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Abstract / Zusammenfassung

Abstract

The random-phase approximation (RPA) is a high-level electronic structure theory
that seamlessly accounts for exchange interactions as well as for dispersion and van
der Waals interactions. Despite being a decades-old theory, the RPA has only re-
cently been applied to real materials. The reason is the large computational cost
associated with numerical RPA calculations. In particular, RPA calculations slowly
converge with respect to the basis set size. Further, it is very challenging to perform
RPA calculations in a self-consistent way.

In this work, we apply density functional theory to speed up RPA calculations.
In a first approach, we use a range-separation framework to identify the plane wave
basis set incompleteness error as short-range contributions to the RPA. We device
two plane wave basis set correction methods based on the homogeneous electron
gas model, and show that both methods become exact in the limit of large plane
wave cutoffs. The basis set correction methods are applied to calculate the lattice
constants of 6 prototypical solids.

In a second approach, we replace the RPA entirely by a machine learning (ML)
substitute model. The machine learning model is constructed as a non-local exten-
sion to the common gradient approximation of density functional theory. The op-
timized effective potential method is used to supply derivative information for the
training process. To benchmark the RPA optimized effective potentials, we have cal-
culating band gaps and dielectric constants for 15 semiconductors and insulators.
Through bypassing the RPA optimized effective potential equation, our machine
learning approach allows also for self-consistent calculations. This enables the seam-
less calculation of forces and stresses, which is otherwise challenging for the RPA.
We train an RPA substitute functional for diamond surfaces and liquid water, and
show that our ML method enables RPA-level calculations at a larger scale.
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Zusammenfassung

Die sogenannte random-phase approximation (RPA, Näherung der zufälligen
Phase) ist eine hochentwickelte Theorie der elektronischen Struktur, die in nahtloser
Weise sowohl Austausch-Wechselwirkungen als auch Dispersion und van der
Waals Wechselwirkungen beschreibt. Obwohl die RPA Theorie bereits Jahrzehnte
alt ist, wurde sie erst kürzlich auf realistische Materialien angewandt. Der Grund
ist der hohe Rechenaufwand, welcher mit numerischen RPA Berechnungen ein-
hergeht. Insbesondere konvergieren RPA Rechnungen sehr langsam mit der
Größe des Basissatzes. Weiters sind selbstkonsistente RPA Rechnungen besonders
herausfordernd.

Im Rahmen dieser Arbeit wenden wir Dichtefunktionaltheorie an, um RPA Rech-
nungen zu beschleunigen. In einem ersten Ansatz trennen wir die RPA Energie in
lang- und kurzreichweitige Anteile auf, und identifizieren den Basissatz-Fehler (in-
nerhalb eines Basissatzes von ebenen Wellen) als kurzreichweitige Beiträge zur RPA.
Wir konstruieren zwei Korrekturmethoden für den Basissatz-Fehler basierend auf
einem homogenen Elektronengasmodell, und beweisen die Exaktheit dieser Meth-
oden im Grenzfall hoher Energien. Wir wenden die Basissatz-Korrekturmethoden
an, um die Gitterkonstanten 6 prototypischer Festkörper zu berechnen.

In einem zweiten Ansatz ersetzen wir die RPA vollständig durch ein machine
learning (ML, maschinelles Lernen) Modell. Das ML Modell ist als nicht-lokale
Erweiterung zur üblichen Gradientenkorrektur der Dichtefunktionaltheorie kon-
struiert. Die Methode der optimierten effektiven Potentiale wird benutzt, um
Gradienteninformation für den Trainingsprozess zu liefern. Als Vergleichstest
für die optimierten effektiven Potentiale der RPA haben wir Bandlücken und
dielektrische Konstanten von 15 Halbleitern und Isolatoren berechnet. Indem die
Gleichung der RPA optimierten effektiven Potentiale überbrückt wird, ermöglicht
unser ML Ansatz auch selbstkonsistente Rechnungen. Das erlaubt die nahtlose
Berechnung von Kräften und Stresstensoren, was für die RPA ansonsten heraus-
fordernd ist. Wir trainieren ein ML Funktional, das die RPA für Diamantoberflächen
und flüssiges Wasser substituiert, und wir zeigen, dass unsere ML Methode
ermöglicht, Rechnungen mit RPA Niveau auf größerer Skala durchzuführen.
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Chapter 1

Introduction

Kohn-Sham density functional theory (DFT) is the standard first principles method
for electronic structure calculations. The central unknown in DFT is the exchange-
correlation energy Exc, which accounts for quantum electron-electron interactions.
The eminent success of DFT is deeply tied to that of its canonical (semi)-local ap-
proximations for Exc. In the local density approximation (LDA), Exc is approximated
to be locally that of the homogeneous electron gas with the same density. In the
GGA (generalized gradient approximation), Exc depends also on the local density
gradient. The (semi-)local approximations, however, miss important long-range ex-
change and correlation effects. The random-phase approximation (RPA) can capture
such non-local interactions by explicitly including information from both occupied
and unoccupied electronic orbitals. Especially the dependence on unoccupied or-
bitals is, however, associated with overwhelming computational cost. This has held
back large scale applications of the RPA for many decades. In recent years, impor-
tant progress was made by Kaltak et al.1,2 who reduced the cost of RPA calculations
via algorithmic developments, see also Refs. [3, 4].

Furthermore, RPA calculations are usually performed in a many-body perturba-
tion theory (post Kohn-Sham DFT) framework. That is, RPA calculations are not
done self-consistently, but rather one evaluates ERPA

xc using orbitals from a base-
line LDA or GGA calculation. Not only is this approximation somewhat unsatis-
fying from a theoretical viewpoint, there are also practical issues involved. Namely,
the Hellmann-Feynman theorem does no longer apply, which necessitates the inclu-
sion of complicated correction terms for RPA forces and stresses.5 In principle, the
RPA can be brought within the Kohn-Sham DFT framework via the optimized effec-
tive potential (OEP) method.6–8 However, self-consistent RPA-OEP calculations are
rarely carried out, since OEP raises the computational cost of standard RPA calcula-
tions by typically one to two orders of magnitude.

In this work, we reduce the computational cost of the RPA using basis set cor-
rections and machine learning. The machine learning approach also speeds up self-
consistent RPA calculations. The main results presented in Chaps. 4-6 have also
been published in three papers.9–11

In Chap. 4, we use range-separation to analyze the errors for RPA correlation
energies due to incomplete plane wave basis sets. In the short-range limit corre-
sponding to large plane wave cutoff energies, these basis set incompleteness errors
become strictly local. We use this exact limit to construct two basis set correction
methods based on the homogeneous electron gas. First, the RPA basis set errors are
directly approximated via short-range LDA functionals. Second, we perform an im-
plicit basis set extrapolation by modifying the Coulomb kernel. That is, to make up
for its truncation at large wave vectors, this “squeezed Coulomb kernel” is enhanced
at intermediate wave vectors in return. We use the basis set correction methods to
calculate lattice constants of prototypical solids. We find that both methods work
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well for Si and C-diamond. However, the examples of Kr and Pd show that the
underlying homogeneous electron gas model is not always sufficiently accurate.

In Chap. 5, we perform self-consistent RPA-OEP calculations for 15 semicon-
ductors and insulators. We find that Kohn-Sham band gaps in the RPA are some-
what larger than band gaps obtained using the GGA. Moreover, dielectric constants
obtained by self-consistent RPA-OEP calculations are in better agreement with ex-
periment than dielectric constants obtained using the GGA. Further, we investigate
dynamical screening effects in form of the quasiparticle approximation. Our theoret-
ical analysis of the quasiparticle approximation for simple model systems provides a
satisfactory interpretation for the calculated numerical effects that the quasiparticle
approximation introduces for the band gaps and dielectric constants.

In Chap. 6, we develop a machine learning (ML) scheme that bypasses the RPA-
OEP equation, substituting the RPA with a ML density functional. The ML-RPA
functional can be interpreted as a non-local extension of the GGA. ML-RPA also ex-
hibits the favorable GGA scaling behavior with respect to system size. We fit an ML-
RPA functional for diamond, its surfaces and liquid water. The ML-RPA predictions
for the formation energies of 28 diamond surfaces are in excellent agreement with
RPA reference data. For water, however, ML-RPA is less accurate and seems to miss
some crucial non-local interactions. Since ML-RPA can be applied self-consistently
like any other DFT functional, forces and stresses are readily available. As demon-
stration, we apply ML-RPA to calculate diamond phonons in large supercells and to
perform long MD simulations for liquid water.

The rest of this thesis is structured as follows. In Part I, we give a brief theoret-
ical introduction to density function theory and the random-phase approximation.
Results are presented in Part II and summed up in Part III. Finally, Part IV collects
the appendices.
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Part I

Theory
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Chapter 2

Density functional theory

2.1 Historical background: exchange-only theories

In the following, we will present fundamentals in density functional theory from a
historical perspective. The discussion mainly follows the reviews of Becke12 and
Jones,13 as well as the book of Martin14 (Chaps. 5-8). Throughout, we will use
Hartree atomic units, where h̄ = me = e = 4π/ϵ0 = 1. The discussion is mainly
restricted to the spin-non-polarized case, and electronic spin is taken into account
via factors of 2 where appropriate.

2.1.1 Born-Oppenheimer Hamiltonian

Within the Born-Oppenheimer approximation, the time-independent Schrödinger
equation for Ne electrons moving in an external potential vext reads

HΨ(r1σ1, ..., rNe σNe) = EΨ(r1σ1, ..., rNe σNe)

H = −∑
i

1
2
∇2

i + ∑
i

vext(ri) +
1
2 ∑

i ̸=j

1
|ri − rj|

, (2.1)

where the ri and σi are spatial and spin coordinates of the electrons. The ground
state energy E has the following contributions

E = ⟨Ψ|H|Ψ⟩ = T + Eext + Eee. (2.2)

The first term (T) accounts for the kinetic energy of the electrons, the last term (Eee)
for Coulombic electron-electron interactions. Further, vext typically describes elec-
trostatic interactions between electrons and atomic nuclei (located at fixed positions
RA, with charges ZA),

vext(r) = ∑
A

−ZA

|ri − RA|
. (2.3)

The associated external energy Eext can be further rewritten as

Eext = ⟨Ψ|∑
i

vext(ri)|Ψ⟩

=

�
dr n(r)vext(r),

(2.4)

where n(r) is the electronic density, that is the probability to find an electron at r,

n(r) = ⟨Ψ|∑
i,σ

δ(r − ri)|Ψ⟩ . (2.5)
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From the normalization of the wave function ⟨Ψ|Ψ⟩ = 1, it follows that n(r) fulfills
the sum rule �

dr n(r) = Ne. (2.6)

Eq. (2.4) also shows that vext is formally linked to Eext via a functional derivative,
vext(r) = δEext/δn(r). An additional energy term has to account for electrostatic
interactions between nuclei,

Enn =
1
2 ∑

A ̸=B

ZAZB

|RA − RB|
, (2.7)

but we neglect Enn in the following, since it is only a constant from the perspective
of the electronic structure.

Equation (2.1) could be written down immediately after the invention of quan-
tum mechanics in the 1920s. However, it was soon realized that the direct numer-
ical solution in terms of the many-body electronic wave function Ψ(r1σ1, ..., rNeσNe

)
is hopeless except for simple cases. This problem was tackled soon thereafter, and
around 1930 two iconic independent particle methods were formulated: the Hartree
approximation and Hartree-Fock theory.

2.1.2 Independent particle approximation

Within the independent particle approximation, one seeks to replace the compli-
cated many-body electron-electron interaction by a mean-field potential veff, which
accounts for the electron-electron interactions in an effective (averaged) way. For the
moment, we consider the simpler (Hartree-like) case, where veff(r) is a local multi-
plicative potential like vext(r). The solution of one Ne-body problem (2.1) is then
replaced by solving Ne one-body problems,

hσ(r)ϕi,σ(r) = ε i,σϕi,σ(r)

hσ(r) = −1
2
∇2 + vext(r) + veff,σ(r).

(2.8)

The IP wavefunction ΨIP is constructed from the lowest energy one-electron orbitals
ϕi. The electron are placed in these orbitals in form of a single Slater determinant,

Ψ(r1σ1, ..., rNe σNe) ≈ ΨIP(r1σ1, ..., rNe σNe)

=
1√
N!

∑
P
(−1)Pϕ1,σ1(rP(1)) · ϕ2,σ2(rP(2)) · ... · ϕNe,σNe

(rP(Ne)).
(2.9)

This determinant form respects the proper fermionic antisymmetry, that is ΨIP

changes its sign under exchange of two coordinates ri and rj. From now on,
we will drop the spin indices σi and specify the spin-non-polarized case, where
Ne/2 orbitals are occupied twice (“spin up, spin down”). Including a factor 2
that accounts for spin multiplicity, the IP Hamiltonian is then just the sum of the
one-electron Hamiltonians h

H ≈ HIP = 2
occ

∑
i

h(ri), (2.10)
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and the total energy EIP is given by

E ≈ EIP = ⟨ΨIP| HIP |ΨIP⟩ = TIP + Eext + Eeff. (2.11)

Here, TIP is the IP kinetic energy,

TIP = 2
occ

∑
i
⟨ϕi| −

1
2
∇2

i |ϕi⟩ , (2.12)

and Eeff is the energy term corresponding to the mean-field potential, veff(r) =
δEeff/δn(r). Within the independent particle ansatz [Eq. (2.9)], the electronic density
is simply given by the sum of the probabilities to find an electron in orbital ϕi,

n ≈ nIP(r) = 2
occ

∑
i

ϕ∗
i (r)ϕi(r). (2.13)

The independent particle approximation immensely simplifies the electronic struc-
ture problem, but how should one choose the mean-field potential? One can try to
fit veff(r) to experimental data, material by material, but a good theoretical model
should be able to calculate veff(r) from first principles. The interaction energy be-
tween classical charges, the so-called Hartree energy, is given by

EH =
1
2

�
dr dr′

n(r)n(r′)
|r − r′| , (2.14)

and a charge n(r) feels the corresponding Hartree potential

vH(r) =
δEH

δn(r)
=

�
dr′

n(r′)
|r − r′| . (2.15)

Combining this with Eq. (2.8), we obtain the Hartree approximation[
−1

2
∇2

i + vext(r) + vH(r)
]

ϕi(r) = ε iϕi(r). (2.16)

Note that this is a non-linear problem as vH depends on ϕi(r) via Eq. (2.13). The
usual solution is linearizing and iterating, thus one starts with initial guesses for
ϕ
(0)
i or n(0) (for example, superposition of atomic densities). Then, one calculates

ϕ
(1)
i via Eq. (2.16). Further iterations are carried out until some convergence criteria

is met, [
−1

2
∇2

i + vext(r) + v(n)H (r)
]

ϕ
(n+1)
i (r) = ε

(n+1)
i ϕ

(n+1)
i (r). (2.17)

This iterative process is called the electronic self-consistency cycle.

2.1.3 Hartree-Fock approximation

The Hartree approximation is not very useful, however. Through the Hartree po-
tential, an electron in orbital ϕi interacts not only with all other electrons in orbitals
ϕj(j ̸= i), but also with itself (j = i), which is clear when we rewrite Eq. (2.14) as

EH = 2
�

dr dr′
occ

∑
ij

ϕ∗
i (r)ϕi(r)ϕ∗

j (r
′)ϕj(r′)

|r − r′| . (2.18)
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In Hartree-Fock theory, this spurious self-interaction is canceled by adding the fol-
lowing “exchange energy” (swapping two indices in the above expression)

Ex = −
�

dr dr′
occ

∑
ij

ϕ∗
i (r)ϕj(r)ϕ∗

j (r
′)ϕi(r′)

|r − r′| . (2.19)

The missing factor of two compared to the Hartree energy accounts for the fact that
only electrons of equal spin feel the exchange energy (a manifestation of the Pauli
exclusion principle). As in Hartree theory one solves a mean-field equation that
contains an exchange term Σx next to the Hartree potential,[

−1
2
∇2

i + vext(r) + vH(r) + Σx

]
ϕi(r) = ε iϕi(r), (2.20)

and this equation is likewise meant to be solved self-consistently. An important
difference between the Hartree and Hartree-Fock theories, however, is the fact that
the Hartree potential vH is a local, one-electron potential that is the same for all
orbitals ϕi [Eq. (2.16)]. In contrast, the corresponding operator Σx in Hartree-Fock
theory is non-local and acts differently on the ϕi,

Σx(r, r′) = −
occ

∑
j

ϕj(r)ϕ∗
j (r

′)

|r − r′|

Σxϕi(r) =
�

dr′ Σx(r, r′)ϕi(r′).

(2.21)

The exchange energy (2.19) is recovered by taking the expectation value

Ex =

�
dr

occ

∑
i

ϕ∗
i (r)Σxϕi(r). (2.22)

Hartree-Fock theory is a lot more useful than Hartree theory, and for many decades,
it was the standard of quantum chemistry. For simple systems such as the hydrogen
atom, Hartree-Fock theory even becomes exact. However, the numerical evaluation
of the exchange term scales as O(N4) with respect to the system size N. This makes
Hartree-Fock theory significantly more expensive than Hartree theory, which scales
only as O(N3).

2.1.4 Xα method

At the beginning of the 1950s, Slater therefore proposed a cheaper (Hartree-like)
approximation to Hartree-Fock.15 Multiplying and dividing Eq. (2.21) by ϕ∗

i (r)ϕi(r)
yields

Σxϕi(r) =

[
−
�

dr′
occ

∑
j

1
ϕ∗

i (r)ϕi(r)

ϕ∗
i (r)ϕj(r)ϕ∗

j (r
′)ϕi(r′)

|r − r′|

]
ϕi(r). (2.23)
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Slater than took an orbital average in both the nominator and the denominator to
obtain

Σxϕi(r) ≈
[
− 2

n(r)

�
dr′

occ

∑
ij

ϕ∗
i (r)ϕj(r)ϕ∗

j (r
′)ϕi(r′)

|r − r′|

]
ϕi(r)

=

[
− 2

n(r)

�
dr′

|∑occ
i ϕ∗

i (r)ϕi(r′)|2
|r − r′|

]
ϕi(r)

= vSlater
x (r)ϕi(r).

(2.24)

where vSlater
x is a local one-electron potential that acts the same on all orbitals, mim-

icking the non-local exchange operator Σx. This “Slater potential” is an important
precursor to the optimized effective potential method (see Chap. 5). Slater noticed
that vSlater

x (r) is the Coulomb potential of an exchange density (“exchange hole”)
nx(r, r′),

nx(r, r′) = − 4
n(r)

|
occ

∑
i

ϕ∗
i (r)ϕi(r′)|2, (2.25)

and this exchange hole has the properties

nx(r, r) = −n(r)�
dr′ nx(r, r′) = −1.

(2.26)

These two relations can be understood again as manifestations of the Pauli principle.
From the definition (2.25), it is also obvious that nx is non-positive,

nx(r, r′) ≤ 0. (2.27)

Furthermore, the exchange energy can be understood as an interaction of the density
with the exchange hole in analogy to the Hartree interaction (2.14),

Ex =
1
2

�
dr n(r)

�
dr′

nx(r, r′)
|r − r′| , (2.28)

where the factor 1/2 likewise accounts for doubling counting.
Next, Slater proposed a further approximation to Eq. (2.24). In what is nowa-

days called “local density approximation” (LDA), the exchange energy density is
approximated to be locally that of the homogeneous electron gas (HEG),

Ex ≈ ELDA
x =

�
dr n(r)εx,HEG[n(r)]. (2.29)

The HEG is a simple theoretical system (an idealized metal) whose electronic density
n is per definition constant throughout space. The value of n, or equivalently the
Wigner-Seitz radius rs = (3/4πn)1/3 completely characterizes the HEG. That is,
the HEG exchange energy per electron εx,HEG is simply a function of rs, which Dirac
derived to be

εx,HEG(rs) = − 3
4π

(
9π

4

)1/3 1
rs

. (2.30)

The corresponding LDA exchange potential is

vLDA
x (r) =

δELDA
x

δn(r)
=

4
3

εx,HEG[n(r)]. (2.31)
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The original work of Slater included an additional factor α = 3/2 in Eq. (2.29) (”Xα
method”),

EXα
x = αELDA

x = α

�
dr n(r)εx,HEG[n(r)], (2.32)

but after some discussion it was agreed that α = 1 is preferable from a theoretical
standpoint. However, values of α > 1 gave better agreement with experimental
data, which was later explained by the fact that, roughly speaking, the LDA un-
derestimates the exchange energy of inhomogeneous systems. This possibility of
optimizing the α parameter, or even adjusting it in order to fit different materials
individually, foreshadowed both the promise and the conundrum of semi-empirical
density functional theory.

In summation, the LDA exchange has a simple interpretation. In accordance
with the Pauli principle, electrons carve out an exchange hole nx around themselves,
which integrates to minus one electron. The exchange energy is given by the interac-
tion between the electronic density and the exchange hole. In the LDA, the exchange
hole is further approximated to depend only on the local density, and its form is ap-
proximated to be spherically symmetric. It is interesting to note that the Dirac ex-
pression (2.30) can be re-derived easily by imposing these simple properties for the
exchange-hole.13

Missing from the exchange-only theories (Hartree-Fock, Xα) are so-called correla-
tion effects. That is, per definition, correlation accounts for quantum effects beyond
exchange,

E = T + Eext + EH + Exc

Ec = Exc − Ex.
(2.33)

The importance of correlation is immediately clear for the HEG, where Hartree-Fock
predicts a vanishing density of states at the Fermi level.16 This is of course fairly
disturbing given that the HEG is supposed to simulate an ideal metal. In contrast
to the Hartree-Fock result, the HEG density of states predicted by LDA is simply a
free-electron one (Hartree approximation). That is, vx,HEG is just a constant in space
and can therefore only shift the energy spectrum, but not change the dispersion. The
added exchange dispersion is averaged out when replacing Σx → vLDA

x . This does
not detract from the fact that ELDA

x is exactly equivalent to the exact exchange energy
Ex for the HEG (by construction).

Physically, this failure of Hartree-Fock can be attributed to the long-range 1/r
asymptotic behavior of the Coulomb potential (IR divergence). That is, a non-
vanishing density of states can be restored, if one dampens the Coulomb potential
in Eq. (2.19) (see Chap. 17 in Ref. [17]),

1
r
→ e−r/rTF

r
. (2.34)

This can be interpreted as a collective correlation of electrons that effectively screens
the Coulomb interaction beyond r ≳ rTF. The characteristic screening length in the
HEG (“Thomas-Fermi length”) is given by

rTF =
( π

12

)1/3
r1/2

s . (2.35)

Thomas-Fermi screening is discussed further in Chap. 3, and more sophisticated
treatment of the HEG dispersion is given in App. D.

Overall, such screening effects and other collective electronic correlations lower
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the Hartree-Fock energy (Ec ≤ 0). Analogously to the exchange hole [Eq. (2.28)],
one can define a correlation hole nc,

Ec =
1
2

�
dr n(r)

�
dr′

nc(r, r′)
|r − r′| , (2.36)

which fulfills18

nc(r, r) ≤ 0�
dr′nc(r, r′) = 0.

(2.37)

Furthermore, when taking a system average and spherical average,18

⟨nx,c(u)⟩ =
1

Ne

�
dr n(r)

�
dΩu

4π
nx,c(r, r + u), (2.38)

⟨nx⟩ increases quadratically with the electron-electron separation u = |r′ − r|, but
⟨nc⟩ increases only linearly,

⟨nx(u)⟩ ≈ ⟨nx(u = 0)⟩+O(u2)

⟨nc(u)⟩ ≈ ⟨nc(u = 0)⟩+O(u).
(2.39)

This interesting property of the correlation hole is connected to the electronic cusp
condition,19 that is further discussed in Chap. 4.

2.2 Kohn-Sham density functional theory

In the 1960s, Kohn and Sham20 proposed the combined LDA for exchange and cor-
relation

ELDA
xc =

�
dr n(r)εxc,HEG[n(r)]. (2.40)

Per definition, the correlation energy density of the HEG is given by

εc,HEG(rs) = εxc,HEG(rs)− εx,HEG(rs), (2.41)

however, εc,HEG(rs) cannot be as easily derived and written down analytically as
εx,HEG(rs). For many years, simple interpolation formulas such as the one by Wigner
were used instead,

ε
Wigner
c,HEG (rs) = − 0.44

rs + 7.8
. (2.42)

In the 1960s, some progress was made by treating the HEG problem with methods
from many-body perturbation theory (RPA21 and GW,22 this is further discussed
in Chaps. 4 and 5, respectively). In the 1980s, numerically exact results for the
HEG were obtained via Quantum Monte Carlo simulations,23 solving the search for
εLDA

c (rs) once and for all. Fig. 2.1 compares the exact exchange-correlation energy
to the Dirac, Wigner and RPA approximations. Note that the HEG exchange dom-
inates for high densities (small rs), and for small densities (large rs) correlation be-
comes more important. For metallic densities (rs ∼ 2 − 5), the Wigner formula can
roughly approximate the exact correlation energy, whereas RPA overestimates it by
a fairly constant amount (about 500 meV per electron ≈ 0.018 Ha per electron). In
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summation, the Kohn-Sham LDA equations read[
−1

2
∇2

i + vext(r) + vH(r) + vLDA
xc (r)

]
ϕi(r) = ε iϕi(r)

vLDA
xc =

δELDA
xc

δn(r)
.

(2.43)
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FIGURE 2.1: Correlation energy for the homogeneous electron gas [see Eq. (2.41)]. Next to
the exact result,23 we show also the Wigner [Eq. (2.42)] and RPA (see Chap. 4) approxima-
tions. Inset diagram: full exchange-correlation energy, εxc,HEG = εx,HEG + εc,HEG [see Eq.
(2.30) for the exchange part].

2.2.1 Hohenberg-Kohn theorems

Two theorems derived earlier by Hohenberg and Kohn24 provided a firm theoretical
basis for the LDA of Kohn and Sham. The first Hohenberg-Kohn theorem states
that there is a one-to-one relation between the ground state density and the external
potential,

n ⇔ vext. (2.44)

More precisely, n determines vext only up to a constant, but the addition of a constant
to vext is insignificant from the perspective of the electronic structure. For a given
number of electrons, vext completely determines the Hamiltonian (2.1). Therefore, it
is clear that vext determines in principle all electronic properties through solution of
the Schrödinger equation. This includes the ground state density, thus we trivially
have vext ⇒ n. In contrast, the other direction in Eq. (2.44) is a very powerful
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statement, as it implies that all electronic properties are also functionals of n,

n ⇒ vext ⇒ everything! (2.45)

The proof of the Hohenberg-Kohn theorem (2.44) proceeds via reductio ad absurdum,
and assumes a non-degenerate ground state (see Chaps. 6-7 in the book of Martin14

for extensions to the degenerate and spin-polarized cases). We assume that there is
a second external potential v′ext that differs from vext by more than a constant and
that yields the same ground state density as vext. Since Ψ and Ψ′ are the ground state
wave functions of the corresponding Hamiltonians H and H′, we have the inequality

E = ⟨Ψ| H |Ψ⟩ < ⟨Ψ′| H |Ψ′⟩ . (2.46)

Adding and subtracting H′ to H and plugging in Eq. (2.4) yields

E < E′ +

�
dr n(r)[vext(r)− v′ext(r)]. (2.47)

An analogous inequality holds for E′ (swapping the indices),

E′ < E +

�
dr n(r)[v′ext(r)− vext(r)], (2.48)

and subtracting this from Eq. (2.47) leads to the contradiction

E − E′ < E′ − E. (2.49)

Therefore, H cannot have the same ground state density as H′, and Eq. (2.44) holds.
Next to the electronic cusp [Eq. (2.39)], there is also a nuclear cusp condition,19 which
plays a central role in the “Wilson interpretation” of the Hohenberg-Kohn theorem
(2.44).13 The nuclear cusps are located at the positions of the electronic nuclei RA, and
the shape of the cusps are connected to the nuclear charges ZA. Further, integrating
the electronic density gives Ne [Eq. (2.6)], so the external potential (2.3) is completely
determined!

Next, we define the energy functional

E[n] = F[n] +
�

dr n(r)vext(r)

F[n] = T[n] + Eee[n],
(2.50)

where T and Eee are the kinetic energy and electron-electron interaction of the fully
interacting system [Eq. (2.1)]. T and Eee are functionals of n, since Ψ is a functional
of n. Furthermore, F[n] is independent of vext, which makes it a “universal density
functional”. The second Hohenberg-Kohn theorem states that E[n] is minimized by
the exact ground state density, if one constraints possible densities n′ such that they
integrate to Ne. Hohenberg and Kohn24 proved this for densities n′ that belong to
external potentials v′ext via Eq. (2.44), and again, the v′ext differ from vext by more
than a constant. These n′ correspond to ground state wave functions Ψ′ ̸= Ψ, but Ψ
minimizes E(Ψ[n]), and therefore

E[n′] = F[n′] +

�
dr n′(r)vext(r)

> F[n] +
�

dr n(r)vext(r).
(2.51)
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Strictly speaking, only a subset of all possible densities are represented via Eq. (2.44),
but the proof can be extended to a wider range of densities (see Chap. 6 in the book
of Martin14).

The central ansatz of Kohn and Sham20 was to link the energy functional E[n] to
a system of Ne independent particles with the same ground state density,

E[n] = TIP[n] + EH[n] + Exc[n] +
�

dr n(r)vext(r), (2.52)

where TIP is the kinetic energy of the independent particles [Eq. (2.12)] and EH is the
Hartree energy [Eq. (2.14)]. By comparing with Eq. (2.50), we see that this formally
defines the exchange-correlation functional as

Exc[n] = F[n]− TIP[n]− EH[n]

= T[n]− TIP[n] + Eee[n]− EH[n].
(2.53)

When the exact exchange-correlation functional is plugged into Eq. (2.43) instead
of ELDA

xc , and the calculations are performed self-consistently, this yields the exact
ground state density. Further, the ground state energy and other ground state prop-
erties are exact as well. In this sense, the framework of Kohn-Sham density func-
tional theory (DFT) is a theoretical justification of the independent particle ansatz.25

Exited state properties, however, are generally not exact in Kohn-Sham DFT. An il-
luminating example is the HEG, where LDA is the exact exchange-correlation func-
tional, but yields a free-electron density of states.

Both F[n] and Exc[n] have a generally complicated, non-local, and unknown
form. However, much is gained in practice by subtracting out TIP[n] and EH[n],
which are explicitly known in terms of the IP wave functions and IP density. That
is, Exc[n] is a much smaller contribution to the total energy functional than F[n],
and therefore Exc[n] is a better target for simple approximations such as the LDA.
Kohn and Sham20 proved that the LDA becomes (i) exact in the limit of weakly
varying densities, and (ii) exact also in the high density limit (where the kinetic en-
ergy dominates). It is noteworthy that the LDA also fullfils the sum rules for nx and
nc exactly [Eqs. (2.26) and (2.36)], since the HEG is a theoretically possible system.
However, unlike Hartree-Fock, LDA does exhibit self-interaction error. The LDA
self-interaction error is present for both the exchange and correlation parts, this is
evident for example for the hydrogen atom (where LDA fails to reproduce the exact
results Ex = −EH, Ec = 0).

