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ABSTRAKT

Diffusionsprozesse, die als Gradientenfliisse bestimmter Energiefunktionale beziiglich
quadratischer Wasserstein-Metriken interpretierbar sind, werden in der Fachliteratur
vielfach untersucht und finden in zahlreichen unterschiedlichen Teilgebieten der Mathe-
matik Anwendung. Im ersten Teil dieser Arbeit betrachten wir Gradientenfliisse und
verwandte klassische Themen wie Dissipation der Entropie, variationelle Charakteri-
sierungen und Funktionalungleichungen aus einer neuen Perspektive. Fiir verschiedene
Diffusionsmodelle schaffen wir einen probabilistischen Rahmen, um pfadweise Interpre-
tationen dieser Thematiken zu ermoglichen. Unser Ansatz beruht auf Methoden der
stochastischen Analysis sowie Zeitumkehr. Das Vorliegen eines Gradientenflusses wird
durch eine Storungsanalyse gezeigt, wobei entweder der Drift- oder der Volatilitatskoef-
fizient der zugrundeliegenden Diffusion als Kontrollvariable verwendet wird.

In der klassischen Theorie des optimalen Transports bilden die Arbeiten von Benamou—
Brenier und McCann zum optimalen Transportproblem in stetiger Zeit die Grundlage
dieses Fachgebiets und ermdglichen eine Vielzahl von Anwendungen in anderen mathe-
matischen Bereichen. Das Konzept der “stretched Brownian motion” bietet ein Analo-
gon fiir die Martingal-Version dieses Problems. Der zweite Teil dieser Arbeit bein-
haltet eine Charakterisierung von Optimierern dieses Problems in Form von Gradien-
ten konvexer Funktionen, &hnlich der Charakterisierung von Optimierern im klassischen
Transportproblem fiir quadratische Kosten. Der verwendete Ansatz basiert auf Dualitéat
sowie Argumenten der konvexen Analysis und wird durch eine variationelle Perspektive
erganzt.






ABSTRACT

Various diffusion processes can be interpreted as gradient flows of certain energy func-
tionals with respect to quadratic Wasserstein metrics. Such processes are well studied
and have applications in many different fields of mathematics. The first goal of this work
is to shed new light on Wasserstein gradient flows and related classical topics such as en-
tropy dissipation, variational characterizations, and functional inequalities. For several
models of diffusions, we set up a probabilistic framework in order to provide trajecto-
rial interpretations of these topics. Our approach is based on stochastic analysis and
time-reversal techniques. The gradient flow property is established via a perturbation
analysis, where either the drift or volatility coefficient of the underlying diffusion is used
as a control variable.

In classical optimal transport, the contributions of Benamou—Brenier and McCann re-
garding the time-dependent version of the problem are cornerstones of the field and form
the basis for a variety of applications in other mathematical areas. Stretched Brownian
motion provides an analogue for the martingale version of this problem. The second goal
of this work is to provide a characterization of optimizers in terms of gradients of convex
functions, similar to the characterization of optimizers in the classical transport problem
for quadratic distance cost. This is achieved by means of a convex duality approach,
complemented with a purely variational perspective.
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PREAMBLE

A PROBABILISTIC VIEW OF WASSERSTEIN GRADIENT FLOWS

Diffusion processes that can be interpreted as Wasserstein gradient flows are well studied
objects with applications in many different fields of mathematics. The first goal of this
dissertation is to shed new light on this and related classical topics such as entropy dissi-
pation, variational characterizations, and functional inequalities. For various models of
diffusions, we set up a probabilistic framework in order to provide trajectorial interpre-
tations of these topics. Our approach is based on stochastic analysis and time-reversal
techniques. The gradient flow property is established via a perturbation analysis, where
either the drift or volatility coefficient of the underlying diffusion is used as a control
variable.

In Part I we revisit the variational characterization of conservative diffusion as entropic
gradient flow. We provide a probabilistic interpretation via a perturbation analysis based
on stochastic calculus. It was shown by Jordan, Kinderlehrer and Otto in the seminal
work [JKO98] that, for diffusions of Langevin—Smoluchowski type, the Fokker—Planck
probability density flow maximizes the rate of relative entropy dissipation with respect
to the quadratic Wasserstein metric. Inspired by the work of Fontbona and Jourdain
[FJ16] we obtain novel, stochastic-process versions of these features, valid along the tra-
jectories of the diffusive motion in the backward direction of time, using a direct pertur-
bation methodology. By averaging our trajectorial results with respect to the underlying
measure on path space, we establish the maximal rate of entropy dissipation along the
Fokker—Planck flow. We measure exactly the deviation from this maximum that corre-
sponds to a given perturbation. As a further application of our trajectorial approach
we derive the famous HWI inequality of Otto and Villani [OV00, Vil03, Vil09, CE02]
relating relative entropy (H), Wasserstein distance (W) and relative Fisher information
@.

Part II builds directly on Part I and is formulated in the same setting. We show
that the Langevin—Smoluchowski measure on path space is invariant under time-reversal
followed by stochastic control of the drift with a novel entropic-type criterion. Repeated
application of these forward-backward steps leads to a sequence of stochastic control
problems, whose initial /terminal distributions converge to the Gibbs probability measure
of the diffusion, and whose values decrease to zero along the relative entropy of the
Langevin—Smoluchowski flow with respect to this Gibbs measure.

In Part IIT we formulate a trajectorial version of the relative entropy dissipation iden-
tity for McKean—Vlasov diffusions. We thus extend the results of Part I, which apply



to non-interacting diffusions, to nonlinear diffusions with interaction. Our stochastic
analysis approach is based on time-reversal of diffusions and Lions’ differential calculus
[Lio07, CD18] over Wasserstein space. This approach allows us to compute explicitly
the rate of relative entropy dissipation along every trajectory of the underlying diffusion
via the semimartingale decomposition of the corresponding relative entropy process. As
a first application, we obtain a new interpretation of the gradient flow structure for the
granular media equation, which was originally established in [CMV03, CMV06]. In this
respect, we generalize the gradient flow formulation developed in Part I for the linear
Fokker—Planck equation to the nonlinear case. Second, we show how the trajectorial
approach leads to a new derivation of the HWBI inequality [AGK04, CEGH04, FKO06],
which relates relative entropy (H), Wasserstein distance (W), barycenter (B) and Fisher
information (I).

In Part IV we consider a class of time-homogeneous diffusion processes on R™ with
common invariant measure but varying volatility matrices. In Euclidean space, we show
that the corresponding flow of time-marginal distributions admits an entropic gradi-
ent flow formulation in the quadratic Wasserstein space if the volatility matrix of the
diffusion is the identity. Our approach is based on stochastic control of the diffusion
coefficient and time-reversal techniques. Equipping R"™ with a Riemannian metric, we
prove that the diffusion process can be viewed as a gradient flow in the induced Wasser-
stein space if the volatility matrix is the inverse of the underlying metric tensor. In
the Euclidean case, our probabilistic result corresponds to the gradient flow character-
ization of the Fokker—Planck equation, first discovered in [JIKKO98]. In this context, we
also recover the gradient flow interpretation as established in Part I, but instead of the
drift coefficient we now use the diffusion coefficient as control variable. In the Rieman-
nian setting, the corresponding result on the level of partial differential equations was
established by Lisini in [Lis09], building on the metric theory developed by Ambrosio,
Gigli, and Savaré in the book [AGS08]. This setting was also used by Fathi in [Fat16]
to develop a gradient flow approach to large deviations for diffusion processes.

The reversal of time plays a major role throughout Parts I — IV of this thesis. For the
sake of clarity, we review in Part V the theory of time reversal for diffusion processes
developed by Follmer [Fol85, Fol86], Haussmann and Pardoux [HP86], and Pardoux
[Par86]. This part can be read independently of the rest of the thesis; it does not
present novel results.

In the following we present a prototypical example to illustrate what we mean by “a
probabilistic view of Wasserstein gradient flows”. We consider the stochastic differential
equation of Langevin—Smoluchowski type

dX; = -VV(Xy)dt +v2dB;, 0<t<T, (1)

where B is standard n-dimensional Brownian motion and V: R®" — R is a smooth
function. We denote by P; the time-marginal distributions of the random variables X}
and by p; the corresponding probability density functions, which satisfy the Fokker—



Planck equation
Orp(w) = div ((Vlogpu(x) + YV (2)) pu()). (2)

The invariant measure Q of the diffusion process (X;)o<s<r has density ¢(z) == e~V (®),

The relative entropy and the relative Fisher information of P, with respect to ) are
given by

H(P|Q) =E[logl(X;)]  and  I(P|Q) =E[|Viog (X)), (3)

respectively, where the likelihood ratio function ¢;( -) is defined as ¢,(z) ==

It was first established in [JKO98] that the “flow of probability measures” (P;)o<t<r
is the gradient flow of the relative entropy functional

Prca®) > Prs HP1Q) = [ tog (%) pla) g

with respect to the quadratic Wasserstein distance

Wo(p,v) = \/ inf E[Y - Z?], p,v € Pac2(R"),

Y~p,Z~v

where Z,c2(R™) denotes the collection of absolutely continuous probability measures
with finite second moments. In the language of analysis in metric spaces, the gradient
flow property of the Langevin—-Smoluchowski diffusion (X;)o<i<7 can be formulated as
follows [AGS08].

Proposition 1 ([AGSO08]). For every (P)oci<t in Pac2(R") and 0 < tg <t < T we

have
HP1Q) = 1Py Q) < [ VIR Q) fin f,j‘h’”du. (5)

In the case of the Langevin—-Smoluchowski diffusion (P;)o<i<T, we have the identity

Wa(Pusn, P) )
H(P, |Q) ~ H(P| Q) = 1/ (P, Q)du+ / (Jim Vj'h)) Q. (6)
The inequality (5) has the interpretation that the functional
_ p@)\|
P \JI(P|Q) = J/R ‘Vlog(q(x)) p(z) dz (7)

is a strong upper gradient for the relative entropy functional (4). In the case of the
Langevin—Smoluchowski diffusion, we obtain the so-called energy identity (6). This
shows that (P;)o<i<r is a curve of mazximal slope for the relative entropy functional
(4) with respect to its strong upper gradient (7) in the quadratic Wasserstein space
(Pac2(R™),Wa). As curves of mazimal slope coincide with gradient flows, this verifies
the stated gradient flow property of (P;)o<i<7-



The novelty of our approach is that it is probabilistic and based on stochastic analysis.
Instead of the Fokker—Planck equation (2), our focus lies on the associated stochastic
differential equation (1). Most of Proposition 1, which is a deterministic result, will then
be a consequence of a trajectorial result, Theorem 1 below. Trajectorial approaches of
a similar kind were initiated by Fontbona and Jourdain in [F'J16].

Having the above motivation in mind, we model relative entropy as a stochastic pro-
cess, the relative entropy process

Zzzt(gét)) ) ’

Our first goal is to understand the time evolution and dissipation of entropy on a trajec-
torial level. Since taking the expectation in (8) leads to the relative entropy as in (3), the
idea is to compute the stochastic differential of the relative entropy process. Motivated
by results from [DPP89, Pav89], and most notably the work [FJ16], we expect that this
stochastic differential will be most transparent when regarded in the backward direction
of time. Thus we consider the time-reversed process

log £,(X)) = log ( 0<t<T (8)

XS = XT—s; 0§S§T.

The following Theorem 1 describes the semimartingale dynamics of the time-reversed
relative entropy process

log 0s(Xs) = log br_s(X7_s), 0<s<T, (9)
in terms of the time-reversed cumulative relative Fisher information process

F = / |V log £, (X,)|* du, 0<s<T. (10)
0

In particular, we will see that the difference between the processes of (9) and (10) is a
martingale.

Theorem 1 ([KST22]). We have

E[Fr] = /OTE[Vlogét(Xt)ﬂ dt = /OTI(Pt|Q) dt,
and the process
M; = (log l5(Xs) — log r(XT)) — Fs, 0<s<T,
is a martingale bounded in L?. Moreover, M has the stochastic integral representation

Ms = / <v]0gzu(yu) s \/§d§u>> 0<s< T?
0

where the process (Bs)o<s<t is Brownian motion in the backward direction of time.



Taking expectations, we obtain the following deterministic result.

Corollary 1 ([AGSO08]). For all to,t € [0,T] we have the relative entropy identity

H(Py Q) ~ H(P|Q) = [ B[[Viogtu0)R]du= [ 1] Q)du

Furthermore, for Lebesgue-a.e. t € [0,T], the dissipation of relative entropy is given by

d
3 HP Q) = B[[Vlog &(X)P] = I(P| Q). (11)

The relation (11) between entropy and Fisher information takes the familiar form of
a de Bruijn type identity [Sta59] and is also known as an entropy production equality.
Various authors have studied this identity in different settings [BE85, OV00, AMTUOI,
CMVO03, Vil03, AGS08].

A further consequence of Theorem 1 is the trajectorial analogue of (11).

Corollary 2 ([KST22]). For Lebesgue-a.e. t € [0,T], the one-sided trajectorial rates of
relative entropy dissipation are given by

log 5(Xs) — E[log £;(X;) | Fs]

i - _ 2
A A — = —|Vlog £(Xo),
log6(X,) — B[logZu(X) | Fri] 2

i P = —[V log €,(X) .

where both limits exist in L.

To derive the inequality (5), the main idea is to introduce “perturbations”, where
either the drift or volatility coefficient of the stochastic differential equation (1) is used
as a control variable. This gives rise to time-marginal distributions (P; )<<, for which
the inequality (5) holds.

A STRUCTURAL DESCRIPTION OF THE MARTINGALE
BENAMOU—-BRENIER PROBLEM

In classical optimal transport, the contributions of Benamou, Brenier, and McCann
[Bre87, Bre9gl, McC94, BB99| regarding the time-dependent version of the problem are
cornerstones of the field and form the basis for a variety of applications in other mathe-
matical areas [Vil03, Vil09, AG13, San15]. The continuous-time optimization problem

1
MT(uv)= = inf E[/O o0 — Lalfis dt] (MBB)

t
My=Mo+ [ o5 dBs



can be seen as the martingale counterpart of the classical formulation

1
Tuv)= | inf E[/O byl ] (BB)

Xt:X0+f0t be ds

Here, ;1 and v are probability measures on R? in convex order and with finite second mo-
ments, B is Brownian motion on RY, and |- |igs denotes the Hilbert-Schmidt norm. The
continuous-time optimization problem (BB) from classical optimal transport was intro-
duced by Benamou-Brenier in [BB99] — hence the abbreviation (MBB) for “Martingale
Benamou-Brenier”.

The problem (MBB) is equivalent to maximizing the covariance between the martin-
gale M and Brownian motion subject to the marginal conditions My ~ p and M; ~ v,
i.e. finding ,

P(u,v) = sup E[/ tr(oy) dt}. (P)
Mo~ p, Mi~v, 0
My=Mo+ fot os dBs

As shown in [BBHK20], the problems (MBB) and (P) admit the same strong Markov
martingale M as the unique optimizer. This optimizer is called the stretched Brownian
motion from p to v.

In Part VI of this thesis we provide a characterization of the stretched Brownian
motion M in terms of gradients of convex functions, similar to the characterization of
optimizers in the classical transport problem for quadratic distance cost. More precisely,
we show that under the necessary and sufficient condition that (u,v) is irreducible, a
martingale M is the stretched Brownian motion from u to v if and only if it is a Bass
martingale, i.e. a martingale of the form

M, =E[V6(B1)|0(Bs: s <t)] = E[Vo(B1)| By, 0<t<1. (Bass)

Here, ©: R* — R is a convex function and B is Brownian motion on R? with possibly
non-degenerate starting law By ~ &, which is referred to as the Bass measure. The
irreducibility condition of the pair (u,v) states that, for all measurable sets A, B C R?
with ©(A) > 0 and v(B) > 0, there exists a martingale X = (X¢)o<t<1 with Xo ~ p and
X1 ~ v such that P(Xy € 4, X; € B) > 0.

We write 7! for the d-dimensional centered Gaussian distribution with covariance
matrix tI; and 0, == 0 %y "t: R — R for the convolution of the function ¢ and the
measure 7' ~!. In these terms, (Bass) amounts to

My =Vi(By), 0<t<1,

which emphasizes that the Bass martingale is obtained as a monotone transformation of
Brownian motion at each time point.



We also establish in Part VI that the value P(u,v) of the primal problem (P) is equal
to the value of the dual problem

P = o, ([wdr— [w s du). (D)

where ~ is the standard Gaussian measure on R?, the symbol * used as a superscript
denotes the convex conjugate of a function, and

@) = [Py -21dz).  yeRr

is the standard convolution of a function with a measure. Furthermore, we show in Part
VI that the right-hand side of (D) is attained by a convex function ) if and only if (1, v) is
irreducible. In this case, the stretched Brownian motion from u to v is a Bass martingale
induced by the convex function & = ¢* and with Bass measure & = V(9 % 7)*(1).

In Part VII we introduce the Bass functional
Py(RY) 3 a — V(a) = MCov(a * v, v) — MCov(a, 1),

where &5(R%) is the collection of probability measures on R¢ with finite second moments
and MCov( -, -) denotes the maximal covariance between two probability measures,

defined as

MCov(p, 0) == sup /<y72> #(dy,dz),  p,0€ Po(RY).
7€Cpl(p,0)

Here, Cpl(p, 0) is the collection of all couplings 7 between p and p, i.e. probability
measures 7 on R? x R¢ with first marginal p and second marginal p. As a first result,
we show for the value of the martingale optimization problem (P) that

Plpv)= ;g;{Rd) V(). V)

Moreover, the right-hand side of (V) is attained by & if and only if there is a Bass
martingale from p to v with Bass measure &.

We also establish in Part VII an infinitesimal version of the result above. Let (M)o<t<1
be an R%valued martingale bounded in L?, which is given by the stochastic integral

t
Mt:M0+/ o.dB.,  0<t<1,
0

where (04)o<t<1 1S a progressively measurable process. Denote by p; the law of M,. For
Lebesgue-a.e. t € [0,1] we have, for each o € Z25(R?), the inequality

E[tr(oy)] < ligljglf 3 (MCOV(a A", ) — MCov(ay, ,U,t)).



For a Bass martingale (M;)o<i<1 of the form
dM; = 64(My) dB;,

with associated Bass measure & € %5(R?) and diffusion function &;: R — R4 we
have, for Lebesgue-a.e. t € [0, 1], the equality

g d . .
Etr(6:(My)] = - MCov(a * 7' fie),
where ji; = Law(M;).
Finally, we prove in Part VII the displacement convexity of the Bass functional V()
along certain generalized geodesics in the quadratic Wasserstein space.

Next, we recall from [BBHK20] that the continuous-time martingale optimization
problem (P) has the same value as the discrete-time formulation

Pluv)= sup [ MCov(m,,) u(do) (P)
TEMT (V)

Here, the set MT(u, v) denotes the collection of all martingale transports, i.e. couplings
7 € Cpl(u,v) satisfying bary(m,) = [ym.(dy) = z, for p-a.e. z € RY. The family of
probability measures {7, },cga on R? is obtained by disintegrating the coupling 7 with
respect to its first marginal p, i.e. w(dx, dy) = 7, (dy) pu(dx). Furthermore, it was shown
in [BBHK20] that there exists a unique optimizer # € MT(u, v) of (P), and if (M;)o<i<1
is the stretched Brownian motion from u to v, then the law of (Mo, Ml) is equal to 7.
In Part VIII we address an extension of the problem (P), in which the Gaussian dis-

tribution « is replaced by an arbitrary reference measure q. More precisely, we consider
the martingale optimization problem

P%(u,v) = sup /MCOV(?TQU, q) p(dz). (P?)
TEMT (u,v)

We assume that the probability measure ¢ € Z5(R?) does not give mass to small sets,
i.e. measurable sets with Hausdorff dimension at most d — 1 in R?. This is the usual as-
sumption of optimal transport under which Brenier’s theorem (see, e.g. [Vil03, Theorem
2.12]) is formulated. As our first main result, we show that the primal problem (P?) is
uniquely attained and that its value P%(u,v) is equal to the value of the dual problem

D (,v) = ﬁe%%f(y), ([var— @ xqydu). (D7)

where

W) = [ v y+2)ald).  yeRr

If ¢ is symmetric (like, e.g. in the Gaussian case ¢ = ), the symbol x coincides with the
standard convolution operator .



The second main contribution of Part VIII is the introduction of g-Bass martingales in
discrete time. This notion extends the concept of Bass martingales, as defined in (Bass)
above, beyond the Gaussian case. A ¢-Bass martingale is a pair (9, &) consisting of a
convex function ¢ and a probability measure & satisfying the fundamental relations

(Voxq)(a)=pn and Vio(axq) =v,
which we summarize in the following graphic.

axqg —Y0 y

d
~ Vixgq
& — u

Finally, in Part VIII we also give sufficient conditions for the existence of ¢-Bass mar-
tingales. We raise some interesting open questions in the Concluding discussion.
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PART 1.

A TRAJECTORIAL APPROACH TO THE
GRADIENT FLOW PROPERTIES OF
LANGEVIN-SMOLUCHOWSKI DIFFUSIONS

Joint work with IoANNIS KARATZAS and WALTER SCHACHERMAYER

ABSTRACT

We revisit the variational characterization of conservative diffusion as entropic gradient
flow and provide for it a probabilistic interpretation via a perturbation analysis based on
stochastic calculus. It was shown by Jordan, Kinderlehrer and Otto that, for diffusions
of Langevin—Smoluchowski type, the Fokker—Planck probability density flow maximizes
the rate of relative entropy dissipation, as measured by the distance traveled in the ambi-
ent space of probability measures with finite second moments, in terms of the quadratic
Wasserstein metric. We obtain novel, stochastic-process versions of these features, valid
along almost every trajectory of the diffusive motion in the backward direction of time,
using a direct perturbation methodology. By averaging our trajectorial results with re-
spect to the underlying measure on path space, we establish the maximal rate of entropy
dissipation along the Fokker—Planck flow and measure exactly the deviation from this
maximum that corresponds to a given perturbation. As a bonus of our trajectorial ap-
proach we derive the HWI inequality relating relative entropy (H), Wasserstein distance
(W) and relative Fisher information (I).



1. INTRODUCTION

We provide a trajectorial interpretation of a seminal result by Jordan, Kinderlehrer
and Otto [JKO98], and present a proof based on stochastic analysis. The basic theme
of our approach could be described epigrammatically as “applying It6 calculus to Otto
calculus”. More precisely, we follow a stochastic analysis approach to the characterization
of diffusions of Langevin—Smoluchowski type as entropic gradient flows in Wasserstein
space, as in [JKOO98]. We provide stronger, trajectorial versions of these results. For
consistency and readability we adopt the setting and notation of [JKO98], and even copy
some paragraphs of this paper almost verbatim in the remainder of this chapter.

Along the lines of [JKO98], we consider thus a Fokker—Planck or forward Kolmogorov
[Kol31] equation of the form

Op(t, ) = div (VU (z) p(t, x)) + %Ap(t,:v), (t,z) € (0,00) x R", (1.1)

with initial condition
p(0,z) = po(x), r e R™ (1.2)

Here, p(-, ) is a real-valued function defined for (t,z) € [0,00) x R", the function
U: R" — [0,00) is smooth and plays the role of a potential, and p°(-) is a probability
density on R™. The solution p(t, z) of (1.1) with initial condition (1.2) stays nonnegative
and conserves its mass, which means that the spatial integral [, p(t, ) dx is independent
of the time parameter ¢ > 0 and is thus equal to [z, p°(z)dz = 1. Therefore, p(t, -)
must be a probability density on R"™ for every fixed time t > 0.

As in [JKO98] we note that the Fokker—Planck equation (1.1) with initial condition
(1.2) is inherently related (see [Fri75, Gar09, Ris96, Sch80]) to the stochastic differential
equation of Langevin—Smoluchowski type

dX(t) = =V (X(¢)) dt +dW (¢), t>0. (1.3)

In the equation above, (W(t));>0 is an n-dimensional Brownian motion started at the
origin, and the R™-valued random variable X (0) is independent of the process (W (t))¢>o.
The probability distribution of X (0) has density p°(-) and, unless specified otherwise,
the reference measure will always be Lebesgue measure on R"™. Then p(¢, - ), the solution
of (1.1) with initial condition (1.2), gives at any given time ¢ > 0 the probability density
function of the random variable X (¢) from (1.3).

If the potential ¥ grows rapidly enough so that e=2¥ € L'(R™), then the partition
constant

Z =] 2@ qg (1.4)
]Rn
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is finite and there exists a unique stationary solution of the Fokker—Planck equation (1.1);
namely, the probability density qz(-) of the Gibbs distribution [Gar09, JK96, Ris96]
given by

qz(x) =27 te 2@ gz e R™ (1.5)

When it exists, the probability measure on R™ with density function ¢z ( - ) is called Gibbs
distribution, and it is the unique invariant measure for the Markov process (X ()):>0
defined by the stochastic differential equation (1.3); see, e.g., [KS98, Exercise 5.6.18, p.
361).

In [JKO96] it is shown that the stationary probability density gz( - ) satisfies the follow-
ing variational principle: it minimizes the free energy functional

Z(p) =E(p) + 5 S(p) (1.6)

over all probability densities p on R™. Here, the functionals

Ep) = [ ¥(@)pla)da, S(0) = [ pla)logp(a) da
model the potential energy and the internal energy (given by the negative of the Gibbs—
Boltzmann entropy functional), respectively.

1.1. PREVIEW

We set up in Chapter 2 the model for the Langevin—Smoluchowski diffusion, and intro-
duce its fundamental quantities: the current and the invariant distributions of particles,
the resulting likelihood ratio process, the associated concepts of free energy, relative
entropy and relative Fisher information. In Section 2.1 we discuss the regularity as-
sumptions imposed in our probabilistic approach.

Chapters 3 and 4 present the basic results. Foremost among these is Theorem 3.1,
which computes in terms of the relative Fisher information the rate of decay for the
relative entropy, in the ambient Wasserstein space of probability density functions with
finite second moment; and its “perturbed” counterpart, Theorem 3.3. We compute
explicitly the difference between these perturbed and unperturbed rates, and show that
it is always nonnegative — in fact strictly positive, unless the perturbation and the
gradient of the log-likelihood ratio function are collinear. This way, the Langevin—
Smoluchowski diffusion emerges as the steepest descent (or “gradient flow”) of the relative
entropy functional with respect to the Wasserstein metric — and the celebrated result of
[JKO98] receives a crisp, direct probabilistic treatment via perturbation analysis. This
is the main contribution of the present work.

Certain aspects of Theorems 3.1 and 3.3 are well known, and the special (quadratic)
case ¥(z) = g|z|> of Ornstein-Uhlenbeck dynamics goes back as far as the 1950’s.
Our novel contribution here, is that Theorems 3.1 and 3.3 are simple consequences of
their stronger, trajectorial versions, Theorems 4.1 and 4.2, respectively. These results
provide very detailed descriptions for the semimartingale dynamics of the relative entropy
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process in both its “pure” and “perturbed” forms, and are most transparent when time
is reversed. Theorems 3.1 and 3.3 then follow from Theorems 4.1 and 4.2, simply by
taking expectations.

Several consequences and ramifications of Theorems 4.1 and 4.2 are developed in Sec-
tions 4.1 and 4.2, including a derivation of the famous HWI inequality of Otto and Villani
[OV00, Vil03, Vil09, CE02] that relates relative entropy (H) to Wasserstein distance (W)
and to relative Fisher information (I). Detailed arguments and proofs of the main re-
sults are collected in Chapter 5. The limiting behavior of the Wasserstein distance along
the Langevin—Smoluchowski diffusion is analyzed in Section 5.5; here, most of the effort
goes into showing that relative entropy and Wasserstein distance have exactly the same
exceptional sets of zero Lebesgue measure, for their temporal rate of change. This, seem-
ingly purely technical, point, is of paramount importance for the rigorous justification of
the perturbation analysis deployed in Theorem 3.3; it turns out also to involve a rather
delicate analysis.

Finally, in Chapter 6 we provide the proofs of auxiliary results and some technical
lemmas.

17



2. THE STOCHASTIC APPROACH

In Chapter 1 we were mostly quoting from [JKO98]. We adopt now a more probabilistic
point of view, and translate our setting into the language of stochastic processes and
probability measures.

Let P(0) be a probability measure on the Borel sets of R"™ with probability density
function p°(-) = p(0, -). This measure induces a probability measure P on path space
Q2 = C(R4;R™) of R"-valued continuous functions on Ry = [0,00), under which the
canonical coordinate process (X (t,w))t>0 = (w(t))e=0 satisfies the stochastic differential
equation (1.3) with initial probability distribution P(0). We shall denote by P(t) the
probability distribution of the random vector X (¢) under P, and by p(t, -) the corre-
sponding probability density function, at each time ¢ > 0. This function solves the
equation (1.1) with initial condition (1.2).

An important role will be played by the Radon—Nikodym derivative, or likelihood ratio
process,

dP(t)
dQ
for t > 0 and x € R™. Here and throughout, we denote by Q the o-finite measure on
the Borel sets of R", whose density with respect to Lebesgue measure is

(X (1)) = £(t, X (1)), where  ((t,z) := p;ig):p(t,x)emﬂ (2.1)

g(z) :=e2P@ e R™ (2.2)

The relative entropy and the relative Fisher information (see, e.g., [OV00, CT06]) of
P(t) with respect to this measure Q, are defined respectively as

H(P()]Q) i=Ep[log (£, X(1)] = [ 1og (p;’z’s)) p(t, @) da, (2.3)
1(P(1)|Q) = Ep| |Vlog (1, X (1))[*] = /R Viogt(t, o) pt,x)dz.  (2.4)

Following the approach of [LLéol4b, Section 3|, we show in Section 6.1 that the relative
entropy H(P | Q) is well-defined and takes values in (—o0, o], for every P in the collec-
tion Z5(R™) of probability measures on the Borel sets Z(R") of R™ with finite second
moment.

Direct computation reveals that, along the curve of probability measures (P(t)):>0,
the free energy functional (1.6) and the relative entropy (2.3) are related for each t > 0
through the equation

2.7 (p(t, ) = H(P(1) | Q). (2.5)
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This shows that studying the decay of the free energy ¢t — .7 (p(t, -)) is equivalent to
studying the decay of the relative entropy ¢ — H(P(t)|Q), a key aspect of thermody-
namics. In light of condition (ii) in Assumptions 2.1 below, the quantity in (2.3) is finite
for t = 0; thus, on account of (4.12) below, finite also for ¢ > 0.

2.1. REGULARITY ASSUMPTIONS

In order to provide mathematically precise formulations of subsequent results, we have to
specify convenient regularity assumptions. These issues are of a rather technical nature,
and Section 2.1 might be skipped at a first reading.

By analogy with [JKO98, Theorem 5.1] we consider the following assumptions.

Assumptions 2.1.
(i) The potential ¥: R™ — [0, 00) is of class C*°(R"; [0, 00)).

(ii) The probability distribution P(0) of X (0) in (1.3) has probability density function
p°(-) = p(0, -) with respect to Lebesgue measure on R™, with finite second moment
and finite free energy, i.e.,

/JRn P°(z) |z)?dz < oo and F(p°) = %H(P(O) Q) € (o0, ). (2.6)

In [JKOO98] it is also assumed that the potential U satisfies, for some real constant
C > 0, the bound |V¥| < C (¥ + 1), which we do not need here. Instead of this
requirement, we shall impose the following rather weak assumptions.

Assumptions 2.2 (Regularity assumptions for the trajectorial results).
In addition to conditions (i) and (ii) of Assumptions 2.1, we also impose that:

(iii) The potential ¥ satisfies, for some real constants ¢ > 0 and R > 0, the drift (or
coercivity) condition

Ve e R", |z| > R: (x,VU(2)) > —c|z|”. (2.7)

(iv) The potential ¥: R™ — [0, 00) is sufficiently well-behaved to guarantee that the
solution (t,z) + p(t,z) of (1.1) with initial condition (1.2) is continuous and
strictly positive on (0, 00) x R"™, differentiable with respect to the time variable ¢
for each € R, and smooth in the space variable x for each ¢t > 0. We also assume
that the logarithmic derivative (¢,z) — Vlogp(t,z) is continuous on (0,00) x R™.
For example, by requiring that all derivatives of ¥ grow at most exponentially as
|z| tends to infinity, one may adapt the arguments from [Rog85] showing that this
is indeed the case.

For the formulation of Theorem 3.3 we will need a vector field 5: R™ — RR™ which is the
gradient of a potential B: R™ — R satisfying the following regularity assumption:
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(v) The potential B: R™ — R is of class C*°(R™; R) and has compact support. Con-
sequently, its gradient § := VB: R"™ — R" is of class C>°(R"; R™) and again com-
pactly supported. We also assume that, for every such 3, the perturbed potential
U + B satisfies condition (iv).

The Assumptions 2.2 are satisfied by typical convex potentials W. They also accom-
modate examples such as double-well potentials of the form ¥(z) = (22 — a?)? on the
real line, for real constants a > 0. It is important to point out, that these assumptions
do not rule out the case when the constant Z in (1.4) is infinite; thus, they allow for
cases (such as ¥ = 0) in which the stationary probability density function gz(-) in (1.5)
does not exist. In fact, in [JKO98] the authors point out explicitly that, even when the
stationary probability density gz(-) is not defined, the free energy (1.6) of a density
p(t, x) satisfying the Fokker—Planck equation (1.1) with initial condition (1.2) can be
defined, provided that the free energy .% (p°) is finite. Furthermore, we note that the
Assumptions 2.2 are designed in such a way that they are invariant when passing from
the potential ¥ to ¥ + B if B satisfies condition (v).

Lemma 2.3. Under the Assumptions 2.2, the Langevin—Smoluchowski diffusion equa-
tion (1.3) with initial distribution P(0) admits a pathwise unique, strong solution, which
satisfies P(t) € P2(R") for allt > 0.

The proof of Lemma 2.3 follows from the fact that the drift condition (2.7) guarantees
that the second-moment condition in (2.6) propagates in time, i.e.,

Vt>0: / p(t,z) x> dz < oo; (2.8)
Rn

see [Fri75, Theorem 2.2, p. 104] and the first problem on p. 125 of [Fri75]. We give a
proof of (2.8) in Section 6.2. This property also holds when the potential ¥ is replaced
by ¥ + B as in condition (v) of Assumptions 2.2; see Lemma 3.2 below.

Assumptions 2.4 (Regularity assumptions regarding the Wasserstein distance).
In addition to conditions (i) — (v) of Assumptions 2.2, we require that:

(vi) For every ¢t > 0, there exists a sequence of functions (@m,(t,-))m>1 € C°(R™; R),
whose gradients (Vo (¢, ))m>1 converge in the space L?(P(t)) to the velocity field
v(t, ) = Ve(t, -) of gradient type as in (5.47) with (¢, z) = —¥(z) — 5 log p(t, z),
as m — 0o.

This last requirement guarantees, for every ¢ > 0, that the velocity field v(¢, -) is an
element of the tangent space of Z3(R™) at the point P(t) € Z3(R"™) in the sense of
[AGS08, Definition 8.4.1]. For the details we refer to Section 5.5 below, in particular,
the display (5.48).

The condition (vi) in Assumptions 2.4 is satisfied by simple potentials such as for
example ¥ = 0 or ¥(z) = g|z|>. More generally, potentials with a curvature lower
bound Hess(¥) > k I,,, for some k € R (as in (4.41) below), for instance the double-well
potential ¥(z) = (22 — a?)? on the real line, satisfy this condition; more on this theme
can be found in [AGS08, Theorem 10.4.13].
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3. THE MAIN THEOREMS IN AGGREGATE FORM

In light of (2.5), the goal of [JKO98] is to relate the decay of the relative entropy func-

tional
P5(R") 5 P— H(P|Q) € (—o0,x] (3.1)

along the curve (P(t)):>0, to the quadratic Wasserstein distance

W —( wf Ey-zp)” Po(R"
o(pv)i= (b B[V =2P]) 7, pve (R
on P5(R"™) (cf. [Vil03, AGS08, AG13]). We resume the remarkable relation between
these two quantities in the following two theorems; these quantify the relationship be-
tween displacement in the ambient space (the denominator in (3.4)) and fluctuations of
the free energy, or equivalently of the relative entropy (the numerator in (3.4)). The
proofs will be given in Section 4.1 below.

Theorem 3.1. Under the Assumptions 2.4, the relative Fisher information I(P(t)|Q)
is finite for Lebesque-a.e. tg = 0, and we have the generalized de Bruijn identity
H(P()|Q) — H(P(t) | Q)

tharg) t—to = —31(P(t)| Q) (3.2)

as well as the limiting behavior of the quadratic Wasserstein distance

. Wa(P(t),P(to))
tligt It — to] =3V 1(P(to)]Q), (3.3)

so that

. H(P(t)|Q) — H(P(t) |Q) ) _
Jim (sgn(t—to)- W (P{0), Pli0)) )——\/I(P(toﬂQ)- (3.4)

Furthermore, if to > 0 is chosen so that the generalized de Bruijn identity (3.2) does
hold, then the limiting assertions (3.3) and (3.4) are also valid.

The ratio on the left-hand side of (3.4) can be interpreted as the rate of decay for
the relative entropy functional (3.1) at P = P(tp) along the curve (P(t))¢>0, if distances
in the ambient space &3(R™) are measured by the quadratic Wasserstein distance Wo.
The quantity appearing on the right-hand side of (3.4) is the square root of the relative
Fisher information in (2.4), written more explicitly in terms of the “score function”
Ve, -) /e, -) as

Vp(t, ) 2
p(t,2) +2VU(z)| p(t,x)dz.  (3.5)

lwwxwﬁlz/n

1(P(t)|Q) = EP[ 0t X (1)
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For future reference, we denote by N the set of exceptional points ¢y > 0 for which
the right-sided version of the limit in (3.2), i.e., the limiting assertion

tlto — o

fails. According to Theorem 3.1, this exceptional set N has zero Lebesgue measure.

The remarkable insight of [JKO98] states that the rate of entropy decay (3.4) along
the curve (P(t))i>0 is, in fact, the slope of steepest descent for the relative entropy
functional (3.1) with respect to the Wasserstein distance W5 at the point P = P(to)
on the curve. To formalize this assertion, we fix a time ¢y > 0 and let the vector field
B =VB:R"™ — R" be the gradient of a potential B, as in condition (v) of Assumptions
2.2. This gradient vector field 8 will serve as a perturbation in the thus perturbed
Fokker—Planck equation

o’ (t,) = div (V(x) + B(2)) p°(1,2)) + 3007 (1, 2), (3.7)
for (¢t,z) € (to,00) x R™, with initial condition

p(to,z) =p(to.z), = €R™ (3.8)

We denote by P? the probability measure on path space Q = C([tp, o0); R™), under
which the canonical coordinate process (X (t))¢>y, satisfies the stochastic differential
equation

X (t) = —(VE(X (1) + B(X(1)) dt +dWP(r),  t>to (3.9)

with initial probability distribution P(ty). Here, the process (W5(t));>¢, is Brownian
motion under P?. The probability distribution of X (¢) under P# on R™ will be denoted
by PA(t), for t > to; as before, the corresponding probability density function p®(t, -)
solves the equation (3.7) subject to the initial condition (3.8).

In the following analogue of Lemma 2.3, we state that the perturbed probability
density functions p®(t, -) of (3.7), (3.8) also admit finite second moments at all times
t > tg. For the proof we refer again to Section 6.2.

Lemma 3.2. Under the Assumptions 2.2, let tg > 0. Then the perturbed diffusion
equation (3.9) with initial distribution PP(ty) = P(tg) admits a pathwise unique, strong
solution, which satisfies PP(t) € Po(R™) for all t > to.

After these preparations we can state the result formalizing the gradient flow, or steep-
est descent, property of the curve (P(t));>0 generated by the Langevin—Smoluchowski
diffusion (1.3) in the ambient space of probability measures &5(R") endowed with the
quadratic Wasserstein metric.
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Theorem 3.3. Under the Assumptions 2.4, the following assertions hold for every point
to € Ry \ N (at which the right-sided limiting identity (3.6) is valid):

The R™-valued random vectors

a .= VIOgE(t()?X(tO)) = Vlng(to,X(to)) + 2V\I](X(t0))7

b= B(X(to))

(3.10)

are elements of the Hilbert space L*(P), and the perturbed version of the generalized de
Bruijn identity (3.2) reads

8 _ 8
g TN ZHEIOND 1 p10) 1) 0t -

=—3(a,a+ 2b>L2(]P)‘

The limiting behavior of the quadratic Wasserstein distance (3.3) in this perturbed context
s given by

W (PP(t), PP(t))

lim

tlto t— t()
Combining (3.11) with (3.12), and assuming a + 2b # 0, we have

= 3 lla + 20|/ r2(p).- (3.12)

o HPP()Q) — H(PP(t0) | Q) _ _< a+2b> (3.13)
tito Wy (P5(t), P5(ty)) " la + 20|\ 2 (p) . ) .
and therefore
. < H(PP(t)|Q) — H(PP(to)|Q)  H(P(#)|Q) — H(P(t)|Q) ) (3.14)
A Wa(PB (1), PP (to)) Wa(P(t), P(to)) '

a+2b
= |lallL2py — <aa > . (3.15)
|+ 2] L2 (p) L)

On the strength of the Cauchy—Schwarz inequality, the expression in (3.15) is nonneg-
ative, and vanishes if and only if a + 2b is a positive multiple of a. Consequently, when
the vector field 3 is not a scalar multiple of V log £(t, - ), the difference of the two slopes
in (3.14) is strictly positive. In other words, the slope quantified by the first term of
the difference (3.14), is then strictly bigger than the (negative) slope expressed by the
second term of (3.14).

Theorems 3.1 and 3.3 are essentially well known. They build upon a vast amount of

previous work. In the quadratic case U(z) = $|z|?, i.e., when the process (X(t))i>0 in

(1.3) is Ornstein—Uhlenbeck with invariant measure in (1.5) being standard Gaussian,
the relation

LHPW)|Q) =-11(P1t)|Q) (3.16)
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has been known since [Sta59] as de Bruijn’s identity. This relationship between the
two fundamental information measures, due to Shannon and Fisher, respectively, is a
dominant theme in many aspects of information theory and probability. We refer to the
book [CT06] by Cover and Thomas for an account of the results by Barron, Blachman,
Brown, Linnik, Rényi, Shannon, Stam and many others; in a similar vein, see also the
seminal work [BES85] by Bakry and Emery, as well as the paper [MV00] by Markowich
and Villani, and the book [Vil03] by Villani. Consult also Carlen and Soffer [CS91]
and Johnson [Joh04] on the relation of (3.16) to the central limit theorem. For the
connections with large deviations we refer to [ADPZ13] and [Fat16]. In [F6188] related
pathwise results are obtained for the case ¥ = 0, i.e., when the process (X (t))i>0 is
Brownian motion.

The paper [JKO98] broke new ground in this respect, as it considered a general poten-
tial U and established the relation to the quadratic Wasserstein distance, culminating
with the characterization of the curve (P(t));>0 as a gradient flow. This relation was
further investigated by Otto in the paper [Ott01], where the theory now known as “Otto
calculus” was developed. For a recent application of Otto calculus to the Schrodinger
problem, see [GLR20].

The statements of our Theorems 3.1 and 3.3 complement the existing results in some
details, e.g., the precise form (3.15), measuring the difference of the two slopes appearing
in (3.14). The main novelty of our approach, however, will only become apparent below
with the formulation of Theorems 4.1 and 4.2, the trajectorial versions of Theorems 3.1
and 3.3.
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4. THE MAIN THEOREMS IN TRAJECTORIAL FORM

Our main goal is to investigate Theorems 3.1 and 3.3 in a trajectorial fashion, by con-
sidering the relative entropy process

p(t,X(t))

log¢(t, X (t)) = log ( . ) =logp(t, X (t)) +2¥ (X (t)), t>0 (4.1)

along each trajectory of the canonical coordinate process (X (t)):>0, and calculating its
dynamics (stochastic differential) under the probability measure P. The P-expectation
of this quantity is, of course, the relative entropy in (2.3). A decisive tool in the analysis
of the relative entropy process (4.1) is to reverse time, and use a remarkable insight
due to Pavon [Pav89], and Fontbona and Jourdain [FJ16]. These authors consider the
canonical coordinate process (X (t))o<t<7 on path space 2 = C([0,T]; R"™) in the reverse
direction of time, i.e., they work with the time-reversed process

(X(T - S))Ogng‘
It is then notationally convenient to consider a finite time interval [0,77], rather than
R . For another application of time reversal in a similar context, see [Léol7].

At this stage it becomes important to specify the relevant filtrations: We denote by
(F(t))t=0 the smallest continuous filtration to which the canonical coordinate process
(X (t))e=0 is adapted. That is, modulo P-augmentation, we have

Fit)=0(X(u): 0<u<t), t > 0;
and we call (F(t));>o the “filtration generated by (X (t)):>0”. Likewise, we let

G:= (g(T - 5))0<5<T

be the “filtration generated by the time-reversed process (X (T — s))o<s<z” in the same
sense as before. In other words,

G(T—s)=0c(X(T—u): 0<u<s), 0<s<T, (4.2)

modulo P-augmentation. For the necessary measure-theoretic operations that ensure the
continuity (from both left and right) of filtrations associated with continuous processes,
the reader may consult Section 2.7 in [KS98]; in particular, Problems 7.1 — 7.6 and
Proposition 7.7.

The following two Theorems 4.1 and 4.2 are the main new results of this work. They
can be regarded as trajectorial versions of Theorems 3.1 and 3.3, whose proofs will
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follow from Theorems 4.1 and 4.2 simply by taking expectations. Similar trajectorial
approaches have already been applied to the temporal dissipation of relative entropy and
Fisher information [DPP89, Pav89, FJ16], to the theory of optimal stopping [DK94], to
Doob’s martingale inequalities [ABP*13], and to the Burkholder-Davis—Gundy inequal-
ity [BS15]. An analogue of Theorem 4.1 in a different setting is provided by Theorem 1.4
in [FJ16]: it is formulated under a probability measure @ on path space, induced by a
probability measure Q on R™. In our context, it is crucial to allow for an invariant Gibbs
measure Q which has possibly infinite mass. Our emphasis then lies in establishing the
square-integrability of the process (4.4), and in proving (4.6) under the mild assumption
that the initial relative entropy H(P(0)|Q) is finite.

The significance of Theorem 4.1 right below, is that the trade-off between the tem-
poral decay of relative entropy, and the temporal growth of the quadratic Wasserstein
distance along the curve of probability measures (P(t));>0, both of which are charac-
terized in terms of the cumulative relative Fisher information process, is valid not only
in expectation, but also along (almost) every trajectory, provided we run time in the
reverse direction. The implicit Euler scheme used in [JKO98] also reflects the idea of
going back in time at each step of the discretization.

Theorem 4.1. Under the Assumptions 2.2, we fiz T € (0,00) and define the cumulative
relative Fisher information process, accumulated from the right, as

VAT — u, X (T - w) [
F(T_S)._/O 2 K(T—u,X(T—u))2 du
(4.3)
2

du

:/SI‘Vp(T—u,X(T—u))

3 ST a X ) +2VU(X(T — u))

for 0 < s <T. Then the process (M(T — s))o<s<T given by
M(T = 5) = (log ((T — 5, X (T — 5)) = log {(T, X(T))) = F(T —s)  (4.4)

is a square-integrable martingale of the backwards filtration G under the probability mea-
sure P. More explicitly, the martingale of (4.4) can be represented as

M(T—s):/

S<V€(T—U,X(T—u))
0

P
0T —w, X(T =) , dW (T—u)> (4.5)

for a P-Brownian motion (WP (T_S))O<5<T of the backwards filtration G. In particular,

the quadratic variation of the martingale of (4.4) is given by the nondecreasing process
in (4.3), up to the multiplicative factor of 1/2, and we have

H(PO)|Q) ~ H(PI)|Q) =B [F0)] =} [ 1(P0)| @)t <o (40
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Next, we state the trajectorial version of Theorem 3.3 — or equivalently, the “per-
turbed” analogue of Theorem 4.1. As we did in Theorem 3.3, in particular in the
preceding equations (3.7) — (3.9), we consider the perturbation 5: R™ — R™ and denote
the perturbed likelihood ratio function by

p(t, )

Ot x) = @)

=pP(t,2)e??@ (t,z) € [ty, 00) x R". (4.7)

The stochastic analogue of this quantity is the perturbed likelihood ratio process
Pt X (1)), t > to.
The logarithm of this process is the perturbed relative entropy process

pﬁ (t7X<t))
q(X(t))

Theorem 4.2. Under the Assumptions 2.2, we let tg > 0 and T > ty. We define the
perturbed cumulative relative Fisher information process, accumulated from the right, as

f 1|V£B(T—U,X(T—u))|2 _
FA(T —s) .—/0 <2 Eﬂ(T—u,X(T—u))Q —|—<<B,2V\1'>—dlvﬁ)(X(T—u)))du

log £° (t, X (t)) = log ( ) =logp’(t, X (1)) +2W(X (1)), t>tg. (4.8)

(4.9)
for0 < s <T —tyg. Then
E]P/J’ [Fﬁ(to)] < 00,

and the process (MP(T — s))o<s<T—t, given by
MA(T — ) = (log 7(T — 5, X (T — 5)) —log £*(T, X(T))) = F/(T =) (4.10)
s a square-integrable martingale of the backwards filtration
G = (G(T = ))gerer sy
under the probability measure PP. More explicitly, the martingale (4.10) can be repre-

sented as
s B —u —u —

B ~
or a PP-Brownian motion I/V]P T-—s of the backwards filtration G.
0<s<T—to

O

4.1. CONSEQUENCES OF THE TRAJECTORIAL RESULTS

Before tackling the proofs of Theorems 4.1 and 4.2, we state several important con-
sequences of these two basic results. In particular, we indicate how the corresponding
assertions in the earlier Theorems 3.1 and 3.3 follow directly from these results by taking
expectations.
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Corollary 4.3 (Dissipation of relative entropy).
Under the Assumptions 2.4, we have for all t,tg > 0 the relative entropy identity

H(P(t)|Q) — H(P(t) | Q) = Ep| log <mﬂ

(4.12)
r 2
t 1|Vl (u, X
B / <_| (1 X (w)| )m]
| Jto 2 0(u, X (u))
Furthermore, we have for Lebesque-a.e. tg > 0 the generalized de Bruijn identity
H(P(t — H(P(t Vi(to, X (to))|
t—=to t—to E(to, X(to))
as well as the limiting behavior of the quadratic Wasserstein distance
Wa(P(). Plt) e(to, X)) [* 1Y
lim — 2200 L SR . (4.14)
t—to ‘t - t0| é(to,X(to))

If to > 0 is chosen so that the generalized de Bruijn identity (4.13) holds, then the
limiting assertion (4.14) pertaining to the Wasserstein distance is also valid.

Proof of Corollary 4.3 from Theorem /4.1:

The identity (4.12) follows by taking expectations in (4.5) with respect to the prob-
ability measure P, recalling the definitions (4.3), (4.4), and invoking the martingale
property of the process in (4.4) for T > max{to,t}. In particular, (4.12) shows that the
relative entropy function ¢ — H(P(t)| Q) from (2.3), thus also the free energy function
t— Z(p(t, -)) from (2.5), are strictly decreasing provided £(¢, - ) is not constant.

By the Lebesgue differentiation theorem, the monotone function ¢t — H(P(t)|Q) is
differentiable for Lebesgue-a.e. ¢y > 0, in which case (4.12) leads to the identity (4.13).

The limiting behavior (4.14) of the Wasserstein distance, for Lebesgue-a.e. tg > 0, is
well known and worked out in [AGS08]; Section 5.5 below provides details. Theorem
5.10 establishes the important, novel aspect of Corollary 4.3; namely, its last assertion,
that the validity of (4.13) for some ¢y > 0 implies that the limiting assertion (4.14) also
holds for the same point £y. This seemingly harmless issue is actually quite delicate, and
will be of crucial importance for our gradient flow analysis; it is here that we shall have
to rely on condition (vi) of Assumptions 2.4. O

Proof of Theorem 3.1 from Theorem 4.1:
The assertions of Theorem 3.1 are direct consequences of Corollary 4.3. O

In a manner similar to the derivation of Corollary 4.3 from Theorem 4.1, we deduce
now from Theorem 4.2 the following Corollary 4.4. Its first identity (4.15) shows, in
particular, that the relative entropy H(PP(t)| Q) is finite for all t > tg.
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Corollary 4.4 (Dissipation of relative entropy under perturbations).
Under the Assumptions 2.4, we have, for allt >ty > 0, the relative entropy identity

O(t, X (1)) )]

H(PP(t)|Q) = H(P(ty) | Q) = Eps [k’g (mmo))

(4.15)

_ Y VO@X@) o \du
_Ewuo( S X0 +(divs— (5, 2V0)) (X( )))d].

Furthermore, for every point to € Ry \ N (at which the right-sided limiting assertion
(3.6) is valid), we have also the limiting identities

L H(PYW)|Q) — H(PP() | Q)
tlto t— 1o

(4.16)
1|V, X (to)) [

N Pl 2 ((ty, X (to))’

and

+25(X(t))

+ (divﬁ — (8, 2V\If>)(X(to))1
i Wa(PP(t), PP(to)) ‘W(toaX(to))
T —2 0(to, X (t0))

9 7\ 1/2
lmn P 1 ) AL
Proof of Corollary 4.4 from Theorem 4.2:

Taking expectations in (4.11) under the probability measure P?, recalling the def-
initions (4.9), (4.10), and using the martingale property of the process in (4.10) for
T >t > tg, leads to the identity (4.15). In order to derive from (4.15) the limiting iden-
tity (4.16), extra care is needed to show that (4.16) is valid for every time tp € R4 \ N.

We shall verify in Lemma 5.8 of Section 5.3 below the following estimates on the ratio
between the probability density function p(t, -) and its perturbed version p”(t, -): For
every tg = 0 and T > t( there is a constant C' > 0 such that

—1| = — 1| < C(t—to), ; ,T] x R" 4.1
’E(t,x) ‘ ’p(t,m) ‘ C(t o) (t,x) € [to, T] x R (4.18)
as well as
2
¢ Pu, X
EIP[/ V log ((u,(u))>| du <C(t—t0)2, to<t<T. (4.19)
to

€(u, X (u))

We turn now to the derivation of (4.16) from (4.15). First, since the perturbation
is smooth and compactly supported, and the paths of the canonical coordinate process
(X (t))t=0 are continuous, we have

lim
tlto T — t(]

Eps [/t: (divB-(3, 2vq/>)(X(u))du] = Bps | (div—(8, 2VT)) (X (t0))]
(4.20)
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for every ty = 0. Secondly, the random variable X (¢y) has the same distribution under
P, as it does under PP, so it is immaterial whether we express the expectation on the
right-hand side of (4.20) with respect to the probability measure P or P?. Hence this
expression equals the corresponding term on the right-hand side of (4.16).

Regarding the remaining term on the right-hand side of (4.16), the equality

. 1 ¢ 1 ]Vfﬁ(u,X(u)ﬂ2
glg; t—to E]Pgl/to <_2 Eﬁ(u,X(u))2 du

1 H1|Veu X ()
titot—tOE]PL/to(_QWW)du]

holds as long as tg > 0 is chosen so that one of the limits exists. Indeed, the equality

1 tf 1|V (u, X (u) [
i e [ (X ()’ Jao

i L t( LIV X@)[
s e (e s )™

follows from (4.19), and (4.18) implies that it is immaterial whether we take expectations
with respect to P or P? in the two limits appearing in (4.22). Summing up, existence
and equality of the limits in (4.21) are guaranteed if and only if ty € Ry \ N. It develops
that both limits in (4.21) exist if o > 0 is not in the exceptional set N of zero Lebesgue
measure, and their common value is

(4.21)

(4.22)

2
|VE(to, X (t0))] ] (4.23)

_1 =3
2 1(P(t0)|Q) = —3 Ep [ ((to, X (t0))”

In conjunction with (4.20), which is valid for every to > 0, this establishes the limiting
identity (4.16) for every top € Ry \ N. Therefore, the right-sided limiting assertion (3.6),
and the similar perturbed limiting assertion in (4.16), fail on precisely the same set of
exceptional points V.

As regards the final assertion we note that, by analogy with (4.14), the limiting behav-
ior of the Wasserstein distance (4.17), for Lebesgue-a.e. ¢ty > 0, is well known [AGSO08];
details are in Section 5.5 below. More precisely, Theorem 5.11 establishes (with the
choice = 0) the novel and very crucial aspect, that the limiting assertion

Wa(P(t), P(to))

fim — =5V I(P(to) | Q) (4.24)

is valid for every ¢ty € Ry \ N. Once again, concerning the relation between the limits in
(4.24) and (4.17) pertaining to the Wasserstein distance, we discern a similar pattern as
in the case of the generalized de Bruijn identity. In fact, Theorem 5.11 will tell us that
the perturbed Wasserstein limit (4.17) also holds for every ty € Ry \ N. O
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Proof of Theorem 3.8 from Theorems 4.1, 4.2 and Corollaries 4.3, 4.4:

Let to € R4 \ N, so that the limiting identities (4.16) and (4.17) from Corollary 4.4
are valid. Recalling the abbreviations in (3.10), we claim that the following limiting
identities hold:

H(P(t)|Q) - H(P(t) | Q)

i r— = 1 llalze), (4.25)
}elft% W2(f;(7f_),tf(to)) = %HQHLQ(IP)a (4.26)
i H(P3(t) | Qi - ;I(Pﬂ(to) Q) _ EPPRETI 42
Ay = <Pﬁt(t—) ’tfﬁ(m)) = Slla+2b)l20p). (4.28)

Indeed, the equations (4.25), (4.26), and (4.28) correspond to (3.6), (4.24), and (4.17),
respectively. As for (4.27), we note that, according to equation (4.16) of Corollary 4.4,
the limit in (4.27) equals

4 llallfaqey + B[ (div 5 - 205, 90)) (X ()]

Therefore, in view of the right-hand side of (4.27), we have to show the identity

Ep|(divs - (8, 2V9))(X(t0))]| = —(a, b} r2(p)- (4.29)
In order to do this, we write the left-hand side of (4.29) as
/n (div(x) — (8(z), 2V (x))) plto, =) da. (4.30)

Using — for the first time, and only in order to show the identity (4.29) — integration
by parts, and the fact that the perturbation ( is assumed to be smooth and compactly
supported, we see that the expression (4.30) becomes

— / § <ﬁ(m) , Viogp(to, ) + 2V\I/(a:)>p(t0, x)dex,
which is the same as

~(B(X(t0)), Viog£(to, X (t))) , = —(b,0)2(p).

L*(P)
The limiting identities (4.25) — (4.28) now imply the assertions of Theorem 3.3. [

The following Propositions 4.5 and 4.7 are trajectorial versions of Corollaries 4.3 and
4.4, respectively. They compute the rate of temporal change of relative entropy for
the equation (1.3) and for its perturbed version (3.9), respectively, in the more precise
trajectorial manner of Theorems 4.1, 4.2.
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Proposition 4.5 (Trajectorial rate of relative entropy dissipation).
Under the Assumptions 2.2, we let tg € Ry \ N and T > ty. Then the relative entropy
process (4.1) satisfies the trajectorial relation

; Ep | log ((to, X (to)) | G(T — 5)| — log (T — s, X(T - 5))

stT—to T—ty—s
(4.31)

1| Ve(to, X (o)) |”

2 ((te, X (t0))”

where the limit exists in L'(P).

Remark 4.6. The limiting assertion (4.31) of Proposition 4.5 is the conditional trajecto-
rial version of the generalized de Bruijn identity (4.13). o

Proof of Proposition 4.5 from Theorem 4.1:

Let to € R4\ N, i.e., so that the right-sided limiting assertion (3.6) is valid, and select
T > tg. The martingale property of the process in (4.4) allows us to write the numerator
on the first line of (4.31) as

Ep|F(to) — F(T =) | G(T—5)], 0<s<T—1t

in the notation of (4.3), which expresses the Fisher information process (F(T — s))o<s<T
as the primitive of

_ 1|V€(T—U,X(T—u))|2

- 0<u<T. 4.32
2 0T —u, X (T —u))’ (432

B(u)

In other words,
S
F(T - s) :/ Buwdu, 0<s<T—to.
0

By analogy with the derivation of (4.13) from (4.12), where we calculated real-valued
expectations, we rely on the Lebesgue differentiation theorem to obtain the correspond-
ing result (4.31) for conditional expectations. Using the left-continuity of the backwards
filtration

G= (g(T - 3))0<5<T7

we can invoke Proposition 6.3 of Section 6.3, with the choice of the process B as in (4.32)
and C' = 0. This establishes the claim (4.31) pertaining to conditional expectations. [

Next we discuss the corresponding result in the perturbed setting: the limiting asser-
tion (4.33) below is the perturbed analogue of (4.31). In (4.34) we consider the same
limit, but under the probability measure P? instead of P. Additionally, we directly com-
pare the relative entropy process (4.1) with its perturbed counterpart (4.8) in (4.35).
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Proposition 4.7 (Trajectorial rate of relative entropy dissipation under perturbations).
Under the Assumptions 2.2, we let tg € Ry \ N and T > tg. Then the perturbed
relative entropy process (4.8) satisfies the trajectorial relations

Eyps | log 07 (to, X (to)) | G(T — s)| — log £7(T — s, X(T — s))

STI%IEltO T— to — S
2 (4.33)
_ 1[Ve(to, X (t))|” v
=2 b x| A0 ¢ (B(X(t0)), 2V (X (t0))),
- Ep [logﬁﬂ(tO,X(to)) | (T — s)} —log ¢#(T — 5, X(T — s))
sfl%rilto T—ty—s
2 (4.34)
_ 1|VL(to, X (to))| .
=2 oy A - (B(X(t0)) , Viogp(te, X (t0)) ),
. logP(T — 5, X(T — s)) — log £(T — s, X (T — s))
sT%rilto T — to — S (435)

= div B(X (o)) + (B(X(t0)) , Viogp(to, X (t0)) ),

where the limits in (4.33) — (4.35) ewist in both L'(P) and L'(PP).

