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ABSTRACT

Defects significantly influence the properties of materials. Point de-
fects are particularly relevant due to their potential positive impacts on
applications such as the doping of semiconductors and their negative
consequences, like hydrogen embrittlement of steel. However, point
defects tend to diffuse, potentially altering the material’s properties
over time. Therefore, it is essential to understand their diffusion behav-
ior. Computational studies are well-suited for this task as they allow
us to simulate materials at the atomic level. In this thesis, I employ ma-
chine learning potentials to accelerate molecular dynamics simulations
and investigate diffusion mechanisms. Specifically, we investigated
the diffusion and coalescence of monovacancies in phosphorene. This
was facilitated by employing an active learning strategy that iteratively
updated the neural network potential upon exploring the previously
unknown potential energy surface. The same approach has been ap-
plied to study the stability and recombination of adatom-monovacancy
complexes in phosphorene to support microscopic measurements. Be-
fore utilizing neural network potentials, I comprehensively analyzed
the neural network’s hyperparameters to identify the optimal configura-
tion. A key finding was that both insufficient and excessive numbers of
fitting parameters can harm the accuracy of the neural network poten-
tial. The optimal number of parameters has been estimated to increase
linearly with dataset size. This result is particularly relevant for active
learning strategies that involve iteratively expanding the dataset. In the
final stage of my research, I focused on the post-analysis of extended
molecular dynamics simulations. Conducting extensive simulations
is futile without extracting valuable information from them. In cases
where simple order parameters are unavailable, such as tracking mono-
vacancies, alternative methods must be employed. I have demonstrated
the effectiveness of combining unsupervised algorithms with atomistic
potential descriptors for distinguishing between various chemical envi-
ronments with minimal computational overhead on multiple materials.
In summary, this thesis uses neural network potentials to explore the
diffusion mechanisms of point defects. It includes the optimal setup
of hyperparameters, the construction of potentials using active learn-
ing, uncertainty control during simulations, and the post-analysis of
diffusion events utilizing potential descriptors.



ZUSAMMENFASSUNG

Defekte haben einen erheblichen Einfluss auf die Eigenschaften von
Materialien. Punktdefekte sind aufgrund ihrer potenziellen positiven
Auswirkungen in Anwendungen wie der Dotierung von Halbleitern
und ihrer negativen Folgen wie der Wasserstoffversprodung von Stahl
besonders relevant. Punktdefekte neigen jedoch dazu zu diffundieren,
wodurch sich Materialeigenschaften im Laufe der Zeit verandern kon-
nen. Daher ist es wichtig ihr Diffusionsverhalten zu verstehen. Com-
putergestiuitzte Forschung ist fir diese Aufgabe gut geeignet, da sie
es uns ermoglicht, Materialien auf atomarer Ebene zu simulieren. In
dieser Arbeit benutze ich Machine-Learning-Potentials, um Moleku-
lardynamiksimulationen effizienter auszufithren und damit Diffusion-
smechanismen zu untersuchen. Konkreter haben wir die Diffusion
und Koaleszenz von Monovakanzen in Phosphoren untersucht. Dies
wurde durch den Einsatz einer Active Learning Strategie ermoglicht,
bei der unser sogenanntes Neural-Network-Potential bei der Erkun-
dung einer zuvor unbekannten Potential-Energy-Surface iterativ aktu-
alisiert wird. Dieselbe Methode wurde zur Untersuchung der Stabilitat
und Rekombination von Adatom-Monovakanz-Komplexen in Phos-
phoren angewandt, um mikroskopische Messungen zu unterstiitzen.
Bevor ich diese Neural-Network-Potentials in Simulationen benutzte,
wurden die respektiven Hyperparameter der neuronalen Netze um-
fassend analysiert, um die optimale Konfiguration zu ermitteln. Eine
wichtige Erkenntnis hierbei war, dass sowohl eine zu geringe als auch
eine zu hohe Anzahl von moglichen Parametern die Genauigkeit der
Neural-Network-Potentials beeintrachtigen konnen. Die optimale An-
zahl von Parametern nimmt schatzungsweise linear mit der Grofse des
Datensatzes zu.Dieses Ergebnis ist besonders relevant fiir Active Learn-
ing Strategien, die eine iterative Erweiterung des Datensatzes beinhal-
ten. In der letzten Phase meiner Forschung konzentrierte ich mich
auf die Nachanalyse von langzeitigen Molekulardynamiksimulatio-
nen. Die Durchfuhrung umfangreicher Simulationen ist sinnlos wenn
man nicht wertvolle Erkenntnisse aus ihnen gewinnen kann. In vielen
Fallen, in denen einfache Ordnungsparameter nicht verfugbar sind,
wie beispielsweise bei der Verfolgung von Monovakanzen, miissen alter-
native Methoden eingesetzt werden. Ich habe demonstriert, dass man
mit einer Kombination aus untuiberwachten Algorithmen und Deskrip-
toren von atomistischen Potenzialen mit minimalem Rechenaufwand
zwischen verschiedenen chemischen Umgebungen in mehreren Materi-
alen unterscheiden kann. Zusammenfassend geht es in dieser Arbeit
um Neural-Network-Potentials zur Erforschung der Diffusionsmech-
anismen von Punktdefekten. Die Arbeit umfasst die Optimierung
von Hyperparametern, die Konstruktion von Potenzialen durch Ac-



tive Learning, die Unsicherheitskontrolle wahrend der Simulationen
und die Nachanalyse von Diffusionsereignissen unter Verwendung von
Potenzialdeskriptoren.
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INTRODUCTION

In 1929, Paul A. M. Dirac, in his seminal paper "Quantum Mechanics
of Many-Electron Systems," announced!:

"The underlying physical laws necessary for the mathematical theory of a
large part of physics and the whole of chemistry are thus completely known,
and the difficulty is only that the exact application of these laws leads to
equations much too complicated to be soluble. It therefore becomes desirable
that approximate practical methods of applying quantum mechanics should
be developed, which can lead to an explanation of the main features of
complex atomic systems without too much computation.”

As Dirac proposed, so it occurred. Various approximate methods of
quantum mechanics (ab initio) with varying accuracy and computa-
tional complexity have been developed to describe the behavior of
complex atomic systems, such as phase transitions, chemical reactions,
or diffusion events??. However, Dirac may not have anticipated that
researchers would eventually seek to approximate these approximated
methods likewise. The remarkable advances and achievements of ma-
chine learning in the 21st century have led researchers to explore its
potential in chemistry and physics, resulting in the development of
machine learning potential (MLP).

Supervised machine learning models aim to learn a function from
a finite set of samples drawn from an underlying distribution. In the
case of MLPs, they are primarily trained using ab initio reference data,
which include both the energy of the system and the forces acting on
individual atoms. If the training dataset is sufficiently large and well-
sampled, the model’s predictions are considered reliable within the
region near the training space. The main advantage of MLPs is their
significantly faster evaluation compared to ab initio calculations, which
allows for the exploration of material properties in ways that were
previously impractical. This capability includes studying system dy-
namics through molecular dynamics simulations and gaining insights
into atomic-scale interactions and behavior over extended time scales.
An illustrative example is the 1 ps simulation of monovacancy diffusion
in phosphorene achieved using the MLP presented in this thesis. This
task would be beyond the reach of ab initio methods.

However, this increased level of approximation raises new challenges.
Many open questions concern not only the machine learning model
itself but also how to prepare a reference dataset and ensure the reli-
ability of predictions. This thesis aims to provide answers to address
these questions and many others.



1.1 Molecular dynamics

Molecular Dynamics (MD) is a computational method that enables de-
tailed modeling at the atomic scale by simulating the motion of atoms
and molecules. Typically, MD adopts a classical perspective, repre-
senting particles as point masses interacting through forces dependent
on their mutual arrangement. While treating nuclei as classical non-
quantum particles is a reasonable approximation in most situations,
caution is required when simulating the movement of light atoms (such
as He, H,, and D;) or when zero-point vibrations play a significant role,
typically at low temperatures*.

MD is based on the premise that the nature of matter can be under-
stood by examining the structure and motion of its constituent building
blocks, with the dynamics emerging from solving the N-body problem.
Due to the absence of an analytical solution for the classical N-body
problem, numerical integration is necessary to update particle veloci-
ties v and positions r following Newton’s second law”. A widely used
method for numerical integration, which is also employed in this thesis,
is the velocity Verlet algorithm*:

r(t+At) = r(t)+v(t)At+%At2, (1)
v(t+At):v(t)+f(t+At)+f(t)At, (2)

2m

where t is time, m is mass, and f is force.

By tracking the positions and momenta of individual particles through
phase space (see Fig. 1), MD enables the calculation of various physical
properties like temperature, pressure, and energy. The simulations can
be run in a variety of phases, including gases, liquids, and solids, and
can be used to study a wide range of phenomena, from the behavior of
simple molecules like water and methane to the complex interactions
between biomolecules like proteins and DNA*,

A
p

>
X

Figure 1: Molecular dynamics trajectory in phase space

Positions and velocities are updated through MD simulations (Eqs.
1 and 2), but determining the system energy and deriving forces for



a given configuration necessitate a distinct method. Historically, two
primary approaches have been used: classical force fields and quantum
mechanics. The third type, machine learning potentials (MLPs), has
been increasingly adopted recently.

1.2 Computational modeling methods

Classical force fields employ empirical potentials to model interatomic
and intermolecular interactions. This approach simplifies the quantum
interactions arising from overlapping electron clouds into a system of
masses connected by complex "springs." These potentials are not di-
rectly derived from quantum mechanical calculations. Rather, they are
developed by adapting both structure and potential function to various
sources, such as quantum mechanical calculations, experimental data
(including thermodynamic and spectroscopic measurements), crystal
structure analysis, measurements of transport properties, and collision
studies using molecular beams, among others>. Originally proposed
for liquid argon, the Lennard-Jones potential is the most well-known
pairwise potential>:

o 12 o 6
4e (—) —(—) , if i<,
u(rij) = Tij Tij (3

0, lf 7’1']‘ > re.

~

For a pair of atoms i and j located at r; and r;, the potential energy
depends on the distance between them, r;; = |r; —1;|. The parameter €
governs the strength of the interaction, while o defines the length scale.
The interaction is repulsive at short distances, becomes attractive as the
atoms move apart, and is ultimately cut off at a separation of r.. Clas-
sical force fields are mostly employed when the quantum-mechanical
approach is computationally expensive (e.g., biomolecules) or when
the system under study does not require a high level of accuracy or is

relatively simple, such as in the case of argon®.

The quantum-mechanical approach (ab initio) describes the elec-
tronic structure of a material using wave functions resulting from
Schrodinger’s equation, which accounts for correlations between elec-
trons and their interactions with nuclei. The quantum-mechanical
approaches primarily rely on the Born-Oppenheimer approximation,
which assumes that the wave functions of atomic nuclei and electrons
can be treated separately, given that nuclei are much heavier than elec-
trons. Consequently, the electronic wave function is calculated for a
fixed configuration of nuclear coordinates. One widely adopted method
within this framework is Density Functional Theory (DFT)”. DFT is
founded on the two Hohenberg-Kohn theorems. The first theorem
asserts that the total energy E of a system of interacting electrons in



an external potential (such as the Coulomb potential of nuclei) is a
functional of the ground state electronic density p®:

E = E[p(r)]. (4)

The second theorem states that the true electronic ground state density
is obtained by minimizing this energy functional®:

JE[p]

50 | = 0. (5)

Po

However, the exact form of E[p] is unknown, so the accuracy of DFT
depends on the used approximations.

DFT-based methods, while less computationally intensive than other
ab initio techniques?, still require significant computational resources
for large-scale simulations or high-throughput screening applications.
In stark contrast, classical force fields necessitate only a fraction of the
computational power required by DFT, but this comes at the cost of
limited accuracy. Historically, researchers faced a trade-off between
computational complexity and accuracy. The emergence of MLPs has
overcome this dichotomy .

Trained on high-accuracy energies and forces obtained from DFT,
MLPs deliver high accuracy at a fraction of the computational cost asso-
ciated with ab initio methods!!. MLP has enabled accurate large-scale
simulations that were previously unfeasible or excessively computa-
tionally expensive!2. Nevertheless, new challenges have emerged. The
primary challenge is obtaining high-quality reference data for training
these models.

1.3 Machine learning potentials

MLPs represent a third class of computational modeling approaches to
predict interatomic interactions in various systems. MLPs are similar
to classical force fields as they fit a potential function primarily using
ab initio data. The key distinction lies in how the potential function
is developed: in classical force fields, the structure and potential func-
tion are hand-crafted using expert knowledge, whereas in MLPs, the
potential function is derived directly from the data during training.
This flexibility allows MLPs to make much more accurate predictions
within the range of the training data. However, this same flexibility can
lead to potentially nonsensical results when applied to configurations
vastly different from the training data.

The development of MLPs has been driven by advances in machine
learning techniques, particularly those based on neural networks and
kernel methods. These algorithms are well-suited to handle interatomic
interaction’s complexity and high-dimensional nature, which can be
difficult to capture using traditional potential energy functions. There

are several essential attributes that MLPs should possess!3:
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* Accuracy in prediction: The potential should achieve the highest
possible agreement with reference data from quantum mechanical
calculations or experimental results.

* Transferability to new data points: The ability to perform reliably
across a diverse range of atomic configurations, particularly those
not included in the potential’s training.

* General applicability to various systems: The potential should
have a functional form that does not include system-specific
terms, ensuring broad applicability.

* Reactivity: The capability to accurately model the making and
breaking of bonds.

* Computational efficiency and scalability: The potential should be
efficient and scalable, enabling fast evaluation of potential energy
even for large systems.

* Data efficiency: The potential should require the smallest possible
number of reference data points to determine its parameters.

The following chapters explore the cornerstones of machine learning
potentials, starting with potential descriptors, followed by the types
of atomic interactions, dataset preparation, model construction with
active learning and committee disagreement, and concluding with the
training of MLPs.

1.3.1 Potential descriptors

The success of MLPs depends on transforming atomic configurations
into input features for machine learning models. Using Cartesian coor-
dinates is unsuitable due to the lack of invariances. Several properties
should be considered to construct effective descriptors!?:
 Translation invariance: the descriptor should remain unchanged
regardless of any shifts in the coordinate system.

* Rotation invariance: the descriptor must remain unchanged de-
spite any rotations of the coordinate system.

e Permutation invariance: the order of atomic indices should not
affect the descriptor.

» Uniqueness: each descriptor, or at least a combination of descrip-
tors, should be uniquely tied to a specific atomic environment.

* Compactness: descriptors should aim to condense as much infor-
mation as possible and avoid redundancy.
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* Computational efficiency: calculating the descriptor should be
significantly less resource-intensive than the reference method.

The first descriptors meeting the listed criteria were Behler-Parrinello
Atom-Centered Symmetry Functions (ACSF)!!. This approach trans-
forms Cartesian coordinates into a set of hand-crafted symmetry func-
tions to represent local chemical environments around a central atom
in a specific cutoff. Symmetry functions are radial and angular types.
The radial type captures the radial distribution of neighboring atoms
around the central atom, and the angular type captures the angular dis-
tribution of neighboring atoms, considering the angles formed between
pairs of neighbors and the central atom. A modified version called
weighted atom-centered symmetry functions (WACSF)!4 overcomes the
undesirable scaling of ACSF with an increasing number of different
elements in a material. An alternative approach that does not require
hand-crafted descriptors like ACSF is the Smooth Overlap of Atomic
Positions (SOAP)!>. This method combines radial basis functions and
spherical harmonics, which are then transformed into bispectrum co-
efficients to ensure symmetry invariance. Spectral Neighbor Analysis
Potential (SNAP)!¢ differs from SOAP by assuming a linear relation-
ship between atom energy and bispectrum components. Each atom’s
local environment is represented through bispectrum components of
local neighbor density, projected onto a hyperspherical harmonic basis
in four dimensions. Moment Tensor Potential (MTP)!” uses moment
tensors as an alternative to spherical harmonics for describing atomic
environments, distinguishing it from methods like SOAP and SNAP
that use spherical harmonic expansions. Finally, Atomic Cluster Expan-
sion (ACE)!® provides a systematic framework for constructing higher-
body-order complete polynomial basis functions. Higher-body-order
terms are feasible due to the constant cost per basis function, which re-
mains independent of the body order. Other atomic description-based
approaches can be viewed as special cases of ACE, such as MTP, which
is ACE formulated in Cartesian space!?.

In addition to atomic description-based methods, researchers have
also employed graph neural networks (GNNs). GNNs represent atomic
configuration as graphs with atoms as nodes and apply message-passing
operations to learn atomic environment representations. Pioneering
works utilizing graph architecture were the DTNN2?, SchNet2!, HIP-
NN?22, PhysNet23, or DimeNet?2¢. However, these models did not im-
prove upon atomic description-based approaches regarding computa-
tional efficiency and accuracy on public benchmarks?>. Furthermore,
most of those GNN interatomic potentials use 2-body invariant mes-
sages, making them non-universal approximators2°. Recently, a new
class of GNNs has been developed that utilizes equivariant internal
features. Notable examples of these networks include Cormorant?7,
Tensor Field Networks?®, EGNNZ2?, PaiNN3?, Equivariant Transform-
ers3!, SEGNN?32, NewtonNet?33, and NequlP 34 These models have
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outperformed atomic description-based approaches but face two sig-
nificant limitations: the most accurate models rely on L = 3 spherical
tensors as messages and require four to six message passing iterations,
leading to relatively high computational costs and challenges in paral-
lelizing across multiple GPUs?°. This bottleneck has been addressed
by the MACE architecture, which requires only two message-passing
iterations to achieve high accuracy, in contrast to the typical four or six
iterations used by previous GNNs?°. This results in a potential that is
both accurate and reasonably computationally efficient.

Although modern approaches like MACE offer higher accuracy than
the original ACSF, ACSF remains in use, including in this thesis. This
continued use is attributed to its extensive historical computational de-
velopment, well-tested nature, simplicity, and computational efficiency,
which allow it to be used on CPUs.

1.3.2 Atomic interactions

Body-order expansion models typically rely on nearsightedness, repre-
senting total energy E as a sum of atomic energies E;:

E= ZEi(Xi)- (6)

Atomic energies are only dependent on the local chemical environment
up to a cutoff radius!! as interactions beyond this cutoff are assumed
to be negligible.

However, long-range electrostatic and dispersion forces cannot al-
ways be neglected due to their significant impact on certain materials,
e.g., ionic crystals3>. These interactions can be addressed by predicting
atomic charges using local descriptors and subsequently calculating
the long-range electrostatic energy using Ewald summation 3637,

Relying solely on local chemical environments fails to capture long-
range charge transfer and different charge states of a system. This limi-
tation can be overcome by determining local environment-dependent
electronegativities instead of charges. These electronegativities are
then used for global charge equilibration, and the resulting charges
incorporate charge transfer effects3®.

Incorporating long-range interactions is not always advisable, as
it increases the complexity of the model. Before constructing MLPs,
it is crucial to consider the relative importance of each interaction
type. Excluding long-range interactions is a reasonable approach in
scenarios where electrostatic interactions are negligible compared to
short-range interactions. This was the case in my research, which
focused exclusively on short-range interactions for studying defects in
phosphorene.
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1.3.3 Dataset preparation

Reference data are another crucial component of all ML models. Re-
gardless of the sophistication of the architecture or feature extraction
methods employed, poorly prepared reference data can hinder model
performance. Fortunately, since our applications rely on ab initio gener-
ated data, noise is not typically a significant concern. If data corruption
occurs during data generation, it is relatively straightforward to identify
and remove problematic data points before training by implementing
outlier detection measures or after training by analyzing parity plots
for energies and forces. Notably, biased and misdistributed datasets
pose a more substantial challenge.

