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A B S T R AC T

The design of chemical compounds with specific functionality is important
to address challenges such as climate change or diseases. However, find-
ing compounds with the desired properties is difficult due to the enormous
size of chemical compound space. A physics-based understanding on how
properties vary throughout chemical compound space would hence be highly
beneficial for its efficient and reliable exploration. Quantum alchemy is a
method describing property variations with respect to nuclear charge, i.e.
with respect to composition, thus offering such physics-based framework.
By annihilation and creation of nuclear charges, a reference system can be
alchemically transformed into a compound, enabling the decomposition of
the compound energy into atomic contributions. By partitioning the energy
among the constituting atoms, the complexity, when considering all electrons
and nuclei explicitly, is reduced. This could facilitate the development of sim-
ple models for structure-energy relationships. Hence, rational design efforts
could be accelerated by enabling the rapid filtering of compounds for stability.
In this thesis, a previously proposed alchemical atomic energy decomposi-
tion with respect to the uniform electron gas as reference is extended. By
including the periodicity of the uniform electron gas and its external potential,
a systematic error in the previously presented atomic energy expression is
removed. Additionally, an efficient approximate procedure for atomic energy
calculations with the extended decomposition scheme is proposed, enabling
the application of the method to large datasets of molecules. Furthermore,
the alchemical atomic energy decomposition is used to study stability trends
in chemical compound space. As first application, the impact of the binding
partners, A and B, on the bond dissociation energy EAB is investigated, leading
to the expression EAB ≈ a− bZAZB + c(Z7/3

A +Z7/3
B ). After calibration of the

parameters a,b,c, accurate energy estimates can be obtained for hydrogen
saturated diatomics AB, connected via a single or double bond and being p-
block elements from the same row 2 ≤ n ≤ 4 of the periodic table. The model
is of similar complexity and accuracy as Pauling’s electronegativity model,
although of different functional form and origin. Furthermore, the change in
bonding energy due to variation in nuclear charge is shown to be near-linear,
in agreement with Hammett’s equation. In a second application, the stability
of 1325 organic molecules with a larger variety of bonding patterns is mod-
elled. Atomic energies are shown to be transferable across different molecules
if the corresponding atoms share the same binding partners. This enables the
estimation of atomisation energies with an error of 23 kcal/mol, comparable to
simple statistical estimates but potentially more robust due to the connection
to the physically meaningful energy decomposition. A comparison to other
decomposition schemes indicates that alchemical atomic energies depend
more strongly on the electrostatics in the local environment. Thus, atomic
energies from the alchemcial decomposition might be particularly useful as
descriptors for processes with large variations in electrostatics, e.g. diffusion
in solids.
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Z U SA M M E N FA S S U N G

Die Entwicklung von Molekülen und Materialien mit bestimmten Eigen-
schaften spielt eine wichtige Rolle in der Bewältigung von Problemen wie
Klimawandel oder Krankheiten. Die Suche nach chemischen Verbindun-
gen mit den gewünschten Eigenschaften ist jedoch aufgrund der enormen
Menge an möglichen Verbindungen schwierig, z. B. in der Größenordnung
von 1060 für arzneimittelähnliche Moleküle. Ein physikalisch fundiertes Ver-
ständnis darüber, wie Eigenschaften innerhalb dieser Menge an möglichen
Verbindungen variieren, wäre daher von großem Nutzen für ihre effiziente
und zuverlässige Durchsuchung. Die Quantenalchemie bietet einen solchen
physik-basierten Ansatz, indem sie Eigenschaftsänderungen in Bezug auf die
Kernladung, d. h. in Bezug auf die chemische Zusammensetzung, beschreibt.
Durch Annihilation und Erzeugung von Kernladungen kann ein Referenzsys-
tem alchemistisch in ein Molekül oder Material umgewandelt werden. Das
ermöglicht die Zerlegung der Energie einer Verbindung in atomare Beiträge.

Durch die Aufteilung der Energie auf die konstituierenden Atome wird
die Komplexität, wenn alle Elektronen und Kerne explizit berücksichtigt wer-
den, reduziert. Dies könnte die Entwicklung einfacher Modelle für Struktur-
Energie-Beziehungen erleichtern. Entwicklungsprozesse könnten durch An-
wendung solcher Modelle zur Filterung von stabilen Verbindungen beschleu-
nigt werden.

In dieser Arbeit wird eine bestehenden alchemistische Energiezerlegung
weiterentwickelt, in der das gleichförmigen Elektronengas als Referenz dient.
Durch die Einbeziehung der Periodizität des gleichförmigen Elektronengases
und seines externen Potentials wird ein systematischer Fehler in der Gleichung
für die atomaren Energien beseitigt. Darüber hinaus wird ein effizientes
Näherungsverfahren für Atomenergieberechnungen vorgeschlagen, das die
Anwendung der Methode auf große Moleküldatensätze ermöglicht. Außer-
dem wird Energiezerlegungsmethode angewandt, um den Einfluss zweier
Bindungspartner A und B auf die Bindungsdissoziationsenergie EAB zu un-
tersuchen, was zu der Gleichung EAB ≈ a− bZAZB + c(Z7/3

A +Z7/3
B ) führt. Nach

Kalibrierung der Parameter a,b,c kann damit die Bindungsenergie für wasser-
stoffgesättigte Moleküle AB genau bestimmt werden. A und B sind dabei
p-Blockelemente aus der gleichen Reihe 2 ≤ n ≤ 4 des Periodensystems und
über eine Einfach- oder Doppelbindung verbunden. Das Modell ist von
ähnlicher Komplexität und Genauigkeit wie das Pauling’sche Elektronegativ-
itätsmodell, wenn auch anderer funktioneller Form und Ursprungs. Darüber
hinaus wird gezeigt, dass die Änderung der Bindungsenergie aufgrund der
Variation der Kernladung in Übereinstimmung mit der Hammett-Gleichung
nahezu linear ist. Die Stabilität von Molekülen mit einer größeren Vielfalt
von Bindungsmustern wird in einer zweiten Anwendung modelliert. Die
Beziehung zwischen Atomenergie und lokaler Umgebung wird für 1325 or-
ganische Moleküle untersucht. Die Analyse zeigt, dass die Atomenergien
zwischen verschiedenen Molekülen übertragbar sind, wenn die entsprechen-
den Atome die gleichen Bindungspartner haben. Dies ermöglicht die Ab-
schätzung von Atomisierungsenergien mit einem Fehler von 23 kcal/mol,
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vergleichbar mit einfachen statistischen Modellen, aber potentiell robuster da
auf der physikalisch sinnvollen Energiezerlegung basierend. Im Vergleich zu
anderen Energiezerlegungsschemata hängen die alchemistischen atomaren
Energien stark von der Elektrostatik in der lokalen Umgebung ab. Daher
könnte die alchemistische Energiezerlegung besonders nützlich für die Unter-
suchung von Prozessen mit großen Variationen in der Elektrostatik sein, z. B.
der Diffusion in Festkörpern.
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L I S T O F A B B R E V I AT I O N S

BDE Bond Dissociation Energy

BOA Born Oppenheimer Approximation

DFT Density Functional Theory

MAE Mean Absolute Error

MO Molecular Orbital

QM Quantum Mechanics

RDM1 One-Electron Reduced Density Matrix

UEG Uniform Electron Gas
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I N T R O D U C T I O N1
"Alles ist Chemie!"
This sentence, translating as "everything is chemistry", was brought up fre-
quently by my high school chemistry teacher to emphasize the impact of
the chemical sciences on our lives. Indeed, entire epochs in humanity like
the copper, bronze and iron age have been named after materials that found
widespread use in these periods and had enormous consequences for society.
Also in modern times, chemical processes and compounds have continued
to be of tremendous impact on our lives. For example, the invention of the
Haber Bosch process or the development of antibiotics lead to a huge increase
in population size and life expectancy.1,2

Unfortunately, the discovery of new compounds with specific functionality
is often based on luck or long and costly trial and error experiments.3,4 For
example, pencillin was discovered due to accidental mold formation in a
petri dish,5 while modern drug design can involve screening of millions of
candidate molecules.6 However, pressing challenges such as climate change
or pandemics make swifter development processes necessary.7

Computational modelling is a promising tool to accelerate the design of mo-
lecules and materials by assisting experimental synthesis and characterization
with computational predictions. While the theoretical foundation for the exact
quantum mechanical description of chemical systems was already laid out in
the late 1920s,8 the complicated mathematical formulation in combination
with lacking computing power prevented initially the application of theoreti-
cal models to practically relevant systems. Since then, accurate and efficient
methods, such as density functional theory (DFT),9–11 have been developed
and computing power has increased immensely.12,13 Consequently, computa-
tional methods are nowadays routinely used to support experiments, e.g. by
verifying reaction mechanisms14 or reproducing experimental spectra.15

Besides aiding the interpretation of experiments, computational methods
can also be used for property predictions of unknown compounds. Due to
the often faster evaluation of properties by computation compared to exper-
imental synthesis and characterization, computational screenings of large
varieties of compounds have been performed.16–21 However, the huge amount
of possible stoichiometries, bonding connectivity patterns and geometrical
configurations leads to a gigantic space of possible compounds.22 For example,
it was estimated that the space of small drug-like molecules is in the order of
1060 and that of inorganic four element compounds exceeds 1012.23,24 Such
large spaces cannot be sampled by brute-force enumeration with accurate ab
initio methods like DFT.

Instead, stochastic algorithms16, as one example, have been employed to
sample chemical subspaces of AlGaAs-alloys,25 metal organic frameworks20

or electrolytes.26 Likewise machine learning has emerged as a promising
tool for fast and accurate prediction of properties, such as atomization ener-
gies,27–31 dipole moments,30 polarizabilities,28,30 or NMR-shifts.31–33

It has been argued that stochastic algorithms are likely not sufficient for
the effective design of compounds with specific functionality, so that physi-
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1 introduction

cally motivated rules about how properties vary in chemical space are neces-
sary.23,24 Additionally, machine learning techniques need large amounts of
reference data and accurate out-of-sample predictions are not guaranteed.31

This could be in particular a problem in design applications where unknown
parts of chemical space are explored.

But how can one find such physics-based rules? Arguably, a rigorous de-
scription of chemical compound space and of the variation of properties
throughout this space is needed, that is consistent with the laws of physics.
This could for example be helpful to encode more physics in machine learning
models, thereby improving their data efficiency and reliability.31,34

On a fundamental level, the information about the composition is encoded
in the nuclear charges of the external potential and nuclear repulsion terms
of the Hamiltonian. Consequently, the relationship between composition and
properties can be modelled from first principles via the variation of proper-
ties due to a variation in the nuclear charges. In this regard, investigations
about how the energy of a single atom changes as a function of the nuclear
charge were already carried out in the early days of quantum chemistry.35–38

Hylleraas, for example, calculated energy changes in the series of helium-like
atoms with perturbation theory.35

The energy of a molecule as a functional of the electron density with the
density itself being a function of the nuclear charges was expressed first by
Wilson in 1962.39 Building upon this work, Politzer and Parr developed ap-
proximate energy formulas for atoms and molecules by explicitly considering
energy changes due to variations in the nuclear charges.40 Furthermore, rigor-
ous bounds on relative energies between polyatomic isoeletronic molecules
were proven by studying the energy dependence on the nuclear charge.41–43

A general description of chemical space was presented within a molecular
grand canonical ensemble multi-component DFT framework.44,45 The mo-
lecular grand canonical ensemble has enabled the study of fluctuations in
electron and also nuclear charge density. By allowing fluctuations in nuclear
charge, a compound like lithium hydride can for example be converted into a
single beryllium atom. The nuclear chemical potential µn(r) plays a central
role in this framework. It describes the change in energy due to variation in
nuclear charge density Z(r), where Z(r) =

∑
I ZIδ(|r −RI |) with ZI being the

number of protons at RI . The nuclear chemical potential µn(r) is then defined
as

µn(r) =
δE
δZ(r)

=
∑
I

ZIerf[σ |RI − r|]
|r−RI |

−
∫
dr′

ρ(r′)
|r− r′ |

, (1)

where ρ(r′) is the electron density and erf is the error function. The term
erf[σ |RI − r|] switches off the divergence if µn is evaluated at RI . The nuclear
chemical potential evaluated at the position RI of a nucleus, is equal to ∂ZIE,
i.e. the energy change with respect to the nuclear charge ZI . This derivative
has been named alchemical potential44,46 or alchemical derivative47 analogous
to the term computational alchemy in the context of free energy calculations48

and in reminiscence of the medieval attempts to transform lead into gold.
Higher order derivatives with respect to the nuclear charges can be calculated
analytically with coupled perturbed self-consistent field theory.49,50

These alchemical derivatives enable gradient-based optimization of chem-
ical compounds. This has for example been exploited for the design of a

7



1 introduction

nonpeptidic inhibitor of an enzyme preventing cell death.46 Furthermore,
alchemical derivatives can be utilized to predict properties of a compound
with respect to a reference system by a Taylor expansion in the following way:
The Hamiltonians of the reference system, Ĥref, and the target system, Ĥ tar,
are coupled linearly as

H(λ) = (1−λ)Ĥref +λĤ tar (2)

where λ is a real number defined over the interval [0,1]. Properties such
as the energy can then be expressed as functions of λ, e.g. E(λ) = ⟨H(λ)⟩
and estimated by a Taylor expansion in λ around the reference. In case of
reference and target being isoelectronic, the required derivatives ∂nλE can be
expressed via the alchemical derivatives ∂nZIE of the atoms in the reference.
This allows the rapid screening of large chemical spaces based on only a
few ab initio calculations to obtain the alchemical derivatives. For example,
atomization energies for 3.1 million BN-doped fullerenes were estimated
from alchemical derivatives calculated with couple cluster with single and
double excitations in 8 core days, while self consistent field calculations with
Møller-Plesset perturbation theory of second order would have required 977
core years.51 In similar spirit, deprotonation energies,52–54 stability of BN-
doped graphene derivatives,52 metal alloys for heterogenous catalysis,55–57

or properties of semiconductor alloys58,59 were evaluated. Besides yielding
quantitative predictions, quantum alchemy is also a conceptual tool to gain
qualitative insights into structure-property relationships. In 1974, Politzer
and Parr showed that an alchemical transformation can be used to define atoms
in molecules.40 In their approach, one starts from an infinitely spread electron
density and no nuclear charges. The nuclear charges of the compound are
then scaled up linearly to their respective value in the compound of interest at
their respective position. The energy Emol of the compound can be expressed
as a sum of atomic contributions by integrating over the scaling path as

Emol =
1
2

∑
A

ZAVA,0 −
1
2

∑
A

∫ ZA

0

[
Z ′A

(
∂VA,0

∂Z ′A

)
−VA,0

]
dZ ′A (3)

where
∑

A is a sum over all nuclei in the compound, ZA is the nuclear charge
and VA,0 is the electrostatic potential

VA,0 =
∑
B,A

ZB

|RA −RB|
−
∫
dr

ρ(r)
|r−RA|

, (4)

where RA/B are positions of the nuclei A and B and ρ(r) is the electron density.
Note that this is not the only way to define atomic contributions to the

energy. Another definition is for example the interacting quantum atom.60,61

In this approach, the electron density is partitioned into sub-volumes around
the nuclei based on its topology. Atomic energies are subsequently calculated
from the interactions between electrons and the nucleus within one sub-
volume and from their interactions with the electron density and nuclei in the
other sub-volumes.

It is also possible to obtain atomic energies by first partitioning the energy
among basis functions of the wavefunction in combination with an partition-
ing of the basis functions among the atoms. Recently, this was realized with
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1 introduction

localized intrinsic bond orbitals as basis functions and a partitioning of these
basis functions among the atoms via atomic charges from intrinsic atomic
orbitals.62

While atomic energies are not uniquely defined, they can still be useful
to get a better understanding of structure-energy relationships throughout
chemical compound space. The interacting quantum atom decomposition was
for example used to study binding energy trends of first row diatomics,63 to
investigate the role of electrostatics on torsional energy profiles64, analyze the
energy barriers of SN2 reactions65 or to characterize carbon atoms in aromatic,
anti-aromatic and non-aromatic systems.66 In addition to such conceptual
applications, atomic energies from the interacting quantum atom method were
also used for the development of machine learning force fields,67–71 which
were subsequently used, for example, for geometry optimization of single
molecules,72 dimers73 and crystals74 and molecular dynamics simulations of
liquid water.75

The usefulness of atomic energies from intrinsic bond and intrinsic atomic
orbitals as fingerprints of atoms in different local environments was recently
investigated76 and also employed to classify types of electronic excitations77or
to predict atomization energies in combination with machine learning mod-
els.78

In the alchemical energy partitioning, Eq. (3), the energy depends on the
sum of atomic electrostatic potentials and their derivatives with respect to the
nuclear charges, which has motivated simple approximate formulas for the
energy of atoms and molecules.40,79,80 However, a challenge in the calculation
of atomic energies from Eq. (3) is the evaluation of the electrostatic potential in
Eq. (4) and its derivative with respect to the nuclear charge for the states along
the transformation path from an infinitely spread out electron density up to
the density in the compound, i.e. the evaluation of the integrand in Eq. (4).
The variation of this electrostatic potential and of the energy due to a change
in the nuclear charge has only been studied for single atoms81–85 and between
pairs of isoelectronic diatomics.85 However, an explicit decomposition of the
energy of a molecule into atomic contributions based on Eq. (3) has not been
carried out yet to the best of my knowledge.

An important step towards the practical calculation of atomic energies from
an alchemical transformation was provided by von Rudorff and von Lilienfeld
in 2019.86 Utilizing the Hellmann-Feynman theorem and the chain rule,
they proposed a decomposition of the electronic energy difference between a
reference and a target system into site specific contributions similar to Eq. (3)
as

Eel, tar −Eel, ref = −
∑
I

∆ZI

∫ 1

0
dλ

∫
dr
ρ(r,λ)
|r−RI |︸                        ︷︷                        ︸

:=∆EI

(5)

where Eel, tar and Eel, ref are the electronic energies (e.g. without nuclear
repulsion) of the target and the reference system,

∑
I is the sum over all unique

nuclei in reference and target, ∆ZI = Ztar
I −Z

ref
I is the change in nuclear charge

at site I from reference to target, RI is the position of nucleus I , λ is a coupling
variable linearly connecting the Hamiltonians of reference and target (see
Eq. (2)) and ρ(r,λ) is the electron density as a function of spatial coordinate r

9



1 introduction

and the coupling variable λ. The alchemical transformation is performed by
continously changing λ from 0 to 1 and the atomic contributions are calculated
by integrating over the electrostatic potential along the transformation path.
It should be further noted that it is assumed that the external potential in the
Hamiltonians of reference and target is only due to a set of point charges and
that reference and target must be isoelectronic.

It was further demonstrated, that the atomic energies in Eq. (5) depend
on the reference system and the transformation path. For example, atomic
energies differences ∆EI between compound A and C can differ for the direct
transformation (A→ C) from atomic energies for the transformation via an
intermediate compound B (A→ B→ C). This reference and path-dependence
makes it difficult to obtain atomic energies that are comparable throughout
chemical compound space. Thus, an infinitely extended uniform electron
gas (UEG) was suggested as common reference from which any compound
isoelectronic to the UEG can be generated by the same transformation path
via linear up-scaling of its nuclear charge. Such an infinitely extended UEG is
quite similar to the infinitely extended electron density employed by Wilson
and Politzer. However, the difference is the presence of an uniform posi-
tive background charge density in case of the UEG. The background charge
integrated over space is equal to the number of electrons in the system at
λ = 0 and is linearly scaled down along the transformation path to 0 at λ = 1,
such that the system is neutral for any λ-value over the interval [0,1]. This
λ-dependent infinitely extended background charge density can be modelled
via periodic boundary conditions. Since the evaluation of the electron density
from DFT with periodic boundary conditions is implemented in various elec-
tronic structure codes, the sampling of the electron density along the λ-path
and subsequent calculation of atomic energies seems to be straightforward.
However, in Eq. (5) it is assumed that the external potential of the reference
is due to point charges while it is uniform if the UEG is used. Furthermore,
if periodic boundary conditions are employed also the contributions from
periodic images to the external potential should be taken into account. Thus,
it would be desirable to modify Eq. (5) accordingly to recover the exact energy
difference between reference and target from the sum of atomic energies.

Then, atomic energies from the alchemical energy decomposition might be
useful to get a better understanding of structure-energy relationships because
the complicated many body interactions between nuclei and electrons could
be simplified by projecting the energy onto the constituting atoms. This could
be helpful to explore the large chemical space of molecules emerging from the
many possible combinations of the same local bonding patterns. If the local
environment dependent atomic energies could be efficiently and accurately
calculated, molecular energies could be estimated by summing up the atomic
energies for the local environments within a specific molecule. The atomic
energies from the alchemical decomposition scheme could thus be poten-
tially useful to advance efforts in the computational design of compounds by
providing swift, physically motivated estimates of stability.

Thus, the goal of this thesis is to investigate whether atomic energies can
be modelled by just considering their local environment and whether they
are transferable throughout the chemical compound space. Furthermore, the
thesis will explore in how far these atomic energies can be utilized for the
prediction of compound stability.

10



1 introduction

The necessary theory and methods for the calculation of atomic energies
are reviewed in chapter 2.

In chapters 3-5, the results of the thesis are presented. In chapter 3, the
alchemical decomposition scheme Eq. (5) is extended by including an uniform
external potential for the reference system and periodic boundary conditions.
Furthermore, approximations for the efficient calculation of atomic energies
are investigated. The atomic contributions to bond dissociation energies
(BDEs) of simple molecules are calculated with the alchemical energy de-
composition in chapter 4. From the relation between these atomic binding
contributions and the nuclear charge of the binding partner, a model for
BDEs is constructed and tested for various compositions and bond orders.
Furthermore, the relation to other simple models describing binding trends
in chemical compound space is explored. In chapter 5, atomic energies are
calculated for atoms in more diverse local environments and for a larger set
of molecules than in the previous chapter. The dependence of the atomic
energies on the local environment is analysed and an approach to estimate
atomisation energies is proposed. Furthermore, the atomic energy-local struc-
ture relationship emerging from the alchemical decomposition scheme is
compared to the same relationship for other atomic energy decomposition
schemes.
A summary and an outlook is given in chapter 6.
The main results of this thesis have been already presented in two papers that
can be found in the sections A.1.1 and A.2.1.

11



T H E O RY2
The following section will introduce the relevant theoretical background to
the research presented in this thesis. First, the basics of electronic structure
theory, in particular DFT, will be summarized. Then, quantum alchemy will
be introduced and the alchemical atomic energy decomposition from Ref 86
will be derived. Finally, two other atomic decomposition schemes are briefly
presented, to which the alchemical one will be compared in this thesis.

2.1 Electronic Structure Theory

The non-relativistic time-independent Schrödinger equation is defined as

ĤΨ = EΨ (6)

with Ĥ and Ψ being Hamiltonian and wavefunction of the system of interest,
respectively.87

The Hamiltonian Ĥ of a molecule (in atomic units) has the general form

Ĥ = −
N∑
i=1

1
2
∇2
i︸     ︷︷     ︸

:=T̂

−
M∑
A=1

1
2MA

∇2
A︸           ︷︷           ︸

:=T̂ nuc

−
N∑
i=1

M∑
A=1

ZA
|ri −RA|︸                ︷︷                ︸

:=V̂e,N

+
N∑
i=1

N∑
j>i

1
|ri − rj |︸            ︷︷            ︸

:=V̂ee

+
M∑
A=1

M∑
B>A

ZAZB
|RA −RB|︸               ︷︷               ︸

:=V̂NN

,

(7)

with N and M being the number of electrons and nuclei, respectively. ZA and
RA denote the nuclear charge and position of nucleus A and ri the position
of the i-th electron.87 The different terms describe the kinetic energy of the
electrons T̂ and nuclei T̂ nuc, the electrostatic interactions between electrons
and nuclei V̂eN, between electrons V̂ee and between nuclei V̂NN, respectively.
The corresponding wavefunction Ψ ({r}, {R}) is a function of the positions of
all electrons and nuclei.

Since the masses of the nuclei are significantly higher than the one of the
electrons, the nuclei move slower and as an approximation, the movements
of electrons and nuclei can be decoupled. This simplification, known as the
Born-Oppenheimer approximation (BOA),88 can accurately describe systems,
for which only one electronic state is important, e.g. ground state properties
of closed shell molecules.89 In this approximation, the wavefunction is deter-
mined for fixed positions of the nuclei, meaning the electronic wavefunction
Ψ ({r}; {R}) depends only on the electron coordinates explicitly, but paramet-
rically on the nuclear coordinates. The Schrödinger equation is thus solved
for the modified hamiltonian ĤBOA in which T̂ nuc is omitted and V̂NN is a
constant:

ĤBOA = −
N∑
i=1

1
2
∇2
i︸     ︷︷     ︸

:=T̂

−
N∑
i=1

M∑
A=1

ZA
|ri −RA|︸                ︷︷                ︸

:=V̂e,N

+
N∑
i=1

N∑
j>1

1
|ri − rj |︸            ︷︷            ︸

:=V̂ee

+
M∑
A=1

M∑
B>A

ZAZB
|RA −RB|︸               ︷︷               ︸

:=V̂NN

. (8)
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The corresponding electronic wavefunction has to be antisymmetric with
respect to the exchange of two electrons, which is fulfilled if the wavefunction
is a linear combination of so-called Slater-determinants.87 A single Slater-
determinant for N electrons has the general form

Ψ SL =
1
√
N !

∣∣∣∣∣∣∣∣∣∣∣∣
φ1(x1) φ2(x1) . . . φN (x1)
φ1(x2) φ2(x2) . . . φN (x2)
...

...
...

φ1(xN ) φ2(xN ) . . . φN (xN )

∣∣∣∣∣∣∣∣∣∣∣∣
(9)

The wavefunction is expanded in functions or orbitals φi depending on the
position and spin x of only one electron with 1√

N !
as a normalization factor.

There are in total N orbitals for N electrons. The orbitals in i-th row in
the determinant depend on position and spin xi of the i-th electron with
the electron occupying all orbitals φ1 . . .φN . The exchange of two electrons
corresponds to the exchange of two rows in the determinant. Swapping rows
changes the sign of determinant and hence the required antisymmetry of the
wavefunction is fulfilled.

According to the variational theorem, the wavefunction of a system can be
determined by minimizing the energy of a trial wavefunction. If one chooses
a single Slater-determinant as trial wavefunction, the best approximation to
the true wavefunction can be obtained by minimization of the energy with
respect to the orbitals φi . This is known as the Hartree-Fock method.87,90–92

The result can be improved by inclusion of more determinants but this leads
to an increase in computational cost.93

A different approach, yielding generally more accurate results94 than
Hartree-Fock at comparable cost is DFT.

2.2 Density Functional Theory

The high computational cost of solving the Schrödinger equation is related to
the high dimensionality of the wavefunction which depends on 4N variables
for N electrons (per electron three for position and one for spin). This begs
the question, whether it is possible to reduce the dimensionality, while still
maintaining an exact description of the electronic structure and molecular
properties.

2.2.1 The Hohenberg-Kohn Theorems

Hohenberg and Kohn proved that indeed the electron density, depending only
on three variables, uniquely determines the Hamilton operator of a system
and therefore all properties of the system.9 The electron density ρ(r) of a
N -electron wavefunction Ψ (x,x2, . . . ,xN ) is defined as

ρ(r) =N
∫
dσ1dx2 . . .xNΨ

∗(x1,x2, . . . ,xN )Ψ (x1,x2, . . . ,xN ), (10)

where the integral is over all spatial and spin coordinates for all electrons
except of the first one. For the first electrons x1 = (r1,σ1) integration is only
carried out over the spin σ1. ρ(r) can be interpreted as the probability density
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to find any electron with arbitrary spin at position r while the other N − 1
electrons have arbitrary positions and spins.95 The original proof by Hohen-
berg and Kohn assumes two external potentials Vext and V ′ext that differ by
more than a constant but lead to the same electron density ρ(r). This electron
density correponds to a non-degenerate ground state for N electrons.9,96 The
ground state wavefunction, Hamiltonians and corresponding energies are
denoted as Ψ , Ψ ′, Ĥ , Ĥ ′ and E0, E′0, respectively, with E0 , E

′
0 due to the

non-degeneracy of the systems. Then from the variational principle follows

E0 <
〈
Ψ ′

∣∣∣Ĥ ∣∣∣Ψ ′〉 =
〈
Ψ ′

∣∣∣Ĥ ′∣∣∣Ψ ′〉+
〈
Ψ ′

∣∣∣Ĥ − Ĥ ′∣∣∣Ψ ′〉
E0 < E

′
0 +

〈
Ψ ′

∣∣∣V̂ext − V̂ ′ext

∣∣∣Ψ ′〉 = E′0 +
∫
drρ(r)(V̂ext − V̂ ′ext)

(11)

where Ĥ − Ĥ ′ = V̂ext − V̂ ′ext because the systems are isoelectronic. Analogously,
one can define

E′0 < E0 −
∫
drρ(r)(V̂ext − V̂ ′ext) (12)

and adding of Eqs. (11) and (12) results in the contradiction

E0 +E′0 < E0 +E′0. (13)

This proof shows that there is a one-to-one correspondence between electron
density and external potential. Since the electron density determines the num-
ber of electrons as well, all information about the Hamiltonian is contained
in the electron density. Hence, it is possible to construct the Hamiltonian for
a given ground state density and therefore also the associated wavefunction
and all molecular ground state properties. Furthermore, one can express the
energy as a functional of the density as

E[ρ] =
∫
drV̂ext +FHK[ρ] (14)

with the first term accounting for the electrostatic interaction between elec-
trons and nuclei and the second term FHK[ρ] being a universal functional
describing kinetic energy and electron-electron interactions as a functional of
the density.

The second Hohenberg-Kohn theorem9 states that the ground state density
ρ0 of a N -electron system yields the minimum energy E[ρ] for all densities
fulfilling∫

drρ =N. (15)

The Hamiltonian Ĥ and the associated wavefunction Ψ0 can be determined
from ρ0 according to the first HK-theorem and the energy E0 can be obtained
as

E0 =
〈
Ψ0[ρ0]

∣∣∣H ∣∣∣Ψ0[ρ0]
〉
. (16)

For some other density ρ̃ fulfilling Eq. (15) the corresponding wavefunction
Ψ̃ can be found analogously. Then from the variational theorem follows

E0 =
〈
Ψ0[ρ0]

∣∣∣H ∣∣∣Ψ0[ρ0]
〉
<

〈
Ψ̃ [ρ̃

∣∣∣H ∣∣∣Ψ̃ [ρ̃
〉

(17)
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if ρ̃ , ρ0 proving that ρ0 yields the minimum energy E[ρ0].
While these results show that it is possible to calculate molecular properties

from the density, they do not give an explicit formulation of the universal
functional FHK. Approaches to evaluate the energy in the framework of DFT
will be adressed in the next sections.

2.2.2 Kohn-Sham Density Functional Theory

The universal functional FHK can be split up into

FHK[ρ] = T [ρ] + J[ρ] +Encl[ρ] (18)

with the kinetic energy functional T [ρ], the classical coulomb interaction
between electrons J[ρ] and non-classical contributions due to exchange, as
well as a self-interaction correction and correlation effects described by the
last term Encl[ρ].97 T [ρ] and Encl[ρ] are unknown.

