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Summary

Mathematical models are omnipresent and indispensable in our modern world, influ-
encing a plethora of aspects of life one way or another. However, even a well-constructed
model may eventually fall short of capturing reality with desired precision, giving rise to
the issue of model uncertainty - the central subject under consideration of this thesis.

The first part of this thesis is concerned with model uncertainty in the pricing of
financial derivatives. We investigate upper and lower worst case bounds on derivative
prices considering only minimal assumptions on the possible underlying models. This, in
turn, is connected to the identification of specific solutions to the Skorokhod embedding
problem (SEP). In its simplest form, the SEP is to represent a given probability measure
as a Brownian motion (By);>0 stopped at a certain stopping time 7. We consider several
solutions to the SEP which play and important role in the robust modelling framework,
namely Root, Rost, and Perkins solutions.

For the first two, Root and Rost solutions, we provide a simple probabilistic explanation
for a representation of these stopping times via solutions to an associated optimal stopping
problem. We are then able to extend these results to a multi-marginal setting, that is,
embedding a sequence of measure pq,..., 4, into a Brownian motion. Most notably,
this provides for the first time an optimal stopping representation of Rost’s solution for
multiple marginals. Utilising this representation we perform an empirical study of worst-
case bounds on prices of variance options using market data.

The Perkins solution remained for a long time the only solution to the SEP where an
extension to the case where the Brownian motion (B¢)¢>0 is started according to an initial
measure other than a Dirac was unknown. We are able to give such an extension and
furthermore establish its uniqueness.

Motivated by the recent spread of COVID 19, the second part of this thesis is concerned
with uncertainty in the context of infectious disease modelling.

Early on the importance of superspreading, i.e. the significant variability in the number
of new infections caused by individuals, was acknowledged to play an important role in the
progression of the pandemic. We are able to quantify the uncertainty in the estimation
of the reproduction number R, the average number of new infections that an infected
individual produces, in the presence of superspreading.

Additionally, driven by the ongoing evolution of novel SARS-CoV-2 variants and pro-
gressing vaccination efforts we develop a simulation framework to investigate potential
infection trajectories across diverse scenarios. We propose a dynamic compartment model
suitable for simulation of the interplay among vaccination campaigns, non-pharmaceutical
interventions (NPIs), and the emergence of new SARS-CoV-2 variants.






Zusammenfassung

Mathematische Modelle beeinflussen unser Leben auf vielfdltige Weise, sie sind allge-
genwartig und unverzichtbar in unserer modernen Welt. Aber selbst ein exzellent konstru-
iertes Modell kann letzendlich mafigeblich von jener Realitdt abweichen, die es abbilden
sollte. Dies fiihrt zur Problematik der Modellunsicherheit - dem zentralen Thema dieser
Dissertation.

Der erste Teil dieser Dissertation befasst sich mit Modellunsicherheit in der Bepreisung
von Finanzderivaten. Und zwar suchen wir obere und untere Worst-Case-Schranken fir
solche Preise, wobei wir nur moglichst minimale Annahmen {iber unser zugrunde liegendes
stochastisches Modell treffen méchten. Dies steht im Zusammenhang mit der Identifikation
von spezifischen Losungen des Skorokhod-Einbettungsproblems (SEP). In seiner einfachsten
Form verlangt das SEP, eine gegebene Wahrscheinlichkeitsverteilung p als Brown’sche
Bewegung (Bi):>0 gestoppt zu einer bestimmten Stoppzeit 7 darzustellen. In dieser Arbeit
betrachten wir mehrere Losungen des SEP, die jeweils wichtige Rollen in der robusten
Derivatbepreisung spielen, und zwar Root-, Rost- und Perkins-Losungen.

Fiir die Losungen von Root und Rost geben wir eine einfache, probabilistische Erklarung
fiir die Darstellung dieser Stoppzeiten mittels Losungen assoziierter Optimal-Stopping
Problemen. Diese Darstellungen konnen wir auch auf den multi-marginalen Fall, also
das Einbetten einer Folge von Maflen u1, ..., u, in eine Brown’sche Bewegung, erweitern.
Besonders ist, dass wir hiermit die erste Darstellung multi-marginaler Rost Losungen mit-
tels Optimal-Stopping Problemen finden. Mithilfe dieser Darstellungen ist es uns moglich,
eine empirische Studie von Worst-Case-Schranken von Varianz-Options-Preisen basierend
auf Marktdaten durchzufiihren.

Die Perkins-Losung war lange Zeit die einzige Losung des SEP, fiir welche die FEr-
weiterung fiir den Fall, dass die Brown’sche Bewegung (B:):>0 geméB einer Anfangs-
verteilung anders als einem Dirac-Mafl gestartet wird, unbekannt war. In dieser Arbeit
finden wir eine solche Erweiterung und zeigen dariiber hinaus noch deren Eindeutigkeit.

Motiviert durch die Verbreitung von COVID-19 im Jahr 2020, befasst sich der zweite
Teil dieser Dissertation mit Unsicherheiten in der Modellierung von Infektionskrankheiten.

Bald nach Pandemieausbruch war bekannt, dass Superspreading - also signifikante Var-
ianz in der Anzahl neuer Infektionen, die durch Einzelpersonen verursacht werden - eine
wichtige Rolle fiir den Pandemieverlauf spielt. Uns ist es moglich, die Superspreading-
bedingten Unsicherheiten in der Schatzung der Reproduktionszahl R - der durchschnit-
tlichen Anzahl neuer Infektionen, die eine infizierte Person hervorruft - zu quantifizieren.

Des Weiteren, durch die fortlaufende Evolution neuer SARS-CoV-2-Varianten und vo-
ranschreitenden Impfbemiihungen notwendig geworden, entwickeln wir ein Simulation-
smodell, um potenzielle Epidemiverlaufe in verschiedensten Szenarien zu untersuchen.
Dieses Modell eignet sich fiir die Simulation der Wechselwirkungen zwischen Impfkampag-
nen, nicht-pharmazeutischen Interventionen (NPIs) und dem Auftreten neuer SARS-CoV-
2-Varianten.
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Introduction

Mathematical models are indispensable tools, helping to guide decisions in complex environ-
ments. The art of translating real-life problems into the language of mathematical equations is, to
a large extend, a process of model selection. The use of such models is pervasive in modern-day
society, and a plethora of aspects of life are influenced one way or another by their impact. Clearly,
the goal is to rigorously test and validate these models to ensure they accurately represent the as-
pects of reality that they were meant to describe. However, there exists an unavoidable truth: No
matter how well-constructed and stress-tested a mathematical model may be, there may come a
moment when it fails to capture reality with the desired accuracy. We have arrived at the challenge
of model uncertainty.

The primary focus of this thesis lies on models used in stochastic finance and its applications.
While such models are extensively used in various situations, they are not immune to failure. The
infamous “Black Monday” of 1987 and the subsequent financial crises of 2001 and 2008 serve as
reminders of the consequences that over-confidence in mathematical models and the lack of ac-
knowledgment of model-uncertainty bear. In addition to questions of model-uncertainty in finance,
this thesis is also concerned with the role of uncertainty in the simulation of COVID-19 outbreaks,
which is often based on models which are related to the ones applied in stochastic finance.

In the following we briefly summarise the contributions to stochastic finance and then discuss
the case of COVID-19 modelling.

Robust mathematical finance

A foremost challenge in mathematical finance is the pricing problem. Denote by (P):com)
an underlying financial instrument which we want to investigate, typically the price process of a
market index, a stock, or a foreign currency. Given a pay-off function F', the pricing problem is to
assign a fair price Fr to the claim F((P)¢e[o,77), where T' > 0 is the maturity of this claim.

In classical mathematical finance, one chooses a concrete stochastic model for the price process
(Pt)¢efo,1), commonly described by a system of stochastic differential equations. One then proceeds
to compute a fair price Fp of the claim as the discounted, risk-neutral expectation of the payoff
under said model, more precisely Fr = Eq [F((P;)tco,r7)] where Q denotes a risk-neutral pricing
measure.

The financial community’s most vigorously pursued approach to alleviate from model misspec-
ification in this context is the worst case paradigm. Following [9, 10], we briefly describe the
idea.

In many situations, European call options are liquidly traded so that we do not need to consider
them as derivatives of the underlying price process, but rather think of their prices as available
data supplied by financial markets. In turn, mathematical models can use the prices of European
options as inputs to assess the prices of more exotic derivatives. Specifically, given European
call option prices on the underlying (P;):e[o,7) for maturity 7', the Breeden-Litzenberger theorem
[2] provides the time-T marginal distribution pr of the underlying Pr. We can then proceed to
identify an upper F and lower F worst-case bound for the fair price Fr by considering all such
models, subject to only to the assumption that these models are continuous martingales agreeing
with today’s value Py and adhering to the given marginal distribution at time 7. Let Mﬁo denote
the set of such martingales, then

E = infp E [F ((Mt)tG[O,T]):I < FT < sup E [F ((Mt)tE[O,T])} =: F. (1)
MeM,° MeM}e

We will refer to this chain of inequalities as the market-informed robust pricing problem.
Hobson [9, 10] connected the robust pricing problem — specifically, the identification of mod-

els attaining the respective bounds while following the market-given marginals distribution — to

solutions to the so-called Skorokhod embedding problem. In its most basic form, the problem can



be stated as follows: Given a probability measure 4 on R and a Brownian motion (B;):>o, find a
stopping time 7 such that

B, ~ p and Bya, is uniformly integrable. (SEP)

Given such a stopping time 7 which embedds the time-T" marginal pr into a Brownian motion

started in Py, it is easy to see that
P,=B_.

T—t

Ar )

gives a plausible candidate price process as it is a continuous martingale which satisfies Pp ~ prp.

In this thesis, two solutions to (SEP) will receive particular attention, namely the Root [12]
and Rost [13] barrier-type solutions.  These solutions are stopping times of the form 7o =
inf{¢t >0: (¢, B) € R}, that is, they can be represented as hitting times of sets R C Ry x R
which are subject to some type of barrier structure, precisely:

< If (t,z) € RE°°! then also (s, x) € R for all s > t.

< If (t,2) € RF°* then also (s,z) € R for all s < t.
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Figure 1: Illustration of a Root (left) resp. Rost (right) solution to (SEP)

Our interest in Root and Rost solutions is twofold. These solutions are classic and extensively
studied in the context of (SEP), and generalisations thereof are interesting from a probabilistic
point of view in their own right, as recognised by the extensive existing body of literature regarding
Root and Rost solutions.

Yet, even more importantly for our modeling interest, Root and Rost solutions were identified
as the solutions to (SEP) for which the corresponding models, defined as in (2), attain the lower and
upper respective robust pricing bounds of options written on the realised variance of an underlying
price process (Pt).e(o,r], known as variance options.

The robust pricing problem of variance options informed by the data given at maturity is a
well researched topic, see for example [3] for a thorough numerical investigation of the extremal
Root and Rost models using simulated data.

However, options are traded liquidly and frequently on thousands of stocks and indices. Ex-
changes like CBOE offer European call options expiring every month and, in some instances, much
more often. Given this rich supply of data it becomes apparent that we should be able to use more
input data for our robust pricing problem than the time 7" market-informed marginals, namely the
marginal distributions given for all expiries quoted in between. Consequently, it is reasonable to
assert that every plausible model should conform to all these intermediate marginal constraints,
thereby tightening the robust bounds on the pricing problem.

We aim to extend the robust pricing framework to be able to incorporate all market-given
maturities leading up to expiration. To formalise this, let 0 < T} < Ty < --- < T,, = T denote the
available maturities leading up to the expiration time T. Correspondingly, we denote the associated
marginals recovered through the Breeden-Litzenberger theorem by p1, ..., t,.
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This leads to a generalisation of (SEP), consisting of finding a sequence of stopping times
0 <7 <--- <7, such that each of those stopping times solves the corresponding embedding
problem, i.e. satisfy B;, ~ p;,7 < n. We call this a multi-marginal (SEP).

Owing to their inherent barrier structure, investigating multi-marginal Root and Rost models
which attain the robust pricing problems on variance options informed by multiple maturities
is especially interesting. These models are uniquely characterised by the fact that every possible
sample path must pass through a sequence of barriers consecutively. Hence, analysing the structure
of these respective barriers might offer further insights into these extremal models.

While the market-informed robust pricing theory is straightforward to extend to the incorpo-
ration of data given for multiple maturities as carried out in Article 3 of this thesis, the necessary
existence results of multi-marginal Root and Rost solutions were for a long time only know in
abstract, non-constructive terms.

Article 1 of this thesis gives representations of Root and Rost solutions that allow for numeric
analysis while Article 2 extends this to multi-marginal solutions.

Prior research in [3, 4, 6, 7, 8] established that Root and Rost barriers which solve the (single-
marginal) (SEP) can be recovered through solutions to a respective associated PDE in variational
form. Such a PDE can be solved numerically, hence giving an algorithm for concrete numerical
computation of such barriers.

In these papers it was also noted that due to connections between solutions to such PDEs in
variational form and solutions to particular optimal stopping problems as know due to [1], Root
and Rost barriers must admit a representation through optimal stopping problems. However, this
was known only due to a relationship between PDEs in variational form and optimal stopping
problems. An easy connection between Root and Rost solutions and their respective optimal
stopping representation remained unknown.

The main objective of the first article of this thesis is to provide a simple probabilistic argument
for this connection by establishing a specific switching identity. In a random walk regime an opti-
mal stopping representation of Root and Rost solutions can be identified with concise martingale
arguments. The Brownian case is then recovered by taking a Donsker type limit.

In the second article of this thesis we extend these arguments to the multi-marginal case. This
recovers the optimal stopping representation of the multi-marginal Rost solution which is known
due to [5]. Notably, we also establish a previously unknown optimal stopping characterisation of
the multi-marginal Rost solution.

In order to apply the results of the second article to our multi-marginal market-informed robust
pricing problem on variance options, Article 3 provides the PDEs in variational form correspond-
ing to the respective multi-marginal optimal stopping characterisation. These PDEs can be solved
numerically using standard methods. Additionally, Article 3 features an empirical study on vari-
ance options using real market data on the S&P500. Particularly intriguing about this empirical
investigation is that it uncovers a potential inherent flaw of the robust pricing paradigm: In stark
contrast to common intuition, incorporating additional market data into the pricing problem does
not, in fact, tighten the bounds but leaves them unchanged. The barriers adhering to market-given
data which emerge form the numerical analysis appear to be in perfect consecutive order, imply-
ing that the requirement for these barriers to be traversed consecutively imposes no additional
constraints on the extremal models.

Remarkably, for the Rost model which attains the upper bound of the robust pricing problem
on variance options this would imply the following highly implausible behaviour: A sample path
that consecutively hits these ordered Rost barriers would attain a new running minimum or a
new running maximum at every single intermediate maturity, a dynamic which appears extremely
unrealistic.

This finding seems to call for a shift of paradigm in the robust pricing approach: To adequately
assess model-risk the relative plausibility of the models under consideration also needs to be taken
into account.

Article 4 of this thesis is concerned with another solution to (SEP) which is also of interest
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from a mathematical finance viewpoint: The Perkins solution (see [11]) minimises the law of the
running maximum while simultaneously maximising the law of the running minimum B,, making
it applicable to robust pricing problems for lookback options.

In the class of all known solutions to (SEP) which exhibit specific optimality properties, the
Perkins solution stands out due to its geometric structure, which appears significantly different from
the barrier-type behavior of other solutions. Moreover, it is the only optimal solution to (SEP)
that, thus far, has been limited to the case of Brownian motion starting in a Dirac distribution.

In Article 4 of this thesis we provide, for the first time, an optimal solution to the Skorokhod
embedding problem for the general (SEP) — where the Brownian motion is allowed to start accord-
ing to a general initial distribution By ~ A — which recovers the Perkins solution when applied to
Brownian motion started in a Dirac. This solution to (SEP) also admits a novel geometric interpre-
tation of the Perkins solution which better clarifies the relation to other optimal solutions of (SEP):
We can represent the Perkins solution as a hitting time of a Rost inverse barrier if we identify it as
the minimum of two stopping times given by two copies of the path simultaneously running on a
specifically constructed space until either of them hits a Rost inverse barrier as depicted in Figure
2. This furthermore enables a Loynes-type uniqueness result.
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Figure 2: Geometric interpretation of Perkins solution and its transformation into a
hitting time of a Rost-like barrier.

Uncertainty in the context of infectious disease modeling

Motivated primarily by the recent spread of COVID 19, Articles 5 and 6 of this thesis are
concerned with the role of uncertainty in the spread of infectious diseases. A prime interest in
disease modeling is to describe the number of infected individuals over time through (probabilistic)
models. As it was the case in the previously presented articles of this thesis, we aim to better
understand the dependence of the models’ predictions on the underlying assumptions.

Article 5 of this thesis is concerned with uncertainty in the estimation of the basic reproduction
number R. Roughly put, at a given point in time, the reproduction number R denotes the
average number of new infections that an infected individual produces. This value has significant
implications for the disease progression, as R > 1 corresponds to exponential growth of the number
of infected individuals, while R < 1 implies that this number decreases exponentially with time.
There is significant literature suggesting that superspreading, i.e. the significant variability in
number of new infections caused by individuals, plays an important role in the spread of COVID-
19, see [14] for an recent overview of the literature. In Article 5, we consider the effect that such
superspreading has on the estimation of the reproduction number and subsequently the estimation
of the number of future infected individuals. Our results quantify the uncertainty in the estimation
of the reproduction number depending on the dispersion parameter k& which is used to measure
the amount of superspreading: We demonstrate that the range of the prediction interval for the
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value of R has width proportional to 1/ V'k. The presence of superspreading is associated to small
values of k, with estimates for COVID-19 being as low as 0.04.

In Article 6 of this thesis we provide a framework to systematically explore the uncertainty of
model-predictions with respect to a variety of input parameters and modeling assumptions. Mo-
tivated by the ongoing evolution of novel SARS-CoV-2 variants and the progressing landscape of
vaccination efforts, we develop a simulation framework to investigate potential infection trajec-
tories across diverse scenarios. We are concerned with the interplay among three key elements:
vaccination campaigns, non-pharmaceutical interventions (NPIs), and the emergence of new SARS-
CoV-2 variants. In this hierarchical framework, new infections are generated, considering random
individual infectiousness, thereby encompassing the superspreading phenomenon witnessed in the
COVID-19 pandemic. Our simulation operates as a dynamic compartment model, integrating an
individual’s infection history, vaccination status, and potential for reinfection to determine their
resistance to subsequent infections. Introducing a measure of associated risk, denoted as pY, for
each SARS-CoV-2 variant, which considers the level of immunity within a population we can ex-
plore how this risk evolves with increasing vaccination rates. Additionally, by examining diverse
population compositions in terms of prior infections and vaccination types, we gain insights into
variants that may pose varying risks to different countries.
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Séminaire de Probabilités 1

Switching identities by probabilistic means

J. Backhoff-Veraguas, A. M. G. Cox, A. M. Grass and M. Huesmann

Abstract

Switching identities have a long history in potential theory and stochastic analysis. In recent work of Cox and
Wang, a switching identity was used to connect an optimal stopping problem with the Skorokhod embedding
problem (SEP). Typically, switching identies of this form are derived using deep analytic connections. In this paper,
we prove the switching identities using a simple probabilistic argument, which furthermore highlights a previously
unexplored symmetry between the Root and Rost solutions to the SEP.
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2 Switching identities by probabilistic means

1 Introduction

Let D be a rectangle of horizontal length T and let (0, ), (0,y) be points on the left boundary
of D. Let B be Brownian motion (started in = or y) and write o for the first time at which (¢, B;)
leaves the rectangle. As a particular case of Hunt’s switching identities, we know that

E*[|Bo — yl] = BY [| B — ] (1.1)

In this paper, we will be interested in generalisations of this identity, which are of particular
relevance in the construction of solutions to the Skorokhod embedding problem. The Skorokhod
embedding problem can be stated as follows: Given measures A, u on R, and a Brownian motion
B with By ~ A, find a stopping time 7 such that

B, ~ p and (Bar)>0 is uniformly integrable. (SEP)

In this paper we will be interested in a sub-class of solutions to (SEP) which are given by the
first hitting time of a right-barrier (resp. left-barrier) R which is a closed subset of Ry x R with
the property that (t,z) € R = (s,2) € R, when s > ¢ (resp. s < t). The most prominent
example of such a solution is the Root solution [16]. It establishes the existence of a right-barrier
REo°t such that

rHoot .= inf {t > 0: (¢, B;) € R*"'}

solves (SEP). There is an analogous result for left-barriers by Rost [17]. While Root’s original
contribution was non-constructive, it was shown in [4, 5] how to build the Root barrier. This was
done by considering optimal stopping problems and establishing the crucial identity

_E)\ HBTR""‘/\T - yH = Sgg EY [UM(BU)10<T + U)\(Ba)]la:T] (1'2)

where the supremum is taken over all stopping times ¢ < T. Here U, is the potential function
associated with the measure m, i.e.

Un(z) :=— / ly — x| m(dy).

From a potential-theoretic perspective, the expression on the right-hand side of (1.2) is the réduite
of a particular function on the time-space domain. The relevance of the réduite was clearly under-
stood by Rost [17], although the connection to optimal stopping problems was not explicit until
[8].

From formula (1.2) , the barrier region R%°°* can be identified with the stopping region of the
optimal stopping problem after a reversal of the time component. Together with the switching
of the starting position between y and A, this formula can be seen as a generalisation of (1.1).
Furthermore, the articles [4, 5] also provide a construction for the Rost barrier similarly based on
optimal stopping problems.

The equation (1.2) is well understood in potential theoretic terms, and can be seen as a deep
consequence of Markov duality, applied to the time-space process (t, B;). However this connection
does not offer much insight into why such equations might arise in these applications. In [4, 5] this
connection was made via viscosity theory and it was noted that a probabilistic explanation has yet
to be given.

The aim of this short paper is to show that (1.2) is a natural consequence of some simple proba-
bilistic arguments. As a bonus, our proof reveals a previously unexplored symmetry between the
Root and Rost solutions to (SEP).

As a brief taste of the style of argument we will use, and to highlight its fundamental nature,
let us first consider equation (1.1). Introduce a second Brownian motion W, independent of B,
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running from right to left and started on the right hand side of the rectangle D at the point (7T y).
For any s € [0,T] we consider the stopping times

os: =0 AN (T —25)
Te:=inf{t>0: (T —t,W) € D} As

and define
F(s) :=RBo==Wo=v B W, .

Then F(0) = E* [|B, — y|] and F(T) = EY [| B, — z|]. We will show that the function s — F(s)
is constant. In fact we will first show this for a discrete time version where we replace B by a
random walk X and W by a random walk Y. For this discrete version, it is not difficult to see
that F'(s) = F(s—1) (cf. Fig. 1 or Section 3.1 for details) so that F' is constant. From there, (1.1)
follows from an application of Donsker’s theorem.

A D A D
/|
X X
1 1 \
N, Y'\fx Y; —1
/
Y Y
> >
T-s T T-(s-1) T

Figure 1: Hlustration of F(s) = F(s —1).

The Rost optimal stopping problem was subject of investigation in [14] by McConnell where it
is derived via classical PDE methods and in [7] by De Angelis where a probabilistic proof is given
relying on stochastic calculus. Furthermore, the Root optimal stopping problem was also derived
by Gassiat, Oberhauser and Zou in [9] where a suitable extension for a much wider class of Markov
processes is established using classical potential theoretic methods as well as by Cox, Obléj and
Touzi in [6] where a multi-marginal extension of the problem is found.

1.1 Overview

In Section 3 we shall establish (1.2) in the context of simple symmetric random walks (SSRW)
on the integer lattice, as well as a related identity pertaining Rost stopping times. Interestingly, the
symmetry between Root and Rost cases will be obtained as a consequence of a simple time-reversal
principle. Then in Section 4 we explore extensions to the multidimensional setting. In Section 5
we will give some remarks on the passage to continuous time and in Section 6 we will draw some
future perspectives.

2 The Root and Rost optimal stopping problems

Recall the notion of Skorokhod embedding problem (SEP) from the introduction. This problem
was first formulated and solved by Skorokhod [18, 19], and numerous new solutions have been
found since. We refer to the surveys of Hobson [11] and Obl6j [15] for an account of many of these
solutions. To guarantee well-posedness, we assume thoroughout that A, ;4 have finite first moment
and are in convex order.



4 Switching identities by probabilistic means

Let W denote a one-dimensional Brownian motion (in keeping with the introduction, we think
of W as a Brownian motion running backwards; the reason for this will become clear in the
following section). Suppose we are given initial and target distributions A and p, we want to study
the Root [16] resp. Rost [17] solution to the corresponding (SEP). While Root and Rost solutions
are most commonly given as hitting times of so called barriers, specific subsets of R2, keeping the
previous notation, we will denote by D®o° (resp. DTst) the continuation set of the Root (resp.
Rost) embeddings which can be seen as the complements of the barriers in R2.

Let us write uf?°°! (resp. pfst) for the law of the Brownian motion starting with distribution
A at the time it leaves D%t (vesp. DEost) and pfio°t (resp. pfest) for the time it leaves Dot N
([0,T) x R) (resp. DEest N ([0,T) x R)). Recall that the potential of a measure m is denoted by
Upn(z) := — [ |x — y|m(dy), and for a random variable Z we write Uz for the potential of the law
of Z. Throughout this note we consider optimal stopping problems, thus suprema taken over 7
(resp. o) will denote suprema over stopping times.

The relations of interest in our article, found in [4, 5], are

Uﬂ¥oot ({E) = Ex [UHRoot (WT*) ]].7—*<T + U)\ (WT*) ]I.T*:T:I (2.1)
= sup E® [Uroot (Wr)Lrar + Ux(Wr)lr—r] (2.2)
where the optimizer is 7% :=inf {t > 0: (I' — ¢, W;) ¢ D®°'} AT, and

UMRost (CL‘) — ngost (CL‘) =E* I:(UHRost — U)\) (WT* )}
sup E® [(Uyrost — Ux) (W2)], (2.4)

where the optimizer is 7, :=inf {t > 0: (T —t,W;) ¢ D'} AT

Remark that (2.1)-(2.2) are related to (1.2) in the introduction. On the other hand, (2.3)-(2.4)
haven’t been stated yet. One of the contributions of the article will be to obtain the latter as a
consequence of the former, by means of a previously unexplored symmetry between Root and Rost
solutions, as hinted at in the introduction.

In the coming section we establish the above results (2.1)-(2.4) in the context of simple sym-
metric random walks (SSRW) on the integer lattice.

Remark 2.1. In what follows, we will implicitly exploit the fact that Brownian motion and the
SSRW are self-dual in the sense of duality of Markov processes. The results we present hold in
greater generality (and in particular, for processes which are not in duality with themselves). In
such instances, the potential kernels appearing e.g. in (2.1) should be replaced by the potential
kernels of the dual processes, see e.g. [9)].

3 A common one-dimensional random walk framework

Consider a set D C Z x Z satisfying
- If (t,m) € D, then for all s <t also (s,m) € D.

This should be seen as a discretised version of the Root continuation set defined in the intro-
duction. Likewise a Rost continuation set can be cast in the above form after reflection w.r.t. a
vertical line.

Notation: Denote by X,Y two mutually independent SSRW on some probability space (€2, P)
which are started at possibly random initial positions. Given z,y € Z we write P* and P, for the
conditional distribution given X¢ = x and Yy = y resp. Similarly P;’ means that we condition on
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both events simultaneously. We can consider a probability measure A on Z a “starting” distribution
by setting P* := ", P*A({z}), etc. Let us then introduce the stopping time

pfo°t = inf {t e N: (t, X;) ¢ D},

where N = {0,1,...}. We define by p°°* the law of X ,root under P?, and assume henceforth
that the martingale (X pRoot /\t) ten 1 uniformly integrable. We conveniently drop the dependence

of pf°°" on X. Given T' € N we write 5" for the P*-law of X ,rootp7. Note that this definition

is equivalent to u?o"t being the law of X started with distribution A at the time it leaves Dot 0

({0,...,T — 1} x Z). We will first establish the following identity, which is a discrete-time version
of (2.1)-(2.2)

ngoot (y) = Ey I:U#Root (Y.,-*) ]L,-*<T + Uy (Y.,-*) lT*:T] (31)

= Sl<ll; Ey I:UMRoot, (Y-,—)]].T<T + U)\(Y-,—)]].T:T] s (32)

where the optimizer is 7* :=inf{t e N: (T'—¢,Y;) ¢ D} AT.
From here we will derive the discrete-time analogue of (2.3)-(2.4).
3.1 Core argument

For convenience of the reader we present here the basis of the argument which we repeatedly
use, namely that for s € {1,...,T}

Ey [ Xr—s = Yol = Ej [| Xr—(s-1) — Ysuul] - (3.3)
A A

il il

1o Lo

I Il

1 1

[ [

I I

L L

1N Y PN Y

1 7] 1 7]

' '

I I

I 4 I v
+—t > +—t >

T-s T T-s T
T-(s-1) T-(s-1)
(A) SSRW where X7_s = Ys_1 (B) SSRW where Xr_, # Ys_1

Figure 2: Illustrating the appearance of the indicator function in the core argument.

This represents a formalisation of the discretised argument in the prelude. Indeed,
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which is best read from the top until the middle equality and then from the bottom until the
same equality. More important than (3.3) is the reasoning above, especially the appearance of the
indicator of the event {Xr_, = Y;_1}, which stems from the fact that Y;_; (resp. Xr_s) always
splits into Y, £ 1 (resp. X7_(s—1) % 1) with probability 1/2. For an illustration of this phenomenon
also see Figure 2.

3.2 The Root case

Let 7* :=min{t e N: (T —t,Y;) € D} AT. We start with a useful observation:
Remark 3.1. The equality Uy root (Yr+) Lrxcp = ngoot (Y:+) 1« <7 holds. Indeed, let z = Y;« on
{r* <T}. Then (T —7*,z) ¢ D and hence (X1 — 2)(X ro0t —2) > 0 on {pf°°* > T} as otherwise

X would have left D before pi°°t, see also Figure 3. This implies
—Uproot (2) = E* [| X proot — 2]

= E)‘ |:|XpRoot/\T - Z|]lpRootST - (XpRoot - Z)]I.pRoot>T’z>XT

+ (XpRoot — Z)]lpRoot>T, ZSXT]
=B [| X root a1 — 2|1 proot < — (X proot g — 2) L proot 1, 25 xr

)1
+ (XpRaot/\T — Z)]lpRoat>T7 ZSXT]

=B [| X prooenr — 2[] = —U o0t (2 (3.4)
Accordingly we may replace pf*°°t by pfioet in (3.1) (but we do not do so in (3.2)).
A A
1 1
A\V“,s‘c 1 1
| ! !
: Y, ; " Yy :
! 1 ! 1
| ! X ! ! X1
1Y 1Y X
. . i . L
[ [ [ [ [ [
phoot T-7* T g T-r* T e
(A) SSRWs for which 7% < T (B) SSRWs for which 7* < T'

and pfioot < T and p™°°t > T
Figure 3: Tllustrating properties of Root stopping times.

Given a Y-stopping time 7 < T, we define a stopping time o(7) of X as the first time before
T — 7 that X leaves D, i.e. o(7) := pB°°* A (T — 7).* For any y € Z we now introduce the crucial
interpolating function

F(s) = F7 (s) = E)[|Xo(ens) = Yrensl]] forse{0,...,T} (3.5)

It may help to picture Y evolving “leftwards” from the lattice point (7', y) at time zero, so that its
exit time 7* from D before T is measured as 7' — 7* for the “rightwards” process X.

Remark 3.2. We see that o(0) = pf*°* AT, so consequently

F(0) = B [|X oot nr = yl] = =Up oot (y)-

*Formally, 7 is a stopping time w.r.t. the filtration G = (Gt )¢en, where Gt = o({Yu : u < t}). o(7) is a stopping
time w.r.t. the filtration F = (Fs)s<7, where Fs = 0({Xu,Y: 1 u < 5,t <T})
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On the other hand, o(7*) = pRo°t A (T — 7%), so

]

]l'r*<T + |XpRoot/\(T77_*) — YT* |1T*:T}
Lrocr +|Xo — Yor |ILT*:T]
=-E, {Uu?"’t (Yre) Lpecr + U)\(Y.,.*)]L,.*:T] ,

F(T)

=E; [| X proot A(7—rr) — Yre
=E}) [|X proot p(7—gv) — Yre
=E

Y
2 [|XpRootAT - YT*

by independence and by applying the appropriate analogue of the argument in Remark 3.1 for the
third equality.

We can now prove (3.1) and (3.2); we treat the cases separately.

Lemma 3.3. The function I is constant. Consequently
U#?"” (y) =Ey [UHROM (Yro) Lrscr + Uy (Vo) L—*:T]

Proof. Let 0 < s < T. Define the stopping times 7* := 7* As and 0, = o(7*As) = pft A (T —77).
Then

F(s)=E) [|X,, - Y:

*
s

Let us first prove that

E) [ Xo, — Yrs

Y

] = E;\ |:|Xas - YT:71‘ + ]IXUs:YT;:lvT*ZS} . (36)

Since

EZ\ [|X<Ts - Y‘r;‘

] = EZ\ [|XpR°Dt/\(T—s) - Y9|]17-*23] + Eg); |:|XO'S - YT:71|]IT*<S:| ;

and with the appropriate analogue of the core argument (3.3) (see also Figure 4)

[Ep [[(Xprootn(r—s) — Y1) — (Vs = Yoot )|| X proot a(r—s), Y0, - - - Yor1] Lress]

clearly (3.6) follows. Now let us similarly establish that

E) [1Xous = Yoo || =B} [ X0, = Yor |+ X, 2y rosa prostsros] (3.7)
=B [IXo, = Yoo |+ Lx, oy, roms] (3.8)
Indeed,

]E;\ [‘Xo's—l - YT;‘,J} = ]E;\ “XT*S+1 - Y871|]]-T*Zs,pR"°t>Tfs]

+]Eg);\ |:|X0's - YT;‘,I|]1{T*<S}U{pR°°t§T—s}:| ’
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and again with the appropriate analogue of (3.3)

E; [ X7—s1 = Yer1|lpusg, proots 7]
=E) [E) [ Xr—st1 — Yocul|Xo, .., Xr—s, Yo, ., Vo1 Lresy prootsro]
=E) [E; [|(Xr—s — Yez1)
F(Xr—st1 — Xr—)|| Xo, -, Xr—s, Yo, ., Yor1] Ly proots )

]Eg)/\ [(|XT—3 = Y|+ ]lXTf‘SZYs—l) ]IT*ZS,pRDOt>T—S:|
A

]Ey I:‘Xo-s - YT:—l ‘lT*ZS,pR°°t>T—S + ]]’XUSZYT;‘_lxT*ZS;PROM>T_S:| 5

also (3.7) follows. We then see that (3.8) holds true since on {X,, = Y;+ ,7* > s} we have
(T—=(s-1),Ys1) = (T~ (s—-1),Yrs )= (' —s+1,X,,) € D, and so by definition of D
necessarily (pf°°! A (T — 5), X,.) € D, thus pfi°?t > T — s+ 1 is fulfilled. The identities (3.6) and

(3.8) now yield that F' is constant. O
A A
™ ™
, v, VN YL . Yo
7/ 7/
/\, /N,
L Xo, L
P [ P
(| > - o >
oy ="1T-s T O T-s T
T-(s-1) T-(s-1)
(A) SSRWs for which 7* > s, 0, =T — s (B) SSRWs for which 7" > s, 0, <T — s
and Xo, = Ys1 and X, # Y1

Figure 4: Illustrating the core argument in the Root setting.

The proof of (3.2) follows similar lines. Given a Y-stopping time 7 we consider the interpolating
function
F7(s) = E)[|Xo@rrs) = Yensl] forse{0,...,T}. (3.9)

Lemma 3.4. For every {0, ...,T}-valued stopping time T of Y, the function F" is increasing and
U, iroot (y) > E, [Uuaoot (Y ) 1.cr + Uy (Y7) ]erT]
Proof. Clearly F7(0) = —U,ro0t(y). On the other hand,
FT(T) =By [| X prootnr—r) = Yellrcr + | Xo = Yz |1,—1]
= B [UX oot oy (Vo) Lrr + Un(Y2) s

< _E;\ |:UXpRoot (Y )L, <7 + U (Y.,_)]L,_:T} ,

where the inequality is a consequence of the potentials s — Ux root 1, (#) being decreasing in s
for each z (by Jensen’s inequality and optional sampling) and the martingale (X ,root ;)
uniformly integrable. Thus if we show that F7(-) is increasing, we can conclude.

ren Deing
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Let 0 < s < T. Define the stopping times 7, := 7As and o = p°* A (T —7,). Then, analogous
to the proof of Lemma 3.3, but replacing 7" by 7, we get

1

F7(8) =B} [|Xo, = Yru_i |+ Lx,, =, o6
A
Yy

thus F7(-) is increasing. O

Remark 3.5. The second part of the preceding proof, stating that the function F” is increasing,
yields after trivial modifications that also

S Fg(s) = E;\ UXJ/\(T—T/\S) - YT/\SH ) (310)

is increasing. We did not use the particular structure of p°°* there.

Remark 3.6. There may be many other interpolating functions (which must coincide when 7 = 7*
of course). For example, if we replace o(7 A s) = pfi°* A (T — 7 A's) by

o(r.8) = ploet ifr<s
’ PRt AN (T —5) else

and then define }
FT(s) = Ej (| Xo(rs) — Yrnsl] forse{0,...,T}, (3.11)

we have F7(0) = —U, o0t (y) and F(T) = -E; [UXpRaot (Y)l,cr 4+ Ux(Y;)1,—7|, for each stop-

ping time 7 € [0,7]. This function can be seen to be increasing for each such 7 and constant for

*

T .

3.3 The Rost case as a consequence of the Root case

Emboldened by the results in the Root case, we could proceed to establish (2.3)-(2.4) in a SSRW
setting via interpolating functions as well. It is much more illuminating and elegant, however, to
deduce the Rost case from the Root one. We thus keep the notation as in the previous part.

Proposition 3.7. For each x,y,T, any stopping time T for' Y such that E,[|Y;|] < oo, and every
{0, ..., T}-valued stopping time o for X, we have

Ey [lz = Yr| = o = Your|] < By [|Xo = Yo| = [Xo =yl (3.12)

Suppose furthermore that
r=inf{teN: (T -t,Y;) ¢ D}, (3.13)

and that o = pR°* AT. Then there is equality in (3.12).

Proof. We first prove the inequality
Ey [lo = Yr| = |z = Yoarl] < Ej [|Xo = Y| = [ Xon@—rar) = Yonr] - (3.14)
This follows, on the one hand, by
By [(jo = Y| = |o = Yenr]) Lrer] = 0 S Ej [(1Xo = Y2| = [Xonz—n) = ¥7[) Lrer],

where the inequality follows by Jensen’s inequality and optional sampling. Similarly we also con-
clude by Jensen and optional sampling that

Ey [(lz = Yo = |2 = Yonr[) Lrs>r] By [(|Xo = Yo| = [Xo = Y7[) 1r>7] .
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We furthermore note that considering F as defined in (3.10) for the choice A = §, we have that the

r.h.s. of (3.12), resp. of (3.14), coincides with Ef [| X, — Y7 || = F7(0), resp. Ef [| X — Y. [] = F7(T).

We can now conclude from Remark 3.5, stating that F is increasing, the desired result (3.12).
In the case o = pR°° AT and 7 fulfilling (3.13), we obtain that F7 =FpL, =F =F

Root AT pRoot/\T

on [0,7T], by (3.13), which by Lemma 3.3 is constant. So to conclude we must show that
E, [lo — Y2l = |2 = Yoazl] = BZ [|Xpnoornz — Y2] = F(D).
We can use the arguments in Remark 3.1 resp. 3.2 to obtain
Ey[(|z = Y7 — |z = Yonr]) Lr<r] = 0 = Ef [(|Xprooinr = Yo| = [Xprootn(r—ry = Yo|) Lrer] -
Similarly also
E, [(j2 — Yel — [o = Yonzl) Lrsa] = B [(1X moninz — Yol — [Xo = Yrl) Lroz]
which concludes the proof. O

A discrete time version of the Rost optimal stopping problem (2.3)-(2.4) can now be established
as a consequence of Proposition 3.7. A Rost continuation set is a set DF°%* C N x Z satisfying

« If (t,m) € D5t then for all s >t also (s,m) € Dfost,

Given such a set for each fixed T' € N we may define D := {(T —t,m) : (t,m) € DE°*} which is a
Root continuation set to which the previous result is applicable. Let us introduce

pfost i=inf{t e N: (T —¢,Y;) ¢ D} =inf {t e N: (t,Y;) ¢ D'}, (3.15)

and let pf*st (vesp. pfst) denote the law of a SSRW started with distribution A and stopped
at time pf*°st (resp. pf*°s' AT). See Figure 5 for an illustration of the connection between Root
and Rost continuation sets and the respective hitting times. We assume uniform integrability of

(YpRost /\t) tenN®

A DR(}S( A Dl'
1 1
1 ! |
I
1
T I 1 I
['—o Roc .
y > / y
PRost . . T—71
I
p—— —
I
I
T T
Figure 5: Illustration of the connection between D5t and D, resp. between pfost
and pRoot'

Corollary 3.8. We have

UHRost (l‘) - Ult?ost (l‘) =E" I:(U'uRost - U)\) (XU* )] (316)
= sup E* [(Uprost — Ux) (Xo)] s (3.17)

where the optimizer is given by

0y = pRU AT = inf {t eEN:(T—t,Xy) ¢ DROSt} AT.

10
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Proof. For y € Z let us first consider Yy = y, i.e. A = ,. Consider Proposition 3.7 for the stopping
time 7 = pfiost, As

E, [z — Y;| — & — Yoarl] = — (U#Ros, (z) — ngm(x)) :

Ey [|Xo — Yo | — [Xo —yl] = —=E" [(Uyrosr — Uy) (Xo)],
due to (3.12) we then have

U#Rost (1‘) - ngost (1‘) g SggEz [(UMRost - U)\) (XO')] .

To prove (3.16) we note that 7 = pfiost satisfies (3.13). Thus, for ¢ = 0. we have equality
in (3.12) which is precisely (3.16) and furthermore also gives (3.17). As this is true for arbi-
trary y € Z, the extension to general A is clear due to identities of the form Ej [| X, — Y]] =

2 yez By [[Xo = Yo[] A({y})-

4 The multidimensional case

We have established (2.1)-(2.4) for the integer lattice in one dimension. We shall extend this
to the setting of the d-dimensional integer lattice Z¢ for d arbitrary.
Let Z be a SSRW on Z% and let

2 € 7% Gp(z) = BZ=O0#{t <n: Z, = 2}],

denote the expected number of visits to site z of Z started in the origin, prior to n. We then
consider the so-called potential kernel of the SSRW

z€Z%— a(z) = lim G,(0) — G,(2),

n—o0

which is finite in any dimensions and has the desirable property that

a(z) = -1, + L a(z). (4.1)

Here 2/ ~ z if 2/ is an immediate neighbour of z (corresponding to moving away from z along
one coordinate only, so there are 2d of them). From this follows that (a(Z;)),.y is a (Markovian)
submartingale and by induction

n—1

E(a(Ziyn)|Zd) = a(Z) + Y P(Ziye = 0|Z), (4.2)
=0

which is an identity we will repeatedly use. In the transient case (d > 3) we have that a is just
the negative of the expected number of visits to a point up to an additive constant. In the one
dimensional case we have a(-) = |-|. We refer to [12, Chapter 1] for a review of these concepts/facts.

We first observe that owing to (4.1) the core argument (3.3) in Section 3.1 is still valid, so for
sed{l,...,T}

Ej [a(Xr—s = Yol = Ej [a(Xp—o = Yeo1) + Ix,_=v._,] = B} [a(Xp_(s—1) — Yer1)] .

We shall see that all the computations we did using z + |z| in the one-dimensional case are still
valid for the potential kernel a. For a measure v on Z? let

Auv(y) = —/a(y — z)v(dz).

As in the previous section, we denote by X,Y two independent SSRW in Z?.

11



12 Switching identities by probabilistic means

Proposition 4.1. Let A be a starting distribution in Z¢ and Dot (resp. DR"St) be Root-type
(resp. Rost-type) continuation sets in Z4T. Denote by pR°° resp. pkoot the law of a SSRW
started with distribution \ and stopped upon leaving D% resp. DToot N ({O, T =1} x Zd)
(analogously for pfist and pltost) and assume that the SSRW stopped when leaving D°°t (resp.
DEost) s uniformly integrable. Then

A'M¥00t(y) = Ey [A';U'ROOt (Y‘r*) ]l'r*<T + AN (YT*) ]lT*:T] (43)
= Sup Ey [A.ILLROOt (YT)]Lr<T + A./\(YT)IT:T} s
7<T

where the optimizer is 7* :=inf{t € N: (T —¢,Y;) ¢ DR} AT, and

A () A () = B (AR 43) (X, )] (45)
= 51<11; E” [(A.MROSt — A.)\) (XT)] ,

where the optimizer is 7, := inf{t € N: (T —t, X;) ¢ DESt} AT.

Proof. Let us first prove (4.3). In analogy to the previous section, we define an interpolating
function

F(s) = E)[a(X rootn(r—reps) — Yrens)] for s €{0,...,T}. (4.7)
Then clearly F(0) = —A.uf°!(y) and also
F(T) = E)[a(X proot p(r—rv) — Yeu ) Lpecr] — Ey[AX (Vor) Lre—1).

If we establish —E [a(X oot p(7—r) = Yoo ) Lye cp] = By [A.pf% (Vo) 17 o] then (4.3) is implied
by F being constant. Clearly it suffices to show that

Epla(Xr—re = Ve )Lpe o, prootsp—pe] = Ep[a(X proot — Yy ) Low cp prootsp—re].

Indeed
E;‘ [a(XpRoot - YT*)17*<T, pRoot>T_7_*:|

= E; [B) [a(Xyroot — Yoo )Lpe o prootsp—re| Xo, - X, Yo, -, Yo 1]

= Ey;\ [(a(XTf'r* - Y‘r*) (48)
pRoot_l

+ Y P(Xe=Yn|Xo,..., X0, Yo, .., Yo 1)) dyecr, procts -]

s=T—1*

= E; I:a(XT—T* - YT*)]I‘T*<T7 pR°°t>T—T*:| B (4.9)

where the last line holds since, given {Xo, ..., X7,Yy,...,Yr_1} on {7* < T, pficot > T — 7%},
We now prove that F' is indeed constant. First we observe that

F(s) = E) [a(X proot A(7—r+ps) — Yrons)]
= E; {a(XpROO"/\(T—T*/\s) - YT*A(sfl)) + ]IXpRootA(T,S)=Ys—177'*ZS:| .

To see this we consider the two cases {7* < s} and {7* > s} separately. While the former
case is clear, on the latter we apply (4.2) where we condition on {Xy,..., X7r_s,Y0,..., Y51}
Analogously but by splitting into {7* < s} U {pf°®" < T — s} and {r* > s, pf° > T — s} we
obtain

F(s—1) = E) [a(X proot p(r—r+ n(s—1)) — Yren(s—1))]

Y
A
- Ey [a(XpRDOt/\(T_T*AS) - YT*A(Sfl)) + IlXpRoot/\(T,ﬂ:stl77—*2‘97[)ROOt>T—S .

12



Séminaire de Probabilités 13

We conclude by observing that the two appearing indicator functions are equal, since on the set
{Xproot p(r—s) = Ys—1, 7" > s} we must necessarily have pRoot > T — s,

To show (4.4) define the multi dimensional equivalent of (3.9), that is for a {0, ...,T}-valued
Y -stopping time 7 define

F(s) = Ej[a(X,ro0tpn(r—rns) — Yrns)] forse€{0,...,T} (4.10)

Then clearly F7(0) = —A.uf°%(y). Again we can use (4.2) to show that F7 is increasing and
furthermore

FT(T) < —E, [Ap" (Y ) Lrar + ANY) L, —7] .

The Rost case can be derived from the Root case by analogous arguments as in Section 3.3. A
multidimensional version of Proposition 3.7 can be proved verbatim replacing the absolute value by
the function a and the Jensen arguments by submartingale arguments. The equality case follows
from (4.2) exploiting the barrier structure as it was done for (4.8). O

5 From the random walk setting to the continuous case

While the passage to continuous time is in essence an application of Donsker-type results, we
will give a more elaborate explanation using arguments established by Cox and Kinsley in [3] for
the one-dimensional case. We note that all results and arguments in Section 3 are invariant under
uniform scaling of the space-time grid. Thus for each N € N we can consider a rescaled simple
symmetric random walk YV with space step size LN and time step size 3 as it is done in [3].
The authors discretise an optimal Skorokhod embedding problem, an (SEP) featuring the following

additional optimisation problem

inf  E[F(B,,7)]. OptSEP
Tsolvlersl(SEP) [ ( T)] ( P )

It is known that for any convex (resp. concave) function f : Ry — Ry, the (OptSEP) with
F(B.,7) = f(7) is solved by a Root (resp. Rost) solution, see e.g. [1]. It is emphasised that the
stopping time and the continuation set depend on the measures A and p alone and not the specific
choice of f.

Let D be a Root (resp. Rost) continuation set and consider the corresponding measure pu =
pfioot (resp. p = pfiost). Following [3] we obtain for each N € N a discretisation u» of p such
that 4V — p and moreover AV and p are in convex order. Similarly a discretisation AV of A
can be found such that A — A. The authors then propose and solve a discretised version of
the (OptSEP) for AV and p?V. The optimiser will again be of Root (resp. Rost) form, given as
the first time a (scaled) random walk Y leaves a Root (resp. Rost) continuation set DV. Let
DV denote a time-continuous and rescaled completion of the discrete continuation set DN. In 3,
Chapter 5] the authors then prove convergence of DV to D. We note that in the more general
setting considered in [3] a recovery of the initial continuation set D is not guaranteed. However,
in the Root case this follows due to [13]. An analogous uniqueness result for Rost solutions is also
true, see e.g. [10] for a generalisation.

By convergence of the continuation sets it is easy to see that for every T > 0 we have u¥ — 7.
As in this setting convergence of measures implies uniform convergence of potential functions,
Uuy — Uyy (see [2] for details), we have established convergence of the Lh.s of (3.1) to the Lh.s of
(2.1).

Let (Wt(N)) denote the continuous version of the rescaled random walk YV. To avoid heavy
>0

usage of floor furIctions7 we will assume T € I := {2% m,n € N}. If limits are then taken along
the subsequence (Y2") . (resp. (W) _ ) there exists an Ny € N such that T will always be

13



14 Switching identities by probabilistic means

a multiple of the step size 2% for all n > Ny. For arbitrary T > 0 the results can be recovered via
density arguments. We define the following stopping times

#Nx inf{t EN:(NT—t,YN) ¢ [7N} ANT,
?N*zinf{t>0:( — W )g_zDN}AT (5.1)
—inf{t>0: (T —t,W,) € DYAT,
and the functions

GT(.’E,t) = Uﬂ(.’t)]].t<T -+ U)\($)]].t:T,
G%(.T, t) = UMN (l‘)]lt<T + U/\N (Z‘)]lt:T.