The five primary methods of data collection, each suited to distinct
purposes, are the following!%:

* Open-source material databases provide a rich source of ab
initio calculations. Utilizing open-source databases offers a highly
effective approach for gathering relevant data for MLPs with
minimum effort. Although these databases are extensive, they
typically focus on pristine materials, limiting their applicability
for studying diffusion mechanisms due to the lack of data on
thermal fluctuations, defects, and transition states.

* Random sampling generates distorted structures by displacing
atoms randomly or along normal modes. These displacements
are drawn from uniform or Gaussian distributions, with the am-
plitude as a parameter. Atoms are typically displaced from a
local minimum on the potential energy surface, but they can also
be displaced from non-equilibrium configurations, such as those
obtained during MD simulations. This method is efficient for
exploring PES but is limited to regions close to starting configura-
tion and is best combined with other sampling methods.

* Ab Initio Molecular Dynamics (AIMD) sampling employs MD
driven primarily by DFT to sample the potential energy surface.
AIMD’s advantages lie in its ability to sample the phase region of
interest. However, AIMD is typically limited by the picosecond
sampling timescale, which is usually too short to capture all dif-
fusion events. Consequently, this technique is suitable only for
studying equilibrium or near-equilibrium properties, such as vi-
brational spectra or thermodynamic properties, or for generating
an initial dataset for active learning sampling.

* Active Learning (AL) sampling starts with a small initial set
of reference data to train a preliminary MLP. This potential is
then employed in MD simulations, gathering additional configu-
rations when model predictions become unreliable based on an
uncertainty criterion. Once several additional configurations are
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collected, the model is retrained with these new data points. This
iterative process continues until the relevant potential energy sur-
face is well-sampled. This strategy leverages AIMD to sample the
desired phase space while removing restrictions imposed by com-
putation complexity. As most timesteps involve MLP, ab initio
calculations are required only for new configurations identified
by uncertainty criterion.

* Metadynamics sampling biases the dynamics to visit unexplored
regions on the potential energy surface. Although a powerful
technique, it presents several challenges in setting up appropriate

collective variables and parameters>’.

In conclusion, each data collection method has its applications. The
open-source material databases provide a valuable data source, primar-
ily for pristine materials. Random sampling effectively explores the
potential energy surface but does not capture system dynamics, as the
structures are generated without considering time evolution. Due to its
short simulation time, AIMD sampling is restricted to equilibrium or
near-equilibrium properties. AL and metadynamics sampling can be
employed to sample the desired potential energy surface while reducing
the need for ab initio calculations. However, they differ in complexity:
active learning can be implemented without prior knowledge, while
metadynamics requires some prior understanding.

1.3.4 Active learning with committee disagreement

AL is a subfield of machine learning based on the principle that the
learning algorithm can actively choose the data from which it learns*?,
AL systematically collects diverse data points to correct shortcomings
in a machine learning model’s predictions. This process relies on ac-
curately assessing the model’s uncertainty to guide the selection. A
well-established practical strategy for AL with neural network poten-
tials is called query by committee, where the estimate of uncertainty
is the disagreement between a collection of models within an ensem-
ble*142, Typically, there are five to ten neural networks in an ensemble,
and these share the same architecture and hyperparameters but use
a different initialization of the model parameters for training and dif-
ferent splits of the training/validation data. It is empirically observed
that the variance of the ensemble predictions correlates with actual
prediction error®?. In the query by committee strategy, the training set
will be augmented with new ab initio data if the ensemble variance is
large. AL strategy workflow is summarized in Fig. 2.

15



Initial Dataset

v

Train Committee of Models

t v

Acquire New Data Predict Energies and Forces
If uncertainty is high If uncertainty is low

\— Check Uncertainty 4

Figure 2: The flow diagram of active learning with query by committee

1.3.5 Training

Once the potential descriptors are established and reference data have
been obtained, the next step is to train the model. First, basic terms
related to training are reviewed??, followed by an overview of the
training process.

Basic terms

Loss function is a measurable way to evaluate the performance and
accuracy of a machine learning model. The most common types of loss
functions include mean square error (MSE) and root mean square error
(RMSE), where MSE = 1Y | (y; - 9;)> and RMSE = VMSE. Here, y;
represents the model’s prediction, ¢; is the reference value, and # is the
number of samples.

Optimizers are algorithms that adjust learnable model parameters
to minimize the loss function. Commonly used optimizers are based on
gradient descent, including stochastic gradient descent*> and ADAM4.
However, for small models, more advanced algorithms like L-BFGS¥’
or extended Kalman filter#® may be beneficial due to their superior
performance compared to commonly used ADAM*%5%, These advanced
algorithms are restricted to small models because their memory and
computational requirements scale poorly with the number of learnable
parameters.

Hyperparameters are settings that control the optimizer’s behavior
and are typically decided before training, such as batch size, the number
of training epochs, and model architecture. The hyperparameters are
often optimized by performing hyperparameter fine-tuning.
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Batch size, a hyperparameter, defines the number of data points to
work through before updating the model parameters. The trade-off
between accuracy and speed can be understood in terms of the batch
size. Large batch sizes result in faster training times but may lead to
lower accuracy and overfitting. In contrast, small batches deliver better
general performance due to the noise they add to the learning process,
which prevents getting stuck in local loss minima.

Epoch is defined as the number of training iterations over the entire
training dataset.

Learning curve plots the evolution of training and validation/test
loss values as a function of the number of epochs or training set size.
Fig. 3 illustrates an example of a learning curve for a number of epochs.

Neural network is an analytical function y = f(x;0) that maps an
input x to an output y and learns the values of the parameters 6 that
result in the best function approximation. Neural networks are called
networks because they are usually composed of multiple intercon-
nected functions. For instance, we might have three functions f(l), f(z),
and ) connected in a chain of layers such that y = f®)(f)(f(1(x))).
Layers that act only as inputs to other layers without producing the
final output p are called hidden layers. In previous example, f!) and
f(?) are hidden layers, while 3 is the output layer. In a simple feedfor-
ward neural network, a layer f is ¢(} " w;x; + b), where w; are learnable
weights and b is a learnable bias. The non-learnable hyperparameters
include m, the number of nodes in a layer, and g, the predetermined
activation function. Activation functions are generally nonlinear for
hidden layers and linear for the output layer.

100 ¢ T T T I E
i Training dataset —+— 3
i Validation dataset —*— 7
10 ¢ 3
L E ]
g T T IV SV SV H
o i ]
1e E
0.1 | | | I
0 2 4 6 8 10

Epochs

Figure 3: The learning curve shows how RMSE changes over the number
of iterations (epochs) during training. Starting from the seventh epoch, the
model’s accuracy on the validation dataset begins to decrease. This learning
curve resulted from training an MLP on the QM9 dataset, as described in
Chapter 2.
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Training process

The training process starts with data processing, which involves clean-
ing and normalizing the data. Data cleaning eliminates invalid data
points and irrelevant outliers, whereas normalization adjusts the data
to a standard scale for improved convergence during training. The
primary goal of data processing is to ensure that all data used in the
training are reliable and consistent.

A dataset is not entirely used for training. Instead, it is divided into
training, validation, and testing sets. Most of the dataset (80-90%)
comprises the training set, which is available to the optimizer to adjust
model parameters to minimize the training loss function. In contrast,
the validation dataset is not accessible to the optimizer but is evaluated
after each epoch to detect the overfitting of training data. If the training
loss decreases while the validation loss increases, the optimizer starts
to memorize the training dataset instead of generalizing it. A common
practice is to use early stopping, where the final model is selected based
on the epoch that achieves the highest accuracy on both the training
and validation datasets. In Fig. 3, this corresponds to epoch 7. The
testing dataset is only evaluated once when the final model is selected,
providing an unbiased metric of the model’s ability to generalize.

Data cleaning can only detect obvious errors and outliers but may
not capture more subtle ones. Typical cases include badly converged ab
initio calculations with incorrect energies and forces, although within
ranges of other data points, or systematic errors resulting from altered
hyperparameters in ab initio calculations. Corrupted data can be iden-
tified using parity plots, which visualize the comparison between a
machine learning model’s predictions and benchmark data. Corrupted
data points do not typically align with the rest of the dataset in these
plots.

1.4 Two-Dimensional materials

Two-dimensional (2D) materials are crystalline structures consisting
of a single layer of atoms. The discovery of graphene by Geim and
Novoselov in 2004 marked the beginning of the 2D material era°!.
Since then, these materials have attracted significant attention due to
their unique physical and chemical properties, which arise from quan-
tum size effects and differ greatly from those of their 3D bulk counter-
parts>2. For instance, graphene exhibits unique properties such as giant
carrier mobility>3, quantum Hall effect>*, large Young’s modulus®>,
and superior thermal conductivity>®. Besides graphene, various 2D
materials with unique properties have been intensively studied, includ-
ing black phosphorene®’, transition metal dichalcogenides/oxides>%?,
and transition metal carbides/nitrides/carbonitrides (MXenes)®?. The
wide variety of available 2D materials provides various electronic prop-
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erties, including metals, semimetals, insulators, and semiconductors
with direct and indirect bandgaps, covering the electromagnetic spec-
trum from ultraviolet to infrared>>.

2D materials can be used either as standalone sheets or stacked to
form van der Waals heterostructures. While strong covalent bonds
provide in-plane stability, relatively weak van der Waals forces are
sufficient to hold the stack together. Careful engineering of stacking
layers can yield properties and functionalities not found in standard
materials®l.

However, whether used as standalone layers or in heterostructures,
2D materials exhibit various defects that significantly affect their chem-
ical, electronic, optical, magnetic, and mechanical properties. This has
led to extensive research on understanding these defects, including

tailoring them for specific applications®2.

1.4.1 Defects

The second law of thermodynamics dictates the equilibrium defect
concentrations in crystalline materials®2. However, defect concentra-
tions are usually higher in real materials due to their broad surfaces. A
significant number of non-equilibrium defects are introduced during
sample preparation. Additionally, irradiation with electrons or ions can
create point defects through the ballistic ejection of atoms. Chemical
reactions like oxidation can also lead to atom loss and further defects®3.

Defects in materials appear in various forms and are categorized by
the extent of atomic disorder: point defects, line defects, planar defects,
and volume defects. Point defects, such as vacancies or interstitial
atoms, are zero-dimensional. Dislocations, on the other hand, are one-
dimensional lines of defects. Grain boundaries or stacking faults extend
in two dimensions, while inclusions and voids are three-dimensional.
The reduced dimensionality of 2D materials limits the types of defects
that can form. In 2D materials, point defects are similar to those in bulk
crystals, but line defects play a distinct role as they separate domains
with different crystal orientations. Indeed, three-dimensional defects
do not exist in 2D materials®3.

Research of point defects is especially important in 2D materials due
to their profound impact on material properties. On the negative side,
they can reduce mechanical strength®, act as scattering centers for
electrons, leading to lower charge mobility®>, and interfere with lattice
vibrations, resulting in decreased thermal conductivity®®. On the posi-
tive side, their reactivity can be leveraged for sensing applications®’,
tuning electronic properties for electronic and optical uses®®, and even
introducing magnetic properties .

A point defect involves a disordered arrangement of atoms near a
lattice node, typically within a range of one to several lattice constants.

Point defects are generally classified as intrinsic or extrinsic, depending

19



on their origin%2. Intrinsic defects are deviations from the crystal’s ideal
structure or composition without introducing atoms or ions other than
those already present®. In contrast, extrinsic point defects result from
the presence of different chemical elements in the crystal structure”?.

The simplest point defect is the Stone-Wales defect, which involves
a 90° bond rotation without removing or adding atoms with fully
saturated bonds®3.

Vacancies occur when one or more atoms are missing from a lattice
site. Typically, vacancies with an even number of missing atoms are
energetically favored, allowing for complete reconstruction and the sat-
uration of dangling bonds. In contrast, vacancies with an odd number
of missing atoms leave an open bond, making them less energetically
stable®271,

Interstitial atoms arise when an atom occupies a normally unoccu-
pied position within the crystal structure. In 2D materials, interstitials
differ from those in bulk materials, as placing an atom in an in-plane
position requires prohibitively high energy. Instead, additional atoms
tend to use the third dimension and adhere to the surface®3. These
adatoms, which may be either the same or a different element from the
host material, interact with the lattice based on the strength of the bond.
If the bond is weak, physisorption occurs via van der Waals interactions.
If the bond is stronger, covalent bonding leads to chemisorption®?. In-
terstitials are often formed when an atom is displaced from its lattice
site, leaving behind a vacancy.

Substitutional impurities occur when a lattice site is occupied by
a different chemical element than the one it originally contained. For
stable incorporation, the heteroatom atom must have a compatible size

and electron configuration with the host lattice 3.
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1.5 Thesis summary

This thesis focuses on understanding diffusion mechanisms in defective
phosphorene using accelerated molecular dynamics driven by high-
dimensional neural network potentials (HDNNPs) utilizing ACSFs!!.
HDNNPs were constructed through active learning with queries by the
committee. Chapter 2 focuses on the optimization of HDNNP hyperpa-
rameters. Chapters 3 and 4 are dedicated to dynamically investigating
diffusive mechanisms in phosphorene, while Chapter 5 is dedicated
to extracting information from long MD simulations using potential
descriptors.

1.5.1 Chapter 2

Chapter 2 explores optimizing the architecture of HDNNPs. This
chapter serves as a foundation for subsequent work, highlighting the
importance of hyperparameters, such as the number of nodes, the
number of hidden layers, the type of activation functions, and the size
of the feature vector.

A key takeaway from this chapter is that optimal architecture relies
on training dataset size. Although neural network architecture does
not directly depend on training set size, I demonstrate that increasing
the number of learnable parameters with larger datasets is necessary.
Conversely, architecture that is too complex can be detrimental to
small datasets. The findings are particularly crucial for active learning
strategies, which often rely on fixed hyperparameters throughout a
project. Such an approach may hinder the accuracy of potential, as
demonstrated. Another finding is that unbounded symmetry func-
tions outperform bounded ones in HDNNPs when working with small
datasets. However, this advantage diminishes as the training set size
increases. Additionally, I highlight the importance of correctly setting
the number of descriptors describing local chemical environments. Too
many or too few descriptors can lead to suboptimal results due to data
sparsity and low information resolution.

1.5.2 Chapter 3

While Chapter 2 focuses on correctly setting up models, Chapter 3 uses
HDNNPs to study diffusive events. This work forms the core of the
thesis, as subsequent chapters are closely connected and build upon
the findings presented here.

The primary focus of the thesis is on defective phosphorene, a two-
dimensional monolayer of black phosphorus with unique electronic
properties. Phosphorene is a promising semiconductor with a thickness-
dependent electronic band gap (ranging from 2.2 eV in the monolayer
to 0.3 eV in bulk)72"73, high carrier mobility74"77, and in-plane an-
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isotropy. When a monovacancy (MV) is introduced to phosphorene,
the localized magnetic moment emerges from an unsaturated bond.
Magnetic semiconductors are of significant interest in the field of spin-
tronics’®. Despite theoretical predictions that MVs should be the most
common defect after electron and ion irradiation””:89, experimental
studies have observed a predominance of divacancies and tetravacan-
cies®1783, Our study aims to explain this discrepancy.

it
NSt

Figure 4: Rotation (top), mirror (middle), and armchair (bottom) hopping
mechanisms in phosphorene as described by Cai et al.?*

Rotation

Mirror

Armchair

This disagreement between theoretical and experimental studies can
be explained in two ways: (1) by the rapid merging of MVs into more
stable divacancies and (2) that MVs are too mobile and therefore not
observable with electron microscopy, as suggested by previous research
by Cai et al.3%.

Cai et al.#* identified three distinct hopping mechanisms: rotation,
mirror, and armchair, as shown in Fig. 4. Only the rotation mechanism
has been validated by MD simulations. The authors calculated energy
barriers for all three mechanisms, but the energy barriers alone are
insufficient to determine the hopping rates v, as the prefactor v; in the

Arrhenius equation v = v,e /8T s also needed.
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The primary advantage of MD is its ability to calculate hopping
rates v directly from counting events over elapsed simulation time.
For this task, we collaborated with Andrea Angeletti and Cesare Fran-
chini, colleagues from Doctoral College Advanced Functional Materials
(DCAFM). Work was divided such that I focused on HDDNPs and ac-
celerated MD while Andrea generated DFT calculations using AIMD.
We followed the active learning workflow presented in Fig. 2. During
initial dataset generation, Andrea observed only the rotation mecha-
nism using AIMD. Consequently, the other two mechanisms were not
sampled in the first version of HDNNPs.

When the committee of HDNNPs approached the mirror transition
during the MD simulation, the uncertainty became too high, leading
to the termination of the simulation. However, it provided an ideal
starting configuration for AIMD simulations, allowing us to observe
the mirror transition with DFT for the first time. Having sampled
the mirror transition with several AIMD simulations, HDNNP-MD
simulations could also simulate this hopping mechanism correctly, and
the search continued. After some time, the armchair mechanism was
also found and validated by DFT. Notably, the active learning loop also
included many configurations beyond those associated with hopping
mechanisms.

With a well-established model, I conducted multiple MD simulations
with varying temperatures totaling 1 ps in cumulative simulation time.
I observed only the three hopping mechanisms previously reported
during this simulated period. Although our simulations reproduced the
energy barriers, MD simulations revealed slightly different mechanisms
for mirror and armchair hopping compared to previous work#4. Post-
analysis further revealed that rotation hopping occurs on a picosecond
timescale, whereas mirror and armchair hopping occurs on nanosecond
timescales. It confirms monovacancies’ strong itinerant nature and
inability to be measured with current electron microscopy techniques.

To conduct post-analysis, I developed a new method to track the
movement of MVs. MVs are not explicitly visible in atomic coordinates,
and manual tracking was impractical due to the vast number of config-
urations. Instead, I utilized atomic energies as a proxy. The magnetic
atom with missing bonds exhibits significantly higher atomic energy
than its neighbors, being a reliable indicator of MV presence. Since
each hopping event changes the proxy atom’s index, MVs can be easily
tracked by monitoring atomic energies.

The coalescence of monovacancies has also been explored through
MD simulations accelerated by HDNNP. Although phosphorene is
only a 2D structure, there are still numerous possibilities for MVs
to approach each other. The complexity of the task makes a DFT
study infeasible, which explains why no prior studies have investigated
coalescence in phosphorene. Accelerated MD with HDNNPs allowed
me to explore all relevant scenarios, identifying three distinct merging
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mechanisms and metastable states arising from specific mutual MV
orientations.

In summary, our findings indicate that MVs in phosphorene are
unstable and cannot be employed at room temperatures. Their high
mobility and low coalescence barrier make them susceptible to merging
into more stable divacancies.

1.5.3 Chapter 4

Chapter 4 presents a second successful application of active learning
combined with the query by committee technique, denoting its po-
tential for exploring diffusive events. In Chapter 3, we demonstrated
the mobility and tendency of MVs in phosphorene to coalesce. Ex-
perimentalists within DCAFM have successfully detected the stable
MV-adatom complex using electron microscopy (Fig. 5). Our goal was
to investigate whether the adatom can stabilize MV and understand
the possible mechanisms underlying recombinations or hopping.

armchair

zigzag

Figure 5: Adatom-vacancy complex in monolayer phosphorene. The right
image is a zoomed-in view of the area indicated by the orange rectangle in the
left figure.

We initiated multiple ab initio MD simulations at 300 K, applying
equilibrium conditions and isotropic and anisotropic strains/stresses at
1 % and 3 %. These initial simulations revealed a hopping mechanism
under anisotropic stress of 3 % in a zigzag direction. To identify addi-
tional hopping mechanisms and potential recombination processes, I
trained HDNNP models and conducted multiple MD simulations pow-
ered by HDNNPs. This approach revealed the recombination process.