Thomas and Fermi proposed to use the local kinetic energy functional of
the UEG as an approximation of T [ρ], which leads to errors in the order
of 10-20%.98–100 Since the kinetic energy is in the order of the total energy
for coulombic systems this leads to a huge absolute error when applied to
molecules and materials.100

Thus, Kohn and Sham proposed to split the kinetic energy into two terms.
One term is the kinetic energy of system of non-interacting particles with the
same density as the system of interacting electrons.10,97,100 The second term
is a correction which accounts for the difference between the non-interacting
kinetic energy and the energy of the interacting system. The non-interacting
kinetic energy can be calculated exactly and is a very good approximation to
the true kinetic energy such that chemical systems can be accurately described
even if the correction term is neglected.100 In the following, the details of the
Kohn-Sham approach will be laid out.

The system of N non-interacting particles can be represented by a single
Slater determinant with an associated density

ρ(r) =
N∑
i=1

|φi(r)|2 (19)

with theφi being one-electron orbitals. The Hamiltonian of the non-interacting
system is given by

Ĥ = −1
2

∑
i

∇2
i +VS(ri) (20)

with the kinetic energy being exactly −1
2
∑
i
〈
φi

∣∣∣∇2
i

∣∣∣φi〉 and the effective poten-
tial VS(ri) chosen such that the density of the non-interacting system (Eq. (19))
is identical to the density of the interacting system. It is noted, that the exis-
tence of a non-interacting system as defined in Eq.(19) and the corresponding
potential VS is only assumed to exist. However, this is not proven to be
generally true.101

The orbitals φi can be found by solving(−1
2

∑
i

∇2
i +VS(ri)

φi(r) = ϵiφi(r) (21)
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for all φi .102 To solve these equations, the potential VS must be known. In
order to obtain an expression for VS , it is helpful to go back to the exact energy
functional as defined in Eq. (14) and Eq. (18) for the interacting system. The
functional can be reformulated utilizing the orbital-representation of the
density (Eq. (19)) as

E[ρ] = TS [ρ] +
1
2

∫
dr

∫
dr′

ρ(r′)ρ(r)
|r− r′ |

−
∫
drρ(r)

ZA
|r−RA|

+Exc[ρ(r)]

= −1
2

∑
i

〈
φi(ri)

∣∣∣∇2
i

∣∣∣φi(ri)〉+
1
2

∑
i,j

∫
dr

∫
dr′ |φi(r)|2 1

|r− r′ |
|φj(r)|2

−
∑
i

∫
dr|φi(r)|2 ZA

|r−RA|
+Exc[ρ(r)].

(22)

TS [ρ] is the kinetic energy of the non-interacting system and Exc[ρ] ≡ Encl[ρ] +
T [ρ]− TS [ρ] accounts for the non-classical electron-electron interactions in-
cluding a correction term T [ρ] − TS [ρ] for the difference in kinetic energy
between the interacting and non-interacting systems.

According to the second Hohenberg-Kohn theorem, the ground state density
can be found by minimizing this expression with respect to the density via
minimization with respect to the orbitals φi under the constraint

〈
φi

∣∣∣φj〉 = δij .
This corresponds to solving
−1

2
∇2 +

∫ dr2
ρ(r2)
|r2 − r1|

+Vxc(r1)−
M∑
A

ZA
|r1 −RA|

︸                                              ︷︷                                              ︸
:=Veff(r1)


φi(r1) = ϵiφi(r1)

(
−1

2
∇2 +Veff(r1)

)
φi(r1) = ϵiφi(r1)

(23)

for all orbitals φi with the exchange-correlation potential Vxc = δExc
δρ .103 From

comparison to Eq.(21), it follows that Veff = VS , meaning that the density of the
non-interacting system (and thus also the interacting one) can be determined
from Eq. (23).

Application of Eq. (23) to obtain the density of specific molecules or materi-
als requires an explicit expression for Exc and Vxc. Approximations for these
terms will be introduced in the next section.

2.2.3 The Exchange-Correlation Functional

Wavefunction approaches to quantum chemistry can be systematically im-
proved by including more Slater determinants in the trial wavefunction. Con-
structing increasingly accurate exchange-correlation functionals is not as
straightforward. Nevertheless, the "Jacobs ladder of density functional ap-
proximations for the exchange-correlation energy" was introduced to clas-
sify and order different approaches by accuracy.94 The different rungs of
the ladder correspond to increasingly sophisticated approximations of the
exchange-correlation energy and will be presented in the following.
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The Local Density Approximation

The basis for most approximate exchange-correlation functionals is a UEG ex-
posed to a uniform positive background potential.104,105 While such a model
resembles the electronic structure of metals quite well, it is quite different
from molecules with a finite strongly varying electron density. The advantage
of the model is however, that its exchange functional is known exactly and
the correlation functional can be determined with high accuracy.106

The exchange-correlation energy of the UEG is assumed to be

EXC =
∫
drρ(r)ϵXC(ρ(r)). (24)

ϵXC(ρ(r)) is the exchange-correlation energy per particle of the UEG, which
is weighted by the probability ρ to find a particle at r.106 Since the energy
contribution at each point r depends only on the density at r, the expression
is known as the local density approximation. ϵXC(ρ(r)) is split further into an
exchange and a correlation contribution

ϵXC(ρ(r)) = ϵX(ρ(r)) + ϵC(ρ(r)). (25)

The exchange term107–109 is given by

ϵX(ρ(r)) = −3
4

(
3ρ(r)
π

)1/3

. (26)

While the exact expression for ϵC(ρ(r)) is unknown, analytical expressions
were proposed based on accurate quantum Monte Carlo simulations of the
UEG.110–112

The Generalized Gradient Approximation

As mentioned earlier, the local density approximation does not give accurate
results for molecules due to their inhomogeneous density. A better description
of molecules is achieved by including information about the gradient of the
density ∇ρ in the exchange-correlation functional. Such a gradient expansion
approximation can be expressed as

EXC =
∫
drρ(r)ϵXC(ρα ,ρβ) +

∑
σ,σ ′

∫
drCσ,σ

′

XC (ρα ,ρβ)
∇ρσ
ρ2/3
σ

∇ρσ ′
ρ2/3
σ ′

dr + . . . (27)

with σ,σ ′ indicating α or β spin and ρα ,ρβ being the spin densities.113 How-
ever, this expansion can even perform worse than the local density approx-
imation because the associated exchange-correlation holea has lost many
physically correct features incorporated in the local density approximation
hole.113 This problem can be solved by omitting gradient expansion terms,
which lead to unphysical behaviour of the exchange-correlation hole.113 The

a The exchange-correlation hole is the difference between the conditional electron pair densities
of correlated and uncorrelated electrons. It describes how much the probability to find
an electron in some distance to another electron differs if the electrons are correlated or
uncorrelated (see Ref 114 for details).
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resulting functionals are known as generalized gradient approximation (GGA)
functionals

EGGA
XC =

∫
drf (ρα ,ρβ ,∇α ,∇β). (28)

Approaches to construct GGA-functionals can be divided in two classes. Ei-
ther functionals are fitted to reproduce reference data for specific chemical
compounds or the functionals are constructed to obey strict mathematical
conditions. In the latter case, they rely on reference systems, such as the
uniform and slowly varying electron gases.115 An example of the former class
is the B86 exchange functional and PBE is an example of the latter.116,117

Meta-GGA functionals

Meta-GGA functionals (MGGA) are an extension of the GGA formalism taking
also the kinetic energy density τ(r) or higher order derivatives of the density
into account.94 Inclusion of τ(r) leads to functionals of the general form94,118

EMGGA
XC [ρ] =

∫
drρϵMGGA

XC (ρ,∇ρ,τ) (29)

with the kinetic energy density being a sum over the Kohn-Sham orbitals φi

τ(r) =
1
2

∑
i

[∇φi(r)] [∇φi(r)] . (30)

Hybrid-Functionals

The exchange energy tends to be significantly larger than the correlation
energy. Thus, in particular a better description of exchange could improve
xc-functionals.119 Since the exchange energy can be calculated exactly for
a single Slater determinant, using the Fock exchange energy seems to be a
way to improve the exchange functional. However, complete replacement of
the exchange term in GGA-functionals with Fock exchange leads to a worse
performance for calculations of molecules because the localized exact xc-hole
is poorly reproduced.94,119 In approximate xc-functionals, the exchange and
correlation hole are both localized and the approximate xc-hole is hence
localized as well. In contrast, the Fock exchange hole is non-local, and the
combination with the approximate local correlation hole does not recover the
exact local xc-hole.

Thus, it was proposed to mix exact exchange with the one from approximate
exchange functionals to better preserve the features of the exact xc-hole and
the obtained expressions are known as hybrid functionals.120 The fraction of
exact exchange is often determined from a fit to molecular reference data, such
as in the B3LYP functional but can also be determined from non-empirical
considerations as in the PBE0 functional.121–123

Other Approximations

Random phase approximations and double hybrid functionals are placed on
the highest rung of Jacobs ladder.124 In random phase approximations, unoc-
cupied orbitals are included in the calculation of the energy as well, enabling

18



2 theory

the modelling of long-range electron correlation.125,126 In double hybrid func-
tionals, the correlation energy is described by mixing GGA correlation with
correlation energy from second order perturbation theory.127

2.3 Electronic Structure Theory of Periodic Systems

Electronic structure calculations cannot be carried out for arbitrarily large
systems by explicit modelling of all electrons since the computing effort
increases with system size. An approach to deal with extended systems is
instead the use of periodic boundary conditions, where a unit cell is repeated
infinitely in all directions. This requires only the explicit modelling of the
particles in one unit cell. The interactions with particles in other unit cells are
included via the periodic boundary conditions. This is a convenient way to
describe periodic systems like crystals but can also be applied to disordered
systems or even molecules. In the latter two cases however, the unit cell
should be large enough such that the interaction of an atom with its own
images in the adjacent unit cells can be neglected.

The periodicity of the system is described by introducing lattice vectors L.
They are defined as

L(n1,n2,n3) =
3∑
i=1

niai , (31)

where ni are integers and ai are the basis vectors of the unit cell. A vector r
can then be translated to a symmetrically identical vector r + L(n1,n2,n3) by
addition of a lattice vector.128

A convenient basis for the electron density or the associated Kohn-Sham
orbitals of a periodic system are plane waves, eiq·r, with the wavevectors q.
The plane wave basis must recover the periodicity of the lattice. This is the
case, if their wavevectors q obey the equation L · q = 2πn for any L where
n is an integer. These wavevectors, in the following denoted as G, form the
so-called reciprocal lattice and are the Fourier transform of the lattice vectors
L in real space.129 The vectors G can be expressed in a basis {bi}

G =
3∑
i=1

mibi , (32)

where mi are integers. The reciprocal basis is related to the basis in real space
as

b1 = 2π
a2 × a3

a1 · (a2 × a3)
,

b2 = 2π
a3 × a1

a1 · (a2 × a3)
,

b3 = 2π
a1 × a2

a1 · (a2 × a3)
.

(33)

The KS orbitals ψ of a periodic system can be expanded in a basis of plane
waves as

ψi,k =
∑
m

ci,m(k)× 1
Ω

exp{(i(k + Gm) · r)} (34)
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where k is a vector in the reciprocal space, Ω is the volume of the system,
∑
m

is a sum over all reciprocal lattice vectors Gm and ci,m are expansion coeffi-
cients.130 While the KS-orbitals of a non-periodic system are characterized by
a single quantum number i, the orbitals dependent on two quantum numbers,
i and k if periodic boundary conditions are applied.

2.3.1 Pseudopotentials

The expansion of the KS-orbitals in plane waves allows the efficient solution
of the KS equations via the fast Fourier transform. However, the accurate
description of the localized core electrons would require a large set of plane
waves, which makes this approach inefficient in practice. Thus, normally
only the valence electrons are modelled explicitly and their interactions with
nuclear charges and core electrons are modelled via an effective potential. The
valence state ψi , obtained if all electrons are considered, is then described
by a pseudo-orbital ψPS

i instead. One type of such effective potentials are
norm-conserving pseudopotentials.131 Commonly, they are constructed such
that they reproduce certain properties of the all-electron wavefunctions of
a single atom. In particular, the pseudopotentials should fulfill following
conditions to ensure transferability to other systems than single atoms:131,132

1. The eigenvalues of all-electron orbitals ψi and corresponding pseudo-
valence orbitals ψPS

i should agree for the chosen atomic reference config-
uration.

2. ψi and ψPS
i should coincide beyond a defined cutoff radius rc.

3. The logarithmic derivatives should agree, e.g. d
dr lnψi = d

dr lnψPS
i ,

4. The respective charges Ql within the cutoff region should be identical,
e.g. Ql =

∫ rc
0 drr2|ψi |2 =

∫ rc
0 drr2|ψPS

i |
2

5. The first order energy derivatives of the logarithmic derivatives should
agree at rc and hence also for r > rc,

where it can be shown that the 5-th point is implied by the 4-th condition.
In this thesis, norm-conserving pseudopotentials as proposed by Goedecker,

Teter and Hutter will be used.133–135 These pseudopotentials can be split into
a local and a non-local part, Vloc and Vnl, respectively as

V (r) = Vloc(r) +Vnl(r). (35)

The local part is defined as

Vloc(r) = −Zion

r
erf

(
r
√

2rc

)
+ exp


−1

2

(
r
rc

)2
×

 4∑
i=1

Ci

(
r
rc

)2i−2
 , (36)

where r is the distance to the nucleus, Zion is the nuclear valence charge, erf is
the error function, rc is the cutoff radius and Ci are coefficients to model the
short range part of the potential. The non-local part is given by

Vnl(r,r
′) =

∑
l

+l∑
m=−l

3∑
i=1

3∑
j=1

Ylm(r̂)pli(r)h
l
ijp

l
j(r
′)Y ∗lm(r̂′) (37)
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with the angular momentum quantum number l, the spherical harmonics Ylm
and the Gaussian-type projectors pli . They are defined as

pli(r) =

√
2r l+2(i−1) exp

{(
− r2

2r2
l

)}
r
l+(4i−1)/2
l

√
Γ
(
l + 4i−1

2

) (38)

where Γ is the Gamma-function. The parameters hlij and the coefficients Ci
are determined from a fit to reference data and are tabulated in Refs. 134,135.

2.4 Quantum Alchemy

In the following sections, a detailed derivation of the alchemical atomic energy
decomposition, that is investigated and applied in this thesis, will be given.

For this purpose, the term alchemical transformation will be defined and it
will be described how it can be used to transform a system A into a system B.

Then, it will be shown how the energy change along such an alchemical
transformation path can be expressed as a sum of atomic terms.

Based on these results, a decomposition of the energy into atomic terms will
be introduced.

2.4.1 The Alchemical Hamiltonian

Two systems can be connected by linear coupling of their Hamiltonians as

Ĥ(λ) = ĤA +λ(ĤB − ĤA), (39)

with ĤA and ĤB being the Hamiltonians of system A and system B, respec-
tively. λ is a coupling variable defined over the interval from 0 to 1 with
Ĥ(λ = 0) = ĤA and Ĥ(λ = 1) = ĤB. By changing the coupling variable λ, A is
transformed into B. This is referred to as an alchemical transformation because
nuclear charges can be transmuted along the transformation path.

As an example, the transformation of N2 into CO is illustrated in Figure 1.
Along the transformation path, the nuclear charges change linearly from seven
to six and eight, respectively (Figure 1A). This is accompanied by a lowering
of the energy (Figure 1B)and a depletion of electrons at the site transformed
into a carbon atom (R1) and an increase of electron density at the side mutated

Figure 1: The alchemical transformation of N2 into CO. The nuclear charges Z1 and
Z2 change linearly along the transformation path (Panel A). This accompanied by a
change in energy (Panel B) and a change of the electron density illustrated for the
1D-projection of the density on the bonding axis (Panel C).
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into oxygen (R2)(Figure 1C). Since the nuclear charges are fractional for 0 <
λ < 1, such a transformation cannot be observed experimentally. Nevertheless,
the intermediate systems are well defined within the Born-Oppenheimer
approximation via the λ-dependent Hamiltonian in Eq. (39). Hence, the
λ-dependent wavefunction and observables can be obtained by solving the
Schrödinger equation for H(λ).

Furthermore, Ĥ(λ) can be simplified if the systems A and B are isoelectronic,
like N2 and CO. In this case, only the external potential depends explicitly on
λ but kinetic energy and electron-electron operators, T̂ and V̂ee do not. This
is evident from Eq. (39) and the definitions

T̂ =
1
2

N∑
i

∇2
i (40)

and

V̂ee =
1
2

N∑
i=1

∑
j,i

1
|ri − rj |

, (41)

which yield identical expressions for the same number of electrons N . Conse-
quently, these terms cancel in the λ-dependent part λ(ĤB − ĤB) of the Hamil-
tonian Eq. (39) and only the electron-nuclei and nucleus-nucleus interaction,
V̂e,N and V̂N,N, remain such that

Ĥ(λ) = ĤA +λ(∆V̂e,N +∆V̂N,N), (42)

with ∆V̂e,N = V̂ B
e,N − V̂

A
e,N and ∆V̂N,N = V̂ B

N,N − V̂
A
N,N denoting the differences

between the respective operators of systems B and A. ∆V̂e,N is defined as

∆V̂e,N =
N∑
i=1

M∑
I=1

−ZB
I +ZA

I

|ri −RI |
, (43)

where N is the number of electrons and ri the position of the i-th electron. RI
is the position of the I-th nucleus and ZA

I and ZB
I are the nuclear charges at

this site in the systems A and B, respectively. M denotes the number of all
unique sites in A and B.
∆V̂N,N is defined as

∆V̂N,N =
1
2

M∑
I=1

M∑
J,I

ZB
I Z

B
J −Z

A
I Z

A
J

|RI −RJ |
. (44)

The nuclear charge at site I can change due to annihilation, i.e. ZA
I > 0 and

ZB
I = 0, due to mutation, i.e. ZA

I , Z
B
I and ZA

I ,Z
B
I < 0 or due to nuclear charge

creation, i.e. ZA
I = 0 and ZB

I > 0.
The three possibilities are illustrated for an alchemical transformation of

LiH to He2 in Figure 2. In the starting system A, lithium is on position R1 and
hydrogen is on position R2. In the final system, the lithium atom at R1 has
vanished, the hydrogen at R2 is transformed into a helium atom, and a helium
atom is created at position R3. Three unique sites at R1,R2,R3 exist for this
transformation and hence M = 3.
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Figure 2: The three possible changes of atomic sites, (1) annihilation (R1), (2) mutation
(R2), (3) creation (R3), during an isoelectronic alchemical transformation illustrated
for the transformation of LiH to He2.

2.4.2 Alchemical Derivatives

The dependence of the energy on λ is given by its definition as the expectation
value of Ĥ

E(λ) = ⟨Ψλ|Ĥ(λ)|Ψλ⟩ , (45)

where Ψλ denotes the wavefunction of Ĥ(λ) with parametric dependence of
Ψ on λ.

According to the Hellmann-Feynman theorem,136,137 the derivative ∂λE
can be evaluated from the expectation value of ∂λĤ as

∂E
∂λ

=
∂
∂λ
⟨Ψλ|Ĥ(λ)|Ψλ⟩ =

〈
Ψλ

∣∣∣∣∣∣∂Ĥ(λ)
∂λ

∣∣∣∣∣∣Ψλ
〉
. (46)

Using the definition of Ĥ(λ) in Eq. (42), one obtains

∂Ĥ
∂λ

=
∂
∂λ

(
ĤA +λ(∆V̂e,N +∆V̂N,N)

)
= ∆V̂e,N +∆V̂N,N, (47)

meaning the derivative depends only on the change in external potential
between the two systems A and B. Insertion of this expression into Eq. (46)
yields,

∂E
∂λ

= ⟨Ψλ|∆V̂e,N +∆V̂N,N|Ψλ⟩ = ∆V̂N,N +
∫
dr1 . . .drN∆V̂e,N|Ψλ(r1, . . . ,rN )|2,

(48)

where I exploit that ∆V̂N,N does not depend on the electron coordinates ri
and that the wavefunction is normalized. The term ∆V̂N,N is the difference
between nuclear repulsion in system B and system A. Since the calculation
of this term is trivial, only the term

∫
dr1 . . .drN∆V̂e,N|Ψλ|2 will be considered

in the following. Then only the derivative of the electronic energy ∂λEel, i.e.
without nuclear repulsion, is considered. This derivative,

∂Eel

∂λ
=

∫
dr1 . . .drN∆V̂e,N|Ψλ(r1, . . . ,rN )|2, (49)
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describes the difference in electrostatic interaction between electrons and
nuclei for the wavefunction Ψλ and systems B and A. Using the definition of
∆V̂e,N in Eq. (43), it can be written as a sum over site-specific terms as

∂Eel

∂λ
=

∫
dr∆V̂e,N|Ψλ|2 = −

∑
I

∫
dr

(
ZB
I −Z

A
I

)
|r−RI |

ρλ(r), (50)

where ZA/B
I are the nuclear charges of site I in systems A and B, respectively

and RI is the position of the nucleus at site I . ρλ(r) is the electron density
defined as

ρλ(r) =N
∫
dr2 . . .drN |Ψλ(r,r2, . . . ,rN )|2, (51)

where N is the number of electrons. Note that the sum over all electron
coordinates ri in ∆V̂e,N and integration over all these coordinates in Eq. (49) is
replaced by the integral over the electron density depending only on r because
electrons are indistinguishable.

In Ref 86, the partitioning of ∂λE into a sum of atomic terms was achieved
by defining λ-dependent nuclear charges ZI (λ) and by consecutive applica-
tion of the chain rule. This alternative approached will be reviewed in the
following. Starting from Eq. (42) (and omitting the nuclear repulsion ∆V̂NN),
the electronic Hamiltonian Ĥel(λ) can be expanded as

Ĥel(λ) = T̂ + V̂ee +λ∆V̂eN

= T̂ + V̂ee −
N∑
i=1

∑
I

ZA
I +λ(ZB

I −Z
A
I )

|ri −RI |

= T̂ + V̂ee −
N∑
i

∑
I

ZI (λ)
|ri −RI |

(52)

with

ZI (λ) = ZA
I +λ(ZB

I −Z
A
I ). (53)

Due to the implicit dependence of the Hamiltonian on λ in Eq. (52), the
derivative of the electronic energy Eel as a function of λ can be calculated via
the chain rule as

∂Eel

∂λ
=

〈
Ψλ

∣∣∣∣∣∣∂Ĥel

∂λ

∣∣∣∣∣∣Ψλ
〉

=
〈
Ψλ

∣∣∣∣∣∣∣∑I ∂Ĥel

∂ZI

∂ZI
∂λ

∣∣∣∣∣∣∣Ψλ
〉

=
M∑
I=1

∂Eel

∂ZI

∂ZI
∂λ

(54)

with ∂Eel

∂ZI

∂ZI
∂λ = ∂ZI

∂λ

〈
Ψλ

∣∣∣∣∂Ĥel

∂ZI

∣∣∣∣Ψλ〉.
Furthermore, from Eq. (52) follows

∂Hel

∂ZI
= −

N∑
i=1

1
|ri −RI |

(55)

and from Eq. (53) follows

∂ZI
∂λ

= ZB
I −Z

A
I (56)
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such that

∂Eel

∂ZI

∂ZI
∂λ

= −(ZB
I −Z

A
I )

〈
Ψλ

∣∣∣∣∣∣∣
N∑
i=1

1
|ri −RI |

∣∣∣∣∣∣∣Ψλ
〉

= −(ZB
I −Z

A
I )

∫
dr

ρλ(r)
|r−RI |

, (57)

which is identical to the site-specific contributions to ∂λE in Eq. (50).
The derivative ∂E

∂ZI
of the energy with respect to ZI can be interpreted as the

electrostatic potential due to the electron density ρλ acting on a positive test
charge at position RI .86

Since the derivative ∂E
∂ZI

measures the tendency of a system to transmute
the nuclear charge at position RI , it has been named the alchemical potential
µI .39,44,86

2.5 Alchemical Atomic Energy Decomposition

The final result from the previous section can be used to decompose the energy
difference between system A and system B into atomic contributions. The
electronic energy difference between systems A and B, ∆Eel = Eel, B − Eel, A,
can be calculated by integration over the transformation path as

∆Eel =
∫ 1

0
dλ
∂Eel

∂λ
. (58)

Using the definitions of ∂Eel

∂λ in Eq. (54) and of ∂Eel

∂ZI

∂ZI
∂λ in Eq. (57), ∆Eel can be

expressed as a sum of atomic terms as

∆Eel =
M∑
I=1

∆ZI

∫ 1

0
dλ
∂Eel

∂ZI︸              ︷︷              ︸
:=∆Eel

I

=
M∑
I=1

−∆ZI
∫ 1

0
dλ

∫
dr
ρ(λ,r)
|r−RI |︸                          ︷︷                          ︸

:=∆Eel
I

, (59)

where ∆ZI = ZB
I −Z

A
I .

In order to obtain atomic contributions to the total energy, the nuclear
repulsion must be partitioned as well. In Ref 86 an equal splitting of each two
body term was proposed. The atomic energies for systems A and B respectively
are then defined as

ENN, A/B
I =

ZA/B
I

2

∑
J,I

ZA/B
J

|RI −RJ |
, (60)

where ZA/B
I is the nuclear charge at site I in either system A or system B. The

resulting atomic contribution to the nuclear repulsion difference is hence

ENN, B
I −ENN, A

I =
∑
J,I

ZB
I Z

B
J −Z

A
I Z

A
J

2|RI −RJ |
. (61)

and the total atomic energy is

∆EI = −∆ZI
∫ 1

0
dλ

∫
dr
ρ(λ,r)
|r−RI |

+
∑
J,I

ZB
I Z

B
J −Z

A
I Z

A
J

2|RI −RJ |
(62)

such that the total energy difference between systems A and B is

∆E =
∑
I

∆EI . (63)
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2.5.1 Reference and path dependence of the decomposition

The previous section showed, that alchemical transformations can be used to
define an exact partitioning of the energy difference between two systems A
and B into atomic contributions. However, if these atomic energies should
be used to understand energy-structure relationships throughout chemical
compound space, they should also be comparable throughout this chemical
space. In particular, it would be desirable that atomic energies depend on
the local environment within a molecule. For example, the carbon atom in
a carboxyl-group should have similar atomic energy values across different
carboxylic acids.

In Ref 86, it was demonstrated that this not necessarily the case. Even for
a single site I , different atomic energies ∆EI can be obtained depending on
the transformation path connecting the systems A and B. This was illustrated
for the transformation of hexazine (N6) into borazine (N3B3H6) with identical
geometries for the 6-membered ring in N6 and B3N3H6 (see Figure 3). The
atomic energies can be obtained by coupling the respective Hamiltonians and
integration of Eq. (59) along the associated transformation path. However,
another option is to transform N6 first to benzene and then to N3B3H6.86

As shown in Figure 3, the site-specific contributions are different for the
two transformation paths. For example, all hydrogens have identical atomic
energies for the path N6 → C6H6 → B3N3H6. This is because the hydrogens
are symmetric in benzene and from benzene to borazine, the nuclear charges
of these sites remain constant. Thus, ∆ZI = 0, resulting in no contribution
from these sites according to Eq. (59). In contrast, the direct transformation
from hexazine to borazine yields atomic energies differing for H bonded either
to N (H-N) or to B (H-B). I note, that the atomic energies in Figure 3 do not
contain the nuclear repulsion term. If this term is added, the atomic energies
for the path N6 → C6H6 → B3N3H6 would differ for the hydrogens in H-N
and H-B as well. However, the atomic nuclear repulsion ∆ENN

I as defined in
Eq. (61) is identical for the paths N6 → C6H6 → B3N3H6 and N6 → B3N3H6.
Hence, the total atomic energies ∆EI would differ for the two transformation
paths even in nuclear repulsion is included.

Besides this path dependence, the spatial orientation of systems A and
B influences the atomic energies. In case of A and B containing planar 6-
membered rings, as in Figure 3, it might be a reasonable choice to arrange
them to overlap. However, if one system contained a 5-membered ring or was
non-cyclic, it would be unclear how to arrange the systems A and B.

Consequently, it is crucial to find an unbiased reference system A and a mu-
tual alchemical transformation path to isoelectronic, but otherwise arbitrary
systems B for comparable, and thus meaningful, atomic energies throughout
chemical space.

2.5.2 The uniform electron gas as reference

The UEG was proposed as unbiased reference system for all molecules and
materials isoelectronic to it.86 The UEG is a hypothetical model of electrons
in an infinite volume, exposed to a uniform positive background charge
density.105 It can be modeled using periodic boundary conditions, with the
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Figure 3: Path-dependent relative atomic energies from Eq. (59) of borazine
(BNBNBNH6) with hexazine as a reference. Colors encode atomic energies. All
coordinates correspond to the geometry of benzene. Calculations were performed at
HF/STO-6G level. (Figure is redrawn based on Fig 2 in Ref. 86)

volume of the unit cell and the number of electrons within the cell defining the
average electron density. The positive background charge density is identical
to the average electron density to obtain a neutral unit cell. This is necessary
because the energy of a periodic system would diverge for a charged unit cell.

The UEG can be transformed into an arbitrary isoelectronic compound by
linearly growing nuclear charges at the positions of the nuclei of the com-
pound while simultaneously reducing the positive background charge density.
This resolves the dependence of the atomic energies on the relative spatial
orientation of systems A and B, discussed in the previous section. Since the
external potential of the UEG is uniform, the atomic energies ∆EI are invari-
ant with respect to translations or rotations of any system B. Furthermore,
atomic energies for any system are calculated via a linear transformation of
the UEG into the respective compound according to Eq. (39). This prevents
inconsistent atomic energies due to different transformation paths, such as the
transformations N6 → C6H6 → B3N3H6 vs N6 → B3N3H6 in Figure 3. Hence,
the UEG should enable the calculation of atomic energies that are comparable
throughout chemical compound space.

However, the choice of the UEG as reference requires a modification of the
atomic energy decomposition scheme.

The external potential of the UEG can be defined using periodic boundary
conditions (see section 2.3) as

V UEG
ext (r) = −

∑
L

ρbg
∫
Ωcell

dr′
1

|r− r′ −L|
, (64)

where L are the lattice vectors of the periodic system, ρbg is the positive
uniform background charge density and the integral is carried out over the
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volume of a single unit cell Ωcell.105 Note that the potential is due to a contin-
uous charge density instead of a set of discrete point charges.

For the linear transformation of the UEG into a compound, the external
potential Ve,N(λ) is given by

Ve,N(λ) =
N∑
i=1

∑
L

−∑
I

ZI (λ)
|ri −RI −L|

− (1−λ)
∫
Ωcell

dr′
ρbg

|ri − r′ −L|

 , (65)

where ZI (λ) is defined in Eq. (53) with ZA
I = 0.

In order to obtain atomic energies , ∂λEel was expressed as a sum of site-
specific terms (see Eq. (54)) and these terms were integrated with respect
to λ in the previous sections. Following the same approach for the external
potential Eq. (65) results in

∆Eel =
M∑
I=1

∑
L

−∆ZI
∫ 1

0
dλ

∫
dr

ρ(λ,r)
|r−RI −L|

+
∑

L

∫ 1

0
dλ

∫
dr

∫
dr′

ρbgρ(λ,r)
|r− r′ −L|

.

(66)

Since the potential of the UEG is continuous, ∆Eel contains the term∑
L

∫ 1

0
dλ

∫
dr

∫
dr′

ρbgρ(λ,r)
|r− r′ −L|

(67)

which is not site-specific but has contributions from the whole unit cell. The
question is if and how this term should be partitioned among the constituting
atoms. Additionally and in contrast to Eq. (59) the energy expression depends
on the summation over the lattice vectors L.