2.2.2 The LDA in practice

For almost 30 years, the LDA (in the Kohn-Sham or Xα variants) was by far the
dominant use of DFT, and these expressions were used almost interchangeably.13

During this initial DFT era, the LDA was applied to a wide range of different systems
(see Jones and Gunnarsson26 for a review), and its performance exceeded by far the
humble expectations of Kohn and Sham.20 Analysis comparing the LDA to higher
level theories showed that the success of the LDA stems in part from systematic
error cancellation. That is, the LDA tends to underestimate exchange effects and
overestimate correlation effects, such that the combined LDA exchange-correlation
energy is more accurate than either LDA exchange energy or LDA correlation energy
alone. Another error cancellation effect occurs through the fact that the exchange
and correlation energies depend only on the averages ⟨nx⟩ and ⟨nc⟩. That is, even
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though the exchange-correlation holes of real systems can deviate strongly from the
ones predicted by LDA, the respective spherical averages of the holes tend to be in
much better agreement,26 and the system average deemphasizes regions where the
LDA is less accurate (such as nuclear regions or tails of the electronic density).18

Nevertheless, the LDA exhibits clear model errors, such as a pronounced ten-
dency for overbinding. That is, typically the LDA bond lengths are too small, the
LDA binding energies are too large, and the LDA overly favors close-packed struc-
tures. Further, there is the problem of spurious self-interaction, which prevents LDA
for example to bind certain anions.27 This can be understood by the fact that the
LDA exchange potential falls off too quickly in the far-field limit. Namely, n(r)
decays exponentially, and so does vLDA

x via Eq. (2.31). Instead, the exchange po-
tential should fall off as 1/r in order to cancel the corresponding self-interaction
term of the Hartree potential. Together with the electron-ion term, this leaves an
attractive [(Ne − 1) − ZA]/r long-range interaction tail which can bind the far-out
electron. That is, the electron sees “sees” an ionic charge (Ne − 1)− ZA rather than
Ne − ZA (for a neutral atom, Ne = ZA). In other words, such an electron that is far
removed from its atom does no longer contribute to the overall atomic charge. Gen-
erally, the lack of exchange interactions leads to overly delocalized orbitals. LDA
can even transfer spurious charge fragments between two spatially separated sys-
tems. A clear example is the drastic failure for the binding curve of H+

2 ,28 where
LDA incorrectly stabilizes a state with 1/2 electron at each H atom. This also leads
to an unphysical maximum in the binding curve. This spurious charge transfer is
also connected to the “band gap problem”.29 That is, LDA notoriously yields gaps
that are much smaller than the experimental gaps. However, the band gap issue is
only in part a failure of the LDA. Since gaps are excited state properties, even the
exact DFT gap differs from the experimental one,30,31 see also Chap. 5.

2.2.3 Generalized gradient approximation

An idea that goes back to the origins of DFT20,24 is the so-called gradient expansion.
That is, one considers a gas of almost constant density,

n(r) ≈ n + ∑
α

∇αrαn +
1
2 ∑

α,β
rαrβ∇α∇βn + ..., (2.54)

and calculates correction terms to ELDA
xc . As there is no “direction” in the HEG, linear

contributions vanish, and second order contributions proportional ∇α∇β vanish for
α ̸= β (see also App. F for a related discussion). Further, second order contributions
proportional to ∇2n can be recast as contributions |∇n|2 via integration by parts.18

One then obtains the so-called gradient expansion approximation (GAE), whose ex-
change part is

EGEA
x =

�
dr n(r)εx,HEG[n(r)]FGAE

x [n(r), |∇n(r)|]

FGAE
x = 1 + const ×

[
n4/3(r)|∇n(r)|

]2
+ ...

(2.55)

Here, Fx is called the enhancement factor, and the gradient correction for the cor-
relation part can be obtained similarly. However, the GAE turned out to be gen-
erally unsuccessful, its exchange potential contains an unphysical divergence for
finite systems, and the GAE correlation energy has even the wrong sign. Progress
was made in the 1980s, when Langreth et al.32,33 truncated the GAE at small wave
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vectors to remove spurious gradient corrections. Interestingly, these wave vector
decomposition schemes partly relied on the random-phase approximation (see also
Chap 4). Later, it was suggested to perform a truncation in real space rather than
in Fourier space.34,35 It had been recognized that the GAE (2.55) violates exact con-
straints for the exchange hole, specifically the sum rule (2.26) and non-positivity con-
dition (2.27). To fix this issue, Perdew and Wang34 proposed a “generalized gradient
correction” (GGA), where the enhancement factor Fx is modified to conform with
the exact constraints. Subsequently, they developed GGA functionals for correlation
as well. This work culminated in the development of the Perdew-Burke-Ernzerhof
(PBE) functional,36 which includes several exact constraints in an elegant fashion.
There also exist semi-empirical gradient corrections such as the “BLYP” functional
(Becke exchange35 combined with Lee-Yang-Par correlation37). In this approach, the
enhancement factors for exchange and correlation assume parameterized functional
forms. As for the Xα method, the parameters can be adjusted to reproduce higher
level theory or experimental data.

GGA alleviates the overbinding problem of LDA to large extend. Furthermore,
it improves both the accuracy of individual exchange and correlation parts, as well
as the combined overall accuracy. Starting in the 1990, the success of GGA lead to
widespread applications of DFT in solid state physics as well as chemistry. This
even culminated in a Nobel prize in chemistry for DFT that was awarded to Kohn
in 199825 (shared with Pople).

2.2.4 Beyond the GGA

Despite large progresses made, the GGA shares some of the LDA limitations. Most
importantly, the theory remains fundamentally nearsighted, depending only on the
(semi-)local quantities n(r) and |∇n(r)|. It is therefore not surprising that the GGA
fundamentally fails to reproduce the correct long-range asymptotics required for
a description of dispersion and van der Waals (vdW) interactions. Hartree-Fock,
which lacks the corresponding correlation effects, fails as well. For atomic and
molecular dimers, the asymptotics are of the London form (R−6). A simple and
effective approach is to add an explicit dispersion correction of this type as an extra
correlation energy term,

Edisp
c = −

atoms

∑
AB

f (RAB, A, B)CAB
6 /R6

AB. (2.56)

The crucial part of this method are the coefficients CAB
6 , which can be either simply

fit to experimental data or higher level theory, or constructed via more sophisticated
schemes that take atomic environments into account.38,39 Furthermore, some cut-
off function f (RAB) truncates the dispersion interaction for smaller distances RAB.40

One can also include higher order terms (R−8, R−10, ...) as well as three-body and
higher-body contributions. While there are more elaborate vdW methods (see Refs.
[41] and [42]), one appealing feature of the scheme (2.56) is the fact that the com-
putational overhead of calculating EvdW

c is generally small. Strictly speaking, a C6

approach leaves Kohn-Sham DFT, since Edisp
c depends explicitly on the atomic po-

sitions. Furthermore, the dispersion correction (2.56) involves (few) semi-empirical
parameters, which need to be adapted to each GGA base functional specifically.

Next to the dispersion problem, the GGA also exhibits self-interaction. Although
self-interaction errors are generally improved quantitatively with respect to the
LDA, the GGA exhibits some of the same qualitative failures such as H+

2 and the
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anions. Again, this is connected to the fundamentally nearsighted nature of the
theory. Importantly, the self-interaction errors mostly reside in the exchange part.
For instance, the asymptotic 1/r decay is captured by the Slater potential, and
Hartree-Fock is exact for H+

2 . This inspired Becke and others to create so-called
“hybrid functionals”, where one admixes a fraction of Hartree-Fock exchange to a
DFT base functional. While Becke’s initial “half-and-half” hybrid was still based on
the LDA, he later introduced the following three-parameter hybrid form43

Ehybrid
xc = ELDA

xc + a(Ex − ELDA
x ) + b(EGGA

x − ELDA
x ) + c(EGGA

c − ELDA
c ) (2.57)

The widely used “B3LYP” hybrid functional is based on the BLYP functional and
uses the parameters {a = 0.20, b = 0.72, c = 0.81}.44 Perdew et al.45 created a hy-
brid based on the PBE functional and invoked theoretical reasoning to obtain the
parameters {a = 1/4, b = 1 − a = 3/4, c = 1}. This functional is called “PBE0” and
completely eliminates the contribution from ELDA

xc along with the b and c parame-
ters. However, even with such a single-parameter hybrid it is unavoidable that the
optimal amount of exact exchange (the a parameter) depends on the specific mate-
rial. Furthermore, the optimal hybrid parameters depend in principle also on the
GGA base functional. Even though hybrid functionals leave Kohn-Sham DFT, the
approach was later given a sound theoretical framework (“generalized Kohn-Sham
theory”).46 Hybrid functionals can improve on the accuracy of the GGA, however,
the calculations are also significantly more expensive (especially for extended sys-
tems). In the meantime, some schemes have been developed to alleviate computa-
tional cost.47,48

Hybrid DFT is immensely popular, and together with the GGA it builds the back-
bone of modern DFT calculations.49 Later, more heavily parametrized hybrid func-
tionals were created,50 and some also include explicit vdW corrections.51 Such func-
tionals can achieve astounding accuracy for systems resembling those included in
their respective training sets. In recent years, the path of data-driven functional de-
velopment has been taken further, eventually leading to the construction of machine
learned density functionals (see Chap. 6).
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Chapter 3

Random-phase approximation

As discussed above, the inclusion of fractions of exact exchange and dispersion cor-
rections can cure the failings of semi-local DFT to a certain amount. However, hy-
brids and vdW functionals generally contain semi-empirical parameters which are
fitted to specific (classes of) materials and applications. It is therefore highly de-
sirable to validate the parameters used by comparing predictions with higher-level
theories that are parameter-free. Within DFT, such higher-level theories can be con-
structed systematically via the adiabatic connection formalism, and the simplest and
most popular of the adiabatic connection theories is the random-phase approxima-
tion (RPA). In the following, we first introduce the random-phase approximation for
the response function, and then show how the adiabatic connection formalism trans-
lates this into an approximation for the exchange-correlation energy. The discussion
mainly follows the reviews of Ren et al.52 and Olsen et al.53 as well as the thesis of
Harl.54

3.1 The RPA response function

Per definition, χ describes the linear response of the density to a small variation of
the external vext,

χ(r, r′, t − t′) = θ(t − t′)
δn(r, t)

δvext(r′, t′)
, (3.1)

where the step function ensures causality. In contrast, the Kohn-Sham (non-
interacting) response function χ0 describes the linear density response to a small
variation of the Kohn-Sham potential vKS,

χ0(r, r′, t − t′) = θ(t − t′)
δn(r, t)

δvKS(r′, t′)
. (3.2)

Using the chain rule and surpessing the indices, we can relate the exact and KS
response functions as

χ =
δn

δvKS

δvKS

δvext

= χ0

[
1 +

(
δvH

δn
+

δvxc

δn

)
δn

δvext

]
= χ0 + χ0(V + fxc)χ,

(3.3)

where V is the bare Coulomb kernel and we have defined the exchange-correlation
kernel

fxc(r, r′, t − t′) =
δvxc(r, t)
δn(r′, t′)

. (3.4)
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In the random-phase approximation, the response of an electron is taken to be that
of a classical test charge. That is, one neglects exchange-correlation effects by setting
fxc = 0, yielding

χRPA = χ0 + χ0VχRPA

↔χRPA = χ0/(1 − χ0V).
(3.5)

The RPA response function for the HEG electron gas is given in App. B (“Lindhard
function”). Here, we note only that the static HEG response function reduces to the
Thomas-Fermi form in the small wave vector limit,

χTF
HEG = χRPA

HEG(q → 0, ω = 0) = − 1
4πr2

TF
. (3.6)

Within this approximation, a point-like test charge obeys the Poisson equation

−∇2VTF(r) = 4π[δ(r) + χTFVTF(r)], (3.7)

which yields the sreened interaction (2.34) when solved for VTF (see Chap. 17 in Ref.
[17]).

3.2 Adiabatic connection theory

The crucial idea in adiabatic connection theory is to rephrase approximations for
Exc as approximations for the exact response function χ. To motivate this idea, we
first show that the exact exchange energy can be rewritten in a form involving the
non-interacting (Kohn-Sham) response function χ0,

Ex = −1
2

�
dr dr′

1
|r − r′|

[
n(r)δ(r − r′) + 2

� ∞

0

dω

2π
χ0(r, r′, iω)

]
. (3.8)

Using perturbation theory, one can derive an explicit expression for χ0
54

χ0(r, r′, iω) = −2
occ

∑
i

unocc

∑
a

ϕ∗
i (r)ϕa(r′)ϕ∗

a (r)ϕi(r′)
iω − (ε i − εa)

+ c.c., (3.9)

where c.c. denotes the complex conjugate, and the factor two accounts for spin.
Note further that this expression depends on unoccupied electronic orbitals next to
occupied ones. Moreover, χ0 is expressed in terms of imaginary frequencies, and we
can perform the frequency integral in Eq. (3.8) using

� ∞

0

dω

2π

1
iω + εa − ε i

+ c.c. =
� ∞

0

dω

2π

2(εa − ε i)

ω2 + (εa − ε i)2 =
1
2

, (3.10)

Thus, we can rewrite the second term in Eq. (3.8) as

−
�

dr dr′
1

|r − r′|

� ∞

0

dω

2π
χ0(r, r′, iω)

= −
�

dr dr′
1

|r − r′|
occ

∑
i

unocc

∑
a

ϕ∗
i (r)ϕa(r′)ϕ∗

a (r)ϕi(r′).
(3.11)

We have also used the symmetry of the integrand under exchange of integration
variables (r ↔ r′). To treat the first term in Eq. (3.8), we insert Eq. (2.13) for the
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electronic density and use the completeness relation

δ(r − r′) =
all

∑
n

ϕ∗
n(r)ϕn(r′) =

occ

∑
j

ϕ∗
j (r)ϕj(r′) +

unocc

∑
a

ϕ∗
a (r)ϕa(r′), (3.12)

which finally recovers the Hartree-Fock expression (2.19).
Next, we consider an adiabatic switching from an (approximate) Kohn-Sham

Hamiltonian (switching parameter λ = 0) to the interacting Hamiltonian (λ = 1)

Hλ = HKS +
λ

2 ∑
i ̸=j

1
|ri − rj|

− ∑
i,σ

vλ
σ(ri). (3.13)

We have adapted again the more general notation used at the beginning of Chap. 2
that treats spin explicitly. The potential vλ is not known at intermediate values of
λ, but is rather defined such that it yields a constant electronic density along the adiabatic
connection path. We write the difference between exact and KS energies as (“Pauli
trick”)

E − EKS =

� 1

0
dλ

∂Eλ

∂λ
=

� 1

0
dλ

∂

∂λ
⟨Ψλ| Hλ |Ψλ⟩ . (3.14)

The Hellmann-Feynman theorem tells us that only explicit variations of H with λ
contribute,

∂

∂λ
⟨Ψλ| Hλ |Ψλ⟩ = ⟨Ψλ| 1

2 ∑
i ̸=j

1
|ri − rj|

− ∂

∂λ ∑
i,σ

vλ
σ(ri) |Ψλ⟩ . (3.15)

Using the constant density requirement and Eq. (2.4), the second term in this expres-
sion yields

−
� 1

0
dλ ⟨Ψλ|∑

i,σ

∂

∂λ
vλ

σ(ri) |Ψλ⟩ = −∑
σ

�
dr nσ(r)

[
vλ=1

σ (r)− vλ=0
σ (r)

]
= −(EH + EKS

xc ).

(3.16)

Therefore, the remaining coupling constant integral equals the sum of Hartree en-
ergy plus exact exchange-correlation energy,

� 1

0
dλ ⟨Ψλ| 1

2 ∑
i ̸=j

1
|ri − rj|

|Ψλ⟩ = E − EKS + (EH + EKS
xc )

= EH + Exc,

(3.17)

where we have also used Eq. (2.53).
Next, it is useful to define the electronic pair density n2(r, r′), that is the joint

probability to find an electron at r and another electron at r′ [compare Eq. (2.5)],

n2,λ(r, r′) = ⟨Ψλ|∑
i ̸=j

∑
σσ′

δ(r − ri)δσσi δ(r − rj)δσ′σj |Ψ
λ⟩ , (3.18)

which can be used to rewrite Eq. (3.17) as18

1
2

� 1

0
dλ

�
dr dr′

n2,λ(r′, r′)
|r − r′| = EH + Exc. (3.19)
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Comparing this result to the definition of the exchange-correlation hole nxc [compare
Eqs. (2.25) and (2.36)], we see that nxc is related to the coupling constant integrated
pair density, � 1

0
dλ n2,λ(r, r′) = n(r)n(r′) + n(r)nxc(r, r′). (3.20)

This relation is useful for explicit constructions of nxc. The exchange hole [Eq. (2.25)]
is recovered as the independent-particle limit (λ = 0). The pair density can by fur-
ther expressed in terms of density fluctuations δn,

δn(r) = ∑
σ

δnσ(r) = ∑
σ

[∑
i

δ(r − ri)δσσi − nσ(r)]. (3.21)

We rewrite Eq. (3.18) by adding and subtracting terms i = j,

⟨Ψλ|∑
i ̸=j

δ(r − ri)δσσi δ(r
′ − rj)δσσj |Ψλ⟩

= ⟨Ψλ|∑
ij

∑
σσ′

δ(r − ri)δσσi δ(r
′ − rj)δσσj − ∑

i
∑
σ′σ′

δ(r − ri)δσσi δ(r
′ − ri)δσ′,σi |Ψ

λ⟩

= ⟨Ψλ| [δn(r) + n(r)][δn(r′) + n(r′)] |Ψλ⟩ − n(r)δ(r − r′)

= ⟨Ψλ| δn(r)δn(r′) |Ψλ⟩+ n(r)n(r′)− n(r)δ(r − r′),
(3.22)

where we have used that the expection value of δn(r) vanishes,

⟨Ψλ| δn(r) |Ψλ⟩ = 0. (3.23)

In a last step, we subtract the Hartree energy [Eq. (2.14)] and employ the fluctuation-
dissipation theorem54 [compare Eq. (3.8) for the exchange-only case],

⟨Ψλ| δn(r)δn(r′) |Ψλ⟩ = −2
� ∞

0

dω

2π
χλ(r, r′, iω). (3.24)

This finally yields the so-called ACFDT expression for Exc (“adiabatic connection
fluctuation-dissipation theorem”),

Exc = −1
2

� 1

0
dλ

�
dr dr′

1
|r − r′|

[
n(r)δ(r − r′) + 2

� ∞

0

dω

2π
χλ(r, r′, iω)

]
. (3.25)

Subtracting the exchange energy, we can further express the exact correlation energy
as

Ec = −1
2

� 1

0
dλ

�
dr dr′

1
|r − r′|2

� ∞

0

dω

2π
[χλ(r, r′, iω)− χ0(r, r′, iω)]. (3.26)



22 Chapter 3. Random-phase approximation

Inserting the RPA approximation for χλ [compare Eq. (3.5)] allows us to perform the
coupling constant integration analytically,

� 1

0
dλ

(
χλ,RPA − χ0

)
V =

� 1

0
dλ χ0λVχλ,RPAV

=

� 1

0
dλ (χ0λVχ0V + χ0λVχ0λVχ0V + ...)

=
1
2

χ0Vχ0V +
1
3

χ0Vχ0Vχ0V + ...

= − ln(1 − χ0V)− χ0V.

(3.27)

We have obtained the ACFDT-RPA correlation energy,

ERPA
c =

� ∞

0

dω

2π
Tr {ln[1 − χ0(iω)V] + χ0(iω)V}

Tr(AB) =
�

dr dr′A(r, r′)B(r′, r).
(3.28)

It is interesting that this formula can be derived also from several other approaches.
Within many-body perturbation theory, the RPA can be expressed as a series of ring
diagrams. This diagrammatic approach is emphasized in Chaps. 4 and 5. Moreover,
the RPA can be obtained within coupled cluster theory and from a plasmon perspec-
tive, see Ref. [55]. Such alternative viewpoints are also helpful when constructing
different beyond-RPA theories.

3.3 The RPA in practice

Since its development, the RPA has been used as a precise theory for long-range
interactions.21,56,57 Accordingly, a main focus point of RPA calculations has been its
application to dispersion, vdW, and hydrogen bonding. That includes weakly inter-
acting dimers,58 rare gas solids,59 graphite and other layered materials60,61 as well as
water and ice (see Refs. [62–64], Chap. 6). Moreover, the RPA gives a good descrip-
tion of covalent and metallic bonds.65,66 This balanced account of different bond-
ing types enables the RPA to give an unbiased characterization of different bonding
geometries. Notable applications are barrier heights,52 phase energy differences,53

silicon defects2 and gold clusters.67 RPA calculations of diamond surface energies
are presented in Chap. 6. Perhaps most famous is the application to molecular ad-
sorption processes,68,69 where the RPA predicts adsorption energies and geometries
with excellent accuracy next to a good description of both the isolated surfaces and
molecules.

Despite its numerous successes, the RPA is not a perfect theory, and the most
glaring failure is a large overestimation of total correlation energies. That is, com-
pared to exact references, RPA correlation energies are too negative by roughly 500
meV per electron.53 However, most physically interesting properties are calculated
from energy differences, where one can benefit from error cancellation. The fact
that the RPA is so successful means that this error cancellation is astonishingly sys-
tematic. One counterexample are atomization energies, which tend to be underesti-
mated by the RPA.52,70

The pronounced overcorrelation of RPA is already present for the HEG (see
Fig. 2.1). This has inspired several beyond-RPA corrections. In the so-called RPA+
method,70,71 the RPA is corrected at the level of semi-local DFT. For instance, the
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most simple RPA+ correction is based on LDA,

ERPA+
c = ERPA

c +

�
dr n(r){εc,HEG[n(r)]− εRPA

c,HEG[n(r)]}. (3.29)

The idea that the RPA is defective at short-range has also been used to create (semi-
empirical) range-separated RPA hybrid functionals (see Refs. [72–76], Chap. 4).

The overcorrelation can be understood by the fact that RPA correlation is not free
of self-interaction. This has inspired corrections from many-body perturbation the-
ory on the one hand, where one can add second order and higher order exchange
diagrams that are missing in the RPA (SOSEX).52,77 On the other hand, one can go
beyond the RPA within the adiabatic connection framework via more elaborate ap-
proximations for fxc. That is, the RPA corresponds to the Hartree approximation
for fxc, and a hierarchy of beyond-Hartree approximations can be constructed fairly
similarly to the approximations for Exc discussed in Chap. 2. The inclusion of the ex-
act exchange kernel fx tends to improve upon RPA, but this is extremely expensive
( fx is non-local in both space and time). Approximations for fxc can be found also
using semi-local DFT. The simplest kernel is the adiabatic (frequency-independent)
LDA exchange kernel [compare Eq. (2.31)]

f ALDA
x (r, r′, t − t′) = δ(r − r′)δ(t − t′) fx,HEG[n(r, t)]

fx,HEG(rs) = −π

(
4

9π

)2/3

r2
s .

(3.30)

However, the use of this kernel causes a UV catastrophe, which leads the pair den-
sity to diverge at small distances.78 Even tough this unphysical UV divergence is
integrable (the correlation energy is finite), the ALDA is plagued by serious numer-
ical problems. Olsen and Thygesen79 eliminated this divergence by a truncation in
Fourier space. Their rALDAx method (“renormalized ALDAx”) has also been ex-
tended to include correlation and gradient corrections, and the recent rPBE kernel
shows particularly promising results.53

A more subtle problem of the RPA is that one usually uses orbitals from (semi-
)local DFT calculations to evaluate the RPA expression (3.28). To some extend, the
RPA will “inherit” the deficiencies of the approximate DFT ground state. To that
point, RPA using PBE orbitals tends to improve somewhat over RPA using LDA
orbitals. However, the differences between these two is significantly smaller than
the differences between the actual PBE and LDA functionals.53 The fact that the de-
pendence on the DFT reference state tends to be weak is indeed quite favorable and
justifies the use of (semi-)local DFT orbitals for RPA calculations to some extend.
However, there are cases such as the Ar dimer where the approximate DFT ground
state is simply qualitatively wrong. As a remedy, Ren et al.80 suggested to keep
DFT orbitals for the RPA correlation energy, but evaluate the exchange energy using
Hartree-Fock orbitals. From a theoretical viewpoint, the cleanest solution is clearly a
self-consistency cycle, but RPA self-consistency is not as straightforward as for DFT
or Hartree-Fock. In Chap. 5, we use the optimized effective potential method to
perform self-consistent RPA calculations. For the sake of completeness, we note that
there are also other self-consistent RPA schemes, see for example Ref. [81]. More-
over, one can cure the deficiencies of the DFT ground state by adding diagrammatic
“singles” corrections to the RPA.52,80,82

Finally, the large computational cost associated with RPA calculations has been
a major hurdle for large scale applications. At the beginning of the 2000s, Furche83
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implemented a general purpose RPA code which scaled, however, as O(N6) with re-
spect to the system size. In the following years, the computational cost was reduced
with the help of several algorithmic improvements. For instance, some speed-up has
been achieved via resolution-of-the-identity techniques.52,55 Furthermore, Kaltak et
al.1,2 used the space-time GW formalism3,4 to bring the RPA system size scaling
down to O(N3) − O(N4). Another computational hurdle is that RPA correlation
energies converge slowly with respect to the basis set size. Specifically, many un-
occupied orbitals are needed to resolve the RPA cusp. In Chap. 4, we show how
range-reparation can eliminate the cusp and therefore speed up basis set conver-
gence. Notably, the cusp gets less pronounced when RPA is corrected via SOSEX or
fxc, which can also alleviate basis set convergence to some extend (however, the cor-
rections require other computational overhead). Alternatively, the basis set problem
can also be tackled via density functional perturbation theory.52 Last, in Chap. 6 we
employ machine learning to reduce the RPA system size scaling to O(N ln N).
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4.1 Introduction

The random-phase approximation (RPA) for the electronic correlation energy was
developed during the beginnings of many-body perturbation theory in the 1950s.
The detailed analytical studies of the homogeneous electron gas (HEG) in the RPA
have contributed greatly to the understanding of many-body effects in solid state
physics such as plasmons, screening and electronic correlation in general.84 How-
ever, large scale practical applications of the RPA have been possible only in the last
one or two decades due to increasing computer power.

In the 1970s, the RPA was formulated in the framework of density functional the-
ory (DFT)20,24 by Langreth and Perdew via the adiabatic connection formalism.56,57

It can be categorized as a fifth rung functional (i.e. includes unoccupied orbitals) on
Jacob’s ladder.85 In the early 2000s, renewed interest was drawn to the RPA follow-
ing the work of Yan et al.71 and Furche.83 Most importantly, the RPA - unlike lower
rung functionals - describes long-range effects like van der Waals - bonding and dis-
persion very well. Furthermore, the RPA is compatible with exact exchange and
behaves well in the metallic limit, where other methods such as Møller-Plesset per-
turbation theory diverge.59,65 Finally, the adiabatic connection formalism provides
a natural way to construct beyond-RPA theories, see e.g. Ref. [78]. The recent de-
velopment has been summarized in the review of Ren et al.,52 which also includes
derivations of the standard RPA expressions.

One limiting factor of the RPA, like for other methods based on many-body per-
turbation theory, is the slow convergence of the correlation energy with respect to
the basis set size. In a canonical plane wave implementation, the RPA scales at least
as N3

PW with respect to the number of plane waves NPW.1–3 On the other hand, the
basis set incompleteness error decays only as 1/NPW.59,86,87 The reason for this slow
convergence is connected to the electronic cusp condition,19,88 which states that the
exact many-body wave function has a kink at electron coalescence. This (integrable)
UV - divergence is caused by the 1/r - singularity of the Coulomb potential, or equiv-
alently by its 1/q2 - high momentum behavior. The cusp-related convergence prob-
lem is not limited to plane waves, but applies also to local basis sets.83

The most straightforward strategy to reduce the computational cost is to perform
a basis set extrapolation.59,87 Alternatively, range-separated DFT89 circumvents the
cusp condition directly by replacing the short-range part of the Coulomb interaction,
which includes the singularity, by DFT. Range-separation has been applied to the
RPA by Toulouse et al.,72,73 Janesko et al.74–76 and Bruneval,90 who have all reported
a significant reduction of computational cost.

Range-separation has possibly further advantages. The RPA has well known
shortcomings in describing short- and mid-range correlation effects, such as the pre-
diction of an unphysical bump in the dissociation curve of Be2.72 Unsurprisingly,
it is thus possible to improve on full-range RPA by creating range-separated hybrid
functionals. The price to pay is the introduction of empirical parameters into the the-
ory. Inverse range-separation, which aims to cure IR divergences, has been applied
extensively to the exchange energy, e.g. in the popular HSE hybrid functional.47

Range-separation schemes up to now have been based mostly on the error func-
tion. In this paper, we drop this constraint and investigate the performance of alter-
native long-range potentials. First, we recall the wave vector decomposition method
of old21 to study range-separated RPA based on momentum cutoffs. Second, we pro-
pose an optimized long-range potential (“squeezed Coulomb kernel”) that performs
an implicit basis set extrapolation.
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In Sec. 4.2, we discuss our range-separation scheme, and study exacts limits for
range-separation based on wave vector decomposition. Then, we use the results for
the low-density HEG to construct the squeezed Coulomb kernel. In Sec. 4.3, we
present numerical studies for the HEG and discuss the analytical representations
of our local density functionals. In Sec. 4.4, we show test calculations for a small
set of prototypical materials and compare the different basis set correction methods.
Conclusions are drawn in Sec. 4.5. The discussion is restricted to the case of non-
spin-polarized electrons. Unless stated otherwise, Hartree units are used throughout
the work.

4.2 Theory

4.2.1 Range-separated density functional theory

Since we are interested in a simple basis set correction method for post-DFT RPA
calculations, we adopt the range-separation scheme of Bruneval.90 Generally, the
Coulomb kernel is decomposed in a long-range and a complementary short-range
part

V = VLR(µ) + VSR(µ), (4.1)

where µ is a tunable range-separation parameter and cuts of the Coulomb potential
at a cutoff radius rcut ≈ 1/µ. The long-range version of the RPA correlation energy
ERPA,LR

c is obtained by replacing V by VLR in the text-book expression. The short-
range part is then formally defined as

ERPA,SR
c (µ) = ERPA

c − ERPA,LR(µ), (4.2)

and is, in practice, approximated by a density functional

ERPA
c ≈ ERPA,LR

c (µ) + EDFT,SR
c (µ). (4.3)

This scheme provides a generalized adiabatic connection89,91 between the full-range
RPA, which is obtained in the limit µ → ∞ and DFT in the limit µ → 0. As in
standard DFT, the transferability of the density functional is key to the success of
the method. Near the full-range limit, short-range effects are essentially localized.
Thus, we can expect that the short-range part is described exactly by the local density
approximation (LDA).20 A more concrete theorem will be given further below.

In the LDA, the short-range correction required to recover the full RPA correla-
tion energy is given by

ELDA,SR
c =

�
dr εRPA,SR

c,HEG [n(r)]n(r), (4.4)

where n(r) is the local electronic density and εRPA,SR
c,HEG is given by the difference be-

tween the full-range and the long-range RPA correlation energy per particle for the
homogeneous electron gas

εRPA,SR
c,HEG (n) = εRPA

c,HEG(n)− εRPA,LR
c,HEG (n). (4.5)

Naturally, it is also possible to use more sophisticated density functionals. For exam-
ple, various gradient correction schemes were discussed by Toulouse et al.92 How-
ever, in this work we will stay at the LDA level of DFT, which was also the choice of
Bruneval.90
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Nowadays, the most common way to separate the Coulomb potential in long-
and short-range parts is based on the error function

VLR(r, µ) = erf(µr)/r

VSR(r, µ) = 1/r − erf(µr)/r.
(4.6)

Besides the error function, other separation methods have been suggested. Toulouse
et al.89 have used a scheme based on the “erfgau interaction”

VLR
erfgau(r, µ) = erf(cµr)/r − 2cµ√

π
exp(−c2µ2r2/3), (4.7)

where c = (1 + 6
√

3)1/2 is some scaling constant introduced in order to achieve
similar cutoff radii as the error function. The erfgau interaction provides a much
sharper separation between long and short-range interactions. They showed that
this is manifest in the DFT limit, where both ESR

x and ESR
c were flat as a function

of the range-separation parameter for the erfgau interaction, but not for the error
function.89 This means that the erfgau interaction does a better job at separating out
long-range effects.