Remark 4.8. It is noteworthy that the three limiting expressions in (4.33), (4.34) and
(4.35) are quite different from each other. The first limiting assertion (4.33) of Proposi-
tion 4.7 is the conditional trajectorial version of the perturbed de Bruijn identity (4.16).
We also note that in fact the third limiting assertion (4.35) is valid for all ¢y > 0. o

Proof of (4.33) from Theorem 4.2:

Let t) € R4\ N, i.e., so that the right-sided limiting assertion (3.6) is valid, and select
T > to. In (4.21) from Corollary 4.4 of Theorem 4.2 we have seen that the limits in (3.6)
and (4.16) have the same exceptional sets, hence the limiting identity (4.16) also holds.
Now, for such ¢ty € Ry \ NV, we show the limiting assertion (4.33) in the same way as the
assertion (4.31) in the proof of Proposition 4.5 above. Indeed, this time we invoke the
PA-martingale property of the process in (4.10), and write the numerator on the first
line of (4.33) as

Bps [FP(to) = FA(T = 5) | G(T—5)],  0<s<T—1

in the notation of (4.9), which expresses the process (F?(T —s))o<s<T_t, as the primitive
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of (B(u) + C(u))ogs<r—ty, With

1 ’VEB(T—U,X(T—U))]2
9 2

Bl =37 (T — u, X(T — u))

9

(4.36)
C(u) = ((8,2V¥) —div 8) (X (T - ).

Applying Proposition 6.3 of Section 6.3 in this situation proves the limiting identity

(4.33) in L'(IP%). As we shall see in Lemma 5.7 of Section 5.3 below, the probability

measures P and P? are equivalent, and the mutual Radon-Nikodym derivatives %

and % are bounded on the o-algebra F(T') = G(0) (recall, in this vein, the claims
of (4.18)). Hence, convergence in L'(PP) is equivalent to convergence in L'(PP?). This

readily proves assertion (4.33). O

The proofs of the limiting assertions (4.34) and (4.35) are postponed to Section 5.4.

4.2. A TRAJECTORIAL PROOF OF THE HWI INEQUALITY

The aim of this section is to provide a proof of the celebrated HWI inequality due to
Otto and Villani [OV00] by applying trajectorial arguments similar to those in Theorem
4.1, in fact quite easier. We thus obtain an intuitive geometric picture and deduce the
sharpened form of the HWI inequality; see also [CE02], [OV00] and [Vil09, p. 650]).

The goal is to compare the relative entropies H(FPy|Q) and H(P; |Q) for arbitrary
probability measures Py, P; € P2(R"). Using Brenier’s theorem [Bre91], we first define
the constant speed geodesic (P;)o<t<1 between Py and Py with respect to the Wasserstein
distance W5 (details are given below). We remark, that we have chosen the subscript
notation for P; in order to avoid confusion with the probability measure P(t) from our
Chapter 2 here. With p;(-) the density function of the probability measure P;, we define
the likelihood ratio function

(z) = pi(z) (t,z) € [0,1] x R™. (4.37)

We shall investigate the behavior of the relative entropy function t — f(t) :== H(P; | Q)
along the constant speed geodesic (FP;)o<i<1 by estimating two quantities: First, we want
a lower bound on the first derivative f/(07). Secondly, we want a lower bound on the
second derivative (f”(t))o<t<1. It should be geometrically obvious (and will be spelled
out in the proof of Theorem 4.11 below) that information on these two lower bounds
leads to a lower bound on f(1) — f(0). The latter is the content of the HWI inequality.
As regards the second derivative (f”(t))o<t<1, we shall rely on a fundamental result on
displacement convexity due to McCann [McC97] and have no novel contribution. As
regards f’(07), however, we shall obtain a sharp estimate for this quantity by applying
a trajectorial reasoning similar to that deployed in the proof of Theorem 4.1.
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We will define an R™-valued stochastic process (X;)o<t<1, with marginal distributions
(P)o<t<1 moving along straight lines in R", and calculate the relevant quantities of this
finite variation process along every trajectory, by analogy with the proof of Theorem
4.1. This gives the desired bound (and actually an equality) for the derivative f/(07).

We now cast these ideas into formal terms. The first step is to calculate the decay of
the relative entropy function ¢ — H(P,|Q) along the “straight line” (P;)o<i<1 joining
the elements Py and P; in Z»(R™). To this end, we impose temporarily the following
strong regularity conditions. In the proof of Theorem 4.11 we shall see that these will
not restrict the generality of the argument.

Assumptions 4.9 (Regularity assumptions of Lemma 4.10).

We impose that Py and P; are probability measures in &3(R™) with smooth densities,
which are compactly supported and strictly positive in the interior of their respective
supports. Hence there exists a map «: R™ — R™ of the form

y(z) = V(G(z) - )

for some convex function G: R™ — R, uniquely defined on and supported by the support
of Py, and smooth in the interior of this set, such that -« induces the optimal quadratic
Wasserstein transport from Fy to P; via

T)(z) =z +ty(x)=1—-t)z+tVG(z),
(4.38)
Py o= (174 (Po) = Roo (T7) 7

for 0 < ¢t < 1; to wit, the curve (P;)o<i<i is the displacement interpolation (constant
speed geodesic) between Py and Pj, and we have along it the linear growth of the
quadratic Wasserstein distance

WQ(PO,Pt) =1 \//]Rn |.CC - VG(a:)|2dPg(ac) =t H’YHLZ(PO)v 0<tg 1. (439)

For existence and uniqueness of the optimal transport map ~ we refer to [Vil03, Theorem
2.12], and for its smoothness to [Vil03, Theorem 4.14] as well as [Vil03, Remarks 4.15].
These results are known collectively under the rubric of Brenier’s theorem [Bre91].

Next we compute the slope of the relative entropy function ¢t — H (P, |Q) along the
straight line (Pt)Oétgl-

Lemma 4.10. Under the Assumptions 4.9, let Xg: S — R"™ be a random variable with
probability distribution Py € P2(R™), defined on some probability space (S,S,v). Then

we have HP H(P
L H(P|Q) — H(Ry Q)
tl0 t

= (Vlogo(Xo), 7(X0)) 12(,- (4.40)

We relegate the proof of Lemma 4.10 to Section 6.4, which follows a similar (but con-
siderably simpler) trajectorial line of reasoning as the proof of Theorem 3.3. Combining
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Lemma 4.10 with well-known arguments, in particular, with a fundamental result on
displacement convexity due to McCann [McC97], we derive now the HWI inequality of
Otto and Villani [OV00].

Theorem 4.11 (HWI inequality [OV00]). We fix probability measures Py, P € ZP5(R™)
and assume that the relative entropy H (P, | Q) is finite. We suppose in addition that the
potential ¥ € C*(R"™;[0,00)) satisfies a curvature lower bound

Hess(V) > k I, (4.41)
for some k € R. Then we have
H(Py)|Q)—H(P|Q) < —(Vlogty(Xo), W(X0)>Lz(l,) — EW3 (P, P1), (4.42)

where the likelihood ratio function £y, the random variable Xy, the optimal transport map
v, and the probability measure v, are as in Lemma 4.10.

We stress that Theorem 4.11 does not require the reference measure Q with density
q(z) = e72¥(®) to be a finite measure in the formulation of the HWT inequality (4.42).

On the strength of the Cauchy—Schwarz inequality, we have
—(Vloglo(Xo), ¥(X0)) 2, < [[VIoglo(Xo)llz2w) 17(Xo)ll 2,

with equality if and only if the functions Vlog/y(-) and «(-) are negatively collinear.
The relative Fisher information of Py with respect to Q equals

I(Py|Q) = B, [|Vlog lo(Xo0) 2] = |V log lo(Xo) 132(,),
and by Brenier’s theorem [Vil03, Theorem 2.12] we deduce
[v(Xo)ll2(v) = Wa(Fo, P1)
as in (4.39), along with the inequality
—(Vloglo(Xo) , ¥(X0)) 2, < 1P| Q) Wa(Po, Pr). (4.43)
Inserting (4.43) into (4.42) we obtain the usual form of the HWI inequality
H(PRy| Q) — H(Py|Q) < Wa(Po, P1) \JI(Ro| Q) — § WE (P, P1). (4.44)

When there is a nontrivial angle between —V log o(Xo) and v(Xo) in L?(v), the in-
equality (4.42) gives a sharper bound than (4.44). We refer to the original paper
[OV00], as well as to [CE02], [Vil03, Chapter 5], [Vil09, p. 650] and the recent papers
[GLRT20, KMS21] for detailed discussions of the HWI inequality in several contexts.
For a good survey on transport inequalities, see [GL10].
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Proof of Theorem 4.11. As elaborated in [Vil03, Section 9.4] we may assume without loss
of generality that Py and P; satisfy the strong regularity Assumptions 4.9, guaranteeing
existence and smoothness of the optimal transport map ~.

We consider now the relative entropy with respect to Q along the constant-speed
geodesic (P;)o<i<1, namely, the function f(t) := H(P,|Q), for 0 < t < 1. The displace-
ment convexity results of McCann [McC97] imply

f'(t) = kW2(Py, P1), 0<t<1. (4.45)

Indeed, under the condition (4.41), the potential ¥ is s-uniformly convex. Conse-
quently, by items (i) and (ii) of [Vil03, Theorem 5.15], the internal and potential energies

g(t) :== / p(x) log py(x) dz, h(t) :==2 U (z) pe(x) de, 0<t<1,
R~ R»

are displacement convex and s-uniformly displacement convex, respectively; i.e.,
J"t)=0, K'(t)=rWiP,P), 0<t<1

As we have f = g + h, we conclude that the relative entropy function f is k-uniformly
displacement convex, i.e., its second derivative satisfies (4.45). We appeal now to Lemma
4.10, according to which

700 =1 LOZIO (910 66060) 1 (X)) (1.4
In conjunction with (4.45) and (4.46), the Taylor formula
1
)= FO) +£0%) + [ (-0 @) a
now yields (4.42). O

37



5. DETAILS AND PROOFS OF THE MAIN RESULTS

In this chapter we complete the proofs of Corollary 4.4 and Proposition 4.7, and pro-
vide the proofs of the crucial results, Theorems 4.1 and 4.2. For this, we apply It6’s
formula so as to calculate the dynamics, i.e., the stochastic differentials, of the “pure”
and “perturbed” relative entropy processes of (4.1) and (4.8) under the measures IP and
P?, respectively. As already discussed, we shall do this in the backward direction of
time. Finally, the limiting behavior of the quadratic Wasserstein distance along the
Langevin—Smoluchowski diffusion is analyzed in Section 5.5.

5.1. THE PROOF OF THEOREM 4.1

We start by calculating the stochastic differential of the time-reversed canonical co-
ordinate process (X (T — s))o<s<r under the probability measure P, a well-known and
classical theme; see e.g. [F6185, Fo186], [HP86], [Mey94], [Nel01], and [Par86]. The reader
may consult Part V of this thesis for an extensive presentation of the relevant facts re-
garding the theory of time reversal for diffusion processes. The idea of time reversal goes
back to Boltzmann [Bol96, Bol98a, Bol98b] and Schrédinger [Sch31, Sch32], as well as
Kolmogorov [Kol37]. In fact, the relation between time reversal of a Brownian motion
and the quadratic Wasserstein distance may in nuce be traced back to an insight of
Bachelier in his thesis [Bac00, Bac06] from 1900. This theme is discussed in Appendix
A of [KST20].

Recall that the probability measure IP was defined on path space Q@ = C(R4;R"™) so
that the canonical coordinate process (X (t,w))i>0 = (w(t))i>0 satisfies the stochastic
differential equation (1.3) with initial probability distribution P(0) for X (0) under P.
In other words, the process

W) = X(t) — X(0) + /Ot VU(X(u)du, >0 (5.1)

is a Brownian motion of the forward filtration (F(t));>0 under the probability measure
P. Passing to the reverse direction of time, the following classical result is well known
to hold under the present assumptions. For proof and references we refer to Theorems
4.1 and 5.1 of Part V.

Proposition 5.1. Under the Assumptions 2.2, fix T > 0. The process

W

T— )= W(T — ) — W(T) — / Viogp(T — u, X(T —w))du,  (5.2)
0
for 0 < s < T, is a Brownian motion of the backwards filtration

G= (g(T - 5))0<5<T
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under the probability measure IP. Moreover, the time-reversed canonical coordinate pro-
cess (X(T — s))o<s<r Satisfies the stochastic differential equation

AX(T — 5) = (Viegp(T — s, X (T = 5)) + VI(X(T = 5)) ) ds + dW' (T~ 5)  (5.3)

= (Viog (T — 5, X(T' = 5)) = VE(X(T = 5)) ) ds + AW (T = 5), (5.4)
for 0 < s < T, with respect to the backwards filtration G.

The following result computes the forward dynamics of the likelihood ratio process
(L(t, X (t)))=0 of (2.1) and compares it with the stochastic differential of the time-
reversed likelihood ratio process
p(T— S’X(T_ 8))

¢(X(T-s))

0T —5,X(T-3)) = 0<s<T, (5.5)

as well as its logarithmic differential.

Proposition 5.2. Under the Assumptions 2.2, the likelihood ratio process (2.1) is a
continuous semimartingale with respect to the forward filtration (F(t))i=0 and satisfies,
fort >0, the stochastic differential equation

de(t, X (1)) = (VU(t X (1)) , AW (D) + (AL(t, X (1) — (Ve X (1), 2VB(X (1)) dt.

(5.6)
Furthermore, the time-reversed likelihood ratio process (5.5) is a continuous semimartin-
gale with respect to the backwards filtration G and satisfies, for 0 < s < T, the stochastic
differential equations

(T — 5, X(T = 5)) = (VUT = 5,X(T = 5)), dW" (T = 5))

VAT — 5, X(T — 5))|? N (5:7)
0T — s, X(T —5)) ’
AT — 5, X (T —s))  [VUT —5,X(T~s)) .—Pp
0T -5, X(T —s)) < (T — 5, X(T —5)) ' dw(T - 8)>
(5.8)
IVU(T — 5, X(T — 9))|? "y
0T -5, X(T-5)>
dlog (T — s, X(T — 5)) = <V£f(TT__88}i(TT__;; s s)>
(5.9)

1|VUT — 5, X(T - s))|2
2 UT -, X(T —s))°

ds.
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Proof. We start with the following observation. Writing the Fokker—Planck equation
(1.1) as

aip(t,x) = 3Ap(t, ) + (Vp(t,z) , V() + p(t, ) AU(z),  ¢>0
and substituting the expression
p(t, @) = €(t,z) q(x) = £(t, x) e 2V @), t=0

into this equation, we find that the likelihood ratio function (t,x) — £(t,x) solves the
backwards Kolmogorov equation

l(t,x) = ALt x) — (VL(t,z), VI(z)), t > 0. (5.10)

Now we turn to the proofs of (5.6) — (5.9). By Assumptions 2.2, the likelihood ratio
function (¢, z) — £(t, x) is sufficiently smooth to allow an application of It&’s formula. To-
gether with the Langevin—-Smoluchowski dynamics (1.3) and the backwards Kolmogorov
equation (5.10), we obtain (5.6) by direct calculation. A similar calculation, this time
relying on the backwards dynamics (5.4), shows (5.7). Finally, the equations (5.8) and
(5.9) follow from (5.7) and Itd’s formula. O

The crucial feature of the stochastic differentials (5.6) — (5.9) is that, after passing to
time reversal, the finite-variation term A¢—(V/¢, 2 VW) in (5.6), involving the Laplacian
A/, gets replaced by a term involving only the likelihood ratio function ¢ and its gradient
Ve

Proof of Theorem 4.1. On a formal level, the expressions (4.3) — (4.5) are just integral
versions of the It6 differential (5.9). What remains to check is that the integrals in (4.3)
and (4.5) indeed make rigorous sense and satisfy the claimed integrability conditions.

By condition (iv) of Assumptions 2.2 the function (¢, z) — Vlog/(t,x) is continuous.
Together with the continuity of the paths of the canonical coordinate process (X (t)):>0,
this implies

/pfﬁmguwme—mﬂ2u<aj Peoss (5.11)
0 0T = u, X(T — u))” ’ B |

for every 0 < e < T. On account of (5.11), the sequence of stopping times (with respect
to the backwards filtration G)

¢|VHT — u, X (T — )|
Tn::inf{tZO: / VA w X( u)y du >N}AT, n € Ny
0 4T —u,X(T—u))

is nondecreasing and converges P-a.s. to T'. Defining M via (4.4), each stopped process
M7 is bounded in L?(IP) and satisfies the stopped version of (4.5), i.e.,

VUT — u, X (T — u))
0T —u, X(T — u))

Mm@—@:JﬂT—@Am»:AMM< ,dWWT—w>
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for 0 < s < T. To show that, in fact, the process M is a true IP-martingale, we have
to rely on condition (2.6), which asserts that the initial relative entropy H(P(0)|Q) is
finite.

We consider the process

q(X(T —s))
p(T—s,X(T—s))

YT — 5, X(T —5)) = 0<s<T, (5.12)

where 71(t, - ) = ﬁ is the likelihood ratio function of %%)( -). Applying It6’s formula

and using (5.7), we find the stochastic differential
VUT — s, X (T — s)
0T — 5, X(T — 5))°

AT = 5, X(T—s)) = —< ,dWIP(T—s)>, (5.13)

revealing that the locally bounded process (5.12) is a local martingale under P. In fact,
this result does not come as a surprise: it is a consequence of an eye-opening result by
Pavon [Pav89], and Fontbona and Jourdain [FJ16], at least when Q is a finite measure.
We refer to Subsection 4.2 of [KST20] for more information on this theme, and for a
more direct proof of Theorem 4.1 in the case when Q is a finite measure on R"; see also
Theorem 4.2 and Appendix E in [KST20] for an extensive discussion and a proof of the
Pavon—Fontbona—Jourdain theorem.

From (5.13), we deduce the stochastic differential of the logarithm of the process (5.12)
and obtain in accordance with (5.9) its form

VUT — 5, X(T — s))
T — s, X (T —s))

dlogﬁl(T—s,X(T—s)):—< ,dW]P(T—s)>
C1|VUT - s, X(T - 9))*

> 0T s X(T_s5)

We know that the terminal value log #~1(0, X (0)) is P-integrable, with
Ep [log (0, X(0))] = —H (P(0) | Q) € (—00,0).
On the other hand, the initial value
Ep[log ¢~ (T, X (T))] = —H (P(T)| Q) € [~c, )

cannot take the value oo, as mentioned after the definition (2.3) of relative entropy.
Hence we can apply Proposition 6.4 in Section 6.3 to the local martingale (5.12) (in the
reverse direction of time) and the deterministic stopping time 7 = T, to conclude that

2

10, x(0)\] T1|VUT = u, X(T — u))|
E]Pllog<£—1(T,)((T))>] __]E]P[/o 2 (T —u, X(T —u))? a

)
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where all terms are well-defined and finite. This shows that the local martingale M is
bounded in L?(PP), with

HIMO) sy = HPO)|Q) ~ HP@ Q) =} [ 1(P0)]Q)dt < o,

completing the proof of Theorem 4.1. O

5.2. THE PROOF OF THEOREM 4.2

The first step in the proof of Theorem 4.2 is to compute the stochastic differentials of
the time-reversed perturbed likelihood ratio process

BT —s —s
(T — s, X(T ) =~ (j;(X(’TX—(I;)) )

and its logarithm. By analogy with Proposition 5.1, the following result is well known
(recall Theorems 4.1 and 5.1 of Part V) to hold under suitable regularity conditions,
such as Assumptions 2.2. Recall that (W?(t));>, denotes the P#-Brownian motion (in
the forward direction of time) defined in (3.9).

0<s<T —to, (5.14)

Proposition 5.3. Under the Assumptions 2.2, we let tg > 0 and T > tg. The process

W (T = 5) = WH(T — ) = WH(T) — /O Viogp* (T — u, X(T —w)) du,  (5.15)

for 0 < s < T —tg, is a Brownian motion of the backwards filtration

G = (9(T -

8))0<5<T—t0
under the probability measure P?. Furthermore, the semimartingale decomposition of
the time-reversed canonical coordinate process (X (T — s))o<s<T—t, S given by

—_p#B
dX (T —s) = (Vlogpﬁ(T— $, X(T —s))+ (V¥ + 8)(X(T - s))) ds +dW" (T —s)
(5.16)

= (Viogl*(T — 5, X(T — 5)) — (V¥ — B)(X(T — s)) ) ds + dW" (T — 5),
(5.17)
for 0 < s < T —tg, with respect to the backwards filtration G.

Comparing the equation (5.3) with (5.16), we see that the reverse-time Brownian

1B I
motions VV]P and T/V]P are related as follows.

Lemma 5.4. Under the Assumptions 2.2, we let tg > 0 and T > tg. For 0 < s <T —1y,
we have

— J— s — S — S
AW — WY1~ 5) = <B(X(T —s)) + Vlog (ig_ S”))((((TT_ 8))))» ds. (5.18)
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By analogy with the proof of Proposition 5.2, we write now the perturbed Fokker—
Planck equation (3.7) as

atpﬂ(t, x) = %Apﬁ(t, x)+ <Vp5(t, z),VI¥(x)+ () + pﬂ(t, z) (AY(z) + div B(z)),
for ¢ > tg. Using the relation
pﬁ(ta J)) - Eﬁ(ta .CL‘) q(.ﬁ) = eﬁ(t7 J)) 6—2\11(1:), t = to,

determined computation shows that the perturbed likelihood ratio function éﬁ(t, x) sat-
isfies the partial differential equation

Ol (t, ) = LALP(t,x) + (VP (L, z), B(x) — VI(z))
(5.19)
+£%(t,2) (div () — (B(z), 2V (),

for t > tp; this is the analogue of the backwards Kolmogorov equation (5.10) in this
“perturbed” context, and reduces to (5.10) when 5 = 0.

With these preparations, we obtain the following stochastic differentials for our objects
of interest.

Lemma 5.5. Under the Assumptions 2.2, we let tg > 0 and T > tg. The time-reversed
perturbed likelihood ratio process (5.14) and its logarithm satisfy the stochastic differential
equations

A8 (T — s, X(T — s))
(T — s, X(T — s))

= ((8,2V¥) — div 8) (X(T — 5)) ds

V(T — 5, X(T — 5))|? <wﬁ(T—s,X(T_s)) —_ps _S>
(T — 5, X(T — 5))° 05(T — 5, X(T — s)) AW T =)
(5.20)
and
dlog (T — 5, X(T — 5)) = ((8, 2V¥) — div §) (X (T ~ 5)) ds
1|V (T — 5, X(T — 5))|” <V€5(T—5,X(T—s)) —y— >
2 (8(T — s, X(T —5))° (T = 5, X(T — 5)) A=),
(5.21)

respectively, for 0 < s < T — tg, with respect to the backwards filtration G.

Proof. The stochastic differential equations (5.20), (5.21) follow from It&’s formula to-
gether with (5.17), (5.19). O

We have assembled now all the ingredients needed for the proof of Theorem 4.2.
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Proof of Theorem 4.2. Formally, the stochastic differential in (5.21) amounts to the
conclusions (4.9) — (4.11) of Theorem 4.2. But as in the proof of Theorem 4.1, we still
have to substantiate the claim, that the stochastic process M? defined in (4.10) with
representation (4.11) is indeed a PP-martingale of the backwards filtration G, and is
bounded in L?(P?).

By (5.21) and the same stopping argument as in the proof of Theorem 4.1, the process
M? is a local PA-martingale. We have to show that Eps [F?(tg)] < oc.

We recall that § = VB and define the density
qﬁ(l‘) — 672(\IJ+B)(:L")’ r e R™

This density function solves the stationary version of the perturbed Fokker—Planck equa-
tion (3.7). Equivalently, it induces an invariant measure for the stochastic differential
equation (3.9). We now consider the “doubly perturbed” likelihood ratio function

05t z) = (t,z) € [to,0) x R™.

Since the Assumptions 2.2 are invariant under the passage from the potential ¥ to
¥ + B, we can apply Theorem 4.1 to the potential ¥ 4+ B and obtain that the process
(cf. (4.3))

3 2
51 ‘V%(T— u, X (T — u))|

5— du, 0<s<T -t (5.22)

&) — S) =
Fg(T — s) /0 2 gg(T_u,X(T—U))

satisfies Epgs [F g (to)] < oo. This latter condition implies also Eps [F?(ty)] < oo, where
the process F? is defined in (4.9). Indeed, the function (3, 2V¥) — div3 in (4.9) is
bounded, so that

T—to
]EIP,B /
0

As regards the remaining difference between (5.22) and (4.9), note that

(8, 2VW) — div 8| (X(T - ) du

< 0.

_ e2B(az)

and consequently V log Zg(t,m) — VloglP(t,z) = 2VB(x), which again is a bounded
function.

In conclusion, we obtain that Eps[F?(t9)] < oo, implying that the process M? is a
martingale bounded in L?(IP?). This finishes the proof of Theorem 4.2. O
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5.3. SOME USEFUL LEMMAS

In this section we collect some useful results needed in order to justify the claims (4.18),
(4.19) made in the course of the proof of Corollary 4.4, and to complete the proof of
Proposition 4.7 in Section 5.4.

First, let us introduce the “perturbed-to-unperturbed” ratio

08 (t, x) B pP(t, )
t,x)  plt,z)’

and recall the backwards Kolmogorov-type equations (5.10), (5.19). These lead to the
partial differential equation

YAt x) = (t,z) € [to, 00) x R" (5.23)

oY (t,x) = LAYP(t,2) + (VY P(t,2), B(x) + Viogp(t,x) + VI(z))

+YP(t,z) (divﬁ(az) +(B(x), Viogp(t, :v)>),

for t > tg, and with initial condition Y#(tg, -) = 1, for the ratio in (5.23). In conjunction
with (5.3), this equation yields by direct calculation the following backward dynamics.

Lemma 5.6. Under the Assumptions 2.2, we let tg > 0 and T > tg. The time-reversed
ratio process

RAT —s):=YP(T—5,X(T—-5)), 0<s<T—to (5.24)

and its logarithm satisfy the stochastic differential equations

dRP(T — s) <VRB(T —5)

RA(T—s) \ RE(T-s)

AW (T — 5) — B(X(T = s)) ds>
— <divﬁ(X(T —3s)) + <,6’(X(T— s)),Viegp(T — s, X (T — s))>> ds

(5.25)
and

VRA(T — s)

dlog RP(T — 5) = < RA(T = 5)

AW (T — 5) — B(X(T — s)) ds>

- <div5(X(T — )+ (B(X(T ~ 5)), Viog p(T — s, X(T — s))>> ds

1|VRA(T — 5)[”
2 RA(T—s)2
N (5.26)
respectively, for 0 < s < T — tg, relative to the backwards filtration G.
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We first establish a preliminary control on Y#(-, -), which will be refined in Lemma
5.8 below.

Lemma 5.7. Under the Assumptions 2.2, we let tg > 0 and T > tg. There is a real
constant C > 1 such that

1
5 < YA(t,z) < C, (t,x) € [to, T] x R™. (5.27)
Proof. In the forward direction of time, the canonical coordinate process (X (t)),<t<T
on path space Q = C([to,T];R"™) satisfies the equations (1.3) and (3.9) with initial
distribution P(tp) under the probability measures P and P?, respectively. Hence, the
P-Brownian motion (W (t))¢,<t<r from (1.3) can be represented as

t
WD)~ Wit) =W(0) - Wolto) ~ [ B(X(w)du,  ts<t<T,
to
where (W5 (t)),<t< is the PP-Brownian motion appearing in (3.9). By the Girsanov
theorem, this amounts, for g <t < T, to the likelihood ratio computation

B t
2(t) = 5 =0 ( - [ (x), aww) - 3 | !ﬂ(X(U))|2dU>- (5.28)

to

Now, for each (t,z) € [to,T] x R", the ratio YA(t,z) = p?(t,2)/p(t,x) equals the
conditional expectation of the random variable (5.28) with respect to the probability
measure P, where we condition on X (t) = x; to wit,

YA(t,2) =Ep[Z@t) | X(t) =z],  (t,x) € [to,T] x R".

Therefore, in order to obtain the estimate (5.27), it suffices to show that the log-density
process (log Z(t))i,<t<7 is uniformly bounded. Since the perturbation /3 is smooth and
has compact support, the Lebesgue integral inside the exponential of (5.28) is uniformly
bounded, as required.

In order to handle the stochastic integral with respect to the IP-Brownian motion
(W (w))to<u<t inside the exponential (5.28), we invoke the assumption that the vector
field B equals the gradient of a potential B: R"™ — R, which is of class C*°(R"™;R) and
has compact support. According to It6’s formula and (1.3), we can express the stochastic
integral appearing in (5.28) as

/t (B(X(u)), dW (u)) = B(X(t)) - B(X(to)) + /t: (¢8, V&) — & div 8) (X (u)) du

to

(5.29)
for tg <t < T. At this stage it becomes obvious that the expression of (5.29) is uniformly
bounded. This completes the proof of Lemma 5.7. O

The following Lemma 5.8 provides the crucial estimates (4.18) and (4.19), needed in
the proofs of Corollary 4.4 and Proposition 4.7.
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Lemma 5.8. Under the Assumptions 2.2, we let tg = 0 and T > ty. There is a constant
C > 0 such that
YT — s,2) = 1| < C(T —to — 3), (5.30)

as well as

T—to
Ep /

hold for all0 < s < T —tg and x € R™. Furthermore, for every tg > 0 and x € R™ we
have the pointwise limiting assertion

. logYA(T — s,2)
lim
stT—to T — to— s
where the fraction on the left-hand side of (5.32) is uniformly bounded on [0, T —tg] x R™.

Remark 5.9. The pointwise limiting assertion (5.32) is the deterministic analogue of the
trajectorial relation (4.35) from Proposition 4.7. In Section 5.4 below we will prove that
the limiting assertion (4.35) holds in L' under both P and P?, and is in fact valid for
all tg > 0. o

2
Vlog VA(T — u, X(T — u))‘ du < C(T -ty —s)?, (5.31)

X(T-s)=z

= div f(x) + <ﬁ(x) , Vlog p(to, x)>, (5.32)

Proof of Lemma 5.8. As logY? =1log¢? —log¥, we obtain from Theorems 4.1, 4.2 and
(5.27) that the martingale parts of the processes in (5.25) and (5.26) are bounded in
L%(P), i.e.,

du| < oo. (5.33)

Tt VYO (T — u, X (T — )|’
EP[/O YB(T — u, X (T — u))’

Once again using (5.27), we compare VY?/Y#? with VY? to see that (5.33) also implies

T—to
/
0

According to (5.25), the time-reversed ratio process (5.24) satisfies with respect to the
backwards filtration G the stochastic differential equation

2
VYT —u, X (T = w))[ du

< 0. (5.34)

ARA(T - 5) = (VRY(T —5), dW" (T — 5) = B(X(T - 5)) ds)

— RA(T — s)(divﬁ(X(t— s)) + <5(X(T— s)),Viegp(T — s, X (T — 3))>> ds.

(5.35)
In view of (5.34), the martingale part in (5.35) is bounded in L?(IP). As regards the drift
term of this equation, we observe that it vanishes when X (7'— s) takes values outside the
compact support of the smooth vector field 5. Consequently, the drift term is bounded,
i.e., the constant

B B : VYP(ty)
Oy = tOS%T Y (t,y)<dwﬂ(y)+ <ﬁ(y),V10gp(t, y)+ YOt y)
yeR™

47



is finite, and the processes
YA(T — 5, X(T —s)) + Cy s and YA(T -5, X(T —s)) — Cys

for 0 < s < T — ty, are a sub- and a supermartingale, respectively. We conclude that
\ YT = 5,2) = Be [V (to, X (1)) | X(T — 5) = 2 ‘ <O (T —tg—s)

holds for all 0 < s < T — tg and = € R™. Since Y5 (ty, -) = 1, this establishes the first
estimate
YT — s,2) — 1] < C1 (T —tg — 3). (5.36)

Now we turn our attention to the second estimate (5.31). We fix 0 < s < T — tp and
x € R™. By means of the stochastic differentials in (5.26) and (5.35), we find that the
expression

T—t 2
1Ep [/ ’ ‘VlogYﬂ(T —u, X (T — u))‘ du | X(T —s) = x] (5.37)
is equal to
T—tg
logYA(T —s,2) =Y (T —s5,2)+1+Ep / G(T—u,X(T—w))du | X(T—s)= m],
(5.38)

where we have set

8
G(ty) = (Y7 (t,y) = 1) (diVﬁ(y) + <5(y) Y log p(t, y) + W> )

for tg <t < T and y € R". Introducing the finite constant

Cy:= sup
to<t<
yeR™

div B(y) + <B(y) , Viogp(t,y) + VY%’y)> ‘

YA(t,y)

and using the just proved estimate (5.36), we see that the absolute value of the condi-
tional expectation appearing in (5.38) can be bounded by Cy Cy (T —to—s)%. In order to
handle the remaining terms of (5.38), we apply the elementary inequality logp < p — 1,
which is valid for all p > 0, and obtain

log V(T — s,2) = Y?(T — s,2) + 1 < 0. (5.39)

This implies that the expression of (5.37) is bounded by Cy Cy (T — to — s)?, which
establishes the second estimate (5.31).
We also note that the elementary inequality (5.39) in conjunction with the estimate
(5.36) shows that
log YA(T — 5,2) < Cy (T —tg — )
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for all 0 < s < T —ty and = € R"™; this implies that the fraction on the left-hand side of
(5.32) is uniformly bounded on [0, T — ¢o] x R™.

Regarding the limiting assertion (5.32), we fix tg > 0, x € R"™ and 0 < s < T —tp, and
take conditional expectations with respect to X (T — s) = x in the integral version of the
stochastic differential (5.26). On account of (5.33), the stochastic integral with respect
to the IP-Brownian motion (W]P (T — s))o<s<r in (5.26) vanishes. Dividing by T —tg — s
and passing to the limit as s T T — to, we can use the estimate (5.31) to deduce that the
expression in the third line of (5.26) vanishes in the limit. After applying the Cauchy—
Schwarz inequality, we see that the normalized integral involving the perturbation
appearing in the first line of (5.26) can be bounded by

1 T—tg
T—to—S/s

By conditions (iv), (v) of Assumptions 2.2, the function (¢,z) + Vlog Y#(t,z) is contin-
uous on (0, 00) x R™, thus the expression in (5.40) is uniformly bounded on the rectangle
[0,T — to] x suppB. As logY?(ty, -) = 0, it converges P-a.s. to zero, hence also the
expectation

1 T—to
E -
P T—to—S/s

converges to zero, as s T 1'—tg. Finally, continuity and uniform boundedness imply that
the conditional expectations of the normalized integrals over the second line of (5.26)
converge to the right-hand side of (5.32), as claimed. O

v1ogY5(T—u,X(T—u))] B(X(T — )| du. (5.40)

Viog V(T — u, X(T = )| - [B(X(T — u))| du

X(T—s)zx}

5.4. COMPLETING THE PROOF OF PROPOSITION 4.7

With the preparations of Section 5.3, we are now able to complete the proof of Propo-
sition 4.7 by establishing the remaining limiting assertions (4.35) and (4.34) therein.

Proof of (4.35) in Proposition 4.7: Let tyg > 0 and select T > ty. Using the notation of
(5.23) above, we have to calculate the limit

log YA(T — 5, X(T — s))
stT—to T —ty—s '

(5.41)

Fix 0 < s < T — tg. According to the integral version of the stochastic differential
(5.26), the fraction in (5.41) is equal to the sum of the following four normalized integral
terms (5.42) — (5.44) and (5.46), whose behavior as s T T' — to we will study separately
below. By conditions (iv), (v) of Assumptions 2.2, the function (t,z) + Vlog Y?(t, z)
is continuous on (0, 00) x R, thus the first expression

1

T—to—s/ST_tO (div,B(X(T—u))+<B(X(T—u)),Vlogp(T—u,X(T—u))>> du

(5.42)
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is uniformly bounded on [0,T — ] x supp . Using continuity and uniform bounded-
ness, we conclude that (5.42) converges P-a.s. as well as in L!(IP) to the right-hand side
of (4.35), as required. Thus it remains to show that the three remaining terms con-
verge to zero. Using continuity and uniform boundedness once again, we deduce from
log YB(tg, -) = 0 that the second integral term

1 T—to [VYP(T — u, X (T — u))
T—to—s/s <Y5(T—u,X(T—u)) ’

B(X(T — u))> du (5.43)

converges to zero P-a.s. and in L' (IP). Since log Y?(tg, -) = 0 and because the integrand
is continuous, we see that the third expression

1 /T—to 1|VYA(T = u, X(T — u)
T—to=sJs 2 YB(T —u,X(T —u))

converges PP-a.s. to zero. Furthermore, owing to Lemma 5.8, there is a constant C' > 0
such that

2
l‘ du (5.44)

1 T—to [VYB(T — u, X (T — )|’
Be|lz—— | .
T'—ty—sJs YB(T — u, X(T — u))

holds for all 0 < s < T — tg, which implies that (5.44) converges to zero also in L!(PP).

The fourth and last term is the stochastic integral

1 T—to [VYP(T — u, X(T — u))
_Ttos/s <Yﬁ(T—u,X(T—u))

du} <C(T—ty—s) (5.45)

AW (T — u)>. (5.46)

The expression (5.44) converges to zero P-a.s. and according to (5.45) we have
1 T—to |[VYB(T — u, X(T — u)) |’
N ",
(T'—to—s)* Js YB(T — u, X(T — u))
By means of the Itd isometry, we deduce that

2
i EP[( 1 /T—0<VY5(T—U,X(T—U)),dW]p(Tu)>> ]:0'

s T —to T—ty—s YB(T —u, X (T — u))

<C.

In other words, the normalized stochastic integral of (5.46) converges to zero in L*(PP).

Summing up, we have shown that the limiting assertion (4.35) holds in L!(P) for

every tg > 0. As we have seen in Lemma 5.7, the probability measures P and P? are

equivalent, the Radon—Nikodym derivatives dcﬁf and % are bounded on the g-algebra

F(T) = G(0), and therefore convergence in L (IP) is equivalent to convergence in L (IP?).
This completes the proof of (4.35). O

Proof of (4.34) in Proposition 4.7: This is proved in very much the same way, as (4.33),
(4.35). The only novelty here is the use of (5.18) to pass to the IP-Brownian motion W

—_p#B
from the PA-Brownian motion W' , and the reliance on Eps [FP(tg)] < oo to ensure
that the resulting stochastic integral is a (square-integrable) P-martingale. We leave the
details to the diligent reader. O
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5.5. THE RATE OF GROWTH FOR THE WASSERSTEIN DISTANCE

Let us recapitulate the message of Corollaries 4.3 and 4.4: in these results we compare
the rate of decay for the relative entropy with the rate of growth for the quadratic
Wasserstein distance W along the curves (P(t));>0 and (P?(t))¢sy, in &2(R™). This is
the essence of the gradient flow property formalized in Theorem 3.3.

In order to complete the proofs of Corollaries 4.3 and 4.4, we have to establish the
limits (4.14) and (4.17). The limit (4.14) is well known (see [AGSO08]) to exist, under
suitable regularity assumptions, for Lebesque-a.e. ty > 0. A similar remark pertains to
the “perturbed” limit (4.17): if we replace to by so in (4.17), it is well known that this
limit exists for Lebesgue-a.e. sy = tg. But this is not what we need. We have to prove
the validity of (4.17) for the point tq itself, in order to calculate the slope of the function

[to,00) >t +— H(PP(1)| Q)

with respect to the Wasserstein distance at time to. After all, the deviation of P%(t)
from P(t) takes place at time t.

This technical aspect turns out to be quite delicate. We already needed a careful
analysis (recall the estimates (4.18), (4.19)) to show that the exceptional set N of (3.6),
defined in terms of the decay of entropy of the unperturbed curve (P(t))¢>0, does not
change when passing to the perturbed curve (P?(t));>s,. In addition, we have to show
that this set IV also cannot increase when passing from the unperturbed Wasserstein
limit (4.14) to its perturbed counterpart (4.17). In order to do this, we have to rely here
(and only here) on condition (vi) of Assumptions 2.4.

For a detailed discussion of metric measure spaces and in particular Wasserstein spaces,
we refer to [AG13, AGS08] and [Stu06a, Stu06b].

For fixed T' € (0, 00), we define now the time-dependent velocity field
1Vp(t,z)
2 p(t,x)

According to condition (vi) in Assumptions 2.4, this gradient vector field v(¢, - ) is an

element of the tangent space (see Definition 8.4.1 in [AGS08]) of Z25(R™) at the point
P(t) S @Q(Rn), i.e.,

1Vt x)
2 Ut x)

0,7] x R” 5 (,2) r— vt 2) = —( + V\I/(w)) . ER™. (5.47)

L2(P(t))
v(t, -) € Tanpy) P2(R") := {Vp: ¢ € C(R™;R)} : (5.48)

We can now formulate the “unperturbed” version of our desired result.

Theorem 5.10 (Limiting behavior of the quadratic Wasserstein distance).
Under the Assumptions 2.4, let tg = 0 be such that the generalized de Bruijn identity
(3.2), (4.13) is valid. Then we have the two-sided limit

/
i V2P0 Plto) _ (EP[|U(t07X(t0))‘2]>1 L IPw)Q). (5.9

t—to |t — to
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Before dealing with Theorem 5.10, we will prove the more general Theorem 5.11
below, which amounts to the perturbed version of Theorem 5.10. For right-derivatives,
the latter then simply follows by setting 5 = 0 in the statement of Theorem 5.11.

We consider the “perturbed” curve (P?(t))ss, in P2(R™), as defined in (3.7) — (3.9),
and define the time-dependent perturbed velocity field

1VpP(t, )

lto, T] x R” 3 (£, ) — vP(t, z) == _<2 s

+ V() + 5(@) ER".  (5.50)
At this point, we recall that the perturbation §: R" — R"™ is a gradient vector field,
i.e., of the form 8 = VB for some smooth potential B: R” — R with compact support.
Since p(to, - ) = pP(to, - ), at time ¢ the vector fields of (5.47) and (5.50) are related via

vP(to, ) = v(to, ) — VB(x) = —V (S log l(ty, ) + B(x)),  x€R™  (5.51)
Using the regularity assumption that the potential B is of class C2°(R"; R), we conclude

from (5.48) and (5.51) that the perturbed vector field v”(tg, - ) is also an element of the
tangent space of Z5(R™) at the point P?(tg) = P(ty) € Z2(R"), i.e.,

L2(PP (1))
v¥(to, -) € Tanps ) P2(R") = {Ve: ¢ € C2(R™R)} . (5.52)

Theorem 5.11 (Limiting behavior of the Wasserstein distance under perturbations).
Under the Assumptions 2.4, for every point to € Ry \ N (at which the right-sided
limiting identity (3.6) is valid), we have the one-sided limit

i 2 (PP(1), PP(0))
111
tito t— 1o

J\ /2
= (Be[Jo" (0. X)) = la+ 2lzaey (559

Here a = Vlog {(to, X (to)) and b= B(X(to)) as in (3.10).

Proof. The second equality in (5.53) is apparent from the definition (5.50) of the time-
dependent perturbed velocity field (v3(t, -))i>4,. The delicate point is to show that the
limiting assertion (5.53) is valid for every o € R4 \ N.

In order to see this, let us fix some ¢ty € Ry \ IV so that the limiting identity (3.6) is
valid. In the following steps we prove that then the limiting assertion (5.53) also holds.

The gradient vector field v?(tg, -) induces a family of linearized transport maps
Xl (@) =2+ (t—to) -7 (to,x), 2 E€R" (5.54)

for t > to in the manner of (4.38), and we denote by P)B((t) the image measure of
PB(ty) = P(to) under the transport map X’ : R™ — R™; i.e.,

PY(t) == (X)) uPP(to),  t>to.
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To motivate the arguments that follow, let us first pretend that, for all ¢ > ¢y sufficiently
close to tg, the map Xtﬁ is the optimal quadratic Wasserstein transport from PP(ty) to

PE(t); ie.,
W3 (P (). P (t0)) = Bps | |4 (X () — X (to)[* | = Ep[ |4 (X (t0)) = X (t0)|” |-

where we have used in the last equality the fact that X (#p) has the same distribution
under P? as it does under P. Then, on account of (5.54), we could conclude that

Wy (Py(t), PP

1/2
tlto t— to (tO)) - (E]P“Uﬁ(to,X(to))F}) = % ||a + 2b”L2(]P) (555)

Furthermore, let us suppose that we can show the limiting identity

Wo(PB(t), P2t
i 2 (PP(t), Py(t))
tlto t—t()

=0, (5.56)

which has the interpretation that “the straight line (Pﬁ(t))t>t0 is tangential to the curve
(PB(t))>4,”. Using (5.55) and (5.56), we could now derive the desired equality (5.53).
Indeed, invoking the triangle inequality for the quadratic Wasserstein distance we obtain

Wa(PR). PO(to) _ . Wa(PR(t). P (1) W (PP(1), PP(t)

lim < + liminf , (5.57)
tlto t— 1o tlto t— 1o tlto t—1to
and one more application of the triangle inequality yields
Wo (PP (t), P5(¢ Wo(PP(t), PL(t Wy (PE (1), PR(t
Jimn sup 2(PP(t), PP(to)) < lim 2(PP(1), Py (1)) + lim 2(Py(t) (o)). (5.58)
tito t—1o tlto t—to tlto t —to

The bad news at this point is that there is little reason why, for ¢ > t¢ sufficiently

close to tg, the map Xtﬂ defined in (5.54) of Step 1 should be an optimal transport for
the quadratic Wasserstein distance; i.e., by Brenier’s theorem [Bre91], be equal to the
gradient of a conver function. The good news is that we can reduce the general case to
the situation of optimal transports Xtﬁ as in Step 1 by localizing the vector field v®(t, -)
as well as the transport maps (Xtﬁ )i>t, to compact subsets of R™ (Steps 2 — 4); and that,
after these localizations have been carried out, an analogue of the equality (5.56) also
holds, allowing us to complete the argument (Steps 5 — 6).

To this end, we recall that the vector field v”(tg, -) from (5.51) is an element of the
tangent space Tanps ) P5(R™) of the quadratic Wasserstein space P2(RR™) at the point
PB(ty) € P5(R™). Thus, we can choose a sequence of smooth and compactly supported
functions (¢2 (o, ))m>1 € C(R™; R) such that

lim Ep ]vﬁ(to,X(to)) —vwg(to,X(to))‘Q] =0. (5.59)

m—r0o0
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Next, for each m € IN, we define the localized gradient vector fields
o2 (to, ) == Vb (to, x), z € R". (5.60)

These have compact support, approximate the gradient vector field v”(tg, - ) in L2(P(to))
as in (5.59), and induce a family of localized linear transports (Xtﬂ "™)>t, defined by
analogy with (5.54) via

Xtﬁ’m(:v) =z + (t — to) - V2 (to, ), x € R™ (5.61)

We denote by P)ﬁf’m(t) the image measure of P?(tg) = P(t) under this localized linear
transport map X" : R™ — R™; i.e.,

PYT(#) = (X)) PP(ty),  t > to. (5.62)

We claim that, for every m € IN, there exists some &, > 0 such that for all
t € (to, to+em,), the localized linear transport map Xtﬁ M R™ — R™ of (5.61), constructed
in Step 2, defines an optimal Wasserstein transport from P?(ty) to Pfgm(t). Hence, by

Brenier’s theorem ([Bre91], [Vil03, Theorem 2.12]), we have to show that X™ is the
gradient of a convex function, for all t > ty sufficiently close to tg.

Indeed, from the definitions in (5.60), (5.61) we see that the functions Xtﬁ ™ are gra-
dients, for all m € IN and t > tg. More precisely, we have

XP™@) = V(Se + (¢~ to) - 9l (0, 7)), T ER™ (5.63)

As the Hessian matrix of 2 (to, -) is uniformly bounded, the function in the bracket of
(5.63) is a convex function of x for every m € IN and ¢ € (to,to + €m,), for £, > 0 small
enough. We also note for later use that Xtﬁ " defines a Lipschitz bijection on R", again
for every m € IN and ¢ € (to,to + &m)-

From Step 3 we know that, for every m € IN, there exists some &, > 0 such

that for all t € (tg,to+&m), the localized map X;™ is the optimal transport from P?(t)
to Pfjm(t) with respect to the quadratic Wasserstein distance. Therefore, we can apply
the considerations of Step 1 to the optimal map Xtﬁ ™ in (5.61), and deduce that

W (P2™ (), PB(t
lim 2 (Py™ (t), PP (to))
tlto t—to

S\ /2
— (e[ 08 (o, X ()] )
holds for every m € IN. Invoking (5.59) and (5.60), we obtain from this

W (Py™ (1), PP (t 172
it LT (g 140, x0)]) = 4 ot 20l

m—00 t|ty t—1p
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From the inequalities (5.57) and (5.58) of Step 1 (with Pg’m(t) instead of Pfé(t)) it
follows that, in order to conclude (5.53), it remains to establish the analogue of the
identity (5.56):
Wa(PP(t), Py (¢
lim lim 2( ( )7 X ( ))
m—00 |t t—1o

= 0. (5.64)

The time-dependent velocity field (v°(t, - )=y, induces a curved flow ()Jf ttos
which is characterized by

4LYP =, y))  forallt>ty, V) =Idgn. (5.65)

Then, for every t > oy, the map yf : R" — R" transports the measure P?(tq) = P(to)
to PP(t), ie., (V)PP (to) = PP(t).

On the other hand, the localized linear mappings Xtﬁ M R™ — R™ of (5.61) transport

PB(t) to Pg’m (t), as in (5.62). As mentioned at the end of Step 3, the inverse mappings
(x™=1: R™ — R" are well-defined for all m € N and t € (fo, to + £m); they satisfy

(P71, PR™(#) = PP(to),  t € (to,to + &m).

From Step 4, our remaining task is to prove (5.64). To this end, we have to construct
maps Z,™: R" — R" that transport PY™(t) to P5(t), i.e., (Z7™)xPY™(t) = PA(t),
and satisfy

lim lim
m—oo tlty t — o

51\ /2
(EP%m“Zf’m(X(t))—X(t)‘ D =0, (5.66)

where IPE(’m denotes a probability measure on path space under which the random vari-
able X (t) has distribution P)ﬁ(’m(t) as in (5.62). We define for this job the candidate
maps

zPm .= YPo (xP™7 te (to to + Em); (5.67)
recall that (™)~ transports Po2™ (t) to P?(to) while 7 transports PP(to) to P2(t);
and conclude that Z"™ of (5.67) transports Py (t) to P?(t). Thus, we obtain

E

er| 287 0x0) - x| =B | PO - R x| 569

Combining (5.66) with (5.68), we see that we have to establish

1
li lim — E
Mmoo tit (t—to)2 ©

V) - @) |0 6.9

Using (5.61) and the elementary inequality |z + y|?> < 2(|2|* + |y|?), for 2,y € R", we
derive the estimate

Li (@) — 22 (@))? < (t = t0)? - |07 (to, @) — vl (to, 2)[? (5.70)

‘2 (5.71)

+ |0 @) — @) = (¢ to) -’ (t0, )
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Therefore, in order to establish (5.69), it suffices to show the limiting assertions (5.72)
and (5.73) below; these correspond to (5.70) and (5.71), respectively. The first limiting
identity we already have from (5.59), (5.60) of Step 2, namely,

2
lim_Bp {‘vﬂ(to,)((to))1ﬁi(t0,)((to))’ } — 0. (5.72)
Our final task is to justify that
. 1 B B 2
lim Ep hj%()gcxu@)—uxag)-v(uhX(m»’ =0. (5.73)
tlto

To this end, we first note that by (5.65) we have for all ¢ > to the identity

t
Vir)=2 —|—/ vP (u, Y5 (2)) du, xz e R",

to

on whose account the expectation in (5.73) is equal to

B [ [ (220800 = 200,00

2 ]
As yf transports PP(ty) = P(ty) to PP(t), and because the random variable X ()
has the same distribution under P? as it does under P, this expectation can also be

expressed with respect to the probability measure IP?, and it thus suffices to show the
limiting assertion

/ o8 (u, X (w)) du — P (f0, X (t0)

to

lim E
it PB“

2
— ]:0. (5.74)

For this purpose, we first observe that by the continuity of the paths of the canonical
coordinate process (X (t));>0, the family of random variables

< ‘ 1 /t UB(U,X(U)) du — Uﬁ(to, X (t0))

t—1o to

2
) (5.75)

=l

converges PP-a.s. to zero, as t | tg. In order to show that their expectations also converge
to zero, i.e., that (5.74) does hold, we have to verify that the family of (5.75) is uniformly
integrable with respect to P?. As the random variable [v?(tg, X (t9))|? belongs to L' (IP?),
and we have

‘ 1
t—to

2 1
<

t
|U6(U,X(u))|2du, t >t
t—to to

/t: 0P (u, X (u)) du

by Jensen’s inequality, it is sufficient to prove the uniform integrability of the family

1 t 2
( - 7 (u, X (u))] du) : (5.76)
0 Jto >t
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Invoking the definition of the time-dependent velocity field (v°(t, -))i>¢, in (5.50) and
the fact that the perturbation § is smooth and compactly supported, the uniform inte-
grability of the family in (5.76) above, is equivalent to the uniform integrability of the

family
V08 (u, X (u )|2
- / ) . (5.77)
tmtowux (u)) -

Now by continuity, the family of (5.77) converges PP-a.s. to |V log £(tg, X (t))|>. Thus,
to establish this uniform integrability, it suffices to show that the family of random
variables in (5.77) converges in L'(P?). Hence, in view of Scheffé’s lemma (Lemma 6.2),
it remains to check that the corresponding expectations also converge. But at this point
we use for the first time our choice of ¢p € R4 \ N and recall (4.21), (4.23) from the
proof of Corollary 4.4, which gives us

. WWuXD|4_ lWWm )V]
}suoE [t—to/to 08 (u. X ) du) =Fr f(to,X(to))z ’

as required. This completes the proof of the claim made in the beginning of Step 6.

Summing up, in light of (5.70), (5.71) from Step 5, the limiting assertions (5.72) and
(5.73) imply the limiting behavior (5.69). According to the results of Steps 4 and 5, the
latter also entails the validity of the limiting identity (5.64), which completes the proof
of Theorem 5.11. O

Equipped with Theorem 5.11, we can now easily deduce Theorem 5.10.

Proof of Theorem 5.10. The second equality in (5.49) follows from the representation of
the relative Fisher information in (3.5) and the definition of the time-dependent velocity
field (v(¢, - ))est, in (5.47). The first equality in (5.49) follows from Theorem 5.11 if we
set 8 = 0. However, the limit in (5.53) is only from the right, while the limit in (5.49)
is two-sided. But the only reason for considering right-sided limits in Theorem 5.11,
was the presence of the perturbation § at time ¢ > tg. If there is no such perturbation,
one can replace all limits from the right by two-sided ones. This completes the proof of
Theorem 5.10. O
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6. PROOFS OF AUXILIARY RESULTS

In this chapter we collect useful auxiliary results and provide the proofs of some technical
lemmas. In Section 6.1 we discuss the definition of relative entropy with respect to the
o-finite reference measure Q, introduced in Chapter 2. The proofs of Lemmas 2.3 and
3.2 are given in Section 6.2. In Section 6.3 we state two helpful results in probability
and martingale theory we applied earlier. Finally, in Section 6.4 we prove Lemma 4.10,
the crucial ingredient for our trajectorial proof of the HWI inequality.

6.1. RELATIVE ENTROPY WITH RESPECT TO THE o-FINITE
REFERENCE MEASURE Q)

For two probability measures P and Q on the Borel sets Z(R") of R", the relative
entropy of P with respect to Q is defined as

d
H(P|Q) := / log (P) dP € [0, 0, (6.1)
R" dQ
if P is absolutely continuous with respect to Q, and as H (P | Q) := oo, if this is not the
case.

Let us now consider the o-finite measure Q on Z(R") with density ¢(z) = e=2%(®)
as introduced in (2.2) of Chapter 2. Following the approach of [Léol4b, Section 3], we
shall demonstrate that the same definition of relative entropy H(P|Q) applies to the
reference measure Q, provided that the probability measure P is an element of & (R"),
with the only difference that the quantity (6.1) now takes values in (—oo, o0].

To this end, we let P € ZP5(RR"™). The nonnegativity of the potential ¥ implies that
for the function R™ 5 z — f(z) := e 1*I" we have Eq[f] € (0,00). Following [Léol4b,
Section 3], we let @ be the probability measure on #(R™) having probability density
function f/Eq[f] with respect to the measure Q, so that

P f dP

dQ  Eq[f]dQ’

Taking first logarithms and then expectations with respect to P on both sides of this
equation yields the formula

H(P|Q) = H(P| Q) — /IR 22dP(x) — log </ o lalP—22 (@) dx), (6.2)

n

which is justified by (6.1) and the fact that P € Z5(R") as well as Eq[f] € (0,00). In
particular, we see that the right-hand side of (6.2) takes values in the interval (—oo, 0o].
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Summing up, we can define well the relative entropy H(P | Q) as in (6.1) provided that
P € 25(R"™), even when the o-finite measure Q has infinite total mass.

Remark 6.1. Wherever we consider the relative entropy H (P |Q) with respect to the
o-finite measure Q on Z(R") with density R" 3 z — ¢(x) = e 2¥(®) the probability
measure P will always be assumed to belong to &?2(RR™). This is in accordance with
Lemmas 2.3 and 3.2, as well as Lemma 4.10. In the latter, the constant-speed geodesic
(Py)o<t<1 joining two probability measures Py and P; in &9(RR™) is considered. There-
fore, in all situations relevant to us, the relative entropy H (P |Q) is well-defined and
takes values in the interval (—oo, 00]. o

6.2. THE PROOFS OF LEMMAS 2.3 AND 3.2

Proof of Lemma 2.3. Let the real constants ¢, R > 0 be as in condition (iii) of Assump-
tions 2.2, and denote

mp = max |n—(z, 2VY¥(z))| < oo, T :=inf {t > 0: |X(¢)| > k} (6.3)

|lz|<R

for integers k > R. 1to’s formula gives
AX P = (n— (X(), 2VE(X(8))) dt + (2 X(2), dW (1)) (6.4)

for t > 0. We define pi(t) == Ep[|X(t A 7)?] and ¢(t) := Ep[|X(t)]*]. Taking
expectations in (6.4) yields

r(t) = ©(0) + Ep /OM (n— (X (), 2V¥(X(w)) ) Lx)<n dU} (6.5)

+ Ep |:/0t/\7k (n - <X(u) , QV\I/(X(U))>) ]1{|X(u)\>R} du] (6.6)

tATE
<<p(0)+mR]E1p[t/\Tk]+IE]p/ (n+20|X(u)]2)du]
0

¢
<@(0)+ (mp+n)t+ 20/ or(u) du.
0
The Gronwall inequality gives now
¢
P(t) < 9(t) i= 9(0) + (ma + )t + 2¢ [ (9(0) + (mp -+ m)u) > du. (67)
0

According to the second-moment condition in (2.6), the quantity ¢(t) is finite for all
t > 0, and independent of k; letting k£ 1 oo in (6.7), we get

o) = Ep[|X()] < glt) <00, 120,

In other words, we have that P(t) € Z5(R") for all t > 0. O
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Proof of Lemma 3.2. The proof of Lemma 3.2 follows by analogy with the proof of
Lemma 2.3 above. Indeed, one just has to add the perturbation § to the gradient
V¥ in the expressions (6.3) — (6.6), write W5 (t) instead of W (t) in (6.4), and replace all
the P-expectations by expectations with respect to the probability measure P?. Then
the constant mp in (6.3) is still finite and, because of its compact support, the pertur-
bation § in the expression (6.6) vanishes, provided R is chosen large enough. Hence, by
the same token as above, we conclude that PP?(t) € Z25(R") for all t > t. O

6.3. SOME RESULTS IN PROBABILITY AND MARTINGALE THEORY

In the proofs of Propositions 4.5 and 4.7 we have used a result about conditional expecta-
tions, which we formulate below as Proposition 6.3. We place ourselves on a probability
space (€2, F,P) endowed with a left-continuous filtration (F(t));>0. We first recall the
following result, which is well known under the name of Scheffé’s lemma [Wil91, 5.10].

Lemma 6.2 (Scheffé’'s lemma). For a sequence of integrable random variables (Xp)nenN
which converges P-a.s. to another integrable random variable X, the convergence of the
LY (P)-norms, i.e.,

Jim B[X,[] = B[X]],

is equivalent to the convergence in L'(IP), i.e.,

lim E[|X, — X|] = 0.

n—o0

Proposition 6.3. Let (B(t))o<t<r and (C(t))o<i<T be adapted continuous processes,
which are nonnegative and uniformly bounded, respectively. Define the process

A(t) == /Ot (B(u) + C(u)) du, 0<t<T

and assume that ]EUOT B(u)du] is finite. By the Lebesgue differentiation theorem, for
Lebesgue-a.e. to € [0, T] we have

) E[A(to) — A(t)] )
lim = lim
tto to—1t g to — 1

E[/tto (B(u) + C(u)) du| = E[B(to) + C(to)]. (6.8)

Now fix a “Lebesgue point” tog € [0,T] for which (6.8) does hold. Then we have the
analogous limiting assertion for the conditional expectations, i.e.,

- B[Altg) - A(t) | F(0)]

t+to to—t = B(to) + C(to), (6.9)

where the limit exists in L'(P).
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Proof. We fix a Lebesgue point to € [0,T] for which the limiting assertion (6.8) does
hold. As the processes (B(t))o<t<r and (C(t))o<i<r are continuous, the fundamental
theorem of calculus ensures that the limit

A _
lim 7@0) A®) = lim 1
t1to to— 1 o to— 1

/to (B(u) + C(u)) du
t (6.10)

= B(to) + C(to)
exists almost surely. Since the random variables appearing in (6.10) are integrable, and

we already have the convergence of the L!(IP)-norms from (6.8), Lemma 6.2 allows us
to conclude that the convergence of (6.10) holds also in L'(P), i.e.,

A(to) — A(?)
to — t

lim

lim — (B(to) + C(t0))

= 0. (6.11)
L'(P)

From (6.11) we deduce now the L'(IP)-convergence of (6.9) as follows. For ¢ < to we
have the estimate

H]E[A(to) AW I FO)] (B(to) + C(to))

to—t L)

<[ A=  (500) + o) (6.12)
fo—t L\ (P)

+[B[BU) + C) | F(0)] - (Blo) + Cw))||, - (6.13)

According to (6.11), the expression of (6.12) converges to zero as t T t9. The same is true
also for the term in (6.13), on account of [Chu01, Theorem 9.4.8] and the left-continuity
of the filtration (F(t))¢>0. This completes the proof of Proposition 6.3. O

In the proof of Theorem 4.1 we invoked the following result in martingale theory.

