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Abstract

The Drell-Yan process is one of the most extensively studied phenomena, in particle physics.
It involves the production of a vector boson through proton-proton or proton-antiproton scat-
tering, followed by the boson’s decay into a pair of leptons. This process features two distinct
energy scales: the vector boson invariant mass @) ~90 GeV and the inverse of the character-
istic size of the (anti-)proton, Aqcp ~ 1 fm™! ~ 1 GeV. The scattering of a (anti-)quark or
gluon from one proton with a (anti-)quark or gluon from the other proton at the electroweak
vertex occurs over a much shorter timescale than the interactions among (anti-)quarks and
gluons within the same proton. The former process can be calculated using standard pertur-
bative QCD, while the latter must be treated non-perturbatively. To effectively address this
multi-scale problem, factorization theorems are typically employed, allowing for a systematic
separation of perturbative and non-perturbative contributions. The primary field-theoretic
tool used in the derivation and proof of these factorization theorems is the Operator Prod-
uct Expansion (OPE). This approach involves expressing the product of several interacting
fields as an infinite series of low-energy effective operators, each multiplied by perturbatively
calculable coefficients encoding short-distance physics. In the context of this thesis, the focus
is on calculating matrix elements of the electroweak current between two-proton states. By
applying the OPE to the electroweak vertex involving QCD fields, one obtains a series of non-
local composite operators, whose dependence on the spatial separation ultimately defines the
factorization theorem and the non-perturbative matrix elements of the low-energy effective
operators. The assumption that free (anti-)quarks and gluons parallel to the proton beam
scatter off free (anti-)quarks and gluons leads to collinear factorization and the definition of
Parton Distribution Functions (PDFs) as non-perturbative matrix elements. When instead
considering a small spatial separation in the transverse plane defined by the proton beam,
one arrives at the Transverse Momentum Dependent Parton Distribution Functions (TMD-
PDFs) as the corresponding non-perturbative distribution functions. In this thesis, we present
the calculation of power corrections in Aqcp/@ to the OPE expansion within the TMDPDF
factorization theorem for the Drell-Yan process. In particular we focus on kinematic power
corrections that arise from expanding the low-energy effective operators around the light-cone
direction, with emphasis on the geometrical twist-2 contributions, whose entire series can be
resummed exactly. Additionally, we incorporate real radiative effects in the computation of
the perturbative OPE coefficients. These fixed-order computations are carried out using the
background field method, which allows us to decompose each QCD field into two components:
a fast-moving (quantum) field, which is integrated out to yield the OPE coefficients, and a
slow-moving (classical) field, which contributes to the definition of the low-energy effective
operators. The background field method is particularly advantageous because it allows us to
apply different gauge-fixing conditions to the quantum and classical fields, simplifying the in-
termediate steps. We initially present a position-space calculation demonstrating that, under
suitable assumptions for the non-perturbative distributions, the convolution of the OPE coef-
ficients with the effective operators is well-defined. However, due to the cumbersome nature



of this approach and its inefficiency for higher-order computations, we ultimately carry out
the entire calculation in momentum space. To validate our approach, we have carried out
the computation at next-to-leading order and, for certain contributions, at next-to-next-to-
leading order. Our results demonstrate a successful cancellation of the infrared poles, and the
elimination the spurious double counting of soft and collinear regions. Our numerical analysis
of kinematic power corrections reveals that these are 2% to 4% larger than the electroweak
power corrections reported in the literature.
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Zusammenfassung

Der Drell-Yan-Prozess ist eines der am eingehendsten untersuchten Ph&nomene in der
Teilchenphysik. Er umfasst die Erzeugung eines Vektorbosons durch Proton-Proton- oder
Proton-Antiproton-Streuung, gefolgt vom Zerfall des Bosons in ein Paar von Leptonen. Dieser
Prozess weist zwei unterschiedliche Energieskalen auf: die invariante Masse des Vektorbosons
@ ~ 90 GeV und das Inverse der charakteristischen Gréfe des (Anti-)Protons, Aqcp ~
1 fm™! ~ 1 GeV. Die Streuung eines (Anti-)Quarks oder Gluons aus einem Proton mit einem
(Anti-)Quark oder Gluon aus dem anderen Proton am elektroschwachen Vertex erfolgt auf
einer viel kiirzeren Zeitskala als die Wechselwirkungen zwischen (Anti-)Quarks und Gluonen
innerhalb desselben Protons. Ersterer Prozess kann mit der Standard-Methodik der pertur-
bativen QCD berechnet werden, wahrend letzterer nicht-perturbativ behandelt werden muss.
Um dieses Multiskalenproblem effektiv zu l6sen, werden in der Regel Faktorisierungstheo-
reme verwendet, die eine systematische Trennung von perturbativen und nicht-perturbativen
Beitragen erméglichen. Das primére feldtheoretische Werkzeug bei der Ableitung und dem
Beweis dieser Faktorisierungstheoreme ist die Operatorproduktentwicklung (OPE). Dieser
Ansatz beinhaltet die Darstellung des Produkts mehrerer wechselwirkender Felder als un-
endliche Reihe von niederenergetischen effektiven Operatoren, die jeweils mit perturbativ
berechenbaren Koeflizienten multipliziert sind, welche die Physik auf kleinen Distanzen kodieren.
Im Kontext dieser Arbeit liegt der Fokus auf der Berechnung von Matrixelementen des elek-
troschwachen Stroms zwischen zwei Protonzustidnden. Durch Anwendung der OPE auf den
elektroschwachen Vertex unter Beteiligung von QCD-Feldern erhélt man eine Serie nicht-
lokaler zusammengesetzter Operatoren, deren Abhéngigkeit vom rdumlichen Abstand letz-
tendlich das Faktorisierungstheorem und die nicht-perturbativen Matrixelemente der niederen-
ergetischen effektiven Operatoren definiert. Die Annahme, dass freie (Anti-)Quarks und
Gluonen parallel zum Protonenstrahl mit freien (Anti-)Quarks und Gluonen streuen, fiihrt
zur kollinearen Faktorisierung und zur Definition der Partonverteilungsfunktionen (PDFs) als
nicht-perturbative Matrixelemente. Betrachtet man stattdessen einen kleinen raumlichen Ab-
stand in der Transversalebene, die durch den Protonenstrahl definiert wird, so erhélt man die
Transversale Impulsabhéngige Partonverteilungsfunktionen (TMDPDFs) als entsprechende
nicht-perturbative Verteilungsfunktionen. In dieser Arbeit prisentieren wir die Berechnung
von Korrekturen hoherer Ordnung der Potenzreihe in Aqcp/Q zur OPE-Entwicklung im Rah-
men des TMDPDF-Faktorisierungstheorems fiir den Drell-Yan-Prozess. Insbesondere konzen-
trieren wir uns auf kinematische Potenzkorrekturen, die aus der Entwicklung der niederen-
ergetischen effektiven Operatoren entlang des Lichtkegels entstehen, mit Schwerpunkt auf
den geometrischen Twist-2-Beitrigen, deren gesamte Reihe exakt aufsummiert werden kann.
Dariiber hinaus integrieren wir reale Strahlungseffekte in die Berechnung der perturbativen
OPE-Koeffizienten. Diese fixed-order Rechnungen werden mit der Hintergrundfeldmethode
durchgefiihrt, die es uns erméglicht, jedes QCD-Feld in zwei Komponenten zu zerlegen: ein
schnell bewegtes (quantisiertes) Feld, das integriert wird, um die OPE-Koeffizienten zu erhal-
ten, und ein langsam bewegtes (klassisches) Feld, das zur Definition der niederenergetischen



effektiven Operatoren beitrdgt. Die Hintergrundfeldmethode ist besonders vorteilhaft, da
sie es uns ermoglicht, unterschiedliche Eichfixierungsbedingungen auf die quantisierten und
klassischen Felder anzuwenden, was die Zwischenschritte vereinfacht. Zunéchst présentieren
wir eine Berechnung im Ortsraum, die zeigt, dass unter geeigneten Annahmen fiir die nicht-
perturbativen Verteilungen die Faltung der OPE-Koeflizienten mit den effektiven Operatoren
wohldefiniert ist. Aufgrund der umstindlichen Natur dieses Ansatzes und seiner Ineffizienz fiir
hohere Ordnungsberechnungen fiihren wir jedoch letztlich die gesamte Berechnung im Impul-
sraum durch. Zur Validierung unseres Ansatzes haben wir die Berechnung in néchstfiithrender
Ordnung und, fiir bestimmte Beitrdge, in ndchstnéchstfithrender Ordnung durchgefiihrt. Un-
sere Ergebnisse zeigen eine erfolgreiche Kanzellierung der Infrarotpole und die Beseitigung
der Doppelzéhlung von weichen und kollinearen Regionen. Unsere numerische Analyse der
kinematischen Potenzkorrekturen zeigt, dass diese um 2% bis 4% groBer sind als die elek-
troschwachen Potenzkorrekturen, die in der Literatur angegeben wurden.
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By convention sweet is sweet, by
convention bitter is bitter, by convention
hot is hot, by convention cold is cold, by
convention color is color. But in reality
there are atoms and the void.

Democritus

ix






Contents

3.2.2  Light-cone OPE[ . . . . ... .. ... .. . ... ... ... .. 33

3.3 Background field method| . . .. ... . ... .. ... o o L. 34
B3.3.1 FEffectiveaction| . . . . . . . .. . ... .. . e 34

13.3.2  Composite background field method in a gauge theory| . . . . . . .. .. 41

a7
4.1 'TMD Factorization in the background field method|. . . . . . . . ... .. ... 47
4.2 Collinear twist expansion and KPCat LO| . . . ... ... .. ... ... .... 53
4.2.1 Collinear twist-2at LOl . . . ... .. ... ... ... ... ....... 56

422 Collineartwist 3at LOl . .. ... ... ... ... .. .. .. 62

423 Collinear twist 4at LOl . . . ... ... ... .. 0 0L, 65

[4.2.4  Sum of collinear twist 2, 3 and 4 contributions| . . ... ... ... ... 67

4.3  Collinear twist expansion at NLO|. . . . . . ... .. ... ... ... ...... 70
4.3.1 Virtual corrections| . . . . . . . . . . ... L e 71

[432 Realcorrections . .. ... ... ... . ... .. 76

4.4  Numerical results at N3LL+NLO] . . . . . . ... ... ... ... ........ 97

5 Conclusions & Outlookl 119
|A" Plus distribution: definition and properties| 125
[A.1 One dimensional plus distribution|. . . . . . . . ... ... ... ... ...... 125
[A. 1.1 Definition| . . . . . . . . . . e e 125

[A.1.2 Fourier transforml. . . . . . . . . ... L 127

|IA.2 One dimensional fractional plus distribution| . . . . . . . . . ... ... .. ... 128
[A.2.1 Definitionl . . . . . . . . . . e 128

[A.2.2 Fourier transforml. . . . . . . .. ... .. 130



Contents

[B" Tensor identities and properties| 133
[B.1 Coloralgebral . . . ... ... ... .. . 133
[B.2 Fierzidentity] . . . . . . . . . . . e e e e e e e 134

[C Interaction terms in composite background QCD) 135
[C.1 Interaction termsl . . . . . . . . . . . . . . e e e e 135
(C.2 Fermion equation of motions (e.om.)|. . . . . . ... .. ... ... ... ..., 136

[D Position Space Formalism| 141
[D.1_Productoffieldd ... ... ... ... . .. .. 141
[D.2 Propagators in position space| . . . . . . . . . . ... e e 142
(D.3 LSZ reduction formulal . . . . . . ... ... o o oo 143
[D.4 Usefulintegrals| . . . . . . . . . . . . 144

ID.4.1 Quadratic form diagonalization| . . . . . . . . ... ... .. ....... 144
D.4.2 Ip(nymi,ma) - .« . oo 145
D.43 Li(n;m) . . . o o o 146
(D.5 Useful Fourier’s transformsl . . . . .. .. ... .. ... ... ... ... 146
ID.5.1 Wilson coefficient at y > .| . . . . . .. ... ... o oL, 146
D.5.2 Transverse coordinate Fourier transform| . . . . . . ... ... ... ... 147
D.5.3 Collinear and anti-collinear coordinate Fourier transtorm| . .. ... .. 149

[E Phase space parametrization| 151
[E.1 Phase space parametrization with virtual corrections| . . . . . . . ... ... .. 151
[E.2 Phase space parametrization with one real emission|. . . . . . . ... ... ... 153

(2.1 Soft contribution| . . . . . . . . .. ... L oo 160
[E.2.2 pg-collinear contribution| . . . . . ... ... ... L oL oL 161
E.2.3 i)bp-collinear contribution| . . . . . ... 162

2.4 Finite sqp)f contributionf . . . . ... .o o oo oo 162

.2.5 Boundary scale dependence| . . . . . . ... ... oo oL, 163
|[E.2.6  Double counting subtraction| . . .. .. ... ... .. ... ....... 164
|[E.2.7  Real emission with double counting subtracted| . . . . .. ... .. ... 171

[F_NNLO Real-Real 173

[F.1 Channel: ¢(q)+q(q) = F+q(@)+q(q) - - - - -« « o oo 173
[F.1.1 Finite sum up to collinear singularityl] . ... ... ... ... .. .. .. 175

[F.1.2 Finitesum| . . . . . . . . . 0 e e e e e e e e 180

[F.1.3 Double counting] . . . ... .. ... .. .. .. .. .. 186

[F.1.4 Alltogether] . . . . . . . . . . . . . . . . e 188

(.2 Channel: ¢+¢— F4+q+q|. . . . . . . . . . . . o 190
=1]» orap 193



1 Introduction

The Drell-Yan process has a long standing history. In the late 1960s, the production of
massive lepton pairs in hadron-hadron scattering (pp — X111~ or pp — XI*1~) was proposed
as a mechanism to study intermediate vector bosons [1,2]. The first experimental measure-
ments of high invariant mass pu*u~ pairs was performed by Christenson et al. in 1970 [3]. In
the experimental realization, uranium nuclei were used to obtain the proton-proton collisions.
The results showed the fall-off of the differential scattering cross section as the muon pair in-
variant mass increases. In 1970 Sidney David Drell and Tung Mow Yan proposed the process
responsible for the high invariant mass lepton pair production [4,5]. Since QCD as a theory
of quark and gluon interaction was formally developed only in the mid 70’s [6-11], Drell and
Yan used the parton model introduced by Feynman [12] together with the infinite momentum
frame analysis used previously by Bjorken in the electron-proton scattering [13,14]. Within
this framework Drell and Yan were capable to compute: the angular distribution of the leptons
pair, the scaling behavior of the cross section and the linear dependence on the mass of the
target nucleus. Further experimental realizations [15] backed up the Drell-Yan mechanism for
high invariant mass lepton pair production. The analysis by Drell and Yan used the concept
of factorization and assumed the universality of the Parton Distribution Functions (PDFs)
introduced in the parton model. These two ideas have showed to be fundamental concepts in
nowadays perturbative QCD computations having deep implications in our understanding of

QCD.

The advent of QCD [6-11] combined with the Operator Product Expansion (OPE) tech-
niques formalised by Kenneth Wilson and Wolfhart Zimmermann [16,|17] offered the ap-
propriate tools to study hadronic scattering processes from a formal field theoretic point of
view. Using OPE techniques in Deep Inelastic Scattering (DIS) Dokshitzer, Gribov and Lipa-
tov [18] obtained the evolution equations for the Parton Distribution Functions; independently,
Altarelli and Parisi [19] obtained similar results using the QCD improved parton model. These
two results proven to be key theoretical predictions from perturbative QCD. The strength of
the OPE resides in its capability to separate a multi-scale problem into different quantities,
each of them with a precise definition in terms of fields of the Lagrangian under consideration.
In the case of the Drell-Yan process there are mainly two scales that we can use to identify the
perturbative and non-perturbative QCD regimes. The interactions between quarks and gluons
at the electroweak vertex that leads to the production of a gauge vector boson take place at
energies ) around 90 GeV, thus the vector boson production can be computed within the per-
turbative regime. On the other hand, the interactions that bind the quarks and gluons inside
the protons take place at a energy scale around Aqcp ~ 1 fm~! ~ 1 GeV, where 1 fm is the
characteristic size of the proton, and therefore their description fall to the non-perturbative
QCD regime. Since Aqcp < @, the interactions at the electroweak vertex takes place over
time periods much shorter than the interactions inside the proton, therefore at the level of the
electroweak vertex one can consider that the quark/gluon from one proton that scatter the



CHAPTER 1. INTRODUCTION

quark/gluon off from the second proton as free up to power corrections in Aqcp/Q. Thus,
one can expect the Drell-Yan cross section to have the form

2 5 Aqcp
do ~Hap ® PpeB @ Par-a + O (QT) ;
where g is a perturbative quantity that describes the interactions of two incoming par-
tons, i.e. quark and/or gluon, in the electroweak vertex and ®a(b)+A(B) are non-perturbative

quantities. The precise definition of H,, and an(by— A(B) determines the factorization theorem.

One of the first cases of a rigorous derivation of a factorization formula was for the inclusive
Drell-Yan cross section [20-22]. In this case one sums over all final hadronic final states X
imposing only that their total invariant mass pg( is bounded from above pg( < E%M(l -

\/ Q2 /E%.M.)Q, where Q? is the vector boson invariant mass and E%M is the proton-(anti-
)proton center-of-mass energy. In this case the Drell-Yan cross section amounts to [20-22]

dapApB—>Xl+l‘ _ d&, dﬁb Zq 2
W O'BornZ/ ab(é.a é. ,Q )

A
X facn(€ar 12) o, 2>+0( gSD),

where the integration bounds are z, < §, < 1 and zp < & < 1; z4p) = \/Q?/Ec.. et
where Y is the vector boson rapidity. The sum runs over the different parton flavours, i.e.
i, =19,d, d,u, b, - } and the hard function H,, can be computed in fixed-order perturbative
QCD [2327]. The parton distribution function f,)«a(B) (ﬁa(b),uz) can be thought in the
parton model language as the probability of finding a (anti)quark/gluon with momentum
fraction &, in the interval &, € [£4, &, + d&,). Eq. is known as the collinear factorization
formula, see [28H33] for its version when the Drell-Yan cross section is also differential in the
vector boson transverse momentum gp. In the threshold limit, p§< <L Q?or Q*/Ecm. — 1,
tighter constraints are imposed on the final hadronic state X and only soft radiation is allowed.
In this case, the factorization formula amounts to [34-42]

= oBom 3 Haa(Q% %) df“ d;”fH(éa, 2) fae5 (€, %)

x QSthr[Q(l - Eéﬁ—zfa&)] +(’)(ACEQCD,1 - Egjv[)

where Sy, is the threshold soft function and H,g can be obtained from the time-like quark form
factor. Notice that in eq. (1.2]) the sum over parton flavors is restricted to a,a = {dd, uu, - - - }.

(1.1)

do

= (1.2)

The collinear factorization theorem in eq. and its threshold counterpart in eq.
assume that the partons interacting in the electroweak vertex are incoming states with light-
like momentum and parallel to the proton beam. In order to generalize this, one can consider
a third intermediate scale u? = {|pr|?,p?}. When in addition to the vector boson invariant
mass Q2 (characteristic scale of the perturbative regime) and Aqcp (characteristic scale of
the non-perturbative regime) the parton transverse momentum |pr|? is also considered and



their hierarchy is {Aqcp, |P7|} < @, eq. get modified to TMDPDF factorization [43-
48] and the parton distribution functions generalize to Transverse Momentum Dependent
Parton Distribution Functions (TMDPDFs) [46},49-54]. In this case the partons interacting
in the electroweak vertex are no longer considered to be parallel to the protons beam and
instead have a small amount of momentum on the plane transverse to the protons beam.
If instead one consider the parton off-shellness ,uf = p?, then eq. leads to to the n-
jettiness factorization [55-58] where the parton distribution functions generalize to the beam
functions [58,59]. For the case of n-jettiness there is also a generalization of eq. , see [57,
60-63], where n-central jets are allowed in the final states. In the present thesis we show that
by including a sutable set of power corrections in TMDPDF factorization we can obtain a
generalization of eq. where the parton distribution functions are replaced by TMDPDFs.
We also perform a numerical analysis of our results including power corrections, which is
irrelevant for the phenomenological extraction of TMDPDFs from data. In the following
chapters we discuss in detail the relevant formalism.
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2 TMD vs. Collinear factorization

In the present chapter we will introduce the main object of study: the hadronic tensor
Wyw. We will start by presenting the well-known expression of the Drell-Yan differential
cross section [64-67] thereby introducing the hadronic tensor. Afterwards we will discuss the
concept of factorization within the parton model. This first qualitative analysis will help
us identify the energy scales involved in the problem under study. Moreover, it will help
us set up the picture that will guide us along the next chapters where more formal objects
(operators, distributions, etc.) will be introduced and more elaborated technical analysis and
computations will be performed. We will then introduce two theoretical frameworks relevant
for our study, namely, TMD factorization and collinear factorization. Each of these relies on
different physical assumptions, which make them suitable to describe different regions of the
vector boson transverse momentum spectrum in Drell-Yan processes. We will conclude the
chapter by discussing the region where both approaches at leading power give less accurate
results and the set of power corrections that need to be included to improve its description.

2.1 The hadronic tensor

In this section we will present the ingredients in the expression of the differential cross
section for the Drell-Yan process, in order to introduce the notation and conventions we will
follow in further chapters. The well-known expression for the Drell-Yan cross section is given
by (see e.g. [65H67])

1 d*py dPpy
Pg — M2M?2 (2m)32E; (27)32Ey

dUpApB—>ll’+X =
4\/PA -

'¥(2W)45(4) (Pa+ Pp — kx —p1— v) |, 801, 8; X | Pa, Sa; Pp, Sp)|°

(2.1)
where Py (py, So(p) and My(p) are the momenta, spin and mass of the colliding proton p4(p);
pi(pr) and s(s’) are the momenta and spin of the outgoing leptons; kx is the momentum
of unmeasured state |X). At leading order in the electroweak interaction, the transition
amplitude (py, s'; pi, s; X|Pa, Sa; Pg, Sp) takes the form [65-67]

(pr, s pu, 8 X|Pa, Sa; P, Sp) = —ile|* > u(py, )T v(pr, s') Ac(py + pr){X|J5(0)| Pa, Sa; P, SB)
]

(2.2)
where G € {v*,Z, W*}; I‘ff is the Dirac structure associated to the three-body interaction
I'Gl, i.e.

T = gG7u(1 +5) + gZvu(1 — s), (2.3)
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J5(0) is the electroweak current involving quarks, i.e.

J(0) = 7(0) [987"(1 +5) + 9571 = 7°)] 4(0), (2.4)
with the electroweak couplings given by
—efsin20W T3—efsin20W W _ g W €ef
2sin Oy cos Oy’ Ir =% 9L = 2v/2

(2.5)
Here e is the electric charge of the fermion f in unit of the absolute value of the electron
charge, T3 is the third projection of the weak isospin and 6y is the Weinberg’s angle; A(p;+py)
is the gauge boson propagator, i.e.

gr =91 =+, 9k= 9% = Vi

2 sin Oy cos Oy’

1
(o1 +pr)? — M2+ iMzTy’

Az(p+pr) =

1
(o1 +pr)? — M3, + iMw Ty’

Summing over the lepton final state polarizations one obtains the leptonic tensor

A V=
) G 26)

Ay (p +pr) =

LSS =8 (9595 + 9595 ) Prupvy + Pupvy — pu- prguw) — i(9595 — 9595 Vewappipy|
(2.7)
while the hadronic tensor for the Drell-Yan process is defined as

WEe: (Pa,Sa; P, S;pi + pr) =¥(2W)45(4) (Pa+ Pp —kx —p1 —pr) 28)
2.8
x ((X|J&(0)|PaPs))" (X|J4 (0)|PaPp),

where we average over the number of colors and protons polarizations. The energy-momentum
conservation delta function can be written as

4
d*z ez’z~(PA+PB—kX—Pl—Pl/) (29)

and used in eq. ((2.8))) to obtain
Wty <Y [tz O Fo ko) (X175 b)) (X192 O Pas)

=¥/d4ze'iz'(PA+PB—kX_pl_Pl') (<X|6_iz'PJé(z)eiz'P|PAPB>)T <X|JN,(O)|PAPB>

:¥ [ dtzemi= et (X17(2) | PaPe) (X174 (0)| PaPg)

(2.10
In the second line we have used the transformation property of local operators O(z) =

eizP (5(0)6_"2'15 , where z is the position and P the momentum operator. Using egs. (2.7)
and (2.10) one can write eq. (2.1) as

lef* d*p; dPpy
. PB _ MiM% (27T)32El (271')32El/

dOpspp—lli+X =
4\/ Pa (2.11)

> Ac(p +pr)Ac (o + pr)WhG LSS ,
Ga'
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and multiplying by
1= /d4q 5 (g —pi —pr), (2.12)

the Drell-Yan cross section differential in the gauge-boson momentum components can be
easily derived,

4 3 3
dapAp;‘l;llurX - - 2 172 (2:)?215 (2:)?2,15 60 a—p—p)
Py . ,
4\/pA Pp — M3 M2 ! (2.13)
> Ac(9)Ae (WhG (9 LSS,
GG

where the dependence of the hadronic tensor on the vector gauge boson momentum ¢ has
been made explicit.

Using the completeness relation¥|X )(X| = 1, the hadronic tensor in eq. (2.10) can also
be written as [45,64,68|

Wet, = [ d'z =1 PaPAIE ()T (0)|PaPs) (2.14)

Using eq. to define the hadronic tensor is convenient when Soft Collinear Effec-
tive Theory (SCET) [69-75] techniques are employed, and perturbative computations are
performed in momentum space [43,45,47]. This is due to the clear and intuitive physical
picture it portrays, making it suitable for its study under the QCD improved parton model
assumptions [45,76,77]. On the other hand, eq. (2.14) appears to be more suitable for an
analysis based on the Operator Product Expansion (OPE) and for calculations in position
space [78-83,83]. While the latter may look tedious and cumbersome they can be highly
simplified using the background field method (79} 84-89).

2.2 Factorization within the parton model

The time-like momentum transfer, g#* = p;‘ + pﬁ , in the proton-proton scattering process
pA(Pa)+pB(PB) = 7v*/Z/W*(q)+X — () +1 (pr) + X (k) defines the hard scale @ = /¢2.
The fundamental scattering process takes place at distance scales of the order 1/Q. In exper-
iments at Fermilab or the LHC typically @ ~100 GeV, which correspnds to distance scales
smaller than 102fm, two orders of magnitude smaller than the characteristic size of the pro-
ton, which is of the order 1 fm~ Aéch ~1 GeV-l, [90] This separation between long and
short distance physics is the core to the factorization theorems in QCD [20,21},28,34,/44,45,93].

The proton rest frame and the gauge boson rest frame are related through a (large) boost.
Consider a parton with momentum k* within the parent proton of momentum P*. The

! As pointed out firstly in the context of the parton model, [14,091], in the boosted gauge boson rest frame, time
dilation implies that the elementary interactions involving the gauge boson take place at a much smaller
time scale than the interaction responsible for building up the proton [92].
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physical assumption is that in the parent proton rest frame its constituents have momenta
scaling like k* = (k=, k%, kr) ~ Aqep(1, 1, 11), using light-cone coordinates”| After applying
a large boost along the z axis, the proton momentum P* = (M/+/2,M/+/2,07) in the rest
frame becomes P'* = (kM /v/2, M/(2k),07) = (P~,M?/2P~,07) where k = v/2P~ /M and
P~ > M ~ Aqcp is the large light-cone component. The scaling of the parton momentum
is also modified, and in the boosted frame it scales as k* ~ Q(1, M?/Q? M/Q). The boost
invariant quantity £ = k= /P~ denotes the fractional momentum of the parton whose prob-
ability distribution depends on the parton flavor (up quark; down quark, gluon, etc.) and
encodes information from the proton’s bound-state wave function. Without loss of generality,
the parton momentum k* that participates in the short-distance interaction can be written

as k* = ((P, IfgLTk_QT,
According to the parton model assumptions, one can approximate k?/P~ ~ 0 and neglect the
transverse component as well. Therefore, in this framework, the short-distance scattering is
carried out by massless on-shell particles whose momenta are parallel to the parent proton

momentum.

k7), where k? is its off-shellness and kr is its transverse momentum.

One can see why the parton model is able to capture the main contribution to the hadronic
tensor W/, by considering the vector boson rest frame, ¢* = (¢°,0), where eq. (2.14) takes
the form

Whe, = / d2° e~ / d*7 (PpPa|J% (2)J4(0)| P Pg). (2.15)
—00

In the high energy limit, Q2 = (¢°)? — oo, the complex exponential rapidly oscillates, thereby
averaging out contributions outside the region 2° ~ 0. More precisely, the dominant contri-
butions arise for time scales of the order 20 ~ 1/¢°, in agreement with the discussion above.

In light-cone coordinates the high-energy limit Q? — oo implies 2gTq~ — oo, since Q2 =
2qtq — q%. However the scaling of the transverse component is not fixed. It is the hierarchy
between Aqcp, |ar| and g* that determines which factorization framework should be used,
either TMD or collinear factorization.

2.3 Collinear factorization

Collinear (or high-gr) factorization is valid for Aqcp < {Q,¢r = |ar|} [20}21}34} 44} 45,
93-99]. Since the transverse momentum of the vector boson is assumed to be much larger
than any non-perturbative scale, and the transverse momentum of the partons bound in the
parent proton is of the order of Aqcp, i-e. |kqw)r| ~ Aqep, momentum conservation implies
that there must be further radiative processes, at short distance, that are responsible for the
large transverse momentum of the gauge boson. A sketch of the main concepts in collinear
factorization is given in fig. where the short-distance (perturbative) and long-distance

2The light-cone coordinates is defined by two light-like vectors n* and 7* normalized such that n -7 = 1.
Therefo any vector v* can be decompose as:

ot =vtRH o RN + v,
+

and vY. is orthogonal to the plane defined by n* and n*. Often for simplicity

where v =n-v, v =n-v
o o
U 7UT)

we will write v* as v* = (v

10
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(non-perturbative) contributions are factorized.

In the hard perturbative region, real radiation momenta, kf , scales as

Aqcp Aqep AQCD}
, , < 1.
{ kD7 k7 [kl

Otherwise real radiation has momentum scaling either collinear to the parent proton i.e.
k' ~ Q()\%,1,)), anti-collinear i.e. kY ~ Q(1,A%,\), or soft i.e. ks ~ Q(\ A, N). Here
A= Aqcp/Q.

In addition to real radiation, virtual corrections to the propagators and interaction ver-
tices have to be considered. Contrary to the real radiation case, where the momenta of the
emitted particles have defined scaling, the momenta of the virtual particles are unconstrained
i.e. run from non-perturbative scales of order Aqcp up to infinity. The arising ultraviolet
(UV) divergences can be removed by standard renormalization techniques [45,64,/93,94]. The
infrared (IR) divergences arising from the soft and collinear regimes at a perturbative level
get cancelled in the sum of the real and virtual contributions. If hadronic initial states are in-
volved, non-perturbative physics plays an important role when considering the emission of soft
and collinear radiation taking place at distance scales longer than the elementary electroweak
interaction. This cannot be accounted for by QCD perturbation theory but it is encoded
into non-perturbative matrix elements which define the parton distribution functions. The
systematic separation of the perturbative coefficient, represented by the blue box in fig. [2.],
from the non-perturbative parton distribution functions, the red boxes in fig. for both
colliding protons and the soft radiation, the orange partons, is rigorously achieved within
collinear factorization.

As shown in Fig. the Initial State Radiation (ISR) |X) factorizes as |X) = | Xgard) ®
| Xc) ® | Xz) ® | Xsot). The state | Xard) represents all the ISR with momentum scaling as
Q(1,1,1), while | X)) accounts for the collinear (anti-collinear) and |Xgof;) refers to soft ISR
radiation. This trivial state factorization is motivated by the large gap in rapidity existing
between |Xyarq) and X ). The hard radiation has rapidity §mara = %ln ’,Z—:L ~ 0, for the
collinear ISR ¢, = %ln z—; — 00, while for the anti-collinear radiation gz = %ln ’]z—; — —o00.
Soft radiation has also rapidity §sost = %ln ’Iz—; ~ 0 like the hard contribution, however the
two states have different invariant mass, Q2)\? vs Q2, respectively. Hence based on rapidity
and invariant mass of the final state, one can identify four different contributions: hard,
collinear, anti-collinear and soft [20,21,34,/44}45/93,94,100,(101]. Of course this separation is
not unique since it depends on how precisely the different phase-space regions are properly
defined, nonetheless the sum of the four contributions must be unique and independent of
how this separation into different regions is performed. Notice also that we have not defined
a orange box for the soft radiation, contrary to the hard and (anti-)collinear radiation. The
reason is that due to the scaling properties of the soft radiation its allowed to be present
in the hard, collinear and anti-collinear regions, since a hard and (anti-collinear) parton can
be dressed with an arbitrary number of soft partons and leaving the rapidity and invariant
mass of the hard and (anti-)collinear parton unchanged. In a similar fashion the two proton
states factorizes, corresponding to a large rapidity gap between initial states. A rigorous

11
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implementation of the physical picture here described and represented in fig. leads to
the collinear factorization [20,21}28,34,|44,(93} 94,96, 98-100]. Within this framework, the
Drell-Yan differential cross section is given by [20}21}28, 34,144,193} 94, 96,99,/100]

do w+x
—PAPOZ2E = gBom N P (apw (%), Q% y, aF)

Q2dyqu GG/
Ldg, 1 d /
/ Ba [* L HG6 (0, (42), @2, y, 4B € 1) (2.16)
TB gb
bare 2y TA bare 2y IB AéCD
X a+pa (as(,u/ )7 é-a)flx—pB( s(/'[' )’E) +O q% )

where Q?, y and q2T are the invariant mass, rapidity and transverse momentum of the
gauge boson respectively; s = (P4 + Pg)? is the center-of-mass energy square; qr = |qz|;

0<zypB) = et1/Q2%/s < 1; a(b) runs over the parton flavors and fa(b)h s, 1S the standard
bare collinear parton distribution functions. The coefficient function Hy can be computed
perturbatively in QCD, see fig. 2.2 and [2.3] for the Feynman diagrams contributing at lead-
ing order (LO) and next-to-leading order (NLO) respectively. The coefficient P gathers the
electroweak contribution and the leptonic tensor. For unpolarized partons and protons the
factorization formula in eq. is correct up to terms of order (’)(A2QCD /42).

Figure 2.1: Schematic representation of collinear or high-gr factorization. From each proton
there is a massless on-shell emerging parton (quark, anti-quark, gluon). The Ini-
tial State Radiation (ISR), |X) is factorized into four independent contributions:
| XHara), which interacts with the emerging partons; |X.), which interacts only
with the bound partons in the parent proton Py4; |Xz), which interacts only with
bound partons in the parent hadron Pg; , which is can be present in the
three previous regions. The collinear and anti-collinear emerging partons have
momentum k5 = &Py n* and kl‘: = &,Pj;}|r n* respectively. The scale pr has unit
of energy and is known as factorization scale. It sets the separation between short
and long distance interaction.

12
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dn dn

dn dn

Figure 2.2: LO contribution to the partonic coefficient function H(%G'. The quark, g,, and
anti-quark, g5, fields act as source of a emerging collinear and anti-collinear parton
respectively. The cut lines represent on-shell propagators.

For kinematical configurations where q% /@Q? < 1 the hard radiation is suppressed by mo-
mentum conservation, only (anti-)collinear and soft radiation is allowed. In this situation only
virtual hard modes can propagates, thus only virtual corrections to the electroweak vertex are
allowed, they are represented square blob in fig. ,ﬁ} In the lime q% /@Q?* < 1 the perturbative
coefficient function HG in eq. becomes [28,/100,101]

HGG,( ( 2)7 Q27 Y, q%’a €a7 Sb) = H%G/ (as(l‘l’2)’ Qza Y, gaa €b)6(2) (qT)

+ Z aS Z Hab "Il y7 q%‘aéangb) l ].Og ]
n=0 a4 7 +
RaGbG/ (as(ﬂ )’ Q2a Y, qu fa, é.b)y
(2.17)
where [f(q%)]+ denotes the usual plus—d1str1but10n of the function f (qT) and RGG is a coef-

ficient function less singular than log[Q?/q?]/q? and ¥ (qz) when q2./Q? < in a distribu-
tional sense i.e.

1 deg, d , 2
ol | fa / ) RS (@), @ v o) (T 2 ”2—3)~constant+o<Q2 1ogQ)
(2.18)

where g(z4/€.,zB/&p) is a test function with the appropriate analytic properties. The most
singular pieces in eq. contains large logarithmic contribution of the form log* Q?/q?2
which can spoil the convergence properties and therefore they need to be resummed to all
orders. This issue has been addressed intensively in the literature |20,28,45,96,[100-103] and
currently it is well understood at leading power in Aqcp/Q-

The hard function Hg)G/ in eq. (2.16)) exhibits initial-state collinear singularities when mass-
less on-shell partons are used to compute the short-distance scattering process. These diver-
gences are absorbed into the bare parton distribution functions (PDFs), f2**¢. The relation
between the renormalized, fi; ,, and bare, fi., PDFs is given by [26,101, 104 105]

ficop(@ Z/l %Fu—] f]«—p(i) (2.19)

where the index j runs over parton flavors and the kernels I';,_; are perturbatively calculable

13
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Figure 2.3: Real NLO contribution to the partonic coefficient function Hg)G/. In the crossed
diagrams, (c) and (d), it is understood that the gauge boson in off-shell. For the
sake of simplicity the lepton the lepton final state is not shown.

functions. In the MS-scheme these are given by [26,97,(101,104, 105]

0
as(12) Py (@)
47 €

2
" (asf)) {l% > (P e Bl) @) + hoPl(a )] ~ Pl )} +0(a?)
k (2.20)

where [y is the leading term in the QCD p-function; € is the dimensional regularization
parameter, € = (4—d)/2, where d is the space-time dimension; p is the energy scale associated

F“_J(iE) = 51](5(1 - x) -

with dimensional regularization. The splitting functions PZL_]J are the DGLAP evolution
kernels [19,94] and the Mellin convolution ® is defined as

1dz

Zoe)f (f) . (2.21)

z

(99 ) @) = [
The physical interpretation of eq. is tied to Figs. and When the integration
over Initial State Radiation (ISR) phase-space is performed, there is a contribution that can
be understood not as the radiative process off a free parton (blue box in fig. but rather
as an interaction taking place while the parton is still in a bound state (red box in fig. .
As already mentioned, the separation into collinear and hard regions is not unique. There
is a degree of arbitrariness captured by the arbitrary energy scale pr, which is known as
factorization scale. Since the differential cross section must be independent of this scale, the
ur-dependence in the PDFs must fulfill certain conditions. These are the well-known DGLAP
evolution equations for the PDFs [19,93,/94]. Thus, radiation that a certain scale g is con-
sidered as a contribution to the hard scattering process, at a different scale p/ is absorbed
into the PDF definition, see Fig. In the following we identify pr with u from dimensional

14
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regularization.

Using a systematic and scale-independent procedure to reabsorb the initial state collinear
divergences into the PDFs, the differential Drell-Yan cross section in eq. can be written
in term of renormalized PDFs, f;(_j, and the sort-distance scattering coefficient I:IgG/ (also
known as renormalized differential partonic cross section)

dfprpB—>u'+X B0
T A2 a2 " PGG’ QEW :“ Q y’q

/1 dga 1 dgb
é-a B é-

o (02), T2 ) o (0(42), 22 ) 4 © (%#) .

Comparing eq. (2.16) with eq. (2.22) and using eq. (2.19) one obtains I:IgGl is implicitly
defined by [26,101,{104,/105]

where the left hand-side of eq. (2.23) is determined by diagrams like the ones shown in fig.

G (0s(1), @y, a0, &) (2.22)

{1

| ¢=ap
| &1 -2)P
h < >
| z
|

&zP

Figure 2.4: PDF renormalization. The emitted collinear gluon can be regarded as originating
from an interaction with the parton as a bound state and absorbed therefore
into the definition of the renormalized parton distribution function (PDFs), see
eq. (2.19)).

As we will discuss in details in Chapter [4f the O(AéCD /@Q?) contributions to eqs. (2.16)
and originate from additional partonic fields that leads to effective electroweak currents
involving more fields and /or their derivatives other than just the collinear and anti-collinear
quark fields.

30rder O (Aqep/Q) if we consider polarized protons.
4Indeed, we will show in Section that the non-locality is responsible of the characteristic soft double pole
at NLO.
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an

Figure 2.5: Twist-3 contribution to the partonic cross section. In the effective theory the
electroweak current on the left-hand side is given by a non-local interaction vertex
involving a collinear quark g,,, anti-collinear gluon Az and anti-quark gz fields. The
right-hand side is the h.c. of the standard collinear quark g, and anti-collinear
anti-quark ¢ non-local vertex interactionﬂ

2.4 A first look into TMD factorization

TMD factorization is defined by the scale hierarchy {Aqcp,qr} < Cﬂ, [28,43,147, 53,199,
106-111|. Contrary to collinear factorization, the transverse momentum of the vector boson
can be of the same order as Aqcp and therefore comparable to the transverse momentum
of the partons bound inside the proton. Thus the gr-spectrum of the vector boson in TMD
factorization is regarded as non-perturbative while in collinear factorization it is fully pertur-
bative. This non-perturbative nature of the vector boson transverse momentum, considered
to be originated by the transverse motion of the partons inside the proton before they can
be regarded as free pseudo-particles, leads to the need to defined non-perturbative distri-
butions known as Transverse Momentum Dependent Parton Distribution Functions (TMD-
PDEFs), Fo«p, (€, kar; 11, o) 150,106,110,112,113]. In a parton model analogy a TMDPDF can
be interpreted as the probability of finding a parton of type a in the proton pa with &, fraction
momentum parallel to the proton momentum and a small amount of transverse component
k.1 orthogonal to it. Despite a proton model interpretation at first sight may look tempting
in order to get some physical intuition, we must promptly abandon it since TMD factoriza-
tion strictly speaking make no sense in the traditional parton model. The reason is simple:
the massless partons involved in the electroweak interaction are no longer on-shell, since the
presence of non-vanishing transverse momentum introduces a virtuality. A consequence of
the assumption ¢r/Q < 1 is that real emission processes at the short interaction vertex are
forbidden at leading power in ¢r/Q since they can dynamically generate gr ~ Q. This is
schematically represented in fig. where any radiative process takes places below the fac-
torization scale. Above this scale only virtual hard contributions are present, i.e. there are no
hard modes as external states since we have integrated them out from our theory leading to the
Drell-Yan matching coefficient represented by the square blob in fig. The presence of these
virtual corrections leads to UV and IR (collinear and soft) poles that are regularized using di-
mensional regularization. The UV divergences can be removed using standard renormalization
methods, while the IR divergences are reabsorbed into the TMDPDFs. It is this redefinition
of the TMDPDFs that introduces a dependence on the factorization scale pr that is typically
set equal to the energy scale p used in dimensional regularization [45}51),110,112.]114-118].

Another consequence of considering a non-vanishing transverse momentum for the partons

®As in the collinear case, we define g7 = |q|.
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Figure 2.6: Schematic representation TMD factorization. Only virtual hard particles are al-
lowed to interact with the effective vertex (square blob), leading to the Drell-Yan
matching between the short distance scale and the non-perturbative contributions.
Above the factorization scale ur, no radiative process takes place. The partons a
and b have momentum k% = Py nt + kZT and k{f = beg n+ ké‘T, respectively.
The collinear | X.) and anti-collinear state | Xz) also include soft radiation.

involved in the short distance scattering is the presence of rapidity divergences [48,/106,,119,
120]. In collinear factorization the soft radiation has a transverse momentum much smaller
than the measured q7, therefore no constraint is imposed in transverse component in the soft
phase space integrals. For instance, an emission of a real soft gluon at leading power (LP)
leads to a phase space integral of the form

igh- 7T _ 2k+k
30%3%_/ dk*dk~ /dd 27 k—+k_6(k2 iz 2]MF/ i+ dk Al k+) —0

(2.24)
since it is a scaleless integral. At variance, in TMD factorization the measured q; can be
of the same order as the transverse momentum of the soft and collinear partons, therefore a
measurement function is introduced in the soft phase-space integrals. In the case of one soft
gluon emission at LP we have a contribution of the form

7IMD _ / dk*dk— / - 2kT 6(k2)6(d 2 (kr + ag)
(2.25)

el +
_qT ~ dk k+,

whic is ill defined. In this case dimensional regularization is not enough to regularize the UV
and IR poles. This issue was noticed already in the pioneering work of Collins, Soper and
Sterman [20,28,34,45,93),121], being the main problem that hindered the development of a
TMD factorization theorem at LP. The issue is now well understood and calculations have
been performed using multiple regularization schemes [28,|47,50,(122},122,|123| and currently
the soft contribution at LP to the Drell-Yan process is known up to N4LO [124-126]. Em-
ploying SCET terminology, the collinear factorization deals with SCET-I observables while
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TMD factorization is a SCET-II problem [43,47,148,(106]. Either way, the need to introduce
a new regulator for rapidity divergences leads to TMDPDFs that depend on the additional
scale ¢ with a characteristic double scale evolution [51}/114].

The schematic picture in fig. [2.6] can be formalized into a factorization theorem at leading
power (LP) either using Green functions and diagrammatic techniques [28,145,/99] or SCET
based methods [43,/47,[107]. In both cases the factorization formula at LP amounts to

dopapp—ll'+X Bo Q?
—ATBTT 72— ey s s 1
dQ2dydq?, g Dy | as(p®),log 5 2

d%b
x 3 Poc(omw(i2), @2, y,qT>Z / T gibra

G,G'
2
X Fa(—pA (as(luz),an bTa /J'27 CA)FIN—pB (as(/J' ) 'TB7bTa ,U CB) +0 (Q2

(2.26)
where @), y and qr are the vector boson invariant mass, rapidity and transverse momentum

respectively; z4p) = \/Q? +q //s eV, where s is the center of mass energy; bz is the
impact parameter; ¢ A( B) is the energy scale associated with the renormalization of rapidity

divergences and O(g%/Q?) stands for higher-order corrections to the unpolarized Drell-Yan
differential cross section. The coefficient function Hpy gather the short-distance virtual cor-
rections to the electroweak vertex, leading to the effective vertex. The functions Fj,3). p, (B)
are the renormalized TMDPDEFs and we gather in P the leptonic tensor together with the
electroweak prefactors.

In the case |br|Aqcp < 1 (or in momentum space Aqcep/|qr| < 1) the TMDPDEFs can be
further matched onto standard collinear PDFs,

Focpy(as(u?),za,br, 1, Ca) Z/m Cacilas(?),€,br, 1, Ca) fipa (as(/f),%)-l-o (Aqcplbr|)

(2.27)
and similarly for Fy. p,;. The matching coefficient in eq. have been computed by several
groups at NNLO using different rapidity regulators [50,127,128| and currently are known up
to N3LO [129]. In Chapter {4 we will calculate in detail the matching procedure at LP and
next-to-next leading power (NNLP), being this last one a new result up to our knowledge.

2.5 TMD vs. Collinear factorization

According to the previous discussions, collinear (or high—gr) factorization is expected to
provide reliable theory predictions in the kinematic region Aqcp < {|qr|, @}, while the TMD
factorization range of applicability is for {Aqcp, |ar|} < Q. We must notice that nothing
is assumed about the relation either between |qr| and @ in collinear factorization or Aqcp
and |qp| in TMD factorization. Therefore one open the question remains: what factorization
theorem is appropriate in the intermediate region Aqcp < |qr| < @ [53]? In this section we
will analyze different methods used to combine the two factorization frameworks in order to
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obtain a unique prediction in the intermediate region.

Eq. (2.16) in collinear factorization is correct up to power corrections in Aqcp /ar. In
general the structure functions have an expansion of the form

1 S [M"™ 2 (4T
W, = — = | Fi (—) , 2.28
VE n; p 0 (2.28)

where W; is the projection of the hadronic tensor W** on a certain Lorentz structure TZ.“ Y,
where {T!"'} form a basis (not necessarily orthogonal); M is the proton mass (M ~ Aqcp)
and FI" is a dimensionless structure function (without the 1/M? factor above it would have
unit of inverse mass squared). For sake of simplicity we omit Lorentz and electroweak indices
and any other dependence on a;(u?). The n = 2 term corresponds with the hadronic tensor
contribution in eq. (2.16), where the NLO real contributions to F12 are shown in fig. [2 . The
expansion in powers of M/qr generates logarithmically enhanced contributions, i.e. terms
of the type log' M? / q% with n — 1 > 1 > 0. These contributions can be properly resummed
through a matching procedure onto collinear PDFs: the structure function 12 can be written
as the Mellin convolution of a perturbative partonic cross section times the standard collinear
PDFs [20,[21},144} 45, 53,95-97], where the logarithmic contributions are resummed evolving
the PDFs according to the DGLAP equations [19]. Higher-order terms, n > 3, have two
origins: hlgher-tvvlsiﬂ collinear PDF [79,130-133] and derivatives of lower-twist collinear PDF.
Therefore the structure function F®l has two contributions: one is purely twist-3, i.e. it is
the convolution of a perturbative coefficient times a genuine twist-3 collinear PDF with whole
new evolution equations |79,84]; the second contribution is the result of the matching onto
a derivative of a twist-2 collinear PDF. Notice that while at n = 2 we also use the term
partonic cross section for the perturbative matching coefficient, as reminiscent of historical
developments [19], for n > 3 we avoid such terminology, since a parton interpretation is no
longer possible. If the transverse momentum gr becomes small compared to the invariant
mass @, Aqcp ~ M < qr < Q, eq. admits a second expansion in powers of qr/Q,
known as the collinear expansion

MzZ

n=2

; (2.29)

] 3 ik [q_T e
P Q

where k denotes the collinear twist. As a consequence of the expansion in powers of gr/Q << 1

the coefficients FI™*! is affected by logarithmically enhanced contributions of the form log™
where £k — 1 > m > 0. These contributions cannot be resummed by means of the DGL P
evolution equations, and a different resummation procedure needs to be adopted. For the
leading contribution in £'22 it is the Sudakov factor that is responsible for the resummation
of these large logarithms [20,/34,45,93,94,97,[101-103,134]. The question whether for F[2#]
with &k > 3 it is still possible to resum through a Sudakov-like factor is subject of intense
studies, see [135-144] for the case of the Drell-Yan process at threshold.