4.2.2 Wave vector decomposition

When working with a plane wave basis, it is natural to seek a range-separation
scheme in Fourier space. In this section, we review the available literature on what
is commonly referred to as “wave vector decomposition”. We comment first on the
limit of small wave vectors corresponding to the DFT limit (which is less relevant to
the present work but included here for completeness) and then on the more relevant
case of large wave vectors, corresponding to the full-range limit.

The error function exhibits Gaussian decay over the Coulomb potential

VLR(q, µ) =
4πe−q2/4µ2

q2 , (4.8)

whereas the wave vector decomposition method is based on a hard momentum cut-
off

VLR(q, Qcut) =

{
4π/q2 for q ≤ Qcut

0 for q > Qcut.
(4.9)

The latter scheme was used by Nozières and Pines21 (NP) to investigate the RPA for
the HEG.

For the small wave vector limit, NP developed a series expansion for εRPA,LR
c in

terms of the cutoff momentum

εRPA,LR
c,HEG (Qcut) = − 3α

8π
Q2

cutrs +O(Q3
cutr

3/2
s ), (4.10)

where α = (4/9π)1/3 and rs = (αkF)
−1 is the Wigner-Seitz radius. NP studied cor-

rections to the RPA from second and higher order exchange diagrams and found
that they contribute to the expansion above only at order O(Q4

cut). Thus, the con-
tribution of small wave vectors to the correlation energy is exactly described by the
RPA

εLR,RPA
c,HEG → εLR

c,HEG for Qcut → 0. (4.11)
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The series expansion (4.10) is valid, if the relevant momentum transfers are small
compared to the Thomas-Fermi wave vector ks =

√
4kF/π.

For large Qcut, NP used second order perturbation theory for εSR
c,HEG(Qcut) and

then interpolated between this and the small Qcut expansion (4.10). This gave the
NP interpolation formula for the electronic correlation energy

εNP
c,HEG(rs) = (0.031 ln(rs)− 0.115)Rydberg. (4.12)

A similar interpolation method was used by Langreth and Perdew56,57 to describe
the exchange-correlation energies of metallic surfaces. However, they used local
density functional theory for large momentum transfers. Hence, their method
closely resembles our own wave vector decomposition scheme.

4.2.3 Approaching the full-range limit
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FIGURE 4.1: Short-range LDA functionals for two different cutoffs Qcut. Full lines represent
numerical evaluations of εRPA,SR

c,HEG as a function of 1/kF ∝ rs, dashed and dotted lines rep-
resent the low density approximation (4.14) up to leading order (LO) and next-to-leading
order (NLO) respectively. The latter is on this scale hardly distinguishable from εRPA,SR

c,HEG for

Qcut/(2kF) ≳ 1. Inset diagram: log-log plot of |εRPA,SR
c,HEG |.

The short-range RPA correlation energy per particle for the HEG, εRPA,SR
c,HEG , is an im-

portant quantity in our range-separation scheme [see Eq. (4.4)]. One requires to
know εRPA,SR

c,HEG as a function of the range-separation parameter Qcut. As Qcut → ∞,
VLR approaches the full Coulomb potential and ERPA,SR

c vanishes. In Sec. 4.2.4, we
will show that the large Qcut limit yields important information on the plane wave
basis set incompleteness error. Furthermore, knowledge of the exact limits is useful
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for finding practical representations of εRPA,SR
c,HEG . Paziani et al.93 have conducted stud-

ies along these lines for the error function, here we concentrate on the hard cutoff.
Numerically, εRPA,SR

c,HEG can be evaluated with relative ease, since the Lindhard re-
sponse function for the HEG in terms of imaginary frequencies χ0,HEG(q, iω) is well
known [see for example Eq. (4.8) in Ref. [94]]. For a given long-range potential and
value of rs, we first obtain εRPA,LR

c,HEG (rs) via (see Appendix B)

εRPA,LR
c,HEG =

1
n

�
dq

(2π)3 4πq2
� ∞

0

dω

2π

{
ln

[
1 − χ0,HEG(q, iω)VLR(q)

]
+ χ0,HEG(q, iω)VLR(q)

}
,

(4.13)
and then εRPA,SR

c,HEG (rs) using Eq. (4.5). We calculate εRPA,SR
c,HEG according to this procedure

and show results in Fig. 4.1 for two different cutoffs Qcut.
In the low density or large Qcut limit, εRPA,SR

c,HEG behaves as (see Ref. [87], Appendix
B)

εRPA,SR
c,HEG (rs, Qcut) = − 1

πQ3
cutr3

s
+O

(
1

Q5
cutr5

s

)
. (4.14)

To estimate the validity range of the low density expansion, we have to compare
Qcut to some natural momentum scale. The relevant scale is the Fermi wave vector
kF, which is manifest in Eq. (4.14) (kF ∝ 1/rs). Fig. 4.1 shows that the low density
approximation is accurate for Qcut ≳ 2kF. Furthermore, Fig. 4.1 shows that εRPA,SR

c,HEG is
nearly scale invariant when plotted versus Qcut/2kF. For Qcut → 0, εRPA,SR

c,HEG converges
towards the full range RPA value εRPA

c,HEG, and for large Qcut, the scale invariance
follows from the asymptotics [Eq. (4.14)]. However, the near scale invariance at
intermediate densities is not an obvious observation.

Since we will also apply range-separation to the exchange energy, we require
expressions for the respective short-range LDA correction. Analogous to Eq. (4.5),
the short-range exchange energy per particle for the HEG is defined as

εSR
x,HEG(n) = εx,HEG(n)− εLR

x,HEG(n), (4.15)

where εx,HEG = −3/(4παrs) is the familiar Dirac expression for the full-range ex-
change energy per particle and εLR

x,HEG is given by (see Appendix A)

εLR
x,HEG(rs, Qcut) =

{
−Qcut

π + 3αQ2
cut

8π rs − α3Q4
cut

64π r3
s for Qcut < 2kF

0 for Qcut ≥ 2kF.
(4.16)

The constant term is connected to the normalization of the exchange hole, see Ref.
[91]. As pointed out by NP, the term linear in rs cancels the respective correlation
term. This cancellation applies for the error function as well, but with linear terms
±3α/(2π)µ2rs.93

4.2.4 Plane wave basis set incompleteness error

The large Qcut limit of εRPA,SR
c,HEG relates to an equation previously derived by Klimeš et

al.,86 as we briefly discuss in this section. To show this, one inserts the leading order
term in Eq. (4.14) into Eq. (4.4) and uses rs = (3/4πn)1/3. This means we construct
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a local density functional approximation for the short-range part, yielding

ERPA,SR
c (Qcut) ≈ − 4

3Q3
cut

�
dr n(r)n(r). (4.17)

By Fourier transforming the density to reciprocal space, we obtain

ERPA,SR
c (Qcut) ≈ − 4Ω

3Q3
cut

∑
q
|n(q)|2, (4.18)

where Ω is the system volume. This is exactly the expression that has been derived
by Klimeš et al.86 for the plane wave basis set incompleteness error [their definition
of the latter, compare Eq. (10) in Ref. [86], corresponds to ERPA,SR

c in our range-
separation scheme].

This shows that at sufficiently high cutoffs the plane wave basis set incomplete-
ness error is described exactly by the short-range LDA. It is important to point
out that this statement contains additional information over the simple fact that
ERPA,LR

c (Qcut) approaches the full-range value as Qcut → ∞, since it precisely pre-
dicts the leading order correction.

The key assumption in the derivation of Klimeš et al.86 was that for high ener-
gies the unoccupied orbitals can be approximated by plane waves. This is always
guaranteed as the kinetic energy then dominates the Hamiltonian. Clearly, using the
HEG as a reference system makes a similar assumption. An alternative proof of this
theorem using the coupling constant formalism was given previously by Burke et
al.95 Toulouse et al.89 have derived similar theorems for the error function.

Finally, we briefly discuss how these results can be extended beyond the RPA.
In the RPA+SOSEX (second order screened exchange),77,96 Eq. (4.17) is merely re-
duced by a factor of two for non-spin-polarized systems. This can be easily under-
stood, as the SOSEX correction simply restores the Pauli principle in the large Qcut
limit, i.e. the self-interaction between electrons of same spins is exactly cancelled.21,97

However, the exact (rather than RPA) short-range correlation energy is not simply
a function of the local density alone, but also involves the on-top pair density.89,95

Although the LDA does not generally describe the latter exactly, it is still an accurate
approximation, if the ground state wave function in the weak coupling limit is well
described by a single Slater determinant.98

4.2.5 Plane wave basis set extrapolation

Prior to the work of Klimeš et al.,86 Harl and Kresse [59] provided numerical ev-
idence that the plane wave basis set incompleteness error falls off as 1/Q3

cut and
suggested a basis set extrapolation method based on

ERPA,LR
c (Qcut) = ERPA

c +
A3

Q3
cut

, (4.19)

where ERPA
c and A3 are obtained by a linear fit of ERPA,LR

c (Qcut) versus 1/Q3
cut. Gu-

lans [87] has calculated higher order corrections to Eq. (4.14) and suggested the
extrapolation

ERPA,LR(Qcut) =ERPA
c +

A3

Q3
cut

+
A5

Q5
cut

+
A7

Q7
cut

, (4.20)



34 Chapter 4. Plane wave basis set correction ...

where A5 and A7 are further fit parameters. In Appendix B, we provide an analytical
evaluation of A3 - A7 for the HEG, yielding

ERPA,SR
c,HEG (Qcut)/Ω = −n2

[
4

3Q3
cut

+
8k2

F

25Q5
cut

+
288k4

F

1225Q7
cut

+O
(

1
Q9

cut

)]
+πn3

[
32

7Q7
cut

+O
(

1
Q9

cut

)]
+ ...,

(4.21)

where n is the electronic density of the HEG [note that our coefficients differ from
the ones given in Ref. [87], see discussion after Eq. (B.3)]. The terms proportional
to n2 stem from the direct MP2 diagram, compare Fig. 4.2. The terms proportional
to n3 stem from the third order ring diagram and so forth. As was pointed out by
Gulans, these terms can be interpreted neatly in terms of the electronic cusp. They
represent probabilities that there are two, three, ..., electrons at the same place. This
interpretation suggests a beyond-LDA short-range functional based on an expan-
sion involving the pair density. However, we do not attempt to construct such a
functional here and leave it up to future work.

FIGURE 4.2: Representation of the RPA correlation energy in terms of Feynman diagrams.
The Feynman rules can be found in Ref. [99], with prefactor convention as in Ref. [52]. The
second order ring diagram is called direct MP2 diagram.

4.2.6 One-shot extrapolation method

The basis set extrapolation schemes described above require repeated evaluations
of RPA correlation energies for a set of cutoff energies Qcut. Since this is typically
one of the bottlenecks in modern RPA implementations, the basis set extrapolation
increases the computational cost. We now propose a one-shot extrapolation scheme
that accounts for basis set incompleteness a priori via an optimized long-range po-
tential. The Coulomb interaction is enhanced at intermediate momentum transfers
q ≈ Qcut in order to make up for the cutoff at q = Qcut + ∆Q

VLR
SCK(q, Qcut) =


4π/q2 for q < Qcut − ∆Q
4π fSCK(q)/q2 for Qcut − ∆Q ≤ q ≤ Qcut + ∆Q
0 for q > Qcut + ∆Q.

(4.22)

We base the construction of this “squeezed Coulomb kernel” (SCK) on the fact that
at large momentum transfers, the RPA is dominated by the direct MP2 term (see Fig.
4.2)

εRPA
c,HEG(q) ∼ χ2

0,HEG(q)V
2(q) for q → ∞, (4.23)

where χ0,HEG(q) is the frequency integrated Lindhard response function, see Ap-
pendix B. In the same limit, χ0,HEG(q) falls off as 1/q, which yields the leading order
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term in Eq. (4.21)

εRPA,SR
c,HEG (Qcut) ∼

� ∞

Qcut

dq q2
[

1
q

V(q)
]2

∼ 1
Q3

cut
. (4.24)

The SCK is constructed to make up for the loss of correlation energy by enhancing
the Coulomb potential at intermediate q assuming χ0 ≈ χ0,HEG

� ∞

Qcut−∆Q
dq q2

[
1
q

V(q)
]2

!
=

� ∞

Qcut−∆Q
dq q2

[
1
q

VLR
SCK(q, Qcut)

]2

=

� Qcut+∆Q

Qcut−∆Q
dq q2

[
4π

q3 fSCK(q)
]2

.

(4.25)

Details on the choice of fSCK(q) and ∆Q will be given in section 4.3, where we also
show that ∆Q plays only the role of a window parameter. This means that the effec-
tive cutoff momentum is located at q = Qcut, i.e. at the center of the window, rather
than at q = Qcut − ∆Q.

This approach is in spirit similar to standard ion-pseudo-potential methods,
which have been employed to handle the nuclear cusp.100 The standard pseudo-
potentials are constructed such that they reproduce the electronic properties of an
atomic reference. In our case, it is the low-density HEG that plays the role of the
reference system.

We do not combine the SCK with a short-range LDA correction, because the SCK
already describes low densities well enough. This is exactly the region where the
LDA works best, while for high densities it transfers spurious long-range effects to
inhomogeneous systems.33,92

In fact, we argue in the following that neglecting the LDA correction can be
seen as an attempted effective gradient correction. In the local interaction param-
eter effective gradient correction of Toulouse et al.,92 εSR

c,HEG is reduced for small rs
to prevent the over-correction of correlation. This was done by choosing the range-
separation parameter locally as

µeff = max[µl(r), µ], (4.26)

where µl(r) is some typical correlation length, for instance µl(r) = αks(r). This
reduces the short-range correction for high densities and hence mimics a gradient
correction, as

εRPA,SR
c,HEG (rs, µ1) < εRPA,SR

c,HEG (rs, µ2) if µ1 > µ2. (4.27)

We return now to the SCK and assume that εRPA,SR
c,HEG vanishes exactly for Qcut > µl. We

will show in section 4.3 that this is an excellent approximation for µl = 2kF. Then, an
effective gradient correction is obtained by simply neglecting the short-range LDA
correction, as the assumption above implies

εRPA,SR
c,HEG,SCK(rs, max[µl, Qcut]) = 0 ∀rs. (4.28)

4.3 Computational details

In the following we present results from various numerical studies of the HEG. We
argue that for the purpose of basis set correction, one can identify µ ≈ Qcut for a fair
comparison between the error function and the plane wave cutoff schemes. Since its
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structure is visually more revealing, we show the long-range RPA correlation energy
per particle εRPA,LR

c,HEG rather than εRPA,SR
c,HEG throughout. The latter can be easily obtained

by subtracting εRPA,LR
c,HEG from the full-range reference.

4.3.1 Smooth momentum cutoff

The discontinuous cutoff in Eq. (4.9) causes technical problems such as shell-filling
effects. We follow Ref. [65] and replace the step at q = Qcut by a smooth cosine
window

VLR
cos(q, Qcut) =


4π/q2 for q < Qcut − ∆Q
4π fcos(q)/q2 for Qcut − ∆Q ≤ q ≤ Qcut + ∆Q
0 for q > Qcut + ∆Q,

(4.29)

where

fcos(q) =
1
2
+

1
2

cos
[

q2/2 − (Qcut − ∆Q)2/2
(Qcut + ∆Q)2/2 − (Qcut − ∆Q)2/2

π

]
, (4.30)

and ∆Q controls the “smoothness” of the window. For ∆Q → 0, Eq. (4.9) is recov-
ered. Even a narrow window with ∆Q = 0.1Qcut remedies the technical issues, and
changes the short-range functional very little. Most notable is a slight reduction of
εRPA,LR

c,HEG at densities where rs ≈ 4/Qcut [see Fig. 4.3 (solid lines)]. The choice of the
window parameter ∆Q represents a trade-off between smoothness and plane wave
basis set convergence, since the latter is now tied to a cutoff energy (Qcut + ∆Q)2/2.
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ferent window parameters ∆Q at fixed cutoff momentum Qcut = 4.0 a−1
B . Solid lines repre-

sent the cosine window, dashed lines the squeezed Coulomb kernel (SCK).
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4.3.2 Form of the squeezed Coulomb kernel

In the construction of the SCK, we impose the following constraints: (i) it should join
onto the bare Coulomb kernel at Qcut − ∆Q, (ii) it should vanish at Qcut + ∆Q, and
(iii) it should be positive definite. A convenient form that satisfies the constraints
(i)-(iii) as well as Eq. (4.25) is

fSCK(q) = q2 2∆Q(Qcut + ∆Q − q)
[(Qcut − ∆Q)2 − q(Qcut − 3∆Q)]2

. (4.31)

Similar to the smooth momentum cutoff above, ∆Q controls the width of the win-
dow [see Fig. 4.3 (dashed lines)]. As the function fSCK(q) contains more structure
than the cosine window, we use a broader window with ∆Q = 0.2Qcut. The form of
the SCK is displayed in Fig. 4.4. As variations in the window parameter ∆Q do not
change εRPA,LR

c,HEG significantly, the effective cutoff momentum is located at the center
of the window, i.e. at q = Qcut, as is the case for the cosine window as well.

0 2 4 6 8 10

q (1/a
B
)

0

5

10

15

20

q
2
V

L
R
(q

) 
(H

a
/a

B
)

Coulomb
cosine window
error function
SCK

2

FIGURE 4.4: Fourier representation of the different long-range potentials at range-separation
parameters Qcut = µ = 4.0 a−1

B . For the width of the cosine window, we use ∆Q = 0.1Qcut,
and for the squeezed Coulomb kernel (SCK) ∆Q = 0.2Qcut.

4.3.3 Analytical representation of the short-range local density functional

Fig. 4.5 depicts εRPA,LR
c,HEG for different long-range potentials. Generally, εRPA,LR

c,HEG van-
ishes for rs → 0 and approaches the full-range value as rs → ∞, compare Eqs. (4.10)
and (4.14). For each long-range potential, there is a distinct minimum at intermedi-
ate densities, which indicates a shift from the high density to the low density regime.
The relevant limit for basis set correction is that of large range-separation parame-
ters, corresponding to the low density regime. Judging from the numerical data, we
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identify this regime roughly at densities given by rs ≳ 4/Qcut and rs ≳ 4/µ, which
corresponds to Qcut ≳ 2kF and µ ≳ 2kF.

For the error function, εRPA,LR
c,HEG approaches the full-range value only slowly as

rs → ∞. Identifying Qcut ≈ µ, the cosine window describes low densities better
than the error function, but high densities worse. This means that the cosine win-
dow separates long- and short-range effects better than the error function. The SCK
is exact in the low density limit per construction, and εRPA,SR

c,HEG = εRPA
c,HEG − εRPA,LR

c,HEG van-
ishes rapidly for Qcut ≳ 2kF.

To parametrize εRPA,SR
c,HEG (rs) for both the cosine window and the error function, we

choose a form similar to that used by Paziani et al.93

εRPA,SR
c,HEG (rs) = A

ln
(

rs+a0r2
s+a1r3

s+a2r4
s

1+a3rs+a4r2
s+a5r3

s+a2r4
s

)
1 + a6rs + a7r2

s
. (4.32)

The ai are determined by a non-linear least square fit for a given range-separation pa-
rameter and the constant A enforces the high density limit of Gell-Mann and Brueck-
ner [101]

εRPA,SR
c,HEG (rs) ≈ A ln(rs) for rs → 0

A = − ln(2)− 1
π2 .

(4.33)

This is the appropriate behavior for any reasonable LDA functional, since (i) εRPA,LR
c,HEG

vanishes for rs → 0, and (ii) the RPA becomes exact in this limit. The fit parameters
ai are given in Appendix C for selected range-separation parameters.
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FIGURE 4.5: Long-range RPA correlation energies per particle εRPA,LR
c,HEG for the HEG for the

different long-range potentials. (a) range-separation parameters Qcut = µ = 4.0 a−1
B as in

Fig. 4.4, (b) Qcut = µ = 2.0 a−1
B .
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4.4 Applications

4.4.1 Applied settings

TABLE 4.1: Chosen settings for the RPA calculations. The short-hand _sv for the PAW po-
tentials indicates treatment of the outermost s and p core states as valence. The orbital plane
wave cutoffs Emax are given in eV, k-point sampling is done on Γ-centered k × k × k-grids.
Values for the zero point corrected experimental lattice constant a0 (in Å) are taken from Ref.
[102]. For Kr, we use the result from an accurate quantum chemistry calculation.103 Values
of 2kF at the experimental lattice constant are given in a−1

B .

PAW potentials Emax k a0 2kF

C (A4) C_GW_new 600 6 3.553 2.93
Si (A4) Si_GW 500 6 5.421 1.92
MgO (B1) Mg_sv_GW O_GW 600 6 4.189 3.13
Kr (A1) Kr_GW 700 8 5.598 1.88
Pd (A1) Pd_sv_GW 500 10 3.876 3.51
Al (A1) Al_sv_GW 600 10 4.018 2.88

We use the RPA implementation in the Vienna Ab Initio Simulation Package
(VASP)104 as presented in Ref. [65], which also describes the calculation of the ex-
act exchange energy. The orbitals of the underlying DFT calculations are obtained
self-consistently using the Perdew-Burke-Ernzerhof (PBE) functional.36 The equilib-
rium lattice constants are found by a Murnaghan equation of state fitted to energies
evaluated at seven lattice volumes centered at the experimental value, spanning a
window of ±15% . If the lattice constants deviate from experiment by more than
3%, additional points are considered. In the present work we consider six prototyp-
ical materials, which are summarized in Table 4.1. Notably, we use a large plane
wave cutoff energy Emax for the orbital basis set (ENCUT in VASP). This ensures suf-
ficiently converged lattice constants for all long-range potentials. The relative errors
in the lattice constants are estimated to be under 0.1%. For the response function χ0,
we use a smaller cutoff energy Eχ

max = 2/3 Emax (ENCUTGW in VASP).

4.4.2 Convergence behavior for total energies

Fig. 4.6 compares the convergence behavior of the long-range RPA energies with
respect to Eχ

max for C and Pd at the experimental lattice constant, with Emax fixed
to the values stated in Table 4.1. For both the cosine window and the SCK, ERPA,LR

is fully converged with respect to Eχ
max once the potentials vanish, i.e. beyond the

energies (Qcut + ∆Q)2/2. These cutoff energies are given in Table 4.2 for selected
range-separation parameters.

This makes it possible to automatically adapt the range-separation parameter
Qcut to a given plane wave cutoff Eχ

max or vice versa. For the error function, however,
ERPA,LR

c is in principle fully converged only at infinite cutoff energies, and this sim-
ple automatic adaption is not possible. In practice, one would have to perform ad-
ditional convergence tests for each value of µ or resort to more elaborate schemes.105

For the sake of simplicity, we omit these convergence tests throughout and use the
large cutoffs Eχ

max = 2/3 Emax for all values of µ, compare Table 4.1.
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FIGURE 4.6: Convergence of ERPA,LR
c with respect to Eχ

max for (a) C and (b) Pd at the exper-
imental lattice volume. Range-separation parameters are set to Qcut = µ = 3.0 a−1

B . Dotted
lines represent basis set extrapolations using Eq. (4.19), fitted to the last eight data points
(linear fits in this plot). For cosine window and error function, dashed lines include the
short-range LDA correction. Circles indicate the energies (Qcut + ∆Q)2/2, where the long-
range potentials vanish for the cosine window and the SCK respectively.
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Fig. 4.6 shows that replacing ERPA
c → ERPA,LR

c generally underestimates the cor-
relation energy, whereas including the short-range LDA correction (dashed curves)
overcorrelates. Fig. 4.6 furthermore demonstrates the basis set extrapolation ac-
cording to Eq. (4.19) (dotted curves, 1/NPW ∝ 1/Q3

cut), which provides full-range
reference values in the following.

For C, the full-range data closely follows the 1/NPW behavior that is expected
from the HEG model even at smaller values of Eχ

max. In contrast, the full-range
curve for Pd deviates strongly from the 1/NPW behavior except for very large
values of Eχ

max. This is due to the properties of the highly localized 4d - electrons
of Pd. Thus, for our purposes C can be considered to be an “easy” material, and
Pd a “difficult” one. Heuristically, this can also be related to the fact that for the
same range-separation parameter the relative amount of short-range correlation
ERPA,SR

c /(ERPA,LR
c + ERPA,SR

c ) is smaller for C than for Pd. Likewise, total correlation
energies are better reproduced for C than for Pd.

Due to systematic error cancellation, relative energies are in general easier to
converge than total energies. To obtain equilibrium lattice constants, we have to
compare systems of slightly different lattice volumes. We can expect good cancel-
lation, if the orbitals of these systems are similar. A more detailed analysis will be
given in the following.

TABLE 4.2: Cutoff energies (Qcut + ∆Q)2/2 for the cosine window (∆Q = 0.1Qcut) and the
SCK (∆Q = 0.2Qcut). The range-separation parameters are given in a−1

B , the associated cutoff
energies are converted to eV.

Qcut (Qcut + 0.1Qcut)2/2 (Qcut + 0.2Qcut)2/2

2 66 78
3 148 176
4 263 313

4.4.3 Lattice constants

TABLE 4.3: Equilibrium lattice constants a0 are given in Å, errors (in %) are given with
respect to the zero point corrected experimental values, see Table 5.2. LDA and PBE calcu-
lations are performed self-consistently, full-range RPA and exact exchange are evaluated on
top of self-consistent PBE orbitals.

LDA PBE RPA+EXX

a0 Error a0 Error a0 Error

C 3.535 -0.5 3.571 0.5 3.565 0.3
Si 5.410 -0.2 5.472 0.9 5.437 0.3
MgO 4.165 -0.6 4.256 1.6 4.210 0.5
Kr 5.336 -4.7 6.302 12.6 5.690 1.6
Pd 3.842 -0.9 3.940 1.7 3.895 0.5
Al 3.982 -0.9 4.035 0.4 4.036 0.4

Harl et al.65 have studied lattice constants for solids of various bonding types and
found the following general behavior: LDA overbinds in comparison to the exper-
imental values, PBE underbinds, and the RPA (with standard PAW potentials) un-
derbinds, but less than PBE. This trend also applies to noble gas solids, though the
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(semi-)local functionals fail quite dramatically at describing van der Waals bonds
with PBE yielding lattice constants that are significantly too large.59 Table 4.3 con-
firms these results for the materials considered here. Slight differences to the full-
range RPA lattice constants reported in the recent study of Klimeš et al.82 (compare
values listed as “RPA std-PAW”) are due to higher cutoff energies used in the present
work.

Fig. 4.7 shows that replacing ERPA
c → ERPA,LR

c typically leads to larger lattice con-
stants (dashed lines). The lattice constants tend to be overcorrected when ERPA,SR

c is
included (solid lines). In this section, the quality of the short-range LDA correction is
only judged by whether or not it yields lattice constants that are closer to the full-range RPA
base line than their respective long-range only counterparts (dashed lines), whereas
in Sec. 4.4.4, we will compare with experimental results.

The performance of the short-range LDA correction is closely linked to the per-
formance of the standard LDA, compare Table 4.3. The short-range correction works
well for C and Si, where the difference between standard LDA and full-range RPA
lattice constants is also smallest. Between those two materials, convergence with
respect to the range-separation parameter is faster for Si, which is attributable to a
size effect, i.e. 2kF is smaller for Si than for C. For the other materials, however,
the short-range LDA correction strongly overcorrelates. The most extreme cases are
MgO, Pd and Kr in combination with the cosine window. At Qcut = 2 a−1

B , i.e.
(Qcut + ∆Q)2/2 ≈ 66 eV, most of the relevant contributions to the correlation energy
are simply disregarded in the RPA. In these cases, the LDA correction results in a
quite severe underestimation of the lattice constant. The upshot is that an adequate
cutoff must be at least around Qcut = 3 a−1

B .
Turning briefly to range-separation using the error function, we note that it is

generally better behaved than the hard cosine cutoff, but shares similar issues as
the cosine window. The uncorrected lattice constants are too large, whereas the cor-
rected lattice constants are a little bit too small. But “stark” outliners as for the co-
sine window are missing. We relate this to the fact that the error function cuts off
the Coulomb kernel very slowly so that for momentum transfers q ≈ µ a sizeable
fraction of the Coulomb kernel is still present. This also means that one must use
fairly large plane wave cutoffs for the response function to recover truly converged
results for the correlation energy. Hence, computational gains are small when the
error function is used for range-separation.

To judge the plane wave basis set extrapolation via the SCK, we compare to the
non-extrapolated plane wave cutoff scheme, i.e. cosine windows using the same
effective cutoff momentum Qcut. Fig. 4.8 shows that the SCK shares the good de-
scription for C and Si with the short-range LDA correction, as well as the poor
description for Kr and Pd. This can be attributed to the success or failure of the
HEG model, which is underlying both methods: if the correlation part that is not
handled explicitly corresponds to plane wave-like contributions, both methods are
reliable, otherwise the errors are sizable. Hence, as for the cosine window, results
for Qcut = 2 a−1

B are fairly unreliable.
As discussed earlier, we expect that the SCK mimics some aspects of a short-

range effective gradient correction, if the long-range effects are sufficiently well de-
scribed. In fact, the SCK underbinds C and Si, but overbinds the other materials.
Noticeably, the MgO lattice constant is almost converged at Qcut = 3 a−1

B , and long-
range correlation effects play an important role for MgO. However, the good de-
scription of MgO is maybe somewhat coincidental, as it again relies on fortuitous
error cancellation, whereas the good description of C and Si also extends to total
correlation energies (not shown here).
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FIGURE 4.7: Equilibrium lattice constants obtained via range-separated RPA correlation en-
ergies for (a) cosine window, (b) error function. Dashed lines represent results without, and
solid lines represent results with short-range LDA correction. The full-range reference val-
ues are obtained with the extrapolation scheme (4.19).
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FIGURE 4.8: Equilibrium lattice constants obtained via the SCK extrapolation method. Solid
lines represent extrapolated results, dashed lines non-extrapolated results [same as in figure
4.7(a)]. The full-range reference values are obtained with the extrapolation scheme (4.19).
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FIGURE 4.9: Equilibrium lattice constants obtained via range-separated exchange and range-
separated RPA correlation energies. Dashed line represent results without, and solid lines
represent results with short-range LDA correction. The full-range reference values are ob-
tained with the extrapolation scheme (4.19).
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4.4.4 Semi-empirical RPA-LDA hybrid functional

With decreasing range-separation parameter, the results for the error function
change more slowly than those for the cosine window. This is because the error
function mixes long- and short-range effects and does not abruptly cut off the
Coulomb kernel. As discussed in Sec. 4.2, we expect similar results for both
methods for Qcut = 2µ in the DFT limit [compare the discussion following Eq.
(4.16)]. In contrast, we identified that both methods work similar for Qcut = µ near
the full-range limit, hence the slower change for the error function. The slow change
of the results with respect to µ for the error function is in fact advantageous for the
construction of semi-empirical RPA-LDA hybrid functionals, where the optimal µ
for one system should be transferable to other systems.