Proposition 6.4. Suppose (N(t))i>0 is a strictly positive local martingale with contin-
uous paths. Let T be a [0,00)-valued stopping time such that log N(7) is integrable and
E[(log N(0))"] < co. Then log N(0) is integrable, and

E[log N(7)] — E[log N(0)] = —3 E[(log N)(7)],
where (log N) denotes the quadratic variation of (log N (t))i>o0-

Proof. We apply Lemma 2.48 in [KK21] to the continuous, strictly positive local mar-

tingale N(t) := N(t)/N(0), t > 0. O
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6.4. THE PROOF OF LEMMA 4.10

Proof of Lemma 4.10. In order to show (4.40), we recall the notation of (4.38) and con-
sider the time-dependent velocity field

[0,1] x R" > (t,€) = ve(€) == (1) 7€) € R",

which is well-defined P-a.s. for every t € [0,1]. Then (v:)o<t<1 is the velocity field
associated with (T} )o<i<1, i-e.,

@) =+ [ (T @)

on account of (4.38). Let pi(-) be the probability density function of the probability
measure P; in (4.38). Then, according to [Vil03, Theorem 5.34], the function p(-)
satisfies the continuity equation

Oip(z) + div (v (z) pe(x)) = 0, (t,z) € (0,1) x R™,
which can be written equivalently as
—Ope(x) = div (v(2)) pe(z) + (ve(x), Ve (2)), (t,z) € (0,1) x R™. (6.14)

Recall that X is a random variable with probability distribution Py on the probability
space (5,8, ). Then the integral equation

t
X, = X, +/ w(X)do, 0<t<1 (6.15)
0

defines random variables X; with probability distributions P, = (T})«(F) for ¢t € [0, 1],
as in (4.38). We have

dpt(Xt) = 8tpt(Xt) dt + <th(Xt) N dXt> = _pt(Xt) div (Ut(Xt)) dt

on account of (6.14), (6.15), thus also

legpt(Xt) = —div (’Ut(Xt)) dt, 0 <t < 1 (616)
Recall the function g(z) = e~2¥(®) for which

For the likelihood ratio function ¢;(-) of (4.37) we get from (6.16) and (6.17) that
legEt(Xt) = <2 V\I’(Xt) y Ut(Xt)> dt — div ('l)t(Xt)) dt, 0 <t < 1. (618)
Taking expectations in the integral version of (6.18), we obtain that the difference

H(P|Q) — H(P|Q) = E,[log li(X;)] — T, [log lo(Xo)]
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is equal to
E, [/0 (<2 VU (Xy), vg(Xg)) — div ('Ug(Xg))) d@]

for t € [0, 1]. Consequently,

lim A(71Q) - ARIQ) _ [(2V9(Xo) , vo(Xo)) — div (vo(Xo))]- (6.19)
Integrating by parts, we see that

E, [ div (v0(X0))] = / div (vo()) po(a) da (6.20)

— [ (woa), Vpo(a)) do (6.21)

= —(Vlogpo(X0) , v0(X0)) 1z, (6.22)

Recalling (6.19), and combining it with the relation Vlog¢;(x) = Vlogpi(z) +2 V¥(x),
as well as with (6.20) — (6.22), we get

i H(P1Q) = H(P| Q)
tl0 t

= <V 10g€0(X0), UO(X0)>L2(1/)'

Since vg = 7, this leads to (4.40). O
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PART II.

A VARIATIONAL CHARACTERIZATION OF
LANGEVIN-SMOLUCHOWSKI DIFFUSIONS

Joint work with IOANNIS KARATZAS

ABSTRACT

We show that Langevin—-Smoluchowski measure on path space is invariant under time-
reversal, followed by stochastic control of the drift with a novel entropic-type criterion.
Repeated application of these forward-backward steps leads to a sequence of stochastic
control problems, whose initial/terminal distributions converge to the Gibbs probability
measure of the diffusion, and whose values decrease to zero along the relative entropy of
the Langevin—Smoluchowski flow with respect to this Gibbs measure.



1. INTRODUCTION

Diffusions of Langevin—Smoluchowski type have some important properties. They pos-
sess invariant (Gibbs) probability measures described very directly in terms of their
potentials and towards which, under appropriate conditions, their time-marginals con-
verge as time increases to infinity and in a manner that conforms to the second law of
thermodynamics: the relative entropy of the current distribution, with respect to the
invariant one, decreases to zero. The seminal paper [JKO98] revealed another remark-
able, local aspect of this decrease towards equilibrium: the family of time-marginals is,
at (almost) every point in time, a curve of steepest descent among all probability den-
sity functions with finite second moment, when distances are measured according to the
Wasserstein metric in configuration space.

We establish in this work yet another variational property of such diffusions, this time
a global one: their law is invariant under the combined effects of time-reversal, and of
stochastic control of the drift under a novel, entropic-type criterion. Here, one minimizes
over admissible controls the relative entropy of the “terminal” state with respect to the
invariant measure, plus an additional term thought of as “entropic cost of time-reversal”:
the difference in relative entropy with respect to the Langevin—Smoluchowski measure
on path space, computed based on the “terminal” state as opposed to on the entire path.
Quite similar, but different, cost criteria have been considered in [DPP89, DPP90, FS85,
Pav89, PWO1].

The setting under consideration bears similarities to the celebrated Schrédinger bridge
problem, but also considerable differences. Both problems are posed on a fixed time
horizon of finite length, and both involve the relative entropy with respect to the invariant
measure. But here this entropy is modified by the addition of the above-mentioned
entropic cost of time-reversal, and there is no fixed, target distribution on the terminal
state. Yet the trajectory that emerges as the solution of the stochastic control problem
has time-marginals that replicate exactly those of the original Langevin—Smoluchowski
flow, whence the “invariance” property mentioned in the abstract.

We refer to the literature [CGP16a, CGP16b, CGP21, Léol4a] for overviews on the
classical Schrodinger bridge problem, to [TT13] for the related semimartingale trans-
port problem, and to the recent paper [BCGL20] for a detailed study of the mean-field
Schrédinger problem. A related controllability problem for a Fokker—Planck equation
and its connection to Schrodinger systems and stochastic optimal control, is considered
in [Bla92]. More information about the Schrédinger equation, diffusion theory, and time
reversal, can be found in the book [Nag93].
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1.1. PREVIEW

In Chapter 2 we introduce the Langevin—-Smoluchowski measure IP on path space, under
which the canonical process (X (t))i>0 has dynamics (2.1) with initial distribution P(0).
Then, in Section 2.3, this process is studied under time-reversal. That is, we fix a
terminal time T' € (0,00) and consider the time-reversed process X(s) = X (T — s),
0 < s < T. Classical theory of time reversal shows that X is again a diffusion, and gives
an explicit description of its dynamics.

Chapter 3 develops our main result, Theorem 3.1. An equivalent change of probability
measure P ~ P adds to the drift of the time-reversed process X a measurable, adapted
process ¥(T — s), 0 < s < T. In broad brushes, this allows us to define, in terms of
relative entropies, the quantities

— )

o (X(T))

H7 := H(P7
(7] Q) -

D7 :=H(P7|P —H(P"|P ) 1.1
(BVR)| o —HEVB) o ()
Here, Q denotes the probability measure on path space, inherited from the Langevin—
Smoluchowski dynamics (2.1) with initial distribution given by the invariant Gibbs prob-

ability measure Q. Theorem 3.1 establishes then the variational characterization
inf (H? + D7) = H(P(1)| Q). (1.2

where P(T') denotes the distribution of the random variable X (7") under P. The process
v, that realizes the infimum in (1.2) gives rise to a probability measure P7+, under which
the time-reversed diffusion X is of Langevin-Smoluchowski type in its own right, but
now with initial distribution P(7"). In other words, with the constraint of minimizing
the sum of the entropic quantities HY and D7 of (1.1), Langevin—Smoluchowski measure
on path space is invariant under time-reversal.

Chapters 4 — 6 develop ramifications of the main result, including the following con-
sistency property: starting with the time-reversal X of the Langevin-Smoluchowski dif-
fusion, the solution of a related optimization problem, whose value is now H(P(2T) | Q),
leads to the original forward Langevin—Smoluchowski dynamics as in (2.1), but now
with initial distribution P(27). Iterating these procedures we obtain an alternating
sequence of forward-backward Langevin—Smoluchowski dynamics with initial distribu-
tions (P(kT))ken, converging to Q in total variation, along which the values of the
corresponding optimization problems as in (1.2) are given by (H(P(kT)|Q))ren and
decrease to zero.
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2. THE SETTING

Let us consider a Langevin—-Smoluchowski diffusion process (X (¢))¢>0 of the form
dX(t) = =V (X (¢)) dt + dW (), (2.1)

with values in R™. Here (W (t)):>0 is standard n-dimensional Brownian motion, and the
“potential” ¥: R™ — [0,00) is a C*°-function growing, along with its derivatives of all
orders, at most exponentially as |z| — oco; we stress that no convexity assumptions are
imposed on this potential. We posit also an “initial condition” X (0) = =, a random vari-
able independent of the driving Brownian motion and with given distribution P(0). For
concreteness, we shall assume that this initial distribution has a continuous probability
density function po( - ).

Under these conditions, the Langevin—-Smoluchowski equation (2.1) admits a pathwise
unique, strong solution, up until an “explosion time” e; such explosion never happens,
i.e.,, P(e = 00) = 1, if in addition the second moment condition (2.10) and the coercivity
condition (2.9) below hold. The condition (2.9) propagates the finiteness of the second
moment to the entire collection of time-marginal distributions P(t) = Law (X (¢)), t > 0,
which are then determined uniquely. In fact, adapting the arguments in [Rog85] to the
present situation, we check that each time-marginal distribution P(t) has probability
density p(t, - ) such that the resulting function (¢,z) — p(t, x) is continuous and strictly
positive on (0,00) x R™; differentiable with respect to the temporal variable ¢ for each
x € R™; smooth in the spatial variable x for each ¢ > 0; and such that the logarithmic
derivative (¢,z) — Vlogp(t,z) is continuous on (0,00) x R™. These arguments also
lead to the Fokker—Planck [Fri75, Gar09, Ris96, Sch80], or forward Kolmogorov [Kol31],
equation

Op(t,x) = L Ap(t,z) + div (VU(z) p(t, z)), (t,z) € (0,00) x R" (2.2)

with initial condition
p(0,z) = po(x), r e R™

Here and throughout this work, d; denotes differentiation with respect to the tempo-
ral argument; whereas V, A and div stand, respectively, for gradient, Laplacian and
divergence with respect to the spatial argument.

2.1. INVARIANT MEASURE, LIKELIHOOD RATIO, AND RELATIVE
ENTROPY

We introduce now the function

q(x) == e 2@, xr e R" (2.3)
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and note that it satisfies the stationary version
$Aq(z) + div (V¥(z) ¢(z)) =0, zreR" (2.4)

of the forward Kolmogorov equation (2.2). We introduce also the o-finite measure Q
on the Borel subsets Z(R"™) of R"™, which has density ¢ as in (2.3) with respect to n-
dimensional Lebesgue measure. This measure Q is invariant for the diffusion of (2.1); see
Exercise 5.6.18 in [KS98]. When finite, Q can be normalized to an invariant probability
measure for (2.1), to which the time-marginals P(t) “converge” as t — oo; more about
this convergence can be found in Chapter 6. We shall always assume tacitly that such a
normalization has taken place, when Q is finite, i.e., when

Q(R") = /n q(z)dz = /" 2@ dg < 0. (2.5)

One way to think of the above-mentioned convergence, is by considering the likelihood

ratio
p(t, )

q(x) ’

It follows from (2.2), (2.4) that this function satisfies the backward Kolmogorov equation

Lt x) = (t,z) € (0,00) x R™. (2.6)

Ot x) = LAt z) — (VU z), V(2)),  (ta)€ (0,00) x R™.  (2.7)

In terms of the likelihood ratio function (2.6), let us consider now the relative entropy

H(P(t)]|Q) :=Ep[logl(t, X (t))] = / log (péi;g)) p(t,z)dz, t>0 (2.8)
of the probability distribution P(t) with respect to the invariant measure Q. The ex-
pectation in (2.8) is well-defined in [0, 0o], if Q is a probability measure. As we are not
imposing this as a blanket assumption, we shall rely on Section 6.1 of Part I, where it is
shown that the relative entropy H(P(t)|Q) is well-defined and takes values in (—oo, 0o,
whenever P(t) belongs to the space Z5(R™) of probability measures with finite second
moment (see also [L.éol4b] for a more general discussion). This, in turn, is the case
whenever P(0) has finite second moment, and the coercivity condition

VeeR" |z| > R: (x,VU(x)) > —c|z? (2.9)

is satisfied by the potential ¥ in (2.1), for some real constants ¢ > 0 and R > 0; see
the first problem on page 125 of [Fri75], or Lemma 2.3 and Section 6.2 of Part I. The
prototypical such potential is ¥(z) = 3||?, leading to Ornstein-Uhlenbeck dynamics in
(2.1); but ¥ = 0 and the “double well” ¥(z) = (22 — a?)? for a > 0, are also allowed. In
particular, the coercivity condition (2.9) does not imply that the potential ¥ is convex.

We shall impose throughout Chapters 2 — 5 the coercivity condition (2.9), as well as
the finite second moment condition

/ |z|2 po(2) dz < oo. (2.10)
]RTL
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This amounts to P(0) € &3(R™), as has been already alluded to. In Chapter 6 we will
see that these two conditions (2.9) and (2.10) are not needed when Q is a probability
measure.

However, we shall impose throughout the entire work the crucial assumption that the
initial relative entropy is finite, i.e.,

po(x)
H(P(O :/ lo( ) z)dx < oo. 2.11
(PO)Q) = | g~ 5 ) pol@) (2.11)
Under either the conditions “(2.9) + (2.10)”, or the condition (2.5), the decrease of the
relative entropy function

[0,00) 2t +— H(P(t)|Q) € (—o0, 00] (2.12)

implies then that the quantity H(P(t)| Q) in (2.8) is finite for all ¢ > 0 whenever (2.11)
holds. The decrease of the function (2.12) is a classical aspect of thermodynamics. For a
proof of this fact under the conditions “(2.9) + (2.10)” and without assuming finiteness
of the invariant measure Q, see Theorem 3.1 of Part I; when Q is a probability measure,
we refer to Section 6.1.

In fact, under the conditions (2.9) — (2.11), the rate of decrease for the relative en-
tropy, measured with respect to distances traveled in #»(RR"™) in terms of the quadratic
Wasserstein metric

1/2
Wap,v):= (. inf B[V -2P])",  pve PR
Y~u,Z~v

(cf. [AG13, AGSO08, Vil03]) is, at Lebesgue-almost all times ¢y € [0, 00), the steepest possi-
ble along the Langevin-Smoluchowski curve (P(t));>0 of probability measures. Here, we
are comparing the curve (P(t))s=0 against all such curves (P?(t));¢, of probability mea-
sures generated as in (2.1) — but with an additional drift VB for suitable (smooth and
compactly supported) perturbations B of the potential ¥ in (2.1). This local optimality
property of Langevin—Smoluchowski diffusions is due to [JKO98]; it was established in
Theorem 3.3 of Part I in the form just described. We develop in this work yet another,
global this time, optimality property for such diffusions.

2.2. THE PROBABILISTIC SETTING

In (2.8) and throughout this work, we are denoting by IP the unique probability measure
on the space © = C([0,00); R™) of continuous, R"-valued functions, under which the
canonical coordinate process X (¢,w) = w(t), ¢ > 0 has the property that

W(t) = X(t) — X(0) + /Ot VU (X(6))do, t>0 (2.13)

is standard R"™-valued Brownian motion, and independent of the random variable X (0)
with distribution

P[X(0) € A] = /Apo(:v) de, Ac B[R,
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The P-Brownian motion (W (t)):>o of (2.13) is adapted to, in fact generates, the canon-
ical filtration I = (F(t))i>0 with

Ft):=0(X(s): 0<s<t). (2.14)

By analogy to the terminology “Wiener measure”, we call the probability measure IP the
“Langevin—Smoluchowski measure” associated with the potential W.

2.3. REVERSAL OF TIME

The densities p(¢, - ) and ¢( - ) satisfy the forward Kolmogorov equations (2.2) and (2.4),
respectively. Whereas, their likelihood ratio £(t, -) in (2.6) satisfies the backward Kol-
mogorov equation (2.7). This suggests that, in the study of relative entropy and of
its temporal dissipation, it might make sense to look at the underlying Langevin—
Smoluchowski diffusion under time-reversal. Such an approach proved very fruitful in
[DPP8Y], [Pavi9], [FJ16] and [KST22]; it will be important in our context here as well.

Thus, we fix an arbitrary terminal time 7' € (0,00) and consider the time-reversed
process

X(s) = X(T — s), G(s) =o(X(u): 0<u<s); 0<s<T (2.15)

along with the filtration G = (G(s))o<s<r this process generates. Then standard theory
on time-reversal shows that the process

W(s) := X(s) — X(0) + /0 (VO(X () - VLT — u, X (w)) du, (2.16)

for 0 < s < T, is a G-standard Brownian motion under PP, with values in R"™ and inde-
pendent of X(0) = X (T') (see, for instance, [F6185, F5186], [HP86], [Mey94], [Nel01], and
[Par86] for the classical results; an extensive presentation of the relevant facts regarding
the time reversal of diffusion processes can be found in Part V). Here

L(t,z) :=log(t, ), (t,x) € (0,00) x R"

is the logarithm of the likelihood ratio function in (2.6); and on the strength of (2.7),
this function solves the semilinear Schrodinger-type equation

O L(t,x) = 1AL(t,x) — (VL(t,x),V¥(x)) + 5|VL(t, 2)[*. (2.17)

Another way to express this, is by saying that the so-called Hopf-Cole transform ¢ = e
turns the semilinear equation (2.17), into the linear backward Kolmogorov equation
(2.7). This observation is not new; it has been used in stochastic control to good effect
by Fleming [Fle77, Fle82], Holland [Hol77], and in a context closer in spirit to this work
by Dai Pra and Pavon [DPP90], Dai Pra [DP91].
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3. A STOCHASTIC CONTROL PROBLEM

Yet another way to cast the equation (2.17), is in the Hamilton—Jacobi-Bellman form

O L(t,x) = SAL(t, z) — (VL(t,x) , V¥(x)) — min ((VL(t2), g) +3l9P),  (31)

where the minimization is attained by the gradient g, = —VL(¢,x). This, in turn,
suggests a stochastic control problem related to the backwards diffusive dynamics

dX(s) = (VL(T = 5, X(s)) = V¥(X(s))) ds + AW (s) (3.2)

of (2.16), which we formulate now as follows.

For any measurable process [0,7] x 2 3 (t,w) — ~(t,w) € R™ such that the time-
reversed process ¥(T — s), 0 < s < T is adapted to the backward filtration G of (2.15),
and which satisfies the condition

IP[/OT|7(T—5)|2dS<oo] =1, (3.3)

we consider the exponential (G, P)-local martingale

2 =exp ([ (= dW@) - § [T -wPdu), @)

for 0 < s <T. We denote by T the collection of all processes v as above, for which Z7
is a true (G, P)-martingale. This collection is not empty: it contains all such uniformly
bounded processes 7, and quite a few more (e.g., conditions of Novikov [KS98, Corollary
3.5.13] and Kazamaki [RY99, Proposition VIII.1.14]).

Now, for every v € I', we introduce an equivalent probability measure P7 ~ IP on

path space, via
dPpP”

dPp

=Z7(s), 0<s<T. (3.5)
G(s)

Then, by the Girsanov theorem [KS98, Theorem 3.5.1], the process
- S
W7(s) :=W(s) — / ~(T — u) du, 0<s<T (3.6)
0
is standard R™-valued P7-Brownian motion of the filtration G, thus independent of

the random variable X (0) = X (7). Under the probability measure P7, the backwards
dynamics of (3.2) take the form

dX(s) = (VL(T = 5,X(s)) + (T = s) = VE(X(s)) ) ds + AW (s);  (3.7)
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and it follows readily from this decomposition and the semilinear parabolic equation
(2.17), that the process

M7(s):=L(T — s,X(s)) —i—é/os YT — u)|? du, 0<s<T (3.8)
is a local G-submartingale under P7, with decomposition
AM(s) = }|VL(T = 5,X(5)) + (T = s)|* ds + (VL(T = 5,X(s)) , dW(s)). (3.9)
In fact, introducing the G-stopping times
oy, = inf {3 > 0: /OS (\VL(T - u,Y(u))‘2 + |y(T — u)|2) du > n} NT (3.10)

for n € Ny, with o, T T, we see that the stopped process M7 (- Ao,,) is a G-submartingale
under P7, for every n € INg. In particular, we observe

H(P(T)|Q) = Ep[L(T, X(T))] = Ep+[L(T, X(0))]
< Eps {L(T_UH,X(UH)) +;/OU” \'y(T—u)\Qdu], 31y
since PY = P on G(0) = o(X(0)) = o(X(T)). Now (3.11) holds for every n € INy, thus
H(P(T)|Q) < liminf Ep- [L(T — o, X (o)) + ;/Ogn V(T — w)|? du} . (3.12)

But as we remarked already, the minimum in (3.1) is attained by ¢g. = —VL(¢,x);
likewise, the drift term in (3.9) vanishes, if we select the process v, € T' via

v, (t,w) := =V L(t,w(t)), thus v, (T —s)=—-VL(T — 5, X(s)), (3.13)
for 0 < s < T. With this choice, the backwards dynamics of (3.7) take the form
dX (s) = =V (X(s))ds+dW " (s); (3.14)

that is, precisely of the Langevin—Smoluchowski type (2.1), but now with the “initial
condition” X(0) = X(7T) and independent driving G-Brownian motion W'*, under
P7+. Since P7+ = P holds on the o-algebra G(0) = (X (0)) = o(X(T)), the initial
distribution of X (0) under P7+ is equal to P(T'). Furthermore, with v = ~,, the process

of (3.8), (3.9) becomes a P7+-local martingale, namely

*

M+(s) = L(T, X (T)) + / (VL(T = u, X (u), AW (u)); (3.15)
0
and we have equality in (3.11), thus also

H(P(T)[Q) = lim Epn.

L(T — 0, X(00)) + % /OU" v, (T — u)? du} . (3.16)
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We conclude that the infimum over v € T of the right-hand side in (3.12) is attained
by the process «, of (3.13), which gives rise to the Langevin-Smoluchowski dynamics
(3.14) for the time-reversed process X(s) = X (T — s), 0 < s < T, under P7~. We
formalize this discussion as follows.

Theorem 3.1. Consider the stochastic control problem of minimizing over the class T of
measurable, adapted processes vy satisfying (3.3) and inducing an exponential martingale
Z7 in (3.4), with the notation of (3.10) and with the backwards dynamics of (3.7), the
expected cost

Z(y) = liminf Epv|L(T — 0y, X (0,)) + %/ (T — )| dul. (3.17)
0

n—oo

Under the assumptions of Chapter 2, the infimum inf,er Z(7) is equal to the relative
entropy H(P(T)|Q) and is attained by the “score process” ~y, of (3.13). This choice
leads to the backwards Langevin—Smoluchowski dynamics (3.14), and with v = -, the
limit in (3.17) exists as in (3.16).

Proof. 1t only remains to check that the minimizing process of (3.13) belongs indeed to
the collection T' of admissible processes. By its definition, this process «, is measurable,
and its time-reversal is adapted to the backward filtration G of (2.15). Theorem 4.1 of
Part T gives

]EIP{/OT\VL(T—U,X(u)ﬂzdu} — Ep /OT|VL(9,X(9))|2d9} <o, (3.18)

which implies a fortiori that the condition in (3.3) is satisfied for v = ~,.

We must also show that the process Z7+ defined in the manner of (3.4), is a true
martingale. A very mild dose of stochastic calculus leads to

dL(T - 5,X(s) = (VL(T - 5, X(s)), dW(s)) + J|VL(T - 5, X(s))[*ds

on account of (2.17), (3.2). Therefore, we have
[ @ =y aW) =4 [ = du
S - - S — 2
— —/0 (VL(T = u, X (u)) , dW (u)) - %/0 IVL(T = u, X(u))|* du

=L(T,X(T)) — L(T — s,X(s)) =log < 4T, X(T) ),

0T —s,X(s))
which expresses the exponential process of (3.4) with v = ~, as

(T, X(T))

—_— 0<s<T.
UT —s5,X(s))’ °

Z7+(s) =



Now, let us argue that the process Z7+ is a true (G,P)-martingale. It is a positive
local martingale, thus a supermartingale. It will be a martingale, if it has constant
expectation. But Z7+(0) = 1, so it is enough to show that Ep[Z7+(T)] = 1. Let us
denote by P(s,y;t,&) the transition kernel of the Langevin—Smoluchowski dynamics, so
that

P[X(s) € dy, X(?) € d€] = p(s,y) P(s,y;1,&) dy dg

for 0 < s <t < T and (y,£) € R" x R". Then the invariance of Q gives

/}Rn q(y) P(0,y; T,&)dy = q(§), £ €R™ (3.19)

consequently

(3.20)

)
:/n/np(T,f) 99)_0,9) P(0,: T, €) dy de (3.21)

a(§) p(0,y)
= Jpn pgg) (/nq(y)P(O,y;T,f) dy> de (3.22)
= [ p(T,§d¢ =1, (3.23)

R™
implying that Z7+ is a true martingale and completing the proof of Theorem 3.1. O

Results related to Theorem 3.1 have been established in the publications [DPP89,
DPP90, FS85, Pav89, PWI1].

Remark 3.2 (Reincarnation of time-marginals). Let us denote by P.(s) the distribution of
the random variable X (s) = X (T — s) under the probability measure P7+, for 0 < s < T'.
Since (X (s))o<s<r is under P7+ a Langevin—Smoluchowski diffusion in its own right, we
deduce

P.(s) = P(T + s), 0<s<T (3.24)

on the strength of uniqueness in distribution for the Langevin—Smoluchowski flow, and
of its time-homogeneity. In other words, the branch (P(T + s))o<s<r of the original
Langevin—Smoluchowski curve of time-marginals, gets “reincarnated” as (P.(s))o<s<T,
the curve of time-marginals arising from the solution of the stochastic control problem in
Theorem 3.1. But now, under the probability measure IP7+, the states of the Langevin—
Smoluchowski diffusion (X (s))o<s< corresponding to the curve (Pi(s))ocs<T traverse
the time interval [0, 7] in the opposite temporal direction. o
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3.1. ENTROPIC INTERPRETATION OF THE EXPECTED COST
WHEN Q(R") < o0

Let us observe from (3.4) — (3.6) that

. (dIP’Y
S\ ap

. )) = [T —w aP W) [T upde 329)

holds for every v € I and n € INg. Thus, as the P7-expectation of the stochastic integral
in (3.25) vanishes, the expected quadratic cost, or “energy”, term in (3.17) is itself a
relative entropy:

o))

By contrast, when Q is a probability measure on Z(R"), and denoting by Q the
probability measure induced on Q = C([0,00); R™) by the canonical process driven by
the dynamics (2.1) with Q as the distribution of X (0), the first term in (3.17) can be

cast as
o)
vy ¥
—E]pv[log ((LIP )] ]E]pv[log (i]; )}
Q loX(on)) 7(X(on))

It follows that, in this case, the expected cost of (3.17) is equal to the sum H) + D] of
two nonnegative quantities:

dPpP” )}
4Q lo (o V'

the relative entropy of the probability measure P with respect to the probability mea-
sure Q when both are restricted to the o-algebra generated by the random variable

X(0y,); and
gl
)] Epy {log (Cg; )}, (3.27)
G(on) o(X(on))

the difference between the relative entropies of the probability measure P7 with re-
spect to the probability measure P, when restricted to the o-algebra generated by the
collection of random variables (X (u A 0,,))o<uscr and by the random variable X (o),
respectively. The difference in (3.27) is nonnegative, because conditioning on a smaller
o-algebra can only decrease the relative entropy; this difference can be thought of as an
“entropic cost of time-reversal”.

Eps {;/0 nhf(Tu)qu} Eps

. (dIP”/
&\ ap

Epr [L(T — 0n, X(ow))] = Ep» [log <le

(3.26)

H = ]E]P’Y [log (

dpP”

DY = Ep~ [log ( iR

It develops from this discussion that the expected cost on the right-hand side of (3.17)
is nonnegative, when Q is a probability measure.
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4. FROM LOCAL TO SQUARE-INTEGRABLE
MARTINGALES

Whenever the process M7 of (3.8), (3.9) happens to be a true submartingale under PY
(as, for instance, with v = 0 on account of Theorem 4.1 of Part I), the expected cost
(3.17) takes the form

T
Ep [L(O,X(O)) + %/ V(T — u)? du} |
0
Likewise, we derive from Theorem 3.1 the identity
T —
H(P(T)|Q) = Epn. [L(O,X(O)) + %/ IVL(T - u, X (u))|” du} ,
0

whenever the process M7+ of (3.15) is a true P7+-martingale. This is the case, for
instance, whenever

Ep-. {(M%‘, M7*>(T)] = Epr. /OT |VL(T - U,Y(u))‘Q du} < 00 (4.1)

holds; and then the stochastic integral in (3.15) is an L?(IP7+)-bounded martingale (see,
for instance, [KKS98, Proposition 3.2.10] or [RY99, Corollary IV.1.25]). Using (3.24), we
can express the expectation of (4.1) more explicitly as

T
/ / IV log £(t, 2)|? p(2T — ¢, &) dt da. (4.2)
R™ JO

The shift in the temporal variable makes it difficult to check whether the quantity in
(4.2) is finite and one cannot directly apply arguments similar to those in Theorem 4.1
of Part I, where the expectation (4.1) is taken with respect to the probability measure
P, in the manner of (3.18) (and thus, the argument 27" — ¢ in (4.2) is replaced by t).
This problem is consonant with the fact that the term in (3.26) is not quite a relative
entropy, but a linear combination of relative entropies.

The goal of this chapter is to find a square-integrable P7+-martingale M ", which is
closely related to the local martingale M7+ of (3.15). The idea is to correct the shift in
the temporal variable appearing in (4.2), by reversing time once again. First, we need to
introduce some notation. We denote by 7,(s, - ) the probability density function of the
random variable X (s) = X (T — s) under the probability measure P7x, for 0 < s < 7.
From (3.24), we deduce the relation

Pe(s,x) =p(T + s,x), (s,2) €[0,T] x R™.
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The associated likelihood ratio function and its logarithm are defined respectively by

A(s,x) == ﬁ*(s,x)’ A(s,x) :=log A(s,x) = L(T + s, x), (4.3)

for (s,xz) € [0,T] x R™. From the definition (4.3), and the equations (2.17), (3.1), we
see that the function (s,z) — A(s,z) satisfies again the semilinear Schrodinger-type
equation

—9sA(s,z) + 2AA(s,z) — (VA(s,z), VT(2)) = gélIiRI}L (<VA(S,:E) , b) + %\bl2> (4.4)

In the setting introduced above, the relative entropy with respect to @Q of the distri-
bution P (s) of X(s) under P7+ is

H(P.(s)| Q) = Ep [A(s, X(s))] = / log (p*;é;)x)) P.(s,2) dz. (4.5)

Again, the assumption that H(P(0)| Q) is finite, and the decrease of the relative entropy
function

[0,00) 3t — H(P(t)|Q) € (o0, ],

imply that the relative entropy in (4.5) is finite, for all 0 < s < 7. Finally, the relative
Fisher information of P,(s) with respect to Q is defined as

I(P.(s)]| Q) := Ep~. “VA(S,Y(S)HQ} = /]R” |VA(S,:U)]2]3*(S,J:) dz. (4.6)

4.1. REVERSING TIME ONCE AGAIN

Let us consider on the filtered probability space (€2, F,P7+) the canonical process X (),
for 0 < ¢ < T, whose time-reversal (2.15) satisfies the backwards Langevin-Smoluchowski
dynamics (3.14). Reversing time once again, we find that the process X (t) = X (T —t),
for 0 <t < T satisfies the stochastic differential equation
dX(t) = (VA(T =1, X (1)) = VE(X (1)) ) dt + AW (8), (4.7)

where the process

t

W (1) = W (T — ) — W (T) — / Vlogp. (T — 6, X(0)) db,

0

for 0 < t < T, is Brownian motion on (2,F, P7+). We recall here Theorems 4.1 and

5.1 of Part V. Comparing the equation (4.7) with (2.1), we see that the P7+-Brownian
motion (W7+(t))o<t<r and the P-Brownian motion (W (t))o<t<r are related via

W(t)—WV*(t)Jr/()tVA(T—e,X(e)) de, 0<t<T.
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4.2. THE DYNAMICS OF THE RELATIVE ENTROPY PROCESS

We look now at the relative entropy process
Tj*(T _ t>X(t)))
g(X(t) )

on (,IF,P7+). Applying It6’s formula and using the equation (4.4), together with the
forward dynamics (4.7), we obtain the following result.

AT —t,X(t)) :10g< 0<t<T (4.8)

Proposition 4.1. On the filtered probability space (0, F,P7+), the relative entropy pro-
cess (4.8) is a submartingale with stochastic differential

AA(T — £, X (1)) = J[VA(T =, X(#) [ dt + (VA(T = £, X(1)) , AW (8)).  (4.9)
In particular, the process
M (t) = AT —t,X(t)) — A(T, X(0)) — ;/Ot IVA(T — 6, X(6))]” d,
for 0 <t < T, is an L?>(P+)-bounded martingale, with stochastic integral representation

M (t) = /Ot (VA(T = 0,X(9)), dW7-(9)). (4.10)

Proof. The last thing we need to verify for the proof of Proposition 4.1, is that

Ep~. [<M *,W*>(T)} = Epn. /OT |VA(T — 1, X(t)) |2 dt:| < 00. (4.11)

We observe that the expectation in (4.11) is equal to

Ep-. [/OT|VA(3,X(3))|2ds} = Ep /TQT\VL(t,X(t))Ith} (4.12)

This is because (2.15), (4.3) give
VA(s,X(s)) = VL(t, X (2T —t))

with t = T + s € [T, 2T]; and because the P7+-distribution of X (27 —t) = X(s) is the
same as the P-distribution of X(7T'+ s) = X (¢), on account of (3.24). But, as (3.18)
holds for any finite time horizon 7" > 0, the quantity in (4.12) is finite as well. O

4.3. RELATIVE ENTROPY DISSIPATION

Exploiting the trajectorial evolution of the relative entropy process (4.8), provided by
Proposition 4.1, allows us to derive some immediate consequences on the decrease of
the relative entropy function [0,7] > s — H(P.(s)]|Q) € (—o0,00) and its rate of
dissipation. The submartingale-property of the relative entropy process (4.8) shows
once more, that this function is nondecreasing. More precisely, we have the following

rate of change for the relative entropy.
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Corollary 4.2. For all s,sg = 0, we have
H(P.(5)|Q) — H(P.(50)|Q) = [ 1(P.()] Q) du. (4.13)
50

Proof. Let s,s9 > 0 and choose T' > max{s,so}. Taking expectations under PP7+ in
(4.9), and noting that the stochastic integral process in (4.10) is a martingale, leads to

Epr. [A(s, X(5))] — Epre [A(s0, X(50))] = —1 / Ep. || VA (u, X ()] du.

Recalling the definitions of relative entropy (4.5) and relative Fisher information (4.6),

we obtain (4.13). ]

Corollary 4.3. For Lebesgue-almost every s > 0, the rate of relative entropy dissipation
is equal to

LH(P.(s)|Q) = -3 I(P.(s)] Q). (4.14)

Proof. By the Lebesgue differentiation theorem, the monotone function

s — H(P.(s)| Q) € (—o0, )

is differentiable for Lebesgue-a.e. s > 0, in which case (4.13) yields the identity (4.14). O
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5. FROM BACKWARDS DYNAMICS “BACK” TO
FORWARD DYNAMICS

Starting with the forward Langevin—Smoluchowski dynamics (2.1), we have seen in Chap-
ter 3 that the combined effects of time-reversal, and of stochastic control of the drift
under an entropic-type criterion, lead to the backwards dynamics

dX(s) = —VU(X(s))ds + dW ' (s), 0<s<T, (5.1)

which are again of the Langevin—Smoluchowski type, but now viewed on the filtered
probability space (2, G, P7+). We will see now that this universal property of Langevin—
Smoluchowski measure is consistent in the following sense: starting with the back-
wards Langevin—Smoluchowski dynamics of (5.1), after another reversal of time, the
solution of a related stochastic control problem leads to the original forward Langevin—
Smoluchowski dynamics (2.1) we started with. This consistency property should come
as no surprise, but its formal proof requires the results of Chapter 4, which perhaps
appeared artificial at first sight.

Let us recall from equation (4.7) of Section 4.1 that reversing time in (5.1) leads to
the forward dynamics

X (t) = (VA(T =1, X (1)) = VE(X())) dt + AW (8), (5.2)

for 0 <t < T, on the filtered probability space (2, IF, P7+). By analogy with Chapter 3,
we define an equivalent probability measure II# ~ P+ as follows.

For any measurable process [0,7] x Q 3 (t,w) — B(t,w) € R™, adapted to the forward
filtration IF of (2.14) and satisfying the condition

P+ [/OT 1B())?dt < oo} =1, (5.3)

we consider the exponential (I, P7+)-local martingale

220 = ([ (8@, awr@) -4 [ 1907 @), (5.4)

for 0 < t < T. We denote by B the collection of all processes 8 as above, for which Z?
is a true (I, P7~)-martingale.
Now, for every B € B, we introduce an equivalent probability measure II# ~ P7+ on
path space, via
dIr?

= 7Bt 0<t<T. 5.5
d]PPY* ( )7 ( )

F(t)
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Then we deduce from the Girsanov theorem that, under the probability measure I8,
the process

Wh(t) .= W=(t / B(o 0<t<T (5.6)
is R"-valued F-Brownian motion, and the dynamics (5.2) become
dX(t) = (VA(T = £, X (1)) + B(t) - VE(X (1)) ) dt + dWP(2), (5.7)

for 0 < ¢t < T. We couple these dynamics with the stochastic differential (4.9) and
deduce that the process

NB(t) = AT —t, X(¢ / 1B(6)|?d, 0<t<T (5.8)
is a local TI#-submartingale with decomposition
AN? (1) = S[VA(T = t, X (1) + B)[* dt + (VAT =, X (1)), dW(1)).  (5.9)

In fact, introducing the IF-stopping times
t
T inf {t > 0: / (VA - 6,X(0)[* +180)1?) db > n} AT (5.10)
0

for n € INg, with 7, 1 T', we see that the stopped process N?( - A1) is an F-submartingale
under I8, for every n € INy. In particular, we observe

H(P(2T)|Q) = H(P«(T)|Q) = Epr [A(T, X(T))] = Eps [A(T, X(0))]
(5.11)

< By [A(T o X () + L /0 1B(6)? de} ,

since IT# = P+ on F(0) = (X (0)) = o(X(T)). Now (5.11) holds for every n € Ny,
thus

H(P(2T)|Q) < liminf Epp

AT - X(@) 44 [TI80O)F 0] (12)

But the minimum in (4.4) is attained by b, = —VA(s,x); likewise, the drift term in
(5.9) vanishes, if we select the process 8, € B via

B.(t,w) = —VA(T — t,w(t)), thus B.(t) = —-VA(T —t,X(t)), (5.13)
for 0 < ¢ < T. With this choice, the forward dynamics of (5.7) take the form
dX(t) = VU (X (t)) dt + dWP= (), (5.14)

that is, precisely the forward Langevin—-Smoluchowski dynamics (2.1) we started with,
but now with the “initial condition” X (0) = X (7') and independent driving F-Brownian
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motion WA« under the probability measure IT%+. Since the equality II#+ = P+ holds

on the o-algebra F(0) = o(X(0)) = o(X(T')), the initial distribution of X (0) under
18+ is equal to P(2T). Furthermore, with 8 = B,, the process of (5.8), (5.9) becomes a
I18+-local martingale, namely

NB-(t) = A(T, X(0)) + /Ot <VA(T —0,X(0)), dW" (9)>; (5.15)

and we have equality in (5.11), thus also
H(PR1)|Q) = lin Em. [AT -5 X(n)+ [T18.0)P 0] (19)
n—oo 0

We conclude that the infimum over 8 € B of the right-hand side in (5.12) is attained
by the process B, of (5.13), which gives rise to the Langevin—-Smoluchowski dynamics
(5.14) for the process (X (t))o<t<r, under I18+. We formalize this result as follows.

Theorem 5.1. Consider the stochastic control problem of minimizing over the class B of
measurable, adapted processes B satisfying (5.3) and inducing an exponential martingale
ZB in (5.4), with the notation of (5.10) and with the forward dynamics of (5.7), the
expected cost

T(8) = liminf Egs |A(T = 1, X (7)) +;/OT” ]ﬁ(9)|2d9} (5.17)

n—oo

Under the assumptions of Chapter 2, the infimum infgep J(B) is equal to the relative
entropy H(P(2T)| Q) and is attained by the “score process” B, of (5.13). This choice
leads to the forward Langevin—-Smoluchowski dynamics (5.14), and with B = B, the limit
in (5.17) exists as in (5.16).

Proof. We have to show that the minimizing process 3, belongs to the collection B
of admissible processes. By its definition in (5.13), the process 3, is measurable, and
adapted to the forward filtration I of (2.14). Thanks to (4.11) in Proposition 4.1, we
have

Epr. [/OT\ﬁ*(t)Pdt] = Epn. UOT ]VA(T—t,X(t))|2dt} < 00,

which implies a fortiori that the condition in (5.3) is satisfied for 8 = 3,.

It remains to check that the process Z#+ defined in the manner of (5.4), is a true
martingale. From Proposition 4.1 we have the stochastic differential

AA(T — £, X (1)) = JVA(T = t, X (0) [ dt + (VA(T =, X (1)) , AW (1) ),
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and therefore

| 8.0, aw @)~ 4 [ 1802 a0
= —/t <VA(T— 0,X(0)), dW%(e)} — ;/t IVA(T — 6, X(8))|" do
0 0

= A(T,X(0)) = MT' -1, X(t)) = log </\()\T(T—t%>

which expresses the exponential process of (5.4) with 8 = B, as

ZP+(t) = 0

N

AT, X(0) o1
) <t

MT —t,X(t)’

The process ZP+ is a positive local martingale, thus a supermartingale. To see that it
is a true (IF,P7+)-martingale, it suffices to argue that it has constant expectation. But
ZB+(0) = 1, so we have to show Epv.[Z”+(T)] = 1. We denote again by P(s,y;t,&) the
transition kernel of the Langevin—Smoluchowski dynamics, note that

P [X(s) € dy, X (t) € d§] =D.(s,y) P(s,y;t,€) dyd¢

for 0 < s <t < T and (y,£) € R® x R", and recall the invariance property (3.19) of Q,
to deduce Epv..[ZP+(T)] = 1 in the manner of (3.20) — (3.23). This implies that ZP+ is
a true martingale and completes the proof of Theorem 5.1. ]

5.1. ENTROPIC INTERPRETATION OF THE EXPECTED COST
WHEN Q(R") < o0

By analogy with Section 3.1, we interpret now the expected cost on the right-hand side
of (5.17) in terms of relative entropies. From (5.4) — (5.6), we deduce that

o (dH/:‘
&\ apn

)= [T o). awren + i [Tis@rw G
F(mn) 0 0

holds for every 8 € B and n € INy. Therefore, as the II8-expectation of the stochastic
integral in (5.18) vanishes, the expected quadratic cost, or “energy”, term in (5.17) is
equal to the relative entropy

]-—('rn)>}

Tn d]:[ﬁ
Em |3 [ 18O 6] = B [ 10g ({5
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In order to interpret the first term in (5.17), let us assume that Q, and thus also the
induced measure @ on path space, are probability measures. Then we have

(d 5 )]
log
o(X(mn))

dQ
5
)] e s ()
o(X(rm) (X ()

We conclude that, in this case, the expected cost of (5.17) is equal to the sum H? + DP
of two nonnegative quantities:
U'(X(Tn))> :|

the relative entropy of the probability measure II? with respect to the probability mea-
sure Q when both are restricted to the o-algebra generated by the random variable

X (7,); and
F(tn) o(X(mn))

the difference between the relative entropies of the probability measure II? with re-
spect to the probability measure IP7+, when restricted to the o-algebra generated by
the collection of random variables (X (6 A 7,,))o<g<r and by the random variable X (7,),
respectively.

Erpe [A(T — Tn, X(Tnm = Eps

a1
= e (g

B

11
HP =By [log (%Q

DP =By

< drr?
log

| drp
APV« 08

dP7«
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6. THE CASE OF FINITE INVARIANT MEASURE, AND
AN ITERATIVE PROCEDURE

Let us suppose now that the diffusion process (X (¢));>0 as in (2.1) is well-defined, along
with the curve P(t) = Law (X (¢)), t > 0 of its time-marginals; and that the invariant
measure Q of Section 2.1 is finite, i.e., (2.5) holds, and is thus normalized to a probability
measure.

Then, neither the coercivity condition (2.9), nor the finite second moment condition
(2.10), are needed for the results of Chapters 3 — 5. The reason is that the relative entropy
H(P(t)|Q) is now well-defined and nonnegative, as both P(t) and Q are probability
measures. Since the function ¢ — H(P(t)|Q) is decreasing and the initial relative
entropy H(P(0)|Q) is finite on account of (2.11), it follows that this function takes
values in [0, 00). It can also be shown in this case that

lim | H(P(t)|Q) =0, (6.1)

i.e., the relative entropy decreases down to zero; see [FJ16, Proposition 1.9] for a quite
general version of this result. This, in turn, implies that the time-marginals (P(¢))¢>0
converge to Q in total variation as t — co, on account of the Pinsker—Csiszdr inequality

2|P(t) - Qlltv < H(P(1)] Q).

The entropic decrease to zero is actually exponentially fast, whenever the Hessian of
the potential ¥ dominates a positive multiple of the identity matrix; see, e.g., [BESE)],
[MV00, Section 5], [OV00, Proposition 1’], [Vil03, Formal Corollary 9.3], or [KST20,
Remark 3.23]. As another consequence of (6.1), the initial relative entropy H(P(0)|Q)
can be expressed as

H(P(0)|Q) = ;]E]p[/ooo IVL(t, X ()| dt|. (6.2)

We prove (6.1) and (6.2) in Section 6.1.

In this context, i.e., with (2.5) replacing (2.9) and (2.10), and always under the stand-
ing assumption (2.11), Theorem 4.1 of Part I continues to hold, as do the results in
Chapters 3 — 5. By combining time-reversal with stochastic control of the drift, these
results lead to an alternating sequence of forward and backward Langevin—Smoluchowski
dynamics, with time-marginals starting at P(0) and converging along (P(kT))ren, in
total variation to the invariant probability measure Q. Along the way, the values of the
corresponding stochastic control problems decrease along (H(P(kT)|Q))ken to zero.
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6.1. THE DECREASE OF THE RELATIVE ENTROPY WITHOUT
CONVEXITY ASSUMPTION

We present a probabilistic proof of (6.1) and (6.2), which complements the proof of the
more general Proposition 1.9 in [FJ16]. We stress that no convexity assumptions are
imposed on the potential V.

Proof of (6.1) and (6.2): Since Q is assumed to be a probability measure in Chapter 6,
the relative entropy H(P(t)|Q) is nonnegative for every ¢ > 0. Thus, Corollary 4.3 of
Part I gives the inequality

H(PO)|Q) = H(PT) Q) + 38| [ (VL X(0)*
: (6.3)
> ;EPUO |VL(t,X(t))|2dt}

for every T' € (0, 00). Letting T' 1 0o in (6.3), we deduce from the monotone convergence
theorem that

;EPUOOO \VL(t,X(t))\th] < H(P(0)| Q). (6.4)

By analogy with Section 2.2, we denote by @ the Langevin—Smoluchowski measure
associated with the potential ¥, but now with distribution

QX € 4] = Q) = [ g@)dr,  AcB®)

for the random variable X (0). Since by assumption Q is a probability measure, the
Langevin-Smoluchowski measure Q) is a well-defined probability measure on path space
Q= C(]0,00); R™).

Let us recall now the likelihood ratio of (2.6). We denote the corresponding likelihood
ratio process by ¥(t) := £(t, X (t)), t > 0. The following remarkable insight is due to
Pavon [Pav89], and was rediscovered by Fontbona and Jourdain [FJ16]: For any given
T € (0,00), the time-reversed likelihood ratio process

0(s) = (T = 5,X(s)) = o _qiﬁi)j; ~2) :

is a Q-martingale with respect to the backwards filtration G = (G(s))o<s<r of (2.15).
For a simple proof of this result in the setting of Chapter 6 we refer to Appendix E of
[KST20].

Let us pick arbitrary times 0 < t; < ty < co. For any given T € (t3, 00), the martingale
property of the process (6.5) amounts, with s; =T —t; and so =T — t, to

0<s<T (6.5)

Bo[0(s1)[G(s2)| = U(s2) = Bo[d(t)|o(X(0): ta <O T)| = 0(ta).
(6.6)
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Because T' € (t2,00) is arbitrary in (6.6), this gives
Eq[9(t1) | H(t2)] = 9(t2), H(t) :=0(X(0): t <0< 0). (6.7)

In other words, the likelihood ratio process (9¥(t)):>0 is a backwards Q-martingale of the
backwards filtration H = (#H(t))¢>0. We denote by

H(o0) == ﬂ H(t)

t=>0

the tail o-algebra of the Langevin—Smoluchowski diffusion (X (¢)):>0. The ergodicity of
this process under the probability measure Q implies that the tail o-algebra H(oo) is
Q-trivial, i.e., H(oo) = {&, 2} modulo Q; see Section 6.2 for a proof of this claim.

We recall now the martingale version of Theorem 9.4.7 (backwards submartingale
convergence) in [ChuOl1]. This says that (¥(¢))i>0 is a Q-uniformly integrable family,
that the limit

¥(00) := lim ¥(t) (6.8)

t—o00

exists Q-a.e., that the convergence in (6.8) holds also in L!(Q), and that for every ¢t > 0
we have

Eq[i(t) | H(x)] = 9(xc),  Quae. (6.9)
But since the tail o-algebra H(oo) is Q-trivial, the random variable ¥(c0) is Q-a.e.
constant, and (6.9) identifies this constant as ¥(oco) = 1.

In terms of the function f(z) := zlogx for z > 0 (and with f(0) := 0), we can express
the relative entropy H(P(t)|Q) as

H(P(1)|Q) = Ep[log0(1)] = Bo[f(0(1)] >0,  t>0. (6.10)

The convexity of f, in conjunction with (6.7), shows that the process (f(¥(t)))i=0 is a
backwards Q-submartingale of the backwards filtration H, with decreasing expectation as
in (6.10). By appealing to the backwards submartingale convergence theorem [Chu01,
Theorem 9.4.7] once again, we deduce that (f(9(t)))r>0 is a Q-uniformly integrable
family, which converges, a.e. and in L! under @, to

lim f(9(1)) = f(¥(o0)) = F(1) = 0.

t—o00

In particular,

Jim | H(P(1)|Q) = Jim Bo[f(9(1)] = Bo[ lim f(9(1)] =0,  (6.11)

t—o0 t—r00

proving (6.1). From (6.11) and (6.3) it follows now that (6.4) holds as equality, proving
(6.2). O
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6.2. THE TRIVIALITY OF THE TAIL 0-ALGEBRA H(00)

We recall the filtered probability space (€2, F(c0),F, Q). Here, @ = C(]0,00);R") is
the path space of continuous functions, F(00) = o (U;»o F(t)), the canonical filtration
F = (F(t))i=0 is as in (2.14), and the Langevin—Smoluchowski measure Q is represented
by
QB) = [ PU(B)AQ@).  BeBQ). (6.12)
]R"’L
where IP* denotes the Langevin—Smoluchowski measure with initial distribution 9, for
every x € R", and A(Q) is the Borel o-field on Q. We note that here are several
equivalent ways to define the Borel o-field on ). Two possible constructions appear in
Problems 2.4.1 and 2.4.2 in [KS98].

For every s > 0, we define a measurable map 65: Q — €, called shift transformation,
by requiring that 0s(w)(t) = w(s + ¢) holds for all w € Q and t > 0. A Borel set
B € B(9) is called shift-invariant if 0;'(B) = B holds for any s > 0. Since the Gibbs
probability measure Q is the unique invariant measure for the Langevin—Smoluchowski
diffusion (X (t))t0, [Bel06, Theorem 3.8] implies that the probability measure Q of
(6.12) is ergodic, meaning that Q(B) € {0, 1} holds for every shift-invariant set B. As a
consequence of the ergodicity of Q, the Birkhoff Ergodic Theorem [Bel06, Theorem 3.4]
implies that, for every A € Z(R"), the limit

tim [ 14X () ds = Q) (6.13)

exists Q-a.e.
Lemma 6.1. The tail o-algebra H(oo) is Q-trivial, i.e., H(oco) = {&, 2} modulo Q.

Proof. We follow a reasoning similar to that in [FJ16, Remark 1.10]. According to
[Kun97, Theorem 1.3.9], it suffices to show that the Langevin—-Smoluchowski diffusion
(X (t))e=0 is recurrent in the sense of Harris, i.e.,

pr [/OOO 14(X(s)) ds = oo} —1 (6.14)

is satisfied for every x € R™ and all A € Z(R") with Q(A) > 0.

For the proof of (6.14), we fix x € R™ and A € Z(R") with Q(A) > 0. By its
definition, the event

B::{/OOO]IA(X(S))ds:oo}

is shift-invariant. Thus, by the ergodicity of Q, the probability Q(B) is equal to either
zero or one. Outside the set B, we have

lim 1/0t]1A(X(s)) ds =

t—o0
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But since Q(A) > 0, the Q-a.e. limit (6.13) implies that Q(B¢) = 0 and hence Q(B) = 1.
From the definition (6.12) of the probability measure @ it follows that P*(B) = 1 for
Q-a.e. x € R™. Since Q is equivalent to Lebesgue measure, we also have that P*(B) = 1
for Lebesgue-a.e. x € R"™.

Furthermore, the shift-invariance of B and the Markov property of the Langevin—
Smoluchowski diffusion give

P*(B) = P* (0, (B)) = Ep: [P*(B)]
(6.15)
=T,(P"(B)) = | P(0,z;t,dy) P¥(B)
Rn
for every t > 0. Here, P(0,x;t,y) denotes the transition kernel of the Langevin—
Smoluchowski dynamics, so that P*[X(t) € dy] = P(0,z;t,y)dy; and T} denotes the
operator

D)= [ POty f@), (o) € 0.00) x R”

acting on bounded measurable functions f: R™ — R. Since (7})i=0 is a strong Feller
semigroup under the assumptions of Chapter 6, the function R"™ > x +— T} f(z) is contin-
uous. Now (6.15) implies the continuity of the function R™ 3 z +— P*(B). On the other
hand, we have already seen that the function R" 5 z — P*(B) € [0,1] is Lebesgue-a.e.
equal to one. But such a function is constant everywhere, i.e., P*(B) = 1 for every
x € R™, proving (6.14). O
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ParT III.

A TRAJECTORIAL APPROACH TO RELATIVE
ENTROPY DISSIPATION OF MCKEAN—VLASOV
DIFFUSIONS: GRADIENT FLOWS AND HWBI
INEQUALITIES

Joint work with LANE CHUN YEUNG

ABSTRACT

We formulate a trajectorial version of the relative entropy dissipation identity for
McKean—Vlasov diffusions, extending recent results which apply to non-interacting dif-
fusions. Our stochastic analysis approach is based on time-reversal of diffusions and
Lions’ differential calculus over Wasserstein space. It allows us to compute explicitly the
rate of relative entropy dissipation along every trajectory of the underlying diffusion via
the semimartingale decomposition of the corresponding relative entropy process. As a
first application, we obtain a new interpretation of the gradient flow structure for the
granular media equation, generalizing a formulation developed recently for the linear
Fokker—Planck equation. Secondly, we show how the trajectorial approach leads to a
new derivation of the HWBI inequality, which relates relative entropy (H), Wasserstein
distance (W), barycenter (B) and Fisher information (I).



1. INTRODUCTION

We are interested in the relative entropy dissipation of McKean—Vlasov stochastic dif-
ferential equations of the form

AdX; = —(VV(Xy) + VW « P)(Xy)) dt +vV2dB;,  0<t<T, (1.1)

where Xy has some given initial probability distribution Py on R™. Here, the functions
V,W: R"™ — [0,00) play the roles of confinement and interaction potentials and are
assumed to be suitably regular, P, := Law(X;) denotes the distribution of the random
vector X, the symbol * stands for the standard convolution operator, and (Bi)o<i<T
is a standard n-dimensional Brownian motion. In particular, this stochastic differential
equation is nonlocal (or nonlinear) in the sense that the drift term depends on the
distribution of the state variable. Nonlocal equations of this form arise in the modeling
of weakly interacting diffusion equations, after the seminal work of McKean [McK66].

Since the work of Carrillo-McCann—Villani [CMV03, CMVO06], relative entropy dis-
sipation has been known to be an effective method for studying convergence rates to
equilibrium and propagation of chaos of McKean—Vlasov equations. Some notable ex-
amples include the works [CIMT01, Mal03, BGG13, Tugl3, CG14, CGPS20]. In a
broader context, [MMN18, HRSSQl] recently applied entropy methods to the mean-field
theory of neural networks.

We denote by Z,.(R™) the set of absolutely continuous probability measures on R",
which we will often identify with their corresponding probability density functions with
respect to Lebesgue measure. The free energy functional

Ze(R™) 2 p— F(p) =U(p) + V(p) + W(p) (1.2)

is defined as the sum of the energy functionals

U(p) = [ pla)logp(a) da, (13)
V)= [ V@) de, (149)
W) =5 [V p)@) ple) do (15)

corresponding to internal (U), potential (V) and interaction (W) energy, respectively.
Defining the relative entropy dissipation functional

Zac(R") 2 pr— D(p) = /Rn [Vlogp(z) + VV () + V(W xp)(z)* p(z)dz,  (1.6)
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the well-known relative entropy dissipation identity takes the form

t
F(pt) — F (pr,) = —/t D (pu) du. (1.7)
0
This identity is of a deterministic nature: it only depends on the curve of probabil-
ity density functions (p¢)o<t<7, but not on the trajectories of the underlying process
(Xt)o<t<r itself. It is then natural to ask whether there is a process-level analogue of
the relative entropy dissipation identity (1.7), depending directly on the trajectories of
the McKean—Vlasov process (X;)o<t<7. The main contribution of this work is to give an
affirmative answer to this question, by formulating a trajectorial version of the relative
entropy dissipation identity via a stochastic analysis approach.

Before going into details, let us briefly describe the main ideas. We draw inspiration
from prior literature [FJ16, KST22] based on a simpler (linear) setting without interac-
tion, i.e., W = 0. In this case, the McKean—Vlasov stochastic differential equation (1.1)
reduces to a Langevin—Smoluchowski diffusion equation of the form

dX;, = —VV(X;)dt + V2dB;, 0<t<T. (1.8)

In particular, the drift term does not depend on the distribution of X;. Moreover, there
is an explicit stationary distribution (also known as the Gibbs distribution [Gar09, JK96,
Ris96]) with density proportional to R 3 & — ¢(z) :== ¢~V (*). Defining the likelihood
ratio function (or Radon—Nikodym derivative) ¢, (x) = pi(z)/q(z), the free energy at
time ¢ can be expressed as .7 (p;) = E[log ¢,(X;)], and the resulting stochastic process

is called free energy or relative entropy process. As shown in [FJ16, KST22], the time-
reversal

( log ZT,S (XTfs ) ) 0<s<T

of this process is a submartingale, and It calculus can be used to obtain its Doob—Meyer
decomposition
log lr—s(X7—s) — loglr(X1) = Mr_s + Fr_s.

Here, (M7_s)o<s<r is a martingale and (Fr_s)o<s<7 iS an increasing process of finite
first variation, both with explicit expressions. This decomposition describes exactly the
rate of relative entropy dissipation along every trajectory of the Langevin—Smoluchowski
diffusion. Therefore, it can be viewed as a trajectorial analogue of the (deterministic)
relative entropy dissipation identity (1.7).

