — p) — log(1 — 2p) + log {log (1 ;p) H

leads to the canonical parametrisation

f(y;n) = exp {yn — x(n)} (3.7)
with
n= log(lp%p) and k(n) =log { exp(n) — 1} — log(n
This implies for Y ~ f(y;n)
oy 1 1
CO ST ey P
K" (1) = 1 expm) var(Y)

> {1 —exp(n)}?

Let now Y = (Y1,...,Y740) be the vector of yields, such that Y; is distributed with
the density f(yi;m:), i = 1,...,740. Denote also X € R70X70 the dummy matrix of
predictors. To link the response vector Y and predictors X, one can employ a canonical
link function, that is, g = (x')71, so that g{E(Y;)} = g{x'(n))} = m = X;v, where X;
denotes the i-th row of matrix X. This is exactly equation written for each row.
The canonical link function is not available analytically for the continuous Bernoulli
distribution.

14



4. SHIM for three-way interactions

In this chapter, the SHIM model of [NHCZI0] will be extended to include three-way
interactions. In the first section, the model for normal response and the optimization
algorithm that estimates the coefficients will be described. In the second section, the model
for the continuous Bernoulli response and its optimization algorithm will be presented.

Let us introduce the following notations: X; denotes the i-th sample from the data
matrix X, X; represents the column corresponding to the main effect j, and X ; is the
value of the i-th sample for the main effect j.

4.1. SHIM for normal response

4.1.1. Model

Recall the model from equation (|1.3). The model that includes three-way interactions
directly extends ([1.3)) in the following way:

Y =fot+ Y BiXi+Y OpXiXet+ Y WinX;XpX +e, (4.1)
J i<k j<k<l

where ¥ is the coefficient for the interaction between the j-th, k-th and [-th main effect.
The hierarchical conditions for two-way interactions remain as in equation ([1.4)), while
the three-way interactions are assumed to have the form

\ijjkl = 5jkzéjk@kzéjl = 5jkl’7jk’?kl’7jl(5jﬁkﬁz )?,

where 4 is a parameter that has to be estimated. Hence, the function that predicts the
response for a sample, X;, which is defined for the two-way model in equation (|1.5)), has
the following form in our three-way model:

W(Xi) =Bo+Y BiXij+ Y AwbBibrXigXin+ D Saiwnriin(BiBrB)* X Xin Xig-
J i<k J<k<l

Consequently, in order to find the hierarchical solution, we propose to minimize equation
(4.2]), which is a direct extension of (|1.6]):

n

g1711(15 (yi — h(X0)? + Asll Bl + A vl + Asldll, (42)
T =1

where Ag, Ay, As are three tuning parameters that control the amount of regularization
for the main effects, two-way interactions, and three-way interactions.

15



4. SHIM for three-way interactions

One important remark is that the model is not restricted to cases where the data matrix
is discrete. Additionally, if the data matrix is discrete and involves three factors, as in
our case, the model will consider only interactions between different factors. For example,

equation (4.1) becomes:

Y =po+ Zﬁij + Z Ok X; Xy + Z Ui X X X + €, (4.3)
J F)<f(k) FO<fR)<f(@)

where f(j) denotes the factor corresponding to main effect j.

4.1.2. Optimization

In this subsection, the algorithm for minimizing will be presented. The steps of the
optimization process will be enumerated initially, and then each step will be described in
detail. Our algorithm is based on the algorithm proposed in [NHCZIQ]. It consists of five
steps, and the last four of them are repeated until a convergence criterion is met.

1. Find the intercept and initialize the other parameters with plausible values.
2. Update 5.

3. Update 4.

4. Update B .

5. Use a convergence criterion to decide whether the algorithm stops.

We denote by ps the length of 5.

1. Find the intercept and initialize the other parameters with plausible
values. The intercept, BO, will be equal to the mean of all the responses. Hence, one can
consider the model without an intercept by subtracting it from all the responses. The
initialization of the parameters can be done using any consistent estimator of 3, such as
OLS or Lasso.

2. Update 4. The approach from [NHCZIQ will be followed to find the value of &
that minimizes for fixed 3 and 4. Let us consider Y € R” and X € R"™?s such that

Yo=Y =Y 58Xy = > AuBibiXi i Xon and X = 35097188680 Xi g Xi X
J i<k

With this, the minimization problem becomes:

0 =argmin» (Vi— > X;jmbim)’ + Asll0]]1. (4.4)
5 i okl
One can observe that is a standard Lasso problem. Hence, its solution can be
efficiently computed.

3. Update 4. We will follow again the approach from [NHCZI0] and update iteratively
each component of 4, considering all other components of 4 fixed, A fixed, and ¢ fixed.
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4.1. SHIM for normal response

Therefore, equation (4.2) becomes a univariate minimization problem for each component
of 4. The algorithm for the component %,/ will be presented, since the update rule is
exactly the same for the other components of 4. Let us consider Y € R” and X € R"
such that

Yi=Yi=> BXij— D> BB XiiXiw— Y Sim(An i) (B;BuBi)* Xij Xk Xi
J Jk#5 K gkl
j,k;éj’,k’

5 _A4 S e A (BB A2
Xi =ByBXiy Xig + > 05w By BB )2 Xi et
I

With this, the minimization problem becomes:

Fin = argmin S (Vi = v X o) 4+ M lw - (4.5)

Vi k! i

One can observe that is a standard univariate Lasso problem. Hence, its solution
can be efficiently computed.

4. Update B A similar approach to the update of 4 will be used, where each
component of B will be updated iteratively, while considering all other components of
A, 7, and § fixed. Therefore, equation becomes a univariate minimization problem
for each component of B The algorithm for component B .+ will be presented, since the
update rule is exactly the same for the other components of B Let us consider Y € R”,
X € R" and Z € R™ such that

f”z:Yz‘—E B Xij — E A B iBeXij Xiw — E 8kt (31 50) (B 8181 ) X i X o X1,
i3’ jik jkl
5 #k Gkl

Xi =Xy +Zﬁk%’ka’sz and  Z; —25'kl%/k7kﬂﬂ(5kﬁz) Xy X 1 Xiy-
el

With this, the minimization problem becomes:

B/—ar%mmZY By Xi— B3 Z:)* + Al By v (4.6)

One can observe that is a univariate minimization problem. Hence, its solution
can be efficiently computed.

5. Use a convergence criterion to decide whether the algorithm stops.
The criterion from [NHCZIQ] can be directly adapted to include three-way interactions.

Let us compute the relative difference, (™, between Qn(ﬁ(m_l),’y(m b 5(m 1)) and

Qu(8™ 5™, 5™

17



4. SHIM for three-way interactions

~A(m—1 m—1 m Am
oy |50 ) - ™ 4,6
r = )
Qu(d" D3m0 D)
where
(™) Lm) 507y _ (m) (X 2 (m) 5(m)
Qu(B"™, 4,8y = 3 = B (X)) + Mgl B I+ M A+ AsllS ™

i=1
and 8™ 4 5™ Lm) 41d K™ are the values obtained after iterati teps t

, YN , ™ an are the values obtained after iterating over steps two
to five for m times. If (™) is smaller than a pre-specified threshold, the algorithm stops,
and the estimates of the parameters obtained at the m-th iteration are considered the
final estimates of the algorithm.

