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Abstract

Finite time singularity formation is a prominent feature among many partial differential

equations, in particular among wave equations. In this thesis, we study corotational

wave maps into the sphere as well as wave equations with a power nonlinearity. Both

of these equations exhibit solutions which start from smooth compactly supported data

and develop finite time blowup. Moreover, in both instances, such solutions are known

in closed form. We prove and employ the necessary tools to establish the stability of

these solutions in the optimal regularity class in terms of inhomogeneous Sobolev spaces.

The thesis itself, which is comprised of three separate works ordered chronologically,

begins with a general introduction. Then, we turn to the (1 + 4) dimensional wave maps

equation, where we prove the stability of an explicitly known self similiar blowup in the

backward lightcone of the blowup point under corotational perturbations. At the heart

of this result lies the derivation of Strichartz estimates for a radial wave equation with a

self similar potential in similarity coordinates.

After this, we derive similar Strichartz estimates on the H1 level in all space dimensions

d ≥ 4. These are then used to prove a similar optimal stability result for the so-called

ODE blowup in space dimensions 4 ≤ d ≤ 6.

The last chapter is concerned with the same problem as the first included work, but in 3

instead of 4 spatial dimensions. This necessitates new abstract arguments in the analysis

of the equation, as the critical L2 based Sobolev space is of fractional order.
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Zusammenfassung

Das Entstehen von Singularitäten in endlicher Zeit ist ein wichtiges Merkmal vieler par-

tieller Differentialgleichungen, insbesondere von Wellengleichungen. In dieser Arbeit un-

tersuchen wir corotational Wave Maps in die Sphäre sowie Wellengleichungen mit einer

Potenz-Nichtlinearität. Beide Gleichungen weisen Lösungen auf, die von glatten Daten

mit kompaktem Träger ausgehen und aus welchen sich in endlicher Zeit Blowups en-

twickeln. Außerdem sind in beiden Fällen Lösungen dieser Art in geschlossener Form

bekannt. Wir beweisen und wenden die notwendigen Werkzeuge an, um die Stabilität

dieser Lösungen in der optimalen Regularitätsklasse an inhomogenen Sobolev-Räumen

zu etablieren. Die Doktorarbeit selbst besteht aus drei separaten Arbeiten, die chronolo-

gisch geordnet sind, und beginnt mit einer allgemeinen Einführung. Dann wenden wir uns

der (1 + 4)-dimensionalen Wave Maps Gleichung zu, wo wir die Stabilität eines explizit

bekannten selbstähnlichen Blowups im Rückwärtslichtkegel des Blowuppunktes beweisen.

Im Kern dieses Ergebnisses steht die Herleitung von Strichartz-Abschätzungen für eine

radiale Wellengleichung mit einem selbstähnlichen Potential in Ähnlichkeitskoordinaten.

Danach leiten wir ähnliche Strichartz-Abschätzungen auf der H1-Ebene in allen Raumdi-

mensionen d ≥ 4 her. Diese werden dann verwendet, um ein ähnliches optimales Sta-

bilitätsergebnis für den sogenannten ODE-Blowup in den Raumdimensionen 4 ≤ d ≤ 6

zu beweisen.

Das letzte Kapitel befasst sich mit dem gleichen Problem wie die erste enthaltene Ar-

beit, jedoch in 3 statt 4 Raumdimensionen. Dies erfordert neue abstrakte Argumente bei

der Analyse der Gleichung, da der kritische L2-basierte Sobolev-Raum von gebrochener

Ordnung ist.
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CHAPTER 1

Introduction

Wave equations have been studied for almost 300 years, going all the way back to

d’Alembert who discovered the one dimensional free linear wave equation

∂2
t u(t, x)− ∂2

xu(t, x) = 0

as a model for a vibrating string. Later, Euler studied the three dimensional analogue

�u(t, x) := ∂2
t u(t, x)−∆xu(t, x) = 0 (1.1)

with (t, x) ∈ R×R3. Since then, much has happened over the course of time. Nevertheless,

wave equations remain at the focus of cutting edge research and pose many questions,

whose answers still elude us, especially when it comes to the dynamics of nonlinear wave

equations. This thesis is focused on two particular examples of such nonlinear wave

equations, the wave maps equation and the wave equation with a power nonlinearity.

The wave maps equation can be thought of as the natural analogue of the free wave

equation to potentially curved targets. To motivate this in more detail, we note that the

free wave equation in 1 + d dimensions is the Euler Lagrange equation associated to the

action

L(u) :=
1

2

∫
R×Rd

−|∂tu|2 + |∇xu|2 (1.2)

for functions u : R × Rd → R. The wave maps equation can then be obtained by

generalizing this action to more general Riemannian target manifolds. As we are only

interested in wave maps that have the sphere Sd as their target in this work, we only

illustrate how this is accomplished in this particular case. Hence, we want to find critical

points U : R× Rd → Sd of the functional

L(U) :=
1

2

∫
R×Rd

−|∂tU |2 + |∇xU |2. (1.3)

Thus, for ϕ ∈ C∞c (R× Rd,Rd+1) and ε > 0 small consider the constrained variation

Lc(U + εϕ) := L
(
U + εϕ

|U + εϕ|

)
.

Then, for a critical point U , we see that, at least formally,

0 = ∂εLc(U + εϕ)|ε=0 =

∫
R×Rd

−∂tU · ∂tϕ+∇xU · ∇xϕ+ (∂tU · ∂tU −∇xU · ∇xU)U · ϕ.
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By integrating by parts, we conclude that∫
R×Rd

[
∂2
tU −∆xU + (∂tU · ∂tU −∇xU · ∇xU)U

]
· ϕ = 0

for all ϕ ∈ C∞c (R × Rd,Rd+1). For a concise notation, we label the slots in R × Rd

with 0, 1, . . . d and use the Minkowski scalar product to raise and lower indices. Hence,

∂0 = −∂0 and ∂j = ∂j for j = 1, . . . , d. Then, with this notation, we arrive at the

equation

∂µ∂µU + (∂µU · ∂µU)U = 0. (1.4)

A different way of formulating the wave maps equation for general Riemannian target

manifolds is as follows. By the Nash Embedding Theorem, we can always assume the

target manifold (M, g) to be isometrically embedded in Rm for some m ∈ N. Let TpM

be the tangent space of M at a given point p ∈ M and denote by ⊥ orthogonality with

respect to the standard inner product on Euclidean space Rm. Then a smooth map

U : R× Rd →M is a wave map if

�U(t, x) ⊥ TU(t,x)M (1.5)

for all (t, x) ∈ R × Rd. To check that this is in accord with Eq. (1.4), we note that as

the unit normal on the d−sphere is given by ~n(p) = p, for U to be a wave map, there

necessarily needs to be a function λ : R× Rd → R such that

�U = λU.

From U · U = 1 we see that

λ = �U · U.

Hence,

λ = �U · U = ∂µ(∂µU · U)− ∂µU · ∂µU = −∂µU · ∂µU.

Consequently, we again obtain Eq. (1.4). Moreover, for M = R, equation (1.5) reduces

to the free wave equation (1.1) in d dimensions, which further justifies viewing the wave

maps equation as a natural geometric extension of the linear wave equation. Before

discussing Eq. (1.5) in a bit more detail, we introduce the second equation studied in this

thesis. For this, let p > 1 and consider

�u = ±u|u|p−1

for functions u : R×Rd → R. In case of a positive sign, we call the nonlinearity focusing

and otherwise defocusing. Interestingly, for the local theory, the sign does not play a role,

while it is crucial for the global dynamics, as we shall see later.
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1.1. A short primer on the wave maps equation. As previously mentioned,

this thesis is only concerned with wave maps from R × Rd to the d−sphere Sd. Hence,

we do not study the wave maps equation (1.5) in full generality and instead focus on the

special case

∂µ∂µU + (∂µU · ∂µU)U = 0. (1.6)

Note that Eq. (1.6) exhibits a number of symmetries, most notably, translations in space

or time, rotations, time reversal and the scaling symmetry. The scaling symmetry dictates

that for any smooth solution U to Eq. (1.6) Uλ given by

Uλ(t, x) := U
(
t
λ
, x
λ

)
is also a wave map. Lastly, solutions of (1.4) conserve the energy

E[U ](t) :=
1

2

∫
Rd
|∂0U(t, x)|2 + |∇U(t, x)|2dx

which has the scaling behavior

E[Uλ](t) = λd−2E[U ]( t
λ
).

This leads to the natural classification of the wave maps equation as

• energy subcritical if d = 1

• energy critical if d = 2

• energy supercritical if d ≥ 3.

Structurally, Eq. (1.6) is a second order semilinear hyperbolic partial differential equation.

As such, it is reasonable to study the Cauchy problem associated to this equation. For

this, one prescribes some initial data, F : Rd → Sd and G : Rd → Rd+1 such that

F ·G = 0, usually at time t = 0, and investigates the problem
∂µ∂µU + (∂µU · ∂µU)U = 0,

U(0, .) = F,

∂0U(0, .) = G.

(1.7)

Commonly, F and G belong to certain Banach spaces such as Sobolev spaces or Besov

spaces, or are chosen as smooth functions. One of the first main goals then, is to prove

local wellposedness of Eq. (1.7) for data in a prescribed Banach space X. Loosely put,

one aims to show that for any data in X there exists a unique solution to Eq. (1.7) which

exists at least for some nonzero amount of time and depends continuously on the initial

data (in some appropriate form). Oftentimes, one cannot hope for a solution to be a

classical one, since the prescribed initial data might lack the required regularity. For

most choices of Banach spaces, it is therefore more convenient to work with the integral
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version

U(t, x) = cos(t|∇|)F (x) +
sin(t|∇|)
|∇|

G(x)

+

∫ t

0

sin((t− s)|∇|)
|∇|

N(U)(s, x)ds

(1.8)

where cos(t|∇|) and sin(t|∇|)
|∇| are the standard wave propagators and

N(U) = (∂µU · ∂µU)U.

One then calls U a (strong) solution to the Cauchy problem (1.7), if there exists T > 0

such that U is an element of C([0, T ), X) and satisfies Eq. (1.8). With this, we can con-

cisely define local wellposedness by paraphrasing the book “Nonlinear Dispersive Equa-

tions: Local and Global Analysis” by Terence Tao [97, p. 125, Definition 3.4].

Definition 1.1. We call the Cauchy problem (1.7) locally wellposed in X if for any

(F0, G0) ∈ X there exists a time T > 0, a ballB around (F0, G0), and a subset Y ⊂ X such

that for each (F,G) ∈ B there exists a unique solution U ∈ C([0, T ), Y ). Furthermore,

the solution map (F,G) 7→ U is continuous from B to C([0, T ), Y ). Moreover, if the

guaranteed time of existence T depends only on the size of (F,G) and not on the exact

profile itself, one says that the problem is wellposed in the subcritical sense, otherwise it

is wellposed in the critical sense.

To go into more detail about possible choices of Banach spaces in which wellposedness

is a reasonable ask, it is instructive to look at homogeneous Sobolev spaces Ḣs(Rd). We

define these spaces as the completion of the Schwarz space S(Rd) with respect to the

norm

‖f‖2
Ḣs(Rd)

:=

∫
Rd
|ξ|2sF(f)(ξ)dξ

where F(f) denotes the Fourier transform of f. The homogeneous Sobolev spaces work

well in terms of illustrating possible regularities for local wellposedness, as they have a

natural scaling behavior. Namely, for fλ(x) := f(x
λ
) with f ∈ S(Rd) one has that

‖fλ‖Ḣs(Rd) = λ
d
2
−s‖f‖Ḣs(Rd)

for all λ > 0. Consider now the inhomogeneous Sobolev space Hs(Rd), which we define

as the completion of S(Rd) with respect to the norm

‖f‖2
Hs(Rd) := ‖f‖2

Ḣs(Rd)
+ ‖f‖2

L2(Rd).

Analogously, we define the space Hs(Rd, Sd). The above scaling observations indicate

that to hope for a local wellposedness theory in the space Hs × Hs−1(Rd,Sd), one best

assumes s ≥ d
2
. Indeed, for regularities smaller than d

2
, solutions to Eq. (1.7) need not

be unique, see [89]. In contrast, for s > d
2
, local wellposedness in the subcritical sense

was established by Selberg and Klainermann [59]. Naturally, things become even more
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intricate when one measures size in s = d
2
. Several outstanding works revolve around this

case, see [57, 59, 72, 94, 99, 100, 95, 96, 58, 88, 61, 81, 101, 14]. In particular, one

has the following result. Prescribe smooth initial data, which are sufficiently small in the

critical Sobolev space Ḣ
d
2 × Ḣ d

2
−1(Rd,Sd), then there exists a unique smooth solution,

which exists for all times t ∈ R. This of course motivates the question if all solutions

exist globally, or if there is an actual obstruction voiding global existence of solutions

that start from general smooth initial data. Indeed, one cannot generally expect global

existence of solutions. For d ≥ 3, this is exemplified by the self similar solution

UT
∗ (t, x) = F∗

(
x

T − t

)
, F∗(ξ) :=

1

d− 2 + |ξ|2

(
2
√
d− 2 ξ

d− 2− |ξ|2

)
,

which admits finite time blowup in its derivatives. In three spatial dimensions, this family

of solutions was first discovered by Turok and Spergel [103] and later, for general space

dimensions d ≥ 4, by Biernat and Bizón [7]. We remark at this point, that the solution

UT
∗ , will be one of the central elements of this work, as much of this thesis is devoted to

understanding the stability properties of it. For this, it is vital that UT
∗ belongs to the

special class of corotational wave maps. Such wave maps are of the form

U(t, x) =

(
sin(|x|u(t, x)) x

|x|

cos(|x|u(t, x))

)
where u is a smooth function such that u(t, .) is radial for every fixed t. In particular,

uT∗ (t, x) =
2

|x|
arctan

(
|x|√

d− 2(T − t)

)
.

A direct calculation shows that this ansatz simplifies the wave maps equation immensely

and in fact reduces it to the single semilinear equation(
∂2
t − ∂2

r −
d+ 1

r
∂r

)
ũ(t, r) +

(d− 1)

2

sin(2rũ(t, r))− 2rũ(t, r)

r3
= 0 (1.9)

where ũ(t, .) is the radial representative of u(t, .) and with r = |x|. Obviously, this equa-

tion is significantly simpler to analyze than the general wave maps system and much of

our analysis will be centered on this “symmetry reduced” wave maps equation. Interest-

ingly, this equation has the form of a radial semilinear wave equation in d+ 2 dimensions

rather than just d. It is therefore natural to study the Cauchy problem
(
∂2
t − ∂2

r − d+1
r
∂r
)
ũ(t, r) + (d−1)

2
sin(2rũ(t,r))−2rũ(t,r)

r3
= 0

ũ[0] = (f, g) ∈ Hs
rad ×Hs−1

rad (Rd+2).
(1.10)

As one would expect, local wellposedness of Eq. (1.10) at critical regularity and many

of the analogues of the above mentioned results for wave maps predate these by some

time [89]. The first result in terms of stability of the profile u1
∗ is due to Donninger

[28], which established asymptotic stability of u1
∗ for d = 3 and initial data in H3 ×H2
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regularity. In this work, an assumption on unstable eigenvalues, called the mode stability,

had to be made. This mode stability was, however, later rigorously proven in [19] for

d = 3 and subsequently also for d > 3 [20]. This allowed for the extension of the stability

results to higher odd dimensions [16]. Note that in these works, all of the stability results

require 3
2

derivatives more than the optimum. Lastly, even though not directly related

to this work, we want to comment on blowup in the energy critical dimension d = 2.

In this case, blowup was constructed via a dynamical rescaling of harmonic maps, see

[60, 47]. Moreover, in an outstanding work ([65]), these blowups were shown to be stable

not only in the class of corotational wave maps but under general (sufficiently regular)

perturbations.

1.2. A short primer on energy critical wave equations. As mentioned above,

the second equation we focus on is given by a nonlinear wave equation with a power

nonlinearity. More precisely, we consider

�u = ±u|u|
4
d−2

for functions u : R × Rd → R. Similar scaling considerations as above show that this is

an energy critical equation. Therefore, it is natural to prescribe initial data which lie in

H1 × L2(Rd). Indeed, the defocusing Cauchy problem�u = −u|u|
4
d−2

u[0] = (f, g) ∈ H1 × L2(Rd)

is not only locally wellposed for any such data, but one even has global wellposedness for

all initial data (f, g) ∈ H1 × L2(Rd). While this is in itself interesting, from the point of

blowup dynamics it of course completely negates the question of finite time singularity

formation. Thus, we are only concerned with the focusing equation

�u = u|u|
4
d−2 ,

for which it has been known since the seventies that initial data with negative conserved

energy

E[u](t) :=
1

2

∫
Rd
|∂tu(t, x)|2 + |∇xu(t, x)|2dx− d− 2

2d
‖u(t, .)‖

2d
d−2

L
2d
d−2 (Rd)

leads to solutions which exhibit finite time blowup (see Levine [70]). Moreover, analogous

to the the wave maps equation, we can again explicitly write down a family of self similar

blowup solutions, which is sometimes referred to as the ODE blowup

uTode(t) := cd(T − t)
2−d
2 , cd =

(
d(d− 2)

4

) d−2
4

.

At first glance, it seems that this example does not contradict global wellposedness,

since, clearly, uTode[0] is constant and therefore is certainly not an element of H1×L2(Rd).

14



However, by the finite speed of propagation property of the equation, this can easily be

remedied by cutting off the data far out. Consequently, we are interested in the Cauchy

problem �u = u|u|
4
d−2

u[0] = (f, g) ∈ H1 × L2(Bdr)

where Bdr ⊂ Rd is the ball of radius r around 0 ∈ Rd in d dimension, for some appropriate

r ≥ 1. Asymptotic stability of the ODE blowup (for more general powers p) for energy

subcritical powers was established by Merle and Zaag in several works [73, 74, 75, 76,

77, 78, 79]. This problem was studied further by Alexakis and Shao [1] and Azaiez [2].

For the energy critical problem, the optimal stability problem was settled by Donninger

in three dimensions [30] and by Donninger and Rao in five [34]. Lastly, we want to

mention that asymptotic stability in the supercritical case was shown by Donninger and

Schörkhuber, see [36, 37].

1.3. Outline of the thesis. This thesis is comprised of the three separate works

• Optimal blowup stability for supercritical wave maps

• Strichartz estimates and blowup stability for energy critical nonlinear wave equa-

tions

• Optimal blowup stability for three-dimensional wave maps

which are sorted from the first completed work to the last. Each of these three works is

focused on studying the stability of explicitly known self similar blowup solutions under

small perturbations.

Optimal blowup stability for supercritical wave maps. This joint work with

Roland Donninger focuses on the wave maps equation in 4 dimensions with the goal of

establishing the stability of the blowup U1
∗ under corotational perturbations at optimal

regularity in the backwards lightcone of the blowup point. Note that the scaling behavior

of the equation mentioned above identifies Ḣ2 × Ḣ1(R4) as the scaling invariant space.

Hence, as we are working on a compact set, the optimal space to measure the size of

the data relaitve to the blowup is given by H2 ×H1(Bd3
2

). Our result shows that, up to

a small shift in the blowup time T , the desired asymptotic stability does indeed hold.

Quantitatively, the main result of this work can be phrased as follows.

Theorem 1.1. Up to a small shift in time, U1
∗ is stable under smooth corotational

perturbations measured in H2 ×H1(B4
3
2

). Moreover, such perturbations lead to solutions

which exist globally outside the causally influenced region of their respective blowup.

The main tool used to establish this result is by means of Strichartz estimates for

wave equations with potentials in similarity coordinates.
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Strichartz estimates and blowup stability for energy critical nonlinear wave

equations. The goal of this work is to showcase a unified approach to derive Strichartz

estimates in similarity coordinates of radial wave equations with a potential. This extends

the previously known estimates from d = 3, 5 to all dimensions d ≥ 4. As an application

of these estimates, we derive the asymptotic stability of u1
ode, again modulo a small shift

in the blowup time T . Loosely speaking, the main result on blowup stability of this work

can be paraphrased as follows.

Theorem 1.2. Let 4 ≤ d ≤ 6 be a fixed natural number. Then, up to a small shift in

time, u1
ode is stable under radial perturbations measured in H1 × L2(Bd3

2

).

Optimal blowup stability for three dimensional wave maps. This is once more

joint work with Roland Donninger and is concerned with the three dimensional wave maps

equation. In this case, the optimal topology to measure the size of the data is given by

H
3
2 ×H 1

2 (B3). Hence, for an optimal result in terms of derivatives, one cannot get around

working in fractional Sobolev spaces. One natural way to derive Strichartz estimates at

this regularity would be to derive corresponding estimates for H2×H1 and H1×L2 and

then interpolate between them. This induces new intriguing problems, which arise mainly

due to the highly nontrivial nature of the underlying spectral problem. Overcoming these

difficulties leads to the three dimensional analogue of Theorem 1.1, with slightly modified

assumptions on the relative smallness of the prescribed data.

Theorem 1.3. Up to a small shift in time, U1
∗ is stable under radial perturbations

of |.|u1
∗ of the form (|.|f, |.|g) for smooth functions f, g, where the relative smallness is

measured in H
3
2 × H 1

2 (B3
3
2

). Moreover, such perturbations lead to solutions which exist

globally outside the causally influenced region of their respective blowup.

Disclaimer. While the second work was entirely produced by the author of this

thesis, the first and third works included were also, up to minor corrections, exclusively

written by the author. However, many helpful conversations, which were and are greatly

appreciated, were held with Roland Donninger during the process of establishing the

stated results.
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CHAPTER 2

Optimal blowup stability for supercritical wave maps

1. Introduction

Let Ω ⊂ R × Rd be open and consider a smooth map U : Ω → Sd ⊂ Rd+1. We number

the slots of U from 0 to d and write ∂0 = −∂0 as well as ∂j = ∂j for j ∈ {1, 2, . . . , d}.
Then U is called a wave map if it satisfies

∂µ∂µU + (∂µU · ∂µU)U = 0 (1.1)

on Ω, where we employ Einstein’s summation convention with Greek letters running from

0 to d and · denotes the Euclidean inner product on Rd+1. Wave maps are fundamental

objects in geometric analysis and they generalize both the wave equation to maps with

values in manifolds and harmonic maps to Lorentzian geometry.

The wave maps equation is a hyperbolic partial differential equation and in order

to construct solutions, it is natural to study the Cauchy problem, i.e., one prescribes

U(0, .) : Rd → Sd ⊂ Rd+1 and ∂0U(0, .) : Rd → Rd+1 with U(0, .) · ∂0U(0, .) = 0 as initial

data. The goal is then to prove the existence of a unique wave map that satisfies the

initial data. For some initial data it will be possible to construct a wave map on all of

R×Rd but in general, the maximal domain of existence will be a proper subset of R×Rd.

For d ≥ 3 this is evidenced by the explicit one-parameter family of self-similar solutions

UT
∗ (t, x) = F∗(

x
T−t) for T > 0, where F∗ : Rd → Sd ⊂ Rd+1 is given by

F∗(ξ) :=
1

d− 2 + |ξ|2

(
2
√
d− 2 ξ

d− 2− |ξ|2

)
=

(
sin(f∗(ξ))

ξ
|ξ|

cos(f∗(ξ))

)
with

f∗(ξ) := 2 arctan

(
|ξ|√
d− 2

)
.

The function UT
∗ , found in [87, 103, 7], is an explicit example of a wave map that

starts from smooth initial data but becomes singular after a finite time T in the sense

that the gradient blows up. With the explicit blowup solution UT
∗ at hand, a natural

question arises: How typical is this type of singularity formation? Is the solution UT
∗ an

“exceptional object” or does there exist a larger class of solutions that behave like UT
∗ ?

To approach this question, it is necessary to study perturbations of UT
∗ . In this paper, for

the case d = 4, we prove that the blowup described by UT
∗ is stable under perturbations

that are small in the weakest possible Sobolev norm. In order to state our result precisely,
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we define the domain ΩT ⊂ R× R4 for T > 0 by

ΩT :=
(
[0,∞)× R4

)
\
{

(t, x) ∈ [T,∞)× R4 : |x| ≤ t− T
}
.

Furthermore, for R > 0 and x0 ∈ Rd, we set BdR(x0) := {x ∈ Rd : |x − x0| < R} and

abbreviate BdR := BdR(0).

Theorem 1.1. Let d = 4. There exist constants δ0,M > 0 such that the following

holds. Let F : R4 → S4 ⊂ R5 and G : R4 → R5 be given by

F (x) =

(
sin(|x|f(x)) x

|x|

cos(|x|f(x))

)
, G(x) =

(
cos(|x|f(x))g(x)x

− sin(|x|f(x))|x|g(x)

)
for smooth, radial functions f : R4 →

[
−3

2
, 3

2

]
and g : R4 → R. Assume further that

δ ∈ (0, δ0) and

‖(F,G)− (U1
∗ (0, .), ∂0U

1
∗ (0, .))‖H2×H1(B4

1+δ)
≤ δ

M
.

Then there exists a T ∈ [1− δ, 1 + δ] and a unique smooth wave map U : ΩT → S4 ⊂ R5

that satisfies U(0, x) = F (x) and ∂0U(0, x) = G(x) for all x ∈ R4. Furthermore, in the

backward lightcone of the point (T, 0), we have the weighted Strichartz estimates∫ T

0

∥∥∥|.|− 5
6

(
U(t, .)− UT

∗ (t, .)
)∥∥∥2

L12(B4
T−t)

dt ≤Mδ2

and ∫ T

0

∥∥∥|.|− 1
2

(
∂jU(t, .)− ∂jUT

∗ (t, .)
)∥∥∥2

L4(B4
T−t)

dt ≤Mδ2

for j ∈ {1, 2, 3, 4}.

1.1. Discussion. Some remarks are in order.

1.1.1. Stability of blowup. Note that

UT
∗ (t, 0) =

(
0

1

)
for all t ∈ [0, T ) and thus, by scaling,∥∥∥|.|− 5

6

(
UT
∗ (t, .)− UT

∗ (t, 0)
)∥∥∥

L12(B4
T−t)
' (T − t)−

1
2 ,

which implies that∫ T

0

∥∥∥|.|− 5
6

(
UT
∗ (t, .)− UT

∗ (t, 0)
)∥∥∥2

L12(B4
T−t)

dt '
∫ T

0

(T − t)−1dt =∞.

Analogously, we find∫ T

0

∥∥∥|.|− 1
2∂jU

T
∗ (t, .)

∥∥∥2

L4(B4
T−t)

dt '
∫ T

0

(T − t)−1dt =∞.

Consequently, our estimates show that the self-similar blowup solution UT
∗ is asymptot-

ically stable in a Strichartz sense in the backward lightcone of the singularity. In other
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words, the solution we construct can be written as

U(t, x) = UT
∗ (t, x) + U(t, x)− UT

∗ (t, x)︸ ︷︷ ︸
small

,

i.e., U blows up at time t = T and equals UT
∗ up to an error that is small in a suitable

Strichartz space.

1.1.2. Optimality. The wave maps equation has the scaling symmetry U(t, x) 7→
U( t

λ
, x
λ
) for λ > 0 and the corresponding scaling-invariant Sobolev space is Ḣ

d
2×Ḣ d

2
−1(Rd).

As the wave maps equation is ill-posed below scaling [89], our smallness condition on the

data is optimal in the sense that the number of derivatives cannot be lowered any further.

1.1.3. Relation to small-data Cauchy theory. Our result may be viewed as the ana-

logue of an optimal small-data global existence result, but relative to a blowup solution:

If the data are close to the given blowup solution, the evolution exists for as long as it

possibly can and behaves asymptotically like the given blowup.

1.1.4. Symmetry. The initial data we prescribe have a very special form. Such data

are called corotational and the point is that the wave maps flow preserves this form.

Accordingly, our Strichartz estimates are not translation-invariant and thus inherently

corotational. Nonetheless, we expect a similar result to hold for general data but estab-

lishing this is a formidable endeavor that has to be postponed to the future.

1.1.5. Maximal domain of existence. We show the existence of the solution in the

domain ΩT , which includes all of [0,∞) × R4 except for the forward lightcone of the

blowup point (T, 0). The latter is precisely the spacetime region that is causally influenced

by the singularity. It is an intriguing open question whether one can extend the solution

even further in a meaningful way.

1.1.6. Other dimensions. There is nothing special about d = 4 except that it is the

smallest dimension d ≥ 3 with a critical Sobolev space of integer order. This fact simplifies

the analysis but the generalization to other dimensions d ≥ 3 is mainly technical and will

be treated elsewhere. The behavior for d ≤ 2, on the other hand, is an entirely different

subject that is extensively treated in the literature, see below.

1.1.7. Broader context. Finally, we would like to emphasize that our Theorem 1.1 is

a large-data result for an energy-supercritical wave equation. In addition, it is the first

result on optimal blowup stability for a geometric wave equation.

1.2. Related results. As the prototypical example of a geometric wave equation,

the wave maps equation received a lot of attention during the last 30 years and it is

impossible to review or even mention all of the available results. We therefore restrict

ourselves to a brief overview of some of the most important recent contributions that are

closely related to the present paper.

The local Cauchy theory at low regularity for corotational wave maps is developed in

[89] and the general case is studied in [57, 59, 94, 72]. The global Cauchy problem for
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small data is of course most delicate when one measures smallness in a scaling-invariant

space. This challenging problem was part of a big program in the 1990s and the beginning

2000s and was finally resolved in [99, 100, 95, 96, 58, 88, 61, 81, 62, 101, 14].

For the global Cauchy problem with large data, the most powerful results are available

in the energy-critical case d = 2, where energy conservation yields invaluable global

information. On the other hand, the blowup mechanism in d = 2 is more complicated

and takes place via dynamical rescaling of a soliton (a harmonic map). As a consequence,

already the construction of solutions that blow up in finite time is highly nontrivial and

was first achieved in [60, 85, 84], motivated by numerical evidence [9], see also [47].

Stability results for blowup are established in [84, 64]. The question of global existence

for large data has to be addressed in view of the fact that finite-time blowup is possible.

Since the blowup takes place via shrinking of a harmonic map, the “first” harmonic

map provides a natural threshold for global existence. This is expressed in the threshold

conjecture [91, 92, 66, 69, 18], see also the series of unpublished preprints [98] and the

earlier [93, 24] for the corotational setting. The most recent work on energy-critical wave

maps focuses on the precise asymptotic behavior and the soliton resolution conjecture

[22, 23, 21, 52, 56, 55, 41].

The present paper is concerned with the energy-supercritical case d ≥ 3 where the

conservation of energy is useless for the study of the Cauchy problem and the under-

standing of large-data evolutions is still comparatively poor. The existence of self-similar

blowup for d ≥ 3 is established in [87, 103, 15, 5, 7]. Motivated by numerical evidence

[8], the stability of self-similar blowup under perturbations that are small in Sobolev

spaces of sufficiently high order is proved in [38, 29, 19, 20, 16, 32, 4]. Furthermore,

in dimensions d ≥ 7, there exists another blowup mechanism that is more akin to the

energy-critical case [48], see also [27, 17] for other large-data results.

The stability of blowup in the critical Sobolev space, which is the content of the present

paper, constitutes a vast conceptional improvement over the existing results because

the critical Sobolev space is the only distinguished space for the study of an energy-

supercritical problem. So far, blowup stability in a critical space is only known for

the much simpler energy-critical nonlinear wave equation [30, 34], see also [11] for an

extension to randomized perturbations.

1.3. Outline of the proof. We give a nontechnical outline of the key steps of the

proof.

1.3.1. Preliminary reductions. In Theorem 1.1 the initial data are corotational and

this symmetry is preserved by the wave maps flow. This means that the solution U is of

the form

U(t, x) =

(
sin(|x|u(t, x)) x

|x|

cos(|x|u(t, x))

)
(1.2)
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for a smooth function u : [0, T ) × R4 → R such that u(t, .) is radial for each t ∈ [0, T ).

Indeed, if one plugs the ansatz Eq. (1.2) into the wave maps equation (1.1), one ends up

with the single semilinear wave equation(
∂2
t − ∂2

r −
5

r
∂r

)
ũ(t, r) +

3 sin(2rũ(t, r))− 6rũ(t, r)

2r3
= 0 (1.3)

for r > 0, where u(t, x) = ũ(t, |x|). Interestingly, this is a radial wave equation in 6 rather

than 4 spatial dimensions. Consequently, it is natural to regard u as a smooth function

on [0, T )× R6 and then, Eq. (1.3) can be written as

(∂2
t −∆x)u(t, x) +

3 sin(2|x|u(t, x))− 6|x|u(t, x)

2|x|3
= 0 (1.4)

for x ∈ R6 \ {0}. Note that the apparent singularity at x = 0 is in fact removable and

the nonlinearity is generated by a smooth function.

1.3.2. Control of the evolution away from the origin. The bulk of the present work is

concerned with the analysis of Eq. (1.3), which is essentially a cubic wave equation. It

will be vital for us to exploit the finite speed of propagation of Eq. (1.3), so that we can

restrict ourselves to lightcones. To this end, we define the domain Γt1t0(r0), for 0 ≤ t0 < t1

and r0 ∈ R+ := (0,∞), by

Γt1t0(r0) := {(t, r) : t ∈ [t0, t1), r ∈ [r0 − (t1 − t), r0 + (t1 − t)]}.

Our first step will be the proof of an existence result of Eq. (1.4) outside of the forward

lightcone of the origin. First, we show that the reduced wave maps equation (1.3) is

well-posed on any domain Γt1t0(r0) that does not touch the origin.

Theorem 1.2. Consider Γt1t0(r0) with r0−(t1−t0) > 0 and let f̃ , g̃ : [r0−(t1−t0), r0 +

(t1 − t0)]→ R be smooth. Then there exists a unique smooth solution ũ : Γt1t0(r0)→ R of

Eq. (1.3) that satisfies ũ(t0, .) = f̃ and ∂0ũ(t0, .) = g̃.

As an immediate consequence, we obtain the desired existence result.

Corollary 1.1. Let f, g ∈ C∞(R6) be radial. Then there exists a unique smooth

solution

u : {(t, x) ∈ [0,∞)× R6 : |x| > t} → R

of Eq. (1.4) that satisfies u(0, .) = f and ∂0u(0, .) = g.

The key ingredient in proving this result will be the fact that away from the center we

are effectively dealing with a one-dimensional wave equation with a bounded nonlinearity.

1.3.3. Control of the evolution near the origin. The most difficult part will be the

control of the evolution in the backward lightcone of the singularity. For the following,

we set

uT∗ (t, x) :=
1

|x|
f∗

(
x

T − t

)
=

2

|x|
arctan

(
|x|√

2 (T − t)

)
.

Note that uT∗ solves the reduced wave maps equation (1.4).
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Theorem 1.3. There exist δ0,M > 0 such that the following holds. Let f, g ∈
C∞(B6

1+δ) be radial and δ ∈ (0, δ0) such that

‖(f, g)− (u1
∗(0, .), ∂0u

1
∗(0, .))‖H2×H1(B6

1+δ)
≤ δ

M
.

Then there exists a blowup time T ∈ [1− δ, 1 + δ] and a unique smooth solution

u :
{

(t, x) ∈ [0, T )× R6 : |x| ≤ T − t
}
→ R

of Eq. (1.4) satisfying u(0, .) = f and ∂0u(0, .) = g on B6
T . Furthermore, we have the

Strichartz estimates ∫ T

0

∥∥u(t, .)− uT∗ (t, .)
∥∥2

L12(B6
T−t)

dt ≤Mδ2 (1.5)

and ∫ T

0

∥∥u(t, .)− uT∗ (t, .)
∥∥2

Ẇ 1,4(B6
T−t)

dt ≤Mδ2. (1.6)

Theorem 1.3 is in fact the main result of our paper and so we highlight some of the

key steps in proving it.

• Our starting point is a well-known reformulation of the problem in similarity

coordinates τ = − log(T − t) and ξ = x
T−t . In these new coordinates the blowup

solution uT∗ is τ -independent and Eq. (1.4) takes the autonomous first-order form

Φ(τ) = LΦ(τ) + N(Φ(τ))

for perturbations Φ of the blowup and where L is a spatial differential operator

that arises from linearising the equation at the τ -independent blowup solution.

All the nonlinear terms are summarized in N(Φ(τ)). We show that L generates

a semigroup S on H := H2 ×H1(B6
1) and moreover, by utilizing [20], we prove

that L has precisely one unstable eigenvalue λ = 1. This eigenvalue does not

correspond to an “actual” instability of the blowup solution uT but is a mere

consequence of the time translation symmetry of the wave maps equation. We

further establish that the associated spectral projection P is of rank 1 and by

standard semigroup theory we obtain the bound

‖S(τ)(I−P)‖H ≤ Cεe
ετ

for any ε > 0.

• The crucial observation, then, is the fact that S(τ)(I − P) satisfies Strichartz

estimates. To prove these estimates we first conduct an asymptotic construction

of the resolvent of L. The spectral equation (λ−L)u = f with u = (u1, u2) and
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f = (f1, f2) turns out to be equivalent to the second order ODE

(ρ2 − 1)u′′1(ρ) +

(
2(λ+ 2)ρ− 5

ρ

)
u′1(ρ) + (λ+ 2)(λ+ 1)u1

− 48

(ρ2 + 2)2
u1(ρ) = Fλ(ρ)

(1.7)

with Fλ(ρ) = f2(ρ)+(λ+2)f1(ρ)+ρf ′1(ρ) and ρ ∈ (0, 1). To study this equation,

it is advantageous to get rid of the first order derivative by using an appropriate

transformation of the independent variable u. This transforms Eq. (1.7) with

Fλ = 0 into

v′′(ρ) +
ρ2(10 + 12λ− 4λ2)− 15

4ρ2(1− ρ2)2
v(ρ) =

48

(ρ2 + 2)2(1− ρ2)
v(ρ). (1.8)

We then construct fundamental systems near either pole separately. One of the

main tools to do so is the diffeomorphism

ϕ(ρ) :=
1

2
log

(
1 + ρ

1− ρ

)
which, by means of a Liouville-Green transform, turns the equation into Bessel

form. Near 0 we therefore obtain a fundamental system of Eq. (1.7) which

essentially consists of perturbed Bessel functions and the error is controlled by

Volterra iterations. Unfortunately, near the endpoint 1, we cannot use Hankel

functions straight away. This is because the standard Hankel expansion is not

good enough for our purpose and we need better control of the perturbative

parts. Hence, near 1, we first obtain a fundamental system for

w′′(ρ) +
ρ2(10 + 12λ− 4λ2)− 15

4ρ2(1− ρ2)2
w(ρ) = 0

without changing variables and based on this, we solve Eq. (1.8) perturbatively.

Both steps are again accomplished by Volterra iterations. Finally, to glue the

solutions together we make use of the global theory of the Bessel equation to

obtain sufficient control on the connection coefficients. As a result of this in-

tricate ODE analysis, we obtain a solution to Eq. (1.7) and hence a suitable

representation of the resolvent (λ− L)−1.

• Next, we use the Laplace representation

[S(τ)(I−P)f ] =
1

2πi
lim
N→∞

∫ ε+iN

ε−iN
eλτ (λ− L)−1(I−P)f dλ

and our resolvent construction to push the contour of integration onto the imagi-

nary axis and prove Strichartz estimates by a delicate analysis of the occurring os-

cillatory integrals. To be more precise, we prove these estimates for the difference

of the linearised evolution to the free evolution. This is technically much simpler
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and equivalent because for the free evolution the desired Strichartz estimates fol-

low immediately by a simple scaling argument. Readers familiar with Strichartz

theory for wave equations with potentials might wonder at this point because

the comparison to the free evolution usually only yields short-time Strichartz

estimates. However, since our problem is in fact short-time (we are working in

a backward lightcone), it is not surprising that this strategy works. Only in the

rescaled variable τ our Strichartz estimates are global.

• The full nonlinear problem is then treated perturbatively and solved in the cor-

responding Strichartz space by a fixed point argument. The instability caused by

the time translation symmetry is treated by a Lyapunov-Perron-type argument.

That is to say, we first modify the equation to suppress the instability and in

a second step we show that the modification vanishes provided one chooses the

blowup time correctly. Finally, by more or less following the standard procedure,

we upgrade the regularity to C∞.

2. Local wellposedness away from the center

In this section we establish Theorem 1.2 and Corollary 1.1. The first step is to look

at the problem locally in the domains Γt1t0(r0). As usual, we start with a weaker notion

of solutions and upgrade the regularity afterwards. Thus, we use d’Alembert’s formula

and consider the Duhamel form of Eq. (1.3).

Definition 2.1. Consider Γt1t0(r0) with r0 − (t1 − t0) > 0 and for t ∈ [t0, t1), set

It := (r0 − (t1 − t), r0 + (t1 − t)) ⊂ R+. Furthermore, for t̃ ∈ R, we set

Γt1t0(r0, t̃) := Γt1t0(r0) ∩ {(t, r) ∈ R2 : t < t̃}.

We say that u : Γt1t0(r0, t̃)→ R is an Hk solution of Eq. (1.3) in Γt1t0(r0, t̃) if the following

three properties hold:

• u is continuous,

• u(t, .) ∈ Hk(It) for all t ∈ [t0, t1) ∩ [t0, t̃),

• u satisfies the integral equation

u(t, r) =
1

2
(u(t0, r + t− t0) + u(t0, r − t+ t0)) +

1

2

∫ r+t−t0

r−t+t0
∂0u(t0, y)dy

+
1

2

∫ t

t0

(∫ r+t−s

r+s−t
Ñ(u(s, .))(y)dy

)
ds

(2.1)
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for all (t, r) ∈ Γt1t0(r0, t̃), where

Ñ(u(t, .))(r) :=
5

r
∂ru(t, r)− 3 sin(2ru(t, r))− 6ru(t, r)

2r3
.

Note that if u is C2 then u is a classical solution. In the following, we sometimes

abuse notation and do not distinguish between a radial function f and its representative

f̃ , given by f(x) = f̃(|x|). With this identification we have the useful equivalences

‖f‖2
L2(BdR) '

∫ R

0

|f(r)|2rd−1dr

‖f‖2
Ḣ1(BdR)

'
∫ R

0

|f ′(r)|2rd−1dr

‖f‖2
Ḣ2(BdR)

'
∫ R

0

∣∣∣∣f ′′(r) +
d− 1

r
f ′(r)

∣∣∣∣2 rd−1dr.

The decisive properties of Ñ are given in the following lemma.

Lemma 2.1. Let k ∈ N0 and 0 < a < b. Then we have the bound∥∥∥Ñ(f)− Ñ(g)
∥∥∥
Hk(I)

. ‖f − g‖Ḣk+1(I) +
(

1 + ‖f‖kHk(I) + ‖g‖kHk(I)

)
‖f − g‖Hk(I)

for all f, g ∈ Hk+1(I) and all intervals I ⊂ [a, b].

Proof. Let I ⊂ [a, b] and f, g ∈ C(I) ∩ L2(I). Since 1
r
' 1 for all r ∈ [a, b], we have

the pointwise bound

|Ñ(f)(r)− Ñ(g)(r)| . |f ′(r)− g′(r)|+ |f(r)− g(r)|

for all r ∈ I. Thus, the case k = 0 follows by a density argument. For k ≥ 1 we consider

f ∈ Ck(I)∩Hk(I) and differentiate Ñ(f) k times. By the chain rule, this produces powers

of derivatives of f . Thus, the stated estimate is a consequence of the algebra property of

H1(I), elementary pointwise algebraic identities, and a density argument. �

Remark 2.1. Note that in the case k = 0, Ñ satisfies a global Lipschitz bound. This

is the crucial property.

Now we turn to the analysis of solutions of Eq. (1.3). The first result deals with the

dependence on the initial data and uniqueness.

Lemma 2.2. Consider Γt1t0(r0) with r0 − (t1 − t0) > 0 and, as before, let It = (r0 −
(t1 − t), r0 + (t1 − t)) and t̃ ∈ (t0, t1). Then we have the bound

‖u(t, .)− ũ(t, .)‖H1(It) . ‖(u(t0, .), ∂0u(t0, .))− (ũ(t0, .), ∂0ũ(t0, .))‖H1×L2(It0 )

for all t ∈ [t0, t̃] and all H1 solutions u and ũ of Eq. (1.3) in Γt1t0(r0, t̃).
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Proof. To prove this result we first claim that the estimate∥∥∥∥∫ r+t−s

r+s−t
f(y)dy

∥∥∥∥
H1
r (It)

. ‖f‖L2(Is)
(2.2)

holds true for all f ∈ H1(It0) and t0 ≤ s ≤ t ≤ t1. To see this, it suffices to note that∣∣∣∣∫ r+t−s

r+s−t
f(y)dy

∣∣∣∣2 ≤ ∣∣∣∣∫ r+t−s

r+s−t
dy

∣∣∣∣ ∫ r+t−s

r+s−t
|f(y)|2dy ≤ 2(t− s)

∫ r0+t1−s

r0−t1+s

|f(y)|2dy

. (t− s)‖f‖2
L2(Is)

for all r ∈ It, along with

‖f(r + t− s)‖L2
r(It)

+ ‖f(r − t+ s)‖L2
r(It)
. ‖f‖L2(r0−(t1−t),r0+t1−s)

+ ‖f‖L2(r0−(t1−s),r0+t1−t)

. ‖f‖L2(Is)
.

Let now u and ũ be two H1 solutions. Then we have∥∥∥∥∫ r+t−s

r+s−t
Ñ(u(s, .))(y)− Ñ(ũ(s, .))(y)dy

∥∥∥∥
H1
r (It)

.
∥∥∥Ñ(u(s, .))− Ñ(ũ(s, .))

∥∥∥
L2(Is)

.

Now, because of the condition r0 − (t1 − t0) > 0, Lemma 2.1 applies and we obtain

‖Ñ(u(s, .))− Ñ(ũ(s, .))‖L2(Is) . ‖u(s, .)− ũ(s, .)‖H1(Is).

Plugging in the definitions of the respective solutions then yields

‖u(t, .)− ũ(t, .)‖H1(It) .‖(u(t0, .), ∂0u(t0, .))− (ũ(t0, .), ∂0ũ(t0, .))‖H1×L2(It0 )

+

∫ t

t0

‖u(s, .)− ũ(s, .)‖H1(Is)ds

for all t ∈ [t0, t̃) and therefore, the claim follows from Gronwall’s inequality. �

Remark 2.2. As an immediate consequence of Lemma 2.2 we obtain the uniqueness

of H1 solutions in (truncated) cones Γt1t0(r0, t̃) with r0 − (t1 − t0) > 0.

Next, we turn to the existence and prove a standard local existence result with a

blowup criterion.

Lemma 2.3. Let k ∈ N0, M > 0, and 0 < a < b. Then there exists a t′ > 0 such

that the following holds. Let It := (r0 − (t1 − t), r0 + (t1 − t)) and consider Γt1t0(r0) with

It0 ⊂ [a, b]. Furthermore, let (f, g) ∈ Hk+1×Hk(It0) with ‖(f, g)‖Hk+1×Hk(It0 ) ≤M . Then

there exists an Hk solution u of Eq. (1.3) in the (possibly truncated) cone Γt1t0(r0, t0 + t′)

that satisfies (u(t0, .), ∂0u(t0, .)) = (f, g). If u is inextendible beyond time t̃ ∈ (t0, t1) as

an Hk solution of Eq. (1.3), we have

sup
t∈(t0,t̃)

‖u(t, .)‖Hk(It) =∞.

26



Proof. For t′ > 0 and u ∈ C∞(Γt1t0(r0, t0 + t′)) we set

‖u‖X(t′) := sup
t∈[t0,t0+t′]

‖u(t, .)‖Hk(It)

and denote by X(t′) the completion of C∞(Γt1t0(r0, t0 + t′)) with respect to ‖.‖X(t′). Fur-

thermore, for u ∈ X(t′) and (t, r) ∈ Γt1t0(r0, t0 + t′), we define the mapping

Kf,g(u)(t, r) :=
1

2

(
f(r + t− t0) + f(r − t+ t0)

)
+

1

2

∫ r+t−t0

r−t+t0
g(y)dy

+
1

2

∫ t

t0

(∫ r+t−s

r+s−t
Ñ(u(s, .))(y)dy

)
ds.

From Lemma 2.1 and the proof of Lemma 2.2 it follows that Kf,g maps X(t′) to X(t′)

and we have the bound

‖Kf,g(u)‖X(t′) ≤ CM + Ct′
(
1 + ‖u‖kX(t′)

)
‖u‖X(t′)

for some constant C ≥ 1. We set Y (t′) := {u ∈ X(t′) : ‖u‖X(t′) ≤ 2CM} and upon

choosing t′ small enough, we infer that Kf,g maps Y (t′) to Y (t′). Furthermore, we have

the bound

‖Kf,g(u)−Kf,g(v)‖X(t′) . t′‖u− v‖X(t′)

for all u, v ∈ Y (t′) and we may choose t′ so small that Kf,g becomes a contraction on Y (t′).

Thus, the contraction mapping principle yields the existence of a fixed point u ∈ Y (t′) of

Kf,g. Clearly, by Sobolev embedding, u : Γt1t0(r0, t0 + t′)→ R is continuous and hence an

Hk solution of Eq. (1.3) in Γt1t0(r0, t0 + t′).

If u is inextendible as an Hk solution of Eq. (1.3) beyond time t̃ ∈ (t0, t1), we must

have

sup
t∈(t0,t̃)

‖u(t, .)‖Hk(It) =∞

because otherwise, we could use the above argument to extend the solution beyond time

t̃. �

Thanks to the global Lipschitz property of Ñ , we can extend any Hk solution to the

full cone Γt1t0(r0).

Lemma 2.4. Consider Γt1t0(r0) with r0 − (t1 − t0) > 0 and for k ∈ N0, let (f, g) ∈
Hk+1×Hk(It0), where It = (r0− (t1− t), r0 + (t1− t)). Then there exists an Hk solution

u of Eq. (1.3) in Γt1t0(r0) that satisfies (u(t0, .), ∂0u(t0, .)) = (f, g).

Proof. We start with the case k = 0 and argue by contradiction. By Lemma 2.3,

there exists a t̃ > t0 and an H1 solution u of Eq. (1.3) in Γt1t0(r0, t̃). Suppose that t̃ < t1

and that u is inextendible beyond t̃. From Lemma 2.1 and the proof of Lemma 2.2 we

obtain the estimate

‖u(t, .)‖H1(It) . ‖(f, g)‖H1×L2(It0 ) +

∫ t

t0

‖u(s, .)‖H1(Is)ds
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and by Gronwall’s inequality, ‖u(t, .)‖H1(It) . 1 for all t ∈ [t0, t̃). This is a contradiction

to the blowup criterion in Lemma 2.3 and thus, u extends to all of Γt1t0(r0).

Now suppose u is an Hk solution of Eq. (1.3) in Γt1t0(r0) and (f, g) ∈ Hk+1 ×Hk(It0).

By Lemma 2.3, there exists a t̃ > t0 and an Hk+1 solution ũ in Γt1t0(r0, t̃) with initial data

(ũ(t0, .), ∂0ũ(t0, .)) = (f, g). By Lemma 2.2, ũ = u and Lemma 2.1 yields the bound

‖u(t, .)‖Hk+1(It) . ‖(f, g)‖Hk+1×Hk(It0 ) + 1 + sup
t∈[t0,t̃]

‖u(t, .)‖k+1
Hk(It)

+

∫ t

t0

‖u(s, .)‖Hk+1(Is)ds

for all t ∈ [t0, t̃). Thus, by the same argument as above we see that u extends to all of

Γt1t0(r0) as an Hk+1 solution and the claim follows inductively. �

We can now turn to the proof of Theorem 1.2.

Proof of Theorem 1.2. Let (f, g) ∈ C∞×C∞(It0). By Lemma 2.4, we obtain an

H1 solution u of Eq. (1.3) that satisfies u(t, .) ∈ Hk(It) for any k ≥ 1 and all t ∈ [t0, t1).

By Sobolev embedding, u(t, .) ∈ C∞(It). To deal with the time derivatives, observe that

the right hand side of Eq. (2.1) consists of the term involving the initial data, which is

smooth by assumption, and the Duhamel term, which gains a degree of differentiability

in t. Since this gain is untouched by differentiating with respect to r, we conclude that

∂kr ∂
l
tu(t, r) exists for any k, l ≥ 1 and is in fact continuous on Γt1t0(r0). Finally, Lemma

2.2 ensures that this solution is indeed unique. �

Proof of Corollary 1.1. Let (f, g) ∈ C∞×C∞(R6) and note that (f, g) ∈ Hk×
Hk−1(I) for any interval I ⊂ R that satisfies I ⊂ R+ and any k ≥ 1. Consider now Γt10 (r0)

with r0 − t1 > 0. From Theorem 1.2 there exists a unique smooth solution u of Eq. (1.3)

on Γt10 (r0) with initial data u(0, .) = f and ∂0u(0, .) = g. Furthermore, since Γt10 (r0) does

not touch the origin, we see that u(t, .) corresponds to a smooth radial function for any

t ∈ [0, t1). Let now T, ε > 0 and consider the set DT
ε = {(t, r) ∈ [0, T ]×R : r ≥ t+ε}. We

can cover DT
ε with cones of the form Γt1t0(r0). Now, since each of these cones is a positive

distance away from the origin, the above consideration implies the existence of a unique

smooth solution in each of these cones. Since the intersection of two such cones is either

empty or again a cone, by Lemma 2.2, we can smoothly glue together the solutions in the

individual cones to obtain a unique solution in all of DT
ε . Since T and ε were arbitrary,

the claim follows. �

3. Semigroup theory and free Strichartz estimates

Before we can analyse Eq. (1.3) properly in the radial lightcone ΓT , we first need the

right choice of coordinates. For what we intend to do, the similarity coordinates given by

τ = − log(T − t) + log(T ), ρ =
r

T − t
(3.1)
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are well suited. Thus, we set ψ(τ, ρ) = Te−τu(T − Te−τ , T e−τρ) and switch to the

similarity coordinates which transform Eq. (1.3) into(
2 + 3∂τ + ∂2

τ + 2ρ∂τ∂ρ + 4ρ∂ρ −
5

ρ
∂ρ + (ρ2 − 1)∂2

ρ

)
ψ +

3 sin(2ρψ)− 6ρψ

2ρ3
= 0, (3.2)

where we omit the arguments of ψ for brevity. To be able to use semigroup techniques,

we define

ψ1(τ, ρ) := ψ(τ, ρ) (3.3)

and

ψ2(τ, ρ) := (1 + ∂τ + ρ∂ρ)ψ1(τ, ρ), (3.4)

which yields the system

∂τψ1 = ψ2 − ψ1 − ρ∂ρψ1

∂τψ2 = ∂2
ρψ1 +

5

ρ
∂ρψ1 − ρ∂ρψ2 − 2ψ2 −

3 sin(2ρψ1)− 6ρψ1

2ρ3
,

(3.5)

with initial data

ψ1(0, ρ) = Tf(Tρ), ψ2(0, ρ) = T 2g(Tρ).

3.1. Semigroup theory. Motivated by the above evolution equation, we define the

formal differential operator L̃ as

L̃u(ρ) :=

(
−ρu′1(ρ)− u1(ρ) + u2(ρ)

u′′1(ρ) + 5
ρ
u′1(ρ)− ρu′2(ρ)− 2u2(ρ)

)
,

where u = (u1, u2). To endow this operator with an appropriate domain, we first need

the proper Hilbert space to work in. In view of the regularity we require, we accordingly

define the space

H := {u ∈ H2 ×H1(B6
1) : u radial}

and as a domain for L̃ we set

D(L̃) = {u ∈ C3 × C2
(
B6

1

)
: u radial}.

In addition to the standard H2 ×H1 inner product, we define another inner product on

D(L̃) by setting

(u,v)H̃ :=2

∫ 1

0

u′′1(ρ)v′′1(ρ)ρ5dρ+ 10

∫ 1

0

u′1(ρ)v′1(ρ)ρ3dρ+ 2

∫ 1

0

u′2(ρ)v′2(ρ)ρ5dρ

+ u1(1)v1(1) + u2(1)v2(1)

and we denote the associated norm by ‖.‖H̃. The reason for defining this alternative norm

‖.‖H̃ stems from the fact that this will allow us to prove a dissipative estimate for L̃. First

we will however show that the norms ‖.‖H and ‖.‖H̃ are equivalent. To do so, we will

need the following version of Hardy’s inequality.
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Lemma 3.1. Let R0 > 0. Then we have the bounds∫ R

0

|f(ρ)|2ρdρ . ‖f‖2
H2(B6

R)∫ R

0

|f ′(ρ)|2ρ3dρ . ‖f‖2
H2(B6

R)

for all R ≥ R0 and all f ∈ C2(B6
R).

Proof. An integration by parts and the one-dimensional Sobolev embedding yield∫ R

0

|f(ρ)|2ρdρ . ‖f‖2
H2(B6

R) +

∫ R

0

|f ′(ρ)||f(ρ)|ρ2dρ

. ‖f‖2
H2(B6

R) +
1

ε

∫ R

0

|f ′(ρ)|2ρ3dρ+ ε

∫ R

0

|f(ρ)|2ρdρ

for all R ≥ R0 and any ε > 0. Thus, it suffices to prove the second inequality. To this

end, we again integrate by parts and obtain∫ R

0

|f ′(ρ)|2ρ3dρ =

∫ R

0

|ρ5f ′(ρ)|2ρ−7dρ .
∫ R

0

|f ′(ρ)|
∣∣∣∣f ′′(ρ) +

5

ρ
f ′(ρ)

∣∣∣∣ ρ4dρ

.

(∫ R

0

|f ′(ρ)|2ρ3dρ

) 1
2

(∫ R

0

∣∣∣∣f ′′(ρ) +
5

ρ
f ′(ρ)

∣∣∣∣2 ρ5dρ

) 1
2

for all R ≥ R0 and f ∈ C2(B6
R). �

Lemma 3.2. The norms ‖.‖H̃ and ‖.‖H are equivalent on D(L̃). Consequently, they

are also equivalent on H.

Proof. First, we show that for any u ∈ D(L̃) we have that

‖u‖H̃ . ‖u‖H.

From the one-dimensional Sobolev embedding L∞([0, 1]) ↪→ H1((0, 1)) we infer that

|u1(1)|2 + |u2(1)|2 . ‖u‖2
H.

An application of Lemma 3.1 yields∫ 1

0

|u′1(ρ)|2ρ3dρ . ‖u1‖2
H2(B6

1) ≤ ‖u‖
2
H.

Therefore, we are left with establishing the estimate∫ 1

0

|u′′1(ρ)|2ρ5dρ . ‖u‖2
H.

To see this, we again employ Lemma 3.1 and obtain∫ 1

0

|u′′1(ρ)|2ρ5dρ . ‖u1‖2
Ḣ2(B6

1)
+

∫ 1

0

|u′1(ρ)|2ρ3dρ . ‖u‖2
H.
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To prove the reverse inequality, we note that∫ 1

0

|uj(ρ)|2ρ5dρ ≤|uj(1)|2 +

∫ 1

0

|u′j(ρ)||uj(ρ)|ρ6dρ

≤|uj(1)|2 +
1

2

∫ 1

0

(
|u′j(ρ)|2ρ5 + |uj(ρ)|2ρ5

)
dρ

which implies

‖uj‖2
L2(B6

1) . ‖u‖
2
H̃,

for j = 1, 2. Finally, we estimate

‖u1‖2
Ḣ2(B6

1)
.
∫ 1

0

(
|u′′1(ρ)|2ρ5 + |u′1(ρ)|2ρ3

)
dρ ≤ ‖u‖2

H̃.

�

Lemma 3.3. The operator L̃ satisfies

Re
(
L̃u,u

)
H̃
≤ 0

for all u ∈ D(L̃).

Proof. Let u ∈ D(L̃). Integrating by parts shows

−
∫ 1

0

u
(3)
1 (ρ)u′′1(ρ)ρ6dρ = −|u′′1(1)|2 + 6

∫ 1

0

|u′′1(ρ)|2ρ5dρ+

∫ 1

0

u′′1(ρ)u
(3)
1 (ρ)ρ6dρ.

Thus,

−Re

∫ 1

0

u
(3)
1 (ρ)u′′1(ρ)ρ6dρ = −|u

′′
1(1)|2

2
+ 3

∫ 1

0

|u′′1(ρ)|2ρ5dρ.

Using this, we obtain

Re

∫ 1

0

[L̃u]′′1(ρ)u′′1(ρ)ρ5dρ = Re

(∫ 1

0

u′′2(ρ)u′′1(ρ)ρ5dρ−
∫ 1

0

u
(3)
1 (ρ)u′′1(ρ)ρ6dρ

)
− 3

∫ 1

0

|u′′1(ρ)|2ρ5dρ

= Re

∫ 1

0

u′′2(ρ)u′′1(ρ)ρ5dρ− |u
′′
1(1)|2

2
.

Similarly, we see that

Re

∫ 1

0

[L̃u]′2(ρ)u′2(ρ)ρ5dρ = Re

∫ 1

0

u
(3)
1 (ρ)u′2(ρ)ρ5dρ

+ 5 Re

∫ 1

0

(
u′′1(ρ)u′2(ρ)ρ4 − u′1(ρ)u′2(ρ)ρ3

)
dρ− |u

′
2(1)|2

2

= Re

(
u′′1(1)u′2(1)−

∫ 1

0

u′′1(ρ)u′′2(ρ)ρ5dρ− 5

∫ 1

0

u′1(ρ)u′2(ρ)ρ3dρ

)
− |u

′
2(1)|2

2
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It follows that

Re

(∫ 1

0

[L̃u]′′1(ρ)u′′1(ρ)ρ5dρ+

∫ 1

0

[L̃u]′2(ρ)u′2(ρ)ρ5dρ

)
=− 1

2
(|u′′1(1)|2 + |u′2(1)|2)

+ Re(u′′1(1)u′2(1))

− 5 Re

∫ 1

0

u′1(ρ)u′2(ρ)ρ3dρ =: I1.

Therefore, a short calculation shows

2I1 + 10 Re

∫ 1

0

[L̃u]′1(ρ)u′1(ρ)ρ3dρ ≤− 1

2

(
|u′′1(1)|2 + |u′2(1)|2

)
− 5|u′1(1)|2

+ Re(u′′1(1)u′2(1)).

Putting everything together, we obtain

Re
(
L̃u,u

)
H̃
≤ −1

2

(
|u′′1(1)|2 + |u′2(1)|2

)
− 5|u′1(1)|2 + Re(u′′1(1)u′2(1))

+ Re
(
u1(1)u2(1)− u′1(1)u1(1)

)
− |u1(1)|2

+ Re
(
u′′1(1)u2(1) + 5u′1(1)u2(1)− u′2(1)u2(1)

)
− 2|u2(1)|2.

By employing the elementary inequality

Re(ab+ ac− bc) ≤ 1

2
(|a|2 + |b|2 + |c|2), (3.6)

once with a = u2(1), b = u′1(1), c = u1(1) and once with a = u′′1(1), b = u′2(1), c = u2(1),

we obtain

Re
(
L̃u,u

)
H̃
≤ Re

(
4u′1(1)u2(1)

)
− 4|u′1(1)|2 − |u2(1)|2 ≤ 0.

�

The next Lemma will be the final ingredient in showing that L̃ satisfies the assumption

of the Lumer-Phillips theorem.

Lemma 3.4. The range of the operator 1− L̃ is dense in H.

Proof. Let f = (f1, f2) ∈ C∞ × C∞(B6
1). Then the equation (λ − L̃)u = f written

out explicitly has the form

(λ+ 1)u1(ρ)− u2(ρ) + ρu′1(ρ) = f1(ρ)

(λ+ 2)u2(ρ)− u′′1(ρ)− 5

ρ
u′1(ρ) + ρu′2(ρ) = f2(ρ).

Hence for λ = 1 the first equation implies

u2(ρ) = 2u1(ρ) + ρu′1(ρ)− f1(ρ). (3.7)
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Plugging this into the second one yields

(ρ2 − 1)u′′1(ρ) +

(
6ρ− 5

ρ

)
u′1(ρ) + 6u1(ρ) = F1(ρ) (3.8)

with F1(ρ) = f2(ρ)+3f1(ρ)+ρf ′1(ρ). A fundamental system for the homogeneous equation

(ρ2 − 1)u′′1(ρ) +

(
6ρ− 5

ρ

)
u′1(ρ) + 6u1(ρ) = 0

is given by

ψ1(ρ) :=
2− ρ2 − 2

√
1− ρ2

ρ4
, ψ2(ρ) :=

2− ρ2

ρ4
.

Furthermore, the Wronskian of ψ1 and ψ2 is given by

W (ψ1, ψ2)(ρ) = − 2

ρ5
√

1− ρ2
.

Therefore, a solution of Eq. (3.8) is given by

u1(ρ) =ψ1(ρ)

∫ 1

ρ

ψ2(s)F1(s)

W (ψ1, ψ2)(s) (s2 − 1)
ds+ ψ2(ρ)

∫ ρ

0

ψ1(s)F1(s)

W (ψ1, ψ2)(s) (s2 − 1)
ds

=ψ1(ρ)

∫ 1

ρ

s(2− s2)F1(s)

2
√

1− s2
ds+ ψ2(ρ)

∫ ρ

0

s(2− s2 − 2
√

1− s2)F1(s)

2
√

1− s2
ds.

By standard ODE theory, it follows that u1 ∈ C∞(B6
1) and so we only need to check the

endpoints. A Taylor expansion shows that ψ1 is a smooth even function on [0, 1) and so,

we see that

ψ1(ρ)

∫ 1

ρ

s(2− s2)F1(s)

2
√

1− s2
ds ∈ C∞([0, 1)). (3.9)

Further, by rescaling according to tρ = s we obtain that

ψ2(ρ)

∫ ρ

0

s(2− s2 − 2
√

1− s2)F1(s)

2
√

1− s2
ds =

2− ρ2

ρ2

∫ 1

0

t(2− ρ2t2 − 2
√

1− ρ2t2)F1(ρt)

2
√

1− ρ2t2
dt.

Note that for ρ sufficiently close to 0, the expansion√
1− ρ2 = 1− ρ2

2
− ρ4

8
+O(ρ6)

holds, where the O term is a smooth function. Using this, we see that

ψ2(ρ)

∫ ρ

0

s(2− s2 − 2
√

1− s2)F1(s)

2
√

1− s2
ds = (2− ρ)

∫ 1

0

(
ρ2t5

8
+O(ρ4t7)

)
F1(ρt)

2
√

1− ρ2t2
dt. (3.10)

As a consequence of (3.9), (3.10) and the fact that ψ1 is a smooth even function, one sees

that

u1 ∈ C∞([0, 1))
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and

u′1(0) = u
(3)
1 (0) = 0.

As we are left with investigating u1 at the endpoint ρ = 1, we rewrite u1 as

u1(ρ) = −2
√

1− ρ2

ρ4

∫ 1

ρ

s(2− s2)F1(s)

2
√

1− s2
ds+ ψ2(ρ)

∫ 1

0

s(2− s2)F1(s)

2
√

1− s2
ds

− ψ2(ρ)

∫ ρ

0

sF1(s)ds.

Evidently, all of the above terms but the first one are smooth at ρ = 1 and so we only

need to show that

v1(ρ) :=
√

1− ρ2

∫ 1

ρ

s(2− s2)F1(s)√
1− s2

ds

is smooth at ρ = 1. By transforming according to s = (1− ρ)t+ 1 we obtain that∫ 1

ρ

s(2− s2)F1(s)√
1− s2

ds = (1− ρ)

∫ 0

−1

F̃1((1− ρ)t+ 1)√
1− [(1− ρ)t+ 1]2

dt

= (1− ρ)
1
2

∫ 0

−1

F̃1((1− ρ)t+ 1)
√
−t
√

2 + (1− ρ)t
dt

with F̃1(s) = s(2− s2)F1(s). Consequently,

v1(ρ) = (1− ρ)
√

1 + ρ

∫ 0

−1

F̃1((1− ρ)t+ 1)
√
−t
√

2 + (1− ρ)t
dt

and thus, v1 is a smooth function at ρ = 1. In summary, we conclude that u1 ∈ C3(B6
1)

and from (3.7) it follows that u2 ∈ C2(B6
1). �

The preceding two lemmas show that the requirements of the Lumer-Phillips theorem

are satisfied and we obtain our next result.

Lemma 3.5. The operator L̃ is closable and its closure, denoted by L0, generates a

semigroup S0 on H that satisfies

‖S0(τ)f‖H . ‖f‖H

for all f ∈ H and all τ ≥ 0.

3.2. The free Strichartz estimates. Having established the existence of the “free”

semigroup S0, we will continue by proving Strichartz estimates for this semigroup. To do

so, we will from now on always assume that T is confined to
[

1
2
, 3

2

]
. This restriction of T

leads to no loss of generality as we only care for T close to 1 anyway.
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Lemma 3.6. There exists a family of extension operators ET : H2 × H1(B6
T ) →

H2 ×H1(R6) such that

‖ET f‖H2×H1(R6) . ‖f‖H2×H1(B6
T )

for all T ∈
[

1
2
, 3

2

]
and all f ∈ H2 ×H1(B6

T ).

Proof. Let E1 be a bounded extension operator from H2×H1(B6
1) to H2×H1(R6).

For f ∈ H2 × H1(B6
T ) we define an extension by first mapping f to H2 × H1(B6

1) via

the scaling f 7→ f(T.), then extending via E1, and finally undoing the scaling. Since

T ∈
[

1
2
, 3

2

]
, the resulting family of extension operators satisfies the desired estimate. �

This extension Lemma allows us to prove the aforementioned Strichartz estimates for

S0.

Lemma 3.7. Let p ∈ [2,∞] and q ∈ [6, 12] be such that 1
p

+ 6
q

= 1. Then we have the

estimate

‖ [S0(τ)f ]1 ‖Lpτ (R+)Lq(B6
1) . ‖f‖H

for all f ∈ H. Furthermore, also the inhomogeneous estimate∥∥∥∥∫ τ

0

[S0(τ − σ)h(σ)]1 dσ

∥∥∥∥
Lpτ (I)Lq(B6

1)

. ‖h‖L1(I)H

holds for all h ∈ L1(R+,H) and all intervals I ⊂ [0,∞) containing 0.

Proof. Let T ∈
[

1
2
, 3

2

]
, f ∈ C2 × C1(B6

1), and define the scaling operator

AT : H2 ×H1(B6
T )→ H by

AT f = (Tf1(T.), T 2f2(T.)).

In view of the coordinate transformation (3.1), the evolution S0(.)f is given by the solution

u ∈ C2(R+ × R) restricted to the lightcone ΓT of the equation
(
∂2
t − ∂2

r − 5
r
∂r
)
u(t, r) = 0

(u(0, .), ∂0u(0, .)) = ETA−1
T f ,

where ET is the Sobolev extension from Lemma 3.6. Therefore,

[S0(τ)f ]1 (ρ) = Te−τu(T − Te−τ , T e−τρ).

This implies

‖ [S0(τ)f ]1 ‖L12(B6
1) .‖Te−τu(T − Te−τ , e−τ .)‖L12(B6

1)

.Te−
1
2
τ‖u(T − Te−τ , .)‖L12(R6)
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and so

‖ [S0(.)f ]1 ‖L2(R+)L12(B6
1) .

(∫ ∞
0

(
Te−

1
2
τ‖u(T − Te−τ , .)‖L12(R6)

)2

dτ

) 1
2

.‖u‖L2(R+)L12(R6) .
∥∥ETA−1

T f
∥∥
H2×H1(R6)

.
∥∥A−1

T f
∥∥
H2×H1(B6

T )
. ‖f‖H

by the standard Strichartz estimates, which can for instance be found in [90]. Thanks to

the Sobolev embedding H2(B6
1) ↪→ L6(B6

1), we have that

‖ [S0(τ)f ]1 ‖L6(B6
1) . ‖S0(τ)f‖H . ‖f‖H

and so, the other endpoint estimate, given by

‖ [S0(.)f ]1 ‖L∞(R+)L6(B6
1) . ‖f‖H,

follows immediately.

For the general estimate we use interpolation to obtain

‖[S0(τ)f ]1‖Lq(B6
1) . ‖[S0(τ)f ]1‖

12
q
−1

L6(B6
1)
‖[S0(τ)f ]1‖

2− 12
q

L12(B6
1)
,

hence

‖[S0(.)f ]1‖Lp(R+)Lq(B6
1) . ‖[S0(.)f ]1‖

12
q
−1

L∞(R+)L6(B6
1)
‖[S0(.)f ]1‖

2− 12
q

L2(R+)L12(B6
1)
. ‖f‖H,

provided that 1
p

+ 6
q

= 1.

To obtain the inhomogeneous estimate, we let I = [0, τ0) ⊂ [0,∞) and use Minkowski’s

inequality to estimate∥∥∥∥∫ τ

0

[S0(τ − σ)h(σ)]1 dσ

∥∥∥∥
Lpτ (I)Lq(B6

1)

=

∥∥∥∥∫ τ0

0

1[0,τ0](τ − σ) [S0(τ − σ)h(σ)]1 dσ

∥∥∥∥
Lpτ (I)Lq(B6

1)

≤
∫ τ0

0

∥∥1[0,τ0](τ − σ) [S0(τ − σ)h(σ)]1
∥∥
Lpτ (R+)Lq(B6

1)
dσ

≤
∫ τ0

0

‖[S0(τ)h(σ)]1‖Lpτ (R+)Lq(B6
1) dσ

.
∫ τ0

0

‖h(σ)‖H dσ.

�

We will also require Strichartz estimates for the derivatives.

Lemma 3.8. We have

‖ [S0(τ)f ]1 ‖L2
τ (R+)Ẇ 1,4(B6

1) . ‖f‖H
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for all f ∈ H. Moreover,∥∥∥∥∫ τ

0

[S0(τ − σ)h(σ)]1 dσ

∥∥∥∥
L2
τ (I)Ẇ 1,4(B6

1)

. ‖h‖L1(I)H

for all h ∈ L1(R+,H) and all intervals I ⊂ [0,∞) containing 0. Finally, for the second

component of the semigroup S0 we have the estimate

‖[S0(τ)f ]2‖L2
τ (R+)L4(B6

1) . ‖f‖H

for all f ∈ H as well as the inhomogeneous estimate∥∥∥∥∫ τ

0

[S0(τ − σ)h(σ)]2dσ

∥∥∥∥
L2
τ (I)L4(B6

1)

. ‖h‖L1(I)H

for all h ∈ L1(R+,H) and all intervals I ⊂ [0,∞) containing 0.