Let us now return to our McKean—Vlasov setting. In order to take into account the
interaction potential W, it is natural to consider a generalized relative entropy process
of the form

log pe(Xe) + V(Xy) + 5(W = P)(Xy), 0<t<T. (1.10)

The task is now to compute the semimartingale decomposition of this process. We will
provide a detailed analysis of this extension, which is subtler than might appear at first
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sight. The main difficulty is that, even when it exists, the stationary distribution of the
McKean—Vlasov diffusion does not have a closed-form expression and is not even unique
in general; see the works [BRTV98, Ver06, HT'10, Tugl13, Tugl4a, Tugl4db, DT16, DT18].
This prevents us from defining the likelihood ratio function in a straightforward manner
as in the setting of Langevin—Smoluchowski diffusions, where one can rely on the invari-
ant Gibbs distribution. An appropriate definition of the generalized likelihood ratio func-
tion turns out to be that (1.10) should be viewed as a function of the form log ¢;( Xy, Py),
depending explicitly on the distribution P; of X, itself, in addition to the state X;. This
form of generalized likelihood ratio function allows us to take the L-derivative with re-
spect to the probability distribution P;. The notion of L-differentiation for functions
of probability measures was introduced by Lions [Lio07]. We refer to the monograph
[CD18, Chapter 5] for a detailed discussion of differential calculus and stochastic analysis
over spaces of probability measures. In particular, we will use a generalized form of Itd’s
formula for functions of curves of measures, to derive the dynamics of the time-reversal
of the relative entropy process (1.10), in terms of the semimartingale decomposition

log b7_s(X7—s, Pr_s) —log by (X7, Pr) = Mpr_s + Fr_g, 0<s<T, (1.11)

where (M7_s)o<s<r is a martingale and (Fr_)o<s<7 is a process of finite first variation,
both of which will be explicitly computed. Similar to the case of Langevin—Smoluchowski
dynamics, this decomposition can be viewed as the trajectorial rate of relative entropy
dissipation. The classical (deterministic) identity (1.7) can then be recovered by taking
expectations.

1.1. GRADIENT FLOW STRUCTURE OF THE GRANULAR MEDIA
EQUATION

As a first application of our trajectorial approach we obtain a new interpretation of the
gradient flow structure of the granular media equation

Opr(x) = div (th(as) + pe(2)VV (2) 4 pe(z) V(W % pt)(x)), (t,z) € (0,T) x R",

(1.12)
which describes the evolution of the curve of probability density functions (p:)o<i<r
corresponding to the McKean—Vlasov diffusion (X¢)o<i<r of (1.1). When n = 1, this
partial differential equation appears in the modeling of the time evolution of granular
media [BCCP98, Vil06, CGMO8]; in that context, the granular medium is modeled
as a system of particles performing inelastic collisions, and p;(x) is regarded as the
velocity of a representative particle in the system at time ¢ and position x, while V'
and W represent the friction and the inelastic collision forces, respectively. Note that
in the interaction-free case W = 0, the equation (1.12) reduces to a linear Fokker—
Planck equation. As is well known from [CMV03, CMVO06], this curve of probability
densities can be characterized as a gradient flow in % 2(R™), the space of absolutely
continuous probability measures with finite second moments. Roughly speaking, this
is an optimality property stating that the curve (p:)o<i<r evolves in the direction of
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steepest possible descent for the free energy functional (1.2) with respect to the quadratic
Wasserstein distance
1/2
Wa(p,v) = ( inf E[Y - Z]2]> , p,v € Po(R").
Y~u,Z~v

The Wasserstein gradient flow structure of the linear Fokker—Planck equation was
first discovered by Jordan, Kinderlehrer and Otto in the seminal work [JKO98]. In the
paper [OV00], Otto and Villani developed a formal Riemannian structure on the space of
probability measures with finite second moments, leading to heuristic proofs of gradient
flow properties as in [Ott01], where the porous medium equation was studied. This
pioneering approach is often referred to as “Otto calculus”. Later, a rigorous framework
based on minimizing movement schemes and curves of maximal slope was introduced in
[AGS08]. Recently, a trajectorial approach to the gradient flow properties of Langevin—
Smoluchowski diffusions [KST22] and Markov chains [KKMS21] was established. We will
follow this approach and adapt it to our McKean—Vlasov setting. For gradient flows of
McKean—-Vlasov equations on discrete spaces we refer to [EFLS16].

Returning to the setting of this work, our main result leads to a new formulation of
the gradient flow property of the granular media equation. To show this steepest descent
property, the main idea is to consider a perturbed McKean—Vlasov diffusion of the form

dX; = —(VV(X)) + VB(X;) + V(W « PY)(X;)) dt + V2dBf,  to<t<T (1.13)

which is constructed by adding a perturbation 8: R™ — R to the confinement potential
of the original McKean—Vlasov stochastic differential equation (1.1). In other words,
from time ¢y onward, the perturbed diffusion drifts in a direction different from that of the
original diffusion, hence the perturbed curve of time-marginal distributions (Ptﬁ Vto<t<T
also evolves differently from the unperturbed curve (Pp)i<i<7. In parallel with the
unperturbed case, we may compute the dynamics of the perturbed relative entropy
process associated with (1.13). As a consequence, we derive the rate of relative entropy
dissipation for the perturbed McKean—Vlasov diffusion. On the other hand, the rate
of change of the Wasserstein distance along the perturbed curve (Pfj Jto<t<T can be
computed based on the general theory of metric derivative of absolutely continuous
curves, see [AGS08]. Finally, comparing these two rates in both the perturbed and
unperturbed settings, allows us to establish the gradient flow property.

1.2. THE HWBI INEQUALITY

The second application of our trajectorial approach deals with the HWBI inequality
[AGKO04, Theorem 4.2], which is an extension of the HWI inequality [OV00]. It relates
not only relative entropy (H), Wasserstein distance (W), and relative Fisher information
(I), but also barycenter (B). These quantities are defined as follows: for two probability
measures v, i € Z(R™), the relative entropy of v with respect to u is defined by

Jre G log(@) du, if v < p

(1.14)
400, otherwise,

H(v|p) ::{
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the relative Fisher information of v with respect to u is given by

Jn [V log(§5) P du,  if v < po

(1.15)
400, otherwise,

I(v| ) = {
and the barycenter of a probability measure v € P9(RR") is defined as

b(v) = /n zdv(z) € R",

where the integral is understood as a Bochner integral. Informally, the HWBI inequality
then states that any two probability measures vy, v; € Po(RR™) satisfy

H(vo | po) = H (w1 | pa) <\ I(vo | p1g) Wa(vo, v1) = S555 W3 (g, 11) + 545 [b(vo) — (1) 2,

(1.16)
where pg, i1, ug are some appropriate o-finite reference measures depending on the po-
tentials V, W (see Section 3.3 for the details), and ky, ki € R are the moduli of uniform
convexity for V, W. This inequality describes the evolution of the relative entropy along
the displacement interpolation (v¢)o<i<1 between vy and v1. Compared with the HWI
inequality, there are two additional terms on the right-hand side of (1.16) contributed
by the interaction energy functional W of (1.5). Intuitively, the xy-uniform convexity
of W leads to the first additional term —”TWW22(V0, v1), which alone would correspond
to the rpy-uniform displacement convexity of W along (14)o<i<i- But since W(p) is
invariant under any translation of p, the functional W might fail to be uniformly dis-
placement convex when the barycenter shifts. This suggests that the barycentric shift
along (v¢)o<t<1 should be factored out of the consideration of the displacement convexity
of W, which is intuitively why the second additional term “¥|b(vo) — b(v1)[* in (1.16)
appears.

Coming back to our second application, we illustrate how our approach yields a tra-
jectorial proof of the inequality (1.16), in the slightly strengthened form of [CEGH04,
Theorem 4.1] and [FK06, Theorem D.50]. Much of this consists of arguments similar
in spirit to our main result (1.11), but with one key difference: instead of the time-
marginals of the McKean—Vlasov diffusion, we apply the trajectorial approach to the
displacement interpolation (v¢)o<i<i- In this regard, our derivation can be seen as a
generalization of the trajectorial proof of the HWI inequality in [KST22, Section 4.2];
see also [KMS21, Section 9.4], where the same idea was used to derive a discrete version
of the HWI inequality in a Riemannian-geometric framework. Let us also point out
that for the proof of the HWBI inequality we shall impose convexity assumptions (see
Assumptions 3.15) on the potentials V, W. We do not require these assumptions in the
rest of this work.

In the literature, similar trajectorial approaches have also been applied in the con-
text of martingale inequalities [ABP 13, BS15], functional inequalities [Cat04, Lehl13,
BCGL20, GLRT20], and their stability estimates [ELS20, EM20]. In particular, we re-
fer to [BCGL20, Corollary 1.4] for a related HWT inequality derived from the entropic
interpolation of the mean-field Schrédinger problem.
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1.3. PREVIEW

We set up the probabilistic framework and discuss some frequently used regularity as-
sumptions in Chapter 2. In Chapter 3 we state our main trajectorial results, Theorem
3.1 and Theorem 3.7, and develop two explicit examples for illustration. As immediate
consequences, we derive the classical relative entropy dissipation identities in Corollary
3.4 and Corollary 3.8. Building on these results, we formulate the gradient flow property
of the granular media equation in Theorem 3.12. The HWBI inequality is then stated
in Theorem 3.16. The proofs of the trajectorial results and of the HWBI inequality are
developed in Chapter 4. Some proofs of auxiliary results postponed in previous chapters
are contained in Chapter 5.
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2. THE PROBABILISTIC FRAMEWORK

2.1. THE SETTING

We fix a terminal time T € (0,00) and let Q := C([0,T]; R™) be the path space of R"-
valued continuous functions defined on the finite interval [0, 7]. We denote by (X¢)o<t<T
the canonical process defined by X;(w) := w(t) for w € €, and fix a probability distribu-
tion Py € c@aQQ(Rn).

As will be shown in Lemma 2.2, under the Assumptions 2.1 below, the stochastic
differential equation (1.1) with initial distribution Py has a unique strong solution, when
it is posed on an arbitrary filtered probability space. This implies that there exists a
probability measure P on 2 and a P-Brownian motion (By)o<i<r such that the stochas-
tic differential equation (1.1) holds. We write I = (F;)o<i<r for the right-continuous
augmentation of the canonical filtration.

For each time t € [0,T], we denote by P; :== P o X; ! the distribution of X; under P,
and by p; the corresponding probability density function on IR™. The density functions
(pt)o<t<r then solve the granular media equation (1.12).

2.2. REGULARITY ASSUMPTIONS

Assumptions 2.1. The following regularity assumptions will be used frequently.

(i) The functions V,W: R"™ — [0, 00) are smooth and have Lipschitz continuous gra-
dients with Lipschitz constants [|[VV||Lip, ||VW/||Lip. All derivatives of V' and W
grow at most exponentially as |z| tends to infinity, and the first derivatives are of
linear growth. The latter condition means that there exists a constant C' > 0 such
that

VeeR": IVV(z)] < C(1+ |z]), IV (z)| < C(1+ |z]). (2.1)

Furthermore, the function W is even (in other words, symmetric), i.e., it satisfies
W(z) = W(—=z) for all x € R".

(ii) The probability distribution Py is an element of the space P 2(RR™) and the cor-
responding probability density function R™ 3 2 — pg(x) is strictly positive. More-
over, the initial free energy .# (po) is finite.

These assumptions ensure that the equation (1.1) belongs to a broad class of strongly
solvable McKean—Vlasov stochastic differential equations. We relegate the proof of the
following result to Section 5.1.
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Lemma 2.2. Suppose Assumptions 2.1 hold. Then on an arbitrary filtered probability
space, the McKean—Vlasov stochastic differential equation (1.1) has a pathwise unique,
strong solution (X;)o<i<r satisfying

E[ sup \Xﬂ < oo. (2.2)

o<t<T

Moreover, its marginal distributions (P)o<i<r belong to Zac2(R™), and the correspond-
ing curve of probability density functions (pt)o<i<t s a classical solution of the granular
media equation (1.12).

2.3. PROBABILISTIC REPRESENTATIONS OF GRADIENT FLOW
FUNCTIONALS

To set up our framework, the first step is to express the free energy as well as the
relative entropy dissipation functional in probabilistic terms. To this end, we introduce
the generalized potential U: R™ x Z5(R"™) — [0,00) and its close relative ¥T given by

(o) = V() + YW s (@), W)= Vi) + (W p)(a)  (23)
for (z,p) € R™ x P2(R™). Furthermore, we define the density functions
g(a,p) = e VM), gt (@, ) = eV @), gHx) =e ) (2.4)

and the corresponding generalized likelihood ratio functions

pi() T () ! ()
Ue(x, 1) = , U (x, 1) = , 0 (x) = 2.5
@8 = ) 0 ) = G ) =g Y
for t € [0, T]. Note that if W = 0, these three likelihood ratio functions coincide.

For each time t € [0,7], we introduce o-finite measures on the Borel sets Z(R"™) of
R", given by

Q) = [ a@P)de,  QIA)= [ d'@P)ds,  AeBE®). (26

Intuitively, these measures are (unnormalized) time-dependent Gibbs distributions. If
W = 0, they coincide with the true Gibbs distribution of the Langevin—Smoluchowski
equation (1.8), which is also its stationary distribution (when normalized to a probability
measure).

With these definitions, we can now write the gradient flow functionals % and &2,
introduced in (1.2) and (1.6), in probabilistic terms: the relative entropy (defined in
(1.14)) of P, with respect to Q; and the relative Fisher information (defined in (1.15))

of P; with respect to QI can be expressed respectively as

H(P,| Qi) = Ep[log (X1, P)],  I(P|Q)) = Ep[|Vieg (X, P[]y (2.7)
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and we have the relations H (P, | Q) = .Z(P,) as well as I(P; | Q) = 2(P;). In particular,
the relative entropy H (P, | Q) can be written as the P-expectation of the relative entropy
process

log 0y( Xy, Py) = log pi(Xy) + V(Xy) + 5(W = Py)(Xy), 0<t<T. (2.8)

The dynamics of this stochastic process, together with its perturbed counterpart to be
introduced in Section 3.2 below, will be our main objects of interest.

Remark 2.3. If the reference measure Q; in (2.6) is a probability measure, then the
expression (2.7) matches the classical definition of relative entropy given in (1.14). In
the general case when Q; is a o-finite measure, the definition (1.14) is also valid under
the condition that P; has finite second moment, with the only difference that the range
of the function ¢t — H(P;| Q) is extended from [0, 0] to (—oo, 00]; we refer to Section
6.1 of Part I or [Léol4b, Section 3] for the details. o
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3. MAIN RESULTS

3.1. TRAJECTORIAL DISSIPATION OF RELATIVE ENTROPY FOR
McKEAN—VLASOV DIFFUSIONS

Our first main result is the semimartingale decomposition of the relative entropy process
(2.8). It describes the dissipation of relative entropy along every trajectory of a particle
undergoing the McKean—Vlasov dynamics (1.1). In the same spirit as the trajectorial
approaches of [FJ16] and [KST22], we shall study the dynamics of the relative entropy
process in the backward direction of time. Concretely, we consider for arbitrary, fixed
T € (0,00) the time-reversed canonical process

Xs = XT—sa 0

N
N

s<T (3.1)

on the filtered probability space (92, G,P), where G = (G)o<s<r is the P-augmented

filtration generated by (Xs)o<s<7-

In order to formulate Theorem 3.1 below, we introduce the time-reversed Fisher in-
formation process

Ii= (IVIog 2"+ 5IVOV « PP (3V(V «P) , 2V log L 4+ VV) ) (X)
(3.2)
~Ep K%VW(YS -Ys), (2v1ogzg YV 4 V(W E)) (2)}]

for 0 < s < T. Here, the stochastic process (Y;)ocs<r is defined on another prob-

ability space (Q,G,P) such that the tuple (€, G, P, (Y:)ocs<r) is an exact copy of

(Q,G,P, (Xs)ocs<r). A bar over a letter means that time is reversed as in (3.1).

We also define the time-reversed cumulative Fisher information process as the time
integral

— si
F; ::/ I, du, 0<s<T. (3.3)
0

This process will act as the compensator in the semimartingale decomposition of the
time-reversed relative entropy process

log 0s(Xs, Ps) = log ps(Xs) + V(X5) + 5 (W % P)(Xy),

for 0 < s < T. TIts relation with the relative Fisher information (2.7) will be given in
(3.7) below.
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Theorem 3.1. Suppose Assumptions 2.1 hold. On (Q, G,P), the time-reversed relative
entropy process

logzs(ywﬁs) = logET—s(XT—&PT—s)a 0<s<T (34)

admits the semimartingale decomposition

log 05(Xs, Ps) — log €y (X0, Po) = My + Fi. (3.5)
Here (Ms)o<s<t is the L?(IP)-bounded martingale
i, = / (V10g (X, o). V2dB,), (3.6)
0

with (Bs)o<s<T @ P-Brownian motion of the backward filtration G, and where the com-
pensator (Fy)o<s<T Satisfies

Ep[F,] = /OSI(PU Q) du = E]PUOS \vmgeg(xmpu)y?du] oo (37)

3.1.1. EXAMPLES
We give two concrete examples to illustrate Theorem 3.1.

Example 3.2. We set n = 1 and specialize Theorem 3.1 to the case of quadratic
confinement potential V(x) = % and no interaction potential W = 0. The initial
position Xy is chosen to be independent of (By)o<i<r and to be normally distributed
with mean 0 and variance o2 > 0. In this case, the stochastic differential equation (1.1)
becomes

dX; = —X;dt +v2dB;, 0<t<T (3.8)

and its solution is given by the Ornstein—Uhlenbeck process
t
Xy =e"Xg+ \/5/ "t dB,, 0<t<T (3.9)
0

with probability density function

2 —
pi(@) = 5 exp (= 553), o7 =1+e (o} - 1). (3.10)

Recalling (2.3) — (2.5) and using (3.10), we see that in this setting the cumulative Fisher
information process of (3.3) is explicitly given by

=0 S o 2 S - - 2 S 92—
FOV = / (Viegfh(X.)) du = / (Viogpu(Xu) + X,) du = / (1- %) X2du
0 0 0 u
(3.11)
for 0 < s < T. In particular, the nonnegativity of the integrand in (3.11) implies that
the relative entropy decreases along almost every trajectory.

Now we set T = 1 and 02 = 0.1. The blue lines in Figure 3.1 below are ten simulated
trajectories s — FSOU(LUZ‘), for i =1,...,10. The thick black line plots the expected path
s+ Ep[FOVY] of all possible trajectories. O
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Figure 3.1.: Simulations of the cumulative Fisher information process (3.11)
for the Ornstein—Uhlenbeck diffusion (3.8).

Example 3.3. We set again n = 1 and now consider the case of no confinement potential
V = 0, quadratic interaction potential W(z) = %2, and a centered Gaussian initial
position X with variance o3 > 0, which is independent of the one-dimensional Brownian
motion (By)i=0. In this case, for any ¢ > 0, the drift term of the stochastic differential

equation (1.1) is equal to
V(W P)(Xy) = — o VIW(Xe = y)pe(y) dy = — (X — E[X4]).

In particular, the drift term depends on the distribution P; only through its mean.
Substituting it into (1.1), this stochastic differential equation reduces to

dX; = —(X; — E[X{]) dt + vV2dB;, 0<t<T. (3.12)

This type of nonlinear, self-interacting stochastic differential equation has been studied
since [BRTV98], where it was shown that its solution is also given by the Ornstein—
Uhlenbeck process of (3.9). Therefore, similar computations as in Example 3.2 show
that in this setting the cumulative Fisher information process is given by

- YU)D du (3.13)

W
IS

— s [— p—
= [ (G- 2R+ B[R -V (&

for 0 < s < T. Using the fact that (X,)4(P) = (Ya,)%(P) = N(0,72), which we have

—
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from (3.10), we can compute the expectation appearing in (3.13) and obtain
_ S . —2
FSNL:/ ((%+%—%)Xﬁ+%“—1) du. (3.14)
0 u

Clearly, FOU # FNL. In particular, the integrand in (3.14) is nonnegative if and only

I _ =2
if X2 > (%4 + % - E%) 1(1 — %¢). In other words, as opposed to Example 3.2, relative

entropy only decreases along a trajectory if X, is far from its mean. However, after

taking expectations in (3.11) and (3.14), we see that the expected rate of relative entropy
dissipation in both cases is equal to

Ep [FOU] = Ep[FN] = / (Gu— 2)2du, O0<s<T. (3.15)
0

Now we set again T = 1 and 02 = 0.1. In the same vein as in Figure 3.1, we plot in
Figure 3.2 below the paths of ten simulated trajectories s +— FN\"(w;), for i = 1,. .., 10.
We observe that some of the red lines describing the paths of these trajectories indeed
take negative values. In other words, the cumulative Fisher information process of (3.14),
and hence its integrand, can both be negative. Finally, the thick black line in Figure 3.2
follows the expected path s +— Ep[FNY] of all possible trajectories. According to (3.15),
this is the same black line as in Figure 3.1. %

— s Bp[R] = B[R] ST
S s R )

""" 5= F(wio)

1.0

0.5 4

0.0 <=

T T
0 1

Figure 3.2.: Simulations of the cumulative Fisher information process (3.14)
for the nonlinear, self-interacting diffusion (3.12).
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3.1.2. CONSEQUENCES OF THEOREM 3.1

We now return to the general statement of Theorem 3.1 and deduce some direct con-
sequences. By averaging the trajectorial result of Theorem 3.1 according to the path
measure P, we derive the well-known relative entropy identity (3.16) and the dissipation
of relative entropy (3.17) below. A sketch of proof for the latter result was first given in
[CMV03, Proposition 2.1].

Corollary 3.4. Suppose Assumptions 2.1 hold. For allt,ty € [0,T], we have the relative
entropy tdentity

H(P Q) = H(Pr, | Qo) = = [ 1P 1)) (310

In particular, the relative entropy function t — H (P, | Q) is monotonically decreasing.
Furthermore, for Lebesgue-a.e. t € [0,T], the relative Fisher information I(Py| QI) is
finite, and the rate of relative entropy dissipation is given by

SHP Q) =—1(P]Q)). (3.17)

The relation (3.17) describes the temporal dissipation of relative entropy at the en-
semble level. It asserts that the rate of decay of the relative entropy ¢ — H(P:| Q) is
given by the relative Fisher information I (P | QI)

Proof of Corollary 3.4. The identity (3.16) follows by taking expectations with respect
to the probability measure P in (3.5), recalling the definitions of (2.7), using (3.7),
and invoking the fact that the P-expectation of the martingale (3.6) vanishes. Finally,
applying the Lebesgue differentiation theorem to the monotone function ¢t — H(P; | Q)
gives (3.17). O

Finally, let us place ourselves again on the filtered probability space (2, G,P) as in
Theorem 3.1 and emphasize that this trajectorial result is valid along almost every
trajectory s — Xg(w) of the underlying McKean—Vlasov process. As a consequence,
by taking conditional expectations, we can generalize (3.17) and deduce the following
trajectorial rate of relative entropy dissipation.

Corollary 3.5. Suppose Assumptions 2.1 hold and [} Ep[|T,|]du < co. For P-a.c.
w € Q) there exists a Lebesgue null set N,, C [0,T] such that for any so € [0,T]\ N, we
have

lim E]P[logzs (757 FS) ‘ QSO] (w) — IOgZSO (780 (w), PSO)
slso S — 80

=T, (w). (3.18)

Recalling (3.7), we observe that Ep[I,,] = I(Ps, | Ql,). Therefore the limiting assertion
(3.18) can indeed be viewed as a trajectorial version of the deterministic relative entropy
dissipation identity (3.17).

Proof of Corollary 3.5. We let 0 < s9 < s < T. By (3.5), (3.3) and Fubini’s theorem,
we have for P-a.e. w € (2

Ep[log £s(Xs, Ps) | Gso] (w) — log sy (Xso (), Psy) = /: Ep[L.|Gs,) (w) du. (3.19)
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Furthermore, Jensen’s inequality gives

Ep

[ BRG] du| < [ Eu[Tf) du< .
S0 S0

which implies
S
/ |Ep [, | G (w)] du < oo for P-a.e. w € Q.
50

By the Lebesgue differentiation theorem, for every such w there exists a Lebesgue null
set N, C [0, 7] so that the limiting assertion

o Er[Lu| G ) (w) du
lim
slso S — S0

= Bp [Ty | o) (@) = Ty () (3.20)

holds for every so € [0,7] \ N,,. Finally, combining (3.19) and (3.20) proves (3.18). O

3.2. GRADIENT FLOW STRUCTURE OF THE GRANULAR MEDIA
EQUATION

In this section we apply the trajectorial approach of Section 3.1 in order to formulate the
gradient flow property of the granular media equation (1.12). To this end, we consider
a function B: R™ — R, which will be treated as a perturbation potential. We denote by
VB .= V + B the perturbed confinement potential and invoke the following regularity
assumptions.

Assumptions 3.6. The function 8: R™ — R is smooth and compactly supported, and
we require that Assumptions 2.1 are still satisfied if we replace V by V5.

Note that Assumptions 3.6 allow us to apply Lemma 2.2 to the “perturbed” McKean—
Vlasov stochastic differential equation

dX, = —(VVA(X)) + VW « P) (X)) dt + V2dB?,  t<t<T (3.21)

starting at time ¢g > 0, with X, having initial distribution Pf; = P;,. Therefore, by anal-
ogy with Section 2.1, we can construct a probability measure P? on Q = C([to, T]; R"),
under which the canonical process (X;),<t<7 satisfies the stochastic differential equation
(3.21), with (Bf)togtg’f being a PA-Brownian motion.

For each time ¢ € [tog,T], we denote by P]f3 = PP o X; ! the probability distribution
and by ptﬂ the probability density function of X; under P?. The “perturbed” curve of
density functions (pf )to<t<T then satisfies the perturbed granular media equation

0w (@) = div (Vo (2) + o @) VVA (@) + o (@) VW ) (@), (3.22)

for (¢t,x) € (to,T") x R™, with initial condition pg( ) =pe(+)-
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By analogy with (2.3), we define the perturbed potentials
V(0,0 = V() + SW (@), 0PN ) = VA(@) + (W e p)(@), WP = VP

for (z, u) € R™x P2(R™). In parallel to (2.5), we introduce the perturbed likelihood ratio
functions

Q)= 2O = JHE e B )

for t € [tp, T]. Finally, we define the o-finite measures
Q) = [ a@phde. QW)= [ '@ P)de, A BRY).

They are the perturbed versions of the measures Q; and Q] defined in (2.6). The relative
entropy of Ptﬁ with respect to Qtﬁ is then given by

H(P] |Qf) = Eps [log € (X, P)] = Z(Pf)
and the relative Fisher information of Ptﬂ with respect to Qf T is equal to

I(PP | Q") = Bpa ||V I0g 6 (X1, PP)*] = 2(PP). (3.24)

The following trajectorial result, Theorem 3.7 below, provides the semimartingale
decomposition of the perturbed relative entropy process

log (7 (X, Pf) = logpf (Xi) + V(Xy) + (W P)(Xy), o <t<T.
In line with its unperturbed counterpart, Theorem 3.1, we shall formulate this result in
the reverse direction of time. We first introduce the perturbed analogues of (3.2) and
(3.3): the time-reversed perturbed Fisher information process is defined as
18 = (‘V]ogZEHQ +3v(W *Fsﬂ)]Q + <%V(W +PP) | 2V log 15V + VVB>)(7 )
Eps | (3VW(X, = Y3), (2VIog I8* = VV + V(W «PP) + VB) (V7))

+((vv,v8) - AB)(X,)
for all 0 < s < T —to, where (Ys)o<s<T—t, is a copy of the process (Xs)o<s<r—t, On
a copy (Q, G, PP) of the original probability space (2, G,P?); the perturbed cumulative

Fisher information process is defined as

PR— Si
7o ::/0 Pdu, 0<s<T—t. (3.25)
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Theorem 3.7. Suppose Assumptions 3.6 hold. On (Q, G,PP), the time-reversed per-
turbed relative entropy process

log 0%(X,,PP) =logll_ (X1 o, PP_),  0<s<T—t (3.26)
admits the semimartingale decomposition
log 0%(X,,PP) — log 5 (X,, PPy = MP + FP. (3.27)
Here (MP)o<s<r—t, is the L2(P?)-bounded martingale

S
P = / (Viog?¥(X,,.PP), V2dBE), (3.28)
0

with (B?)o<s<r—t, a PP-Brownian motion of the backward filtration G, and where the
compensator (3.25) satisfies

Eps [FP] = /0 (I(P{j Q) + Bps [ ((VV + V(W «P),VB) — AB) (XU)D du < oc.
(3.29)

With the dynamics of the time-reversed perturbed relative entropy process at hand,
we repeat the same procedure which was carried out for the unperturbed case. Taking
expectations with respect to the probability measure P2, we arrive at the perturbed
relative entropy identity (3.30), and applying the Lebesgue differentiation theorem gives
the perturbed rate of relative entropy dissipation (3.31).

Corollary 3.8. Suppose Assumptions 3.6 hold. For all 0 < typ < t < T, we have the
perturbed relative entropy identity

H(P7| Q) - H (P | Q) =
: (3.30)
- _/t (I(Pfj QSN + Bps | ((VV + V(W +P), VB) - AB) (X“)D du,

and, for Lebesgue-a.e. to € [0,T], the perturbed rate of relative entropy dissipation

d* 8108 —
G, HEP QD) =
(3.31)
- —(I (P | Qi) + B [((VV + V(W +P,) , VB) — AB) <Xto>}).
Proof. The proof follows by analogy with Corollary 3.4. O

Similarly, we have the following trajectorial rate of relative entropy dissipation for the
perturbed diffusion.
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Corollary 3.9. Suppose Assumptions 3.6 hold and
T—to .
/ Eps [[T2]] du < .
0

For PP-a.e. w € Q there exists a Lebesgue null set NP C [0, T — to] such that for any
50 € [0,T — to] \ N? we have

B(X. PB _ B (X P8
lim E]Pﬁ [log Es (X87 Ps ) | gso] (w) 10g gso (XSO (w)) Pso) — Tsﬁo (w)

slso §— 50

Proof. The proof proceeds almost verbatim as the proof of Corollary 3.5. The only
difference is that we now use the semimartingale decomposition (3.27) and the PA-
martingale property of the process (3.28) in Theorem 3.7. ]

We now turn to the computation of the rate of change of the Wasserstein distance
along the curve of probability distributions (Ptﬂ )to<t<T- To this end, we set

W)= —(Viegp? + VVP + VW ) (z),  (t,z) € [to, T] x R,  (3.32)

so that the perturbed granular media equation (3.22) can be viewed as a continuity
equation
O (2) + div (o] (2) p (2)) =0, () € (0, T) x R,

with vf (-) as the corresponding velocity field. We recall the definition of the tangent
space (see Definition 8.4.1 in [AGS08])

Tan, 25(R") == {Vg: ¢ € Co (R R)} "
of Z5(R™) at the point u € H5(R"), and impose the following additional assumptions.
Assumptions 3.10. In addition to Assumptions 3.6, we suppose that
vi(+) € Tanp, Zo(R") for Lebesgue-a.e. t € [0, 7], (3.33)
where v ( - ) is obtained by taking 8 =0 and ¢y = 0 in (3.32).

For example, we know from [AGS08, Theorem 10.4.13] that the condition (3.33) is
satisfied if, in addition to Assumptions 3.6, V' is uniformly convex, i.e., Hess(V') > ky I,
for some real constant ky, and W is a convex function satisfying the doubling condition

JCw > 0 such that Vz,y € R™: W(z+y) <Cw(l+W(z)+ W(y)).

The proof of the following result is based on the general theory of Wasserstein metric
derivatives of absolutely continuous curves in & 2(R"); for a thorough discussion, we
refer to Chapter 8 in [AGS08].
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Lemma 3.11. Suppose Assumptions 3.10 hold. For Lebesque-a.e. ty € [0,T], the
Wasserstein metric derivative of the perturbed curve (Ptﬂ Jto<t<T 1S equal to

8 pb
fjn V2P Pro)

tlto t—to = ||Ug)(Xto)HL2(1p) = ||VIOg€tTo(Xt0’ Pto) + VB(Xto)HL2(]p)' (3-34)

Proof. Without loss of generality we can set 8 = 0. Note that from (3.7) we have

T
/0 IV log £] (X, Py)|? dt| < o0,

/OT /]Rn lve(2)|? dpy (z) dt = Ep

which implies that v¢(-) € L?(P;), for Lebesgue-a.e. t € [0,T]. Therefore we can apply
Theorem 8.3.1 and Proposition 8.4.5 of [AGS08] to the absolutely continuous curve
(Pt)o<t<T, which yields (3.34). O

We now have all the ingredients to formulate the gradient flow property of the granular
media equation. The Wasserstein metric slope of the free energy functional .# along the
McKean—Vlasov curve (P;),<i<7 is defined as

. H(P [ Qi) — H(Py | Qo)
a — 0 .
0.7 ’W2 (Pt ) = }iﬂf} Wo(Pt, Pyy)

In order to show that this is the slope of steepest descent, we will compare it with the
slope

7B 6. HP|Q)) - H(PL|QY)
|0.7 |W (P;) =lim 53
2 tlto Wo (Pt 7Pt0)

along the perturbed curve (P?);,<i<7.

Theorem 3.12. Suppose Assumptions 3.10 hold. The following assertions hold for
Lebesgue-a.e. tg € [0,T]: The random variables

L} = Vlogl] (Xi,, Py) and By, = VB(Xy,) (3.35)

are elements of L*>(P), and the Wasserstein metric slope of the free energy functional F
along the McKean—Vlasov curve (P)y <i<T is given by

0.7y, (Pry) = —|zi, (3.36)

HL2(11>)~

If /JtTO + By, # 0, the metric slope along the perturbed curve (Pf)togtggr is equal to

£l +B
0.7, (PF) =<£IO, e > . (3.37)
Hﬁto + Bto HL2(]P) LQ(]P)

In particular,
0.7y, (Py,) < [07P],,, (PE) (3.38)

with equality if and only if EIO + By, is a positive multiple of EtTo.
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Proof. The equality (3.36) follows from (3.17) and by taking 8 = 0 in (3.34). For the
proof of (3.37), we first observe that from (3.31) and (3.34) we obtain the equality

Lo + Ep| ((VV + V(W xPy),VB) — AB) (X,
057 A r|(( T (W +Py), VB) — AB)( n}’ .
: H£t0 + BtOHLQ(IP)

for Lebesgue-a.e. tg € [0,T]. Integrating by parts and recalling the notations in (2.3) —
(2.5), we find that the expectation in the numerator of (3.39) is equal to

/n <log VZIO (2) ,Vﬂ(:v)>pt0 (x)dz = <£IO , Bt°>L2(IP)'
Now (3.38) follows by the Cauchy—Schwarz inequality. O

3.3. A TRAJECTORIAL PROOF OF THE HWBI INEQUALITY

In this section, we show how our trajectorial approach can be adapted to give a simple
proof of the HWBI inequality. While the techniques that will be used are similar, the
setting of this section is independent from the rest of this work. In particular, we shall
impose convexity assumptions on the potentials V, W.

We fix two probability measures vy and vy in %, 2(R"). By Brenier’s theorem [Bre91],
there exists a convex function ¢: R™ — R such that

W2, 1) = /]R Iz — V()2 dvo(z). (3.40)
The displacement interpolation of McCann [McC97] between vy and v; is given by
vy = (Ty) w10, Ti(x) = (1 —t)z + tVo(x), 0<t< 1. (3.41)

In particular, since the endpoints vy and v1 belong to Z,¢ 2(R"™), each 14 has a probability
density function py; see, e.g., [Vil03, Remarks 5.13 (i)].

As before, we consider a confinement potential V' and an interaction potential W. For
each ¢ € [0, 1], we then define by analogy with (2.6), the o-finite measures

pild) = [aemyde, pl) = [ d@mde, AeBER),

where we recall the definitions of the density functions ¢ and ¢! in (2.4). In parallel to
the likelihood ratio functions in (2.5), we define

) o _pt@)
oz, v) (2, v) (3.42)

ri(x,v) =

for (t,z,v) € [0,1] x R™ x Z3(R™). Then the relative entropy of v, with respect to p is
given by

Hl ) = [ pe@)logra(a,m) da
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and the relative Fisher information of v; with respect to uI is equal to

1041 ) = [ W1ogr] (2, () da.

We impose the following regularity conditions for Proposition 3.14, noting that the
strong assumptions placed on py and p; are only temporary and will be removed in
Assumptions 3.15 of Theorem 3.16.

Assumptions 3.13. The functions V, W: R"™ — [0, 00) are smooth and W is symmetric.
The probability density functions pg and p; are smooth, compactly supported and strictly
positive in the interior of their respective supports.

Proposition 3.14. Suppose Assumptions 3.13 hold. Along the displacement interpola-
tion (v)o<i<1, the rate of relative entropy dissipation at time t = 0, with respect to the
“reference curve of probability measures” (ui)o<i<1, S given by

%‘;o H(v | ) = /Rn <V10g rg(x, v), Vp(x) — m> po(x) de. (3.43)

Combining (3.43) of Proposition 3.14 with the displacement convexity results of Mc-
Cann [McC97], we obtain the following generalization of the HWBI inequality. Equiv-
alent versions of this inequality can be found in [CEGHO04, Theorem 4.1] and [FKO06,
Theorem D.50].

Assumptions 3.15. The functions V, W: R™ — [0, 00) are smooth and W is symmetric.
Furthermore, V and W are uniformly convex, i.e., there exist real constants xy and Ky
such that

Hess(V) > kv 1y, Hess(W) > kwI,,. (3.44)

Theorem 3.16. Suppose Assumptions 3.15 hold and the relative entropy H(v1 | u1) is
finite. Then

H(vy | po) — H(w | ) < — /R (Vlogrj(@, ), V() —z) po(x)dz (3.45)

— w W3 (vo, 1) + 2 |b(ro) — b(vy)|2. (3.46)

By the Cauchy—Schwarz inequality, the right-hand side of (3.45) can be bounded from
above by

\/ [ IV 1og i@, 0] pofa) da ¢ [ IVel@) = 2P po(a) da = /10| ) Walon. )

and we obtain the usual form of the HWBI inequality (1.16); see also Theorem 4.2 in
[AGKO04].
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4. PROOFS OF THE MAIN RESULTS

This chapter is devoted to the proofs of the results stated in Chapter 3. We shall
first prove the main trajectorial results: Theorem 3.1 and its “perturbed” counterpart,
Theorem 3.7.

4.1. THE PROOFS OF THEOREM 3.1 AND THEOREM 3.7

Since Theorem 3.1 follows immediately from Theorem 3.7 by setting the perturbation
B: R™ — R to be the zero function, we start with the general setting of Theorem 3.7.
We first recall a classical result concerning the time reversal of diffusions. For proof and
references we refer to Theorems 4.1 and 5.1 of Part V.

Lemma 4.1. Suppose Assumptions 3.6 hold. On (Q, G, P?), the process
B?.=BS - BS— \/i/ Viegp? (XPYdu, 0<s<T -t
0

is a Brownian motion. Moreover, the time-reversed canonical process (Xs)o<s<T—t, Sat-
isfies the stochastic differential equation

dX, = (2VIlog#8* — VV + V(W + PP) + VB)(X,) ds + vV2dB¢. (4.1)

By means of Lemma 4.1, the first step in the proof of Theorem 3.7 is to compute the
dynamics of the time-reversed perturbed relative entropy process (3.26). For the reader’s
convenience, we recall the following characterization of the L-derivative in [CD18, pp.
383].

Definition 4.2. Let f: Z3(R") — R and py € P2(R™). On a probability space
(Q,F,P), let Xy be a random variable with distribution . We define
B f (o) R* — R

as the L-derivative of f at o, if for any pu € H5(R™) and any random variable X with
distribution p, it holds that

F(1) = F(10) + B [(0uF (10)(Xo) , X — Xo)| + 0(||1X = Xol| 2qp))-

Remark 4.3. The above characterization of the L-derivative depends neither on the
choice of the probability space (€2,IF,P), nor of the random variables X and X, used
to represent u and pg, respectively. Moreover, if the L-derivative exists, it is uniquely
defined up to pg-equivalence. We refer to Proposition 5.25 and Remark 5.26 in [CD18]
for the details. o
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Proposition 4.4. Suppose Assumptions 3.6 hold. On (Q,G,PB), the time-reversed
perturbed relative entropy process (3.26) satisfies

dlog P(X,,, PP) = (Viog## (X, PP), V2dBY?) (4.2)
+ (IV1og 28417 + 4|V (W + P2)*) (X, ds (4.3)
+ ((3V(W «PP), 2VIog 2+ + VVP) + (VV, VB) - AB)(X,) ds (4.4)

— Bps [(3VW (X, ~ Vi), (2VIog 084 = VV + V(W «PP) + VB)(V2))] ds,  (4.5)

where (Ys)o<s<T—t, 8 a copy of the process (Xs)o<s<T—t, 0N a copy (Q,@,If)ﬁ) of the
original probability space (Q, G,P5).

Proof. Applying a generalized version of It6’s formula for McKean—Vlasov diffusions
[CD18, Proposition 5.102] and using the backward dynamics in (4.1), we obtain

dlog 72 (X, PP) = (V1og 22 (X,, PF), V2dBP) + (0,10 72 + Alog %) (X, PP) ds
+(Viog (X, PP), (2Vlog 88 — VV + V(W + PF) + VB)(X,) ) ds
+ Bps | (94 10g 2 (X, PP)) , (2V log 8% — YV + V(W « PF) + VB) )(V3)| ds (4.6)

+ Epg {trace <8y(9u log 7% (X, Ff)(ﬁ))} ds, (4.7)
where (Ys)o<s<T—t, i a copy of the process (X;)o<s<T—t, On a copy (Q,@,]lsﬂ) of the
6) and

original probability space (2, G,IP#). The L-derivative appearing in (4. (4.7) is
calculated to be

(9108 (2, 1)) (9) = § (0 (W # p) (2)) (y) = =3 VW (2 — ) (4.8)

for (z,p,y) € R™ x P5(R™) x R™, see [CD18, Section 5.2.2, Example 1] for the com-
putation of the L-derivative of a function which is linear in the distribution variable.
Consequently, we have

trace(ﬁyau log 78z, ,u)(y)) = —itrace(0, VW (z —y)) = AW (z — ). (4.9)
Putting (4.8) and (4.9) into (4.6) and (4.7), respectively, as well as using the identities
Oslog € (z, 1) = Oslog €% (),
Vg &3 (z, 1) = Vlog 9 (z) + 3V (W * ) (),

Alog 02 (x, ) = Alog 5 () + AW x ) (x),
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we obtain

dlog?%(X,, Pf) = (Vlog#¥(X,, P?), V2dBF)
+ (95 log I8 + Alog 12) (X,) ds (4.10)
+((Viog?8* + V(W PP)) , (2VIog 8 — YV + V(W + PY) + VB) )(X,) ds
— Bps [(3VW (X, — Vi), (2Vlog 084 = YV + V(W «PP) + VB) (V) ) ds

+ 3 (AW« PE)(X,) + Bps [AW (X, - V)] ) ds. (4.11)
Regarding the expression of (4.11), we observe that
AW PP)(X,) = Bps | AW(X, - V)]

Finally, elementary computations based on (2.4), (3.22) and (3.23) show that the per-
turbed log-likelihood ratio function (s,z) ~ log €3+(z) of (3.23) satisfies

Oslog I3 = (Vlog 08", WV — V(W « PY) = VB) — |Vlog I2*[* — Alog 1+ o)
12
+(VV, V(W «PP) + V) — AW+ PP) — AB

on (0,7 — tp) x R™, with terminal condition logzgi_to = logz%_to. Finally, inserting
(4.12) into (4.10), we obtain (4.2) — (4.5). O

Setting the perturbation B to be the zero function, we obtain the following result.

Corollary 4.5. Suppose Assumptions 2.1 hold. On (2, G,P), the time-reversed relative
entropy process (3.4) satisfies

dlog(X,, Py) = (Vlog £s(X,, Py) , vV2dB,) (4.13)
+ ([Viog " + 3 V(W «P,)[* + (JV(W % P,), 2VIoglh + VV) )(X,)ds  (4.14)

~Bp [(3VW(X, - V), (2Vlogll — VV + V(W +P,) ) (V) )] ds. (4.15)

Here, the process

S
Bs = Br_s — Br — \@/ V log pu(Xu) du, 0<s<T
0

is a P-Brownian motion with respect to the backward filtration G, and (Ys)o<s<T is a copy
of the process (Xs)o<s<t on a copy (2, G,P) of the original probability space (2, G,P).
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Before turning to the final part of the proof of Theorem 3.1, we state a classical result
based on the general theory of the Cameron—Martin-Maruyama—Girsanov transforma-
tion [LS01]. The connection between relative entropy (the left-hand side of (4.16) below)
and energy (the right-hand side of (4.16)) is the foundation of Féllmers entropy approach
to the time reversal of diffusion processes on Wiener space [F6185, F6186, F6l88]. We
denote by W, the Wiener measure on Q = C([0,7]; R™) with starting point x € R", and
define by

W, 2(4) == W, (w e Q: (V2X)(w) € 4),  AcB(Q)
the Wiener measure with starting point x and variance 2.

Lemma 4.6. The relative entropy of P with respect to the Wiener measure
Wpy 2 == /Rn W2 dPy(x),

with initial distribution Py and variance 2, is given by
T
H(P|Wp,) = Ep [ / IVV(X,) + V(W # P ()| dt| < oc. (4.16)
0

Proof. Recalling (2.3), the drift of the McKean—Vlasov dynamics (1.1) can be expressed
as

—VUT (2, P) = —(VV(z) + V(W %« P)(x)),  (t,z) € [0,T] x R".
For any t € [0, T], using the elementary inequality (a + b)? < 2a® + 2b2, we have

Ep ||V (X0, P)]P] < 2Bp[[VV(X0)2] + 2B [ |V(W « P)(X0)2].
Using the linear growth condition (2.1) from Assumptions 2.1, (i), we find

Ep||VV(X0)[2] < 202(1+ Bp[|X,[7]) <202 (1 + Ep| sup |X,?]). (4.17)

0<t<T

Similarly, by Jensen’s inequality and (2.1), we obtain

Be VOV« P)XOP] < [ VW (@ =) p(w) pu(e) dy da (4.18)
<20*(14 [ oy ml)pio) dy do (1.19)
<2c(1azf (P4 PIn)pie) dyds) (420

=2C(1+4Ep[|X:[?]) <8C*(1+Ep| sup [Xi?]). (4.21)

o<t<T
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Altogether, we get

T
EPU |V\I/T(Xt,Pt)|2dt] < 20T(1+EP[ sup |Xt|2D < o0, (4.22)
0

0<t<T

where the finiteness of this expression follows from the uniform second moment property
(2.2) of Lemma 2.2. From [LS01, Section 7.6.4] we now conclude that P is absolutely
continuous with respect to Wp, o, and the Radon-Nikodym derivatives are given by

dPp
dWp, 2

= exp ( - 2/; (VIT(X,,P,), V2dB,) + /Ot VI (X, P,)? du), (4.23)

Fi

for 0 < t < T. The integrability property (4.22) implies that the PP-expectation of the
stochastic integral in (4.23) vanishes, and we obtain

dP
1 =K
©8 (dWPO,z)] r

which shows (4.16). O

T
H(P | Wi, 2) = Ep [ wwt pop ] < oo,

Denoting n-dimensional Lebesgue measure by A, we consider on Q = C([0,7]; R") the
o-finite measure

Wy = /R W dA(),

which is known as the law of the reversible Brownian motion on R" with variance 2;
see [Léolda, Léol4b]. The fundamental property of reversible Brownian motion is that
it is invariant under time reversal. This property can be formalized as follows. Let
R: Q — Q be the pathwise time reversal operator on (2, given by X; o R = Xp_, for
s € [0,T]. For any measure p on €, we denote its time reversal by fi := Ry . Then we
have the invariance property Wy o = W), 5. Let us also consider the probability measure
Wp, 2 = Jgn We2dPp(z) and its time reversal given by Wp, o = [z Wy o dPr(z).
Then, as already noted in [F6185, Remarks 3.7], we have the following result.

Lemma 4.7. We have the relative entropy relations
H(P|Wy2) = H(Po[A) + H(P|Wp, ) (4.24)

and

H(IP ’W)\Q) = H(PT ‘ A) + H(IP ‘WPT,Q)' (425)
Furthermore, all these relative entropies are finite.

Proof. For any x € R", we let P,(-) = P(- | Xo = x) denote (a version of) the con-
ditional probability measure P given Xy = z. By the chain rule for relative entropy
[Léol4b, Theorem 2] we have

H(P| W) = H(Py| ) + /]R H (P, | W, ) dPy ()
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and at the same time
H(IP | WPO’Q) = H(PO | Po) + /}Rn H(IPI |\Wx2) dPy(z) = /]Rn H(IPI |\Wx2) dPy(x),

implying the first identity (4.24). Regarding the finite entropy assertions, we recall (1.2),
(1.3) and observe that

H(Py|\) = /]R po() log po(x) da = U(Po) < F(Py) < oo,

where the finiteness follows from Assumptions 2.1, (ii). Furthermore, from Lemma 4.6
we know that H (P | Wp, 2) < occ.

By the same arguments as above, (4.25) follows again by the chain rule for rela-
tive entropy. Using the invariance property WAQ = W), 2, and as we already know
that H(P|W,3) < oo, it follows that H(P|W,3) < oco. Let us recall now that
Pr € Z,2(R™) by Lemma 2.2. On the one hand, since Py has finite second moment,
H(Pr|A) cannot take the value —oo as noted in Remark 2.3. On the other hand, the
absolute continuity of Py implies that H(Pp|A) cannot take the value +00. Therefore,
we conclude that H(P|Wp,. 2) < occ. O

We have assembled now all the ingredients needed for the proof of Theorem 3.1.

Proof of Theorem 3.1. Recalling the stochastic integral process (Ms)o<s< of (3.6)
and the definition of the cumulative Fisher information process (Fy)o<s<r in (3.3), we
see that the stochastic differential of (4.13) — (4.15) can be expressed as claimed in (3.5).

Since (M;)o<s<T is a stochastic integral process, it is a continuous local martingale. In
order to show that it is an L?(IP)-bounded martingale, it suffices to show the integrability
condition

T o
Ep [(M,MH — Ep 2/0 IV log £y (X, Pu)|? du| < oo; (4.26)

see, e.g. [RY99, Corollary IV.1.25]. On (9, G, P), the time-reversed canonical process
(Xs)o<s<T has backward dynamics

dX, = 04(X,)ds +vV2dB,, 0<s<T
with initial distribution Pr, where the drift term is given by
D,y(z) = (w log 0¥ — VV + V(W x E)) (z) = 2V log (2, P,) — VV(z) € R"

for (s,z) € [0,T] x R™. Therefore, in order to prove (4.26), it suffices to show the two
integrability conditions
Ep

T T
/ |VV(XU)|2du} <o and  Ep / |z9u(Xu)2du} < .
0 0

119



The first condition is a direct consequence of (4.17). From [F6185, Lemma 2.6] we
conclude that the expectation of the second condition is bounded by the relative entropy
H (P |Wp, 5), which is finite on account of Lemma 4.7.

In order to complete the proof of Theorem 3.1, it remains to show (3.7). To begin with,
we take expectation with respect to IP in (3.3) and invoke Fubini’s theorem to interchange
the P-expectation and the time integral. Applying once more Fubini’s theorem, we
swap the P-expectation with the P-expectation appearing in (3.2). Next, we recall
Assumptions 2.1, (i) and use the symmetry of the interaction potential, which implies
that VW (—z) = —VW(x) for all z € R". Furthermore, as the distribution of Y, under
P is the same as the distribution of X,, under P, we deduce that

Ep [Fy] =

_ /0 Bp|(|ViogZ|” + §[V(W + B,)[* + (3V(W +Py), 2V loglh + VV ) ) (X,)| du

+ / Ep K%V(W «Py), (w log 0k — V'V + V(W x E)) (Yu)>] du
0
for 0 < s < T. Recalling the definitions in (2.3) — (2.5), we obtain
Ep[F,] = / By ||V log £},(X, Pu) "] du = / I(P, | Q) du < oo, (4.27)
0 0

for 0 < s < T, where the second equality is immediate from (2.7), and the finiteness of
the expression in (4.27) is justified as follows. Again, from (2.3) — (2.5) we find

A D2 5 Y D S5\ (2
V1o Z}(X,, Py)|” = |V1og l4(Xs, Py) + 5 V(W 5 Py)(X,)]

< 2|V log ls(Xy, Py)|” + 3|V (W # Py) (X))

In light of (4.26) and (4.18) — (4.21), we see that the expression in (4.27) is finite, which
in turn justifies a posteriori the former applications of Fubini’s theorem. ]

Remark 4.8. In the above proofs of Lemmas 4.6, 4.7 and Theorem 3.1, the linear growth
condition (2.1) from Assumptions 2.1, (i) was crucial. For a different proof in the (linear)
setting without interaction (i.e., W = 0), we recall the proof of Theorem 4.1 in Part I,
where the confinement potential V' (which is called ¥ in Part I) is not necessarily of
linear growth, but instead satisfies a weaker coercivity condition; see (2.7) in Chapter 2
of Part I. The key in that setting is to apply Lemma 2.48 in [KK21]; recall the proof
of Theorem 4.1 in Chapter 5 of Part I and in particular Proposition 6.4 in Chapter 6 of
Part I. o

The proof of Theorem 3.7 is now an easy consequence.

Proof of Theorem 3.7. Recalling the definition of the process (MP)o<s<r—t, in (3.28)

and of the perturbed cumulative Fisher information process (F?)ocs<r_t, in (3.25), we
see that the stochastic differential of (4.2) — (4.5) can be expressed as claimed in (3.27).
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As in the proof of Theorem 3.1 we will now argue that

- T—to .
Eps [(31%,31°),_, | = Eps 2/0 IV 10g 7% (X, PP)[2 du| < oo, (4.28)

which will then imply that the stochastic integral process M? is an L?(IP#)-bounded
martingale. To this end, we define the density

P (a,p) = V@I (2, ) € R” x Po(R™)
and consider the “doubly perturbed” likelihood ratio function

B
Py (T
gtB’B(w?M) = qﬁt(é L)y

(t,) € [to, T] x R™.

As the Assumptions 2.1 are invariant under the passage from the potential V' to the
perturbed potential V# = V + B, we can apply Theorem 3.1 to the potential V? and
obtain

T—tg _ .
Eps 2/ IV log 788 (X, PP) 2 du| < oo (4.29)
0

Now, since Etﬁ’ﬁ(az, u)/ﬁtﬂ(az, 1) = @) we observe that the difference
Viog (7f (z, 1) — Viog ] (z, 1) = V()

is a bounded function. Together with (4.29), this implies (4.28).

It remains to check (3.29). A similar calculation as in the proof of Theorem 3.1 leads
to the identity

Eps [FP] = /0 Eps ||V 1og (X, PO + ((VV + V(W «PP), VB) — AB)(X,)| du

(4.30)
for 0 < s < T — 3. Repeating the reasoning of the previous paragraph for the function
%" instead of ¢, we find that

T—tg _ o 9
EPBU |V log (81 (XE PB)| du} < 00.
0

Since the function
0.7 ~to] X R" 3 (t,2) — (VV + V(W ), VB )(x) = AB(x)

is bounded, we conclude that the quantity of (4.30) is finite. Finally, recalling the
definition (3.24), we arrive at (3.29). O
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4.2. THE PROOFS OF PROPOSITION 3.14 AND THEOREM 3.16

Proof of Proposition 3.14. The first step is to view the probability density functions
(pt)o<t<1, corresponding to the displacement interpolation (14)o<i<1 of (3.41), as a solu-
tion to a continuity equation. Recalling the convex function ¢: R™ — R of (3.40), we
define a function ug: R™ — R by ug(z) == p(x) — |z|?/2; and for each t € (0,1], we let
the function u;: R®™ — R be defined by the Hopf-Lax formula

|z —y|?
:c%y )

For all t € [0,1), we denote the gradient of u; by v; :== Vu;. For ¢t = 0, it is clear that
vo = Ve — Id is well-defined. For t € (0,1), the gradient v; is defined Lebesgue-a.e. by
[Vil03, Theorem 5.51 (i)], and

vi(z) = Vug o (T}) " (z), for all x € T;(R"), (4.31)

where T} is defined in (3.41). Note that the inverse of T} is well-defined because T is
injective; see [Vil03, Section 5.4.8]. From (4.31) we see that (v¢)o<t<1 is the velocity field
associated with the trajectories (T})o<t<1, i-€.,

Ti(x) = = + /Ot v(To(x))ds, 0<t<l. (4.32)

By [Vil03, Theorem 5.51 (ii)], the curve of probability density functions (p;)o<t<1 satisfies
the continuity equation

Ohpr(z) + div(pe(z) ve(x)) = 0, (t,z) € (0,1) x R™. (4.33)

On a sufficiently rich probability space (S,S,P), we let Zy: S — R™ be a random
variable with probability distribution vy. For each 0 < ¢t < 1, we let Z; = T(Zy).
From (3.41) we see that the random variable Z; has distribution v, and (4.32) yields
the representation

t
Z, = 7, +/ vo(Z)ds, 0<t<l. (4.34)
0
In conjunction with (4.33), we deduce
dpt(Zt) = 8tpt(Zt) =+ <th(Zt) , dZt> = _Pt(Zt) diV(Vt(Zt)) dt,

and thus

Recalling the definition of the density function ¢ in (2.4), a similar argument as in (4.8)
shows that

(0 log g(z,1))(y) = 5 (9 (W % v) (2))(y) = =5 VW (z — y) (4.36)
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for (z,v,y) € R™ x P(R"™) x R™. Applying a generalized version of Ito6’s formula for
McKean—Vlasov diffusions [CD18, Proposition 5.102], and using the dynamics (4.34) as
well as the L-derivative (4.36), we obtain

dlog g(Z, ) = —(VV + EV(W x ), v )(Z0) dt + 5B [ (YW (Z = Z), wi(Z0)] dt
(4.37)
for 0 < t < 1. Here, the process (Zt)0<t<1 is defined on another probability space
(S,S, f’) such that the tuple (S,S, P, (Z;)o<t<1) is an exact copy of (S, S, P, (Zi)o<tet)-
Now taking the difference between (4.35) and (4.37) gives the dynamics

log 7(Zt, 1) — log r0(Zo, o) (4.38)
- /Ot ((VV + 5V(W 1), v )(Z6) - div(vs(Zs)) ) ds (4.39)
_ ;/OtEf) (YW (Z, = Z,), vs(Zs))] ds (4.40)

of the relative entropy process (logr¢(Z:, vt))o<t<1. Next, let us make two observations.
Firstly, integration by parts yields

Ep [div(vi(Z))| = ~Bp[(Viog pu(21) , vi(21))]. (4.41)

Secondly, by applying Fubini’s theorem, and using that W is an even function as well as
(Zy) 4P = v, we obtain the identity

Ep [E,s (VW2 -2, vt(Zt)>H — B [(VOW s m)(Z), w(2))].  (442)
Returning to (4.38) — (4.40), we take P-expectations and use (4.41), (4.42) to obtain

H(Vt | Nt) - H(VO ‘ UO) = /Ot IE)P [<v logps +VV + V(W * Vs) ) Vs><Zs)} ds

— /Ot Ep[(Vlogr](Ze,vs) . va(Z))] ds,

where for the second equality we recall the notations in (3.42) and (2.4). Finally, letting
t ] 0, we get

S @) = [ (Tiogrl(e ), vol@)) po(e) d
dt lt=0 Rn 03 ’ ’

and since vg = Vo — Id, we arrive at (3.43). O

Proof of Theorem 3.16. Without loss of generality, we assume that the probability
density functions pg and p; satisfy the strong regularity Assumptions 3.13. The general
case then follows by a density argument. We will not provide the details here, but refer
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to [Vil03, Chapter 9.4], where this regularization is carried out in the simpler setting of
the HWI inequality.

Let us recall the energy functionals ¢, V, W defined in (1.3) — (1.5), and introduce
the functions

f@&) =uUlpe), — 9@) =V(pr),  h(t) =W(p), 0<t<1,

where (pt)o<t<i is the curve of probability density functions corresponding to the dis-
placement interpolation (v4)o<i<i of (3.41). Then the sum F' := f + g + h of these
functions satisfies the relation F(t) = H (v | ). In light of [Vil03, Theorem 5.15 (i)],
the internal energy functional I/ is displacement convex, i.e.,

fft)y =0,  0<t<L (4.43)

By Assumptions 3.15, the confinement potential V': R™ — [0, 00) is ky-uniformly convex.
Therefore, [Vil03, Theorem 5.15 (ii)] implies that the potential energy functional V is
ky-uniformly displacement convex. In other words,

J'(t) = ky Wi(vo,v1), 0<t<1. (4.44)

Again from Assumptions 3.15, the interaction potential W: R™ — [0, 00) is assumed to
be symmetric and ky-uniformly convex. Therefore, a similar argument as in the proof
of [Vil03, Theorem 5.15 (iii)] leads to the wy (WZ(vo,v1) — |b(vo) — b(v1)|?)-uniform
convexity of h, so

B(8) > ko (W (vo, 1) — [b(vo) = b)[?),  0<t<1L. (4.45)

The details of the proof of (4.45) are postponed to Section 5.2. By combining the
estimates (4.43) — (4.45), we deduce that the relative entropy function

[0,1] 2t F(t) = H(vy | i)
satisfies the inequality
F//(t) = (/ﬁJV + Hw) WQQ(V(), Vl) — KW ‘b(V()) — b(l/l)’2. (446)

Furthermore, from Proposition 3.14 we have

F'(07) :/

<V log 1"8(:1:, v),V(x) — :r:> po(x) dz. (4.47)
]RTL

In conjunction with (4.46) and (4.47), the Taylor formula
1
F(1) = FO) + F(0") + [ (1= OF"(t)dt
0

now yields the inequality (3.45), (3.46). O
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5. PROOFS OF AUXILIARY RESULTS

5.1. THE PROOF OF LEMMA 2.2

Proof of Lemma 2.2. The generalized potential WT(-, -) of (2.3) allows us to cast the
McKean—Vlasov dynamics of (1.1) in the more compact form

dX, = —-Vu(X,, P,)dt +vV2dB;,, 0<t<T. (5.1)

Then, for any two pairs (z, u), (2/, ') € R™ x P5(R™), using the Lipschitz continuity of
VV in Assumptions 2.1, (i) yields

VT (2, ) = V(@' 1) < IVV Lip |2 — 2| + [V (W 5 p) () = V(W 5 ) (2)].