Our results indicate that recombination occurs in each tested strain
and stress condition at levels of 1% and 3% within a few nanoseconds at
300 K, suggesting a low energy barrier. The discrepancy between exper-
imental and computational studies may be attributed to an effect not
considered in our simulations, such as the energy received by the mono-
layer during electron measurements or monovacancy bending. Figure
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5 also shows that the MV-adatom complex is located near the bilayer
interface, potentially leading to bond reorganization. Unfortunately,
only one case of this stable MV-adatom complex has been observed,
and we cannot rule out interactions with the bilayer. Therefore, the
origin of stability for this complex remains unclear and requires further
investigation.

1.5.4 Chapter 5

Running a lengthy simulation without the ability to extract valuable
information is worthless. Thus, it is essential to identify the informa-
tion of interest and choose methodologies to acquire it before starting
a simulation. Extracting diffusion paths may be straightforward in
certain scenarios, such as monitoring impurities in pristine structures.
However, tracking monovacancies can be challenging due to the ab-
sence of a direct method. Although a novel approach was developed for
tracking hopping using atomic energies in Chapter 3, fine-tuning and
manual adjustments were necessary to determine the type of hopping
mechanism, making it a labor-intensive process.

This motivated me to find a more efficient way to extract diffusion
information that is automatic yet reasonable in terms of resources. It
is impractical to run long MD simulations and recalculate order pa-
rameters for each structure afterward. Reusing pre-calculated MLP
descriptors is an elegant approach that conserves computational re-
sources, as these high-dimensional feature vectors encode valuable
information about local chemical environments. However, working
with high-dimensional vectors can be challenging. A superior approach
is to perform dimensionality reduction first, reducing the vector to a
lower dimension that can be visualized and classified, typically in two-
dimensional space. The loss of information is not critical, as MLP
descriptors are mostly strongly correlated.

However, there are many dimensionality reduction techniques, and
one has to find the optimal solution for the problem. Due to simplicity,
I first chose principal component analysis (PCA)%>. However, PCA is a
linear approach, and as demonstrated in Chapter 5, it proves insuffi-
cient for achieving robust clustering. The nonlinear version of PCA is
an autoencoder®S. After experimenting with autoencoders, they were
deemed inappropriate for achieving the desired results. The stochastic
training leads to unstable latent clustering due to the minimization of
reconstruction errors rather than ordering latent variables. Addition-
ally, autoencoders produce overlapping distributions as PCA, making
it difficult to set clear boundaries between clusters.

For these reasons, I shifted my focus to graph-based methods for
dimensionality reduction. They transform data into graphs and group
nodes based on proximity, not preserving local densities and distances.
Popular algorithms include the t-distributed stochastic neighbor embed-
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ding (t-SNE)®” and the uniform manifold approximation and projection
(UMAP)%8, However, these algorithms are known to be sensitive to hy-
perparameters and the initialization process®*~°!. This sensitivity can
be particularly problematic in unsupervised analysis when the number
of expected clusters is unknown in advance. A novel approach called
pairwise controlled manifold approximation projection (PaCMAP)?
claims to address this lack of robustness.

I compared the PCA, UMAP, and PaCMAP algorithms to identify
the most suitable approach for clustering local chemical environments
using ACSFs. The tested systems included Si and H,O phases, their
point defects (monovacancies and interstitials), and surface/interface
structures. The key finding was that PCA initialization is essential
for stable clustering with both graph-based methods. Reported hy-
perparameter sensitivity was not confirmed, as the hyperparameters
were fixed across all analyses to assess the robustness of the methods.
Overall, the graph-based algorithms provided significantly better clus-
tering results than PCA, which failed to yield valuable insights. UMAP
outperformed PaCMAP in scenarios with significant class imbalances,
such as the ice nucleus in liquid water (2,000 ice molecules vs. 72,000
water molecules). However, PACMAP demonstrated superior cluster
separation for water ice phases compared to UMAP, indicating better
sensitivity in phase separation.

Lastly, I addressed a primary challenge with PACMAP and graph-
based dimensionality reduction algorithms: predicting new data points.
I demonstrated that once clusters are formed and their interpretations
are established, a simple neural network classifier can be trained and
used to handle new data, effectively overcoming this limitation.

Since the manuscript focuses solely on silicon and water, Supple-
mentary Information A.4 demonstrates the tracking of phosphorene
monovacancies from Chapter 3.

1.6 Final remarks and outlook

The thesis has demonstrated the exploration and characterization of dif-
fusion mechanisms using molecular dynamics accelerated by machine
learning potentials. The potentials have been continuously improved
through active learning, a robust approach applicable in scenarios
where diffusion barriers are within the reach of molecular dynam-
ics. The challenge with active learning lies in the frequent need to
train potentials, which requires careful consideration of model com-
plexity. High-dimensional neural network potentials are particularly
well-suited for active learning strategy due to their simplicity, with the
flexibility to switch to more sophisticated potentials as the training
dataset comprehensively samples the relevant potential energy surface.

In cases where quantum mechanical calculations are costly, employ-
ing slightly elevated temperatures or larger timesteps can speed up
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sampling. Integration errors introduced by longer timesteps are not a
concern as long as the sampling of the relevant potential energy surface
is preserved.

In closing, I reflect on machine learning potentials’ current state and
future. These potentials have undergone extensive development with
numerous improvements over time. I believe that approaches such as
MACE have reached a level of sophistication where research should
be redirected from merely enhancing current models to focusing on
broader applications. The emphasis should be placed on developing
robust foundational models to make modeling more accessible. The
first foundational model has already demonstrated significant promise
for accelerating research®>. My experience also underscores the critical
importance of uncertainty predictions to avoid significant errors. Fur-
thermore, it is important to bear in mind that machine learning poten-
tials are only as effective as the reference data they rely on. Improving
the accuracy of reproducing reference data is futile if the reference data
itself does not accurately represent the underlying physics.

1.7 Publications and contributions

The thesis contains four scientific publications at different stages of the
peer review process. Chapters 2 and 3 have already been published,
while Chapters 4 and 5 are under peer review. The list of publications
and the corresponding individual contributions are as follows:

» Chapter 2 and Appendix A.1 (published)

Kyvala, L., & Dellago, C. (2023). Optimizing the architecture
of Behler—Parrinello neural network potentials. In The Journal
of Chemical Physics (Vol. 159, Issue 9, pp. 094105). AIP
Publishing. DOI: 10.1063/5.0167260

L. K. performed calculations, analysis, and wrote the initial draft.
C. D. provided consultation and finalized the article.

» Chapter 3 and Appendix A.2 (published)

4 N
Kyvala, L., Angeletti, A., Franchini, C., & Dellago, C. (2023).
Diffusion and Coalescence of Phosphorene Monovacancies Stud-
ied Using High-Dimensional Neural Network Potentials. In
The Journal of Physical Chemistry C (Vol. 127, Issue 49,
pp. 23743-23751). American Chemical Society (ACS). DOI:
10.1021/acs.jpcc.3c05713

S J

L. K. developed MLPs, conducted and analyzed MD simulations
accelerated by MLPs. A. A. performed DFT calculations, which in-
cluded generating reference data, ciNEB analysis, and calculating
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energy barriers and formation energies. L. K. and A. A. collabo-
rated on active learning iterations and writing the initial draft. C.
D. and C. F. provided consulting and finalizing the article.

Chapter 4 (submitted)

Speckmann, C., Angeletti, A., Kyvala, L., Lamprecht, D.,
Herterich, F., Mangler, C., Filipovic, L., Dellago, C., Fran-
chini, C., and Kotakoski, J. (2024). Electron-beam-induced
adatom-vacancy-complexes in mono- and bilayer phosphorene.
Submitted to Physical Review X. The American Physical
Society (APS). DOI: 10.48550/arXiv.2409.11102

A\

C. S. designed the microscopy experiments, analyzed the data, de-
signed the figures, and wrote the first draft of the manuscript. C.
S and D. L. prepared the samples and conducted the microscopy
work. C. S, D. L, F H., and C. M. were in charge of building
and maintaining the experimental equipment. A. A. performed
AIMD and structure relaxation. L. K. trained MLPs, conducted
and analyzed MD simulations accelerated by MLPs. Consulting
and finalizing the article were provided by J. K., C. D., and C. E.

Chapter 5 and Appendix A.3 (submitted)

Kyvala, L., Montero De Hijes, P., & Dellago, C. (2024). Un-
supervised identification of crystal defects from atomistic poten-
tial descriptors Submitted to npj Computational Materials.
Springer Nature. DOI: 10.48550/arXiv.2405.01320

L. K. designed the research and conducted clustering analyses. P.
M. de H. prepared the water datasets. L. K. and P. M. de H. wrote
the initial draft. C. D. provided consultation and finalized the
article.



OPTIMIZING THE ARCHITECTURE OF
BEHLER-PARRINELLO NEURAL NETWORK
POTENTIALS

Kyvala, L., & Dellago, C. (2023). Optimizing the architecture of
Behler—Parrinello neural network potentials. In The Journal of
Chemical Physics (Vol. 159, Issue 9, pp. 094105). AIP Publishing.
DOI: 10.1063/5.0167260

The architecture of neural network potentials is typically optimized
at the beginning of the training process and remains unchanged through-
out. Here, we investigate the accuracy of Behler-Parrinello neural net-
work potentials for varying training set sizes. Using the QM9 and 3BPA
datasets, we show that adjusting the network architecture according to
the training set size significantly improves accuracy. We demonstrate
that both an insufficient and an excessive number of fitting parameters
can have a detrimental impact on the accuracy of the neural network
potential. Furthermore, we investigate the influences of descriptor com-
plexity, neural network depth, and activation function on the model’s
performance. We find that for the neural network potentials studied
here, two hidden layers yield the best accuracy and that unbounded
activation functions outperform bounded ones.

2.1 Introduction

Machine learning has emerged as a powerful tool in the field of atom-
istic simulations and is currently revolutionizing the way we predict
and understand the properties of matter from the atomic scale. Since
the first machine learning potential was published in 1995%%, the
field has advanced significantly, and a wide range of methods are
now available, including neural network potentials (NNP) of various
types |1:22:22-24,30,34,95-100,100-112 " Gayssian approximation potentials
(GAP)'>, Gaussian processes!!3, support vector machines (SVM)114,
atomic permutationally invariant polynomials (aPIP)!!>, spectral neigh-
bor analysis potentials (SNAP)116, moment tensor potentials (MTP)!7,
gradient domain machine learning (GDML)!17, and potentials based
on the atomic cluster expansion (ACE)!%,

In this work, we focus on neural network potentials, which are among
the most established approaches!'!'8, and address the question of how to
choose their architecture for optimum accuracy. Utilizing artificial neu-
ral networks to represent atomistic potentials has several advantages.
First, neural networks are universal approximators 119'and, therefore,
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can capture complex, non-linear relationships between atomic positions
and the corresponding energy and forces. Another notable advantage
of neural networks is their ability to effectively learn from large data
sets and, at the same time, offer rapid evaluation once they are trained.
The evaluation time of neural network potentials scales with the archi-
tecture of the neural network itself rather than growing with the size of
the data set, as is typically the case for most kernel-based methods!2°,

Neural network potentials, however, also have certain limitations.
Their complexity makes them challenging to understand theoretically,
resulting in various approaches and topologies based primarily on em-
pirical knowledge. Regardless of the approach, one common challenge
in neural networks involves finding good hyperparameters, such as
the number of features (descriptors) and the number of fit parameters
(weights and biases).

The focus of this paper is to understand how the accuracy of Behler-
Parrinello high-dimensional neural network potentials!! depends on
the number of descriptors used to characterize chemical environments
and on the number of fitting parameters in the classical regime. We
demonstrate that the number of parameters must be adjusted for each
training set size and descriptor complexity to achieve optimal accu-
racy. In the following, we will briefly review the methodology of high-
dimensional neural network potentials (HDNNPs) and discuss some
computational details. Then, we will devise a strategy to find the opti-
mum number of parameters for a given training set size and discuss
the impact of neural network depth and activation functions.

2.2 Theory
2.2.1 High-dimension neural network potentials

HDNNPs were introduced by Behler and Parrinello in 200711 to model
potential energy surfaces of condensed matter systems. One key idea of
HDNNPs is that the potential energy is written as the sum of individual
atomic contributions,

E= ZEl-. (7)

Each contribution E; depends on the local chemical environment within
a sphere centered at the respective atom. The environment is character-
ized by a set of descriptors called symmetry functions G. The symmetry
functions (SFs) are constructed in a way that makes them invariant with
respect to global translations and rotations, as well as permutations of
atoms of the same species. These descriptors then serve as the input
layer for a simple feedforward neural network specific to each chemical
element. We refer to a topical review '3 for a more detailed description
of HDNNPs.
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2.2.2 Atom-centered symmetry functions

HDNNPs utilize only radial and angular descriptors, although this
representation has been shown to be incomplete in some cases 2. Orig-
inally, Behler and Parrinello!! introduced radial (2-body) symmetric
functions as a sum of Gaussians with parameters # and pu:

N
Glyad _ Ze—fl(rij_l‘)zfc(rij), (8)
j#i
where the summation runs over all neighbors j within a certain cutoff
radius r., capturing interactions that quickly decrease with distance.
The angular symmetry functions (3-body) also incorporate information
about the angle 6;;; spanned by two neighbors j and k and the central
atom 1:

N N
G?ng = 21_C Z Z(l + Acos Qi]'k)c
jii kil‘,j (9)
w o~ M=)+ (rig=p) > +(rj=p)?]

X fe(rij) fe(rin) fe(rjk)-

Here, the parameter C controls the angular resolution, and A is used
to center the maxima of the cosine terms at 0 or 7. To ensure a smooth
decay to zero at the cutoff radius 7., both radial and angular functions
are modified by a smooth cutoff function f,:

1 Ttrij .
—|cos +1|, ifrj<r,
[hlfe(rij) =1 2 re

0, if T’i]' > 1.

(10)

Recently, Bircher et al.!?2 presented a class of atom-centered sym-
metry functions based on polynomials with compact support called
polynomial symmetry functions:

Graa = ) _folriji 0, A7), (11)
j#i
and
ang Z fP rzjerrAr fP Tiks T’O,AT’ fP z]kJQOfAG) (12>
j#ik>j

where the function fp(x,x(, Ax) is defined as

fp2(x2Ai°) if xg <x<xp+Ax,

pr( Ax ), ifXO—AXSXSXO,

0, otherwise,

fo(x, xg, Ax) = (13)
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with

fP2(x) = x>(x(15-6x) —10) + 1, (14)
X0 = %(xmax + Xmin)» (15)
Ax = %(xmax — Xmin)- (16)

Unlike the original Behler-Parinello symmetry functions'!, they offer
greater flexibility in the choice of angular symmetry functions while
requiring fewer floating point operations in their evaluation.

2.2.3 Weighted symmetry functions

Atom-centered symmetry functions (ACSFs) have been proven to work
well for many systems!23, but poor scaling with the number of ele-
ments reduces their applicability to more complex systems. While
the number of required radial symmetry functions scales linearly with
the number of elements Ngje, in the system, the number of required
angular symmetry functions is proportional to Nejem (Nelem + 1)/2 to
include all triplet combinations.

To overcome quadratic scaling with the number of elements, Gastegger
et al.1* proposed a modification of the atom-centered symmetry func-
tions. Instead of using a separate function for each combination of
elements, the element information is encoded explicitly into the sym-
metry functions. Symmetry functions modified in this way are called
weighted atom-centered symmetry functions (wACSFs) and take the
form:

N
il —)?
Wi =) g(2))e 1 fi(ry), (17)

j#i

for radial symmetry functions and

N N
WRnE = 21C Z Z WZj, Zy)(1 + AcosO; )
j=i k#i,] (18)
w e~ M=) > +(rig=p) > +(rjc—p)?]

X fe(rij) fe(rie) fe(rik),

for angular symmetry functions. Here, Z; is the atomic number of atom
j- The weighting functions g(Z;) and h(Z;, Z;) can then take various
forms, but the simplest forms, g(Z]-) = Z]- and h(Z]-,Zk) = Z]-Zk, seem to
perform adequately well '4. The polynomial symmetry functions can
be modified similarly!22.

With this modification, the number of symmetry functions per ele-
ment remains the same as in the single-element system, and the total
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number of symmetry functions increases linearly with the number of
elements. However, in this approach, more information is compressed
into each symmetry function, causing a loss of resolution in the descrip-
tion of local chemical environments, which can manifest itself with
reduced accuracy with large training sets.

2.3 Computational details

2.3.1 Dataset

We optimized the architectures of HDNNPs for the QM9 and
3-(benzyloxy)pyridin-2-amine (3BPA) datasets 242>, The QM9 dataset
consists only of structures corresponding to energy minima, simplify-
ing the task of predicting energies alone. Conversely, the 3BPA dataset
consists of structures that are out of equilibrium, requiring learning
both energies and forces.

The QM9 dataset is widely used as a machine learning potential
benchmark!2%. The dataset comprises 134k small organic molecules
made up of H, C, O, N, and F atoms. The energies in the QM9 dataset
are computed at the B3LYP/6-31G(2df,p) level of theory. Since 3,054
structures failed the consistency test!24 it is common practice to re-
move these structures from the dataset?223100, From this pruned
dataset containing 130,831 structures, we randomly selected 10,000
structures to serve as a validation set that controls early stopping 1%,
Structures that are not in the training or validation set are assigned to
the test set.

The 3BPA dataset comprises 500 training structures obtained at
room temperature. Out of these 500 structures, 50 were used as the
validation set during the training process. The energies and forces for
all structures were computed using density functional theory (DFT)
with the wB97X exchange-correlation functional and the 6-31G(d) basis
set.

2.3.2 Optimizer

The n2p2 package!?” was used to obtain the neural network potential
for the QM9 dataset. The training was carried out with multistream
extended Kalman filter (MS-EKF) due to its higher performance for

Table 1: Standard deviations (SD) of the mean absolute error per atom
(MAE/atom) calculated from five models differing by random seed for the
parameters and with different train/test splits. The SDs are given in kcal/mol.

Training set size 1,012 3,172 10,044
SD (random seed) 0.59 0.16 0.02
SD (train/test split) 0.59 0.09 0.01
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this type of task compared to gradient optimization algorithms*80.

However, the nonlinear scaling with the number of parameters (weights
and biases) and limited parallelization make this algorithm suitable
only for rather small neural networks. We note that all results of this
work were computed only on 12, 16, and 24 CPU threads.

Since the mean absolute error (MAE) is a common metric for the QM9
benchmark, here we apply the Kalman filter to this loss function. As
for the 3BPA, the root mean square error (RMSE) has been minimized.
The relative importance of each force in terms of energy updates has
been set to 10.

Reported errors in this paper are a sample average over 5 models
for cross-validation, 10 models for the QM9 data set, and 20 for the
3BPA dataset. The models differ in random seed, which affects the
initialization of the weights and the mixing of training structures. A
different approach with averaging over different train/test splits has
also been reportedzz. However, we have found that the standard de-
viation estimated from different initial parameters is similar to that
of the train/test split only for small training sets. As the number of
structures in the training set increases, the standard deviation between
model MAE due to different NN initialization outweighs the effect of
the train/test split, as summarized in Table 1.

2.3.3 Descriptors

A previous study has demonstrated that the accuracy of a neural net-
work potential can be affected by the number of descriptors employed 4.
In particular, it was shown that by transitioning from an unweighted
model with 220 symmetry functions to a full-weighted model with 32
symmetry functions, the MAE was reduced by 25% for the QM9 dataset.
To study the influence of descriptor complexity on the model accuracy,
we introduced three types of models differing in complexity: full-
weighted, angular-weighted, and unweighted models utilizing polyno-
mial symmetry functions (refer to Supplementary information A.1 for
detailed information). After pruning unrealized bonds, the complexity
of our models can be described as follows: the full-weighted model
contains 34 symmetry functions (7 weighted radial and 27 weighted an-
gular), the angular-weighted model comprises 61 symmetry functions
(34 unweighted radial and 27 weighted angular), and the unweighted
model consists of 225 symmetry functions (18 unweighted radial and
207 unweighted angular) on average per element. The element-wise
numbers of SFs are provided in Table 6.