The TMD factorization formula in eq. (2.26) is correct up to power corrections in g2/Q? |28,

5We will define more precisely the word twist in Sections and ?77.
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43.|47,53, 106—109]ﬂ Therefore the general expansion of a structure function Wf] in powers of
qr/Q takes the form

qr

where F* is a dimensionless structure function. The index k denotes the order of the gollinear
twist. The expansion in powers of gr/Q leads to large logarithms of the form log™ Q2’ which
can spoil the pattern of convergence in powers of as(1?). In order to resum these contributions,
the structure functions F¥ are factorized into two terms: a hard matching coefficient and the
TMDPDFs. For instance, eq. represents the collinear twist-2 (k =2) case, where the
TMDPDFs are the matrix elements of collinear twist-2 operators. If the transverse momentum
gr becomes much larger than Aqcp, the structure functions F*] admit a second expansion,
so that in the region Aqcp < gr < @ the structure function W; takes the general form

n=2 qr

In large gr—limit, M/qr < 1, the TMDPDF matrix elements are matched onto collinear
PDFs. This expansion generates logarithmically enhanced terms which are resummed through
the PDF evolution equations. In the case of n = 2 the TMDPDF matrix elements match onto
standard collinear PDFs of twist-2. Since both factorization frameworks match onto collinear
PDFs in the intermediate region M < ¢r < Q, one can compare F[™* with F57 in order
to determine under which conditions there is a smooth transition between both factorizations
theorems and whether it is possible to combine both into a single formula in order to describe
the gr—spectrum in Drell-Yan.

Let us start by writing explicitly the first few terms in eq. (2.29)

w— L |pla | W pra | 9T pra
' Q Q2

1M 2
S B2 L B3, 9T g4
T l o iz " (2.32)

2 2
+ i% [ﬁ’[‘hﬂ + %F[473] + gﬁ’[‘l:‘ﬂ 4. ]

"In case the proton, partons or both are polarized the first corrections occur at gr/Q.
8Here W; must be regarded as the same presented in eq. (2.28).
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which can be rearranged as

2
W=+ [ 2y Mg Mg ]
qr ar

M?
— I 3] F[3 34 T
e

3 ]
qT

(2.33)

2 2
L Lar \ppa  Mpsg M aug
a5 Q* ar ar

The first line in eq. represents the contributions of collinear twist-2, k = 2, and different
collinear PDFs twist. For instance the term F[32 has two contributions: one is given by the
matching of a coefficient function of collinear twist-2 onto a PDFs of twist-3 and the other
contribution is due to the derivative of a twist-2 PDFs present in F[22. A similar analysis
applies to the second, third and further lines in eq. with the only difference that the
collinear twist increases with each line.

The expansion in eq. (2.31) takes an analogous form to eq. (2.33)

2
w=2 |ped g Mpea M ppg
qar qr qar

2
lar lF[w]Jr M pipa M7 [3,41+...]

qT Q qar qT (234)
2
n Lar Fl42 4 F[4 3] + Pl
@3 Q? ar a3
+ cee,

where the first coefficient on the first line, F1%2, corresponds to the hadronic contribution in
eq. (2.26). The second term on the first line gathers two contributions: the matching onto
PDFs of twist-3 and a derivative of F122], The coefficient F[24 gathers three contributions:
the matching onto PDFs of twist-4, a derivative of F>3] and a second derivative of F[>2], A
similar analysis applies to the second, third and further lines, with the only difference that
the collinear twist increases by one unit in each further line.

The analysis in power of ¢r/Q and M/qr in the intermediate region, Aqcp <€ gr € @
is completely analogous in eqs. and (2.34). Thus both factorization theorems agree
and there exists a smooth interpolation between them if and only if the coeflicient functions
Flnkl — Flknl - However the comparison of both factorization theorems is not straightfor-
ward, this is due to two issues: the gauge fixing and the present of pinch singularities (i.e.
rapidity singularities due to soft radiation). Both issues are indeed entangled since the choice
of a physical gauge (like the axial gauge or the light-cone gauge) or a covariant one (like the
Feynman-Fermi or Landau gauge) affects the singularities structure and therefore different
gauges requires different regularization procedure of the rapidity singularities (pinch singu-
larities). Nonetheless the final expression for the cross section must be independent of what
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CHAPTER 2. TMD VS. COLLINEAR FACTORIZATION

gauge and regularization procedure is used. All these issues are discussed in details in [53],
where is shown at NLO that after a consistent treatment of the gauge fixing and rapidity
singularities the coefficient functions F[™* and F¥| agree. In particular, the transition from
TMDPDF to collinear factorization region in the case of unpolarized partons in unpolarized
protons has been studied at NNLO+NNLL and N3LO+N3LL [145-148] through rather dif-
ferent numerical matching procedures. The common conclusion of all these works is that
it is possible to obtain a smooth transition between the two regions in the gr-spectrum in
Drell-Yan.
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CHAPTER 3. QCD, BACKGROUND FIELD METHOD AND OPE

3 QCD, Background field method and OPE

In this chapter, we present the QCD Lagrangian and its modifications in the background
field method. A thorough derivation of the QCD Lagrangian in the background field method
it is presented in [85-89]. The construction of QCD Lagrangian is a standard textbook
matter [64,/68,149|; here we follow the notation from [64]. Finally we introduce the main ideas
of the short-distance and light-cone Operator Product Expansion (OPE) and we present the
computation of the short-distance contribution to the quark propagator in the present of a
background gauge field and how at leading power the propagator acquires a non-local gauge
factor i.e. the Wilson line.

3.1 QCD Lagrangian

The basic building blocks of the QCD Lagrangian are the quark t(z) and gluon Bj(z)
ﬁeldsE] In the construction of QCD there are two major constraint: local gauge invariance
and covariance. Covariance requires to embed gluons, which are an irreducible representation
of the inhomogeneous Lorentz group or Poincaré group with helicity one and therefore two
physical degrees of freedom, into a vector field of four components. On the other hand,
local gauge invariance requires that the Lagrangian is invariant under the finite local gauge
transformation

Pq(2) = U(6(2))q(2), (3.1)

B(2) — U(8(2)) Bu(2)U'(6(2)) + grf(auv*(z)), (3.2)

where U(6(z)) is a unitary transformation given by

8
U0(z)) = exp{—ig Z Ga(z)T“} (3.3)

a=1

where g is the coupling constant, 8,(z) are the transformation parameters which depend on
the space-time position and T'* are SU (3) generators. In the fundamental representation they
are (T%)pe = (A?)pc/2, where \* are the Gell-Mann matrices. In the adjoint representation,
(T%)pe = —if%® = —ifape, where f2% are the group structure constants. The quark fields are
given in the fundamental representation, while the gluon fields are given in the adjoimﬂ For

1The superscript a and subscript ¢ are color and flavor indices respectively.
ZNotice that the gauge transformation for the gluons fields in eq. (3.2) can generate a gauge field when initially
B,, =0, (pure gauge configuration).
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CHAPTER 3. QCD, BACKGROUND FIELD METHOD AND OPE

an infinitesimal value of 6,(z) the local gauge transformation becomes

8 3
P(2) = 9*(2) —ig D Y ba(2)thy (2),
b=1c=1
N2%2-1
BZ(Z) - BZ(Z) +9g Z fabcob(z)B;CL(z) - auea(z)-
b,c=1

(3.4)

The most general Lorentz-invariant and renormalizable Lagrangian invariant under the trans-
formations. (3.4) is [64,/68}/149]

8
Caop = S Dbala) ~ maata(} = 3 3 R DR
o=t (3.5)
£ 3Ry Fo P,

a=1

where g runs over the quark flavors, my is the mass of the quark with flavor g, 1/),1 1/),17 is
the Feynman conjugate, F};, is the field strength tensor

N2-1

FS(2) = 0,B(2) —0,BL(2) + g Y fareBl(2)Bi(2), (3.6)
b,c=1

D,, is the covariant derivative in the fundamental representation of SU(3)

(Du)bc = 6bc /Lg Z Ba(z)tbc’
(3.7)

Duy’(2) Z {0vc0u — ig Z B (2)th.} ¥ (2)

The last term in eq. is known as the strong CP term. It amounts to a total derivative
B wFas =9 (e’“’aﬂAaF ~s) [64,149] and will be neglected in the following discussion,

which focus on QCD perturbatlon theory.

Non-Abelian local gauge invariance is an extremely important property. Firstly, it demands
the coupling constant between quarks and gluons to be the same as the one of the gluons among
themselves. Secondly, 't Hooft [6] proved that gauge invariant non-Abelian gauge theories are
renormalizable. Furthermore, thanks to non-abelian gauge invariance, QCD is asymptotically
free, Coleman and Gross [150]. The equations of motions of QCD can be obtained from
eq. by performing variations of the actions, Sqcp = [ d*z Lqcp, with respect a given
field. For the quarks one obtains

7 .F .
h(2)(ip +mg) =0, (i) — mg)y(2) =0, (3-8)
where (ﬁﬂ)bc = 5bc<5u +1i9 3, ty,Byi(2), while for the gluons one obtains
N2-1
DyF!" =8, F™ + g > fapeBou(2)F¥(2) =0, (3.9)
be=1
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3.1. QCD LAGRANGIAN

where the covariant derivative is in the adjoint representation.

The redundancies in the field B, due to the gauge freedom lead to well-known subtleties
at the level of the quantization of the theory. One can use covariant gauge fixing conditions
(like the Feynman gauge or the Landau gauge) in order to preserve the explicit covariance of
eq. (3.5), but the unitarity of the S matrix and the gauge invariance of eq. is lost. This
issue was first noticed by DeWitt [151] and Feynman [152] and was later solved by Faddeev
and Popov [153], by introducing additional non-physical fields (ghost) to restore them the uni-
tarity of the S matrix and the local gauge symmetry of eq. Alternatively, one could work
with physical gauges which are free of ghost fields, but the QCD Lagrangian would no longer
be manifestly covariant. Some examples are: the Fock-Schwinger gauge z,B*(z) = 0 [154],
which breaks translational invariance, and the azial gauge n - B = 0, where n? < 0 [155-159);
in the particular case of n? = 0 it is refereed as light-like gauge [160]. The vector n* must be
understood as an external vector i.e. it is the same regardless what frame we ard?]

In the present work we employ covariant gauge fixing conditions and the QCD lagrangian
is given by [64,68,149|

8
Lacn = Y {i6(e) Dtn() — madatba(2)} — 7 3 L ()L (2)
a=1

q

8 8
- % Y (QuBL(2)?+ Y (8"0%(2))(0ab0u + gfacsB(2))w"(2) (3.10)
a=1 a,b,c=1

8
00 e,

a=1

where the first and second term on the second line of eq. are the covariant gauge-
fixing and the ghost Lagrangian respectively, w and & are the ghost fields in the adjoint
representation. From eq. one can obtain the following Feynman rules in momentum
space which are relevant for the perturbative calculations in Chapter. [

30ne of the advantages of the background field method is the possibility of choosing different gauge fixing
conditions for the quantum fields and the background classical fields.
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External lines:

k
ingoing quark = ————e = u(k, s)

ingoing anti-quark = ——<—e = i(k, 5)

k
outgoing quark = e——>—— = u(k, s)

outgoing anti-quark = «————— = y(k, )

k
ingoing gluon = "TTBTTT® = ek (k, \)

k
outgoing gluon = ¥0TBTV0> = e**(k, \)

Propagators:

bk ap —iba |9 + (€ — 1) EE]
gluon propagator = €0000000000® = . ,
k2 +i0

b k a 10ap
quark propagator =e——>—e = —— 2
kF—m+i0
k 5
ghost propagator = b L - 22 -ﬁbi()
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1,
0,

(3.11)

Feynman-Fermi gauge

Landau gauge

(3.12)



Vertices:

3.2. OPERATOR PRODUCT EXPANSION (OPE)

a, i
>———b igty.
C
c, A
N
~ a, p b A A A
=gf"l(p— )"g"* + (= k)" g™ + (k — ¢)*g"]
5
b,v
d,p a,p
NZ-1
— ’Lg Z [fadefcbe(guugp)\ - gu)\gpy)
e=1
+facefdbe (gp,ugp)\ o gp,pg/\u)
c, A b7 v +fabefcde (gupgAV _ gu)\gpy)]

3.2 Operator Product Expansion (OPE)

(3.13)

The short-distance Operator Product Expansion (OPE) was firstly introduced by Wil-
son and Zimmerman [16,(17,|161], and was later adapted to the case of light-like separa-
tions [80,/81,(162]. This method quickly found applications in Deeply Inelastic Scattering
(DIS) [163] leading to the DGLAP evolution equations [18]. It was also successfully used to
study asymptotic freedom in QCD [10,(11,|164]. During the last forty years it has been also
applied to study higher twist effects in (SI-)DIS [130-133,165|, Deeply Virtual Compton Scat-
tering (DVCS) [166-172], ete™ annihilation [84,173-181] as well TMD factorization [182,183]
and Drell-Yan process [184,185], which are the subjects of this work. In this section, we will
discuss first the short-distance OPE and light-cone OPE of composite operators, relevant for
the Drell-Yan process.
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CHAPTER 3. QCD, BACKGROUND FIELD METHOD AND OPE

3.2.1 Short distance OPE

In general, the time-ordered product of two local operators A and B (either elementary or
composite) in an interacting quantum field theory can be written as

r{AWB@} =1 [t da T {RWBW)L)  Le)} s (310

where the superscript I labels the interacting fields while 0 refers to free fields in the Heisenberg
picture. The iterative applications of Wick’s theorem leads to the short-distance (or Wilson)
expansion [16]

T{A'(y)B'(2)} =3 Cily - )N (v, @), (3.15)

where the functions C;(y — z), called Wilson coefficients contains singularities as y — x, and
N?(y,z) is a bi-local normal ordered product of free fields which is well-defined in the limit
y — z. If the operators A(y), B(z) and N;(y,z) have mass dimension m4, mp and my;,
respectively, then in the limit y — z, [16,/64,68,149|

nA-‘r‘rLB—mNZ, I’

[~(y—=)>+i0] 2

lim Ci(y — x) ~

Lim (3.16)
in the presence of interactions this relations gets logarithmic corrections.

Since the operators N;(y,z) are regular at y — z one can perform an expansion around
y=z

Nifgyo) = S W=Dy = 2 g g, Ni(a,), (3.17)

|
oy n:

where 0, is the partial derivative with respect y*. Therefore the short-distance expansion in
eq. (3.15)) can be rewritten as

n!

T{A'(y)B'(x)} = S Cly-2)) =2 =™, o Niwa).  (3.18)

The derivative terms lead (in principle) to sub-leading contributions in the limit y — = due to
the factors (y — z)* in the numerator. In the next section we will see that this is not always
true in the case of a the light-cone OPE, where we are interested in the behavior of product
of operators (elementary or composite) in the limit (y — z)? — 0 for an arbitrary y* — z*.

In he case of a gauge theory like QCD, in the short-distance expansion in eq. (3.18)) the
partial derivatives must be replaced by covariant derivative, i.e. 0, — 0, — igA, [186}187].
The interacting propagator of a fermion in the present of a gluon field satisfies the equation

(I — m) S (y, ) = 16 (y — z), (3.19)

where D,, = 0, — igA, and m is the fermion mass. Keeping only the most singular terms
(leading twist approximation), eq. (3.19) has the solution

Sint(y, z) ~ Pexp {ig /: dzﬂA“(z)} S(y — z), (3.20)
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3.2. OPERATOR PRODUCT EXPANSION (OPE)

where S(y — ) is the fermion free propagator and P is the path-ordering operator. The
path-ordered exponential is called Wilson line [17,(186]. Taking the limit y — x of the normal
ordered product involving two fermions fields,

_ Y
d)Pexp {ig [ d.a'() (o) (3.21)
x
the path-ordered exponential can be expanded up to next order in y* — x*,
Yy
Pexp {zg/ dzMA“(z)} = 1+ig(y—m)-A(x——2+-y)+(9 ((y - w)2) = 1+ig(y—x)-A(z)+0O ((y - m)2) ,

(3.22)
which leads to

s h(y)Pexp {ig /xy dzuA”(z)} = zn: —a " (y —2)™ : 1/7(3:)%“1 “ee 5“n1/1(a:)
(3.23)

where D = (5u +igA,(z).

Hence, in the case of a gauge theory like QCD, the short-distance expansion amount to

T{A'(y)B'(2)} = > Cily x)Z —o)n (y — D D D Ni(@z).  (3.24)

This expression is, however, highly impractical for several reasons. First, the renormaliza-

tion of an operator O}’Zrle in = Dy Dy, Ni(z, z) can lead to mixing with other operators
Ojp

Oyt = Z m ® O (3.25)

where Z; ,, is not proportional to the umt matrlx and ® denotes a convolution in position
space. This intricate structure in the renormalization procedure translates into a system
of coupled evolution equations for the operators. The second reason concerns the physical
interpretation of the matrix elements of the operators O; ji1--un- In the present work we are
interested in the case where A and B in eq. are the electroweak quark currents and
the time-ordered product and two proton 1n1t1al and final states, as shown in eq. (2.14) in
Chapter 2 Matrix elements of the form (P4 Pg|O; y,...u,,| PaPp) with generic Lorentz Lorentz
indices p; lack a physical interpretation. This is because the operator O; ..., , from the point
of the rotation group SO(3) is a tensor with n indices. Therefore one can decompose it into a
direct sum of irreducible representations under SO(3), i.e. we cam write O; ..., as the sum
of operators of different spin. It is the matrix elements of the irreducible representations of
O; u1--u, What can be interpreted as distributions of polarized partons inside a proton with
a given polarization. It is for these two reasons that the concept of geometrical twist, which
is defined as the mass dimension minus the spin, is introduced to classify the operators in
the short-distance OPE. Since operators with different spin belongs to different irreducible
representations of the Lorentz group, they will not mix in the renormalization and evolution
procedure. Hence, eq. ([3.24)), is more conveniently rewritten as

TAWB @) = Y oty - W=D W=D (3p)
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where 7 =mass dimension—spin.

Let us now focus on the case of the time-ordered product of two electroweak currents i.e.
T{J"(z)J*(0)}, where J#(x) =: yT*1)(x) :, T* is some Dirac structure and the sum over color
and Dirac indices is implicit. This example should be enough to illustrate the ideas behind the
short distance OPE and the decomposition onto operators with definite geometrical twist. We
will see that already at the tree level result without virtual corrections shows a considerable
algebraic complexity in its manipulation. This is one of the reason the background field
method that we will introduce in the next section plays a crucial role in the simplification of

the calculations. Applying the Wick’s theorem,

T{: p(@)IP() = P(0)T#4(0) :} = — (0|T{ts(0)ehi () }0) (I™)i; (01T {3 ()3 (0) }|0) (I*)ss
+: (@) 0| T{3(2)1(0)}0)I*4(0) :
+ 2 9i(0) ()45 (0T {5 (0)¢br () }0) (T)rsths () :
+: (@) (2) 9 (0)T9(0) -,

(3.27)
where on the first and third lines we have made explicit the sum over Dirac indices and used the
equal time anti-commutation relations for fermionic fields/] The contribution on the first line
of eq. is the most singular in the limit z — 0 and gives the leading contribution at high-
mass transfer in processes like inclusive e™e™ annihilation [84,173|, where one is interested
in the matrix element (0|7{: ¢ (z)[*4(z) :: % (0)T*(0) :}|0). However, for process like
DIS [18,/79,(163] and DVCS [170] where the matrix elements of eq. with a nucleon states
are involved, the first line gives a disconnected terms and therefore does not contribute to the
cross section. The leading contribution is given by the second and third lines. For the Drell-
Yan process [182,184,185], SIDIS [53,/165], and e*e™ annihilation to hadrons |[174-179,181]
the leading contribution is given by the forth line when one evaluates the matrix element
(PaPg|T{: ¥(z)T*p(x) :: ¥(0)T*4)(0) :}|PaPp) which is the first to give a connected term.
By expanding around z = 0, one obtains

T{: ¢(x)T*(x) :: P(0)T#e(0) :} =: P(0)T*%(0)%(0)*%(0) :
+ 2% {$(0)(Da + Da)TH19(0) }T*16(0) -
+ %xo‘xﬁ : {%(0)(DaD s +2DaDs + DsDo)T#4(0)} T4 (0) :

+ e,

(3.28)
where - -- stands for higher-order contributions. The covariant derivatives are in the funda-
mental representation of SU(3) and it is understood that one first performs the derivative
and then evaluates it at zero. Using the Fierz identity, see Appendix eq. can be

Ha(y), 95 (0} = 0 (y = x)8a and {ta(¥), 96(x)} = {$1(¥), ¥} ()} = 0.
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rewritten as

T{: p(x)H9p(z) = PO)TH4p(0) } = — Y Tr[THT TV All: (T 4)jsvbithr (T8 )rsths : (0)

{r4,r8}
+ % {&jﬁa}(FA)jiwi'ﬁzr(FB)Tsws D4z Q:Ej (FA)jiw“;T(FB)TS{Da’l’bS} : (0)
+ %wa‘”ﬂ : {$;(0) Do D }(T4)jithib, (0) (TP sty %9‘;%5 : 95 (D)1 (D) rs{DpDats} : (0)
+ 290 : {f; Do HTA)ji05r (0B) s { Db} : (O)] + -+

(3.29)
where the covariant derivatives are in the fundamental representation, see definition in Sec-
tion and : - : (0) means that all the operators inside the normal ordered product are

evaluated at zero.In Drell-Yan, one needs the forward matrix element of eq. (3.29) using the
state of two incoming protons |P4Pg), i.e.

(PaPp|T{: ¥ ()T(z) =: p(0)T#9(0) :}|PaPp) = (PaPp| : Y (z)T ()9 (0)I*(0) : | PaPp)

=~ Y T[*TpI"Tcl(Pal : %;(2)(T°);i%i(0) : |Pa)(Pa| : ¥r(0)(T)rsth(x)s : |Pp)
{re,rby

=— Y T[“TpI"Te][(Pal : %5(TC)its : (0)|Pa){Ps| : r(TP)rsths : (0)|Pp)
{re,rb}
+2*(Pal : {$; Da}(TC);ith : (0)|Pa)(Pa] : $,(T2)rsths : (0)|Ps)
+ 3*(Pa : 1;(T°)jitts : (0)|Pa){(Pp| : ¥r(TP)re{Daths} : (0)|Pp)

+ 572 (Pal : {8 DaD s} (0000 - (0)|Pa) (Pl : Br(T)rsts - (0)|Ps)

+ %xawﬁ(PM : (T4 jiti : (0)|Pa)(Pa| : %r(TP)rs{DgDaths} : (0)|Pg)] + - .

(3.30)
One may be concerned why there are not matrix elements involving an odd number of fermionic
fields such as (Pg| : 1s(x) : | Pg) or (Pa] : ;(x)1r(0)1:(0) : | P4) or why we can simply assume
the factorization of the two proton state |P4Pg) = |P4) ® |Pg). These issues will be discussed
in details in Chapter [l At this stage we will say that the large gap in rapidity between the
protons makes it natural to assume the factorization of the two-proton state is valid and matrix
elements with odd number of fermionic fields violate energy and momentum conservation’}
The matrix elements in eq. have no definite spin, i.e. they are a linear combinations of
tensors, each one in a different irreducible representation of the Lorentz group. For example

®Also notice that they are not color neutral. (Pg|ws(x)|Ps) transforms as a triplet under SU(3); while
(Pa| : 9 ()1, (0)1:(0) : |Pa) does not belong to a irreducible representation of SU(3), instead it transforms
according to the tensor product 3®3®3. Thus, these kind of matrix elements cannot correspond to physical
quantities or distributions.
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the operators DgD, and 5a3ﬁ can be written as

1

1 2 1
DgDo = 5(DpDo + DaDp = 5D*gag) + 5(DpDa — DaDp) + -

d
1 2 ig
= E(D'BDQ + DQDB — c_lDQQO‘B) — EFaﬂ + ngaﬂa

DoDp = %(ﬁx(ﬁﬂ +DsDa - 3(52%5) + %(5aﬁﬂ ~DsDa) + D%as

1 2 ) 2
= E(gagﬁ + ﬁﬁﬁa - Egzgaﬁ) - %Faﬂ + Egzgaﬁ7

D2ga,3

(3.31)

where d is the space-time dimension and we have used [Dg, Dg] = —igF,3 and [ga, 55] =
—igF,g. The symmetric traceless term in eq. has spin 2, the anti-symmetric term has
spin 1, while the term proportional to the trace is a scalar i.e. spin 0. Using eq. in
eq. the decomposition into irreducible representation of the inhomogeneous Lorentz
group is completed up to the value of the matrices D). Let us consider two cases:
I'C =TP =1 and T¢D) = AA0),

Case: ¢ =TP =1

It is the simplest case, just using eq. in eq. (3.30) is enough to rewrite the short
distance OPE of the time-ordered product of two electroweak currents into a sum of operators
with definite geometrical twist. The leading geometrical twist will be twist-3 from terms like

(Ps| = e (D)rsths  (0)|Ps), (Pal : {5 Da}(L)jithi : (0)|Pa) or (Pl : r(1)r{Sasiis} : (0)|Ps)

where we have defined 1 5
Socﬂ = §(D,8Da + DaDﬁ — E‘Danﬁ)' (332)

Contributions with the gluon field strength tensor have geometrical twist-4; terms with pro-
portional to the trace, D?¢g®?, have twist-5ﬁ

Case FC(D) = 'y)‘(l’)
In these case the leading contribution is given by operators of geometrical twist-2 like

<PB| : @Er(')’p)rsws : (0)|PB>a (PBl : &r{(ssa)rﬂps} : (0)|PB>a <PB| : 71Zr{(s'€aﬁ)rsz;bs} : (0)|PB>a

where 1
0% = S (¥"Da +7*D° — 2Dg*), (3.33)

and

1 1
Sf;o‘ﬂ = E(VPDBDa + all permutations of p, o, 8) — 7 traces. (3.34)

+2
The next contribution will be twist-3, and it comes when fyA(p)Do‘ are anti-symmetrized or
when the combination v*¥) D D* is completely symmetric in two indices but anti-symmetric
in the third ones e.g. it can be symmetric in the pairs of indices «, 8 and {a, p} but anti-
symmetric in the pair {3, p}.

5Notice that we do not consider the spin of the fermionic field to compute the geometrical twist, since it is
the same always.
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3.2.2 Light-cone OPE

The basic concepts discussed in the case of short-distance expansion can be easily translated
to the light-cone expansion, the main difference being that while in the former one considers
the limit z# — 0 (where z* is the separation between two local operators) in the latter the
relevant limit is for vanishing light-like separation 22 — 0 [64,68,80,81,83}/188]. This leads to
two mayor differences: the light-cone expansion for ¢> — oo rather than ¢* — oo and there
are derivative terms which are not power suppressed (they are the collinear and anti-collinear
derivatives, depending on the field they act on). Furthermore, in the light-cone expansion
is that the Wilson lines introduced previously to make normal-ordered composite operators
gauge invariant does not vanish, since y* — x* approaches a light-like vector.

Our previous example, given in eq. , becomes in the light-cone OPE
T{: () 4p(x) = P(0)I*4p(0) :} = Y {TC, TP} [T*T pI*Tc]
[(Pal : ()&, 0](TC):i(0) : |Pa)(Ps| : %r(0)(T7)rs[0, &7 J¢bs(x7) : | Pp)
(@5 + ) (Pal : {15(@*) (Do + A D) Har*, 009 (0) : [Pa)
(Pa| : %r(0)(TP)rs[0, 27 J00s(27) : | Pp) (3.35)
(@% + 2%z (Pal : ¢ (aT) [z, 01(T9);ii(0) : |Pa)
<PB| br(0)(TP) 5[0, 27 1{(Dre + naD_)s(z7)} : | PB)]
+e

where n® and n® are light-like vectors similar to the ones introduces in Chapter |2 and the
subscripts T' denotes a orthogonal subspace to them. Notice that we have considered that
the separation between fields acting on the proton state |P4) approaches to a light-like vector
nozt ie. * — n%T, while for the case of fields acting on the proton state |Pg) it is
assumed that the separation approaches to the light-like vector n®z~. We have denoted by
[@ + 2%, b+ 29] the collinear Wilson line

X 4+ X 4+ X

[@a+2%b+ 2% = Pexp{ig/ ds n - B(sn+ za)}, (3.36)
b

for the case of the matrix element computed with the state |P4), while for the case of |Pp) it
is given by

a
[a+ 2%b+ 2% = Pexp{ig/ dsn-B(sn+ za)}. (3.37)
b

The assumption for not performing also a expansion around a:(+) = 0 in the matrix element
computed with the proton state |P4), or x~ = 0 in the case of |Pg), is that the derivatives
contributions are not power suppressed in the limit z+ — 0. Thus the whole series of deriva-
tives would be needed. The physical meaning is that fields acting on the proton state |P4)
have a momentum that scales in light-cone coordinates as k% ~ Q(\2,1,X), where Q is some
hard reference energy scale and A < 1. This means that derivatives along the transverse and
anti-collinear component scale as QX and QM2 respectively[], see Chapter [2| The light-cone

"Notice that P 5
8+ =n- 8 = 57—
ox

e
I
i
Q
Il
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CHAPTER 3. QCD, BACKGROUND FIELD METHOD AND OPE

OPE appears to be an excellent tool to access sub-leading contribution beyond parton model
interpretation. Notice that not only it provides a first principle theoretical foundation to the
collinear factorization and the parton model picture, but it also enables TMD factorization
since in the previous expression an explicit dependence on the transverse separation of the
fields could be retained. As for the short-distance OPE, a twist decomposition of the operators
in eq. (3.35) is appropriate. The reasons are exactly the same: its simplify the renormaliza-
tion producer allowing to be just multiplicative procedure and assigning a definite spin to the
matrix elements in eq. permits its identification with physical spin and helicity distribu-
tions of quarks and gluons inside the protons. It is also worth comment the color structure in
eq. (3-35). Since : ¢(z)T*4() : is an electroweak current it is implicitly understood that the
two fermions fields form a color singlet, i.e. d_zfz/};-’, in order to be color neutral. Therefore the
fields combination in the matrix elements of eq. are as well color neutral.

3.3 Background field method

We discussed in Chapter [2] the different energy scale hierarchies involved in the Drell-Yan
process and presented without formal proof two factorization theorems: collinear or high-qr
and TMD factorization. These provide reliable theoretical predictions in different kinematic
regimens in the Drell-Yan process and are concerned with different physical regimes: collinear
factorization applies perturbative region of the transverse momentum spectrum in differential
Drell-Yan, while the main focus in TMD factorization is the non-perturbative contributions
to the gpr-spectrum. The proof of both factorization theorems relies on the same idea: the
systematic separation of short-and long-distance contributions to the scattering process. To
dereive these factorization formulae one can either use Effective Field Theories (EFT) or a
light-cone OPE with background fields [ﬂ In this section we introduce the background field
method as a procedure to compute the effective action for a gauge theory.

3.3.1 Effective action

In the previous section we analysed the short-distance and light-cone OPE of time orderer
product of quark electroweak currents. We showed that already at LO, without quantum
corrections, the process is algebraically tedious. The OPE process (for a gauge theory like
QCD) involves covariant derivatives of the fields, see egs. and (3.35)), at LO the fields
can be regarded as classical [182,185| and one can simply compute their derivatives. However,
when we start considering quantum effects, i.e. real and virtual radiative corrections, the
fields are operators and it is less clear if one can simply perform the covariant derivatives.
Therefore, we would like to replace an operator like J*(z) = T{¢(2)T"*4)(z)}, whose matrix
element evaluation contains quantum corrections by and series of effective operator ,_71.“ , whose
matrix elements evaluation is free of quantum corrections and can be done at LO classically,
see fig. Thus, one can formally perform a Taylor expansion of the classical fields in the
effective operator. In order to obtain the matching of T{v(z)I'*4(z)} one can compute its
matrix element considering some arbitrary initial state composed of quarks, anti-quarks and

8Indeed the background field method is the foundation behind any EFT.
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v q q
AH
() = 1R o -
b q Y q
(a) (0]J*(2)|9q) = Cqqa®(0|T ;19 (b) (0]J*(2)|9dg) = Cqq ® (0|T;,19a9)
q
q
= quiqti
q
q

(c) (017%(2)19799) = Cagaz ® (017;;19347)

Figure 3.1: Matching procedure of the operator J#(z) = T{w(2)["*(2)} [75,84}141,[142,/173,

184/,/189,/190], ® denotes a integral convolution in posi
matching of the matrix element of J# when we consider

tion space. (a) shows the
a quark and anti-quark as

incoming states, the blobs denote 1PI diagrams containing the virtual corrections
to the propagators and vertices. On the right-hand side the effective operator
is simply composed of the effective quark and anti-quark fields, whose matrix
element are evaluated at tree level and convoluted with the Wilson coefficient Cyg.
(b) shows the matching when the initial states is composed of a quark, an anti-
quark and a gluon, |¢Gg); (c) shows the matching when we use as incoming state

two quarks and anti-quarks, |gqqq).

gluons and the vacuum as final state, i.e. (0|T{(2)T*(2)}|q---q--

184,(189,(190]. The first non-zero con_tributiorﬂ to the matching
considering the matrix element (0|T{1(2)I'*1(2)}|qq), see fig.
by

- g), [7584}/141,/142,173,
procedure is coming from
. Schematically it is given

T{()"9(2)} = / dy1dyz Cog(y1,¥2)q(z + ¥2)Tqa(z + y1) + -+, (3.38)

9The vacuum expectation value (0|T{%(2)T*4(2)}|0) gives disconnected contributions and it does not con-

tribute to the Drell-Yan process.
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where --- denotes further operators and the Dirac structure in the full theory, I'*, is not
necessarily the same than in the effective operator Ff;ﬂ If we also consider a gluon in the
initial state the matrix element of the effective operator will be zero, however the matrix
element of the operator in the full theory is not zero, therefore one needs to consider further

effective operators see figs. [3.1b] and
T{1/_)(z)1""¢(z)} =Cy ® j(fq(za z) + +Cqqg ® J(;L(jg + Cogqa @ -Z;%qq Tt (3.39)

In principle one must consider an infinite series of effective operator, nevertheless in most of
the physical applications the effective fields follow a certain scaling with respect a dimension-
less parameter A < 1. Therefore one can formally organize the effective operators in powers
of A. Depending of the kinematic configuration and the physical assumptions that are made
one could not be necessary to consider the whole tower of effective operators and simple the
first few contributions can give reasonable results. In Chapter. [ the effective fields will follow
the scaling already discussed Chapter. [2| what allows us to perform a power counting of the
different contribution coming from the matrix element of effective operators.

The next question we have to address is how exactly can we construct the effective op-
erators \7¢M , since one we have a precise definition for them the computation of the Wil-
son coefficient C; is formally straight forward. Since the perturbative evaluation of matrix
elements of an operator is performed using the LSZ reduction formula, the evaluation of
O|T{w(2)T*"(2)}|q--G---g---) turns in the computation of connected n-points connected
Green functions. Therefore, we need to find a functional that performing a tree level evalu-
ation of the matrix ellemnt of a effective operator reproduces the whole quantum correction
coming from n-points connected Green function, this functional is the well-known effective
action, Se. Therefore we need to find a method to obtain the effective action starting from
the QCD action. Let us quickly reminder of how a general effective action, S, is defined
stating from some full theory action action S. In the path integral approach the m-point
connected Green functions are computed by performing functional derivatives with respect to
an external classical source J of the generating functional |64}/68.|149}|191]

W[J] = —ilnZ[J], Z[J]= / [dgleSe+[ d'2I(2)é(2), (3.40)

u where ¢ denotes some arbitrary field i.e. scaler, fermionic or vector. Using eq. (3.40) the
connected Green functions are given by [64,68,149,|[191]

(016(w1) -+~ P(yn)[0) = (=ih)" " w(yf;-v-v-[i]f(yn) =0’

where ¢ stands for connected Green functions. Their computation can be simplified further
by expressing them in terms of 1 Particle Irreducible (1PI) diagrams, as in fig. This
can be achieved by working with the Legendre transform of W/[J] rather than with W[J]
itself [85./191-193]

(3.41)

Plg) = WiJg - [ diT(:)d(2) (3.42)

10Tndeed, we will see that in the Drell-Yan case eache effective operator breaks the Ward identity, and it is
only the sum of all of them what restores it.

36



3.3. BACKGROUND FIELD METHOD

= + (1PI IPT IPD

() —0—(w)+

Figure 3.2: n-points connected (C) Green’s function expressed as 1PI contributions joint to-
gether.

where ¢ is given by

3= oW J]

- 8J(2)]

and Jz must be understood as the classical current J written as a functional of #(z) i.e.
J3(2) = J[¢(2)], where eq. is the defining condition of J3. It can be understood as:
for classical field conﬁguratlon ¢c(z) and current Jg,, when computmg the expected value of
é in present of J; one obtains ¢, = bie . =¢ = (J¢|¢|J¢) [149,1191], the classical field
configuration is just the expected value of ¢ in present of J;. The new functional T'[¢] is

known as the effective action [64,68,(149,191] and it is to a quantum field theory what the
classical action S[¢] is to a classical field theory. Notice that

T[] SW(Jgl 6J5(y) 6J3(y) - L 86(y)
86(2) _/ @ 8J5(y) 6¢(2) / d4y< W)+ S5l

(3.43)

¢(2) 36(2)
which is the quantum mechanical field equation for ¢ and replaces the classical field equation

5S[¢]/6¢ = —J.

) =—J5(2), (3.44)

Consider the second derivative of the effective action in eq. (3.42)) with respect ¢, one obtains

62F[(5] _ 6‘]4_) _ (5¢ -t _ (52W[J] -1 B @ 4
02 8 l &IJ - l_ 572 ] = [=9c®] ", (3.45)

where G’gz) denotes the connected two points Green function and we have used the definition
of ¢ given by eq. (3.43). Eq. (3.45) can be inverted multiplying by both side with §2W/§J2,
it leads to

0762 2 6] = -, (3.40
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which tells us that the full two points connected Green function can be obtained by computing
the 1PI two points function and dressing up the two external lines with connected two points
correlators. Obviously it is a functional equation that has to be solved order by order in the
coupling constan Notice that 6/6J and 6/8¢ are related by

5 676 la?wu]]‘l 5 5

1
555300 | 5| s lc07e?] 5 (3.47)

which has the following meaning: acting with §/3¢ over I'[¢] removes a propagator from a
external line, while /6J adds a external line to the Green function when it acts on W[J].
Let us consider another example: §°T"/§¢?

ST _ 8 8] _ 1, et 0 [ PWII]T | e W]
55 =53 oF = [(-97'c?] El_ s ] = [076P] T S, 34)

which can be written as

o T
[(—i)-1G§2>]3‘5L_["5] = (—i)26Y. (3.49)
03
Therefore, we see that the n-point connected Green function can be computed performing
functional derivatives of the classical effective action, F[gz_ﬁ], with respect ¢, that we regard as
the classical counterpart of the quantum field ¢. In case the dressed external lines correspond
to on-shell states, e.g. in the evaluation of a scattering amplitude or in general the matrix
elements of some generic operator, in virtued of the LSZ formula we need the amputated
n-point connected Green function, i.e. we need the residue of the 2-points connected Green
function G£2) rather than is full form. Therefore, the effective action allows us to translate the
evaluation of the matrix elements of a certain operator, including all its quantum corrections,
into a tree level evaluation with classical fields, which was precisely our initial aim. However,
it is still not clear how exactly obtain the effective action, sice it whole calculations depends
on eq. (3.43)), which is far from trivial. Firstly, there is not guaranty we can obtain a close
form for W[J] and it case we were able to obtains one, we could not be able to invert the
resulting equation and write J as a functional of ¢. Indeed there is few cases where this is
possible, one of them being for a real free scalar field. Therefore, we can expect that for a
theory with the level of complexity of QCD such a procedure is not possible, instead the best
that can be done is to use perturbative methods to compute the effective action introducing
a classical back ground field.

Let us consider again the functional Z[J] in eq. (3.40) and replace the field ¢ in the action
S[#] by the shifted field ¢ — ¢ + ¢, where ¢p is and arbitrary classical background field

215,651 = [1d)exo{iSlo+ ou) +i [ 272000 . (3.50)

the functional Z depends on both, the classical current J and the on the background field,
which can be thought as another source. Analogously to egs. (3.40) and (3.42) one can define

W[J, ¢8| = —iln Z|J, ¢5], (3.51)

1VWe are being a bit sloppy in the notation, since it is true that in momentum space the the 1PI and con-
nected Green function are simply multiplied, in position space it must be understood as a convolution in
coordinates.
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SW[J, ¢5]

¢=—57 > (3.52)

and the background effective action
£18,65) = Wi, 68] - [ d'2 T(2)0(2). (3.59)

The generating functionals Z[J, ¢p] and Z[J] can be related by doing shift ¢ — ¢ — ¢p in

eq. (3.50), one finds
215,651 = [ds) exp{iSig] + i [ a42(:)(8(2) - dm(2)) } = ZUNexp{~i [ a1 (2)n()},

5 (3.54)
and W|J, ¢p] is given by
W{J, é5] = —iln Z[J, ¢5] = W[J] — / 4427 (2)4(2). (3.55)
Performing the functional derivative with respect J(z) one obtains
¢=¢— os, (3.56)

finally replacing W[J, ¢5] and ¢ in eq. (3.53) by their expression given in egs. (3-55) and (3.56)
respectively one arrives

£(8,¢5) = W) - [ dJ(:)6m(z) = T19), (3.57)

but ¢ = ¢ + ¢, therefore . i
I'l¢, ¢8] =T[¢ + ¢5], (3.58)

therefore the effective action I'[¢5] can be computed by taking ¢ = 0.

The background field effective action IN‘[(;S, @] is just a usual effective action computed in
the present of a classical background field ¢5. This means it is composed of all 1PI diagrams
that contribute to Green’s functions, which are generated by taking functional derivatives of
the effective action with respect the field. In the case of f‘[q; ¢ ] the functional derivatives are
with respect ¢, which will generate 1PI Green’s functions in the present of a background field
ép. If one set ¢ = 0 the effective action I' has no dependence on @, therefore no diagrams
with external lines are generated. Instead, I'[0, ¢] is the sum of all 1PI vacuum to vacuum
transitions of the quantum field in the present of a background field ¢pg. This is a great
advantages, since no reference is made to external states in the calculation of the effective
action The condition ¢ = 0 can be ensured by choosing the current J (2) in eq.
as [194]
65[¢ + ¢5]

Y0) ¢:0’

12This feature will show to be extremely powerful in order to rigorous and systematically access to sub-leading
contributions in Drell-Yan process.

Ji=— (3.59)
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this is, the expectation value of the quantum field q3 vanish in the present of a current of this
choice. Thus one can write

exp{iW[J, ¢5]} = / 1dd] exp{iS[¢ + ) +i / it J(z)¢(z)} (3.60)
or explicitly replacing J by its definition in eq. one obtain
WIJ,g5) = 116,951 + [ ats ZETLP| 60 =T0.951=Tlosl, (36
therefore eq. amounts to
exp{iT[gs]) = [144] exp{zs 6+ 0s] i [ s 0T 22 |¢=0¢<z)}. (362)

There are two approaches to compute f‘[O, ¢B]. The first is consider the dependence on the
fields ¢p exactly. One start by computing all the 1PI vacuum diagrams using the action

St - [ S00]

to generate the Feynman rules, where the propagator for the field ¢ has a exact dependence on
the background field ¢. Then one compute the usual diagrams for the field ¢ with vertices
that depends on ¢p. It is clear that this approach seems feasible for a very limited types of
background fields ¢ 5. Some cases are the computation of the effective potential in scalar field
theories when ¢p is a constant field [194,(195|. The second approach is the one sued in along
this work. It consists in treating the background field ¢ perturbatively. Thus, one just need
to consider 1PI vacuum diagrams of the ¢ field with ¢p fields appearing as external lines. In
this approaches the background field is arbitrary and it does not need to be specified. The
way to proceed is relatively simple, again one obtains the Feynman rules from

dz M
6p(2) 4o

but for the propagator of the field ¢ only the quadratic term in ¢ of S[¢ + ¢p] is consider
and every thing else is regarded as a perturbatiorﬂ Interactions between ¢ fields are used as
internal vertex in the diagrams while interactions between ¢ and ¢p fields are responsible of
the external lines. From a practical point of view in a background field theory one computes
Feynman diagrams in exactly the same manner that any other approach, the only different is
that the Feynman rules for vertices inside the diagrams may differ from those connected to
external lines. One can write the exponential factor in the right hand-side of eq. as

dtz M
6p(z) 4o

13Since there is no functional integral over the background field ¢ is does not propagate and therefore it only
appears as external line, never internal.

¢(Z)’

Slo+ o5 - [ 6(2),

Slo+ sl - [ 8(2) = Slgs] + SId] + Sl o8], (363
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where by definition Sint[¢, #B] is

. — _ [ge 050408l _
Sl ox] = g+ o] = [ s TP o) - Sloal Sl (360
hence, the functional Z[¢, ¢5] becomes
219, 65) = exp{iS[os]} x [1de] expliSle] + Suslo, 651}, (3.65)

where we can pull out of the functional integral the phase factor exp{iS[¢p|} since it has no
dependence on the quantum fields ¢. Thus the effective action amounts to

Dlgp] = ~iln 2[4, ¢a] = Siéa) — iln [[dg] exp{iS[g] + Sl 6zl},  (3.66)

from eq. (3.66) it is self-evident that the corrections to the classical action S[¢p] are 1PI
virtual diagrams in present of external fields ¢p. A perturbative evaluation of the second
term on the right hand-side leads to the effective action I'[¢p] to takes the form [64},87,149]

I¢s] = S(¢s] + i/d4z1 e d 2, TP (21, 20)$B(21) - $B(20), (3.67)

where the coefficient T'™(zy,--- ,2,) are the 1PI Green’s functions. Notice the non-local
nature of the quantum corrections in position space, also it is not a coincident that eqs.
and show some short of similarities, since bot equations aim to a similar purpose:
separates degrees of freedom associated to different energy scales.

3.3.2 Composite background field method in a gauge theory

Yang-Mills lagrangian We start considering the background field method for a pure Yang-
Mills lagrangian, which is the most challenging due to the the gauge fixing condition; the Dirac
lagrangian will show to have a fairly simple extension. The background generating functional
for a pure Yang-Mills theory is [64,68,85,87,149]

210, A] = / (dB] det lwl

062

N2-1
X exp{i/d4zﬁyM[A+B] +i/d4zEGF[é] +i/d4z > Jﬁ(z)B,‘l‘(z)},
a=1

(3.68)
where B* and A¥ are the quantum (dynamical) and background gauge fields respectively;
Lcr|G] and G*|B, A] are the gauge fixing lagrangian and condition respectively; Lyy[A + B
is the Yang-Mills lagrangian [64,/68,/85,149]

1 N2-1
LYM[A + B] = ~1 Z Fﬁy[A + B]Fé“’[A + B], (3.69)
a=1
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where
N2-1

Fi[A+ B] = 0,(A5(2) + BJ(2)) — 0,(A5(2) + Bi(2)) +g > f™(AL(2) + BL(2))(45(2) + B(2));
b,c=1

(3.70)
and 6G?/§6* is the functional derivative of the gauge fixing condition under a infinitesimal
gauge transformation

BZ(Z) — BZ(Z) + gz fabCOb(z) (Bli(z) + Ai(z)) — 0u0%(2). (3.71)
b,c

The Yang-Mills term is invariant under two set of infinitesimal transformations:

N2%2-1
Bi(2) = Bi(2) + 9y f™6°(2)B;(2) — 9.0%(2), AL(2) = Ai(2) +9 Y [0°(2) A5 (2)
b,c b,c=1
(3.72)
and
N2-1
A(2) = AL(2) + 9 [ (2)A5(2) — 8,8°(2), Bji(2) = Biu(2) +9 > f™0°(2)B;(2)
b,c b,c=1
(3.73)

since Lym[B + A] is symmetric under A <> B. The former is a rotation in color space of the
background field A}, plus a infinitesimal gauge transformation of the dynamical gauge field
By, while in the latter the infinitesimal gauge transformation is applied to the background
field A}, and the dynamical field By, is simply rotated in color space. It is not possible to keep
both symmetries manifest at the same time and one is forced to choose. The advantages of
the background field method for gauge theories is based on the explicit gauge invariance for
the background field. Thus one decides to maintain explicit gauge invariant under the set of
transformation given by eq. , since A, is not a dynamical field and there is not need to
define its propagator.

Once noes choose to have lagrangian that preserves a explicit gauge invariant form for the
background field A}, the gauge fixing term Lgr can be discussed. It can be shown that a
gauge fixing terms like

N2-1 N2-1
Lar + Lrp = —2% > (OuBE(2)2+ D (0"0“(2)) (6O + 9facBL(2))w’(2)  (3.74)
a=1

a,b,c=1

are no longer adequate since they are not gauge invariant under the set of transformation
given in eq. (3.73). The reasoning is analogous to the one presented in the replacement of
partial derivatives by covariant derivatives in a OPE, see Section [3.2] It is again due to the
non local nature of the partial derivative operator. Therefore we need to parallel transport
the dynamical field By, and the ghost fields w and w. However in this case the gauge field
present in the Wilson line is going to be the background field Aj, therefore one can simply do

the replacement
N2-1

0acOu — (DM[A])ac = 0acOu t 9 Z fabcAZ(z)' (3.75)
b=1

42



3.3. BACKGROUND FIELD METHOD

Therefore we will use as gauge fixing condition G®

N2-1 N2-1 N2-1

GBI = Y (D A)ucBE() = 3 {6ucdtg X furcAb(9)}BEG),  (376)
b=1

c=1 c=1
the gauge fixing lagrangian amounts to [64,85}/149]

1 N2-1 1 N2-1

Lor =5 3" G°[A, B|Gu[A, B] = T Y ADulA)w By () H(Dy[A])acBE (2)},
a=1 a,b,c=1
(3.77)
and the Faddeev—Popov lagrangian is
NZ-1 _ N2-1
Lep = Y {(DulA)ace(2)}(D*[ADad +9 D faeaBE(2))w?(2), (3.78)
a,c,d=1 e=1

where we used {-} to makes explicit that the covariant derivative only acts on the fields
that are inside it. The gauge fixing condition in eq. (3.76]) is known as background-field
gauge [64,85,149].