For the convolution term, using Jensen’s inequality and the Lipschitz continuity of VW
in Assumptions 2.1, (i) leads to

VW 5 1) () = VW = 1) (@)] < [VW [ip & — 2] + V(W % ) (') = V(W 5 ) (@)].

For the last term above, by the Kantorovich-Rubinstein theorem [Vil03, Theorem 1.14],
we have

VW (2 — ) d(p— 1)

‘]R"

<I9Wip sup{ [ wdlu= i) 0 € = w) el < 1}

= VW lLip Wi (s 1) < VW [Lip Wa (s, 1), (5.2)
where
Wi(p,p') = inf  E[Y-Z|], ppu € P (R")
Y~p,Zeop!

denotes the 1-Wasserstein-distance, and the estimate in (5.2) follows from Jensen’s in-
equality. Altogether, we obtain

VT (2, 1) = VO (@ 1) < (IVV Lip + VW lLip) |2 — 2|+ [ VW [|Lip Wa (e, 1) (5.3)

In particular, this shows that the function —VWT(-, ) is Lipschitz continuous on the
product metric space (R™,| - |) x (Z2(R™), W3). In conjunction with Assumptions 2.1,
(ii), [CD18, Theorem 4.21] implies that the McKean—Vlasov stochastic differential equa-
tion (5.1) has a pathwise unique, strong solution satisfying the uniform second moment
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condition (2.2). Now we can linearize (5.1) by fixing the time-marginals (P;)o<i<7, S0
that the drift term can be viewed as a function (¢,2) — V¥'(z, P;), and (5.1) becomes
an ordinary stochastic differential equation with a time-inhomogeneous drift coefficient.

The absolute continuity of the time-marginals (P;)o<¢<7 is immediate from Lemma 4.6.
A standard argument using the classical 1t6’s formula shows that the curve of probability
density functions (p;)o<i<r is a weak solution of the granular media equation (1.12).
Finally, we turn to the regularity of this solution. From (5.3), we see that the drift
x + VUT(z,P,) is Lipschitz continuous for every ¢ € [0,7], and Assumptions 2.1, (i)
implies that the drift is also of linear growth. The desired smoothness of (p;)o<i<7 now
follows from a straightforward adaptation of the theorem in [Rog85], see also Remarks
(i) — (ii) therein. O
5.2. THE PROOF OF (4.45)

Proof of (4.45): We first rewrite the interaction energy functional W of (1.5) along the
displacement interpolation (v4)o<i<i. Using (3.41), for any t € [0, 1], we have

MO =% [ W=yl i)
—4 [ W(T) - Tw) w(do) (dy)

=3[ W=y = t0() ~ 0) ) vo(de) vo(dy)

where 6: R™ — R" is defined as 6(z) = = — Vp(z). Now, for any ¢1,t2,0 € [0, 1], by
the ky-uniform convexity of W in Assumptions 3.15, we obtain

oh(t1) + (1 — o)h(t2) — h(ots + (1 — o)t2)
= % ./IRann (UW(:C —y—t1(0(z) — 9(y))> +(1- U)W(l‘ —y—ta(0(x) — 6’(y))>
W (e =y (ot (L= a)t2) (02) - 6))) ) (da) ()

> thwo(l—o0)(t — t2)? /]R"xR" 10(z) — 0(y)|* vo(dz) vo(dy). (5.4)
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Next, we express the integral in (5.4) as

5[ 10) = 0w v(d) mo(dy)

2

= [ 16() w(de) - ' 0(z) vo(da)
Rn Rn

2

= [ o= Ve s - | [ ow() - [ o)

= W3(vo,v1) = [b(vo) — b(r1) .
Putting this back into (5.4), we deduce that h is uniformly convex, with constant
2 2
rw (W3 (vo, 1) — [b(ve) — b(1)[2),

which shows (4.45).
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PARrT IV.

DIFFUSION PROCESSES AS WASSERSTEIN
GRADIENT FLOWS VIA STOCHASTIC CONTROL
OF THE VOLATILITY MATRIX

ABSTRACT

We consider a class of time-homogeneous diffusion processes on R"™ with common in-
variant measure but varying volatility matrices. In Euclidean space, we show that the
corresponding flow of time-marginal distributions admits an entropic gradient flow for-
mulation in the quadratic Wasserstein space if the volatility matrix of the diffusion is
the identity. Our approach is based on stochastic control of the diffusion coefficient and
time-reversal techniques. Equipping R™ with a Riemannian metric, we prove that the
diffusion process can be viewed as a gradient flow in the induced Wasserstein space if the
volatility matrix is the inverse of the underlying metric tensor. In the Euclidean case,
our probabilistic result corresponds to the gradient flow characterization of the Fokker—
Planck equation, first discovered in a seminal paper by Jordan, Kinderlehrer, and Otto.
In the Riemannian setting, the corresponding result on the level of partial differential
equations was established by Lisini, building on the metric theory developed by Ambro-
sio, Gigli, and Savaré. This setting was also used by Fathi to develop a gradient flow
approach to large deviations for diffusion processes.



1. INTRODUCTION

On a probability space (2, F,P) with filtration F = (F})o<t<7, We consider a class of
time-homogeneous diffusion processes (X;)o<t<7 on R™ of the form

X} = (divS(X[) - B(XP) VV(XF)) dt + /[ 25(XF) dB,, (1.1)

for 0 <t < T < oo; with initial condition XOE =Y, a square-integrable random vector
with continuous probability density function py: R™ — (0, 00), which is independent of
the standard n-dimensional Brownian motion (B;)o<i<r. We denote by PF = (X;°) 4P
the distribution of the random vector X;° and by p;*: R™ — (0,00) the corresponding
probability density function. The functions V: R™ — R and ¥: R™ — R"™*" are smooth
and sufficiently well-behaved to guarantee the existence of a pathwise unique, strong so-
lution of the stochastic differential equation (1.1) in L?(IP), as well as a classical solution
of the corresponding Fokker—Planck equation [Fri75, Gar09, Ris96, Sch80)]

op? (z) = div (Z(m) (Vlogpy(z) + VV(x))ptE(x)), (t,z) € (0,T) x R™, (1.2)

which is also known as Kolmogorov forward equation [Kol31].

The function ¥: R" — R™ " takes values in the set S%, of symmetric and positive
definite matrices and we denote by /¥ (x) € S | the unique square root of 3(x) € S7 .
The divergence of the matrix-valued function X is the vector field div >: R™ — R" with
components (divX); = 377 9;5;.

The aim of this work is to study entropy dissipation and gradient flow properties of
the diffusion equation (1.1). The novelty of our stochastic analysis approach is that it is
based on stochastic control of the volatility matrix. Our primary inspiration derives from
[KST22], where a similar endeavor has been established in the case when the volatility
matrix ¥ is equal to the identity matrix.

1.1. INVARIANT MEASURE

The stationary version
div (Z(x) (Vlogq(x) + VV(z)) q(a:)) =0, reR" (1.3)

of the Fokker-Planck equation (1.2) has a strictly positive solution ¢(z) = e~V®). We
denote by Q the o-finite measure on the Borel sets Z(R") having the function ¢ as
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density with respect to Lebesgue measure. This measure Q is invariant for the diffusion
process (X )o<i<r. If

QMR") = /n e V@ dz < o0, (1.4)

the measure Q can be normalized to become a probability measure (the so-called Gibbs
measure from statistical mechanics). We emphasize that we do not impose the condition
(1.4) and admit the possibility that the total mass Q(RR™) is infinite. This allows for
the important case when the function V vanishes identically and Q is equal to Lebesgue
measure on R”. Instead, we require the weaker integrability condition

EQ[(ac — e_‘x|2)} = / e 1P V() qz < oo, (1.5)

n

If, for example, V is nonnegative, this condition is automatically satisfied. Furthermore,
we stress that no convexity assumptions are imposed on the function V.
We remark that, if divYX = X VV, the process (X;)o<i<r is a martingale. In this

case, if n = 1, the invariant measure Q has density ¢(x) = Z(la:)'

1.2. RELATIVE ENTROPY AND FREE ENERGY
Given the flow of probability measures (P;")o<i<7 defined by the diffusion process of
(1.1), our goal is to study the relative entropy function

0,T] >t +— H(P”|Q). (1.6)

The relative entropy or Kullback-Leibler divergence of P;* = Law(X;") with respect to
the invariant measure Q is equal to

>z
(PP Q) = Eellog B0 = [ 1og (BE)) Py (1)
R q(x)
where the likelihood ratio function (t,x) ~ ;' (x) is given by
5
By =20 =@ () e 0,7 x R (1)

q(x)

The relative entropy (1.7) can also be interpreted as a free energy. Defining the free
energy functional as the sum of the internal and potential energy functionals via

p— F) = [ pla)logpla)de+ [ V() pla)de, (L9)

for probability densities p(-) on R", we have the relation H (P |Q) = .#(p}°) between
entropy and energy.

Since the diffusion process (X;*)o<i<r lies in L?(P), the corresponding time-marginals
(PP)o<t<T are elements of P5(R™), the collection of probability measures on Z(R")
with finite second moments. Together with the integrability condition (1.5), this ensures
that the relative entropy (1.7) with respect to the o-finite reference measure Q is well-
defined and takes values in the interval (—oo, o0]; we refer to Section 6.1 of Part I or
[Léol4b, Section 3] for the details.
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1.3. RIEMANNIAN STRUCTURE

We fix a function A € S, which then induces a smooth and symmetric metric tensor
G:R" — RV .+ G(z) == A7 (z).
This metric tensor G defines a Riemannian inner product (-,-)g on R", given by
R" x R" — R: (v,w) — (v,w)q(z) = (G(z)v,w)

for z € R™. We denote the induced norm by |- |g = +/(-, - ). Equipped with this
Riemannian structure, we can regard the pair (R",G) as a Riemannian manifold; we
refer to [Leel8] for an introduction to Riemannian manifolds. The metric tensor G
naturally induces a Riemannian metric dg on (R", G) defined by

tote) =t [ Jla6wnmsm)a),  wyer

vel(z,y)

where I'(z, y) denotes the collection of absolutely continuous curves v: [0,1] — R™ with
starting point v(0) = = and endpoint y(1) = y. We write R for the metric space R"
equipped with this metric dg. As a consequence of (1.13), G satisfies a uniform ellipticity
condition of the form

Vo, & € R™: O €2 < (G(x)E,€) < et|€)? (1.10)

Note that Z2(Rg) = Z2(R™) on account of (1.10). In other words, for a probability
measure on R"™, it is immaterial whether the finite second moment property is tested
with respect to the metric dg or the Euclidean metric, and by equivalence of norms the
topology and the Borel sets remain the same.

1.4. RELATIVE FISHER INFORMATION

For a probability measure P € Z(R"™) and vector fields v, w: R" — R"™ we define the
scalar product

(v,w>ch(P) =Ep[(v,w)q] = /H(Gv,w> dpr

and the induced norm H'U”LQG(P) =, /(v, ’U>L2;(P).

The gradient of a smooth function f: R™ — R on the Riemannian manifold (R", G)
is given by Vg f = AV (see, e.g., [Leel8]).

In our Riemannian setting, the relative Fisher information (see, e.g., [OV00, Vil03])
of P = Law(X;") with respect to the invariant measure Q is equal to

I6(P7|Q) = [Velog £ |72, pmy = /Rn (Viogty, AV log (y)(z) pi(x) da.
We can also express the relative Fisher information as a P-expectation, namely
I6(F|Q) = Ep||Valog 6 (X7)|2]. (1.11)

For the classical definition of Fisher information in the information theory literature we
refer to the books [CL98, CT06].
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1.5. WASSERSTEIN DISTANCE

The quadratic Wasserstein distance (see, e.g., [AGS08, Vil03]) between two probability
measures P and P; in &3(R™), with R™ being equipped with the Riemannian metric
da, is defined by

W a(P1, P) = inf d 2d 1.12
2,G( 1, 2) \/WEHI(IIID1,P2)/]RR><]R7L G(x7y) 7T($,y), ( )

where II(Py, P») denotes the set of all couplings 7 € Z(R"™ x R"™) between P; and P,
i.e., probability measures w on R™ x R™ with first marginal P; and second marginal P5.

1.6. CLASS OF ADMISSIBLE VOLATILITIES

Definition 1.1. We define the class of admissible volatilities S as the collection of all
matrix-valued functions ¥: R™ — R™*" such that

(i) X(x) is a symmetric and positive definite matrix, for every z € R",
(ii) the component functions R™ 3 = — ¥;;(x) € R are smooth, for all 4,5 € {1,...,n},

(iii) for some constants ¢, C' > 0 the uniform ellipticity condition
vz,E €R™: el < (S()6,€) < CleP? (1.13)
is satisfied,

(iv) the stochastic differential equation (1.1) admits a pathwise unique, strong solution
(XtE)Ogth, which is bounded in L?(P),

(v) the Fokker-Planck equation (1.2) has a classical solution (p)o<<T,

vi) the curve of probability measures (P )o<¢<7 given by P = Law(X /") is absolutely
t)o<t< t t
continuous on the quadratic Wasserstein space (Z2(R"), Wa ), i.e., there exists
m € L'([0,T]) such that

t
Woc(PE,PF) < | m(u)du

to
forall 0 <ty <t <T,

(vii) and the initial relative entropy H(P;’ | Q) is finite.
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1.7. MAIN RESULTS

Under the assumptions of this chapter, we can state our first main result.

Theorem 1.2. For every X € S and 0 < tg <t < T we have

1% ;
HEP Q) - HEZI Q)< [ IaPE|Q) i T2 B g 1

with equality if the diffusion matriz 3 is a constant multiple of A. In the case ¥ = A
we have

t W ,PA
H(PA Q) - H(PA Q) = /IGPA|Q>du+ [ (1m 26‘(';;,% )) du

(1.15)

The message of Theorem 1.2 is that the “flow of probability measures” (PtA)(]gth,
defined by the stochastic differential equation

dx = (div AXP) = AX) YV (X)) dt + \24(X{) dB, (1.16)
is the gradient flow of the relative entropy functional
P5(R") > P— H(P|Q) (1.17)

with respect to the quadratic Wasserstein distance W . The gradient flow property in
this Riemannian setting was established by Lisini in [Lis09], where nonlinear diffusion
equations with variable coefficients are identified as gradient flows in Wasserstein spaces
with respect to a Riemannian metric. The approach of [Lis09] is based on the theory
of minimizing movements and the theory of curves of maximal slope in metric spaces,
taking as a reference [AGS08]. While in [Lis09] it is crucial to study the Fokker—Planck
equation

o (w) = div (A(x) (Vlogp'(z) + VV (2)) pi(2)), (1.18)

our approach is based on the corresponding stochastic differential equation (1.16) via
stochastic control of the diffusion coefficient. More precisely, we fix A € S, and for every
Y in the class of admissible volatilities S, we vary the diffusion coefficient by considering
a stochastic differential equation of the form (1.1). After some stochastic analysis and
taking expectations this yields the inequality (1.14). In the language of analysis in metric
spaces, the inequality (1.14) has the interpretation that the square root of the relative
Fisher information functional

P \/I6(P|Q) = [V log()] 2 ) = \/ [ (V108(2), AV 10g(2)) () ) da

(1.19)
is a strong upper gradient (see [AGS08, Definition 1.2.1], [Lis09, Definition 3.2]) for the
relative entropy functional (1.17). The domain of these two functionals consists of the
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collection of absolutely continuous probability measures P € Z2(R™), having a proba-
bility density function p(-) with respect to n-dimensional Lebesgue measure. In the case
Y. = A, we obtain the so-called energy identity (1.15) (see [AGS08, Remark 1.3.3], [Lis09,
Definition 3.3]). This shows that (P/")o<i<r is a curve of mazimal slope (see [AGSO0S,
Definition 1.3.2], [Lis09, Definition 3.3]) for the relative entropy functional (1.17) with
respect to its strong upper gradient (1.19) in the Wasserstein space (Z2(R"), W2 q).
According to [AGS08, Theorem 11.1.3], curves of mazimal slope coincide with gradient
flows, which verifies the stated gradient flow property of (P/)o<i<7.

We leave now the Riemannian setting and return to the standard Euclidean structure
on R™. In other words, we fix the identity matrix A = I, € S and consider the quadratic
Wasserstein distance

Wo(Py,Py) =, inf / @ —yldn(z,y), Pi,Pe PR,  (1.20)
m€ll(P1,P2) JR® x R™

together with the relative Fisher information functional

P 1(P|Q) = [V10g(2)lary = [ 171082 pla) da.

As an immediate consequence of Theorem 1.2, we obtain the following result.

Corollary 1.3. For every X € S and 0 < tg <t < T we have

, Py
HPE Q) - HOPE Q) < [ 1P Q) oy P2 P

with equality if the diffusion matriz 3 is a constant multiple of the identity matriz. In
the case ¥ = I, we have

2
H(F, | Q) — H(F[Q) = /IP Q) du+ 1 (%%W) du

Here, the probability measures (P;)o<i<r denote the time-marginal distributions of
the stochastic differential equation of Langevin—Smoluchowski type

dX; = —VV(X;)dt + V2dB;. (1.21)

The corresponding probability density functions (p¢)o<i<r satisfy the Fokker—Planck
equation

Opi(x) = div ((V log pi(z) + VV (2)) pt(x)). (1.22)

Clearly the equations (1.21) and (1.22) are obtained by taking A to be the n-dimensional
identity matrix in (1.16) and (1.18), respectively. By analogy with the Riemannian
setting considered above, Corollary 1.3 has a gradient flow interpretation in Euclidean
space. Namely, it establishes that the flow of probability measures (P;)o<i<r is the
gradient flow of the relative entropy functional (1.17) with respect to the quadratic
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Wasserstein distance Wy on the space &3(R™). The gradient flow property in this
context was first established in [JKO98].

The special feature of our approach is that it is mainly based on stochastic analysis.
In fact, most of Theorem 1.2, which is a deterministic result, will be a consequence of
a stronger trajectorial result, Theorem 2.1. This constitutes the second main result of
this work, it is stated and proved in Chapter 2. Trajectorial approaches of a similar kind
were initiated by [FJ16, KST22]. Several important consequences and ramifications of
Theorem 2.1 are developed in Section 2.2.

In Chapter 3 we prove the gradient flow property as stated in Theorem 1.2. Most
of the proof will be a consequence of Theorem 2.1. As a final ingredient, we need to
compute the derivative of the Wasserstein distance

WQ G’(PEJ,-ha PuE)

=1 i u
f(u) lim ] ,

(1.23)

a quantity appearing in (1.14) as well as (1.15). The derivative (1.23) is known as a
metric derivative in [AGS08, Lis09]. By relying on the metric theory of [AGS08, Lis09]
we show in Section 3.1 that

flu) = \/E]p [\ (S G Vglog 55)(X§)|2G]

Finally, in Section 3.2 we merge our findings and provide the proof of Theorem 1.2.

1.8. LITERATURE REVIEW

In the seminal paper [JKO98], Jordan, Kinderlehrer, and Otto established a new re-
lationship between a particular class of Fokker—Planck equations, the associated free
energy functionals, and the quadratic Wasserstein distance. More precisely, they con-
sidered the flow of probability densities described by a stochastic differential equation
of Langevin—Smoluchowski type as in (1.21), for which the drift term is given by the
gradient of a potential and the diffusion coefficient is constant. The authors of [JKO98]
constructed a time discrete, iterative variational scheme, whose solutions converge to
the solution of the corresponding Fokker—Planck equation (1.22). Associated with this
Fokker—Planck equation is a free energy functional, modeled as the sum of internal and
potential energy as in (1.9), and defined on the set of probability densities with finite
second moments. The path-breaking result shown in [JKO98] is that the slope of this free
energy functional along the Fokker—Planck probability density flow is the steepest possi-
ble, if one chooses the quadratic Wasserstein distance (1.20) as metric. In other words,
this flow of probability densities can be regarded as a “curve of steepest descent”, or a
“gradient flux”, for the free energy functional with respect to the Wasserstein distance.

The point of view taken in [JKO98] was further developed in the paper [Ott01], where
Otto showed the Wasserstein gradient flow structure of the porous medium equation and
introduced a formal Riemannian calculus on the space of probability density functions,
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which was later dubbed “Otto calculus” in Chapter 15 of [Vil09]; see also Chapter 8 of
[Vil03]. As just one example, the results by Otto and Villani on transport inequalities
in [OV00] show the power of this heuristic method. For rigorous constructions we refer
to the research papers [CG03, CMV06, Lot08, LV09, Oht09, StuO6a, Stu06b] and the
textbook [AGS08] by Ambrosio, Gigli, and Savaré.

For the general and rigorous definition of gradient flows in metric spaces we again
refer to the book [AGS08], which is based on the theory of minimizing movements and
the theory of curves of maximal slope in metric spaces, building on previous work like
[DGI3, DGMT80, DMTS85]. For literature on optimal transport and gradient flows we
also refer to [Vil03, Vil09, AG13, Sanl5].

The stochastic analysis approach of this work stems from [F.J16] and [KST22]. Such
trajectorial approaches, including applications of time-reversal, were also carried for-
ward in [KT22, KMS21, TY23, KY22, CL22, JK23]. For the connection of gradient
flows with large deviations we mention [ADPZ13, Fat16]; further recent related work
includes [BCGL20, HRSS21]. Entropy dissipation for stochastic differential equations in
a Riemannian context was also studied in the articles [FL23a, FL23b, BFL24].
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2. DYNAMICS OF THE RELATIVE ENTROPY PROCESS

In this chapter we present and prove our second main result, Theorem 2.1. In contrast
to Theorem 1.2 it is not of a deterministic but of a trajectorial nature. Most of Theorem
1.2 will then follow from Theorem 2.1 by taking expectations.

Our eventual goal is to study the time evolution of the relative entropy function (1.6).
We will do this in a trajectorial fashion by modelling the relative entropy function as
a stochastic process. This idea goes back to [FJ16] and was utilized in the context
of gradient flows in [KST22]. In the latter work a stochastic analysis approach to the
characterization of diffusions of Langevin—Smoluchowski type (1.21) as entropic gradient
flows in Wasserstein space was developed. The main difference to our current work is
that [KST22] is formulated in the setting of [JKO98], where the diffusion coefficient is
constant and the underlying metric is Euclidean. Along the lines of [Lis09], we allow
here for a variable diffusion coefficient as well as a Riemannian geometry (determined
by A € § as in Section 1.3). As a consequence, while in [KST22] the drift coefficient VV'
is controlled (or, put another way, perturbed), we vary the diffusion coefficient ¥ in the
class of admissible volatilities S. In particular, we provide probabilistic interpretations of
the corresponding results in [Lis09] by considering the associated diffusion process (1.16)
rather than the underlying Fokker—Planck equation (1.18). From this perspective, our
work can be viewed as a generalization of [KST22], in a similar way as [Lis09] generalizes
the setting of [JKO98] and some of the results in [AGS08]. Clearly, by choosing the
underlying metric to be Euclidean (i.e., by fixing the identity matrix A = I, € S as
a reference), we recover the results of [JKO98, KST22]; recall Corollary 1.3 in this
context. We also remark that the setting of [Lis09] allows for more general nonlinear
partial differential equations, as opposed to the linear case (1.18).

We fix ¥ € S and consider the diffusion process (X;*)o<i<7, governed by the stochastic
differential equation (1.1), with time-marginal distributions P* = Law(X;"). With
the above motivation in mind, we consider the likelihood ratio function (1.8) and its
logarithm as stochastic processes. The resulting random objects are the likelihood ratio
process (or Radon—Nikodym derivative process)

dP” s Sy 2 PP (X7 Sy JVI(XE
(XD) =7 (X7) = Ll — p2(XP) V) 0<t<T 2.1
dQ t ) t ( t ) q(XtZ) t t ( )
and the relative entropy process
Sy T PP (X7 Dy 2
log £2(XZ) = log <(XE)) ClogpP(XD) 4+ V(XD),  0<t<T. (22)
ACES

Since taking the P-expectation in (2.2) leads to the relative entropy as in (1.7), the
idea is to compute the dynamics of the relative entropy process. More precisely, we will
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determine the stochastic differential of the process (2.2) under the probability measure
P. Motivated from results like [DPP89, Pav89], and most notably the work [FJ16] by
Fontbona and Jourdain, as well as the stochastic approach of [KST22], we expect that
these dynamics will be most transparent when regarded in the backward direction of
time. Thus we consider the time-reversed process

X¥ =Xy, 0<s<T. (2.3)

Due to the strong solvability of the stochastic differential equation (1.1), we can assume
that the filtration I = (F;)o<i<r is given by

Fi = U(XE,BMZ 0<u<t)
modulo P-augmentation. We define the backwards filtration F = (Fs)o<s<r by

Fs=0(XZ Br_y —Br_s: 0<u<s)

modulo P-augmentation.

The following Theorem 2.1 describes the semimartingale dynamics of the time-reversed
relative entropy process

log ¥(XY) =logl3_(XF_,), 0<s<T (2.4)
in terms of the cumulative relative Fisher information process
— S — — —
F* ::/ <V10g£§, EVIog£E>(XE) du, (2.5)
0

for 0 < s < T. In particular, we will see that the difference between the processes of
(2.4) and (2.5) is a martingale. The proof of the theorem below is given in Section 2.1.

Theorem 2.1. Let X € S, fir A € S and set G = A~L. On the filtered probability space
(Q, Fr, T, P) we have

T
Ep[FF] :/ Ep[(Viog 7, £ Vlog 7 )(XP)] df < oo (2.6)
0
and the process
M = (log 7 (X)) — log (7(XF)) — FY

s 9

0<s<T (2.7)

is a martingale bounded in L?(P), with representation as a stochastic integral
—_ s —_— — — p—
37 = [ (VigBi(XY) .\ 25(X7) dBy). (2.8)
0

where the process (Bs)o<s<r s F-Brownian motion (see Lemma 2.2).
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We now consider the important special case ¥ = A. In this situation, the cumulative
relative Fisher information process (2.5) takes the form

S

FA :/ (ViogZ, AV logZ) (X2 du :/ Ve log P4(X4) 2 du
0 0
and in light of (1.11) we have

. T T
Be[Ff] = [ Be[Velogt! (2] dt = [ 1a(P Q) dt < .
Again, the process

M = (log £{/(X{) — log (7(X7)))

FA, 0<s<T

is a martingale bounded in L?(IP), with representation as a stochastic integral
—_ s —_— p— p— p—
MA = /0 (Vg (X)), \/2A(X ) dB,).

2.1. THE PROOF OF THEOREM 2.1

We place ourselves on the filtered probability space (Q, Fr,TF,P). As already pointed
out, our goal is to calculate the dynamics of the time-reversed relative entropy process
(2.4). In order to do this, the first question is how the forward dynamics (1.1) of the
diffusion process (X;*)o<i<r change when regarded in the backward direction of time.
In other words, we need to know the stochastic differential of the time-reversed process
(2.3). This requires the classical theory of time-reversal; see, e.g., [F6185, F6186], [HP&6],
[Mey94], [Nel01], and [Par86]. We summarize the results relevant for us in the following
lemma. For its proof we refer to Theorems 4.1 and 5.1 of Part V.

Lemma 2.2. The stochastic process (Bs)o<s<T given by

Boo=Br.~ Br— [ div (B2(X3) 22X ) (X)) "

is a Brownian motion on the filtered probability space (Q, Fr,F,P), and the time-reversed
process (2.3) satisfies the stochastic differential equation

dX> = (divE — ZVV 4 2% Viog £2)(X2) ds + /25(X2) dBs, (2.9)
for0<s<T.

Here, the bar over a deterministic function means that time is reversed, i.e., the time
parameter s € [0, 7] is replaced by 7' — s. In the lemma above, this conventions means
that ﬁf = p%fu and ZSE = E%fs.

The following lemma describes the partial differential equation satisfied by the likeli-
hood ratio function (1.8). It will be crucial in order to compute the stochastic differential
of the time-reversed likelihood ratio process

X)) = (XF_,),  0<s<T (2.10)

and of its logarithm (2.4).
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Lemma 2.3. The likelihood ratio function (1.8) satisfies the partial differential equation

Ol = Z S 0307 + (divE — ZVV, V). (2.11)
i,j=1

Reversing time, we derive from (2.11) the equation

—0,0y = Z S 0505 + (dive — S VV,VEY). (2.12)
1,j=1

This is exactly the Kolmogorov backward equation corresponding to the stochastic dif-
ferential equation (1.1), a circumstance indicating that the dynamics of the likelihood
ratio process (2.1) are most descriptive under time reversal.

Proof of Lemma 2.3. Differentiating with respect to the temporal and spatial variables
the product

pr (z) = () 7 () = eV (7 (2),
substituting these derivatives into the Fokker—Planck equation (1.2), and using the sta-

tionary version (1.3) of this equation, one obtains the partial differential equation (2.11)
for the likelihood ratio function. O

Lemma 2.4. On the filtered probability space (Q, Fr,F,P), the time-reversed likelihood
ratio process (2.10) satisfies the stochastic differential equation

= (Vg3 (X)), \/25(XY) dB ) + (VlogFy , 25 Vlog 3 )(XY) ds, (2.13)

Proof. Applying It6’s formula to the process (2.10) and using the backward dynam-
ics (2.9) in conjunction with the Kolmogorov backward equation (2.12), we obtain the
stochastic differential equation (2.13). O

Lemma 2.5. On the filtered probability space (Q, Fr, T, P), the time-reversed relative
entropy process (2.4) satisfies the stochastic differential equation

dlog (F(X7) = (Vieg FF(XY), \/25(XF) dB, ) + (Viogly , ©Vlog £ )(X) ds,
(2.14)
for0<s<T.

Proof. We just have to apply It6’s formula to the process (2.4) and use the dynamics
(2.13). O

With Lemma 2.5 we have prepared the main ingredient for the proof of Theorem 2.1.
In order to prove the integrability condition (2.6) we follow a similar strategy as in the
proof of Theorem 4.1 in Part I.
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Proof of Theorem 2.1. The fact that the process M> = (M>)o<s<r of (2.7) is a local
martingale with stochastic integral representation (2.8) follows from the stochastic dif-
ferential (2.14) established in Lemma 2.5. It remains to show the integrability condition
(2.6), which in particular implies that M?* is a martingale bounded in L?(P).

To this end, let us consider the inverse of the process (2.10), i.e.,

q(X7)

BRCSEE -~ 51

0<s<T. (2.15)

Applying 1t6’s formula and using (2.13), we obtain the stochastic differential
A D) = — () HXY) (Vieg B(XY) ,/25(XP) dB ) (2.16)

and conclude that the process (2.15) is a local martingale. From (2.16), or directly from
(2.14), we obtain the dynamics of the logarithm of the process (2.15), namely

dlog(f) ™M (XY) = —(Viog & (X3), \/25(XY) dB, ) — (Vlog 5, £ Vlog I )(X) ds.
At this point, let us recall the relative entropy (1.7) and point (vii) of Definition 1.1,

which ensures that the initial relative entropy H(P; | Q) is finite. This implies that the
terminal value log(¢3)~(X7) is integrable, i.e.,

Ep [log(f7) " (X7)] = —~H(Py' | Q) € (00, 00).
On the other hand, for the initial value we have that

Ep [log(£5) ™' (X')] = —H (P |Q) € [0, 0). (2.17)
Thus we can apply Proposition 6.4 of Part I to the local martingale (2.15) and the

deterministic stopping time 7 = 7. We conclude that the expectation in (2.17) is finite
and we have the identity

_ _ _ _ T _ e\
Ep [log(57) ! (FF) ~Ee [los(@) ™ ()] = ~Be| [ (ViogT, £ VIogl)(XP) du.

This implies that the local martingale M?> is bounded in L?(P). In fact, by the Itd
isometry, the L?(IP)-norm of the stochastic integral

MTE:/OT (VIogTH(XD),22(X) 4B
is finite and can be computed as
TR gy = B [ (Vios 7, 5V I0g )P ] = (PP Q) - HPFI Q)
Recalling (2.5), this shows the integrability condition (2.6) and finishes the proof of

Theorem 2.1. O
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2.2. CONSEQUENCES OF THEOREM 2.1

In this section we state several important consequences of our basic trajectorial result,
Theorem 2.1.

Corollary 2.6. Let X € S, fir A€ S and set G = AL, For all 0 < to,t < T we have
the relative entropy identity

H(PZ|Q) - H(P®|Q) = /tt Ep[(Viogly, £ Vlogl; )(X})] du. (2.18)

Furthermore, for Lebesque-a.e. 0 <t < T, the dissipation of relative entropy is equal to

d

T H(P|Q) =Ep[(Vieg ', £ Viog ) (X7)]. (2.19)

Proof. The identity (2.18) follows directly from Theorem 2.1 by taking expectations and
using that the process M> of (2.7) is a martingale. Applying the Lebesgue differentiation
theorem yields (2.19). O

As a consequence of (2.18), we observe that the relative entropy function (recall (1.6))
0,7] 5 t+— H(P|Q)

is nonincreasing. As the initial relative entropy H(P§ | Q) is finite by Definition 1.1,
(vii), this implies that the relative entropy H (P |Q) is finite, for all times 0 <t < T.

Choosing ¥ = A and recalling the relative Fisher information of (1.11), we immediately
obtain from Corollary 2.6 the following result.

Corollary 2.7. Let A€ S and set G = A~'. For all 0 < to,t < T we have the relative
entropy identity

H(PA|Q) — H(PA| Q) = /t [(Viog £, AV 1og £4)(X2)] du
(2.20)

Furthermore, for Lebesque-a.e. 0 <t < T, the dissipation of relative entropy is equal to

d

T H(PQ =Ep[(Viegt!, AVIog (1) (X)] = Ia(P Q). (221)

The entropy dissipation (2.21) is also known as an entropy production equality. Various
authors have studied this identity in different settings, let us refer to [BE85, OV00,
AMTUO1, CMV03, Vil03, AGS08, Lis09, KST22]. The relation

d

G HE Q) =1a(FQ)
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between entropy dissipation and Fisher information also takes the familiar form of a de
Bruijn type identity from information theory (see, e.g. [CT06]).

We now return to the probabilistic setting and place ourselves on the filtered probabil-
ity space (Q, Fr,IF,P) as in Theorem 2.1. The following result provides the trajectorial
analogue of (2.19).

Corollary 2.8. Let X € S, fir A € S and set G = A~'. For Lebesgue-a.e. 0 <t < T,
the trajectorial rate of relative entropy dissipation is equal to

log (3 (X>) — Ep[log (7 (X}) | Fi]

i _ ) ) )
Jim, . = —(Viogly, ©VIog ) (X7),  (2.22)

_log P (X)) — Ep[log 0 (X7) | Fri] > S\ (=
Jim, Py s = —(Vlogly, B VIog (7 )(X[),  (2.23)

where both limits exist in L*(IP).

Proof. Tt follows from Theorem 2.1 that the numerator of the fraction on the left-hand
side of (2.22) is equal to

T—t
_EP[FTE_t_FEm}:_EP/ <V10g€§,2V10g€§>(XE)du‘]-'S]. (2.24)

After dividing by T — t — s, the L'(IP)-convergence to the right-hand side of (2.22), as
s T T —t, follows from the Lebesgue differentiation theorem and its generalization to
conditional expectations (see, e.g., Proposition 6.3 in Section 6.3 of Part I). The proof
of (2.23) follows a similar line of reasoning. O
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3. PROOF OF THE GRADIENT FLOW PROPERTY

In this chapter we prove the gradient flow property as formulated in Theorem 1.2. In
a nutshell, we show that the flow of probability measures (P/')o<i<r, defined by the
stochastic differential equation (1.16), is the gradient flow of the relative entropy func-
tional (1.17) with respect to the quadratic Wasserstein distance W5 ¢ as defined in (1.12).
3.1. DERIVATIVE OF THE WASSERSTEIN DISTANCE
We define the vector field

0,T] x R™ — R™: (t,2) — vy (z) = —X(z) (Viogpi () + VV(z)).
Then we can write the Fokker—Planck equation (1.2) as a continuity equation, to wit

Ay () + div (v¥ (z) pf(z)) = 0, (t,z) € (0,T) x R™.

The derivative of the Wasserstein distance along an absolutely continuous “curve of
probability measures” satisfying a continuity equation is a well known result; see, e.g.
[AGS08, Lis09, Sanl15].

Lemma 3.1. Let X € S, fit A€ S and set G = A~'. For Lebesgue-a.e. t € [0,T)], we

have that
. 2,G(Pt§rhapt2) p) 3 |2
lim " i = [0l 2, pz) = \/]EIP[](ZGVGlogEt J(XP)Z]- (3.1)

Proof. For a proof of this result we refer to [Lis09, Theorem 2.4], which is an extension of
[AGS08, Theorem 8.3.1] to the current Riemannian setting induced by G. Alternatively,
the reader may consult [Sanl5, Theorem 5.14] and adapt the arguments by means of
[McCO01], so that they apply also in our Riemannian setting. O

In the case ¥ = A, the derivative (3.1) takes the form

lim WQ,G(Pth-hv PtA)

Jim SEEE S = o ) = \Be [Valos 60X ) = VIa(PA Q) (32)

for the last equality in (3.2), recall the definition of relative Fisher information (1.11).
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3.2. THE PROOF OF THEOREM 1.2

Proof of Theorem 1.2. Let ¥ € S, fix Ac Sandset G =A"" Let 0<tg <t <T.
We write the relative entropy identity (2.18) of Corollary 2.6 as

t
H(PE|Q = H(PF|Q) = [ Be[(Vologhl, 56 Valogl) (XD)]du
0

Applying the Cauchy—Schwarz inequality yields

]H(PE|Q)—H(P%\Q)‘ <

t
g/t \/EIP“V(;logKE(XE)’a \/E]PU(EGVGIOgEE)(XEHQG] du.
0

Recalling the definition of relative Fisher information (1.11) and the derivative of the
Wasserstein distance (3.1), this proves the inequality (1.14). Clearly, if ¥ is a constant
multiple of A, this inequality is an equality.

Now let us consider the case ¥ = A. Recalling the relative entropy identity (2.20) of
Corollary 2.7 we have

t
H(PA|Q) - H(PA|Q) = / Io(PA] Q) du.

According to (3.2), we have the derivative of the Wasserstein distance

. WQ,G(PtIihv PtA> / A

so that we can write

Wo o (PA ,puA 2
I(P} Q) = %IC;(Pf\Q)+%< _ Waa(Pl, )> '

We conclude the equality (1.15). O
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PArT V.

TIME REVERSAL OF DIFFUSIONS

ABSTRACT

We review the theory of time reversal for diffusion processes developed by Follmer [F6185,
F'6186], Haussmann and Pardoux [HP86], and Pardoux [Par86]. This part can be read
independently of the rest of the thesis; it does not present novel results.



1. INTRODUCTION

It is very well known that the Markov property is invariant under time reversal. In
other words, a Markov process remains a Markov process under time reversal (e.g.,
[RW00a, Exercise E60.41, p. 162]). On the other hand, it is also well known that the
strong Markov property is not necessarily preserved under time reversal (e.g., [RW00a,
p. 330]), and neither is the semimartingale property (e.g., [Wal82]). The reason for such
failure is the same in both cases: after reversing time, “we may know too much”. Thus,
the following questions arise rather naturally:

Given a diffusion process (in particular, a strong Markov semimartingale with contin-
uous paths) X = (X (t))o<t<r with certain specific drift and dispersion characteristics,
under what conditions might the time-reversed process

X(s):=X(T'—s), 0<s<T, (1.1)

also be a diffusion? If it happens to be, what are the characteristics of the time-reversed
diffusion?

Such questions go back at least to Boltzmann [Bol96, Bol98a, Bol98b], Schrodinger
[Sch31, Sch32] and Kolmogorov [Kol37]; they were dealt with systematically by Nelson
[NelO1] (see also Carlen [Car84]) in the context of Nelson’s dynamical theories for Brow-
nian motion and diffusion. There is now a rather complete theory that answers these
questions and provides, as a kind of “bonus”, some rather unexpected results as well.
It was developed in the context of theories of filtering, interpolation and extrapolation,
where such issues arise naturally — most notably Haussmann and Pardoux [HP86],
and Pardoux [Par86]. Very interesting related results in a non-Markovian context, but
with dispersion structure given by the identity matrix, have been obtained by Follmer
[F6185, Fol86]. Let us refer also to the papers [Nag64, NM79] dealing with time reversal
of Markov processes, and to the book [Nag93] on diffusion theory. In what follows, this
theory is presented in the spirit of the expository paper by Meyer [Mey94].

2. THE SETTING

We place ourselves on a filtered probability space (2, F,P), ' = (F(¢))o<t<r rich enough
to support an R%valued Brownian motion W = (W7, ..., Wy)' adapted to T, as well as
an independent F(0)-measurable random vector £ = (&1,...,&,)": 2 — R™. In fact, we
shall assume that IF is the filtration generated by these two objects, in the sense that we
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shall take
Ft)=0c(E,W(0): 0<0<t), 0<t<T,

modulo P-augmentation. Next, we assume that the system of stochastic equations

t d .
Xz-(t):&—i—/o bi(e,X(e))d9+Z/0 s (0, X(0) AW, (0), 0<t<T, (2.1)
v=1

for i = 1,...,n admits a pathwise unique, strong solution. It is then well known that
the resulting continuous process X = (X1,...,X,,) is F-adapted (the strong solvability
of the equation (2.1)), which implies that we have also

Ft)=0(X(0),W(0): 0<0<1)
2.2
=o(X(0),W(t)—W(): 0<6<t) 22

modulo P-augmentation, for 0 < ¢t < T; as well as that X has the strong Markov
property, and is thus a diffusion process with drifts b;( -, - ) and dispersions s;,( -, - ), for
i=1,...,nand v =1,...,d. We shall denote the (i, j)-entry of the covariance matrix
a(t,z) :==s(t,x)s'(t,z) by

d
a;j(t,x) == Zsiu(t,x) siju(t,x), ,j=1,...,n.

v=1

The drift and dispersion characteristics are given mappings from [0,7] x R™ into R
with sufficient smoothness; in particular, such that the probability density function
p(t, -): R" — (0,00) in

PIX (1) € A] = /Ap(t,x) dz, A€ BRY),

is smooth. Sufficient conditions on the drift b;(-, -) and dispersion s;,(-, -) charac-
teristics that lead to such smoothness, are provided by the Hérmander hypoellipticity
conditions; see for instance [Bel95], [Nua06] for this result, as well as [Rog85] for a very
simple argument in the one-dimensional case (n = d = 1), which also applies to the
Langevin type equation (1.3) for arbitrary n € IN. We refer to [Fri75], [RW00b] or
[KS98] for the basics of the theory of stochastic equations of the form (2.1).

The probability density function p(¢, - ): R™ — (0, 00) solves the forward Kolmogorov
[Kol31] equation [Fri75, p. 149]

n n

Om(t,x) =5 Y 9 (ay(t.2) plt,2)) — Y 0 (bilt,z) p(t, ), (2.3)

i,j=1 i=1

for (t,z) € (0,T] x R™. If the drift and dispersion characteristics do not depend on time,
and an invariant probability measure exists for the diffusion process of (2.1), the density
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function p(-) of this measure solves the stationary version of this forward Kolmogorov
equation, to wit

n

3 an 0% (aij(x) p(x)) =D 0i(bi(z)p(x)),  x€R™
ig—=1

i=1

3. TIME REVERSAL AND THE BACKWARDS FILTRATION

~

Consider now the family of o-algebras (F(t))o<i<r given by
F(t):=a(X(@),W(O) —Wt): t<O<T), 0<t<T. (3.1)
It is not hard to see that the o-algebra in (3.1) is expressed equivalently as
Ft)=o(X(t),W(O) —W(t): t<O<T) =o(X(t),W(O) -W(T): t<O<T)
— o(X(T),W(8) — W(t): t <O<T) =o(X(T)) VH{). 2
Here, the o-algebra generated by the Brownian increments after time ¢, namely,

H(t)=c(WO)—W({): t<OLT), 0<t<T,

is independent of the random vector X (¢). The time-reversed processes X asin (1.1),
as well as the process

W(s):=W(T —s)—W(T), 0<s<T, (3.3)

are both adapted to the backwards filtration

F:= (F(T - $)) o<s<r (3.4)
where
F(T —s)=o(X(T —u), W(T —u) —W(T —5): 0<u< s)
o - (3.5)
=0o(X(u),W(u) —W(s): 0<u<s)
from (3.1). Note that, by complete analogy with (2.2), we have also
F(T —5)=o(X(T),W(T —u) —W(T —s): 0<u< s)
R (3.6)
=0o(X(0)) VH(T —s)
on account of (3.2), where
H(T —s)=c(W(T —u)—W(T —5s): 0<u<s)
(3.7)

=o(W(u)—W(s): 0<u<s).
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In words: the g-algebra F(T —s) is generated by the terminal value X (T) of the forward
process (i.e., by the original value X (0) of the backward process) and by the increments
of the time-reversed process W on the interval [0, s|; see the expressions right above.
Furthermore, the o-algebra F (T — s) measures all the random variables X (1), 0 < u < s.

In fact, the time-reversed process W is a Brownian motion of the backwards filtration

H:= (H(T — s)) TQIAE‘

0<s<

as in (3.7), generated by the increments of W after time T'—s, 0 < s < 7. This is because
it is a martingale of this filtration, has continuous paths, and its quadratic variation is
that of Brownian motion (Lévy’s theorem [KS98, Theorem 5.1]). In Section 4 we shall
see that the process W is only a semimartingale of the larger backwards filtration

F = (F(T - 5))geyer 2 H,

and identify its semimartingale decomposition.

4. SOME REMARKABLE BROWNIAN MOTIONS

Following the exposition and ideas in [Mey94], we start with a couple of observations.
First, for every 0 < ¢t < T and every integrable, F (t)-measurable random variable K, we
have

E[K|F(t)] =E[K|X(t)], almost surely. (4.1)

Secondly, we fix a function G € C§°(R"™) and a time-point ¢ € (0,7, and define
g(0,z) =E[G(X ()| X(0) = z], (0,z) € 0,t] x R™.
Invoking the Markov property of X, we deduce that the process
9(0.X(9)) = E[G(X(1)) | X(0)] = E[G(X(1)) | F(6)], 0<0<t
is an F-martingale, and obtain
G(X(t) —g(0,X(0)) = g(t, X (1)) — g(6, X(0))

> /; dig(v, X (v)) siw (v, X (v)) AW, (v).

1v=1

(]
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For every index v = 1,...,d this gives, after integrating by parts,

E[(W, () = W.(0)) - G(X(1)] = E[(W(t) = W,(6)) - (9(t. X (1)) — 9(6, X(6)) )]

= ]ELZZ; /et 9ig(v, X (v)) siv (v, X (v)) dv}

noot
;:1/9 /n (059 - siv) (v, 2) p(v, z) dz dv
- _;/9 ]Rng(%w) 9 (p(v, ) siv (v, 7)) dz dv

=_ /t g(v,z) div (p(v, 2) 5y (v, x)) dz dv
g JR™

__['E g(U,X(v))-M@,X(v)) dv
0 D

t div(ps,)

) (v, X (v)) dv].

- —E[G(X(t)) /9

Here §, (v, -) is the vth column vector of the dispersion matrix. Comparing the first and
last expressions in the above string of equalities, we see that with 0 < 8 <t we have
t div(ps,)

. (v, X (v)) dv)} =0 (4.2)

E[G(X(t)) - (Wy(t) — W, (0) +/6

for every G € C§°(R"), and thus by extension for every bounded, measurable function
G: R" — R.
Theorem 4.1. The vector process B = (By, ..., By) defined as

By (s) :=W,(s) — /OS dlv(ppsy)(T —u, X (u)) du (4.3)

W (T — 5) — W (T) — /T A0S, X)) e,  0<s<T,  (4.4)

T—s p
forv=1,...,d, is a Brownian motion of the backwards filtration F as in (3.4).

The Brownian motion process B is thus independent of F (T'), and therefore also of
the F(T)-measurable random variable X (7"). A bit more generally,

{B(T-6)—-B(T —t): 0<0<t}

is independent of
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Note also from (4.4) that

t div(ps,)

D (U’X(U)) dv,

By(T — 0) — By(T — ) = W, (0) — W,,(t) - /0

for 0 < 0 < t. Reversing time once again, we obtain the following corollary of Theorem
4.1.

Corollary 4.2. The F-adapted vector process V- = (Vi,...,Vy)" with components

V,(t) := B,(T —t) — B,(T)

! div(ns
:Wl,(t)—i—/ W(;’S”)(U,X(v))dv, 0<t<T,
0

for v = 1,...,d, is yet another Brownian motion (with respect to its own filtration
FY C ). This process is independent of the random wvariable X(T); and a bit more
generally, for every t € (0,T], the o-algebra

FV(t):=a(V(0): 0<0<T)

generated by present-and-past values of V', is independent of o(X(v): t < v < T), the
o-algebra generated by present-and-future values of X.

Proof of Theorem 4.1. It suffices to show that each component process B, is a martin-
gale of the backwards filtration I of (3.4); because then, in view of the continuity of
paths and the easily checked property (B,, By)(s) = sd,¢, we can deduce that each B, is

A

a Brownian motion in the backwards filtration IF (and of course also in its own filtration),
and that B,, By are independent for ¢ # v, by appealing to Lévy’s theorem once again.

Now we have to show
IE[(BV(T—H)—BV(T—t))-IC]:0, 0<O0LtLT,

for every bounded, F (t)-measurable random variable K; equivalently,
t div(ps,)
E|E[K|F(1)] - (Wo(t) — W, (0) +/ SR 0. X () dv) | =0,
0

as the expression
t d; p—
W) =W, (0) + | W(Zfs)

is F(t)-measurable. But recalling (4.1) we have that

(v, X (v))dv

E[X|F(#)] = EK|X(®)], = G(X(?))

for some bounded, measurable G: R" — R, and the desired result follows from (4.2). O
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5. THE DIFFUSION PROPERTY UNDER TIME REVERSAL

Let us return now to the question, whether the time-reversed process X of (1.1), (2.1)
is a diffusion. We start by expressing X; of (2.1) in terms of a backwards Itd integral
(see Section 6) as

t d .
Xi(t)—gi—/o bi(Q,X(G))dG:Z/O s (0, X (0)) AW, (0)
v=1

- é (/Ot siv (0, X (0)) @ AW, (0) — <Siu('7X),Wu>(t))'

From (2.1), we have by It6’s formula that the process

n d

siv(+, X) =50,(0,6) = > /O Ojsiv (0, X(0)) - 55 (0, X (6)) AW, (0)

j=1k=1

is of finite first variation, therefore

(s (-, X), W) (t) = /Ot sjv (0, X(0)) 9;5:, (0, X (0)) 6.
j=1
We conclude
Xl(t) = 51 — /Ot (j:zn:lyi:‘llsjp 8jsi,, - bz> (H,X(Q)) do + Vi:dl /Ot Siy(e, X(@)) [ ] dWV(Q)

Evaluating also at t = T', then subtracting, we obtain

T n d d T
X;(t) = Xi(T) +/ (Z > sy 058 — bl-> (6, X(0))do— > / siv (0, X(0)) @ AW, (0),
tNj=1v=1 v=1"t
as well as
s n d
Xi(s) = X;(0) + /0 (]Zl I;sjy DjSiv bl) (T —u, X (u)) du
d S
- ,;1/0 Siv (T — u, X (u)) AW, (u)
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by reversing time. It is important here to note that the backward It6 integral for W
becomes a forward It6 integral for the process W, the time reversal of W in the manner
of (3.3).

But now let us recall (4.3), on the strength of which the above expression takes the
form

d . R
Ri(s) = X,(0) + Z/O 53 (T — u, X (u)) dB, (u)
v=1

+/ (ZZSJV(? Sw—i—iswdwpsu)—b,-)(T—u,X'(u))du,

j=1lv=1

for 0 < s < T. But in conjunction with Theorem 4.1, this means that the time-reversed
process X of (1.1), (2.1) is a semimartingale of the backwards filtration I as in (3.4),
with decomposition

X*i(s):Xi(oH/OS@( T — u, X (u du—i—Z/sw —w, X (W) dBo(u)  (5.1)

for 0 < s < T, where, for each ¢ = 1,...,n, the function E( -, +) is specified by

div (p(t, )8, (¢, x))
p(t, z)

n d d
bi(t,x) + bi(t,x) =3 st ) Osiv(t, ) + > sin(t,2)
v=1

j=1lv=1

n d d Siy(t,x)
=2 Y st dpsalta) + 30 (S0 0(t ) si(t.0))

j=1lv=1 v=1 P& =1
= Z (Djaij(t, ) + a;j(t,z) - 9;log p(t, x)).
j=1

Theorem 5.1. Under the assumptions of Section 2, the time-reversed process X of
(1.1), (2.1) is a diffusion with respect to the backwards filtration F of (3.4), with char-
acteristics as in (5.1), namely, dispersions sy, (T — s,z) and drifts by(T — s,z) given by
the generalized Nelson equation

n

bi(t, ) + b(t, ) Z(@aw (t,x) +a(t,x) - @logp(t,x)), i=1,...,n.

Equivalently, and with div (a(t,z)) := (37— 0jai;(t, x)),,,., We write

1<ign’

b(t, x) + b(t, x) = div(a(t, ) + a(t,z) - Vg p(t, z).
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Theorem 5.1 can be extended to the more general case where the sums of the distri-
butional derivatives

n

Zf)j(aij(t,x)p(t,x)), i=1,...,n,

j=1
are only assumed to be locally integrable functions of z € R"; see [MNS89, RVWO01].

Remark 5.2 (Some filtration comparisons). For an invertible dispersion matrix s(-, - ), it
follows from (5.1) that the Brownian motion B is adapted to the filtration generated by
X; that is,

F(s) © F¥(s) = (X(): 0 <

N

s) (5.2)

=o(X(T—-u): 0<u<s), 0<s<T.

Now recall (4.3); in its light, the filtration comparison in (5.2) implies the inclusion
FW(s) € FX(s), thus from (3.7) we derive

H(T —s) C FV(s) C FX(s), 0<s<T,

and from (3.6) also F(T — s) C .7:)?(3).
But we have also the reverse inclusion FX (s) C F(T —s) on account of (3.5) and

(5.2); therefore, .F)?(S) — F(T — s) holds for all 0 < s < T when s(-, -) is invertible.
These considerations inform our choice of backwards filtration

G(T—s)=FX(s), 0<s<T
n (4.2) of Part I. o

6. THE BACKWARDS ITO INTEGRAL

For two continuous semimartingales
X=X0)+M+B and Y=Y0)+N+C,

with M, N being continuous local martingales and B, C being continuous adapted pro-
cesses of finite variation, let us recall the definition of the Fisk—Stratonovich integral in
[KS98, Definition 3.3.13, p. 156], as well as its properties in [KS98, Problem 3.3.14] and
[KS98, Problem 3.3.15).

By analogy with this definition, we introduce the backwards Ito integral

/' Y(t) e dX(t) = / Y (£) dM(¢) + / Y () dB(t) + (M, N)(-),
0 0 0
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where the first (respectively, the second) integral on the right-hand side is to be inter-
preted in the It6 (respectively, the Lebesgue—Stieltjes) sense, and the process (M, N) is
the cross-variation of M and N.

If 1T = {to,t1,...,tm} is a partition of the interval [0,T] with
O=tho<ti <...<ty, =T,

then the sums

m—1
> Y (t) (X (1) — X(8))
=0

converge in probability to fOT Y (t) @« dX(t) as the mesh ||II|| of the partition tends to
zero. Note that the increments of X here “stick backwards into the past”, as opposed
to “sticking forward into the future” as in the It6 integral.

For the backwards Itd integral we have the change of variable formula
FXC) = FEO) + Y [ af(X®) edXi)) =5 3 [ 93F(X(0) (b, My) 1),
i=1 ij=1

where now X = (X1,...,X,)" is a vector of continuous semimartingales X1,..., X, of
the form X; = X;(0) + M; + B; as above, for i = 1,...,n. Note the change of sign, from
(4) to (—) in the last, stochastic correction term.
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PART VI.

THE STRUCTURE OF MARTINGALE
BENAMOU—BRENIER IN R?

Joint work with JULIO BACKHOFF-VERAGUAS, MATHIAS BEIGLBOCK,
and WALTER SCHACHERMAYER

ABSTRACT

In classical optimal transport, the contributions of Benamou—Brenier and McCann re-
garding the time-dependent version of the problem are cornerstones of the field and form
the basis for a variety of applications in other mathematical areas.

Stretched Brownian motion provides an analogue for the martingale version of this prob-
lem. In this work we provide a characterization in terms of gradients of convex func-
tions, similar to the characterization of optimizers in the classical transport problem for
quadratic distance cost.



1. INTRODUCTION

Optimal transport as a field in mathematics goes back to Monge [Mon81] and Kan-
torovich [Kan42], who established its modern formulation. The seminal results of Ben-
amou, Brenier, and McCann [Bre87, Bre91, McC94, BB99] form the basis of the modern
theory, with striking applications in a variety of different areas, see the monographs
[Vil03, Vil09, AG13, Sanl5].

We are interested in transport problems where the transport plan satisfies an addi-
tional martingale constraint. This additional requirement arises naturally in finance, but
is of independent mathematical interest. For example there are notable consequences for
the study of martingale inequalities (e.g. [BN15, OST15, HLOST16]) and the Skorokhod
embedding problem (e.g. [BCH17, KTT17, BNS22]). Early articles on this topic of mar-
tingale optimal transport include [HN12, BHLP13, TT13, DS14, GHLT14, CLM17].

In view of the central role taken by the results of Benamou-Brenier [BB99] and
McCann [McCO1] on optimal transport for the squared (Euclidean) distance, the re-
lated continuous-time transport problem and McCann’s displacement interpolation, it is
paramount to search for similar concepts in the martingale context. This is the main mo-
tivation of the present work. Before describing our results, we briefly recap the classical
role models.

1.1. BENAMOU-BRENIER TRANSPORT PROBLEM AND MCCANN
INTERPOLATION IN PROBABILISTIC TERMS

Given probabilities y, v in the space Z3(R?) of d-dimensional distributions with finite
second moment, Brenier’s theorem asserts that, if u is absolutely continuous, the follow-
ing are equivalent for a coupling 7 € Cpl(u, ), i.e., a probability measure on R¢ x R?
with marginals p and v:

(1) 7 minimizes the transportation costs with respect to the squared distance between
wand v.

(2) 7 is concentrated on the graph of a function f: RY — RY which is monotone in
the sense that f = Vo for a convex function v: R? — (—o0, +oc].

Brenier’s theorem gives a structural description of the optimal transport plan for the
most widely used cost function. Another essential consequence of the result is that it
provides a particularly natural way of moving probabilities: it implies that u can be
transported to v via the gradient of a convex function. In fact, in many applications it
is the mere existence of this monotone transport map that is required, irrespective of its
optimality properties.
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Ideally, a martingale counterpart of Brenier’s theorem should mimic these aspects.
That is, starting from a natural optimization problem our goal is to define a natural
martingale that connects the probabilities 1 and v.

While [BJ16, HLT16, GKL19] have proposed martingale versions of Brenier’s mono-
tone transport map based on static transport problems, our starting point is a continu-
ous formulation in the spirit of the Benamou—Brenier continuous-time transport problem
given in [HT19, BBHK20].

We first recapitulate the continuous-time formulation of Brenier’s theorem in proba-
bilistic language. For p,v € P5(RY), consider

1
Tpv)= il E[/O ]2 ] (BB)

Xt:XO—i-fOt bs ds

If 1 is absolutely continuous with respect to Lebesgue measure, (BB) has a unique (in
law) optimizer and the following are equivalent for processes X = (X;)o<t<1 with Xo ~ p
and X7 ~ v:

(1) X solves (BB).

(2) X1 = f(Xy), where f is the gradient of a convex function v: R — (—o0, +00] and
all particles move with constant speed, i.e., X; = Xy +bt, t € [0, 1] for the random
variable b = X7 — Xj.

1.2. MARTINGALE OPTIMIZATION PROBLEM

Assume that p, v € Po(R?) are in convex order, in signs p <. v, that is [¢du < [ ¢dv
for all convex functions ¢: RY — R with linear growth. We consider the optimization
problem
1
MT = inf E — Iylfg dt MBB
()= it B[ o= Lafhsde]. (MBB)
My=Mo+ [ o dBs

where B is Brownian motion on R? and | - |zs denotes the Hilbert-Schmidt norm.

The main result of [BBHK20] is that (MBB) admits a unique optimizer M*. Moreover,
M* is a strong Markov martingale and has properties of time consistency analogous to the
classical deterministic case. While (BB) entails that particles move along straight lines,
the functional in (MBB) stipulates that M maximizes the correlation with Brownian
motion subject to the given marginal constraints. It is also shown in [BBHK?20] that M*
is the process whose evolution follows the movement of a Brownian particle as closely
as possible with respect to an adapted Wasserstein distance (see e.g. [BBBE20, Fo122])
subject to the marginal conditions My ~ pu and M; ~ v. These properties motivate to
call the martingale M* stretched Brownian motion between p and v as in [BBHK20].
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1.3. THE BASS MARTINGALE

Our main result relates the optimality property in the definition of stretched Brownian
motion to a structural description. As motivation we recall a classical construction of
Bass [Bas83] which provides a particularly appealing martingale M = (M;)o<i<1 that
terminates in a fixed measure v on the real line and starts at the barycenter of v. This
amounts to a solution of the Skorokhod embedding problem (modulo time change). Let
(Bt)o<t<1 be Brownian motion (started in By = 0), let y := Law(Bj) denote the standard
Gaussian and define f: R — R as the y-a.e. unique increasing mapping that pushes ~
to v. Bass then defines the martingale

M, =E[f(B)|o(Bs: s <t)] = E[f(B1)| B, 0<t<1, (1.1)

so that M starts at the barycenter of v and Law(M;) = v.

As we are interested in martingales in multiple dimensions and with possibly non-
degenerate starting law u, we consider the construction of Bass in the following gener-
ality:

Definition 1.1. Let B = (B;)o<t<1 be Brownian motion on R?, where By ~ oo € Z(R9),
and let v: R? — R be convex such that Vuv(B;) is square-integrable. Then we call

My = E[Vv(By)|o(Bs: s <t)] =E[Vu(By)| By, 0<t<1
a Bass martingale from p = Law(M)j) to v := Law(My).