We employed only the angular-weighted model to describe the chem-
ical environment for the 3BPA data set. Since the 3BPA molecules do
not contain fluorine, the average number of SFs is reduced to 54 (27
unweighted radial and 27 weighted angular).
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Table 2: Comparison of Behler-Parinello ACSF and polynomial ACSF errors
based on 5-fold cross-validation with a training set size of 8,000 and a valida-
tion set of 2,000.

MAE (kcal/mol)

Symmetry functions Training Validation Testing

Gaussian: other work 4 1.18 1.84 1.83
Gaussian: this work 0.55 1.23 1.28
Polynomial 0.53 1.19 1.24

2.4 Results and Discussion

2.4.1 QM9 Data Set

First, we have reproduced 5-fold cross-validation with 8,000 training
and 2,000 validation structures utilizing the original Gaussian descrip-
tors from previous work !4, The same 5-fold cross-validation has also
been carried out for our polynomial set with full-weighted SFs. Table 2
compares 5-fold averaged MAE for both models. A significantly better
accuracy has been achieved with Gaussian symmetry functions com-
pared to the original work !4, This accuracy improvement can be mainly
attributed to adopting the multistream Kalman filter, which offers su-
perior results compared to the previously used single-stream Kalman
filter#®. The polynomial wACSFs slightly outperform the Gaussian
wACSFs. Thus, we report another example showing that polynomial
symmetry functions are an advantageous alternative to the original
Gaussian SFs 122,

Previous work!# mainly focused on introducing weighted ACSFs.
For this purpose, only 10,000 structures were employed from the whole
QM9 dataset. Here, we have determined the QM9 learning curves
for our three models differing in complexity (see Descriptors section
in Computational Details) with training sets ranging from 1,000 to
75,000 structures. The neural network architecture is the same as in
the previous work!? i.e., there are two hidden layers with 10 and 50
nodes connected by a softplus activation function. The resulting BPNN
learning curves are shown in Fig. 6.

The comparison of our three models shows that the model combining
unweighted radial and weighted angular symmetry functions perform
best. For a training set size of 10,000; the full-weighted model under-
performs by 25%, while the unweighted model has twice the error. This
indicates that the simplest model (full-weighted) is undertrained as
the descriptors do not have sufficient resolution, and the most complex
model (unweighted) is affected by the curse of dimensionality!?%. Due
to the significantly larger error, the model with 225 descriptors on aver-
age (unweighted model) is excluded from further analysis. Although
the full-weighted and angular-weighted models perform well, a loss of
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Figure 6: QM9 learning curves for our three BPNN models with a fixed
architecture optimized for 10,000 structures.

linearity in the log-log plot is observed after 10,000 training structures
for these two models.
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Figure 7: Optimal number of parameters 1,y as a function of training set size
for the full-weighted and angular-weighted models. Linear functions are used
to fit both models (solid lines).

The total error of a machine learning model originates from approx-
imation, generalization, and optimization errors. The optimization
origin of the error of our networks seems unlikely since the deviation
from the power-law behavior (linearity in log-log plot) was not observed
for the unweighted model. It also should not stem from the non-unique
and biased distribution of the configuration space, as other methods
do not experience this deviation2223:100:129.130 Hence, it seems likely
that the errors are mostly approximation-based, i.e., the descriptors
fail to sufficiently distinguish the different chemical environments,
and/or the small number of parameters does not allow it to capture the
finer features of the potential energy surface. Increasing the number
of descriptors from the full-weighted to the angular-weighted model
slightly reduces the underfitting but does not eliminate the slower
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training pace. The learning curves shown in Fig. 6 were obtained using
a neural network comprising two hidden layers connected with the
softplus activation function. The hidden layers consisted of 10 and 50
nodes, as this particular architecture has been previously reported in
the literature!4. However, this neural network architecture has been
optimized only for 8,000 training structures. As non-linearity in the
log-log plot is observed from 10,000 training structures, an insufficient
number of parameters might cause this behavior.
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Figure 8: Comparison of fixed and flexible architectures for QM9 learning
curves. The flexible architecture model dynamically adjusts the number of
parameters according to the size of the training set. In contrast, the fixed
model employs a predetermined architecture optimized specifically for 10,000
structures.

For training sets of sizes 1000, 3170, 4900, 6699, 8321, and 10000, we
have investigated the dependence of the validation MAE on the number
of parameters. The investigated neural network architectures consist of
two hidden layers, where the number of nodes in both hidden layers is
identical. For each training set size, we have trained 10 models starting
with different random seeds for the parameters. The errors were then
averaged and fit with the exponential function f(x) = Ae™"* + ¢ (see Fig.
33). We define the optimal number of parameters n,,; using the fitted
parameter b as 1y, = 4.5/b. With this definition, the deviation of the
error from its asymptotic value ¢ has decayed to 1% at n,p;. For both
models, a linear dependence of 1, on the training set size is observed,
as shown in Fig. 7.

Next, we investigated whether extrapolating n,p to larger training
set sizes improves the learning curves for training sets of over 10,000
structures. The original number of parameters based on the 62-10-50-1
architecture corresponds to 1,231 for a hydrogen atom. For a training
set size of 75,000 structures, we should have approximately 4,000
parameters according to our linear extrapolation. With this knowledge,

37



10.0 ——————rr ,

BPNN —+—
SchNet —<—
PhysNet
HIP-NN T
SOAP .
Allegro o

MACE —e—
WK —a—

[

=
o

L

Test MAE (kcal/mol)

1

0.1

Cl 1 Lol 1 R R BT A I b

1000 10000 100000

Training set size

Figure 9: QM9 learning curves for our optimized angular-weighted BPNN
model compared to other machine learning models?223:100,112,131=133,

we have retrained our models with predicted optimal architectures for
each training set size. The resulting QM9 learning curves are depicted
in Fig. 8. Linearity in the log-log plot is now also observed beyond a
training set size of 10,000, indicating that the original neural network
architecture does not provide sufficient complexity for larger training
set sizes.

In Fig. 9, we present a comparison between our optimized angular-
weighed BPNN with other machine learning models, i.e., with SchNet 100
PhysNet?3, HIP-NN?22, SOAP!3!, Allegro!!?, MACE!33, and Wigner-
Kernels!32, The BPNN model demonstrates comparable accuracy to
SchNet !9 and HIP-NN 22, However, recent parametric methods, such
as MACE!33 or Allegro!!2, achieve higher accuracy, albeit at the cost of
complex architectures with significantly more parameters. For instance,
the most accurate Allegro model encompasses 17.9 million parameters,
exceeding the number of parameters of our architecture-optimized
BPNN by more than three orders of magnitude.

As we have shown, it is beneficial to vary the number of fitting
parameters with the size of the training set. However, if computation
capacity is not a concern, could this approach be replaced by a fixed
architecture where the optimal number of parameters for the largest
training set is used for all training set sizes? Our largest training
set with 75,000 structures needs 4,000 parameters (weights + biases).
To verify this approach, we have gradually increased the number of
parameters with a corresponding increase in training epochs for the
smallest training dataset with 1,000 structures. Figure 10 shows how,
at first, the validation MAE decreases with an increasing number of
parameters. For more than 1,000 parameters, however, the validation
MAE slowly starts to increase. Thus, if a model with 4,000 parameters
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Table 3: MAE comparison of NNPs with varying depth across different training
set sizes.

MAE (kcal/mol)

Training set size 1H H 3H 4H 5H

1,000 3.36 3.07 3.45 3.59 4.44
3,162 1.91 1.67 1.78 1.88 1.98
10,000 1.03 0.90 0.93 1.01 1.01
25,000 0.65 0.60 0.61 0.64 0.67
50,000 0.45 0.41 0.44 0.47 0.49
75,000 0.37 0.34 0.36 0.40 0.43

is employed instead of 600 parameters for a training set of size 1,000,
the resulting model is 26% slower on CPU and also approximately
10% less accurate. Hence, both insufficient complexity and an over-
abundance of complexity degrade the accuracy of the potential energy
prediction.
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Figure 10: Validation and training MAE as a function of the number of param-
eters for the angular-weighted model with a training set size of 1000.

The depth of an HDNNP is another crucial hyperparameter to con-
sider. We analyzed learning curves for neural networks with 1 to 5
hidden layers. We set the number of parameters for all models and
training set sizes based on the optimal value determined for the 2
hidden layer model. We have found that increasing or decreasing the
depth of the network does not result in improved accuracy, as listed
in Tab. 3. The model with only one hidden layer exhibited an average
MAE that was 11% higher compared to the model with 2 hidden layers.
Similarly, the models with 3, 4, and 5 hidden layers displayed an MAE
that was larger by 7%, 15%, and 26%, respectively. This observation
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indicates a degradation of the accuracy with an increase in the depth of
the neural network while maintaining the same number of parameters.

Nevertheless, it is crucial to acknowledge the inherent bias in this
comparison, as optimizing the number of parameters was specifically
tailored to the 2 hidden layer model. Consequently, it is conceivable
that the optimal number of parameters is not exclusively dictated by
the number of descriptors and the size of the training set, as discussed
above, but also influenced by the depth of the neural network. Further-
more, the arrangement of parameters within the hidden layers may also
impact the model’s performance. In this study, a uniform node distri-
bution was employed, but it is plausible that alternative distributions
could potentially yield more favorable outcomes.
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Figure 11: Comparison of activation functions for QM9 learning curves in
models with two hidden layers.

For our model with two hidden layers, we also evaluated the per-
formance of four activation functions: tanh, sigmoid, rectified linear
unit (ReLU), and softplus. In Fig. 11, we observe that unbounded
activation functions (ReLU and softplus) exhibit a significantly better
generalization ability, particularly for smaller training set sizes. As the
training set size increases, the difference between activation functions
diminishes, and for a training set of 75,000 structures, the sigmoid
function achieves the same level of accuracy as the ReLU function. Nev-
ertheless, its MAE is still 16% higher than the softplus function, which
prevails across all training set sizes.

2.4.2 3BPA Data Set

Given that the 3BPA molecule consists of 27 atoms, there are 81 corre-
sponding force components for reference energy. We investigated the
dependence of the validation RMSE on the training set size for datasets
consisting of 100, 200, and 300 structures. The averaged RMSE values
from 20 models, which were fitted using an exponential function, are
depicted in Fig. 34. For each training set size, we determined the
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optimal parameter value n,,; for energies and forces separately using
the same approach as for the QM9 dataset. The resulting dependence
is illustrated in Fig. 12.
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Figure 12: Optimal number of parameters 7, as a function of training set
size for energies and forces of the 3BPA dataset.

Similar to the findings for the QM9 dataset, we once again note
a positive correlation between the optimum number of parameters
and the size of the training set. However, the optimum number of
parameters differs for energies and forces. As can be inferred from Fig.
12, about 150 more parameters are required for the optimal energy
prediction for a given training set size even though 81 times more
forces than energies are available. This suggests that a more complex
architecture is required for energies than forces.

It is noteworthy that for the dataset consisting of a total of 24,600
reference data points (300 structures), achieving 99% accuracy within
the classical regime only requires a modest number of 600 parameters.

2.5 Summary

In this paper, we have analyzed the learning curves of HDNNPs for
the QM9 dataset using three models that employ varying numbers
of descriptors, with average values of 34, 61, and 225 SFs. Among
these models, the one with a combination of unweighted radial sym-
metry functions and weighted angular symmetry functions exhibits
the highest accuracy. The full-weighted model demonstrates underfit-
ting, likely due to insufficient information captured by the descriptors.
On the other hand, the unweighted model tends to overfit within the
investigated range of training set sizes.

Our calculations show that in order to achieve power-law behavior
over the entire training set size range (from 1,000 to 75,000), the neural
network architecture has to be adapted according to the training set
size. For the angular-weighted model, we have empirically found a
linear dependence of the optimal number of parameters ,,; on the
training set size D, nyp; = 0.045D + 526.224. The correlation between
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the number of parameters and the size of the training set is also evident
in the 3BPA dataset. Interestingly, two distinct dependencies emerge
for energies and forces, with the energies necessitating a larger number
of parameters than the forces. Our results indicate that the evaluation
time of optimized neural networks is not fully independent of the train-
ing set size. Hence, with each significant change in the training set size,
e.g., during active learning, the optimal neural network architecture
should be re-determined to fully use the available training data. Fur-
thermore, we have demonstrated that an excess of parameters can be
detrimental.

A comparison of learning curves for the QM9 data set shows that the
accuracy achieved with our optimized angular-weighed BPNN is com-
parable to that of other, more complex machine learning models such as
SchNet 19 and HIP-NN22. More recent methods such as MACE 2>, Al-
legro!12 or Wigner Kernels!32, however, achieve a substantially higher
accuracy, but at the cost of greater complexity.

We also investigated the impact of varying the number of hidden
layers for the QM9 dataset while maintaining a constant number of pa-
rameters. Our results revealed that utilizing two hidden layers yielded
the lowest MAE, with the accuracy gradually decreasing as the number
of layers increased. However, it is important to note that the number of
parameters utilized for each training set size was optimized specifically
for the two hidden layer models. This raises the question of whether
the optimal number of parameters not only depends on the number
of descriptors and training set size, as demonstrated, but on how the
parameters are distributed over the layers. Finally, our findings indi-
cate that unbounded activation functions, such as ReLU and softplus,
outperform bounded activation functions (tanh and sigmoid) for small
datasets, but the difference in performance gradually decreases as the
dataset increases. Among the tested activation functions, the softplus
function yielded the highest accuracy.
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PHOSPHORENE MONOVACANCIES STUDIED USING
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POTENTIALS
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ied Using High-Dimensional Neural Network Potentials. In
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The properties of two-dimensional materials are strongly affected
by defects that are often present in considerable numbers. In this
study, we investigate the diffusion and coalescence of monovacancies
in phosphorene using molecular dynamics simulations accelerated by
high-dimensional neural network potentials (HDNNP). Trained and
validated with reference data obtained with density functional the-
ory (DFT), such surrogate models provide the accuracy of DFT at a
much lower cost, enabling simulations on time scales by far exceeding
those of first-principles molecular dynamics. Our micro-second long
simulations reveal that monovacancies are highly mobile and move
predominantly in the zigzag rather than armchair direction, consistent
with the energy barriers of the underlying hopping mechanisms. In fur-
ther simulations, we find that monovacancies merge into energetically
more stable and less mobile divacancies, following different routes that
may involve metastable intermediates.

3.1 Introduction

Two-dimensional (2D) materials are currently the subject of intense
research because they show promise in a wide range of important ap-
plications, including electronics, valleytronics, catalysis, and biosens-
ing 134, In particular, graphene has attracted much interest due to its
large carrier mobility 132, but the lack of a band gap makes device appli-
cations difficult. Transition metal dichalcogenides (TMDs), including
MoS, and WSe,, feature band gaps within the 1.2-1.8 eV range!3%.
But as the valence and conduction bands of TMDs are made up of
transition metal d-orbitals, their carrier mobility is a few orders of
magnitude lower than that of graphene!3°. In contrast, phosphorene, a
2D monolayer of black phosphorus, possesses a thickness-dependent
electronic band gap (2.2 eV in the monolayer to 0.3 eV in bulk”273),
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a high carrier mobility’4#77 and in-plane anisotropy. Thanks to this

unique combination of properties, phosphorene has been utilized in
the fields of photo-catalysis 37138, semiconductors 39149, rechargeable
batteries 4!, solar energy conversion 42, and gas sensors!43.

Most properties and applications of materials are affected by the
presence of defects, especially point defects!44. These imperfections
give phosphorene its unique properties, such as hole-doping 43, local
magnetic moments'4>, improved activity for hydrogen evolution reac-
tions 14, enhanced ion-transport for alkali-ion batteries'#”, and unique
photo-responses for neuromorphic computing 148149 Defects, however,
can also act in undesirable ways that lead to device failure. Therefore,
understanding the formation and dynamics of defects is essential for
designing stable and functional phosphorene-based devices.

The simplest point defect in phosphorene, i.e., the monovacancy, is
the subject of this work. The localized magnetic moment originating
from an unsaturated bond makes the monovacancy particularly in-
triguing. Despite being predicted to be the most common defect in
phosphorene after electron and ion irradiation””#?, a predominance
of divacancies and tetravacancies has been observed in experimental
studies8!783, Only recent work claims to have captured individual
monovacancies®?. The difficulty of observation can be attributed to
the highly itinerant nature of monovacancies®*, making it difficult to
identify them on the time scales accessible experimentally. Another
reason may be that monovacancies coalescence rapidly into more sta-
ble divacancies. However, the detailed mechanism of monovacancy
coalescence has not yet been clarified.

In this work, we investigate the structure and kinetics of phospho-
rene monovacancies with extensive molecular dynamics (MD) simula-
tions based on high-dimensional neural network potentials (HDNNP-
MD)11:13, In this machine learning approach, the potential energy of
the system is represented using artificial neural networks trained on
energies and forces calculated using density functional theory (DFT),
leading to a considerable increase in efficiency. Our simulations with
an aggregate length of more than 1 us identify the mechanism and
rates of the hopping processes underlying defect diffusion, confirm
the mechanism postulated previously, and investigate with the nudged
elastic band method®*. We then investigate how two monovacancies
approach each other and coalesce into a divacancy, finding that this
process can occur following three different mechanisms depending on
the orientation of the monovacancies and their direction of approach.
Under certain conditions, a long-lived monovacancy pair forms, in
which the monovacancies are arranged so that all bonds are satisfied.

The remainder of the article is organized as follows. First, we outline
the computational methods used in this work and provide technical
details of the simulations. Subsequently, we present results obtained
for the diffusion of a single vacancy, followed by a discussion of vacancy
coalescence. Finally, we conclude our findings.
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3.2 Methods

This section first discusses how the reference data are generated via
first-principle calculations. We then describe the neural network model
potential and explain how active learning was employed to gener-
ate additional reference data. Finally, we discuss the neural network
parametrizations and describe the molecular dynamics setup.

3.2.1 First-principles calculations

All reference data used for the neural network training were generated
with first-principle calculations performed using the Vienna Ab Initio
Simulation Package (VASP)!>%:151, The Perdew-Burke-Ernzerhof (PBE)
functional 1°? was employed with an energy cutoff of 600 eV. The op-
timized values of the lattice parameters for the pristine phosphorene
structure are found to be 3.30 A and 4.62 A along the zigzag and arm-
chair directions, respectively. The criterion for the relaxation of the
forces acting on each atom was set to 0.01 eV/A. The supercell size
chosen to simulate the system is 7 x 5 x 1, containing 140 atoms in the
pristine structure, with a vacuum region of 20 A. The Brillouin zone
was sampled using a 3 x 3 x 1 Gamma-centered mesh. The ab initio
molecular dynamics simulations were performed with the Langevin
thermostat 15314 in the NPT ensemble!>>15¢ applying zero external
pressure and 300 K with a reduced energy cutoff of 250 eV. By allowing
the relaxation of the two primitive lattice vectors along the zigzag and
armchair direction, we inferred the average values at room temperature
of the supercell containing the defective structure with one monova-
cancy. The obtained values employed in all calculations are 3.32 A
and 4.56 A, respectively. The climbing imaged nudged elastic band
(ciNEB)!°7 calculations were performed by using a relaxation criterion
of 0.02eV/A for the forces acting on each image. The formation en-
ergy of a defect is defined as Ef = Egefective — Np X Ep Where Egefective
is the energy of the structure with defect, N, the number of atoms in
the supercell and E, the energy per phosphorus atom in the pristine
configuration, E;, = Epigtine/ Np-

3.2.2 Neural network potential
In this work, we employ the HDNNP approach pioneered by Behler

and Parrinello!!, in which the total potential energy of the systems is
written as the sum of local, atom-centered contributions E;,

N
E=) Ei(G), (19)
i=1

where N denotes the number of atoms. Each contribution is encoded
in an artificial neural network that depends on the local chemical en-
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vironment described by a set of descriptors G. These descriptors, also
known as symmetry functions, are characteristic fingerprints of the
chemical environment and are invariant with respect to translations,
rotations, and permutations of atoms of the same species. We employ
the so-called polynomial symmetry functions as descriptors, a fam-
ily of atom-centered symmetry functions based on polynomials with
compact support!22. They provide more flexibility in the selection of
angular symmetry functions while requiring fewer floating point oper-
ations for their evaluation than the original Behler-Parrinello symmetry
functions!!. The forces acting on the atoms, necessary for the MD
simulations, are given by the negative gradient of the potential energy,
which is straightforward to calculate due to the simple analytical form
of the neural network potential.