Putting together the Yang-Mills, gauge fixing and Faddeev-Popov lagrangians in egs. (3.69)),
(3.77) and (3.78) respectively one obtains

AN

N2-1
Lym+ Lor + Lrp=— = Y Fi[A, BJF/”[A, B]

-1

aN2

-1
- e 3 (DUADBLHDADBL )} 6.19)

a,b,c=1
N2-1 N2?2-1

+ Y ADulA)ac@* () H(D*[ADaa +9 D faeaBE(2))w(2)

a,c,d=1 e=1
where Fyj,[A, B] is given by

N2-1 N2-1

Fi[A, Bl = Fi[Al+ ) {(DulA)asBi(2) — (Du[ADwbB(2)} +9 D B (2)B;(2)
b=1 c,b=1
N2-1
F[A] = 0,45(2) = 0, AL(2) +9 Y [™AL(2) A5 (=),
b,c=1

(3.80)
and under the infinitesimal gauge transformation in eq. (3.73)) each term in FJ; [A, B] trans-
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forms as
N2-1
FSI/[A] - Fﬁu[A] +9 Z fabceb(z)Fﬁu[AL
b,c=1
N2-1 N2-1 N2-1
Z (DulA]) B (2) — Z (DulA)wBo(2) +9 Y. f*“%c(2)(DulA)anBl(2),  (3.81)
c,d,b=1
N2-1 N2-1
Y FB(2)Bi(2) = Y f™Bh(2)Bi(2)+9 Y f**f"04(2)B}(2)B(2),
b,c=1 b,c=1 b,c,d,e
therefore Fj,[A, B] transforms as
N2-1
F%[A,B] = F4[A,Bl+g Y f™0,(2)F;,[A,B]. (3.82)
b,c=1

Dirac lagrangian In the case of the Dirac lagrangian the procedure is rather straightforward,
one just need to do the replacement B — A} + By, ¢¥* — ¢* + ¢ and P = P+ Y%
where ¢* and ¢* are the background classical quark fields, ¥® and ¢* are the dynamical or
quantum quark fields and as before A}, and B}, are the background and dynamical gluon field
respectively. The Dirac action with the standard minimal coupling takes the form

N

Loiracld +9,q+ %, A+ Bl = Y (¢°(2) +9°(2)) (6ap{i — m}

a,b=1
N2-1

+g Z toy{Ae(2) + Be(2)})(d*(2) +4°(2))

2.°

= D (@ (2) + 9*(2)) (7" Du[ADab(a’ () + 9°(2))

a,b=1

o
I

Mz

+ Y @@+ @)]s Z to,Bel) — G J(d () + 4(2),
_ 3 (3.83)
where (D[A])ap is in the fundamental representation, i.e. (Dy[A])ap = 0apOy —1ig 3. 1o, Af(2)-
The quantum %® and classical background fermion fields under infinitesimal gauge transfor-
mation transform as

o
Il

1

a,

N N2-1

0*(2) = ¢*(2) —ig Dy, Y th.0°(2)¢°(2),
c=1 b=1
N N2-1

P (2) & Y (2) —ig Y, Y th 0 ()Y (2).

c=1 b=1

(3.84)

The second and third lines in eq. (3.83)) are invariant under the set of gauge transformation
defined by the egs. (3.73) and (3.84).
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3.3. BACKGROUND FIELD METHOD

The next step is to remove from the Dirac lagrangian in eq. (3.83)) the contribution coming
from the equations of motion, as we discussed for the scalar case in Section [3.3.1]it is achieved
by subtraction the contribution given by ¢6S[¢+¢B] |¢=0- In the case of eq. (3.83) one need to

perform two functional derivatives with respect ¥ and v, one obtain

6£Dirac o ; D b
e | = Z{zfy“(Du[A])ab — mdap}q’(2),

0 1g=04=0,B=0 p—1 (3.85)
5EDira,c - a® ) D |
Home Y P (Bl + S},

Y |g=0,y=0,B=0 a=1

<
where (D ,[A])ab = dab 3 +ig Ec_ tgbAC (z The Dirac lagrangian in eq. (3.83) minus
the contribution from e.o.m in eq. (3.85) gives

_ ] LDirac

dLDirac a
EDlrac = LDirac — Z 'l/)a( ) 2! sue |- Y (Z)
= 0 lgmog=om=0 0" lj—oy=05=0
) _ N N’-1 oy . ) (3.86)
= L:Dirac[q> q, A] + £Dirac[¢y ¥, B] +9g Z Z {q b$cq + ’lﬁ 2 bAJab

a,b=1 c=1
+ e bBCqb + (j“tgbBcz/)b} + total derivative + mass terms.

Notice that removing term proportional to the e.o.m terms like 1)*9¢® or ¢ ;ﬂﬁb are no longer
present. Terms like these would not be allowed since they leads to disconnected graphs.
However eq. still contains terms that leads to disconnected contributions like g*8.q%,
it will be removed once the contribution from gluon e.o.m are subtracted.

Contribution from gluon e.o.m The last piece one needs to remove is the contribution from
gluon e.o.m, which are given by the sum of two terms

gluon e.o.m = 5£Diiac 5£Y(ILVI , (3.87)
5B;¢ B=0,1=0,1)=0 JB“ B=0,3=0,1)=0

14We remind that the equations of motions (e.0.m) are obtained performing variations over the action S =
f d*z L[¢, 0,.¢], where ¢ represents either a bosonic of fermionic field

3S[¢p, 0ud] = /d4 (gg 8H%)5¢+boundary terms,

where the boundary terms are typically dropped. Therefore writing g—i we mean

6L_0L o oL
6 06 " O(8u9)

'5The relative minus sign between both e.o.m is a straight consequence of the differentiation of Grassmann
variables

0 0
20, ——(0102) = —061.

(6102) = 62, 0,
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each one separately gives the contribution

5»C~Dirac

5BY

N
Z t4q°, (3.88)

B=0,9=0,=0

0Lym

5B

Z A])aaF5*[A], (3.89)

B=0,1=0,p=0 a=1

therefore, the lagrangian density in the composite background field method removing contri-
butions proportional to gluon e.o.m (and having previously removed the contributions from
quark e.o.m) becomes

N2-1 N
Lpc =Lym+ Lar + Lp + Liac —9 Y > @Bt (3.90)
c=1 ab=1
where £~YM is given by
N2-1
- oL
Bou=toi- X B
=1 w 1B=0,=0,=0
N2 1 N2 1 N2 1
= Z o, [A]FL (4] - Z S BIF&B] - 3 FalAlf*B} B
Fabeta 3.91
N2—1 2 ( * )
_ g2 Z facbfadeAc BbBMBV _ 2 Z facbfadeAc Bb (Ang _ AZBg)
a,b,c,d,e=1 a,b,c,d,e
N2-1
-9 Z f2(0,B2)(A¥ By — AYBY) + total derivatives,
a,b,c=1
and the relation
N2-1 _ NZ-1
Z FC’L‘”[A]{(D“[A])abBS} =— Z {(DM[A])abFIf“’ [A]}Bg + total dereivatives, (3.92)
a,b:l a,b:l

has been used to cancel out contributions proportional to the e.o.m.

In Chapter. 4 a slightly modified version of eq. (3.90) will be used in order to obtain the
effective electroweak vertex at sub-leading power.
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CHAPTER 4. TMD FACTORIZATION

4 TMD Factorization

In this chapter we present how the background field formalism and light-cone OPE intro-
duced in Chapter [3] apply to the derivation of TMDPDF factorization of the hadronic tensor
in the Drell-Yan process. In Section we present the factorization at leading power (LP)
showing how the standard leading power definition of the collinear unpolarized TMDPDFs
arise. Along this derivation we will identify which power corrections are drop at every step.
In Section. we focus on a particular set of power corrections that were neglected during
LP factorization: Kinematic Power Corrections (KPC) and collinear twist power corrections.
To conclude, in Section [4.3] we present the effect of KPC and collinear twist power corrections
when a real hard parton is emitted (process that in the literature is sometimes referred as
F+Jet, where F is the vector gauge boson, see 26,96}, 102-105,(134]).

4.1 TMD Factorization in the background field method

In Section 2.1] we introduced the hadronic tensor for the Drell-Yan differential cross sec-
tion, we saw that there are two ways it can be written as long we consider only Initial State
Radiation (ISR) and connected diagrams. Depending upon whether we are interested in real,
eq. (2.10), or virtual corrections, eq. , we use one form or the other. Nevertheless, nei-
ther of the two electroweak currents in eq. and eq. are gathered in a single-time
ordered product. This can be seen explicitly in eq. where the current evaluated at zero
is a monomial of time ordered fields, while in the hermitian conjugate current the fields are
anti-time ordered. One can still perform an OPE of the product of the two electroweak cur-
rent with only one caveat: to distinguish whether two free fields are gather in a time-ordered
product or not [161]. In the case two free fields are under the same time-order operator, then
one can use either eq. for gluons or eq. for fermions in order to split the operator
contribution into a regular part at short-distance, given by the normal-ordered product, and
a singular contribution capture by the Feynman propagators. In the case when the two free
fields are not time ordered then one must use eq. in the case of gluons and eq. for
fermions [84,[161}[173,[196]}

As we saw in Sec. [3.2/the OPE is a tedious process, involving covariant derivatives in the case
of a gauge theory and on top of that Wilson lines if we are performing a light-cone OPE rather
than a short-distance OPE. The reason is due to all the fields are in the same gauge, however
the situation can highly simplify if we consider the short-distance iteration of quantum fields
under the present of classical background fields that act as sources. In this case we can use
the background field method presented in Sec. to compute the the short-distance Wilson
coefficient to the product of two electroweak current, even though they are not under the
same time-ordered product. The basic assumption is that the quantum fields do not act

! An alternative approaches is using functional methods and the Keldysh’s formalism [196].
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CHAPTER 4. TMD FACTORIZATION

on the external states, therefore regarding the quantum fields we are always computing the
n—points connected Green functions in the present of some classical external sources. This
assumptions is always motivated by a different scaling of the momentum of quantum field
and the momentum of the external states. Usually, the external states are composed of low
energy degrees of freedom with respect the quantum fields. In our case, we are interested on
the forward matrix element of two proton states of the product of two electroweak currents,
see. . We assume that the electroweak current J#(z) as a composite operator of two type
of fields: fast and slow fields. From the point of view of the fast fields, the slow ones behave
classically, since their characteristic wave length is much larger than the fast fields one. We
also assume that fast fields do not act on the protons state | P4 Pg), only slow fields does. Thus
one can write |Pa ) @ |Pp) @ |0), where |0p) is the vacuum state of the fast fields and we
have factorized further the state | P4 Pg) into a collinear and anti-collinear proton states | P4 )
and |Pp ) respectively, due to the large gap in the rapidity of both states. The next step is to
identify this abstract fast and slow fields with modes present in our problem. As we already
discussed in Chapter [2] the bound quark and gluon fields inside the protons can be regarded
as propagating almost parallel with respect the parent proton. For instance, in the light-cone
coordinates the proton p4 has momentum P¥ = Pynt+ ;\ﬁfiﬁ“ then the momentum of quarks

and gluons interacting inside it scale as k ~ Q(A\2,1,)), where A = Aqcp/Q < 1 and Q is
the invariant mass of the gauge boson that we identify with the hard scales in our problem.
Hence, it makes sense to identify the slow fields with collinear and anti-collinear (anti-)quark
and gluon fields that scales as

(na,ﬁa,aéﬁ)‘jn S Q()‘2719)‘)qn(z)$ (na’ﬁa’af/;’)(jﬁ(z) S Q(l’)‘Qa)‘)_’ﬁ(z),

(2)
(n : 8’ n- 8a 8;’)%1( ) 5 Q()‘z’ 1, )‘)Qn(z)a (n : 8’ n- 8a 85”)Qﬁ(z) 5 Q(17 >‘2’ )‘)Qﬁ(z)a (4'1)
(n : aa n- aa 85{)147”1@) SJ Q(AQ, 1’ )\)ATVL(,Z), (n : 87 n- 8a a"lzﬁ)A%(z) S Q(l’ )‘Za A)A%(z),

z

z

where we denote collinear and anti-collinear fields with the subscripts n and 7 respectively. We
want to stress the present of the symbol < in eq. (4.1)), contrary to the SCET literature [72}-
75,(197] where the field modes are assumed to be localized in momentum space around p,, ~
Q(N\?,1,) and p; ~ Q(1, A2, )\). We defined the fast modes as the complementary to collinear
and anti-collinear modes i.e. everything that is not collinear or anti-collinear, see fig. [4.1],
therefore it is natural to identify the fast modes with the hard modes to be integrated out.

We replace every quark, anti-quark and gluon fields by a hard, collinear and anti-collinear
field
P(2) = ¥n(2) + @n(2) + aa(2)

P(2) = Yn(2) + @n(2) + Ga(2) (4.2)
BM(z) = B,(2) + An(2) + Aa(2),

where we use subscripts h to identify the hard fields.

Performing the replacement given in eq. (4.2)) in the QCD lagrangian, eq. (3.10]), one obtains

EQCD [1/_): ¢, B] _>£Dirac[1;h + qn + qr, ¢h +qn+gs, B+ An + Aﬁ]
+ Lym[¥n + Gn + @, Yh + Gn + Gny B + An + A3 (4.3)
+ LGF [An + Aﬁ] + LFP [An + Aﬁ],
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n-o0

< i _

g ¢h7 wha Bh
g i

>

/' : @na dn, Aﬁ

n-o0

Figure 4.1: Domains of collinear, anti-collinear and hard fields in the light-cone momenta com-
ponent. By definition the domain of the hard quantum fields is the complementary
to the domain of background collinear and anti-collinear fields.

where the gauge fixing Lgr and Faddeev-Popov Lpp lagrangian are the same ones given in
eqs. and but the background gauge fields in the covariant derivatives is A* =
Al + AL, Since there are two copies of background fields for each hard or quantum field
the subtraction of contributions proportional to the equations of motions is slightly more
tedious and one need to do it in a symmetric form. We start writing the Dirac and Yang-Mills
lagrangians as

_ _ _ 1 _ _
Lpirac[Vh + @n + @ny Y1 + @0 + @5, B + Ap + Ai] = - Lpirac[¥n + Ga, ¥n + @a, Bn + Az

2
1 _
+ §£Dira0[7/’r‘z + @n, ¥ + gn, Ba + An],
(4.4)
1 1
Lym[B + Ay + Az :EACYM [By, + Az] + E,CYM [Br + Az, (4.5)

where we have defined 7,Z_Jn(ﬁ) =¢+ Tn(r)> Yn(m) = ¥ + n(m) and BY @ =B+ Al )" The idea
is to consider the fields ¢, ¢, and A_ﬁ as classical compare to ¥5, ¥z and BE; analogously gz,
gr and AL are classical compare to ¥, ¥, and B}, Therefore, for the lagrangian density that
is a functional of 5, ¥, BL one removes the equations of motions for g, g, and A}

1 - 1

E'ﬁ = §£Dirac[",bﬁ + @n, 'l)bﬁ + qn, Bﬁ + An] + §£YM [Bﬁ + An]
l&CDirac B _ 16£YM uo_ l&cDirac 'lpr_z _ 1 "Zﬁ 6[/D_irac
277 oy

(4.6)

2 §BE TR 246BE TR 2 oyy

Y

where the functional derivatives are evaluated at 1/_17‘1,1%,35 = 0, while for the case of la-
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grangian depending on the fields vy, 1, BY one obtain

1 7 1
En = §£Dirac[’¢)n + q'ﬁ, djn -+ qn, Bn + Aﬁ] —+ EEYM[BTZ + Aﬁ]
— 1% B ld‘CYM wo_ ld‘cDiracq’b _ 11/—) 6£Dirac (47)
2 6B M2 6BE TN 2 6, 27" Gu

where the functional derivatives must be understood as evaluated at &n, Y, BE = 0. Putting
together L5 Ly, Lgr and Lrp one obtains [85,87,/184]

Lqop cB.G = Ln + Li + LaF + Lrp = LQCD cov G.F. [Ph, Yh, Bh)

) ] (4.8)
+ ‘CQCD [qn7 dn, An] + ‘CQCD [Qﬁ, dny Aﬁ] + ‘Cint’

where QCD C.B.G stands for QCD in the composite background, we have written explicitly ev-
erything in terms of hard fields, collinear and anti-collinear. £qQcp cov G.F.[@h, ¥p, Bp] is given
by eq. and the subscripts cov G.F. denotes a covariant gauge fixing; £LQcD[Gn(r) n(r)s An(m))
are the sum of Dirac and Yang-Mills lagrangians; the last term L;,; includes interaction terms

of hard with (anti-)collinear fields and anti-collinear with collinear fields. Its explicit form is
rather lengthy and it is given in Appendix Once one have obtained the QCD lagrangian

in the composite background field method, eq. (4.8), the product of effective electroweak
currents can be written as

e z _ z
jT [qn(ﬁ)7 An(n)> An(ﬁ)] (5) T [qn(ﬁ)a An(a)> An('ﬁ)] (_5)

_ vt [ 2 ) ,—i8qQcD, cov G.F.—iShn—1Sha—1Shnn u( _ 2\ ,i8qeD, cov G.F.FiShn+iShan+iShna
= T{J (2)6 }T{J 5 e ,

(4.9)
on the right-hand side it is understood that the product of hard (or quantum) fields is split
into a short distance divergent contribution plus it normal-ordered; notice also that for the
anti-time-ordered product the complex exponetial have an overal minus sign. As we have
said, we assume that the hard fields do no act on the proton states, therefore when we take
the forward matrix element of eq. the normal-ordered hard fields vanishes since they
act on the free theory vacuum state. The short-distance contribution inter in loop integral
in the process of integrating out the hard fields, in principle one should introduce a cut-off
to avoid the collinear and anti-collinear sectors, see fig. Nevertheless this could hinder
the perturbative expansion, instead we perform the loop integrals without any constrain over
the Feynman integrals. This inconsistency in the treatment of the hard fields will amount
to infrared divergences. For the case of virtual contributions to the electroweak current such
a infrared divergences are reabsorbed into the TMDPDF, leading to the definition of renor-
malized TMDPDF, see. [183},184,198]. For the case of real hard modes, i.e. the expansion of
two fields that are not under the same time-ordered product, the situation is more involved,
being this case the main topic and novelty of the present work. We find that making some
assumptions on the TMDPDFs matrix elements one can show that the integrals are finite;
nevertheless, obtain explicit expression is extremely cumbersome. It is for this reason that
we perform the computation in momentum space, where expression simplify. The drawback
is that one need to interchange the order in which the integrals are performed what leads to
collinear and soft divergences. It is for this reason that we introduce a multiplicative factor
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4.1. TMD FACTORIZATION IN THE BACKGROUND FIELD METHOD

that we call double counting subtraction, whose definition will be presented later.

While Sqcp,n(n) contains exclusively (anti-)collinear terms, the interaction terms between
the collinear and anti-collinear sector gather in S see (C.5)) for its explicit form, hinder the

nn ’
factorization into two well-defined sectors. This could be foreseen already from the fig.
where there is an overlap of the collinear and anti-collinear sectors when the fields modes
scales as {n - 90,7 - 0, 8§}qn(ﬁ),qs(2),An(ﬁ) <%0 A} (m)s Gn(n), An@m)- In SCET terminol-
ogy this region is known as Gluaber region, in the presetn work we will refer to it as soft region
following the notation and terminology of [184]. In order to stablish a consistent and free of
divergences definition of the TMDPDFs as proton matrix element of exclusively collinear or
anti-collinear fields one need to remove the double counting of this region present in hadronic
matrix elements. This is one of the most critical point since only after removing the double
counting one can obtain a renormalize TMDPDFs together with its corresponding renormal-
ization constant that will cancel out the IR poles that arise in the process of integrating out
the hard fields, i.e. in the process of mapping the IR divergences of the full theory onto UV
divergences in the effective theory. In the current literature one can find several solution to
the double counting of the soft region by the (anti-)collinear fields. Just to mention a few of

them:

(a) One can introduce a rapidity cutoff in the collinear and anti-collinear sector leading to a
change in the definition of the background fields. Each TMDPDF acquires a dependence
on the introduced cutoff that is compensated in the product of both distribution at the
level of the factorized differential cross section. This approach is used in [106}199,200].

(b) The functional integration measure can be redefined by introducing a normalization
factor that remove the soft modes. This is a valid approach as long as one assumes
that the proton wave function does not depend on the soft fields, which is reasonable
in the non-small z limit. The normalization factor responsible for removing the double
counting is known as the soft function [20,/43-45,[201]. Currently this is the standard
approaches for leading-power calculations. In this work we show that the same simple
multiplicative structure also holds for NNLP in the matching onto collinear distributions
of geometrical twist-2.

(c) One can ignore the issue of double counting and obtain the effective operators, demand-
ing later that they must be well-defined. This procedure leads to reconstruct the rapidity
renormalization constant. This approach is the one taken in SCET-I [47,107,202].

Since we will perform the calculations using light-cone coordinates it is convenient split the
(anti-) collinear fermion fields g,z into good &, and bad 7,y spin components defined as

it ok

&n="ln, M= "7 Gn
2 2 (4.10)
i
gn = 7(]71, Nn = TQm

where as usual n* and n* are two light-like vectors normalize to one i.e. n -7 = 1. There
are three reasons that justify the convenience of the fermion field split in eq. (4.10). The
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CHAPTER 4. TMD FACTORIZATION

first one is their power counting according to A = Aqcp/@, it can be shown starting from
the free quark propagator and projecting out either the good or the bad component, e.g.
<0|@T{qn(y)(jn(x)}ﬁ7¢|0) or (0|%¢T{qn(y)(jn(x)}¢7ﬁ|0) for the collinear quark field, that the
good and bad spin components scale as §,(n) < Q3/2) and Mn(n) S Q3/2)2 respectively [72,
73,75,(197]. Therefore in the collinear twist expansion, i.e. the expansion in powers of A, one
needs to distinguishes between both components. The second reason is due to the quantiza-
tion of fermionic field after integrating out the hard fields. It can be shown using canonical
quantization methods that 7,) are not independent degrees of freedom and need to be re-
moved using the equations of motions [203], see Appendix The third reason is that the
bad components 7,) do not have a definite geometrical twist, it can be already seen from
the equation of motions in Appendix For instance, 7, in the light-cone gauge takes the

form?| 0
n(2)7” = — /_ N ds(0uln(sii + 2)7h + ig€n(sii + 2) Ay, 7 (sR + 2)), (4.11)

which is the sum of two operators, the first one has geometrical twist-1 while the second one
has twist-2. The first term will contribute to the matching onto collinear PDFs of geometrical
twist-2, while the second leads to contributions proportional to collinear PDFs of twist-3. In
the present work we are mainly interested in the first one.

To conclude this section let us just briefly enumerate the steps to follow in order to obtain
the matching of eq. (2.14) onto collinear unpolarized TMPDFs:

(1) Using eq. one can compute using standard perturbation theory for the hard (fast)
fields the virtual and radiative corrections to the electroweak vertex under a present of
(anti-)collinear (slow) fields that play a back ground source. From the point of view of
the hard fields, the background fields are classical fields, therefore the can be expanded
around a certain point in a Taylor series.

(2) Using Fierz identities the product of two effective electroweak currents can be written
as the convolution of two operators, containing only (anti-)collinear fields and a hard
partonic scattering process.

(3) The composite operators of background fields can be classified according to their collinear
twist and their hadronic matrix elements parametrized by Transverse Mometum Depen-
dend Parton Distribution Functions (TMDPDFs), see. [53,(77,/182,184,204]. From the
plethora of distributions we focus on unpolarized TMDPDFs. We obtain that operators
with collinear twist-2, 3 and 4 contributes to the uTMDPDFs.

(4) The virtual corrections to the electroweak vertex leads to UV and IR divergences. The
UV divergences are removed through the renormalization of the coupling constant and
fields. The IR divergences are a indication in the inconsistency in our calculations, since
we are integration over soft and collinear modes. The IR poles in the hard region exactly
match the UV poles in the renormalization of the TMDPDF, therefore the product of
the hard virtual corrections with the bare TMDPDEF operators is finite. Thus, one can
define the physical renormalized TMDPDF operators and the hard Wilson coefficients

2The light-cone gauge is defined by #- A, =0 and n- Az =0
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as the objects obtained after subtracting the UV and IR poles from the bare TMDPDF
and virtual corrections to the electroweak vertex respectively.

(5) The case of the short distance contribution given by massless on-shell propagators also
leads to IR singularities. As for hard virtual corrections, their origin is due to overlapping
of hard and (anti-)collinear modes. In order to remove this double counting we rescale
the product of effective currents in eq. by a perturbative factor Zu(as(u)) that
will remove the contributions from the regions when the hard fields becomes (anti-
)collinear. We obtain that Zg,(as(1)) can be defined as the partonic matrix elements
of a TMDPDF-like operator at leading power and collinear twist 2 (sometimes they are
refereed to as inclusive pp-dependent beam function, see. [55,56,59,205,206] ).

4.2 Collinear twist expansion and KPC at LO

In this section we start by presenting the algebraic multiplication necessary in order to
build from the background fields g, (7), @n(n) and AZ () Bauge invariant operators with definite
collinear and geometrical twist. At LO there is neither virtual nor real hard corrections,
therefore in the effective current operator is simply obtained by replacing the standard fermion
fields in the electroweak current by their (anti-)collinear counterpart, i.e. ¥ — ¢, + gn. This

amounts to
z _ [z z _ [z z
T (5) = Gn (5) g5 (5) +3n (5) gy (5) : (4.12)

where I'* is some combination of Dirac matrices. Notice there is no term of the form
@n(7) " qn(w), Which is forbidden by momentum conservation. The product of two effective
currents amounts to

71 (3) 7" (-3) = @l e () @anl (-3) + @ a) () @al (-3) , @13)

where terms like [gaI" ¢n)(2/2)[qa'*¢n](—2/2) are forbidden. Using Fierz identity (see eq. (B.8))
we can rewrite eq. (4.13) as

gt ( ) J* ( 2) 16 Z Tr[TcT*T pI*] g, (5> (T)adl (—g) @ <_g> (TP)idln (‘%)

z z z
- Z Tr[CcITpl* ), (-) (T)aqx (——) Tom <——> (T2)kjqn (
16 43 2 n\ ") %n\ "

(4.14)
where an implicit sum in the Dirac 4, j, k,! and color a,b indices is understood. The minus
sign in front comes from an odd number of permutation of the fermionic fields, therefore the
minus sign in front. Since the collinear and anti-collinear background fields do not interact,
the combinations qzn(ﬁ)q;?,n(ﬁ) must be color singlets. We perform the replacement [37,43./47,

107,197]

5ab
Ton() G ﬁcqf,nm)q?,n(m’ (4.15)
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where we average over color. The product of effective currents in eq. (4.13) thus becomes

vi( 2 2\ ___1 v (Ve (—2\ a2 (—2 )\ 1Pel( ?
J <2>J”<2)— 16N > Tr[Ccl FDP“]qn(2)1“ qn< 2) n( 2)P qn<2)

¢¢,D
1 z z Z z
- S T[T TpIMgE( = )T ( — = ﬂi(——)rD d(-)
(4.16)

where we have used },j dapdab = >_40aa = Nc to cancel one of the 1 /N¢ coming from the
replacement given in eq. (4.15). The fields binomial g&(2)I'*¢S(—z) is a non-local operator
evaluated at the space-time points z* and —z*, and thus it is not gauge invariant. We
already discussed this issue in Sec. where we introduced the Wilson line (see egs.
and (3.37)), which leaves non-local operators gauge invariant. Therefore, the field operators
given eq. after introducing the corresponding Wilson lines become

7 (3) 1% (-3) > @ (5) T/ —=/aat (-5,

< (_2\pC.c(? — (_%\pC ab b (% (4.17)
n (‘5) I gy (5) =y (‘5) I[-2/2,2/2|%q, (5) ;
where [y, z] is given by
[y, 7] = Pexp {ig /w ! dzuA"(z)}, (4.18)
and P is the symbol for path ordering i.e.
P[A*(z;) A" (z;)] = A¥(z5) A" (z), y* > 27 > 2 > 2 (4.19)

The gluon field A* is (anti-)collinear if the fields in the non-local operator are (anti-)collinear.
The operators given in eq. are gauge invariant and the path ordering operator ensures
path independence, see. [43,79,84,(173,197,207-209]. Therefore any parametrization that links
the space-time points y* and z¢ is allowed, however some parametrization could be easier to
handle than others from the fixed-order computation point of view. For instance, a straight
line parametrization, i.e.

[y, z] = Pexp {z’g /01 do(y —z)*Au(o(y — z) + x)}, (4.20)

would be preferable over more complicated one. Nevertheless, a straight line parametrization
like the one above is not the most suitable to perform a light-cone OPE;, since it contains
collinear, anti-collinear and transverse component of the gluon field. One can exploit the path
ordering of the Wilson lines and one of its most useful properties, namely path transitivity
(sometimes also refereed as causality), see [207,208]. This means that given three points z2,
y* and 2%, the Wilson line connecting z* and y“ can be written as

[2, 2] = [2, 9][y, =], (4.21)

provided [z,y| and [y, z] must have the same parametrization, i.e. the path circles back from
y* to 2% in order to cancel the excess contributions introduced by [y, z], see fig. Therefore,
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4.2. COLLINEAR TWIST EXPANSION AND KPC AT LO

one can split the Wilson line [y, z] with a collinear gluon field, Ay, in the following manner,

see fig.

[y, z] = [y, —oon + (y - n)7 + y.][—oon + (y - n)7i + y1, —oon + (y - n)n + 2.
X [—oon+ (y-n)n+xz,,—oon+ (z-n)n+ z,][-oon + (z - n)n + z,, z].

The split for the Wilson line [y, ] presented in eq. can be simplified further depending
the choice of gauge fixing for the background (anti-)collinear gluon fields AZ - In covariant
gauge all the component of the background gluon fields vanish at light-cone infinity, i.e.
Al (+oon) = 0 and A% (+oon) = 0. The family of gauges where all gluon field components
vanish are known as regular gauges [43,106/184,197,210]. The Wilson lines along the transverse
and anti-collinear direction amounts to 1

(4.22)

[~oon+ (y-n)n+z,,—ocon+ (z-n)n+z,] =1, (4.23)
[~oon+ (y-n)n+y,,—oon+ (y-n)n+z,]=1. ’

yH

xh xh

Figure 4.2: Additivity of two Wilson lines. The Wilson line connecting two points z* and z*
can be decomposed as the product of two Wilson lines: one from z* to y* and a
second one from y* to z*, where y* does not necessarily lay on the path joining
z* and z* if and only if the parametrization used in the Wilson line from z* to
y* is the same than from y* to z*.

Therefore, the gauge-invariant non-local operator with two (anti-)collinear background
quark fields are given by

C
oy, z) = (W) ly, —oon + (y - n)A + . |*TC[—oon + (z - n)A + ., 2]¢%(x),

[T ~b = = bepC = = ca a (424)
On "(¥,2) = @ (y)ly, —oon + (y - A)n + y, ]"T™ [—oon + (z - A)n + 21, 2]“¢5().
Using the operator in eq. (4.24) the product of effective currents is given by
vt (2 gn _z)z_ 1 v[ ¥ [FCI(E _E) [_FDI(_E z)
J (2) J ( 2 16NCCZDTr[FCF ol¥]0n *{ 3,3 )%n 2’2
’ (4.25)
1 [r] (z z) TP ( z z)
- Tr[CcI*TprHor (2, -2 o 1 — 2 2).
16NCCZD Ll Tol¥]0s (373 )9 2'2
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CHAPTER 4. TMD FACTORIZATION

_ n
I n

Figure 4.3: Wilson line connecting xz* and y* via successive paths parametrized by straight
lines. In a non-singular gauge [41},210,211] the Wilson lines with the gluon field
evaluated at the light-cone minus infinity amount to 1.

The operators in eq. are not proper TMDPDF yet, rather they can be thought of as
quark-quark correlators with general field separation. The TMDPDF operators are obtained
from the ones in eq. by performing an expansion around zt(=) = 0 for On(m)- The
leading-order contribution, Oy, ) (2t(=) = 0), is referred to as leading-power (LP) contribu-

tion; while terms containing derivatives of the operators at zt(~) = 0 are known as kinematic
power corrections (KPC) [184,212]. One further needs to project the quark fields g,y onto
good, &,(ny, and bad, 1y,(n), spin component and further write 7,,(z) as function of &,) (and
gluon fields), see egs. (C.24) to in Appendix|[C.2] The expansion of background fields in
the effective vertex operators into good, {,(7) and bad, N, (in the sense of [184,185,212,213])
spin field components is known as collinear twist expansion [69}|75,(189,/190,1213]. For every
collinear twist we have potentially an infinite number of KPC. In the following sections we
present how to sum KCPs for operators of collinear twist-2, 3 and 4. In particular we will
focus in the KPC of an operator of collinear twist-n that matches onto collinear PDFs of
geometrical twist-2.

4.2.1 Collinear twist-2 at LO

The collinear twist-2 contributions are obtained when all the fields in the effective vertex
operator are good spin components, i.e &,(), and thus the product of two effective currents
in eq. (4.25) amounts to

v 1 v C D
JC-IW 2(z)“7clftw 2(0) == W Z Tr[FCF FDIW] O’LE‘C-{W 2(2, O)Ol_zr,‘c-‘]cw 2(0’ Z)
¢c,D
. - - (4.26)
~ N CZDTr[FCF”F DI04 et 2(2,0)0;, iy 2(0, 2),
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4.2. COLLINEAR TWIST EXPANSION AND KPC AT LO

where we have shifted the fields by z*/2 since the operators only depends on the relative
separations and the subscript "c-tw 2” indicates a collinear twist-2 operator. Furthermore

C
Ol o(42) = By, —oon +yn + y - [~oon+ a7+ 21,2 e (), (427)

n,c-tw 2\Y

C
O 202) = B @)ly, —oon +y*a + 1] [~oon + 2% + 21,2 €4(z).  (428)

n,c-tw 2\Y

Notice that we have included a factor % in the definitions of the operators OL t]w 2y, ), a
sum over the Dirac and color indices is understood. The operators O,, and O; in eq. (4.26)
have to be expanded around 2~ = 0 and 2" = 0 respectively in order to write them as a

sum of TMDPDF operators. Nevertheless the dependence on z* in the Wilson lines hinders

the Taylor expansion. There are several alternatives to handle this issue: one can replace
the non-local form of the operators in eq. by an infinite series of local operators, work
with this local representation, perform the corresponding algebraic manipulation to obtain the
decomposition and at the end sum back into a non-local representation, see [1854212.214]; an
other approach is to directly work with the non-local expression but off the light-cone, perform
the corresponding manipulations and afterwards take the light-cone limit see 79,182, 215].
However, we can exploit the freedom of choosing different gauge fixing conditions for hard (or
quantum), B¥(z), and background (or classical), A" (ﬁ)(z), gluons fields. Instead of working
in a regular gauge for the background fields, we can always choose to work in the light-cone
gauge [183,,184,209-211,216,,217]

n-Ab(z) =0, n-Ap(z) =0, (4.29)

where the Wilson lines along the light-like directions in egs. (4.27)) and (4.28) amount to one.
Nonetheless, it is well known that in the light-cone gauge not all the gluon fields component
vanish in the light-cone inﬁnitny] [207,/209-211} 216, 218-223]. In this case one can mainly
proceed in two different ways: one can introduce a Wilson line along the transverse directions
in order to restore the gauge invariance of the operators in egs. [210,211,[216]; or use the
residual gauge invariance left by the light-cone gauge regarding transformations independent
of 2t(2) which can be removed by the appropriate boundary conditions [183,(184]. In this
work we choose the second option, implementing the boundary conditions

lim Ak(z") =0, lim AL(z7)=0. (4.30)
zt——oco z=——00
After performing the expansion around z~(*) = 0 we can always re-write the operators in

a form that is explicitly gauge invariant and valid for gauge fixing conditions even though
the derivation has been done in the light-cone gauge, see App. and [183,]184]. In the

light-cone gauge the expansion around z~ = 0 of the operator OLF ](—z, z) amounts to [212]
] = (2~ C
On c-tw 2 Z 6+£n(z) ( ) (431)
n=0 z—=0

3The family of gauges where not all the gluon field components vanish at the light-cone infinity are known as
singular gauges.
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CHAPTER 4. TMD FACTORIZATION

Using the equations of motions in the light-cone gauge, see egs. (C.15)), (C.16), (C.17) and (C.18)),
one can formally write

n!

c > —\n 82 _ FC
OLF,C.lwz(z,O)=nZ:0(z ) (—ﬁ) £, 07,200 6.0), (432)

where we have introduced the inverse derivative operator defined as [184,197,212,224]

oot = [ ds gt o) (4:33)

with g(27) an analytic function going to zero at infinity rapidly enough. In order for the
Fourier transform of the matrix elements of the operator in eq. to exist, and therefore
be able to defined the TMDPDF in momentum space,some assumptions regarding analyticity
and behavior of the fields at infinity are necessary. For this reason we assume that the action
of the inverse derivative operator upon the operators in eq. is well-defined. In order
to proceed further we need to specify the Dirac structure in I'C. Since we are interested in
unpolarized cases only I'C = v gives the relevant contribution

e e @) AN ol
On,c—tw 2(2, 0) =N Z T _ﬁ §n(z ,0, ZJ_)Tgn(O), (434)
= _
where we have used
il
2 &n = &ns (4.35)
and N N N
R A2 Al T e
g Vg =Nt (4.36)

The differential operator in eq. (4.34) leads to simple expressions momentum space. To this
end we first take the matrix element of the eq. (4.34) between proton state with momentum
P Ay

[ee) —\n 2\ " _
(PAIOTL, 52, 0)Pa) = o Y &) (—ﬁ) (Palén(2*,0,21) -6 (0) [ Pa).  (4.37)
n=0

n! o0_

This matrix element can be written for a generic gauge by introducing the corresponding
Wilson lines [183,(184], see also App.

b a8
(PalOy o 2(2,0)[Pa) = n 1‘:,2::0 T (—ﬁ

x (Pal&n(z+,0,20) [+ A + 21, —0o + zg_]%[—ooﬁ, 0]€n(0)| Pa).
(4.38)
The matrix element on the right-hand side is nothing but the unpolarized TMDPDF at leading
collinear and geometrical twist in position space [43,50,53,77, 127,182, 185]

Blabpa (2t 27) = (Paléan(z",0,20) [0 + 21, —00f + 21] - [~oom, 0]6a(0)|Pa),  (4:39)
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4.2. COLLINEAR TWIST EXPANSION AND KPC AT LO

which can be written as the Fourier transform of its counterpart in momentum space,
- — _ izt o P —izp
ol (2 2r) = Py [ dad'Ppy &' FA 01 fo (2, ) (4.40)
where 2!/ = —zf.. Replacing eq. (4.40) in eq. (4.38)) one obtains
1 ipsz_ " FpP~ iz
ﬁ( — | & TATEH fepa(z, Pr).

2P,
(4.41)

} Introducing the variables p~ =

(PAlOC, 5(2,0)|Pa) = n®Py / dz d*?pp Y
n=0

The sum amounts to an imaginary exponential, exp{z

P, and pt = I;T_ eq. (4.41) can be written as

(PAIOT y 5(2.0)1Pa) = nP] [ da d'p ¢#5(0™ ~ 2P7)0@)% fyepu(@pr), (442

where d%p = dptdp~d?2pr, the factor 2p~ comes from the Jacobian of §(p?) and 1 > = > —1
is the fraction of collinear momentum of the parton with respect the proton.

[r?]

For the case of the operator O, i, o

element of the operator

00 +32 D 82 n
O'L,FctWZ O Z = Z z ) F_ (__J_> T_L(O7z_7zJ_)

(0, 2), the steps to follow are analogous. The matrix

, (4.43)

between proton state of momentum Ppg, is related to the anti-quark unpolarized TMDPDF [43,
50,53,(77,127,,183,184]

+ —
o) (2 2r) =

d—2_  —igPt s tipp-
ng/dxd pre ' TP fo (2, Pr),

+) .. _
(Pol 5 oom 4 21, 77+ 21J6n(0, 2™, 26 (0)0, —on| )

(4.44)
in the following manner:

(PB|(’)n ctw 2(0,2)|PB) = —ﬁO‘PE / dz d% e_ip'z<$(p+ — $P§)(5(p2)2p+fq<_p3 (z,pr)- (4.45)

2
Here we have introduced the variables p™ = IP; and p~ = P+, the integration measure

is dr;d% = dzdptdp~d?*?py with 1— > z > —1 the anti—colhnear momentum fraction of
the parton with respect the proton pp; the factor 2p™ comes from the Jacobian of §(p?)
and the minus sign comes from the anti-commutation of the fermionic fields in the definition
of the anti-quark TMDPDFs. Notice that in the definition of the unpolarized quark and
anti-quark TMDPDFs there is a relative sign in the complex exponential, since the range
1 > z > 0 is identified with the quark TMDPDF and 0 > x > —1 with the anti-quark
TMDPDF [50,53,(77,183,/184]. The quark and anti-quark TMDPDFs are related by charge
conjugation [53}77,183]

(Og-p)3;(03 P) = (=7"7*)ik (O )i (3 P) (v'4* )15, (4.46)
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CHAPTER 4. TMD FACTORIZATION

where v* = (v°, —v) and

d*z  _, _
(Our)ise.P) = [ 53 (PIE(IEO)IP)
4y . (4.47)
= / (;lw)zle"p'2<PI£j(0)£i(—z)lP>= (;W)‘LeZp'z(P|§j(0)§i(z)|P),

To go from the first line to the second we have used the fact that forward matrix elements of
an operator are invariant under a shift of the fields origin [114,[1831185/212[f} and thus

(P|O(2)|P) = (P|O(z + y)| P), (4.48)

We have dropped the Wilson lines, one can perform the algebraic manipulations in the light-
cone gauge and any conclusion drawn are also valid in any other general gauge. Explicitly,
charge conjugation in eq. (4.46) yields

PP PIEO) )P (0 Ny (449)

4Z
(Ogp)ij (03 P) = (=7'7")i / (;iﬂ.)él

Using the time reversal operator U(T') [77,192,193|

U(T)|P) = |P),
U(T)E(2)UNT) = v'7%¢(—2°, 2), (4.50)
U(T)E(=)UT(T) = €(—2°, 2)7*",

the charge-conjugate operator for the quark-quark correlator in eq. (4.49) becomes

42
(Oar) 5 P) = (=10 [ (d

)*
x (PIUNT)U(T)&(0)UN(T)U(T)é(=", 2)U N (T)U(T)|P) (4.51)
(

d +
=/(27r§4 i’z +zpz<P|§J 0)&;(— ZO,Z)|P>_

zp 02+ +ip-z

By sending z — —z and shifting the origin of the fields, we arrive to

d*z
(2m)4

Therefore inverting the eq. (4.52) for the transverse and anti-collinear components leads to

(Oacr) @i P) = [ 3™ (PIEREOIP). (452)

OV ,2 1 P) = [ 6™ (PIg )z, —00 + 2+ 2.][-o0m, 0160)|P),
(4.53)

4This property is also sometime stated as follows: the total derivative of a forward scattering matrix element

(p210,0|p1) = i(p2 — p1){p2|O|p1),

is zero due to momentum conservation.
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4.2. COLLINEAR TWIST EXPANSION AND KPC AT LO

while the operator without charge conjugation in the mixed momentum-position space is given
by
_ dzt .+ = _ _ _
(O(H—P)ij(p 1% 2T, P) = % e ® <P|§J(z)[za —oon+2z n+ zL][—oon, 0]£Z(O)|P>a

(4.54)

Notice the sign difference in the complex exponential. Projecting onto the Dirac structure of

interest, which in the collinear case is v~ (while in the anti-collinear it is 7*), and setting

2z~ = 0 (in the anti-collinear case 2™ = 0), we obtain the unpolarized quark distributions at

leading power [50453},77,,183,184]

dzt  _.p-, - _ _ Vi _
foepP(z,27) = /g e P TP (27,0, 21)[2 7R + 21, —oon + 21] = [—00m, )i (0)|P)
(4.55)
while the collinear anti-quark TMDPDF, at leading power, is given by [50,53,(77,(183,(184]

+ -
faep(@an) = [ E e (P oo, 06in(0)ns (=, 0, 202" + 21, —o0n + 21| P).
(4.56)
Thus
faep(@,27) = =Tr[7;;,(Og—pP)i; (=P, 0, 215 P)] = — fop(—=,27) (4.57)

where the minus sign comes from the anti-commutation of the fermionic fields. Therefore we
can formally write

fop(z,27) = (0(2) + 0(—2)) for P (2, 27) = 0(2) fge—pP(2, 2T) — O(—2) fgep(—2T,2T), (4.58)

where we identify negative values of the fraction momentum with anti-quarks. Thus eq. (4.45)
amounts to

(P5lOk, 5(0,2)|Ps) = —2P§n® [ da d'p e P=5(p" — oPE)0(*)p* 0(—) fye-py (@, P1)

= 2P [ do d'p 30" —oPE)6GP 0(@) ficry(2,Pr),

(4.59)

where we have sent © — —z and pt — —p™T, since in the unpolarized case the orientation of

the transverse component is irrelevant. One can interprets eq. in the parton model as:

the collective result of quark minus anti-quark propagating parallel to the proton momentum
is pseudo-particle, i.e. parton, participating in the effective electroweak vertex.

)

Using egs. (4.42) and (4.59)) the matrix element between two proton states, |P4Pg), of the
effective electroweak currents product in eq. (4.26) amounts to

P, Pt
(PpPalTly o(2)TE sy 2(0)|PaPp) = —TB”aﬁﬁ > Trfyal”ysI*] / da]d%pa)d&s[d*py)
a,b

[

x e PatiEP s (o — € PUVO(Dy — EoPp )P Dy Frjacpa (Eas Par) fipeps Ebs Por)
+neon+...
(4.60)
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CHAPTER 4. TMD FACTORIZATION

where 1 > £,y > 0, [d%p] = d%p 6(p?) and ... denotes further Dirac structures that do not
contribute to the unpolarized case.

Before we proceed to study the contributions at collinear twist 2 and 4, it is worth adding
some comments regarding the computations above. One may be concerned about the inte-
gration in momentum space of the inverse derivative operator, since this is required to act on
analytic functions that go to zero rapidly enough at the light-cone infinity. However, once we
replace the TMDPDF matrix elements in position space by their counterparts in momentum
space the inverse derivative operator leads to integrals of the form

0 )
/ ds e P, (4.61)

which is obviously not well-defined if p > O(or p < O)E} One could use some regularization
procedure for eikonal propagators, like the §-regularization [43],50,106,123,183,225] where the

above integral is replaced by
0

lim ds e~ip+s0, (4.62)
6—0t J—0o
Nevertheless, the sum of all contributions coming from the inverse derivative operator is well-
defined and therefore no regularization is needed. It is also worth noticing that in egs.
and we have only considered contributions of geometrical twist 2. Terms proportional
to the gluon fields give contributions of at least of geometrical twist 3 and are thus neglected.

4.2.2 Collinear twist 3 at LO

At collinear twist 3 at least one of the operators in eq. (4.25)) contains at least one bad spin
component of the background fermion fields. The product of the two effective electroweak
currents amounts to

v 1 y le} D
T 8(2) T 5(0) = = 3 3 TCoI"To[ON L, 52 000K L, 50, 2)
¢c,D
FC TD FC TD (4.63)
+ 01[1,c-1:w 3(2’ O)O%,c-lw 2(07 Z) + O'Ez,c-lcw 3(2, O)O’I[TL,CJ]JW 3(0’ Z)]
+n < n,
where the operators are given by
I\C
O], 3(20) = f(2)lz, ~00f + 57 + 21] - [~00m, 06 (0)
e (4.64)
+ E(2)[z, —00m + 51 + 2] [~00, 0 0),

SIf p can takes negative and positeve values, then the integral is well-defined as a distribution action on a test

function. One can show o
/ ds e %P = {P.V. (%) + 7d(p),

where P.V.(1/p) is the principal value distribution.
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4.2. COLLINEAR TWIST EXPANSION AND KPC AT LO

_ rc _
OF L 5(0,2) = 7a(0)[0, —oom] ——[~oom + 27 + 21, 2] (2)
rc (4.65)
+£3(0)[0, —oon]—-[~ocon + 2 R+ 21, 2Ina(2).
Expanding (’)Eﬂtw (2,0) around z~ = 0 in the light-cone gauge, one obtains
[r] (27) n " e
O c-tuws(2,0) = Z - [0 n(2*,0, zL)—gn(O) +036n(2",0,21) 5 ()] (4.66)

Using the solutions to the fermion equations of motions given in App. and neglecting
terms containing gluons fields one can write the collinear partial derivative of the bad spin
component as

i (2) = / ds Oy < ) En(sn + Z)'YLZ (4.67)

where ... stands for terms that lead to contributions of geometrical twist 3 or higher, we
obtain

c X (,—\n 82 \" d, ¢
Or sz 0= -y &) <—ﬁ) Rt #,0,2) ¢ (0

n=0 - (4.68)
IO 8,

+En(z+,0,zj_) 4 8__ (0) .

