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Abstract

Finite time singularity formation is a prominent feature among many partial differential
equations, in particular among wave equations. In this thesis, we study corotational
wave maps into the sphere as well as wave equations with a power nonlinearity. Both
of these equations exhibit solutions which start from smooth compactly supported data
and develop finite time blowup. Moreover, in both instances, such solutions are known
in closed form. We prove and employ the necessary tools to establish the stability of
these solutions in the optimal regularity class in terms of inhomogeneous Sobolev spaces.
The thesis itself, which is comprised of three separate works ordered chronologically,
begins with a general introduction. Then, we turn to the (1 4+ 4) dimensional wave maps
equation, where we prove the stability of an explicitly known self similiar blowup in the
backward lightcone of the blowup point under corotational perturbations. At the heart
of this result lies the derivation of Strichartz estimates for a radial wave equation with a
self similar potential in similarity coordinates.

After this, we derive similar Strichartz estimates on the H! level in all space dimensions
d > 4. These are then used to prove a similar optimal stability result for the so-called
ODE blowup in space dimensions 4 < d < 6.

The last chapter is concerned with the same problem as the first included work, but in 3
instead of 4 spatial dimensions. This necessitates new abstract arguments in the analysis

of the equation, as the critical L? based Sobolev space is of fractional order.






Zusammenfassung

Das Entstehen von Singularitaten in endlicher Zeit ist ein wichtiges Merkmal vieler par-
tieller Differentialgleichungen, insbesondere von Wellengleichungen. In dieser Arbeit un-
tersuchen wir corotational Wave Maps in die Sphare sowie Wellengleichungen mit einer
Potenz-Nichtlinearitat. Beide Gleichungen weisen Losungen auf, die von glatten Daten
mit kompaktem Trager ausgehen und aus welchen sich in endlicher Zeit Blowups en-
twickeln. Auflerdem sind in beiden Fallen Losungen dieser Art in geschlossener Form
bekannt. Wir beweisen und wenden die notwendigen Werkzeuge an, um die Stabilitat
dieser Losungen in der optimalen Regularitatsklasse an inhomogenen Sobolev-Raumen
zu etablieren. Die Doktorarbeit selbst besteht aus drei separaten Arbeiten, die chronolo-
gisch geordnet sind, und beginnt mit einer allgemeinen Einfiihrung. Dann wenden wir uns
der (1 + 4)-dimensionalen Wave Maps Gleichung zu, wo wir die Stabilitit eines explizit
bekannten selbstahnlichen Blowups im Riickwértslichtkegel des Blowuppunktes beweisen.
Im Kern dieses Ergebnisses steht die Herleitung von Strichartz-Abschatzungen fiir eine
radiale Wellengleichung mit einem selbstidhnlichen Potential in Ahnlichkeitskoordinaten.
Danach leiten wir ahnliche Strichartz-Abschitzungen auf der H'-Ebene in allen Raumdi-
mensionen d > 4 her. Diese werden dann verwendet, um ein dhnliches optimales Sta-
bilitatsergebnis fiir den sogenannten ODE-Blowup in den Raumdimensionen 4 < d < 6
zu beweisen.

Das letzte Kapitel befasst sich mit dem gleichen Problem wie die erste enthaltene Ar-
beit, jedoch in 3 statt 4 Raumdimensionen. Dies erfordert neue abstrakte Argumente bei
der Analyse der Gleichung, da der kritische L?-basierte Sobolev-Raum von gebrochener

Ordnung ist.
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CHAPTER 1

Introduction

Wave equations have been studied for almost 300 years, going all the way back to

d’Alembert who discovered the one dimensional free linear wave equation
Otu(t,x) — O2u(t,x) =0
as a model for a vibrating string. Later, Euler studied the three dimensional analogue
Ou(t, z) == O?u(t, ) — Ayu(t,z) =0 (1.1)

with (t,2) € RxR3. Since then, much has happened over the course of time. Nevertheless,
wave equations remain at the focus of cutting edge research and pose many questions,
whose answers still elude us, especially when it comes to the dynamics of nonlinear wave
equations. This thesis is focused on two particular examples of such nonlinear wave
equations, the wave maps equation and the wave equation with a power nonlinearity.
The wave maps equation can be thought of as the natural analogue of the free wave
equation to potentially curved targets. To motivate this in more detail, we note that the
free wave equation in 1 4 d dimensions is the Euler Lagrange equation associated to the

action

1

Llu) = 5/R -l 4 9 (1.2)

for functions v : R x R — R. The wave maps equation can then be obtained by
generalizing this action to more general Riemannian target manifolds. As we are only
interested in wave maps that have the sphere S? as their target in this work, we only
illustrate how this is accomplished in this particular case. Hence, we want to find critical
points U : R x R? — S of the functional

1

LY = 5/R IR (1.3)

Thus, for p € C*(R x R, R¥*!) and ¢ > 0 small consider the constrained variation

U+5g0>

LU+ep)=L(—15%
(U +ee) <|U+690|

Then, for a critical point U, we see that, at least formally,

0=0-L(U+€p)|ezo = / U - 0o+ V,U -Vyp + (U -0,U =V, U -V, U)U - .

RxR4



By integrating by parts, we conclude that
/ [8t2U—AxU+(8tU~8tU—VmU-VxU)U} =0
RxRd

for all p € C*(R x R4 R4). For a concise notation, we label the slots in R x R?
with 0,1,...d and use the Minkowski scalar product to raise and lower indices. Hence,
Jp = —0" and 9; = & for j = 1,...,d. Then, with this notation, we arrive at the

equation
o0"o,U + (0*U - 0,U)U = 0. (1.4)

A different way of formulating the wave maps equation for general Riemannian target
manifolds is as follows. By the Nash Embedding Theorem, we can always assume the
target manifold (M, g) to be isometrically embedded in R™ for some m € N. Let T,M
be the tangent space of M at a given point p € M and denote by L orthogonality with
respect to the standard inner product on Euclidean space R™. Then a smooth map
U:RxR?— M is a wave map if

DU(t, $) L TU(t,x)M (15)

for all (¢,7) € R x RY. To check that this is in accord with Eq. (1.4)), we note that as
the unit normal on the d—sphere is given by 7(p) = p, for U to be a wave map, there
necessarily needs to be a function X : R x R? — R such that

U = A\U.
From U - U =1 we see that
A=0U-U.
Hence,
A=00U-U=0"0,U-U)—-0"U-0,U=—-0"U-0,U.

Consequently, we again obtain Eq. . Moreover, for M = R, equation reduces
to the free wave equation in d dimensions, which further justifies viewing the wave
maps equation as a natural geometric extension of the linear wave equation. Before
discussing Eq. in a bit more detail, we introduce the second equation studied in this
thesis. For this, let p > 1 and consider

Ou = +ululP~!

for functions u : R x R — R. In case of a positive sign, we call the nonlinearity focusing
and otherwise defocusing. Interestingly, for the local theory, the sign does not play a role,

while it is crucial for the global dynamics, as we shall see later.
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1.1. A short primer on the wave maps equation. As previously mentioned,
this thesis is only concerned with wave maps from R x R? to the d—sphere S?. Hence,
we do not study the wave maps equation ([1.5)) in full generality and instead focus on the

special case
o"9,U + (0*U - 0,U)U = 0. (1.6)

Note that Eq. (1.6 exhibits a number of symmetries, most notably, translations in space
or time, rotations, time reversal and the scaling symmetry. The scaling symmetry dictates
that for any smooth solution U to Eq. (1.6 U, given by

U(t,z) :=U (£,%)
is also a wave map. Lastly, solutions of conserve the energy
EWMw;:;AJ%U@@n%HVU@wnmx
which has the scaling behavior
E[U))(t) = X?E[U(5).

This leads to the natural classification of the wave maps equation as

e energy subcritical if d =1
e cnergy critical if d = 2

e energy supercritical if d > 3.

Structurally, Eq. (1.6 is a second order semilinear hyperbolic partial differential equation.
As such, it is reasonable to study the Cauchy problem associated to this equation. For
this, one prescribes some initial data, F' : R? — S? and G : R — R such that

F -G =0, usually at time ¢t = 0, and investigates the problem

0*9,U + (0*U - 9,U)U = 0,
U©,.) = F, (1.7)
80U(0, ) - G

Commonly, F' and G belong to certain Banach spaces such as Sobolev spaces or Besov
spaces, or are chosen as smooth functions. One of the first main goals then, is to prove
local wellposedness of Eq. for data in a prescribed Banach space X. Loosely put,
one aims to show that for any data in X there exists a unique solution to Eq. which
exists at least for some nonzero amount of time and depends continuously on the initial
data (in some appropriate form). Oftentimes, one cannot hope for a solution to be a
classical one, since the prescribed initial data might lack the required regularity. For
most choices of Banach spaces, it is therefore more convenient to work with the integral

11



version
sin(t|V])
V|

Psin((t — 8)|V])
+/0 v NU)(s,z)ds

U(t,z) = cos(t|V|)F(x) + G(x)

(1.8)

where cos(t|V]) and % are the standard wave propagators and

N(U) = (0"U - 8,U)U.

One then calls U a (strong) solution to the Cauchy problem (L.7)), if there exists 7' > 0
such that U is an element of C([0,T), X) and satisfies Eq. (1.8)). With this, we can con-
cisely define local wellposedness by paraphrasing the book “Nonlinear Dispersive Equa-
tions: Local and Global Analysis” by Terence Tao [97, p. 125, Definition 3.4].

DEFINITION 1.1. We call the Cauchy problem locally wellposed in X if for any
(Fy, Go) € X there exists a time 7' > 0, a ball B around (Fy, Gy), and a subset Y C X such
that for each (F,G) € B there exists a unique solution U € C([0,7),Y’). Furthermore,
the solution map (F,G) — U is continuous from B to C([0,7),Y). Moreover, if the
guaranteed time of existence T" depends only on the size of (£, G) and not on the exact
profile itself, one says that the problem is wellposed in the subcritical sense, otherwise it

is wellposed in the critical sense.

To go into more detail about possible choices of Banach spaces in which wellposedness
is a reasonable ask, it is instructive to look at homogeneous Sobolev spaces H*(R%). We
define these spaces as the completion of the Schwarz space S(R?) with respect to the

norm

/]

b = [ EE)

where F(f) denotes the Fourier transform of f. The homogeneous Sobolev spaces work
well in terms of illustrating possible regularities for local wellposedness, as they have a
natural scaling behavior. Namely, for fy(z) := f(5) with f € S(R9) one has that
d_s
HfAHHs(Rd) = A2 HfHHS(]Rd)

for all A > 0. Consider now the inhomogeneous Sobolev space H*(R?), which we define

as the completion of S(R?) with respect to the norm

/1

Analogously, we define the space H*(R? S?). The above scaling observations indicate

2HS(]Rd) = | %s(md) + Hf“%z(Rd)'

that to hope for a local wellposedness theory in the space H® x H*}(R%,S?), one best
assumes s > g. Indeed, for regularities smaller than g, solutions to Eq. (|1.7) need not
be unique, see [89]. In contrast, for s > %, local wellposedness in the subcritical sense
was established by Selberg and Klainermann [59]. Naturally, things become even more

12



intricate when one measures size in s = g. Several outstanding works revolve around this
case, see [57, 59, [72], 94, 99, 100}, 95, 96, 58, 88, 61, 81, 101, 14]. In particular, one
has the following result. Prescribe smooth initial data, which are sufficiently small in the
critical Sobolev space H S x H %’1(]1%‘7[, S?), then there exists a unique smooth solution,
which exists for all times t € R. This of course motivates the question if all solutions
exist globally, or if there is an actual obstruction voiding global existence of solutions
that start from general smooth initial data. Indeed, one cannot generally expect global

existence of solutions. For d > 3, this is exemplified by the self similar solution

. - . 1 f2vd-2¢
UL (t,x) = F, (—T_t) - BO =5 (d— 2 - |£|2) ’

which admits finite time blowup in its derivatives. In three spatial dimensions, this family
of solutions was first discovered by Turok and Spergel [I03] and later, for general space
dimensions d > 4, by Biernat and Bizén [7]. We remark at this point, that the solution
UT', will be one of the central elements of this work, as much of this thesis is devoted to
understanding the stability properties of it. For this, it is vital that Ul belongs to the

special class of corotational wave maps. Such wave maps are of the form
sin(|x|u(t, x))%
S LG
cos([zfu(t, )

where u is a smooth function such that u(t, .) is radial for every fixed ¢. In particular,

ul (t,x) = = arctan ( — |2“T<|T — t)) :

A direct calculation shows that this ansatz simplifies the wave maps equation immensely
and in fact reduces it to the single semilinear equation

(6’3 o #ar) At ) + (d; 1) sin(2rﬂ(t,rii — 2ru(t,r) 0 (1.9)

where u(t,.) is the radial representative of u(t,.) and with r = |z|. Obviously, this equa-
tion is significantly simpler to analyze than the general wave maps system and much of
our analysis will be centered on this “symmetry reduced” wave maps equation. Interest-
ingly, this equation has the form of a radial semilinear wave equation in d + 2 dimensions

rather than just d. It is therefore natural to study the Cauchy problem

(atg 92— ﬂar) ﬂ(t T) + (d—1) sin(2ru(t,r))—2ru(t,r) -0

2 r (1.10)
ul0] = (f,9) € Hyy x Hypg (RH2).

rad

As one would expect, local wellposedness of Eq. (1.10) at critical regularity and many
of the analogues of the above mentioned results for wave maps predate these by some
time [89]. The first result in terms of stability of the profile u! is due to Donninger

*

[28], which established asymptotic stability of ul for d = 3 and initial data in H?® x H>

13



regularity. In this work, an assumption on unstable eigenvalues, called the mode stability,
had to be made. This mode stability was, however, later rigorously proven in [19] for
d = 3 and subsequently also for d > 3 [20]. This allowed for the extension of the stability

results to higher odd dimensions [16]. Note that in these works, all of the stability results

3
2

to this work, we want to comment on blowup in the energy critical dimension d = 2.

require 5 derivatives more than the optimum. Lastly, even though not directly related
In this case, blowup was constructed via a dynamical rescaling of harmonic maps, see
[60), 47]. Moreover, in an outstanding work ([65]), these blowups were shown to be stable
not only in the class of corotational wave maps but under general (sufficiently regular)

perturbations.

1.2. A short primer on energy critical wave equations. As mentioned above,
the second equation we focus on is given by a nonlinear wave equation with a power

nonlinearity. More precisely, we consider
4
Ou = fufu|*2

for functions u : R x R — R. Similar scaling considerations as above show that this is
an energy critical equation. Therefore, it is natural to prescribe initial data which lie in
H' x L?(RY). Indeed, the defocusing Cauchy problem

Ou = —u\u|ﬁ
ul0] = (f.9) € H' x L*(R?)

is not only locally wellposed for any such data, but one even has global wellposedness for
all initial data (f,g) € H' x L?(R?). While this is in itself interesting, from the point of
blowup dynamics it of course completely negates the question of finite time singularity
formation. Thus, we are only concerned with the focusing equation

Du:u|u|ﬁ,

for which it has been known since the seventies that initial data with negative conserved

energy
1 2 2 d—2 P
Blut) =5 | 10m(t,2) + Vot o) e = e )75,

leads to solutions which exhibit finite time blowup (see Levine [70]). Moreover, analogous
to the the wave maps equation, we can again explicitly write down a family of self similar

blowup solutions, which is sometimes referred to as the ODE blowup

ul (8) == ca(T —1)F", cy= ( 1

At first glance, it seems that this example does not contradict global wellposedness,

T

T [0] is constant and therefore is certainly not an element of H! x L?(R?).

since, clearly, u

14



However, by the finite speed of propagation property of the equation, this can easily be
remedied by cutting off the data far out. Consequently, we are interested in the Cauchy

problem

Ou = u|u]d%2

ul0] = (f,9) € H' x L*(B)

where B¢ C R? is the ball of radius r around 0 € R in d dimension, for some appropriate
r > 1. Asymptotic stability of the ODE blowup (for more general powers p) for energy
subcritical powers was established by Merle and Zaag in several works [73), [74), [75], [76),
77, [78,, [79]. This problem was studied further by Alexakis and Shao [1] and Azaiez [2].
For the energy critical problem, the optimal stability problem was settled by Donninger
in three dimensions [30] and by Donninger and Rao in five [34]. Lastly, we want to
mention that asymptotic stability in the supercritical case was shown by Donninger and
Schorkhuber, see [36], [37].

1.3. Outline of the thesis. This thesis is comprised of the three separate works

e Optimal blowup stability for supercritical wave maps
e Strichartz estimates and blowup stability for energy critical nonlinear wave equa-
tions

e Optimal blowup stability for three-dimensional wave maps

which are sorted from the first completed work to the last. Each of these three works is
focused on studying the stability of explicitly known self similar blowup solutions under

small perturbations.

Optimal blowup stability for supercritical wave maps. This joint work with
Roland Donninger focuses on the wave maps equation in 4 dimensions with the goal of
establishing the stability of the blowup U} under corotational perturbations at optimal
regularity in the backwards lightcone of the blowup point. Note that the scaling behavior
of the equation mentioned above identifies H? x H'(R*) as the scaling invariant space.
Hence, as we are working on a compact set, the optimal space to measure the size of
the data relaitve to the blowup is given by H? x H'(B%). Our result shows that, up to
a small shift in the blowup time 7', the desired asympztotic stability does indeed hold.

Quantitatively, the main result of this work can be phrased as follows.

THEOREM 1.1. Up to a small shift in time, U} is stable under smooth corotational

perturbations measured in H? x H! (B‘é). Moreover, such perturbations lead to solutions

2
which exist globally outside the causally influenced region of their respective blowup.

The main tool used to establish this result is by means of Strichartz estimates for
wave equations with potentials in similarity coordinates.

15



Strichartz estimates and blowup stability for energy critical nonlinear wave
equations. The goal of this work is to showcase a unified approach to derive Strichartz
estimates in similarity coordinates of radial wave equations with a potential. This extends

the previously known estimates from d = 3,5 to all dimensions d > 4. As an application

1

odes &gain modulo a small shift

of these estimates, we derive the asymptotic stability of u
in the blowup time T'. Loosely speaking, the main result on blowup stability of this work

can be paraphrased as follows.

THEOREM 1.2. Let 4 < d < 6 be a fived natural number. Then, up to a small shift in

time, ul,, is stable under radial perturbations measured in H' x L*(B%).
2

Optimal blowup stability for three dimensional wave maps. This is once more
joint work with Roland Donninger and is concerned with the three dimensional wave maps
equation. In this case, the optimal topology to measure the size of the data is given by
H:xH? (B?). Hence, for an optimal result in terms of derivatives, one cannot get around
working in fractional Sobolev spaces. One natural way to derive Strichartz estimates at
this regularity would be to derive corresponding estimates for H? x H' and H' x L? and
then interpolate between them. This induces new intriguing problems, which arise mainly
due to the highly nontrivial nature of the underlying spectral problem. Overcoming these
difficulties leads to the three dimensional analogue of Theorem [I.1], with slightly modified

assumptions on the relative smallness of the prescribed data.

THEOREM 1.3. Up to a small shift in time, Ul is stable under radial perturbations
of |.lul of the form (|.|f,|.lg) for smooth functions f,g, where the relative smallness is
measured in H2 x H %(B% ). Moreover, such perturbations lead to solutions which exist

globally outside the causalzly influenced region of their respective blowup.

Disclaimer. While the second work was entirely produced by the author of this
thesis, the first and third works included were also, up to minor corrections, exclusively
written by the author. However, many helpful conversations, which were and are greatly
appreciated, were held with Roland Donninger during the process of establishing the

stated results.
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CHAPTER 2

Optimal blowup stability for supercritical wave maps

1. Introduction

Let 2 C R x R? be open and consider a smooth map U : Q2 — S¢ C R, We number
the slots of U from 0 to d and write 3° = —0, as well as &/ = 9; for j € {1,2,...,d}.

Then U is called a wave map if it satisfies
o"0,U + (0*U - 0,U)U =0 (1.1)

on {2, where we employ Einstein’s summation convention with Greek letters running from
0 to d and - denotes the Euclidean inner product on R%*!. Wave maps are fundamental
objects in geometric analysis and they generalize both the wave equation to maps with
values in manifolds and harmonic maps to Lorentzian geometry.

The wave maps equation is a hyperbolic partial differential equation and in order
to construct solutions, it is natural to study the Cauchy problem, i.e., one prescribes
U(0,.) : RT — S C R4 and 9yU(0,.) : RT — R with U(0,.) - 9U(0,.) = 0 as initial
data. The goal is then to prove the existence of a unique wave map that satisfies the
initial data. For some initial data it will be possible to construct a wave map on all of
R x R but in general, the maximal domain of existence will be a proper subset of R x R¢.
For d > 3 this is evidenced by the explicit one-parameter family of self-similar solutions
UL(t,x) = Fi(7%) for T > 0, where F, : R — §* C R*™ is given by

1 (avd—2e [sn(fe)§

£.(6) = 2arctan ( %) |

The function UZ, found in [87), 103}, 7], is an explicit example of a wave map that

with

starts from smooth initial data but becomes singular after a finite time 7" in the sense
that the gradient blows up. With the explicit blowup solution U! at hand, a natural
question arises: How typical is this type of singularity formation? Is the solution U! an
“exceptional object” or does there exist a larger class of solutions that behave like UZ?
To approach this question, it is necessary to study perturbations of UZ. In this paper, for
the case d = 4, we prove that the blowup described by U! is stable under perturbations
that are small in the weakest possible Sobolev norm. In order to state our result precisely,

17



we define the domain Q2 C R x R* for 7' > 0 by
Qr = ([0,00) x RY) \ {(t,2) € [T,00) x R*: [z <t —T}.

Furthermore, for R > 0 and zy € RY, we set B4(z) := {z € R? : |z — 20| < R} and
abbreviate B¢ := B%(0).

THEOREM 1.1. Let d = 4. There exist constants g, M > 0 such that the following
holds. Let F: R* — S* C R’ and G : R* — R® be given by

Fla) = (Sin(|w|f(w))|i—|>’ G(@:( cos(|| (#)g ) )
cos(|z|f(x)) —sin(|z|f(z))|z|g(x)
for smooth, radial functions f : R* — [—%,%} and g : R* — R. Assume further that

5 €(0,d0) and
)
I(F, @) = (UL(0,.), QU2 (0, N2 e, ) < 77
Then there exists a T € [1 — 6,1+ 8] and a unique smooth wave map U : Qp — S* C R®
that satisfies U(0,z) = F(z) and 9oU(0,2) = G(x) for all x € R*. Furthermore, in the

backward lightcone of the point (T,0), we have the weighted Strichartz estimates

[ @ - vre )

L12(B%“7t)
— ;UL (t )
[l M,
for j € {1,2,3,4}.

dt < Mo?

and
dt < Mé§?

1.1. Discussion. Some remarks are in order.
1.1.1. Stability of blowup. Note that

U7 (1,0) = (?)

for all t € [0, T) and thus, by scaling,
1178 I, ) - vl e, 0)]

LlQ(B%_t)

which implies that

[t ~UT (0

Analogously, we find
2

T
aUT dt:/ T — ) 'dt =
/HH )y = [ =0

Consequently, our estimates show that the self-similar blowup solution UZ is asymptot-

T
dt /(T—t)ldt:
L12(B4 t) 0

12

ically stable in a Strichartz sense in the backward lightcone of the singularity. In other

18



words, the solution we construct can be written as

Ut,r) = UL (t, ) +y(t,x) — UL (t,2),

small

i.e., U blows up at time ¢t = T and equals U! up to an error that is small in a suitable
Strichartz space.

1.1.2. Optimality. The wave maps equation has the scaling symmetry U(t,z) +—
U(%, %) for A > 0 and the corresponding scaling-invariant Sobolev space is H Sx HeL(RY).
As the wave maps equation is ill-posed below scaling [89], our smallness condition on the
data is optimal in the sense that the number of derivatives cannot be lowered any further.

1.1.3. Relation to small-data Cauchy theory. Our result may be viewed as the ana-
logue of an optimal small-data global existence result, but relative to a blowup solution:
If the data are close to the given blowup solution, the evolution exists for as long as it
possibly can and behaves asymptotically like the given blowup.

1.1.4. Symmetry. The initial data we prescribe have a very special form. Such data
are called corotational and the point is that the wave maps flow preserves this form.
Accordingly, our Strichartz estimates are not translation-invariant and thus inherently
corotational. Nonetheless, we expect a similar result to hold for general data but estab-
lishing this is a formidable endeavor that has to be postponed to the future.

1.1.5. Mazimal domain of existence. We show the existence of the solution in the
domain 7, which includes all of [0,00) x R* except for the forward lightcone of the
blowup point (7', 0). The latter is precisely the spacetime region that is causally influenced
by the singularity. It is an intriguing open question whether one can extend the solution
even further in a meaningful way:.

1.1.6. Other dimensions. There is nothing special about d = 4 except that it is the
smallest dimension d > 3 with a critical Sobolev space of integer order. This fact simplifies
the analysis but the generalization to other dimensions d > 3 is mainly technical and will
be treated elsewhere. The behavior for d < 2, on the other hand, is an entirely different
subject that is extensively treated in the literature, see below.

1.1.7. Broader context. Finally, we would like to emphasize that our Theorem is
a large-data result for an energy-supercritical wave equation. In addition, it is the first

result on optimal blowup stability for a geometric wave equation.

1.2. Related results. As the prototypical example of a geometric wave equation,
the wave maps equation received a lot of attention during the last 30 years and it is
impossible to review or even mention all of the available results. We therefore restrict
ourselves to a brief overview of some of the most important recent contributions that are
closely related to the present paper.

The local Cauchy theory at low regularity for corotational wave maps is developed in
[89] and the general case is studied in [57, (59} [94), [72]. The global Cauchy problem for
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small data is of course most delicate when one measures smallness in a scaling-invariant
space. This challenging problem was part of a big program in the 1990s and the beginning
2000s and was finally resolved in [99] 100, [95] 96, 58, 88, 61, 81, 62, 101, 14].

For the global Cauchy problem with large data, the most powerful results are available
in the energy-critical case d = 2, where energy conservation yields invaluable global
information. On the other hand, the blowup mechanism in d = 2 is more complicated
and takes place via dynamical rescaling of a soliton (a harmonic map). As a consequence,
already the construction of solutions that blow up in finite time is highly nontrivial and
was first achieved in [60], 85, [84], motivated by numerical evidence [9], see also [47].
Stability results for blowup are established in [84] [64]. The question of global existence
for large data has to be addressed in view of the fact that finite-time blowup is possible.
Since the blowup takes place via shrinking of a harmonic map, the “first” harmonic
map provides a natural threshold for global existence. This is expressed in the threshold
conjecture [91], [92], 66, [69], 18], sece also the series of unpublished preprints [98] and the
earlier [93), 24] for the corotational setting. The most recent work on energy-critical wave
maps focuses on the precise asymptotic behavior and the soliton resolution conjecture
22, 23, 21, 52, 6, 55, 41].

The present paper is concerned with the energy-supercritical case d > 3 where the
conservation of energy is useless for the study of the Cauchy problem and the under-
standing of large-data evolutions is still comparatively poor. The existence of self-similar
blowup for d > 3 is established in [87, 103} 15} 5l [7]. Motivated by numerical evidence
[8], the stability of self-similar blowup under perturbations that are small in Sobolev
spaces of sufficiently high order is proved in [38), 29), 19, 20, 16, B2, [4]. Furthermore,
in dimensions d > 7, there exists another blowup mechanism that is more akin to the
energy-critical case [48], see also [27], [I7] for other large-data results.

The stability of blowup in the critical Sobolev space, which is the content of the present
paper, constitutes a vast conceptional improvement over the existing results because
the critical Sobolev space is the only distinguished space for the study of an energy-
supercritical problem. So far, blowup stability in a critical space is only known for
the much simpler energy-critical nonlinear wave equation |30}, [34], see also [11] for an

extension to randomized perturbations.

1.3. Outline of the proof. We give a nontechnical outline of the key steps of the
proof.
1.3.1. Preliminary reductions. In Theorem the initial data are corotational and

this symmetry is preserved by the wave maps flow. This means that the solution U is of

Uita) = (sin(!x|u(t,x))|%> 12)

the form

cos(|x|u(t, z))
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for a smooth function w : [0,7) x R* — R such that u(t,.) is radial for each t € [0,T).
Indeed, if one plugs the ansatz Eq. ((1.2) into the wave maps equation (|1.1)), one ends up

with the single semilinear wave equation

(atQ o ;ar) At ) + 3sin(2ru(t,r)) — 6ru(t,r) _ 0 (1.3)

2r3

for r > 0, where u(t, z) = u(t, |x|). Interestingly, this is a radial wave equation in 6 rather
than 4 spatial dimensions. Consequently, it is natural to regard u as a smooth function
on [0,T) x R® and then, Eq. can be written as

3sin(2|z|u(t, x)) — 6|z|u(t, z)

2 —_—
(0;f — Ay)u(t,z) + 2’

=0 (1.4)

for z € R%\ {0}. Note that the apparent singularity at = 0 is in fact removable and
the nonlinearity is generated by a smooth function.

1.3.2. Control of the evolution away from the origin. The bulk of the present work is
concerned with the analysis of Eq. , which is essentially a cubic wave equation. It
will be vital for us to exploit the finite speed of propagation of Eq. , so that we can
restrict ourselves to lightcones. To this end, we define the domain F%(TO), for 0 <ty <ty
and ro € Ry := (0,00), by

T (ro) :== {(t,r) : t € [to,t1), 7 € [ro — (t1 — 1), 70 + (t1 — 1)]}-

Our first step will be the proof of an existence result of Eq. (1.4) outside of the forward
lightcone of the origin. First, we show that the reduced wave maps equation (|1.3]) is

well-posed on any domain I'j!(rg) that does not touch the origin.

THEOREM 1.2. Consider Iy} (ro) with ro— (t; —to) > 0 and let .G [ro—(ti—to), ro+
(t1 — to)] = R be smooth. Then there exists a unique smooth solution U : T} (ro) — R of
Eq. ([T3) that satisfies U(to,.) = f and doti(to,.) = §.

As an immediate consequence, we obtain the desired existence result.

COROLLARY 1.1. Let f,g € C(RS) be radial. Then there exists a unique smooth
solution
u:{(t,x) €0,00) x R®: |z| >t} - R
of Eq. (L.4) that satisfies u(0,.) = f and dyu(0,.) = g.
The key ingredient in proving this result will be the fact that away from the center we
are effectively dealing with a one-dimensional wave equation with a bounded nonlinearity.

1.3.3. Control of the evolution near the origin. The most difficult part will be the

control of the evolution in the backward lightcone of the singularity. For the following,

ul (t,x) ;= I%If* (%) = % arctan (%) .

Note that ul solves the reduced wave maps equation ((1.4)).
21
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THEOREM 1.3. There exist g, M > 0 such that the following holds. Let f,g €
C>(BS, ) be radial and § € (0,00) such that

)
1(f,9) — (u(0,.), Bouy (0, '))||H2><H1(IB%‘13+5) < A

Then there ezists a blowup time T € [1 — §,1 + 0] and a unique smooth solution
uw:{(t,z) €0,T) xR : |z| <T—t} - R
of Eq. [T4) satisfying u(0,.) = f and 8yu(0,.) = g on BS.. Furthermore, we have the

Strichartz estimates

T
[t = a0 e < 280 (1.5
and

T
/0 o) = () s, < M (1.6)

Theorem [1.3]is in fact the main result of our paper and so we highlight some of the

key steps in proving it.

e Our starting point is a well-known reformulation of the problem in similarity
=
solution ul is 7-independent and Eq. ([1.4)) takes the autonomous first-order form

*

coordinates 7 = —log(T —t) and & = In these new coordinates the blowup

O(7) = LO(7) + N(P(7))

for perturbations ® of the blowup and where L is a spatial differential operator
that arises from linearising the equation at the 7-independent blowup solution.
All the nonlinear terms are summarized in N(®(7)). We show that L generates
a semigroup S on H := H? x H'(B%) and moreover, by utilizing [20], we prove
that L has precisely one unstable eigenvalue A = 1. This eigenvalue does not
correspond to an “actual” instability of the blowup solution u” but is a mere
consequence of the time translation symmetry of the wave maps equation. We
further establish that the associated spectral projection P is of rank 1 and by

standard semigroup theory we obtain the bound
IS(r)(T = P)lls < Cee™™

for any € > 0.

e The crucial observation, then, is the fact that S(7)(I — P) satisfies Strichartz
estimates. To prove these estimates we first conduct an asymptotic construction
of the resolvent of L. The spectral equation (A — L)u = f with u = (uy, us) and
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f = (f1, f2) turns out to be equivalent to the second order ODE

5
= Dutlp) + (204 2= 2) ) + O+ DO+ Dy
48
- U =F
(pg + 2)2 1(p) /\(p)
with Fi(p) = fo(p)+(A+2) f1(p)+pfi(p) and p € (0,1). To study this equation,
it is advantageous to get rid of the first order derivative by using an appropriate
transformation of the independent variable u. This transforms Eq. (1.7)) with

F\, =0 into
2 2
. P10 + 12X\ — 4A2) — 15 48

We then construct fundamental systems near either pole separately. One of the

(1.7)

main tools to do so is the diffeomorphism
1 1+p
e(p) = ) log (Tp)

which, by means of a Liouville-Green transform, turns the equation into Bessel
form. Near 0 we therefore obtain a fundamental system of Eq. which
essentially consists of perturbed Bessel functions and the error is controlled by
Volterra iterations. Unfortunately, near the endpoint 1, we cannot use Hankel
functions straight away. This is because the standard Hankel expansion is not
good enough for our purpose and we need better control of the perturbative
parts. Hence, near 1, we first obtain a fundamental system for

W"(p) + p*(10 + 12X — 4)X?) — 15

1)

without changing variables and based on this, we solve Eq. perturbatively.
Both steps are again accomplished by Volterra iterations. Finally, to glue the

w(p) =0

solutions together we make use of the global theory of the Bessel equation to
obtain sufficient control on the connection coefficients. As a result of this in-
tricate ODE analysis, we obtain a solution to Eq. and hence a suitable
representation of the resolvent (A — L)~1.

Next, we use the Laplace representation

Lo TN —1
S()I—P)f] = 97 ]\}gnoo . e TA=L)"(I-P)fdA

and our resolvent construction to push the contour of integration onto the imagi-
nary axis and prove Strichartz estimates by a delicate analysis of the occurring os-
cillatory integrals. To be more precise, we prove these estimates for the difference

of the linearised evolution to the free evolution. This is technically much simpler
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and equivalent because for the free evolution the desired Strichartz estimates fol-
low immediately by a simple scaling argument. Readers familiar with Strichartz
theory for wave equations with potentials might wonder at this point because
the comparison to the free evolution usually only yields short-time Strichartz
estimates. However, since our problem is in fact short-time (we are working in
a backward lightcone), it is not surprising that this strategy works. Only in the
rescaled variable 7 our Strichartz estimates are global.

e The full nonlinear problem is then treated perturbatively and solved in the cor-
responding Strichartz space by a fixed point argument. The instability caused by
the time translation symmetry is treated by a Lyapunov-Perron-type argument.
That is to say, we first modify the equation to suppress the instability and in
a second step we show that the modification vanishes provided one chooses the
blowup time correctly. Finally, by more or less following the standard procedure,

we upgrade the regularity to C'*°.

2. Local wellposedness away from the center

In this section we establish Theorem and Corollary The first step is to look
at the problem locally in the domains F% (ro). As usual, we start with a weaker notion
of solutions and upgrade the regularity afterwards. Thus, we use d’Alembert’s formula
and consider the Duhamel form of Eq. (L.3).

DEFINITION 2.1. Consider Fg(ro) with rg — (t; — tp) > 0 and for ¢ € [to,t1), set
I == (rg — (t1 — t),70 + (t1 — t)) C R,. Furthermore, for ¢ € R, we set
T (ro, £) := T (ro) N {(t,7) € R : t < T},

We say that u : I'}! (ro,t) — R is an H* solution of Eq. (T.3) in F%(ro,f) if the following
three properties hold:

e 1 is continuous,
o u(t,.) € H*(I,) for all t € [to, 1) N [to, 1),

e y satisfies the integral equation

1 r+t—to
u(t,r) = = (u(to,r +t —to) + u(te,r —t+to9)) + = / Oou(to, y)dy
2 2 r—t+to

L o)

(2.1)
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for all (¢,7) € T} (ro,t), where

N(u(t7 ))(T) = ;&u(t, 7“) — 3Sin(2ru(t7;2§ — 6ru(t, T).

Note that if u is C? then u is a classical solution. In the following, we sometimes
abuse notation and do not distinguish between a radial function f and its representative

f. given by f(z) = f(|=|). With this identification we have the useful equivalences

R
ey = [ £
R
|muwd_l|fm%ﬁwr

R
1 gy~ |
0

The decisive properties of N are given in the following lemma.

2

d
rédr.

£y + =)

LEMMA 2.1. Let k € Ny and 0 < a < b. Then we have the bound
iy SN = alliwssy (1 1y ) 1S = e

for all f,g € H*Y(I) and all intervals I C [a,b).

|¥(H - N

PROOF. Let I C [a,b] and f,g € C(I) N L*(I). Since £ ~ 1 for all r € [a, b], we have
the pointwise bound

IN(H(r) = N(@) () S 1) = g () + |f(r) = g(r)]

for all » € I. Thus, the case k = 0 follows by a density argument. For k£ > 1 we consider
f € C*(I)NH*(I) and differentiate N(f) k times. By the chain rule, this produces powers
of derivatives of f. Thus, the stated estimate is a consequence of the algebra property of

H'(I), elementary pointwise algebraic identities, and a density argument. O

REMARK 2.1. Note that in the case k = 0, N satisfies a global Lipschitz bound. This
is the crucial property.

Now we turn to the analysis of solutions of Eq. ([1.3)). The first result deals with the

dependence on the initial data and uniqueness.
LEMMA 2.2. Consider F%(ro) with ro — (t; — to) > 0 and, as before, let I = (1o —
(ty —t), 10+ (t1 — t)) and t € (to,t1). Then we have the bound

[u(t,.) —alt, Maa) S l(ulto, ), Goulto, ) — (ulto, ), doti(to, )| mrx 2y

for all t € [to,t] and all H" solutions u and U of Eq. (L.3) in Fié (r0,1).
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PROOF. To prove this result we first claim that the estimate

[ s

r+s—t

S e, (2.2)
HI(Iy)

holds true for all f € H'(I;,)) and ty < s <t < t;. To see this, it suffices to note that

r+t—s 2

f(y)dy

r4+t—s 7'+t s ro+t1—s

IfwPdy <2t / ) dy

ro—ti1+s

IN

dy‘
r+s—t

S(t- 3)||f||L2(15)

for all r € I, along with

r4+s—t

||f(r + l— S)HL%(LS) + ||f(/r —1 + S)HL%(It) S ||f||L2(’r‘0—(t1—t),7’0+t1—S)
+ Hf||L2(To—(t1—S),T0+t1—t)
S e, -

Let now u and % be two H' solutions. Then we have

r+t—s . _
/ N(u(s, ))(y) — N(a(s, ) (y)dy

r+s—t

< [N uts, ) = Ns, )|

HA(L) L2(1)

Now, because of the condition rg — (¢; — tg) > 0, Lemma applies and we obtain

IN (u(s, ) = N@(s, Dz S lluls, ) = als, Ml

Plugging in the definitions of the respective solutions then yields

[ult,.) = alt, gy Slulto, ), doulto, ) = (ulto, ), doulto, )| rxr2(ziy)

/ (s, ) — (s, | aards

for all ¢ € [to, 1) and therefore, the claim follows from Gronwall’s inequality. U

REMARK 2.2. As an immediate consequence of Lemma [2.2] we obtain the uniqueness

of H' solutions in (truncated) cones T} (rg,t) with ro — (t; — to) > 0.