It is worth noting that the convergence of the algorithm is guaranteed since the function
@ decreases at each step and is positive by definition. However, as stated in [NHCZI0,
the proposed criterion is not convex, and convergence to the global minimum is not
theoretically guaranteed. It will be shown in the Simulations Chapter that the algorithm
performs very well when a reasonable initialization of the parameters is used.

The choice of the tuning parameters, Ag, Ay, and A5, can be made using standard
criteria such as cross-validation. Alternatively, one might try to find the A values that
shrink as many coefficients to zero as possible while still maintaining good predictive
performance, to identify the main effects and interactions that significantly impact the
response.

18



4.2. SHIM for continuous Bernoulli response

4.2. SHIM for continuous Bernoulli response

4.2.1. Model

Recall the model from equation (4.1). It can be adapted for a response modeled by a
continuous Bernoulli distribution in the following way:

HEY) =n=00+> BiX;+ Y OpX;Xp+ > UuX;XpX;, (47
J j<k j<k<l

where g is the canonical link function presented in Chapter E B=(p1.. Bp)T, and the
intercept By is considered a separate term. The hierarchical conditions for the interactions
remain the same as in the normal response case, that is,

Ok = xBiBr and Wiy = 0;0OkO0uO s = 81 1w 5188681 )

Hence, the function that predicts the response for a sample, X; has the following form:
h(X;) = K'(7);), where

=By + Z BiXij+ Z%kﬂj kX Xik + Z Ok Y0 (BB1B1) X i X 1 Xy

i<k J<k<l

and & is the function given in Chapter B} Consequently, in order to find the hierarchical
solution, we propose the following penalized negative log-likelihood criterion:

n

min >~ 0, + 2811+ M7+ Aslo]. (4.8)

i=1
where Ag, Ay, A\s are three tuning parameters that control the amount of regularization
and £(n;,y;) = yimi — k(n;) is the log-likelihood of the i-th sample.

As in the case of a normal response, we remark that the model is not restricted to cases
where the data matrix is discrete. Additionally, if the data matrix is discrete and involves
three factors, as in our case, the model will consider only interactions between different
factors. For example, equation @ becomes:

g {E( )} =n= 0+ Zﬁ]X + Z (—)]kX Xy + Z \IfjleijXl, (4.9)
J FG)<f(k) FH<fR)<f(@

where f(j) denotes the factor corresponding to main effect j.

4.2.2. Optimization

In this subsection, the algorithm for minimizing will be presented. The optimization
algorithm will be similar to that of the normal response case. The steps of the optimization
process will be enumerated initially, and then each step will be described in detail. The
algorithm consists of six steps, and the last five of them are repeated until a convergence
criterion is met.
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4. SHIM for three-way interactions

1. Initialize all the parameters ( 80 .8, 4, 3) with plausible values.
2. Update Bo-
3. Update 5.
4. Update 4.
5. Update B

6. Use a convergence criterion to decide whether the algorithm stops.

Let us denote by ps the length of 5. In all steps, we will use a similar approach as in the
normal case and will consider all parameters fixed except for those being updated.

1. Initialize the parameters with plausible values. The initialization of the
parameters can be done using any consistent estimator of 3, such as MLE or Lasso for
continuous Bernoulli response.

2. Update B0° Consider B, 4, § fixed and update BO such that is minimized. Let
us consider 7 € R™ such that

n; = Z Bin,j + Z’S/jkBjBkXi,in,k + Z Sjkl’Aij;Ykl’Ale(BjBkBl)QXiJX@kXiJ'
J i<k j<k<l

With this, the minimization problem becomes:
By = argﬁminZﬂ(m + Bo, Vi) (4.10)
0 i

One can observe that is a univariate minimization problem. Hence, its solution
can be efficiently computed.

3. Update 5. Find the value of & that minimizes for ,@0 fixed, ,@ fixed and 4
fixed. Let us consider C' € R™ and X € R™*Ps such that

C; =By + ZBinj + Z’?jkﬁjﬁkXi,in,k and X ji = 508584 81) 2 X Xiw Xiy.
J Jj<k

With this, the minimization problem becomes:

6= arg;ninz —U(Ci+ Y X jribir, Vi) + As6]l. (4.11)
7 7.kl

One can observe that is a Lasso problem for a GLM with an offset term of C' (X
contains the predictors, Y is the response, and ¢ is the coefficient to be estimated). The
IRLS (iteratively reweighted least squares) formulation of the Fisher scoring algorithm
can be efficiently used to compute the minimizer of the penalized negative log-likelihood
for a standard GLM with a canonical link. In section [A:J] of the Appendix, it is shown
that the IRLS algorithm can be easily adapted when the model contains an offset term.
Hence, the solution of the minimization problem can be efficiently computed.
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4.2. SHIM for continuous Bernoulli response

4. Update 4. As in the normal response case, each component of 4 will be updated
iteratively. Consider all other components of 4 fixed, BO fixed, B fixed, and § fixed.
Therefore, equation becomes a univariate minimization problem for each component
of 4. The algorithm will be presented for the component 7,/ since the update rule is the

same for the other components of 4. Let us consider C' € R” and X € R" such that

Ci= Z/B Xij + Z%k BiBr) Xij X + Z S0t (nna i) (B BBy ) Xi g Xiw Xy
]7 ] b

Xi =ByBXiy Xig + > 05w By BB ) Xi e
!
With this, the minimization problem becomes:

Yy = ar;g;min > —UCi + v X Ya) + Myl (4.12)
'K i
One can observe that (| is a univariate minimization problem. Hence, its solution
can be efﬁc1ently computed
5. Update B As in the case of ¥, each component of ﬂ will be updated iteratively,
Con51der1ng all other components of ﬁ fixed, ,80 fixed, ¥ fixed, and & fixed. Therefore,
equation (4.8]) becomes a univariate minimization problem for each component of B The
algorithm Wlll be presented for ﬁj/ since the update rule is exactly the same for the other

components ofﬂ. Let us consider C' € R”, X € R and Z € R™ such that

= ZBJXM + ZﬁjkBjBkXi,in,k + Z 0kt (Y 1YV 50) (B B1B1 ) Xi i X o X1,
J#3’ J.k Jkl
I3 #k 3.k, 1#5

Xi =X +Zﬁk‘7y’kX1J’X r oand  Z; —Zé’kl%/k%ﬂyl(ﬂkﬂz) ij' Xi ke Xl
Kl

With this, the minimization problem becomes:

B _ar%mng (Ci + By X + 225, i) + Mg Byl (4.13)
! i
One can observe that ({4.13) is a univariate minimization problem. Hence, its solution
can be efficiently computed.
6. Use a convergence criterion to decide whether the algorithm stops. This
step will be almost identical to Step 5 from the model for normal response. Let us compute

the relative difference, (™), between QH(B(mil),&(mfl), 3(m71)) and QH(B(m),’y(m), S(m)):

QBT gD gmen) 5Dy g (a6

s(m—1) s(m—1) ~(m—1) ’

Qn(/BO 7/6 7;)/(771—1)75 )

m):

/r(
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4. SHIM for three-way interactions

where
() A0M) o (m) 30m) X~ 0 5(m) (i £(m)
Qu(By 56 A™ 6T =7 = ya) + A8+ A A6 s (4.14)
i=1
and Bém), B(m), ym) 3(m), and (™) are the values obtained after iterating over steps

two to six for m times. If ("™ is smaller than a pre-specified threshold, the algorithm
stops, and the estimates of the parameters obtained at the m-th iteration are considered
the final estimates of the algorithm.