It turns out that a Bass martingale from p to v is a stretched Brownian motion,
but not vice versa. While a stretched Brownian motion from p to v exists uniquely,
the following question arises: under which conditions on p,v € P(RY) is there a Bass
martingale M from p to v, i.e. satisfying My ~ pu and My ~ v, for u and v prescribed
in advance?

1.4. STRUCTURE OF STRETCHED BROWNIAN MOTION

We need a connectivity assumption on the marginals, known under the name of irre-
ducibility in the martingale transport literature.

Definition 1.2. For u,v € 2(RY) we say that the pair (u,v) is drreducible if for all
measurable sets A, B C R with w(A),v(B) > 0 there is a martingale X = (Xy)o<i<1
with Xo ~ u, X7 ~ v such that P(Xp € A, X; € B) > 0.

With this definition in hand we can announce our first main result:

Theorem 1.3. Let u <. v be probabilities on R with finite second moments and
suppose that (p,v) is irreducible. Then the following are equivalent for a martingale
M = (My)o<t<1 with My ~ p and My ~ v:

(1) M is stretched Brownian motion, i.e., the optimizer of (MBB).
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(2) M is a Bass martingale.

We briefly provide some context for the irreducibility assumption in Theorem 1.3. In
classical optimal transport, the product coupling of the marginals guarantees that mass
can be transported from an arbitrary starting position to an arbitrary target position.
However, this is not necessarily true in the case of martingale transport where it may
happen that R¢ decomposes into disjoint (convex) regions that do not communicate
with each other. The irreducibility assumption excludes this as it guarantees that for
any sets A and B that are charged by u and v, respectively, there exists a martingale X
connecting them (in the sense that P(Xo € A, X; € B) > 0). For d > 1, the appearance
of more than one irreducible component leads to intricate phenomena, analyzed in the
remarkable contributions [OS17, DMT19, GKL19]. This problem is revisited in the
follow-up paper [ST24] in terms of Bass martingales.

In Theorem 1.4 below we give equivalent characterizations of irreducibility for a
pair (u,v), as introduced in Definition 1.2. In particular, it is equivalent to consider
continuous- or discrete-time martingales in Definition 1.2.

Theorem 1.4. Let p,v in Po(RY) with p <. v. Then the following are equivalent.
(1) The pair (p,v) is De March—Touzi irreducible in the sense of Definition 7.2.
(2) There exists 7 € MT(u,v) such that 7, ~ v, for p-a.e. x € R%.

(3) The pair (u,v) is irreducible in the sense of Definition 1.2, i.e., for all Borel sets
A, B C R* with u(A),v(B) > 0 there is a martingale (X;)o<i<1 with Xo ~ u,
X1 ~ v such that P(Xo € A, X; € B) > 0.

(4) For all Borel sets A, B C R® with u(A),v(B) > 0 there exists 1 € MT(u,v) such
that w(A x B) > 0.

(5) For all compact sets A C R? and open halfspaces H with p(A),v(H) > 0 there
exists 1 € MT(u,v) such that (A x H) > 0.

Proof. For the proof of the implication “(1) = (2)” we can take 7 = 7m°BM in (2) by
Corollary 7.7. We turn to the proof of the implication “(2) = (3)”: Clearly condition
(2) implies (4). Thus, in order to show (3), it suffices to construct a continuous-time
martingale (X;)o<t<1 with Law(Xo, X7) = 7. This can be achieved as in the proof of
[BBHK20, Theorem 2.2]. For the proof of “(3) = (4)” we can take m = Law(Xo, X1) in
(4). The implication “(4) = (5)” is trivial. It remains to show that “(5) = (1)”: We fix
an open halfspace H satisfying v(H) > 0 and set

m:=  sup {,u({w e R®: 7, (H) > O})}
TEMT (p,v)

Considering countable convex combinations of elements of MT(u,v) it follows that the
supremum is attained by some 7 € MT(u,v). If the set

{z e RY: 7,(H) =0}
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had positive p-measure, it would contain a compact set A with positive py-measure in
contradiction to condition (5). Hence m = 1.

Observe that there is a countable family of open halfspaces { Hy, }n>1 with v(H,) >0
such that, for every open halfspace H with v(H) > 0, there is some n > 1 satisfying
H,CH.

Next, for each n > 1, we pick 7(™ € MT(u,v) such that Wg(cn)(Hn) > 0, for p-a.e.
xz € RY Set 7t = Y ons1 2" € MT(p,v). Then by Lemma 1.5 below it follows that
supp(v) C supp(#z), for p-a.e. x € R% O

Lemma 1.5. Let p € Z(R%). Then y € supp(p) if and only if p(H) > 0 for every open
halfspace H such that y € H.

Proof. This is a simple consequence of Hahn—Banach. O

Remark 1.6. We note that irreducibility is not only a sufficient assumption for Theorem
1.3, but it is in fact also necessary. Indeed, as in the proof of Corollary 7.7 below one
sees that the Bass martingale does the job of connecting any two sets which are charged
by p and v, implying the irreducibility of (u,r) by Theorem 1.4. o

An important consequence of Theorem 1.3 is that for any irreducible pair p <. v there
exists a unique Bass martingale

M, = E[Vo(By)|o(Bs: s <t)] = E[Vo(B1) | B, 0<t<1, (1.2)

with My ~ p, My ~ v and it is worthwhile to comment on the properties of M. We
write ¢ for the d-dimensional centered Gaussian distribution with covariance matrix tI;
and v; == v*y'7t: R? = R for the convolution of the function v and the measure v .
In these terms, (1.2) amounts to

Mt = Vvt(Bt), 0 <t 1, (13)

which emphasizes that the Bass martingale is obtained as a monotone transformation of
Brownian motion at each time point. Finally, as a Brownian martingale, M is a diffusion
which connects p and v. Indeed, applying It6’s formula to (1.3) we obtain

dM; = V?v; o Vi (My) dB, 0<t<1,

where v} denotes the convex conjugate of vy, i.e., vf (y) == sup,craf{(x,y) — ve(x)}.

1.5. DUAL VIEWPOINT

Our arguments rely on a novel dual viewpoint on stretched Brownian motion. In classical
transport minimization of the squared distance is equivalent to maximization of corre-
lation and the latter formulation yields a dual problem which is simpler to interpret. A
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similar fact holds true in the present martingale setting: problem (MBB) is equivalent
to maximizing the covariance with Brownian motion

1
P(p,v) = ; su]\p4 IE[/O tr(at)dt}, (1.4)
o~y My~

Mt=M0+f0t 0sdBs

in the sense that both problems have the same optimizer and the values are related via
MT(p,v) =d+ [ |y dv(y) — [ |z]? du(x) — 2P(p,v).

As in the classical case, the advantage of the formulation (1.4) is that its dual problem
admits a simpler formulation.

Theorem 1.7. Assume that p,v € Po(R?) are in convex order. The value P(u,v) of
the problem (1.4) is equal to

D(p,v) = ﬁe%%f(y), ([var— @ v du). (L5)

The infimum is uniquely attained (modulo adding affine functions) by a lower semicon-
tinuous convex function popy: RY — (—o00,+00] satisfying p(ri(domopt)) = 1 if and

only if (u,v) is irreducible. In this case the (unique) optimizer to (MBB) is given by the
Bass martingale

M; =E[Vo(B1)|o(Bs: s <t)] = E[Vu(B1) | B], 0<t<1,
where v = g and By ~ V(wépt )" (1)

Here, ri(dom1),pt) denotes the relative interior of the domain of tgpt, i.e. the set on
which qp is finite. The symbol * used as a superscript denotes the convex conjugate
of a function, otherwise it is the standard convolution operator.

It turns out that the optimizer ¥qpy : R¢ — (—o0, +0o0] is not necessarily v-integrable.
Therefore, in order for the difference of the integrals in (1.5) to be well-defined for
1 = 1Popt, attainment of D(u,r) has to be understood in a “relaxed” sense frequently
encountered in martingale transport problems; see [BJ16, BNT17, BNS22] and Propo-
sitions 4.1, 4.2 below.

1.6. LITERATURE

The first article that provides structural results for the martingale transport problem in
general dimensions is the work [GKL19] of Ghoussoub—Kim—Lim. They obtain descrip-
tions for the minimizers and maximizers for the cost function ¢(x,y) = |z — y|, when
marginals are supported on R?, as well as for marginals on higher-dimensional state
spaces that are in subharmonic order. Given a specific martingale X, Ghoussoub—Kim—
Lim also define a finest paving of the source space into cells that are invariant under the
martingale X.
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The contributions of De March-Touzi [DMT19] and Obléj—Siorpaes [OS17] put the
theme of irreducible decompositions center stage. In contrast to the work of Ghoussoub—
Kim—-Lim, their interest lies in pavings that are invariant under all martingales which
start in g and terminate in v. Specifically it is shown in [DMT19] that there exists a
unique finest paving with this property. This De March—Touzi paving is revisited in the
follow-up paper [ST24], where it is characterized in terms of Bass martingales.

Huesmann—Trevisan [HT19] investigate Benamou—Brenier-type formulations for the
martingale transport problem on R?. In particular, they provide equivalent PDE-
formulations and establish existence and duality results. In the context of market impact
in finance, Loeper [Loel8] arrives independently to problem (MBB).

For further contributions to the martingale transport in continuous time, we mention
[DS14, BHLT17, COT19, GKP19, GLW19, GKL20, CKPS21, GL21] among many others.

Finally, [BBHK20] is a predecessor of the present work in which it is established
that the martingale transport problem (MBB) admits a unique solution, solves further
related optimization problems and has properties of time consistency in the spirit of
classical optimal transport for the squared distance cost function. Furthermore, the
counterpart of our main result is established in dimension one (without reference to
duality). Among other differences, we highlight a particular property which distinguishes
martingale transport in dimension one from the higher-dimensional case: on the real line
the convex pavings of Ghoussoub—Kim-Lim [GKL19] and De March-Touzi [DMT19] /
Obl6j—Siorpaes [OS17] coincide (and their existence is relatively trivial, see [BJ16]).
This is no longer true in higher dimensions which renders Theorem 1.3 substantially
more intricate in the present multi-dimensional case.

1.7. PREVIEW

In Chapter 2 we introduce some definitions and frequently used notation. Duality results
for stretched Brownian motion and the important role of convexity are discussed in
Chapter 3. The proof of the first part of Theorem 1.7, namely that there is no duality
gap between the primal problem (1.4) and the dual problem (1.5), is given in Chapter
4. In Chapter 5 we outline and prepare the proof of the second part of Theorem 1.7,
which gives a necessary and sufficient condition for dual attainment in terms of the
irreducibility assumption. To this end, we analyze the connection between the existence
of dual optimizers and Bass martingales, which is the content of Chapter 6. In Chapter
7 we show that the irreducibility assumption implies the existence of a dual optimizer.
After these preparations we are in a position to prove Theorem 1.3 in Section 7.2 and
complete the proof of Theorem 1.7 in Section 7.3.
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2. DEFINITIONS AND NOTATION

o We write Z(RY) for the probability measures on R, &2,(R?) for the subset of
probability measures satisfying [ [z[P du < +o0, and &7 (R?) for the elements of
2,(R%) with barycenter z € R, for p € [1,+00).

o For p,v € Z(R%), we denote by Cpl(i,v) the set of all couplings 7 € Z(R% x R?)
between p and v, i.e., probability measures m on R? x R? with first marginal p
and second marginal v.

o We say that u € 22;(R%) is dominated by v € 2(R%) in convex order and
write p <. v, if for all convex functions ¢: R? — R with linear growth we have

Jodu< [¢dv.

o For p,v € 21 (R?) with u <. v we define the collection of martingale transports
MT (i, v) as those couplings m € Cpl(u,v) satisfying bary(n,) = [y7m(dy) = z,
for p-a.e. x € R Here, the family of probability measures {m;},cpa € Z(RY) is
obtained by disintegrating the coupling 7 with respect to its first marginal u, i.e.,
m(dz, dy) = 7, (dy) p(dz).

o The d-dimensional Gaussian distribution with barycenter € R? and covariance
matrix tIy is denoted by % and we set v, == 71 as well as v := .

e We denote by Cq(]Rd) the set of continuous functions ¢: R* — R with quadratic
growth, meaning that there are constants a, k,¢ € R with

12
C+ R <w) <atv k]2
We also introduce the set

CAHRY) = {¢(-) +aff(-): ¥ € Cq(R?),aff: R — R affine}.

o For two measures ¢ and p we write o x p for their convolution. If f is a function,
the convolution of f and p is defined as

(f xp)(x) = /f(w —y) p(dy).

In particular, (f *v)(z) = [ f(x 4+ y)v(dy).

o For a function f: R¢ — (—o0, +00], its convex conjugate is given by

f*(y) = sup ((z,y) — f(2))

zeR4
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and we write

dom f == {z € R%: f(z) < 400}

for the domain of f. If f is convex and dom f # &, we say that f is a proper
convex function. If f is additionally lower semicontinuous, then f = f** by the
Fenchel-Moreau theorem, a fact that we will use repeatedly in this work.

The operators int and ri denote the interior and relative interior of a set, respec-
tively. We write A for the closure of a set A C R?. The operator conv applied to
a function or a set denotes the convex hull.

The support and the closed convex hull of the support of a measure p are denoted
by supp(p) and supp(p), respectively.

The symbol 0, applied to a convex function, denotes its subdifferential or — by
abuse of notation — also a subgradient.

169



3. DUALITY FOR STRETCHED BROWNIAN MOTION

We fix p, v € Po(R?) with p <. v and consider the primal problem

P(p,v) == sup /MCOV(TQB,’)’)M(d[IJ), (3.1)
TEMT (p,v)

where the mazimal covariance (MCov) between two probability measures p; € Po(R%)

and py € P5(R?) is defined as

MCov(p1, p2) == sup /<£L’1, x9) q(dzxy, dza).
q€Cpl(p1,p2)

Since p and v are in convex order, a celebrated result by Strassen [Str65] shows
that MT(u,v) # @. The optimization problem (3.1) is a weak optimal transport prob-
lem in the sense of [GRST17], since the function 7 — [ MCov(7y,~y)p(dx) is non-
linear, as opposed to classical optimal transport, where linear problems of the form
7w [c(x,y) m(dz,dy) are studied. The problem (3.1) can also be viewed as a discrete-
time version of the continuous-time optimization problem (1.4). In fact, by [BBHK20,
Theorem 2.2] the value P(u,v) of (3.1) is finite and equals P(u,v), as defined in (1.4).
Furthermore, there exists a unique optimizer 75B™M € MT (u, v) of (3.1) and if (M;)o<i<1
is the stretched Brownian motion from p to v, then the law of (My, M) equals 75BM,
From now on, we will focus on the discrete-time formulation (3.1).

To formulate a dual problem to (3.1), we consider the set of continuous functions with
quadratic growth

Cy(RY) := {3p: R? — R continuous s.t. Ja,k, £ € R with £+ % <P(-) <a+ k|-

Then we define the dual problem

D(u,v) = inf (/wdy—/gow du), (3.2)

PeCy(RY)

where the function R? > z +— ¥ () is given by

¥ (x) = . ;ZIQ;EW) ( / ¥ dp — MCov(p, 7))- (3.3)

Theorem 3.1. Let p,v € Po(R?) with pu <. v. There is no duality gap between the
primal problem (3.1) and the dual problem (3.2), i.e., P(u,v) = D(u,v). Moreover, the
primal problem is uniquely attained and has a finite value, i.e., there exists a unique

75BM € MT(u,v) such that

P(u,v) = /MCOV(ﬂiBM,’y) p(dx) < 4o0. (3.4)
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Proof. Existence and uniqueness of the optimizer 79BM € MT(u,v) as well as finiteness
of P(u,v) were proved in [BBHK20, Theorem 2.2]. In order to show that there is no
duality gap, we apply [BBP19, Theorem 1.3] with the cost function

Cla.p) = {—MCOV(]OKY) + 3 [lyl*dp,  if bary(p) = z,

’ 400, if bary(p) # =z,
for z € R and p € P(R%). This function is bounded from below and convex in
the second argument. If we equip Z5(R%) with the topology induced by the quadratic
Wasserstein distance one verifies that C'(x,p) is also jointly lower semicontinuous with
respect to the product topology on R¢ x ﬁg(Rd). We introduce the space of continuous
functions which are bounded from below and have at most quadratic growth

Chq(RY) == {¢): RY = R continuous s.t. Ja,k,£ € R with £ <P(-) <a+k|-|*}.

Then by [BBP19, Theorem 1.3] the value P(u,v) of the primal problem equals

Dalp) = _int ([ @)+ ) v~ [ & d).

PEC o(R?

where

Fwy= nt ([ @)+ ) dp—MCovip. ).

[-?

Finally, passing from the functions P € Chq(RY) to ¥(-) = ¥(-) + L= € Cy(RY), we
see that Dy, o(p, V) = D(p,v). O

To motivate (3.2) as a plausible dual formulation of (3.1) we provide some heuristics.
Considering

x(m = inf | / Yy~ / wdmdu(m)):{o’ if [ dp(z) =v,

YeCy(R9) —o00, else,

we formally obtain the desired duality relation by interchanging inf and sup:

Puv)=  sup ([ MCov(mey)dula) + x(m)
Tr(dx’dy):ﬂ—z(dy) /J,(dfl'),
€25 (RY)
= inf </ sup MCov(my,y +/¢d1/77rx dum):Du,y.
el M%(Rd)( (72,7) (v —m)) du(x) ) = D(p,v)

In the remainder of this chapter we make the important observation that in the dual
problem (3.2) it suffices to optimize over the class of functions ¢ € Cy(R?) which
are conver. We refer to [GJ20, Theorem 1.1] for an analogous result (compare also
[GRST17]). We then show that it is also equivalent to optimize over all convex functions
¢: R — (—o00, +00] which are only u-a.s. finite, but not necessarily of quadratic growth.
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Given some 1) € Cq(IRd), we denote by conv the convex hull of ¢, i.e., the greatest
convex function smaller or equal to 1. It will be convenient to have an explicit repre-
sentation for the convex hull of a function, as in (3.5) below. This identity is usually
stated in the more specific form

d+1 d+1 }
)

(conv ) (y) = inf { Y- N(w): 3 A =
i=1 i=1
where the infimum is taken over all expressions of y as a convex combination of d + 1
points, see [Roc70, Corollary 17.1.5].
Lemma 3.2. Let ¢ € Cq(R?). Then the conver hull convi) satisfies

—  inf / dp, e RY 3.5
(conv )(y) retre vdp, y (3.5)

and again convip € Cy(RY).
Recalling the dual problem (3.2), we define the dual function
D)= [vdv~ [ o du (3.6)
for 9 € C4(R%). Now we can prove our crucial observation, that it suffices to optimize

the dual function over the class of functions ¢ € Cq(]Rd) which are convez.

Proposition 3.3. Let p,v € Po(RY) with u <. v. Then D(conviy) < D(Y) for all
Y € Cy(RY) and consequently

D(pu,v)= inf D = inf D(3). 3.7
() =, ot D)= il D) (37)
1) convex

Proof. Let ¢ > 0, ¢ € Cq(RY) and {p;},epe € P2(RY) be a measurable collection of
probability measures with bary(p,) = x. To show the claim, it is sufficient to construct
a measurable family {p;},ecre € P2(RY) with bary(p,) = z such that

MCov(pz, ) + /COHV%Z)d(V — Pa) < MCov(p,7) + /%Z)d(v — Pz) €. (3.8)

Let us construct appropriate probability measures {p;},cre. By Lemma 3.2 and a
measurable selection argument we can choose a measurable collection of probability
measures {Py},ecre C 25(RY) with bary(p,) = y such that

[ wdpy < (conv () +. (3.9)

Then we define p,(dz) == [, py(dz) ps(dy), so that bary(p,) = x. Integrating (3.9) with
respect to p,(dy) yields

/T,ZJ dps < /convv,l) dp; + €. (3.10)
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Since 1, conv ) € Cq(R?) and p, € 25 (R?) we conclude
C+ 5 [P paldy) < at k[P paldy) + & < +oc,

so that p, € 2%(RY).

In order to show the inequality (3.8), we first observe that p, <. p, by Jensen’s
inequality. Together with the Kantorovich duality (see, e.g. [Vil09, Theorem 5.10]), we
conclude that!

MCov(psz,y) = inf R(/fdpx—i—/f* d’y)

f:Ri—
convex (3.11)
< it ([ tdpe+ [ 1 dv) = MCov(pe, ).
f: RISR
On the other hand, from convy < ¢ and (3.10) we have the inequality
/conv¢d(u—px) < /w(y—m) +e. (3.12)
Finally, summing (3.11) and (3.12), we obtain the inequality (3.8). O
Remark 3.4. On the right-hand side of (3.7) we can further require ¥ to be smooth.
Indeed, if ¢ € Cy(R?) is convex, then 9¢ = 1 * ¥° is a smooth convex function in
Cq(R9) and
liminf(/wedy—/gows d,u) < /¢du—/gp¢du,
e—0
as follows by dominated convergence and the inequality ¥ > . o

For 1 € Cq(RY), we recall the definition (3.6) of the dual function D(-), which we
rewrite as

D) = [ ([ v maldy) - ¢ (@) u(d) (313)

where 7(dx, dy) = 7, (dy) p(dx) is an arbitrary fixed element of MT (i, v). The “relaxed”
representation (3.13) of (3.6) allows us to extend the definition of the dual function D(-)
to convex functions ¢: R? — (—o0, +oc] which are not confined to be in Cy(R%), but
which are only required to be p-a.s. finite, i.e., satisfy u(dom) = 1. This is summarized
in the following lemma.

Lemma 3.5. Let p,v € Po(RY) with p <. v and fix an arbitrary martingale transport
7w € MT(u,v). Let ¢: R? — (—o00,+00] be a convex function which is p-a.s. finite.
Formula (3.13) then defines D(v) € [0, +00] and, recalling (3.2), we have the inequality

D) > D(u,v). (3.14)
In particular, recalling (3.7), we have
D(p,v)= inf D)= inf D). 3.15
(k) PpeCq(R), @) p(domp)=1, ®) ( )
1 convex 1 convex

n fact, pr <c pe is equivalent to the inequality MCov(ps, q) < MCov(py, q) being valid for all proba-
bility measures ¢ € P2(R%), see. e.g. [AP22, Theorem 1] or [WZ23, Corollary 1.2].
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Proof. Let 1: R — (—o00,4+00] be a convex function which is p-a.s. finite. First, note
that by Jensen’s inequality we have

[ e matdy) > o ( [ymlay) = via),

and by taking p = d, in (3.3) we obtain ¥ (z) < ¥ (z). Hence
[ e midy) - " @) >0, (3.16)

for p-a.e. € R? so that D(¢p) € [0,4+00]. In order to prove the inequality (3.14),
we distinguish two cases. In the case [ dr, = +oo, for x € R? in a set of positive
p-measure, we conclude from (3.16) that D()) = 400, so that (3.14) is trivially satisfied.
Now suppose that [ dr, < 400, for p-a.e. x € R?. Recall from Theorem 3.1 that there
exists an optimizer 75BM € MT(u,v) of (3.1). Taking p = 75BM in (3.3) we get

V(@) < [ 4PN - MCov(5PM, )

and therefore

D) > [ ( [ wdn +MCov(zf™,9) — [ dni™) u(da) = Plu,v),

SBM SBM

as is a primal optimizer and both = and 7 have v as second marginal. Since
P(p,v) = D(u,v) by Theorem 3.1, we again see that (3.14) is satisfied.

Finally, from (3.14) and recalling (3.7), we conclude

D(uv)< inf D)< inf D)= D(uwv),
p(domp)=1, PECH(RY),
1) convex 1) convex
which shows (3.15). O
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4. PROOF OF THE FIRST PART OF THEOREM 1.7

In Chapter 3 we already noted (by citing Theorem 2.2 of [BBHK20]) that the value
P(u,v) of the continuous-time optimization problem (1.4) equals P(u, v), the value of the
discrete-time formulation (3.1). We also know from Theorem 3.1 that there is no duality
gap between the primal problem (3.1) and the dual problem (3.2), i.e., P(u,v) = D(u, v).

Therefore we can formulate the first part of Theorem 1.7 equivalently as follows.

Proposition 4.1. Let u,v € Po(R?) with pn <. v. Then D(u,v) is equal to

D(p,v) = weanlf(y)’ (/wdv /(¢ %) du)- (4.1)
1 convex
In Section 7.3 we will prove the second part of Theorem 1.7 and in particular discuss
the existence of dual optimizers of (4.1). Since in general we cannot expect a dual opti-
mizer to be integrable with respect to the probability measure v, we need the following
“relaxed” formulation of Proposition 4.1.

Proposition 4.2. Let ju,v € P5(RY) with u <. v. Then D(u,v) is equal to

Dyia(p,v) = inf  E(W), 4.2
)= B, EO) (42)

where
ew) = [ ([l mldy) — @ +7)" (@) p(da), (43)
with 7 being an arbitrary fized element of MT (u, v).

The main idea behind the proofs of Propositions 4.1, 4.2 (which we will present at the
end of this chapter) is to apply Proposition 3.3 and then to show that o¥ = (¢* * v)*,
for every convex function ¢ € Cq(]Rd). This motivates our next goal, namely to solve
the minimization problem (3.3), which we rewrite as a maximization problem

~¢¥(@) = sup (MCov(p,7) - / Wdp). (4.4)
pe 25 (R%)

As a preliminary step, we consider the simpler problem

Qib = sup (MCOV(p,’}’) — /wdp), (4.5)
peP2(RY)

where we do not prescribe the barycenter x of p € Z3(R%). In Lemma 4.4 below we
will show for an arbitrary proper convex function ¢: R¢ — (—o0, 4+0c], that the value
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o¥ equals [1*dy. In fact, this information is essentially enough to prove Propositions
4.1, 4.2.

Solving the maximization problem (4.5) leads to an interesting connection with Brenier
maps in Lemma 4.3 below. By Brenier’s theorem (see, e.g., [Vil03, Theorem 2.12]), the
optimal transport for quadratic cost between v and p € ,@g(Rd) is induced by the ~-a.e.
defined gradient Vv of some convex function v: R? — R via (Vv)(y) = p.

Lemma 4.3 (“reverse Brenier”). Let v: RY — R be a finite-valued conver function and
Y = v* its convex conjugate. Assume that the probability measure p = (Vv)(vy) has
finite second moment. Then p is the unique mazximizer of the optimization problem (4.5)
and

Qd):/vdv:/w*dfy<+oo.

Proof. We denote by T¥ the Brenier map from v to p € & (R?%) and note that T!y3 = Vo.
Since the convex function v is finite-valued, its gradient exists v-a.e. and we have that

v(z) = sup ((y,2) —v*(y)) = (Vou(z),2) — v*(Vo(z)),

yERA

for y-a.e. z € R%. Using these observations, for p € Z5(R?) we get
MCov(p.y) ~ [vdp= [ ((T2(:).2) = " (T4() 2(d2)
< [ sw ((2) v @) () = [ 0() @)

yeRI
= [ ((Vu(2), 2) = " (Vo(2))) 7 (d2)
= MCov(p,v) — /¢dA>

with equality if and only if TP (z) = T!Y3 (2), for v-a.e. z € R This in turn is the case if
and only if p = p. Finally, from the convexity of v and the Cauchy—Schwarz inequality
we obtain

/|v\ dy < [0(0)] + 1/ [ Vo2 dy - VA < o0, (4.6)

which proves that o¥ < +oc. ]

Note that in Lemma 4.3 we started with a finite-valued convex function v: R* — R and
then defined v = v*. If we additionally know that the probability measure p = (Vv)(7)
has finite second moment, then p is the unique maximizer of the optimization problem
(4.5). These are rather strong assumptions. However, if we are given just a proper
convex function ¢: R — (—o0, +00], we can still compute the value of the supremum
in (4.5), without explicitly constructing a maximizer of this optimization problem.

Lemma 4.4. Let 1): R — (—o0, 4+00] be a proper convex function. Then

o’ = / v* dy. (4.7)
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Proof. Using probabilistic notation, we rewrite the supremum in (4.5) as
0¥ = sup B[(Y, Z) — %(¥)], (4.8)

where the supremum in (4.8) is taken over all probability spaces such that Z ~ v and Y
is an R?valued random variable with finite second moment. Replacing Y by E[Y | Z],
we observe that the maximization in (4.8) can be restricted to random variables Y which
are measurable functions of Z, and we obtain

o' = s [((V()2) = (Y () (d2) (49)

YeL?(y;R9)

where L2 (v; Rd) denotes the space of R%valued Borel measurable functions on R%, which
are square-integrable under 5. Clearly, for any Y € L?(v; R%) we have

J (@2 =0 @) vz < [ sw (1,2) — ) 1) = [07(:)2(2),

yER4

which shows the inequality ¢¥ < [4* dy. In order to see the reverse inequality, we define
the auxiliary problem

d= s [ (v, - v(r)) 22, (4.10)

YeLo(y;Re

where L>(y;R?%) denotes the space of R?valued Borel measurable functions on RY,
which are bounded 7-a.e. Comparing (4.9) with (4.10), we obviously have ¥ > o%.
Now we claim that

o> [ sup ((n,2) — v () () = [0 (2)7(d2) (a.11)

yeR?

which will finish the proof of (4.7). To see this, we first write

=, e [ (@9 e )
[Y|<N

Using a measurable selection argument, we obtain

L [ (@2 - o)) = [ s (0:2) = V) ().
Y|<N ly|l<N

Since 1) is proper we can choose yg € domy # @. Then for N large enough we have

81115 (y,z) —¥(y)) = (yo, 2) — ¥ (o),
ZIJyEISJ\;
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with the right-hand side being integrable with respect to v(dz). Hence we can apply the
monotone convergence theorem and deduce that

lim [ sup ((y,2) —¥(y)) v(dZ)Z/Sup ((y,2) — ¥(y)) v(dz),

N—o0 yGIRd, yeRd
lyl<N
which completes the proof of (4.11). O

As already announced, with the help of (4.7), we are now able to prove Propositions
4.1, 4.2. We first show a simpler variant, where we optimize over the class of convex
functions ¢ in Cy(R?) (i.e., which have quadratic growth), as in (4.12) of Proposition 4.5
below. Proposition 4.2, where we optimize over all p-a.s. finite-valued convex functions
Y: R — (—o0, +00] as in (4.2), is then a straightforward consequence. Proposition 4.1,
where we optimize over all v-integrable convex functions 1 as in (4.1), follows from a
“sandwich argument”.

Proposition 4.5. Let p,v € P2(RY) with pn <. v. Then D(u,v) is equal to

Dq(p,v) = %C{?(fw)’ ( / Ydv — / (" )" du)- (4.12)
7 convex

Proof. By Proposition 3.3 we have

D(p,v) = inf / dl/—/ Ydp).
(1, v) %Cq(RdL( ¥ o dp)
1) convex

Hence it remains to show that ¢¥ = (1* * v)*, for every convex function ¢ € Cy(R9).
In order to do this, we will first prove that (p¥)* = ¢* % v. By definition of the convex
conjugate and (4.4), for ¢ € R?, we have

(©")"(¢) = sup ((z, ) — ¥ () (4.13)
z€ER
= sup sup (MCov(p, v) —/wC dp) (4.14)
zeR? pe 25 (RY)
- MCov(p,~) — dp) = o%¢, 4.15
pej}’lf]Rd)( o) /wg p) ’ ( )

where the function ¢ is defined by ¥¢(y) = ¥ (y) — ((,y), for y € R¢. Now applying
Lemma 4.4 to the proper convex function ¢ yields

()(Q) = g" = [widv= [W(C+2)dye) =W +©.  (416)

To complete the proof, we must justify that (p%)** = ¥, i.e. that the Fenchel-Moreau
theorem is applicable. To see this, we first note that the function x — ¥ (z) is convex
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and we have the upper bound ¥ < ¢ < +oc. Furthermore, for any p € 22%(R%) we
have the inequalities

MCov(p,7) /\de +4

/wdp> €+%/|y\2dp(y)

the latter following from the fact that ¢ € Cq(IRd). As a consequence, we get the lower
bound ¥ > £ — % > —o0. Altogether, p¥ is a convex function which is finite everywhere
on RY, thus it is continuous and we indeed have (p¥)** = @V, O

as well as

Proof of Proposition 4.2. We first show that the function £(-) in (4.3) is well-defined
for every convex function ¢: R% — (—00, +00], which is p-a.s. finite. To this end, we
will prove the inequality (¥* x v)* < 4. By Jensen’s inequality, this implies that the
integrand in (4.3) is p-a.s. nonnegative, and hence £(¢) is well-defined and [0, +oc]-
valued. Recalling the equation (4.16) above, we have 1* xy = (¢¥)*. Taking the convex
conjugate and using that ¢¥ < 1), we obtain (¢* *v)* = (¢¥)** < ¥ <), as required.

Now let us turn to the proof of D(u,v) = Dya(p, v). Recalling (4.2), (4.12), and using
Proposition 4.5, we have Dye(pt, ) < Do(pt,v) = D(p,v), so that we need to show the
inequality D(u,v) < Dya(p,v). Let m € MT(u,v) and : R? — (—o0, 4-00] be convex
with p(dom4)) = 1. Since D(u,v) = P(u,v) (recall Theorem 3.1 and (3.4)), we have to
verify the inequality

/MCOV Tz, 7Y) dp(x / /w 7z (dy) — (¢* *7)*(x)> u(dr).

It is sufficient to prove, for p-a.e. € R%, that

MCov(rs, v / by — (B % 7) (). (4.17)

We express the convex conjugate on the right-hand side of (4.17) as
(" %) (@) = inf (07 )(Q) ~ () = inf, ( [y~ (Cm)).
where the function v is defined by ¢ (y) = ¥ (y) — (¢, y), for y € R?. Substituting back

into (4.17) yields

MCz,<f/dx/d 4.18
ov(mz, ot ([ vedmat [ucdy). (4.18)

Now observe that by the Fenchel-Young inequality we have
MCOV 7T$, /(ﬁdﬂ_x + /(b d77

for every proper convex function ¢: R¢ — (—oo, +00]. In particular, for every ¢ € RY,
it holds that

MCov (g, y /¢g dmy + /wg d,
which implies (4.18). This completes the proof of Proposition 4.2. O
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Proof of Proposition 4.1. The assertion follows immediately from Proposition 4.2 and
Proposition 4.5 by a “sandwich argument”. Indeed, we have

D(p,v) = Drei(pt;v) < D(p,v) < Dy(p,v) = D(p,v). (4.19)
The inequalities in (4.19) are due to the inclusions
{1h € C4(RY): ¢ convex} C {1 € L (v): ¢ convex} C {¢ convex: pu(dome)) = 1};

the equalities on the left-hand side and on the right-hand side of (4.19) are justified by
Proposition 4.2 and Proposition 4.5, respectively. 0
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5. PREPARATION FOR THE PROOF OF THE SECOND
PART OF THEOREM 1.7

The goal of this rather technical chapter is to outline and prepare the proof of the
second part of Theorem 1.7, for which we will need the results of Chapters 6 and 7. In
Chapter 7 we will show that the value D(pu,v) is attained by a convex function 9)qp¢ with
p(ri(dom tpopt)) = 1 if and only if (u,v) is irreducible. In Chapter 6 (see Theorem 6.6)
we will prove that there is such a dual optimizer 1 if and only if there exists a Bass
martingale from p to v. At a first reading one might skip the present Chapter 5.

Comparing the primal problem (3.1), with optimizer 75BM € MT(u,v), to the dual
problem (3.2), with optimizer 1o (supposing that this optimizer exists), we see that
the minimization problem @¥ert(z) (recall (3.3)) is attained by 752M € 225(R%), for
p-a.e. x € R To draw the connection to the Bass martingale, we need to express the
optimizer m5PM in terms of the (single) convex function top. More precisely, we will
see as a consequence of Proposition 5.3 that m5PM = (V%) (7¢), for some appropriate
¢ = ((z) € RY, and where ¢ denotes the translated standard Gaussian measure on R4
with barycenter (. For this purpose, we have to return to the optimization problem (3.3)
and study its optimizers.

First, we need the following technical result, formulated in Lemma 5.1 below. Let
Y R? — (—o0, +00] be a lower semicontinuous convex function. We recall from convex
analysis that ¢ is called co-finite if

P(tz)

d . ; —
Vo e R\ {0}: t_l}gloo ; = 400

According to [Roc70, Corollary 13.3.1], the convex function % is co-finite if and only if
its convex conjugate 1* is finite everywhere on R%. We derive now a sufficient condition
for the co-finiteness of v, in terms of the function ¥ defined in (3.3).

Lemma 5.1. Let ¢: R¢ — (—o0, +00] be a proper, lower semicontinuous convex func-
tion. Then ¢V is convex on dom+p. If we additionally assume that @¥(x) > —o0, for
some x € int(dom ), then p¥ > —oco on int(dom ) and ¢ is co-finite.

Proof. To see that ¢ is convex on dom 1), we let x = cxy + (1 — ¢)xo for 21, 9 € dom 1)
and ¢ € (0,1). If ¢¥(x1) = —oo0, then there are p:(ﬁ) € 27" (RY) with

/ ¥ dp{) — MCov(p{™,~) — —oc.
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We observe that pgcn) = cp;(ff) + (1 — ¢)dyz, € 2%(RY), and consequently

¢(@) < [6dpl) + (1= (az) — MCov(p),7)

<o [0 dpy) = MCov(p, 7)) + (1 = c)us(aa),

where we have used the convexity of Z5(R%) > p — —MCov(p,~). We conclude that
¥ (x) = —o00. The case p¥(x9) = —oc0 is treated similarly. If, on the other hand, both
©¥(x1) > —oo and @¥(z2) > —o0, then p¥(x) < cp¥(x1) + (1 — ¢)p?¥(x2) follows by
standard arguments. All in all we see that ¢¥ is convex on dom ).

If p¥(x) > —oo for one z € int(dom1)), then ¢¥ (%) > —oo for all Z € int(dom 1), as
can be seen directly by convexity.

Finally, given some z € int(dom ) with ¢¥(z) > —oo, we show that v is co-finite.
Without loss of generality, we assume that x = 0 and ¢(0) = 0. Using probabilistic
notation, we rewrite the supremum in (4.4) as

—¢¥(0) =sup E[(Y, Z) — ¢(Y)] < +o0, (5.1)
where the supremum in (5.1) is taken over all probability spaces such that Z ~ ~ and
Y is an R%valued random variable with finite second moment and E[Y] = 0. By
contradiction, suppose there is e € R?\ {0} such that

t
im 209 o 4o (5.2)
t—+oo t

We define the convex function 1: R — (—o0,+oc] by 9(t) == ¥(te), for t € R. By
assumption we have 0 € int(domt)), thus also 0 € int(dom4)). In particular, ¢ is
continuous in a neighbourhood of 0. By (5.2), there is a constant K such that ¢ (t) < Kt,
for all ¢ large enough. As ¢(0) = 0 and ¢ is convex, we conclude that v(t) < Kt, for
all t > 0. Next we introduce four parameters, A < 0 and §, M,C > 0, and define the
R%valued function

Me, if{e,z) > C,
€

- f(%ic(z) =4 —de, if (e,z) € (4,0),
0, else.
Given Z ~ «, this induces a random variable Yéﬁ’c = %C(Z ). We impose the relation
MP[{e,Z) > C| =d6P[(e, Z) € (A,0)] (5.3)

between M and J, so that E[Yé\g’c] = 0. Now we fix A < 0 and some € > 0. Then we
choose § > 0 small enough such that

(=) VIE[[(e. 2)]] < 5,
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which we achieve by continuity of ¥ and the fact that ¢(0) = 0. We leave C as a free
parameter, which fixes M via (5.3). We compute

E[(Y;4, 2) = o(Y;5)]
=Bl zsc(M{e, Z) — (M) + 11 zyea,0)( — 8e, Z) — (—=0))]
ZME[ (e,Z)}C((‘% Z> — K)] — 5E[ (e,Z)E(A,0)<672>] — 1/_1(—(5)IP[<6,Z> S (A,O)]
>M(C—-K)P[(e,Z) >C] —¢
=6(C —K)P[(e, Z) € (A,0)] —

Now taking C' ~ 400 we conclude that —¢¥(0) = 400, which is a contradiction to
(5.1). O

Our next result is the analogue of Lemma 4.4. But now, instead of maximizing over
all p € Z5(R%) as in (4.5), we have to maximize over all p € 2%(R%), with a fixed
barycenter = € RY, as in (4.4).

Proposition 5.2. Let ¢: R? — (—o0, +00] be a lower semicontinuous convex function
and assume that ¥ (x) > —oo for some x € int(dom). Then we have the duality
formula

(@) = sup ( /w (C+2) dv(2)), (5.4)

CERA

and the right-hand side admits a unique mazimizer ¢(z) € R,

Proof. We deploy a similar strategy as in the proof of Proposition 4.5. Recalling equa-
tions (4.13) — (4.16), for each ¢ € R, we have

(@) (© = s (MCovlpy)~ [vedp) = [ ¢+ ). (65)

pEP2(R4)

where the function ¢ is defined by ¢ (y) = ¥(y) —((,y), for y € R?. Since p¥(x) > —oc0
for some 2 € int(dom ), the convex function & + ¥ (£) is finite and thus also continuous
in a neighbourhood of z. Hence we can apply the variant [BC17, Proposition 13.44] of
the Fenchel-Moreau theorem and obtain

V(@) = ()" (@) = sup ((G2) = [0(C+2) d(2), (56)

CER4

which proves the duality formula (5.4).

To prove the existence of a maximizer ((z) € RY, we define the function

£2Q) = sup (MCov(p.7) — [wdp+ [(Cy =) dply). (5.7)

pE?)g(Rd)
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so that —¢¥(x) = infcga f2(¢). Indeed, it follows from (5.5), (5.6) that

'@ = inf, ([6(C+2 ) - (o)

CER4

= inf sup MCov(p, ) */@D dp —(C,z)).
CER? e 2y (RY) ( ¢ )

By assumption, the function f, takes values in (—o0,+o0] and is not constant equal to
+00. Equivalently, we can express f,(() as

120 = [ @M (C+2) + (@) = (¢ +2.0) du(2) = ba). (53)

We will show that ¢ — f,({) is lower semicontinuous and coercive, implying the exis-
tence of an optimizer ((z). It is easy to see from the representation (5.8) that f, is
lower semicontinuous. Indeed, this directly follows from the lower semicontinuity of the
nonnegative integrand in (5.8) and Fatou’s lemma. For the verification of the coerciv-
ity, we take a sequence (¢(™),>; in R? with |¢(™| — 4-00. Then there is a coordinate
k e€{1,...,d} such that ]C,(c”)\ — +00. Since z € int(dom 1)), we can choose £ > 0 small
enough such that z + e € dom 1, where e, denotes the k-th standard basis vector of
R?. Defining
Yy =+ sign((,gn)) gep € dom)

and taking p = d,(), we conclude from (5.7) that

Fo(CM) = —p(y™) + £ (7| = 400,

which shows lim ¢, o f2(¢) = +00.

We now show that the maximizer ((z) € R of the right-hand side of (5.4) is unique.
As the assumptions of Lemma 5.1 are satisfied, the convex function 1 is co-finite, and
thus ¢* is finite everywhere on R?. In particular, ¥* is continuous everywhere and
differentiable Lebesgue-a.e. on R 1In order to establish the uniqueness of ((z), we
show that the function ¢ — [¢*(¢ + 2)dy(z) € (—o0,400] is strictly convex on its
domain. By contradiction, suppose that there are (1, € R? with ¢; # (3 such that
both [9*(¢1 + 2) dvy(z) and [9*((2 + 2) dy(z) are finite and

/w* (t¢1+ (1= 1)Ca + 2) dy(2) = t/w*(cl 42 dy(z) + (1—1) /w*(@ +2)dy(2),
for some t € (0,1). Then

PG4+ (1 —1)C +2) = tp™ (1 + 2) + (1 — )" (C2 + 2),

for y-a.e. z € R%. Consequently, the function ¥* is affine on the line segment from ¢; + 2
to (o + 2, for Lebesgue-a.e. z € R?. By convexity and finiteness of ¥* on R, we thus
have that the function

Rel— @Z)*()\(CQ — Cl) + Z)
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is affine, for every z € R%. By [Roc70, Theorem 8.8], there exists some ¢ € R such that

P (NG — Q) +2) =¥ (2) + e

Differentiating at the point A = 1 yields (V4*(2), {2 — (1) = ¢, for Lebesgue-a.e. z € R%.
But this is a contradiction to @ # int(dom 1) C (9¢*)(RR?), where the symbol 9, applied
to a convex function, denotes its subdifferential. O

The final result of this chapter is the analogue of Lemma 4.3. The duality formula
(5.4) established in Proposition 5.2 enables us to identify the structure of the optimizer
in the maximization problem (4.4).

Proposition 5.3. Let 1: R? — (—o00,4+00] be a lower semicontinuous convex function.
For fized ¢ € R we define the function ¢ by ¢ (y) =¥ (y) — (C,y), for y € RY, so that
Vi(y) =" (C+y).

(i) If there are x € R and ¢ = ¢(z) € R? such that (ViF)(7) € P5(RY), then
this is actually the unique optimizer of the supremum in (4.4). If additionally
¥ () > —00 and x € int(dom 1)), then ¢ = ((x) is the optimizer of the supremum
in (5.4).

(i) If ¥ (x) > —oco for some x € int(dom)) and the supremum in (4.4) is attained by
some P, € PE(RY), then p, = (VYE)(v) with ¢ = ((x) being the optimizer of the
supremum in (5.4).

Proof. (i) We set p, == (V¢ f)(v) and let p, € 2%(R%) be arbitrary. We denote by Th=
the Brenier map from v to p,, note that T!f’”” = sz, and compute

/ W dps — MCov(pz,7) = / ($e(T27(2)) + (¢, T2 (2)) = (T2 (2), 2)) dr(2)
> (C)+ [ inf () = (.2)) da()
= (o)~ [0+ 2 de)
— [ dp. ~ MCov(ps. ).
with equality if and only if T2+ (2) = sz (2), for y-a.e. z € R This in turn is the case

if and only if p, = p,. We conclude that p, is the unique optimizer of the supremum in
(4.4), ie.

@) = [Vdps = MCov(prm) = (Co) — [W(CH 2. (59)

On the other hand, if additionally ¢¥(z) > —oc and x € int(dom 1)), by Proposition 5.2
we have that

V(@) = sup ((G2) = [0(C+2) d(2),

CERA
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which in light of (5.9) implies that ¢ = {(x) is the optimizer of the supremum in (5.4).

ii) By assumption and Proposition 5.2, we have that
y

and therefore
[ (e(m=(2) +4¢2) = (18(2), ) (=) =0
As the integrand is pointwise nonnegative, we conclude that
B(TE(2)) + 47 (C +2) = (T9(2), ¢ + 2)

and consequently TP+ (z) € 9*(C + z), for y-a.e. z € R%. Hence TP (z) = Vi*(C + 2),
for v-a.e. z € R?, which implies that p, = (VY (7). O
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6. EXISTENCE OF DUAL OPTIMIZERS AND BASS
MARTINGALES

Throughout this chapter we fix u, v € Po(RY) with pu <. v.

Definition 6.1. A lower semicontinuous convex function top;: R? — (—00, +00] satis-
fying p(ri(dom top)) = 1 is called an optimizer of the dual problem (3.15) (in short, a
dual optimizer) if D(p, ) = D(opt), for the dual function D(-) as defined in (3.13).

As the next result shows, we could have required in the definition of a dual optimizer
Yopt that the affine dimension of its domain is at least as large as the affine dimension
of the support of the probability measure v.

Lemma 6.2. If Yoyt is an optimizer according to Definition 6.1, then
dim(dom tgpt) = dim(supp v).
Proof. By contradiction, we suppose that dim(dom ) < dim(supp 7). Defining
By = {x € RY: 9popi(z) < £}
for £ > 1, we clearly have u(By) 1 and furthermore

sup 7PM(By x (R?\ dom t)opt)) > 0.
1

Indeed, otherwise v would be concentrated on dom 1.y, contradicting the assumption
that dim(dom 9opt) < dim(supp ). As a consequence,

L ) 7l dy) = +oc
J4

for all £ > 1 large enough. We now show that 1, could not have been optimal, by
establishing that

D(topt) = / ( sup (MCOV D, /l/Jopt dp /wopt SBM dy)) p(dx) = 4o0.

peZ3 (RY)

To wit, selecting p, = 752M for z € R\ By and p, = 6, for 2 € By we find

D(op) 2 [, MOVE™ ) () — [ (rpe(w) = [ Wopu() 75 ) )

So—t [ () o dy),
BZX Rd

for a finite constant ¢. We conclude by taking ¢ > 1 large enough. O
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We recall Definition 1.1 and list some important properties of Bass martingales. Such
martingales were introduced in [BBHK20] under the name of a “standard stretched
Brownian motion”. In this work, we use — with Richard Bass’ permission — the term
“Bass martingale” instead.

Remark 6.3. Let M = (M;)o<t<1 be a Bass martingale from p to v, with corresponding
convex function v: R — R and initial distribution Z(R?) 3 a ~ By of the underlying
Brownian motion B = (By)o<i<1-

(i)

(iii)

As shown in [BBHK20] (and as a result of Theorem 6.6 below), the martingale
transport
Law(My, M) € MT(u, v)

is equal to the unique optimizer 75BM of (3.1). Furthermore, the knowledge of
7BM already determines the martingale (M;)o<i<1 as well as the function v, which
is (a * 7y)-a.e. (equivalently, Lebesgue-a.e.) unique up to an additive constant.

The convex function v and the probability measure « satisfy the identities
(Voxvy)(a) =p and Vo(axvy) =, (6.1)
which we summarize in the following graphic:

axy sy

d
Vousy

a—— U

We also remark (see [BBHK20]) that we have
My = (Vo' (B,) and M = Law (Vo * 7)(By), Vo(By1)),  (6.2)

where v° denotes the d-dimensional centered Gaussian distribution with covariance
matrix slj.

Let E be the affine space generated by the support of v, and call dg its dimension
and Pg the orthogonal projection from R? onto E. Then v(x) = &(Pgx), for a
convex function 9: E — R. If we denote By := PgB;, which is a dp-dimensional
Brownian motion on E with initial distribution & = Pg(«), then

My = (Vo sy 1) (By) = (Vo x5 ) (By),

where 17t := Pg(y'7?) is the dp-dimensional centered Gaussian distribution with
covariance matrix (1 —t)I;,. This provides a “minimal representation” of the Bass
martingale M, and therefore — if necessary — we can always assume that F = R¢
by redefining d = dg.
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(v) In the same spirit as the previous point, the kernels of every martingale transport
7 from p to v are supported on E. It follows that MCov (7, v) = MCov(7s, Pe(y))
and hence the primal problem (3.1) may be redefined as

P(u,v) = sup /MCOV(Wx,PE(’y)) p(dx).
TeEMT (u,v)

Thus also the dual problems may be redefined as taking place over functions on
the affine space E. o

The next result, Theorem 6.6 below, explains how the existence of a dual optimizer
Yopt is related to the existence of a Bass martingale. Along with it we need the following
technical lemmas.

Lemma 6.4. Let f: R? — R be a finite convex function such that Vf € L?(vy:; R?), for
some ¢ € RY. Then

(1) V(f*7)=(Vf)*~.
If additionally int(dom f*) # &, then
(ii) (f *)* is differentiable and strictly convex on int(dom(f x)*) D int(dom f*),

(i) V(f * v)*: int(dom(f * 7)*) — R? and V(f *v): R* — int(dom(f * 7)*) are
bijections, and we have
(V) =V(f*7)"

Proof. We first prove the identity (i). We denote F' := Vf, which is well-defined
Lebesgue-a.e. For v, € R? we have to compute

(f*w(whz)_(fm)(y) :/f(y+hn+2)—f(y+z) iy (z),

as h — 0. For all y,n and for y-a.e. z € R, we have

h _
%ig%f(er n+z) f(y+2):<F(y+Z)m>7

so we only need to justify the exchange of limit and integral. To this end, it suffices to
show the uniform integrability, with respect to the reference measure -, of the family

Using twice the above-tangent characterization of convexity, we obtain

STy thntz) - fly+2)

(F(y+2),m) < o S(F(y+hn+2),n). (6.4)
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We take r € (1,2), p:==2/r, and ¢ := p/(p — 1) its Holder conjugate, and compute
JIEQ+ b2 d1(z) = [ IFC+ DI vy (2)

= [IFC+ 2N exp (= ly = ¢+ hnf/2-+ (z,y = ¢+ b)) d ()
S YIF T2 e \q//exp (—aly = C+hnl?/2+ q{z,y — C+ hn)) dy(2)

<YIF N ey \“’// exp (q(z,y — ¢+ hm)) dy(z)
= I By {/exp (¢2ly — C+ hap?/2). (6.5)

We see that the first factor in (6.5) is finite (and independent of h) by assumption, while
the second factor is uniformly bounded for 0 < h < 1. Hence both the upper and lower
bounds in (6.4) are uniformly integrable for 0 < h < 1, implying the same property for
the family % of (6.3).

We now turn to (ii) and (iii). The arguments given at the end of the proof of Propo-
sition 5.2 show that, under the assumptions made here (but with f instead of ¥*), the
function f x ~y is strictly convex. We already know that this function is differentiable,
and that the interior of its domain is R?. Hence by [Roc70, Theorem 26.5] we de-
duce the stated properties. The only thing that merits an explanation is the inclusion
int(dom(f % v)*) 2 int(dom f*). To this end, observe that

7o) = s {16 /f C+a)h@} < [ w6 - 7+ i)
= [ sup {(¢ = za) = FQy () = [ (@) = (0) dr(2) = 1),
¢eRd
so dom(f x~)* O dom f*. O

Lemma 6.5. Let 1: R — (=00, +00] be a lower semicontinuous convex function and
assume that ¢¥(x) > —oo, for some x € int(dom<)). Furthermore, we suppose that
Vi* € L2(ve; R, for some ¢ € RY. Then, for allm € R? and all t > 0, we have

int(dom ¢) = int ((9*)(R)) = (V" * 7;) (RY), (6.6)

where ’y% denotes the d-dimensional Gaussian distribution with barycenter n and covari-
ance matriz tl;.

Proof. The first equality in (6.6) follows from
int(dom ) € dom 0y C dom ¢
and dom 9y = (9¢*)(RY). We also note that
int ((9¢*)(R%)) = int conv ((9y*)(R?)), (6.7)
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where conv denotes the convex hull. Indeed, as a consequence of a result by Mirsky
[Mir61], we have that int conv((9y*)(R9)) C (9v*)(R?), since the subdifferential (multi-
valued) mapping of any lower semicontinuous proper convex function is also a maximal
monotone mapping by [Roc70, Corollary 31.5.2].

Let us turn to the proof of the second equality in (6.6). Without loss of generality we
can assume that n = 0 and ¢t = 1. Since we already verified the first equality and by
virtue of (6.7), it suffices to show the inclusions

(V™ 'y)(]Rd) Cint Conv((8¢*)(Rd)) (6.8)

and
int(dom ) C (Vo* * v)(RY). (6.9)

Note that we have (V* x v)(R?) C conv((9¢*)(R?)) and therefore
int(Vy* * v)(R?Y) C int conv((9y*)(R?)) = int conv((9y*)(RY)). (6.10)

Under the assumptions of Lemma 6.5, the function v is co-finite by Lemma 5.1 and
therefore we can apply Lemma 6.4 to its convex conjugate f = ¥*. In particular, by
(iii), the set (Va)* * v)(R?) is open and hence the inclusion (6.8) follows from (6.10).
In order to prove (6.9), we first observe that int(dom ) C int(dom(¢**v)*) by Lemma
6.4, (ii). Since int(dom(¢* * 7)*) = (V* * 4)(R?%) by Lemma 6.4, (iii), the inclusion
(6.9) follows. O

Theorem 6.6. There exists a dual optimizer 1o in the sense of Definition 6.1 if and
only if there exists a Bass martingale (My)o<i<1 from p to v. In this case, Law(My, M)
is equal to the optimizer mSBM € MT(u,v) of the primal problem (3.1), and — after
passing to the minimal representation discussed in Remark 6.3, (iv), (v) and redefining
the dimension of the problem to be dim(supp v) if necessary — Yopt, v, v, 7SBM

via v* = Yopt, @ = ((p) and

are related

moPM = Law (M | My = z) = Vo(((z) + ) (7), (6.11)
where the function ¢: X — R? is given by

((z) = argmax cga ((C, x) — /U(C +2) d’y(z)) (6.12)
as in (5.4), and we have

¢(x) = (Vo x 7))} (2) = V(vx)"(2), (6.13)

for all x € X. Furthermore, the domain X of the function ¢ satisfies X C int(dom tept)
and p(X) =1.
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Proof. “=7: By point (v) of Remark 6.3 we can assume without loss of generality that
dim(supp ) = d. Suppose that a dual optimizer 1opt exists. Then D(u, V) —D(Yopt) = 0
and from (3.4), (3.13) we obtain

/( ort /wopt 7SBM(gy) — MCov(nSBM, ))> p(dz) =

Hence, for p-a.e. € R%, the infimum in

(pwopc (z) = pe;;f]ad /wopt dp — MCov(p, ))
must be attained by 758M € 222(R9). Furthermore, as D(iopt) is finite, we deduce
as in the proof of Lemma 3.5 that [ topt dwEBM < 400, for p-a.e. x € R Thus also
@¥ort(z) is finite, for p-a.e. z € R%. Recalling our assumption that dim(suppv) = d as
well as Lemma 6.2, we have p(int(domtopt)) = 1 by Definition 6.1. In particular, ¥opt
is co-finite by Lemma 5.1. All in all, we can apply part (ii) of Proposition 5.3 to 9)qpt, for
p-a.e. x € R This yields that 7TSBM Vou(¢(z) + -)(7), with v := %, and ((z) € R?
as in (6.12). We now define o := (). Since 75BM has second marginal equal to v, we
obtain Vu(a ) = v. On the other hand, as 75°M has barycenter x, we have

/ Vo(C(e) + 2) dy(z) = (Vo *7)(C(2)) = 2. (6.14)

We denote the set of points € R? for which the identity (6.14) holds by X and
note that X C int(dom o) as well as pu(X) = 1. Since o = ((u), we conclude
from (6.14) that (Vv * y)(ar) = p. By (6.1), this establishes the existence of a Bass
martingale (M;)o<s<1 from u to v, which by construction satisfies Law(My, M;) = 75BM,
and connects Yopt, v, @, 75BM as claimed.

It remains to check the identity (6.13). Since 75PM € 2% (R%), and as we already
established (6.11), we conclude that

/ IVo(¢(x) + 2)|° dy(z) < +o00, (6.15)
for every x € X. In particular, we can apply part (iii) of Lemma 6.4 to the function

f =wv. Then from (6.14) we derive (6.13).

“&”: Conversely, suppose that a Bass martingale M = (My)o<i<1 from p to v ex-
ists. By points (iv), (v) of Remark 6.3, we can assume without loss of generality that
dim(suppr) = d after passing to the minimal representation of the Bass martingale.
We denote by v: R — R the associated convex function and define the proper, lower
semicontinuous convex function vop; = v*. Since (9v)(R%) C dom v* and

int conv ((9v)(R?)) = int conv((Qv)(R?)) = int Supp(v) # @,

we also have that int(domv*) # @. In the following we show that 1y is indeed a dual
optimizer in the sense of Definition 6.1.
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First, we verify that ¢¥ort (x) > —o0, for all z € R%. As a consequence, we will see
that the identity (6.13) holds for all z € int(dom ). Note that from (6.1) we have
the relation Vo(a *y) = v. Since v has finite second moment, we conclude that

/ IVo(C + 2)[? dy(z) < oo, (6.16)

for a-a.e. ¢ € R?. In particular, by analogy with (4.6), we obtain that

(0O = [ (¢ +2)dy(2) € (=00, +0), (617)
for a-a.e. ¢ € R%. Recalling the second equality in (5.6), we have
@wopt(x) > ((pwopt)**({p) = Sup /wopt ¢+ Z) d’y( )) (6.18)
¢eR4

and by (6.17), the right-hand side of (6.18) is greater than —oo, for every z € R?. In
particular, we can apply Proposition 5.2 to the function ¢gp;. As a result, for every
x € int(dom ), we obtain an equality in (6.18) and the right-hand side admits a
unique maximizer ((x) € R?. Differentiating under the integral sign, which is justified
by part (i) of Lemma 6.4 applied to the function f =v = Yopt» the first order condition
for the optimality of {(z) reads

(Vibops * 1) (¢(2)) = . (6.19)

Now we use part (iii) of Lemma 6.4 and obtain the identity (6.13) from (6.19) above,
for all z € int(dom Yopt).

Next, we show that o = ((¢) and p(int(dom)epi)) = 1. Recalling from (6.1) that
(Vo *v)(a) = p, and using (6.13), we get a = (Vv * )~ () = ((u). For the second
claim, we again use (6.13) and obtain

= a(R7) = (Vo *7)(RY) = p(int(dom top)),

where the last equality follows from Lemma 6.5.