Next, we turn to the existence and prove a standard local existence result with a

blowup criterion.

LEMMA 2.3. Let k € Nog, M > 0, and 0 < a < b. Then there exists a t' > 0 such
that the following holds. Let I, := (ro — (t1 — t),ro + (t1 — t)) and consider I'j}(ro) with
I, C [a,b]. Furthermore, let (f,g) € Hk“ka(Ito) with [|(f, )|z smn ) < M. Then
there exists an H* solution u of Eq. ( in the (possibly truncated) cone Fto (ro,to + 1)
that satisfies (u(ty,.), dou(to,.)) = (f, g). If u is inextendible beyond time t € (to,t1) as
an H* solution of Fq. , we have

sup_||u(t, )| ey = oo
te(to,b)
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PROOF. For ¢’ > 0 and u € C*°(I'}(ro, to + 1)) we set

Jullx@wy =" sup |Jul(t, )l[meam,
te[to,to-i-t']

and denote by X (') the completion of C>(T'¢}(ro, o + ') with respect to ||.||x ). Fur-
thermore, for u € X (¢') and (t,7) € T (ro, to + t'), we define the mapping

r+t—to
Ky g(u)(tr) = (F(r 4+t —to) + f(r —t + 1)) + 2 / o(y)dy

2 —t+to

41 / (/ N(u( Doy ) ds

From Lemma and the proof of Lemma it follows that K, maps X(t') to X(t')

and we have the bound

1
2

1K g (w)lx@y < CM +C (1 + [[ullk ) lullxe)

for some constant C' > 1. We set Y (t') := {u € X(t) : [Ju[|xw) < 2CM} and upon
choosing ' small enough, we infer that Ky, maps Y (') to Y (). Furthermore, we have
the bound
1K 5g(w) = Kpg()llxy S ¢ lu—vllxa)

for all u,v € Y (') and we may choose t’ so small that Ky, becomes a contraction on Y (¢').
Thus, the contraction mapping principle yields the existence of a fixed point u € Y (') of
Ky 4. Clearly, by Sobolev embedding, w : Fi;(ro, to +t') — R is continuous and hence an
H* solution of Eq. in Iy (ro, to + t).

If u is inextendible as an H* solution of Eq. beyond time t € (to,t,), we must

have

sup. ult, ) lecay = o0
te(to,t)

because otherwise, we could use the above argument to extend the solution beyond time

t. U

Thanks to the global Lipschitz property of N , we can extend any H* solution to the
full cone I'}} (ro).

LEMMA 2.4. Consider T (ro) with ro — (t1 — to) > 0 and for k € Ny, let (f,g) €
HM s H*(T,,), where I = (ro — (ty —t), 70 + (t1 —t)). Then there exists an H* solution
u of BEq. ([L3)) in T} (ro) that satisfies (u(to,.), doulto,.)) = (f,g)-

ProoFr. We start with the case £ = 0 and argue by contradiction. By Lemma [2.3
there exists a t >ty and an H' solution v of Eq. (I.3) in Fié (ro,t). Suppose that t < t,
and that u is inextendible beyond ¢. From Lemma and the proof of Lemma we

obtain the estimate

t
[, ey S N9 lmxran,) +/ [u(s, ) mr,)ds
to
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and by Gronwall’s inequality, ||u(t,.)|| sz s,y S 1 for all ¢ € [to, 7). This is a contradiction
to the blowup criterion in Lemma and thus, u extends to all of T'{! (rp).

Now suppose u is an H* solution of Eq. in I} (ro) and (f,g) € H*' x H*(I,,).
By Lemma , there exists a ¢ > to and an H**! solution # in Fié (ro,t) with initial data
(u(to, .), oti(to,.)) = (f,g). By Lemma[2.2) & = u and Lemma [2.1] yields the bound

lalt, sy S N @i + 1+ sup_ flult, Ik, + / luls, )l mier(r,ds
te[to,}

for all ¢ € [ty,t). Thus, by the same argument as above we see that u extends to all of

Ft}) (rg) as an H**! solution and the claim follows inductively. U
We can now turn to the proof of Theorem

PROOF OF THEOREM [[2. Let (f,g) € C* x C*(1,). By Lemma , we obtain an
H' solution u of Eq. that satisfies u(t,.) € H*(I;) for any k > 1 and all ¢ € [tg, ;).
By Sobolev embedding, u(t,.) € C*°(I;). To deal with the time derivatives, observe that
the right hand side of Eq. consists of the term involving the initial data, which is
smooth by assumption, and the Duhamel term, which gains a degree of differentiability
in ¢t. Since this gain is untouched by differentiating with respect to r, we conclude that
OFOlu(t,r) exists for any k,I > 1 and is in fact continuous on I'l(ro). Finally, Lemma

ensures that this solution is indeed unique. O

PRrROOF OF COROLLARY [LIl Let (f,g) € C°° x C*(R%) and note that (f,g) € H* x
H*=1(I) for any interval I C R that satisfies I C R, and any k > 1. Consider now '} (1)
with rog — ¢; > 0. From Theorem (1 - 2| there exists a unique smooth solution u of Eq.
on I'f! (rg) with initial data u(0,.) = f and dou(0,.) = g. Furthermore, since I'j} (1) does
not touch the origin, we see that u(t,.) corresponds to a smooth radial function for any
t €[0,t1). Let now T, e > 0 and consider the set D = {(¢t,r) € [0,T|xR :r > t+c}. We
can cover DI with cones of the form Fié (ro). Now, since each of these cones is a positive
distance away from the origin, the above consideration implies the existence of a unique
smooth solution in each of these cones. Since the intersection of two such cones is either
empty or again a cone, by Lemma[2.2] we can smoothly glue together the solutions in the
individual cones to obtain a unique solution in all of DT. Since T" and ¢ were arbitrary,

the claim follows. O

3. Semigroup theory and free Strichartz estimates

Before we can analyse Eq. ([1.3) properly in the radial lightcone I'"| we first need the
right choice of coordinates. For what we intend to do, the similarity coordinates given by

r

7= —log(T — 1) +1og(T), p=—~—

(3.1)
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are well suited. Thus, we set (7,p) = Te "u(T — Te 7, Te "p) and switch to the
similarity coordinates which transform Eq. ([1.3)) into

3sin(2p¢)) — 6pyp

0, (3.2
o 3

5
(2 + 30, + 02 + 2p0,0, + 4p0d, — ;8,) + (p* — 1)85) Y+

where we omit the arguments of v for brevity. To be able to use semigroup techniques,
we define

(7, p) = (7, p) (3.3)
and
Ya(7, p) = (1 + 07 + p0,) (T, p), (3.4)
which yields the system

Orthy = hg — by — pO,yihy

1 — 3.5
afwz=a§wl+;ap¢1_papw2_2¢2_3sm<2pw1> 691 (3.5)

203 ’

with initial data

3.1. Semigroup theory. Motivated by the above evolution equation, we define the

formal differential operator L as

Fu(p) im ( ()=o) + () ) |
uf(p) + Sui(p) — pus(p) — 2uz(p)
where u = (uy,us). To endow this operator with an appropriate domain, we first need
the proper Hilbert space to work in. In view of the regularity we require, we accordingly
define the space
H:={uc H* x H'(BY) : u radial}

and as a domain for L we set
D(L) = {ue C®x C? (Eflj) : u radial}.

In addition to the standard H? x H' inner product, we define another inner product on

D(L) by setting

1 1 1
(V)i =2 [ o dp+10 [ 0T + 2 [ (ool e
0 0 0
+ ur (i (1) + ua(1)va(1)

and we denote the associated norm by ||.||;. The reason for defining this alternative norm
||l stems from the fact that this will allow us to prove a dissipative estimate for L. First
we will however show that the norms ||.||3 and ||.|[; are equivalent. To do so, we will
need the following version of Hardy’s inequality.
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LEMMA 3.1. Let Ry > 0. Then we have the bounds
R
| 1 Rado < 11

R
| 1R S 11
for all R > Ry and all f € C*(BS,).
PROOF. An integration by parts and the one-dimensional Sobolev embedding yield

R R
| 110 odp 1y + [ 17N
0 0

R

1,
SUlee +1 [ 17O +e [ 1£G)Fpds

0
for all R > Ry and any € > 0. Thus, it suffices to prove the second inequality. To this
end, we again integrate by parts and obtain

R R R 5
/ 2 3 _ 5 p! 2 -7 ! " <ot
/Olf(p)lpdp—/o P F (o) dps/o £+ 21 o)

S le’(p)IZdepé ’ 2p5dp%
([ rorow) (] )

for all R > Ry and f € C*(BS,). O

p'dp

(o) + %f’(ﬂ)

LEMMA 3.2. The norms ||.||5 and ||.||y are equivalent on D(L). Consequently, they

are also equivalent on H.

PROOF. First, we show that for any u € D(L) we have that
Jullz < lull
From the one-dimensional Sobolev embedding L*°([0, 1]) < H'((0,1)) we infer that
lur (D + [uz(1)* < [ull3
An application of Lemma [3.1] yields
1
| 1o S s B < Nl
Therefore, we are left with establishing the estimate
1
| 1o an < fulk
0
To see this, we again employ Lemma [3.I) and obtain
1 1
| 1o S o By + [ k(o) S Nl
0 0
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To prove the reverse inequality, we note that

1 1
/0 ) de <l (F + [ 1))l
1

3 | (oFs + o)) dp

<[u; (D)

which implies
||uj||i2(153§>) S HuH%v

for 7 = 1,2. Finally, we estimate

1
By S | ()6 + [ (p)F) dp <
0

LEMMA 3.3. The operator L satisfies
Re <iu, u) <90
H

for allu € D(L).

PROOF. Let u € D(i) Integrating by parts shows

1
- [ W= - +6 [ W+ [ o
0

Thus,

! (3) 77 6 |u/1/(1)’2 ! I 2 5
—Re | uy’(p)uf(p)p°dp = ——y T3 [uy (p)|"p°dp.
0 0

Using this, we obtain

Re / Ll () (p)pdp = Re ( / o)~ / 1u§3><p>mp6dp)

1
3 / 1 (p)2%dp
0

= Re /0 5(p)ui (p)p°dp — M

Similarly, we see that

Re / Ty (0) s () dp = Re / o (o) ()o°dp

+5Re /O 1 (o) (P)o" = wip)ap)o") dp - LIO]R (21”2
~ Re (ua'u)m -/ )~ / 1 ua<p>mp3dp)

[us (1))
2
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It follows that

Re (/0 [Lul{ (p)uf (p)p°dp +/0 [iU]’Q(p)mpsdﬂ) = — S (W (W] + [up(1))

Therefore, a short calculation shows

21 +10Te [l (I < 3 () + 1)) — Sl 1)
+ Re(u’l’(l)m).
Putting everything together, we obtain
Re (Bu,u) <~ (WD + (1)) ~ 3lu (DI + Re(u (1))
+Re (w(1)iwe(D) - & (un (1) — fur (1)

+ Re (W} (1)ua(D) + 504 (1 (1) = uh(1uz(1) ) = 2fua(1) 2

By employing the elementary inequality

(laf* +[o* + |cf*), (3.6)

DO | —

Re(ab + at — be) <

once with a = ug(1), b = v} (1), ¢ = u1(1) and once with a = u//(1), b = u)(1), ¢ = us(1),

we obtain

Re (iu,u)ﬁ < Re (4%(1)?(1)) — 4l (1))? = us(1)]? < 0.

The next Lemma will be the final ingredient in showing that L satisfies the assumption
of the Lumer-Phillips theorem.

LEMMA 3.4. The range of the operator 1 — L is dense in .

PROOF. Let £ = (fi, f2) € C* x C*(BS). Then the equation (A — L)u = f written
out explicitly has the form

(A + Du(p) — uz(p) + pur(p) = fi(p)
" 5 !/ /
(A + 2)uz(p) — ui(p) — ;ul(m + puy(p) = f2(p).
Hence for A = 1 the first equation implies

us(p) = 2u1(p) + puy(p) — fi(p). (3.7)
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Plugging this into the second one yields

= 1uto)+ (60 = 2 ) o) + 6us() = Fily) (33)

with Fi(p) = fa(p)+3f1(p)+pf1(p). A fundamental system for the homogeneous equation

(p* = 1)uf (p) + (6p - ;) uy(p) + 6us(p) =0

is given by
2—p?—2y/1—p? 2 — p?
Pi(p) = i , a(p) = o
Furthermore, the Wronskian of ¢); and v, is given by
2
W (b1, 12)(p) = —
1—p?

Therefore, a solution of Eq. (3.8) is given by

VFi(s) 1(s)Fi(s)
=tile / meg RS Rt / le,w2>< )(s?—l)ds
B s(2 — s?)Fi(s) P 5(2— 8% =21 —s2)Fy(s)
(o) / s o) [ s ds.
By standard ODE theory, it follows that u; € C*°(B$) and so we only need to check the

endpoints. A Taylor expansion shows that 1, is a smooth even function on [0, 1) and so,

we see that

o) [ 8(22;%%5 e (0, 1)) (3.9)

Further, by rescaling according to tp = s we obtain that

b )/P 5(2— 82— 21— 32)F1(s)d 2 — p? /1 t(2 — p*t? — 24/1 — p2t2) Fy(pt)
S =
s 21— # o 2/1= 7P

Note that for p sufficiently close to 0, the expansion

dt.

2 4

Viep=1-5 - o))

2 8
holds, where the O term is a smooth function. Using this, we see that

P 5(2—s%—2v1—s?)F(s ! l)QTts"‘O( 7)) Fi(pt)
wz(p)/o 2 2% )F(>d82(2—p)/0< : 1’)[}222 "t (3.10)

As a consequence of (3.9)), (3.10]) and the fact that v, is a smooth even function, one sees
that

up € COO([O, 1))
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and
uy(0) = uy”(0) = 0.
As we are left with investigating u; at the endpoint p = 1, we rewrite u; as

241 s(2 — s?)Fy(s) 15(2 — s2)Fi(s)
/ 1—52 s +¢()/0 2v1 — 2 s

ui(p) =

e >/0 SFy(s)ds.

Evidently, all of the above terms but the first one are smooth at p = 1 and so we only
need to show that

\/1—7/ SR— ) o

1—52

is smooth at p = 1. By transforming according to s = (1 — p)t + 1 we obtain that

Ys@-s)Fi(s) [0 F((—p)t+1)

/p viee T e
/0 B(1-pt+D)

1V —t/24+ (1= p)t

N

=(1-p)
with Fi(s) = s(2 — s2)Fy(s). Consequently,

p)t+1)
g PIVIEP /M—WC“

and thus, v; is a smooth function at p = 1. In summary, we conclude that u; € 03(@)
and from (3.7) it follows that u, € C2(BS). O

The preceding two lemmas show that the requirements of the Lumer-Phillips theorem

are satisfied and we obtain our next result.

LEMMA 3.5. The operator L is closable and its closure, denoted by Lg, generates a

semigroup Sg on H that satisfies

1So(m)El[7 < £l

for allf € H and all 7 > 0.

3.2. The free Strichartz estimates. Having established the existence of the “free”
semigroup Sy, we will continue by proving Strichartz estimates for this semigroup. To do
55 2} This restriction of T'

leads to no loss of generality as we only care for T close to 1 anyway.

so, we will from now on always assume that 7" is confined to [
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LEMMA 3.6. There exists a family of extension operators Er : H?* x H'(BS) —
H? x H*(R®) such that

|Er|| g2 xmrey S NIE[ g2 s

for all T € [5,3] and all £ € H* x H'(BY).

PROOF. Let E; be a bounded extension operator from H? x H'(BS) to H* x H'(R®).
For f € H? x H'(BS) we define an extension by first mapping f to H? x H'(B¢) via
the scaling f — f(7.), then extending via E;, and finally undoing the scaling. Since

T e [%, %}, the resulting family of extension operators satisfies the desired estimate. [

This extension Lemma allows us to prove the aforementioned Strichartz estimates for
So.

LEMMA 3.7. Let p € [2,00] and q € [6,12] be such that % + g = 1. Then we have the
estimate
1 So(TE]; 22 yrams) S NIl

for all £ € H. Furthermore, also the inhomogeneous estimate

/O " [So(r — 0)h(0)], do

S hfznn
L2 (1)L (BY)

holds for allh € L'(R,,H) and all intervals I C [0,00) containing 0.

PROOF. Let T € [%, %], fe(C?x Cl(@), and define the scaling operator

Ar: H? x HY(BS) — H by
Arf = (Tfl<T')v Tzfz(T-))-

In view of the coordinate transformation (3.1]), the evolution Sy(.)f is given by the solution
u € C?(R, x R) restricted to the lightcone I'" of the equation

(0} =02 = 20,)u(t,r) =0
(u(0,.), 0ou(0,.)) = ErAL'f,
where E is the Sobolev extension from Lemma |3.6, Therefore,
So(M)f], (p) =Te "uw(T —Te ", Te p).
This implies
| 8ol llssqog) SITe (T —Te, =)l uaar
STe " |u(T = Te ™™, )| prees)
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and so

1
> _1. . 2 3
1 1So()E]; 2y )rr2me) S </0 <T€ 2"||u(T —Te u-)”Ll?(RG)) dT)
Sllull 2 @oeees S HETA:FlfHHQXHl(Rﬁ)
SIAT ] s gy S 1€l

by the standard Strichartz estimates, which can for instance be found in [90]. Thanks to
the Sobolev embedding H?(BS) — L°(BY), we have that

1So(T)f]; llzoeg) < [So()Ell2 < NIEllw

and so, the other endpoint estimate, given by

I S0()E] Moo ryyros) S IEll

follows immediately.
For the general estimate we use interpolation to obtain

12_9 212

S0()ETul agety < NS0l e S0 e

hence
29 912
1S00E) ey rast) S IS0 i ot IS0 3t oy S 1
provided that % + g =1.
To obtain the inhomogeneous estimate, we let I = [0, 75) C [0, 00) and use Minkowski’s

inequality to estimate

Aﬁ&v—amwmdo

L2 (1) La(BY)

/OTO Ljo,7) (7 — @) [So(T — 0)h(0)], do

LE(I)La(BS)

< /070 ||1[077-0}(7' —0) [So(r — J)h(d)]l} do

L2 (R)La(BS)

T0
sluﬁwmwmmwmmwa

T0
5[;thﬂmda

We will also require Strichartz estimates for the derivatives.

LEMMA 3.8. We have

ISo(T)E] Ml 22y yrirnaegy S NIElla
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for all f € H. Moreover,

/0 " [So(r — 0)h(o)], do

S bz
L2 (1)W4(B)

for allh € LY(Ry,H) and all intervals I C [0,00) containing 0. Finally, for the second
component of the semigroup Sy we have the estimate

11S0(T)El2ll 2 iy yracs) S I1Ella

for all £ € H as well as the inhomogeneous estimate

/OT[SO(T — o)h(o)]ado

S bz yx
12(1) 14 (B)

for allh € LY(R,,H) and all intervals I C [0,00) containing 0.

ProOOF. We argue in a similar fashion as in the proof of Lemma and so we again
assume that f € C% x C(B}) and let u € C%(R, x R) be the solution of the Cauchy
problem

(02 — 02— 20,) u(t,r) =0

(u(0,.), 0ou(0,.)) = ErAL'f,
where, as before, A7 : H? x H'(BS) — H with

Arf = (Tfl(T.),T2f2(T.))
and Er is the Sobolev extension operator from Lemma It follows that
180 (M1 llirramg) Slle™ Oru(T = Te™™, Te™ )| aag)
Slle 2 0u(T — Te™, )| e
This implies
IS0 CEhll 2@y yrirraceey Slull o, yriras)-

and so the first estimate follows from the standard L2W'#4 Strichartz estimate. To es-

tablish the homogeneous estimate on the second component, it suffices to remark that

[So(T)E(p)]2 = [(0- + pd, + 1)So(T)E(p)lx

and therefore, the claim follows analogously to the above. The inhomogeneous estimates

are a consequence of Minkowski’s inequality, see the proof of Lemma [3.7] O

This concludes our discussion of the free semigroup for the time being and we turn
to perturbations of the blowup solution ul. In view of Eq. (3.5)) we set

N(w)(p) := _3sin(QPU(2Pg§ — 6pu(p)
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and further make the ansatz ¥ = ¥, + ®, where

U, (p) = (@D*l(P)) — (% arctjjﬁ(%)) (3.11)

w*z (p) p2+2

in similarity coordinates. Our next step is to linearise the

T

*

is the blowup solution u

nonlinearity at this solution and so we define the operator L', mapping from H to H, by

"1 — 0
pe: (ﬁw)

and set
( 0 )
N(wh ul)(ﬂ) N(¢*1)(p) (,,24552)2 U1 (p) ‘

Finally, we set L := Ly + L’ and remark that since L’ is a compact linear operator, the

N(u)(p) :=

bounded perturbation theorem implies that L will also generate a semigroup on H, which

we denote by S. This allows us to formally rewrite our equation in Duhamel form as
®(1) = S(7)u —I—/ S(7 — o)N(®(0))do. (3.12)
0

To make sense of this equation, we will show in the following that S satisfies Strichartz
estimates as in Lemmas and provided we project away the unstable direction.
This will naturally give meaning to Eq. (3.12)) in an appropriate Strichartz space.

3.3. Spectral analysis of L. In what follows, we will analyse the spectrum of the
operator L. To this end, we remark that for any A € C with ReA > 0, we have that
A € p(Lg) since Ly generates a contraction semigroup. Thus, the identity A — L =
(1 — L'Ry,(\))(A — Lyg), with Ry, () := (A — Lg)~!, implies that any spectral point A
with Re A > 0 has to be an eigenvalue by the spectral theorem for compact operators.

LEMMA 3.9. The point spectrum o,(L) of L is contained in {z € C: Rez < 0} U{1}.

PROOF. Suppose that A is an eigenvalue of L with ReA > 0, i.e., there exists a
nontrivial u € D(L) such that (A — L)u = 0. A similar computation as in the proof of

Lemma [3.4] shows that this implies the linear second order ODE

48
m%(ﬂ) =0 (3.13)

and u; is nontrivial. By assumption, u € H and thus, u; € H?(Bf). ODE regularity

(0~ 1)l(0) + (2<A - %) d(0) + (A4 2)(A+ Dyus(p) —

yields u; € C*°(0,1). In order to determine the behavior at the singular endpoints, we

employ Frobenius’ method. The indices are {0,—4} at p = 0 and {O,% — A at p=1

From the endpoint behavior and u; € H*(BY) it follows that u; € C*°([0,1]). In terms of
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the variable v1(p) := puq(p), Eq. (3.13) reads

(1= p)vi(p) + E -2+ 1)/)} ui(p) = MA+ Doa(p) - 3(pp2(_p211p2)+2 ’

This spectral problem has been studied thoroughly in [20] and from there we obtain that

vi(p) = 0.

necessarily A = 1. O

LEMMA 3.10. The spectrum of L = Lo+L' satisfies c(L) C {z € C : Re(z) < 0}U{1},
with 1 € 0,(L). Furthermore, the eigenvalue 1 has geometric and algebraic multiplicity

one and the associated eigenfunction is given by
1
— 2+4-p?
gp)=| " |
(2+p7)?

PROOF. Obviously, g € D(L) and a straightforward computation shows that (1 —
L)g = 0. Hence, 1 € 0,(L). By reduction of order we see that a second solution to the
generalized eigenvalue equation (3.13]) with A =1 is given by

~ 1 (82—|—2>2
91(p) = 91(/’)/p ﬁ

Now any solution of the equation has to be a linear combination of g; and ¢; and as

ds.

g1 is not in H%(BY), we conclude that an eigenfunction has to be a multiple of g and
therefore the geometric multiplicity of the eigenvalue 1 is one. Next, let P be the spectral

projection associated to this eigenvalue, i.e.,

Pu /RL()\)udA,
Y

2mit

where v : [0,1] = C, v(t) = 1 + “5—. Note that dimP < oo, since otherwise 1 would

belong to the essential spectrum of L. This, however, is impossible because the essential

spectrum is invariant under compact perturbations and 1 ¢ o(Lo). As P is a projection,
we have a decomposition of H into the closed subspaces rgP and kerP. This also yields
a decomposition of L into the operators L,gp and Lyerp which act as operators on rgP
and kerP respectively. The inclusion (g) C rgP is immediate and we claim that in fact
rgP = (g). To see this, note that the operator (I,gp — Lygp) : rgP — rgP is nilpotent
as the only eigenvalue of L,gp is 1. Therefore, there exists a minimal n > 1 such that
(Itgp — Lygp)"u = 0 for all u € rgP. If n = 1, we are done. If not, then there exists a
v € rgP such that (I,gp — Lygp)v = g. This implies that v; satisfies the inhomogeneous

ODE
48

(p* +2)

= 1ut)+ (0= ) et + (6 -
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with G(p) = g2(p) + 391(p) + pgi(p) = (gi;p%;)?. By the variation of constants formula, v,
has to be of the form

v1(p) =c191(p) + c2g1(p) — gl(P)/ (1— S%;Q/?g(j)jl)(s)

- P 91(s)G(s) s
91(P)/0 (1— SQ)W(gl,gNl)(S)d

ds

with ¢, co € C. Note that

2 2
~ p+2
Wo1,30)(p) = —an (L 2L
PP/l —p?
is strictly negative on (0,1) and therefore nonvanishing on that interval. Evidently, the

91(p)G(p) 91(p)G(p)
1—p2)W (g1,91)(p) )W (g1,91)(p)

Consequently, since v; € H2(BS), we must have ¢, = 0. Furthermore, |7, (p)| ~ (1 — p)~2

expressions ¢ and 7= are continuous and integrable on (0,1).

near p = 1 and thus, we must have

L gi(s)G(s) ~
/o A= Wiga) = =

This is however impossible due to the strict negativity of the integrand on (0, 1). O

A calculation which is very similar to the one done in the proof of Lemma 2.6 in [34]

yields our next result.

LEMMA 3.11. For every € > 0, there exist constants C., K. > 0 such that
IRL(A)[| < Ce

for all A € C satisfying |\| > K. and Re A > ¢.
This in turn implies

LEMMA 3.12. For every € > 0, there exists a constant C. > 0 such that
IS(r)(T = P)fl < Cee[[f]|5
forallf € H.

PrRoOOF. This Lemma follows immediately from Lemma and the Gearhart-Priiss-
Greiner Theorem, see e.g. [46], p. 302, Theorem 1.11, since o(Lgerp) C {X € C: Re(N) <
0}. O

As the crude growth estimate from Lemma [3.12]is not good enough for our purposes,
a more detailed analysis of the semigroup is needed. Therefore, let f € D(L) and set
f:= (I—P)f € D(L). Then, for any ¢ > 0, Laplace inversion yields

e+ilN

S(T)f = lim — AR (M)A, (3.14)

N—oo 271 e—iN
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see [46], p. 234, Corollary 5.15. Thus, in order to obtain quantitative information on the
semigroup S(I—P), we need to investigate Ry, () for A close to the imaginary axis. Note
that u = Ry, (\)f implies (A — L)u = f, which in turn implies

48
mul(p) = Fi(p) (3.15)
where F)\(p) = fa(p) + (A +2)fi(p) + pfi(p). Therefore, our next step will be a detailed

analysis of Eq. (3.15)).

= 0ulp)+ (2002 - 2 ) th o)+ A0+ D -

4. ODE analysis

In this section we will consider the slightly more general ODE

~ =)+ (20020 = 2 ) lo) (o 20 1)+ Vi) ul) = Fa(o), (41)

where, unless we explicitly state otherwise, V' does not denote our specific potential but
rather any potential that satisfies V' € C*°(([0, 1]). From now on, we will often make use
of functions of symbol type. Let I C R, py € I, and a € R. We say that a smooth
function f: I — R is of symbol type and write f(p) = O((po — p)*) if

100 (o)l Snlpo — p|*77,

for all p € I and all n € Ny. A discussion of symbol calculus can for instance be found
in [30] and [34]. We will also make use of the “Japanese bracket” (x) := /1 + |z|?

and lastly, whenever we are given a function of the form f(p,\), then f’(p, \) denotes

aﬂf(ﬂv )‘)

4.1. Construction of a fundamental system. To get rid of the first order term
in Eq. (4.1]), we define a new unknown v by

N

.
(p) : 023 ()

which, for F = 0, turns Eq. (4.1)) into
2 2
" P2 (10 + 12X — 4X*) — 15
= —" . 4.2
v (p>+ 4p2(1_p2)2 /U(p) 1_p2v(p) ( )
As we are only interested in values of A that are close to the imaginary axis, we assume
that A = & +iw with € € [0, 1] and w € R. In order to better understand Eq. (4.2)), the

' 1
diffeomorphism ¢ : (0,1) — (0, 00), given by

1 1+p
::—1 _—
wlp) =5 og<1_p>,

Vi(p)

will be crucial. Note that




and that the Liouville-Green Potential ), which is defined as

C3¢"(p)? | 1¢"(p)
49(p)?%  2¢(p)’

Qulp) =

is given by
1
Qu(p) = a—2r

Bearing this in mind, we rewrite Eq. (4.2)) as

) + ) = T )+ Q)
(V) 15 5 15 .
N <1 — A1 AR PR ()1 - p2)2) ) 43)

and perform a Liouville-Green transform. That is to say, we set w(p(p)) == ¢'(p)2v(p),

which transforms

o)+ T ) - () + Quloh) = 0
into the equation
(o) + — I o) - el =0 (4.4
This is a Bessel equation and we have the fundamental system
NERIATED)
Velp)Yala(Ne(p))

with a(\) = 2222 and the standard Bessel functions J,, Y2, see [83]. It follows that the
equation

o)+ —9+ 12\ — 4)\2U<p) - 15
4(1 = p?)? 4 (p)(L —p

has the fundamental system
bi(p, A) := (1 = p*)e(p) J2(a(N)e(p))
ba(p, A) == V(1 = p*)e(p)Ya(a(N)e(p)).

Consequently, the asymptotics of J, and Ys will be important and for us it will be sufficient

2)2”(p) + Qp(p)v(p) =0 (4.5)

to study them on the set
{zeC:0<|z|<r}n{zeC:0<argz < 7}

for an arbitrary (but fixed) r > 0, where arg denotes the (principal branch of the)

argument function. A Taylor expansion shows that on this set, the representations
1 4
Jo(z) = 22 (§ + (9(22)) Ya(z) = 272 (—— + (’)(z)) (4.6)
s
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hold.

Another fundamental system is given by the Hankel functions. However, we do not
resort to the theory of Hankel functions but rather prefer to construct a different funda-
mental system directly in order to obtain good control on the error terms in the asymptotic
expansion. The point is that the decomposition of Eq. introduced in Eq. has

an artificial singularity at p = 1 which would lead to weaker control of the error.

LEMMA 4.1. There exist r > 0 and py € [0,1) such that for p € [px, 1), where
Py = min{m(’“—/\)‘,po}, the equation
P2(10 + 12\ — 4)2) — 15
4p*(L = p?)?

v"(p) + v(p) =0 (4.7)

has a fundamental system of the form

(e, ) = ()T [ (1= O™+ 07 (1= )

halp, 3) =YL (1 - p)” 14 (1= PO((w)™) + O (1 — () )]

a(A) \1+p

>

N[>

ProOOF. We start by rewriting Eq. (@ as
—5 4 12X\ — 4\? 15 15 15
" — e — = —-—
v (p) + 4(1 - p2)2 U(ﬁ) - 4p2(1 . pg)gv(p) 4(1 o pg)gv(p) 4p2(1 o pg),U(p)
Now, two linearly independent solutions of the equation

—5 4 12X\ — 4\?
" —
w”(p) + 0= 27 w(p) =0

are given by

3_2
V1= p? ( )4 2 _1 5.2 1.2
w ,)\ =al\)"2(1 — 172(1 + 1173
o = (15 W= )i (14 )
1—p%2 (1 —l— p i3 _1 142 5.2
wa(p, A) = =a(\)2(1—p) 72 (1+p)i 2
a(A)
with constant Wronskian
2
W(U]l,UJQ) = ;
As we intend to construct the solutions h; and hy by Volterra iterations, we make the
ansatz
PL 155wy (p, A wa(s, N)
wip.N) =ur(p. ) + [ w(s A)ds
p 8s2(1 — s?)
— /’Pl 15Zw2(p, A)wl(& /\)w(s )\)dS
p 8s2(1 — s?) ’

43



with p; to be determined. Since wy (., A) has no zeros on [0, 1), we can rewrite this integral
equation in terms of the auxiliary variable w := wr» Which yields
~ PL 155wy (8, N)we (s, A) ~
A) =1 A)d 4.8
o ) =1+ [ P (s, Vs (19

_/’31 15wy (p, Nwy (s, \)?
o Swi(p, A)s?(1 — s?)

w(s, A)ds

3.2
p1— (Hek)
=14 152 w(s, \)ds.
+ Z/p 152(3 — 20) w(s, A)ds

It follows that

1 37A
P 1 - (%Z}_;z) P1 1
sup 2 ds S / 2—ds <1
TatT PEL Tt S] s2(3 —2)) E— |3 — 2|
for any p; € [ﬁ, 1]. This allows us to set p; = 1 and invoke Lemma B.1 in [35]

to conclude the existence of a unique solution w to Eq. of the form w(p,\) =
1+ O(p~"{w)™"). By re-inserting this expression into Eq. (£.8), we obtain the refined
representation w(p,\) = 1+ O(p~'(1 — p)(w)™!). Strictly speaking, the O-term also
depends on € = Re(\) but this dependence is of no relevance to us and hence suppressed
in our notation.

To establish that this solution is of symbol type, we again use our diffeomorphism ¢
to obtain

11— (1—”17) 11— eB-2) @(p)—<ﬂ(8))d
/p 23 -2\ 3_/p 232y °
1 — eB=2X(p(p)~y)

(
)
B w(p) 90_1(3/)2<3 - 2>\)

> 1 — e (3-20)y L
:/0 T+ eE P Vel

(™) (y)dy

Since
0o~ ()] Sk e,

we see that

ol ok = 1— e B2 ~1y/ d 1 1-k
10 | e ¢ el Su = )
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To also establish symbol behavior in w, we note that the estimate above allows us to

safely assume w > 1 and so, rescaling leads to

o0 1 — e—(3-Ny . ]
/0 o1y +(p)2(3 —2>\)(‘p )'(y + @(p))dy
( _

% )weiy

1 [ 1—e¢ 1y
:5/0 e (L+0(p)" (32N (7 (G + ) .

Consequently, w is of the form

W(p,A) =1+ 0(p (1= p){w)™").

In summary, we have found a solution to Eq. (4.7)) of the form

A
2

mip ) =V (152) 7 1+ 061 = ) ).

a(A) \1+p

The form of the error term in the expression for hy implies that we can find a py € [0, 1)
such that hi(.,A) has no zeros on [pg, 1) for Re(\) € [0, 1]. In addition, there exists an
r > 0 such that hy(.,\) has no zeros on [py, 1), where p, := min{py, m} By reduction
of order, the second solution is then given by
2h (:07 )‘)

?

ho(p, ) = / " (s, 0)"2ds + (M (p, )

PA
with ¢(\) to be determined. Our next step is to develop a better understanding of h; and

SO we set

and observe that

~ 1
w(p, —1+ﬁ/Kp,s)\ (s,N\)ds

_1+@/ K(p,5,\ds + O(p~' (1 — p)*{w)™h)

for p € [pa,1). Now,

1 . ) 1 (b)%f)\
aﬂ/ K(p787)‘)d<9: —(1—p)_2+>‘(1+P)2—/\/ 1+52 ds
S
P p
and from de I’'Hospital’s rule it follows that
—s5)3—A 5_
1 (1_4“9) Caa(l—p)E?
—QdS ~ 272 —
p S 2-A
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as p — 1. This implies

1
1
lim 0, K(p,s,/\)ds:—5_2)\.

—1
P P

Next, we compute that

% /pl K(p,s,A)ds =p~*(1=p)" (1 + )" + {— (g - A> (1= p) 5 (1 4 )3

- (; - A) (1= p) 31+ pfé-ﬂ / R,

An integration by parts now yields

—s 5—)\ 5_ 5_
/l(im) e 201-p)i +4/l (L—sp™
2 - éf)\ 2 3 é,)\
p s (14 p)272p%(5 —2X) p (5 —=2\)s3(1+s)2

P B-20)( -8
—l—/p ( ds

5

5—2\)(1+ )2 *s2

and with this, one can easily check that

o) (/pl K(p,s, A)ds)

is continuous on [py, 1]. With that in mind, we rewrite w on [py, 1) as

W(p,A) =1+ (1=p)O(w)™") +O0(p~ (1 = p)*(w) )

and hs as
oo N) =22 [ (5, 0) 211+ (1= 9)0() ) + O (1 = 52 )] s
+ c(AN)hi(p, ).
Further, as
wlen? = 50, (152)° (19)
we compute
oo 0) =2 [ (5, 0) 21 (1= 90() ) + O (1 = 52 s

+ c(AN)hi(p, )
=wy(p, M)[1+ (1 = p)O((w) ™) + O(p™ (1 — p)*(w) )] + [e(A) + O(w)))]h1(p, A)
+ M /P wi (5, \)2[(1 = 8)O({w)™) + O(s7H(1 — 5)*{w) ™ 1)]ds.

t PX
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Next, an integration by parts yields

/ "wr (5,021 — )O((w) s =(1 - p) FA1+ ) 0((w) )

P

+ /p(l —8)7T 14 8) "2 O((w)%)ds + O({w) ™),

P

and since

ha(p, N)(1 = p) "= (1 + p)2 2 O((w) ™) = walp, N[(1 — p)O((w)™)
+O(p ' (1= p)*{w) ™M),

we see that
ha(p, A) =wa2(p, M1+ (1 = p)O((w) ™) + O(p™ (1 = p)*(w) )]

e ) [ (1= 9 1+ 5001 5wl s
+np, ) [ (1= ) E L+ 5RO s+ [e(3) + O hn(p. )

Note, that both integrands are integrable on [p,, 1] and so we rewrite hs as
ha(p, A) =wa(p, N[+ (1 = p)O((w) ) + O(p~ (1 = p)*{w) )]
+ hi(p, A) /1(1 —8) TN 14 8)220(s7H (1 — 5)2(w)°)ds (4.10)
P
+hu(p. ) / (1= 4 ) E0((@))ds + oY) — AN (. )
P
for a suitable ¢(\). Finally, using the identity , we observe that

(o, \) / (1— 9521+ )30 (1 — 5)2(w))ds

hi(p.A (”p) (71— )
(oA (1 ) O(s (1 — s){w) )ds
—unlp, >[1+0<,o @) OGN - )Y
Fuap N +00 (1 - )] (1%;1 - ) T 0(s7(1 - s){w) s

=ws(p, NO(p™ (1 = p)*(w) ™)

n [py, 1), where the last step follows from once more employing the diffeomorphism ¢

and a similar calculation as in the construction of h; above. Thus, choosing ¢ = ¢ yields

47



the existence of a second solution on [py, 1) which is of the claimed form

ha(p, A) = wa(p, )[1+ (1 = p)O((w) ™) + O(p™ (1 — p)*{w) )]-
O

Note that by enlarging r and pg if necessary, we can enforce that hy does not vanish
on [py, 1) either. We now set py := min{%(po + 1), m%—’;\)‘} € (pa, 1) and with this, we turn
to the full equation (4.2)).