For every material considered here, there is an optimal range-separation param-
eter µ or Qcut that reproduces the experimental lattice constant. This is to be ex-
pected, since (i) the range-separated functional switches between the full-range RPA
and LDA. (ii) the overbinding of standard LDA is generally due to the correlation
part, whereas the exchange part underbinds. (iii) LDA functionals based on the RPA
instead of exact (QMC) data overbind even more than standard LDA, which can be
deduced from the fact that the RPA+ correction typically increases the RPA lattice
constants by 0.2-0.3%.65

Thus, by choosing the range-separation parameter empirically, we can improve
the lattice constants upon full-range RPA. From our limited data set, we observe
that the error function with µ ≃ 2kF gives the best lattice constants with respect to
experiment [compare Fig. 4.7(b)]. Kr seems off, though the experimental value used
here is possibly about 0.5% too small.103 For the cosine window, however, such a
simple approximation does not work, since the results vary too rapidly as the cutoff
changes.

In summary, we find that the error function is better suited for the construction of
semi-empirical RPA-LDA hybrid functionals. Even though the mixing of long- and
short-range effects is not ideal in terms of removing the cusp-related UV divergence,
it leads to improved transferability with respect to the optimal range-separation pa-
rameter.

4.4.5 Range-separated exchange

To study the influence of short-range exchange, we now replace the short-range part
of the exchange energy by LDA similar to the treatment of correlation as described
in section 4.2,

Ex = ELR
x + ESR

x

≈ ELR
x +

�
dr εSR

x,HEG[n(r)]n(r).
(4.34)

The treatment of ELR
x in VASP is technically elaborate, as one-center PAW terms are

explicitly evaluated for exchange. Range-separated exchange has been implemented
for the error function only and is rather involved for other Coulomb kernels. For
details of the implementation in VASP we refer to Refs. [106] and [107]. This problem
does not occur for the RPA contribution, where the all-electron density is restored
on the plane wave grid (see Ref. [54]).

The error cancellation between exchange and correlation has played a central
role in the success of standard LDA. This is manifest in the cancellation of the HEG
terms linear in rs, as discussed earlier. The importance of joint treatment of exchange
and correlation was also emphasized by Langreth and Perdew [56] for their wave
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vector decomposition method. Joint treatment of range-separated exchange has also
been employed by most of the authors investigating range-separated RPA based on
the error function,72–76 though none of these studies have commented on the role of
short-range exchange on its own.

Fig. 4.9 shows that entirely neglecting short-range exchange deteriorates the re-
sults even for large µ. However, the short-range corrected lattice constants differ
only slightly from the full-range exchange counterparts, compare Fig. 4.7. Thus, we
can conclude that the LDA describes short-range exchange very well, in fact much
better than short-range correlation.

In the following, we will comment on the observation that the short-range cor-
rection works better for exchange than for correlation near the full-range limit. This
finding is not entirely surprising, since exchange is essentially a long-range effect.
The exchange hole is quadratic in r12 for small electronic distances r12 (“no cusp for
exchange”).89 This is drastically manifest in the wave vector analysis of the HEG,
where only momentum transfers q ≤ 2kF contribute [compare Eq. (4.16)]. For the er-
ror function, the separation between long- and short-range effects is not as extreme.
As shown in Appendix A, there is always at least a small short-range contribution
[compare Eq. (A.3)]. For large µ the short-range LDA exchange correction still be-
comes exact, as was shown originally by Gill et al.,108

ESR
x (µ) = − π

4µ2

�
dr n(r)2 +O

(
1
µ4

)
(4.35)

This is analogous to our theorem (4.17) on short-range RPA correlation, see also Ap-
pendix A. But even beyond that, it seems plausible that the short-range LDA correc-
tion for exchange should work well near the full-range limit. There is no cusp for
exchange, and so the short-range exchange contribution can be plane wave-like. In
contrast, for correlation a large amount of plane waves is always needed to properly
resolve the cusp.

It may still seem non-intuitive that the joint treatment of local exchange and local
correlation is not beneficial here. However, we have focused on large µ, i.e. on short-
range effects, whereas the cancellation is valid for small µ, compare Eqs. (4.10) and
(4.16). Most clearly perhaps, this is seen in a real space picture. The cancellation of
the HEG exchange and correlation holes pertains to the long-range parts, making
the combined exchange-correlation hole more local. As for the short-range parts, we
reiterate that there is a cusp for correlation but not for exchange.

Finally, the SCK method, which is designed to remove the electronic cusp explic-
itly, is not applicable to exchange. However, there exist similar methods for inverse
range-separation, such as the cutoff scheme of Rozzi et al.48

4.5 Conclusion and Outlook

We have shed new light on the plane wave basis set incompleteness error in the RPA
by relating it to range-separated density functional theory. In a gist, the plane wave
basis set incompleteness error of the RPA correlation energies can be described by
a complementary short-range local density functional. In the limit of large cutoff
energies, this partitioning becomes even exact. Furthermore, we have introduced
a one-shot basis set correction method based on an optimized long-range potential.
The method modifies the Coulomb kernel at intermediate wave vectors such that the
truncated and “squeezed” Coulomb kernel reproduces the RPA correlation energy
of the low-density homogeneous electron gas exactly.
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In practice, we find that the success of the two plane wave basis set correction
methods used here is tied to that of the underlying HEG model. If the states that
are removed from an explicit correlation treatment are plane wave-like, then the
correction methods are successful. If the removed states are not plane wave-like,
the correction methods tend to fail or are at least less accurate. Difficult materials
are obviously transition metals (here Pd), oxides (here MgO), but also in van der
Waals bonded solids (Kr) it is not a simple matter to develop accurate methods for
correcting basis set errors.

An interesting aspect that emerged from the present study is that since the RPA
tends to underbind (underestimates relative binding energies, overestimates lat-
tice constants) and the local density approximation overbinds (overestimates rela-
tive binding energies, underestimates lattice constants), there is always one specific
range-separation parameter that reproduces the experiment. Although the few data
we have inspected suggest that µ ≃ 2kF yields the best results, also a fixed µ ≃ 3 a−1

B
seems to work remarkably well for lattice constants. More extensive tests will be
required in order to tell whether such an approach will work equally well for other
properties.

Somewhat surprisingly, we have found that the joint treatment of local exchange
and local correlation does not improve the predicted lattice constants. As the short-
range exchange correction is essentially exact for large µ, the errors introduced in the
correlation cannot be compensated by errors in the exchange. This can be interpreted
by the fact that there is no cusp for exchange.

Finally, we note that the extrapolation via the squeezed Coulomb kernel can be
further improved by including higher order terms in the low density expansion.
Moreover, it would be desirable to generalize the method towards non-locality in
order to describe more strongly correlated systems better. Climbing this Jacob’s lad-
der for the optimized long-range potential should lead to faster convergence with
respect to the plane wave basis set size.
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The optimized effective potential (OEP) method presents an unambiguous way to
construct the Kohn-Sham potential corresponding to a given diagrammatic approx-
imation for the exchange-correlation functional. The OEP from the random-phase
approximation (RPA) has played an important role ever since the conception of the
OEP formalism. However, the solution of the OEP equation is computationally fairly
expensive and has to be done in a self-consistent way. So far, large scale solid state
applications have therefore been performed only using the quasiparticle approxi-
mation (QPA), neglecting certain dynamical screening effects. We obtain the exact
RPA-OEP for 15 semiconductors and insulators by direct solution of the linearized
Sham-Schlüter equation. We investigate the accuracy of the QPA on Kohn-Sham
band gaps and dielectric constants, and comment on the issue of self-consistency.
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5.1 Introduction

In Kohn-Sham density functional theory (KS-DFT),20,24 the complicated many-body
problem of interacting electrons in a solid is mapped to a fictitious system of non-
interacting particles in an effective local, one-body potential. The mapping is such
that the densities of the interacting and non-interacting systems agree, and so do
other ground state properties, for example total energies. The effective potential,
called KS potential, is uniquely determined from the electronic density (up to a con-
stant). It consists of the external potential, a classical Coulomb term as well as an
“everything else” exchange-correlation term, vxc = δExc/δn.

The exchange-correlation energy Exc is a generally unknown non-local density
functional, and the initial success of KS-DFT was grounded in large part in the accu-
racy of simple approximations for Exc. In the local density approximation (LDA),20

it is approximated locally by that of the homogeneous electron gas with the same
density. Later, the LDA has been improved by taking gradient corrections into ac-
count, in combination with exact constraints that Exc must fulfill (generalized gra-
dient approximation or GGA).36 Although new functionals keep being developed
in this manner, see for example Ref. [109], systematic improvements within the KS
framework are difficult beyond a certain point.

The search for the exact KS potential, which exhibits interesting properties such
as the famous derivative discontinuity,30,31 is a worthwhile endeavor in its own right
from a theoretical standpoint. Furthermore, high quality KS potentials can serve
as a testing ground for lower level approximations. As the KS potential is easily
visualizable, the differences can be intuitively interpreted and understood. Last not
least, accurate KS potentials provide good starting points for various methods of
many-body perturbation theory (MBPT).

In principle, quasi-exact KS potentials can be constructed from accurate densities
obtained via quantum chemistry methods, as was done, for example, by Umrigar
and Gonze.110 This approach is, however, limited to very small systems due to its
unfavorable scaling with respect to system size. Alternatively, it is also possible to
take an energy functional from MBPT and map it to a KS potential. Through this
procedure, which is known as the optimized effective potential (OEP) method, ever
better approximations for vxc can be found by including higher order terms in the
perturbation series.

The OEP idea dates back to the 1950s, when Slater [15] constructed a local ap-
proximation for the Hartree-Fock potential by taking an orbital average. After fur-
ther development of the exchange-only theory,111,112 the framework was later gen-
eralized by Sham and Schlüter [6] and others.113–115 Already in the 1980s, Godby et
al.7,8 pioneered the application of OEP from the random-phase approximation (RPA-
OEP). They were able to prove that the derivative discontinuity plays a large role for
the band gaps of semiconductors, which had been debated up to this point. Their
findings were later confirmed by Grüning et al.116,117 and extended to wide-gap sys-
tems. More recently, the RPA-OEP for small molecules was extensively studied by
Hellgren et al.,118–121 who have also investigated improvements beyond the RPA via
the time-dependent DFT framework.122,123 Similar studies were also performed by
Bleiziffer et al.124–126 The RPA-OEP exhibits several features that are expected from
the exact exchange-correlation potential but are missing in the (semi-)local approx-
imations. For example, it correctly decays as 1/r far away from finite systems such
as atoms.27,113 Moreover, it yields a good description of atomic shell oscillations118

as well of the dissociation limit of closed-shell molecules.119
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Due to its prohibitive computational cost, applications to the solid state have so
far been limited to few systems. The most comprehensive study of the RPA-OEP for
solids up to date was done by Klimeš and Kresse.127 However, they did use a static
approximation for the self-energy, the so-called quasiparticle approximation (QPA).
The main focus of the current work is to drop this approximation in order to obtain
KS potentials from self-consistent RPA-OEP. These results then serve as reference to
determine the accuracy of the QPA.

The paper is organized as follows. In Sec. 5.2, we briefly recapitulate the OEP
method and give the RPA-OEP expressions. The QPA is introduced, and we discuss
its effects for simple model systems. In Sec. 5.3, key details of our implementa-
tion are presented. In Sec. 5.4, we show results from RPA-OEP calculations for 15
semiconductors and insulators. The effect of the QPA on band gaps and dielectric
constants is investigated. The results are discussed in Sec. 5.5, and conclusions are
drawn in Sec. 5.6. The current work is restricted to the case of non-spin-polarized
electrons, spin is accounted for by inclusion of factors of two. Unless stated other-
wise, Hartree units are used throughout the work.

5.2 Theory

5.2.1 The optimized effective potential method

FIGURE 5.1: Diagrammatic representation99,113 of (a) the Dyson equation, (b) the Sham-
Schlüter equation, and (c) the linearized Sham-Schlüter equation. The self-energy Σxc is
replaced by a local potential vxc such that the density of the interacting system n is repro-
duced exactly (b), or up to first order in Σxc respectively (c).

We begin our discussion with a brief derivation of the Sham-Schlüter equation
(SSE),6,27 which provides the theoretical basis for the OEP method. The Dyson equa-
tion connects the interacting Green’s function G to the non-interacting (Kohn-Sham)
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Green’s function G0 and the (exchange-correlation part of the) self-energy Σxc
99

G(r2, r1, ω) = G0(r2, r1, ω) +

�
dr3

�
dr4G0(r2, r3, ω)Σxc(r3, r4, ω)G(r4, r1, ω),

(5.1)
where the representation in terms of frequencies ω assumes time translation invari-
ance. By closing the loops, i.e. by setting r2 = r1, summing over spin and integrating
over frequencies, we obtain

2
�
U

dω

2πi
G(r1, r1, ω)︸ ︷︷ ︸

n(r1)

=

2
�
U

dω

2πi
G0(r1, r1, ω)︸ ︷︷ ︸

n0(r1)

+2
�
U

dω

2πi
G0(r1, r3, ω)Σxc(r3, r4, ω)G(r4, r1, ω).

(5.2)

Here, n and n0 are the densities of the interacting system and non-interacting system,
respectively, and

�
U denotes a counterclockwise contour about the upper complex

half plane. Now we replace Σxc by a local, frequency independent potential vxc, and
require that this reproduces n exactly,

n(r1)− n0(r1) = 2
�

dr3

�
dr4

�
U

dω

2πi
G0(r1, r3, ω)Σxc(r3, r4, ω)G(r4, r1, ω)

!
= 2

�
dr3

�
dr4

�
U

dω

2πi
G0(r1, r3, ω)vxc(r3)δ(r3 − r4)G(r4, r1, ω).

(5.3)
This result, the SSE, is depicted diagrammatically in Fig. 5.1. By virtue of the
Hohenberg-Kohn theorems,24 vxc is, in fact, just the exact KS exchange-correlation
potential, if no approximations for Σxc are made. Hence, vxc is uniquely defined by
the SSE (up to a constant). Furthermore, the ambiguity with respect to a constant
shift can be lifted by the fact that the DFT chemical potential is correct.8

In practice, the OEP is often approximated by solving the linearized SSE,8

�
dr′χ0(r, r′)vxc(r′) =2

�
dr′

�
dr′′

�
U

dω

2πi
G0(r, r′, ω)Σxc(r′, r′′, ω)G0(r′′, r, ω),

(5.4)
which is obtained by replacing G → G0 in Eq. (5.3), and identifying the frequency
integral in the last line as the static response function of the non-interacting system,
symbolically χ0 = G0G0. Since Eq. (5.4) is linear in Σxc, we can decompose vxc into
separate exchange and correlation parts

Σxc = Σx + Σc

vxc[Σxc] = vx[Σx] + vc[Σc].
(5.5)

For alternative derivations and more in-depth discussion of the OEP method, we
refer to the reviews of Engel [27] and Kümmel and Kronik.128

We now turn to specific approximations for the self-energy Σxc. The exchange-
only approximation (EXX-OEP),

Σx(r, r′) = −
occ

∑
i

ϕi(r)ϕ∗
i (r

′)

|r − r′| , (5.6)
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is the prototypical static approximation. Here, the frequency integral on the RHS of
equation (5.4) can be performed analytically yielding

�
dr3χ0(r, r′)vx(r′) =

2
occ

∑
i

unocc

∑
a

�
dr′

�
dr′′ϕa(r)ϕ∗

a (r
′)Σx(r′, r′′)ϕi(r′′)ϕ∗

i (r)
1

ε i − εa
+ c.c.,

(5.7)

where the ϕi and ε i denote the orbitals of the non-interacting system and corre-
sponding eigenvalues respectively. In RPA-OEP, the GW approximation16,22,129

(more specifically, its one-shot or G0W0 version) for the self-energy is used,

Σxc(r, r′, ω) = −
�
U

dω′

2πi
G0(r, r′, ω + ω′)W0(r, r′, ω′). (5.8)

Here, W0 is the screened Coulomb interaction using the random-phase approxima-
tion for the polarizability,

W0 = V + χ0Vχ0 + χ0Vχ0Vχ0 + ... = V(1 − χ0V)−1, (5.9)

where V is the bare Coulomb potential. Fig. 5.2 shows the diagrammatic repre-
sentation of these two approximations for the self-energy. In an orbital basis, the
RPA-OEP equation reads

2
occ

∑
i

unocc

∑
a

ϕi(r)ϕ∗
a (r)vxc,ia

ε i − εa
+ c.c. =

all

∑
mn

ϕm(r)ϕ∗
n(r)ρxc,mn + c.c.

ρxc,mn = 2
all

∑
rs

�
U

dω

2πi
G0,mr(ω)Σxc,rs(ω)G0,sn(ω),

(5.10)

where the respective matrix elements for any operator A are given by Amn =
⟨m|A|n⟩. It is interesting to note that the RPA density matrix, nxc(r, r′) =

∑mn ϕm(r)ϕ∗
n(r′)ρxc,mn, is inherently connected to the theory of RPA natural orbitals.

That is, the matrix ρxc,mn is per definition diagonal in the natural orbital basis, see
Ref. [130] for further discussion. We also use the natural orbital basis in the present
RPA-OEP implementation (compare Sec. 5.3).

Let us summarize briefly what we have achieved so far. We start from a MBPT
energy functional that we want to map to an optimized effective potential (in our
case exact exchange and RPA, respectively). An approximate MBPT functional
corresponds to a subset of Feynman diagrams. Its variation with respect to the
non-interacting Green’s function yields a diagrammatic approximation for the
self-energy (in our case the exchange-only and G0W0 approximation, respectively,
compare also Fig. 5.2). The self-energy is then inserted into the linearized SSE,
yielding the OEP. This OEP truly is the Kohn-Sham potential corresponding to the
given energy functional. For a more rigorous discussion of this formalism, we refer
to Hellgren and Barth.118

Historically, the RPA has been brought into the DFT framework via the adiabatic-
connection formalism.56,57 The expression for the exchange-correlation energy ob-
tained in this way is formally equivalent to the diagrammatic expansion shown in
Fig. 5.2. Following a general procedure,6,131 it is also possible to re-derive the RPA-
OEP equation (5.10) by taking the functional derivative, vxc(r) = δExc/δn(r), and
applying the chain rule (see Ref. [132]).
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FIGURE 5.2: Diagrammatic representation of the RPA exchange-correlation energy. The self-
energy in the G0W0 approximation is obtained by taking the functional derivative with re-
spect to the non-interacting Green’s function, δExc/δG0 = Σxc.118

5.2.2 Quasiparticle approximation

Now that we have established the RPA-OEP framework, we discuss in the following
an additional approximation, which is central to the current work.

The goal of the QPA, as first proposed by Casida,114 is to find a static approxima-
tion Σxc(ω) ≈ ΣQPA

xc for the self-energy. In the QP limit, we can assume that Σxc(ω) is
a slowly varying function of ω, and evaluate it at the QP energies εm. This simplifies
the RPA-OEP equation (5.10), as one can perform the frequency integral on the RHS
as in the exchange-only case. The resulting equation in an orbital basis is114

2
occ.

∑
i

unocc.

∑
a

ϕi(r)ϕ∗
a (r)

vxc,ia

ε i − εa
+ c.c. = 2

occ.

∑
i

unocc.

∑
a

ϕi(r)ϕ∗
a (r)

ΣQPA
xc,ia

ε i − εa
+ c.c. (5.11)

This is just the EXX-OEP equation with Σx → ΣQPA
xc , compare Eq. (5.7). There is some

ambiguity about how one should choose the non-diagonal elements of ΣQPA
xc , which

account for non-local effects.114,133–135 Here, we follow Klimeš and Kresse [127] and
choose the Hermitian form134

ΣQPA
xc,mn =

1
2
[ReΣxc,mn(εm) + ReΣxc,mn(εn)] . (5.12)

It is interesting to note that Kotani et al.133–136 used the QPA not as an approxi-
mation for the RPA-OEP potential, but rather to obtain a static, non-local potential,

Vnl
xc =

all

∑
mn

|m⟩ΣQPA
xc,mn ⟨n| , (5.13)

for self-consistent GW calculations. This approach is similar to the generalized OEP
method of Jin et al.,81 a detailed comparison of these methods is, however, beyond
the scope of this paper. Here, we note only that if one neglects the off-diagonal
elements completely, one obtains a local potential as given in Eq. (3.14) of Ref. [114],
which is a generalized form of the Slater potential.15

Similar to the potential given in Eq. (5.13), a non-local, static approximation to
the GW self-energy can be obtained by Hedin’s COHSEX22 (static Coulomb hole plus
screened exchange). Like the QPA, COHSEX has been used as a non-local potential
for self-consistent GW, achieving similar results.137,138 The difference between those
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two approximations is that in the QPA, the dynamical effects are neglected at the
level of Σxc, whereas COHSEX neglects them already at the level of W.

5.2.3 The QPA in simple model systems

In order to shed some light on the physics behind the QPA, we investigate its effects
in simple model systems. First, we calculate exchange-correlation energies for the
homogeneous electron gas (HEG), and then we consider the effect of the QPA on the
band gap of a simple flat band model.

For the HEG, spatial symmetry dictates that the OEP is a constant vxc,HEG, which
depends only on the density of the HEG n or equivalently the Wigner-Seitz radius
rs = (3/4πn)1/3. Furthermore, it can be seen from the linearized SSE that vxc is
simply given by the self-energy evaluated at the Fermi edge113

vxc,HEG = Σxc,HEG(kF, k2
F/2), (5.14)

where kF = (αrs)−1 is the Fermi wave vector of the HEG, with α = (4/9π)1/3. Any
exchange-correlation potential for the HEG is related to the exchange-correlation
energy per particle εxc,HEG via the general relation

vxc,HEG = εxc,HEG − rs

3
dεxc,HEG

drs
. (5.15)

For the exchange-only self-energy, one obtains the familiar Dirac expression εx,HEG =
−3/(4παrs), whereas the correlation part of the G0W0 energy is connected to the
RPA correlation energy120

vG0W0
c,HEG = εRPA

c,HEG − rs

3
dεRPA

c,HEG

drs
. (5.16)

We have used explicit labels here to emphasize that the random-phase approxima-
tion is constructed from the non-interacting quantities G0 and W0. For the HEG, the
self-energy is diagonal in the momentum basis, hence ΣQPA

xc,HEG(k) = Σxc,HEG(k, εk).
It is evident that the QPA gives the correct OEP per definition. In comparison, the
COHSEX yields an OEP which is too negative,22 see also Appendix D.

This exact relation for the OEP hides in some sense the drastic simplification that
is made, when the self-energy as a function of frequency is crudely approximated as
a constant. In reality, is has pronounced structure even for the HEG, especially near
the plasmon frequency, see e.g. Hedin and Lundqvist.16 Any static approximation
corresponds to setting the renormalization factor Z = (1 − ∂ReΣ/∂ω)−1 equal to 1.
Clearly, all information about lifetimes and satellites is lost in this way. To demon-
strate how the QPA can fail also for total energies, we have calculated exchange-
correlation energies via the Galitskii-Migdal (GM) formalism,99 that is we calculate
the GM energy per particle139

εGM
HEG =

1
n

� ∞

0

dk
(2π)3 4πk2

�
U

dω

2πi
[2ε(k)G(k, ω) + G(k, ω)Σxc(k, ω)] , (5.17)

where ε(k) = k2/2 is the free electron parabola. The exchange-correlation energy
per particle εGM

xc,HEG is then defined as the difference between the above expression
for the interacting and non-interacting HEG, i.e.

εGM
xc,HEG = εGM

HEG − 3k2
F/10. (5.18)
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In general, Eq. (5.17) has to be evaluated self-consistently, where G, W and
Σxc are updated via Hedin’s GW equations. Only then do both expressions for
the exchange-correlation energies, Eqs. (5.18) and (5.15), coincide140 [in Eq. (5.15),
εxc,HEG is implicitly defined via the solution of the differential equation, see Hedin
[22]]. For static approximations to the GW self-energy, Σxc(ω) → Σstatic

xc , there is no
real self-consistency problem. The frequency integral in Eq. (5.17) can be performed
analytically, and one obtains the simple expression (see chap. 10 of Ref. [99])

εstatic
xc,HEG =

1
n

� kF

0

dk
(2π)3 4πk2Σstatic

xc,HEG(k). (5.19)

This result can be intuitively understood, as a static interaction can only shift, but
never smear the Fermi surface, since the QP lifetime is always infinite. For example,
in the familiar exchange-only case, one obtains16

Σx(k) =
kF

π

(
1 +

k2
F − k2

2kkF
ln

∣∣∣∣ kF + k
kF − k

∣∣∣∣) , (5.20)

which yields once again the Dirac expression when inserted into Eq. (5.19). We have
performed numerical calculations for Σxc in the COHSEX and QPA as well as in the
fully-self consistent case (sc-GW). The procedure is detailed further in Appendix D,
results are depicted in Fig. 5.3.
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FIGURE 5.3: Exchange-correlation energies per particle for the HEG via the Galitskii-Migdal
formula (5.18). Shown are different static approximations for the GW self-energy (x only,
COHSEX, QPA) as well as the fully self-consistent case. For further discussion, see also
Appendix D.

It can be seen that both static approximations, COHSEX and QPA, yield GM
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exchange-correlation energies similar to the exchange-only case, that is, too posi-
tive when compared to sc-GW. We want to stress that the latter is indeed the most
sound from a physical stand point, and any deviance must be interpreted as a fail-
ure of the static approximations. Furthermore, it was noted previously by Holm and
Barth139,140 that sc-GW is very close to the exact (QMC) data. Here, we find that the
QPA performs even worse than COHSEX, which at least correctly predicts a nega-
tive contribution from correlation for metallic densities. As we discuss in Appendix
D, the main failure of the QPA is that no QP weight is transferred from the QP peak
to lower lying excitations (satellites).

After having discussed the QPA for the HEG, we now estimate its effect on the
band gap of a semiconductor. To this purpose, we construct a simple flat band
model, which allows us to derive a first-order estimate for the band-gap correction
∆Eg, i.e. the difference

∆Eg = EQPA
g − Eg, (5.21)

where Eg is the RPA-OEP band gap. This procedure is inspired by the work of Hanke
and Sham,141 who sought to build an analytical model for the G0W0 self-energy and
the corresponding vxc from RPA-OEP.

The assumptions of our model are as follows: (i) We approximate the system by
two flat bands, one valence band and one conduction band (extreme tight-binding
approximation). The bands have energies εv and εc respectively, and the OEP band
gap is Eg = εc − εv. Furthermore, the non-interacting Green’s function is given by

G0(r, r′, ω) =
ϕv(r)ϕ∗

v(r′)
ω − εv − iη

+
ϕc(r)ϕ∗

c (r′)
ω − εc + iη

, (5.22)

where η is a positive infinitesimal.
(ii) We expand the self-energy as a function of frequency linearly around the QP

energies, neglecting for a moment any energy dependence of the off-diagonal terms,

Σxc,vv(ω) = Σxc,vv(εv) + (ω − εv)Σ′
vv(εv)

Σxc,cc(ω) = Σxc,cc(εc) + (ω − εc)Σ′
cc(εc)

Σxc,vc = Σ∗
xc,cv = ΣQPA

xc,vc,

(5.23)

where Σ′ is connected to the Z-factor by

Z =
1

1 − Σ′ , (5.24)

and is therefore negative as Z < 1. The QPA can be obtained by setting Σ′ → 0 in
Eq. (5.23) and in the following expressions.

The second assumption implies that the effect of the QPA will be small in the
sense ∆Eg/Eg ≪ 1. Within the limits of this approximation, we can solve the linear
SSE in a one-shot fashion, neglecting the self-consistency requirement. Inserting as-
sumption (i) in the OEP equation (5.10) and performing the contour integrals yields

− 2
ϕv(r)ϕ∗

c (r)vxc,vc

Eg
+ c.c. =

[
−2

ϕv(r)ϕ∗
c (r)Σ

QPA
xc,vc

Eg
+ 2ϕv(r)ϕ∗

v(r)Σ
′
vv(εv)

]
+ c.c.

(5.25)
Comparing this result with Eq. (5.11), we see that only the pole in Σxc,vv yields an
extra term on the RHS, proportional to EgΣ′

vv. By inserting the completeness relation
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|v⟩ ⟨v|+ |c⟩ ⟨c| = 1, we find

∆vxc(r) = ∆vxc,vv + EgΣ′
vv, (5.26)

where we have defined ∆vxc = vQPA
xc − vxc. As ∆vxc(r) is constant, we see that here,

the QPA amounts only to a rigid shift of both bands. Turning now to the influence of
the off-diagonal terms [compare Eq. (5.12)], and proceeding as above, we find that
valence and conduction band are further shifted by

∆vxc,vv =
EgΣ′

vv(εv)

2

∆vxc,cc =
EgΣ′

cc(εc)

2
,

(5.27)

where we have used that Σ′(εv) ≈ Σ′(εc) within the linear approximation. Using
Eq. (5.24) to replace Σ′ by the Z-factor, we obtain

∆Eg = Eg
Zc − Zv

2ZcZv
. (5.28)

Since Zc is typically smaller than Zv, the QPA opens the band gap. It is interesting
that this term vanishes, if the Hermitian form (5.12) is replaced by the prescription
of Casida,114 where the non-diagonal terms are evaluated at occupied energies only.
Finally, it is worth mentioning that the result (5.28) is not affected by a degeneracy
neither of the conduction nor the valence band. Both sides of the OEP equation
would be multiplied by a common factor, which than cancels out.

In summary, the QPA is a drastic approximation, which is generally unjustified
except for states near the Fermi level. However, for the purpose of the OEP, it can
yield satisfactory results. This is manifest in the exact result for the HEG (Eq. (5.14)),
and the band gap correction (Eq. (5.28)) for our flat band model vanishes in the
metallic limit. Further plausibility comes from the original derivation of Kotani et
al.,135 which is in spirit similar to that of the OEP equation. On the other hand, we
can expect a failure of the QPA for both insulators and systems, where the exact
treatment of the off-diagonal self-energy elements is important.

5.3 Computational details

In Sec. 5.3.1 we discuss how the self-consistency cycle is performed and describe
details of our implementation in the PAW code VASP (Vienna Ab Initio Simulation
Package).104 To motivate the need for an efficient self-consistency scheme, we re-
mark that a single RPA-OEP calculation as typically performed in this work takes
up roughly 100-3000 core hours, as compared to 10-60 core seconds for standard
GGA calculations.

5.3.1 Self-consistency cycle

As in any self-consistent scheme, a good starting point is important for fast con-
vergence. The key trick is that a DFT potential (and the OEP is just that) usually
converges faster with respect to the k-point mesh than other properties such as KS
excitation energies. Hence, a good starting point for the OEP can by obtained from
vxc on a sparser k-point mesh. Small differences on a denser k-point mesh can than be
added with few further iterations.
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FIGURE 5.4: Schematic representation of the self-consistency scheme for RPA-OEP calcula-
tions.