In Ref 86, the summation over L and the term Eq. (67) were neglected.
This was justified by the application of the decomposition scheme to small
molecules (8-14 valence electrons), which were placed in large unit cells (15-
20 Å). It was assumed, that the hence interactions with the periodic images in
the other unit cells could be neglected and that the uniform potential of the
UEG could be approximated as being zero. In this case, the energy difference
between a compound B and the UEG can be expressed as

EB −EUEG = ∆E =
∑
I

ZB
I

−
∫ 1

0
dλ

∫
dr
ρ(λ,r)
|r−RI |

+
∑
J,I

ZB
J

2|RI −RJ |

︸                                                  ︷︷                                                  ︸
:=∆EI

. (68)

The first term in the brackets is the simplified expression of Eq. (66) with the
term Eq. (67) and the summation over L omitted. Note that ∆ZI = ZB

I −Z
UEG
I =

ZB
I because no point charges are present in the UEG. The second term is

the contribution due to nuclear repulsion. Since the summation over L is
neglected, the decomposition in Eq. (61) can be used with all ZA

I = ZUEG
I = 0.

2.6 Ab initio atomic energy decompositions

Besides the alchemical decomposition presented in the previous section, other
approaches to calculate atomic energies have been developed. In this section,
two of these methods will be described to which the alchemical decomposition
will be compared in chapter 5.
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2.6.1 Mean field decomposition

It was proposed to decompose the energy into molecular orbital (MO) con-
tributions and partition these MO contributions among the atoms based on
atomic weights to the MOs. Atomic energies can then be obtained by summing
up all MO contributions for one specific atom.62

In detail this is achieved in the following way. The energy can be expressed
as a function of one-electron reduced density matrices (RDM1s) for mean-field
methods (Hartree-Fock or DFT) as

E(D) =
∑
σ=α,β

(
Tr[hcoreDσ ] +

1
2

Tr[Gσ (D)Dσ ]
)

+ hnuc + (Exc(D)) , (69)

where Dσ = CσCT
σ is the spin-dependent RDM1, constructed from the mo-

lecular spin-orbitals Cσ . hcore = Lkin + Vnuc is the one-particle Hamiltonian
depending on kinetic energy Lkin and interaction between electrons and nu-
clei Vnuc, Gσ describes the electron-electron interaction within Hartree-Fock
(Coulomb and Fock-exchange), hnuc is the nuclear repulsion and Exc is the
exchange-correlation energy. The RDM1 can be expressed as a sum of orbital-
RDM1s (orb-RDM1s) di,σ = Ci,σCT

i,σ such that the Hartree-Fock energy EHF is
partitioned into orbital contributions as

EHF(D,d) =
∑
σ

Nσ∑
i

(
Tr[hcoredi,σ ] +

1
2

Tr[Gσ (D)di,σ ]
)

+ hnuc, (70)

where Nσ is the number of spin-orbitals with spin σ . The energy of the
exchange-correlation functional can be expressed in orbital dependent densi-
ties, which can be obtained from the di,σ (see Ref. 62). It was further proposed
to generate the orb-RDM1s from a localized MO-basis such as intrinsic bond
orbitals138 instead of the canonical MOs.

The orb-RDM1s are partitioned into atomic contributions δK as

δK =
∑
σ

δK,σ =
∑
σ

Nσ∑
i

di,σpKi,σ , (71)

where K is the index of the K-th atom and pKi,σ is the weighting coefficient.
The weights can be determined with different methods such as Hirshfeld,139

Bader140 or Becke141 partitionings or the population analysis from Mul-
liken142 or intrinsic atomic orbitals138.

The atomic contribution to the electronic energy is consequently defined as

Eel,K = Tr[LkinδK ] +
1
2

(Tr[VKD] + Tr[VnucδK ]) +
1
2

∑
σ

Tr[Gσ (D)δK,σ ], (72)

where Lkin is the kinetic energy part of the Hamiltonian, Tr[VKD] is the
atomic energy due to the interaction of the K-th nucleus with the electrons
and Tr[VnucδK ] is the interaction of the RDM1 contributed to the K-th atom
with the external potential. The nuclear repulsion energy is partitioned as

Enuc,K =
ZK
2

M∑
l,K

ZL
|RK −RL|

(73)

where ZK/L and RK/L are nuclear charges and positions of atoms K and L
respectively and the sum runs over all atoms M in the compound.143
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2.6.2 Interacting quantum atom

The interacting quantum atom approach is based on a partitioning of space
into atomic subspaces {ΩA}, where each subspace is assigned to exactly one
atom.60,61 The energy due to interactions within one of these subspaces ΩA
is the so-called intra-atomic energy Eintra

A and the energy due to pairwise
interactions between the particles in different subspaces, ΩA and ΩB, yields
the inter-atomic energy Einter

AB . The energy of a compound, Emol, can then be
written as a sum of atomic contributions as

Emol =
M∑
A

Eintra
A +

1
2

M∑
A

∑
B,A

Einter
AB , (74)

where M is the number of atoms in the compound and the inter-atomic
energies Einter

AB is split equally between atoms A and B.
In the following, it will be briefly presented how the subspaces ΩA are

defined and how the energy contributions to these subspaces can be calculated.

atomic subspaces Space can be partitioned into non-penetrating or pene-
trating (also known as fuzzy) fragments.144 In this thesis, the non-penetrating
subspaces from the theory of quantum atoms in molecules will be used.140

In this theory, the subspace ΩA is enclosed by the surface with zero local flux
of the electron density gradient field ∇ρ(r). This surface can be defined as
∇ρ(r) ·n(r) = 0 for all rϵS(ΩA), where n(r) is a vector normal to the surface
S(ΩA).

spatial energy contributions Energy contributions to subspace ΩA
and hence atom A can be defined with the help of the one- and two-particle
density matrices as derived in more detail in Ref 61. Here, only the final
expressions will be presented.

The kinetic energy and electron-nuclei interaction energy can be obtained
from the one-particle matrix ρ1(1;1). The energy is divided into intra- and
inter-atomic contributions by piecewise integration over the subspaces {ΩA}
as ∑

A

∫
ΩA

dx1

T̂ +
∑

B

V̂ B
en

ρ1(1;1) =
∑
A

TA +
∑
A

∑
B

V AB
en , (75)

where T̂ is the kinetic energy operator and V̂ B
en is the external potential due

to nucleus B, e.g. V B
en = ZB

|r−RB|
. TA is the intra-atomic kinetic energy contribu-

tion of subspace ΩA and V AB
en is the interaction energy between electrons in

subspace ΩA and the potential of nucleus B. If A = B it is intra-atomic and if
A , B it is inter-atomic. The inter-atomic contributions are divided equally
between A and B, e.g. atom A has the energy contributions 1

2V
AB
en and 1

2V
BA
en

due to the interaction of the electrons in ΩA with nucleus B and of nucleus A
with the electrons in ΩB, respectively.

The energy contribution from the two-particle density matrix ρ2(1;2) can
be divided into inter-atomic contributions by integration over subspaces ΩA
and ΩB as

Vee =
∑

A

V AA
ee +

∑
A

∑
B,A

1
2
V AB

ee , (76)
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where V AA
ee is the intra-atomic electron-electron repulsion in ΩA and V AB

ee is
the inter-atomic electron-electron repulsion between the electrons in ΩA and
ΩB. They are defined as

V AA
ee =

1
2

∫
ΩA

∫
ΩA

ρ2(1;2)
1
r12
dx1dx2 (77)

and

V AB
ee =

∫
ΩA

∫
ΩB

ρ2(1;2)
1
r12
dx1dx2, (78)

where r12 is the distance between electron 1 and electron 2.
Furthermore, the nuclear repulsion energy is decomposed into inter-atomic

energies as

Vnn =
1
2

∑
A

∑
A,B

V AB
nn =

1
2

∑
A

∑
A,B

ZAZB

RAB
, (79)

where RAB is the distance between A and B.
The atomic energy of atom A is then defined as

EA = TA +V AA
en +V AA

ee +
1
2

∑
B,A

(V AB
en +V BA

en +V AB
ee +V AB

nn ) (80)

with the definitions of the individual terms given above.
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In this chapter, atomic energies will be calculated for 15 small molecules
with the approximate atomic energy expression Eq. (68) (see section 2.5).
Furthermore, a modified alchemical energy decomposition scheme, explicitly
considering the periodic boundary conditions and the external potential of
the UEG will be derived. Atomic energies from the modified model will then
be compared to the ones from Eq. (68). The impact of the approximations in
Eq. (68) on atomic energy trends will be discussed.

In the second part of the chapter, the practical computation of the atomic
energies with the modified decomposition scheme will be investigated. In
particular, different numerical techniques for the calculation of the necessary
derivatives and integrals are compared. Based on this analysis a computa-
tionally efficient approach for the calculation of atomic energies is proposed.
Furthermore, the impact of finite size effects on the atomic energies will be
discussed.

3.1 An alchemical energy decomposition for periodic systems

Atomic energies were calculated with Eq. (68) for the molecules HCN, ethene,
ethyne and for twelve molecules of structure CH3-YHy with Y = C, N, O, F,
Si, P, S, Cl, Ge, As, Se, Br and y being the number of hydrogens such that
all valencies of Y are saturated (15 molecules in total). In order to obtain
the atomic energies, the electron density was calculated with PBE117 for 21
equally spaced points along the λ-path (∆λ = 0.05) from the UEG (λ = 0) to
the respective compound (λ = 1). The integral over r in Eq. (68) was only
evaluated over a single unit cell for the electron densities ρ(λ,r). Since the
PBE calculations were carried out with pseudopotentials, the nuclear valence
charges ZI,V were used instead of the full nuclear charges. The atomic energies
were then summed up for each molecule and are plotted against the exact
energy differencea between molecule and UEG, ∆Eexact, in Figure 4. The sum
of atomic energies

∑
I ∆EI is on average about 8 Ha lower than the exact energy

difference. The main reason for the systematic shift is the neglected uniform
potential of the UEG. This potential has a positive contribution to ∆E (see
Eq. (66) and (67)) and would shift the sum of atomic energies to more positive
values. Furthermore, the deviation between

∑
I ∆EI and ∆Eexact differs slightly

for the 15 molecules. This is likely due to the neglected interaction with the
periodic images in the other unit cells in Eq. (68). This interaction is not
the same for all molecules leading to slightly different errors as observed in
Figure 4.

In order to include the potential of the UEG and the interaction with peri-
odic images, the atomic energy decomposition should be derived using the

a The exact energy difference is obtained from the total energies of the PBE calculations at λ = 1
for the molecule and λ = 0 for the UEG.
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3 alchemical energy partitioning of periodic systems

Figure 4: Panel A: The sum of atomic energies for 15 different molecules vs the
exact molecular energy with respect to the uniform electron gas, ∆Eexact, computed
including periodic boundary conditions and background potential via Eq. (92) (this
work), with Eq. (68) or with Eq. (68) including the interaction with the uniform
background charge. Panel B: Relative atomic energies of carbon in CH3-R calculated
for 12 different residues R with Eq. (92) and (68). Adapted from J. Chem. Phys. 160,
054106 (2024), with the permission of AIP Publishing.

external potential as defined in Eq. (65). In this work, we propose to generalize
this potential to

V
pbc
ext (r,λ) =

∑
L

∑
I

VI (λ,r−RI −L) + ρbg(λ)V bg(r−L), (81)

where the superscript pbc indicates the use of periodic boundary conditions,
L is the lattice vector, VI (λ,r−RI −L) is the λ- and lattice vector dependent
potential due to nucleus I and its periodic images, ρbg(λ) is the uniform
background charge of the UEG and V bg is the normalized potential due to a
positive uniform charge distribution.

In this work, the coulombic nuclear potentials VI are approximated by
pseudopotentials V PP

I from Goedecker, Teter and Hutter.134,135 They can be
expressed analytically as

V PP
I (λ,r) = VI,loc(λ,r) +VI,nl(λ,r,r

′) (82)

with

VI,loc(λ,r) = −ZV(λ)
r

erf(αPPr)

+
∑
i

CPP
i (λ)

(√
2αPPr

)
exp

{
−
(
αPPr

)2
} (83)

and

VI,nl(λ,r,r
′) =

∑
lm

∑
ij

〈
r
∣∣∣plmi 〉

hlij(λ)
〈
plmj

∣∣∣∣r′〉 . (84)

For a definition of the parameters see section 2.3.1.
The λ-dependence of the pseudopotential parameters follows from the lin-

early coupled Hamiltonians of molecule and UEG (see Eq. (39)) as: ZV(λ) =
Z̄Vλ, CPP

i (λ) = C̄PP
i λ and hlij(λ) = h̄lijλ. Z̄V, C̄

PP
i and h̄lij denote the optimized
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3 alchemical energy partitioning of periodic systems

parameters reported in Ref. 134,135. With this definition, the pseudopoten-
tials are zero for λ = 0 and equal to the potentials of the respective elements
at λ = 1.

The background charge ρbg(λ) is equal to Ne/Ωcell at λ = 0, where Ne is the
number of valence electrons in the molecule and Ωcell is the volume of the
unit cell. It is scaled down linearly to zero at λ = 1, while the nuclear valence
charges ZI,V(λ) are simultaneously scaled up. Thus, ρbg(λ) can be expressed
as a function of the ZI,V(λ) as

ρbg(λ) =
Ne −

∑
I ZI,V(λ)

Ωcell
(85)

with ZI,V(λ) = Z̄I,Vλ and Z̄I,V being the nuclear valence charge of the element
at site I in the compound. The background potential V bg is defined per unit
cell

V bg(r) = −
∫
Ωcell

dr′
1
|r− r′ |

. (86)

The nuclear repulsion energy Enuc depends on the interaction between
the nuclei ENN, between nuclei and background potential ENbg and the self-
interaction of the background Ebg such that

Enuc = ENN +ENbg +Ebg (87)

with

ENN =
1
2

∑
I,J

∑
L

ZI,V(λ)ZJ,V(λ)
|RI −RJ −L|

, (88)

where the self-interaction terms for RI = RJ at L = 0 are excluded,

ENbg =
∑
I,L

−ZI,V(λ)ρbg(λ)V bg(RI −L) (89)

and

Ebg =
1
2
ρ2

bg(λ)
∑

L

−
∫
Ωcell

drV bg(r−L). (90)

Note, that

ENbg(λ = 1)−ENbg(λ = 0) =
∫ 1

0
dλ
∂ENbg

∂λ
= 0 (91)

since the either nuclear charges or the background charge and hence also their
interaction energy are zero at λ = 0 respectively λ = 1. Hence, only Ebg and
ENN contribute to Enuc.

The atomic energy expression for the periodic external potential Eq. (81)
and the nuclear repulsion as defined in Eq. (87) can be derived analogously to
the derivation in sections 2.4.2 and 2.5 by utilizing the Hellmann-Feynman
theorem136,137 and chain rule. This results in

Emol −EUEG =
∑
I

∫ 1

0

(
∂Enuc

∂ZI,V

∂ZI,V
∂λ

+
∫
dr∆VIρλ(r)

)
︸                                  ︷︷                                  ︸

:= ∂EI
∂λ

dλ (92)
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where ∆VI =
∑

LV
PP
I (λ = 1,r −RI − L) − Z̄I,V/ΩcellV

bg(r − L) and Z̄I,V is the
nuclear valence charge of the I-th nucleus at λ = 1. A detailed derivation
is given in A.1.2 section I. The practical calculation of atomic energies with
Eq. (92) will be described in the following sections.

However, before delving into these details, the atomic energies obtained
from Eq. (92) and Eq. (68) are compared.

The mean absolute error (MAE) in the sum of atomic energies with respect
to the exact energy difference is greatly reduced if Eq. (92) is used (MAE =
0.004 Ha vs 8 Ha with Eq. (68)). As mentioned before, the main error source
in Eq. (68) is the neglected interaction between background potential and
electron density. Hence, the MAE can be reduced to 1.3 Ha if the interaction
between the electron density and the background charge in the same unit cell
and of the background charge with itself is added to Eq. (68) (see Figure 4,
Eq. (68) + V UEG). This correction is identical to evaluating Eq. (92) only for
L = 0. Thus, the remaining deviation between the Eq. (92) and Eq. (68) should
be related to the interaction with periodic images, which is only considered
in Eq. (92) by summation over all lattice vectors L. In Figure 4B, the relative
atomic energies of carbon in the 12 molecules of structure CH3-YHy are
plotted as obtained from Eq. (68) and (92). The atomic energies are shifted as
EC −EC, min, where EC, min is the atomic energy of carbon in ethane, which has
the lowest energy of all carbon atoms. The relative atomic energy trends can
already be recovered to a large extent by Eq. (68) as observable in the plot.

3.2 Alchemical derivatives

The calculation of analytical derivatives ∂λEI , requires the summation over
the lattice vectors L. However, the individual nuclear repulsion and electron-
nucleus attraction terms in Eq. (92) diverge for the summation over an infinite
number of lattice vectors. The attractive and repulsive terms must be added
up in the correct order such that the divergences cancel as has been described
for example in Refs 145–148. The correct implementation of these equations
is technically complicated, in particular if pseudopotentials are used instead
of coulomb potentials. Hence in this thesis, the derivatives are evaluated
numerically via finite differences or perturbatively.
∂λEI can be calculated via central finite differences as

∂EI
∂λ
≈ E[VI (λ+∆λ)]−E[VI (λ−∆λ)]

2∆λ
. (93)

E[VI (λ±∆λ)] is the energy of a system where VI (r,λ±∆λ) is the pseudopo-
tential of the I-th nucleus (see Eq. (81)-(84)) and VJ (r,λ) denotes the pseu-
dopotentials of the other nuclei. The pseudopotentials are rescaled by λ+∆λ
and λ, respectively, by scaling the λ-dependent parameters in Eqs. 83 and 84
(∆λ = 5 · 10−5 in this work).

A drawback of the finite difference approach is that for each atom and
integration point along the λ-path two additional self-consistent calculations
must be carried out. To reduce the computational cost, the derivatives can
also be evaluated perturbatively as

∂EI
∂λ

=
E[VI (λ+∆λ),ρλ]−E[VI (λ−∆λ),ρλ]

2∆λ
. (94)
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In the term E[VI (λ+∆λ),ρλ], the potential of the I-th nucleus is perturbed
as for the finite difference approach. However, the energy is evaluated for
the density ρλ at H(λ) instead of reoptimizing it for the perturbed external
potential. Hence, the same density ρλ can be used to obtain the derivatives
∂λEI for all atoms. This perturbative ansatz has been employed before46,59 and
should recover the analytical derivative independent of the chosen ∆λ-value
as shown in A.1.2 section II. However, in practice derivatives from Eq. (94) are
∆λ-dependent when evaluated with the electronic structure code CPMD.149

As larger ∆λ-values are chosen the derivatives deviate more and more from
finite difference derivatives evaluated for ∆λ = 5 · 10−5. The reason for this
might be the practical implementation of the energy expression in presence
of a uniform background potential in CPMD. Nevertheless, for ∆λ = 5 · 10−5

derivatives from finite difference or the perturbative approach yield almost
the same atomic energies. The mean absolute difference in atomic energy
for the 91 atoms in the 15 molecules mentioned above is 0.03 mHa. Eq. (93)
and (94) yield also similar results for 55 molecules with 10-20 atoms and 38
valence electrons from the QM9 database.19 The mean absolute deviation
between atomic energies amounts to 0.02 mHa, indicating that the accuracy
of the perturbative approach is not affected by the size of the molecule.

Although out of the scope of this work, the finite difference approach might
also be useful to calculate higher order derivatives ∂nλE with n > 1. For ex-
ample, second order derivatives ∂2

λE can be obtained from the second order
derivatives with respect to the nuclear charges (or from the derivatives with
respect to pseudopotential parameters if pseudopotentials are used).50 These
derivatives could then be used to optimize heterogeneous catalysts by pro-
viding adsorption energy estimates of a molecule on the catalyst surface for
various catalyst compositions. This is achieved by estimating adsorption ener-
gies via a Taylor expansion of the energy of the system in λ, where variations
in λ correspond to variations in the nuclear charges of the catalyst (see Ref
57 for details). It was demonstrated that this approach yields adsorption
energy estimates with errors in the order of 0.02-0.24 eV for metallic surfaces
by using only first order derivatives ∂λE.55 However, the predictions were
shown to be significantly less accurate for catalysts with a band gap.150 It was
argued that predictions could be improved by inclusion of the second order
derivatives ∂2

λE.150 However, to the best of my knowledge, such calculations
have not been performed yet. The finite difference approach presented in
this thesis provides a straightforward route to obtain second order derivatives
with respect to the pseudopotential parameters. Hence, it could possibly lead
to improved adsorption energy predictions for heterogeneous catalysts with a
band gap.

λ-dependence of atomic derivatives

Atomic derivatives ∂λEI evaluated from central finite difference as a function
of λ are shown for selected elements X in Figure 5, where X has a single bond
to a methyl group and remaining valencies are saturated with hydrogens,
e.g. the compounds are of the form CH3-XHx. The left panel shows the
derivatives for different elements in the second row of the periodic table and
the right panel shows the derivatives for elements in the VI-th main group
of the periodic table. The shape of the curves is similar for all elements. The
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Figure 5: The alchemical atomic derivatives ∂λEI as function of λ for elements in the
second row (left panel) or the VI-th main group (right panel) of the periodic table.
The derivatives of nucleus I are evaluated for structures of type CH3-IHi , where i is
chosen such that all valencies of I are saturated.

derivatives decrease monotonously starting from ∂λEI = 0 at λ = 0 with the
second order derivative ∂2

λEI reaching a minimum at λ ≈ 0.9. A comparison
of ∂λEI (λ) for the elements in the second row of the periodic table shows that
for a fixed value of λ, ∂λEI (λ) is more negative for a higher nuclear charge
of the element. The opposite trend is observed for the elements in the same
main group - from oxygen to selen ∂λEI (λ) becomes more positive for a given
value of λ.

These characteristics can be understood qualitatively from the definition
of ∂λEI (λ) in Eq. (92). The term

∫
dr∆VIρ(λ,r) in this equation becomes

more negative as more density accumulates around the I-th nucleus resulting
in the observed behaviour with increasing λ. Furthermore, more electron
density accumulates around elements with a higher electronegativity which
is responsible for the more negative ∂λEI for increased nuclear charge in the
same row (Figure 5 left panel) and lower nuclear charge in the same main
group (Figure 5 right panel). It should be noted that the alchemical derivative
within the same main group would become more negative with increasing
nuclear charge for the all electron case, while the observed opposite trend is
due to the use of pseudopotentials.

It is also noteworthy, that all derivatives ∂λEI = 0 at λ = 0. This can be
explained by the the variation in energy due to a variation in nuclear charge
density at some point r being equal to the electrostatic potential at r as shown
in Ref 44. At λ = 0 the system consist of an uniform electron density and the
positive uniform background charge. Consequently, the electrostatic potential
is zero at every point in space and ∂λEI = 0.

3.3 Integration over the transformation path

The integral over λ in Eq. (92) is calculated by numerical integration. The
performance of four different integration methods, the trapezoidal rule, Simp-
son’s rule, cubic splines and gaussian quadrature, have been compared. The
mean absolute deviation between the sum of atomic energies and the exact
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Figure 6: Mean absolute error (MAE) of
∑
I ∆EI vs ∆E for the 15 molecules mentioned

in the text for an increasing number of integration pointsN along the λ-path using
different integration methods. For gaussian quadrature only the MAE of ethane is
plotted. Adapted from J. Chem. Phys. 160, 054106 (2024), with the permission of AIP
Publishing.

energy difference between UEG and molecule, |
∑
I ∆EI −∆Eexact|, is used to as-

sess the accuracy of the integration method since the deviation should be zero
if the integration (and calculation of derivatives) is exact. Figure 6 shows the
MAE, |

∑
I ∆EI −∆Eexact|, for the different numerical integration methods and

increasing number of integration pointsN . The MAE is averaged over the 15
test molecules for trapezoidal rule, Simpson’s rule and cubic splines but was
only calculated for ethane for gaussian quadrature. For the trapezoidal rule,
Simpson’s rule, cubic splines the integration points are placed equidistantly
between 0 and 1 and ∂λEI is set to zero at λ = 0 as justified in the previous
section. In case of the gaussian quadrature, the integration points are the roots
of the Legendre polynomials shifted from the interval [0,1] to the interval [-1,
1].

The MAE decreases for all methods as the number of grid points is increased.
Trapezoidal rule, Simpson rule and cubic splines yield similar errors (e.g. 5.9,
4.5 and 4.4 mHa for 21 grid points). Gaussian quadrature shows a similar
performance to the other method except for 21 grid points, where it has a
significantly larger error. The reason for this is the higher error in the nuclear
repulsion term

∫ 1
0 dλ

∂E
∂ZI,V

∂ZI,V
∂λ . This error is in the order of 10−4 Ha for the

other methods but 10−2 Ha for gaussian quadrature. The errors for the integral∫
dλ

∫
dr∆VIρ(λ,r) are similar for all four integration methods.

Even for 21 integration points the error is above chemical accuracy (1.6 mHa)
for all integration methods. It should be possible to reduce the error further by
inclusion of more integration points. However, this approach is computation-
ally not feasible if the atomic energies should be calculated for a large dataset
of molecules. In particular, the slow convergence of the calculations for λ < 1
(often more than 100 SCF iterations) make this procedure computationally
expensive. Fortunately, trends in atomic energy for varying local environment
seem to converge faster than the overall MAE. This is illustrated in Figure 7
by ranking the atomic energies of carbon in the molecules in the test set by
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Figure 7: Comparison of atomic energy rankings for carbon atoms in 15 different
molecular environments with varying number of integration pointsN and rescaling
according to Eq. (95). Adapted from J. Chem. Phys. 160, 054106 (2024), with the
permission of AIP Publishing.

increasing atomic energy. The energy ranking for 21 grid points and integra-
tion with Simpson’s rule appears similar to the one for 6 integration points.
The ranking similarity can be quantified by the Kendall rank coefficient τ .151

A coefficient of τ = 1 would indicate that the atomic energies are ranked
identically for 21 and 6 integration points. τ = −1 would indicate maximally
different rankings, e.g. a negative correlation between the rankings. τ = 0
would indicate that no correlation exists between the rankings at all. In case
τ = 0.77 indicating a good agreement between the atomic energy rankings for
the coarse and fine grid.

While a qualitative interpretation of the relation between atomic energy
and local environment is possible for coarse integration grids, the results
might not be sufficient to develop of quantitatively accurate models, e.g. if
the atomic energies should be used as training labels of a machine learning
model. Exact agreement between the sum of atomic energies and ∆Eexact can
be achieved by rescaling of the atomic energies as

∆ẼNI = ∆Eexact ∆ENI∑
J ∆E

N
J

, (95)

where ∆ENI is the atomic energy obtained after integration over N points
along λ,

∑
J ∆E

N
J is the sum of all atomic energies in the molecule numerically

integrated overN points and ∆Eexact is the exact energy difference between
the molecule and the UEG. The rescaling of atomic energies integrated over
6 points does not significantly affect the atomic energy ranking (see Figure 7
but even slightly improves the agreement with the energy ranking atN = 21
(τ = 0.85) compared to unscaled energies. Thus, the combination of a coarse
integration grid and rescaling might be a viable option for the calculation
of atomic energies for large datasets and the utilization of these energies for
development of quantitative models.
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Figure 8: The origin of different atomic energies for the symmetrical hydrogen atoms
in ethane. Colors in the plots correspond to the hydrogens H1-H6 as illustrated
in the inset of A. ∆ indicates that the respective quantities are with respect to H1.
Panel A: ∂λE

el
I along the transformation path. Panel B: The density in spheres with

increasing radius |r −RI | around the hydrogens (see Eq.(96)). Panel C: Interaction
energy between electron density and potential VI in spheres with radius |r−RI | (see
Eq.(97)). Panel D: The relation between ∂λE

el
I in the central unit cell and the external

potential V nb
I due to the nuclei in the 26 surrounding unit cells.

Atom EI (mHa) EI −E1 (mHa)
H1 -506.0 0.0
H2 -511.9 -5.9
H3 -511.8 -5.8
H4 -511.8 -5.8
H5 -511.8 -5.9
H6 -506.3 -0.4

Table 1: Atomic energies of the symmetrical hydrogen atoms in ethane. The indices
are the same as for the hydrogens in Figure 8.
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3.4 Finite size effects

In the previous sections, it was investigated to which extend the sum of atomic
energies agrees with the exact energy difference between a molecule and the
UEG. The decomposition scheme should also recover the symmetry of the
compound, e.g. the atomic energies of symmetrically identical atoms should
be identical, as well.

Exemplarily, this is studied for the atomic energies of the six symmetrically
identical hydrogen atoms in ethane (see Table 1). The values can differ by up
to 6 mHa in apparent violation of the symmetry of the molecule. This error
should not be caused by the numerical integration in λ, since this does not
affect the spatial symmetry of the electron density and the external potential.

To identify the reason for the unsymmetrical atomic energies, the difference
in derivatives ∆∂λE

el
I = ∂λE

el
I −∂λE

el
1 is plotted as a function of λ in Figure 8A.

∂λE
el
1 denotes the derivative of hydrogen H1 (see inset of Figure 8A). The

derivatives differ strongly in the interval λ = [0.6,0.85]. In this range only the
inversion symmetry is retained, resulting in three pairs of hydrogens with
(nearly) identical derivatives (H1/H6, H2/H5, H3/H4). Since the derivatives
are calculated as ∂λE

el
I =

∫
dr∆VIρ(λ,r), deviations should be either due to

unsymmetrical densities ρ(λ,r) or potentials ∆VI . To investigate possible
deviations in ρ(λ,r) from the expected symmetry, the electron density ρ(λ =
0.8) is spherically integrated up to a certain distance |r − RI | around each
hydrogen atom, e.g.

ρsp(r) =
∫ |r−RI |

0
dr′ρ(λ = 0.8,r′). (96)

The difference ∆ρsp between ρsp(r) and the same integral for H1 is plotted in
Figure 8B for distances |r−RI | in the range of 0.05 to 18.5 Å. The number of
electrons within a radius of ≈ 1.5Å, e.g. close to the core, is higher for the
hydrogens H2, H3, H4 and H5 than for H1 and H6s. Hence, the derivatives
∂λE

el
I =

∫
∆VIρdr of the hydrogens H2−5 have a more negative contribution

from this region. This is shown in Figure 8C by plotting

∆EeN
I (r) =

∫ r−RI

0
dr′VIρ(λ = 0.8,r′)−

∫ r−R1

0
dr′V1ρ(λ = 0.8,r′) (97)

for distances |r−RI | in the range of 0.05 to 18.5 Å. Consequently, the different
atomic energies for the symmetrical hydrogens in ethane can be attributed to
differences in the electron density around the hydrogen atoms.