The rescaled results of Section 3 then read

U,y (x) =E* [Gﬁ (Y;X*, T;ﬂ (3.1%)
_ gung]Ex [G]TV (YTN, %)} . (3.2%)

Or, as (Yﬁv*, %) = (W?(M,?N*) we consider (3.1%) in W)-terms
U,y (2) = E° [Gﬁ (WSX},%N*)} . (3.1%%)

By Lemma 5.5 and 5.6 of [3] we know (W(g*), ’N*) £ (Wre,7*) as N — oo. To see convergence
of (3.1%*) to (2.1) we need to show

B (|6 (WL ) = 6T (W) |
< B 165 (W2, 7V°) - 6T (W), 7))
+E° [|GT( M,*N*) aT( T*,T)@ N=go ),

Convergence of the first term is clear due to the fact that uniform convergence of the potential
functions implies uniform convergence of G% to G*. Thus it remains to show convergence of the
second term. Note that GT is usc, so it suffices to show that

E*[GT (W,.,7%)] < liminf E® [GT (WEM,%N*)} . (5.2)
N—oc0 T

For this, given € > 0 consider the auxiliary function

G (x,t) = Up,(2)Li<r—c + Un(2)Lr—cci<r.
Then for any random variable X and stopping time 7 we have

B [I67(X,7) - G*(X,7)|]| < e Plre (T —2T)).
Combining this with the fact that G¢ is lsc and dominating GT we get
[GT( e, T )] < lim lim inf E” {G’E (W(]z\\r[*)7 _N*)]
eNO0 N—oo

< lim liminf ¢- P [AN* € (T—S,T)] + lim inf E* [GT (W,(IZ\\,[*),?N*)] )
eN0 N—oo N —oc0 T

14



Séminaire de Probabilités 15

Thus we are left to show that lim.\ o liminfy_,o P [?N* e (T —e, T)] = 0. To more easily see the
arguments involving specific barrier structures, we consider the following stopping times

ﬁN:inf{t>0 (T —t, W(N))gDN}:inf{t>0:(t,Wt(N))¢DN}7
p:mf{t>o;(T—t,Wt)gD}:inf{mo;(t,Wt)gb},

where DV resp. D is the Rost continuation set we obtain by reflecting DV resp. D along {%} x R.

By [3, Chapter 5] we know that p” R p. Note that we have pN1n 7 = 7V*1n. . For
0<T < T consider

T_ ::sup{y<x:(T,y) GD}v

T ::inf{y>x:(’f,y)€b}.

Since D is a Rost continuation set and p is its Brownian hitting time, we have
Plp=1T]= PWs € {a_,a,}] = 0.
So, especially for any € > 0 we have P[p =T —¢] = P[p = T] = 0. Altogether we have

lim lim inf P [%N* € (I'—¢,T)] = lim lim inf P [p € (T —eT))]
eNO0 N—oo eN0 N—oo

= lim P T—¢T) =
lim Plp € (T —eT)]=0,

which concludes the proof of (5.2), thus the proof of convergence of (3.1**) to (2.1). It only remains

to show (2.2). So let 7 be an optimiser of (2.2). Lemma 5.2 in [3] then gives a discretisation 5V

of 7 for which Y&N = W; and "— K
To obtain the other 1nequahty, for € € I define the function

éfv(l‘, t) = UMN (x)]ltSng + Uynw (x)]lee<t§T7

and by 7V* resp. 77 consider the respective stopping times defined in (5.1), replacing T by T —
Then

sup B* [G7(Wy,7)] = E* [GT (Wy, 7)] = lim E” [G# (W5, 7)] (5.3)
T<T eNO0
5N
: ENR T | e N 9 x € N T
<l it 7 G5 (134 57 )| < iy it sup 2 [65 (1. )] o4

~ N x
< T T— 6( N T } _ x T—¢ . TS .
i{%l}@nﬁlf TsilTp EE [G Y: N> Ehi%lﬂlilﬂa Gy © (Yires N (5:5)

—hmEx [GT 5( Ty TE )] —thuT (2)=Uup(x) =E [GT( e, T )] (5.6)

The fact that lime~ g P [7 € (T —¢,T)] = 0 gives (5.3) and that G¢ is Ls.c gives (5.4). To see (5.5)
consider the function

Hy(z,t) == U, (2)Lycr—c + Upnv () M7_cci<r.
Then HS,(z,t) > G5 (z,t) for all (z,t) € R x [0, T] and trivially

sup E? {va (YTN, l)} < sup B [HN (YN ;{)} .

F<T N

Z\* UJ



16 Switching identities by probabilistic means

Let (Z):>0 be a martingale, then (HY (Zt,1)),cip—c 7y = (Unv (Z4))yepr—. 7} 18 @ supermartingale
as Uy~ is a concave function. So for any stopping time 7 we have

E”* [HJEV (ZT/\(T_E),T A (T — 8))] > E* [HIEV (ZT/\T,T N T)] . (57)

We see that no optimiser of SUp z < E” [va (YTN, %)] will stop after time T — ¢, as this would

decrease the value of the objective function. So we have

sup E° [H (YTN,l)]: sup E° [H (YTN,l)]: sup [E° [GT*E (YTN,l)].
sor UNVU N TR PV T SR T N

As we know that 7V* is the optimiser of this optimal stopping problem, (5.5) follows. Lastly, (5.6)
is due to the convergence result of (3.1%) to (2.1).

To prove convergence of the Rost optimal stopping problem replace the functions GT and G%;
above by the following functions

Q
/j
&
=

[

G(x) := Up(x) — Ux(x),
G (z,t) = Gy (x) == Uy (z) — Uy ().

We can now derive our convergence results analogous to the Root case.

6 Perspectives

We illustrated the elusive connection between Root and Rost’s solutions to the (SEP) and
optimal stopping problems. Specialising to the simplest possible setting, this note restricts itself
to the case of SSRW and Brownian motion. In a recent article by Gassiat et. al. [9] the analytic
connection between Root solutions to the (SEP) and solutions to optimal stopping problems was
established for a much more general class of Markov processes. This suggests that our probabilistic
arguments would also hold in this generalised setting. The extension to more general martingales
should follow via analogous arguments to the extension made in Chapter 4 by using the appropriate
potential kernel, however for non-martingales some arguments need to be replaced.
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Delayed Switching Identities and Multi-Marginal Solutions
to the Skorokhod Embedding Problem

A. M. G. Cox and A. M. Grass

Abstract

In this article, we consider a generalisation of the Skorokhod embedding problem (SEP) with a delayed starting
time. In the delayed SEP, we look for stopping times which embed a given measure in a stochastic process, which
occur after a given delay time. Our first contribution is to show that the switching identities introduced in a recent
paper of Backhoff, Cox, Grass and Huesmann extend to the case with a delay.

‘We then show that the delayed switching identities can be used to establish an optimal stopping representation
of Root and Rost solutions to the multi-marginal Skorokhod embedding problem. We achieve this by rephrasing
the multi-period problem into a one-period framework with delay. This not only recovers the known multi-marginal
representation of Root, but also establishes a previously unknown optimal stopping representation associated to
the multi-marginal Rost solution. The Rost case is more complex than the Root case since it naturally requires
randomisation for general initial measures, and we develop the necessary tools to develop these solutions. Our work
also provides a comprehensive and complete treatment of discrete Root and Rost solutions, embedding discrete
measures into simple symmetric random walks.

Keywords: Skorokhod embedding problem; Root barrier; Rost barrier; optimal stopping; switching identities.
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2 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

1 Introduction

We consider the Skorokhod embedding problem, that is given a Brownian motion (W;);>¢ started
according to an initial distribution Wy ~ A, and a probability distribution p on R, the question is
to find a stopping time 7 such that

W, ~ p and (Wiar)i>0 is uniformly integrable. (SEP)

While this problem was originally posed and solved by Skorokhod [37, 38] in the early 60s, it
remains an active field of research to the present day. The 2004 survey paper [31] features more
than 20 distinct solution to (SEP) and more recent contributions include [2, 3, 6, 7, 10, 11, 13, 14,
15, 18, 19, 20, 21, 22, 24, 29, 32] among others.

Of primary interest in this article will be an extension of the classical (SEP) to multiple

marginals. Given a sequence of measures p1,..., 1, on the real line, the multi-marginal Sko-
rokhod embedding problem is to find an increasing sequence of stopping times 71 < --- < 7, such
that

W, ~pk, k=1,...,n and (Wiar, )i>0 is uniformly integrable. (MMSEP)

It is an application of Strassen’s Theorem [39] and a well know fact that (MMSEP) will admit a
solution if and only if the measures are in increasing convex order, that is A <. p1 <. -+ <, pp.
Throughout the paper we will assume this condition satisfied.

This extension to (MMSEP) is particularly motivated by applications in robust mathematical
finance given the connections between the (SEP) and robust option pricing first proposed in Hob-
son’s paper [25]; see also [26] for an extensive survey. These connections enable the computation
of robust bounds on option prices while considering a market-given marginal distribution at the
time of expiration. Extending this theory to multiple marginals would allow the incorporation of
additional market data into the robust pricing problem. We develop this approach in a companion
paper, [12].

The focal point of this paper are two fundamental and influential solutions to (SEP) known as
Root [34] and Rost [35] barrier solutions. These stopping times can be represented as hitting times
of subsets R C R} x R, which are subject to some type of barrier structure, precisely:

< If (t,z) € RE°! then (s,x) € R for all s > t.
< If (t,z) € R%%" then (s,z) € R for all s < t.

(1.1)

See Figure 1 for an illustration.

Our interest in Root and Rost solutions is twofold. First, there is a substantial interest in the
probability literature on these solutions, see for example [2, 4, 8, 11, 14, 15, 17, 18, 19, 20, 28, 33,
35]. Second, such solutions are related to robust bounds on variance options considering multiple
market-given marginal distributions. In [12] we carry out an empirical exploration of such robust
bounds based on the results presented here. See [9, 11, 15, 27, 30] for related work in the financial
context.

While existence results of Root and Rost barriers were shown by their originators and also an
extension to multiple marginals was given in [6], as was noted in Root’s original work [34], concrete
barriers are only known in the most trivial of situations. To actually construct a concrete barrier R
given a probability measure p or even more so a sequence barriers given a sequence of probability
measures f1,.. ., f, is a highly non trivial task.

Prior research in [11, 15, 17, 18, 19, 20] established that Root and Rost barriers which solve the
(single-marginal) (SEP) can be recovered via solutions to a respective associated PDE in variational
form. Solutions to such PDEs, in turn, are known to have a representation by means of an optimal
stopping problem. While for a long time this optimal stopping representation of Root and Rost
solutions was exclusively accessible through this detour over PDEs in variational form, a direct
proof utilizing time-reversal arguments was given in [14], notably for the multi-marginal Root case.
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» R
I =
(A) Root (left) and Rost (right) (B) Root (left) and Rost (right)
barriers solving (SEP) for A = o and barriers solving (MMSEP) for A = do,
w=U[-2,2]. p1 = 3(6-1+ 61) and pp = U[-2,2].

Figure 1: Single-marginal (a) and multi-marginal (b) Root and Rost so-
lutions embedding the measure U[—2, 2], one of the examples specifically
mentioned [34] for its previously unknown barrier structure.

It was furthermore the aim of the article [1] to give a simple probabilistic argument connecting
Root and Rost solutions to their respective optimal stopping representations in the single marginal
case by establishing a specific switching identity. To the best of our knowledge, an optimal stopping
representation associated to the multi-marginal Rost problem remained unknown to this day.

In order to establish such a multi-marginal representation, a crucial first step is to reduce the
multi-step viewpoint to a single-marginal perspective where the initial marginal is now a space-time
law instead of a spatial law at zero. This approach builds on an approach implicit in [14], and which
we make explicit in our approach. Our solution is computed in terms of a delay stopping time
inducing an initial space-time law after which we embed with a Root or Rost barrier respectively.
Given such a representation it becomes apparent how a multi-marginal solution can be recovered
inductively.

An initial step in our process is to extend the results established in [6] as well as [1] to allow
for such a delay. There are two implications of this extension: First, it enables a more concise and
intuitive recovery of the multi-marginal optimal stopping problem given in [14]. Second, we can
provide a novel characterisation of the multi-marginal Rost embedding in terms of the solution to a
given optimal stopping (or multiple stopping) problem. This lays the foundation for constructing
Rost barriers such that their hitting times solve the (MMSEP) computable as demonstrated in
Figure 1.

We briefly review the known results for the single marginal problem and then proceed to state
its multi-marginal extension.

Summary of single-marginal results

Simple probabilistic arguments justifying the optimal stopping characterisation of the single
marginal Root and Rost (SEP) were given in [1]. Let us denote by uf®°! (resp. p%ost) the
law of the Brownian motion started with distribution A\ at the time it hits RF°°* (resp. RFost),
and by ploot (resp. pfiost) the law at the time it hits the barrier RF°! U ([T, 00) x R) (resp.
REost U (T, ) x R)).

Recall the potential of a measure m, denoted by
Un(w)i= = [ ly = alm(da).

21



4 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

The single-marginal relations of interest, as provided in [1, 11, 15, 20] among others are

Uuqlioot (y) = Ey [UMRoot (WT*> ]lT*<T + U)\ (WT*) ]l’T'*:T] (1.2)
= sup By [Upnooe (W) Ly + Un(Wr) o] (1.3)
where the optimiser is 7* := inf {t >0:(T—-t,W,) € RR"Ot} AT,
and
UuRost (y) - UHITzost (y) = Ey I:(UMRost - U)\) (WT* )} (14)
= sggEy [(Uyrost — Uy) (W2)], (1.5)

where the optimiser is 7% := inf {t >0:(T—t,Wy) e RRost} AT.

Multi-marginal extensions

We are interested in Equations (1.2)—(1.5) in a multi marginal setting. While the multi marginal
extension of the Root case (1.2)—(1.3) is known due to [14], the Rost equivalent appears to be novel.
The results can be stated as follows.

Let Ry, Ra,..., R, denote a sequence of Root (resp. Rost) barriers as defined in (1.1). Then
consider the associated Root (resp. Rost) stopping times

p1=inf{t >0: (t,W;) € R},
Pk = 1nf{t > Pp—1 - (t,Wt) € Rk}, for k € {2,,')1}

Define the respective laws p; :== L2(W,,) and p; 7 = L2(W,,A7). More precisely, p; will be the
law of the Brownian motion starting with distribution X\ at the time it consecutively hit all of the

barrier sets Ry, ..., R; respectively, and p; 7 will be the law at the time it consecutively hit the

barrier sets Ry U ([T,00) X R),..., R; U ([T,00) x R). Then these measures are in convex order,

fe. p1 <cpo <o Zepp as well as 7 <¢ por <c -+ <¢ fin, 7. Moreover, define the function,
Upo () :=Upyy(x) :=Ux(x) forall T >0. (1.6)

The multi-marginal extension of our relations of interest are given as follows.

Theorem 1.1. If (Ry) denotes a sequence of Root barriers, then

Uﬂk,T (y) = EZJ |:U/Lk—1,T77: (WT:) + (Uﬂk - Uﬂk—l)(WTl:)]l{le<T}:| (17)

- Sgl%Ey [Ul"k—l,T—T(WT) + (U#k - Uﬂk—l)(WT)]l{T<T}] ’ (1'8)
where the optimiser is 7;; :=inf{t > 0: (T —t,W;) € R} NT.

Moreover, given the interpolating potentials Uy, ,.(y) for all (T,y) € [0,00) x R we can recover
the Root barriers Ry, ..., R, embedding the measures pi1,. .., iy in the following way

Ry, = {(T,y) : (Uﬂk,T - U#k—l,T) (y) = (Ul“c - U;Ufk—l) (y)}v k€ {1a cee 777‘}‘

Theorem 1.2. If (Ry) denotes a sequence of Rost barriers, then

Ui @) = Ui (0) = By [Upe W) = U,y (W) (1.9)

= bgg Iy [Uuk (Wr) — UNAk*l,T—'r (WT)] (1.10)
where the optimiser is 7} := inf {t >0:(T—-t,W,) € Rk} AT.

Moreover, given the interpolating potentials Uy, ,.(y) for all (T,y) € [0,00) x R we can recover
the Rost barriers Ry, ..., R, embedding the measures p1,. .., in the following way

Ri={(T.y) : Upn(4) = Upp, » )} k€ {1,...,n}.
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Outline of the paper

In Section 2 we introduce the notion of delayed Skorokhod embeddings, which contain the
multi-marginal Skorokhod embedding as a special case. We will establish a general existence of
such solution following the approach in [6] and present an optimal stopping representation theorem.

Inspired by the framework proposed in [1], we first provide a analogous statements for simple
symmetric random walks in Section 3. First we show general existence of delayed Root and Rost
solution in this context, subsequently we state and prove the corresponding respective optimal
stopping representation.

Section 4 is dedicated to providing a suitable discretisation of the continuous-time framework
and of the respective optimal stopping representations such that the results of Section 3 apply.
We then take a Donsker-type limit back to a Brownian motion, recovering the continuous times
results stated in Section 2.

2 Delayed Root and Rost embeddings

For a more convenient and comprehensive treatment of (MMSEP), but also present results in
greater generality we introduce a relatively recent extension of the classical (SEP) known as delayed
embeddings. Although the concept of delayed embeddings has been implicitly explored in [14], to
best of our knowledge the specific name was first mentioned in [8].

We consider a delay stopping time 1 and require our solution to (SEP) to wait for this delay
before embedding the measure pu.

Formally, given a measure p, a Brownian motion (W;);>¢) started according to an initial distri-
bution Wy ~ A and a (possibly randomised) delay stopping time 7 the delayed Skorokhod embedding
problem is to find a stopping time 7 such that

W, ~ p where 7 > n and (W:a¢)i>0 is uniformly integrable. (dSEP)

We will denote a (dSEP) by the triple (A, 7, ) and assume throughout the paper that 7 is an
integrable stopping time and that p dominates EA(WW) in the convex order. Trivially, the (dSEP)
has no solution if either of these conditions are violated.

2.1 Root and Rost solutions to (dSEP)

We are interested in Root and Rost solutions to (dSEP). In [5] the necessary theory and
tools were given to identify specific solutions to (SEP) as stopping times that are optimisers over
appropriate additional optimisation criteria. Such (SEP) with additional optimisation criteria are
denoted by (OptSEP). In [6] this concept was extended to multiple marginals and denoted by
(OptMSEP). Especially multi-marginal Root and Rost solutions were recovered as solutions to
appropriate (OptMSEP).

We can further ask whether we can recover the delayed Root and Rost embeddings as optimisers
over an appropriate optimisation criteria. The answer to this is positive, and is a relatively simple
application of the results of [6]. We work in the class of randomised multi-stopping times introduced
in [6], RMST}, which we understand to be probability measures on the space R x Co(R,) x =2,
where 22 = {(s1, s2) € R2, 51 < s2}, and where the measure projected on its first two coordinates
is equal to the measure A\ x W, with W the Brownian path measure on Co(Ry). The =2 variables
represent the first and second stopping times respectively. The measure has further constraints on
its structure (see [6], Definition 3.9), which ensure that the stopping time properties are respected.

We are interested in optimising a functional of the form E[F(W,,,72)] over the class of ran-
domised stopping times (71, 72) which satisfy the embedding constraint, W,, ~ u, and for which
71 = 1 is the given (randomised) delay stopping time embedding ax = E’\(Wn).

Note that 1 can be understood in the sense of randomised multi-stopping times, see Lemma
3.11 of [6].
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6 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

Moreover, we argue that for the specific form of F(z,t) = h(t) for a convex/concave function
h, then the stopping time recovered as the optimiser is exactly the delayed Root/Rost stopping
time. We can do this using a slight modification of the arguments in [6].

We proceed as follows:

Let RMST4(n, 1) denote the subset of RMST] such that the projection onto R x Cp(R,) x =
is exactly 1. Then:

1. RMST3(n, 1) € RMST(), ax, ) as defined as in [6, Definition 3.18] which is a compact set
(Proposition 3.19);

2. RMST% (n, 1) is closed, as the projection map is continuous, hence it is also compact;

3. The proof of a suitably modified version of Theorem 5.2 now goes through essentially verbatim
to give the following theorem.

Theorem 2.1. Assume that v : S®? — R is Borel measurable. Assume that (OptMSEP) is well
posed and that € € RMSTS(n, 1) is an optimiser. Then there exists a (7, £)-monotone Borel set T
such that m(§)(T) = 1.

Here, T' being (7, £)-monotone is as defined in [6, Definition 5.1] , without the constraint on
the projections of the respective sets. The final conclusion of the Theorem can be applied as in
[6, Theorem 2.7], [6, Theorem 2.10] (or more transparently, the corresponding results in [6]) to
recover the Root/Rost forms of the optimisers.

While Root barrier solutions will always be adapted to the filtration generated by the underlying
Brownian motion, it is a well known fact that Rost barrier solutions will require some form of
external randomisation in the case where the initial and the terminal distribution share some
mass. The story is similar for delayed Root and Rost embeddings and will be summed up in the
following two theorems.

Theorem 2.2. Consider a (dSEP) given by (\,n, 1n). Then there exists a Root barrier R such that
the stopping time p > n defined via

p=inf{t >n: (t,W;) € R}
embeds the measure p.

The proof of this theorem follow analogously to the proof of [6, Theorem 2.7], or similarly of
[5, Theorem 2.1] heeding the modifications given above. Moreover, it is an easy application of the
standard Loynes argument [28] to see that such a Root stopping time p must be unique in the
sense that for any other Root stopping time j solving the (dSEP) we would have P* [p = p] = 1.
More details on how to generalise the Loynes uniqueness argument can be found in [23, Section 4].

We proceed to Rost solutions. In order to give better insights on what will happen in the case
of delayed Rost embeddings, we quickly review the case of an undelayed (SEP) determined by the
initial measure A and terminal measure p. It is well known that all mass shared between the two
measures A and p must be stopped immediately in the following way. Let p be a Rost stopping
time solving (SEP), then P* [p = 0, W, € A] = (A u)(A) where the infimum of measures is defined
as

(>\ A ,U,) (A) = BCA,Biche;surablc (A(B) + M(A \ B)) ’
On the set {p > 0} the stopping time p will be the first hitting time of a Rost barrier R.

On a set where (AAp)(A) < A(A) we will have to randomise our initial stopping rule in A in order
stop only sufficiently much mass. If (AA u)(A) < u(A) then, at least in some points in A, we need
to stop all mass and in fact we will need to extend the Rost barrier beyond 0 at those points to stop
more mass later on. But in this case, all mass will stop immediately in those points independent of
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the choice of randomisation rule, as a consequence of the recurrence of Brownian motion. Thus any
randomisation rule will give the same stopping rule although an obvious “maximal” rule is to stop
all paths starting in A due to the randomisation. If (AA u)(A) = pu(A) = A(A), the randomisation
rule that stops all mass is the only viable stopping rule since there will be no further barrier in A
beyond time 0.

In the delayed framework something similar needs to happen while it is apparent that things
are complicated by the fact that not all mass will be released at time 0 at once, but rather over
time, according to the measure £*(n). It is, however, clear that such external randomisation
in only feasible in the atoms of the measure £*(n), of which there can only be countably many
{to,t1,...}. A delayed, randomised Rost solution will therefore consist of both a Rost barrier R
and some description of this randomisation in the atoms of the delay stopping time. Hence, we
choose to represent such a solution as follows.

Definition 2.3. A delay stopping time n which distribution has atoms in {to,t1,...}, a Rost
barrier R and a family of probability densities {¢o,1,- ..} determine a delayed, randomised Rost
stopping time p¥® in the following way.

p?i=inf{t>n:(t,W,) e R} NZ
where

Z—wminZy for Zp = t,  with pr'obabzlzty [ & tk|Wn,n tk] o (Wy)
keN oo otherwise.
Let
o= £)‘((77, W,)) € P([0,00) x R)

denote the space-time distribution induced by the delay stopping time 7. Then we abbreviate by
ap = a({t} x )

its spatial marginal at time ¢.

A crucial fact to note about Rost solutions is that at any time point ¢ > 0 we are able to
tell exactly how much mass was already embedded in a given measurable set A C R but more
importantly we are furthermore able to decide that no more mass will be embedded in this set
going forward in time. These properties allow us to define Rost solutions in an iterative fashion
and for this purpose, given a Rost solution p we define the following quantity

V¢ :ufﬂj’)‘[W[;E,ﬁ<t],

the “mass not embedded before time ¢”.
Let ¢;, denote an atom of the measure £*(n), then note that the quantity oy, is given while the
quantity v, is fully determined by the Rost barrier before time ty, i.e. RN ([0,#x) x R) and the
randomisation densities {¢;}+,<t, -
We consider
d (thk A\ l/tk)

d (atk>

the Radon-Nikodym density of ay, A vy, with respect to ay, and state the following theorem.

Yr(z) = (z), (2.1)

Theorem 2.4. Consider (dSEP) given by (\,m, ). Let {to,t1,...} denote the set of (at most
countably many) atoms of LN(n). Then there exists a Rost barrier R such that the stopping time
p > n defined via

p=inf{t>n:(t,W,) € R} ANZ
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8 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

where

t,  with probability P [Zk = tk|Wn77i = tk] = 1, (W)

Z =minZ, for Z, :=
Nk J F {oo otherwise

ke

is a solution to (dSEP).

As in the Root case, the existence of a Rost barrier will follow analogously to the proof of [6,
Theorem 2.10] or similarly of [5, Theorem 2.4] heeding the modifications given above.

Outside of the atoms of the delay distribution, more precisely conditional on the event {n ¢
{to,t1,...}}, two Rost stopping times p and p solving the same (dSEP) are given as hitting times
of two Rost barriers, hence the same Loynes argument as mentioned in the Root case will provide
a.s. equality.

The density of the random variables Z; does not necessarily need to be unique. There is,
however, a sort of maximality about the chosen densities g, 11, ... in Theorem 2.4 which will be
clarified with the following lemma.

Lemma 2.5. Consider a (dSEP) given by (\,n, ). Let R be a Rost barrier and {po,¢1,. ..} be a
family of densities such that the delayed, randomised Rost stopping time p? given as in Definition
2.3 solves the (dSEP). Then for any k € N we can replace @i by ¢y given by (2.1) to obtain the
stopping time p¥ for which we will have P [ﬁ” = ﬁw] =1.

Proof. Let us consider an arbitrary atom t;, of the delay distribution £*(n). First of all we clarify
that in order for ¢y to be feasible we must have ¢ < 1, as for all measurable sets A C R we have

P> [Wh, € A,n =t] = oy, (4),

P [Whe € A, 5% = tg,n =1;] <
Woe € dpm =t k]_{PA[vaeA,ﬁ‘p:tk]<PA[WM6A7ﬁ¢>tk]:’/tk-(f4)-

Denote by Ay, := (\..o{z : (tx +¢,2) € R} all spatial points in the barrier R at time ¢;. Then
clearly due to the recurrence of Brownian motion we have

P [p2 = ti|n = ti, Wy, € Ay, ] =1=P* [p¥ = ti|n=tx, Wy, € A, ]

Hence, the specific values of ¢ and 1) are irrelevant and we might replace p(x) with ¢(z) for all
T € Ag.

Due to the Rost barrier structure, on the set A7, no mass will be embedded at a later time
point,

P [Wpe € AL 02 > 1] =0 =P [Wyu € Af ,p¥ > t;] . (2.2)

Consider now the set By := {z : vi(z) < ¥i(x)} N Af and let us assume that a, (Bi) > 0 as
otherwise both ¢ () and ¥ (x) must be 0 for all x € By, anyway. Our claim is then proven if we
are able to establish [, ¢(z)dz = [5 ¥(z)dz.

It is a consequence of (2.2) that
1(By) = P [Wpe € By, p? < ti] + P [Wpe € By, p¥ = ti],
or equivalently that

Vi, (Bk) =p? [pr € By, p? = tk]
=P* [Wpe € By, p* = t,n = t3] .

Here the second equality follows from the specific structure of Rost solutions, as all mass that is
already released before time ¢; and stopped in By will have done so before time t; almost surely.
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Then
Uty (Bi) = P [Wye € By, p? = ty,n = ti] = P) [Wy, € By, p* = ti,n = t3]

= Qg (Bk)/Bk o(z)dx

<, (Br) [ olayde = (o, Ave,)(By)

In particular, this implies that
(atk A Vtk)(Bk’) = Vi, (Bk)7

hence we must have [, ¢(z)dz = [, ¢(z)dw. O

Here we observe that if the set of atoms tg, t1,... is either finite or infinite but can be ordered
we can assume ty < t; < --- and construct the densities ¥, consecutively. When this is not the
case, meaning tg, t1, ... is infinite and cannot be ordered, while our result will still hold, we cannot
expect to derive an explicit formula for the functions v, in this scenario.

An explicit Root solution to (MMSEP) is clear given Theorem 2.2 while an explicit Rost solution
can be recovered from Theorem 2.4 in the following way.

Corollary 2.6. Consider a starting measure A\ and a sequence of measures fi1, . .., fin Such that

A<epr Z¢ 0 Z¢ tin- Then there exists a sequence or Rost barriers Ry, ..., R, such that the
stopping times p1 < pa < -+ < p, defined in the following way are a solution to (MMSEP).

po :=0 and py := inf {t > pr—1: (L, W) € Rk} NZy for k>1

where

0
0 with probability P* [Zy, = 0|Wy, pr—1 = 0] = M (Wo)
Zk = M1

oo otherwise
for pd_ =P [pr_1 =0, W € 1.

Proof. Note that for k = 1 this exact structure of the Rost solution p; has already been established
n [36]. Observing that p; < --- < p,, are hitting times of inverse barriers, we can establish that
L2 (p1) and consequently any £*(py), k > 2, do not possess atoms beyond time 0.

Inductively recovering the multi-marginal Rost solutions from Theorem 2.4 becomes feasible
by considering the single atom ty = 0. Thus, for &k > 2, set n = pr_1 and p = pg, with vg = pg
and ag = p?_,. Subsequently, invoking Theorem 2.4, we establish the existence of a Rost barrier
R := Ry, ensuring that py > pr_1 is of the desired structure with Zj := Zj. O

2.2 Optimal stopping representation of (dSEP) and (MMSEP)

We will derive the multi marginal Root optimal stopping problem (1.7) - (1.8) resp. the multi
marginal Rost optimal stopping problem (1.9) - (1.10) as a special case of a delayed Root resp.
Rost representation.

For this purpose we consider a starting distribution A for a Brownian motion and an integrable
delay stopping time 7. Recall the space time distribution induced by the delay

a = L((n,Wy)) € P([0,00) x R).
We denote the P*-potential of Wy, by

Vi (z) = —E* [[Wyrr — 2]
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10 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

and the spatial marginal of o by
ax(A) = a([0,00) x A) = LA(W,))(A) for A C R measurable.

Let now R C [0,00) x R denote a Root or Rost barrier respectively, then we consider the (delayed)
Root stopping time
pni=1inf {t > n: (t,W:) € R},

while a (delayed) Rost stopping time will be defined according to Definition 2.3.
These stopping times induce the following measures

B = LY (W) as well as B3 := LY (Wonnr) for T >0

and the (stopped) potential
Upg (x) = ~E* [Wpinr — 2]

The extension of the Root optimal stopping problem (1.2)-(1.3) will then be given in the following
theorem.

Theorem 2.7. Let R denote a Root barrier inducing the potentials Uge and Ugg. Then for every
(T, z) € [0,00) X R we have the representation

Upg (x) = E* [VF_re (W) + (Upe — Uny ) (W) Lpe <] (2.3)
= sup By [V (W) + (Use — Uax)(Wr)r<r] -

where the optimiser is given by 7 :=inf{t > 0: (T —¢,W;) € R} A T.
Moreover, given the interpolating potentials Uge () for all (T,x) € [0,00) x R we can recover
the Root barrier R embedding the measure B in the following way

R={(T,2): (Usg — V') () = (Ups — Uay) (2)}

Analogously we can give an optimal stopping representation for delayed Rost embeddings ex-
tending (1.4)-(1.5) in the following way.

Theorem 2.8. Let R denote a Rost barrier inducing the potentials Uge and Ugg.. Then for every
(T,x) € [0,00) x R we have the representation

Upa(2) — Upg (2) = E [Uga (Wo+) = Vi_pu (Wo, )] (2.5)
= sup B° [Upe (Wo) = Vi, (Wo)]

where the optimiser is given by o* = inf{t > 0: (T —t,W;) € D} AT.
Moreover, given the interpolating potentials Ugs () for all (T,x) € [0,00) x R we can recover
the Rost barrier R embedding the measure 3 in the following way

R={(T,z): Upe (z) = Vi(z)}.

Note that, while the interpolating potentials were used to recover the Rost barrier, the prob-
ability densities of the external randomisations that might be associated with the Rost stopping
time can be recovered in an inductive manner as described in Section 2.1, precisely by Equation
(2.1).

We now want to observe that, for the choice of n = 0, the single marginal identities can easily
be recovered. Indeed,

« f* = p and BT = pr as in Section 1,
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« a=0dp X A thus, ax = A,
- Vi (y) = =B [[Wo — y|] = Ua(y) for any T > 0.
Hence

Ey [Vigé—r(WT) + (UM - Uax)(WT)L-<T] = Ly [UA(WT) + (U;t - Uk)(WT)L'<T}

Y [UM(WT)1T<T + UA(WT)]LFZT] ;
in the Root case, and
E* [UB” (Wg) - VCI(“I—U(WU)] =E* [UM(WU) - UA(WU)]

in the Rost case respectively.

Furthermore, the multi-marginal extensions now follow as an corollary as they can be deduced
inductively from the delayed optimal stopping problem (2.3)-(2.4) (resp. (2.5)-(2.6)) in the follow-
ing way.

Corollary 2.9. Let Ry, Ra,..., R, denote a sequence of Root (resp. Rost) barriers inducing the
potentials Uy, ..., Uy, as well as Uy, 7,...,U,, 7. Then the optimal stopping representations
(1.7)-(1.8) (resp. (1.9)-(1.10)) hold.

Proof. For the first marginal induced by R; the optimal stopping representation is simply the
single marginal representation (1.2)-(1.3) (resp. (1.4)-(1.5)) already known (and also recovered
above). Let now k € {2,...,n} and consider 7 = p, and R = Rj41. Then

ca= EA(pkv ka)’ thus ax = px and Uax (y) = Ullk (y)v
* ﬁa = Mk+1, thus Uﬁa (y) = U/Lk+1 (y) and Uﬂ% (y) = U,uk'+1,T(y)7
° Vﬁ‘(y) =-E* [IWPk/\T - y” = Ultk,T (y)

Hence we recover the multi marginal Root (resp. Rost) optimal stopping problems (1.7)-(1.8)
(resp. (1.9)-(1.10)). O

3 A discrete delayed (SEP) and its optimal stopping repre-
sentation

We take on the idea of [1] to cast our problem in a discrete setting in order to use arguments
for SSRWs to derive a discrete version of the desired result and then recover the continuous result
through a Donsker type limiting argument. In this section we define a discrete version of (dSEP).
We furthermore define discrete Root and Rost solutions and give an explicit construction.

Let X denote a SSRWs on some probability space (2,P), started at some possibly random
initial position. Given x € Z we write P” for the conditional distribution when Xy = x. Hence,
we can consider a probability measure A on Z a “starting” distribution for X by setting P* :=

2 zen PA{2}).

3.1 A discrete (dSEP)

Consider a SSRW (X} );en started in Xo ~ A. Given a discrete measure u the discrete Skorokhod
embedding problem is to find a (discrete) stopping time p such that

X, ~ pand (Xiap)ten is uniformly integrable. (3.1)
Given a delay stopping time 7, the delayed discrete Skorokhod embedding problem (or delayed
(dSEP)) is to find a (discrete) stopping time p > 1 such that (3.1) is satisfied.
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12 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

Just as in the continuous case we are interested in the existence of barrier type solutions to the
discrete (dSEP). These barriers can be defined analogously to the continuous setting as subsets
R C N x Z satisfying the following respective property.

+ R will denote a (discrete) Root barrier if for (¢,2) € R and s > t we also have (s,z) € R.
« R will denote a (discrete) Rost barrier if for (¢,2) € R and s < t we also have (s,z) € R.

While in the continuous setting it is known that no external randomisation is needed in order
to give a Root solution to the (SEP) and external randomisation is needed only in ¢ = 0 for the
Rost solution (and only if the initial measure A and the terminal measure y share mass) this is no
longer the case in the discrete setting. We will see that in order to give a discrete Root (resp. Rost)
solution external randomisation will be necessary in both cases also beyond time ¢ = 0, however,
only at the boundary of the respective barrier.

Ezample 3.1. Consider the simple example
A=do
1 1 1
= =0_o+ =g + =0d2.
Iz 39-2 =+ 3% + 302

First note that all paths of a SSRW X that reach 4+2 at any point in time will be absorbed there.
As all paths originate from (0,0), the probability of being in site x = 0 at time ¢ = 2 is given by
% > % = p({0}). Consequently, we cannot stop all paths in (2,0) as this would embed too much
mass in {0}. However, if we allow all paths to proceed from (2,0), then the probability of being in
site # = 0 at time ¢ = 4 without having hit +2 before is given by § < = ££({0}). In other words,
this would result in insufficient mass being embedded in 0. Hence, it becomes necessary to stop
some paths in (2,0), but not all of them. Precisely, we will need to stop # of paths in (2,0) while
allowing the remainder to reach either of {—2,0,2} at time ¢ = 4 in order to correctly embed the
distribution u. Refer to Figure 2 for an illustration on possible realisations of such paths.

v
v
v

Figure 2: Possible realisations of paths hitting a Root barrier that solves
the discrete (SEP) given by A = 8y and p = $6_3 + 560 + 302.

We will formalise this concept of randomised stopping in the following way. If p denotes a
stopping time for the process X then we can for each point (¢,z) € N x Z consider the probability
of p stopping in site = at time ¢ after n by

ri(x) =P p =t (p A t,Xpnt) = (L), < 1]. (3.2)

If now R denotes a barrier and p its hitting time then in the classic (deterministic) case we should
have ri(x) € {0,1} and r¢(x) = 1 if and only if (¢,z) € R, i.e. we stop in the barrier immediately
after arrival. However, if we allow for r:(x) € (0,1) but agree on the convention that (¢,x) € R
when r;(z) > 0, then this can be understood as stopping inside of the barrier only with probability
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ri(z). We can now give an equivalent definition of discrete Root (resp. Rost) barriers on the
basis of these stopping probabilities. A field of stopping probabilities denoted as (r¢(x)),2)enxz
represents a

* Root barrier if for all (¢,2) € N x Z such that r¢(z) > 0 we have rs(z) =1Vs > 1,  (3.3)

* Rost barrier if for all (¢,2) € N x Z such that r:(z) > 0 we have r;_ (x) =1Vs =1,...,t.
(3.4)

This definition guarantees the respective barrier structure and furthermore assures that randomi-
sation only happens at the boundary points of the respective barriers. We will also refer to
(r¢()) (t,2)enxz as Root and Rost field of stopping probabilities, respectively.

Let u = (ug,u1,...) denote a sequence of iid uniform random variable, i.e. u; ~ U[0,1]. Then
our Root (resp. Rost) stopping times subject to external randomisation at the endpoints can be
represented as follows

p=py=nf{t>n:r(Xy) > ut. (3.5)
We could think of flipping a coin with success probability r;(X};) at every time point . Was the coin
flip successful, the process stops. If not, it moves onto the next point. Note that if r;(z) € {0,1}
for all (t,z) € N x Z, then this definition will coincide with the usual, non-randomized definition

p=inf{t >n: (¢, X:) € R}. (3.6)

Our stopping time p is now a randomised stopping time taking the two arguments w and u, thus
p:Qx[0,1]N — N. While this is a slightly unconventional definition of an external randomisation
used for its more intuitive explanation in this context, we can also cast this randomised stopping
time into the more conventional framework of using only a single variable of external randomisation
in the following way. For each w € 2 we consider the sequence ({,(t)):en of the probability of the
process Xyt (w) being “alive” at time ¢ given via

C(0) :== (1 = ro(Xo(w))) V1= and
Colt) = ot =1) - (1 = 7(Xe(w))) V Ly
Note that ((,(t)):en is a decreasing sequence and &, ({0, ..., t}) := 1—(,(¢) will define a measure on
N. Given a uniformly distributed random variable u ~ U|[0, 1] independent of X the (randomised)
stopping time
plw,u) :==1inf{t > 0:£,({0,...,t}) > u}
now gives a more traditional representation of our randomised Root (resp. Rost) stopping time.

In the following two subsections we will give an explicit construction of the stopping probabilities
(re(x)) (¢,2)enxz solving the discrete (dSEP) both in the Root and Rost case. To guarantee uniform

integrability of all solutions constructed we will henceforth always assume p to denote a finite sum
of atoms. Let z, and z* denote the smallest and largest site respectively at which we have an
atom. Then in both the Root and the Rost case our solution should be bounded from above by
the (delayed) hitting time

Hy, o :=1inf{t >n: X, € {x.,2*}}.
Since 7 is a stopping time with finite expectation then so is H, .+, which in turn implies uniform
integrability of (X¢ap)i>o0-

3.1.1 Existence of discrete delayed Root solutions
An explicit Root solution to the discrete (dSEP) can be established with the help of expected
local times. For a SSRW random walk X the local time at site z up to time ¢ is defined via

t—1

LX) =#{s: 0<s<t,X,=a} =) lx .
s=0
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14 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

We note the following discrete version of Tanaka’s Formula for local times.

Theorem 3.2. Consider a random walk X defined by Xy = Xg + Zi:l &s where & are iid
Rademacher random wvariables. Then for © € 7Z we can represent the local time L¥(X) of X
until time t as

t—1
Ly(X) = |X¢ — | — | Xo — x| — ngn(Xs —2)€s41- (3.7)
s=0
We refer to [16] for a proof.
Let
t—1
LI (X)=#{u:s<u<tand X, =2} =Y lx,—, = L{(X)— LX)
u=s

denote the local time of the process X at site x between time s and ¢ (for s < ¢).

For our delay stopping time 7 write ax = £* (X5). Consider now Xo ~ A and let p > n be a
stopping time for the random walk X such that X, ~ p. Then due to (3.7) we have the following
representation of the expected local time between n and p

E* L} (X)] = Uay (x) = Uu(z) =: L(x). (3.8)

Conversely, for any solution p > n to (dSEP) Equation (3.8) must be satisfied.

Let (r¢(x))(t,0)enxz denote a field of stopping probabilities and p its corresponding stopping
time delayed by the stopping time 7.
Then we define
ap(x) =P X, =a,np <t p>t],

the free mass available in site z at time ¢.
Define a(t,z) := P* [X,, = z,n = t], then we can compute &; inductively using only information
up to time ¢ — 1 in the following way

a(x)==((1—r—1(z+1D))a—1(x+ 1)+ (1 —rim1(z— 1)ag—1(x — 1)) + a(t, ).

N | =

Precisely, paths can only end up in (¢, ) from the neighboring points (t —1,2+1) and (t—1,2+1).
They will with probability 1 —r;_1(x 4+ 1) resp. 1 —r;_1(xz — 1) leave the respective site and then
with probability % end up in (¢,2). Moreover, we only consider mass after the stopping time 7,
this is represented by «(t,x), the probability of particles appearing in site x at time ¢t. Note that
at time 0 we thus only have ao(z) = «(0, x).

With the help of the quantities &;(z) the expected number of visits in site x up until time ¢ of
the process X can then be written as

t—1

Iy = Z(l —rs(x))as(x). (3.9)

s=0

In particular we will have [ = 0 for all x € Z.
We recall L(z) := Uqay () — Uy(x) and define

Ly(z) := L(x) — If,
the “missing local time” after time . Note that L,(z) (resp. [¥) can be computed only using

information up to time ¢ — 1.
We are now equipped to give a precise construction of a Root solution to the discrete (dSEP).
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Theorem 3.3. Consider a field of stopping probabilities (r¢(x)),z)enxz inductively defined via
the formula

L) =@ | (Len) (@)

e e when & (x) >0

and chosen to comply with (3.3) otherwise.
Then this field represents a Root field of stopping probabilities and the associated stopping time

p=inf{t >n:r(Xs) > u}.
will be a Root solution to the discrete (dSEP).
Proof. Note the following

- As both L; and & only use information that is either given or acquired up to time ¢ — 1, it
is clear that r, can be computed inductively to give a stopping time.

« When &;(z) = 0 the point (¢, z) cannot be reached by the stopped random walk after time
1. The specific value of r;(x) is hence irrelevant for all the respective quantities and can be
chosen to comply with the definition of a Root field of stopping probabilities.

« re(z) =1 IF = L(x). In other words, we must have already accrued enough local time at
site . Moreover we will then have [f,, = If and ryy,(x) = 1 for all s > 0, hence the Root
structure of our barrier is guaranteed.

- r(z) = 0 Ly(z) = L(x) — I¥ > a(z). So no mass will be stopped in (t,z) since we still
need to accrue more local time and adding all available mass to If will make us remain in
our local time budget, i.e. I, | =IF + ay(x) < L(x).

L(z)-17
a(x)

cr(z) € (0,1) & 0<

< 1. As letting all mass run would add too much to our expected

local time only a fraction should be added and we have [f ; = [f + L((.j)(;)lz a(x) = L(x).
This will imply r.ys = 1 for all s > 1 again showing that we will recover the desired Root

barrier structure.

Thus for each time point ¢ this construction will reveal a new layer of stopping probabilities
(r+(z))zez which will be of Root structure. Let po, denote the stopping time corresponding to
the field of stopping probabilities (r:(x)) z)enxz constructed as above. It remains to show that
LMNX,.) = pu. As [? is increasing and bounded from above by L(z) the limit (% = limy_e0 ¥
exists and equals the expected local time of X,  after the stopping time 7, EA [Lf] oo (X )] =1.
Let U, denote the potential of £* (X, ), then due to Tanaka’s formula we have

Upoo (2) = Ua, — ltoov
hence our stopping time will embed the right measure if and only if I{, = L(x). Consider the set
I'={zecZ: 1L <Lx)}={zeZ:U,_(z)>U,x)}

To conclude the proof of the theorem we must show that I is empty. A first step is to show that
for every x € I we have

P X, =] =0. (3.10)

Note that this is equivalent to é&;(x) A r(z) = 0 for all ¢ € N. However, we cannot have &(x) =0
for all t € N as this would imply that site x is never reached by the process X with positive
probability after time 7, furthermore implying L(z) = 0, which is a contradiction. Thus there
must exist at least one T € N such that &p(z) > 0. Assume now that also rp(x) > 0. Then
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16 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

12, >0, =0+ (Lé?(;l)?) ar(z) = L(x) which is, again, a contradiction, allowing us to conclude
(3.10).

Now we proceed to show that I must be empty. Consider a maximal interval J C I, i.e. either
J={ .oy —la;tanday +1<&I,J={o_,z_+1,...}anda_—1&Tor J={z_,z_+
1,...,z4 — 1,24} and both z_ — 1,24 +1 ¢ I. Then we must have U, _(z— — 1) = Uy(z_ — 1)
resp. U, (4 +1) =U,(z4 +1). Note that U, is bounded from above by the concave function
Ua and bounded from below by the concave function U,. Hence we cannot have that U,_ | is a
linear function and there must exists € J such that

However, this is equivalent to

1

P X, =] = —5 (U (2= 1) Uy (& 1)) + Uy (2) > 0
which contradicts Equation (3.10). Hence J = J, thus also I = () and our claim is proven. O

3.1.2 Existence of discrete delayed Rost solutions

Given a delayed stopping time p corresponding to a field of stopping probabilities (¢ (%)) (¢,2)enxz
we consider the quantity
ule) =P [X, = 2,p < 1],

the “mass embedded until time ¢”. Then
t
fir(x) = Z as(z)rs(x)
s=0

for a; as defined in the previous section. Furthermore consider

vi(z) == p({}) — A1 (2),

the “mass not yet embedded” and note that it can be computed inductively using information only
up to time ¢t — 1. We can then also write

fir(z) = p({x}) — vi(x) + au(z)re(x).

Note that if the field of stopping probabilities embeds the measure p, then

Jm iy () = p({}) resp. lim vy () = 0.
With the help of these quantities we can give an explicit construction of Rost solution to the
discrete (dSEP).

Theorem 3.4. Consider a field of stopping probabilities (r¢(x)) z)enxz inductively defined via
the formula
ro() = ve(x) Al (a: Ay) ()

dt(x) CNYt (.’ﬂ)

when a(xz) >0

and chosen to comply with (3.3) otherwise.
Then this field represents a Rost field of stopping probabilities and the associated stopping time

p=inf{t >n:r(Xs) > u}.

will be a Rost solution to the discrete (dSEP).
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Proof. As both 1, and &; only use information that is either given or acquired up to time ¢ — 1, it
is clear that r; can be computed iteratively through time, thus in each time step ¢ we identify the
t-layer 7¢(x),cz of the probability field. Let us justify that (r:(z)),s)enxz defined this way both
embeds the right measure p and is of Rost structure.

Firstly, if u({z}) = 0 then r,(z) = 0 for all ¢ € N, thus consider only those z such that
p({z}) > 0. Then consider the following cases.

t =0: Only consider those z such that ag(x) = a(0,z) > 0 as otherwise the point  cannot be
reached by the process X at time 0 after time 7.

« If ap(z) < p({z}), then all mass available in (0, ) should be stopped, hence ro(x) =1
and fio({z}) = ao(z) < p({z}).

« If () > p({x}), then some mass needs to be stopped in (0, ), precisely ro(x) =
as then we have fig({z}) = p({z}).

t > 0: Only consider those x such that &;(z) > 0 as otherwise the point 2 cannot be reached by the
process X at time t after time 7.

« If v4(z) = 0 then all necessary mass has already been embedded before time ¢, hence
ri(xz) = 0.

« If 0 < & (x) < vi(z) then the available mass in site  at time ¢ does not exceed the mass
still needed at site x, hence r;(x) =1 as all mass can be added.

« If 0 < 1 (x) < & (z) then we have mass missing in site x but the available mass at time

t exceeds the necessary mass, hence we should only add the fraction ry(z) = g’t((i)) as

then we have i, ({r}) = p({2}) — () + au(2) 22 = p({x}).

It is crucial to note that the quantity v(x) is decreasing and remains at 0 once it has reached
there, hence clearly the field of stopping probabilities (r(x))t,z)enxz defined as above is of Rost
structure.

We are left to formally show that the stopping time

Poo i=1nf {t > n:ry(Xy) > we}

embeds the right measure into the SSRW, i.e. PA[X, = 2] = p({z}) for all z € Z.
We consider the measure

poc (o)) = P [X,, = ] = lim fig(a) = 3 i

s=0

Fist assume pioo({z}) > p({z}). As this would be equivalent to lim¢_, o v+(2) < 0 there would need
to exist a first 7' € N such that vp(z) < 0. However this contradicts the construction of r;(x) as
described above.
Hence we must have poo({z}) < p({z}) for all z € Z.

Consider the set I :={x € Z : puoo({z}) < pu({z})}. If we assume that I is not empty then

0< Y poo(fr) <D u({z}) =1.