Only the element I'C = 42 of the Dirac basis contributes to the unpolarized case, therefore
eq. (4.68) amounts to

X () 0\ [0u: Yivg
O'Eyc-]twl?» Z 0 Z ( 28_) |:8_i§n(z+’0’zl) = J_gn( )

n!

n=0 adrt & (4.69)
+gn(z+707 zJ_)’YJ_ ’YJ__M (0) )
4 O_
where we have used
QO /N L S S NN e (4.70)
4 2 4 27 2 4 2 4

Taking the forward matrix element using the state of a proton |P4), eq. (4.69) amounts to

00 —n 52 n M o

(PAIOY 52, 0Py = = 30 (—ﬁ) [<PA| E (2,0, u”msn(om)
n=0 -

'YJ_ﬁ’)’J_ M

+ <PA|EH(Z+,0,ZJ_) 4

7 ¢(0)[P4)|.

(4.71)
Using that the forward matrix element of a total derivative of an operator is zero i.e.

(p|0,Olp) =0 (4.72)
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we can move the transverse derivative in the second term from &, to &,:

2 n
(PAIO] (2 )| Pa) = Z( (%) (a2 ,0,20 L e, 01y

- YRy 1
— (Pal8u(én(27,0,21)) L4 L 5 S(0)IP4)|-
(4.73)
Since we can write the Dirac structure in the first term adf|
H o' o' K
uim _ g g _ hi’u, (4.74)
eq. (4.73) becomes
o) 2z ) 82 n aa _ ﬁ
(PAIOY), 500 1P0) = Y &) (—ﬁ) [(Paly-6(c*.0,20) S a0)1Pa)
n=0 : - -
Oy - YEhyy . YRyl 1
+ (Palg€n(z,0,2) L& O)1PA) + (Paldu (=0, 20)) L 5-¢ O Pa) |,
(4.75)

In momentum space, the inverse derivative operator acting on the first term on the second line
gives a factor (ip~)~! while acting on the second term gives (—ip~)~!. Thus only the term on
the first line contributes. As we did for the case of collinear twist 2 we replace the unpolarized
TMDPDFs in position space by the Fourier transform of its corresponding parametrization in
momentum space,which simplifies the differential operators and allows us to sum the whole
series of terms

(PalOT, 5(2,0)|Pa) = 2P / dz|d’p] €P*8(p~ — 2P} )PF fopa (@, Pr), (4.76)

2
where as in the case of collinear twist-2 we have introduced p™ = QI;T"{ as auxiliary variable
and 1>z > 0.
For the case of the operator (QL o ]tw 3(0, z) the expansion is performed around z* = 0. The
steps to follow are analogous to the previous one. Using the solutions to the fermion equations
of motion in App. 0™ nr can be written neglecting gluon terms as

2 n
"nn(0,27,21) = —%i ( 286 ) /_ ds @ &i(sn+2) +. (4.77)

and OEC ]tw 3(0,2) amounts to

%
O[Fc tw 3(0 z) Z (Z [ gn O)fyj_¢ Sn(o’ Z_’ZJ-)

—. \n (4.78)
Fcyi’yJ_ (_ 63_ ) .
20+

+£n(0) 0, gn(ovz_’zJ-)

5The transverse metric tensor g” is given by

gy =g" —nfn” —n¥ak.
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4.2. COLLINEAR TWIST EXPANSION AND KPC AT LO

Taking the forward matrix element using the state of a proton pp with momentum Pg, and
restricting ourselves to the unpolarized case (I'C = v%), one obtains

(P5|O %, 5(0,2)\Ps) = —2P§ [ deld'plé(@* —2P})e * B fugeps (@,pr)  (479)

where 0 > z > 1 and the minus sign once again is coming from the anti-commutation of the
fermionic fields in the definition of unpolarized anti-quark TMDPDFs. Doing z — —x and
pT — —pT one obtains

iz PT
(PolO e (0. 9)IPs) = P, [ dala'slo(pt = P72t (=21 ) figep (@,p).
(4.80)

Using egs. (4.76) and (4.78) the matrix element of the product of effective currents in
eq. (4.63) evaluated on the two-proton state |P4Pp) = |P4) ® |Pg) becomes

PXPE v d d
(PAPBIT L 5(2)T L 2O PaPR) = A2 3" TelyaT 950 [ dtald?paldsyld’ps]

c
)

x e PetiEP§(ps — £, P)S(Dy — &P ) Frjacpa (Eas Par) frpps (s Por) (4.81)
x [pSrPhy + Porpy 7P + pprpa n°]
+nen+....

Before we move on to discuss the corrections at collinear twist-4, it is important to stress
that in egs. and is the total derivative of a non-local operator, i.e. O(y,x). It
refers to changes of the operator by an infinitesimal shift of the coordinates y* and z* but the
relative distance, i.e. y* — x* remains fixed. This should not be confused with the expansion
of the operator when this distance goes to zero, that is what we do for z~(+) — 0.

4.2.3 Collinear twist 4 at LO

At collinear twist 4 at least one of the operators in eq. (4.25) contains at least two bad
spin component of the background fermion fields. The product of two effective electroweak
currents amounts to

‘7 -tw 4(2) c-tw 4(0) = 4N Z Tr[FCFVFDF#] [On c-tw 4( O)On c-tw 4(0 Z)

¢c,D
01[7,Fc-1;w 2( )07[7,Fc-lw 4( ) OLFc-tw 4(Z O)O[Fc tw 2(0 Z) (482)
r r
+ OL,c—lw 3(2:, O)O'E_L,c—t]:w 4(0’ z) + O[ n,c-tw 4(2: O)On c-tw 3(0 Z)]
+n < n,
where the operators are given by
FC

Ok 4(2,0) = fu(2)lz,—00f + 2™+ 21 | [—o0om, 0} (0), (4.83)
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Ol _ re + (4.84)
n,c-tw 4(0,2) = 72 (0)[0, —OOTL]T[—OOTL + 270+ 21, 2|na(2). :

The expansion of OLI:CC ]tw 4(2,0) in eq. (4.82) around z~ = 0 amounts to

c X (N 92 \" , - ¢
O sz =3 &) (‘ﬁ) Yeeroa) I o0, s

In the unpolarized case (I'C = 4%) the Dirac structure simplifies to

VR _ oI

T = g (4.86)
and eq. (4.85)) becomes
S —\n 62 n ), 6
O (2,0) = =2 Y = ,) (—ﬁ) Qg (0, n)h}ﬁ 2E0(0), (4.87)
= n! _ _

Since the forward matrix element of a total derivative operator is zero, we can move the
transverse derivative from &, to &,,

2 () 92 \" 82
07[7c—]tw4(z 0 Z ( 20_ ) J_Sn(z 0 ZJ_)ﬁai_gn(O) (4.88)

and the forward matrix element can be written as

2
<PA|Onctw 4(Z 0)|Pa) = 2P _a/dw[ddp]ezp “o(p~ —IP ) % fn,q<—pA(I Pr), (4.89)

where 1 > z > 0. For the operator ol (0, 2) in eq. (4.84) whose forward matrix element

n,c-tw 4
we identify with the anti-quark dlstrlbutlon we obtain

<Pb|0nctw 4(0 Z)IPB> - 2P+ a/dx[ddp]ezpz pT fn,q(—pB( ’pT) (490)

Using egs. (4.89) and (4.90)) the two-proton-state matrix element of the product of effective
currents in eq. (4.82) amounts to

(PAPSIT ()Tt s dONPaPs) = ~FATE S Ty v [ dald®paldzafap
a,b

C

x e PetiERe§(pe — £, PT)6(Dy — &P fracpa(Eas Par) fipeps (Ebs Por)

(4.91)
+..2 -2 B
o |memBPe pizT + nonpPa Per)T 47 o PyrPar b paTI:_bT 4 7onf panbT]
2pa 2p, 2pa 2p 4pa pb
+néon+...
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4.2. COLLINEAR TWIST EXPANSION AND KPC AT LO

4.2.4 Sum of collinear twist 2, 3 and 4 contributions

Putting together egs. (4.60)), (4.81) and (4.91), the matrix element of the product of two
effective electroweak currents at LO amounts to
P_P+
(PaPp|T"(2)T*(0)|P4Pg) = “

ZTrhar"vﬁF“] d€a[d?pa]d&y[d?py)
/

Cc

x Pt g(p — £,P)6(p2)d(p, — EbPE )3(p3)PSD}, Froa—pa (Eas Par) frbeps (€5 PoT)
+nen+...
(4.92)
where ... denotes higher geometrical twist corrections, 1 > &, > 0 and

[ paT

Py =np, + 7 2 —= + pSr,

The Dirac structures I'* and I'V amounts to [65}149)

CG CG
g =" (1= + 4" F 1+,
G’/ G'
G =" 7(1 ) ++" 2(Jl+75),

(4.93)

where ¢y, and cp are given by [65,(149]

cL(f’ )_CR(f, )_leJff/, G:ry*

26[(Tf)L Sin2erf] ) G N —esinfw Qy ) _
E(f, f) = Sin 200 O cR(f,f)—_W(sff” G=2 (4.94)
eV
Ffhf)=—7L— =0, G=w*

\/_ 2sin Oy

Here e is the absolute value of the electron charge, f and f’ are flavor indices, @y is the
electric charge of the particle f in unit of e, T3 is the third projection of the weak isospin, Oy
is the Weinberg angle and V¢ is the CKM matrix. For the case photon plus Z boson (y*/Z)

eq. (4.92) gives

2P, P}
(PaP|T"Y(2)T"(0)|PaPg) = ——1—F

e

! U + a.
X [ (cg(a, b)c%’v (a,b) + cg(a, b)cg (a, b)) [gm/ _ IM]

Da * Pb

% (a,b)c¢ (a,b) — c(a,b)cS (a,b) (4.95)
i L\™ L \*™ R\™ R \™ Gwaﬂpaapbﬁ]
DPa " Db
X 5(10; - faPX)(s(pb_ - fbpg)fn,aep,q (fa, paT)fT_L,b(—pB (fb, PbT)

+nen+...,
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CHAPTER 4. TMD FACTORIZATION

where G, G’ € {v*,Z}. For the case of W¥, eq. (4.92) amounts to

PP}
(PaPp|T"!(2)T"(0)| PaPB) = A £

2
Z [ dcaldtpaldgs(atpy] = retiem Ver| P -y
sin? Oy

“oov (] vaf
»  DaDy +DgP . PaaPy, — _
X gﬂ - b 2-b + Z e ﬁ:| 6(pa &aPA )5(pb - ébpg)fn,aﬁpA (&a’ paT)f’ﬁ,prB (gbv pr)

Da - Db DPa - Pb
+nent..
(4.96)
The hadronic tensor at LO is given by the Fourier transform of eq. (4.92))
wil [ 42 g Vi T
WGG/ (q) - (271')4 € (PAPBlj ’ (z)jG (0)|PAPB> +... ’ (497)

where the subscripts G and G’ label to which vector boson each effective electroweak current
correspond. Combining with the leptonic tensor LGG, (g,6(cuts)), one obtains the Drell-Yan
cross section [37,43,,47,107|

ooy = [ d'a 3 LGS (0,0(0uts)Wety (0) Ac(e) A (4, (4.98)
G,G'

where Ag(q?) denotes the gauge vector boson propagator

2y _ OyG dza dwa

A =" T S TME y it My T @ = ME, + Ty My (4.99)
and O(cuts) denotes possible dependence on experimental cuts over the leptonic phase space.
In this work we are interested in the Drell-Yan cross section differential in the vector boson
invariant mass (Q?), rapidity (y) and modulus of the transverse momentum with respect
the axis defined by the proton beams (¢r). The method to turn the inclusive cross section in
eq. (4.98) into a differential one is standard. One starts by introducing measurement functions,
which in our case are given through

1= / dQ? 6(Q - ¢?),

1 n .
1= /dy 6(y — 5 log Z—Z>, (4.100)

1= / dar 2q76(¢% + ¢ — 2(i- g)(n - @),

thereby allowing us to write the measured quantity as a function of the particle momentum
involved in the process. Inserting eq. (4.100) into eq. (4.98) one obtains

1. @- _
opy = / dQ*dydgrd*q 2¢76(Q* — ¢°)8 (y —5log u)%% —¢*+2(7-q)(n-q)

x Y LEE (g, 0(cuts)) Wit (9) Ac(d?) A (¢%),
G,G’

(4.101)
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4.2. COLLINEAR TWIST EXPANSION AND KPC AT LO

therefore the differential Drell-Yan cross section is given by

dopy

o = [ ' 2r8(Q® — 3 (y— 5108 1) 8(a o + 207 ) )

x > LGS (q,0(cuts)) Wk, (0) Ac(a®) AL (¢%).
G,G’

(4.102)

In phenomenological applications one is typically interested in the cumulative version of
eq. (4.102), i.e its integral over some finite range of @2, y and g7, rather than its value
at a certain point (Q?,y, gr):

(@2, @2 D= [ ag [y [T dgr AT
oDY ) » Y » Y , 4T , 4T = Y qr )
min’ Wmax» Jminy Ymax min max ) - _— sz dy qu

o (4.103)
where the integrals over Q2, y and gr can be solved using the measurements functions. Thus

oDY ({lenin? Qrznaxa Yminy Ymaxy T min» QTmax}) =

[ 40 0@y, a) 3 LGS @ blents) W (@Aa(®) A5 (), 1Y
GG’

where we have defined ©(Q?,y, ¢2) as

@(Q27 Y, q%) = 0(Q12na.x - Q2)0(Q2 - mln)a(ymax y)e(y - ymin)e(q%max - q%)e(q% - q%min)?

(4.105)
where Q?, y and q% are given by
Q* =4,
1 n-q
= _log —2 :
y=glog —. (4.106)
=2(7-q)(n-q) — ¢"-

From eq. (4.104) we define a cumulant version of the hadronic tensor in momentum space at
LO

" P, P
W @O(@y,a7) = 4~ 2 [ paldéald'pildss® g — pa — p1)OQ2, ,63)

X Tr[")’a ﬂF“ ]papb d(pg — &P )5(191) §bP}-3‘_)fn,a<—pA (&2, Pat) fa,pps (€b, PoT)

+nen+....

(4.107)
From eq. we obtain that summing the whole series of kinematic power corrections leads
to an effective hard scattering process where the incoming partons can be thought as mass-
less on-shell particles with a finite transverse momentum, which is given by the unpolarized
(anti-)quark TMDPDFs. This is a fundamental difference compared to collinear factorization,
where the incoming partons participating in the hard scattering process are regarded as purely
collinear particles, with momentum parallel to the proton momentum.
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CHAPTER 4. TMD FACTORIZATION

Before introducing the NLO virtual and real corrections to the effective electroweak currents
we must comment on the issue of defining v5. At LO all the computations can be performed
four space-time dimensions, one can use [65,(192}/193]

{77} =0,
Try>y#y" 77" = 4ie"*?, (4.108)
Tr[[;T;] = Te[T, T3]

However, since in the computation of virtual and real corrections we work in dimensional
regularization with d = 4 — 2¢ we need to choose a scheme to handle 4° in d dimensions. In
this work we use the Larin scheme [226-228]

eHa1o2as

_ i
Pyryep — —Z50 S)—wfyalfyalfy%w, (4.109)

where we can consider the Dirac 7,, as d-dimensional objects, perform the computation with
open Lorentz indices, remove the infrared poles and finally contract with the Levi-Civita
symbol in four dimensions once we have rendered our calculation finite. The presence of Zs
is amend the violation of the Ward identity relating the renormalization of the vector and
axial currents since 7° defined by eq. does not anti-commute with all the v* [226,227],
therefore it is necessary introduce a finite renormalization constant that restores the Ward
identity. For the singlet case (i.e. ¢ and 1 are fermions of same flavor), Z¢ is given at NNLO
by [226]

2 2
Zala(p)) = 1 - () 5 4 S

107
<2ch — 5 CrCa+ g Can> +0(a3(1?),

~ (4.110)
and for the non-singlet case (i.e. ¢ and v are fermions of different flavor), Z2° is given at
NNLO by [226]

2 2
Z8%(au() = 1 - () ZE + %) (320 ~ BT 0pCa + 5 0pmy ) +0(adu).
(4.111)

4.3 Collinear twist expansion at NLO

In the previous section we have obtained the effective hadronic tensor including the whole
series of KPC of geometrical twist 2 operator at collinear twist 2, 3 and 4 at LO. By working at
order o?(u), we have relaxed the notation not writing (anti-)time order operator or specifying
whether the backgrounds fields are (anti-)time ordered. In this section we present the NLO
corrections in a(u?), which means that the notation necessarily becomes more involved. The
virtual corrections to the effective electroweak currents have been already computed [184,212];
the corrections with one real emission is the novelty of the present work.
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4.3. COLLINEAR TWIST EXPANSION AT NLO

Figure 4.4: Virtual corrections at NLO in a;(u?) to the electroweak effective current.

4.3.1 Virtual corrections

The virtual vertex correction at NLO to eq. (4.9) amounts to

jTV[‘in(ﬁ)) An(n)s An(ﬁ)] (22) JH [(jn(ﬁ)a an(a), An(ﬁ)] (Zl) = T{qn (2’2) Mg (Zz) }

1

[ . 11
x (ig)® / dlyrd?ys T{: (G BY)(y2) = W 9] (1) = [ Banl(w) : }-

+né&n

(4.112)

Replacing the fields contractions by the hard gluon and quark Feynman propagators, egs.

and (D.11)), one obtains, see fig.

T @y Gn(m)> An) (22) T @nm)r Gngry Anmy) (21) = T{(In (22) T s (22) }

x (ig) [ dndiys T(aa(0)n ()} (1652 — 2)P*S(21 — y)1)5:d% 32 — ), 1)

+n < n,

where S(y — z) and A®(y — z) are the hard fermion and gluon propagator respectively.
We are interested in the limit yf(z)l — 2{,, y; — 7 and Y5 — 2 (which also implies
Yy, —yy | — 0),ie. the limit where the quantum correction to the electroweak currents takes
places at short distances (in the transverse plane) and the background quark fields see the
effective electroweak current as point like in the transverse coordinate. Since, the scaling og
the background field ¢, (gs,) along the (anti-)collinear direction n*(n#) is comparable to the
hard fields. Thus the background fields see the effective electroweak current as an extended
object along these directions, which leads to a convolution of the 3-points Green function with
the background fields. Performing the shift of coordinates y}, 2 yt 9 T 24" and suing Fierz

1(
identity, eq. (B.8), eq. (4.113) leads to
T @iy, Gn(y> An(iy) (22) T @iy Gngiy» Aniy) (21)

1 2 lo} D
= —% > /ddylddw(')g Ve, y1 + 21) O8N (ya + 21, 22) (4.114)
¢ CD
x Tr[CcTT pypS (y2) TS (—y1)7al A% (y2 — y1) +n > 7,

where the minus sign comes from the anti-commutation of fermionic fields and the factor 1/N,

from color reconnection as in the LO cases. The operators (’)E(]ﬁ) in the light-cone gauge are

given by
e R T L,
On (22,91 +21) = T{G (22)} 5 THar (v + 21)}, (4.115)

o _
OF ya + 21, 22) = T{@ (v + 21)} 5 T (2)}, (4.116)
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where a is a color index. The dependence on y; () in the operator O, ) hinders the compu-
tation of integrals. Nevertheless, we can use that from the point of view of the background
fields the internation at the electroweak vertex is point like (at least on the transverse plane
and along the (anti-)collinear directions), thus one can expand the background fiend around
yf = yé‘ . =0,y =0and y; = 0. In order to simplify the Taylor expansion of the back-
ground fields we introduces the momentum operators ()pq,), = —i0, and (Pg, )y = —i0u,
where (P, (5,))n acts on the (anti-)collinear (anti-)quark fermion field. Thus, the background
fields g, (21 + y1) and @z (y2 + 21) can be written asﬂ

gn(y1 4 21) = ¥ Ban)g, (2),

o (4.117)
Ty + 21) = 2 Pan) g, (27),
which allows us to write eqgs. (4.115) and egs. (4.116) as
] ar WL o iy(an)
On (22,1 +21) = T{qn(z2)}7:r{e vi-(Ban) g (1)}, (4.118)
[FD] iv2-(Pas ) ~a FD— .
O (y2+ 21, 22) = T{e" PG5 (21)} T ()} (4.119)

The next step is to split the background fermion field, g, () into good, &, ) and bad, 7,),
spin components and use the equation of motions (see App.|C.2|and Sec. |4.2)) to integrate out

Mn(n)

c - rc . N
Oh (2,1 + 21) = T{E(22)} 5 T Pon)gi (1))

-1 Do) I g )

- 1{Ese) o femom (Dga(e) ) e
1 o)\ I o (Deae) o
O Nyt + 21, 22) = T{E Fo0)E (o)) = T{ER 22))
D
~rfem ) (Degae) ) | A 7L enen) .

—T{eiw‘@aﬁ)s‘g(zo} D’“T{ sl
e m (L ))}ﬂ{ IOV P

"The exponential operator must be understood in the sense of Fourier multipliers [229]
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4.3. COLLINEAR TWIST EXPANSION AT NLO

where . .. stands for higher operators containing transverse gluon field components, which are
at least geometrical twist 3. Since at the very end we are interested in the forward matrix
elements of the operators, we can perform a global shift of the fields origin and write

C C
(PAlOY (2, 21 + y1)| Pa) = (PO} (22 — 21,31) | Pa),

o) o) (4.122)
(PB|Ox (21 +y2,22)|PB) = (PB|O; “(y2,22 — 21)|PB)-

Taking the forward matrix element in egs. (4.120) and (4.121) we obtain

le] i D T [ ¢
(PAION a1 + 21) Pa) = P60 (PAITER 22 — 20)} 5 THENOHPa)
K ATC
T A A T R
CA b
_ eiyl'(ﬁgn)<PA|T{£—Z(zz _ zl)}r ZWJ-T{ (%gﬁ(o))}lPA)

et (PP e, - L] (g i+

(4.123)

D . . _ Dy .. _
(P5IOE s + 21,22) P} = —e" Pe) (PpIT (et (22 — =)} L T8 00} P)

+ ei”'(ﬁ&ﬁ)(PBlT{f%,i(za - zl)}(’YWTFD)UT{ (g_ig%,j(o)) }|PB>

o ) Dy iy
N e,yz.(pgﬁ)<PB|T{ g—_’:&%(zz _ zl)}WT{%,j(O)}WB)

v D umy
~ e py| T Dy oy — ) O LSl (g )iy 4.
8+ ’ 8 84. J

(4.124)
where the minus sign in eq. comes from the anti-commutation of the fermionic fields.
The complex exponential with the momentum operator return the momentum associated to
the background (anti-)collinear fermion field &,(£7). In case we work in a general gauge, we
must include a Wilson line accompanying each field, therefore the complex exponential with
the momentum operator amount to the momentum associated to the fermion field together
with the Wilson line. As we have seen in the LO computation in Sec. at leading geometrical
twist and considering the whole series of KPC the momentum associated to the operator
amount to the one of a massless on-shell parton, whose orientation is not completely parallel

to the proton beam being the relative angle proportional to the transverse momentum. Thus
one can formally write egs. (4.123) and (4.124) as [55,56,72-74}183]

(PalOY 2,51 + 21)|Pa) = e¥@en) (P4|OF ) (25 — 21, 0)| Pa), (4.125)

(PB|O£-LFD] (y2 + 21, 22)|PB) = ein'(ﬁfﬁ)(PB|O£_LFD](O, 23 — 21)|PB). (4.126)

The matrix element on the right hand-side in eqgs. (4.125) and (4.126]) are nothing but the
forward matrix element we have evaluated in term of TMDPDFs in the LO case, see Sec.
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Thus, setting 2 = —2]' = 2"/2 eqgs. (4.125)) and (4.126)) for the unpolarized case reo) = 'ya(ﬁ)
amount to

(PAION (zay 1 + )| Pa) = 2P; [la%pildty €785, = €P;)P; Fagena (€ Par),
(4.127)

(PolOF g + 21, 2) Pa) = 2P [d%pldeq 77 5(0F — PP fagepn (60 Per),
(4.128)
where as in the LO case 1 > £,z > 0. Taking the matrix element in eq. and plugging
in egs. (4.127) and (4.128)), one obtains

Vi~ 4 ~
(PePB|T [@n(s), tn(m)s Anm)] <§> T @n(m)> n(n)> Ann)] (

Amicus 2\p-pt )
_ _Amios )Py Py [dpaldeald prldgs €= P60y — P76, — &PF)

Ne
plere ‘ d?k 'I‘I‘[léarulj ’Yp(? + ;{;)I‘N(pa — )]
X fn,q<—pA (60:7 paT)f’Fl,b(—pB (§b7 pr) ( An ) / (271')2 [k;2 n 7:0+][(pab_ k);) m i0+] [(pb " k)2 " 2-04_]

z
—— | |PaP,
- ) IPaPa)

+nen+t...

(4.129)
where ... denotes further Dirac structures and higher geometrical twist contributions. One
must also consider the hermitian conjugate of eq. (4.129), i.e. the virtual correction to the
anti-time-ordered effective electroweak current. The other contributions to the virtual correc-
tions to the effective currents come from wave function renormalization (WFR), see fig.
However, since we are considering massless quark the integrals are scaleless and therefore zero
in dimensional regularization.

Starting from eq. (4.129)), the Drell-Yan hadronic tensor and the differential cross section
are obtanied following similar steps, see Sec.[4.2.4, The NLO virtual correction to the hadronic
tensor is given by

_ ()
 frelie)

Y P, Pt
Weer M (@0(Q v, ) A28 5 [latpaJdald’pldés 607 - P3O, — &PF)
a,b

X fn,(I(—PA (Eaa pa,T)fﬁ,b(—pB (&J’ pr)@(QQ’ Y, Q%)(S(‘L) (q — Da — pb)

2
% lﬂ‘\‘f',jc;a/ ((pa +p)? log % + m) + h.c.]
+n < n,
(4.130)
where I/, is defined as
W 2 M2
V,GG (Pa + pb)”, log (P + po)?
(4.131)

NGy / dk  Trlp Tep (@, + BTG, — )]
4m (2m)d [k2 4 i0+][(pa — k)2 + i0T][(pp + k)2 +i0F]’
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4.3. COLLINEAR TWIST EXPANSION AT NLO

and ©(Q?,y, ¢%) is the one given in eq. (4.105). The explicit expression for Ily ¢ in the cases

G' = {v*v*,ZZ,v*Z, WE*W=*} can be found in App. The hadronic tensor in eq.
is given in terms of unphysical bare TMDPDFs distributions, which are UV divergent. These
divergences can be factorized out into a renormalization constant, leading to the definition of
physical TMDPDFs with a dependence on the factorization scale [43,45,48,50./51./53, 106,110,
112]114,[183}184,230]

$E0T) (*,21) = Zo(os(4?)) Zraap (as(u ) log )@lqupAztzL;uz,cn) (4.132)

, where p is UV renormalization scale; ¢, has unit of energy square and is due to the renormal-
ization of the rapidity divergences; Zs and Ztyp are the fermion and operator renormalization
constants respectively{ﬂ We have denoted with a superscripts B the bare quantities and writ-
ten explicitly the dependence on energy scales for their renormalized counterparts. Since the
hadronic tensor in eq. is given in momentum space, we need to Fourier transform

eq. (£.132)

dz+d2zT _
fn,q(-PA (fq,qu) = W e i€q Py 2 +tizp- PqT(I) EIHLA (Z+,ZJ_)

dotd2 ,
_/ z ZT _quP z++zzT.quZ2(as(,uf2))ZTMD (as( ) log )(I)[’yq&pA(z ZJ.;//fz,Cn)

Cn

=zz<as<u2>>zmn(as< 2),log - )fn,m@q,pﬂ,u Co).

Cn
(4.133)

For the unpolarized anti-quark TMDPDFs the renormalization procedure is analogous. Thus,
in terms of renormalized TMDPDFs the hadronic tensor in eq. (4.130) amounts to

4o (u?)P

weah OV @e(@y,a7) = N / [d"paldéald’p)dés 6(p; — €aP7)8(pf — &P5)
¢ a,b

X fn,q(—pA (§a, Pots /1'27 (n)fﬁ ,b<pB (gbv pr)e(Q2a Y, q%)5(4) (q — Pa — pb)
2
X Z%(as(lﬂ))ZTMD <as( ) log Cn)ZTMD (ozs(u ), log Cn)

X lHl\LII:GGf ((Pa +pp)% log @ + Zﬂ') + h.c.]

+n < n.

(4.134)
The contribution in square brackets contains IR poles that are cancelled out by the renormal-
ization constant if and only if ¢,(z = [(pa + pb)?]? [43,50,[183,[184]. Therefore, the hadronic
tensor can be written either in term of bare quantities, which on their own are ill-defined due
to IR and UV poles, or as the combinations of renormalized well-defined objects. Notice that
either way the hadronic tensor is always a finite quantity. Nevertheless, writing the hadronic
tensor as a convolution of well-defined quantities on their own does have a deep physical

8 At geometrical twist-3 or higher one would have an integral convolution in the light-cone coordinates between
the renormalization constants and the renormalized operator [183}184}198]|
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meaning. The presence of IR poles in the virtual corrections to the effective vertex is an
indication of an inconsistent treatment of the loop integral of the hard fields, where formally
modes that do not correspond hard fields are included, see It is this contamination from
the collinear region in the integration measure that leads to IR poles in the partonic cross
section. On the other hand a similar issue happens for the TMDPDFs, the virtual corrections
to the TMDPDFs also include contributions from the hard modes. This counting of hard
modes amount to the UV renormalization constant ZoZ1yp. Nonetheless, this inconsistency
in the treatment of virtual corrections in the TMDPDFs cancels out the one from the effective
vertex. Thus, only after renormalization of different terms in the hadronic tensor, factoriza-
tion is properly achieved. The other issue regarding the use or not of renormalize quantity
is the concept of universality, we would like that the non-perturbative distributions that we
have introduced in the factorization of the hadronic tensor to be universal i.e. be the same of
any scattering process containing proton(s) in the initial state like SIDIS [52,53,231}232]. If
we were to identify the bare matrix element with the physical distributions, we would be force
to always specify that they must be combined with a hard matching coefficient with exactly
the same IR pole structure than the one obtained in Drell-Yan. However, if we could use the
same renormalize quantity in different processes containing a proton (or protons) as initial
state, this would mean that despite being dealing with different hadronic process the nature
of infrared physics is universal across al process, allowing to identify universal quantities at
low energy scales. So far, at geometrical twist-2 the study of processes like Drell-Yan and
(SI)DIS support the thesis of the universality of the infrared physics in processes containing
a proton as initial state [19,/43},52,53,105,/170}184,213,1227,232].

4.3.2 Real corrections

In the case of virtual corrections in Sec. we showed that the collinear twist expansion
together with the expansion of (anti-)collinear background quark fields around z~(t) leads
to non-local differential operators which can be highly simplified by replacing the TMDPDF
matrix elements in position space by their parametrization in momentum space. One can then
Fourier transform the Wilson coefficient from position to momentum space and compute the
loop integrals afterwards. Such simplification relies on the assumption that the order of inte-
gration can be interchanged, namely we can either first compute the Fourier transform from
position to momentum space and then evaluate the loop integrals, or first compute the loop
integrals in position space and afterwards perform the Fourier transform to momentum space.
This is possible because loop momenta do not enter the measurement function, see. ,
and thus the analyticity properties present in position space remain unchanged in momen-
tum space. However, for the case of real radiative corrections the situation is slightly more
involved and one must be cautious regarding the order of integration since the momentum
of real emitted particles enters the measurement functions through momentum conservation,
see. . The measurement functions introduce cuts on the phase space that alter the ana-
lytic structure of the hard scattering process and therefore one cannot naively interchange the
order of integration. We will show that by computing the real radiative corrections in position
space and then performing the Fourier transform one obtains a finite result, nevertheless this
procedure leads to cumbersome expressions where the Fourier transform of transcendental
functions need to be computed. While for the NLO the computation it could be doable, for
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dn qn

qn qdn qn

(d)

Figure 4.5: Real radiative correction to the VEV of the product of two electroweak currents,
(0]J* (22)J*#(21)|0), where the fields in J*(z1) are time-ordered while in J*T(z9)
are anti-time-ordered.

NNLO and higher orders the method is not efficient. For this reason that we present the
computation in momentum space. The main advantage of is approaches is that the phase
space integrals do not need to be evaluated analytically, but can be computed through a
Monte-Carlo integration. Nevertheless, as we have already mentioned, the analyticity proper-
ties that make the computation finite are altered if one perform the Fourier transform before
computing the phase space integrals. The phase space will thus contain spurious soft and
collinear divergences that need to be removed in order to obtain meaningful predictions.

4.3.2.1 Computation in position space

At NLO there are four different diagrams that contribute to the real radiative corrections’|to
the vacuum expectation value (VEV) of the product of two electroweak currents, see eq. ,
which are displayed in fig. Their computation in position space is rather similar for all
of them. We thus present in detail the calculation of diagram (a). From the collinear-hard
interaction Lagrangian in eq. (C.2)), we pull down the interaction vertex between a collinear
quark, hard quark and hard gluon fields and obtain

9We refer to them as real since the singular contribution in the short-distance limit is the propagator of an
on-shell particle, see eq. (D.3)).
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(On] T (22) 7*(21) 0n) diag (a) = —(i9)? / d*y1d%ys (O1T{[. B (y2) (YT gnl (22)}
x T{[gaT*¥](21) [ Ban](y1)}10),

(4.135)

Notice that in the anti-time ordered product of operators the interaction vertex has a factor
—1 instead of i. Using egs. (D.2)) and (D.3) one obtains

(01J¥" (22) J*(21)[0)ding (a) =
—

~ (i9)* [ d"d"ye (01T {0 Bo) )T ga) (22) T {1 (20) [ B ) () }HO)
= —(ig)* / d%y1d%oT{Gn(y2)¥at*S (y2 — 22)T" dr(22)}

x T{ga(21)T*S (21 — 11)¥5t°4n (y1)} A0, (42 — 1),

(4.136)

where we have used the fact that the VEV of normal-ordered product of fields is zero. Using
the Fierz identity (see eq. (B.8))), we can write eq. (4.136)) as

_4may(1?)CF (/ﬂem ) ‘

(01771 (22) I (21)10)ding (a) = 4N, 4

Xy /ddylddyz Tr[CcvaS(y2 — 22)T"TpI#S (21 — y1)v8) A (32 — 1)
C.D

_ rc o _
x T{an(y2)} 5 T{an(y1)}T{an (1)} T{ga(22)}

(4.137)
where we have performed the color recombinatior[’]in order to define the TMDPDF operators
as color singlets and the minus sign in front is due to the anti-commutation of fermionic
fields. As we discussed in Sec. the momentum of the collinear background fields scales as
ph ~ Q(X2,1, ) while for the hard fields it scales as p) ~ Q(1,1,1), which means that along
the anti-collinear direction 7* and on the transverse plane the leading contribution is given
by the short-distance interaction of the hard field at the electroweak vertex. Therefore, the
leading contribution in eq. arises from the limits Yia) — %) and ylf(z) - zf@) 1
i.e. from the point of view of the collinear quark background fields ¢,(y1) and g,(y2) the
effective electroweak vertex is a local operator along the anti-collinear direction n# and on
the transverse plane. Thus, one can formally perform a Taylor expansion of the background
collinear quarks around y1_(2) = 21_(2) and y’f(z) L= zf@) , and integrate in the anti-collinear
and transverse coordinates, y1_(2) and y’f(z) |, order by order in the Taylor expansion. One
can simplify the Taylor expansion of the background fields by suitable shifting coordinates
yh 2~ yh 2t 2 @) Then the off-shell fermion propagators S(y2 — z2) and S(z1 —y1) simplify

to S(y2) and S(y2) and S(—y;) respectively, and the on-shell gluon propagator Aiﬂ (y2 —y1)

acquirees a dependence on 2§ — 21, i.e. A‘j‘f (y2 —y1 — 22 + 21). Replacing S(z) and Aiﬁ (2)
by their explicit expressions, egs. (D.11]) and (D.4) respectively, eq. (4.137)) amounts to

ONotice that A‘_"f (y2 — y1) no longer has color indices.
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v 1 @s C e'YE ‘ ddk —ik-(20—2
<0|J Jr(272)J'u'(21)|O>dlang (a) = 71_2 (:l]\r) r < An ) Z/W 9(k0)5(k2)e k-(z2—21)
€ C

01 o2
x [ d*1d%s Tr[ToVaYe, DY T oI g, v~ W2—v1) Y% Y2
/ y1d*y2 Tr[CcYaYo, T'T DI 75,7 ]e RO 0T
— I‘C FD _
x T{qn(y2 + Z2)}7T{Qn(yl + zl)}T{qﬁ(zl)}7T{qﬁ(z2)},

(4.138)
where the background fields g, (z1 + y1) and gn(y2 + 22) are now expanded around Y12y = 0

and y’f@u =0

n-y)™ _
)= Y Ty oy + o, 21),
mi,ma=0 mi:mao!

_ n - y2)™ _ -
Wn(y2 +22) = ) %(yu F0L)™ (n - 0)™ Gulyy + 23,2, 22L)-
mi,ma=0 mi1:mao!

(4.139)

The Taylor expansion of the fields in eq. (4.139) can be rewritten as [183,184]

Qn(yl + zl) = eiyf (n-ﬁqn)eiyu-:ﬁqn qn(yi" + Zil—, 21—, ZlJ_), (4 140)
(jn(yz + ZQ) =eiy2_ (n'ﬁﬁn)eiyZJ_'ﬁﬁn qn(y;_ + Z;_, 22_, ZQJ_),

where (pg, ), = —i0, and (Pg,), = —i0, are differential operators acting on the quark and
anti-quark fields respectively{ﬂ Using egs. (D.44) and (D.46)) it is straightforward to evaluate
the integrals on the transverse variables in eq. (4.138)), one obtains

Qg 2 eE T
(0177 (22)J*(21)10) ding (a) = (:N)CCF (u v ) /(2 LB 006 (k2)e—* (22—

— — v —1K~ - +_ +
x / dyf y7 dyF dy; Tr[C Voo, TV T DT 0 v e (y2 ) =i =pg, vy +ikT B v

Lte Lie
(dg.)7 : (4g.)7 ? [ ( . _ -

X n n K_ e A 2 _2 + +7:0+) +n0'1 + na'l
(—2y1+y1‘ +i0t ~2y3 y, — i0* 1o (V@b 207 )) win” +yn”)
o | =291 yp +i0F " —

- ’L(an)Tl\l WK—G (\/(qqn)%(—2yfy1 + z0+)) ]

X | K1 (\/(qqn) (—2y395 _ZO+)>( 3 72 4 ya n?)

ey | 2y Yy — 10T " —
+Z(qc7n)T2\l —2(@_2)2 K_. (\/(qqn)%(—2y§ry2 —20+)>]
dn

T

_ _ re _ _ o
X T{qn(y;- + Z;-, 29 ,ZQJ_)}TT{qn(yf- + zil_a 21 azlJ_)}T{qﬁ(zl)}TT{Qﬁ(zZ)}a
(4.141)

1 The operators e ’1(2) ("Pan(an) and e¥1(2)+ Pan(an) must be understood in the sense of Fourier multipliers [229].
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Alm[ H |_ny +
Y1 AMm[y;] L

0" Yy >
V2 ( > Re[yf] 5 >> RC[

v <0

(b)

Figure 4.6: Closed integration contour for yf’ : (a) the branch cut (jagged red line) is placed
on the lower-half plane, the integration contour has to be deformed to go around
it; (b) the integration contour does not enclose the branch cut, which lies on the
upper-half plane (jagged red line).

where we have defined the operators (§y,)" = k' + (bg,,)°* and (4z,) = (P)7> — k72. We
can see the complexity of performing the computation in position space, where we are left
with the Fourier transform of transcendental functions that depends on differential operators
acting on the (anti-)quark fields. One could try to expand the Bessel functions K_;_. and
K_. around (kr + (§y,)7)% — 0 and (kr — (p5,)7)% — 0, which physically correspond to the
limit of a parton with small transverse momentum entering the effective electroweak vertex.
However this would spoil the analytic structure of the integrand, leading to IR divergences
at y~ — Zoo. On the other hand, the expansion in the limit (kr + (fg,)r)? — oo and
(kr — (p3.)T)* — 00, i.e. large transverse momentum entering the effective vertex, leads
to singularities in the limit y* — 0, i.e. UV divergences. Therefore, expanding the Bessel
function in eq. one loses the analytic properties that make the integral finite. In order
to show that the integrand is an analytic function and the integral is finite we start by pointing
out that the integrand contains branch cuts for yI“@). Let us consider yf (for y;“ the analysis

is completely analogous). Using the convention that 7 > arg(y;") > —, i.e. the phase of y;
is contained between 7 and —, one can identify two branch cuts: for y; > 0 the cut is placed
on the upper-half plane and goes from yi" = i0" up to yi" = 00+ i0T. For y; < 0 the cut
is on the lower-half plane and goes from yf = —i0" up to yf = —oo0 — 10T, see fig. The
branch cuts for yi"@) depending upon whether y1_(2) is positive or negative thus

i0%, 00 +i0T), >0, w>arg(yl)> =
g e ] N ) Lo - g(yi) (4.142)
(=907, —00 —40"), gy <0, m>arg(y) > -
—i0T, 00 —30™), S>>0, m>arg(yS)> -7
el DT >0 ma e (1.143)
(0™, —o0 +i0™), Y, <0, m>arg(y,) > —
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4.3. COLLINEAR TWIST EXPANSION AT NLO

As done in Secl4.3.1}, the operators on the last line in eq. (4.141]) have to be written in terms

of the good spin components, &, ), using the equations of motion, see App. Afterwards,

one need to expand the resulting operators around z, +) _ zy ) — 0 in the (anti-)collinear

case. These can be then identified with the TMDPDEF operators and their matrix elements
with the TMDPDF distributions. Since we are working at order a;, we can identify the ma-
trix elements of the TMDPDF operators in eq. with the renormalized ones. In order
to their Fourier transform exists and therefore relate their matrix elements in position space
to physical distributions in momentum spaces if certain analytic properties and behavior at
spatial infinity are satisfied; we assume that the TMDPDF matrix elements are functions of
the Schwartz functions space S. [229,233]@ We emphasize that this assumption applies to the
renormalized matrix elements. Under these conditions, it can be shown that the integrals in
yE and 3 in eq. amounts to a finite quantity. We prove it for the integration in y
(for the integration in y2jE the steps to follow are analogous).

Let us first consider the case of y; > 0. The branch cut is on the upper-half plane, and we
can thus yf along the closed contour shown in fig. Since the contour does not contain
any pole in its interior the integral along the closed path is zero, thus the contribution from the
integration along the real line must be equal to minus the contribution from the integration
along the semi-circle. The semi-circle integral vanishes in the limit of infinite radius,[T_g] what
means that the integral along the real line from —oco to oo must be zero. The case of y;” < 0 is
slightly more involved due to the presence of a branch cut in the lower-half plane. In this case
one needs to deform the integration contour to go around the branch cut, see fig,. Since
the integration contour does not enclose any pole the sum of the integrals along I'g, 'y, ',
Y0, v1 and y3 must be equal to zero. In the limit of infinite radius the integration along the
arc 7y vanishes, the contribution from the integration along the arc 5 vanishes as well, since
it is centered at —oo and we assume that the background fields goes to zero rapidly enough in
order to guarantee the existence of the Fourier transform and well-defined TMDPDF matrix
elements. Along the semi-circle y; we parametrize y;” as y;” — —i0+36e~%; in the limit 6 — 0,
i.e. we shrink the semi-circle around the point yf = —i0™, the integrand in eq. goes
to zero as § ¢, which vanishes in dimensional regularization for € < 0. Therefore we conclude
that the integral along I'g must be equal to minus the sum of the integration along I'y + I's.
For the integral along I'; we parametrize y; as y — y" — i0F(1 — §), where y € (0, —00]
and 1 > 0 > 0. In integral along I'y we parametrize yf as yf — yi" — 40" (1 + 4), where

12The Schwartz space or space of rapidly decreasing functions is defined as [229}233|: the function space
S = S(R™) of all infinitely differentiable functions in R"™ that decrease together with all their derivatives,
as |z| = oo, faster than any power of |z|~ .

P
130ne may be concerned about the complex exponential e* Y1 in eq. ([£.141). However the field qn(yf' +
21,27, 211) can be written as

R
TR + -
an(yy + 21,21 ,211) = 1 Pangu(2], 27, 211),

and the exponential factor exp{iy; (k™ + p,,)} acting on the TMDPDF matrix elements amounts to
exp{—iy; q;, } where g;, > 0.
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Y € [-00,0) and 1 > § > 0. Thus, (y;" +407)* amounts to

+ P imA—i\ arctan (Lf_) +
+1076|"e i/ el

(yi +i0M)* = vy | = (4.144)

—imA+iX arctan (L_‘f_

lyt — 0t 5e e ) yi €Tz

where A € R. In the limit § — 0 the integration along I'y and ', amounts to

(8] e'YE d k k(s
<O|JVT(Z?)J#(Z1)|O>diag (a)T14T2 = — 8(4N) < ) Z/ [ ] 6‘(k0 ik-(22—21)
c
— o — A —ik— + i(n-éx — y N

% /dy;_dyz hnz(y;_’y2 ,(Qqn)T)e k7yy +ilndan )y, TI‘[FC'YO/YUQF CpIty,.y ]

0 0 P I TP _
< [y [ dytem it uns @) n)et

oo oo

D
X OEC(@ +y3 — 21— y?)d—f ](21 — 22)
(4.145)

where [d?k] = d%k 6(k?) and the operators OLF(Z;D)] are defined as in the LO and NLO virtual
contributions

e _ _ ¢ _
OL ](Zz + y; — 21— y]-_i-) = T{qn(y; + Z;-, z2 azZJ.)}TT{qn(yiF + z]-_i-a zl ) zlJ.)}y
(4.146)
™) N s
On (21— 22) = T{aa(21)} 5 T{aa(22)},
and the functions g7' and hJ? are given by

14€

o1/, + .— (A +-01 —_ 01 (q\‘}n)Q z
gt (Y15 (Qg)T) = (W a7 +y n”) | oo
2ly; ly7 |

1,77(1+e) “f(l+€) . —1/A
X {e K i ( \/2|y1 Y1 [(dg.)5 ) - Ko1-e (—z\/Zlyf'Ilyl |(qq")%) }

oy @)’ >
(o) <2|y1 Fllor]

{5 Ko (120 I @ )h ) — o5 Ko (—iy20E 107 1% |,

(4.147)

@ \*

(o — A o — O q\_n 2 A — .

22 (v (Gg.)7) = (33 172 + Y5 n7?) (ﬁ) K.y (\/(qzyn)?r(—Znyz —Z0+))
2 92

A \2 2
+i(dg.)7 (%) K_. (\/(Qqn) (— 2y2 Yg — 20+))
(4.148)

82



4.3. COLLINEAR TWIST EXPANSION AT NLO

The overall minus sign in eq. is due to the fact that the real line integration in yf is
equal to minus the line integration along I'; + I'y. The relative minus sign between the Bessel
functions in g7' is due to the different orientation between the line integral along I'y, which
is from zero to minus infinity, and the integration along I's, which is from minus infinity to zero.

In order to prove that the integral in y; and y; is finite. i.e. free of UV and IR poles, we
start by splitting the integration domain, (y;,y;) € (—00,0]x (—00, 0], into two contributions:
v >y and y; > y;". The contribution from yl_ >y amounts to

0
IT (22 — 21, (dg)T5 97 > 9f) = / dy; dy1 95 (v, y1 s (dga)T)
- vt

C L . N —
x OF V(g +uf — 21— ) OL (21 — zp)ei® v +ilmdanur,
(4.149)
with the change of variables y;” — y; yf one obtains

0 1
I (22 — 21, (Gg) 1597 = 91) = —/ dyf/o dyy 93 (i vy vt s (g )T)yT

C D - . a —
x OF Nz +yf — 21— y)OF (21 — zo)e v il v vt
(4.150)
Notice that now y; is a dimensionless variable. Our initial assumption was that the matrix

C
elements of the operator 01[11“ ](z2 + y; -2z — yf ) are analytic functions on the lower-half
plane, and thus the only term that can contain any singularity is ¢3* (y;, y; ¥;, (45.)7)y; . In
the limit yi" — 0~ one obtains
lm 7 v ) =~ ) o)), s
v 90 \Y1 Y1 Y1 ,4q,)T)Y1 (y )1+EF[ 6] U U1 ) .
while in the limit yf — —oo the matrix elements of OLF] go to zero rapidly enough to make
integral finite. There are no further points in yf' € (—00,0] that could lead to singularities,
thus the integration in yf is well-defined and finite. Nevertheless, for the integration in y;
there is a singularity at y;7 — 0. We isolate it rewriting g;* (y1 Y1 Y1 )y1 as
+ 21+Ez7r(y;“)_2€ 21+eiﬂ.(yiﬁ-)—2e =01 }

The second term in curly brackets is not singular at y;7 — 0 nor y; — 1, therefore its contri-
bution to the integration in y; is finite. The first term on the right-hand side can be expanded
in terms of plus and delta distributions, see App. which are integrated against the matrix
elements of O). One can see that in the limit € — 0~ only the term proportional to 6(y;)/e
will contribute.