The reason for the different electron distribution are likely different interac-
tions with the periodic images. Since the unit cell has not the same symmetry
as the molecule, the hydrogen atoms are in fact not symmetrical anymore if
the periodic system is considered. The external potential V nb

I at the positions
of the hydrogen atoms due to the nuclei in the 26 unit cells surrounding
the cell at L = 0 is not identical for the hydrogen atoms. This is illustrated
in Figure 8D, where ∆V nb

I = V nb
I − V

nb
1 is plotted against ∂λE

el
I (V nb

1 is the
potential at the position of H1 due to the nuclei in the neighboring unit cells).
The hydrogen atoms are exposed to three slightly different external poten-
tials with the potential of each of the pairs H1/H6, H2/H5 and H3/H4 being
nearly identical. The same pairs of hydrogen have also the same derivatives
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Figure 9: The atomic energies calculated with the alchemical decomposition scheme
of the four symmetrical hydrogen atoms in methane as a function of the cubic cell
length L.

with respect to λ (see Figure 8A) and the same electron distributions ρsp (see
Figure 8B). It is surprising, that the small difference in external potential
in the order of 10−6 e Bohr−1 could lead to differences in atomic energies
of 6 mHa. Furthermore, it is unclear why the derivatives differ only in the
interval λ = [0.6,0.85] although the differences in external potentials V nb

I also
exist at other λ-values. A more in depth study of this behaviour is however
out of the scope of this work.

An approach to mitigate finite size effects is to increase the cell size. The
dependence of the atomic energies on the cell size is studied exemplarily for
methane in Figure 9. The atomic energies of the four symmetrical hydrogen
atoms become more similar as the length of the cubic cell is increased from
10Å over 15Å to 20Å. However, even at 20Å the difference between the atomic
energies is rather large (up to 7 mHa). It might be possible to extrapolate
to infinite cell size by studying the atomic energies as function of the cell
size. However, this is quite expensive as it requires the calculation of atomic
energies for various infinite sizes. Thus, an increase of the cell size alone does
not seem to be a promising strategy to deal with finite effects, in particular if
the alchemical decomposition scheme should be applied to a large dataset of
molecules.

Nevertheless, the variation in atomic energy due to different local environ-
ments can often still be resolved since it tends to be larger than the energy
difference between the symmetrical hydrogen atoms. For example, the aver-
age atomic energy of hydrogen in ethane is 14 mHa lower than the atomic
energy of hydrogen in the NH2 group and the atomic energy of hydrogen in
NH2-group is 16 mHa lower than of hydrogen in the OH-group of CH3OH.
In contrast, the atomic energies of the hydrogens in ethane differ by at most
6 mHa.

3.5 Summary

In this chapter, the atomic energy decomposition scheme from Ref. 86 (see
Eq. (68)) has been extended to include periodic boundary conditions and
the potential of the UEG. The extended decomposition was compared to the
model in Ref. 86. In particular, only the extended model recovers the energy
difference between a molecule and the UEG. Furthermore, the numerical as-
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pects of atomic energy calculations have been thoroughly investigated. Based
on this analysis, approximations for the efficient calculation of atomic energies
have been proposed.

In the following two chapters, the alchemical energy decomposition scheme
will be used to investigate structure energy relationships. The goal of these
applications is the development of simple models to estimate the stability of
compounds throughout chemical space.
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B I N D I N G E N E R G I E S F R O M A LC H E M I CA L E N E R G Y4 D E C O M P O S I T I O N

In this chapter, the alchemical energy decomposition scheme is used to inves-
tigate the impact of the elemental composition on the stability of chemical
bonds. This is done by calculating atomic contributions to the bond dissocia-
tion energy (BDE) for homolytic bond cleavage reactions of type

HxA−BHy →HxA• +• BHy . (98)

with A and B being any combination of the elements carbon, nitrogen, oxygen
and fluorine and x,y chosen such that all remaining valencies are saturated by
hydrogen atoms.

The bond dissociation energy EAB is defined as

EAB = Etot(A) +Etot(B)−Etot(AB) (99)

where Etot(A), Etot(B) and Etot(AB) are the total energies of the fragments
HxA•, HxB• and the molecule HxA−BHy , respectively.

The contribution of, for example atom A, to the BDE can be calculated as

EAB(A) = Etot(A/A)−Etot(A/AB) (100)

where EAB(A) is the atomic contribution of A to the BDE, Etot(A/A) is the
atomic energy of A in the fragment HxA• and Etot(A/AB) is the atomic energy
of atom A in the compound HxA−BHy .

The relationship between this atomic BDE EAB(A) and the binding partner
B will be analysed in this chapter. However, before the results of this analysis
are presented, in the following, a notation for the relevant energy terms will
be introduced.

4.1 Atomic Energy Notation

The total energy, Etot(AB), of a compound HxA−BHy can be partitioned in the
nuclear repulsion contribution, Enuc(AB) and the electronic energy, Eel(AB)
as

Etot(AB) = Eel(AB) +Enuc(AB). (101)

The electronic energy can be partitioned into atomic contributions

Eel(AB) = Eel(A/AB) +Eel(B/AB)

+Eel(AH/AB) +Eel(BH/AB)
(102)

where Eel(A/AB) and Eel(B/AB) are the respective contributions of atom A
and B. Eel(AH/AB) and Eel(BH/AB) denote the sum of atomic energies of the
hydrogens bonded to A and B, respectively. The same notation is then used to
describe the atomic energies of the fragments, e.g. Eel(A/A) and Eel(AH/A)
are the respective atomic contributions of A and the hydrogens bonded to A to
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the electronic energy in the fragment HxA•. The atomic energies in fragment
•BHy are analogously defined as Eel(B/B) and Eel(BH/B). As an example,
the different atomic energy terms for methylamine and its fragments are on
display in Figure 10.

Figure 10: Atomic energy notation exemplified for methylamine and its fragments
after homolytic cleavage of the C-N bond. Adapted with permission from J. Am.
Chem. Soc. 2023, 145, 5899-5908. Copyright 2023 American Chemical Society

Finally, the atomic contribution to the BDE can be defined as already given
in Eq. (100). The atomic contribution to only the electronic energy term of the
BDE, Eel

AB = Eel(A) +Eel(B)−Eel(AB), is defined as

Eel
AB(A) = Eel(A/A)−Eel(A/AB) (103)

for atom A and analogously for atom B and the hydrogen atoms.
In the following analysis, I will focus only on the electronic contribution to

the BDE, Eel
AB, because the calculation of the electronic energy is the compu-

tationally expensive step. If the variation in electronic energy with binding
partner can be accurately described with help of the atomic energy decompo-
sition scheme, it is trivial to add the nuclear repulsion energy.

Using Eq. (103) the electronic contribution to the BDE can be expressed as
a sum of atomic terms as

Eel
AB = Eel

AB(A) +Eel
AB(AH) +Eel

AB(B) +Eel
AB(BH). (104)

with Eel
AB(A),Eel

AB(AH),Eel
AB(B),Eel

AB(BH) referring to the atomic contributions
of atom A, the hydrogens attached to atom A, atom B and the hydrogens
attached to atom B, respectively.

4.2 A model for bond dissociation energies

These atomic energies were calculated for molecules HxA − BHy and their
fragments, HxA• and •BHy with the alchemical atomic energy decomposition
scheme Eq. (68). In this equation, the first term was neglected since it accounts
for the nuclear repulsion, while here only the electronic energy is of interest.
A and B were chosen from the elements C, N, O and F such that ten different
molecules and four different fragments could be generated. Note that Eq. (68)
is the decomposition scheme proposed in Ref. 86. As discussed in the previous
chapter, the equation does not include the periodic boundary conditions and
the potential of the UEG. This decomposition scheme was used nevertheless
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Figure 11: The sum of atomic contributions to the electronic part of the BDE,
∑
I E

el
AB

Eq. (104), plotted against the exact electronic BDE for 10 molecules with structure
HxA − BHy . The gray dashed line indicates exact agreement between

∑
I E

el
AB and

Eel, exact
AB .

because the modified version had not been developed. The sum of atomic
energies evaluated from Eq. (68) deviates from the exact energy between the
respective compound and the reference. However, as for the compounds in
the previous chapter, this deviation is systematic as illustrated in Figure 11.
The sum of atomic contributions from Eq. (104) is shifted downwards by
approximately 6 Ha for each of the ten compounds but the energy trend across
the different systems is mostly recovered. In addition, the atomic energy trend
for carbon bonded to C, N, O or F is already correctly reproduced with Eq. (68)
as shown in chapter 3 Figure 4B. Thus, the decomposition scheme should be
suitable to investigate binding energy trends for varying compositions.

In Figure 12A, the atomic contribution to the electronic BDE, Eel
AB(A), is

plotted as a function of the nuclear charge of the binding partner, ZB, to
investigate the impact of the binding partner on the atomic BDE. Eel

AB(A)
increases as the nuclear charge ZB increases for A being either carbon, nitrogen,
oxygen or fluorine. Figure 12B shows the sum of atomic energies of the
hydrogen atoms attached to atom A, Eel

AB(AH), as a function of the binding
partner B. The energies are less sensitive to a change in binding partner
compared to the atomic energies of A and remain approximately constant.
The lower sensitivity is inline with chemical intuition. Atom A should be
affected more by a variation in ZB than the hydrogens because it is directly
bonded to atom B.

The observed relationship between atomic energy and ZB motivates the
approximation of Eel

AB(A) as a linear function in ZB and of Eel
AB(AH) as a

constant in ZB. We propose to express the sum of the atomic energies Eq. (104)
as a sum of two linear functions

Eel
AB ≈ βAZB +αA︸      ︷︷      ︸

=Eel
AB(A)+Eel

AB(AH)

+ βBZA +αB︸      ︷︷      ︸
=Eel

AB(B)+Eel
AB(BH)

. (105)

The slopes βA and βB describes the sensitivity of Eel
AB(A) and Eel

AB(B) to a
variation in ZB and ZA, respectively. The constants αA and αB account for the

46



4 binding energies from alchemical energy decomposition

Figure 12: Atomic electronic BDEs (see Eq. (103)) of atom A as a function of the
nuclear charge ZB of the binding partner for carbon, nitrogen, oxygen and fluorine
(Panel A) and the sum of the atomic electronic BDEs of the hydrogens attached to the
different atoms A (Panel B). Reprinted with permission from J. Am. Chem. Soc. 2023,
145, 5899-5908. Copyright 2023 American Chemical Society

constant contributions of the hydrogen atoms attached to A and B, respectively,
as well as the constant contributions of the atoms A and B.

In order to obtain BDEs the nuclear repulsion must also be included. Here
we approximate the nuclear repulsion by only considering the nuclear repul-
sion between the binding partners A and B as ZAZB/d̄, where d̄ is the average
distance between A and B in all considered molecules HxA−BHy .

Consequently, we can model the bond dissociation energy EAB as

EAB ≈ βAZB +αA︸      ︷︷      ︸
=Eel

AB(A)+Eel
AB(AH)

+ βBZA +αB︸      ︷︷      ︸
=Eel

AB(B)+Eel
AB(BH)

− ZAZB

d̄︸︷︷︸
=Enuc

AB

. (106)

The optimal parameters α,β can be determined from a least squares fit to
EAB + ZAZB

d̄
for then ten compounds HxA −BHy . EAB is the BDE of the total

molecule, which can in principle be obtained from experiments or highly
accurate reference calculations. However, here the BDEs were calculated with
DFT (PBE0/def2-TZVP) for practical convenience. With optimized parameters
α,β, these BDEs can be accurately reproduced by Eq. (106) with a MAE of
0.5 kcal/mol. To test the transferability of the model, it is also applied to
compounds HxA−BHy where A and B are from the third or fourth row and
the fourth to seventh main group of the periodic table (e.g. the elements Si, P,
S, Cl or Ge, As, Se, Br). After reoptimizing the parameters α,β with respect to
reference BDEs for these compounds, Eq. (106) can reproduce the BDEs with
a MAE of 0.4 and 0.3 kcal/mol, respectively.

Eq. (106) can accurately describe the variation in BDE for varying binding
partners in different rows of the periodic table. However, the equation requires
eight parameters for each row of the periodic table since a pair of parameters
α,β exists for each element. If these parameters could instead be expressed
as functions of the nuclear charge, the total number of parameters could be
reduced. Thus, the relationship between αA and βA and the corresponding
nuclear charge ZA is analysed next.

This is done by plotting the optimized parameters, αA,βA as function of the
nuclear charge ZA in Figure 13.

The optimized parameter βA is approximately linear in ZA, e.g.

βA ≈ b′ZA. (107)
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Figure 13: Optimized parameters β (Panel A) and α (Panel B) of Eq. (106) as a function
of Z after a fit to bond dissociation energies calculated with DFT (PBE0/def2-TZVP).
Reprinted with permission from J. Am. Chem. Soc. 2023, 145, 5899-5908. Copyright
2023 American Chemical Society

with the row-dependent slope b′. Consequently, βA/B can be expressed as func-
tion of ZA/B, so that the terms βAZB and βBZA in Eq. (106) can be simplified
as

βAZB + βBZA ≈ 2b′ZAZB. (108)

The relationship of the optimized offset αA and ZA is non-linear as can be
observed in Figure 13B.

Thus, we choose to account for the non-linearity with following ansatz for
αA

αA ≈ cZ
γ
A + a′ , (109)

where the exponent γ accounts for the non-linearity and a′ is an offset.
Insertion of the definitions of β and α given in Eq. (107) and Eq. (109) in

Eq. (106) and rearrangement of the resulting expression leads to

EAB ≈ a− bZAZB + c
(
Z
γ
A +ZγB

)
(110)

with a = 2a′ and b =
(

1
d̄
− 2b′

)
.

The parameters a,b,c are optimized by non-linear least squares and γ via a
line scan. For the compounds in second, third and fourth row an individual set
of parameters a,b,c is determined while a single γ-value is optimized for all
rows together. The optimal value for γ in this optimization procedure is γopt =
2.36. The terms cZ2.36

A/B in Eq. (110) resemble the leading term in an expression
for the energy of free atoms,152,153 which is equal to −0.768745 ·Z7/3. This is
an interesting result which might offer a physical interpretation of the binding
energy expression which can accordingly be written as

EAB ≈ a− bZAZB + c
(
Z7/3

A +Z7/3
B

)
≈ a− bZAZB + c′

(
Eatom

A +Eatom
B

) (111)

with the energies of the free atoms Eatom
A and Eatom

B and c′ = − c
0.768745 . The

optimized parameters for this equation with γ = 7/3 are given in Table 2. I
note that the MAE for γ = 7/3 (= 1.87 kcal/mol) is almost identical to the one
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Table 2: Coefficients and MAEs of Eq. (111) for different rows n. b and c are scaled
such that bZAZB and c(Z7/3

A +Z7/3
B ) are given in kcal/mol if ZA and ZB are given in

atomic units of charge e.
n a (kcal/mol) b (630 Bohr−1) c (630 Bohr−1 e−1/3) MAE (kcal/mol)
2 215.7 10.470 1.987 1.0
3 392.7 8.823 1.496 2.4
4 1109.2 6.180 0.813 2.2

for γ = 2.36 (= 1.84 kcal/mol) and in the following I will present only results
for γ = 7/3.

The parameter a depends strongly on the row of the periodic table, respec-
tively the principal quantum number n. In particular, the optimized a varies
by ≈ 180 kcal/mol from second to third but by ≈ 700 kcal/mol from third
to fourth row. This might be associated with the addition of only 8 vs 18
core electrons when going from second to third or third to fourth row of the
periodic table.

The parameter b has the unit of an inverse distance and the overall term
−bZAZB is destabilizing and might be related to the nuclear repulsion be-
tween A and B. Finally, the parameter c has a unit of inverse distance times
inverse cubic root of electric charge. The term c

(
Z7/3

A +Z7/3
B

)
could be inter-

preted as the sum of electronic energies of atoms in a molecule due to the
aforementioned similarity with the energy expression in Z for free atoms.

4.3 Performance

The BDE predictions of Eq. (111) (in the following called "our model") for the
different compounds in the second, third and fourth row of the periodic table
are presented in Figure 14 together with the DFT reference data and the opti-
mal parameters are given in Table 2. Our model predicts BDEs with an overall

Figure 14: Calculated bond dissociation energies from density functional theory (DFT,
PBE0/def2-TZVP), our quantum alchemy based chemical bond model (Eq. (111)),
and Pauling’s electronegativity model in Eq. (112). MAEs with respect to DFT amount
to 1.8 and 1.4 kcal/mol for our and Pauling’s model, respectively. Reprinted with
permission from J. Am. Chem. Soc. 2023, 145, 5899-5908. Copyright 2023 American
Chemical Society
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MAE of just 1.8 kcal/mol with respect to the DFT reference. Furthermore, the
BDE trends for varying composition are reproduced well, as observable from
similar shapes of the curves for our model and the reference. It is promising
that such a simple model can accurately described bonding trends in chemical
space. However, it should be noted that the sampled space is rather small
with fixed equilibrium geometries, only p-block elements from the same row
of the periodic table and only single bonds between A and B.

The prediction errors of our model are also compared to the errors of other
well established methods. For this comparison, the quantum chemistry W4-17
dataset154 is chosen as reference because it provides highly accurate bond
dissociation energies at CCSDTQ5/CBS or CCSDTQ56/CBS level. Our model
is recalibrated to the W4-17 data and leave-one-out predictions are shown
in Figure 15 together with leave-one-out predictions from a machine learn-
ing model. The machine learning method is kernel ridge regression with a
gaussian kernel.155 The model is trained with molecular structures of the
compounds HxA-BHy as input and the corresponding BDEs as labels. The
molecular structures are encoded via the bag of bonds representation.29 This
representation is a vector with the components being all pairwise combina-
tions ZIZJ / |RI −RJ | ordered and padded by zeros in a specific way, where
ZI/J and RI/J are the nuclear charges and positions of the atoms I and J , re-
spectively (see Ref. 29 for details). The machine learning model yields a
substantially higher error (MAE = 10.4 kcal/mol) than our model (MAE =
1.3 kcal/mol) with respect to the W4-17 reference. This result is not surprising
since the highly flexible machine learning model depending on all pairwise
interactions needs more training data for reliable out of sample predictions
than our simple constrained model depending only on the nuclear charges
and three parameters. Errors of various QM methods with respect to W4-17
are 9.5 kcal/mol for the semi-empirical PM7 method156, 1.2 kcal/mol for DFT
(PBE0/def2-TZVP), and 0.6 kcal/mol for CCSD(T)/F12 calculations (taken
from G2 Ref.157). These results show that our model can achieve comparable
accuracy or even outperform (in case of PM7) these methods for the given
set of compounds. However, our model is biased due to the calibration and
would likely perform significantly worse when applied to other compounds.

In addition, a comparison of leave-one-out prediction errors of our model
fitted either to PBE0, B3LYP or the W4-17 reference data yields MAEs of 1.3,
1.6 and 1.3 kcal/mol, respectively. This indicates that the performance of our
model is robust with respect to the choice of the reference method.
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Figure 15: Calculated BDEs using our model, Pauling’s, various quantum methods
(PM7, DFT (PBE0/DEF2-TZVP), G2) and a quantum machine learning model. Bond
dissociation energies are scattered against the W4 entries154 for ten saturated single
bond diatomics composed of carbon, nitrogen, oxygen or fluorine. Reprinted with
permission from J. Am. Chem. Soc. 2023, 145, 5899-5908. Copyright 2023 American
Chemical Society

4.4 Comparison to Pauling’s model

Already in the 1930s, Pauling developed another simple model to describe
bonding trends for varying composition. He decomposed the wavefunction of
a diatomic molecule, A-B, into a covalent and an ionic part. He further argued,
that the bond energy, EAB, could be split into a covalent and ionic contribution,
Ecov and Eion, as well.158 The covalent contribution was then approximated
as the mean bond energy of the compounds A-A and B-B, Ecov = (EAA +EBB)/2.
The ionic term was described as a function of the electronegativity difference
Eion = 23(χA −χB)2 with χA/B being the electronegativities of A and B. This
yields the bond energy equation

EAB =
EAA +EBB

2
+ 23(χA −χB)2 (112)

where the electronegativities were determined from a fit to experimental bond
dissociation enthalpies (the 23 in the second term is a conversion factor to
obtain the energy in kcal/mol if the electronegativities reported by Pauling
are used).158

The predictions with this equation are shown in Figure 14 as well. The MAE
is 1.4 kcal/mol, slightly below the one for our model (1.8 kcal/mol) but of
comparable magnitude. Eq. (112) predicts BDEs for symmetrical molecules,
EAA, exactly by construction, however it performs worse than our model for
large electronegativity differences, e.g. for C-F or Si-Cl (see Figure 14).

Both approaches are coarse grained models based on a decomposition of the
energy into physically meaningful contributions. The difference is that these
contributions are two-body interactions in Paulings model, while our model
emerges from one-body terms corresponding to the atoms in the compound.
Furthermore, Paulings model depends directly on the energy of the homonu-
clear bonds EAA and EBB and introduces the electronegativity as additional
concept to describe the ionic bond contribution. These choices lead to a very
robust model, that can also give decent bond energy estimates for A and B
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coming from different rows. In contrast, our model uses the nuclear charges as
input and might thus be closer connected to the underlying physics. However,
our model cannot be directly applied to molecules where A and B come from
different rows because the parameters a,b,c are optimized for one specific
row of the periodic table. An extension might be possible by inspecting how
our model is constructed from Eq. (106). In Eq. (106), the fragments A and
B are both modeled by a linear function with element specific paramters
αA/B,βA/B. By inserting the ansatz αA/B = a′n/m + c′n/mZ

7/3
A/B and βA/B = b′n/mZA/

into Eq. (106), one obtains

EAB = a′n + c′nZ
7/3
A + b′nZAZB + a′m + c′mZ

7/3
B + b′mZAZB −

ZAZB

d̄
, (113)

where n and m are the principal quantum numbers of ZA and ZB, respectively.
This expression should enable the calculation of BDEs for A and B coming from
different rows if the parameters a′n/m,b

′
n/m and c′n/m are known. Furthermore,

from the definitions of the parameters a, b and c in Eq. (111) (see section 4.2)
follows, that Eq. (113) can be rearranged to

EAB = a− bZAZB + c′nZ
7/3
A + c′mZ

7/3
B (114)

where a = (a′n+a′m)/2 and b = (b′n+b′m)/2. Exemplarily, BDEs for C-Si and C-Cl
are calculated with Eq. (114) and parameters a′n/m,b

′
n/m and c′n/m from Table 2.

The BDEs predicted by Eq. (114) are more than 200 (C-Si) and 450 kcal/mol
(C-Cl) higher than predictions with DFT (PBE0). In contrast, the errors with
respect to DFT are 5 (C-Si) and 2 kcal/mol (C-Cl) with Pauling’s model. The
reason for the large error of our model is that the expression has the large
stabilizing cZ7/3

A + cZ7/3
B and the large destabilizing term −bZAZB. If ZA ≈ ZB

both terms are approximately quadratic in ZA/B but with opposite sign such
that the terms largely cancel. However, if ZA << ZB, the destabilizing term is
much smaller than the term stabilizing term leading to the overestimation
of the energy. In Pauling’s model the covalent term (EAA +EBB)/2 is a lower
bound to the energy to which the stabilizing ionic term 23(χA −χB)2 is added.
In contrast to nuclear charges, electronegativities are of similar magnitude
across different rows of the periodic table. This prevents the overestimation of
the BDEs for A and B coming from different rows. Predictions with our model
could likely be improved if effective core charges were used instead of the
full nuclear charge because the effective core charges are of similar size across
different rows. However, such modifications are out of the scope of this work.

The value of simple models, such as Pauling’s or Eq. (111), arguably lies
mainly in the conceptual insights they can offer about trends in chemical
compound space. Pauling’s model explains for example, that heteronuclear
bonds A-B are more stable than homonuclear bonds A-A due to the stabiliz-
ing ionic term. In addition, his model defines electronegativities that have
been used to rationalize phenomena beyond bond stability, like for example
inductive effects. Our model might be useful in other applications beyond the
prediction of BDEs. In particular, the relation of the model to Hammett’s is
investigated in the following section.
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4.5 Comparison to Hammett’s equation

Hammett proposed a simple equation to describe an equilibrium or rate
constant K with respect to a reference constant K0 for reactions involving
benzene derivatives as

log
(
K
K0

)
≈ ζ · σ, (115)

where ζ accounted for different reactions conditions, e.g. solvent, temperature
or reaction type, and σ described the effect of different substituents of the
benzene ring.159 Subsequently, the model has been applied to describe trends
in chemical compound space for other properties, such as orbital energies of
metal organic complexes160, activation energies161, or dipole moments.162

The model has been a useful tool to describe property trends in chemical
compound space but is based on empirical observations.163 Our model was
constructed from the physics-based alchemical energy decomposition scheme
and can be used to formulate a Hammett type relationship. Thus, it might be
helpful to get a better understanding under which conditions Hammett’s em-
pirical ansatz can be used to quantify property-structure trends. In particular,
the change in EAB with respect to the nuclear charge of binding partner B

∂EAB

∂ZB
= −bZA +

7
3
cZ4/3

B . (116)

can be approximated by a product of two variables ζσ for a fixed ZA. This is
shown in Figure 16, where ∂EAB

∂ZB
+∆ with ∆ = bZA is plotted against the nuclear

valence charge of binding partner B so that

∂EAB

∂ZB
+ bZA =

7
3
cZ4/3

B

≈ 7
3
c︸︷︷︸

=ζ

ZV, B︸︷︷︸
=σ

. (117)

The slope of the curves, 7
3c, can be identified as ζ and the effect of the binding

partner is modeled via σ = ZV, B ≈ Z4/3
B . The slope ζ becomes flatter for

increasing row number in the periodic table. This can be interpreted as a
lower sensitivity of ∂EAB

∂ZB
on the binding partner B. The decrease of the slope is

particularly large from row 3 to row 4, which might be due to the addition of
the 10 d-block electrons in the fourth row.

Due to the nearly quadratic (Z7/3
B ) dependence of EAB on ZB, the derivative

∂ZB
EAB is approximately linear in ZB and consequently σ can be modeled by

the number of valence electrons which correlates linearly with ZB.
The Hammett-like relationship for ∂EAB

∂ZB
+∆ is obtained from the BDE ex-

pression Eq. (111), which was constructed from the linear model for atomic
energies, Eq. (106). Thus, the decomposition of a property into atomic con-
tributions could be a general strategy to discover Hammett-type relations
by revealing simple linear relationships between decomposed property and
structure.
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Figure 16: A Hammett-like relation between the derivative of the bond dissociation
energy with respect to the nuclear charge ∂EAB

∂ZB
and the number of valence electrons

NVE in the binding partner B. The curves are shifted by a constant ∆ such that they
intersect the origin. Adapted with permission from J. Am. Chem. Soc. 2023, 145,
5899-5908. Copyright 2023 American Chemical Society

4.6 Limitations to covalent bonds

The performance of our model for binding between s and p-block elements
is explored in Figure 17. ZA is equal to either 6,7,8 or 9 and fixed, while ZB
is varied from 3 to 9. As discussed before, our model agrees well with DFT

Figure 17: Limitations of applicability: BDEs between atom A and B corresponding to
C/N/O/F or Li/Be/B/C/N/O/F, respectively. For second quantum number differing
between A and B, our model [Eq. (111)] breaks down. Reprinted with permission
from J. Am. Chem. Soc. 2023, 145, 5899-5908. Copyright 2023 American Chemical
Society

for ZB in the range from 6 to 9. The accuracy slightly deteriorates for boron,
e.g. ZB = 5, but yields still a reasonable prediction. However, as ZB is reduced
further to the s-block elements beryllium and lithium, our model predicts an
increase in BDE while DFT predicts a decrease. The worse performance of the
model for the binding between s and p-block elements could be associated
with the change of the bonding character from covalent for A and B being
both p-block elements to the more ionic character if one partner is from
the s-block. Our model was developed based on trends for predominantly
covalent bonding. Thus, its problems in describing ionic bonding should not
be surprising.

Furthermore, our model has the lowest accuracy for binding among p-block
elements if one of the partners is boron. In this case, the BDE is systematically
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underestimated. The reason might be that bonds involving boron have a
bond order of 1.4 while the other bonds are of order 1.164–166 Our model was
calibrated to systems with bond order 1, which might explain the observed
underestimation of the BDEs involving boron.

4.7 Bond order

Our model seems to predict BDEs with lower accuracy if the bond order
deviates significantly from 1. However, is it possible to accurately predict
BDEs for a different bond order after recalibration to such systems? This
question is investigated by refitting our model to double bonded molecules
HxA=BHy . A and B are either the elements C, N, O or Si, P, S or Ge, As,
Se. x and y are chosen such that all remaining valencies are saturated. Six
unique compounds HxA=BHy can be generated for each set of elements. A
notable difference to the single bonded systems HxA-BHy is that for the double
bonds the spin in the ground state is not the same for all compounds. O2,
S2 and Se2 have triplet ground states while the other systems are singlets.
Thus, for consistency the BDE was calculated for every molecule HxA=BHy

in the singlet state and all fragments HxA and BHy in the triplet state. The
BDEs were denoted as ∆ETS to highlight that fragments are in triplet and
molecules in singlet state. After recalibration of our model to ∆ETS, energy
trends were reproduced accurately with MAEs of 0.9, 1.3 and 2.0 kcal/mol for
the compounds in either second, third or fourth row, respectively (see A.2.2
Figure S1 and Table S1).

4.8 Electronic Configuration

The ability of our model to describe BDEs in different spin states was also
studied for the compounds HxA=BHy . For this purpose, the model was recali-
brated to energy differences between fragments and compounds being either
both in their energetically lowest triplet state ∆ETT or in their energetically
lowest singlet state ∆ESS. Furthermore, the model was fitted to the bond
dissociation energy EAB that is calculated from the energetically lowest elec-
tronic state for each compound and fragment. In contrast to the energies ∆ETS,
∆ETT and ∆ESS, for the energy EAB, the compounds are not all in the same
electronic state because O2, S2 and Se2 are triplets in the ground state while
the other compounds are singlets. The model shows a worse performance
for EAB (MAE 7.4 kcal/mol) than for ∆ETS for the compounds in the second
row. The reason for the higher error is the worse prediction of EAB for O2, the
compound with another spin state (see A.2.2 Figure S2A; note that in A.2.2
the energy EAB is denoted as ∆EGS, where GS stands for ground state). The
lower prediction accuracy if the spin state changes is inline with the observed
worse performance if the bond order or bonding type (covalent vs ionic) varies
within the dataset (see section 4.6). However, the MAE of EAB for third and
fourth row (1.6, 1.9 kcal/mol) is similar to the one of ∆ETS although mixed
spin states have to be modelled (see A.2.2 Figure S2A). This indicates that
inconsistencies in the spin state throughout the considered chemical space do
not necessarily lead to a detoriation in accuracy.
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4 binding energies from alchemical energy decomposition

The prediction errors for ∆ETT and ∆ESS are in the order of 7-8 kcal/mol
for the second row and 10-14 kcal/mol for the third and fourth row (see A.2.2
Figure S2B and C and Tables S3 and S4). Since our model was designed based
on trends for the ground state of single bonds, the lower prediction accuracy
for different spin states and bond order should be expected. Nevertheless, the
trends can be reproduced reasonably well.

The overall good accuracy might be due to the relatively low complexity
of the dataset with two variables (ZA, ZB) and only six datapoints. It might
be that the performance of our model is due to its flexibility instead of its
capability to describe the underlying physics. Thus, the model was also fitted
to points drawn from a random distribution spanning the same range as
the energies in the different spin states. The fit to the random data yields
significantly higher errors than for the BDEs (see A.2.2 Figure S3) indicating
that the performance of our model can be indeed associated with its ability to
describe the relevant physics of energy-structure relationships.