The basic scheme is shown in Fig. 5.4. Starting with a sparse k-point grid, (i)
we first perform a local Hartree-Fock142 calculation (LHF, an approximation to EXX-
OEP) to obtain a starting point for the RPA-OEP. Following Klimeš and Kresse,127

LHF yields an approximation to the core-valence interaction that is kept frozen dur-
ing the rest of the calculation. The LHF calculation is performed in a one-shot
way on-top of DFT reference orbitals. Here, we use the GGA functional of Perdew,
Burke and Ernzerhof36(PBE). The subsequent OEP self-consistency cycle is detailed
in steps (ii) - (iv). The KS Hamiltonian using the RPA-OEP (in the first step the
LHF) exchange-correlation potential is diagonalized, yielding G0, from which χ0
and thereafter Σxc can be calculated. These steps parallel those of a routine G0W0
calculation, as detailed in Ref. [4]. Then, ρxc is evaluated in the natural orbital basis.
The RPA-OEP potential is updated by letting χ−1

0 act on both sides of Eq. (5.10). In
Appendix E, more details on our implementation of step (iv) are given. The OEP is
inserted back in the KS equation (ii), and the loop (ii)-(iv) is repeated until some con-
vergence criterion is met. Then, we switch to the denser k-point mesh and re-enter
the self-consistency loop.

For QPA-RPA-OEP we use the implementation of Eq. (5.11) as presented in Ref.
[127]. It slightly differs from the current implementation in the way that frequency
integrations are performed in step (iii) and uses the Kohn-Sham rather than the
natural orbital basis in step (iv). To enable a fair comparison, we have carefully
converged both calculations with respect to the relevant parameters (number of fre-
quency points and number of unoccupied bands) to 10 meV accuracy in the OEP
band gaps.

Turning now to the performance of our self-consistency scheme, we find that
switching from a Γ-centered 4 × 4 × 4 k-point mesh to a Γ-centered 6 × 6 × 6 k-point
mesh, a single iteration is usually enough to converge the OEP band gaps within
10 meV. As a safety precaution, however, we always perform two iterations. The
only approximation made is that the core-valence interaction terms are interpolated
to the denser k-point mesh and that core-electrons are kept frozen at the level of the
PBE reference.

Fig. 5.5 demonstrates this for the exemplary case of SiC. Clearly, the stated ap-
proximation is excellent, as both procedures converge towards nearly the same value
(here within 2 meV, generally we found ≲ 10 meV accuracy, compare also Table



60 Chapter 5. Optimized effective potentials ...

5.1). Furthermore, it can be seen that the pre-iteration procedure speeds up the self-
consistency cycle on the more expensive 6 × 6 × 6 k-point mesh, as a single iteration
is enough to converge the band gap to 10 meV accuracy versus 6 iterations if starting
directly from LHF.
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FIGURE 5.5: Convergence of the RPA-OEP band gap for SiC, with respect to the number of
iterations in the self-consistency cycle. Squares: 15 iterations on a 6 × 6 × 6 k-point mesh,
starting from LHF. Circles: 15 iterations on a 4× 4× 4 k-point mesh, then 15 further iterations
on a 6 × 6 × 6 k-point mesh. Dashed lines indicate a tolerance region of ±10 meV.

5.4 Applications

5.4.1 Applied settings

In the present work, we consider 15 semiconductors and insulators listed in Table
5.2. Calculations are performed at the experimental lattice constant, where for mate-
rials that crystallize in the wurtzite structure under normal conditions143 (GaN, ZnO,
CdS), the zinc-blende structure was chosen to allow for comparison with previous
calculations.

RPA-OEP calculations are done using the VASP code as described previously in
Sec. 5.3. The plane wave cutoffs for the orbital basis Emax (ENCUT in VASP) are listed
in Table 5.2. For the response function, we use a smaller cutoff Eχ

max = Emax/2
(ENCUTGW in VASP). This is possible, as the convergence of the OEP tends to be bet-
ter behaved with respect to Eχ

max than single GW self-energies, which often require
even an extrapolation towards infinite basis, see e.g. Ref. [86]. Better convergence
for OEP is expected, since the OEP equation (5.10) takes essentially a self-energy
average (the basis set incompleteness error also falls off as Eχ

max
−3/2, but with a dif-

ferent prefactor127). Nevertheless, the finite energy cutoff is the dominant error in
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TABLE 5.1: RPA-OEP excitation energies for SiC from the valence band maximum at the
Γ-point to the conduction band minimum at the indicated k-point (in eV). The first column
shows results using a 4 × 4 × 4 Γ-centered k-point mesh. The second column shows results
for a 6 × 6 × 6 mesh, and the third and fourth columns correspond to our interpolation
method after 2 and 15 iterations on the dense mesh respectively, compare Fig. 5.5. The band
gap as reported in the following tables is marked bold.

4 × 4 × 4 6 × 6 × 6 interpolation method

2 iterations 15 iterations

Γ 6.501 6.505 6.512 6.515
L 5.606 5.628 5.633 5.635
X 1.485 1.531 1.530 1.533

TABLE 5.2: Chosen settings for the OEP calculations. Strukturbericht designations of the
chosen crystal structures are listed in parenthesis. Short-hands _sv for the PAW potentials
indicate treatment of the outermost s and p core states as valence. Moreover, short-hands _h
and _nc indicate a very accurate treatment of high energy states. Orbital plane wave cutoffs
Emax are given in eV. Values for the experimental lattice constant a0 (in Å) are taken from
Ref. [146], unless stated otherwise.

PAW potentials Emax a0

C (A4) C_h_GW 742 3.567
Si (A4) Si_sv_GW 548 5.431
SiC (B3) Si_sv_GW C_h_GW 742 4.358
BN (B3) B_h N_h_GW 756 3.616
AlP (B3) Al_sv_GW P_sv_GW 553 5.463
AlAs (B3) Al_sv_GW As_sv_GW_nc 674 5.661
AlSb (B3) Al_sv_GW Sb_sv_GW_nc 607 6.136
GaN (B3) Ga_sv_GW_nc N_h_GW 802 4.531143

GaP (B3) Ga_sv_GW_nc P_sv_GW 802 5.451
InP (B3) In_sv_GW_nc P_sv_GW 604 5.869
InSb (B3) In_sv_GW_nc Sb_sv_GW_nc 607 6.479
ZnO (B3) Zn_sv_GW_nc O_h_GW 802 4.5804

ZnS (B3) Zn_sv_GW_nc S_GW_nc 802 5.409
CdS (B3) Cd_sv_GW_nc S_GW_nc 658 5.818
MgO (B1) Mg_sv_GW_nc O_h_GW 822 4.211

our calculations, typically underestimating the band gaps by up to 50 meV. The two
RPA-OEP methods also differ slightly in details of the implementation, see Sec. 5.3.
All in all, we estimate that the accuracy of the RPA-OEP band gaps is better than 100
meV. Nevertheless, we list them to higher precision, as the effect of the QPA, i.e. the
differences ∆Eg, are estimated to be more accurate, within 50 meV.

EXX-OEP calculations are performed using the shift algorithm of Kümmel and
Perdew144,145 as presented in Ref. [127]. As unoccupied states are not required here,
the EXX-OEP band gaps are more accurate, with errors well below 50 meV, and the
dominant error is now related to the finite k-point mesh.
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5.4.2 OEP band gaps

In Table 5.3, we report OEP excitation energies from the valence band maximum
(VBM) at the Γ-point to the conduction band minimum (CBM) at the Γ, L, and X-
point, respectively. For comparison, we also include Kohn-Sham excitation energies
obtained using the PBE functional.We first note that our numerical results for EXX-
OEP and QPA-RPA-OEP excitation energies are generally in good agreement with
those of Klimeš and Kresse.127 Slight differences for SiC, AlP, and AlAs are due to
our use of more accurate pseudo-potentials for Si, P and As, respectively.

In the following, we discuss first general trends and thereafter quantitative re-
sults and specific materials. Generally, we observe the following order: PBE yields
the smallest gaps, and EXX-OEP the largest. When screening in form of the QPA-
RPA is taken into account, the gaps close substantially with respect to EXX-OEP.
When the QPA is lifted, taking dynamical screening properly into account, the band
gaps are further closed towards PBE. It is reassuring that similarly, the static COH-
SEX approximation tends to overestimate band gaps.129

TABLE 5.3: Kohn-Sham excitation energies obtained with the PBE functional, EXX-OEP as
well as RPA-OEP with and without the quasiparticle approximation (QPA, exact). The en-
ergy excitations between the VBM at the Γ-point and the CBM at the indicated k-point are
given in eV. All calculations are performed self-consistently. Wherever InSb is predicted to
be metallic, we report a negative band gap (see text).

PBE EXX RPA

QPA exact

C Γ 5.60 6.21 6.04 5.75
L 8.47 9.08 8.89 8.62
X 4.76 5.42 5.00 4.89

Si Γ 2.55 3.13 2.69 2.68
L 1.53 2.32 1.69 1.64
X 0.70 1.34 0.74 0.74

SiC Γ 6.21 7.49 6.75 6.51
L 5.41 6.38 5.81 5.63
X 1.34 2.37 1.60 1.53

BN Γ 8.82 9.80 9.49 9.12
L 10.13 11.19 10.69 10.37
X 4.46 5.57 4.92 4.70

AlP Γ 3.27 4.35 3.60 3.50
L 2.78 3.51 2.97 2.92
X 1.57 2.26 1.70 1.71

AlAs Γ 2.02 3.10 2.32 2.28
L 2.13 2.86 2.32 2.31
X 1.44 2.11 1.61 1.62

AlSb Γ 1.59 2.49 1.73 1.73
L 1.34 1.94 1.43 1.45
X 1.22 1.73 1.29 1.34
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Table 5.3, continued.

PBE EXX RPA

QPA exact

GaN Γ 1.61 3.10 2.10 1.84
L 4.52 5.81 4.93 4.67
X 3.34 4.65 3.68 3.51

GaP Γ 1.81 2.97 2.12 1.99
L 1.66 2.45 1.82 1.76
X 1.65 2.15 1.67 1.67

InP Γ 0.69 1.68 0.84 0.79
L 1.49 2.19 1.55 1.53
X 1.77 2.26 1.76 1.77

InSb Γ -0.19 0.71 -0.16 -0.16
L 0.54 1.11 0.53 0.54
X 1.34 1.67 1.28 1.30

ZnO Γ 0.68 2.90 1.46 1.20
L 5.46 7.43 6.18 5.91
X 5.27 7.52 5.99 5.77

ZnS Γ 2.09 3.35 2.36 2.25
L 3.30 4.34 3.53 3.46
X 3.41 4.24 3.50 3.49

CdS Γ 1.15 2.20 1.20 1.17
L 3.02 3.87 3.04 3.04
X 3.54 4.30 3.56 3.56

MgO Γ 4.74 6.55 5.58 5.23
L 7.91 9.71 8.66 8.36
X 9.12 10.88 9.74 9.50

In summary, we obtain the following order for Kohn-Sham band gaps

PBE ≤ RPA-OEP ≤ QPA-RPA-OEP ≪ EXX-OEP.

Moreover, we find that the effect of the QPA is stronger at the Γ-point than at the
L-point and weakest at the X-point. This brings the dispersion of the RPA-OEP con-
duction bands closer to PBE.

Turning now to the discussion of specific systems, there are two groups of ma-
terials, where exact RPA-OEP differs most from QPA-RPA-OEP. (i) Large effects are
seen for all insulators, where the indirect Γ → X gaps are closed by 0.1 eV (C), 0.2
eV (BN) and 0.35 eV (MgO) respectively. (ii) The band gaps are also much reduced
in those materials, where the accurate treatment of the off-diagonal elements of Σxc
is important.135,147 Here, the direct Γ → Γ gaps are closed by 0.25 eV for both ZnO
and GaN. The off-diagonal elements also play a large role for MgO,147 which further
explains why the effect is even stronger here than for the other insulators.

Generally, it can be observed that group (ii) is characterized by a large electroneg-
ativity difference of the constituents: compare the effects of the QPA for ZnO/ZnS,
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GaN/GaP, the series C-BN-MgO, and note also that the QPA has small effects for the
almost electroneutral systems AlP, AlAs and AlSb. Broadly speaking, the character
of the VBM and the CBM is rather dissimilar in ionic systems. This is reflected in
the difference between the Z-factors of the CBM and the VBM, which appears also
in our model estimate for ∆g, see Eq. (5.28). Similarly, it has been shown that for
ionic systems, range-separated hybrid functionals can struggle to reproduce opti-
cal properties as calculated by more accurate MBPT methods,*Chen2013, 148 even if the
parameters of the hybrids are optimally tuned.149 This underlines the importance of
dynamical screening effects for ionic systems.

For AlSb, the QPA slightly closes the indirect band gap by 0.05 eV, in contradic-
tion to the general trend. This effect is, however, within our estimated accuracy, and
the dispersion is closer to PBE for exact RPA-OEP as is generally the case.

Finally, we want to comment briefly on the interesting case of InSb, which is
predicted to be metallic by PBE as well as by both RPA-OEP schemes. Alongside
the metallic phase, a band inversion occurs, i.e. the three-fold degenerate p bands
(usually forming the top of the valence band) are then above the s band at the Γ-
point. Per convention, the excitation energies are still reported with respect to the
p bands, yielding a “negative band gap”. We find that this negative band gap is
virtually the same for PBE, RPA-OEP and QPA-RPA-OEP.

5.4.3 Band structures and potentials

To further substantiate the results of Sec. 5.4.2, we now discuss two representative
systems, C and MgO, in greater detail. To this effect, we compare RPA-OEP band
structures and KS potentials in real space to the respective PBE references. Starting
with C, we find from the band structure shown in Fig. 5.6(a) that the valence bands
of both RPA-OEP methods are very close to the PBE ones. The conduction bands
from exact RPA-OEP resemble those from PBE, up to a rigid up-shift of about 150
meV, whereas the conduction bands from QPA-RPA-OEP exhibit broader dispersion
and band width. Fig. 5.6(b) shows that this broader dispersion for QPA-RPA-OEP is
less pronounced in MgO, where the band structures are close for all three methods,
again up to rigid shifts of the conduction bands. Hence, it is difficult to draw general
conclusions, except that for typical semiconductors and insulators as investigated
in this work the PBE band structures are close to the exact RPA-OEP ones (up to
a rigid shift of the conduction bands), compare also Table 5.3. This reaffirms the
observations of Godby et al.,7,8 then made with respect to LDA rather than PBE.

For the purpose of plotting the OEP potentials in real space, we redo the OEP
calculations for C and MgO with an increased plane wave cutoff for the response
function, Eχ

max = 2/3Emax. This has little effect on the band gaps, but helps to reduce
numerical noise in the interstitial regions [for both C and MgO, the gaps open by
≲ 20 meV, the effect on the differences ∆Eg, see Eq. (5.21), is negligible].

Fig. 5.7(a) shows total KS potentials for C from the two RPA-OEP methods as
well as from PBE along the [111] direction (atom positions are indicated by small cir-
cles). The KS potential from QPA-RPA-OEP agrees well with that reported by Klimeš
and Kresse.127 Deeper KS potentials inside the PAW spheres in the current work are
due to our use of a harder pseudo-potential. General features of the potentials are a
well defined maximum at the center of the covalent bonds and fairly flat behavior in
the interstitial regions.
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FIGURE 5.6: Kohn-Sham band structures for (a) C and (b) MgO. Dotted (black) lines repre-
sent PBE, dashed (green) lines QPA-RPA-OEP and solid (blue) lines exact RPA-OEP, respec-
tively. Valence band maxima at the Γ-point have been aligned at zero.
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FIGURE 5.7: Comparison of the KS potentials vKS(r) for C. The atom positions are indicated
by small circles. (a) Total KS potentials along the [111] direction. Symbols indicate the finite
real space grid, on which vKS is evaluated. (b) Contour plots for the differences vOEP

KS − vPBE
KS

in the (01̄1) plane. Contour lines are drawn in steps of 1.5 eV, lighter areas indicate that
vOEP

KS < vPBE
KS . Left: QPA-RPA-OEP, right: exact RPA-OEP. Straight lines indicate covalent

bonds between carbon atoms. The potential differences have been interpolated between real
space grid points using cubic splines.150
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A contour plot of the differences vOEP
KS − vPBE

KS in the (01̄1) plane is further shown
in Fig. 5.7(b). For C, similar comparisons have been made already by previous
authors,8,127 albeit with respect to LDA rather than PBE. This difference, however,
does not affect the following qualitative analysis. As in Refs. [8, 127], we observe
that the RPA-OEP potentials are more attractive in the bonding regions, more so if
dynamical screening is neglected in form of the QPA. Together with the fact that the
potentials are fairly similar in the interstitial regions, this can explain the observed
order for the band gaps.8 That is, the gap opens as the valence states, which are
concentrated around the bonds, get lowered in energy relative to the conduction
states. Interestingly, Fig. 5.7(b) shows that the KS potential from exact RPA-OEP
has noticeable angular structure near the anti-bonding regions, when compared to
the more spherically symmetric PBE potential. This structure is absent in QPA-RPA-
OEP, compare also respective figures in Refs. [8, 127].

Turning now to MgO, Fig. 5.8(a) shows the total KS potentials along the [100]
direction. The PBE potential is relatively structureless and resembles a broad barrier
between atomic potential wells. Both RPA-OEP methods significantly deviate from
PBE in the vicinity of Mg atoms (light (orange) circles), the effect is again stronger
in QPA-RPA-OEP. Contour plots of the potential differences in the (001) plane show
distinct radial structures, see Fig. 5.8(b). Weaker, but more important, these “rings”
exist also in the vicinity of O atoms (dark (red) circles), and have larger amplitudes
in the static QPA-RPA-OEP. The KS potential from EXX-OEP shows similar radial
structure that is even stronger (not shown). One is tempted to invoke the interpre-
tation from above once again: relatively compact valence states get pulled down by
the “white rings”, whereas more delocalized conduction states are less effected by
the oscillatory potential difference. Finally, as observed for C, we find that the ex-
act RPA-OEP potential is less spherically symmetric around the atoms. However,
the angular structure is not as pronounced here, since the rock-salt crystal structure
constraints the potentials more strongly to spherical symmetry.
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FIGURE 5.8: Comparison of the KS potentials vKS(r) for MgO. The atom positions are indi-
cated by light (orange) and dark (red) circles for Mg and O, respectively. For easier compari-
son, OEP potentials have been rigidly shifted to better fit PBE in the interstitial regions (vOEP

KS
is only determined up to a constant). (a) Total KS potentials along the [100] direction. Sym-
bols indicate the finite real space grid, on which vKS is evaluated. (b) Contour plots for the
differences vOEP

KS − vPBE
KS in the (001) plane. Contour lines are drawn in steps of 3 eV, lighter

areas indicate that vOEP
KS < vPBE

KS . Left: QPA-RPA-OEP, right: exact RPA-OEP. The potential
differences have been interpolated between real space grid points using cubic splines.150
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5.4.4 Dielectric constants from RPA-OEP

TABLE 5.4: Ion-clamped, macroscopic dielectric constants in the independent particle ap-
proximation obtained from PBE as well as RPA-OEP with and without the quasiparticle
approximation (QPA, exact). The calculations use a 14 × 14 × 14 Γ-centered k-point mesh.
Experimental dielectric constants are taken from Ref. [147], unless stated otherwise. Foot-
notes indicate that experiments were performed at wurtzite crystal structure rather than
zinc-blende. Mean relative errors (MRE) and mean absolute relative errors (MARE) are re-
ported as well.

PBE RPA expt.

QPA exact

C 6.0 5.7 5.8 5.7
Si 13.5 12.9 13.1 11.9
SiC 7.2 6.8 7.0 6.5
BN 4.7 4.5 4.6 4.5
AlP 8.8 8.4 8.4 7.5
AlAs 9.9 9.3 9.3 8.2143

AlSb 12.2 11.7 11.6 10.2143

GaN 6.2 5.6 5.9 5.3a

GaP 10.9 10.4 10.6 9.1143

InP 11.3 11.0 11.1 10.9143

ZnO 5.4 4.2 4.5 3.7a

ZnS 6.3 6.0 6.1 5.1
CdS 6.4 6.4 6.4 5.3a

MgO 3.2 3.0 3.1 3.0

MRE 16% 9% 11%
MARE 16% 9% 11%
awurtzite structure

In this section, we investigate the effect of the QPA on dielectric constants. The
potentials from both RPA-OEP methods are used to calculate ion-clamped, macro-
scopic dielectric constants ϵ∞,

ϵ−1
∞ = lim

ω→0,q→0
ϵ−1(q, q, ω). (5.29)

The dielectric constants are evaluated (i) from the independent particle response
function χ0, (ii) from the RPA response function, compare Eq. (5.9), and (iii) includ-
ing vertex corrections in the form of local field effects. For the latter, one has to solve
the Dyson-like equation

χ = χ0 + χ0(V + fxc)χ. (5.30)

The exchange-correlation kernel fxc = δvxc/δn is approximated by its LDA version,
for details of the calculations we refer to Ref. [151]. The results are collected in
Tables 5.4-5.6, where the metallic InSb is excluded. For reference, we report also di-
electric constants obtained from PBE. Where data for ϵRPA

∞ is available, our dielectric
constants from PBE agree well with those of Ref. [152]. Results for ϵRPA

∞ from QPA-
RPA-OEP are somewhat larger than those of Ref. [127]. This discrepancy, which is
largest for Si (10.9 in Ref. [127] vs. our result of 11.6), can be traced back to better
k-point convergence in the present work.
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TABLE 5.5: Like Table 5.4, but with dielectric constants in the RPA.

PBE RPA expt.

QPA exact

C 5.5 5.3 5.4 5.7
Si 12.1 11.6 11.7 11.9
SiC 6.6 6.2 6.3 6.5
BN 4.4 4.1 4.2 4.5
AlP 7.6 7.2 7.3 7.5
AlAs 8.6 8.1 8.1 8.2143

AlSb 10.7 10.3 10.2 10.2143

GaN 5.7 5.2 5.5 5.3a

GaP 9.7 9.2 9.4 9.1143

InP 10.2 9.8 9.9 10.9143

ZnO 5.1 3.9 4.2 3.7a

ZnS 5.6 5.3 5.4 5.1
CdS 5.8 5.7 5.7 5.3a

MgO 3.0 2.8 2.9 3.0

MRE 5% 0% 0%
MARE 7% 5% 5%
awurtzite structure

In the following, we once again comment first on general trends before dis-
cussing specific materials and comparing to experiment. Generally, we find that
dielectric constants from PBE are the largest, followed by exact RPA-OEP and QPA-
RPA-OEP. This is not surprising, as the dielectric constants are roughly inverse pro-
portional to the band gap. Comparing results from the RPA-OEP methods, we find
that the effect of the QPA is reduced compared to the band gaps. That is, the relative
differences ∆ϵ∞/ϵ∞ are somewhat smaller than the corresponding relative differ-
ences for the band gap, ∆Eg/Eg. Similarly, it was reported in Ref. [152] that the
discrepancy between different GW-methods is reduced for the dielectric constants.
Comparing the different kernels for a given KS potential, we find that the dielectric
constants in the independent particle approximation are generally the largest, those
in RPA the smallest, and the vertex corrected ones in-between.

Comparing now to experiment, we find that the dielectric constants in the in-
dependent particle approximation are generally larger than the experimental ones.
If screening in the RPA is taken into account, the dielectric constants from PBE are
much reduced, but still larger than experiment. Agreement with experiment is now
quite good for both RPA-OEP methods (MARE 5% each, no systematic errors can be
discerned). Larger effects of the QPA are observed only for ZnO and GaN (the di-
electric constant of MgO is quite small). If the LDA kernel is included, the dielectric
constants are on average once again larger than the experimental ones, especially for
PBE.

5.5 Discussion

In Sec. 5.4 we have presented results for band gaps and dielectric constants from
both PBE and two RPA-OEP methods. In the following, we qualitatively discuss the
approximations made and speculate on what exact Kohn-Sham theory would yield.
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TABLE 5.6: Like Table 5.4, but with dielectric constants including vertex corrections via the
LDA exchange-correlation kernel, see Eq. (5.30).

PBE RPA expt.

QPA exact

C 5.8 5.5 5.7 5.7
Si 12.8 12.3 12.4 11.9
SiC 6.9 6.5 6.7 6.5
BN 4.6 4.3 4.4 4.5
AlP 8.0 7.6 7.7 7.5
AlAs 9.2 8.6 8.6 8.2143

AlSb 11.4 10.9 10.8 10.2143

GaN 5.9 5.4 5.7 5.3a

GaP 10.2 9.7 9.9 9.1143

InP 10.7 10.3 10.4 10.9143

ZnO 5.3 4.1 4.4 3.7a

ZnS 5.8 5.5 5.6 5.1
CdS 6.0 6.0 6.0 5.3a

MgO 3.2 2.9 3.0 3.0

MRE 10% 3% 5%
MARE 11% 5% 6%
awurtzite structure

Generally, the band gaps give more direct insight, whereas the interpretation of the
dielectric constants is more difficult, as one has to disentangle approximations for
the KS potential and the exchange-correlation kernel.

5.5.1 Band gaps

We first note that semi-local functionals like PBE have spurious self-interaction that
delocalizes the orbitals and thus the exchange-correlation hole. Therefore, the eigen-
values are up-shifted compared to those of the exact KS potential. The effect is
stronger for the more localized occupied orbitals, and it follows that the minimal
gaps of (semi-)local functionals are generally too small. In fact, one can observe this
trend quite consistently in small molecules, where an exact KS potential can be ob-
tained as reference.29 Unsurprisingly, the gaps are underestimated less by GGA than
by LDA, as the self-interaction is even more severe for LDA.

RPA-OEP, on the other hand, differs from the true KS potential by neglecting di-
agrams corresponding to vertex corrections. The most important vertex corrections
are (i) screened exchange diagrams (corrections to Σxc) and (ii) ladder diagrams (cor-
rections to W). The screened exchange diagrams cancel the self-interaction error in-
herent to the RPA, thus including them opens the band gap. The ladder diagrams
provide additional screening, which closes the band gap.

Previous work has shown that the ladder diagrams, albeit of higher order in the
Coulomb interaction, are the most important corrections for ionization energies of
both solids146 and molecules.153 Moreover, Kutepov154,155 has found that the band
gaps of solids are reduced by the inclusion of vertex corrections in self-consistent
GW calculations. However, the picture is more complicated here as self-consistency
introduces additional diagrams. Generally, one has to be careful in the comparison
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of GW and OEP,120 see also Sec. 5.2.3. More direct evidence is given by the results
of Hellgren and Barth,118 who have shown that the RPA-OEP excitation energies of
atoms tend to be slightly larger than those of the exact KS potential. In any case, the
exact balance of screened exchange diagrams and ladder diagrams is expected to be
strongly system dependent, though.146,153

Nevertheless, we believe that for the solids considered in the present work a good
estimate for the true KS gap is probably in-between PBE and RPA-OEP. This is satisfying
insofar, as we can conclude that the exact RPA-OEP is thus closer to the true KS
potential than QPA-RPA-OEP. We reiterate that also from a physical stand point, the
exact RPA-OEP has to be considered the better theory, see Sec. 5.2.3. It is safer to
say that for materials where PBE and both RPA-OEP methods are close, e.g. for Si,
we can further conclude that all three methods yield decent approximations to the
true KS gap. Moreover, we conjecture that the exact KS potential will also predict
InSb to be metallic. Naturally, the fact that experiments yield a small, but finite
fundamental band gap of 0.2 eV for InSb143 does not indicate a failure of the KS
formalism. Rather, this qualitative discrepancy underlines the importance of the
derivative discontinuity, which has to be taken into account to enable comparison
with experiment.

Finally, it is intuitively clear that a band inversion will occur alongside a neg-
ative band gap, if the derivative discontinuity can be approximated as a “scissors
operator”,8 see Fig. 5.9. We have observed that the band inversion for InSb is in-
cipient even in the first step of the self-consistency cycle. That is, the RPA natural
orbitals (on-top of LHF) corresponding to the CBM show an occupancy much larger
than zero, whereas those corresponding to the VBM are depleted (not shown). This
is related to density fluctuations from the occupied Kohn-Sham orbitals into the un-
occupied Kohn-Sham states. To achieve the corresponding charge density using a
mean field method, the OEP potential needs to bring the conduction band down,
eventually below the valence band. It is plausible that the band inversion will pre-
vail even for the exact Kohn-Sham potential, given that these density fluctuations
are described well enough by the RPA.

FIGURE 5.9: Comic illustrating the band inversion caused by the derivative discontinuity
∆ = ⟨Σxc − vxc⟩. In the “scissors operator” approximation,8 ∆ simply rigidly shifts the con-
duction bands. If ∆ is larger than the fundamental gap EMB

g , the KS band gap EKS
g is negative

and a band inversion occurs alongside a metal-semiconductor phase transition.

5.5.2 Dielectric constants

Let us assume for the moment that (i) the KS potential of RPA-OEP is sufficiently
accurate and (ii) other effects not included here such as electron-phonon coupling
can be neglected. Then, the fact that the dielectric constants in the RPA are closer
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to experiment than the ones including local field effects can be entirely attributed
to poor performance of the LDA kernel. In fact, it has been shown that the local
and static nature of the LDA kernel has some serious physical flaws, see for exam-
ple Ref. [29]. This would further suggest that a more accurate kernel from MBPT
would have to find once more a fine balance between vertex corrections in Σxc and
W to improve upon the RPA. It is in fact gratifying that the dielectric constants in
the random-phase approximation calculated using the self-consistent RPA-OEP po-
tential and orbitals agree on average so well with experiment. It indicates that the
– in itself closed – RPA-OEP scheme is, considering its simplicity, an astoundingly
accurate approximation working well beyond its expectations.

Finally, it is interesting that the QPA-RPA-OEP seems to yield somewhat better
agreement with experiment than exact RPA-OEP, if the LDA exchange-correlation
kernel is included. The effect of the QPA is strongest for ZnO and GaN, where exact
RPA-OEP yields dielectric constants that are too large. Thus, the better agreement
with experiment here can be understood as an error cancellation effect, since the
band gaps are (incorrectly) larger in the QPA. That is, error cancellation can occur
if both dynamical screening and many-body vertex corrections are neglected. A
similar phenomenon, the so-called “Z-factor cancellation”,135 has been previously
discussed in the context of GW calculations.

5.6 Conclusion

We have obtained optimized effective potentials from the random-phase approxima-
tion for a test set of 15 semiconductors and insulators. The main goal of the present
work was to study the role of dynamical screening effects in the form of the quasi-
particle approximation. We have found that if this approximation is lifted, the band
gaps are reduced towards PBE. Likely, this represents an improvement towards the
true Kohn-Sham potential, as the RPA-OEP band gaps will be further reduced by the
inclusion of ladder diagrams.

As can be understood from a simple flat band model, the effect of the quasi-
particle approximation is largest for materials with strong ionic character, where
the proper treatment of the off-diagonal self-energy matrix elements is important.
Indeed, our calculations have shown that for these materials (here ZnO, GaN and
MgO) the differences in the OEP band gaps can amount to several 100 meV. As
an interesting side result, we have found that the symmetric prescription [see Eq.
(5.12)] for the off-diagonal elements in the quasiparticle approximation is likely not
optimal.

We have also used the exchange-correlation potentials from the RPA-OEP meth-
ods to calculate macroscopic, ion-clamped dielectric constants. In agreement with
the trend for the band gaps, the dielectric constants are generally underestimated
by the QPA. The effect is, however, somewhat reduced here. For both RPA-OEP
methods, the dielectric constants in the RPA show generally good agreement with
experiment, much better than dielectric constants from PBE. Interestingly, we found
that the inclusion of vertex corrections in form of local field effects is detrimental for
most materials. We have concluded that the exchange-correlation kernel in the LDA
is not sophisticated enough, though.