TEZL TEZ

Note that peo({z}) = limsoo fie(z) < p({z}) is equivalent to v (z) > 0 for every ¢ € N, which
in turn implies r(z) = 1 for all ¢t € N by the construction above. In particular, this implies
poo < HI :=inf{t > n: X; = ¥} which is a finite stopping time, hence also P*[p,, < oo] = 1. So
X, is a well defined random variable and we must have ), pic({2}) = 1 which is a contradiction.
This implies I = @ and poo({z}) = u({z}), hence our constructed field of stopping probabilities
and consequently the associated stopping time p., embeds the right measure. O
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18 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

3.2 A discrete optimal stopping representation

In this section we will consider a second simple symmetric second random walk Y on the
probability space (Q,P), mutually independent of the SSRW X introduced in previous section.
For given z,y € Z we recall P* as the conditional distribution given Xy = x and analogously
define P, as the conditional distribution given Yy, = y. Similarly, conditioning on both events
simultaneously is denoted by Py. We recall the starting distribution A for the process X and
introduce a corresponding starting distribution v for Y analogously, leading to P, as well as P?.

From this point onward we envision the process X evolving “rightwards” from some lattice
point (0,z) (where possibly z = Xy ~ A) and the process Y evolving “leftwards” from the lattice
point (7', y) at time zero. In this context a (stopping) time 7 for the “backward” process Y will be
measured as T — 7 for the “forward” process X.

Let us define the discrete time equivalents of the objects introduced in Section 2. We consider
a discrete delay stopping time n € N = {0,1,...} for the process X. Then analogous to the
continuous case we define the space time measure

a:=L(n, Xy)) € P(N x Z),
its spatial marginal
ax(A) = a(Nx A) = L>(X,)(A) for A C Z measurable
and the P*-potential of Xyar by
Vi(y) = —E* [ Xyar — o]

For a Root (resp. Rost) Barrier R C Z x Z consider the discrete, delayed Root (resp. Rost)
stopping time

py:=inf{t >n:(t,X;) € R}.
Similarly for a Root (resp. Rost) field of stopping probabilities (r:(x)) z)enxz and a vector
U = (ug,u1,...) of iid U[0, 1]-distributed random variables we consider the discrete, delayed Root
(resp. Rost) stopping time

pyi=1nf {t > 01 (Xy) > w}.
We will throughout this paper assume that (X na¢),cy is uniformly integrable. The stopping time
pn induces the measures

B* =L (X,,) and B¢ := L (X, ar) for T €N,
as well as the (stopped) potential

Upg (y) = =B [ Xp,n7 — 9] -

Moreover, given a field (r¢(x))t,z)enxz of Root (resp. Rost) stopping probabilities we denote by
R, the set of all fields of Root (resp. Rost) stopping probabilities that agree with r everywhere
except on the boundary, precisely

(5¢(2))(t,0)enxz is a Root (resp. Rost) field of stopping}

R i= {(St(x))(t’z)ENXZ " probabilities s.t. si(z) = ri(z) given r(z) € {0,1}.

We will sometimes use the shorthand notation s € R, for s = (s¢(2)),z)enxz When the context
makes it obvious. Furthermore, we define the set of all associated stopping times in the following
way

Tr = {inf {t>0: 57 4(Ys) > v} (s¢(z))t,0)enxz € Ry and Vo= (vo, ..., v7) denotes}

a vector of iid U|0, 1]-distributed random variables.

Then we can then give the following discrete time analogue of (2.3)-(2.4),
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Theorem 3.5. Let (r¢(x)),z)enxz denote a Root field of stopping probabilities, then we have the
representation

Usg (y) = By [Vi_ e (V) + (Upe — Uay ) (Yr)1re <1 (3.11)
Sgg Ey [VT(%*T(YT) + (Uﬂa - Uax)(YT)]lT<T] ) (312)

where all optimisers will be of the form T :=71 AT for T € T,.

When p,, corresponds to a discrete delayed Rost stopping the discrete version of (2.5)-(2.6)
reads the following.

Theorem 3.6. Let (1(x))t,0)enxz denote a Rost field of stopping probabilities, then we have the
representation

Upe (2) — Upg (1) = B [Upo (Xo) = Vi (Xo0)] (3.13)
= sup E7 [Upe (Xo) = Vi, (Xo)] (3.14)

where all optimisers will be of the form o* := o AT for o € T,.

It will become clear in Section 3.4 why the processes X and Y appear differently in the Root
and Rost optimal stopping problem.
3.2.1 The core argument

We present the core argument repeatedly used in [1] and crucial for further results, an equality
in expectation for differences of independent random walks.

Ey [ Xr—s = Vsl = Ej [| X7 (s-1) = Ys-1l] - (3.15)
The following two remarks break down the key ingredients needed for proving the core argument.
Remark 3.7. Let Z be a Rademacher random variable. Then for any a € Z we have

Ella+ Z|] = |a| + 14=0-

Remark 3.8. For a sigma algebra H let A be a H-measurable random variable taking values in
Z and let Z be a Rademacher random variable independent of H. Then by Remark 3.7 and the
Independence Lemma we can conclude

E[|A+ Z||H] = |A] + 1a=o.
We can now prove the core argument (3.15). On the one hand we have
E (| Xr—s — Yil] = B3 [E7 [|Xr—s — Yil[Xr—s, Yir]]
= Ejj []Ej [|(XT78 —Yi1) - (Y5 - stl)”XTfsastl”
=Ky [|Xr—s — Yeo1| + Ix,_—v._ ]

where we applied Remark 3.8 for the sigma algebra H := o(X7_s, Ys_1), the G-measurable random
variables A := X¢p_, — Y,_1 and the Rademacher random variable Z := Y, — Y,_; which is
independent of H. Analogously, we can show

B2 [|Xr—(s—1) — Yoo1l] = EZ [EL [ Xr—s1 — Yeor||X7os, Yeo1]]
= B2 [Ef [|(Xr—s = Y1) + (Xr—s1 — Xr—)|[X1—s, Yia]]
= Egm/ [|XT—5 - s—1| + ]lXT—s:stl] s
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Figure 3: Illustrating the appearance of the indicator function in the core argument.

so altogether we have (3.15). See also Figure 3 for an illustration of the appearance of the indicator
function. In particular, Equation (3.15) implies an independence of s, more precisely

Ey [[Xr—s = Ys[] = Ey [| X7 — Yol = Ey [| Xo — Y7[].
Note that we can replace s by a Y stopping time 7 < T to receive
Ey [ Xr—r — Yz [] = Ey [| X7 — Yol].
Analogously, for an X stopping time ¢ < T we have
By [|Xo = Yr_of] = By [|Xo — Y],
collectively this leads to the identity
EZ (| Xr—r — Y] = EZ X, — Yr_ol] (3.16)

which will serve as a key identity for subsequent arguments.

3.2.2 The interpolation function

In [1] it was crucial to define an interpolating function F'(s) which connects between the LHS
of Equation (1.2) and the RHS of Equations (1.2) and (1.3). With only slight modification of the
proofs in [1] we can define a more general interpolation function and state the following lemma.

Lemma 3.9. Let A be a starting measure for the process X and v be a starting measure for the
process Y . For an X stopping time o, a'Y stopping time 7 and any T > 0 we consider the following
interpolation function

F(i\,’:(s) = Ei\ HX(T/\(T—T/\S) - YT/\SH . (3.17)

Then we have the following:
(i) The function F;¥ (s) is increasing in s, more precisely

HXG'/\(T—T/\S) - Y‘r/\(s—l)| + ]]'XU/\(T,S>:Y571,TZS} (318)
HXO'/\(TfT/\S) - Y‘r/\(sfl)| + ]]-X(,/\(T_S>:Ys,l,‘rZs,(r>Tfs] = F;:’-,—V(s - 1) (319)

(i1) If o is a (possibly randomised, possibly delayed) forward Root stopping time for the process X
and 7 is a (possibly randomised) backwards Root stopping time for the process Y then F}:Y(s)
18 constant in s.
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(A) Here 7° > s and X, (r—s) = Yo—1. We
see that in this case py AN(T—s) =T — s
must hold as otherwise Y+ would have
stopped earlier.
Figure 4: An illustration of some different cases that appear when investigating equal-
ity of the interpolation function for forward and backward Root stopping times.

(B) Here py A (T — s) = py. We see how
Kppn(T—s) = Ys—1 implies that we must have
7* < s —1 due to the Root barrier structure.

Proof. The essence of the proof of (i) is an appropriate application of the Core Argument presented
above, and (i) follows in complete analogy to the proofs of [1, Lemma 3.3, Lemma 3.4]. For (i)
we have to make some modifications.

Let (r¢(2))(t,z)enxz denote a Root field of stopping probabilities, then for (s:(x)),z)enxz € Re
consider the stopping times

pl:=inf{t >n:r(X;) >w}, and
T i=1nf{t > 0:sp_4(Y2) > v} AT.

In order to show equality in (¢) for these stopping times, it suffices to show equality of the indicator
functions appearing in (3.18) and (3.19), equivalently

{p">T — s} D{X pon(r—s) = Ys1,7" = s}

up to nullsets. Indeed, on {7* > s} we deduce 7* > s—1. Hence we must have sp_,_1) (Ys—1) <1
as otherwise 7 = s — 1 almost surely. By the definition of the Root stopping probabilities we thus
have s, (Ys—1) = ru (Ys—1) = 0 for all u < T'— (s — 1). Moreover, on the set {X nr(r—s) = Ys_1}
we have 7y, (X up(r—g)) =0 for all u < T — (s — 1). In particular, since p" A (T —s) < T — (s — 1),
on the set {X na(r—s) = Ys—1} we have rpnnr_g) (XpnA(T_s)) = 0. Hence p" > T — s needs to
be satisfied as otherwise the Root properties of the stopping probabilities would be violated. See
Figure 4 for an illustration of these arguments. O

3.3 The Root optimal stopping representation

Let us introduce some frequently used notations. For the choice of v = §, we simplify the
notation of the interpolation function between the forward and backward Root stopping times to

F(s) := MY (s).

T T

Here « denotes the space-time law induced by the delay stopping time 1 and 8¢ is the corresponding
delayed Root law as defined in Section 3.2. For a given stopping time 7 consider the function

W2 (T, y) = E, [VE_(¥7) + (Use — Uay)(Yr)Ly<r] (3.20)
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We also introduce
ua (T7 y) = u?* (T7 y)

for a backward Root stopping time 7* = inf {t > 0: sp_(Y;) > v.} AT. Considering this refined
notation Equations (3.11)-(3.12) can be written in the following way

Upga (y) = u™(T,y) (3.21)
= sup ug (T, y). (3.22)

Furthermore, it will be of importance that the function u¢ has the following alternative represen-
tation

ug (T,y) = By [VP_ (V7) + (Upe = Uax)(Y7)1r<7] (3.23)
= —E) [| Xyaer—m) = Yo | + (|X,, = Yo| = [ Xy = Y2]) Lrcr] . (3.24)

To further simplify and rewrite these expressions we observe the following lemma.

Lemma 3.10. Let n and 0 be delay stopping times for the processes X and Y respectively. By

(r¢()) (t,2)enxz we denote a Root field of stopping probabilities. For mutually independent U0, 1]-

distributed random variables ug,u1,...,vg,v1,... we consider the forward Root stopping time p :=

inf {t > n:ry(Xy) > w} and for s € R, the backward Root stopping time T :=inf {t > 0: sp_4(Yz) > v} €
Furthermore we introduce the filtration G, := 0 ((Xs)o<s<ts (Ys)o<s<T, Uty -+, Ut, V1, ..., V7).

Then for all A € H := G,nmv(r—7)) with {1 <T} C A we have

E) [1X, — Y7 1a] = B} [| Xpnmvr—m)) — Y| La] - (3.25)

Proof. As X is independent of Y, we have that X is a (G;) martingale and furthermore 7, p as
well as 6 :=nV (T — 1) are (G;) stopping times. Hence, by the optional sampling theorem we can
conclude that for every A € H = G 15 the following holds

E) [X,1a] = E) [Xpns1a]. (3.26)

By definition of the Root stopping probabilities and the definition of 7, on the set {7 < T} we
have sy_, (Y;) > 0. Furthermore sy_;14 (Y7) = rr—744 (Yz) = 1 for all uw > 1. Moreover, on the
set {p > 7, X5 <Y} we must have that X, <Y, as otherwise the Root property of the stopping
probabilities would be violated. We can argue analogously that on {p > &, X; > Y;} we must
have X, > Y. Then

Ei\ HX/J - Y‘r| ]IA]
= E?/\ “Xp - Y7 Lap<s + ‘Xp - Y7 ]lA,p>5]
=B} [|1X, = Yr|Lapcs + 11X, = Yol Lapss xo<v, + X = Yol LA o5, x, v, ]
= Ei\ “Xp - YT‘ La,p<s — (Xp - Y'r) L4 p>6,x5<v, + (Xp - YT) lA,p>&7XaZYT}
= Ei\ “Xp - YT‘ IlA,pS& - (XPA& - YT) ]1A,p>6,X5<YT + (Xp/\& - Yr) ]lA,p>6',X52YT]
=E) [|[Xpns — Y| 14].
where we use Equation (3.26) and the fact that {p > 7, X5 <Y },{p>5,Xs > Y, } € H. O

Choosing v = 4y, p = py and ¢ = 0 in the lemma above enables us to prove the following.

Lemma 3.11. The RHS of Equation (3.11) equals the terminal value of the interpolation function,
that is

—u®(T,y) = F*(T). (3.27)
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Proof. Recall the representation (3.24) and consider the following decomposition

- |X'q - YT* ) ]17'*<T}

- |X17 - YT* ) 17*<T7U>T:| (3.28)
- |Xn — Y- |) 17*<T7TIST] : (3.29)

+ (’Xpn - YT*
Lysr + (‘Xpn =Y
Ly<r + (’Xpn = Yo

We will investigate the two lines (3.28) and (3.29) separately.
Let us first consider (3.28). As p, > 7, we observe that on the event {n > T} we have
NAN(T —7*) =T — 7" = py; A (T — 7%), hence for the first term of (3.28) we can conclude

E? HXnA(T—T*) — Yo ]ln>T] = E.v/;\ HXPn/\(T—T*) — Yo ]ln>T] : (3.30)

_ua(T7 y) :E'L)/\ HXn/\(Tfr*) - YT*
=Ey [|Xpn—r) = Yer
+Ey [[Xpnq—re) = Yor

Furthermore, note the following:
+ On the event {7* < T'} the stopping time 7* equals a backward Root stopping time.
+ On the event {n > T} we have nV (T'—7*) =n=p, A(nV (T —1%)).
« We have {7* <T,n > T} € H (for X defined in Lemma 3.10).

Therefore we can apply Lemma 3.10 to the second term of (3.28) to arrive at

Ez//\ [(|Xpn — Yo | - |X77 - Y ) ]17*<T,77>T]
=E; [(|Xp, = Y| = [Xp,ntpv(r—r+)) = Yo+ |) Lrecrymr] = 0. (3.31)
To summarise, line (3.28) reduces to
E?j\ HXPn/\(T*T*) - Y. 117>T] . (3.32)

Next we consider (3.29). Let us start by examining the first term of (3.29) which can be decomposed
further into

s [Xone—r) = Yo
s [[Xone—r) = Yo
o UKo r) = Yoo
Similarly, the second term of (3.29) decomposes into

E.v;\ mXpn — Y| - |Xn - YT*D ]l‘r*<T,n§T]
=IE2 [(‘Xpn =Yoo | = | Xy = Y5 |) 1T*<T,7]§T,T*7]ST*} (3.34)
"HE; [(‘Xpn — Yoo | = | Xy = Yoo |) Lo <y - (3.35)

Importantly, the second term of (3.33) cancels out the second term of (3.35).
We will proceed to conclude that the terms depicted in (3.34) will equate to 0. For this purpose
observe that:

lnST]
Ly<r,7—n<re] Jr]E; [| Xoa@—r) = Yo | Ln<trecr—y]
Ly<rr—p<re] + By [|Xy = Yoo | Ly<r o <] (3.33)

+ On the event {7* < T’} the stopping time 7* equals a backward Root stopping time.
« On the event {T'—n < 7*} we have nV (T —7*) =n=p, A(nV (T — 7%)).
« Wehave {7* < T,n<T,T—n<7*} € H.
Hence, we can apply Lemma 3.10 to deduce
E;‘ [(|XP77 — Y| - |Xn - Y.
=, [(|Xp, = Yo | = [Xp,ntnvir—r+)) = Yre|) Lrecin<r monse]
=0. (3.36)

) L e <t 7 —n<r]

The final term left to consideration is the first term in (3.35). For this purpose, note that
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24 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

« on the event {7* < T —n} we have n vV (T — 7*) = (T — 7*), and
s {n<T,7* < T —n}eH.
Hence, application of Lemma 3.10 to the first term of (3.35) yields
A
Ey HXﬂn - YT*

n§T7T*<T—n] = ]Ez? UXpnA(T—T*) G n§T7T*<T—n] : (3.37)
To summarise, (3.29) reduces to

E) (| Xp acm—r) — Yre

n<T) - (3.38)
Combining the observations (3.32) and (3.38) the desired identity now becomes easy to see:

—u(T,y) =B} [| X, nr—rs) = Yo |] = F*(T).

O

We are ready to prove Theorem 3.5, the optimal stopping representation of Root solutions to
(dSEP).

Proof of Theorem 3.5. We begin by proving (3.11) through consideration of the interpolation func-
tion
At
Fa(s) = Fpn’,gr* (S) = Eé\ HXpn/\(Tff*/\s) - YT*/\SH .

Then —F*(0) = E; [|X,,ar — Yo|] = Ups(y) which equals the LHS of (3.11), equivalently of
(3.21). It was the purpose of Lemma 3.11 to show that —F*(T) equals the RHS of (3.11), equiv-
alently of (3.21). The equality in (3.11) now follows by Lemma 3.9 (i7), which states that the
interpolation function F*(T") is constant given our consideration of Root stopping times.

Let us proceed to establish the optimal stopping problem (3.12). We keep the Root stopping
time p,, but allow for an arbitrary Y stopping time 7 < T. It still remains true that F/f‘n’fJT(O) =

—Uga(y), and due to Lemma 3.9 (i) we have the inequality —Uga(y) < F;;?T(T). Therefore, we
are left to show that

Fpv(T) <ud(T,y) = —Ey [Vi_ (Y2) + (Upe = Uay)(Ys)Lr<r]
or equivalently
E? [’Xﬂn/\(T*T) - YTH < E; HXW\(T*T) - YT‘ + (’Xpn - YT‘ — Xy - YTD ]lT<T] : (3.39)

We will consider a decomposition into the events {n > T — 7} and {n < T —7}.
Due to Jensen’s inequality and optional sampling we have the following

E; [(’Xpn - YT| - ‘Xn - YT|) ]17<T,n>T*T] >0
and can conclude

]E.v? HXpnA(T—T) - YT| ]ln>T*T]
- E?/J\ HXW\(T—T) - YT’ ]ln>T*T]
E;\ HXM(T*T) - YT’ L7 + (‘Xpn - YT| — Xy — YT|) ]17<T7n>T*T] :
On the other hand we have

E, HX/JM(T T) YT| ]lnéT—T]

= E (| Xp n(r—r) = Y| Ln<cr—rrer + | Xo — Yo | Ly<r—r r—7]

By [|Xp, = Yo | Ly<r—rrer + | Xy = Yo Ly<r s r=7]

1)/\ [|Xn - Y7 Ly<r—r + (‘Xpn - YT| - |Xn - YTD IUST—T7T<T}

1)/\ HXM(T*T) - YT| Ly<r—r + (|Xﬂn - YT| — [ Xy — YT|) ]177§T—7'=7'<T]
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where the inequality again follows by Jensen’s inequality and optional sampling. Together this
proves (3.39). Thus we have shown that

Uga(y) > ud(T,y)

which concludes the proof of (3.12). O

3.4 The Root-Rost-symmetry

To establish the optimal stopping representation of Rost solution to (dSEP) we could simply
repeat the appropriate analogues of the arguments in the section above. Instead however we will
derive the Rost representation from the Root one by observing a symmetry between the two similar
to the approach in [1].

We will first give a brief summary of the results in [1] which were stated in non-randomised
terms.

Recall the definition of a discrete Rost barrier R C N x Z, that is

« If (t,m) € R then for all s <t also (s,m) € R.

Now observe that for any T' € N we can transform this Rost barrier into a Root Barrier Ry in the
following way

Ry :={(T'—t,x): (t,z) € R}. (3.40)

To more conveniently apply results from the sections above we will reverse the roles of X and Y
for Rost stopping times.

A I A A

T—o p=0 Yy

T T
Figure 5: An illustration of the connection between R and Rr, resp. between p and
7 as well as o and p without delay.

Consider a non-delayed (forward) Rost stopping time p = inf {t >0:(t,Ys) € R}. We can now
observe as illustrated in Figure 5 that the (forward) Rost stopping time p can be represented as
a backward Root stopping time 7 := inf {t > 0: (T —t,Y;) € Rr}, and that the backwards Rost
stopping time ¢ := inf {¢ > 0: (T — ¢, X;) € R} can be represented as a (non-delayed, forward)
Root stopping time p := po = inf {t > 0: (¢, X;) € Rr}, to summarise

p=inf{t>0:(t,Y,) eR}=inf{t>0:(T—t,Y;) €ERr} =7

| — (3.41)
c=inf{t>0:(T—t,X;) €R} =inf{t >0:(t,X;) € Rr} = p.

Using this symmetry, in [1] the Rost optimal stopping problem was then derived with the methods
established for the Root optimal stopping problem using the following proposition.
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26 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

Proposition 3.12 ([1, Proposition 3.7]). For each x,y,T, any Y -stopping time T such that
E, (Y]] < o0, and every {0,...,T}-valued X -stopping time o, we have

Eyllz = Yr| = |z = Yoar|] SEY[[Xo = Y| = | X6 —yl]. (3.42)

Suppose furthermore that
r=inf{t e N: (T —t,Y;) € R}, (3.43)
for a Root barrier R and that o = pT°°* N'T. Then there is equality in (3.42).

The proof given for [1, Proposition 3.7] relied heavily on the interpolation function Fy ,(s) =
Foi(s) =Ej [|XU/\(T_T,\S) - YTASH in the following way. To see inequality we observe
E, [z = Y| =]z = Yiar]] < Ei [[Xo = Yr[] = F(,,T(T)
< B [|X, — Y]] = Fyr (0)
= ]Egz; [[Xo = Yo =X —yl].
Equality for Root forward and backward stopping times follows from Lemma 3.9 (ii). In the delayed
regimes however, these arguments cannot be repeated verbatim as Lemma 3.9 (ii) does not hold
for delayed backwards Root stopping times.

We will observe an analogous symmetry to (3.41) in the delayed regime and give the appropriate
generalisation of the symmetries (3.41) as well as Proposition 3.12.

A delayed randomised Root-Rost-symmetry

Let (7¢())(t,z)enxz denote a field of Rost stopping probabilities. Then for any 7" € N we
can transform these Rost stopping probabilities into a field (r{ (2))(s)ezxz of Root stopping

probabilities in the following way

ri () == Tr—y(z). (3.44)

Note that the definitions of Root and Rost fields of stopping probabilities naturally extend to
(t,z) € Z x Z. Consider a delayed (forward) Rost stopping time

ﬁe = ll’lf{t Z 0 : ’Ijt(l/;g) > ’Ut}.

We can now observe as illustrated in Figure 5 that the (forward) Rost stopping time p can be
represented as a delayed backward Root stopping time

T :=inf {t > 0: (V) > v},
and that the (undelayed) backwards Rost stopping time
o:=inf{t >0:7p_+(X¢) > u}
can be represented as a (undelayed, forward) Root stopping time
p::pozinf{tZO:rtT(Xt)>ut},
in sum

po=1inf{t > 0:7(Y;) > v} =inf {t > 0:r]_,(Yy) > v} =1 79 (3.45)
o:=inf{t > 0:7p_+(X¢) > ur} = inf {t >0:r7(X,) > ut} =: p. (3.46)

See also Figure 6 for an illustration of these stopping times.
We see that Proposition 3.12 is valid for any stopping times o and 7, hence also for the choices
o0 = pg and 7 = 79. However, in this case is was already observed in Section 3.2.2 that the
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(A) An illustration of the connection between R and Ry in the delayed regime for 6 < T.
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(B) An illustration of the connection between R and Ry in the delayed regime for § > T.
Figure 6

interpolation function F),, -,(s) will in general no longer be constant when 7 is subject to a non-
zero delay 0. Thus we will no longer recover an equality in Equation (3.42) for a delayed backward
Root stopping time. Moreover the RHS of Equation (3.42) will in general also not equal the RHS
of Equation (3.13), thus cannot be applied to prove our desired generalisation of the delayed Rost
optimal stopping representation.

The following generalisation of Proposition 3.12 is needed.

Proposition 3.13. Let o < T be a stopping time for X and let T be a stopping time for Y such
that E, [|Y;]]. Then

(i)
E, [lz — Yy| — |2 — Yorrl] S EZ [[Xy — Vo] = [Xo = Yonero|] - (3.47)

(ii) For any Y -stopping time 0 such that 0 < T we have

Ey[lz — Yr| = |z — Your|] S B} [|Xo — Y2| = | Xo — Yonr—o] - (3.48)

(iii) Furthermore, let (r¢(x))w z)ezxz denotes a field of Root stopping probabilities, then consider
a field (s¢(x))w,z)ezxz € Ry and let 0 denote a delay stopping time for Y. Then there is
equality in (3.47) and (3.48) when considering the stopping times

o=1inf{t > 0:r(Xy) >w} and
T=inf{t >0 :s7_+(Yz) > v} AT.
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Proof. As observed in the proof of [1, Proposition 3.7] we can conclude the following with the help
of Jensen’s inequality and optional sampling

E, [IZ‘ - YT‘ - |J" - YT/\TH < Ez:f |:|XU - YT| - |X0'/\(T77/\T) - YT/\TH .

Tt is also a straightforward application of the Core Argument (3.15) together with optional sampling
to obtain

]Eﬁ |:|XU'/\(T7T/\T) - YT/\TH = Ezgf HXO - YT/\(T*O’)H

which concludes the proof of (7).

Note that (ii) easily follows from (¢) via Jensen’s inequality and optional sampling by observing
that when 6 < 7 we clearly also have 0 A (T'— o) <7 A (T —0).

It now remains to show (ii7), the equality in the Root case. We will apply Lemma 3.10 for the
choices A = ¢, p = 0 and 7 = 0. We will consider a decomposition into the events {r < T'} and
{r > T}. First note that on {7 < T} we have nV (T'—7) = T — 7, hence by Lemma 3.10 we obtain

Ei HXU - YT| ]17'<T] = E:ﬁ HXU/\(T—T) - YT| ]17'<T] )
thus

E, [(‘JZ - Y‘r| - ‘.73 - YT/\T|) ]lT<T] =0= ]Elz/ [(‘XO' - Y‘r| - |XO'/\(T7T) - YT|) ]17'<T]
= ]Elz/ [(‘XU - YT| - |XU/\(T—7‘/\T) - YT/\T|) ]l‘r<T] .

On the other hand, on {7 > T} we have nV (T — 7) = 0, hence by Lemma 3.10
B [ Xo = Yo [ Lror] = ED ([ Xono = Yo [ Lro7] = EY[[Xo — Y [ Lror] = By [[2 — Y[ 1r>7]
which gives

Ey [(lz = Y7| — |z = Yonr|) Lr>p] = ED [(|Xo — Y| = [Xo = Yoar|) 1r7]
=E} [(IXo = Y| = | Xon@—rar) = Year|) Les7] -

Altogether equality in (3.47) follows. Note that n = 0 was essential here in order to gain this
equality.
It now remains to establish equality in (3.48), that is we need to show

E} [|Xo = Yenr-o)|] = B [[Xo = Yorr—o)|] -
On the one hand we trivially have
Ef [|Xo — Yonr—o)| Lo=r] = Ef [| Xo — Yo| Lo=1] = E{ [| X5 — Yoa(r—o0)| Lo=1] ,
whereas
E} [| X = Yon—o)| Locr] = E [ Xo = Yor(r—o)| Lo<r]
can be argued verbatim as in Lemma 3.10, switching the roles of the two stopping times therein. [

Remark 3.14. Note that Proposition 3.12 can easily be recovered from Proposition 3.13 (i) via
the choices v = 6, and § = 0.

Equipped with this proposition and the (delayed) Root-Rost symmetries (3.45) and (3.46) we
can now give a proof of Theorem 3.6, the optimal stopping representation of Rost solutions to

(dSEP)
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Proof of Theorem 3.6. We want to apply Proposition 3.13. Consider 7 = 7y and note that for the
LHS of (3.47) respectively (3.48) with the help of the Root-Rost symmetry (3.45) we have

Ey [lz = Yr| = |2 = Yoar|]l = Uge (x) — Uga (2).
Furthermore for any X-stopping time o we have
B [|Xo — Yr| = | Xo = Yorr—oy|] = E* [Upe (Xo) — VF_,(Xo)] - (3.49)

It now becomes obvious that Equation (3.13) follows by Proposition 3.13 (iii) by considering
o = o* and the Root-Rost symmetry (3.46), while Equation (3.14) follows from Proposition 3.13
(#1) considering general X- stopping times o < T. O

4 Recovering the continuous optimal stopping representa-
tion as a limit of the discrete optimal stopping represen-
tation

The aim of this section is to recover Theorem 2.7 (resp. Theorem 2.8) from its discrete coun-
terpart, Theorem 3.5 (resp. Theorem 3.6) through taking limits of appropriately scaled SSRWs.

This passage to continuous time essentially relies on the application of Donsker-type results,
similar to the limiting procedure carried out in [1, Section 5] which in turn heavily built on
arguments established in [13]. For this purpose it is important to point out that the results and
arguments presented in Section 3 remain invariant under appropriate scaling of the space-time
grid.

In Section 4.1 we recall the appropriate space-time grid and an associated discretisation of a
Brownian motion into a scaled SSRW as proposed in [13]. We proceed to introducing a discreti-
sation of a continuous (dSEP) to a scaled discrete delayed problem in Section 4.2 and furthermore
explain how our results of Section 3 apply in this case.

It is subject of Section 4.3 to recover continuous Root and Rost solutions to (dSEP) as limits
of solutions to a appropriately scaled and discretised (dSEP). This will give us convergence of the
LHS of 3.11 to the LHS of 2.3 (resp. convergence of the LHS of 3.13 to the LHS of 2.5).

In Section 4.4 these limiting results are furthermore applied to the recovery of the optimal
stopping problem and its value, namely establishing convergences of the RHS of 3.11 to the LHS
of 3.11 as well as 3.12 to 3.12 (analogously for Rost).

4.1 Discretisation of a Brownian motion and its stopping times

We begin by recalling the discretisation of a Brownian motion (W,;);>¢ into a scaled SSRW as

proposed in [13]. For a given N € N consider a discrete set of spatial points XV := {z{,... 2%y}
such that
N N 1 - N
c gy | =75 forj=1,..., LY —1.

« LN ~+/N.

We define a random walk (YkN Jken in the following way. Let YkN = WT]év where the T,iv are given

as those times when a Brownian motion hits a new grid point in XN. More precisely, let (Wo)>o0
be a Brownian motion started in Wy ~ A. Then we define

c iV =inf{t >0: W, € XV}, and

- given Wov = a:jv we define 7Y, :=inf{t > 7} : W, € {xé\ll,xﬁl}}.
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Note, this definition implies that the random walk (YkN )ken is started according to a discretisation
AN of the starting law A given by

N N A
AT =LYy ) = LY Wow).
Now let 7 be a stopping time for the Brownian Motion W;. Then we can define a stopping rule
& for the discretised process Y}V via
N =inf{teN: 7N, <7 <7V
For such a discretised stopping time we have the following convergence results.

Lemma 4.1 (Cf.[13, Lemma 5.2]). Let 6~ be the discretisation of a stopping time T of a Brownian
motion Wy as defined above. Then

YN — W, almost surely, and (4.1)
5_N
N - T in probability, as N — oo. (4.2)

In particular, this implies that for p := L(Y) and for p := LYW.) we have that p™ — p.
Moreover, for every T > 0 we have

YN\ nr = Wear  almost surely, and
N ANT
N

Note that while in [13] this lemma was stated for stopping times 7 that are optimisers of a given
(OptSEP), this characterisation is not essential to the proof given, thus we state the lemma in more

— 17 AT in probability, as N — oo.

generality. Given the convergence of % — 7 in probability, the convergence of (}N/\% — 7AT in
probability is clear. Regarding the convergence of the processes, it is important to observe that by
construction of the discretisation we have TJ]VVT — T a.s. by the strong law of large numbers. Note
furthermore that Y&IY\, ANT = WTf,VN AN hence the almost sure convergence Y&]YV Nt — Wenr is

clear.

4.2 A suitable discretisation of Root and Rost solutions to (dSEP)

Consider a continuous (dSEP) given by the triple (A, n, u). Theorem 2.2 (resp. Theorem 2.4)
gives us existence of a Root (resp. Rost) solution p embedding this measure p after the stopping

time 7.
We propose the following discretisation (AY, 7%, ,uN) of (A, m, ).
AV o= £(}/E)N)?
N i=if{teN: 7V <<} and

= o (Y2) where

N =inf{teN: 7N, <p<VL
(Note that since p > n, it is clear that we also have 5V > f.) If the measure p is supported also
beyond the grid XV given at the discretisation step N we make the boundaries of the grid, zV
resp. x]LV ~ absorbing barriers for the Brownian motion to ensure that the random walk only moves

on the given grid.
The following convergences are now clear by the definitions in Section 4.1 and Lemma 4.1

AV =\

=

vy ._ 1
=N
N

n 2,
=

n
.

=

48



31

Moreover, it is important to observe that the conditions AN <, Lﬁ’\N ( ﬂ,) <c /LN and E [ﬁN] < 00
are satisfied. Therefore, by Theorem 3.3 (resp. Theorem 3.4) and rescaling there exists a field of
Root (resp. Rost) stopping probabilities (Tiv(l'))(t’x)eNXXN where AN C \/%Z such that

Y =1inf {t >V N (YY) > w}
defines a discrete Root (resp. Rost) stopping time embedding the measure £~ into the SSRW YV,
solving the discrete (and rescaled) (dSEP) given by (AN, 7%, u?).

By (Wt(N)> o e denote the rescaled continuous version of the random walk YV defined via
t=>
N
WM = YNt + (Nt — [Nt]) (YLJXIUJA - Yfzvm) :

Note that we have (%, Yﬁ%) = (n(N ), Wéﬁg) almost surely.

We now want to define Root and Rost stopping times for (Wt(N)) " By definition of the
t>0

discretisation we have Wt(N) € XY if and only if Nt € N. Hence we can extend a Root field of
stopping probabilities (T]{V(I))(t7x)6NxxN to [0,00) x R by setting

Npon rﬁj(:v) for x € XN,
ry (@) = N
0 for all ¢ when x € R\ X

Then we define N
pN) = inf {t > V) TfVN” (Wt( )) > ULNtJ} (4.3)

in order to have
(ﬁN, Yﬁ%) = (/J(N)7 W;(IR) almost surely.

Furthermore (7 (2)) (s enxa~ induce a Root barrier RN CNx ﬁZ via
RN .= {(t,z) :r{¥(z) >0},
and a corresponding Root barrier in [0,00) X R can be defined in the following way

R™ .= {(t,a:)e[O,oo)xR:(LNtJ,x)ERN}. (4.4)

We will sometimes use the notation RN =: Rf (resp. RWY) =: RSFN)) and analogously define RY
(resp. R(_N)) via
RN .= {t,z):r)(z)=1}.

Note that RN C Iéf and R - RSFN). We make the same definitions for Rost fields of stopping
probabilities replacing the floor function by a ceiling function.

4.3 Taking limits

The main objective of this section is to show the following convergence of the discrete time
objects defined above to their continuous conterparts. This will be carried out individually for
Root and Rost respectively.

We follow [34] for the definition of a metric on the space of barriers. Let % denote the space of all
Root and Rost barriers in [0, 0o] X [-00, 00]. Then a complete metric on this space can be defined in

the following way. Consider the map f : [0, c0] X [—00, 00] — [0, 1] x [-1,1], f(t,z) := (1%75’ %Iafl)
Let d denote the ordinary Euclidean metric on R. Then for two barriers R, .S C [0, 00] X [—00, <]

Root’s metric dg on the space of all barriers Z is defined as follows

dz (R, S) := maX{ sup d(f(t x), f(S)), sup d(f(R),f(S,y))}-

(t,x)ER (s,y)€ES
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4.3.1 A limit of Root stopping times

Lemma 4.2. Let (p(N))neN be a sequence of discrete Root stopping times as defined in (4.3).
Then there exists a Root barrier R C [0,00) X R such that we have the following convergence

d
(p 0. W) & (o)) (45)
where
p:=inf{t>n:(t,W;) € R}.

Proof. The Root barriers (R )) Nen converge (possibly along a subsequence) to a Root barrier R
in Root’s metric, details can be found in [34].
We define the following auxiliary hitting time

p" = inf {t >n:(t,Wy) € R(N)}
and show convergence in two steps.

(i) We have pv 2, p. This is basically a consequence of a delayed version of Root’s original
convergence lemma, [34, Lemma 2.4], which we provide in Lemma 4.3.

(ii) We furthermore have
(™, w00) = (. ww) | 2o,

which is a delayed version of [13, Lemma 5.6] which we give in Lemma 4.5.

We formulate a delayed version of Root’s convergence lemma, [34, Lemma 2.4]

Lemma 4.3. Letn be a delay stopping time and R be a Root barrier such that for the corresponding
delayed hitting time
T=inf{t>n: (W) € R}

we have E[1] < oco.

Then for any e > 0 there exist 6,0 > 0 such that if for another Root barrier R we have
d#(R,R) < & and for another delay stopping time 7 we have P[|n — 51| > 6] < &, then for the
corresponding delayed hitting time T defined as

F=inf{t>7:(t,W,) € R},

it holds that
P7>r1+¢<e.

Proof. Similar to [34] we make the following choices for ¢ > 0.

+ Choose € > 0 such that £ <  and

. . - €
P|sup Wy>éand inf Wy<—£|>1-—-.
s<t<e E<t<e 4

« Choose T > 2E7l then P[r > T < 7 (due to Markov’s inequality).

€

« Choose M and § > 0 such that if (t,z) € R, t < T, |z| < M and dg(R,R) < §, then

d((t,z),R) < &

- Choose § = &, then P[|n — 7j| > &] < &.
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Then we consider the set

A={we: (i) sup (Wi(w) — W, (w)) > ¢ and
T(w)+E<t<T(w)+e

inf Wi(w) — W; < —§€,

T(w)—i-égtl<r(w)+e( t(w) (w)) €

(i) T(w) < T,
(11i) [Wr(w)| < M,
(vi) T<n+éE}

We then see from the definitions made above that for w € A follows 7(w) < 7(w) 4+ €. Moreover,
these choices and the strong Markov property give us P[A] > 1 —e. O

In order to complete step (ii) in the proof of Lemma 4.2, we need to provide the following
auxiliary convergence result, which is basically a delayed version of [13, Lemma 5.7].

Lemma 4.4. Consider the stopping times
pMN) . — inf {t > ) . (t,Wt(N)) € R(M)} ,

pM = inf {t >n:(t,Wy) € R(M)} ,
where n\N) — 1 in probability. Then we have the following convergence

N d
(Wp((M),N) s P(M’N)) m (WpM7pM) . (46)

Proof. We aim to apply Donsker’s theorem to the continuous scaled symmetric random walk

(Wt(N))te[n(N) "l Let (Bt)te[n,T] denote a Brownian motion, then for each w € Q we have

(N) pp—
(Wt )te[n(N),T] 7(Bt)te[7]7T] € Dt where Dy = UaST C([a’ T])

We define an appropriate metric on Dy. More generally, consider the function space D :=
Ua<p C([a,0]). Thus for each f € D there exist Iy, 7y € R, Iy < 7y such that f € C([ly,ry]). For

f €D and t>0we consider f(t):= f(lyV (tAry)) € C([0,00)) and define the following distance
on D.

dp(f,9) = < sup |f(t) 9(t)l> Vil = lg| V |y =gl

t€[0,00)

Considering this, metric we can apply Donsker’s theorem to get
(W)

and we are able to use the Portmanteau Theorem in the following way

te[n), 1] = (Bt)te[mT]

]\}i—r)IlOO]P) {(Wt(mhe[n(mj] < ’C} =F [(Bt)te[”’T] < ’C}

for all X C D Borel with P* [(Bt)te[n,T] € 3/C] =0.

It is now left to consider cleverly chosen sets K € B(D) to support our convergence claim (4.6).
For M fixed consider WIE(NA},N) and B,u as well as the spatial grid X' := {2 ... ,x%w}.
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34 Delayed Switching Identities and Multi-Marginal Solutions to the Skorokhod Embedding Problem

Choose an arbitrary point 2 € X, t € (0,T] such that (¢,2M) lies somewhere in the interior
of RM) and some v < (t —inf {s : (s,2}M) € RM)}) A (T — ) to consider the set

R(y) = [t —,t+9] x {aM} € RO,

Since the barrier R™) will be a subset of [0,00) x X we can identify a smallest z € X’ such that
z>aM and ([t —v,t +7] x {z}) € R™M). Analogously, we identify a largest y € X, y < 2.
Moreover, let y < wy < -+ < w, < z, w; € X'\ {xf‘/[} denote all those points at which a piece
of the barrier R(M) sticks into our area of interest, precisely ([t — v, + 7] x {w;})NRM) £ . Tt is
clear that there can only be finitely may such points. Consider Ry, := ([t — 7, ¢ + 7] x {w;})NR*)
fori=1,...,n.
We proceed to define the following subsets of Dr.

K= U {feDr: s, 1(9) = RO >4 ¥s e [y, (t =) vV Iy]}

>0
Y€Q

K= () UL eDr:l(s.f(s) — Rull >4 Vs €(t—7) Vit +7]}
i=1,...,n 4>0

YEQ
{f cKNKY: f(t=7) Vi) € (xM,2)}
ICZ ={feDr:f(s)<z—eVse[t—7)Visqg NQ}
K :={f €Dr: flqg) <x} -5} NK;
K0 = U /CZ’(S
qE[t—v,t+]
qeQ
N UKk*nK.

6>0e>0
5€Qe€Q

=
0
i

=
w
i

Then

K is the set of all paths which stay away from the barrier RM) at any time point before
(t —~) V1. Since R™) is a finite barrier, K is a Borel set.

K™ is the set of all paths which stay away from the barrier pieces Ry, ..., Ry, before time t+-.
K. is the set of all paths in K N K™ that are between zM and z at time (t —v) VIy.
KC¢ is the set of all paths that stay below z — ¢ after time (¢t — ) V Iy and before time g¢.

K9 is the set of all paths that are below 2 — § at time ¢ and stay below z — ¢ after time
(t —~) Vs and before time gq.

K29 is the set of all paths that such that there exist a g € [t —~,t+~]NQ fulfilling the properties
of set K9,
q

K# is the set of all paths such that for all § > 0 there exists an ¢ > 0 such that the properties of
set K0 are fulfilled.

Analogously, we define Y with the opposite inequalities.

Note that K* will be a Borel set consisting of all those paths that start somewhere away from
the barrier R™) but hit the barrier for the first time in R(7y) coming from above, while ¥ will be
a Borel set of those paths that hit the barrier R™) for the first time in R(y) coming from below.
Altogether, I := KY U K* will be a Borel set consisting of exactly those paths that hit the barrier
RM) for the first time in R(7) after starting in some initial time [; away from the barrier R,
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We need to identify 0K and to argue that P* [(Bt)te[n,T] € 8IC] = 0. The set 0K will consist

of exactly those paths that start somewhere away from the boundary and either
« hit R(v) exactly at time ¢ & 7, or

« hit R(v) elsewhere, but also touch the barrier RM) before, without passing through the
barrier.

- are born somewhere inside the barrier R™) but immediately leave it without ever touching
the barrier again.

+ are born somewhere inside the barrier and remain flat.

By standard properties of a Brownian motion it is clear that these events must have zero probability.
With appropriate choices of #¥,¢ and v it now becomes clear that we can cover the whole
barrier R with such sets R(7).
We are left to consider the possibility of appearing exactly on the barrier. As a combination of
the convergence of 7" to 1 and Donsker’s theorem gives (should give?)

N d
(U(N)7 W,E(N))) N—> (n, Bn) .

— 00

Now note that similarly to the arguments given in the proof of Lemma 4.3, a Brownian motion
that is very close to a Root barrier will proceed to hit this barrier almost immediately. It is then
a consequence of this regularity of Root barriers which gives us

P [ (n ™, W) € RO —— P [(n,B,) € R,

N—o00
concluding the proof of the convergence (4.6). O
We are now ready to finish step (ii) in the proof of Lemma 4.2.

Lemma 4.5 (Cf.[13, Lemma 5.6]). We have the following convergence
‘(p(N),W;(JX,))) - (pN,WpN)‘ 2,0 for N — .

Proof. Define the following hitting times for the scaled continuous random walk W V)

Then analogous to the proof of [13, Lemma 5.6], but replacing Root’s original convergence lemma
with its delayed version Lemma 4.3, we can deduce the convergence

N N /4
(W) = (P8 e

It is a consequence of Lemma 4.4 that

d
(T(M7N), W,ff\I{/I)N)) N—ooo (p]\lv Wpl%) .

Thus it remains to show that

‘@mem)fgwuﬂﬁ)aiﬁg (4.7)

P N—o00
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For this purpose recall the Root barriers R(+N) and R™) defined above and consider
TJ(FN) := inf {t >n: (t, Wt(N)) € RSFN)} =7,
7N = inf {t >n: (t, Wt(N)) € R(_N)} .

Note that by Root’s barrier structure and the definition of the discretisation we have
1
da (R, R} < = =0 for N = ox,

hence both RSFN) and RV converge to the same Root barrier R in Root’s metric. Moreover, it is
a consequence of Lemma 4.3 together with Donsker’s Theorem that

‘TiN) — TSN)‘ —r 0.
N—o0
Now since TiN) < pM) < 7™ the convergence (4.7) follows, concluding the proof. O

4.3.2 A limit of Rost stopping times

We are left to show convergence of discrete Rost solutions of (dSEP) to continuous ones. For a
measurable set A and ¢ > 0 recall the following measures defined in Section 2

v (A) = u(A) —P[W, € A,p<t] and
(A =a({t} x A)=P*[W, € A,n=1].

Lemma 4.6. Let (p(N))neN be a sequence of discrete Rost stopping times. Then there exists a
Rost barrier R C [0,00) x R such that we have the following convergence

d

where -
pi=inf{t>n:(t,W,)ER}NZ

for

d(”‘tk, Al’ik)

te  with probability P* [Z = tk‘Wn,n =t = Ao,
tk

W,
Z=minZ,, Zj:= (Wn)
keN

oo else.

(Here {to,t1,...} denote the set of (at most countably many) atoms of L*(n).)

Proof. Let R™Y) denote the Rost barrier associated to p) via Definition (4.4). Then the sequence
(R™)) yen of these Rost barriers converges (possibly along a subsequence) to a Rost barrier R in
Root’s metric.

Consider the following decomposition

‘(p(N)v W‘E(]YV))> - (pa Wp)‘ < ‘(p(N)a W;ZX%) ]lp(N)>77(N)+5 - (p7 Wp) ]lp>?7‘

N
+ )(p(N), W[E(N))) L, <pmge = (0 Wp) Loy

)

hence (4.8) is equivalent to both

N
‘(pw’ W;(N))) Lyovsype — (0, W) sy —>€\07;ﬁm 0 and (4.9)
N (N 2
’(p( )7 Wp(N))) ]lp(N)Sn(N)Jrg — (p, Wp) ]lP:U —>E\0,N—>OO 0. (4.10)
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Let us first consider (4.9). Define the stopping time
7i=inf {t > 7n: (t,W,) € R},

thus p = 7 A Z and on {p > 1} we have p = 7. Furthermore, for R™Y) consider the following
(auxiliary) stopping times

N = inf {t >n:(t,We) € R(N)} and
7N) .= inf {t >N (t,Wt(N)) € R(N)} )
We will then show convergence in three steps.

(i) 7V & 7, see Lemma 4.7.

(ii) Convergence for non-randomised hitting times, precisely
(2. W 00 = (N W) | S0,
see Lemma 4.8.

iii) Convergence for randomised Rost stopping times after (™), precisel
g g n y

N) (V) N -
‘(p( ), Wp(N)) Ly spv 4o = (T ’WTN) ]L"N>77’ m o

see Lemma 4.9.

It remains to show (4.10). For € > 0 define

R N
Mév =L (Wp((]yv)) cpMV) > (V) 5)

Y= = pl
as well as
fi:= LY (W,;p>n) and
==

Then by (4.9) we have
Yy = i (W;gv));p(N) > V) —|—€> = [ for N — oo, then € 0.
Thus recall u?¥ = u for N — oo to conclude that we must have
Y =7 :=p— i for N — oo, then € \, 0

where [z corresponds to the mass that is acquired by stopping instantly. In other words

N (Wp({y\,));p(m <™ 4 a) = L (Wy;p=mn) for N — oo, then £ \, 0. (4.11)
The convergence (4.11) is equivalent to
AN N N N A
P {W;w)) e A, p™ <t )+€} mp [Wo € A, p=n] (4.12)

for all measurable A such that P* [W, € A, p =] = 0. As we have the convergence n™) = 5 in
probability we can furthermore conclude

P W) € 4, 0™ <™ e n ™ —t <] P W, e Ap=nn=1] (413)

eNO0,N—o0

for all measurable A such that P* [W, € 94, p=n,n=1] = 0.
That p must now share the desired representation on {p = n} is a consequence of Lemma 2.5

and concludes the proof. O
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In order to conclude the proof above we show a delayed Version of [13, Lemma 5.5].

Lemma 4.7. The Rost barriers RWN) converge (possibly along a subsequence) to another Rost
barrier R>™ and

P = inf{t>n:(t,Wt) ER(N)} ﬁ)inf{t>77:(t,Wt) € R®} =: p™

Proof. Note that both stopping times are subject to the same delay 7, hence we can repeat the
proof of Lemma 5.5 in [13] with minimal adaptations. The arguments used therein rely on the
existence of boundary functions b : (0,00) — R U {oco} and ¢ : (0,00) = R U {—o0} such that
the Rost hitting time can be represented as the first time the Brownian motions (W) either rises
above b(t) or falls below c(t).

While in [13, Lemma 5.5] the Brownian motion was assumed to start in (0, W) it was possible
to give this description using only a single upper boundary function b and lower boundary function
c. Due to the possibly delayed starting in (1, W,) however, the processes might see different parts
of the barrier that remain unseen for other starting positions. Hence we will no longer be able to
describe the Rost hitting time with a single boundary function but as at most countably many
such areas of the boundary can exists we can instead consider a family of boundary function {b,, :
(0,00) = RU{o0},n € N} and {c,, : (0,00) = RU{—00},n € N}. Then for each starting position
(n, W) we can identify the closest boundary functions b, and ¢,. Precisely, for each realisation of
n we can define b, as the boundary function b, such that W, < b,(n) and |(n, W) — (1, b,(n))| is
minimal. There might be several boundary functions fulfilling these properties, however as they
all have to coincide for ¢ > 7 the specific choice is irrelevant. Analogously we define ¢, to conclude
the proof. O

We now give a delayed Version of [13, Lemma 5.6].