4.9 Trends and dependence on period

It was also attempted to generalize our model to describe BDEs in either
second, third or fourth row with a single set of parameters a,b,c. This could
for example be achieved by expressing the parameters as a function of the
principal quantum number. However, such a function would need to be very
accurate because our model has two large terms of opposite sign, −bZAZB and
c(Z7/3

A +Z7/3
B ). Hence, already small inaccuracies in b or c could lead to large

errors in the BDEs.
Differences in BDEs, ∆E = EAB−EAC, are less sensitive to the exact choice of

the parameters because the attractive respectively repulsive terms in A-B and
A-C cancel to a large degree. It was found that ∆E can be approximated as

∆E ≈ ∆Z
[
28(n− 1) + (8.5 + (n− 3)2)ZA

]
+ 6(Z2

B −Z
2
C), (118)

where ∆Z = ZC −ZB and n is the principal quantum number of the elements
A, B and C (see A.2.2 p. S-7 for the derivation).

In each of the considered rows of the periodic table, there are 24 unique
combinations of A, B and C with ZB ≤ ZC. The MAE over all 72 compounds is
just 4.2 kcal/mol, only slightly higher than for Eq. (111) (see Figure 18).
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4 binding energies from alchemical energy decomposition

Figure 18: Trends in covalent binding: Predicted (Eq. (118)) vs. Truth (corresponding
to PBE0/def2-TZVP). 72 bond dissociation energy differences between bonds A-B and
A-C (∆E), both within either the second, third, or fourth row of the periodic table,
∆E = EAB −EAC, where ZB ≤ ZC. Reprinted with permission from J. Am. Chem. Soc.
2023, 145, 5899-5908. Copyright 2023 American Chemical Society
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T R A N S F E R A B I L I T Y O F A LC H E M I CA L AT O M I C5 E N E R G I E S

The model developed in the previous chapter showed promising results for
the description of bond stability trends of simple molecules containing two p-
block elements from the same row. In this chapter, the work will be extended
to a larger variety of bonding patterns. For 1325 organic molecules, the
contribution of the atoms to the atomisation energy will be studied.

5.1 Calculation of the atomic energies

The subset of molecules in QM919 with 38 valence electrons was selected for
the investigation. This subset consists in total of 1329 molecules from which
four were excluded due to convergence issues resulting in atomic energies for
1325 molecules. These molecules have 6-8 heavy atoms of element type car-
bon, nitrogen, oxygen or fluorine and the Lewis structures of all compounds
are given in A.1.2. Only molecules with the same number of valence elec-
trons were selected because these systems are isoelectronic in pseudopotential
calculations. Hence, an identical UEG reference for all molecules can be gen-
erated by choosing always the same cell size in the calculations with periodic
boundary conditions. This facilitates the comparison of atomic energies across
different molecules.

The atomic energies were calculated with Eq. (92). Derivatives ∂λEI were
evaluated with the perturbative ansatz Eq. (94) for six equally spaced points
along the transformation path (λ = 0.0,0.2,0.4,0.6,0.8,1.0) and atomic ener-
gies ∆EI were obtained by numerical integration of ∂λEI with Simpson’s rule.
In a previous study, alchemical derivatives were calculated by only rescaling
the local pseuodpotential parameters but not the non-local parameter hij ,
and the same approach was adopted here.167 This does not have a significant
effect on the atomic energies (see A.1.2 Figure 2). The atomic energies were
rescaled to match the exact ∆E with Eq. (95). The rescaled atomic energies
are given with respect to the UEG, while conventionally molecular energies
are reported as atomisation energies, e.g. with respect to the energy of the
free atoms. Thus, the rescaled atomic energies were shifted such that their
sum is equal to the atomisation energy. For this purpose, atomic energies with
respect to the vacuum were calculated first by partitioning the energy of the
UEG into atomic contributions as

EUEG
I =

ZI,V∑
J ZJ,V

EUEG, (119)

where ZI,V is the nuclear valence charge of atom I and EUEG is the energy
of the UEG. Since all compounds are isolectronic,

∑
J ZJ,V is identical for

all molecules. Hence, EUEG
I depends only on the element but not the local
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5 transferability of alchemical atomic energies

environment of an atom within a molecule. The energy of a molecule with
respect to the vacuum can then be expressed as

Emol =
∑
I

∆ẼI +EUEG

=
∑
I

(
∆ẼI +

ZI,V∑
J ZJ,V

EUEG
)
,

(120)

where ẼI denotes a rescaled atomic energy and the partitioning of EUEG from
Eq. (119) is used in the second line.

Atomic contributions to the atomisation energy can be calculated by sub-
tracting the energies of the free atoms, Efree

I , as

∆Eat
I = ∆ẼI +

ZI,V∑
J ZJ,V

EUEG −Efree
I . (121)

The sum of the atomic atomisation energies
∑
I ∆E

at
I is exactly equal to the

atomisation energy of the respective molecule due to the use of the rescaled
atomic energies ∆ẼI .

5.2 Alchemical atomic energies of organic molecules

The atomic atomisation energies split by element are shown in Figure 19. In

Figure 19: The distribution of atomic contributions to the atomisation energy in
different local environments for 1325 drug-like molecules (∼18000 atoms) with 6-
8 heavy atoms split by element from the alchemical decomposition scheme, the
interacting quantum atom (IQA) and intrinsic bond orbitals and intrinsic atomic
orbitals (IBO/IAO). Reprinted from J. Chem. Phys. 160, 054106 (2024), with the
permission of AIP Publishing.

total there are 8644 hydrogen, 6323 carbon, 1661 nitrogen and 1341 oxygen
atoms. The dataset contains also 9 fluorine atoms that are omitted in the
figure. The atomic energies of carbon, nitrogen and oxygen are of similar
magnitude (mean values are −247, −246 and −244 kcal/mol, respectively),
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5 transferability of alchemical atomic energies

while the energies of hydrogen are shifted to more positive values (on average
−62 kcal/mol). It is also noteworthy that atomic contributions to the total
energy, i.e. before the energy of the free atom is subtracted, are for all atoms in
the order of the energy of the respective free atom. The atomic energies from
the alchemical decomposition can thus be interpreted as perturbations of the
free atom energy due to the interaction with the other atoms in the molecule.
This observation is also consistent with the model for BDEs Eq. (111). Eq. (111)
contains the stabilizing terms c(Z7/3

A/B), which are approximately proportional
to the energy of the free atoms A and B, as well. If the atomic energies
are interpreted as perturbed free atom energies, the shape and width of the
respective distributions in Figure 19 should be connected to the different local
environments of the atoms. A first indication that the width is linked to the
local environment is the fact that the range of the atomic energy distribution
of hydrogen (37 kcal/mol) is much narrower than for carbon, nitrogen and
oxygen (135, 135 and 110 kcal/mol, respectively) because hydrogen can have
only three different binding partners (carbon, nitrogen and oxygen) while for
the heavy elements, a much greater variety of binding partner combinations
and bond orders exists in the dataset.

The relationship between atomic energy and local structure is explored in
more detail by splitting the atomic energy distributions of each element into
partial distributions in which each atom has the same binding partners. For
hydrogen, only three different sub-distributions exist (as mentioned above),
while carbon, nitrogen and oxygen have 34, 14, and 6 unique sets of binding
partners, respectively. A selection of these distributions is shown for carbon
in Figure 20A. For each distribution, the covalent binding partners are on
display, as well. For example, the distribution with the lowest energy (on
the left in Figure 20A) corresponds to the atomic energies of a carbon atom
which has three hydrogens and one carbon atom as binding partners. Similar
plots for the other elements can be found in A.1.2 Figure 3. The distributions

Figure 20: Modelling the atomisation energy from atomic contributions obtained
via the alchemical energy decomposition. Panel A: Atomic energy distributions for
carbon in different local environments. Panel B: Atomisation energies estimated as
the sum of average atomic energies for the local environments present in the molecule.
Insets show predictions for selected stoichiometries. Reprinted from J. Chem. Phys.
160, 054106 (2024), with the permission of AIP Publishing.

for the individual local environments are narrower than the distribution for
all carbon atoms together. They span energy ranges of 50 kcal/mol or less
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5 transferability of alchemical atomic energies

compared to 135 kcal/mol for all carbons together. Thus, the atomic energies
from the alchemical decomposition scheme should be transferable across
different molecules, e.g. atoms in the same local environment have similar
atomic energies. This is also true for the other elements (see A.1.2 Figure 3).

The transferability of the atomic energies can be exploited to estimate the
atomisation energy of a molecule. For each local environment, the mean value
Ē(ZI , PI ) of the corresponding atomic energy distribution is calculated. ZI is
the nuclear charge and PI identifies the set of binding partners. The energy of
a given molecule can then be evaluated by summing up these mean energies
for all local environments in the molecule

Emol =
∑
I

Ē(ZI , PI ). (122)

The molecular atomisation energies of the 1325 molecules in our dataset
can be estimated this way with an error of 29 ± 23 kcal/mol. Inspection of
the errors reveals that energies are overestimated if the exact atomisation
energy is low and underestimated if the exact atomisation energy is high.
This systematic error can be corrected by combining Eq. (122) with a linear
regression model as

Emol =m ·

∑
I

Ē(ZI , PI )

+ b (123)

with slope m and intercept b obtained by minimizing

L =
∑
J

m∑
J

∑
I(J)

Ē(ZI , PI ) + b −Emol
J


2

, (124)

where
∑
J is a sum over all molecules J in the dataset. The removal of the

systematic error by Eq. (123) reduces the MAE to 23 ± 16 kcal/mol for our
dataset. This error is one order above chemical accuracy but our model can
still capture the stability trend across the whole dataset (see Figure 20B). Thus,
it might be useful as a baseline for machine learning models.

Furthermore, we compared the performance of our estimate to other ap-
proaches that are used as a baseline for machine learning models. For example,
the atomisation energies of the molecules in the QM7-dataset were estimated
with bond-counting with a MAE of 71 kcal/mol using bond energies from
literature.27 The error might be higher than for Eq. (123) because QM7 is
a larger and likely more diverse dataset. Nevertheless, this indicates that
the alchemical atomic energies can yield competitive energy estimates. The
dressed atom was introduced as another, statistical approach for the estima-
tion of atomisation energies.29 In this model, the energy of a molecule is
approximated as

Emol ≈
∑

elements

N el ×Emean,el, (125)

where Emean,el is an element-dependent atomic energy, N el is the number of
atoms of this element type in the molecule and the sum runs over all elements
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5 transferability of alchemical atomic energies

contained in the molecule. The atomic energies Emean,el are determined by
minimizing the loss function

L =
∑
J

Emol
J −

∑
elements

N el
J ×E

mean,el

2

, (126)

where Emol
J is the atomisation energy of molecule J and

∑
J is a sum over

all molecules in the training set. After fitting Eq. (125) to the atomisation
energies of the 1325 molecules in our dataset, the atomisation energies can
be reproduced with an error of 20± 14 kcal/mol, which is somewhat lower
than with Eq. (123) but of similar magnitude. However, an advantage of
our expression is that the energy of molecules with the same stoichiometry
can be in principle distinguished, while Eq. (125) yields in this case always
identical energies. The energy estimates with Eq. (123) for molecules of the
same stoichiometry are highlighted for the compositions C7H10, C5H7NO and
C3H5N3O in Figure 20B. The relative ordering of the atomisation energies can
be captured quite well for C3H5N3O and C5H7NO but not for C7H10. This
shows that Eq. (123) can indeed resolve energy differences between molecules
of identical stoichiometry to some extent.

In addition, the mean atomic energies Ē(ZI , PI ) are obtained from the
physics-based alchemical decomposition scheme, while the dressed atom
energies are purely statistical. Hence, Eq. (123) is likely more reliable for
the energy prediction of compounds that differ strongly from the ones in the
training set.

A disadvantage is however, that the energy of a molecule can only be
predicted if all local environments in this molecule are contained in the
training data. To address this limitation, the variation in atomic energy due to
a change in the local environment is investigated in more detail in the next
section.

5.3 The relation between atomic energy and nuclear electrostatic
repulsion potential

The atomic energy distributions in Figure 20A are shifted to more positive
values as the nuclear charges of the binding partners increase. For example,
for carbon bonded to one carbon and three hydrogen atoms (C-H3C), the
mean atomic energy is -299 kcal/mol. If one hydrogen is substituted by a
carbon atom (C-H2C2) the energy increases to -271 kcal/mol and as another
hydrogen is replaced by a carbon atom (C-HC3) the energy increases further
to -248 kcal/mol. Similar trends can also be observed for the other elements
(see A.1.2 Figure 3).

A descriptor quantifying this trend could be the average electrostatic po-
tential V̄I due to the nuclear valence charges of the binding partners at the
position RI of the respective atom I . This potential is given by

VI =
1
PN

PN∑
J=1

ZJ,V
|RJ −RI |

(127)

with PN being the number of binding partners, RJ their positions and ZJ,V
their nuclear valence charges. Nuclear valence charges are chosen instead of
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5 transferability of alchemical atomic energies

the total nuclear charges because the atomic energies were calculated with
pseudopotentials. If the local environments would contain elements of the
same main group with identical nuclear valence charges, e.g. oxygen and
sulfur, effective core charges could be used instead. An average potential
V̄I (ZI , PI ) for each local environment can be obtained in analogy to Ē(ZI , PI ) as
the average of the potentials VI for all atoms of same element-type and with
the same local environment.

A plot of Ē(ZI , PI ) vs V̄I (ZI , PI ) is shown in Figure 21 for the elements H,
C, N and O. The two quantities are approximately linearly correlated for all

Figure 21: The influence of the local environment, i.e. the unique set of binding part-
ners, on the respective mean atomic energy ĒI (Eq. (123)) quantified via the relation
between the average electrostatic potential of the binding partners V̄I (Eq. (127)) at
the position of atom I for H, C, N and O and different number of binding partners
PN , which restrict bond orders. Reprinted from J. Chem. Phys. 160, 054106 (2024),
with the permission of AIP Publishing.

elements. Thus, ĒI can be estimated as

ĒI ≈mV̄I + b (128)

with m and b determined from a linear fit to the respective data for ĒI and V̄I .
VI can be easily calculated for any compound as long as a 3D structure

exists. Even if no 3D structure but only a graph representation, e.g. a Lewis
structure, is available, VI could be estimated using tabulated bond lengths
for the distances |RI −RJ |. Therefore, Eq. (123) could also be used to predict
atomisation energies of molecules where Ē(ZI , PI ) is not known for all local
environments by estimating the unknown Ē(ZI , PI ) via Eq. (128).

The ability of the nuclear electrostatic potential Eq (127) to capture atomic
energy trends can be explained by the strong dependence of the atomic energy
on short-range electrostatic interactions. This dependence can be understood
from the atomic energy definition

∆EI = ∆ZI

∫ 1

0
dλ

∫
dr
ρ(λ,r)
|r−RI |

+
1
2
ZI

∑
J,I

ZJ
|RI −RJ |

(129)
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that was derived in Ref 86 (see also Eq. (68) in this thesis). The second
term in the expression is proportional to the electrostatic potential due to all
nuclei and because of its inverse relation to the distance |RI −RJ |, the binding
partners should have the largest contribution to this term. Also in the first
term, contributions of the density ρ(λ,r) to the integral decay with inverse
distance |r−RI |−1. Furthermore, the density has maxima at the positions of
the nuclei and could be approximated by effective point charge placed at the
positions RJ of the other nuclei J . Note that Eq. (129) neglects the interaction
with periodic images and the background potential but these effects can be
ignored if we want to model only the impact of the local environment.

The influence of the bond order on atomic energy trends is visualized in
Figure 21 as well by plotting ĒI versus V̄I with different symbols and colors
for different numbers of binding partners PN . Hydrogen has always only
a single binding partner PN = 1 with bond order equal to 1. In contrast,
carbon can have from one to four binding partners. If PN = 4, carbon has
four single bonds, and if PN = 3, carbon has a double bond to one atom and
two single bonds to the other atoms. In case of PN = 2, there are two possible
combinations of bonds. Either carbon has two double bonds or one single
and one triple bond. The slopes of ĒI vs V̄I change for different values of PN
indicating that the bond order influences the atomic energy trend. A reason
could be the different electron density topology around the central atom for
different bond orders which could affect the atomic energy (see Eq. (129)).
Also for oxygen the atomic energy for PN = 1 seems to deviate from the trend
for PN = 2. However, in this case, there is not enough data to make a definite
conclusion. In the case of nitrogen, the bond order seems to have no influence
on the atomic energy trends since the slopes for ĒI vs V̄I are similar for PN = 2
and PN = 3. In summary, the effect of the bond order does not seem to be
consistent across different elements. For carbon, the bond order affects the
change in energy ĒI with respect to V̄I while this is not the case for nitrogen.
Further investigations would be needed to understand this element-specific
behaviour but this is out of the scope of this work.

The relationship between the energies of single atoms and molecules and
the electrostatic potential resulting from an alchemical transformation has
been studied before.40,79–85 In particular Politzer and Murray proposed to
express the energy of a molecule as a sum over atomic terms

Emol = a
∑
A

ZAVA,0 + b, (130)

where ZA is the nuclear charge of atom A and VA,0 is the electrostatic potentials
at its position due to the other nuclei and the electron density. a and b are two
parameters obtained from a fit to reference molecular energies.79,80

The electrostatic interaction between nuclei is also used as a descriptor in
representations for machine learning models such as the Coulomb matrix27

or the bag of bonds representation,29 and has been applied to model quantum
properties, including energies, throughout chemical space.27–30,32

5.4 Comparison to other decomposition methods

The alchemical energy decomposition scheme was also compared to two other
atomic energy decompositions; a mean-field decomposition technique62 using
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Figure 22: Comparison of the interacting quantum atom (IQA, panel A) and intrinsic
bond orbitals and intrinsic atomic orbitals (IBO/IAO, panel B) partitioning schemes to
the alchemical partitioning in varying environments of the carbon atom. Similarities
and differences are highlighted for selected series of environments. Up-pointing
triangles correspond to a series of environments where hydrogens are substituted
by carbons, down-pointing triangles show trends if a single heavy atom neighbor
X in H3C-X is varied, cubes correspond to a set of environments generating similar
nuclear electrostatic potentials at the position of the central carbon atom and circles
denote the remaining local environments in the dataset. Reprinted from J. Chem.
Phys. 160, 054106 (2024), with the permission of AIP Publishing.

intrinsic bond orbitals and intrinsic atomic orbitals (see section 2.6.1) and
the interacting quantum atom60,61 (see section 2.6.2). The atomic energy
distributions for these schemes are shown in Figure 19. For the interacting
quantum atom and intrinsic bond and intrinsic atomic orbitals, the energies
of the hydrogen atoms are more positive than those of the other elements, like
for the alchemical energy decomposition. However, the energy distributions
span a wider range than for alchemy. For example, the difference between the
lowest and the highest atomic energy of carbon is 138 kcal/mol for alchemy,
277 kcal/mol for the interacting quantum atom and 863 kcal/mol for intrinsic
bond and intrinsic atomic orbitals. As a consequence of the broader energy
range, energy estimates with Eq. (123) yield slightly higher errors for the
interacting quantum atom (MAE = 25 kcal/mol) and significantly higher
errors for intrinsic bond and intrinsic atomic orbitals (MAE = 50 kcal/mol).
Thus, the alchemical energy decomposition or the interacting quantum atom
should be the preferred choice for atomisation energy estimates via mean
atomic energies with Eq. (123). However, intrinsic bond and intrinsic atomic
orbitals might be better suited as a fingerprint for local environments. Since
the atomic energies span a wider energy range, the different environments of
an atom in a molecule could be resolved in more detail.

Furthermore, it was explored whether the different decomposition schemes
describe changes in atomic energy due to a change in local environment in
a similar way. This was done by plotting the mean atomic energies ĒI (ZI , PI )
from alchemy against the corresponding atomic energies obtained from the
other two decomposition schemes (see Figure 22).

The overall trend is the same. Carbon bonded to one carbon and three
hydrogens has always the lowest atomic energy. The atomic energy increases
as the binding partners become more electronegative and carbon bonded to
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one carbon and three fluorines has always the highest atomic energy (see
Figure 22A and B).

However, the sensitivity of the atomic energy to a change in the local
environment is different. In the region from -300 kcal/mol to -250 kcal/mol,
the slope of the interacting quantum atom energies, EIQA, vs EAlchemy is
significantly flatter than in the region from -250 kcal/mol to -200 kcal/mol
and a similar behaviour can be observed for energies from intrinsic bond and
intrinsic atomic orbitals, EIBO/IAO, vs EAlchemy. This shape of the plots seems
to originate from a higher sensitivity of the alchemical energies to a change in
the electrostatics compared to the other decomposition schemes. The series of
local environments where carbon is bonded to one carbon and three hydrogens
and where the hydrogens are subsequently replaced by carbon is located in the
low energy range from -300 to -250 kcal/mol. The atomic energies for these
local environments are plotted with upwards-pointing triangles in Figure 22).
In this series, the electrostatic potential VI due to the nuclei (see Eq. (127))
changes strongly because hydrogen is replaced by carbon. This causes a large
change of the alchemical atomic energies due to the previously discussed
dependence of the atomic energies on the electrostatic potential. In contrast,
atomic energies from the interacting quantum atom and intrinsic bond and
intrinsic atomic orbitals seem to be less sensitive to a substitution of carbon
with hydrogen. Instead, these decompositions depend more strongly on a
variation in the electronegativity of the binding partners than the alchemical
one does. For example, the slope of the series where carbon is bonded to three
hydrogens and one heavy atom and the heavy atom is varied from carbon over
nitrogen to oxygen (indicated by downwards pointing triangles in Figure 22)
has a steeper slope than the series where hydrogen is substituted by carbon.

Furthermore, the electrostatic potential does not vary a lot for the local
environments in the subpanels of Figure 22. Consequently, the atomic energies
from alchemy are very similar (they span a range of 15 kcal/mol) while
the atomic energies from the interacting quantum atom or intrinsic bond
and intrinsic atomic orbitals vary much more (they span ranges of 40 and
120 kcal/mol, respectively). Similar relationships between the decomposition
schemes can be observed for the other elements (see A.1.2 Figure 4).

This analysis suggests, that the alchemical energy decomposition scheme
is more sensitive to changes in the electrostatic potential of the environment
than the other decomposition schemes. Consequently, it might be particularly
useful to study processes with strong variations in the electrostatic potential,
like the diffusion of ions in solids. The alchemical atomic energy variations
due to e.g. diffusion might be explainable by simple electrostatic models. In
contrast, the relationship between structure and atomic energy might be more
complicated for the other decomposition schemes.
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C O N C LU S I O N & O U T LO O K 6
In this thesis, an alchemical atomic energy decomposition was extended and
utilized to advance efforts in the computational design of compounds. In
particular, physically motivated models of stability trends throughout the
chemical compound space were developed based on the alchemical decompo-
sition.

For this purpose, first an existing decomposition scheme was modified, in
which atomic energies of a compound are obtained via an alchemical transfor-
mation from the uniform electron gas into the compound. The modifications
were (1) the consideration of the uniform external potential of the uniform
electron gas and (2) the inclusion of periodic boundary conditions in the
atomic energy expression. The modified and the previously proposed (see
Ref 86) decompositions were compared for a test set of 15 small molecules.
The mean absolute deviation of the sum of atomic energies from the total
undecomposed energy was significantly reduced from 8 Ha with the scheme
proposed in Ref 86 to 0.004 Ha with the modified scheme developed in this
thesis. Furthermore, the sensitivity of the atomic energies on different ap-
proximations, e.g. numerical integration over the transformation path, was
investigated. As a result, an approximate and affordable, yet sufficiently
accurate approach for the calculation of atomic energies was proposed.

Next, the alchemical energy decomposition was used to study chemical
bonding trends throughout the chemical compound space. The relationship
between atomic contributions to the bond dissociation energy and the nuclear
charge of the binding partner was analysed for single bonds A-B with A and B
being p-block elements from the second row. Based on this analysis, a simple
model of bond dissociation energies just depending on the nuclear charges
of A and B as variables and three parameters was constructed. The model
can describe covalent single and double bonds as long as the binding partners
share the same first and second quantum number. This was demonstrated
by accurately reproducing bond dissociation energies for A and B being p-
block elements from either second, third or fourth row of the periodic table.
Furthermore, the model was compared to Pauling’s electronegativity based
model for binding energies and its consistency with Hammett’s equation was
discussed. This study on bond dissociation energy trends highlights two
distinct features of the alchemical energy decomposition. Firstly, the atomic
energies depend strongly on the local environment, allowing an accurate
description of bonding by considering only the binding partners. Secondly,
binding energies can be expressed as simple functions of the nuclear charges.
In the case of free atoms, it had been previously shown, that such an energy
expansion in nuclear charge can be related to the integrated electrostatic
potential along the alchemical transformation path.82 This thesis has provided
numerical evidence that such an expansion could also be used to model
stability trends among molecules. Hence, the aforementioned two features
of the alchemical decomposition scheme allow the construction of simple,
physically motivated models for bonding throughout the chemical compound
space. While the model presented here is limited to a rather small set of
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6 conclusion & outlook

molecules, it could inspire more sophisticated models, applicable throughout
larger parts of the chemical compound space. It might for example be possible
to account for different local environments by adapting the parameters of the
model. Another approach to extend the model to more diverse chemistries
could be the use of environment dependent partial charges instead of the fixed
nuclear charges.

Modelling of stability trends for a more diverse set of compounds was also
investigated in a second application by calculating atomic energies for 1325
organic molecules. The analysis of this dataset revealed that atoms have simi-
lar atomic energies across different molecules if they have the same binding
partners – confirming the strong dependence on the local environment. This
transferability was exploited to estimate atomization energies from atomic
contributions with a MAE of 23 kcal/mol. Furthermore, the dependence of
alchemical atomic energies on the electrostatic potential motivated the use of
the nuclear electrostatic potential of the binding partners as simple physically
meaningful descriptor of atomic energy trends for varying local environment.

While the prediction error was quite high compared to chemical accuracy
(1 kcal/mol), the estimates might still be useful to assess relative stabilities in
large and diverse chemical spaces for two reasons. The approach is remarkably
efficient (80 times faster than the semi-empirical xTB method)168,169 due to its
low computational complexity and predictions should be robust due to their
connection to the physics based alchemical energy decomposition scheme.
Furthermore, it might serve as baseline for machine learning models, also
known as ∆-machine learning,170 if higher accuracy is needed or it could be
possible to improve estimates by considering the influence of atoms beyond
the direct binding partners. An interesting approach in this context might be
the partitioning of the energy based on higher order derivatives ∂nZIE, which
is in principle possible via an alchemical energy decomposition.

The alchemical energy decomposition was also compared to two other
atomic decomposition schemes, the interacting quantum atom and a basis
set based decomposition utilizing intrinsic bond and intrinsic atomic orbitals.
Although differently defined, for all three decomposition schemes a consistent,
chemically intuitive relationship can be observed: lower atomic energies are
associated with lower electronegativity of the binding partners. This result
indicates, that physics based decompositions should yield similar atomic
energy relationships and hence ab initio decomposition, such as the alchemical
one, could be useful to validate and interpret atomic energies from machine
learning models.

While the overall trend between the ab initio decompositions is similar, the
alchemical decomposition is more sensitive to changes in the electrostatic
potential. Thus, it might be specifically useful to resolve and model systems
and processes where the electrostatic potential varies substantially, such as
defect formation or diffusion in solids, extending on previous work in this
area with other decomposition schemes.171–174

Overall, this thesis has shown the potential of an alchemical atomic en-
ergy decomposition for computational design by providing simple physically
motivated models for the prediction of bond dissociation and atomization
energies. The success can be assigned to two inherent features of the method.
The atomic energy depends strongly on the local environment and the impact
of this environment can be modelled by simple descriptors such as nuclear
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charges or nuclear electrostatic potential of binding partners. In future work,
energy predictions could likely be improved by including interactions beyond
the direct binding partners. Furthermore, the results of this thesis indicate,
that alchemical atomic energies might be specifically useful to study systems
with large changes in electrostatics, such as defects or diffusion in materials
and to improve machine learning models by validating their atomic energies.
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A P P E N D I X : R E P R I N T E D P U B L I CAT I O N S A
The papers on which this thesis is based on are reported in this appendix. The
results on the extension of the method in chapter 3 and the application of the
decomposition to a large set of organic molecules in chapter 5 are presented in
appendix A.1. The results on the bond dissociation energy model in chapter 4
are reported in appendix A.2.

81



appendix a.1 transferability of atomic energies from alchemi-

cal decomposition

appendix a.1.1

Transferability of atomic energies from alchemical decomposition

Michael J. Sahre, Guido Falk von Rudorff, Philipp Marquetand and O.

Anatole von Lilienfeld

J. Chem. Phys. 160, 054106 (2024).
https://doi.org/10.1063/5.0187298

Contributions:

Michael J. Sahre contributed to the conceptualization of the project, devel-
oped the methodology, performed calculation and analysis, wrote the initial
draft and contributed to the review and editing of the final manuscript.

Guido Falk von Rudorff contributed to the analysis and method implemen-
tation, and to the review and editing of the final manuscript.

Philipp Marquetand envisioned and supervised the project, and contributed
to the review and editing of the final manuscript.

Anatole von Lilienfeld supervised the project and contributed to the analy-
sis and to the review and editing of the final manuscript.

Reprinted from J. Chem. Phys. 160, 054106 (2024), with the permission of AIP
Publishing.