Finally, from a technical point of view, we have demonstrated that the self-
consistency cycle that is necessary for OEP can be sped up by pre-converging the
exchange-correlation potential on a sparser k-point mesh.
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Kohn-Sham density functional theory (DFT) is the standard method for first-
principles calculations in computational chemistry and materials science. More
accurate theories such as the random-phase approximation (RPA) are limited
in application due to their large computational cost. Here, we construct a DFT
substitute functional for the RPA using supervised and unsupervised machine
learning (ML) techniques. Our ML-RPA model can be interpreted as a non-local
extension to the standard gradient approximation. We train an ML-RPA functional
for diamond surfaces and liquid water and show that ML-RPA can outperform the
standard gradient functionals in terms of accuracy. Our work demonstrates how
ML-RPA can extend the applicability of the RPA to larger system sizes, time scales
and chemical spaces.
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6.1 Introduction

For over half a century, generations of researchers have been looking to find ever
better approximations for the elusive exchange-correlation (xc) functional of Kohn-
Sham density functional theory (DFT).49,156 The Hohenberg-Kohn theorems guar-
antee this exchange-correlation functional to be a universal functional of the elec-
tronic density n, in other words, there exists a map n 7→ Exc[n].24 However, the
exact functional is of complex non-local form and in general unknown. Common ap-
proximations for the exchange-correlation energy are built on the principle of near-
sightedness:25 in the local density approximation (LDA),20 the exchange-correlation
energy density is approximated to be locally that of a homogeneous electron gas
with the same density.

To improve the accuracy of the approximation, one can add more non-local in-
formation by climbing up Jacob’s ladder of DFT.85 Next to the local density, one
includes its gradient |∇n| as ingredient to the exchange-correlation functional (gen-
eralized gradient approximation or GGA). Going beyond the GGA, more non-local
information is added in the form of the kinetic energy density (meta-GGA), and frac-
tions of exact exchange (hybrids). However, strictly speaking, most meta-GGA and
hybrid functional approaches deviate from “pure” Kohn-Sham DFT, as the ingre-
dients go beyond the electronic density alone.46 A different route beyond GGA are
non-local van der Waals (vdW) functionals,42,157 which account for pair-wise disper-
sion interactions between densities n(r) and n(r′). As the ingredients are only the
electronic density and its gradient at points r and r′, the non-local vdW method stays
within pure KS-DFT.

Given ingredients X for the exchange-correlation functional, one still has to find
the actual functional form, that is the map X 7→ Exc[X]. In the analytical approach
developed by Perdew and others,36,45,158 those maps are found by satisfying exact
constraints. The empirical approach pursued by Becke and others35,37,43,50 optimizes
a small number of adjustable parameters to experimental data or higher level the-
ory. Broadly speaking, the analytical functionals are more universally applicable,
whereas the empirical approach can achieve higher accuracy for systems similar to
the ones represented in their respective training sets.156 This comes at the cost of
worse performance for systems not represented by these training sets. For exam-
ple, the widely used B3LYP functional,44 whose parameters have been optimized for
small main group molecules, performs well for main group chemistry but struggles
when applied to extended systems159 and transition metal chemistry.160

Recently, machine learning (ML) techniques have been taking the empirical
approach to its extreme.161–164 Not limited by human parametrizations, machine
learning approaches can optimize the maps X 7→ Exc[X] using complicated non-
linear functional forms. The first attempt of creating an ML density functional goes
back to Tozer et al.,165 an effort which culminated in the development of the HTCH
functional (Hamprecht-Tozer-Cohen-Handy, a popular GGA functional).166 The full
potential of ML approaches has been demonstrated in pioneering work by Burke
and coworkers, who showed that orbital-free density functionals can be learned
from the full non-local density.167,168 Their approach was later applied to standard
Kohn-Sham DFT, enabling molecular dynamics simulations of single molecules
with chemical accuracy.162,169,170 Though this is very impressive, these ML-DFT
functionals are tailor-made for this specific purpose and have to be retrained for
every new molecule. A different approach was taken by Nagai et al.,161 who
complemented meta-GGA ingredients by a non-local density descriptor, achieving
remarkable accuracy for a large molecular test set with training data from only three
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molecules. For a broader discussion of different ML-DFT approaches, we refer also
to the review of Schmidt et al.171

In the current work, we propose an approach to construct machine learned den-
sity functionals from the random-phase approximation (RPA, a high-level functional
from the top of Jacob’s ladder85). We adapt the power spectrum representation of
atomic environments used for machine-learned force fields172,173 (MLFF) to con-
struct ingredients for ML-DFT. We show that these ingredients can be considered
to be a non-local extension of GGA. In MLFF, data efficiency can be improved by
training not only on energies alone but rather also on atomic forces.174 Analogously,
derivative information in DFT can be supplied via the exchange-correlation poten-
tials,

vxc(r) = δExc/δn(r). (6.1)

However, obtaining accurate exchange-correlation potentials from beyond GGA
functionals is generally difficult, and aside from the early work of Tozer et al., this
approach has only been applied to simple model systems.175–177 Here, we supply
such derivative information by using our recent implementation of the optimized
effective potential method to obtain exchange-correlation potentials from the RPA.10

We demonstrate our method by fitting ML-RPA to diamond and liquid water and
show that it enables larger scale RPA calculations. ML-RPA achieves its speed-up
via bypassing the optimized effective potential equation, substituting the compli-
cated RPA exchange-correlation functional with pure KS-DFT. Further, our efficient
plane-wave implementation brings the system size scaling of ML-RPA down to that
of standard DFT. Finally, our approach enables self-consistent calculations, force
and stress predictions, and even molecular dynamics simulations for molecules,
solids and their surfaces. The rest of this paper is organized as follows. Sec. 6.2
introduces the ML-RPA formalism. In Sec. 6.3, we briefly discuss the optimized
effective potential method and comment on the issue of electronic self-consistency.
Results are presented in Sec. 6.4 and discussed in Sec. 6.5. Conclusion are drawn in
Sec. 6.6.

6.2 ML-RPA formalism

6.2.1 Representation of the electronic density

We adapt the power spectrum representation of atomic environments172 to electronic
densities as follows. The electronic density around each real-space grid point r is
expanded into radial basis functions ϕnl (described in App. F) times real spherical
harmonics Ym

l
n(r + r′) fcut(r′) = ∑

nlm
cnlm(r)ϕnl(r′)Ym

l (r̂′). (6.2)

The cutoff function fcut puts emphasis on nearby densities (r′ ≤ Rcut), following
Kohn’s principle of nearsightedness.25,178 Here, we use a cutoff radius of Rcut =
1.5 Å.
The expansion coefficients cn00 are the equivalents of rotationally invariant two-body
descriptors used in MLFF, thus we write X(2)

n = cn00. In the limit of small cutoffs Rcut,
the X(2)

n reduce to the local density

X(2)
n (r) ∝ n(r) +O(R2

cut) for Rcut → 0, (6.3)
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as shown in App. F. It is interesting that the well-known weighted density
approximation179 can be viewed as the special case where only a single two-body
descriptor is taken, compare also the non-local density descriptor introduced by
Nagai et al.161

Further, angular information is accounted for by forming rotationally invariant
combinations of the l = 1 expansion coefficients to construct additional density de-
scriptors X(3)

n , similar to the three-body descriptors in MLFF,

X(3)
n =

σ(3)

Rcut

√
c2

n1x + c2
n1y + c2

n1z. (6.4)

Here, σ(3) is an ML hyperparameter that weighs the X(3)
n relative to the X(2)

n .180 For
small cutoffs, the X(3)

n reduce to the local gradient

X(3)
n (r) ∝ |∇n(r)|+O(R2

cut) for Rcut → 0, (6.5)

as demonstrated in App. F. In summary, an exchange-correlation functional with
X(2)

n and X(3)
n as its ingredients can be considered as a non-local extension of the gener-

alized gradient approximation. Here, we use 4 radial basis functions, thus in total we
have 4 + 4 = 8 density descriptors. A representation based on non-local convolu-
tions of the electronic density has been previously suggested by Lei and Medford,181

who also showed how the representation can be systematically completed by adding
higher body-order descriptors. Likewise, representations of atomic environments
for MLFF can be completed via moment tensor potentials182 or the atomic cluster
expansion.183 Next to density convolutions proposed by Lei and Medford,181 de-
scriptors similar to ours have been used also in several other recent works, see Refs.
[184–187]. A key distinction is that some of these works use density fitting to con-
struct descriptors for the electronic density. As pointed out by Chen et al.,188 the
explicit dependence on chemical species makes those ML-DFT functionals less uni-
versal.

6.2.2 Machine learning scheme

The exchange-correlation energy for any GGA functional can be written as

EGGA
xc =

�
dr n(r)εx,HEG[n(r)]Fxc[n(r), |∇n(r)|], (6.6)

where εx,HEG is the exchange energy density for the homogeneous electron gas of
uniform density n, and Fxc is the enhancement factor. We use the same form as an
ansatz for our ML-RPA model,

EML−RPA
xc =

�
dr n(r)εx,HEG[n(r)]FML−RPA

xc [X(r)], (6.7)

where X is a supervector containing the two- and three-body descriptors. The map
X(r) 7→ FML−RPA

xc (r) is found by kernel regression using a Gaussian kernel,

FML−RPA
xc [X(r)] = ∑

iB

wiB exp

{
− [X(r)− XiB ]2

2σ2

}
. (6.8)
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FIGURE 6.1: Data sparsification scheme for a training set consisting of three molecules, de-
picted in column (a). First, using the electronic density as input, we calculate the two-body
descriptors X(2)

n (r) and three-body descriptors X(3)
n (r) at each real-space grid point [black

dots in column (b)]. A single radial basis function is used here for visualization purposes.
Next, a metric is introduced via the Gaussian kernel and representative density environ-
ments (red crosses) are chosen via k-means clustering for each training structure separately.
The chosen points are concatenated and a second k-means layer selects the kernel control
points XiB used in Eq. (6.8) [blue squares in column (c)]. For more details, see App. H.

Here, the kernel width σ is an ML hyperparameter, and the XiB are representative
kernel control points chosen from the training data. The corresponding weights wiB

are found by solving a linear regression problem. That is, the ML-RPA exchange-
correlation energies and ML-RPA exchange-correlation potentials have to agree with
exact RPA reference data in a least square sense. The ML-RPA exchange-correlation
potentials are obtained by inserting the ansatz (6.7) into Eq. (6.1) and applying the
chain rule, see App. G.

The exchange-correlation potentials provide derivative information for the ML
fit as atomic forces do in MLFF, thus improving data efficiency. That is, instead of
a single data point per structure for ERPA

xc , we have additional data for vRPA
xc (r) on

typically O(105)−O(106) grid points r. As this large amount of data cannot be han-
dled by kernel methods, we have to employ data sparsification tools. Without loss of
accuracy, the training data can be compressed dramatically by combining k-means
clustering189 with the metric induced by the Gaussian kernels (see App. H). This is
illustrated in Fig. 6.1 using a single radial basis function, such that the descriptors
can be easily visualized in 2D. Once training is complete, the computational cost of
evaluating ML-RPA depends linearly on the number of kernel control points used.
Further, efficient evaluation of the ML-RPA functional is achieved by extensive use
of fast Fourier transforms. We find that ML-RPA is slower than standard GGA func-
tionals by some prefactor for typical applications, but ML-RPA scales as O(N log N)
with system size N like GGA does.190 In comparison, non-local vdW functionals can
have the same system size scaling and similar computational cost as ML-RPA,191

whereas exact RPA is several orders of magnitude slower and has at least O(N3)
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scaling.1,3

6.3 Methods

6.3.1 Random-phase approximation

As the RPA includes information from unoccupied orbitals as ingredients, it sits
on the fifth (highest) rung of Jacob’s ladder. In the last two decades, the RPA has
been successfully employed for a multitude of problems, see Refs. [52] and [55] for
reviews. In particular, the RPA is considered a “gold standard” for first-principles
surface studies68,69,192 due to its seamless inclusion of vdW interactions next to the
good description of covalent and metallic bonds. Combining exact exchange and a
good description of dispersion interactions makes the RPA also suitable for water
and ice.62,64 The usual expression for the RPA exchange-correlation energy reads57

ERPA
xc = Tr[ln(1 − χ0V)], (6.9)

where χ0 is the Kohn-Sham response function, V is the Coulomb kernel, and we have
used a symbolic notation for sake of brevity. As in standard Kohn-Sham DFT, one
can obtain the exchange-correlation potential corresponding to the RPA exchange-
correlation energy by taking the functional derivative with respect to the electronic
density,

vRPA
xc (r) = δERPA

xc /δn(r). (6.10)

Plugging in Eq. (6.9) and using the chain rule, one can derive the so-called optimized
effective potential (OEP) equation,6,113,131,132 symbolically

χ0vxc = G0ΣG0W0
xc G0, (6.11)

where G0 is the non-interacting (Kohn-Sham) Greens-function and ΣG0W0
xc is the self-

energy in the G0W0 approximation. For more details on the implementations of the
RPA exchange-correlation energies and the RPA-OEP method, we refer to Refs. [1]
and [10], respectively.

6.3.2 Electronic self-consistency

Even tough the RPA-OEP method allows in principle to perform RPA calculations
self-consistently,10 this procedure is seldom carried out due to the large computa-
tional overhead. A more common approach is to evaluate the RPA using orbitals
from a semi-local DFT base functional (“RPA on-top of DFT”, RPA@DFT).65 Here,
we calculate all RPA reference data using PBE as base functional (Perdew-Burke-
Ernzerhof, a popular GGA functional36). That is, RPA@PBE is the ground truth for
ML-RPA, and we denote this ground truth in the following as “exact RPA”. Unless
stated otherwise, all RPA calculations and ML-RPA calculations are thus performed
non-self-consistently on-top of PBE orbitals. A ML substitute functional that repro-
duces only RPA@PBE would already be very useful, we reiterate that RPA@PBE is
standard practice.

For the calculation of atomic forces, however, it is convenient to perform self-
consistent calculations to avoid tedious non-Hellmann-Feynman terms. Wherever
exact RPA reference forces are required, for instance for phonon calculations, we
calculate such non-Hellmann-Feynman terms explicitly.5 In contrast, ML-RPA can
be simply run self-consistently like any semi-local density functional since the
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FIGURE 6.2: Energy-volume curves of bulk diamond obtained using exact RPA and ML-
RPA. Full lines indicate calculations on-top of PBE orbitals, and dashed lines indicate self-
consistent calculations. Self-consistent RPA reference energies are obtained using the RPA-
OEP method. The dotted vertical line indicates the experimental equilibrium volume.193

exchange-correlation potential is readily available. As a validation, we used the
computationally demanding RPA-OEP method to calculate the equilibrium volume
of bulk diamond self-consistently. Fig. 6.2 shows that ML-RPA reproduces the
RPA@PBE ground truth well (solid lines). Further, ML-RPA correctly predicts a
small downward shift due to electronic self-consistency (dashed lines).

We would like to emphasize that this result is not obvious, as the training set
covers only PBE densities. To this point, Snyder et al.167 have reported early on
that electronic self-consistency can grossly deteriorate the performance of ML-DFT
functionals, as self-consistency leads the functional away from its training manifold.
Likewise, we observed that earlier versions of ML-RPA became inaccurate when ap-
plied self-consistently. However, we find that the current ML-RPA is very stable
and reliably converges to a tight energy threshold of 10−8 eV. Key hyperparameters
in this regard are the cutoff radius (Rcut = 1.5 Å) and the Tikhonov regularization
parameter (tSVD = 1.0 × 10−9, see App. G). Even atomic densities can be used as
starting points, tough preconverging with PBE typically speeds up the ML-RPA self-
consistency cycle. Lastly, the ML-RPA stress tensor has also been implemented via
finite differences, which is useful for example for volume relaxations and the train-
ing of machine learned force fields (see App. J).

6.3.3 Computational details

We use the PAW code VASP (Vienna Ab Initio Simulation Package),104 adopting the
C_GW, H_GW and O_GW pseudo-potentials. All DFT and RPA calculations are
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performed spin-non-polarized. An energy cutoff of 600 eV is used for the plane-
wave orbital basis set (ENCUT in VASP). For RPA calculations, a reduced cutoff of
400 eV is used to expand the response function χ0 (ENCUTGW in VASP), using a co-
sine window to smoothen the cutoff of the Coulomb kernel.9,65 Basis set incomplete-
ness errors are discussed in App. I. The one-center PAW contributions to the RPA
exchange-correlation energy are treated on the level of Hartree-Fock, consistently
for RPA and ML-RPA calculations. The good agreement of total energies in Fig. 6.2,
rather than relative energies only, demonstrates the consistency of the ML-RPA im-
plementation. Similar agreement is observed for all materials, with fit errors around
1 meV/electron.

6.4 Results

6.4.1 Bulk diamond

We apply our ML scheme to create an RPA substitute functional for diamond and
liquid water. Following a common MLFF practice,178 bulk diamond training data are
iteratively added from molecular dynamics (MD) simulations, using prior versions
of the ML-RPA functional to create the MD trajectories. We pick 20 MD snapshots
from the 8 atom supercell and 20 snapshots from the 16 atom supercell. The full
ML-RPA training set is further detailed in App. I. The equilibrium lattice constant
obtained by ML-RPA (3.582 Å) agrees well with the exact RPA value (3.581 Å).
Next, we calculate phonon dispersions using the finite displacement method.194,195

Converged results are obtained in the large supercell limit, which is hard to achieve
with exact RPA due to its unfavorable scaling behavior. Fig. 6.3 compares the ML-
RPA phonon dispersions for different supercell sizes to exact RPA results. For con-
trast, phonon dispersions obtained using PBE are shown as well. For the 16 atom
supercell [panel (a)], where training data are available, the ML-RPA phonon disper-
sion is generally in good agreement with exact RPA, though high-frequency modes
are slightly underestimated. Exact RPA calculations for the larger 128 atom super-
cells validates the extrapolation ability of ML-RPA, as no training data are included
for this supercell size. A prominent finite size effect is the closing of the gap near the
K-point with respect to the smaller 16 atom cell. Further, the overbending of the LO
modes reduces with increasing supercell size, which is most notable along ∆ (Γ-X).
These characteristic features are well reproduced with ML-RPA. The phonon dis-
persions obtained using exact RPA are overall in good agreement with experimen-
tal data,193,196 whereas ML-RPA and PBE slightly underestimate the high-frequency
modes.
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FIGURE 6.3: Phonon dispersion of diamond, calculated at the respective equilibrium lattice
constants, using supercells containing (a) 16 atoms, (b) 128 atoms. Phonons obtained using
exact RPA are represented as solid black lines, blue dashed lines represent ML-RPA. PBE
calculations are also shown for comparison (red dotted lines). ML-RPA has training data
only for the smaller supercell size [16 atoms, panel (a)]. Black and green symbols indicate
experimental data from Refs. [193] and [196], respectively.
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6.4.2 Diamond surfaces

FIGURE 6.4: Side view of crystallographic diamond surfaces.150 The 2 × 1 simulation cells
are indicated by black vertical lines, and bulk regions are indicated by faded atoms. From
top to bottom: (a) clean surfaces, (b) reconstructed surfaces, (c) hydrogenated surfaces (1
ML), (d) oxygenated surfaces (1 ML). Bold edges indicate the most stable orientation for a
given surface termination as predicted by exact RPA. Whereas the (111)-1db surface derecon-
structs upon the chemisorption of hydrogen and oxygen,197 the (100) surface dereconstructs
only upon the chemisorption of oxygen.198 The (111)-3db surface retains the 2 × 1 geometry
throughout,199 and the (110) surface shows no 2 × 1 reconstruction at all.200

The advent of chemical vapor deposition (CVD) has encouraged detailed first-
principles simulations of diamond surfaces. Specifically, the characterization of
ideal crystallographic surfaces has proven useful for the theoretical understanding
of CVD grown diamond.201 When a diamond surface is cut, the outer surface layers
can rearrange to partially eliminate the exposed dangling bonds, see Fig. 6.4. These
reconstructions significantly change the properties of the surfaces. Further, impor-
tant material properties such as electron affinity can be modified via chemisorption
processes in a controlled fashion, the most important surface adsorbates being H
and O.
The (100) surface is the most relevant crystallographic surface and has been
thoroughly studied.198,202 While the (111) surface has also received a lot of
attention,197,203 most studies neglect that there are two possible ways to cut this
surface.199,204 Namely, via the so-called glide and shuffle planes, one can expose
(111) diamond surfaces with one dangling bond (1db) or three dangling bonds (3db)
per surface atom, respectively. Even though the clean 1db surface is clearly more
stable, 3db surfaces naturally occur in growth and etching processes. Finally, the
(110) surface, which is difficult to prepare experimentally, has only recently been
fully characterized.205

In the following, we calculate diamond surface energies of formation via

Esurf = (E − NdiaEdia − NHEH2 /2 − NOEO)/Nsurf, (6.12)

where E is the total energy of the surface, Edia is the energy per atom of bulk dia-
mond, EH2 is the energy of the H2 molecule, and EO is calculated using the water
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monomer as reference
EO = EH2O − EH2 . (6.13)

Vibrational contributions to the formation energies due to zero-point motion are ne-
glected. Diamond surface calculations are performed in 2 × 1 supercells using sym-
metric slabs. We use 18 surface layers for the (111)-1db surface and 16 layers for
the rest. This assures convergence of the surface formation energies to better than 10
meV accuracy.200,203 The surface geometries were obtained using the PBE functional,
further details are given in App. I.
RPA formation energies of diamond surfaces are collected in Table 6.1. (100) and
(111)-1db surfaces were included in training, whereas (110) and (111)-3db surfaces
are left as independent tests for ML-RPA. For all surface terminations studied, ML-
RPA correctly predicts the most stable surface orientation (underlined values). For
example, of the clean surfaces (as cut), both RPA and ML-RPA predict the order (110)
< (111)-1db < (100) < (111)-3db, which can be qualitatively understood via coordi-
nation of the surface atoms.203 Note that the (111)-3db surface becomes increasingly
competitive with the (111)-1db surface as more dangling bonds are eliminated via
reconstruction (-1 db) and chemisorption (-2 db for H, -3 db for O).

Including calculations of metastable surfaces (see App. I), we have assembled a
database of 28 RPA surface formation energies in total. It is interesting to use these
data as benchmark for other exchange-correlation functionals. Table 6.2 shows that
all functionals including ML-RPA tend to predict smaller formation energies than
exact RPA (negative mean relative errors). In terms of accuracy, ML-RPA performs
very well, with a mean absolute error of 70 meV per surface atom. Surface ener-
gies predicted by the meta-GGA functional SCAN as well as the vdW functionals
PBE+TS and SCAN+rVV10 are also in very good agreement with exact RPA, with
mean absolute errors slightly larger than ML-RPA. Finally, we comment again on the
stability of electronic self-consistancy. Going from ML-RPA@PBE to self-consistent
ML-RPA, individual surface energies change by 60 meV per surface atom or less, and
the mean absolute error of self-consistent ML-RPA (compared to exact RPA@PBE) is
only 80 meV per surface atom. Thus, the accuracy of ML-RPA is not significantly
diminished by electronic self-consistency.

TABLE 6.1: RPA energies of formation for diamond surfaces, calculated via Eq. (6.12) (in
eV per surface atom). The most stable surface orientation for a given surface termination
is underlined, and surfaces included in the ML-RPA training set are marked by asterisks.
Surface calculations are performed in 2 × 1 supercells, with geometries illustrated in Fig.
6.4.

(100)∗ (110) (111)-1db∗ (111)-3db

exact ML exact ML exact ML exact ML

clean 3.66 3.57 2.09 1.95 2.69 2.52 4.37 4.37
reconstructed 2.08 2.03 1.70 1.59 1.41 1.34 2.70 2.56
+H (1 ML) 0.20 0.11 -0.11 -0.12 -0.19 -0.24 0.17 0.11
+O (1 ML) 1.99 1.91 3.23 3.21 2.99 2.94 2.90 2.79
∗included in the ML-RPA training set
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TABLE 6.2: Surface formation energies from different exchange-correlation functionals com-
pared to values from exact RPA. Mean signed error (MSE), mean absolute error (MAE) and
maximum absolute error (MAX) are given in eV per surface atom. Averages are over 28 dia-
mond surfaces of which 16 are in the ML-RPA training set, see Supplementary Section I.

MSE MAE MAX

LDA -0.06 0.14 0.34
PBEsol -0.10 0.12 0.33
PBE -0.19 0.19 0.39
RPBE -0.23 0.24 0.44

PBE+TS -0.01 0.08 0.25
RPBE+D3(BJ) -0.09 0.12 0.48
optB88-vdW -0.19 0.19 0.62
rev-vdW-DF2 -0.13 0.14 0.52
rVV10 -0.18 0.18 0.57

SCAN -0.08 0.11 0.25
SCAN+rVV10 -0.03 0.10 0.24

ML-RPA -0.07 0.07 0.18

6.4.3 Liquid water

Water with its many anomalies is both an important and challenging system
for first-principles molecular dynamics simulations.206 The role of the exchange-
correlation functional for the description of liquid water and ice has been studied
extensively.62,63,207,208 This has made water an interesting target for several recent
MLFF64,209,210 and ML-DFT163,185 approaches.
In particular, Yao and Kanai64 used MLFF to perform RPA-level calculations for liq-
uid water with the inclusion of nuclear quantum effects. They showed that the RPA
can well reproduce experimental data for numerous water properties at different
temperatures. Due to the small mass of the hydrogen atom, the oxygen-hydrogen
radial distribution function (RDF) and especially the hydrogen-hydrogen RDF are
significantly altered by nuclear quantum effects. Namely, classical MD predicts an
oxygen-hydrogen RDF that is overstructured compared to experimental data, and
even more so for the hydrogen-hydrogen RDF. In contrast, the oxygen-oxygen RDF
is far less affected, especially for higher temperatures.

To perform calculations on liquid water, we add 32 liquid water structures con-
taining 8 water molecules to the ML-RPA training set, as well as 39 structures using
larger supercells (31 or 32 water molecules). The structures are again sampled from
MD trajectories created by earlier ML-RPA versions. In addition, the ML-RPA train-
ing set contains 6 structures sampling the water monomer.

Accurate determination of the water RDFs require long MD simulations that are
computationally expensive even without nuclear quantum corrections. Thus, we
perform classical MDs using 64 water molecules and speed them up by combin-
ing ML-RPA with MLFF. That is, we train a machine learning force field “on-the-
fly”173,211 using the energies and forces predicted by ML-RPA. In order to obtain an
RPA reference for the radial distribution function, we also train an MLFF directly
on exact RPA energies and forces (RPA-MLFF). The RPA-MLFF training set contains
all water structures from the ML-RPA training set plus 30 additional structures con-
taining 32 molecules. To validate our machine learning force fields, we also trained
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on-the-fly MLFFs for the vdW functionals RPBE+D3(BJ)39,40 and PBE+TS.38 Further
details of the MLFF setups are given in App. J.

Fig 6.5 shows the oxygen-oxygen RDF, gOO, and oxygen-hydrogen RDF, gOH,
at ambient conditions. First, we note that the RDFs obtained from PBE+TS and
RPBE+D3(BJ) are in good agreement with respective literature results214,215 (for
PBE+TS, we compared the RDF at T = 330 K, not shown). The PBE+TS RDF is
clearly overstructured compared to experimental data. The water structure is
“too tetragonal”, even more so when the TS vdW correction is not included, see
Ref. [214]. The RPBE+D3(BJ) RDF is in better agreement with experiment, but is
still somewhat overstructured. This is a specific effect of the Becke-Johnson (BJ)
damping, that is. the RPBE+D3(0) RDF (using zero damping) is closer to experiment
(see Ref. [215]). Next, the RDFs predicted by RPA-MLFF are less structured than the
RPA references of Yao and Kanai, compare the first peaks and minima of both gOO
and gOH. This discrepancy is possibly due to technical convergence of either RPA
calculation, in particular, basis set incompleteness errors. The fact that RPA-MLFF
closely reproduces the first experimental peak height of gOO is arguably accidental,
since nuclear quantum effects are not included. For gOH, however, the result of
Yao and Kanai is still more structured than experiment even with nuclear quantum
effects included (see Fig. 1 in Ref. [64]), indicating that our RPA reference is
potentially more accurate.

That said, overall both RPA reference results agree well with experimental data.
Turning to the water structure predicted by ML-RPA, there are some clear discrep-
ancies from both RPA references. The first peak of gOO is smaller in height, and the
second peak is completely missing. The gOH predicted by ML-RPA is also some-
what less structured than the RPA references, but the overall agreement is better
than for gOO. Importantly, the discrepancies are mainly due to the actual ML-RPA
density functional, since the on-the-fly MLFF is very accurate (see App. J). Specifi-
cally, atomic forces for all MLFFs trained here exhibit an root mean square error of
roughly 30 meV Å

−1
, whereas the respective force errors for liquid water due to ML-

RPA are roughly 90 meV Å
−1

. It is also important to point out that the RPA-MLFF is
a single-purpose force field, trained specifically to simulate liquid water in the bulk
(and the water monomer). In contrast, the ML-RPA functional is not limited in this
way as will be demonstrated in the following section.
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FIGURE 6.5: Partial radial distribution functions of liquid water at ambient conditions (T =

300 K, ρ = 1 g/cm3), details of the MD simulations are given in App. J. (a) oxygen-oxygen
radial distribution function, (b) oxygen-hydrogen radial distribution function. RPA results
from Yao and Kanai are extracted from Ref. [64], experimental data are taken from Refs.
[212, 213]. See text for a discussion of nuclear quantum effects.
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6.4.4 Smaller water clusters

TABLE 6.3: Ground state properties of the H2O dimer. Dimer binding energies, Edim
b =

−E[(H2O)2] + 2E[H2O], are given in eV. Equilibrium bond lengths ddim
OO and ddim

OH are given
in Å. All calculations are performed fully self-consistently.

Edim
b ddim

OO ddim
OH

LDA 0.39 2.72 1.73
PBEsol 0.27 2.80 1.82
PBE 0.23 2.88 1.91
RPBE 0.17 3.02 2.04

PBE+TS 0.24 2.89 1.92
RPBE+D3(BJ) 0.21 2.94 1.97
optB88-vdW 0.22 2.90 1.93
rev-vdW-DF2 0.23 2.89 1.92
rVV10 0.25 2.88 1.90

SCAN 0.25 2.84 1.88
SCAN+rVV10 0.26 2.84 1.88

ML-RPA 0.18 3.07 2.10
RPA-MLFF 0.21 3.28 2.30

CCSD(T)216 0.22 2.91 1.96

An important H2O benchmark is the performance for smaller water clusters.207

Already the simple H2O dimer gives a predictive measure of the strength of a
hydrogen bond in liquid water. Table 6.3 shows that ML-RPA predicts a somewhat
underbound dimer, consistent with the understructured liquid. Going to larger clus-
ters, the water hexamers present a difficult challenge for DFT, as three-dimensional
structures (“prism”,”cage”,”bag”) compete energetically with two-dimensional
ones (“book”,”chair”,”boat”). Fig. 6.6 shows that ML-RPA erroneously predicts
two-dimensional structures to be most stable, as do all GGA functionals (see also
App. K). LDA and the SCAN meta-GGA functional perform well in this regard, but
overbind the dimer, compare Table 6.3. All vdW functionals tested give excellent
results for both the dimer as well as the hexamers. This confirms the critical role that
vdW interactions play for the structure of water.207,209 Further, RPA-MLFF clearly
fails for water clusters, but we reiterate that it has been trained only for liquid water
in the bulk. The fact that RPA-MLFF extrapolates is substantiated by large Bayesian
error predictions: compared to typical bulk water configurations, the maximum
force Bayesian error is three times as large for the hexamers and five times as large
for the dimer.