Lemma 4.8 (Cf.[13, Lemma 5.6]). For N € N consider a Rost barrier RN) C [0, 00) x TlﬁZ and

let nV) e %N and n € [0,00) be delay stopping times such that n) 2 1. Then for the stopping
times

7N .= inf {t > ) (t,Wt(N)) € R(N)} and
N = inf {t >n:(t,Wy) € R(N)}
we have the following convergence
‘(T(N),Wﬁp)) — (TN,WTN)‘ 20 for N — .
Proof. First we give a slight refinement of the proof in [13, Lemma 5.6] for n = 0.

As in [13, Lemma 5.6] consider the Brownian motions W*¢ = W, & et with drift. Then we
define the following stopping times

otV g {t S0:W, > W, (t, Wtis) c R(N)}’
pNEe = inf{t >0 W, < Wo, (£, WE) € R<N>}7
and
ptN = inf {t >0: W, > W, (t,W,) € R<N>}7

p=N = inf {t >0:W, < Wo, (t,W,) € R(N)} ,
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as well as
gt imint {t > 0w =W, (L w) e RO
pm ™ =it {t> 0w <wi™, (W) e RO
Furthermore for 7' > 0 and € > 0 consider the set

ANE — {w €Q: sup ’Wt — Wt(N)‘ < 6}
0<t<T

and note that by Donsker’s Theorem the probability of (AN ’E)C goes to zero for N — oo.
We have the following properties of the stopping times defined above.

- On the set A% we have that [pH (V) —ptN| < |ptNte — phN=¢| as well as [p— (V) —p=N| <
jpm e g

+ As demonstrated in the proof of [13, Lemma 5.6] it follows from Girsanov’s Theorem that
|ptNte — ptN=e| B g and |p— Nt — po Ve B 0 for e N, 0.

- Now note that p™) = p=(N) A p= (V) and pN = pHN A p=V, thus on the set AN we have
PN — pN| = |ptN A p= N — pt ) A p= (V)]
< |t = P 7N — pm )

< |p+’N’+E +,N,75| 4 |p*,N’+6 _ pf,N,*E|

—p

- Combining all these ingredients we can conclude that |[p(™) — p/| 2, 0 just as in [13, Lemma
5.6].

We now add a delay.
Since ™) 5 1 we can for ever €, > 0 find an Ny € N such that for

e oo <)

we have P [(BN’a)C] < § for all N > Ny. Define the set CNe := ANe 0 BNe for ANe defined

above, then similarly P [(CN“E)C] < 6§ for any 6 >0in N is chosen big enough.
Define the following stopping times.

ptVoEe —inf {t >n: Wy > W, (tv Wtis) e R

)

b
p—VEe = inf {t >n: Wy < W, (t7WtiE) c R(N)}
and
ptN = inf {t >n: Wy > W, ((, W) € R(N)} ,
p~N = inf {t S0 Wy < Wo, (8, W) € R(N)} ,
as well as
po ) = inf{t > ™ W > W), (t,Wt(N)) c R(N)}7

p_’(N) = inf {t > n(N) : Wt(N) < WéN), (t,Wt(N)> € R(N)} .

Replacing the stopping times as well as AN with CN'¢ in the arguments above resp. in [13,
Lemma 5.6] we can conclude the desired convergence. O
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We show the final convergence via a sandwiching argument.

For a given field of stopping probabilities (rtN(x))(t 2)eNx Lz define
’ N

]‘i’f = {(t,z) : 7 (2) > 0},

RN .= {t.z):r)(z) =1} = RN
and let RS_N) and R%V respectively denote their (Rost) continuifications as defined in (4.4). Note
that RV = RY) ¢ RSFN) and the two barriers coincide on all points (¢, x) such that r¥ () € {0,1}.
Furthermore define §(+N) = RSFN) \ ({0} x R) as well as S .= p \ ({0} x R) and recall de,
Roots metric on barriers. While RSFN) and R might differ substantially on {0} x R, for SSFN)

and S’(_N) by Rost’s barrier structure and definition of the discretisation we have
- - 1
d (sﬁ“, s&m) < =0 for N = o, (4.14)

Hence both SiN) and 5'(_N) converge to the same object S in Roots metric.
Define the hitting times

T_(‘_N) := inf {t > T](N) : (t, Wt(N)) € RE,_N)} ,

TSN) := inf {t > n(N) : (t, Wt(N)) S RSN)} .

Then both TiN) and 7") are non-randomised hitting times and we will almost surely have

).

M < pM <7
We will also consider the hitting times
7 = inf {t >n:(t, W) € RS_N)} ,
7N = inf {t >n:(t,Wy) € R(_N)} .
These auxiliary stopping times will help us prove the following lemma.
Lemma 4.9. We have the convergence

b 0. (4.15)

N (N) N
(5, W) Vo e = (7Y, W) Ty NN

Proof. Since TiN) < p(N) < T(N)

almost surely it suffices to show the two convergences

(N) (V) N P
‘ <T+ ,WTiN)) Ilp(N)>’r](N)+6 — (7' ,WTN) ]L,.N>77 m) 0 and (416)
(N) v/ (N) N P
‘ <T_ 7WT<N)) Ilp(N)>n(N)+€ — (T ,WTN) ]17—N>77 m) 0. (417)
Lemma 4.8 gives us the following convergence
(N) N) N d
‘(u ’Wf(i”)> _ (7‘+ ,WTf) —20 (4.18)
as well as
‘(T(N),W%) - (TiV,WTN) ——0. (4.19)
T_ - —00
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Note that (4.18) already implies (4.16) as 7%V = 72V,
To see the convergence (4.17), observe that on {p®¥) > (") 4+ ¢} we will also have AR
n™N) + e, Furthermore, since 7V = Tiv < 7N on {7V > n} we thus also have 7% > 5. Hence it is

a consequence of (4.14) and Lemma 4.7 that

TV Ln sy — TN Lnsy| 2 0.
This together with (4.19) implies convergence (4.17), concluding the proof. O

Lemma 4.2 (resp. 4.6) now enables the first step of recovering the continuous optimal stopping
representation of Theorem 2.7 (resp. 2.8) from the discrete counterpart Theorem 3.5 (resp. 3.6).

Corollary 4.10. Let (AN, 7N, 1) denote a (rescaled) discrete (dSEP) approzimating the contin-
uous (dSEP) given by (\,m,u) as defined in Section 4.2. Let p!N) denote a Root (resp. Rost)
solution to (AN, 7™, uN) while p denotes a Root (resp. Rost) solution to (\,n, ). Then for every
T € [0,00) we have the convergence

N
i =2 (Wi ) = £} (Wonr) = pur. (4.20)

Moreoever this gives convergence of the LHS of 3.11 (resp. 3.13) to the LHS of 2.3 (resp. 2.5).

4.4 A discretisation of the optimal stopping problem and its convergence

It remains to show convergence of the discrete optimal stopping problem to the continuous one.

Les us consider a continuous (dSEP) determined by (A, n, u). We will first prove convergence
of the Root case, the Rost case can then be argued analogously.

To avoid heavy usage of floor functions, we will assume from now on for the cutoff time T' €
I:= {5 :mmne N}. Then taking limits along the subsequence (Y2")n€N (resp. (W(Q"))RGN)
ensures that there exists an Ny € N such that T will always be a multiple of the step size 2—1n for
all n > Ny. For arbitrary T > 0 the results can be recovered via density arguments.

With the help of the function

Gr(z,t) = Vi_(2) + (Un(2) = Uax () Li<r

we can recall the continuous identities of interest

Uy () =E* [Gp (Wr-, 77)] (2.3)
= sup E® [Gr (W,,7)] (2.4)

where the optimiser is given by
T =1p AT for rp :=inf{t >0: (T —t,W) € R}

for a Root barrier R.

Let now (AN, 7%, 1) denote a (rescaled) discrete (dSEP) approximating the continuous (dSEP)
as defined in Section 4.2.

Note that Lemma 4.1 gives us the following additional convergence results

oy =N (Yﬁ%) — ax and (4.21)
" (Yﬁ%ATN> - ‘C/\(WnAT)~ (4.22)
Thus we are able to define a discrete version of G in the following way

G (,8) = Vi (@) + (U () = Uy (@) Ducr
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where
N
VTN(x) =FA HYﬁJX,ANT - xH .

Here V¥ (resp. V&) is the potential function with respect to the LHS (resp. RHS) of (4.22), hence
we have uniform convergence of G& to Gr due to the uniform convergence of all the potential
functions involved.

Theorem 3.3 gives existence of a Root field of stopping probabilities (r}Y (7)) (t,2)enxx~ such
that the corresponding discrete delayed Root stopping time g% embeds the measure uV. Let

RN .= {(t,x) e Nx XN v (z) > 0}

denote a Root barrier induced by the field of stopping probabilities and let R(N) denote its con-
tinuification as defined in (4.4).

The rescaled version of the results in Theorem 3.5 then read

7~_N*
Uy (z) =E [G¥ (Y;x*, Nﬂ (3.11%)
_ z [N (N T *
= sup E [GT (YT ’N)}’ (3.12%)

N <T
and an optimiser is given by
N = FNANT for 7Y :=inf{t e N: (NT —t,Y,N) e RV}

To conclude the proof of Theorem 2.7, it remains to establish the following two convergence results.

Lemma 4.11.

(i) We have convergence of the RHS of (3.11%) to the RHS of (2.3), precisely
N N 7~'N* N—oo
E* l:GT (Y,;N*, N>:| — = E* [GT (WT* ) T*)] .

(ii) We furthermore have convergence of the RHS of (3.12%) to the RHS of (2.4), precisely

gug% E* {G¥ (YTN, %)} Moo, Sg;T) E* [Gr (W,,7)].

Proof. To see (i), recall the continuous rescaled version W) of Y. Then due to [13], Section 5,
alternatively also due to Lemma 4.6 for the trivial delay (™) = 7 = 0 and additionally considering
the Root-Rost symmetry we have the following Donsker type convergence

(T<N>*7W<N> ) & (7%, W,-) as N — oo, (4.23)

F(N)*

where
P minf fe> 00 (T -6, W) e RO AT

is the backwards Root stopping time of W) and
T i=inf{t>0: (T —-t,W;) e R} AT

is the backwards Root stopping time of the Brownian motion. Furthermore, note that by the
definition of the discretisation we have

(i) = (o).
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Since all other crucial properties - that G is a lower semi-continuous function and that G¥
converges uniformly to Gr - are also given here, we can repeat the convergence proof given in [1],
Section 5 verbatim.

It is left to show (7i), convergence of the optimal stopping problems. Trivially, we have

E* [GT (W, )] < sup E* [GT (W, 7)].
<<T

Hence it remains to show that

sup E* [GT(W,,7)] < E* [GT (W, 7)].
7<T

Let 7 be an optimiser of the continuous optimal stopping problem (2.4). Consider the auxiliary
functions

G, 8) 1= Vi y(#) + (Up(#) = Uax (#)) Lisr—< and
ég’s(x,t) =V (z) + (U/LN (z) - Uay (I)) Licre.

Then for any § > 0 we have the following

sup E* [Gr(W;,7)] — 6 < E* [Gp (W7, T)] (4.24)
= li{% E® [GZ(W3,7)] (4.25)
€
AN y o
< T Tim inf B2 e(yN T '
< 611\{‘1(1] lﬂl(l)’lofE [GT (YUN, N )] (4.26)
< T L z [ AN, N T )
< g lypint sup B |G (7, ) 427
<1 .. . - N N l )
< 6h\r‘r}J l}ﬂ?@f %bﬁqu_E]E {GT_a (YT , N” (4.28)
N [y To
RT N x —e
= Eh\r"% lﬂlglofE Gr_. Y%%v_*s, N (4.29)
= lim E* [GT_E (WT;%, 7‘;«_6)} (4.30)
= i Uy (@) (431)
=Uu,(z) =E* [G(Wre,77)]. (4.32)

We justify this chain of inequalities and equalities step by step.
The inequality in (4.24) is clear as 7 was assumed to be an optimiser. For the difference between
Gt and G% we have

|Gr(,t) = G (2, )| = |Up(x) = Uax ()| Ir—ccrer,

<c<oo

hence for a random variable X and stopping time 7 we have
E” [|GT(X,7') — GET(X,T)H <c-Plre(T—-eT).
Now since lim\ o P [7 € (T'—¢,T)] = 0 we can conclude

lim E* (|G (Ws, 7) = G2(Ws, 7)[] = 0,
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which gives (4.25). The inequality in (4.26) follows from uniform convergence of G2'° to G5 and

the fact that G’TJYE is lower semi-continuous. In (4.27) we simply take a supremum. To see (4.28),
let us extend the function V¥ (z) to T' < 0 in the following way.

7l

VN (x) =
! Uy~ (z) for T' < 0.

{—EA HY]}CANT—QEH for T'> 0 (4.33)

Consider ¢ < u, then T —u < T — ¢, thus also 7% A (T —u) < 4N A (T —t). Due to Jensen and
Optional Sampling we then have

N N
~Vil,(z) = B Hyﬁ]}(]/\(T—u) - xH <E* HYﬁJX’/\(T—t) - xH = Vil (),

or equivalently
Vil (a) < Vil ().

Especially, we have for € > 0 that
VTth(x) < Vij“\isft(m)a

hence the function v(t,z) := V' ,(z) is increasing in t and convex in z. Now

sup B |G (v, )] = sup B[ Vi, (V) 4 (U = Uy) (%) L cr— |
N = N =

<SVN (YN

—"T—e—71

<(Un Uy ) O 5

< sup [VTN, (YN (UHN - Uag) (VM) 1%<T,5] (4.34)

F<T
< sup B {égi (YTN, l)} (4.35)
F<T N

It remains to show that no optimiser of (4.34) resp. (4.35) will stop after time T'—¢. By definition
(4.33) we have V& ___ (YTN) = VT{\LﬁT/\(ng) (YTN) since we cannot do better than V¥ (YTN) =
Uw (YY), Now, let (Z;);>0 be a martingale. Then we consider (C?g_se (Zt,t)) : =

- te[T—e, T
(U (Z0))sepr—e 1) As Unw is a concave function, (Uy (Zt)),e(r—c 1) is @ supermartingale and
for any stopping time 7 we have

E* |G, (Zencr—e) 7 AT = )| 2 B [GYZ (Zonr, 7 AT)]

Hence we see that no optimiser of (4.35) will stop after time T'— € which concludes (4.28). Due to
Theorem 3.5 we know that

N =inf{teN: (N(T —¢)—t,YN) e RN} AN(T —¢)

is an optimiser of the optimal stopping problem

sup E” [G¥76 (YTN, l)}
Z<T—- N

which gives equality in (4.29). The convergence (i) together with Corollary 4.10 gives equality
in (4.30) and (4.31). The convergence (4.32) follows by considering the barrier R such that the
corresponding Root stopping time p embeds the measure . Then the measure pr will be embedded
by pr :=1inf{t > n: (t,W;) € RU([T, o00) xR)}. Obviously, we have that RU([T, c0) x R) converges
to RU ([T,o0) x R) in Root’s barrier distance for e N\, 0 and convergence of the corresponding
measures follows from Lemma 4.3. O
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This concludes the convergence of the discrete optimal stopping representation to the continuous
optimal stopping representation, hence completing the proof of Theorem 2.7.

The convergence in the Rost case now follows analogously, choosing the function G and G&
as

GT(J"’ t)
T

Gy (1)

=Uy(z) — Vi_(x) and
1= Uy (z) = VL, (2),
concluding the proof of Theorem 2.8.
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Supplemental material: Examples of Root and Rost
Solutions to discrete and continuous (dSEP)

In this supplemental material we give detailed examples of the computations involved in deter-
mining concrete Root and Rost solutions to the discrete, possibly delayed (SEP) as proposed in
Theorems 3.3 and 3.4 as well as concrete example of continuous time Root and Rost solutions to
the (dSEP).

The structure of this supplemental material is as follows. In Section 1 we choose an initial
and terminal measure and follow the algorithm proposed in Theorem 3.3 to first solve the unde-
layed discrete (SEP) with a discrete Root solution. We provide detailed computations along with
discussions of resulting barriers and show potential realisations of the random walk hitting these
barriers. Subsequently, we introduce a non-trivial delay and revisit the computations to illustrate
the modifications required when accommodating such a delay. In Section 2 we proceed in exactly
the same manner to illustrate the algorithm proposed in Theorem 3.4 to provide a discrete Rost
solution.

Section 3 gives discussions for concrete solutions to continuous time Root and Rost solutions
to the (dSEP) and Section 4 does the same for the (MMSEP).
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50 Supplemental Material: Examples of Root and Rost solutions to the discrete and continuous (dSEP)

1 Examples of Root solutions to the discrete (SEP) and
(dSEP)

Consider the following example (with random starting but without delay)

1 1.1
A= 15—1 + 550 + 151,

1 7 5 7 1
6ot b+ 260+ =6, + =6
p=g0-2t g0t gl T gp0n g0

and n = 0.

Then «(0,2) = A({z}) and «a(t,z) = 0 for every t > 0. Moreover, ax = L£*(X,) = X and the
measures are in convex order as seen in Figure 1.

0.0 1

—0.5 1

_1_0 .

—1.51

_2'0 .

-20 -15 -10 -05 00 05 1.0 15 2.0
Figure 1: Potential Functions.

The correct Root solution to this problem would be the barrier shown in Figure 2 where the
probability of staying in the point (0,0) is given by %. We will recover the field of stopping
probabilities (r:(2))t,s)enxz by following the algorithm proposed in Theorem 3.3.

First note that we will only have to consider € {—2,—-1,0,1,2}, as all other spatial points
will never be reached by the random walk.

For the expected local time E* [L} (X)] = L(z) we have

7

1 1
L(2)=0,L(1) = 7 L(0) = 16 L(-1) = 1 and L(—-2) =0.
Consider first time ¢t = 0, then we have ag(z) = A({z}), thus
Gy () t=0 I t=
T = A0(2) = 0 x=2 | B=0
r=1 | a(1)=1 r=1 | I} =0
z=0 a()(oy; and 0 | =0
z=-1]a(-1)=1 r=—1|1'=0
x=-2| a(-2)=0 r=-2|12=0
The quantity % A1 yields
t=0 ri(z) |t=0
=2 T =2
r=1 1 rz=1 0
7 , hence 1
T =2 T = -2
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For the next time step t = 1 we have

ay () t=1 I t=1
x=2 dl()—é x=2 11%:(1)
r=1 ai(l) = 55 r=1 i =5
and
T = a1(0) =1 r=0 l?:%
v=-1]da(-1)=55 z=-1]1'=1
r=-2| &(-2) =1 r=-2]1;2=0
The quantity Lgi)(;)lf A1 yields
t=1 re(x) | t=1

=2 0 =2 1

=1 0 hence z=1 1

z=0 0 z=0 1

r=-2 0 r=-2 1

Repeating the computation for ¢ > 2 we again recieve r(x) =1 for all z € {—2,—-1,0,1,2}.
Altogehter, we recover a barrier R described by the following stopping probabilities

t=20 t=1 t=2
x=2 ri(2) =1 r2(2) =1
rz=1 7"0(1):0 7‘1(1)21 7‘2(1):1
=0 | r(0)=1% 7r(0)=1 7‘2(0):1
z=-1]7r(-1)=0 ri(-1)=1 mry(-1)=
T =2 ri(=2)=1 ry(-2) =

Check Figure 2 for an illustration of this barrier and several different possible realisations of a
random walk embedding the measure p.

v

v

v

Figure 2: Discrete Root barriers solving the discrete (SEP) and possible realisations
of the stopped random walk.

Adding a delay. Let us now consider a non-trivial delay n such that P[n = 0] =

and
P[lnp=1] = % and 7 is independent of X. Then

W=

1
:—5_ 6 5 6 0o
Qx 2 2+ 1+ 500+ 1+12

and ax <. p will be satisfied as seen in Figure 3.
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-20 -15 -1.0 -05 0.0 0.5 1.0 15 2.0

Figure 3: Potential Functions.

Considering this delay, the correct Root solution will be the same as in the undelayed case
above (Figure 2), however, the probability of staying in the point (0,0) increases to 2.
For the expected local time E* [L} (X)] = L(x) we have

1 5

L(2)=0,L(1) = oL L(0) = v

L L(—1) = 1i2 and L(—2) = 0.

For a(t,z) :== P* [X,, = 2,1 = t] we have the following.

alt,z) |t=0 t=1 t=2
T
Sl I
= 12
T = L £ 0
¢ ¢
= -2 0 15 0
At time ¢ = 0 we have ag(x) = «(0, z), thus
x=2 ap(2) =0 x=2 I2=0
=1 | a(l)=5 r=1 | =0
z=0 5[0(0)_%2 and o | m=0
r=-1|a(-1) =1 r=—-1]1;'=0
r=-2| &(-2)=0 r=-2|1°=0
The quantity ng)(;)lé A1 yields
t=0 r(z) | t=0
x=2 T=2
=1 1 r=1 0
5 hence 3
x=—1 1 x=-1 0
r=-2 T =-2

which is precisely what we expect to recover. For the next time step we have

() t=1 12 t=1
=2 dl((Q))zé r=2 lzlf_l
=1 | a(1) = r=1 1= 1

< and 12
z=0 ~a1(0):£7 z=0 17(1)1:4731
r=—1 041(—1):? r=-111" =1
r=-2| &(-2)=3 r=-2|172=0
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The quantity Lgi)(;)lf A 1 yields
t=1 r(z) | t=1
=2 0 =2 1
r=1 0 hence r=1 1
=0 0 =0 1 7
r=-1 0 r=-1 1
T =2 0 T =2 1

as desired. Check Figure 4 for in illustration of this barrier and several different possible realisations
of a random walk embedding the measure p after the stopping time 7.

v
v
v

Figure 4: Discrete Root barriers solving the discrete (dSEP) and possible realisations
of the stopped random walk.

2 Examples of Rost solutions to the discrete (SEP) and (dSEP)

Let us now construct a Rost solution to the discrete delayed (SEP). Consider the following
example (with random starting but without delay).

1 1 1
)\—1571—’—550"'151 and
1 5 1 ) 1
=-4_ —_ =80 + —01 + =0o.
H 3 2+16 1+80+161+82

-20 -15 -10 -05 0.0 0.5 1.0 1.5 2.0

Figure 5: Potential Functions.

We want to follow the algorithm proposed in Theorem 3.4 in order to recover a Rost field of
stopping probabilities (7¢(z))(+,z)enxz solving the discrete (SEP).
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We need to compute the quantities

vi() = ) — B [X, = ¢, p < 0]
and
ap(z) =P Xy =a,n<t,p>t].
Also here we only have to consider x € {—2,—1,0,1,2} as all other spatial points will never be
reached by the random walk.
Let us first consider ¢t = 0. Then vy (z) = p({z}) for all t € N and ao(z) = A({z}), hence
vi(x) t=0 Gy () t=0
=2 uo(z)zé =2 7(2) =0
x=1 v(l) = 75 z=1 ap(1) =1
z=0 vo(0) = % and x=0 640(0)_%
r=-1|p(-1)=23 v=-1|adao(-1)=13
r=-2| n(-2) =% x=-2| a(-2)=0

Computing the quantity rq(x) = g‘;((?) A1 yields

ro(z) | t=0

T =2

=1 1

=0 |

z=-—1 1

T =2

For the next time ¢t = 1 step we have

vi(x) t=1 6y () t=1
r=2 y1(2:% r=2 ai1(2) =0
r=1 | nn(l)=4 and r=1 | ;(1) =5
=0 v1(0) =0 z=0 a1(0) =0
x=-1 Vl(_l):Tla r=-1 071(—1):1—36
r=-2| 1n(-2)=; r=-2| @(-2)=0

Computing the quantity ri(z) = gll((?) A1 yields

ri(z) | t=1

T =2

r=1 %

z=0 0

r=—1 %

T =2

Now for t = 2 we have

v () t=2 aa () t=2
T =2 1/2(2):% T =2 642(2):%6
z=1 | 1(l)=0 z=1 | a(1)=0
r=0 | wo=0 ™ a-0 | a0-=}
r=—1] 1(-1)=0 x=—-1] ax(-1)=0
x=-2|1(-2)=% r=-2] d(-2) =1

Computing the quantity ro(z) = gi((g;)) A1 and using the convention that 7;(z) = 0 when v4(z) =0

yields
72



95

ro(z) | t=2
T =2 1
r=1 0
T = 0
z=-1 0
T =-2 1

For all ¢ > 2 a similar computation to above will show that r,(2) = r4(—2) = 1 and r¢(z) =0
for x € {—1,0,1}. Check Figure 6 for in illustration of this barrier and several different possible
realisations of a random walk embedding the measure p.

A A A

A

v
v
v

Figure 6: Discrete Rost barriers solving the discrete (SEP) and possible realisations
of the stopped random walk.

1

Adding a delay. Let us now consider a non-trivial delay 7 such that Pln = 0] = § and

Py = 1] = 2 and 7 is independent of X. Then
5 6 7 6 5
ox = o2t ggftgglot gt o

and ax <. p will be satisfied as seen in Figure 7.

0.0 A

—0.5 1

—1.0 A

_1.5 .

—2.0

-20 -15 -1.0 -05 00 05 10 15 20
Figure 7: Potential Functions.

Let us again follow the algorithm proposed in Theorem 3.4 in order to recover a Rost field of
stopping probabilities (7¢(2))(+,z)enxz solving the discrete (dSEP).
First consider ¢ = 0, then 14 (x) = p({z}) for all t € N and ap(x) =

—~

{0}, {z}), hence

vi(x) t=0 Gy () t=0
r=2 1(2) = & r=2 @ (2) =0
z=1 1/0(1):% and | F=1 | ae() =5
r=0 | w0)=g r=0 | G(0) =33
r=-1|w(-1)=q5 r=—1|ay(—-1) =5
r=-2| 1(-2) =% r=-2| @&(-2)=0
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Computing the quantity ro(z) = gz(é)) A1 yields
ro(z) | t=0
T =2
r=1 1
z=0 1
r=-1 1
T =2
For the next time ¢t = 1 step we have
v1(x) t=1 Ay (z) t=1
x =2 1(2) =+ =2 &1(2):%
r=1 | nl1)=4: and rx=1 dl(l)_% '
z=0 1/1(0):% z=0 071(0):ﬂs
x=—1 yl(—l):?g x=—1 dl(—l):%
r=-2] 1n(-2)=3 r=-2|a(-2) =3
Computing the quantity r (z) = 'fll((?) A1 yields
ri(z) | t=1
=2 1
r=1 1
v=0 | 1
r=—1 1
T =2 1
Now for ¢t = 2 we have
va(z) t=2 ao(x) t=2
x=2 1/2(2):% x=2 a2(2) =0
r=1 (1) =55 and r=1 as(1) =55
z=0 12(0) =0 x = a2(0) =0
v=-1]w(-1)=2 r=—1|a(-1)=3%
r=-2|1p(-2)= 4 xr=-21] ax(-2)=0

Computing the quantity ro(x)
yields

v2

042(

ro(x) =2
=2
r=1 %
=0 0
r=-1 %
r=-2
Now for t = 3 we have
v3(z) t= as(zx) t=3
x=2 v2(2) = 5% x=2 a2(2) = 55
x=1 (1) =0 x=1 as(1)=0
z=0 | w(0)=0 and g Gs(0) = &
x=—-1| 1n(-1)=0 r=-1] ax(-1)=0
v=-2|1n(-2) =% z=-2|a(-2) =4
Computing the quantity r3(z) = gz((g;)) A1 and using the convention that 7;(z) = 0 when v4(z) =0

yields
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(fv)) A1 and using the convention that r;(z) = 0 when v4(z) =0
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rg(x) | t=3
T =2 1
r=1 0
T = 0
z=-1 0
T =-2 1

For all ¢ > 3 a similar computation to above will show that r4(3) = r¢(—3) = 1 and r(z) =0
for x € {—1,0,1}. Check Figure 8 for in illustration of this barrier and several different possible
realisations of a random walk embedding the measure pu.

v
v
v

Figure 8: Discrete Rost barriers solving the discrete (dSEP) and possible realisations
of the stopped random walk.

3 Continuous time Root and Rost solutions to (dSEP)

Let 1 and v be two measures with the respective densities ¢, and ¢,. Then note that for the
infimum of the two measures p and v

(uAv)(A):= inf  (u(B)+v(A\ B))

BCA, B measurable

we have that

(4 A v)(A) = /A (@) A gy (@)de.

Given a probability density function ¢ we will write

Up(a) = — / & — ylo(y)dy

for the associated potential.
From now on ¢; will denote the probability density function associated to A (0,t).

Let us consider the following example
A=0dp and p=N(0,2).
We will consider three different delay scenarios.

(0]
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(A) No delay. (B) Constant delay. (C) Stochastic delay.
Figure 9: Root solutions to (dSEP) for A = §g, u = N(0,2) and different delays.

: 4
- s L
— T —— LMN \\
(A) No delay. (B) Constant delay. (C) Stochastic delay.

Figure 10: Rost solutions to (dSEP) for A = &y, = N(0,2) and different delays.

3.1 No delay.

First consider the delay n =0, i.e. a conventional (SEP). Then
L2XW,) = L2XWy) = do <. N(0,2) = p.

The Root case

The unique Root solution in this case is given by R = [2,00) x R, thus p = 2 and trivially
Wy ~ N(0,2) as seen in Figure 9 (a).

The Rost case
Note that £*(n) = &y, hence we only need to consider the single atom in ¢ = 0 of 7. Then
vo = p=N(0,2)
and
ap(A) =P Wy € A, =0] =P [Wy € A] = 6p(A).

Thus as the measures vy and ag are mutually singular we have (vg Aag)(A) = 0 for any measurable
set A and for the random variable Z of Theorem 2.4 we have Z = co almost surely.
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Given the potential Uy, (x) for every (t,z) € [0, 00) xR obtained via solving the optimal stopping
problem of Theorem 2.8 we can identify the set

R:={(t,2) : Uy, (z) = Ux(2)},
which will be a Rost barrier and the stopping time
p=inf{t>0:(t,W;) € R}

will embed the measure . A numeric approximation of this solution can be seen in Figure 10 (a).

3.2 Constant delay.
Consider now a constant but non-zero delay n = 1. Then

LAW,) = L2X(Wy) = N(0,1) <. N(0,2) = p.

The Root case

The unique Root solution in this case is still given by R = [2,00) X R respectively p = 2 as seen
in Figure 9 (b).

The Rost case
Note that £*(n) = &1, hence 7 has a single atom in 1 and we only need to consider ¢ = 1. Then
v =p=N(0,2)
and

a1 (A) =P W, € A,p=1] =P [W, € A] = N(0,1).

For x in the interval I := [2\/10g (\@)72\/Iog (ﬂ)] we have po(z) < p1(x), hence

gog(x)dx—i—/ ~p1(x)de.
AnTI®

(Vl/\al)(A):/Agol(w)/\m(w)dx:/A

NI
This implies that inside of the interval I we stop with the probability given via the density 5 and

outside of the interval we stop immediately.
Thus for the random variable Z = Z; of Theorem 2.4 we have

P* [Z = 1’W1 €A = m/qwl(x) A o (z)d.

Especially, this implies Z = 1 almost surely given that W; € A C T
Note furthermore that

Ve (a) = Uy (z) fort<1 and
! Up, (z) fort>1.

Given the potential U, (z) for every (¢,z) € [0,00) x R obtained via solving the optimal stopping
problem of Theorem 2.8 we can identify the set

R:= {tx) : Uy, (z) = V*(2)},
which will be a Rost barrier and the stopping time
p=inf{t>1:(t,W;) € R}

will embed the measure u. See Figure 10 (b) for a numeric approximation of this solution.
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3.3 Stochastic delay.

Consider now a delay stopping time 1 such that PA[p = 1] = v and P*[p = 2] = 1 — ~ for
v € (0,1). Then
LAWy) ~ 1+ (1= )2,

i.e. the random variable W), is distributed according to the probability density function
on(2) == vp1(z) + (1 = 7)p2().

The Root case

For any choice of v the unique Root solution will still be given by R = [2,00) x R respectively
p = 2 as seen in Figure 9 (c).

The Rost case

We have £*(n) = 701 + (1 — )2, thus we need to investigate the two atoms ¢ = 1 and t = 2.

But the Rost solution will depend heavily on the choice of ~.
Consider v = 2

At time t = 1 no mass has yet been embedded, hence

vi(A) = p(4) = /A o) dz,

Furthermore, for the free running mass at time ¢ = 1 we have

a(A) =P W, c An=1] = /A %pﬂx)dw.

Then for = in the interval I := [—2\/10g (%ﬂ),Q\/log (iﬁ)} we have that ¢o(z) < 3¢1(),

hence 3 3
nan) = [ n (faw)dr= [ owans [ S
A ANT, ANTY
For the random variable Z; of Theorem 2.4 we have

3

P [Zl = 1|W1 c€An= 1] = Iz ElA,n 1 /Aapg(x) A <4<p1(x)) dx.

Especially, this implies Z; = 1 almost surely given that n =1 and W; € A C Ti.
Consider now ¢ = 2.
Then for A C I, we will already have embedded all necessary mass, hence

vo(A) =0 for ACI;.

However, how much mass is left to embed in T:j is not to straight forward to compute any more.
We turn to the results of a numeric approximation of this solution given in Figure 10 (b). From
this figure we can infer existence of a second interval I5 such that I; C Is and for the conditional
. - . —C
density 12 of Zs we have 1)9(x) = 0 for © € I while ¢2(x) =1 for = € I.
For the potential V,* of the delay we have

Up, (x) for t <1,
V(@) = Usp41,(x) forl<t<2and
Uy, () for t > 2.
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Given the potential U, (z) for every (¢,z) € [0,00) x R obtained via solving the optimal stopping
problem of Theorem 2.8 we can identify the set

R:= {(tvx) : Uﬂt(‘r) = Vta(x)}7
which will be a Rost barrier and the stopping time
p=inf {t >n:(t,W;) € R}

will embed the measure p. See Figure 10 (c) for a numeric approximation of this solution.

4 Root and Rost solutions to the (MMSEP)

Instead of a delay stopping time let us consider a (MMSEP) given by the initial distribution
A :=Jy and the two marginals

H1 ::N(Oa 1) and pg 1= N(O?Q)

”’\W //
N

\\\

Figure 11: Root and Rost solutions to (MMSEP) for A = dp, u1 = N(0,1) and
w2 = N(0,2).

The Root case

The (MMSEP) will be solved by Ry := [1,00) x R, respectively p; = 2 and Ry = [2,00) x R,
respectively ps =2 > 1 = py, see Figure 11 (a).
The Rost case

Consider the first marginal. As the measures A and p; are mutually singular no external
randomisation is needed in this case. Given the potential U, ,(x) for every (¢,z) € [0,00) x R
obtained via solving the optimal stopping problem of Theorem 2.8 we can identify the set

Ry = {(t,m) U () = UA(x)} ,
which will be a Rost barrier and the stopping time
p1=inf{t>0:(t,W,) € Ry}

will embed the measure p.

Let us now consider the second marginal. Note that n = p; is an atomless stopping time, hence
no external randomisation is needed. Then given the potential Uy, , () for every (¢,z) € [0,00) xR
obtained via solving the optimal stopping problem of Theorem 2.8 we can identify the set

RQ = {(t’x) : Ultz,t (37) = Uﬂl,t(m)}7
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which will be a Rost barrier and the stopping time
P2 = inf {t >p1: (t, Wt) S RQ}

will embed the measure ps. See Figure 11 (b) for a numeric approximation.
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Robust Option Pricing with Volatility Term Structure —
An Empirical Study for Variance Options

A. M. G. Cox and A. M. Grass

Abstract

The robust option pricing problem is to find upper and lower bounds on fair prices of financial claims using only the
most minimal assumptions. It contrasts with the classical, model-based approach and gained prominence in the wake
of the 2008 financial crisis, and can be used to understand the extent to which a model-based price is sensitive to
the underlying model assumptions. Common approaches involve pricing exotic derivatives such as variance options
by incorporating market data through implied volatility. The existing literature focuses largely on incorporating
implied volatility information corresponding to the maturity of the exotic option. In this paper, we aim to explain
how intermediate data can and should be incorporated.

It is natural to expect that this additional information will improve the robust pricing bounds. To investigate
this question, we consider variance options, where the bounds of the informed robust pricing problem are known. We
proceed to conduct an empirical study uncovering a surprising finding: Contrary to common belief, the incorporation
of more information does not lead to an improvement of the robust pricing bounds.

Keywords: variance option; robust pricing; Skorokhod embedding problem; Root barrier; Rost barrier.
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2 Robust Option Pricing with Volatility Term Structure — An Empirical Study for Variance Options

1 Introduction

It is well understood by market participants and regulators that the problem of pricing financial
derivatives is highly susceptible to model risk — that is, the risk associated with using incorrect
pricing models. One aspect of reducing model risk is to ensure that pricing models accurately
reflect quoted market prices (calibration), however by itself, this is insufficient to remove all model
risk, since there are typically multiple models which can fit the same set of market prices. It is
therefore necessary to understand the set of all models which calibrate to a given set of market
prices. By increasing the set of prices that we require a model to calibrate to, we reduce the class
of models which can calibrate to the data, and we would therefore expect to get a smaller class
of models that are consistent with increased market data, and therefore a better understanding of
possible behaviour implied by market prices.

A natural question that arises in practice is: given all relevant prices, can I significantly reduce
the range of models which are consistent with observed market prices? In this paper, we will
consider this question in the case of market prices for options on variance, given market information
in the form of the implied variance term-structure, with information about all available maturities
up to the maturity date of the variance option.

Classical approaches to derivative pricing rely on calibrating a class of parametric models to
market prices of vanilla options (for example, in the equity context, European Call options). In
practice, this process leads to inconsistencies, since parametric models are generally insufficient
to capture all possible market features, across multiple maturities for both long- and short-dated
maturities. On the other hand, more flexible models (such as Dupire’s Local Volatility model [36])
offer greater versatility, but are known not to match market dynamics well, [43], and as a result,
are not always reliable models for pricing exotic options.

An alternative approach lies in methods generally called robust, or model-independent pricing.
In this approach, dating back to the seminal paper of Hobson [50], one looks to find prices corre-
sponding to models which are extremal, while imposing as few bounds on the price of options as
possible. In this context, one is typically able to identify structural properties of extremal models,
as well as potential super- or sub-hedging strategies which are robust to model-misspecification.
Since the original paper of Hobson, a substantial literature has been developed on this topic, see
for example, [15, 19, 20, 22, 25, 46, 54] among others.

In the robust setting, one looks for hedging strategies which will work in any market scenario
which is possible, given the possibility of trading in any liquid options. If one increases the set of
liquid options that can be used to super-replicate a given exotic option, clearly one has a larger
class of possible trading strategies, and therefore a lower model-independent super-replication price.
Hence increasing the class of traded options both reduces the minimal super-replication price, and
increases the maximal sub-replication price. As a consequence, including more options into the
set of liquid options should tighten the bounds on the set of prices which are admissible without
(model-independent) arbitrage. By a duality argument (and as a consequence of e.g. [17]), one
can also see this as a reduction in the set of pricing models which are consistent with observed
market prices.

In general, this perspective allows us to understand inclusion of additional liquid options as a
method of potentially generating tighter pricing bounds, and therefore getting a tighter constraint
on the extent of model-risk inherent in a given price of an exotic option.

In this paper, we consider the case of options on variance, and in particular, variance calls,
that is, options which pay the holder (Vi — K), where V is the integrated quadratic variation
of the log-asset price, that is, if oy is the observed volatility process of the stock price (P;).eo,17,

then Vp = fOT o? dt. These derivatives are of interest due in part to their close connection to other
options on variance/volatility such as the VIX index, and also in the model-independent context
because the variance swap (Vr — K), is well known to have a model-free replication strategy
(see [29]). As a result, we might expect model-independent approaches to be informative about
(although not completely fix) prices of, for example, variance calls.
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We consider specifically whether the model-independent pricing bounds narrow with the incor-
poration of additional information contained in European call options with maturity earlier than
the maturity date of the variance call options. The essence of our approach relies on a construction
which allows us to identify the optimal models with the construction of certain space-time bound-
aries. We are able to informally equate the presence of additional (useful) information of earlier
marginals with geometric properties of the underlying boundary structure. Moreover, by fitting
market data, we are able to compute the space-time boundaries of market data, and conduct an em-
pirical study which indicates that, at least at the times tested, the additional information content
coming from earlier marginal information appears to be negligible, indicating that incorporating
information contained in the full implied volatility surface is of little benefit for understanding the
model risk inherent in variance call options.

One implication of our results is that market participants who look to robustly hedge variance
call options using vanilla options to mitigate their risk (see for example [19]) will not see substantial
benefit through the use of call options from earlier maturities. Since model-independent trading
strategies of variance call options are known for single maturity options due to [21], this suggests
that these trading strategies are sufficient for many practical situations.

We proceed as follows. We first summarise the model-independent, or robust approach to
determining worst case bounds for option prices subject to model risk. Then we explain how
this connects the case of options on variance to the solutions of Root and Rost of the Skorokhod
embedding problem in the single and multiple-marginal settings, and how these solutions can be
numerically computed to reveal their geometric structure. In Section 3, we describe the market data
which we will use to assess our findings. In particular, in order to get reliable numerical results
for the underlying geometric structure, we need to smooth market prices, which are inherently
noisy, as well as renormalisation to identify appropriate estimates for interest rate and dividend
parameters. Our approach to this relies on calibrating market data to well known models, where
we can reliable interpolate complete distributions. This is explained in Section 3.2. We conclude by
presenting our numerical results, and showing that the resulting models do not appear to offer any
evidence that the multi-marginal setting offers any benefit over calibration for the single marginal
setting.

1.1 Worst case bounds

Throughout this article we denote the price process of our underlying asset by (P;)efo,r7- We
consider a pay-off function F' : C[0,7] — R and are interested in determining a fair price Fr of
the claim F ((Py)¢epo,r)) with maturity T > 0.

Focusing on pricing these derivatives with maximum caution we could consider all possible
models for (P;)icpo,r] satisfying only the most minimal assumptions. That is, under a pricing
measure a price process is a continuous, non-negative martingale process which agrees with the
present-day market value Py. Let us denote the set of all such martingales by M. It is important
to note here, for the sake of simplicity of this discussion, we currently assume zero interest rates
and dividend yields as otherwise (P;)c(o,7) will only be a martingale after discounting. We will,
however, give all necessary details for non-zero interest rates and dividend yields in Section 3.

Worst Case Bound or robust bound pricing entails computing an upper and lower limit of all
possible prices. We then find the following bounds for the price of the derivative Fr:

Mg}\flpo E [F (My)ieo,m)] < Pr < Miljl\IA)PO E [F ((Mg)iepo,m)] - (1)

It, however, quickly becomes apparent that this class M is too extensive to make much sense
of such bounds. Numerous authors have suggested and contributed various restrictions of M to
some sensible subclasses. For instance [1, 13, 28] consider the case where information on a finite
number of financial derivatives is available. If a continuum of European call options at multiple
time points is liquidly traded, market data yields information about the marginal distribution of
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4 Robust Option Pricing with Volatility Term Structure — An Empirical Study for Variance Options

the price process by the Breeden-Litzenbeger theorem [14]. The corresponding pricing problem has
been studied from a martingale transport perspective, see [7, 11, 17, 39, 53] among many others.
It is well known that under mild technical conditions, the upper limit of prices is equal to the
minimal model-independent super-hedging price, and vice versa, the lower limit is equal to the
maximal model-independent sub-hedging price, see for example [9, 32].

In this article we adopt an approach first proposed by Hobson in [50] to address this challenge.
Said method uses market given European call option data to inform on our set of plausible models,
to then establish connections to specific solutions to the so called Skorokhod embedding problem to
find concrete optimizer of (1).

We give more details in the next section and also refer readers to [51] for an extensive survey.
Furthermore, we will give an example of a class of claims, namely variance options, which can be
examined very rigorously with methods developed in the recent years. While incorporating time
T market data to refine the set M is a well studied problem, only recently the necessary theory
was developed which allows to extend such results to considering all available European call option
data up to time T

Our aim is to investigate if, in fact, this additional information would indeed results in tighter
robust bounds, as one would expect. In Section 3 we carry out an in-depth empirical study
on variance options using real market data quoted for multiple maturities, examining this very
question.

2 Market-informed robust pricing and the Skorokhod em-
bedding problem

It is a well-established perspective, as articulated in early works like [35, 36] by Dupire, to
no longer perceive European call options merely as derivatives of underlying assets to be priced
and instead to view them as independent assets with their prices given by market dynamics.
Adopting this sentiment we can invoke the Breeden-Litzenberger Theorem [14], stating that under
the assumption that FEuropean call options are computed as the discounted payoff under a pricing
measure [,

C(K,T) =T, [(PT . K)’L}

for every strike price K € (0, 00) and maturity 7' > 0, and furthermore assuming that the pricing
function C is twice differentiable we can recover the pricing measure p via

2

o
p(Pr € dK) = 525 C(K. T).

We can hence refine our set of plausible models M to ./\/lfo, the set of those continuous, non-
negative martingale models that adhere to the time-T market-given marginal distribution pu, pre-
cisely

Mﬁ“ = {(Mt)te[O,T] is a continuous, non-negative martingale such that My = Py and My ~ u} .

This allows us to refine the uninformed worst case bounds (1) to the following market-informed
robust bounds

F:= inf E [F (M)ieor))] < Fr < sup E[F (My)iep,))] =: F. (2)
MeMSo MeMpo

Let now (X;);>0 denote a continuous, non-negative martingale subject to Xy = Py. Consider a
stopping time 7 and define the time-changed martingale (M,;);>o as follows

My=X o . (3)
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Note that M7 = X, thus we have the equivalence
(My)i>0 € M,Ijo < Xr~p. (4)

Such stopping times are precisely the solutions to the (generalized) Skorokhod embedding problem
(SEPx ), where given a process (X;);>0 and a measure p the task is to find a stopping time 7
such that

X, ~ p. (SEPx )

This problem was initially proposed and solved by Skorokhod himself [65, 66] in the early 1960s.
However, it continues to be a subject of extensive research, with numerous distinct solutions being
established in recent years. More than 20 different solutions are surveyed in [58], and substantial
contributions have emerged thereafter, notably in [5, 6, 8, 10, 18, 21, 26, 27, 40, 41, 42, 44, 46,
55, 59]. Most of these solutions to (SEPy ,) distinguish themselves through unique additional
extremal properties, particular examples will be presented in the next section.

The application of these solutions to the robust pricing problem (2) has been pioneered by
Hobson in [50]. The idea, initially focused on lookback options, is to cleverly select (X;)¢>0 and
a corresponding specific 7 solutions to (SEPx ,,) such that the bounds in (2) are attained by the
martingale (M;);>o defined in (3).

This idea has been extended in subsequent works, such as [46]. Other types of options have been
considered, Barrier options were treated in [15, 19], forward-start digital options in [54], double
touch/no-touch options in [19, 20] and options on leverage exchange traded funds in [24, 25].

Of particular interest to our study are the extensions to options on variance, as explored in
[16, 21, 27, 52, 56] among others. Further details on this topic will be provided in the subsequent
section.

2.1 Options on variance

We now turn our focus to a special class of financial derivatives, namely wvariance options.
Variance options are contracts written on the quadratic variation of the log price process (log P)r,
more precisely for some function f : [0,00) — R, a variance option has a payoff of the form

f ((log P)r).
Frequently considered examples are
« F = f({log P)r) = (log P)1 — K, a variance swap or
« F = f({log P)t) = ((log P)7 — K)T, a variance call.

It is worth noting that the quadratic variation of the log price process is invariant under discounting.

Intriguingly, in [34] and more recently in [16, 21, 27] the authors connected the robust pricing
problem of variance options to two early and illustrative solutions to (SEPx ,), namely the Root
[62] and Rost [64] solutions. We state an existence theorem of these solutions and refer to Figure
1 for a graphical illustration.

Theorem 1 ([21, 27, 40, 41, 42, 62, 64]). Let (X;)i>0 denote a continuous Markov martingale.
Consider a measure p and an increasing convex function f : [0,00) — [0,00). Then

« there exists a (Root) barrier R C R? such that
Troot = inf {t > 0: (t,X;) € R}

is a stopping time solving the (SEPx ). A (Root) barrier is a set R such that (t,z) € R
implies (s,z) € R for any s > t.

Moreover Tgoo, minimizes E[f(7)] among all solutions T to (SEPx ,,).
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Figure 1: Illustration of a Root (left) resp. Rost (right) solution to (SEPx ,.).

« there exists an inverse (Rost) barrier R C R? such that
Trost = inf {t > 0: (t, X;) € R}
is a stopping time solving the (SEPx ,). An inverse (Rost) barrier is a set R such that
(t,x) € R implies (s,z) € R for any s < t.
Moreover Tgos maximizes E[f(7)] among all solutions T to (SEPx ).

We will use these two concrete solutions to (SEPx ;) and use observation (4) to construct two
concrete candidate models contained in Mﬁo.

Let (X;)i>0 denote a geometric Brownian motion started in Xo = Py. Precisely, let (By);>0
denote a Brownian motion, then X; will satisfy the SDE

dX; = X;dB;, X, = P. (GBM)

It is explained in great detail in [51, Section 5.2] as well as [27, Section 1] and [21, Section 2] that
any candidate price process can be represented as a geometric Brownian motion run at a different
speed, using a clever time-change argument. Conversely, we can construct candidate price processes
as time-changed geometric Brownian motions. A martingales defined in the following way

M, = Xﬁ/\rat € [OaT] (5)

where 7 is a solution to (SEPx ,) satisfies the following
© Mo = P,
* Mp=X:~p,

« and most importantly, the quadratic variation of the log price process has the following
representation (log M) = 7.

Given the Root solution Treot (resp. Rost solution Trest) to (SEPx ,,) provided by Theorem 1
we can define the two candidate prices processes

o« MRoot .= X , te0,T],
T

— \TRoot’

.« MRost .= X tel0,T),

t
7 \TRost ?

and call them Root and Rost model respectively. We can now state that the market-informed
robust bounds (2) are attained by these models.

Theorem 2 ([16, 21, 27, 56]). For an increasing convez function f :[0,00) — [0,00) consider the
variance option F ((Pt)te[o,T]) = f((log P)r). Then for any price Fr of this claim we have the
following robust bounds

E[F (M| = il E[F (M) <Fr < swp B[F ((Meon)) = E[F (M)

MeM;P MeMyo
(6)
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More precisely, the lower and upper bound on these options on variance are attained by a Root and
Rost model respectively.

Given the nice graphical properties of Root and Rost solutions to (SEPx ,), Theorem 2 offers
a possibility of gaining deeper insights into the behaviour of such extremal models attaining the
robust pricing bounds.

While the early works on Root and Rost stopping times were purely existential, various more
recent works like [21, 27, 30, 40, 41] offer the necessary tools to analyse such models more concretely
and in-depth.