Proof. We argue in a similar fashion as in the proof of Lemma 3.7 and so we again

assume that f ∈ C2 × C1(B6

1) and let u ∈ C2(R+ × R) be the solution of the Cauchy

problem 
(
∂2
t − ∂2

r − 5
r
∂r
)
u(t, r) = 0

(u(0, .), ∂0u(0, .)) = ETA−1
T f ,

where, as before, AT : H2 ×H1(B6
T )→ H with

AT f = (Tf1(T.), T 2f2(T.))

and ET is the Sobolev extension operator from Lemma 3.6. It follows that

‖[S0(τ)f ]1‖Ẇ 1,4(B6
1) .‖e

−2τ∂1u(T − Te−τ , T e−τ .)‖L4(B6
1)

.‖e−
1
2
τ∂1u(T − Te−τ , .)‖L4(R6).

This implies

‖[S0(.)f ]1‖L2(R+)Ẇ 1,4(B6
1) .‖u‖L2(R+)Ẇ 1,4(R6).

and so the first estimate follows from the standard L2Ẇ 1,4 Strichartz estimate. To es-

tablish the homogeneous estimate on the second component, it suffices to remark that

[S0(τ)f(ρ)]2 = [(∂τ + ρ∂ρ + 1)S0(τ)f(ρ)]1

and therefore, the claim follows analogously to the above. The inhomogeneous estimates

are a consequence of Minkowski’s inequality, see the proof of Lemma 3.7. �

This concludes our discussion of the free semigroup for the time being and we turn

to perturbations of the blowup solution uT∗ . In view of Eq. (3.5) we set

N(u)(ρ) := −3 sin(2ρu(ρ))− 6ρu(ρ)

2ρ3
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and further make the ansatz Ψ = Ψ∗ + Φ, where

Ψ∗(ρ) :=

(
ψ∗1(ρ)

ψ∗2(ρ)

)
:=

(
2
ρ

arctan
(

ρ√
2

)
2
√

2
ρ2+2

)
(3.11)

is the blowup solution uT∗ in similarity coordinates. Our next step is to linearise the

nonlinearity at this solution and so we define the operator L′, mapping from H to H, by

L′u(ρ) :=

(
0

48
(ρ2+2)2

u1(ρ)

)
and set

N(u)(ρ) :=

(
0

N(ψ∗1 + u1)(ρ)−N(ψ∗1)(ρ)− 48
(ρ2+2)2

u1(ρ)

)
.

Finally, we set L := L0 + L′ and remark that since L′ is a compact linear operator, the

bounded perturbation theorem implies that L will also generate a semigroup on H, which

we denote by S. This allows us to formally rewrite our equation in Duhamel form as

Φ(τ) = S(τ)u +

∫ τ

0

S(τ − σ)N(Φ(σ))dσ. (3.12)

To make sense of this equation, we will show in the following that S satisfies Strichartz

estimates as in Lemmas 3.7 and 3.8, provided we project away the unstable direction.

This will naturally give meaning to Eq. (3.12) in an appropriate Strichartz space.

3.3. Spectral analysis of L. In what follows, we will analyse the spectrum of the

operator L. To this end, we remark that for any λ ∈ C with Reλ > 0, we have that

λ ∈ ρ(L0) since L0 generates a contraction semigroup. Thus, the identity λ − L =

(1 − L′RL0(λ))(λ − L0), with RL0(λ) := (λ − L0)−1, implies that any spectral point λ

with Reλ > 0 has to be an eigenvalue by the spectral theorem for compact operators.

Lemma 3.9. The point spectrum σp(L) of L is contained in {z ∈ C : Re z < 0}∪ {1}.

Proof. Suppose that λ is an eigenvalue of L with Reλ ≥ 0, i.e., there exists a

nontrivial u ∈ D(L) such that (λ − L)u = 0. A similar computation as in the proof of

Lemma 3.4 shows that this implies the linear second order ODE

(ρ2−1)u′′1(ρ)+

(
2(λ+ 2)ρ− 5

ρ

)
u′1(ρ)+(λ+2)(λ+1)u1(ρ)− 48

(ρ2 + 2)2
u1(ρ) = 0 (3.13)

and u1 is nontrivial. By assumption, u ∈ H and thus, u1 ∈ H2(B6
1). ODE regularity

yields u1 ∈ C∞(0, 1). In order to determine the behavior at the singular endpoints, we

employ Frobenius’ method. The indices are {0,−4} at ρ = 0 and {0, 3
2
− λ} at ρ = 1.

From the endpoint behavior and u1 ∈ H2(B6
1) it follows that u1 ∈ C∞([0, 1]). In terms of
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the variable v1(ρ) := ρu1(ρ), Eq. (3.13) reads

(1− ρ2)v′′1(ρ) +

[
3

ρ
− 2(λ+ 1)ρ

]
v′1(ρ)− λ(λ+ 1)v1(ρ)− 3(ρ4 − 12ρ2 + 4)

ρ2(ρ2 + 2)2
v1(ρ) = 0.

This spectral problem has been studied thoroughly in [20] and from there we obtain that

necessarily λ = 1. �

Lemma 3.10. The spectrum of L = L0+L′ satisfies σ(L) ⊂ {z ∈ C : Re(z) ≤ 0}∪{1},
with 1 ∈ σp(L). Furthermore, the eigenvalue 1 has geometric and algebraic multiplicity

one and the associated eigenfunction is given by

g(ρ) =

(
1

2+ρ2

4
(2+ρ2)2

)
.

Proof. Obviously, g ∈ D(L) and a straightforward computation shows that (1 −
L)g = 0. Hence, 1 ∈ σp(L). By reduction of order we see that a second solution to the

generalized eigenvalue equation (3.13) with λ = 1 is given by

g̃1(ρ) = g1(ρ)

∫ 1

ρ

(s2 + 2)2

s5
√

1− s2
ds.

Now any solution of the equation has to be a linear combination of g1 and g̃1 and as

g̃1 is not in H2(B6
1), we conclude that an eigenfunction has to be a multiple of g and

therefore the geometric multiplicity of the eigenvalue 1 is one. Next, let P be the spectral

projection associated to this eigenvalue, i.e.,

Pu :=

∫
γ

RL(λ)u dλ,

where γ : [0, 1] → C, γ(t) = 1 + e2πit

2
. Note that dim P < ∞, since otherwise 1 would

belong to the essential spectrum of L. This, however, is impossible because the essential

spectrum is invariant under compact perturbations and 1 /∈ σ(L0). As P is a projection,

we have a decomposition of H into the closed subspaces rgP and kerP. This also yields

a decomposition of L into the operators LrgP and LkerP which act as operators on rgP

and kerP respectively. The inclusion 〈g〉 ⊂ rgP is immediate and we claim that in fact

rgP = 〈g〉. To see this, note that the operator (IrgP − LrgP) : rgP → rgP is nilpotent

as the only eigenvalue of LrgP is 1. Therefore, there exists a minimal n ≥ 1 such that

(IrgP − LrgP)nu = 0 for all u ∈ rgP. If n = 1, we are done. If not, then there exists a

v ∈ rgP such that (IrgP −LrgP)v = g. This implies that v1 satisfies the inhomogeneous

ODE

(ρ2 − 1)v′′1(ρ) +

(
6ρ− 5

ρ

)
v′1(ρ) +

(
6− 48

(ρ2 + 2)2

)
v1(ρ) = G(ρ)
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with G(ρ) = g2(ρ) + 3g1(ρ) + ρg′1(ρ) = ρ2+10
(2+ρ2)2

. By the variation of constants formula, v1

has to be of the form

v1(ρ) =c1g1(ρ) + c2g̃1(ρ)− g1(ρ)

∫ 1

ρ

g̃1(s)G(s)

(1− s2)W (g1, g̃1)(s)
ds

− g̃1(ρ)

∫ ρ

0

g1(s)G(s)

(1− s2)W (g1, g̃1)(s)
ds

with c1, c2 ∈ C. Note that

W (g1, g̃1)(ρ) = −g1(ρ)2 (ρ2 + 2)2

ρ5
√

1− ρ2

is strictly negative on (0, 1) and therefore nonvanishing on that interval. Evidently, the

expressions g1(ρ)G(ρ)
(1−ρ2)W (g1,g̃1)(ρ)

and g̃1(ρ)G(ρ)
(1−ρ2)W (g1,g̃1)(ρ)

are continuous and integrable on (0, 1).

Consequently, since v1 ∈ H2(B6
1), we must have c2 = 0. Furthermore, |g̃′1(ρ)| ' (1− ρ)−

1
2

near ρ = 1 and thus, we must have∫ 1

0

g1(s)G(s)

(1− s2)W (g1, g̃1)(s)
ds = 0.

This is however impossible due to the strict negativity of the integrand on (0, 1). �

A calculation which is very similar to the one done in the proof of Lemma 2.6 in [34]

yields our next result.

Lemma 3.11. For every ε > 0, there exist constants Cε, Kε > 0 such that

‖RL(λ)‖H ≤ Cε

for all λ ∈ C satisfying |λ| ≥ Kε and Reλ ≥ ε.

This in turn implies

Lemma 3.12. For every ε > 0, there exists a constant Cε > 0 such that

‖S(τ)(I−P)f‖H ≤ Cεe
ετ‖f‖H

for all f ∈ H.

Proof. This Lemma follows immediately from Lemma 3.11 and the Gearhart-Prüss-

Greiner Theorem, see e.g. [46], p. 302, Theorem 1.11, since σ(LkerP) ⊂ {λ ∈ C : Re(λ) ≤
0}. �

As the crude growth estimate from Lemma 3.12 is not good enough for our purposes,

a more detailed analysis of the semigroup is needed. Therefore, let f ∈ D(L) and set

f̃ := (I−P)f ∈ D(L). Then, for any ε > 0, Laplace inversion yields

S(τ)f̃ = lim
N→∞

1

2πi

∫ ε+iN

ε−iN
eλτRL(λ)f̃dλ, (3.14)

40



see [46], p. 234, Corollary 5.15. Thus, in order to obtain quantitative information on the

semigroup S(I−P), we need to investigate RL(λ) for λ close to the imaginary axis. Note

that u = RL(λ)f̃ implies (λ− L)u = f̃ , which in turn implies

(ρ2−1)u′′1(ρ)+

(
2(λ+ 2)ρ− 5

ρ

)
u′1(ρ)+(λ+2)(λ+1)u1−

48

(ρ2 + 2)2
u1(ρ) = Fλ(ρ) (3.15)

where Fλ(ρ) = f2(ρ) + (λ+ 2)f1(ρ) + ρf ′1(ρ). Therefore, our next step will be a detailed

analysis of Eq. (3.15).

4. ODE analysis

In this section we will consider the slightly more general ODE

− (1− ρ2)u′′(ρ) +

(
2(λ+ 2)ρ− 5

ρ

)
u′(ρ) + ((λ+ 2)(λ+ 1) + V (ρ))u(ρ) = Fλ(ρ), (4.1)

where, unless we explicitly state otherwise, V does not denote our specific potential but

rather any potential that satisfies V ∈ C∞([0, 1]). From now on, we will often make use

of functions of symbol type. Let I ⊂ R, ρ0 ∈ I, and α ∈ R. We say that a smooth

function f : I → R is of symbol type and write f(ρ) = O((ρ0 − ρ)α) if

|∂nρ f(ρ)| .n |ρ0 − ρ|α−n,

for all ρ ∈ I and all n ∈ N0. A discussion of symbol calculus can for instance be found

in [30] and [34]. We will also make use of the “Japanese bracket” 〈x〉 :=
√

1 + |x|2

and lastly, whenever we are given a function of the form f(ρ, λ), then f ′(ρ, λ) denotes

∂ρf(ρ, λ).

4.1. Construction of a fundamental system. To get rid of the first order term

in Eq. (4.1), we define a new unknown v by

v(ρ) :=
ρ

5
2

(1− ρ2)
1
4
−λ

2

u(ρ),

which, for Fλ = 0, turns Eq. (4.1) into

v′′(ρ) +
ρ2(10 + 12λ− 4λ2)− 15

4ρ2(1− ρ2)2
v(ρ) =

V (ρ)

1− ρ2
v(ρ). (4.2)

As we are only interested in values of λ that are close to the imaginary axis, we assume

that λ = ε + iω with ε ∈ [0, 1
4
] and ω ∈ R. In order to better understand Eq. (4.2), the

diffeomorphism ϕ : (0, 1)→ (0,∞), given by

ϕ(ρ) :=
1

2
log

(
1 + ρ

1− ρ

)
,

will be crucial. Note that

ϕ′(ρ) =
1

1− ρ2
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and that the Liouville-Green Potential Qϕ, which is defined as

Qϕ(ρ) = −3

4

ϕ′′(ρ)2

ϕ′(ρ)2
+

1

2

ϕ′′′(ρ)

ϕ′(ρ)
,

is given by

Qϕ(ρ) =
1

(1− ρ2)2
.

Bearing this in mind, we rewrite Eq. (4.2) as

v′′(ρ) +
−9 + 12λ− 4λ2

4(1− ρ2)2
v(ρ)− 15

4ϕ2(ρ)(1− ρ2)2
v(ρ) +Qϕ(ρ)v(ρ)

=

(
V (ρ)

1− ρ2
− 15

4(1− ρ2)2
+

15

4ρ2(1− ρ2)2
− 15

4ϕ2(ρ)(1− ρ2)2

)
v(ρ), (4.3)

and perform a Liouville-Green transform. That is to say, we set w(ϕ(ρ)) := ϕ′(ρ)
1
2v(ρ),

which transforms

v′′(ρ) +
−9 + 12λ− 4λ2

4(1− ρ2)2
v(ρ)− 15

4ϕ2(ρ)(1− ρ2)2
v(ρ) +Qϕ(ρ)v(ρ) = 0

into the equation

w′′(ϕ(ρ)) +
−9 + 12λ− 4λ2

4
w(ϕ(ρ))− 15

4ϕ2(ρ)
w(ϕ(ρ)) = 0. (4.4)

This is a Bessel equation and we have the fundamental system√
ϕ(ρ)J2 (a(λ)ϕ(ρ))√
ϕ(ρ)Y2(a(λ)ϕ(ρ))

with a(λ) = i3−2λ
2

and the standard Bessel functions J2, Y2, see [83]. It follows that the

equation

v′′(ρ) +
−9 + 12λ− 4λ2

4(1− ρ2)2
v(ρ)− 15

4ϕ2(ρ)(1− ρ2)2
v(ρ) +Qϕ(ρ)v(ρ) = 0 (4.5)

has the fundamental system

b1(ρ, λ) :=
√

(1− ρ2)ϕ(ρ)J2(a(λ)ϕ(ρ))

b2(ρ, λ) :=
√

(1− ρ2)ϕ(ρ)Y2(a(λ)ϕ(ρ)).

Consequently, the asymptotics of J2 and Y2 will be important and for us it will be sufficient

to study them on the set

{z ∈ C : 0 < |z| < r} ∩ {z ∈ C : 0 ≤ arg z < π}

for an arbitrary (but fixed) r > 0, where arg denotes the (principal branch of the)

argument function. A Taylor expansion shows that on this set, the representations

J2(z) = z2

(
1

8
+O(z2)

)
Y2(z) = z−2

(
− 4

π
+O(z)

)
(4.6)
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hold.

Another fundamental system is given by the Hankel functions. However, we do not

resort to the theory of Hankel functions but rather prefer to construct a different funda-

mental system directly in order to obtain good control on the error terms in the asymptotic

expansion. The point is that the decomposition of Eq. (4.2) introduced in Eq. (4.3) has

an artificial singularity at ρ = 1 which would lead to weaker control of the error.

Lemma 4.1. There exist r > 0 and ρ0 ∈ [0, 1) such that for ρ ∈ [ρλ, 1), where

ρλ := min{ r
|a(λ)| , ρ0}, the equation

v′′(ρ) +
ρ2(10 + 12λ− 4λ2)− 15

4ρ2(1− ρ2)2
v(ρ) = 0 (4.7)

has a fundamental system of the form

h1(ρ, λ) =

√
1− ρ2√
a(λ)

(
1− ρ
1 + ρ

) 3
4
−λ

2 [
1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)

]
h2(ρ, λ) =

√
1− ρ2√
a(λ)

(
1− ρ
1 + ρ

)− 3
4

+λ
2 [

1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)
]
.

Proof. We start by rewriting Eq. (4.7) as

v′′(ρ) +
−5 + 12λ− 4λ2

4(1− ρ2)2
v(ρ) =

15

4ρ2(1− ρ2)2
v(ρ)− 15

4(1− ρ2)2
v(ρ) =

15

4ρ2(1− ρ2)
v(ρ).

Now, two linearly independent solutions of the equation

w′′(ρ) +
−5 + 12λ− 4λ2

4(1− ρ2)2
w(ρ) = 0

are given by

w1(ρ, λ) =

√
1− ρ2√
a(λ)

(
1− ρ
1 + ρ

) 3
4
−λ

2

= a(λ)−
1
2 (1− ρ)

5
4
−λ

2 (1 + ρ)−
1
4

+λ
2

w2(ρ, λ) =

√
1− ρ2√
a(λ)

(
1 + ρ

1− ρ

) 3
4
−λ

2

= a(λ)−
1
2 (1− ρ)−

1
4

+λ
2 (1 + ρ)

5
4
−λ

2

with constant Wronskian

W (w1, w2) =
2

i
.

As we intend to construct the solutions h1 and h2 by Volterra iterations, we make the

ansatz

w(ρ, λ) =w1(ρ, λ) +

∫ ρ1

ρ

15iw1(ρ, λ)w2(s, λ)

8s2(1− s2)
w(s, λ)ds

−
∫ ρ1

ρ

15iw2(ρ, λ)w1(s, λ)

8s2(1− s2)
w(s, λ)ds
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with ρ1 to be determined. Since w1(., λ) has no zeros on [0, 1), we can rewrite this integral

equation in terms of the auxiliary variable w̃ := w
w1

, which yields

w̃(ρ, λ) =1 +

∫ ρ1

ρ

15iw1(s, λ)w2(s, λ)

8s2(1− s2)
w̃(s, λ)ds (4.8)

−
∫ ρ1

ρ

15iw2(ρ, λ)w1(s, λ)2

8w1(ρ, λ)s2(1− s2)
w̃(s, λ)ds

=1 + 15i

∫ ρ1

ρ

1−
(

1+ρ
1−ρ

1−s
1+s

) 3
2
−λ

4s2(3− 2λ)
w̃(s, λ)ds.

It follows that

∫ ρ1

1
|a(λ)|

sup
ρ∈[ 1
|a(λ)| ,s]

∣∣∣∣∣∣∣
1−

(
1+ρ
1−ρ

1−s
1+s

) 3
2
−λ

s2(3− 2λ)

∣∣∣∣∣∣∣ ds .
∫ ρ1

1
|a(λ)|

1

s2|3− 2λ|
ds . 1

for any ρ1 ∈ [ 1
|a(λ)| , 1]. This allows us to set ρ1 = 1 and invoke Lemma B.1 in [35]

to conclude the existence of a unique solution w̃ to Eq. (4.8) of the form w̃(ρ, λ) =

1 + O(ρ−1〈ω〉−1). By re-inserting this expression into Eq. (4.8), we obtain the refined

representation w̃(ρ, λ) = 1 + O(ρ−1(1 − ρ)〈ω〉−1). Strictly speaking, the O-term also

depends on ε = Re(λ) but this dependence is of no relevance to us and hence suppressed

in our notation.

To establish that this solution is of symbol type, we again use our diffeomorphism ϕ

to obtain

∫ 1

ρ

1−
(

1+ρ
1−ρ

1−s
1+s

) 3
2
−λ

s2(3− 2λ)
ds =

∫ 1

ρ

1− e(3−2λ)(ϕ(ρ)−ϕ(s))

s2(3− 2λ)
ds

=

∫ ∞
ϕ(ρ)

1− e(3−2λ)(ϕ(ρ)−y)

ϕ−1(y)2(3− 2λ)
(ϕ−1)′(y)dy

=

∫ ∞
0

1− e−(3−2λ)y

ϕ−1(y + ϕ(ρ))2(3− 2λ)
(ϕ−1)′(y + ϕ(ρ))dy.

Since

|∂kyϕ−1(y)| .k e−2y,

we see that∣∣∣∣∂lω∂kρ ∫ ∞
0

1− e−(3−2λ)y

ϕ−1(y + ϕ(ρ))2(3− 2λ)
(ϕ−1)′(y + ϕ(ρ))dy

∣∣∣∣ .k,l ρ−k(1− ρ)1−k.
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To also establish symbol behavior in ω, we note that the estimate above allows us to

safely assume ω ≥ 1 and so, rescaling leads to∫ ∞
0

1− e−( 3
2
−λ)y

ϕ−1(y + ϕ(ρ))2(3− 2λ)
(ϕ−1)′(y + ϕ(ρ))dy

=
1

ω

∫ ∞
0

1− e−( 3
2
−ε) y

ω eiy

ϕ−1
(
y
ω

+ ϕ(ρ)
)2

(3− 2λ)
(ϕ−1)′

( y
ω

+ ϕ(ρ)
)
dy.

Consequently, w̃ is of the form

w̃(ρ, λ) = 1 +O(ρ−1(1− ρ)〈ω〉−1).

In summary, we have found a solution to Eq. (4.7) of the form

h1(ρ, λ) =

√
1− ρ2√
a(λ)

(
1− ρ
1 + ρ

) 3
4
−λ

2 [
1 +O(ρ−1(1− ρ)〈ω〉−1)

]
.

The form of the error term in the expression for h1 implies that we can find a ρ0 ∈ [0, 1)

such that h1(., λ) has no zeros on [ρ0, 1) for Re(λ) ∈ [0, 1
4
]. In addition, there exists an

r > 0 such that h1(., λ) has no zeros on [ρλ, 1), where ρλ := min{ρ0,
r
|a(λ)|}. By reduction

of order, the second solution is then given by

h2(ρ, λ) =
2h1(ρ, λ)

i

∫ ρ

ρλ

h1(s, λ)−2ds+ c(λ)h1(ρ, λ)

with c(λ) to be determined. Our next step is to develop a better understanding of h1 and

so we set

K(ρ, s, λ) :=
1−

(
1+ρ
1−ρ

1−s
1+s

) 3
2
−λ

s2(3− 2λ)

and observe that

w̃(ρ, λ) =1 +
15i

4

∫ 1

ρ

K(ρ, s, λ)w̃(s, λ)ds

=1 +
15i

4

∫ 1

ρ

K(ρ, s, λ)ds+O(ρ−1(1− ρ)2〈ω〉−1)

for ρ ∈ [ρλ, 1). Now,

∂ρ

∫ 1

ρ

K(ρ, s, λ)ds = −(1− ρ)−
5
2

+λ(1 + ρ)
1
2
−λ
∫ 1

ρ

(
1−s
1+s

) 3
2
−λ

s2
ds

and from de l’Hospital’s rule it follows that∫ 1

ρ

(
1−s
1+s

) 3
2
−λ

s2
ds ∼ 2−

3
2

+λ (1− ρ)
5
2
−λ

5
2
− λ
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as ρ→ 1. This implies

lim
ρ→1

∂ρ

∫ 1

ρ

K(ρ, s, λ)ds = − 1

5− 2λ
.

Next, we compute that

∂2
ρ

∫ 1

ρ

K(ρ, s, λ)ds =ρ−2(1− ρ)−1(1 + ρ)−1 +

[
−
(

5

2
− λ
)

(1− ρ)−
7
2

+λ(1 + ρ)
1
2
−λ

−
(

1

2
− λ
)

(1− ρ)−
5
2

+λ(1 + ρ)−
1
2
−λ
] ∫ 1

ρ

(
1−s
1+s

) 3
2
−λ

s2
ds.

An integration by parts now yields∫ 1

ρ

(
1−s
1+s

) 3
2
−λ

s2
ds =

2(1− ρ)
5
2
−λ

(1 + ρ)
3
2
−λρ2(5− 2λ)

+ 4

∫ 1

ρ

(1− s) 5
2
−λ

(5− 2λ)s3(1 + s)
3
2
−λ
ds

+

∫ 1

ρ

(3− 2λ)(1− s) 5
2
−λ

(5− 2λ)(1 + s)
5
2
−λs2

ds

and with this, one can easily check that

∂2
ρ

(∫ 1

ρ

K(ρ, s, λ)ds

)
is continuous on [ρλ, 1]. With that in mind, we rewrite w̃ on [ρλ, 1) as

w̃(ρ, λ) = 1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)

and h2 as

h2(ρ, λ) =
2h1(ρ, λ)

i

∫ ρ

ρλ

w1(s, λ)−2[1 + (1− s)O(〈ω〉−1) +O(s−1(1− s)2〈ω〉−1)]−2ds

+ c(λ)h1(ρ, λ).

Further, as

w1(ρ, λ)−2 =
i

2
∂ρ

(
1 + ρ

1− ρ

) 3
2
−λ

, (4.9)

we compute

h2(ρ, λ) =
2h1(ρ, λ)

i

∫ ρ

ρλ

w1(s, λ)−2[1 + (1− s)O(〈ω〉−1) +O(s−1(1− s)2〈ω〉−1)]ds

+ c(λ)h1(ρ, λ)

=w2(ρ, λ)[1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)] + [c(λ) +O(〈ω〉0)]h1(ρ, λ)

+
2h1(ρ, λ)

i

∫ ρ

ρλ

w1(s, λ)−2[(1− s)O(〈ω〉−1) +O(s−1(1− s)2〈ω〉−1)]ds.
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Next, an integration by parts yields∫ ρ

ρλ

w1(s, λ)−2(1− s)O(〈ω〉−1)ds =(1− ρ)−
1
2

+λ(1 + ρ)
1
2
−λO(〈ω〉−1)

+

∫ ρ

ρλ

(1− s)−
1
2

+λ(1 + s)−
1
2
−λO(〈ω〉0)ds+O(〈ω〉−1),

and since

h1(ρ, λ)(1− ρ)−
1
2

+λ(1 + ρ)
1
2
−λO(〈ω〉−1) = w2(ρ, λ)[(1− ρ)O(〈ω〉−1)

+O(ρ−1(1− ρ)2〈ω〉−1)],

we see that

h2(ρ, λ) =w2(ρ, λ)[1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)]

+ h1(ρ, λ)

∫ ρ

ρλ

(1− s)−
5
2

+λ(1 + s)
1
2
−λO(s−1(1− s)2〈ω〉0)ds

+ h1(ρ, λ)

∫ ρ

ρλ

(1− s)−
1
2

+λ(1 + s)−
1
2
−λO(〈ω〉0)ds+ [c(λ) +O(〈ω〉0)]h1(ρ, λ).

Note, that both integrands are integrable on [ρλ, 1] and so we rewrite h2 as

h2(ρ, λ) =w2(ρ, λ)[1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)]

+ h1(ρ, λ)

∫ 1

ρ

(1− s)−
5
2

+λ(1 + s)
1
2
−λO(s−1(1− s)2〈ω〉0)ds (4.10)

+ h1(ρ, λ)

∫ 1

ρ

(1− s)−
1
2

+λ(1 + s)−
1
2
−λO(〈ω〉0)ds+ [c(λ)− ĉ(λ)]h1(ρ, λ)

for a suitable ĉ(λ). Finally, using the identity (4.9), we observe that

h1(ρ, λ)

∫ 1

ρ

(1− s)−
5
2

+λ(1 + s)
1
2
−λO(s−1(1− s)2〈ω〉0)ds

=h1(ρ, λ)

(
1 + ρ

1− ρ

) 3
2
−λ

O(ρ−1(1− ρ)2〈ω〉−1)

+ h1(ρ, λ)

∫ 1

ρ

(
1 + s

1− s

) 3
2
−λ

O(s−2(1− s)〈ω〉−1)ds

=w2(ρ, λ)[1 +O(ρ−1(1− ρ)〈ω〉−1)]O(ρ−1(1− ρ)2〈ω〉−1)

+ w2(ρ, λ)[1 +O(ρ−1(1− ρ)〈ω〉−1)]

∫ 1

ρ

(
1− ρ
1 + ρ

1 + s

1− s

) 3
2
−λ

O(s−2(1− s)〈ω〉−1)ds

=w2(ρ, λ)O(ρ−1(1− ρ)2〈ω〉−1)

on [ρλ, 1), where the last step follows from once more employing the diffeomorphism ϕ

and a similar calculation as in the construction of h1 above. Thus, choosing c = ĉ yields
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the existence of a second solution on [ρλ, 1) which is of the claimed form

h2(ρ, λ) = w2(ρ, λ)[1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)].

�

Note that by enlarging r and ρ0 if necessary, we can enforce that h2 does not vanish

on [ρλ, 1) either. We now set ρ̂λ := min{1
2
(ρ0 + 1), 2r

|a(λ)|} ∈ (ρλ, 1) and with this, we turn

to the full equation (4.2).

Lemma 4.2. Eq. (4.2) has a fundamental system of the form

ψ1(ρ, λ) =b1(ρ, λ)[1 +O(ρ2〈ω〉0)]

=
√

(1− ρ2)ϕ(ρ)J2(a(λ)ϕ(ρ))[1 +O(ρ2〈ω〉0)]

ψ2(ρ, λ) =b2(ρ, λ)[1 +O(ρ2〈ω〉0)] +O(ρ
1
2 〈ω〉−2)

=
√

(1− ρ2)ϕ(ρ)Y2(a(λ)ϕ(ρ))[1 +O(ρ2〈ω〉0)] +O(ρ
1
2 〈ω〉−2)

for all ρ ∈ (0, ρ̂λ].

Proof. We commence by noting that |ϕ(ρ)| . ρ for all ρ ∈ [0, ρ̂λ] and thus, the

condition ρ ≤ ρ̂λ implies that |a(λ)ϕ(ρ)| . 1. Consequently, the Bessel asymptotics (4.6)

apply. In order to find solutions for Eq. (4.2), we set

Ṽ (ρ) := V (ρ) +
15

4(1− ρ2)

(
1

ρ2
− 1

ϕ(ρ)2
− 1

)
and by a Taylor expansion, it follows that Ṽ ∈ C∞([0, ρ̂λ]). Thus, we write Eq. (4.2) as

v′′(ρ) +
−9 + 12λ− 4λ2

4(1− ρ2)2
v(ρ)− 15

4ϕ2(ρ)(1− ρ2)2
v(ρ) +Qϕ(ρ)v(ρ) =

Ṽ (ρ)

1− ρ2
v(ρ),

and note that W (b1(., λ), b2(., λ)) = 2
π
. Motivated by this, we make the ansatz

b(ρ, λ) = b1(ρ, λ)− π

2
b1(ρ, λ)

∫ ρ

0

b2(s, λ)
Ṽ (s)

1− s2
b(s, λ)ds

+
π

2
b2(ρ, λ)

∫ ρ

0

b1(s, λ)
Ṽ (s)

1− s2
b(s, λ)ds.

Next, we remark that J2 has only real zeros (see [82], p. 244 Theorem 6.2) and as a(λ)

always has a nonzero imaginary part, we can divide the whole integral equation by b1

and set h := b
b1

. This yields

h(ρ, λ) = 1 +

∫ ρ

0

K(ρ, s, λ)h(s, λ)ds, (4.11)

with

K(ρ, s, λ) =
πṼ (s)

2(1− s2)

(
b2(ρ, λ)

b1(ρ, λ)
b1(s, λ)2 − b2(s, λ)b1(s, λ)

)
.
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From

b2(ρ, λ)b1(ρ, λ) = (1− ρ2)ϕ(ρ)Y2(a(λ)ϕ(ρ))J2(a(λ)ϕ(ρ))

we see that the product b2(ρ, λ)b1(ρ, λ) satisfies

|b2(ρ, λ)b1(ρ, λ)| . ϕ(ρ) . ρ.

Furthermore, ∣∣∣∣b2(ρ, λ)

b1(ρ, λ)
b1(s, λ)2

∣∣∣∣ . ϕ(s) . s

for all 0 ≤ s ≤ ρ ≤ ρ̂λ. Consequently, we obtain∫ ρ̂λ

0

sup
ρ∈[s,ρ̂λ]

|K(ρ, s, λ)|ds . 〈ω〉−2

and so, a Volterra iteration yields the existence of a unique solution h(ρ, λ) to Eq. (4.11)

that satisfies

h(ρ, λ)− 1 = O(ρ2).

Furthermore, since all the involved functions behave like symbols, Appendix B of [35]

shows that1 h(ρ, λ) = 1 + O(ρ2〈ω〉0) and thus, we obtain the existence of a solution to

Eq. (4.2) of the form

ψ1(ρ, λ) = b1(ρ, λ)[1 +O(ρ2〈ω〉0)].

To construct the second solution stated in the lemma, we pick a ρ1 ∈ (0, 1] such

that ψ1 does not vanish for ρ ≤ min{ρ1, ρ̂λ} =: ρ̃λ for any 0 ≤ Reλ ≤ 1
4
. Moreover, as

b̃1(ρ, λ) := b1(ρ, λ)
∫ ρ̃λ
ρ
b1(s, λ)−2ds is also a solution of Eq. (4.5), there exist constants

c1(λ), c2(λ) such that

b2(ρ, λ) = c1(λ)b1(ρ, λ) + c2(λ)̃b1(ρ, λ).

Moreover, these constants are given by

c1(λ) =
W (b2(., λ), b̃1(., λ))

W (b1(., λ), b̃1(., λ))
(4.12)

c2(λ) = −W (b2(., λ), b1(., λ))

W (b1(., λ), b̃1(., λ))
. (4.13)

Using that W (b2(., λ), b1(., λ)) = − 2
π

and W (b1(., λ), b̃1(., λ)) = −1, we infer that c2 = − 2
π

and c1(λ) = −W (b2(., λ), b̃1(., λ)). Next, evaluating W (b2(., λ), b̃1(., λ)) at ρ̃λ yields

W (b2(., λ), b̃1(., λ)) = −b2(ρ̃λ, λ)b1(ρ̃λ, λ)−1 = O(〈ω〉0).

Keeping these facts in mind, we now turn our attention to ψ2 and remark that a second

solution of Eq. (4.2) is given by ψ̃1(ρ, λ) = ψ1(ρ, λ)
∫ ρ̃λ
ρ
ψ1(s, λ)−2ds. Considering this, we

1Strictly speaking, ρ̂λ not differentiable at 1
2 (ρ0 + 1). However, this is inessential and can easily be

remedied by using a smoothed out version of ρ̂λ.
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calculate

ψ2(ρ, λ) : = c1(λ)ψ1(ρ, λ) + c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

ψ1(s, λ)−2ds

= c1(λ)ψ1(ρ, λ) + c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

b1(s, λ)−2ds

+ c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

[
ψ1(s, λ)−2 − b1(s, λ)−2

]
ds

= b2(ρ, λ)[1 +O(ρ2〈ω〉0)] + c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

O(s2〈ω〉0)

b1(s, λ)2[1 +O(s2〈ω〉0)]2
ds.

Since b1(ρ, λ)−2 = O(ρ−5〈ω〉−4), we obtain∫ ρ̃λ

ρ

O(s2〈ω〉0)

b1(s, λ)2[1 +O(s2〈ω〉0)]2
ds = O(ρ0〈ω〉−2) +O(ρ−2〈ω〉−4) = O(ρ−2〈ω〉−4).

Finally, for |λ| large enough we see that ρ̃λ = ρ̂λ and so we can safely assume that

ρ̃λ = ρ̂λ. �

Having constructed a fundamental system near 0, we turn to the endpoint 1.

Lemma 4.3. There exists a fundamental system for Eq. (4.2) of the form

ψ3(ρ, λ) = h1(ρ, λ)[1 + (1− ρ)O(〈ω〉−1) +O(ρ0(1− ρ)2〈ω〉−1)]

ψ4(ρ, λ) = h2(ρ, λ)[1 + (1− ρ)O(〈ω〉−1) +O(ρ0(1− ρ)2〈ω〉−1)]

for all ρ ≥ ρλ.

Proof. As ρλ was chosen such that neither h1 nor h2 vanish on [ρλ, 1), a Volterra

iteration akin to the one in Lemma 4.1 proves the existence of the solution ψ3. We can

also w.l.o.g assume that ψ3(ρ, λ) does not vanish on [ρλ, 1) and obtain the second solution

ψ4 as

ψ4(ρ, λ) =
2ψ3(ρ, λ)

i

∫ ρ

ρλ

ψ3(s, λ)−2ds+ c(λ)ψ3(ρ, λ)

for c(λ) to be determined. By emulating our calculations from the proof of Lemma 4.1,

we infer that ψ3 takes the form

ψ3(ρ, λ) = h1(ρ, λ)[1 + (1− ρ)O(〈ω〉−1) +O(ρ0(1− ρ)2〈ω〉−1)]

and so

ψ4(ρ, λ) =
2ψ3(ρ, λ)

i

∫ ρ

ρλ

h1(s, λ)−2[1 + (1− s)O(〈ω〉−1) +O(s0(1− s)2〈ω〉−1)]ds

+ c(λ)ψ3(ρ, λ).

Manipulating the integral term as in the derivation of Lemma 4.1 then shows that ψ4 is

of the claimed form for appropriately chosen c(λ). �
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Having constructed all these solutions, we now come to the task of patching them

together.

Lemma 4.4. On [ρλ, ρ̂λ] the solutions ψ3 and ψ4 have the representations

ψ3(ρ, λ) = c1,3(λ)ψ1(ρ, λ) + c2,3(λ)ψ2(ρ, λ)

ψ4(ρ, λ) = c1,4(λ)ψ1(ρ, λ) + c2,4(λ)ψ2(ρ, λ),

with

c1,3(λ) =
ei

5
4
π
√
π√

2
+O(〈ω〉−1)

c2,3(λ) =i
ei

5
4
π
√
π√

2
+O(〈ω〉−1)

and

c1,4(λ) =
ei

5
4
π
√
π√

2

h2(ρλ, λ)

h1(ρλ, λ)
+ iπ

b2(ρλ, λ)

h1(ρλ, λ)
+O(〈ω〉−1) = O(〈ω〉0)

c2,4(λ) =i
ei

5
4
π
√
π√

2

h2(ρλ, λ)

h1(ρλ, λ)
− iπ b1(ρλ, λ)

h1(ρλ, λ)
+O(〈ω〉−1) = O(〈ω〉0).

Proof. We know the explicit representations

c1,3(λ) =
W (ψ3(., λ), ψ2(., λ))

W (ψ1(., λ), ψ2(., λ))

c2,3(λ) = −W (ψ3(., λ), ψ1(., λ))

W (ψ1(., λ), ψ2(., λ))

and so our task boils down to calculating these Wronskians. Evaluating the Wronskian

W (ψ1(., λ), ψ2(., λ)) at ρ = 0 yields

W (ψ1(., λ), ψ2(., λ)) =
2

π
.

However, computing the Wronskian of ψ3 and ψ2 is more challenging and for this we will

need the Hankel function H1
2 (see [83]). Since b1 and b2 solve Eq. (4.5) so does

ĥ1(ρ, λ) =
√

(1− ρ2)ϕ(ρ)H1
2 (a(λ)ϕ(ρ)).

Moreover, as

H1
2 (z) =

√
2e−i

5
4
π+iz

√
πz

[1 +O(|z|−1)] (4.14)

holds on {z : Im(z) ≥ 0, |z| ≥ c} (see [82], p. 238) for any c > 0 fixed, we see that the

two representations

ĥ1(ρ, λ) =

√
2e−i

5
4
π
√

1− ρ2√
πa(λ)

(
1− ρ
1 + ρ

) 3
4
−λ

2 [
1 +O(ρ−1〈log(1− ρ)〉−1〈ω〉−1)

]
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and

ĥ1(ρ, λ) =

√
2e−i

5
4
π
√

1− ρ2√
πa(λ)

(
1− ρ
1 + ρ

) 3
4
−λ

2 [
1 +O(ρ−1(1− ρ)0〈ω〉−1)

]
hold for all ρ ∈ [ρλ, 1] and all 0 ≤ Reλ ≤ 1

4
. Furthermore, using (4.14) we can also

w.l.o.g. assume that ρλ is chosen such that ĥ1 has no zeros on [ρλ, 1). Now, given that

the potential Ṽ as defined in the proof of Lemma 4.2 is integrable on [0, 1], we are able

to construct a solution ψ̂3 to Eq. (4.2) of the form

ψ̂3(ρ, λ) = ĥ1(ρ, λ)[1 +O(ρ0〈log(1− ρ)〉−1〈ω〉−1)]

by employing a Volterra iteration based on ĥ1 and ĥ1(ρ, λ)
∫ ρ
ρλ
ĥ1(s, λ)−2ds. The behavior

of ψ̂3 as ρ→ 1 now necessitates that

ψ̂3 =

√
2e−i

5
4
π

√
π

ψ3.

Moreover, the latter form of ĥ1 implies that ψ̂3 can also be recast as

ψ̂3(ρ, λ) = ĥ1(ρ, λ)[1 +O(ρ0(1− ρ)0〈ω〉−1)]

Using this and the fact that W (H1
2 , Y2)(z) = 2

πz
, we infer that W (ĥ1(., λ), b2(., λ)) = 2

π

and an evaluation at ρλ yields

W (ψ3(., λ), ψ2(., λ)) =

√
πei

5
4
π

√
2

W (ĥ1(., λ), b2(., λ))[1 +O(〈ω〉−1)]

+ ĥ1(ρλ, λ)b2(ρλ, λ)O(〈ω〉0) +O(〈ω〉−2)

=

√
2ei

5
4
π

√
π

[1 +O(〈ω〉−1)] +O(〈ω〉−1)

since ĥ1(ρλ, λ)bj(ρλ, λ) = O(〈ω〉−1) for j = 1, 2. Consequently, we obtain

c1,3(λ) =
ei

5
4
π
√
π√

2
+O(〈ω〉−1)

and, analogously, one computes

c2,3(λ) = i
ei

5
4
π
√
π√

2
+O(〈ω〉−1).

Now, to patch together ψ4 with the other solutions, we need some more considerations.

First, for ψ̂4(ρ, λ) := ψ̂3(ρ, λ)
∫ ρ
ρλ
ψ̂3(s, λ)−2ds we compute that

W (ψ4(., λ), ψ̂4(., λ)) =
ψ4(ρλ, λ)

ψ̂3(ρλ, λ)
=

√
πei

5
4
πh2(ρλ, λ)[1 +O(〈ω〉−1)]√

2h1(ρλ, λ)[1 +O(〈ω〉−1)]

=

√
πei

5
4
πh2(ρλ, λ)√

2h1(ρλ, λ)
+O(〈ω〉−1)
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and so, as W (ψ3(., λ), ψ̂4(., λ)) =
√
πei

5
4π√

2
and W (ψ4(., λ), ψ3(., λ)) = 2i, we see that

ψ4(ρ, λ) =

(
h2(ρλ, λ)

h1(ρλ, λ)
+O(〈ω〉−1)

)
ψ3(ρ, λ)− 2

√
2ie−i

5
4
π

√
π

ψ̂4(ρ, λ)

Lastly, we have that

W (ψj(., λ), ψ̂4(., λ)) =

√
πei

5
4
πbj(ρλ, λ)√

2h1(ρλ, λ)
+O(〈ω〉−1)

for j = 1, 2 and the claim follows by putting everything together. �

Analogously we can patch together the solutions of the free equation. To this end,

let ψf1 and ψf2 by the solutions obtained from Lemma 4.2 in the case V = 0 and, for

notational convenience, let h1 = ψf3 and h2 = ψf4 .

Lemma 4.5. On [ρλ, ρ̂λ], the solutions ψf3 and ψf4 have the representations

ψf3(ρ, λ) = cf1,3(λ)ψf1(ρ, λ) + cf2,3(λ)ψf2(ρ, λ)

ψf4(ρ, λ) = cf1,4(λ)ψf1(ρ, λ) + cf2,4(λ)ψf2(ρ, λ)

with

cf1,3(λ) =
ei

5
4
π
√
π√

2
+O(〈ω〉−1)

cf2,3(λ) =i
ei

5
4
π
√
π√

2
+O(〈ω〉−1)

and

cf1,4(λ) =
ei

5
4
π
√
π√

2

h2(ρλ, λ)

h1(ρλ, λ)
+ iπ

b2(ρλ, λ)

h1(ρλ, λ)
+O(〈ω〉−1) = O(〈ω〉0)

cf2,4(λ) =i
ei

5
4
π
√
π√

2

h2(ρλ, λ)

h1(ρλ, λ)
− iπ b1(ρλ, λ)

h1(ρλ, λ)
+O(〈ω〉−1) = O(〈ω〉0).

Next, let χ : [0, 1] × {z ∈ C : 0 ≤ Re z ≤ 1
4
} → [0, 1], χλ(ρ) := χ(ρ, λ), be a smooth

cutoff function that satisfies χλ(ρ) = 1 for ρ ∈ [0, ρλ], χλ(ρ) = 0 for ρ ∈ [ρ̂λ, 1], and

|∂kρ∂`ωχλ(ρ)| ≤ Ck,`〈ω〉k−` for k, ` ∈ N0. We then define two solutions of Eq. (4.2) as

v1(ρ, λ) :=χλ(ρ)[c1,4(λ)ψ1(ρ, λ) + c2,4(λ)ψ2(ρ, λ)] + (1− χλ(ρ))ψ4(ρ, λ)

v2(ρ, λ) :=χλ(ρ)[c1,3(λ)ψ1(ρ, λ) + c2,3(λ)ψ2(ρ, λ)] + (1− χλ(ρ))ψ3(ρ, λ)

and note that an evaluation at ρ = 1 yields

W (v1, v2) = W (ψ4, ψ3) = 2i.

4.2. The original equation. We now turn back to our original ODE (3.15). To

obtain solutions of Eq. (4.1), with Fλ = 0, we set

uj(ρ, λ) = ρ−
5
2 (1− ρ2)

1
4
−λ

2 vj(ρ, λ) (4.15)
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for j = 1, 2.

Lemma 4.6. The solutions u1 and u2 are of the form

u1(ρ, λ) = ρ−
5
2 (1− ρ2)

1
4
−λ

2 h2(ρ, λ)
[
1 + (1− ρ)O(〈ω〉−1) +O(ρ0(1− ρ)2〈ω〉−1)

]
= ρ−

5
2

(1 + ρ)
3
2
−λ√

a(λ)

[
1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)

]
u2(ρ, λ) = ρ−

5
2 (1− ρ2)

1
4
−λ

2 h1(ρ, λ)
[
1 + (1− ρ)O(〈ω〉−1) +O(ρ0(1− ρ)2〈ω〉−1)

]
= ρ−

5
2

(1− ρ)
3
2
−λ√

a(λ)

[
1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)

]
for all ρ ≥ ρ̂λ = min{1

2
(ρ0 + 1), 2r

|a(λ)|} and all λ ∈ C with Reλ ∈ [0, 1
4
].

Proof. The claimed forms of u1 and u2 follow immediately from Lemma 4.3 and the

transformation (4.15). �

As a consequence of this lemma, we obtain that for λ ∈ C with Reλ ∈ [0, 1
4
], c2,4(λ)

does not vanish.

Lemma 4.7. We have c2,4(λ) 6= 0 for all λ ∈ C with Reλ ∈ [0, 1
4
].

Proof. We argue by contradiction. Suppose there exists a λ such that c2,4(λ) = 0.

Then, by definition,

u1(ρ, λ) = c1,4(λ)ρ−
5
2 (1− ρ2)

1
4
−λ

2ψ1(ρ, λ) = O(ρ0)

for ρ ∈ [0, ρλ] and hence, u1(., λ) ∈ H2(B6
1). This implies that λ ∈ σp(L), a contradiction

to Lemma 3.9. �

Based on Lemma 4.7, we define a third solution to Eq. (4.1) by

u0(ρ, λ) := u2(ρ, λ)− c2,3(λ)

c2,4(λ)
u1(ρ, λ)

and remark that

W (u1(., λ), u0(., λ))(ρ) = 2iρ−5(1− ρ2)
1
2
−λ.

Note that neither u1 nor u0 is in H2(B6
1). The function u1 fails to be in the Sobolev

space due to the divergent behavior of Y2 at 0, while u′′0 is not square integrable at 1.

Hence, to find a solution of Eq. (3.15), with 0 ≤ Reλ ≤ 1
4

and Fλ ∈ C2(B6
1), which is in

H2(B6
1), we make the ansatz

u(ρ, λ) = [c− U1(ρ1, λ)Fλ(ρ1)]u0(ρ, λ) + u0(ρ, λ)

∫ ρ1

ρ

u1(s, λ)

W (u1(., λ), u0(., λ))(s)

Fλ(s)

1− s2
ds

+ u1(ρ, λ)

∫ ρ

0

u0(s, λ)

W (u1(., λ), u0(., λ))(s)

Fλ(s)

1− s2
ds,
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with c ∈ C, ρ1 ∈ [0, 1), and

U1(ρ, λ) :=

∫ ρ

0

u1(s, λ)

W (u1(., λ), u0(., λ))(s)(1− s2)
ds.

Since Fλ is in C2(B6
1) by assumption, we can do an integration by parts to obtain∫ ρ1

ρ

u1(s, λ)

W (u1(., λ), u0(., λ))(s)

Fλ(s)

1− s2
ds = U1(ρ1, λ)Fλ(ρ1)− U1(ρ, λ)Fλ(ρ)

−
∫ ρ1

ρ

U1(s, λ)F ′λ(s)ds

and so

u(ρ, λ) = cu0(ρ, λ)− u0(ρ, λ)

(
U1(ρ, λ)Fλ(ρ) +

∫ ρ1

ρ

U1(s, λ)F ′λ(s)ds

)
+ u1(ρ, λ)

∫ ρ

0

u0(s, λ)

W (u1(., λ), u0(., λ))(s)

Fλ(s)

1− s2
ds.

We continue by setting

U0(ρ, λ) :=

∫ ρ

0

u0(s, λ)

W (u1(., λ), u0(., λ))(s)(1− s2)
ds

and also perform an integration by parts in the second integral, which yields

u(ρ, λ) = u0(ρ, λ)

(
c− U1(ρ, λ)Fλ(ρ)−

∫ ρ1

ρ

U1(s, λ)F ′λ(s)ds

)
+ u1(ρ, λ)

(
U0(ρ, λ)Fλ(ρ)−

∫ ρ

0

U0(s, λ)F ′λ(s)ds

)
. (4.16)

By standard ODE theory we obtain that u ∈ C2((0, 1)) and so we only have to check

the behavior at the end points. To proceed with that task, we will need the asymptotic

behavior of Uj(ρ, λ) as ρ tends to 1. We have that

U1(ρ, λ) =
1

2i

∫ ρ

0

u1(s, λ)s5(1− s2)−
3
2

+λds

and hence by using l’Hospitals rule and Lemma 4.6 we obtain the asymptotic behavior

U1(ρ, λ) ∼ −(1− ρ2)−
1
2

+λ

4i(−1
2

+ λ)
u1(1, λ) ∼ − (1− ρ)−

1
2

+λ

2i(−1
2

+ λ)
√
a(λ)

(4.17)

as ρ tends to 1. For U0, we similarly obtain

U0(ρ, λ) ∼ (1− ρ)−
1
2

+λO(〈ω〉−
3
2 ) (4.18)

as ρ→ 1, since u0 = u2 − c2,3
c2,4
u1.

Using the symbol forms of ψ1 and ψ2 given in Lemma 4.2 it is straightforward to

check that u(., λ) ∈ L2(B6
1
2

). To study u near the endpoint 1 we infer that

−u0(ρ, λ)U1(ρ, λ) + u1(ρ, λ)U0(ρ, λ) = −u2(ρ, λ)U1(ρ, λ) + u1(ρ, λ)U2(ρ, λ)
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where

U2(ρ, λ) :=

∫ ρ

0

u2(s, λ)

W (u1(., λ), u0(., λ))(s)(1− s2)
ds.

Consequently,

u(ρ, λ) =u0(ρ, λ)

(
c−

∫ ρ1

ρ

U1(s, λ)F ′λ(s)ds

)
− u2(ρ, λ)U1(ρ, λ)Fλ(ρ)

+ u1(ρ, λ)

(
U2(ρ, λ)Fλ(ρ)−

∫ ρ

0

U0(s, λ)F ′λ(s)ds

)
and from this representation one can easily verify that u(., λ) ∈ L2(B6

1), by simply plug-

ging in the forms of u1 and u2 stated in Lemma 4.6. Next, from Eq. (4.16) we compute

that

u′(ρ, λ) = u′0(ρ, λ)

(
c− U1(ρ, λ)Fλ(ρ)−

∫ ρ1

ρ

U1(s, λ)F ′λ(s)ds

)
+ u′1(ρ, λ)

(
U0(ρ, λ)Fλ(ρ)−

∫ ρ

0

U0(s, λ)F ′λ(s)ds

)
and as above one establishes that u′(., λ) ∈ L2(B6

1) . Lastly, the second derivative of u is

given by

u′′(ρ, λ) = u′′0(ρ, λ)

(
c− U1(ρ, λ)Fλ(ρ)−

∫ ρ1

ρ

U1(s, λ)F ′λ(s)ds

)
+ u′′1(ρ, λ)

(
U0(ρ, λ)Fλ(ρ)−

∫ ρ

0

U0(s, λ)F ′λ(s)ds

)
− u′0(ρ, λ)U ′1(ρ, λ)Fλ(ρ) + u′1(ρ, λ)U ′0(ρ, λ)Fλ(ρ).

One can again make use of the symbol forms of ψ1 and ψ2 to promptly verify that

u′′(., λ) ∈ L2(B6
1
2

). To check the behavior at ρ = 1 we use that

−u′0(ρ, λ)U ′1(ρ, λ)Fλ(ρ) + u′1(ρ, λ)U ′0(ρ, λ)Fλ(ρ) = − Fλ(ρ)

1− ρ2

and so we can rewrite u′′ in similar fashion as u before as

u′′(ρ, λ) = u′′0(ρ, λ)

(
c−

∫ ρ1

ρ

U1(s, λ)F ′λ(s)ds

)
− u′′2(ρ, λ)U1(ρ, λ)Fλ(ρ)

+ u′′1(ρ, λ)

(
U2(ρ, λ)Fλ(ρ)−

∫ ρ

0

U0(s, λ)F ′λ(s)ds

)
− Fλ(ρ)

1− ρ2
.

Taking the limit ρ1 → 1 now yields

lim
ρ1→1
−u′′0(ρ, λ)

∫ ρ1

ρ

U1(s, λ)F ′λ(s)ds = −u′′0(ρ, λ)

∫ 1

ρ

U1(s, λ)F ′λ(s)ds

and one readily checks that this is a square integrable expression near 1 by using de

l’Hospitals rule and Lemma 4.6. Further, using Lemma 4.6 and the asymptotics (4.18)

and (4.17) it follows that cu′′1(ρ, λ) and u′′1(ρ, λ)[U2(ρ, λ)−
∫ ρ

0
U0(s, λ)F ′λ(s)ds] are square
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integrable near 1. Consequently, we are left with investigating the terms

u′′2(ρ, λ)[c− U1(ρ, λ)Fλ(ρ)]− Fλ(ρ)

1− ρ2
.

To see that the two first order poles cancel out, we remark that

∂ρ(1− ρ2)−
1
2

+λ = − (−1 + 2λ)ρ

(1− ρ2)
3
2
−λ

which we use to perform yet one more integration by parts, which yields

U1(ρ, λ) =− ρ4u1(ρ, λ)

2i(1− 2λ)(1− ρ2)
1
2
−λ

+ l1(λ) +

∫ ρ

0

∂s(s
4u1(s, λ))

2i(1− 2λ)(1− s2)
1
2
−λ
ds

with

l1(λ) = lim
ρ→0

ρ4u1(ρ)

2i(1− 2λ)(1− ρ2)
1
2
−λ
.

Note that Lemma 4.6 implies

u′′2(ρ, λ) ∼
(3

2
− λ)(1

2
− λ)(1− ρ)−

1
2
−λ√

a(λ)

as ρ→ 1. Using this, we obtain that

− ρ4u1(ρ, λ)u′′2(ρ, λ)

2i(1− 2λ)(1− ρ2)
1
2
−λ
∼ 1

2(1− ρ)
∼ 1

1− ρ2
(4.19)

as ρ → 1 and therefore the poles cancel out exactly. Observe now that ρ2Y2(ρ) ∈
C∞([0, 1]) and so the expression

∂s(s
4u1(s, λ))

2i(1− 2λ)(1− s2)
1
2
−λ

is integrable on [0, 1]. Thus, if we make the choice

c = c(Fλ, λ) = −Fλ(1)

(
l1(λ) +

∫ 1

0

∂s(s
4u1(s, λ))

2i(1− 2λ)(1− s2)
1
2
−λ
ds

)
,

once more employing Lemma 4.6 yields∣∣∣∣limρ→1
u′′2(ρ, λ)[c(Fλ, λ)− U1(ρ, λ)Fλ(ρ)]− Fλ(ρ)

1− ρ2

∣∣∣∣ . 1.

Summarising, the unique function u(., λ) ∈ H2(B6
1), which solves Eq. (3.15) for

0 ≤ Reλ ≤ 1
4

and Fλ ∈ C2(B6
1), is given by

u(ρ, λ) = u0(ρ, λ)

(
c(Fλ, λ)− U1(ρ, λ)Fλ(ρ)−

∫ 1

ρ

U1(s, λ)F ′λ(s)ds

)
+ u1(ρ, λ)

(
U0(ρ, λ)Fλ(ρ)−

∫ ρ

0

U0(s, λ)F ′λ(s)ds

)
and we have shown the following Lemma.
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Lemma 4.8. Let f ∈ C2(B6
1) and 0 ≤ Re(λ) ≤ 1

4
. Then the function R(f) defined as

R(f)(ρ, λ) := u0(ρ, λ)

(
c(f, λ)− U1(ρ, λ)f(ρ)−

∫ 1

ρ

U1(s, λ)f ′(s)ds

)
+ u1(ρ, λ)

(
U0(ρ, λ)f(ρ)−

∫ ρ

0

U0(s, λ)f ′(s)ds

)
with

Uj(ρ, λ) :=

∫ ρ

0

uj(s, λ)

W (u1(., λ), u0(., λ))(s)(1− s2)
ds

for j = 0, 1 and

c(f, λ) = −f(1)

(
lim
ρ→0

ρ4u1(ρ, λ)

2i(1− 2λ)(1− ρ2)
1
2
−λ

+

∫ 1

0

∂s(s
4u1(s, λ))

2i(1− 2λ)(1− s2)
1
2
−λ
ds

)
,

is the unique function u ∈ H2(B6
1) ∩ C∞(B6

1) that solves the equation

− (1− ρ2)u′′(ρ) +

(
2(λ+ 2)ρ− 5

ρ

)
u′(ρ) +

(
(λ+ 2)(λ+ 1)− 48

(ρ2 + 2)2

)
u(ρ) = f(ρ).

(4.20)

To continue, let uf1 , uf2 be the solutions of Eq. (4.1), that arise by repeating the

previous constructions in the special case V = 0. We would like to copy our construction

of R(Fλ) with these solutions. However, to obtain the solution uf0 , we first have to make

sure that cf2,4 does not vanish for 0 ≤ Reλ ≤ 1
4
. This is ensured by the next Lemma.

Lemma 4.9. We have cf2,4(λ) 6= 0 for all λ ∈ C with Reλ ∈ [0, 1
4
].

Proof. To begin, we remark that whenever cf2,4 vanishes for 0 ≤ Reλ ≤ 1
4
, then

uf1(., λ) ∈ H2(B6
1). To see this, one can argue in the same way as in the proof of Lemma

4.6. As a consequence, uf1(., λ) ∈ H2(B6
1) implies that λ is an eigenvalue of the operator

L0. But, as L0 generates a contraction semigroup, this cannot happen for Reλ > 0 and

so we only have to check the claim on the imaginary axis. By construction, uf1(., iω) is a

solution of the equation

− (1− ρ2)u′′(ρ) +

(
2(iω + 2)ρ− 5

ρ

)
u′(ρ) + (iω + 2)(iω + 1)u(ρ) = 0. (4.21)

Assume now that cf2,4(iω) = 0 for some ω ∈ R. Then, as the Frobenius indices of

Eq. (4.21) are given by {0,−4} at 0 and {0, 3
2
− iω} at 1, uf1(., iω) is in fact a smooth

function on [0, 1]. Setting z = ρ2 and v(z) = u(
√
z) transforms equation (4.21) into

z(1− z)v′′(z) +

(
3−

(
iω +

5

2

)
z

)
v′(z)− (iω + 2)(iω + 1)

4
v(z) = 0.

This is now a hypergeometric differential equation, i.e., it is of the form

z(1− z)v′′(z) + (c− (a+ b+ 1)z)v′(z)− abv(z) = 0
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with a = 1+iω
2
, b = 1 + iω

2
, and c = 3. Near 0, this equation therefore has a fundamental

system given by

f1(z) := 2F1(a, b; c; z)

and a second solution which diverges at ρ = 0, while near 1, a fundamental system is

given by

f2(z) : = 2F1(a, b; a+ b+ c− 1; 1− z)

f3(z) : = (1− z)
3
2
−iω

2F1(c− a, c− b; c− a− b+ 1; 1− z),

see [82]. For a solution of Eq. (4.21) to be smooth, it has to be a multiple of f1. Let c2

and c3 be such that

f1(z) = c2f2(z) + c3f3(z)

and note that c3 has to vanish in order for f1 to be smooth. Thanks to the explicit

connection formula, c3 is given by

c3 =
Γ(c)Γ(a+ b− c+ 1)

Γ(a)Γ(b)

where Γ denotes the Gamma function. So, for c3 to vanish, a or b would have to be a

pole of Γ, which is not the case. �

Thanks to Lemma 4.9, we can define the solution uf0 analogously to u0 as

uf0 := uf2 −
cf2,3

cf2,4

uf1 .

Furthermore,

W (uf1(., λ), uf0(., λ)) = W (u1(., λ), u0(., λ))

and so, we can copy our construction of R(Fλ)(ρ, λ) with the solutions ufj . This leads to

a solution Rf(Fλ)(ρ, λ) of Eq. (4.1) with V = 0 which is of the form

Rf(Fλ)(ρ, λ) : = uf0(ρ, λ)

(
cf(Fλ, λ)− Uf1(ρ, λ)Fλ(ρ)−

∫ 1

ρ

Uf1(s, λ)F ′λ(s)ds

)
+ uf1(ρ, λ)

(
Uf0(ρ, λ)Fλ(ρ)−

∫ ρ

0

Uf0(s, λ)F ′λ(s)ds

)
,

where cf , Uf0 , and Uf1 are defined just as their “non-free” counterparts, by replacing the

corresponding uj by ufj .

5. Strichartz estimates

Using Laplace inversion, we are now able to explicitly write down [S(τ)(I − P)f ]1 =

[S(τ)f̃ ]1 for any f ∈ C3 × C2(B6
1) as

[S(τ)f̃ ]1(ρ) = [S0(τ)f̃ ]1(ρ) +
1

2πi
lim
N→∞

∫ ε+iN

ε−iN
eλτ [R(Fλ)(ρ, λ)−Rf(Fλ)(ρ, λ)]dλ, (5.1)
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with ε > 0 and Fλ(ρ) = ρf̃ ′1(ρ) + (λ+ 2)f̃1(ρ) + f̃2(ρ), since [RL(λ)f̃ ]1 = R(Fλ)(., λ) and

[RL0(λ)f̃ ]1 = Rf(Fλ)(., λ). Therefore, our next job will be to estimate the above integral

term in the limit case ε → 0. To this end, we will now state a couple of preliminary

lemmas which will be crucial in accomplishing that task.

5.1. Preliminary and technical Lemmas. The first set of lemmas will be con-

cerned with oscillatory integrals.

Lemma 5.1. Let α > 0. Then∣∣∣∣∫
R
eiaωO(〈ω〉−(1+α))dω

∣∣∣∣ . 〈a〉−2,

for any a ∈ R.

Proof. Since the integral is absolutely convergent the claim follows by doing two

integrations by parts. �

Lemma 5.2. Let α ∈ (0, 1). Then∣∣∣∣∫
R
eiaωO(〈ω〉−α)dω

∣∣∣∣ . |a|α−1〈a〉−2

holds for a ∈ R \ {0}.

Proof. See Lemma 4.2 in [34]. �

Lemma 5.3. We have∣∣∣∣∫
R
eiaω(1− χλ(ρ))O

(
ρ−n〈ω〉−(n+1)

)
dω

∣∣∣∣ . 〈a〉−2

for all n ≥ 1, ρ ∈ (0, 1), and a ∈ R.

Proof. This can be proven in the same manner as Lemma 4.3 in [34] �

Finally, we need one more lemma on oscillatory integrals.

Lemma 5.4. We have∣∣∣∣∫
R
eiaω(1− χλ(ρ))O

(
ρ−n〈ω〉−n

)
dω

∣∣∣∣ . |a|−1〈a〉−2

for any n ≥ 2, ρ ∈ (0, 1), and a ∈ R \ {0}.

Proof. This can be proven as Lemma 4.4 in [34]. �

We will also make use of the following technical Lemmas.

Lemma 5.5. The estimates∥∥∥|.|2− 1
12f
∥∥∥
L12(B6

1)
. ‖f‖H1(B6

1)
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and ∥∥∥∥∫ 1

ρ

s2− 1
12f ′(s)ds

∥∥∥∥
L12
ρ (B6

1)

. ‖f‖H1(B6
1)

hold true for all f ∈ C1(B6
1). Further, also the estimate∥∥∥|.|1− 1

12f
∥∥∥
L12(B6

1)
. ‖f‖H2(B6

1)

is true for all f ∈ C2(B6
1).

Proof. We readily calculate

‖|.|2−
1
12f‖L12(B6

1) =

(∫ 1

0

∣∣∣s2− 1
12f(s)

∣∣∣12

s5ds

) 1
12

=

(∫ 1

0

∣∣s2f(s)
∣∣12
s4ds

) 1
12

.

(∫ 1

0

∣∣s2f(s)
∣∣12
sds

) 1
12

= ‖|.|2f‖L12(B2
1) . ‖|.|2f‖H1(B2

1)

.

(∫ 1

0

|f(s)|2s3 + |f ′(s)|2s5ds

) 1
2

. ‖f‖H1(B6
1)

by Sobolev embedding and Lemma 3.1. To show the second bound, we argue similarly

to obtain ∥∥∥∥∫ 1

ρ

s2− 1
12f ′(s)ds

∥∥∥∥
L12
ρ (B6

1)

=

∥∥∥∥ρ2ρ−2+ 1
3

∫ 1

ρ

s2− 1
12f ′(s)ds

∥∥∥∥
L12
ρ (B2

1)

.

∥∥∥∥ρ−2+ 1
3

∫ 1

ρ

s2− 1
12f ′(s)ds

∥∥∥∥
H1
ρ(B6

1)

.

Further, ∥∥∥∥ρ−2+ 1
3

∫ 1

ρ

s2− 1
12f ′(s)ds

∥∥∥∥
L2
ρ(B6

1)

.

∥∥∥∥ρ−3+ 1
4

∫ 1

ρ

s
5
2 |f ′(s)|ds

∥∥∥∥
L2
ρ(B6

1)

. ‖f‖H1(B6
1)‖|.|−3+ 1

4‖L2(B6
1)

. ‖f‖H1(B6
1)

and∥∥∥∥ρ−2+ 1
3

∫ 1

ρ

s2− 1
12f ′(s)ds

∥∥∥∥
Ḣ1
ρ(B6

1)

.

∥∥∥∥ρ−3+ 1
3

∫ 1

ρ

s2− 1
12 |f ′(s)|ds

∥∥∥∥
L2
ρ(B6

1)

+ ‖f‖H1(B6
1)

.

∥∥∥∥ρ−3+ 1
12

∫ 1

ρ

s2+ 1
24 |f ′(s)|ds

∥∥∥∥
L2
ρ(B6

1)

+ ‖f‖H1(B6
1)

. ‖f‖H1(B6
1)

∫ 1

0

s−1+ 1
12ds ‖|.|−3+ 1

12‖L2(B6
1) + ‖f‖H1(B6

1)

. ‖f‖H1(B6
1)
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where the third . follows from the Cauchy-Schwarz inequality. For the third one, we note

that the calculation used to derive the first estimate together with Lemma 3.1 implies

‖|.|1−
1
12f‖L12(B6

1) . ‖|.|−1f‖H1(B6
1) . ‖f‖H2(B6

1).

�

Lemma 5.6. Let α ∈ (0, 1). Then we have the estimate∫ 1

0

sα−1|a+ log(1± s)|−αds . |a|−α

for any a ∈ R \ {0}.

Proof. We only prove the - case as the + case can be shown analogously. For a < 0

the estimate

|a+ log(1− s)|−α ≤ |a|−α

holds for all s ∈ [0, 1] and so the claim follows. For a > 0 we change variables according

to s = 1− eax and compute∫ 1

0

sα−1|a+ log(1− s)|−αds =

∫ 0

−∞
(1− eax)α−1|a+ ax|−αaeaxdx

. |a|1−α
∫ 0

− 1
2

(1− eax)α−1eaxdx

+ |a|1−α(1− e−
a
2 )α−1e−

a
2

∫ − 1
2

−2

|1 + x|−αdx

+ |a|1−α
∫ −2

−∞
(1− eax)α−1eaxdx.

The claimed estimate now follows from a straightforward computation and the two iden-

tities

−∂x
(1− eax)α

aα
= (1− eax)α−1eax

and

(1− e−
a
2 )α−1e−

a
2 . aα−1

for all a > 0. �

Lemma 5.7. The estimate∫ 1

0

s−
1
2

∣∣∣∣a± 1

2
log(1− s2)

∣∣∣∣− 1
2

ds . |a|−
1
2

holds for all a ∈ R \ {0}.
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Proof. We again only prove the + case as the - case follows likewise. For negative

a the estimate ∣∣∣∣a+
1

2
log(1− s2)

∣∣∣∣− 1
2

≤ |a|−
1
2

holds for s ∈ [0, 1] and so the claim follows immediately. For positive a we change

variables according to

s =
√

1− e2ax

and obtain∫ 1

0

s−
1
2

∣∣∣∣a± 1

2
log(1− s2)

∣∣∣∣− 1
2

ds = |a|
1
2

∫ 0

−∞
(1− e2ax)−

3
4 |1 + x|−

1
2 e2axdx

. |a|
1
2

∫ 0

− 1
2

(1− e2ax)−
3
4 e2axdx

+ |a|
1
2 (1− e−a)−

3
4 e−4a

∫ − 1
2

−2

|1 + x|−
1
2dx

+ |a|
1
2

∫ −2

−∞
(1− e2ax)−

3
4 e2axdx.

Now, the claimed estimate follows from the identities

−∂x
2

a
(1− e2ax)

1
4 = (1− e2ax)−

3
4 e2ax

and

(1− e−a)−
3
4 e−4a . a−1.

�

5.2. Oscillatory integral bounds. With these technical lemmas out of the way we

begin bounding the integral term in Eq. (5.1). To do so, we suppose f ∈ C2(B6
1) and

investigate the expression

1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
eλτ [R(f)(ρ, λ)−Rf(f)(ρ, λ)]dλ.

Additionally, as Fλ contains the term λf1 we also have to obtain control over the integral

1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
λeλτ [R(f)(ρ, λ)−Rf(f)(ρ, λ)]dλ.

To make our lives easier, we break up the difference R(f) − Rf(f) into smaller parts

starting with

V1(f)(ρ, λ) := u0(ρ, λ)c(f, λ)− uf0(ρ, λ)cf(f, λ).

However, we first need a better description of c(f, λ) and c(f, λ)− cf(f, λ)
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Lemma 5.8. We have that

c(f, λ) = f(1)O(〈ω〉−
5
2 )

and

c(f, λ)− cf(f, λ) = f(1)O(〈ω〉−
7
2 ).

Proof. Recall that c(f, λ) was given by

c(f, λ) = −f(1)

(
lim
ρ→0

ρ4u1(ρ)

2i(1− 2λ)(1− ρ2)
1
2
−λ

+

∫ 1

0

∂s(s
4u1(s, λ))

2i(1− 2λ)(1− s2)
1
2
−λ
ds

)
.

It is immediate that

lim
ρ→0

ρ4u1(ρ)

2i(1− 2λ)(1− ρ2)
1
2
−λ

= O
(
〈ω〉−3

)
,

since u1 is given by

u1(ρ, λ) = ρ−
5
2 (1− ρ2)

1
4
−λ

2χλ(ρ)
(
O(ρ−1〈ω〉−

3
2 ) + c2,4(λ)b2(ρ, λ)[1 +O(ρ2〈ω〉0)]

)
+ (1− χλ(ρ))

ρ−
5
2 (1 + ρ)

3
2
−λ√

a(λ)
[1 +O(ρ−1(1− ρ)〈ω〉−1)]. (5.2)

To estimate the integral term, we first note that the representation (4.6) of Y2 implies

∂ρ(ρ
3
2 b2(ρ, λ)) = O(ρ0〈ω〉−2). Using this fact we see that

χλ(ρ)∂ρ

[
ρ

3
2 (1− ρ2)

1
4
−λ

2

(
O(ρ−1〈ω〉−

3
2 ) + b2(ρ, λ)[1 +O(ρ2〈ω〉0)]

)]
= χλ(ρ)O(ρ−

1
2 〈ω〉−

3
2 )

and so we calculate that∫ 1

0

∂s(s
4u1(s, λ))

2i(1− 2λ)(1− s2)
1
2
−λ
ds =

∫ 1

0

χλ(s)O(s−
1
2 〈ω〉−

5
2 )ds

+O(〈ω〉−
3
2 )

∫ 1

0

(1− χλ(s))(1− s2)−
1
2

+λ

× ∂s
(
s

3
2 (1 + s)

3
2
−λ[1 +O(s−1(1− s)〈ω〉−1)]

)
ds.