The integration for ny >y, gives
12— m oo 200) = [ v [t o ur s @)
- Y

x O Nz +yf — 21 —y)OL (21 — o)™ i HiCvdun v
(4.153)
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and with the change of variable yf — y;“yl_ one obtains

IT (22 — 21, (dga) T3 97 > 47) = — / dyy / dyi 951 (v vi, 91 s (dgn)T) YT

D P - . N —
X 07[1 ](Z2 + y2 — 21— Z/1 Y1 )(9[ ](zl - zz)e”g v Yy +i(n-Gay)y; ,
(4.154)
The integrand does not contain any singularity in the region y; € (—00,0], since the de-

C
pendence on y; of the operator (’)LF ] regularizes the integral. However the limit yf — 0 is

troublesome, due to the fact that the limits (y;",y;) — (0, —00) do not commute:

hm lim (9[ ](22+y;_ y1y1)— hm O[ ](22+y;——21+00y;r)=0,

N 0 Yy, ——00
lim 11m (9[ ](z2 +y§|r -2 —yl_y1 )= lim OL ](22 +y§|r —2z—0)= OLFC](zz —I—y;r —21),
Yy, 9—00 Y] -0 Yy, ——00
(4.155)
Hence taking first the limit yf — 0 leads to IR divergences in the y;” integration. The limits
must then be taken carefully. With this aim, we rewrite g2 (v vy, y1 , (440 )T)Y; 28

_ _ 2im(yy ) > im(yy )" (yr)* >
o1(,,+ A~ - _ 1 o1 1 1 A~ 2. o1
9n (yl yl ’yl ] (‘an)T)yl (yf)l"'el"[—e]n + 2[\[1 _ 6] (an)Tn
m(yy ) (y ) > -

- 24 (yy )~
I‘[l—e] (an)7 + Y90 17915915 (G )T)Y ()T

in € 2—2¢ a(yF)—€(y7 )12
( )[ (yl]) (A 2 01 _ (yl (yl) (@hz)’?}'

+ (4.156)

qn )T F[l _ E]
The term in curly brackets goes to zero as (y;r)Q_6 in the limit yf — 0, and one can thus
interchange the order of integration in y;" and y; . The contributions from the first line must
be handled more carefully. We perform two changes of variables in (4.154): first y; — y; / y;r
and afterwards yi" -1/ yi". One obtains

0o 0
I (22 — 21, ()75 9 2 97) = — /1 af [ ay;
—00

_oam(yp) T o, ey o) Ty ) ") (4.157)
x{ ( n°t + T}

A 2,01
+
yi{-)_er[_e] 21’\[1 _ 6] (an)Tn 1-\[1 — 6] dq,
x OF Nz + 4 — 21 —47)OL (a1 — zp)F +dan)vdur

where ... stands for the contribution given by the second line in eq. . The terms
(y;)™ with n > 0 are known as multipliers in S. It can be shown that if f(y;) € S also
(y)"f(yy) € S, see [229,233] for the proof. The Fourier transform maps S onto itself in
reciprocal one-to-one and continuous fashion, see [229,(233| for the proof. This means that
after integration in y; the resulting function, which depends on &~ + (n chnyi" ), is also a
function of the space S and thus the integral in y is well-defined.
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4.3.2.2 Computation in momentum space

As we have seen, the computation in position space is free of IR and UV divergences. Nev-
ertheless, there are two drawbacks: we need to introduce a suitable parametrization of the
TMDPDF matrix elements in position spaces and the integrals must be done in a precise
order. The whole procedure is rather cumbersome, and while it shows the finiteness of the
integrals is not practical. For this reasons we decided to perform the computation of the
diagrams in fig. in momentum spaces, i.e. we first perform the Fourier transform and
afterwards the phase spaces integrals. This order of perform the computation leads to the
present of IR poles in the convolution of the scattering amplitudes given in fig. with the
TMDPDF matrix elements in momentum spaces. We identify these divergences with a double
counting of the soft and (anti-)collinear regions, see fig. In the computation in position
space fog diagram (a) in fig. we assume that the TMDPDF matrix elements in go to zero
(at the spatial infinity) rapidly enough, what regularized all the IR divergences and made
the integrals finite. In momentum space the IR occurs when the momentum of the gluon
goes to zero (soft) or becomes parallel to one of the incoming partons (collinear). The method
known as phase-space slicing introduces a phase-space cut-off to avoid soft and (anti-)collinear
regions [234-244]. Tt is straightforward and simple of implement, however studying the depen-
dence on the cut-off parameter(s) is rather cumbersome and can hardly be done analytically.
This is computationally very expensive and a finite small value of the cut-off parameter(s) is
maintained, which leads to a residual cut-off dependence.

The measurement functions introduced in Sec. can be modified to discriminate among
hard, soft and (anti-)collinear real radiation [55-57,/61}96,245-250]. This method may in-
troduce a dependence on non-physical parameters which can lead to large logarithms in
the soft and (anti-)collinear regions. The resummation of logarithmically enhanced con-
tributions and the cancellation of non-physical parameter dependence introduced through
the measurement functions is typically taken care of using either effective field theory tech-
nique [55-57,[59,1205,249] or a diagrammatic approach [95,97,101-103,/134]. In this work
we introduce a third method, by identifying the contributions inconsistent with the power
counting of the hard modes as a double counting contributions that need to be removed.
This situation and approach is rather standard and common in effective field theories like
SCET [43,/47,106,201]. We will comment more on this after the integrationof the real contri-

bution to eq. (4.9).

The NLO real radiative corrections in fig. to the product of electroweak currents in
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eq. (4.9) amounts to

() )0 = —(i9)? [ drdys

|72 B (02) T ) e2) YT (@4 e1) (5B ()}

+ T{[4 B (y2)[anT" $] (22) YT{ YT an] (21) [Gn Be) (1) }
+ T{[an BY)(y2) [P 45] (22) YT{ [T an] (21) [Ga B (1) }

+ T{[¥Ban] (y2)[GnT"¥] (22) YT {[GT"9](21) [ Ban] (yl)}] N

(4.158)
Using eq. (D.2) to perform the short-distance expansion of the product of two free hard fermion
fields (under the same time-ordered operator) and eq. (D.3) for the product of two free hard
gluon fields one obtains

[ 2) ()0 = —(ig)? [ drdys
— 1

x [T{[énﬁib](yz)[iF”qﬁ](@')}T{[@ﬁF" ¥1(21) 6 Ban] (41))

_ : = N
+ T{[9Banl (y2)[@.T" 9] (22) YT {[¥T# ] (21) (3 BY] (1) } (4.159)

| E— [

_ — = = ' ‘
+ T{[Gn BY](y2) [¥T" 5] (22) }T{ [T gn] (21) G B (41) }

T T ([ Ban] 42) Gl V) () TG (20) [0 Ban) (1))

+n & n.

One could also consider contributions of the form

[T (22) J*(21)] V291 = —(ig)? / d%y1d%ys

T{[Gn B (12) [0 45) (22) YT{[GaT") (21) [ Bt (31)} + - -

where we perform the short-distance expansion of fermion fields under different time-ordered
operator. Nevertheless, contributions like the one above does not full fill momentum conser-
vation and thus we do not consider them. Replacing each hard field contraction in eq.
by their corresponding propagator (eq. for the fermion and eq. for the gluon
fields, respectively) and using the Fierz identity one obtains
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2 B\ —€
(77 (22) T (21)]INEO = _Wa;éu )( per ) /(2 i 0(k0)5 ( k2)/dd L dypetk (v2=91)

C D
X [T‘I‘[Fc’ws(yz — z2)T"T'pT*S (21 — yl)’Ya]Q[zF ](y2,yl)(9£-1F ](21,22)

C D

+ Tr[ToT S22 — y2)Y° TS (1 — 21)THION (22, 21)OF (g1, )
C D

+ Tr[ToysS(y2 — 22)T TP S (g1 — 20)THON (s, 21)OF (w1, 22)
C D

+ Tr[TeT? S (22 — y2)78T pTS (21 — y1)YP1OF N2, 51) OF (21, 112)

+n < n,
(4.160)
where we have written the effective vertex J* to make explicit that the fields have been
integrated out using the short-distance expansion of the (time-ordered-)product fields. As we

have discussed, the leading contribution to eq. arises from the limits y1(2) — 21(2)

The operators OL(ﬁ) | are defined as in eqs. 1} and (4.116). Performing the coordinates
shift y1 — 21 + y1 and yo — 22 + y2 eq. (4.160)) becomes

2 ~y e

C D
X TT[FC’YﬁS(yz)F”FDF“S(—yl)WQ]OLF Nya + 20,91 + 21)0%F l(z1, 20)

+ Tr[I‘(,T"S(—w)’YﬂFD’YﬁS(w)F“](’)LFC] (22, Z1)O£—LFD](y1 + 21,Y2 + 22)
+ 'I‘I’[FC’Y/BS(yz)FVFD’YBS(yl)F”]OLP (y2 + 22, ZI)O[ ](yl + 21, 22)
+ TI“[FCFVS(—W)’YBFDF”S(—M)’Y’B]OL ](z2,y1 + z1)(9g ](zl, Y2 + 22)

+n < n,
(4.161)
where the leding contribution is given now in the limit y{' = y4 — 0. From eq. the
step to follow are rather similar to the ones described for the virtual corrections, which leads
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- p+ 2
<PBPA|JVT(Z2)\7u(z1)|PAPB>[NLO] _ 47TPA PB]\?‘S(# )CF Z/[d4pa]d§a[d4pb]d5b
¢ a,b
2.9 \ € d .
(“467: ) | GO S 2 b — €, P30 6P
y [TY[;éava(zéa — g, -l Telp I, — BT @, — )77 (4.162)
[(Pa — k)? — i0][(pa — k)2 + 40] [(py — k)? — 90][(pa — k)* + 0]
. Tr[?a’)’a(?a - k)rl’?b')’a( b k):[wl] + TI‘[?GFV(]% - k)7a¢b7a(¢b - k)]_"ll]
[(Pa — k)2 — i0][(py — k) +40] [(py — k)? — 0] [(po — K)? + i0]

X fr,acpa(&as Par) fi bR (&b, Pyr)

+n&n+...,
where ... stand for further Dirac structures and higher geometrical twist contributions that

are neglected. Setting z§ = —2 = 2#/2 in eq. performing its the Fourier transform
with respect z* one obtains the real NLO contribution to the Drell-Yan hadronic tensor in
the quark-antiquark channel@

The differential Drell-Yan cross section is obtained following an analogous procedure than
the one presented in Sec. From eq. one can obtained the cumulant verson of the
hadronic tensor, it amounts to

4o ,uz P, PtC 3 ~
WELOR ()0 (@2, y, g3) =% 3\,*“ BEE S [t paldald'mldesd(or — PR3] — &FF)
¢ a,b
ﬂekoalﬁe 2y, ¢2)6@ —g—k
X (271')d_1 ( ) ( ) (Q ayaqT) (pa +Dpp—(q )
X ,Hgby (Pa» Pbs @) frjac—pa (o> Par) f7,5¢p5 (€6 PoT)

+nen+...,
(4.163)
where the scattering amplitude H"} .., is given by

w B p2er®\ [ Telp, (P, — BTELE@, — K7
H“"’GG'(p“’p”’k)_%( i ) i~
_ Telp Te (P, — Bsp L@, — F°l - Telp, e, — BTGP, (p, — BTG
[(ps — k)2 — i0][(pa — k)2 + i0] [(pa — k)% — i0][(py — k)2 + i0]
+ T‘I‘WGFV’(pb - k)’Yﬁ?b’Yﬁ(Pb - k)l—‘g]
[(ps — k)2 — i0][(py — k)2 +i0] |’

(4.164)
and the function ©(Q?,y, q%) is given by eq. (4.105]). Notice that the momentum conservation
delta function in eq. (4.163) introduces a dependence on the real emitted gluon in Q?, y and q%

4The other real contribution is in the gluon-(anti)quark channel, where one perform the the short-distance
expansion of the product of two non time ordered hard fermion fields and the resulting hard-scattering
process is convoluted with one (anti-) quark TMDPDF and a gluon TMDPDF. This kind of process will
be subject of study in future work.
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that are defined by eq. (4.106]). In App. we give the explicit expression for eq. (4.164) and
thoroughly explain the computation of the gluon momentum integral. Here, we limit ourselves

to highlight and introduce the two main technical challenges that we faced in the computation:
the selection of an appropriate frame and integration variables, the modes double counting.

Frame selection From eq. one can see the present of collinear poles when k* becomes
parallel to pg ®) and soft ones when k% — 0. The main difficulty in isolating these divergent
contributions is that in the proton-proton center of mass frame, while the argument of the theta
functions in ©(Q?,y, q%) takes a rather simple form, the denominators become cumbersome.
This is because the parton momenta p} and pfj are not back-to-back and both have non-zero
components along n#, n* and on the transverse plane to the proton beams. Therefore, if we
naively attempt to write the denominators in this frame, we obtain something like

(Pay) — k)? = —=2(7 - Pa(v)) (0 - k) — 2(n - Pa(r)) (R - k) + 2P0 - K,

whose soft and collinear limit are not easily made explicit. Alternatively, by writing the
propagators in d — 1 dimensional spherical coordinates

(Pa(e) — k)* = =200 K°(1 — 1y, - my(p)),

where ny and n, ) are spatial unit vectors pointing along the direction of k* and pZ )" It is
straightforward to identify and isolate the soft divergences. Nevertheless the collinear poles
still remains hard to isolate since the scalar product ny - n,) is an involved combinations
of angles. it is thus interesting to find a reference frame where ny - ny) takes the simplest
possible form. If for instance we chose a reference system where the Z-axis along p, then
ng - n, = cosf with 7 > 0, > 0, see fig. [4.7] However, ny - n; still remains a cumbersome
combination of angles. The situation highly simplifies if p5 and pf are back-to-back, i.e.
Z(p,, Pp) = T, therefore ny - p, = cos b, ni - ny = — cos f and

(Pa — k)* = —2pQk°(1 — cos By,),

(oo — k)? = —2pYk°(1 + cos Oy),

where 6}, is the polar angle between the 2-axis and k. In this case, it is straightforward to
identify and isolate both collinear and soft poles. We can use the on-shell delta function,
5(k?), to integrate over the gluon energy and after performing some changes of variables (see
App. [E.2)), the d — 1 dimensional gluon integration measure can be written as

di1k
2k0

—€

—€
= Cdsak dsek S 1Sy s

where sqx = —(po — k)2 and sy, = —(pp — k)2 and C denotes some prefactor irrelevant for the
current discussion. After writing the gluon integration measure and the propagators in terms

of s4(3)k, We can perform an expansion in plus distributions (see App. |A.1)) of eq. (4.164),
which allows us to readily identify soft and collinear poles. Nonetheless, there are two open

questions: how do the proton momenta Pz( B) and the light-like vectors n* and n* change?

What is now the integration measure for pg (b)? To answer both questions we show how by
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Figure 4.7: Reference frame in which p, is parallel to the Z-axis, k and p, have arbitrary
orientation.

Figure 4.8: Proton center-of-mass frame. The proton beams are back-to-back along the z-axis
and the partons have arbitrary orientation.

applying a series of rotation and boost transformations we can go from the proton center-of-
mass frame to the reference frame where p,; and pg are back-to-back, namely the partonic
center-of-mass frame.

In the proton center-of-mass frame (see. fig

PZ - (Pg,Od_z,Pj), Pg = (Pg70d—2apg)7

1 1
nt = _2(]-’0(1—27 1)9 nt = _(la 0d—27 _1)7

V2 V2 (4.165)

Pt = pg(l, sin 0, cos @g, sin b, sin ¢, 04—4, cos ;)

Py = pY(1, sin By cos By, sin Gy sin By, 04_4, cos By),
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4.3. COLLINEAR TWIST EXPANSION AT NLO

where ™ > 9a(b)a¢a(b) >0,s=(Pa+ PB)2, Pg = Pg, = \/TE and P} = \/(Pg)2 - M2 = —Pz.
In the parametrization of pg (v One could consider non-zero components in the d—4 dimensional
subspace. However those contributions go to zero in the limit d — 4. The integration over
the d — 4 dimensional solid angle amounts to a factor 2. Indeed one could already consider
o ) Pf;( B) and n#(7#) in d = 4, since the integration on pZ(b) in eq. (4.161)) is done after we
have subtracted the soft and collinear poles and therefore it is safe to take the ¢ — 0 limit.
The only integration measure that we has to be explicitly considered in d = 4 — 2¢ dimension
is over the gluon momentum, i.e. d%k §(k?). Applying a rotation R?(¢,) around the 2 axis

cos¢a  singa  Onas

R*(¢a) = —sing, cosp, 014-3 |> (4.166)

04-31 0g-31 lg-34-3

where 14_34-3, 01,4-3 and 0431 denote the identity matrix, zero row and column vector
respectively in a subspace of dimension d — 3. We can see that R?(¢,) does not change Pﬁ( B)

and n*(a*), pt () Bmount to

p* = pO(1,sin6,,04_3,cos6,), p;“ = pg(l, sin Oy cos(¢p — ¢q), sin O sin(¢p — g ), 0g—4, cos Gp).
(4.167)

From p;" we can defined new angles
cos b, = cos b, sin b cos ¢}, = sin Oy cos(¢p — Pa) (4.168)
and the integration measure changes as
d cos ¢y dcos By sin~! ¢, = dcos @), dcosf, sin~! ¢p|J| ! = dcos ¢} dcos@ sin! ¢}, (4.169)
where |J| is the Jacobian given by

dcos 6} d cos ¢},

dcos fydcos ¢y | a — 8 g : 4.170
d cos 0yd cos ¢y, | cos ¢q — sin ¢q cot @y ( )

Therefore pZ‘ can be written as a function of ¢, and 6 or in terms of 6, and ¢} as
p = p)(1,sin 8} cos ¢}, sin 0 sin ¢}, 04_4, cos f). (4.171)
After applying the rotation R*(¢,), we perform another rotation R?(6,) around g-axis
cosf, 014-3 —sinb,

R%(6a) = |04-31 la34-3 O3y |> (4.172)

sinf, 0143 cos @),

such that the new rotated p/* has no # component. Applying RY(6,) to P% .., n*(7*) and

A(B)
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A (b) ©De obtains

PZ = (P,g, _|PA| Sinoa’od—& |PA| COSHa): Pg = (Pga |PB| Sinea, 0d—3a _|PB| COSGa),
1

. _ 1 .
n= E(l, —sinf,,04-3,c080,), n* = E(l,sm 04,04—3, —cosb,),
pff = pg(la Od—?a 1)a
pf = pg(l, cos 0, cos ¢y sin O, — cos Oy sin 8, sin G sin ¢y, 044, cos @y, sin G, sin O, + cos b, cos ),

(4.173)
where we have relabelled the variables without prime in order to lighten notation, and we will
repeat this in several steps as long as there is no risk of confusion. Defining the angles

cos 6, = cos ¢y sin ,, sin G}, + cos 0, cos Oy,
cos 0, cos ¢p sin 0, — cos O sin 0, (4.174)

\/1—cos? 6] ,

where 7 > 6}, ¢} > 0, one can perform a change of variables and write p, as a function of ]
and ¢,. The integration measure changes as

cos ¢, =

d cos ¢pd cos O sin ! ¢y, = d cos ¢d cos 8| JY| 7L sin™! ¢, = dcos pydcos ) sin~t pp.  (4.175)

where we have used

d cos 0;d cos ¢},

sin b
dcos 0yd cos ¢

= 4/1 — cos? ¢, =sin ¢y}, (4.176)

The next step is to perform a second rotation around the Z-axis

cos¢, sing, 014-3

R*(¢y) = —sing, cos¢y 014-3 |> (4.177)

0g—31 04-31 1g-34-3

such that the the rotated pj’ has zero §-component. The rotated vectors P,Z( B n#(7t) and

p’; () re given by

P,Ii = (Pga _|PA| sin 6, cos ¢;), |PA| sin 6, sin ()b;)’ 044, |PA| Cos oa)a
PE = (P]g, |P 5| sin 0, cos ¢, —|P | sin 0, sin ¢}, 04—4, —|P 5| cos b,),

1 . . .
n* = —(1, — sin 6, cos ¢}, sin 6, sin ¢, 04_4, cos b,),

V2
1
V2

Py = pg(l, 04-2,1), pf = pg(la sin 0;)7 04-3, cos 01,))

(4.178)

nt = (1, sin 0, cos ¢y, — sin 0, sin ¢y, 04—4, — cos 6,),
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The last rotation we want perform is around the § axis again, but in this case we rotate
by an angle 6 such that the angles between the rotated p,) and the Z-axis is 6(m — 6) (see

fig.

cos 0 014-3 —sind
RIO)=[04.31 lgsas 0431 | (4.179)

sin 6 01,4-3 cos 0

where 26 + 0, = m; since 7 > 6, > 0, then /2 > 6 > 0. The rotated vectors Pf;( B)’ nH(nH)
and pg () are given by

Py = (Pg, |P 4| (cos 0, cos% — cos ¢y sin 6, sin %), |P 4| sin 6, sin ¢y,

0 0
|P 4l <cos€a sin Eb + cos Eb cos Py sin9a)),

0 0
PE = (Pg, —|PB|(cos0a cos;b — €os ¢, sin f, sin Eb),—|PB|sin0a sin ¢,

6 6
— |Pp| (cosea sin Eb + cos é’ oS ¢y, sin0a>),

1 0 0
nt = ﬁ (1, (cos 0, cos Eb — €oS ¢ sin 6, sin Eb) ,sin 6, sin ¢, (4.180)

0 0
(cos 0, sin 51’ + cos Eb COS ¢ sin Oa) ) ,

1 0 0
nt = —(1, —(cosOa cos Eb — oS ¢ sin 4, sin Eb>,—sin0a sin ¢y,

V2
. Oy 0 .
— [ cos@,sin 0} + cos ) cos ¢psinb, ) |,

0 0 0 0
pg, = pg(COS EbaOd—?nSin f)) p/; :pg<COS Eb)od—3a —sin Eb)a

where we have again relabelled the angles to remove the primed notation. We see that Pz( B)
and n*(n*) become rather cumbersome functions of the angles, nevertheless this only affects
the measurement functions which are evaluated numerically and for the subtraction of the soft
and collinear poles are irrelevant. The important point is that the expressions in eq.
are suitable to identify and isolate IR divergences (see App. . Before discussing the issue of
the modes double counting, we perform a last change of variables to bring PX( B) and n*(n*)
in a slightly more simplified form. By defining the angles 7 > 6, > 0 and 27 > ¢, > 0
implicitly by the equations

0 0
cos ), = cos 6, sin Eb + cos Eb cos ¢y sin 4,

cosf, cos % — cos @y sin 0, sin % (4.181)

\/1—cos? 6/,

cos ¢, =
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Figure 4.9: Change of reference frame after applying the rotation matrix R?(8), with 26046, =
T

the new integration measure is given by

dcos6,dcos ¢, |

d cos ¢ dcos B, sin™! ¢ = dcos @), dcosb, sin™! ¢y = dcos ¢, dcos@, sin™! ¢},

d cos 6,d cos ¢y
(4.182)
Pf;( p) and n#(7#) are given by
Pz = (Pg, |P 4| sin 0, cos ¢}, |P 4| sin 0, sin ¢}, 044, |P 4| cos b)),
Pk = (P}, —|Pg|sin @, cos ¢}, —|Pg|sin 8, sin ¢}, 044, —|Pg| cos 0,),
1
nt = E(L sin 6/, cos @}, sin 6/, sin ¢}, 04_4, cos 6,,), (4.183)

1
= E(l, — sin @, cos ¢, — sin 6/, sin ¢}, 044, — cos G,,).
Notice that there is no dependence on the azimuthal angle ¢,. The last step is to perform a
boost such that p; and pj become back-to-back, which is explained in detail in App.

Double counting subtraction The other issue regarding real emission diagrams is the double
counting. The only constraint on the real gluon momentum is coming from the measurement
functions and momentum conservation, in any other regard we are fully inclusive. This means
that we are also integrating over regions of phase space where the real gluon is either collinear
to the partons entering the effective vertex or soft. However, these two regions of the phase
space do not follow the mode power counting of hard (or fast) fields and are covered instead
by the background fields. Nevertheless, as we did for the virtual corrections, we do not
introduce any cut-off over momentum integration. In the virtual case this issue was solved by
the renormalization of TMDPDF matrix elements. In the real case we can reabsorbed this
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contributions into TMDPDFs. In order to do that, we follow a diagrammatic approach similar
to the one presented in [251,1252]. We introduce some perturbative coefficient functions Cav)
and S, that account for the contributions in phase space regions where the gluon becomes
collinear to the parton a(b) or soft perspectively, and subtract them from eq. . We define
the subtraction term for radiation that is collinear to a(b) as the partonic matrix element of
operators similar to the unpolarized TMDPDF at leading power (egs. and for
the quark and anti-quark case respectively). The main modification is that while fields in the
unpolarized TMDPDF operator are evaluated at z~(+) = 0 in the (anti-)collinear case, in the
double counting subtraction term the fields are evaluated at n,p) - 2 = where nZ ®) is a
light-like vector parallel to p,;). For the case of radiation collinear to the parton a it is given
by

be,a(z;,-7 0, 2abL;Pa) = %(pa@{iﬁ}?(zjnb + Zav1)[2d My + ZabL, —00Tp + Zap 1]} X)

2nb *Pa
o)si \ seporr ab, b
X 5= (X[T{[-ocomny, 0]*¢7(0) }pa),
(4.184)
when the parton a is a quark, while for an anti-quark it is given by

be,a(z;-70b_72abJ_;pa) = M - Pa

2

i(pﬂf{[_oonb + ZabL, 2o T + 2ab 1 |*Y5 (2F T + 2451 )} X)

(X|T{42(0)[0, —oons)**}[pa),

(4.185)
where ¢, j and a, b, c are spin and color indices respectively. The Wilson lines are in the fun-
damental representation. The factor (2n; - p,)~! above is a normalization factor, such that at

LO (a9) fgﬂ o.(Pa; #?) = 1. See App. [E.2.6|for the case of radiation collinear to b. The Wilson
lines are written in the chosen coordinates system.

The other phase space region that is double counted is the soft one. Here we use a slightly
modified version of the definition of the soft function at LP [43,50,/106},123,183,(184]. Since
the field coordinates in the collinear case are expressed in the "Z(b) basis, for the soft radiation
we do the same. Therefore we define the soft double counting subtraction term as

$zb,ab(0F 0y » Zab L) :¥<O|T{[_Oona + Zab L, Zab1]*[2ab 1, —00M + Zap 1]V X) (4.186)

(X |T{[~cons, 0]°[0, —conq]}0),

where a, b, ¢, d are color indices; the Wilson lines are in the fundamental representation.

Having defined the soft and collinear subtraction term, we can now introduce the double
counting subtracting hadronic tensor, or more precisely its differential form with the corre-

15See App. for a explicit definition of nZ<b).
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sponding measurement function. It is given by

P;P

" y dz . _ _
Wht oo (@@t ) = A2 S [ @i " [ paldéuld'pildssé (v — P36 — &P5)
¢ a,b

X Tr[pa]_"V /pbré]fnvaﬁpA (fa’ paT)fﬁ,b(—pB (gba pr)
x3(Q" - ‘12)5(?/ - %log Z—:Z)Mq% +¢* —2(7 - q)(n - q)

y Faba (2,05, 2ab130a) 2,0 (0F s 25 s 2ab1 3 Pb)
bzb,a(04 , 05 5 2ap1)

+nen+...,

(4.187)
where v =v-ng, v; =v-np and vh, | =v,gh |

K v VM
g = g — Ng Ny, + N Ty
abl Mg - M

The presence of the soft contribution in the denominator can be understood from fig.
fzb,a and fzpp overlap in the soft region leading to subtracting it twice. The soft factor in
the denominator removes this overlap at leading geometrical twist. Explicit expressions of

eq. (4.187) can be found in App.

The cumulant counterpart of the hadronic tensor with the double counting subtracted is
given by

Whe O (9)0(Q% v, ¢8) = Whe O (9)0(Q% 1, ¢8) — Whtt (0)0(Q% v, 63). (4.188)

One can find explicit expressions for the Wf*lf/LNLO’R] (9)0(Q?,y, q%) case in Sec.|E.2.7] To the

best of our knowledge it is the first time that hard real radiation effects are combined with
TMDPDF factorization.

Extension to two real emission processes In order to stress the validity of the compu-
tational method presented at NLO for the real emission in momentum spaces and the sub-
traction of the double contribution we have computed some of the NNLO contributions. In
particular, we have perform the evaluation of all contributions to the flavor singlet channel
q(q)+4q(q) — F+q(q)+4q(q) as well as some of the contributions to ¢(q)+q(q) — F+q(q)+q(q),
where F is a color singlet state. The details of the computation are presented in App. [F] We
obtain that the methods presented on Sec. and App. also work at NNLO, show-
ing to be a suitable form to isolate the poles and cancels out the collinear/soft singularities
together with removing spurious double counting of the soft and collinear regions.
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4.4 Numerical results at N3LL+NLO

The cumulative Drell-Yan cross section is given by eq. (4.104)

2 2
oDY ({Qmina Qmaxa Ymin, Ymax, 4T min, QTmax}) =

/ g 0(Q%y,¢2) 3 LSS (g, 0(cuts)) W, (9) Ac(g?) Ak (¢?).  (+189)
G,G'

We showed in Sec. [4.3.1] that the virtual corrections to the hadronic tensor at leading geomet-
rical twist, including contributions up to collinear twist-4 and accounting for the whole series
in KPC power corrections amounts to an expression similar to the customary quark form fac-
tor at NLO [37,43,47,253|. Thus, for the virtual corrections we use the already known quark
form factor up to N3LO [253]. The real contributions at NLO to the hadronic tensor were
computed in Sec. We saw that there was a double counting of collinear and soft modes
that needed to be subtracted. Before discussing the numerical results from eq. (4.189), we
briefly comment on the unpolarized (anti-)quark TMDPDF distribution and leptonic tensor
implementation.

TMDPDFs matching and evolution The unpolarized (anti-)quark TMDPDF distribution
is matched onto unpolarized PDFs of geometrical twist-2. In impact parameter space it reads

L dz p2b2 I3
fa(—p(éa bT; M, C) = /5 ? Xr: Ca(—'r (x) log 46_2$E y My C) fT(—p (Ea ,U,) ) (4190)

where the matching coefficients Cy, are known up to N3LO [129]; u and ¢ are the energy
scales associated to the renormalization of UV and rapidity divergences, respectively. The
dependence on p and ( is governed by the renormalization group equations [43,49-51,54,114]

/’L d 2.fa<—p(§7bT,ll/’ C) 17]"(:“‘9 )fa<—p(€a bT;NaC)7 (4191)
C%f%p(& brs 1,C) = —D*(t, br) facp(€, bri 1, 0), (4.192)

where the TMDPDF and soft anomalous dimension are given by

2 «
731 €) = Dp (@ (%)) log £ — 78 (ea(1?)), D“(u,bT)=Z< ol )> Zl 4/: J g,

C n=1
(4.193)
where a is a flavor index. Explicit expressions for I't,q,, 7y, and dimm™ up to N3LO can
be found in [50|, expressions for the rapidity anomalous dimension up to N4LO have been
computed in [124,125]. The soft anomalous, D*(u, br) also received contributions from the
non-pertrubative regime, therefore on top of the perturbatively calculable coefficients d(" ™)
one also needs to introduce a non-perturbative model D¢y (br)

D(u, br) — D(, b*) + Dp (b%). (4.194)

97



CHAPTER 4. TMD FACTORIZATION

The matching procedure in. (4.190) also received non-perturbative corrections in the region
|br|Aqcp ~ 1, therefore one needs to include some non-perturbative model for fop(&, br; i, €)

facp(& D75 18,¢) = faep(§, brs 1, C) fp(bT). (4.195)

In this work we use the non-pertrubative evolution kernel, D{p, and TMDPDF parametriza-
tion, flp, from [254]

br|
b% (4.196)

2
BNP

Dp(b") = colbr[b*(br]), b*(fbr|) =

1+

— )] + xAg
bl ) (4.197)

Zb%
\/1+ Xoz2b2,

We sue the values of Bxp, cg, Ao and )\‘1172 extracted in [254] for the PDF parametrization
NNPDF31 nnlo_as 0118 [255] are collected in Table.

fp(br) = exp ( -

Parameter [254] | NNPDF31 nnlo_as_0118 |255]
A 0.281012
Y 2.581231
M 0.47339
M 0.4+519

A% x 100 8.873%!
AY 13.172%
A% x 100 9.81+9:4
g 6.17167
A% % 100 0.25+91
3 3.0153
Ao 181.73%
c 2.6150,51
Bnp 2.

Table 4.1: Values for the TMDPDF non-perturbative parameters. Byp is fixed during the
extraction procedure.

Partonic integration measure The partonic tensor in eq. (4.189) contains the integration
measure over the momentum p, and p, of massless partons entering the hard scattering pro-
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cess. In the parton center-of-mass frame we write the integration measure [d*p,][d*py] as

d®p, d®p, _  dcosfy dy dfisin(26) d dp? pddp? p?

[d*pa][d*ps] = =
¢ 2p) 2p) 2

(4.198)

where 0, = ™ — 20; ¢p and ¢ are azimuthal angles, m > ¢,¢p, > —m; 6, is a polar angle,
m > 6, >0and 7/2 > 6 > 0. Since the hadronic and leptonic tensor are independent of
¢, it can be integrated trivially. The explicit form of d*q is not relevant since we use the
momentum conservation delta function in the hadronic tensor to integrate the off-shell vector
boson momentum.

The partonic center-of-mass frame was suitable to identify and regularize the collinear and
soft divergences. Nevertheless, it has a important drawback since the TMDPDF distribution
fa(b)(—pA( B) (fa(b),Pab(T)) becomes a function of four variables one radial variable and three

—-(+)

angles. This can be seen using the delta function & (p;((I);L) — &) P A(B) ) in the hadronic tensor

to integrate pg(b), one obtains

— A2
20— (V5+yfs —4M3) & (4.199)
@ 2(1+ cos b, cosf + cos ¢ sinfsinb,)’
A2
= (Vo +y/s—amp) 6 (4.200)

2(1 + cos b, cos @ — cos Py sinfsin ;)

Therefore, the modulus square of the transverse components, pi(b)T, can be written as

2
(\/§+ \/8— 4M124} £2(1 — cos 8, cos § — cos ¢y sin fsin 6,)

4(1 + cos 6, cos 0 + cos ¢ sin O sin ;)

PgT = 2(pa - n)(pa - 1) =

Y

(4.201)

2
(\/g_,_ \/@ €2(1 — cosf, cos @ + cos ¢y sin Osin §,,) (4.202)

4(1 + cos 8, cos § — cos ¢y sin 6 sin 0,,) ’

Pir = 2(py - n)(py - 1) =

where we can see that they are functions of one rail component and three angles. This means
that during the numerical integration one evaluated them hundred of times what significantly
slows down the whole evaluation of the cumulant version of the differential cross section in
eq. (4.189). It is for this reason that we will perform some simplifications based on the asymp-
totic behavior of the TMDPDF distributions in order to speed up the phase-space numerical
integration.

The measurement functions in ©(Q?,v, q%) impose lower and upper bound on the different
integration variables. Solve analytically all the contained imposed is rather cumbersome.
Nevertheless, we can use 0(Q2,, — ¢*)0(¢> — Q%,.), with ¢*> = (p, + p» — k)?, to obtain some
preliminary upper and lower bounds on s,x, Spr and sgp

2 2
Zax > Sab — Sak — Sbk OT Sak > Sab — Stk — Qmaxs (4.203)
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2 2
Sab — Sak — Sbk = Qmin OT Sab — Qmin — Sbk = Sak; (4.204)

since s, > 0 we can further impose sq — Q2 — spr > 0; the lower bound will be given by

max{0, sqp — Spk — @2, }- In order to simplify the phase-space integration we further impose
Sab — anax — spr, > 0, which is a tighter bound. Thus, we obtain sg; — Q2. > Spr > 0

max
rather than sy — Qﬁﬂn > sp > 0. From the s, — Q2,, we also obtain s,;Q2,,. Since
Sap = 4p2p2 cos? § we obtain

min 2 <[(1 + cos(8,) cos(6))? — cos?(¢) sin?(6,,) sin?(6)]

§a 28" = : (4.205)
2
s&p cos? () (1 +4/1— %)
£ > fzr;nin _ 2 ax[(1 + cos(8,) cos(8))? — cos?(¢p) sin?(6,,) sin2(0)], (4.206)

S

2
scos2(6) (1 +4/1— 4M2)

where the lower bound on &, is order that the lower bound on &, is smaller than one. Since
1 > &, we can impose further constraints on 6

scos?() (1 +14/1— %) > Q2. [(1 4 cos(6,) cos(8))? — cos®(¢p) sin?(6,) sin?(6)] (4.207)

solving for cos?(#) one obtains

3(1 +y/1- 4—1‘842) (cos(6) — cos(6)., )(cos(8) — cos(8)_) > 0, (4.208)

where
0 — I2nax COS(Ha) + Qmax\/g - COS2(¢b) sin? (ea)(g + Qrznax sin’ (011) sin? (¢b)) (4209)
cos(0) . = § — Q2,,,(cos? ¢ — cos?(6,) sin?(¢)) 7
2 xcos(0,) — Qmax\/§ — cos?(¢hp) 8in?(0,) (3 + Q2 sin? (6 ) sin® (¢) ) (4.210)
cos(9)_ = § — Q2,,,(cos? ¢, — cos?(6,) sin?(¢)) 7
and we have defined
AM2\?
§=S(1+ -2 ) . (4.211)

Due to § > Q2,, it can be shown that 0 > cos(d)_ and cos(), > 0. Since cos(f) > 0, the
allowed region for cos?(#) is 1 > cos(f) > cos?(f)+. Once we have obtained bounds on sup,
&a(v) and 0, it is convenient to perform the change of variables

6, = 0., (4.212)

6 = arccos (cos(9)+)0' (4.213)
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&= (1—&™)& + &, (4.214)

o= (1 - E5™)E + €5, (4.215)

stk = (Sab — Qmax) Shi» (4.216)

Sak = ( ?nax - ?nin)sizk: + Sap — Q12na.x — Sbk; (4217)

where 1> 6,6, &,y 5, (o) = 0- Notice that s, (), is dimensionless, what makes them a more
suitable variable for numerical integration since it is pure number.

Leptonic tensor The leptonic tensor at LO in the electroweak interaction is given by

v d?l d3l, GG . GG v @
v@=2 s s {(CLCL + GG )(z';z2 + Ul — =g ) s

—i(c§cf — cgcg)eﬂ”aﬂllalw}é("‘)(l1 + 12 —q).

In phenomenological applications one could need to consider experimental cuts over the
leptonic-pair final state. For instance, in the cases of CMS [256] and ATLAS [257]258]
one constraints the leptonic phase-space by introducing bounds on the transverse momen-
tum and pseudo-rapidity of the leptons. On the other hand, for the cases of CDF [259,260)
and D( [261}262] any constraints are imposed over the final states leptons. Thus, in order
to include experimental cuts on the lepton transverse momentum and pseudo-rapidity, we

modify eq. (4.218)) as

Lt (a, 0cuts)) =2 | L _d'l {(egef + e (g + ity - Q—29“”)
fele Al'S) 2l(1)(27r)3 2l(2)(27r)3 L*L R*R 1°2 1°2 9

—i(c§c§ — cgcg/)e“”aﬁllalw}é(‘l) (li+1la—q)

X 0(Mmax — 171)0(M — Mmin)0(N2max — 12)0(N2 — M2min)
X 0(1lir| — lirmin)0(|lor| — 127min)-
(4.219)
The integration over one of the leptonic momentum can be done trivially using the mo-
mentum conservation delta function 6 (I1 + lo — q). We choose to integrate lé‘ . For the
remaining leptonic momentum, I{', the situation is slightly more involved, for two reasons.
Firstly the contraction between the hadronic and leptonic tensors generates terms like & - [;.
Since k* is in partonic center-of-mass frame we must also consider /{’ in that frame. Secondly
the dependence on k* introduced through the momentum conservation delta function in the
hadronic tensor that we use to integrate over ¢* in the cumulative Drell-Yan cross section in
eq. (4.189). While in the proton center-of-mass frame the cuts on leptons transverse momenta
and pseudo-rapidities take a simple form, in the partonic centre-of-mass frame they turn into
rather cumbersome expressions. Also, in the proton center-of-mass frame one can write the
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integration measure for I{’ in terms of the lepton transverse momentum, azimuthal angle and
pseudo-rapidity i.e.
@l d¢ydlir||lir|dm

210 2 ’

which are the natural variables for the leptonic phase-space. However, in the partonic center-
of-mass frame the integration measure is written in spherical coordinates. From the integration
measure of the leptonic momentum /5 we have the on-shell condition §(I12) = 6((g — !1)?) that
we can use to integrate the radial component of I{'. The polar (;,) and azimuthal (¢;,) angles
need to be integrated numerically.

Numerical implementation From the leptonic tensor one has to integration variables, ¢;,
and 6 ; the real radiation contributes with another three integration variables, sy), and
0;; the initial-states partons contribute with five integration variables, three angles and two
radial components. In total there are ten integration variables, thus Monte-Carlo integration
techniques is the most suitable approach. One of the aims of the present work is to study the
effects of |Pg)r|/gr power corrections on the intermediate-gr region. These contributions
will become more significant as the ratio increases. At the energy scale y = Mz the bulk
of the contribution from the unpolarized (anti-)quark TMDPDF distribution comes from the
region 0 GeV < |pp| < 6 GeV [49,51,/54,263,264]. Therefore it is interesting to determine
the phase-space region for which |p,)r| takes small to intermediate values, for instance
[Pa@yr| < 20 GeV. In figs. 4.10} 4.11} 4.12} 4.13} |4.14] and |4.15 we present the regions in
0,0 for different values of & 1 and @y for which [Payr| < 20 GeV. One can see that
|pa(b)T| < 20 GeV imposes for #' < 0.03 and 6, < 0.015. The dependence on ¢, changes the
shape of the boundary but does not drastically modify the allowed region but in two cases:
£ =6 =0,¢ =0and {, = 0, # = —7. In both cases the |p,p)r| < 20 GeV region is
contained in a extremely narrow stripe, see figs. [4.16] [4.17 and [4.18, The distance between
the upper and lower boundary in @' is of order 10~2, therefore in this regard is not suppressed
compared to the other cases. However, these values are extremely sensitive to changes of ¢y.
As an example we present how the |pa(b)T| < 20 GeV region for &, = 0 and & = 0.6 changes
as we increase ¢y, see figs. and The width of the region in the ¢ variable is of order
10~2, which makes it suppressed compared to other values far from ¢, = —x. For £/, = & =0,
¢p = 0 the analysis is similar. Thus, we can conclude that the main contribution in the phase
space integration comes 0.1 > 6 and 0.05 > 6. For this reason we decide to reduce the
integration range for 6’ and 6/, from ¢’ € [0,0.1] and 6/, € [0,0.05].

Results We compare the predictions for the gr-spectrum obtained from eq. at small-
and intermediate-gr with the experimental data from [256] and the predictions obtained from
TMDPDF factorization at leading power [43,/47,54,107,254,263]. The numerical evaluation
of the TMDPDF is done with the program artemide [265] which is publicly available at [266].
The PDF numerical values together with their evolution are taken from [267], we use the PDF
set NNPDF31_nnlo_as_0118 [255].

In fig. we present the Drell-Yan cross section differential in ¢ computed with eq. (4.189)
and the LP TMDPDF factorization, and we superimpose the experimental results. We can
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see that in the limit ¢ — 0 the contribution from the power correction goes to zero and the
differential cross section without hard emission, do™F, and with one hard emission, do¥°. For
intermediate values of g one obtains do¥C > doF, i.e. the distribution tail from the LP
factorization fall off faster than with power corrections. This increase of the cross section at
the tails helps improve the agreement between the theoretical prediction and the experimental
data. For gr ~ 40 GeV the LP factorization predicts a cross section around 8% smaller than
the experimental results, with the inclusion of power corrections we can reduce the disagree-
ment to less than 2%. Overall, the inclusion of the QCD power corrections have an impact of
4% to 5%, bigger than for example the EW power corrections that are around 2% [268,269).
In figs. and we present similar plots but for the rapidity ranges 0.8 < |y| < 1.2
and 1.2 < |y| < 1.6. We can see that as one increases the vector boson rapidity range the
effect of power corrections becomes smaller. The reason for this is that the allowed radiation
that balances the vector boson momentum becomes more forward (as the gauge vector boson
does) with respect the proton beam axis. Therefore, the real radiation at the level of the hard
interaction vertex is collinear to the parton entering the effective electroweak vertex. It means
that most of its contribution is cancelled by the double counting subtracting term.

Despite the several simplifications we have performed in order to speed up the numerical
evaluation of eq. we obtain a sizeable contribution from the three power corrections
we have included: sub-leading collinear twist, Kinematic Power corrections (KPC) and hard
real emission. Thus a more detailed and precise numerical evaluation of eq. would be
of great interest. We leave this open for future projects. We would also like to emphasize that
the transition from the small to intermediate g region is purely dictated and controlled by
the measurement functions and any kind of profile functions nor weighted sum of fixed order
and resummed cross section is used. This is one of the main differences with previous works
which combine small and intermediate-large g7 regions to obtain a description of the whole
spectrum [96,(102,|146|, 147,243,247, 250, 270-273].
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Figure 4.10: Contour plots of |p,r| in the region 20 GeV > |p,r|, |pyr| for &, = 0, & = 0.2

and ¢, = —m x {2, 1,0}
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Figure 4.11: Contour plots of |pyz| in the region 20 GeV > |pyr|, [Pyr| for & =0, & = 0.2
and ¢, = —m x {2,-1,0}.
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Figure 4.12: Contour plots of |p,r| in the region 20 GeV > |p,7|, |pyr| for &, = 0.5, £, = 0.2
and ¢p = —7 x {1, %, %,0}.
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Figure 4.13: Contour plots of |pyz| in the region 20 GeV > |p,r|, |Pyr| for £, = 0.5, §, = 0.2
and ¢, = —7 x {1, %, —%,0}.
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Figure 4.16: Contour plots of |p,r| (upper) and |pyr| (lower) in the region 20 GeV >
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Figure 4.17: Contour plots of |p,r| in the region 20 GeV > |p,r|, |Pyr| for €, = 0.0, ¢, = —7
and & = 0.2,0.6, 1.
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Figure 4.18: Contour plots of |pyr| in the region 20 GeV > |p, 7|, |pyr| for &, = 0.0, ¢, = —7
and & = 0.2,0.6, 1.
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Figure 4.19: Contour plots of |p,r| in the region 20 GeV > |p,r|, |pyr| for &, =0, § = 0.6
and ¢ = —m{1—-1073,1-5x1073,1-1072,1 -5 x 1072, 1 - 107'}.
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Figure 4.20: Contour plots of |pyz| in the region 20 GeV > |p,r|, |pyr| for &, = 0.0, § = 0.6
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4.4. NUMERICAL RESULTS AT N3LL+NLO
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Figure 4.21: Differential Drell-Yan cross section at small- and intermediate-gr. The vector
boson invariant mass, @, is integrated from 76.2 GeV up to 106.2 GeV; the rapid-
ity lies on the interval y € [—0.8,—0.4] U [0.4,0.8]. RATIO 1 = 1 — do™¥ /do®C,
RATIO 2 = 1 — do"P(PC) /doPATA The uncertainty band is obtained by per-
forming scale variation of the matching scales at the effective electroweak vertex
and on the PDF.
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Figure 4.22: Differential Drell-Yan cross section at small- and intermediate-qr. The vector
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boson invariant mass, @, is integrated from 76.2 GeV up to 106.2 GeV; the rapid-
ity lies on the interval y € [—1.2,—0.8] U [0.8,1.2]. RATIO 1 = 1 — do™F /do"C,
RATIO 2 = 1 — do"P(PC) /dgPATA The uncertainty band is obtained by per-
forming scale variation of the matching scales at the effective electroweak vertex

and on the PDF.
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Figure 4.23: Differential Drell-Yan cross section at small- and intermediate-gr. The vector

boson invariant mass, @, is integrated from 76.2 GeV up to 106.2 GeV; the rapid-
ity lies on the interval y € [—1.6,—1.2] U [1.2,1.6]. RATIO 1 = 1 — do*F /do®©C,
RATIO 2 = 1 — do"P(PC) /doPATA The uncertainty band is obtained by per-
forming scale variation of the matching scales at the effective electroweak vertex
and on the PDF.
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5 Conclusions & Outlook

In thesis we have presented the NLO computation of different sub-leading contributions to
the leading-power TMDPDF factorization formula for the differential Drell-Yan cross section,
namely: sub-leading collinear twist contributions, kinematic power corrections (KPC) and
hard real radiative corrections to the electroweak vertex, being the last one the main aspect
of the present work. The computations of the power suppressed contributions has been done
employing an Operator Product Expansion (OPE) and the background field method. The
methods presented in this thesis pave the way to the extension of TMDPDF factorization in
Drell-Yan when there is hard real radiation at the level of the electroweak vertex. This allows
for a smooth transition from the small to intermediate-gr region without the need to introduce
profile functions or any weighted sum of fixed order and resummed computation. Therefore,
no further dependence on unphysical scales like jet vetoes of phase space slicing is introduced
and the whole transition from the region dominated from g7 resummation to fixed order is
completely dictated by measurement functions. This is possible since due to the inclusion of
higher collinear twist as well as kinematic power corrections, which introduces a dependence
on the py of the partons entering the short-distance interaction in the electroweak vertex.

The basic assumption behind the background field methods amounts to splitting the fields
in the QCD Lagrangian into two contributions: a fast or quantum field and a slow or classi-
cal field. The idea is that the quantum fields are the ones responsible for the dynamics and
loop corrections in the theory, while the slow fields act as a classical background where the
interaction between the quantum fields takes place. This is based on teh fact that original
theory contains some heavy modes that are not part of the initial or final measurable states.
Therefore, one can integrate out the contribution of quantum fields, which leads to a Wilson
coeflicient convoluted with an effective operator. The new effective operators are composed
of effective fields whose eigenstates are the external states. In this work we focused on the
QCD forward matrix element of the product of two electroweak currents in the two-proton
state. Since in the proton center-of-mass frame each proton is boosted along the +2-direction,
the quark and gluon fields inside the proton are also boosted along the same direction with
momentum scaling as in eq. . On the other hand, the QCD loop corrections to the
electroweak vertex involve momentum that are arbitrarily large along any direction. Corre-
spondingly, the QCD fields can be split into three parts as in eq. . The hard fields play
the role of the fast moving or quantum fields, being the ones responsible for the dynamics and
quantum corrections; the (anti-)collinear fields are regarded as classical fields with respect
the hard fields, and thus act as a classical background. Hence we can consider that only the
(anti-)collinear fields act on the two-proton states, while the contribution of the hard fields
amount to a vacuum expectation value (VEV) under the presence of classical sources that
can be computed in perturbation theory. As a result, we obtain an effective electroweak ver-
tex composed of (anti-)collinear fields convoluted with a Wilson coefficient. Which is given
by the VEV of the short-distance contribution of the (possible time-ordered) product of two
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hard fields. When the two hard fields are time ordered the short-distance contribution is
nothing but the Feynman propagator. When the two hard fields are not time ordered, the
short-distance contribution amounts to the on-shell propagator. The case when all hard fields
are under the same time ordering operator is referred as virtual contribution; when at least
two hard fields are under different time ordering, their short distance contributions amount
to the on-shell propagators and we refer to those contributions as real.