Active learning

To train our neural network potential, we use an active learning strat-
egy called query by committee*!, which has proven useful for creating
training sets for machine learning potentials 4243158159 First, a few
short ab-initio MD simulations are performed, and configurations with
energies and forces are collected from them. On this initial training
set, several HDNNPs are trained with various training/validation splits
and different initial conditions. The total energy E and the force com-
ponents ?k,a are then calculated as averages over the committee,

1 C
E=x ZEC, (20)
c=1
1 C
Fra=z) Frac (21)
c=1

Here, C is the committee size, and E, and Fy ,  are the total energy and
forces predicted by committee member c, respectively.

The committee disagreement is defined as the standard deviation of
the committee predictions:

1 & —
EZ(E— (22)
c=1
C
ZPka Fkac : (23)
=1

One expects that the predictions of different committee members are
similar for configurations close to the training set and dissimilar else-
where. Hence, the committee disagreement is a measure of uncertainty
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of the neural network prediction4?. The neural network-accelerated
MD is stopped in the training phase when the committee disagreement
exceeds a predetermined threshold. The simulation continues with
DFT-MD, generating new configurations to update the training set.
The neural networks are then retrained on this larger dataset, and the
HDNNP-MD simulation is resumed and runs until the threshold is
exceeded again. This procedure, repeated several times if necessary,
ensures that the training set contains all configurations required to
accurately reproduce not only the perfect lattice and stable defects
but also short-lived intermediate configurations without leading to
excessive training set sizes. The uncertainty estimation based on the
committee approach was also used during all production runs to mon-
itor the accuracy of the HDNNP for all configurations visited during
our extensive MD simulations.

Neural network parameterizations

The HDNNPs used in this work were constructed and trained with
the n2p2 package !?”. Fifty polynomial symmetry functions (p2 type),
comprising both radial and angular components, were used with a
cutoff radius of r, = 7 A. The parameters of the symmetry functions are
listed in Table 7 of the Supplementary information A.2. The atomic
neural networks have a topology of 50-60-1 and employ the softplus
function as the first activation function and the linear function for the
output layer.

We have trained a committee of eight HDNNPs on a reference dataset
of 5,342 structures containing 138, 139, and 140 atoms. Each of the
eight committee members was initialized with different weights and
biases, and a randomly chosen 10% of the dataset was used as a valida-
tion set. HDNNPs committee reproduces the energies and forces of the
training set with a root mean squared error (RMSE) of 2.25 meV/atom
and 45.5 meV/A, respectively. Parity plots for energy and forces can be
found in Fig. 36 of the Supplementary information A.2.

The dataset and the trained models are available on the public repos-
itory Zenodo16Y.

Molecular Dynamics Simulation and Analysis

All HDNNP-MD simulations were performed using the large-scale
atomic/molecular massively parallel simulator (LAMMPS)!¢!, We
simulated at three temperatures, namely 304 K, 330 K, and 359 K,
to determine the temperature-dependent diffusion properties of the
monovacancy. For each temperature, we carried out two independent
MD runs. They add up to 0.4 us of simulation time overall for 304 K
and 330 K, and 0.3 ps for 359 K. Each simulation was first equilibrated
for 1 ns in the canonical ensemble (NVT) with the Langevin thermo-
stat, followed by a run in the microcanonical ensemble (NVE) for the
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remaining simulation time (0.2 us). We employed the velocity Verlet
integrator with a time step of 1 fs. Only the NVE segments of the sim-
ulations were used to determine hopping rates. Diffusion coefficients
were determined from the mean square displacement of the defects
according to the Einstein formula using the MDanalysis code 162163,
A 9 ns/day simulation time has been realized utilizing 4 cores (AMD
Ryzen 9 5950X CPU) for a supercell containing 139 atoms.

3.3 Results

Black phosphorene exhibits a non-planar honeycomb lattice comprising
two sublattices. Phosphorus has a 3s?3p? electronic configuration, and
each atom forms three covalent bonds with its nearest neighbor, one of
which lies on the different sublayer, as illustrated in Fig. 13.

NO/ O/ NO/ \NO/ NO/ O/ O

s Via YVia Via Vig !

Figure 13: Left panel: Phosphorene supercell employed in our calculations,
in top and side view. Atoms are colored in green and purple according to the
sublattice to which they belong. Arrows indicate the directions for the zigzag
and armchair. Right panel: Same structure as on the left with an isosurface of
the total electronic charge distribution superimposed, again in top and side
view. The colors indicate different values of the electronic charge density.

3.3.1 Monovacancy

The single vacancy defective structure SV(5|9), shown in Fig. 14, is
obtained by removing one atom from the pristine structure and re-
laxing it. Here, the notation (5/9) refers to the two distorted 5- and
9-membered rings of atoms comprising the vacancy. According to our
DFT calculations, the SV(5|9) defect has a formation energy of 1.65 eV
and a total magnetic moment of 1 pp , in good agreement with previ-
ous results’?:84145164-168 The magnetism arises from a dangling bond
atom, which forms only two bonds instead of three. Consequently,
there is an unpaired electron, mainly localized in the vicinity of the
broken bond (see Fig. 14). The density of states shows an occupied
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peak above the Fermi energy near the bottom of the valence band. It
corresponds to a defect state and represents the possibility of the atom
with a broken bond to host another electron.

Energy (eV)
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Figure 14: Left: Single vacancy SV(5/9) obtained by removing one atom from
the top layer (green) and relaxing the energy. The black circle indicates the
atom that takes part in only two bonds. Center: Difference between the total
electronic charge densities of the spin-up (yellow) and spin-down components
(cyan). Right: The electronic density of states, the positive and negative values
representing the spin-up and spin-down components, respectively.
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Figure 15: Mechanisms of diffusion of the monovacancy and corresponding
ciNEB energy path. The black circle surrounds the atom with an initial
unsaturated bond, whereas the yellow one indicates the atom that breaks a
bond during the process, and the blue circle is where the vacancy ends the
transition. a)-d) rotation zigzag. e)-h) mirror zigzag. i)-m) armchair. The mirror
and armchair transitions undergo the same mechanism until the intermediate
state f), where a four-folded atom is formed.

By performing DFT-MD calculations at 300 K, we have observed tran-
sitions of the monovacancy between different sites along the zigzag
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direction. We call this transition a rotation since the final defect con-
figuration can be obtained by applying a 180° rotation to the initial
one. The mechanism for this transition is shown in Fig. 15(a)-(c). The
black-circled atom has one unpaired electron and to saturate its p shell
it attracts the yellow one. It leads to the breaking of the bond between
the blue and yellow atoms. This hopping event can occur back and
forth multiple times. At the transition state (b), there is competition
between the black and the blue atoms, which exert an attractive force
on the yellow one. The estimated energy barrier for this process is
0.13 eV, as inferred from the energy profile calculated with ciNEB and
displayed in Fig. 15(d).

Two further types of vacancy transitions are possible toward different
sites, which exhibit higher energy barriers compared to the rotation.
Observing them in ab initio MD simulations would require prohibi-
tively long simulation times. However, starting from the pre-adapted
configuration obtained from the HDNNP-MD, allowed us to correctly
model and reproduce these transitions with first-principle accuracy.

The so-called mirror transition, shown in Fig. 15(e)-(g), occurs along
the zigzag direction as well, and the orientation of the final configura-
tion can be obtained by applying a mirror operation to the initial one.
The ciNEB estimated energy barrier is 0.3 eV, as indicated in Fig. 15(h).
One phosphorus atom forms four bonds at the transition state, Fig 15(f).
Starting from this configuration, a transition can occur following two
distinct mechanisms: 15(e)-(g) we just discussed, and 15(i)-(m). In the
latter, the four-folded atom can move along the direction perpendicular
to the sheet to the other atomic sub-layer, Fig. 15(j). The associated
energy barrier is estimated to be 0.1 eV. From here, the monovacancy
can hop to two different sites along the armchair direction, Fig. 15(k)
shows one possible transition state. Therefore, the overall process has
an energy barrier of 0.4 eV, Fig. 15(1). This diffusion mechanism is
referred to as armchair and is the only route for the monovacancy to
switch from one sub-layer to another. Table 4 provides an overview
and comparison of energy barriers with other works.

As a result, the combination of these three transition mechanisms
allows the SV(5|9) to diffuse along every direction of the lattice across
the whole monolayer.

3.3.2 Monovacancy tracking

Keeping track of the location of the monovacancy is necessary to assess
its kinetic properties. It can be easily done for DFT-MD because of
the local magnetic moment, which clearly distinguishes an atom with
an unsaturated bond. For instance, Fig. 16 (top) shows two rotation
hopping events between two atoms and the corresponding exchange of
local magnetic moments.
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Table 4: Energy barriers for monovacancy diffusion obtained by ciNEB and
derived from HDNNP-MD (as explained in the section Kinetic properties),
together with values reported in other works.

Energy barrier (eV) rotation mirror armchair

NEB 0.13 0.30 0.39
HDNNP-MD 0.09 0.25 -
Hu !4 - - 0.40
Hu 16> 0.18 - 0.38
Cai® 0.18 0.30 0.40
Liloé - - 0.40
Vierimaa”’® 0.09 0.25 -
Gaberle %7 0.25 0.44 0.57
Rijan 168 - 0.31 -

Within HDNNP-based simulations, the magnetic moment is inac-
cessible, and visual detection of monovacancy positions in long MD
consisting of millions of timesteps is impractical. Here, we detect
the position of the monovacancy exploiting a particular property of
HDNNPs with minimal computational overhead. In HDNNPs, the total
energy is calculated as the sum of local atomic energies (see Eq. 19).
When a monovacancy is introduced into a material, its formation en-
ergy is spread around the monovacancy. Most of the formation energy
is attributed to the atom with the unsaturated bond. By simply finding
the atom with the highest atomic energy, we identify the position of the
monovacancy in the material for any given configuration. A hopping
process is then signaled by a change in the index of the atom with
the highest energy, and the type of transition can be inferred from the
relative positions of the new and old atoms.

Figure 16 compares the two techniques for the same MD trajectory.
Atomic energy exchanges between atoms in the HDNNP-MD occur
simultaneously as local magnetic moment swaps in the DFT-MD, vali-
dating our new approach.

3.3.3 Kinetic properties

Table 5: Hopping rates at 300 K and pre-exponential factors for MV diffusion

derived from HDNNP-MP compared with previous work®4. All numbers are

given in units of ns™ .

rotation mirror armchair
vy ‘ v Vs ‘ v Vs
HDNNP| 71 1800[0.035 180 | 0.013 -

Cai® 2.5 2200/0.021 2400|3.1x107° 160

Although energy barriers offer some insight into the kinetics of mono-
vacancies, they are insufficient for the estimation of hopping rates v due
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Figure 16: Monovacancy hopping can be detected by changes in either the
local magnetic moments for DFT-MD (top) or the atomic energies for HDNNP-
MD (bottom). The blue and black lines show the local magnetic moments and
atomic energies for two atoms involved in the hopping of the defect. Both
methods predict hopping at the same time on the same trajectory. The average
atomic energy is subtracted from the atomic energies.

to the unknown pre-exponential factor v;, also called the characteristic
frequency, in the Arrhenius equation:

v = yze Ev/ksT, (24)

The pre-exponential factor v, can be estimated in the harmonic approxi-
mation from the atomic vibrational frequencies in the energy minimum
and the transition state associated with the motion of the MV, using the
Vineyard formula!®®. The hopping rate can also be obtained directly
from an MD simulation without using the Arrhenius equation. If a
given type of hopping mechanism is observed many times during an
MD simulation, the hopping rate is simply given by the number of
occurrences divided by the total simulation time. The hopping rates
estimated directly from HDNNP-MD are shown in Fig. 17. The re-
ported values at room temperature for zigzag rotation, zigzag mirror,
and armchair hopping rates are 71 ns™!, 0.035 ns™!, and 0.013ns™!,
respectively.

Although we also report highly itinerant atomic vacancies as previous
work®%, a quantitative agreement in hopping rates is found only for
the mirror transition. Our hopping rates are higher by three orders
of magnitude for the armchair transition and one order of magnitude
for the rotation transition. To reveal the cause of this discrepancy,
we have factorized the hopping rates via the Arrhenius equation (Eq.
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Figure 17: Arrhenius plot of the hopping rates for each of the three diffusion
mechanisms at 304 K, 330 K, and 359 K, as determined by HDNNP-MD.

24) into the pre-exponential factor (Tab. 5) and the exponential factor
depending on the energy barrier (Tab. 4). The prefactors agree very well
for the rotation mechanism. The difference in hopping rates comes from
the energy barrier, which is significantly smaller in our work (0.09 vs.
0.18 eV). The previously reported prefactor for the mirror mechanism
is an order of magnitude larger than ours but also accompanied by a
higher energy barrier (0.25 vs. 0.30eV). These two effects compensate
for each other, leading to similar hopping rates. Insufficient statistics
prevent us from estimating the activation energy and factorizing the
rate for the armchair transition, so the discrepancy cannot be explained
in this case.

According to our results, the diffusion coefficient of a monovacancy
in the in-plane direction is significantly greater than that of a diva-
cancy and a tetravacancy. We determined the diffusion coefficient for
the monovacancy to be 107!! m?/s at 359 K. Experimental measure-
ments report the diffusion coefficients for divacancy and tetravacancy
to be 10719-1072% m?2/s at 573 K82. This difference can be attributed
to the size of the diffusion barrier, which is considerably lower for
monovacancy, ranging from 0.1 to 0.4 eV, compared to divacancy and
tetravacancy, which exhibit higher diffusion barriers in the range of 2.1
to 3.0 eV®2,

A diffusion trajectory of the monovacancy at 328 K over a 200 ns
simulation time is presented in Fig. 18. The monovacancy started at the
origin and diffused through a combination of different mechanisms. Its
maximum diffusion distance from the origin was 8 A, but after 200 ns,
it was only 3 A. Within this timeframe, the monovacancy underwent
18x103 rotations, 11 mirror, and 3 armchair transitions. Only 5 rotations
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Figure 18: The trajectory of monovacancy diffusion during a period of 200 ns
at 328 K, as simulated by HDNNP-MD. Each color corresponds to a specific
mechanism type, with rotation represented by red, mirror by green, and the
two types of armchair transition denoted by blue and black.

and 3 mirror events resulted in true displacements of the vacancy, as
the remaining ones were negated by back hops. In contrast, all armchair
transitions led to true displacements.

3.3.4 Divacancy and coalescence of monovacancies

A divacancy is created by removing two atoms from the pristine struc-
ture. Since all bonds are fully saturated in this case, there is no mag-
netism overall. The most stable divacancy has a formation energy of
about 1.36 eV84, which is significantly lower than the 3.3 eV formation
energy of two separated SV(5|9). Such a significant energy difference
and high monovacancy mobility imply that monovacancies tend to
coalesce quickly. However, the coalescence of two monovacancies into
one divacancy has not yet been documented.

Monovacancies can approach one another from different directions
and with other configurations, leading to various types of mechanisms
and divacancy conformations. Because of the complexity of the mecha-
nism, MD is the appropriate method for studying vacancy coalescence.
Since there is no prior knowledge of the coalescence of monovacancies,
we introduce 50 initial arrangements differing in both distance and
mutual orientation of the vacancies and let the system evolve with
HDNNP-MD. In this process, many new structures were added to the
reference dataset for training the HDNNP. Although we found many
metastable states with formation energies of around 2.5 eV, our interest
is in coalescence into stable divacancies with formation energies of
1.3-1.4 eV. Figure 19 shows the three initial arrangements of mono-
vacancies and mechanisms of coalescence into the DV(5|8|5) with a
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Figure 19: Divacancy formation mechanisms. Initial configurations of the
two monovacancies that eventually coalescence to form the DV(5|8|5) are
represented by the letters A, B, and C. Transitions A and B share the same last
intermediate state before coalescence. The black arrows indicate the future
direction of atomic movement. Colored areas indicate rings formed by more
or less than 6 atoms.

1.4 eV formation energy. All three mechanisms have been identified
by HDNNP and validated by DFT. The mutual orientation of mono-
vacancies is identical except for the relative position in the armchair
direction. This finding is crucial because diffusion is less likely to occur
in this orientation than in a zigzag.

Transitions A and B share the last intermediate state before coa-
lescence but go through different transition states in the initial stage.
Mechanism A involves only two rotation transitions. In contrast, mech-
anism B needs the armchair transition in addition to the rotation transi-
tion. Two rotations are necessary also in the C transition. Based on the
hopping sequence of the atoms, one of the black-labeled atoms forms
four bonds, and the second one is left with two bonds. The divacancy
is finally obtained when the four-bonded atom breaks the bond with
the black atom, and the bond is formed with the other red atom.

The coalescence mechanism A is the fastest because only the rotation
barrier, at 0.13 eV, needs to be crossed. Coalescence C initially only
needs a rotation, but it takes a longer time than A because of the bond
exchange of the black atoms with the red atom. Nevertheless, the
process can be observed in a few ns. Since it requires an armchair
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Figure 20: Metastable monovacancy pair formation mechanisms. MV pairs
are formed if atoms with broken bonds (red circles) get close enough to make
a bond. Mechanism E has also been reported in previous work 79,

transition with a 0.4 eV energy barrier, coalescence B proceeds the
slowest of all.

The resulting DV(5|8|5) in Fig. 19 was experimentally observed as
the most stable DV82 even though previous computational studies
indicate that DV(5|7|7|5) should be more stable®?84, Yao et al. attribute
this to non-equilibrium conditions brought on by energetic e-beam
irradiation. While the relative stability of DV(5|8|5) and DV(5|7|7|5)
has not been resolved, the transition mechanisms between these two
double vacancies and DV diffusion have been analyzed theoretically
and experimentally82.

The initial orientation of atoms with dangling bonds plays an im-
portant role in the coalescence process. When these atoms are close to
one another, they instantly form a bond that hinders further evolution
into more stable divacancies. Two examples of this mechanism are
shown in Fig. 20. Only rotation transitions of black atoms bring the two
bonded red atoms together, which causes a bond to form right away.
These states could be considered MV pairs rather than divacancies
since they maintain MV shapes. Their formation energy, 2.3 eV, falls
exactly between the stable divacancy (1.4 eV) and the two separated
monovacancies (3.3 eV).
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3.4 Conclusions

In this paper, we thoroughly analyzed the mobility of the phosphorene
monovacancy. DFT-MD and HDNNP-MD have successfully reproduced
all three previously identified diffusion mechanisms. The energy barri-
ers calculated statically from DFT with the nudged elastic band method
and dynamically from HDNNP-MD are in good agreement. MD simula-
tions that are longer than a microsecond in total have not revealed any
novel mechanisms. By assessing hopping rates directly from MD, we
confirm the highly itinerant nature of the phosphorene monovacancy
even at room temperature, preferentially along the zigzag direction.
We identified three mechanisms for the coalescence of two monova-
cancies into one divacancy, resulting in the stable DV(5|8|5) conforma-
tion with a formation energy of 1.4 eV. Coalescence can be observed on
the ns timescale if MVs are close enough and ideally oriented. However,
if the atoms with the dangling bond approach one another too early, a
metastable MV pair rather than fully coalesced DV is produced, empha-
sizing the significance of the initial configuration. Monovacancies are
predicted to be the most common defect after electron and ion irradia-
tion. But since they quickly coalesce, their potential utilization poses a
challenge, suggesting turning attention to more stable divacancies.
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Phosphorene, a puckered two-dimensional allotrope of phosphorus,
has sparked considerable interest in recent years due to its poten-
tial, especially for optoelectronic applications with its layer-number-
dependant direct band gap and strongly bound excitons. However,
detailed experimental characterization of its intrinsic defects and its
defect creation characteristics under electron irradiation are scarce.
Here, we report on the creation and stability of a variety of defect
configurations under 60 kV electron irradiation in mono- and bilayer
phosphorene, including the first experimental reports of stable adatom-
vacancy complexes. Displacement cross section measurements in bi-
layer phosphorene yield a value of 7.7 + 1.4 barn with an estimated
lifetime of adatom-vacancy-complexes of 19.9 + 0.7 s, while some are
stable for up to 68 s under continuous electron irradiation. Surprisingly,
ab initio-based simulations indicate that the complexes should readily
recombine, even in structures strained by up to 3 %. The presented
results will help to improve the understanding of the wide variety of
defects in phosphorene, their creation, and their stability, which may
enable new pathways for defect-engineered phosphorene devices.