Finally, we investigated cubic ice, specifically, the Ic(a) proton-ordered ice phase
as described in Ref. [62]. The equilibrium volume predicted by RPA-MLFF is
32.3 Å

3
per H2O, in good agreement with the 32.6 Å

3
per H2O obtained using exact

RPA. The ML-RPA equilibrium volume is somewhat smaller (31.2 Å
3

per H2O).
For comparison, the equilibrium volumes predicted by PBE and PBE+TS are
30.2 Å

3
per H2O and 30.0 Å

3
per H2O, respectively. In summation, ML-RPA pro-

vides a consistent but somewhat inaccurate description of water and ice. The
fact that ML-RPA misses the second gOO maximum, underbinds the water dimer,
and provides a PBE-like description of the water hexamers and cubic ice strongly
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FIGURE 6.6: Binding energy differences of eight H2O hexamers. Geometries and CCSD(T)
reference data are taken from Ref. [217]. The vdW functionals PS+TS and RPBE+D3(BJ)
largely correct the errors of their respective GGA base functionals, see also App. K. Lines
drawn are only guides to the eye.

indicates that the current ML-RPA misses some crucial non-local interactions.
This is likely connected to the rather small cutoff radius used here for ML-RPA
(Rcut = 1.5 Å). However, increasing the cutoff is not beneficial for the current
ML-RPA, our tests indicate that this diminishes ML-RPA accuracy (not shown).

6.4.5 Homogeneous electron gas

To challenge the extrapolation abilities of our ML-RPA functional, we apply it to
the homogeneous electron gas (HEG). The HEG constitutes an “appropriate norm”,
that is an important theoretical limit that density functionals should fulfill. Due to
symmetry, the HEG is completely characterized by the electron density n, or equiva-
lently the Wigner-Seitz radius rs = (3/4πn)1/3. Starting with LDA, many successful
exchange-correlation functionals are designed such that they describe the HEG ex-
actly, but this is not the case for the present ML-RPA functional. It is important to
point out that the ground truth here is the exchange-correlation energy per electron
as given by exact RPA. As the RPA is itself an approximation, εRPA

xc,HEG differs from
the usual LDA which is based on exact numerical data from Quantum Monte Carlo
calculations.23 Figure 6.7 shows that ML-RPA for intermediate densities (rs ∼ 2 − 5)
closely follows the exact RPA reference. Since this is the range of physical densities,
ML-RPA seems to have learned the HEG indirectly from diamond and water data.
Still, this excellent agreement comes somewhat surprising considering that no HEG
data were explicitly added to the ML-RPA training set. Furthermore, for small den-
sities (rs ≳ 5), ML-RPA is slightly less accurate but still well behaved. Finally, for



90 Chapter 6. Machine learning density functionals ...

2 4 6 8 10

Wigner-Seitz radius (a
B
)

-0.5

-0.4

-0.3

-0.2

-0.1

0

e
x
c
h
a
n
g
e
-c

o
rr

e
la

ti
o
n
 e

n
e
rg

y
 p

e
r 

e
le

c
tr

o
n
 (

H
a
)

x only

ML-RPA
exact RPA

FIGURE 6.7: Application of ML-RPA to the homogeneous electron gas. Exact RPA results
were taken from Ref. [9], the exchange only approximation εx,HEG is also shown for compar-
ison. No HEG data were added to the ML-RPA training set.

large densities (rs ≲ 2), ML-RPA develops an unphysical kink. This indicates the
presence of an “extrapolation hole”, that is, the complete lack of training data can
cause erratic behavior.

6.5 Discussion

The LDA and different GGA functionals differ in the strength of their respective
enhancement factors. This results, for example, in the following trend for cohesive
energies of solids

LDA > PBEsol > PBE > RPBE. (6.14)

The same trend is also manifest for surface formation energies and molecular ad-
sorption energies.68 As different enhancement strengths fit better for different phys-
ical properties, this leads to a well-known trade-off for GGA functionals. This trade-
off is visible also in the current study: LDA and PBEsol give better diamond surface
energies (Table 6.2). PBE and RPBE perform better for the water dimer (Table 6.3),
but the trend is reversed for the hexamer puzzle (App. K). This means that no GGA
functional can give a completely satisfactory description of liquid water and ice, see
also Ref. [207] for a more in-depth discussion. We have demonstrated that the non-
local gradient approximation used in our ML-RPA model can overcome the GGA
trade-off to some extend. While ML-RPA does not exceed a GGA-level description
of liquid water, it clearly outperforms all GGA functionals for the diamond surface
benchmark.
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Traditional routes beyond GGA are metaGGA and hybrid functionals on the one
hand, and vdW functionals on the other hand. The RPA itself can be considered
as the “gold standard” of vdW functionals.41 Different vdW functionals tested here
generally outperform their respective semi-local DFT base functionals, though the
improvement is not always consistent. For example, the rVV10 vdW correction
slightly increases the surface energies of the pristine SCAN functional, achieving
good agreement with exact RPA (Table 6.2, Ref. [192]). On the other hand, SCAN
already slightly overbinds the water dimer and gives a somewhat overstructured
liquid. Thus, it is plausible that additional binding in the form of rVV10 can only
deteriorate the performance of SCAN for water (App. K, Ref. [218]). We reason
that the rather small cutoff radius adapted here for ML-RPA is not sufficient to cap-
ture the full non-locality that is required for a complete description of liquid water
(ML-RPA uses a cutoff radius of 1.5 Å, whereas RPA-MLFF uses a larger cutoff of 6.0
Å). However, simply increasing the cutoff radius is not an option with the current
implementation and training database. We repeat that our tests show that a larger
cutoff would diminish fit accuracy. Future work could instead focus on the construc-
tion of explicitly long-range descriptors as present in non-local vdW functionals or
in recent extensions of MLFF frameworks.219

Finally, a common problem of ML techniques is extrapolation, that is, one can
only expect good performance if applications are similar enough to the respective
training sets. Here, this point was demonstrated by the poor performance of RPA-
MLFF for water clusters (RPA-MLFF has been trained only for bulk water and the
water monomer). In contrast, ML-RPA gives consistent if inaccurate predictions,
though it has less water training data. We speculate that this is due to ML-RPA de-
scriptors being much more compact, which makes extrapolation more manageable.
Specifically, here we used 8 density descriptors for ML-RPA versus 408 atomic de-
scriptors for RPA-MLFF (204 for both O and H). It is worth pointing out that this
difference will be exacerbated when more chemical species have to be described
at the same time. That is, the number of descriptors in MLFF schemes generally
scales unfavorably with the number of chemical species, whereas the density de-
scriptors used for ML-RPA do not depend explicitly on atom type. On the other
side, RPA-MLFF is in the present implementation undeniable superior in terms of
raw fit accuracy. ML-RPA and RPA-MLFF thus strike different balances between
model flexibility and universality.

When pushed even further outside of its training set, however, ML-RPA
eventually extrapolates as well as demonstrated for the homogeneous electron
gas. The obvious but costly solution to the extrapolation problem is the construc-
tion of ever larger training databases. A more elegant alternative would be to
enforce ML-RPA to obey known exact constraints. Exact constraints have been
used in the past to construct successful functionals such as the SCAN functional
(“Strongly constrained and appropriately normed”).158 Recently, there have been
some promising efforts to incorporate exact constraints also into machine learned
density functionals.163,187,220,221

6.6 Conclusion and Outlook

In this work we have machine learned a substitute density functional based on the
random-phase approximation. The ingredients of ML-RPA are density descriptors
constructed analogously to the two- and three-body descriptors used for machine
learned force fields. These ingredients can be considered as non-local extensions of
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the local density and its gradient. As a first application, we have constructed an
ML-RPA functional for diamond and liquid water. We have demonstrated how such
a functional can be used to enable RPA calculations at a larger scale. For a data set
of 28 diamond surfaces, ML-RPA surpasses all tested GGA functionals in terms of
accuracy and reaches the level of state-of-the-art vdW functionals. For liquid water,
ML-RPA is less accurate and falls back to a GGA-level description, which we traced
back to an insufficient description of non-local interactions.

Our ML-RPA scheme was demonstrated to learn fairly quickly from small
amounts of exact RPA data, with the entire data base consisting of less than 200
structures. We credit this data efficiency to the inclusion of derivative information
in the form of RPA exchange-correlation potentials, which are obtained via the
optimized effective potential method. This is in close analogy to fitting atomic forces
in MLFF. Generally, the tasks of machine learning atomic force fields and machine
learning density functionals are closely related. We hope to see continued exchange
of concepts and techniques, as we believe that both fields can benefit immensely
from such a “cross-fertilization” of ideas.

Finally, our machine learning method using optimized effective potentials is
general and not limited to the random-phase approximation. For example, beyond
RPA theories can be constructed by including vertex correction to the screened
Coulomb interaction and/or self energy. One can also envision to extract high ac-
curacy exchange-correlation potentials from accurate coupled-cluster densities via
Kohn-Sham inversion. Our method can also be applied to learn hybrid functionals,
where large databases can be obtained more easily, thus facilitating large-scale
hybrid functional simulations.



93

Part III

Summary





95

Chapter 7

Conclusion

In this thesis, we have developed methods that reduce the computational cost of
RPA calculations. In a first approach, the short-range part of the RPA correlation
energy is substituted either by an LDA functional, or taken into account implicitly
via the squeezed Coulomb kernel. Both methods rely on homogeneous electron gas
models and are based on the assumption that short-range effects are essentially local
in nature. We have proven that the basis set correction methods can even become ex-
act in the limit of large cutoffs. In a more ambitious second approach, the entire RPA
exchange-correlation energy is substituted by a machine learned density functional.
Here, a purely local theory (LDA) is clearly insufficient, and we thus constructed the
ML-RPA model as a non-local extension of the GGA.

The essential approximation made by both approaches is some version of the
nearsightedness principle. That is, even tough the ML-RPA functional is more so-
phisticated and contains some non-local information, it is clear that the ML-RPA
descriptors are still incomplete. It is perhaps not surprising that either approach
becomes less accurate when the assumption of nearsightedness is not valid. The ex-
amples of Pd and Kr demonstrate this for the basis set correction methods, and the
example of water demonstrates this for ML-RPA, respectively. To improve the accu-
racy, future work should therefore focus on making the approaches less nearsighted
by including further non-local information. That said, the nearsighted approaches
work well already for materials such as C-diamond. The fact that ML-RPA reaches
excellent accuracy for diamond surface energies is a particularly satisfying result.
Future work could straightforwardly extend its application to different surface cov-
erages and functional groups.

The computational cost of both the short-range LDA and ML-RPA functionals is
orders of magnitude below that of the RPA, and the squeezed Coulomb kernel can
be introduced essentially for free. Furthermore, it is also possible to combine the two
approaches. On the one hand, the machine learned functionals could be trained only
on the long-range RPA correlation energies. That is, even tough the machine learned
density functionals are very fast in application, the creation of the training database
is still time-consuming and here one could benefit from basis set correction. On the
other hand, it is also possible to apply the machine learning scheme to substitute
only the short-range RPA correlation to obtain a more accurate basis set correction.

Finally, we created two RPA benchmarks which can be used to test the accu-
racy of DFT functionals or assess the effects of beyond-RPA corrections. (i) We have
calculated self-consistent RPA-OEP band gaps and dielectric constants for 15 semi-
conductors and insulators, and (ii) we have calculated RPA formation energies for
28 diamond surfaces. Moreover, we have assembled an ML-RPA training set for
diamond, its surfaces and water containing over 150 RPA-OEP calculations. This
database can be useful to compare the accuracy of different ML-DFT approaches.
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Appendix A

Range-separated exchange

The exchange energy per particle of an HEG interacting via a long-range interaction
VLR is given as

εLR
x,HEG(rs) = −Ω

�
dq

(2π)3 VLR(|q|)
�

dk
(2π)3 θ(kF − |k + q|)θ(kF − |k|) (A.1)

The integration over k yields (compare derivation of Fetter and Walecka,99 chap. 3)

εLR
x,HEG(rs) = −

2k3
F

π2

� 1

0
dy y2VLR(y)

(
1 − 3

2
y +

1
2

y3
)

, (A.2)

where y = q/2kF.
For the hard cutoff (4.9), we obtain Eq. (4.16), and for the error function (4.8) we

recover the result of Savin [222]

εLR
x,HEG(µ, rs) =− µ

π

[
(2x − 4x3)e−1/4x2 − 3x + 4x3 +

√
πerf

(
1

2x

)]
, (A.3)

where x = µ/2kF. For large µ, this can be expanded as

εLR
x,HEG(µ, rs) = εx +

3
16r3

s µ2 +O
(

1
µ4

)
. (A.4)

By inserting this into equation (4.34), we obtain an expression for the LDA approxi-
mation to the short-range exchange energy

ESR,LDA
x (µ) = − π

4µ2

�
dr n(r)2 +O

(
1
µ4

)
. (A.5)

Gill et al.108 have shown that, up to leading order, this is also the expression for the
exact short-range exchange, compare Eq. (4.35).
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Short-range RPA energy for the
HEG: approaching the full-range
limit

Our derivation of the high Qcut-limit of εRPA,SR
c,HEG (Qcut) follows the study of Gulans.87

The text-book equation for full-range expression reads52

εRPA
c,HEG =

1
n

�
dq

(2π)3 4πq2
� ∞

0

dω

2π
{ln [1 − χ0,HEG(q, iω)V(q)] + χ0,HEG(q, iω)V(q)} ,

(B.1)

where χ0,HEG(q, iω) is the Lindhard polarizibility for the HEG in terms of imaginary
frequencies. The long-range version is obtained by replacing V → VLR(Qcut) [see
Eq. (4.9)], and εRPA,SR

c,HEG (Qcut) is given by the difference between those. It is convenient
to express χ0,HEG in the closed form (see Ref. [223, chap. 4])

χ0,HEG(q, iω) =
k2

F
π2q

[
Ψ
(

iω
qkF

− q
2kF

)
− Ψ

(
iω
qkF

+
q

2kF

)]
, (B.2)

where Ψ(z) is defined as

Ψ(z) =
z
2
+

1 − z2

4
ln

(
z + 1
z − 1

)
. (B.3)

Note that Gulans missed a factor of 2 in his expression for χ0,HEG, that accounts for
summation over spin. This also affects his result for the GW basis set incompleteness
error [compare Eq. (28) in Ref. [86]]. We introduce the dimensionless variables
y = q/2kF and t = 2ω/q2 and use the series expansion

Ψ(z)
|z|→∞
=

1
3z

+
1

15z3 +
1

35z5 +O
(

1
z7

)
. (B.4)

Hence, for large momentum transfers q we obtain

χ0,HEG(y, t) =

− kF

2π2y2

[
2
3

1
1 + t2 +

2
15y2

1 − 3t2

(1 + t2)3 +
2

35y4
1 − 10t2 + 5t4

(1 + t2)5 +O
(

1
y6

)]
.

(B.5)
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In this limit, we may also use the Mercator expansion

ln(1 − x) = −x − x2

2
− x3

3
− ... for x → 0, (B.6)

to decompose the RPA into its ring diagram components, compare Fig. 4.2. We
proceed to evaluate the frequency integrations, starting with the direct MP2 part

� ∞

0

dω

2π

(
χ0,HEGV)2 − (χ0,HEGVLR)2

2
=

θ(q − Qcut)

8π2y6

[
1
9
+

1
90y2 +

1
350y4 +O

(
1
y6

)]
.

(B.7)

After momentum integration, we find that the second order contribution to εRPA,SR
c,HEG

is given by

ε
RPA,SR,(2)
c,HEG (Qcut) =

− 1
π

[
1

Q3
cutr3

s
+

6
25α2Q5

cutr5
s
+

216
1225α4Q7

cutr7
s
+O

(
1

Q9
cut

)]
.

(B.8)

For contributions from the third order ring diagram, we evaluate

� ∞

0

dω

2π

(
χ0,HEGV)3 − (χ0,HEGVLR)3

3
= − θ(q − Qcut)

432π3kFy10 +O
(

1
y12

)
, (B.9)

and obtain for the short-range correlation energy per particle

ε
RPA,SR,(3)
c,HEG (Qcut) =

18
7πQ7

cutr6
s
+O

(
1

Q9
cut

)
. (B.10)

Contributions of higher order diagrams are O(1/Q9
cut) as well. The last equation

shows that the low-density scaling behavior starts to break down at O(1/Q7
cut)

through the influence of higher order diagrams.



101

Appendix C

Fitting the short-range LDA
functionals

As outlined in section 4.3, we fit the short-range LDA functionals using the form

εRPA,SR
c = A

ln
(

rs+a0r2
s+a1r3

s+a2r4
s

1+a3rs+a4r2
s+a5r3

s+a2r4
s

)
1 + a6rs + a7r2

s

A = − ln(2)− 1
π2 .

(C.1)

In Tables C.1 and C.2, the fit parameters are given for selected range-separation pa-
rameters. Figs. C.1 and C.2 demonstrate the fits for the cosine window and the error
function respectively.

TABLE C.1: Fit parameters for the cosine window. The Wigner-Seitz radius rs is input in aB,
the short-range RPA energy per particle εRPA,SR

c is output in Ha.

Qcut = 2 a−1
B Qcut = 3 a−1

B Qcut = 4 a−1
B

a0 723.273 250.439 42.2121
a1 -778.762 -458.185 -115.400
a2 434.396 368.688 117.648
a3 6985.71 2192.95 371.181
a4 -2873.23 -1452.77 -347.389
a5 251.151 295.871 124.814
a6 0.958156 1.53924 1.88767
a7 0.854852 2.67992 6.72314

TABLE C.2: Fit parameters for the error function. The Wigner-Seitz radius rs is input in aB,
the short-range RPA energy per particle εRPA,SR

c is output in Ha.

µ = 2 a−1
B µ = 3 a−1

B µ = 4 a−1
B

a0 60.2614 26.6952 56.7518
a1 -50.7152 -38.9317 -113.350
a2 141.086 138.271 523.105
a3 728.749 439.932 703.130
a4 722.861 458.791 1003.12
a5 409.769 351.941 1002.40
a6 2.26403 4.04404 5.21364
a7 0.0416747 0.104055 0.157932
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FIGURE C.1: Analytic representation of the short-range LDA functionals for the cosine win-
dow. Square symbols represent numerical data for different range-separation parameters,
and dotted lines represent fits using Eq. (C.1).
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Appendix D

GW correlation energies for the
HEG

In the following, we discuss briefly our numerical calculations of GW correlation
energies for the HEG. First, we describe the static QPA and COHSEX approximations
and thereafter the fully self-consistent case.

The GW self-energy for the HEG is given by16

Σxc,HEG(k, ω) = −
�
U

dν

2πi

�
dq

(2π)3 G(k + q, ω + ν)W(q, ν). (D.1)

As discussed in Sec. 5.2.3, for static self-energies it is sufficient to consider the non-
interacting G0W0 case, where the energy dispersion is given by ε(k) = k2/2 and
the chemical potential via µ = k2

F/2 respectively. Following Hedin,22 we split the
screened interaction W in a static term and a dynamical remainder term

W(k, ν) =
V(k)

ϵRPA
HEG(k, 0)

+ V(k)

[
1

ϵRPA
HEG(k, ν)

− 1
ϵRPA

HEG(k, 0)

]
, (D.2)

where ϵRPA
HEG = (1 − χ0,HEGV)−1 is the Lindhard dielectric function and it is un-

derstood that the static interaction with the polarization cloud, Wp(ω) = W(ω =
0)− V, is given by the average of infinitesimal positive and negative times16

Wp(k, t) = Wp(k)
[
δ(t+)/2 + δ(t−)/2

]
. (D.3)

Then, performing the contour integral in Eq. (D.1) for the static parts yields the static
Coulomb hole (COH) and screened exchange (SEX) terms, (see Hedin [22])

ΣCOH
xc,HEG(k) =

1
2

� ∞

0

dq
(2π)3 4πq2V(q)

[
1

ϵRPA
HEG(q, 0)

− 1

]

ΣSEX
xc,HEG(k) =−

� ∞

0

dq
(2π)3 2πq2

� 1

−1
dξ

V(q)
ϵRPA

HEG(q, 0)
θ(k2

F − k2 − q2 − 2kqξ),

(D.4)

The angular integral can be performed analytically using

� 1

1
dξθ(a − bξ) =

( a
b
− 1

)
θ(b − a)−

( a
b
+ 1

)
θ(−b − a) + 2, (D.5)

thus both terms can be easily evaluated by numerical integration. The COH term is
dispersionless, since the interaction with the static Coulomb hole is local in space.
The SEX term reduces to the bare exchange result (5.20) for ϵRPA

HEG → 1. To evaluate
the dynamical remainder term, one can deform the contour as shown in Fig. D.1,
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yielding

Σc
xc,HEG(k, ω) =

1
2

� ∞

0

dν

2π

� ∞

0

dq
(2π)3 2πq2

[
V(q)

ϵRPA
HEG(k, iν)

− V(q)
ϵRPA

HEG(q, 0)

]

× 1
2kq

ln(ω − k2/2 − q2/2 − kq)2 + ν2

ln(ω − k2/2 − q2/2 + kq)2 + ν2

Σp
xc,HEG(k, ω) =−

� ∞

0

dq
(2π)3 2πq2

� 1

−1
dξ

[
V(q)

ϵRPA
HEG(q, ω)

− V(q)
ϵRPA

HEG(q, 0)

]
×

[
θ(2ω − k2 − q2 − kqξ)− θ(k2

F − k2 − q2 − kqξ)
]

,

(D.6)

where Σc
xc,HEG involves an integral along the imaginary frequency axis and we have

used that the integrand is an even function of iν. Furthermore, Σp
xc,HEG corresponds

to a contribution from the poles of G. The QPA is obtained by setting ω = k2/2 in
Eq. (D.6), hence

ΣQPA
xc,HEG(k) = ΣCOH

xc,HEG(k) + ΣSEX
xc,HEG(k) + Σc

xc,HEG(k, k2/2) + Σp
xc,HEG(k, k2/2).

(D.7)
Again, these integrals can be evaluated numerically with relative ease. Our results
for Σxc,HEG(kF, k2

F/2) are in excellent agreement with those reported in Table III of
Ref. [22]. Finally, the GW correlation energies for COHSEX and QPA are evaluated
via Eq. (5.19). As was already discussed by Hedin,22 the real part of Σp

xc,HEG(k, k2/2)
vanishes at the Fermi edge and is also for other values of k numerically very small.
The difference between QPA and COHSEX therefore stems mostly from Σc

xc,HEG,
which is positive.

FIGURE D.1: Integration contour for the dynamical remainder term, compare Eq. (D.6), for
ω < µ. The integral over imaginary frequencies corresponds to Σc

xc, the poles of G contribute
to Σp

xc.

We now briefly discuss what changes in the case of self-consistent calculations.
For the sake of clarity, we start with the GW0 scheme, were only G is iterated to self-
consistency. For this purpose, it is useful to consider the Galitskii-Migdal energy in
the form139

εGM
xc,HEG =

1
n

� ∞

0

dk
(2π)3 4πk2

� µ

0

dω

2π
[ω + ε(k)]A(k, ω), (D.8)

where A(k, ω) is the spectral function. In any static approximation, it is given by
δ[ω − ε(k) − Σxc(k)], hence we recover Eq. (5.19). In reality, some spectral weight
is transferred to a plasmon satellite. Furthermore, the peaks are spread out, owing
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to the finite QP lifetime, which also implies a correlation part of the kinetic energy.
However, it turns out that for the description of total energies only weight and po-
sition of the peaks, rather than their detailed structure, are of greater importance.139

Therefore, we can assume a sharp QP peak at ε(k) + Σxc(k) and a sharp plasmon
peak at ε(k) + Σxc(k)− ωp, respectively, where ωp =

√
4πn is the plasma frequency.

In this approximation, the spectral function is thus given by

A(k, ω) ≈ Zδ[ω − ε(k)− Σxc] + (1 − Z){δ[ω − ε(k)− Σxc + ωp]}. (D.9)

By inserting this result into Eq. (D.8), we find that in the QPA, the exchange-
correlation energies are reduced by

εGM,QPA
xc,HEG − εGM

xc,HEG ≈
(1 − Z)ωp

2
. (D.10)

Comparing with GW0 data from Holm and Barth,139,140 we find that this simple for-
mula is accurate to roughly 25% for metallic densities. In fully self-consistent GW
calculations, the plasmon peak is very much spread out, which may cast doubt on
the assumptions above. However, it turns out that the effect on total energies is
again small.

For our self-consistent GW calculations, we use the GM routines of VASP as de-
scribed in Ref. [224]. We find that the self-consistency loop converges rather quickly,
and 5 iterations are typically enough to converge the GM energies up to 1 mHa. Such
fully self-consistent GW calculations for the HEG were performed previously by
Holm and Barth139,140 as well as García-González and Godby,225 and our exchange-
correlation energies agree well with theirs (up to 1 mHa).
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Appendix E

Numerical solution of the
linearized Sham-Schlüter equation

In this section we describe in detail our implementation of step (iv) in the RPA-OEP
self-consistency scheme, compare Fig. 5.4.

In the i-th iteration of the self-consistency cycle, we determine the difference be-
tween the effective exchange-correlation potential of the current and the previous
iteration, ∆v(i)xc = v(i)xc − v(i−1)

xc . Furthermore, the non-interacting Green’s function
of the previous iteration, G(i−1)

0 (ω) = [ω − H(i−1)
KS ]−1, belongs to the Kohn-Sham

Hamiltonian H(i−1)
KS = T + vext + vH + v(i−1)

xc . Then, ∆v(i)xc is obtained from the lin-
earized SSE (5.4) as follows. Writing Tr for the integration over r′ and ω, Eq. (5.4) is
rewritten into

0 = Tr
{

2G(i−1)
0

[
Σ(i−1)

xc − v(i−1)
xc

]
G(i−1)

0

}
(r). (E.1)

Add a zero of the form 0 = H(i−1)
KS − H(i−1)

KS between the G0W0 self-energy and the
exchange-correlation potential and separate the self-energy into an exchange and
correlation term, Σ(i−1)

xc = Σ(i−1)
x + Σ(i−1)

c . This yields

Tr
{

χ
(i−1)
0 ∆v(i)xc

}
(r) =

Tr
{

2
[

H(i−1)
HF − H(i−1)

KS

]
G(i−1)

0 G(i−1)
0

}
(r) + Tr

{
2G(i−1)

0 Σ(i−1)
c G(i−1)

0

}
(r).

(E.2)

The right hand side is evaluated in the basis of the Hartree-Fock Hamiltonian
H(i−1)

HF = T + vext + vH + v(i−1)
x and diagonalized, yielding natural orbitals ϕ

(i−1)
α

and occupancies f (i−1)
α for the i-th iteration. The corresponding natural orbital

charge density,

∆ρ
(i−1)
xc (r) =

all

∑
α

f (i−1)
α ϕ

∗(i−1)
α (r)ϕ(i−1)

α (r), (E.3)

is a valid spectral representation of the right hand side of Eq. (E.2) such that the
linearized SSE reduces to

�
dr′χ(i−1)

0 (r, r′)∆v(i)xc (r′) = ∆ρ
(i−1)
xc (r). (E.4)

This equation is Fourier transformed to reciprocal space and solved for ∆v(i)xc . We
follow Ref. [124] and use a cutoff tSVD = 10−4 in the inversion of χ0, which elim-
inates eigenmodes with eigenvalues smaller than tSVD. Updating the Kohn-Sham
Hamiltonian via H(i)

KS = H(i−1)
KS + ∆v(i)xc completes one self-consistency loop.
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Appendix F

Non-local density descriptors

In the following, we describe our density descriptors in more detail and comment on
how they can be evaluated efficiently via the use of fast Fourier transforms (FFTs).
We begin by expanding the electronic density around each grid point r [Eq. (6.2) in
the main text]

n(r + r′) fcut(r′) = ∑
nlm

cnlm(r)ϕnl(r′)Ym
l (r̂′). (F.1)

For the cutoff function fcut, we use the cosine cutoff proposed by Behler and
Parrinello,178

f (r′) =

{
1
2

[
1 + cos

(
πr′
Rcut

)]
0 ≤ r′ ≤ Rcut

0 r ≥ Rcut.
(F.2)

For radial basis functions ϕnl , we use spherical Bessel functions as in Ref. [173],

ϕnl(r′) = jl(qnlr′), (F.3)

where the qnl are chosen such that the basis functions vanish at r′ = Rcut. Such
spherical Bessel functions form a complete basis on the interval [0, Rcut] and fulfill
orthogonality relations of the kind

� Rcut

0
dr r2 jl(qnlr)jl(qn′ lr) = δnn′ Anl . (F.4)

For example, in the case of l = 0 one obtains

ϕn0(r′) = j0(qn0r′) =
sin(qn0r′)

qn0r′
, (F.5)

and demanding that sin(qn0Rcut) = 0 yields the simple expressions

qn0 =
nπ

Rcut

An0 =
R3

cut
2n2π2 n = 1, 2, ...

(F.6)

Next, we calculate the expansion coefficients cnlm using the orthogonality relations
(F.4), as well as those for the Ym

l ,
�

dΩ Ym
l (r̂)Ym′

l′ (r̂) = δll′δmm′ , (F.7)
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yielding

cnlm(r) =
� Rcut

0
dr′r′2

ϕnl(r′) fcut(r′)
Anl

�
dΩ′Ym

l (r̂′)n(r + r′)

=

� Rcut

0
dr′r′2ϕ̃nl(r′)

�
dΩ′Ym

l (r̂′)n(r + r′),
(F.8)

where we have absorbed the coefficients Anl and the cutoff function fcut to define
modified basis functions ϕ̃nl ,

ϕ̃nl(r′) =
ϕnl(r′) fcut(r′)

Anl
. (F.9)

Next, we combine the Fourier representation of the density

n(r + r′) =
�

dq
(2π)3 eiq(r+r′)n(q), (F.10)

and the plane-wave expansion,226

eiqr′ = 4π ∑
lm

il jl(qr′)Ym
l (q̂)Ym

l (r̂′), (F.11)

to rewrite Eq. (F.8) as

cnlm(r) = 4π

� Rcut

0
dr′r′2ϕ̃nl(r′)

�
dΩ′Ym

l (r̂′)
�

dq
(2π)3 eiqrn(q) ∑

l′m′
il′ jl′(qr′)Ym′

l′ (q̂)Y
m′
l′ (r̂′).

(F.12)
To simplify the equation above, we use the orthogonality relations of the Ym

l [Eq.
(F.7)] and define the spherical Bessel transform,

ϕ̃nl(q) = 4π

� Rcut

0
dr r′2 jl(qr′)ϕ̃ln(r′)

↔ ϕ̃nl(r′) =
1

2π2

�
dq q2 jl(qr′)ϕ̃nl(q),

(F.13)

to finally arrive at the concise expression

cnlm(r) = il
�

dq
(2π)3 eiqrn(q)ϕ̃nl(q)Ym

l (q̂). (F.14)

This equation is evaluated numerically on an real-space grid,

cnlm(r) = il ∑
q

eiqrn(q)ϕ̃nl(q)Ym
l (q̂). (F.15)

Thus, the coefficients cnlm(r) can be calculated simultaneously for all real-space grid-
points via Fourier transform, and FFT achieves NFFT lnNFFT scaling with respect to
the number of real-space grid points NFFT.