It remains to check that D(u,v) = D(1bopt) and Law(Mo, M;) = 7°BM. For each
x € int(domtept), we define a probability measure 7l == Vo({(z) + -)(y). By (6.16)

and (6.19), 7¥ is an element of 223 (R%), for p-a.e. x € R%. Hence we can apply part (i)
of Proposition 5.3, showing that the infimum

(pwopt@):pe}gfﬁd /wOpt dp — MCov(p, ))

is attained by m%. Therefore, from the representation (3.13) of the dual function D(-)
and the fact that 7%(dy) p(dx) € MT(u,v), we obtain

D(topt) = / /¢opt go%pt (:c)) wu(dr) = /MCOV(ﬂg,'y) wu(dz).  (6.20)
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On the other hand, from (3.1), Theorem 3.1 and (3.14) we have
[ MCov(ry) plde) < P(p,v) = D) < Do),

which in light of (6.20) implies that D(u,v) = D(1opt). This completes the proof that
Yopt is a dual optimizer. We still have to show that Law(My, M) equals the optimizer
75BM of (3.1). Since M is a Bass martingale with associated convex function v, it follows
from the identities (6.1) that 7% = Law(M; | My = ). But then from (6.20) we conclude
that 7¢ = 75BM. In particular, this shows (6.11). O

We now give a one-dimensional example in which a dual optimizer 1., in the sense
of Definition 6.1 is not integrable with respect to v. Example 6.7 below illustrates that
the form (3.6) of the dual function D(-) may fail to make sense when we allow ¢ to
range more generally than in Cy(IR?). On the other hand, the dual function written in
the form (3.13) makes perfect sense for general convex functions 1: R¢ — (—o0, 4+00],
which are p-a.s. finite (recall Lemma 3.5). This leads to the satisfactory characterization
of dual attainment as given by Theorem 6.6.

Example 6.7. Let a ==Y 72,2775, € Z(R), with the sequence (2, )n>1 C R satisfying
limy, 00 |;—Z‘ = +oo. Consider the convex function v(z) := zarctanz — §log(1l + 22),

with the derivative v’(z) = arctan z being a strictly increasing, continuous and bounded
function. Define p == (v x v)(a), so that p = >72 27", for some bounded sequence
(Tn)n>1 € R, and let v := v'(a*~). Note that 4 and v are supported by (=7, 5). Then,
according to (6.1), the pair (v, «) defines a Bass martingale from p to v. Theorem 6.6
shows that the derivative of the dual optimizer is given by

d%@bom(y) = ()" (y) = tany.

By definition of v and «, this function is not v-integrable, and neither is its antiderivative

1/}opt . <>

We finish this chapter by deducing a subtle trajectorial property of Bass martingales
from Lemma 6.5 and Theorem 6.6.

Corollary 6.8. Let M = (M;)o<i<1 be a Bass martingale with My ~ v. Define T as the
stopping time
T=1inf {t € [0,1]: M; ¢ risupp(v)} A 1,

i.e., the minimum of 1 and the first time that M reaches the boundary of supp(v). Then
T=1 a.s.

Proof. As in the proof of Theorem 6.6 we assume without loss of generality that supp v
is d-dimensional, so that int(domv*) # @. By (6.2), the Bass martingale is given by
M = (Vv xy171)(By), where Vu(y) = v, for some finite-valued convex function v. We
now define the proper, lower semicontinuous convex function ¢ = v*. As in the proof
of the second implication of Theorem 6.6, we see that ¢¥(x) > —oo, for all € RY,
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and Vy* € L?(yp,; R?) a.s. Therefore we can apply Lemma 6.5 and from (6.6), (6.7) we
obtain for all ¢ € [0,1) the a.s. equality

int(dom ¢)) = int conv ((9¢*)(R?)) = (Vo™ * yggt)(]Rd).

Since

int conv ((9¢*)(R%)) = int conv ((94*)(R?)) = int Supp(v)
we conclude for all ¢ € [0,1) that
int Supp(v) = (V4" * v, (R)

a.s. Hence a.s. M; lies in int Supp(v) as long as t € [0,1). Thus if M ever reaches the
boundary of supp(v), this will happen at time ¢ = 1, so 7 = 1. Otherwise, i.e., if M
never reaches the boundary of supp(v), then by definition 7 = 1, too. ]
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7. IRREDUCIBILITY AND EXISTENCE OF DUAL
OPTIMIZERS

We fix p,v € P(R?) with p <. v. The following notation from [DMT19] will be used
throughout this chapter.

Definition 7.1. We denote by C := supp(v) the closed convex hull of the support of v
and by I :=riC its relative interior.

As in the proofs of Theorem 6.6 and Corollary 6.8, we can assume without loss of
generality that the support of v has dimension d, so that I is open in R? see also
Remark 6.3, (iv) and (v).

Definition 7.2. We say that the pair (u,v) is De March—Touzi irreducible, if the ir-
reducible convex paving of De March—Touzi [DMT19] consists of the single irreducible
component I. By [DMT19, Theorem 2.1], this condition means that

(i) the set I =riC, with C = supp(v), satisfies u(I) =1,

(ii) there exists some martingale transport 7°MT € MT(u,v) with the property that

C = supp(7PMT), for p-a.e. x € R We refer to 7°MT as a De March-Touzi
transport.

The main assumption of this chapter (with the exception of Lemma 7.9, Lemma 7.19,
Lemma 7.20, Proposition 7.21 and Corollary 7.22) is the following.

Assumption 7.3. The pair (u,v) is De March—Touzi irreducible.

Assumption 7.3 is equivalent to the irreducibility of the pair (u,v) in the sense of
Definition 1.2. For a proof of this result and for further equivalent characterizations of
irreducibility we recall Theorem 1.4.

In Lemma 7.5 below we give a more quantitative description of the defining property
of a De March-Touzi transport 7°MT € MT (u, ) between an irreducible pair (u, v).

Definition 7.4. Let K C I be compact. For an element y* of the unit sphere $¢~! in
R? we define the slice Sy« of C beyond K by

Sy« ={y e C: (y,y*) >sup{(g,y"): 5 € K}}. (7.1)

Lemma 7.5. Under Assumption 7.3, for p-a.e. & € R% and for every compact set K C I,
there exists a constant 6(K,x) > 0 such that TDMT(S,+) > 6(K,z) for every y* € $¢-1.
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Proof. We fix € R? with C = supp(72MT) and note that the map

re: §4 — [0,1]: y* — ra(y") = WDMT(Sy*)

T

is lower semicontinuous. As the set C equals the closed convex hull of the support
of 7PMT the map 7, is also strictly positive. Indeed, if there was some y* € $9¢!
with 7,(y*) = 0, then the closed convex set C' \ S, would support 7DMT which is in
contradiction to C'\ Sy» € C = supp(m2MT). Since $¢7! is compact we conclude that

7, attains its minimum (K, x) = min,.cga-1 r(y*) > 0. O
The main result of this chapter is the following.

Theorem 7.6. Under Assumption 7.3, there exists a dual optimizer 1opy in the sense
of Definition 6.1.

Together with Theorem 6.6, this has the following consequence for the primal optimizer
79BM € MT(u, v) of the primal problem (3.1).

Corollary 7.7. Under Assumption 7.3, there exists a Bass martingale (M;)o<i<1 from
w to v. Moreover, Law(My, My) = 75BM and, for p-a.e. x € R?, the measure 755M
is equivalent to v. In particular, T5BM

is a De March—Touzi transport in the sense of
Definition 7.2, (ii).

Proof. Admitting Theorem 7.6, there exists a dual optimizer 1op;. Thus, by Theorem
6.6, there is a Bass martingale from x to v with the property that Law (Mg, M;) = 75BM,
In particular, by (6.11), there is a measurable set A with p(A) = 1, such that 75PM and
7T§/BM are image measures of suitably translated Gaussians under the same function Vv,
for all z,2/ € A. Hence m5BM ~ 75BM | for all x,2" € A, and this in turn implies the

equivalence of v(dy) = [ 75BM(dy) p(dx) with 75PM(dy), for each 2’ € A. In particular,

x/
supp(mSPM) = supp(v), for p-a.e. x € RY, which implies Definition 7.2, (ii) for 75BM. O

7.1. PROOF OF THEOREM 7.6

The proof is split into two main steps.

7.1.1. STEP 1 OF THE PROOF OF THEOREM 7.6

We first construct a convergent optimizing sequence of convex functions (¢,)p>1 in
C2M(RY) (see Remark 7.11 below) for the dual problem (3.2).

Proposition 7.8. Under Assumption 7.3, there is an optimizing sequence (Vn)n>1 of
nonnegative convex functions in Cgﬁ(Rd) for the dual problem (3.2), which converges
compactly on I (i.e., uniformly on compact subsets K C I) to some convex function
Yim: I — [O, —I—OO).

Before we turn to the proof of Proposition 7.8, we still need some preparation. The
following auxiliary result does not require the irreducibility Assumption 7.3, but solely
relies on the finiteness of the value D(u,v) of the dual problem (3.2).
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Lemma 7.9. Let (¥n)n>1 C Cq(R?) be an optimizing sequence for the dual problem
(3.2) and take any m € MT(u,v). Then

sup / / Yny) — (@) T (dy) p(de) < +oo. (7.2)

n>1

Proof. Recalling (3.3), we consider for n > 1 the functions

R% 52— ¥ (2) = pG}ngd /wn dp — MCov(p, )) (7.3)

By taking p = d, in (7.3) we obtain the trivial estimate p¥" () < 9, () and consequently

[ @) = (@) maldy) pldn) < [ [ (only) = 6 (@) maldy) o).

By definition (3.13) of the dual function D(-) we have

D) = [ ([ 6nlw) maldy) = 07 (2)) nld),

and as the sequence of real numbers (D(ty,))n>1 converges to the finite number D(u, v),
we conclude (7.2). O

Definition 7.10. We fix an arbitrary optimizing sequence (1,)n>1 C Cq(R?) of convex
functions for the dual problem (3.2), which is possible thanks to Proposition 3.3. For
z € R%, we define

Pn() = Yn(+) = Ynlz) = (O¢n(2), - — ), (7.4)

so that ¥%(z) = 0 and () takes values in [0, +00), for every n > 1. Here — by abuse
of notation — 9, (x) denotes a subgradient of i, at x, i.e., an arbitrary element of the
subdifferential of 1, at z.

Remark 7.11. We observe that passing from ¢ € Cq(R?) to ¢ + aff, where aff: R? — R
is an arbitrary affine function, does not change the value of the dual function (3.13), i.e
D(¢) = D(¢ + aff). In particular, we note that the sequence (¢),>1 defined in (7.4) is
contained in the class of functions

CARY) = {¢(-) +aff(-): 1 € Cq(RY), aff: R — R affine},

and hence D(¢%) = D(¢y,). o

Our goal is to show that — under the irreducibility Assumption 7.3 and after passing
to Cesaro means of a suitable subsequence — the sequence (¢ ),>1 of (7.4) is bounded
on compact subsets of I, for p-a.e. z € I. This is the content of the following lemma.

Lemma 7.12. Under Assumption 7.3, for any given optimizing sequence (Vn)n>1 of
convex functions in Cq(]Rd), there is a sequence of Cesaro means of a subsequence, still
denoted by (n)n>1, such that, for p-a.e. x € I and for every compact set K C I, we
have that sup,,>1 ye i ¥ (y) < +oo, for every choice of (g )n>1 C C’gﬂ(IRd) as in (7.4).
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Proof. We rely on [DMT19] and fix a De March-Touzi transport 7°MT € MT(,v)
satisfying point (ii) of Definition 7.2, which exists by the irreducibility Assumption 7.3.
Let (¥n)n>1 and (¥%),>1, measurable selected for z € RY, be as in Definition 7.10 above.
By Lemma 7.9, the sequence

v) = [ ) e ) = [ (al) = @) 72T ()

is bounded in L!'(u). Applying Komlés’ theorem [Kom67, Theorem 1], we can find a
subsequence (ng)r>1 € IN, such that the Cesaro means

U 4 Uy + .. 4+ Ty,

Wy =
g k
converge fi-a.s. to some random variable ¥ € Ll(,u). If we define the Cesaro means
k) k Y

we have

/wz ADMT (). z e R

Note that passing to a subsequence (ng)r>1 € IN and forming Cesaro means (1/_1,95) pre-
serves the property of being an optimizing sequence of convex functions in CgH(Rd) of
the form (7.4). Therefore we can replace the original sequences (¥,,) and (¥%) by (V)
and (¥¥), respectively, and may again relabel them as (¥,,) and (¥%), respectively. With
that said, as a consequence of the p-a.s. convergence to a finite limit, we have that

m(z) :=sup ¥, (x) = sup/wn mOMT (dy) < 400, (7.5)

n=1 n=1

for p-a.e. x € RY.

Arguing by contradiction to the statement of Lemma 7.12, we assume that there is a
compact set Ky C I such that the set

Ay = {x cRY: sup Pi(y) = +oo}
n>1,yeKo

has positive py-measure. Furthermore, by Lemma 7.5, the set
Ag = {l‘ € R*: 35(Ko,x) > 0 such that 72MT(S,+) > 6(Ko,z) for every y* € Sd_l}
has full y-measure. By (7.5) above, also the set
Az = {z € R%: m(z) < 400}

has full py-measure, so that the intersection A := A; N As N Az has positive u-measure.
Pick a point g € A. As xg € Ay, for arbitrarily large M > m(xg)/d(Ko, o), we can
find ng > 1 and yo € Ko such that ¢;%(y0) > M. The function

Uy) = (O (yo),y — yo) + M,  yeRY
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satisfies £ < ¥50 and £(y) > M, for all y € Sy, with y* := Z and z = 0y (yo). We

|=|
conclude with
m(zo) = /@ﬁﬁ(y) T (dy) > /ﬁ+ o (dy) = M M (Sy+) = M §(Ko, o),

which is the desired contradiction, as M is arbitrarily large. ]

Proof of Proposition 7.8. By Lemma 7.12 we can fix some xg € I such that the sequence
of convex functions (1X°),>1 is bounded on all compact subsets K C I. In particular,
the sequence (¢%9),>1 is pointwise bounded on I. By [Roc70, Theorem 10.9] we can

select a subsequence, still denoted by (%0 )n>1, which converges uniformly on compact

subsets K C I to some convex function ¢};> : I — [0,+00). Dropping the superscript
xo to ease notation, we arrive at a sequence (1, ),>1 with limit vy, as required in the
statement of Proposition 7.8. O

7.1.2. STEP 2 OF THE PROOF OF THEOREM 7.6

We extend the function ¢y, : I — [0,400) of Proposition 7.8 to a lower semicontinuous
convex function ¢y, : RY — [0, +-00] which is equal to +00 on R4\ C. Since I C dom iy,
I is open and p(I) =1, it follows that u(int(dom vyy,)) = 1.

Proposition 7.13. Under Assumption 7.3, the convex function iy, : RS — [0, +o0] is
a dual optimizer in the sense of Definition 6.1, i.e., satisfies D(u,v) = D(1im)-

Definition 7.14. For p-a.e. x € R%, we denote by v&py the Brenier map from v to
mBM 50 that Vg (7) = 752M and

MCov(myM, y) = /<VUSBM ,2)7(dz);

we write Y&y = (v&gy)* for its convex conjugate.

Remark 7.15. As v has full support, the convex function vgg,, is finite-valued and con-
tinuous everywhere on R¢. In particular, v§p 1S unique, up to an additive constant.
Therefore also its convex conjugate 1&g : R¢ — (—o0, +o0] is unique, up to an additive
constant. Also note that 1&g, is finite-valued on I and takes the value +oo on R\ C,
with C' = supp(v) and I = int C. o

Our goal is to show that ¥y, : R4 — [0, +0o0] is a dual optimizer. For this purpose, we
will prove that, for p-a.e. x € I, the function ¢nm(-) equals &g\ ( ), modulo adding
an affine function; in short, ¥y, = ¥&gy mod (aff), for y-a.e. z € R%. In Lemma 7.18
below we will show that the set

A= {z € I: im # YEgy mod (aff)} (7.6)

indeed has p-measure zero. It will then follow from Lemma 7.19 that vy, is actually a
dual optimizer. First, we need some auxiliary results.
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Lemma 7.16. Under Assumption 7.3, for u-a.e. x € A, there exists a probability mea-
sure 7, € P%(RY) supported by C and there is a constant B(z) > 0 such that

MCov(#z,7) + / Yiim d(my"™ — ) = MCov(mp"™, 7) + 5(=). (7.7)

Proof. Recalling the representation (3.13) of the dual function D(-) and the definition
(3.3) of the function x — ¢¥(z), we consider for p-a.e. € I the functions

¢ (a) i= [ (o) 7 (dy) — 9 (a)

(7.8)
= sup (MCov(p,7) + / Ve d(iM - p))
pe 2% (R%)
and
¢'¢'hm /whm SBM dy) wwhm( )
(7.9)

= sup (MCov(p, v) + /dmm d(TrEBM —p)).
pe 275 (R4)

Recalling Definition 7.14, we have V(¢&gy)*(7) = mooM € 2%(R4). Therefore we can
apply part (i) of Proposition 5.3, which yields that the supremum in (7.8) is attained by
7SBM 5o that ¢¥Sem (z) = MCov( SBM 4). By taking p = 75%M in (7.9), we obtain the
inequality ¢¥im(z) > ¢¥Seum(z), for p-a.e. x € I.

Now we define the sets
Bi={xcI:¢¥m(z)> ¢p¥sem(z)}, X = {zel: ¢¥smv(zx) < 00}

and claim that for the set A defined in (7.6) we have the relation A .= AN X = B. In
other words, since p(X) =1, the sets A and B are equal, up to a set of p-measure zero.

Indeed, if ¢ A, then ¢y, = 1%z mod (aff) or ¢¥Sem(z) = +o0, so that in both
cases ¢¥im(z) = ¢¥sem(z). Conversely, if x ¢ B, then 2 ¢ X or we have the equality
¢¥im () = ¢¥sBMm (1) of real numbers and thus also the supremum in the definition (7.9)
of ¢¥iim(z) is attained by

S *
oM = V(yEpm)* (7) € 25 (RY). (7.10)
Hence we can apply part (ii) of Proposition 5.3 to the lower semicontinuous convex

function Yy, : RY — [0, +-00] satisfying u(int(dom ey, )) = 1, which tells us that the
optimizer (7.10) of the supremum in (7.9) is equal to

vwﬂm (7((:]0))7

for some ((z) € R% We conclude the y-a.s. equality

V(¥sem)" = Viin( - +{(2)),
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which is equivalent to the v-a.s. equality

(V&)™ = Yiim (- +¢(2)) + ¢, (7.11)

for some constant ¢ € R. Since the convex function (¢)§g);)* is finite-valued and contin-
uous everywhere on RY, the equality (7.11) has to hold everywhere on R?. This implies
that iim = &g\ mod (aff) and we deduce that x ¢ A. Altogether, we have seen that
x ¢ B implies that z ¢ A.

As a consequence of A = B, up to a set of u-measure zero, for u-a.e. x € A we have
p¥im () > ¢¥SeM (1), so that we can measurably select some 7, € 225 (R?) with

MCov(#s,7) + / Yiim d(7SBM — ,) > MCov(75PM, ), (7.12)

which gives (7.7). As the right-hand side of (7.12) is finite, for p-a.e. x € I, and since
Ylim(y) = +o0 for y € R\ C, we see that 7, is supported by C. O

Our next step is to modify the measures {7, },c4 of Lemma 7.16, so that they have
compact support and still satisfy (7.7) for some (z) > 0 instead of 5(x). To this end, we
choose an increasing sequence (Kj);>1 of compact subsets of I such that (J;5; K; = 1.
Denoting by M?* the Bass martingale from ¢, to 7, and by 7 the first exit time of
M?® from K; (similarly as in Corollary 6.8), we define 7/ := LaW(M% A1) By optional

sampling, 72 € 2% (R?) and, by definition, 7/ is supported by the compact set K e

Lemma 7.17. Under Assumption 7.3, for p-a.e. x € A, there exists ﬁi(x) € 22(RY)
supported by Ky for some j(x) € N and there is a constant 3(x) > 0 such that

MCov(#3),v) + / im d(my™M = 7)) > MCov(m3PM, y) + B(x). (7.13)

Proof. From Lemma 7.16 we already have the inequality (7.7). In order to derive (7.13),
we have to show that

lim MCov(7Z,~) = MCov(7y, ) (7.14)
J—+o0
and
timsup [ v () d5L0) < [ i) 47 (0) (7.15)
J—+o0

We begin with the proof of (7.14). First, observe that M2 ., — MZ ., in L?, where
J

7% is the first exit time of M¥® from I. Since 7 A1 = 1 a.s. by Corollary 6.8, we conclude
that M% ., — M{ in L%, Consequently,
J

WS(?T%,?%) = inf /|ac1 — a:2|2q(dx1,d$2)

qeCpl(7L %z)

converges to zero as j — 400, and the inequality

IMCov (72, 7) — MCov(#z,7)| < Wh(#L,#,) Vd

202



yields (7.14).
Finally, we show (7.15). Note that by optional sampling, 7, € 22%(R%). Since a
martingale composed with a convex function is a submartingale, it follows that

1 / Vi di) < / -

and we obtain (7.15). O

Lemma 7.18. Under Assumption 7.3, the set A C R¢ defined in (7.6) has p-measure
zero.

Proof. We assume for contradiction that ;(A) > 0. Thanks to Lemma 7.17, the set A
is p-a.s. equal to the union

U {x cA: MCOV(%%,v) + /%Dhm d(ﬂ'EBM — ﬁ;) > MCOV(WEBM,’Y) + 5}.
€N,
6.\ (0)

Hence we can find a subset B C A with u(B) > 0, such that (7.13) holds with uniform
constants j € IN and 8 > 0 for all z € B, i.e.,

Jj 38 Ve € B:  MCov(#,7) +/¢hm 7SBM _ 57y > MCov(nSBM 4) + 8. (7.16)

Now we define a measurable collection of probability measures {7 },cre € P2(R?) with
bary(7;) = x by

*J
From the inequality (7.16) and the definition (7.17) we deduce that
[ [ i S~ 7) duta) + [ MCov(r, ) du(a) (7.15)
> [ MCov(SPM, 7) duz) +  u(B) (7.19)
— Plu,v) + B u(B) (7.20)

Recall from Proposition 7.8 that there is an optimizing sequence (¢)n>1 of convex
functions 1, : R? — [0, +00) for the dual problem (3.2), which converges uniformly on
compact subsets K C I to im,. To find the desired contradiction, we want to replace
Yim in (7.18) by lim, o 1, and write the limit outside of the integral. This is clearly
no problem if z ¢ B. For x € B, note that the measure 7, = 7 is supported by the
compact set K. As (¢p)n>1 converges to ¢y, uniformly on K, we have

lim / / bny) dita(y) dps(z / / Vi () i () dpa(). (7.21)

n—oo
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On the other hand, Fatou’s lemma gives

timint [ [ () drP ) dute) > [ [ din(v) a5 ) duo) (7.22)

n—oo

Now combining (7.18) — (7.20) with (7.21), (7.22) yields the inequality

liminf//lj}n d(rSBM — 7)) dp(z /MCOV Fooy)du(z) = P(p,v) + 6 u(B).

n—o0

Recalling the definition (3.3) of the function 2 — ¥ (z) and the dual function (3.13),
we observe that the left-hand side of this inequality is less than or equal to

lim inf D(¢y,) = hmlnf/ /wn mSBM(dy) — p¥n (x)) wu(dz).

n—o0

Since (¢p)n>1 is an optimizing sequence for the dual problem, it follows that
D(p,v) = lim D(n) = liminf D(¢n) = P(p,v) + B u(B) > P(u,v).
But this is a contradiction to the fact that there is no duality gap by Theorem 3.1. [

Lemma 7.19. A lower semicontinuous convex function {gpy R? — (—00, +00] satisfy-
ing p(int(domopt)) = 1 is a dual optimizer in the sense of Definition 6.1 if and only

if
p({x € RE: qhopt = ¢&py mod (aff)}) = 1. (7.23)
Proof. “<”: As we have seen in the proof of Lemma 7.16, for p-a.e. z € R? the

supremum in (7.8) is attained by p = 75PM. Hence integrating with respect to u(dz)
yields

[ MCov(rE™ ) ) = [ ([ nal) 7 ) - 500 (@) ().

By assumption (7.23) it follows that

[ MCov(mE™ ) u(de) = [ ([ bopily) S dy) - ¢ (@) plda). (7:21)

Recalling the representation (3.13) of the dual function D( - ), we see that the expression
on the right-hand side of (7.24) equals D(topt). On the other hand, the left-hand side
is equal to P(u,v) = D(u,v) by Theorem 3.1, so that 9op; is a dual optimizer.

“=": Let 1opt be a dual optimizer. As in the proof of the implication “=" in Theorem
6.6 we conclude that

oM = v (C(@) + ) (7),

for p-a.e. x € RY, with ¢(z) € R? as in (6.12). On the other hand, by Definition 7.14 we
have 75BM — V(Esnm)* (7), for pa.e. € R%. Arguing as in the proof of Lemma 7.16
we obtain (7.23). O
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Let us summarize why the above arguments complete the proof of Proposition 7.13
and thus also of Theorem 7.6.

Proof of Proposition 7.13. According to Lemma 7.18, the function 9y, : R? — [0, +-00]
equals 1&gy mod (aff), for p-a.e. € I. By Lemma 7.19, this implies that iy, is a dual
optimizer. ]

Proof of Theorem 7.6. The existence of a dual optimizer follows from Proposition 7.8
and Proposition 7.13. O

Let us have one more look at the structure of the proof of Theorem 7.6 and Corollary
7.7 above. We started with an arbitrary optimizing sequence (¥y,)n>1 C Cq(RY) of
convex functions for the dual problem (3.2), which we normalized to obtain (¢ ),>1 as
in (7.4). Then we showed in Proposition 7.8 that under the irreducibility Assumption
7.3, which guarantees the existence of a De March-Touzi transport 7°MT ¢ MT (s, v),
we could find a limiting function v;,,. However, this was only possible after passing to a
subsequence, forming Cesdro means, and then choosing a further subsequence of (¢%)n>1.
In Proposition 7.13 we argued that ¥y, is a dual optimizer and hence, by Theorem 6.6,
there is a Bass martingale from pu to v.

In the follow-up paper [ST24], the general case of a pair (u, ) which is not necessarily
irreducible — and thus does not necessarily satisfy Assumption 7.3 — is treated. In
this case, a variant of this line of reasoning is needed. Suppose we already know that
an optimizing sequence (1,)n>1 is pointwise bounded on a relatively open convex set
I C R with u(I) = 1 and such that supp(v) is contained in the closure of I. Under this
assumption — but without imposing irreducibility on the pair (u,v) — we will prove in
Proposition 7.21 below that there is no need of passing to a subsequence or of forming
convex combinations of the optimizing sequence (i,),>1. Rather already the original
sequence (¢p,)n>1 — modulo adding affine functions — converges.

Lemma 7.20. For every sequence ({n)n>1 of lower semicontinuous convez functions
U : RY — [0, +00) there is a closed convex set Cly, C Re with relative interior Ly, and
a subsequence (n, )p>1 such that the limits

wlim(y) = klglgo wnk (y) < +OO’ ) S Ilim (725)
Vim(y) = Jim g, (y) = +00, ¥ € R\ Clim (7.26)

exist. Moreover, the convergence in (7.25) is uniform on compact subsets of L.

Proof. Step 1. We denote by N the collection of increasing subsequences A~ = (ny)g>1 of
IN. For two subsequences A", 4" € N we call A" finer than .4, denoted by A" = A,
if 47 C 4, up to finitely many elements.

We write Z for the collection of relatively open convex sets I € R?. For two pairs
(L, N),(I', V") € TxN we say that (I', A4") is finer than (I,.4"), again denoted by
I, AN) = (I, N), it I' DT and A" = N
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We call a pair (I, /") € Z x N admissible if it satisfies

Vyel: sup ¢y, (y) < +oo. (7.27)
ngEN

Step 2. Let (I,./") be admissible. Write A4 = (ng)r>1 € N and denote by C the closure
of I. Then one of the following two alternatives hold: either

Jim i, (y) = +o00,  y € R4\ C, (7.28)
— 00

in which case we call (I,.4") mazimal; or there is some yo € R?\ C and a subsequence
N = (n})k=1 € N finer than .4 such that

sup Py (yo) < +o00.
nj €N’

Now we define the relatively open convex set I’ := riconv(yg, ) and note that I’ D I.
Then the pair (I',.#”) is admissible and finer than (I,.4"). In this second case we say
that (I,.4) is refinable.

Step 3. Assume that (I,.4") is maximal, so that both (7.27) and (7.28) are satisfied. In
particular, the sequence (v, )ik>1, with A4 = (ng)r>1, is pointwise bounded on I. By
[Roc70, Theorem 10.9] we can select a further subsequence, still denoted by (¢n, )i>1,
such that (7.25) holds for all y € [};, = I and the convergence is uniform on compact
subsets of Ijj,. Furthermore, condition (7.26) is still satisfied for this further subsequence
thanks to (7.28).

Step 4. In light of Step 3, in order to prove Lemma 7.20, it suffices to show the existence
of a maximal pair (I,.4), which we will denote by ([jim, -Mim). The construction of the
maximal pair ([jim, #im) is done via transfinite recursion along the countable ordinal
numbers a < wy, where wj is the first uncountable ordinal.

We start the construction as follows. If sup,,c ¥n(y) = 400 holds for all y € R?, the
pair (Iy, 40) = (@,IN) is admissible. Otherwise, we can find some yo € R? such that
SUP,enN Yn(Y0) < +o0o and then the pair (Ip, A5) = ({yo}, IN) is admissible.

Now let @ < w; be an ordinal number and suppose that the transfinite family
(I3, 43)p<a in T x N is such that

(i) the pair (Ig,.#3) is admissible, for all 5 < a,

(ii) the pair (Ig,,-#3,) is finer than (Ig,, 43, ), for all f1 < B2 < .

We first assume that « is a successor ordinal, i.e., there is an ordinal g such that
a = B+ 1. Since (Ig, #3) is admissible, by Step 2 only two cases are possible. If
(Ig,A3) is maximal, we set ([iim, Him) = (Ig,-#3) and finish the construction. If
(Ig, A3) is refinable, we can find a pair (I, .#,) which is finer than (I3, .43).

Suppose that « is a limit ordinal, i.e., it can be written as a = {f: f < «}. Since
a < wi, the ordinal « is countable and can be enumerated as a = {ay: k < w}, where w
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is the first infinite ordinal. Letting 5y := 0 and defining inductively 5,11 = «y, where
¢ == min{k: 5, < ay}, we obtain a strictly increasing cofinal sequence (B;)m<w in a.
Now we define I, = U,,,, 1,.- By (ii), (I8,,)m<w is a strictly increasing sequence of
relatively open convex sets, therefore also I, € Z. Again by (ii), the sequence (A3, )m<w
satisfies </ng1 P Jﬁ{gmz, for all m; < ms < w. Thus we can find a diagonal subsequence
N € N of (A3, )m<w, meaning that A7 = A3, , for all m < w. Since by (i) the pair
(18,,,NB,,) is admissible, for all m < w, by construction also (In,.4) is admissible.
Furthermore, (1, 4, ) satisfies (1o, A%) = (13,,,48.,), for all m < w. Since (Bm)m<w is
cofinal, it follows that (I, 44) = (I,-43), for all B < a.

After countably many steps, this transfinite recursion must stop, which happens when
a < wi is such that (I, /4,) is maximal and we can then set (lim, Mim) = (Lo, Ha)-
Indeed, otherwise we would have a transfinite sequence (Ig)g<,, of strictly increasing
relatively open convex sets, indexed by the countable ordinals, which is impossible. [

Proposition 7.21. Let pu,v € Po(RY) with p <. v. Let I C R? be a relatively open
convex set with u(I) = 1. Denote by C the closure of I and assume that supp(v) C C.
Let (n)n>1 be an optimizing sequence of nonnegative convexr functions in Cgﬁ(Rd) for
the dual problem (3.2) such that

Vy e I: sup,(y) < +oo. (7.29)

n=1

Then thej’e is a lower semicontz;nuous convex function Yym : R? — [0, +00] and a se-
quence (Vp)n>1 such that V¥, = ¥y, mod (aff), for each n > 1, and

vy € I: Pim(y) = lim Pn(y) < +oo, (7.30)
vy € RI\ C: Yyim(y) = lim Un(y) = +00. (7.31)

The convergence in (7.30) is uniform on compact subsets of I. Moreover, we have
that C = supp(v) and Yy s a dual optimizer, which is unique modulo adding affine
functions.

Proof. Step 1. By Lemma 7.20, there is a closed convex set Ciim C R? with relative
interior Ijj, and a subsequence (1, )y>1 such that the limits

Yim (y) = kli_g;io Y, (y) < +00, Y € Liim (7.32)
wlim(y) = klinc}o wnk (y) = 400, (TS Rd \ C'lim (733)

exist, where the convergence in (7.32) is uniform on compact subsets of Ij,. Via (7.32)
and (7.33) we define a lower semicontinuous convex function ¢y, : R? — [0, +-0c] on all
of R,

Step 2. By the hypothesis (7.29) and the construction of Ij;,, we clearly have I C [jp,.
Our goal is to show that I, = I. To this end, we define the set A C R¢ as in (7.6),
now with I replaced by Ijn, i.e.,

A = {z € Lim: Y1im # ¥y mod (aff)}.
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Again, we will show that u(A) = 0. Repeating the reasoning of Lemma 7.16 we obtain,
for p-a.e. x € A, measures 7, € P%(R%) satisfying (7.7), which now are supported by
Clim- Then we choose an increasing sequence (K;);>1 of relatively compact subsets of
L such that U;>1 K = lim. As in Lemma 7.17, for p-a.e. x € A, we find measures
7@ e 23 (RY) satisfying (7.13) and supported by Kj(), for some j(z) € IN. Arguing
as in Lemma 7.18 we conclude that pu(A) = 0, ie., Yuim = ¥y mod (aff), for u-
a.e. € Ijim. In particular, since Iy, = ri(dom ¢y, ) and ri(dom ¢gpy) = risupp(v), we
conclude from the assumption supp(v) C C that Ijj, = I and consequently C' = supp(v).
From Lemma 7.19, we conclude that the limiting function 4y, is a dual optimizer.
Together with Step 1, this proves the statement of Proposition 7.21 for the subsequence

(wnk)k:}l‘

Step 3. Applying Step 1 and Step 2 to an arbitrary subsequence (¢, )¢>1 instead of
the original sequence (1y,)n>1, we obtain a further subsequence (@/}mgj )j>1 and a lower

semicontinuous convex function iy, : R% — [0, +00] such that

Vyel: 1/~Jhm(y) = lim wmzj (y) < o0,

j—o00

Vy € ]Rd \ C: &lim(y) = ]1520 wmgj (y) = 400,

and Yy, = &gy mod (aff), for p-a.e. x € I. We conclude that there is an affine function
aff depending on the subsequence (mg]. )j>1 such that ¢ym = ¥im + aff. In particular,

Yy € TURINC): lim (Yim, () + afi(y)) = tiim(y): (7.34)

Step 4. Let xq,...,24 be affinely independent points in 7 U (R?\ C). For each n > 1
there is a unique affine function aff,, such that

Vie{0,...,d}: Yn(x;) + afly(x;) = Ynim (). (7.35)
We claim that
¥y e TUR\C): lim (¢n(y) + affa(y)) = vrim(y). (7.36)

Indeed, if this were not the case, there would be some 39 € TU(R%\ C) and a subsequence
(my)e=1 such that
(¢mg (yO) + aﬁmg (yD)) 7& wlim(yO)‘ (737)

By Step 3 there is a further subsequence (my;);>1 and an affine function aff such that
(7.34) holds. In particular,

lim
{—o0

Vi e {0,...,d}: Jll)rglo (wm[]_ (z;) + aff(x;)) = Yiim (i), (7.38)
]1520 (¥me, (y0) + aff(y0)) = tim (o)- (7.39)
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From (7.35) and (7.38) we obtain that

Vie{0,...,d}: lim affmej (z;) = aff(z;). (7.40)
j—o00
Since the points xy, ...,z are affinely independent, the convergence in (7.40) holds for

every y € 1U (R?\ C). Then (7.39) leads to a contradiction to (7.37), which proves
claim (7.36). Defining v, = 1, + aff,,, for n > 1, we derive from (7.36) the limiting
assertions (7.30) and (7.31). Finally, by [Roc70, Theorem 10.8] the convergence in (7.30)
is uniform on compact subsets of I and we have already seen in Step 2 that 11m = ¥y,
mod (aff), for p-a.e. x € I. O

Corollary 7.22. Under the assumptions of Proposition 7.21, there exists a Bass mar-
tingale (My)o<i<1 from p to v. Moreover, Law(My, My) = 75BM and, for p-a.e. x € I,
the measure FEBM is equivalent to v. In particular, ™BM s a De March—Touzi transport
and the pair (p,v) is irreducible.

Proof. By Proposition 7.21, the limiting function ¢y, is a dual optimizer. Therefore,
by analogy with the deduction of Corollary 7.7 from Theorem 7.6, we deduce Corollary
7.22 from Proposition 7.21. To see that the pair (u, v) is irreducible we refer to Theorem
1.4. O

7.2. PROOF OF THEOREM 1.3

We are now in the position to prove our first main result of the introduction.

Proof of Theorem 1.3. The implication “(2) = (1)” is Theorem 1.10 of [BBHK20]. For
the proof of “(1) = (2)” we apply Corollary 7.7 and obtain the existence of a Bass
martingale from p to v. By the uniqueness results of Theorem 2.2 in [BBHK20], this
Bass martingale has to agree with the given stretched Brownian motion. O

7.3. PROOF OF THE SECOND PART OF THEOREM 1.7

Finally, we complete the proof of Theorem 1.7. Recalling the results of Chapter 4, we
can formulate the second part of Theorem 1.7 equivalently as follows.

Proposition 7.23. Let ju,v € P5(RY) with u <. v. The value

Dial(p,v) = inf E 7.41
)= gl S (7.41)

is attained by a lower semicontinuous convex function qopy : R? — (—o0, +00] satisfying
p(ri(dom vopt)) = 1 if and only if (u,v) is irreducible. In this case the (unique) optimizer
to (MBB) is given by the Bass martingale

M, = E[Vu(B))|o(Bs: s <t)] = E[Vu(B1) | By, 0<t<1,

where v =5 and Bo ~ V(155 *7)" (1)
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Proof. We call a function v,p; as in the statement of the proposition a dual optimizer
of (7.41) and first show that this notion is equivalent to a dual optimizer in the sense of
Definition 6.1. Indeed, if 1)op¢ is a dual optimizer of (7.41), it follows from the inequality
(" % 4)* = (p¥)** < ¥ that g is also a dual optimizer according to Definition 6.1.
Conversely, suppose that 1,p¢ is an optimizer in the latter sense. Then it follows from
Lemma 7.19 that (7.23) is satisfied. Note that by the classical Kantorovich duality we
have

MCov(r$P,7) = [ e dns™ + [ ()" do.
for p-a.e. x € RY. Thus, by (7.23), for p-a.e. x € R? there exists ¢(x) € R such that
MCov(rE™, ) = [ (s (+) = (C(a), ) dmPM 4 [ (Wope () = (¢la), )" .

Reading the proof of Proposition 4.2 backwards we conclude that

[ MCov(mS, ) dpta) = [ ([ hops() 75 (dy) — (W #7)" (@) (o),

i.e., Drel(pt, V) = E(Yopt). This shows that 1ot is also a dual optimizer of (7.41).

Now that we know that both definitions of a dual optimizer are equivalent, we can
conclude the assertions of Proposition 7.23 from the results we have already established.
Indeed, by Theorem 6.6, the existence of a dual optimizer is equivalent to the existence
of a Bass martingale (M;)o<¢<1 in the given form. Finally, by Theorem 1.3 and Theorem
1.4, the existence of a Bass martingale is equivalent to the irreducibility of (u,v). O
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PArT VII.

THE BASS FUNCTIONAL OF MARTINGALE
TRANSPORT

Joint work with JUuLIO BACKHOFF-VERAGUAS and WALTER SCHACHERMAYER

ABSTRACT

An interesting question in the field of martingale optimal transport is to determine the
martingale with prescribed initial and terminal marginals which is most correlated to
Brownian motion. Under a necessary and sufficient irreducibility condition, the answer
to this question is given by a Bass martingale. At an intuitive level, the latter can be
imagined as an order-preserving and martingale-preserving space transformation of an
underlying Brownian motion starting with an initial law a which is tuned to ensure the
marginal constraints.

In this work we study how to determine the above-mentioned initial condition «. This
is done by a careful study of what we dub the Bass functional. In our main result we
show the equivalence between the existence of minimizers of the Bass functional and the
existence of a Bass martingale with prescribed marginals. This complements the convex
duality approach presented in Part VI with a purely variational perspective. We also
establish an infinitesimal version of this result, and furthermore prove the displacement
convexity of the Bass functional along certain generalized geodesics in the quadratic
Wasserstein space.



1. INTRODUCTION

1.1. MARTINGALE OPTIMIZATION PROBLEM

Let p,v be elements of Z25(R%), the space of probability measures on R¢ with finite
second moments. Assume that u, v are in convex order, denoted by u <. v, and meaning
that [ ¢ du < [ ¢ dv holds for all convex functions ¢: R? — R. Asin [BBHK20, BBST23]
we consider the martingale optimization problem

1
o : T2
MT(p,v) = MON;IEIJEWV, IE)[/O lor — Lalfis dt], (MBB)

t
My=Mo+ [ s dBs

where B is Brownian motion on R? and | - |gs denotes the Hilbert-Schmidt norm. The
abbreviation “MBB” stands for “Martingale Benamou—Brenier” and this designation is
motivated from the fact that (MBB) can be seen as a martingale counterpart of the
classical formulation in optimal transport by Benamou-Brenier [BB99], see [BBHK?20,
BBST23]. The problem (MBB) is equivalent to maximizing the covariance between M
and Brownian motion subject to the marginal conditions My ~ p and My ~ v, to wit

1
P(p,v) = ; su]% E[/O tr(at)dt}. (1.1)
0~y Vi1~

Mt=M0+fJ os dBs

Both problems have the same optimizer and the values are related via

MT(uv) = d+ [ lyPdvty) = [ 1of dute) - 2P(n.v).

As shown in [BBHK20], the problem (MBB) admits a strong Markov martingale M
as a unique optimizer, which is called the stretched Brownian motion from p to v in

[BBHK20].

1.2. BASS MARTINGALES AND STRUCTURE OF STRETCHED
BROWNIAN MOTION

Owing to the work [BBST23] it is known that the optimality property of stretched
Brownian motion is related to a structural / geometric description. For its formulation
we start with the following definition.
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Definition 1.1. For probability measures u, v we say that the pair (u,v) is irreducible
if for all measurable sets A, B C R? with u(A) > 0 and v(B) > 0 there is a martingale
X = (X¢)o<t<a1 with Xo ~ p, X1 ~ v such that P(Xp € 4, X; € B) > 0.

We remark that in the classical theory of optimal transport one can always find cou-
plings (Xo, X1) of (u,v) such that P(Xo € A, X; € B) > 0, for all measurable sets
A, B C R with u(A),v(B) > 0; e.g., by letting (Xo, X;) be independent. In martingale
optimal transport this property may fail.

Next we recall the following concept from [Bas83, BBHK20, BBST23].

Definition 1.2. Let B = (B;)o<i<1 be Brownian motion on R? with By ~ &, where @& is
an arbitrary element of 22(R?), the space of probability measures on R%. Let 9: RY — R
be convex such that Vo(B;) is square-integrable. We call

M; = E[Vi(B1)|o(Bs: s <t)] =E[Vo(B1)| B, 0<t<1 (1.2)
a Bass martingale with Bass measure & joining pu = Law(My) with v = Law (M ).

The reason behind this terminology is that Bass [Bas83] used this construction (with
d =1 and & a Dirac measure) in order to derive a solution of the Skorokhod embedding
problem.

In [BBST23, Theorem 1.3] it is shown that under the irreducibility assumption on the
pair (w4, v) there is a unique Bass martingale M from u to v, i.e., satisfying Ny ~ w and
My ~v:

Theorem 1.3. Let p,v € Po(RY) with p < v and assume that (u,v) is irreducible.
Then the following are equivalent for a martingale M = (M;)o<i<1 with My ~ p and
M1 ~ VUV

(1) M s stretched Brownian motion, i.e., the optimizer of (MBB).

(2) M is a Bass martingale.

Since, for probability measures p, v € P5(R%) with 1 <. v, stretched Brownian motion
always exists by [BBHK20, Theorem 1.5], the above theorem states that the existence
of a Bass martingale follows from — and is in fact equivalent to — the irreducibility
assumption on the pair (u,v).

Denoting by * the convolution operator and by ~ the standard Gaussian measure on
R¢, we remark that the convex function ¢ and the Bass measure & from Definition 1.2
satisfy the identities

(Voxy)(a)=p and Vo(a*vy) =wv. (1.3)
We formalize the fundamental relations (1.3) and their correspondence with Bass mar-

tingales in Lemma 2.3 below.

Throughout we write v* for the d-dimensional centered Gaussian distribution with
covariance matrix tI; and set 9y == 0 *y'7t: R - R, for 0 < t < 1. In these terms,
(1.2) amounts to

Mt = V@t(Bt), 0 < t < 1.
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1.3. MAIN RESULTS

In the following we denote by MCov the mazimal covariance between two probability
measures p1, p2 € Po(RY), defined as

MCov(p1,p2) == sup /(azl,x2> q(dzy,dzs), (1.4)
q€Cpl(p1,p2)

where Cpl(p,v) is the set of all couplings 7 € Z(R% x R?%) between p and v, i.e.,
probability measures on RY x R? with first marginal ; and second marginal v. As is well
known, maximizing the covariance between p; and po is equivalent to minimizing their
expected squared distance; see also (2.3) below.

Definition 1.4. We introduce the Bass functional
P3(RY) 3 a— V() = MCov(a % v, ) — MCov(a, j). (1.5)

In our first main result we derive a novel formulation of problem (1.1), which charac-
terizes the Bass measure & in (1.3) as the optimizer of the Bass functional (1.5).

Theorem 1.5. Let pu,v € Po(R%) with i <. v. Then

P(uv) = _int V(o). (1.6)

The right-hand side of (1.6) is attained by & € Po(RY) if and only if there is a Bass
martingale from p to v with Bass measure & € P(RY).

The proof of Theorem 1.5 is given in Chapter 3. In Chapter 4 we will show the
following infinitesimal version of Theorem 1.5, which constitutes our second main result:

Theorem 1.6. Let (M;)o<i<1 be an R%-valued martingale bounded in L?, which is given
by the stochastic integral

t
Mt:M0+/ o.dB.,  0<t<l,
0

where (o1)o<t<1 S a progressively measurable process. Denote by g the law of My. For
Lebesgue-a.e. 0 <t <1 we have, for each o € Po(R?), the inequality

E(tr(oy)] < lizn iglf%(MCov(oz A" pgn) — MCov(a, ,ut)). (1.7)
—
We note that, for a Bass martingale (M;)o<;<1 of the form
dM, = 6,(M,) dB;,

with associated Bass measure & € %5(R%) and diffusion function &;: R? — R4, we
have, for Lebesgue-a.e. 0 <t < 1, the equality

N d . N
]E[tr(a't(Mt))} = & MCOV(O{ * ’yt7 /,Lt),
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where ji; = Law(M;). This exhibits the sharpness of (1.7) and shows that Theorem 1.6
is an infinitesimal analogue of Theorem 1.5.

In our final main result we discuss convexity properties of the Bass functional
P2 (RY) 5 a— V(a)
defined in (1.5).
Theorem 1.7. We have the following results:

(1) If d = 1, then V is displacement convez, i.e., convexr along the geodesics given by
McCann interpolations [McC97].

(2) If d > 1, then V is displacement convex along generalized geodesics with base .

The proof of this result, together with a discussion on the various forms of convexity
stated therein (see e.g. [McC97, Vil03, AGS08]), and a treatment of the strict convexity
of V, are deferred to Chapter 5. We merely stress here that the Bass functional fails to
be convex, and can even be concave, if we consider convex combinations of measures in
the usual linear sense.

1.4. RELATED LITERATURE

Optimal transport (see the monographs [Vil03, Vil09, AG13, Sanl5] for introductions
to the field) has its origins in the works of Monge [Mon81] and Kantorovich [Kan42].
The modern theory is based on the seminal results of Benamou, Brenier, and McCann
[Bre87, Bre9l, McC94, McC95, BB99].

In martingale optimal transport problems (see e.g. [HN12, BHLP13, TT13, DS14,
GHLT14, CLM17]), the transport plan satisfies an additional martingale constraint.
This additional requirement arises naturally in finance (e.g. [BHLP13]), but has also
remarkable consequences for the study of martingale inequalities (e.g. [BN15, OST15,
HLOST16]) and the Skorokhod embedding problem (e.g. [BCH17, KTT17, BNS22]).
The analysis of irreducibility of a pair of marginals (u, ) was initiated by Beiglbock and
Juillet [BJ16] in dimension one and extended in the works [OS17, DMT19, GKL19] to
multiple dimensions.

Martingale optimal transport problems in continuous time have attracted a lot of
attention in recent years, see e.g. [DS14, BHLT17, COT19, GKP19, GLW19, GKL20,
CKPS21, GL21]. In this work we concern ourselves with the specific structure given
by the martingale Benamou-Brenier problem, introduced in [BBHK20] in probabilistic
language and in [HT19] in PDE language, and subsequently studied through the point of
view of duality theory in [BBST23]. The same kind of problem appeared independently
in the context of market impact in financial markets in an article by Loeper [Loel8].

It was also shown in [BBHK20] that the optimizer M of the problem (MBB) is the
process whose evolution follows the movement of Brownian motion as closely as possible
with respect to an adapted Wasserstein distance (see e.g. [BBBE20, F6122]) subject to
the given marginal constraints.
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2. PRELIMINARIES

In this short chapter we give a more detailed review of some of the main results in
[BBST23], which will be useful for the coming discussions and proofs.

2.1. DUAL VIEWPOINT

As established in [BBST23, Theorem 1.4], the problem (1.1) admits a dual formulation
with a particularly appealing structure:

Theorem 2.1. Let ju,v € Po(RY) with u <. v. The value P(u,v) of the problem (1.1)
s equal to
D(p,v) = inf (/¢du - /(w* *y)* du). (2.1)
pel(v),
1) convex
The infimum is uniquely attained (modulo adding affine functions) by a lower semi-
continuous convex function 1: RY — (—oo,+o0| satisfying p(ri(dome))) = 1 if and
only if (u,v) is irreducible. In this case, the (unique) optimizer to (MBB), (1.1) is
given by the Bass martingale with associated convex function v = ¢* and Bass measure

a = V(§* x7)* ().

Note that the symbol * used as a superscript denotes the convex conjugate of a func-
tion. We also remark that attainment of D(u,v) has to be understood in a “relaxed”
sense, since the optimizer 1 is not necessarily v-integrable; see [BBST23, Proposition
4.2].

2.2. STATIC MARTINGALE OPTIMAL TRANSPORT

We fix pu,v € Po(R?) with u <. v and consider a static / discrete-time version of the
continuous-time martingale optimization problem (1.1), to wit

P(u,v) = sup /MCOV(T(I,’)’),U(dIB). (2.2)
TEMT (p,v)

The collection of martingale transports MT (u, ) consists of those couplings 7 € Cpl(u, v)
that satisfy bary(m,) = [y m.(dy) = z, for p-a.e. x € R?. Here, the family of probability
measures {7 },ege C Po(R?) is obtained by disintegrating the coupling = with respect
to its first marginal p, i.e., w(dz, dy) = 7, (dy) p(dz).

By [BBHK20, Theorem 2.2] the value P(u,v) of (2.2) is finite and equal to P(u, ), as
defined in (1.1). Furthermore, there exists a unique optimizer 7 € MT(u,v) of (2.2) and
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if (Mt)0<t<1 is the stretched Brownian motion from u to v, then the law of (Mg, Ml) is
equal to 7.

As already alluded to, maximizing the maximal covariance is equivalent to minimizing
the squared quadratic Wasserstein distance, modulo adding constants. More precisely,
in the present setting we have the relation

inf /W2 Tz, Y) p(dz) = d+/|y|2du y) — 2P (u, v),
TEMT (p,v

where the quadratic Wasserstein distance Wa( -, -) between two probability measures
p1,p2 € Po(RY) is defined as

Wa(p1,p2) = \/ inf /|$1 — z2]? q(dxy, dxg). (2.3)
q€Cpl(p1,p2)
In these terms, the value of (MBB) can be expressed as
MTGv)= _int [ W) o) = [ o dp(a).
7r€MT (p,v

2.3. STRUCTURE OF OPTIMIZERS
From []?BST23, Theorem 6.6] we recall the following characterization of the dual opti-
mizer 1 of (2.1) and of the primal optimizer # € MT (i, v) of (2.2).

Lemma 2.2. Let i,v € Po(R%) with pn <. v. Suppose that a Bass martingale (My)o<i<1
from p to v with Bass measure & € 2(R%) and associated convex function © exists. Then
the Legendre transform 9* is equal to the dual optimizer ¢ of (2.1) and Lawv(]\%7 Ml) is
equal to the primal optimizer & of (2.2). Furthermore, we have & = V@(u), where

Vé(z) = (Voxy) " (z) = V(0 x7)"(2), (2.4)
for p-a.e. x € R%, and
#tp = Law (M | My = ) = Vo(Yy(2)): (2.5)

where Yy (r) denotes the d-dimensional Gaussian distribution with barycenter Vo(x)
and covariance matrix 1.

We set @ := 0%y, so that Va(&) = p. Recalling (1.3), we summarize the relationships
between the optimizers in the following diagram:

PR .-
axy ——
*[

&

Vi

R

':]>

I

Finally, we prove the equivalence between the identities (1.3) and the existence of a
Bass martingale from p to v.
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Lemma 2.3. Let p,v € Po(RY) with u <. v. There is a Bass martingale M with Bass
measure & € P (RY) from p = Law(My) to v = Law (M) if and only if there is a convex
function ©: R — R satisfying the identities

(Voxv) (&) =p and Vo(axvy) =w. (2.6)
Moreover, the Bass martingale M can be expressed as
M, =V (B;), 0<t<1. (2.7)

Proof. Let M be a Bass martingale in the sense of Definition 1.2. We first prove (2.7).
Let A C R% be a Borel set. We have to show that

E[Vo(B1) 1{p,ea}] = E[(Vo 7' ") (B:) 11p,ea3)- (2.8)

Denote by o;(,y) the Gaussian kernel, for ¢ € (0,1] and =,y € R%. Then the left-hand
side of (2.8) can be expressed as

/a(dxo)/Agot(xo,da:t)/Vﬁ(:m)sm—t(mt,dm),

while the right-hand side is equal to

/ &(dzo) /A (V1) (1) (0, daze).

Now we see that (2.8) follows from

[ Vo) prstanden) = [ Gotn) ko) = (Vo) a),

where 72" denotes the d-dimensional Gaussian distribution with barycenter z; and
covariance matrix (1 — ¢)I4. This completes the proof of (2.7).

In particular, at times ¢ = 0 and ¢ = 1 we obtain from (2.7) that My = (V9 * v)(Bg)
and M; = Vo(By), respectively. If M is a Bass martingale from p = Law(My) to
v = Law (M), this readily gives (2.6).

Conversely, suppose that p, v, &, 0 satisfy the identities (2.6). Let (By)o<t<1 be Brow-
nian motion on R? with Law(By) = & We then define a process (M;)o<i<1 by (1.2). In
light of the previous argument, M is characterized by (2.7). Since by assumption the
identities (2.6) are satisfied, we see that Law(M) = p and Law(M;) = v. Thus M is
indeed a Bass martingale from u to v. O
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3. A VARIATIONAL CHARACTERIZATION OF BASS
MEASURES

Throughout this chapter we fix p,v € Po(R?Y) with p <. v and provide the proof of
Theorem 1.5. This is done in several steps.

Lemma 3.1. We have the weak duality

P(u,v) < inf V(). 3.1
(b, v) we o (@) (3.1)

Proof. Let a € P5(RY) be arbitrary. By Brenier’s theorem [Vil03, Theorem 2.12] there
is a convex function v such that Vv(a *v) = v. Hence from the Kantorovich duality
[Vil09, Theorem 5.10] it follows that

MCov(a*fy,y):/Ud(oz*fy)—I—/v*duz/(v*’y)da—i—/v*dy.

Since v * v is convex, applying once more the Kantorovich duality yields

MCov(a*'y,u):/U*dy—/(v*ﬁy)*du—f—/(v*’y)da—i-/(v*’y)*du
> /U* dy—/(v*y)*du—l—MCOV(a,u).

Finally, from Theorem 2.1 we deduce that

MCov(a *v,v) > . inf (/wdy — /(w* * ) du) + MCov(a, p)

— P(u.v) + MCov(a, ),

which gives the inequality (3.1). We remark that it is immaterial whether in (2.1) we
optimize over convex functions ) which are elements of L!(v) or which are just p-a.s.
finite, see [BBST23, Section 4]. O

Lemma 3.2. Suppose that there exists a Bass martingale from p to v with Bass measure
& € P5(R?Y). Then the right-hand side of (3.1) is attained by & and is equal to

V(a) = / MCov (s, ) u(de), (3.2)

where & € MT (u,v) is the optimizer of (2.2).
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Proof. By assumption there exists a Bass martingale from p to v, with Bass measure
& € P5(RY) and associated convex function @ satisfying (recall Lemma 2.3) the identities
(2.6). According to Lemma 2.2, we have that & = V(i) and

Ty = V@(’nga(x)),

for p-a.e. x € R Applying Brenier’s theorem, we deduce that

[ MCov(e ) tde) = [ [(T0(T() + 2),2)3(d2) o)

= [ [ ((Vo(ve@) +2). Volw) + 2) = (Vo(Vea) + 2), Vo)) 7(d2) alde)
://((W(a+z),a+z> —(Vi(a + 2), a)) 7(d=) &(da)

— /<w,1d> d(a ) - /((w « ), 1d) das
= MCov(a *7v,v) — MCov(&, u) = V(&),

which shows (3.2). Together with the weak duality (3.1) of Lemma 3.1 above, and
recalling from Section 2.2 that the right-hand side of (3.2) is equal to P(p,v) = P(u,v),
we conclude the assertion of Lemma 3.2. O

Lemma 3.3. We have the duality result

P(uv) = _inf V(o). (3.3)

Proof. For € > 0 we define u := p *~° and v° := v * v?¢. Then uf <. v and the pair
(uf,v*) is irreducible. Hence by Theorem 1.3 there is a Bass martingale from u® to v¢,
so that by Lemma 3.2 we have

MCov(my,7) p(de) = inf  (MC F) — MCov(a, 1f)). (3.4
7r€MsTuE 1/5/ ov(myg,y) p(dx) aeglzg(md)( ov(a 7y, V%) ov(a,u)) (3.4)

By weak optimal transport arguments (see [BJMP23, Theorem 2.3]) we know

limsup  sup /MCOV T, y) u(dx) < sup /MCOV T, Y) p(dz).
e=0  weEMT(us,ve) TEMT (u,v

Therefore, if we can show that the right-hand side of (3.4) converges to the right-hand
side of (3.3), we will obtain the inequality

P(u,v) > ae,i@I;lled) V(ia) = ae,i@gfn{d) (MCov(a %, V) — MCOV(a,u)),

which, together with the weak duality of Lemma 3.1, establishes (3.3). But this follows
easily from

IMCov (e, 1) = MCov(a, )| < e1e + 5| W3 (a, %) = Wi (o, 1)| < e2(e +€7)

and a similar estimate for [MCov(a * 7, %) — MCov(a * v, V). O
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Lemma 3.4. Suppose that the right-hand side of (3.3) is attained by & € Po(R%). Then
there exists a Bass martingale from p to v with Bass measure &.

Proof. By Brenier’s theorem there is a convex function ¢ such that V(& x v) = v.
According to Lemma 2.3, for the existence of a Bass martingale from p to v, it remains
to show the first equality in (2.6), i.e.,

(VO *7)(&) = p (3.5)
Let Z and X be random variables with laws & and 1, respectively, such that
MCov(d, ) = BE[(Z, X)]. (3.6)

Denote by §(dz, dz) the law of the coupling (Z, X). Let w: R x R — R? be a smooth
function with compact support and define probability measures (o )uer € P2(R%) by

/fdozu = //f(z + ww(z, x)) ¢(dz, dz), f e Cy(RY). (3.7)
We claim that
lim _}i(I)lf%(MCov(ozu, 1) = MCov(d, 1)) > E[(w(Z, X), X)] (3.8)

and

lim 1 (MCOV(au xy,v) — MCov(a * 7, 1/)) =E[(w(Z, X), (Vi x7)(Z))]. (3.9)

u—0 %

Using the optimality of & € Z5(RY) for the right-hand side of (3.3) and admitting the
two claims (3.8), (3.9), we deduce that

0 < liminf 1 ((MCov(au v, v) — MCov(& * v, 1/)) - (MCOV(au, ) — MCov(a, ,u)))

u—0
<E[(w(Z,X),(Vox)(Z) - X)].

Since w was arbitrary, it follows that the random variable (V4 x~)(Z) has the same law
as X, which readily gives (3.5).
We now turn to the proof of the claim (3.8). By the definition of a,, in (3.7), the
random variable Z,, := Z + uw(Z, X) has law «,. Consequently,
MCov(ay, ) = E[{(Z,, X)]. (3.10)

Combining (3.6) and (3.10) yields (3.8).

It remains to show the claim (3.9). By analogy with the proof of (3.8), we obtain
the inequality “>” in (3.9). For the reverse inequality, we note that by the Kantorovich
duality we have

MCov(ay * v,v) = . Ci(])%gex (/vd(au %) — /v* dV)

g/@d(au*’y)—/f)*du

:/(ﬁ*fy)dau—/@*dv
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and
MCov(d*%y):/f;d(a*fy)+/@*du:/(ﬁ*7)d&+/@*dy.

Therefore

MCov(ay, * v,v) — MCov(& * v, v) < /(77 * 7y) doy, — /(17 % 7y) dé
=E[(0%7)(Z + uww(Z, X)) — (0%7)(2)]
Using the convexity of the function ¢ * v, we deduce that
1(MCov(ay *7,v) = MCov(d +,v)) < B[(w(Z, X), (Vi %7)(Z + uw(Z, X)))].