Thus, appropriate integrations by parts in the latter integral yield∫ 1

0

∂s(s
4u1(s, λ))

2i(1− 2λ)(1− s2)
1
2
−λ
ds = O(〈ω〉−

5
2 )

and consequently,

c(f, λ) = f(1)O(〈ω〉−
5
2 ).

Similarly one obtains

c(f, λ)− cf(f, λ) = f(1)O(〈ω〉−
7
2 ).

�
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Lemma 5.9. We can decompose V1 as

V1(f)(ρ, λ) = ρ−
5
2 (1− ρ2)

1
4
−λ

2 f(1)(G1(ρ, λ) +G2(ρ, λ))

where

G1(ρ, λ) = χλ(ρ)b1(ρ, λ)[O(〈ω〉−
7
2 ) +O(ρ2〈ω〉−

5
2 )]

G2(ρ, λ) = (1− χλ(ρ))h1(ρ, λ)[O(〈ω〉−
7
2 ) +O(ρ0(1− ρ)〈ω〉−

7
2 )]

+ (1− χλ(ρ))h2(ρ, λ)[O(〈ω〉−
7
2 ) +O(ρ0(1− ρ)〈ω〉−

7
2 )].

Proof. Recall that

u0(ρ, λ) = ρ−
5
2 (1− ρ2)

1
4
−λ

2

[(
c1,3(λ)− c2,3(λ)

c2,4(λ)
c1,4(λ)

)
χλ(ρ)ψ1(ρ, λ)

+ (1− χλ(ρ))

(
ψ3(ρ, λ)− c2,3(λ)

c2,4(λ)
ψ4(ρ, λ)

)]
and similarly

uf0(ρ, λ) = ρ−
5
2 (1− ρ2)

1
4
−λ

2

[(
cf1,3(λ)−

cf2,3(λ)

cf2,4(λ)
cf1,4(λ)

)
χλ(ρ)ψf1(ρ, λ)

+ (1− χλ(ρ))

(
ψf3(ρ, λ)−

cf2,3(λ)

cf2,4(λ)
ψf4(ρ, λ)

)]
.

To continue we remark that

V1(f)(ρ, λ) = c(f, λ)(u0(ρ, λ)− uf0(ρ, λ)) + uf0(ρ, λ)(c(f, λ)− cf(f, λ))

and by employing Lemma 5.8 one readily checks that

uf0(ρ, λ)(c(f, λ)− cf(f, λ))

is already of the same form as

ρ−
5
2 (1− ρ2)

1
4
−λ

2 f(1)(G1(ρ, λ) +G2(ρ, λ)).

Next, we investigate the difference u0(ρ, λ) − uf0(ρ, λ) on the support of χλ(ρ), i.e., we

look at

χλ(ρ)

[(
c1,3(λ)− c2,3(λ)

c2,4(λ)
c1,4(λ)

)
ψ1(ρ, λ)−

(
cf1,3(λ)−

cf2,3(λ)

cf2,4(λ)
cf1,4(λ)

)
ψf1(ρ, λ)

]
.

Using Lemmas 4.4 and 4.5 one directly verifies that

c1,3(λ)− cf1,3(λ) = O
(
〈ω〉−1

)
and

cf2,3(λ)

cf2,4(λ)
cf1,4(λ)− c2,3(λ)

c2,4(λ)
c1,4(λ) =O(〈ω〉−1).
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Thus, we obtain that

χλ(ρ)

[(
c1,3(λ)− c2,3(λ)

c2,4(λ)
c1,4(λ)

)
ψ1(ρ, λ)−

(
cf1,3(λ)−

cf2,3(λ)

cf2,4(λ)
cf1,4(λ)

)
ψf1(ρ, λ)

]
= χλ(ρ)

[
O(〈ω〉−1)ψ1(ρ, λ) +

(
cf1,3(λ)−

cf2,3(λ)

cf2,4(λ)
cf1,4(λ)

)
(ψ1(ρ, λ)− ψf1(ρ, λ))

]
= χλ(ρ)b1(ρ, λ)[O(〈ω〉−1) +O(ρ2〈ω〉0)].

A similar computation on the support of (1− χλ(ρ)) shows that we have

u0(ρ, λ)− uf0(ρ, λ) = ρ−
5
2 (1− ρ2)

1
4
−λ

2χλ(ρ)b1(ρ, λ)[O(〈ω〉−1) +O(〈ω〉0ρ2)]

+ ρ−
5
2 (1− ρ2)

1
4
−λ

2 (1− χλ(ρ))h1(ρ, λ)[O(〈ω〉−1) +O(ρ0(1− ρ)〈ω〉−1)]

+ ρ−
5
2 (1− ρ2)

1
4
−λ

2 (1− χλ(ρ))h2(ρ, λ)[O(〈ω〉−1) +O(ρ0(1− ρ)〈ω〉−1)]

and so the desired decomposition follows, since we know from Lemma 5.8 that

c(f, λ) = f(1)O(〈ω〉−
5
2 ).

�

Lemma 5.10. G1 and G2 satisfy

ρ−
5
2 (1− ρ2)

1
4
−λ

2G1(ρ, λ) = χλ(ρ)(1− ρ2)
1
4
−λ

2O(ρ0〈ω〉−
3
2 )

ρ−
5
2 (1− ρ2)

1
4
−λ

2G2(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1− ρ)

3
2
−λ[O(〈ω〉−4) +O(ρ0(1− ρ)〈ω〉−4)]

+ (1− χλ(ρ))ρ−
5
2 (1 + ρ)

3
2
−λ[O(〈ω〉−4) +O(ρ0(1− ρ)〈ω〉−4)]

Proof. This follows immediately from the symbol representations (4.6) and Lemma

4.1. �

Motivated by this, we define the operators Tj for j = 1, 2 and f ∈ C2(B6
1) as

Tj(τ)f(ρ) :=
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
eλτρ−

5
2 (1− ρ2)

1
4
−λ

2 f(1)Gj(ρ, λ)dλ.

Note that the limits exist for any ρ ∈ (0, 1) because the integrand is absolutely convergent

by Lemma 5.10. Furthermore, as Fλ(ρ) also contains the term λf1(ρ), we analogously

define the operators Ṫj as

Ṫj(τ)f(ρ) :=
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
λeλτρ−

5
2 (1− ρ2)

1
4
−λ

2 f(1)Gj(ρ, λ)dλ

for j = 1, 2 and f ∈ C2(B6
1). Again, the limits exist for any ρ ∈ (0, 1) by Lemma 5.10

because on the support of χλ we may trade powers of ρ for decay in ω and thereby obtain

absolute convergence.

Lemma 5.11. Let p ∈ [2,∞] and q ∈ [6, 12] be such that 1
p

+ 6
q

= 1. Then

‖Tj(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H1(B6

1)
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and

‖Ṫj(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H2(B6

1)

for j = 1, 2 and all f ∈ C2(B6
1).

Proof. Note first, that for j = 1, 2 the operators Tj satisfy

Tj(τ)f(ρ) =
1

2π

∫
R
eiωτρ−

5
2 (1− ρ2)

1
4
− iω

2 f(1)Gj(ρ, iω)dω,

since the integral is absolutely convergent. Moreover,

|T1(τ)f(ρ)| =
∣∣∣∣ 1

2π

∫
R
eiωτρ−

5
2 (1− ρ2)

1
4
− iω

2 f(1)G1(ρ, iω)dω

∣∣∣∣
=

∣∣∣∣f(1)

∫
R
eiωτχiω(ρ)(1− ρ2)

1
4
− iω

2 O(ρ0〈ω〉−
3
2 )dω

∣∣∣∣
.

〈
τ − 1

2
log(1− ρ2)

〉−2

|f(1)|

. 〈τ〉−2‖f‖H1(B6
1),

thanks to Lemma 5.1. From this, we can immediately infer the estimate

‖T1(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H1(B6

1)

for all Strichartz pairs (p, q) stated in the Lemma. Next, by using the symbol forms

established in Lemma 5.10 and Lemma 5.3 we conclude that

|T2(τ)f(ρ)| =
∣∣∣∣ 1

2π

∫
R
eiωτρ−

5
2 (1− ρ2)

1
4
− iω

2 f(1)G2(ρ, iω)dω

∣∣∣∣
.
(
〈τ − log(1 + ρ)〉−2 + 〈τ − log(1− ρ)〉−2

)
|f(1)|

. 〈τ〉−2‖f‖H1(B6
1).

Thus, the first claimed estimate has been proven. To establish the bounds on Ṫj we

remark that V1(f)(ρ, λ) satisfies

|λV1(f)(ρ, λ)| . |f(1)|ρ−
5
2 〈λ〉−3

for any ρ ∈ (0, 1). Therefore, we can take the limit in the integral to obtain

Ṫ1(τ)f(ρ) =
i

2π

∫
R
ωeiωτρ−

5
2 (1− ρ2)

1
4
− iω

2 f(1)G1(ρ, iω)dω

=

∫
R
eiωτχiω(ρ)(1− ρ2)

1
4
− iω

2 f(1)O(ρ−
1
12 〈ω〉−

1
2
− 1

12 )dω.

An application of Lemma 5.2 then yields

|Ṫ1(τ)f(ρ)| . ρ−
1
12 |τ − 1

2
log(1− ρ2)|−

1
2

+ 1
12 〈τ〉−2‖f‖H2(B6

1)

. ρ−
1
12 |τ |−

1
2

+ 1
12 〈τ〉−2‖f‖H2(B6

1),
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from which we infer that

‖Ṫ1(.)f‖L2(R+)L12(B6
1) . ‖f‖H2(B6

1).

In addition, the estimate∣∣∣Ṫ1(τ)f(ρ)
∣∣∣ =

∣∣∣∣ i2π
∫
R
ωeiωτρ−

5
2 (1− ρ2)

1
4
− iω

2 f(1)G1(ρ, iω)dω

∣∣∣∣
=

∣∣∣∣∫
R
eiωτχiω(ρ)(1− ρ2)

1
4
− iω

2 f(1)O(ρ−
5
6 〈ω〉−

1
2
− 5

6 )dω

∣∣∣∣
. 〈τ〉−2ρ−

5
6‖f‖H2(B6

1)

holds thanks to Lemma 5.1. This implies

‖Ṫ1(.)f‖L∞(R+)L6(B6
1) . ‖f‖H2(B6

1),

and thus, the general estimate

‖Ṫ1(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H2(B6

1)

for all admissible pairs (p, q) follows from interpolation. Finally, Ṫ2 can be bounded in a

similar manner as Ṫ1, by additionally making use of Lemma 5.4. �

We continue by investigating

V2(f)(ρ, λ) :=− u0(ρ, λ)U1(ρ, λ)f(ρ) + u1(ρ, λ)U0(ρ, λ)f(ρ)

+ uf0(ρ, λ)Uf1(ρ, λ)f(ρ)− uf1(ρ, λ)Uf0(ρ, λ)f(ρ).

Lemma 5.12. We can decompose V2 according to

V2(f)(ρ, λ) = ρ−
5
2 (1− ρ2)

1
4
−λ

2 f(ρ)
9∑
j=3

Gj(ρ, λ)

where

G3(ρ, λ) = χλ(ρ)b1(ρ, λ)

∫ ρ

0

s
5
2
b1(s, λ)α1(ρ, s, λ) + b2(s, λ)α2(ρ, s, λ)

(1− s2)
5
4
−λ

2

+
O(s3〈ω〉−2)[1 +O(ρ2〈ω〉0)]

(1− s2)
5
4
−λ

2

ds

G4(ρ, λ) = (1− χλ(ρ))h2(ρ, λ)

∫ ρ

0

χλ(s)s
5
2
b1(s, λ)β1(ρ, s, λ) + b2(s, λ)β2(ρ, s, λ)

(1− s2)
5
4
−λ

2

+ χλ(s)
O(s3〈ω〉−2)[1 +O(ρ0(1− ρ)〈ω〉−1)]

(1− s2)
5
4
−λ

2

ds

G5(ρ, λ) = (1− χλ(ρ))h1(ρ, λ)

∫ ρ

0

χλ(s)s
5
2
b1(s, λ)β3(ρ, s, λ) + b2(s, λ)β4(ρ, s, λ)

(1− s2)
5
4
−λ

2

+ χλ(s)
O(s3〈ω〉−2)[1 +O(ρ0(1− ρ)〈ω〉−1)]

(1− s2)
5
4
−λ

2

ds
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and

G6(ρ, λ) = (1− χλ(ρ))h1(ρ, λ)

∫ ρ

0

(1− χλ(s))s
5
2
h2(s, λ)γ1(ρ, s, λ)

(1− s2)
5
4
−λ

2

ds

G7(ρ, λ) = χλ(ρ)b1(ρ, λ)

∫ ρ

0

s
5
2
b1(s, λ)α3(ρ, s, λ)

(1− s2)
5
4
−λ

2

ds

+ χλ(ρ)O(ρ
1
2 〈ω〉−2)

∫ ρ

0

s
5
2
b1(s, λ)[1 +O(s2〈ω〉0)]

(1− s2)
5
4
−λ

2

ds

+ χλ(ρ)b2(ρ, λ)

∫ ρ

0

s
5
2
b1(s, λ)α4(ρ, s, λ)

(1− s2)
5
4
−λ

2

ds

G8(ρ, λ) = (1− χλ(ρ))h2(ρ, λ)

∫ ρ

0

χλ(s)s
5
2
b1(s, λ)β5(ρ, s, λ)

(1− s2)
5
4
−λ

2

ds

G9(ρ, λ) = (1− χλ(ρ))h2(ρ, λ))

∫ ρ

0

(1− χλ(s))s
5
2
h1(s, λ)γ2(ρ, s, λ)

(1− s2)
5
4
−λ

2

ds,

with

αj(ρ, s, λ) = O(〈ω〉−1) +O(ρ2〈ω〉0) +O(s2〈ω〉0) +O(ρ2s2〈ω〉0)

βj(ρ, s, λ) = O(〈ω〉−1) +O(ρ0(1− ρ)〈ω〉−1) +O(s2〈ω〉0) +O(ρ0(1− ρ)s2〈ω〉−1)

γj(ρ, s, λ) = O(〈ω〉−1) +O(ρ0(1− ρ)〈ω〉−1) +O(s0(1− s)〈ω〉−1)

+O(ρ0(1− ρ)s0(1− s)〈ω〉−2).

Proof. Recall that u0 = u2 − c2,3
c2,4
u1, where

u1(ρ, λ) = ρ−
5
2 (1− ρ2)

1
4
−λ

2

[
χλ(ρ)(c1,4(λ)ψ1(ρ, λ) + c2,4(λ)ψ2(ρ, λ))

+ (1− χλ(ρ))ψ4(ρ, λ)
]

u2(ρ, λ) = ρ−
5
2 (1− ρ2)

1
4
−λ

2

[
χλ(ρ)(c1,3(λ)ψ1(ρ, λ) + c2,3(λ)ψ2(ρ, λ))

+ (1− χλ(ρ))ψ3(ρ, λ)
]
,

with the ψj as in Lemmas 4.2 and 4.3, and cj,k from Lemma 4.4. Furthermore we have

that

Uj(ρ, λ) =

∫ ρ

0

s5uj(s, λ)

(1− s2)
3
2
−λ
ds.

Having reminded ourselves of these definitions we start by decomposing−u0(ρ, λ)U1(ρ, λ)+

uf0(ρ, λ)Uf1(ρ, λ) on the support of χλ. Upon neglecting the prefactor ρ−
5
2 (1− ρ2)

1
4
−λ

2 for
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the time being, we want to decompose

χλ(ρ)

[(
c1,3(λ)− c2,3(λ)

c2,4(λ)
c1,4(λ)

)
ψ1(ρ, λ)

×
∫ ρ

0

s
5
2
χλ(s) (c1,4(λ)ψ1(ρ, λ) + c2,4(λ)ψ2(ρ, λ)) + (1− χλ(s))ψ4(s, λ)

(1− s2)
5
4
−λ

2

ds

−
(
cf1,3(λ)−

cf2,3(λ)

cf2,4(λ)
cf1,4(λ)

)
ψf1(ρ, λ)

×
∫ ρ

0

s
5
2
χλ(s)(cf1,4(λ)ψf1(s, λ) + c2,4(λ)ψ2(ρ, λ)) + (1− χλ(s))ψf4(s, λ)

(1− s2)
5
4
−λ

2

ds

]

= χλ(ρ)

[(
c1,3(λ)− c2,3(λ)

c2,4(λ)
c1,4(λ)

)
ψ1(ρ, λ)

×
∫ ρ

0

s
5
2
c1,4(λ)ψ1(ρ, λ) + c2,4(λ)ψ2(ρ, λ)

(1− s2)
5
4
−λ

2

ds

−
(
cf1,3(λ)−

cf2,3(λ)

cf2,4(λ)
cf1,4(λ)

)
ψf1(ρ, λ)

×
∫ ρ

0

s
5
2
cf1,4(λ)ψf1(s, λ) + c2,4(λ)ψ2(ρ, λ)

(1− s2)
5
4
−λ

2

ds

]
,

since s ≤ ρ. Thanks to the proof of Lemma 5.9 we already know that

cf1,3(λ)−
cf2,3(λ)

cf2,4(λ)
cf1,4(λ)−

(
c1,3(λ)− c2,3(λ)

c2,4(λ)
c1,4

)
= O〈ω〉−1.

Furthermore,

ψ1(ρ, λ)− ψf1(ρ, λ) = b1(ρ, λ)O(ρ2〈ω〉0)

and analogous equalities also hold for ψj −ψfj with j = 2, 3, 4. Thus, a repeated usage of

the identity

a1b1 − a2b2 = b1(a1 − a2) + a2(b1 − b2)
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yields

χλ(ρ)

[(
c1,3(λ)− c2,3(λ)

c2,4(λ)
c1,4(λ)

)
ψ1(ρ, λ)

×
∫ ρ

0

s
5
2
χλ(s) (c1,4(λ)ψ1(ρ, λ) + c2,4(λ)ψ2(ρ, λ)) + (1− χλ(s))ψ4(s, λ)

(1− s2)
5
4
−λ

2

ds

−
(
cf1,3(λ)−

cf2,3(λ)

cf2,4(λ)
cf1,4(λ)

)
ψf1(ρ, λ)

×
∫ ρ

0

s
5
2
χλ(s)

(
cf1,4(λ)ψf1(s, λ) + c2,4(λ)ψ2(ρ, λ)

)
+ (1− χλ(s))ψf4(s, λ)

(1− s2)
5
4
−λ

2

ds

]
= G3(ρ, λ).

The other multipliers Gj can be obtained by applying the same considerations to the

remaining terms. �

By using the symbol representations established in Lemmas 4.2 and 4.3 this decom-

position can be rewritten in a much more compact form as follows.

Lemma 5.13. The multipliers Gj satisfy

ρ−
5
2 (1− ρ2)

1
4
−λ

2G3(ρ, λ) = χλ(ρ)(1− ρ2)
1
4
−λ

2

∫ ρ

0

O(ρ0s〈ω〉−1)

(1− s2)
5
4
−λ

2

ds

ρ−
5
2 (1− ρ2)

1
4
−λ

2G4(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1 + ρ)

3
2
−λ

×
∫ ρ

0

χλ(s)
O(s〈ω〉− 5

2 )β̂1(ρ, s, λ)

(1− s2)
5
4
−λ

2

+ χλ(s)
O(s3〈ω〉−2)[1 +O(ρ−1(1− ρ)〈ω〉−1)]

(1− s2)
5
4
−λ

2

ds

ρ−
5
2 (1− ρ2)

1
4
−λ

2G5(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1− ρ)

3
2
−λ

×
∫ ρ

0

χλ(s)
O(s〈ω〉− 5

2 )β̂2(ρ, s, λ)

(1− s2)
5
4
−λ

2

+ χλ(s)
O(s3〈ω〉−2)[1 +O(ρ−1(1− ρ)〈ω〉−1)]

(1− s2)
5
4
−λ

2

ds

ρ−
5
2 (1− ρ2)

1
4
−λ

2G6(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1− ρ)

3
2
−λ

×
∫ ρ

0

(1− χλ(s))
s

5
2O(〈ω〉−1)

(1− s) 3
2
−λ

γ̂1(ρ, s, λ)ds

ρ−
5
2 (1− ρ2)

1
4
−λ

2G7(ρ, λ) = χλ(ρ)(1− ρ2)
1
4
−λ

2

∫ ρ

0

O(ρ0s〈ω〉−1)

(1− s2)
5
4
−λ

2

ds
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and

ρ−
5
2 (1− ρ2)

1
4
−λ

2G8(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1 + ρ)

3
2
−λ

×
∫ ρ

0

χλ(s)
O(s〈ω〉− 5

2 )

(1− s2)
5
4
−λ

2

β̂3(ρ, s, λ)ds

ρ−
5
2 (1− ρ2)

1
4
−λ

2G9(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1 + ρ)

3
2
−λ

×
∫ ρ

0

(1− χλ(s))
s

5
2O(〈ω〉−1)

(1 + s)
3
2
−λ

γ̂2(ρ, s, λ)ds,

where

β̂j(ρ, s, λ) = [1 +O(ρ−1(1− ρ)〈ω〉−1)][O(〈ω〉−1) +O(ρ0(1− ρ)〈ω〉−1)

+O(s2〈ω〉0) +O(ρ0(1− ρ)s2〈ω〉−1)]

γ̂j(ρ, s, λ) = [1 +O(ρ−1(1− ρ)〈ω〉−1)][1 +O(s−1(1− s)〈ω〉−1)]γj(ρ, s, λ),

with γj from Lemma 5.12.

Proof. This is an immediate consequence of Lemma 5.12, previously established

symbol representations, and support properties of the cut-offs. �

In analogy to what we did before we define the operators Tj and Ṫj for j = 3, . . . , 9

and f ∈ C2(B6
1) as

Tj(τ)f(ρ) :=
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
eλτρ−

5
2 (1− ρ2)

1
4
−λ

2 f(ρ)Gj(ρ, λ)dλ

and

Ṫj(τ)f(ρ) :=
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
λeλτρ−

5
2 (1− ρ2)

1
4
−λ

2 f(ρ)Gj(ρ, λ)dλ.

That these limits exist for each τ ≥ 0 and ρ ∈ (0, 1) follows from the computations in

the proof of Lemma 5.14.

Lemma 5.14. Let p ∈ [2,∞] and q ∈ [6, 12] be such that 1
p

+ 6
q

= 1. Then

‖Tj(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H1(B6

1)

and

‖Ṫj(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H2(B6

1)

for j = 3, 4, . . . , 9 and all f ∈ C2(B6
1).

Proof. Note that we have

|V2(f)(ρ, λ)| . 〈λ〉−2|f(ρ)|
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and therefore

Tj(τ)f(ρ) =
1

2π

∫
R
eiωτρ−

5
2 (1− ρ2)

1
4
−λ

2 f(ρ)Gj(ρ, iω)dω

holds for j = 3, .., 9. Furthermore, we can also use Fubini’s theorem to interchange the

order of integration in all the operators Tj. For T3 this yields

T3(τ)f(ρ) = f(ρ)

∫ ρ

0

∫
R
eiωτO(ρ

11
12 s0〈ω〉−1− 1

12 )χiω(ρ)
(1− ρ2)

1
4
− iω

2

(1− s2)
5
4
− iω

2

dωds.

By using Lemma 5.1 we then obtain

|T3(τ)f(ρ)| .
∣∣∣∣ρ 11

12f(ρ)

∫ ρ

0

〈τ +
1

2
(log(1− s2)− log(1− ρ2))〉−2ds

∣∣∣∣
.

∣∣∣∣ρ 11
12f(ρ)

∫ ρ

0

〈τ〉−2ds

∣∣∣∣
. ρ2− 1

12 |f(ρ)|〈τ〉−2.

Moreover, we have that

|Ṫ3(τ)f(ρ)| . ρ−1|f(ρ)|〈λ〉−2

for ρ ∈ (0, 1) and so we can also take the ε limit and change the order of integration. A

calculation similar to the one used to bound |T3(τ)f(ρ)|, then shows

|Ṫ3(τ)f(ρ)| . ρ1− 1
12 |f(ρ)|〈τ〉−2.

Using Lemmas 5.1 and 5.3 the estimates

|Tj(τ)f(ρ)| . ρ2− 1
12 |f(ρ)|〈τ〉−2

and

|Ṫj(τ)f(ρ)| . ρ1− 1
12 |f(ρ)|〈τ〉−2,

for j = 4, 5, 7, 8 can be derived likewise. For T6 we have that

T6(τ)f(ρ) = ρ−
5
2f(ρ)

∫ ρ

0

∫
R
eiωτ (1− χiω(ρ))(1− ρ)

3
2
−iω

× s
5
2

1− χiω(s)

(1− s) 3
2
−iω
O(〈ω〉−1)γ̂1(ρ, s, iω)dωds.

Since γ̂6(., ., iω) behaves like O(〈ω〉−1) in ω, Lemma 5.3 yields

|T6(τ)f(ρ)| . ρ−
3
2 |f(ρ)|

∫ ρ

0

s
5
2 〈τ − log(1− ρ) + log(1− s)〉−2ds

. ρ−
3
2 |f(ρ)|〈τ〉−2

∫ ρ

0

s
5
2ds

. ρ2|f(ρ)|〈τ〉−2.
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An analogous calculation shows

|T9(τ)f(ρ)| . ρ2|f(ρ)|〈τ〉−2.

Next, as the λ integrals in Ṫ6 and Ṫ9 appear to be no longer absolutely convergent, we

perform an integration by parts which yields∫ ρ

0

(1− χλ(s))
s

5
2O(〈ω〉−1)

(1− s) 3
2
−λ

γ̂1(ρ, s, λ)ds,

= (1− χλ(ρ))
ρ

5
2O(〈ω〉−2)

(1− ρ)
1
2
−λ

γ̂1(ρ, ρ, λ)

+O(〈ω〉−2)

∫ ρ

0

(1− s)−
1
2

+λ∂s

[
(1− χλ(s))s

5
2 γ̂1(ρ, s, λ)

]
ds

=: B6(ρ, λ) + I6(ρ, λ).

This now renders the λ integral absolutely convergent and we can again take the limit

ε→ 0. Note that the operator corresponding to the integral term I6(ρ, λ) is bounded by

ρ|f(ρ)|〈τ〉−2,

which can be verified in a similar manner as the bound on T6. Furthermore,∣∣∣∣ρ− 5
2f(ρ)

∫
R
ωeiωτ ((1− χiω(ρ))(1− ρ)

3
2
−iωB6(ρ, iω)dω

∣∣∣∣
=

∣∣∣∣ρ−1f(ρ)

∫
R
ωeiωτ (1− χiω(ρ))2ρ(1− ρ)O(〈ω〉−2)γ̂1(ρ, ρ, iω)dω

∣∣∣∣
. ρ|f(ρ)|〈τ〉−2,

due to Lemma 5.3 and therefore∣∣∣Ṫ6(τ)f
∣∣∣ . ρ|f(ρ)|〈τ〉−2.

As Ṫ9 can be bounded by similar means, we conclude that

|Tj(τ)f(ρ)| . ρ2− 1
12 |f(ρ)|〈τ〉−2

and

|Ṫj(τ)f(ρ)| . ρ1− 1
12 |f(ρ)|〈τ〉−2

holds for all j = 3, 4, . . . , 9 and so we wrap up this proof by employing Lemma 5.5. �

Finally, we can turn our attention to

V3(f)(ρ, λ) =− u0

∫ 1

ρ

U1(s, λ)f ′(s)ds+ u1

∫ ρ

0

U0(s, λ)f ′(s)ds

+ uf0

∫ 1

ρ

Uf1(s, λ)f ′(s)ds− uf1

∫ ρ

0

Uf0(s, λ)f ′(s)ds.
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As we did before, we also derive a useful decomposition of V3.

Lemma 5.15. We can decompose V3 as

V3(f)(ρ, λ) = ρ−
5
2 (1− ρ2)

1
4
−λ

2

18∑
j=10

Gj(f)(ρ, λ)

with

G10(f)(ρ, λ) = χλ(ρ)b1(ρ, λ)

∫ 1

ρ

f ′(s)

∫ s

0

χλ(t)t
5
2
b1(t, λ)α5(ρ, t, λ) + b2(t, λ)α6(ρ, t, λ)

(1− t2)
5
4
−λ

2

+ χλ(t)
O(t3〈ω〉−2)[1 +O(ρ2〈ω〉0)]

(1− t2)
5
4
−λ

2

dtds

G11(f)(ρ, λ) = (1− χλ(ρ))h2(ρ, λ)

∫ 1

ρ

f ′(s)

∫ s

0

χλ(t)t
5
2
b1(t, λ)β6(ρ, t, λ) + b2(t, λ)β7(ρ, t, λ)

(1− t2)
5
4
−λ

2

+ χλ(t)
O(t3〈ω〉−2)[1 +O(ρ0(1− ρ)〈ω〉−1)]

(1− t2)
5
4
−λ

2

dtds

and

G12(f)(ρ, λ) = (1− χλ(ρ))h1(ρ, λ)

∫ 1

ρ

f ′(s)

∫ s

0

χλ(t)t
5
2
b1(t, λ)β7(ρ, t, λ) + b2(t, λ)β8(ρ, t, λ)

(1− t2)
5
4
−λ

2

+ χλ(t)
O(t3〈ω〉−2)[1 +O(ρ0(1− ρ)〈ω〉−1)]

(1− t2)
5
4
−λ

2

dtds

G13(f)(ρ, λ) = χλ(ρ)b1(ρ, λ)

∫ 1

ρ

f ′(s)

∫ s

0

(1− χλ(t))t
5
2
h2(t, λ)β9(t, ρ, λ)

(1− t2)
5
4
−λ

2

dtds

G14(f)(ρ, λ) = (1− χλ(ρ))h2(ρ, λ)

∫ 1

ρ

f ′(s)

∫ s

0

(1− χλ(t))t
5
2
h2(t, λ)γ3(ρ, t, λ)

(1− t2)
5
4
−λ

2

dtds

G15(f)(ρ, λ) = (1− χλ(ρ))h1(ρ, λ)

∫ 1

ρ

f ′(s)

∫ s

0

(1− χλ(t))t
5
2
h2(t, λ)γ4(ρ, t, λ)

(1− t2)
5
4
−λ

2

dtds

G16(f)(ρ, λ) = χλ(ρ)b1(ρ, λ)

∫ ρ

0

f ′(s)

∫ s

0

t
5
2
b1(t, λ)α7(t, ρ, λ)

(1− t2)
5
4
−λ

2

dtds

+ χλ(ρ)O(ρ
1
2 〈ω〉−2)

∫ ρ

0

f ′(s)

∫ s

0

t
5
2
b1(t, λ)[1 +O(t2〈ω〉0)]

(1− t2)
5
4
−λ

2

dtds

+ χλ(ρ)b2(ρ, λ)

∫ ρ

0

f ′(s)

∫ s

0

t
5
2
b1(t, λ)α8(ρ, t, λ)

(1− t2)
5
4
−λ

2

dtds

G17(f)(ρ, λ) = (1− χλ(ρ))h2(ρ, λ)

∫ ρ

0

f ′(s)

∫ s

0

χλ(t)t
5
2
b1(t, λ)β10(ρ, t, λ)

(1− t2)
5
4
−λ

2

dtds

G18(f)(ρ, λ) = (1− χλ(ρ))h2(ρ, λ)

∫ ρ

0

f ′(s)

×
∫ s

0

(1− χλ(t))t
5
2
h1(t, λ)γ5(ρ, t, λ) + h2(t, λ)γ6(ρ, t, λ)

(1− t2)
5
4
−λ

2

dtds,
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where as before

αj(ρ, t, λ) = O(〈ω〉−1) +O(ρ2〈ω〉0) +O(t2〈ω〉0) +O(ρ2t2〈ω〉0)

βj(ρ, t, λ) = O(〈ω〉−1) +O(ρ0(1− ρ)〈ω〉−1) +O(t2〈ω〉0) +O(ρ0(1− ρ)t2〈ω〉−1)

γj(ρ, t, λ) = O(〈ω〉−1) +O(ρ0(1− ρ)〈ω〉−1) +O(t0(1− t)〈ω〉−1)

+O(ρ0(1− ρ)t0(1− t)〈ω〉−2).

Proof. This decomposition follows in the same way as the one in Lemma 5.12. �

It will again be useful for us to use the symbol representations.

Lemma 5.16. We have that

ρ−
5
2 (1− ρ2)

1
4
−λ

2G10(f)(ρ, λ) = χλ(ρ)(1− ρ2)
1
4
−λ

2

∫ 1

ρ

f ′(s)

∫ s

0

χλ(t)
O (ρ0t〈ω〉−1)

(1− t2)
5
4
−λ

2

dtds

ρ−
5
2 (1− ρ2)

1
4
−λ

2G11(f)(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1 + ρ)

3
2
−λ
∫ 1

ρ

f ′(s)

×
∫ s

0

χλ(t)
O(t〈ω〉− 5

2 )β̂4(ρ, t, λ)

(1− t2)
5
4
−λ

2

+ χλ(t)
O(t3〈ω〉−2)[1 +O(ρ−1(1− ρ)〈ω〉−1)]

(1− t2)
5
4
−λ

2

dtds

ρ−
5
2 (1− ρ2)

1
4
−λ

2G12(f)(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1− ρ)

3
2
−λ
∫ 1

ρ

f ′(s)

×
∫ s

0

χλ(t)
O(t〈ω〉− 5

2 )β̂5(ρ, t, λ)

(1− t2)
5
4
−λ

2

+ χλ(t)
O(t3〈ω〉−2)[1 +O(ρ−1(1− ρ)〈ω〉−1)]

(1− t2)
5
4
−λ

2

dtds

and

ρ−
5
2 (1− ρ2)

1
4
−λ

2G13(f)(ρ, λ) = χλ(ρ)(1− ρ2)
1
4
−λ

2

∫ 1

ρ

f ′(s)

×
∫ s

0

(1− χλ(t))t
5
2
O(ρ0〈ω〉 32 )

(1− t) 3
2
−λ
β̂6(t, ρ, λ)dtds

ρ−
5
2 (1− ρ2)

1
4
−λ

2G14(f)(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1 + ρ)

3
2
−λ
∫ 1

ρ

f ′(s)

×
∫ s

0

(1− χλ(t))t
5
2
O(〈ω〉−1)

(1− t) 3
2
−λ
γ̂3(ρ, t, λ)dtds

ρ−
5
2 (1− ρ2)

1
4
−λ

2G15(f)(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1− ρ)

3
2
−λ
∫ 1

ρ

f ′(s)

×
∫ s

0

(1− χλ(t))t
5
2
O(〈ω〉−1)

(1− t) 3
2
−λ
γ̂4(ρ, t, λ)dtds
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and

ρ−
5
2 (1− ρ2)

1
4
−λ

2G16(f)(ρ, λ) = χλ(ρ)(1− ρ2)
1
4
−λ

2

∫ ρ

0

f ′(s)

∫ s

0

χλ(t)
O (ρ0t〈ω〉−1)

(1− t2)
5
4
−λ

2

dtds

ρ−
5
2 (1− ρ2)

1
4
−λ

2G17(f)(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1 + ρ)

3
2
−λ
∫ ρ

0

f ′(s)

×
∫ s

0

χλ(ρ)
O(t〈ω〉− 5

2 )

(1− t2)
5
4
−λ

2

β̂7(ρ, t, λ)dtds

ρ−
5
2 (1− ρ2)

1
4
−λ

2G18(f)(ρ, λ) = (1− χλ(ρ))ρ−
5
2 (1 + ρ)

3
2
−λ
∫ ρ

0

f ′(s)O(〈ω〉−1)

×
∫ s

0

(1− χλ(t))t
5
2

[
γ̂5(ρ, t, λ)

(1 + t)
3
2
−λ

+
γ̂6(ρ, t, λ)

(1− t) 3
2
−λ

]
dtds

where β̂j and γ̂j are defined as in Lemma 5.13.

Once more, we define another set of operators Tj and Ṫj for j = 10, . . . , 18 and

f ∈ C2(B6
1) as

Tj(τ)f(ρ) :=
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
eλτρ−

5
2 (1− ρ2)

1
4
−λ

2Gj(f)(ρ, λ)dλ

and

Ṫj(τ)f(ρ) :=
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
λeλτρ−

5
2 (1− ρ2)

1
4
−λ

2Gj(f)(ρ, λ)dλ.

Lemma 5.17. Let p ∈ [2,∞] and q ∈ [6, 12] be such that 1
p

+ 6
q

= 1. Then

‖Tj(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H1(B6

1)

and

‖Ṫj(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H2(B6

1)

for j = 10, 11, . . . , 18 and all f ∈ C2(B6
1).

Proof. We continue using the same strategy as before and note that

|V3(f)(ρ, λ)| . 〈λ〉−2ρ−
5
2‖f‖W 1,∞(B6

1).

Thus, we can again take the limit ε→ 0 in the operators Tj to obtain that

Tj =
1

2π

∫
R
eiωτρ−

5
2 (1− ρ2)

1
4
− iω

2 Gj(f)(ρ, iω)dω,

for j = 10, 11, . . . , 18. For T10 we also readily use Fubini’s theorem to interchange the

order of integration. This yields

T10(τ)f(ρ) =

∫ 1

ρ

f ′(s)

∫ s

0

∫
R
eiωτχiω(ρ)(1− ρ2)

1
4
− iω

2 χiω(t)
O(ρ0t

11
12 〈ω〉−1− 1

12 )

(1− t2)
5
4
− iω

2

dωdtds
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and thus, as the t integrand is only supported away from 1,

|T10(τ)f(ρ)| . 〈τ〉−2

∫ 1

ρ

|f ′(s)|
∫ s

0

t
11
12dtds

. 〈τ〉−2

∫ 1

ρ

|f ′(s)|s2− 1
12ds,

by Lemma 5.1. Again, one can analogously obtain the estimate

|Ṫ10(τ)f(ρ)| . 〈τ〉−2

∫ 1

ρ

|f ′(s)|s1− 1
12ds.

We can also slightly modify this strategy to obtain the bounds

|Tj(τ)f(ρ)| . 〈τ〉−2

∫ 1

ρ

|f ′(s)|s2− 1
12ds

and

|Ṫj(τ)f(ρ)| . 〈τ〉−2

∫ 1

ρ

|f ′(s)|s1− 1
12ds

for j = 16, 17. For j = 11 we have

T11(τ)f(ρ) = ρ−
5
2

∫ 1

ρ

f ′(s)

∫ s

0

∫
R
eiωτ (1− χiω(ρ))(1 + ρ)

3
2
−iωχλ(t)

×
[
O(t〈ω〉− 5

2 )β̂4(ρ, t, λ)

(1− t2)
5
4
−λ

2

+
O(t3〈ω〉−2)[1 +O(ρ−1(1− ρ)〈ω〉−1)]

(1− t2)
5
4
− iω

2

]
dωdtds

and since the support of the t integrand is again away from the endpoint 1, applying

Lemma 5.3 yields

|T11(τ)f(ρ)| . 〈τ〉−2

∫ 1

ρ

|f ′(s)|
∫ s

0

tdtds

. 〈τ〉−2

∫ 1

ρ

|f ′(s)|s2ds.

In the same manner, we obtain the estimate

|Ṫ11(τ)f(ρ)| . 〈τ〉−2

∫ 1

ρ

s|f ′(s)|ds.

The same strategy can again be used to obtain the bounds

|T12(τ)f(ρ)| . 〈τ〉−2

∫ 1

ρ

s2|f ′(s)|ds

and

|Ṫ12(τ)f(ρ)| .〈τ〉−2

∫ 1

ρ

s|f ′(s)|ds.
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Thus, an application of Lemma 5.5 yields the desired Strichartz estimates for j =

10, 11, 12, 16, 17. For j = 13, we integrate by parts to obtain∫ s

0

(1− χiω(t))t
5
2
O(ρ0〈ω〉 32 )

(1− t) 3
2
−iω

β̂6(t, ρ, iω)dt

= (1− χiω(s))s
5
2
O(ρ0〈ω〉 12 )

(1− t) 1
2
−iω

β̂6(s, ρ, λ) +O(ρ0〈ω〉
1
2 )

∫ s

0

∂t

[
(1− χiω(t))t

5
2 β̂6(t, ρ, iω)

]
(1− t) 1

2
−iω

dt.

So

T13(τ)f(ρ) =

∫
R
eτiωχiω(ρ)(1− ρ2)

1
4
− iω

2

×
∫ 1

ρ

f ′(s)

∫ s

0

(1− χiω(t))t
5
2
O(ρ0〈ω〉 32 )

(1− t) 3
2
−iω

β̂6(t, ρ, iω)dtdsdω

satisfies

T13(τ)f(ρ) =

∫ 1

ρ

s
5
2f ′(s)

∫
R
eiωτχiω(ρ)(1− ρ2)

1
4
− iω

2
(1− χiω(s))

(1− s) 1
2
−iω

×O(ρ−
11
24 〈ω〉

1
24 )β̂6(s, ρ, iω)dωds

+

∫ 1

ρ

f ′(s)

∫ s

0

∫
R
eiωτχiω(ρ)(1− ρ2)

1
4
− iω

2 (1− t)−
1
2

+iωO(ρ−
11
24 〈ω〉

1
24 )

× ∂t
[
(1− χiω(t))t

5
2 β̂(t, ρ, iω)

]
dωdtds

=: T 1
13(τ)f(ρ) + T 2

13(τ)f(ρ).

By using that β̂6(., ., iω) behaves like O(〈ω〉−1) in ω, Lemma 5.2, Minkoswki’s inequality,

and Lemma 5.7, we obtain that

‖T 1
13(τ)f‖L12(B6

1) .
∫ 1

0

s
5
2 |f ′(s)|(1− s)−

1
2 〈τ − log(1− s)〉−2

× ‖ρ−
11
24 |τ − 1

2
log(1− ρ2) + log(1− s)|−

1
24‖L12

ρ (B6
1)ds

.
∫ 1

0

s
5
2 |f ′(s)|(1− s)−

1
2 〈τ + log(1− s)〉−2|τ + log(1− s)|−

1
24ds.

Thus, the computation in the proof of Proposition 4.6 in [34] shows that

‖T 1
13(.)f‖L2(R+)L12(B6

1) . ‖f‖H1(B6
1).

A similar calculation shows

‖T 2
13(.)f‖L2(R+)L12(B6

1) . ‖f‖H1(B6
1)

and as the other endpoint estimates for T 1
13 and T 2

13 can be obtained analogously, an

interpolation argument yields

‖T13(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H1(B6

1)
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for any admissible pair (p, q). To derive the estimate

‖Ṫ13(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H2(B6

1) (5.3)

we first note that we can again take the limit ε → 0 and interchange the order of

integration. The claim then essentially follows by performing one more integration by

parts. We illustrate this for the boundary part Ṫ 1
13(τ)f(ρ), given by

Ṫ 1
13(τ)f(ρ) =

∫ 1

ρ

s
5
2f ′(s)

∫
R
iωeiωτχiω(ρ)(1− ρ2)

1
4
− iω

2
(1− χiω(s))

(1− s) 1
2
−iω

×O(ρ−
11
24 〈ω〉

1
24 )β̂6(s, ρ, iω)dωds

= −f ′(ρ)

∫
R
eiωτχiω(ρ)(1− ρ2)

1
4
− iω

2 (1− χiω(ρ))(1− ρ)
1
2

+iω

×O(ρ
5
2
− 11

24 〈ω〉
1
24 )β̂6(ρ, ρ, iω)dω

+

∫ 1

ρ

∫
R
eiωτχiω(ρ)(1− ρ2)

1
4
− iω

2 (1− s)
1
2

+iωO(ρ−
11
24 〈ω〉

1
24 )

× ∂s
[
(1− χiω(s))s

5
2f ′(s)β̂(s, ρ, iω)

]
dωds (5.4)

We now readily calculate, that the boundary term in (5.4) can be bounded in absolute

value by ρ2|f ′(ρ)|, while the integral term can by controlled by the same means as T13.

Consequently, an application of Lemma 5.5 establishes the estimates on Ṫ13 and we

continue with T14. For T14 we can do the same manipulations as with T13 which yields

T14(τ)f(ρ) = ρ−
5
2

∫ 1

ρ

f ′(s)

∫
R
eiτω(1− χiω(ρ))(1 + ρ)

3
2
−iω

× (1− χiω(s))s
5
2O(〈ω〉−2)

(1− s) 1
2
−iω

γ̂3(ρ, s, iω)dωds

+ ρ−
5
2

∫ 1

ρ

f ′(s)

∫ s

0

∫
R
eiτω(1 + ρ)

3
2
−iω(1− χiω(ρ))O(〈ω〉−2)

× (1− t)−
1
2

+iω∂t

[
(1− χiω(t))t

5
2 γ̂3(ρ, t, iω)

]
dωdtds

=: T 1
14(τ)f(ρ) + T 2

14(τ)f(ρ).

Now, the s-integrand in T 1
14 given by

f ′(s)

∫
R
eiτω(1− χiω(ρ))(1 + ρ)

3
2
−iω (1− χiω(s))s

5
2O(〈ω〉−2)

(1− s) 1
2
−iω

γ̂3(ρ, s, iω)dω =: I1
14(ρ, s, τ)

satisfies the two estimates∣∣I1
14(ρ, s, τ)

∣∣ . ρ2s
5
2 |f ′(s)|(1− s)−

1
2 〈τ − log(1 + ρ) + log(1− s)〉−2ds
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and

|I1
14(ρ, s, τ)| . ρ3s

5
2 |f ′(s)|(1− s)−

1
2

× 〈τ − log(1 + ρ) + log(1− s)〉−2|τ − log(1 + ρ) + log(1− s)|−1ds,

thanks to Lemmas 5.3 and 5.4. From these estimates, we infer that

|T 1
14(τ)f(ρ)| . ρ−

11
24

∫ 1

0

s
5
2 |f ′(s)|(1− s)−

1
2

× 〈τ + log(1− s)〉−2|τ − log(1 + ρ) + log(1− s)|−
1
24ds.

So, we can again use Minkoswki’s inequality as well as Lemma 5.6 to conclude that

‖T 1
14(τ)f‖L12(B6

1) .
∫ 1

0

s
5
2 |f ′(s)|(1− s2)〈τ + log(1− s)〉−2|τ + log(1− s)|−

1
24ds.

Again, by slightly modifying our argument above, we obtain the full estimate

‖T14(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H1(B6

1)

and one more integration by parts combined with similar reasoning also yields

‖Ṫ14(.)f‖Lp(R+)Lq(B6
1) . ‖f‖H2(B6

1). (5.5)

As the Strichartz estimates for T15 and Ṫ15 can be obtained similarly, only T18 and Ṫ18

remain to be dealt with. Therefore, note that

T18(τ)f(ρ) = ρ−
5
2

∫ ρ

0

f ′(s)

∫ s

0

∫
R
eiωτ (1− χiω(ρ))(1− ρ)

3
2
−iω(1− χiω(t))t

5
2

×
[
(1 + t)−

3
2

+iωO(〈ω〉−1)γ̂5(ρ, t, iω)

+ (1− t)−
3
2

+iωO(〈ω〉−1)γ̂6(ρ, t, iω)
]
dωdtds.

Thus, as γ̂j(., ., iω) behaves like O(〈ω〉−1) in ω, applying Lemma 5.3 leads to the

estimate

|T18(τ)f(ρ)| . ρ−
3
2

∫ ρ

0

|f ′(s)|s
5
2

∫ s

0

〈τ − log(1− ρ) + log(1− t)〉−2

+ 〈τ − log(1− ρ) + log(1 + t)〉−2dtds

. 〈τ〉−2ρ−
1
2

∫ ρ

0

|f ′(s)|s
3
2

∫ s

0

1dtds

. 〈τ〉−2‖f‖H1(B6
1),

where the last step follows from the Cauchy-Schwarz inequality. Finally, to control Ṫ18,

one has to perform an integration by parts in the t integral and then do a similar calcu-

lation. �

Due to these Lemmas we can now easily prove a first set of Strichartz estimates for

the semigroup S.
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Proposition 5.1. Let p ∈ [2,∞] and q ∈ [6, 12] be such that 1
p

+ 6
q

= 1. Then the

estimate

‖[S(τ)(I−P)f ]1‖Lpτ (R+)Lq(B6
1) . ‖(I−P)f‖H

holds true for all f ∈ H. Furthermore, we also have∥∥∥∥∫ τ

0

[S(τ − σ)(I−P)h(σ, .)]1dσ

∥∥∥∥
Lpτ (I)Lq(B6

1)

. ‖(I−P)h‖L1(I)H

for any interval 0 ∈ I ⊂ [0,∞) and all h ∈ L1(R+,H).

Proof. Due to the identity

[S(τ)(I−P)f ]1(ρ) = [S0(τ)(I−P)f ]1(ρ)

+
1

2πi
lim
N→∞

∫ ε+iN

ε−iN
eλτ (R(Fλ)(ρ, λ)−Rf(Fλ)(ρ, λ))dλ,

the homogeneous estimate follows from the “free” Strichartz estimates established in

Lemma 3.7 combined with Lemmas 5.11, 5.14 and 5.17 via a density argument. The

inhomogeneous one can then be established as previously done in the proof of Lemma

3.7. �

6. More Strichartz estimates

The Strichartz estimates from the previous section will not be sufficient to control

the full nonlinear equation. However, we can remedy this by also deriving the Strichartz

estimate

‖[S(τ)(I−P)f ]1‖L2
τ (R+)Ẇ 1,4(B6

1) . ‖(I−P)f‖H. (6.1)

Our strategy to derive this estimate works for all pairs (p, q) with p ∈ [2,∞) and q ∈ (3, 4].

However, as we only need the pair (p, q) = (2, 4) we only prove the estimate (6.1). For

the endpoint pair (p, q) = (∞, 3) one would have to take into account the parity of the

O(〈ω〉−1) terms, which appear throughout this paper. To establish (6.1), we will have to

interchange limits and differentiation with oscillatory integrals which are not absolutely

convergent. To do so we will make use of the following lemma and variations thereof.

Lemma 6.1. Let f(ω) = O (〈ω〉−1−α) with α > 0. Then

∂a

∫
R
eiaωf(ω)dω = i

∫
R
ωeiaωf(ω)dω

for a ∈ R \ {0}.

Proof. This can be shown as Lemma 5.1 in [30]. �

We will also need one more technical Lemma.

Lemma 6.2. The estimates ∥∥∥|.| 34f∥∥∥
L4(B6

1)
. ‖f‖H1(B6

1)
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and ∥∥∥∥∫ 1

ρ

s
3
4f ′(s)ds

∥∥∥∥
L4
ρ(B6

1)

. ‖f‖H1(B6
1)

hold true for all f ∈ C1(B6
1). Further, also the estimate

‖f‖L4(B6
1) . ‖f‖H2(B6

1)

is true for all f ∈ C2(B6
1).

Proof. This follows in the same way as Lemma 5.5. �

Suppose again that f ∈ C3 ×C2(B6
1) and set f̃ = (I−P)f . Then, by using variations

of Lemma 6.1, we obtain

∂ρ[S(τ)f̃ ]1(ρ) = ∂ρ[S0(τ)f̃ ]1(ρ) +
1

2πi
lim
N→∞

∫ ε+iN

ε−iN
eλτ∂ρ[R(Fλ)(ρ, λ)−Rf(Fλ)(ρ, λ)]dλ

for any ε > 0. To be more precise, we cannot apply Lemma 6.1 straight away, but instead

have to perform integrations by parts to obtain enough decay in ω. After that, we can

apply the Lemma and undo the integrations by parts. Recall that R(Fλ)(ρ, λ) is of the

form

R(Fλ)(ρ, λ) = u0(ρ, λ)

(
c(Fλ, λ)− U1(ρ, λ)Fλ(ρ)−

∫ 1

ρ

U1(s, λ)F ′λ(s)ds

)
+ u1(ρ, λ)

(
U0(ρ, λ)Fλ(ρ)−

∫ ρ

0

U0(s, λ)F ′λ(s)ds

)
(6.2)

and therefore

R(Fλ)
′(ρ, λ) = u′0(ρ, λ)

(
c(Fλ, λ)− U1(ρ, λ)Fλ(ρ)−

∫ 1

ρ

U1(s, λ)F ′λ(s)ds

)
+ u′1(ρ, λ)

(
U0(ρ, λ)Fλ(ρ)−

∫ ρ

0

U0(s, λ)F ′λ(s)ds

)
. (6.3)

Analogously,

Rf(Fλ)
′(ρ, λ) =u′f0(ρ, λ)

(
cf(Fλ, λ)− Uf1(ρ, λ)Fλ(ρ)−

∫ 1

ρ

Uf1(s, λ)F ′λ(s)ds

)
+ u′f1(ρ, λ)

(
Uf0(ρ, λ)Fλ(ρ)−

∫ ρ

0

Uf0(s, λ)F ′λ(s)ds

)
.

We will now proceed in a similar fashion as before. Motivated by this let f ∈ C2(B6
1) and

consider

V ′1(f)(ρ, λ) := u′0(ρ, λ)c(f, λ)− u′f0(ρ, λ)cf(f, λ).

Lemma 6.3. We can decompose V ′1 as

V ′1(f)(ρ, λ) = f(1) (H1(ρ, λ) +H2(ρ, λ))
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with

H1(ρ, λ) =
[
ρ−1 + ρ(1− ρ2)−1O(〈ω〉)

]
χλ(ρ)(1− ρ2)

1
4
−λ

2O(ρ0〈ω〉−
3
2 )

H2(ρ, λ) =
[
O(ρ−1(1− ρ)−1) + (1− ρ)−1O(〈ω〉)

]
(1− χλ(ρ))ρ−

5
2 (1− ρ)

3
2
−λ

× [O(〈ω〉−4) +O(ρ0(1− ρ)〈ω〉−4)]

+
[
O(ρ−1) + (1 + ρ)−1O(〈ω〉)

]
(1− χλ(ρ))ρ−

5
2 (1 + ρ)

3
2
−λ

× [O(〈ω〉−4) +O(ρ0(1− ρ)〈ω〉−4)]

+ (1− χλ(ρ))ρ−
5
2 (1 + ρ)

3
2
−λO(ρ−1(1− ρ)0〈ω〉−4).

Proof. This follows immediately from the decomposition in Lemma 5.9 and the

corresponding symbol forms given in Lemma 5.10. �

In accordance with our previous strategy, we define the operators Sj and Ṡj for j = 1, 2

and f ∈ C2(B6
1) as

Sj(τ)f(ρ) :=
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
eλτf(1)Hj(ρ, λ)dλ

and

Ṡj(τ)f(ρ) :=
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
λeλτf(1)Hj(ρ, λ)dλ.

Lemma 6.4. The estimates

‖Sj(.)f‖L2(R+)L4(B6
1) .‖f‖H1(B6

1)

and

‖Ṡj(.)f‖L2(R+)L4(B6
1) .‖f‖H2(B6

1)

hold for j = 1, 2 and all f ∈ C2(B6
1).

Proof. This Lemma can be established in a very similar fashion as Lemma 5.11, by

making use of Lemma 6.2. �

We proceed in the same manner and use the previous decomposition of V2(f, λ) to

decompose

V ′2(f)(ρ, λ) :=− u′0(ρ, λ)U1(ρ, λ)f(ρ) + u′1(ρ, λ)U0(ρ, λ)f(ρ)

+ u′f0(ρ, λ)Uf1(ρ, λ)f(ρ)− u′f1(ρ, λ)Uf0(ρ, λ)f(ρ).

Lemma 6.5. We can decompose V ′2 as

V ′2(f)(ρ, λ) = f(ρ)
9∑
j=3

Hj(ρ, λ)
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with

H3(ρ, λ) =
[
O(ρ−1) + ρ(1− ρ2)−1O(〈ω〉)

]
G̃3(ρ, λ)

H4(ρ, λ) =
[
O(ρ−1) + (1 + ρ)−1O(〈ω〉)

]
G̃4(ρ, λ) + Ĝ4(ρ, λ)

H5(ρ, λ) =
[
O(ρ−1) + (1− ρ)−1O(〈ω〉)

]
G̃5(ρ, λ) + Ĝ5(ρ, λ)

H6(ρ, λ) =
[
O(ρ−1) + (1− ρ)−1O(〈ω〉)

]
G̃6(ρ, λ) + Ĝ6(ρ, λ)

H7(ρ, λ) =
[
O(ρ−1) + ρ(1− ρ2)−1O(〈ω〉)

]
G̃7(ρ, λ)

H8(ρ, λ) =
[
O(ρ−1) + (1 + ρ)O(〈ω〉)

]
G̃8(ρ, λ) + Ĝ8(ρ, λ)

H9(ρ, λ) =
[
O(ρ−1) + (1 + ρ)O(〈ω〉)

]
G̃9(ρ, λ) + Ĝ9(ρ, λ),

where all the G̃j are of the same forms as ρ−
5
2 (1 − ρ2)

1
4
−λ

2Gj(ρ, λ) and where the Ĝj

are the terms obtained when the ρ derivative hits one of the perturbative parts β̂j, γ̂j (or

O(ρ0(1− ρ)〈ω〉−1) in the case of j = 3, 4) as given in Lemma 5.13.

We continue by defining operators Sj and Ṡj as

Sj(τ)f(ρ) =
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
eλτf(ρ)Hj(ρ, λ)dλ,

Ṡj(τ)f(ρ) =
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
λeλτf(ρ)Hj(ρ, λ)dλ

for j = 3, . . . , 9 and f ∈ C2(B6
1)

Lemma 6.6. The estimates

‖Sj(.)f‖L2(R+)L4(B6
1) .‖f‖H1(B6

1)

and

‖Ṡj(.)f‖L2(R+)L4(B6
1) .‖f‖H2(B6

1)

hold for j = 3, 4, . . . , 9 and f ∈ C2(B6
1).

Proof. For j = 3, 4, 5, 7, 8 we can use the arguments which we already used in

the proofs of Lemmas 5.11 and 5.14 combined with Lemma 6.2 to derive both sets of

Strichartz estimates. For S6, we remark, that the considerations in the proof of Lemma

5.14 together with Lemma 6.2 imply the estimate

‖S6(.)f‖L2(R+)L4(B6
1) . ‖f‖H1(B6

1).

To deal with Ṡ6, we first note that after an integration by parts in the s-integral, we

obtain

|λH6(ρ, λ)| . ρ−1〈ω〉−1
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for ρ ∈ (0, 1) and ω ∈ R. Hence, a variant of Lemma 6.1 (to be more precise we again

first have to integrate by parts, then take the limit and then undo the integration) yields

lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
λeλτf(ρ)H6(ρ, λ)dλ =

∫
R
iωeiωτf(ρ)H6(ρ, iω)dω.

Recall that after an integration by parts, the integral term in the multiplier G6 takes the

form

B6(ρ, λ) + I6(ρ, λ) =(1− χλ(ρ))ρ
5
2
O(〈ω〉−2)

(1− ρ)
1
2
−λ
γ̂1(ρ, ρ, λ)

−O(〈ω〉−2)

∫ ρ

0

(1− s)−
1
2

+λ∂s

[
(1− χλ(s))s

5
2 γ̂1(ρ, s, λ)

]
ds.

Therefore, a second integration by parts yields

H6(ρ, λ) =
[
O(ρ−1) +O((1− ρ)−1〈ω〉)

]
(1− χλ(ρ))ρ−

5
2 (1− ρ)

3
2
−λ

×
[
(1− χλ(ρ))ρ

5
2O(〈ω〉−2)(1− ρ)−

1
2

+λγ̂1(ρ, ρ, λ)

−O(〈ω〉−3)(1− ρ)
1
2

+λ∂ρ

[
(1− χλ(ρ))ρ

5
2 γ̂1(ρ, ρ, λ)

]
+O(〈ω〉−3)

∫ ρ

0

(1− s)
1
2

+λ∂2
s

[
(1− χλ(s))s

5
2 γ̂1(ρ, s, λ)

]
ds

]
+ Ĝ6(ρ, λ)

= : B6,1(ρ, λ) +B6,2(ρ, λ) + I6,1(ρ, λ) + Ĝ6(ρ, λ).

We now use Lemma 5.4 to obtain∣∣∣∣f(ρ)

∫
R
ωeiωτB6,1(ρ, iω)dω

∣∣∣∣ . |f(ρ)||τ |−
1
4 〈τ〉−2.

Using this estimate we can easily infer that∥∥∥∥f(ρ)

∫
R
ωeiωτB6,1(ρ, iω)dω

∥∥∥∥
L2(R+)L4(B6

1)

. ‖f‖H2(B6
1).

As the the oscillatory integral corresponding to B6,2(ρ, iω), I6,1(ρ, iω) and Ĝ6(ρ, λ) can

be bounded similarly, we obtain

‖Ṡ6(.)f‖L2(R+)L4(B6
1) . ‖f‖H2(B6

1).

Since S9 and Ṡ9 can be bounded likewise we conclude the proof of this Lemma. �

Our very last decomposition is the one of

V ′3(f)(ρ, λ) :=− u′0(ρ, λ)

∫ 1

ρ

U1(s, λ)f ′(s)ds+ u′1(ρ, λ)

∫ ρ

0

U0(s, λ)f ′(s)ds

+ u′f0(ρ, λ)

∫ 1

ρ

Uf1(s, λ)f ′(s)ds− u′f1(ρ, λ)

∫ ρ

0

Uf0(s, λ)f ′(s)ds.
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Lemma 6.7. We can decompose V ′3(f)(ρ, λ) as

V ′3(f)(ρ, λ) =
18∑
j=10

Hj(f)(ρ, λ)

with

H10(f)(ρ, λ) =
[
O(ρ−1) + ρ(1− ρ2)−1O (〈ω〉)

]
G̃10(f)(ρ, λ)

H11(f)(ρ, λ) =
[
O(ρ−1) + (1 + ρ)−1O(〈ω〉)

]
G̃11(f)(ρ, λ) + Ĝ11(ρ, λ)

H12(f)(ρ, λ) =
[
O(ρ−1) + (1− ρ)−1O(〈ω〉)

]
G̃12(f)(ρ, λ) + Ĝ12(ρ, λ)

H13(f)(ρ, λ) =
[
O(ρ−1) + ρ(1− ρ2)−1O(〈ω〉)

]
G̃13(f)(ρ, λ)

H14(f)(ρ, λ) =
[
O(ρ−1) + (1 + ρ)−1O(〈ω〉)

]
G̃14(f)(ρ, λ) + Ĝ14(ρ, λ)

H15(f)(ρ, λ) =
[
O(ρ−1) + (1− ρ)−1O(〈ω〉)

]
G̃15(f)(ρ, λ) + Ĝ15(ρ, λ)

H16(f)(ρ, λ) =
[
O(ρ−1) + ρ(1− ρ2)−1O(〈ω〉)

]
G̃16(f)(ρ, λ)

H17(f)(ρ, λ) =
[
O(ρ−1) + (1 + ρ)−1O (〈ω〉)

]
G̃17(f)(ρ, λ) + Ĝ17(ρ, λ)

H18(f)(ρ, λ) =
[
O(ρ−1) + (1 + ρ)−1O(〈ω〉)

]
G̃18(f)(ρ, λ) + Ĝ18(ρ, λ),

and where all the kernels G̃j(f)(ρ, λ) are of the same form as ρ−
5
2 (1− ρ2)

1
4
−λ

2Gj(f)(ρ, λ)

and the Ĝj are defined as in Lemma 6.5.

One last time we define operators Sj and Ṡj for j = 10, . . . , 18 and f ∈ C2(B6
1) as

Sj(τ)f(ρ) :=
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
eλτHj(f)(ρ, λ)dλ

and

Ṡj(τ)f(ρ) :=
1

2πi
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
λeλτHj(f)(ρ, λ)dλ.

Lemma 6.8. The estimates

‖Sj(.)f‖L2(R+)L4(B6
1) .‖f‖H1(B6

1)

and

‖Ṡj(.)f‖L2(R+)L4(B6
1) .‖f‖H2(B6

1)

hold for j = 10, . . . , 18 and all f ∈ C2(B6
1).

Proof. For j = 10, 13, 16, 17 we can derive both Strichartz estimates in almost the

same fashion as we did in Lemma 5.17. For the remaining indices we can use an adapted

version of the strategy which we used to bound S6 and Ṡ6. �

Thanks to these last few Lemmas, we easily obtain the final result of this section.
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Proposition 6.1. The estimate

‖[S(τ)(I−P)f ]1‖L2
τ (R+)Ẇ 1,4(B6

1) . ‖(I−P)f‖H

holds true for all f ∈ H. Furthermore, we also have∥∥∥∥∫ τ

0

[S(τ − σ)(I−P)h(σ, .)]1dσ

∥∥∥∥
L2
τ (I)Ẇ 1,4(B6

1)

. ‖(I−P)h‖L1(I)H,

for any 0 ∈ I ⊂ [0,∞) and h ∈ L1(R+,H). Finally, for the second component of the

semigroup S we have the estimates

‖[S(τ)(I−P)f ]2‖L2
τ (R+)L4(B6

1) . ‖(I−P)f‖H

and ∥∥∥∥∫ τ

0

[S(τ − σ)(I−P)h(σ, .)]2dσ

∥∥∥∥
L2
τ (I)L4(B6

1)

. ‖(I−P)h‖L1(I)H

for f ∈ H, 0 ∈ I ⊂ [0,∞), and h ∈ L1(R+,H).

Proof. The estimates on the first component can again be achieved as before. For

the bounds on the second component we observe that by (3.1) we have that

[S(τ)(I−P)f ]2(ρ) = (∂τ + ρ∂ρ + 1)[S(τ)(I−P)f ]1(ρ).

As ∂τ produces a factor of λ, it follows that the operators obtained this way are compa-

rable to Sj, Tj and Ṡj, Ṫj. �

7. Nonlinear theory and fixed point arguments

We can now finally turn our attention to the full equation

Φ(τ) = S(τ)u +

∫ τ

0

S(τ − σ)N(Φ(σ))dσ. (7.1)

Recall that N was of the form

N(u)(ρ) :=

(
0

N(ψ∗1 + u1)(ρ)−N(ψ∗1)(ρ)− 48
(ρ2+2)2

u1(ρ)

)
,

where

N(u)(ρ) = −3 sin(2ρu(ρ))− 6ρu(ρ)

2ρ3

and

Ψ∗(ρ) =

 2 arctan
(
ρ√
2

)
ρ

2
√

2
ρ2+2

 .

The first result of this section will be a useful bound on N, which, combined with the

previously established Strichartz estimates, will allow us to also control the nonlinearity.
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Lemma 7.1. The nonlinearity N satisfies the two estimates

‖N(u)‖H . ‖u1‖2
L12(B6

1) + ‖u1‖3
L9(B6

1) + ‖u1‖4
L8(B6

1) + ‖u′1‖2
L4(B6

1)

and

‖N(u)−N(v)‖H . ‖u1 − v1‖L12(B6
1)

(
‖u1‖L12(B6

1) + ‖v1‖L12(B6
1)

+ ‖u1‖2
L8(B6

1) + ‖v1‖2
L8(B6

1)

+ ‖u′1‖L4(B6
1)(1 + ‖u1‖L6(B6

1) + ‖v1‖L6(B6
1))

+ ‖u1‖3

L
36
5 (B6

1)
+ ‖v1‖3

L
36
5 (B6

1)

)
+ ‖u′1 − v′1‖L4(B6

1)

(
‖v1‖L12(B6

1) + ‖v1‖2
L8(B6

1)

)
for all u,v ∈ C∞ × C∞(B6

1).

Proof. We define the auxiliary function n : (0, 1)× R→ R, as

n(ρ, x) =−
3 sin

(
4 arctan

(
ρ√
2

)
+ 2ρx

)
− 6ρx

2ρ3
+

3 sin
(

4 arctan
(

ρ√
2

))
2ρ3

− 48

(ρ2 + 2)2
x.

By Taylor’s Theorem we have that

n(ρ, x) =− 12
√

2(ρ2 − 2)

(ρ2 + 2)2
x2 + 6

∫ x

0

cos

(
4 arctan

(
ρ√
2

)
+ 2ρt

)
(x− t)2dt (7.2)

and thus

|n(ρ, x)| . |x|2 + |x|3.

From the above representation of n, it also follows that

|∂xn(ρ, x)| .|x|+ |x|2 (7.3)

and therefore

|n(ρ, x)− n(ρ, y)| .
(
|x|+ |y|+ |x|2 + |y|2

)
|x− y| (7.4)

for all ρ ∈ (0, 1) and all x, y ∈ R. From these estimates and Hölder’s inequality we deduce

that

‖[N(u)]2‖L2(B6
1) . ‖u1‖3

L6(B6
1) + ‖u1‖2

L4(B6
1)

and

‖[N(u)−N(v)]2‖L2(B6
1) . ‖u1 − v1‖L4(B6

1)(
‖u1‖L4(B6

1) + ‖v1‖L4(B6
1) + ‖u1‖2

L8(B6
1) + ‖v1‖2

L8(B6
1)

)
. ‖u1 − v1‖L12(B6

1)

(
‖u1‖L12(B6

1) + ‖v1‖L12(B6
1)

+ ‖u1‖2
L8(B6

1) + ‖v1‖2
L8(B6

1)

)
.
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Now we turn to the Ḣ1 seminorm. A direct calculation using (7.2) provides the estimate

|∂ρn(ρ, x)| . |x|2 + |x|4 (7.5)

This, together with (7.3) yields

‖[N(u)]2‖Ḣ1(B6
1) . ‖u1‖2

L4(B6
1) + ‖u1‖4

L8(B6
1) + ‖u1u

′
1‖L2(B6

1) + ‖u2
1u
′
1‖L2(B6

1)

. ‖u1‖2
L4(B6

1) + ‖u1‖4
L8(B6

1) + ‖u′1‖2
L4(B6

1).

Hence only the Lipschitz bound for the Ḣ1 seminorm remains to be shown. To this end,

we first investigate the expression ∂x∂ρn(ρ, x). By once more employing the representation

(7.2), we derive

|∂x∂ρn(ρ, x)| . |x|+ |x|3

|∂2
xn(ρ, x)| . 1 + |x|. (7.6)

Moreover,

‖[N(u)−N(v)]2‖Ḣ1(B6
1) ≤ ‖∂1n(|.|, u1)− ∂1n(|.|, v1)‖L2(B6

1)

+ ‖u′1∂2n(|.|, u1)− v′1∂2n(|.|, v1)‖L2(B6
1)

=: N1 +N2.

Thanks to (7.6) and Hölder’s inequality we have that

N1 . ‖|u1 − v1|
(
|u1|+ |u1|3 + |v1|+ |v1|3

)
‖L2(B6

1)

. ‖u1 − v1‖L12(B6
1)

(
‖u1‖L12(B6

1) + ‖v1‖L12(B6
1) + ‖u1‖3

L
36
5 (B6

1)
+ ‖v1‖3

L
36
5 (B6

1)

)
and finally for N2,

N2 ≤ ‖u′1 [∂2n(|.|, u1)− ∂2n(|.|, v1)] ‖L2(B6
1) + ‖(u′1 − v′1)∂2n(|.|, v1)‖L2(B6

1)

. ‖u1 − v2‖L12(B6
1)‖u′1‖L4(B6

1)

(
1 + ‖u1‖L6(B6

1) + ‖v1‖L6(B6
1)

)
+ ‖u′1 − v′1‖L4(B6

1)

(
‖v1‖L12(B6

1) + ‖v1‖2
L8(B6

1)

)
.

�

In accordance with our previously proved Strichartz estimates, we now define the

Strichartz space X as the completion of C∞c × C∞c ([0,∞) × B6
1), where C∞c denotes

smooth functions with compact support, with respect to the norm

‖(φ1, φ2)‖X := ‖φ1‖L2(R+)L12(B6
1) + ‖φ1‖L3(R+)L9(B6

1) + ‖φ1‖L4(R+)L8(B6
1) + ‖φ1‖L6(R+)L

36
5 (B6

1)

+ ‖φ1‖L∞(R+)L6(B6
1) + ‖φ1‖L2(R+)Ẇ 1,4(B6

1) + ‖φ2‖L2(R+)L4(B6
1).

We will also make use of the abbreviation

Xδ := {Φ ∈ X : ‖Φ‖X ≤ δ}.
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Next, for any u ∈ H and Φ ∈ C∞c × C∞c ([0,∞)× B6
1) we define

Ku(Φ)(τ) := S(τ)u +

∫ τ

0

S(τ − σ)N(Φ(σ))dσ − eτC(Φ,u),

where

C(Φ,u) := P

(
u +

∫ ∞
0

e−σN(Φ(σ))dσ

)
.

The useful thing about this integral operator is that it will satisfy the requirements of

the Banach fixed point theorem under certain conditions.

Lemma 7.2. Let u ∈ H and Φ ∈ C∞c ×C∞c ([0,∞)×B6
1). Then Ku(Φ) ∈ X . Moreover,

we have the estimate

‖Ku(Φ)‖X . ‖u‖H + ‖Φ‖2
X + ‖Φ‖4

X .

Proof. Let Φ ∈ C∞c × C∞c ([0,∞)× B6
1). Propositions 5.1 and 6.1 imply that

‖(I−P)Ku(Φ)(τ)‖X . ‖u‖H +

∫ τ

0

‖N(Φ(σ))‖Hdσ

and by Lemma 7.1, we obtain∫ τ

0

‖N(Φ(σ))‖Hdσ .
∫ τ

0

‖φ1(σ, .)‖2
L12(B6

1) + ‖φ1(σ, .)‖3
L9(B6

1) + ‖φ1(σ, .)‖4
L8(B6

1)

+ ‖φ1(σ, .)‖2
Ẇ 1,4(B6

1)
dσ

. ‖φ1‖2
L2(R+)L12(B6

1) + ‖φ1‖3
L3(R+)L9(B6

1) + ‖φ1‖4
L4(R+)L8(B6

1)

+ ‖φ1‖2
L2(R+)Ẇ 1,4(B6

1)

. ‖Φ‖2
X + ‖Φ‖4

X .