To form descriptors for ML, one seeks rotationally invariant combinations of the
coefficients cnlm, as discussed by Bartok et al.172 The cn00 are already rotationally
invariant, following from the fact that Y0

0 = 1/
√

4π is scalar. This gives us the
two-body descriptors, X(2)

n = cn00. Further rotational invariants can be formed as
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follows172,173

pnn′ l =

√
8π2

2l + 1 ∑
m

cnlmcn′ lm. (F.16)

For l = 1, these rotational invariants can be understood as all possible dot products
between vectors cn = {cn1x, cn1y, cn1z}. That the cn are vectors follows from the vec-
tor property of Y1 = {Yx

1 , Yy
1 , Yz

1} (we use the real spherical harmonics, where this
vector property is clearly manifest)

Yx
1 =

√
3

4π

x√
x2 + y2 + z2

Yy
1 =

√
3

4π

y√
x2 + y2 + z2

Yz
1 =

√
3

4π

z√
x2 + y2 + z2

.

(F.17)

To form three-body descriptors that have the same dimension as the X(2)
n , we first

form descriptors X(3)
nn′ l ,

X(3)
nn′ l =

σ(3)

Rcut

∑m cnlmcn′ lm

(∑m c2
nlm)

1/4(∑m c2
n′ lm)

1/4
. (F.18)

Next, we limit the X(3)
nn′ l to l = 1 and neglect off-diagonal elements n ̸= n′, obtaining

the three-body descriptors X(3)
n [compare Eq. (6.4) in the main text]

X(3)
n = X(3)

nn′ lδnn′δl1

=
σ(3)

Rcut

√
c2

n1x + c2
n1y + c2

n1z.
(F.19)

We have verified that this last approximation works well for the application to dia-
mond and liquid water. Generally, however, the validity of the approximation de-
pends on the concrete training set as well as on the radial basis functions used.172

Here, we use four radial basis functions for both l = 0 and l = 1, thus we have in
total 4 + 4 = 8 density descriptors. Note that we use the weight factor σ(3)/Rcut in
Eq. (F.18), rather than (8π2/3)1/4 which would correspond to

√
pnn1. The possibility

of using different weight factors for the three-body descriptors was also discussed
in detail by Jinnouchi et al.180

F.1 Approaching GGA in the small cutoff limit

In Eqs. (6.3) and (6.5) in the main text, we have stated that in the limit of small cut-
offs, the two-and three-body descriptors reduce to the local density and its gradient,
respectively. A detailed proof of these limits is given in the following. For a small
enough cutoff radius Rcut, the density inside the cutoff sphere varies little, assum-
ing that the density is smooth enough. That means one can perform the gradient
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expansion of the density20 around r

n(r + r′) ≈ n(r) + r′α∇αn(r) +
1
2

r′αr′β∇α∇βn(r) +
1
6

r′αr′βr′γ∇α∇β∇γn(r) + ...,
(F.20)

where α, β and γ are Cartesian indices and we use the Einstein sum convention.
The same limit can also be obtained for fixed cutoff radius by considering artificial
weakly varying densities (∇n → 0, in the extreme case, one obtains the homoge-
neous electron gas). In other words, the dimensionless expansion parameter is r′∇n,
and that can be small when either r′ or ∇n is fixed and the other one goes to zero.

We insert the gradient expansion (F.20) into the expression for the coefficients
cnlm, Eq. (F.8), yielding

cnlm(r) ≈
� Rcut

0
dr′ r′2ϕ̃nl(r′)

�
dΩ′ Ym

l (r̂′)

×
[

n(r) + r′α∇αn(r) +
1
2

r′αr′β∇α∇βn(r) +
1
6

r′αr′βr′γ∇α∇β∇γn(r) + ...
]

.

(F.21)
When evaluating the integral above, the first order term in the gradient expansion
vanishes for l = 0. This is due to the anti-symmetry of the integrand. Likewise,
the zeroth and second order terms vanish for l = 1. Thus, for the cn00 (two-body
descriptors), Eq. (F.21) simplifies to

cn00(r) ≈
√

4π

� Rcut

0
dr′ r′2ϕ̃n0(r′)n(r) +

√
4π

6

� Rcut

0
dr′ r′4ϕ̃n0(r′)∇2n(r) + ...,

(F.22)
where we have used �

dΩ′ r′αr′β =
4π

3
r′2δαβ. (F.23)

Further, the radial integrals give numerical constants, the first being independent
of Rcut, and the second being proportional to R2

cut (this can be seen by performing
a variable transform x = r′/Rcut). The two-body descriptors in the limit of small
cutoffs therefore have the expansion [compare Eq. (6.3) in the main text]

X(2)
n (r) ∝ n(r) + const × R2

cut∇2n(r) + ... (F.24)

Next, we use Eq. (F.21) to approximate the l = 1 coefficients cn1α,

cn1α(r) ≈
� Rcut

0
dr′ r′2ϕ̃n1(r′)

�
dΩ′ Yα

1 (r̂′)
[

r′β∇βn(r) +
1
6

r′βr′γr′δ∇β∇γ∇δn(r) + ...
]

=

√
3

4π

� Rcut

0
dr′ r′ϕ̃n1(r′)

�
dΩ′ r′α

[
r′β∇βn(r) +

1
6

r′βr′γr′δ∇β∇γ∇δn(r) + ...
]

,

(F.25)
where in the second line we have plugged in Eq. (F.17) for the Yα

1 . To simplify this
expression, we use Eq. (F.23) for leading order term and the identity

�
dΩ′r′αr′βr′γr′δ =

4π

15
r′4

(
δαβδγδ + δαγδβδ + δαδδβγ

)
(F.26)
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for next-to-leading order term, yielding

cn1α(r) ≈√
3

4π

{[� Rcut

0
dr′ r′3ϕ̃n1(r′)

]
∇αn(r) +

1
10

[� Rcut

0
dr′ r′5ϕ̃n1(r′)

]
∇α∇β∇βn(r) + ...

}
∝ Rcut∇αn(r) + const × R3

cut∇α∇β∇βn(r) + ...
(F.27)

Next, we form the scalar products cn1αcn′1α needed for the three-body descriptors.
The leading order term in the expansion of these scalar products is proportional to
the scalar product ∇αn(r)∇αn(r) = |∇n(r)|2, and the next-to-leading order term in-
volves products of terms proportional to ∇αn(r)∇α∇β∇βn(r) = ∇n(r) ·∇∇2n(r),
thus

cn1α(r)cn′1α(r) ∝ R2
cut|∇n(r)|2 + const × R4

cut∇n(r) ·∇∇2n(r) + ... (F.28)

Inserting this result in the definition (F.18), we finally obtain

X(3)
nn′1(r) ∝ |∇n(r)|+O(R2

cut) for Rcut → 0. (F.29)

As the three-body descriptors are simply the diagonal elements (n = n′) of the Xnn′1,
this concludes the proof of the limit stated in Eq. (6.5) in the main text. Note that
this limit extends also to the more general case of off-diagonal descriptors (n ̸= n′).
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Appendix G

Machine learning DFT via
optimized effective potentials

In the following, we describe our ML scheme in more detail and discuss some chal-
lenges inherent to the use of optimized effective potentials (OEP). Further, we will
derive analytic expression for the machine learned exchange-correlation potentials
vML−RPA

xc and show how they can be efficiently evaluated using FFTs.
We begin by briefly motivating our ML scheme via analogy to MLFF. The starting

point for MLFF schemes is the atomic density,

natom(r) =
atoms

∑
i

δ(r − Ri). (G.1)

This atomic density is usually smoothed by replacing the delta function above by
a Gaussian. The central assumption in MLFF is that the total energy can by de-
composed into a sum of atomic energies ε i, which depend on two- and three-body
descriptors (collected in a supervector Xatom),

E =
atoms

∑
i

ε i[Xatom(Ri)]. (G.2)

In DFT, the central quantity is the electronic density n. We do not apply smearing to
n, as the electronic density is already a smooth object. Analogously to Eq. (G.2), one
can formulate the assumption that the exchange-correlation energy can be written
as an integral of energy densities depending on two- and three-body descriptors
(supervector X),

Exc =

�
dr n(r)εxc[X(r)]. (G.3)

We further pull out a factor εx,HEG(r), such that the enhancement factor Fxc is ap-
proximated rather than εxc. In other words, we use the LDA exchange as a baseline
for ML-RPA, yielding the ansatz [Eq. (6.7) in the main text]

EML−RPA
xc =

�
dr n(r)εx,HEG[n(r)]FML−RPA

xc [X(r)]. (G.4)

For the functional form of FML−RPA
xc , we use a Gaussian kernel [Eq. (6.8) in the main

text]

FML−RPA
xc [X(r)] = ∑

iB

wiB exp

{
− [X(r)− XiB ]2

2σ2

}
, (G.5)

where the kernel width σ is an ML hyperparameter, the XiB are representative control
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points and the wiB the corresponding weights. Combing Eqs. (G.4) and (G.5), we
obtain

EML−RPA
xc =

�
dr n(r)εx,HEG[n(r)]∑

iB

wiB exp

{
− [X(r)− XiB ]2

2σ2

}
. (G.6)

Evaluating the functional derivative, vML−RPA
xc = δEML−RPA

xc /δn(r), yields a local
term from the derivative of n(r)εx,HEG(r) and a non-local term which stems from
the dependence of the descriptors X(r′) on the density n(r)

vML−RPA
xc (r) =

�
dr′

δ

δn(r)
{

n(r′)εx,HEG[n(r′)]
}

FML−RPA
xc (r′)

+

�
dr′n(r′)εx,HEG[n(r′)]

δ

δn(r)

{
FML−RPA

xc [X(r′)]
}

= vML−RPA
xc,loc (r) + vML−RPA

xc,nl .

(G.7)

The local term is easily evaluated using δn(r′)/δn(r) = δ(r − r′), yielding

vML−RPA
xc,loc (r) =

4
3

εx,HEG[n(r)]FML−RPA
xc [X(r)]

=
4
3

εx,HEG[n(r)]∑
iB

wiB exp

{
− [X(r)− XiB ]2

2σ2

}
.

(G.8)

The non-local term is more complicated, but we will show in the following that FFT
can be employed once again for its efficient evaluation. Using Eq. (G.5) and applying
the chain rule, we obtain

vML−RPA
xc,nl (r) =

�
dr′n(r′)εx,HEG[n(r′)]∑

iB

wiB exp

{
− [X(r′)− XiB ]2

2σ2

}

×
Ndes

∑
i

−[Xi(r′)− XiB ]

σ2 ∑
nml

∂Xi(r′)
∂cnlm(r′)

δcnlm(r′)
δn(r)

.

(G.9)

As the descriptors Xi(r′) depend on the expansion coefficients cnlm(r′) in a simple
algebraic fashion, the complicated non-locality is thus due to the last term only. In-
serting the expressions (F.13) and (F.10) yields

δcnlm(r′)
δn(r)

=
δ

δn(r)
il
�

dq
(2π)3 eiqr′

[�
dr′′ e−iqr′′n(r′′)

]
ϕ̃nl(q)Ym

l (q̂)

= il
�

dq
(2π)3

�
dr′′ eiq(r′−r′′)δ(r − r′′)ϕ̃nl(q)Ym

l (q̂)

= il
�

dq
(2π)3 eiq(r−r′)ϕ̃nl(q)Ym

l (−q̂),

(G.10)

where in the last line we have substituted q 7→ −q. Next, we define the intermediate
quantities ηnlm, which we evaluate numerically via FFT,

ηnlm(q) =
1

NFFT
∑
r′

e−iqr′n(r′)εx,HEG[n(r′)]

× ∑
iB

wiB exp

{
−[X(r′)− XiB ]2

2σ2

}
Ndes

∑
i

−[Xi(r′)− XiB ]

σ2
∂Xi(r′)

∂cnlm(r′)
.

(G.11)
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With the help of the ηnlm, we can rewrite Eq. (G.9) in the compact form

vML−RPA
xc,nl (r) = il ∑

q
eiqr ∑

nlm
ηnlm(q)ϕ̃nl(q)Ym

l (−q̂), (G.12)

which can be directly evaluated via FFT as well. In summary, Eqs. (G.11) and (G.12)
allow us to evaluate the ML-RPA exchange-correlation potential on all real-space
grid points r using a small number of FFTs. Thus, we have avoided the evaluation of
double integrals by applying FFT throughout. Therefore, the overall computational
cost of evaluating vML−RPA

xc scales only as O(NFFT ln NFFT) rather than (N2
FFT) with

respect to the number of real-space grid points NFFT.
A potential pitfall in using the OEP method for ML applications is the fact

that vRPA
xc (r) is in practice determined only up to a constant shift. Inspired by

the work of Nagai et al.,175 we circumvent this problem by defining auxiliary
exchange-correlation potentials ṽRPA

xc ,

ṽRPA
xc (r) = vRPA

xc (r) +
ERPA

xc −
�

dr′n(r′)vRPA
xc (r′)�

dr′n(r′)
. (G.13)

Thus, the ṽRPA
xc are shifted with respect to the vRPA

xc such that they integrate to ERPA
xc ,

�
dr n(r)ṽRPA

xc (r) !
= ERPA

xc . (G.14)

In fitting, we equate the auxiliary potentials with their ML-RPA analogs, ṽML−RPA
xc ,

ṽML−RPA
xc (r) = vML−RPA

xc (r) +
EML−RPA

xc −
�

dr′ n(r′)vML−RPA
xc (r′)�

dr′ n(r′)
. (G.15)

Thus, any information regarding absolute values of the OEP potentials is circum-
vented. Similar shifted exchange-correlation potentials occur also in the ML scheme
of Tozer et al.,227 the Becke-Johnson method228 and the Levy-Zahariev formulation
of DFT.229 Here, however, the auxiliary potentials are used only as intermediate
quantities for fitting, and once an ML-RPA functional has been learned, standard
exchange-correlation potentials vML−RPA

xc are extracted for applications.
To find the weights wiB , we fit to exchange-correlation energies and shifted

exchange-correlation potentials at selected points rk for all structures α contained in
the training set. We demand that ML-RPA reproduces the reference data in a least
square sense and apply appropriate weights, yielding the loss function

L2 =
1

Nstruct

Nstruct

∑
α

cELα
2,E + (1 − cE)Lα

2,v

Lα
2,E =

1
2

1
Nα

e

(
EML−RPA

xc − ERPA
xc

)2

Lα
2,v =

1
2

1
Nα

e

Ωα

Nspars

Nspars

∑
k

n(rk)
[
ṽML−RPA

xc (rk)− ṽRPA
xc (rk)

]2
.

(G.16)

Here we have introduced a dimensionless weight factor cE, which allows us to bal-
ance exchange-correlation energies and potentials. Further, we normalize the loss
with respect to system size via dividing by the number of electrons Nα

e . Likewise,
a factor Ωα/Nα

spars is included for the exchange-correlation potentials, where Ωα is
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the volume of structure α. From Eq. (G.13) it is clear that the shifted exchange-
correlation potentials depend linearly on the wiB just as the unshifted ones do. Thus,
we can solve a system of linear equations that is obtained via minimization of the
loss function (G.16) with respect to the wiB ,

∂L2/∂wiB

!
= 0 → ∑

iB

ϕα
j,iB

wiB = yα
j . (G.17)

Following Verdi et al.,230 we regularize the solution of this linear problem via pseudo
inverse of the design matrix ϕ, smoothly cutting off smaller singular values σi,

σ−1
i 7→ σi

σ2
i + (tSVDσmax)2

, (G.18)

where we multiply the Tikhonov parameter tSVD by the largest singular value σmax.
Thus, tSVD is dimensionless and we can more easily compare numerical values of
tSVD for different databases. Finally, all ML-RPA hyperparameters are summarized
in Table G.1.

TABLE G.1: Table of ML-RPA hyperparameters.

parameter description value

Rcut cutoff radius 1.5 Å
Nrad number of radial basis functions 4
Ndes number of density descriptors 4+4=8
σ width of Gaussian kernel 3.0 eÅ

−3

σ(3) weight for three-body descriptors 1.0 Å
cE fit weight for xc-energies 0.999
tSVD Tikhonov regularization 1.0 × 10−9
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Data sparsification

To reduce computational cost, the exchange-correlation potential is fitted not on the
entire real-space grid but rather at selected representative points rk. These points are
represented as red crosses in Fig. 6.1 in the main text. For each individual structure
α, we choose Nspars points via k-means sparsification. The k-means algorithm uses a
metric that quantifies the similarity between density descriptors at points r and r′. It
is convenient to use the metric d[X(r), X(r′)] that is induced by the Gaussian kernel,
k[X(r), X(r′)],

d[X(r), X(r′)] = k[X(r), X(r)] + k[X(r′), X(r′)]− 2k[X(r), X(r′)]

= 2 − exp
{
− [X(r)− X(r′)]2

2σ2

}
.

(H.1)

The k-means centers are initialized via farthest point sampling similar to Ref. [189].
In further iterations, the centers are updated as averages over all points belonging
to their respective clusters as in the standard k-means algorithm. Those points are
assigned to the clusters based again on the kernel induced metric.

Next, we combine the selected points from all structures and apply the sparsifi-
cation again to choose the kernel control points XiB , compare blue squares in Fig. 6.1
in the main text. An interesting technical detail is that the rk are chosen as actual real-
space points closest to k-means centers, where vRPA

xc (r) is available. For the selection
of the XiB , however, we find it beneficial to use the k-means centers themselves. That is,
the chosen kernel control points correspond not to descriptors at actual real-space
grid points, but rather optimized artificial ones. Integrals are evaluated on the entire
real-space grid throughout.

In the following, we demonstrate numerically the efficiency of our sparsification
scheme. First, we split the ML-RPA training set randomly (50:50) into a reduced
training set and a validation set. Keeping one sparsification layer fixed and varying
the number of k-means clusters in the other, we monitor the loss

L1
′ =

1
Nstruct

Nstruct

∑
α

cELα
1,E + (1 − cE)Lα

1,v
′

Lα
1,E =

1
Nα

e
|EML−RPA

xc − ERPA
xc |

Lα
1,v

′ =
1

Nα
e

�
dr n(r)|ṽML−RPA

xc (r)− ṽRPA
xc (r)|

(H.2)

for structures in the reduced training and validation sets. Note that the loss Lα
1,v

′

includes the exchange-correlation potential at all real-space grid points, thus some
amount of interpolation is required to minimize Lα

1,v
′ even for structures α on which

ML-RPA has been trained on. This means that L1,v
′ is less prone to overfitting and
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statistical error. Likewise, atomic forces in MLFF are known to be less prone to over-
fitting and statistical errors than energies. Fig. H.1 shows that in the first layer, we
can downsample the number of real-space grid points per training structure (Nspars)
from O(105) − O(106) to a mere 100 without loosing significant fit accuracy. The
second k-means layer inputs the combined Nstruct × Nspars points from the first layer.
Fig. H.2 shows that the number of kernel control points can be reduced by an ad-
ditional factor of 4 without loss of accuracy. The other ML-RPA hyperparameters
listed in Table G.1 were optimized in a similar fashion, minimizing validation set
losses and monitoring the stability of electronic self-consistency.
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FIGURE H.1: Convergence of the ML-RPA fit with respect to Nspars, that is the number of
sparse points kept by the first sparsification layer (second layer fixed). Note the log-log
scale. Solid lines indicate losses for exchange-correlation energies [cELE in Eq. (H.2)], and
dashed lines indicate losses for exchange-correlation potentials [(1 − cE)L′

v in Eq. (H.2)].
The losses are averaged losses over 10 random splittings (50:50).
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FIGURE H.2: Like Fig. H.1, but convergence with respect to the number of kernel control
points kept by the second sparsification layer (first layer fixed).



120

Appendix I

ML-RPA training set

As a baseline, the ML-RPA training set contains 41 small molecules from the G2-
2 database.231 We include all non-spin-polarized molecules containing elements C,
O and H except for CH2, which does not posses a complete octet structure. We
use experimental geometries where available, and otherwise geometries from accu-
rate quantum chemistry calculations.232 The molecules can be further classified as 20
hydrocarbons, 19 oxygen substituted hydrocarbons, and 2 inorganic molecules (H2
and O3). Thus, by including the G2 molecules we sample basic bonding motives and
vacuum regions. To train ML-RPA for our specific applications, we supplement the
training set with diamond and water structures, as discussed in the main text. Table
I.1 and Fig. I.1 detail the ML-RPA fit errors with respect to the different training
sub-groups.

TABLE I.1: Average training set losses calculated via Eq. (H.2) (in meV per electron) specified
for different sub-groups of the ML-RPA training set. To compensate for the small amount of
surface data, surfaces are included twice in the training set, giving them higher fit weight.
The H2O monomer at the experimental geometry is listed as a G2-molecule.

cEL1,E (1 − cE)L1,v
′

41 G2-molecules 0.73 0.30
40 bulk diamond structures 0.59 0.48
16 diamond surfaces (x2) 0.93 1.09
76 water structures 0.71 0.27

189 structures in total 0.73 0.46

I.1 Diamond surfaces

Table I.2 specifies the 28 diamond surfaces used to benchmark different DFT func-
tionals (see Table 6.2 in the main text). These surfaces have been described in detail
in past studies, we refer to the original references for more complete descriptions
of the surface geometries.197,199,200,204,205 In the following, we briefly comment on
the interesting case of oxygenated (111) surfaces, where several (meta-)stable con-
figurations exist that are close in energy. The least stable surface is the (111)-3db
symmetric (1 × 1) oxygenated surface, while the most stable surface is the 2 × 1 re-
constructed (111)-3db oxygenated chain surface, and the three oxygenated (111)-1db
surfaces are in between. The (111)-3db oxygenated chain surface can be interpreted
as clean (111)-1db surface adsorbing a monolayer of CO molecules, compare Fig. 6.4
in the main text. This is significant insofar as CO molecules have been reported to
be the main desorption product in temperate-programmed desorption experiments
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FIGURE I.1: ML-RPA energy fit error, EML−RPA
xc /Ne − ERPA

xc /Ne. Symbols distinguish be-
tween different sub-groups of the training set. The data spread along the y-axis indicates that
ML-RPA balances the fit well across the different sub-groups. Further, the spread along the
x-axis shows that the G2-molecules contain very different chemical environments, whereas
the other training data are more homogeneous. The H2O monomer at the experimental ge-
ometry is listed as a G2-molecule.

on oxygenated (111) surfaces.197 The C-O bond length of the oxygenated (111)-3db
chain surface is calculated to be 1.20 Å (we use PBE geometries throughout). This
clearly indicates strong double bonds, in comparison, the C-O bond lengths for the
(111)-1db oxygenated surfaces are 1.20 Å (ketone) and 1.31 Å (on-top), as well as
{1.43 Å, 1.44 Å} (peroxide). Out of the three oxygenated (111)-1db surfaces, exact
RPA and ML-RPA predict the peroxide structure to be the most stable one, whereas
PBE favors the on-top configuration. Otherwise, PBE, ML-RPA and exact RPA pre-
dict identical energy orderings throughout, see underlined values in Table I.2.

Finally, correlated methods such as RPA are known to converge slowly with re-
spect to the basis set size.83,86 To confirm the technical converge of our RPA calcu-
lations with respect to basis set, we extrapolate the RPA correlation energies with
respect to the energy cutoff Eχ

max using the formula9,65

ERPA
c (Eχ

max) = ERPA
c (Eχ

max = ∞) +
const

Eχ
max

3/2 . (I.1)

Table I.2 shows that the extrapolated formation energies are slightly larger than
our “exact RPA” values, which form the ground truth for ML-RPA. The agreement
between “exact” and extrapolated RPA formation energies is 40 meV or better
throughout.

The basis set incompleteness error also causes a slight underbinding of bulk
diamond. The extrapolated values for the equlibrium lattice constant is 3.572 Å,
whereas “exact RPA” predicts 3.581 Å.
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TABLE I.2: List of the 28 diamond surfaces used for our surface energy benchmark (see
Table 6.2 in the main text). The first column defines the surface symmetry and stoichiometry
(corresponding to the chemisorption of 1 ML hydrogen for hydrogenated surfaces, and 1 ML
oxygen for oxygenated surfaces). The second column describes the geometry of the surface
termination and quotes literature references, where the surfaces are characterized. Further
columns show surface formation energies [see Eq. (6.12) in the main text] that are given in
eV per surface atom. “Exact RPA” is the ground truth for ML-RPA, and basis set extrapolated
RPA formation energies are obtained using Eq. (I.1). Formation energies calculated with the
PBE functional are also listed for comparison. All (100) and (111)-1db surfaces are included
in the ML-RPA training set, all (110) and (111)-3db surfaces are out-of training. Underlined
values correspond to the most stable configurations for a given a surface termination and
orientation.

PBE RPA

extrap. exact ML

(100)*
1 × 1 bulk terminated, as cut202 3.49 3.70 3.66 3.57
1 × 1 bulk terminated, relaxed202 3.36 3.62 3.59 3.51
1 × 1:H bulk terminated, on-top202 0.90 1.21 1.21 1.16
1 × 1:O bulk terminated, ketone198 2.29 2.38 2.38 2.39
1 × 1:O bulk terminated, ether198 1.97 2.03 1.99 1.91
2 × 1 dimer198 1.89 2.08 2.08 2.03
2 × 1:2H dimer, on-top198 0.01 0.20 0.20 0.11
2 × 1:2O dimer, bridge204 3.45 3.50 3.48 3.40

(110)
1 × 1 bulk terminated, as cut200 1.90 2.11 2.09 1.95
1 × 1 bulk terminated, relaxed200 1.45 1.69 1.70 1.59
1 × 1:H bulk terminated, on-top200 -0.23 -0.12 -0.11 -0.12
1 × 1:O bulk terminated, on-top† 3.38 3.61 3.60 3.58
∗included in the ML-RPA training set
†similar to the hydrogenated (110) surface, the calculated C-O bond length is 1.36 Å.
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Table I.2, continued.

PBE RPA

extrap. exact ML

(111)-1db*
1 × 1 bulk terminated, as cut203 2.46 2.71 2.69 2.52
1 × 1 bulk terminated, relaxed203 1.94 2.30 2.29 2.12
1 × 1:H bulk terminated, on-top203 -0.34 -0.19 -0.19 -0.24
1 × 1:O bulk terminated, on-top197 2.84 3.19 3.19 2.99
2 × 1:2O bulk terminated (distorted), peroxide197 2.99 3.02 2.99 2.94
2 × 1 Pandey chain203 1.18 1.43 1.41 1.34
2 × 1:2H Pandey chain, on-top203 0.31 0.49 0.47 0.40
2 × 1:2O Pandey chain, ketone197 2.94 3.08 3.09 2.99

(111)-3db
1 × 1 bulk terminated, as cut199 4.27 4.41 4.37 4.37
1 × 1 bulk terminated, relaxed199 4.26 4.41 4.37 4.37
1 × 1:H bulk terminated, on-top199 3.01 3.38 3.36 3.43
1 × 1:O bulk terminated, ketone204 3.50 3.92 3.90 3.87
2 × 1 Seiwatz chain199 2.44 2.71 2.70 2.56
2 × 1:2H Seiwatz chain, on-top199 0.00 0.17 0.17 0.11
2 × 1:2O Seiwatz chain, ketone204 2.67 2.91 2.90 2.79
∗included in the ML-RPA training set
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Appendix J

Machine learning force fields for
liquid water

RPA-MLFF is trained directly on total energies and forces from RPA calculations.
Since RPA force calculations are very expensive, we use a cheaper RPA setup here.
Specifically, an energy cutoff of 500 eV is used for the plane-wave basis sets expand-
ing both the orbitals and the response function (ML-RPA ground truth calculations
use 600 eV and 400 eV, respectively). Our tests, however, indicate that this difference
has only minor effects on the predicted liquid water RDFs. The RPA-MLFF training
data set consists 107 water structures containing 32 molecules or less. We use a com-
pact hyperparameter setup that has shown to enable an efficient and accurate MLFF
training for liquid water.233 In particular, the radial and angular descriptors are sepa-
rated as described in Ref. [180], and the angular descriptors are truncated at angular
momentum number l = 2. Further, the radial descriptors use a cutoff of 6.0 Å and 8
radial basis functions, whereas the angular descriptors use a smaller cutoff of 4.0 Å
and only 6 radial basis functions. For a general description of the MLFF scheme see
also Refs. [211] and [173]. The RPA-MLFF training set errors are given in Table J.1.

The MLFF used to speed up ML-RPA uses the same descriptors as RPA-MLFF,
but is trained on-the-fly173,211 at fixed volume using a temperature ramp from 270
K to 370 K and a supercell containing 64 water molecules. In this way, a train-
ing set of around 400 structures is created. Thus, the combination of ML-RPA and
MLFF allows for significantly more MLFF ground truth calculations, since ML-RPA
is orders of magnitude cheaper than exact RPA. Moreover, the stresses predicted by
ML-RPA can be seamlessly included in the MLFF training, whereas this would not
be as easily possible for RPA-MLFF (RPA stress tensors can be included via finite
differences,234 but this is very expensive). The MLFFs for PBE+TS and RPBE+D3(BJ)
are also trained on-the-fly, fit accuracy being similar to ML-RPA (see Table J.1).

The production run which produced the RDFs shown in Fig. 6.5 in the main text
used 200000 MD steps with a time step of 1.5 fs. To increase sampling efficiency,
the mass of the hydrogen atom was increased by a factor 8 (this does not affect
static properties such as the RDF). For PBE+TS, which diffuses very weakly at 300
K, we further increased the supercell size to 512 water molecules, and increased
the length of the MD run by a factor 3. Next, we define an independent test set of
10 liquid water snapshots sampled from the RPA-MLFF production run (64 water
molecules). A low test set energy root means square error (RMSE) of 1.6 meV per
atom demonstrates (i) that the ambient conditions used are well covered by the RPA-
MLFF training set, (ii) that RPA-MLFF is able to extrapolate to the slightly larger
simulation cell (64 water molecules). We also use this test set to evaluate the on-
the-fly MLFFs, and the test set energy RMSEs are excellent (0.4 meV per atom for
ML-RPA, 0.6 meV per atom for PBE+TS, and 0.5 meV per atom for RPBE+D3(BJ),
respectively).
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TABLE J.1: Training set errors (root means square error, RMSE) for the MLFFs trained for

liquid water. Energy RMSEs are given in meV per atom, force RMSEs are given in meV Å
−1

,
and stress RMSEs are given in kbar.

structures energy force stress

RPA-MLFF 107 0.6 27.0 —
ML-RPA-MLFF 389 0.4 29.9 0.26
PBE+TS-MLFF 490 0.3 31.7 0.21
RPBE+D3(BJ)-MLFF 521 0.3 30.5 0.21
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Appendix K

Water hexamer benchmark

Figs. K.1 and K.2 detail the water hexamer benchmark for various semi-local and
vdW functionals, respectively. The vdW corrected PBE+TS and RPBE+D3 function-
als well improve over their respective GGA base functionals, whereas SCAN+rVV10
performs slightly worse than the pristine SCAN functional.
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FIGURE K.1: Binding energies differences of eight hexamers as in Fig. 6.6 in the main text.
ML-RPA results are compared to various semi-local density functionals. Lines drawn are
only guides to the eye.
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