Similarly to the normal case, the convergence of the algorithm is guaranteed. However,
as stated in [NHCZI(Q], the proposed criterion is not convex, and convergence to the global
minimum is not theoretically guaranteed. It will be shown in the Simulations Chapter
that the algorithm performs very well when a reasonable initialization of the parameters
is used.

The choice of the tuning parameters, Ag, Ay, and A5, can be made using standard
criteria such as cross-validation. Alternatively, one might try to find the A values that
shrink as many coefficients to zero as possible while still maintaining good predictive
performance, to identify the main effects and interactions that significantly impact the
response.
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5. Theoretical aspects

The main goal of this thesis is to extend the method by [NHCZIQ] to include hierarchy
for three-way interactions. As mentioned in Chapter [T, SHIM is strongly based on Lasso
because it incorporates £;-norm penalization. Consequently, this chapter will present
several results on Lasso. In the first two sections [vdGI6] is closely followed, while the
third section is based on [BLTIF|. In the fourth section, we will present an explanation
of why the optimal rates cannot be achieved on the Deoxyfluorination data. Theoretical
properties of SHIM will be studied in a separate work.

5.1. Preliminaries

Let us consider X € R™P an input matrix, ¥ € R" a vector of responses and the linear
model
Y = XB° +¢, (5.1)

where Y € RP is an unknown vector of coefficients and ¢ € R” is a mean-zero noise
vector. The least squares method estimates the unknown 4° by minimizing the Euclidean
distance between Y and the space spanned by the columns in X:

3 o = in ||[Y — XB|2. 2
Brs arggrelig,ll Bl3 (5.2)

The least squares estimator BLS is thus obtained by taking the coefficients of the projection
of Y onto the column space of X. It satisfies the normal equations

XTy = XTXp,s.
If XTX is invertible, which is equivalent to X having full rank p, one can get:
frs = (XTX) "' xTY

However, in many cases, the matrix X has p > n and the LS estimator from is not
feasible. It will just reproduce the data by returning an estimator such that Xg;q =Y.
This phenomenon is known as overfitting. To address this issue, one can use least squares
loss with an /¢;-regularization penalty in order to prevent overfitting. This method is
called the Lasso and has the following form:

A 1
= in | —||Y — X3|3 +2A :
B = ang yin (1Y~ X613 + 27311
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5. Theoretical aspects

There are various definitions of Lasso in the literature that are equivalent up to a
scaling factor, allowing them to be used interchangeably. In this chapter, bounds on the
estimation error and prediction error of Lasso will be presented. Consequently, let
us define these terms formally. The /,-norm estimation error for the regression model
is R

18 = 8°llg,

while the prediction error is
1 .
—|lY — XB|j3.
v - XBI3

We note that a small prediction error does not necessarily imply a small estimation error,
particularly when there is a high dependency between the columns of X.
The Lasso estimator [ satisfies the Karush-Kuhn-Tucker conditions which state that

~

XT(Y — XpB)/n = Az,

where 2 is a p-dimensional vector with [|2]|sc < 1 and with 2; = sign(ﬁj) if Bj # 0. The
latter can also be written as
278 =Bl
The KKT conditions imply the almost orthogonality of X and the residuals, in the sense
that
IXT(Y = XB)|loo/n < A

Let us introduce a set of notations that will be useful later in this chapter. For a vector
v € R", we define ||v]|2 = v U/’I’L = ||v||3/n, where || - ||2 is the f2-norm. The normalized
Gram matrix is written as 3 = X7 X/n. Thus, | X3|2 = 8734, where 3 € RP. Let
S C{1,...,p} be an index set. The vector Sg € RP is defined as

Bjs=pBj1{j €S}, j=1,....p.

Thus, Bg is a p-vector with entries equal to zero for indices j ¢ S. The vector S_g has all
entries inside the set S set to zero, i.e., f_g = Bgc, where S¢={j € {1,...,p} |j ¢ S}
is the complement of the set S. These notations allow us to write 8 = g + f_g. The
active set Sg of a vector § € RP is defined as Sz = {j | 5; # 0}. For a solution, B9, the
active set is denoted by Sp := Sgo, and the cardinality of this active set by sq := [Sp|.
The j-th column of X is denoted by X, for j = 1,...,p (and if there is little risk of
confusion, we also write X; for the i-th row of the matrix X, where i = 1,...,n). For a
set S C {1,...,p}, the matrix containing only the columns in the set S is denoted by Xg.
To fix the ordering of the columns, they are arranged in increasing order of the indices.
The "complement" matrix of Xg is denoted by X g := {Xj};¢g.
Let us introduce two important results. The two-point inequality for B says that
V5 € RP:
B=B)"XT(Y = XB)/n < MBIl — AlIB]1- (5.3)

and the two point margin for Y that for any 3 and /'
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5.2. Standard bounds for Lasso

208 = B)'E(6' = 8%) = X (8" = BO)I7 = 1IX (B = B2 + X8 =B (5.4)
Thus, the two-point inequality can be written in the alternative form as

1Y = XBI2 = 1Y = X8I+ 1X(8 = B)ln < 2ABll — 28], VB  (5.5)

One important property of the solution of Lasso is that it satisfies (6.3). In order to
present the theoretical bounds of Lasso, is necessary to define the compatibility constant.

Definition 5.1: For a constant L > 1 and an index set S, the compatibility constant is
defined as

$°(L,8) = min {|S|[XBs — XB_s|2 : |Bsls =1 and [|B_s]1 < L},

where L is called the stretching factor.

The compatibility constant reflects the degree of dependency between the columns of

X. A small compatibility constant indicates greater dependency. We will see that some

conclusions of the following results will depend on bounding this constant away from 0.
Let us finish this subsection by stating two inequalities that are used to prove the main

theorem from the following section. The so-called triangle property is a direct consequence

of the fact that 8 = 85 + S_g and states that for any 3, ' and any set S:

18 = 18Il < 118s = Bsll — 1B-sllr = 1B~s]l1-

The dual norm inequality says that for any two vectors w and

w8l < [[wllsollBl1- (5.6)

5.2. Standard bounds for Lasso
This section presents standard bounds for Lasso prediction and estimation errors. Let us
start with a result that is a particular case of a more general theorem.
Theorem 5.1. Let A\, satisfy
XTe
s 1XTelle

n
where € is the noise vector in regression model (5.1]). Define for A > ¢

A=A— A, A=A+ A

(5.7)

and stretching factor

h
[
1 >

Then

A . M X2‘S’
0\ (12 )12
||X(ﬁ -5 )||n < msm {%RIQISI;:S ||X(5 - B )Hn + m}
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5. Theoretical aspects

An important remark regarding this theorem is that X is strictly bounded below by
a quantity dependent on . Since ¢ is generally unknown in practice, the bound on A
typically holds with "high probability". Further details on how A can be selected to
ensure the results of the theorem hold with "high probability" will be provided later in
this section. Another remark is that the Theorem implies that if 8 can be closely
approximated by a sparse vector 3, i.e., a vector 8 with a small active set Sg, then
the prediction error of the Lasso is small, with high probability, when the compatibility
constant stays away from zero. Theorem improves upon Theorem The prediction
error can still be bounded by a small quantity when the compatibility constant, <}52(L, S3)
behaves badly, but the £1-norm of the target is not too large.