Next, note that

PKu(Φ) = −
∫ ∞
τ

eτ−σPN(Φ(σ))dσ

and as rgP = span{g}, there exists a unique g̃ ∈ H with

Pf = (f , g̃)H g

for all f ∈ H. Thus, ‖[Pf ]j‖Ẇk,q(B6
1) . |(f , g̃)H|‖gj‖Ẇk,q(B6

1) . ‖f‖H. For q ∈ [6, 12] we

then obtain

‖[PKu(Φ)(τ)]1‖Lq(B6
1) + ‖[PKu(Φ)(τ)]1‖Ẇ 1,4(B6

1) + ‖[PKu(Φ)(τ)]2‖L4(B6
1)

.
∫ ∞
τ

eτ−σ‖N(Φ(σ))‖Hdσ

=

∫
R

1(−∞,0](τ − σ)eτ−σ1[0,∞)(σ)‖N(Φ(σ))‖Hdσ
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and so an application of Young’s inequality yields

‖PKu(Φ)‖Lp(R+)Lq(B6
1) . ‖1(−∞,0](.)e

(.)‖Lp(R)

∫ ∞
0

‖N(Φ(σ))‖Hdσ

. ‖Φ‖2
X + ‖Φ‖4

X

and analogously for the other terms. �

We also derive a corresponding local Lipschitz estimate.

Lemma 7.3. Let u ∈ H. Then the estimate

‖Ku(Ψ)−Ku(Φ)‖X .
(
‖Ψ‖X + ‖Ψ‖3

X + ‖Φ‖X + ‖Φ‖3
X
)
‖Ψ− Φ‖X

holds true for all Ψ,Φ ∈ C∞c × C∞c ([0,∞)× B6
1).

Proof. Again, we start by investigating (I−P) Ku =: K̃u. Lemma 7.1 implies

‖K̃u(Ψ)− K̃u(Φ)‖X .
∫ τ

0

‖Nu(Ψ(σ, .))−N(Φ(σ, .))‖Hdσ

.
∫ τ

0

‖ψ1(σ, .)− φ1(σ, .)‖L12(B6
1)

(
‖ψ1(σ, .)‖L12(B6

1) + ‖φ1(σ, .)‖L12(B6
1)

+ ‖ψ1(σ, .)‖2
L8(B6

1) + ‖φ1(σ, .)‖2
L8(B6

1)

+ ‖ψ1(σ, .)‖Ẇ 1,4(B6
1)(1 + ‖ψ1(σ, .)‖L6(B6

1) + ‖φ1(σ, .)‖L6(B6
1))

+ ‖ψ1(σ, .)‖3

L
36
5 (B6

1)
+ ‖φ1(σ, .)‖3

L
36
5 (B6

1)

)
+ ‖ψ1(σ, .)− φ1(σ, .)‖Ẇ 1,4(B6

1)

×
(
‖φ1(σ, .)‖L12(B6

1) + ‖φ1(σ, .)‖2
L8(B6

1)

)
dσ

. ‖ψ1 − φ1‖L2(R+)L12(B6
1)

(
‖ψ1‖L2(R+)L12(B6

1) + ‖φ1‖L2(R+)L12(B6
1)

+ ‖ψ1‖2
L4(R+)L8(B6

1) + ‖φ1‖2
L4(R+)L8(B6

1) + ‖ψ1‖L2(R+)Ẇ 1,4(B6
1)

×
[
1 + ‖ψ1‖L∞(R+)L6(B6

1) + ‖φ1‖L∞(R+)L6(B6
1)

]
+ ‖ψ1‖3

L6(R+)L
36
5 (B6

1)
+ ‖φ1‖3

L6(R+)L
36
5 (B6

1)

)
+ ‖ψ1 − φ1‖L2(R+)Ẇ 1,4(B6

1)

(
‖φ1‖L2(R+)L12(B6

1)

+ ‖φ1‖2
L4(R+)L8(B6

1)

)
.
(
‖Ψ‖X + ‖Ψ‖3

X + ‖Φ‖X + ‖Φ‖3
X
)
‖Ψ− Φ‖X .
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Analogously to the proof of Lemma 7.2, we have that

‖[PKu(Φ)(τ)−PKu(Ψ)(τ)]1‖Lq(B6
1) + ‖[PKu(Φ)(τ)−PKu(Ψ)(τ)]1‖Ẇ 1,4(B6

1)

+ ‖[PKu(Φ)(τ)−PKu(Ψ)(τ)]2‖L2(B6
1)

.
∫ ∞
τ

eτ−σ‖N(Φ(σ))‖Hdσ

=

∫
R

1(−∞,0](τ − σ)eτ−σ1[0,∞)(σ)‖N(Φ(σ, .)−Ψ(σ, .))‖Hdσ

for all q ∈ [6, 12]. Therefore, the same calculations as before yield

‖PKu(Φ)−PKu(Ψ)]‖X .
∫ ∞

0

‖N(Φ(σ, .))−N(Ψ(σ, .))‖Hdσ

.
(
‖Ψ‖X + ‖Ψ‖3

X + ‖Φ‖X + ‖Φ‖3
X
)
‖Ψ− Φ‖X .

�

Lemmas 7.2 and 7.3 imply that Ku extends to an operator on X .

Lemma 7.4. There exist δ, c > 0 such that for each u ∈ H with ‖u‖H ≤ δ
c

there exists

a unique Φu ∈ Xδ that satisfies

Φu = Ku(Φu).

Proof. The claim follows from Lemmas 7.2, 7.3, and the contraction mapping prin-

ciple. �

7.1. Variation of blowup time. The next step is to show that we can choose a

time T close to 1 such that the correction term vanishes. Therefore, we recall that the

prescribed initial data

Φ(0) = (φ1(0, .), φ2(0, .)),

are given by

φ1(0, ρ) = ψ1(0, ρ)−
2 arctan

(
ρ√
2

)
ρ

= Tf(Tρ)−
2 arctan

(
ρ√
2

)
ρ

,

φ2(0, ρ) = ψ2(0, ρ)− 2
√

2

2 + ρ2
= T 2g(Tρ)− 2

√
2

2 + ρ2
.

Furthermore, in similarity coordinates the initial data of the blowup solution u1
∗ are given

by

ψ1
1∗(0, ρ) =

2 arctan
(
Tρ√

2

)
ρ

, ψ1
2∗(0, ρ) =

T 22
√

2

2 + T 2ρ2
.
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Motivated by the appearance of the blowup time T in the initial data, we define the

operator U : [1− δ, 1 + δ]×H2 ×H1(B6
1+δ)→ H as

U(T,v)(ρ) = (Tv1(Tρ), T 2v2(Tρ)) + (ψ1
1∗(0, ρ), ψ1

2∗(0, ρ))−

(
2 arctan( ρ√

2
)

ρ
,

2
√

2

2 + ρ2

)
.

Note that as long as δ stays small enough, this is a continuous map and

Φ(0) = U

T,
f − 2 arctan

(
(.)√

2

)
(.)

, g − 2
√

2

2 + (.)2

 .

It is also clear that U(1,0) = 0. Further, for δ sufficiently small the estimate

‖Ψ1
∗ −Ψ∗‖H2×H1(B6

1+δ)
. |1− T |

holds for all T ∈ [1− δ, 1 + δ] and so

‖U(T,v)‖H . ‖v‖H2×H1(B6
1+δ)

+ |1− T |

for all T ∈ [1− δ, 1 + δ].

Lemma 7.5. There exist constants M ≥ 1 and δ > 0 such that if v ∈ H2 ×H1(B6
1+δ)

satisfies ‖v‖H2×H1(B6
1+δ)
≤ δ

M
, then there exists a unique T ∗ ∈ [1− δ, 1 + δ] and a Φ ∈ Xδ

with Φ = KU(T ∗,v)(Φ) and C(Φ,U(T ∗,v)) = 0.

Proof. Since

∂T

(
2 arctan( Tρ√

2
)

ρ
,
T 22
√

2

2 + T 2ρ2

)∣∣∣∣
T=1

= 2
√

2g(ρ),

the claim follows by an application of Brower’s fixed point theorem, see the proof of

Lemma 6.5 in [30] for the details. �

This allows us to give rigorous meaning to the notion of solutions in our topology.

Definition 7.1. Let

ΓT := {(t, r) ∈ [0, T )× [0,∞) : r ≤ T − t}.

We say that u : ΓT → R is a Strichartz solution of(
∂2
t − ∂2

r −
5

r
∂r

)
u(t, r) +

3 sin(2ru(t, r))− 6ru(t, r)

2r3
= 0

if Φ := Ψ−Ψ∗, with

Ψ(τ, ρ) :=

(
ψ(τ, ρ)

(1 + ∂τ + ρ∂ρ)ψ(τ, ρ)

)
, ψ(τ, ρ) := Te−τu(T − Te−τ , T e−τρ),

belongs to X and satisfies

Φ = KΦ(0)(Φ)
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and C(Φ,Φ(0)) = 0.

Next, we show the uniqueness of such solutions.

Lemma 7.6. Let u ∈ H. Then the map Ku : X → X has at most one fixed point

Φ ∈ X that satisfies C(Φ,u) = 0.

Proof. Let u ∈ H and assume that we are given two fixed points Ψ,Φ ∈ X with

C(Ψ,u) = C(Φ,u) = 0. Let τ0 ≥ 0 be arbitrary and note that for any δ > 0 there exists

an Nδ ∈ N such that

‖Ψ‖X (In) + ‖Φ‖X (In) ≤ δ, (7.7)

for all n ∈ {0, 1, 2, . . . , Nδ − 1}, where

‖Ψ‖X (In) :=‖ψ1‖L2(In)L12(B6
1) + ‖ψ1‖L4(In)L8(B6

1) + ‖ψ1‖L6(In)L
36
5 (B6

1)
+ ‖ψ1‖L2(In)Ẇ 1,4(B6

1)

+ ‖ψ2‖L2(In)L4(B6
1)

and In := [n τ0
Nδ
, (n + 1) τ0

Nδ
]. Such an Nδ can always be found because the map τ 7→

‖f‖Lp(0,τ) : [0,∞) → R is continuous for every f ∈ Lp(0,∞) and p ∈ [1,∞). From the

calculations done in the proof of Lemma 7.3 we then see that

‖ψ1(τ)− φ1(τ)‖L12(B6
1) + ‖ψ1(τ)− φ1(τ)‖Ẇ 1,4(B6

1) + ‖ψ2(τ)− φ2(τ)‖L4(B6
1)

.
∫ τ

0

eτ−σ‖N(Φ(σ))−N(Ψ(σ))‖Hdσ

and so

‖ψ1 − φ1‖L2(I0)L12(B6
1) + ‖ψ1 − φ1‖L2(I0)Ẇ 1,4(B6

1) + ‖ψ2 − φ2‖L2(I0)L4(B6
1)

.

∥∥∥∥∫ τ

0

eτ−σ‖N(Φ(σ))−N(Ψ(σ))‖Hdσ
∥∥∥∥
L2
τ (I0)

. eτ0
∫ τ0/Nδ

0

‖N(Φ(σ))−N(Ψ(σ))‖Hdσ

. eτ0
[
‖ψ1 − φ1‖L2(I0)L12(B6

1)

(
‖ψ1‖L2(I0)L12(B6

1) + ‖φ1‖L2(I0)L12(B6
1)

+ ‖ψ1‖2
L4(I0)L8(B6

1) + ‖φ1‖2
L4(I0)L8(B6

1) + ‖ψ1‖3

L6(I0)L
36
5 (B6

1)
+ ‖φ1‖3

L6(I0)L
36
5 (B6

1)

+ ‖ψ1‖L2(I0)Ẇ 1,4(B6
1)(1 + ‖ψ1‖L∞(R+)L6(B6

1) + ‖φ1‖L∞(R+)L6(B6
1))
)

+ ‖ψ1 − φ1‖L2(I0)Ẇ 1,4(B6
1)

(
‖φ1‖L2(I0)L12(B6

1) + ‖φ1‖2
L4(I0)L8(B6

1)

)]
.

By choosing delta small enough, we obtain

‖ψ1 − φ1‖L2(I0)L12(B6
1) + ‖ψ1 − φ1‖L2(I0)Ẇ 1,4(B6

1) + ‖ψ2 − φ2‖L2(I0)L4(B6
1)

≤ 1

2

(
‖ψ1 − φ1‖L2(I0)L12(B6

1) + ‖ψ1 − φ1‖L2(I0)Ẇ 1,4(B6
1) + ‖φ2 − ψ2‖L2(I0)L4(B6

1)

)
.

Hence, it follows that Ψ and Φ agree as elements of X (I0). Proceeding inductively, we

conclude that Ψ = Φ in X ([0, τ0]) and as τ0 was chosen arbitrarily the claim follows. �
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7.2. Persistence of regularity and proof of Theorem 1.3. As we have shown

the existence and uniqueness of Strichartz solutions in the sense of Definition 7.1 for

data close enough to the blowup solution, we will now show that such a solution is in

fact smooth if we prescribe smooth initial data. The first step in achieving this is the

following result for the semigroup S.

Lemma 7.7. Let 2 ≤ k ∈ N. Then there exists a constant ak > 0 such that the

restriction of S to Hk ×Hk−1(B6
1) satisfies

‖S(τ)u‖Hk×Hk−1(B6
1) .k e

akτ‖u‖Hk×Hk−1(B6
1)

for all τ ≥ 0 and all u ∈ Hk ×Hk−1(B6
1).

Proof. As L′ is a bounded operator on Hk×Hk−1(B6
1) for any 2 ≤ k ∈ N, the claim

follows if we show that S0 satisfies

‖S0(τ)u‖Hk×Hk−1(B6
1) .k ‖u‖Hk×Hk−1(B6

1)

for any u ∈ Hk ×Hk−1(B6
1). To show this, we argue similarly as in the proof of Lemma

3.7. Thus, assume T ∈
[

1
2
, 3

2

]
and let k ≥ 2 be a fixed natural number. Moreover, by a

density argument it suffices to show the claim for u ∈ Ck × Ck−1(B6
1). Next, let AT be

the scaling operator AT : Hk ×Hk−1(B6
T )→ Hk ×Hk−1(B6

1),

AT f = (Tf1(T.), T 2f2(T.))

and note that both AT and its inverse are uniformly bounded with respect to T . Now,

let u be the solution of the Cauchy problem
(
∂2
t − ∂2

r − 5
r
∂r
)
u(t, r) = 0

u[0] = A−1
T u

on ΓT . Then, by higher energy conservation we know that

‖u(t, .)‖Hk(B6
T−t)

+ ‖∂tu(t, .)‖Hk−1(B6
T−t)
. ‖u[0]‖Hk×Hk−1(B6

T ).

Furthermore, [S0(τ)u]1(ρ) = Te−τu(T − Te−τ , T e−τρ) which we use to obtain

‖[S0(τ)u]1‖Hk(B6
1) . ‖u(T − Te−τ , T e−τ .)‖Hk(B6

1) . ‖u(T − Te−τ , .)‖Hk(B6
T−t)

. ‖u[0]‖Hk×Hk−1(B6
T ) . ‖u‖Hk×Hk−1(B6

1).

In the same manner one obtains the estimate

‖[S0(τ)u]2‖Hk−1(B6
1) . ‖u‖Hk×Hk−1(B6

1)

and since k ≥ 2 was arbitrary the claim follows. �

Lemma 7.8. Let 3 ≤ k ∈ N. Then the nonlinearity N maps Hk ×Hk−1(B6
1) to itself.
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Proof. For 4 ≤ k ∈ N the claim follows immediately from the Banach algebra

property of Hk(B6
1). For k = 3 it suffices to show that

N̂(u)(ρ) :=

(
0

N(u1)(ρ)

)
=

(
0

−3 sin(2ρu1(ρ))−6ρu1(ρ)
2ρ3

)
is in H3 ×H2(B6

1) whenever u ∈ H3 ×H2(B6
1). This follows from the equation

N(u) = N̂(Ψ∗ + u) + N̂(Ψ∗) + L′u,

and the fact that Ψ∗ ∈ C∞ × C∞(B6
1). Making use of Taylor’s theorem, we see that

n(ρ, x) := −3 sin(2ρx)− 6ρx

2ρ3
= 6

∫ x

0

cos(2tρ)(x− t)2dt = 6x3

∫ 1

0

cos(2tρx)(1− t)2dt

(7.8)

and thus, we need to show that ρ 7→ n(ρ, u(ρ)) is an element ofH2(B6
1) for any u ∈ H3(B6

1).

For the H1 norm we see that

‖n(|.|, u)‖H1(B6
1) . ‖u3‖L2(B6

1) + ‖u4‖L2(B6
1) + ‖u2u′‖L2(B6

1)

. 1 + ‖u‖4
H3(B6

1) + ‖u2‖L4(B6
1)‖u′‖L4(B6

1)

. 1 + ‖u‖4
H3(B6

1),

while

‖n(|.|, u)‖Ḣ2(B6
1) =

∥∥∥∥∫ u(ρ)

0

2u′′(ρ) cos(2tρ)(u(ρ)− t) + 2u′(ρ)2 cos(2tρ)

− 8u′(ρ) sin(2tρ)2t(u(ρ)− t)− 4 cos(2tρ)t2(u(ρ)− t)2dt

+
5

ρ

(∫ u(ρ)

0

2u′(ρ) cos(2tρ)(u(ρ)− t)− 2 sin(2tρ)t(u(ρ)− t)2dt

)∥∥∥∥
L2
ρ(B6

1)

.

Note, that∥∥∥∥∥
∫ u(ρ)

0

2u′′(ρ) cos(2tρ)(u(ρ)− t)dt+
5

ρ

∫ u(ρ)

0

2u′(ρ) cos(2tρ)(u(ρ)− t)dt

∥∥∥∥∥
L2
ρ(B6

1)

=

∥∥∥∥∥
(
u′′(ρ) +

5

ρ
u′(ρ)

)∫ u(ρ)

0

2 cos(2tρ)(u(ρ)− t)dt

∥∥∥∥∥
L2
ρ(B6

1)

≤ ‖u‖Ẇ 2,3(B6
1)

∥∥∥∥∥
∫ u(ρ)

0

2 cos(2tρ)(u(ρ)− t)dt

∥∥∥∥∥
L6
ρ(B6

1)

. ‖u‖3
H3(B6

1)
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due to Hölder’s inequality and Sobolev embedding. Further, by employing Lemma 3.1

we derive the estimate∥∥∥∥∥5

ρ

∫ u(ρ)

0

sin(2tρ)2t(u(ρ)− t)2dt

∥∥∥∥∥
L2
ρ(B6

1)

. ‖|.|−1u4‖L2(B6
1) . ‖u4‖H1(B6

1)

. ‖u‖W 1,3(B6
1)‖u3‖L6(B6

1) . ‖u‖4
H3(B6

1)

and as the other terms can be bounded likewise we conclude this proof. �

Lemma 7.9. Let 3 ≤ k ∈ N. Then there exists a constant bk > 1, such that N satisfies

the Lipschitz bound

‖N(u)−N(v)‖Hk×Hk−1(B6
1) .

(
1 + ‖u‖bk

Hk×Hk−1(B6
1)

+ ‖v‖bk
Hk×Hk−1(B6

1)

)
‖u− v‖Hk×Hk−1(B6

1)

for all u,v ∈ Hk ×Hk−1(B6
1).

Proof. For k ≥ 4, the claim again follows immediately from the Banach algebra

property of Hk(B6
1) and for k = 3 it can be proved like Lemma 7.8. �

With this we can now define another notion of a solution of Eq. (1.3).

Definition 7.2. We say that u : ΓT → R is a local Hk solution of(
∂2
t − ∂2

r −
5

r
∂r

)
u(t, r) +

3 sin(2ru(t, r))− 6ru(t, r)

2r3
= 0

if Φ := Ψ−Ψ∗, with

Ψ(τ, ρ) :=

(
ψ(τ, ρ)

(1 + ∂τ + ρ∂ρ)ψ(τ, ρ)

)
, ψ(τ, ρ) := Te−τu(T − Te−τ , T e−τρ),

belongs to C([0, τ0), Hk ×Hk−1(B6
1)) and satisfies

Φ(τ) = S(τ)Φ(0) +

∫ τ

0

S(τ − σ)N(Φ(σ))dσ

for all 0 ≤ τ < τ0. Finally, if τ0 can be chosen ∞, we refer to u as a global Hk solution.

Using Lemmas 7.7 and 7.8 we can now mimic the proof of Lemma 2.3 to obtain a

local existence result in Hk ×Hk−1 for k ≥ 3.

Lemma 7.10. Let M > 0 and 3 ≤ k ∈ N fixed. Then there exists a τ0 > 0 such that the

following holds. Let (f, g) ∈ Hk ×Hk−1(B6
T ) with ‖(f, g)‖Hk×Hk−1(B6

T ) ≤ M . Then there

exists a unique local Hk solution u of (1.3) in the lightcone ΓT with (u(0, .), ∂0u(0, .)) =

(f, g). Moreover, if the associated Φ is inextendible beyond time τ0, we must have

sup
τ∈[0,τ0)

‖Φ(τ)‖Hk×Hk−1(B6
1) =∞.

Using this local existence result we can now show that a local H3 solution in the

lightcone ΓT will be a global one, provided that it is also a Strichartz solution.
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Lemma 7.11. Suppose we are given initial data (f, g) ∈ H3×H2(B6
T ), such that there

exists an associated Strichartz solution u with (u(0, .), ∂0u(0, .)) = (f, g). Then u is also

a global H3 solution.

Proof. From Lemma 7.10 we already know that there exists a unique local H3

solution u. Assume now that the corresponding Φ is inextendible beyond τ0. Moreover,

for any bounded interval I ⊂ [0,∞) that contains 0 we let X (I) be the completion of

C∞ × C∞(I × B6
1) with respect to the norm

‖(φ1, φ2)‖X (I) := ‖φ1‖L2(I)L12(B6
1) + ‖φ1‖L3(I)L9(B6

1) + ‖φ1‖L4(I)L8(B6
1) + ‖φ1‖L6(I)L

36
5 (B6

1)

+ ‖φ1‖L∞(I)L6(B6
1) + ‖φ1‖L2(I)Ẇ 1,4(B6

1) + ‖φ2‖L2(I)L4(B6
1).

Then, by Sobolev embedding Φ belongs to the space X ([0, τ ]) for every 0 < τ < τ0 and

therefore by our uniqueness theory has to coincide with the Strichartz solution on the

time interval [0, τ0). Next, from Lemma 7.7 we know that the estimate

‖S(τ)u‖H3×H2(B6
1) . ea3τ‖u‖H3×H2(B6

1)

holds for any u ∈ H3 ×H2(B6
1) and τ ≥ 0. With this at hand, the main task now is to

establish control over the nonlinearity. To do so we again investigate the expression

n(|.|, u) =

∫ u

0

cos(2t|.|)(u− t)2dt

for u ∈ H3(B6
1). Similarly as before, we obtain

‖n(|.|, u)‖H1(B6
1) ≤ ‖u‖

3
L6(B6

1) + ‖u‖4
L8(B6

1) + ‖u‖Ẇ 1,6(B6
1)‖u‖

2
L6(B6

1)

. ‖u‖H3(B6
1)

(
‖u‖2

L12(B6
1) + ‖u‖3

L9(B6
1)

)
. (7.9)

Recall, that

‖n(|.|, u)‖Ḣ2(B6
1) =

∥∥∥∥∫ u(ρ)

0

2u′′(ρ) cos(2tρ)(u(ρ)− t) + 2u′(ρ)2 cos(2tρ)

− 8u′(ρ) sin(2tρ)2t(u(ρ)− t)− cos(2tρ)2t2(u(ρ)− t)2dt

+
5

ρ

(∫ u(ρ)

0

2u′(ρ) cos(2tρ)(u(ρ)− t)− sin(2tρ)2t(u(ρ)− t)2dt

)∥∥∥∥
L2
ρ(B6

1)

.

Hölder’s inequality implies that∥∥∥∥∥
∫ u(ρ)

0

2u′′(ρ) cos(2tρ)(u(ρ)− t)dt+
5

ρ

∫ u(ρ)

0

2u′(ρ) cos(2tρ)(u(ρ)− t)dt

∥∥∥∥∥
L2
ρ(B6

1)

≤ ‖u‖Ẇ 2,3(B6
1)

∥∥∥∥∥
∫ u(ρ)

0

2 cos(2tρ)(u(ρ)− t)dt

∥∥∥∥∥
L6
ρ(B6

1)

. ‖u‖H3(B6
1)‖u‖2

L12(B6
1).
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Next, from the calculations in Lemma 7.8 we also infer that∥∥∥∥∥5

ρ

∫ u(ρ)

0

sin(2tρ)2t(u(ρ)− t)2dt

∥∥∥∥∥ . ‖u4‖H1(B6
1) . ‖u‖W 1,6(B6

1)‖u3‖L3(B6
1)

. ‖u‖H3(B6
1)‖u‖3

L9(B6
1)

while doing an integration by parts yields∥∥∥∥∥
∫ u(ρ)

0

cos(2tρ)2t2(u(ρ)− t)2dt

∥∥∥∥∥
L2
ρ(B6

1)

≤

∥∥∥∥∥
∫ u(ρ)

0

ρ−1 sin(2tρ)
[
t(u(ρ)− t)2 + t2(u(ρ)− t)

]
dt

∥∥∥∥∥
L2
ρ(B6

1)

. ‖|.|−1u4‖L2(B6
1) . ‖u‖H3(B6

1)‖u‖3
L9(B6

1).

As the remaining summands can be bounded likewise we derive that

‖n(|.|, u)‖H2(B6
1) . ‖u‖H3(B6

1)

(
‖u‖3

L9(B6
1) + ‖u‖2

L12(B6
1) + ‖u‖2

Ẇ 1,4(B6
1)

)
and therefore

‖N̂(u)‖H3×H2(B6
1) . ‖u1‖H3(B6

1)

(
‖u1‖3

L9(B6
1) + ‖u1‖2

L12(B6
1) + ‖u1‖2

Ẇ 1,4(B6
1)

)
for any u ∈ H3 ×H2(B6

1) and with N̂ as defined in the proof of Lemma 7.8. Moreover,

we know that

N(u) = N̂(Ψ∗ + u) + N̂(Ψ∗) + L′u

and so we see that

‖N(u)‖H3×H2(B6
1) .

(
1 + ‖u1‖H3(B6

1)

)(
1 + ‖u1‖3

L9(B6
1) + ‖u1‖2

L12(B6
1) + ‖u1‖2

Ẇ 1,4(B6
1)

)
for any u ∈ H3 ×H2(B6

1). With this at hand we readily estimate

‖Φ(τ)‖H3×H2(B6
1) . ea3τ‖Φ(0)‖H3×H2(B6

1) + ea3τ
∫ τ

0

‖N(Φ(σ))‖H3×H2(B6
1)dσ

. ea3τ‖Φ(0)‖H3×H2(B6
1) + ea3τ

∫ τ

0

(
1 + ‖Φ(σ)‖H3×H2(B6

1)

)
×
(

1 + ‖φ1(σ)‖3
L9(B6

1) + ‖φ1(σ)‖2
L12(B6

1) + ‖φ1(σ)‖2
Ẇ 1,4(B6

1)

)
dσ

for any 0 ≤ τ < τ0. Hence, Gronwall’s inequality implies

‖Φ(τ)‖H3×H2(B6
1) . ea3τ0(τ0 + 1 + ‖Φ‖3

X ([0,τ0)) + ‖Φ(0)‖H3×H2(B6
1))

× exp

(
ea3τ0

∫ τ

0

‖φ1(σ)‖3
L9(B6

1) + ‖φ1(σ)‖2
L12(B6

1) + ‖φ1(σ)‖2
Ẇ 1,4(B6

1)
dσ

)
. ea3τ0(τ0 + 1 + ‖Φ‖3

X ([0,τ0)) + ‖Φ(0)‖H3×H2(B6
1))

× exp
(
ea3τ0(1 + ‖Φ‖3

X ([0,τ0)))
)
,
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for all 0 ≤ τ < τ0. So, we see that ‖Φ(τ)‖H3×H2(B6
1) can be uniformly bounded on [0, τ0)

which contradicts the blowup alternative. �

The same strategy can be applied to further improve the regularity to H4 ×H3(B6
1).

Lemma 7.12. Suppose we are given initial data (f, g) ∈ H4×H3(B6
T ), such that there

exists an associated Strichartz solution u with (u(0, .), ∂0u(0, .)) = (f, g). Then u is also

a global H4 solution.

Lemma 7.13. Suppose we are given initial data (f, g) ∈ C∞ × C∞(B6
T ), such that

there exists an associated Strichartz solution u with (u(0, .), ∂0u(0, .)) = (f, g). Then u is

a global Hk solution for every 3 ≤ k ∈ N.

Proof. From Lemma 7.10 we already know that smooth initial data leads to a local

Hk solution for any 3 ≤ k ∈ N which additionally is a global H4 solution. Fix now

a natural number k ≥ 5. As before, we consider the associated Φ ∈ C([0, τ0), Hk ×
Hk−1(B6

1)) and assume that Φ ∈ C([0,∞), Hk−1 × Hk−2(B6
1)). Suppose now that Φ is

inextendible beyond τ0, for some τ0 > 0 as an element of C([0, τ0), Hk ×Hk−1(B6
1)). As

k ≥ 5 we can use the Banach algebra property of Hk−1(B6
1) to compute that

‖N(u)‖Hk×Hk−1(B6
1) . 1 + ‖u‖k+2

Hk−1×Hk−2(B6
1)

for all u ∈ Hk ×Hk−1(B6
1). We then use Lemma 7.7 to calculate

‖Φ(τ)‖Hk×Hk−1(B6
1) . eakτ

(
‖Φ(0)‖Hk×Hk−1(B6

1) +

∫ τ

0

‖N(Φ(σ))‖Hk×Hk−1(B6
1)dσ

)
. eakτ

(
‖Φ(0)‖Hk×Hk−1(B6

1) +

∫ τ

0

1 + ‖Φ(σ)‖k+2
Hk−1×Hk−2(B6

1)
dσ

)
.

Hence, the Hk×Hk−1 norm of Φ(τ) stays uniformly bounded on [0, τ0), which contradicts

the blowup alternative. Proceeding inductively, we obtain Φ ∈ C([0,∞), Hk×Hk−1(B6
1))

for every 3 ≤ k ∈ N. �

Proposition 7.1. Suppose we are given initial data (f, g) ∈ C∞ × C∞(B6
T ), such

that there exists an associated Strichartz solution u with (u(0, .), ∂0u(0, .)) = (f, g). Then

u is a smooth solution in the lightcone ΓT .

Proof. Lemma 7.13 implies that the associated Φ satisfies Φ ∈ C([0,∞), Ck ×
Ck(B6

1)) for all k ∈ N0. Furthermore, as u and Φ(τ)(.) are smooth for any τ ≥ 0 we

know that

∂τΦ(τ) = S(τ)Lu + N(Φ(τ)) +

∫ τ

0

S(τ − σ)LN(Φ(σ))dσ

and hence we see that

∂τΦ ∈ C([0,∞), Ck × Ck(B6
1)).
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for all k ∈ N0. However, as the right hand side contains no terms involving ∂τ we can

conclude inductively that Φ satisfies Φ ∈ C`([0,∞), Ck×Ck(B6
1)) for all k, ` ∈ N0. Hence,

we infer that ∂`ρ∂
k
τΦ(τ)(ρ) can naturally be identified with an element of C([0,∞)×B6

1,R2)

for any k, ` ∈ N0. Consequently, an improved version of Schwarz’s Theorem (see [86],

p. 235, Theorem 9.41) ensures that Φ and subsequently u is indeed smooth. �

Now, we are finally able to prove Theorem 1.3.

Proof of Theorem 1.3. Let δ > 0 be small enough and choose M ≥ 0 sufficiently

large. Further, let v = (f, g)− u1
∗[0] ∈ C∞ × C∞(B6

1+δ) be such that

‖(f, g)− u1
∗[0]‖H2×H1(B6

1+δ)
≤ δ

M
.

Then, by our previous results, there exists a unique smooth solution with that initial data.

Denote this solution by u, its associated function in similarity coordinates by Φ ∈ Xδ,
and let T be the blowup time. We calculate

δ2 ≥ ‖φ1‖2
L2(R+)L12(B6

1) =

∫ ∞
0

∥∥∥ψ(τ, .)− 2|.|−1 arctan
(

2−
1
2 |.|
)∥∥∥2

L12(B6
1)
dτ

=

∫ T

0

∥∥∥ψ(− log(T − t) + log T, .)− 2|.|−1 arctan
(

2−
1
2 |.|
)∥∥∥2

L12(B6
1)

dt

T − t

=

∫ T

0

∥∥∥∥(T − t)−1ψ(− log(T − t) + log T,
.

T − t
)

− 2|.|−1 arctan

(
2−

1
2
|.|

T − t

)∥∥∥∥2

L12(B6
T−t)

dt

=

∫ T

0

∥∥u(t, .)− uT∗ (t, r)
∥∥2

L12(B6
T−t)

dt

and similarly

δ2 ≥ ‖φ1‖2
L2(R+)Ẇ 1,4(B6

1)
=

∫ ∞
0

∥∥∥ψ(τ, .)− 2|.|−1 arctan
(

2−
1
2 |.|
)∥∥∥2

Ẇ 1,4(B6
1)
dτ

=

∫ T

0

∥∥∥ψ(− log(T − t) + log T, .)− 2|.|−1 arctan
(

2−
1
2 |.|
)∥∥∥2

Ẇ 1,4(B6
1)

dt

T − t

=

∫ T

0

∥∥∥∥(T − t)−1ψ(− log(T − t) + log T,
.

T − t
)

− 2|.|−1 arctan

(
2−

1
2
|.|

T − t

)∥∥∥∥2

Ẇ 1,4(B6
T−t)

dt

=

∫ T

0

∥∥u(t, .)− uT∗ (t, r)
∥∥2

Ẇ 1,4(B6
T−t)

dt.

�
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8. The main Theorem

Establishing Theorem 1.1 will now be a comparatively simple task. We first state

another useful version of Hardy’s inequality.

Lemma 8.1. Let d = 4, 6 and R0 > 0. Then we have the bounds∫ R

0

|f(r)|2rd−3dr . ‖f‖2
H1(BdR)∫ R

0

|f ′(r)|2rd−3dr . ‖f‖2
H2(BdR)

for all R ≥ R0 and all f ∈ C2(BdR).

Proof. This can be shown ad verbum as Lemma 3.1. �

Using this lemma, we can establish the following result.

Lemma 8.2. The equivalence of norms

‖|.|f‖H2(R4) ' ‖f‖H2(R6),

holds for any f ∈ C2
c (R4). Further, also

‖|.|f‖H2(B4
R) ' ‖f‖H2(B6

R),

holds for f ∈ C2(B4
R) and R ∈

[
1
2
, 3

2

]
.

Proof. We start by noting that

‖|.|f‖L2(R4) = ‖f‖L2(R6).

Next, we calculate

‖|.|f‖2
Ḣ1(R4)

=

∫ ∞
0

|∂r(rf(r))|2r3dr ≤
∫ ∞

0

|f ′(r)|2r5 + |f(r)|2r3dr . ‖f‖2
H1(R6)

due to Lemma 8.1. Analogously, we have that

‖|.|f‖2
Ḣ2(R4)

=

∫ ∞
0

∣∣∣∣f ′′(r)r + 5f ′(r) +
3f(r)

r

∣∣∣∣2 r3dr

.
∫ ∞

0

|f ′′(r)|2r5 + 5|f ′(r)|2r3 + |f(r)|2rdr . ‖f‖2
H2(R6)

by Lemmas 3.1 and 8.1. Thus, we have shown

‖|.|f‖H2(R4) . ‖f‖H2(R6).

To establish the other inequality, we once more employ Lemma 8.1 to estimate

‖f‖2
Ḣ1(R6)

=

∫ ∞
0

|f ′(r)|2r5dr .
∫ ∞

0

|∂r(f(r)r)|2r3 + |f(r)|2r3dr . ‖|.|f‖2
H1(R4).
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Finally, to bound the Ḣ2(R6) norm of f in terms of ‖|.|f‖H2(R4), we first note that an

integration by parts shows that∫ ∞
0

|f(r)|2rdr ≤
∫ ∞

0

|f ′(r)|2r3dr = ‖f‖2
Ḣ1(R4)

.

Now, as the Fourier transform of a radial function is again radial, we have that

‖f‖2
Ḣ1(R4)

' ‖|.|F(f)‖2
L2(R4) . ‖|.|2F(f)′‖2

L2(R4)

. ‖|.|2F(|.|f)‖2
L2(R4) . ‖|.|f‖2

H2(R4)

and thus ∫ ∞
0

|f(r)|2rdr +

∫ ∞
0

|f ′(r)|2r3dr . ‖|.|f‖2
H2(R4).

Using this, we obtain that

‖f‖2
Ḣ2(R6)

=

∫ ∞
0

∣∣∣∣f ′′(r) +
5

r
f ′(r)

∣∣∣∣2 r5dr . ‖|.|f‖2
H2(R4) +

∫ ∞
0

|f(r)|2r + |f ′(r)|2r3dr

. ‖|.|f‖2
H2(R4)

which establishes the other inequality. The claim on balls can be derived by the same

means combined with an application of Lemma 3.6. �

Next, we will show that by combining Theorems 1.2 and 1.3 we obtain a smooth

solution of Eq. (1.3) on [0, T )× R6.

Lemma 8.3. Let (f, g) ∈ C∞ × C∞(R6) be smooth initial data that satisfy the as-

sumptions of Theorem 1.3 and let T be the associated blowup time. Then Eq. (1.3) has a

unique smooth solution u : [0, T )× R6 → R, which satisfies u[0] = (f, g).

Proof. From Theorems 1.2 and 1.3 we obtain that there exist two solutions corre-

sponding to that initial data, one on

{(t, r) ∈ [0,∞)2 : r > t}

and a second one on ΓT := {(t, r) ∈ [0, T ) × [0,∞) : r ≤ T − t} for some T close to 1

and with r = |x|. As both solutions are smooth, they have to coincide on their overlap.

Thus, we obtain a solution on

ΓT ∪ {(t, r) ∈ [0,∞)2 : r > t}.

Recall now that we defined the domains

Γt1t0(r0) := {(t, r) : t ∈ [t0, t1), r ∈ [r0 − (t1 − t), r0 + (t1 − t)]}

and for any such “lightcone” we call the set {t0} × [r0 − (t1 − t0), r0 + (t1 − t0)] its base.

The idea now is to cover the set [0, T − ε]×R6 for any ε > 0 small, with lightcones, such

that we can extend our solution from one lightcone to the next. To this end consider
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Γk := Γ
3T−k ε

2
−ε

T−k ε
2
−ε (2T + ε

2
), for k ∈ N0 and ε > 0 small. Then, there exists a minimal kε ∈ N

such that the base of Γkε is contained in

ΓT ∪ {(t, r) ∈ [0,∞)2 : r > t}.

Moreover, for 0 ≤ k < kε we have that the base of Γk is a subset of

Γk+1 ∪ ΓT ∪ {(t, r) ∈ [0,∞)2 : r > t}.

Therefore, the local existence theory in lightcones implies that we obtain a smooth solu-

tion on

ΓT ∪ {(t, r) ∈ [0,∞)2 : r > t} ∪

(
kε⋃
k=0

Γk

)
.

However, by construction we have that [0, T − ε] × R6 is contained in this set, and as

ε > 0 can be chosen arbitrarily small the claim follows. �

Combining this Lemma with our local wellposed theory in lightcones now yields the

desired existence on Ω6
T := ([0,∞)× R6) \ {(t, x) ∈ [T,∞)× R6 : |x| ≤ t− T} .

Proposition 8.1. Let (f, g) ∈ C∞ × C∞(R6) be smooth initial data that satisfy the

assumptions of Theorem 1.3 and let T be the associated blowup time. Then Eq. (1.3) has

a unique smooth solution on Ω6
T that satisfies u[0] = (f, g).

Having constructed solutions on all of Ω6
T , we now turn our focus back to the original

wave maps equation (1.1). For a smooth solution u of Eq. (1.3) we obtain a solution of

Eq. (1.1) by setting

U(t, x) =

(
sin(|x|u(t, x)) x

|x|

cos(|x|u(t, x))

)
and a Taylor expansion shows that U is indeed smooth. Recall, that the prescribed initial

data were of the form (U(0, x), ∂0U(0, x)) = (F,G) with

F (x) =

(
sin(|x|f(x)) x

|x|

cos(|x|f(x))

)
, G(x) =

(
cos(|x|f(x))g(x)x

− sin(|x|f(x))|x|g(x)

)
(8.1)

for smooth, radial functions f, g : R4 → R. For notational convenience, we also set

U1
∗ [0] = (F∗, G∗) and u1

∗[0] = (f∗, g∗), and finally, for δ > 0 we define the set

Fδ :=
{
f ∈ C∞

(
B4

1+δ

)
: |x|f(x) ∈

[
−3

2
, 3

2

]
for all x ∈ B4

1+δ

}
Lemma 8.4. Let δ0 > 0 be sufficiently small and for f ∈ Fδ0 define

Ff (x) :=

(
sin(|x|f(x)) x

|x|

cos(|x|f(x))

)
.

Then the estimate

‖f − f∗‖H2(B6
1+δ)
. ‖Ff − F∗‖H2(B4

1+δ)
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holds for all f ∈ Fδ0 and all δ ∈ (0, δ0).

Proof. From f ∈ Fδ0 , we can infer that cos(|x|f(|x|)) ≥ c for all x ∈ B4
1+δ and

some constant c > 0. Furthermore, by choosing δ0 sufficiently small we also ensure that

f∗ ∈ Fδ0 . Moreover, we have the explicit representation

|x|f(x) = arctan

(
4∑
i=1

xi
|x|

Ffi(x)

Ff5(x)

)
= arctan

(
sin(|x|f(x))

cos(|x|f(x))

)
for any f ∈ Fδ0 . Since sin(|.|f)

cos(|.|f)
is bounded by assumption and arctan ∈ C∞(R), we can

immediately conclude that

‖|.|(f − f∗)‖2
H2(B4

1+δ)
.

∥∥∥∥ sin(|.|f)

cos(|.|f)
− sin(|.|f∗)

cos(|.|f∗)

∥∥∥∥2

H2(B4
1+δ)

. ‖ sin(|.|f)− sin(|.|f∗)‖2
H2(B4

1+δ)
+ ‖ cos(|.|f)− cos(|.|f∗)‖2

H2(B4
1+δ)

.

By employing Lemma 8.2 we can thus wind up this proof by showing that

‖ sin(|.|f)− sin(|.|f∗)‖2
H2(B4

1+δ)
.

4∑
i=1

∥∥∥∥ xi|x| [sin(|x|f(x))− sin(|x|f∗(x))]

∥∥∥∥2

H2
x(B4

1+δ)

.

From the fact that

|x|
|x|
≤

4∑
i=1

|xi|
|x|

and the triangle inequality we can immediately infer that

‖ sin(|.|f)− sin(|.|f∗)‖2
L2(B4

1+δ)
.

4∑
i=1

∥∥∥∥ xi|x| [sin(|x|f(x))− sin(|x|f∗(x))]

∥∥∥∥2

L2
x(B4

1+δ)

.

Let now h be the radial representative of |.|f(.) and calculate

∂j
xi
|x|

sin(h(|x|)) = h′(|x|) cos(h(|x|))xixj
|x|2

+ sin(h(|x|))δi,j − xixj
|x|3

for j = 1, 2, 3, 4 and where δi,j denotes the Kronecker delta. Note that

4∑
i,j=1

xixj
|x|

(
δi,j
|x|
− xixj
|x|3

)
= 0
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and therefore
4∑
i=1

∥∥∥∥ xi|x| [sin(h(|x|))− sin(h∗(|x|))]
∥∥∥∥2

Ḣ1
x(B4

1+δ)

=
4∑

i,j=1

∥∥∥∥xixj|x| [h′(|x|) cos(h(|x|))− h′∗(|x|) cos(h∗(|x|))]
∥∥∥∥2

L2
x(B4

1+δ)

+
4∑

i,j=1

∥∥∥∥δi,j − xixj|x|3
[sin(h(|x|))− sin(h∗(|x|)))]

∥∥∥∥2

L2(B4
1+δ)

≥ ‖ sin(|.|f)− sin(|.|f∗)‖2
Ḣ1(B4

1+δ)
.

Finally, we calculate

∂k∂j sinh(|x|) = h′′(|x|) cos(h(|x|))xkxj
|x|2

− h′(|x|)2 sin(h(|x|))xkxj
|x|2

+ h′(|x|) cos(h(|x|))δj,k − xkxj
|x|3

and

∂k∂j
xi
|x|

sin(h(|x|)) = h′′(|x|) cos(h(|x|))xkxjxi
|x|3

− h′(|x|)2 sin(h(|x|))xkxjxi
|x|3

+ h′(|x|) cos(h(|x|))
(
δi,kxj + δj,kxi + δi,jxk

|x|2
− 3

xixjxk
|x|4

)
(8.2)

+ sin(h(|x|))
(
−δj,kxi + δi,kxj + xkδi,j

|x|3
+ 3

xixjxk
|x|5

)
for j, k = 1, 2, 3, 4. As before

4∑
i,j=1

xixj
|x|

(
δi,j
|x|
− xixj
|x|3

)
= 0

and so

‖ sin(h)− sin(h∗)‖2
Ḣ2(B4

1+δ)

=
4∑

j,k=1

∥∥∥xkxj|x|2 [(h′′(|x|) cos(h(|x|))− h′(|x|)2 sin(h(|x|))

− h′′∗(|x|) cos(h∗(|x|)) + h′(|x|)2 sin(h(|x|))
]∥∥∥2

L2
x(B4

1+δ)

+

∥∥∥∥δj,k − xkxj|x|3
[h′(|x|) cos(h(|x|))− h′∗(|x|) cos(h(|x|))]

∥∥∥∥2

L2
x(B4

1+δ)

. (8.3)
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Moreover, since

4∑
j,k=1

∥∥∥∥δj,k − xkxj|x|3
(h′(|x|) cos(h(|x|))− h′∗(|x|) cos(h(|x|)))

∥∥∥∥2

L2
x(B4

1+δ)

.

∥∥∥∥ 1

|x|
[h′(|x|) cos(h(|x|))− h′∗(|x|) cos(h(|x|))]

∥∥∥∥2

L2
x(B4

1+δ)

,

an application of Hardy’s inequality yields∥∥∥∥ 1

|x|
[h′(|x|) cos(h(|x|))− h′∗(|x|) cos(h(|x|))]

∥∥∥∥2

L2
x(B4

1+δ)

. ‖h′(|x|) cos(h(|x|))− h′∗(|x|) cos(h(|x|))‖2
H1
x(B4

1+δ)
. (8.4)

A direct calculation shows that
4∑

i,j,k=1

xixjxk
|x|3

(
δi,kxj + δj,kxi + δi,jxk

|x|2
− 3

xixjxl
|x|4

)
= 0,

from which we can infer that∥∥∥∥ xi|x| [sin(h(|x|))− sin(h∗(|x|))]
∥∥∥∥2

Ḣ2
x(B4

1+δ)

≥
4∑

j,k,i=1

∥∥∥∥xkxjxi|x|3
[
h′′(|x|) cos(h(|x|))− h′′∗(|x|) cos(h∗(|x|))

− h′(|x|)2 sin(h(|x|)) + h′(|x|)2
∗ sin(h∗(|x|))

]∥∥∥∥2

L2
x(B4

1+δ)

. (8.5)

Subsequently, combining (8.3), (8.4) and (8.5) yields

‖ sin(h)− sin(h∗)‖2
Ḣ2(B4

1+δ)
.

∥∥∥∥ xi|x| [sin(h(|x|))− sin(h∗(|x|))]
∥∥∥∥2

Ḣ2
x(B4

1+δ)

+ ‖h′(|x|) cos(h(|x|))− h′∗(|x|) cos(h(|x|))‖2
H1
x(B4

1+δ)

.

∥∥∥∥ xi|x| [sin(h(|x|))− sin(h∗(|x|))]
∥∥∥∥2

H2
x(B4

1+δ)

.

�

Similarly we also have

Lemma 8.5. Let δ0 > 0 be sufficiently small and for f ∈ Fδ0 and g ∈ C∞(B4
1+δ0

)

define

Gf,g(x) =

(
cos(|x|f(x))g(x)x

− sin(|x|f(x))|x|g(x)

)
.
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Then the estimate

‖g − g∗‖H1(B6
1+δ)
.
(
‖Gf,g −G∗‖H1(B4

1+δ)
+ ‖f − f∗‖H1(B6

1+δ)

)
holds for all g ∈ C∞(B4

1+δ0
), f ∈ Fδ0, and δ ∈ [0, δ0).

Proof. Let Gf,g = G. Then, we have the explicit representation

|x|g(x) =
4∑
i=1

xi
|x|

cos(|x|f(x))Gi(x)− sin(|x|f(x))G5(x)

and therefore

‖|.|(g − g∗)‖2
L2(B4

1+δ)
≤

4∑
j=1

‖ cos(|x|f)Gj(x)− cos(|x|f∗)G∗j(x)‖2
L2(B4

1+δ)

+ ‖ sin(|x|f)G5(x)− sin(|x|f∗)G∗5(x)‖2
L2(B4

1+δ)

. ‖f − f∗‖2
L2(B4

1+δ)
+ ‖G−G∗‖2

L2(B4
1+δ)

.

Furthermore, using Hardy’s inequality one can directly verify the estimate

‖|.|(g − g∗)‖Ḣ1(B4
1+δ)
.
(
‖G−G∗‖H1(B4

1+δ)
+ ‖f − f∗‖H1(B6

1+δ)

)
.

�

Combining these last two Lemmas now yields

Proposition 8.2. Let δ0 > 0 be sufficiently small and for f ∈ Fδ0 and g ∈ C∞(B4
1+δ0

)

define Ff and Gf,g as in Lemma 8.4 and 8.5, respectively. Then the estimate

‖(f, g)− u1
∗[0]‖H2×H1(B6

1+δ)
. ‖(Ff , Gf,g)− U1

∗ [0]‖H2×H1(B4
1+δ)

holds for all f ∈ Fδ0, g ∈ C∞(B4
1+δ0

) and δ ∈ [0, δ0).

Loosely speaking, we have just shown that initial data of Eq. (1.1) reduces to initial

data of Eq. 1.3 in a sensible manner and all that is left to do is to go back in the other

direction, i.e. to prove the following result.

Lemma 8.6. For u ∈ C∞(R× R6) define

Uu(t, .) =

(
sin(|.|(u(t, .)) .

|.|

cos(|.|u(t, .))

)
.

Then the estimates

‖|.|−
5
6

(
Uu(t, .)− UT

∗ (t, .)
)
‖L12(B4

T−t)
. ‖u(t, .)− uT∗ (t, .)‖L12(B6

T−t)

‖|.|−
1
2∂j
(
Uu(t, .)− UT

∗ (t, .)
)
‖L4(B4

T−t)
. ‖u(t, .)− uT∗ (t, .)‖Ẇ 1,4(B6

T−t)

hold for j = 1, 2, 3, 4, T ∈
[

1
2
, 3

2

]
, t ∈ [0, T ), and u ∈ C∞(R× R6).

Before we can show this, we need one final auxiliary lemma.
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Lemma 8.7. The estimate

‖|.|−
1
2 (|.|u)′‖L4(B4

R) .
(
‖u′‖L4(B6

R) + ‖u‖L12(B6
R)

)
holds true for all u ∈ C∞(B6

R) and all R > 0.

Proof. Let R > 0 fixed and note that

‖|.|−
1
2 (|.|u)′‖4

L4(B4
R) ≤

∫ R

0

|u′(r)|4r5 + |u(r)|4rdr

and thus we are left with showing∫ R

0

|u(r)|4rdr .
∫ R

0

|u′(r)|4r5dr +

(∫ R

0

|u(r)|12r5dr

) 1
3

.

An integration by parts combined with Hölder’s inequality yields∫ R

0

|u(r)|4rdr . R2|u(R)|4 +

∫ R

0

|u(r)|3|u′(r)|r2dr

≤ R2|u(R)|4 +

(∫ R

0

|u(r)|4rdr
) 3

4
(∫ R

0

|u′(r)|4r5dr

) 1
4

.

From Young’s inequality, we can now infer that∫ R

0

|u(r)|4rdr . R2|u(R)|4 + ε
4
3

∫ R

0

|u(r)|4rdr +
1

ε4

∫ R

0

|u′(r)|4r5dr,

for any ε > 0. Ergo, choosing ε small enough implies that∫ R

0

|u(r)|4rdr . R2|u(R)|4 +

∫ R

0

|u′(r)|4r5dr.

Finally, we compute

|u(R)| = R−5

∣∣∣∣∫ R

0

∂rp(u(r)r5)dr

∣∣∣∣ . R−5

∣∣∣∣∫ R

0

u′(r)r5dr

∣∣∣∣+R−5

∣∣∣∣∫ R

0

u(r)r4dr

∣∣∣∣
. R−5+ 3

4

(∫ R

0

|u′(r)|4r20dr

) 1
4

+R−5+ 11
12

(∫ R

0

|u(r)|12r48dr

) 1
12

≤ R−
1
2

((∫ R

0

|u′(r)|4r5dr

) 1
4

+

(∫ R

0

|u(r)|12r5dr

) 1
12

)
.

Hence

R2|u(R)|4 .
∫ R

0

|u′(r)|4r5dr +

(∫ R

0

|u(r)|12r5dr

) 1
3

and since all the implicit constants can be chosen independently of R the claim follows.

�
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Proof of Lemma 8.6. The first estimate follows immediately from the Lipschitz

continuity of the trigonometric functions. For the second one, it suffices to show that

‖|.|−
1
2∂j
(
Uu(t, .)− UT

∗ (t, .)
)
‖L4(B4

T−t)
. ‖u(t, .)− u∗(t, .)‖L12(B4

T−t)

+ ‖|.|−
1
2 û(t, .)− ûT∗ (t, .)‖Ẇ 1,4(B4

T−t)
(8.6)

where û = |.|u and ûT∗ = |.|uT∗ , thanks to Lemma 8.7. For i = 1, 2, 3, 4 we calculate

∂j
[
Uu(t, x)− UT

∗ (t, x)
]
i

= cos(û(t, |x|))∂1û(t, |x|)xixj
|x|2

+ sin(û(t, |x|))δ
j
i |x|2 − xixj
|x|3

− cos(ûT∗ (t, |x|))∂1û
T
∗ (t, |x|)xixj

|x|2
− sin(ûT∗ (t, |x|))δ

j
i |x|2 − xixj
|x|3

and so ∥∥∥|.|− 1
2∂j
[
Uu(t, .)− UT

∗ (t, .)
]
i

∥∥∥4

L4(B4
T−t)

.
∫ T−t

0

∣∣cos(û(t, r))∂rû(t, r)− cos(ûT∗ (t, r))∂rû
T
∗ (t, r)

∣∣4 rdr
+
∣∣sin(û(t, r))− sin(ûT∗ (t, r))

∣∣4 r−3dr.

From Hölder’s inequality, we now immediately infer that∫ T−t

0

∣∣sin(û(t, r))− sin(ûT∗ (t, r))
∣∣4 r−3dr .

(∫ T−t

0

∣∣sin(û(t, r))− sin(ûT∗ (t, r))
∣∣12
r−7dr

) 1
3

≤ ‖u(t, .)− uT∗ (t, .)‖4
L12(B6

T−t)
.

To proceed, we remark that∫ T−t

0

|∂rûT∗ (t, r)|6r5dr = (T − t)6

∫ 1

0

∣∣(T − t)−1∂ρû
T (t, (T − t)ρ)

∣∣6 ρ5dρ . 1

for all t ∈ [0, T ). With this in mind, we estimate∫ T−t

0

∣∣cos(û(t, r))∂rû(t, r)− cos(ûT∗ (t, r))∂rû
T
∗ (t, r)

∣∣4 rdr
≤
∫ T−t

0

| cos(û∗(t, r))|4
∣∣∂rû(t, r)− ∂rûT∗ (t, r)

∣∣4 rdr
+

∫ T−t

0

|∂rûT∗ (t, r)|4
∣∣cos(û(t, r))− cos(ûT∗ (t, r))

∣∣4 rdr
≤ ‖|.|−

1
2 û(t, .)− ûT∗ (t, .)‖4

Ẇ 1,4(B4
T−t)

+

∫ T−t

0

|∂rûT∗ (t, r)|4
∣∣cos(û(t, r))− cos(ûT∗ (t, r))

∣∣4 rdr.
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One last application of Hölder’s inequality then yields∫ T−t

0

|∂rûT∗ (t, r)|4
∣∣cos(û(t, r))− cos(ûT∗ (t, r))

∣∣4 rdr
.

(∫ T−t

0

|∂rûT∗ (t, r)|6r5

) 2
3
(∫ T−t

0

| cos(û(t, r))− cos(û∗(t, r))|12r−7dr

) 1
3

. ‖|.|−
5
6 [û(t, .)− ûT∗ (t, .)]‖4

L12(B4
T−t)

= ‖u(t, .)− uT∗ (t, .)‖4
L12(B6

T−t)
.

Since ‖|.|− 5
6∂j
[
Uu(t, .)− UT

∗ (t, .)
]

5
‖L4(B4

T−t)
can be bounded in the same manner we can

conclude this proof. �

Proof of Theorem 1.1. Let (F,G) be as in the assumptions of Theorem 1.1.

Proposition 8.2 tells us that

‖(f, g)− u1
∗[0]‖2

H2×H1(B6
1+δ)
. ‖(F,G)− U1

∗ [0]‖2
H2×H1(B4

1+δ)

and hence, if (F,G) are chosen close enough to U1
∗ [0], then (f, g) will satisfy the as-

sumptions of Theorem 1.3. Therefore, we can conclude by invoking Proposition 8.1 and

Lemma 8.6. �
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CHAPTER 3

Strichartz estimates and blowup stability for energy critical

nonlinear wave equations

1. Introduction

We consider the focusing energy critical nonlinear wave equation(∂2
t −∆)u(t, x) = u(t, x)|u(t, x)|

4
d−2

u[0] = (f, g)
(1.1)

for a fixed dimension d ≥ 3 and u : I × Rd → R, for some interval 0 ∈ I ⊂ R and

u[t] = (u(t, .), ∂tu(t, .)). When studying Eq. (1.1) in a low regularity setting, one can of

course not hope for classical solutions and instead has to resort to a different notion of a

solution. For Eq. (1.1) this can be achieved by using Duhamel’s formula,

u(t, .) = cos(t|∇|)f +
sin(t|∇|)
|∇|

g +

∫ t

0

sin((t− s)|∇|)
|∇|

u(s, .)|u(s, .)|
4
d−2ds, (1.2)

where cos(t|∇|) and sin(t|∇|)
|∇| are the standard wave propagators. This weak formulation

is a sensible expression for (f, g) ∈ Ḣ1×L2(Rd) and moreover, it is known that Eq. (1.1)

is locally well-posed in this regularity class (see [71, 12]). Furthermore, this is the lowest

possible regularity in which the equation is not ill-posed. The key difficulty to prove local

well-posedness of Eq. (1.1) stems from the fact that the nonlinearity cannot be controlled

by Sobolev embedding, as this would require the embedding Ḣ1(Rd) ↪→ L
2d+4
d−2 (Rd), which

evidently does not hold. This can be remedied by employing Strichartz estimates. These

are spacetime estimates of the form∥∥∥∥sin(t|∇|)
|∇|

g

∥∥∥∥
L
d+2
d−2
t (R)L

2d+4
d−2 (Rd)

. ‖g‖L2(Rd)

and variants thereof. Loosely, the improved control given by these estimates, is a conse-

quence of exploiting the dispersive nature of Eq. (1.1).

One of the most intriguing features of Eq. (1.1) is the occurrence of singularities in finite

time. An example of this phenomenon is given by the explicit solution

uT (t) := cd(T − t)
2−d
2 cd =

(
d(d− 2)

4

) d−2
4

,

where T > 0 can be freely chosen. To investigate whether this solution is an isolated

example of this kind of blowup or if it actually plays a role in more generic evolutions,
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one has to study the stability of this family of solutions. To do so, we restrict ourselves

to radial initial data for which Eq. (1.1) turns into
(
∂2
t − ∂2

r − d−1
r
∂r
)
u(t, r) = u(t, r)|u(t, r)|

4
d−2

u[0] = (f, g),
(1.3)

for r = |x| and where we identify functions with their radial representative. Moreover,

we employ the finite speed of propagation property thanks to which we can study Eq.

(1.3) in the backwards lightcone ΓT := {(t, r) : t ∈ [0, T ), r ∈ [0, T − t]}. For this domain,

especially useful coordinates are given by the similarity coordinates

ρ :=
r

T − t
, τ := − log(T − t) + log(T ).

In these coordinates we then linearise the nonlinearity around the blowup solution uT

and set ψ(τ, ρ) = (Te−τ )
d−2
2 u(T − Te−τ , T e−τρ) and

ψ1(τ, ρ) = ψ(τ, ρ), ψ2(τ, ρ) = ∂τψ(τ, ρ) + ρ∂ρψ(τ, ρ) +
d− 2

2
ψ(τ, ρ)

to obtain an abstract evolution equation of the form

∂τΨ(τ) = L̂Ψ(τ) + N(Ψ(τ)),

where L̂ is a linear spatial differential operator. More precisely, L̂ formally takes the form

L̂

(
u1(ρ)

u2(ρ)

)
=

(
−ρu′1(ρ)− d−2

2
u1(ρ) + u2(ρ)

u′′1(ρ) + d−1
ρ
u′1(ρ)− ρu′2(ρ)− d

2
u2(ρ)

)
+

(
0

2d+d2

4
u1(ρ)

)
.

Finally, we denote by L2
rad(Bd1) the space {f ∈ L2(Bd1) : f radial}. The analogous defini-

tions hold for Ck
rad(Bd1) and H1

rad(Bd1).

Theorem 1.1. Let d ≥ 4 be a fixed natural number and define the domain of L̂

to be C2
rad × C1

rad(Bd1). Then L̂ is closable and its closure L generates a one-parameter

semigroup {S(τ) : τ ≥ 0} of bounded linear operators on H1
rad × L2

rad(Bd1) such that the

following holds. There exists a one dimensional subspace U ⊂ H1
rad × L2

rad(Bd1) and a

bounded projection P : H1
rad × L2

rad(Bd1)→ U such that

‖S(τ)Pf‖H1×L2(Bd1) . eτ‖f‖H1×L2(Bd1)

holds for all f ∈ H1
rad×L2

rad(Bd1) and all τ ≥ 0. Moreover, for p ∈ [2,∞] and q ∈ [ 2d
d−2

, 2d
d−3

]

with 1
p

+ d
q

= d
2
− 1, the bound

‖[S(τ)(I−P)f ]1‖Lpτ (R+)Lq(Bd1) . ‖(I−P)f‖H1×L2(Bd1)

holds for all f ∈ H1
rad × L2

rad(Bd1). Additionally, the inhomogenous estimate∥∥∥∥∫ τ

0

[S(τ − σ)(I−P)f̂(σ, .)]1dσ

∥∥∥∥
Lpτ (I)Lq(Bd1)

. ‖(I−P)f̂(τ, .)‖L1
τ (I)H1×L2(Bd1)
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holds for all f̂ ∈ C([0,∞), H1
rad×L2

rad(Bd1))∩L1([0,∞), H1
rad×L2

rad(Bd1)) and all intervals

I = [0, τ0) ⊂ [0,∞).

Before we come to our second theorem, we would like to make the following remarks.

• The one dimensional unstable subspace stems from linearising around uT . This

produces the eigenvalue 1, which corresponds to the time translation symmetry

of the equation and hence is not a real instability.

• In Cartesian coordinates the potential obtained from the linearisation has a

singularity at the tip of the lightcone ΓT . Our result therefore shows Strichartz

estimates for a wave equation in a lightcone with a potential that exhibits singular

behavior at the lightcone’s tip.

• The method we employ is very robust and can easily be adopted to other poten-

tials provided one has enough spectral information.

These Strichartz estimates are the main tool used to investigate the blowup stability

of uT in the critical topology, i.e., to prove the following result.

Theorem 1.2. Let 4 ≤ d ≤ 6 be a fixed natural number. Then there exist constants

M > 1 and δ0 > 0 such that for δ ∈ (0, δ0) the following holds. Let (f, g) ∈ H1
rad ×

L2
rad(Bd1+δ) be such that

‖(f, g)− u1[0]‖H1×L2(Bd1+δ)
≤ δ

M
.

Then there exists a unique solution u to Eq. (1.3) and a T in [1− δ, 1 + δ] such that∫ T

0

‖u(t, .)− uT (t, .)‖2

L
2d
d−3 (BdT−t)

dt ≤ δ2. (1.4)

Once more we would like to make some remarks.

• One readily computes that

‖uT (t, .)‖2

L
2d
d−3 (BdT−t)

' (T − t)−1.

Hence, for the estimate (1.4) to hold, u has to exhibit the same blowup behavior

as uT modulo a small error. Consequently, Theorem 1.2 states that there is an

open ball around u1[0] in the energy topology such that data inside that ball

leads to the ODE type blowup. Observe, however, that the actual blowup time

gets slightly shifted in general. This shift is a consequence of the time translation

symmetry of Eq. (1.3).

• We also quickly discuss our notion of solutions. In this low regularity setting

with (in general) nonsmooth nonlinearity, constructing classical solutions is not

feasible. Roughly speaking, when transformed to similarity coordinates, the solu-

tion u constructed in Theorem 1.2 is a fixed point φ in an appropriate Strichartz
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space of Duhamel’s formula

[S(τ)f ]1 +

∫ τ

0

[S(τ − σ)N((φ(σ), 0))]1dσ.

For the precise definition we refer the reader to Definition 5.1.

• The topology used is optimal in that one cannot lower the regularity assumptions

on the initial data as Eq. (1.3) is ill-posed below H1 × L2.

• The restriction d ≤ 6 is due to the fact, that starting from dimension 7 one

cannot solely rely on the established LpLq spacetime estimates to control the

nonlinearity. To overcome this difficulty, one would need better inhomogeneous

Strichartz estimates to close the fixed point arguments performed in the last sec-

tion. While this is certainly a sizable task, it is definitely a worthwhile endeavor

that warrants further investigation.

• Lastly, we would like to emphasize that, to the best knowledge of the author,

this is the first optimal blowup stability result for the nonlinear wave equation

in even dimensions. This lies in contrast to the odd dimensional case where

Theorems 1.1 and 1.2 had already been established for three and five dimensions,

see [30, 34]. The methods employed in these works were of a similar nature and,

in fact, the present work builds on the ideas employed there. However, working

in a fixed odd dimension significantly simplifies the majority of the construction,

especially the involved ODE analysis. In these low odd dimensions fundamental

systems of solutions to the ODE in the asymptotic construction of resolvent can

be found explicitly without the need to rely on more sophisticated tools such

as Bessel asymptotics or Liouville Green transformations. Similarly, controlling

the oscillatory integrals resulting from the LaPlace inversion of the resolvent of

L is technically less involved. Two more closely related results that we want to

mention is that of optimal blowup stability for the H2 critical wave maps with

target manifold S4 [39] and an extension of [30] to randomized initial data [11].

1.1. Outline of the proof of Theorem 1.1. As the main body of this work is

concerned with proving Theorem 1.1, we highlight the key steps. We also emphasize

that the strategy employed to tackle this problem builds on the techniques devised in

[30, 34, 39].

• As previously mentioned, our starting point is formulating the problem in the

similarity coordinates τ = − log(T − t) and ρ = r
T−t . In these coordinates the

blowup solution uT is just a constant function. Moreover, Eq. (1.3) takes the

autonomous first-order form

Φ(τ) = LΦ(τ) + N(Φ(τ))

for perturbations Φ of the blowup, where L is a spatial differential operator

obtained from linearising the equation around the blowup solution, and N(Φ(τ))
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is the resulting nonlinearity. We show that L generates a semigroup S on H :=

H1
rad × L2

rad(Bd1) and prove that L has precisely one unstable eigenvalue λ = 1.

This eigenvalue does not correspond to a “real” instability of the blowup solution

uT but is just a consequence of the time translation symmetry of the equation.

Furthermore, we establish that the associated spectral projection P is of rank 1

and by standard semigroup theory we obtain the bounds

‖S(τ)(I−P)‖H ≤ Cεe
ετ

for any ε > 0 and

‖S(τ)P‖H ≤ Ceτ .

• Having done this groundwork, we begin with establishing Strichartz estimates for

S(τ)(I−P). For this, we first asymptotically construct the resolvent of L. One

of the key ingredients for this is the fact that the spectral equation (λ−L)u = f

with u = (u1, u2) and f = (f1, f2) reduces to the second order ODE

(1− ρ2)u′′1(ρ) +

(
d− 1

ρ
− (2λ+ d)ρ

)
u′1(ρ)− (λ (λ+ d− 1))u1(ρ)

− du1(ρ) = −Fλ(ρ)

(1.5)

with Fλ(ρ) = f2(ρ)+(λ+ d
2
)f1(ρ)+ρf ′1(ρ) and ρ ∈ (0, 1). To simplify the analysis

of the equation, it useful to get rid of the first order derivative by appropriately

transforming the independent variable u. For the resulting equation, we then

construct fundamental systems near both poles separately. To do so, we employ

the diffeomorphism

ϕ(ρ) :=
1

2
log

(
1 + ρ

1− ρ

)
which, by means of a Liouville-Green transform, transforms the equation into a

Bessel equation. Near 0, we then construct two linearly independent solutions

to Eq. (1.5) which are in essence perturbed Bessel functions and we control

the error by Volterra iterations. However, near the endpoint 1, we cannot use

Hankel functions, as the resulting control over the perturbative would not be

good enough for our purposes if we were to proceed in that fashion. Hence, near

1, we have no choice but to construct a fundamental system directly. This is

also done by means of Volterra iterations. After gluing together the different

solutions, we obtain a satisfactory representation of the resolvent (λ− L)−1.

• To continue, we make use of the Laplace representation

S(τ)(I−P)f =
1

2πi
lim
N→∞

∫ ε+iN

ε−iN
eλτ (λ− L)−1(I−P)f dλ

which, together with our asymptotic construction of the resolvent of L, allows us

to push the contour of integration onto the imaginary axis. We then proceed to
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prove Strichartz estimates by bounding the resulting oscillatory integrals. More

precisely, we prove bounds for the difference of the linearised evolution to the

free evolution. This is much easier on a technical level and equivalent, given

that Strichartz estimates for the free evolution follow easily from the standard

Strichartz estimates in Cartesian coordinates.

1.2. Related results. Critical dispersive equations have been the focus of extensive

research over the last years and so, the singularity formation of such equations is also

being intensively studied. As a result, there have been numerous intriguing works of

which we can sadly only mention a handful. We begin with results on type II blowup

(i.e., blowup solutions with finite energy norm). The construction of such solutions can

be found in [68], [67], [53] and [54]. Further, for the classification of type II blowup

we refer to [42, 43, 44, 45]. Moreover, fascinating results concerning the stability of

type II blowup, have been established in [13] and [63]. We move on to type I blowup.

As previously mentioned, in [30] and [34], the stability of the ODE blowup profile in

the lightcone has already been established for the energy critical wave equation in three

and five dimensions. Stability for subcritical equations was shown by the impressive

methods devised by Merle and Zaag in their joint works [73, 74, 75, 76, 77, 78, 79] and

further investigated by Alexakis and Shao [1] and Azaiez [2]. For an excellent numerical

study of the blowup profile, we refer to the study by Bizoń, Chmaj, and Tabor [10].

Asymptotic stability in the supercritical case was shown by Donninger and Schörkhuber,

see [36, 37]. Recently, Glogić and Schörkhuber also studied the cubic and, together

with Csobo, the quadratic wave equation [51, 25]. They show the stability of a blowup

solution which is not independent of the spatial variables. We would also like to mention

related developments in a more general coordinate system, called hyperboloidal similarity

coordinates. These coordinates allow one to study blowup stability problems on much

larger domains than just the backwards lightcone [4, 33]. Furthermore, as our work

pertains to the body of work on Strichartz estimates for wave equations, we also want to

mention some of the more recent results on these, e.g., [26, 80, 32].

2. Similarity coordinates and Semigroup Theory

As previously stated, we let d ≥ 4 be a fixed natural number. Then, the coordinates in

which we study the evolution of the Cauchy problem (1.3) are the similarity coordinates

given by

ρ =
r

T − t
, τ = − log(T − t) + log(T ).
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Upon setting ψ(τ, ρ) = (Te−τ )
d−2
2 u(T − Te−τ , T e−τρ), Eq. (1.3) transforms into the

equation[
∂2
τ + (d− 1)∂τ + 2ρ∂τ∂ρ − (1− ρ2)∂2

ρ −
d− 1

ρ
∂ρ + dρ∂ρ +

d(d− 2)

4

]
ψ(τ, ρ)

= ψ(τ, ρ)|ψ(τ, ρ)|
4
d−2 .

(2.1)

Let now

ψ1(τ, ρ) = ψ(τ, ρ)

ψ2(τ, ρ) = ∂τψ(τ, ρ) + ρ∂ρψ(τ, ρ) +
d− 2

2
ψ(τ, ρ).

Then Eq. (2.1) turns into the system

∂τψ1(τ, ρ) = −ρ∂ρψ1(τ, ρ)− d− 2

2
ψ1(τ, ρ) + ψ2(τ, ρ)

∂τψ2(τ, ρ) = ∂2
ρψ1(τ, ρ) +

d− 1

ρ
∂ρψ1(τ, ρ)− ρ∂ρψ2(τ, ρ)− d

2
ψ2(τ, ρ)

+ ψ1(τ, ρ)|ψ1(τ, ρ)|
4
d−2 ,

(2.2)

whereas the the blowup solution uT transforms into the constant function(
cd

d−2
2
cd

)
.