4.1 Introduction

Semiconducting two-dimensional (2D) materials have been a research
focus for some time as they provide the potential to create smaller
and, more importantly, the thinnest possible devices in nanoelectron-
ics!7L172 One of the most interesting materials is phosphorene, a
single layer of black phosphorus (BP), a layered material where layers
show a puckered, hexagonal structure with lattice parameters of 3.3 A
and 4.53 A along the zig-zag (ZZ) and armchair (AC) directions, respec-
tively!”3. BP is also the thermodynamically most stable allotrope of
phosphorus!74. Mono- or few-layer phosphorene has recently received
increasing attention for its electronic and optoelectronic application
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potential 1731757178 'Thijs is due to its thickness-dependent direct band
gap, which ranges from 1.73 eV in the monolayer to 0.35 eV in the
bulk!”?, mechanical flexibility 8%, and its strongly bound excitons with
binding energies as high as 0.9 eV7%. More importantly, due to its
unique atomic structure, phosphorene shows interesting anisotropic
properties, such as Raman mode sensitivity on polarization angle and
sample orientation '8!, an anisotropic charge carrier effective mass’+182,
a negative Poisson’s ratio 183, anisotropic bright excitons”3184, as well as
an anisotropic electrical and thermal conductance 185186 that could all
be used for tailored applications. However, phosphorene is extremely
sensitive to oxidation, leading to rapid degradation within hours or
even minutes of being exposed to ambient conditions 87188, compli-
cating both the interpretation of measurements where samples were
exposed to oxygen during the process as well as the potential of its
applications.

It is well known that defects influence the properties of materials,
which is why a thorough understanding of the creation and effects
of these defects is needed. Density functional theory (DFT) calcula-
tions for the knock-on displacement thresholds in phosphorene under
electron-irradiation indicate that beam damage would only occur with
an elastically transferred kinetic energy of > 6 eV for a pristine sample
and > 4.5 eV for a sample with defects’?; however, experimentally,
this has not been studied yet. In addition, recent studies show that
in semiconducting and insulating 2D materials, beam damage can oc-
cur below the knock-on threshold due to electronic excitations182-191,
This can also be expected to take place with phosphorene. In the
case of vacancies, theory predicts monovacancies to induce a magnetic
moment of 1 19192 as well as an in-gap state81192193, whereas di-
vacancies are predicted to show neither8192, Defects have also been
suggested to serve as nucleation sites for surface oxidation when ex-
posed to oxygen or water Vap0r194, while, in combination with strain,
they can also lead to structural phase transitions serving as catalyz-
ing sites for new phases!?>. Experimental characterization of defects
in mono- and few-layer phosphorene so far was mainly done using
scanning tunneling microscopy (STM)!1?67202 and transmission electron
microscopy (TEM)81:82:203.204 * A Jayer-by-layer thinning of multilayer
phosphorene under 80 kV electron irradiation was reported for pristine
samples?93294 and graphene/phosphorene heterostructures®! where
for all cases, a (reconstructed) ZZ edge configuration during the thin-
ning process was found to be preferred over an AC configuration. Fur-
thermore, a detailed study of specific defect configurations in mono-
and few-layer phosphorene at elevated temperatures of 523-673 K has
reported the presence of divacancies, tetravacancies, and long defect
lines, along with their most stable configurations, diffusion behavior,
as well as possible transformation mechanisms®2. Experimental obser-
vations of monovacacies in TEM are limited to a recent study claiming
to have observed a monovacancy for the first time with this method®?,
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whereas several studies were already published on the observations of
monovacancies using STM 1967199 However, similar features in STM
have also been attributed to substitutional tin impurities rather than
phosphorus monovacancies 2007202,

In this study, we use scanning transmission electron microscopy
(STEM) high-angle annular dark field (HAADF) imaging to record the
effects of a 60 keV electron beam on a bilayer phosphorene sample,
characterizing the created defects and their dynamics. In addition
to previously reported vacancy configurations, we further identify
a number of yet unreported defects. Notably, almost all vacancies
show adjacent phosphorus interstitials or adatoms, which is the first
observation of such defects in phosphorene. DFT was used to relax
models of the observed structures, followed by STEM simulations to
verify their correct identification. We estimate the displacement cross
section of bilayer phosphorene under 60 keV electron irradiation to be
7.7 +1.4 barn with an estimated lifetime of adatom-vacancy-complexes
under electron irradiation of 19.9 + 0.7 s and a maximum observed
lifetime of up to 68 s. Additionally, we give a rough estimate for
the cross sections of the individual phosphorene sublayers towards
and away from the electron source for the farther phosphorene layer
of the bilayer to be 2.0 + 0.3 barn and 10.4 + 1.6 barn, respectively.
For the other layer, much fewer defects were observed. Molecular
dynamics simulations, accelerated by high-dimensional neural network
potentials (HDNNP-MD), were employed to assess the stability of the
adatom-vacancy-complexes both under equilibrium conditions, as well
as under isotropic and anisotropic strain/stress of up to 3 %. However,
all of these simulations resulted in recombining adatoms and defects
far below the observed lifetimes.

4.2 Results and Discussion

The samples were mechanically exfoliated in an Ar atmosphere and
brought into a vacuum without air exposure. For details on the sample
preparation, we refer to the Methods section. A typical clean area of
the sample can be seen in Fig. 21a, showing an AB stacked bilayer
of phosphorene surrounded by (brighter) contamination. The exact
composition of this type of contamination is unknown, but previous
studies indicate a mixture of different hydrocarbons?%°-2%% as well as
polymer residue from the transfer process2%8:29%, The effect of electron
irradiation on this structure can be seen in Fig. 21b, where defects were
created in the area marked with the green square after ~ 8.5 s. The area
within the green square is magnified in Fig. 21c, where a red arrow
highlights a missing phosphorus atom and a cyan arrow a phosphorus
interstitial or adatom. To verify the interpretation of this feature as an
additional phosphorus atom, which is located next to a vacancy, which
from now on will be called an adatom-vacancy-complex, we used DFT
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first to relax a model of the observed structure followed by STEM image
simulations. We find a good agreement between the simulated STEM
image of the relaxed structure (Fig. 21d) and the experimental image.
Details on the relaxation and the simulation process can be found in
the Methods section. To our knowledge, this is the first experimental
verification of an adatom-vacancy complex in phosphorene, which has
previously only been predicted by theory”?. Previous (S)TEM studies
on defects in phosphorene®:82203.204 neyer mentioned the existence
of phosphorus adatoms, which might be due to the lower electron
acceleration voltage of 60 kV used here and/or because the sample was
not heated during the experiments in this study and/or due to the low
pressure in the objective area of the microscope (~ 107!? mbar).

In Fig. 21e-h, starting with panel e, we show similar behavior for
a small patch of monolayer phosphorene on the bottom of the image.
This monolayer flake was created by prolonged electron irradiation,
utilizing the previously reported layer-by-layer thinning2%3:294, In most
cases, this process created a pore before a monolayer became visible
but occasionally resulted in a monolayer, allowing its imaging.

Figure 21: Creation of adatom-vacancy-complexes in bi- and monolayer
phosphorene. Two STEM-HAADF image pairs of bilayer phosphorene (a-b)
and a monolayer patch of phosphorene (e-f) recorded with 1024 px x 1024 px
and a frame time of ~ 8.5 s. A zoomed-in image of the area marked with a
green (orange) square in b (f) after applying a Gaussian blur of 6 px (4 px)
is shown in ¢ (g) where cyan and red arrows denote adatoms and vacancies,
respectively. Simulated STEM-HAADF images of an adatom-vacancy complex
in the bilayer (monolayer) phosphorene are shown in d (h). The scale bars are
1 nm.

In Fig. 21g, showing a magnified view of the area marked with an
orange square in Fig. 21f, an adatom-vacancy-complex that was created
via electron irradiation can be seen. Those were again verified using
DFT and STEM image simulations, visible in Fig. 21h, where we can see

62



an excellent agreement between experiment and simulation. Given the
low theoretical energy barrier for point defect diffusion in phosphorene
(monovacancies: 0.09 eV”? - 0.25 eV1%% along ZZ direction; 0.38 eV 16>
-0.44 V193 along AC direction; adatoms: 0.15 eV123 . 0.23 eV7? along
77 direction; > 1.19 eV7? along AC direction) and therefore their
expected extreme mobility at room temperature, it is surprising to find
a phosphorus monovacancy and phosphorus adatom to be stable for the
several milliseconds, required to record its feature in this image. This
is especially intriguing, as only one experimental TEM study claims to
have observed a monovacancy in phosphorene®3, with unfortunately
somewhat ambiguous images.

To further estimate the probability of creating a phosphorus vacancy
in the phosphorene bilayer, we identified all defects created during our
measurements and correlated those with the electron doses applied to
the sample between each appearance of a new defect. We then used
Poissonian statistics as described in Ref.?! to get a mean number of
electrons needed for the creation of a single defect (see Fig. 22a). The
bar plots, which required a higher electron dose to be created at each
electron dose, are shown at each electron dose. According to Poisson
statistics, this should show an exponential decline, as is the case here.
The mean electron dose corresponding to the data for all defects in
layer 1 yields a cross section of 7.7 + 1.4 barn.
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Figure 22: Statistics of the number of created defects in bilayer phospho-
rene. Panel b shows a schematic side view illustration of the phosphorene
bilayer structure, indicating the different layers (colored in light purple and
blue) and planes in the structure with respect to the incident electron beam.
Panels a,c, and d exhibit the cumulative statistics for the number of electrons
needed for the creation of a single defect, including all defects of layer 1 in
panel a, only the defects in one plane (B) of layer 1 in panel ¢ and those of
the other plane (A) in panel d. Here, each bin indicates the number of defects
created with an electron dose higher than the current one. Additionally, an
exponential decline (shown in black) was fitted to the data (see text).
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Note that most defects observed during these experiments were
found in one of the two layers, indicating different cross sections for
the individual layers. Following the previous argument by Vierimaa et
al.”?, it is justified to assume that the layer hosting most of the defects
is the one further away from the electron source (labeled layer 1 in
Fig. 22b). To estimate the cross sections of the individual phospho-
rene sublayers (labeled planes A and B in Fig. 22b), we assigned the
defects observed in the experiments to their distinct planes to test the
hypothesis that one of the planes has a significantly higher cross section
compared to the other. The results and statistical analysis are shown in
Fig. 22c,d. Possible deviations from perfect Poissonian statistics could
be explained by the thermal migration of some defects between the
planes or due to the electron beam. The mean values obtained via
these fits yield cross sections for the two planes of 2.0 + 0.3 barn and
10.4 + 1.6 barn for panels c and d, respectively.
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Figure 23: STEM-HAADF image series of bilayer phosphorene. Panel a
shows five as-recorded images of an image series recorded with 512 pxx512 px
and a frame time of ~ 2.2 s, where the frame number is indicated in the top
right corner of each image. Frame 5 was omitted as it displayed the same
structure as frame 4. A Gaussian blur (4 px) was applied to the images
in panel b, and cyan and red arrows were added to indicate adatoms and
vacancies, respectively. Panels ¢ and d show the evolution of the number
of adatoms and vacancies as a function of the total number of electrons
impinging on the sample for three example image series. The vertical grey
lines indicate the average number of electrons needed to create one defect in
bilayer phosphorene. The dashed blue line labeled "Series 1" corresponds to
the images shown in a and b. The scale bar is 1 nm.

It is possible to estimate the displacement energy threshold based
on these cross sections by assuming a pure knock-on process using the
McKinley—Feshbach—formalism211, while also considering the lattice
vibrations?!27215 using the Debye model with a Debye temperature
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of 278.66 K for phosphorene?!®. Those result in a threshold value of
4.79 +£0.03 eV for the whole structure while the plane cross sections
yield 5.01 £ 0.03 eV and 4.73 + 0.03 eV for plane B and A, respec-
tively. Those values are considerably lower than previously reported
theoretical displacement threshold energies of 10.5 eV in pristine phos-
phorene or 7 eV in phosphorene with adatom-vacancy-complexes’?,
which suggests that inelastic scattering effects can not be neglected for
phosphorene, similar to MoS, and hBN 189191,
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Figure 24: Transition mechanisms in monolayer phosphorene adatom-
vacancy-complexes observed via HDNNP-MD and ci-NEB. A recombination
process of a monovacancy and an adatom is shown in panel a, and two different
types of hopping are depicted in panels b and c. The hopping in b shows an
adatom-vacancy-complex hopping as a whole, while ¢ shows how an adatom
changes its orientation concerning the vacancy. All of these transitions start
from the same adatom-vacancy-complex configuration. The model for this
configuration is based on the experimental observation shown in Fig. 21g and
was used to simulate the corresponding STEM image in Fig. 21h. Times in the
top right corner of each frame in panels a and b indicate the time between the
given and the previous frame as observed in HDNNP-MD (0 % strain, 300 K).
Light purple atoms indicate phosphorus atoms in the phosphorene structure,
while green atoms indicate the phosphorus adatom. HDNNP-MD was used to
find the transition mechanisms shown in a and b, while ci-NEB calculations
were used to identify the transition in c.

As for the adatom-vacancy-complexes, we not only observe their
creation but also their recombination, as can be seen in the image series
shown in Fig. 23a,b. Here, an adatom-vacancy-complex is present in
the first frame, which recombines before the second frame is recorded,
followed by the creation of two adjacent adatom-vacancy-complexes in
the fourth frame, which are stable for a few seconds before recombining
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to show a pristine layer in frame six again. Panels c and d show the
number of adatoms and vacancies as a function of electron dose in three
distinct image series. A clear trend towards the simultaneous creation
and annihilation of adatoms and vacancies can be observed, although
some additional vacancies and adatoms are also occasionally seen. The
observation of more adatoms compared to the number of vacancies
might be explained via adatom diffusion from outside the field of view
of the analyzed images, while adatoms adjacent to vacancies almost
always stay close to the defect. We observe lifetimes of these complexes
under electron irradiation between 2.2 s and 68 s with a mean lifetime
of 19.9+0.7 s. As the distribution of these lifetimes appears Poissonian,
we use the same technique to determine the mean lifetime for the
number of electrons needed to create a single defect. Note that lifetimes
below 2.2 s could not be measured as this is the time used to record a
single frame.

Shift along AC

23

Figure 25: STEM-HAADF images of different BP stacking orders. Each
panel highlights a different stacking order in bilayer phosphorene. The as-
recorded image is visible on the left of each panel with a purple square
indicating the zoomed-in area shown in the inset. A Gaussian blur was applied
to the zoom-in. The top right of each panel features a structural model of the
different stacking orders from the top view, and a STEM-HAADF simulation
of this structure is shown on the bottom right. Atoms are colored in light
purple and blue to indicate the two layers in the bilayer structure. Panels a
and ¢ were recorded with 1024 px x 1024 px and a Gaussian blur of 6 px was
applied in the inset while panels b and d were recorded with 512 px x 512 px
and a Gaussian blur of 4 px was applied in the inset. The scale bars are 1 nm.

We conducted HDNNP-MD simulations under various conditions to
investigate the stability of the adatom-vacancy complex in monolayer
phosphorene. Starting from a relaxed structure, similar to the experi-
mental one shown in Fig. 21g, we tested different conditions, including
equilibrium, and applied isotropic and anisotropic strains/stresses of
1% and 3%. In all cases, we consistently observed recombination, as
shown in Fig. 24a, occurring on average within a timescale of less than
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one nanosecond. Additionally, our simulations revealed two types of
hopping mechanisms, one where the entire adatom-vacancy-complex
is hopping and one where just the adatom is changing its orientation to
the vacancy, as illustrated in Figs. 24b and c, respectively. Note that the
hopping mechanism shown in Fig. 24b was already proposed by theory
as a rotation along the ZZ direction for monovacancies in monolayer
phosphorene, although no adatom was present for these simulations?!”.
Thus, the adatom-vacancy complex seems to be comparable to a va-
cancy without an additional adatom in terms of its migration. The
transition shown in Fig. 24c is based on climbing image-nudged elastic
band (ci-NEB) calculations only, revealing an energy barrier of 0.5 eV
for this transition, which could not be verified by HDNNP-MD, as the
adatom would always recombine with the vacancy via the transition
shown in Fig. 24a before the adatom hopping could be observed. The
validity of these mechanisms was confirmed through DFT calculations.
Therefore, the observed stability of the complexes may be due to ef-
fects not accounted for in our simulation, such as out-of-equilibrium
responses that can not be addressed at the DFT level. Possible explana-
tions include a slight bending of the monolayer, an interaction with the
bilayer interface, or a charge potential induced by STEM imaging.

Figure 26: STEM-HAADF images of different adatom-vacancy configura-
tions along the ZZ direction. Each panel shows a different defect configura-
tion, including homoatomic adatoms in bilayer phosphorene. The as-recorded
image is visible on the left of each panel, with a purple square indicating the
area hosting a defect. A zoom-in of this area is shown after applying a Gauss-
ian blur in the top right, framed with the same color as in the as-recorded
image. The bottom right of each panel features a structural model of the
defect configuration in both the top and side view, relaxed using DFT. The
top right image without a frame is a STEM-HAADF simulation of this model.
Atoms colored in light purple and blue indicate phosphorus atoms in the two
different layers of the bilayer structure, and green atoms indicate phosphorus
adatoms, respectively. Panels a, b, and d were recorded with 512 px x 512 px,
and a Gaussian blur of 4 px was applied while panel ¢ was recorded with
1024 px x 1024 px and a Gaussian blur of 6 px was applied. The scale bars are
1 nm in the as-recorded images and 1 A in the zoomed-in images.
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During measurements where the phosphorene sample was continu-
ously irradiated with highly energetic electrons, we could also observe
local shifts in the stacking order of the bilayer. As shown in Fig. 25,
four distinct stacking orders could be identified. Panel a shows the
known AB stacking order that was reported both for bulk BP2!® as
well as thin layers!8l. The other stacking orders are characterized by a
shift along the ZZ direction for the structure labeled here A¢ (Fig. 25b),
a shift along the AC direction for the Ao structure (Fig. 25c), and a
shift along both directions for the TS structure (Fig. 25d). The Ad and
TS stacking order have also been studied theoretically, showing their
(meta-)stability as well as their influence on the electronic structure
of the phosphorene bilayer?!?, while we could not find any reports on
the Ae structure in the literature. One noteworthy theoretical predic-
tion for a transition from the AB into the TS or A¢ stacking order is
the induced transition from a direct to an indirect band gap, which
is otherwise absent in BP. These findings mark the first experimental
observation of these different stacking orders in bilayer phosphorene.