Theorem 5.2. Let A\ satisfy

o Xl
g n .

Let 0 < § < 1 be arbitrarily and define for X > A;
A=A=A, A=A+ A +0),

as well as, a stretching factor

Then for all B € RP and all sets S

—2
26M18 — Bl + I1X(3 — B2 < X (8 - B + 1oL
P (L. S)

)

+ 4[| B-s][1-

Proof. The proof of the theorem will be divided into two parts depending on which of
(B —=B)T5(8 — ) and —0A||B — Bl1 + 2A[|B-s|l1 is larger. If

(6= BB~ %) < =018 = Bl +2X8-s]1.
one can find from the two-point margin that
28A[16 = Bl + X (5~ 8915

= 2018 = Bl + 1X (8 = B2 = 1X (8 = B)II7 +2(3 = B)2(5 — 5°)
< 1X(8 = 87 + 4XB-s]l1,
and the desired result is obtained. From now on, one may therefore assume that
(B=B)TS(B—B") = =018 = Bl +2)I|B-s]1.
Using that Y = X3° + ¢ in two-point inequality , one can get

~

(B-B)TS(B - 8% < (B—B)TXTe/n+NBl1 — AIBh-
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5.2. Standard bounds for Lasso

By the dual norm inequality
(3= 8)"XTel/n < A|1B = Blh-
Thus
(B =B85~ 5%
< AcllB = Bl + AlBl = AllBlly

< AcllBs = Bsll + AllB_sll + AcllB=sll1 + Bl — Al

By the triangle property and invoking A = A — A, this implies:

(B—-B)TE(B— 8%+ AlB_glli < A+ A)|Bs — Bslli + A+ A)IB=s]h,

and by adding A||S_g]|/1 to both sides one obtains

(B=8)"S(B = B) + AllB_s = B-slly < (A +A)IBs = Bsllx + 2A1B-sll1-
Hence, invoking A = A + A. + 6\ and adding 6|85 — Bs||1 to both terms, one can get

(B—B)"E(B—B) + N|B_g — Bsll1 + 0AIBs — Bslli < N|Bs — Bsll +2M|B-s 1. (5.8)

Since R o K
(B=B)"S(B = 8%) > =0A|3 — Bll + 2\[1B-s]l1,
this gives: R o
(1 =0)AB-s = B-sllr < AllBs = Bslh,
or R R
18_g = B-slli < L||Bg — Bslh-
But then by the definition of the compatibility constant:
18s = Bslli < VISIIX(B = B)lla/d(L, S).
Continuing with inequality and using that ab < (a? + b%)/2 :
(B—B)"S(B— B + AllB_s — B-slh + 5AllBs — Bslh
< AISIIX (B = B)lln/d(L, S) + 278 — Bslh
1-2 2 1 R
< 5A |SI/¢" (L, S) + §||X(5 — B2 +2)8_s]l1-

Invoking the two-point margin:

208 - B)TS(B -8 =IX(B=BOE - IX(B-BY2+X(B-B)

one can infer that

1 X (8= B2 +2M|B_g5 — B-sll1 + 26A[1Bs — Bsll1

2

n’
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5. Theoretical aspects

<X (B = B2 + XS]/ (L, S) + 4A[B_s]hr-

which implies
. ; X9
2018 — Bl + |1 X(B =82 < 1 X(B-BOZ+ 5——
¢ (L,S)

)

+ 4[| B-s][1-

O]

One can easily observe that setting 6 = 0 and S = Sg leads to Theorem As with
the previous theorem, the first important remark is that the result of the Theorem [5.2]
is also probabilistic, but it can be ensured to hold with high probability. Secondly, by
setting B = Y and S = Sy, it can be inferred from Theorem that the prediction error

- — ~2
| X (3 — B°)]||? is bounded by )\2$o/qﬁ (L, Sp), where Sy is the active set of 8. Let us now
state an important corollary of this theorem that provides a bound on the estimation
error.

Corollary 5.1. By taking 8 = 3°, S = Sy, and denoting so := |So|, the estimation error,
under the conditions of Theorem[5.4, is bounded as follows:

XQSO
260" (L, So)

As an example, one can choose A = 2. and § = 1/5 to obtain:

18— 81 <

18— 8% < 00387807
¢ (47 SO)
where Cy = 162/10.
We will now state the lemma that guarantees the condition A. > || X7 ¢|o0/n holds
with a given probability. This lemma is useful for ensuring that the results from Theorem
and its corollaries hold with high probability.

Lemma 5.1. Let & ~ N, (0,021) and let X be a fized n x p matriz with diag(3)/n = 1.
Let 0 < a < 1 be a given error level. Then, for

2log(2p/a
)\Z-I:UO g(np/ )a

T
P(MOS)\a)Zl—a.
n

Corollary 5.2. For A\. = 09y/2log(2p/a)/n the results from Theorem and Corollary
hold with probability 1 — .

This subsection will be finished by specifying the order of the bound for Lasso estimation
error that is obtained in Corollary [p.1] with A. suitably chosen as in Lemma 5.1} To this
end, let us consider the ¢; estimation error bound:

Coq)\siso = O(Aes0) = O (So log(p)> (5.9)
o (43 SO) n

it 1s true that
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5.3. Minimax optimal bounds for Lasso

5.3. Minimax optimal bounds for Lasso

In this subsection, the minimax optimal bounds for the prediction and estimation errors
for Lasso are presented, following the approach outlined in [BLTI§]. The bounds are
obtained through a similar mechanism to the previous subsection. First, the randomness
is removed by considering an event with a "high probability" of occurring. Then, the
error bounds are derived on this event using a purely deterministic argument.

Let us start by introducing two notations. For a given dy € (0,1) and for any u =
(u1,...,up) € RP, we set

H(u) := (44+V?2) Z o M, (5.10)

J n
j=1
log(1/4
G(u) :== (4+V2)o g(n/O)HXan, (5.11)
where (u:’fé, . ,u#) is a nonincreasing rearrangement of (Jui, ..., |up|). Now, the theorem

that removes the randomness can be stated.
Theorem 5.3. Let 69 € (0,1) and let X € R"*P be a matriz such that

max [ Xejln <1,

=1,...,

where {e;|j = 1: p} is the canonical basis of RP. Let H(-) and G(-) be defined as in ({5.10))
and (5.10). If e ~ N(0,0%I,,xn), then the random event

{2 < max (), G}, v e B (5.12)

is of probability at least 1 — /2.