Next, we define H := {u ∈ H1 × L2(Bd1) : u radial} and denote by ‖.‖H the standard

radial H1 × L2(Bd1) norm. Motivated by the above system, we define the operator

L̃ : D(L̃) ⊂ H → H, corresponding to the linear part in Eq. (2.2), as

L̃u(ρ) =

(
−ρu′1(ρ)− d−2

2
u1(ρ) + u2(ρ)

u′′1(ρ) + d−1
ρ
u′1(ρ)− ρu′2(ρ)− d

2
u2(ρ)

)
,

where D(L̃) := {u ∈ C2 × C1(Bd1) : u radial}.
Further, we define an inner product on D(L̃), as

(u|v)E :=

∫ 1

0

u′1(ρ)v̄′1(ρ)ρd−1dρ+

∫ 1

0

u2(ρ)v̄2(ρ)ρd−1dρ+ u1(1)v̄1(1)

for any u,v ∈ D(L̃) and we denote the associated norm by ‖.‖E.

Lemma 2.1. The norms ‖.‖E and ‖.‖H are equivalent on D(L̃), hence, also on H.

Proof. This follows in the same fashion as Lemma 2.2 in [34]. �

This norm has the nice feature that we can fairly quickly establish a dispersive estimate

on L̃.
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Lemma 2.2. We have that

Re
(
L̃u|u

)
E
≤ 0

for all u ∈ C2 × C1(Bd1).

Proof. An integration by parts shows that

−Re

(∫ 1

0

u′′1(ρ)u′1(ρ)ρddρ

)
= −|u

′
1(1)|2

2
+
d

2

∫ 1

0

|u′1(ρ)|2ρd−1dρ

and so

Re

(∫ 1

0

[L̃u]′1(ρ)ū′1(ρ)ρd−1dρ

)
= Re

(
|u′1(1)|2

2
+

∫ 1

0

u′2(ρ)ū′1(ρ)ρd−1dρ

)
.

Analogously, we see that

Re

(∫ 1

0

[L̃u]2(ρ)ū2(ρ)ρd−1dρ

)
= Re

(∫ 1

0

u′′1(ρ)ū2(ρ)ρd−1 + (d− 1)u′1(ρ)ū2(ρ)ρd−2dρ

)
− 1

2
|u2(1)|2

= Re

(
−
∫ 1

0

u′1(ρ)ū′2(ρ)ρd−1 + u′1(1)ū2(1)

)
− 1

2
|u2(1)|2.

Furthermore,

[L̃u]1(1)ū1(1) = −u′1(1)ū1(1)− d− 2

2
|u1(1)|2 + u2(1)ū1(1)

and thus, as d−2
2
≥ 1

2
, using the elementary inequality

Re(−ab̄+ ac̄+ bc̄) ≤ 1

2

(
|a|2 + |b|2 + |c|2

)
with a = −u′1(1), b = u2(1), and c = u1(1), implies that

Re(L̃u|u)E ≤ 0,

for all u ∈ D(L̃). �

Next, we will show that the range (1− L̃) lies dense in H. To this end, note that(
λ− L̃

)
u = f

implies

λu1(ρ) + ρu′1(ρ) +
d− 2

2
u1(ρ)− u2(ρ) = f1(ρ)

λu2(ρ)− u′′1(ρ)− d− 1

ρ
u′1(ρ) + ρu′2(ρ) +

d

2
u2(ρ) = f2(ρ).

The first of these equations now implies

u2 = λu1 + ρu′1(ρ) +
d− 2

2
u1(ρ)− f1(ρ)
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which we can plug into the latter to obtain a linear second order differential equation

given by

(1− ρ2)u′′1(ρ) +

(
d− 1

ρ
− (2λ+ d)ρ

)
u′1(ρ)−

(
λ (λ+ d− 1) + d

d− 2

4

)
u1(ρ) = −Fλ(ρ)

(2.3)

with Fλ(ρ) = f2(ρ) + (d
2

+ λ)f1(ρ) + ρf ′1(ρ).

Lemma 2.3. The range of the operator 1− L̃ lies dense in H.

Proof. For λ = 1 the homogeneous version of Eq. (2.3) reads as

(1− ρ2)u′′1(ρ) +

(
d− 1

ρ
− (d+ 2)ρ

)
u′1(ρ)− d

4
(d+ 2)u1(ρ) = 0 (2.4)

and a fundamental system of solutions is given by

u0(ρ) =
1

(1 +
√

1− ρ2)
d
2
−1
√

1− ρ2

u1(ρ) =
(1−

√
1− ρ2)

d
2
−1 − (1 +

√
1− ρ2)

d
2
−1

ρd−2
√

1− ρ2
.

Moreover, their Wronskian is given by

W (u0, u1)(ρ) =
d− 2

ρd−1(1− ρ2)
3
2

.

For F1 in C∞(Bd1), we now use Duhamel’s formula to see that an explicit solution of the

equation

(1− ρ2)u′′1(ρ) +

(
d− 1

ρ
− (d+ 2)ρ

)
u′1(ρ)− d

4
(d+ 2)u1(ρ) = −F1(ρ)

is given by

u(ρ) = −u0(ρ)

∫ 1

ρ

u1(s)F1(s)

(1− s2)W (u0, u1)(s)
ds− u1(ρ)

∫ ρ

0

u1(s)F1(s)

(1− s2)W (u0, u1)(s)
ds.

From standard ODE theory, it follows that u ∈ C∞((0, 1)) and therefore only the behavior

at the end points needs to be checked. For this, we remark that the pole of u1 at ρ = 0 is

of order d−2, and so, it follows that u is continuous on [0, 1) and, after a quick inspection,

one concludes that u is even continuous on [0, 1]. Next,

u′(ρ) = −u′0(ρ)

∫ 1

ρ

sd−1
√

1− s2u1(s)F1(s)

d− 2
ds− u′1(ρ)

∫ ρ

0

sd−1
√

1− s2u0(s)F1(s)

d− 2
ds

(2.5)
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and using de l’Hopitals rule one verifies that u′ is continuous up to ρ = 1. Likewise, it is

straightforward to check that

lim
ρ→0

u′1(ρ)

∫ ρ

0

sd−1
√

1− s2u0(s)F1(s)

d− 2
ds = 0.

Moreover, we observe that u0 is a smooth even function on (−1, 1) and so, u′0(0) = 0.

Finally, the second derivative of u is given by

u′′(ρ) = −u′′0(ρ)

∫ 1

ρ

sd−1
√

1− s2u1(s)F1(s)

d− 2
ds− u′′1(ρ)

∫ ρ

0

sd−1
√

1− s2u0(s)F1(s)

d− 2
ds

− F1(ρ)

1− ρ2

A direct calculation shows that u′′1(ρ) is continuous up to ρ = 1, while it has a pole of

order d at 0. Once more using de l’Hopitals rule therefore shows that

u′′1(ρ)

∫ ρ

0

sd−1
√

1− s2u0(s)F1(s)

d− 2
ds ∈ C([0, 1]).

Consequently, we see that u ∈ C2([0, 1)). Lastly, we note we can rewrite u0 as

u0(ρ) =

(√
1 + ρ−

√
1− ρ

)d−2

2
d
2
−1ρd−2

√
1− ρ2

=
(1 + ρ)

d−2
2

2
d
2
−1ρd−2

√
1− ρ2

+ f(ρ) +
√

1− ρg(ρ)

for some functions f, g which are smooth on (0, 1]. Hence, u′′0 is of the form

u′′0(ρ) =
3(1 + ρ)

d−2
2

2
d
2
−1ρ

d
2
−1(1− ρ2)

5
2

+ (1− ρ)−
3
2h(ρ)

with h ∈ C(0, 1]). Further,

lim
ρ→1

u1(ρ) = 2− d

and so, ∫ 1

ρ

sd−1
√

1− s2u1(s)F1(s)

d− 2
∼ −F1(1)

∫ 1

ρ

√
1− s2ds ∼ −1

3
(1− ρ2)

3
2F1(1)

as ρ→ 1. Consequently, the two singularities at ρ = 1 cancel out exactly and we obtain

that u ∈ C2([0, 1]), with u′(0) = 0. �

Combining the last two Lemmas now yields

Lemma 2.4. The operator L̃ is closable and its closure, denoted by L0, generates a

strongly continuous semigroup S0 on H, that satisfies

‖S0(τ)f‖H . ‖f‖H,

for all τ ≥ 0 and all f ∈ H.

Proof. This follows immediately from the last two lemmas and the Lumer Phillips

theorem. �
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2.1. Strichartz estimates for the free equation. As the existence of the “free”

semigroup S0 has been established, the next step is to prove Strichartz estimates for this

semigroup. To do so, we will from now on always assume that T is confined to
[

1
2
, 3

2

]
.

This restriction of T leads to no loss of generality as we are only interested in T close to

1 anyway. First, we will need the following technical Lemma.

Lemma 2.5. There exists a family of extension operators ET : H1 × L2(BdT )→ H1 ×
L2(Rd) such that

‖ET f‖H1×L2(Rd) . ‖f‖H1×L2(BdT )

for all T ∈
[

1
2
, 3

2

]
and all f ∈ H1 × L2(BdT ).

Proof. Let E1 be a bounded extension operator from H1 ×L2(Bd1) to H1 ×L2(Rd).

For f ∈ H1 × L2(BdT ) we define an extension by first mapping f to H1 × L2(Bd1) via

the scaling f 7→ f(T.), then extending via E1, and finally undoing the scaling. Since

T ∈
[

1
2
, 3

2

]
, the resulting family of extension operators satisfies the desired estimate. �

Lemma 2.6. Let p ∈ [2,∞] and q ∈ [ 2d
d−2

, 2d
d−3

] be such that 1
p

+ d
q

= d
2
− 1. Then the

estimate

‖[S0(τ)f ]1‖Lpτ (R+)Lq(Bd1) . ‖f‖H,

holds for all f ∈ C2 × C1(Bd1). Additionally, the inhomogeneous estimate∥∥∥∥∫ τ

0

[S0(τ − σ)h(σ, .)]1 dσ

∥∥∥∥
Lpτ (I)Lq(Bd1)

. ‖h‖L1(I)H

holds for all h ∈ L1(R+,H) ∩ C([0,∞),H) and all intervals I ⊂ [0,∞) containing 0.

Proof. Let T ∈
[

1
2
, 3

2

]
, f ∈ C2 × C1(Bd1), and define AT : H1 × L2(BdT )→ H by

AT f = (Tf1(T.), T 2f2(T.)).

In view of the coordinate transformations done in section 2, the evolution S0(.)f is given

by the solution u ∈ C2(R+ × R) restricted to the lightcone ΓT of the equation
(
∂2
t − ∂2

r − d−1
r
∂r
)
u(t, r) = 0

(u(0, .), ∂0u(0, .)) = ETA−1
T f ,

where ET is the Sobolev extension from Lemma 2.5. Therefore,

[S0(τ)f ]1 (ρ) = (Te−τ )
d−2
2 u(T − Te−τ , T e−τρ).
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Now, let (p, q) = (1
2
, 2d
d−3

) and calculate

‖ [S0(τ)f ]1 ‖L 2d
d−3 (Bd1)

. ‖e
2−d
2
τu(T − Te−τ , e−τ .)‖

L
2d
d−3 (Bd1)

= e−
1
2
τ‖u(T − Te−τ , .)‖

L
2d
d−3 (Bd1)

≤ e−
1
2
τ‖u(T − Te−τ , .)‖

L
2d
d−3 (Rd)

.

So,

‖ [S0(τ)f ]1 ‖L2
τ (R+)L

2d
d−3 (Bd1)

.

(∫ ∞
0

(
e−

1
2
τ‖u(T − Te−τ , .)‖

L
2d
d−3 (Rd)

)2

dτ

) 1
2

. ‖u‖
L2(R+)L

2d
d−3 (Rd)

.
∥∥ETA−1

T f
∥∥
H1×L2(Rd)

.
∥∥A−1

T f
∥∥
H1×L2(BdT )

. ‖f‖H

by the classical Strichartz estimates (see [97], p.78, Theorem 2.6). Next, the estimate

‖[S0(τ)f ]1‖L∞τ (R+)L
2d
d−2 (Bd1)

. ‖f‖H

follows from the Sobolev embedding H1(Bd1) ↪→ L
2d
d−2 (Bd1). To obtain the estimate for

general admissible pairs (p, q), we interpolate with θ = 2d
q

+ 3− d to obtain

‖ [S0(.)f ]1 ‖Lq(Bd1) ≤ ‖ [S0(.)f ]1 ‖
θ

L
2d
d−2 (Bd1)

‖ [S0(.)f ]1 ‖
1−θ

L
2d
d−3 (Bd1)

.

Hence,

‖ [S0(.)f ]1 ‖Lp(R+)Lq(Bd1) ≤‖ [S0(.)f ]1 ‖
θ

L∞(R+)L
2d
d−2 (Bd1)

‖ [S0(.)f ]1 ‖
1−θ

Lp(1−θ)(R+)L
2d
d−3 (Bd1)

=‖ [S0(.)f ]1 ‖
θ

L∞(R+)L
2d
d−2 (Bd1)

‖ [S0(.)f ]1 ‖
1−θ

L2(R+)L
2d
d−3 (Bd1)

,

given that p = 2q
(d−2)q−2d

. To obtain the inhomogeneous estimate, we let I = [0, τ0) ⊂
[0,∞) and use Minkowski’s inequality to estimate∥∥∥∥∫ τ

0

[S0(τ − σ)h(σ, .)]1 dσ

∥∥∥∥
Lpτ (I)Lq(Bd1)

=

∥∥∥∥∫ τ0

0

1[0,τ0](τ − σ) [S0(τ − σ)h(σ, .)]1 dσ

∥∥∥∥
Lpτ (I)Lq(Bd1)

≤
∫ τ0

0

∥∥1[0,τ0](τ − σ) [S0(τ − σ)h(σ, .)]1
∥∥
Lpτ (R+)Lq(Bd1)

dσ

≤
∫ τ0

0

‖[S0(τ)h(σ, .)]1‖Lpτ (R+)Lq(Bd1) dσ

.
∫ τ0

0

‖h(σ, .)‖H dσ.

�
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As we intend to study solutions close to uT , our next step is to (formally) linearise the

the nonlinearity around uT . Motivated by this we make the ansatz Ψ = Φ + (cd,
d−2

2
cd)

and define the formal nonlinear operator N as

N(u) :=

(
0

N(u1)

)
with

N(u) := |cd + u|
4
d−2 (cd + u)− c

d+2
d−2

d − 2d+ d2

4
u

as well as the linear operator L′ : H → H

L′u :=

(
0

2d+d2

4
u1

)
.

Note that L′ is a compact operator on H and so, as a consequence, we obtain that

L := L0 + L′ generates a semigroup S on H. This allows us to formally rewrite our

equation in Duhamel form as

Φ(τ) = S(τ)u +

∫ τ

0

S(τ − σ)N(Φ(σ))dσ. (2.6)

2.2. Spectral analysis of the perturbed equation. The next step now is to give

a description of the spectrum of L.

Lemma 2.7. The spectrum of L, denoted by σ(L), satisfies

σ(L) ⊂ {z ∈ C : Re(z) ≤ 0} ∪ {1}.

Furthermore, the point spectrum of L is contained in the set {z ∈ C : Re(z) < 0} ∪ {1}.

Proof. From the fact that L0 generates a C0-semigroup we conclude that

σ(L0) ⊂ {z ∈ C : Reλ ≤ 0}.

Moreover, as L′ is a compact perturbation, any spectral point λ with Re(λ) > 0 has to

be an eigenvalue of finite algebraic and geometric multiplicity. By repeating previous

calculations we obtain that the eigenvalue equation (λ − L)u = 0 is equivalent to the

second order differential equation

(1− ρ2)u′′1(ρ) +

(
d− 1

ρ
− (2λ+ d)ρ

)
u′1(ρ)− (λ (λ+ d− 1)− d)u1(ρ) = 0 (2.7)

By setting z = ρ2 and v(z) = u(
√
z) Eq. (2.7) turns into

z(1− z)v′′(z) +
d

2
v′(z)−

(
λ+

d+ 1

2

)
zv′(z)− 1

4
(λ (λ+ d− 1)− d) v1(z) = 0, (2.8)

which, for a = λ
2

+ d
2
, b = λ

2
− 1

2
, and c = d

2
is of hypergeometric form, i.e.,

z(1− z)v′′(z) + (c− (a+ b+ 1)z)v′(z)− abv(z) = 0.
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Since the Frobenius indices at ρ = 0 are given {0, 2−d
2
}, a fundamental system for Eq. (2.8)

is given by the hypergeometric function

v0(z) = 2F1(a, b; c; z)

and a second solution which fails to be in H1(Bd1). Therefore, any eigenfunction has to

be a multiple of u0(ρ) = v0(ρ2). We claim that for Reλ ≥ 0 u0(ρ) ∈ H1(Bd1), if and only

if λ = 1. That 1 is indeed an eigenvalue follows immediately from

2F1

(
d+ 1

2
, 0;

d

2
; z

)
= 1.

For the other implication we first remark that

∂z 2F1(a, b; c; z) =
ab

c
2F1(a+ 1, b+ 1; c+ 1; z).

Further, we infer that the asymptotic behavior of 2F1(a+ 1, b+ 1; c+ 1; z) as z → 1−, is

determined by Re(c− a− b− 1) = −1
2
−λ. In particular, as a consequence of Eq. (10.12)

on page 166 in [82] we have that for λ 6= 1 with Reλ ≥ 0

lim
z→1

2F1(a+ 1, b+ 1; c+ 1; z)(1− z)
1
2

+λ =
Γ(c+ 1)Γ(a+ b− c+ 1)

Γ(a+ 1)Γ(b+ 1)
.

Consequently, for Reλ ≥ 0, u′0(ρ) can only be square integrable on Bd1 if λ = 1. �

Next, we are going to compute the multiplicities of the eigenvalue 1.

Lemma 2.8. The algebraic and geometric multiplicities of the eigenvalue 1 ∈ σ(L)

both equal 1 and an eigenfunction is given by

g(ρ) =

(
2

d

)
.

Proof. A direct calculation shows that g is indeed an eigenfunction corresponding

to the eigenvalue 1. Assume that there exists another eigenfunction g̃. As before this

implies that g̃1 solves the differential equation (2.7), which has a fundamental system

given by g1 and

h1(ρ) =


∫ ρ

1
2

s1−d

(1−s2)
3
2
ds for ρ ≥ 1

2

−
∫ 1

2

ρ
s1−d

(1−s2)
3
2
ds for ρ < 1

2
.

As h1 is not in H1(Bd1), g̃1 has to be a multiple of g1 and since the second component is

uniquely determined by the first, we infer that g̃ = cg for some constant c ∈ C.

Let now P be the spectral projection associated to the eigenvalue 1. We split H1×L2(Bd1)

into the two closed subspaces rgP and kerP. Analogously, we decompose the operator

L into LrgP : rgP → rgP and LkerP : kerP → kerP. The inclusion span{g} ⊂ rgP is

immediate. For the other one we remark that the operator (1−LrgP) is nilpotent as the

only eigenvalue of LrgP is 1. Let n ≥ 1 be the minimal index such that (1−LrgP)nu = 0
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for all u ∈ rgP ∩D(L). If n = 1 we are done. If not, there exists a nontrivial v ∈ D(L)

with (1− L)v = g, which implies

(1− ρ2)v′′1(ρ) +

(
d− 1

ρ
− (d+ 2)ρ

)
v′1(ρ) = −(2d+ 2). (2.9)

Since the Wronskian of g1 and h1 is given by

W (g1, h1)(ρ) = 2ρ1−d(1− ρ2)−
3
2 ,

the variations of constants formula suggests that v1 has to be of the form

v1(ρ) =c0 + c1h1(ρ) + (2d+ 2)h1(ρ)

∫ 1

ρ

sd−1(1− s2)
1
2ds

+ (2d+ 2)

∫ ρ

0

sd−1(1− s2)
1
2h1(s)ds

for c0, c1 ∈ C. Note, that h1(ρ)
∫ 1

ρ
sd−1(1− s2)

1
2ds ∈ L2([1

2
, 1]). Moreover,

sd−1(1− s2)
1
2h1(s)

is integrable on [0, 1] and so, given that h1 is not in L2(Bd1), c1 has to equal 0. However,

from the divergence of h1 at ρ = 0, we see that for v1 to be an element of H1(Bd1) the

integral ∫ 1

0

sd−1(1− s2)
1
2ds

would have to vanish, which, by the positivity of the integrand on (0, 1), cannot happen.

�

Next, we obtain a useful bound on the resolvent of L.

Lemma 2.9. For every ε > 0 there exist constants Rε > 0 and Cε > 0 such that the

resolvent operator of L denoted by RL(λ) satisfies the estimate

‖RL(λ)‖ ≤ Cε

for all λ ∈ C with Reλ ≥ ε and |λ| ≥ Rε.

Proof. This can be proven in the same way as Lemma 2.6 in [34]. �

By employing the Gearhart-Prüss Theorem we obtain the following result as a direct

consequence of Lemmas 2.8 and 2.9.

Lemma 2.10. For any ε > 0, there exists a constant Cε > 0 such that

‖S(τ)(I−P)f‖H ≤ Cεe
ετ‖(I−P)f‖H

for all τ ≥ 0 and all f ∈ H.
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3. Construction of the Green function

In this section we take a closer look at the generalized spectral equation

(1− ρ2)u′′1(ρ) +

(
d− 1

ρ
− (2λ+ d)ρ

)
u′1(ρ)−

(
λ (λ+ d− 1) +

d(d− 2)

4

)
+ V (ρ)u1(ρ) = −Fλ(ρ)

(3.1)

for an arbitrary potential V ∈ C∞([0, 1]). To study Eq. (3.1), we will often make use of

functions of symbol type, which we define as follows. Let I ⊂ R, ρ0 ∈ I, and α ∈ R. We

say that a smooth function f : I → R is of symbol type and write f(ρ) = O((ρ0− ρ)α) if

|∂nρ f(ρ)| .n |ρ0 − ρ|α−n,

for all ρ ∈ I and all n ∈ N0. A discussion of symbol calculus can for instance be found

in [30] and [34]. We will also make use of the “Japanese bracket” 〈x〉 :=
√

1 + |x|2

and lastly, whenever we are given a function of the form f(ρ, λ), then f ′(ρ, λ) denotes

∂ρf(ρ, λ).

3.1. Construction of a fundamental system. To rid ourselves of the first order

term we set

v(ρ) := ρ
d−1
2 (1− ρ2)

1
4

+λ
2 u(ρ),

which, for Fλ = 0 turns Eq. (3.1) into

v′′(ρ) +
(6 + 4λ− 4λ2)ρ2 + 4d(1− ρ2)− d2(1− ρ2)− 3

4ρ2(1− ρ2)2
v(ρ) =

V (ρ)

1− ρ2
v(ρ). (3.2)

As we are only interested in values of λ that are close to the imaginary axis, we assume

that λ = ε+ iω with ε ∈ [0, 1
4
] ∪ [1− 1

4
, 1] and ω ∈ R. To motivate our choice of domain

for ε we remark that whenever u(ρ, λ) solves Eq. (3.2) so does ũ(ρ, λ) := u(ρ, 1 − λ).

Therefore, even though we only care about ε close to 0, we allow for a set which enables

us to exploit that symmetry. To analyse Eq. (3.2), we will make use of the diffeomorphism

ϕ : (0, 1)→ (0,∞), which is given by

ϕ(ρ) =
1

2
(log(1 + ρ)− log(1− ρ)).

Note that

ϕ′(ρ) :=
1

(1− ρ2)

and that the associated Liouville-Green Potential Qϕ, which is defined as

Qϕ(ρ) = −3

4

ϕ′′(ρ)2

ϕ′(ρ)2
+

1

2

ϕ′′′(ρ)

ϕ′(ρ)
,

is given by

Qϕ(ρ) =
1

(1− ρ2)2
.
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Motivated by this, we rewrite Eq. (3.2) as

v′′(ρ)−
(

1− 4λ+ 4λ2

4(1− ρ2)2
− 4d− d2 − 3

4ϕ(ρ)2(1− ρ2)2
+Qϕ(ρ)

)
v(ρ)

=

(
−4d− d2 − 3

4ρ2(1− ρ2)
+

4d− d2 − 3

4ϕ(ρ)2(1− ρ2)2
+

V (ρ)

1− ρ2

)
v(ρ). (3.3)

We now perform a Liouville-Green transformation, i.e., we set w(ϕ(ρ)) := ϕ′(ρ)
1
2v(ρ)

which transforms

v′′(ρ)−
(

1− 4λ+ 4λ2

4(1− ρ2)
− 4d− d2 − 3

4ϕ(ρ)2(1− ρ2)2
+Qϕ(ρ)

)
v(ρ) = 0 (3.4)

into the equation

w′′(ϕ(ρ))−
(

1

2
− λ
)2

w(ϕ(ρ)) +
4d− d2 − 3

4ϕ(ρ)2
w(ϕ(ρ)) = 0. (3.5)

Eq. (3.5) is a Bessel equation and a fundamental system for it is given by√
ϕ(ρ)J d−2

2
(a(λ)ϕ(ρ))√

ϕ(ρ)Y d−2
2

(a(λ)ϕ(ρ))

where Jν and Yν are the Bessel functions of the first and second kind respectively, and

with a(λ) = i(1
2
−λ). From this, we infer that Eq. (3.4) has the two linearly independent

solutions

b1(ρ, λ) =
√

(1− ρ2)ϕ(ρ)J d−2
2

(a(λ)ϕ(ρ))

b2(ρ, λ) =
√

(1− ρ2)ϕ(ρ)Y d−2
2

(a(λ)ϕ(ρ)).

Consider now the set

{z ∈ C : 0 < |z| < r} ∩ {z ∈ C : 0 ≤ arg z < π}

for r > 0 fixed, where arg denotes the (principal branch of the) argument of z. A Taylor

expansion shows that on this set, the Bessel function Jν satisfies

Jν(z) = zν
(

1

2νΓ(ν + 1)
+O(z2)

)
. (3.6)

Further, when ν is an integer we have that

Yν(z) = −z−ν
(

2ν
(ν − 1)!

π
+O(z)

)
, (3.7)

while for half integers

Yν(z) = −z−ν
(

2ν

sin(νπ)Γ(−ν + 1)
+O(z)

)
. (3.8)

In the half integer case we could of course explicitly calculate Jν and Yν via their recur-

rence relations, this is however not needed.
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Lemma 3.1. Let ρ ∈ [ 1
|a(λ)| , 1). Then, the equation

v′′(ρ) +
(6 + 4λ− 4λ2)ρ2 + 4d(1− ρ2)− d2(1− ρ2)− 3

4ρ2(1− ρ2)2
v(ρ) = 0 (3.9)

has a fundamental system given by

h1(ρ, λ) =
(1 + ρ)

3
4
−λ

2 (1− ρ)
1
4

+λ
2√

a(λ)
[1 +O(ρ−1(1− ρ)〈ω〉−1)]

h2(ρ, λ) =
(1 + ρ)

1
4

+λ
2 (1− ρ)

3
4
−λ

2√
a(λ)

[1 +O(ρ−1(1− ρ)〈ω〉−1)].

Proof. We start by rewriting Eq. (3.9) as

v′′(ρ) +
3 + 4λ− 4λ2

4(1− ρ2)2
v(ρ) =

d2 + 3− 4d

4ρ2(1− ρ2)
v(ρ)

and compute that the equation

w′′(ρ) +
3 + 4λ− 4λ2

4(1− ρ2)2
w(ρ) = 0

has a fundamental system of solutions given by

w1(ρ, λ) =
(1 + ρ)

3
4
−λ

2 (1− ρ)
1
4

+λ
2√

a(λ)

w2(ρ, λ) = w1(ρ, 1− λ) =
(1 + ρ)

1
4

+λ
2 (1− ρ)

3
4
−λ

2√
a(λ)

.

Performing a Volterra iteration will enable us to construct a solution to Eq. (3.9) out of

these two functions. For this, we compute that the Wronskian of w1 and w2 is given by

W (w1(., λ), w2(., λ)) = 2i

and so, from the variation of constants formula, we derive the fixed point equation

w(ρ, λ) =w1(ρ, λ) +

∫ ρ1

ρ

w1(ρ, λ)w2(s, λ)Ṽ

2is2(1− s2)
w(s, λ)ds

−
∫ ρ1

ρ

w2(ρ, λ)w1(s, λ)Ṽ

2is2(1− s2)
w(s, λ)ds

for

Ṽ := d2 + 3− 4d,

ρ ∈ [ 1
|a(λ)| , 1), and with ρ1 ∈ [ 1

|a(λ)| , 1] to be chosen. As w1(., λ) is nonvanishing on [ 1
|a(λ)| , 1)

we can divide the whole equation by it. By introducing the variable w̃ := w
w1

, we then
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obtain

w̃(ρ, λ) = 1 +

∫ ρ1

ρ

w1(s, λ)w2(s, λ)Ṽ

2is2(1− s2)
w̃(s, λ)ds (3.10)

−
∫ ρ1

ρ

w2(ρ, λ)w1(s, λ)2Ṽ

w1(ρ, λ)2is2(1− s2)
w̃(s, λ)ds

= 1 +

∫ ρ1

ρ

[
(1− s2)− (1 + s2)

(
1−ρ
1+ρ

) 1
2
−λ (

1−s
1+s

) 1
2

+λ
]
Ṽ

s2(2λ− 1)
w̃(s, λ)ds (3.11)

: = 1 +

∫ ρ1

ρ

K(ρ, s, λ)w̃(s, λ)ds.

We see that ∫ ρ1

1
|a(λ)|

sup
1

|a(λ)|≤ρ<s
|K(ρ, s, λ)| ds .

∫ ρ1

1
|a(λ)|

1

s2|1− 2λ|
ds . 1

and so, we can set ρ1 = 1 and use Lemma B.1 in [35] to obtain that there exists a unique

solution w̃ to Eq. (3.10) of the form w̃(ρ, λ) = 1 + O(ρ−1〈ω〉−1). By re-inserting this

expression into Eq. (3.10), we derive the improved representation

w̃(ρ, λ) = 1 +O(ρ−1(1− ρ)〈ω〉−1).

To be completely precise, the O-term also depends on ε = Reλ but this dependence is

of no relevance to us and, hence, suppressed in our notation. To show that this solution

is of symbol type, one can employ the diffeomorphism ϕ and argue as in the proof of

Lemma 3.3 in [30]. Subsequently, we infer the existence of a solution to Eq. (3.9) given

by

h1(ρ, λ) := w1(ρ, λ)[1 +O(ρ−1(1− ρ)〈ω〉−1)].

The second solution h2, is obtained by defining h2(ρ, λ) := h1(ρ, 1− λ). �

To continue, pick r > 0 and ρ0 ∈ [0, 1) such that h1 and h2 are non-vanishing on both

the interval [ r
|a(λ)| , 1) and [ρ0, 1). We now set ρλ := min{ρ0,

r
|a(λ)|}, and observe that h1

and h2 do not vanish on [ρλ, 1).

Lemma 3.2. Let ρ ∈ [ρλ, 1). Then Eq. (3.2) has a fundamental system of the form

ψ3(ρ, λ) = h1(ρ, λ)[1 +O(ρ0(1− ρ)〈ω〉−1)]

ψ4(ρ, λ) = h2(ρ, λ)[1 +O(ρ0(1− ρ)〈ω〉−1)].

Proof. This follows by doing a Volterra iteration based on h1 and h2 and using the

λ symmetry of Eq. (3.2) as in the proof of Lemma 3.1. �

Before we can construct a fundamental system for Eq. (3.2) near 0, we restrict Reλ = ε

to the interval [0, 1
4
] and define ρ̂λ := min{1

2
(1 + ρ0), 2r

|a(λ)|}.
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Lemma 3.3. Let Reλ ∈ [0, 1
4
] and ρ ∈ (0, ρ̂λ]. Then, Eq. (3.2) has a fundamental

system of the form

ψ1(ρ, λ) =b1(ρ, λ)
[
1 +O(ρ2〈ω〉0)

]
=
√

(1− ρ2)ϕ(ρ)J d−2
2

(a(λ)ϕ(ρ))[1 +O(ρ2〈ω〉0)]

ψ2(ρ, λ) =b2(ρ, λ)[1 +O(ρ2〈ω〉0)] +O(ρ
7−d
2 〈ω〉1−

d
2 )

=
√

(1− ρ2)ϕ(ρ)Y d−2
2

(a(λ)ϕ(ρ))[1 +O(ρ2〈ω〉0)] +O(ρ
7−d
2 〈ω〉1−

d
2 ).

Proof. Recall that b1 and b2 are two linearly independent solutions to the equation

v′′(ρ)−
(

1− 4λ+ 4λ2

4(1− ρ2)
− 4d− d2 − 3

4ϕ(ρ)2(1− ρ2)2
+Qϕ(ρ)

)
v(ρ) = 0.

Let now

Ṽ (ρ) =

(
−4d− d2 − 3

4ρ2(1− ρ2)
+

4d− d2 − 3

4ϕ(ρ)2(1− ρ2)2
+

V (ρ)

1− ρ2

)
and note that a Taylor expansion shows Ṽ ∈ C∞([0, ρ̂λ]). Furthermore, we have

W (b1(., λ), b2(., λ)) =
2

π
,

thus, in order to find solutions of Eq. (3.2) on (0, ρ̂λ) we make the ansatz

b(ρ, λ) = b1(ρ, λ)− π

2
b1(ρ, λ)

∫ ρ

0

b2(s, λ)Ṽ (s)b(s, λ)ds (3.12)

+
π

2
b2(ρ, λ)

∫ ρ

0

b1(s, λ)Ṽ (s, λ)b(s, λ)ds.

We now record some useful facts, the first being that, as ϕ(ρ) ∼ ρ as ρ→ 0, the condition

ρ ∈ (0, ρ̂λ] implies that a(λ)ϕ(ρ) is contained in the set {z ∈ C : Im(z) > 0, 0 < |z| ≤ R}
for a sufficiently large R > 0. Thus, the identities (3.6), (3.7), and (3.8) hold. Secondly,

since we are a definite distance away from the endpoint ρ = 1 one can directly check the

identity

ϕ(ρ) = O(ρ)

for ρ ∈ (0, ρ̂λ). Lastly, as Re a(λ) 6= 0 for all λ ∈ C with Reλ ∈ [0, 1
4
], b1 is nonvanishing

on (0, ρ̂λ], as all zeros of Jν are real provided that ν > −1 (see [82], p. 244 Theorem

6.2). This allows us to divide the whole equation (3.12) by b1, which, upon introducing

the help variable b̃ = b
b1

, yields the integral equation

b̃(ρ, λ) = 1 +

∫ ρ

0

K(ρ, s, λ)̃b(s, λ)ds, (3.13)

with

K(ρ, s, λ) =
πṼ (s)

2

(
b2(ρ, λ)

b1(ρ, λ)
b1(s, λ)2 − b2(s, λ)b1(s, λ)

)
.

From (3.6), (3.7), and (3.8), we infer that

b2(s, λ)b1(s, λ) = O(s〈ω〉0)
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and
b2(ρ, λ)

b1(ρ, λ)
b1(s, λ)2 = O(ρ2−dsd−1〈ω〉0)

for 0 < s ≤ ρ < ρ̂λ. Hence, ∫ ρ̂λ

0

sup
ρ∈[s,ρ̂λ]

|K(ρ, s, λ)|ds . 〈ω〉−2.

Consequently, there exists a solution b̃ to Eq. (3.13) that satisfies

b̃(ρ, λ) = 1 +O(ρ2〈ω〉0).

However, as all involved terms are of symbol form, we immediately conclude that

b̃(ρ, λ) = 1 +O(ρ2〈ω〉0).

This in turn implies the existence of a solution of Eq. (3.2) which takes the form

ψ1(ρ, λ) =
√

(1− ρ2)ϕ(ρ)J d−2
2

(a(λ)ϕ(ρ))[1 +O(ρ2〈ω〉0)].

To construct the second solution stated in the lemma, we pick a ρ1 ∈ (0, 1] such that ψ1

does not vanish for ρ ≤ min{ρ1, ρ̂λ} =: ρ̃λ for any 0 ≤ Reλ ≤ 1
4
. Next, as b̃1(ρ, λ) :=

b1(ρ, λ)
∫ ρ̃λ
ρ
b1(s, λ)−2ds also solves Eq. (3.4), there exist constants c1(λ), c2(λ) ∈ C such

that

b2(ρ, λ) = c1(λ)b1(ρ, λ) + c2(λ)̃b1(ρ, λ).

Moreover, we have the explicit formula

c1(λ) =
W (b2(., λ), b̃1(., λ))

W (b1(., λ), b̃1(., λ))

c2(λ) = −W (b2(., λ), b1(., λ))

W (b1(., λ), b̃1(., λ))
.

Using that W (b2(., λ), b1(., λ)) = − 2
π

and W (b1(., λ), b̃1(., λ)) = −1, we infer that c2 = − 2
π

and c1(λ) = −W (b2(., λ), b̃1(., λ)). Evaluating W (b2(., λ), b̃1(., λ)) at ρ̃λ yields

W (b2(., λ), b̃1(., λ)) = −b2(ρ̃λ, λ)b1(ρ̃λ, λ)−1 = O(〈ω〉0).

Keeping these facts in mind, we now turn our attention to ψ2 and remark that a second

solution of Eq. (3.2) is given by ψ̃1(ρ, λ) = ψ1(ρ, λ)
∫ ρ̃λ
ρ
ψ1(s, λ)−2ds. Considering this, we
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calculate

ψ2(ρ, λ) : = c1(λ)ψ1(ρ, λ) + c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

ψ1(s, λ)−2ds

= c1(λ)ψ1(ρ, λ) + c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

b1(s, λ)−2ds

+ c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

[
ψ1(s, λ)−2 − b1(s, λ)−2

]
ds

= b2(ρ, λ)[1 +O(ρ2〈ω〉0)] + c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

O(s2〈ω〉0)

b1(s, λ)2[1 +O(s2〈ω〉0)]2
ds.

From b1(ρ, λ)−2 = O(ρ1−d〈ω〉2−d), we obtain∫ ρ̃λ

ρ

O(s2〈ω〉0)

b1(s, λ)2[1 +O(s2〈ω〉0)]2
ds = O(ρ0〈ω〉−2) +O(ρ4−d〈ω〉2−d) = O(ρ4−d〈ω〉2−d)

and so, given that ψ1(ρ, λ) = O(ρ
d−1
2 〈ω〉 d−2

2 ), we see that ψ2 is of the claimed form for

ρ ∈ (0, ρ̃λ). However, since for |λ| large enough we have that ρ̃λ = ρ̂λ, we can safely

assume that ρ̃λ = ρ̂λ. �

Our next step will be to patch our solutions together.

Lemma 3.4. On [ρλ, ρ̂λ] the solutions ψ3 and ψ4 have the representations

ψ3(ρ, λ) = c1,3(λ)ψ1(ρ, λ) + c2,3(λ)ψ2(ρ, λ)

ψ4(ρ, λ) = c1,4(λ)ψ1(ρ, λ) + c2,4(λ)ψ2(ρ, λ),

with

c1,3(λ) =
π

2
W (h1(., λ), b2(., λ))(ρλ) +O(〈ω〉−1) = O(〈ω〉0)

c2,3(λ) = −π
2
W (h1(., λ), b1(., λ))(ρλ) +O(〈ω〉−1) = O(〈ω〉0)

and

c1,4(λ) =
π

2
W (h2(., λ), b2(., λ))(ρλ) +O(〈ω〉−1) = O(〈ω〉0)

c2,4(λ) = −π
2
W (h2(., λ), b1(., λ))(ρλ) +O(〈ω〉−1) = O(〈ω〉0).

Proof. We know the explicit representations

c1,3(λ) =
W (ψ3(., λ), ψ2(., λ))

W (ψ1(., λ), ψ2(., λ))

c2,3(λ) = −W (ψ3(., λ), ψ1(., λ))

W (ψ1(., λ), ψ2(., λ))
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and so computing the connection coefficents reduces to calculating these Wronskians.

Evaluating W (ψ1(., λ), ψ2(., λ))(ρ) at ρ = 0 yields

W (ψ1(., λ), ψ2(., λ)) = W (b1(., λ), b2(., λ)) =
2

π

while an evaluation at ρλ yields

W (ψ3(., λ), ψ2(., λ)) = W (h1(., λ), b2(., λ))(ρλ)[1 +O(〈ω〉−1)]

+ h1(ρλ, λ)b2(ρλ, λ)O(〈ω〉0) +O(〈ω〉−2)

= W (h1(., λ), b2(., λ))(ρλ) +O(〈ω〉−1).

Hence,

c1,3(λ) =
π

2
W (h1(., λ), b2(., λ))(ρλ) +O(〈ω〉−1)

and analogously, one computes the remaining coefficients. �

Analogously we can patch together the solutions of the free equation. To this end,

let ψf1 and ψf2 be the solutions obtained from Lemma 3.3 in the case V = 0 and, for

notational convenience, let h1 = ψf3 and h2 = ψf4 .

Lemma 3.5. On [ρλ, ρ̂λ] the solutions ψf3 and ψf4 have the representations

ψf3(ρ, λ) = cf1,3(λ)ψf1(ρ, λ) + cf2,3(λ)ψf2(ρ, λ)

ψf4(ρ, λ) = cf1,4(λ)ψf1(ρ, λ) + cf2,4(λ)ψf2(ρ, λ),

with

cf1,3(λ) =
π

2
W (h1(., λ), b2(., λ))(ρλ) +O(〈ω〉−1) = O(〈ω〉0)

cf2,3(λ) = −π
2
W (h1(., λ), b1(., λ))(ρλ) +O(〈ω〉−1) = O(〈ω〉0)

and

cf1,4(λ) =
π

2
W (h2(., λ), b2(., λ))(ρλ) +O(〈ω〉−1) = O(〈ω〉0)

cf2,4(λ) = −π
2
W (h2(., λ), b1(., λ))(ρλ) +O(〈ω〉−1) = O(〈ω〉0).

Now, let χ : [0, 1] × {z ∈ C : 0 ≤ Re z ≤ 1
4
} → [0, 1], χλ(ρ) := χ(ρ, λ), be a smooth

cutoff function that satisfies χλ(ρ) = 1 for ρ ∈ [0, ρλ], χλ(ρ) = 0 for ρ ∈ [ρ̂λ, 1], and

|∂kρ∂`ωχλ(ρ)| ≤ Ck,`〈ω〉k−` for k, ` ∈ N0. We then obtain two global solutions to Eq. (3.2)

by setting

v1(ρ, λ) :=χλ(ρ)[c1,3(λ)ψ1(ρ, λ) + c2,3(λ)ψ2(ρ, λ)] + (1− χλ(ρ))ψ3(ρ, λ)

v2(ρ, λ) :=χλ(ρ)[c1,4(λ)ψ1(ρ, λ) + c2,4(λ)ψ2(ρ, λ)] + (1− χλ(ρ))ψ4(ρ, λ).

An evaluation at ρ = 1 yields

W (v1, v2) = W (ψ3, ψ4) = 2i.
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3.2. Original equation. We now return to our original equation and our specified

potential. By undoing our transformations, we obtain a fundamental system of equation

(2.7) which is given by

u1(ρ, λ) =ρ
1−d
2 (1− ρ2)−

1
4
−λ

2 v1(ρ, λ)

u2(ρ, λ) =ρ
1−d
2 (1− ρ2)−

1
4
−λ

2 v2(ρ, λ).

Observe, that neither u1 nor u2 remains bounded bounded at ρ = 0. To construct a

solution which is well behaved near 0 we will need the following Lemma.

Lemma 3.6. We have c2,3(λ) 6= 0 and cf2,3(λ) 6= 0 for all λ ∈ C with Reλ ∈ [0, 1
4
].

Proof. We argue by contradiction and assume that c2,3(λ) vanishes for some λ ∈ C
with Reλ ∈ [0, 1

4
]. Then u1(., iω) ∈ H1(Bd1) and so, λ would be an eigenvalue of L.

However, from Lemma 2.7 we infer that the point spectrum of L, denoted by σp(L),

satisfies

σp(L) ⊂ {λ ∈ C : Reλ < 0} ∪ {1},

which contradicts the assumption. To prove the nonvanishing of cf2,3(λ) we argue simi-

larly, and set uf1(ρ, λ) := ρ
1−d
2 (1− ρ2)−

1
4
−λ

2 vf1(ρ, λ). This function then solves

(1− ρ2)u′′1(ρ) +

(
d− 1

ρ
− (2λ+ d)ρ

)
u′1(ρ)−

(
λ (λ+ d− 1) + d

d− 2

4

)
u1(ρ) = 0

(3.14)

for ρ ∈ (0, 1) and the vanishing of cf2,3(λ) implies

uf1(., λ) ∈ H1(Bd1).

Consequently, if λ is such that cf2,3(λ) vanishes, then λ is an eigenvalue of L0. However, as

L0 generates a C0-semigroup, the spectrum of L0 is confined to the closed left halfplane.

Thus, we are left with checking the claim on the imaginary axis. Assume that cf2,3(iω)

vanishes for some ω ∈ R. The Frobenius indices of Eq. (3.14) are given by {0, d−2
2
} at

0 and {0, 1
2
− λ} at 1 and so, from uf1(., iω) ∈ H1(Bd1), we see that uf1(., iω) is in fact a

smooth function on [0, 1]. Setting z = ρ2 and v(z) = u(
√
z), transforms equation (3.14)

into

z(1− z)v′′(z) +
d

2
v′(z)−

(
iω +

d+ 1

2

)
zv′(z)− 1

4

(
iω (iω + d− 1) + d

d− 2

4

)
v1(z) = 0.

(3.15)

This is now again a hypergeometric differential equation, with a = 2iω+d−2
4

, b = 2iω+d
4
,

and c = d
2
. A fundamental system of this equation near 0, is therefore given by

f1(z) := 2F1(a, b; c; z)
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and a second solution which diverges at ρ = 0, while near 1, a fundamental system is

given by

f2(z) := 2F1(a, b; a+ b+ 1− c; 1− z)

f3(z) :=(1− z)
1
2
−iω

2F1(c− a, c− b; c− a− b+ 1; 1− z).

Therefore, for a solution of Eq. (3.15) to be smooth, it has to be a multiple of f1. Let

c2, c3 ∈ C be such that

f1(z) = c2f2(z) + c3f3(z)

and note that the smoothness of uf1 necessitates the vanishing of c3. Fortunately, c3 is

explicitly given as

c3 =
Γ(c)Γ(a+ b− c+ 1)

Γ(a)Γ(b)
.

So, for c3 to vanish, either a or b would have to be a pole of Γ which is impossible on the

imaginary axis. �

Thanks to the last lemma, we obtain a solution u0 which does not diverge at ρ = 0

by setting u0 = u2 − c2,4
c2,3
u1. Next, we denote the free solution with the same behavior as

uj by ufj for j = 0, 1, 2 and note that

W (u1, u0) = W (uf1 , uf0) = 2iρ1−d(1− ρ2)−
1
2
−λ.

Observe now, that neither u0 nor u1 is in H1(Bd1). The function u1 fails to be in the space

H1(Bd1) due to its divergent behavior at 0, whereas u′0 is not square integrable at 1. It

follows that a unique solution u ∈ H1(Bd1) of Eq. (2.7) is given by

u(ρ, λ) = u0(ρ, λ)

∫ 1

ρ

u1(s, λ)

W (u1(., λ), u0(., λ))(s)

Fλ(s)

1− s2
ds

+ u1(ρ, λ)

∫ ρ

0

u0(s, λ)

W (u1(., λ), u0(., λ))(s)

Fλ(s)

1− s2
ds.

Hence, we see that the Green function of Eq. (2.7) is given by

G(ρ, s, λ) =
sd−1(1− s2)−

1
2

+λ

2i

u0(ρ, λ)u1(s, λ) if ρ ≤ s

u1(ρ, λ)u0(s, λ) if ρ ≥ s.

Similarly, we obtain a solution uf of the free equation which is of the same form and an

associated Green function

Gf(ρ, s, λ) =
sd−1(1− s2)−

1
2

+λ

2i

uf0(ρ, λ)uf1(s, λ) if ρ ≤ s

uf1(ρ, λ)uf0(s, λ) if ρ ≥ s.

This implies the following decomposition of the Green function.
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Lemma 3.7. We can decompose G according to

G(ρ, s, λ) = Gf(ρ, s, λ) +
ρ

1−d
2

2i
(1− ρ2)−

1
4
−λ

2 s
d−1
2 (1− s2)−

3
4

+λ
2

8∑
j=1

Gj(ρ, s, λ)

with

G1(ρ, s, λ) = 1R+(s− ρ)χλ(s)b1(ρ, λ)[b1(s, λ)α1(ρ, s, λ) + b2(s, ρ)α2(ρ, s, λ)

+O(s
7−d
2 〈ω〉1−

d
2 )]

G2(ρ, s, λ) = 1R+(s− ρ)χλ(ρ)(1− χλ(s))b1(ρ, λ)h1(s, λ)β(ρ, s, λ)

G3(ρ, s, λ) = 1R+(s− ρ)(1− χλ(ρ))(1− χλ(s))h1(ρ, λ)h1(s, λ)γ1(ρ, s, λ)

G4(ρ, s, λ) = 1R+(s− ρ)(1− χλ(ρ))(1− χλ(s))h2(ρ, λ)h1(s, λ)γ2(ρ, s, λ)

G5(ρ, s, λ) = 1R+(ρ− s)χλ(ρ)[b1(ρ, λ)α1(s, ρ, λ) + b2(ρ, λ)α2(s, ρ, λ) +O(ρ
7−d
2 〈ω〉1−

d
2 )]

× b1(s, λ)

G6(ρ, s, λ) = 1R+(ρ− s)(1− χλ(ρ))χλ(s)h1(ρ, λ)b1(s, λ)β(s, ρ, λ)

G7(ρ, s, λ) = 1R+(ρ− s)(1− χλ(ρ))(1− χλ(s))h1(ρ, λ)h1(s, λ)γ1(s, ρ, λ)

G8(ρ, s, λ) = 1R+(ρ− s)(1− χλ(ρ))(1− χλ(s)h1(ρ, λ)h2(s, λ)γ2(s, ρ, λ)

where

αj(ρ, s, λ) = O(〈ω〉−1) +O(ρ2〈ω〉0) +O(s2〈ω〉0) +O(ρ2s2〈ω〉0)

β(ρ, s, λ) = O(〈ω〉−1) +O(s0(1− s)〈ω〉−1) +O(ρ2〈ω〉0) +O(ρ2s0(1− s)〈ω〉−1)

and

γj(ρ, s, λ) = O(〈ω〉−1) +O(ρ0(1− ρ)〈ω〉−1) +O(s0(1− s)〈ω〉−1)

+O(ρ0(1− ρ)s0(1− s)〈ω〉−2)

for j = 1, 2.

Proof. We start by recalling that

u0(ρ) = ρ
1−d
2 (1− ρ2)−

1
4
−λ

2χλ(ρ)

(
c1,4(λ)− c1,3(λ)

c2,4(λ)

c2,3(λ)

)
ψ1(ρ, λ)

+ ρ
1−d
2 (1− ρ2)−

1
4
−λ

2 (1− χλ(ρ))

[
ψ4(ρ, λ)− c2,4(λ)

c2,3(λ)
ψ3(ρ, λ)

]
and

u1(ρ) = ρ
1−d
2 (1− ρ2)−

1
4
−λ

2 [χλ(ρ)(c1,3(λ)ψ1(ρ, λ) + c2,3(λ)ψ2(ρ, λ)) + (1− χλ(ρ))ψ3(ρ, λ)] .
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Furthermore, the solutions ufj are of the same form with ψj and cj,k replaced by ψfj and

cfj,k . Moreover, we also record the following identities

cj,k(λ)− cfj,k(λ) = O(〈ω〉−1),

c1,3(λ)
c2,4(λ)

c2,3(λ)
− cf1,3(λ)

cf2,4(λ)

cf2,3(λ)
= O(〈ω〉−1),

and

ψ1(ρ, λ)− ψf1(ρ, λ) = b1(ρ, λ)O(ρ2〈ω〉0).

Since similar identities hold for

ψj − ψfj

for j = 2, 3, 4, the claim follows from a repeated usage of the identity

ab− cd = a(b− d) + d(a− c)

and a straightforward computation. �

To cast the Gj in a more manageable form, we also derive corresponding symbol

forms.

Lemma 3.8. The functions G̃j defined as

G̃j(ρ, s, λ) :=
ρ

1−d
2

2i
(1− ρ2)−

1
4
−λ

2 s
d−1
2 (1− s2)−

3
4

+λ
2Gj(ρ, s, λ)
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satisfy

G̃1(ρ, s, λ) = 1R+(s− ρ)χλ(s)(1− ρ2)−
1
4
−λ

2 (1− s2)−
3
4

+λ
2O(ρ0s〈ω〉−1)

G̃2(ρ, s, λ) = 1R+(s− ρ)χλ(ρ)(1− χλ(s))(1− ρ2)−
1
4
−λ

2

× s
d−1
2 (1− s)−

1
2

+λO(ρ0〈ω〉
d−3
2 )β̂(ρ, s, λ)

G̃3(ρ, s, λ) = 1R+(s− ρ)(1− χλ(ρ))(1− χλ(s))ρ
1−d
2 (1 + ρ)

1
2
−λs

d−1
2 (1− s)−

1
2

+λ

×O(〈ω〉−1)γ̂1(ρ, s, λ)

G̃4(ρ, s, λ) = 1R+(s− ρ)(1− χλ(ρ))(1− χλ(s))ρ
1−d
2 (1− ρ)

1
2
−λs

d−1
2 (1− s)−

1
2

+λ

×O(〈ω〉−1)γ̂2(ρ, s, λ)

G̃5(ρ, s, λ) = 1R+(ρ− s)χλ(ρ)(1− ρ2)−
1
4
−λ

2 (1− s2)−
3
4

+λ
2O(ρ0s〈ω〉−1)

G̃6(ρ, s, λ) = 1R+(ρ− s)(1− χλ(ρ))χλ(s)ρ
1−d
2 (1 + ρ)

1
2
−λ

× (1− s2)−
3
4

+λ
2O(sd−1〈ω〉

d−3
2 )β̂(s, ρ, λ)

G̃7(ρ, s, λ) = 1R+(s− ρ)(1− χλ(ρ))(1− χλ(s))ρ
1−d
2 (1 + ρ)

1
2
−λs

d−1
2 (1− s)−

1
2

+λ

×O(〈ω〉−1)γ̂1(s, ρ, λ)

G̃8(ρ, s, λ) = 1R+(s− ρ)(1− χλ(ρ))(1− χλ(s))ρ
1−d
2 (1 + ρ)

1
2
−λs

d−1
2 (1 + s)−

1
2

+λ

×O(〈ω〉−1)γ̂2(s, ρ, λ)

with

β̂(ρ, s, λ) = [1 +O(s−1(1− s)〈ω〉−1)]β(ρ, s, λ)

γ̂j(ρ, s, λ) = [1 +O(ρ−1(1− ρ)〈ω〉−1)][1 +O(s−1(1− s)〈ω〉−1)]γj(ρ, s, λ).

Proof. This is a direct consequence of Lemmas 3.1 and 3.3. �

To proceed, let f ∈ C2 and set f̃ = (I − P)f , where P is the spectral projection

associated to the eigenvalue 1 of L. By making use of Laplace inversion and Lemma 3.7,

the first component of S applied to f̃ is then explicitly given by

[S(τ)f̃ ]1(ρ) = [S0(τ)f̃ ]1(ρ) +
1

2πi

8∑
j=1

lim
N→∞

∫ ε+iN

ε−iN
eλτ
∫ 1

0

G̃j(ρ, s, λ)Fλ(s)dsdλ (3.16)

for ε > 0 and Fλ(s) = sf̃ ′1(s) + (λ+ d
2
)f̃1(s) + f̃2(s).

4. Strichartz estimates

The representation (3.16) of S is one of the key ingredients to prove Theorem 1.1, i.e.,

to prove Strichartz estimates for the full semigroup S. To accomplish this, we start by
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defining operators Tj for j = 1, . . . , 8 as

Tj(τ)f(ρ) :=
1

2π
lim
ε→0+

lim
N→∞

∫ ε+iN

ε−iN
e(ε+iω)τ

∫ 1

0

G̃j(ρ, s, ε+ iω)f(s)dsdω

for f ∈ C2(Bd1).

Lemma 4.1. The operators Tj satisfy

Tj(τ)f(ρ) =
1

2π

∫ 1

0

∫
R
eiωτ G̃j(ρ, s, iω)f(s)dωds

for all f ∈ C2(Bd1).

Proof. From Lemma 3.8, we obtain the estimate

|G̃j(ρ, s, λ)| . ρ
1−d
2 〈ω〉−2(1− s)−

1
2

for j = 1, . . . 8, Reλ ∈ [0, 1
4
], and ρ ∈ (0, 1). As a consequence, the claim follows from the

Fubini-Tonelli Theorem and dominated convergence. �

4.1. Technical Lemmas. To establish Theorem 1.1, we will have to make use of a

couple of technical Lemmas. We start with some basic results on oscillatory integrals.

Lemma 4.2. Let α > 0. Then∣∣∣∣∫
R
eiaωO(〈ω〉−(1+α))dω

∣∣∣∣ . 〈a〉−2

for all a ∈ R.

Proof. Since the integral is absolutely convergent the claim follows by doing two

integrations by parts. �

Lemma 4.3. Let α > 0. Then,∣∣∣∣∫
R
eiaωO(〈ω〉−α)dω

∣∣∣∣ . |a|1−α〈a〉−2

for all a ∈ R \ {0}.

Proof. See Lemma 4.2 in [34]. �

Lemma 4.4. The estimate∣∣∣∣∫
R
eiaω(1− χλ(ρ))O

(
ρ−n〈ω〉−(n+1)

)
dω

∣∣∣∣ . 〈a〉−2

holds for all n ≥ 1, ρ ∈ (0, 1), and a ∈ R \ {0}.

Proof. This can be proven in the same manner as Lemma 4.3 in [34] �

Finally, we need one more lemma on oscillatory integrals.
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Lemma 4.5. The estimate∣∣∣∣∫
R
eiaω(1− χλ(ρ))O

(
ρ−n〈ω〉−n

)
dω

∣∣∣∣ . |a|−1〈a〉−2

holds for all n ≥ 2, ρ ∈ (0, 1), and a ∈ R \ {0}.

Proof. This can be proven as Lemma 4.4 in [34]. �

We will also utilise of the following technical lemmas.

Lemma 4.6. The estimate ∥∥|.|−1f
∥∥
L2(Bd1)

. ‖f‖H1(Bd1)

holds for all f ∈ C1(Bd1).

Proof. An integration by parts shows that∥∥|.|−1f
∥∥2

L2(Bd1)
=

∫ 1

0

|f(ρ)|2ρd−3dρ . |f(1)|2 +

∫ 1

0

|f ′(ρ)||f(ρ)|ρd−2dρ

.
1

ε
‖f‖Ḣ1(Bd1) + ε

∥∥|.|−1f
∥∥2

L2(Bd1)

and so the claim follows from an appropriate choice of ε. �

Lemma 4.7. The estimates

‖|.|f‖
L

2d
d−3 (Bd1)

. ‖f‖H1(Bd1)

and ∥∥∥∥∫ 1

ρ

sf ′(s)ds

∥∥∥∥
L

2d
d−3
ρ (Bd1)

. ‖f‖H1(Bd1)

hold for all f ∈ C1(Bd1).

Proof. Let n = dd
2
e. Then, from the Sobolev embedding H1(Bn) ↪→ L

2n
n−2 (Bn1 ) we

infer that

||.|f‖
L

2d
d−3 (Bd1)

=

(∫ 1

0

ρn−1
(
|f(ρ)|ρ1+(d−n) d−3

2d

) 2d
d−3

dρ

) d−3
2d

= ‖|.|1+(d−n) d−3
2d f‖

L
2d
d−3 (Bn1 )

≤ ‖|.|1+(d−n) d−3
2d f‖

L
2n
n−2 (Bn1 )

. ‖|.|1+(d−n) d−3
2d f‖H1(Bn1 ).

Further,

‖|.|1+(d−n) d−3
2d f‖L2(Bn1 ) =

∫ 1

0

|f(ρ)|2ρ2+(d−n) d−3
d ρn−1dρ ≤

∫ 1

0

|f(ρ)|2ρd−1dρ = ‖f‖L2(Bd1)

as well as

‖|.|1+(d−n) d−3
2d f‖Ḣ1(Bn1 ) . ‖f‖Ḣ1(Bd1) + ‖|.|(d−n) d−3

2d f‖L2(Bn1 )

. ‖f‖H1(Bd1) + ‖|.|−1f‖L2(Bd1) . ‖f‖H1(Bd1),
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by Lemma 4.6. For the second one we argue similarly to obtain that∥∥∥∥∫ 1

ρ

sf ′(s)ds

∥∥∥∥
L

2d
d−3
ρ (Bd1)

.

∥∥∥∥ρ(d−n) d−3
2d

∫ 1

ρ

sf ′(s)ds

∥∥∥∥
H1
ρ(Bn1 )

.

Observe that∥∥∥∥ρ(d−n) d−3
2d

∫ 1

ρ

sf ′(s)ds

∥∥∥∥
L2
ρ(Bn1 )

.

∥∥∥∥ρ 1−n
2

+ 1
4

∫ 1

ρ

s
d−1
2 f ′(s)ds

∥∥∥∥
L2
ρ(Bn1 )

. ‖f‖H1(Bd1)

and ∥∥∥∥ρ(d−n) d−3
2d

∫ 1

ρ

sf ′(s)ds

∥∥∥∥
Ḣ1
ρ(Bn1 )

. ‖f‖H1(Bd1) +

∥∥∥∥ρ 1−n
2
− 3

4

∫ 1

ρ

s
d−1
2 f ′(s)ds

∥∥∥∥
L2
ρ(Bn1 )

.

Lastly, we use the Cauchy Schwarz inequality to estimate that∥∥∥∥ρ 1−n
2
− 3

4

∫ 1

ρ

s
d−1
2 f ′(s)ds

∥∥∥∥
L2
ρ(Bn1 )

≤
∥∥∥∥ρ 1−n

2
− 7

20

∫ 1

ρ

s
d−1
2
− 2

5f ′(s)ds

∥∥∥∥
L2
ρ(Bn1 )

. ‖f‖H1(Bd1)‖|.|
1−n
2
− 7

20‖L2(Bn1 )

(∫ 1

0

s−
4
5ds

) 1
2

. ‖f‖H1(Bd1).

�

Moreover, we will make use of the following two Lemmas, proven in [39].

Lemma 4.8 ([39, Lemma 5.6]). Let α ∈ (0, 1). Then the estimate∫ 1

0

sα−1|a+ log(1± s)|−α|ds . |a|−α

holds for all a ∈ R \ {0}.

Lemma 4.9 ([39, Lemma 5.7]). The estimate∫ 1

0

s−
1
2

∣∣∣∣a± 1

2
log(1− s2)

∣∣∣∣− 1
2

ds . |a|−
1
2

holds for all a ∈ R \ {0}.

With these technical results out of the way, we continue by establishing bounds on

the operators Tj.

Lemma 4.10. Let p ∈ [2,∞] and q ∈ [ 2d
d−2

, 2d
d−3

] be such that 1
p

+ d
q

= d
2
− 1. Then the

operators Tj satisfy

‖Tj(.)f‖Lp(R+)Lq(Bd1) . ‖f‖L2(Bd1)

for all f ∈ C1(Bd1).
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Proof. We start off with T1 which satisfies

T1(τ)f(ρ) =

∫ ρ1

ρ

f(s)

∫
R
eiωτχiω(s)(1− ρ2)−

1
4
− iω

2 (1− s2)−
3
4
− iω

2 O(ρ0s〈ω〉−1)dωds

for some ρ1 < 1, thanks to Lemmas 3.8 and 4.1 and the fact that χiω(s) is supported

away from 1. Using that

χiω(s)O(ρ0s〈ω〉−1) = χiω(s)O(ρ
3−d
2

+ 1
8 s

d−1
2
− 1

4 〈ω〉−1− 1
8 )

for ρ ≤ s and Lemma 4.2 yields

|T1(τ)f(ρ)| .ρ
3−d
2

+ 1
8

∫ ρ1

0

s
d−1
2
− 1

4f(s)〈τ − 1

2
ln(1− ρ2) +

1

2
ln(1− s2)〉−2ds

〈τ〉−2ρ
3−d
2

+ 1
8

∫ 1

0

s
d−1
2
− 1

4 |f(s)|ds

.〈τ〉−2ρ
3−d
2

+ 1
8‖f‖L2(Bd1).

Since,

‖|.|
3−d
2

+ 1
8‖

L
2d
d−3 (Bd1)

=

(∫ 1

0

ρ−1+ 4d
d−3dρ

) d−3
2d

. 1

we conclude that

‖T1(.)f‖
L∞(R+)L

2d
d−2 (Bd1)

+ ‖T1(.)f‖
L2(R+)L

2d
d−3 (Bd1)

. ‖f‖L2(Bd1).

The estimate

‖T1(.)f‖Lp(R+)Lq(Bd1) . ‖f‖L2(Bd1)

for general admissible pairs (p, q) then follows from the interpolation argument done in

the proof of Lemma 2.6. Slightly adapting these arguments allows us to also obtain the

desired estimates for T5. Next, we turn to T2 which is given by

T2(τ)f(ρ) =

∫ 1

ρ

f(s)

∫
R
eiωτχiω(ρ)(1− χiω(s))(1− ρ2)−

1
4
− iω

2

× s
d−1
2 (1− s)−

1
2

+iωO(ρ
3−d
2

+ d−3
4d 〈ω〉

d−3
4d )β̂(ρ, s, iω)dωds
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Since β̂ behaves like O(〈ω〉−1) in ω, we can use Lemma 4.3 with α = 1 − d−3
4d

to obtain

the estimate

‖T2(τ)f‖
L

2d
d−3 (Bd1)

.

∥∥∥∥ρ 3−d
2

+ d−3
4d

∫ 1

0

〈τ + ln(1− s)〉−2

× |τ − 1

2
ln(1− ρ2) + ln(1− s)|−

d−3
4d (1− s)−

1
2 s

d−1
2 f(s)ds

∥∥∥∥
L

2d
d−3 (Bd1)

.
∫ 1

0

(1− s)−
1
2 s

d−1
2 |f(s)|〈τ + ln(1− s)〉−2

×
∥∥∥∥ρ 3−d

2
+ d−3

4d |τ − 1

2
ln(1− ρ2) + ln(1− s)|−

d−3
4d

∥∥∥∥
L

2d
d−3 (Bd1)

ds

=

∫ 1

0

(1− s)−
1
2 s

d−1
2 |f(s)|〈τ + ln(1− s)〉−2

×
∫ 1

0

(
ρ−

1
2 |τ − 1

2
ln(1− ρ2) + ln(1− s)|−

1
2dρ

) d−3
2d

ds

.
∫ 1

0

(1− s)−
1
2 s

d−1
2 |f(s)|〈τ + ln(1− s)〉−2|τ + ln(1− s)|

3−d
4d ds

by additionally employing Lemma 4.9. By now making the change of coordinates s =

1− e−y and using Young’s inequality, we derive that

‖T2(.)f‖
L2(R+)L

2d
d−3 (Bd1)

.

∥∥∥∥∫ ∞
0

〈τ − y〉−2|τ − y|
3−d
4d e−

1
2
y(1− e−y)

d−1
2 |f(1− e−y)|dy

∥∥∥∥
L2(R+)

.

(∫ ∞
0

e−y(1− e−y)d−1|f(1− e−y)|2dy
)2 ∫

R
〈τ〉−2|τ |−

3−d
4d dτ

.‖f‖L2(Bd1).

As the other endpoint estimate follows likewise, the general one follows once more from

interpolation. T6 can be bounded analogously by using Lemma 4.8 instead of Lemma 4.9

and we move on to T3, which is given by

T3(τ)f(ρ) =

∫ 1

0

ρ
1−d
2 1[0,∞)(s− ρ)s

d−1
2 f(s)

∫
R
eiωτ (1− χiω(ρ))

× (1− χiω(s))(1 + ρ)
1
2
−iω(1− s)−

1
2

+iωO(〈ω〉−1)γ̂1(ρ, s, iω)dωds

:=

∫ 1

0

I3(ρ, s, τ)f(s)ds.

Here, an application of Lemma 4.4 yields the estimate

|I3(ρ, s, τ)f(ρ)| . ρ
3−d
2 〈τ − ln(1 + ρ) + ln(1− s)〉−2(1 + ρ)

1
2 (1− s)−

1
2 s

d−1
2 |f(s)|
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while from Lemma 4.5 we deduce that

|I3(ρ, s, τ)f(ρ)| . ρ
5−d
2 〈τ − ln(1 + ρ) + ln(1− s)〉−2|τ − ln(1 + ρ) + ln(1− s)|−1

× (1 + ρ)
1
2 (1− s)−

1
2 s

d−1
2 |f(s)|.

An interpolation between those two estimates then shows that

|T3(τ)f(ρ)| .ρ
3−d
2

+ d−3
4d

∫ 1

0

〈τ − ln(1 + ρ) + ln(1− s)〉−2|τ − ln(1 + ρ) + ln(1− s)|
3−d
4d

× (1 + ρ)
1
2 (1− s)−

1
2 s

d−1
2 |f(s)|ds

.ρ
3−d
2

+ d−3
4d

∫ 1

0

〈τ + ln(1− s)〉−2|τ − ln(1 + ρ) + ln(1− s)|
3−d
4d

× (1− s)−
1
2 s

d−1
2 |f(s)|ds.

Consequently, one can derive the desired estimates on T3 by employing the same strategy

as for T2. Similarly, one deduces that

|T4(τ)f(ρ)| . ρ
3−d
2

+ d−3
4d

∫ 1

0

〈τ − ln(1− ρ) + ln(1− s)〉−2|τ − ln(1− ρ) + ln(1− s)|
3−d
4d

× (1− ρ)
1
2 (1− s)−

1
2 s

d−1
2 |f(s)|ds

and as (1− ρ)
1
2 〈τ − ln(1− ρ) + ln(1− s)〉−2 . 〈τ + ln(1− s)〉−2, we conclude that

|T4(τ)f(ρ)| . ρ
3−d
2

+ d−3
4d

∫ 1

0

〈τ + ln(1− s)〉−2|τ − ln(1− ρ) + ln(1− s)|
3−d
4d

× (1− s)−
1
2 s

d−1
2 |f(s)|ds.

The Strichartz estimates for T4 therefore also follow in similar fashion as the ones for T2

and since the remaining kernels can be bounded analogously to T3 and T4, we conclude

this proof. �

Unfortunately these estimate alone are not enough to control our semigroup, given

that the right-hand side in (3.16) also contains the term λf1. To remedy this problem,

we introduce operators Ṫj,ε as

Tj,ε(τ)f(ρ) :=
1

2πi
lim
N→∞

∫ ε+iN

ε+iN

λeλτ
∫ 1

0

G̃j(ρ, s, λ)f(s)dsdλ

and

Ṫj(τ)f(ρ) = lim
ε→0+

Ṫε,j(τ)f(ρ)

for f ∈ C1(Bd1).

This additional power of λ makes life a bit more tricky for us, as it spoils the absolute

convergence of the oscillatory integrals. To get around this difficulty we will perform

integrations by parts in the s integral to recover the absolute convergence. Using this
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trick we will show that the limiting operators Ṫj exist for each τ ≥ 0 and ρ ∈ (0, 1) and

satisfy Strichartz estimates.

Lemma 4.11. Let p ∈ [2,∞] and q ∈ [ 2d
d−2

, 2d
d−3

] be such that 1
p

+ d
q

= d
2
− 1. Then the

operators Ṫj satisfy

‖Ṫj(.)f‖Lp(R+)Lq(Bd1) . ‖f‖H1(Bd1)

for all f ∈ C1(Bd1).

Proof. For j = 1 we can again without any problems take limits and interchange

the order of integration as we can exchange powers of s for decay in ω. Doing this leads

to

Ṫ1(τ)f(ρ) =

∫ 1

ρ

f(s)

∫
R
eiωτχiω(s)(1− ρ2)−

1
4
− iω

2 (1− s2)−
3
4
− iω

2

×O(ρ
3−d
2

+ 1
8 s

d−3
2
− 1

4 〈ω〉−1− 1
8 )dωds

and we can employ Lemmas 4.2 and 4.6 to compute that

|Ṫ1(τ)f(ρ)| . 〈τ〉−2ρ
3−d
2

+ 1
8

∫ 1

0

s
d−3
2
− 1

4f(s)ds

. 〈τ〉−2ρ
3−d
2

+ 1
8‖|.|−1f‖L2(Bd1)

. 〈τ〉−2ρ
3−d
2

+ 1
8‖f‖H1(Bd1)

by Lemma 4.6. Consequently, the claimed estimates on Ṫ1 follow as the ones for T1 in

Lemma 4.10. Analogously, we can bound Ṫ5 and so, we move on to Ṫ2, for which we note

that we can again take limits, as we can once more exchange powers of ρ for decay in ω.

An integration by parts shows that

Ṫ2(τ)f(ρ) =

∫
R
ωeiωτO(ρ0〈ω〉

d−3
2 )χiω(ρ)(1− ρ2)−

1
4
− iω

2

∫ 1

ρ

(1− χiω(s))

× s
d−1
2 (1− s)−

1
2

+iωβ̂(ρ, s, iω)f(s)dsdω

=

∫
R
ωeiωτO(ρ0〈ω〉

d−5
2 )χiω(ρ)(1− ρ2)−

1
4
− iω

2 (1− χiω(ρ))

× ρ
d−1
2 (1− ρ)

1
2

+iωβ̂(ρ, ρ, iω)f(ρ)dω

+

∫
R
ωeiωτO(ρ0〈ω〉

d−5
2 )χiω(ρ)(1− ρ2)−

1
4
− iω

2

∫ 1

ρ

(1− s)
1
2

+iω

× ∂s[s
d−1
2 (1− χiω(s))β̂(ρ, s, iω)f(s)]dsdω

:= B2(τ)f(ρ) + I2(τ)f(ρ).
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Given that β̂(., .iω) behaves like O(〈ω〉−1) in ω, we can use Lemma 4.4 to obtain the

estimate

|B2(τ)f(ρ)| . 〈τ〉−2ρ|f(ρ)|

and so, by employing Lemma 4.7 we see that

‖B2(.)f‖
L2(R+)L

2d
d−3 (Bd1)

+ ‖B2(.)f‖
L∞(R+)L

2d
d−2 (Bd1)

. ‖f‖H1(Bd1).