One of the advantages of using the background field method is that one can consider differ-
ent gauge fixing conditions for the quantum and classical fields. Moreover one can integrate
out the quantum fields without fixing the gauge for the background fields, since these are
not dynamical from the point of view of the hard fields. The computation of the VEV for
the hard fields in the presence of (anti-)collinear background fields is done using perturbation
theory. We can sort the different contributions to the VEV depending on the number of
background fields: in general, the greater the number of (anti-)collinear fields is, the more
suppressed the contribution to the VEV will be. This expansion is refereed as collinear twist
expansion, therefore higher collinear twist are power suppressed. Nevertheless, there is an
exception: contributions containing 7(n) - A,(r). Since n(n) - Aym) ~ @, one can insert an
arbitrary large number of (anti-)collinear gluon fields along the n(n) and the contribution
to the VEV is still of order ~ A\, i.e. leading power. This is indeed expected, since these
terms give rise to the (anti-)collinear Wilson lines that guarantee the gauge invariance (in a
regular gauge) of the effective operators. Therefore, it is convenient to use the (anti-)collinear
gluon fields in the light-cone gauge, n(n) - Ay = 0 from the beginning since it simplifies the
algebraic manipulations. One can always restore the background field to an arbitrary regular
gauge by introducing the corresponding Wilson lines. Using the equations of motions for the
background fermion fields, one can write the effective electroweak vertex in terms of well-
defined spin components. From there, one can use the Fierz identity to rewrite the forward
matrix element of the product of two electroweak currents as the forward matrix elements
of a (anti-)collinear quark-quark correlator. Since in this work we focus on the matching at
geometrical twist-2, we neglect contributions containing transverse or n(n) - Ay (#) background
gluon components since they lead to operators of geometrical twist-3 or higher. From the
forward matrix element of the (anti-)collinear quark-quark correlators. One can obtain the
standard TMDPDFs in the limit when the separation along the anti-collinear(collinear) coor-
dinate n- z(n-2) for the case of collinear(anti-collinear) fermion fields goes to zero. In this limit
one can simply expand the quark-quark correlators and use the e.o.m. to rearrange the differ-
ent contributions. This expansion highly simplifies in momentum space, where the differential
operators acting on the forward matrix elements amount to the momentum associated to the
operator. This expansion gives raise to the kinematic power corrections (KPC). The inclusion
of the whole series of KPC (for effective operators of geometrical twist-2) together with the
inclusion of contributions of collinear twist-3 and twist-4 has two consequences. Firstly, the
restoration of the Ward identity at the level of the effective electroweak vertex. Secondly,
the momentum of the described parton correspond to one of an on-shell massless particle.
Thus, we can compute the VEV of hard fields in the presence of background fields through
the p, +pp — F + X scattering process. The fundamental difference with respect to collinear
factorization is that the incoming partonic states are not parallel to the proton beams, instead
they have a non zero component along the transverse plane and they are not back-to-back,
which generalizes the kinematic configuration.
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After rearranging the background fields into quark-quark correlators and rewriting these in
terms of TMDPDFs, the Drell-Yan hadronic tensor amounts to a VEV of hard fields convo-
luted with TMDPDFs. The computation of the loop integrals for the VEV of hard fields can
be done in position space and the Fourier transform to momentum space can be performed
afterwards, or one can first compute the Fourier transform and perform the loop integration
in momentum space. For the virtual contributions to the VEV the order is irrelevant since
the measurement functions are not sensitive to the momentum of the loop corrections. We
performed the computation in momentum space since in this case we can profit from previous
results. The IR poles from the VEV are cancelled by the UV renormalization constant of the
TMDPDF operators. The case for real emission is more involved, since the momentum of
the hard gluon field enter the measurement functions. We obtained that the order in which
the loop integration and the Fourier transform are taken matters in order to obtain a finite
result. Assuming suitable analyticity conditions and behavior at the spatial infinity for the
TMDPDF operators in order to ensure the existence of the Fourier transform, we showed that
the convolution of the VEV with the TMDPDF matrix elements in position space amounts to
a finite quantity. The analyticity of the TMDPDF allows us to deform the integration contour
in order to obtain a quantity free of short-distance (UV) divergences. The behavior at the
spatial infinity is crucial to ensure that the convolution of the VEV with the TMDPDF is
free of long-distance divergences (IR). Nevertheless, if we first perform the Fourier transform,
the dependence of the measurement functions on the gluon momentum spoils the analyticity
properties. The IR divergences occur when the gluon momentum becomes collinear or soft,
however this limits are not compensated by the behavior of the TMDPDF matrix elements (as
it happened in position space), which amounts to some finite number. While one can prove in
position space that the convolution of the VEV with TMDPDF operator is well-defined and
finite, the computations are rather involved due to the presence of transcendental functions.
It is for this reason that we perform the loop integration in momentum space, the price to pay
for interchanging loop integration and Fourier transform is the presence of collinear and soft
poles. Theses poles are the consequence of integrating over regions where the gluon momen-
tum does not obey the hard modes scaling. In position space these regions are regularized
by the behaviour of the TMDPDF at infinity. In momentum space we define collinear and
soft double-counting subtraction terms that remove the contribution coming from the soft
and collinear regions. The main advantage of this procedure is that it can be implemented
locally at the level of partonic squared amplitude. Also, it does not need the introduction of
phase space slicing parameter(s) that discriminate between phase space regions and can lead
to unphysical dependence. The only non-physical parameter that we need to introduce is the
boundary term for the plus distributions, nevertheless we explicitly show that the hadronic
tensor does not depend on it. This is another advantage with respect to phase space slicing,
where proving that a cross section is independent of the slicing could be rather involved and
often only a numerical check of this independence is possible.

The more general kinematic configuration of the partons entering the hard scattering process
makes the identification of the collinear and soft divergences more involved than in collinear
factorization, since the partonic states entering the hard scattering process have some trans-
verse component and are not back-to-back. Nevertheless, after the application of a series of
rotations and boosts we are able to write the phase-space integration in a reference frame
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where the incoming partons are back-to-back. we refer to this reference frame as the partonic
center-of-mass. Isolating and removing the collinear and soft poles in the partonic center-of-
mass frame is rather simple, nevertheless there are two drawbacks. The first one is that the
measurement functions and the leptonic tensor take a rather cumbersome form. However,
since the measurement functions are IR safe quantities, after removing the IR poles from the
double counting of the collinear and soft regions, one can safely evaluate numerically the phase
space integrals. The second drawback is that the TMDPDF distributions become functions
of four variables: one radial component and three angles, which slows down the numerical
evaluation of the Drell-Yan cross section. Nonetheless, based on asymptotic behavior of the
TMDPDFs in momentum space, we could perform some simplifications to speed up the nu-
merical evaluation. At the energy scale y = QQ = Mz the bulk of the contribution from the
TMDPDF is given for transverse momentum in the range 0 GeV < |pp| < 6 GeV. Therefore,
we can further restrict the phase space integration. In particular, we constraint 6’ to be in
¢’ € [0,0.1] and ¢/, € [0,0.05]. These simplifications speed up the numerical integration of
the phase space integrals, while the contribution from the discarded phases space region is
smaller than the uncertainty due to scale variations. We found that contributions from kine-
matic power corrections, collinear twist-3 and 4 together with the short distance contribution
of real radiation at the level of the effective electroweak vertex systematically increase the
value of the differential Drell-Yan cross section on the intermediate-large g7 region. This en-
hancement of the differential cross section improves the agreement between the experimental
results and the theoretical predictions. It is for central rapidity regions, 0.8 > |y| > 0.4, that
the inclusion of power-suppressed effects have the largest impact. For a transverse momentum
15 GeV < gqr < 40 GeV the cross section is enhanced by 4% to 5%. For vector boson rapidities
in the interval 1.2 > |y| > 0.8, the impact of the inclusion of power suppressed term has a
milder effect, enhancing the differential cross section by 2% to 4%. For large rapidity regions,
1.6 > |y| > 1.2, the effect of the power corrections on the Drell-Yan differential cross section is
2% or smaller. The reason for this behavior is that for large rapidities ranges the bulk of the
real emission is forced to be either soft or p,)-collinear, however those phase-space regions
are removed through the double counting subtraction since they violate the mode scaling
associated to hard fields, given by the short-distance expansion of the product of fields. For
central regions, 0.8 > |y| > 0.4, it is possible to have hard radiation that is not collinear along
the direction of the partons emerging from the protons. This kinematic situation allows for
a sizeable contribution from the power suppressed terms which is larger than the electroweak
corrections. Based on this arguments, one can conclude that in the region |y| > 0.4 the effect
of the power corrections can be even larger.

In order to test the capabilities of the phase-pace parametrization presented at NLO in mo-
mentum space for real radiation, we have computed some of the NNLO corrections with two
real partons: q(q)+q(q) = F+q(q)+q(q) and ¢(q)+q(q) = F+q(q)+qd(q). We obtained that
complementing the methods presented at NLO with sector decomposition one can systemat-
ically isolate and cancel the soft/collinear poles together with the spurious double counting
of the soft and collinear regions. In order to be able to perform the whole NNLO computa-
tion it is necessary to work out a factorization theorem involving the gluon and (anti-)quark
TMDPDF matrix elements, since the NLO channel ¢(q) + g — F + ¢(g) must be included.
The inclusion of such a contributions is left for future works, nevertheless its derivation within
the background field method and the light-cone OPE follows similar steps as for the quark

122



cases. The only mayor challenge will be the inclusion of the KPC. This is simply due to
the fact that for the gluon fields the equations of motion do not lead to a simple for form of
O_(4) for (anti-)collinear fields, which makes it harder to sum the whole series KPC at leading
geometrical twist.

An other aspect open for further study is the inclusion of |pr|/Q (or 1/(|br|Q) in position
space) power corrections on the TMDPDF matrix evaluation. In this work we have performed
the matching onto PDFs of geometrical twist-2 of the operator &, (2, 0™, 21 )[2, —o00][—00, 0]€,(0).
However using the background field method one can also obtain higher collinear twist opera-
tors like &, (21,07, 2, )[2, —o0][—00, 0] 4% | (0)&,(0) whose matrix elements have matching onto
PDFs of geometrical twist-2 and 3. The inclusion of twist-3 leads to the inclusion of power
corrections of |br|Aqcp, improving the description of the small-gr region. Performing the
matching onto PDFs of geometrical twist-2 one includes power corrections in |pr|/®, whei
improves the description of the TMDPDF matrix elements in the intermediate-qr region. An-
other potential consequence of the inclusion of |pr|/Q corrections is that the decays of the
TMDPDF distribution tails are slightly moderated. Nevertheless, the decaying at the tails
is mainly dominated by the non-perturbative model used on the TMPPDFs matrix elements,
therefore we expect that simplification like in 0.1 > ¢’ > 0 does not need to be drastically
changed.
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A Plus distribution: definition and properties

A.1 One dimensional plus distribution

A.1.1 Definition

Let g(z) be a function with support on z > 0 and less singular than z~2 when z — 0, its
plus distribution with boundary condition zy is completely defined by the two properties

[0(2)g(2)]2 = g(2), for z>0, (A.1)
|7zl = o (A.2)
Explicitly, it is given by the expression
[0(2)g(2)]? = lim — [O(z — / dz'g(z ] (
. A.3)
= lim [0 = Bla() +6: = ) [ aza(2) .

Therefore, the action of [0(2)g(2)]7’ over a test function f(z) analytic around z = 0 can be
expressed as

Ad 0 0 =li Ad li Bd
|| =@ £:) = tim [ dzg(a)f(@) + lim £8) [ de(o(2) "

A B B
- /0 dz9(2)1(2) - lim /0 d=f(2)g(2) + lim £(8) / dzg(2)

since we are under the assumption f(z) is analytic around z = 0, one can safely expand it in
a Taylor series. Therefore, the second term on the second line can be written as

8 8 8 o
fJ @521 = [ 9(2i0)+ [ dzg(a) 3 Z00) (A5)

since we assume g(z) is less singular than 1/z2 for z — 0 the second term on the right-hand
side goes to zero as 1~ with 1 > 1 > 0 when 8 — 0. Therefore, one can write

A A B B
|| 40N 1) = [ dg()1(@) ~ im [ azf(0)a(e) + lim £8) [ dzo(e)

A 0
= / dzg(2)f(z) + £(0) / dzg(z)
0 20

A A

= [ dz0(07() + 500) [ dzg(e) + 500) | " dzg(z)
A A

- /0 dzg(2)[f (2) — £(0)] + £(0) / “dz(2)
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hence

[ a0 1) = [ dzalalr) - SO+ 50) [ dzgla) (a)

For two different boundary conditions zg and 21, the respective plus distributions [(2)g(2)]7
and [0(z)g(2)]3" are related by

0917 = lim |60z~ o) + 0 = B) [ de'o(2)
= Im 0= B)a) + [ ao) +6:-p) [ o) (a8
= BN} +6) [ da(2)

The derivative of a plus distribution with respect its boundary condition is given by
d 2 dg(z,20)1*°
2 oz = [0 22 " 5(a)g 0, ), (A9)
ZO +
where in general g(z, 2p) can depend explicitly on z.
The action of [(6(2))g(2)]7 on a test function f(z) can be written as

[ o) = [ de 0@ 1) +50) [ degta), (a10)

therefore in the particular case z; = A, comparing with eq. (A.7)), one obtains
A A A
| a1 1) = [ dzg(alr() - SO (A1)
There are two cases of interest in this work: g(z) = 0(2)2z7172¢ and g(2) = (1 — 2)(1 —
z)7172¢ both for 0 > Rele|:

Case: g(z) = 0(z)2~172¢. If z is a dimensionless variable, the expansion in plus distributions
with 1 as boundary condition is given by

’ [8(z—8 2,1 2,1
zl(fz)e =[£1§})[ (;1+ze)+5(z—5)/ dz m] —5(2)/1 2 e

_ £€( ) io: n B M (A.12)
26 In+ 1] 2’
where we have used the standard notation
¢ 0(2) 1" 0(z)log"[2]1!
Lo(2) = z1(+2)€] La(e) = [u] , (A.13)
+ z +
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Case: g(z) = 0(z)z~172¢. If z is a dimensionful variable, the expansion in plus distributions
with © as boundary condition is

0(2:);1,26 ) 9(Z—B)M2€ z H2€
Si42e glgb S1+2e z—B)/ dz /)1+25 )/u dz (2/)1+2

(A.14)
_ pe 8(2) _ < ( 2¢)" . (
where 1 has the same dimensions that z and we have used the standard notation
0(2)p2e " 0(z z1#
Lz, ) = [il%] v Loz, p) = [% log ;] : (A.15)
+ +

Case: g(z) = 0(1 — 2)(1 — 2)"'7%. In the case of z a dimensionless variable, its expansion
in plus distributions with boundary condition zj is

0(1—=z . (1 —z— z 1
#=éﬁ[ﬁ—é(l—z—ﬁ) zOdzm]Jr&(l /dz )2
=[ (1 —2) ]zo_é(l_z)(l—zo)_26

! _z)1+(216 —+zo)—2e o(1 _2:) % O(1 — 2)log[l — 2|77
s +[ ]+_2e[ ]++

2¢ 1—-2 1—2
(A.16)
A.1.2 Fourier transform
The Fourier transform for £¢(z, ) can be obtained from eq. (A.14)
00 . 0o ) 0 2e k)
F{L(z, 1)} = / dz e 2L (z, ) = / dz e " (?1/;6 + 8z)
oo o0 g 2 (A.17)
_ 1 . 2e __ 1 —2evE 2¢ loglizue E]
= o +Tl=2d(imp)* = — 7272 T[1 - 2¢Je 1,
where z := x — i0", yg is the Euler-Mascheroni constant and we have used
— —zA
An = ¥ / dz 27" le*4, Re[4] > 0. (A.18)

Expanding left and right-hand sides in eq. (A.17) and comparing order by order in €, one
obtains the Fourier transforms of £, (z, y)

/oo dz e_izxﬁn(z,ﬂ) _ (_1) d_ { 1 [ —26"/E1’\[1 ] 2eloglizpue E] _ 1]} (Alg)

2" dem %

e=0
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A.2 One dimensional fractional plus distribution

A.2.1 Definition

In general, power-law divergences of a function g(z) can be isolated be a generalization
of the plus distribution presented in the previous section, Let g(z) be a function with
support on z > 0 and less divergent than 2717 as z — 0, where n € RT. Its fractional plus
distribution with boundary condition 2 is completely determined by the two properties

l9() 3y =9(2), 2>0,

(A.20)
/ dz zm[g(z)]+( )= Ym < n,

An explicit form for [g(z)]*° T can be obtained integrating g(z) against a test function f(z),

which is at least |n| — 1-times differentiable at z = (ﬂ and subtracting the divergent contri-
bution

[Cazgrr = [ dz o252 - L%;—”f(") )+Lg P [Paeange), (a)

where A is some arbitrary positive upper bound and £ (0) denotes the n-th derivative of
f(2) evaluated at z = 0. The second integral on the left hand-side can be further split onto
two contributions

(-1 r(n LnJ 1 r(n LnJ —1 ¢(n)

n=0 =0

(A.22)
The first integral on the right hand-side is finite, while the power-law divergences are fully iso-
lated and made explicit in the contribution given by the second integral. Also, the derivatives
of the test function f(z) evaluated at zero can be written as

F00) = (1 [ 250 5(2) (A2

| ] denotes the floor function.
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where 6(™) is the n-th derivative of the Dirac delta distribution. Using eqgs. (A.22) and (A.23)
in eq. (A.21) one obtains

/ dz g(2)f(2) / dz g(z)( z) — hil _Tf(n) (0)) + LTIJXZ_%: w /ZOA dz 2"g(z)

In]=1 on) 0) [zo
+ Z f n'( )/0 dz 2"g(2)

n=0
A [n]
- / 42 9()f(2)+

[m]—1 ™) (0
+Zf /dzzg()

_/ dz g(2)f(z —I—/ dz L”J 1 —"f 5(n) / dz 2"g(2)

s (- D"/ 6<">(z)

(A.24)

/ dz Z"g(2).

Thus, the fractional plus distribution for g(z) with boundary condition z( is given explicitly
by

[n]— 1 ) (n) (5 —
9%,y = lim [e<z_ )+ z ol /dz g(z)] (A.25)

It can be verified that the defining propertles of the fractional plus distribution given in
eq. (A.20) are present in the explicit form in eq. (A.25)).

Case: g(z) = 6(2)z7""% A particular case of interest in the present work is when g(z) =
6(z)2~""%, where n € R' and a is an arbitrary parameter. Eventually we are interested in
the limit @ — 0. Using eq. (A.25]) one can write

20 [n]-1 _1\ns5(n) P
9(’2) — 0(2):| + Z ( 1) 6 (Z) / Odzz—n—a+n
znta znta +(n) = 0 (A )
h .26
ML 3 (D)
el A n! n+l—n—a

In going from the first to the second line we have integrated the second term for —a > 7. The
result in eq. can be regarded as an analytic function of a and therefore one can consider
its analytical extension to values of a other than —a > 7. In particular we are interested in
expanding eq. around @ = 0. In order to perform such an expansion two cases must
be considered for the second term on the second line: 7 in a positive integer, |n| = n; n is
a positive real number with a non-zero decimal part. Nevertheless, for the fractional plus
distribution it is irrelevant if 7 is an integer or not, since the expansion around a = 0 is always
well defined.
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Case: 1 € N. In this case || = 7, and the sum on the second line in eq. (A.26) must
thus be split into two pieces

0 - —
n! l+n—-n—-a (n—1)! a n! l1+4n—n—a

n=0
1771500 ()1 & (—a)™ log™
_ )(n—l)! (2) Z()m#

n—1 (—l)nd(n) (2) Sltn—n—a (_1)77—15(77—1)(2) zo—a N 772—:2 (_l)né-(n)(z) z(1)+n—n—a

am =0
+§i§( amlog 20 ()M (2) 2" ( . >k
m=0 k=0 n=0 n! l+n—mn 172:_7;7
2

Plugging eq. (A.27) into eq. (A.26) one obtains
Z (—a)m [0(2) log™ z] (=) 15(=1) () 1 Z (—a)m log 20
"*“ ) (n—1)!
PRI O )k

0
+ZZZ n! 1+n—n\l1+n—-n

m=0 k=0n=0

(A.28)

Case: n € R*. In this case it is not necessary to split the sum on the second line in
eq. (A.26]) and one can directly expand around a = 0, since there is no value of n that makes
the denominator vanish. One obtains

0(z) = (—a)™ [6(2)log™ 2™
amte sz:O m! [ z L(n)
o oo |m-1 i m ns(n) 1+n—n k (A.29)
+ Z Z Z (—a)™log™ zp (—1)™6\™(2) 2, ( a ) ‘
m/! n! l1+4n—n\14+n—n

A.2.2 Fourier transform

The procedure to compute the Fourier transform of [#(z)z~" log™ z]i’(n) is analogous to the
one presented in Section One starts from

20 -1/ 1yn (n) 14+n—n—a
F I:H(z) ] / dz e—zyz G(Z) _ Z ( 1) 4 (Z) %0
21 | Ly znte L~ n! n+l—-n—a
A.30
+a—1 _ s 1 (Zy)n z(1)+n_n_a ( )
= —n— 77 a—
1 al(iy) Z S p—
where y := y — 10" and we have used eq. (A.18) together with
1o o0 1 [ .
iyz (n —iyz izw _ A e i2(w=Y) _ (7.\7
/ dze "Y*§ / dze dz”27r/oodwe /_Oodw(zw) 27r/_oodze (iy)™.
(A.31)

The expansion around ¢ = 0 can be performed without need to distinguish if n is either
a positive integer or real, both cases leads to the same finite result. Therefore, expanding
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around a = 0 the left- and right-hand sides in eq. (A.30) and comparing order by order in a
one obtains F{[0(z)z"nlog™ Z]:O(n)}' In the present work m = 0, 1,2 are the cases of interest:

0(2)1% o [n]-1 (—1)"(iy)"2, 1+n -n 1
]-"{ [7]+<m} =T[1 —7)(iy)"" - nzzjo Z:l! g (A.32)
F { [M#] X } = (iy)""'T[1 — ] ((1 — 1) — log(iy))
o (A.33)

[n]— 1 ) (zy)" 14+n—n l: 1

—1
S E

f{ [M] } — (iy)"T[1 - n)((log(iy) —¥(1 — m))* + V(1 —n))
+(n)

S 1) (iy)"zy " 1 log? 2o log 2o
Z nl(l+n—mn) (1-1—71—77)2+ 2 1+n—n
(A.34)
where 9™ (z) is n-th derivative of the digamma function.

Another distribution of interest is the inverse Fourier transform of (iy)"~! log™ (iy), F~1{(iy)"~* log™(iy)},
which can be written as a linear combination of fractional plus distributions

FH{(y)" " log™ (i) } / dy €= (i)™ log™ (iy) = — ( o / dy € (iy)™*~ 1)
dm | | a=0
= dam 27.(1_‘[1 = a] /_oo dy A dx elyz—zyxx—n—a .
am 0(2)

"~ damT[l—a—nlzte| _o

(A.35)
Before performing the derivatives with respect the parameter a one needs to rewrite the term
0(z)z~""% as a fraction of plus distribution using eq. (A.26). Afterwards, one can perform
the derivatives with respect a and take the limit a — 0 without need to distinguish if 7 is
either a positive integer or real. As expected, since contributions of the form (iy)"~! log™ (iy)
come from the Fourier transform of fractional plus distributions they are analytic functions

of a and 7.
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B Tensor identities and properties

B.1 Color algebra

We follow the convention and definitions of [64] for the color group SU(3).. Its generators
in the fundamental representation are given by t* = A?/2, where A\* are the Gell-Mann
matrices [274]; the generators in the adjoint representation are given by the matrices Cf, =
—ifabe = —3f%¢, where fo%¢ are the totally anti-symmetric structure constants. The matrices
t® and C® obey the commutation relations

3 8

8
E:[ﬁﬁ%]ziz;f@%%a E:[E%C%J=”2;f@c§u (B.1)

k=1 d=1

and the anti-commutation relation {t?,#’} is given by
S 1
Z{tgkvtij} = Zdabctfj + §5ab5ij, (B.2)
k c=1

where d%¢ = dg,. are totally symmetric. Using the fact that the matrices t* and C* are
orthogonal under the trace inner product, one can invert the previous relations and obtain

fabc = —20Tr[t", [t%, tb]]a (B.3)

and
dbe = 2Tr[t¢, {t%, tb}] . (B.4)

The invariant C'4, Cr and T are defined as

8
6apCa = Tr [Cacb] - _ Z facc’fbc/c - _ Z fcac'fcc/b — Z Cgc/ctg/b’
1

c,c/=1 c,c'= c,c/'=1

8 3
55Cr =3 S 082, (B.5)

a=1k=1

3
STy = Tr[t*"] = > t&th..
i,j=1
Tr and CF are know as the first and second Casimir operator in the fundamental represen-
tation; in the case of the adjoint representation they are the same. For SU(N) they amount
to
NZ -1

— (B.6)

1
Ca=N, Crp= Tf=§,
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where N = 3 for SU(3). Some useful relations are
> 12 tb _ 1 19 tb 12 tb _ 1 5 dabc . rabc < 15ab6__
3t k=g (21 (8 8) = 5 Do +if ™)ty + s,
- B (B.7)
8
a=1

1 1

B.2 Fierz identity

Let be A and B to matrices in Dirac indices. Their tensor product A® B can be decomposed
into orthogonal subspaces using the Fierz identity

(A)ab(B)ea = 1_16 Y Tr[ToATpB)(T°)aa(T"P)ch, (B.8)
C.D

where I'4 is an element of the basis of Dirac matrices whose elements obey the orthogonality
relation
Tr[[°Tp] = 46 p. (B.9)

In this work we choose I'4 and T'4 to be (see [77]) T4 = {1,ivs,7*, Y*vs5,i0""y5} and T4 =
{1, —%v5, Yu> ¥5Yus —#¥50 }. The choice of this particular bases I'4 and T'y4 is due to the
relation T4t = 4T 440, which highly simplifies the study of hermiticity and parity properties
of TMDPDF operators.
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C Interaction terms in composite background
QCD

C.1 Interaction terms

The interaction term L derived in Section can be split into four different contribu-
tions [184]
Ling = Lhn + Lpi + Lhni + Laa, (C.1)

where the L, and Ly terms gather the interactions between hard and collinear or anti-
collinear fields respectively, Lp,7 contains all the interaction between hard, collinear and
anti-collinear terms, finally £,5; takes into account only interactions between the collinear and
anti-collinear sector. These Lagrangian densities are given by

Lhn =9GnBron + g0ndntbn + g0nBran
+ A (B~ B ) — gt (AN + BY) A0

vV 1% 1 + 1% .
- of AP0, B, B — (O.BY)B, — — - (0.B)B, (c:2)
1
8 o A A B B+ ASVBY A5, B, + LA A5
L =9GBrn + 99ndntdn + 99 Bran

+ gfabcA%Mwa (311' _ %H)wc _ gfabCfrcdwaT (A%M + B;I;H)Af—mwd

4 vV 1% 1 + 14 .
- of A 20, BL B — (O.BY)B, -~ (0,B)B, (C:3)

1

SA%N By, A% By,

— gfabrfrcd[A%uA%uBzuBgy + A%“Bg"A%MBg,, +

Lhnn :g{@nAﬁ":bh + Undngn + G Bran + G dnOn + Vnhngn + G Bran
— fabe feedyy t AP A W — F°](0,A%, — 8,A%,) AV By, + A% AL, 0,B5, ]
— fobe peedut AW AL W — fo°((9, AL, — 0,A%,) A% BS, + AZ AL, 0,B5,]
— gfbefed| At AW AG, BY, + ASBIY A, AL, + Bt AW A7 AL )
— gfoe fe A AY A7, B, + AW BRYAS AT + Bt AY A AL
— o FAB B A5y AL, + A B AR B, + B AN A5, B, + G AV B A7 B},
(C.4)
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Lon =g{6n(An + A2)gn + @ (A + A7)0 + Gnhindn + Grhngs
— f[(8, A, ) AV AL + (9,A2,) AP AY + (8, A2,) AW A

— (8, A2,) AU ALY + (8,A%,) AW AL + (8,A%,) AL A (C.5)
— gfeepel AT AL A AL, + AT AT AS AL, + AT AW AS, A,
+ A ARG AL, + A A A A Y.

Latin letters represent color indices running from 1 to N2 — 1; Greek letters represent Lorentz
indices. A sum over repeated indices is understood.

C.2 Fermion equation of motions (e.o.m.)

The e.o.m. for the (anti-)collinear background quarks are given by

(_
DlAn@)an@m) =0, Gn@my PlAnm)] =0, (C.6)
where (Dy[A])ij = 0u0i—ig Aty and (5#[A])Z~j = %uéij—i—igAZt?j. Let us consider D[A,]q, =
0. Using the projectors %ﬁ and ﬁ2—¢ this can be written as

1B]A4,]11g, = (%ﬁ i ﬁg‘) BlA] (’/‘2_ﬁ N ’732_¢) (7‘2_ﬁ . %2_¢> .

- (% ) o) (G4 H) 6

= @ (IDJ_[An]én + ¢(ﬁ : D[An])nn) + ’;%ﬂ (lpJ_[An]nn + %(n : D[An])gn) =0.
(C.7)
Since 7ttt = 0, each term on the third line belongs to orthogonal subspaces and therefore
must vanish individually. This leads to the set of equations

%ﬁ (wj_ [An]én + (7 - D[An])mm) = 0,

it (C.8)
9 (lpJ_ [An]n + fi(n - D[Ag])és) = 0.
Multiplying the first by % and the second by % leads to
(- DA = -1, (4,06, (©9)
and "
(TL : D[An])é‘n = _§DJ_[An]77n~ (ClO)
In order to determine the solutions to egs. (C.9) and (C.10|) we need to specify the boundary
conditions. In this work we choose 7, (2T = —00) = 0, £,(27+ = —00) = 0 and AL (2t =

—00) = 0. The choice of vanishing fields at the light cone minus-infinity is motivated by
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the analyticity properties of the collinear PDFs, see. [132,184,212]. Since the collinear PDFs
are the matrix elements of a combination of 1, £ and A fields, one needs to assume some
analytical properties in order to guarantee the existence of the Fourier transform and its
inverse. If the fields were non-vanishing at light-cone infinity, the analyticity properties would
be spoilt, leading to ill-defined operators and matrix elements. Once chosen an appropriate
boundary condition, eq. can be uniquely solved for 7,,. One can simplify it even further
by choosing a convenient gauge for the background gluon field A4. In this case the light-cone
gaugd!| n - Ap(2) = 0 is useful

’ ds (Bugalsi+2) — ig A1 (57 + s+ 2),

(C.11)
where 71+ 0 = 5 =2 . Following a similar procedure (see [73,75,184,190,197]) one obtains the
solution for 7 in the light-cone gauge n - Aﬁ( )=0

Mn(2) = / dsn-Onp(sn+z) = —3

na(2) = / dsn-Onz(sn+z) = ¢ ds (@L&(sn + 2) —ighs | (sn + 2)&(sn + 2)),

B (C.12)
where n-0 = azi_. For the field #,,(), also in the light-cone gauge 7i(n)- A,y = 0, one obtains

= /_0 ds i - Offp (st + 2) = — /_0 ds (8uén(shi + 2)7 +igén(sh+ 2)An 1 (sR+ z))g,
(C.13)

0 0 _ —
= / dsn-0na(sn+2) = — / ds (Ouén(sn+ 2)v| +igéa(sn+ 2) Ay 1 (sn+ z))%i
(C.14)
Once we have solved the e.o.m. for 7,) and 7ns, egs. (C.11)), (C.12), (C.13) and (C.14),

the partial derivative of £,y and S_n(ﬁ) along z~(t) can be written as

0
n - 0&.(2) = ign - An(2)€n(2) / ds &n(sn+ z) + éh/ ds A, 1 (7 + 2)&n (s + 2)
ig 0 _ ~ ~
240 () [ dsdigalsnr )+ L / _ds An 1 (Ao, (571 + 2)6a(si+ 2),
(C.15)
n -0 (2) = ign - An(2)&n(2) / ds &a(sn + z) +4 (?L /0 ds Az 1 (sn+ 2)&(sn + 2)

+ %qAﬁ,J_(Z) /_0 ds @ &q(sn+ 2) + 5 /_oo ds g1 (2) A5 1 (57 + 2)€n(sn + 2),
(C.16)

'Even after imposing the light-cone gauge fixing conditions fi(n) - An(a)(2) = 0, there exist a residual gauge
redundancy due to z*(—) independent transformations, see |184,[209]. This remaining gauge freedom can
be removed by the boundary conditions on the background gluon field component.
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2 .
n - ag‘n(z) = —igfn(z)n < An(2) — % /_0 ds f_n(sﬁ +2z)— %8“ /_0 ds fn(sﬁ + z)AmJ_(sﬁ + z)'yi
) 0 B
— FAuu?) [ ds B850+ 2yt

g2 0 _
+ E /_ ds fn(S'f_l + Z)An,,u(z)An,J_(Sﬁ + z)ﬂij_’
(C.17)

—_ _ 2 0 _ ; 0 —
n -0 (2) = —ig€a(2)n - An(z) — %/ ds &(sn+z) — %8“/ ds &i(sn+ 2) A5 1 (sn+ 2)9
. 0 _
= D5ue) [ ds OGatsn+ it

2 40 _
+ % / ds &a(sn + 2) A u(2) An 1 (sn+ 2)7Y.
—00
(C.18)
Contributions proportional to the transverse components of the (anti-)collinear background
fields AZ (A1) lead to operators whose matching onto collinear PDFs is of geometrical twist-3

or higher. The precision of the current work is at geometrical twist-2, therefore we neglect
those contributions.

The solutions in egs. (C.11)), (C.12), (C.13) and (C.14) are given in the light-cone gauge.
There are situation where it is convenient to deal with solutions in an arbitrary gauge. To
obtain those we first replace the transverse gluon field components A" ) | (2) with the field

strength tensor 7, (n,,)F:(';_L)(z) using the following relations in the light-cone gauge [184]

0 0
Ak(z) = —/ ds i, F¥ (s +2), AL(z)= —/ ds n,Ft” (sn + z), (C.19)

which can be confirmed by writing explicitly the field strength tensor and using the light-
cone gauge 7(n) - A,y = 0 together with the boundary condition A” (ﬁ)(z+(_) = —o00) = 0.
Afterwards, we perform the replacements

&n(2) = [—oon + 2, 2Jén(2),
En(z) — En(z)[z, —oon + 2], (C.20)
FM(2) = [—oofi + 2, 2] F* (2)[2, —oof + 2],

and
&n(2) = [—oon + z, zJ€x(2),
&n(2) = &a(2)[z, —oon + 2], (C.21)
F(2) = [—oon + 2, 2] F£¥ (2)[z, —oon + 2],

where each operator is multiplied by semi-infinite Wilson lines. Notice that for the field
strength tensor we have two Wilson lines in the fundamental representation, using the iden-
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tity [71l[73-75,197,[224]

8

3
> Iy, () le, 1" = DLy, 2128 ()i, (C.22)

Lk=1 b=1
where [y, x]g‘éj denotes a Wilson line in the adjoint representation one can write
8 3
([y, 2] F* (@), y]) s Z > [y, al*FL (@) () mle, 4" = Z Fl (@)ly, alog; ()5, (C.23)
a=1k,l=1 ab=1

and thus the field strength tensor can be written in an explicit gauge-invariant form using
either Wilson lines in the fundamental [182,197,212,224] or adjoint [50,(183,/184,(198] rep-
resentation. Thus, using eq. and applying the field redefinition given in egs. (C.20)
and , the solutions to the equations of motions amount to

M(z) = —gaL /_Ooo ds [—oon + z, s + z]€n(sn + 2)
— @'ggi'yj /: ds /_Ooo ds' [—oon + z, (s + 8" ) + 2] E* ((s + )i + 27n)[(s + ') + 2, si + 2]€, (s + 2),
(C.24)
na(2) = —%&L /_Ooo ds [—oon + z,sn + z|&r(sn + 2)

0 0
— ig%’ylf / ds /_ ds' [—oon + z, (s + 8 )n + 2] FEF (s + 8)n + 20)[(s + §')n + 2, sn + 2]€x(sh + 2),
(C.25)

NS

n(z) = =0, /O ds &u(sfi + 2)[s7i + 2, —ooR + 2]én (s + 2)7!

—i—zg/ ds/ ds' &n(sn+ 2)[si + z, (s + 8" )+ 2| FF~ ((s + ) + zn)[(s + ')A + 2, —oon+z]’ylfz

(C.26)

N ~S

0 —
Ma(z) = =0, / ds &x(sn + z)[sn + z, —oon + 2]/

0 0 _
—i—z’g/ ds/ ds' & (sn+ 2)[sn + z, (s+s’)n—l—z]Fr—‘;Jr((s—i—s')n+zﬁ)[(s+s’)n+z,—oon+z]'ylfgb
o0 —0o0

(C.27)
The solutions to e.o.m. given in egs. (C.24)), (C.25), (C.26]) and are valid in any gaugeE]
The contributions proportional to the field strength tensor have geometrical twist 2 and leads
to TMDPDF operators of geometrical twist 3. Therefore their matching onto collinear PDFs
starts at geometrical twist-3.

2As long as the gauge fixing is not a singular gauge, there is not need to include transverse Wilson lines,
see [43},/209,210|. For the case of light-cone gauge, despite being a singular gauge, one can still avoid the
introduction of transverse Wilson lines using the appropriate boundary conditions [183}[1841(209].
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D Position Space Formalism

D.1 Product of fields

Time ordered product of two fields Using the Wick’s theorem one can show that the time-
ordered product of two free vectors fields, T{B% (x)By (y)}, can be written as [64,192,193]

1

T{B{(=)By (y)} = Bi(2)By (y) : +BL(x) By (y) =: By (z) By (y) : +Ag (x —y)1,  (D.1)

where : - : is the normal-ordered product of fields, a,b are gauge indices in the adjoint rep-
resentation, 1 is the identity operator and Agl'; (x — y) is given by eq. . In the case of
anti-time ordered one replaces the {07 prescription in A¥/(z — y) by —i0". In the case of
fermionic free fields one obtains

T{9i(2)%;(y)} =: ¥i(2)9;(y) : i)y 2);(y) = i(@)$;(y) : +8i5(z — y)1, (D.2)

where i(j) is a gauge index in the (anti-)fundamental representation and S;;(z — y) is given
by eq. (D.11)). In the case of anti-time-ordered one replaces the 0™ prescription in S;;(z — y)
by —i0™T.

Product of fields When two free fields are not (anti-)time-ordered it is still possible to write
their product as the fields normal-ordered plus the singular contributions when x# — y*. The
product of free gauge vector fields can be written asE]

v v v v Qv
Bi(z)By (y) =: B (z)By (y) : + By () By (y) =: Bi(z)By(y) : +A5, . (z —y),  (D.3)
where A/ +( —y) is given in the Feynman gauge by

ddk . 1 g™ §
124 — kv 0 2\ ,—ik-(z—y) — g ab
Ba (7 ~¥) =g 5“”/ mye1 R )0)e (2m)2 [(z — y)? +i(2® — ¢°)

0]’
(D.4)

Tt is a straight consequence of the free field solution

d’k
" _ (X) —ik-x (G55 eH* ik-x 0 __
By (z) _/ (2m)32k0 ; ( (R)ene Tay ey )’ k= k],

and the commutation relations

[ (k), al (k)] = —2k65 g™ 6P (K = K),  [aV(K),al (k)] =0, [0 (), ()] =0
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which can be confirmed by taking the Fourier transform. For free fermions one obtaing?|

_ _ — _
Yi(@);(y) =: Yi(x)P;(y) : +i(x)Y;(y) =: (@) (y) : +Si+(z —y)1,
) ) —_—— ) (D.5)
Vi () vi(x) =: ¥;(Y)vi(x) : +9;(y)vi(x) =: ¥;(y)Yi(z) : +8ij-(xz — y)1,
and S;j +(z — y) are given by
o 0)5(k2) e k(=) — 2 6 (£ — ¥)
Sij+{ =% / @mya 1K)k ke (2m)2 [—(z — y)2 +i(z0 — y0)0+]*’
o (p— ddk 0 2 e—zk’ (z— y) 2 7'52] (¢ - y)
Si-(e=4) =y [ s =R () [(e - y)? — i(a” — °)0 ]
(D.6)

which can be verified by taking the Fourier transform.

D.2 Propagators in position space

Hard gluon The free hard gluon propagator in a covariant gauge is determined by the dif-
ferential equation [64,192,193|

1- } ,
0%0ag,” + Tgauaﬂ A (2 — y) = igu a0 D (z — y), (D.7)

where the partial derivatives are understood with respect x*. Its solution in position space
amounts to

1 Oab

B @ =Y =~ G TG g2+ i07]

(D.8)
v v ( y)ﬂ(x — y)u
o e
where
({2 e os
=y gauge

2Tt is a straight consequence of free fermionic field solutions

Yi(z) = (2:)3—31;”) Z <a55)(k)u(s)(k)e—ik~x + bgs)(k)v(s)(k)eikw) ,

1,51(.’1:) = / (2:)3% XS: (GES)T(k)ﬂ(S)(k))eik.m + bgs)’r(k),l—)(s)(k)e—ikm),

where k° = |k| and the anti-commutation relations

{a{ (), al) Ty = {b{") (), b1} = (2m)°2k%6,36° 5 (k — K.
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Hard fermion The free hard quark propagator is determined by the differential equation

i#55:j(x — y) = 166D (x — y), (D.10)

whose explicit solution in position space is given by

2 Wi (£ — ¥)
(2m)2 [—(z — y)2 + i0+]*

Sij(z —y) = (D.11)

D.3 LSZ reduction formula

Vector bosons For the massless vector bosons

ntm nom ) . N N
iz B IOUDIRE, g = dise. + (<) 2, > [ T] ] diaudtyse e vy, e, Cm "
i=1j=1
X (0|T{B""(zn) - - - B"(21)O({z}) B" (11) - - - B"™ (ym) }|0),
(D.12)
where disc. denotes the disconnected contributions; k(p)$ and p{ denotes a massless vector
boson with helicity €¢; and momentum k(p);; the differential operator [1;!"* is defined as:

Ay Lo 1= .
Dgzyz = aaaag/"‘z’/z + é. §aﬂzayz,

and the subscript labels over which coordinates the partial derivatives are acting; O({z}) is
a monomial of fields which can be evaluated either at the same or different space-time points
and {z} denotes the set of points at which each field in O is evaluated.

Fermions For massless fermions

(ﬁla"' aﬁ&pla"'p’rlo({z})lkl"' ,kn7E1a"' :Em> = disc.

T S

n m —
[T T TT ettt ge-isosetss g
i=1j=11=1q=1

x (i, 0(k;)) i@y, a(p1)) OIT{(Fq) - - - ¥ (Fs)9(y1) - - - ¥ (yr) O({2})
- - — —
X (1) -+ P(@n)P(T1) - P (@Fm) HO) (=i @ 2y u(ki)) (i & 5,v(Bq)),

n+m+r+s
+ (_,L)n—i—rzm—i-s;Z2 2

(D.13)
where disc. denotes the disconnected contributions; k(k); labels a (anti-)fermion; subscripts
in the partial derivatives denote over which coordinate they act on and O({z}) is a monomial
of fields which can be evaluated either at the same or different space-time points and {z}
denotes the set of points at which each field in O is evaluated.
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D.4 Useful integrals

D.4.1 Quadratic form diagonalization

Often in the calculation of position space Feynman integrals the denominator takes the
form

—a1(y1 — 21)* — az2(y2 — 22)® — as(y2 — y1)* + 10, (D.14)

which is just simply a quadratic form. Using matrix notation it can be rewritten as

a1 +az —as y’f

—a1(y1 — 21)° — az(y2 — 22)® — as(y2 — y1)* + 10 = — (¥, v) .
—a3 a2+ as Yo

w
+ 2(a12y, agzk) N a123 — agz2 + 0.
Yy
(D.15)
For the shake of notation simplicity we define the matrix
a1 +a —a
A= ° (D.16)

—as as + as

and the vectors 2 = (a12}, a224) and y = (y{, y5). It just take standard algebra to show

t
—a1(y1 — 21)> —aa(y2 — 22)* —as(y2 —y1)* = — (y - A_lé) A (y — A—lz)

(D.17)
+3A7s — alz% - agzg + 40

where the vectors and matrix multiplication is understood in the Feynman’s parameter space

and the superscript ¢ denotes the transpose. Performing the change of variables y — y+ A™1%

the quadratic form simplifies to —y* Ay + 2?A=1% — 122 — a222 + 40, where the inverse matrix

A7l is given by

_1 1 az + as as

_ , (D.18)
aiaz + ai1as + aza3 as a1 + as
The combination 3 A~1% — ;22 — ay22 amounts to
1 2
St 4—1 2 2 aiaza3(z2 — 21)?
ZPATE —a12{ —agzy = — (D.19)

a1a2 + ai1a3 + aga3

The last step is to diagonalize the matrix A, i.e. A = PDP~!, where D is a diagonal matrix
with real entries since A is symmetric. P has the eigenvectors as columns

a3— (al—a2)2+4a§ 0

_ 2
D= . w ey | (D.20)
2
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D.4. USEFUL INTEGRALS

a1 —a2—1/(a1—a2)2+4a§ a1—az+ (al—a2)2+4a§

p— \/8a§+2(a1—az)(a1—a2—\/(a1 —a2)?+4q3) \/8a§+2(a1—a2)(a1—a2+\/(a1 —az)?+4q3)
2a3 2a3
V8034201 —a2) (@102 (or—a2PAD)  4/S0342(01—a2) (@1 —0at+/(or—a2)P T 4gD)
(D.21)
Therefore the quadratic term can be written as y*Ay = y!PDP~ly = (Pty)! DP'y, where we
have used P~! = P'. Doing the change of variables y — Py the quadratic form in eq.(D.14)
becomes

(a3 — \/(al —a2)? +4a2)y? (a3 + \/(al — a2)? + 4a)y2 a1a2a3(zs — 21)2 '
B 2 B 2 B aijas + aijasz + azas3 +10
(D.22)
Notice that the jacobian of both change of variables, i.e y — y + A~'% first and y — Py
afterwards, is one. Thus any extra factor appears in the integration measure in the Feynman
integrals.

D.4.2 I,(n;my,ms)

The integral denoted by I(n;mi,ms3) is characteristic of ladder topologies with only two
background field sources. It is given by

(y1)™ (y2)™
[—Aly% — )\gyg - X2+ iO]n

o0
Ir(n;m1, ms) =/ dy1d%y, (D.23)

Using Schwinger’s parametrization the integral over y; and y becomes just a d-dimensional
guassian integral

(=)™ [ n—1_ia(—X24i0) [ d, d, [ 2ymi(, 2\ma —icAi1y2—iadoy?
I(n;my,mg) = Tl /0 da ™ e / d*ydy2(y7)™ (y2) e ! 2
—00

B (—i)”+m1+m2id_2ﬂ'd I‘[% + ml] F[% + m2] )\—%—Tm)\—%—mz
- L'[n] T[4] rg 2

o8} . .
% / da o™ —mg—d—leza(—Xz—l—zO)
0

(D.24)
To go from the first line to the second line we have used

X4 _ou? s 7\ ¢! 1-d 71'%
/ dye Y = /= (+1/— =)=z (=) , (D.25)

o —0 g

o) d 0 m d—1
d 2m—¢7y2:_md / d —ay2:_md E( W)
A R R G e B e e e Y Y

_ (_pymriztd (4 )(‘_l )...(‘_Z _)4—
= (-1) 22(2+1 2+2 2—|—m 1)n20

nla

™ (D.26)
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and replaced o = ia. Performing the integral over o we obtain

—g)2mat2matd;d—27d P[4 4 | T[S + my) \TETm g me
In] rgorg v
" I'[n —my — mg — d]
[—X2 + ’iO]n_ml —mo—d’

Ir(n;my,mg) =
(D.27)

The present of the factor 0 is critical in order to not spoil the analytical structure during
the integration process. It must be keep in every position space calculations, only at the end
when we perform the Fourier transform to momentum space it can be safely removed.

D.4.3 I;(n;m)

The integral I (n;m) is characteristic of topologies involving interaction with a Wilson line
and the presence of two background fields

NN e )"
(n;m) = /_ e vs el (D.28)

Using Schwinger’s parameters it takes the form of a gaussian integral

Il(n; m) F[Zrz] / da o™ 1 za( X2+ZO)/ dd 2)m —iay?

emiie2_4 (D.29)
_ (=i)"mi 7 72 D[ +m] )\___m/ do o™ m—%—leia(—X2+i0)’
I'[n] gy

in the sept from the first to the second line we have used eq. (D.26]). The integral over « leads
to the result

(=) 4% i Dl +m] g, Tln—m—{

filmm) = I'[n] INE) [ X2 40" ™8

(D.30)

Again, the 70 must be kept along all the position space calculation.

D.5 Useful Fourier's transforms

In this section we present some Fourier’s transform integrals that often appear to pass from
position to momentum space.

D.5.1 Wilson coefficient at y — z.