Incorporating the market-given marginal at the expiration time 7 is a well studied problem
with established results. But before we apply this theory to market data we aim to generalize the
results to not only incorporate the time 7" marginal at expiration, but to furthermore incorporate
all maturities available on the market before said time T

This extension will be explored in the following section.

2.2 Incorporating multiple maturities

The market informed robust pricing problem has been well studied for the class of plausible
models Mﬁo, making the asset adhere to the market-informed time 7" marginal distribution at
times of expiration.

However, European call options are traded liquidly and frequently with maturities on numerous
stocks and indices expiring several times per week.

Given this rich supply of data it becomes apparent that we are very likely able to use more data
for our robust pricing problem than the time 7" market informed marginals, namely the marginal
distributions for all expiries quoted in between. Consequently, it is reasonable to assert that our
plausible model should conform to all these intermediate marginal constraints, thereby tightening
the robust bounds on the pricing problem.

To formalize this, let T1,...,T, =T denote the available maturities leading up to the expiration
time T. Correspondingly, we denote the associated marginals recovered through the Breeden-
Litzenberger theorem by (g1, ..., tn)-

Then we can define the set of all plausible martingale models adhering to the market given
marginals by

M ) = {(M})sep0,1) is a continuous, non-negative martingale

(P«l,u
such that My = Py and My, ~ pug, k=1,...,n}

and consider the refined robust bounds

= inf E [F (My)epo,m)] < Fr < sup E [F ((M)eepo,m)] = F.  (7)
MeM(‘?1 ..... ) MGMZOIW,M)

Similarly to the single-marginal case, we can again establish a connection between models in
Mgflw, 1) and solutions to a Skorokhod embedding problem. An analogous observation to the
equivalence (4) can be made if instead of the (SEPx ,) we consider its multi-marginal extension:

For a sequence of measures (p1,...1ty) and a process (X;);>o the multi-marginal Skorokhod
embedding problem (MMSEPx (. . ,,.)) is to find a sequence of stopping times 7; < --- < 7, such
that

Xy ~pg for k=1,...,n. (MMSEPx (41,...p1))

Let (X;);>0 denote a continuous martingale subject to Xo = Py. Given a sequence of market-
given marginals (g1, . . . ftn ), denote by (71, ..., 7,) asolution to (MMSEPx (,, .. ,.)). With such so-

lution, analogously to the single marginal case we can construct a martingale (M ):>0 € M{;’l cotin)
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in the following way. Set Ty = 79 = 0 and define

n

Mt = X t—T;_1

Ti1+ = AN(Ti—Ti—1)
i=1 K

]ltG(Tz‘—hTi} + D (8)

Then analogously to the single marginal case, a model defined in this way will satisfy the following

+ My = P,

« Mp, =X, ~ppfork=1,...,n,

« log M) = 7.

The existence of multi-marginal Root and Rost solution to (MMSEPx (,,, . .,)) are ensured
by [8, 23, 26]. It is furthermore established in [8] that these solutions still exhibit the same
extremal properties necessary to identify Root and Rost solutions as optimizers of the right kind

of optimization problem.
More precisely, for an increasing convex function f : [0,00) — [0,00), the sequence of Root

solutions (7°° ... 7RooY) minimizes E [f(7)] simultaneously for all k = 1,...,n among all other
sequences of stopping times (71, ...,7,) solving the (MMSEP x (,,,.....,)). Similarly, a sequence of

rRost . 7Rost) maximizes E [f(74)] simultaneously for all k = 1,...,n.

Rost solutions (

We can now define a multi-marginal Root (resp. Rost) model. Let (X;);>o denote a geo-
metric Brownian motion (GBM) started in Xo = Fy. Given the multi-marginal Root solution
pRoott  7Ro%tn (regp. multi-marginal Rost solution 7195, ... 785%) to (MMSEP y (4, i) We

can utilize Definition (8) to propose the two candidate prices processes

ey

* ‘]\4tROOt = Z;L:l X t—T Tilxooc_Tgoijc)]ltE(Ti717Ti] + POa te [O7TL

Root i—1
L e s e A(

. MtROSt = Zn X =Ty ]]‘te(Ti—laTi] + POa te [07T]7

i=1“"Rost | Ti_tl A(rRost _rRoot)
and call them multi-marginal Root and multi-marginal Rost model respectively.

For an increasing convex function f : [0,00) — [0,00) let us now consider the variance option
F ((Py)tepo,r)) = f({log P)r). Then any fair price Fr of this claim will adhere to the following
robust bounds informed by the market-given marginals (i1, ..., y,) as follows

E[F (MMM_ROOt)] = MGMLI(}f E [F (M)epo,m)]

< Fr< sup E [F ((Mt)te[mT])] -F [F (MMM—Rost)] '

(B Hn)

(9)

It is noteworthy that the inclusion Mﬁi’l _____ e M implies that we have E [F (MMM-Reot)] >
E [F (MR""t)] as well as E [F (MMM‘R"St)] <E [F (MROSt)].

Therefore, incorporating more market given marginal into the robust pricing problem should
possibly refine the bounds.

In the next section we summarize the results required for numerical examination of such
extremal models achieving the robust pricing bounds informed by the market-given marginals

(,Ul,...,/.tn)-

88



2.3 Analysis of Root and Rost models

We come to the main objective of this article, to investigate the behaviour of those models for
which the bounds of the robust pricing problem (7), incorporating multiple market given marginals
are attained.

These models, namely the multi-marginal Root and Rost models defined in Section 2.2 are
characterized by the respective sequences of barriers which need to be passed by the candidate
price processes consecutively. Hence, we believe that analysing these barriers might offer valuable
insights into the underlying models.

While the original results of Root [62] and Rost [63] are purely of existential nature and con-
crete barriers were not known save for a few very simple examples, these solutions later became
computationally tractable thanks to [21, 27, 30, 40, 41] among others.

In this single-marginal case, where the robust bounds are only informed by the time 7" marginal
distribution at time of expiration as outlined in Section 2.1, a thorough numerical investigation
of the Root and Rost models was conducted in [21] using simulated market data. Below, we
extend these results to the multi-marginal case. In order to perform a similar meaningful analysis
of the multi-marginal Root and Rost models attaining the bounds of the robust pricing problem
(7) informed by multiple maturities, tractable representations of multi-marginal Root and Rost
solutions are essential. A computable multi-marginal Root solution is provided in [26], while a
computable multi-marginal Rost solution, to the best of our knowledge, has only been developed
recently in [23].

We will give a brief summary of the well-established single-marginal results and proceed to
state their extensions to multiple marginals.

Single-marginal results

Let (X;);>0 represent a geometric Brownian motion (GBM). Given a measure p let Troot be a
Root solution to (SEPx ), induced by the Root barrier R. Throughout this paper we consistently
assume the process (X;);>0 to start according to the starting measure A = dp,, however more
general starting measure can be considered. We refer to the original papers for details.

Define the function u(t,z) := —E [| X7, At — €[], and for a measure m, let Uy, (z) := [ |z —
y|ldm(y) denote its potential. The Root barrier R now also has the following representation
R={(t,e") : u(t,z) = Un(e®)}. (10)

However, it is crucial to know and the main result in [27] that the function u(¢, x) can be recovered
without any knowledge of Troot and R as a solution to the following PDE in variational form

10%u 10u ou m
max{28x2(t,ac) - 5%(7@3@) - E(t,x),Uu(e ) — U’(tax)} =0,

u(0,z) = Ux(e”).

(11)

This gives a concrete method for the numerically computing Root barriers by solving Equation
(11) and recovering the Root barrier R via Equation (10).

Similarly, let Tros; denote a Rost solution to (SEPx ,), induced by the Rost barrier R and
consider the function v(¢,z) := U,(e®) + E[|X...at — €°]]. Then the Rost barrier R also has the
following representation

R={(t,e") 1 v(t,z) = Uy,(e”) — Ur(e”)}. (12)

Moreover, similar to the Root case and as discovered in [21, 30] the function v(¢,x) can also be
recovered as the solution to the following PDE in variational form

10%u 10u ou -
max{2ax2(tax) - 5%(tax) - E(taz% (Uu - UA)(B ) - U(t,ﬂj)} - Oa

v(0,2) = (U = Un)(e")-

(13)

89



10 Robust Option Pricing with Volatility Term Structure — An Empirical Study for Variance Options

Multi-marginal results

The preceding results allow for analysis of Root and Rost models associated to options on
variance when considering the market given marginal at time of maturity 7. However, extending
this analysis to a multi-marginal context, to the best of our knowledge, has remained unexplored.

In Section 2.2 it was explained how the bounds of the robust pricing problem informed by
multiple maturities as formulated in (7) are attained by a multi-marginal Root and Rost model
respectively. In order to perform a similarly meaningful investigation of such models as in the
single-marginal case it remains to establish a method of numerical analysis analogous to the above.
For the multi-marginal Root case a computable representation is know due to [26], while [23]
recently introduced a similar representation for multi-marginal Rost solutions. Both these works
give an optimal stopping characterization of multi-marginal Root and Rost solutions and state
results for embedding into a Brownian motion.

It remains to discuss the application of these results to a geometric Brownian motion (GBM)
and how to establish at a PDE representation similar to (11) and (13). The process of deriving a
PDE representation in variational form starting from an optimal stopping problem is well known
due to [12], we also refer to Section 5.2 in [61] for a more accessible explanation.

To extend such results form a Brownian motion to a geometric Brownian motion we utilize
the same methods as described in [27, Section 4.3] where the authors propose the change of vari-
ables (t,x) — (t,e”). While the transitions densities of a Brownian motion must satisfy the heat
equation, the transition densities of the (GBM) will in turn, after said change of variables satisfy a
drift-diffusion equation as seen on the left hand side of the PDEs in variational form (11), (13) (14)
and (15). For more details we refer to the proof of [27, Theorem 4.6] and the preceding discussion
therein.

Altogether, this leads us to the following characterizations of multi-marginal Root and Rost
solutions to (MMSEPx (,,,,....,,)) as solutions to PDEs in variational form.

Consider now a geometric Brownian motion (GBM) (X;);>o and a sequence of measures
Hise-ey Hn.

We first consider the multi-marginal Root case, hence let (750!, ... 7Root) he a multi-marginal
Root solution to (MMSEP x (,,,.....,,)) induced by the sequence of Root barriers Ry, ..., Ry.

For £k = 1,...,n define the function ug(t,z) = —E {|XT§oot/\t - eﬂ} as well as ug(t,xz) =
UA(E) = Usy, ().

Then the k-th Root barrier Ry corresponding to the k-th Root stopping time 7,500'“ has the
following representation

R, = {(t7e$) tup—1(t, ) —ug(t,z) = (UM,“_1 — Um-,) (ez)} .

Similar to the single-marginal case, the functions wuy (¢, z) for k = 1,...,n can be recovered induc-
tively as the solution of the following PDE in variational form

1 82uk 1 8uk 8uk x
max{28x2( ,I) — §E(t7«r) - W(LI)’ uk—l(tam) - Uk(t,ﬂ?) - (U/Lk71 - U/tk) (6 )} = 07

ug(0,2) = Ux(e”).

(14)
A similar result holds in the multi-marginal Rost case. For &k = 1,...,n define the function
vt ) = Uy, () — E [\XTEOW - ez@ as well as vo(t,@) = (Uy, — Un)(€%) = (Up, — Usp, )(€%),

Then the k-th Rost barrier R} corresponding to the k-th Rost stopping time T,f“’“ also has the

following representation
R, = {(t,e’”) cvp—1 (@) —op(t, ) = (UM_1 — UM) (ex)} .

Again, the functions vg(t,z) for k = 1,...,n can be recovered inductively as the solution to the
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following PDE in variational form

1 0%u;, 1 Juy, ou -
max {5 S0 0) = 5 00) = 0,0, v 6) = 0 (t.0) = (U = Vi) () =0,
vk(0,2) = (Up, — Ux)(e").
(15)
Hence, provided market-given marginal (u1, ..., u,) the above allows us to compute the concrete

barriers the Root and Rost models must adhere to. As these barriers each have to be passed
through consecutively, this possibly gives us valuable insight into the behaviour of these extremal
models.

Computation of robust bounds

We conclude this section by explaining the computation of prices for variance options given
Root and Rost barriers. For a function f : [0,00) — [0,00) we consider the variance option

F ((My)epo,r) = f((log M)r).
For a Root barrier R we define a corresponding barrier function R(x) as follows

R(z):=inf{t > 0: (t,z) € R},
while for a Rost barrier R such a function will be defined via
R(z) :=sup{t > 0: (t,z) € R}.

Let us now assume that p is atomless and the barrier functions R(z) and R(z) are well defined
and continuous. In this case, we particularly note that

T = R(X;).

Recall that for our martingale model (M} );¢[o,7) defined via (5) or (8) we have (log M) = 7 where
7 denotes the Root (resp. Rost) barrier corresponding to the terminal maturity 7'

Thus, under such a Root (resp. Rost) model, a fair price Fr of our variance option can be
easily computed as

l%zEUﬁﬂ=/f@@WMA@- (16)

We carry out an empirical study on real market data in the next section.

3 Empirical study

We conduct an empirical study utilizing European put and call options data quoted on the
S&P500 index as of March 19, 2019, acquired from the CBOE Datashop.

We opt for using closing quotes from the dataset for our study, investigating the 12 available
(non-weekly) expiries which mature every third Friday of the month.

The shortest expiry within our dataset is 31 days to maturity (0.085 years to maturity), while
the longest maturity extends to 1005 days (2.75 years to maturity). Furthermore, there are between
83 and 296 prices quoted per maturity, ranging between 100$ and 42008 in strike value while the
closing spot price of the S&P500 was provided by CBOE as Py = 2833$.

The prices sourced from CBOE are provided as bid-ask quotes, for our further analysis we
compute and work with the mid-point prices. These quoted (mid-point) call and put options
prices are illustrated in Figure 2.

While the exact interest rates and dividend yield used for option pricing were not disclosed by
CBOE, we estimate a constant implied interest rate, denoted as r, at » = 0.0265, and a constant
implied dividend yield, denoted as ¢, at ¢ = 0.0185. Details on our estimation methods can be
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Call Prices Put Prices
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Figure 2: Market given European call and put option prices on the S&P500.

found in Appendix A. It is noteworthy, however, that these estimated values are in alignment
with the T-bill rates quoted by the U.S. Department of the Treasury, as well as reported annual
dividend yields of the S&P500, promoting confidence in the validity of our empirical setup.

In Section 3.1 we take the necessary preparations in order to compute multi-marginal Root and
Rost barriers as detailed in Section 2.3. The numerical results will be presented in Section 3.2.

3.1 Preparation of the data

Market-quoted data is inherently noisy, occasionally disrupted by reporting delays or inaccu-
racies. These irregularities can introduce problems like artificial arbitrage opportunities within
the data, which may not accurately represent real market conditions. Moreover, while the prices
themselves may appear orderly, closer examination reveals increasing levels of noise in their first
and second derivatives, as depicted in Figure 3.

First Derivatives Second Derivatives

004
0.006 4
~0.24
0.004 4 — T=0%
044 / — T=041
0.002

—0.6
0.000 1

—0.84

~0.002 spot price

T T T T T —0.004 <= T T T T
0 1000 2000 3000 4000 0 1000 2000 3000 4000
strike strike

Figure 3: First and second derivatives of market given call prices.

In the context of numerical solutions to partial differential equation, as introduced in Section
2.3, these noisy derivatives pose a great challenge, usually resulting in failure of the algorithm.

There are several possibilities to tackling this problem, we choose to investigate two possible
calibration scenarios, both calibrating a Black-Scholes model and a Heston model to the market
given data. Our rationale for this choice is as follows: Despite its recognized limitations, the
Black-Scholes model remains a widely used method for pricing European call options by numerous
financial institutions.

The Heston model [49] is know to overcome some of the limitations of the Black-Scholes model
while remaining tractable, hence being a favored alternative to the Black-Scholes model by prac-
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titioners. Heston models can in practice demonstrate exact fits to market data in part due to its
widespread use by market participators.

In sum, rather than considering market prices as direct indicators, we view the market as
providing the underlying pricing parameters for widely used pricing models.

This approach is not necessary, provided alternative approaches to smoothing the market data
can be used. Other potential methods include [31] or arbitrage free spline smoothing as suggested
in [38], but we have not implemented these methods to date.

Forward prices.

Our dataset provides European call option quoted on the spot price process (P;);>o. However,
as presented in Section 2, it is essential to consider call option prices quoted on the forward price
process. Therefore, the final step in our data preparation requires appropriate modification of the
quotes.

Given a strike price « and a maturity 7" we will by C(z,T) denote the price of a European call
option on the asset (P;);>0. We furthermore assume this price to be given under a risk neutral
(martingale) measure via

C(x,T) = ¢ TE [(Pr - 2)"]

where r denotes the constant and deterministic risk-free interest rate.

As the S&P500 is a stock index consisting of 500 different stocks, each paying dividends at
individual times throughout the year we choose to model a continuously paid dividend which can
effectively be seen as an average of all the different dividends paid by the different companies at
various times.

Assuming such a continuously compounded dividend yield ¢, we consider the forward price
process (S¢)i>0

S, :=elatp,,

which is a martingale under the pricing measure.
By c¢(z,T) we will denote the time-zero price of a call option on the discounted process (S¢)¢>0
with strike  and maturity 7',

c(z,T):=E[(Sr—=)"].

We then observe the following relationship between C(x,T') and c¢(x, T')

c(z,T) = ela=r) -z ’ =e? (e — e @Ty ’ =e7C (e~ Ty T) .
(z,T) IE{( Tp, ) } T< TR |:(PT T) }) TC( T 127)

Hence, we use Equation (17) to compute prices quoted on the forward price process given a pricing
function C.

The forward prices associated to our market given data can be seen in Figure 4 (c) resp. Figure
8 (¢) using a pricing function obtained via calibration of a Black-Scholes resp. Heston pricing
model to the market given data.

As presented in Section 2.3, the necessary input for the computation of Root and Rost barriers
are the potentials U, (z) corresponding to market implied measures pF, k€ {l,...,n}. Note that
the potential of a measure can easily be recovered from the call prices (17) in the following way

Uue(x) = Py —2¢(x, Ty) — 2,

we show the potentials for our data in Figure 4 (c) resp. Figure 8 (c).
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3.2 Numerical results

In this section we calibrate both a Black-Scholes and a Heston model to our market-given data.
This calibration process enables us to use the respective call prices as a smoothed approximation
of our market prices to inform on the robust pricing problem (7).

The effectiveness of the respective calibration can be seen in Figure 4 (a) and Figure 8 (a)
where we show a comparison of the calibrated prices to the market-given prices. Additionally, we
observe the indeed very well-behaved first and second derivatives of the calibrated prices in Figure
4 (b) and Figure 8 (b).

Using a classic Euler numeric differentiation scheme we first solve the single-marginal embedding
problem given in (11) resp. (13) for each maturity. Here the stopping time embedding the k-th
marginal is not required to wait for the stopping time embedding the (k — 1)-th marginal. The
results are depicted on the left side in Figure 5 (a) and (c) resp. Figure 9 (a) and (c¢). On the right
these same figures show the numerical solution to the multi-marginal problem given in (14) resp.
(15), namely in Figure 5 (b) and (d) resp. Figure 9 (b) and (d).

We conduct a more extensive discussion of the resulting barriers in Section 3.3.

3.2.1 Black-Scholes data

Calibration results. Calibrating a Black-Scholes model to the market data yields the pricing
parameter o = 0.153.

We want to point out that the fit of the calibrated model to the market given data as seen in
Figure 4 (a) seems unfavourable and not ideal. The Black-Scholes model does however provide
very smooth derivatives, depicted in Figure 4 (b) that allow for easy application of the Root and
Rost barrier computation algorithm. The Black-Scholes forward prices and the associated potential
functions used for the algorithm can be seen in Figure 4 (c).

Root and Rost barriers.

We give the numerical results obtained by solving both the PDE in variational form (11) resp.
(13) as well as (14) resp. (15) using an explicit Euler scheme.

It is important to note that the algorithm exhibits certain challenges when dealing with sit-
uations where the potential associated with the time T} marginal closely approaches the initial
potential —|z — Pp|.

Consequently, we depict the region where these potentials remain a minimum distance of ¢ =
0.01 away from the initial potential using solid lines. The remaining portions of the barrier are
shown transparently. However, it is worth mentioning that we believe this boundary behavior to
be an artifact of the numerical scheme and not indicative of the true behavior of the barriers.

In the case of the Root barriers, this is very easy to see. It is straightforward to verify that
the case of constant barrier functions will recover exactly the Black-Scholes model. Hence when
trying to compute the barrier function corresponding to the Black-Scholes model, we would expect
to recover a constant barrier. This is exactly the behaviour of the barriers shown in Figure 5, at
least in the likely region, corresponding to the ‘thick’ lines in the figures.

Prices.

We use the barriers obtained above to establish robust bounds for a variance call, as detailed
in Section 2.3 and Equation (16). Given a maturity 7' and a strike price K, our objective is to
price the variance call defined as

f((log M)7) = ((log M)r — K) .
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(A) Comparing calibrated prices to market given prices.
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(B) First and second derivatives of calibrated prices.
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(C) Forward prices and the associated potentials.
Figure 4: Black-Scholes model calibration results.
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Figure 5: Root (top) and Rost (bottom) barriers embedding the market implied
marginals of the S&P500.

We consider both an intermediate maturity, 7' = 1.01 as well as the terminal maturity T = 2.75.
As the single-marginal and the multi-marginal barriers coincide, the resulting bounds are identical,
regardless of whether we employ the single-marginal or multi-marginal model.

In Figure 6 we illustrate the option prices for these variance calls for a wide range of possible
strike prices. Notably, while the upper and lower bounds coincide for the strike price 0, the gap
between the upper and lower robust pricing bounds widens notably for increasing strike prices.

3.2.2 Heston data

Calibration results. Calibrating a Heston model to the market data yields the following pricing
parameters.
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Figure 6: Upper and lower robust bounds on variance call prices for two different

maturities.
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(A) Comparing calibrated prices to market given prices.
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(B) First and second derivatives of calibrated prices.
Figure 7: Heston model calibration results before tail correction.

Parameter | Calibration Result Parameter Meaning
Vo 0.0158 initial volantility
v 0.0361 long-run mean variance
p -0.5199 corellation of asset BM and volatility BM
K 2.6280 speed of mean reversion
o 0.7902 vol of vol

Table 1: Calibration Results

The fit of the Heston prices to the market given data has improved substantially over the
Black-Scholes model as seen in Figure 8 (a), but can still not be considered ideal.

However, most common implementation of the Heston pricing functionals such as the python
package QuantLib seem to exhibit numerical instability in the tails, especially prominent in the
derivatives as depicted in Figure 7. To mitigate this problem it was necessary to smooth out the
tails in a sensible manner. Just before the convexity assumption of the Heston prices breaks down,
we replace the Heston tails with exponential tails fitted to the function values as well as the first
derivatives. This approach seems to provide a surprisingly nice fit.

Nevertheless, this truncation of course leads to a loss of confidence in the behavior of the barriers
at the boundaries regions. We will later on depict these replaced sections with transparency to
highlight the uncertainty.

In Figure 8 (b), we present the first and second derivatives following the tail correction. Figure
8 (c) illustrates the associated forward prices and potentials.

Root and Rost barriers. We give the numerical results obtained by solving both the PDE in
variational form (11) resp. (13) as well as (14) resp. (15) using an explicit Euler scheme and the
tail-corrected Heston data.
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Figure 8: Heston model calibration results.
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Figure 9: Root (top) and Rost (bottom) barriers embedding the market implied
marginals of the S&P500.

As already pointed out in the discussion of the Black-Scholes model, the Euler scheme does not
seem to return the result we would expect when the potential associated with the time T}, marginal
too closely approaches the initial potential —|z — Py|.

The algorithm does, however, seem to remain stable for a little while longer than in the Black-
Scholes case, we depict the region where these potentials remain a minimum distance of € = 0.0002
away from the initial potential and no tail correction has taken place in solid lines. The remaining
portions of the barrier are shown transparently.

Prices. We use the barriers obtained above to establish robust bounds for a variance call, as
detailed in Section 2.3 and Equation (16). Given a maturity 7" and a strike price K, our objective
is to price the variance call defined as

f((log M)7) = ((log M)p — K)* .

We consider both an intermediate maturity, 7' = 1.01 as well as the terminal maturity 7" = 2.75.
As the single-marginal and the multi-marginal barriers coincide, the resulting bounds are identical,
regardless of whether we employ the single-marginal or multi-marginal model.

In Figure 10 we illustrate the option prices for these variance calls for a wide range of possible
strike prices. Notably, similar to the Black-Scholes case, while the upper and lower bounds coincide
for the strike price 0, the gap between the upper and lower robust pricing bounds widens notably
for increasing strike prices.

Additionally, it is evident that the bounds computed here differ greatly from those computed
in the Black-Scholes section, demonstrating a certain sensitivity of the robust bounds to variations
in the data inputs.

3.3 Discussion

In both calibration regimes, the Root and Rost barriers adhering to the market given data
which emerge from our numerical analysis appear to be in perfect consecutive order. In the case
of the Root construction for the Black-Scholes model, this should not be surprising since (as noted
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Figure 10: Upper and lower robust bounds on variance call prices for two different
maturities.

above), the optimal barriers correspond to barriers which are constant in time for the time-changed
model, and therefore convex ordering will imply ordering of the corresponding barriers. For the
barriers based on the Heston model, it would be natural to conjecture that the barriers are ordered
when the call prices come from the same parameters at different maturities (as indicated here),
however it does not appear to be possible to prove this easily.

The fact that our multi-marginal barriers align precisely with their single-marginal counter-
parts indicates that the incorporation of earlier maturities yields no additional information for
future maturities and the requirement for these barriers to be traversed chronologically imposes no
additional constraints on the extremal models. As a consequence, the evidence we have collected
suggests that under normal market regimes, it would be natural to assume that it would be suf-
ficient to compute model-independent bounds based only on the terminal marginal information,
and there is limited useful information contained in earlier marginals. It would be interesting to
establish whether this behaviour is preserved in extreme market scenarios.

We have carried out similar analysis on prices collected during the 2020 Covid crash. Although
our results were similar to those presented, we encountered the following problems during the inves-
tigation. Firstly, while the estimation of the option-implied interest rate yielded results somewhat
aligned with the T-bill rates reported by the U.S. Department of the Treasury, the corresponding
implied dividend yields deviated significantly and, notably, presented as negative. This suggests a
potential flaw in our underlying setup for this scenario. Furthermore, the fit of the resultant cali-
brated models is regrettably poor, rendering them unsuitable for serious consideration. A different
smoothing procedure may reveal a different answer and a more systematic review of abnormal
market conditions may also reveal some periods where this behaviour breaks down.

The primary result from our study is that the robust pricing paradigm, when only considering
the inclusion of marginal information about price-processes, do not substantially reduce price
bounds beyond the information contained in the marginal law at the maturity time. This suggests
that robust pricing is inherently limited in the extent to which the upper or lower bounds can be
used for pricing, without the addition of further information which can reduce the class of models,
for example through the knowledge of prices of more complex derivatives. Another alternative is
to reduce the class of models under which pricing can happen. However, this approach also has
potentially limited scope for reducing pricing bounds. Work of [33] showed that provided the class
of models which are included in the “robust” set includes some stochastic volatility model with
additional noise relative to the asset, and under mild technical conditions, then the class of possible
pricing measures is essentially the set of all calibrated measures, that is, we cannot significantly
reduce the class M without making strong assumptions on the dynamics of the true model.

In practice, and as is well established, this means that robust methods are of limited practical
application for pricing, a fact which has been well known for many years. Rather, the main
applications of such methods should come through more sophisticated approaches to penalisation.
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For a completely different approach to these problems, employing modern machine learning
techniques see for example [45] using neural SDE models, while e.g. in [57] a machine learning
approch to the discrete time problem was proposed.

Another recent methodology, often referred to as “sensitivity analysis”, consists of restricting
to models within a small “distance” to some reasonable reference model, see, e.g., [3, 47, 48] for
results in continuous time and [2, 4, 37, 60] for results in discrete time, as well as the references
therein.

We note, however that such methods are again subject to (more subtle notions of) model-risk,
and may again expose institutions adopting these metrics to unanticipated risks. More generally,
it seems that model-risk is a phenomena which is unavoidable for accurate pricing and hedging.

4 Conclusion

In this paper we considered robust pricing bounds for options on variance. We considered
the classical solutions to the robust pricing of variance options given vanilla options with the same
maturity as the variance options, and (through the application of appropriate smoothing of market
prices), we were able to identify the underlying geometric structure which identifies the optimal
model.

Further, by incorporating market data on vanilla options with earlier maturity dates, we were
able to show that, contrary to some expectations, and through explicit calculation of the geometric
structure relating to the extremal models, that the extremal prices of variance options do not appear
to change when we include this additional information. As a consequence, we conclude that there
is some evidence that robust pricing bounds for variance options are not significantly changed when
additional market information coming from vanilla options is incorporated. We conclude that there
is no simple approach to eliminating model risk when pricing and hedging exotic options.

A Estimating implied interest rate and dividend yield.

In instances where interest rates and dividend yields used in pricing are unavailable, as is
the situation with the data obtained from the CBOE Datashop, there exist several methods for
approximating these quantities. A commonly used technique is utilizing the put-call parity

C(K,T)—~P(K,T) = Pye " — Ke T, (18)

Then taking the first derivative in the strike price K yields the following formula for the implied
interest rate given (K,T)

a% C(K,T)-P(K,T))=—-e"" < r=rKT) === (PK,T)-C(K,T)).

Let X C [0,00)? denote the set of market given strike-maturity pairs (K, T) and let N denote
its cardinality. Then we estimate the implied interest rate 7 as

. 1
Pi= Z r(K,T). (19)
(K, T)eX

Given an interest rate r (or an estimate thereof) we estimate the implied dividend yield given
(K, T) analogously

1 1
q(K,T):—Tlog <P (C(K,T)—P(K,T)—FKETT)) , (20)
0
hence we can define ¢ by
. 1
i=5 Y KT, (21)
(K, T)eX
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Perkins Embedding for General Starting Laws

A. M. Grass

Abstract

The Skorokhod embedding problem (SEP) is to represent a given probability measure as a Brownian motion B
at a particular stopping time. In recent years particular attention has gone to solutions which exhibit additional
optimality properties due to applications to martingale inequalities and robust pricing in mathematical finance.

Among these solutions, the Perkins embedding sticks out through its distinct geometric properties. Moreover,
it is the only optimal solution to the SEP which so far has been limited to the case of Brownian motion started in
a dirac distribution.

In this paper we provide, for the first time, an optimal solution to the Skorokhod embedding problem for the
general SEP which leads to the Perkins solution when applied to Brownian motion started in a Dirac. This solution
to the SEP also suggests a new geometric interpretation of the Perkins solution which better clarifies the relation
to other optimal solutions of the SEP.

Keywords: Skorokhod embedding problem; Perkins embedding; barrier type solutions; inverse barriers.
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2 Perkins Embedding for General Starting Laws

1 Introduction

Let p be a probability measure on the real line with finite second moment and write (B;);>¢ for

a Brownian motion started according to a probability measure A, i.e. By ~ A. The Skorokhod em-

bedding problem ([33, 34]) is to find a stopping time 7 such that the measure p can be represented
in the sense that

B; ~u, and E[7] < . (SEP» )

Skorokhod [33, 34] gave a solution in the case where Brownian motion is started in an atom. A
necessary and sufficient condition for the SEP) , to admit a solution is for A to be prior to u in
convex order, ie. [ f(z)A(dz) < [ f(z)p(dz) for any convex function f : R — R. This follows
by combining Skorokhod’s results with Strassen’s theorem [35] on the existence of martingales
with given marginals. We will tacitly assume this condition throughout the paper. The condition
E[r] < oo is imposed to exclude trivial solutions.

Skorokhod’s work initiated an active field of research. Obldj’s survey [27] provides a compre-
hensive overview of the developments up to 2004 and describes more than 20 different solutions to
the Skorokhod problem given by different authors.

During the 2000’s a particular stimulus for the field has come from the connection with robust
finance which was discovered in Hobson’s seminal paper [19], see also [21]. In view of these
applications, it is of particular importance to construct stopping times which optimize certain
functionals subject to satisfying the embedding constraint. This question is known as the optimal
Skorokhod embedding problem and has been considered extensively, see [2, 3, 4, 5, 8, 9, 10, 11, 12,
13, 14, 15, 16, 18, 26, 28] among others.

Perkins embedding

In this article we focus on a particular solution to (SEP) ,) established by Perkins [29] for
the deterministic start case where By = 0, i.e. A = §y. The Perkins embedding solves an optimal
Skorokhod embedding problem: It has the characteristic optimality property of minimizing the law
of the running maximum B, := max;<, B¢ of the underlying Brownian motion while simultaneously
maximizing the law of the running minimum B, := min;<, B; among all solution to (SEP, ,).
Here (and below) maximization / minimization of laws is understood with respect to first order
stochastic dominance.

The Perkins embedding is of importance for robust pricing of barrier and lookback options, see
[6, 19, 21]. While other solutions to the optimal Skorokhod embedding problem have been given
in the case of a general starting distribution By ~ A or admit direct extensions to this case, there
is no known solution in the general starting case which extends the Perkins embedding.

In [22] Hobson and Pedersen propose a solution to (SEP) ,) allowing for a general starting
law which minimizes the law of the running maximum. Remarkably, the Hobson-Pederson em-
bedding bears some resemblance to the Azéma-Yor [1] embedding. As pointed out in [22], the
Hobson-Pederson embedding does not maximize the running minimum in the By = 0 case and
specifically differs from the Perkins embedding also in this case. A further difference between
the Hobson-Pederson embedding and the Perkins embedding, is that the latter does not require
external randomization (unless p(0) > 0, see Section 3.2).

Of specific interest is the geometric structure of Perkins solution. In the A = ¢ case it can be
identified as a hitting time of the process (B, B) of a specifically structured target set R C R?, see
Figure 1 (A). The set R is a union of ‘lines’ of two types:

(v) wertical lines which start below the diagonal and terminate in the diagonal. These lines will
be depicted in ‘wviolett’.

(h) lines which start on the right of the diagonal. They move horizontally until being reflected
by the diagonal and continue to move vertically towards —oo. These lines will be depicted
in ‘hot pink’.
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Figure 1: Examples of Perkins solutions to (SEP} ,).

(A) Perkins solution in the A = o case.

We will say that R has vh-barrier structure. Note that traditionally the Perkins picture is drawn
without the horizontal lines being reflected downwards. These downward lines are irrelevant in the
deterministic starting case however become crucial when allowing for general starting as we will
see below.

Our main contribution is to extend the Perkins solution to the case of general starting law.
Specifically, setting (A A p)(A) :=inf e, 5 messrae ()\(B) + p(A\ B)) we have:

Theorem 1. There exists a vh-barrier R C R? such that the stopping time 7p defined by P[rp =
0,Bp € A = (AA u)(A) for Borel A C R and on {rp > 0} by

tp=inf{t > 0: (B, B,) € R} (1.1)

is a solution to (SEP) ,). Moreover 7p minimizes the law of the running maximum B and further
maximizes the law of the running minimum B among all these solutions.

If A and p are mutually singular measures we have 7p > 0 almost surely and 7p is adapted to
the filtration generated by the underlying Brownian motion.

The solution 7p will be unique in the sense that if 7 is another stopping time of the form (1.1)
then we have 7p = 7 almost surely.

A possible realization of a general starting Perkins solution can be seen in Figure 1 (B). We
point out two important properties of this solution. Firstly external randomization is only needed
at time 0 and only if the two measure A and p share mass. This answers a question raised in [22,
Remark 2.3] concerning the existence of adapted solutions in this setting. Secondly this solutions
features the same representation as the hitting time of the process (B, B) as the original Perkins
solution and recovers it in the A = §y case as illustrated in Figure 1.

We will focus on discussing the Perkins solution from a barrier type solution viewpoint.

Barrier type solutions

A barrier type solution to (SEP) ,) is traditionally of the form

Tr=1inf {t > 0: (A, B:) € R} (1.2)
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4 Perkins Embedding for General Starting Laws

By By By

TRost

T Root

B 4

(A) Root solution. (B) Rost solution. (C) Azéma-Yor solution.
Figure 2: Barrier type solutions to (SEP) ).

for a sufficiently regular processes A; and a Borel set R C R? featuring some additional barrier
structure.

Barrier type solutions not only come with natural geometric interpretations, we also see that
all these solution are adapted to the filtration of the underlying Brownian motion (apart from
potential additional randomization at time 0 if A and u share mass). Furthermore, barrier type
solutions feature the following intrinsic uniqueness property highlighted by Loynes [25]: if S C R?
is another barrier such that 7g solves (SEP} ,) then we have 7 = 7¢ almost surely. Prototypical
barrier type solutions and also the solutions to originally coin the notion of a barrier resp. inverse
barrier are the solutions by Root [30] and Rost [31, 32]. A (Root) barrier is a set R C Ry x R
such that (s,z) € R implies (t,z) € R for all ¢t > s while for an inverse barrier S C Ry x R we
require that (s,z) € S implies (t,z) € S for all ¢ < s. The Root resp. Rost solution is then given
as the hitting time

TRoot = Inf {t > 0: (¢,B;) € R} resp. Trost =inf{t >0: (¢t,B;) € S}

and is known for minimizing resp. mazimizing E[7?] among all solutions to (SEP) ,) (see [24] and
[31]). To be precise, in the Rost case, if the initial and the terminal law share mass, this shared
mass might need to be stopped immediately, i.e. P[Trost = 0, By € A] = (A A p)(A).

Another barrier type solution to (SEP, ,) worth mentioning here is the Azéma-Yor solution
[1] which is known for maximizing the law of the running maximum of the underlying Brownian
motion. This solution is also given as the hitting time of a barrier in the Root sense, however of
the joint process (maxs<; B, By), thus

Tay = inf {t >0: <m3§<Bs,Bt> S R} .

A general starting law version was found by Hobson in [20] and - as in the Root case - the barrier
type representation of the solution did not change. See Figure 2 for examples of Root, Rost and
Azéma-Yor barrier type solution. As both the Perkins solution and the Hobson-Pedersen solution
minimize the law of the running maximum of the underlying Brownian motion, they can be seen
as a pendant to the Azéma-Yor embedding in a similar way as the Rost embedding can be seen as
a pendant to the Root embedding.

Further barrier type solutions to (SEP) ,) are e.g. the Vallois embedding [36], the Jacka em-
bedding [23] or the cave embedding [26]. We also refer to [26] for a unifying framework for barrier
type solutions.

Notably it is not possible to find a process (A4;) such that the Perkins solution can be represented
as a barrier type solution in the classical sense (1.2), that is as a hitting time of the joint process
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(A, By). However, it is possible to identify it as a hitting time of the process (B, B) of a vh-barrier
as described above.

In [26] the authors use ideas and concepts of optimal mass transport to give existence results for
solutions to (SEP) ,) featuring additional extremal properties and moreover provide techniques
on how connections between these additional properties of the solutions and their geometric char-
acterizations as barrier type solutions can be made. Minor variations of these techniques will allow
us prove Theorem 1 and moreover to identify the right kind of phase space to interpret the Perkins
embedding as the hitting time of a Rost inverse barrier, completing the Azéma-Yor<>Perkins -
Root<+Rost analogy described earlier. Furthermore this representation will enable us to prove a
Loynes-type uniqueness result for this solution.

Outline of the article

In Section 2 we recall notation and results of [26] and extend them to a multifold optimization
problem over solutions to (SEP} ;). These results will be applied in Section 3 to obtain existence of
a Perkins embedding with general starting law as a solution to (SEP) ,) with the desired additional
extremal properties. In Section 4 we discuss uniqueness of barrier type solutions and propose a
setting in which these results can be applied to the Perkins embedding. This will conclude the
proof of Theorem 1.

2 Multifold optimal Skorokhod embedding

For this article we will adopt the underlying assumptions of [26], that is, we will work on a
stochastic basis Q = (Q, G, (G¢)t>0, P) which is rich enough to support a Brownian motion B and
a uniformly distributed Gp-random variable independent of B.

2.1 Optimal Skorokhod embedding

The theory of finding solutions to the Skorokhod embedding problem featuring some optimality
properties is presented from a systematic viewpoint in [26], see also [17]. Historically it was also
common to find a new solution to (SEP) ,) and to only later establish its additional optimality
property. In [26] this was turned around by imposing an optimization problem to the Skorokhod
embedding problem and then to derive structural properties of the embedding problem from a
‘first order condition’.

For this we consider the set of stopped paths.

Definition 2.1 (stopped paths). We define the set of stopped paths
S:={(f,s):s>0,feC(0,s],R)}.

The optimal Skorokhod embedding is formulated in the following way:
Definition 2.2 (optimal Skorokhod embedding problem). For a function

v: 5 =R

the optimal Skorokhod embedding problem is to find a stopping time 7 on 2 solving the following
optimization problem
inf {E [y((B¢)¢<+,T)] : 7 solves (SEP) ,,)}. (OptSEP} ;)

We will always assume (OptSEP) ,,) to be well posed in the sense that for all stopping times
solving (SEP) ,,), we have that E [y((By)i<-,7)] exists, that E [y((B¢)i<-, )] € (—00, 00] and that
there is at least one stopping time 7 such that E [y((Bt)i<r, 7)] < c0.

The solutions presented in the introduction can be recovered as solutions to the optimal
Skorokhod embedding problem in the following way. The Root solution can be obtained by
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6 Perkins Embedding for General Starting Laws

choosing v((f,s)) := s?, the Rost solution by v((f,s)) := —s? and the Azéma-Yor solution by
Y((f,8)) :== —f = max;<; f(t). Many more classic solutions to the Skorokhod embedding problem
can be represented this way, see [26].

As pointed out in the introduction, the Perkins solution stands out due to its two fold optimality
property. The optimal Skorokhod embedding problem as described above will not suffice to describe
this special embedding. Also, in the construction of optimal solutions it is often useful to impose
additional auxiliary optimality conditions in order to guarantee uniqueness of solutions. Thus we
consider the following multifold optimal Skorokhod embedding problem.

Definition 2.3 (multifold optimal Skorokhod embedding problem). Let n € N and consider a
function

Y=, sTn) S = R™
Let Optfyl) be the set of all G-stopping times 7 on 2 solving the following optimization problem

inf {E [v1((Bt)i<-,7)] : 7 solves (SEPy )} . (OptSEPE\{L)

For j € {2,...,n} define OptE/j) as the set of all stopping times 7 € Optﬁfj_l) that solve the
optimization problem

inf {IE Vi ((By)i<s,T)] 1 T € Optgjfl)} . (OptSEPg\J;L)

We call (OptSEP, ,) := (OptSEPg:"BL) the multifold optimal Skorokhod embedding problem.

The optimization problem (OptSEPg\l’L) is well posed if for all stopping times solving (SEP} ),
we have that E[y1((B)i<s,7)] exists, that E[v1((Bt)i<-,7)] € (—o00,00] and that there is at
least one stopping time 7 so that E[y1((Bi)i<r,7)] < oo. We call (OptSEP, ,) well posed, if

(OptSEPg\l’L) is well posed and for all j € {2,...,n} the problem (OptSEPg\];)H) is well posed in the

above sense (considering stopping times in Optgj _1)).

2.2 Randomized stopping times

The requirement of solutions to (SEP, ,) to be stopping times with respect to the filtration
generated by Brownian motion is often too restrictive (as seen for the Hobson-Pedersen solution
in the next section).

The key idea of linking the Skorokhod embedding problem to optimal transport is to think
of a stopping time 7 as a transport plan, mapping the mass of a trajectory (B:(@))s>0 in the
space (C(R4), W) (where W) denotes the law of a Brownian motion started according to the
distribution \) to the endpoint By (@) in R. Even tough optimal transport theory cannot be
applied directly, the appropriate analogues for this setup are developed in [26].

The necessary relaxation of this problem is to consider so called randomized stopping times
which can be seen as stopping times in the usual sense but on a probability space that is possibly
enlarged.

The idea of randomized stopping times is made precise by defining them as a subset of sub-
probability measures on C(Ry) x Ry, for details we refer to [26, Chapter 3.2].

Definition 2.4 (randomized stopping times). A subprobability measure £ on C(Ry) x Ry is called
a randomized stopping time (of Brownian motion with initial distribution A) if

(i) PrOjc(R+) < Wi.

(ii) Given the disintegration (§,)wec(r,) of § w.r.t. the first coordinate w € C(Ry), Ay(w) =
£,([0,1]) is F-measurable for all ¢ € Ry (Here (F*) denotes the natural augmented filtration
on C(R4)).
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For the probability measure p on R we define the subset RST ), (¢+) which consists of those £ € RST),
such that

(i) projo,) = Wi,
(ii) For all A € G we have {({(w,t) € C(R4) x Ry :w(t) € A}) = p(A).

2.3 Existence of an optimizer

One important result of [26] is to establish existence of optimizers under fairly general condi-
tions. Even though the main proofs were carried out for n =1 (Theorem 4.1) and generalizations
are provided for n = 2 (Theorem 6.1), we can generalize in precisely the same way to arbitrary
n € N. Let us formulate the optimal Skorokhod embedding problem for randomized stopping times
and then give the existence results for this generalized problem.

Definition 2.5 ((OptSEPx) 5)). Let n € N and consider a function
=1, sn) : S — R".

Let Opt*gl) be the set of all randomized stopping times solving the following optimization problem

inf { / (@0, 8)dE((w, 1)) : € € stu)} . (OptSEP+{"))
C(Ry)xXRy

1)

For j € {2,...,n} define Opt*gyj ) as the set of all stopping times 7 € Opt*f(yj wich solve the

optimization problem
inf { / 7% (@lo,,)dE((w, 1)) : € € Opt*gj—”} : (OPtSEP+),)
C(R4)xRy

We define (OptSEPx ,,):= (OptSEP«{")).

Theorem 2 (Existence of a minimizer, cf. [26], Theorem 4.1). Let v : S — R™ be Isc and bounded
from below in the following sense:
For all j € {1,...,n} there exist constants a;,b;,c; € R} such that

= (gt + a2 ) < 9y ((B).cr ). (2.1

holds on C'(Ry) x Ry.
Then (OptSEP«, ;) admits a minmizer £ € RST(u).

The following lemma provides equivalence between optimization over stopping times on our
enlarged probability space and optimization over randomized stopping times.

Lemma 2.6 (cf. [26], Lemma 3.11). Let 7 be a (G¢)i>o-stopping time and consider the map
2: Q= CRy) xRy, @ ((Be(@))ez0, 7(@)).

Then § := &4 P € RST) and for any measurable map v : S — R we have

/7((f78))d7‘#€((f, s)) = Ep [y((Bt)i<r, 7)] (%)

for the function
T C(R+) X R+ — S, (w,t) — (W|[0,t],t).

For any randomized stopping time £ € RST) we can find a (G¢);>o-stopping time 7 such that
& :=®4P and (%) holds.
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8 Perkins Embedding for General Starting Laws

2.4 Monotonicity principle

In optimal transport theory it was an important development to be able to identify optimal
transport plans by the geometry of its support - see c-cyclical monotonicity. A monotonicity prin-
ciple (‘first order condition’) similar to c-cyclical monotonicity for optimal Skorokhod embeddings
is given in [26]. We define the support of a stopping time 7 as a subset I' C .S such that

P[((Bt)t<r,7) €T =1

Specific properties of this set I' will be crucial to our geometric approach to the Skorokhod em-
bedding problem.

We will consider possible continuations of a given path and therefore define an operation of
concatenation.

Definition 2.7 (concatenation of paths). For two paths (f,s), (g,t) € S we define an operation of
concatenation @ by

flr) r € [0, ]

[ ®9)r) = {f(s) —g(0) +g(r—s) 1€ (s,5+1l.

Definition 2.8 (going paths). For any set of stopped paths I' C S we define the set of initial
segments of this paths as

r<.= {(f,s) € S:3(f,5) eI such that s < 5 and flios) = f|[o,s]}

and call it the set of going paths.

In the multifold optimal Skorokhod embedding problem we consecutively optimize over func-
tions of stopped paths. We will soon learn that it is interesting and useful to derive structural
arguments about the sets of stopped paths satisfying these optimality conditions. In order to do
this, we would like to have a strategy for dealing with different paths stopping at the same value.
Among those paths we would like to identify those paths that should be stopped and those paths
that should be allowed to continue - keeping in mind our optimization problem. This leads us to
the notion of stop-go pairs, which by considering possible continuations of the paths gives a rule
on how to decide on which one to stop and which one to allow to continue.

Definition 2.9 (Stop-go pair). A pair of paths ((f,s),(g,t)) € S x S is called a stop-go pair with
respect to v (short: SG-pair) if

(i) f(s) =g(t)

(i) ENV(f ® (Bu)uso: s+ 0)] +7(g,1) > v(f,5) + EV(g ® (Bu)uso, t + 0)]
in the lexicographic ordering of R™ for every (Ff);>o-stopping time o such that E[o] € (0, 00),
both sides are well defined and the left-hand side is finite in every component.

For the set of all SG-pairs we will write
SG, = {((f,s),(g,t)) € S x S:((f,s),(g,t)) is a stop-go pair with respect to v},

and for j € {1,...,n} we will call

E h’j(f D (Bu)USms +0)] +'7j(g»t) > 7j(fa s)+E [’Vj(g @ (By)u<o,t + )]

the j-th stop-go condition (SGC;).

We now want to identify sets of stopped paths, such that it is not advantageous to stop any of
these paths earlier in comparison to the other paths in this set. In other words, the stopping rule
cannot be improved within this set.
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Definition 2.10 (y-monotonicity). A set of stopped paths T' C S is called y-monotone if
SG,NI<xI)=0

Theorem 3 (Monotonicity principle). Let v : S — R™ be Borel measurable and let 7 be a minimizer
of (OptSEP, ,). Then there exists a 7-monotone Borel set I' C S such that

P((Bt)i<s,7) €T =1.

Similar to the existence result also the monotonicity principle can be formulated for randomized
stopping times. As these technicalities are not important for the rest of this paper we will refer
the reader to [26] for further details.

We will see that the monotonicity principle is the key to the geometric approach to optimal
Skorokhod embedding problems.

3 The Perkins embedding

3.1 Perkins embedding with deterministic starting

We will first give a precise formulation of the original Perkins solution in a barrier type formu-

lation. Finding a geometric interpretation of this solution in the case of A = ¢y is feasible with the
methods established in [26], see Theorem 6.8 therein.
We will give the following slight reformulation of this theorem in order to stress our interest in
the specific structure of the target set. In addition to the barriers defined in the introduction we
will furthermore consider an upwards barrier, that is a set R C R? such that (s,x) € R implies
(s,y) € R for all y > x.

Theorem 4 (The Perkins embedding, cf. [29]). Let A = §y and assume u({0}) = 0. Let ¢ : R2 —» R
be a bounded continuous function which is strictly increasing in both arguments. Then there exists
a stopping time 7p, which minimizes

& (o (B ~B,)]
over all solution to (SEP) ;) and which is of the form
7p, = inf {t > 0: (B, B,) € R}.

Here R C R x R_ will be a vh-barrier which can be represented as R = R; U Ry with R; being
an upwards barrier induced by (v)-lines and Ry being an inverse barrier induced by (h)-lines.
Moreover the boundaries of Ry and Ry are both given by decreasing functions R_ — R (see Figure
1A).