82

https://doi.org/10.1063/5.0187298



View

Online


Export
Citation

CrossMark

RESEARCH ARTICLE |  FEBRUARY 06 2024

Transferability of atomic energies from alchemical
decomposition 
Michael J. Sahre  ; Guido Falk von Rudorff  ; Philipp Marquetand  ; O. Anatole von Lilienfeld  

J. Chem. Phys. 160, 054106 (2024)
https://doi.org/10.1063/5.0187298

 28 February 2024 11:03:27



The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

Transferability of atomic energies
from alchemical decomposition

Cite as: J. Chem. Phys. 160, 054106 (2024); doi: 10.1063/5.0187298
Submitted: 13 November 2023 • Accepted: 9 January 2024 •
Published Online: 6 February 2024

Michael J. Sahre,1 Guido Falk von Rudorff,2 ,3 Philipp Marquetand,4

and O. Anatole von Lilienfeld5 ,6 ,7 ,8 ,9 ,10 ,11,a)

AFFILIATIONS
1Vienna Doctoral School in Chemistry (DoSChem) and Institute of Theoretical Chemistry and Faculty of Physics,
University of Vienna, 1090 Vienna, Austria

2Department of Chemistry, University Kassel, Heinrich-Plett-Str.40, 34132 Kassel, Germany
3Center for Interdisciplinary Nanostructure Science and Technology (CINSaT), Heinrich-Plett-Straße 40, 34132 Kassel, Germany
4Faculty of Chemistry, Institute of Theoretical Chemistry, University of Vienna, Währinger Str. 17, 1090 Vienna, Austria
5Chemical Physics Theory Group, Department of Chemistry, University of Toronto, St. George Campus, Toronto,
M5S 3H6 Ontario, Canada

6Department of Materials Science and Engineering, University of Toronto, St. George Campus, Toronto, M5S 3E4 Ontario,
Canada

7Vector Institute for Artificial Intelligence, Toronto, M5S 1M1 Ontario, Canada
8ML Group, Technische Universität Berlin and Institute for the Foundations of Learning and Data, 10587 Berlin, Germany
9Berlin Institute for the Foundations of Learning and Data, 10587 Berlin, Germany

10Department of Physics, University of Toronto, St. George Campus, Toronto, M5S 1A7 Ontario, Canada
11Acceleration Consortium, University of Toronto, Toronto, M5R 0A3 Ontario, Canada

a)Author to whom correspondence should be addressed: anatole.vonlilienfeld@utoronto.ca

ABSTRACT
We study alchemical atomic energy partitioning as a method to estimate atomization energies from atomic contributions, which are defined
in physically rigorous and general ways through the use of the uniform electron gas as a joint reference. We analyze quantitatively the relation
between atomic energies and their local environment using a dataset of 1325 organic molecules. The atomic energies are transferable across
various molecules, enabling the prediction of atomization energies with a mean absolute error of 23 kcal/mol, comparable to simple statistical
estimates but potentially more robust given their grounding in the physics-based decomposition scheme. A comparative analysis with other
decomposition methods highlights its sensitivity to electrostatic variations, underlining its potential as a representation of the environment
as well as in studying processes like diffusion in solids characterized by significant electrostatic shifts.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0187298

I. INTRODUCTION

Understanding structure–property relationships is essential for
the rational design of chemical compounds. In this regard, the
decomposition of molecules into smaller fragments has emerged as
a valuable concept in chemistry. The impact of a specific fragment
on the molecular properties is often transferable,1 enabling the esti-
mation of molecular properties from fragment-based coarse-grained
models. Due to their reduced dimensionality compared to models

explicitly considering the interactions between all electrons and
nuclei, such fragment-based approaches can, for example, be used to
study very large molecules.2,3 Furthermore, the lower complexity can
be helpful in constructing simplified models that encompass only
the essential molecular characteristics for explaining trends among
various molecules. This is for example exploited in the Hammett
model, which assumes the effect of a specific functional group on
a molecular property to be a scalar value that is transferable across
different molecules.4,5 More recently, the decomposition of

J. Chem. Phys. 160, 054106 (2024); doi: 10.1063/5.0187298 160, 054106-1

Published under an exclusive license by AIP Publishing

 28 February 2024 11:03:27



The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

molecules into smaller fragments has also been used in combination
with machine learning.6,7 For instance, so-called amon models infer
the energy of a query compound based on a linear combination
of reference results for its constituting building blocks,8 and many
artificial neural networks predict total energies as a sum of atomic
energies.9–11 These models decompose properties based on statistics
and for a given set of training molecules but accurate out-of-sample
predictions are generally not guaranteed.

Molecular properties can also be partitioned via rigorous
physics-based decomposition schemes. One of the earliest defini-
tions of atoms in molecules dates back to Politzer and Parr who
showed that the energy of a molecule can be expressed exactly as
a function of the electrostatic potentials VA,0 at the positions of the
nuclei as

Emol = 1
2∑A

ZAVA,0 − 1
2∑A ∫

ZA

0
[Z′A(∂VA,0

∂Z′A
) − VA,0]dZ′A, (1)

with the electrostatic potential

VA,0 =∑
B≠A

ZB

∣RA − RB∣ − ∫ dr
ρ(r,{Z′A})
∣r − RA∣ , (2)

and the nuclear charges and positions ZA/B, RA/B for all nuclei in the
molecule.12–14 In the second term of Eq. (1), the nuclear charges
{Z′A} are scaled up linearly from 0 to their respective value in
the molecule. The electron density ρ(r,{Z′A}) is a function of the
varying nuclear charges and transforms into the electron density of
the molecule along the integration path starting from an infinitely
spread out charge distribution. This idea was built on work by
Wilson who employed the Hellman–Feynman theorem to demon-
strate that the energy of a molecule can be expressed as a function
of only the electron density and the external potential by scaling
the nuclear charges as described above.15 Similar expressions for
the energy of single atoms were derived even earlier16–18 and can
be traced back to Hylleraas who calculated energies of Helium-like
atoms by treating the energy dependence on the nuclear charge with
perturbation theory.19 Since the scaling of nuclear charges corre-
sponds to the generation or transformation of elements, the term
quantum alchemy was introduced to describe these processes, which
have been utilized to investigate changes in energy due to changes in
elemental composition.20–27

Equation (1) is an exact decomposition of the energy into
atomic contributions but the calculation of these atomic ener-
gies is challenging since the isoelectronic density must be known
as a function of the variable nuclear charges along the scaling
path. In addition, it was demonstrated that atomic energies are
path-dependent such that a meaningful comparison of atomic
energies requires a common reference and scaling path.28 To address
these issues, an infinitely extended uniform electron gas (UEG)
was proposed as a reference from which arbitrary isoelectronic
compounds can be generated by linear up-scaling of the nuclear
charges in the respective compound.28,29 We note that this is not
the only option. Another reference could, for example, be a UEG
inside a sphere30 in combination with the “exact Coulomb cutoff
technique”31 inside the same sphere.

In the case of the infinitely extended uniform electron gas, a
positive background charge density equal to the negative uniform

electron density is present to ensure electric charge neutrality.
As the positive background charge density approaches zero, the
reference becomes equal to the infinitely spread-out electron density
originally proposed by Wilson. For this limiting case, an alternative
atomic energy expression to Eq. (1), decomposing the energy
of an arbitrary compound Emol with respect to an isoelectronic
uniform electron gas reference EUEG, was derived by application of
the Hellmann–Feynman theorem and the chain rule as

Emol − EUEG =∑
I

ZI
⎛
⎝−∫ dr∫

1
0 dλρ(λ, r)
∣r − RI ∣ + 1

2∑J≠I

ZJ

∣RJ − RI ∣
⎞
⎠

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∶=ΔEI

, (3)

where ZI and RI indicate the nuclear charge and position, respec-
tively. λ is a coupling variable linearly connecting the Hamiltonian
of the uniform electron gas at λ = 0 with the Hamiltonian of the
molecule at λ = 1 and ρ(λ, r) is the electron density as a function
of spatial coordinate r and λ. The equation was originally derived
for the external potential in both the reference and the target com-
pound due to a set of point charges. If the external potential of the
reference is set to zero, Eq. (3) is obtained. It was proposed to use
this model also for a UEG as a reference where the positive back-
ground charge density, and thus, the external potential approaches
zero.

This is not the only possibility to define atomic energies.
Another approach is, for instance, the interacting quantum atom
(IQA),32,33 which is based on the quantum atom in molecule
introduced by Bader.34 This scheme relies on the decomposition
of the electron density into well-defined fragments based on the
topology of the density. Furthermore, it was recently proposed to
calculate atomic energies by partitioning the energy among localized
molecular orbitals, combined with an atomic charge partitioning
scheme (in the following abbreviated as MO/AC).35

Due to their well-defined connection to the underlying physics,
such decomposition schemes can be useful to gain insights into
the nature of chemical bonding. The interacting quantum atom
approach has, for example, been employed to examine binding
energy trends of first row diatomics,36 the role of electrostatics in
torsional energy potentials,37 or the development of machine learn-
ing force fields.38,39 MO/AC was used to classify different types
of electronic excitations40 or the development of machine learning
models predicting atomization energies.41

Recently, the alchemical partitioning scheme in Eq. (3) was
also utilized to construct a simple expression for binding ener-
gies between p-block elements with only the nuclear charges of the
binding partners as variables.42 For such practical applications of
Eq. (3) with the UEG as a reference, the λ-dependent electron density
ρ(λ) must be calculated. In principle, this can be done with density
functional theory and periodic boundary conditions (pbc), where
the pbc are used to model the infinitely extended uniform potential
of the UEG. However, in Eq. (3), it is assumed that the external
potential of the reference is zero, which is only valid in the limit of
the background charge density of the UEG approaching zero. This
would require an infinitely large supercell, which cannot be realized
in practice. If the electron density ρ(λ) obtained for a finite supercell
is used in Eq. (3) instead, the sum of atomic energies ∑I ΔEI does
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not add up to Emol − EUEG because the external potential of the UEG
is non-zero for a finite cell size.

Thus, we introduce and benchmark here an alternative
approach to Eq. (3) where the uniform background potential of the
UEG and periodic boundary conditions are included. The modi-
fied alchemical decomposition scheme is then applied to a diverse
set of 1325 organic isoelectronic molecules with six to eight heavy
atoms, extracted from the QM9 dataset. We analyze the relation-
ship between the local environment and alchemical atomic energies
and develop a model to estimate the atomization energies of the
respective molecules. The alchemical decomposition scheme is also
compared to the IQA and MO/AC methods by calculating the
respective atomic energies for the same dataset. By analyzing the
different relations between local structure and atomic energies in
these methods, we evaluate which kind of problems, e.g., estima-
tion of energy or fingerprint for molecules in machine learning and
which kind of systems, e.g., molecules or materials, might be treated
best by which decomposition scheme.

II. METHODS
A. Atomic energies with periodic boundary
conditions

We calculated atomic energies with Eq. (3) for 12 molecules of
structure CH3–YHy with Y = C, N, O, F, Si, P, S, Cl, Ge, As, Se, Br,
and y such that all valencies of Y are saturated and the molecules
HCN, ethene, and ethyne (15 molecules in total).

This was done by first calculating the electron density for
selected λ-values along the transformation path from the UEG to
the respective compound. The calculations were carried out with
DFT and periodic boundary conditions by placing the compounds
in a cubic supercell with a length of 15–18 Å. The electron densi-
ties for different λ-values were then used to numerically evaluate the
integrals over λ and r in Eq. (3) with the integral over r carried out
over a single supercell (see Sec. V).

According to Eq. (3), the sum of atomic energies for any com-
pound should add up to the energy difference between the energy
of the compound and the uniform electron gas. However, for the
15 molecules, the sum of atomic energies was on average about 8 Ha
lower than the exact energy difference as illustrated in Fig. 1(a).

The reason for this deviation is that the Hamiltonian of the uni-
form electron gas contains a positive, uniform background potential.
This potential is modeled via periodic boundary conditions during
the evaluation of the electron density ρ(λ) with density functional
theory (DFT). However, the background potential and the peri-
odic boundary conditions are neglected in Eq. (3). Furthermore,
the external potential is not Coulombic [as assumed in Eq. (3)] if
pseudopotentials are used. In the following, we derive an alternative
expression to Eq. (3) which includes the background potential and
periodic boundary conditions.

If the Hamiltonians of the uniform electron gas HUEG and an
isoelectronic compound Hmol are linearly coupled as

H(λ) = Hmolλ + (1 − λ)HUEG, (4)

with λ being a dimensionless variable defined over the interval [0, 1],
the periodic external potential is given by

Vpbc
ext (r, λ) =∑

T
∑

I
VPP

I (λ, r − RI − T) + ρbg(λ)Vbg(r − T), (5)

where ∑T is a sum over the lattice vectors of the periodic system,
VPP

I is the pseudopotential of the I-th nucleus, ρbg is the uniform
background charge, and Vbg is the associated potential. The back-
ground charge must be introduced to obtain a neutral system for
λ < 1 since the energy would diverge otherwise. In this work, we use
pseudopotentials from Goedecker, Teter, and Hutter,43,44 which can
be expressed analytically as

VPP
I (λ, r) = VI,loc(λ, r) + VI,nl(λ, r, r′), (6)

with

VI,loc(λ, r) = −ZV(λ)
r

erf(αPPr) +∑
i

CPP
i (λ)(

√
2αPPr)

× exp{−(αPPr)2} (7)

and

FIG. 1. (a) The sum of atomic energies for 15 different molecules vs the exact molecular energy with respect to the uniform electron gas ΔEexact computed including periodic
boundary conditions (pbc) and background potential via Eq. (15) or without pbc via Eq. (3). (b) MAE of ∑I ΔEI vs ΔE for the 15 molecules for an increasing number of
integration points along the λ-path using different integration methods. (c) Comparison of atomic energy rankings for carbon atoms in 15 different molecular environments
with varying number of integration points N and rescaling [Eq. (17)].
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VI,nl(λ, r, r′) =∑
lm
∑

ij
⟨r∣plm

i ⟩hl
i j(λ)⟨plm

j ∣ r′⟩. (8)

The λ-dependence of the parameters follows from the linear cou-
pling of the Hamiltonians in Eq. (4) as ZV(λ) = Z̄Vλ, CPP

i (λ) = C̄PP
i λ,

and hl
i j(λ) = h̄l

i jλ. Z̄V, C̄PP
i and h̄l

i j denote the optimized parameters
reported in Refs. 43 and 44 such that the pseudopotential is zero
for λ = 0 and equal to the potentials in Refs. 43 and 44 at λ = 1. A
detailed description of the other parameters can be found in Ref. 44.

The uniform background charge density is given by

ρbg(λ) = Ne −∑I ZI,V(λ)
Ωcell

, (9)

where Ne is the number of valence electrons, ZI,V(λ) is the valence
charge of nucleus I at a given λ-value, and Ωcell is the volume of the
supercell. The uniform background potential is defined as

Vbg(r) = −∫
Ωcell

dr′
1

∣r − r′∣ , (10)

where ∫Ωcell
indicates integration over a single supercell.

Furthermore, the nuclear repulsion energy Enuc depends on the
interaction between the nuclei ENN, between nuclei and background
potential ENbg, and the self-interaction of the background Ebg such
that

Enuc = ENN + ENbg + Ebg, (11)

with

ENN = 1
2∑I,J′

′
∑

T

ZI,V(λ)ZJ,V(λ)
∣RI − RJ′ − T∣ , (12)

where the ′ indicates the exclusion of the divergent terms for RI = RJ
at T = 0,

ENbg =∑
I,T
− ZI,V(λ)ρbg(λ)Vbg(RI − T) (13)

and

Ebg = 1
2

ρ2
bg(λ)∑

T
− ∫

Ωcell

drVbg(r − r′ − T). (14)

In analogy to Ref. 28 (see also the supplementary material,
Sec. I), the atomic energy decomposition can be derived by
application of the Hellmann–Feynman theorem45 and chain rule as

Emol − EUEG =∑
I
∫

1

0
dλ

∂Enuc

∂ZI,V

∂ZI,V

∂λ
+ ∫ drΔVIρλ(r)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
∶= ∂EI

∂λ

, (15)

with ΔVI = ∑T VPP
I (λ = 1, r − RI − T) − Z̄I,V/ΩcellVbg(r − T) and

Z̄I,V being the nuclear valence charge of the I-th nucleus at λ = 1.

The largest contribution of the background interaction to the
atomic energies can already be included by evaluating Eq. (15) only
at T = 0, that is, by including the interaction of the electron density
with the background and of the background with itself within the
same supercell. This reduces the deviation of ∑I ΔEI from ΔEexact

from 8 Ha [if Eq. (3) is used] to 1.3 Ha. The interaction with the
periodic images can be considered by evaluating the sum over all
lattice vectors T.

Here, we achieve this by approximating ∂λEI by central finite
differences as

∂EI

∂λ
≈ E[VI(λ + Δλ)] − E[VI(λ − Δλ)]

2Δλ
. (16)

E[V I(λ ± Δλ)] is the energy of a system where the parameters
ZV,{Ci} and {hij}, of all pseudopotentials except for the I-th one
are scaled by λ and the same parameters for V I are scaled by λ ± Δλ
with Δλ being a small value (in this work, Δλ = 5 × 10−5). The peri-
odic boundary conditions and the background potential are then
consistently considered in the evaluation of E[V I(λ ± Δλ)] by the
respective electronic structure code. This improves the agreement
between the sum of atomic energies and the exact energy difference
between compound and uniform electron gas, ΔEexact, by three
orders of magnitude (MAE = 4 mHa) compared to Eq. (3)
(MAE = 8 Ha) for the compounds mentioned above
[see Fig. 1(a)].

B. Technical aspects
The calculation of atomic energies with Eq. (15) is performed

by numerical integration of ∂λEI along the λ-path. Inspection of the
derivatives for different atoms ∂λEI as a function of λ shows that
the derivatives are zero at λ = 0 and increase monotonously with
increasing λ (Fig. S1) in line with previous reports.25,46 Thus, the
derivative at ∂λEI(λ = 0) was not calculated explicitly but always set
to 0. The error of∑I ΔEI with respect to ΔEexact for the test molecules
mentioned above is shown in Fig. 1(b) for different numerical inte-
gration methods and increasing number of equally spaced integra-
tion points along the λ-path. The MAE over all molecules decreases
with an increasing number of grid points. For 21 equally spaced
integration points, the errors are 5.9, 4.5, and 4.4 mHa for inte-
gration with the trapezoidal rule, Simpson’s rule, and cubic splines,
respectively, which is still somewhat above chemical accuracy
(1.6 mHa). Unfortunately, the use of an even denser integration
grid is not feasible, particularly if the decomposition scheme is
applied to a larger set of molecules because from our experience the
SCF-calculations for λ < 1 often need more than 100 SCF cycles to
converge.

While accurate absolute energies require a dense integration
grid, qualitative trends in atomic energies can already be recovered
for a coarse grid. This is illustrated in Fig. 1(c), which shows atomic
energies for carbon in 15 different molecular environments sorted
by increasing energy value as predicted with 6 or 21 equally spaced
integration points along λ. The overall trend is already reproduced
if atomic energies are calculated via integration with Simpson’s
rule over six points along the λ-path as evident from Kendall’s τ
coefficient of 0.77.47
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Furthermore, the atomic energies can be rescaled to yield the
exact energy difference as

ΔẼN
I = ΔEexact ΔEN

I

∑J ΔEN
J

, (17)

where ΔEexact is the exact energy difference between energy of the
whole molecule and the uniform electron gas, ΔEN

I is the atomic
energy obtained after integration over N points along λ, and∑J ΔEN

J
is the sum of all atomic energies in the molecule numerically inte-
grated over N points. Rescaled atomic energies can be used if exact
values are required, for example, for the training of machine learn-
ing models. For N = 6 and our test set, rescaling even improves
the ordering of atomic energies (Kendall’s τ = 0.85) with respect
to the dense integration grid with N = 21. Thus, we expect to
recover atomic energy trends with varying local environment at least
qualitatively at this grid size.

Furthermore, finite size effects can impact atomic energies. For
example, the symmetrical hydrogen atoms in ethane have different
interactions with periodic images because the molecular symmetry
differs from the cell symmetry. As a consequence, their atomic ener-
gies differ by up to 6 mHa. It might be possible to account for this
effect via finite size corrections as used in the calculation of point
defect energies.48 However, in this study, we simply average over
the energies of symmetrical atoms because changes in atomic energy
due to varying local environment tend to be larger than the error
due to finite size effects. For example, in the case of the symmetri-
cal hydrogen atoms in ethane, the error due to the finite size effects
(6 mHa) is significantly smaller than the change in atomic energy
due to the different local environment of hydrogen in the amino
group in CH3NH2 (15 mHa).

The computation of derivatives via central finite differences
[Eq. (16)] entails an additional 2 MN self-consistent field (SCF)
calculations, where M is the number of atoms in the system and
N is the number of integration points along the λ coordinate.
Although these SCF calculations converge rapidly, they signifi-
cantly increase the computational cost of this method. Accord-
ing to the Hellmann–Feynman theorem, a perturbative ansatz can
be employed instead,49,50 where the energy E[V(λ ± Δλ), ρλ] is
evaluated for the density ρλ at λ instead of the self-consistent density
ρλ±Δλ as

∂EI

∂λ
= E[V(λ + Δλ), ρλ] − E[V(λ − Δλ), ρλ]

2Δλ
. (18)

Such a perturbative approach has already been used previously for
the calculation of alchemical derivatives with periodic boundary
conditions.51,52 As shown in Sec. II in the supplementary material,
Eq. (18) should recover the exact derivative ∂λEI independent of
the chosen Δλ. In practice, the agreement between Eq. (18) and the
finite difference approach Eq. (16) worsens with increasing values of
Δλ. This might be due to the practical implementation of the energy
expression with a uniform background potential in the used elec-
tronic structure code (CPMD53). Nevertheless, perturbative atomic
energies are nearly identical to those obtained via self-consistent
calculations for a small value of Δλ = 5 × 10−5 with a mean abso-
lute deviation of 0.03 mHa for the 91 atoms in our test set of

15 small molecules. We assessed the same error for 361 fragments
in 55 molecules of the QM9 database. In this case, the deviation was
0.02 mHa. Thus, atomic energies for the molecules in QM9 were
evaluated via Eq. (18).

Furthermore, the scaling of non-local parameters hij of the
pseudopotentials does not have a significant impact on the atomic
energies (see Fig. S2) as has been reported in a previous study.49

Therefore, only the parameters of V loc were scaled for the calcula-
tions of the QM9 molecules but rescaling of the hij could be included
straightforwardly if necessary.

The comparison of absolute atomic energies from the alchemi-
cal energy decomposition scheme with other decompositions is not
meaningful because the alchemical energies are given with respect to
the uniform electron gas and also differ significantly from energies
obtained from an all-electron calculation. Thus, we define atomic
contributions to the atomization energy as

Eat
I = ΔEI + ZI,V

Ne
EUEG − Efree

I , (19)

with ΔEI = ∫ 1
0 dλ∂λEI as defined in Eq. (15), the nuclear valence

charge ZI,V, the total number of valence electrons Ne, the energy of
the uniform electron gas EUEG, and the energy of the free pseudo
atom (with nuclear charge ZI,V) Efree

I . The second term removes the
shift in energy due to the choice of the uniform electron gas as the
reference. The sum of atomic atomization energies ∑I Eat

I is then
equal to the atomization energy of the respective molecule.

III. RESULTS AND DISCUSSION
A. Alchemical atomic energies of organic molecules

The alchemical atomic energy decomposition scheme was
applied to the subset of molecules in QM9 with 38 valence elec-
trons (in total 1325 molecules). Lewis graphs of the corresponding
molecular structures (coordinates directly taken from QM954) of the
respective molecules are shown in the supplementary material (Figs.
S5–S17). All alchemical atomic energies presented in this section
correspond to atomization energies as defined in Eq. (19). They
were obtained by first calculating atomic energies with respect to the
uniform electron gas by numerical integration of Eq. (15) for each
atom in a molecule. The required derivatives were evaluated with
the perturbative approach Eq. (18). These atomic energies were fur-
ther rescaled according to Eq. (17), and finally, atomic atomization
energies were obtained from Eq. (19).

Figure 2 shows the atomic energy distributions for hydrogen
(8644 atoms), carbon (6323 atoms), nitrogen (1661 atoms), and oxy-
gen (1341 atoms). The dataset contains also nine fluorine atoms for
which atomic energies are omitted in the figure.

The magnitude of the atomic energies for carbon, nitrogen, and
oxygen is similar (mean values are −247, −246, and −244 kcal/mol,
respectively) and the distributions span similar ranges (135 kcal/mol
for carbon and nitrogen and 110 kcal/mol for oxygen). The aver-
age atomic energy of hydrogen is −62 kcal/mol and the respective
distribution spans a range of 37 kcal/mol. The narrower range of
atomic energies for hydrogen could be explained by a lower diversity
of molecular environments. Hydrogen can have only three different
binding partners (carbon, nitrogen, or oxygen). In contrast, in our
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FIG. 2. The frequency of atomic contributions to the atomization energy in different
local environments for 1325 drug-like molecules (∼18 000 atoms) with six to eight
heavy atoms split by element from different decomposition schemes.

dataset, oxygen has 6, nitrogen 14, and carbon 34 different sets of
binding partners.

We explore the impact of the local environment on the atomic
energy in more detail by grouping the atomic energies by binding
partners. Exemplarily, selected atomic energy distributions for
carbon with different binding partners are shown in Fig. 3(a). The
atomic energies for the same set of binding partners span energy
ranges of 50 kcal/mol or less indicating that the atomic energy is
sensitive to the local environment. A similar relation can be observed
for the elements H, N, and O (Fig. S3).

This can be exploited to estimate atomization energies by
adding up the mean atomic energy for each local environment in
a molecule as

Emol ≈∑
I

Ē(ZI , PI), (20)

where I is a sum over all atoms in the molecule, ZI is the nuclear
charge of I, PI describes the set of binding partners of I, and Ē(ZI , PI)
is the atomic energy averaged over all atoms with nuclear charge
ZI and the binding partners PI in our dataset. The atomization
energies of the 1325 molecules can be estimated with an MAE of

29 ± 23 kcal/mol by Eq. (20). Furthermore, energies are overesti-
mated for molecules with a low atomization energy and underes-
timated for molecules with a high atomization energy. The MAE
can be reduced to 23 ± 16 kcal/mol by accounting for the systematic
error by combining Eq. (20) with a linear fit as

Emol ≈ m∑
I

Ē(ZI , PI) + b, (21)

with slope m and intercept b chosen such that
∑J (m∑J∑I(J) Ē(ZI , PI) + b − Emol

J )2
is minimal, where J runs

over all molecules in the dataset.
As displayed in Fig. 3(b), Eq. (21) can predict the stability trend

for the molecules in our dataset. While the overall error is one order
above chemical accuracy, the model might still be useful as a baseline
for machine learning models of the atomization energy.

To set the accuracy of our baseline into perspective, we com-
pare it to other simple estimates of atomization energies. For
example, bond-counting yields an MAE of 71 kcal/mol for the
QM7-dataset.55 While QM7 is a larger and likely more diverse
dataset than the subset of 1325 QM9 molecules used in this study,
this result indicates that the alchemical decomposition scheme can
be competitive to conventional energy estimates. The dressed atom
is another, statistical estimate of atomization energies.56 In the
dressed atom model, the atomization energy is approximated as

Emol ≈ ∑
elements

Nel × Emean,el, (22)

where an average energy Emean,el is defined for each element and
Nel is the number of atoms of a given element type in the
molecule. The atomic energies Emean,el are chosen such that the loss
function ∑J (Emol

J −∑elements Nel
J × Emean,el)2 over all atomization

energies Emol
J in the training set is minimized. The prediction error of

the dressed atom approach is =20 ± 14 kcal/mol, which is somewhat
lower than for atomic energies from quantum alchemy. However,
since alchemical atomic energies depend on the local environ-
ment, stability trends can in some cases also be reproduced for the
same stoichiometry [e.g., C3H5N3O, see Fig. 3(b)] while molecules

FIG. 3. Modeling the atomization energy from atomic contributions obtained via the alchemical energy decomposition. (a) Atomic energy distributions for carbon in different
local environments. (b) Estimated atomization energies from the sum of average atomic energies for the local environments in a molecule. Insets show predictions for selected
stoichiometries.
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with the same stoichiometry have always the same energy with the
dressed atom approach. In addition, the dressed atom approach
is a purely statistical model while the energies Ē(ZI , PI) originate
from a physics-based decomposition scheme. Thus, they are less
sensitive to the choice of the training set and should be more
transferable.

A limitation of Eq. (21) is that the atomization energy of a
molecule can only be calculated if all of its atomic energies Ē(ZI , PI)
are known. This restriction can be addressed by constructing a
descriptor to calculate Ē(ZI , PI) for unknown local environments.
Thus, we analyzed how changes in atomic energy are related to
respective changes in the local environment.

B. The relation between atomic energy and nuclear
electrostatic repulsion potential

Figure 3(a) shows that the atomic energy distributions are
shifted to higher energies as the nuclear charges of the bind-
ing partners increase. For example, for a carbon atom bonded to
three hydrogens and one carbon atom (C–H3C), the mean atomic
energy is −299 kcal/mol. By replacing one hydrogen with a carbon
atom (C–H2C2), the atomic energy increases to −271 kcal/mol and
exchanging another hydrogen for a carbon atom (C–HC3) yields an
atomic energy of −248 kcal/mol. Similar trends can be observed for
the other elements as well (Fig. S3).

The structural change can be quantified by the average electro-
static potential V I generated by the nuclei of the binding partners at
the position RI of atom I as

VI = 1
N

N

∑
J=1

ZJ,V

∣RJ − RI ∣ , (23)

with N being the number of covalent binding partners and ZJ,V and
RJ being their respective nuclear valence charges and positions. By
averaging over the potentials V I for all atoms in the dataset with
the same nuclear charge and the same binding partners, a potential

V̄(ZI , PI) can be defined analogous to Ē(ZI , PI). As illustrated in
Fig. 4, Ē(ZI , PI) and V̄(ZI , PI) correlate for the elements H, C, N,
and O [with ĒI corresponding to Ē(ZI , PI) and V̄ I corresponding to
V̄(ZI , PI)]. Since V I can easily be calculated for a given 3D structure,
it could serve as a descriptor to obtain Ē(ZI , PI) for an unknown
local environment. Furthermore, the correlation can be understood
from Eq. (3). Equation (3) has an attractive and a repulsive electro-
static term that partially cancels motivating the description of the
effects of the local environment by the effective potential given in
Eq. (23). We note that Eq. (3) does not include periodic boundary
conditions as discussed in Sec. II but it should be sufficient to explain
the effect of the local environment where interactions with periodic
images can be neglected. Furthermore, we choose the nuclear
valence charge instead of the total nuclear charge because atomic
energies are calculated using pseudopotentials. If the approach was
extended to compounds containing elements like phosphorus or
sulfur, with the same nuclear valence charge as nitrogen and oxy-
gen, an effective nuclear charge57 would be a more suitable choice
to distinguish binding partners from the same group in the periodic
table.

The close relationship between electrostatic potential and
atomic energy emerging from the alchemical transformation has
been noted before by Politzer and Murray and motivated the
following expression for the molecular energy:

Emol = a∑
A

ZAVA,0 + b, (24)

with the nuclear charges ZA, the electrostatic potential at the position
of ZA due to the other nuclei and the electron density [see Eq. (2)],
and a and b are fitted to reference molecular energies.14 Note that the
fundamental importance of these relationships also motivated the
definition of the Coulomb matrix and the bag of bonds representa-
tion of molecules and materials for training machine learning mod-
els of quantum properties, including energies, throughout chemical
compound space.55,56,58

FIG. 4. The influence of the local environment on the respective mean atomic energy ĒI [Eq. (20)] quantified via the relation between the average electrostatic potential of
the binding partners V̄ I [Eq. (23)] at the position of atom I for H, C, N, and O and different number of binding partners N that restrict bond orders.
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We also investigated the influence of the bond order on the
atomic energy by inspecting the energy–potential relationships for
different numbers of binding partners N for C, N, and O. For
example, carbon can have a single and a triple bond or two dou-
ble bonds (N = 2), two single bonds and one double bond (N = 3),
or four single bonds (N = 4). The relationship between energy and
potential is approximately linear for fixed N (Fig. 4). However, the
slope changes with varying N indicating that the bond order impacts
the sensitivity to changes in the local environment. This should be
expected as different bond orders lead to different electron den-
sity profiles in the local environment. Due to the dependence of
the atomic energy on the electron density according to Eq. (3), this
should result in different atomic energy trends. Oxygen seems to
behave similarly with the atomic energy for N = 1 (a carbonyl group)
deviating from the linear trends observed for N = 2; however, in this
case, there is not enough data for a definite conclusion. In contrast,
the relation between V̄ I and ĒI is linear for nitrogen with similar
slopes for N = 2 and N = 3, showing that the influence of the bond
order is not the same for all elements.

In summary, this analysis reveals a linear correlation between
the average nuclear electrostatic potential of the local environment
[Eq. (23)] and the respective atomic energy (in the case of carbon
for a fixed number of binding partners). This correlation can be
rationalized by the dependence of the atomic energy on the electro-
static interactions between nuclei and electrons and could be used to
estimate atomic energies for local environments not contained in the
training data.