Now observe that the expectation on the right-hand side of the above inequality is equal
to the expectation of the random variable

Y, = (w(Z,X),V(Z +T)exp (u(T,w(Z. X)) — Sl(Z, X)P)),

where T is a standard Gaussian random vector on R?, independent of Z as well as of X.
Clearly by continuity

lim Y, = (w(Z,X),Vo(Z +T)),  P-as.

u—0

As w is smooth with compact support, for > 0 we can find constants ci, co such that
Vu € [—6,0]:  |Yu| <1 |[VO(Z +T)| el

By the Cauchy-Schwarz inequality and since V(& *v) = v € P5(R?), we have the

bound
E[|Vi(Z +T)|eM] 1/ \y|2du VE[e2M] < +oc.

Therefore we can apply the dominated convergence theorem and conclude that

lim sup = (MCov(au xy,v) — MCov(& * 7, 1/)) <E[(w(Z,X),(Vi*7)(2))],

u—0
which completes the proof of the claim (3.9). O
Proof of Theorem 1.5. The assertion of the theorem follows from Lemmas 3.2 - 3.4. O

The reader has certainly noticed that the proof of Lemma 3.2 was given in an analytic
style while the proof of Lemma 3.4 was given in a more probabilistic language. In the
remainder of this chapter we give an alternative probabilistic proof of Lemma 3.2 and
sketch how to translate the proof of Lemma 3.4 into a more analytic language.

The following probabilistic proof of Lemma 3.2 does not require the duality results
developed in [BBST23], but only relies on the definition of Bass martingales.
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Probabilistic proof of Lemma 3.2. By assumption there exists a Bass martingale from p
to v, with Bass measure & € Z5(R?) and associated convex function ¥ satisfying (recall
Lemma 2.3) the identities (2.6). Let a € 25(IR%) be arbitrary. We have to show that

V(&) =MCov(a * v,v) — MCov(a, 1) <

3.11
<MCov(a * v,v) — MCov(a, u) = V(). (8:11)

Take a random variable Z with law & and define
X = (Vo x7y)(2). (3.12)

By Brenier’s theorem the coupling (Z, X) is optimal and according to (2.6) the random
variable X has law p. Now choose a random variable Z with law « such that the coupling
(Z,X) is optimal with respect to the maximal covariance (equivalently, with respect to
the quadratic Wasserstein distance). Clearly

MCov(a, ) — MCov(a, u) = E[(Z — Z, X)]. (3.13)

Take a standard Gaussian random vector I' on R?, independent of Z as well as of Z.
The random variables Z 4+ I' and

Y ==Vo(Z+T1) (3.14)

have laws & * v and v, respectively. As by Brenier’s theorem the coupling (Z +T1,Y) is
optimal, we have
MCov(a*~,v) = E[{(Z+T,Y)]. (3.15)

Since the random variable Z + I' has law « % v we conclude that (Z + I',Y) is some
coupling between a * v and v, i.e.,

MCov(a*v,v) > E[(Z +T,Y)]. (3.16)
From (3.13) — (3.16) we obtain the inequality
MCov(a * v, v) — MCov(é * v, v) — MCov(a, ) + MCov(a, u) > E[(Z — Z,Y — X)].
Therefore, in order to establish the inequality (3.11), it remains to show that
E[(Z - Z,Y - X)] = 0. (3.17)

For that purpose, we condition Y — X on the random variables Z as well as Z , so that
by (3.12) and (3.14) we obtain

E)Y - X|Z,2] =0,
which implies (3.17). O

We finally give an alternative heuristic argument for Lemma 3.4, which is based on
differentiating the maximal covariance along a continuity equation.
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Alternative heuristic proof of Lemma 3.4. Suppose that the right-hand side of (3.3) is
attained by & € P5(R?). We want to show that there exists a Bass martingale from
to v with Bass measure &. The idea is to perturb & along a continuity equation

Oray + diV(’UtOét) =0, tc (—h, h),
with h > 0, g := &, and where v; is a velocity field. Observe that
Ot|t=0 V(i) = O¢le=0 (MCov(at x7y,v) — MCov(oy, ,u))

= at|t:0/f)d(04t * ’7) — 8t|t:0/’lld04t,

where V(& * ) = v is optimal and likewise V(&) = p is optimal. By the continuity
equation we obtain

B0 / iday — / (Vil, vo) dé.
With similar computations we have
8t]t:0/z7d(at *y) = /(Vf} * 7, vg) da.
As vy was arbitrary and & was optimal, we conclude that
0= /(Vﬁ*y—Vﬁ,v@d&,
so that V4, the optimal map from & to p, is G-a.s. equal to Vo * v, where V¥ is the

optimal map from & % v to v. Recalling (2.6) and Lemma 2.3, this is precisely the
structure of the Bass martingale. O
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4. AN INFINITESIMAL VERSION OF THEOREM 1.5

We provide the proof of Theorem 1.6, an infinitesimal version of Theorem 1.5.

Proof of Theorem 1.6. For a partition II = {t¢,t1,...,¢,} of the interval [0, 1] with
O=to<ti <...<t,=1

we denote by X! the collection of all progressively measurable and L?-bounded processes
(oY) o<t<1 such that the stochastic integral

t
M ::M0+/ olldB,, 0<t<1
0
defines an L2-bounded martingale with LaW(Mtrk[) = p,,, for £ =0,...,n. We define
0 b 1
m ([tg—1,tk]) = sup E[/ tr(oy )ds}. (4.1)
ollexl th—1

By [BBHK20], we know that the optimizer of

m([0,1]) = sup E[/Ol tr(olh) ds}

ollexyIl

is given, on each interval [t;_1,tx], by the stretched Brownian motion from gy, , to pu, .
By Theorem 1.5 we have

m([tp_1,t1]) = eoi}nfRd) (MCov(a syttt gy — MCov(a, Mtk71)>- (4.2)
aEPo

For t;, € II and a refinement Iy of II we have
m' ([0, tx]) = m'™ ([0, 44)),

as the process (U{Il)ogtgl has to satisfy more requirements than the process (o}!)o<t<1.
We therefore may pass to a limit m = limm! along the net of finite partitions II
of the interval [0, 1], which extends to a finite measure on [0, 1], still denoted by m.
Clearly the measure m is absolutely continuous with respect to Lebesgue measure on
[0, 1] and we denote the corresponding density by g(t), for 0 < ¢t < 1. We claim that, for
0<r<u<l1, wehave

B / "te(0) ds| < m([r,ul). (4.3)
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Indeed, otherwise we could find a partition II with r,u € II, such that

]E[/Tu tr(a?)ds} > m([r,u)),

which yields a contradiction to the definition of m(-) in (4.1). Since (4.3) holds for all
intervals [r,u] C [0, 1], we deduce that

Eftr(o:)] < g(t), (4.4)

for Lebesgue-a.e. 0 < t < 1. From (4.2) we conclude, for Lebesgue-a.e. 0 < ¢ < 1 and for
each a € Z5(R%), the inequality

g(t) < liminf } (MCov(a Y, pegn) — MCov(ay, Mt))-
h—0
Together with (4.4), this finishes the proof of (1.7). O

Again we provide a more analytic argument for Theorem 1.6, at least on a formal
level.

Alternative heuristic proof of Theorem 1.6. We will use the Kantorovich duality and the
Fokker—Planck equations to get a hold of %MCOV(O&*’Y}L, ti+n)- By a change of variables
we then get an equivalent expression which, when minimized, gives the left-hand side of
(1.7). We suppose here that M is a strong solution of the stochastic differential equation
dM, = o,(M,) dB,, with ¢ as benevolent as needed, so that in particular u, admits a
density for each wu.

We set pp, == a ", ¥ = 0o’, and notice that for fixed ¢ we have
Onpn(x) = 3Apn(x ) po =
Onpien(z) = Z Sikttr+n(T))-

By the Kantorovich duality we have

MCov(pnprn) =, inf [ dpn+ [ & dpre,

= [t dpn+ [ o, duen,

where we denote by qﬁg( -) the convex function, which is unique up to a constant, such
that V@i (p) = ¢. Using this, or more directly [Vil09, Theorem 23.9], we have

d
S MCov(pn. puen) = [ " Onpnd+ [ 912, Oupusn A

dh
— / Bt LA py dA + / o ;Za?k(zikum)dx
= /Z (&prt") Lik dpn + 5 /Z ) Zik dftern

! / (D2 (1) pp A + & / (D266, %) e X,
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where we denote by D and D? the Jacobian and Hessian matrix, respectively. During
this proof we will use the convention that if z + a(z) € R? is an invertible vector-valued
function, then a~'(z) denotes the inverse function, whereas if z — A(z) € R¥9 is a
matrix-valued function, then [A(x)]~! denotes the matrix inverse of A(z). Now observe
that

D*(¢p")(x) = D(Vp™) () = D((Velr, )" (@) = [DVGL:,, o V™ ()],
so that
[ @) pax = (DY, o Ve @) prdx

= [, )17) e ax

Altogether we have

% MCov(pn, fe+n) = / (tr([D2¢> W ') + tr(D*( Mt+h>2)) Hith AA.
Define now the functional on invertible, positive-semidefinite symmetric matrices
A J(A) = tr(A™Y) + tr(AX).
We remark that J(A) > 2tr(3/2), since this is equivalent to the trivial statement
|A7Y2 _ AY2R12)0 > 0.

Hence in fact the minimum of J(-) is attained at A = £~%/2, We conclude that

%‘h_ MCov(ph, pit+n) 2 /tr(Ut( ) pe(dy) = Eltr (o (My))],

which completes the proof of Theorem 1.6. O
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5. DISPLACEMENT CONVEXITY OF THE BASS
FUNCTIONAL

We observe that the Bass functional a — V(«) provides a novel example of a convex
functional with respect to the almost-Riemannian structure of the quadratic Wasserstein
space H5. As mentioned in [Vil03, Open Problem 5.17], there are only few known
examples of so-called displacement convex functionals (see [McC97], [Vil03, Definition
5.10], [AGS08, Definition 9.1.1]), and it is desirable to find new ones.

We shall state two versions of this result. The first one, Proposition 5.1, pertains to
the case d = 1, while the second one, Proposition 5.2, holds for general d € IN. We also
note that, contrary to the rest of this work, we do not assume that u <. v.

Proposition 5.1. Suppose d = 1. Let u,v € P2(R). The Bass functional
Z5(R) 3 a+— V(a) = MCov(a * 7v,v) — MCov(a, ) (5.1)

is displacement convex. Moreover, if a geodesic (ay)o<u<1 i P2(R) is such that oy is
not a translate of ay and if v is not a Dirac measure, the function u— V(ay,) is strictly
convez.

Proof. We start by noting that the Bass functional V(-) of (5.1) can equivalently be
defined in terms of the quadratic Wasserstein distance Wa( -, - ) of (2.3) rather than in
terms of the maximal covariance MCov( -, -) of (1.4). Indeed, we have the identity

V(a) = MCov(a 7, v) — MCov(a, j1) = W3 (v, ) — W3 (a  v,v) + const,

where the constant
const = 4+ 4 [y du(y) - § [ 1af du(a)

does not depend on «. Therefore showing the (strict) displacement convexity of the
Bass functional V() is equivalent to showing the (strict) displacement convexity of the
functional

U(a) = Wi(a,p) — Wilax,v). (5.2)

Fix p,v € P3(R) and let (ay)o<u<1 be a geodesic in the quadratic Wasserstein space
P5(R). Using the hypothesis d = 1 we can choose mutually comonotone random vari-
ables Zy, Z1 and X with laws ag, a1 and p, respectively. As (ay,)o<u<i is a geodesic, the
random variable Z,, := (1 — u)Zy + uZ; has law «,, for 0 < v < 1. Also note that each

229



Z,, is comonotone with X. Let ug,u € [0,1]. As regards the first Wasserstein distance
n (5.2), a straightforward calculation yields

WQQ(O‘UHu) - Wg(auomu) =
=E[|Zu — X*] - E[| Zu, — X|*]
=E[|Zy — Zuy|?] — 2B{(Zy — Zug, X — Zuy)]

5.3
5.4
5.5
= (u—u)*E[|Z1 — Zo|!] — 2(u — uo)B[(Z) — Zo, X — Zy,)]. 5.6

~~ I~
~— ~— ~— ~—

Passing to the second Wasserstein distance in (5.2), we take a standard Gaussian random
variable I' on R, independent of Zj as well as of Z;. Next we choose a random variable
Y., such that (Z,, +T',Y,,) is an optimal coupling of (ay, *v,v). As (Z, *I',Y,,) is a
(typically sub-optimal) coupling of (ay, * v,v), we obtain the inequality

Wg(au*% ) sz(auo*%V) < (
< E[|Zy +T =Yy, |?] = E[|Zy, + T — Yy, |?] (
= E[|Zu — Zuo|*] = 2B[{Zu — Zug, Yuo — (Zuo + 1)) (
= (u—u)*E[|Z1 — Zo|*] — 2(u — u0)B[(Z1 — Zo, Yuy — (Zug +T))].  (5.10

Combining (5.3) — (5.10), we deduce that

U(ay) —U(ay,) = (5.11)
= (W3 (e, 1) = W (e % 7,0)) = (Wa (g, 1) = Wi (e +7,)) > (5.12)
> 2(u —ug)E[(Z1 — Zo, Yo, — X — )] (5.13)
= 2(u — uo)E[(Z1 — Zo, Yy, — X)), (5.14)

where the last equation follows from conditioning on Zy, Z;. The expression in (5.14)
defines a linear function in u, which lies below and touches the function

ur—U(ay) —U(an,) =
= (W (e, 1) = Wi (e % 7,0)) = (W3 (g, 1) = Wi (g 57, 7))
at the point u = ug. This readily implies the convexity of the function

u— U(oy) = W22(0‘1MN) - W22(au * Y, V).

It remains to show the strict convexity assertion of Proposition 5.1. If a; is not a
translate of ag, then «,, is not a translate of «,, either, provided that u # wug. As
Zy, + I is comonotone with Y, and Y,,, is assumed to be non-constant, we may find
yo € R and 29 € R such that P[Y,, < yo] € (0,1) and

{Zuo +TI < Zo} = {Yuo < yo}.
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If Z,, + T were also comonotone with Y,,,, we could find z € R such that
{ZuO +I'< Z()} = {Yuo < yo} = {Zu +I'< Z},

where we have used that the law of Z, + I' is continuous. Conditioning on I' = ( this
implies that, for Lebesgue-a.e. { € R,

{ZUO<Z0_C}:{ZU<Z_C}a

so that Z,, and Z, are translates. This gives the desired contradiction, showing that
there is a strict inequality in (5.7), (5.8) (thus also in (5.12), (5.13)), which implies the
strict convexity assertion of Proposition 5.1. O

We now pass to the case of general d € IN. In Proposition 5.2 below we formulate a
convexity property of the Bass functional V(-) pertaining to the notion of generalized
geodesics as analyzed in [AGS08, Definition 9.2.2]. Recall that (ow,)o<u<i is a generalized
geodesic with base u, joining ag to aq, if there are random variables Zy, Z; and X with
laws av, i and p, respectively, such that (Zp, X) and (Z, X) are optimal couplings and
such that the random variable Z,, := uZ; + (1 — u)Zy has law ay,, for 0 < u < 1.

Proposition 5.2. Let u,v € P5(RY). The Bass functional
P3(RY) 3 a— V() = MCov(a * 7, v) — MCov(a, 1)
is convex along generalized geodesics (o, )o<u<1 in Po(RE) with base pu.

Proof. We follow the lines of the proof of Proposition 5.1 and consider again the func-
tional
U(a) = Wi (a, 1) = W3 (axv,v)

as in (5.2). Let (ay)o<u<i be a generalized geodesic with base pu, joining ag to .
Take Zy, Z1, Z,, X as above such that (Zp, X) and (Z1, X) are optimal couplings and
by definition Z, ~ a,,. Note that (Z,, X) is an optimal coupling of (a,, p) by [AGSO0S,
Lemma 9.2.1], for 0 < u < 1. The equalities (5.3) — (5.6) and the inequality in (5.7) —
(5.10) then carry over verbatim and we again arrive at (5.12) — (5.14), which shows the
convexity of the function [0, 1] 3 u +— U(aw,). O
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ParT VIII.

g-BASS MARTINGALES

ABSTRACT

An intriguing question in martingale optimal transport is to characterize the martingale
with prescribed initial and terminal marginals whose transition kernel is as Gaussian as
possible. In this work we address an extension of this question, in which the role of the
Gaussian distribution is replaced by an arbitrary reference measure g. Our first main
result is a dual formulation of the corresponding martingale optimization problem in
terms of convex functions.

In the well-studied case when ¢ is Gaussian, the careful analysis of the solution to the
above-mentioned optimization problem is a crucial building block in the construction of
Bass martingales, i.e., Brownian martingales induced by gradients of convex functions
with possibly non-degenerate starting laws. In our second main result we extend this
concept beyond the Gaussian case by introducing the notion of ¢g-Bass martingales in
discrete time, and give sufficient conditions for their existence.



1. INTRODUCTION

1.1. MARTINGALE OPTIMIZATION PROBLEM

Let u,v be elements of Z5(RY), the collection of probability measures on R? with
finite second moments. Assume that p is dominated by v in convex order, denoted
by p = v, and meaning that [ fdu < [ fdv holds for all convex functions f: R? —
R. In the recent articles [BBHK20, CHL21, BBST23, BST23, AMP23], the martingale

optimization problem

P7(u,v) = sup /MCOV(ﬂ'm,’)/) wu(dz) (1.1)
TEMT (p,v)

received particular interest. The standard Gaussian measure v on R is used as reference
measure in (1.1) and the cost function is the maximal covariance defined as

MCov(po)i= sup [ (y.2)7(dy.d2). (1.2)
7€Cpl(p,0)

for p,0 € Z5(R?). The maximization in (1.2) takes place over the set Cpl(p, o) of all
couplings 7 between p and g, i.e., probability measures 7 on R¢ x R? with first marginal
p and second marginal g. In the martingale optimization problem (1.1), the supremum is
taken over the collection MT (p, v) of martingale transports, i.e., couplings 7 € Cpl(u, v)
satisfying bary(rm,) = [y m.(dy) = z, for py-a.e. z € R9. Here, the family of probability
measures {7, },cre on R? is obtained by disintegrating the coupling 7 with respect to
its first marginal u, i.e., 7(dz,dy) = 7, (dy) p(dzx).

The optimization problem (1.1) is a weak optimal transport problem in the sense of
[GRST17], since the function 7 — [ MCov(m, ) u(dx) is nonlinear, as opposed to clas-
sical optimal transport, where linear problems of the form 7 — [ ¢(x,y) w(dz, dy) are
studied. The problem (1.1) can also be viewed as a discrete-time version of a continuous-
time martingale optimization problem, see [BBHK20, BBST23, BST23]. Related prob-
lems also appear in [Loel8, Loe23] and [HT19].

It is natural to consider more general reference measures than the standard Gaussian
7y in (1.1). We thus fix a measure ¢ € Z5(RY) which does not give mass to small sets,
i.e., measurable sets with Hausdorff dimension at most d — 1 in R®. This leads to the
following extension of (1.1):

Pi(p,v) = sup /MCOV(ﬂ'x,q) p(dx). (1.3)
TEMT (p,v)
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1.2. DUAL FORMULATION

Our first main result is a dual formulation of the martingale optimization problem (1.3)
in terms of convex functions.

Theorem 1.1. Let p,v,q € ,@g(Rd). Assume that p <. v and that q does not give mass
to small sets. The primal problem (1.3) is uniquely attained. Its value PI(u,v) is finite
and equal to
DY (p,v) = inf (/wdy - /(1/)* *q)* d,u). (1.4)
pel(v),
1 convex
A few comments on the notation used in the dual problem (1.4) are in order. For a
function ¢: R — (—oo, +00], its convex conjugate is denoted by ¢* and given by

(@) = sup ((z,y) = ¥(y)). (1.5)

yeR?

For a probability measure o on R? we denote by 1+ o the function

Wx0)®) = [ ¥y +2)eld2) (16)

provided ¥ (y + -) € L'(0). If ¢ is symmetric (like, e.g., in the Gaussian case o = ), the
function ¥ x o coincides with the convolution of f and g given by

(W) = [ ly - 2) pld2).

In the Gaussian case ¢ = <, the duality result of Theorem 1.1 is contained in the
statement of Theorem 1.4 in [BBST23]. It turns out that for the proof of this duality
result it is not essential that the reference measure g is Gaussian. In fact, it is sufficient
that ¢ is a probability measure on R? with finite second moments (so that the maximal
covariance with respect to ¢ is well-defined) and which does not give mass to small sets
(recall that such sets are measurable subsets of R? with Hausdorff dimension at most
d — 1). The latter condition enables us to apply Brenier’s theorem (see, e.g., [Vil03,
Theorem 2.12]).

1.3. ¢-BASS MARTINGALES

We recall the following special construction of Brownian martingales (see [KKS98, p. 182]
for the classical definition) induced by gradients of convex functions with possibly non-
degenerate starting laws.

Definition 1.2. Let (B;)o<i<1 be d-dimensional Brownian motion with initial distribu-
tion By ~ &, where & is an arbitrary probability measure on R?%. Let ©: R — R be a
convex function such that Vo(Bj) is square-integrable. The martingale

M, :=E[Vo(B;)|o(Bs: s <t)] = E[Vo(B)| B, 0<t<1 (1.7)
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is called Bass martingale with Bass measure &, and with initial marginal y = Law(Mo)
and terminal marginal v := Law(M;).

Martingales of this form where introduced by Bass [Bas83] (in dimension d = 1 and
with & a Dirac measure) in order to derive a solution of the Skorokhod embedding prob-
lem. Definition 1.2 generalizes this concept to multiple dimensions and non-degenerate
starting laws; see [BBHK20, BBST23].

We write 7! for the d-dimensional centered Gaussian distribution with covariance
matrix tI; and set 0y := 0 * y't: R? — R, for 0 <t < 1. In these terms, (1.7) amounts
to

M; =Viy(B), 0<t<1. (1.8)

Furthermore, denoting by * the convolution operator (either between a function and a
measure or between two measures), we observe that the convex function ¢ and the Bass
measure & from Definition 1.2 satisfy the identities

(Voxv) (&) =p and Vo(axvy) =w. (1.9)

Motivated by (1.9), it is natural to extend the definition of Bass martingales as follows.

Definition 1.3. Let u,v,q € 23(R?) and assume that ¢ does not give mass to small
sets. A pair (9, &) consisting of a convex function 9: RY — R and a probability measure
& on R? is called a g-Bass martingale with initial marginal ;1 and terminal marginal v if

(Vixqg)(a)=p and Vo(ax*q)=wv. (1.10)

Recall that the symbol « is defined as in (1.6). We summarize the fundamental rela-
tions (1.10) in the following graphic.
Qxq LAY

*

~ Vixq
o ———

We note that g-Bass martingales in the sense of Definition 1.3 are discrete-time stochastic
processes. In the Gaussian case ¢ = -, the corresponding continuous-time martingales
can be represented as in (1.7), (1.8). We leave the definition of general ¢-Bass martingales
in continuous time as an open question.

Next, we define an appropriate class of convex functions ©: R* — R which generate
g-Bass martingales in a natural way.

Definition 1.4. Let u, ¢ € Z5(R?) and assume that ¢ does not give mass to small sets.
Let 9: R* = R be a convex function and denote by 1) := ¢* its convex conjugate. We
say that ¢ is g-Bass martingale generating with initial marginal p if

(i) p(int(dom ) = 1,
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(ii) the function o % ¢ is finite-valued, strictly convex, and V(0 % ¢) = (V?) * ¢,
(iii) the measure v” := V(& * ¢) has finite second moment, where &° := V(9% q)* (u).

In our second main result we show that g-Bass martingale generating functions indeed
induce ¢g-Bass martingales in the natural way. Beyond that, we establish the connection
to the primal problem (1.3) as well as the dual problem (1.4).

Theorem 1.5. Let ji,q € P2(R?) and assume that q does not give mass to small sets.
Let © be q-Bass martingale generating with initial marginal p and let v°, &°
Definition 1.4.

be as in

(1) The pair (9,&°) is a q-Bass martingale with initial marginal p and with terminal
marginal v°.

(2) The optimizer 7t(dx,dy) = Ttz (dy) u(dz) of the primal problem (1.3) between p and
v =" is given by

o = VO(V(0%q)"(2) + - ) (a),
for p-a.e. v € R

(8) The function O = 0% is an optimizer of the dual problem (1.4) between p and
v=1°

The proof of Theorem 1.5 is presented in Section 3.1 of Chapter 3.
Remark 1.6.

(i) The conditions (i) — (iii) of Definition 1.4 do not necessarily imply that the func-
tion @E = {* is integrable with respect to the probability measure . Therefore
attainment of the dual problem (1.4) as claimed in part (3) of Theorem 1.5 has to
be understood in a “relaxed” sense frequently encountered in martingale transport
problems [BJ16, BNT17, BNS22]; see Definition 3.4 below.

(ii) Already in the Gaussian case ¢ = =, the conditions (i) — (iii) of Definition 1.4 are
not only sufficient but also necessary for a result in the form of Theorem 1.5 to
be true. More precisely, if ¢ = 7, it follows from the results of [BBST23] that
a function ¢ satisfying the properties (1) — (3) of Theorem 1.5 has to be v-Bass
martingale generating in the sense of Definition 1.4. o

Finally, we raise the question under which assumptions a ¢-Bass martingale with
given marginals y and v exists. For y-Bass martingales this question was answered in
[BBST23, Theorem 1.3]: a 7-Bass martingale with marginals p and v exists if and only
if the pair (p,v) is irreducible in the following sense.

Definition 1.7. For probability measures u, v we say that the pair (u,v) is @rreducible
if for all measurable sets A, B C R? with u(A) > 0 and v(B) > 0 there is a martingale
(Xt)o<t<1 with Xo ~ u, X1 ~ v such that P(Xg € A, X; € B) > 0.

Given an irreducible pair (u, ), we conjecture that a ¢-Bass martingale with marginals
1 and v exists, provided that ¢ is absolutely continuous and satisfies suitable integrability
conditions.
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1.4. RELATED LITERATURE

The formulation of optimal transport as a field in mathematics goes back to Monge
[Mon81] and Kantorovich [Kan42]. The modern theory is based on the seminal contri-
butions of Benamou, Brenier, and McCann [Bre87, Bre9l, McC94, McC95, BB99]. We
refer to the books [Vil03, Vil09, AG13, Sanl15] for introductions to the field of optimal
transport as well as a variety of applications in different areas.

In martingale optimal transport (see e.g. [HN12, BHLP13, TT13, DS14, GHLT14,
CLM17] among many others), the transport plan satisfies an additional martingale con-
straint. This additional requirement leads to notable consequences in mathematical
finance [BHLP13], the study of martingale inequalities [BN15, OST15, HLOST16], and
the Skorokhod embedding problem [BCH17, KTT17, BNS22]. For structural descrip-
tions of optimal martingale transport plans we refer to [BJ16, OS17, DMT19, GKL19,
Cio23a, Cio23b].

Interesting problems in the field of martingale optimal transport are formulated in
continuous time, see e.g. [DS14, BHLT17, COT19, GKP19, GLW19, GKL20, CKPS21,
GL21]. Most notably, the martingale version of the Benamou-Brenier problem was
introduced in [BBHK20] in probabilistic language and in [HT19] in PDE language. It was
then analyzed from the point of view of duality theory in [BBST23] and complemented
by a variational perspective in [BST23]. In the context of market impact in finance, the
same kind of problem appeared independently in [Loel8, Loe23]. For the interpretation
of the martingale Benamou—Brenier problem as a local volatility model we refer to the
recent articles [BBHK20, CHL21, AMP23|.
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2. PROOF OF THE DUALITY RESULT

Throughout the rest of this chapter we fix p,v € Zo(R?) with u <. v. We also fix a
reference measure ¢ € Z5(R?) which does not give mass to small sets. The goal of this
chapter is to provide the proof of the duality result as stated in Theorem 1.1. The proof
is based on [BBST23, Theorem 1.4], which is formulated in the Gaussian setting g = .

2.1. A FIRST DUAL FORMULATION

To formulate a first version of a dual problem to (1.3), we consider the set of continuous
functions with quadratic growth
[

Cy(RY) == {¢: R — R continuous s.t. Ja, k, £ € R with £ + LE<y() <a+k -}

We define the dual problem

DY(u,v) = inf /d—/wd, 2.1
() v éf(m)( Ydv— [ ¢ u) (2.1)
where the function R? 3 x +— ©¥(x) is given by
Y(z) = inf / dp — MC : 2.2
o) = ;@(Rd)( W dp ov(p, ) (2:2)

Here, the set 2% (R%) denotes the elements p of &25(R?) with barycenter

bary(p) = / yp(dy) =z € R%.

Proposition 2.1. There is no dualjty gap between the primal problem (1.3) and the
dual problem (2.1), i.e., P (u,v) = D%(u,v). Moreover, the primal problem is uniquely
attained and has a finite value, i.e., there exists a unique # € MT (u,v) such that

Pi(u,v) = / MCov(#e, q) p(da) < +oc. (2.3)
Proof. For x € R? and p € #5(RY) we define the cost function

—MCov(p,q) + 5 [ ly|*dp, if bary(p) = =,
+00, if bary(p) # =z,

C(z,p) = {

which is bounded from below and convex in the second argument. If we equip Zo(R%)
with the topology induced by the quadratic Wasserstein distance, one verifies that the
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function (z,p) — C(z,p) is jointly lower semicontinuous with respect to the product
topology on R? x #,(R%). Hence we can apply [BBP19, Theorem 1.2], which guarantees
the existence of an optimizer # € MT(u, ) of the primal problem (1.3). This optimizer
is unique, as the value P?(u,v) is finite and (z,p) — C(x,p) is strictly convex in the
second argument. The former follows from the fact that p and v have finite second
moments, the latter is a consequence of Brenier’s theorem.

In order to show that there is no duality gap, we introduce the space of continuous
functions which are bounded from below and have at most quadratic growth

Cp2(RY) == {¢: RY = R continuous s.t. Ja,k,¢ € R with £ < ¢(-) <a+k|-|*}.

Then by [BBP19, Theorem 1.3] the value P4(u,v) of the primal problem is equal to

Diy(uv) = int )(/(&(-H";)dv—/@@du),

eCyp 2(R?
where i
Py = _int ([ @)+ dp - MCov(p. ).

peZZ(R4)

Finally, passing from the functions P € Crha(RY) to ¥(-) = (-)+ % € Co(R%), we
see that Dg’z(u, v) = D(u,v). O

We close this section by providing a heuristic argument why (2.1) is indeed a plausible
dual formulation of (1.3). Considering the “indicator function”

x(m) = inf /wdy—/djdﬂx dp( {O,OO if [7ydp(z) =

we@(Rd) else,

we formally obtain the desired duality relation by interchanging inf and sup, to wit

Pi(p,v) = sup /MCOV Tz, q) dp(x) + x (7 ))
n(dz,dy)=ms(dy) p(dz),
ﬂIGWZ(IRd)
= inf (/ sup MCov(ms, q —‘r/lpdl/—ﬂx dua:):[)q,u,y.
Lt MG%(M( (w2:0) (v —m2)) dulx) ) = D*(u.v)

2.2. CONVEXITY OF THE DUAL VARIABLES

In this section we make the crucial observation that in the dual problem (2.1) it suffices
to optimize over the class of functions ¢ € Cy(IR?) which are convex. We then show that
it is also equivalent to optimize over all convex functions ¢: R? — (=00, +00] which are
only p-a.s. finite, but not necessarily of quadratic growth.

240



Given some ¢ € Cy(R%), we denote by conv 1 the convex hull of 1, i.e., the greatest
convex function smaller or equal to 1. It will be convenient to have an explicit repre-
sentation for the convex hull of a function, as in (2.4) below. This identity is usually
stated in the more specific form

d+1 d+1
(conv))(y) = inf { Z it (y:) Z Aiyi = y}

where the infimum is taken over all expressions of y as a convex combination of d + 1
points, see [Roc70, Corollary 17.1.5].

Lemma 2.2. For a function ¢ € Co(R?) its convex hull conv) is given by

R% > y+— (conve))(y) = e ggfm /Q/)dp (2.4)

and again conv i) € Co(RY).

Recalling the dual problem (2.1), we define the dual function

Co(RY) 3 o) —s D(3) = / by — / o dp. (2.5)

Now we prove that it suffices to optimize the dual function over the class of functions
¥ € Cy(R?) which are convex.

Proposition 2.3. For all ¢ € Co(R?) we have D(conv)) < D(¥) and consequently

Di(u,v) = inf D)= inf D). 2.6
(1, v) et (¥) ek, (1) (2.6)
1) convex

Proof. Let ¢ > 0, ¢ € C2(RY) and {p;},ere € P2(RY) be a measurable collection of
probability measures with bary(p,) = x. To show the claim, it is sufficient to construct
a measurable family {p,},cre € P2(RY) with bary(p,) = z such that

MCov(pz,q) + /convz/) d(v — p,) < MCov(p,, q) + /@Z) d(v —pg) + €. (2.7)

By Lemma 2.2 and a measurable selection argument we can choose a measurable collec-
tion of probability measures {p,},cra C P5(RY) with bary(p,) = y such that

[ dh, < (convu)(y) +=. 28)

Then we define p,(dz) == [, py(dz) pz(dy), so that bary(p,) = x. Integrating (2.8) with
respect to p,(dy) yields

Ydp, < | convy dp, + €. (2.9)
Jvane< |
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Since 9, conv 1) € Co(R%) and p, € 2% (R?) we conclude
e+ 3 [Py <at b [ loP paldy) += < +oc,

so that p, € 2% (R%).

In order to show the inequality (2.7), we first observe that p, <. p, by Jensen’s
inequality. Together with the Kantorovich duality (see, e.g. [Vil09, Theorem 5.10]), we
conclude that!

MCov(psz,q) = inf (/fdpg;—k/f* dq)
f: RISR
convex (2.10)
< it ([ tdp+ [ 17 dg) =MCov(r.a)

f: RISR
convex

On the other hand, from convy < ¢ and (2.9) we have the inequality

/convzﬂd(u—pm) < /1/Jd(l/—ﬁm>+6. (2.11)
Finally, summing (2.10) and (2.11), we obtain the inequality (2.7). O

Next, we extend the definition (2.5) of the dual function D(-) to convex functions
Y R? — (—o0, +00] which are not confined to be in Cy(IR?), but which are only required
to satisfy pu(dome)) =1, where

dom = {y € RY: o(y) < +oo}

denotes the domain of ¢. In order for the difference of the integrals in (2.5) still to be
well-defined, the dual function has to be understood in a “relaxed” sense, as frequently
encountered in martingale transport problems; see [BJ16, BNT17, BNS22]. More pre-
cisely, we define the “relaxed” representation of (2.5) by

Ew) = [ ([0 maldy) - 9*(@) n(do), (212

where 7(dz, dy) = m.(dy) u(dz) is an arbitrary fixed element of MT (i, ). Then £(v)) is
well-defined for every convex function ¢ satisfying p(dom) = 1. Taking the infimum
of (2.12) over all such ¢ again leads to the same value as in (2.6). This is summarized
in the following lemma.

Lemma 2.4. Fiz m € MT(p,v) and let ¢: R? — (—o00,4+00] be a convex function with
pu(domp) = 1. Then E(¢) € [0,+00] and we have the inequality

D9(y1,) < E(). (2.13)
In particular, recalling (2.6), we have
Di(p,v)= inf D)= inf E®W). 2.14
(1, v) e, () L (%) (2.14)
1 convex 1) convex

n fact, pr <c pe is equivalent to the inequality MCov(ps, q) < MCov(py, q) being valid for all proba-
bility measures ¢ € P2(R%), see. e.g. [AP22, Theorem 1] or [WZ23, Corollary 1.2].
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Proof. Fix m1 € MT(u,v) and let ¢: R — (—o00,400] be a convex function with
u(domp) = 1. First, note that by Jensen’s inequality we have

[ ety > o [ymaldy) = va),

and by taking p = &, in (2.2) we obtain ¢¥(z) < ¥(x). Hence
[ v mady) = @) >0 (215)

for p-a.e. x € R? so that £(¢)) € [0,+00]. In order to prove the inequality (2.13),
we distinguish two cases. In the case [ dm, = +oo, for x € R? in a set of positive
p-measure, we conclude from (2.15) that € (1)) = 400, so that (2.13) is trivially satisfied.
Now suppose that [ dm, < +oo, for p-a.e. x € R% Recall from Proposition 2.1 that
there exists an optimizer # € MT(u,v) of the primal problem (1.3). Taking p = 7, in
(2.2) we get

o¥(x) < / Y dity — MCov(#y, q)

and therefore
Ew) > [ ( [ dme+MCovliag) — [ v dis) plde) = Puv),

where we also used that both 7 and 7 have v as second marginal, and that 7 is a primal
optimizer, i.e., satisfying (2.3). Since PY(u,v) = D4(u,v) by Proposition 2.1, we again
see that (2.13) does hold.

Finally, from (2.13) and recalling (2.6), we conclude

Di(p,v) < inf  EW)< inf D)= Du,v),
(1, ) vigom )=, (¥) vedibio, (¥) (1)
convex 1 convex

which shows (2.14). O

2.3. PROOF OF THEOREM 1.1

According to Proposition 2.1, there is no duality gap between the primal problem (1.3)
and the dual problem (2.1), i.e., PI(u,v) = D?(u,v). Hence for the proof of Theorem
1.1 we have to show that

DY(p,v) = inf / du—/ *xq)*dp). 2.16

()= it ([ wde— [ xa) du) (2.16)
1) convex

Recalling the definitions (2.1), (2.2), and (2.5), it should come as no surprise that the

main idea behind the proof of the identity (2.16) is to apply Proposition 2.3 and to

show that ¥ = (¢* x ¢)* holds for every convex function 1) € Co(R%). This motivates
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our next goal, namely to solve the minimization problem (2.2), which we rewrite as a
maximization problem, to wit

—p¥(z) = sup (MCOV(p, q) — /wdp)- (2.17)
pe 2% (R%)
As a preliminary step, we consider the simpler problem
¢V = sup (MCOV(p, q) — / ¢dp), (2.18)
pE 25 (RY)

where we do not prescribe the barycenter z € R? of p € Z(R?). In Lemma 2.6 below
we will show for an arbitrary proper convex function 1: R? — (—o0, +-00], that the value
#¥ of (2.18) is equal to [1)* dq. Recall that ¢ is called a proper convex function if 1 is
convex and dom vy # &.

Solving the maximization problem (2.18) leads to an interesting connection with Bre-
nier maps, see Lemma 2.5 below. By Brenier’s theorem (see, e.g., [Vil03, Theorem
2.12]), the optimal transport for quadratic cost between ¢ € Z5(R?) and p € ZP5(RY) is

induced by the g-a.e. defined gradient Vv (the “Brenier map”) of some convex function
v: R4 — R via (Vv)(q) = p.

Lemma 2.5. Let v: R — R be a finite-valued convex function and v = v* its convex
conjugate. Assume that the probability measure p .= (Vv)(q) has finite second moment.
Then p is the unique mazimizer of the optimization problem (2.18) and

¢¢:/udq:/w*dq<+oo.

Proof. For p € 25(R%), we denote by TP the Brenier map from ¢ to p € Po(RY) and
note that Tf = Vv by Brenier’s theorem. Furthermore, we have that

v(z) = sup ((y, z) —v*(y)) = (Vu(z), z) — v*(Vu(z)),

yeR

for g-a.e. z € R?. Using these observations, for p € %25(R%) we get
MCov(p.) = [wdp = [ ({17, 2) =" (17())) a(d2)
< [ s ((9.2) 0" () ald2) = [ v(z)aldz)

yER?
_ / ((Vo(2). 2) — " (Vo(2))) qld2)
= MCov(p,q) — /@ZjdA’

with equality if and only if TP (z) = T(f (2), for g-a.e. z € R%. This in turn is the case if
and only if p = p. Finally, from the convexity of v and the Cauchy—Schwarz inequality

we obtain
[ 1olda < (@] + \//|w2dq W|z2dq<z> <+,
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which proves that ¢¥ < +o0. O

Next, we relax the rather strong assumptions of Lemma 2.5. If we are given just
a proper convex function ¢: RY — (—o0,+00], we can still compute the value of the
supremum in (2.18), without explicitly constructing a maximizer of this optimization
problem.

Lemma 2.6. Let ¢: R — (—o0, +00] be a proper convex function. Then

oY = /W dq. (2.19)
Proof. Using probabilistic notation, we rewrite the supremum in (2.18) as
6" = sup B[(Y, Z) — $(Y)], (2.20)

where the supremum in (2.20) is taken over all probability spaces such that Z ~ ¢ and
Y is an R%valued random variable with finite second moment. Replacing Y by E[Y | Z],
we observe that the maximization in (2.20) can be restricted to random variables Y
which are measurable functions of Z, and we obtain

o= s (VG2 - v ) ata) (2.21)

YeL?(q;R4

where L?(q; R?) denotes the space of R%-valued Borel measurable functions on R, which
are square-integrable under ¢. Clearly, for any Y € L?(q; IRd) we have

[ ()2 - 0 e) atdz) < [ swp (9.2) ~ v0) aldz) = [ v(:)adz),

yER4

which shows the inequality ¢¥ < [* dg. In order to see the reverse inequality, we define
the auxiliary problem

gbffo = sup )/ ((Y(z),z> — LD(Y(Z))) q(dz), (2.22)

YeL>®(qg;R?

where L>(q; R%) denotes the space of R%valued Borel measurable functions on RY,
which are bounded g-a.e. Comparing (2.21) with (2.22), we obviously have ¢¥ > ¢¥.
Now we claim that

6% > [ sup ((5.2) — v(w) aldz) = [0 (2)aldz), (223)

yeR

which will finish the proof of (2.19). To see this, we first write

o=t e [ (00602 —u0e) o)
Y|<N
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Using a measurable selection argument, we obtain

e [(renz—ven)aas) = [ sw (5.2) - ) atd).
Y|<N ly|<N

Since 1) is proper we can choose yg € domy # @. Then for N large enough we have

up ((y, 2) = ¥(y)) = (yo, 2) — ¥(wo),
?yelsN’

with the right-hand side being integrable with respect to ¢(dz). Hence we can apply the
monotone convergence theorem and deduce that

lim sup ((y,2) —¥(y)) q(dz) = / sup ((y,z) — ¥(v)) q(dz),

N—oo ye]Rd, yG]Rd
ly|<N
which completes the proof of (2.23). O

Lemma 2.6 is an important auxiliary result for the proof of Theorem 1.1, more pre-
cisely, for the proof of the identity (2.16). We first show a simpler variant of this
identity, where we optimize over the class of convex functions 1 in Co(R?) (i.e., which
have quadratic growth), as in (2.24) of Proposition 2.7 below.

Proposition 2.7. The value DY(p,v) of the dual problem (2.1) is equal to

Di(p,v) = weci'lgl(fRd), (/wdv— /(w**Q)*dﬂ)- (2.24)

1 convex
Proof. By Proposition 2.3 we have

f)q,:'f/d—/wd.
(1, v) weclg(]Rd),( Ydv— [ ¢ M)

1 convex

Hence it remains to show that ¥ = (¢*  q)*, for every convex function 1) € Co(RRY).
In order to do this, we will first prove that (¢¥)* = 1* x ¢. By definition of the convex
conjugate (1.5) and of the maximization problem (2.17), for y € R?, we have

(") (y) = s ((z,y) — ¢¥(x)) (2.25)

= sup sup (MCov(p, q) —/z/)y dp) (2.26)
zeR? pe 25 (RY)

= sup (MCOV(p, q) — / Yy dp), (2.27)
pE P2 (R4)
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where the function 1, is defined by 1,(2) = () — (y,2), for = € R%. Now applying
Lemma 2.6 to the proper convex function 1, yields

()W) =" = [wyda= [0+ 2)das) = @ ra)w).  (228)

where for the last equality we recall the definition (1.6). To complete the proof, we must
justify that (gow)** = ¥, i.e., that the Fenchel-Moreau theorem is applicable. To see
this, we first note that the function = + ¢¥(z) is convex and we have the upper bound
¥ < 4 < +o00. Furthermore, for any p € 25 (R%) we have the inequalities

MCov(p, q) < %/\ylzdp(y)Jr%/\Z\qu(Z) < 400

as well as
[wdp> e+ [ 1y dpty) > —o.

the latter following from the fact that 1 € C3(R?). As a consequence, we get the lower
bound

¥ >0 — %/\z|2dq(z) > —00.

Altogether, ¢ is a convex function which is finite everywhere on R?, thus it is continuous
and we indeed have (¢¥)** = ©¥. O

Before we finally turn to the proof of Theorem 1.1 at the end of this section, we
formulate a “relaxed” version of (1.4), (2.24). Similarly as in Lemma 2.4 we now admit
convex functions ¥: R — (—o0, +-00] with pu(dome)) = 1 as dual variables, see (2.29)
of Proposition 2.8 below.

Proposition 2.8. The value D(p,v) of the dual problem (2.1) is equal to

q — inf .
Drel(:u'vy) ,u,(doitllld)):l,g(w% (2 29)
1 convex

where the dual function 1 — E(1) is defined by

ew) = [ ([ el mldy) - 0"+ )" (@)) ulda). (2.30)

with m being an arbitrary fized element of MT (u, v).

Proof. We start with showing that the dual function £(-) given in (2.30) is well-defined
for every convex function ¥: R? — (—o00,400] which is p-a.s. finite. To this end, we
first prove the inequality (¢* x ¢)* < 1. Since ¥ is convex with u(dom ) = 1, for every
y € R%, the function

RY 5 2 by (2) = 4(2) — (y, 2) (2.31)
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is a proper convex function, so that as in the proof of Proposition 2.7 above we can apply
Lemma 2.6. In particular, recalling the equation (2.28), we again have ¢* x ¢ = (¢¥)*.
Taking the convex conjugate and using that ¥ < ¢, we obtain

(W *q)" = (") < ¥ <, (2.32)

as required. Applying Jensen’s inequality as in the proof of Lemma 2.4, this implies that
the integrand in (2.30) is p-a.s. nonnegative, and hence £(1)) is well-defined and takes
values in the interval [0, 4+00].

Now let us turn to the proof of D(u,v) = D2 (u,v). Recalling (2.29), (2.24), and
using Proposition 2.7, we have

D;]el(:u’ V) < Dg(.ua V) = Dq(:ua V)v
so that we need to show the inequality D?(u,v) < DL, (u, v). Let 7 € MT(p,v) and

Y: R — (—o0,+0c] be convex with p(dom)) = 1. Since D9(u,v) = P(u,v) (recall
Proposition 2.1 and (2.3)), we have to verify the inequality

/MCOV (72, q) du(x / /1/1 ) mo(dy) — (¢* *q)*(a:)) w(dx).
It is sufficient to prove, for p-a.e. € R%, that
MCov(mg, q) < /wdﬂ'x — ("% q)" (). (2.33)

We express the convex conjugate on the right-hand side of (2.33) as

() (@) = inf (0" %)) — (o) = inf ([0 da~ (@.n);

yER4 yER

for the last equality we again relied on the equation (2.28), and the function 1, is defined
as in (2.31). Substituting back into (2.33) yields

MCov(mg, q) < 1nf /z/Jy dm, —i—/z/Jy dq). (2.34)

This is what we need to show to complete the proof of Proposition 2.8. Now observe
that by the Fenchel-Young inequality we have

MCOV 7'('3;, /fdﬂ':c"i_/f dQ7

for every proper convex function f: R* — (—00, 4+00]. In particular, for every y € R4,
it holds that

MCOV 7Tx, /wy dﬂ-az +/¢y dQ7

which implies (2.34), as required. O
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Finally, we give the proof of Theorem 1.1, where we optimize over all v-integrable
convex functions 1 as in (1.4), (2.16).

Proof of Theorem 1.1. We first show that the integral

/w* *q)* dp (2.35)

appearing on the right-hand side of (1.4), (2.16) is well-defined for every convex function
Y € L'(v). To see this, recall from (2.32) above that (¢* x ¢)* <. On the other hand,
since 1 <. v and ¥ € L'(v) is convex, the integral of 1 with respect to u exists. We
conclude that also the integral (2.35) exists.

Now let us turn to the actual proof of Theorem 1.1. Recalling the beginning of Section
2.3, we have to prove the equality (2.16). But this assertion follows immediately from
Proposition 2.8 and Proposition 2.7 by a “sandwich argument”. Indeed, we have

D, v) = Dy, v) < DUp,v) < Di(p,v) = D(p, v). (236)
The inequalities in (2.36) are due to the inclusions
{¢ € Co(RY): ¢ convex} C {¢p € L' (v): ¢ convex} C {¢ convex: u(domep) = 1};

the equalities on the left-hand side and on the right-hand side of (2.36) are justified by
Proposition 2.8 and Proposition 2.7, respectively.

Finally, we recall that existence and uniqueness of the optimizer 7 € MT(u, v) as well
as finiteness of P?(u,v) have already been shown in Proposition 2.1. O
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3. EXISTENCE AND PROPERTIES OF ¢-BASS
MARTINGALES

Throughout this chapter we fix u,q € P(R?) and assume that ¢ does not give mass to
small sets. Our goal is to prove our second main result, Theorem 1.5. Its proof is based
on the work [BBST23|, where the Gaussian case ¢ = 7 is studied in detail. First, we
need some auxiliary results.

Lemma 3.1. Let ¢: R? — (—o00,400] be a proper, lower semicontinuous convex func-
tion.

(i) The function x — ¥ (z) defined in (2.2) is convex on dom1).
(ii) If ¥ (x) > —o0, for some = € int(dom ), then ¥ > —oo on int(dom ).
Proof. (i) To see that the function ¥ is convex on dom v, we let = :== Azy + (1 — \)za,
for 1,29 € dom and A € (0,1). If p¥(x1) = —o0, then there are p&?) € 27 (RY) with
[~ MCov(pi). ) - —ox.

We observe that pi" = )\pg(ﬁ) + (1 = A)éz, € Z%(R?), and consequently

(@) <A [V dplt) + (1= A)(aa) = MCov(pl) )

<A([ ) = MCov(p. ) + (1 = N)h(a)

where we have used the convexity of Z25(R%) > p — —MCov(p, q) in the last inequality.
We conclude that ¢¥(z) = —oo. The case p¥(r3) = —oo is treated similarly. If, on the
other hand, both ¢¥(z1) > —oo and ¢¥(z2) > —oo, then

PV (@) < AP (1) + (1= N (a2)

follows by standard arguments. Altogether we see that ¥ is convex on dom ).
(ii) If ¥ (z) > —oc for one z € int(dom ), then ¥ (%) > —oco for all # € int(dom 1)), as
can be seen directly by convexity. O

Our next result is the analogue of Lemma 2.6. But now, instead of maximizing over
all p € P5(R%) as in (2.18), we maximize over all p € 223 (R%), with a fixed barycenter
r € R4, as in (2.17).
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Lemma 3.2. Let ¢: R? — (—00,+00] be a lower semicontinuous convex function and
assume that ¢¥ () > —oco for some x € int(domvy). Then we have the duality formula

V(@) = sup ()~ [ 0"+ 2)dg(2): (3.1)
yER4

Proof. We first show that (¢¥)* = 1)*xq. To see this, we recall equations (2.25) — (2.28)

of Proposition 2.7 and note that these are valid for any proper, lower semicontinuous

convex function v. Therefore, for each y € R?, we have

@@= s (MCov(p.a)~ [wydp) = [+ 2)daz) (32
pE P (R4)
where the function v, is defined by 1, (2) = ¥ (2) — (y, 2), for z € R%
Since ¢¥(z) > —oo for some z € int(dom)) and ¥ is convex by Lemma 3.1, the
function ¥ is finite and thus also continuous in a neighbourhood of z. Hence we can

apply the variant [BC17, Proposition 13.44] of the Fenchel-Moreau theorem and deduce
from (3.2) that

V(@) = ()" (@) = sup ((org) — [ 07+ 2)da(2), (3.3)
y€eRd
which proves the duality formula (3.1). O

The duality formula (3.1) established in Lemma 3.2 enables us to generalize Lemma
2.5 and identify the structure of the optimizer in the minimization problem (2.2).

Lemma 3.3. Let ¢: R? — (—oc, +00] be a lower semicontinuous conver function.
(i) If there are x € R® and §(x) € RY such that
br = VI (§(2) + +)(g) € Z5(RT), (3.4)
then this is actually the unique optimizer of the infimum in (2.2).

(i3) If additionally ©¥(x) > —o0o and z € int(dom ), then §(x) is the optimizer of the
supremum in (3.1).

Proof. (i) For fixed y € R¢ we define the function v, by ¥y,(z) = ¥(z) — (y,2), for
z € R%, so that ¥, (2) = ¥*(y + z). With this notation, we can express the probability
measure defined in (3.4) as p, = (ng(m))(q). We denote by TP+ the Brenier map from

q to p, € Z3(R%) and note that TP+ = Vi ,y by Brenier’s theorem. For arbitrary
pe € 2%(RY) we compute

[ dpe = MCov(pr@) = [ (500 (T3 (2)) + (T (2), @) (T} (2). ) da2)
> (@ 9(2) + [ inf, Wy () ~ (3:.2) da(2)
— (,9(@) = [ " (3(a) + 2)da(:)

= /wdﬁm — MCov(py, q),
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with equality if and only if TP+ (z) = TP*(2), for g-a.e. z € R This in turn is the case
if and only if p, = p,. We conclude that p, is the unique optimizer of the infimum in
(2.2), ie

o¥(x) = /wdﬁm — MCov(pg, q) = (z,9(z) /w )+ 2) dq(z). (3.5)
(i) If p¥(x) > —oo and x € int(dom ), then by Lemma 3.2 we have that
v = ) - - + d )
" () P (v /1/) (y+ =) da(=))

which in light of (3.5) implies that §(z) is the optimizer of the supremum in (3.1). [

3.1. PROOF OF THEOREM 1.5

Definition 3.4. A lower semicontinuous convex function 1[1: R? — (—o0, +-00] satisfying
p(int(dom¢)) = 1 is called an optimizer of the dual problem (1.4) (in short, a dual
optimizer) if D?(u,v) = £(v)), for the dual function £(-) as defined in (2.30).

Proof of Theorem 1.5. (1) Let ©: R — R be ¢-Bass martingale generating with initial
marginal p. Then, according to Definition 1.4, the function ¢ is convex, its convex
conjugate 1) = 9* satisfies p(int(dom)) = 1, and the finite-valued function 9 * ¢ is
strictly convex with gradient V(0 x ¢) = (V0) * ¢. By [Roc70, Theorem 26.5], it follows
that the convex conjugate (0%q)* is differentiable and strictly convex on int(dom(dxq)*).
Furthermore, the function

V(9 q): RY — int(dom(d * ¢)*)

is a bijection with inverse
(Vixq) ™t =V(oxq)*. (3.6)

Next, we show that p(int(dom(d x ¢)*)) = 1. To this end, we will prove the inclusion
int(dom) C int(dom(d x ¢)*). Indeed, for = € dom1), we have

(0 %a)"(z) = sup (<x,y> - o+ 2)da=) < |

yERA

= [ swp ((o.y = 2) — 0(9) da() = [ (¢"(@) = (@.2)) da(2)

yeRI

sup ((@,9) — 0y + 2)) da(2)

< 0" () + |z /\2\2 dq(z) < 400,

so that dom ) C dom(d % ¢)*.
Now we are ready to show that the pair (9,4%) is a g-Bass martingale with initial
marginal y and with terminal marginal 1, i.e.,

(Vi*q)(a°) = p and V(4P x q) = 7. (3.7)
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According to Definition 1.4, we have &° = V(0 x ¢)*(¢) and v® = V(&% * ¢). Together
with (3.6), we conclude the relations (3.7).

(2) Recalling the second equality in (3.3), we have

Y(z) = (V) (z) = su z,y)— [ D z z) ). .
P > ()7 @) = s () [ ot +2)dat2) (3.8)

As the right-hand side of (3.8) is greater than —oo, for every z € RY, we can apply
Lemma 3.2. Consequently, for every x € int(dom ), we obtain an equality in (3.8), i.e.,

(@) = sup (@) — (0 xa)(w)). (3.9)

Recall that the finite-valued function © % ¢ is strictly convex and differentiable with
gradient V(9% q) = (V9) xq. The first order condition for an optimizer j(z) € R of the
right-hand side of (3.9) reads

(Vo) (§()) = o (3.10)
From (3.6) we deduce that the right-hand side of (3.9) admits a unique maximizer ()
given by
§(z) = (Voxq) ™} (z) = V(0 q)"(x),
for all z € int(dom ).

For each z € int(dom1)), we define a probability measure
2= Vo(g(z) + ) (q).
Since v has finite second moment, we observe that
/ Vi(y + 2)2 dg(z) < +oc, (3.11)

for &%-a.e. y € R%. By (3.10) and (3.11), 72 is an element of 2% (R?), for p-a.e. z € R
Hence we can apply part (i) of Lemma 3.3, showing that the infimum

Ywy= it [ [ddp-nic
)= gggmd)( W dp ov(p,q))

is attained by 70, for p-a.e. € R? Therefore, from the representation (2.12) of the
dual function (2.5) and the fact that 72(dy) u(dx) € MT(u,v?), we obtain

&) = [ ([ mitdy) = ¢ (@) nldo) = [ MCov(mlq ulda).  (3.12)

On the other hand, from (1.3), Proposition 2.1 and (2.13) we have

[ MCov(rl. q) pld) < Py, v7) = D) < D), (3.13)
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which in light of (3.12) implies that
P(u,v") = [ MCov(nl.q) u(d).

By uniqueness of the optimizer # € MT (i, %), we conclude that 72 = #,, for u-a.e.
x € R4,

(3) According to (3.9), for every z € int(dom ), we have that

V(@) = (0% )" (2).
Recalling the definition of the dual function (2.30), we observe that
£) = [ ([ bl maldy) = (" » )" (@)) ulda)
= [( [ bt mitd) = ¢ @)) (o) = EG).

Finally, from (3.12) and (3.13) we deduce that ¢ is a dual optimizer in the sense of
Definition 3.4. ]
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CONCLUDING DISCUSSION

This dissertation establishes a trajectorial approach to the characterization of diffusion
processes as gradient flows in Wasserstein space. The probabilistic viewpoint leads to
consequences and applications for related classical topics such as entropy dissipation,
variational characterizations, and functional inequalities. For different models of diffu-
sions, appropriate probabilistic frameworks are defined in order to provide trajectorial
interpretations of these topics. Given that our approach is based on stochastic analysis
and time-reversal, the corresponding results are particularly relevant for an audience
with a background in probability theory. More precisely, the gradient flow property is
established via a perturbation analysis by means of stochastic calculus, where either the
drift or volatility coefficient of the underlying diffusion is used as a control variable. The
language of probability theory then allows for a rather intuitive interpretation of gradi-
ent flows as curves of maximal slope for the corresponding relative entropy functional
on the quadratic Wasserstein space.

Another advantage of our probabilistic approach is that it is robust in the sense that it
allows for various models of diffusions. In Parts I and II, where diffusions of Langevin—
Smoluchowski type are studied, our methods of choice are classical It6 calculus and
time-reversal. In contrast, Part III deals with McKean—Vlasov diffusions, which are
nonlocal (or nonlinear) in the sense that the drift term depends on the distribution of
the state variable. As a consequence, the Itd0 theory needs to be replaced by Lions’
differential calculus over Wasserstein space. A further difficulty is that, even when the
stationary distribution of the McKean—Vlasov diffusion exists, it does not have a closed-
form expression and it is not even unique in general. Contrary to Parts I — III, where
the diffusion coefficient is constant, in Part IV we consider time-homogeneous diffusion
processes with variable diffusion coefficients. In this setting, the diffusion processes can
be viewed as gradient flows in quadratic Wasserstein spaces induced by a Riemannian
metric, where the underlying metric tensor is the inverse of the volatility matrix.

While we are able to explicitly compute the trajectorial rate of relative entropy dissi-
pation on the level of stochastic processes in all the settings described above, this is not
the case for the Wasserstein distance itself. We leave the derivation of the Wasserstein
metric derivative using probabilistic tools, as well as trajectorial interpretations in this
context, as open questions.

The second topic of this thesis deals with the martingale version of the Benamou—
Brenier problem of classical optimal transport in continuous time. The main result of
Part VI provides a characterization of optimizers as martingales induced by gradients of
convex functions, similar to the characterization of optimizers in the classical transport
problem for quadratic distance cost. This result gives a definitive structural description
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of optimizers in terms of Bass martingales, in the case of an irreducible pair of time-
marginal distributions. We also establish in Part VI a novel dual formulation of the
martingale Benamou—Brenier problem in terms of convex functions.

In Part VII we introduce the so-called Bass functional. We show the equivalence
between the existence of minimizers of the Bass functional and the existence of a Bass
martingale with prescribed marginals. This complements the convex duality approach of
Part VI with a purely variational perspective. We also prove the displacement convexity
of the Bass functional along certain generalized geodesics in the quadratic Wasserstein
space.

While leading to several important consequences, at the same time the results of Parts
VI and VII raise some interesting open problems, for example, a complete characteri-
zation of the general, non-irreducible case in RY. We will treat this problem in the
follow-up work [ST24]. More precisely, we will show that there is a paving of R into
relatively open convex sets such that the stretched Brownian motion decomposes into a
(possibly uncountable) family of Bass martingales on these sets. This paving coincides
with the irreducible convex paving introduced by H. De March and N. Touzi in the
article [DMT19].

Several open questions also arise in the context of extending the results of Parts
VI and VII beyond the Gaussian case. Part VIII offers some first results into this
direction. In particular, we introduce the notion of ¢-Bass martingales in discrete time,
and give sufficient conditions for their existence. We leave the definition of general ¢-Bass
martingales in continuous time as an open question. Finally, we raise the question under
which assumptions a ¢-Bass martingale with given marginals p and v exists. Given
an irreducible pair (u,v), we conjecture that a g-Bass martingale from p to v exists,
provided that ¢ is absolutely continuous and satisfies suitable integrability conditions.
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