The solution 7p, will in fact coincide almost surely for each choice of the auxiliary function ¢
thus giving first order stochastic dominance.

Unfortunately, some of the arguments in the proof of this theorem do not extend to the random
starting case. Foremost it is no longer possible to optimize over the running minimum and the
running maximum simultaneously. The stopping rule of Perkins’ problem will only stop paths
when they reach a new running extremum. This justifies the representation of 7p, as a hitting
time of the process (B, B). Note that since we do not allow x to hold any mass in 0, we have
Tp, > 0 and by properties of Brownian motion then BTP > B, a.s. These two facts imply that
whenever we consider two paths stopped by this stopping rule at the same terminal value, either
their running minima or their running maxima coincide. However, now it becomes very easy to
decide on which one of those two paths to stop if we look at the other running extremum.

If we now allow for random starting we can also encounter (among other problems) the following
situation: Two paths (f,s),(g,t) € S stop at the same value, that is f(s) = g(t), however - lets
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10 Perkins Embedding for General Starting Laws

Figure 3: The Hobson-Pedersen solution to (SEP) ,) with non-deterministic starting
law A. We see the lower path being stopped by 7, due to hitting the barrier and the
upper path being stopped by 7.

say f - does so by reaching a new running minimum and g by reaching a new running maximum.
Then f > g and f > g. It is therefore no longer obvious, which of those two paths should be
stopped and we can see that the solution can no longer be identified as the hitting time of a set
serving both optimization problems simultaneously.

3.2 Perkins embedding with random starting
The Hobson-Pedersen solution

A first take on Perkins’ embedding with random starting is due to Hobson and Pedersen in
[22]. We will give a brief sketch of their solution.

The authors define a function g : R — R and a random variable G which is independent of the
randomly started Brownian motion (B;). Both are explicitly determined by the measures A and
. They further define the two stopping times

TG:inf{t>O:§t2G} andTg:inf{t>0:Bt§g(§t)},

where one should note the resemblance to the Azéma-Yor solution of the second stopping time.
The solution to the Perkins problem with random starting is then given by

THP = TG N\ Tg,

see Figure 3 for an illustration. Due to this external randomization given via the random variable
G this solution is not adapted to the filtration of the underlying Brownian motion. Moreover
this external randomization generally remains to be needed in the deterministic case of A = dy
as seen in Figure 4. In particular, the original solution by Perkins is not a special case of the
Hobson-Pedersen solution. The authors also discover that simultaneous optimization is no longer
possible for general initial distributions and choose to prioritize minimizing the law of the running
maximum.
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Figure 4: The Hobson-Pedersen solution to (SEP) ) for A\ = dg and p = U[—1, 1] (see
Example A in [22]). We see that external randomization is still needed (otherwise
paths could only stop in [-1,0]) even though the measures A and p are mutually
singular.

Existence of a Perkins embedding allowing for a general starting law

By interpreting Perkins’ problem with general starting law as an (OptSEP} ;) for a well chosen
v as introduced in Section 2 we can use the methods and results therein to prove existence of a
solution that is given as the hitting time of the process (B, B) of a specifically structured target
set.

It was explained above why we can no longer optimize simultaneously over the running minimum
and the running maximum. We will therefore decide - as in the Hobson-Pederson solution presented
above - that from now on the running maximum is more important to us. However, it should be
obvious that all following results and calculations work analogously if our choice fell on the running
minimum instead.

The following theorem provides a generalization of Perkins’ theorem in the slightly weaker
formulation of optimization in expectation over an auxiliary function ¢. While this is needed in
order to apply the results of the previous section, the proof of Theorem 1 can be concluded in the
next chapter by showing that all such solutions must coincide almost surely independently of the
choice of ¢. Thus our solution will optimize over all such ¢ which will conclude optimization in
first order stochastic dominance.

We no longer exclude the possibility of A and p sharing mass. This leads to the situation of
some randomization needed at time O.

Theorem 5. Let ¢ : R — R be a continuous bounded strictly increasing function. Then there
exists a stopping time 7 which minimizes E [<p (BT)] over all solutions of (SEP) ,) and maximizes
E [p (B,)] over all stopping times satisfying the former. For A € B(R) we have

P[7 =0, By € A = (\\ p)(4)

and there exists a set R € R? such that on {7 > 0} we have

7=inf{t >0: (B¢, B,) € R}.
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12 Perkins Embedding for General Starting Laws

Proof. We will consider the function v = (1, v2,73,74) : S — R* given by

Y2((f,8)) == —o(f),
v3((f,9)) = —o(F) f(s)?,
Ya((f,5)) == —o(=f)f(s)>.

Then all y; are bounded from below in the sense of (2.1) (due to the boundedness of ¢). Thus
Theorem 2 guarantees the existence of a minimizer 7 € RST (1) which by Theorem 3 is supported
by a y-monotone Borel set I' C S.

The stop-go conditions amount to the following:

Let ((f,s),(g,t)) € S x S such that f(s) = g(t), then

Elp(fV(f(s)+Bs))] +¢@ =e(f) +E [0 (gV (9(s) + B,))] , (SGCy)
E ¢ (fA(f(s)+B,))] +9(g) < o(f) +E[e (g (9(s) + B,))] , (SGCs)

E e (FV (£(5) + Bo)) (F(s) + Bo)?| +w(@)g(t)? <

e(DF(s)? +E [0 @V (90) +Bo)) (9(t) + B,)*| . (SGCy)
E [0 (<f A (F(5) + B,)) (f() + Bo)?| + o~ ><>2<
(=115 +E[p (=g A (9t) + B,)) (9() + B)*] . (SGCy)

Let us first consider {7 > 0}. By standard properties of Brownian motion we then may assume
that for (f,s) € ' we have f > f.

To legitimate that on {7 > 0} the stopping time 7 is given as the hitting time of the process
(B, B) we will start by showing that 7 will only stop Brownian motion when it is reaching a new
running minimum or running maximum.

Consider a path which stops somewhere between its current running extrema, that is a path
(f,s) € S such that f < f(s) < f. Let 7 be the time where f hits its last new extremum. As f
does not reach a new extremum at time s we can consider the initial segment of this path up to a
time point § < r such that f(5) = f(s) and either f_= f or fs=f, where

fs=maxf(u) and f =minf(u).

Let f:= flj0,5), then we claim that ((f,3), (f,s)) € SG,.

1. Case: i§ = f and fs < f as depicted in Figure 5, that is the last new extremum hit was
a new maximum.

Assume f; < f(5) + Bo, then f;V (f(5) + Bo) = f(5) + B, and (SGC;) reads
E ¢ (f(3)+Bo)] +o(f) = ¢(fs) +¢(f) if f>f(s)+B,
E[¢ (£(3) + Bo)] + ¢(F) = ¢(f5) + E [ (f(s) + Bo)] it f<f(s)+Bs

and we see that in both cases a strict inequality holds due to our assumptions.

On the other hand, if f; > f(5) + Bo, then f;V (f(5) + B,) = fs as wellas fV (f(s) + Bo) = f
and this leads to an equality in (SGC1). Since f_ = f we also have an equality in (SGC2) and
therefore jump to our third condition (SGC3):

E [o(f:)(f(3) + Bo)*] + o(F)f(5)* < o(f:) F(3)* + E [¢(F)(f(s) + Bo)?]
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Figure 5: Stop-Go pairs: We see possible continuations of our path f. If these
continuations are attached at time s the running maximum of f remains unchanged.
Attached at time 5 however, the running maximum of (f,3) = (fj,s,5) will be
increased.

Again, due to our assumptions f(3) = f(s), fs < fand as @ is strictly increasing, a strict inequality
holds and thus ((f, 5), (f,s)) € SG,.

2. Case: f; = f and ig > f, that is the last new extremum hit was a new minimum. Now
(SGCy) as well as (SGC3) will always exhibit an equality and conditions (SGCz) and (SGC4) can
be treated analogously to the previous case.

As now due to ~-monotonicity ((f,3),(f,s)) & TI'< x T it follows that T N
{(f, s)eS:f<f(s)< ?} = (, that is, when stopped we will almost surely have reached
a new running minimum or a new running maximum.

Summing up, we now know that 7 stops paths of Brownian motion only when they reach a new
running minimum or a new running maximum.

We will denote the set of stopped paths satisfying this condition by

S:={(f,s)€S:f(s)=for f(s)=T}.

This justifies to consider the phase space (B, B). All possible paths will lie below the diagonal, i.e.
in the set Hp := {(z,y) € R? : 2 > y}.

We propose that there are two sets of points 1,79 C Hp, such that R = Ry U Ry, where

Ry :={{z} x [y,2] : (z,y) €r1} and
Ry = {([y,2] x {y}) U ({y} x [y, 00)) : (z,9) € r2}.

Let us legitimate this target set structure:
Assume we know that there is a path (f,s) € T' such that s > 0 and f(s) = f, that is we stop at
a new running maximum. We claim that it is impossible for a trajectory of the process (B, B) to
traverse the {f} x [f, f) line-segment and then be stopped as seen in Figure 6 (A).
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(A) The path (f,s) is stopped at a new (B) The path (f,s) is stopped at a new
running maximum. running minimum.

Figure 6

Consider a path (g,t) € S such that g(0) € (f,f], g > f and g > f. Then there has to exist a
timepoint # < ¢ such that g(f) = gz = f = f(s) and note that still g; > f has to hold. However,
this situation equals the 1. case of the above discussion, hence again ((g,1),(f,s)) € SG,. By
y-monotonicity it now follows that (g,%) & I'<, therefore (g,t) ¢ T and our claim is proven.

It becomes clear that by choosing 1 := {(7, f):(f,s) el and f(s) = ?} the definition of R; as
above is reasonable. Now assume we know that there is a path (f,s) € T such that s > 0 and

f(s) = f, that is we stop at a new running minimum. We claim that it is impossible for a trajectory
of the process (B, B) to traverse either the [f, f) x {f} or the {f} x [f, 00) line-segment and then
be stopped as seen in Figure 6 (B). B B B B

Consider a path (g,t) € S such that § € [f,f) and g < f. Let us first assume g(0) € [f, f).
Then again there has to exist a time point ¢ < ¢ such that g(f) = g; = f = f(s) while g; < f.
Again ((g,1), (f,s)) € SG, as in the 1. case above.

Now assume g(0) < f. It is then possible to find a timepoint ¢ < t such that g(t) = g;
f = f(s) and still g; < f. We remember that (SGC;) exhibits an equality if g; > g(f) + B,
which in our setting is equivalent to B, = 0. If on the other hand B, > 0, we will have a strict
inequality. However, as trivial stopping times are excluded, the later will always happen with
positive probability and thus taking the expectation (SGC;) will always lead to a strict inequality,
implying that ((g,%), (f,s)) € SG,.

This concludes the proof of (g,t) & T.
Again, in analogy to the above let us take ry := {(T, f):(f,s) el and f(s) = i} to justify the
definition of Rs.

Now define the following two target sets

RCL =R= Rl URQa
Rop = {{z} x (y,2] : (z,y) € ri} U{([y;2) x {y}) U ({y} X [y,0)) : (z,y) € r2}.

and consider

Tcr, := inf {f >0: (Et,ﬁt) S RCL} < 71op := inf {t >0: (Et,ﬁt) S Rop} .
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Note that since I' is Borel, the sets 1 and r, are analytic sets since they are continuous images of
Borel sets. This implies that R; and Ro are analytic sets and we see that 7o, and 7op are stopping
times.

We would like to show that 7¢r, = 7 = Top a.s. as our claim then follows.
AsT'n {(f, s)eS:f<f(s) < ?} = () it is obvious that 7cy, < 7 a.s. by definition of 7¢y,.

To show that 7 < 7op a.s. let us assume that this is not the case. Choose w € {2 such that
((Bt(w))t<#(w)» T(w)) € T"and assume Top (w) < 7(w). Then there has to exist an s € [rop(w), T(w))
such that for f = (By(w)),., we have (f, f) € Rop. As s < 7(w) it follows, that (f,s) € I'<, that
is (f,s) is a going path. By definition of 7op we can find find a point (z,y) € r; such that
(f.f) € {z} x (y,2] or a point (z,y) € ry such that (f,f) € ([y,z) x {y}) U ({y} x [y,0)).
However, we then find ourselves in the same situation of traversing line-segments as above. More
precisely, by considering the path (g,t) € T corresponding to this r; respectively ro point we again
find a SG-pair contradicting the y-monotonicity of I". Hence 7 < 7op a.s.

By standard properties of Brownian motion now 7op = 7¢y, a.s. which concludes the proof in

the {7 > 0} case.
Let us now consider stopping in time 0. Note that P [F = 0, By € A] < (AAp)(A). We want to show
that a strict inequality stands in conflict with the y-monotonicity. If P[7 =0, By € A] < (AAp)(A)
then there has to exists some x € A such that there are paths in I" starting in  but not immediately
stopping and also paths which stop in z € A at a strictly positive time. By above discussion we
see that this would constitute SG-pairs and we can conclude

PJ7=0,By € Al = (A A p)(A).

4 Uniqueness

In the previous section we have seen that the Perkins solution with random starting is given
as a hitting time of the process (B, B) of a specifically structured target set. As mentioned in the
introduction it was proved by Loynes [25] that Root’s barrier type solution is essentially unique.
In this chapter we will briefly discuss the extension of this argument to barrier type solutions of
the form

T =inf{t >0: (A, By) € R}

for sufficiently regular processes A;.

We will then propose a setting in which the Perkins solution with random starting can also be
seen as a barrier type solutions and show how the Loynes argument extends to this setting. This
will enable us to conclude the proof of Theorem 1.

4.1 The Loynes uniqueness result

Root initially defined barriers as topologically closed subsets of R. Loynes uniqueness argument
relies on this fact by using that we are actually inside the barrier when we stop. A suitable
generalization for our purposes would be to ask our process A; to be sufficiently regular such that
(A¢, By) is jointly Markov satisfying the Blumenthal-Getoor 0-1-law. Instead of topological closures
we then consider fine closures with respect to the process (A, By).

The fine closure of a set R C R? with respect to a jointly Markov process (As, B;) will be
denoted by R* and is defined as

R*:= RU{(t,z) € R*: P [z = 0|(Ao, Bo) = (t,z)] = 1}.

By this definition follows 7p = Tg~ a.s. and (A,,., B-,.) € R* by Blumenthal-Getoor. Moreover
we also have A, ~ A, . and B,, ~ B,..
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16 Perkins Embedding for General Starting Laws

For details on fine closures refer to [7], see also the arguments in [26].
We see that taking fine closures does not alter the stopping properties and we will therefore assume
without loss of generality that our barriers are always finely closed with respect to (A, By).

Proposition 4.1. Let R and S be two barriers such that
Tr:=inf{t >0: (A, By) € R} and 7g:=inf{t > 0: (A, B;) € S}
are stopping times both generating the same law p. Then RU S also generates p and the corre-

sponding stopping time is given by
TRUS = TR\ TS.

Proof. Consider the set
K:={zeR:inf{yeR:(y,z) e R} <inf{y eR: (y,2) € S}},
and define

Ri = {(x,y)gR:ng}’ Rke = {(a:,y)eR:yEKc},
Sk ={(z,y) €S:ye K}, Skgec:={(z,y)€S:yeK}.

Note that S € Ri as well as Rge C Ske.

Now assume that B,, € K. By definition of g and by the above discussion we have (A,,, Br¢) €
Sk € Rg. This means, 7r < 7g and it is now impossible to have (A,,, Br,) € Rk (otherwise
B;, would have stopped in K€). This implies that we cannot have B;, € K¢ and therefore
P[B., € K,B,, € K| =0.

As B;, ~ B, we have:

P|B,, € K] = P|B,, € K,B,, € K] + P[B,, € K, B,, € K]
= P[By; € K,B,, € K|+ P[B,, € K,B,, € K| = P[B,, € K],

and altogether
0=P[B., € K,B;, € K°|=P|[B,, € K,B,, € K°].

It is now clear that the sets
O :={B;, € K,B;, € K} where 1 <75

and
Oy :={B;, € K, B, € Ky where 75 <7p

are essentially disjoint and their union has full probability. Therefore Trus = Tr A 75 a.s.
That 7rus generates the same law is now obvious (due to decomposition into € and ).

Corollary 4.2. If 7 is a barrier type solution to the (SEP} ,), then 7 is a.s. unique.

Proof. For any solution 7 to (SEP, ,) we have E[r] < oo and thus E[B?] = E[r]. Now if 7 is
another solution to (SEP) ) and 7 < 7, then E[7] = E[B2] = E[B?] = E[r], hence 7 = 7 a.s. and
we call such a solution minimal. Let R be the barrier inducing the solution 7 = 7z and let 7g
be a different solution induced by the barrier S. By Proposition 4.1 we have that 7z A 75 is also
a solution to the (SEP, ,). Since trivially 7s A 7¢ < 7 we have that 7 A 7¢ = Tr due to the
minimality observation before. Now analogously 7r A 7s = 7Tg, hence 7 = 75 a.s. concluding the
proof of uniqueness. O

We see that this uniqueness result cannot immediately be applied to the solutions found in
Theorem 5. However, an analogous uniqueness result holds in this setting. The target set con-
structed in the proof of Theorem 5 can be seen as an inverse barrier in the sense of Rost and the
Loynes type uniqueness result can be extended to this setting.
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4.2 Uniqueness of the Perkins solution

To give a Loynes type uniqueness result for the Perkins embedding we need to identify the
right space and setting to be able to consider vh-barriers as barriers in the classic sense. We aim
to represent vh-barriers as inverse barriers in the Rost sense.

Let (R/, =) be a disjoint copy of the real numbers where the order is flipped, i.e. for z,y € R’ we
have z < y if and only if > y in the usual order of the real numbers. We keep R’ distinguishable
from R. Consider D := R’ UR and define an order <p on D in the following way.

zeR andyeR
z,y€D, thenz <py:=z,ycR andz <y
z,yeRand z <y

This order enables us to depict the set D as linearly ordered from left to right. Moreover we can
consider R’ as the left half of D while considering R as the right half of D. To emphasize this we
consider the map

L:R—=R, (z)=12

which embeds R into R’. Then

"'SDb(l) SD"'SDL(O) SD"'SDL(—l) <p---
<p-1<p--<p0<p---<pl<p---,

thus we may consider R’ as R reflected in the origin.

We will now construct barriers in D x R = (R’ x R) U (R x R). Note that in the proof of
Theorem 5 the vh-barrier R was established as R = Ry U Ry where R; was induced by ri, the
endpoints of paths being stopped at a new running maximum while Ry was induced by rs, the
endpoints of paths being stopped at a new running minimum. While R is a barrier in R? we can
also use r; and ry to define a corresponding barrier Rp C D x R in the following way. For every
(z,y) € r1 we have (z,y) € R” x RC D x R and also (Z,y) € Rp for all & € D such that & <p z.
Note that as 2 € R’ of course we have & € R/ for all £ <p z. Analogously for (z,y) € ro we have
(r,y) € RxR C D xR and also (Z,y) € Rp for all £ € D such that £ <p x. Note that this
especially implies (Z,y) € Rp for all Z € R’.

Thus every path stopped at a new running maximum creates a line in the left half of D x R
while every path stopped at new running minimum creates a line in the right half of D x R which
continues on into the left half creating a structure of Rost barrier type. Figure 7 gives an illustration
of how the vh-barrier picture in Figure 1 (B) translates into a barrier in D x R which will be of
inverse barrier structure.

We want to consider the path (B, B) in D x R, more precisely we want to consider the path on
the lhs R’ x R as well as on the ths R x R of D x R separately but simultaneously. So we define
the following two maps embedding R? into the respective space.

E : R2 — R’ x R) E(x,y) = (L(y),l‘)
Y:RP SRR, ¢(z,y) = (z,y)

While ¢ will plainly embed the path (B, B) into the right half R x R, the map v will reflect the path
(B, B) along the main diagonal before embedding it into the left half R’ x R. As we have ‘flipped’
the order on R’ we will perceive the action of 1/ as a counter clockwise rotation by 90°. Due to the
order defined on D these two paths will now both travel from left to right. In the left half the path
) ((Et, Et)) will move vertically upwards whenever a new running maximum is reached and will
move only horizontally when a new running minimum is reached. Furthermore this implies that
the barrier can only be hit when a new running maximum is reached and no stopping will happen
in the left hand side due to a new running minimum. In the right half the path ¢ ((Et, Et)) will
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Figure 7: Translating the Perkins barrier picture in Figure 1 (B) into D x R.

move vertically downwards whenever a new running minimum is reached but will travel perfectly
horizontal at the level of the current running minimum when a new running maximum is reached.
In other words, all stopping due to new running maxima will happen on the left hand side R/ x R
while all stopping due to new running minima will happen on the right hand side R x R. We
consider the respective stopping times of the embedded processes

Tg :=inf {t >0:¢ ((Et,ﬁt)) S RD} ,
Tp = inf {t >0: y((gt,ﬁt)) S RD} .
Now if R € R? and Rp C D x R are both induced by the same sets 71 and ry found in Theorem

5, then
TR =inf{t>0: (B, B,) € R} =Tr ATg,

thus both representations of the hitting time of the barrier will be equivalent. We will assume Rp
to be finely closed with respect to 1 ((By, B,)) as well as ¢ ((By, B,)) and give a Loynes type
uniqueness argument for the stopping time 75.

Theorem 6. Let R, S C R? be two vh-barriers and let 7 resp. Ty denote their hitting times by
the process (Bt,ﬁt). If 7 and 7¢ both embed the same law p, then 7 = 75 a.s.

Proof. Note that by the above discussion we must have inverse barriers Rp, Sp C D x R corre-
sponding to the vh-barriers R resp. S such that 7R = Tr AT and 7¢ = Tg A Tg. Analogously to
Proposition 4.1 and Corollary 4.2 the almost sure equality 7z = 75 will follow by defining a set
K C R of those levels where barrier R is ‘longer’ than barrier S and showing that

P [B?S/\Is € Kv B?R/\zR S KC] =0. (41)

Considering the order <p on D as well as the fact that Rp respectively Sp are both inverse barriers
we define

K:={zeR:sup{x e D:(z,2) € Rp} >pinf{x € D: (z,2) € Sp}}.
Thus now we can consider the subset
R¥ :={(z,y) € Rp:y € K} C Rp

and define RX", SK and SX° analogously. Then we have S¥ C RX and RX® C §K°.
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Consider Bz ar, € K, then it is crucial to observe that our stopping times will only stop
Brownian motion at a new running minimum or running maximum, hence by definition of the
respective stopping times we will either have Broar, = Bz or Brgar, = thus either

Y ((Bi,B,)) € S* CRX  or g((?t,ﬁt))esKgRK.
B-,

Assume Brgar, = . Then7g < 74 and Tr < Tg by the definition of K, hence TrATy < TsATg
and it is impossible to have BTR/\TR € K¢ as otherwise BTS/\TS would have stopped in K¢ as well.
We have the analogous result when Bz, Arg = B, , hence (4.1) is clear. We can conclude the proof
analogously to the proof of Proposition 4.1 and Corollary 4.2. O

We can now complete the proof of Theorem 1.

Proof. For an arbitrary choice of ¢ consider 7p := 7 as found in Theorem 5. Let 7 be another
stopping time constructed as in Theorem 5 but for a different choice of ¢.
First note that the behaviour in 0 is independent of ¢, hence for A € B(R) we have

P[TP:07B()GA]:()\/\,LL)(A):P[?:O,B(] GA]

Now note that on {7p > 0} = {7 > 0} both stopping times are given as hitting times of vh-barriers
and embed the same law p, hence by Theorem 6 we have 7p = T a.s. Since the choices for ¢ were
arbitrary we must have optimality for any such ¢, thus we can conclude that 7 minimizes resp.
maximizes Bz resp. B- in law. O]

4.3 An example

We will illustrate the occurrences of the different type of lines of the Perkins barrier solution
in the following simple atomic example. Consider the initial measure

1 1 1
A= —-0_ =4 )
1 1-1-20-&-41’

and for « € [0, 1] the terminal measure

1—« 1l—«a
n= 75_2-1-04(50—1- da.
Bt“ B,A ! Et“
d N : d
e N : e
7 N et ] : 7
4 N : 4
// ]] » \\ —* 7X: // ]] LD
= TT I EX il
// Bt \\ Et i // Bt
y S A% : y S
4 N 1 4
4 N ! 4

Figure 8: The Perkins embedding of u for a € [O, %]

Depending on the size « of the atom in {0} we have the following different cases.

o € [0,1]: The measure A and p share mass p({0}) = o < 7 = A({0}) in {0}, thus (A A p)({0}) = o

and all mass needed in {0} will get stopped immediately while all other mass will be left to
run to £2 as illustrated in Figure 8.
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Figure 10: The Perkins embedding of u for a € (%, %]

: Since p({0}) = o > 3 = A({0}) we have (A A p)({0}) = 3. Hence all mass available in {0}
will be stopped immediately but then still a little more mass is needed. An additional v-line
in 0 where some of the paths starting in By = —1 will stop upon reaching a new running
maximum in 0 will provide this missing mass as illustrated in Figure 9. Note that by adding
this additional v-line we can at maximum acquire an additional % of mass in {0}, hence
resulting in a maximal atom size of g to be embedded this way.

Q
m
—~
=
ool
i

: As seen in the previous case we have (A A u)({0}) = 1 and all mass available in {0} will

be stopped immediately. However as discussed above merely adding a v-line will no longer
suffice to acquire the a > 2 atom in {0}. Hence we also need to stop (some) paths starting
in By = 1 upon reaching a new running minimum in {0} via an h-line in {0} as illustrated
in Figure 10. Note that by adding this horizontal line we can at most acquire an additional
% of mass in {0} from the paths started in By = 1, adding up to a total atom size of % that
could be embedded this way.

Q
m
—~
oolut
oo
[

a € (g, 1}: The measures A fails to be prior to u in the convex order when o > %. While technically we
could provide vh-barriers such that the corresponding hitting time would embed the measure
u, the resulting stopping time would no longer be integrable hence not be a solution to
(SEPx ).
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Infectious Disease Modelling 1

Disease Momentum: Estimating the Reproduction Number
in the Presence of Superspreading

K. D. Johnson, M. Beiglbock, M. Eder, A. M. Grass, J. Hermisson, G. Pammer, J. Polechov4,
D. Toneian and B. Walfl

Abstract

A primary quantity of interest in the study of infectious diseases is the average number of new infections that an
infected person produces. This so-called reproduction number has significant implications for the disease progression.
There has been increasing literature suggesting that superspreading, the significant variability in number of new
infections caused by individuals, plays an important role in the spread of SARS-CoV-2. In this paper, we consider
the effect that such superspreading has on the estimation of the reproduction number and subsequent estimates of
future cases. Accordingly, we employ a simple extension to models currently used in the literature to estimate the
reproduction number and present a case-study of the progression of COVID-19 in Austria. Our models demonstrate
that the estimation uncertainty of the reproduction number increases with superspreading and that this improves
the performance of prediction intervals. Of independent interest is the derivation of a transparent formula that
connects the extent of superspreading to the width of credible intervals for the reproduction number. This serves
as a valuable heuristic for understanding the uncertainty surrounding diseases with superspreading.

Keywords: COVID-19; reproduction number; overdispersion; superspreading
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2 Disease Momentum: Estimating the Reproduction Number in the Presence of Superspreading

1 Introduction

The reproduction number, R; = R, gives the average number of new infections caused by
a single infected person throughout the infectious period. In contrast to the basic reproduction
number Ry, which describes the reproduction of the virus in a naive, unmitigated population, R
(sometimes called the effective reproduction number) varies through time as the epidemic develops
and the opportunities for transmission change due to, for example, behavioral response, seasonality,
and changes in the relative size of the susceptible population. In every population, some individuals
will cause considerably more infections than others - a phenomenon known as superspreading. It
can be quantified using a framework provided by [13]. In this paper, we extend the model of [4] to
include the phenomenon of superspreading. Our goal is to better quantify the uncertainty inherent
in this type of estimate of R, not to derive a more accurate estimate.

Ultimately we are interested in the estimation of R and specifically the question whether,
given current case numbers, we can claim with statistical guarantees that R < 1 or R > 1.
Given the growing body of evidence about the existence and importance of superspreaders |2,
12], we incorporate this feature into our models. We observe two important effects: first, it
becomes increasingly difficult to accurately estimate the reproduction number R in the presence of
superspreading; second, models with superspreading produce prediction intervals for new cases that
have improved coverage compared to those without superpreading. Both of these are demonstrated
in our Austrian case-study in Section 3. In particular, it becomes infeasible even in early May to
support the claim that R < 1 using our methods. This is a critical period of time as it coincides
with the removal of lockdown restrictions in Austria.

In particular, the width of a credible interval for R should decrease as a function of total number
of cases used during estimation and increase with the extent of superspreading. Let S be the set of
days used to estimate R in the nowcasting framework presented in Section 1.1 and assume that the
(average) reproduction number does not change over time. One would then expect that a (1 —a)%
credible interval to have width approximately equal to

221—a/2 (1)
V k ZSES I 7

where z1_q /2 is the (1 —a/2) quantile of the standard normal distribution and for values of disper-
sion parameter £ much smaller than 1, which corresponds to scenarios with high superspreading.
We derive this exact functional form in a simplified model introduced in Section 2.2.

1.1 Nowcasting

The goal of nowcasting is to get accurate estimates of the current state of an epidemic. Given
that our observed infections are random observations from an underlying process, our goal is to
understand the parameters of that process, particularly with respect to the reproduction number.
In addition, we define a time-varying parameter we call the “momentum” of an epidemic, which is a
random realisation of population infectiousness at a time-point which accounts for superspreading.
This is introduced formally in Section 2.1.

Benchmark methods for estimating the reproduction number R include those of [4] and [20]. The
method of [4] provides near real-time estimation of R and is implemented in the R software package
‘EpiEstim’. An improvement of this framework is given in [18] which accounts for variability in the
generation interval (defined below). A substantial extension of the EpiEstim-package (‘EpiNow’)
was developed by a group of researchers at the London School of Hygiene and Tropical Medicine
[1]. The method of [20] provides an alternate estimate for historical values of R. Contrary to the
methods discussed in this paper, it requires observations from both before and after the time point
at which an estimate for R is desired. An important overview of other estimation methods and
challenges due to COVID-19 is given in [9] and a comparative analysis of statistical methods to
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estimate R is given in [16]. If the epidemic is at an early stage, the reproduction number R and
the rate of exponential growth are connected by the Euler-Lotka equation [15, 19].

As we follow the framework of [4], we briefly describe their basic model. Let Iy be the number
of initial infections and Iy, Is,... be the number of new infections on days 1,2,.... By (wn)n>1
we denote the generation interval distribution. If J,, denotes the number of people infected by a
specific person on the m-th day after this person got infected, then we have for m € N

B[
m = .
Z?il E[Jl]

We assume that a newly infected individual does not cause secondary cases on the same day,
corresponding to wy = 0. The generation interval can be interpreted as the infectiousness profile
of infected persons.

The basic model of [4] assumes that the stochastic process of total new infections on day ¢,
(It)ten, satisfies

t
I; ~ Poisson (Rt Z It_mwm> , (2)

m=1

for a sequence of numbers R;, t € N. In practice it is often assumed that the generation interval
distribution is given as a Gamma distribution that has been discretised in such a way that w,, =0
for all m larger than some cut-off number v [9]. As a result, the sum in (2) will only have
v € N summands, and to make assertions about I; we only have to consider the case numbers
Ii_y,...,I;_1. As v is a parameter that can vary between diseases, this term is kept and used
throughout our model description in Section 2.1.

When estimating the time-varying reproduction number, [4] assume that the reproduction
number has stayed constant over a window of 7 days. In this case, for s € (t — 7+ 1,...,1),
equation (2) simplifies to

I, ~ Poisson (R Z Is_mwm> . (3)

m=1

In order to treat R as fixed in the above expression, it is necessary to only explicitly model a subset
of time points, lest R be assumed constant over all time points.

Note that the reproduction number in the sense of (3) does not denote the number of people
that actually have been infected by a given individual, but rather describes what one would expect
in an “average” evolution of the epidemic. Furthermore, while R = R, is assumed to be constant
over the window of width 7, as this window moves through time the method produces estimates
of R that slowly vary over time.

1.2 Heterogeneity in reproduction numbers

The motivation for our hierarchical Bayesian approach follows the framework of superspreading
provided in [13]. Even if the reproduction number R is constant over a small window of time, it
might vary between individuals. We consider the reproduction number of a specific person with
index x to be drawn randomly as

ry ~ Gamma(k, rate = k/R). (4)

This distribution has mean R and variance R?/k. Note that the above gamma distribution will
also be referred to as having dispersion parameter k. The degenerate case k = oo corresponds to
the deterministic case where r,, = R for all individuals and leads to the model in (3). Given r, =r,
this person causes Poisson(r) new infections. If one integrates out the Poisson parameter r, one is
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left with the unconditional number of descendants which follows a negative binomial distribution
with mean R and variance R + R?/k. This negative binomial model is further analyzed in Section
2.2.

A basic extension of (3) that follows the concept of random individual reproduction numbers
in the sense of [13] is to assign, on day ¢, the individual reproduction numbers 71, ... ,r}t to the I,
individuals that got infected on this day. This leads to the recursion

Ii—m

I, ~ Poisson Z Wiy Z rimm) (5)
m=1 x=1

where the individual reproduction numbers rI* are drawn i.i.d. according to (4). Note that for
the degenerate case k = oo, (5) recovers (3). This forms the foundation of the model explained in
detail in Section 2.1.

The theme of the present paper is close to that of [5], in which heterogeneity in R between groups
is explicitly modeled. While the high-level descriptions of these models sound nearly identical, those
models are relevantly different than ours. In particular, [5] are interested in estimating group-
specific or time-varying reproduction numbers for different geographical regions and age groups.
On one hand, with sufficient group-specific data, this provides tools of a much broader scope than
we present here; on the other hand, it is assumed that within-group variability is negligibly small.
Instead, we focus on aggregate data from a single geographical region but do not assume that
individual variability is negligible. Rather, this is precisely the variability we are interested in
modeling. Furthermore, our critiques of the estimability of the reproduction number transfers to
their setting as well: if within-group variability exists, group-specific reproduction numbers are
more difficult to estimate than previously acknowledged.

2 Methods

This section introduces two methods. First, the “momentum” model formulates the estimation
problem as a Bayesian Poisson regression. Second, the “generation” model is a simplification
which provides a fast approximation to the momentum model as well as an explicit formula for
dependence of credible interval width on k. Both are of interest beyond COVID modeling and
aim to address different goals: precise estimation (momentum) and valuable speed and heuristics
(generation).

2.1 The “momentum” model

As mentioned in the introduction, we identify an unobserved random variable which we term
the “momentum” of the epidemic. This follows from a simple notational change in (5) according
to the observation that a sum of i.i.d. Gamma random variables is also Gamma distributed with
the same dispersion parameter. We rewrite (5) as

I, ~ Poisson <Z metm> , (6)

m=1
where
Iy
0 = ZT; ~ Gamma(I;k, rate = k/R). (7)
r=1
The terms (6;);>0 are collectively referred to as the “momentum” of the disease. They will be

treated as a set of nuisance parameters of the offspring distribution, as our primary interest lies
in estimating the reproduction number R. In our Bayesian framework introduced below, R is a
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hyperparameter of the prior distribution for (6;);>0. Equation (6) describes the distribution of
I; conditioned on its whole past, i.e., I,0s, s < t. Analogously, equation (7) describes 6, given
its history. The difference in what we understand as the relative past originates from 6; being
conceptually determined “after” I;.

For increased clarity of the form of the model and the estimation methods required, we recast
our model as a Bayesian Poisson regression using vector notation. This is made painfully explicit
by using an arrow as in T for vectors. Following [4], we estimate R by explicitly modeling a set
of 7 days over which we assume R to be constant. We specify the regression function for each
observation in this estimation window. To condense notation, we use [{], for [ € N, to be the
vector (1,2,...,1). Similarly, [, m] for I, m € N is shorthand for the vector (I,{ + 1,...,m),

i.e., [l] = [1,{]. This notation will primarily be used for vector indices. Furthermore, the indices
of our vectors increase in time. As such, our generation interval truncated to v days can be
condensely written as w,; = (wq,...,w,). Similarly, the T observations we model are given by
I[tf'r+1,t] = (Itfr+1, oo ,It)-

As a regression model for f[t—T—l—l, ¢, equation (6) can be written as

ﬁt_r+1,t] ~ Poisson(Wt‘}it_V_T+17t_1]) where (8)
w, Wy_1 ... wy 0 0 - 0
0 Wy,  Wy—1 ... w1 0 oo 0
W =
0 cee 0 W, Wy_1 - wy; 0
0 e 0 0 Wy,  Wy_1 ... Wi

In the above expression, we have a fixed covariate matrix W which is a function of the generation
interval wp,;. The momentum parameters g[t_y+7_17t_1] are seen to be the regression parameters
to be estimated. Note that the expressions in the previous display suppress the notation for
conditioning on all observations before time t — 7+ 1. Furthermore, given é’[tq], I; is independent

-

of I[tfl] .

We place a prior distribution on 6 which depends on R as in equation (7), as well as a hyperprior
on R to account for the previously identified uncertainty in the distribution of R as reported in
[1]. As we have parameterised the gamma prior on 6; to have mean I R, the conjugate hyperprior
for R is the inverse-gamma distribution. This is transparent in the posterior distribution given by
equation (9) below. Hence we use an inverse-gamma hyperprior on R, where these hyperparameters
are set to match the results of [1]. As such, we assume that R has mean 2.6 and standard deviation
2, yielding shape parameter 3.69 and rate parameter 6.994:

R ~ Inv-Gamma(3.69, rate = 6.994).

An a priori distribution for R is itself uncertain and one could theoretically place additional hy-
perpriors on the parameters of this inverse-gamma distribution. That being said, the change
would increase computational complexity while introducing hyper-hyperparameters that would be
difficult to estimate. Hence, this proposal distribution for R is treated as fixed.

This regression formulation is important as it highlights the latent variables g that are required
to fully determine the generative model. It also focuses attention on which observations are con-
ditioned upon and which are treated as random, i.e., the 7 observations to which we fit the model
are treated as random. This is relevant as more than 7 nuisance parameters are present, namely
v+ 17— 1. Observe that the earliest data point is I;_r11, which itself requires a history of v
momentum values of § to determine.

While we also think of individual reproduction numbers as changing over time due to factors
such as changes in social restrictions, the assumption of constant R over a period renders this moot.
Likewise, we set k to be a constant for the results presented in Section 3, as k is best estimated
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with contact tracing data instead of case count data. We set k = 0.072, in line with the results of
[11], which estimated the extent of superspreading for COVID-19 from Indian data. This is also
within the range of parameter values identified in [6].

Alternatively, it is possible to consider an independently estimated distribution for k. To
estimate the momentum model with random k&, one can merely draw k from a proposal distribution
and estimate the momentum model with this fixed value. This process is repeated for many sampled
values of k, and the posterior samples for R and I; from all k are combined. This follows the same
methodology as [18], where the generation interval was estimated with a separate data set before
fitting model (3) without superspreading. Brief results for this case are presented in B as none
of the results change significantly. The joint estimation of k£ and R within the momentum model
appears infeasible as k is the dispersion parameter of the nuisance parameter distribution. This
makes learning about k using this data highly challenging.

A full derivation of the posterior distribution of the pair R, 5@ given I_Et] is given in A. We
obtain as posterior

p(R, @t777u+1, t—1] ‘I_Et77'711+1‘, t})

-

X p(I_Et77'+1, t]» §[t77+1, t—1] |0_’[t7‘r711+1, t—7r Lt—r—v+1,t—7]> R)p(éa[tf‘r] ) R'Etfr])

x < ﬁ ( Z wS—mem) Ise_ zm<s“’s—m9M>

s=t—7+1 m<s

o kel Isk—1_—%0 e krok Isk—1_—L¢
. [ — O At " plsk=l,—R0s
I1 T(LEREE ¢ 11 T(LEREE S ¢

s=t—71+1 s=t—v—71+1

) (R73.6971676A994/R) N 9)

The first line of (9) specifies the distribution of the observations given all other parameters, and
the third line gives the inverse-gamma prior for R. The second line describes the distribution of
5, and we have explicitly partitioned the indices into two sets. The values 6, in the first index
set [t — 7 + 1,¢t — 1] require no special discussion as they depend on values I, which are being
explicitly modeled. The values of 6, in the second index set [t — v — 7 + 1,¢ — 7|, however, treat
the corresponding I values as fized and constant. This is done so that we do not need to specify
further nuisance parameters before time ¢ — 7 — v + 1. Doing so would create an infinite recursion
in historical observations, requiring us to treat R; as fixed for all t. Hence we need not only a prior
for R, but also for §[t777u+1,t77]~ More details are provided in A.

In order to condense notation for summations in exponents, let S be the index set for the second
product; ie., S={t—v—-7+1,t —v—7+4+2,...,t — 1}. The additional shorthand below drops
“s €” from s € S. With this notation, the posterior distribution of R given 6 and I is

)

p(R|§[t71] ) f[t]) o R7FXs1:=3.69-1 (~k 3 50.-6.994)R™"

which is Inv-Gamma(k ) ¢ Is +3.69, k)¢ 0, +6.994). A perhaps counter-intuitive observation is
that the posterior distribution of R does not depend on the generation interval wy,;. This is the

result of conditioning on g versus integrating it out as done in [13]. In our case, it is infeasible

to integrate out g as the dependence is too complex. If we truly know population infectiousness,
i.e., the epidemic momentum at all points in time, then ) is irrelevant for estimating R, because

W) just determines how we learn about g via (8). More concretely, there are no terms in (9) that
include all of R, 0, and wy,;.
The posterior expectation and variance of R are

L kY0, +6.994

E[R|6, ] =
R0 T = S~ a0 -1 and
. 994)2
VarlRIG T = (kY g 05 +6.994)

(k> gL +3.69—1)2(k> g I, +3.69—2)
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The denominator of the variance picks up an additional k£ term, making credible intervals wider
when & is small. The dependence on @ is difficult to remove in this general setting. Section 2.2
considers a simpler setting in which g can be integrated out in order to derive a transparent function
for credible interval width.

To estimate this model, we alternate between a Gibbs-step to sample R and a Metropolis-
Hastings step to sample 6. As E[bs|1s, R] = I;R, we can initialise reasonable starting values for
] using various values of R such that we require little burn-in. We find total chain length to be
the more important tuning parameter for valid prediction and credible intervals. In all models
presented in this paper, we set ¥ = 7 = 13 to make valid comparisons with results from the
EpiEstim framework [4]. We set w[,] to be a discretised gamma distribution with mean 4.46 and
standard deviation 2.63 per the results of [17] for Austria, which are similar to values determined
elsewhere [7, 10]. Inference is conducted using the 10% samples that remain after a burn-in of 1,000
and thinning by 5.

While the majority of the model validation and supporting graphs is relegated to B, we address
here the particular concern that we have 25 nuisance parameters in g for modeling 13 observations.
Our simulation evidence indicates that all nuisance parameters are well-estimated, even those far
in the past: coverage of 7] by credible intervals in simulated data is nearly exact. Furthermore, we
see approximate coverage when predicting new cases in Section 3. As such, we do not believe that
we are over-fitting the data with a larger number of nuisance parameters. This is in part due to
the role of the prior distribution for 6. For example, the first nuisance parameter 6;_,_,;1 only
appears in a single observation term in the posterior (9): the distribution of I;_,y;. Similarly,
0:—, 12 only appears in two, etc. The prior therefore plays a larger role in determining the values
of these parameters.

2.2 Generation model

In order to directly relate the dispersion parameter k to the width of the credible interval and to
provide a fast approximation to the momentum model, we consider the trivial generation interval
in which an infected person is only infectious for a single day. For real data, this assumption
is obviously inaccurate. Therefore, we switch to modeling infections per generation instead of
infections per day. While we model generations spanning multiple days, we estimate and forecast
cases for conventional days.

When the generation interval w is of this form, w@j;; = (1), the model is purely Markovian and
the data follow a Galton-Watson process. Recall that a Poisson(\)-distributed random variable Y,
where ) is distributed according to Gamma(c, 3), follows a negative binomial distribution [13]:

Y”NB<“’1iﬁ>’ p(y)zrgr?a?)(1fﬁ>a<1iﬁ>y' 10

Applying (10) and ;) = (1) to the momentum model (6) yields the following distribution for the
infections I;:

. R
It|][t_1],R,k ~ NB <k]t_1, M) 5 (11)
. DL+ kL) (& N\ R O\"
LTy, R k) = — . 12
pUM e B F) = =3 (R+kz) R+k 12)
_EB_

In C, we reparameterise this model in terms of 77 in order to place a suitable prior which mim-
ics that of the momentum model. After transforming the resulting posterior back to a distribution
for R and using standard normal approximation techniques [8], we derive a normal approximation
of the posterior of

p(R|Ijy, k) = N (k(o‘ —1) K (a+8)(a— 1)) .

B+1 "7 (B+1)3
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where
t t—1
a=9882+ Y I, and B=3T4+k Y I
s=t—7+1 s=t—T1

We are interested in the setting in which R ~ 1 and 8 =~ k - a. Note that Zi:t—f—&-l I and
kZE;LT I, are of this approximate ratio: the terms in these two sums almost entirely overlap.
Furthermore, while the hyperparameters (98.82 and 3.74) are of moderate size, they also approx-
imately satisfy the desired ratio. This yields the following simplification of the variance of the

normal approximation:

a+p)(a—1)  ka?(k+1) k+1 _ 1
(B +1)° ka® ko kY e

Hence, the approximate length of a credible interval for R behaves like
2Zl—a/z
- .
k Es:tf‘r+1 IS

It is clear that the assumption v = 1 is highly unrealistic for COVID-19 and most other
diseases. In order to bridge this gap, we estimate the model for non-overlapping generations
instead of conventional days. The length of a generation is set equal to the mean of the generation

interval, i.e.,
14
Dg = E twt.
t=0

Given the modeling assumptions we have made for COVID-19, a generation comprises approxi-
mately 4.87 conventional days. The first 4.87 days after infection also accounts for 64% of the
assumed infectiousness given by the generation interval. This helps explain why partitioning the
data into generations produces reasonable results. When a model is defined over generations, set-
ting v = 1 is equivalent to assuming that someone is equally infectious over D, days. The negative
binomial model estimated using generations is approximately equivalent to the momentum model
estimated using conventional days.

In order to account for non-integer-valued generations, consider D, = LDQJ + D¢rge, where
Drqc € 10,1). For simplicity, we assume that new infections are uniformly distributed during the
day so that we may use standard data with records of new daily cases. In order to not confuse
subscripts indexing days and generations, times in the generation model will be indicated by ¢
instead of ¢. Lastly, as we are interested in using the most recent data, we care about matching the
right endpoint of our time series. As such, we compute the generations backwards from a reference
day t.

_ Let day t be the maximal day in our data set. We define the corresponding generation incidence,
I;, to be

[Dgl-1

f{ = Z I+ Dfrac ' It— [Dg]-
s=0

This is merely the sum over | D] full days, and a proportion of the remaining day. Infections for
previous generations then sum similarly over the historical data such that the generations form a
partition of days in our data set.
As before, some mathematical details are moved to C. With simple notational changes, however,
we derive a model for generations which looks functionally identical to (11), i.e.,
~ ~ ~ R
I;|R,I;  ~NB <It~1k:, M) .
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This formula can then be used to forecast the cumulative incidence over several generations as
described in C. This yields a simple, closed form approximation of the momentum model without
resorting to costly Bayesian computation methods.

3 Results

This section focuses on understanding the evolution of the reproduction number in Austria
between April 1 and October 31, 2020. As the momentum model effectively needs 7+v observations
to be fit, this is approximately as early as estimates can be provided for Austria. Our goals
are three-fold: to demonstrate the increase in estimated variability of R due to superspreading,
to provide valid prediction intervals for new cases, and to compare to similar models without
superspreading. Some results will be shown for Croatia and Czechia as well to help establish the
validity of our method, but the focus in on Austrian data. Other supporting graphs for Croatia
and Czechia are given in D.

An important component of estimating the reproduction number on a given date is to account
for the delay distribution between date of infection and date of confirmation as discussed in [9]. If
a delay of length d occurs between infection and confirmation, then an infection observed at time
t actually occurred on day ¢t — d. In this case, we have a “true infection history” that is distinct
from the reported case numbers. In reality, the delay d is random. [1] estimate and sample true
potential infection histories given observed case numbers by sampling possible delays d. As our
primary goal is to understand the uncertainty in estimating R as opposed to providing best in
class predictions of R for a given date, we ignore this complication. This allows us to take as
model input the historical 7-day moving average of reported cases and to compare methods with
simple, transparent input. As a result, however, we are not attempting to predict the number of
true infections on a given date. Instead, we are predicting the number of reported or confirmed
cases on this date. In order to highlight this, axes are explicitly labeled with “Reported Cases”
and “Confirmation Date”.

Data on the progression of COVID-19 in Austria is shown in Figure 1. This graph includes
curves for the raw infection data as reported by the European Center for Disease Prevention
and Control (Raw), the 7-day moving average of Raw (Raw (MA)), each sampled infection history
(Sampled Inf.), and the daily median of the sampled infection histories (Sampled Inf. (M)). Observe
that the boundary of the “band” created by the sampled infection histories is not smooth, as it
is created from 1,000 distinct faded lines. Note that using sampled infection histories effectively
shifts the time series backward in time. In order for the infection histories to approximately match
the reported case numbers, we have aligned them in time.

As mentioned in Section 2.1, we sample one million total samples of R and the momentum vector
g. To forecast future cases, we use an individual sample of parameters and run the momentum
model for a specified period of time. Our graphs show results for the average number of new
cases over the following week. As such, they are on the scale of daily reported cases. There is no
additional smoothing of the raw data or predictions. As our input is the 7-day moving average,
our prediction is the 7-day-ahead forecast of this moving average.

In all of the following graphs, we plot predictions and intervals from three models: the mo-
mentum model with & = 0.072, the generation model of Section 2.2 with k£ = 0.072, and the
EpiEstim model of [4]. As mentioned previously and visible in D, treating k as random within a
relevant region does not alter our results. We label the EpiEstim model “Epi*”, as the estimates
are produced directly via equation (13) below instead of using the EpiEstim R package. As in [4],
we fix a generation interval, as opposed to taking samples of a generation interval estimated from
a separate data source as in [18]. As a result, we are not comparing to the best in class model
within the EpiEstim/EpiNow framework, but with a model of corresponding complexity to the
momentum model. Other improvements to the modeling framework could then be built on top of
the momentum model as they have been for the model of [4].
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COVID-19 Progression In Austria
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Figure 1: Summary of new cases of COVID-19 in Austria: raw infection data (Raw),
the 7-day moving average of Raw (Raw (MA)), each sampled infection history (Sam-
pled Inf.), and the daily median of the sampled infection histories (Sampled Inf. (M)).