C. Comparison to other decomposition methods
We also calculated atomic energies with the interacting quan-

tum atom approach33 and a MO/AC partitioning method. In the
MO/AC decomposition, different types of molecular orbitals and
atomic charges can be chosen. We select intrinsic bond orbitals59

and charges from intrinsic atomic orbitals,59 e.g., the IBO/IAO par-
titioning, because it suffers less from basis set artifacts compared
to other MO/AC partitionings.35,41 The respective atomic energy
distributions are displayed in Fig. 2. We note that atomic energies

of 224 molecules were excluded for the interacting quantum atom
approach because they contained non-nuclear attractors, likely due
to basis set artifacts,60 which prevents the partitioning of the energy
into atomic contributions.

As for the alchemical decomposition, atomic energies for
hydrogen are higher than for the other elements. However, the
atomic energies from IQA and IBO/IAO span wider energy ranges
than energies from quantum alchemy. For example, the differ-
ence between the lowest and highest atomic energies of carbon is
138 kcal/mol for alchemy, 277 kcal/mol for IQA, and 863 kcal/mol
for IBO/IAO. The broader energy range is also correlated with
increased error in predicting atomization energy using Eq. (21)
(MAE of 25 kcal/mol for IQA and 50 kcal/mol for IBO/IAO).
Consequently, the alchemical decomposition method is the pre-
ferred choice for estimating energies solely based on average atomic
energies with a specific set of binding partners. However, atomic
energies derived from the IBO/IAO decomposition scheme might
be more suitable as molecular fingerprints, e.g., for machine learn-
ing applications. This preference arises from their ability to provide
finer-grained differentiation between distinct local environments
since the respective atomic energy distributions are more separated
from each other.

Furthermore, the atomic energy distributions displayed in
Fig. 2 have different shapes indicating a different relation between
the local environment and respective atomic energy. We explore
these differences by plotting the mean atomic energies Ē(ZI , PI) in
different local environments from either IQA or IBO/IAO against
the respective energies from the alchemical decomposition (Fig. 5).
This analysis reveals an overall similar dependence of the atomic
energy on the local environment for the three decomposition meth-
ods. Carbon in the H3C–C fragment has always the lowest energy
and the energy increases when a binding partner is replaced by a
more electronegative one up to F3C–C, which has always the highest
atomic energy.

Nevertheless, there are also distinct differences in the relative
change in atomic energy from one environment to another. Alche-
mical energies change strongly if a hydrogen atom is substituted

FIG. 5. Comparison for IQA (a) and IBO/IAO (b) partitioning schemes to alchemical partitioning in varying environments of the carbon atom. Similarities and differences are
highlighted for selected series of environments. Up-pointing triangles correspond to a series of environments where hydrogens are substituted by carbons, down-pointing
triangles show trends if a single heavy atom neighbor X in H3C-X is varied, cubes correspond to a set of environments generating similar nuclear electrostatic potentials at
the position of the central carbon atom, and circles denote the remaining local environments in the dataset.
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by the second row element, e.g., for the series H3C–C, H2C–C2,
HC-C3, and C–C4, because the electrostatic potential of the envi-
ronment varies strongly. If the heavy atom is varied, e.g., for the
fragments H3C–C, H3C–N, and H3C–O (see Fig. 5), the change in
atomic energies with respect to the change in the local environment
is smaller due to the smaller variation in the electrostatic potentials
V I [Eq. (23)]. IQA and IBO/IQA show the opposite behavior with
a stronger change in atomic energy for the series H3C–C, H3C–N,
and H3C–O compared to the series H3C–C, H2C–C2, HC–C3, and
C–C4.

Furthermore, the local environments in the insets in Fig. 5 have
similar potentials V I leading only to a small variation of the respec-
tive alchemical atomic energies, while these energies vary more for
IQA and IBO/IAO. These differences in the dependence on the local
environment are responsible for the non-linear relation between
EAlchemy and EIQA respectively EIBO/IAO. Similar correlations between
the decomposition schemes were also found for the other elements
H, N, and O (see Fig. S4).

The main difference between the alchemical and the other
decomposition schemes in describing the relation between atomic
energy and environment is the stronger dependence of the alchem-
ical energies on the electrostatic potential of the local environ-
ment. Thus, the alchemical decomposition might be particularly
well-suited to resolve energy variations for systems with substan-
tial electrostatic fluctuations, such as atomic diffusion in solids.
Furthermore, the atomic energies derived from the alchemical
decomposition could potentially be efficiently approximated using
only a simple electrostatic model, while the relation between atomic
energy and local environment might be more complicated for the
other decomposition schemes.

IV. CONCLUSION
An atomic energy partitioning based on an alchemical trans-

formation was proposed already in 1974,12 but practical applications
were scarce due to arbitrary coupling and reference choices. An
important step forward, necessary to obtain the results of this work,
was the introduction of the uniform electron gas as a universal
reference system, which can be transformed consistently into arbi-
trary isoelectronic compounds through linear coupling to the
respective Hamiltonians.28 However, in this case, periodic boundary
conditions must be considered during atomic energy computation.
Here, we addressed this problem by evaluating changes in energy
due to a perturbation of the individual nuclear pseudopotentials
consistent with periodic boundary conditions.

This enables the systematic and quantitative investigation of
the relationship between local structure and atomic energy, yield-
ing interesting trends hinting to a general transferability of the
atomic energies. This refined decomposition approach has been
employed to compute atomic energies for a subset of 1325 molecules
drawn from the QM9 dataset. Analysis of the numerical results
indicates a consistent and not surprising pattern: atoms sharing
the same local environment exhibit similar atomic energies across
distinct molecules. Consequently, the summation of averaged
atomic energies corresponding to various environments within a
molecule can approximate atomization energies. For the molecules
studied in this work, we find an associated mean absolute error
of 23 ± 16 kcal/mol. This level of accuracy aligns closely with

statistically determined atomic energies (utilizing the dressed atom
approach),56 while also potentially offering enhanced transferability.
Naturally, this approach is remarkably efficient in terms of compu-
tational complexity, being ∼80 times faster than the semi-empirical
xTB method,61,62 indicating that it might be an attractive alternative
for tasks such as rapid filtering of stabilities in vast chemical libraries
encoding diverse chemistries. Such speed in energy estimation
could accelerate research efforts that require swift assessments of
molecular or material stability. Our averaging decomposition model
might also prove useful as a meaningful base-line for machine
learning models with respect to which one could predict atomiza-
tion energies, also known as Δ-machine learning63—in analogy to
recently proposed applications of Hammett’s equation.64,65

Moreover, we have also demonstrated on a fundamental level
that the connection between the atomic energy and local envi-
ronment can be quantified using just the electrostatic potential
produced by the nuclei of the binding partners at the atom’s loca-
tion. This enables the explanation of atomic energy trends across
diverse local environments by considering just the respective nuclear
charges and positions.

We also compared alchemical atomic energies and those
obtained by two other decomposition methods: the interacting
quantum atom (IQA)32 and a partitioning technique employing
intrinsic bond orbitals and charge distribution via intrinsic atomic
orbitals (IBO/IAO).35 Across these three decomposition methods,
a consistent relationship emerges between the atomic energy and
local environment: The less electronegative the binding partners,
the lower the atomic energy contribution. By contrast to IQA
and IBO/IAO, the alchemical decomposition method displays a
heightened sensitivity to substantial alterations in electrostatics
within the local environment. Consequently, the alchemical decom-
position approach appears well-suited for discerning subtle energy
changes tied to significant shifts in electrostatics. This capability
could be particularly valuable in the modeling of scenarios such
as defect formation or diffusion in solids characterized by signifi-
cant variations in electrostatics between lattice and interstitial sites.
For example, the alchemical atomic energies offer the potential
to assess the stability of metal or high entropy alloys, contribut-
ing to investigations in this domain based on prior studies using
other decomposition schemes66–69 or could be used to explore com-
pounds with elevated ionic conductivity, a crucial consideration in
the advancement of solid-state electrolyte design.70,71

V. COMPUTATIONAL DETAILS
Initial geometries for the 15 molecules used in the Sec. II

were generated through the LERULI API.61,62,72,73 The geometries
of CH3Y (with Y = SiH3, PH2, SH, GeH3, AsH2, and SeH) and HCN,
ethene, and ethyne were further optimized with the CPMD code53

making use of gnu parallel74 with the PBE functional,75 Goedecker
Teter Hutter pseudopotentials,43,76 a cutoff of 200 Ryd, and a boxsize
of (NVE/8 × 153)1/3

Å with NVE being the number of valence elec-
trons in the molecule. For the optimized geometries, 21 single point
density functional theory (DFT) calculations were carried out along
the λ path in equally spaced intervals (step size = 0.05) from λ = 0 to
λ = 1 by scaling the parameters ZV, {CPP

i }, and {hij} in the pseu-
dopotentials by the respective λ-value. Derivatives with respect to
the variation in the external potential at a specific atomic site
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were calculated according to Eq. (16) with Δλ = 5 × 10−5. For the
perturbative approach, the SCF calculations were stopped after a
single SCF iteration. For the 15 molecules mentioned in Sec. II
and one compound from QM9, we verified that the variation in
energy with respect to the consecutive iterations is small (<10−7 Ha)
until self-consistency is reached. For the calculation of atomic ener-
gies with Eq. (3), the valence electron density was generated with
CPMD2CUBE.77 The numerical integration with respect to λ was
performed with the help of scipy78 and numpy.79

In total, there are 1329 molecules with 38 valence electrons
in QM9. Four molecules (dsgdb9nsd_000226, dsgdb9nsd_000229,
dsgdb9nsd_003330, and dsgdb9nsd_003492) were excluded due to
conversion problems and atomic energies were calculated for the
remaining 1325 molecules. Geometries were extracted from the
QM9 dataset54 and single points were calculated with the LDA
functional, Goedecker Teter Hutter pseudopotentials, a cutoff of
200 Ryd, and a boxsize of 20 Å for λ = 8/38, 15/38, 23/38, 30/38, 1
with the parameters ZV and {CPP

i } scaled by the respective λ-value.
Derivatives with respect to the variation in the external potential
at a specific atomic site were calculated perturbatively via Eq. (18).
The numerical integration with respect to λ was performed with
Simpson’s rule using scipy and numpy. The atomic energies were
rescaled using Eq. (17) and atomic atomization energies were calcu-
lated via Eq. (19). The free atom energies were calculated with the
same parameters as for the molecules.

The atomic energies from the interacting quantum atom
approach were calculated using the AIMAll code.80 The required
wavefunction files were generated with Gaussian81 from single point
DFT calculations with the svwn-functional and the 6-31G(2df,p)
basis set, utilizing the molecular geometries reported in the QM9
dataset. Free atom energies were calculated with the same settings
with unrestricted DFT.

The atomic energies from the IBO/IAO method were calcu-
lated using the decondense code35 with the ibo-4 option and pyscf.82

Required single-point DFT calculations were performed on the
geometries reported in the QM9 dataset with the LDA functional
and the 6-31G(2df,p) basis set. Free atom energies were calculated
with the same settings using unrestricted DFT.

Average timings for the energy evaluation with Eq. (20) or a
single point xTB61,62 calculation were generated by evaluating the
energy for the compounds with the QM9 IDs dsgdb9nsd_000227,
dsgdb9nsd_001768, dsgdb9nsd_002277, dsgdb9nsd_002839, and
dsgdb9nsd_008977.

SUPPLEMENTARY MATERIAL

This section includes the detailed derivation of Eqs. (15) and
(18), additional data on the properties of the alchemical deriva-
tives ∂λEI , the relation between local structure and alchemical
atomic energies, comparison of atomic energies for the different
decomposition schemes, and Lewis structures of the selected QM9
compounds.
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I. DERIVATION OF EQ.(15)

According to the Hellmann-Feynman theorem, the derivative of the energy with respect to λ ,
∂E
∂λ

, is given by
∂E
∂λ

=
∂

∂λ
〈Ψ|H(λ )|Ψ〉= 〈Ψ|∂H

∂λ
|Ψ〉 . (1)

For a compound isoelectronic to the uniform electron gas, only the external potential and the
nuclear repulsion depend explicitly on λ so that

∂H
∂λ

=
∂V pbc

ext
∂λ

+
∂Enuc

∂λ
. (2)

From the definition of V pbc
ext (see Eqs. (5)-(10) in the main text) follows by application of the chain

rule
∂V pbc

ext
∂λ

= ∑
I

∑
T

(
∑
K

∂V PP
I

∂VIK

∂VIK

∂λ

)
+

∂ρbg

∂ZI,V

∂ZI,V

∂λ
V bg (3)

where VIK is the K-th λ -dependent pseudopotential parameter of nucleus I. The pseudopotentials
are linearly dependent on the parameters VIK (see Eqs. (7,8) in the main text). Moreover, and as
defined in the main text, the parameters VIK are themselves linearly dependent on λ , e.g. VIK(λ ) =
V̄IKλ with V̄IK being the optimized K-th pseudopotential parameter for element I. Hence, the
directional derivative ∂VI

∂λ
is equal to the respective pseudopotential at λ = 1

∂VI

∂λ
= ∑

K

∂V PP
I

∂VIK

∂VIK

∂λ
=VI(λ = 1). (4)

Furthermore from Eq. (9) in the main text follows,

∂ρbg

∂ZI,V

∂ZI,V

∂λ
=−

Z̄I,V

Ωcell
(5)

such that
∂V pbc

ext
∂λ

= ∑
I

∑
T

VI(λ = 1,r−RI−T)−
Z̄I,V

Ωcell
V bg = ∑

I
∆VI. (6)

The derivative of the nuclear repulsion energy (see Eqs. (11)-(14) in the main text) is given by

∂Enuc

∂λ
=

∂ENN

∂λ
+

∂ENbg

∂λ
+

∂Ebg

∂λ
(7)

with
∂ENN

∂λ
= ∑

I

∂ENN

∂ZI,V

∂ZI,V

∂λ
= ∑

I
∑
J′

′

∑
T

Z̄I,V ZJ,V (λ )

|RI−RJ−T|
(8)

and
∂ENbg

∂λ
= ∑

I

∂ENbg

∂ZI,V

∂ZI,V

∂λ
= ∑

I,T
Z̄I,V

(
∑J ZJ,V (λ )

Ωcell
−ρ

bg
)

V bg(RI−T) (9)
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and
∂Ebg

∂λ
= ∑

I

∂Ebg

∂ZI,V

∂ZI,V

∂λ
= ∑

I,T
Z̄I,V

ρbg

Ωcell

∫
Ωcell

drV bg(r−T). (10)

Consequently, ∂Enuc

∂λ
can be decomposed into atomic contributions as

∂Enuc

∂λ
= ∑

I

∂Enuc
I

∂ZI,V

∂ZI,V

∂λ
(11)

with

∂Enuc
I

∂ZI,V

∂ZI,V

∂λ
=

′

∑
T

∑
J′

Z̄I,V ZJ,V (λ )

|RI−RJ−T|

+∑
T

Z̄I,V

(
∑J ZJ,V (λ )

Ωcell
−ρ

bg
)

V bg(RI−T)

+∑
T

Z̄I,V
ρbg

Ωcell

∫
Ωcell

drV bg(r−T).

(12)

Hence, ∂E
∂λ

can be expressed as

∂E
∂λ

= ∑
I
〈Ψ|∆VI +

∂Enuc
I

∂ZI,V

∂ZI,V

∂λ
|Ψ〉

= ∑
I

∫
dr∆VIρλ (r)+

∂Enuc
I

∂ZI,V

∂ZI,V

∂λ

(13)

with the definitions of ∆VI and ∂Enuc
I

∂λ
in Eq. (6) and Eq. (12), respectively. The atomic energy

decomposition of the difference between uniform electron gas and compound is finally

Emol−EUEG = ∑
I

∫ 1

0
dλ

(
∂Enuc

I
∂ZI,V

∂ZI,V

∂λ
+
∫

dr∆VIρλ (r)
)
. (14)

II. PERTURBATIVE DERIVATIVES

〈V±ext〉= ∑
T

∫
Ωcell

dr

(
V PP

I (λ ±∆λ )+ ∑
J 6=I

V PP
J (λ )+

Ne−∑J ZJ,V (λ )∓∆λ Z̄I,V

Ωcell
V bg

)
ρλ (r)

= ∑
T

∫
Ωcell

dr

(
V PP

I (λ )±∆λV PP
I (λ = 1)+ ∑

J 6=I
V PP

J (λ )+
Ne−∑J ZJ,V (λ )∓∆λ Z̄I,V

Ωcell
V bg

)
ρλ (r)

(15)

〈V
+
ext〉−〈V−ext〉

2∆λ
= ∑

T

∫
Ωcell

dr
(

V PP
I (λ )−

Z̄I,V

Ωcell
V bg
)

ρλ (r) =
∫

Ωcell

dr∆VIρλ (r) (16)
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ENN±
I =

1
2

′

∑
T

(ZI,V (λ )±∆Z̄I,V )
2

|RIIT |
+

1
2 ∑

J 6=I
∑
T

(ZI,V (λ )±∆Z̄I,V )ZJ,V (λ )

|RIJT |

+
1
2 ∑

K 6=I
∑
T

ZK(λ )(ZI,V (λ )±∆Z̄I,V )

|RKIT |
+

1
2 ∑

K 6=I
∑

J′ 6=I

′

∑
T

ZK(λ )ZJ,V (λ )

|RKJT |

=
1
2

′

∑
T

(ZI,V (λ )±∆Z̄I,V )
2

|RIIT |
+ ∑

J 6=I
∑
T

(ZI,V (λ )±∆Z̄I,V )ZJ,V (λ )

|RIJT |
+

1
2 ∑

K 6=I
∑

J′ 6=I

′

∑
T

ZK(λ )ZJ,V (λ )

|RKJT |
(17)

with RIJT = RI−RJ−RT .

ENN+
I −ENN−

I
2∆λ

= Z̄I,V ∑
J′

′

∑
T

ZJ,V (λ )

|RIJT |
=

∂ENN

∂ZI,V

∂ZI,V

∂λ
(18)

ENbg±
I = ∑

T
−V bg

[
(ZI,V (λ )±∆λ Z̄I,V )

(
Ne−∑J ZJ,V (λ )∓∆λ Z̄I,V

Ωcell

)
+ ∑

J 6=I
ZJ,V (λ )

(
Ne−∑J ZJ,V (λ )∓∆λ Z̄I,V

Ωcell

)] (19)

ENbg+
I −ENbg−

I
2∆λ

= ∑
T

Z̄I,V

(
∑J ZJ,V (λ )

Ωcell
−ρ

bg
)

V bg(RI−T) =
∂ENbg

∂ZI,V

∂ZI,V

∂λ
(20)

Ebg± =
1
2

(
Ne−∑K ZK(λ )∓∆λ Z̄I,V

Ωcell

)2

∑
T
−
∫

Ωcell

drV bg(r−T) (21)

Ebg+−Ebg-

2∆λ
= Z̄I,V

ρbg

Ωcell
∑
T

∫
Ωcell

drV bg(r−T) =
∂Ebg

∂ZI,V

∂ZI,V

∂λ
(22)
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FIG. 1. The partial derivatives ∂EI
∂λ

of the energy with respect to a change in the pseuodopotential of a
specific atom as a function of λ for the atoms in methylamine.

FIG. 2. Impact of the scaling of the non-local parameters of the pseudopotential {hi j} on the atomic energies
exemplified for two molecules of QM9 (IDs dsgdb9nsd_000227 and dsgdb9nsd_000228).

5



FIG. 3. Distribution of alchemical atomic energies for selected local environments for H, C, N, O.

6



FIG. 4. The relation between atomic energy and the local environment compared for different decompositon
schemes (from left to right alchemy vs IQA, alchemy vs IBO/IAO and IQA vs IBO/IAO) for the elements
H, C, N and O.
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FIG. 5. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 6. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 7. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 8. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 9. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 10. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 11. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 12. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 13. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 14. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 15. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 16. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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FIG. 17. The structures of the molecules for which atomic energies where calculated in this study. The
numbers correspond to the respective ID in the QM9 dataset.
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ABSTRACT: We present an intuitive and general analytical approximation estimating the
energy of covalent single and double bonds between participating atoms in terms of their
respective nuclear charges with just three parameters, [EAB ≈ a − bZAZB + c(ZA7/3 + ZB7/3) ].
The functional form of our expression models an alchemical atomic energy decomposition
between participating atoms A and B. After calibration, reasonably accurate bond
dissociation energy estimates are obtained for hydrogen-saturated diatomics composed of
p-block elements coming from the same row 2 ≤ n ≤ 4 in the periodic table.
Corresponding changes in bond dissociation energies due to substitution of atom B by C
can be obtained via simple formulas. While being of different functional form and origin,
our model is as simple and accurate as Pauling’s well-known electronegativity model.
Analysis indicates that the model’s response in covalent bonding to variation in nuclear
charge is near-linear, which is consistent with Hammett’s equation.

■ INTRODUCTION
Due to their direct link to thermodynamics stability,
computational predictions of binding trends among molecules
and materials have greatly improved design choices in the
chemical sciences.1−8 Unfortunately, while numerical bonding
estimates obtained from modern and computationally
demanding quantum methods are very accurate and predictive,
they are at the same time difficult to grasp with human
intuition due to the inherent complexity of their solutions to
the electronic Schrödinger equation.9 Already very approx-
imate models, however, can yield intuitive descriptions of
important bonding features. For example, Lewis’s simple
concept of binding electron pairs, in conjunction with the
Aufbau principle, imposes relevant constraints from Pauli’s
exclusion principle,10 or the delocalization of π-electrons can
be easily understood within Hückel theory (Figure 1, left).11

Pauling’s model for covalent bond energies is based on the idea
to decompose the wave function within valence bond theory
into ionic and covalent terms, leading to the chemically
intuitive concept of electronegativity (Figure 1, center).12

Because of their universality due to their foundation in
quantum mechanics, these basic models are applicable across
chemical compound space and have proven powerful for
advancing our understanding of chemistry, despite their
approximate nature. While they do not eliminate the need
for experiments or accurate numerical calculations, they still
offer meaningful predictions about the stability of different
chemical compounds. For example, the octet rule13,14

postulated by Lewis in conjunction with the binding electron
pair can be used to identify valid covalent bonding patterns in
non-electron-deficient organic molecules. As another example,

the Hückel rule predicts whether a compound is stabilized due
to aromaticity.
Less approximate and more recently, energy decomposition

methods have been introduced to provide a more detailed
understanding of chemical bonding. Partitioning of quantum
mechanical observables onto the constituting parts of the
quantum many-body system can be done in arbitrarily many
ways. Some methods decompose the energy into different
physical contributions;15−19 others partition it onto
atoms.20−24 These methods have for example been useful to
explain differences in interatomic interactions,25 stability,26,27

or torsional energy profiles28 across various molecules. Also
within the framework of computational alchemical perturba-
tion density functional theory24 one can meaningfully quantify
the effect of different binding partners on the atomic energy of
every atom in the system.29 Here, we introduce a model of
covalent bonding, which we compare to molecular orbital
(MO) and valence bond (VB) theory in Figure 1. The model
directly emerges from quantum alchemy (QA) based atomic
energy decomposition arguments. It is, to the best of our
knowledge, new, yet as simple and accurate as Pauling’s
electronegativity model and of a distinctly different functional
form and origin. We thus believe that it enables a fresh and
intuitive perspective on covalent bonding. Such insights could
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Published: March 2, 2023
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be helpful for the development of more physics-based machine
learning models applicable to quantum chemistry and chemical
compound space. The inclusion of more physics in machine
learning has been proven useful for gaining superior data
efficiency and accuracy.30−34

Within quantum alchemy, two systems can be intercon-
verted by either interpolating the Hamiltonians or treating a
change in the system perturbatively.24,36−38 We connect the
energies Etot and EUEG of a molecule and the uniform electron
gas via alchemical thermodynamic integration.29 Using the
Hellmann−Feynman theorem39 and the chain rule affords a
formally exact partitioning into a sum of atomic energies over
all atoms I of the molecule as

(1)

ZI, ZJ and RI, RJ denote the nuclear charges and positions of
nucleus I and the other nuclei J, respectively. The electron
density is given as ρ(λ, r) with the spatial coordinates r and λ
as a coupling variable connecting the Hamiltonians of the
molecule and the uniform electron gas.
Application of our alchemical decomposition scheme to

binding energies between p-block elements reveals simple
dependencies of atomic binding contributions on nuclear
charges. This has motivated us to introduce the following
approximate ansatz for the bond dissociation energy EAB
between atoms A and B,

(2)

with a simple interpretation for each term and requiring just
three global parameters, a, b, and c, which effectively account
for interatomic distance and bond order, and the nuclear
charges ZA and ZB as variables (see Methods section for
details).
After calibration of parameters, we find that this simple

model reproduces covalent binding among p-block elements of

Figure 1. Experimental measurements (illustrated by an atomic force microscopy image of a pentacene molecule adapted from ref 35; reprinted
with permission from AAAS) inform exact theory (Schrödinger equation and density functional theory), which informs three intuitive approximate
views of the chemical bond (MO, VB, QA) in chemical compound space. MO represents molecular orbital theory accounting for bonding in energy
diagrams (left). VB corresponds to valence bond theory enabling the decomposition of the wave function into covalent and ionic parts (middle).
Quantum alchemy (QA) enables direct partitioning into atomic energies based on thermodynamic integration over varying nuclear charges. MO,
VB, and QA can be used to account for bonding trends.

Figure 2. Calculated bond dissociation energies from density functional theory (DFT, PBE0/def2-TZVP), our quantum alchemy based chemical
bond model (eq 2), and Pauling’s electronegativity model in eq 4. MAEs with respect to DFT amount to 1.8 and 1.4 kcal/mol for our and Pauling’s
model, respectively.

Journal of the American Chemical Society pubs.acs.org/JACS Article
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either the second, third, or fourth row of the periodic table
reasonably well. However, we note that the model is only
applied to systems A−B with remaining valencies saturated
with hydrogens; that is, further environmental influences are
not yet being studied in this paper. In the following we also
analyze and compare the model to density functional theory,
quantum machine learning, semiempirical and post-Hartree−
Fock quantum mechanics, Pauling’s electronegativity model,
and Hammett’s equation. We subsequently discuss limitations,
extensions to double bonds, and different electronic config-
urations and formulate a generalized expression that predicts
bonding trends across multiple periods.

■ RESULTS AND DISCUSSION
Performance. After regression of parameters to DFT

reference data, our model (eq 2) makes surprisingly accurate
estimates. In particular, Figure 2 shows calculated bond
dissociation energies (BDEs) for homolytic cleavage of
diatomics A−B saturated with hydrogens,

(3)

Here, atoms A and B are fourth to seventh main group
elements, both of either second, third, or fourth row of the
periodic table. We use the term bond dissociation energy to
describe the energy difference between the sum of the total
energies of the two geometrically relaxed fragments and the
total energy of the molecule from which the fragments are
created by homolytic bond cleavage, but without the zero
point energies added. BDEs for calibration were obtained from
density functional theory (see Computational Details), and the
row-dependent model parameters were determined from a
least-squares fit to the 10 diatomics in each row (see Table 1).

The residual deviation of estimated bond dissociation energies
from the DFT reference amounts to an overall mean absolute
error (MAE) of just 1.8 kcal/mol across all rows, falling just
short of the highly coveted “chemical accuracy” threshold of
∼1 kcal/mol. While such accuracy is extremely promising for
such a simple functional form and so few parameters, we note
the severe restrictions and limitations including fixed effective
equilibrium geometries, participating elements, or bond orders.
To set this performance into a wider perspective, we

compare calculated BDEs among other models well established
in the literature. For this purpose, we selected all 10 single-
bond diatomics from the second row contained within the
legacy quantum chemistry W4-17 data set,40 which provides
highly accurate bond dissociation energies using explicit
electron correlation methods for saturated diatomics in the
second row. Figure 3 shows a scatter plot of BDEs obtained
from various models. Calibrating our model using the W4-17
data yields a leave-one-out prediction error of 1.3 kcal/mol
(see Computational Details). Training a chemically agnostic

quantum machine learning41−43 surrogate model (see
Computational Details) results in a much higher leave-one-
out prediction error of 10.4 kcal/mol. By comparison, generic
QM methods such as the semiempirical PM7 method,44

density functional theory (DFT/PBE0/def2-TZVP), and
coupled cluster single double perturbative triples F12
calculations (taken from G2 ref 45) produce MAEs of 9.5,
1.2, and 0.6 kcal/mol, respectively. This indicates that our
model can achieve accurate descriptions of trends in chemical
compound space. We should caution, however, that our model
is biased due to the calibration and is likely to perform
significantly worse for other chemistries.
Furthermore, we probe the sensitivity of our model to the

choice of DFT functional by comparing the leave-one-out
prediction errors for the compounds in the second row fitted
to BDEs computed with either PBE0 or B3LYP. The errors for
PBE0 and B3LYP are 1.3 and 1.6 kcal/mol, respectively. This
suggests that the accuracy of our model does not strongly
depend on the DFT functional. Additionally, these findings
show that the quality of the electronic structure method (DFT
vs CCSDTQ5 in W4-17) does not affect the performance of
the model significantly, as evident from similar errors for W4-
17 (error of 1.3 kcal/mol) compared to PBE0 (1.3 kcal/mol)
and B3LYP (1.6 kcal/mol).
Comparison to Pauling. Pauling’s model and our model

are both simple expressions with similar overall accuracy.
Pauling’s bond model12 expresses the BDE as

(4)

which depends on the homolytic bond dissociation energies
EAA and EBB and the electronegativites χA and χB. The model is
based on a wave function decomposition into a covalent and
an ionic part. Pauling proposed that the bond energy could
accordingly be split into a covalent contribution, approximated
as the mean of the homolytic bond dissociation energies, and
an ionic contribution, postulated to be represented by the
difference in electronegativies (χA− χB)2. Pauling optimized
electronegativities in order to reproduce bond dissociation
energies as accurately as possible.12 This model’s predictions
for our test sets were discussed before (see also Figures 2, 3).
Note that Pauling’s expression requires knowledge of the

homolytic bond dissociation energies and introduces electro-
negativities as an additional quantity, while our model relies
directly on the nuclear charges. While electronegativity is
useful to explain trends in chemical properties, our formulation

Table 1. Coefficients and MAEs of Our Model Eq 2 for
Different Rows na

n
a

(kcal/mol)
b (630
Bohr−1)

c (630 Bohr−1

e−1/3)
MAE

(kcal/mol)

2 215.7 10.470 1.987 1.0
3 392.7 8.823 1.496 2.4
4 1109.2 6.180 0.813 2.2
ab and c are scaled such that bZAZB and c(ZA7/3 + ZB7/3) are given in
kcal/mol if ZA and ZB are given in atomic units of charge e.