For I2 we first remark that if the s derivative hits the cutoff, then we can argue similar as

for Ṫ1 and so focus on the other cases. Let I1
2 (τ)f(ρ) be term where f gets differentiated.

Applying Lemma 4.2 with α = 1
4

shows that

|I1
2 (τ)f(ρ)| .ρ

5−2d
4

∫ 1

0

(1− s)
1
2 〈τ − 1

2
ln(1− ρ2) + ln(1− s)〉−2s

d−1
2 |f ′(s)|ds

.ρ
5−2d

4 〈τ〉−2

∫ 1

0

s
d−1
2 |f ′(s)|ds . ρ

5−2d
4 〈τ〉−2‖f‖H1(Bd1)

and so

‖I1
2 (.)f‖

L∞(R+)L
2d
d−2 (Bd1)

. ‖f‖H1(Bd1).

For the other endpoint estimate we can argue similarly as when we bounded T2 and since

the remaining cases can be bounded likewise, we move on to Ṫ3. For Ṫ3, we again perform

an integration by parts, which recovers the absolute convergence of the λ integral, thus

enabling us to once more take limits and interchange the order of integration. More

precisely, we deduce that

Ṫ3(τ)f(ρ) = f(ρ)

∫
R
ωeiωτ (1− χiω(ρ))2(1 + ρ)

1
2

+iω(1− ρ)
1
2

+iωO(〈ω〉−2)γ̂1(ρ, ρ, iω)dω

+ ρ
1−d
2

∫ 1

ρ

∫
R
ωeiωτ (1− χiω(ρ))(1 + ρ)

1
2

+iω(1− s)
1
2

+iω

× ∂s[(1− χiω(s))s
d−1
2 f(s)γ̂1(ρ, s, iω)]dωds

and one can bound Ṫ3 in analogy to T2. Moreover, since the remaining kernels can also

be bounded in similar fashion as either Ṫ2 or Ṫ3, we conclude this proof. �

Thanks to these kernel bounds we can now easily establish Theorem 1.1.

Proof of Theorem 1.1. The estimates for d = 3 have already been established

in [30] and so, we only have to verify the claim for d ≥ 4. For f ∈ C2 × C1(Bd1)

the homogeneous estimates are an immediate consequence of the representation (3.16)

combined with Lemmas 4.10, 4.11, and the Strichartz estimates on S0 proven in Lemma

2.6. Therefore, the general homogeneous estimates follow from a density argument. The

inhomogenous ones can then be established as in the proof of Lemma 2.6. �
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5. Nonlinear Theory

In this section we turn to the proof of Theorem 1.2 and so we restrict ourselves to

dimensions d with 4 ≤ d ≤ 6. Recall, that the nonlinearity N was defined as

N(u) =

(
0

N(u1)

)
with

N(u) = |cd + u|
4
d−2 (cd + u)− c

d+2
d−2

d − 2d+ d2

4
u.

Lemma 5.1. Let 4 ≤ d ≤ 6. Then the estimates

‖N(u)‖H1×L2(Bd1) . ‖u1‖2
L4(Bd1) + ‖u1‖

d+2
d−2

L
2d+4
d−2 (Bd1)

and

‖N(u)−N(v)‖H1×L2(Bd1) .‖u1 − v1‖L4(Bd1)(‖u1‖L4(Bd1) + ‖v1‖L4(Bd1))

+ ‖u1 − v1‖
L

2d+4
d−2 (Bd1)

(‖u1‖
4
d−2

L
2d+4
d−2 (Bd1)

+ ‖u1‖
4
d−2

L
2d+4
d−2 (Bd1)

)

hold for all u,v ∈ H1 × L2(Bd1).

Proof. Since N(0) = N ′(0) = 0 we obtain that

|N(x)| . x2 + |x|
d+2
d−2 .

Hence,

‖N(u)‖H1×L2(Bd1) . ‖u2
1‖L2(Bd1) + ‖u

d+2
d−2

1 ‖L2(Bd1) = ‖u1‖2
L4(Bd1) + ‖u1‖

d+2
d−2

L
2d+4
d−2 (Bd1)

.

For the Lipschitz bound, we infer that

|N(x)−N(y)| . |x− y|(|N ′(x)|+ |N ′(y)|) . |x− y|(|x|+ |x|
4
d−2 + |y|+ |y|

4
d−2 )

from which we conclude that

‖N(u)−N(v)‖H1×L2(Bd1) . ‖u1 − v1‖L4(Bd1)(‖u1‖L4(Bd1) + ‖v1‖L4(Bd1))

+ ‖u1 − v1‖
L

2d+4
d−2 (Bd1)

(‖u
4
d−2

1 ‖
L
d+2
2 (Bd1)

+ ‖v
4
d−2

1 ‖
L
d+2
2 (Bd1)

)

. ‖u1 − v1‖L4(Bd1)(‖u1‖L4(Bd1) + ‖v1‖L4(Bd1))

+ ‖u1 − v1‖
L

2d+4
d−2 (Bd1)

(‖u1‖
4
d−2

L
2d+4
d−2 (Bd1)

+ ‖v1‖
4
d−2

L
2d+4
d−2 (Bd1)

)

by using Hölder’s inequality. �
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To finally define a notion of a solution, we first introduce the Strichartz space X as

the completion of C∞c ([0,∞)× Bd1) with respect to the norm

‖φ‖X := ‖φ‖
L2(R+)L

2d
d−3 (Bd1)

+ ‖φ‖
L
d+2
d−2 (R+)L

2d+4
d−2 (Bd1)

.

Further, for any u ∈ H and φ ∈ C∞c ([0,∞)× Bd1), we define

Ku(φ)(τ) := [S(τ)u]1 +

∫ τ

0

[S(τ − σ)N((φ(σ), 0))]1dσ − [eτC(φ,u)]1,

where

C(φ,u) := P

(
u +

∫ ∞
0

e−σN((φ(σ), 0))dσ

)
.

Finally, we will also make use of the abbreviation

Xδ := {φ ∈ X : ‖φ‖X ≤ δ}

and at last, we come to our definition of a solution.

Definition 5.1. Let

ΓT := {(t, r) ∈ [0, T )× [0,∞) : r ≤ T − t}.

We say that u : ΓT → R is a Strichartz solution of(
∂2
t − ∂2

r −
d− 1

r
∂r

)
u(t, r) = u(t, r)|u(t, r)|

4
d−2

if φ := Φ1 = [Ψ− (cd,
d−2

2
cd)]1, with

Ψ(τ, ρ) :=

(
ψ(τ, ρ)(

d−2
2

+ ∂τ + ρ∂ρ
)
ψ(τ, ρ)

)
, ψ(τ, ρ) := (Te−τ )

d−2
2 u(T − Te−τ , T e−τρ),

belongs to X and satisfies

φ = KΦ(0)(φ)

and C(φ,Φ(0)) = 0.

Our modus operandi is now essentially a three step process. First, we will show that

when properly restricted, Ku will satisfy the requirements of the Banach fixed point

theorem. After that, we will show that by choosing our blowup time appropriately, we

can achieve that the correction C vanishes. Then, we will show uniqueness of solutions

in the Strichartz space. We kick off this program with the following lemma.

Lemma 5.2. Let u ∈ H and φ ∈ C∞c ([0,∞) × Bd1). Then Ku(φ) ∈ X . Furthermore,

the estimate

‖Ku(φ)‖X . ‖u‖H + ‖φ‖2
X + ‖φ‖

d+2
d−2

X

holds for all u ∈ H and φ ∈ C∞c ([0,∞)× Bd1).
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Proof. We first investigate (I−P)Ku(φ). By Theorem 1.1 and Lemma 5.1 we have

that

‖(I−P)Ku(φ)‖X . ‖u‖H +

∫ τ

0

‖N(φ(σ))‖L2(Bd1)dσ

. ‖u‖H +

∫ ∞
0

‖φ(σ)‖2
L4(Bd1) +

∫ ∞
0

‖φ(σ)‖
d+2
d−2

L
2d+4
d−2 (Bd1)

dσ

. ‖u‖H + ‖φ‖2
X + ‖φ‖

d+2
d−2

X .

Next, we take a look at PKu(φ) and compute that

PKu(φ) = −
∫ ∞
τ

eτ−σPN((φ(σ), 0))dσ.

Now, as P is a bounded linear operator with rgP = span{g}, there exists a unique g̃ ∈ H,

with

Pf = (f , g̃)Hg

for all f ∈ H. This implies that ‖[Pf ]1‖Lq(B6
1) . |(f , g̃)H|‖g1‖Lq(B6

1) . ‖f‖H for 1 ≤ q ≤ ∞
and consequently,

‖PKu(φ)(τ)‖Lq(Bd1) .
∫ ∞
τ

eτ−σ‖N(φ(σ))‖L2(Bd1)dσ.

So, applying Young’s inequality yields

‖PKu(φ)‖X .
(
‖1(−∞,0)e

|.|‖L2(R) + ‖1(−∞,0)e
|.|‖

L
d+2
d−2 (R)

)∫ ∞
0

‖N((φ(σ))‖L2(Bd1)dσ

. ‖φ‖2
X + ‖φ‖

d+2
d−2

X .

�

Lemma 5.3. Let u ∈ H. Then the local Lipschitz estimate

‖Ku(φ)−Ku(ψ)‖X . ‖φ− ψ‖X
(
‖φ‖X + ‖φ‖

4
d−2

X + ‖ψ‖X + ‖ψ‖
4
d−2

X

)
holds for φ, ψ ∈ C∞c ([0,∞)× Bd1).

Proof. We again start by first investigating (I − P)Ku(φ) − (I − P)Ku(ψ). From

Theorem 1.1 and Lemma 5.1 we infer that

‖(I−P)Ku(φ)− (I−P)Ku(ψ)‖X .
∫ τ

0

‖N(φ(σ))−N(ψ(σ))‖L2(Bd1)dσ

. ‖φ− ψ‖X
(
‖φ‖X + ‖φ‖

4
d−2

X + ‖ψ‖X + ‖ψ‖
4
d−2

X

)
.

Further, from the calculations in the proof of Lemma 5.2 we conclude that

‖P[Ku(φ)(τ)−Ku(ψ)(τ)]‖Lq(Bd1) .
∫ ∞
τ

eτ−σ‖N(φ(σ))−N(ψ(σ))‖L2(Bd1)dσ
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again for 1 ≤ q ≤ ∞. Once more applying Young’s inequality then yields

‖P[Ku(φ)−Ku(φ)]‖X .
(
‖1(−∞,0)e

|.|‖L2(R) + ‖1(−∞,0)e
|.|‖

L
d+2
d−2 (R)

)
×
∫ ∞

0

‖N(φ(σ))−N(ψ(σ))‖L2(Bd1)dσ

. ‖φ− ψ‖X
(
‖φ‖X + ‖φ‖

4
d−2

X + ‖ψ‖X + ‖ψ‖
4
d−2

X

)
.

�

The next two results are now a direct consequence of these two Lemmas.

Lemma 5.4. Let u ∈ H. Then the operator Ku extends to an operator from X to X
such that the estimates

‖Ku(φ)‖X . ‖u‖H + ‖φ‖2
X + ‖φ‖

d+2
d−2

X

and

‖Ku(φ)−Ku(ψ)‖X . ‖φ− ψ‖X
(
‖φ‖X + ‖φ‖

4
d−2

X + ‖ψ‖X + ‖ψ‖
4
d−2

X

)
hold for all φ, ψ ∈ X .

Lemma 5.5. There exist constants c > 0 and δ > 0 such that if ‖u‖H ≤ δ
c
, then there

exists a unique φ ∈ Xδ with Ku(φ) = φ.

Proof. Lemma 5.2 implies that that Ku maps Xδ to Xδ, provided that c is chosen

sufficiently large and δ sufficiently small. Further, by shrinking δ if necessary, Lemma 5.3

implies that

‖Ku(φ)−Ku(ψ)‖X ≤
1

2
‖φ− ψ‖X

for φ, ψ ∈ Xδ. Hence, when restricted to Xδ, Ku satisfies the conditions of the contraction

mapping principle. �

Proceeding as previously stated, we move on to showing that we can get the correction

term to vanish by choosing an appropriate blow up time. To that end, recall that due to

the coordinate changes in the first section, the prescribed initial data are given by

φ1(0, ρ) = ψ1(0, ρ)− cd = T
d−2
2 u(0, Tρ)− cd = T

d−2
2 f(Tρ)− cd

φ2(0, ρ) = ψ2(0, ρ)− d− 2

2
cd = T

d
2∂0u(0, Tρ)− d− 2

2
cd = T

d
2 g(Tρ)− d− 2

2
cd.

Further, as we care about initial data which lies close to u1[0], we also compute that after

our coordinate changes the blowup u1 takes the form

ψ1
1(τ, ρ) = T

d−2
2 e−

d−2
2
τu1(T − Te−τ , T e−τρ) = T

d−2
2 e−

d−2
2
τcd(1− T + Te−τ )

2−d
2

ψ1
2(τ, ρ) =

d− 2

2
T
d
2 e−

d
2
τcd(1− T + Te−τ )−

d
2 .
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To deal with these initial data in a convenient form we introduce the mapping

U : [1− δ, 1 + δ]×H1 × L2(Bd1+δ)→ H

as

U(T,v)(ρ) = (T
d−2
2 v1(Tρ), T

d
2 v2(Tρ)) + (T

d−2
2 cd,

d− 2

2
T
d
2 cd)− (cd,

d− 2

2
cd).

With this, we can rewrite our initial data as

φ(0, ρ) = U(T, (f − cd, g −
d− 2

2
cd)).

Lemma 5.6. There exist M > 1 and δ > 0 such that for v ∈ H1 × L2(Bd1+δ) with

‖v‖H1×L2(Bd1+δ)
≤ δ

M
there exist φ ∈ Xδ and T ∗ ∈ [1 − δ, 1 + δ] with KU(T ∗,v)φ = φ and

C(φ,U(T ∗,v)) = 0.

Proof. We start by computing that

∂T (cdT
d−2
2 ,

d− 2

2
cdT

d
2 )
∣∣
T=1

=
d− 2

4
cdg

and so, we can expand U(T,v) as

U(T,v) = (T
d−2
2 v1(Tρ), T

d
2 v2(Tρ)) +

d− 2

4
cd(T − 1)g + (T − 1)2fT

with fT ∈ H such that ‖fT‖H . 1, for T ∈ [1
2
, 3

2
]. This allows us write

(U(T,v),g)H = O(
δ

M
T 0) + ‖g‖2

HO(δT 0) +O(δ2T 0)

for T ∈ [1− δ, 1 + δ]. Denote by φT ∈ Xδ the unique fixed point of KU(T,v) which exists,

thanks to Lemma 5.5, provided that M is chosen sufficiently large and δ sufficiently small.

Recall further that

C(φT ,U(T,v)) := P

(
U(T,v) +

∫ ∞
0

e−σN((φT (σ), 0))dσ

)
By construction we have that

(C(φT ,U(T,v)),g)H = O(
δ

M
T 0) +O(δ2T 0) +

d− 2

4
cd‖g‖2(T − 1) (5.1)

and moreover the O-terms in (5.1) are continuous functions of T . Thus, the vanishing

of (C(φT ,U(T,v)),g)H is equivalent to the equation T − 1 = F (T ) for continuous F

with |F (T )| . δ
M

+ δ2. Consequently, if we choose δ and M accordingly then 1 + F is

a continuous map from [1 − δ, 1 + δ] to that same interval and therefore it must have a

fixed point. �

We now come to the penultimate result which shows uniqueness of our solutions.

Lemma 5.7. Let u ∈ H. Then there exists at most one φ ∈ X with Ku(φ) = φ and

C(φ,u) = 0.
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Proof. Let u ∈ H and assume that we are given two fixed points ψ, φ ∈ X of Ku

with C(ψ,u) = C(φ,u) = 0. Let τ0 ≥ 0 be arbitrary and note that for any δ > 0 there

exists an Nδ ∈ N such that

‖ψ‖X (In) + ‖φ‖X (In) ≤ δ, (5.2)

for all n ∈ {0, 1, 2, . . . , Nδ − 1}, where

‖φ‖X (I) := ‖φ‖
L2(I)L

2d
d−3 (Bd1)

+ ‖φ‖
L
d+2
d−2 (I)L

2d+4
d−2 (Bd1)

and In := [n τ0
Nδ
, (n + 1) τ0

Nδ
]. From the calculations done in the proof of Lemma 5.3 we

then see that

‖ψ(τ)− φ(τ)‖
L

2d
d−3 (Bd1)

+ ‖ψ(τ)− φ(τ)‖
L

2d+4
d−2 (Bd1)

.

∥∥∥∥∫ τ

0

eτ−σ[N(φ(σ))−N(ψ(σ))]dσ

∥∥∥∥
L2(Bd1)

.

Thus,

‖ψ − φ‖X (I0) .

∥∥∥∥∫ τ

0

eτ−σ‖N(φ(σ))−N(ψ(σ))‖L2(Bd1)dσ

∥∥∥∥
L2
τ (I0)

+

∥∥∥∥∫ τ

0

eτ−σ‖N(φ(σ))−N(ψ(σ))‖L2(Bd1)dσ

∥∥∥∥
L
d+2
d−2
τ (I0)

. eτ0
∫ τ0/Nδ

0

‖N(φ(σ))−N(ψ(σ))‖L2(Bd1)dσ

. ‖φ− ψ‖X (I0)

(
‖φ‖X (I0) + ‖φ‖

4
d−2

X (I0) + ‖ψ‖X (I0) + ‖ψ‖
4
d−2

X (I0)

)
.

By choosing δ sufficiently small, we see that

‖φ− ψ‖X (I0) ≤
1

2
‖φ− ψ‖X (I0)

and so ‖φ− ψ‖X (I0) = 0. Continuing inductively we therefore conclude that

‖φ− ψ‖X ([0,τ0]) = 0

and as τ0 > 0 was chosen arbitrarily, the claim follows. �

Now, we are finally able to prove Theorem 1.2.

Proof of Theorem 1.2. Let M > 1 be sufficiently large and δ > 0 sufficiently

small. Further, for v = (f, g)− u1[0] with

‖v‖H1×L2(Bd1+δ)
≤ δ

M
,
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let u be the corresponding solution, φ be the associated function in similarity coordinates,

and T be the corresponding blowup time from Lemma 5.6. Then

δ2 ≥ ‖φ‖2

L2(R+)L
2d
d−3 (Bd1)

=

∫ ∞
0

‖ψ(σ, .)− cd‖2

L
2d
d−3 (Bd1)

dσ

=

∫ T

0

(T − t)−1‖ψ1(− log(T − t) + log(T ), .)− cd‖2

L
2d
d−3 (Bd1)

dt

=

∫ T

0

‖(T − t)
2−d
2 ψ1(− log(T − t) + log(T ),

.

T − t
)− cd(T − t)

2−d
2 ‖2

L
2d
d−3 (BdT−t)

dt

=

∫ T

0

‖u(t, .)− uT (t, .)‖2

L
2d
d−3 (BdT−t)

dt.

�
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CHAPTER 4

Optimal blowup stability for three-dimensional wave maps

1. Introduction

The present work is concerned with the wave maps equation, the prototypical example

of a geometric wave equation. The wave maps equation is a natural generalization of the

wave equation when the unknown takes values in a Riemannian manifold. Here, we are

only interested in the case where the manifold is the round sphere, i.e., we consider maps

U : R1,d → Sd ⊂ Rd+1, where R1,d is the (1 + d)-dimensional Minkowski space. In this

special case, the wave maps equation takes the form

∂µ∂µU + (∂µU · ∂µU)U = 0, (1.1)

where · denotes the Euclidean inner product on Rd+1 and Einstein’s summation con-

vention1 is in force. Equation (1.1) is a hyperbolic partial differential equation and

it is natural to study the Cauchy problem. To this end, one prescribes initial data

U(0, .) : Rd → Sd, ∂0U(0, .) : Rd → Rd+1 with U(0, .) · ∂0U(0, .) = 0 and aims to con-

struct a unique solution to Eq. (1.1) satisfying these initial conditions. Intriguingly, for

d ≥ 2, it is in general impossible to construct global-in-time solutions to the Cauchy prob-

lem for the wave maps equation, even if the initial data (U(0, .), ∂0U(0, .)) are smooth

and nicely behaved towards infinity. For d ≥ 3, this is evidenced by an explicit one-

parameter family of self-similar solutions. Indeed, for T > 0, let UT
∗ (t, x) = F∗(

x
T−t),

where F∗ : Rd → Sd ⊂ Rd+1 is given by

F∗(ξ) :=
1

d− 2 + |ξ|2

(
2
√
d− 2 ξ

d− 2− |ξ|2

)
=

(
sin(f∗(ξ))

ξ
|ξ|

cos(f∗(ξ))

)
with

f∗(ξ) := 2 arctan

(
|ξ|√
d− 2

)
.

Then UT
∗ is a wave map, as one may convince oneself by a straightforward computation.

The solution UT
∗ , which was discovered in [103, 87, 7], starts from smooth initial data but

develops a singularity in finite time in the sense that the gradient blows up. Moreover,

by the finite speed of propagation property inherent to the wave maps equation, the

behavior of the data at spatial infinity is completely irrelevant. A natural question that

arises immediately is as to whether this explicit blowup solution has any bearing on the

1As is common in relativity, we number the slots of a function on Minkowski space from 0 to d and
∂0 = −∂0, whereas ∂j = ∂j for j ∈ {1, 2, . . . , d}. Two indices, where one occurs upstairs and the other
one downstairs, are automatically summed over and Greek indices take on the values 0, 1, . . . , d.
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generic behavior of the Cauchy evolution. Perhaps UT
∗ actually belongs to a larger family

of solutions which exhibit similar kinds of singular behavior? And if so, how large is

this family? To answer these questions it is necessary to study the stability of UT
∗ under

perturbations of the initial data. In the present paper, for the case d = 3, we show that

all solutions that start out close to UT
∗ develop a singularity with the same asymptotic

profile as UT
∗ . Furthermore, the smallness of the perturbation is measured in the weakest

possible (L2-based) Sobolev norm.

In order to state our main theorem precisely, we set uT∗ (t, x) = 2
|x| arctan( |x|

T−t) and

define ΩT ⊂ R× R3 for T > 0 by

ΩT :=
(
[0,∞)× R3

)
\
{

(t, x) ∈ [T,∞)× R3 : |x| ≤ t− T
}
.

In words, ΩT is all of the future of the initial surface t = 0 minus the forward lightcone

emanating from the blowup point (T, 0). Furthermore, for R > 0 and x0 ∈ Rd, we set

BdR(x0) := {x ∈ Rd : |x− x0| < R} and abbreviate BdR := BdR(0).

Theorem 1.1. There exist constants δ0,M > 0 such that the following holds. Let

F : R3 → S3 ⊂ R4 and G : R3 → R4 be given by

F (x) =

(
sin(|x|f(x)) x

|x|

cos(|x|f(x))

)
, G(x) =

(
cos(|x|f(x))g(x)x

− sin(|x|f(x))|x|g(x)

)
for smooth, radial functions f, g : R3 → R. Assume further that δ ∈ [0, δ0] and

‖|.|[(f, g)− (u1
∗(0, .), ∂0u

1
∗(0, .))]‖H 3

2×H
1
2 (B3

1+δ)
≤ δ

M
.

Then there exists a T ∈ [1− δ, 1 + δ] and a unique smooth wave map U : ΩT → S3 ⊂ R4

that satisfies U(0, x) = F (x) and ∂0U(0, x) = G(x) for all x ∈ R3. Furthermore, in the

backward lightcone of the point (T, 0), we have the weighted Strichartz estimates∫ T

0

∥∥∥|.|− 4
5

(
U(t, .)− UT

∗ (t, .)
)∥∥∥2

L10(B3
T−t)

dt ≤ δ2

and ∫ T

0

∥∥∥|.|− 4
15

(
∂jU(t, .)− ∂jUT

∗ (t, .)
)∥∥∥6

L
30
11 (B3

T−t)
dt ≤ δ6

for j ∈ {1, 2, 3}.

1.1. Discussion. We would like to make a couple of remarks.

1.1.1. Stability of blowup. Note that

UT
∗ (t, 0) =

(
0

1

)
for all t ∈ [0, T ). Hence, a scaling argument shows that∥∥∥|.|− 4

5

(
UT
∗ (t, .)− UT

∗ (t, 0)
)∥∥∥

L10(B3
T−t)
' (T − t)−

1
2 ,
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from which we infer that∫ T

0

∥∥∥|.|− 4
5

(
UT
∗ (t, .)− UT

∗ (t, 0)
)∥∥∥2

L10(B3
T−t)

dt '
∫ T

0

(T − t)−1dt =∞.

Similarly, ∫ T

0

∥∥∥|.|− 4
15∂jU

T
∗ (t, .)

∥∥∥6

L
30
11 (B3

T−t)
dt '

∫ T

0

(T − t)−1dt =∞.

Consequently, these Strichartz norms detect self-similar blowup and Theorem 1.1 shows

that UT
∗ is asymptotically stable in the backward lightcone of the singularity. Put differ-

ently, our solution U can be trivially written as

U(t, x) = UT
∗ (t, x) + U(t, x)− UT

∗ (t, x)︸ ︷︷ ︸
small

and this shows shows that U exhibits the same blowup as UT
∗ modulo an error which is

small in suitable Strichartz spaces.

1.1.2. Optimality. Eq. (1.1) is invariant under the scaling U(t, x) 7→ U( t
λ
, x
λ
) for λ > 0

and the corresponding scaling-invariant Sobolev space is Ḣ
d
2×Ḣ d

2
−1(Rd). Moreover, from

the ill-posedness of the wave maps equation below scaling [89] it follows that the smallness

condition imposed on the initial data is measured in the optimal topology in terms of

regularity.

1.1.3. Symmetry. The prescribed initial data belong to the class of corotational maps,

a symmetry preserved by the wave maps flow. Further, our Strichartz estimates are not

translation-invariant and so inherently corotational.

1.1.4. Maximal domain of existence. The domain on which we construct solutions is

all of [0,∞) × R3 except for the part of spacetime that is causally influenced by the

singularity. Whether one can extend the solution even further in a meaningful way is an

intriguing open question.

1.1.5. Supercriticality. Lastly, we want to put emphasis on the fact that Theorem 1.1

is a large-data result for an energy-supercritical geometric wave equation.

1.2. Related results. Due to the sheer volume of intriguing works on the wave

maps equation, we can only mention a handful of results which are directly linked to the

present paper. For the local theory of corotational wave maps at low regularity we refer

to [89]. The general case is the focus of the works [57, 59, 94, 72]. Establishing results

concerning the small data global Cauchy problem is of course most delicate when one

measures smallness in a scaling-invariant space. This challenging problem was intensely

studied in the 1990s and the beginning of the 2000s and was resolved in [99, 100, 95,

96, 58, 88, 61, 81, 62, 101, 14].

Turning to the large data problem, we start with the case d = 2 where the strongest

results are available, given that this is the energy-critical case where energy conservation
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yields invaluable global information. However, despite the conservation of energy, finite-

time blowup is possible, albeit via a different, more complicated mechanism than in our

case. Singularity formation takes place via a dynamical rescaling of a soliton (a harmonic

map). Consequently, already the construction of finite time blowup is highly nontrivial

and was first achieved in [60, 85, 84], inspired by numerical evidence [9], see also [47].

Stability results for blowup are proven in [84, 64]. Subsequently, the question of large

data global existence has to be addressed in view of the fact that finite-time blowup is

possible. Since the blowup takes place via the shrinking of a harmonic map, the “first”

harmonic map provides a natural threshold for global existence. This is expressed in the

threshold conjecture [91, 92, 66, 69, 18], see also the series of unpublished preprints

[98] and the earlier [93, 24] for the corotational setting. Recent works on energy-critical

wave maps focus on the precise asymptotic behavior and the soliton resolution conjecture

[22, 23, 21, 52, 56, 55, 41].

The present paper is concerned with the energy-supercritical case d ≥ 3, where the

conservation of energy is of no use for the study of the Cauchy problem. Therefore, the

understanding of large-data evolutions is still comparatively poor. The existence of self-

similar blowup for d ≥ 3 is established in [87, 103, 15, 5, 7]. Motivated by numerical

evidence [8], the stability of self-similar blowup under perturbations that are small in

Sobolev spaces of sufficiently high order is proved in [38, 29, 19, 20, 16, 32, 4]. We

also remark that starting from dimension 7, another blowup mechanism occurs which

is more reminiscent of the energy-critical case [48], see [27, 17] for other large-data

results. Blowup stability in critical Sobolev spaces has so far been established for the

four-dimensional wave maps equation [40] and the simpler energy-criticial wave equation

in dimensions 3 ≤ d ≤ 6 [30, 34, 104]. We also want to mention [11] for an extension

to randomized perturbations.

1.3. Outline of the proof. To prove Theorem 1.1 we follow the strategy laid out in

[40] and which itself built on the previous works [30] and [34]. However, in contrast to

the four-dimensional case studied in [40], the optimal Sobolev spaces here are of fractional

order. This causes major additional problems throughout our analysis of equation (1.1)

which were not present in previous works.

The first step in analysing Eq. (1.1) is the symmetry reduction. From the special

corotational form of the prescribed data and the preservation of that symmetry class by

the wave maps flow it follows that the associated solution U is of the form

U(t, x) =

(
sin(|x|u(t, x)) x

|x|

cos(|x|u(t, x))

)
(1.2)
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for a smooth function u : [0, T ) × R3 → R such that u(t, .) is radial for each t ∈ [0, T ).

Further, the corotational ansatz simplifies Eq. (1.1) to the semilinear equation(
∂2
t − ∂2

r −
4

r
∂r

)
ũ(t, r) +

sin(2rũ(t, r))− 2rũ(t, r)

r3
= 0 (1.3)

for r > 0, where u(t, x) = ũ(t, |x|). Note that 1.3 is a 5-dimensional equation rather than

a 3-dimensional one, as one would perhaps expect. Therefore, it is natural to view u

as a radial function on [0, T ) × R5 instead of [0, T ) × R3. Moreover, a Taylor expansion

shows that the apparent singularity in (1.3) is in fact removable and the nonlinearity is

perfectly smooth. Theorem 1.1 is then essentially a consequence of the following result.

Theorem 1.2. There exist δ0,M > 0 such that the following holds. Let f, g ∈
C∞(B5

1+δ) be radial and let δ ∈ [0, δ0] be such that

‖(f, g)− (u1
∗(0, .), ∂0u

1
∗(0, .))‖H 3

2×H
1
2 (B5

1+δ)
≤ δ

M
.

Then there exists a blowup time T ∈ [1− δ, 1 + δ] and a unique smooth solution

u :
{

(t, x) ∈ [0, T )× R5 : |x| ≤ T − t
}
→ R

of Eq. (1.3) satisfying u(0, .) = f and ∂0u(0, .) = g on B5
T . Furthermore, we have the

Strichartz estimates ∫ T

0

∥∥u(t, .)− uT∗ (t, .)
∥∥2

L10(B5
T−t)

dt ≤ δ2, (1.4)

and ∫ T

0

∥∥u(t, .)− uT∗ (t, .)
∥∥6

Ẇ 1, 3011 (B5
T−t)

dt ≤ δ6. (1.5)

We now give a nontechnical outline of the proof of Theorem 1.2.

• First, we perform preliminary coordinate transformations and choose the right

functional setup. Given the self-similar nature of the blowup, we recast Eq. (1.3)

in the similarity coordinates

τ = − log(T − t) + log(T ), ρ =
r

T − t
.

Then, we proceed to show that the operator corresponding to the free wave equa-

tion in these coordinates is densely defined and closable in different topologies

and that each of these closures generates a semigroup S0. More precisely, we

show that

‖S0(τ)‖H2×H1(B5
1) . e−

τ
2 ‖S0(τ)‖H1×L2(B5

1) . e
τ
2

which we interpolate to obtain

‖S0(τ)‖
H

3
2×H

1
2 (B5

1)
. 1.
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We also borrow the estimate ‖S0(τ)‖H3×H2(B5
1) . e−τ from [37], as H3×H2(B5

1)

happens to be the space in which a better part of our analysis is carried out. We

then linearise the nonlinearity around uT∗ and study the resulting linear operator

L. Utilizing [20] enables us to infer that L has precisely one eigenvalue λ = 1

in the (closed) complex right half-plane with a corresponding rank 1 spectral

projection P. However, we cannot rigorously exclude the existence of finitely

many eigenvalues with real parts bigger than −1. But what we do know is that

all of these possible eigenvalues have finite algebraic multiplicities. Hence, the

semigroup S(τ) generated by L satisfies

‖S(τ)(I−Q)(I−P)‖H3×H2(B5
1) . e−

3
4
τ ,

where Q is the spectral projection associated to all eigenvalues λi with −1 <

Reλi < 0.

• To control the evolution, we next derive Strichartz estimates for S(τ)(I − P).

We accomplish this by asymptotically constructing the resolvent of L and repre-

senting the semigroup as the Laplace inversion of (λ − L)−1 =: RL(λ). For the

resolvent construction it is crucial that the spectral equation (λ− L)u = f with

u = (u1, u2) and f = (f1, f2) reduces to the second order ODE

(ρ2 − 1)u′′1(ρ) +

(
2(λ+ 2)ρ− 4

ρ

)
u′1(ρ) + (λ+ 2)(λ+ 1)u1(ρ)

− 16

(1 + ρ2)2
u1(ρ) = Fλ(ρ)

(1.6)

with Fλ(ρ) = f2(ρ) + (λ + 2)f1(ρ) + ρf ′1(ρ) and ρ ∈ (0, 1). The construction of

RL(λ) is carried out by an intricate asymptotic ODE analysis of Eq. (1.6) based

on a Liouville Green transform, Bessel asymptotics, and Volterra iterations.

• Having done this, we turn to the somewhat lengthy task of obtaining Strichartz

estimates by estimating the oscillatory integrals occurring in the Laplace inver-

sion of RL. A first idea would be to obtain estimates of the form

‖[S(τ)(I−P)f ]1‖Lp1τ (R+)Lq1 (B5
1) . ‖f‖H1×L2(B5

1) (1.7)

and

‖[S(τ)(I−P)f ]1‖Lp2τ (R+)Lq2 (B5
1) . ‖f‖H2×H1(B5

1)

and interpolate between them, where [S(τ)(I−P)f ]1 denotes the first component

of S(τ)(I − P)f . There is, however, a problem with this naive ansatz. In the

H1 × L2 universe the spectrum of L, σ(L), satisfies{
z ∈ C : Re z < 1

2

}
∪ {1} ⊂ σ(L).
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Consequently, the best estimate one can hope for is of the form

‖[e−
τ
2 S(τ)(I−P)f ]1‖Lp1τ (R+)Lq1 (B5

1) . ‖f‖H1×L2(B5
1).

Thus, for the interpolation argument to work, the corresponding H2 × H1 es-

timate needs to compensate the added decay in τ . In other words, we have to

derive estimates of the type

‖[e
τ
2 S(τ)(I−P)f ]1‖Lp2τ (R+)Lq2 (B5

1) . ‖f‖H2×H1(B5
1) (1.8)

and indeed we can show such estimates, but only after removing directions with

insufficient decay. Formally, the estimates we prove are given by

‖[e
τ
2 S(τ)(I−Q)(I−P)f ]1‖Lp2τ (R+)Lq2 (B5

1) . ‖f‖H2×H1(B5
1) (1.9)

Hence, we still have to control the evolution on the image of Q. For this, we will

make use of the following lemma.

Lemma 1.1. Let H be a Hilbert space . Then, for any densely defined operator

T : D(T ) ⊂ H → H with finite rank, there exists a dense subset X ⊂ H with

X ⊂ D(T ) and a bounded linear operator T̂ : H → H such that

T |X = T̂ |X .

By applying this result to Q, viewed as a densely defined unbounded operator

on H
3
2 ×H 1

2 (B5
1), we manage to arrive at the desired estimates

‖[S(τ)(I−P)f ]1‖Lpτ (R+)Lq(B5
1) . ‖f‖H 3

2×H
1
2 (B5

1)
. (1.10)

Analogously, we derive other spacetime estimates involving (fractional) deriva-

tives on the right-hand side.

• Finally, the full nonlinear problem is treated by fixed point arguments in an

appropriate Strichartz space.

2. Transformations and Semigroup theory

In all what follows we identify radial functions with their radial representatives. More-

over, any vector space, for instance Hk(B5
1) or Ck(B5

1), always denotes the corresponding

radial subspace within that space. Before we can properly analyze Eq. (1.3) in the light-

cone ΓT := {(t, r) ∈ [0,∞)2 : r ≤ T − t}, we first need the right choice of coordinates.

For our purposes, suitable coordinates are given by the similarity coordinates

τ = − log(T − t) + log(T ), ρ =
r

T − t
. (2.1)
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Thus, we set ψ(τ, ρ) = Te−τu(T − Te−τ , T e−τρ) and switch to the similarity coordinates

which turns Eq. (1.3) into(
2 + 3∂τ + ∂2

τ + 2ρ∂τ∂ρ + 4ρ∂ρ −
4

ρ
∂ρ + (ρ2 − 1)∂2

ρ

)
ψ +

sin(2ρψ)− 2ρψ

ρ3
= 0, (2.2)

where we omit the arguments of ψ for brevity. Next, we define

ψ1(τ, ρ) := ψ(τ, ρ)

and

ψ2(τ, ρ) := (1 + ∂τ + ρ∂ρ)ψ1(τ, ρ),

which yields the system

∂τψ1 = ψ2 − ψ1 − ρ∂ρψ1

∂τψ2 = ∂2
ρψ1 +

4

ρ
∂ρψ1 − ρ∂ρψ2 − 2ψ2 −

3 sin(2ρψ1)− 6ρψ1

2ρ3
,

(2.3)

with initial data

ψ1(0, ρ) = Tf(Tρ), ψ2(0, ρ) = T 2g(Tρ).

We also remark that in these coordinates the blowup function uT∗ is of the form

Ψ∗(ρ) =

(
2
ρ

arctan(ρ)
2

1+ρ2

)
.

2.1. Semigroup theory. Motivated by the above evolution equation, we define the

differential operator L̃0 as

L̃0u(ρ) :=

(
−ρu′1(ρ)− u1(ρ) + u2(ρ)

u′′1(ρ) + 4
ρ
u′1(ρ)− ρu′2(ρ)− 2u2(ρ)

)
,

where u = (u1, u2) with domain

D(L̃0) := {u ∈ C4 × C3
(
B5

1

)
: u radial}.

We also define two inner products (., .)E1 and (., .)E2 on D(L̃0) as

(u,v)E1 :=

∫ 1

0

u′1(ρ)v′1(ρ)ρ4dρ+

∫ 1

0

u2(ρ)v2(ρ)ρ4dρ

+ u1(1)v1(1)

and

(u,v)E2 : = 8

∫ 1

0

u′′1(ρ)v′′1(ρ)ρ4dρ+ 32

∫ 1

0

u′1(ρ)v′1(ρ)ρ2dρ+ 2

∫ 1

0

u′2(ρ)v′2(ρ)ρ4dρ

+ u1(1)v1(1) + u2(1)v2(1).

Further, we denote the associated norms by ‖.‖Ej . Then the following estimate holds.

164



Lemma 2.1. The operator L̃0 satisfies

Re(L̃0u,u)E1 ≤
1

2
‖u‖2

E1 .

for all u ∈ D(L̃0).

Proof. Integrating by parts shows

−
∫ 1

0

u′′1(ρ)u′1(ρ)ρ5dρ = −|u′1(1)|2 + 5

∫ 1

0

|u′1(ρ)|2ρ4dρ+

∫ 1

0

u′1(ρ)u′′1(ρ)ρ5dρ

and so,

−Re

∫ 1

0

u′′1(ρ)u′1(ρ)ρ5dρ = −|u
′′
1(1)|2

2
+

5

2

∫ 1

0

|u′1(ρ)|2ρ4dρ.

Consequently,∫ 1

0

[L̃0u]′1(ρ)u′1(ρ)ρ4dρ =
1

2

∫ 1

0

|u′1(ρ)|2ρ4dρ+

∫ 1

0

u′2(ρ)u′1(ρ)ρ4dρ− 1

2
|u′1(1)|2.

Similarly, ∫ 1

0

[L̃0u]2(ρ)u2(ρ)ρ4dρ =
1

2

∫ 1

0

|u2(ρ)|2ρ4dρ+ 4

∫ 1

0

u′1(ρ)u2(ρ)ρ3dρ

+

∫ 1

0

u′′1(ρ)u2(ρ)ρ4dρ− 1

2
|u′1(1)|2.

Further, given that∫ 1

0

u′′1(ρ)u2(ρ)ρ4dρ = u′1(1)u2(1)−
∫ 1

0

u′1(ρ)u′2(ρ)ρ4dρ− 4

∫ 1

0

u′1(ρ)u2(ρ)ρ3dρ,

we obtain

Re(L̃0u,u)E1 =
1

2

∫ 1

0

(
|u′1(ρ)|2ρ4 + |u2(ρ)|2ρ4

)
dρ− 1

2

(
|u′1(1)|2 + |u2(1)|2

)
+ Re

(
u2(1)u′1(1)− u′1(1)u1(1)− |u1(1)|2 + u2(1)u1(1)

)
.

By employing the elementary inequality

Re(ab+ ac− bc) ≤ 1

2
(|a|2 + |b|2 + |c|2),

with a = u2(1), b = u2(1), c = u1(1) we deduce that

Re(L̃0u,u)E1 ≤
1

2

∫ 1

0

(
|u′1(ρ)|2ρ4 + |u2(ρ)|2ρ4

)
dρ ≤ 1

2
‖u‖2

E1 .

�

For the inner product (., .)E2 we can derive a similar but better estimate.

Lemma 2.2. The operator L̃0 satisfies

Re(L̃0u,u)E2 ≤ −
1

2
‖u‖2

E2
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for all u ∈ D(L̃0).

Proof. Let u ∈ D(L̃0). Integrating by parts as above shows that

Re

∫ 1

0

[L̃0u]′′1(ρ)u′′1(ρ)ρ4dρ = Re

(
−
∫ 1

0

u
(3)
1 (ρ)u′′1(ρ)ρ5dρ+

∫ 1

0

u′′2(ρ)u′′1(ρ)ρ4dρ

)
− 3

∫ 1

0

|u′′1(ρ)|2ρ4dρ

=− 1

2

∫ 1

0

|u′′1(ρ)|2ρ4dρ− |u
′′
1(1)|2

2
+ Re

∫ 1

0

u′′2(ρ)u′′1(ρ)ρ4dρ.

Similarly, we see that

Re

∫ 1

0

[L̃0u]′2(ρ)u′2(ρ)ρ4dρ = Re

∫ 1

0

u
(3)
1 (ρ)u′2(ρ)ρ4dρ

+ Re

(
4

∫ 1

0

[
u′′1(ρ)u′2(ρ)ρ3 − u′1(ρ)u′2(ρ)ρ2

]
dρ

)
− 1

2

∫ 1

0

|u′2(ρ)|2ρ4dρ− |u
′
2(1)|2

2

= Re

(
−
∫ 1

0

u′′1(ρ)u′′2(ρ)ρ5dρ− 4

∫ 1

0

u′1(ρ)u′2(ρ)ρ3dρ

)
+ Re(u′′1(1)u′2(1))− |u

′
2(1)|2

2
− 1

2

∫ 1

0

|u′2(ρ)|2ρ4dρ.

It follows that

Re

∫ 1

0

(
[L̃0u]′′1(ρ)u′′1(ρ) + [L̃0u]′2(ρ)u′2(ρ)

)
ρ4dρ =− 1

2
(|u′′1(1)|2 + |u′2(1)|2)

+ Re(u′′1(1)u′2(1))− 1

2

∫ 1

0

|u′′1(ρ)|2ρ4dρ

− 1

2

∫ 1

0

|u′2(ρ)|2ρ4dρ

− 4 Re

∫ 1

0

u′1(ρ)u′2(ρ)ρ3dρ =: I1.

A short calculation then shows

8I1 + 32 Re

∫ 1

0

[L̃0u]′1(ρ)u′1(ρ)ρ2dρ ≤− 4

∫ 1

0

|u′′1(ρ)|2ρ4dρ− 4

∫ 1

0

|u′2(ρ)|2ρ4dρ

− 16

∫ 1

0

|u′1(ρ)|2ρ2 − 1

2

(
|u′′1(1)|2 + |u′2(1)|2

)
− 16|u′1(1)|2 + Re(u′′1(1)u′2(1)).
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Consequently, adding up all the boundary terms yields

− 1

2

(
|u′′1(1)|2 + |u′2(1)|2

)
− 16|u′1(1)|2 + Re(u′′1(1)u′2(1))

+ [L̃0u]1(1)u1(1) + [L̃0u]2(1)u2(1)

= −1

2

(
|u′′1(1)|2 + |u′2(1)|2

)
− 16|u′1(1)|2 + Re(u′′1(1)u′2(1))

+ Re
(
u1(1)u2(1)− u′1(1)u1(1)

)
− |u1(1)|2

+ Re
(
u′′1(1)u2(1) + 4u′1(1)u2(1)− u′2(1)u2(1)

)
− 2|u2(1)|2.

By again employing the inequality

Re(ab+ ac− bc) ≤ 1

2
(|a|2 + |b|2 + |c|2),

once with a = u2(1), b = u′1(1), c = u1(1) and once with a = u′′1(1), b = u′2(1), c = u2(1),

we obtain

Re
(
L̃0u,u

)
E2
≤ −4

∫ 1

0

|u′′1(ρ)|2ρ4dρ− 4

∫ 1

0

|u′2(ρ)|2ρ4dρ− 16

∫ 1

0

|u′1(ρ)|2ρ2dρ

+ Re
(

3u′1(1)u2(1)
)
− 15|u′1(1)|2 − 1

2
|u1(1)|2 − |u2(1)|2

≤ −1

2
‖u‖2

E2 .

�

To be able to invoke the Lumer Phillips Theorem we carry on by showing the density

of the range of (1− L̃0).

Lemma 2.3. Let f ∈ C∞ × C∞(B5
1). Then there exists a u in D(L̃0) such that

(1− L̃0)u = f

Proof. The equation (λ− L̃0)u = f written out explicitly reads

(1 + λ)u1(ρ) + ρu′1(ρ)− u2(ρ) = f1(ρ)

(2 + λ)u2(ρ) + ρu′2(ρ)− u′′1(ρ)− 4

ρ
u′1(ρ) = f2(ρ)

and the first of the above equations implies that

u2(ρ) = (1 + λ)u1(ρ) + ρu′1(ρ)− f1(ρ). (2.4)

Setting λ = 1 and plugging this into the second one yields

(ρ2 − 1)u′′1(ρ) +

(
6ρ− 4

ρ

)
u′1(ρ) + 6u1(ρ) = F1(ρ) (2.5)
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with F1(ρ) = f2(ρ)+3f1(ρ)+ρf ′1(ρ). A fundamental system for the homogeneous equation

(ρ2 − 1)u′′1(ρ) +

(
6ρ− 4

ρ

)
u′1(ρ) + 6u1(ρ) = 0

is given by

ψ0(ρ) :=
tanh−1(ρ)− ρ

ρ3
, ψ1(ρ) := ρ−3,

and the Wronskian of these two is given by

W (ψ0, ψ1)(ρ) = − 1

ρ4(1− ρ2)
.

By the variation of constants formula, a solution u1 of Eq. (2.5) is then given by

u1(ρ) = ψ0(ρ)

∫ 1

ρ

ψ1(s)F1(s)

W (ψ0, ψ1)(s) (s2 − 1)
ds+ ψ1(ρ)

∫ ρ

0

ψ0(s)F1(s)

W (ψ0, ψ1)(s) (s2 − 1)
ds

=
tanh−1(ρ)− ρ

ρ3

∫ 1

ρ

sF1(s)ds+ ρ−3

∫ ρ

0

(s tanh−1(s)− s2)F1(s)ds.

From standard ODE theory it follows that u1 ∈ C∞((0, 1)). Moreover, a Taylor expansion

shows that ψ0 is a smooth even function on [0, 1) and so

ρ 7→ ψ0(ρ)

∫ 1

ρ

sF1(s)ds ∈ C∞([0, 1))

Next, we rescale according to ρt = s to obtain that

i1(ρ) := ρ−3

∫ ρ

0

(s tanh−1(s)− s2)F1(s)ds =

∫ 1

0

t

(
tanh−1(ρt)

ρ
− t
)
F1(ρt)dt.

For ρ close to 0 a Taylor expansions shows that

tanh−1(ρt)

ρ
− t =

ρ2t

3
− ρ4t5

5
+O(ρ6t7)

where the O term is a smooth function. Consequently, we infer that i1 ∈ C∞([0, 1)) with

i′1(0) = i
(3)
1 (0) = 0. (2.6)

Thus, u1 ∈ C∞([0, 1)) and by combining (2.6) with the fact that ψ0 is even one easily

establishes that u1(0) = u
(3)
1 (0) = 0. Therefore, we are left with checking the behavior of

u1 at ρ = 1. For this we remark that we can recast u1 as

u1(ρ) =
tanh−1(ρ)

ρ3

∫ 1

ρ

sF1(s)ds+ ρ−3

∫ ρ

0

s tanh−1(s)F1(s)ds+ r1(ρ)

where r1 is a smooth function at ρ = 1. So, we only have to show that

v1(ρ) := tanh−1(ρ)

∫ 1

ρ

sF1(s)ds+

∫ ρ

0

s tanh−1(s)F1(s)ds
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is regular enough at 1. Clearly, v1 is continuous at 1 and

v′1(ρ) =
1

1− ρ2

∫ 1

ρ

sF1(s)ds.

Further, ∫ 1

ρ

sF1(s)ds =

∫ 0

ρ−1

(s+ 1)F1(s+ 1)ds

=

∫ 0

ρ−1

1−ρ2

(y(1− ρ2) + 1)F1(y(1− ρ2) + 1)(1− ρ2)ds.

Hence,

v′1(ρ) =

∫ 0

−(1+ρ)−1

(y(1− ρ2) + 1)F1(y(1− ρ2) + 1)ds

and this is visibly smooth at ρ = 1. Summarizing, we see that

u1 ∈ C4([0, 1]), u′1(0) = u
(3)
1 (0) = 0

and from Eq. (2.4) it follows that u ∈ D(L̃0). �

The last few lemmas allow us to invoke the Lumer Phillips Theorem. However, since

we would rather like to work in standard Hk spaces, we first prove the equivalences of

the norms Ej with standard radial Sobolev norms. For this we will require the following

version of Hardy’s inequality

Lemma 2.4. The estimates

‖|.|−1f‖L2(B5
1) . ‖f‖H1(B5

1)

and

‖|.|−2f‖L2(B5
1) . ‖f‖H2(B5

1)

hold for all f ∈ C2(B5
1).

Proof. The first estimate is just Lemma 4.7 in [34]. For the second one, we let

E : H2(B5
1)→ H2(R5)

be a bounded extension operator. Then, by Hardy’s inequality,

‖|.|−2f‖L2(B5
1) ≤ ‖|.|−2Ef‖L2(R5) . ‖Ef‖Ḣ2(R5) . ‖f‖H2(B5

1).

�

Lemma 2.5. The estimate

‖|.|−1f ′‖L2(B5
1) . ‖f‖H2(B5

1)

holds for all f ∈ C2(B5
1).
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Proof. This is an immediate consequence of Lemma 4.1 in [36]. �

Lemma 2.6. The norms ‖.‖Ej and ‖.‖Hj×Hj−1(B5
1) are equivalent on D(L̃0). Conse-

quently, they are also equivalent on H2 ×H1(B5
1).

Proof. For j = 1 this is Lemma 2.2 in [34]. For j = 2, the inequality

‖.‖H2×H1(B5
1) . ‖.‖E2

is an immediate consequence of the estimate∫ 1

0

|u(ρ)|2ρ4dρ .
∫ 1

0

|u′(ρ)|2ρ4dρ+ |u(1)|2

and the triangle inequality. For the other inequality, we first note that

|u(1)| .
∣∣∣∣∫ 1

0

∂ρ(u(ρ)ρ4)dρ

∣∣∣∣ . ‖u‖H1(B5
1) + ‖|.|−1u‖L2(B5

1) . ‖u‖H1(B5
1)

for all u ∈ C1(B5
1). Therefore,

|u1(1)|2 + |u2(1)|2 . ‖(u1, u2)‖2
H2×H1(B5

1).

Further, ∫ 1

0

|u′1(ρ)|2ρ2dρ . ‖(u1, u2)‖2
H2×H1(B5

1)

thanks to Lemma 2.5. Finally,∫ 1

0

|u′′1(ρ)|2ρ4dρ . ‖(u1, u2)‖2
H2×H1(B5

1) +

∫ 1

0

|u′1(ρ)|2ρ2dρ . ‖(u1, u2)‖2
H2×H1(B5

1).

�

Lemma 2.7. The operator L̃0 is closable and its closure, denoted by L0, generates a

semigroup S0 on H1 × L2(B5
1) such that

‖S0(τ)f‖H1×L2(B5
1) . e

τ
2 ‖f‖H1×L2(B5

1)

for all f ∈ H1×L2(B5
1) and all τ ≥ 0. Furthermore, the restriction of S0 to H2×H1(B5

1)

satisfies

‖S0(τ)f‖H2×H1(B5
1) . e−

τ
2 ‖f‖H2×H1(B5

1)

for all f ∈ H2 ×H1(B5
1) and all τ ≥ 0.

Next, we state another useful Lemma which is a special case of Proposition 4.9 in

[37].

Lemma 2.8. The restriction of S0 to H3 ×H2(B5
1) satisfies

‖S0(τ)f‖H3×H2(B5
1) . e−τ‖f‖H3×H2(B5

1)

for all f ∈ H3 ×H2(B5
1) and all τ ≥ 0.
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Proof. This is Proposition 3.3. in [37]. �

Furthermore, by employing the estimates from Lemmas 2.1 and 2.2, one easily derives

the following additional growth estimates on S0. To proceed, we use that H
3
2 ×H 1

2 (B5
1)

is an exact interpolation space of H2 × H1(B5
1) and H1 × L2(B5

1) of order 1
2
, see [102,

p. 317, Subsection 4.3.1.1, Theorem 1], to conclude the next result.

Lemma 2.9. The semigroup S0 satisfies

‖S0(τ)f‖
H

3
2×H

1
2 (B5

1)
. ‖f‖

H
3
2×H

1
2 (B5

1)

for all f ∈ H 3
2 ×H 1

2 (B5
1) and all τ ≥ 0.

It is also vital for us that S0 satisfies appropriate Strichartz estimates, provided we

restrict T to the interval [1
2
, 3

2
]. This restriction leads to no loss of generality for us, as

we are only interested in values of T which lie close to 1 anyway. Henceforth, we assume

that T ∈ [1
2
, 3

2
] from now on.

Lemma 2.10. Let p ∈ [2,∞] and q ∈ [10
3
,∞] be such that 1

p
+ 5

q
= 1. Then we have

the estimate

‖ [S0(τ)f ]1 ‖Lpτ (R+)Lq(B5
1) . ‖f‖H 3

2×H
1
2 (B5

1)

for all f ∈ H 3
2 ×H 1

2 (B5
1). Furthermore, also the inhomogeneous estimate∥∥∥∥∫ τ

0

[S0(τ − σ)h(σ)]1 dσ

∥∥∥∥
Lpτ (I)Lq(B5

1)

. ‖h‖
L1(I)H

3
2×H

1
2 (B5

1)

holds for all h ∈ L1(R+, H
3
2 ×H 1

2 (B5
1)) and all intervals I ⊂ [0,∞) containing 0.

Proof. This follows by restricting the standard Strichartz estimates for the free wave

equation to the lightcone, cf. [40]. �

Lemma 2.11. The estimates

‖ [S0(τ)f ]1 ‖L2
τ (R+)W

1
2 ,5(B5

1)
. ‖f‖

H
3
2×H

1
2 (B5

1)

and

‖ [S0(τ)f ]1 ‖L6
τ (R+)W 1, 3011 (B5

1)
. ‖f‖

H
3
2×H

1
2 (B5

1)

hold for all f ∈ H 3
2 ×H 1

2 (B5
1). Furthermore, also the inhomogeneous estimates∥∥∥∥∫ τ

0

[S0(τ − σ)h(σ)]1 dσ

∥∥∥∥
L2
τ (R+)W

1
2 ,5(B5

1)

. ‖h‖
L1(I)H

3
2×H

1
2 (B5

1)

and ∥∥∥∥∫ τ

0

[S0(τ − σ)h(σ)]1 dσ

∥∥∥∥
L6
τ (R+)W 1, 3011 (B5

1)

. ‖h‖
L1(I)H

3
2×H

1
2 (B5

1)
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hold for all h ∈ L1(R+, H
3
2 ×H 1

2 (B5
1)) and all intervals I ⊂ [0,∞) containing 0.

To get a better understanding of the dynamics of solutions which are close to uT∗ , we

linearise the nonlinearity around this solution. For this, we set Ψ = Φ + Ψ∗, where Ψ∗ is

the transformed blow up solution uT∗ , and formally linearize the nonlinearity around Ψ∗.

This results in a linear operator L′ given by

L′u(ρ) =

(
0

16
(1+ρ2)2

u1(ρ)

)
and a formal nonlinear operator N given by

N(u)(ρ) :=

(
0

N(ψ∗1 + u1)(ρ)−N(ψ∗1)(ρ)− 16
(1+ρ2)2

u1(ρ)

)
.

Lastly, we define L := L0 + L′ and note that we have the following result.

Lemma 2.12. The operator L′ is a compact operator on Hs×Hs−1(B5
1) for any s ≥ 1.

Proof. This is an immediate consequence of the compactness of the embedding

Hs(B5
1) ↪→ Hs′(B5

1) for s > s′ ≥ 0. �

Consequently, the Bounded Perturbation Theorem implies that L will also generate a

semigroup on each of the previously employed Sobolev spaces Hs ×Hs−1(B5
1), which we

denote by S. With this, we can at least formally rewrite our equation in Duhamel form

as

Φ(τ) = S(τ)u +

∫ τ

0

S(τ − σ)N(Φ(σ))dσ. (2.7)

To make sense of this equation, we will show in the following that S satisfies Strichartz

estimates as in Lemma 2.10, provided we project away the unstable direction. This will

naturally give meaning to Eq. (2.7) in an appropriate Strichartz space.

2.2. Spectral analysis of L. From now on L will always denote the version of L

that is a densely defined closed operator with

L : D(L) ⊂ H3 ×H2(B5
1)→ H3 ×H2(B5

1),

unless specifically stated otherwise. Then, for any λ ∈ C with Reλ > −1, we have

λ ∈ ρ(L0) since

‖S0(τ)f‖H3×H2(B5
1) . e−τ‖f‖H3×H2(B5

1)

for all τ ≥ 0 and all f ∈ H3 ×H2(B5
1). As a consequence, the identity

λ− L = (1− L′RL0(λ))(λ− L0)

with RL0(λ) := (λ−L0)−1 implies that any spectral point λ with Reλ > −1 has to be an

eigenvalue of finite algebraic multiplicity by the spectral theorem for compact operators.
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Lemma 2.13. The point spectrum σp(L) of L is contained in the set {z ∈ C : Re z <

0}∪{1}. Furthermore, the eigenvalue 1 has geometric and algebraic multiplicity one and

an associated eigenfunction is given by

g(ρ) =

(
1

1+ρ2

2
(1+ρ2)2

)
.

Proof. That the point spectrum really is a subset of {z ∈ C : Re z < 0}∪{1} follows

as in [40]. To discern the properties of the eigenvalue 1, we start by noting that obviously

g ∈ D(L) and a straightforward computation shows that (1 − L)g = 0. Moreover, the

calculations in the proof of Lemma 2.3 show that the equation (λ−L)u = 0 is equivalent

to

u2(ρ) = (1 + λ)u1(ρ) + ρu′1(ρ) (2.8)

and the second order linear differential equation

(ρ2− 1)u′′1(ρ) +

(
2(λ+ 2)ρ− 4

ρ

)
u′1(ρ) + (λ+ 2)(λ+ 1)u1(ρ)− 16

(1 + ρ2)2
u1(ρ) = 0. (2.9)

For λ = 1 we use reduction of order to obtain a second solution to equation (2.9),

g̃1(ρ) =
12ρ3 tanh−1(ρ)− 9ρ2 − 1

ρ3(ρ2 + 1)
.

Hence, any solution of Eq. (2.9) has to be a linear combination of g1 and g̃1. As

g̃1 /∈ H1(B5
1), we conclude that an eigenfunction has to be a multiple of g since the

second component of any eigenfunction is uniquely determined by its first through (2.8).

Therefore, the geometric multiplicity of the eigenvalue 1 is one. Moving on, we define P

to be the spectral projection associated to this eigenvalue, i.e.,

P :=

∫
γ

RL(λ)dλ,

where γ : [0, 1] → C, γ(t) = 1 + e2πit

2
. Moreover, as the essential spectrum of L0 is

invariant under compact perturbations, we see that dim P < ∞. Now, given that P is

a projection, we can decompose H3 ×H2(B5
1) into the closed subspaces rgP and kerP.

This also yields a decomposition of L into the operators LrgP and LkerP, which act as

operators on rgP and kerP, respectively. The inclusion 〈g〉 ⊂ rgP is immediate and we

claim that in fact rgP = 〈g〉. To show this, we first remark that the finite-dimensional

operator (IrgP − LrgP) : rgP→ rgP is nilpotent as its only eigenvalue is 0. Thus, there

exists a minimal n ∈ N such that (IrgP − LrgP)nu = 0 for all u ∈ rgP. If n = 1, we are

done. If not, then there exists a v ∈ rgP such that (IrgP − LrgP)v = g. This implies

that v1 satisfies the inhomogeneous ODE

(ρ2 − 1)v′′1(ρ) +

(
6ρ− 4

ρ

)
v′1(ρ) +

(
6− 16

(1 + ρ2)2

)
v1(ρ) = G(ρ)
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with G(ρ) = g2(ρ) + 3g1(ρ) + ρg′1(ρ) = 7+ρ2

(1+ρ2)2
. By the variation of constants formula, v1

has to be of the form

v1(ρ) =c1g1(ρ) + c2g̃1(ρ)− g1(ρ)

∫ 1

ρ

g̃1(s)G(s)

(1− s2)W (g1, g̃1)(s)
ds

− g̃1(ρ)

∫ ρ

0

g1(s)G(s)

(1− s2)W (g1, g̃1)(s)
ds

with c1, c2 ∈ C. Note that

W (g1, g̃1)(ρ) =
3

ρ4(1− ρ2)

is strictly positive on (0, 1) and therefore nonvanishing on that interval. Evidently, both
g1(ρ)G(ρ)

(1−ρ2)W (g1,g̃1)(ρ)
and g̃1(ρ)G(ρ)

(1−ρ2)W (g1,g̃1)(ρ)
are continuous on [0, 1]. Consequently, since g̃1 /∈

L2(B5
1), we must have c2 = 0. Furthermore, |g̃′1(ρ)| ' (1− ρ)−1 near ρ = 1 and thus, for

v to be in H1(B5
1), we must necessarily have∫ 1

0

g1(s)G(s)

(1− s2)W (g1, g̃1)(s)
ds = 0.

This is however impossible due to the strict positivity of the integrand on (0, 1). �

Lemma 2.14. The essential spectrum of L, denoted by σe(L) satisfies

σe(L) ⊂ {z ∈ C : Re(z) ≤ −1}.

In addition, any spectral point λ with Reλ > −1 is an eigenvalue of finite algebraic

multiplicity and there exist only finitely many such spectral points.

Proof. The first claim is an immediate consequence of the growth bound

‖S0(τ)f‖H3×H2(B5
1) . e−τ‖f‖H3×H2(B5

1).

The second follows from invoking Theorem B.1 in [49]. �

A calculation which is very similar to the one done in the proof of Lemma 2.6 in [34]

yields our next result.

Lemma 2.15. Let η > −1. Then there exist constants Cη, Kη > 0 such that

‖RL(λ)f‖H3×H2(B5
1) ≤ Cη‖f‖H3×H2(B5

1)

for all λ ∈ C satisfying |λ| ≥ Kη and Reλ ≥ η and all f ∈ H3 ×H2(B5
1).

Let now Q be the spectral projection associated to the finite set of eigenvalues

{λ ∈ σ(L) : −1 < Reλ < 0}.

Moreover, we remark that when viewed as a densely defined, closed operator on H
3
2 ×

H
1
2 (B5

1), the calculations in the proof of Lemma 2.13 show that in this case we have that

σ(L) ⊂ {z ∈ C : Re(z) ≤ 0} ∪ {1} and σp(L) ⊂ {z ∈ C : Re(z) < 0} ∪ {1}
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and 1 remains a simple eigenvalue. We denote by P the corresponding bounded projection

P : H
3
2 ×H 1

2 (B5
1)→ 〈g〉.

Lemma 2.16. Let η > −1. Then there exists a constant Cη > 0 such that

‖S(τ)(I−Q)(I−P)f‖H3×H2(B5
1) ≤ Cηe

ητ‖f‖H3×H2(B5
1)

for all f ∈ H3 ×H2(B5
1) and all τ ≥ 0.

Proof. This Lemma follows immediately from Lemma 2.15 and the Gearhart-Prüss-

Greiner Theorem, see e.g. [46], p. 302, Theorem 1.11, since σ(LkerP∩kerQ) ⊂ {λ ∈ C :

Re(λ) ≤ −1}. �

As the growth estimate from Lemma 2.16 does not help us at the critical regularity,

at which analogous considerations would yield an exponentially growing bound for the

semigroup, a more sophisticated analysis is needed. So, let f ∈ C∞ × C∞(B5
1) and set

f̃ := (I−Q)(I−P)f ∈ D(L).

Then, for any η > −1, Laplace inversion yields

S(τ)f̃ = lim
N→∞

1

2πi

∫ η+iN

η−iN
eλτRL(λ)f̃dλ, (2.10)

see [46], p. 234, Corollary 5.15. Hence, to obtain enough qualitative information on the

semigroup S(I−Q)(I− P), we need to investigate RL(λ). To that end we remark that

u = RL(λ)f̃ implies (λ− L)u = f̃ , which in turn implies

(ρ2−1)u′′1(ρ)+

(
2(λ+ 2)ρ− 4

ρ

)
u′1(ρ)+(λ+2)(λ+1)u1−

16

(1 + ρ2)2
u1(ρ) = Fλ(ρ) (2.11)

where Fλ(ρ) = f2(ρ)+(λ+2)f1(ρ)+ρf ′1(ρ). Accordingly, our next step will be a detailed

analysis of Eq. (2.11).

3. ODE analysis

3.1. Preliminary transformations. Motivated by the spectral equation (2.11), we

study the ODE

(1− ρ2)u′′(ρ) +

(
4

ρ
− 2(λ+ 2)ρ

)
u′(ρ)− (λ+ 1)(λ+ 2)u(ρ)− V (ρ)u(ρ) = −Fλ(ρ)

(3.1)

for Reλ ∈ [−3
4
, 3

4
], λ 6= 0, and an arbitrary even potential V ∈ C∞([0, 1]). To get rid of

the first order term we set

v(ρ) = ρ2(1− ρ2)
λ
2 u(ρ),

which, for Fλ = 0, turns Eq. (3.1) into

v′′(ρ) +
−2 + ρ2(2 + 2λ− λ2)

ρ2(1− ρ2)2
v(ρ) =

V (ρ)

1− ρ2
v(ρ). (3.2)
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One of the main tools to study Eq. (3.2) is the diffeomorphism ϕ : (0, 1)→ (0,∞), given

by

ϕ(ρ) :=
1

2
(log(1 + ρ)− log(1− ρ)).

Observe that

ϕ′(ρ) =
1

1− ρ2

and that the associated Liouville-Green Potential Qϕ, defined by

Qϕ(ρ) := −3

4

ϕ′′(ρ)2

ϕ′(ρ)2
+

1

2

ϕ′′′(ρ)

ϕ′(ρ)
,

is given by

Qϕ(ρ) =
1

(1− ρ2)2
.

Hence, we rewrite Eq. (3.2) as

v′′(ρ) +
−1 + 2λ− λ2

(1− ρ2)2
v(ρ)− 2

ϕ(ρ)2(1− ρ2)2
v(ρ) +Qϕ(ρ)v(ρ)

=
V (ρ)

1− ρ2
+

(
2

ρ2(1− ρ2)2
− 2

(1− ρ2)2
− 2

ϕ(ρ)2(1− ρ2)2

)
v(ρ).

(3.3)

Next, we perform a Liouville-Green transformation, that is, we set w(ϕ(ρ)) := ϕ′(ρ)
1
2v(ρ),

which transforms

v′′(ρ) +
−1 + 2λ− λ2

(1− ρ2)2
v(ρ)− 2

ϕ(ρ)2(1− ρ2)2
v(ρ) +Qϕ(ρ)v(ρ) = 0 (3.4)

into

w′′(ϕ(ρ))− (1− λ)2w(ϕ(ρ))− 2

ϕ(ρ)2
w(ϕ(ρ)) = 0. (3.5)

This is now a Bessel equation with a fundamental system given by

cos(a(λ)ϕ(ρ))− sin(a(λ)ϕ(ρ))

a(λ)ϕ(ρ)

sin(a(λ)ϕ(ρ)) +
cos(a(λ)ϕ(ρ))

a(λ)ϕ(ρ)

with a(λ) = i(1− λ). From this we infer that

b1(ρ, λ) =
√

1− ρ2

(
sin(a(λ)ϕ(ρ))

a(λ)ϕ(ρ)
− cos(a(λ)ϕ(ρ))

)
b2(ρ, λ) =

√
1− ρ2

(
sin(a(λ)ϕ(ρ)) +

cos(a(λ)ϕ(ρ))

a(λ)ϕ(ρ)

)
is a fundamental system of Eq. (3.4).

3.2. Construction of fundamental systems.
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Lemma 3.1. There exist r > 0 and ρ0 ∈ [0, 1) such that for ρ ∈ [ρλ, 1), where

ρλ := min{ r
|1−λ| , ρ0}, and λ 6= 0 with −3

4
≤ Reλ ≤ 3

4
the equation

v′′(ρ) +
−2 + ρ2(2 + 2λ− λ2)

ρ2(1− ρ2)2
v(ρ) = 0 (3.6)

has a fundamental system of the form

h1(ρ, λ) =
√

1− ρ2

(
1− ρ
1 + ρ

) 1−λ
2 [

1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)
]

h2(ρ, λ) =
√

1− ρ2

(
1 + ρ

1− ρ

) 1−λ
2 [

1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)
]
,

where ω = Imλ.

Proof. We rewrite Eq. (3.6) as

v′′(ρ) +
2λ− λ2

(1− ρ2)2
v(ρ) =

2

ρ2(1− ρ2)
v(ρ)

and note that the equation

w′′(ρ) +
2λ− λ2

(1− ρ2)2
w(ρ) = 0

has a fundamental system of solutions given by

w1(ρ, λ) =
√

1− ρ2

(
1− ρ
1 + ρ

) 1−λ
2

w2(ρ, λ) =
√

1− ρ2

(
1 + ρ

1− ρ

) 1−λ
2

.

The Wronskian of these solutions is given by

W (w1(., λ), w2(., λ)) = 2(1− λ).

Therefore, Duhamel’s formula suggests the Volterra equation

w(ρ, λ) =w1(ρ, λ) +

∫ ρ1

ρ

w1(ρ, λ)w2(s, λ)

(1− λ)s2(1− s2)
w(s, λ)ds

−
∫ ρ1

ρ

w2(ρ, λ)w1(s, λ)

(1− λ)s2(1− s2)
w(s, λ)ds

(3.7)

for ρ > 1
|1−λ| . As w1(., λ) does not vanish on (0, 1), we can divide Eq. (3.7) by w1. For

the new variable w̃ = w
w1

, we then obtain the equation

w̃(ρ, λ) = 1 +

∫ ρ1

ρ

w1(s, λ)w2(s, λ)

(1− λ)s2(1− s2)
w̃(s, λ)ds−

∫ ρ1

ρ

w2(ρ, λ)w2
1(s, λ)

w1(ρ, λ)(1− λ)s2(1− s2)
w̃(s, λ)ds

= 1 +

∫ ρ1

ρ

1−
(

1+ρ
1−ρ

1−s
1+s

)1−λ

(1− λ)s2
w̃(s, λ)ds =: 1 +

∫ ρ1

ρ

K(ρ, s, λ)w̃(s, λ)ds.
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From 1
|1−λ| ≤ ρ ≤ s, we conclude that

∫ ρ1

1
|1−λ|

sup
ρ∈[ 1
|1−λ| ,s]

∣∣∣∣∣∣∣
1−

(
1+ρ
1−ρ

1−s
1+s

)1−λ

(1− λ)s2

∣∣∣∣∣∣∣ ds .
∫ ρ1

1
|1−λ|

1

s2|1− λ|
ds . 1

independent of ρ1 ∈ [ 1
|1−λ| , 1]. Consequently, we are able to set ρ1 = 1 and use Lemma

B.1 in [35] to infer the existence of a unique solution w̃ to Eq. (3.7) of the form

w̃(ρ, λ) = 1 +O(ρ−1〈ω〉−1).

Strictly speaking, the O-term also depends on Reλ but as this dependence is of no

relevance to us, we suppress it in our notation. Having established the existence of

h1 = ww̃1, one proceeds in the same manner as in [40], Lemma 4.1, to conclude that h1

is indeed of the desired form and that a second solution h2 to Eq. (3.6) of the claimed

form can be constructed. �

Without loss of generality we can assume that neither h1(., λ) nor h2(., λ) vanishes

anywhere on [ρλ, 1), as we can enlarge r and ρ0 if necessary. We now set ρ̂λ := min{1
2
(ρ0 +

1), 2r
|a(λ)|} ∈ (ρλ, 1) and with this, we turn to the full equation (3.2).