To estimate the model of [4], we estimate the parameters of the [4] posterior distribution directly
from the infection data:

t t v
p(R¢| 1)) = Gamma (a + Z I, rate =0+ Z Z wmIsm> (13)

s=t—71+1 s=t—7+1m=1

where a and b are the shape and rate parameter of the gamma prior distribution on R. We
estimate this posterior distribution, draw one million samples for R, and run the corresponding
data generating process (2) for the required number of days.

Figure 2 shows the difference between models with and without superspreading on Austrian
data. In order to show a long time period, the data must be plotted on a logarithmic scale such
that the low cases in the summer months are visible. As this distorts the plotting of prediction
intervals in the same graph, the comparison of prediction intervals is given separately by focusing
attention on the summer months between the effective end of COVID restrictions and the start of
the school year.

For reference, we marked the dates of important changes in COVID-19 restrictions in Austria as
vertical, dashed lines. A complete list is available at https://regiowiki.at/wiki/Chronologie_
der_Corona-Krise_in_sterreich (in German). The events are described in Table 1. When
comparing the events to both reported cases and the estimated reproduction number in Figure
3, it is necessary to keep the delay distribution in mind; i.e., the effect of an intervention will
not be visible in confirmed cases and thereby the estimated reproduction number for roughly two
weeks [1]. Prior to the removal of any lockdown restrictions, reported case numbers were decaying
exponentially. This is visible as a linear decrease given the logarithmic scaling of the y-axis. The
slope of this line changed substantially around the time that Austria began to reopen in May
and June. From approximately July through the end of October, case numbers fluctuate between
growing exponentially and brief periods of relative stability. These fluctuations are not modeled
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Figure 2: Predictions between April 1 and October 31, 2020, and 90% prediction
intervals between two significant dates: June 15 and September 7, 2020. Predictions
and intervals are for the 7-day average of new cases in the following week in Austria.
Relevant event dates are given as vertical, dashed lines and are described in Table 1.
The Epi* predictions consistently lag behind the observed values, whereas the other
methods overshoot in the peaks due to momentum. Models with superspreading
produce predictions intervals 2-3 times as wide as those without and achieve better
coverage.

Table 1: Dates of important events related to COVID-19 in Austria. Changes which
occur in large parts of the country but not uniformly are listed as occurring in “some
regions”.

Label Date Event

NA 2020-03-16  Start of general lock down

1 2020-05-01  Begin relaxation of movement restrictions

2 2020-05-15 Bars and restaurants can open

3 2020-05-29 Hotels and cultural sites can open

4 2020-06-15 Near complete removal of COVID restrictions

5 2020-07-24 Face masks mandatory in essential businesses

6 2020-09-07  Start of school year in some regions

7 2020-09-14 Face masks mandatory

8 2020-09-25 Bars and restaurants close early in some regions
NA 2020-11-03  Start of general soft lock down
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Table 2: Coverage of the 50% and 90% prediction intervals (PI) for 7-day-ahead pre-
dictions of the 7-day moving average. Models with superspreading improve coverage
significantly over that of Epi*.

Country  Model Coverage, 50% PI  Coverage, 90% PI
Austria  Momentum, k = 0.072 0.46 0.79
Generation, k = 0.072 0.47 0.73
Epi*, k — oo 0.16 0.38
Croatia ~ Momentum, k = 0.072 0.48 0.85
Generation, k = 0.072 0.49 0.77
Epi*, k — o0 0.18 0.47
Czechia ~ Momentum, k = 0.072 0.40 0.69
Generation, k = 0.072 0.39 0.66
Epi*, k — oo 0.12 0.32

and reflect both noise as well as features which we do not include in our analysis, e.g., common
holiday periods, changes in testing, etc. Throughout this period, some restrictions are brought
back into effect without apparent substantial impact. Lockdown measures were reinstated at the
end of the plotted window of time.

While all of the prediction curves track the observed cases, there are subtle but significant
differences in behavior. If one looks closely, one can see that the Epi* model predictions lag
behind the observed 7-day moving average: it fails to accurately estimate the rapid changes in case
numbers. On the other hand, the momentum and generation model predictions “overshoot” the
peaks in the time series. As the name suggests, there appears to be excess “momentum” in the
process around these change points, and the model anticipates cases to continue rising as in the
previous days.

The various models produce prediction intervals with drastically different widths. Most no-
tably, the intervals for the momentum model with & = 0.072 are much wider than those of Epi*.
The generation variant of this model produces intervals which are wider still. The momentum in-
tervals are, on average, approximately three times as wide as those of Epi*. While the generation
model provides a computationally cheap and fast estimate, it is clear that it suffers relative to the
momentum model in terms of interval length. The ratio between the prediction interval lengths
visible during the summer months is approximately the same throughout the entire prediction
period.

To assess the validity of the prediction intervals, Table 2 shows, for each method, the proportion
of true weekly new cases that fall within the prediction intervals over the prediction period. Cover-
age is shown for the 50% and 90% prediction intervals for the raw infection data. When cases are
steadily increasing (or decreasing) prediction intervals become narrower, and when the behavior
changes they become considerably wider. The prediction intervals of the momentum model cover
the true values during periods of growth, while those of Epi* often fail to do so over the entire
growth period. Clearly coverage is still not exact, and all models perform worse on the Czech data
(see D). Tt is still notable that the momentum models provide approximate coverage in these cases
even with the inherent messiness of the COVID-19 case data. For example, Czechia had a much
higher test positivity rate than Austria and Croatia during the majority of the prediction period,
which is ignored in our model.

As the reproduction number is unobserved, we are unable to compare our predictions within
a supervised setting as we compared our model forecasts. Given the previous discussion though,
we see that the additional variability provided by the momentum model is needed to provide
prediction intervals with approximate coverage. Figure 3 shows the median predictions and 90%
credible intervals for R given by the momentum, generation, and Epi* models. Intervals are, in
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Figure 3: Credible intervals for R in Austria. The momentum and generation model
predictions are consistently slightly higher than those of Epi*. They also produce
credible intervals that are 2-3 times as wide. Relevant event dates are given as vertical,
dashed lines and are described in Table 1. Observe that R becomes indistinguishable
from 1 using our models around the time when lockdown restrictions begin to be
removed.

general, asymmetric, and skewed toward higher values. The figure clearly demonstrates that the
intervals for R are drastically different: with superspreading, intervals for R are roughly 2-3 times
as wide as those without. This could have potentially large implications for policy making as we
know that relatively small changes in the size of R can lead to large differences in the number of
new cases if the disease is allowed to progress unchecked.

Near the beginning of our estimation period and around the time when restrictions were being
relaxed in Austria, it quickly becomes infeasible to claim that the reproduction number is below 1;
i.e., the credible intervals estimated during May and June include the value 1. Beginning in July
and August, however, we observe long periods with reproduction numbers significantly greater than
1, even with our comparatively wide credible intervals. As before, there is a delay of approximately
two weeks between when these interventions occur and any change in reproduction number could
be observed. Hence any discussion of dates should be interpreted loosely.

As we see a clear improvement in coverage for switching to a model with superspreading, it is
useful to have a clearer understanding of the degree of heterogeneity implied by our models. To do
so, we consider the posterior samples of R from October 31, 2020. According to equation (4), each
individual has a separate reproduction number, 7., given the population reproduction number R.
For each posterior sample of R, we therefore draw an individual r, and secondary infections 1.
The Epi* models of [4] set r,, = R for all individuals. Hence, it is possible to compare the degree
of heterogeneity by considering a Lorenz curve of the population of values of 7, or I, [14].

The Lorenz curve is typically used to demonstrate income inequality by showing the proportion
of overall income or wealth held by the bottom x% of the people. Here we consider this to be
“infectiousness inequality”. The distribution of R estimated for October 31, 2020 as well as the
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Figure 4: Momentum model estimates of R and individual heterogeneity for October
31, 2020. 10% of individuals are expected to contribute approximately 84.6% of new
infections. The dashed curve in (b) corresponds to a model without superspreading

(Epi*).

implied Lorenz curve are shown in Figure 4. The Lorenz curve is a representation of the cumulative
distribution function of the number of new expected infections. It allows us to visualise the degree
of heterogeneity by seeing which proportion of individuals contribute to new infections. One can
draw the Lorenz curve with I, instead of r,, which only results in a slightly rougher image with
no qualitative differences.

While the population reproduction number is moderately high, this is largely driven by super-
spreading. The momentum model implies that the top 10% of individuals contribute 84.6% of new
infections, while the top 20% contribute 98%. The usefulness of Figure 4B is that is shows this
entire distribution instead of these two common quantiles. We can clearly see that essentially no
new cases are produced by nearly 75% of infected individuals. These statistics match quite closely
the observed values reported in [3]. The figures can also be drawn for the estimation setting in
which k is assumed to be randomly drawn from an appropriate gamma distribution. The result-
ing graphs look essentially identical. As such, treating k as fixed at 0.072 or fluctuating in the
approximate range [.04, .2] makes little difference in the infectiousness inequality implied by the
momentum model.

4 Conclusion

In this paper, we provide a simple extension of the [4] model to account for superspreading.
While we explicitly use this to model the COVID-19 pandemic, the methods are easily adaptable
to other diseases where superspreading is present. This “momentum” model incorporates unob-
served random variables which drive the process of new infections. Even if case numbers and
R are relatively small, the presence of superspreaders can increase the momentum of the disease
beyond what would be expected if all individuals have the same infectiousness. We observe that
this appears necessary to properly track the steep increases or decreases in reported COVID-19
cases. The momentum model produces credible intervals and posterior predictive intervals that
are approximately 2-3 times as wide as those that neglect superspreading. We find that these
wider intervals significantly improve the coverage of the prediction intervals. The heterogeneity in
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infectiousness implied by the momentum model is extremely high: 10% of individuals contribute
approximately 84.6% of new infections.

As Bayesian models are time and resource intensive to estimate, we also derive a simplified
model in which infected individuals are only infectious for a single day. In order to improve the
fit to real data, we partition disease incidence into generations, each of which spans multiple days.
The length of each generation corresponds to the generation time of the disease, and within this
period an infected person is assumed to be equally infectious. This yields two main benefits.
First, estimation of R and predictions of new cases are immediately available through an explicit
approximation of the posterior distribution of R. Second, this model allows us to derive a simple
equation to relate the width of credible intervals to the degree of superspreading. Hence, we have
rigorous analysis which supports the heuristic that the approximate length of a credible interval

for R behaves like
221-a/2

)

t
k Zs:t—7’+1 IS

where z1_q /2 is the (1 —a/2) quantile of the standard normal distribution and for values of disper-
sion parameter £ much smaller than 1, which corresponds to scenarios with high superspreading.
The model assumes that R has been constant for the preceding 7 days.

A Likelihood derivation

This appendix derives the posterior distribution of R and é’[t,T,,,+17t,” given the relevant

-

observable past, i.e., I;_r_,414. We briefly restate some basic properties and definitions of our
model.

Let w; denote the expected proportion of future infections caused by an infected person which
occur on day ¢ after infection. Let v denote the length of infectiousness, i.e., w,4 = 0 for all
k > 0. Lastly, 7 denotes the number of days over which we assume R is constant.

Our distributional assumptions are as follows:

It|9_'[07t,1],f[07t],R ~ Poisson (Zwsets> , i.e.,

s=1
1 (< "
p(L] [O,t—l}yl_EO,t]vR) = ﬁ <Zwset—s> e Z521“’59“5; and
' s=1
L E\ .
0s|R, I1o.5],010,s—1) ~ Gamma ( Ik, rate = &) e

()" i,
R QIsk_le_ST.
D(Lk) °

p(95|Ra f[O,s] ; 5[0,5—1]) =

We want to calculate the joint distribution:
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In the last step we used the conditional independence properties for I; and ;_1, respectively.
Repeating this process to separate Ij;_, 4 and 0,11 ;1) from the rest yields:

p(g[t—T—V+1,t—1]7 Rmt—r—uﬂ,t])
t

X H p(Is|9[s—y,s—1])
s=t—7+2
t—1

H p(es |Is7 R)p(lt—r-i-lv §[t777u+1,t77] ) R|I_Et77'711+1,t77'])
s=t—71+1

Now, focusing on the last term, we have

p(Itf‘H»l; 5[t—7-—v+1,t—7']7 Rl _Et—T—l/-‘rl,t—T])
I[t—7—l/+1,t—‘r]7R)p(R|I[t—T—U+1,t—T])

= p(Itf'rJrlv g[t—‘r—l/-‘,—l,t—*r]

—

= P(It—r+1 |jit7T7V+1,t7T]7 t—T—v+1,t—7]>» R)p<§[t77’7u+1,t77] If[tf'rfu%»l,tf‘r] ’ R)
‘P(R|I[t—f—u+1,t—r])
t—T1

= p(It—T+1|§[t—T—V+1,t—T]) H p(03|l_£t—7'—1/+17t—7]7R)p(R‘fEt—T—u-&-l,t—T])-

s=t—71—v+1

In the last equation, we used the fact that the individual 64 are conditionally independent given
the vector I. At this point, the terms p(6‘s|I_Et_T_,,+17t_T], R) become problematic. Knowledge of
the terms I,,, for m > s certainly should shed some insight on the value of 65; however, it is not
clear how this can be feasibly handled. It is not possible to prevent the occurrence of such terms
due to the hierarchical nature of this model: the distribution of I requires previous # values, which
in return demand the inclusion of previous I values ad infinitum. This problem could be avoided
by modeling all data from the start of the epidemic, at which point we could confidently set all
values of I and 6 corresponding to times prior to the onset of the epidemic to 0. This, however,
would require treating the value of R as fixed for the entire epidemic, rendering our approach
irrelevant as this assumption is clearly false.

As a solution, we propose putting a prior distribution on these problematic €5 such that
p(08|f[t_7_y+1)t_T],R) ~ T'(Isk,k/R), essentially disregarding the additional information pro-
vided by future observations. Using a different prior, such as setting p(08|f[t,7,,,+1)t,7],R) =
0rr,—which has the appeal of creating terms such as those in [4]—is statistically unsound, as we
would draw different 65 from different types of distributions.

All this taken together yields:

—

p(e[tf-rle»l,tfl] ) R‘I_itf‘l'fl/#»l,t])

t t—1 t—1
X H p(ISW[sfu,sfl]) H p(98|IS7R) H p(es|IS7R)
s=t—7+1 s=t—7+1 s=t—71—v+1

'p(R|f[t—T—u+1,t—r])

Using an inverse-gamma prior on R and using the densities of the other terms as discussed
before evaluates to the same likelihood as in the main text.

B Model validation

Here we summarise estimation results for simulated data in order to more precisely show the
effect of superspreading in a setting in which true parameters are known. The coverage and length
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Figure 5: Tllustration of average credible interval coverage (cov.-) and length (len.-)
on simulated data. As there is a single R parameter but 25 elements of 0, the coverage
of the latter are summarised via a violin plot.

of intervals are shown in Figure 5. All simulations use an initial sequence of 7 observations that
have constant value 50. The momentum model is simulated for a further 37 days. This complete
series is then used to estimate R and §. Simulations were repeated 50 times in order to asses
coverage probabilities.

Of greatest initial import is verifying that the 90% credible intervals for R indeed cover the
true value with approximately nominal probability. The case R = 1 is of primary importance, as it
represents the bright-line between the epidemic growing or shrinking. That we have nearly exact
coverage in this setting is indication that our credible intervals do not achieve coverage merely by
being extremely wide. Furthermore, the intervals for 6 also cover the true values with the specified
probability when R =1 or R = 1.5. With our initial sequence of cases and R = .7, the epidemic
sometimes dies out, which can be missed by the model. As such, coverage somewhat worse in this
case.

After establishing coverage, our motivation for modeling superspreading is verified by looking
at the lengths of the credible intervals: for k small, our intervals need to be extremely wide. In
fact, the interval for k = .1 is approximately 2.5 times longer than the interval for £ = 10 for both
R =.7and R=1. For R = 1.5, the estimation problem becomes relatively easy as case numbers
grow substantially. This leads to very small credible intervals.

As the explicit conditional distribution of the momentum parameters gis intractable, we present
a summary of the samples observed through the MCMC simulation in Figure 6. This includes all
25 momentum parameters required when 7 = v = 13 as well as R. As R = 1.5 in this setting,
one can observe that the scale increases for 65 as s increases. It is clear that the parameters vary
widely through MCMC estimation, even though the are initialised at the marginal MLE: 0, = I,R.
Multiple chains are run, each with a separate initial value for R. When k is small, variability in
g is large, requiring both tuning of the proposal distribution and long chains to be simulated in
order to overcome high auto-correlation in the MCMC draws of 6.

Figure 7 shows how the individuals MCMC chains behave for each of the 25 momentum param-
eters in 6. Graphs for all parameters are shown in order to demonstrate that there is insufficient
information to estimate the full set of parameters. One can also see how quickly the parameter
estimates from different chains converge even when started a significantly different—and in some
cases completely incorrect—starting values. Depending on the value of k, the variance of the pro-
posal distribution for g must be set in order to allow 6 to move slowly. If the variance is too high,
then the acceptance proportion of proposed parameters is extremely low. This is due to the vector
jumping to a nonsensical configuration, even if each individual 6; is plausible in isolation.

As a final model validation, we consider k being drawn from a suitable distribution instead
of being fixed. By using k& ~ Gamma(6, rate=55) we achieve approximately the same 2.5%,
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Figure 8: Comparison of selected graphs for k fixed and k& ~ Gamma().

50%, and 97.5% quantiles of the distribution of k given in [6]. For reference, these are .04, .1,
and .2, respectively. Figure 8 shows credible intervals for R and prediction interval lengths for
the momentum model with £ = 0.072 and k£ random as above. Only these summary graphs are
shown because no differences are visible in the missing figures. The only notable difference in the
estimation of the reproduction number occurs when observed cases are very low. In this region,
treating k as random yields slightly larger estimates for R as well as wider confidence intervals.
Lastly, we note that the intervals for R are not as symmetric as for the k-fixed case as they are
skewed slightly left. Furthermore, there is less heterogeneity in infectiousness. Our models estimate
that 10% of infected individuals contribute 81% of new infections while 20% contribute 95% of
new infections.

C Generation model derivations

C.1 Normal approximation

This appendix derives the normal approximation to the posterior distribution p(R|f[t], k) used
in Section 2.2. As we can iteratively condition on previous values, the joint distribution of
Itt—7 41,4 li—7, R, k decomposes into a product of factors of the form (12). We have

t
PUj—rsrglle—r, RoE) =[] pUHs—1y. R K)
s=t—7-+1
t

I T, +kI,_1) { k "'/ R \"
N I'T(kI,_1) \R+k R+k) =

s=t—7+1
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The structure of this likelihood suggests estimating R/(R + k) instead of R. When treating Ij;_
and k as fixed, Bayes’ theorem yields the posterior distribution of R/(R + k):

R |-
Tk
p<R+k ““)

k kzi;}—r I R Z.te:t—f+1 Is R
X | —=— — Pl =
(7)) (#ts

Given this functional form, it is natural to put a beta prior on R/(R+k) to maintain conjugacy.
For small k, as shown in Figure 9, this corresponds to putting an appropriate inverse-gamma
prior on R, while for larger k this would correspond to a gamma prior. Therefore, to mimic
the R ~ Inv-Gamma(3.69, rate = 6.994) prior distribution used in Section 2.1, we can use a

Beta(a = 98.82, 8 = 3.74) prior on R/(R + k). The posterior distribution of R/(R + k) then has
a Beta distribution with parameters

I[t—T]’ k) . (14)

~+
|
—

t
a=a+ Y I, B=f+k I,.
s=t—7+1

While the hyperparameter values are not so small as to be uninformative, they are easily outweighed
by the data in most settings. By a change of variables from R/(R + k) back to R, we derive the
posterior distribution of R to be

p(R‘f[ﬂ’k) = (Rfk)? (Rik)a_l <Rik>5_1' (15)

As a final simplifying step, we compute the normal approximation of this posterior [8, Section 4.1].
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To this end, the first and second derivatives of the log-posterior density are

d - a—-1 a+p

— 1 R|I = —

o losp(Bllg) = —5— = 2=

d? - a—1 a+p
—1 R\, k) = — .
dR2 ng( ‘ [t]» ) R2 + (k+R)2

Thus, the mode of the posterior is
B+1

and the variance estimate is

o) Eet B)(e—1)

d2 -
<_dR2p(R|Im,k)(R)) (B+1)3

This yields a normal approximation of the posterior of

k(o —1) k?(a+ﬁ)(a—1)>
p+1 7 (B+1) '

P(RITy. k) ~ N(

C.2 Generation model

It is easiest to represent the process of infections per generation if we allow the indices of the
summation notation to be real numbers (hence treating the summation as integration) via

2 le2] -1

s=c1 s=[c1]

for c¢1,c2 € R where ¢; < ca. When Dy is the length of a generation, the number of infections per
generation is then given simply by

(i+1)-Dy

jf—i - Z It—s7

s=i-Dgy

for ¢ € Ng.

We assume R is constant for 7 days in the generation model as in the momentum model. The
corresponding parameter in the generation model is 7, := 7/D,, where we account for non-integer
values as before by summing fractional daily infections. Estimating parameters and producing
forecasts requires similar modifications for non-integer values. Conceptually, however, these corre-
spond to the same sums as before, just over generations instead of conventional days. This can be
represented concisely in the notation for real-valued summation as

Tg
a=a+ Zf,g_s, and (16)
s=0
Tg+1
ﬂ:ﬁ—‘,—k‘21575. (17)
s=1

This yields a negative binomial observation model as before:

IR,I; ,~NB <1}1k;, k:+R> .
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For prediction and comparisons used in Section 3, it is more sensible to compare the cumulative
incidence of several, say T, days. We forecast [Dlﬂ generations I;, and our forecast for T days is
then

L,

. T T =
Xe= 3 dit (5, - |y ) vy
s=1 $ ¢

In the case study of Section 3, we forecast the total weekly cases, i.e., T = 7. Observe that this
equates to merely forecasting sufficient generations to cover the desired time period, then taking
the appropriate proportion of the final forecasted generation to match the desired time window T.

D Results for Croatia and Czechia

As further demonstration of the momentum model, Figures 10 and 11 show the same prediction
and estimation results as seen in Section 3 but for Croatia and Czechia. The disease progression
in Czechia is similar to that of Austria over the shown period. Croatia is a common Austrian and
Czech tourist destination and the disease progression is markedly different there than in Austria.
The estimated coverage probabilities of the prediction intervals are also shown in Table 2. The story
remains the same as before: coverage is far better for the momentum model with superpreading
than without (Epi*). Similarly, Epi* appears shifted relative to the observed cases, particularly
for the Czech data. Here we see that the momentum model performs better than the generation
model, particularly around peaks in the time series.

Figure 11 contains results on the estimation of R for Croatia and Czechia. The results are
qualitatively the same, in that the momentum model with superspreading produces much wider
credible intervals. One obvious feature of the Croatian data, however, is a steep decline and
subsequent steep increase in June. This corresponds to a large increase and plateau in cases as
seen in Figure 10. The Epi* model estimates that R increases to well over 2 within a short period of
time before decreasing again to previous levels. Alternatively, in the same period, the momentum
model provides a noticeably lower median estimate but with an incredibly wide interval. Further
exploration of the feature is warranted, though it is reasonable that such a large deviation over a
small window of time should produce significantly more uncertainty in the value of the underlying
parameter, particularly when the model is estimated under the assumption that R is constant over
7 = 13 days. Within the momentum model, such short-term deviations can be captured by an
increase or decrease in disease momentum instead of just an increase in R. On the other hand, this
feature appears to show a flaw within the generation model, as both the estimated R and interval
estimate have extreme spikes. This is likely due to the short-term nature of the case increase and
the generation model only using roughly three generations for estimation.
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Figure 10: Predictions between April 1 and October 31, 2020, and 90% prediction
intervals between June 15 and September 7, 2020. Predictions and intervals are for
the 7-day average of new cases in the following week in Croatia and Czechia.
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Robust Models of SARS-CoV-2 Heterogeneity and Control

K. D. Johnson, A. M. Grass, D. Toneian, M. Beiglbéck and J. Polechova

Abstract

In light of the continuing emergence of new SARS-CoV-2 variants and vaccines, we create a simulation framework
for exploring possible infection trajectories under various scenarios. The situations of primary interest involve
the interaction between three components: vaccination campaigns, non-pharmaceutical interventions (NPIs), and
the emergence of new SARS-CoV-2 variants. Additionally, immunity waning and vaccine boosters are modeled
to account for their growing importance. New infections are generated according to a hierarchical model in which
people have a random, individual infectiousness. The model thus includes super-spreading observed in the COVID-19
pandemic. Our simulation functions as a dynamic compartment model in which an individual’s history of infection,
vaccination, and possible reinfection all play a role in their resistance to further infections. We present a risk measure
for each SARS-CoV-2 variant, p¥, that accounts for the amount of resistance within a population and show how
this risk changes as the vaccination rate increases. Furthermore, by considering different population compositions
in terms of previous infection and type of vaccination, we can learn about variants which pose differential risk to
different countries. Different control strategies are implemented which aim to both suppress COVID-19 outbreaks
when they occur as well as relax restrictions when possible. We demonstrate that a controller that responds to the
effective reproduction number in addition to case numbers is more efficient and effective in controlling new waves
than monitoring case numbers alone. This is of interest as the majority of the public discussion and well-known
statistics deal primarily with case numbers.

Keywords: COVID-19; superspreading, compartment model; SARS-CoV-2 variant risk; NPI
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2 Robust models of SARS-CoV-2 heterogeneity and control

1 Introduction

The continued waves of the COVID-19 pandemic present unique challenges to regulatory bodies
and governments. At issue is the balance between restricting behavior in order to reduce the spread
of SARS-CoV-2 and the desire to return to a normal state-of-affairs. On one hand, many countries
provide a deluge of statistics to measure the severity of COVID-19, even on a highly granular
level. These statistics then inform complex decisions on how many restrictions to enforce. On the
other hand, some countries lack sufficient testing to accurately track the spread of COVID-19. Our
guiding question is, what statistics should be considered when determining if mitigation measures
should be increased or decreased? Of concern is the oft-repeated scenario in which a new variant
emerges which spreads more rapidly either due to increased infectiousness or vaccine escape.

To this end we create a compartment model that has compartments for each vaccinated, in-
fected, and recovered group (for each variant), and add dynamic interactions between these groups
as well as immunity waning and boosting. For example, someone could have been infected with
the original SARS-CoV-2 variant, then receive a vaccine, then perhaps later become infected with
a new SARS-CoV-2 variant. The resistance to further infection conferred by such a history is
distinct from those who have, for example, only been vaccinated. These factors influence the effec-
tive reproduction number: the expected number of new infections caused by a currently infected
individual. We can then simulate infections using this model in order to answer questions about
case dynamics when a new SARS-CoV-2 variant is introduced.

We also add a controller to our simulations, which can both observe and intervene in the
compartment model. The controller is thought of as a governing agent which is responsible for
both keeping COVID-19 outbreaks at manageable levels and not imposing unnecessary restrictions,
i.e., for keeping outbreaks under “control.” In order to mimic a real-life entity such as a government,
the controller must be constrained in various ways. First, the controller does not observe latent
variables such as infectiousness, only raw data such as number of new cases (for each variant),
which account for only a proportion of true infections equal to the detection ratio. Second, these
statistics are observed with a lag, i.e., there is a delay between when infections occur and when
cases are observed. Third, the controller uses non-pharmaceutical interventions (NPIs) such as
mask wearing, testing and tracing, and gathering restrictions (soft lockdowns) — which mitigate
the effective reproduction number of SARS-CoV-2. Lastly, these interventions cannot change
continuously: there is a mandatory temporal gap after an intervention before the controller can
intervene again.

Under these constraints, we are able to explore what statistics the controller needs to respond
to in order to effectively suppress new outbreaks. Note that we are not advocating a particular
intervention or comparing their efficiency [9, 49]. Instead, we are considering what information
could best inform timely decisions on modifying NPIs. Furthermore, we note that the success of
the controller we implement is often not mirrored in reality as few if any governments willingly
act as rapidly as stipulated. For example, the World Health Organization issues guidelines for
COVID-19 risk [17, 56], but immediate action is often not taken when a country crosses one of
the thresholds they provide. This is exacerbated by the lag between infection and case observation
(the “delay” parameter): governments which either fail to collect adequate data or do not make
decisions using a forecast will make decisions with greater delay.

Other recent works have considered similar topics. [4] posits economic models that convert the
effect of NPIs on both public health and the economy into a single cost measure. Using infection
forecasts from SEIR models, they then optimise decision thresholds which depend solely on the
number of cases. The infection models used do not contain any diversity in SARS-CoV-2 variants
or vaccines. On a different level of analysis, [50] proposes a procedure for expert elicitation in order
to synthesise the results from multiple modeling groups to improve intervention planning.

We begin by presenting a detailed description of our model. This is broken up into subsections
which describe the compartment model with different vaccines and variants, the controllers we
consider, and how the simulation is initialised to mimic a real outbreak. In the 3 section, we
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compare the modelled dynamics of the SARS-CoV-2 variants, as well as the controllers’ effectiveness
in containing both current and hypothesised variants. Last, we discuss broader implications of our
research and further questions which could be explored within the framework.

2 Methods

New infections are assumed to be generated according to the momentum model of Johnson et
al. [26], which builds upon Cori et al. [16]. In the simplest version of the model, new infections I;

are the result of previous infections Iy, ..., I;_1 via the following recursion:
v
I; ~ Poisson <Re,t Z Itmwm> , (1)
m=1
where R, is the time-varying effective reproduction number at time ¢, w = (w1, ..., w,) is the

generation interval, and v is the maximum number of days for which someone is assumed to be
infectious. If J,, denotes the number of people infected by a specific person on the m-th day after
this person got infected, then we have for m € N

o _ _Ela)

Zlil E[Jl]'

We assume that a newly infected individual does not cause secondary infections on the same
day, corresponding to wy = 0, and that infections do not occur after day v. The generation
interval can be interpreted as the infectiousness profile of infected persons. We set w to be a
discretised gamma distribution with v = 13, mean 4.46, and standard deviation 2.63. These are
values specific to Austria [45], and are similar to values determined elsewhere [21, 23, 29]. We note
that the framework is general enough to allow each variant to be specified with a unique generation
interval. This is potentially useful for modeling future variants, as the recently prominent Omicron
(B.1.1.529) variant appears to have a shorter generation time [27].

The recursion in equation (1) assumes that all people have the same infectiousness on day ¢.
We follow [26] and remove this assumption by explicitly drawing an infectiousness parameter for
each infected person from a fixed Gamma distribution with dispersion parameter & < 1. This gen-
eralisation allows for superspreading: the phenomenon of extreme heterogeneity in infectiousness.
We set k = 0.1, which corresponds to a setting in which 10% of infected individuals cause 80%
of new infections [19]. This is an integral component of the difficulty of controlling COVID-19
outbreaks. Individual infectiousness can be aggregated over the infected, resulting in the following
process of new infections:

I; ~ Poisson <Z thwm> where (2)

m=1

0s ~ Gamma(Isk, rate = k/R. ). (3)

We generalise this model further in order to study the effect of combinations of variants, previous
infections, vaccination strategies, and NPIs — and interactions between them — on the effective
reproduction number R. ;. This is done by decomposing R.: into many constituent parts which
depend on the compartments in our model. In order to describe this decomposition, we need
notation for compartments.

Our model contains a set of compartments ¥. Each compartment C € € is a group of people
with a unique history of infection and vaccination. The history is encoded as a superscript h: C".
The value of h contains both digits and capital letters, where digits correspond to vaccines and
letters correspond to different SARS-CoV-2 variants (when possible, the first letter of the variant
name). For example, a group with label h = A1B contains people that were first infected with
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4 Robust models of SARS-CoV-2 heterogeneity and control

variant A (Alpha), then vaccinated with vaccine 1, then contracted variant B (Beta). For simplicity,
the digit 0 is reserved for the compartment that has neither been vaccinated nor contracted SARS-
CoV-2 of any form, i.e., C°. As it will simplify our notation, we let ¥ be the set of infectious
variants: {WT(wild-type), A(lpha), B(eta), D(elta), G(amma),...}. For clarity, we note here that
elements of 7', denoted by V), are also valid histories h, e.g., h = V indicates those individuals who
have only been infected with variant V.

The only characteristics of the history that affect the model are the total set of experiences
(vaccines or infections) as well as the final infection, as this determines the variant one is infectious
with. Furthermore, reinfection with the same variant does not confer additional benefit. Hence we
can simplify histories to those that have no repeated capital letters. Lastly, it will often be easier
to write equations using the set of histories, 7, instead of the corresponding set of compartments,
%. As h € S is the identifier of a compartment, we will also at times call it a compartment for
ease of use.

Each group C" contains the total number of people with that history, both infected (I") and
recovered (S™), which are subgroups with the same labels: C" = I" U S". The recovered (or
vaccinated) subgroup is written as S" to emphasise that they are again susceptible to infection,
though with a resistance parameter depending on h as described below. All are given subscripts ¢,
though for consistency with the generating equations, the subscripted groups have different inter-
pretations. CJ' and S contain all people on day t with history h and the subset that are recovered,
respectively. I!' gives the number of new infections with history h on day ¢. For simplicity, in-
dividuals recover v + 1 days after being infected. We assume that when one is experiencing an
infection, they cannot become newly infected (or receive a vaccine). With these simplifications,
we have |C'| = |SP'| + Y0 _, I ,,. Note that notation for I} has been overloaded to either be
the set of people with new infections with history h or the cardinality of this set. This provides
consistency with the generating equation (2).

An important aspect of the simulation is that interaction groups are created dynamically. For
example, someone in S! can be infected with a SARS-CoV-2 variant D or become vaccinated with
vaccine 4. This person then moves from S! to a new group with identifier oD or h4, respectively.
The dynamic generation of groups goes hand-in-hand with a dynamic change of population char-
acteristics which may require different mitigation strategies. Crucially, the new group hD or h4
can have new resistances to infection.

There is a specific RZ‘; for all compartments h € J# and all infectious variants V € ¥, where
group S is susceptible to infection with V on day t. This can be interpreted as the effective
reproduction number of variant V solely within group C". As data are often reported in terms of
relative transmissibility of SARS-CoV-2 variants, each variant V has a basic reproduction number
relative to that of the original SARS-CoV-2 variant given by RY = A\YRo = A\YRY'T. With this
group-specific notation, we can define a decomposition of R"Y as

R = ML\ Roy™ (4)
where

o M, = (1— M), where M; € [0,1] is the effectiveness of NPIs at time ¢ (mitigation of
infectiousness). M; = 1 corresponds to no mitigation (full infectiousness), whereas M; = 0
reduces new infections to 0.

e [; is a seasonality factor at time t.

e 7"V is the susceptibility of group & to infection with variant V. We consider 7*Y = (1 —~

where 4"V € [0, 1] is the resistance of group S" to being infected by variant V. The value of
4"V depends on the unique history h.

hV)

Similar to other human coronaviruses and influenza viruses [36, 37], it is widely believed that
SARS-CoV-2 follows a seasonal transmission pattern in temperate regions with transmissions peak-
ing during the winter. Possible explanations include different viral longevity due to humidity and
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Figure 1: Midpoint estimates of resistance parameters. Complete statistics
including confidence intervals are given in Table 1 in the 3.4.

air temperature [33, 54|, reduced host airway immune response in dry winter months [32, 37], and
increased indoor interactions during colder months. We model seasonality, L;, as in [28] via a

cosine transform:
€ t — tpeak
Li=1+% 9o peak )
r=1ts (COS( "7365.25 ) ) (5)

where € is the amplitude size and tpeak is the date when the transmission rate peaks. Following [22],
we assume that the seasonal reduction in transmission is 40% (e = 0.4); the lowest transmission
rate is set to July 1, while the highest transmission rate occurs on ¢,cax = January 1. This is in line
with the estimates for the general seasonality of other coronaviruses in temperate climates [36].

The resistance parameters v*V evolve according to two simple rules. First, if a person with
history h is given a vaccine (e.g. 1), resulting in history g = h1, they have variant-specific resis-
tances equal to the maximum from those provided by h and 1. For example, history A may provide
resistance .9 for infection from variant D and .98 for variant A. Vaccine 1, on the other hand,
provides resistance .95 for both. The resulting resistance for history ¢ is thus .95 for D and .98 for
A. Resistance parameters are summarised in Fig 1 and are given in detail in Table 1.

Second, if a person with history & is infected by a variant V, resulting in history g = hV, we
consider both the resistances of h and those conferred by V. For this new history g, the resistance
to an infection with SARS-CoV-2 variant V' is given by

NV =1 — (1- fyhvl)(l — YY), equivalently (6)
FV = ARV (7)
Thus, the susceptibility to variant V' declines as a product of the susceptibility to V' conferred
by the history h, ﬁhvl, and the susceptibility to V' conferred by the infection V, ﬁvvl. Note that
repeated infections with the same variant, i.e. V € h, then resistances are not updated.

We note here that interactions between groups are only considered in terms of resistances, not
in terms of infectiousness; a vaccinated individual that nevertheless gets infected with variant V
is considered equally infectious as an unvaccinated individual infected with variant V. This is a
simplification — in reality, the viral load in infected, vaccinated individuals appears to decline faster
(and is hence lower on average) [13]. In addition, for the same nasopharyngeal viral load (Cys), the
probability of detecting an infectious virus using cell culture is also slightly lower [48]. While the
model can be extended to include some estimate of lower infectiousness for an infected, vaccinated
group, we chose not to do so at present; we do not have a quantitative estimate of how reduced

163



6 Robust models of SARS-CoV-2 heterogeneity and control

infectiousness translates into reduction in transmission probability in real-life settings, particularly
as vaccinated individuals may behave differently.

Specifying the infections created by I” is notationally far more complex than in equations (2)
and (3). The issue is that I" is not solely responsible for creating new infections with this same
history at time ¢: I]'. This problem arises even in the most simplistic multi-variant-vaccine setting.
Given compartments C°, C!, C4, and C'4, consider the effects of infection and vaccination. New
infections I* are produced by both I and I'4 when they infect members of S° or S4, while
new infections I'™ are produced when either I4 or I infect members of S or S'. Vaccine
1 is administered to a random member of either S° or S4, and adds members to either S or
SAL respectively. Given these complexities, we provide simple equations that only show the
new infections of a specific history. While it is possible to provide equations for the total new
infections for a variant ), this would complicate our expressions and amounts to summing over
many different compartments that are distinct in our model. Later, equation (13) provides a
variant-specific equation in order to compare infectiousness of variants in a population.

For consistency of notation, our generating equations describe the number of new infections
of a variant V within a compartment C9. To do so, consider all compartment histories which are
infectious with V: 7Y = {h € # s.t. h = hV, for some history h}. Each C" creates new infections
in SY9 according to equations (2) and (3). We then sum over these groups:

19V ~ Poisson (MtLﬁgWSﬂN—l SN eﬁ_mwm> where (8)
hes#’Y m=1
0" ~ Gamma(I"k, rate = k(\YRo) ™) 9)

and N is the total population size, N = 3 ... [C|.

Observe that 0" for h € #V, depends on RY = ARy instead of ’Rg}f. This is because 6"
gives the “native infectiousness” of — and is solely a property of — I, separate from the interaction
between I and S{ in the environment experienced at time t. Similarly, the second sum of the
Poisson argument, Zym=1 0" w,,, does not depend on g because it represents the total infectious-
ness of C!'. New infections, however, depend on other groups h that are infectious with V and
the environment through the remaining parameters in equation (8). If we ignore susceptibility,
mitigation, and seasonality, i.e. 39V = M, = L; = 1, and the proportion of infected people in the
population is small, then N=1 >, - 3"V|S}'| ~ 1. In this case, equation (8) reproduces (2) in the
original setting of the momentum model for a single variant [26].

2.1 Controllers

We assume a controller is interested in constraining the process of new infections, Iy = 3, . ,» Ik,
and can manipulate M,. Importantly, observed cases are distinct from the underlying process of
infections, Iy, as not all infections are observed. Our controllers observe only a portion of infections
as determined by the detection ratio, and then only some days after infection occurred due to the
delay between infection and observation. These parameter values are discussed in Section 2.4 and
Section 3.

Changes in non-pharmaceutical interventions (NPIs) are concretely implemented by setting
Mt+1 = (5]\th in equation (8). Thus, increase in NPIs such as mask mandates have the effect of a
multiplicative decrease in transmissibility. We have explicitly assumed a certain compound effect
of NPIs rather than specifying them. Our goal is not to prescribe which combination of NPIs to
use, but to demonstrate differences in efficiency of containment strategies that result from using
different statistics to guide the decision on the timing of the NPIs.

We consider two types of controllers which react to different statistics computed from case data.
Both increase and decrease mitigation, M, by some proportion ¢ € [0, 1] whenever they intervene.
The first controller changes the effect of NPIs when daily cases pass pre-specified boundaries and
is termed a “reactive” controller. This is a controller which increases NPIs when reported daily
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cases are over some high threshold (e.g. 150 per 100,000 over the last 14 days) and decreases NPIs
for case numbers below a low threshold (e.g. 25 per 100,000 over the last 14 days) so long as
case numbers are not increasing. A second type of controller, termed “proactive”, also utilises an
estimate of the effective reproduction number.

Let ﬁe}t be the effective reproduction number given aggregate statistics which ignore compart-
ment history and the type of infection. This is equivalent to taking expectations of our group-
and variant-specific R’e“f over individuals in the population as well as the infectiousness of strains
in 7. The distribution over compartments weights by the size of the susceptible group: |S"|.
Similarly, the distribution over variants weights by the current total infectiousness of the variant
in the population: Y, v v 4 0wy, We have:

Rer = EVEy, [Riﬂt}]

=W IN"IM,L, Z Z 79V |59 Z i Or . wn where (10)

veyv \ges”t hesY m=1

W= i: M w,. (11)

hes# m=1

Here, we have ignored the small number of currently infected individuals by dividing by N instead
of Y hesn IS

Equation (10) provides a useful summary as an average effect implied by our model which
accounts for variant heterogeneity, population diversity, and superspreading. Unfortunately, a
controller cannot compute it as it depends on the unknown parameters 6", which describe the
“momentum” of the disease [26]. A feasible estimator does not consider 07 to be known, instead
using the expected total current infectiousness of V given \Y and Ry:

Rea =W IINTMLY | D AMISE Y. Y ARl wm (12)
vevy \gest hes#’V m=1

We note that the statistic above is not meant to be an ideal estimate of the effective reproduction
number R.;, but instead functions as a computationally efficient way to track the spread of
infections in a way that is consistent with our simulation framework. While quantities such as | S|
are not known in practice, they can be estimated per variant and vaccine. In fact, this is done
when initialising our model and is described extensively in Section 2.4 along with estimation of
(12).

A “proactive” controller changes mitigation measures based on ﬁe,t and case numbers. Behavior
is the same as for the reactive controller, except that there is also an upper bound specified for
7@675 when the effective reproduction number is higher than this upper bound, restrictions are
increased. Reducing restrictions requires 7@6,,5 < 1 in addition to low case numbers.

2.2 Vaccines and variants

Our model includes two types of vaccines and six SARS-CoV-2 variants. Vaccine types are
summarised in two groups: i) mRNA vaccines which include both Pfizer-BioNTech’s Comirnaty
(BNT162b2) and Moderna’s Spikevax (mRNA-1273); and ii) vector vaccines which include As-
traZeneca’s Vaxzevria/Covishield (AZD1222) and Janssen’s COVID-19 vaccine (JNJ-78436735).

We consider six variants: the original wild-type (WT), Alpha (B.1.1.7), Beta (B.1.351), Gamma
(P.1), Delta (B.1.617.2) variants, and a hypothetical variant Omega. In general, their relative
advantage and effective reproduction number depend on the composition of the population. The
first row of Table 1 shows the assumed relative advantage of variant V over the wild-type, \Y =
RY/RWT  in a naive population. The values are computed from recent estimates of RY /RY" using
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8 Robust models of SARS-CoV-2 heterogeneity and control

GISAID sequences across different countries which are then aggregated to produce a summary
estimate for each variant [11]. In general, this value is thus confounded with acquired advantage
due to immunity escape, although the departure appears small within the time frame of the study
(until June 3, 2021). The values are consistent with estimates of Y assuming substantial immune
escape [20, 52] and are on the lower boundary generally accepted for the transmissibility advantage
of Delta [12].

We assume that the basic reproduction number of the original strain, R}, is approximately
3.5. There is a wide range of estimates of R{’'T, ranging from about 2 to 6.5 [34, 39]. As R}V'T
depends on interaction networks in a society and will therefore plausibly differ between countries
and regions, we use an estimate of RV 7 from the early Austrian case data [18, p.13], corrected for
the assumed seasonality of 40%.

Table 1 summarises both the assumed effectiveness of the vaccines against infection with SARS-
CoV-2 variants as well as the estimates of resistance conferred by previous infection. We use
estimates from the recent analysis by [43] (United Kingdom) concerning infections (with RT-
qPCR’s C; < 30) by the Alpha and Delta variants. While [43] assesses subjects PCR-tested in
weekly intervals, it is limited to people younger than 65 years old. We thus extend the lower bound
of effectiveness following [38], which also gives estimates for effectiveness of both mRNA vaccines
against (symptomatic) infections with Gamma/Beta variants (in Ontario, Canada). We also use
estimates from Brazil [25] for the reduction of transmission of the Gamma variant following full
vaccination with vector vaccines, and from Qatar [1] and South Africa [35] for the Beta variant.
For computational simplicity, we use the resistances after a full vaccination (typically, two doses),
and assign this 2 weeks after the first dose of a vector vaccine or 3 weeks for an mRNA vaccine.
This is because the error arising from assigning full immunity 1-2 weeks after second dose would
be larger than neglecting slightly lower immunity between doses [5, 42, 43, 55]. We assume the
percentage of people who do not follow up with the second dose (when required) is sufficiently low
that it can be ignored.

The reduction of probability of reinfection is based on the estimates by [43] for the WT, Alpha,
and Delta variants. We assume that the probability of reinfection is reduced by 87% (84 — 90%)
upon prior infection with the same variant, and it is reduced less (by 77%, (66 —85%)) for the Delta
variant when the previous infection was by a different variant (typically WT or Alpha). There is
less reliable information on the reduction of re-infection for the Beta and Gamma variants. We
use the model-based estimate by [20] of 70% cross-immunity (55-80%) for the Gamma variant.
Based on the relative sensitivity of the variants to convalescent sera [6, 41] — and in the absence of
a direct estimate of reinfection protection for the Beta variant based on a random cross-infection
survey — we employ the 70% cross-immunity for the Beta variant as well. The resistances are set
to approximately 75% for cross-immunity between (typically rare) combinations where we do not
have direct data, and to approximately 85% for reduction in reinfection by the same strain. See
Table 1 for exact values. The last two columns show resistances after immunity has waned, which
we discuss in the next subsection.

2.3 Immunity waning and boosters

The waning of immunity from both vaccines and infections plays an increasingly important role
in the evolution of the COVID-19 pandemic [40, 47]. Our compartment model can be generalised
to this setting. We merely need a rule to determine when and how individuals experience waning as
well as an additional “intervention vaccine”, i.e. booster, given to previously vaccinated individuals.

One constraint is that our simulation does not track individuals, but groups. Therefore, there
is no concept of “time since fully vaccinated” that can be used for a gradual waning of immunity.
As such, waning needs to be implemented as a transition of people from a susceptible category
S to a waned category, which will in general be written as S"~. In order to account for the
different characteristics of vaccine and variant waning, this is represented in two different ways in
our history notation. Infectious variants are still given capital letters, e.g. W and A; after waning,
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however, these are changed to lower case, w and a. This changes a group signature from h = WA
to g = Wa. Note that the individual was infected by A before their resistance from W infection
waned. Vaccine waning is represented by a minus sign (overloading the general notation from
before), e.g. h = Al becomes g = A1—. We assume for simplicity that a waned group cannot wane
a second time. Therefore our waned vaccine group Al— cannot wane to al—; waning only occurs
for the most recent event experienced. We do not consider this to be a significant oversimplification
as the first waning event results in the majority of the resistance reduction experienced and the
use of booster vaccines returns people to effectively un-waned groups.

The transition between groups happens at a single point in time as opposed to a gradual decrease
in immunity. On average, the waiting time before waning is chosen in order to mimic a gradual,
population-level decrease in immunity. All individuals in the susceptible subgroup S" have an
exponential waiting time before being moved to the waned group. The waiting time is determined
by the number of days, in expectation, until a lower level of resistance is observed. Each day we
thus move Poisson(S"/180) people from S" to S"~, such that, in expectation, all individuals in S}
have waned after a fixed waning period of 180 days. Specifically, we assume that over the waning
time of 180 days, the resistance to infection by Delta (and older variants) after vaccination with two
doses has declined to 40% (35-45%) for vector vaccines and 50% (40-60%) for mRNA vaccines [14,
53]. For the hypothetical variant Omega, we assume both lower initial resistance after vaccination
(vector: 30% (0-55%); mRNA: 60% (50-65%)) as well as stronger waning over 180 days (vector:
0% (0-0.05%); mRNA: 0.05% (0-0.1%)). We assume that the immunity post-infection declines
similarly as the one after getting a vector vaccine (see Table 1).

The booster shot is implemented as a new vaccine that is only given to people who have been
vaccinated, regardless of their waned status. As the real “waning event” is not uniform over the
entire population and it is not known whether or not someone has truly waned when given the
booster shot, this is a parsimonious representation of the effects. For simplicity, we group all
booster vaccine combinations together, such that there isn’t any interaction effect between the
booster received and any previous infection or vaccination. As the booster is implemented as a
vaccine, resistances are updated according to the same rule: the resistance after receiving the
booster is given by the maximum, per variant, of current resistance and the resistance provided
by the booster. For Delta and older variants, the boosted resistance starts at 96% (94-98%), and
wanes only slightly over 6-months, to 85% (75-90%). For the hypothetical variant Omega, we use
the tentative values for vaccine effectiveness based on resistance to symptomatic infection with the
Omicron variant, and assume boosted resistance starts at 70% (60-80%) and over 6 months, wanes
to 30% (20-40%) - see Table 1).

For a simple population consisting of a single group, we have an average resistance behaving
as in Fig 2. In practice, many waned compartments that receive the booster will have identical
resistances. This is because their resistances 7"~V are below those of the booster vaccine against
all variants V), and because vaccines only raise resistances to a specified level. We do not collapse
the compartments, however, so that the history of a compartment can be tracked in subsequent
analyses.

2.4 Initialising the simulation

Given the initial conditions, equations (8) and (9) control all new infections and vaccine sched-
ules specify new vaccinations. To initialise the simulation, we need to specify an initial collection
of compartments %, a vaccine schedule, and a level of NPIs. These are chosen to most accurately
represent the pandemic in Austria.

Epidemiological data in Austria is gathered and provided by AGES (Agentur fiir Gesundheit
und Erndhrungssicherheit GmbH), the Austrian agency for health and food safety [2]. In addition
to tracking the number of cases, hospitalisations, deaths, and tests, AGES tracks the genome
sequencing of SARS-CoV-2 samples gathered in Austria to monitor the prevalence of variants of
concern (VOC) [3]. The first confirmed case of the Alpha variant in Austria was on January 3,
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Figure 2: Average resistance against Delta and the hypothetical variant
Omega due to immunity waning in an mRNA-fully-vaccinated population.