In order to present the theorem with the optimal rates, a restricted eigenvalue condition
should be introduced.
Definition 5.2: The design matrix X satisfies the strong restricted eigenvalue condition,
SRE(s,co), if | Xejlln <1forall j=1,...,p, and
| X0
min
0€CsrE(s,c0):07#0 ||5||2

where Csgg(s,co) = {d € RP : [|6]l1 < (1 4+ co)v/s||d]|2} is a cone in RP.  The last

notation that is needed is
2
() :=exp |— {7)\\/5 } )
(44 V2)o

(s, co) := > 0, (5.13)

which is equivalent to

A=

)

(4++v2)o [log(1/5(N))
vy n

where v, n, o are already fixed. The main theorem of this subsection can now be clearly
stated.
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5. Theoretical aspects

Theorem 5.4. Let s € {1,...,p}, v € (0,1), and 7 € [0,1 — 7). Assume that the
SRE(s,cy) condition holds with co = co(v,7) = (1 +~v+7)/(L—~v—7). Let A be a tuning
parameter such that 6(\) < s/(2ep) and & € (0,1). Then, on the event (5.12), the Lasso
estimatorﬁ with tuning parameter A\ satisfies

27A[18 = Bl + |X5 = EY |7 < | X8 = EY|[; + Cyr(s, X, 60)A%s, (5.14)

for all B € RP such that ||B]lo < s, where

B log(1/d¢) 1
Coir(s,4,00) = (1 4+ +7)° maz { log(1/3(N))" 6%(s, co(7,7)) }

Furthermore, if EY = X* for some * € RP with |3*|g < s, then on the event (5.12),

for any 1< q <2,
. C 2/q—1 C 0 2—-2/q
. * < ’Y7T ’Y7 >\ 1/(]‘ .1
18— 811, < (27 ) (1+7) s (5.15)

Proof. Using the result from Lemma [A.2) with () = 2)|| - ||1, one can get that, almost
surely, for all g € RP |

27|86 = Bl + | X5 = EY |} < |IX5 - EY|; — |X(3 = B)II + A%, (5.16)
where

A* =273 = Bl + %ETX(B — B)+ 2Bl = 2\[1B]1-

Let u =/ — 8 and assume that ||3]o < s. Define

1/2

H(u) = (‘lt}nf ]2 Zlog( ) + Z log<]> . (517)

Jj=s+1

Using the Cauchy-Schwarz inequality, it is easy to see that

p
H(u) < Hu) <A | Valulla+ > uf | =Fu) vueR?, (5.18)
j=s+1

where the last inequality follows from Stirling’s formula and §(\) < s/(2ep). On the event

(-12). using (5.18) and Lemma [A.1] one can get

A" <20 (718 = Bl + 181l = 1311) + 2 max (H (), G(w)

<22 | (T4 7)Vs|lull2 — (1 —7) Z ufg + 2max (F(u),G(u)) .
J=s+1

30



5.3. Minimax optimal bounds for Lasso

By definition of d(\),

log (1/d0)

sTog(1/o0n) Xl

The rest of the proof will be divided into two parts depending on which of the G(u)
and F'(u) is larger.

(i) G(u) > F(u)

In this case,

log(1/do)

| X wllp. (5.19)

Hence by using that 2ab < a? 4+ b% |

A* < 2M\(1 + 7)V5]lu)l2 + 2G (u)
log(1/d)
STog(1/30)) Xl (5.20)

log(1/do)
slog(1/6(N))

<2\/s(1+7+7)

< Ns(1L+7+7)? + || Xul2.

(ii) G(u) < F(u)

In this case,

p
A< (L+y+n)Vsllulla— (1 —y—7) D> ul | == A
Jj=s+1

If A >0, then u belongs to the cone Csrg(s,cp), one can use the SRE(s, ¢p) condition,
which yields |lulls < || Xulln/0(s,co). Therefore, by using 2ab < a? + b,

| Xl
0(s,co)

If A <0, then (p.21) holds trivially since the upper bound is positive.

Combining ([5.20) and (5.21) with (5.16) completes the proof of (5.14)).
Let now EY = X/* for some g* € RP with [|5*||o < s. Then (5.14) with g = g*

implies

1 2
A*<A<2(1+v+7)\s < ((1 +v+ T)’\‘/ge(sc)> + | Xul?. (5.21)
» €0

27(|3 — B*|l1 < Cyyr (3, X, Go)As. (5.22)
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Let use now prove that

0770(87)\,(50) )\\/g

147 92(3 m)
» T—y

18 — 87|l < (5.23)

To prove (5.23), one can take 7 = 0, and consider again two cases as above with
u=p3—p*
(i) G(u) > F(u)
Equations (5.16) and (5.20) with 7 = 0 and 8 = #* imply that
5 log(1/do)

IX(8 = B9)n < (1 +7)

log(1/6(X))’
Using , one can obtain
18- 8l < (4G (B (5:24

(i) G(u) < F(u)

From (5.16)) with 8 = % one can infer that A* > 0 almost surely, and thus A > A* > 0.
Hence, u = — 8* € Csge (s,(14+7)/(1 —~)). Thus, the SRE (s,(14+7)/(1 —7))
condition can be applied, which yields

[Xula _ (1+9)AVS
I+y) — 1+’

9 (S,ﬁ) 02 (S, ﬁ)
where the second inequality is due to the combination of (b.16) and (p.21]) with 5 = g*

and 7 = 0.
Putting together (5.24) and (5.25)) proves (5.23)). Consequently, it is enough to notice

that 62 (s, (1 4+ )/(1 —~)) > 6%(s, co) and then to bound ||3 — §*||, from above using
B22), (23 and the norm interpolation inequality |3 — 8*[l, < I8 — 8*1/* |18 —
Bl " =

16 = 5%z <

(5.25)

The conclusions of Theorem hold on event , which is independent of v and 7.
Hence, on the event for all choices of v, 7, and A such that §(\) < s/(2ep), the two
inequalities from Theorem [5.4] are satisfied. Let us now present a corollary of the theorem,
by setting v = 1/2 and 7 = 1/4. Hence, the constants in Theorem have the form

49  1+4v 3
= 1 2= 1= 1 ==
€0 77 ( +7+T) 167 1_7 37 + 9’
while inequality (5.15]) can be transformed into
5 49 log(1p) 1 1
— Bl < = Ast/a 5.16
1= 5"l = g max | Sop1/600) #20s,1)) (516)
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5.3. Minimax optimal bounds for Lasso

where we have used the inequalities 62(s, co) < 6%(s, (1 +7)/(1 — 7)) and (27)'~2/7 < 2.
By taking a closer look at the constant C., - (s, A, dp), one can observe that it is always
greater than or equal to (1 + v + 7)2/0%(s, c). Furthermore, the value

55 = {5(\)} 700 (5.17)

is the smallest §o € (0,1) such that C, - (s, A, 80) = (1+7+7)%/6%(s,co). If 6(\) < s/(2ep),

then .
S 92(s,c0)
o < | — . 5.18
i< (5) (5.19)

Using these remarks, we obtain the following corollary of Theorems and [5.4] with the
choice v =1/2, 7 = 1/4, and §p = 4.