LEMMA 4.2. Eq. {4.2) has a fundamental system of the form

Ui, A) =bi(p, N1 + O(p*(w)")]
=V (1= p2)p(p) o (a(N)p(p))[1 + O(p* (w)")]
Ya(p, A) =ba(p, M1 + O(p*(w)°)] + O(p? (w) )
=V/(1 = P)p(p)Ya(a(Ne(p))[1 + O(p*(w))] + O(p? (w) 2)
for all p € (0,73].
PROOF. We commence by noting that |¢(p)| < p for all p € [0,7,] and thus, the

condition p < py implies that |a(A)p(p)| < 1. Consequently, the Bessel asymptotics (4.6)
apply. In order to find solutions for Eq. (4.2)), we set

V) =V + s (- 2~ 1)

A1=p) \p*  @(p)?
and by a Taylor expansion, it follows that Ve C>([0, px]). Thus, we write Eq. (4.2)) as
—9 412X — 4\ 15 V(p)
" o —
v"(p) + 1= 27 v(p) 20 _p2)2v(p) +Qu(p)v(p) = — (n),

and note that W (b (.,A),ba(., X)) = 2. Motivated by this, we make the ansatz

b6 0) = (o) = 30106 8) [ bl )b N

+ ng(p, )\)/0 bi(s, ) 7= V) s nyds.

g2
Next, we remark that Jo has only real zeros (see [82], p. 244 Theorem 6.2) and as a(\)
always has a nonzero imaginary part, we can divide the whole integral equation by by
and set h := bﬁ This yields
1
P
bpN) =1+ [ K(p.s V(s s, (1)
0

with

K(p,s,\) = erlv_(s;) <ZTEZ ;\\gbl(s, A)2 = (s, A)ba (s, >\)> .
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From

ba(p, Mbi(p, A) = (1 — p*)p(p)Ya(a(N)e(p)) J2(a(X)e(p))

we see that the product bs(p, )b (p, ) satisfies

|b2(p, b1 (p, A)| < @(p) < p-

Furthermore,
b2 (p7 )‘)

bl (p7 )‘)
for all 0 < s < p < py. Consequently, we obtain

bl<8> )‘)2

Se(s) Ss

Px
/ sup |K(p,s,A)|ds S (w)™>
0

ZSENDN
and so, a Volterra iteration yields the existence of a unique solution h(p, A) to Eq. -
that satisfies
h(p,A) —1=0(p?).
Furthermore, since all the involved functions behave like symbols, Appendix B of [35]
shows thaf] h(p, \) = 1 + O(p*(w)?) and thus, we obtain the existence of a solution to
Eq. of the form
Yi(p, A) = bi(p, ML+ O(p*(w)°)].

To construct the second solution stated in the lemma, we pick a p; € (0, 1] such
that ¢, does not vanish for p < min{p;,pr} =: py for any 0 < ReX < 1. Moreover, as
gl(p,A = bi(p, A fm (s, \)"2ds is also a solution of Eq. ( . there ex1st constants
c1(N), ca(A) such that

ba(p, ) = c1(Mba(p, A) + ca(Mbi(p, A).

Moreover, these constants are given by

a(\) = W(by(, X),ha( 1) (4.12)
W(b1<’7 )‘>7 b1<’7 A))
o) = V(B2 ), 0 () (4.13)

W(bl('v A)agl('v )‘)) ‘
Using that W(ba(., A), b1(., X)) = —2 and W (b (., A),bi(.,\)) = —1, we infer that ¢y = -2
and ¢;(\) = =W (bs(., A), b1 (., A)). Next, evaluating W (bs(., \), bi(., A)) at gy yields

W (B A), b1 (-, A)) = —balins Abr (7, )~ = O((w)).

Keeping these facts in mind, we now turn our attention to v and remark that a second

solution of Eq. (4.2)) is given by Jl (p, A) = U1(p, A f’“ 1 (s, \)"2ds. Considering this, we

1Strictly speaking, py not differentiable at %(,00 + 1). However, this is inessential and can easily be
remedied by using a smoothed out version of pj.
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calculate

el A) = s )+ extn(p, ) [ (.0 2ds
= (o) + eatalp. ) [ bl 0) s
+ ngl(p, )\) /pA [¢1(8, )\)_2 _ bl(S, )\)_2} ds

— balp. DL+ O (@] + cxta (0. ) [ pk b s, A>§9[1<Z<2><s)2<w>0>12d5'

Since b1(p, A\) 72 = O(p~>(w)~*), we obtain

P O(s*(w)°) 0 A2 L) (2
/p bi(s, \)2[1 + @(82<w>0>]2d8 =O0(p"(w) ") + O(p *{w) ") = O(p*{w) ).

Finally, for |A| large enough we see that py = py and so we can safely assume that
Px = Dx- 0
Having constructed a fundamental system near 0, we turn to the endpoint 1.

LEMMA 4.3. There exists a fundamental system for Eq. of the form

Y3(p, A) = ha(p, M1+ (1= p)O((w) ™) + O(p°(1 = p)*{w) )]
Ya(p, A) = ha(p, N[1+ (1= p)O((w) ™) + O(p°(1 = p)*(w) )]

for all p > py.

PROOF. As p, was chosen such that neither hy nor hy vanish on [p,, 1), a Volterra
iteration akin to the one in Lemma proves the existence of the solution 3. We can

also w.l.o.g assume that 13(p, ) does not vanish on [p,, 1) and obtain the second solution

Yy as

2% /O7

ba(p, N) = / a5, )" 2ds + c(A\)s(, \)

for ¢(A) to be determined. By emulating our calculations from the proof of Lemma

we infer that 13 takes the form

U3(p, ) = ha(p, M1+ (1 = p)O((w) ™) + O(p° (1 — p)*(w) )]

and so

(o) = 203N

i

/P Ri(s, )21+ (1 = 8)O({w)™) + O (1 — 5)*(w)1)]ds

Px

+ C()\)Q/J3(p7 >‘)

Manipulating the integral term as in the derivation of Lemma [£.1] then shows that 4 is
of the claimed form for appropriately chosen ¢(\). O
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Having constructed all these solutions, we now come to the task of patching them

together.

LEMMA 4.4. On [py, pa] the solutions 13 and 1, have the representations

VY3(p, A) = c13(N)Yi(p, A) + ca3(N)ba(p, A)
Va(p;s A) = cra(MN)i(p, A) + caa(N)a(p, A),

with
crs(n) =5 4\/; Lo
crs(\) =i 4\/; Lo
and
eTT ha(py, N) ba(px, A)

cra(A) = V2 hilpa, N) Wm

_Z.ei%rﬁ ha(pa, N) _in bi(pa, A) W) 1) = )0
24(}) = V2 ha(pa, A) hi(px, A) +Olw)™) = Olwr).

Proor. We know the explicit representations
_ W, M), ¢a(, M)
~ W@ (5 M), ¥a(5 M)
i) — W), )
’ W (i1 (., A), ¥a(., A))
and so our task boils down to calculating these Wronskians. Evaluating the Wronskian
W(1(, A),¥a(., N)) at p = 0 yields
2

W(djl(" )‘)7 wZ('v )‘)) - -

™

6173()\)

However, computing the Wronskian of 13 and 15 is more challenging and for this we will
need the Hankel function H; (see [83]). Since by and by solve Eq. (4.5]) so does

hi(p,N) = /(1 = p2)p(p) Hi(a(N)p(p)).

Moreover, as

ﬁe—i%ﬂ—&-iz B
Hi(:) = Y+ (1| ) (114)
holds on {z : Im(z) > 0, |z| > ¢} (see [82], p. 238) for any ¢ > 0 fixed, we see that the
two representations
V2e i /T — p? (1 - P)

ma(\) I+p

SIS
N[>

Tn(p,\) = [1+O0(p(log(1 — p)) Hw)™)]

51



and
A
2

e =2 (120 0 - 0 )

hold for all p € [py,1] and all 0 < ReX < . Furthermore, using (4.14) we can also

w.l.o.g. assume that p, is chosen such that 1 has no zeros on [pa, 1). Now, given that
the potential V' as defined in the proof of Lemma is integrable on [0, 1], we are able
to construct a solution 13 to Eq. (4.2)) of the form

Da(p, A) = hi(p, N1+ O(p°(log(1 — p)) "Hw) )]

by employing a Volterra iteration based on hy and /le(p, A) fp’; 711(3, A)~2ds. The behavior

W

of @53 as p — 1 now necessitates that

QZ B \/iefi%ﬂ
3 — ﬁ

Moreover, the latter form of ﬁl implies that 153 can also be recast as
U3(p, A) = hu(p, N1+ O(p°(1 = p)°{w) )]

Using this and the fact that W (Hj3,Y2)(z) = 2, we infer that W(ﬁl(.,)\),bg(.,)\)) =2

and an evaluation at p, yields

V3.

W (e ), vl V) = ﬁj;”w@l(.,»,bz(.,»m L O(w) ™)

+ B (pas b2 (pa, NO(w)°) + O((w) 72)
\/iei%ﬂ
Jr

since ﬁl(pA, Mbj(px, A) = O({w) 1) for j = 1,2. Consequently, we obtain

[1+0(w) ]+ 0({w)™)

_ ei%ﬂ\/% -1
c13(A) = 7 +O((w) ™)

and, analogously, one computes

_ .eigﬂﬁ ~1
02’3(>\) =1 \/§ + O(<w> )

Now, to patch together 1, with the other solutions, we need some more considerations.
First, for ¥4(p, \) := ¥3(p, ) fp’; ¥3(s, \)"2ds we compute that

_ Ya(pr, A) _ ﬁei%”hz(px,k)[l+O(<W>’1)]

B @/0\3(,0,\,)\) V2h1(pa, M[1 + O({w)~1)]

/T hy(py, M) 5
C V2hi(pa, N Ol

W(w4<., )‘>7 ZZ4<'7 A))
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and so, as W(wg(.,)\),1$4(.,)\)) _ e and W (¢4(., A),¥3(.,\)) = 2i, we see that

V2
o) = (T2 1 0(()) ) valo ) - 220

Lastly, we have that

W) ) = YIS 4 o)

for j = 1,2 and the claim follows by putting everything together. U

Analogously we can patch together the solutions of the free equation. To this end,
let ¢, and ¢, by the solutions obtained from Lemma in the case V = 0 and, for

notational convenience, let hy = ¢, and he = y,.

LEMMA 4.5. On [py, pal, the solutions ¢, and )¢, have the representations

wfa* (p7 >‘) =Cf 3 (/\)wfl (P; >‘) + Cty 5 ()‘>¢f2 (p’ )‘)
I/szl (p7 >‘) = Cf1,4(/\)¢f1 (107 >‘) + Cf2,4()‘)¢f2 (p7 /\)

with
eigwﬁ -1
Cf13(>‘) \/5 +O<<w> )
Cry 5 (A) =1 7 +O((w)™)

and

_67;%”\/% ha(pa; A) i ba(prs A) 1) = O((w)°
Cf1,4()‘) - \/§ h1<p)\,)\) + h1(p)\,)\) + O(< > ) - O(( > )
VTR ) bioa ) Lo oy
Cf2,4<)\) - \/§ hl(p)\,)\) h1(,0)\, )\) + O(( > ) - O(< > )

Next, let x : [0,1] x {z € C: 0 < Rez < 1} — [0,1], xalp) := x(p, A), be a smooth
cutoff function that satisfies xa(p) = 1 for p € [0,p,], xa(p) = 0 for p € [py,1], and
10505 x(p)| < Crefw)*~* for k, £ € Ny. We then define two solutions of Eq. [£.2) as

vi(p, A) :=xa(p)era(N) Y1 (p, A) + c2.a(MN)a(p, A)] + (1 = xa(p)) Yalp, A)
v2(p, A) ==X (p)er3(N) W1 (p, A) + c2,3(A)P2(p, A)] + (1 = xal(p)) ¥s(p, A)

and note that an evaluation at p = 1 yields

W (v1,v9) = W ()4, 1b3) = 2i.

4.2. The original equation. We now turn back to our original ODE (3.15)). To
obtain solutions of Eq. (4.1)), with F) = 0, we set

_5 1_
uj(p,A) = p 2(1—p?)s
53

A
2

0;(p. ) (4.15)



for j =1,2.

LEMMA 4.6. The solutions u; and ug are of the form
wi(p,A) = p (1= o) 2 ha(p, A) [1+ (1= p)O((w) ™) + O (1 = p)*(w) )]
p

[1+ (1= p)O({w)™) + O(p~ (1 - p)*(w)™Y)]

)
ws(p, ) = p 3 (1= p*)3 2 ha(p, N) [14 (1= p)O((w) 1) + O (1 = p)*(w) )]
—r A 1 (1= O )+ 0l 1= ) )]

for all p > py = min{3(po + 1), a(/\”} and all X € C with Re X € [0, 1].

PROOF. The claimed forms of u; and usy follow immediately from Lemma and the

transformation (4.15)). d

As a consequence of this lemma, we obtain that for A € C with Re X € [0, 5], c24()\)
does not vanish.

LEMMA 4.7. We have ¢y 4()\) # 0 for all X € C with Re X € [0, {].

PrOOF. We argue by contradiction. Suppose there exists a A such that co4(\) = 0.
Then, by definition,

ur(p, A) = cra(Np 3 (1= p2) T34 (p, A) = O(p°)

for p € [0, py] and hence, u; (., \) € H*(BS). This implies that A € 0,(L), a contradiction
to Lemma O

A
2

Based on Lemma we define a third solution to Eq. (4.1) by

6273()\)
0274()\> Uy (p7 )‘)

u0<107 )‘) = U’?(p’ )‘) -

and remark that
W (s (-, N), ol ) (p) = 2ip™° (1 = p*)2
Note that neither u; nor ug is in H%(BS). The function wu; fails to be in the Sobolev
space due to the divergent behavior of Y5 at 0, while v is not square integrable at 1.
Hence, to find a solution of Eq. (3.15), with 0 < ReA < 1 and F) € C2(BS), which is in
H?(BY), we make the ansatz
ui(s, ) Fi\(s)
(A up(A))(s) 1 — 52

g2 = o= Uilpr DA 0l N + sl ) [ g s

uo(s, \) F\(s)
+ (e, A>/0 W1 (o), oo N (s) 1 =

54
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with ¢ € C, p; € [0,1), and

(s,A)

Gie N = [ e T

Since F) is in C? (E) by assumption, we can do an integration by parts to obtain

p1 ul(S,)\) F)\(5> _ -
/p W(Ul(.,)\),uo(.,)\))(s)1_32d8_U1(p17)‘)F>\(P1) Ur(p, \)Fa(p)

P1
—/ Ui(s,\)Fy(s)ds
p
and so

o) = et ) = 1(p, ) (G V) + [ U0 )

P uo(s, \) F\(s)
Tl A)/0 W (ur (-, N, ol M) (s) e
We continue by setting
7 up(s, A)
e N = [ R =

and also perform an integration by parts in the second integral, which yields

ds

P1

umMzmmw&—mm»m@— %@Mﬂ@%>

p
p

+ui(p, A) (Uo(p, AN F\(p) —/ U()(S,)\)F)/\(S)ds) : (4.16)

0

By standard ODE theory we obtain that u € C?((0,1)) and so we only have to check

the behavior at the end points. To proceed with that task, we will need the asymptotic

behavior of U;(p, A) as p tends to 1. We have that

1 [P ,
Ui(p,\) = —,/ ui (s, M)s%(1 — 2) 72N ds
2t J
and hence by using 1'Hospitals rule and Lemma [4.6| we obtain the asymptotic behavior
1—p?) 2t 1— )3+
Ul(pa )‘> ~ _%uﬂla)‘) ~ ( 1 p) (417)
i(—5+A) 2i(—5 + A)va(N)
as p tends to 1. For Uy, we similarly obtain
1 _3
Un(p, A) ~ (1= p)"="*O0({w) %) (4.18)

as p — 1, since ug = ug — Z—iul

Using the symbol forms of ¢; and 1 given in Lemma it is straightforward to
check that u(.,\) € L*(BS). To study u near the endpoint 1 we infer that

—uo(p, )‘)Ul(p7 )‘) + ul(p7 )‘)Uﬂ(pa /\) = _UQ(:Ov )‘)Ul(p’ >‘) + U1(p, A)UQ(p’ )‘)
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where

= /p uz(s, A) ds
o Wlui(,A),uo(- A))(s)(1—s7)

Consequently,

wmnﬂm@mG—/mmuwﬂ@w)—wmmmmwaw

Funte ) (G V)~ [ Uls N 3)a5)

0
and from this representation one can easily verify that u(.,\) € L?(BS), by simply plug-
ging in the forms of u; and u, stated in Lemma [4.6] Next, from Eq. (4.16) we compute
that

me=%MMG—MMMRm—LmM@MR@%)
o) (G V)~ [ s N 3)a5)

0
and as above one establishes that «/(.,\) € L?(B¢) . Lastly, the second derivative of u is

given by

MmM=%MMG—meR@—AmM@MH®%)
+al(o ) (Vo VE o)~ [ Os s

0

— ug(p, MU (p, A)Fx(p) + ui(p, N Ug(p, A) Fx(p).

One can again make use of the symbol forms of i; and 5 to promptly verify that
u”(.,\) € L*(BY). To check the behavior at p = 1 we use that
2

uo(p, UL (p, \) Fx(p) + i (0, MU (p, ) Fx(p) = —

and so we can rewrite u” in similar fashion as u before as

zﬂmM:%mMG%/m%@MH®%>—%MMMWMR@

F
+ui(p, ) (U2 P, A / Uo(s, \)F(s)ds ) A_<p)2

Taking the limit p; — 1 now yields

p1 1
lim —ug(p, )\)/ Ui(s, \)Fy(s)ds = —ug(p, A)/ Ui (s, \)Fy(s)ds
P P

p1—1

and one readily checks that this is a square integrable expression near 1 by using de
I’'Hospitals rule and Lemma Further, using Lemma - and the asymptotics (4.18))
and ([4.17) it follows that cul(p, A) and uf (p, \)[Uz(p, ) — [ Up(s, \) F}(s)ds] are square
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integrable near 1. Consequently, we are left with investigating the terms
_ K(p)

1—p?
To see that the two first order poles cancel out, we remark that

a,(1 — p2)—§+/\ _ (=1+2\)p
’ (1—p%)2

which we use to perform yet one more integration by parts, which yields

p4u1(p,)\) — +l1(}\)+/‘/12( 88(84161(8,)\))

2i(1 - 20)(1 - 2} =20 (1 — s2)h

s (p, A)[e — Ur(p, A) Fa(p)]

Ul(ﬂa A) =

with

4
L(\) = lim pulp)
p=02i(1 — 20)(1 — p2)2—
Note that Lemma implies

uy(p, A) ~

as p — 1. Using this, we obtain that

~ ptualp, Nug(p, N 1 1
2i(1—2\)(1—p2)z>  2(1—p) 1-p?

(4.19)

as p — 1 and therefore the poles cancel out exactly. Observe now that p*Ys(p) €
C>°([0,1]) and so the expression
Os(s*uy (s, \))
2i(1 — 2))(1 — s2)2

is integrable on [0, 1]. Thus, if we make the choice

¢ =c(F\,\) = —F\(1) (zl(x) +/01 o 05 (s*ua(s,\)) Ads) :

1—2))(1 — 2)2
once more employing Lemma [4.6] yields

1—p2| ™

Summarising, the unique function u(., \) € H?*(BY), which solves Eq. (3.15] for
0 <Re) <1 and F\ € C?(BY), is given by

lim w3 (p, A)[e(Ex, A) = Us(p, AV (p)]

u(p.A) = uo(p. ) (<F N = Uip VB - [ Ui A)F;<s>ds)

Fualp ) (Valo V)~ [ Tl V(o) )

0

and we have shown the following Lemma.
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LEMMA 4.8. Let f € C*(BS) and 0 < Re(\) < 1. Then the function R(f) defined as

1
-

R 1= . 0 (4.0 = Ul Fl0) = [ Uil s )

0

Fuap, ) (Vo N1~ [ (s 0761
with
‘(‘97 >‘>

o) = [ WG, w01 =%

for 7=0,1 and

_ L pwp ) b Atm(s )
AN =-10) <}H0 21— 20)(1 - 25 /0 2i(1 — 2\)(1 — 52)%—Ad ) ’

is the unique function v € H*(BS) N C°°(BY) that solves the equation

- =)+ (20 2= 2) o+ (02001 = S ) = 10
(4.20)

To continue, let uy,, ug, be the solutions of Eq. (4.1), that arise by repeating the
previous constructions in the special case V' = 0. We would like to copy our construction
of R(F)) with these solutions. However, to obtain the solution us,, we first have to make

sure that cg,, does not vanish for 0 < Re A < }1. This is ensured by the next Lemma.
LEMMA 4.9. We have ¢, ,(X) # 0 for all X € C with Re X € [0, ].

PRrROOF. To begin, we remark that whenever ct,, vanishes for 0 < Re\ < i, then
ug, (., \) € H*(BY). To see this, one can argue in the same way as in the proof of Lemma
4.6l As a consequence, ug, (., \) € H*(BY) implies that \ is an eigenvalue of the operator
Ly. But, as L generates a contraction semigroup, this cannot happen for Re A > 0 and
so we only have to check the claim on the imaginary axis. By construction, ug (.,iw) is a

solution of the equation

— (1= " (p) + (2(iw +2)p — %) u'(p) + (iw + 2)(iw + 1)u(p) = 0. (4.21)

Assume now that cg,,(iw) = 0 for some w € R. Then, as the Frobenius indices of
Eq. (4.21]) are given by {0, —4} at 0 and {O,% —iw} at 1, ug, (., iw) is in fact a smooth
function on [0, 1]. Setting z = p? and v(z) = u(/2) transforms equation (#.21]) into

21— () + (3 - (m + g) z) oz = Bt QL(W D) =o.

This is now a hypergeometric differential equation, i.e., it is of the form

2(1—2)0"(z) 4+ (e — (a+ b+ 1)2)v'(2) — abv(z) = 0
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with a = %, b=1+ %‘", and ¢ = 3. Near 0, this equation therefore has a fundamental

system given by
fi(2) == 2Fi(a,b;¢; 2)

and a second solution which diverges at p = 0, while near 1, a fundamental system is

given by
fo(z) 1= oFi(a,bia+b+c—1;1—2)
fs(z):=(1 —z)%’ingl(c—a,c—b;c—a—b+1;1—2),

see [82]. For a solution of Eq. (4.21) to be smooth, it has to be a multiple of f;. Let co
and c3 be such that

fi(z) = cafa(2) + c3f3(2)

and note that cs has to vanish in order for f; to be smooth. Thanks to the explicit

connection formula, c3 is given by

T(e)C(a+b—c+1)
I'(a)L'(b)

where I' denotes the Gamma function. So, for c¢3 to vanish, a or b would have to be a

C3 =

pole of I', which is not the case. O

Thanks to Lemma we can define the solution u, analogously to uy as

Furthermore,

W (ug, (., A), ugy (o, A) = W(ur (o, A), uo(, A))
and so, we can copy our construction of R(F))(p, A) with the solutions ug,. This leads to
a solution R¢(F))(p, A) of Eq. with V' = 0 which is of the form

Re(FD) (0 N) : = upy(p, ) ((F N = Ul VB = [ UG A)Fg<s>ds)

Fu, (0, 0) (Ufom ) - [ U A)Fg<s>ds) |

where cf, U, and Uy, are defined just as their “non-free” counterparts, by replacing the

corresponding u; by uy; .

5. Strichartz estimates

Using Laplace inversion, we are now able to explicitly write down [S(7)(I — P)f]; =
[S(7)f]; for any f € C? x C2(BS) as
. . 1 et+iN

[S(T)fl(p) = [So(7)fli(p) + 5— lim ATIR(FN) (0, A) = Re(F) (p, M]dA, - (5.1)

Ty N—oo e—ilN
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with & > 0 and Fx(p) = pfi(p) + (A +2)72(0) + fo(p). since [Ru ()]s = R(F) (., A) and
Ry, (Mf]1 = Re(Fy)(., A). Therefore, our next job will be to estimate the above integral
term in the limit case ¢ — 0. To this end, we will now state a couple of preliminary

lemmas which will be crucial in accomplishing that task.

5.1. Preliminary and technical Lemmas. The first set of lemmas will be con-

cerned with oscillatory integrals.

LEMMA 5.1. Let a« > 0. Then

[ ottt < @

for any a € R.

PROOF. Since the integral is absolutely convergent the claim follows by doing two
integrations by parts. U

LEMMA 5.2. Let a € (0,1). Then

[ ot

< la|*"Ha)™

holds for a € R\ {0}.
PROOF. See Lemma 4.2 in [34]. O

LEMMA 5.3. We have

[0 =)o () ) d| S fa)
R
foralln > 1, pe€ (0,1), and a € R.
PROOF. This can be proven in the same manner as Lemma 4.3 in [34] i

Finally, we need one more lemma on oscillatory integrals.

LEMMA 5.4. We have

[ 0= xae)O (7)) de| £ Jal )2
R

for anyn > 2, pe(0,1), and a € R\ {0}.

PROOF. This can be proven as Lemma 4.4 in [34]. O

We will also make use of the following technical Lemmas.

LEMMA 5.5. The estimates

=

< :
L) ”f”Hl(IB?)
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and

S e )

hold true for all f € C'(BS). Further, also the estimate

-4

1
/ s2712 f'(s)ds
p

L?(BY)

<
oy S Ml

is true for all f € C2(BY).

ProoOF. We readily calculate

1 ) 12 i 1 i
H|.‘2_%fHL12(B(1)‘) == (/ ‘32_5f<8) 35d8) = (/ ’32f(3)|12 S4d8)
0 0
1

1 12
12
S ([ 12700 sds) " = 1Py 1Pl

L 2
< ([ 1ers 1 ersSs) < 1l
0

by Sobolev embedding and Lemma [3.1} To show the second bound, we argue similarly

to obtain
! 2—L o1 2 —241 ! 2—L o
[ etras| =l [ s
P L12(BS) P L12(BY)
1
SHP_H%’/ s2712 f'(s)ds :
P HJ(BY)
Further,
2 1 1 2 1 / 3 1 1 5 /
pr [ s et [ s
p L2(BY) p L2(BY)
_a4 1
N HfHHl(JB%f;)H|~| 3+4HL2(B§)
< sy
and
241 ! 2—L o 341 ! 2— L pr
pr [shps| gl [ mrelds| ey
P H(BY) P L2(B)
1
< Hp [ relas| s
P L2(BS)

1
_ 1 _ 1
Sy [ 5 s D> g + s
0

S Il s
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where the third < follows from the Cauchy-Schwarz inequality. For the third one, we note
that the calculation used to derive the first estimate together with Lemma |3.1| implies

L _
-1 12fHL12(B§J) S 1f||H1(IBg>‘) S Hf”H?(Bf;‘)-

LEMMA 5.6. Let a € (0,1). Then we have the estimate
1
/ 5 a + log(1 + )| ~*ds < |a]
0

for any a € R\ {0}.

ProOF. We only prove the - case as the + case can be shown analogously. For a < 0
the estimate

|a +log(1 — )| < |a]™®

holds for all s € [0, 1] and so the claim follows. For a > 0 we change variables according

to s =1 — e and compute

1 0
/ s a +log(1 — s)|*ds = / (1 —e")* Ya + az| *ae™dx
0

—0o0

0
S |a‘1a/ (1 o eam)afleaxdx

NI

D=

+ la|' (1 — e 2)2 e 2 / |14 x| “dx
—2

-2
4 |a’1a/ (1 . eax)afleaxdx.

o0

The claimed estimate now follows from a straightforward computation and the two iden-

tities . o
_am< € ) — (1 o eax)afleax
ao
and
(1 —e 2)04—16—% ,S aa—l
for all @ > 0. O

LEMMA 5.7. The estimate

1
1
I
0

holds for all a € R\ {0}.
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PRrROOF. We again only prove the 4 case as the - case follows likewise. For negative
a the estimate

<la|"2

holds for s € [0,1] and so the claim follows immediately. For positive a we change
variables according to

s =11 — e2az
and obtain

1
/ 87
0

N|=

1
élog(l — 5%

[N

0 >
a+ ds = |al2 / (1-— 62”)7%\1 + z| 7e® d

—0o0

0

< |a|§/ (1-— 62‘”)_%62‘”(&

-}

b (1 — ) deta / 1+ Fde

-2

N[

—2
+ |a|% / (1-— ezaz)_%emxd:p.

Now, the claimed estimate follows from the identities
2
_ax_(l o eZaz)i — (1 o €2az>7%€2a:p
a
and

(1-— e_a)_%e_“ <al.

5.2. Oscillatory integral bounds. With these technical lemmas out of the way we
begin bounding the integral term in Eq. (5.1). To do so, we suppose f € C2(BY) and
investigate the expression

1 e+iN
5— lim lim TR0, A) = Re(f)(p, N)]dA.

271 e—0+T N—oo e—iN

Additionally, as I\ contains the term A f; we also have to obtain control over the integral

i, lim lim - A TIR(f)(p, N) — Re(f)(p, A)]dA.

271 e—0+T N—oo e—iN

To make our lives easier, we break up the difference R(f) — R¢(f) into smaller parts

starting with

‘/l(f)(p7 )‘) = UO(p7 /\)C(fa )‘) - ufo(p7 /\)Cf(f7 )‘>
However, we first need a better description of ¢(f, \) and c(f, \) — ¢¢(f, A)
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LEMMA 5.8. We have that

and
c(f,N) = et(f, ) = F(HO(w) 7).

PROOF. Recall that ¢(f, \) was given by

_ m p4u1(p) ! 85(84u1(8, )\)) s
olf: M) =-1) (leO 2i(1— 20)(1 - )i /0 2i(1 - 2\)(1 — 32)%—Ad ) '

It is immediate that

puy(p) _ W) 3
po0 2i(1—2X\)(1 — p2)z = O ((w)™),

since u; is given by
_5 1_
ui(p,A) = p (1= p?)1

[1+0(p~ (1 = p)(w) ™. (5.2)

To estimate the integral term, we first note that the representation (4.6 of Y5 implies
8,(p2by(p, \)) = O(p"(w)~2). Using this fact we see that

XA (p), [P (1= p)i3 (0071 w) ™) + balp, N1 + O (w))] )| = xalp)O (3 () H)
and so we calculate that
b 0y(sMui(s, \) [ NO(s= 2 (N -E)ds
/0 21— 21— /0 IOl
+o() ) [ A=) )i
0
x 0, (53 (14 521+ O(s7 (1= ) (w) )] ds.
Thus, appropriate integrations by parts in the latter integral yield
! Ds(stui(s, \)) B s
/0 2i(1 — 2))(1 — 52)%—Ad8 =O(wr)
and consequently,
(£, A) = F(HO((w) ).
Similarly one obtains
(£ N) = (£, 0) = F)O((w)2).
O
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LEMMA 5.9. We can decompose Vi as

Vi(£)(p, A) = p2(1 — p?)

AN
v

f(l)(Gl(pv >‘) + GQ(ﬂ? /\))

where

G1(p, A) = xa(p)b1 (p, N[O((w) 7)) + O(p*(w) ™ 7)]
Ga(p, ) = (1= xa(p) (0, N[O((w) %) + O(p°(1 — p){w)~3)]
+ (1= xa(0)h2(p, VO((w)"2) + O(p°(1 — p)(w)~

7
2

[SIEN

)l

PROOF. Recall that

uo(p, A) = p~2 (1 — p?)i~3 { (61730\) _ Zz,s(k)

01,40\)) Xa(p)¥i(p, A)

+ (1= xx(p)) (1/13(07 A) = Zj(A)w(p, A)) }

and similarly

To continue we remark that

Vl(f)<:0v )‘) = C<f7 )‘)<u0(p7 )‘) - ufo(p7 )‘)) + uf0</0> )‘)(C(fa )‘) - Cf(fa )‘))

and by employing Lemma one readily checks that
Ufo(p, )‘)(C(fa )‘) - Cf(f7 A))

is already of the same form as

P31 = p2)iT2 F(1)(Galp, ) + Galp, ).

Next, we investigate the difference wug(p, \) — ug,(p, A) on the support of x»(p), i.e., we

look at
00 | (20 = 22001400 ) 0. = (e, -

Using Lemmas [£.4) and [4.5] one directly verifies that
c13(A) = e (A) = O (W) ™)

NS,
N>

s ) v )]

and




Thus, we obtain that

R - OB

=100 |01 () + (e, = e ) (100, 0) = )

= xa(p)b1(p, )[O((w) ) + O(p* (w)° )]-

A similar computation on the support of (1 — xa(p)) shows that we have

5

wo(ps ) — gy (p, A) = 72 (1 = )i~ 2 x5 ()br(p, N [O((w) ™) + O((w)°p?)]
+p 2 (1= p) 172 (1= xa(p) (o, NO(w) ™) + O (1 — p){w) )]
Nha(p, V[O(w) ™) + O(p°(1 = p){w) )]

_s
+p (1= p?)iT
and so the desired decomposition follows, since we know from Lemma that

c(f;A) = F(HO((w)”

w\y

l\.’)
.M»—‘

»M»—‘
w\y

(I —=xalp

ol
~—

LEMMA 5.10. Gy and Gy satisfy

p “2Gip, ) = xalp) (1 — pP)iTEO(p (w) 72)

pE(L— >HGQ< A) =1 =xa(p)p 2 (1= p)2 O(w) ™) + O(p°(1 = p){w) )]
+ (1= () 2 (14 p)2MO((w) ™) + O(p°(1 = p)(w) )]

ProoOF. This follows immediately from the symbol representations and Lemma

41l 0O
Motivated by this, we define the operators T; for j = 1,2 and f € C? (@) as

1 e+iN

T7(7—>f(10) = hm ].lm e/\’rp_g(l . p2>i_

271 e—0t N—oo e—iN

2 f(1)G;(p, A)dA.
Note that the limits exist for any p € (0, 1) because the integrand is absolutely convergent
by Lemma [5.10] Furthermore, as F)(p) also contains the term Af;(p), we analogously
define the operators T] as
: 1 SN 5
T;(t)f(p) == =—— lim lim AN p72 (1 — p?)

2Tt e—0+ N—oo J__in

IS
o[>

F)G;(p, A)dA

for j = 1,2 and f € C?(BY). Again, the limits exist for any p € (0,1) by Lemma
because on the support of x, we may trade powers of p for decay in w and thereby obtain
absolute convergence.

LEMMA 5.11. Let p € [2,00] and q € [6,12] be such that l + S =1. Then

175 f oy yzamsy S Il ee)
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and

IT5C)f o yoes) S IF Il o)
for j =1,2 and all f € C*(BY).

PROOF. Note first, that for j = 1,2 the operators T} satisfy

T () =3= [ €731 = ) E HOG; . i

since the integral is absolutely convergent. Moreover,
1 iwr =2 2
() fp)l = |5 [ TP 2 (1= 1)

T JR

B ‘ﬂl) /Reiwxiw(p)(l — pP)TTEO(P (W)

()G (p, i) daw

ST

Nlw

)dw

1 -2
S (r-zlost =) £
S <T>72HfHH1(IB§?)a

thanks to Lemma From this, we can immediately infer the estimate

HTl( )fHLP (Ry)L9(B < HfHHl BY)

for all Strichartz pairs (p,q) stated in the Lemma. Next, by using the symbol forms
established in Lemma [5.10 and Lemma 5.3 we conclude that

A1) = |57 [ €750 = ) F1)Galp i)
S (= og(1 4 p)) 2 + (7 —log(1 = p)) ) £ (1)
S ) ey

Thus, the first claimed estimate has been proven. To establish the bounds on T} we
remark that Vi (f)(p, A) satisfies

V) ()] S IF) 2 ()2

for any p € (0,1). Therefore, we can take the limit in the integral to obtain

K 0) = 5= [we=mp b= )

P

“F ()G (py iw)dw

. 1_iw _1 _1_ 1
= [ Tl (1= ) EHOO( ) e
R
An application of Lemma [5.2] then yields
. 1 1 Tl
T () f ()l S p2lm — 5 log(1 = p 752 (1) 72 fll ey

1y,
Spo 12|7" 2tz (r) 2”fHH2(B?)>
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from which we infer that

170 () fll 2@ ypre@e) S 112 @s)-

In addition, the estimate

T(7) £ (p)| =

i : 5 1 w .
2—/%”1)‘2(1 — )17 ()G (p, iw)dw
T JRr

N

/merw
R

_ _5
ST 20 6Hf”H2(Bf;)

holds thanks to Lemma [5.1l This implies

HTl(')f”LOO(R+)L6(IB§) 5 ”fHHQ(IB?)a
and thus, the general estimate
||T1(')f||LP(R+)Lq(IB§‘15) 5 ||f||H2(B§)

for all admissible pairs (p, q) follows from interpolation. Finally, T can be bounded in a

similar manner as 7}, by additionally making use of Lemma U

We continue by investigating

Va(£)(ps A) := = uo(p, Ui (p, A) f(p) + ur(p, \)Us(p, A) f(p)
+ ugy (0, N)Us, (p, A) f(p) — g, (0, \)Uso (p; A) f (p)-

LEMMA 5.12. We can decompose V, according to
_5 1_
Va(f)(p, A) = p72(1 = p*)1

where

Ga(p, ) = xa(p)b1(p, ) /Opsg bi(s, Nai(p, s, A\) + ba(s, Naa(p, s, \)

(1—s2)i 2

ds
(1 — 52)2_%
GAmA%=O—XAMV@@A)A%m@pﬂﬂaAWﬂ%Z?:;??AWﬂm&M
g L O,

)S% b1(37 )‘)63(p7 S, )‘) + b2(87 /\)64(p7 S, )‘)

Galp. M) = (1= sl ) [ s o




and

o) =m0 [
+X:(p)O(p? (w)7?) /0 EUIC A()l [1_ ;c)ogi @,
R e

Galp. N = (1= sl ) [ (1= (6! h1<<817 i)vgp N s

Hw)") + 0(s*(w)") + O(p"s*(w)")

(< + O(p*(
Bi(p,5,A) = O({w)™) + O(p°(1 = p){w) ™) + O(s*(w)") + O(p’(1 = p)s*(w) ™)
(0,8, 0) = O((w) ™) + O(p°(1 = p)(w) 1) + O(s°(1 = 5)(w) ™)
+ O (1= p)s(1 = s){w)™?)

with the ¢; as in Lemmas [£.2] and and ¢; from Lemma Furthermore we have

that > (s.0)
S U;(Ss
U;(p, A :/ Bl A MV

Having reminded ourselves of these definitions we start by decomposing —ug(p, \)U
ug, (p, A\)Ug, (p, A) on the support of x,. Upon neglecting the prefactor p*g (1—p?)
69
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the time being, we want to decompose

m@%(%dM—ZiXﬁAM>M@A)

y /p SgXA(S) (cLa(N)Y1(p, A) + caa(Niba(p, ) + (1 —XA(S))M(SJ)\)CZS
0 (1 — 82)27%

(0= Gy ) e

% /p Sg XA(S)(Cf1,4()‘>¢f1 (37 )‘> + 02,4()\)%(/0, /\)) (1 - XA(S))wM(SJ )‘)

ds
(1— )i

—m@%(qu—ZigﬁAM>%@M)

. / 3 a1 N) + c2aNha(p,A)
0 (1-s2)i2

- (Cfl’g ()\> - ZELE;;CﬁA ()‘)) (3 (p> )‘)

% /p Sgcﬁ 4( Wﬁ(s )‘) + 6, ()\)wQ(p’ )\) ds
0 (1 — 82) % 7

since s < p. Thanks to the proof of Lemma we already know that

Cf2,3<>‘)c e . 02,3()‘)0 _ w -1
s = () = ) = 0™

Cty 3 (/\) -
Furthermore,

D1(p, A) = Pr, (p, A) = bi(p, N)O(p*(w)°)

and analogous equalities also hold for ¢; — ¢, with j = 2,3,4. Thus, a repeated usage of
the identity
albl — a2b2 = bl(al — CZQ) + Clz(bl — bg)
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yields

o) [ (cl,gm - %(A)) 1o,

y /p SgXA(S) (cLa(N)v1(p, A) + caa(Niba(p, A) + (1 —XA(S))M(SJ)\)CZS
0 (1 — 82)27%

(a0 Gy ) e

[t (cf1,4<A>wf1<s,A>+c(2i4<x>f;5<p,3>) (10Dl

2

= G3<IO7 )‘)

The other multipliers G; can be obtained by applying the same considerations to the

remaining terms. O

By using the symbol representations established in Lemmas [4.2] and [4.3] this decom-

position can be rewritten in a much more compact form as follows.