We prove here the statement: a short distance expansion is a large momentum expansion.
Let us consider the Wilson coefficient C;(y — =) with units mass to the m + 2n power, where
m,n € QP In the limit y — it behaves as [16]

Am
[—(y — ) +i0]"

lim Ci(y - ) = (D31)

3For unpolarized Drell-Yan it simplifies to m,n € Z*
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where A is a constant with unit of mass. The energy-momentum conservation imposes trans-
lational invariance, therefore C; must be a function of y* — z#. Covariant invariance imposes
that the dependency on the relative separation must be of the form [—(y — z)? + i0] " where n
is a rational number. Translational invariance allows us to set £ = 0 without lost of generality.
The Fourier transform of eq. with respect y is given by

dly . A™ (=)™ [ _ diy . o oo
F |lim C; =/ iqy = / daa™ 1/ glol—y*+i0l—igy
o)) = [~ w4 2o
(D.32)
where in the second equality we used Schwinger’s parametrization. Performing the shift

13 .
y* =y — &= one can write

. ’I’LA’ITL 1 494°+0 +10 ddy . y2
F - e | D.33
Ll/lg(l) Cz(y)] I‘[ ] / doa / (27r)de ’ ( )

the integral over is y is nothing but a guassian integral leading to

d—2 d

. _ (=) A2 /00 ni_d ;jd2+i0

F Llll_r)r%)Cz(y)] = TEn? A dao 2t 4
A Tl ol

4”7r21"[n][ q? —'LO]

(D.34)

from eq. (D.34) we can conclude that a contribution of the form [—q? — i0]® dominates in
momentum space when the leading contribution in position space is given by [—y? + 0] ™

D.5.2 Transverse coordinate Fourier transform

We start with the scalar integral

(D.35)

1 % ¢i-2hy eibrar
7 \par) - @

as usual, using Schwinger’s parameters it can be written as a standard gaussioan integral

1 1 [~ © Ji—2h, . 2
F - / do a1 / e Ty
T\ [o3]") Tl o oo (2m)42

2 a—zs_ a—z — —
iz G AT T2 —n] [, qn-ds2
d eI = 2 2 z
F[n] (2n)d2 / o e (2m)4-2T[n] o]
(D.36)
The Fourier transform in (D.36]) is characteristic of leading power calculations.
At NnLP it often appears tensorial integrals of the form

5 bl,;} blr}? e b,_f;’m _ /oo dd—2bT bflll:'l b/[}z cee b/%m eibT'qT’ (D37)

[b%] 2 oo (27r)d—2 [b%] n
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which can be written as an differential tensor operator acting over a scalar integral

le bll2 . bum o d d 0o dd—2b eibT-bT
F (L]T) = (=) / o7 "

2 dq darp,, J—oco (2m)3—2 2
& A ) (D.38)
a=2 d—2
e CEE TR )t
T T (27r)d—2]j[n] T .
Another Fourier transform that we often need to compute is the following
2 dd_2ZT : zM

f = —’Lk'ZT ’ D.39
(oo} [ G gy O

the procedure is similar to the previous ones, using Schwinger’s parameters one can write
b

eq. (D.39) as

zH ,L')nan—l dd 2ZT (1o M2+z +i0t)—ikp -z
]:{[ M2 + 22, —HO"']"} / da [[n] /(271-)11 2€ - I7ikrar gk, (D.40)

. . k. .
doing the change of variable zéﬂ — z? + 5% one obtains

2 )n n—1
f{[M2+zT+zo+]n} /d ~ T[n]

d—2 k7.
d* “zr eiol— M2+i0%]+ioz2,—i 4L

2

k#
(z a4+ 2" n”+zT+—),

(2m)d—2 50
(D.41)
which is a simply Gaussian integral in zr, it gives
_d=2 g d-2_
f— '0 n

k#
X <z+ﬁ" + 2z nt+ —T),
2a

using the integral representation for the modified Bessel function of second kind (sometimes
also called McDonald’s function)

Ko ()= (2)" [T atet-mgrom D.43
m(z) - 2 2 0 € t ) ( . )

one can easily evaluate the integral in « in eq. (D.42))

r 2H I k2 z
[—M? + 2% +i0t]” T[n] (471.)% —M? +40t

y [(z+ﬁﬂ+z—nu)K%_n(\/k%(—M2 +7;0+)) — ik¥ L:W (\/k (- M2+20+))]

kT
(D.44)
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If one replace the i0T prescription in eq. (D.39) by —i07" then eq. (D.42)) becomes

Pt n_dz;2_1 . , X2
—M?2 — 0t 2 T
[ + ZT ? ] 471' } [n] (D45)
k
X (z+ﬁ“ + 2z nt— —T>,
2a
"
notice the change of sign in from of k/. since the change of variables is now zf. — z. — I;a'

Integration in o one obtains

d—2

[—M2 + 22 +40t]" [ F[n](47r)% —M?2 — 0t

_M2 — 40t

X

(zta* + z‘nﬂ)K%_n<\/k%(—M2 — z'0+)> + ik%, Kizpy, (\/k%(_M2 - i0+)>].

(D.46)

D.5.3 Collinear and anti-collinear coordinate Fourier transform

Typically, in the pass from position space to momentum in

N —zq+z —ig~ 2T D47
f([ — +z0]) / e (D.47)

with the help of Schwinger’s parameters it can be written as a 2 dimensional guassian integral
in 2T and 2~. It takes the form

‘F([—2z+z—+i0]n)_ I‘[n]/o da o _oodz dz" e

n =~ 4 (D.48)
- / do an—2eé[2q+q_+i0],
I‘[n] 0
from first to second line we wrote the argument in complex exponential as
0 1) [z 2zt
—2iazTz” —iqtzT —ig 2T = —ia(zT,27) —i(qg”,q")
10 2~ 2~ (D.49)
= —i(z— AT A(z - A9 +igd’A7'g,
where we defined § = (L, %), z=2z%,2" and
01
A= , (D.50)
10
performing the shift z — z + A~1§ the quadratic form takes the simpler form
—iaztAz + i [2gtTq™ +10], (D.51)
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where we have developed §¢A~1§ and introduce an infinitesimal positive imaginary part. Once
the exponential has been written in a more convenient form we use the gaussian integral

m

/OO doy - dezme 4% = 1 (D.52)
oo 1 ™ "~ Det(A4)’ '
where z = (21, -+ ,2m) and A is a m X m symmetric matrix. The final step is integrate in «,
obtaining
1 (=1)"4l-g T'[1 —n]
.F — = — . D.53
([—2z+z_ + 0] ) ¢ [[n] [—2¢+q— — Z'()]l—” ( )
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E Phase space parametrization

E.1 Phase space parametrization with virtual corrections

The cumulated hadronic tensor with virtual corrections, ng,[NLO’V] (9)0(Q%y,¢%), con-
sidering whole series of kinematic power correction for unpolarized TMDPDF operators at
geometrical twist 2 amounts to

dmas(p?) Py PR
N

Wee Y @0(@* v, a) = S [ paldéald’pildss 8(v; — €aP)3(r; — &PF)
a,b

X fn,q(—pA (Sa, paT)fﬁ,b(—pB (gba pr)@(Q2a Y, q%)6(4) (q — Pa — pb)
2

X lH€7GG’ ((pa + Pb)za log (Paj'—pb)Q + iﬂ') + h.c.]

+n < n,
(E.1)

where [d4pa(b)] = d4pa(b)6(pz(b))9(pg(b)), a(b) is a flavor index, ©(Q?, y, q%) is given by eq. (4.105))

6(Q27 Y, q%) = H(Q?nax - Q2)0(Q2 - ?nin)e(ymax - y)e(y - ymin)e(q%max - q%)g(q%’ - q%min)’

(E.2)
the measured vector boson invariant mass Q?, rapidity y and transverse momentum q% are
given as functions the quark pf; and anti-quark pj’ momentum

Q* = (pa +pb)*,
1. g 1. n-(pa+m)
=_—log— = =-1o — ) E.3
YT T 2 % (pa ) (E3)
@ =21+ (Pa +po)7 - (pa + Pb) — Q7.
The NLO virtual corrections to the effective current and its hermitian conjugate, Iy g +h.c.,
in the Larin scheme [226-228] amounts to

2 2CrPa - Py (cG G + cGcS')
pv 2 I . N FDa " Pb(CLCT, CBCR ) v
Hv,GG/ ((pa + pp)*, log m + m) +h.c. = - oL
e
X[1+3+21°g<pa+pb>3+4_7_7r2+§10g [ S ]
2 2¢ 12 2 7 (pa+p)? 2 (pa + p)? EB4)
_ i 75®s) 2CF (Cgcg - cgcg')ewaﬁ PaaDbs
5 Vs
e
y l+3+210g(p“+p")2+3_7_7T2_|_§10g p2 +110g2 12
¢ 2e 12 72 " (pat+pe)? 2 7 (Pa+pp)?
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where tensor ¢!}’ | is given by

ngn? + nin}
o =g - b b E5
Gab,L =9 e -y (E.5)
ng(b) = (1,n43)) is a light-like vector and n,) is a unit vector pointing along the direction of
pf; )" The finite renormalization constant for the singlet case, Zg, at NNLO is given by [226]

C 2(u? 107
Z3(au(p?)) = 1 - ()L + 2L (203 - B opoa + Rons) + 01202 ®0

and for the non-singlet case, Z*, at NNLO by [226]

Z85(as(1?) = 1 — as(p )(’;TF + afé“2) (220F - QCFCA + Can) + 03 (1?)), (E.7)

where n; is the number of active.

The sum of LO and the virtual NLO contributions in term of renormalized TMDPDFs
amount to

v, O v, O7
(w0 (g) + W INLOVT (gy10(Q2, y, ¢2)

P Pt
N Z [ paldéald'pildss 5(v; ~ €aP3)3(w; — &PEIO@, v, a)

X fn,q(—pA (fa, Pori 1 ,Cn)fﬁ,bepB (fb, Py 1 ,Cﬁ)5(4) (q — Pa — pb)
2

 Z3(0s(®) Z1um (%), Tog - ) Zauim (s 4°), Tog 52)

2
, Don/1  3+2logk; 7 3 2 1
x[2pa'pb(c€cf+c cR)gabL{ —M<—+—Q2+4—i+ lg52+§10g

T €2 2¢ 12

—2i(cFc§ — cch )erep PaoPbsZs 0s) (as(u?))

il 2 2
_ as(¥*)Cr (3 St2leg o Tr 3 Liog )]
X{l T e2+ 2¢ + 12 ng2+ log Q2
+n < n,
(E.8)
where the renormalization constant are given by [43,147,50,183,184]
as(u?)C
Zolen?) = 1~ U L oa2),
(E.9)

2 s 2 C s 2 C 2
Zosan (), og ) =14 2000 acli)Cr (z +log %) +0(a2(u?))

From eq. (E.8) one can see that only the combination ¢, (7 = @Q* renders the virtual corrections
to the hadronic tensor finite.
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E.2 Phase space parametrization with one real emission

The cumulant version of the hadronic tensor with one real gluon and considering whole
series of kinematic power correction for unpolarized TMDPDF operators and at geometrical
twist 2 is given by

_4ma, (W) Py PECr

Weer M @0(Q%, v, ¢7) = 5 S [l paldéald’pildesé v — €P3)6W; - 6PZ)
¢ a,b

d’k
X / WO(kO)5(k2)@(Q2,y, @2)6D (pa +pp — ¢ — k)
X HZII; (pa’ Do, Q)fn,m—pA (Eaa paT)fﬁ,lH—PB (§b7 pr)
+nent--,

(E.10)
where ©(Q?,y, ¢%) is defined as in eq. (E.2). The measured vector boson rapidity y, invari-
ant mass Q2 and transverse momentum q% are functions k#, quark p} and anti-quark pg‘
momentum

v=Liog T = Ligg Lt m =)
2°7gqt 2 Tn-(patpe—k)
Q* = (pa +pp — k)2,
g =21 (Pa +py — k)7t (pa +pp — k) — Q.

The hard scattering amplitude ’HZ;; is given by

p _ « (#em\ [Tlp 0, — BTEpIE P, — K]
”a@GG‘“’“”“‘%( i ) i =
Txlp, L (3, — Dsp L6, — E1°]  Trlp, 1P, — BTG p," (p, — BTG
[(py — )% — i0][(pa — k)2 + 20) [(pa — k)2 = i0][(py — k)2 + i0]
| Tlp.Te (P, — F)vep,n"(p, — BTG
[(py — k)% — i0](py — K)* + 0]

(E.11)

(E.12)
We present in thoroughly detail the isolation of collinear and soft poles in the phase space
integrals and their regularization in eq. in the case GG’ = y*y*. In the cases GG’ =
{ZZ,W*W*,v*Z, Zv*} the eq. is rather lengthy and we do not show, nevertheless the
procedure for the cancellation of IR divergences is exactly analogous to the cases GG’ = y*v*.

In order to simplify the IR poles analysis we split | for the case GG = v*4* into three
contributions

w prere : pv wy py
HGb,’Y*’Y* = 47T |:Hab,1 + Hab,ca + Ha’bycb:l ’ (E'13)
where
w ___2(2pa - pb)? [ w  Paly +pr£”]
bl (pa - k)(py - k) Pa " Db (E14)
4p, - py

BRI)) [(d — 4)k"KY + K"pk + kFpl + K pl + kupg] ,
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uv 8DEDY + 8pa - pygh” + 2(d — 4) (k¥ ph + kFpY) — 2(d — 2)py - kgt

ab,cq -k
L Hp«; o (E.15)
N 2(d — 2)(PiLk” + pyk*) — 4(phpl + pip})
Da - k ’
u_ SPyPy +8pa - prgh” +2(d — 4)(kK"py + kFpy) — 2(d — 2)p, - kg"”
abec, — Dy k
o Jpork (E.16)
n 2(d — 2)(pak” + Py k") — 4(Papy + Popy,
ok '

As we already commented in the main text, depending how one parametrizes pZ ()’ k* and

nH(7*) to make explicit the soft, k% — 0, and collinear, k becomes parallel to Pa(v), divergences
can be extremely challenging. The main difficulty is that the measurements are performed in
the laboratory center of mass frame where the protons are back-to-back where the light-like
vectors n#* and n* takes the simple form: n* = %(1,0l, 1) and a* = %(wl, —1). Nev-
ertheless, the denominators in eq. takes a rather cumbersome expression. One could
simply use spherical coordinates, this would lead to expressions where is relatively straightfor-
ward to identify and isolate the soft divergences, however collinear divergences are difficult to
isolate. The whole situation highly simplifies if we were able to find a reference system where
pk are pff were back-to-back, in such a case the soft and collinear divergences becomes self
evident. It is expected that in such a system the proton momentum PZ( B) and the light-like

vector n*(n*) takes a rather cumbersome expressions.

z A S z A Sp.C’.M
Py

Figure E.1: Change from S to the partonic center-of-mass frame S, c.um-.
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We showed in Sec. that applying a series of rotations one can find a reference system
where p; and pf take the simple form

A= p) 1 sin0,0 _a.cos @
pZ pg( ) . d—3» ), (E17)
p, = py(1,sin6,04_3, — cosb),

where 20+ 6, = m (with 7/2 > 6 > 0) and 043 denotes a space-like vector space of dimension
d—3. In a reference system where p, and pf take the simple form given in eq. (E.17)), hereafter
we refer to it as S, the rest of vectors take the form

Pfi = (Pg’ |PA| sin 6, cos ¢b’ IPA| sin 6, sin ¢b7 04-4, |PA| Cos 0(1)7
Pp = (Pg, —|Pp|siné, cos ¢p, —|P | sin b, sin ¢p, 044, —|P 5| cos 0,),

1
nt = — (1, sin 0, cos ¢y, sin 6, sin ¢y, 04_4, cos 0,), (E.18)

V2

n* = —(1, —sin 6, cos ¢y, — sin 6, sin ¢y, 04_4, — cos b,),

V2

where proton momenta Pz, Pg and the light-like vectors n*, n* are back-to-back. The next
step is to apply a boost along the #-axis of the reference system S such that the resulting 7,
and 155 vectors are back-to-back, see fig. To obtain the explicit form of the boost one can
start writing how it acts on pZ ®)

ﬁg(b) = AOVpZ(b) = pg(b)’Y(l — Bsinb),
Paw) = AvPy) = Pop)y(sind — 8) =0, (E.19)
ﬁz(b) = AlupZ(b) = (SZVpZ(b) = pz(b)’ 1= 2’ . ’d -1

eq. (E.19) implies § = sin#, which it is an allowed solution since 7/2 > 6 > 0. We will refer

as partonic center-of-mass frame to the reference system after applying the boost A#, defined
in eq. (E.19), Sp.c.m, whose components are explicitly

vy -8B 0142
M= =8 4 Oias |- (E.20)

Og—21 0g—21 14242

One of the consequences of working in the partonic center-of-mass frame is that the proton
momenta P}, Pp and the light-like vector n# and 7* are no longer back-to-back. Once we
have obtain an explicit form of pg (b)? PZ( B)’ nt(n#*) and k* in the partonic center-of-mass
frame, we can write the integrand and integration measure in eq. in the corresponding
reference frame. We start with the integrand, eq. transforms as a Lorentz tensor of
two indices 3

Hab sy (Dar Doy k) = Hap ey (APa, Aps, AK) (E.21)

where ¥ denotes the vector v after applying the boost defined in eq. (E.20). The arguments
in the measurement function ©(Q?, y, q%) changes as follow
1 ﬁ'(ﬁa"‘ﬁb_%) 110 n - (pa + ) — (An) -

y=—10g~ ~ ~ —_— =
2 Ti-(Pat+Py—k) 2 T n-(pa+py)—(An)-

, (E.22)

Y ;N
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Q2 = (ﬁa + Dy — ];’)2 = 2pq - Py — 2k - (Apa) — 2k - (Apb)a (E'23)

@ =20 (Pa + Py — k) - (Ba + By — k) — (Ba + s — k)?
=27 - (Pa + pp)1 - (Pa + D) — 21+ (Pa + ) (AR) - k — 20 - (pa +pp)(An) -k (E.24)
+ 2(A7) - k(An) - k — 2pg - py + 2k - (Apa) + 2k - (Aps).

The transverse momentum pi(b)T and fraction of (anti-)collinear component £, take the
form

pi(b)T = 27 - o) Pav) = 27 - Pa(s)™ * Pa(b)> (E.25)
f _ n Pa _ N Pa
a — =z ~ T = )

n-by 7P (E.26)
g=—Fe DB

The integration measures are invariant under rotations and boost

¥ Bapy 4T Pag)

~0 0 )
Pawy ) (E.27)
dé-1 E d—1k
2k 2K0

For the vectors pz(b), n#(nH) and PZ( B) Ve explicitly consider their component in the partonic
center-of-mass frame as functions of the corresponding components of the reference system
S, while for the momentum of the emitted gluon we simply consider its component in the
partonic center-of-mass frame without relating them with the ones in the system S i.e. we
simply parametrize k* as k* = I%O(l, sin 0}, cos ¢y, sin 0, sin ¢z, 04_4, cos 07,).

Once one has a convenient explicit parametrization for the several momenta present in the
integrand of eq. (E.10), it is straight forward to isolate the IR divergences, namely soft and
collinear. With this aim we define the variables

Sak = 2];/' : (Apa)7

. (E.28)
svk = 2k - (App),
using eq. (E.19) one obtain
p* = p? cos0(1,04_2,1),
pb = Py COS 0(17 Od—Za _1)’
and s, () amounts
Sak = 2k°p? cos (1 — cos b;
ok = 28 g cos( k@ r T >0>0, (E-30)
spk = 2k”p, cos (1 + cos b;) 2
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notice that 0o > s,p)r > 0. Using egs. (E.30) the integration measure for the emitted gluon
can be written as

d* 'k  dgj sin™2¢ ¢;d cos 0, sin 2 0;d|k| k|43

= dqﬁfc sin~2¢ ¢fc Aak ek ( Sab )

2k0 2 4sab  \SakSvk/)
(E.31)
where k% = |k|, sqp = (pa + pb)? = 4pQp}) cos? 6 and the Jacobian is
dsard -
_C5akDIE 91K sq. (E.32)
d|k|d cos 0;,

Once the integration measure for the emitted gluon is written in terms of s, )y, one can write
0(sa(b)k)s,, (b) ¢ as a plus and delta distributions (see Sec. D in order to isolate the soft and
collinear poles. Since sy), has unit of momentum square, we need to introduce an energy

scale (5 such that the ratio (,uz(b)k /Sab)k)¢ is dimensionless and can be expanded in e.
Thus, one can write

(ﬂQe“’E)E( Sab )69(3ak)9(8bk) _ [ #%5a€ \“ O(sa) ( Kok ) O(ser) Ngk ‘
4m SakSbk SakSbk A, 2, Sak  \ Sak Sbk
_ HQSabGFYE ‘ H(Sak)/'tzz; Sak _5(5ak Mak
Ampil iy, San € +

% la(sbk)ﬂgi]%k 5(3bk ka
spe 1y Sbk
E

2 sabefYE 0 Sak ,uak ‘
4m ,Uaksbk
- Lo (E39)
67’3 e(sak)ﬂ . 0(Sak) [ Hop
Wﬂaksbk 1+e N € Sg}fx ’

P2 Sqpe® 9(Sbk Mbk
477ka3ak

gmax 9 \ ¢ (E.35)
_ [ H’sae?® O(sem)iipe | ™ S(sew) [ Hax
477#1%];;30416 S;]—:e N € S;)I]Zax 9

where we have not used a general boundary term sgl(ab’)‘k. Formally, the integration in sy)y is
from 0 up to co; nevertheless, in practice, the measurement functions in ©(Q?, y, q%) introduce
an upper bound in some of the contributions. However, the terms evaluated at s,;), = 0 have
no upper bound (since the measurements functions become independent of s,)), we can use
the boundary term to remove any contribution coming from above the upper cut introduced

by the measurement functions. Let us show the idea with the following simple example: we

33)

,uzeVE €/ Sab 0(s
47 saksbk Sa

ak
2 €
p-err Sab \ O(sek)
47 Sak sbk Sk
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have 0(z)z~17¢ acting onto the test function 6(a — 2)f(z) with z € [0,00) and a > 0. Thus,
one can write

[T OO gy = [z PO g

(e o]

= Jim { [z [F2] e 2)p0) - 20

By PRUCELHORLOHUIIOTU

zl+e €

+6(a)£(0) log zo}

(E.36)

+ lim, { / i, da=2)f (zl)+ 6@ 1 1(0)0(a) log 2 +6(a)f(0) logzo}

— /0 dz a — 2) (Zl)+€_ 0(a)f( ) _ 9(0‘)6 (0) + H(a)f(O) loga,

which is well-defined (up to the pole in €) and independent of the boundary term. One can
also identify the relation

21—00 Zl+e 2l4e

lim [ de [e(z)ro (a—2)f(2) / dz 1@= 21 = 0@ O) | g0 0)10g 2.
0 + 20

(E.37)
In the case of eq. (E.10) the Heaviside step functions gathered in ©(Q?,y, q%) lead to loga-

rithmic terms that are functions of p;((;)r) and |Pa(p)|-

Solving egs. (E.30) one obtains k| and cos 07, as functions of sq)k

|1~{| _ (pgsak + pdspr) cos @
Sab

P2spk — PYSak
PYSak + DYSbk

(E.38)

(ST
v
S
v
=

cosf; =

using eqs. (E.38) the parametrization for k*
k* = k9(1,sin 6, cos ¢y, sin 07 sin ¢y, 044, cos 6;),

is given by

- 1
0 0 - 0 0
kH = - ([ppSak + PgSer] COS O, \/SabSakStk COS Of, \/SabSakSek SN Of, 044, [Py vk — PpSak] cOS 0).
al

(E.39)
Using eqs (E.33), (E.34) and (E.35) together with the parametrization for k* given in

eq. one can Wr1te ’Hab ; (ea. (E14)), Hiy . (eq. (E.15)) and )y . (eq. (E.I6)) as
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pEEENE [ s eq-uw - 165, -5 12sape™ \ [ O(sar)uZ ] [O(som)pgs |
Am SukS ab 1 = ~+0Pa " Db A p2, y2 Lte Lre
akSbk HaiHbk Sak + Stk +

x [2@1 Bog™ — 2P + PR + (d — )RR + B+ R+ B+ fc“ﬁz]

2 e\ /2 \¢/ 2 \€ Sy | sysi
— 8(250 - y)? (N Sab€ ) ( Pk ) ( Mg ) 5(3ak)25(3bk) [g’“’ _ PaPy +papb]

4”/"3k/‘12>k Sak Spk € Da - Db
25078\ [0(sat)i2 ]° [ 13y \ 6(son)
+ 16§, - B K= Sab ak ) lgf bk bk
N A 2,2 1+e gmax €
HarHok Sak 4 bk

x [m Pogh” — 2FEE, + FB) + (d — )RR + R+ R+ R+ fc“ﬁz]

2 vE € 9( ) % S;Jrllcax 2 66
. Sab€ Stk )4 Iz Sak
+ 16p, - Do (M > ) l Tte bk] ( ma:x> (Sar)
+

2 ,,2
47T'U’ak'u’bk sbk sak €

x [2@1 Pogh” — 2FEE, + FLBY) + (d — ORE + R+ R+ BB+ k“pz] ,

(E.40)
2 7E\ € € 25,57 \ € [6( 2€ 7 Sak
ure Sab v W Sape Sak) 55, [ e e
HY =4 a AP + AP - Prg”
( A ) <3aksbk) ab,cq (47[-/1‘3]@3619) l S;Z-e ]4_ PaPa Pa * Pbg
+ (d— ) (k"D + k*pY) — (d — 2)py - kg™ + (d — 2)(BLk” + pyk*) — 2(515% + ﬁzp‘é,‘)]
, e (E.41)
Sap€"E I 44(s ottt - AT ATE
- Z 5 s (5a) [41)5;% + 4Pa - Pog"” + (d — 4) (KD, + k"DY)
T o1 Sbk Sak €
~ (d=2)py - Fg™ +2d— DGR + ) - 205 + AL,
2 e € € 9 e \ € 0(5 ) 2¢ 7 SAx
u-e ) ( Sab ) ,H;w —4 K~ Sab€ bk ) Hpg 4~p, ~ ~ T
= + 4Pa - Db
( A SakSbk ab,cp 47le’§ksak S;I).I;{—e N pbpb Da * Pbg
+(d — Q) (k"B + kDY) — (d — 2)pa - kg™’ + (d — 2)(BLR” + pyk*) — 2(Dy + DLP,)
(E.42)

quabe'VE € :u'%k € 45(8bk) |:4~,u~ + 45 ~ v + (d 4)(]::1/ ~[L + i{';u ~I/)
47rﬂgk3ak S;,Ii;ax c Dy Dy Pa * Pbg Dy Dy

(= 20 kg™ + 2(d — 2P + FR) — 2 +f>3ﬁ;:)] -

The different contributions to £}, ..., eq. (E.13), can be classified into four categories

e Soft: contributions proportional to d(s.k)d(spk), Sf;: ’gg;, (u2, ,ugk, ,ugk)
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o Pa-collinear: contributions proportional to &(sp;), C" '8[6,1], (W2, p2,, p2).

* Pp-collinear: contributions proportional to §(sq), Cj’ 'ég], (W2, 12, w2

o Finite s,): everything else that is not proportional neither to §(sqx) nor to d(sux),
ps[l] 22
Cab,GG’ (Bak> Hpr,)-
We further write eq. (E.10) as

” AnCroys(u?) Py P _ _
WaON (g)6(Q?,y, a3 = TIPTS5 [ paldeald'ndésd(v; ~ €aP3)Sw} - P7)
¢ a,b

(L 1 1 1
X Z [CSZ};&/ (qu, Mgk) + CZVG[G]I (Mza qu, /"l27k) + C{)“é[G], (N2a uik, Ngk) + Sﬁ;’,c[;};:(uz, Mgk? Ngk)
GG
X fn,a<—PA (5117 paT)f'r_l,b<—pB (&77 pr)
+nent---,
(E.43)

E.2.1 Soft contribution
The soft contribution, S’ c[}é" (W%, 42, , 42, can be read from eq. (E.40). It amounts to

U ~l ~ o~ € € €
gl (2 gmax gmaxy __ APa Pof Papy +0afy ] [ H2save™ \ [ Mok \ [ Poe
ab,y*y* K5 Sak 5 Sk - €2 g Ba - b 47T:u/2kugk max max
a

Sak Sbk
dQ — dSa ds ) i ) ;
| e sax)0 (50?1, 426 B + 7~ 3~ ),

(E.44)
where d2;_3 is the solid angle integration measure in d — 3 dimensions
o2
dQdp_1 = . (E.45)
/ I3l

The integral in sy, can be computed using the delta distribution 6(s,@p)x). Since k* is
parametrized as eq. the momentum conservation delta, 6(® (g, + p» — § — k), and
measurement functions, @(QQ,y,q%), become independent of k#. Thus, the integrand in
eq. (E.44)) is independent of the solid angle and it can be easily integrated. Hence, integrating
in s,4(3)% and the solid angle d{2;_2¢, one obtains

g 2 2
SabFap. 1 (1 1 Sablt 1 Sablb ™
Sw&[l] . 2, max gmax) _ _ ab, { 21 a Zlog2 2908

by (B Sak s Sbik om2 & ¢ CBgmmgmax T3 %8 maxgmax T 12 (g.46)

X G(Q27 Y, q’%; Sa(b)k = 0)5(4) (ﬁa + Db — [j),

where ggl: | is given by
nin¥ + njny

5 : (E.47)

wo _uv
ab,1 =9
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and n’ () are given by

nk = (1,04_2,1)

fi > 0, > 0. E.48
nb = (1,0d_2,—1)} ) 2 ( )

As it was already stated along the main text, the soft poles in eq. are due to a dou-
ble counting of soft modes and they are cancelled once a suitable double counting subtracting
term for the soft modes is introduced, eq. . This subtraction procedure will also cancel
any dependence on the scale p2.

E.2.2 p“-collinear contribution

The contribution proportional to d(sp) is obtained from egs. (E.40) and (E.42)

29a,1 ( p2e® \© [ dQu_sdsard
uv1] . 2 _ “Jab L [ HTE d—308ak@Sbk
Oa Y (/‘L ’ S;I}gax, S;)Illcax) - € (4ﬂ.smax> / W 5(Sbk)

x{le(%z—zjﬂkr —(;ﬁ)e(l—%>} (E.49)

X @(Q 'Y, QT)(s(d) (ﬁa +ﬁb — (j — I:})

where g';’ | is the one defined in eq. (E.47). The d— 3 dimensional solid angle integration can

be performed trivially, since k* is independent of them at sp;, = 0. The integration in s is
also straightforward using the delta distribution. Expanding in € one obtains

05:[17] (2, S, spp™) = “bl /d ak{ [O(S“k)sab] S 1(1 _ ([d=2)sa 2)8“’“)

Sak 14 € 454p
+ e(sak)sab lo og ,u Sab Sak _ 10g ,u'23ab (1 _ (d — 2)Sak) }
Sak SakSpr | 4 SakSpp 4s4p

0@, v, aki 5o = 06 (51— 2% ) + 5. - ),
(l
(E.50)
where we have used that l}”(sbk =0) = sakﬁg /Sab, See eq. . The poles in eq. (E.50)
are collinear singularities, its cancellation follows a similar reasoning than for the soft poles
in the previous section. They are originated due to a double counting of p,-collinear modes,
therefore after subtracting the appropriate double counting, eq. (E.72), one is left with a finite

contribution that is also independent of the scale 2.
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E.2.3 j}-collinear contribution

The contribution proportional to d(s.x) is obtained from egs. (E.40) and (E.41)

290 2678 \© [ dQy_sdsard
W1 max _m b, L p-e d—3ASqkASpk
CEl, (2, s, siex) = 5 (471'3“}:“‘) / (%)3‘1_26 8(Sak)
Q.
X{ O(sen)sr | <@)6(1_ (d—2)sbk)} (E.51)
s;,je + Sbk 454p

X G(Qz’ Y, q’%)é(d)(ﬁa +ﬁb - ‘j - ];;)7

where g'7’ | is the one defined in eq. (E.47). The d — 3 dimensional solid angle integration can

be performed trivially, since k* is independent of them at s, = 0. The integration in s, is
also straightforward using the delta distribution. Expanding in € one obtains

29,3, 1 76( S 1 d—2
l“/y[ll 2 _max _max\ __ ab, L - Sbk)sab _ = _( )Sbk
Gl U552k 557) = (o / dsbk{e [ Sbk L € (1 4sqy
+ 6 (sbk)Sab log p2sap |7 log 125 ab (1_ (d—2)3bk)}
Sbk SbkSak | 4 SbkSoE 4sap

x 8(Q% v, 47 sak = 0)5*) (ﬁa(l - zi’;) + Py — q>.
a

(E.52)
where we have used that k*(sqx = 0) = sprbh/Sab, S€e eq. (E.39). The poles in eq. (E.50)
are collinear singularities, its cancellation follows a similar reasoning than for the soft poles
in the previous section. They are originated due to a double counting of §,-collinear modes,
therefore after subtracting the appropriate double counting, eq. (E.79)), one is left with a finite
contribution that is also independent of the scale 2.

E.2.4 Finite s,(;), contribution

The finite sq(); contribution is given by egs. (E.40), (E.41) and (E.42). It amounts to

dog.dsardspk { [0(5@)]335’( [0(.<5bk)]s$jx

1
Con o™, ™) = _2/ (2m)3 Sak 14 Spk 1+

X |2Bq - Pog"” — 2(B1Dy + BLpy) + kVBE + kHPY + kU Bl + I"c“ﬁz’:]

[0(sak) ] %% 206D + 2P0 - Pog™” — By - kg™ + Dyk* + Dyk* — Dby — Dbl
- o]

[0(spx) %0 204D% + 2Pa - Pog”’ — Pa - kg™’ + Pak” + BLk* — PLDY — DYk
L Sk 1+ Sab }
x 0(Q%,y,47)8™ (B + f» — G — k).

+ Sab

(E.53)
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E.2.5 Boundary scale dependence

The coefficient functions C*;’ 1 e (E.53), il o (E.50), C}' vl e (E.52) and S 1]
eq. (E.46) have separately a non-trivial dependence on the boundary scales Saik 1ntr0duced
in the plus distribution expansion process, nevertheless their sum is 1ndependf nt of s7;

This can be shown performing the derivative with respect s‘an(ab’)‘k, one obtains it is zero

d

u[1] /2 _max _max
e [Cap ey (Sak ™ Spk) + C e (17, S51™5 551°)
dlog sT%, Custer e (E.54)
o+ OBl 1, s, i) + St (%, s, i) = 0.

Using eq. in order to compute the derivative of a plus distribution with respect its
boundary term one obtains for s7;?*

d max _max\ __ 4 / { [e(sbk)]sﬁa
d].Og smax ab’y 'y (sak ) Sbi )_ (27’[’)2 dsbk Soh .

.. ~ Sbk
X |Da - D" — (PhDy +pap'§)<1 - >]

2s Sab
1. . . s Daby + Dyp, s
——[pa'pbg“ (1— b’“)— k) ”(1— ”’“)]}
Sab 23ab 2 Sab
X O(Q2, y, g2 sak = 0)64 >( (1——b) +pb—q)
(E.55)

d 1] 2SabgabJ_ O(Sbk Stk 1 Spk
CIJ‘Va[ , ma.X’ max) __ __ /d { |: :| - (1 _ )}
dlog sT2* by (,u Sak 1 Sbk (271' Sbk Sbk 14 Sab 284

x O(Q%,y, g%; Sak = 0)5(4)< (1 - 8—) + P — q)

ab

(E.56)
d 1] 23abg¢%’l 1 ,uzs b

C#V[ 2, Smax,smax _ ) {_ + a, }

dlog smax ~ a7 (1% 8™ shi™) = (27)2 smax grax (E.57)
@(Q27y7 q’%? Sa(b)k = 0)5( )(pa + Db — Q)a
uv
d gHY: [1] 28abap, | { 1 1%sab }
, max,smax — ) Z+1lo

dlog s “abar* % o S SE) =~ ¢ o8 g g (E.58)

X ®(Q27 Y, q%"? Sa(b)k = 0)5(4) (ﬁa + Db — (7),

where we have used the d(sqx) obtained in the derivative to integrate in sux and since the
measurement functions becomes independent of ¢; at s,x = 0 the angular integral can be
also performed trivially. One can see that the sum of egs. (E.55), (E.56), (E.57) and
amounts to zero. For the s;;* the steps to follow are analogous.
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E.2.6 Double counting subtraction

In the computation of a real emission at the hard scale level we must remove the contri-
butions coming from the soft and collinear regions. One possible method to do so is by a
phase-space slicing [234-244]. In this procedure cuts in the energies and angles with respect
the other partons are introduced, splitting the whole space in different regions. The main
disadvantages of this method is the introduction of unphysical quantities; to prove that the
resulting phase space as a whole is independent of those quantities could be highly non-trivial,
sometimes it is even not possible to perform an analytical proof. In such a cases, the best one
can do is a numerical confirmation that the dependence on a given cut is negligible compare to
the aimed numerical precision, nevertheless this process involves taking those parameter to a
certain limit that slows down the numerical evaluation of the phase space integrals, see [234].
Other alternative would be to introduce cut-off for the hard filed integration measure in the
path integral formulation, which can be rewritten as a boundary term for the hard fields.
However this formulation may lead to cumbersome Feynman rules that make the perturba-
tive evaluation of the correlation function rather involved. It is for these reasons that in the
present work we chose to eliminate soft and collinear mode double counting by the definition
of a zero bin and subtracting it from the fixed order evaluation of the correlation function of
hard fields. This is motivated for the fact that path integral formulation of a QFT allows to
show that the UV divergences are multiplicatively renormalizable, we also consider that we
can remove a soft and collinear double counting by re-scaling the correlation function of hard
fields by a suitable pertirbative factor that we dub zero bin.

pq-collinear sector We define the double counting bin subtracting term for the p,-collinear
sector as

\ ) 1 g
be,a(zc—zi_a Ob 7zabJ_;pa) = 2ny - p ¥<pa|T{w§(z;nb + Zabl)[zi_nb + Zab1, —OOMp + zabl]ca}|X>
a
(%b)ﬂ XIT 0 ab, ;b 0
X T( | {[—OOTLb, ] wz( )}lpa>,

(E.59)
when the parton a is a quark, while for an anti-quark it is given by

£ - 1 T ac,c
fzv,a(23 0y s 2ab1;Pa) = ST % (Pa| T{[—00ms + Zab., 24 1 + 2abL]*% (25 1 + 2ab1 ) }X)
)it 51738 (0V10. —oomalta
X ——=—(X[T{¢§(0)[0, —oons]** }|pa),

2
(E.60)

where ¢, j and a, b, c are spin and color indices respectively. The Wilson lines are in the fun-
damental representation. The factor (2n;-p,)~! above is a normalization factor, such that at

LO (02) i ,(pa, 2) = exp{ipa - 2}.

pp-collinear sector We define the double counting subtracting term for the p,-collinear sector
as
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Fop(0F, 25, Zab 13 10) = %(PblT{% (2, Mo + 2ab1)[2 Mo + ZabL, —00Ng + 2ap1 |} X)

2np

y @p{m[—wna,O]abwi-’(mﬂm,

(E.61)
when the parton a is a quark, while for an anti-quark it is given by

Fz.0(0F 2, zap1506) = %(Pb@{[—oona + ZabL, 2, Mo + Zab 1] " Vi (2 1 + 2ap1) }X)

2n,
(7i )ji

* Do

(X T{93(0)[0, —o0ma]*}pe),

(E.62)
where 4, and a, b, c are spin and color indices respectively. The Wilson lines are in the fun-
damental representation. The factor (2n, - py) ! above is a normalization factor, such that at

O (a ) f bb(pba ) = exp{ipp - 2}

Soft sector We define the double cunting subtraction for the soft modes as

bzb,a6(0F, 05, Zap 1) =¥<O|T{[_Oona + Zab 1, Zab1]*[2ab 1, —00Mp + Zab1 ] X) (£.63

X (X|T{[~oon, 0]*[0, —oona]*}0),,

where a, b, ¢, d are color indices and the Wilson lines are in the fundamental representation.

The vector nf;(b) is a light-like vector whose spatial component is unit vector along the
direction dictated by pg(b) and we have defined 2} = z-ng, 2, = 2-np and 28, | = g% | 2.
In the partonic center-of-mass frame they are given by egs. (E.48), ¢ | is given by eq. (E.47).

Double counting subtracting hadronic tensor Once we have defined the double counting
subtracting terms for the p,)-collinear, fzy, 4), and for the soft, @zp qp, sector we construct
the double counting subtraction at the level of the hadronic tensor as

P Pt
WZbGG/(q,Q y,qT A BZ/(2 )d
X Tr[pafl’ ’?bré]fn:aﬁpA (ga, paT)fﬁ,b(—PB (fb, pr)
x 8(Q* — qz)é(y - %log Z—i)é@% +¢®—2@-q)(n-q))

be a(PauU ) %a aOb 7zabJ_)be b(PbaMQ’OI,Zb_,ZabJ_)

Bzb,ab (12, 04, 05, Zap1 )
+nen4---,

e =1 [ [dpuldgala*prldssd (v, — &P;)O; —&PF)

(E.64)
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where [d*p, )] = d*pa()d(p? b)) Expanding up to NLO in «; for the collinear and soft sectors
one obtains

4nCras(u?) Py P

(»%) ! 4 10 v T

X gbj /O déads, / [d*pa] [d*py) Tr[p, T%p,T%)

X fa(—pA (é-a, p§T7 )u'2a Ca)fb(—pB (gba plz;Ta ”2, Cb)d(p(; - gap,;)d(iﬂz_ - fbpg)
X CZb,a(QQa Y, q%) + CZb,b(Qza Y, q’%) - SZb(Q2’ Y, q%'):| ’

W1
W;}:I;,[Gl;” ((L Q2 Y, QT)

(E.65)
where Sz, denotes the contributions from the partonic soft function defined in eq. (E.63);
C7b,q denotes the partonic p,-collinear sector given in egs. (E.59) and (E.60) and Czp, , refers

to the partonic pp-collinear contribution defined by egs. (E.61) and (E.62)). We have dropped
#{0] #[0]
the LO term f“q;T]”, since it corresponds to the no real emission case. Notice also that the

ab
coefficients Cgzy, 45y and Szp are independent of the effect electroweak vertex structure G,
since they account for the IR behavior of a QCD scattering amplitude.

The cumulant counterpart of eq. (E.64) is given by

Qmax ymax q max
Wi @O@ ) = [ [y [ Wil 0. @), (00

min Tmin

E.2.6.1 Partonic soft double counting

Szb(Q%,y,¢2) in eq. (E.65) is explicitly given by
d

d%z . . . dd_lk ; 2ng -
2 2 — —12:q+12-pa+1i2-pp —1Kabl *Zabl a—b
Szv(Q%,y, a7) / (2m)e° / (2m)d12k0° (na - k) (np - k)

x 6(Q* — q2)5<y -~ %log Z—:Z)é(q% +¢* —2(7-q)(n-q)).

(E.67)

As in the previous section, the explicit evaluation of eq. is performed in the partonic
centre-of-mass frame where the vectors pZ ®) and nZ ®) take a simple form. On the other hand,
the measurement functions become rather cumbersome making the analytical integration ex-
tremely challenging; nevertheless the integration in k* is performed numerically after the soft
singularities are cancelled in the sum of the double counting subtracting defined by eq.
and the soft contribution given by eq. . Performing the changes of variables defined in
egs. (E.30), eq. (E.67) amounts

p#2sape?® ps a0 (sar)0 (sor)
S b QZ,y,qZ ( ) /de dsakdsb
z ( T) (27T)3 2e 47Tl‘akﬂbk s (Sak)1+€(3bk)1+6
. n-q - -
x 6@~ )6y~ 5log 2 )o(ah + & — 2+ )+ ) G+ 1~ G — )

(E.68)

166



E.2. PHASE SPACE PARAMETRIZATION WITH ONE REAL EMISSION

where the integration measure is the one given by eq. (E.31)) and the vector boson momentum
in the partonic center-of-mass frame amounts to

G =ph 4B -k (E-69)
It must be notice that the measurement functions in eq. depend only on the orthogonal
component to fi,p) of the emitted parton momentum i.e. kf;b - This is the main different
compare to the computation performed in previous section, where the measurements func-
tions have a full dependence on k*, see eqs. (E.68), (E.23) and (E.24). Expanding in plus
distributions the denominators in eq. ( one obtains

s a1 ) O(Sak) 0(sbk)
Sz(Q%,y,a7) = W/‘M)chsakdsl”C [ Sak ]Jr [ Sok 1+

1 1 1 2 1 2 2

2 max omax max ,max
(2m) € s 2 A g 12

AQ%, Y, 455 Sapyr = 0)8™ (B + By — §)
A(Q2a Y, q%"; Spk — 0)6(4) (ﬁa + ﬁb - (7)

gmax
Sbk

A(Q%,y,¢2)0W (B + By — kabL — G)

B 1
(2m)?
ey 2 1o
/ dsun { [ sz,k)] N (Sak) log iiu }
€ Svk 1+ Sak Sy Sak n
(Q2 y,QTysak = 0)6(4)(pa +pb - )

5o + 0(sp) log Sabls®
+ Sbk So XSk

~ o
Jofe [P

where we have gathered the measurement functions into A(Q?,v, q%)

max

Sbk
}7

+

(E.70)

1 n-q -
M@ 08) = (@ = )3y~ 5 log 72 )d(ah + & ~ 27+ D@ - ).

Notice that we have pulled out the measurement functions from the integral on third and fifth
lines, since they are independent of sy). This is a simply consequence that ¢* depends only
on k" , which amounts to zero at Samyk = 0; see eqs. (E.39). Therefore for the fourth and
sixth lines the upper bound is undefined, potentially leading to logarithmic UV divergences,
however those terms are cancelled out once one includes the contributions from partonic p,y)-
collinear sector in the following sections.

E.2.6.2 Partonic p,-collinear double counting

Czb,4(Q%,y,¢%) in eq. (E.65) at NLO amounts to

1 ddz —iz-q+iz- dd_lk iz (Dg—
CZb,a(QQayaq%) = —/We at Pb/(—e (Pa—Fk)

ny-peJ (2w 2m)d—12k0
(1—e)k-np—2ny - pq 2(np - pa)?
A ) (T
x 6(Q% — q2)5(y - %log Z—:Z)M% +¢°—2(n-q)(n-q)).
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Working in the partonic center-of-mass frame and performing the changes of variables defined
in egs. (E.30) the ps-collinear double counting subtraction integrated against the measurement
functions amounts to

1 0(sar) %
C 2 2)=— —/d rdsgrd [—] 28qp —
7b,a(Q°, Y, q7) 2(2m)%s2, P1dSakdSbk ow s (2806 — Sbk)
X A(QQa Y, q%)6(4) ( (1 - SbIZ) +Dp—G— ]:;abJ_)
a

W/d%k{(?é‘ab—sbk)( tlo 08 gmaxg, > +Sbk}

x A(Q%, Y, G5 Sak = 0)5<4>( (1 _ Sﬂ) 5 — )

1 (1 1 pPsap 1 o2 1% Sap
+(27T)2{6_2+210g maxsmax-i_il max ma,x_ﬁ}

ak °bk ak °bk
X A(Q27 Y, q%; Sa(b)k = 0)6(4) (ﬁa + ﬁb - Q)

0(sar) ]’ B(Sbk)] Sk 2 2
—_ A
+ G / d¢kdsakdsbk[ S, A@ )

><5(4)( (1——b)+ Do —q— kabJ_)
a

1 - - -
- WA“P, Y, a%; spi = 0)6™W (g + B — §)
2 Sak)
/dsak{ [ sak)] + [e(sak) log - SIZZX] }
Sak 1+ Sak SakSpp 4

max 2
2/d5b { [O(Sbk)] e 0 (sk) log ,ln‘;aiab
~ (2m) spr 1y Spk ST s,

X A(Q ayaqTasak = 0)6(4)( (1 - S_) +pb - )

ab

ak

(E.72)

max

gmax

)

+

the ¢* in the measurement functions, A(Q?,y, ¢2), is given by

IR 7~c

where we have used 7, - k=k = 2:“(% Notice that the fifth line in eq. (E.72) cancels
a(b)
the third line in eq. (E.70).

The integration in s,; and sp; on the first line on eq. has to be handle cautiously.
It is due to the dependence on s, of the integrand is through the combination s,xspr rather
than s,x. The limit sy, — 0 makes the measurement functions s,; independent and thus there
is no a definite upper bound in the s, integration; it is for this reason we perform the change
of variable: s, = kgksab /Sak- The new integration variable, kgk, is independent of the limit
spi — 0. In order to show that the resulting integral is well-defined in the limit sy — 0 we
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consider the integral

00 0(Sar) Sk
I(spk) =/ dsqk [— 9(Sbk» Sak5vk)0(f (Sbk> SakSb) ) (E.74)
0 Sak 1+

where g and f are analytic functions of their arguments. The function 6(f(spk, SpkSak)) can
be any of the # function in 6(Q, y, q%) obtained after computing the cross section cumulants.
Writing explicitly the definition of the plus distribution one obtains

Stky SakSok)0(f (Svks SakSek))
Sak

— lim o0 dk? g(sbk7k3k3ab)0(f(3bkakzksab))

T B0 [ B Ok kgk

Sab

+ lim g(spk, Bser)0(f (Sek, Bser)) log %
B—0 S

T(sye) = lim [ dsyp 9¢
(sbk) = Jimmy Sak
B ak

+ lim g(spk, Bspr)0(f (sok> Bser)) log fax-
B—0 sak

E.75

> 53b§c )

— Sab

We split the integration in kgk into two regions: oo > kgk > spp* and spp* > kgk

o g(Sbky k2pSab)O(Sf (Sek, k25ab)) .. [San o 9(Sbks k2Sab)O(f (Sbk, K2y Sab))
I(sbk) = /Smax dkak kzk + éli% /% dkak kzk
Q. a

ak Sab

+ lim g(sok, Bsok)0(f (sbk, Bser)) log fa,x
B—0 Sak
(E.76)

The first integral on the right-hand side is well-defined and 6(f(spk, k2, Sqp)) imposes an upper
bound. The second integral on the right-hand side contains a logarithmic divergence in the
limit 8 — 0 that is cancelled out by the contribution on the second line. We can make this
cancellation explicit writing the second integral as

) Sk 9(Sbks k2. 5ab)0(f (Sbk, K21 Sab .
lim é k2, LA )kik( D) +é{%g(sbk,ﬂsbk)e(f(sbk,ﬂsbk))log%
Sab a a.
Sk k2 0 k2 — ,0)0 ,0
=/0 " dk2, AL akl:;b)) 9lou, )0 to, 0) — 9(sk, 0)0(f (s3k, 0)) log ZL]Z
ak al

(E.77)
The dependence on sy, in the function g(spk,0) is polynomial, while in 6(f(sp,0)), it is
simple enough to exactly solve the constraints. Therefore, one can perform analytically the
integration over sp;. This is a great advantage, since the presence of log(spr/sqp) could slow
down a numerical evaluation.