Corollary 5.3. Let s € {1,...,p}. Assume that the SRE(s, 7) condition holds. Let 3 be
the Lasso estimator with tuning parameter A satisfying 6(X) < s/(2ep) for v =1/2. Then,

with probability at least 1 — {s/(er)}S/92(8’7) /2,

49)\%s

DA A
218 - XA—EY|? <|XB-EY|2+ —"°_

(5.19)
for all B € RP such that ||B|lo < s. Furthermore, if EY = X* for some * € RP with
18%|lo0 < s, then for any 1 < q¢ <2,

. 495114 1( s \#6n
P By < ——r | >1— = [ — . 2
(HB 8l < 892(8,7)> >1-3 () (5.20

Since 6%(s,7) < 1, the probability in Corollary [5.3]is greater than 1 — {s/(2ep)}*® /2. If
the tuning parameter is chosen such that §(\) < s/(2ep) holds with equality, then A\%s
equals o?slog(2ep/s)/n, up to a multiplicative constant. Hence, A\%s = O(s/nlog (p/s)).
This represents the minimax rate for the prediction error over the class of all s-sparse
vectors By(s) = {8 € R? : ||B]lo < s}. The rate As'/9 is minimax optimal for the £,
estimation problem. A more detailed discussion of the minimax rates can be found in

BT
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5.4. Lasso on Deoxyfluorination data

This section explains why the estimation error rates from the previous sections do not
apply to data with the same structure as the Deoxyfluorination data. Recall the matrix
form notation from Chapter [3] for a two-way model (extension to three-way is
straightforward). An important property of the matrix is that all columns are sparse,
which leads to poor behavior of the compatibility constant from Definition or the 0
term defined in the SRE condition[5.2] To this end, we will provide a complete explanation
of why Corollary does not yield the optimal rate in this case. The rate in equation

(5.26) from Corollary is
49)s1/4

802%(s,7)"

In order to get the optimal rate As'/? which leads to O( s/n log(p/s)) for ¢ = 2,

62(s,7) should not scale with n. However, for our specific data matrix this is not true.
Indeed, by considering § = (1,0, ...,0)” € R*~! in Definition one can observe that
62(s,7) = O(f2/n), where f; is the number of levels of the i-th factor, since only 2f,
entries from the first column of X are non-zeros. By choosing f; = f9, one can obtain
62(s,7) = O(1/y/n). Hence, the optimal estimation rate does not hold.

34



6. Simulations

In this chapter, our method, SHIM for three-way interactions, is compared with the
standard Lasso across different simulations and, in the end, used on the Deoxyfluorination
data. Simulations will be conducted for both a normal response and a response modeled
by a continuous Bernoulli distribution, under the assumption that the truth is hierarchical.
The following setting will be used for the simulations. Firstly, the tuning parameter A
for Lasso is selected using standard cross-validation. Secondly, tuning parameters of
our model, Ag and A, will be selected using a modified version of cross-validation that
ensures that at least one sample from each possible two-way interaction is present in both
the training and validation sets. SHIM will use the parameters estimated by Lasso as
initialization and the performance of the models in recovering the unknown parameters
will be compared. Further details on model comparison will be provided in the following
section. The R? scores and the number of times the hierarchy was broken in the first and
second layers will also be reported in all the simulations.

6.1. Metrics used to compare different models

Five different metrics will be used to compare models in this chapter. The R? score
will measure the predictive performance of the models, while four additional metrics
will assess the quality of parameter recovery. True positive rates and false positive rates
for identifying zeros will measure the model’s ability to distinguish between significant
and non-significant coefficients. The ¢1-norm difference between the true and predicted
parameters and the mean squared error will be used to assess how close the recovered
parameters are to the true values. The two differences will be scaled by the length of the
coefficient vector to obtain results that are independent of its size. Let us introduce the
the metrics in a mathematical way:

e R? Score: The R? score measures the predictive performance of the models. It is

defined as:
R? = PZ,Q;

where p, ; is the Pearson correlation, y is the vector of true values, § is the vector of
predicted values, and 7 is the mean of the true values. A higher R? score indicates
better prediction performance. An R? score of 1 indicates a perfect prediction, while
an R? score of 0 indicates a prediction performance equal to that of predicting the
mean value for all samples.

e True Positive Rate for Identifying Zeros (TPR-0s): Let 8 denote the true
vector of coefficients, 5 denote the predicted coefficients, and p the length of 5. The
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6. Simulations

TPR for identifying zeros is given by:

A i 3. = ;=0
TPR(B,8) = lé:5: =i = 0] f 5@-B=0| 5

e False Positive Rate for Identifying Zeros (FPR-0s): The FPR for identifying
zeros is given by:

R B, =0& B £0
FPR(3,5) = SR

e ¢1-Norm Difference (£1-dif): The scaled ¢1-norm difference between the true
parameter vector, 3, and the predicted parameter vector, 3, is defined as:

L=l =131, -5)
p B =t

e Mean squared error (MSE): The MSE between the true parameter vector, 3,
and the predicted parameter vector, 3, is defined as:
1 ~ 2 1 P ~ 2
I8 =Bl5 =2 > (85 -8)*

Jj=1

6.2. SHIM vs Lasso with normal response

6.2.1. Data generation process

A synthetic dataset was created, comprising three factors with 9, 8, and 7 levels, respect-
ively. Out of 24 main effects, 13 were selected as significant. Among the 191 two-way
interactions (9 x 8 +9 x 7+ 8 x 7= 191), 30 were chosen to be significant, and 20 out
of the 504 three-way interactions (9 x 8 x 7 = 504) were considered significant. In the
selection of significant coefficients, it was ensured that the true model follows strong
hierarchy. The process of assigning values to the significant coeflicients was conducted as
follows. Recall the matrix form notation described in Chapter |3} Among the coefficients
that appear explicitly in the notation, 10 main effects, 14 two-way interactions, and 4
three-way interactions were randomly chosen as significant. Their signs were assigned
randomly with equal probability, and their absolute values were drawn from the Uniform
distribution, Uniform [1,10]. The rest of the significant coefficients were determined
with the identifiability conditions presented in Chapter [3} The response vector, Y, was
generated as described in equation , with noise £ ~ N (0, 5I).

6.2.2. Results when using cross-validation for selecting the tuning
parameters

In our specific case, the data has exactly one replication per each factor level combination.
As a result, all the three-way combinations that are present in the training set do not

36



6.3. SHIM vs Lasso with continuous Bernoulli response

appear in the validation set, and vice versa. Consequently, cross-validation cannot be used
for selecting As. To ensure comparability with Lasso, As is chosen such that our model
achieves a similar TPR of identifying null three-way interactions as Lasso. As previously
mentioned, A for Lasso and Ag and A, for SHIM are determined using cross-validation.
The obtained values are A = 0.06, \g = 0.12, and A, = 0.6. In the end, A\s; is chosen to
be 1. These tuning parameter values will be used when training the models on the entire
dataset for comparing coefficient estimation.

The comparison of coefficient estimation will be conducted separately for main effects,
two-way interactions, and three-way interactions. As shown in Table our method
outperforms Lasso. The most significant difference in performance between SHIM and
Lasso occurs with two-way interactions, where SHIM consistently outperforms Lasso
across all criteria. The primary advantage of our method is that it preserves the hierarchy
in the estimation, whereas Lasso does not. This results in better overall parameter
estimation, as a significant proportion of the null interactions are constrained to remain
null. The R? scores on the validations sets are similar in both cases, being between 0.8
and 0.82. It should be noted that our method is slower than Lasso, and there is significant
potential for improving its computational efficiency.

The main purpose of our analysis is to check whether, our method, SHIM, performs
better in parameter estimation than Lasso. However, for the completeness of our analysis,
a scatter plot showing SHIM’s predictions versus the true values of the responses on one
validation set will be shown in Figure [6.1] to confirm the quality of the model’s prediction.