LEMMA 5.13. The multipliers G; satisfy

Galp. N = ()1 =) [

m\o’t
MH
m\y

(1—p*)i-

(1—p*)i~

p-

N»—-
m\y

p

ot

Ga(p, \) = (1= xa(p)p 2 (1 + p)
)

[ Ol D5 )

/0 o i

O(s* (W)L + O (1 = p)(w) 7] ,
(1= st

+ xa(s) s

(i)
P U _ oy [P0 sw) )
e R A Rl e =



and

p 3 (1= p")i 2 Gs(p, N) = (1= xa(p))p 3 (14 p)2
g O(s{w)~3) ~

></0 XA(S)mﬂza(p,s ,\)ds
/)7%(1 —p2)i %G (p, N) = (1 = xa(p))p~ (1 —I—p)%*)‘

p s2O0({w)™h) .
xé(«—m@»zigiggwwﬁAMa

where
Bi(p,s,0) = [1+0(p7 (1 = p){w) HOUw)™) + O(p°(1 = p){w) ")
+0(s*(w)") + O(p°(1 = p)s*(w)™)]
5505 0) = [14+ 000~ (1= p){w) ][I + O™ (1 = $){w) ™55, V),
with v; from Lemma[5.13,

PRrOOF. This is an immediate consequence of Lemma [5.12 previously established

symbol representations, and support properties of the cut-offs. O

In analogy to what we did before we define the operators 7; and Tj fory=3,...,9
and f € C%(BS) as
1 e+iN

_5 1_A
Ti(1)f(p) = 5 lim  lim » " p3(1— p2)i72 f(p)Gy(p, N)dA
and
1 e+ilN
r A B oyl A
Ti(1)f(p) = 5= lim lim AeMp2 (L —p)i72 f(p)Gy(p, A)dA.

271 e—0T N—oo c—iN

That these limits exist for each 7 > 0 and p € (0,1) follows from the computations in
the proof of Lemma

LEMMA 5.14. Let p € [2,00] and q € [6,12] be such that l + S = 1. Then

I1T5C) N o yraqgy S L[ gse)

and
IT5() fll ey po@ey S I f L2

for j=3,4,...,9 and all f € C?(BY).

PROOF. Note that we have

Va() (o, IS (N2 (o)
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and therefore

W=
>

T0)(0) = 5= [ €741 = ()Gt

holds for 7 = 3,..,9. Furthermore, we can also use Fubini’s theorem to interchange the

order of integration in all the operators 7;. For T3 this yields

1) = 10) [ [ 0t é)xz»w(p)%

By using Lemma we then obtain

1) 1) 5 o1 10) [ 7+ hom(1 = ) = tog(1 = 7)) s

1

pl

o
M\s N\a

dwds.

»Mm >4>\>—‘

=

N

AN

£(0) / "(r)2ds
< P> | f(p)] () 2

Moreover, we have that
T5(T) f(p)] S P~ ()N

for p € (0,1) and so we can also take the ¢ limit and change the order of integration. A

calculation similar to the one used to bound |T3(7)f(p)|, then shows
: _a _
T5() f(p)] S P32 f(p)() 2
Using Lemmas [5.1] and [5.3] the estimates
1 _
T3(r) f ()| S p*~ 2] f(p)(7)
and
: 1 _
T5(r) f(p)l < P21 F (o) (7)™,

for j = 4,5,7,8 can be derived likewise. For Ty we have that
T 10) =5 4500) [ [ = vl - )t

1
< ST ()13, (s, ) s,
(1 _ S)ffzw
Since (., ., iw) behaves like O((w)™!) in w, Lemma [5.3] yields

T FP) < 03150 < ~log(1 — p) + log(1 — 5))"2ds

< i)l / " s3ds
< AP
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An analogous calculation shows

To(r) f(p)| < P71 (p)I(T) 2.

Next, as the X integrals in Ty and T} appear to be no longer absolutely convergent, we

perform an integration by parts which yields

- ()05 g Nys,

(1—s)27
pIO((w)?)
(1=p)2?

+ 00 [(1=9)710. [(1 = )sH(0 0] ds

= BG(IO7 >‘) + ]6(p7 /\)

= (1=xa(p)) Y1, ps A)

This now renders the A integral absolutely convergent and we can again take the limit

e — 0. Note that the operator corresponding to the integral term I5(p, ) is bounded by
plf (o)) 72,

which can be verified in a similar manner as the bound on Tg. Furthermore,

\p—iﬂp) e (= xaulo)1 = ) Bl )

_ ‘plf(p) [ 060 = a1 = O o z'w)dw]

S plf(p)(T) 72,

due to Lemma [5.3 and therefore
To(r)f| S plFo)I (7).
As Ty can be bounded by similar means, we conclude that

T30 F ()| S P> 5= | f(p)|(7) 2

and

T3 F ()| S p 52| f(p)|(7) 2

holds for all j = 3,4,...,9 and so we wrap up this proof by employing Lemma [5.5.  [J

Finally, we can turn our attention to

Va(f)(p, \) = — uo/ Ui(s,\) f'(s)ds + uy /p Uo(s,\)f'(s)ds

0
1
+ ug, / Ug, (s, ) f'(s)ds — ug, /P Us, (s, \) f'(s)ds.
P 0
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As we did before, we also derive a useful decomposition of V3.

LEMMA 5.15. We can decompose V3 as

Va(£)(p. ) = p 3 (1= )12 D Gi(f)(p, N)

with
Gro(f)(p. A) = xa(p)bu(p, A) / e Xk(wtél’l(t»A)%(p,falA) o balt, Na(p.1,3)
+XA(t)O<t3<w> Bt +£§p2< P s
(1—t2)4 2
G, A) = (1= xa(p)ha(p, ) / 1'(s) /sw) HLAGTVEIE LA) t2)5<§ N)Br(p,t,A)
a2 <w>—2>[(11+_<i§)/);1; = e
and
Gia(F)(p.A) = (1 = xa()ha(p, N / 7(s) / BN L WMLA_) t2)3<tg NBs(p,t, \)
+ () 0<t3<w>2>[(11+ «;()qu — 0@ e
_ ! /(g ° B %hg(t,)\)ﬁg(t,p,)\) )
Gis(F) (. N) = xa(p)ba(p, N) / 7(s) / R e e
_ . 1 ” s B %hg(t )\)’Yg(p t, )\) 5
Gua(£)(p, A) = (1= xa(p))halp, ) / 7(s) / (1w A g
GiloN) = (1= xaleDin(p. ) [ 6) [0 =yt LS D s
Gul N = xaon(p. ) [0 [ AT s
S0 [ [t A(>1[1 ;C)Z<f2< ) s
p / 5 5b1(t )\)O[g(p t )\)
“xble ) [ 1) [ e e
Grl£)(pN) = (1=l oDalo ) [ 7165) [ (o™ ﬁfjﬁw)(f_’z ) drds

Gus(F) (0, A) = (1 = x2(0))ha(p. N / " P(s)

) /08(1 ) ha(t, \)7s(p, zflA_) ;)fgz(g M6 ) g
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where as before

aj(pt, \) = O((w) ™) + O(p*(w)") + O (w)") + O(p*t*(w)")
Bi(p.t. A) = O((w) ) + O(p" (1 = p){w) ™) + Ot (w)") + O(p"(1 = p)t*{w) ™)
(Pt A) = O((w) ™) + O(p"(1 = p){w) 1) + O(t°(L — t){w) )

+0(p" (1= pt" (1 = t){w) 7).

Proor. This decomposition follows in the same way as the one in Lemma [5.12} [J

It will again be useful for us to use the symbol representations.

LEMMA 5.16. We have that

p 1= )G (0. ) = xalp) (1 — )43 / £(s) / Sm(b‘)#

M\U‘

(=M ) = i+ [ )

T OHw) ) Balp,t, N)
X/o ol (1—¢2)i 2
O(t*w) )1+ O~ (L= p) ) ™)

P

+ xa(t)

and

X /05(1 — XA(t))ﬁ%%(p,t A)dtds



(1—2)%
p L= )i 2Gs(f)(p, N) = (1= xalp))p 2 (1 +p)2 0 F1()O0({w)™)
5 g %(Pi)‘) 576(p7t7>‘) s
x/o (T =)t (1+t)%_’\+ 1on) A] dtd

where B\] and 7; are defined as in Lemma .

Once more, we define another set of operators 7} and T] for j = 10,...,18 and
f € C*BY) as
1 e+iN

: : ;5 12
LDf(p) =57 m lim [ e 21— P3G () (p \)dA
and
: 1 . . RN s o 1 2
Ty(1)f(p) == =— lim lim AeMp2 (1 — p?) i 2GH(f)(p, A)d.

271 e—0+T N—oo e—iN

LEMMA 5.17. Let p € [2,00] and q € [6,12] be such that % + S = 1. Then

IT5() e ypacwsy S Il sy

and
175 flleoriyzasey S 11 a2 s
for 5 =10,11,...,18 and all f € C*(BY).

PRrROOF. We continue using the same strategy as before and note that

V() (0 M| S ) 720721 e oty

Thus, we can again take the limit € — 0 in the operators 7} to obtain that

1 ior 5 1_iw .
=5 [ €T (L= p)i G (py iw)dw,
T JR
for j = 10,11,...,18. For Ty, we also readily use Fubini’s theorem to interchange the

order of integration. This yields

1

Y PV A I N G e ) ) dtds
T A A e R R el

7



and thus, as the ¢ integrand is only supported away from 1

Tho(7) /|f |/ t12dtds
{/ 7/(5)]s> s,

by Lemma [5.1] Again, one can analogously obtain the estimate

Tyo(7) / 1f(s)|s" 12 ds.

We can also slightly modify this strategy to obtain the bounds

|T5(7) / |£(s)]s® 12ds

(D) f) S 072 [ 1F ()]s
P
for 7 = 16,17. For j = 11 we have

Tu(r)f(p) = p 3 /pl f(s) /Ds/ReW(l — iw(p)) (1 + p)3

and

XFW@>31W@”
(1—t2)i 2
+owm»%u+0@;g—mw>wymﬁ%
(1—t2)i%

and since the support of the t integrand is again away from the endpoint 1, applying
Lemma yields

|ﬂmwm»sw2/Lﬂﬂiﬂwm
_2/ |f(s5)|s%ds.

In the same manner, we obtain the estimate

|ﬁmwmn5m*/swwm&

The same strategy can again be used to obtain the bounds

Talr) 1) S )77 [ 17 (s)lds

and

|ﬁmwmﬂﬂﬂ4/sm@w&
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Thus, an application of Lemma yields the desired Strichartz estimates for j =
10,11,12,16,17. For j = 13, we integrate by parts to obtain

et O 5
vt R

)/08 O [(1 — Xiw(1)t2 Bs(t, p, W)]

- (1 Xiw(s))s (1 . t)% /36<S P, /\) + O( < >5 (1 _ Zf)%fiw dt.
So
Tis(1)f(p) = /Ref Xiw(p)(1 = p?)i~ %
Lo O 2
X/p f (s)/o (1 — xiw(t))t a _t)%iiwﬂﬁ(t,p, iw)dtdsdw
satisfies

1an) (o) = [ 4706) [ ernton —p)W

X O(p~ 2 (w)31) Be(s, p, iw)dwds

+/plf/(5)/08/ReinXiw(p)(l—p2)zlli;(l_t) o5 () )

) [(1 OB, p, z‘w)} dwdtds
=: Ti(7) f(p) + Ti(7) f(p).

By using that B\G(., .,iw) behaves like O((w)™!) in w, Lemma Minkoswki’s inequality,
and Lemma [5.7) we obtain that

1
5 _1 —
||T113(T)f||L12(B§) S / s2|f/(s)|(1 —s) "2 (1 —log(l — s)) 2
0
_u 1 9 1
X lp7=t|r — 5 log(1 = p7) +log(1 — )21 ey ds

1
g/ s3] f(s)|(1 — )72 (7 + log(1 — ))~2|7 + log(1 — s)| 21 ds.
0
Thus, the computation in the proof of Proposition 4.6 in [34] shows that

T35 () f ey iz asy S 11l s

A similar calculation shows

1735 () f Nl 2y 2 agy S 1N

and as the other endpoint estimates for T}; and T3 can be obtained analogously, an

interpolation argument yields

125 () f oy yrass) S 1 11ms)
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for any admissible pair (p, q). To derive the estimate

1T () No e zaes) S If |2 (5.3)

we first note that we can again take the limit ¢ — 0 and interchange the order of
integration. The claim then essentially follows by performing one more integration by
parts. We illustrate this for the boundary part T75(7)f(p), given by

10 = [ 57 [t i 2N

X O(p~ 71 (w)21) By (s, p, icw)dwds

=) [ o)1= ) (= o)1 -

R
11

(P31 (w)21) B (p, p, itw) du
// "aw(p) (1 — g E (1 — )0 () 3)

x 0, [(1 — io(8))s3 £'(5)B(s, p, iw)} dwds (5.4)

We now readily calculate, that the boundary term in (5.4]) can be bounded in absolute
value by p?|f'(p)|, while the integral term can by controlled by the same means as Tjs.
Consequently, an application of Lemma establishes the estimates on 713 and we

continue with 714. For T4 we can do the same manipulations as with T3 which yields
1
- iTW 3w
T (0= [ £06) [ 1= xulo) 1+ )’
P R
5 _
L (= xiw(5)s20((w) )

- 3(p, 8, iw)dwds
1 _ 8)5—%0

/ / / (14 p)2 (1 — Xu(p) O((w)2)

x (1— t)_fﬂ“]é?t [(1 - Xiw(t))ﬁ'yg(p, t,iw)| dwdtds
=: Tiy(7) f(p) + Tis(7) f (p).
Now, the s-integrand in T, given by

(1= Xiuls))s
(1-s)

Nt

O((w)™)

—iw

w\»—- ot

f'(s) / €™ (1 — Xiw(p)) (1 + p) 3% Fs(p, 5, iw)dw =: I}, (p, 5,7)

satisfies the two estimates

L4 (p,s,7)| S 2531 f(s)](1 — 8) 72 (1 — log(1 + p) + log(1 — s))"2ds
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and

1

5 _1
[Lia(p s, 7)| S pPs2 |/ (s)|(1 = )72
x (1 —log(1 + p) +log(1 — s)) 7|7 — log(1 + p) + log(1 — 5)|~'ds,

thanks to Lemmas and [5.4] From these estimates, we infer that

TL( () < o / SN0 —s)

0

N

x (T +log(1 — 8))%|7 — log(1 + p) + log(1 — 3)|_§d3.
So, we can again use Minkoswki’s inequality as well as Lemma to conclude that
1
5 _ 1
T34 () f Nl e e 5/ s2|f/(s)I(1 = s*){7 + log(1 — s)) %7 + log(1 — )| 21 ds.
0
Again, by slightly modifying our argument above, we obtain the full estimate

T2 () fll o yrags) S 11 11mes)
and one more integration by parts combined with similar reasoning also yields
HT14(-)fHLP(R+)Lq(IB?) 5 Hf“HmB?)- (55)

As the Strichartz estimates for T}5 and T 15 can be obtained similarly, only Tig and T18

remain to be dealt with. Therefore, note that
-5 WWT 3w
Ta) o) =t [ 1) [ [ = xialo) = )0 - v o)

X [(1+8) 72O ((w) ™ s (p 1 i)
+(1— t)_5+“"(’)(<w>_ )76 (ps t, iw)] dwdtds.

Njot

Thus, as J;(.,.,iw) behaves like O((w)™!) in w, applying Lemma leads to the

estimate
T S04 [ 17 [ (7= og(1 = )+ og(1 ~ 1)
+ (1 —log(1 — p) + log(1 + t))?dtds
/If / 1dtds
S <T>7 Hf”Hl(B?),

where the last step follows from the Cauchy-Schwarz inequality. Finally, to control Tis,
one has to perform an integration by parts in the ¢ integral and then do a similar calcu-
lation. U

Due to these Lemmas we can now easily prove a first set of Strichartz estimates for
the semigroup S.
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PROPOSITION 5.1. Let p € [2,00] and q € [6,12] be such that % + g = 1. Then the

estimate
ST =PIl oy romsy S [T —P)E[l

holds true for all f € H. Furthermore, we also have
‘ / [S(T —o)(I—P)h(o,.)|1do
0

for any interval 0 € I C [0,00) and allh € L'(R,, H).

S T =P)h]lLr

LE(1)La(BS)

PROOF. Due to the identity

[S(T)(X —P)t]i(p) = [So(m)(X — P)fl1(p)
+ 1 lim - AT (R(Fy)(p, A) — Re(Fy)(p, \))dA,

2mi N—oo [, _in

the homogeneous estimate follows from the “free” Strichartz estimates established in
Lemma combined with Lemmas [5.11], [5.14] and [5.17] via a density argument. The
inhomogeneous one can then be established as previously done in the proof of Lemma

B.7 O

6. More Strichartz estimates

The Strichartz estimates from the previous section will not be sufficient to control
the full nonlinear equation. However, we can remedy this by also deriving the Strichartz
estimate

IS(T) X = P)fLill L2 @y agesy S (L= P)E (5. (6.1)
Our strategy to derive this estimate works for all pairs (p, ¢) with p € [2,00) and ¢ € (3, 4].
However, as we only need the pair (p,q) = (2,4) we only prove the estimate (6.1)). For
the endpoint pair (p,q) = (00, 3) one would have to take into account the parity of the
O({w)™') terms, which appear throughout this paper. To establish (6.1)), we will have to
interchange limits and differentiation with oscillatory integrals which are not absolutely

convergent. To do so we will make use of the following lemma and variations thereof.

LEMMA 6.1. Let f(w) = O ((w)™'7) with a > 0. Then

0, / £ / we™ f(w)d

PROOF. This can be shown as Lemma 5.1 in [30]. O

for a € R\ {0}.

We will also need one more technical Lemma.

LEMMA 6.2. The estimates

<
LA ~ ||fHH1(B§>)
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and

/ ()

p

S 1wy
L3 (BY)

hold true for all f € C'(BS). Further, also the estimate

HfHL‘*(]B?) N HfHHQ(IB?')

is true for all f € C*(BS).
PRroOF. This follows in the same way as Lemma U

Suppose again that f € C3 x C2(BS) and set f = (I — P)f. Then, by using variations
of Lemma [6.1] we obtain

OIS(MT1(p) = 0[S (MT(p) + o lim [ O, IR(E) (. A) — Re(F2) (p, A

Ty N—oo e—iN

for any € > 0. To be more precise, we cannot apply Lemma [6.1|straight away, but instead
have to perform integrations by parts to obtain enough decay in w. After that, we can
apply the Lemma and undo the integrations by parts. Recall that R(F))(p, \) is of the

form

R(FN (0. ) = uolp, N ((F N -G NRG) - [ s A)Fg<s>ds)

+ui(p,A) (Uo(p, N Ex(p) — / ' Uo(s, A)Fﬁ(S)dS) (6.2)

0

and therefore

RUEY (0. ) = (0, ) <<F N -G BG) - [ Uit A>F;<s>ds)

#ai (o0 (p V) ~ [ Uals V() ) (63)

Analogously,

Re(Fx) (p, A) =ug, (p; N) (Cf(FA,)\) — Us, (p, ) Fx(p) —/ UfI(S»A)Fﬁ(S)%)

0

0.0 (Ualo V) [ U5 N s)ds ).

We will now proceed in a similar fashion as before. Motivated by this let f € C?(BS) and

consider

VI (0, A) i= ugp, Me(f, A) = g, (p, Nex(f, ).
LEMMA 6.3. We can decompose V| as

VI(A(p, A) = f(1) (Hip, A) + Ha(p, A))
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with
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SN—
SN—
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—~
il
|
)
SN—
M|
L

X [O(w)™) + 0" (1 — p) (W) ™)

+[0(p™) + (14 p) T O(w))] (1= xalp))p 2 (1 +p)2
X [O(w)™) + 0" (1 — p) (W) ™)

+ (1= xa(@)p 21+ p) 207 (1 = p)(w) ™).

Proor. This follows immediately from the decomposition in Lemma [5.9] and the

corresponding symbol forms given in Lemma [5.10 U

In accordance with our previous strategy, we define the operators S; and S jforj=1,2
and f € C*(BY) as

1 ) ) e+iN .
Si(m)f(p) := 5 lim_lim . e F(1) H;(p, \)dA
and
. 1 e+ilN
Si(m)f(p) == 5— lim lim AN f(1) Hy(p, \)dA.

271 e—0+T N—oo e iN
LEMMA 6.4. The estimates
||Sj(')f||L2(]R+)L4(B§) S.;HfHHl(IB‘f)
and
195 () f |2y yracaey SIFI e casy
hold for j = 1,2 and all f € C*(BS).

PrRoOOF. This Lemma can be established in a very similar fashion as Lemma by

making use of Lemma [6.2] O

We proceed in the same manner and use the previous decomposition of Vao(f, A) to

decompose

Vo (£)(p, A) == = ug (o, UL (ps ) f (p) + uy (0 M)Uo(ps A) £ (p)
+ ug, (0, AU, (s A) f(p) — ug, (p, MUz, (p A) £ (p)-

LEMMA 6.5. We can decompose Vy as
9
V3N A) = F(p) 3 Hilp, )
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with

Hy(p,A) = [O(p™") + p(1 = p*) " O((w))] Ga(p, A)

Hi(p, ) = [0(p7") + (14 p) T O((w))] Galp, N) + Galp, A
Hs(p. ) = [0(p™") + (1 = p) ' O((w)] G5(p, ) + Gs(p, A
Hs(p, A) = [0(p™") + (1 = p) ' O((w))] Gs(p, A) + Gi(p, A
Hz(p, ) = [0(p™") + p(1 = p*) ' O((w))] G(p, \)

Hs(p, \) = [O(p™") + (1 + p)O((w))] Gs(p, ) + Gs(p, A)
Ho(p, \) = [O(p™") + (14 p)O((w))] Go(p, A) + Ga(p, M),

where all the G; are of the same forms as p~3(1 — p?)i~ 3G

(p,\) and where the G;

are the terms obtained when the p derivative hits one of the perturbative parts Bjﬁj (or

O(p°(1 — p){w)™') in the case of j = 3,4) as given in Lemma[5.15,

We continue by defining operators S; and Sj as

1 e+ilN
Si(1)f(p) = 5— lim_lim e f(p) H;(p, ),

271 e—0tT N—oo _iN

. 1 e+iN
$(f(p) = =— lim lim A f () Hy(p, A)dA

27i e—0+ N—oo |
for j=3,...,9 and f € C*(BY)
LEMMA 6.6. The estimates
HSJ‘(-)fHL2(R+ L4(BS) NHfHHl BY)
and
‘|Sj(‘)f‘|L2(R+ LA(BS) N||fHH2 BY)
hold for j =3,4,...,9 and f € C*(BY).

PrROOF. For j = 3,4,5,7,8 we can use the arguments which we already used in
the proofs of Lemmas [5.11] and [5.14] combined with Lemma to derive both sets of

Strichartz estimates. For Sg, we remark, that the considerations in the proof of Lemma

together with Lemma imply the estimate

”56(-)fHL2(]R+ LABS) ~ ||fHH1 BS)-

To deal with Sg, we first note that after an integration by parts in the s-integral, we

obtain
IAHs(p, )| < p~Hw) ™!
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for p € (0,1) and w € R. Hence, a variant of Lemma (to be more precise we again
first have to integrate by parts, then take the limit and then undo the integration) yields
e+iN

lim lim e f(p)Hg(p, )\)d)\:/z’wei”Tf(p)Hﬁ(p,iw)dw.

e=0F N=oo Jo_in R

Recall that after an integration by parts, the integral term in the multiplier G takes the

form

Bs(p, A) + I(p, \) =(1 — xa(p))p O(w)™) ~

m’h (p,p, A)

- o)) [[1-97 500, [ — (©)sHulp.5. 0] .
Therefore, a second integration by parts yields
Hq(p, \) = [O(p™") + O((1 = p) " w))] (1 = xa(p))p 2 (1 — p) 2
<= o) - R0
=~ 0(() ™)1 = pF9, |1 = xa(p))pFTi o, 9. V)
+ 0w [[(1= 9302 [(1= x(6)sHp. 0] ds| + Galo )

= Bs1(p, ) + Boalp, A) + Tsa(p, \) + Ga(p, \).

ot

We now use Lemma [5.4] to obtain
, . 1,
0) [ e Bustpishie| £ 1ol )
R

Using this estimate we can easily infer that

f(p) /Rwe"“TBﬁ,l(p, iw)dw

S 1 a2 es)-
L2(Ry)L4(B)

As the the oscillatory integral corresponding to Bga(p,iw), Ig1(p,iw) and Gs(p,\) can

be bounded similarly, we obtain

HSG(')fHL2(R+)L4(]B§) S ”fHHQ(IB‘f)-

Since Sy and Sg can be bounded likewise we conclude the proof of this Lemma. O

Our very last decomposition is the one of

V() (p A) = — u(p. ) / U (s, 0) /()ds + (9, N) / "Uo(s, \) f/(s)ds

+ ug (p, )\)/ Ur, (s,\) f'(s)ds — ug, (p, N) /Op Us, (s, \) f'(s)ds.
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LEMMA 6.7. We can decompose Vi (f)(p,\) as

with
Hio(f)(p,\) =[0(p™") + p(1 = p*) 'O ((w))] G1o(f)(p, A)
Hu(f)(p,A) = [0(p™") + (1 + p) ' O((w))] Gua(£)(p, \) + Gua(p, N)
Hia(f)(p, 3) = [O(p7") + (1 = p) ' O((w))] Gra(f)(p. A) + Gralp, N)
His(f)(p, \) = [0(p7") + p(1 — )T O((w))] Gis(f)(p. \)
Hus(f)(p,3) = [0(p7") + (1 + ) O(w))] Gua(f)(p. ) + Gra(p. V)
His(£)(p, A) = [0(p™") + (1 = p) ' O((w))] Gis(f)(p, A) + Gis(p, )
His(f)(p. X) = [0(p™") + p(1 = p*) ' O((w))] Gi(f)(p: N)
Hi7(f)(p,A) = [0(p7) + (1 + p) 7O ()] G1r(f) (0, A) + Gar(p, A)
His(f)(p,A) = [0(p7") + (1 + ) O((w))] Gis(£)(p. ) + Gas(p. V),

and where all the kernels Gj(f)(p, ) are of the same form as p=3 (1 — p?)i~
and the @j are defined as in Lemma .

One last time we define operators S; and S; for j = 10,...,18 and f € C*(BS) as

1 e+iN
Si(n)f(p) =55l Jim [ eTH () (p A)dA
and
. 1 e+iN
Si(m)f(p) == 5= lim_lim AN H(f)(p, N)dA.

21 e—0+ N—oo | _in

LEMMA 6.8. The estimates

155 () f L2y paces) SIS lle s

and

155() fll ey o) SIF 1 azces)
hold for j =10,...,18 and all f € C2(BY).

Proor. For j = 10,13,16,17 we can derive both Strichartz estimates in almost the
same fashion as we did in Lemma [5.17] For the remaining indices we can use an adapted
version of the strategy which we used to bound Sg and Sg. O

Thanks to these last few Lemmas, we easily obtain the final result of this section.
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PROPOSITION 6.1. The estimate

IS(A =Pl 2, yiras) S (T —P)f[ls

holds true for all £ € H. Furthermore, we also have
| [ 15t o)1 - Piio. s S 1= Pl
0 L2 (1)W1 (B5)

for any 0 € I C [0,00) and h € L*(Ry,H). Finally, for the second component of the
semigroup S we have the estimates
ST =P)h]lLr

IS(M) X = P)flall 2, yramey S (T —P)f[l5
‘ / [S(t —0)(I—P)h(o,.)|do
0 L2(1)L*(B)

forfeH,0elC0,00), and h € LY(R,, H).

and

PROOF. The estimates on the first component can again be achieved as before. For
the bounds on the second component we observe that by (3.1]) we have that

[S(T)(X - P)f]a(p) = (0 + pd, + 1)[S(T)(T — P)f]1(p).

As 0. produces a factor of A, it follows that the operators obtained this way are compa-
rable to S;,T; and S’j,Tj. O

7. Nonlinear theory and fixed point arguments

We can now finally turn our attention to the full equation
B(r) = S(r)u + / S(7 — o)N(®(0))do. (7.1)
0

Recall that N was of the form

0
N = ,
) (Nw*l Fun)(p) - N (p) - ﬁum)

where

N(u)(p) = _351n(2pu(2p;§ — 6pu(p)

and

_P_
2 arctan( \/E)

U.(p) = 20
p2+2
The first result of this section will be a useful bound on N, which, combined with the

previously established Strichartz estimates, will allow us to also control the nonlinearity.
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LEMMA 7.1. The nonlinearity N satisfies the two estimates
IN(Wll2 S llunllFaz ey + il zosy + lunllzsmey + luill7ags)
and
IN(u) = N()[l% S [lur — U1||L12(IB?)(||U1||L12(E§) + ||U1||L12(B?)
+ ||U1||i8aas<;) + ”Ul”%S(IB?)

+ Nl amey (1 + Nlwall osy + vl Lo @s))

g g+ o )

+ [y — U/1HL4(B?)(HU1HL12(B§) + HU1||%8(]B§5))

for allu,v € C™ x C*>(BY).

PROOF. We define the auxiliary function n: (0,1) x R — R, as

3sin (4 arctan (—\%) + pr) — 6px . 3sin (4 arctan (-\%)) - 48 i
2p° 28 (0*+2)*

By Taylor’s Theorem we have that

n(p,z) = — %ﬁ +6 /0 " cos (4 arctan (%) + Zpt) (x—t)2dt  (7.2)

n(pa {L’) =

and thus
n(p, )| S |2* + [z,
From the above representation of n, it also follows that
[0an(p, )| Sl + | (7.3)
and therefore
n(p, @) = nlp,y)| < (Jo] + [yl + [zl* + y[*) l= -y (7.4)

forall p € (0,1) and all z,y € R. From these estimates and Holder’s inequality we deduce
that

IIN ()2l 2y S Nuallzogse) + lunllzas,
and
IIN(u) = N(v)lallz2@$) < llur — v1ll pasg)
(Nl paeey + [lvrllza@s) + ||U1H%s(Bf;) + ||Ul\|isaaags))
S lun — Ul”Ll?(B?)(||U1||L12(B?) + (o1l L1z msy
+ ||U1||2LS(B<;) + ||Ul||%8(153§))‘
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Now we turn to the H' seminorm. A direct calculation using (7.2) provides the estimate
0 (p, 2)| S Jaf* + |af* (7.5)
This, together with (7.3) yields
[IN(w)2 |l g1 8s) S ||U1||i4(155§) + ||U1||i8(m;ff‘) + [Jur v || p2mgy + Nuful ll e
S Ml Zasy + Nl zs sy + w117 asy-

Hence only the Lipschitz bound for the H' seminorm remains to be shown. To this end,
we first investigate the expression 0,0,n(p, z). By once more employing the representation

(7.2), we derive
10:0,m(p, 2)| < || + ||
|0on(p, )| S 1+ |- (7.6)
Moreover,
IIN() = N(v)2ll 1) < [1010(]-], ur) = Oin(].], v)l 2 gos)
+ [luiden (.|, ur) — vi0en (]|, vi)ll L2 g9y
=: N1 + Nz.

Thanks to ([7.6) and Holder’s inequality we have that

Ny S llur = o (Jua] + [ua [ + Jos | + [01 ) 12 es

S flu — U1||L12(JB?)(||U1||L12(JR§) + [lv1 | Lr2gsy + ||U1||i%(B?) + ||U1||i%(m?))

and finally for Ny,
Ny < [y [Oan(].], ur) — Oan([.], v1)] || 2me) + || (u) — v1)0an(].|, v1)|l r2(se)
S llun = vall ooy oy (1 + unllnoqagy + ol zegag) )

+ i = v lsaqagy (lenllzregosy + Ionl3sgap)) -

4

In accordance with our previously proved Strichartz estimates, we now define the
Strichartz space X as the completion of C° x C2°([0,00) X B??), where C2° denotes
smooth functions with compact support, with respect to the norm

1001, @2)ll2 = 01l 2y przqmg) + 191l oy ypoqmg) + 191l oy ypsmg) + 191l o g, )% (oo
+ H¢1HL°°(R+)L6(B§>) + H¢1HL2(R+)W174(B?) + H¢2HL2(R+)L4(B§)-
We will also make use of the abbreviation

Xy = {® € X:|P|x <6}
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Next, for any u € H and ® € C° x C°([0, 00) x BS) we define
Ko (®)(r) = S(r)u + / S(r — 0)N(®(0))dor — ¢"C(®, u),
0

e C(®,u) := P (u + /0 N e‘”N(@(a))da) .

The useful thing about this integral operator is that it will satisfy the requirements of

the Banach fixed point theorem under certain conditions.

LEMMA 7.2. Letu € H and ® € C=°x C([0, 00) xBS). Then Ky (®) € X. Moreover,

we have the estimate

IKa(@)llx < llull+ 203 + 2%

PROOF. Let ® € C° x C2°([0, 00) x BY). Propositions and [6.1| imply that

1T = PYKu(®) (7| < [ulls + / IN(@(0)) xdo

and by Lemma [7.1], we obtain

/|IN Hyd0</ 191(0, M Z2gaey + 161(0, ey + 162(0, s e

+1161(0, F1.0m) @

S H¢1H%2(R+)L12(B?) + ”¢1||i3(R+)L9(]B?) + H¢1H4L4(R+)L8(IB%‘15)
+ H¢1||L2 W LA(BY)

S 123 + 19]%-

Next, note that
PK,(®) = — / e PN(D(0))do

and as rgP = span{g}, there exists a unique g € H with
Pf = (fv g)}[ g

for all £ € H. Thus, [|[Pf];|lyira@e) S [(F,8)nlllg;llyimames S [Ifll. For g € [6,12] we
then obtain

P ®)r iy + IPR(@N sy + PRl
S [ IN@(©) o
= [ 1Cmalr = ) o ()N o
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and so an application of Young’s inequality yields

IPKu(®) | o yromg) S Hl(—oo,m(-)e(‘)llmm)/o IN(®(0))[|2do
Slel + 2l

and analogously for the other terms. U

We also derive a corresponding local Lipschitz estimate.

LEMMA 7.3. Letu € H. Then the estimate
1K) ~ Ku(@)llx < (19]2 + 11+ [ DlLy + [ 9II3) ¥ — ]l

holds true for all U, ® € C° x C°°([0, c0) x BY).

PROOF. Again, we start by investigating (I — P) K, =: K,. Lemma implies

T

||Izu(lp) - Ku(q))”?( S ||Nu(q](0a )) - N((I)(Ua ))H’Hdg

S [ (o) = é1(0, )z <Hw1(0, Mz + 9100, )l L2

:
110 M) + 161003 Mzagy

(0 Mhiragagy (1 a0, ) aogegy + 16100, )l ogagy)
a0 ) g, + 10100, ) 2 )

+a(0,) = 610 hsgen

X (||¢1(07 ')HLU(B?) + ||¢1(Ua -)H%S(B?))dd

a, .

a,.

S I = dllzae ooy (11 e ormgegy + 191 2ceyrogesy
+ 11l yrey) + 19111, sy + 111l 2 irnagag)
X 1+ 191l ooy zoms) + 101l ooy 2589 ]
S 21 R Y A

LS(RL)L'S (]BG) LS(R4)L5 (BY)
+ (|t — ¢1HL2(R+)W1’4(B?) <H¢1”L2(R+)L12(B?)
+ H¢1H%4(R+)L8(]E?))

S (19l + 12y + @lle + 121%) 17 — 2.
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Analogously to the proof of Lemma [7.2], we have that
IPKW(P)(7) = PRu(W) (7)1 paeg) + [PEW(P)(7) = PKu(W)(7)]1]lsir1aae)
+ [[PKu(®)(7) = PKu(¥)(7)]2] r2(z5)

S [ IN@ @) o

— [1cmalr = ) Lo (0) IN(B(0,.) ~ W(or)) o
for all ¢ € [6,12]. Therefore, the same calculations as before yield
IPKu(®) - PRuW]l S [ IN(@(0..)) = N(¥(o:.)) o
0

S lle + 1205 + 12lle + [2]1%) 1V — ]l

Lemmas [7.2] and [7.3] imply that K, extends to an operator on X.

LEMMA 7.4. There exist §,c > 0 such that for each u € H with |[ul|s < 2 there exists
a unique ®, € X5 that satisfies

PrOOF. The claim follows from Lemmas [7.2] and the contraction mapping prin-
ciple. U

7.1. Variation of blowup time. The next step is to show that we can choose a
time T close to 1 such that the correction term vanishes. Therefore, we recall that the
prescribed initial data

(I)(O) = (¢1<Oa ')7 ¢2(O7 ))7

are given by

2 arctan | 4= 2 arctan | 4=
$1(0, p) = ¥1(0, p) — # =Tf(Tp) — #7
24/2 24/2
¢2(0,p) = ¢2(0,p) — 3 ;/;2 =T?g(Tp) - 5 :r/;Q-

Furthermore, in similarity coordinates the initial data of the blowup solution u! are given

by

T
" 0.5) = 2 arctan (7’%) " 0,5) = T22,/2
1. 7p - p 9 24 710 72+T2p2
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Motivated by the appearance of the blowup time T in the initial data, we define the
operator U : [1 —§,1+46] x H*> x H' (B} ;) — H as

2 arctan (4=
tHYEVXp)Z(TWKTbLYQvﬂ7¥0>+(¢L(Qphﬂéx04ﬁ)_’( o 2VQ.>'

p 2+ p?
Note that as long as d stays small enough, this is a continuous map and

()

2 arctan (W) . 22
() 2+ ()

It is also clear that U(1,0) = 0. Further, for ¢ sufficiently small the estimate

o0)=U (T, f-

[0 = Wl oy S 11— T
holds for all 7" € [1 — 6,1 4 4] and so
IOT,9)lls S WVl ey, ) + 11 =TI

forall T e [1—6,144].