2021. A VOC sentinel system was subsequently established with one PCR test lab per county
submitting a random sample of SARS-CoV-2 specimens for complete genome sequencing.
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Figure 3: Reported prevalence of different SARS-CoV-2 variants in Austria
in 2021 .

Variant Prevalence

VOC prevalence in Austria is published online and updated roughly every one to two weeks.
Fig 3 provides the historical reported variant prevalences. 2021 has already seen two new variants
emerge and quickly become dominant. In Austria, Alpha took approximately 15 weeks between
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emergence and dominance, whereas Delta took a mere 10 weeks. Both Beta and Gamma variants
were observed in Austria, though neither variant made serious headway into the population.

When simulations are initialised for a given date, the relative size of recovered compartments are
computed using data from Fig 4. To compute the number of people who were previously infected,
we must account for the detection ratio throughout the entirety of the pandemic. Based on [46]
and consistent with seropositivity in Austria from mid November [51], we assume that 12% of the
Austrian population was infected by the wild-type before January 1, 2021. For 2021, we specify
the detection ratio which measures the (age-averaged) probability that an infected individual is
diagnosed and appears in the official case statistics. Due to increases in the availability and use
of COVID-testing in Austria, we use the following estimates for the detection ratio in 2021: 1/2.3
for January and February, 1/2 for March and 1/1.4 for April and beyond. These are consistent
with model-based estimates for Austria which use hospitalisations and deaths to learn about the
proportion of unreported infections [7, 18].

August 8, 2021

Total Population Composition A

Population of Previously Infected o

Populations of Vaccinated 4

June 12, 2021

Total Population Composition 4

Population of Previously Infected o

Populations of Vaccinated 4

0.00 0.25 0.50 0.75 1.00

Proportion
. No Previous Infection or Vaccination - WT Gamma . mRNA

. Previously Infected, not Vaccinated . Alpha . Delta . vector
. Vaccinated . Beta .

Figure 4: Estimate of the population composition in Austria on June 12
and August 8, 2021. Note that while Delta was dominant by August, 2021, the
absolute number of infections is comparably low.

We use a vaccine schedule to match that of Austria throughout the simulation period, as the
actual vaccination plan is considered to be a background setting of our model as opposed to an
intervention by a controller. We use the 7-day median of administered first doses during each
calendar week [10] up until August 8, 2021. When simulating beyond the window of available
data, we use the latest 7-day median and administer this many doses until the expected upper
bound on vaccinations is reached. Currently, this bound is 85% of the population. As of August
8, 2021, the distribution of administered vaccines was 72% Pfizer-BioNTech’s Comirnaty, 10%
Moderna’s Spikevax, 15% AstraZeneca’s Vaxzevria, and 3% Janssen’s COVID-19 vaccine. Beyond
August 8, the distribution of newly administered doses is 74% from Pfizer, 3% Moderna, 22%
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Janssen , and 1% from AstraZeneca. The corresponding real data for booster vaccines is used
until mid December 2021. Vaccine booster shots began being used in September 2021, with uptake
increasing rapidly starting in October and November 2021.

A final step to calibrate our model with current case numbers is to set an initial effect of

NPIs. This is done by equating the implied reproduction number from the simulation, R. ., to
the observed R. in Austria at the time the simulation starts. More concretely, 7%“ from equation
(12) is simplified at initialisation as our compartment structure features no interaction groups. We
assume that all individuals that were previously infected with the wild-type or Alpha are equally
likely to have been vaccinated, while people with other infections were not vaccinated as the other
variants primarily appeared later. Tacitly, this assumes that those who were previously infected
and then vaccinated do not receive an additional benefit due to their initial infection. This is in
line with the update rule for infection followed by vaccination, though could also be considered
a result of infection waning due to long-past infections. The number of recovered individuals of
each type, |SP'|, is estimated by taking the cumulative cases for 2021 and scaling by the inverse
detection ratio for each time period given above. A proportion of S! for wild-type and Alpha are
removed from these groups and placed in the vaccinated groups. This specifies |SP| and I} for
all individual variants and vaccines, allowing us to compute 7A2€7t up to the missing M, term, which
is calibrated to the observed R..

3 Results

This section presents simulation results for a setting constructed to be similar to that in Aus-
tria. This serves to anchor the simulation in a realistic setting, though the high-level results are
applicable beyond Austria as well. To aid comparisons to other countries, data are reported as
cases/100,000 inhabitants.

3.1 Comparing variants

Ultimately, our model requires many parameters to be set which govern the resistance one
variant provides to infection from others as well as resistances conferred due to vaccines. There
are three relevant dimensions in which we allow variants to differ: the basic reproduction number
RE, immune escape after vaccination, and immune escape after infection. It is important to view
these as three separate components, and we note that increasing severity in multiple categories
may over-estimate the true risks of different variants. We assume that the generation interval does
not significantly differ among variants, which is consistent with known estimates for Delta and
older variants [8, 24, 44]. The Supporting Information explores other settings in which variants
have generation intervals with lower mean, such as is possible for Omicron.

Table 1 discusses the parameters we use and how they differ between variants. We extend that
discussion here by showing how these parameters translate into dimensions of primary concern.
To simplify a visual presentation, Fig 5 only shows R} and vaccine effectiveness, which are the
two most important measures that are independent of population composition. We further distin-
guish vaccine effectiveness between mRNA (o) and vector (A) vaccines. Both estimates and their
uncertainty are summarised in Fig 5, in which the parameters are drawn from a truncated normal
distribution with mean and truncation points given in Table 1. The uncertainty represented in Fig
5 is also included in our simulations.

While Fig 5 summarises raw parameters, it is not sufficient to characterise which variants are
of greater concern within a given population. We also show how these variant characteristics map
to variant risk and are affected by the rise of immune resistance due to vaccinations. These are
the two dimensions of primary interest: our risk measure combines both the variant profiles and
the background population characteristics, while vaccinations provide the long-term solution to the
pandemic. Therefore, our graphs summarise which variants are of greatest concerns to regions with
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Figure 5: Basic reproduction number vs vaccine effectiveness for all variants
included in our simulations: A(lpha), G(amma), D(elta), and O(mega). The
Omega variant is constructed to analyze hypothetical scenarios. Note that WT is
only present in the history of previous infections.

different vaccination rates. RZ‘{ from equation (4) does not easily allow one to compare variants
because it specifies both the group that is being infected as well as depends on mitigation and
seasonality. Therefore, we remove the time varying components (MtLt) and integrate Ré”t} over
the susceptible populations S":

pY = (ML) 'Ea[RIY] = N"IAVRo Y 4"|SP. (13)
hes#

pY is the conceptual driver of outbreaks in our model as it represents the reproduction number of
a variant within a particular population by accounting for susceptibility due to immune evasion.

In order to plot p) as a function of the vaccination rate r € [0, 1], we need to consider how
the population composition would change and how this would be reflected in the size of our
compartments. As we have created a realistic population distribution for Austria on August 8,
2021, we want to maintain this realism over the range of possible infection rates. Therefore,
we split the population into two sets: vaccinated and unvaccinated. The unvaccinated cohort
Gw = {C" € €s.t.NNh = 0} and the vaccinated cohort €,, = {C" € €st.NNh # 0}. As
vaccines are assumed to be given independently of whether or not someone has been previously
infected and recovered, this maintains our population distribution. Let 47, and %, contain the
partitioned histories corresponding to %,, and %.., respectively. Lastly, let N,, = Zhe A Sth|
and Ny = D 7, |Sk| be the size of the vaccinated and unvaccinated susceptible populations,
respectively. Note that N =~ N, + Ny, as we ignore the comparatively small set of people that are
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currently infected. We then have

r - 1—r ~
oY (r) = AR (N > IS+ 5— D WIS?|>~ (14)

V3 hesh, he€H,

Observe that equation (14) is merely a convex combination between p} computed on two differ-
ent populations: those who are vaccinated (first term) and those who are not (second term). For
example, suppose that there is no resistance conferred by previous infection and perfect resistance
conferred by vaccination (¥"V = 1, Vh € J, and 4"Y = 0, Vh € J%,). In this case, equation
(14) simplifies to p} (r) = AYRo(1 — r), which is just the basic reproduction number times the
proportion of unvaccinated individuals.

0.00 0.25 0.50 0.75 1.00
Fully Vaccinated

Variant Alpha —— Beta Gamma =—— Delta —— Omega

Figure 6: The reproduction number of variants accounting for immunity
within the population, before mitigation and seasonality. p), defined by
equation (14), is shown as a function of the proportion of the population that is
vaccinated. Omega is a hypothetical variant with a higher immune escape: its relative
advantage thus increases as vaccination level does. Shaded regions correspond to
50% and 95% prediction intervals resulting from the uncertainty in viral parameters
summarised in Fig 5. The assumed composition of the population is depicted in Fig
4; it reflects Austria on August 8, 2020, with about 20% of population recovered from
infections, mainly by WT (75%), Alpha (22%) and Delta (3%). For simplicity, we
assume that vaccination is independent of the infection history. Different population
compositions and immunity waning are addressed later (Figs 7 and 16).

Fig 6 shows how pY(r) changes as a function of the proportion of the population that is fully
vaccinated, r. In a highly vaccinated population, the Delta and Beta variants are estimated
to be similarly infectious, but they diverge significantly in populations with a lower percentage
vaccinated. The bands in Fig 6 capture the uncertainty in parameter values shown in Fig 5.
The ranking of risks only switches when a large proportion of the population is vaccinated (thus
increasing the average resistance against variants, which were highly transmissible in a more naive
population). This area is unlikely to be reached without wide-spread and thorough vaccination
campaigns. For example, only 88% of the Austrian population is in the 12+ age category, and
nearly all of this category would need to be vaccinated to reach the change point.

In order to understand what a future outbreak could look like, we hypothesise a new variant,
Omega, with lower basic reproduction number than the currently dominant Delta variant but
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also higher immune escape. This configuration was chosen in order to create a realistic problem
setting that can continually affect regions even after successful vaccination campaigns or after a
high number of previous infections.

As Fig 6 uses the vaccine distribution and proportion infected as observed in Austria, it is
useful to further demonstrate what pY(r) could look like for other populations with different
vaccination campaigns as well as different histories of infections. For example, some countries
such as Singapore and New Zealand have had minimal local transmissions and thus little infection-
induced immunity. Others, such as the United Kingdom, have experienced higher infection numbers
and thus benefit from infection-induced immunity. The behavior of outbreaks in these regions is
governed by pY(r) in our models, as this summarises the combined effect of population make-up
and variant characteristics. Thus plotting this statistic for relevant population compositions gives
insight into the variants that will be of highest risk in different regions. Fig 7 shows four extremal
points for populations and vaccination strategies: 0% vs 40% previous infections and 100% mRNA
vaccine usage vs. 100% vector vaccine usage. As equation (14) is linear, any point in-between
these extremes can be faithfully represented as a linear interpolation between the graphs in Fig 7.

0% mRNA vaccines, 100% vector vaccines 100% mRNA vaccines, 0% vector vaccines
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Figure 7: p/ accounts for a population-specific reproduction number of each
variant. The charts represent the four vertices of the simplex of vaccine/infection
population space. Top row assumes no previous infections; bottom row assumes 40%
have acquired immunity due to previous infections. The variants of previous infections
are assumed to be distributed according to the estimated proportions in Austria on
August 8, 2021, given in Fig 4. We assume that vector vaccines (left) confer lower
resistance against infection than mRNA vaccines (right); see Table 1. Shaded regions
correspond to 50% and 95% prediction intervals resulting from the uncertainty in
viral parameters summarised in Fig 5.

For example, a country with an epidemic and vaccination history similar to the UK, is repre-
sented in the bottom-left image of Fig 7: it has a high degree of previous infections and has relied
heavily on vector vaccines throughout the first half of 2021. We see that Omega is the variant
of highest risk essentially throughout the entire domain of vaccination proportion. Furthermore,
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given that we assume that vector vaccines do not protect well against infections with Omega, this
risk barely decreases as vaccinations increase, although we see the ordering of risk change among
the other variants as vaccination percentage changes. In the opposite corner, we see a country
which has had few previous infections and has mainly used mRNA vaccines, such as Singapore. It
is clear from Fig 7 that for low vaccination levels, all variants pose a higher risk than they did to
the United Kingdom (as there is no prior immunity due to previous infections), with Delta being
considerably riskier than Omega. When vaccination rates are higher than approximately 70%,
however, the ordering switches and Omega becomes the riskiest - with the highest p} .

pY is the conceptual driver of outbreaks in our model as it represents the reproduction number of
a variant within a particular population, accounting for its susceptibility due to immune evasion.
Furthermore, herd immunity is understood in context of current mitigation. This means that
populations with greater acquired immunity (lower p) can use fewer NPIs to receive the benefit
of dissipating epidemics. Populations with higher p¥ will need either need higher NPIs in order
to suppress an outbreak, or require very strict border controls to prevent importing and allowing
community spread of a high-risk variant.

3.2 Controller types

One long-standing question has been how best to control COVID-19 outbreaks when they
arise. This subsection explores which statistics should be considered when determining whether
to increase or decrease mitigation measures, particularly after the introduction of a new SARS-
CoV-2 variant with higher effective reproduction number. Two controller types are considered
that either respond to increases in case numbers (“reactive” control) or to increases in an estimate
of the reproduction number (“proactive” control). We find that using an estimate of the effective
reproduction number in addition to case numbers is a much more efficient strategy.

Responding to the effective reproduction number further helps to address a potential endogene-
ity effect due to increasing prevalence of COVID-19, i.e., individuals may modify their behavior
when the situation either worsens or improves. Most public reporting discusses solely case num-
bers, so it may be reasonable to assume that individuals base decisions more on either absolute
case levels or strong increases in cases. This can be problematic at the start of a wave if case
numbers are incredibly low: purely measuring absolute increases or case-number thresholds may
trigger a response too slowly. On the other hand, as the reproduction number is not given the
same attention in the media, individuals may not change behavior dramatically when it changes.
This helps connect NPIs to simulation dynamics, as individuals are not also responding to the
same statistics as our NPIs.

As mentioned above, we consider two specific control settings. The first, termed “reactive”,
only responds to case numbers. There is an upper bound, above which stricter NPIs are used,
and a lower bound, below which NPIs are relaxed. This is crafted to mimic the EU protocols
for measuring the riskiness of non-essential travel, which assign color codes to regions depending
on their publicly reported epidemiological data such as 14-day rate of cases, deaths, and/or tests
administered [17]. Being below the lower boundary corresponds to being “green” whereas above the
upper corresponds to being “red”. In our results, we show a reactive controller with two different
sets of thresholds. The first set, referred to as “low-positivity”, uses a lower bound of 25 cases
per 100,000 and an upper bound of 150 cases per 100,000 (both measured over a 14-day period).
This corresponds the recommendations for a low test-positivity region. The second set, referred
to as “high-positivity”, uses also a lower bound of 25 cases per 100,000 but an upper bound of 50
cases per 100,000 (both measured over a 14-day period). This is far stricter and corresponds to
recommendations for a high test-positivity region.

The second control, termed “proactive”, responds to both case numbers and the effective re-
production number 7A€E)t in equation (12). The same thresholds for case numbers are used as by
the reactive control. There is also an upper threshold of 1.2 for ﬁe,t. The decision rule is as

follows: increase restrictions if either R.: or cases are above the corresponding upper threshold.
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Conversely, restrictions are reduced if both 7%8,,5 < 1 and cases are below their lower threshold.
In all other instances, make no changes. For both controllers, when mitigation is modified, it is
assumed that a 20% change in mitigation is made (both when strengthening and relaxing NPIs).

3.2.1 Delta

We simulate two main scenarios corresponding to both the growth of a new dominant variant
and projections for infections after the variant permeates the population. For concreteness and
validation in this section, the new variant is the Delta variant. We simulate infection trajectories
using initial conditions when Delta accounts for 20% of current cases. This simulation provides
two benefits: first, it provides valuable model validation by starting the simulation when 20%
was accurate for Austria and comparing simulations to observed cases and statistics; second, it
furnishes a sample case for what can happen when a new variant with similar transmissibility
advantage reaches this threshold.

We start the simulation on June 12, 2021, as that corresponds to the AGES estimates for Delta
prevalence in Austria (see Fig 7 in the Supporting Information). The same initialisation process
was used as discussed previously, merely until June 12 instead of August 8. All other parameters
needed to initialise our simulations are also taken from observed data on this day. This includes
history of new cases, the proportion of population that is vaccinated or previously infected, etc.
Fig 8 shows that our model accurately forecasts the proportion of Delta cases as measured by
AGES: this holds true regardless of whether a proactive or reactive control is used, as seen in the
bottom panel Fig 9. The result is independent of the controller as the controller affects all variants
equally.

1.0
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Observed Proportion (Weekly) === Simulation

Figure 8: The changing proportion of new Delta cases is accurately pre-
dicted. The simulation is initialised using information available on June 12, when
the observed proportion of Delta in Austria is 20%. Shaded regions correspond to
50% and 95% prediction intervals.

Simulation results for the low-positivity thresholds are shown in Fig 9, which shows daily
incidences (case numbers), the effective mitigation level M, (reduction in R, ; due to NPIs), and
the current estimate of the effective reproduction number 7%”. These additional graphs can be used
to more precisely monitor both the simulated COVID-19 epidemic as well as the control process.
The first observation from Fig 9 is that cases under the reactive control correctly match observed
cases around the first peak in mid September. Its intervention history roughly corresponds to
Austria’s, which loosened restrictions slightly over the summer. Notably, the reactive controller
begins increasing restrictions around this peak whereas Austria did not. We note that the only
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real data used beyond the June 12 start date is the vaccination schedule.

Both controllers relax restrictions at roughly the same point (early July), which approximately
coincides with the start of the Green Pass program for European tourism on July 1. Approxi-
mately one month later, however, the proactive control would increase mitigation measures again
to prevent the start of a new outbreak. As case numbers were so low during June, merely looking
at new cases yields no increase in NPIs for some time. Alternatively, increasing mitigation earlier
stabilises both the effective reproduction number as well as the the number of new cases.
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Figure 9: Responding to the effective reproduction number is more efficient
than only using case numbers. The top row shows the effective reproduction
number, middle row the effect of interventions on ﬁe,t (where M, = 1 means no
NPIs), and bottom row the daily incidence per 100,000 inhabitants. The simulation
starts on June 12, 2021 (black dashed vertical line) when Delta prevalence was at
20% and Alpha was the dominant variant. Initialising the model requires use case
numbers from the previous 13 days (gray dashed vertical line). The case thresholds
are shown as dotted horizontal lines and coincide with the WHO recommendations
for change in NPIs when positivity rate is low [17, 56]); note that the thresholds, 25
resp. 150 per 100,000 within 14 days, are divided by 14 as the y-axis shows daily
incidence. The shaded regions gives the 50% (dark) resp. 95% (light) prediction
interval. The 7-day moving average of the actual incidence in Austria is given by the
height of the gray, shaded area, and data past October is not shown as cases were
allowed to dramatically increase under relaxed NPIs. The simulation under reactive
control accurately predicts new cases three months after initialisation.
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We can also precisely compare both the number of total infections as well as the number of
active cases, i.e., those people who would be placed in quarantine. Even if infections are mild and
do not require hospitalisation, economies suffer if too many people are quarantined (isolated) at
any given time. We compute total number of quarantined cases as merely the sum of new cases
over the preceding 10 days. In certain scenarios, more contacts of positive cases may be placed
in quarantine, but this is general would just lead to a multiple of the active cases, leaving the
general conclusions intact. Proactive control not only reduces the median infections and peak
quarantine cases, but does so much more reliably: the observations cluster much more strongly
around the median. As seen in Fig 10, reactive control has not only higher median values, but also
a much more skewed distribution: it is possible to experience massive spikes before the outbreak is
brought under control. Given the skewness of the distributions for the reactive controller, difference
in medians is measured via a Wilcoxon Rank Sum test.

4000
® s
500 4
H © ¢
. 2 4
%) 6 [
o ° o [ )
- . o 400 3
& 3000 A 2 H
Q ©
@ (&)
] B
5 c 300+
(0] =
£
= ©
[
£ 2000+ =)
o G |
= | G 2004
[\
(]
: o $
proactive reactive proactive reactive
Controller Type Controller Type
(@) (b)

Figure 10: Proactive control reduces total infections as well as peak numbers
in quarantine. With proactive control, the extent on NPIs reflects not only the
active cases but also the estimated reproduction number 7%% (see Section 2.1). The
difference in medians and corresponding 95% confidence intervals for total infections
per 100,000 (over the simulated period) and peak quarantined cases per 100,000 are,
respectively, 509.6 (450, 580) and 108.2 (99, 118).

Comparing the distributions of the strengths of NPIs used by the two controllers provides
a more rigorous understanding. Fig 11 shows the density of the difference between the observed
mitigation and the “balanced” mitigation level, ]\th*, defined to be that value for which the effective
reproduction number 7%6,,5 =1 in equation (12). Note that Mt* changes over time due to changes
in variant prevalences, seasonality, and acquired immunity in the population. As a reminder, lower
values of M, correspond to stronger NPIs. We see that proactive control trades more time with
moderate mitigation for less time at extreme mitigation.

Next, we examine the robustness of these conclusions by using stricter case number thresholds
for the controllers as recommended for a higher positivity rate. Fig 12 shows that with stricter
case thresholds, simulated cases are much lower because NPIs are triggered more quickly for both
controllers. Yet, under a reactive controller, case numbers and the effective reproduction number
exhibit a “yoyo” effect, in which they relatively rapidly cycle through periods of increase and
decrease. This effect can also be seen for the low-positivity thresholds of Fig 9, but the timescale is
much longer. In general, large peaks lead to sufficiently strict NPIs that subsequent peaks appear
much later in our simulations. The proactive controller is much more efficient and eliminates this
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Figure 11: Proactive control uses mitigation close to the “balanced” level.
We define the “balanced” mitigation level, M*, to be that value for which the effective
reproduction number 735,75 = 1. Note that lower values of M; correspond to stronger
NPIs. We can see that with higher case thresholds (a), the proactive controller spends
more time around this value as well as avoids extreme deviations. With lower case
thresholds (b), the proactive controller fares even better, as holding mitigation M,
slightly below M* is sufficient to alleviate the epidemic without unnecessarily strict
NPIs.

behavior almost entirely. In particular, the left column of Fig 9 shows on average less strict NPIs
than Fig 12.

The box plots of total infections and peak quarantined cases (see Supporting Information, Fig
1) show that with stricter thresholds, median values are closer together. Reactive control fails to
provide reliable control, however, in that some simulated trajectories still produce many infections
and quarantined cases. The difference in median total infections per 100,000 is 53.2 (95% CI: 29,
79) and the difference in median peak quarantined cases is 16.8 (95% CIL: 14, 20). That being
said, the 97.5% quantile of peak quarantined cases of the reactive controller is twice as high as
that of the the proactive one. The mitigation graph for this setting is shown in Fig 11. Proactive
control continues to use a more measured response, whereas reactive control prefers more extreme
mitigation levels. In fact, the proactive controller primarily holds M, slightly below Mt*, which is
sufficient to alleviate the epidemic without unnecessarily strict NPIs.

From the point of view of feasibility, the proactive controller makes far fewer interventions than
the reactive controller. While a strict reactive controller does keep case numbers low, this results
in interventions which occur almost every two weeks. This is the minimum period that we specify
in our model as a gap between interventions. It is unlikely that a government would be able to so
regularly change policy.

3.2.2 New variant: Omega

This section introduces a new hypothetical SARS-CoV-2 variant that occupies both a reasonable
and empty region of the infectiousness graph in Fig 6. The hypothetical variant, termed Omega, has
a lower basic reproduction number than Delta but evades immunity after vaccination or infection
by older variants more easily. This provides a scenario in which even a relatively highly vaccinated
community will still experience an outbreak and the possibility to explore policies used during
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Figure 12: The proactive control is more efficient than reactive control even
when incidence thresholds are stricter. Stricter thresholds are used such that
NPIs are increased when the incidence is 50 per 100,000 inhabitants over a 14 day
period. This creates a “yoyo” effect under reactive control that is effectively prevented
with proactive control. All other parameters are as in Fig 9.

the winter of 2021 and spring 2022. Omega is introduced as a weekly import, and for simplicity,
one case is imported per day. The distribution of imported infections has no effect on the results,
regardless if infections are imported daily or staggered throughout the week. All other parameter
and control settings are the same as in the previous subsection on Delta.

While this paper was under revision, variant Omicron has emerged and spread. As it is concep-
tually similar to our Omega variant, we updated the resistance parameters for Omega to mirror
tentative estimates of these parameters for Omicron. Yet the lack of concrete values for other
parameters such as mean generation interval and waning of vaccine effectiveness against infection
prevent us from making concrete claims about Omicron. As such, we have maintained the name
Omega in order to emphasise the inability to properly mimic Omicron at this point in time.

Fig 13 shows how the controllers manage the new Omega variant using the stricter, high-
positivity thresholds (25 and 50 cases/100,000 over 14 days). The first few months of each image
look qualitatively the same as those in Fig 12: the increased mitigation in the fall delays Omega
from being established. The second simulated wave, however, is driven by Omega due to its
immune escape. Given the population vaccination levels and compartment structure in Austria,
Omega out-competes Delta when the proportion of vaccinated individuals exceeds approximately
30% (Fig 6), which happened in Austria in mid-April, 2021.
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The largest difference between scenarios with and without Omega is the width of the infection
prediction intervals for the reactive control. Not only does the reactive control allow larger out-
breaks, but it is unable to guarantee that all simulation paths are controlled. In approximately
2.5% of simulations, infections peaked at 40 cases/100,000. The proactive control was able to
provide more efficient and reliable control on all simulation instances, effectively preventing an
outbreak. This can also be seen by its ability to keep the effective reproduction number stable
and near 1. The difference in median total infections per 100,000 is 297.1 (95% CI: 236, 361) and
the difference in median peak quarantined cases is 20.9 (95% CI: 13, 29). The difference in the
97.5% quantiles of predicted infections is over 2,000 cases/100,000, while for predicted peak cases
in quarantine the difference is over 400 cases/100,000 (see Fig 2).
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Figure 13: The reactive control fails to contain new variants that are com-
petitive in highly-vaccinated populations. The figure shows a scenario with a
hypothetical variant Omega that has a smaller basic reproduction number than Delta
but has a greater ability to escape immunity post vaccination or infection by other
variants (¢f. Fig 6). Proactive control prevents an outbreak and uses fewer NPIs
overall. Other parameters are the same as in Fig 12; note the longer gaps between

peaks, which are the result of larger preceding peaks and extended time under more
NPlIs.

As vaccinations increase, some governments may react to hospitalised (or ICU-hospitalised)
incidence instead of case numbers. The rationale is that the controller decides based on hospital
capacity, rather than managing the cases. This is particularly enticing as the vaccines reduce
severe illnesses or hospitalisations even more than mere infections. Yet this results in a larger
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delay between infections and actionable information, as there is a larger delay between infection
and hospitalisation. While we do not model hospitalisations as this would require adding an age
structure to all of our compartments, we can increase the delay that the controller uses for observing
cases. This isolates the effect of the delayed information. If hospitalisations are a constant multiple
of infections, then our results translate directly to that domain as well.

Fig 14 shows simulation results with the hypothetical Omega variant, again using the strict,
high-positivity thresholds, but with a delay of 21 days (instead of 7 days). In this case, the
controller is using the same decision rules to increase or decrease NPIs, but the case data informing
this decision is 21 days old. This corresponds to the approximate 2-3 week delay between infection
and hospitalisation at ICU [57]. We see that the initial outbreaks are significantly more pronounced
(¢f. Fig 13): both controllers begin the simulation by merely increasing mitigation as rapidly as
possible. The subsequent outbreak, however, is entirely prevented by the proactive controller, even
with delayed information. In fact, the proactive controller using a 21 day delay prevents outbreaks
significantly better than a reactive controller with only 7 day delay (c¢f. Fig 2 and Fig 3) .
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Figure 14: Controller with a larger delay leads to significantly more pro-
nounced outbreaks, especially with reactive control. The figure shows a con-
troller with a 3-week delay. A similar delay would be expected when decisions are
based on hospitalisations due to COVID-19 rather than on cases. We (conservatively)
assume the case thresholds would stay the same. Compare with Fig 13, where the
controllers respond with a 1-week delay.

One additional effect of delayed information is that restrictions are not lifted in a timely manner.
Both controllers maintain the restrictions longer than necessary. This gives rise to the more diffuse
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mitigation density used by the proactive control as seen in Fig 15. For the reactive controller, this
has the effect of delaying the Omega outbreak into the spring. In reality, we expect a government
to relax sooner, but at the cost of future waves also arriving sooner.
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Figure 15: Proactive control performs nearly as well under greater obser-
vation delay. In both settings, proactive control uses mitigation much closer to the
balanced value, while the reactive controller compensates for overly lax NPIs by using
overly strict NPIs. The degradation in information by using a larger delay is clearly
seen in the additional dispersion of the proactive mitigation density. The modal value,
however, still achieves balance between strict NPIs and preventing outbreaks.

Comparing the difference in peak quarantined cases carries additional meaning in this setting
as it is highly correlated with peak hospitalisations. While the medians are again similar, the
maximum peak quarantined cases over simulations are nearly twice as high for the reactive con-
troller as for the proactive controller (Fig 3). Proactive control suffers much less from looking at
more delayed data than reactive control. As such, this indicates that looking at rates of change
in hospital can be a good indicator, while the delay from reacting to actual hospital utilisation is
costly.

3.3 Waning and boosting

In the simulation results presented above, populations always increase their immunity to new
infections over time, either through vaccination or through infections. In reality, the induced
immunity also wanes over time. We focus on simulations with the Omega variant, as it is assumed to
be most susceptible to waning. With waning immunity and boosting, the variant risk as measured
by pY changes non-monotonically over time (see Fig 16). While boosting rapidly increased in
October and November, its strongest effect on p¥ appears delayed. This is because all vaccinated
individuals are eligible for the booster, not just those with waned immunity. The sheer size of the
vaccinated groups means many doses need to be administered before the waned groups dramatically
decrease in size. The effects of this changing risk profile can also be seen in the infection outbreaks
that occur in the simulations and the subsequent controller behavior.

Fig 17 shows the simulations with waning but without boosting. The corresponding graph
with boosting is in the Supporting Information (Fig 4), as adding boosting is sufficient to suppress
the Omega outbreak in the winter. For simplicity, we focus only on the strict case thresholds of
25 and 50/100,000/14 days. In the summer, the relative advantage of Omega is too low to see
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Figure 16: Waning and boosting change the population-specific reproduc-
tion number p!. Without waning, p) steadily decreases throughout the simulation
due to infections and vaccination. (a) Waning of immunity to Omega is strong enough
to reverse this effect. (b) Booster shots compensate for immunity waning, and one
can clearly see the effect of the wide-scale boosting that rapidly increased in October
and November.

an outbreak in the presence of relatively strong mitigation. Waning immunity then leads to a
larger outbreak of the Omega variant than observed without waning in Fig 13, though only under
reactive control. The winter outbreak is even suppressed when the proactive controller uses looser,
25-150/100,000/14 days case thresholds (Fig 5).

In terms of comparison of the controllers, the results of the previous section (without waning
and boosting) still hold. There are significant differences in the medians for both total infections
and peak quarantined cases between reactive and proactive control. The differences in the upper
quantiles of these predicted distributions is even more extreme. We can see in Fig 18 that for
both low and high thresholds, the reactive controller tends to use extremely high or low mitigation
levels, consistently failing to find a balance between suppressing outbreaks and NPI use. In fact,
switching to stricter case thresholds exacerbates this problem.

Lastly, we briefly explored simulation dynamics when Omega is modified to spread even more
rapidly. In addition to the high immune escape of our baseline Omega variant, we increased its base
reproduction number to 2-matching Delta—and reduced the mean of the generation interval from
4.6 days to 3 days (CI: 1.5, 4.5). Such a variant has a significant potential to cause extremely large
outbreaks if not controlled efficiently. We confirmed that while the proactive controller suppresses
the potential outbreak, the reactive controller does not, even with strict case control thresholds
(see Fig 6).

3.4 Discussion

The model and simulation that we develop provides significant insight into efficient control
strategies of COVID-19 outbreaks. The key behavior which we wanted to capture in our simulation
was a complex interaction between diverse groups in a compartment model. Our simulation creates
compartments for various vaccines, multiple SARS-CoV-2 variants, and specifies well-supported
parameters for them all. The interaction rules between compartments are transparent. This allows
us to simulate complex scenarios in a realistic and dynamic setting: COVID-19 epidemic spread
in Austria. Having such a realistic model is an integral component to controlling outbreaks, as
having a good model a system is a prerequisite for regulating it efficiently [15].

It is well known that timely restrictions are more efficient in controlling an epidemic [30, 31];
yet timely decisions can only be taken with a good controller. One can consider addressing this
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Figure 17: Waning leads to a larger outbreak of the Omega variant un-
der reactive but not proactive control. Parameters as in Fig 13, with waning
immunity but no boosting.

in two distinct ways: 1, use stricter thresholds of a given statistic to motivate change; or 2, use a
better statistic, preferably informed by a model of the epidemic [15]. Our study demonstrates that
the second type of solution, using the effective reproduction number R.; to guide intervention
decisions in addition to case numbers, is more efficient and successful at curbing the epidemic. We
provide a quantitative comparison of a continuous controller of two types - one which only reacts
to cases (reactive), and one which also reacts to the effective reproduction number (proactive). We
show that the proactive controller is more efficient and effective at controlling infection outbreaks
than the reactive controller, even when it uses data that has a larger delay (such as using R,
estimated from hospitalisations). In contrast, the NPIs imposed by the reactive controller are
further away from the more efficient “balanced” minimum intervention policy which keeps R. ;
close to 1. By oscillating between over- and under-regulating, the reactive controller fails to
provide reliable control of new outbreaks: some simulation paths exhibit large spikes in infections
and peak quarantined cases, even when the median values are controlled.

A potential limitation of our simulation is our lack of observation level model which would
allow us to simulate a fluctuating detection ratio. While some view positivity-rate to be informative
about the detection ratio, we - in the absence of a well-informed model for testing strategies and its
saturation - instead consider a range of case-based thresholds which span the gamut of positivity
rate scenarios. In all of these settings, we find consistent support for using a proactive control
strategy that responds to changes in the effective reproduction number.
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Figure 18: With waning, which accelerates and strengthens the Omega out-
break, reactive control fails to balance NPI use. For both high (a) and low
(b) control case thresholds, proactive controller is more efficient. The rising p¥ values
in simulations with waning apply the greatest pressure toward an epidemic outbreak,
which the proactive controller contains efficiently, without resorting to extreme NPIs.

Our model does not explicitly incorporate any network structure for individuals’ interactions;
each individual in the simulation interacts independently with all other members. In reality, infec-
tions take place in the household, work, and social environments. The different cross-contamination
rates in these environments lead to clusters of observed infections, not only in terms of infections
occurring, but also in terms of identifying them via contact tracing. This is partially alleviated
by our model accounting for super-spreading. Large super-spreading events are often caused by
high infectiousness coupled with a particular network structure. By incorporating super-spreading
natively in our model, we are able to produce cluster-like effects due to people that are significantly
more contagious than others. Furthermore, other changes in network structure are captured by
seasonality or mitigation; seasonality can be caused by increased indoor interaction during winter
months, and social distancing rules are common NPIs.

Our model contains many parameters governing diverse characteristics such as vaccine effective-
ness, resistance to reinfection (including cross-infection by other variants), and basic reproduction
numbers. A natural question is which of these has a stronger effect on the simulation. The diffi-
culty in answering lies in the distribution of the population across the compartments we describe.
Populations with lower vaccination rates but higher rates of previous infection will naturally be
more sensitive to cross-infection rates and vice versa. That is why we defined the pY parameter,
which characterises a decisive component of the effective reproduction number. It depends on the
basic reproduction number as well as the reduction in transmissibility arising from the (partial)
immunity acquired by previous infections and vaccinations within a particular population. We
believe pv is an important summary parameter of great relevance.

The paper is not intended to forecast what the future of SARS-CoV-2 will bring: potentially
vaccine resistant variants, or variants with even higher base reproduction number, etc. The next
important VOC may well have different characteristics to the hypothesised Omega. It is important
to keep in mind though, that same VOCs which appear to be currently out-competed by (say)
Delta may have a competitive advantage later. The possibility of change in the relative advantage
between variants is especially relevant when the emerging variant leads to more severe symptoms.
The main claims of this paper, however, hold true for all of these possibilities. Regardless of
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the process leading to future waves, one certainty is that they will occur. In this eventuality,
governments must design methods to identify and react to changes in the pandemic. Our results
focus on this common denominator.
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Appendix

Table 1: Model parameters for different variants. The first row gives the assumed
increase of Ry relative to wild-type (WT) based on [11]. The rest give the immunity
against new infection following vaccination or previous infection. The upper row
per label gives the median estimate; the lower row gives a confidence interval. The
references are given in the superscript of the median value. See the text for more

details.
Label WT Alpha Beta Gamma Delta Omega WT,AB,G,D Omega
AV 1 1.3 1.25 1.40 2 1.55 6 months 6 months
- (1.24,1.33)  (1.2,1.3) (1.22,1.48) (1.76,2.17) (1.35,1.75) waned waned
mRNA  0.94838 431 (.94[38, 43] 0.7501 0.85[38]  0.84[38, 43] 0.6%3] 0.5114, 53] 0.0503]
(0.85,0.96) (0.85,0.96)  (0.7,0.8) (0.7,0.93)  (0.7,0.86)  (0.5,0.65) (0.4,0.6) (0,0.1)
vector 0.86 [43] 0.86(43] 0.1639] 0.6525] 0.7143] 0.3053] 0.4[14, 53] 053]
(0.65,0.93)  (0.65,0.93)  (0,0.55) (0.6,0.8)  (0.65,0.73) (0,0.55) (0.35,0.45)  (0,0.05)
booster 0.96(53] 0.96/53] 0.96153! 0.96/53! 0.961531 0.7053] 0.85[53] 0.3053]
0.94,0.98  0.94,098 0.94,0.98  0.94,098  0.94,0.98 0.6,0.8 0.75,0.9 0.2,0.4
WT 0.87[43] 0.87[43] 0.7120 0.716: 41] 0.77043] 0.3 0.4 0
(0.84,0.9)  (0.84,0.9) (0.55,0.8)  (0.55,0.8) (0.66,0.85) (0,0.55) (0.35,0.45)  (0,0.05)
Alpha 0.87[43] 0.87143] 0.7[20] 0.76: 41] 0.77143] 0.3 0.4 0
(0.84,0.9)  (0.84,0.9) (0.55,0.8)  (0.55,0.8) (0.66,0.85) (0,0.55) (0.35,0.45)  (0,0.05)
Beta 0.75 0.75 0.85 0.76: 41] 0.75 0.3 0.4 0
(0.65,0.85)  (0.65,0.85)  (0.8,0.9)  (0.55,0.8) (0.65,0.85) (0,0.55) (0.35,0.45)  (0,0.05)
Gamma 0.75 0.75 0.720 0.85 0.75 0.3 0.4 0
(0.65,0.85)  (0.65,0.85) (0.55,0.8)  (0.8,0.9) (0.65,0.85) (0,0.55) (0.35,0.45)  (0,0.05)
Delta 0.75 0.75 0.7120] 0.76: 41] 0.85 0.3 0.5 0
(0.65,0.85)  (0.65,0.85) (0.55,0.8)  (0.55,0.8 (0.8,0.9) (0,0.55) (0.35,0.6)  (0,0.05)
Omega 0.75 0.75 0.7 0.7 0.75 0.85 0 0.5
(0.65,0.85)  (0.65,0.85) (0.55,0.8)  (0.55,0.8) (0.65,0.85) (0.8,0.9) (0,0.05)  (0.35,0.6)
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Figure 1: Proactive control reduces total infections as well as peak numbers
in quarantine. Simulation with Delta variant and strict case thresholds at 25-
50/100,000/14 days.

Below, we modified the characteristics of Omega to have a higher base reproduction number
as well as a shorter generation time in order to explore the dynamics of more contagious variants.
This setting includes both waning and boosting. The reproduction number matches that of Delta,
with 2 and interval (1.76, 2.17). The mean of the generation interval has been reduced from original
value of 4.6 to 3, with confidence interval (1.5, 4.5). Fig 6 shows that winter outbreaks are observed
with both a reactive and proactive controller. While the median values look quite similar, there is
a significant difference in their prediction intervals.
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Figure 3: Proactive control does not suffer due to delayed data although
reactive does. Simulation with delayed controller, Omega variant, and strict case
thresholds at 25-50/100,000/14 days.
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days.
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Figure 6: Proactive control suppresses efficiently even a variant with a large
py. In contrast, very large outbreaks are possible under reactive control. We modelled
a modified Omega, which in addition to high immune escape (see Table 1), also has
high basic reproduction number (same as Delta), while the mean of its generation
interval is smaller at 3 days (CI: 1.5, 4.5). Case thresholds are 25-50/100,000/14
days. Both immunity waning and vaccine boosting are included. In contrast to all
other simulations, here the import of Omega at the rate of 1/day starts later on

1.12.2021.
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2

Sampling in practice

We use the following data and parameters specific to Austria

As generation interval (w;) we will choose a discretisation of a Gamma-distribution with
mean 4.46 and standard deviation 2.63 cut off after day 13 as found by AGES in [5]. We use
this generation interval for all variants. source:

The Austrian population is given by N = 8.932.664 (as of 2021-01-01) [7].

We use the data on the progress of the Austrian vaccination program provided by the Austrian
Ministry of Health [3]. Individuals vaccinated with an mRNA respective vector vaccine will
be added to the appropriate group 14 respective 21 days after the first dose. We take the
median doses of the last 7 days of available data for projecting daily administered doses into
the future.

We use reported incidence provided by the WHO dashboard [8].

We assume all infections that happened in 2020 were with the wild type and we allocate the
incidence of 2021 according to data provided by AGES [2] (see also Fig 3). Furthermore we
scale this reported incidence to account for undetected infections based on values found in
[6]. that actually get reported) of 0.42 which lies within the range of values investigated for
Austria in [6].

We use an estimate of the observed reproduction number using the R package EpiNow de-
veloped by [1]. These estimates are provided via [4].

The sampling procedure is as follows:

()

Import data and choose the parameters as above.

Simulate the overlap between vaccinated and previously infected individuals to determine
the group sizes S

Choose initial incidence values, separated into the different variants (e.g. taking constant
percentages or fitting a simple model like an exponential growth model, see Section 3) as well
as imported cases.

Let ty the the the last day of observed data and let R. denote the effective reproduction
number observed on this day. For initialising the model we compute the initial mitigation
M, using Equation 12 in the following way

-1

My, =RWN | Ly, > D 47VIS7 > zy: N RN wm . (1)

vey \gest hes’V m=1

Sample the model as described in the 2 section.

3 Estimating initial variant prevalence

In order to initialise the model with different variant prevalences as in the Delta simulations
in 3.2.1, we use the following tentative estimation given the variant specific effective reproduction
number th. For simplicity, we assume that initially all infections occur in non-interaction groups.
and the only group infected with variant ) will be group g = 0. Let us consider a simple exponential
growth model

Iy =c(p”) (2)
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for a growth rate 3¥ > 0. We equate this to the expected incidence given in (1), that is
14 o0
=RV IV wn =R, Y IV wm,
m=1 m=1
(where for the last equation we set the necessary w,, to 0) to get the following relation
t = t 1 = 1
v % yyt—m AN
() =RE Y we (P) e = ()" =6 ().
m=1 et m=1

where G, (z) = >.;2, wyz® denotes the probability generating function of w.
Thus we can recover the growth rate Y from the group reproduction number th in the

following way
-1
1
V=|G,! . 3
p ( M g

Taking day t as a reference point we furthermore estimate the total growth rate 3 of the total

R -1
incidence I; using the observed reproduction number R., precisely 8 = (G;jl (%)) CIfpY >0

denotes the prevalence of variant V on day t, that is I} = p¥I;, then the estimated incidence of
the previous days can be computed via

Y., =p" <§v> I_..

Since the group specific reproduction number th is usually not known it also needs to be
tenatively estimated. For this we start with assuming constant variant prevalence first. Let
p¥i >0,i=1,...,n such that S pY" = 1 denote the prevalence of variant V; within the total
incidence I;. Precisely Itvjs =pYil,_,and I,_, = Z?:l pYil,_, for s = 0,...,v — 1. Using this
constant initial incidence for each variant and using the observed reproduction number R. we
compute a tentative initial mitigation M, using equation (1). The variant specific reproduction
number th can then be estimated in the following way

RV, =MIN"" > 49"S7IA\VR, (4)
he€
s.t. h=RV

and furthermore be used to compute the variant specific growth rate 3¥ using (3).

4 Estimating daily Delta prevalence in Austria

For Austria the VOC prevalence data is provided only with weekly granularity [2]. In order to
translate this data to daily granularity when initialising the Delta simulations in 3.2.1, we again
use the simple exponential growth model (2) and fit it to the weekly data. We take a reference
time point ¢ and use the following model

= (8") "I, teN, B¥ >0

If ¢ is the end of a week, then the sum of all cases in this week is given via

6 6

6 i . ;11
S =) T = () T Y (8Y) = ()
s=0 sY

s=0 s=0
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Let JY denote the cumulative weekly cases of variant V within the week that ends on day ¢t. We
then fit an exponential growth model via the following least squares method.

R [P 2
: t—t B’ %

inf 0Nl 2 e CLO LA 4
(BY,IY)ERF xR+ zt: (87) L 1-— —ﬂlv ¢

where we sum only over ¢ corresponding to last days of the week.

To estimate the daily prevalence in Austria we fit this model to the weekly cumulative Alpha
and Delta cases separately (assuming the prevalence of other variants to be negligible), thus daily
Delta prevalence pP can be recovered via

ID
pP = t '
LoIA+Ip

We use the data provided by [2] between May 31, 2021 and July 21, 2021 to find that 20% Delta
prevalence was most likely given on June 16, 2021 as seen in Fig 7.

1.0

Delta Prevalence
o o o o
N B o
1 1 1 1

g
o
1

14 Jun 21 28 Jun 21 12 Jul 21 26 Jul 21 09 Aug 21
Date

Observed Proportion (Weekly) === Simulation

Figure 7: Reported and estimated Delta prevalence in Austria between May and
August 2021.
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CV - Annemarie (3rass

Since Apr 2018

July 2017-Mar 2018

Jul 2017-Jan 2024
Since Mar 2017

Mar 2016-Mar 2017

Oct 2011-Mar 2016

Sep 2005-June 2010

Sep 2023

Jun 2023

Feb 2023

Jan-Feb 2023

Jun 2022

Mar 2021

Work

Project Assistant, University of Vienna.

Associated to FWF-START Price Project Y-782, FWF-Projects P28661 and
P35197 and WWTF Projekt MA16-021 under the supervision of Prof. Mathias
Beiglbock

Project Assistant, Vienna University of Technology.

Associated to FWF-START Price Project Y-782 under the supervision of Prof.
Mathias Beiglbock

Education

Doktoratsstudium (equiv. to Ph.D) in Mathematics, Vienna Uni-
versity of Technology and University of Vienna.

Magisterstudium (equiv. to M.Sc) in Statistics, University of
Vienna.

M.Sc in Mathematics, University of Vienna, with distinction (1.0).

Area of Specialisation: Stochastics, Dynamical Systems and Financial Mathemat-

ics.

Master Thesis: Uniqueness Properties of Barrier-Type Solutions to the Skorokhod

Embedding Problem and Perkins Embedding with General Starting Law, Supervisor:

Prof. Mathias Beiglbock (at Vienna University of Technology).

B.Sc in Mathematics, University of Vienna, with distinction (1.5).

o 1.Bachelor Thesis: Das Spiel von Banach und Mazur, Supervisor: Jakob Kellner

o 2.Bachelor Thesis: Skorokhods Einbettungssatz, Supervisor: Prof. Mathias
Beiglbock

Matura, Fashion Institute Hetzendorf, Vienna, with distinction (1.0).

Visits and Conferences

OMG Tagung 2023 - Meeting of the Austrian Mathematical So-
ciety, Karl-Franzens-University and Graz University of Technology, (Con-
tributed Talk: Optimal Stopping Characterizations of Solutions to the
Skorokhod Embedding Problem and their Applications to Robust Mathe-
matical Finance).

Conference on Stochastic optimal control in Economics, Finance,
and Learning theory, ETH Ziirich, (Participation only).

Third Austrian Day of Women in Mathematics, Online, (Contributed
Talk: Optimal Stopping Characterizations of Solutions to the Skorokhod
Embedding Problem).

Research Visit, Nanyang Technological University, (Invited Talk: Opti-
mal Stopping Characterizations of Solutions to the Skorokhod Embedding
Problem and their Applications to Robust Mathematical Finance).

Conference on Advances in Mathematical Finance and Optimal
Transport, Scuola Normale Superiore in Pisa, (Participation only).

Conference on Stochastic Mass Transports, BIRS in Banff, (Partici-
pation only).



Mar 2018-Oct 2022
July 2019

Sep 2018

Summerterm 2019 -
Winterterm 2020/21

Winterterm 2018/19

Winterterm 2018/19
and 2019/20

Winterterm 2015/16
and 2016/17

Summerterm 2015
and 2016

Summerterm
2013-Summerterm
2015

Oct 2012-June 2015

Oct 2012-Jun 2020

Jan 2017-June 2017

Apr 2016-Mar 2017
2013/14-2016/17

LaTex
Matlab

Mathematica

Research Visit (Reccuring), University of Bath.
For joint work with Alexander Cox.

Eight or Nine Talks on Contemporary Optimal Transport Prob-
lems, IRMA in Strasbourg, (Participation only).

Conference on Robust Techniques in Quantitative Finance, Uni-
versity of Oxford, (Participation only).

Teaching Experience

Linear Algebra for Statisticians, University of Vienna, (Exercise Class).

Mathematics 1 for (international) Business Administration, Uni-
versity of Vienna, (Exercise Class).

Repetition Course on Mathematical Statistics, University of Vienna.

Mathematics 1 for (international) Business Administration, Uni-
versity of Vienna, (As Teaching Assistant).

Mathematics for Molecular

(Tutorials).

Biologist, University of Vienna,

Introduction to Computer Infrastructure, University of Vienna,
(Tutorials).

Voluntary Work and Participation

Student Representative, Osterreichische Hochschiilerinnen

Hochschiilerschaft (Austrian Students Union), Vienna.

o Case Worker for Ecological Affairs in the Department for Human Rights and
Social Policy of the Austrian Students Union (Oct 2012-June 2013).

o Elected head of the Student Representatives of Mathematics (July 2013-June
2015).

Various Committee Work, University of Vienna.

und

Scholarships and Awards

Chosen to participate in the 'NaturTalente’ programme organized by Uni-
versity of Vienna.

Research Scholarship granted via FWF-START Price Project Y-782.

Annual Performance Scholarship granted by the University of Vienna.

Computer-Skills

advanced Python advanced
advanced R advanced
intermediate Java basic

Language Skills
German (mother tongue), English (fluent), Spanish (basic), French (basic)
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Professor of Probability
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