Table 6.1.: Results when using cross-validation (normal response)

Model £1-dif | MSE | TPR-0s | FPR-0s | Broken hierarchy
Lasso main 0.41 | 0.28 | 45.45% 0% -
SHIM main 0.38 0.32 63.64% 0% -
Lasso two-way 0.32 0.54 | 75.15% 6.67% 13
SHIM two-way | 0.26 | 0.43 | 90.1% 0% 0
Lasso three-way | 0.02 | 0.01 | 96.28% 30% 17
SHIM three-way | 0.03 0.02 | 97.93% 30% 0

6.3. SHIM vs Lasso with continuous Bernoulli response

6.3.1. Data generation process

A synthetic dataset was created, comprising three factors with 9, 8, and 7 levels, respect-
ively. Out of 24 main effects, 13 were selected as significant. Among the 191 two-way
interactions (9 x 8 +9 x 7+ 8 x 7 =191), 30 were chosen to be significant, and 20 out
of the 504 three-way interactions (9 x 8 x 7 = 504) were considered significant. In the
selection of significant coefficients, it was ensured that the true model follows strong
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Predicted vs True Values

20

10

True Values
-10

Predictions

Figure 6.1: Predicted vs true values with normal SHIM on a validation set of simulated
data

hierarchy. The process of assigning values to the significant coefficients was conducted as
follows. Recall the matrix form notation described in Chapter [3] Among the coefficients
that appear explicitly in the notation, 10 main effects, 14 two-way interactions, and 4
three-way interactions were randomly chosen as significant. Their signs were assigned
randomly with equal probability. The absolute values of the main effects were drawn from
the Uniform distribution, Uniform [8, 11], while the absolute values of the interactions
were drawn from Uniform [5,8]. The rest of the significant coefficients were determined
with the identifiability conditions presented in Chapter |3} The response Y was generated
by sampling from a continuous Bernoulli distribution with 7 as described in equation

E).

6.3.2. Results when using cross-validation for selecting the tuning
parameters

As mentioned in the previous section, cross-validation cannot be used to select As. To
ensure comparability with Lasso, A5 is chosen such that our model achieves a similar TPR
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6.4. SHIM and Lasso on Deoxyfluorination data

of identifying null three-way interactions as Lasso. As previously mentioned, A for Lasso
and Ag and A, for SHIM are determined using cross-validation. The obtained values are

A =103, Ag = 1073, and Ay =5 X 10~%. In the end, A5 is chosen to be 1073.

Table 6.2.: Results when using cross-validation (continuous Bernoulli response)

Model £1-dif | MSE | TPR-0s | FPR-0s | Broken hierarchy
Lasso main 1.01 1.83 | 45.45% 0% -
SHIM main 0.96 1.65 | 54.55% 0% -
Lasso two-way 0.95 3.85 59% 6.67% 30
SHIM two-way 0.77 3.3 75.77% | 3.33% 0
Lasso three-way | 0.05 | 0.06 | 88.64% 45% 33
SHIM three-way | 0.08 0.12 96.9% 20% 0

The comparison of coefficient estimation will be conducted separately for main effects,
two-way interactions, and three-way interactions. As shown in Table our method
outperforms Lasso. The most significant difference in performance between SHIM and
Lasso occurs with main effects and two-way interactions, where our method performs
consistently better. In the case of main effects, our method identifies a higher percentage
of null coefficients than Lasso, and achieves better parameter estimation. For two-way
interactions, our method outperforms Lasso in all criteria. This can be explained by the
hierarchical constraints of our method which automatically set to zero a high fraction
of the two-way interactions. The performance for the three-way interactions is similar
for the both methods. SHIM is better at identifying whether an interaction is null or
not, while Lasso achieves better parameter estimation. The average R? scores on the
validation sets are 0.7 for Lasso and 0.66 for SHIM. It should be noted that, as in the
case of a normal response, our method is slower than Lasso.

The main purpose of our analysis is to check whether our method, SHIM, performs
better in parameter estimation than Lasso. However, for the completeness of our analysis,
a scatter plot showing SHIM’s predictions versus the true values of the responses on one
validation set is shown in Figure 6.2

6.4. SHIM and Lasso on Deoxyfluorination data

In this section, normal Lasso, Lasso for the continuous Bernoulli distribution, and SHIM
for the continuous Bernoulli distribution will be used on the Deoxyfluorination data.
Firstly, our purpose is to show the necessity of using a suitable distribution for modeling
the response. Secondly, Lasso and SHIM for the continuous Bernoulli distribution will
be compared. In this case, we are not able to compare the quality of the coefficients
estimation since the true parameters are unknown. However, if the R? scores are similar,
one might argue that using a hierarchical model is reasonable since the hierarchical
constraints do not affect the prediction.

39



6. Simulations

Predicted vs True Values
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Figure 6.2: Predicted vs true values with SHIM for continuous Bernoulli distribution on
a validation set of simulated data

6.4.1. Normal Lasso

In this subsection, the focus will be on showing that a model suited for a normal response
cannot be safely applied to Deoxyfluorination data. To show this, the normal Lasso
model is used, with the regularization parameter selected by cross-validation. The model’s
predictions, using this regularization parameter, are then presented on the entire dataset
after fitting it on the whole data.

There are two important issues that can be observed in the model’s predictions in
Figure [6.3] Firstly, it can be seen that, as expected, some samples are predicted to
take values outside the possible range [0, 1]. Secondly, the errors in the predictions are
not uniformly distributed. The predictions for lower yields (except for those outside
the possible range) tend to be higher than the true yields, while for higher yields, the
predictions are consistently lower. Similar issues arise when using our hierarchical model
for a normal response on the Deoxyfluorination data.
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Predicted vs True Yield
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Figure 6.3: Predicted vs true values with normal Lasso on Deoxyfluorination data with
entire dataset as training set

6.4.2. Lasso and SHIM for continuous Bernoulli distribution

In this section, the results obtained using Lasso and SHIM for the continuous Bernoulli
distribution will be presented. The tuning parameters are obtained through cross-
validation, as outlined in the previous simulations. The comparison will focus on the
prediction quality of both models. In Figure one can observe how the quality of the
prediction on the entire data is improved when using continuous Bernoulli distribution to
model the response. All the predictions fall within the possible range of values, [0, 1], and
the errors are closer to being uniformly distributed compared to those from normal Lasso.
Similar observations can be made when analyzing the results obtained using SHIM for
the continuous Bernoulli distribution, shown in Figure [6.5

To prove the prediction quality on data not included in the training set, when using
Lasso or SHIM with the response modeled by the continuous Bernoulli distribution,
two plots comparing predictions to observed values on a validation set are presented
in Figure Both models obtain similar R? scores on the validation sets, having the
average around 0.82. Both SHIM and Lasso preserve all main effects. However, Lasso
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Figure 6.4: Predicted vs true values with Lasso for continuous Bernoulli distribution on
Deoxyfluorination data with entire dataset as training set

removes 33% of the two-way interactions, while SHIM eliminates only 17%. On the
other hand, SHIM kills few more three-way interactions (95%) due to its hierarchical
constraints, compared to Lasso (92%). The exact number of main effects, two-way
interactions and three way interactions that are considered significant is shown in Table
6.3 (including the ones obtained using the identifiability conditions), and the number of
non-zero parameters of the model (number of non zero coefficients excluding the ones
obtained by the identifiability conditions) is shown in Table .