Lemma 3.2. Eq. (3.2) has a fundamental system of the form

ψ1(ρ, λ) =b1(ρ, λ)[1 +O(ρ2〈ω〉0)]

ψ2(ρ, λ) =b2(ρ, λ)[1 +O(ρ2〈ω〉0)] +O(ρ〈ω〉−2)

for all ρ ∈ (0, ρ̂λ] and all λ 6= 0 with −3
4
≤ Reλ ≤ 3

4
.

Proof. We start by noting that for ρ ∈ (0, ρ̂λ], the functions b1 and b2 satisfy

b1(ρ, λ) = O(ρ2〈ω〉2)

b2(ρ, λ) = O(ρ−1〈ω〉−1)
(3.8)

and that their Wronskian is given by

W (b1(., λ), b2(., λ)) = i(1− λ).

Therefore, we have to solve the fixed point problem

b(ρ, λ) =b1(ρ, λ)−
∫ ρ

0

b1(ρ, λ)b2(s, λ)Ṽ (s)

i(1− λ)(1− s2)
b(s, λ)ds

+

∫ ρ

0

b2(ρ, λ)b1(s, λ)Ṽ (s)

i(1− λ)(1− s2)
b(s, λ)ds

(3.9)

with

Ṽ (ρ) = V (ρ) +
2

ρ2(1− ρ2)
− 2

1− ρ2
− 2

ϕ(ρ)2(1− ρ2)

Observe that Ṽ ∈ C∞([0, 1)). We claim that b1(., λ) does not vanish on (0, 1). This

follows from the fact that the zeros of J 3
2

are all real (see [82], p. 244 Theorem 6.2) and
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any zero of b1(., λ) is a zero of J 3
2
. Since a(λ) always has nonzero imaginary part for

Reλ ∈ [−3
4
, 3

4
], we see that the argument of the Bessel function is always nonreal. Hence,

we can divide Eq. (3.9) by b1. Upon setting b̃ = b
b1

we obtain the Volterra equation

b̃(ρ, λ) =1−
∫ ρ

0

b1(s, λ)b2(s, λ)Ṽ (s)

i(1− λ)(1− s2)
b̃(s, λ)ds

+

∫ ρ

0

b2(ρ, λ)b2
1(s, λ)Ṽ (s)

i(1− λ)(1− s2)b1(ρ, λ)
b̃(s, λ)ds =: 1 +

∫ ρ

0

K(ρ, s, λ)̃b(s, λ)ds.

Using the estimates (3.8), we see that

|b2(ρ, λ)b1(ρ, λ)| . ρ〈ω〉,∣∣∣∣b2(ρ, λ)

b1(ρ, λ)
b1(s, λ)2

∣∣∣∣ . s〈ω〉

for all 0 ≤ s ≤ ρ ≤ ρ̂λ and so∫ ρ̂λ

0

sup
ρ∈[s,ρ̂λ]

|K(ρ, s, λ)|ds . 〈ω〉−2.

Hence, a Volterra iteration yields the existence of a unique solution b̃(ρ, λ) to Eq. (3.9)

that satisfies b̃(ρ, λ) = 1+O(ρ2〈ω〉0). Furthermore, since all the involved functions behave

like symbols2, Appendix B of [35] shows that b̃(ρ, λ) = 1+O(ρ2〈ω〉0) and thus, we obtain

the existence of a solution to Eq. (3.2) of the form

ψ1(ρ, λ) = b1(ρ, λ)[1 +O(ρ2〈ω〉0)].

To construct the second solution stated in the lemma, we pick a ρ1 ∈ (0, 1] such that

ψ1 does not vanish for ρ ≤ min{ρ1, ρ̂λ} =: ρ̃λ for any λ ∈ C \ {0} with −3
4
≤ Reλ ≤ 3

4
.

Moreover, as b̃1(ρ, λ) := b1(ρ, λ)
∫ ρ̃λ
ρ
b1(s, λ)−2ds is also a solution of Eq. (3.4), there exist

constants c1(λ), c2(λ) such that

b2(ρ, λ) = c1(λ)b1(ρ, λ) + c2(λ)̃b1(ρ, λ).

Explicitly, these constants are given by

c1(λ) =
W (b2(., λ), b̃1(., λ))

W (b1(., λ), b̃1(., λ))

c2(λ) = −W (b2(., λ), b1(., λ))

W (b1(., λ), b̃1(., λ))
.

Using that W (b2(., λ), b1(., λ)) = − 2
π

and W (b1(., λ), b̃1(., λ)) = −1, we infer that c2 = − 2
π

and c1(λ) = −W (b2(., λ), b̃1(., λ)). Next, evaluating W (b2(., λ), b̃1(., λ)) at ρ̃λ yields

W (b2(., λ), b̃1(., λ)) = −b2(ρ̃λ, λ)b1(ρ̃λ, λ)−1 = O(〈ω〉0).

2Strictly speaking, ρ̂λ not differentiable at 1
2 (ρ0 + 1). However, this is inessential and can easily be

remedied by using a smoothed out version of ρ̂λ.
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Keeping these facts in mind, we now turn our attention to constructing ψ2. For this, we

remark that a second solution of Eq. (3.2) is given by ψ̃1(ρ, λ) = ψ1(ρ, λ)
∫ ρ̃λ
ρ
ψ1(s, λ)−2ds.

Considering this, we calculate

ψ2(ρ, λ) : = c1(λ)ψ1(ρ, λ) + c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

ψ1(s, λ)−2ds

= c1(λ)ψ1(ρ, λ) + c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

b1(s, λ)−2ds

+ c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

[
ψ1(s, λ)−2 − b1(s, λ)−2

]
ds

= b2(ρ, λ)[1 +O(ρ2〈ω〉0)] + c2ψ1(ρ, λ)

∫ ρ̃λ

ρ

O(s2〈ω〉0)

b1(s, λ)2[1 +O(s2〈ω〉0)]2
ds.

Since b1(ρ, λ)−2 = O(ρ−4〈ω〉−4), we obtain∫ ρ̃λ

ρ

O(s2〈ω〉0)

b1(s, λ)2[1 +O(s2〈ω〉0)]2
ds = O(ρ0〈ω〉−3) +O(ρ−1〈ω〉−4) = O(ρ−1〈ω〉−4)

where the last inequality follows as we only consider values of ρ that are smaller than

ρ̃λ. Finally, for |λ| large enough, we see that ρ̃λ = ρ̂λ and so we can safely assume that

ρ̃λ = ρ̂λ. �

One final Volterra iteration based on h1 and h2 yields the following result.

Lemma 3.3. There exists a fundamental system for Eq. (3.2) of the form

ψ3(ρ, λ) = h1(ρ, λ)[1 + (1− ρ)O(〈ω〉−1) +O(ρ0(1− ρ)2〈ω〉−1)]

ψ4(ρ, λ) = h2(ρ, λ)[1 + (1− ρ)O(〈ω〉−1) +O(ρ0(1− ρ)2〈ω〉−1)]

for all ρ ∈ [ρλ, 1) and all λ 6= 0 with −3
4
≤ Reλ ≤ 3

4
.

Lemma 3.4. For ρ ∈ [ρλ, ρ̂λ] the solutions ψ3 and ψ4 have the representations

ψ3(ρ, λ) = c1,3(λ)ψ1(ρ, λ) + c2,3(λ)ψ2(ρ, λ)

ψ4(ρ, λ) = c1,4(λ)ψ1(ρ, λ) + c2,4(λ)ψ2(ρ, λ),

with

c1,3(λ) =
W (h1(., λ), b2(., λ))(ρλ)

i(1− λ)
+O(〈ω〉−1)

c2,3(λ) = −W (h1(., λ), b1(., λ))(ρλ)

i(1− λ)
+O(〈ω〉−1)

and

c1,4(λ) =
W (h2(., λ), b2(., λ))(ρλ)

i(1− λ)
+O(〈ω〉−1)

c2,4(λ) = −W (h2(., λ), b1(., λ))(ρλ)

i(1− λ)
+O(〈ω〉−1).
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Proof. We know the explicit representations

c1,3(λ) =
W (ψ3(., λ), ψ2(., λ))

W (ψ1(., λ), ψ2(., λ))

c2,3(λ) = −W (ψ3(., λ), ψ1(., λ))

W (ψ1(., λ), ψ2(., λ))

and computing the connection coefficients reduces to calculating these Wronskians. Eval-

uating the Wronskian W (ψ1(., λ), ψ2(., λ)) at ρ = 0 yields

W (ψ1(., λ), ψ2(., λ)) = i(1− λ)

while an evaluation at ρλ yields

W (ψ3(., λ), ψ2(., λ)) = W (h1(., λ), b2(., λ))(ρλ)[1 +O(〈ω〉−1)]

+ h1(ρλ, λ)b2(ρλ, λ)
[
O(〈ω〉0) +O(〈ω〉−1)

]
= W (h1(., λ), b2(., λ))(ρλ) +O(〈ω〉0).

Consequently,

c1,3(λ) =
W (h1(., λ), b2(., λ))(ρλ)

i(1− λ)
+O(〈ω〉−1)

and the remaining coefficients are computed analogously. �

We can patch together the solutions of the “free equation” in the same fashion. To

this end, let ψf1 and ψf2 be the solutions obtained from Lemma 3.2 in the case V = 0

and, for notational convenience, we set ψf3 := h1 and ψf4 := h2.

Lemma 3.5. For ρ ∈ [ρλ, ρ̂λ], the solutions ψf3 and ψf4 have the representations

ψf3(ρ, λ) = cf1,3(λ)ψf1(ρ, λ) + cf2,3(λ)ψf2(ρ, λ)

ψf4(ρ, λ) = cf1,4(λ)ψf1(ρ, λ) + cf2,4(λ)ψf2(ρ, λ)

with

cf1,3(λ) = =
W (h1(., λ), b2(., λ))(ρλ)

i(1− λ)
+O(〈ω〉−1)

cf2,3(λ) = −W (h1(., λ), b1(., λ))(ρλ)

i(1− λ)
+O(〈ω〉−1)

and

cf1,4(λ) =
W (h2(., λ), b2(., λ))(ρλ)

i(1− λ)
+O(〈ω〉−1)

cf2,4(λ) = −W (h2(., λ), b1(., λ))(ρλ)

i(1− λ)
+O(〈ω〉−1).

Next, let χ : [0, 1]× {z ∈ C : −3
4
≤ Re z ≤ 3

4
} → [0, 1], χλ(ρ) := χ(ρ, λ), be a smooth

cutoff function that satisfies χλ(ρ) = 1 for ρ ∈ [0, ρλ], χλ(ρ) = 0 for ρ ∈ [ρ̂λ, 1], and
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|∂kρ∂`ωχλ(ρ)| ≤ Ck,`〈ω〉k−` for k, ` ∈ N0. We then define two solutions of Eq. (3.2) as

v1(ρ, λ) :=χλ(ρ)[c1,4(λ)ψ1(ρ, λ) + c2,4(λ)ψ2(ρ, λ)] + (1− χλ(ρ))ψ4(ρ, λ)

v2(ρ, λ) :=χλ(ρ)[c1,3(λ)ψ1(ρ, λ) + c2,3(λ)ψ2(ρ, λ)] + (1− χλ(ρ))ψ3(ρ, λ)

and note that an evaluation at ρ = 1 yields

W (v1(., λ), v2(., λ)) = W (ψ4(., λ), ψ3(., λ)) = 2(1− λ).

With this remark we return to the full equation (3.1).

4. Resolvent construction

We now return to our specific potential V (ρ) = − 16
(1+ρ2)2

. Setting uj(ρ, λ) = ρ−2(1−
ρ2)−

λ
2 vj(ρ, λ) for j ∈ {1, 2} yields two solutions to Eq. (3.1) with Fλ = 0.

Lemma 4.1. The solutions u1 and u2 are of the form

u1(ρ, λ) = ρ−2(1− ρ2)−
λ
2 h2(ρ, λ)

[
1 + (1− ρ)O(〈ω〉−1) +O(ρ0(1− ρ)2〈ω〉−1)

]
= ρ−2(1 + ρ)1−λ [1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)

]
u2(ρ, λ) = ρ−2(1− ρ2)−

λ
2 h1(ρ, λ)

[
1 + (1− ρ)O(〈ω〉−1) +O(ρ0(1− ρ)2〈ω〉−1)

]
= ρ−2(1− ρ)1−λ [1 + (1− ρ)O(〈ω〉−1) +O(ρ−1(1− ρ)2〈ω〉−1)

]
for all ρ ≥ ρ̂λ = min{1

2
(ρ0 +1), 2r

|a(λ)|} and all λ ∈ C\{0} with −3
4
≤ Reλ ≤ 3

4
. Moreover,

we have u1(., λ) ∈ C∞((0, 1]) for all such values of λ.

Proof. The explicit forms of u1 and u2 follow immediately from our ODE con-

struction. To see that u1 is smooth away from ρ = 0, we first remark that clearly

u1(., λ) ∈ C∞(0, 1). Furthermore, the Frobenius indices of Eq. (2.9) at ρ = 1 are {0, 1−λ}.
Hence, there exist coefficients c1(λ) and c2(λ) such that c1(λ)u1(., λ) + c2(λ)u2(., λ)

is nontrivial and smooth on (0, 1]. However, since Reλ ≥ −3
4
, we clearly have that

u1(., λ) ∈ C2((0, 1]) while u2(., λ) /∈ C2((0, 1]) and so c2(λ) = 0. �

4.1. Considerations on the point spectrum. We aim to establish H
3
2 ×H 1

2 -type

Strichartz estimates by proving bounds of the form

‖[e
τ
2 S(τ)(I−P)f ]1‖LpτLq(B5

1) . ‖f‖H2×H1(B5
1)

and

‖[e−
τ
2 S(τ)(I−P)f ]1‖LpτLq(B5

1) . ‖f‖H1×L2(B5
1)

and interpolating between these two. An obvious obstruction to the first estimate is the

existence of eigenvalues λ of L with −1
2
≤ Reλ < 0. Unfortunately, we cannot rigorously

rule out such eigenvalues, even though they are not expected to exist (see [6, 31] for

numerical evidence). To circumvent this, we recall Lemmas 2.13 and 2.14 which tell us
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that

σu(L) := σ(L) ∩ {λ ∈ C : Reλ > −1} = {λ1, . . . , λn, 1}

with n ∈ N0 and where Reλi < 0 for i = 1, . . . , n. Moreover, each element of σu(L) is

an eigenvalue of finite algebraic multiplicity. This alone does of course still not settle our

spectral problem, but the following general property of finite rank operators will enable

us to deal with these eigenvalues.

Lemma 4.2. Let H be a Hilbert space. Then, for any densely defined operator T :

D(T ) ⊂ H → H with finite rank, there exists a dense subset X ⊂ H with X ⊂ D(T ) and

a bounded linear operator T̂ : H → H such that

T |X = T̂ |X .

Proof. If T is bounded, we choose X = H and T̂ the unique extension of T to all

of H. Consequently, we may assume that T is not bounded. We prove the result by

induction on the rank of T . Let dim rgT = 1. Then we have Tx = ϕ(x)x0 for a suitable

x0 ∈ H and a linear functional ϕ : D(T ) ⊂ H → C that is not bounded. Thus, we

find a sequence (ỹn)n∈N ⊂ D(T ) with ‖ỹn‖H ≤ 1 and |ϕ(ỹn)| ≥ n for all n ∈ N. We set

yn := ỹn
ϕ(ỹn)

. Then we have ‖yn‖H ≤ 1
n

and ϕ(yn) = 1. Now let x ∈ D(T ) be arbitrary

and set xn := x − ϕ(x)yn. Then we have ϕ(xn) = ϕ(x) − ϕ(x)ϕ(yn) = 0 and thus,

xn ∈ kerT . Furthermore, ‖x− xn‖H = |ϕ(x)|‖yn‖ ≤ |ϕ(x)|
n

and thus, xn → x as n→∞.

Consequently, kerT is dense in H.

Assume now that the claim has been established for operators with rank n. Let T be

a densely defined operator with rank n+ 1 that is not bounded and let {e1, . . . , en+1} be

an orthonormal basis of rgT . Further, denote by Pj : rgT → span{ej} the associated

orthonormal projections. Then T =
∑n+1

j=1 PjT and thus, at least one of the operators

Tj := PjT cannot be bounded. After relabeling we can assume that T1 is not bounded.

Since T1 has rank 1, we see by the above that kerT1 is dense in H. Consider now the

restriction of T to the kernel of T1. Then this is either a bounded operator and we are

done or it is not bounded and has rank n, and we can use the induction hypothesis to

conclude as well. �

Recall now that Q : H3 × H2(B5
1) → H3 × H2(B5

1) denotes the Riesz projection

associated to the set σu(L)\{1}. We can of course also view Q as a potentially unbounded

operator on H
3
2 ×H 1

2 (B5
1) with domain D(Q) = H3 ×H2(B5

1). Then Lemma 4.2 applies

and we obtain a dense subset X ⊂ H
3
2 ×H 1

2 (B5
1) together with a bounded linear operator

Q̂ on H
3
2 ×H 1

2 (B5
1) which agrees with Q on X. Concretely, we have the following lemma.

Lemma 4.3. There exists a dense subset X in H
3
2 ×H 1

2 (B5
1) with X ⊂ H3 ×H2(B5

1)

and a bounded linear operator Q̂: H
3
2 ×H 1

2 (B5
1)→ H

3
2 ×H 1

2 (B5
1) such that

Q̂|X = Q|X .
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The following classification will be vital for us.

Lemma 4.4. Any point λ ∈ C \ {0} with −3
4
≤ Reλ ≤ 3

4
is an eigenvalue of L if and

only if c2,4(λ) = 0.

Proof. Assume that c2,4(λ) = 0. Then, as the Frobenius indices of Eq. (2.9) are

{0,−3} at ρ = 0 and {0, 1− λ} at ρ = 1, one readily checks u1(., λ) ∈ H3(B5
1) and from

equation (2.4) we see that the associated vector valued function u1 satisfies u1(., λ) ∈
H3 × H2(B5

1). Thus, λ ∈ σp(L). Conversely, let λ ∈ C \ {0} be an eigenvalue of L

with Reλ ∈ [−3
4
, 3

4
] and let f be an eigenfunction. Now, the first component of any

eigenfunction has to be a linear combination of u1 and u2. Since u2 /∈ H2((1
2
, 1)) and

u1 ∈ H3((1
2
, 1)), f1 has to be a multiple of u1. However, given that |.|−2ψ1(., λ) ∈ L2(B5

ρλ
)

while ρ−2ψ2(ρ, λ) ' ρ−3 as ρ → 0, we see that u1(., λ) ∈ H3(B5
1) is only possible if

c2,4(λ) = 0. �

4.2. The reduced resolvent. Lemma 4.4 enables us to construct a third solution

to Eq. (3.1) with Fλ = 0, whenever Re(λ) ∈ [−3
4
, 3

4
] and λ /∈ σ(L) ∪ {0}, by setting

u0(ρ, λ) := u2(ρ, λ)− c2,3(λ)

c2,4(λ)
u1(ρ, λ).

Note that

W (u1(., λ), u0(., λ))(ρ) = 2(1− λ)ρ−4(1− ρ2)−λ.

So, to solve Eq. (3.1) when Reλ ∈ (0, 3
4
], we make the ansatz

u(ρ, λ) = −u0(ρ, λ)

∫ 1

ρ

u1(s, λ)

W (u1(., λ), u0(., λ))(s)

Fλ(s)

1− s2
ds

− u1(ρ, λ)

∫ ρ

0

u0(s, λ)

W (u1(., λ), u0(., λ))(s)

Fλ(s)

1− s2
ds (4.1)

= − u0(ρ, λ)

2(1− λ)

∫ 1

ρ

s4u1(s, λ)Fλ(s)

(1− s2)1−λ ds− u1(ρ, λ)

2(1− λ)

∫ ρ

0

s4u0(s, λ)Fλ(s)

(1− s2)1−λ ds

and one can check that u(., λ) ∈ H3(B5
1). However, for Reλ ≤ 0 we need some more

considerations stemming from the simple fact that for any Fλ with Fλ(1) 6= 0, one has∫ 1

ρ

s4u1(s, λ)Fλ(s)

(1− s2)1−λ ds =∞

for all ρ ∈ (0, 1). To remedy this, we slightly modify our ansatz. Thus, for Fλ ∈ C∞(B5
1),

let ρ, ρ1 ∈ (0, 1), c ∈ C, and set

u(ρ, λ) = cu0(ρ, λ)− u0(ρ, λ)

2(1− λ)

∫ ρ1

ρ

s4u1(s, λ)Fλ(s)

(1− s2)1−λ ds− u1(ρ, λ)

2(1− λ)

∫ ρ

0

s4u0(s, λ)Fλ(s)

(1− s2)1−λ ds

as well as

Uj(ρ, λ) =
1

2(1− λ)

∫ ρ

0

s4uj(s, λ)

(1− s2)1−λds
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for j = 0, 1, 2. Integrating by parts yields

u(ρ, λ) = u0(ρ, λ)

[
c+ U1(ρ, λ)Fλ(ρ)− U1(ρ1, λ)Fλ(ρ1) +

∫ ρ1

ρ

U1(s, λ)F ′λ(s)ds

]
− u1(ρ, λ)U0(ρ, λ)Fλ(ρ) + u1(ρ, λ)

∫ ρ

0

U0(s, λ)F ′λ(s)ds

which, upon setting c = c̃+ U1(ρ1, λ)Fλ(ρ1) with c̃ ∈ C, reduces to

u0(ρ, λ)

[
c̃+ U1(ρ, λ)Fλ(ρ) +

∫ ρ1

ρ

U1(s, λ)F ′λ(s)ds

]
− u1(ρ, λ)U0(ρ, λ)Fλ(ρ) + u1(ρ, λ)

∫ ρ

0

U0(s, λ)F ′λ(s)ds

and also allows us to safely take the limit ρ1 → 1.

Lemma 4.5. Let f ∈ C∞(B5
1) and Reλ ∈ [−3

4
, 3

4
] with λ /∈ σp(L) ∪ {0}. Then the

unique solution u(., λ) ∈ H3(B5
1) of the equation

(1− ρ2)u′′(ρ) +

(
4

ρ
− 2(λ+ 2)ρ

)
u′(ρ)− (λ+ 1)(λ+ 2)u(ρ) +

16

(1 + ρ2)2
u(ρ) = −f(ρ)

with ρ ∈ (0, 1) is given by

R(f)(ρ, λ) :=u0(ρ, λ)[bλ(f) + U1(ρ, λ)f(ρ)] + u0(ρ, λ)

∫ 1

ρ

U1(s, λ)f ′(s)ds

− u1(ρ, λ)U0(ρ, λ)f(ρ) + u1(ρ, λ)

∫ ρ

0

U0(s, λ)f ′(s)ds

with

bλ(f) := − f(1)

2λ(1− λ)

∫ 1

0

∂s[s
4u1(s, λ)(1 + s)−1+λ](1− s)λds.

Proof. As the Frobenius indices of Eq. (2.9) are given by {0,−3} at ρ = 0 and

{0, 1 − λ} at ρ = 1, we see that u0(., λ) ∈ H3(B5
1
2

) ∩ C3(B5
1), while u1(., λ) is smooth

for 0 < ρ ≤ 1. Therefore, one easily verifies that R(f)(., λ) ∈ H3(B5
1
2

). To study the

behavior of R(f)(ρ, λ) at ρ = 1, we rewrite the boundary terms as

u2(ρ, λ)[bλ(f) + U1(ρ, λ)f(ρ)]− u1(ρ, λ)U2(ρ, λ)f(ρ)− bλ(f)
c2,3(λ)

c2,4(λ)
u1(ρ, λ).

Observe now that U2(., λ) and hence u1(., λ)U2(., λ)f is three-times continuously differ-

entiable at ρ = 1. Further, since u1(., λ) ∈ C3((0, 1]), the only remaining boundary term

we have to check is

u2(ρ, λ)[bλ(f) + U1(ρ, λ)f(ρ)].
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For this we integrate by parts once more to infer that

U1(ρ, λ) =− u1(ρ, λ)ρ4(1− ρ)λ(1 + ρ)−1+λ

2λ(1− λ)
(4.2)

+
1

2λ(1− λ)

∫ ρ

0

∂s[s
4u1(s, λ)(1 + s)−1+λ](1− s)λds.

Then,

bλ(f) + U1(ρ, λ)f(ρ) =
1

2λ(1− λ)

[
[f(ρ)− f(1)]

∫ 1

0

∂s[s
4u1(s, λ)(1 + s)−1+λ](1− s)λds

− u1(ρ, λ)ρ4(1− ρ)λ(1 + ρ)−1+λf(ρ) (4.3)

− f(ρ)

∫ 1

ρ

∂s[s
4u1(s, λ)(1 + s)−1+λ](1− s)λds

]
.

and one checks that

− u2(ρ, λ)
[
u1(ρ, λ)ρ4(1− ρ)λ(1 + ρ)−1+λf(ρ)

+ f(ρ)

∫ 1

ρ

∂s[s
4u1(s, λ)(1 + s)−1+λ](1− s)λds

]
belongs to C3((0, 1]). For the remaining term we need a compensation from the integral

terms which we rewrite as

u2(ρ, λ)

∫ 1

ρ

U1(s, λ)f ′(s)ds+ u1(ρ, λ)

∫ ρ

0

U2(s, λ)f ′(s)ds

− c2,3(λ)

c2,4(λ)
u1(ρ, λ)

∫ 1

0

U1(s, λ)f ′(s)ds.

In this form one can promptly verify that all but the first of the above integral terms are

elements of C3((0, 1]) as well. From Eq. (4.2) we see that∫ 1

ρ

U1(s, λ)f ′(s)ds = −
∫ 1

ρ

u1(s, λ)s4(1− s)λ(1 + s)−1+λ

2λ(1− λ)
f ′(s)ds

+
1

2λ(1− λ)

∫ 1

ρ

∫ s

0

∂t[t
4u1(t, λ)(1 + t)−1+λ](1− t)λdtf ′(s)ds.

Again, one easily establishes that

u2(ρ, λ)

∫ 1

ρ

u1(s, λ)s4(1− s)λ(1 + s)−1+λ

2λ(1− λ)
f ′(s)ds

belongs to C3((0, 1]). Consequently, we are left with two terms that are not smooth

at ρ = 1. One stemming from the expression u2(ρ, λ)[bλ(f) + U1(ρ, λ)f(ρ)] and, which,

according to Eq. (4.3), is given by

u2(ρ, λ)

2λ(1− λ)

[
[f(ρ)− f(1)]

∫ 1

0

∂s[s
4u1(s, λ)(1 + s)−1+λ](1− s)λds (4.4)
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and

u2(ρ, λ)

2λ(1− λ)

∫ 1

ρ

∫ s

0

∂t[t
4u1(t, λ)(1 + t)−1+λ](1− t)λdtf ′(s)ds. (4.5)

Note that

[f(ρ)− f(1)]

∫ 1

0

∂s[s
4u1(s, λ)(1 + s)−1+λ](1− s)λds

= −
∫ 1

ρ

f ′(s)

∫ 1

0

∂t[t
4u1(t, λ)(1 + t)−1+λ](1− t)λdtds

from which we obtain that

(4.4) + (4.5) = − u2(ρ, λ)

2λ(1− λ)

∫ 1

ρ

f ′(s)

∫ 1

s

∂t[t
4u1(t, λ)(1 + t)−1+λ](1− t)λdtds,

which is again easily shown to be an element of C3((0, 1]). �

For λ > 0 we can use the ansatz (4.1) to recast R(f) in a simpler form.

Lemma 4.6. Let f ∈ C∞(B5
1) and Reλ ∈ (0, 3

4
]. Then R(f) satisfies

R(f)(ρ, λ) = − u0(ρ, λ)

2(1− λ)

∫ 1

ρ

s4u1(s, λ)f(s)

(1− s2)1−λ ds− u1(ρ, λ)

2(1− λ)

∫ ρ

0

s4u0(s, λ)f(s)

(1− s2)1−λ ds (4.6)

for all ρ ∈ (0, 1).

Proof. This can either be seen by directly undoing the integrations by parts in the

construction of R(f) or by noting that both R(f) and

R̃(f)(ρ, λ) := − u0(ρ, λ)

2(1− λ)

∫ 1

ρ

s4u1(s, λ)f(s)

(1− s2)1−λ ds− u1(ρ, λ)

2(1− λ)

∫ ρ

0

s4u0(s, λ)f(s)

(1− s2)1−λ ds

solve Eq. (3.1) and are elements of H3(B5
1) (that R̃(f) ∈ H3(B5

1) for Reλ > 0 follows in

the same manner as R(f) ∈ H3(B5
1)). Given that both of these functions solve Eq. (3.1)

their difference has to be a linear combination of u1 and u0. However, as uj /∈ H3(B5
1) for

j = 1, 2, we see that R(f) and R̃(f) have to coincide. �

Having constructed a suitable solution to Eq. (3.1), we remark that we can copy the

same construction in the “free” case V = 0. This follows from the fact that L0 generates

a semigroup on H3 ×H2(B5
1) which satisfies the growth bound ‖S0(τ)‖H3×H2(B5

1) . e−τ .

We denote the corresponding free solutions by Rf(f). For f ∈ C∞ × C∞(B5
1) we set

f̃ = (I−Q)(I−P)f

and use Laplace inversion to explicitly write down [S(τ)(I−Q)(I−P)f ]1 for any such f

and κ ∈ [−1
2
, 3

4
] as

[S(τ)f̃ ]1(ρ) = [S0(τ)f̃ ]1(ρ) +
1

2πi
lim
N→∞

∫ κ+iN

κ−iN
eλτ [RL(λ)f̃ −RL0(λ)f̃ ]1dλ. (4.7)
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5. Strichartz estimates in H1

Using Eq. (4.7) we can obtain establish the desired Strichartz estimates on S by

bounding the integral term

lim
N→∞

∫ κ+iN

κ−iN
eλτ [R(Fλ)(ρ, λ)−Rf(Fλ)(ρ, λ)]dλ. (5.1)

To accomplish this we will need some preliminary Lemmas

5.1. Preliminary and technical lemmas. The first set of lemmas will be con-

cerned with oscillatory integrals.

Lemma 5.1. Let α > 0. Then∣∣∣∣∫
R
eiωaO(〈ω〉−(1+α))dω

∣∣∣∣ . 〈a〉−2,

for any a ∈ R.

Proof. Since the integral is absolutely convergent the claim follows by two integra-

tions by parts. �

Lemma 5.2. Let α ∈ (0, 1). Then∣∣∣∣∫
R
eiωaO(〈ω〉−α)dω

∣∣∣∣ . |a|α−1〈a〉−2

holds for a ∈ R \ {0}.

Proof. See Lemma 4.2 in [34]. �

Lemma 5.3. We have∣∣∣∣∫
R
eiωa(1− χλ(ρ))O

(
ρ−n〈ω〉−(n+1)

)
dω

∣∣∣∣ . 〈a〉−2

for all n ≥ 1, ρ ∈ (0, 1), and a ∈ R.

Proof. This can be proven in the same manner as Lemma 4.3 in [34] �

Lemma 5.4. We have∣∣∣∣∫
R
eiωa(1− χλ(ρ))O

(
ρ−n〈ω〉−n

)
dω

∣∣∣∣ . |a|−1〈a〉−2

for any n ≥ 2, ρ ∈ (0, 1), and a ∈ R \ {0}.

Proof. This can be proven as Lemma 4.4 in [34]. �

Finally, by interpolating between Lemma 5.3 and 5.4 one obtains the following result.

Lemma 5.5. We have∣∣∣∣∫
R
eiωa(1− χλ(ρ))O

(
ρ−n〈ω〉−n

)
dω

∣∣∣∣ . ρ−θ|a|−(1−θ)〈a〉−2

for any n ≥ 2, ρ ∈ (0, 1), θ ∈ [0, 1], and a ∈ R \ {0}.
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We will also rely on the following estimate.

Lemma 5.6. Let α ∈ (0, 1) and β ∈ [0, 1). Then we have the estimate∫ 1

0

s−β|a+ log(1± s)|−αds . |a|−α

for all a ∈ R \ {0}.

Proof. We only prove the - case as the + case can be shown analogously. For a < 0

the estimate

|a+ log(1− s)|−α ≤ |a|−α

holds for all s ∈ [0, 1] and so the claim follows. For a > 0 we change variables according

to s = 1− eax and compute∫ 1

0

s−β|a+ log(1− s)|−αds =

∫ 0

−∞
(1− eax)−β|a+ ax|−αaeaxdx

. |a|1−α
∫ 0

− 1
2

(1− eax)−βeaxdx

+ |a|1−α(1− e−
a
2 )−βe−

a
2

∫ − 1
2

−2

|1 + x|−αdx

+ |a|1−α
∫ −2

−∞
(1− eax)−βeaxdx.

The claimed estimate is now an immediate consequence of the two identities

∂x
(1− eax)1−β

a(1− β)
= −(1− eax)−βeax

and

(1− e−
a
2 )−βe−

a
2 . a−β.

�

Similarly, one can show the next technical Lemma

Lemma 5.7. Let α ∈ (0, 1) and β ∈ [0, 1). Then the estimate∫ 1

0

s−β
∣∣∣∣a± 1

2
log(1− s2)

∣∣∣∣−α ds . |a|−α
holds for all a ∈ R \ {0}.

Lastly, we will also require the following result on weighted norms.

Lemma 5.8. The estimate

‖|.|f‖L6(B5
1) . ‖f‖H1(B5

1)

holds for all f ∈ C∞(B5
1).
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Proof. This follows by a minor adaptation of the argument given in the proof of

Lemma 4.8 in [34]. �

5.2. Kernel estimates. We will now begin bounding the integral term (5.1). We

start with the case κ = 1
2
. Therefore, we suppose f ∈ C∞(B5

1) and take a look at the

difference R(f)−Rf(f).

Lemma 5.9. Let Reλ = 1
2

and f ∈ C∞(B5
1). Then, we can decompose R(f)−Rf(f)

as

R(f)(ρ, λ)−Rf(f)(ρ, λ) =
9∑
j=1

Gj(f)(ρ, λ)

G1(f)(ρ, λ) = ρ−2(1− ρ2)−
λ
2 b1(ρ, λ)

×
∫ 1

ρ

s2χλ(s)[b1(s, λ)α1(ρ, s, λ) + b2(s, λ)α2(ρ, s, λ)]

2(1− λ)(1− s2)1−λ
2

f(s)ds

+ ρ−2(1− ρ2)−
λ
2 b1(ρ, λ)[1 +O(ρ2)]

∫ 1

ρ

s2χλ(s)O(s〈ω〉−2)

2(1− λ)(1− s2)1−λ
2

f(s)ds

G2(f)(ρ, λ) = χλ(ρ)ρ−2(1− ρ2)−
λ
2 b1(ρ, λ)

∫ 1

ρ

s2(1− χλ(s))h2(s, λ)β1(ρ, s, λ)

2(1− λ)(1− s2)1−λ
2

f(s)ds

G3(f)(ρ, λ) = (1− χλ(ρ))ρ−2(1− ρ2)−
λ
2 h2(ρ, λ)

∫ 1

ρ

s2h2(s, λ)γ1(ρ, s, λ)

2(1− λ)(1− s2)1−λ
2

f(s)ds

and

G4(f)(ρ, λ) = (1− χλ(ρ))ρ−2(1− ρ2)−
λ
2 h1(ρ, λ)

∫ 1

ρ

s2h2(s, λ)γ2(ρ, s, λ)

2(1− λ)(1− s2)1−λ
2

f(s)ds

G5(f)(ρ, λ) = χλ(ρ)ρ−2(1− ρ2)−
λ
2 b1(ρ, λ)

∫ ρ

0

s2b1(s, λ)α1(s, ρ, λ)

2(1− λ)(1− s2)1−λ
2

f(s)ds

G6(f)(ρ, λ) = χλ(ρ)ρ−2(1− ρ2)−
λ
2 b2(ρ, λ)

∫ ρ

0

s2b1(s, λ)α2(s, ρ, λ)

2(1− λ)(1− s2)1−λ
2

f(s)ds

+ χλ(ρ)(1− ρ2)−
λ
2O(ρ−1〈ω〉−2)

∫ ρ

0

s2b1(s, λ)[1 +O(s2)]

2(1− λ)(1− s2)1−λ
2

f(s)ds

G7(f)(ρ, λ) = (1− χλ(ρ))ρ−2(1− ρ2)−
λ
2 h2(ρ, λ)

∫ ρ

0

s2χλ(s)b1(s, λ)β1(s, ρ, λ)

2(1− λ)(1− s2)1−λ
2

f(s)ds

G8(f)(ρ, λ) = (1− χλ(ρ))ρ−2(1− ρ2)−
λ
2 h2(ρ, λ)

∫ ρ

0

s2(1− χλ(s))h2(s, λ)γ1(s, ρ, λ)

2(1− λ)(1− s2)1−λ
2

f(s)ds

G9(f)(ρ, λ) = (1− χλ(ρ))ρ−2(1− ρ2)−
λ
2 h2(ρ, λ)

∫ ρ

0

s2(1− χλ(s))h1(s, λ)γ2(s, ρ, λ)

2(1− λ)(1− s2)1−λ
2

f(s)ds
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where

αj(ρ, s, λ) = O(〈ω〉−1) +O(ρ2〈ω〉0) +O(s2〈ω〉0) +O(ρ2s2〈ω〉0)

β1(ρ, s, λ) = O(〈ω〉−1) +O(ρ2〈ω〉0) +O(s0(1− s)〈ω〉−1) +O(ρ2s0(1− s)〈ω〉−1)

γj(ρ, s, λ) = O(〈ω〉−1) +O(ρ0(1− ρ)〈ω〉−1) +O(s0(1− s)〈ω〉−1)

+O(ρ0(1− ρ)s0(1− s)〈ω〉−2).

Proof. This follows by plugging the definitions of the uj into (4.6) and a straight-

forward calculation using estimates like

ψ1(ρ, λ)− ψf1(ρ, λ) = b1(ρ, λ)O(ρ2〈ω〉0)

and

c2,3(λ)− cf2,3(λ) = O(〈ω〉−1).

�

Next, we will recast the Gj into a more controllable form.

Lemma 5.10. The functions Gj(f) satisfy

G1(f)(ρ, λ) = (1− ρ2)−
λ
2

∫ 1

ρ

χλ(s)O(ρ0s〈ω〉−1)

(1− s2)1−λ
2

f(s)ds

G2(f)(ρ, λ) = χλ(ρ)(1− ρ2)−
λ
2O(ρ0〈ω〉2)

×
∫ 1

ρ

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]β1(ρ, s, λ)

2(1− λ)(1− s)1−λ f(s)ds

G3(f)(ρ, λ) = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ 1

ρ

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ1(ρ, s, λ)

2(1− λ)(1− s)1−λ f(s)ds

G4(f)(ρ, λ) = (1− χλ(ρ))ρ−2(1− ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ 1

ρ

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ2(ρ, s, λ)

2(1− λ)(1− s)1−λ f(s)ds

G5(f)(ρ, λ) = χλ(ρ)(1− ρ2)−
λ
2

∫ ρ

0

O(ρ−1s2〈ω〉−1)

(1− s2)1−λ
2

f(s)ds

G6(f)(ρ, λ) = χλ(ρ)(1− ρ2)−
λ
2

∫ ρ

0

O(ρ−1s2〈ω〉−1)

(1− s2)1−λ
2

f(s)ds

G7(f)(ρ, λ) = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

χλ(s)O(s4〈ω〉)β1(s, ρ, λ)

(1− s2)1−λ
2

f(s)ds
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and

G8(f)(ρ, λ) = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ1(s, ρ, λ)

2(1− λ)(1− s)1−λ f(s)ds

G9(f)(ρ, λ) = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ2(s, ρ, λ)

2(1− λ)(1 + s)1−λ f(s)ds.

Motivated by this decomposition we define operators Tj(τ)f(ρ) for j = 1, . . . , 9 and

f ∈ C∞(B5
1) as

Tj(τ)f(ρ) := lim
N→∞

∫ N

−N
eiωτGj(f)(ρ, 1

2
+ iω)dω.

Given that the integrals above are absolutely convergent, which follows from Lemma

5.10, one concludes that Tj(τ)f(ρ) is meaningful for all j = 1, . . . , 9, τ ∈ R, ρ ∈ (0, 1),

and f ∈ C∞(B5
1). In addition, we have the following estimates.

Lemma 5.11. Let p ∈ [2,∞] and q ∈ [10
3
, 5] be such that 1

p
+ 5

q
= 3

2
. Then the operators

Tj satisfy the estimates

‖Tj(τ)f‖Lpτ (R+)Lq(B5
1) . ‖f‖L2(B5

1)

‖Tj(τ)f‖
L2
τ (R+)L

45
8 (B5

1)
. ‖f‖L2(B5

1)

for all f ∈ C∞(B5
1) and j = 1, . . . , 9.

Proof. We start with T1 and use

χλ(ρ)O(ρ0s〈ω〉−1) = χλ(ρ)O(ρ−
4
5 s

7
4 〈ω〉−1− 1

20 ) (5.2)

which holds for 0 < ρ ≤ s. This enables us to use dominated convergence and Fubini’s

Theorem to conclude that

T1(τ)f(ρ) =

∫ 1

ρ

∫
R
eiωτ (1− ρ2)−

1
4
− iω

2

χ 1
2

+iω(s)O(ρ−
4
5 s

7
4 〈ω〉−1− 1

20 )

(1− s2)
1
2
− iω

2

f(s)dωds

=

∫ 1

ρ

∫
R
eiωτ (1− ρ2)−

1
4
− iω

2 1(0,ρ1)(s)
χ 1

2
+iω(s)O(ρ−

4
5 s

7
4 〈ω〉−1− 1

20 )

(1− s2)
1
2
− iω

2

f(s)dωds
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for some ρ1 < 1 and where 1(0,ρ1) is the characteristic function of the interval (0, ρ1).

Consequently, Lemma 5.1 yields

|T1(τ)f(ρ)| . ρ−
4
5

∫ ρ1

0

〈τ − 1
2

log(1− ρ2) + 1
2

log(1− s2)〉−2s
7
4 |f(s)|ds

. ρ−
4
5 〈τ〉−2

∫ 1

0

s
7
4 |f(s)|ds

. 〈τ〉−2ρ−
4
5‖f‖L2(B5

1)‖|.|−
1
4‖L2((0,1))

. 〈τ〉−2ρ−
4
5‖f‖L2(B5

1).

Thus, given that

‖|.|−
4
5‖

L
45
8 (B5

1)
=

(∫ 1

0

ρ−
1
2dρ

) 8
45

. 1,

we see that

‖T1(τ)f‖
L

45
8 (B5

1)
. 〈τ〉−2‖f‖L2(B5

1)

and so the estimates on T1 follow.

We move on to T2, which, after interchanging the order of integration and using an

estimate similar to (5.2), takes the form

T2(τ)f(ρ) =

∫ 1

ρ

∫
R
eiωτχ 1

2
+iω(ρ)(1− ρ2)−

1
4
− iω

2 O(ρ−
5
6 〈ω〉

1
6 )

×
s2(1− χ 1

2
+iω(s))[1 +O(s−1(1− s)〈ω〉−1)]β1(ρ, s, 1

2
+ iω)

(1− s) 1
2
−iω

f(s)dωds

and we can apply Lemma 5.2 to infer that

|T2(τ)f(ρ)| . ρ−
5
6

∫ 1

ρ

〈τ + log(1− s)〉−2|τ − 1
2

log(1− ρ2) + log(1− s)|−
1
6

× s2|f(s)|(1− s)−
1
2ds.

Hence, Minkowski’s inequality implies that

‖T2(τ)f‖
L

45
8 (B5

1)
.
∫ 1

0

s2|f(s)|(1− s)−
1
2 〈τ + log(1− s)〉−2

×
(∫ 1

0

ρ−
11
16 |τ − 1

2
log(1− ρ2) + log(1− s)|−

15
16dρ

) 8
45

ds

and by employing Lemma 5.7 we obtain

‖T2(τ)f‖
L

45
8 (B5

1)
.
∫ 1

0

s2|f(s)|(1− s)−
1
2 〈τ + log(1− s)〉−2|τ + log(1− s)|−

1
6ds.
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By now changing variables according to s = 1 − e−y and using Young’s inequality, we

compute

‖T2(τ)f‖
L2
τ (R+)L

45
8 (B5

1)
.

∥∥∥∥∫ 1

0

s2|f(s)|(1− s)−
1
2 〈τ + log(1− s)〉−2|τ + log(1− s)|−

1
6ds

∥∥∥∥
L2
τ (R+)

.

∥∥∥∥∫ ∞
0

(1− e−y)2|f(1− e−y)|e−
y
2 〈τ − y〉−2|τ − y|−

1
6dy

∥∥∥∥
L2
τ (R)

. ‖(1− e−y)2|f(1− e−y)|e−
y
2 ‖L2

y(R+)‖〈.〉−2|.|−
1
6‖L1(R+)

. ‖f‖L2(B5
1).

As a consequence, the two estimates

‖T2(.)f‖L2(R+)L5(B5
1) . ‖f‖L2(B5

1)

‖T2(.)f‖
L2(R+)L

45
8 (B5

1)
. ‖f‖L2(B5

1)

hold. Similarly, one establishes

‖T2(.)f‖
L∞(R+)L

10
3 (B5

1)
. ‖f‖L2(B5

1).

Therefore, the general estimate follows by a simple interpolation argument.

To bound T3, we employ Lemma 5.5 to deduce that

|T3(τ)f(ρ)| . ρ−
5
6

∫ 1

ρ

〈τ + log(1− s)〉−2|τ − log(1 + ρ) + log(1− s)|−
1
6 s2|f(s)|(1− s)−

1
2ds.

So, Minkowski’s inequality combined with an application of Lemma 5.6 yields

‖T3(τ)f‖
L

45
8 (B5

1)
.
∫ 1

0

〈τ + log(1− s)〉−2|τ + log(1− s)|−
1
6 s2|f(s)|(1− s)−

1
2ds

and one can bound T3 in the same manner as T2. Further, since the estimates on the

remaining operators can be established by analogous means, we conclude this proof. �

Unfortunately, the operators Tj alone do not suffice to establish the necessary es-

timates on the semigroup S since one of the terms in the definition of Fλ consists of

(λ + 2)f1(ρ). To remedy this we define another set of operators Ṫj for j = 1, . . . , 9 and

f ∈ C∞(B5
1) by

Ṫj(τ)f(ρ) := lim
N→∞

∫ N

−N
iωeiωτGj(f)(ρ, 1

2
+ iω)dω.

This additional power of ω spoils the absolute convergence of the integral and so, to see

that Ṫj(τ)f is a meaningful expression, one cannot argue as simple as for the operators

Tj. However, the following lemma shows that the above defined operators Ṫj(τ) exist as

bounded linear operators from a dense subset of H1(B5
1) into certain Strichartz spaces.
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Lemma 5.12. Let p ∈ [2,∞] and q ∈ [10
3
, 5] be such that 1

p
+ 5

q
= 3

2
. Then the operators

Ṫj satisfy the estimates

‖Ṫj(τ)f‖Lpτ (R+)Lq(B5
1) . ‖f‖H1(B5

1)

‖Ṫj(τ)f‖
L2
τ (R+)L

45
8 (B5

1)
. ‖f‖H1(B5

1)

for all f ∈ C∞(B5
1) and j = 1, . . . , 9.

Proof. For Ṫ1 arguments similar to the ones we used for T1 show that

Ṫ1(τ)f(ρ) =

∫ 1

ρ

∫
R
eiωτ (1− ρ2)−

1
4
− iω

2 1(0,ρ1)(s)
χ 1

2
+iω(s)O(ρ−

4
5 s

3
4 〈ω〉−1− 1

20 )

(1− s2)
1
2
− iω

2

f(s)dωds

with ρ1 < 1. Thus,

|Ṫ1(τ)f(ρ)| . ρ−
4
5

∫ ρ1

0

〈τ − 1
2

log(1− ρ2) + 1
2

log(1− s2)〉−2s
3
4 |f(s)|ds

. 〈τ〉−2ρ−
4
5‖|.|−1f‖L2(B5

1)‖|.|−
1
4‖L2((0,1))

. 〈τ〉−2ρ−
4
5‖|.|−1f‖L2(B5

1)

. 〈τ〉−2ρ−
4
5‖f‖H1(B5

1)

by Lemma 2.4. Consequently, the claimed estimates on Ṫ1 follow. For Ṫ2, we perform

one integration by parts and exchange powers of ρ for decay in ω to derive that

Ṫ2(τ)f(ρ) =

∫
R
eiωτχ 1

2
+iω(ρ)(1− ρ2)−

1
4
− iω

2 O(ρ0〈ω〉2)

×
∫ 1

ρ

s2(1− χ 1
2

+iω(s))[1 +O(s−1(1− s)〈ω〉−1)]β1(ρ, s, 1
2

+ iω)

(1− s) 1
2
−iω

f(s)dsdω

=

∫
R
eiωτχ 1

2
+iω(ρ)(1− ρ2)−

1
4
− iω

2 ρO(ρ−1〈ω〉−1)

×
(1− χ 1

2
+iω(ρ))[1 +O(ρ−1(1− ρ)〈ω〉−1)]β1(ρ, ρ, 1

2
+ iω)

(1− ρ)−
1
2
−iω

f(ρ)dω

+

∫ 1

ρ

∫
R
eiωτχ 1

2
+iω(ρ)(1− ρ2)−

1
4
− iω

2 O(ρ−
9
10 〈ω〉

1
10 )

×
∂s

(
s2(1− χ 1

2
+iω(s))[1 +O(s−1(1− s)〈ω〉−1)]β1(ρ, s, 1

2
+ iω)f(s)

)
(1− s)− 1

2
−iω

dωds

=: B2(f)(τ, ρ) + I2(f)(τ, ρ).

An application of Lemma 5.3 then yields

|B2(f)(τ, ρ)| . 〈τ〉−2ρ|f(ρ)|

and the estimates for B2(f) follow from Lemma 5.8. To bound I2(f) we first remark that

if the derivative hits f , one can argue as for T2. Similarly, if the cut off function gets
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differentiated, one can argue as for Ṫ1. Making use of Lemmas 5.3 and 5.5 one sees that

the remaining terms Î2(f)(τ, ρ) satisfy

|Î2(f)(τ, ρ)| . ρ−
11
10

∫ 1

ρ

〈τ + log(1− s)〉−2s|f(s)|(1− s)
1
2ds

. 〈τ〉−2ρ−
11
10

∫ 1

0

s|f(s)|ds

and

|Î2(f)(τ, ρ)| . ρ−
5
6

∫ 1

ρ

〈τ + log(1− s)〉−2|τ − 1
2

log(1− ρ2) + log(1− s)|−
1
6

× s|f(s)|(1− s)
1
2ds.

As a consequence, we can argue as we did for T2 to derive the desired estimates on Ṫ2.

For Ṫ3 we cannot straight away take the limit N → ∞ as the integral is not absolutely

convergent. However, by proceeding as before and performing a similar integration by

parts, this can be remedied. More precisely, we compute that

Ṫ3(τ)f(ρ) := lim
N→∞

∫ iN

−iN
iωeiωτ (1− χ 1

2
+iω(ρ))ρ−2(1 + ρ)

1
2
−iω[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ 1

ρ

s2(1− χ 1
2

+iω(s))[1 +O(s−1(1− s)〈ω〉−1)]γ1(ρ, s, λ)

(1− 2iω)(1− s) 1
2
−iω

f(s)dsdω

=

∫
R
eiωτ (1− χ 1

2
+iω(ρ))2(1 + ρ)

1
2
−iω[1 +O(ρ−1(1− ρ)〈ω〉−1)]

× [1 +O(ρ−1(1− ρ)〈ω〉−1)]O(〈ω〉−1)γ1(ρ, ρ, λ)

(1− ρ)−
1
2
−iω

f(ρ)dω

+

∫ 1

ρ

∫
R
eiωτ (1− χ 1

2
+iω(ρ))ρ−2(1 + ρ)

1
2
−iω[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∂s

(
s2(1− χ 1

2
+iω(s))[1 +O(s−1(1− s)〈ω〉−1)]γ1(ρ, s, λ)

)
O(〈ω〉−1)

(1− s)− 1
2
−iω

dωds

and one can readily check that Ṫ3 can be bounded in a similar fashion as Ṫ2. Furthermore,

as the remaining Ṫj can be bounded by analogous means, we conclude this proof. �

As a result of the last two lemmas one readily establishes the following proposition.

Proposition 5.1. Let p ∈ [2,∞] and q ∈ [10
3
, 5] be such that 1

p
+ 5

q
= 3

2
. Then the

difference of the semigroups S and S0 satisfies the Strichartz estimates

‖e−
τ
2 [(S(τ)− S0(τ))(I−Q)(I−P)f ]1‖Lpτ (R+)Lq(B5

1) . ‖(I−Q)f‖H1×L2(B5
1)

‖e−
τ
2 [(S(τ)− S0(τ))(I−Q)(I−P)f ]1‖L2

τ (R+)L
45
8 (B5

1)
. ‖(I−Q)f‖H1×L2(B5

1)

for all f ∈ C∞ × C∞(B5
1).
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Proof. By construction the first component of (S(τ)− S0(τ))(I−Q)(I−P)f with

f ∈ C∞ × C∞(B5
1) is up to multiplicative constants given by

e
τ
2

(
9∑
j=1

Tj(τ)(f̃1 + f̃2) +
9∑
j=1

Ṫj(τ)f̃1

)

with f̃j = [(I −Q)(I − P)f ]j for j = 1, 2. Consequently, the claim follows immediately

from Lemmas 5.11 and 5.12. �

5.3. Further estimates. To be able to control the nonlinearity, we will also need

estimates on derivatives. For this we have to exchange derivatives with integrals which are

not absolutely convergent. We achieve this by performing enough integrations by parts

to render the oscillatory integral absolutely convergent. This allows us to invoke Lemma

5.13 (see below) and variations thereof, which enables us to carry out said interchanging.

After this we simply undo the integrations by parts.

Lemma 5.13 ([40, Lemma 6.1]). Let f(ω) = O (〈ω〉−1−α) with α > 0. Then

∂a

∫
R
eiωaf(ω)dω = i

∫
R
ωeiωaf(ω)dω

for a ∈ R \ {0}.

Suppose now, as before, that f ∈ C∞×C∞(B5
1), f̃ = (I−Q)(I−P)f , and λ = 1

2
+ iω.

Then, by using variations of Lemma 5.13, we obtain

∂ρ[S(τ)f̃ ]1(ρ) = ∂ρ[S0(τ)f̃ ]1(ρ) +
1

2πi
lim
N→∞

∫ 1
2

+iN

1
2
−iN

eλτ∂ρ[R(Fλ)(ρ, λ)−Rf(Fλ)(ρ, λ)]dλ

with

∂ρR(f)(ρ, λ) = −∂ρu0(ρ, λ)

2(1− λ)

∫ 1

ρ

s4u1(s, λ)f(s)

(1− s2)1−λ ds− ∂ρu1(ρ, λ)

2(1− λ)

∫ ρ

0

s4u0(s, λ)f(s)

(1− s2)1−λ ds.

Hence, our next step is to investigate the oscillatory integral above.

Lemma 5.14. Let Reλ = 1
2

and f ∈ C∞(B5
1). Then we can decompose

∂ρ[R(f)(ρ, λ)−Rf(f)(ρ, λ)]

as

∂ρ[R(f)(ρ, λ)−Rf(f)(ρ, λ)] =
9∑
j=1

G′j(f)(ρ, λ)
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with

G′1(f)(ρ, λ) = (1− ρ2)−
λ
2

∫ 1

ρ

χλ(s)O(ρ−1s〈ω〉−1)

(1− s2)1−λ
2

f(s)ds

G′2(f)(ρ, λ) = [λρ(1− ρ)−1 + ρ−1]χλ(ρ)(1− ρ2)−
λ
2O(ρ0〈ω〉2)

×
∫ 1

ρ

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]β1(ρ, s, λ)

2(1− λ)(1− s)1−λ f(s)ds+ G̃2(f)(ρ, λ)

G′3(f)(ρ, λ) =

[
1− λ
1 + ρ

− 2ρ−1

]
G3(f)(ρ, λ)

+O(ρ−2(1− ρ)0〈ω〉−1)(1− χλ(ρ))ρ−2(1 + ρ)1−λ

×
∫ 1

ρ

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ1(ρ, s, λ)

2(1− λ)(1− s)1−λ f(s)ds+ G̃3(f)(ρ, λ)

and

G′4(f)(ρ, λ) =

[
−1− λ

1− ρ
− 2ρ−1

]
G4(f)(ρ, λ)

+O(ρ−2(1− ρ)0〈ω〉−1)(1− χλ(ρ))ρ−2(1− ρ)1−λ

×
∫ 1

ρ

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ2(ρ, s, λ)

2(1− λ)(1− s)1−λ f(s)ds+ G̃4(f)(ρ, λ)

G′5(f)(ρ, λ) = χλ(ρ)(1− ρ2)−
λ
2

∫ ρ

0

O(ρ−2s2〈ω〉−1)

(1− s2)1−λ
2

f(s)ds

G′6(f)(ρ, λ) = χλ(ρ)(1− ρ2)−
λ
2

∫ ρ

0

O(ρ−2s2〈ω〉−1)

(1− s2)1−λ
2

f(s)ds

and

G′7(f)(ρ, λ) =

[
1− λ
1 + ρ

− 2ρ−1

]
G7(f)(ρ, λ)

+O(ρ−2(1− ρ)0〈ω〉−1)(1− χλ(ρ))ρ−2(1 + ρ)1−λ

×
∫ ρ

0

χλ(s)O(s4〈ω〉)β1(s, ρ, λ)

(1− s2)1−λ
2

f(s)ds+ G̃7(f)

G′8(f)(ρ, λ) =

[
1− λ
1 + ρ

− 2ρ−1

]
G8(f)(ρ, λ)

+O(ρ−2(1− ρ)0〈ω〉−1)(1− χλ(ρ))ρ−2(1 + ρ)1−λ

×
∫ ρ

0

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ1(s, ρ, λ)

2(1− λ)(1− s)1−λ f(s)ds+ G̃8(f)
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and

G′9(f)(ρ, λ) =

[
1− λ
1 + ρ

− 2ρ−1

]
G9(f)(ρ, λ)

+O(ρ−2(1− ρ)0〈ω〉−1)(1− χλ(ρ))ρ−2(1 + ρ)1−λ

×
∫ ρ

0

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ2(s, ρ, λ)

2(1− λ)(1 + s)1−λ f(s)ds+ G̃9(f)

where G̃j(f)(ρ, λ) are the terms obtained from differentiating either β1 or γj with respect

to ρ.

Proof. This is just a straightforward computation. �

Proceeding as above, we define operators T ′j and Ṫ ′j for j = 1, . . . , 9 and f ∈ C∞(B5
1)

as

T ′j(τ)f(ρ) := lim
N→∞

∫ N

−N
eiωτG′j(f)(ρ, 1

2
+ iω)dω

and

Ṫj
′
(τ)f(ρ) := lim

N→∞

∫ N

−N
iωeiωτG′j(f)(ρ, 1

2
+ iω)dω.

Again, these integrals are not necessarily absolutely convergent. Nevertheless, the oper-

ators can be made sense of, as is visible from the following lemma.

Lemma 5.15. The estimates

‖T ′j(τ)f‖
L6
τ (R+)L

45
23 (B5

1)
. ‖f‖L2(B5

1)

and

‖Ṫj
′
(τ)f‖

L6
τ (R+)L

45
23 (B5

1)
. ‖f‖H1(B5

1)

hold for j = 1, . . . , 9 and all f ∈ C∞(B5
1).

Proof. We start with j = 1, in which case we can take the limit N →∞ for Ṫ1
′
and

T ′1. Combining this with

χ 1
2

+iω(s)O(ρ−1s〈ω〉−1) = χ 1
2

+iω(s)O(ρ−
13
8 s

25
16 〈ω〉−

17
16 ),

which is valid for 0 < ρ ≤ s, yields

T ′1(τ)f(ρ) =

∫ 1

ρ

∫
R
eiωτ (1− ρ2)−

1
4
− iω

2 1(0,ρ1)(s)
χ 1

2
+iω(s)O(ρ−

13
8 s

25
16 〈ω〉− 17

16 )

(1− s2)
1
2
− iω

2

f(s)dωds.

Thus, by employing Lemma 5.2 we obtain

|T ′1(τ)f(ρ)| . 〈τ〉−2ρ−
13
8

∫ 1

0

s
25
16 |f(s)|ds . 〈τ〉−2ρ−

13
8

(∫ 1

0

s4|f(s)|2ds
∫ 1

0

s−
7
8ds

) 1
2

. 〈τ〉−2ρ−
13
8 ‖f‖L2(B5

1).
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Consequently,

‖T ′1(τ)f‖
L6
τ (R+)L

45
23 (B5

1)
. ‖f‖L2(B5

1).

Moreover, to bound ‖Ṫ ′1(τ)f‖
L6
τ (R+)L

45
23 (B5

1)
one argues similarly to deduce that

‖Ṫ ′1(τ)f‖
L6
τ (R+)L

45
23 (B5

1)
. ‖|.|−1f‖L2(B5

1) . ‖f‖H1(B5
1)

by Lemma 2.4. For j = 2 we can again interchange the order of integration and take

the limit N →∞ in both T ′2 and Ṫ ′2. Note that the hardest term over which we have to

obtain control in order to bound T ′2 is given by∫ 1

ρ

∫
R
eiωτχ 1

2
+iω(ρ)(1− ρ2)−

1
4
− iω

2 O(ρ−1〈ω〉2)

×
s2(1− χ 1

2
+iω(s))[1 +O(s−1(1− s)〈ω〉−1)]β1(ρ, s, 1

2
+ iω)

(1− 2iω)(1− s) 1
2
−iω

f(s)dωds.

By using that

χ 1
2

+iω(ρ)O(ρ−1〈ω〉0) = χ 1
2

+iω(ρ)O(ρ−
5
2 〈ω〉−

3
2 )

we deduce that

‖T ′2(τ)f‖
L

45
23 (B5

1)
. ‖|.|−

5
2‖

L
45
23 (B5

1)

∫ 1

0

〈τ + log(1− s)〉−2|f(s)|s2(1− s)−
1
2ds.

Consequently, by employing previously used arguments, one readily establishes the de-

sired estimate on T ′2. Next, when estimating Ṫ2
′

the hardest term is given by∫
R

∫ 1

ρ

eiωτχ 1
2

+iω(ρ)(1− ρ2)−
1
4
− iω

2 O(ρ−1〈ω〉3)

×
s2(1− χ 1

2
+iω(s))[1 +O(s−1(1− s)〈ω〉−1)]β1(ρ, s, 1

2
+ iω)

(1− 2iω)(1− s) 1
2
−iω

f(s)dsdω

=

∫
R
eiωτχ 1

2
+iω(ρ)(1− χ 1

2
+iω(ρ))(1− ρ2)−

1
4
− iω

2 O(ρ〈ω〉1)(1− ρ)
1
2

+iω

× [1 +O(ρ−1(1− ρ)〈ω〉−1)]β1(ρ, ρ,
1

2
+ iω)f(ρ)dω

+

∫
R

∫ 1

ρ

eiωτχ 1
2

+iω(ρ)(1− ρ2)−
λ
2O(ρ−1〈ω〉)(1− s)

1
2

+iω

× ∂s[s2(1− χ 1
2

+iω(s))[1 +O(s−1(1− s)〈ω〉−1)]β1(ρ, s,
1

2
+ iω)f(s)]dωds

=: Ḃ′2(τ)f(ρ) + İ ′2(τ)f(ρ).

For Ḃ′2(τ)f(ρ) we use Lemma 5.1 to compute that

|Ḃ′2(τ)f(ρ)| . 〈τ〉−2ρ−
1
6 |f(ρ)|.
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Hence,

‖Ḃ′2(τ)f‖
L6
τ (R+)L

45
23 (B5

1)
. ‖f‖H1(B5

1),

thanks to Lemma 2.4. Similarly,

|İ ′2(τ)f(ρ)| . 〈τ〉−2ρ−2− 1
6

∫ 1

0

s|f(s)|+ s2|f ′(s)|ds

and so,

‖İ ′2(τ)f‖
L6
τ (R+)L

45
23 (B5

1)
. ‖f‖H1(B5

1).

We proceed with T ′3, which we estimate according to

|T ′3(τ)f(ρ)| . ρ−2

∫ 1

0

s2|f(s)|(1− s)−
1
2

× 〈τ + log(1− s)〉−2[1 + |τ − log(1 + ρ) + log(1− s)|−
1
8 ]ds.

Further,

‖ρ−2[1 + |τ − log(1 + ρ) + log(1− s)|−
1
8 ]‖

L
45
23
ρ (B5

1)
. [1 + |τ + log(1− s)|−

1
8 ]

and the claimed estimate on T ′3 follows. The bound on Ṫ ′3 follows by integrating parts

once and then arguing in similar fashion. Moving on, Lemma 5.2 shows that

|T ′4(τ)f(ρ)| . ρ−2

∫ 1

0

s2|f(s)|(1− s)−
1
2 (1− ρ)−

1
2

× 〈τ − log(1− ρ) + log(1− s)〉−2[1 + |τ − log(1− ρ) + log(1− s)|−
1

104 ]ds.

Observe now, that the estimate

(1− ρ)
1

100 〈τ − log(1− ρ) + log(1− s)〉−2 . 〈τ + log(1− s)〉−2

holds. Hence,

‖ρ−2(1− ρ)−
1
2 〈τ − log(1− ρ) + log(1− s)〉−2

× [1 + |τ − log(1− ρ) + log(1− s)|−
1

104 ]‖
L

45
23
ρ (B5

1)

. 〈τ + log(1− s)〉−2‖(1− ρ)−
1
2
− 1

100 [1 + |τ − log(1− ρ) + log(1− s)|−
1

104 ]‖
L

45
23
ρ ((0,1))

. 〈τ + log(1− s)〉−2‖(1− ρ)−
51
100‖

L
49
25
ρ ((0,1))

× ‖1 + |τ − log(1− ρ) + log(1− s)|−
1

104 ‖
L

2205
2

ρ ((0,1))

. 〈τ + log(1− s)〉−2[1 + |τ + log(1− s)|−
1

104 ].

Therefore,

‖T ′4(τ)f‖
L

45
23 (B5

1)
.
∫ 1

0

s2|f(s)|(1− s)−
1
2 〈τ + log(1− s)〉−2[1 + |τ + log(1− s)|−

1
104 ]ds
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and the claimed estimate follows. Furthermore, estimating Ṫ ′4 is achieved by first inte-

grating by parts once in the s integral to recover decay in ω and a similar calculation.

Analogously, one can bound the remaining operators, so, we conclude this proof. �

Proposition 5.2. The difference of S and S0 satisfies

‖e−
τ
2 [(S(τ)− S0(τ))(I−Q)(I−P)f ]1‖L6

τ (R+)W 1, 4523 (B5
1)
. ‖(I−Q)f‖H1×L2(B5

1)

for all f ∈ C∞ × C∞(B5
1).

With this result, our task of establishing Strichartz estimates on the H1 × L2 level

has come to an end and we move on to the next set of estimates.

6. Strichartz estimates in H2

We now move on to H2 ×H1-type Strichartz estimates, i.e., estimates of the form∥∥∥[e
τ
2 S(τ)f̃ ]1

∥∥∥
Lpτ (R+)Lq(B5

1)
. ‖f̃‖H2×H1(B5

1)

For this let k > 0 be large enough such that |λ| < k for all λ ∈ σu(L) and let µ : C→ [0, 1]

be a smooth cutoff function with µ(z) = 1 for |z| ≤ k and µ(z) = 0 for |z| ≥ 2k. Then,

by the second resolvent identity and our ODE construction

lim
N→∞

∫ − 1
2

+iN

− 1
2
−iN

eλτ [RL(λ)f̃ −RL0(λ)f̃ ]1dλ =

∫ − 1
2

+i∞

− 1
2
−i∞

eλτµ(λ)[RL0(λ)L′RL(λ)f̃ ]1dλ

+ lim
N→∞

∫ − 1
2

+iN

− 1
2
−iN

eλτ (1− µ(λ))

× [R(Fλ)(ρ, λ)−Rf(Fλ)(ρ, λ)]dλ

=

∫ − 1
2

+i∞

− 1
2
−i∞

eλτµ(λ)Rf(V [RL(λ)f̃ ]1)(ρ, λ)dλ

+ lim
N→∞

∫ − 1
2

+iN

− 1
2
−iN

eλτ (1− µ(λ))

× [R(Fλ)(ρ, λ)−Rf(Fλ)(ρ, λ)]dλ

with Fλ(ρ) = ρf̃ ′1(ρ) + (λ + 2)f̃1(ρ) + f̃2(ρ) and V (ρ) = − 16
(1+ρ2)2

, where we used that

[RL(λ)f̃ ]1 = R(Fλ)(., λ) and [RL0(λ)f̃ ]1 = Rf(Fλ)(., λ).

6.1. Estimates for large |ω|. We first deal with the case when |ω| is large enough

so that (1− µ(λ)) 6= 0. For such values of λ we investigate the difference R(f)−Rf(f),

which, in view of Lemma 4.5, we break into smaller pieces. The first part we look at is

given by

W1(f)(ρ, λ) := bλ(f)u0(ρ, λ)− bfλ(f)uf0(ρ, λ).
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Lemma 6.1. Let Reλ = −1
2
. Then we can decompose W1(f)(ρ, λ) as

W1(f)(ρ, λ) = f(1)
3∑
j=1

Hj(ρ, λ)

where

H1(ρ, λ) : = χλ(ρ)(1− ρ2)−λO(ρ0〈ω〉−2)

H2(ρ, λ) : = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
[
O(〈ω〉−4) + (1− ρ)O(〈ω〉−5) +O(ρ−1(1− ρ)2〈ω〉−5)

]
H3(ρ, λ) : = (1− χλ(ρ))ρ−2(1− ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
[
O(〈ω〉−4) + (1− ρ)O(〈ω〉−5) +O(ρ−1(1− ρ)2〈ω〉−5)

]
.

Proof. We start by looking at

bλ(f) =
f(1)

2λ(1− λ)

∫ 1

0

∂s[s
4u1(s, λ)(1 + s)−1+λ](1− s)λds

=
f(1)

2λ(1− λ)

(∫ 1

0

χλ(s)∂s[s
4u1(s, λ)(1 + s)−1+λ](1− s)λds

+

∫ 1

0

(1− χλ(s))∂s[s4u1(s, λ)(1 + s)−1+λ](1− s)λds
)

and claim that bλ(f) = f(1)O(〈ω〉−3). For the first of the above terms on the right side

one readily computes that∫ 1

0

χλ(s)∂s[s
4u1(s, λ)(1 + s)−1+λ](1− s)λds =

∫ 1

0

χλ(s)∂sO(s〈ω〉−1)ds = O(〈ω〉−1).

The second term we split according to∫ 1

0

(1− χλ(s))∂s[s2[1 + (1− s)O(〈ω〉−1) +O(s−1(1− s)2〈ω〉−1)]](1− s)λds

=

∫ 1

0

(1− χλ(s))∂s[s2[1 + (1− s)O(〈ω〉−1)]](1− s)λds

+

∫ 1

0

(1− χλ(s))∂s[s2[O(s−1(1− s)2〈ω〉−1)]](1− s)λds =: I1(λ) + I2(λ).

Observe that I2(λ) = O(〈ω〉−1), while an integration by parts yields

I1(λ) = O(〈ω〉−1)

∫ 1

0

∂s
(
(1− χλ(s))∂s[s2[1 + (1− s)O(〈ω〉−1)]]

)
(1− s)1+λds

= O(〈ω〉−1).

Consequently, the claim follows. Similarly, one computes that bλ(f)−bfλ(f) = f(1)O(〈ω〉−4).

Therefore, one establishes the desired decomposition by plugging in the explicit forms of

the solutions and a straightforward computation. �
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Motivated by this decomposition we define the operators

Sj(τ)f(ρ) =

∫
R
[1− µ(−1

2
+ iω)]eiωτf(1)Hj(ρ,−1

2
+ iω)dω

and

Ṡj(τ)f(ρ) =

∫
R
[1− µ(−1

2
+ iω)]ωeiωτf(1)Hj(ρ,−1

2
+ iω)dω

for j = 1, 2, 3 and f ∈ C∞(B5
1).

Lemma 6.2. Let p ∈ [2,∞] and q ∈ [10,∞] be such that 1
p
+ 5

q
= 1

2
. Then the estimates

‖Sj(τ)f‖Lpτ (R+)Lq(B5
1) . ‖f‖H1(B5

1)

and

‖Ṡj(τ)f‖Lpτ (R+)Lq(B5
1) . ‖f‖H2(B5

1)

hold for j = 1, 2, 3 and f ∈ C∞(B5
1).

Proof. From Lemma 5.1 we see that

|S1(τ)f(ρ)| . |f(1)|〈τ〉−2,

hence, the bounds on S1 follow from the Sobolev embedding

H1((0, 1)) ↪→ L∞([0, 1])

and 2.4. To establish the estimates on Ṡ1 we use that

χ− 1
2

+iω(ρ)O(ρ0〈ω〉−1) = χ− 1
2

+iω(ρ)O(ρ−
1

100 〈ω〉−1− 1
100 )

and employ Lemma 5.1 to establish that

|Ṡ1(τ)f(ρ)| . ρ−
1

100 |f(1)|〈τ〉−2.

Consequently,

‖Ṡ1(τ)f‖L∞τ (R+)L10(B5
1) . ‖f‖H2(B5

1)

and by using Lemma 5.2, one obtains the other endpoint estimate

‖Ṡ1(τ)f‖L2
τ (R+)L∞(B5

1) . ‖f‖H2(B5
1).