Figure 27: STEM-HAADF images of different adatom-vacancy configura-
tions along the AC direction. Each panel shows a different defect configura-
tion, including homoatomic adatoms in bilayer phosphorene. The as-recorded
image is visible on the left of each panel, with a purple square indicating the
area hosting a defect. A zoom-in of this area is shown after applying a Gauss-
ian blur in the top right, framed with the same color as in the as-recorded
image. The bottom right of each panel features a structural model of the
defect configuration in both the top and side view, relaxed using DFT. The
top right image without a frame is a STEM-HAADF simulation of this model.
Atoms colored in light purple and blue indicate phosphorus atoms in the two
different layers of the bilayer structure, and green atoms indicate phosphorus
adatoms, respectively. Panels a, b, and ¢ were recorded with 1024 pxx1024 px,
and a Gaussian blur of 6 px was applied while panel d was recorded with
512 px x 512 px and a Gaussian blur of 4 px was applied. The scale bars are
1 nm in the as-recorded images and 1 A in the zoomed-in images.

Finally, we want to highlight the variety of defect configurations
beyond monovacacies (see Fig. 21) observed in phosphorene bilayers.
Fig. 26 shows a divacancy (panel a), trivacancy (panel b), and two
different configurations of tetravacancies (panels ¢ and d) along the ZZ
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direction with a variable number of adatoms. Fig. 27 shows the same
sequence of defects (divacancy in panel a, trivacancy in panel b, and two
configurations of tetravacancies in panels ¢ and d), this time orientated
along the AC direction. Note that the structures in Fig. 26a and Fig. 26d
have been previously reported without adatoms®28%, while the other
structures are yet unreported. Except for Fig. 27a, a reasonably good
agreement between the simulated and the experimentally observed
structures could be achieved, indicating the correct identification of
these defects. The discrepancies for Fig. 27a might be explained by
the occurrence of Ao stacking (see Fig. 25¢c) in the experimental image,
which might influence the stability of the defect structure.

4.3 Conclusions

In conclusion, we characterized several unreported defect configura-
tions in mono- and bilayer phosphorene, including stable adatom-
vacancy complexes. The experimentally obtained displacement cross
section of bilayer phosphorene under 60 kV electron irradiation was
measured to be 7.7 + 1.4 barn, with most defects being located in just
one single layer. Within this layer, the two atomic planes also showed
clearly distinct cross section values (10.4+ 1.6 barn and 2.0 + 0.3 barn,
presumably for the planes away and towards the electron source, respec-
tively). The average lifetime of adatom-vacancy-complexes was found
to be 19.9+0.7 s with a maximum observed lifetime of up to 68 s. Using
DFT, the observation of different adatom-vacancy configurations was
verified, while the extended lifetime of the adatom-vacancy-complexes
could not be reproduced using HDNNP-MD, leaving the explanation
for the stability of these structures as an open question that requires
further investigation. These results further extend the understanding
of the creation and stability of defects in phosphorene, which might
lead to the creation of tailored defect-engineered phosphorene devices.

4.4 Methods

Sample preparation Phosphorene samples were produced inside an
Ar glovebox with both O, and H,O partial pressures below 0.5 ppm
using the mechanical exfoliation technique introduced by Novoselov et
al>!. The bulk BP crystal was commercially bought from HQ Graphene.
After exfoliation, thin flakes of BP were transferred onto a custom-
made 200 pym thick silicon TEM grid with 3x3 windows covered by a
1 um thick holey silicon nitride membrane using an all-dry viscoelastic
stamping method?2?. Each window has a 5x5 matrix of 2 um holes
with a separation of 5 ym between holes. Samples were introduced
to ultra-high vacuum (UHV) within 20 min after the transfer to the
TEM grids was finished, and they were baked overnight at ca. 150°C
before any measurements were conducted. Due to the unique design of
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the CANVAS ultra-high vacuum system??!, connecting the glovebox
directly to the loadlock of the system, the samples could be transferred
into a vacuum (pressure ~ 10~ mbar) without exposure to ambient
conditions, avoiding oxidation of the material to influence the exper-
imental results. In between measurements, samples were kept in a
vacuum to prevent degradation.

Scanning transmission electron microscopy The microscope used
for this study is a Nion UltraSTEM 100 equipped with a cold field
emission gun obtaining a probe size of ~ 1 A. Images were recorded at
room temperature using a HAADF detector with collection angles of
80 — 300 mrad at a constant electron acceleration voltage of 60 kV and
a beam convergence semiangle of 30 mrad. Additionally, the number
of impinging electrons on the sample was measured as explained in
Ref.1%0, resulting in a beam current of 16.5+ 0.5 pA. The base pressure
the samples were exposed to inside the microscope column was below
1072 mbar at all times.

Computational methods First-principles calculations were per-
formed using the Vienna Ab Initio Package !>%15!, employing the same
setup as in our previous study?!” with optimised lattice parameters for
pristine phosphorene samples of 3.30 A (along ZZ) and 4.62 A (along
AC) for the monolayer and 3.30 A (along ZZ) and 4.50 A (along AC)
for the bilayer, respectively. We utilize the high-dimensional neural
network potential (HDNNP)!! for dynamic studies. This potential
has been successfully employed for simulating the diffusion of mono-
vacancies and coalescence of monovacancies in phosphorene in our
previous work?!”. Given that our current study deals with a similar
problem, we employ the same set of descriptors, consisting of 50 sym-
metry functions, which characterize the local chemical environment
of phosphorene up to a cutoff distance of 7 A. The neural network
architecture consists of two hidden layers, each with 40 nodes, utilizing
the softplus activation function.

To discover the recombination mechanism, we employ an active
learning strategy called query by committee*' and iteratively improve
our neural network potential. This strategy has been proven effective
in creating training sets for machine learning potentials4243:158:159,
including those for phosphorene?!”. The approach involves training
several HDNNPs with different training/validation splits and initial
conditions. During molecular dynamics (MD) simulation, we moni-
tor the energy and force predictions of these committee members to
identify configurations where predictions disagree. When the com-
mittee disagreement exceeds a predetermined threshold, we stop MD
simulation accelerated by HDNNPs and continue it with ab initio MD,
generating new configurations that are incorporated into the training
set. The neural networks are then retrained on this enlarged dataset,
and the MD simulation is resumed until the desired level of accuracy
is achieved. The committee of 8 HDNNPs reproduces the energies
and forces of the training set with a root mean squared error (RMSE)
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of 0.7 meV/atom and 51.3 meV/A, respectively. The reference data,
comprising 4,904 configurations, and the trained models are publicly
available on Zenodo??2.

The HDNNPs used in this work were constructed and trained with
the n2p2 package!?”. All HDNNP-MD simulations were conducted
using the large-scale atomic/molecular massively parallel simulator
(LAMMPS) 161, We employed the microcanonical ensemble (NVE) and
the velocity Verlet integrator with a time step of 1 fs.

STEM image simulations were performed using abTEM 223, and struc-
ture models shown in the figures were created with VESTA 224,

Data analysis Data was analyzed manually by identifying the differ-
ent vacancy and adatom sites within each frame of each image series
individually. Similar to Ref.!?, the uncertainty for this process will
result in an increased uncertainty of the cross sections calculated with
those data. This is taken into account by increasing the uncertainty
obtained by fitting the distribution of defects to Poisson statistics by a
factor of 2.5. Other uncertainties were deemed insignificant compared
to this. To not skew the distribution of created defects by the simul-
taneously occurring recombination processes, image series were cut
off when recombination was observed, while diffusion of defects in be-
tween frames was assumed when the number of defects in subsequent
frames was identical but not their positions. To estimate the sublayer
cross sections, defects in each image series were sorted according to
their occurrence in the two different planes.
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Identifying crystal defects is vital for unraveling the origins of many
physical phenomena. Traditionally used order parameters are system-
dependent and can be computationally expensive to calculate for long
molecular dynamics simulations. Unsupervised algorithms offer an
alternative independent of the studied system and can utilize pre-
calculated atomistic potential descriptors from molecular dynamics
simulations. We compare the performance of three such algorithms
(PCA, UMAP, and PaCMAP) on silicon and water systems. Initially,
we evaluate the algorithms for recognizing phases, including crystal
polymorphs and the melt, followed by an extension of our analysis to
identify interstitials, vacancies, and interfaces. While PCA is found
unsuitable for effective classification, it has been shown to be a suit-
able initialization for UMAP and PaCMAP. Both UMAP and PaCMAP
show promising results overall, with PACMAP proving more robust
in classification, except in cases of significant class imbalance, where
UMAP performs better. Notably, both algorithms successfully identify
nuclei in supercooled water, demonstrating their applicability to ice
nucleation in water.

5.1 Introduction

Machine learning (ML) has transformed the computational modeling of
atomic interactions, a cornerstone of molecular dynamics (MD) simula-
tions. Current machine learning potentials (MLPs) allow us to reliably
simulate large systems and long timescales with ab initio accuracy?%°.
Beyond the fitting of potential energy surfaces, the development of ML
tools has also benefited the analysis of atomistic simulations, provid-
ing valuable structural information. For instance, supervised learning
approaches based on neural networks have been used to identify dif-
ferent phases in polymorphic systems 2267232 as well as dynamical pro-
cesses 233, However, characterizing local atomic environments of crystal
defects is a challenging task234+723%, Conveniently, the development
of MLPs has come along with refined features describing local atomic
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environments, such as the Smooth Overlap of Atomic Position (SOAP)
descriptors?%” or the atom-centered symmetry functions!!, which are
applied in this work. Designing order parameters can be complex
and computationally intensive, especially if no structural classification
is available in advance. Therefore, unsupervised ML methods have
emerged as a promising path towards discovering relevant structural
features in complex systems?3%. Instead of trying to learn the local
chemical environment from typically tens to hundreds of dimensions
of atomic descriptors, it is common practice in unsupervised meth-
ods to initially reduce the dimensionality to two or three dimensions.
Several methods for dimensionality reduction have been applied in
the context of simulations?3°7244, In particular, unsupervised classi-
fication tasks have been performed using i) topological graph order
parameters combined with both principal component analysis (PCA)2%
and diffusion maps?4©247, ii) Gaussian mixture models together with
both PCA 248 and neural-network-based autoencoders 242250, iii) a band
structure encoding along with the t-distributed stochastic neighbor
embedding (t-SNE)?7, iv) simple three-body features?>! jointly with
the uniform manifold approximation and projection (UMAP)®8, and v)
SOAP combined with UMAP 2527254 and the multidimensional scaling
algorithm2°>.

To effectively analyze MD trajectories, it is crucial to employ al-
gorithms that meet three fundamental criteria: (1) minimal compu-
tational overhead, which can be achieved by utilizing precomputed
atomistic potential descriptors; (2) distinct separation of clusters for
simple classification; and (3) robustness without variations in hyperpa-
rameters and initialization. Topological graph methods fail to satisfy
the requirement of minimal computational overhead due to the addi-
tional calculations involved in generating graph-based order parame-
ters 24>, Furthermore, metric-preserving algorithms such as PCA and
autoencoders often produce distributions with overlapping clusters,
lacking clear separation, as demonstrated in this work. Graph-based
algorithms like t-SNE and UMAP are known to be sensitive to varia-
tions in hyperparameters and initialization procedures®-2!. The novel
graph-based algorithm pairwise controlled manifold approximation
projection (PaCMAP) has been reported to be more robust and supe-
rior compared to t-SNE and UMAP in toy problems®? and single-cell
transcriptomic data analysis2°°.

Our study compares three unsupervised dimensionality reduction
techniques for identifying crystal defects: PCA, UMAP, and PaCMAP.
Our goal is to validate the reported superiority of PACMAP over the
established UMAP method. We maintain consistent hyperparameters
across all studies to evaluate their robustness when cluster identities are
unknown beforehand. The only exception is the initialization process,
which has been shown to be crucial for achieving reliable results. We
select two standard benchmark systems: Si and H,O. First, we assess
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the methods’ ability to classify phases and then focus on locating point
defects. For silicon, we also identify surface atoms, whereas for H,O,
we detect a hexagonal ice nucleus surrounded by supercooled water, an
essential feature for studying ice nucleation?372°8, A detailed method-
ology for PACMAP is provided, as this algorithm is less well-known
than PCA and UMAP. Additionally, we discuss the nonparametric na-
ture of PACMAP and our approach to addressing it.

5.2 Results
5.2.1 Silicon

Phase classification

Silicon crystallizes in a diamond structure under standard conditions.
When subjected to pressure, the diamond structure of silicon trans-
forms into the p-Sn structure at approximately 10 GPa, the orthorhom-
bic structure (space group Imma) at around 13 GPa, and the simple
hexagonal structure at around 16 GPa?>°. High-pressure structures
share the same unit cell, where atoms are positioned at (0, 0, 0), (0.5,
0.5, 0.5),(0.5,0, 0.5+ v), and (0, 0.5, v). A v value of 0.25 corresponds
to the f—Sn structure, while the SH structure is characterized by v =
0.5. The Imma phase provides a continuous transition between these
phases. Consequently, the f—Sn and SH phases closely resemble each
other, and their differentiation may not always be trivial. It is confirmed
by the PCA analysis in Fig. 28a, where these phases overlap, and a
clear boundary cannot be unequivocally determined. Similarly, distin-
guishing the liquid phase from the solid is not achievable through PCA,
as the liquid embedding overlaps with other solid phases, as already
observed in water 2.

Our preliminary experiments revealed that PACMAP and UMAP
highly depend on the initialization process. Specifically, using UMAP’s
default spectral initialization resulted in correct clustering (Fig. 28b)
but also artificial cluster creation (Fig. 37a, in Supplementary informa-
tion A.3) and misclassification of parts of the SH phase as 5-Sn (Fig.
37b). These results were obtained with identical hyperparameters, only
varying the random seed. Similar results are observed with PACMAP
random initialization. To address this instability, we switched to PCA
initialization. Following this change, both algorithms successfully sep-
arated the liquid phase from the solid phases and clearly distinguished
between p-Sn and SH phases, as shown in Figs. 28b and 28c. The
misclassification rates for UMAP and PaCMAP were 0.10% and 0.08%,
respectively.
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Figure 28: Comparison of clustering results using PCA, UMAP, and
PaCMAP algorithms for silicon. Included are silicon phases (a-c), diamond
monovacancy (d-f), diamond interstitial (g-i), and diamond surface (j-1).

Diamond point defects

The subsequent analysis aims to localize monovacancies and intersti-
tials within silicon’s diamond structure. Monovacancies can be iden-
tified by locating the four nearest neighbors that would have formed
bonds with the missing atom if it had been present. The PCA plot in
Fig. 28d shows two distributions without clear separation, whereas
UMAP and PaCMAP clustering in Figs. 28e and 28f clearly distinguish
atoms near monovacancies from those in other regions. Graph-based
algorithms accurately identify the four nearest neighbors for 89% of
structures, while the remaining cases exhibit variations (3, 5, and 6
neighbors) caused by local distortions introduced by interstitials. None-
theless, the algorithms successfully locate the monovacancy in all tested
cases.

Identifying interstitial atoms is straightforward when their identity
remains constant throughout the simulation. However, additional
analysis is required if an interstitial atom changes its identity over
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time. While PCA provides no useful information (Fig. 28g), UMAP
and PaCMAP categorize silicon systems with interstitial defects into
two interconnected and one separated cluster, as shown in Figs. 28h
and 28i. The largest cluster includes atoms far from the defect, while
the middle interconnected cluster comprises atoms near the interstitial.
The smallest clusters are composed of atoms not arranged on a diamond
lattice. Figure 38 presents examples from the smallest cluster, showing
local chemical environments with varying degrees of distortion.

Surface

We conclude our silicon analysis by examining (001) diamond surfaces
using a relatively small dataset comprising 29 structures. The PCA
analysis reveals only overlapping distributions (Fig. 28j). While UMAP
divides the local environments into three clusters (Fig. 28k), PACMAP
identifies only two (Fig. 28l). Upon examining one of the surface
structures depicted in Fig. 39, we find that the UMAP clusters primarily
correspond to bulk atoms, surface atoms, and first-neighbors to surface
atoms. PaCMAP misses the first neighbors to surface atoms.

5.2.2 Hexagonal ice

Phase classification

The second part of the paper is focused on the differentiation of ice-like
and liquid-like water molecules in the context of defects and ice nu-
cleation. It would be expected that classifying disordered and ordered
phases would be easier than between similar crystal polymorphs, but
this task was more challenging than the previous case of silicon. Mid-
to long-range ordering is a critical feature for differentiation and is not
primarily addressed by our potential descriptors. As shown in Figs.
29a-c, none of the tested methods distinguishes the water phase from
the ice phase. This is due to the greater significance attributed to O-H
bonds of water molecules compared to hydrogen bonds in used atomic
potential descriptors. When the O-H bond length is fixed, as in the case
of certain classical force fields, a complete separation between liquid
and solid phases is possible. Thermal fluctuations of OH bonds can
be reduced by applying a moving average to the molecular dynamics
trajectory.

PaCMAP achieves complete water and ice phase separation at a
moving average interval of 0.375 ps (Fig. 29f), with classification errors
of only 1.14% for water and 0.68% for ice. As the moving average
length increases, phase differentiation accuracy improves. For instance,
a 0.75 ps moving average reduces errors to 0.34% for water and 0.14%
for ice. In contrast, UMAP fails to achieve complete cluster separation
at 0.375 ps (Fig. 29e) or even at 0.5 ps (Fig. 40). Only with a 0.75
ps moving average does UMAP entirely separate water and ice local
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environments (Fig. 29h), albeit with a higher classification error for
water (0.59%) compared to PACMAP (0.34%). The classification error
for ice remains similar, at 0.14%.

The increased classification error for water is primarily due to the
probability of water molecules forming local ice-like structures. In
contrast, ice molecules remain closely aligned with their crystal lattice
structure.

PCA UMAP PaCMAP

water ice bulk
(0.0 ps)

water ice bulk
(0.375 ps)

water ice bulk
(0.75 ps)

@y

Figure 29: Comparison of clustering results using PCA, UMAP, and
PaCMAP algorithms for bulk water and ice. Panels (a-c) show results without
time averaging, (d-f) show results averaged over a 0.375 ps time interval, and
(g-i) display results averaged over a 0.75 ps time interval.

Molecular defects

Time averaging has been shown to be essential in order to differentiate
between water and ice phases using UMAP. Specifically, a moving
interval of at least 0.75 ps is required to separate water and ice phases
for UMAP effectively. Therefore, we employed this same interval in
subsequent tests to identify molecular monovacancy, interstitial atoms,
and ice nuclei in the liquid phase.

For localizing monovacancies in ice, UMAP proved the most effective
for separating clusters (Figs. 30a-c), although complete separation is
not achieved. The two emerging clusters correspond to distinct local
chemical environments near monovacancy defects, specifically, two
oxygen atoms missing a hydrogen donor and two oxygens missing a
hydrogen acceptor per structure. These four oxygens near molecular
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monovacancy enable straightforward tracking of the monovacancy
location.

In the case of identifying interstitial atoms, even PCA demonstrates
sufficient clustering (Fig. 30d). UMAP and PaCMAP not only identify
interstitials in 99.3% of structures (top right clusters in Figs. 30e and
30f) but also their neighbor atoms (three clusters below interstitial
cluster). Notably, the small cluster on the left represents a second
neighbor to an interstitial atom that has been displaced from its crystal
position due to interstitial diffusion.

PCA UMAP PaCMAP

ice monovacancy
(0.75 ps)

ice interstitial
(0.75 ps)

ice nucleus
(0.75 ps)

Figure 30: Comparison of clustering results using PCA, UMAP, and
PaCMAP algorithms for special local environments in ice. Included cases
are the ice monovacancy (a-c) and the ice interstitial (d-f) defects and the
rounded ice nucleus in water (g-i), with potential descriptors averaged over a
0.75 ps time interval.