LEMMA 7.5. There exist constants M > 1 and § > 0 such that if v.€ H* x H*(BS,;)
satisfies ||V||Hsz1(B§+é) < L. then there exists a unique T* € [1 — 6,1+ 6] and a ® € X;
with ® = Ky(p++)(®) and C(®,U(T™*,v)) = 0.

PROOF. Since

= 2v/2g(p),

T=1

5 (2 arctan(%) T22:/2 )

p 12+ T2p?

the claim follows by an application of Brower’s fixed point theorem, see the proof of
Lemma 6.5 in [30] for the details. O

This allows us to give rigorous meaning to the notion of solutions in our topology.
DEFINITION 7.1. Let
"= {(t,r) € [0,T) x [0,00) : » < T —t}
We say that u : I'T — R is a Strichartz solution of

(%h*f—2@)Mam+3mM%“@”V‘WMtﬂ

=0
273
if ®:=V¥ — U, with

(v e e T
\P(Tv p) T <<1 +aT +,03p)¢(7', p)> ) 1/J< 7p) =T (T T 7T p)7

belongs to X and satisfies
® = Ko(o)(P)
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and C(®,®(0)) = 0.
Next, we show the uniqueness of such solutions.

LEMMA 7.6. Let u € ‘H. Then the map Ky : X — X has at most one fixed point
d € X that satisfies C(P,u) = 0.

PROOF. Let u € H and assume that we are given two fixed points ¥, ® € X with
C(V,u) = C(P,u) = 0. Let 75 > 0 be arbitrary and note that for any § > 0 there exists
an Ny € N such that

W) + [Pl <6, (7.7)
for all n € {0,1,2,..., Ns — 1}, where

1y =Nl ceypzmg + 19l esms) + 191l o % goy + 11l 2@

+ ¥l 22,y 2 (B9)

and I, := [ng3}, (n 4+ 1)3%]. Such an Ns can always be found because the map 7
|fllr(o,7) : [0,00) = R is continuous for every f € LP(0,00) and p € [1,00). From the

calculations done in the proof of Lemma [7.3| we then see that
[¢1(7) = o1(T)l 12wy + 191 (T) = G1(T)lyirrage) + [[¥2(7) = G2(T) | La(as)
S [ ING©) - N (o) o
and so
11 = Gl L2 zoyrz @) + 11 — Gl zyiracesy + 192 = D2l L2y Laes)

/0 T IN(@(0)) — N(U(0)) rudo

L2 (o)

70/Nj§
< em / IN(@(0)) — N(¥(0)) || do

Y

S e [Io1 = o1l zaneracan (161 2ozaeg + 161l o)

3

2 2
1l e me) T 101117410y 3 mey + ||¢1||L6(IO)L%9(B?

3
) + ||¢1||L6(10)L%Q(IB%§)
F 11l 2o yrirracesy (1 + 191l ooy o) + 101l oo my )L (as)))
+1r = D1l 2 eyiragse) (1011 2210 12s) + ||¢1||%4(IO)L8(IB§?))]‘
By choosing delta small enough, we obtain

||1/)1 - ¢1||L2(10)L12(E§) + ||¢1 - ¢1||L2(IO)W174(IB(15) + ||¢2 - ¢2||L2(10)L4(JB§)

1
< 5 (1 = d1llizapymremgy + 181 = Bill i) + 62 = ellaguracen ) -

Hence, it follows that U and ® agree as elements of X' (). Proceeding inductively, we
conclude that ¥ = ® in X' ([0, 79]) and as 7y was chosen arbitrarily the claim follows. [
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7.2. Persistence of regularity and proof of Theorem As we have shown
the existence and uniqueness of Strichartz solutions in the sense of Definition for
data close enough to the blowup solution, we will now show that such a solution is in
fact smooth if we prescribe smooth initial data. The first step in achieving this is the

following result for the semigroup S.

LEMMA 7.7. Let 2 < k € N. Then there exists a constant a > 0 such that the
restriction of S to H* x H*1(BS) satisfies
||S(7—>u||Hk><Hk*1(]B?) Sk eakTHu”H’vakfl(B?)

for all 7 >0 and all u € H* x H*1(BY).

PRrROOF. As L' is a bounded operator on H* x H*~1(BY) for any 2 < k € N, the claim
follows if we show that Sy satisfies
HSO(T)UHH’VXH’C*(]B?) Sk ‘|uHH’“><H’€*1(IB§‘13)
for any u € H* x H*"}(BS). To show this, we argue similarly as in the proof of Lemma

. Thus, assume 7' € [1 5} and let £ > 2 be a fixed natural number. Moreover, by a

272
density argument it suffices to show the claim for u € C* x C*~1(BY). Next, let Ar be

the scaling operator Ay : H* x H*1(BS) — H* x H*1(BY),
Arf = (TH(T.),T? f>(T.))

and note that both A7 and its inverse are uniformly bounded with respect to T'. Now,

let u be the solution of the Cauchy problem
(0} =02 = 20,)u(t,r) =0
u[0] = Az u

on I'". Then, by higher energy conservation we know that

lut, Mrrms._,) + 10wt Mm@y S Nwl0)| e -1 ag,)-

T—t
Furthermore, [So(7)u}i(p) = Te "u(T — Te 7, Te " p) which we use to obtain
ISo(T)ulil[ ey S lu(T = Te™, Te ) ge@s) S Jw(T = Te™™, ) g,
S HU[O]HHkak—I(BGT) S HuHHkak—l(B?)-
In the same manner one obtains the estimate
H[SO(T)ubHHk—l(B?) S HuHHkak—l(Bg)

and since k > 2 was arbitrary the claim follows. U

LEMMA 7.8. Let 3 < k € N. Then the nonlinearity N maps H* x H*"Y(BS) to itself.
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PrOOF. For 4 < k € N the claim follows immediately from the Banach algebra
property of H*(BY). For k = 3 it suffices to show that

~ 0 0
N(u)(,O) = (N(uﬂ(p)) = <_3sin(2pu1gp)3)—6pu1(p)>

is in H? x H*(BY) whenever u € H® x H*(B%). This follows from the equation

N(u) = N(¥, +u) + N(¥,) 4+ L'y,

and the fact that ¥, € C® x O (E) Making use of Taylor’s theorem, we see that

3sin(2px) — 6px
2p3

n(p,x) = =6 /Ow cos(2tp)(x — t)*dt = 6x3/0 cos(2tpx)(1 — t)dt
(7.8)

and thus, we need to show that p — n(p, u(p)) is an element of H?(BS) for any u € H?3(B?).
For the H' norm we see that

(-l u)ll sy S Nullrems) + 1wl reme) + lu?u'] 2
S+ ||U|IZIL-I3(B?) + ||U2||L4(B?)||U/||L4(B§)
S1+ Hu“?ﬁ(B?),
while
u(p)
| 20y contzip)utp) — ) + 20 () cos(2ap
0

— 8u/(p) sin(2tp)2t(u(p) —t) — 4cos(2tp)t?(u(p) — t)*dt

Il ) guy = ]

5 u(p)
+ - (/ 2u'(p) cos(2tp)(u(p) — t) — 2sin(2tp)t(u(p) — t)th) |
1% 0 L%(B?)
Note, that
u(p) 5 rulp)
/ 2u" (p) cos(2tp)(u(p) — t)dt + — / 2u/(p) cos(2tp)(u(p) — t)dt
’ rJo L3(B9)

- ‘ (u"<p> ¥ %u%m) / g cosato)ulp) — 1)

L3 (BY)

IN

u(p)
/0 2 cos(2tp)(u(p) — t)dt

<l sy
LS(BS)

ellyirs ag)
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due to Holder’s inequality and Sobolev embedding. Further, by employing Lemma [3.1
we derive the estimate

g / " n2t)2t(ulp) — £)dt

P S H"|71U4HL2(B?) S HU4”H1(B§)

L3 (BY)

S Hu”WU‘(IB%‘f)HUSHLG(B?) S HUH?}?’(B?)
and as the other terms can be bounded likewise we conclude this proof. O

LEMMA 7.9. Let 3 < k € N. Then there exists a constant b, > 1, such that N satisfies
the Lipschitz bound

b b
HN(U) - N(V>||Hk><Hk*1(IB?) 5 <1 + ||u||Hkk><Hk,1(B<1;) + ||V||Hkk><Hk71(Bili)> ||11 - V“H’“XH’“*(IB%?)
for allu,v € H* x H*1(BY).

PRrROOF. For k > 4, the claim again follows immediately from the Banach algebra
property of H*(BY) and for k£ = 3 it can be proved like Lemma O

With this we can now define another notion of a solution of Eq. (|1.3)).

DEFINITION 7.2. We say that u : I'T — R is a local H* solution of

<at2 o ;ar) u(t.r) + 3s1n(2ru(t,;2§ — 6ru(t,r) _0

if .=V — U, with

- (7, p)
(T, p) := <<1 + 0: 4 pd (T, p)

belongs to C([0,70), H* x H*}(BS)) and satisfies

) : W(r,p):=Te "u(T —Te ", Te "p),

®(1) = S(7)P(0) +/ S(t — o)N(®(0))do
0
for all 0 < 7 < 79. Finally, if 7y can be chosen oo, we refer to u as a global H* solution.

Using Lemmas and we can now mimic the proof of Lemma to obtain a
local existence result in H* x H! for k > 3.

LEMMA 7.10. Let M > 0 and 3 < k € N fixed. Then there exists a 7o > 0 such that the
following holds. Let (f,g) € H* x H*""(B}) with ||(f, g)|lmrxmr—1(ss) < M. Then there
exists a unique local H* solution u of in the lightcone TT with (u(0,.), dou(0,.)) =
(f,9). Moreover, if the associated ® is inextendible beyond time Ty, we must have

sup H(D(T)HH’CXH’C*(IB?) = OoQ.
T€[0,70)

Using this local existence result we can now show that a local H? solution in the
lightcone I'" will be a global one, provided that it is also a Strichartz solution.
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LEMMA 7.11. Suppose we are given initial data (f,g) € H> x H*(BS.), such that there
exists an associated Strichartz solution u with (u(0,.),0u(0,.)) = (f,g9). Then u is also

a global H? solution.

ProOOF. From Lemma we already know that there exists a unique local H3
solution u. Assume now that the corresponding ® is inextendible beyond 75. Moreover,
for any bounded interval I C [0,00) that contains 0 we let X(I) be the completion of
O™ x C>(I x BS) with respect to the norm

101, d2)ll ey = il 2oy + 191l scnyro@s) + Ioillianos@s) + 101l o )% o)

+ 61l oo yzo@s) + |01l 2yvirragms) + G2l L2y zees)-
Then, by Sobolev embedding ® belongs to the space X ([0, 7]) for every 0 < 7 < 7y and

therefore by our uniqueness theory has to coincide with the Strichartz solution on the
time interval [0, 79). Next, from Lemma [7.7| we know that the estimate

||S(T)u||H3xH2(B§) = €a37—||u||H3><H2(IB§‘13)

holds for any u € H? x H*(BY) and 7 > 0. With this at hand, the main task now is to

establish control over the nonlinearity. To do so we again investigate the expression
n(l.],u) = / cos(2t].|) (u — )2t
0
for u € H3(BY). Similarly as before, we obtain
Il )l gagy < ullEaqa) + el o + lullimoges el
S Nullroay (el inqagy + el Zogsg, ) - (7.9)
Recall, that
u(p)
/ 2" (p) cos(2tp) (u(p) — t) + 2u'(p)* cos(2tp)
0

— 8u/(p) sin(2tp)2t(u(p) — t) — cos(2tp)2t*(u(p) — t)*dt

ot )l = |

u(p)
+ > / 2u/(p) cos(2tp)(u(p) — t) — sin(2tp)2t(u(p) — t)*dt
P\Jo L3(8%)
Holder’s inequality implies that
u(p) 5 u(p)
| 2o costato)utp) ~ it + 2 [ 2 o) cos(2tp) ()
" p L3(BY)

SJ ||u||H3(IB%?) ||U||%12(Bfl>)
L§(BY)

< [lwllyi2s s

u(p)
/0 2 cos(2tp) (u(p) — t)dt
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Next, from the calculations in Lemma we also infer that

5 [ulp) _
—/ sin(2tp)2t(u(p) — t)%dt|| S llu ey S Nullwroes 4] s
0

p

S HUHHS(IBS?)HU||?£9(IB§)

while doing an integration by parts yields

u(p)
/o cos(2tp) 2t (u(p) — t)dt

L2(BY)
u(p) L ) )
<|[ o sintze) [alp) - 0 + 2lulp) - 0] e
0 L2(BS)
S HH_1U4HL2 (BS) ~ HUHH3(IBG ||U||L9 (BS)*

As the remaining summands can be bounded likewise we derive that

In(.L, Wl r2ag) S lullmsms (1ullzos) + lulZes) + s
( (B1) 1)

and therefore
IN ) ooy S N llirsssy (e loqagy + el asagy + oy )

for any u € H® x H2(BS) and with N as defined in the proof of Lemma . Moreover,

we know that

and so we see that

ING) ooy S (1l larscagy ) (1 o) + e Baagag) + e 2naqag))

for any u € H? x H*(BS). With this at hand we readily estimate
H(I)(T)”H3><H2(IB‘1)') S 6GSTHCI>(O)HH3><H2(IB?) + eagT/ HN((I)(U))HH3xH2(]B§)dU
0
S RO sty + o [ (14120 marion)
0

% (11010 oy + 191 (0) B rsqap) + 161(0) Fonagep) ) do

for any 0 < 7 < 719. Hence, Gronwall’s inequality implies
1O (7) || 2 rr2mey S €7 (70 + 14 19300y + 12(0) |75 1125
e (e [ 1010y + 16100) gy + 1610) iy
0

< e (10 + 1+ @[30,y + 19(0) | rosr2es)
x exp (e (1 + || @[3 0,m)))) -
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for all 0 < 7 < 79. So, we see that ||®(7)|| g3, p2ms) can be uniformly bounded on [0, 79)

which contradicts the blowup alternative. O
The same strategy can be applied to further improve the regularity to H* x H?(BS).

LEMMA 7.12. Suppose we are given initial data (f,g) € H* x H3(BS.), such that there
exists an associated Strichartz solution u with (u(0,.),0u(0,.)) = (f,g9). Then u is also

a global H* solution.

LEMMA 7.13. Suppose we are given initial data (f,g) € C® x C™(BS.), such that
there exists an associated Strichartz solution w with (u(0,.), dou(0,.)) = (f,g). Then u is
a global H* solution for every 3 < k € N.

PROOF. From Lemma [7.10] we already know that smooth initial data leads to a local
HP* solution for any 3 < k € N which additionally is a global H* solution. Fix now
a natural number k& > 5. As before, we consider the associated ® € C([0,7), H* x
H*1(BY)) and assume that ® € C([0,00), H** x H¥"2(BY)). Suppose now that & is
inextendible beyond 7y, for some 79 > 0 as an element of C([0,7), H* x H*1(B?)). As
k > 5 we can use the Banach algebra property of H*"}(BS) to compute that

||N(u)”H’9><H’9*1(B‘13) 5 1+ ||11| k[:{—"l_cglek72(Bfli)

for all u € H* x H*~1(Bf). We then use Lemma [7.7] to calculate
|’q)(7-)HH’f><H’€—1(B?) S e’ ||(I)(O)HH’“><H’“—1(IB?) + HN(‘I)(U))HHkak—l(B?)dU
0

< (10O s + [ 11RO sy )
0

Hence, the H* x H*~1 norm of ®(7) stays uniformly bounded on [0, 75), which contradicts
the blowup alternative. Proceeding inductively, we obtain ® € C([0, 00), H* x H*~1(BY))
for every 3 < k € N. O

PROPOSITION 7.1. Suppose we are given initial data (f,g) € C> % Cm(@), such
that there exists an associated Strichartz solution u with (u(0,.), 0u(0,.)) = (f,g). Then
u s a smooth solution in the lightcone I'T.

PROOF. Lemma [7.13| implies that the associated @ satisfies ® € C([0,00),C* x
C*(BY)) for all k € Ny. Furthermore, as u and ®(7)(.) are smooth for any 7 > 0 we
know that

0, P(1) = S(7)Lu + N(®(7)) + /OT S(7 — o)LN(®(0))do
and hence we see that
9@ € C([0,00),C* x C*(BS)).
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for all & € Ny. However, as the right hand side contains no terms involving 0, we can
conclude inductively that ® satisfies ® € C¢([0, 00), C* x C*(BS)) for all k, £ € Ny. Hence,
we infer that 9505®(7)(p) can naturally be identified with an element of C/([0, co) xBS, R?)
for any k,¢ € Ny. Consequently, an improved version of Schwarz’s Theorem (see [86],

p. 235, Theorem 9.41) ensures that ® and subsequently u is indeed smooth. Il
Now, we are finally able to prove Theorem [I.3]

ProoF oF THEOREM [L.3l Let 6 > 0 be small enough and choose M > 0 sufficiently
large. Further, let v = (f, g) — ul[0] € C* x C~(B 1+5) be such that

)
1(f,9) — us[O)| prxmgas, ) < a

146
Then, by our previous results, there exists a unique smooth solution with that initial data.
Denote this solution by w, its associated function in similarity coordinates by ® € Xj,

and let T be the blowup time. We calculate

5 > ||¢1||%2(R+)L12(B§) = / H@/}(T, )—=27! arctan( 2| |>’
0

L12(BS)

dt

T 1 2
— / Hw(— log(T —t) +1ogT,.) — 2\_]*1 arctan (2*5“)‘
0

2@ T —t
T
-
dt

—2|.| "' arctan (2_§l>
T _t LlQ(ng,t)

T
= [ ) = g

and similarly

(T — ) 4p(—log(T —t) +logT, T—t)

, o) . 1 2
10) > ||¢1||L2 W14(IB%6 :/0 “¢(T’) _2|| arctan <2 2|'|>HW1,4 (BS) dr
_/0 H1/J(—log(T—t)—|—logT,.)—2|.|_larCtan< 2| |>HW14B6 ——t

(T — )" (~log(T — t) +log T,

2

Tt)

T
¥
—2[|1arctan(22 i ) dt
T - t W1’4(Bg_t)

T
= [ ) = )
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8. The main Theorem

Establishing Theorem will now be a comparatively simple task. We first state

another useful version of Hardy’s inequality.

LEMMA 8.1. Let d =4,6 and Ry > 0. Then we have the bounds
f d
2, d— 2
@Rt < 111,

IR
for all R > Ry and all f € CQ(@).
PROOF. This can be shown ad verbum as Lemma B.1] U
Using this lemma, we can establish the following result.

LEMMA 8.2. The equivalence of norms
|H'|f|lH2(R4) = ||f||H2(R6),
holds for any f € C*(R*). Further, also
-1 2 esy = [1f 1 2 gas),
holds for f € CQ(E) and R € [1,3].
Proor. We start by noting that
-1 2@y = || fll z2re)-
Next, we calculate
wm@M=/MWﬂmw%s/|ﬂm%+wm%msm&m
0 0

due to Lemma [8.I] Analogously, we have that

WNMW:/
0

< /OOO () P>+ 5L (r)[Pr? + [ f(r)Prdr S D Il )
by Lemmas [3.1] and 8.1} Thus, we have shown
1S 2y S 11 [ m2cre)-
To establish the other inequality, we once more employ Lemma to estimate
ey = [ 17O S [ 10.0INP 41500 r%dr < 115 e
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Finally, to bound the H?(R®) norm of f in terms of |||.|f| z2(gs), we first note that an
integration by parts shows that

| P < [Tk = 1
Now, as the Fourier transform of a radial function is again radial, we have that
10 ey = NAF D Z2@ay S W-PFC) Z2 e
SMPFCIN 2@y S M1 @y
and thus
J G Ry AT GRS (AT
Using this, we obtain that
2 > " 5 /
ey = [ [770)+ 270
< I Ao

which establishes the other inequality. The claim on balls can be derived by the same

2

ﬁmsmuﬁmﬂ+4|ﬂm%+quﬁw

means combined with an application of Lemma |3.6] O

Next, we will show that by combining Theorems and we obtain a smooth
solution of Eq. (1.3]) on [0,7") x RS.

LEMMA 8.3. Let (f,g) € C® x C®(R®) be smooth initial data that satisfy the as-
sumptions of Theorem and let T' be the associated blowup time. Then Eq. (1.3) has a
unique smooth solution u : [0,T) x R® — R, which satisfies u[0] = (f,g).

PROOF. From Theorems [[.2 and [[.3] we obtain that there exist two solutions corre-

sponding to that initial data, one on
{(t,r) € [0,00)* : 7 >t}

and a second one on I'T := {(¢t,7) € [0,T) x [0,00) : » < T —t} for some T close to 1
and with r = |z|. As both solutions are smooth, they have to coincide on their overlap.

Thus, we obtain a solution on
Ly U{(t,r) €[0,00)* : 7 >t}
Recall now that we defined the domains
Fié('ro) ={(t,7r) : t € [to, t1),7 € [ro — (t1 — t), 10+ (t1 — t)]}

and for any such “lightcone” we call the set {to} x [ro — (t1 — to), 70 + (t1 — to)] its base.
The idea now is to cover the set [0,7 —¢] x R® for any € > 0 small, with lightcones, such
that we can extend our solution from one lightcone to the next. To this end consider
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I = I’;T_;]Zg_jQT—i- $), for k € Ny and € > 0 small. Then, there exists a minimal k. € N
2

such that the base of I'y, is contained in
I u{(t,r) €[0,00)% : 7 > t}.
Moreover, for 0 < k < k. we have that the base of I'}, is a subset of
D UTTU{(t,7) € [0,00) : 1 > t}.

Therefore, the local existence theory in lightcones implies that we obtain a smooth solu-

tion on .
ITu{(t,r)€[0,00):7 >t} U (U Fk) :
k=0

However, by construction we have that [0,7 — €] x R® is contained in this set, and as

€ > 0 can be chosen arbitrarily small the claim follows. U

Combining this Lemma with our local wellposed theory in lightcones now yields the
desired existence on Q% := ([0,00) x R%)\ {(t,z) € [T, 00) x R®: |z| <t —T}.

PROPOSITION 8.1. Let (f,g) € C x C*®(R®) be smooth initial data that satisfy the
assumptions of Theorem and let T be the associated blowup time. Then Eq. (1.3)) has

a unique smooth solution on Q5 that satisfies u[0] = (f,g).

Having constructed solutions on all of Q. we now turn our focus back to the original
wave maps equation (1.1]). For a smooth solution u of Eq. ([1.3) we obtain a solution of

Eq. (1.1 by setting
Ut z) = sin(]x\u(t,x))ﬁ
cos([zfu(t, x))
and a Taylor expansion shows that U is indeed smooth. Recall, that the prescribed initial

data were of the form (U(0,x),0,U(0,x)) = (F,G) with
o Sin(lxlf(m))%> ) :< cos([elf (@))gx)e )
e ( cos(lalf@) ) O T\ sinal £ elo(a) 5

for smooth, radial functions f,g : R* — R. For notational convenience, we also set
Ul0] = (F.,G.) and u![0] = (fs, g), and finally, for 6 > 0 we define the set

Fy={f€C(BL,): |elf(x) € [-3,3] forall v € B,

LEMMA 8.4. Let dg > 0 be sufficiently small and for f € Fs, define

_ (sn(els@n
Fita): ( cos([|£(x)) > '

Then the estimate

If = fllme@, ) S I1Fr = Fllmzes, )

1+6
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holds for all f € Fs, and all § € (0, dp).

PROOF. From [ € Fj,, we can infer that cos(|z|f(|z])) > ¢ for all z € B}, ; and
some constant ¢ > 0. Furthermore, by choosing d, sufficiently small we also ensure that

f« € Fs,- Moreover, we have the explicit representation

x = arctan T Ff’ 1) = arctan M
2| f(z) t < 2] Fy. (z) ) ’ (COS(IZ‘!J”(I))>

sn(Ll/) is bounded by assumption and arctan € C*°(R), we can

cos(|.[f)
immediately conclude that

sin([[f)  sin(||f) |

cos(|.|f)  cos(|-|f) | 2w

(BS,5)
< llsin(1f) = sin(L £ Bpagus + llcos(-1f) = cos(l1fo) 2agas .
By employing Lemma we can thus wind up this proof by showing that

for any f € F;s,. Since

I11Cf = £l

(Bf,5) N

4 2
xz .
Isin(|-|f) = sin(l|f) s, ) S Z [sin([z]f(x)) — sin(|z]f.(x))]
=1 HQ(B%.H;)
From the fact that
t 5l
— <
%
and the triangle inequality we can immediately infer that
4 2
Jsin(17) = sin( ) s, S 3 | bin(el ) — sl £ o)
i=1 L2 (B} +5)
Let now h be the radial representative of |.|f(.) and calculate
0ij — ;i

x; i
3J| | sin(h(|z])) = 1'(|z]) cos(h (\xl))w +sin(h(|z]))= ‘ E
for j =1,2,3,4 and where 9, ; denotes the Kronecker delta. Note that

4
.I'iilij ((Si,j l’il’j) —0
Z 3]
[zl \lz|  |z]

1,j=1
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and therefore

Zfim.m>ﬂmmmmHm)
EZ Mﬂmaum»—mwwmwmmmJLw)
+ x%smwmwwwmwﬂﬂm]pw)

2,J=1
> | sin(l.1f) = sin(l- L)l e,

Finally, we calculate

00, sin (1) = 1" (Jal) cos(h(2)) T = P (Jal? sin(hfe])) 7

T H(Jaf) cos(h(|z])) 25— T

|z ]?

and

00y sin(hlla])) = (o) cos(h)) =T = = 1 (Jal? sin(h(jel))

|z[® |z[®
0i ki + 0% + 0; jy, TiXi T
+ B (|z|) cos(h(|x])) < J |J$|2 723 |x]|4 > (8.2)

. 0 ki + 0i xTj + k0 ik Tp
() (LD 0 i

for j,k=1,2,3,4. As before

and so

= > || o 0" (haly cos(htal)) = ()? sinhla))

— h(|z]) cos(ha(z)) + A'(|2])? sin(h(|z]))] 2

L2(B4, ;)

2
5j,k — xkasj

P [P (|[) cos(h(|x])) = hi(|x]) cos(h(lx))]

_|_

(8.3)

LE(BY,s)
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Moreover, since

4

Z

J,k=

2

(1 (|e]) cos(h(|x])) — R.(|]) cos(h(|z])))

L2(BY ;)
2

1
]

an application of Hardy’s inequality yields

[P (|z]) cos(h(|z])) — h.(|x]) cos(h(|z]))]

Y

< ‘
L3 (Bi,s)

2

|y e sty costral|

146)
S 1! () cos(h(|])) — R (|e]) cos(h(l)) 772 s

A direct calculation shows that

o)

4
TiT;Tg 5i,kxj + 5j7kxi + 5i,jt’lfk T -
> ~3 =0,
= fx]? |z [t

1,5,k=1

from which we can infer that

[Sm( (Iz])) = sin(h.([z]))]

2

H2(BY )

4

S

jk,i=1

— (|2])*sin(h(|z[)) + h'(|2])% sin(ha(|2]))]

TpT ;5

PE 1" (|2]) cos(h(|z])) — hZ(Jz) cos(hu(lz])

2

(8.5)

L2 (Bﬁ-a)

Subsequently, combining (8.3)), and ({8.5]) yields

|| sin(h) — sin(h*)||22(3411+6) < H% [sin(h(|z])) — sin(h.(|x]))]

2

H2(BY, )

+ |11 () cos(h(|])) — B (|21) cos(h(lzI) 7 es

< HH sin(hla])) — sin(a (2]

H2(BY )

Similarly we also have

LEMMA 8.5. Let &g > 0 be sufficiently small and for f € F5, and g € C™(Bi B, )

define
z) = cos(|z|f(z))g(z)x
Grg(x) (_ Sln(|x|f<$))|x\g(x)> :
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Then the estimate
lg = g-llmes, ) S (16 e = Gullmsy, + If = Follms, )

holds for all g € C=(Bi,;,), f € Fs,, and § € [0, 0p).

PROOF. Let Gy, = G. Then, we have the explicit representation
|zlg(z Z 2] % (lz|f (2))Gi(x) — sin(|| f () G5 (2)
and therefore
2
I1-1(g = g:)Z2s ) < Z [ cos(|z )G (2) = cos(|z] f) Gy ()| 2pt )
+ [sin([e]£)Gs(2) — sin(lal £)Gu (@) 22ge1
S = fillfas,,) + 1G = Gullfe@s )

Furthermore, using Hardy’s inequality one can directly verify the estimate

1119 = 9o, S (IG = Gellma, + 1f = Fellmeag, )

Combining these last two Lemmas now yields

PROPOSITION 8.2. Let §g > 0 be sufficiently small and for f € Fs, and g € C*°(B 1+6o)
define Fy and G4 as in Lemma[8.4) and [8.5 respectively. Then the estimate

H(f,g) [ ]||H2><H1( < H(FfaGfg) [ ]||H2xH1(B 1)
holds for all f € Fs,, g € COO(IB%HO) and ¢ € [0, dp).

Loosely speaking, we have just shown that initial data of Eq. (1.1]) reduces to initial
data of Eq. in a sensible manner and all that is left to do is to go back in the other

direction, i.e. to prove the following result.

LEMMA 8.6. For u € C*(R x R®) define
Uit ) = <s1n<|.|<u<t, .>>e> |
cos(|.|u(t, .))
Then the estimates

_5
1178 (Uu(t, ) = ULt ) ey S llult, ) = ul (8 ) |2, )

117205 (Uu(t, ) = UL () Nses_,y S Nt ) —wl (& )y, )
hold for j =1,2,3,4, T € [3,2] ,t €1[0,T), and u € C*(R x RE).

Before we can show this, we need one final auxiliary lemma.
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LEMMA 8.7. The estimate
_1
I3 Nascagy S (1lcsgy + Tulzsss

holds true for all u € C(BS,) and all R > 0.

PROOF. Let R > 0 fixed and note that

R
_1
1172 (1) 12 s, S/ [/ ()*r® + Ju(r)|*rdr
0

and thus we are left with showing

R R R 3
/ lu(r)|[*rdr < / [/ (r)|*rPdr + (/ |u(7‘)|12r5dr)
0 0 0

An integration by parts combined with Holder’s inequality yields

R R
AwwwmfR%mW+Ahmwwme

< R*|u(R)|* + (/OR |u(r)|4rdr)2 (/OR |u’(r)|4r5dr)i .

From Young’s inequality, we can now infer that

R
/ lu(r)[*rdr < R*|u(R)[* + 3 /
0 0

for any € > 0. Ergo, choosing ¢ small enough implies that

R R
/ lu(r)[*rdr < R*|u(R)|* + / [/ (r)[*r5dr.
0 0

/0 "’ o (r)rodr /O "’ u(r)ridr

R I R e
< RO (/ ]u/(r)\47"20d7") + R°t12 (/ ]u(r)]12r48d7")
0 0
1

R 1 R
lu(r)|[*rdr + —4/ |/ ()| *rPdr,
e Jo

Finally, we compute

lu(R)| = R™® <R + RS

Hence

R R 3
R*lu(R)[* < / [/ (r)[*r°dr + (/ ]u(r)|127’5dr)
0 0

and since all the implicit constants can be chosen independently of R the claim follows.
O
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PrRoOF OF LEMMA [B.6l The first estimate follows immediately from the Lipschitz

continuity of the trigonometric functions. For the second one, it suffices to show that
1 «
1117205 (Uult, ) = UL () lses_y S llult, ) — w(t, )l e,
LR ) = AT sy (86)
where @ = |.Ju and @! = |.|u’, thanks to Lemma[8.7 For i =1,2,3,4 we calculate

ozl — zi;

0; [Uu(t, @) = U (t, )], = cos(a(t, |z])ora(t, |x|)| |2 in(u(t, [z])) = BE

6|2 — wix;

— cos(al (¢, |2]))onal (¢, |as|) in(@, (t, |=])~* e

and so
4

H|.|—%aj [Uu(t,) = UT(t,.)].

"NL4BL._,)

: /0 _ [cos(@(t, r)a,at, r) — cos(@] (¢, 7))d,al (¢, r)[ rdr
+ |sin(a(t, 7)) — sin(@l (¢, r))} =3y

From Holder’s inequality, we now immediately infer that

1
3

/OT_t |sin(@(t,r)) — sin(@l (¢, )| r3dr < (/OT_t lsin(a(t, r)) — sin(@? (¢,r))| " r‘7dr>

< ||’LL('LL, ) - UZ(ta ')l|i12(3%_t).

To proceed, we remark that

T—t 1
/ l0,al (t,r)|%r°dr = (T — t)6/ (T —t)"'o,a" (¢, (T — t)p)‘6 pPdp <1
0 0
for all ¢ € [0,7"). With this in mind, we estimate
T—t
/ ‘cos(ﬂ(t, r))oyu(t,r) — Cos(ﬁ:{(t, r))&ﬂ*T(t, T) !4 rdr
0
T—t A
< / | cos(@.(t, r)|* [9,a(t, r) — d.uy (¢, r)| rdr
0

+/0 ) |0Tﬂf(t,r)|4|cos(ﬂ(t,r))—Cos( (t r))‘4rd7“

< I3 ) = B s /0|8rﬁf(t,r)\4|cos(ﬁ(t,r))—cos( T(t,))[ rdr.
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One last application of Holder’s inequality then yields

T—t
/ |04l (t,r)|* ‘cos(ﬁ(t, 7)) — cos(ul (t, 7’))|4 rdr
0

<(/ aate, o) (/ " cos(@(t, ) — cos(@(t )

=

5 ~

S e, ) =@t M) = lult, ) — et )l
Since |||.| 80, [Uu(t,.) = UL(t, )], |4(s_,) can be bounded in the same manner we can
conclude this proof. O

PROOF OF THEOREM [[L Tl Let (F,G) be as in the assumptions of Theorem
Proposition [8.2] tells us that

1(f,9) — Ui[o]H%{?le(BgiH) S G) - U:[O]Hiﬂle(B‘fH)

and hence, if (F,G) are chosen close enough to U}[0], then (f,g) will satisfy the as-
sumptions of Theorem [I.3] Therefore, we can conclude by invoking Proposition [8.1] and
Lemma [B.6l U
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CHAPTER 3

Strichartz estimates and blowup stability for energy critical

nonlinear wave equations

1. Introduction
We consider the focusing energy critical nonlinear wave equation
(02 — A)u(t, z) = ult,z)|u(t, z)|7>
ul0] = (f,9)

for a fixed dimension d > 3 and v : I x R — R, for some interval 0 € I C R and
ult] = (u(t,.), dwu(t,.)). When studying Eq. in a low regularity setting, one can of
course not hope for classical solutions and instead has to resort to a different notion of a
solution. For Eq. this can be achieved by using Duhamel’s formula,

(1.1)

u(t,.):cos(ﬂvf)f-l-%g—{—/o Sin((t‘_vrﬂvDu(s,.)|u(s,.)|df2ds, (1.2)

where cos(t|V|) and % are the standard wave propagators. This weak formulation
is a sensible expression for (f, g) € H' % L*(R%) and moreover, it is known that Eq.
is locally well-posed in this regularity class (see [71], [12]). Furthermore, this is the lowest
possible regularity in which the equation is not ill-posed. The key difficulty to prove local
well-posedness of Eq. stems from the fact that the nonlinearity cannot be controlled
by Sobolev embedding, as this would require the embedding H'(R%) < L (R?), which
evidently does not hold. This can be remedied by employing Strichartz estimates. These
are spacetime estimates of the form
sin(t|V|)

|V| g|| a2 2d+4 5 HgHLQ(]Rd)

L2 (R)L 42 (RY)

and variants thereof. Loosely, the improved control given by these estimates, is a conse-
quence of exploiting the dispersive nature of Eq. .

One of the most intriguing features of Eq. is the occurrence of singularities in finite
time. An example of this phenomenon is given by the explicit solution

W) = co(T — )2 ¢y= (M) - :

where 7' > 0 can be freely chosen. To investigate whether this solution is an isolated

example of this kind of blowup or if it actually plays a role in more generic evolutions,
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one has to study the stability of this family of solutions. To do so, we restrict ourselves
to radial initial data for which Eq. (1.1]) turns into

(02 — 92 — =19,) u(t, r) = ult, r)|u(t,r)|7=
ul0] = (f.9),

for r = |z| and where we identify functions with their radial representative. Moreover,

(1.3)

we employ the finite speed of propagation property thanks to which we can study Eq.
(1.3) in the backwards lightcone I'r := {(t,r) : t € [0,T),r € [0,T7 —¢]}. For this domain,
especially useful coordinates are given by the similarity coordinates

r

p =

In these coordinates we then linearise the nonlinearity around the blowup solution u’
and set ¥(t, p) = (Te ™) T u(T — Te ™, Te " p) and

d—2
1/}1 (7-7 p) = 1/}(7-7 p)> 1/12<7'7 /0) = 8Tw(7—7 p) + pa/’w(T’ 10) + Tw“-? )0)
to obtain an abstract evolution equation of the form
0,U(7) = LW (1) + N(U(7)),

where L is a linear spatial differential operator. More precisely, L formally takes the form

; (m(p)) _ ( =i (p) = %2 (p) + us(p) > . ( 0 ) |
us(p) ui(p) + S (p) — pus(p) — Gua(p) 2 (p)

Finally, we denote by L2 ,(B{) the space {f € L?(B¢) : f radial}. The analogous defini-
tions hold for C* (Bd) and H! ,(BY).

rad

THEOREM 1.1. Let d > 4 be a fixed natural number and define the domain of L
to be C2 , x C!

md(IB%’jl). Then L is closable and its closure L generates a one-parameter

semigroup {S(7) : 7 > 0} of bounded linear operators on H} , x L2 ,(BY) such that the
following holds. There exists a one dimensional subspace U C H} , x L? ,(B}) and a

bounded projection P : H' , x L2 (BY) — U such that

rad
||S(T)Pf||H1xL2(B§) S eTHfHHlxm(Bgl)
holds for all f € H},,x L2, ,(BY) and all T > 0. Moreover, forp € [2,00] and q € [2%, 24 ]
with % + g = g — 1, the bound
||[S(T)(I - P) ] HLp (RT)La(BY) ~S S ||(I - )f||H1xL2(IB§)
holds for all £ € H},, x L2, ,(BY). Additionally, the inhomogenous estimate

\/OT{sv—ax P)f(o, Jd

-~

SIA=P)f(r, ')HL}([)HleQ(Bf)
LE(I)L‘I(B?)
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holds fO?“ all ]?6 C([07 OO), Hv}ad X Lzad(Bil)) ﬂLl([Oa OO), Hv}a,d X Lgad(Bcll)) and all intervals
I=10,7) C[0,00).