E.2.6.3 Partonic p,-collinear double counting

Czbp(Q%,y,¢%) in eq. (E.65) at NLO amounts to

1 ddz —iz2-q+iz dd_lk iz (pp—
Czvp(Q%y,q3) = —— / eizatizpa [ 4 X iz(pp—k)

na-pyJ (27) (2m)d—12k0°
(1—e)k-ng—2ny - pq 2(ng - pp)?
A b ) (B9
x 6(Q* — q2)5(y - % log Z—:Z>5(q% +¢*—2(m-g)(n-q)).
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Working in the partonic center-of-mass frame and performing the changes of variables defined
in egs. (E.30) the pp-collinear double counting subtraction integrated against the measurement
functions amounts to

0(spr) ] %0k
Crvp(Q%,y, ¢7) = W / doydsardspk [%L (2846 — Sak)

~ Sa, ~ ~ 7
X A(QQa Y, q%)5(4) (pb (1 - sall::) + Do —q— kabJ.)

28
——— [ ds, 284p — Sa 1 a
+ samyiag, ] o] o oa) (108 B2 ) v}

x A(Q?,y, ¢%; spk = 0)6( <ﬁb(1 - si> + P — d)

ak
1 1 1 /1'23ab 1 2 Mzsab 772}
- )l 4 T log A, T qgg2 @b T
+ (27‘(‘)2{62 t smax grmax o8 smaxgmax 12
X A(QQa Y, q%; Sa(b)k = 0)6(4)(ﬁa +ﬁb - )
Sa O(s e E.79
/ A dsadsp [ ( ’“)] [ G 1™ A2y, BT
Sak 1+ Sbk 1+

~ s ..
X 5(4) (pb (1 - s;’;) +Pa—q— kabJ_)
1 2. 2. _ns@(s L
(27!')2 A(Q »Y,4T;5 Sak = 0)6 (pa + Db q)
0 Spiex 0 2 . Sph
/dsbk{ [ (o) +l (5 1o I S}nﬁx] }
Spr 14 Spk Sbk Sy
- { [ Sak)] N le(sak) log MQSI?IZX]
Sak 1+ Sak SakSpy,

x A(Q?,y, 473 sok = 0)5(4)< (1 - s_> +Pa — )

ak

ax

max

Sbk }

+

the ¢* in the measurement functions, A(Q?,y, ¢2), is given by

o o Mok - .
0= 7 = g Hy = (1= 2 ) B, (€:50)
where we have used ny) - k=k 21)8';‘:)% Notice that the fifth line in eq. (E.79) cancels

the forth line in eq. (E.70).

The first line in eq. suffers from the similar issue discussed in eq. (E.72)). The only
difference is that now it is the integration over sy, that must be done cautiously. In this
case, we perform the change of variable sy = kgksab /Sak- From here, the steps to follow are
analogous to those already discussed for sqp.
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E.2.7 Real emission with double counting subtracted

Once the double counting subtraction for real emission contributions has been defined and
computed in Sec. [E.2.6] it is straightforward to remove those contribution from the hadronic
tensor given in eq. (E.10). We define the double counting subtracted hadronic tensor with
one real emission as follow

WV O (9)0(Q%, v, ¢3) = Whe O (9)6(Q% v, ¢7) — Wi e (0)0(Q%, y,¢%), (E-81)

notice that in ng ’g]@ the functions Szy,(Q?, v, q%), Czb (@2, y, q%) and Czp5(Q?, v, q%) have
been integrated in Q2, y and q%, thus their measurement functions become (Q?, y, q%) It can
be verified that eq. (E.81)) is free of collinear and soft divergences. For the case of GG’ —

we have explicitly written down the corresponding coefficients in Wgé’,[NLO’R] (9)0(Q?,y,q%)

and Wg;’g](;,(q)@(QQ,y, g%). The sum of the soft poles in egs. (E.70) and (E.46) cancels
against the sum of egs. (E.72) and (E.79). The collinear poles in eqgs. (E.50) and (E.52) are
cancelled by the remaining poles in the sum of eq. together with eq. (E.72). Since
one obtains a cancellation of the soft and collinear poles, it follows that the cancellation of
logarithmic terms with p2 dependence also occurs. An extremely important point to keep in

mind is that the measurements functions in WgéENLO R]( )0(Q?,y, ¢2) have a full dependence

on k* through ¢ = p + p' — k¥, while the dependence on ng’ g]@ (9)9(Q?,y,¢%) depends
whether one is considering soft or pyp)-collinear sector. This differences on the argument of
measurements functions is irrelevant in the cancellation of poles and scale dependence since
after employing the delta distributions to integrate s, the measurements functions end up
having similar arguments. Thus, it is the finite and scale-independent contributions (up to
the obvious dependence in the coupling constant) that these differences on the argument of
measurement functions becomes relevant. Hence, after the cancellation of soft and collinear
divergences eq. for GG' = v*y* amounts to

< v 4nCros(u?) Py P ~ ~
WiANEOR ()0 (@2, y,¢3) = Ev LAty Z / [d*pa)dgald*ppldesd(py — £aP3)3(pf — &PF)
o™ (1] gMmax cmax 2Sabggll)j,i dob-ds.d 0(sax)]° 0(sbk) Shk 0(0?2 9
abey (Sl $bk) + g [ ddpdsardsue | =00 =0 6@y ar)

X [5(4)< <1 - S—b) +Pp—G— kabJ.) + 6@ <i5b (1 - S—b> +Pa—q— %abL) — @ (ﬁa +Pp—G— ’:?abJ_)]

s [ etsastn, [P (1 2 Yo o (a1~ ) 4 -

25ab Sab

ﬁ /d¢Edsakdsbk [i’“)] (1 Sak ) 2y, q3)0% (ﬁb (1 - jf’;) +Pa—G— %au)}
(

X f‘“—PA(aS( ) émpaTaCanu )fb<—PB as( ) gbapr’Cb’ )

N
|
o
S
S
l_
~

(E.82)

Notice that in order to obtain a complete cancellation of the soft and collinear poles we must

use the same boundary condition in the plus distributions in ng,[NLO’R] (9)0(Q%y,¢%) and

Wgé,[NLO’R] (9)0(Q?,y, q%) Thus, it is easy to verify that eq. (E.82)) is independent of sfzn(%;‘
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ie.
d -
e W @8y, ¢) = 0. (E.83)
08 Su(b)k

To conclude we discuss the evaluation of the hadronic tensor in eq. (E.82). The integrand
is an analytic function of its arguments, hence it can be evaluated numerically and in four
dimensions. Due to the large number of integration variables deterministic numerical methods
are inefficient, it is for this reason that Monte-Carlo integration seems to be the most suitable
approach.
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F NNLO Real-Real

F.1 Channel: ¢(q)+q(7) = F+q(q)+4(q)

The contributions to the hard partonic process ¢(q)(pa)+9(q)(ps) = F(q)+4q(q)(k)+q(q) (1)
can be classify in two groups:

o Diagrams that the sum amounts to a finite contribution up to a simple collinear pole,
these are displayed in fig.

¢ Diagrams that the sum amounts to a completely finite contribution, these are displayed

in figs. and [F.4

As we did for the case of one real emission, the phase space is parametrized in the partonic
center of mass frame Sp o.M, see fig. Therefore, it is convenient to define the invariant
masses

— )% b= (B — @) = (k+1—pa),
=12 sq=0+9°=@Ba+Do—k)? sa=(k+1)>=2k-1I.
(F.1)
The invariant masses sy (), are bounded from below by Q? = §; in the case of invariant
masses of the form s, ;)% and sq); they become zero when the emitted parton becomes either
collinear to the initial state parton, e.g. k becomes collinear to fp, or soft; for the invariant
masses Sq(p), the situation is slightly more involved to determine in which limits they go to
zero, using the methods presented in [26}/104,/105] one can conclude that Sa(b)q 8O€S to zero
only when sp(4), and sy(4); g0 to zero but their ratio is finite, i.e. syq)x/Sp(ay ~ 1; finally the
invariant mass sg; is zero when the two emitted partons are either soft or parallel to each
other, it is this type of invariant mass which leads to the mos complicated singularities to
handle, see [26],104,104], nevertheless it never appears in a denominator in the set of diagrams
we computed.

Before we start discussing how the different set of diagrams cancel between them the soft

and collinear singularities it is worthy to discuss in detail how to isolate the singularities
arising from terms like 1/ si(b)q. Consider for instance s,q, it amounts to

Saq = Skl — Spk — Spl = 2]:: . i— Spk — Spl = é_i+ + i{':+l~_ — 2|EJ_||iJ_| COS((]5]~c — ¢l~) — Spk — Sbl,
(F.2)
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where lﬁll = VI:;‘ZE+,~|iL| = VI-I*, vt =v-ng and v~ = v - np. Using eqs. (E.30) one can
relate kT (I*) and k= (I7) with s,y and sp()

T+ _ Sak T+ _ Sal
290 cos 0’ 2p0 cos 6’
T Sbk — Sbl (F3)
"~ 20 cos 6’ 20 cos b’
Dj, COS Dj, COS
therefore s,q becomes
SakSbl | StkSal  2+/SbkSaky/SbiSal
Sqq = % 4 TRTE 2 = cos(pz — B7) — Sek — Snl (F.4)
Sab Sab Sab
where sqp = (Pg + ;51,)2 = 4132;52 cos? . Let us consider now the integral
Sab s—es—e
I :/ dsbkdsbl bk2 bl g(Sbk,sz), (F5)
0 saq

where g(sp, spi) is and analytic function of sp;). As we said, I contains a singularity when
Spr(1) goes to zero; expanding 9(Sbk, spr) around spr = sp; = 0 at leading order one obtains

—€ _,—€

Sab s.Es
79 = 4(0,0) /0 dyclsy “PEH (F.6)

Saq

if one naively expands in € before performing the integration in sy and sy the result suffers
from unregulated logarithmic divergences. For instance, integrating first in sy it leads

0] _ S e L
I'™ = ¢(0,0) sor — f(Sabs Sb1), (F.7)
0 Sbl

where f(sqp, Sp) is analytic in sy and f(sgp,0) # 0. Therefore one needs to keep € finite and
only after performing the integral the expansion in € leads to the correct poles in € and its
later cancellation in the total sum diagrams. In order to facilitate the computation of I we
split the integration domain in two regions: Region I sy > sy and Region II sp > sy,
see In the Region I we perform the change of variables sy = spsj,;, while in Region II
the convenient change of variables is sy, = sy 5,,. The integral I amounts to

Sab _e [k Sb_le Sab e [ Sl;:
I= / dspk Sy, / dspi—5—9(Sbk; Sbi) + / dsyisy, / dsbk—5 - 9(Sbk, Sbi)

= /sab dsp sy, ¢ /1 dsj, (8) 9 (Sbk» SbkSy)
- bk .
0 0 SakSh, | su  24/SalSakS), .
( Sab T ?:b T sw COS((]&I} - ¢l~) -1- Sy (FS)
+ /sab dsy st /1 e (84) "9 (Sb1555 S0)
bl -
0 0 Salsl S, 2\/ salsaksl ,
( w s — S cos(B — ) — 1 — sy,

since Sqb > Sq(b)k» Sa(b) the denominators are never zero; the only terms that lead to collinear
poles are sb_kl(l_)ze, which can be expanded in plus distributions. This procedure will prove itself
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to be crucial in order correctly isolate the soft and collinear poles in topologies that contain
Sq(b)q @S denominator.

In the partonic centre of mass frame k*, I* and ps (b €A1 be written as

5 1 .
K = o ([P3 3k + PySak] €08 0, \/SabSakStk COS Bf, /SabSakSbk Sin @7, 04—, [PaSpk — PhSak] cosb),
a

5 1 .
= - ([Pa st + PYSat) cos 0, v/3abSa1S61 COS Bf, v/SabSaSel Sin @7, 04_a, [POSH — PySar) cos b)),
al
ﬁg = Pg Cos 6(17 0d—2) 1)a
ﬁf = pz? COSG(l, Od—29 _1)7

(F.9)
for 7/2>6 > 0.
Sbl A Sbl A
H(Sab - 5bl> 0(3ab — Sbl)
Sab ----------------------- : Sab ----------------------'1
E = 9(8[,[ - Sbk) ,/' E >
[ [VA ’ ' »
Pg . Region IT pS
. - .’ v
W r " »
v 2 . RegionI ' &
E of O(sor — sp1)
H > L2 ; >
0 Sab Sbk 0 Sab Sbk

Figure F.1: Integration domain for the invariant mass s,q.

F.1.1 Finite sum up to collinear singularity

Each diagram individually in fig. [F.2] contains collinear singularities when the emitted par-
tons becomes parallel to pp, the sum of all them leads to single collinear poles that can be
removed by means of the zero bin subtraction defined in [E.2.6] It is highly convenient to use
the method explained above and split the integration in sy and sy into two regions: Region
I spr > sp and Region II sy > spi. In order to explicitly show how the cancellation of the
collinear poles takes place it is easier to start from diagrams Cy4 + C4. The only propagators
that lead to a singularity are (f, — k)2 = —sp, and (5 — )2 = —sp;, even there is not (f, — §)?
it is still convenient to split the integration in Region I and Region II in order to be able
to combine with the rest of diagrams.
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Do
(a) Diagrams C1+C;

Db : Py
(b) Diagrams Ca+Cs

Po ! Pb
(c) Diagrams C3+Cs

Pa

Db ! Db
(d) Diagrams C4+Cy

Figure F.2: Diagrams contributing to (anti-)quark (anti-)quark hard scattering square ampli-
tude with identical (anti-)quarks in the final state; each diagram is weighted by
a statistical factor % The wiggle line represents the off-shell vector gauge boson
and lines crossing the dashed line on-shell fermions.

Region | In Region I we have an integral of the form

puv /
o Noyvc, (5k: Sosy)

Sab 1
_ dsbks_1_25/ dsh (sh,) 7€ F.10
CatCa /o bk 0 t(st) (Sab — Sak — Stk)(Sab — Sal — SpkS};)’ (E-10)

where N*¥ also depends on sy ,Sak, p‘g () k* and [, but we only make explicit its depen-
dence on the relevant variables for our discussion, it is an analytic functions of its arguments;
remember that using conservation of momentum we write §* = Pl + Py — k* — 17, therefore
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NH” does not depends explicitly on ¢g*. The integral given in eq. (F.10) has singularities at
spr = 0 and sgl = 0, therefore it is convenient to write N*¥ in a way that facilitates to make
explicit and isolate the divergences. We start writing N*¥ as

NE o, (soks sorsy) = NE o (ser,0) + NG & (sbks soest) — NG, &, (so,0)],  (F.11)

the term between square brackets goes to zero as sj;(spx) at the limit sj;(spr) — 0(0). For the
case of s}, it is by construction; whereas for sy, — 0 it is a non-trivial result, it can be explicitly
checked by replacing k*, [* and ﬁZ(b) with the parametrization given in egs. (F.9) and (?7).

Therefore 3;61_26(321)_1_6[N B (Sbk, SbkSp;) — N (spk, 0)] does not lead to any collinear singu-

larity. The collinear singularities are proportional to N*¥(sp,0), we further write it as
ny _ ATHV mz N4
NC4+@4(3bk70) _NC4+C4(0’0)+[NC4+C4(SbkaO) NC4+C4(OaO)], (F12)
the double collinear pole at sy, s, — 0 is proportional to N#¥(0,0), while the single collinear
pole at s, — 0 is proportional to [N*¥(sp,0) — N#¥(0,0)]. The double and single collinear

pole C4+Cy are cancelled by the contribution given by the diagrams C3+Cs, see fig. In
this case it contains integrals of the form

g /
)£ - /Sab dspy2 % /1 dsy, (s} )‘1—6N03+63(sb’“’3”’“5bl) 1
C3+Cs 0 bk 0 bi\°bl Sab — Sak — Sbk  SakSy, 4 Sal _ 24/8akSalsy, cos(qsfc—qb[) _1_g
Sab Sab Sab bl
(F.13)
. . . pv . Qv
in similar fashion to NV CutCyr WE write V! Catr Gy B
NE» &, (oks sush) = NE & (s0k,0) + [N &, (86, sbkst) — NG, & (0, 0)]
_ v v v
- skaC:s-l—Cg (07 0) + [NCS-I—Cg (Sbkn 0) - skaCS_I_éS (0) 0)] (F14)
+ [Ng:+63 (sbk’ Ska;)l) - Ng:+63 (sbka 0)]’
where we have pulled out a global factor sy since
. puv I\ puv 2
s,},lgo N03+@3 (Sbk» SbkSp) = S”’“Nc3+63 (0,0) + O(s3y,)- (F.15)

The contribution proportional to sy N _ (0,0) contains a double collinear pole that can-

C3+Cs
celled the one from I(Ij4+ C
uyv
l, 1 NC4+G4 (0’ 0)
H,n 14+er o7 V1+e _ _ _ _ /
sokssy—=0 S €(s5,) 11 L(Sab — Sak — Sbk)(Sab — Sal — SbkSy)
N¥ _ (0,0
C3+C3( ’ ) 1 -0
Sab — Sak — Sbk SakSy | su  24/SakSaisy; cos(¢p—a;) , ’
Sab + g - Sab - 1 - sbl
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the term N-” _ (spr,0) — sexN-” - (0,0) cancels the single collinear pole at sj; — 0 from

! C3+Cs C3+Cs
C4+Cy
uv uv
im 1 [NC 14+-Cy (sbka ) NC +Cy (0’0)
s;,—0 sl+6(s )ITE Sab — Sak — Sk Sab — Sal — SbkSy,

" [NC +Cs (Sbka ) skal“j 1+Cs (an)] :| —0
3bk< akS bl + Sal __ 2\/ saksals COS(¢k ¢l) —1— / ’

S
Sab Sab Sab bl

(F.17)
notice that by contraction each fraction inside the square brackets is finite at sp, — O.
One may be concerned about a potential singularity from (sg5 — Sax — Spr) ' at the limit
sbk(8ak) — 0(sap); nevertheless we consider the upper bound integration for sq)k(z) Up t0 Sab
such a value is truly never reached since the measurement functions ruled out such a value,

otherwise we would have a situation where Q? ~ 0. The last singular contribution in Ié +E

is at the limit spr — and it is proportional to N g" +8s (Sbk, SpkSp) — N, é”’ +Cs (sbk, 0), we identify

this collinear pole as a singularity that is only removed after subtractlon the double counting.

The cancellation of single and double collinear poles in the sum of diagrams Ca+Csa plus
C1+C; follows exactly the same steps that for C3+Cs plus C44Cy, where the final result also
contains a single collinear pole at sy — 0 which is removed by a suitable double counting
subtraction.

Region Il In Region IT we have an integral of the form

N‘uV = (sbls’ sbl)
Cyq+Cy bk>

= dspsit / ds}. (s 4 F.18

Ig, a0, / bk be(5e)” (Sab — Sak — SbiShy ) (Sab — Sa1 — Sp1)’ (F18)

we decompose the numerator as

Ng +C (Sblsgk, Sbl) Ngy+c (0,0) [Ngy+c (0 Sbl) — NSV+C4(O 0)] (F 19)

[ Cy +C (stS;)kysbl) NgV+C (Oa sbl)]a

the double collinear pole at the limit s}, sy — 0 is proportional to N&” - (0,0) and the single

Cs+Cy
collinear pole at the limit s}, — 0 is proportional to N g 6. (0,sp)— N le+ &, (0,0). The term
sb_ll_s(sgk)_1 €[N ’Cw +8s (sei8pgy se1) — N g”+c (0, sp;)] does not lead to any collinear singularity.

In this case it is the contribution given by diagrams Cg+62, see. the one that cancels the
collinear poles from C4+Cy. The steps to follow in order to explicitly obtain the cancellation
are rather similar to the one presented above for Region I. The contribution from Cy+Cs
takes the form

/ d / ds, (5] c +c (8618415 Sbi) 1
Sbls sbk Sbk ,
Cz+C2 bl Sab — Sal — Sbl s“lsbk n Sak 2,/saksalsgk cos(¢,~c—¢l-) _1_4
Sab Sab Sab bk

(F.20)
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it is useful to decompose the numerator as

Ng;(—jz(sblsgk,sbl) = SblNC 4Gy (0,0) + [Ngy+o (0, sp1) — SblNg 4Gy (0,0)]

o (F.21)
+ NG, &, (sustrs su) — Ni,, & (0, s0)],

the double collinear pole at the limit s}, si — 0 is proportional to sy N (‘3“' G, (0,0) and the

single collinear pole at s;, — 0 is proportional to N g L, (Sb1Spy» Sbl) — C 8, (0, sp1). There

is also a single collinear pole at s — 0 proportional to N g +8, (seispy» so1) — N, g +8y (0, s11)

that is not cancelled by Ig L& in eq. (F.18) but by subtracting the corresponding double

counting. Therefore combining Ig +¢, Ineq. (F.18) and Iél +¢, 10 eq. (F.20) the following
cancellations takes place

N 0,0
lim 1 Cat+Cy 0.9
8! su—0 (g0, Y1+eght2e | (sqp — s, Sb1) (Sab — Sal — Sbl)
prosn—=0 (s, )11 esy; ab — Sak — SpSbl)(Sab — Sal — Shi
N*H¥ 0,0
+ Ca+Co ( ’ ) 1 _0
]
Sab — Sal — Sbl sqp + SalSy, _ 24/8ak8alSy;, cos(¢,—c—¢>l-) _1_g¢
Sab Sab Sab bk (F 22)
v 7
lim 1 [Nc r0, (0, s01) = NG 6 (0,0)
S0 (sgk)1+2esil+e Sab — Sal — Sbl Sab — Sak — SpSy

+ NGy 16, (0 s0) = sulNg ', 5, (0,0)] ] _0
Sbl(sa—k n salsbk _ 2\/3ak5a13;,k cos(¢k—¢l) _1— S;)k)

Sab Sab Sab

(F.23)

The cancellation of single and double collinear poles in the sum of diagrams C3+Cs plus
C1+C; follows exactly the same steps that for Ca+Cy plus Cy+Cy, where the final result
also contains a single collinear pole at s — 0 which is remove by a suitable double counting
subtraction.
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F.1.2 Finite sum

Dy Db

(a) Diagram A; +A;

Pa Pa

Py

Pa

1+ q Db Db L+ qi Db
(b) Diagram As+As

| DPa DPa Da

Py Pb

Pa

Do

(c) Diagram Asz+As

Da Pa

|
g +1 Db Db g+ Db
(d) Diagram As+A,

Figure F.3: Diagrams contributing to (anti-)quark-(anti-)quark hard scattering square ampli-
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tude with identical (anti-)quarks in the initial state; each diagram is weighted by
a statistical factor % The wiggle line represents the off-shell vector gauge boson
and lines crossing the dashed line on-shell fermions.



F.1. CHANNEL: q(q)+q(q) — F+q(q)+4q(q)
q q
Pa cyN\IV\/\/L' | Pa Pa I ‘\'\NV\/‘/H? Pa
pa—aqg I " Bop.—1 Pa—1Z 1 " Bpa—q
3 1 B + 3 1 B
| |
gb—kg koo g —4q R gpb—ff
T AR T S ST
q q
(a) Diagram B:1+B;
q q
pa‘ ;‘\,:I\A,‘/L’ 1 l _ DPa Da _ ll ‘\'\l\/\/\j‘/”L) _ DPa
C T Pa—ag ': o " i - S ': bpa—q
g I Spa*l + paflg | g
m-kg 28 R L
Do g "/H—q - Do Do g /~c+q'I - Db
(b) Diagram Byo+B-
Pa R q—i—ll = Pa Pa = A R Pa
g : ! gpa_l pa_lg ! : g
pb—kg [ g + g | g
R I 2 R AN TN
»w T "‘W/:/*‘f T Do i'/l:wxl\’\' i T D
q q
(c) Diagram B3+B3
Pa Z+Q| Pa DPa | l+q Pa
g P %L'I 1 b i ” d 'IJ§ b g
pb_kg q gpa_l + pa_lg | q opb_k
e | © [ | o)
R S R A
Db k' k4gq Db Db k+q ' k Db

(d) Diagram B4+B4

Figure F.4: Diagrams contributing to non-identical quark-quark hard scattering square ampli-
tude. The wiggle line represents the off-shell vector gauge boson and lines crossing
the dashed line on-shell fermions.
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For the hard scattering processes given in figs. and the situation is slightly more
tedious than the case of diagrams in fig. The reason is simply, in the diagrams given in
figs. and the invariant masses s,y and sy, appear as propagators, while in the case
of fig. only s, appeared. This means that we need to split the integration domain into
four different regions

e Region I sy > sy and sqx > sg;
¢ Region II sy > spi and sgx > Sq;

Region III sy > sy and sq; > Sk

e Region IV sp; > spr and sq; > Sk

Sab Sab Sak Sab Sbk
/0 dsardsadspkdsu 9(Sak, Sals Sbks Sb1) = / dsak / dsg / dspy, / dswi 9(Saks Sal, Sbks Sbi)

+ / dsqar, / dsg / dsy / dsvk 9(Sak, Sals Svk, Sbl)

+ / dsg / dsax, / dspy, / dswi 9(Saks Sal, Sbks Sbi)

+ / dsa / dsqk / dsp / dsvk 9(Sak, Sals Sbk» Sbl)s
0 0 0 0

(F.24)

performing the change of variables on: the first line sy = sfllsak and sy = s;)lsbk, the second
line sy = s/;sqr and spy = s); Sy, the third line s, = s/, 54 and sy = s};sp1, and the forth
line sq; = s/;.5a1 and spr = S}, Spi; one obtains

Sa
/o ' dsakdsaqidsekds 9(Saks Sal, Sbks Sbi)
Sab 1 , Sab 1 , , ,
= /o dsak /0 dsy /0 dspr; /o dsy; SakSvk9(Saks SakSals Sbks SbkSp)
Sab 1 Sab 1
+ /0 dsak, /0 dsly /0 dsp /o dsyy, SakSe19(Saks SakSqrs SbiShi» Sbl)
s 1 S 1
+ /0 ” dsal /0 dsly, /0 ” dspr, /0 dshy Sa1Sbkg(SatSuy, Sal> Stk SbkShy)

Sab 1 , Sab 1 , , ,
+ /0 dsa /0 dsq /O dsp /0 dsyy Sa1Sb19(SaiSgps Sal> SbiShys Sbi)-
(F.25)

Region | The evaluation of diagrams given in fig. [F.3] is rather straight forward since each
one individually is already finite. On the other hand, the diagrams given in fig. [F.4] do con-
tain single collinear pole at the limit s!, — 0 and only the combinations B4+B4+B3+B;3 and
Bs+By+B1+B; amount to a smgularlty free quantities.
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Region Il The diagrams in ﬁg. contain single collinear singularities at s}, — 0, however
the combinations As+As+As+As and As+Az+A;+A; amount to a finite quantity. For the
case of diagrams given in fig. [F.4] the situation is slightly more cumbersome, since there are
also double collinear poles at the limit s/;,s;, — 0. In order to show how the cancellation of
double and single collinear poles takes place we start by considering the contribution given
by B4+]_34, it amounts to

Sab 1
I _ —2€ —2¢ ! ! \—1—e/ .t \—1—¢
I, 5, = /0 dsakdspiS ), Sy /O dSq1Sbk(Sar) (Shk)

NE 5. (ks suish) (F.26)
X / / ’
(Sab — Sak — SbiSyy,) (Sab — Sbi — SakSy;)
we rewrite the numerator as
NE” 5, (8akSap, susy) = [Ny b, o5, (SakSa, sustr) — NE” o (0, sush) — NE” 5 (8akSg,0) + N 5 (0,0)]
+ [ Ba +B (0’ Sbls;;k) NIB4V+B (0’ O)] + [N§V+B (sakS;l? 0) N§V+B (07 0)]
uyv
(F.27)

the term between square brackets on the first line goes to zero as s/, (s, ) at the limit s/, (s}, ) —
0, what means that contributions proportional to it are completely finite; the collinear pole
at s/, — 0 can only be proportlonal to [NE B, +B (0, spisyy,) — NEY - (0,0)]; the collinear pole

Bs+By
at s;, — 0 is proportional to [N% B, +B (Saksly,0) — Ng'j By (0,0)]; the double cE)llinear pole at
8!, 8, — 0 is only proportional to V. *” _ (0,0). The contribution from B3+B3 amounts to

B4+B4

Y s (Saksfll, Sblsﬁ,k)

Ik / dsakdsws s / dssp (sh) 1 ¢(s) )_1_61\7133'"]33
B3+B3 akdSbl al®bk\°al bk (Sab_sak_sblsgk)

1
>< )
2 ! !
g i 2Pl o9y — ) -1 - 5,
(F.28)
where the numerator can be written as
NE” 5 (SakSar suuspk) = [NE 5 (SakSass Seshr) — SakNg, 5 (0, shispy)
- sakNg B, (Saksh;,0) + sakN]’;”JrB (0,0)]
+ Sak[NB +B3(0’ SblSik) N§V+B (O 0)] + Sak[ Bs -|-B (Sa,kS:ll,O) N§V+B (070)]
+ SakN§V+B (Oa O)a
(F.29)
where N]’; B (SakShy, SbiShy) ~ Sak a8 Sqr — 0 and we have pulled out a global factor sq to

emphasize that there is not collinear pole at sq; — 0. The contribution from Bs+Bs amounts
to
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ing ’ /
NB2+]‘32 (SakSqp» SbiSp)
/
(Sab — 8b1 — Saksal)

Sab 1
I _ —2e —1—2¢ /A ! \—1l—e/ /t \—1—¢
IBQ+1‘32 = /0 dsakdspS, Sy /0 dsy S (Sar) (Shk)

1
X b
! !
Sak 4 SakSypSar _ 25ak\/ SqiSbk COS(¢~ _ ¢~) —1—4
Sab Sab Sab k l bk

(F.30)
where the numerator can be written as

my / ry pv / ’ ny /
Ny 5, (akSap suispe) = [N 5 (SakSap stsp) — 50Ny 5 (0, spispy)

- SblN§V+]-3 (saks;l,O) + SblN§V+B (0,0)]
+sulNg 5 (0, suspe) — NE” o (0,0)] + su[NG 5 (SaksSar;0) — NE” 5 (0,0)]

+sulNg” 5 (0,0),

(F.31)

where Ng +B, (saks;l,sbls;)k) ~ sy as sp — 0 and we have pulled out a global factor sy to

emphasize that there is not collinear pole at s;; — 0. The contribution from B;+B; amounts
to

1-2
I]I31JrBl —/ dsardsps,, s /ds 1Ser(sh) T (shy) T EN]’; B, (SakShys SbiSh)
y 1
s 5615} 25611/55 5, /
ﬁ + SZIZ a - saba COS((}&E - ¢Z) -1- Sal
1
* Sak | SakSySqr _ 28aky/ Sy S 1 / ’
Sab + Sab - Sab COS(¢]~C - ¢l~) - (_F83bg)

where the numerator can be written as

wy / 1N ATV / / /
Ny 5, (8akSap suispe) = [Ny " 5 (SakSap, SbiShk) — SblsakNB +B (0, spiSp,)

— susak N, 5 (SakSar; 0) + susar Ny 5 (0,0)]
+ StiSak| B+Bl(0,8blé‘£k) Ng 5,(0,0)] (F.33)
+ susak[NG 5 (SakSy;0) — Ni7 5 (0,0)]

B1+B;
+3bl3akNB +B, (0, 0),

where NEY - (SqkSh;, seiS) ~ Sei(Sak) @s sp(Sak) — 0 and we have pulled out a global

factor sbfsa:Bto emphasize that there is not collinear pole at sp(sqx) — 0. The combina-
tion I113 4B, -}-11132 +B, +I]g +Bs —|-1113 +Bs4 cancels the double collinear pole at s/;,s;, — 0; the
combinations I]I3 1B, -|—I]I3 4B, and I]I3 B -|—IEI3 +B, cancel the collinear pole at s/, — 0; the
combinations I]I3 1B, +11133 +Bs and IB B, 1'1134 ‘B cancel the collinear pole at s}, — 0.
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Region Il In this case the diagrams given in fig. [F.4] are each one individually finite already.
For the diagrams given in fig. [F.3 - they contain a single collinear singularity at st — 0; the

combination of diagrams A;+A;+As+Ay and Az+As and Ay4+Ay are free of the collinear
pole at s/, — 0.

Region IV In this case the diagrams in fig. contain a single collinear divergence at
sgk — 0; the combination of diagrams B;+B1+B3s+B3 and By+Bs+Bs+By are free of the
collinear divergence at s, — 0. For the diagrams in fig. the situation is lightly more
involved, since there are two single collinear poles at s/, — 0 and s, — 0, but there is
not a double collinear pole since the numerators in each diagram goes to zero fast enough at
the limit s/,s;, — 0. The cancellation of collinear poles is as follow: we start writing the
contribution from each pair of diagrams as

pv / /
Ny &, (Saisqps seisy)

Sab 1
IIV _ / dsaldsbls—Qes—Qe/ ds' dsl (S/ )—1—6(81 )—1—6
k“°bk k bk ’
A4+A4 0 al bl 0 a a (Sab _ Sals,ak _ Sblsg)k)z

(F.34)
where the numerator can be written as
N &, (Saisars suustr) = [N & (SaiSars suuser) — N 5 (Saisor, 0) = N5 (0, spisyy,)]

+ NKV-l-A (Sa18h,0) + NKV+A (0, spiShy),
(F.35)

the term between square brackets only leads to finite contributions, since it goes to zero as
sl (sp,) at the limit s/, (s;,) — 0. The collinear singularity at s/, — 0 is only proportional

v / . v / / / . . . .
to NA +A, (0, spsy;,), since NA +Ey (0, spsy) — Spy as s — 0; the collinear singularity at

sy — 0 is only proportional to NZ LA, (S8l 0), since NK LA, (Sa1sly,0) as s, — 0. The

other diagrams follow similar decomp031t10n, one obtains

my / /

NA3+A3 (8a18%s> SbISHE)
/ /

(Sab — SaiShy — SbiShy,)

Sab 1
TII _ —1—2¢ —2¢ / / ! \—1—e€/ ./ \—1—¢
IA3+A3 - /0 dsaidspis, sy /0 dSgrdsy (Sar) (Shk)

X
b
! !
Sb15 + SbiShy, 286N/ SerSpr 1—g
Sab Sab Sab ak

(F.36)
where the numerator can be written as

N &, (Saisars suuser) = [N 5 (SaiSars Suisek) — SNy 5 (Saisar, 0) — saNy. 5 (0, sersp)]

+ salNZ LA, (S8, 0) + salNZ”JrA (0, spSh),
(F.37)

uy / /
Ny &, (8alSaps SbiSpy)
/ /
(Sab — Sa1Sly, — Sbis}y)

Sab 1
11 _ —2e —1—2¢ / / ! \—1l—e/ ) \—1—¢
IA2+A2 - /0 dsa1dspis,; sy /0 ds sy (Sak) (Sk)

X
b
! !
SalSy, + SalShy _ 28al\/SurShi _ 1—¢
Sab Sab Sab bk

(F.38)
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where the numerator can be written as

N &, (SaiSaks sustr) = [N 5 (SaiSars Stuser) — SNy | (SatSars 0) — sV} 5 (0, sersp)]
+ 5Ny 5 (SaiSar, 0) + sulNy" 5 (0, seispy),
(F.39)

Sab 1
I _ —1—2¢ _—1—2¢ / / ! \—1—e/ ) \—1—e€pruv / /
Iy i, —/0 dsadsns, sy /0 dSq Ay (Sak) (Sbk) NA1+A1(Salsak’sblek)

1 1
X
’ 7 of ’ T of ?
5618y, + SbIShy 256N/ SauShr 1—s SalS,;, + SalShy _ 2501V SquSek 1—g
Sab Sab Sab ak  sqp Sab Sab bk ( )
F.40

where the numerator can be written as

N &, (SatSars sustk) = [N} 5 (SaSaps sustk) — susekNy.  x (Sasar,0) — suuserNy. z (0, suspy)]

/ /
+ SblskaA ‘A, (salsak’ 0) + SblskaA ‘A, (0, sblsbk)'

~ B B B (F.41)
The diagram combinations As+As+A3+A3 and As+As+Ai1+A; are free of the collinear
divergence at s/, — 0; the combinations As+A4+Az+A; and Az+Az+A;+A; are free of
the collinear divergence at sj, — 0.

F.1.3 Double counting

For the set of diagrams given in ﬁg. the double counting is purely py-collinear, therefore
the zero bin is simple given eq. (E.62), where one need to compute the matrix elements at
NNLO considering that the state |pb> is a quark, see fig. [F.5| There is neither double count-
1ng of soft nor pg- collmear modes to be subtracted, therefore the soft ,¢Zb ab and pg-collinear

,fzb.a, zero-bin in eq. are evaluated at LO.

In a similar fashion we did for the diagrams presented in fig. we need to split the
integration domain in two regions: Region I sp; > sp and Region II sy > sp.

Region |  The diagram Cgp, 4 in fig. gives a contribution of the form

Naoy,, 4 (Soks Sbk5y)
Sab — sal)(sab - Sak)’

Sab 1
IéZb,AL :/0 dsbksl;_lcl_2€/0 dsél(sgd)_l_e( (F.42)

where the dependence on sy, and sgl in Nga,, , is totally contained in the measurement function.
For the diagram Cgzy, 3 in fig. its contribution given by

/
1—e Nogy, 5 (Svks SbkSy;)

I Sab ooe Y,
_ —2—2¢ -1-
1¢,, 5 —/0 dspk Sy, /0 ds (sp)

Sab — Sak
1
X 5 ; —— y
Saksbz + Sal \/SakSalSy; cos(¢k—¢l) _1_¢
Sab Sab Sab bl

(F.43)
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% ’ \\k

I
|

k}—i—l—pb | ]{J—f-l—pb ktl—py

]

|

py— k Py — 1 oy k
|
k |
|
|
|

Y24 Y24 Db Db
(a) Diagram Cgzb,1 (b) Diagram Czp,2

(c) Diagram Czp 3 (d) Diagram Czp 4

Figure F.5: Diagrams contributing to the zero bin subtraction Cy 3, , for the case of scat-
tering with identical quarks in the final state. The double dashed line represent
Wilson lines in the fundamental representation, fermion lines crossing the dashed
line denotes on-shell particles.

the numerator can be written as

Noy,, 5 (Sbks S5kSt;) = 566 NCgy 5(0,0) + [Noyg, 5 (Sbks SokSh) — 86k Ny, 5 (0,0)], (F.44)
where sy Ny, 5(0,0) is defined as

Jim Neg, (stk» S6kSp1) = Stk Nay, 5(0,0) + O(sy) (F.45)

bl

since we can pull out a common factor sy from Ncg, , (spk,0). The singular contribu-
tion at the limit sp,s, — 0 is proportional to sy Nc,, ;(0,0) and it cancels the double
collinear pole from IéZM. The single collinear pole at the limit sy, — 0 is proportional to

Ncy,, 5 (Sbks SbkSp;) — 8k NG, 5(0), which is cancelled by the single sy, — 0 pole in I, I

C3+Cs’ S
eq. (F.13).

€e

For the case of diagrams Agzy o and Az 1, see fig. the cancellation of collinear poles
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follows a similar pattern. Their contribution is given by the integrals

NCZb,2 (sbk’ sbksgl)

1 Sab 2-2 ! 1o N—1
_ —2—2¢ —1—e¢
ICZb,2 = /0 dspk Sy, /0 dsp (sp)

Sab — Sal
1
% Sak S 24/SakSal S, cos(¢)~—¢~) ’
akbl_i_M_ akSalSy; & T —1—8/
Sab Sab Sab bl

(F.46)

Ncy, o (Soks Sbrsy)

2
(saksgl n Sal 2\/5ak3al3;l cos(¢,~c—¢>l-) 11— )
bl

Sab 1
1 _ —3—2¢ / I \—1—¢
IAZb,l = /o dSpk Sy /0 dsy (sp)

Sab Sab Sab
(F.47)
the two numerators can be written as
Noy,  (Stks 86k 55) = 6k Nag, 5(0,0) + [Neg, , (S6ks S6kSy) — sbkNeg, , (0,0)], (F.48)
NCZb,l (Sbk7 sbksgl) = S%kNCZb,l(O’ 0) + [NCZb,l (Sblm Sbkszl) - SgkNCZb,l(O’ 0)] (F'49)

The double collinear poles cancel in the sum diagrams Cgz,2 and Cgzp 1, while the single
collinear pole remaining at sy, — 0 are cancelled with the ones coming from diagrams Cy+Cs
and C1+Cy, i.e. CZb’2(1)+Cg(1)+C_12(1) is free of the pole at sy, — 0, while Czp2+Czp,1 is
free of a double pole at sy, 53,

Region Il  The cancellation of collinear divergences mostly follow the same steps than
in Region I with only some minor changes. In this case the combinations Cgzp 4+Czp 2
and Cgzp,3+Cgzp,1 are the ones that are free of the double collinear divergence at the limit
Sprs St — 0; while the combination CZb,i+Ci+C,~ with ¢ = 1,2, 3 is free of the single collinear
divergence at sp; — 0.

In case one replaces the quark initial states in fig. by anti quarks, then the the zero bin
is given by eq. (E.61) where the initial state |pp) is an anti-quark.

F.1.4 AIll together

In figs. [F.2] [F.3] and [F".4] we presented the case when initial states are quark, the case when
both are anti-quark can be trivially obtained from the previous results, leading to exactly
the same contribution. One also needs to consider the case in fig. [F.2] when vector boson
is emitted and/or absorbed by the parton py, i.e. in diagrams C1+C; the vector boson is
emitted and absorbed by pp or in diagrams C3+Cs emitted(absorbed) by the on-shell state k
and absorbed(emitted) by p,. One can obtain such a contributions from fig. just doing the
substitutions p, <> pp and k <, it leads to a contribution that amounts to the same quantity
than before. In the case of digrams given in figs. and [F.4] one also needs to consider
the case where the states k and [ are interchanged. The result amounts to exactly the same

188



F.1. CHANNEL: q(q)+q(q) = F+q(q)+q(q)

quantity than without interchanging, therefore we just need to multiply by a factor of 2 the
results obtained for figs. and

Having discussed the cancellation of soft and collinear we are in a position to write the
hadronic tensor for the different contributions. We start for the one given gy the diagrams in

fig.

Wll{:%[‘g’qq’qq] (PA, PB;{ymina yma.x}a {Qrzninv Q?nax}7 {q%min’ q%max})
) 27 !__
= W];L{V 1240 qq](PA, PB; {ymina ymaX}’ {Qrznina rznax}7 {q%min’ q%max})
b 2’ q q
— Wi BAD2 D) Py Py (i, Ymax s { Q@i Qe {Brmins B,

(F.50)
where
Wﬁl/,[qu,q‘ﬂ (PA’ Pg; {ymina ymax}, {Q?nin7 Qr2na,x}7 {q’%mina q’%max})
_ 2,2 ! 4 4 [d?k]  [d%] - =\§(pT +
= o?(u )GZ’;‘/O dﬁadfb/[d Pal[d"py] (2m)¢-1 (27)d-1 6(pa — &Py )0(py — &PE) (E51)

,Lt267E € " ,u,u »
X ) = ) - _
( 47 ) { ab%ab,01—4+01—4 + ab%ab,A1_4+A1_4 + Hab,B1_4+B1_4}

puv
ab,C1-4+C1_4
given in fig. plus the corresponding contribution coming from the interchange p, <> py and

pv . . . .
k<1, ’Hab’ AratAia denotes the diagram from fig. plus the contribution coming from

interchange k < [ and H"” denotes the diagram from fig. plus the contribution

where indices a, b denotes the parton flavor, H denotes the sum of the diagrams

abB1_4+B1_4
coming from k <+ I. The function ©(Q?,y, q%) denotes the measurement functions for the
gauge vector boson invariant mass Q2, rapidity y and transverse momentum q% with respect
the axis defined by the protons beam

@(Q27y’ q%") = G(Q?na,x 2 Q2 2 lenin)e(ymax 2 Yy 2 ymin)a(q%max Z q% 2 q%min)’ (F52)

where
Q* =g’
1. g
= -log—=
¥=3 gn-q (F.53)
7=2(G-n)G-n) - Q*
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The double counting subtracting term is given by

ngz)/,[lq(ci)—ni(q)] (PA’ Pg; {ymina yma,x}, {Q?nin’ Q?nax}7 {q%‘min’ q%max})

' ,  Dapy +Dip)
=— (1)) / d€adé / [d*pa][d*ps] 4pa - Py (g" —~ M)
ap /0 (Pa - Db)

X fa(—pA (&17 pZTa ”27 Ca)fb<—pB (&)7 P(%T, /‘27 Cb)é(p; - fan;)(s(p;— - ngE) (F54)

X [5abCZb,E<—b({ymina ymax}a {Q?nina Q?nax}a {q%min’ q%max})'i'
+ 6abCZb,ﬁ<—a({ymin7 ymax}7 {QIQnin’ Q12nax}’ {q’%‘min7 q’%max})] ’

where the coefficient function Cyzy, 5. is given by

2 7E\ € d d
ue [d°k]  [d*]
CZb,E(—b({ymina yma,x}’ {Q?nin7 Ql?na,x}’ {q%min’ q’%max}) = ( A ) (27T)d_1 (27-[-)(1—1 @(Qz’ Y q’%)

NCZb,l NCZb,Z NCZb,3 4 NCZb,4
SbkSbIS2,  SbkSbiSaq(Sab — Sal)  StkSbiSaq(Sab — Sak)  SvkSvi(Sab — Sar)(Sab — Sak)]’

(F.55)
where Ng,, ; is given by the diagram Cgzp; from fig. Notice that the second and third
term between square brackets can be merger into a single denominator performing the change
of variables [ <+ k. The dependence on* and I* in the measurements functions of eq. is
slightly different that the one presented in eq. (F.53). When one performs the Fourier from
position to momentum space, certain complex exponential lacks the component proportional

to ng or ny, see eq. (E.71) and (E.78). For the case of Cyy, 5, , we have

~"au T i'"du 71

9 ™~ kapy — 9 ™ Lab- (F.56)
We must point out that while in the measurement functions the momentum components

(np - k)ng /2 and (ng - [)ng /2 are not present, they are in the propagator s, Notice also that

the measurement functions do depends on the ny-k and ny-l through the transverse component.

5 5 5 k
¢ =ph + ), —

F.2 Channel: ¢g+q¢ — F+q+q

The diagrams whose total sum amounts to a soft and collinear divergences free quantity are
given in figs. [F.6] [F.7] and [F.4] In case of the diagrams given in [F.4) one just need to replace
one initial state quark by an anti-quark. The diagrams displayed in fig. are free of collinear
and soft singularities. In the case of the diagrams presented in fig. [F.7] they contain single
collinear poles, which cancel out in the total sum; the process to achieve such a cancellation
is completely analogous to the one presented above in Sec. [F.1.2] The diagrams D5 and Dg,
see fig. [[.7| contain the propagator s, therefore it is useful to split its integration domain into
Region I sy, > sp; and Region IT sy > sp;. In Region I we perform the change of variables
s = S}, Sp and we obtain that each diagram is already finite; in Region II we perform the
change of variable sy, = sgksbl and we obtain that the single collinear pole at s{)k is cancelled
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F.2. CHANNEL: g+q — F+q+q

in the sum of Ds+Dg. For the diagrams D7 and Dg, see fig. @ it is the propagator sy, the
one who appears, therefore it is useful to split the integration domain into Region I s4; > sk
and Region II s, > s4; in Region I each diagram is already finite while in Region II
,after performing sq = s/;s.k, the contain a collinear pole at s/, — 0 that is cancelled in the
sum D7+Dg.

The hadronic tensor is given by

Wh 29 (P, Pp; {yrmin, Yonse} { Qoins Qs { Gt Frenac))
1 d’k]  [d]
=) S [ deades [0 mla*nl il SO0 PG — 6P

X fa(—pA (as(uz)7 éa: pZTa Caa Nz)fb(—pB (as(l‘ﬂ): &)7 p%Ta Cba M2)@(Q27 Y, q%‘)

uze'YE € v v
8 ( 4r ) {5a5%@b731—4+]§1—4 +5‘1’_’,Hab,D1—8}

(F.57)

Po ! Pb

(b) Diagram Ds.

P ! 2 ! 2
(c) Diagram Ds. (d) Diagram Dy.

Figure F.6: Diagrams contributing to the quark-ant-quark hard scattering square amplitude.
The wiggle line represents the off-shell vector gauge boson and lines crossing the
dashed line on-shell fermions. Each diagram is free of collinear and soft singular-
ities, therefore no double counting subtraction is needed.
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Pa |
S b

0000000000

Pa |
, Pa
e
| d
-
| g —1
-
o
[
I
2 (Shta P
q
(c) Diagram Ds. (d) Diagram Dsg.

Figure F.7: Diagrams contributing to the quark-ant-quark hard scattering square amplitude.
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The wiggle line represents the off-shell vector gauge boson and lines crossing the
dashed line on-shell fermions. Each diagram contains collinear singularity and
only the total sum amounts to a finite quantity, therefore no double counting
subtraction is needed.
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