Table 6.3.: Number of main effects, two-way interactions, and three-way interactions
predicted to be non-zero

Model | No. of main effects | No. of two-way interactions | No. of three-way interactions | Total number

Lasso 46/46 238/353 58/740 342/1139

SHIM 46/46 295/353 39/740 380,/1139

It is worth noting that SHIM and Lasso do similar parameter estimation. The 10 most
important coefficients (highest absolute values) for SHIM are the same as with Lasso, but
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6.4. SHIM and Lasso on Deoxyfluorination data
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Figure 6.5: Predicted vs true values with SHIM for continuous Bernoulli distribution on
Deoxyfluorination data with entire dataset as training set
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Figure 6.6: Predicted vs true values with SHIM (left) and Lasso (right) for continuous
Bernoulli distribution on a validation set of Deoxyfluorination data

in a different order. Additionally, for both models, the signs of the coeflicients are the
same, when the coefficients are not null. A summary table of the coefficients can be found
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6. Simulations

Table 6.4.: Number of non-zero coefficients selected by the model

Model | No. of main effects | No. of two-way interactions | No. of three-way interactions | Total number (with intercept)
Lasso 43/43 158/264 12/432 214/740
SHIM 43/43 206/264 8/432 258/740

at the following ink] The code that produced all the results presented can be found at
the following
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https://github.com/Razvan8/MSc_thesis_submission/tree/f771360e959cf606e25d94719e1ad73bbbac5add/Results
https://github.com/Razvan8/MSc_thesis_submission

7. Conclusion

The thesis focused on hierarchical Lasso models. Since most existing models are designed
only for two-way interactions and assume a normal response, we decided to address these
limitations. Consequently, one of the current hierarchical models was chosen for further
extension. We managed to extend the method of [NHCZI0] to handle data with three-way
interactions. Additionally, the method was adapted to work for responses modeled by the
continuous Bernoulli distribution as well. In the end, it was shown in simulations that
our model achieves better parameter estimation than Lasso on hierarchical data with
three-way interactions for responses from both the normal distribution and the continuous
Bernoulli distribution.

Future work may focus on two directions. The first involves proving the theoretical prop-
erties of our model, while the second aims to extend the current methods to accommodate
four-way interactions.
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A. Appendix

A.1. GLM with offset

In this section, it will be shown how the MLE (maximum likelihood estimator) is modified
for a GLM with an offset term. Specifically, we will explain how the iteratively reweighted
least squares form of the Fisher scoring is adjusted.

A GLM with an offset term is a specific type of GLM where a fixed term is added to
the linear predictor.

Let us consider the data Y7,...,Y,, such that Y7 | X1,...,Y,, | X,, are independent and
Y; | X; has the probability density function

iYi — K1) .
Tnw (i | ;) = exp {nw(n)} h(yi,ni), i=1,...,n.

For simplicity, and due to the fact that in our case the parameterization of the GLM
has the form given in (3.7)), the over-dispersion parameter, v, and the function h will be
ignored. The probability density function becomes

Io(yi | @) = exp {niyi — w(ni)}, i=1,...,n.
It is true that
) ==E(Y; | X;) = #(n;) and var(Y; | Xi) = &"(ni), i=1,...,n.

The systematic component changes due to the addition of the offset term and becomes
Xl-T B+ C;, where C' € R™ is the offset term and Cj is the i-th component.
The link function between the random and systematic component is described by

g{pm)y=XIg+C;, i=1,...,n.

Let us consider a canonical link function, g = p~ !, since we use the canonical link for

the continuous Bernoulli distribution in our problem. Consequently, the systematic
component is n; = XiTB + C;.

With the setting of a GLM with an offset described, one can write the formula for the
log-likelihood in the following way:

UB) =D {(XTB+C)Y; — k(X B+Cy)}
=1
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A. Appendix

which implies

82? =Y (Vi W (XT84 C)} Xi = Su(8) (A1)
=1
and ,
O*UB) N~
0BT ;“ (X[ 8+ C)XiX] = Fu(B). (A.2)

The update rule, in Fisher scoring algorithm is:
(41 N7, N —1 N7
6(] ) :B(J) +E, (B(J)> S, <5(J)> ‘

Using (A.1)) and (A.2), the update rule becomes

n . e j
B(j-}—l) ZBO) n {Z “//(Xz‘TB(]) 4 Ci)XiXiT} [Z {YZ - ;g/(XZ-TB(J) + Cz)} Xi] .

1=1 =1

Let us define W = W(8) = diag {"(X] 8+ C;)} and the so-called working vector
Z(B) = XB+ Wt {Y — K(XTB 4+ C’)} Then, one can represent the Fisher scoring

. . . . .5t . .
algorithm as a series of weighted least squares estimators. That is, £ G+) is a weighted
least-squares estimator in the model

5(7)

Z(B)=XB+e e~N,(0,W 71 (A.3)

Indeed,

5 +1)

A9 (xTwx) xTw z(3Y)

= (xXTwx)XTW [V Wiy - R (Y + o)) (A.4)
AV L xXTwx) Xy —(xBY 00, =0,1,2,....

Therefore, Fisher scoring is also an iteratively re-weighted least squares (IRLS) al-
gorithm, and the only modification from the well-known algorithm for a standard GLM
with a canonical link function is that the systematic component, 7, is XZ-T B+ C; instead
of X ZT B.

The modification of using an ¢1-norm penalized log-likelihood criterion is the same as
in the standard GLM case and involves using iteratively standard LASSO instead of least
squares.
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A.2. Lemmas for LASSO optimal rate

A.2. Lemmas for LASSO optimal rate

In this section, the lemmas used for proving Theorem are presented.
Firstly, let us introduce the definition of |5|.. Let A = (A1,...,\,) € R? be a vector of
tuning parameters, not all equal to 0, such that

AMZ>A > 20, 20

For any 8 = (B1,...,05p) € RP, let (B#, ... ,B#) be a nonincreasing rearrangement of
(|ﬂl‘7 ERE |Bp|) and set

p
1Bl = Z)‘j ]#7 (A5)
j=1

which defines a norm on RP.

Lemma A.1. Let s € {1,...,p} and 7 € [0,1]. For any two B, 3 € RP such that 180 < s,
it is true that

1/2
s p
Tlule + 18l — Bl < (L 4+7) [ DA fulla = (1=7) > Nuf,  (A6)
j=1 j=s+1
where u = — 8 = (ui,...,up) and (ufé, . ,u;,#) i a non-increasing rearrangement of
(Jul, ..o upl). If Adp ==X, = X for some X >0, then |- | = X| - |1 and[A.q yields
R P
Al + A8l = AllBlh < (1 +P)AVs[lulls — (1 =7)A Dl (A7)
Jj=s+1

Lemma A.2. Let h: RP — R be a convex function, let f,e € R", y = f + ¢, where € is
normal N'(0, 0%, %), and let X be any nx p matriz. If B is a solution of the minimization
problem

min X8 —ylln +h(B),

then B satisfies, for all € RP,
A 2 2 2 Tyv(h . A 2
1X8 = flln = 1IX8 = flla < —e" X(8 = B) + h(B) — h(B) = ~IX(B = B)lln.  (A-8)
The proofs of the lemmas can be found in [BLTTE].

A.3. Use of Al Tools for writing the thesis

In this thesis, I used both AI and non-Al tools a few times solely for translation and
rephrasing. No additional information was added based on Al tools.
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