Before we come to our second theorem, we would like to make the following remarks.

e The one dimensional unstable subspace stems from linearising around u?. This
produces the eigenvalue 1, which corresponds to the time translation symmetry
of the equation and hence is not a real instability.

e In Cartesian coordinates the potential obtained from the linearisation has a
singularity at the tip of the lightcone I'r. Our result therefore shows Strichartz
estimates for a wave equation in a lightcone with a potential that exhibits singular
behavior at the lightcone’s tip.

e The method we employ is very robust and can easily be adopted to other poten-

tials provided one has enough spectral information.

These Strichartz estimates are the main tool used to investigate the blowup stability

of u” in the critical topology, i.e., to prove the following result.

THEOREM 1.2. Let 4 < d < 6 be a fized natural number. Then there exist constants
M > 1 and &y > 0 such that for 6 € (0,0q) the following holds. Let (f,g9) € H},
L2, (B, s) be such that

rad

4 X

o
||(f7 g) - ul[O]HHleQ(Bﬂ_&) S M

Then there ezists a unique solution u to Eq. (1.3) and a T in [1 —§,1 + 0] such that
T
/ lu(t,.) —u” (¢, )] 20 dt < 6% (1.4)
0

Once more we would like to make some remarks.

e One readily computes that

T 2 ~ -1
et N, g gy = (T =007

Hence, for the estimate to hold, u has to exhibit the same blowup behavior
as u? modulo a small error. Consequently, Theorem states that there is an
open ball around u![0] in the energy topology such that data inside that ball
leads to the ODE type blowup. Observe, however, that the actual blowup time
gets slightly shifted in general. This shift is a consequence of the time translation
symmetry of Eq. .

e We also quickly discuss our notion of solutions. In this low regularity setting
with (in general) nonsmooth nonlinearity, constructing classical solutions is not
feasible. Roughly speaking, when transformed to similarity coordinates, the solu-
tion u constructed in Theorem is a fixed point ¢ in an appropriate Strichartz
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space of Duhamel’s formula

S+ / S(r — IN((6(0),0))]dor

For the precise definition we refer the reader to Definition 5.1

e The topology used is optimal in that one cannot lower the regularity assumptions
on the initial data as Eq. is ill-posed below H' x LZ.

e The restriction d < 6 is due to the fact, that starting from dimension 7 one
cannot solely rely on the established LPL? spacetime estimates to control the
nonlinearity. To overcome this difficulty, one would need better inhomogeneous
Strichartz estimates to close the fixed point arguments performed in the last sec-
tion. While this is certainly a sizable task, it is definitely a worthwhile endeavor
that warrants further investigation.

e Lastly, we would like to emphasize that, to the best knowledge of the author,
this is the first optimal blowup stability result for the nonlinear wave equation
in even dimensions. This lies in contrast to the odd dimensional case where
Theorems and had already been established for three and five dimensions,
see [30}, [34]. The methods employed in these works were of a similar nature and,
in fact, the present work builds on the ideas employed there. However, working
in a fixed odd dimension significantly simplifies the majority of the construction,
especially the involved ODE analysis. In these low odd dimensions fundamental
systems of solutions to the ODE in the asymptotic construction of resolvent can
be found explicitly without the need to rely on more sophisticated tools such
as Bessel asymptotics or Liouville Green transformations. Similarly, controlling
the oscillatory integrals resulting from the LaPlace inversion of the resolvent of
L is technically less involved. Two more closely related results that we want to
mention is that of optimal blowup stability for the H? critical wave maps with

target manifold S* [39] and an extension of [30] to randomized initial data [11].

1.1. Outline of the proof of Theorem [1.1] As the main body of this work is
concerned with proving Theorem [1.1] we highlight the key steps. We also emphasize
that the strategy employed to tackle this problem builds on the techniques devised in
[30, 34, [39].

e As previously mentioned, our starting point is formulating the problem in the

T
T—t"

blowup solution u? is just a constant function. Moreover, Eq. (I.3]) takes the

autonomous first-order form

similarity coordinates 7 = —log(7T — t) and p = In these coordinates the

O(7) = LO(7) + N(®(7))

for perturbations ® of the blowup, where L is a spatial differential operator
obtained from linearising the equation around the blowup solution, and N(®(7))
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is the resulting nonlinearity. We show that L generates a semigroup S on H :=
H!  x L2 ,(BY) and prove that L has precisely one unstable eigenvalue A\ = 1.
This eigenvalue does not correspond to a “real” instability of the blowup solution
u” but is just a consequence of the time translation symmetry of the equation.
Furthermore, we establish that the associated spectral projection P is of rank 1

and by standard semigroup theory we obtain the bounds
IS(r)(I = P)lly < Cee™”
for any € > 0 and
IS(T)P|l3 < Ce.

Having done this groundwork, we begin with establishing Strichartz estimates for
S(7)(I — P). For this, we first asymptotically construct the resolvent of L. One
of the key ingredients for this is the fact that the spectral equation (A—L)u = f
with u = (uy,u2) and f = (fi, f2) reduces to the second order ODE

(L= (o) + (8 = @3 ) ahlo) = A+ d = D))

— duy(p) = —Fx(p)

with F\(p) = fa(p)+(A+2) f1(p)+pfi(p) and p € (0,1). To simplify the analysis
of the equation, it useful to get rid of the first order derivative by appropriately

(1.5)

transforming the independent variable u. For the resulting equation, we then

construct fundamental systems near both poles separately. To do so, we employ

1 1+p
plp) =5 og(l_p>

which, by means of a Liouville-Green transform, transforms the equation into a

the diffeomorphism

Bessel equation. Near 0, we then construct two linearly independent solutions
to Eq. which are in essence perturbed Bessel functions and we control
the error by Volterra iterations. However, near the endpoint 1, we cannot use
Hankel functions, as the resulting control over the perturbative would not be
good enough for our purposes if we were to proceed in that fashion. Hence, near
1, we have no choice but to construct a fundamental system directly. This is
also done by means of Volterra iterations. After gluing together the different
solutions, we obtain a satisfactory representation of the resolvent (A — L)~1.
To continue, we make use of the Laplace representation
1 e+iN
S(T)(I—-P)f = — lim (A —L)H I —P)fd)

2my N—=oo J_in

which, together with our asymptotic construction of the resolvent of L, allows us

to push the contour of integration onto the imaginary axis. We then proceed to
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prove Strichartz estimates by bounding the resulting oscillatory integrals. More
precisely, we prove bounds for the difference of the linearised evolution to the
free evolution. This is much easier on a technical level and equivalent, given
that Strichartz estimates for the free evolution follow easily from the standard

Strichartz estimates in Cartesian coordinates.

1.2. Related results. Critical dispersive equations have been the focus of extensive
research over the last years and so, the singularity formation of such equations is also
being intensively studied. As a result, there have been numerous intriguing works of
which we can sadly only mention a handful. We begin with results on type II blowup
(i.e., blowup solutions with finite energy norm). The construction of such solutions can
be found in [68], [67], [53] and [54]. Further, for the classification of type II blowup
we refer to [42), [43), [44], [45]. Moreover, fascinating results concerning the stability of
type II blowup, have been established in [13] and [63]. We move on to type I blowup.
As previously mentioned, in [30] and [34], the stability of the ODE blowup profile in
the lightcone has already been established for the energy critical wave equation in three
and five dimensions. Stability for subcritical equations was shown by the impressive
methods devised by Merle and Zaag in their joint works [73}, [74,, [75], [76l, [77, [78, [7T9] and
further investigated by Alexakis and Shao [I] and Azaiez [2]. For an excellent numerical
study of the blowup profile, we refer to the study by Bizoni, Chmaj, and Tabor [10].
Asymptotic stability in the supercritical case was shown by Donninger and Schorkhuber,
see [36], B7]. Recently, Glogi¢ and Schorkhuber also studied the cubic and, together
with Csobo, the quadratic wave equation [51), 25]. They show the stability of a blowup
solution which is not independent of the spatial variables. We would also like to mention
related developments in a more general coordinate system, called hyperboloidal similarity
coordinates. These coordinates allow one to study blowup stability problems on much
larger domains than just the backwards lightcone [4}, B3]. Furthermore, as our work
pertains to the body of work on Strichartz estimates for wave equations, we also want to

mention some of the more recent results on these, e.g., [26, 80, [32].

2. Similarity coordinates and Semigroup Theory

As previously stated, we let d > 4 be a fixed natural number. Then, the coordinates in
which we study the evolution of the Cauchy problem (|1.3)) are the similarity coordinates
given by

T = —log(T —t) + log(T).
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Upon setting (7, p) = (Te )T u(T — Te ™, Te~"p), Eq. (T.3) transforms into the

equation

p

d—1 d(d—2
92+ (d—1)0; +2p0,0, — (1 — p*)92 — Tap + dp0, + dd-2) (T, p)

= (7, p) (7, p)| 2.

Let now

wl(T’ p) = 1/)(7—’ p)

d—?2
¢2(7—’ P) = 67’17/)(7', p) + pap¢(7a P) + Tw(’ra P)-

Then Eq. (2.1]) turns into the system
d—2
2

&%@nﬁZ@%dﬂm+§ii@wdﬂm—p®%ﬁwﬂ—gwﬁm) (2.2)

+ i (7, p) by (7, p)| 72,

whereas the the blowup solution u” transforms into the constant function

Cq
d—2 :
3 Cd

Next, we define H := {u € H' x L*(B{) : u radial} and denote by ||.||% the standard
radial H' x L?(BY) norm. Motivated by the above system, we define the operator
L: D(E) C H — H, corresponding to the linear part in Eq. (2.2)), as

iu(p) — ( —pu’l(p) - %1“(:0) + u2(p) )
uy(p) + d%lull(p) — pub(p) — %Ug(p) ’

Orh1 (1, p) = —pOyin (T, p) — Y1(7, p) +a(T, p)

where D(L) := {u € C2 x C*(BY) : u radial}.

Further, we define an inner product on D(L), as

)i [ @ o+ [ )l dp+ D)

for any u,v € D(L) and we denote the associated norm by ||.||g.

LEMMA 2.1. The norms ||.|g and ||.||x are equivalent on D(L), hence, also on H.

ProOOF. This follows in the same fashion as Lemma 2.2 in [34]. O

This norm has the nice feature that we can fairly quickly establish a dispersive estimate

on L.
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LEMmMA 2.2. We have that
Re <I~Ju|u> <0
E

for allu e C2 x C*(BY).

PROOF. An integration by parts shows that

1 _ U, 1 2 d 1 B
—te ([ atomontan) =P [opeiap
0 0

and so

Re 1[T~JU]’1(p)ﬁ’1(p)pd‘1dp _ e (MO 1U’z(p)ﬂ’1(p)pd‘1dp-
yi ) me (M5

Analogously, we see that

Re ( /O l[iU]z(p)ﬂz(p)pd‘ldp) =Re ( /0 1 ui (p)us(p)p™ " + (d - 1)U’1(p>ﬂ2(p)pd‘2dp)

Furthermore,

L]y (D (1) = —uj (L (1) -

and thus, as % > %, using the elementary inequality
Re(—ab + ac + be) < % (1af* + B2 + |cf?)
with a = —u}(1), b = us(1), and ¢ = uy(1), implies that
Re(Luju) g < 0,

for all u € D(L).

Next, we will show that the range (1 — L) lies dense in H. To this end, note that
(A\-L)u=t
implies

d—2
2

Auy (p) + puy(p) + uy(p) — ua(p) = fi(p)

d—1

uy (p) + puy(p) + gw(/)) = fa(p).

Aus(p) — ui(p) —
The first of these equations now implies
d—2
2

uz = Auy + puy(p) + wi(p) — fi(p)
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which we can plug into the latter to obtain a linear second order differential equation

given by
2\, ! d— d—2
(L= p7)uy(p) + T @A+ d)p ) ur(p) = (AA+d =1) +d—— |u(p) = —Fr(p)
(2.3)
with Fa(p) = fa(p) + (5 + M) fi(p) + pfi(p)-
LEMMA 2.3. The range of the operator 1 — L lies dense in H.
PRrROOF. For A =1 the homogeneous version of Eq. reads as
, d— d
(=t + (2 = @4 200) ) - {4l =0 @)

and a fundamental system of solutions is given by

uo(p) = 1+\/1_7 1\/7
u(p):(l_m ot TP
1 Wi

Moreover, their Wronskian is given by

M\& 1\7\&

d—2
Pl —p2)s

For Fy in C*(B ) we now use Duhamel’s formula to see that an explicit solution of the

W (uo, u1)(p) =

equation

(= (o) + (58 = @+ 2p ) ublo) = G+ D) = ~Filp)

is given by
B 1 i (5)Fi(s) P uy(s)Fi(s)
u(p) = —uo(p)/p (1= )W (g, ) (5) ™ ul(p)/o =AW g, u)(5)

From standard ODE theory, it follows that u € C*°((0, 1)) and therefore only the behavior
at the end points needs to be checked. For this, we remark that the pole of u; at p =0 is

of order d—2, and so, it follows that u is continuous on [0, 1) and, after a quick inspection,
one concludes that u is even continuous on [O 1]. Next,

W (p) = —d(p / m“;( s)Fi / 1\/720(8)F1(8)d

(2.5)
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and using de I'Hopitals rule one verifies that «’ is continuous up to p = 1. Likewise, it is
straightforward to check that

P s 1/1 — s2ug(s) Fy (s
lim w3 ()

(s)
ds = 0.
p—0 0 d—2 s 0

Moreover, we observe that ug is a smooth even function on (—1,1) and so, u,(0) = 0
Finally, the second derivative of u is given by

o) = =) [ AT gy LN S,
_Fl(P)
1 —p?

A direct calculation shows that u}(p) is continuous up to p = 1, while it has a pole of
order d at 0. Once more using de I’'Hopitals rule therefore shows that

p od—1 1— 2 F
(o) AT g ¢ oo, )
. d—2

Consequently, we see that u € C?([0,1)). Lastly, we note we can rewrite ug as

d—2 d—2

(VI+p—vI=p) (1+p)=
uo(p) = = + f(p) +V1—pglp
) = o = e+ 1) )

for some functions f, g which are smooth on (0, 1]. Hence, uj is of the form

d
2

31+p%
u{)’(p)zzg d+)

; =+ (1= p)"?h(p)
Tl (1= p?)3
with h € C(0,1]). Further,

lim u;(p) =2 —d
and so,

/ AR g [T~ -0 R0

as p — 1. Consequently, the two singularities at p = 1 cancel out exactly and we obtain
that u € C?([0,1]), with «/(0) = 0.

O
Combining the last two Lemmas now yields

LEMMA 2.4. The operator L is closable and its closure, denoted by Lg, generates a
strongly continuous semigroup Sg on H, that satisfies

1So(T)Ell3¢ S 1112
forall™>0 and all f € H.

Proor. This follows immediately from the last two lemmas and the Lumer Phillips
theorem.

U
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2.1. Strichartz estimates for the free equation. As the existence of the “free”
semigroup Sy has been established, the next step is to prove Strichartz estimates for this
semigroup. To do so, we will from now on always assume that 7" is confined to [%, %}
This restriction of T" leads to no loss of generality as we are only interested in 1" close to

1 anyway. First, we will need the following technical Lemma.

LEMMA 2.5. There exists a family of extension operators Ep : H' x L*(B%) — H! x
L*(RY) such that

HETfHHlxm(Rd) f, Hf||H1><L2(IB%dT)

for allT € [1,3] and all f € H' x L*(Bf.).

PROOF. Let E; be a bounded extension operator from H! x L2(B{) to H' x L?(R%).
For f € H' x L?(B%) we define an extension by first mapping f to H' x L?(B{) via
the scaling f — f(7.), then extending via E;, and finally undoing the scaling. Since

T e [%, %}, the resulting family of extension operators satisfies the desired estimate. [J

LEMMA 2.6. Let p € [2,00] and q € [2%, 2%] be such that % + %l =4 — 1. Then the

estimate
1So(™)E]ull 2@ yraeey S NEll3,

holds for all £ € C? x Cl(@). Additionally, the inhomogeneous estimate

/OT So(r — o)h(, )], do

S bz yx

LE(I)La(BY)

holds for allh € L*(R,,H) N C([0,00),H) and all intervals I C [0,00) containing 0.

PROOF. Let T € [L, 3], f € 0% x C'(BY), and define Ar: H' x L*(B$) — H by
At = (Tf(T.), T? fo(T.)).

In view of the coordinate transformations done in section 2, the evolution Sy(.)f is given
by the solution u € C?*(R, x R) restricted to the lightcone I'" of the equation

(07 — 02 — 20, ) u(t,r) =0
(u(0,.), 0ou(0,.)) = EpAL'f,

where E7 is the Sobolev extension from Lemma [2.5, Therefore,

d—

[So()E], (p) = (Te™™) T w(T — Te™™, Te "p).
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Now, let (p,q) = (%, d%)) and calculate

2-d; -7 _—T
[ 1So(m)f]; | o Slle= u(T=Te ™, e )| 2

2d_ 2d
Ld=3 (BY) Ld=3 (BY)

1, .
=e 2T||w(T —Te 7, )| L% g,

e (T =Te™ )| a0
Ld-3(Rd)

. 2 \®
< —37 _Te "
||[so(7>f]1||L3(R+)Ld2d3(m%)N(/O (e [u(T — Te a->||Lfd3(Rd)) d7>

S lu HLQ(R LdQ_"lg(Rd) S HETAC;lfHHlxm(Rd)

~ ||AT1fHH1><L2(IB§%) 5 ||f||’H

by the classical Strichartz estimates (see [97], p.78, Theorem 2.6). Next, the estimate
I1So()E], i S [l

follows from the Sobolev embedding H'(BY) — L%(B‘f). To obtain the estimate for
general admissible pairs (p, q), we interpolate with 6 = %l + 3 — d to obtain

So,

_2d_ d
L3 (R4)LT-2 (BY)

0 1-0
HS0C)E] lza@s) < S0 I e 2(B¥)Il [So()f]; \|L%(B%)~
Hence,
So ()], e (e ey <II[S o S =0
[ T COL N AR | O TN G
=|| [So(.)f], ||” S =0
SOOI It NSO I
given that p = (d_;)ﬁl. To obtain the inhomogeneous estimate, we let I = [0,79) C

[0,00) and use Minkowski’s inequality to estimate

/OT [So(T —o)h(o,.)], do

L) La(BY)

/0 " om (7 — o) [So(r — 9)h(o, )], do

LE(1)La(BS)

do

P(Ry )L (BY)

< / "oy (7 — 0) [So(r — 0)h(o, )],

S/OTO ISo(m)h(a, Nl o r, ) pa@g) 4o

T0
< / Iao, )ll,, do
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As we intend to study solutions close to u”, our next step is to (formally) linearise the
the nonlinearity around u?. Motivated by this we make the ansatz ¥ = ® + (cg, %cd)

and define the formal nonlinear operator N as

with
2d + d?
4

d+2
N(u) := |cd+u|ﬁ(cd+u) —ci? — U

as well as the linear operator L' : H — H

0
L,u = 2 .
<2dj;d Ul)

Note that L' is a compact operator on H and so, as a consequence, we obtain that
L := Ly + L’ generates a semigroup S on H. This allows us to formally rewrite our

equation in Duhamel form as
®(7) = S(7)u +/ S(t —o)N(®(0))do. (2.6)
0

2.2. Spectral analysis of the perturbed equation. The next step now is to give

a description of the spectrum of L.
LEMMA 2.7. The spectrum of L, denoted by o(L), satisfies
o(L) C {z € C:Re(z) <0} U{1}.
Furthermore, the point spectrum of L is contained in the set {z € C : Re(z) < 0} U {1}.

PROOF. From the fact that Ly generates a Cy-semigroup we conclude that
o(Lg) C {z € C:ReX <0}.

Moreover, as L’ is a compact perturbation, any spectral point A with Re(\) > 0 has to
be an eigenvalue of finite algebraic and geometric multiplicity. By repeating previous
calculations we obtain that the eigenvalue equation (A — L)u = 0 is equivalent to the

second order differential equation

(1= P)dlp) + (d—;l St d)p) (o) - A +d—1) —d)u(p) =0 (27)

By setting z = p? and v(z) = u(y/z) Eq. (2.7) turns into

2(1—2)"(2) + C—iv’(z) — ()\ + %) 20 (2) — i AA+d—1)—d)vi(2) =0, (2.8)

2
which, for a = % + g, b= % — %, and ¢ = % is of hypergeometric form, i.e.,

IS
—~
—_
|
N

W'(2)+ (c— (a4 b+ 1)2)v(2) — abv(z) = 0.
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Since the Frobenius indices at p = 0 are given {0, 2%}, a fundamental system for Eq. (2.8)

is given by the hypergeometric function
vo(2) =2F1(a,b;¢; 2)

and a second solution which fails to be in H'(BY). Therefore, any eigenfunction has to
be a multiple of uy(p) = vo(p?). We claim that for Re A > 0 ug(p) € H'(BY), if and only

if A= 1. That 1 is indeed an eigenvalue follows immediately from

d+1 d
2 F1 (77055;2) =1

For the other implication we first remark that
b
0.2F\(a,b;c;2) = = oFy(a+1,b+ e+ 1; 2).
c

Further, we infer that the asymptotic behavior of o Fy(a + 1,0+ 1;¢+ 1;2) as z — 17, is
determined by Re(c—a—b—1) = —% — \. In particular, as a consequence of Eq. (10.12)
on page 166 in [82] we have that for A # 1 with Re A > 0

e+ DI'(a+b—c+1)
[(a+ 1I'(b+1)

Consequently, for Re A > 0, uj)(p) can only be square integrable on B¢ if A = 1. U

lim o Fy(a+ 1,0+ o4 152)(1 - 2)7H =
2=

Next, we are going to compute the multiplicities of the eigenvalue 1.

LEMMA 2.8. The algebraic and geometric multiplicities of the eigenvalue 1 € o(L)

both equal 1 and an eigenfunction is given by

glp) = <(21> :

PRrROOF. A direct calculation shows that g is indeed an eigenfunction corresponding
to the eigenvalue 1. Assume that there exists another eigenfunction g. As before this
implies that ¢; solves the differential equation , which has a fundamental system
given by g; and

P_s7% _ds f > 1
h(p) = Jiaatefore 2
—f% s'? ds for p < L.

P (1-5%)2 2

As hy is not in H'(B%), g, has to be a multiple of g; and since the second component is
uniquely determined by the first, we infer that g = cg for some constant ¢ € C.

Let now P be the spectral projection associated to the eigenvalue 1. We split H' x L?*(B{)
into the two closed subspaces rgP and kerP. Analogously, we decompose the operator
L into Lygp : rgP — rgP and Lyep : kerP — kerP. The inclusion span{g} C rgP is
immediate. For the other one we remark that the operator (1 — Lygp) is nilpotent as the
only eigenvalue of Lygp is 1. Let n > 1 be the minimal index such that (1 —Lygp)"u =0
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for all u € rgP N D(L). If n = 1 we are done. If not, there exists a nontrivial v € D(L)
with (1 — L)v = g, which implies

(= Pet) + (0 = (200 ) = 2+ ) (29)

Since the Wronskian of ¢g; and h; is given by

W (g1, h)(p) = 2041 — p*) "2,

the variations of constants formula suggests that v; has to be of the form

1

vi(p) =co + cihu(p) + (2d + 2)ha (p) / s (1L - s%)2ds
P
p 1
+ (2d + 2) / s (1 — s%)2hy(s)ds
0

for ¢p,c; € C. Note, that hy(p) fpl s71(1 — s?)2ds € L*([%,1]). Moreover,

s = s2)2hy(s)

is integrable on [0, 1] and so, given that h; is not in L*(BY), ¢; has to equal 0. However,
from the divergence of h; at p = 0, we see that for v; to be an element of H'(B¢) the

integral

1
/ s1(1 — 32)%ds
0
would have to vanish, which, by the positivity of the integrand on (0, 1), cannot happen.
OJ

Next, we obtain a useful bound on the resolvent of L.

LEMMA 2.9. For every € > 0 there exist constants R. > 0 and C. > 0 such that the
resolvent operator of L denoted by Ry, () satisfies the estimate

[RL(N)]| < C:
for all A € C with Re A > € and || > R..

PROOF. This can be proven in the same way as Lemma 2.6 in [34]. U

By employing the Gearhart-Priiss Theorem we obtain the following result as a direct
consequence of Lemmas [2.8 and

LEMMA 2.10. For any € > 0, there exists a constant C. > 0 such that
IS(T)(T = P)f|l3 < Cee||(T—P)f|3

for all >0 and all f € H.
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3. Construction of the Green function

In this section we take a closer look at the generalized spectral equation

(1= p)(p) + (% - @r+ d)p) (o) - (A (- M 2>)

+ V(p)ui(p) = —=Fi(p)

for an arbitrary potential V' € C*°([0,1]). To study Eq. (3.1)), we will often make use of
functions of symbol type, which we define as follows. Let I C R, py € I, and o € R. We

(3.1)

say that a smooth function f : I — R is of symbol type and write f(p) = O((po — p)®) if

100 (o) Snlpo — p|*7T,

for all p € I and all n € Ny. A discussion of symbol calculus can for instance be found
in [30] and [34]. We will also make use of the “Japanese bracket” (x) := /1 + |z|?

and lastly, whenever we are given a function of the form f(p,\), then f'(p, A) denotes

8pf(Pa )‘)-

3.1. Construction of a fundamental system. To rid ourselves of the first order
term we set
. =1 2\ 14
v(p) =p 2z (1=p7)
which, for F = 0 turns Eq. (3.1)) into
6 + 4\ — 4XH)p? + 4d(1 — p?) — d*(1 — p?) — 3
o)+ P4 ) PO =) =3
4p*(1 = p?) 1

A
2

u(p),

o(p). (3.2)

As we are only interested in values of A that are close to the imaginary axis, we assume
that A = e 4 iw with ¢ € [0,1] U[1 — 1,1] and w € R. To motivate our choice of domain
for ¢ we remark that whenever u(p, A) solves Eq. so does u(p,\) := u(p,1 — ).
Therefore, even though we only care about ¢ close to 0, we allow for a set which enables
us to exploit that symmetry. To analyse Eq. , we will make use of the diffeomorphism
¢ :(0,1) = (0, 00), which is given by

p(p) = 5 108(1 + p) — Tog(1 ~ p)).
Note that ]
/ R
¢'(p) == m
and that the associated Liouville-Green Potential )y, which is defined as
3¢"(p)* | 1¢"(p)
49?2 2¢(p)’

Qs@(ﬂ) =

is given by



Motivated by this, we rewrite Eq. (3.2) as

1 —4X\+4)2 4d — d* -3
2 _ .
V) < -2 AP e Qw(p)) o)
4d — d*> -3 4d — d*> -3 V(p))
=\ - + v(p). 3.3
( 4p2(1 = p?)  Ap(p)P(1—p*)?  1—p? (°) (3:3)
We now perform a Liouville-Green transformation, i.c., we set w(p(p)) = ¢'(p)2v(p)
which transforms
1 —4X+4)2 4d — d*> — 3
v —< - +Q p)vp:O 3.4
() A1 =p%)  Ap(p)*(1—p?)? o0) ) oio) (34)
into the equation
1 2 4d —d? -3
w"” —(——)\)wgop + ——w(p(p)) = 0. 3.5
(2(p)) = | 3 (e(p)) B (0 (p)) (3.5)
Eq. (3.5)) is a Bessel equation and a fundamental system for it is given by
Ve(p)Jaz(a(Ne(p))
Ve(p)Yaz(a(A)p(p))

where J, and Y, are the Bessel functions of the first and second kind respectively, and
with a(A) = i(3 — A). From this, we infer that Eq. ([3.4) has the two linearly independent

solutions

Consider now the set
{zeC:0<|z|<r}n{zeC:0<argz <7}

for r > 0 fixed, where arg denotes the (principal branch of the) argument of z. A Taylor

expansion shows that on this set, the Bessel function J, satisfies

v 1 2
J(2) =z <2’T(y ) +O(z )) : (3.6)
Further, when v is an integer we have that
— 1!
V() = —27" (2”(1/ ) +O(z)), (3.7)
T

while for half integers

. 2
Yolz) = == <Sin(1/7r)F(—1/ +1) + (’)(z)) ' (38)

In the half integer case we could of course explicitly calculate J, and Y, via their recur-

rence relations, this is however not needed.
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LEMMA 3.1. Let p € [, 1). Then, the equation
la(N)]

(6 + 4\ —4X?)p* +4d(1 — p?) — d*(1 — p*) =3

v"(p) + = ) v(p) =0 (3.9)
has a fundamental system given by
(o) = S P14 01— ) )
a(p.3) = LU R | o1 - gy )

PrOOF. We start by rewriting Eq. (3.9)) as

,,()+3+4>\—4)\2 ()_d2+3—4dv(>
ST Y T =Y

and compute that the equation

b BEAN—4N
w”(p) + WW(P) =0

has a fundamental system of solutions given by

Performing a Volterra iteration will enable us to construct a solution to Eq. (3.9) out of
these two functions. For this, we compute that the Wronskian of w; and ws is given by

W(wl(., /\)7 wg(., )\)) =20

and so, from the variation of constants formula, we derive the fixed point equation

(,0, /\)w2(37 )‘)V

(p, ) =wi(p, \) !
w(p, A) =wi(p, +/ .
o 2is%(1 — s?)

B /pl ws(p, /\)wl(s’)\)vw(s,)\)ds

w(s, \)ds

2is%(1 — s?)
for
Vi=d?>+3—4d,
pE [WIA)I’ 1), and with p; € [m, 1] to be chosen. As w (., \) is nonvanishing on [m, 1)
we can divide the whole equation by it. By introducing the variable w := wll, we then
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obtain

F(p ) =1+ / " wl(;i; 22;“2_(85’2?)‘/@(3, \)ds (3.10)

- w2(p7 /\)wl(sa)‘>2‘7 ~
- A)d
£ wmmmmﬁu—ﬁf“&>s

:1+/ K(p, s, \)w(s,\)ds.

P1 Wl < pP1 1 p <
K _ 1
[ sw |<ma>|sN/l§H_2MsN

0] Ta(n)] SP<$ (0]

We see that

and so, we can set p; = 1 and use Lemma B.1 in [35] to obtain that there exists a unique
solution w to Eq. (3.10) of the form w(p,\) = 1 + O(p~"(w)™'). By re-inserting this
expression into Eq. (3.10), we derive the improved representation

W(p,A) =1+ 0(p7 (1 = p){w) ™).

To be completely precise, the O-term also depends on € = Re A but this dependence is
of no relevance to us and, hence, suppressed in our notation. To show that this solution
is of symbol type, one can employ the diffeomorphism ¢ and argue as in the proof of
Lemma 3.3 in [30]. Subsequently, we infer the existence of a solution to Eq. given
by

ha(p, A) = wi(p, N)[1+ O(p™ (1 = p){w) )].
The second solution hs, is obtained by defining ha(p, A) := hi(p,1 — A). O

To continue, pick » > 0 and py € [0, 1) such that h; and hy are non-vanishing on both

the interval [, 1) and [po, 1). We now set py := min{po, 7555}, and observe that hy

la(A)]?
and he do not vanish on [py,1).

LEMMA 3.2. Let p € [px,1). Then Eq. (3.2) has a fundamental system of the form

Us(p, ) = hi(p, M1+ O(p°(1 = p){w) )]
Pa(p, ) = ha(p, M1+ O(p°(1 = p)(w) ).

Proor. This follows by doing a Volterra iteration based on h; and hy and using the
A symmetry of Eq. (3.2]) as in the proof of Lemma . U

Before we can construct a fundamental system for Eq near 0, we restrict Re A = ¢

to the interval [0, 1] and define p) := min{3(1 + Po); 1 a(A I}
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LEMMA 3.3. Let Re X € [0, 4—11] and p € (0,px]. Then, Eq. (3.2) has a fundamental
system of the form

¥i(p. ) =bi(p, N) [1+ O(p*(w)")]
== p)e(p) Jazz (a(N)p(0))[1 + O(p* (w)")]
¥alp, A) =ba(p, ML+ O(p*(W))] + O(p'= (w)' %)
(1= p)e(p)Yuzz (a(N)p(p))[1 4+ O(p*(w)")] + O(p 2" (w)' ).

PROOF. Recall that b; and b, are two linearly independent solutions to the equation

p 1 —4X+4N? 4d —d* -3 B
vle) = ( =) Ap(pr(—p)e Q‘P(p)) v} =0

Let now

Gy Ad-d=3  dd—d-3 V()
W”‘(4wu—% T = 7P 1—&)

(1-
and note that a Taylor expansion shows V € C*([0, py]). Furthermore, we have

W (bi(,A), ba(, N)) =

2
Iy
T

Wi

thus, in order to find solutions of Eq. (3.2)) on (0, p)) we make the ansatz
™ r ~
b(p, A) = bi(p,\) — §b1(p, /\)/ ba(s, \)V (s)b(s, \)ds (3.12)
0

n ng(p, A) /Op b1 (s, NV (s, \)b(s, \)ds.

We now record some useful facts, the first being that, as ¢(p) ~ p as p — 0, the condition
p € (0, p,] implies that a(\)p(p) is contained in the set {z € C: Im(z) > 0,0 < |z| < R}
for a sufficiently large R > 0. Thus, the identities , , and hold. Secondly,
since we are a definite distance away from the endpoint p = 1 one can directly check the
identity
w(p) = O(p)

for p € (0,p,). Lastly, as Rea(\) # 0 for all A € C with Re X € [0, 7], b is nonvanishing
on (0,py], as all zeros of J, are real provided that v > —1 (see [82], p. 244 Theorem
6.2). This allows us to divide the whole equation by by, which, upon introducing
the help variable b= %, yields the integral equation

b(p, ) =1+ / pK(p,s,A)’z}(s,A)ds, (3.13)

with

K(p,s,\) = WZ(S) (ZTEZ i;bl(s, A)2 = bo(s, A)ba (s, )\)) .

From (3.6, (3.7), and (3.8]), we infer that
ba(s, Mbi (s, A) = O(s(w)°)
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and

ba(p, \) 2 _ 2—d _d—1/, \0
bl(py )\) b1(87 /\) - O(p de <w> )

for 0 < s < p < py. Hence,

P
/ sup K (p, s, \)|ds < (w)2
0

[SENON

Consequently, there exists a solution b to Eq. that satisfies
b(p, ) = 1+ 0(p*(w)").

However, as all involved terms are of symbol form, we immediately conclude that
bp,A) =1+ 0<p2<w>°>-

This in turn implies the existence of a solution of Eq. which takes the form

\/ 1— sz )[1+O( < >)]

To construct the second solution stated in the lemma, we pick a p; € (0, 1] such that ¢,
does not vanish for p < min{py, px} =: px for any 0 < Re X < 1. Next, as by(p,A) =
bi(p, A pr bi(s, \)~2ds also solves Eq. (3.4)), there exist constants c1(N), c2(A) € C such
that

ba(p, ) = c1(Mba(p, A) + ca(Mbi(p, A).

Moreover, we have the explicit formula

o) = WL, B )

W (b1, A), b1 (-5 A)

_ Ws(,A), bi(, V)
CQ()\)—

W (r(-, ), b5 0)

Using that W(ba(., A), b1(., X)) = —2 and W (b (., A),bi(.,\)) = —1, we infer that ¢y = -2
and c;(A) = =W (bs(, M), b1 (., ). Evaluating W (by(., \), bi(., A)) at py yields

W (ba(-, A), b1(- A)) = —=ba(Pa, b (Ba, A) ™ = O((w)°).

Keeping these facts in mind, we now turn our attention to v and remark that a second

solution of Eq. (3.2)) is given by @Zl (P, A) = U1(p, A pr Y1(s, \)"2ds. Considering this, we
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calculate

el A) = s )+ extn(p, ) [ (.0 2ds
= (o) + eatalp. ) [ bl 0) s
+ ngl(p, )\) /pA [¢1(8, )\)_2 _ bl(S, )\)_2} ds

— balp. DL+ O (@] + cxta (0. ) [ pk b s, A>§9[1<Z<2><s)2<w>0>12d5'

From by (p, \)~2 = O(p*~4(w)*4), we obtain

2 O(s*(w)°) 0/, \—2 4-d; \2—d 4-d; \2—d
ds=0 @ =0
[ e — O ) )+ O = O )
and so, given that ¢ (p, A) = O(p“z (w)“z"), we see that 1 is of the claimed form for

€ (0,p)). However, since for || large enough we have that py, = py, we can safely
U

assume that py = pa.

Our next step will be to patch our solutions together.

LEMMA 3.4. On [py, pa] the solutions 13 and 1, have the representations

Y3(p, A) = c13(N)1(p, A) + ca3(A)a(p, A)
Va(p, A) = c1a(N)b1(p, ) + coa(N)Pa(p, A),

with
c1,3(A) = gW(hl(-; A),ba (- A)(pr) + O((w) ™) = O((w)°)
2,3(A) = —%W(hl(., A),bi(5A)(a) + O((w) ™) = O((w)?)

and

cra(N) = SW(ha(s N): ol ) (pa) + O((w) ™) = O(()")

e24(N) = =5 W (ha(-, ), b1 W) (o2) + O((w) ™) = O((w)°).

ProoF. We know the explicit representations

W (e ) vl )

) = ), Balo N)
WA ()
23N = T N, ()
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and so computing the connection coefficents reduces to calculating these Wronskians.
Evaluating W (11 (., A), ¥a(., A))(p) at p = 0 yields

W (461 (oo A), (s A)) = W (b (o ), B, A)) = =

(e

while an evaluation at p) yields
W (3, A), 2, A)) = W (i (-, A), 02( N) (pa)[1 + O((w) )]
+ i (pa, Aba(pr, N O((W)°) + O({w) )
= W (hi(;, A), ba(-, A)(pa) + O({w) ).
Hence,
s
c13(A) = ZWha( 2), b2, M) (pa) + O({w) ™)
and analogously, one computes the remaining coefficients. U
Analogously we can patch together the solutions of the free equation. To this end,

let ¢¢ and v, be the solutions obtained from Lemma in the case V = 0 and, for

notational convenience, let hy = ¢, and he = y,.

LEMMA 3.5. On [py, pa] the solutions ¢, and 1, have the representations

wfs (pa )‘) =Cf 5 (A)wﬁ (pa >‘> + Cty 3 ()\sz (p> )‘)
wf4 (p> )‘) = Cf1,4()‘)wf1 (pv )‘> + Cty 4 ()‘)wb (/), >‘)7
with

¢n5(A) = gW(hl(-, A); b2, M) (pa) + O((w) ™) = O((w)")

s (V) = =5 W1 (, X), b1 (L V) (02) + O({w) ™) = O((w))
and

cn4(A) = gW(hz(-a A)b2(, A))(pa) + O((w) ™) = O((w)°)
Crpa(A) = —%W(hg(., A b1 (4 A))(pa) + O(w) ™) = O((w)°).

Now, let x : [0,1] x {z € C: 0 < Rez < 1} — [0,1], xa(p) := x(p, A), be a smooth
cutoff function that satisfies xA(p) = 1 for p € [0, px], xa(p) = 0 for p € [py, 1], and
10505 x(p)| < Crew)* =" for k, ¢ € Ny. We then obtain two global solutions to Eq.
by setting

vi(p A) =xa(p)ers(N) (o, A) + ea3(N)ta(p, )] + (1= xa(p) ¥5(p, A)
va(p, A) =X ()14 NP1 (p, A) + c2a(N)ha(p, A)] + (1 = xalp)) ©alp, A)-

An evaluation at p = 1 yields

W (vy,v9) = W (13, 1b4) = 2i.
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3.2. Original equation. We now return to our original equation and our specified

potential. By undoing our transformations, we obtain a fundamental system of equation

(2.7) which is given by
ui(p, \) =p = (1= p?) "1 301 (p, \)
1-d _1_
us(p, A) =p72 (1= p*) 717 20y(p, ).