Ice nucleus in supercooled water

Our previous analysis compared the bulk structures of the water and
ice phases. Identifying an ice nucleus within the liquid phase proved
more challenging due to its distinct structure, influenced by interfacial
stress. The interface is characterized by molecules with intermediate
properties between liquid and solid, making it difficult to distinguish
between them. To avoid finite-size effects in nucleation studies, the
crystalline nucleus was significantly smaller than the surrounding
liquid, resulting in an enormous class imbalance among molecules
in the three phases (liquid, interface, and nucleus). Even using a
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moving average of 0.75 ps, only UMAP could effectively differentiate
between the liquid and ice nucleus, as illustrated in Figs. 30g-i. While
PaCMAP showed a visible cluster forming in the upper right, it is not
distinct. The structure contained approximately 75,000 molecules in
the liquid phase and about 2,000 molecules in the solid phase, resulting
in an enormous class imbalance. Augmenting the dataset with an
additional 2,000 local environments of bulk ice structures enabled
complete cluster separation even for PACMAP (Fig. 41b). However,
only partial overlap with the ice bulk environment is observed in the
newly separated cluster. The non-overlapping segment corresponds
to interface atoms, as indicated by the periodicity loss at the nucleus’s
edge in Fig. 41c.

5.3 Discussion

We have demonstrated the applicability of atomistic potential descrip-
tors for unsupervised identification of local atomic environments in
silicon and water systems. By utilizing these potential descriptors,
we can not only classify phases but also identify point defects and
interfaces. We compared the clustering capabilities of two widely used
methods, PCA and UMAP, with a novel approach, PACMAP. Although
PCA provided limited valuable information for phase or defect de-
tection, its initialization served as an effective starting point for both
UMAP and PaCMAP. Without PCA initialization, the clustering results
of both methods were unstable.

Both UMAP and PaCMAP successfully separated silicon phases and
identified diamond point defects. UMAP outperformed PaCMAP in
distinguishing the first neighbors of the silicon surface, while PACMAP
only identified the surface atoms. Furthermore, UMAP could identify
ice nuclei in water without additional data points, whereas PACMAP re-
quired augmenting the dataset. This sensitivity to class imbalance sug-
gests that PACMAP may struggle with unbalanced datasets. In contrast,
when class imbalance was not an issue, such as distinguishing between
water and hexagonal ice, PACMAP outperformed UMAP. PACMAP re-
quired only a 0.375 ps moving average, whereas UMAP needed twice
that time. Although hyperparameter tuning could potentially yield sim-
ilar results for both methods, our focus was on unsupervised clustering,
where the number of clusters is generally unknown a priori.

In conclusion, PACMAP’s superiority over UMAP has not been con-
firmed. While PACMAP excelled in separating the water and ice phases,
it struggled with unbalanced datasets. Although UMAP clustering
is sensitive to hyperparameter variations, it performs effectively with
default settings, except for the initialization process, where the default
spectral initialization produces unstable results. Both algorithms per-
form well overall, and the choice between them should be determined
by the specifics of the system under study.
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5.4 Methods

5.4.1 PaCMAP algorithm

The overarching objective of PACMAP is to bring proximate data points
within the high-dimensional space into closer proximity within the
low-dimensional space, as well as more distant data points in the origi-
nal space to greater distances within the low-dimensional space. Since
it would be computationally demanding to consider all the distances
between all atoms with each other during optimization, PACMAP re-
stricts the number of neighbors for each data point to a finite value.
Neighbors are categorized into three types: near pairs (nyp), mid-near
pairs (npn), and further pairs (ngp). Attractive forces are applied to
near and mid-near pairs, whereas repulsive forces are exerted on fur-
ther pairs. The selection of neighbors is a one-time process, and the
neighbor pairs remain constant throughout the optimization phase.
The whole algorithm unfolds in three steps:

Choosing neighbors

To determine near neighbors, an initial step involves the selection of a
subset comprising the minimum of either nyp + 50 or the total number
of observations (N) nearest neighbors based on Euclidean distance.

Subsequently, the nearest neighbors are identified according to the
llx;—x; >

scaled distance metric dizj = between observation pairs (i, j),

0;0;
where X; represents atomistic poteéltial descriptors and o; is the average
distance between observation i and its Euclidean nearest neighbors
falling in the fourth to sixth positions. This scaling is implemented to
accommodate potential variations in the magnitudes of neighborhoods
across different regions of the feature space. In selecting mid-near
pairs, six additional points are randomly sampled (uniformly), and the
second nearest point among them is chosen. Lastly, further pairs are

determined by randomly selecting npp additional points.

Initialize low dimension embedding Y

Each datapoint i is associated with a 2D vector y,;. As PACMAP is a non-
parametric algorithm without an underlying function that generates
low-dimension embedding, values are generated by selecting the most
important PCA components.

Minimilize loss

With a predefined neighbor list for each datapoint and an initial po-
sition in the low-dimensional embedding provided by PCA, the opti-
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mization process commences minimizing the loss function by varying
y; with the ADAM optimizer4°:

nNp NMN NER 1

b= Z NPZ MNZ10000+dk FPIZHJ,-Z 129

where d,, = Ily, - ybll2 + 1. The first two terms correspond to the at-
tractive interactions between near and mid-near pairs. The third term
represents a repulsive interaction that facilitates cluster separation. The
pairs contribute to the loss function with weights determined by the
coefficients wyp, wyy, and wpp, collectively constituting the overall
loss. These weights are dynamically updated throughout the algorithm
as part of the optimization process. The dynamic update of weights
follows a specific scheme during different iterations of the optimization
process:

* Iterations 0 to 100: wyp = 2,
wyn = 1000(1 - 455 )+ 3( 455 ) wep = 1

e [terations 101 to 200: wyp =3, wyn =3, wgp =1

 Iterations 201 to 450: wyp =1, wyn =0, wgp =1

The optimization process has three distinct phases designed to cir-
cumvent local optima. The initial phase focuses on global structure
achieved through substantial weighting of mid-near pairs. As this
phase progresses, weights on mid-near pairs gradually decrease, facili-
tating algorithmic focus shifting from global to local structures. The
subsequent phase concentrates on enhancing local structure while re-
taining the global structure acquired in the first phase. Finally, the
third phase prioritizes the refinement of local structure by reducing
the weight of mid-near pairs to zero, accentuating the role of repulsive
forces to separate cluster boundaries more distinctly. Fig. 42 provides
an example of the optimization process for silicon phases.

5.4.2 Parametric PACMAP

In this section, we address the most significant limitation of the PACMAP
algorithm: its nonparametric nature. It means that predicting new data
points is not directly possible, as the algorithm does not construct a
function f(x): R* — R? that would map high-dimensional descriptors
to a 2D latent space. This limitation can be a considerable constraint
in certain real-world applications where the goal is to cluster training
data and apply the learned mapping to new, simulated data points. A
practical approach involves generating embedding/labels, which are
then employed as output for supervised regression or classification
tasks. Subsequently, a simple feedforward neural network can be easily
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trained and rapidly produce predictions for new local environments.
To illustrate this approach, we trained a neural network with three hid-
den layers, each comprising 50 nodes and employing ReLU activation
functions for silicon and bulk liquid and ice phases.

In Fig. 31, we compare the neural network’s predictions with the test
reference dataset (PaCMAP mapping), proving visually that the neural
network has successfully learned the underlying mapping of PACMAP.
A similar comparison of bulk liquid and ice phases is provided in Fig.
43. However, classification is a more practical approach for real-world
applications. Each cluster from the training data would be assigned
a class, and a classifier would then predict the class of each cluster
directly from the descriptors, eliminating the need for 2D embedding.

Reference
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Figure 31: Parametric prediction of PACMAP embedding. Comparison of
reference test data (top) and neural network predictions (bottom) for dis-
tinguishing between silicon phases. The test dataset contains 4,000 local
chemical environments.

5.4.3 Datasets, atomistic potential descriptors, and PACMAP hyperpa-
rameters

We have selected two well-known systems for benchmarking unsuper-
vised algorithms: silicon (Si) and water (H,O). In the case of silicon,
our focus is on identifying the crystal lattice, point defects, and the
surface. Our emphasis for water molecules is on liquid and hexagonal
ice distinction and molecular point defects.

The general-purpose interatomic potential for silicon encompasses
2,475 structures, which can be categorized into 23 different structure
types2°l. Not all structure types contain a sufficient number of struc-
tures for data-driven analysis. Therefore, we restrict our analysis to
distinguishing between diamond, p-Sn, simple hexagon (SH), and lig-
uid phase, but also localization of monovacancies, interstitial positions,
and identifying surface atoms.

Water structures include bulk liquid, ice, and a spherical nucleus
surrounded by supercooled water. All structures have been generated
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by running MD simulations with large-scale atomic/molecular mas-
sively parallel simulator (LAMMPS)!®! using a Behler-Parrinello neural
network trained on ab initio data based on the RPBE-D3 zero damping
density functional?2. Initial ice-Ih structures were generated with
Genlce?%® and then simulated in the anisotropic NpT ensemble at 250
K and 0 bar for 700 ps. Supercooled water presents prolonged relax-
ation, so producing equilibrated structures requires either very long
simulations or the use of special techniques. Here, we have run a 32
replica parallel tempering simulation at constant 0 bar pressure during
8 ns covering from 211 K up to 335 K. Then, the last structure from
the distribution of 250 K was selected and simulated for 2 ns more at
constant temperature and pressure (250 K and 0 bar) for production-
level data acquisition. To produce the nucleus system, we inserted a
perfect spherical ice-Ih nucleus of about 2,000 water molecules into a
supercooled water configuration, producing 78,856 water molecules.
We pre-equilibrated the system using the TIP4P/Ice force field 2% via
the GROMACS package?%>. The temperature was set to 250 K, pressure
to 0 bar, and the nucleus size barely changed during 500 ps. Then, we
switched to the MLP and slightly heated the system towards 260 K for
10 ps. Finally, we have run 2.5 ns in the NpH ensemble for production-
level structures at 0 bar. The nucleus remained relatively stable in size,
and the average temperature quickly converged to ~ 255 K.

We employ Behler-Parinello descriptors (symmetry functions) to
encode the local structure information due to their simplicity and wide-
spread applicability!!. For silicon, we constructed a descriptor vector
comprising 20 radial Gaussian symmetry functions and 15 angular
polynomial symmetry functions!?? (details are provided in Tables 8
and 9). These symmetry functions are designed generally without lever-
aging specific knowledge about the bonding!#. A cutoff distance of 5
A was set to prevent self-interaction in smaller supercells within the
dataset. For water analysis, we chose well-tested symmetry functions
commonly employed in molecular dynamics simulations accelerated
by MLPs2°2 with a cutoff of 6.35 A. Only oxygen descriptors that in-
clude both oxygen-oxygen and oxygen-hydrogen interactions have been
utilized in analyses.

Each data point corresponds to an individual atomic environment
within the supercell without averaging over the cell or time unless
otherwise specified.

Regarding the hyperparameters of the PACMAP algorithm, we have
fixed parameters for all presented cases. This entails nyp = 10,1p;y =5,
and ngp = 25 with PCA initialization.

5.4.4 Software

Production-level molecular dynamics simulations are performed with
n2p24® - LAMMPS %1, GROMACS?% is used for setting up the ice-
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Ih nucleus system. Initial configurations of ice are generated with
Genlce?%. The symmetry functions are evaluated using the n2p2
package 8. The structures are rendered using OVITO?%. Dimension-
ality reduction is performed using packages: scikit-learn for PCA 267,
UMAP268 and PaCMAP?2. Neural networks trained on PaACMAP labels
are constructed and interfered with PyTorch 2.

Data availability

The atomic descriptors and corresponding structures are publicly avail-
able on Zenodo?7°,
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SUPPLEMENTARY INFORMATION

A.1 Optimizing the architecture of Behler-Parrinello neu-
ral network potentials

We have introduced a new set of polynomial symmetric functions. This
set consists of 7 centered radial functions with linearly increasing width
from 2 to 8 A, as shown in Fig. 32. Such an arrangement is common,
but the novelty of this set comes with the angular symmetry functions.
Polynomial symmetry functions offer freedom in the choice of angle
except for the continuity conditions at 0 and 7. Since the QM9 dataset
contains different kinds of molecules, specific angles cannot be singled
out, and broad coverage is necessary. We have found that 4 angular
symmetry functions cover the angular space well if we adjust them to
mimic the first three harmonics (see Fig. 32). The radial part of the
angular symmetry function is set identically to the radial symmetry
functions (Eq. 12) to improve angular resolution. The ratio between
the number of radial and angular symmetry functions is R: 2R(R + 1)
for the unweighted model and 4R for the weighted model, where R
is the number of radial symmetry functions. The R is set at 7 for the
full-weighted and angular-weighted models with a spacing of 1 A. For
the unweighted model, we had to reduce the R from 7 to 4 (2 A spacing
instead of 1 A) to get alignment with the number of symmetry functions
in the previously reported model 4.

1.0 T T T IA T 1.0 T i T
fmax =2A ——
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Figure 32: a) Radial polynomial symmetry functions for different ry,, values.
For each of the functions r,;, is equal to -r,.,. b) Angular parts of the
angular polynomial symmetry functions. The parameters are 6,,;, = —180°,
Omax = 180° (blue line), Oin = 0°, Opax = 180° (red line), 05, = 0°, Opax = 90°
(black line), and O,,;, = 90°, O = 180° (green line).
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Dataset Complexity H C N O F

full-weighted 35 35 35 35 30
QM9 angular-weighted 62 63 62 61 55
unweighted 233 248 232 217 196

3BPA angular-weighted 56 56 54 48 -

Table 6: Number of symmetry functions per element for different model
complexities.
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Figure 33: QM9: Validation MAE vs. number of parameters for full-weighted
and angular-weighted for various training data sizes. The errors are averaged
over 10 models trained starting with different seeds. The errors are fitted with
an exponential function (solid lines) for each training set size.
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Figure 34: 3BPA: Validation MAE vs. number of parameters for energy and
forces for various training data sizes. The errors are averaged over 20 models
trained starting with different seeds. The errors are fitted with an exponential
function (solid lines) for each training set size.
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Figure 35: 3BPA learning curve with a flexible architecture.

A.2 Diffusion and coalescence of phosphorene monova-
cancies studied using high-dimensional neural network
potentials
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Figure 36: Parity plots comparing predicted values from an ensemble of
HDNNPs with a size of 8 against target values obtained through DFT.
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Table 7: Parameters of the radial and angular symmetry functions for phos-
phorene.

Timin (A) Tmax (A) Gmin (o) 6max (O)
Grud -7 7 _ -
-6 6 - -
-5 5 - -
-4 4 - -
-3 3 - -
3 7 - -
2 6 - -
1 5 - -
0 4 - -
-1 3 - -
G -7 7 -180 180
-6 6 -180 180
-5 5 -180 180
-4 4 -180 180
-3 3 -180 180
3 7 -180 180
2 6 -180 180
1 5 -180 180
0 4 -180 180
-1 3 -180 180
-7 7 0 180
-6 6 0 180
-5 5 0 180
-4 4 0 180
-3 3 0 180
3 7 0 180
2 6 0 180
1 5 0 180
0 4 0 180
-1 3 0 180
-7 7 0 90
-6 6 0 90
-5 5 0 90
-4 4 0 90
-3 3 0 90
3 7 0 90
2 6 0 90
1 5 0 90
0 4 0 90
-1 3 0 90
-7 7 90 180
-6 6 90 180
-5 5 90 180
-4 4 90 180
-3 3 90 180
3 7 90 180
2 6 90 180
1 5 90 180
0 4 90 180
-1 3 90 180
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A.3 Unsupervised identification of crystal defects from
atomistic potential descriptors
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Figure 37: UMAP clustering for silicon phases with default spectral initial-
ization. a) The SH phase (black) is incorrectly divided into three clusters. b)
A portion of the SH phase (black) is merged with the p-Sn cluster (orange).
Note that two blue clusters, also observed in PACMAP, correctly represent the
diamond phase but correspond to significantly different densities.
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Figure 38: PACMAP clustering of interstitials in the diamond silicon struc-
ture, showing three randomly chosen structures with atoms colored by their
corresponding clusters.

Figure 39: (a) UMAP clustering of silicon’s diamond (001) surface. (b) Example
of a silicon structure with atoms colored according to their UMAP clusters.
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Figure 40: Comparison of clustering results using PCA, UMAP, and PaCMAP
algorithms for water and ice bulk phases, with potential descriptors averaged
over a 0.50 ps time interval.
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Figure 41: PACMAP clustering of a water supercell: (a) with an ice nucleus,
(b) with 2,000 additional ice bulk environments, and (c) highlighting the
identified ice nucleus. Potential descriptors are averaged over a 0.75 ps time
interval.
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Figure 42: Visualizations of the low-dimensional embedding during the op-
timization process of PACMAP on the silicon dataset. Iteration 0 shows the
PCA initialization.
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Table 8: Parameters of the radial symmetry functions for silicon.
Gr Timin (A) Timax (A) Oumin (°)

0.0556 0.0 5.0
0.0499 0.0 5.0
0.0450 0.0 5.0
0.0408 0.0 5.0
0.0372 0.0 5.0
0.0340 0.0 5.0
0.0313 0.0 5.0
0.0288 0.0 5.0
0.0266 0.0 5.0
0.0247 0.0 5.0
18.0 3.000 5.0
18.0 3.167 5.0
18.0 3.333 5.0
18.0 3.500 5.0
18.0 3.667 5.0
18.0 3.833 5.0
18.0 4.000 5.0
18.0 4.167 5.0
18.0 4.333 5.0
18.0 4.500 5.0

Table 9: Parameters of the angular symmetry functions for silicon.
G™8 Timin (A) Tmax (A) O min (O) O max (O)

-3 3 -180 180
-3 3 0 360
-3 3 0 180
-3 3 0 120
-3 3 60 180
-4 4 -180 180
-4 4 0 360
-4 4 0 180
-4 4 0 120
-4 4 60 180
-5 5 -180 180
-5 5 0 360
-5 5 0 180
-5 5 0 120
-5 5 60 180

PaCMAP2
NN 2

PaCMAP1 NN 1

Figure 43: Comparison of reference test data (left) and neural network pre-
dictions (right) for distinguishing between water and ice. The test dataset
comprises 30,000 molecules.
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A.4 Phosphorene monovacancy tracking using PACMAP

In Chapter 3, I employed atomic energies to track phosphorene monova-
cancies. Although identifying hopping events based on atomic energy
differences was straightforward, determining the underlying mecha-
nism required a closer examination of corresponding changes in Carte-
sian coordinates.

In contrast, unsupervised mechanisms such as PACMAP do not ne-
cessitate manual effort. Different local chemical environments result in
distinct PACMAP clusters. In the case of phosphorene MV, clustering
yielded five distinct clusters (Fig. 44, left). Each cluster’s colors are
depicted in Fig. 44, right, and correspond to specific local environ-
ments. Notably, PACMAP identified four different local environments
surrounding the MV: red, purple, blue, and green. Atomic energies
alone can only detect the red cluster, which is insufficient for deter-
mining the hopping mechanism. However, tracking monovacancies
with minimal effort becomes feasible with four distinct environments
identified.

To illustrate this process, consider a scenario where an atom from the
red cluster changes to gray while the green cluster persists, indicating
a rotation mechanism. Alternatively, if an atom from the red cluster
changes to green, a mirror transition occurs. If the red or green atom
becomes purple, an armchair transition occurs. We can track mono-
vacancies by monitoring how atoms change clusters solely based on
potential descriptors without inspecting Cartesian coordinates.

™ 2 & 9
T~ B 2
3
g B & ¢

- @ @ @

PaCMAP 2
09

PaCMAP 1

Figure 44: Left: PACMAP clustering of defected phosphorene. Right: Phos-
phorene structure with atoms colored based on their respective clusters.
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