The general estimate then follows by interpolating. The remaining bounds can be ob-

tained in a similar fashion by making use of Lemma 5.3. �

Next, we take a closer look at

W2(f)(ρ, λ) : = u0(ρ, λ)U1(ρ, λ)f(ρ)− uf0(ρ, λ)Uf1(ρ, λ)f(ρ)

− u1(ρ, λ)U0(ρ, λ)f(ρ) + uf1(ρ, λ)Uf0(ρ, λ)f(ρ)
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Lemma 6.3. Let Reλ = −1
2
. Then we can decompose W2(f) as

W2(f)(ρ, λ) = f(ρ)
8∑
j=4

Hj(ρ, λ)

where

H4(ρ, λ) : = (1− ρ2)−
λ
2χλ(ρ)

∫ ρ

0

O(ρ0s〈ω〉−1)

(1− s2)1−λ
2

ds

H5(ρ, λ) : = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

χλ(s)O(s〈ω〉−2)

(1− s2)1−λ
2

β2(ρ, s, λ)ds

H6(ρ, λ) : = (1− χλ(ρ))ρ−2(1− ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

χλ(s)O(s〈ω〉−2)

(1− s2)1−λ
2

β3(ρ, s, λ)ds

H7(ρ, λ) : = (1− χλ(ρ))ρ−2(1− ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ3(ρ, s, λ)

2(1− λ)(1− s)1−λ ds

H8(ρ, λ) : = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ4(ρ, s, λ)

2(1− λ)(1 + s)1−λ ds

with βj and γj as in Lemma 5.9.

As before we define operators corresponding to the kernels Hj as

Sj(τ)f(ρ) := lim
N→∞

∫ N

−N
[1− µ(−1

2
+ iω)]eiωτf(ρ)Hj(ρ,−1

2
+ iω)dω

and

Ṡj(τ)f(ρ) := lim
N→∞

∫ N

−N
[1− µ(−1

2
+ iω)]ωeiωτf(ρ)Hj(ρ,−1

2
+ iω)dω

for j = 4, . . . , 8 and f ∈ C∞(B5
1).

Lemma 6.4. Let p ∈ [2,∞] and q ∈ [10,∞] be such that 1
p

+ 5
q

= 1
2
. Then we have the

estimates

‖Sj(τ)f‖LpτLq(B5
1) . ‖f‖H1(B5

1)

and

‖Ṡj(τ)f‖LpτLq(B5
1) . ‖f‖H2(B5

1)

for j = 4, . . . , 8 and f ∈ C∞(B5
1).

205



Proof. For j = 4 all the estimates can be derived by means already exhibited in the

proofs of Lemmas 5.11 and 5.12. For j = 5 we apply Lemma 5.3 to see that

|S5(τ)f(ρ)| . 〈τ〉−2ρ2|f(ρ)|.

So, from the one-dimensional embedding H1((0, 1)) ↪→ L∞([0, 1]) and Lemma 2.4, we

infer that

‖S5(τ)f‖Lpτ (R+)Lq(B5
1) . ‖|.|2f‖L∞((0,1)) . ‖|.|2f‖H1((0,1)) . ‖f‖H1(B5

1).

Analogously, one computes that

‖Ṡ5(τ)f‖Lpτ (R+)Lq(B5
1) . ‖|.|f‖H1((0,1)) . ‖f‖L2((0,1)) + ‖|.|f ′‖L2((0,1))

. ‖f‖H2(B5
1) + ‖|.|f ′‖L2((0,1)) . ‖f‖H2(B5

1)

thanks to Lemma 2.5. The estimates for j = 6 can be obtained likewise and therefore we

move on to S7. Here, an application of Lemma 5.3 shows that

|S7(τ)f(ρ)| . ρ−1|f(ρ)|(1− ρ)
3
2

∫ ρ

0

〈τ − log(1− ρ) + log(1− s)〉−2s2

(1− s) 3
2

ds

. 〈τ〉−2ρ2|f(ρ)|.

Hence, for any admissible pair (p, q), we have that

‖S7(τ)f(ρ)‖Lpτ (R+)Lq(B5
1) . ‖|.|2f‖L∞((0,1))

and we can conclude as before. To bound Ṡ7 we integrate by parts once to see that

H7(ρ, λ) = (1− χλ(ρ))ρ−2(1− ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ3(ρ, s, λ)

2(1− λ)(1− s)1−λ ds

= (1− χλ(ρ))2(1− ρ)[1 +O(ρ−1(1− ρ)〈ω〉−1)]

× [1 +O(ρ−1(1− ρ)〈ω〉−1)]
γ3(ρ, ρ, λ)

2λ(1− λ)

+ (1− χλ(ρ))ρ−2(1− ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

∂s[s
2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ3(ρ, s, λ)]

2λ(1− λ)(1− s)−λ
ds.

Using this and Lemma 5.3 we infer that

‖Ṡ7(τ)f(ρ)‖Lpτ (R+)Lq(B5
1) . ‖|.|f‖L∞((0,1))

and the claimed bounds follow. Finally, as S8 and Ṡ8 can be bounded likewise, we

conclude this proof. �
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To proceed, we take a closer look at

W3(f)(ρ, λ) : = u0(ρ, λ)

∫ 1

ρ

U1(s, λ)f ′(s)ds− uf0(ρ, λ)

∫ 1

ρ

Uf1(s, λ)f ′(s)ds

+ u1(ρ, λ)

∫ ρ

0

U0(s, λ)f ′(s)ds− uf1(ρ, λ)

∫ ρ

0

Uf0(s, λ)f ′(s)ds.

Lemma 6.5. Let Reλ = −1
2
. Then we can decompose W3(ρ, λ) as

W3(f)(ρ, λ) =
18∑
j=9

Hj(f)(ρ, λ)

where

H9(f)(ρ, λ) : = (1− ρ2)−
λ
2χλ(ρ)

∫ 1

ρ

f ′(s)

∫ s

0

χλ(t)O(ρ0t〈ω〉−1)

(1− t2)1−λ
2

dtds

H10(f)(ρ, λ) : = (1− ρ2)−
λ
2χλ(ρ)

∫ 1

ρ

f ′(s)

×
∫ s

0

(1− χλ(t))O(ρ0t2〈ω〉)[1 +O(t−1(1− t)〈ω〉−1)]

(1− t)1−λ β4(ρ, t, λ)dtds

H11(f)(ρ, λ) : = (1− χλ(ρ))ρ−2(1− ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ 1

ρ

f ′(s)

∫ s

0

χλ(t)O(t〈ω〉−2)

(1− t2)1−λ
2

β5(t, ρ, λ)dtds

H12(f)(ρ, λ) : = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ 1

ρ

f ′(s)

∫ s

0

χλ(t)O(t〈ω〉−2)

(1− t2)1−λ
2

β6(t, ρ, λ)dtds,

and

H13(f)(ρ, λ) : = (1− χλ(ρ))ρ−2(1− ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ 1

ρ

f ′(s)

∫ s

0

t2(1− χλ(t))[1 +O(t−1(1− t)〈ω〉−1)]γ3(ρ, t, λ)

2(1− λ)(1− t)1−λ dtds

H14(f)(ρ, λ) : = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ 1

ρ

f ′(s)

∫ s

0

t2(1− χλ(t))[1 +O(t−1(1− t)〈ω〉−1)]γ4(ρ, t, λ)

2(1− λ)(1− t)1−λ dtds

H15(f)(ρ, λ) : = (1− ρ2)−
λ
2χλ(ρ)

∫ ρ

0

f ′(s)

∫ s

0

O(ρ0t〈ω〉−1)

(1− t2)1−λ
2

dtds

H16(f)(ρ, λ) : = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

f ′(s)

∫ s

0

χλ(t)O(t〈ω〉−1)

(1− t2)1−λ
2

β7(t, ρ, λ)dtds,
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and

H17(f)(ρ, λ) : = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

f ′(s)

∫ s

0

t2(1− χλ(t))[1 +O(t−1(1− t)〈ω〉−1)]γ5(ρ, t, λ)

2(1− λ)(1− t)1−λ dtds

H18(f)(ρ, λ) : = (1− χλ(ρ))ρ−2(1 + ρ)1−λ[1 +O(ρ−1(1− ρ)〈ω〉−1)]

×
∫ ρ

0

f ′(s)

∫ s

0

t2(1− χλ(t))[1 +O(t−1(1− t)〈ω〉−1)]γ6(ρ, t, λ)

2(1− λ)(1 + t)1−λ dtds

with βj and γj as in Lemma 5.9.

Continuing, we set

Sj(τ)f(ρ) = lim
N→∞

∫ −N
N

[1− µ(−1
2

+ iω)]eiωτHj(f)(ρ,−1
2

+ iω)dω

and

Ṡj(τ)f(ρ) = lim
N→∞

∫ −N
N

[1− µ(−1
2

+ iω)]ωeiωτHj(f)(ρ,−1
2

+ iω)dω

for j = 9, . . . , 18 and f ∈ C∞(B5
1).

Lemma 6.6. Let p ∈ [2,∞] and q ∈ [10,∞] be such that 1
p
+ 5

q
= 1

2
. Then the estimates

‖Sj(τ)f‖LpτLq(B5
1) . ‖f‖H1(B5

1)

and

‖Ṡj(τ)f‖LpτLq(B5
1) . ‖f‖H2(B5

1)

hold for j = 9, . . . , 18 and f ∈ C∞(B5
1).

Proof. Lemma 5.1 yields the estimate

|S9(τ)f(ρ)| . 〈τ〉−2

∫ 1

0

|f ′(s)|s
7
4ds

and so, from the Cauchy Schwarz inequality we can immediately infer that

‖S9(τ)f‖Lpτ (R+)Lq(B5
1) . ‖f‖H1(B5

1)

for any admissible pair (p, q). Analogously, one derives that

‖Ṡ9(τ)f‖Lpτ (R+)Lq(B5
1) . ‖|.|−1f‖H1(B5

1) . ‖f‖H2(B5
1).
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For j = 10 we perform an integration by parts to conclude that

H10(f)(ρ, λ) = (1− ρ2)−
λ
2χλ(ρ)

∫ 1

ρ

f ′(s)

× (1− χλ(s))O(ρ0s2〈ω〉0)[1 +O(s−1(1− s)〈ω〉−1)]

(1− s)−λ
β1(ρ, s, λ)ds

+ (1− ρ2)−
λ
2χλ(ρ)

∫ 1

ρ

f ′(s)

×
∫ s

0

∂t ((1− χλ(t))O(ρ0t2〈ω〉0)[1 +O(t−1(1− t)〈ω〉−1)]β1(ρ, t, λ))

(1− t)−λ
dtds

=: B10(f)(ρ, λ) + I10(f)(ρ, λ).

By employing Lemma 5.2 and substituting s = 1− e−y we estimate∣∣∣∣∫
R
[1− µ(−1

2
+ iω)]eiωτB9(f)(ρ,−1

2
+ iω)dω

∣∣∣∣
.
∫ 1

ρ

|τ − 1
2

log(1− ρ2) + log(1− s)|−
1
8 〈τ + log(1− s)〉−2|f ′(s)|s2(1− s)−

1
2ds

.
∫ ∞

0

|τ − 1
2

log(1− ρ2)− y|−
1
8 〈τ − y〉−2|f ′(1− e−y)|(1− e−y)2e−

1
2
yds

.

(∫ ∞
0

|τ − 1
2

log(1− ρ2)− y|−
1
4 〈τ − y〉−2dy

) 1
2

×
(∫ ∞

0

〈τ − y〉−2|f ′(1− e−y)|2(1− e−y)4e−ydy

) 1
2

.

Observe that∫ ∞
0

|τ − 1
2

log(1− ρ2)− y|−
1
4 〈τ − y〉−2dy .

∫
R
|1
2

log(1− ρ2) + y|−
1
4 〈y〉−2dy

.
∫ − 1

2
log(1−ρ2)+1

− 1
2

log(1−ρ2)−1

|1
2

log(1− ρ2) + y|−
1
4dy

+

∫
R
〈y〉−2dy.

Thus, as ∫ − 1
2

log(1−ρ2)+1

− 1
2

log(1−ρ2)−1

|1
2

log(1− ρ2) + y|−
1
4dy =

∫ 1

−1

|y|−
1
4dy =

3

2

we deduce that ∥∥∥∥∫
R
[1− µ(−1

2
+ iω)]eiωτB10(f)(ρ,−1

2
+ iω)dω

∥∥∥∥2

L2
τ (R+)L∞ρ (B5

1)

.
∫ ∞

0

∫ ∞
0

〈τ − y〉−2|f ′(1− e−y)|2(1− e−y)4e−ydydτ.
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Hence, Young’s inequality yields the estimate∥∥∥∥∫
R
[1− µ(−1

2
+ iω)]eiωτB10(f)(ρ,−1

2
+ iω)dω

∥∥∥∥2

L2
τ (R+)L∞ρ (B5

1)

. ‖〈.〉−2‖2
L1(R)‖|f ′(1− e−y)|2(1− e−y)4e−y‖2

L1
y(R+) . ‖f‖2

H1(B5
1).

To proceed, we illustrate the general procedure on how to bound∫
R
[1− µ(−1

2
+ iω)]eiωτI10(f)(ρ,−1

2
+ iω)dω

with

Ĩ10(f)(ρ, λ) = (1− ρ2)−
λ
2χλ(ρ)

∫ 1

ρ

f ′(s)

×
∫ s

0

(1− χλ(t))O(ρ0t2〈ω〉0)O(t−2(1− t)0〈ω〉−1)]β1(ρ, t, λ)

(1− t)−λ
dtds

i.e., the term we obtain when the t derivative hits [1 +O(t−1(1− t)〈ω〉−1)]. Here, we use

Lemma 5.3 to derive that∣∣∣∣∫
R
[1− µ(−1

2
+ iω)]eiωτ Ĩ10(f)(ρ,−1

2
+ iω)dω

∣∣∣∣
.
∫ 1

0

|f ′(s)|
∫ s

0

〈τ + log(1− t)〉−2 t

(1− t) 1
2

dtds.

So, ∥∥∥∥∫
R
[1− µ(−1

2
+ iω)]eiωτ Ĩ10(f)(ρ,−1

2
+ iω)dω

∥∥∥∥
L2
τ (R+)L∞ρ (B5

1)

.
∫ 1

0

|f ′(s)|

∥∥∥∥∥
∫ s

0

〈τ + log(1− t)〉−2 t

(1− t) 1
2

dt

∥∥∥∥∥
L2
τ (R+)

ds.

Furthermore,∥∥∥∥∥
∫ s

0

〈τ + log(1− t)〉−2 t

(1− t) 1
2

dt

∥∥∥∥∥
L2
τ (R+)

=

∥∥∥∥∥
∫ − log(1−s)

0

〈τ − y〉−2(1− e−y)e−
y
2 dy

∥∥∥∥∥
L2
τ (R+)

and using Young’s inequality yields∥∥∥∥∥
∫ − log(1−s)

0

〈τ − y〉−2(1− e−y)e−
y
2 dy

∥∥∥∥∥
L2
τ (R+)

. ‖〈.〉−2‖
L

6
5 (R)
‖1(0,− log(1−s))(y)(1− e−y)e−

y
2 ‖

L
3
2
y (R)

.

(∫ s

0

(1− t)−
1
4 t

3
2dt

) 2
3

. (1− s)−
1
6 s

5
3 .
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Thus, ∥∥∥∥∫
R
[1− µ(−1

2
+ iω)]eiωτ Ĩ10(f)(ρ,−1

2
+ iω)dω

∥∥∥∥2

L2
τ (R+)L∞ρ (B5

1)

.

(∫ 1

0

|f ′(s)|(1− s)−
1
6 s

5
3ds

)2

. ‖f‖2
H1(B5

1)

∫ 1

0

(1− s)−
1
3 s−

2
3ds . ‖f‖2

H1(B5
1).

To bound the remaining terms, one integrates by parts once more and uses similar rea-

soning. Hence,

‖S10(τ)f‖L2
τ (R+)L∞(B5

1) . ‖f‖H1(B5
1).

For the other endpoint estimate one employs Lemma 5.1 to compute that∣∣∣∣∫
R
[1− µ(−1

2
+ iω)]eiωτB10(f)(ρ,−1

2
+ iω)dω

∣∣∣∣
. ρ−

1
10

∫ 1

0

〈τ + log(1− s)〉−2|f ′(s)|s2(1− s)−
1
2ds

and from this one can easily infer that∥∥∥∥∫
R
[1− µ(−1

2
+ iω)]eiωτB10(f)(ρ,−1

2
+ iω)dω

∥∥∥∥
L∞τ (R+)L10

ρ (B5
1)

.

∥∥∥∥∫ 1

0

〈τ + log(1− s)〉−2|f ′(s)|s2(1− s)−
1
2ds

∥∥∥∥
L∞τ (R+)

=

∥∥∥∥∫ ∞
0

〈τ − y〉−2|f ′(1− e−y)|(1− e−y)2e−
1
2
ydy

∥∥∥∥
L∞τ (R+)

. ‖〈τ〉−2‖L2
τ (R+)‖f ′(1− e−y)(1− e−y)2e−

1
2
y‖L2

y(R+) . ‖f‖H1(B5
1).

Similarly, one estimates∣∣∣∣∫
R
[1− µ(−1

2
+ iω)]eiωτI10(f)(ρ,−1

2
+ iω)dω

∣∣∣∣
and so, the general estimate

‖S10(τ)f‖Lpτ (R+)Lq(B5
1) . ‖f‖H1(B5

1)
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for all admissible pairs (p, q) follows by interpolation. To derive the stated estimates on

Ṡ10, we again first take a look at B10(f). Integrating by parts once again yields

B10(f)(ρ, λ) = (1− ρ2)−
λ
2χλ(ρ)

∫ 1

ρ

f ′(s)

× (1− χλ(s))O(ρ0s2〈ω〉0)[1 +O(s−1(1− s)〈ω〉−1)]

(1− s)−λ
β4(ρ, s, λ)ds

= (1− ρ2)−
λ
2χλ(ρ)f ′(ρ)(1− χλ(ρ))O(ρ2〈ω〉−1)[1 +O(ρ−1(1− ρ)〈ω〉−1)]

× (1− ρ)1+λβ1(ρ, ρ, λ) + (1− ρ2)−
λ
2χλ(ρ)

∫ 1

ρ

(1− s)1+λ

× ∂s[f ′(s)(1− χλ(s))O(ρ0s2〈ω〉0)[1 +O(s−1(1− s)〈ω〉−1)]β4(ρ, s, λ)]ds

:= B1
10(f)(ρ, λ) +B2

10(f)(ρ)(λ).

Now, by using that χλ(ρ)O(ρ2〈ω〉−1) = χλ(ρ)O(ρ〈ω〉−2) and Lemma 5.3, one establishes

the estimate∣∣∣∣∫
R
[1− µ(−1

2
+ iω)]ωeiωτB1

10(f)(ρ,−1
2

+ iω)dω

∣∣∣∣ . 〈τ〉−2ρ2|f ′(ρ)|

and so∥∥∥∥∫
R
[1− µ(−1

2
+ iω)]eiωτB10(f)(ρ,−1

2
+ iω)dω

∥∥∥∥
Lpτ (R+)Lq(B5

1)

. ‖|.|2f ′‖H1((0,1)) . ‖f‖H2(B5
1)

for all admissible pairs p, q. By adapting this procedure one then obtains the full estimate

‖Ṡ10(τ)f‖Lpτ (R+)Lq(B5
1) . ‖f‖H2(B5

1).

Moreover, the remaining kernels can be bounded by implementing essentially the same

strategies that we used for j = 9, 10 in Lemma 5.12. �

6.2. Estimates for |ω| small. Having dealt with large values of |ω| we now turn

our attention to estimating∫ ∞
−∞

eiωτµ(−1
2

+ iω)Rf(V [RL(−1
2

+ iω)f̃ ]1)(ρ,−1
2

+ iω)dω.

As the above integrand has compact support, this is technically a fair bit easier and the

main ingredient is the following technical Lemma.

Lemma 6.7. Let f ∈ C((0, 1)×R) be such that f(ρ, .) ∈ C2(R) for any ρ ∈ (0, 1) and

let N be such that µ(−1
2

+ iω) = 0 for all |ω| ≥ N . Then∣∣∣∣∫
R
eiωaµ(−1

2
+ iω)f(ρ, ω)dω

∣∣∣∣ . 〈a〉−2

2∑
j=0

∫ N

−N
|∂jωf(ρ, ω)|dω
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for all ρ ∈ (0, 1) and a ∈ R. Moreover, for any k ≥ 0, the estimate∣∣∣∣ρ−k ∫
R
eiωaµ(−1

2
+ iω)(1− χ− 1

2
+iω(ρ))f(ρ, ω)dω

∣∣∣∣ . 〈a〉−2

2∑
j=0

∫ N

−N
|∂jωf(ρ, ω)|dω

holds for all ρ ∈ (0, 1) and a ∈ R.

Proof. For |a| < 1 we take absolute values to obtain∣∣∣∣∫
R
eiωaµ(−1

2
+ iω)f(ρ, ω)dω

∣∣∣∣ . ∫ N

−N
|f(ρ, ω)|dω.

So, the first estimate follows by two integrations by part. The second estimate follows

just as Lemma 4.3 in [34]. �

Lemma 6.8. Let p ∈ [2,∞] and q ∈ [10,∞] be such that 1
p
+ 5

q
= 1

2
. Then the estimates∥∥∥∥∫ ∞

∞
eiωτµ(−1

2
+ iω)Rf(V [RL(−1

2
+ iω)f̃ ]1)(ρ,−1

2
+ iω)dω

∥∥∥∥
Lpτ (R+)Lqρ(B5

1)

. ‖f‖H2×H1(B5
1)

and∥∥∥∥∫ ∞
∞

ωeiωτµ(−1
2

+ iω)Rf(V [RL(−1
2

+ iω)f̃ ]1)(ρ,−1
2

+ iω)dω

∥∥∥∥
Lpτ (R+)Lqρ(B5

1)

. ‖f‖H2×H1(B5
1)

hold for all f ∈ C∞(B5
1).

Proof. Recall that

Rf(f)(ρ, λ) :=uf0(ρ, λ)[bλ(f) + Uf1(ρ, λ)f(ρ)] + uf0(ρ, λ)

∫ 1

ρ

Uf1(s, λ)f ′(s)ds

− uf1(ρ, λ)Uf0(ρ, λ)f(ρ) + uf1(ρ, λ)

∫ ρ

0

Uf0(s, λ)f ′(s)ds.

As a result we can decompose Rf(f) in almost the same manner as R(f) with the only

difference being that each of the resulting terms Hfj has one power less decay in ω than

the corresponding Hj. However, due to the cutoff µ this does of course not matter. We

showcase the strategy on how to bound∫ ∞
−∞

eiωτµ(−1
2

+ iω)Hfj(V [RL(−1
2

+ iω)f̃ ]1)(ρ,−1
2

+ iω)dω

for j = 9, 10 which are two of the more difficult cases and which serve to illustrate the

general procedure. We start with j = 9 which means we have to bound∫ ∞
−∞

eiωτµ(−1
2

+ iω)(1− ρ2)−
λ
2χλ(ρ)

∫ 1

ρ

∂s[V (s)[RL(−1
2

+ iω)f̃ ]1(s)]

×
∫ s

0

χλ(t)O(ρ0t〈ω〉0)

(1− t2)1−λ
2

dtdsdω.
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Thanks to Lemma 6.7 we know that∣∣∣∣∫ ∞
−∞

ωeiωτµ(−1
2

+ iω)Hf9(V [RL(−1
2

+ iω)f̃ ]1)(ρ,−1
2

+ iω)dω

∣∣∣∣
. 〈τ〉−2

2∑
j=0

∫ N

−N

∫ 1

0

s2|∂s[V (s)∂jω[RL(−1
2

+ iω)f̃ ]1(s)]|dsdω

. 〈τ〉−2

2∑
j=0

∫ N

−N
‖∂jω[RL(−1

2
+ iω)f̃ ]1‖H1(B5

1)dω

. 〈τ〉−2

2∑
j=0

∫ N

−N
‖∂jωRL(−1

2
+ iω)f̃‖H2×H1(B5

1)dω

. 〈τ〉−2‖f̃‖H2×H1(B5
1)

by holomorphicity of the resolvent. Hence, the stated estimates follow for j = 9. For

j = 10 we integrate by parts as in the proof of Lemma 6.6 and compute that∣∣∣∣∫ ∞
−∞

eiωτµ(−1
2

+ iω)Hf10(V [RL(−1
2

+ iω)f̃ ]1)(ρ,−1
2

+ iω)dω

∣∣∣∣
.

2∑
j=0

∫ N

−N

∫ 1

0

s2|∂s[V (s)∂jω[RL(−1
2

+ iω)f̃ ]1(s)]|(1− s)−
1
2 〈τ + log(1− s)〉−2dsdω

+
2∑
j=0

∫ N

−N

∫ 1

0

s2|∂s[V (s)∂jω[RL(−1
2

+ iω)f̃ ]1(s)]|
∫ s

0

(1− t)−
1
2 〈τ + log(1− t)〉−2dtdsdω

An application of Minkowski’s inequality, changing variables according to t = 1 − e−y

(and analogously for s), and making use of Young’s inequality as before shows that∥∥∥∥∫ ∞
∞

eiωτµ(ω)Hf10(V [RL(−1
2

+ iω)f̃ ]1)(ρ,−1
2

+ iω)dω

∥∥∥∥
Lpτ (R+)Lq(B5

1)

.
2∑
j=0

∫ N

−N
‖s2∂s[V (s)∂jω[RL(−1

2
+ iω)f̃ ]1(s)]‖L2

s((0,1))dω . ‖f̃‖H2×H1(B5
1)

for all admissible indices (p, q). Consequently, we obtain the claimed estimates for j = 10

and the remaining ones follow in a similar fashion. �

These last couple of estimates now add together to our next set of Strichartz estimates.

Proposition 6.1. Let p ∈ [2,∞] and q ∈ [10,∞] be such that 1
p

+ 5
q

= 1
2
. Then the

difference of the semigroups S and S0 satisfies the Strichartz estimates

‖e
τ
2 [(S(τ)− S0(τ))(I−Q)(I−P)f ]1‖Lpτ (R+)Lq(B5

1) . ‖(I−Q)f‖H2×H1(B5
1)

for all f ∈ C∞ × C∞(B5
1).

214



6.3. Even more estimates. Unfortunately, we still need one more estimate at the

H2 ×H1 level, which is of the form

‖e
τ
2 [(S(τ)− S0(τ))(I−Q)(I−P)f ]1‖L6

τ (R+)W 1, 92 (B5
1)
. ‖f‖H2×H1(B5

1).

As done above we use a variant of Lemma 5.13 to reduce the problem to estimating∫
R
eiωτ∂ρ[R(Fλ)(ρ, λ)−Rf(Fλ)(ρ, λ)]dω

and ∫
R
eiωτω∂ρ[R(Fλ)(ρ, λ)−Rf(Fλ)(ρ, λ)]dω

with λ = −1
2

+ iω. For this we again distinguish between |ω| small and large and utilize

the decompositions of R(Fλ)(ρ, λ)−Rf(Fλ)(ρ, λ) which we established above. Moreover,

we remark that

∂ρR(f)(ρ, λ) :=∂ρu0(ρ, λ)[bλ(f) + U1(ρ, λ)f(ρ)] + ∂ρu0(ρ, λ)

∫ 1

ρ

U1(s, λ)f ′(s)ds

− ∂ρu1(ρ, λ)U0(ρ, λ)f(ρ) + ∂ρu1(ρ, λ)

∫ ρ

0

U0(s, λ)f ′(s)ds.

We kick off this round of estimates by first looking at

W ′
1(f)(ρ, λ) := bλ(f)∂ρu0(ρ, λ)− bfλ(f)∂ρuf0(ρ, λ).

Lemma 6.9. Let Reλ = −1
2
. Then we can decompose W ′

1(f)(ρ, λ) as

W ′
1(f)(ρ, λ) = f(1)

3∑
j=1

H ′j(ρ, λ)

where

H ′1(ρ, λ) : = χλ(ρ)(1− ρ2)−λO(ρ−1〈ω〉−2)

H ′2(ρ, λ) : = [(1 + ρ)−1〈ω〉 − 2ρ−1]H2(ρ, λ) + (1− χλ(ρ))ρ−2(1 + ρ)1−λ

×O(ρ−2(1− ρ)−1〈ω〉−1)
[
O(〈ω〉−4) + (1− ρ)O(〈ω〉−5) +O(ρ−1(1− ρ)2〈ω〉−5)

]
+ H̃2(ρ, λ)

H ′3(ρ, λ) : = [(1− ρ)−1〈ω〉 − 2ρ−1]H3(ρ, λ) + (1− χλ(ρ))ρ−2(1− ρ)1−λ

×O(ρ−2(1− ρ)−1〈ω〉−1)
[
O(〈ω〉−4) + (1− ρ)O(〈ω〉−5) +O(ρ−1(1− ρ)2〈ω〉−5)

]
+ H̃3(ρ, λ)

where H̃j(ρ, λ) are the terms we obtain when a ρ-derivative hits the perturbative terms

(1− ρ)O(〈ω〉−5) +O(ρ−1(1− ρ)2〈ω〉−5).

Proof. This follows immediately by differentiating W1 and noting that the deriva-

tives which hit cutoffs cancel each other. �
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Proceeding, we set

S ′j(τ)f(ρ) =

∫
R
[1− µ(−1

2
+ iω)]eiωτf(1)Hj(ρ,−1

2
+ iω)dω

and

Ṡ ′j(τ)f(ρ) =

∫
R
[1− µ(−1

2
+ iω)]ωeiωτf(1)Hj(ρ,−1

2
+ iω)dω

for j = 1, 2, 3 and f ∈ C∞(B5
1).

Lemma 6.10. The estimates

‖S ′j(τ)f‖
L6
τ (R+)L

9
2 (B5

1)
. ‖f‖H1(B5

1)

and

‖Ṡ ′j(τ)f‖
L6
τ (R+)L

9
2 (B5

1)
. ‖f‖H2(B5

1)

hold for j = 1, 2, 3 and f ∈ C∞(B5
1).

Proof. In essence H ′j differs from Hj by a loss of either one power in ρ or one power

of decay in ω. But since |.|−1 ∈ L 9
2 (B5

1), this loss can be compensated for and the claimed

estimates follow just as the ones established in Lemma 6.2. �

Lemma 6.11. Let Reλ = −1
2
. Then we can decompose

W ′
2(f)(ρ, λ) := ∂ρu0(ρ, λ)U1(ρ, λ)f(ρ)− ∂ρuf0(ρ, λ)Uf1(ρ, λ)f(ρ)

− ∂ρu1(ρ, λ)U0(ρ, λ)f(ρ) + ∂ρuf1(ρ, λ)Uf0(ρ, λ)f(ρ)

as

W ′
2(f)(ρ, λ) = f(ρ)

8∑
j=4

Hj(ρ, λ)

where

H ′4(ρ, λ) = (1− ρ2)−
λ
2χλ(ρ)

∫ ρ

0

O(ρ−1s〈ω〉−1)

(1− s2)1−λ
2

ds

H ′5(ρ, λ) =

[
1− λ
1 + ρ

− 2ρ−1

]
H5(ρ, λ) + (1− χλ(ρ))ρ−2(1 + ρ)1−λO(ρ−2(1− ρ)0〈ω〉−1)

×
∫ ρ

0

χλ(s)O(s〈ω〉−2)

(1− s2)1−λ
2

β2(ρ, s, λ)ds+ H̃5(ρ, λ)

H ′6(ρ, λ) =

[
−1− λ

1− ρ
− 2ρ−1

]
H6(ρ, λ) + (1− χλ(ρ))ρ−2(1− ρ)1−λO(ρ−2(1− ρ)0〈ω〉−1)

×
∫ ρ

0

χλ(s)O(s〈ω〉−2)

(1− s2)1−λ
2

β3(ρ, s, λ)ds+ H̃6(ρ, λ)
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and

H ′7(ρ, λ) =

[
−1− λ

1− ρ
− 2ρ−1

]
H7(ρ, λ) + (1− χλ(ρ))ρ−2(1− ρ)1−λO(ρ−2(1− ρ)0〈ω〉−1)

×
∫ ρ

0

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ3(ρ, s, λ)

2(1− λ)(1− s)1−λ ds+ H̃7(ρ, λ)

H ′8(ρ, λ) =

[
1− λ
1 + ρ

− 2ρ−1

]
H8(ρ, λ) + (1− χλ(ρ))ρ−2(1 + ρ)1−λO(ρ−1(1− ρ)0〈ω〉−1)

×
∫ ρ

0

s2(1− χλ(s))[1 +O(s−1(1− s)〈ω〉−1)]γ4(ρ, s, λ)

2(1− λ)(1 + s)1−λ ds+ H̃8(ρ, λ)

with βj and γj as in Lemma 5.9 and where H̃j(ρ, λ) are the terms we obtain when ∂ρ hits

either βj or γj.

Again, we define operators corresponding to the kernels H ′j as

S ′j(τ)f(ρ) := lim
N→∞

∫ N

−N
[1− µ(−1

2
+ iω)]eiωτf(ρ)Hj(ρ,−1

2
+ iω)dω

and

Ṡ ′j(τ)f(ρ) := lim
N→∞

∫ N

−N
[1− µ(−1

2
+ iω)]ωeiωτf(ρ)Hj(ρ,−1

2
+ iω)dω

for j = 4, . . . , 8 and f ∈ C∞(B5
1).

Lemma 6.12. The estimates

‖S ′j(τ)f‖
L6
τ (R+)L

9
2 (B5

1)
. ‖f‖H1(B5

1)

and

‖Ṡ ′j(τ)f‖
L6
τ (R+)L

9
2 (B5

1)
. ‖f‖H2(B5

1)

hold for j = 4, . . . , 8 and f ∈ C∞(B5
1).

Proof. The Lemma follows by adapting the proof of Lemma 6.4 slightly. �

Lastly, we come to

W ′
3(f)(ρ, λ) := ∂ρu0(ρ, λ)

∫ 1

ρ

U1(s, λ)f ′(s)ds− ∂ρuf0(ρ, λ)

∫ 1

ρ

Uf1(s, λ)f ′(s)ds

+ ∂ρu1(ρ, λ)

∫ ρ

0

U0(s, λ)f ′(s)ds− ∂ρuf1(ρ, λ)

∫ ρ

0

Uf0(s, λ)f ′(s)ds.

Lemma 6.13. Let Reλ = −1
2
. Then we can decompose W ′

3(ρ, λ) as

W ′
3(f)(ρ, λ) =

18∑
j=9

H ′j(f)(ρ, λ)
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where

H ′9(f)(ρ, λ) : = (1− ρ2)−
λ
2χλ(ρ)

∫ 1

ρ

f ′(s)

∫ s

0

χλ(t)O(ρ−1t〈ω〉−1)

(1− t2)1−λ
2

dtds

H ′10(f)(ρ, λ) : = (1− ρ2)−
λ
2χλ(ρ)

∫ 1

ρ

f ′(s)

∫ s

0

(1− χλ(t))

× O(ρ−1t2〈ω〉)[1 +O(t−1(1− t)〈ω〉−1)]

(1− t)1−λ β4(ρ, t, λ)dtds+ H̃10(f)(ρ, λ)

H ′11(f)(ρ, λ) : =

[
−1− λ

1− ρ
− 2ρ−1

]
H11(f)(ρ, λ) + (1− χλ(ρ))ρ−2(1− ρ)1−λ

×O(ρ−2(1− ρ)0〈ω〉−1)

∫ 1

ρ

f ′(s)

∫ s

0

χλ(t)O(t〈ω〉−2)

(1− t2)1−λ
2

β5(t, ρ, λ)dtds

+ H̃11(f)(ρ, λ)

and

H ′12(f)(ρ, λ) : =

[
1− λ
1 + ρ

− 2ρ−1

]
H12(f)(ρ, λ) + (1− χλ(ρ))ρ−2(1 + ρ)1−λ

×O(ρ−2(1− ρ)0〈ω〉−1)

∫ 1

ρ

f ′(s)

∫ s

0

χλ(t)O(t〈ω〉−2)

(1− t2)1−λ
2

β6(t, ρ, λ)dtds

+ H̃12(f)(ρ, λ)

H ′13(f)(ρ, λ) : =

[
−1− λ

1− ρ
− 2ρ−1

]
H13(f)(ρ, λ) + (1− χλ(ρ))ρ−2(1− ρ)1−λ

×O(ρ−2(1− ρ)0〈ω〉−1)

∫ 1

ρ

f ′(s)

×
∫ s

0

t2(1− χλ(t))[1 +O(t−1(1− t)〈ω〉−1)]γ3(ρ, t, λ)

2(1− λ)(1− t)1−λ dtds+ H̃13(f)(ρ, λ)

H ′14(f)(ρ, λ) : =

[
1− λ
1 + ρ

− 2ρ−1

]
H14(f)(ρ, λ) + (1− χλ(ρ))ρ−2(1 + ρ)1−λ

×O(ρ−2(1− ρ)0〈ω〉−1)

∫ 1

ρ

f ′(s)

×
∫ s

0

t2(1− χλ(t))[1 +O(t−1(1− t)〈ω〉−1)]γ4(t, ρ, λ)

2(1− λ)(1− t)1−λ dtds+ H̃14(f)(ρ, λ)

H ′15(f)(ρ, λ) : = (1− ρ2)−
λ
2χλ(ρ)

∫ ρ

0

f ′(s)

∫ s

0

O(ρ−1t〈ω〉−1)

(1− t2)1−λ
2

dtds

H ′16(f)(ρ, λ) : =

[
1− λ
1 + ρ

− 2ρ−1

]
H16(f)(ρ, λ) + (1− χλ(ρ))ρ−2(1 + ρ)1−λ

×O(ρ−2(1− ρ)0〈ω〉−1)

∫ ρ

0

f ′(s)

×
∫ s

0

χλ(t)O(t〈ω〉−1)

(1− t2)1−λ
2

β7(t, ρ, λ)dtds+ H̃16(f)(ρ, λ)
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and

H ′17(f)(ρ, λ) : =

[
1− λ
1 + ρ

− 2ρ−1

]
H17(f)(ρ, λ) + (1− χλ(ρ))ρ−2(1 + ρ)1−λ

×O(ρ−2(1− ρ)0〈ω〉−1)

∫ ρ

0

f ′(s)

×
∫ s

0

t2(1− χλ(t))[1 +O(t−1(1− t)〈ω〉−1)]γ5(ρ, t, λ)

2(1− λ)(1− t)1−λ dtds+ H̃17(f)(ρ, λ)

H ′18(f)(ρ, λ) : =

[
1− λ
1 + ρ

− 2ρ−1

]
H18(f)(ρ, λ) + (1− χλ(ρ))ρ−2(1 + ρ)1−λ

×O(ρ−2(1− ρ)0〈ω〉−1)

∫ ρ

0

f ′(s)

×
∫ s

0

t2(1− χλ(t))[1 +O(t−1(1− t)〈ω〉−1)]γ6(ρ, t, λ)

2(1− λ)(1 + t)1−λ dtds+ H̃18(f)(ρ, λ)

with βj and γj as in Lemma 5.9 and where H̃j(f)(ρ, λ) are terms obtained when a ρ

derivative hits βj or γj.

One last time we define operators S ′j and Ṡ ′j

S ′j(τ)f(ρ) := lim
N→∞

∫ N

−N
[1− µ(−1

2
+ iω)]eiωτH ′j(f)(ρ,−1

2
+ iω)dω

and

Ṡ ′j(τ)f(ρ) := lim
N→∞

∫ N

−N
[1− µ(−1

2
+ iω)]ωeiωτH ′j(f)(ρ,−1

2
+ iω)dω

for j = 9, . . . , 18 and f ∈ C∞(B5
1).

Lemma 6.14. The estimates

‖S ′j(τ)f‖
L6
τ (R+)L

9
2 (B5

1)
. ‖f‖H1(B5

1)

and

‖Ṡ ′j(τ)f‖
L6
τ (R+)L

9
2 (B5

1)
. ‖f‖H2(B5

1)

hold for j = 9, . . . , 18 and f ∈ C∞(B5
1).

Proof. The estimates can be established by adapting the procedures used in the

proof of Lemma 6.6 in a straightforward way. �

Finally, a procedure which is completely analogous to Lemma 6.8 establishes the same

L6W 1, 9
2 estimates for small values of |λ|. This leads to the following proposition.

Proposition 6.2. The difference of S and S0 satisfies

‖e
τ
2 [(S(τ)− S0(τ))(I−Q)(I−P)f ]1‖L6

τ (R+)W 1, 92 (B5
1)
. ‖(I−Q)f‖H2×H1(B5

1)

for all f ∈ C∞ × C∞(B5
1).
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We now turn to interpolating the previously derived Strichartz estimates to obtain

estimates on the H
3
2 ×H 1

2 level. For the notations and conventions appearing in the con-

text of interpolation throughout the following proof we refer the reader to the Appendix

and [3]. We also recall that we constructed a subset X ⊂ H3 ×H2(B5
1) which lies dense

in H := H
3
2 ×H 1

2 (B5
1) such that the spectral projection Q agrees on X with a bounded

linear operator Q̂ : H → H.

Proposition 6.3. Let p ∈ [2,∞] and q ∈ [5, 10] be such that 1
p

+ 5
q

= 1. Then, the

semigroup S satisfies the Strichartz estimates

‖[S(τ)(I−P)f ]1‖Lpτ (R+)Lq(B5
1) . ‖f‖H

for all f ∈ H. Furthermore, also the inhomogeneous estimate∥∥∥∥∫ τ

0

[S(τ − σ)(I−P)h(σ)]1 dσ

∥∥∥∥
Lpτ (I)Lq(B5

1)

. ‖h‖L1(I)H

holds for all h ∈ L1(R+,H) and all intervals I ⊂ [0,∞) containing 0.

Proof. We start by setting

‖u‖p
Lp(R+,e

± p2 τdτ)Lq(B5
1)

:=

∫
R+

‖u(τ)‖p
Lq(B5

1)
e±

p
2
τdτ.

and S̃(τ) = S(τ)− S0(τ). Then, by a density argument we have that

‖[S̃(τ)(I−Q)(I−P)f ]1‖
Lp1 (R+,e

− p12 τdτ)Lq1 (B5
1)

= ‖e−
τ
2 [S̃(τ)(I−Q)(I−P)f ]1‖Lp1τ (R+)Lq1 (B5

1)

. ‖(I−Q)f‖H1×L2(B5
1)

for all p1 ∈ [2,∞], q1 ∈ [10
3
, 5] with 1

p1
+ 5

q1
= 3

2
, and all f ∈ X thanks to Proposition 5.1.

Similarly, from Proposition 6.1 we know that

‖[S̃(τ)(I−Q)(I−P)f ]1‖
Lp2 (R+,e

p2
2 τdτ)Lq2 (B5

1)
= ‖e

τ
2 [S̃(τ)(I−Q)(I−P)f ]1‖Lp2τ (R+)Lq2 (B5

1)

. ‖(I−Q)f‖H2×H1(B5
1),

this time for p2 ∈ [2,∞] and q2 ∈ [10,∞] with 1
p2

+ 5
q2

= 1
2
. Hence, by invoking Proposition

8.1 and using once more that H = (H2 × H1(B5
1), H1 × L2(B5

1))[ 1
2

], see [102, p. 317,

Subsection 4.3.1.1, Theorem 1], we conclude that

‖[S̃(τ)(I−Q)(I−P)f ]1‖Lp(R+)Lq(B5
1) . ‖(I−Q)f‖H

for all f ∈ X, whenever p ∈ [2,∞] and q ∈ [5, 10] are such that 1
p

+ 5
q

= 1. Combining

this with the estimates on S0 in Lemma 2.10 yields

‖[S(τ)(I−Q)(I−P)f ]1‖Lp(R+)Lq(B5
1) . ‖(I−Q)f‖H
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Furthermore, by construction Q agrees with a bounded linear operator Q̂ : H → H on

X and so

‖(I−Q)f‖H = ‖(I− Q̂)f‖H . ‖f‖H

for all f ∈ X. Next, we turn to S(τ)Q. From the Sobolev embedding H2(B5
1) ↪→ L10(B5

1),

we deduce that

‖[S(τ)Q(I−P)f ]1‖Lpτ (R+)Lq(B5
1) . ‖[S(τ)Q(I−P)f ]1‖Lpτ (R+)H2(B5

1)

for all admissible pairs (p, q). Given that the range of Q is contained in the union of finitely

many generalized eigenspaces corresponding to eigenvalues which all have negative real

parts, we infer the existence of an ε > 0 such that

‖[S(τ)Q(I−P)f ]1‖H2(B5
1) . e−ετ‖Qf‖H2×H1(B5

1)

on X. Moreover, since the range of Q is finite-dimensional, we see that

‖Qf‖H2×H1(B5
1) . ‖Qf‖H = ‖Q̂f‖H . ‖f‖H.

for all f ∈ X. Thus, the estimate

‖S(τ)[(I−P)f ]1‖Lp(R+)Lq(B5
1) . ‖f‖H

holds for all claimed pairs (p, q) and all f ∈ X and by density for all f ∈ H. For the

inhomogeneous estimates one uses Minkowski’s inequality as in the proof of Lemma 3.7

in [40]. �

Analogously, one proves Strichartz estimates involving (fractional) derivatives.

Proposition 6.4. The estimates

‖[S(τ)(I−P)f ]1‖L2
τ (R+)W

1
2 ,5(B5

1)
. ‖f‖H

and

‖[S(τ)(I−P)f ]1‖L6
τ (R+)W 1, 3011 (B5

1)
. ‖f‖H

hold for all f ∈ H. Furthermore, also the inhomogeneous estimates∥∥∥∥∫ τ

0

[S(τ − σ)(I−P)h(σ)]1 dσ

∥∥∥∥
L2
τ (I)W

1
2 ,5(B5

1)

. ‖h‖L1(I)H

and ∥∥∥∥∫ τ

0

[S(τ − σ)(I−P)h(σ)]1 dσ

∥∥∥∥
L6
τ (I)L

30
11 (B5

1)

. ‖h‖L1(I)H

hold for all h ∈ L1(R+,H) and all intervals I ⊂ [0,∞) containing 0.
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Proof. Note that (
W 1, 9

2 (B5
1), L

45
8 (B5

1)
)

[ 1
2

]
= W

1
2
,5(B5

1).

and (
W 1, 9

2 (B5
1),W 1, 45

23 (B5
1)
)

[ 1
2

]
= W 1, 30

11 (B5
1)

thanks to [102, p. 317, Subsection 4.3.1.1, Theorem 1]. Consequently, the desired esti-

mates follow from Propositions 5.2, 6.2, 8.1 and the arguments employed in the proof of

Proposition 6.3. �

7. Nonlinear Theory

We now take a closer look at our nonlinearity

N(u)(ρ) =
sin(4 arctan(ρ) + 2ρu(ρ))− 2ρu(ρ)

ρ3
− sin(4 arctan(ρ))

ρ3
+

16

(1 + ρ2)2
u(ρ)

which we recast as

N(u)(ρ) = −16(1− ρ2)

(1 + ρ2)2︸ ︷︷ ︸
=:VN (ρ)

u1(ρ)2 − 4

∫ u(ρ)

0

cos(4 arctan(ρ) + 2ρt)(u(ρ)− t)2dt

by performing a Taylor expansion.

Lemma 7.1. The estimates

‖N(u)‖
H

1
2 (B5

1)
. ‖u‖2

L10(B5
1) + ‖u‖3

L5(B5
1) + ‖u‖4

L
20
3 (B5

1)

+ ‖u‖
W

1
2 ,5(B5

1)
‖u‖L10(B5

1) + ‖u‖
W 1, 3011 (B5

1)
‖u‖2

L
60
7 (B5

1)

and

‖N(u)−N(v)‖
H

1
2 (B5

1)
. ‖u− v‖L10(B5

1)

(
‖u‖L10(B5

1) + ‖v‖L10(B5
1) + ‖u‖2

L
20
3 (B5

1)
+ ‖v‖2

L
20
3 (B5

1)

)
+ ‖u− v‖L10(B5

1)

(
‖u‖3

L6(B5
1) + ‖v‖3

L6(B5
1)

)
+ ‖u− v‖L10(B5

1)

(
‖u‖

W
1
2 ,5(B5

1)
+ ‖v‖

W
1
2 ,5(B5

1)

)
+ ‖u− v‖

W
1
2 ,5(B5

1)

(
‖u‖L10(B5

1) + ‖v‖L10(B5
1)

)
+ ‖u− v‖

W 1, 3011 (B5
1)
‖u‖2

L
60
7 (B5

1)

+ ‖u− v‖
L

60
7 (B5

1)
‖v‖

W 1, 3011 (B5
1)

(
‖u‖

L
60
7 (B5

1)
+ ‖u‖

L
60
7 (B5

1)

)
hold for all u, v ∈ C∞(B5

1).
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Proof. We start off with the easier quadratic term and use the product rule for

fractional derivatives twice to compute that

‖VNu2‖
H

1
2 (B5

1)
. ‖VN‖W 1

2 ,
10
3 (B5

1)
‖u2‖L5(B5

1) + ‖VN‖L5(B5
1)‖u2‖

W
1
2 ,

10
3 (B5

1)

. ‖u‖2
L10(B5

1) + ‖u‖
W

1
2 ,5(B5

1)
‖u‖L10(B5

1).

For the cubic term, we use the Sobolev inequality ‖.‖
H

1
2 (B5

1)
. ‖.‖

W 1, 53 (B5
1)

to estimate that∥∥∥∥∥
∫ u(ρ)

0

cos(4 arctan(ρ) + 2ρt)(u(ρ)− t)2dt

∥∥∥∥∥
H

1
2
ρ (B5

1)

.

∥∥∥∥∥
∫ u(ρ)

0

cos(4 arctan(ρ) + 2ρt)(u(ρ)− t)2dt

∥∥∥∥∥
W

1, 53
ρ (B5

1)

. ‖u2u′‖
L

5
3 (B5

1)
+ ‖u3‖

L
5
3 (B5

1)
+ ‖u4‖

L
5
3 (B5

1)

. ‖u′‖
L

30
11 (B5

1)
‖u‖2

L
60
7 (B5

1)
+ ‖u‖3

L5(B5
1) + ‖u‖4

L
20
3 (B5

1)
.

To establish local Lipschitz estimates we let u, v ∈ C∞(B5
1) and again first take a look at

the easier quadratic term

‖VN(u2 − v2)‖
H

1
2 (B5

1)
. ‖VN‖W 1

2 ,
10
3 (B5

1)
‖u2 − v2‖L5(B5

1) + ‖VN‖L5(B5
1)‖u2 − v2‖

W
1
2 ,

10
3 (B5

1)

. ‖(u− v)(u+ v)‖L5(B5
1) + ‖(u− v)(u+ v)‖

W
1
2 ,

10
3 (B5

1)

. ‖u− v‖L10(B5
1)(‖u‖L10(B5

1) + ‖v‖L10(B5
1))

+ ‖u− v‖
W

1
2 ,5(B5

1)
(‖u‖L10(B5

1) + ‖v‖L10(B5
1))

+ ‖u− v‖L10(B5
1)(‖u‖W 1

2 ,5(B5
1)

+ ‖v‖
W

1
2 ,5(B5

1)
).

Next, consider the function n : R× [0, 1]→ R,

n(x, ρ) := 4

∫ x

0

cos(4 arctan(ρ) + 2ρt)(x− t)2dt

and note that

|∂1n(x, ρ)| . |x|2

|∂2n(x, ρ)| . |x|4

|∂2
1n(x, ρ)| . |x|

|∂1∂2n(x, ρ)| . |x|3.

Consequently,

‖n(u, .)− n(v, .)‖
L

5
3 (B5

1)
. ‖(|u|2 + |v|2)(u− v)‖

L
5
3 (B5

1)

. ‖u− v‖L10(B5
1)

(
‖u‖2

L4(B5
1) + ‖v‖2

L4(B5
1)

)
,
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as well as

‖n(u, .)− n(v, .)‖
Ẇ 1, 53 (B5

1)
. ‖∂2(n(u, .)− n(v, .))‖

L
5
3 (B5

1)
+ ‖u′∂1n(u, .)− v′∂1n(v, .)‖

L
5
3 (B5

1)

:= N1 +N2.

For N1 we obtain

N1 . ‖(|u|3 + |v|3)|u− v|‖
L

5
3 (B5

1)
. ‖u− v‖L10(B5

1)

(
‖u‖3

L6(B5
1) + ‖v‖3

L6(B5
1)

)
.

Further,

N2 . ‖(u′ − v′)∂1n(u, .)‖
L

5
3 (B5

1)
+ ‖v′(∂1n(u, .)− ∂1n(v, .))‖

L
5
3 (B5

1)

. ‖|u′ − v′|u2‖
L

5
3 (B5

1)
+ ‖|v′|(|u|+ |v|)|u− v|‖

L
5
3 (B5

1)

. ‖u′ − v′‖
L

30
11 (B5

1)
‖u‖2

L
60
7 (B5

1)
+ ‖u− v‖

L
60
7 (B5

1)
‖v′‖

L
30
11 (B5

1)

(
‖u‖

L
60
7 (B5

1)
+ ‖u‖

L
60
7 (B5

1)

)
.

�

Motivated by these estimates on the nonlinearity, we define the space X to be the

completion of C∞c (R+ × B5
1) with respect to the norm

‖φ‖X = ‖φ‖L2(R+)L10(B5
1) + ‖φ‖

L
12
5 (R+)L

60
7 (B5

1)
+ ‖φ‖

L3(R+)L
15
2 (B5

1)

+ ‖φ‖
L4(R+)L

20
3 (B5

1)
+ ‖φ‖

L2(R+)W
1
2 ,5(B5

1)
+ ‖φ‖

L6(R+)W 1, 3011 (B5
1)
.

Moreover, we set

Xδ := {φ ∈ X : ‖φ‖X ≤ δ}

and for u ∈ H and φ ∈ C∞c (R+ × B5
1) we define

Ku(φ)(τ) :=

[
S(τ)u +

∫ τ

0

S(τ − σ)N((φ(σ), 0))dσ −C(u, φ)(τ)

]
1

where the correction term C, which we add to suppress the unstable direction induced

by the eigenvalue 1, is given by

C(u, φ)(τ) := P

(
eτu +

∫ ∞
0

eτ−σN((φ(σ), 0))dσ

)
.

Lemma 7.2. We have that Ku(φ) ∈ X for all u ∈ H and all φ ∈ C∞c (R+ × B5
1).

Moreover,

‖Ku(φ)‖X . ‖u‖H + ‖φ‖2
X + ‖φ‖4

X

for all u ∈ H and all φ ∈ C∞c (R+ × B5
1).
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Proof. We split Ku(φ) into

Ku(φ) =

[
(I−P)S(τ)u + (I−P)

∫ τ

0

S(τ − σ)N((φ(σ), 0))dσ

]
1

+

[
PS(τ)u + P

∫ τ

0

S(τ − σ)N((φ(σ), 0))dσ −C(u, φ)(τ)

]
1

=: (I−P)Ku(φ) + PKu(φ)

and investigate (I−P)Ku(φ) and PKu(φ) separately. For the first one we observe that

that

(I−P)Ku(φ)(τ) =

[
S(τ)(I−P)u +

∫ τ

0

S(τ − σ)(I−P)N((φ(σ), 0))dσ

]
1

.

Hence, we use Propositions 6.3 and 6.4 to deduce that

‖(I−P)Ku(φ)‖X . ‖u‖H +

∥∥∥∥∫ τ

0

[S(τ − σ)(I−P)N(φ(σ), 0))]1dσ

∥∥∥∥
X

. ‖u‖H +

∫ ∞
0

‖N(φ(σ))‖
H

1
2 (B5

1)
dσ

. ‖u‖H +

∫ ∞
0

‖φ(σ)‖
W 1, 3011 (B5

1)
‖φ(σ)‖2

L
60
7 (B5

1)
+ ‖φ(σ)‖3

L5(B5
1)dσ

+

∫ ∞
0

‖φ(σ)‖4

L
20
3 (B5

1)
+ ‖φ(σ)‖2

L10(B5
1) + ‖φ(σ)‖

W
1
2 ,5(B5

1)
‖φ(σ)‖L10(B5

1)dσ

. ‖u‖H + ‖φ‖2
X + ‖φ‖4

X .

We move on to PKu(φ), where we first discern that

PKu(φ)(τ) =

[∫ ∞
τ

eτ−σPN((φ(σ), 0))dσ

]
1

.

We also remark that as P has rank 1 there exists a unique g̃ ∈ H such that Pf = (f , g̃)Hg

for all f ∈ H. Hence,

‖PKu(φ)(τ)‖Lp(B5
1) + ‖PKu(φ)(τ)‖

W
1
2 ,5(B5

1)
+ ‖PKu(φ)(τ)‖

W 1, 3011 (B5
1)
. ‖N(φ(τ))‖

H
1
2 (B5

1)

for any 2 ≤ p ≤ ∞. So,

‖PKu(φ)(τ)‖Lpτ (R+)Lq(B5
1) .

∥∥∥∥∫ ∞
τ

eτ−σ‖N(φ(σ))‖
H

1
2 (B5

1)
dσ

∥∥∥∥
Lpτ (R+)

and Young’s inequality implies that

‖PKu(φ)(τ)‖Lpτ (R+)Lq(B5
1) . ‖N(φ)‖

L1(R+)H
1
2 (B5

1)
‖1(−∞,0](τ)eτ‖Lpτ (R+)

. ‖φ‖2
X + ‖φ‖4

X .
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As the remaining spacetime norms can be bounded likewise, one obtains the desired

estimate

‖PKu(φ)‖X . ‖φ‖2
X + ‖φ‖4

X .

�

Lemma 7.3. The estimate

‖Ku(φ)−Ku(ψ)‖X . (‖φ‖X + ‖φ‖3
X + ‖ψ‖X + ‖ψ‖3

X )‖φ− ψ‖X

holds for all u ∈ H and all φ, ψ ∈ C∞c (R+ × B5
1).

Proof. Invoking Propositions 6.3 and 6.4 yields

‖(I−P)(Ku(φ)−Ku(ψ))‖X .
∫ ∞

0

‖N(φ(σ))−N(ψ(σ))‖
H

1
2 (B5

1)

.
∫ ∞

0

‖φ(σ)− ψ(σ)‖L10(B5
1)

(
‖φ(σ)‖L10(B5

1) + ‖ψ(σ)‖L10(B5
1)

)
+ ‖φ(σ)− ψ(σ)‖L10(B5

1)

(
‖φ(σ)‖2

L
20
3 (B5

1)
+ ‖ψ(σ)‖2

L
20
3 (B5

1)

)
+ ‖φ(σ)− ψ(σ)‖

W
1
2 ,5(B5

1)

(
‖φ(σ)‖L10(B5

1) + ‖ψ(σ)‖L10(B5
1)

)
+ ‖φ(σ)− ψ(σ)‖L10(B5

1)

(
‖φ(σ)‖

W
1
2 ,5(B5

1)
+ ‖ψ(σ)‖

W
1
2 ,5(B5

1)

)
+ ‖φ(σ)− ψ(σ)‖L10(B5

1)

(
‖φ(σ)‖3

L6(B5
1) + ‖ψ(σ)‖3

L6(B5
1)

)
+ ‖φ(σ)− ψ(σ)‖

W 1, 3011 (B5
1)
‖φ(σ)‖2

L
60
7 (B5

1)

+ ‖φ(σ)− ψ(σ)‖
L

60
7 (B5

1)
‖ψ(σ)‖

W 1, 3011 (B5
1)

×
(
‖φ(σ)‖

L
60
7 (B5

1)
+ ‖ψ(σ)‖

L
60
7 (B5

1)

)
dσ

. ‖φ− ψ‖X
(
‖φ‖X + ‖ψ‖X + ‖φ‖3

X + ‖ψ‖3
X
)
.

Estimating P(Ku(φ) − Ku(ψ)) can be done by employing the same strategy as in the

proof of Lemma 7.2. �

The last two lemmas combined with an application of the contraction mapping prin-

ciple yield the next result.

Lemma 7.4. For any u ∈ H fixed, the operator Ku extends to an operator on all of

X . Moreover, there exist δ > 0 and C > 1 such that there exists a unique φ ∈ Xδ with

Ku(φ) = φ

whenever ‖u‖H ≤ δ
C

.

7.1. Proof of Theorem 1.2. To prove Theorem 1.2 we still have to get rid of the

correction term C. We achieve this by picking the right blowup time T close to 1. For
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this, we recall that the prescribed initial data

Φ(0) = (φ1(0, .), φ2(0, .))

are given by

φ1(0, ρ) = ψ1(0, ρ)− 2 arctan (ρ)

ρ
= Tf(Tρ)− 2 arctan (ρ)

ρ
,

φ2(0, ρ) = ψ2(0, ρ)− 2

1 + ρ2
= T 2g(Tρ)− 2

1 + ρ2
.

Furthermore, u1
∗[0] transformed to similarity coordinates is given by

ψ1
1∗(0, ρ) =

2 arctan (Tρ)

ρ
, ψ1

2∗(0, ρ) =
2T 2

1 + T 2ρ2
.

This explicit dependence of T of the initial data motivates the definition of the operator

U : [1− δ, 1 + δ]× (H
3
2 ×H

1
2 )(B5

1+δ)→ H

by

U(T,v)(ρ) = (Tv1(Tρ), T 2v2(Tρ)) + (ψ1
1∗(0, ρ), ψ1

2∗(0, ρ))−
(

2 arctan(ρ)

ρ
,

2

1 + ρ2

)
.

Note that for δ ∈ (0, 1
2
) and any v fixed, this defines a continuous map

U(.,v) : [1− δ, 1 + δ]→ H

(this follows as the first part of Lemma 8.2 in [50]). Also, the two identities

U(1,0) = 0

and

Φ(0, ρ) = U

(
T,

(
f(ρ)− 2 arctan (ρ)

ρ
, g(ρ)− 2

1 + ρ2

))
hold. Furthermore, by arguing as in the proof of Lemma 8.2 in [50], one shows that the

estimate

‖U(T,v)‖H . ‖v‖H 3
2×H

1
2 (B5

1+δ)
+ |1− T |

is true for all T ∈ [1− δ, 1 + δ].

Lemma 7.5. There exist constants M ≥ 1 and δ > 0 such that if v ∈ H 3
2 ×H 1

2 (B5
1+δ)

satisfies ‖v‖
H

3
2×H

1
2 (B5

1+δ)
≤ δ

M
, then there exists a unique T ∗ ∈ [1− δ, 1 + δ] and a unique

φ ∈ Xδ with φ = KU(T ∗,v)(φ) and C(φ,U(T ∗,v)) = 0.

Proof. Since

∂T

(
2 arctan(Tρ)

ρ
,

2T 2

1 + T 2ρ2

) ∣∣∣∣
T=1

= 2g(ρ),

the claim follows by an application of Brouwer’s fixed point theorem, see the proof of

Lemma 6.5 in [30] for the details. �
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This allows us to give rigorous meaning to the notion of solutions in our topology.

Definition 7.1. Let

ΓT := {(t, r) ∈ [0, T )× [0,∞) : r ≤ T − t}.

We say that u : ΓT → R is a Strichartz solution of(
∂2
t − ∂2

r −
4

r
∂r

)
u(t, r) +

sin(2ru(t, r))− 2ru(t, r)

r3
= 0

if φ = Φ1 := [Ψ−Ψ∗]1, with

Ψ(τ, ρ) :=

(
ψ(τ, ρ)

(1 + ∂τ + ρ∂ρ)ψ(τ, ρ)

)
, ψ(τ, ρ) := Te−τu(T − Te−τ , T e−τρ)

belongs to X and satisfies

φ = KΦ(0)(φ)

and C(φ,Φ(0)) = 0.

Proof of Theorem 1.2. Let δ > 0 be small enough, choose M ≥ 0 sufficiently

large, and, let v = (f, g)− u1
∗[0] ∈ C∞ × C∞(B5

1+δ) be such that

‖(f, g)− u1
∗[0]‖

H
3
2×H

1
2 (B5

1+δ)
≤ δ

M
.

Then, by Lemmas 7.4 and 7.5 there exists a Strichartz solution u with that initial data.

Therefore, the associated φ is the unique fixed point of K in Xδ with vanishing correction

term. Moreover, by standard partition arguments one shows that this φ is in fact the

unique fixed point in all of X , see for instance [40], Lemma 7.6. Furthermore, by classical

Gronwall type arguments one shows that u is in fact a smooth function on ΓT , where T

denotes the blowup time. We calculate

δ2 ≥ ‖φ‖2
L2(R+)L10(B5

1) =

∫ ∞
0

∥∥ψ(τ, .)− 2|.|−1 arctan (|.|)
∥∥2

L10(B5
1)
dτ

=

∫ T

0

∥∥ψ(− log(T − t) + log T, .)− 2|.|−1 arctan (|.|)
∥∥2

L10(B5
1)

dt

T − t

=

∫ T

0

∥∥∥∥(T − t)−1ψ(− log(T − t) + log T,
.

T − t
)

− 2|.|−1 arctan

(
|.|

T − t

)∥∥∥∥2

L10(B5
T−t)

dt

=

∫ T

0

∥∥u(t, .)− uT∗ (t, r)
∥∥2

L10(B5
T−t)

dt

and similarly one computes

δ6 ≥
∫ T

0

∥∥u(t, .)− uT∗ (t, .)
∥∥6

Ẇ 1, 3011 (B5
T−t)

dt. (7.1)
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Proof of Theorem 1.1. Establishing Theorem 1.1 reduces to two tasks. First one

needs to prove that u can be extended to all of

Ω5
T :=

(
[0,∞)× R5

)
\
{

(t, x) ∈ [T,∞)× R5 : |x| ≤ t− T
}
.

This is a consequence of N being a smooth bounded function away from r = 0 and we

refer the reader to section 2 and Lemma 8.3 of [40] where this was done for one dimension

higher. Secondly, one has to show that all estimates on u ascend to estimates on

Uu(t, .) =

(
sin(|.|(u(t, .)) .

|.|

cos(|.|u(t, .))

)
.

This procedure was also carried out for d = 4 in section 8 of [40] and can be adapted in

a straightforward way to the three dimensional case. �

8. Appendix. Interpolation theory

This appendix is concerned with our required interpolation result for weighted Strich-

artz spaces. The presentation given here is based on the book “Interpolation Spaces”

by J. Bergh and J. Löfström [3]. Following this reference, we let (X0, X1) be a tuple of

Banach spaces out of which we form the Banach space (X0 +X1, ‖.‖X0+X1) where

‖x‖X0+X1 := inf
x=x0+x1,xj∈Xj ,j=1,2

(‖x0‖X0 + ‖x1‖X1)

for x ∈ X0 + X1. We now set S := {z ∈ C : 0 ≤ z ≤ 1} and consider the set F (X0, X1)

consisting of all continuous functions f : S → X0 +X1 that are analytic on the interior of

S. Moreover, for f to be an element of F (X0, X1), we require the function t 7→ f(j + it),

for j = 0, 1 to be a continuous function from R to Xj which tends to 0 as |t| → ∞. Then,

F (X0, X1) is a vector space and by equipping it with the norm

‖f‖F (X0,X1) := max

{
sup
t∈R
‖f(it)‖X0 , sup

t∈R
‖f(1 + it)‖X1

}
it becomes a Banach space, see Lemma [3, p. 88, Lemma 4.1.1.]. Next, for θ ∈ (0, 1), we

define the interpolation functor Cθ as follows. Let (X0, X1)[θ] = Cθ(X0, X1) be the set of

all x ∈ X0 + X1 for which there exists an f ∈ F (X0, X1) with f(θ) = x. Furthermore,

for any such x we set

‖x‖(X0,X1)[θ] := inf{‖f‖F (X0,X1), f ∈ F (X0, X1) : f(θ) = x}

Then, ((X0, X1)[θ], ‖.‖(X0,X1)[θ]) is Banach space and Cθ is an exact interpolation functor

of order θ (see [3, p. 88, Theorem 4.1.2.]). Moreover, for a given Sobolev norm ‖.‖W s,q(B5
1),

with s ≥ 0 and 1 ≤ q ≤ ∞, we let Lp(R+, e
± p

2
τdτ)W s,q(B5

1) be the completion of C∞c (R+×
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B5
1) with respect to the norm

‖f‖p
Lp(R+,e

± p2 τdτ)W s,q(B5
1)

:=

∫
R+

‖f(τ, .)‖p
W s,q(B5

1)
e±

p
2
τdτ.

Finally, we once more employ [102, p. 317, Subsection 4.3.1.1, Theorem 1] to infer that

for any 1 ≤ p, q0, q1 ≤ ∞ and 0 ≤ s0, s1 <∞ one has that

(W s0,q0(B5
1),W s1,q1(B5

1))[ 1
2

] = W
s 1
2
,q 1

2 (B5
1)

where s 1
2

= 1
2
(s0 + s2) and 1

q 1
2

= 1
2
( 1
q0

+ 1
q1

). Having concluded these preliminaries, we

come to the desired interpolation result.

Proposition 8.1. Let 1 ≤ p, q0, q1 ≤ ∞, 0 ≤ s0, s1 <∞. Then(
Lp(R+, e

− p
2
τdτ)W s0,q0(B5

1), Lp(R+, e
p
2
τdτ)W s1,q1(B5

1)
)

[ 1
2

]
= Lp(R+)W

s 1
2
,q 1

2 (B5
1).

Proof. The proposition follows by slightly modifying the ideas of [3, p. 107, Theorem

5.1.2]), which we illustrate here for the convenience of the reader. To simplify notation,

we set W0 = W s0,q0(B5
1) and W1 = W s1,q1(B5

1). By construction, C∞c (R+ × B5
1) lies dense

in Lp(R+, e
− p

2
τdτ)W0 ∩ Lp(R+, e

p
2
τdτ)W1 and so by [3, p. 91, Theorem 4.2.2] also in(

Lp(R+, e
− p

2
τdτ)W0, L

p(R+, e
p
2
τdτ)W1

)
[ 1
2

]
and Lp(R+)(W0,W1)[ 1

2
].

Consequently, it suffices to consider C∞c (R+ × B5
1). We start with the inequality

‖u‖
(Lp(R+,e

− p2 τdτ)W0,Lp(R+,e
p
2 τdτ)W1)

[ 12 ]

≤ ‖u‖Lp(R+)(W0,W1)
[ 12 ]
.

For every u ∈ C∞c (R+ × B5
1), every ε > 0, and every τ ≥ 0, there exists an f(τ) ∈

F (W0,W1) with f(τ)(1
2
) = u(τ, .) and

‖f(τ)‖F (W0,W1) ≤ (1 + ε)‖u(τ, .)‖(W0,W1)
[ 12 ]
.

Set

g(τ)(θ) = f(τ)(θ)eτ( 1
2
−θ).

Then, clearly g(τ)(1
2
) = u(τ, .) and one easily computes that

‖g(τ)(it)‖p
Lp(R+,e

− p2 τdτ)W0

=

∫
R+

‖f(τ)(it)‖pW0
dτ ≤ (1 + ε)p

∫
R+

‖u(τ, .)‖p(W0,W1)
[ 12 ]
dτ

= (1 + ε)p‖u‖pLp(R+)(W0,W1)
[ 12 ]

and similarly

‖g(τ)(1 + it)‖p
Lp(R+,e

p
2 τdτ)W1

≤ (1 + ε)p‖u‖pLp(R+)(W0,W1)
[ 12 ]
.

Hence, as ε > 0 was chosen arbitrarily, the claim follows.
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For the other inequality, we invoke [3, p. 93, Lemma 4.3.2] which states that any

f ∈ F (W0,W1) satisfies

‖f‖(W0,W1)[θ] ≤
(

1

1− θ

∫
R
‖f(it)‖W0P0(θ, t)dt

)1−θ (
1

θ

∫
R
‖f(1 + it)‖W1P1(θ, t)dt

)θ
(8.1)

where

Pj(x+ iy, t) :=
e−π(t−y) sin(πx)

sin(πx)2 + (cos(πx)− eijπ−π(t−y))2

are the Poisson kernels of the strip S. Further, for u ∈ C∞c (R+×B5
1) let f(τ) ∈ F (W0,W1)

be such that f(τ)(1
2
) = u(τ, .). Then, (8.1) and Hölder’s inequality imply that

‖u‖pLp(R+)(W0,W1)
[ 12 ]
≤ 2

∫
R+

[(∫
R
‖f(τ)(it)‖W0P0

(
1
2
, t
)
dt

) 1
2

×
(∫

R
‖f(τ)(1 + it)‖W1P1

(
1
2
, t
)
dt

) 1
2
]p
dτ

≤ 2

∥∥∥∥e− τ2 ∫
R
‖f(τ)(it)‖W0P0

(
1
2
, t
)
dt

∥∥∥∥ p2
Lpτ (R+)

×
∥∥∥∥e τ2 ∫

R
‖f(τ)(1 + it)‖W1P1

(
1
2
, t
)
dt

∥∥∥∥ p2
Lpτ (R+)

.

Next, by Minkowski’s inequality∥∥∥∥∫
R
‖f(τ)(it)‖W0P0

(
1
2
, t
)
dte−

τ
2

∥∥∥∥
Lpτ (R+)

≤
∫
R

∥∥‖f(τ)(it)‖W0e
− τ

2

∥∥
Lpτ (R+)

P0

(
1
2
, t
)
dt

≤ sup
t∈R
‖f(τ)(it)‖

Lp(R+,e
− p2 τdτ)W0

×
∫
R
P0

(
1
2
, t
)
dt

and analogously one estimates the second factor. Observe now that for j = 0, 1∫
R
Pj
(

1
2
, t
)
dt =

∫
R

e−πt

1 + e−2πt
dt =

1

2
.

Therefore,

‖u‖pLp(R+)(W0,W1)
[ 12 ]
≤ sup

t∈R
‖f(τ)(it)‖

1
2

Lp(R+,e
− p2 τdτ)W0

sup
t∈R
‖f(τ)(1 + it)‖

1
2

Lp(R+,e
p
2 τdτ)W1

≤ ‖f‖
F (Lp(R+,e

− p2 τdτ)W0,Lp(R+,e
p
2 τdτ)W1)

.

�
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[5] Piotr Bizoń. Equivariant self-similar wave maps from Minkowski spacetime into 3-sphere. Comm.

Math. Phys., 215(1):45–56, 2000.
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[22] R. Côte, C. E. Kenig, A. Lawrie, and W. Schlag. Characterization of large energy solutions of the

equivariant wave map problem: I. Amer. J. Math., 137(1):139–207, 2015.
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