Observe, that neither u; nor us remains bounded bounded at p = 0. To construct a

o[>

A
2

solution which is well behaved near 0 we will need the following Lemma.
LEMMA 3.6. We have ¢y 3(\) # 0 and cg,,(X) # 0 for all X € C with Re X € [0, §].

PrOOF. We argue by contradiction and assume that ¢y 3(\) vanishes for some A € C
with ReX € [0,4]. Then (., iw) € H'(Bf) and so, A would be an eigenvalue of L.
However, from Lemma we infer that the point spectrum of L, denoted by o,(L),
satisfies

(L) C {A e C:ReX <0} U{1},
which contradicts the assumption. To prove the nonvanishing of ¢, ,(\) we argue simi-
larly, and set ug, (p, A) := p' 2" (1 — p?) "4 2 vy, (p, A). This function then solves

=)+ (S = enr ) wl) - (A0 a1+ 2 =0
’ (3.14)
for p € (0,1) and the vanishing of ¢, ,(A) implies
ug, (., \) € H'(BY).

Consequently, if A is such that cg, ,(A) vanishes, then ) is an eigenvalue of Ly. However, as
Ly generates a Cy-semigroup, the spectrum of L is confined to the closed left halfplane.
Thus, we are left with checking the claim on the imaginary axis. Assume that c, , (iw)
vanishes for some w € R. The Frobenius indices of Eq. are given by {0, %} at
0 and {0,5 — A} at 1 and so, from uy, (.,iw) € H'(B}), we sce that ug,(.,iw) is in fact a

smooth function on [0,1]. Setting z = p? and v(z) = u(/2), transforms equation (3.14)

into
d d+1 1 d—2
2(1—2)0"(2) + 51}'(2) — (iw + %) 20 (2) — 1 (z’w (iw+d—1)+ dT) vi(2) = 0.
(3.15)
.. . . . . . . iwo—+d— jwod
This is now again a hypergeometric differential equation, with a = 2 z 2ph =2 4+ ,

and ¢ = g. A fundamental system of this equation near 0, is therefore given by

fi(2) == 2Fi(a,b;¢; 2)
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and a second solution which diverges at p = 0, while near 1, a fundamental system is
given by

fo(z) :=2F1(a,b;a+b+1—c1—2)

f3(2) :==(1 — z)%_i‘“ oFi(c—a,c—bic—a—b+1;1—2).

Therefore, for a solution of Eq. (3.15) to be smooth, it has to be a multiple of f;. Let
¢, c3 € C be such that

f1(2) = eafo(2) + 3 f3(2)
and note that the smoothness of us, necessitates the vanishing of c3. Fortunately, cs is
explicitly given as

Le)'(a+b—c+1)
['(a)L'(b)

So, for c3 to vanish, either a or b would have to be a pole of I' which is impossible on the

C3 =

imaginary axis. U

Thanks to the last lemma, we obtain a solution uy which does not diverge at p = 0
by setting ug = ug — z—’iul. Next, we denote the free solution with the same behavior as
u; by ug; for j =0,1,2 and note that

W (uy, uo) = W(ug,, ug,) = 2ip" (1 — p2)_%_’\.
Observe now, that neither ug nor u; is in H*(B¢). The function u; fails to be in the space
H(BY) due to its divergent behavior at 0, whereas u{, is not square integrable at 1. It
follows that a unique solution u € H'(B{) of Eq. (2.7)) is given by

ui(s, ) F\(s)
(/%A)—UO pu / Wu1 ) (7/\))( )1182d8
uo(s, A) Fi(s)
) [ e

Hence, we see that the Green function of Eq. is given by

11— )5 [uglp, Neua(s, ) if p < s

Glps ) =2
o 20 ur(p, Nug(s,\) if p > s.

Similarly, we obtain a solution wus of the free equation which is of the same form and an

associated Green function

(1 — 82)75+ [, (p, Mg, (5,A) if p < s
2 ug, (0, Nug, (5, A) i p > s,

5
Gi(p,s,A) =
This implies the following decomposition of the Green function.
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LEMMA 3.7. We can decompose G according to

Glp,5,\) = Gil(p,5,\) + ,02 (L= ) 73 (1= )02 3 0G0, )
with
Gi(p,5,A) = 1r, (s = p)xa(8)b1(p, A)[b1(s, N (p, 5, A) + ba(s, p)aa(p, s, A)
+0(s7 (w)'72)]
Ga(p, s, A) = 1r, (s — p)xa(p) (1 — xa(8))b1(p, A1 (s, M) B(p, 5, )
G3(p,5,A) = 1r, (s — p)(1 = xa(p)) (1 = xa(8))ha(p, Aha (s, M)y (ps s, A)
Gi(p,s,A) = 1r (s — p)(1 = xa(p)) (1 = xa(8)) ha(p, MR (s, A)v2(ps 8, A)
Gs(p.5,3) = 1r, (p — )xa(p)[ba(p, Navi (5, 9. A) + ba(p, N (s, p, A) + O(p'T (w)'~

Gﬁ(pv S, )‘> = 1R+ (P - )(1 - X)\(p>)X)\(s)h1(p7 )\)61(8, A)B(&p? )‘)
Yha(p, A)hai(s, M(s, p, A)
Gs(p,s,A) = 1r (p = 5)(1 = xa(p)) (1 = xa(8)h1(p, A ha(s, A)va(s, p, A)

aj(p,s,A) = O((w) 1) + O(p*(w)°) + O(s*(w)") + O(p*s*(w)")
B(p, s, A) = O({w) ) + O(s°(1 = s){w) ™) + O(p*(w)") + O(ps" (1 — 5){w) )
and
(P, 5,0) = O({w) ") + O(p"(1 = p){w) ™) + O(s"(1 = s){w) ™)
+0(p°(1 = p)s°(1 = s){w)~?)
forj=1,2.

Proor. We start by recalling that

L N c e c24(N)
o) = 971 = )7 B (0) (1400 — a2 ) )
#7000 [0 ) - (o)
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Furthermore, the solutions uy; are of the same form with 1; and c¢; . replaced by v, and

¢t; .- Moreover, we also record the following identities

Cj,k()‘) — Cfj (/\) = O(<w>_1)7

Cty 4 (A) —1
OV ((w) ™),

|
Q

—Cfy 5 (A)
and

wl(ﬂ? )‘) - wfl (pa )‘> = bl(ﬂa )‘)O(p2<w>0>
Since similar identities hold for
VY — Py

for 7 = 2, 3,4, the claim follows from a repeated usage of the identity
ab—cd=a(b—d)+d(a—c)

and a straightforward computation. O

To cast the G; in a more manageable form, we also derive corresponding symbol

forms.

LEMMA 3.8. The functions C~¥j defined as

~ 2 1) d—

Gilpos, ) ="




P
x 55 (1= 5) 770 (w) 5 B(p, 5, A)
Ga(p,5,0) = 1, (s — p)(1 = xa(p)) (1 — xa(8))p = (14 p)2 A7 (1 —5)" 2%
X O((w) 71 (p. 5. 1)
Galp, s, ) = 1a. (s = p)(1 = xa(P)(1 = xa(5))p'2" (1 = )3 s ™7 (1 — )74+
X O((w) (. 5. 1)
Gs(p5.0) = 1n, (p— s)a(p)(1 — p)~ 13 (1 — 1) H30(Ps(w) )
Golp,s.A) = 1, (p— )1 = xa(p))xa(s)p = (14 p)2 ™

2
2

O Hw) 7 )B(s,p, )

x (1— 8?71

Gr(p, 5, 0) = 1a, (s — p)(1 = xa(p))(1 = xa(8))p 2 (14 p)2 s (1 —5) 72"
X (’)((w)‘l)%(s,p, /\)
Gs(p.5,2) = 1g, (s — p)(L = xalp)) (1 = xa(5)p 2 (14 p) 7 s"7 (145)72
x O((w) )5, p; A)
with
Blp,s,0) = (14 O(s (1 = s){w) M]Bp, 5, \)
(P, 5, A) = [1+0(p™ (1 = p){w) DI+ O(s7 (1 = s){w) )]7;(p, 5, A)-
PRrROOF. This is a direct consequence of Lemmas [3.1] and [3.3] O

To proceed, let f € C? and set f = (I — P)f, where P is the spectral projection
associated to the eigenvalue 1 of L. By making use of Laplace inversion and Lemma

the first component of S applied to f is then explicitly given by

. - e+iN 1~
SIFh(0) = Sl fa(o) + 5> Jim [ [ Gitps WB()say - (316)

—iN

4. Strichartz estimates

The representation ((3.16|) of S is one of the key ingredients to prove Theorem ie.,
to prove Strichartz estimates for the full semigroup S. To accomplish this, we start by
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defining operators 7} for j =1,...,8 as

e—iN

1 . e+iN i 1 .
T (0) = o i tim [ G o i) s
for f € C*(BY).

LEMMA 4.1. The operators T} satisfy

1 ~
TS0 = 5 | [ @ Golp.sviw) f(s)duws
for all f € C2(BY).

PROOF. From Lemma 3.8, we obtain the estimate

1G(p, s, M| S p 2 (w)2(1 = s)”

=

forj=1,...8, ReX €0, }1]7 and p € (0,1). As a consequence, the claim follows from the
Fubini-Tonelli Theorem and dominated convergence.

O
4.1. Technical Lemmas. To establish Theorem [I.1} we will have to make use of a
couple of technical Lemmas. We start with some basic results on oscillatory integrals.

LEMMA 4.2. Let a > 0. Then

[ ot | < (o) 2
R
for all a € R.

PROOF. Since the integral is absolutely convergent the claim follows by doing two
integrations by parts.

O
LEMMA 4.3. Let o > 0. Then,

/R O ((w) =)o

S la]'=%(a)™

for all a € R\ {0}.

PROOF. See Lemma 4.2 in [34].

O
LEMMA 4.4. The estimate

/R (1~ xa(p))O (o~ (w)~ ™) duo

< {a)”?
holds for alln > 1, p € (0,1), and a € R\ {0}.

ProoF. This can be proven in the same manner as Lemma 4.3 in [34]

Finally, we need one more lemma on oscillatory integrals.
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LEMMA 4.5. The estimate
/R (1 — a0 (p™ ) ™) deo| < Jal~ (@)

holds for alln > 2, p € (0,1), and a € R\ {0}.

PrOOF. This can be proven as Lemma 4.4 in [34]. O

We will also utilise of the following technical lemmas.
LEMMA 4.6. The estimate
H"|71fHL2(IBil) 5 ”fHHl(IB‘f)
holds for all f € C*(BY).

PROOF. An integration by parts shows that

il =/1\f(p)!2pd‘3dp< |f(1)|2+/1If’(p)l\f(p)!pd‘zdp
e = > ;

1 12
§g||f||H1(IB§‘ll)+€HH f”LQ(IB%‘li)
and so the claim follows from an appropriate choice of ¢. U

LEMMA 4.7. The estimates

A, s gy S Il ety

Bg) ~
/p o (s)ds

PROOF. Let n = [4]. Then, from the Sobolev embedding H'(B") — L%(E’f) we
infer that

and

2d ,5 ||f”H1(JBgl)
L7~ (BY)

hold for all f € C*(BY).

Wl o = ([ o 1(|f( o+ "”f)%d e g

_yd=3

Further,

) d=3 n)d=3 o
-5 f]| 2y = / (o)™ ld/)</ 1F(0) P dp = || 1l oy
as well as
n d— n d—
][5 dfllm wy S Il gy + 11197 % fll 2

S @y + NI e @) S Il @e

142



by Lemma For the second one we argue similarly to obtain that

1
‘ / sf'(s)ds
p
Observe that

ﬁ“ldésfﬁ

1
5WW@£ sf'(s)ds
P

L e

Hj(BT)

1
ﬁ?ﬂ/s%VwMS
0

5 ||f||H1(IB;l)
L3(BY)

L2(BY) '
and

1
TL* 1-n_3 d—1
pl= Sf() S Hf|‘H1(B‘f)+H,0 : 4/ 577 f'(s)ds
p

p

Lastly, we use the Cauchy Schwarz inequality to estimate that

P 1 1
‘plf—i/ 57 f(s)ds p12n_270/ s R f (s)ds
p P

HI(B}) Ly (BY)

S ‘

L2(BY) L3 (BY)

l-n_ 7 1 _ 4
S Hf“Hl(IB%d . | 2OHL2 (B}) </ s 5d5>
0

5 Hf“Hl(IBS‘f)'

[N

Moreover, we will make use of the following two Lemmas, proven in [39].
LEMMA 4.8 ([89, Lemma 5.6]). Let o € (0,1). Then the estimate
/1 s a + log(1 % 5)|"¥|ds < |a| ™
0
holds for all a € R\ {0}.
LEMMA 4.9 ([89, Lemma 5.7]). The estimate

1
/ 87
0

holds for all a € R\ {0}.

[un

1 2 1
a:|:§log(1—32) ds < la|™2

N

With these technical results out of the way, we continue by establishing bounds on

the operators T}.

LEMMA 4.10. Let p € [2,00] and q € [ 2%, 2%] be such that %D + g =4 1. Then the
operators T; satisfy

“,I'j(‘)fHLP(RJr)Lq(B‘ll) 5 ||f||L2(IB‘1i)

for all f € C*(BY).
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Proor. We start off with 77 which satisfies

iw

1050 = [ 16) [ )= )R = ) R0 s(e) dds

for some p; < 1, thanks to Lemmas and and the fact that y;,(s) is supported
away from 1. Using that

Xiw(8)O(p s(w) 1) = Xiw(S)O(pT+§ST*i<w>fl—é)
for p < s and Lemma [£.2) yields

Since,

we conclude that

I OA + 1T () £l

< ||f||L2(B§l)'

Ld 2(1534 L2(R4) Ld 3(Bd

The estimate

||T1(')f||LP(R+)Lq B¢) ~ ||f||L2(]Bd

for general admissible pairs (p, q) then follows from the interpolation argument done in
the proof of Lemma [2.6] Slightly adapting these arguments allows us to also obtain the

desired estimates for T5. Next, we turn to 75 which is given by

To(T)f(p) = / f(s) /RemXiw(P)(l — Yiw(s) (1= p?) 1%

x 8T (1 —5) 2T (p T 5 (w) ) B(p, 5, iw)dwds
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Since 3 behaves like O((w)™") in w, we can use Lemma with o = 1 — %=2 to obtain
the estimate

1
3—d , d—3 _
|| 2( )fHLd 3 (Bd) 5‘02 4d/O<T—|-lIl(1—3)> 2
1 _ 1 de
x |7 — SIn(1— p?) +In(l — )| "% (1 —5) 257 f(s)ds|| _,
2 L3 (B)
1
S [ 1= T + (1 - 5)) 2
0
3-d d-3 1 _d=3
x ||p =t ]T—Eln(l—p)+ln(1—s)| o, ds
LT3 (B)

_ /0 (1— )28 | f(s)[(7 +In(1 — 5)) 2

1 i 1 ) a1 2d
X p 2|T—§1n(1—p)+1n(1—s)| 2dp ds
0

5/ (1 - 8)7%5’%”(8”(7’ + ln(l — S)>72’T + ln(l — S)|%d8
0

by additionally employing Lemma [£.9, By now making the change of coordinates s =

1 — e7¥ and using Young’s inequality, we derive that

IO < / (r— ) 27—y T e B — V) T (L - e )|y

(Bd) ~

L2(Ry)

00 2
s([Tera-emtsa-enpar) [
0 R
,SHfHLQ(Bg)-

As the other endpoint estimate follows likewise, the general one follows once more from
interpolation. Ty can be bounded analogously by using Lemma [4.§ instead of Lemma

and we move on to T3, which is given by
! 1—d d—1
Ty(r)f(p) = / P51y (5 — p)s" £ (5) / ¢ (1 = xaw ()
0
X (1= Xaw(8))(1 4 )27 (1 — )" 2T O((w) )71 (p, 5, iw)dwds

= [ o769

Here, an application of Lemma [£.4] yields the estimate

N[

L3(p, 5. 7) f(p)| S p 2 (7 — In(1+ p) +1n(1 — 8)) 2L+ p)3(1 — 5) 257 | f(s)]
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while from Lemma [4.5] we deduce that

L(p,5,7)f(p)| S p°7 (7 = In(14 p) + In(1 = 8)) 2|7 — (1 + p) + In(1 = 5)[ !

1

X (L4 p)2(1—5)727 | f(s).
An interpolation between those two estimates then shows that

3—d — 3—d

ITo(r) f(p) Sp =+ /0 (r—In(1+p) +In(1 —5)) %7 —In(1 + p) + In(1 — s)[ 5

1 d—1

X (14 p)3(1 — 5) 255 | f(s)|ds
<pFHEE /0 (r+1In(1 = 5)) 2|7 —In(1 + p) + In(1 — 5)| &
x (1= s)75s"2 | f(s)|ds.

Consequently, one can derive the desired estimates on 75 by employing the same strategy

as for 7T5. Similarly, one deduces that
3—d | d—3 1 3—d
Tr) )] S 975 [ = (1 = p) 4 a1 = ) 27~ (1 = ) + In(1 - 9)]
0

X (1= p)2(1—s)" 255 | f(s)|ds

and as (1 — p)2(r —In(1 — p) + In(1 — 5)) 2 < (r + In(1 — s)) 2, we conclude that

TR )] S 957 [ 101 = 9) 2 ~Ia(1 = ) + (1 = 5))F
x (1—s) 282 | f(s)|ds.

The Strichartz estimates for T therefore also follow in similar fashion as the ones for 75
and since the remaining kernels can be bounded analogously to 75 and T}, we conclude
this proof. O

Unfortunately these estimate alone are not enough to control our semigroup, given
that the right-hand side in also contains the term Af;. To remedy this problem,
we introduce operators TJE as

1 e+iN 1
Tj(1)f(p) :==— lim )\eAT/ Gi(p,s, A\ f(s)dsd\
0

2mi N—oo Joyin

and
Ti(r) f(p) = lim T.;(7)f(p)

e—0T
for f € CY(BY).
This additional power of A\ makes life a bit more tricky for us, as it spoils the absolute
convergence of the oscillatory integrals. To get around this difficulty we will perform
integrations by parts in the s integral to recover the absolute convergence. Using this
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trick we will show that the limiting operators T} exist for each 7 > 0 and p € (0,1) and

satisfy Strichartz estimates.

LEMMA. 4.11. Let p € [2,00] and q € [2%, 24] be such that % —{—g =49 —1. Then the
operators T; satisfy

||Tj(‘)f||LP(R+)LL1(B‘1i) 5 ||f||H1(]Bf11)
for all f € C'(BY).

PROOF. For j = 1 we can again without any problems take limits and interchange

the order of integration as we can exchange powers of s for decay in w. Doing this leads

to
. 1 . 2 1w 2 3 iw
() = [ 16) [ - ) E 1=t
p R
X O(p¥+%s%_i<w)_l_%)dwds
and we can employ Lemmas [£.2] and [£.6] to compute that
. 3—d | 1 1 d—3 1
) S (1720 [ 5 s
0
Lo B=d 1.
SN2 T e

9 3-=d_1
S +8HfHH1(B§‘)
by Lemma . Consequently, the claimed estimates on T follow as the ones for 7} in
Lemma Analogously, we can bound Ts and S0, we move on to Tg, for which we note
that we can again take limits, as we can once more exchange powers of p for decay in w.

An integration by parts shows that
1
r wT =3 -
T(r)1(6) = [ wer 0@ ) S )t = A [ (1=l
R p
d—1
2

x s (1= s) 2V B(p, s, iw) f(s)dsdw
= [0 @) T i) = ) E (= o)
x p T (1= p)2™B(p, p,iw) f (p)duw

*4“W0Www>mmm—ﬁr*2/u_@%w

X Bsls T (1 = X ())Blp, 5, i) f ()] dsdw
= By(7) f(p) + Lo(7) f(p)-
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Given that 3(., . iw) behaves like O({w)™!) in w, we can use Lemma to obtain the

estimate

1 Ba(7) f(p)| S ()0l f(p)]

and so, by employing Lemma [£.7] we see that
IBaO ey 1B, o S W ey

L2(Ry) (Bf) =2 (Bf) ™
For I we first remark that if the s derivative hits the cutoff, then we can argue similar as
for Ty and so focus on the other cases. Let I2(7)f(p) be term where f gets differentiated.
Applying Lemma 4.2 with o = 7 shows that

(ST

(D) f(p)| Sp -9

1
5—2d _ d—1 5—2d _
Spt(T) 2/ sz |f($)lds S p 7 ()| fllin ey
0

(r— 3In(1 = )+ In(1 — 5)) %% () ds

and so

1O o S Wl

2 (Bd)
For the other endpoint estimate we can argue similarly as when we bounded 75 and since
the remaining cases can be bounded likewise, we move on to Ty. For Ty, we again perform
an integration by parts, which recovers the absolute convergence of the A integral, thus
enabling us to once more take limits and interchange the order of integration. More

precisely, we deduce that

T3(7)f(p) = f(P)/ e“7(1 = xiw(p)*(1 + p)le(l - )%+iw0(<w>_2)/v\1(p, P, iw)dw

107 [ et - ot

X D[(1 = Xiw(5))s7 f(5)7n(p, s, i) duwdls

and one can bound 75 in analogy to 1. Moreover, since the remaining kernels can also

be bounded in similar fashion as either 75 or Ty, we conclude this proof. U
Thanks to these kernel bounds we can now easily establish Theorem

ProoF oF THEOREM [LLIl. The estimates for d = 3 have already been established
n [30] and so, we only have to verify the claim for d > 4. For f € C2 x C(BY)
the homogeneous estimates are an immediate consequence of the representation
combined with Lemmas [£.10] and the Strichartz estimates on Sy proven in Lemma
2.6, Therefore, the general homogeneous estimates follow from a density argument. The
inhomogenous ones can then be established as in the proof of Lemma U
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5. Nonlinear Theory

In this section we turn to the proof of Theorem and so we restrict ourselves to
dimensions d with 4 < d < 6. Recall, that the nonlinearity N was defined as

N(u) = (N(Ou1)>

with
a+2  9d 4 d?
N(u):\cd+u‘ﬁ(cd+u)—c(j’2— I u.
LEMMA 5.1. Let 4 < d < 6. Then the estimates
a+2

INC 2@y S a7 Bd>+llull|d2d+4(ﬁd
1

and
IN(u) = Nl g1 xr2@ay Sllur — vrl| pageey (lun |l agay + o1l o wey)

_ a—2 d—2
ol =l s Ol 4l Sy )

hold for all u,v € H' x L*(BY).

PROOF. Since N(0) = N’(0) = 0 we obtain that
IN(@)| < 22 + |a] 2.

Hence,

d+2 d+2
IN( 12y S Nl 2wy + 1ui ™ 2@ = lunllzags + luall “2

[, d—2 (lei).
For the Lipschitz bound, we infer that
4 4
IN(z) = N)| S lz —yl(IN' (@) + IN'(W)]) S |z = yl(l2| + 2[5 + [y + [y]72)

from which we conclude that

IN(W) = N[l xr2mg) S llun = onll pageg (Tua | s @ +llvillag)

=l (1T g2 g+ 107 2 )
S llur = vill pagey (lua | aey + 01l o zg))
4 4
_ a3 a2
= ol g g (Pl + Il g )
by using Holder’s inequality. Il
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To finally define a notion of a solution, we first introduce the Strichartz space X as
the completion of C2°(]0, 00) x BY) with respect to the norm

[0l = 160yt 100 2

3 (BY) DL 1)’

Further, for any u € H and ¢ € C*°([0, 00) x BY), we define

Ku(@)() = 57l + [ (87 = 2N((6(0),0))lader = [7C(6, )
where -
Co):=P (u+ 7o N(60).0)d0 )
Finally, we will also make use of the abbreviation
Xs :={p € X :[¢]lx <0}

and at last, we come to our definition of a solution.

DEFINITION 5.1. Let
T ={(t,r)€[0,T) x [0,00) : 7 < T —t}.

We say that u : I'7 — R is a Strichartz solution of

4

(0 =32 = 20, ) uttor) = (e ute )l

if ¢ := @1 = [V — (cq, GPca)ls, with
1/}<7-7 P) =2 _ _
U(r,p):= B , Y(r,p) = Te ™) 2 uw(T —Te ", Te " p),
<(% + 87' + pap) 2/)(7'; IO)
belongs to X and satisfies
¢ = Ka(0)(9)

and C(¢,®(0)) = 0.

Our modus operandi is now essentially a three step process. First, we will show that
when properly restricted, K, will satisfy the requirements of the Banach fixed point
theorem. After that, we will show that by choosing our blowup time appropriately, we

can achieve that the correction C vanishes. Then, we will show uniqueness of solutions
in the Strichartz space. We kick off this program with the following lemma.

LEMMA 5.2. Let u € H and ¢ € C([0,00) x BY). Then Ky(¢) € X. Furthermore,
the estimate

d+2
IKu(d)llx S lalls + o5 + I6ll37°

holds for allu € H and ¢ € C>([0, 00) x BY).
150



PRrOOF. We first investigate (I — P)K,(¢). By Theorem |l.1)and Lemma [5.1) we have
that

11— PYKa(@)llx < [ulls + / N6 ety do

+2

o oo d
Shulbe+ [ 16y + [ 0@ 5y do
0 0

L =2 (BY)

S [l + l[ol% + 1o/l
Next, we take a look at PK,(¢) and compute that
PKu(¢) =~ [ ¢ "PN((6(0).0))ds

Now, as P is a bounded linear operator with rgP = span{g}, there exists a unique g € H,
with

Pf = (f,g)ug
for all £ € H. This implies that |[[Pf];[|e@e) S (£, €)alllg1llLecee) S Ifll2 for 1 < g < oo
and consequently,

IPKu(9)(7)|| Loy 5/ e 7|[N(¢(0))]l 2 (zg)do

So, applying Young’s inequality yields
PR S (Iemoct e+ Hemael g ) [ IN (O o

Ld—2 (R

2 3
S lollx + ol

LEMMA 5.3. Let u € H. Then the local Lipschitz estimate
IKu(d) = Ku(@)[lx S llo = ¢llx (||¢||x +olla + 1]l + ||¢||5?2>
holds for ¢, ¢ € C([0,00) x BY).

PROOF. We again start by first investigating (I — P)K,(¢) — (I — P)K,(¢)). From
Theorem [[L1] and Lemma [5.1] we infer that

(T =P)Ku(¢) = (I -P)Ku(¥)llx S /OT IN(¢(0)) = N((0))|| 2(sg)do

S 16 = vl (ol + BOIE™ + Il + 10157 )

Further, from the calculations in the proof of Lemma [5.2] we conclude that

IPKu(¢)(7) = Ku() ()]l Laeg) S /Oo e ?|N(¢(0)) = N((0) L2egydo
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again for 1 < ¢ < oo. Once more applying Young’s inequality then yields

IPIK() - Kul@llx S (I1mmelie + mael g, )
< [ ING) = V(o) ey do
0

< 10—l (Ioll + 16157 + ol + 14157 ).

The next two results are now a direct consequence of these two Lemmas.

LEMMA 5.4. Let u € H. Then the operator Ky extends to an operator from X to X

such that the estimates

d+2
IKu(d)llx S ullx + [lol% + I6ll%°

and

IKa(6) = Ka(®)lx < 16— vllx (H¢ux FAIE + e+ HW)

hold for all ¢, € X.

LEMMA 5.5. There exist constants ¢ >0 and § > 0 such that if ||[ul|s < ¢, then there
ezxists a unique ¢ € Xs with Ky (¢) = ¢.

PROOF. Lemma [5.2| implies that that K, maps X5 to X5, provided that ¢ is chosen
sufficiently large and ¢§ sufficiently small. Further, by shrinking ¢ if necessary, Lemma [5.3
implies that

1
[Ka(6) — Ka(®)llx < 5116 — vllx

for ¢, 1 € Xs. Hence, when restricted to X, K, satisfies the conditions of the contraction

mapping principle. U

Proceeding as previously stated, we move on to showing that we can get the correction
term to vanish by choosing an appropriate blow up time. To that end, recall that due to

the coordinate changes in the first section, the prescribed initial data are given by
d—2 d—2
¢1(0,p) = 1(0,p) —ca=T2 u(0,Tp) —ca=T"2 f(Tp) — cq

d—2 d—2
$2(0, p) = 12(0, p) —

Further, as we care about initial data which lies close to u![0], we also compute that after

d—?2

cqg = T%GOU(O,Tp) - cqg = T%g(Tp) - Cq-

our coordinate changes the blowup u; takes the form

d—2 a—2 a—2 d 2—d

Yi(r,p)=T 2 e 2z uy (T —Te 7, Te "p) = TT@‘%QTcd(l —~T+Te )2

d—2
Ua(m.0) = TTge_gTCd(l T+ Te ™),
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To deal with these initial data in a convenient form we introduce the mapping

U:[1-61+0] x H' x L*(B{,5) = H

as
- - d—2 d—2
U(T.v)(p) = (T°F 0a(Tp). T20a(Tp) +(T°F o, =T ¢a) — (car —5—ca)-
With this, we can rewrite our initial data as
d—2
¢(07 p) = U(Ta (f —Ca, 9 — 2 Cd))-

LEMMA 5.6. There exist M > 1 and 6 > 0 such that for v.€ H' x L*(Bf,;) with
HV“HIXLQ(IBE‘{ZH) < L there exist ¢ € X5 and T* € [1 — 6,1 + 6] with Kyz=v¢ = ¢ and
C(o,U(T*,v)) =0.

Proor. We start by computing that

2 d—2 d—2
8T(ch%, 9 ch%)‘T:l = Tcdg

and so, we can expand U(T,v) as

d—
4

with f7 € H such that ||f7|% <1, for T € [3, 2]. This allows us write

U(T,v) = (T 01 (Tp), T0s(Tp)) + 22 ca(T = Vg + (T — 1)1

(U(T, ), ) = O(1°) + |8l 06T°) + 0(5°T°)

for '€ [1 — 6,1 4 6]. Denote by ¢ € X5 the unique fixed point of Ky(rv) which exists,
thanks to Lemma[5.5 provided that M is chosen sufficiently large and § sufficiently small.
Recall further that

Clor UT ) =P (V) + [ e N(6r(0),0)do

By construction we have that

d—2

(C(6r, UL V), 8w = O(L:1) + OT°) +

and moreover the O-terms in are continuous functions of 7. Thus, the vanishing
of (C(¢7,U(T,v)),g)n is equivalent to the equation T'— 1 = F(T) for continuous F
with [F(T)| < 2 + 6% Consequently, if we choose § and M accordingly then 1+ F is
a continuous map from [1 — J,1 + 0] to that same interval and therefore it must have a
fixed point. O

callgl*(T — 1) (5.1)

We now come to the penultimate result which shows uniqueness of our solutions.

LEMMA 5.7. Let u € H. Then there exists at most one ¢ € X with Ky(¢) = ¢ and
C(p,u) =0.
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PROOF. Let u € H and assume that we are given two fixed points 1, ¢ € X of K,
with C(¢,u) = C(¢,u) = 0. Let 70 > 0 be arbitrary and note that for any 6 > 0 there
exists an Ny € N such that

[l 2y + 9l <6 (5.2)
for all n € {0,1,2,..., Ns — 1}, where

d+2 2d+4
Ld=2(I)L 4-2 (Bf)

91t 1= 161, 2 g, + 19

and I, := [ng}, (n 4+ 1)3}]. From the calculations done in the proof of Lemma W we
then see that

HL2dd_+24 (B¢1i)

[47) = 6T, gt g + I(7) = 6(7)

L

< AlfﬂNww»—Nwwmw

L2(BY)
Thus,

19 = Ollxi) S /0 e 7|N(¢(0)) = N(¢(0))ll L2 sy do

LZ(Io)

a+2

+|
L2 (Io)

AEFWNww»—Nwwmmmﬂa

70/Ns
swA IN(6(0)) — N((0)l| oy do

_4 _4
SW—MWM<WhmHWMQb+M%mHWW&b)

By choosing ¢ sufficiently small, we see that

1
16 =Pl < 5110 = Dllxa)
2

and so ||¢ — ¥||x(1,) = 0. Continuing inductively we therefore conclude that

¢ — ¥llx (o) =0

and as 79 > 0 was chosen arbitrarily, the claim follows. O
Now, we are finally able to prove Theorem [I.2]

ProoF OF THEOREM [I.2 Let M > 1 be sufficiently large and 6 > 0 sufficiently
small. Further, for v = (f, g) — u'[0] with

J

IVIigxze@e ) < R
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let u be the corresponding solution, ¢ be the associated function in similarity coordinates,

and T" be the corresponding blowup time from Lemma Then

2 2 _ = 2
P, = | W) =l do

L2(Ry)Ld-3 (BY)

T
_ — )y Y (— — — c4I?
= [ @ =07 i oa(T = )+ Tox(D). ) =l

= [T =0 bl log(T — )+ og(T), ) — T =0T g,

Ld 3 (B%ft)

=L Jult, ) — a6 )2 0
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CHAPTER 4

Optimal blowup stability for three-dimensional wave maps

1. Introduction

The present work is concerned with the wave maps equation, the prototypical example
of a geometric wave equation. The wave maps equation is a natural generalization of the
wave equation when the unknown takes values in a Riemannian manifold. Here, we are
only interested in the case where the manifold is the round sphere, i.e., we consider maps
U:RM — S C R where RV is the (1 + d)-dimensional Minkowski space. In this

special case, the wave maps equation takes the form
0"9,U + (0"U - 0,U)U =0, (1.1)

where - denotes the Euclidean inner product on R%!' and Einstein’s summation con-
ventiodzl is in force. Equation is a hyperbolic partial differential equation and
it is natural to study the Cauchy problem. To this end, one prescribes initial data
U0,.) : RT — S¢ 9,U(0,.) : R — R4 with U(0,.) - 9U(0,.) = 0 and aims to con-
struct a unique solution to Eq. satisfying these initial conditions. Intriguingly, for
d > 2, it is in general impossible to construct global-in-time solutions to the Cauchy prob-
lem for the wave maps equation, even if the initial data (U(0,.),0,U(0,.)) are smooth
and nicely behaved towards infinity. For d > 3, this is evidenced by an explicit one-
parameter family of self-similar solutions. Indeed, for T' > 0, let U] (t,x) = F.(7%),
where F, : R? — S¢ ¢ R¥*! is given by

1 (aamae) | (sm(ae)s

16) = 2anctan (¥

Then U! is a wave map, as one may convince oneself by a straightforward computation.
The solution U!', which was discovered in [103], 87, [7], starts from smooth initial data but

develops a singularity in finite time in the sense that the gradient blows up. Moreover,

with

by the finite speed of propagation property inherent to the wave maps equation, the
behavior of the data at spatial infinity is completely irrelevant. A natural question that
arises immediately is as to whether this explicit blowup solution has any bearing on the
1As is common in relativity, we number the slots of a function on Minkowski space from 0 to d and

0% = —0y, whereas 07 = 0; for j € {1,2,...,d}. Two indices, where one occurs upstairs and the other
one downstairs, are automatically summed over and Greek indices take on the values 0,1,...,d.
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generic behavior of the Cauchy evolution. Perhaps U actually belongs to a larger family
of solutions which exhibit similar kinds of singular behavior? And if so, how large is
this family? To answer these questions it is necessary to study the stability of U under
perturbations of the initial data. In the present paper, for the case d = 3, we show that
all solutions that start out close to U develop a singularity with the same asymptotic
profile as UZ. Furthermore, the smallness of the perturbation is measured in the weakest
possible (L2-based) Sobolev norm.

In order to state our main theorem precisely, we set ul (t,z) = I%\ arctan('ijt) and
define Q7 C R x R3 for T' > 0 by

Qr = ([0,00) x R*) \ {(t,z) € [T,00) x R* : || <t —T}.

In words, Qr is all of the future of the initial surface ¢ = 0 minus the forward lightcone
emanating from the blowup point (7',0). Furthermore, for R > 0 and x5 € RY, we set
B (z0) := {x € R : |2 — 10| < R} and abbreviate B% := B%(0).

THEOREM 1.1. There exist constants dg, M > 0 such that the following holds. Let
F: R —S*CR* and G : R3 — R* be given by

F(x) = (Sm“f“'f <x>>|i—|>, G(:c):( cos(Ja|f(x))g(x)a )

cos(|z|f(x)) —sin(|z]f(x))]x]g(x)
for smooth, radial functions f,g: R — R. Assume further that § € [0,d0] and
)

1110 9) = (20,0, B0t 0, Dl ke < 1

1+6
Then there exists a T € [1 — 6,1+ 6] and a unique smooth wave map U : Qr — S* C R*
that satisfies U(0,x) = F(z) and yU(0,2) = G(x) for all x € R3. Furthermore, in the
backward lightcone of the point (T,0), we have the weighted Strichartz estimates

[t @) - v

2

dt < §*
LlO(B%,t)

and
6

3

s dt < °
11 (B%Lt)

j=l

/OT |15 (v, ) - o07 w.))|
forj € {1,2,3}.

1.1. Discussion. We would like to make a couple of remarks.
1.1.1. Stability of blowup. Note that

UT(t,0) = (2)

for all t € [0, 7). Hence, a scaling argument shows that

H|.|’% (Ul .) —Uf(t,()))‘ ~ (Tt}

Llo(B%‘—t)
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from which we infer that

[t @) - vr.o)

| H#avre.)

30 -
LT (BY_,

2

T
dt ~ / (T —t)"'dt = .
(B%—t) 0

1o

Similarly,

T
)dt :/ (T —t)"'dt = .
0

Consequently, these Strichartz norms detect self-similar blowup and Theorem shows
that U! is asymptotically stable in the backward lightcone of the singularity. Put differ-

ently, our solution U can be trivially written as

U(t,z) =UL(t,x) + U(t,z) — UL (t, 2)

S/

small

and this shows shows that U exhibits the same blowup as Ul modulo an error which is
small in suitable Strichartz spaces.

1.1.2. Optimality. Eq. is invariant under the scaling U(t, z) — U(5, %) for A > 0
and the corresponding scaling-invariant Sobolev space is H SxH %*1(]1%‘1). Moreover, from
the ill-posedness of the wave maps equation below scaling [89] it follows that the smallness
condition imposed on the initial data is measured in the optimal topology in terms of
regularity.

1.1.3. Symmetry. The prescribed initial data belong to the class of corotational maps,
a symmetry preserved by the wave maps flow. Further, our Strichartz estimates are not
translation-invariant and so inherently corotational.

1.1.4. Mazimal domain of existence. The domain on which we construct solutions is
all of [0,00) x R3 except for the part of spacetime that is causally influenced by the
singularity. Whether one can extend the solution even further in a meaningful way is an
intriguing open question.

1.1.5. Supercriticality. Lastly, we want to put emphasis on the fact that Theorem [1.1

is a large-data result for an energy-supercritical geometric wave equation.