Figure 3. Calculated BDEs using our model, Pauling’s, various
quantum methods (PM7, DFT (PBE0/def2-TZVP), G2), and a
quantum machine learning model. Bond dissociation energies are
scattered against the W4 entries40 for 10 saturated single bond
diatomics composed of carbon, nitrogen, oxygen, or fluorine.
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depending directly on nuclear charges is directly connected to
the external potential in the electronic Hamiltonian and
thereby more rigorously rooted in the fundamental physics
governing chemistry. Furthermore, homodiatomics in the third
and fourth period dominate the error of our model, while these
cases are direct model parameters for Pauling. Note that our
model outperforms Pauling’s if the binding partners A and B
have a large electronegativity difference, as observable for
example for the C−F, Si−Cl, or N−F bond (Figure 2).
The reasonably accurate numerical prediction of bond

dissociation energies by such simple models is intriguing.
However, we believe that their main value lies rather in their
conceptual power to explain bonding trends for varying
chemical composition. For example, Pauling used his model to
rationalize energetic trends of bonds in terms of squared
electronegativity differences.12 As obvious from visual
inspection of Figure 2, our model (eq 2) provides a different
explanation of such bonding trends in terms of balancing two
terms with opposite sign: the linearly decaying second term
versus the polynomially growing atomic energy term. Apart
from the aforementioned advantage that our model does not
necessitate the introduction of auxiliary concepts such as
electronegativites, it is also consistent with Hammett’s product
ansatz, as described in the following section.
Comparison to Hammett’s Equation. More than 80

years ago, Hammett proposed an empirical model46,47 to
quantify property trends across chemical spaces as

(5)

Originally, P = log[K/K0] was the equilibrium constant for
various reactions of benzene derivatives normalized with
respect to a reference reaction constant K0, σ described the
effect of different substituents, and ρ accounted for the
reaction type (e.g., mechanism or solvent). However, the
model has been used to describe many other properties like
activation energies,48 orbital energies of metal organic
complexes,49 or dipole moments.50 Furthermore, the model
has been applied to nonbenzyl compounds.48,51 The relation
between Hammett constants and electronegativity has also
been noted in the context of nucleo- and electrophilicity
relevant for mechanistic discussions in organic chemistry.52

While Hammett’s model is very intuitive since it only requires
separability of two dominating variables, its physical
motivation has remained unclear.53

Our model might offer a rationalization of Hammett’s
because it emerges from the quantum alchemy based atomic
energy decomposition and accounts for the change in bond
dissociation energy with respect to composition, fully
consistent with Hammett’s approach. In particular, the change
of bond dissociation energy with respect to the nuclear charge,
the partial derivative of our model, is simply given by

(6)

Figure 4 displays the near-linear trend of this derivative for a
fixed value of ZA as a function of the number of valence
electrons NVE of ZB for each period investigated in this study.
We have shifted each curve by a constant Δ such that it

intersects the origin at NVE = 0. The curves are approximately
linear in the number of valence electrons with the slopes being
proportional to (7/3)c (see eq 6). Thus, can be

modeled by a Hammett ansatz with σ = NVE and ρ accounting

for different binding behavior due to a change in number of
core electrons for different rows. As the row number increases,
the slope becomes flatter, indicating a lower sensitivity of the
bond dissociation energy to a change of the binding partner as
observable in Figure 2. The drastic decrease of the slope from
the third to the fourth row could be due to the additional 10
3d core electrons for elements in the fourth row.
The identification of the number of valence electrons of

binding partner B as the σ-parameter is possible because the
influence of the binding partner B is expressed as a function of
the nuclear charge in our model. We have arrived at this
expression based on the atomic energy decomposition within
quantum alchemy. We believe that these findings indicate that
such decomposition into atomic or fragment contributions can
deepen our understanding of empirical rules such as
Hammett’s model. Note that this finding is also consistent
with multiple other studies which found a correlation of the σ-
parameters with atomic quantities like NMR shifts,54,55

polarizing force,56 fragment self-similarity measures,57 or
atomic charges.58,59

Limitations to Covalent Bonds. So far, we have only
considered typical covalent bonding scenarios between p-block
elements, i.e., elements from groups IV−VII in the periodic
table. These elements all have in common that their valence
electrons share the same second angular momentum quantum
number. Our model has not been developed for decreased
covalent character, i.e., for bonding atoms with differing second
quantum numbers. Not surprisingly, for example, BDEs for
single bonds shown in Figure 5 indicate a qualitatively different

Figure 4. Sensitivity of the bond dissociation energy due to change in
composition expressed by a Hammett-type relationship between the
derivative of the bond dissociation energy with respect to the nuclear
charge and the number of valence electrons NVE of binding

partner B for binding in different rows of the periodic table. The
curves are shifted by a constant Δ such that they intersect the origin.

Figure 5. Limitations of applicability: BDEs between atom A and B
corresponding to C/N/O/F or Li/Be/B/C/N/O/F, respectively. For
second quantum number differing between A and B, our model [eq 2]
breaks down.
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behavior when one bonding partner, say atom B, comes from
the alkaline or earth-alkaline group. According to our model
calibrated for p elements only, bond dissociation energy
content would monotonically increase as the nuclear charge ZB
decreases. In reality, however, bond dissociation energy
content must decrease as B changes from predominantly
covalent bonding among p-block elements into ionic bonding
regimes with F2 and LiF as the two opposite extremes.
Bond Order. Close inspection of results for the p-block

elements shown in Figure 5 indicates that our model is the
least accurate when it comes to the prediction of BDEs
involving boron (ZB = 5). This could be due to the parameters
being optimized for bonds with bond orders being close to 1.
B−N, B−O, and B−F bonds, however, are known to have a
bond order of approximately 1.4.60−62 Consequently, one
should expect our covalent single bond model to systematically
underestimate the bond dissociation energy for these systems,
consistent with the numerical observation.
To further explore this aspect, we have investigated whether

our model can be recalibrated to predict bond dissociation
energies for other bond orders. We have considered double
bonds A = B for all six possible combinations of elements from
main groups IV, V, and VI within the same row of the periodic
table, e.g., carbon, nitrogen, and oxygen for the second row. In
contrast to the single-bonded molecules, the spin state is not
the same for all double-bonded systems. O2, S2, and Se2 have
triplet ground states, while the other molecules are singlets. To
remove the additional complexity due to a change in spin state,
we used the same singlet spin state for all double-bonded
molecules; that is, we refitted the parameters a, b, and c to
energy differences ΔETS between fragments in a triplet state
after homolytic bond cleavage and the bound molecule in a
singlet state. The trend in these bond dissociation energies is
very similar to the one for single bonds with a decrease in bond
dissociation energies as the nuclear charges of the binding
atoms grow. The resulting model’s performance is equally
good with prediction errors of 0.9, 1.3, and 2.0 kcal/mol for
the second, third, and fourth row, respectively (see SI with
Figure S1 and Table S1 for optimized parameters).
Electronic Configuration. To further investigate the

impact of spin, we recalibrated our model to energy differences
ΔEGS between the ground states of fragments and molecules,
e.g., O2 in a triplet instead of a singlet state (Figure S2A, Table
S2) and the energy differences ΔETT and ΔESS with fragments
and molecules either both in triplet (Figure S2B, Table S3) or
both in singlet states (Figure S2C, Table S4). The prediction
of ΔEGS yields an MAE of 7.4 kcal/mol for compounds in the
second row. This increase in error with respect to ΔETS could
be attributed to mixed spin states of the molecules. However,
for the third and fourth row prediction errors for ΔEGS are 1.6
and 1.9 kcal/mol, which is similar to the error for ΔETS. For
these rows, the spin state changes not only for the molecules
but also for the fragments. The fourth main group fragments
(SiH2, GeH2) have a singlet ground state, while the other
fragments are triplets. Thus, changing spin states do not
generally lower the accuracy.
The prediction errors for ΔETT and ΔESS are around 7−8

kcal/mol for the second row and 10−14 kcal/mol for the third
and fourth row (see Table S3 and Table S4 for details). The
worse performance compared to single-bonded systems is not
surprising since the functional form of our model is inspired by
the alchemical decompositioning of bond dissociation energy

trends for single bonds in the ground state, which are
significantly different from ΔETT and ΔESS.
Finally, we have also recalibrated our model (eq 2) to fit

randomly drawn points from a uniform distribution in order to
assess how far the performance of our model can be attributed
to its mathematical flexibility or rather to its inherent capability
to account for the underlying physics of the studied systems
(see Figure S3). The MAE of the randomly drawn data is in all
cases, except for ΔETT for the fourth row, substantially higher
than for the binding energy differences. This finding
corroborates the notion that our model’s performance is not
coincidence but rather due to its appropriate functional form
approximating the relevant physics to a certain degree.
Trends and Dependence on Period. Since many

questions in chemistry only require knowledge about differ-
ences in BDEs, we have investigated the applicability of our
model toward the prediction of trends among bonds. More
specifically, generalization of our model to deal with covalent
bonding within any row from the p-block with just three
parameters, a, b, and c, is impossible due to the large
differences in nuclear charges with increasing row number n.
We find, however, that a, b, and c vary smoothly with n when
predicting changes in BDEs, i.e., ΔE = EAB − EAC, in
combination with a second-order Taylor expansion of the Z7/3
terms. Then, parameters can be described as simple functions
of the principal quantum number n (the row number) and ΔE
is approximately given by

(7)

with the nuclear charges ZA, ZB, and ZC of the binding partners
in the compounds A−B and A−C and the respective change in
nuclear charges ΔZ = ZC − ZB (see SI for details).
Encouragingly, eq 7 meaningfully reproduces changes in

covalent bond dissociation energies covering ranges from −40
to +70 kcal/mol with an MAE of just 4.2 kcal/mol with respect
to density functional theory. Results are shown in Figure 6 for
any single bond changes within the second, third, or fourth row
of the periodic table.
Although of interest, the generalization of eq 7 to also

account for atoms A, B, and C coming from dif ferent rows, or

Figure 6. Trends in covalent binding: predicted (eq 7) vs truth
(corresponding to PBE0/def2-TZVP). 72 bond dissociation energy
differences between bonds A−B and A−C (ΔE), both within either
the second, third, or fourth row of the periodic table, ΔE = EAB − EAC,
where ZB ≤ ZC. Corresponding molecules involved are on display in
Figure 2.
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to involve other bond orders, has not yet been explored in this
study.

■ CONCLUSION
We have presented a simple and, to the best of our knowledge,
novel expression of covalent bonding in terms of nuclear
charges. It has only three calibration parameters, which can
easily be regressed to available reference data. Despite its
simplicity, it is deeply rooted in the underlying physics of
quantum mechanics via the computational alchemy based
reasoning. We have found the model to be limited to covalent
single and double bonds among atoms with the same first and
second quantum number. We have presented promising
numerical evidence for p-block atoms (except for rare gas
elements) coming from the second, third, and fourth row. We
have compared our model to Pauling’s electronegativity model,
and we have discussed its consistency with respect to
Hammett’s equation.
While only very approximate in nature and limited in scope

(period and bond-order specific), we have found that our
model is still sufficiently accurate to describe the trends of how
bond dissociation energies respond upon modification of the
chemical composition. This is reminiscent of substituent effect
concepts discussed in undergraduate chemistry textbooks and
used within the laboratory. As such, while limited in its
numerical accuracy and scope, we believe that this model is still
of fundamental importance for gaining a better intuition and
understanding of chemical compound space. Furthermore, our
model could enable a more efficient exploration of chemical
space in design applications because first- and second-order
gradients of the bond dissociation energy with respect to
composition can be calculated due to the analytical form of our
model.63 For example, the sign of the first-order derivative
would indicate whether the nuclear charge of an atomic site
should be lowered or raised to increase the stability, while the
magnitude would indicate how much the stability would
change.
We note that the description of ionic, metallic, or van der

Waals bonding through inclusion of s- and d-block elements is
still outstanding and will be part of future research. This also
holds for the generalization to bonds involving elements that
differ in principal quantum numbers. Interactions beyond the
two binding partners, e.g., the influence of immediate
substituents via inductive or mesomeric effects, should be
studied for further generalization. But also the inclusion of
other environmental effects such as aromaticity, van der Waals
interactions (hydrogen bonding, London dispersion), or
electric field effects (from static multipole moments or
externally) could extend the applicability of the model.
Inclusion of these aspects would allow the calculation of
environment-specific bond dissociation energies in molecules.
This could be used as a baseline model for Δ-machine
learning,64,65 multilevel grid combination,66 multifidelity
learning,67 or transfer learning68 models.
Conceptionally speaking, our model relies on coarse-

graining the expectation value of the electronic Hamiltonian
throughout chemical space. As such, it is consistent with
quantum mechanics and offers a fresh perspective on bond
dissociation energies which is in line with Hammett’s
expression. Historically speaking, it represents an equally
powerful yet possibly less empirical alternative to Pauling’s
electronegativity model. Future work will show to which extent
this partitioning approach can be used to deepen our

understanding of chemical space with respect to other
extensive properties and if it is useful for computational
materials and molecular design efforts.

■ METHODS
Construction of the Model. Continuing from eq 1, the

electronic energy Eel(AB), i.e., without nuclear repulsion, of a
saturated diatomic A−B can be decomposed into

(8)

where Eel(A/AB) and Eel(B/AB) are the atomic energies of A and B
and Eel(AH/AB) and Eel(AH/AB) are the sum of atomic energies of
the hydrogens attached to A and B, respectively (see Figure 7 for an
example).

Furthermore, the electronic contribution to the binding energy EABel
is the difference between the electronic energies Eel(A) and Eel(B) of
the unrelaxed fragments A and B generated by homolytic bond
cleavage and the electronic energy of compound AB.

(9)

The electronic contribution to the atomic binding energy, e.g., EABel
(A) for atom A, is then defined as

(10)

where Eel(A/A) and Eel(A/AB) are the atomic energies of A in
fragment A and diatomic compound AB, respectively. So, the term
atomic binding energy describes the contribution of a specific atom to
the binding energy. The sum of the atomic binding energies of the
hydrogen atoms attached to atom A is similarly defined as

(11)

where Eel(AH/A) and Eel(AH/AB) are the sum of atomic energies of
hydrogen atoms in the fragment A and the compound AB,
respectively. In analogy, the atomic binding energies EABel (B) of
atom B and EABel (BH) of the hydrogens attached to B are defined as

(12)

and

(13)

Using the definitions for atomic binding energies introduced in eqs
10−13 the electronic contribution to the binding energy defined in eq
9 can also be expressed as a sum of atomic terms as

(14)

Calculating such atomic binding energies according to APDFT,29

we have observed that EABel (A) increases approximately linearly with
the nuclear charge ZB of binding partner B for saturated diatomics
composed from the elements carbon, nitrogen, oxygen, and fluorine
(Figure S4A). Furthermore, the atomic energy of the hydrogen atoms

Figure 7. Atomic electronic energy decomposition notation
exemplified for methylamine.
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remains approximately constant with varying binding partner (Figure
S4B).

This enables us to express the binding energy approximately as

(15)

The energy contributions of fragments A and B are characterized by
the parameters αA, βA and αB, βB, respectively. α accounts for the
constant contribution of the heavy atom (A or B) and of the
hydrogens attached to it to the binding energy, while β describes the
contribution of the heavy atom for varying binding partners.
Furthermore, we approximate the contribution of the nuclear
repulsion to the binding energy EABnuc by only considering the
interaction between the heavy atoms A and B at an average bond
distance d̅. This average is calculated from the bond lengths between
A and B for all considered compounds A−B. Consequently, the total
binding energy EAB including nuclear repulsion can be expressed as

(16)

The parameters α and β are determined from a least-squares fit to
for all 10 unique combinations A−B of carbon, nitrogen,

oxygen, and fluorine. The bond dissociation energies EAB are
calculated with DFT using the energies of the fragments in relaxed
geometries (see Computational Details). We note that the trends for
atomic binding energies are based on calculations using the unrelaxed
fragments. However, in the following, we fit our model to bond
dissociation energies with relaxed fragments because the use of the
relaxed fragments is more useful to calculate the stability of bonds.
Since the trends in binding or bond dissociation energy across
different compounds are similar for strained and relaxed fragments (SI
Figure S7), the findings for strained fragments should be transferable
to the relaxed ones.

While eq 16 is based on trends for diatomics in the second row of
the periodic table, we also apply it to diatomics from the fourth to
seventh main group of the third and fourth row.

The MAEs for bond dissociation energy predictions with eq 16 are
0.5, 0.4, and 0.3 kcal/mol for rows 2−4, respectively, and the
optimized parameters can be found in Table S5. The model accurately
reproduces the bond dissociation energy and can be applied to
different rows of the periodic table. However, it is also prone to
overfitting because it uses eight parameters to model bond
dissociation energy for 10 compounds. Thus, we studied the relation
of the parameters α and β on the nuclear charge of the respective
element in an attempt to reduce the number of parameters.

The optimized parameter βA correlates linearly with ZA,

(17)

as shown in Figure S5A with b′ being the slope. Thus, the terms βAZB
and βBZA in eq 16 can be written as

(18)

The β-terms account mainly for the large nuclear repulsion term
ZAZBd̅−1 ≫ EAB in the dependent variable . We note that
the linear dependence of βA on ZA is also consistent with the relation

(19)

between binding energies of elements Q, R, and S with ZQ = ZR − 1 =
ZS − 2, which was derived from alchemical enantiomers.69 Insertion
of the definition for electronic binding energies from eq 15 into eq 19
yields

(20)
which implies a linear relation between the different values for β.

The optimized offset αA has a nonlinear relationship with ZA
(Figure S5B). Thus, we model the dependence of αA on ZA as

(21)

where the exponent γ accounts for the nonlinearity and a′ is an offset.
Substitution of β and α in eq 16 with the expressions in eq 17 and

eq 21 and rearrangement of the resulting equation yields

(22)

with a = 2a′ and . Optimization of the parameters in
eq 22 by a combination of nonlinear least-squares for a, b, and c and a
line scan for γ leads to similar values for the optimal exponent γopt for
the different rows (see Figure S6). Thus, γ is kept the same for all
rows and only a, b, and c are optimized for each row independently.
The optimal value for γ in this optimization procedure is

. This is an interesting result because −0.768745·
Z7/3 is the leading term in an expansion of the energy of a free atom in
its nuclear charge.70,71 Hence, the bond dissociation energy can be
expressed as

(23)

with the energies of the free atoms EAatom and EBatom and .
So, according to our model, the bond dissociation energies can be
approximated as a sum of three terms, a, −bZAZB, and c(ZA7/3 + ZB7/3).
All three parameters depend on bond order and could be interpreted
in the following way: a is a period-dependent energy offset reflecting
the impact of the principal quantum number. −bZAZB is proportional
to the nuclear repulsion with b having the dimension of the inverse
distance, and c(ZA7/3 + ZB7/3) is the sum of the energies of the free
atoms, scaled by c, which has dimensions of inverse distance and
inverse cubic root of charge. The value of the parameter a changes
much more from the third to the fourth row (≈ 700 kcal/mol)
compared to the change from the second to the third row (≈ 180
kcal/mol). This difference can be explained by the addition of 18 core
electrons from third to fourth in contrast to only 8 core electrons
from the second to third row of the periodic table. The parameters b
and c are less sensitive to a change in principal quantum number
because in the respective terms −bZAZB and c(ZA7/3 + ZB7/3) mainly the
nuclear charges account for changes in the number of core electrons.

■ COMPUTATIONAL DETAILS
The atomic energies (eq 1) of the saturated diatomics were
calculated using geometries from the amons data set.72 The
fragment structures were generated by splitting the homo-
diatomics without further geometry optimization. The required
electron densities were obtained following the procedure in
earlier work29 from calculations with the CPMD73 code and
the CPMD2CUBE program74 using the PBE75 functional in a
plane wave basis with a cutoff of 200 Ry, GTH76,77

pseudopotentials, and a wave function gradient convergence
set to 10−6 making partial use of gnu parallel.78 A primitive cell
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with a box length of 14.338 Å was used for saturated diatomics
and of 11.380 Å for the fragments. The GTH pseudopotential
parameters were scaled by λ = 6/14, 8/14, 11/14, and 1 and λ
= 3/7, 4/7, 6/7, and 1 for the saturated diatomics and the
fragments, respectively, to generate electron densities for
different values of λ. The electron density at λ = 0 was
represented as a uniform distribution. The integration with
respect to r and λ was carried out as weighted summation over
grid points and with the trapezoidal rule, respectively.
The bond dissociation energies to determine the optimal

parameters in eqs 2 and 16 were calculated with PySCF79−82

for single-bonded systems and with GAUSSIAN83 for double-
bonded systems with PBE0/def2-TZVP84 (restricted open
shell for fragments). Reported bond dissociation energies are
for optimized geometries of saturated diatomics and fragments.
Initial guesses for the structures were generated through the
LERULI API.85−88 The parameter optimization in eq 2, 7, 16,
and 22 was performed by linear or nonlinear least-squares
fitting as implemented in numpy89 and scipy.90 Bond
dissociation energies of our model presented in Figure 3 are
with respect to W4-17 data after determining the parameters
via leave-one-out cross-validation. The machine learning
predictions were obtained from kernel ridge regression with
a Gaussian kernel and the bag of bonds91 representation in
leave-one-out cross-validation. PM7 bond dissociation energies
were calculated with MOPAC2016.92 For better comparison,
enthalpy contributions and zero point energies were subtracted
from the computed heat of formation. Predictions with
Pauling’s model eq 4 use electronegativities as reported by
Pauling.12
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Bond Order

Figure S1: Calculated bond dissociation energies of double bonds from density functional
theory (PBE0/def2-TZVP) and our quantum alchemy based chemical bond model (Eq. (2)).
MAEs with respect to DFT amount to 0.9, 1.3 and 2.0 kcal/mol for the second, third and
fourth row, respectively.

Table S1: Coefficients and MAEs of our model Eq. (2) for different rows n after refitting to

∆ETS. b and c are scaled such that bZAZB and c(Z
7/3
A + Z

7/3
B ) are given in kcal/mol if ZA

and ZB are given in atomic units of charge e.

n a (kcal/mol) b (630 Bohr−1) c (630 Bohr−1e−1/3) MAE (kcal/mol)
2 439.13 24.3984 4.7284 0.9
3 740.44 18.8836 3.2396 1.3
4 2475.12 14.2104 1.8714 2.0
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Electronic Configuration

Figure S2: Energy differences between double bonded molecules A=B and their fragments
A, B with A and B from main groups IV, V, VI in the same row of the periodic table for
various electronic states. Predictions are obtained from DFT (PBE0/def2-TZVP) and our
model (Eq. (2)). All molecules and fragments are either in their electronic ground state
(Panel A), the energetically lowest triplet state (Panel B) or the lowest singlet state (Panel
C).

Table S2: Coefficients and MAEs of our model Eq. (2) for different rows n after refitting to

∆EGS. b and c are scaled such that bZAZB and c(Z
7/3
A + Z

7/3
B ) are given in kcal/mol if ZA

and ZB are given in atomic units of charge e.

n a (kcal/mol) b (630 Bohr−1) c (630 Bohr−1e−1/3) MAE (kcal/mol)
2 367.73 19.7386 3.9376 7.4
3 371.53 12.4697 2.2692 1.6
4 874.76 6.7190 0.9318 1.9

Table S3: Coefficients and MAEs of our model Eq. (2) for different rows n after refitting to

∆ETT. b and c are scaled such that bZAZB and c(Z
7/3
A + Z

7/3
B ) are given in kcal/mol if ZA

and ZB are given in atomic units of charge e.

n a (kcal/mol) b (630 Bohr−1) c (630 Bohr−1e−1/3) MAE (kcal/mol)
2 89.83 6.4716 1.7297 7.3
3 288.38 9.7959 1.7877 13.8
4 758.64 4.8042 0.6495 10.5
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Table S4: Coefficients and MAEs of our model Eq. (2) for different rows n after refitting to

∆ESS. b and c are scaled such that bZAZB and c(Z
7/3
A + Z

7/3
B ) are given in kcal/mol if ZA

and ZB are given in atomic units of charge e.

n a (kcal/mol) b (630 Bohr−1) c (630 Bohr−1e−1/3) MAE (kcal/mol)
2 333.59 17.6638 4.0305 8.2
3 80.28 8.2754 1.7258 12.9
4 0.00 3.4398 0.5523 12.6

Figure S3: The performance of our model after re-calibration to binding energy differences
of various electronic states in comparison to a fit to random data points from a uniform
distribution. Triangles represent MAEs as a function of binding energy range after fitting
our model to energy differences between fragments and double bonded molecules as triplets
and singlets (TS), in their groundstate (GS), in the lowest triplet states (TT) and the lowest
singlet states (SS). The circles with error bars show MAEs and standard deviation after
fitting to random data points in the same energy ranges. Panels A, B, C show results for
combinations of elements from main groups IV, V and VI for the second, third and fourth
row of the periodic table, respectively.
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Methods - Construction of the Model

Figure S4: Atomic electronic binding energies (see Eq. (10)) of atom A as a function of the
nuclear charge ZB of the binding partner for carbon, nitrogen, oxygen and fluorine (Panel
A) and the cumulated atomic binding energies of the hydrogens attached to the different
atoms A (Panel B).

Figure S5: Optimized parameters β (Panel A) and α (Panel B) of Eq. (16) as a function of
Z after a fit to bond dissociation energies calculated with DFT (PBE0/def2-TZVP).
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Figure S6: The mean absolute error for different values of the exponent γ in Eq. (22). The
curves labeled row 2, row 3 and row 4 show the MAE if the parameters in Eq. (22) are
optimized for each row individually. The dotted red curve shows the MAE for all three rows
combined if γ is kept the same for all rows.

Figure S7: Calculated dissociation energies for homolytic bond cleavage of compounds HxA-
BHy from density functional theory (PBE0/def2-TZVP). Solid lines depict dissociation en-
ergies with respect to geometrically relaxed fragments and dashed lines dissociation energies
with respect to unrelaxed fragments.
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Table S5: The average bond length d̄ of A-B (in Bohr) and the optimized parameters (α, β)
of Eq. (16) for the elements from main group IV to VII for different rows n of the periodic
table. The unit of α is kcal/mol and β is given as 630 · eBohr−1 such that the unit of βAZA

is also kcal/mol if ZA is provided in atomic units.

n d̄(Bohr) IV V VI VII
2 2.69 (55.39, 702.85) (92.26, 813.36) (121.54, 926.70) (170.16, 1039.03)
3 4.01 (-22.70, 1102.97) (19.71, 1177.84) (105.29, 1251.12) (187.89, 1324.77)
4 4.46 (-49.11, 2261.20) (-19.08, 2330.51) (102.73, 2397.54) (233.19, 2464.38)

Trends and Dependence on Period - Eq.(7)

The Z7/3 terms in our model can be approximated by a second order Taylor expansion as

Z7/3 ≈ Z
7/3
0 +

7

3
Z

4/3
0 (Z − Z0) +

14

9
Z

1/3
0 (Z − Z0)

2 (1)

with Z0 being a suitable reference nuclear charge. Insertion of this expression into our model

leads to

EAB = a− bZAZB + c

(
4

9
Z

7/3
0 − 7

9
Z

4/3
0 (ZA + ZB) +

14

9
Z

1/3
0

(
Z2

A + Z2
B

))
= a+

4

9
Z

7/3
0 c︸ ︷︷ ︸

=ξ

− 7

9
Z

4/3
0 c︸ ︷︷ ︸

=η

(ZA + ZB)− bZAZB +
14

9
Z

1/3
0 c︸ ︷︷ ︸

=µ

(
Z2

A + Z2
B

)
.

(2)

The quadratic terms can be written as

Z2
A + Z2

B = Z2
A + Z2

B + 2ZAZB − 2ZAZB

= (ZA − ZB)
2 + 2ZAZB

(3)

leading to

EAB = ξ − η(ZA + ZB)− bZAZB + µ
(
[ZA − ZB]

2 + 2ZAZB

)
= ξ − η(ZA + ZB) + (2µ− b)ZAZB + µ (ZA − ZB)

2 .

(4)
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The energy differences ∆E = EAB − EAC between A-B and A-C is then

∆E = η (ZC − ZB)− κZA (ZC − ZB) + µ
(
(ZA − ZB)

2 − (ZA − ZC)
2) (5)

with κ = (2µ− b).

To account for the dependence of η, κ and µ on the row or principal quantum number n

we make the ansatz η = η̃(n− 1), −κ = (n− 3)2 − κ̃, while we choose µ to be independent

from the prinicipal quantum number. Non-linear least squares optimization of η̃, κ̃ and µ

with respect to ∆E in the resulting expression

∆E = η̃(n− 1) (ZC − ZB) + [(n− 3)2 − κ̃]ZA (ZC − ZB) + µ
(
(ZA − ZB)

2 − (ZA − ZC)
2) .
(6)

gives η̃ = 28, κ̃ = 3.5 and µ = 6, so that

∆E = 28(n− 1) (ZC − ZB) + [(n− 3)2 − 3.5]ZA (ZC − ZB) + 6
(
(ZA − ZB)

2 − (ZA − ZC)
2)
(7)

or alternatively

∆E = 28(n− 1)∆Z + (8.5 + (n− 3)2)ZA∆Z + 6(Z2
B − Z2

C) (8)

with ∆Z = ZC − ZB.
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Total Energies

Table S6: Total energies (in Hartree) of single bonded molecules and respective fragments
after homolytic bond cleavage optimized with PBE0/def2-TZVP.

compound energy compound energy compound energy

C2H6 -79.750204 Cl2 -920.089409 BeHCH3 -55.172389
CH3NH2 -95.777291 Ge2H6 -4157.072524 BeHNH2 -71.250843
CH3OH -115.637262 GeH3AsH2 -4315.341268 BeHOH -91.138621
CH3F -139.653810 GeH3SeH -4480.425039 BeHF -115.173176
N2H4 -111.784922 GeH3Br -4652.430337 Li -7.467048
NH2OH -131.622414 As2H4 -4473.605476 BeH -15.223816
NH2F -155.625694 AsH2SeH -4638.681646 BH2 -25.893672
H2O2 -151.453106 AsH2Br -4810.679452 CH3 -39.796931
OHF -175.439419 H2Se2 -4803.749098 NH2 -55.832413
F2 -199.408535 SeHBr -4975.731476 OH -75.683320
SiH3SiH3 -582.338252 Br2 -5147.706716 F -99.673999
SiH3PH2 -633.603800 BH2CH3 -65.866689 SiH3 -291.107812
SiH3SH -689.861429 BH2NH2 -81.963033 PH2 -342.378482
SiH3Cl -751.278691 BH2OH -101.826384 SH -398.609973
P2H4 -684.856580 BH2F -125.840622 Cl -459.995117
PH2SH -741.101414 LiCH3 -47.336002 GeH3 -2078.478952
PH2Cl -802.505076 LiNH2 -63.410044 AsH2 -2236.760002
H2S2 -797.331489 LiOH -83.307236 SeH -2401.827158
SHCl -858.715428 LiF -107.347917 Br -2573.810130
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Table S7: Total energies (in Hartree) of double bonded molecules and respective fragments
after homolytic bond cleavage optimized with PBE0/def2-TZVP.

compound energy singlet energy triplet compound energy singlet energy triplet

C2H4 -78.512205 -78.380516 GeH2Se -4479.211917 -4479.162320
CH2NH -94.550022 -94.417719 H2As2 -4472.399893 -4472.362319
CH2O -114.418666 -114.309740 AsHSe -4637.469705 -4637.443125
H2N2 -110.558763 -110.490383 Se2 -4802.511423 -4802.544133
NHO -130.385650 -130.367261 CH2 -39.087164 -39.112821
O2 -150.170231 -150.230448 NH -55.089690 -55.175865
Si2H4 -581.083609 -581.041531 O -74.908473 -75.015640
SiH2PH -632.371719 -632.324131 SiH2 -290.486074 -290.461159
SiH2S -688.639863 -688.571246 PH -341.695472 -341.751186
H2P2 -683.639421 -683.562517 S -397.905241 -397.971393
PHS -739.878544 -739.843432 GeH2 -2077.875509 -2077.840458
S2 -796.077755 -796.114103 AsH -2236.092207 -2236.144296
Ge2H4 -4155.831310 -4155.802722 Se -2401.143488 -2401.203114
GeH2AsH -4314.123511 -4314.084186
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