1.2. Related results. Due to the sheer volume of intriguing works on the wave
maps equation, we can only mention a handful of results which are directly linked to the
present paper. For the local theory of corotational wave maps at low regularity we refer
to [89]. The general case is the focus of the works [57, 59, [94], [72]. Establishing results
concerning the small data global Cauchy problem is of course most delicate when one
measures smallness in a scaling-invariant space. This challenging problem was intensely
studied in the 1990s and the beginning of the 2000s and was resolved in [99], 100, 95,
96, 58, 188, 61), 8T, [62], 10T, 14].

Turning to the large data problem, we start with the case d = 2 where the strongest
results are available, given that this is the energy-critical case where energy conservation
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yields invaluable global information. However, despite the conservation of energy, finite-
time blowup is possible, albeit via a different, more complicated mechanism than in our
case. Singularity formation takes place via a dynamical rescaling of a soliton (a harmonic
map). Consequently, already the construction of finite time blowup is highly nontrivial
and was first achieved in [60, [85], [84], inspired by numerical evidence [9], see also [47].
Stability results for blowup are proven in [84), [64]. Subsequently, the question of large
data global existence has to be addressed in view of the fact that finite-time blowup is
possible. Since the blowup takes place via the shrinking of a harmonic map, the “first”
harmonic map provides a natural threshold for global existence. This is expressed in the
threshold conjecture [91), 92, 66, [69], 18], see also the series of unpublished preprints
[98] and the earlier [93], 24] for the corotational setting. Recent works on energy-critical
wave maps focus on the precise asymptotic behavior and the soliton resolution conjecture
(22, 23, 21, 52, 56, 55, 41].

The present paper is concerned with the energy-supercritical case d > 3, where the
conservation of energy is of no use for the study of the Cauchy problem. Therefore, the
understanding of large-data evolutions is still comparatively poor. The existence of self-
similar blowup for d > 3 is established in [87], 103], 5| [5, [7]. Motivated by numerical
evidence [8], the stability of self-similar blowup under perturbations that are small in
Sobolev spaces of sufficiently high order is proved in [38], 29, 19, 20, 16, B2, 4]. We
also remark that starting from dimension 7, another blowup mechanism occurs which
is more reminiscent of the energy-critical case [48], see [27, 17| for other large-data
results. Blowup stability in critical Sobolev spaces has so far been established for the
four-dimensional wave maps equation [40] and the simpler energy-criticial wave equation
in dimensions 3 < d < 6 |30}, 34}, 104]. We also want to mention [I1I] for an extension

to randomized perturbations.

1.3. Outline of the proof. To prove Theorem we follow the strategy laid out in
[40] and which itself built on the previous works [30] and [34]. However, in contrast to
the four-dimensional case studied in [40], the optimal Sobolev spaces here are of fractional
order. This causes major additional problems throughout our analysis of equation (|1.1)
which were not present in previous works.

The first step in analysing Eq. is the symmetry reduction. From the special
corotational form of the prescribed data and the preservation of that symmetry class by

the wave maps flow it follows that the associated solution U is of the form
. ; o
cos(|z|u(t, x))
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for a smooth function w : [0,7) x R® — R such that u(t,.) is radial for each t € [0,T).
Further, the corotational ansatz simplifies Eq. (|1.1)) to the semilinear equation

(@2 o %@) ) + sin(2ru(t,r)) — 2ru(t,r) _0 (1.3)

r3

for r > 0, where u(t, x) = u(t, |z|). Note that [1.3|is a 5-dimensional equation rather than
a 3-dimensional one, as one would perhaps expect. Therefore, it is natural to view w
as a radial function on [0,7") x R instead of [0,7) x R3. Moreover, a Taylor expansion
shows that the apparent singularity in is in fact removable and the nonlinearity is
perfectly smooth. Theorem is then essentially a consequence of the following result.

THEOREM 1.2. There exist g, M > 0 such that the following holds. Let f,g €
C>(B},5) be radial and let 0 € [0, o] be such that

)

1 1 —
— 3 1 < .

||(fv g) (u*(oa')780u*(0"))||H7><H?(Bi’+a) - M

Then there ezists a blowup time T € [1 — §,1 + 0] and a unique smooth solution
uw:{(t,z) €[0,T) xR :|z| <T—t} - R

of Eq. (L.3)) satisfying u(0,.) = f and 0yu(0,.) = g on E Furthermore, we have the

Strichartz estimates

T
ot = ) g < 5 (1.4
; -
and . )
/0Hu(t,.)—uf(t,.)||W1,§g)(B%_t)dt§(56. (1.5)

We now give a nontechnical outline of the proof of Theorem [I.2]

e First, we perform preliminary coordinate transformations and choose the right
functional setup. Given the self-similar nature of the blowup, we recast Eq.
in the similarity coordinates
r

T—t

Then, we proceed to show that the operator corresponding to the free wave equa-

T =—log(T —t) +1og(T), p=

tion in these coordinates is densely defined and closable in different topologies
and that each of these closures generates a semigroup Sg. More precisely, we
show that

||SO(T)||H2xH1(B§>) Sez ||So(7')||H1xL2(IB§) Sez

which we interpolate to obtain
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We also borrow the estimate [|So(7)|| gsx pgz2ms) S €77 from [37], as H® x H?(BY)
happens to be the space in which a better part of our analysis is carried out. We
then linearise the nonlinearity around «!" and study the resulting linear operator
L. Utilizing [20] enables us to infer that L has precisely one eigenvalue A = 1
in the (closed) complex right half-plane with a corresponding rank 1 spectral
projection P. However, we cannot rigorously exclude the existence of finitely
many eigenvalues with real parts bigger than —1. But what we do know is that
all of these possible eigenvalues have finite algebraic multiplicities. Hence, the

semigroup S(7) generated by L satisfies

IS(T)(X — Q)L — P)ll sy S e 17,

where Q is the spectral projection associated to all eigenvalues \; with —1 <
Re\; < 0.

To control the evolution, we next derive Strichartz estimates for S(7)(I — P).
We accomplish this by asymptotically constructing the resolvent of L and repre-
senting the semigroup as the Laplace inversion of (A — L)™' =: Ry ()\). For the
resolvent construction it is crucial that the spectral equation (A — L)u = f with
u = (uy,u2) and £ = (fi, fo) reduces to the second order ODE

(0" — (o) + (2@ - %) (o) + (0 + 20+ Dus(p)

16
- mm(ﬂ) = Fx(p)
with F\(p) = fa(p) + (A + 2) f1(p) + pfi(p) and p € (0,1). The construction of
Ry ()\) is carried out by an intricate asymptotic ODE analysis of Eq. (|1.6]) based

on a Liouville Green transform, Bessel asymptotics, and Volterra iterations.

(1.6)

Having done this, we turn to the somewhat lengthy task of obtaining Strichartz
estimates by estimating the oscillatory integrals occurring in the Laplace inver-

sion of Ry,. A first idea would be to obtain estimates of the form

H[S(T)(I - P)f]1‘|L§1(R+)Lq1(B§) N Hf||H1xL2(]B§>) (1-7)
and

||[S(7')(I - P)ﬂ1||L’;2(R+)qu(B§) S ||f||H2xH1(]B§)

and interpolate between them, where [S(7)(I—P)f]; denotes the first component
of S(7)(I — P)f. There is, however, a problem with this naive ansatz. In the

H' x L? universe the spectrum of L, o(L), satisfies

{zeC:Rez< i} U{1} Co(L).
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Consequently, the best estimate one can hope for is of the form

||[€_%S(T)(I - P)f]1||Lfl(R+)Lq1([B§‘) S ||f||H1xL2(IB§>)~

Thus, for the interpolation argument to work, the corresponding H? x H' es-
timate needs to compensate the added decay in 7. In other words, we have to

derive estimates of the type

[ S(r)(T = PYELill 22 gy ey S 1ot (1)

and indeed we can show such estimates, but only after removing directions with

insufficient decay. Formally, the estimates we prove are given by

I[638(r) (T = Q)T = Pl 22 e ongaty S IE o (19)

Hence, we still have to control the evolution on the image of Q. For this, we will

make use of the following lemma.

LEMMA 1.1. Let H be a Hilbert space . Then, for any densely defined operator
T :D(T) C H— H with finite rank, there exists a dense subset X C H with
X € D(T) and a bounded linear operator T :H — H such that

T|x = T|x.

By applying this result to Q, viewed as a densely defined unbounded operator

on H3 x Hz(B}), we manage to arrive at the desired estimates
[T S O Py - (1.10)

Analogously, we derive other spacetime estimates involving (fractional) deriva-
tives on the right-hand side.
Finally, the full nonlinear problem is treated by fixed point arguments in an

appropriate Strichartz space.

2. Transformations and Semigroup theory

In all what follows we identify radial functions with their radial representatives. More-

over, any vector space, for instance H*(B?) or C*(B?), always denotes the corresponding

radial subspace within that space. Before we can properly analyze Eq. (1.3)) in the light-
cone I'" := {(t,7) € [0,00)* : r < T — t}, we first need the right choice of coordinates.

For our purposes, suitable coordinates are given by the similarity coordinates

r

T =—log(T —t) +log(T), p= s

(2.1)
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Thus, we set (7, p) = Te "u(T —Te™",Te "p) and switch to the similarity coordinates
which turns Eq. (1.3) into

(2 + 30, + 02 + 2p0,0, + 4pd, — %ap (P — 1)3,3) b+ S ig —WY o (29)

where we omit the arguments of ¢ for brevity. Next, we define

¢1(7'= p) = 1/}<T7 p)

and

Ya(7, p) := (14 0r + p0,)th1 (7, p),

which yields the system
Ortpy = Py — 1Py — pa;ﬂ/ﬁ

i — 2.3
Oripg = 82% + %3,)1/11 — pOby — 20y — 3sin(2py1) — 6pyh (2.3)

2p3 ’

with initial data
We also remark that in these coordinates the blowup function ul is of the form

. (p) = ( y arct;m(p)) .

1—‘,—p2

2.1. Semigroup theory. Motivated by the above evolution equation, we define the

differential operator f;o as

P —puy(p) — ur(p) + ua(p)
Lou(p) (u’l’(p) + 53 (p) — pus(p) — 2uz(p)) ’

where u = (uy, us) with domain
D(Ly) :=={ueC'x C? (E) : u radial}.

We also define two inner products (.,.)e, and (.,.)s, on D(Lg) as

(Ve = [ @RI+ [ waloilolptds

+ U1<1)’01<1)

and

1 1 1
(0, v)e, : =8 / (o) TP dp + 32 / (o) ()pdp + 2 / ()b (p)p dp

+ ul(l)vl(l) + UQ(]_)?}Q(l)

Further, we denote the associated norms by ||.||¢;. Then the following estimate holds.
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LEMMA 2.1. The operator io satisfies
=~ 1
Re(Eou, w)e, < gull,
for allu € D(fo).
PROOF. Integrating by parts shows
1 1 1
- [ @I A =~ F +5 [ P+ [ (oI
0 0 0
and so,
1 " 2 1
—_ uf (1 5
—re [ atoyi@rdp =~ 2 [ potap
0 0

Consequently,

s ’ I ’ ' / L
| B oiiintdp = 5 [ io)Potan+ [ usloiiiointds = sl P

Similarly,
1 o 1 ! 1 o
/0 [Eoula(p)ualolo'do = / [us(p) 2ot + 4 / o (pyua(p)pdp
L - 1
+ [ aoymtantde - i )P,
Further, given that

/O ! (p)un()pdp =y (1)ual(T) — / () (p)ptdp — 4 / (D)) dp.

we obtain

Re(Cou e, = 5 [ ()0 + o)) dp = 5 (1t (DF + a1 )

+ Re (u(1)u (1) = o (1 (1) = fur (D + wa(Dur (1) )

By employing the elementary inequality
- 1
Re(ab + ac — be) < 5(\a|2 + [0 + |e]?),

with a = ug(1), b = uz(1), ¢ = uy(1) we deduce that

~ 1/t 1
Re(Cowwle, < 5 [ (Wh(p)Pot + o)) do < 5l
0

For the inner product (.,.)g, we can derive a similar but better estimate.

LEMMA 2.2. The operator io satisfies
~ 1
Re(Lqu, e, < —Jull,
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for allu € D(Ly).

PROOF. Let u € D(io). Integrating by parts as above shows that

1 1 1

Re [ Eoul(o)l'dp = ke (= [l @alointdo + [ iordoin'as)
0 0 0
1
=3 [ o)t
u// 1 2 1
=——/ [ (p)*p*dp — (2)| +Re/ uy (p)uf (p)p*dp.
0
Similarly, we see that

Re / Toull(p)uh(p)p'dp = Re / o (o) () dp

0

+ Re (4 /0 1 [U’{(p)mpg - U’l(p)U’z(p)pﬂ dp)

e / 2 4 |“/2(1)|2
~5 | lo)Ratap— 2T
1 - 1 .
—Re (— [ a4 [ u1<p>u'2<p>p3dp)
0 0

— ()P 1t
+Re(ut(pm) - L 2 ot
0
It follows that

Re / (ot (o)) + ol () p'dp = — 5 (1) + (1))

+Re(ui(Dup(1)) — 5 [ |ui(p)

1
~aRe [ (o)) = I
0
A short calculation then shows

1
8]1+32Re/ [Loul, (), (p)pdp < — 4/ lui(p 4d,0—4/ [ub(p) > pdp
0

16 [ R~ 5 (P + 1)
= 16Ju; (1) + Re(uf (1)u5(1)).
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Consequently, adding up all the boundary terms yields

— L (W) + (D7) — 6] (1) + Re(uf (1)5(1)
+ [Lou)y (1) (1) + [Loula(1)ua(1)
= 5 (WO + [ (D) — 16Ju ()] + Re(u{ (1))

+ Re (w1 (D) = (1) = fur (1)
+ Re (] (1) (1) + 40} (1) (1) = wh(Daz(1) ) = 2fua(1) 2.
By again employing the inequality
IM@+@—®§%WPHW+M%

once with a = ug(1), b = v} (1), ¢ = u1(1) and once with a = u//(1), b = u)(1), ¢ = us(1),

we obtain
_ 1 1 1
Re (Lou, u>g < —4/ |U’1’(/))|2p4dp—4/ |us(p)|*p*dp — 16/ |y (p)|* p*dp
2 0 0 0
— 1
+ Re (3u(1ua(1)) = 15[ (D = Slun(1)[2 = Jua ()P

1 2
< —5

To be able to invoke the Lumer Phillips Theorem we carry on by showing the density
of the range of (1 — Ly).

LEMMA 2.3. Let f € C*° x C(B?). Then there exists a u in D(Lo) such that

(1-Lou=f

PROOF. The equation (\ — I~10)u = f written out explicitly reads
(14 Nui(p) + pui(p) — uz(p) = f1(p)
(2 + Nuz(p) + pus(p) — ui(p) — %ui(p) = fa2(p)
and the first of the above equations implies that

uz(p) = (1 + Nu(p) + puy (p) — fi(p)- (2.4)

Setting A = 1 and plugging this into the second one yields

(0 — Dull(p) + (6p - %) () + 6u1(0) = Fa(p) (2.5)
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with Fi(p) = fa(p)+3f1(p)+pf1(p). A fundamental system for the homogeneous equation

= i)+ (6= 2 ) th00) + Bua(p) =0

is given by
tanh ™ (p) — p .
¢0(p) = Ta Z/)1<IO) =p 37
and the Wronskian of these two is given by
1
W (tho, 1) (p) = ———-
p*(1 —p?)

By the variation of constants formula, a solution u; of Eq. (2.5 @ is then given by

Fy(s) s)Fi(s)
= volp /Wwo,w1 TCE /Wwo,w1>()(52—1)ds

tanh

%/ﬁ sFy(s)ds +p~° /Op(s tanh ™' (s) — s?) [ (s)ds.

From standard ODE theory it follows that u; € C*°((0,1)). Moreover, a Taylor expansion

shows that v is a smooth even function on [0,1) and so

;wwmm/sm@@eowmn>

Next, we rescale according to pt = s to obtain that

ir(p) = p 3 /Op(s tanh ™' (s) — s?)Fy(s)ds = /01 t (M — t) Fi(pt)dt.

For p close to 0 a Taylor expansions shows that

tanh™' (pt) Pt pit?
e Vel A Y
; 3 7 T Ot

where the O term is a smooth function. Consequently, we infer that ¢, € C'*°([0, 1)) with
i (0) =¥ (0) = 0. (2.6)

Thus, u; € C*°([0,1)) and by combining (2.6) with the fact that 1 is even one easily
establishes that u;(0) = ug?’)(O) = 0. Therefore, we are left with checking the behavior of

uy at p = 1. For this we remark that we can recast u; as
tanh ™' (p

ur(p) = T()/p sFy(s)ds +p~° /Op stanh™!(s)Fy(s)ds + ri(p)

where r; is a smooth function at p = 1. So, we only have to show that

vi(p) == tanhl(p)/ sFy(s)ds + /Opstanhl(s)Fl(s)ds
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is regular enough at 1. Clearly, v; is continuous at 1 and

o (p) = — /p F(s)ds.

Further,
1 0
/ sFi(s)ds = / (s+ 1)Fi(s+1)ds
p p—1
0
— [ 6= A DR ) + 00 - Ps
1p:p2
Hence,

() = / (y(1— ) + DE(y(1 — p2) + 1)ds

(1)

and this is visibly smooth at p = 1. Summarizing, we see that
w € CH(0,1]),  w(0) =u”(0) =0
and from Eq. (2.4) it follows that u € D(Ly). O

The last few lemmas allow us to invoke the Lumer Phillips Theorem. However, since
we would rather like to work in standard H* spaces, we first prove the equivalences of
the norms &; with standard radial Sobolev norms. For this we will require the following

version of Hardy’s inequality
LEMMA 2.4. The estimates
|H"71f“L2(IB%5{) Sl
and
""’72]0“L2(IB?) Sl
hold for all f € C2(B3).
PrOOF. The first estimate is just Lemma 4.7 in [34]. For the second one, we let
E: H*(BY) — H*(R®)
be a bounded extension operator. Then, by Hardy’s inequality,

1172 F e esy < MBS lzesy S VEfllir@sy S IS lm2ms)-

LEMMA 2.5. The estimate

H"|71f/HL2(]B§) S 11 a2 sy

holds for all f € C*(BY).
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PROOF. This is an immediate consequence of Lemma 4.1 in [36].

g

LEMMA 2.6. The norms ||.|lg; and ||.||gsxmi-1ms) are equivalent on D(Lg). Conse-

quently, they are also equivalent on H* x H'(B?).

PROOF. For j =1 this is Lemma 2.2 in [34]. For j = 2, the inequality

-2 egy S Il-lle

is an immediate consequence of the estimate

1 1
/ u(p)Ppdp < / 1 ()P pdp + fu(1)P
0 0

and the triangle inequality. For the other inequality, we first note that
1
| aututortyae
0

for all u € C'(B}). Therefore,

lu(D'S S lullar gy + 1 ull 2wy < lullm e

ur (1) + Jua (D) S H(Ubuz)“fmxm(m)-
Further,
1
[ s S s ) B

thanks to Lemma Finally,

1 1
/ ()P pdp < (1, 02) oy + / [y () PPPdp S I oar, ) g sy
0 0

LEMMA 2.7. The operator io 1s closable and its closure, denoted by Lg, generates a

semigroup So on H' x L*(BY) such that

HSO(T)fHHleZ(B?) S €%Hf||H1xL2(B§)

for allf € H' x L*(B}) and all T > 0. Furthermore, the restriction of So to H* x H'(B?)

satisfies

HSO(T)fHH2xH1(B§) S eﬁHfHH?le(B?)

for all f € H?* x H'(BY) and all T > 0.

Next, we state another useful Lemma which is a special case of Proposition 4.9 in

137).
LEMMA 2.8. The restriction of So to H> x H*(BY) satisfies

1So(T)E | s xm2esy S €|l s wr (9

for all f € H? x H*(B?) and all 7 > 0.
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Proor. This is Proposition 3.3. in [37]. O

Furthermore, by employing the estimates from Lemmas 2.1 and [2.2], one easily derives
the following additional growth estimates on Sy. To proceed, we use that H sx H %(IB%‘?)
is an exact interpolation space of H? x H'(B]) and H' x L*(Bf) of order 1, see [102,
p. 317, Subsection 4.3.1.1, Theorem 1], to conclude the next result.

LEMMA 2.9. The semigroup Sy satisfies

1So(m)El 5 S Il

3 1
H3xmH? (BY) H2 xH?2(BY)

for all f € H2 x H2(B?) and all 7 > 0.

It is also vital for us that Sy satisfies appropriate Strichartz estimates, provided we

restrict T to the interval [2 This restriction leads to no loss of generality for us, as

27 5]
we are only interested in values of T" which lie close to 1 anyway. Henceforth, we assume

that T € | from now on.

272]

LEMMA 2.10. Let p € [2,00] and q € [§,00] be such that ]lo + g = 1. Then we have
the estimate

| [So(7)1], ||L€(R+)LQ(B?) N Hf“H%xH%(B?)

for all f € H3 x H%(]B%?). Furthermore, also the inhomogeneous estimate
‘ / [So(T — o)h(0)], do
0

holds for allh € L*(R,, H2 x H2(B})) and all intervals I C [0, 00) containing 0.

’S HhH 3 1
Lg(I)LQ(B?) LI(I)HQ XH2(IB?)

ProoF. This follows by restricting the standard Strichartz estimates for the free wave
equation to the lightcone, cf. [40]. O

LEMMA 2.11. The estimates
H [SO(T)f]l HL%(RJr)W%’s(B?) S/ ”fHH%XH%(B?)
and
H [SO(T)f]l HL?—(RJ’»)W %(35 ~ H HH2 ><H2(]B5)
hold for all £ € H3 X H%(IB%?). Furthermore, also the inhomogeneous estimates

\ [ utr = oo o < In]

1
L2(R4)W 35 (B9)

L(I)HE xH3 (BY)
and

S [l

/OT [So(T — 0)h(0)], do

Lo e yywH 35) 3 )
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hold for allh € LY(R,, H2 x Hz(B)) and all intervals I C [0, 00) containing 0.

To get a better understanding of the dynamics of solutions which are close to uZ, we
linearise the nonlinearity around this solution. For this, we set ¥ = & 4+ ¥*, where U* is
the transformed blow up solution u!, and formally linearize the nonlinearity around ¥*.

This results in a linear operator L given by

a _ 0
. <ﬁ<p>>

and a formal nonlinear operator IN given by

N(u)(y) !
u){p) = .
N (@ +u)(p) = N(@s,)(p) — izt (p)

Lastly, we define L := Ly + L’ and note that we have the following result.
LEMMA 2.12. The operator L is a compact operator on H® x H*~1(B?) for any s > 1.
PrRoOOF. This is an immediate consequence of the compactness of the embedding
H*(B}) — H*(B3) for s > s’ > 0. O

Consequently, the Bounded Perturbation Theorem implies that L will also generate a
semigroup on each of the previously employed Sobolev spaces H® x H*~!(B?), which we
denote by S. With this, we can at least formally rewrite our equation in Duhamel form

P(7) =S(T)u+ /OT S(t — o)N(®(0))do. (2.7)

To make sense of this equation, we will show in the following that S satisfies Strichartz
estimates as in Lemma [2.10], provided we project away the unstable direction. This will

naturally give meaning to Eq. (2.7]) in an appropriate Strichartz space.

2.2. Spectral analysis of L. From now on L will always denote the version of L

that is a densely defined closed operator with
L:D(L) c H® x H*(B®) — H® x H*(BY),
unless specifically stated otherwise. Then, for any A € C with ReA > —1, we have
A € p(Lg) since
||SO(T)f||H3xH2(B§>) < €_T||f||H3xH2(B§>)
for all 7 > 0 and all f € H3 x H?*(B3). As a consequence, the identity
A—L=(1-LRg (V) - Lo)

with Ry, () := (A—Lo) ! implies that any spectral point A with Re A > —1 has to be an
eigenvalue of finite algebraic multiplicity by the spectral theorem for compact operators.
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LEMMA 2.13. The point spectrum o,(L) of L is contained in the set {z € C: Rez <
0} U{1}. Furthermore, the eigenvalue 1 has geometric and algebraic multiplicity one and

an associated eigenfunction is given by
1
2
g)={ "% |-
(1+p%)?

PROOF. That the point spectrum really is a subset of {z € C: Rez < 0}U{1} follows
as in [40]. To discern the properties of the eigenvalue 1, we start by noting that obviously
g € D(L) and a straightforward computation shows that (1 — L)g = 0. Moreover, the
calculations in the proof of Lemma [2.3|show that the equation (A —L)u = 0 is equivalent
to

uz(p) = (1 + Nua(p) + pui (p) (2.8)
and the second order linear differential equation

16
T+
For A = 1 we use reduction of order to obtain a second solution to equation ,

- 12p% tanh™!(p) — 9p% — 1
gi1(p) = B2+ 1)
Hence, any solution of Eq. has to be a linear combination of g; and ¢g;. As

g1 ¢ H'(B3), we conclude that an eigenfunction has to be a multiple of g since the

(0* = )uf(p) + (2(A +2)p— %) ui(p)+ (A+2)(A+ Dui(p) - ui(p) = 0. (2.9)

second component of any eigenfunction is uniquely determined by its first through ([2.8)).
Therefore, the geometric multiplicity of the eigenvalue 1 is one. Moving on, we define P

to be the spectral projection associated to this eigenvalue, i.e.,

P .= /RL()\)d)\,

e27r7,t

where v : [0,1] — C, (t) = 1+ S~
invariant under compact perturbations, we see that dim P < co. Now, given that P is

Moreover, as the essential spectrum of L is

a projection, we can decompose H® x H?(B}) into the closed subspaces rgP and kerP.
This also yields a decomposition of L into the operators Lygp and Lyerp, which act as
operators on rgP and kerP, respectively. The inclusion (g) C rgP is immediate and we
claim that in fact rgP = (g). To show this, we first remark that the finite-dimensional
operator (Igp — Lygp) : rgP — rgP is nilpotent as its only eigenvalue is 0. Thus, there
exists a minimal n € N such that (I,gp — Lygp)"u =0 for all u € rgP. If n =1, we are
done. If not, then there exists a v € rgP such that (I,gp — Lygp)v = g. This implies
that vy satisfies the inhomogeneous ODE
(0* =)oy (p) + <6p - é) v (p) + (6 - L) vi(p) = G(p)
p (1+p%)?
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with G(p) = g2(p) + 391(p) + pgi(p) = %. By the variation of constants formula, v,

has to be of the form

v1(p) =c191(p) + c2g1(p) — gl(P)/ (1— S%;Q/?g(j)jl)(s)

- P 91(s)G(s) s
91(P)/0 (1— SQ)W(gl,gNl)(S)d

ds

with ¢, co € C. Note that
3
Wig1,91)(p) =
pt(1 = p?)
is strictly positive on (0, 1) and therefore nonvanishing on that interval. Evidently, both

91(p)G(p) and 91(p)G(p)
(1=p*)W(g1,91)(p) (1=p*)W(g1,91)(p)
L?(B?), we must have ¢, = 0. Furthermore, |¢}(p)| =~ (1 — p)~! near p = 1 and thus, for

are continuous on [0,1]. Consequently, since g; ¢

v to be in H'(B?), we must necessarily have
1
G
[ e,
o (L—=8)W(g1,91)(s)
This is however impossible due to the strict positivity of the integrand on (0, 1). U

LEMMA 2.14. The essential spectrum of L, denoted by o.(L) satisfies
o.(L) C {z € C: Re(z) < —1}.

In addition, any spectral point X with Re X > —1 is an eigenvalue of finite algebraic

multiplicity and there exist only finitely many such spectral points.
PROOF. The first claim is an immediate consequence of the growth bound
[So(T)E || s xmz@sy < €7 1€l a3 b2 es)-
The second follows from invoking Theorem B.1 in [49]. O

A calculation which is very similar to the one done in the proof of Lemma 2.6 in [34]

yields our next result.
LEMMA 2.15. Let n > —1. Then there exist constants C,, K, > 0 such that
IRL M| 3 2@y < Collf |l 5 w2 89)
for all A € C satisfying |\| > K,, and Re X > n and all £ € H* x H*(BY).
Let now Q be the spectral projection associated to the finite set of eigenvalues
{Ae€o(L): -1 <Re < 0}.

Moreover, we remark that when viewed as a densely defined, closed operator on H 3 x
H %(]B%?), the calculations in the proof of Lemma show that in this case we have that

o(L) Cc {z€ C:Re(z) <0} U{1} and 0,(L) C {z € C:Re(z) < 0} U {1}
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and 1 remains a simple eigenvalue. We denote by P the corresponding bounded projection
P:H:x H2(B}) — (g).

LEMMA 2.16. Let n > —1. Then there exists a constant C,, > 0 such that

IS()T = Q)X = P)f|| sy < Cre™ Il s rrzsy)
for all f € H? x H*(B?) and all T > 0.

ProOOF. This Lemma follows immediately from Lemma/|2.15 and the Gearhart-Priiss-
Greiner Theorem, see e.g. [46], p. 302, Theorem 1.11, since o(Lyerprkerq) C {N € C :
Re(\) < —1}. O

As the growth estimate from Lemma does not help us at the critical regularity,

at which analogous considerations would yield an exponentially growing bound for the

semigroup, a more sophisticated analysis is needed. So, let f € U x COO(E) and set

f:=(1-Q)I-P)feDL).

Then, for any n > —1, Laplace inversion yields

. 1 n+ilN .
S(T)f = lim — Ry, (V)fd), (2.10)

N—oo 27TZ n—iN

see [46], p. 234, Corollary 5.15. Hence, to obtain enough qualitative information on the
semigroup S(I — Q)(I — P), we need to investigate Ry, (A). To that end we remark that
u = Ry (\)f implies (A — L)u = f, which in turn implies

= 0ulp)+ (2002 = 2 ) )+ A DO D= (3 snle) = Blp) (21)

where F)\(p) = fa(p) + (A +2) fi(p) + pfi(p). Accordingly, our next step will be a detailed
analysis of Eq. (2.11)).
3. ODE analysis

3.1. Preliminary transformations. Motivated by the spectral equation (2.11]), we
study the ODE

(1= p*)u"(p) + (% —2(A+ 2)/)) W' (p) = (A+ 1) (A +2)u(p) — V(p)u(p) = —Fi(p)
(3.1)

for ReA € [=3,3], A # 0, and an arbitrary even potential V € C*(]0,1]). To get rid of
401

the first order term we set

A
v(p) = p*(1 = p*)2u(p),
which, for F = 0, turns Eq. (3.1)) into
=24 p*(24+ 20— \?) Vip)
"
= ) 2
v"(p) + A= (p) = 1= pgv(p) (32)
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One of the main tools to study Eq. is the diffeomorphism ¢ : (0,1) — (0, 00), given
by
p(p) = %(bg(l + p) —log(1 — p)).
Observe that
, 1
plp) = 1= 7
and that the associated Liouville-Green Potential @), defined by

3 S0//(p)2 1 @l//(p)

Q)= T )
is given by .
Qso(p) = (1 _p2>2
Hence, we rewrite Eq. as
” 142X —)\? 2
v"'(p) + WU(P) R pQ)QU(P) + Qu(p)v(p)

_ Vi 2 2 2 .
1t (G T )

Next, we perform a Liouville-Green transformation, that is, we set w(p(p)) := ¢'(p)2v(p),

which transforms

, —1 42X — A2 2
V(p)+ —

G " Cra e

(p) + Qu(p)v(p) =0 (3.4)
mto

w”(p(p)) — (1= A)?w(p(p)) — w(e(p)) = 0. (3.5)

v(p)?

This is now a Bessel equation with a fundamental system given by

_sin(a(M)e(p))
a(A)e(p)

cos(a(N)g(p))
a(A)e(p)

cos(a(A)p(p))

sin(a(A)g(p)) +
with a(\) =i(1 — A). From this we infer that

5 (sin(a(A)e(p))
blp.2) = V1=r (W

ba(p, A) = /1 — p? (sin(a()\)gp(p)) + M)

is a fundamental system of Eq. (3.4)).

3.2. Construction of fundamental systems.
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LEMMA 3.1. There exist r > 0 and po € [0,1) such that for p € [py, 1), where
Py = min{ui—/\‘,po}, and X # 0 with —2 < ReX < 2 the equation

=24 p*(24+ 20— \?)

v"(p) + A= ) v(p) =0 (3.6)
has a fundamental system of the form
mlp ) =VI=7 (152) [+ (1= 90 ™)+ 0671 = ) )]

1—-X

ﬂ) T 14 (1= PO ) + O (1 = )]

ha(p, X) =v/1 — p?
2(p; A) p (1_p

where w = Im \.

PROOF. We rewrite Eq. (3.6]) as

2\ — \? 2

v"(p) + 55 0(p) = 57— v(p
) (1 —p?)? (v) p*(1—p?) (v)
and note that the equation

20\ — \?

w"(p) + mw(m =0

has a fundamental system of solutions given by
wa(p, A) = /1= p? <—> :

—_

A

— =
+ +
ST
T
>

wi(p\) = ﬂ(

—
=

The Wronskian of these solutions is given by
W(U}1<., A)an('a )‘)) = 2<1 - A)

Therefore, Duhamel’s formula suggests the Volterra equation

wlp ) =wnlp )+ [ TR (s s

P1 by by

_/ w2<p7 )211)1(5, gw(S,A)dS
, (1— A)s2(1 — s?)

for p > —-. As wy(.,\) does not vanish on (0, 1), we can divide Eq. (3.7) by w;. For

[1=A]"
the new variable w = wﬂl, we then obtain the equation

(3.7)

- B PLoawg (s, Nwa(s, A) P wa(p, Nwi(s, \) -
w(p,A) =1 —i—/ 1= n)s2(1 = S2>w(s,)\)ds - /p o N = Ns2(1 = sQ)w(S’ A)ds

p

1-X
1 — 1+p1—s
P 1—p 1+s

P1
—1 _|_/p TEVE w(s,\)ds =: 1 —i—/p K(p, s, \)w(s, \)ds.
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From ﬁ < p < s, we conclude that

1-A
14pl—s

P L= <1fp 1+s) . P 1
< —  ds<
/1 sup 1= n)s? dsN/ ds <1

|T—=X] p€[|1_)\| 75]

independent of p; € [ﬁ, 1]. Consequently, we are able to set p; = 1 and use Lemma

B.1 in [35] to infer the existence of a unique solution w to Eq. (3.7) of the form
W(p,A) =1+ 0(p~w) ™).

Strictly speaking, the O-term also depends on Re A but as this dependence is of no
relevance to us, we suppress it in our notation. Having established the existence of
hy = wwy, one proceeds in the same manner as in [40], Lemma 4.1, to conclude that hy
is indeed of the desired form and that a second solution hs to Eq. of the claimed

form can be constructed. O

Without loss of generality we can assume that neither hy(.,\) nor hs(.,A) vanishes
anywhere on [py, 1), as we can enlarge r and py if necessary. We now set p) := min{%(po—i—
1), Ia%_;)\} € (px, 1) and with this, we turn to the full equation (3.2)).

LEMMA 3.2. Ejq. has a fundamental system of the form
Yi(p, A) =bi(p, N[ + O(p*(w)")]
Y2(p, A) =ba(p, N)[1 + O(p*(w)")] + Op(w) )
for all p € (0,p5] and all X # 0 with —3 <Re X < 2.
PROOF. We start by noting that for p € (0, p,], the functions b; and by satisfy
bi(p, A) = O(p*(w)?)
ba(p, A) = O(p™ (w) ™)
and that their Wronskian is given by

(3.8)

W (b1 (., A), (o, N) = (1 — \).

Therefore, we have to solve the fixed point problem

? by (p, \)bs(s, )V (s)
b(p, A) =bi(p, A) — : ~—=b(s, \)ds
/0 i(1— j)(l — s?%) (3.9)

P bQ(P, )‘>b1(37 )\)V(S)
+/0 i(1— ) (1 — s2) b(s, \)ds

with
~ 2 2 2

Vip) =V(p) + - -
pPA=p?) 1=p" @(p)*(1—p?)
Observe that V' € C*([0,1)). We claim that b;(.,\) does not vanish on (0,1). This
follows from the fact that the zeros of J s are all real (see [82], p. 244 Theorem 6.2) and
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any zero of by(.,A) is a zero of Js. Since a(X) always has nonzero imaginary part for

Re A < [ 1 Z]
. "’_ b . .

we can divide Eq. (3.9) by b;. Upon setting b = 5 we obtain the Volterra equation

Bpw =1 [ bl;g A_)b;;(sl’ A_)Zz()s)as, \)ds

o bylp, MB35, )V (s)
+/o i1 = A)(1 = b1 (p, V)

Using the estimates (3.8)), we see that

we see that the argument of the Bessel function is always nonreal. Hence,

~ 4 ~
b(s,\)ds =:1 +/ K(p, s, \)b(s,A)ds.
0

for all 0 < s < p < py and so
P
| sw IKGsids S (o) 2
0  pE[s,px]

Hence, a Volterra iteration yields the existence of a unique solution b (p, ) to Eq. ( .
that satisfies b(p, A) = 1+O(p*(w)?). Furthermore, since all the involved functlons behave
like symbol, Appendix B of [35] shows that b(p, \) = 1+ O(p*(w)?) and thus, we obtain
the existence of a solution to Eq. of the form

U1(p, A) = bi(p, \)[1 4+ O(p*(w)")].

To construct the second solution stated in the lemma, we pick a p; € (0, 1] such that
1 does not vanish for p < min{pl,ﬁ,\} =: py for any A € C\ {0} with —2 <ReX < 2.
Moreover, as 51 (p, A) :==b1(p, A f P (s, A\)72ds is also a solution of Eq. - there ex1st
constants ¢1(A), co ()\) such that

ba(p, X) = er(Mba(p, A) + 2(\ba (p, A).

Explicitly, these constants are given by

e () = Wbl V), b )
W (b (-, \), bi (-, N))
ea(\) = W (b2 A), ba(, N)

W (b1 (., A),b1(,, A))
Using that W(ba(., A), b1(., X)) = —2 and W (b (., A),bi(.,\)) = —1, we infer that ¢y = -2
and c1(\) = =W (bs(., M), by(., A)). Next, evaluating W (bs(., M), by(., A)) at py yields

W (B A), b1 A) = =ba(Pa, Mbi(Ba, A) ™ = O((w)°).

2Strictly speaking, py not differentiable at %(,00 + 1). However, this is inessential and can easily be
remedied by using a smoothed out version of pj.
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Keeping these facts in mind, we now turn our attention to constructing s. For this, we
remark that a second solution of Eq. (3.2)) is given by ¥1(p, \) = w1(p, A fm )"2ds.

Considering this, we calculate

Ul ) = sV (0. N) + eatn(p ) | " (s, )2

p

= aWun(p )+ extl(p ) [ bals, ) s

T exta (o, ) / " T0a(s, )72 = bu(s, 1) 7] ds

= o N+ O +extno) [ 5 S

Since b1(p, A\) 72 = O(p~*{w)™*), we obtain

" O(s*(w)°) o/ 0/, A3 L4y — O (o)
/p bi(s, \)2[1 + O(sQ(w)O)PdS =O0(p(w)™") +0(p (W) ) =0(p” (w))

where the last inequality follows as we only consider values of p that are smaller than

px. Finally, for |A| large enough, we see that p, = p, and so we can safely assume that
Px = Dx- 0
One final Volterra iteration based on hy and hy yields the following result.
LEMMA 3.3. There exists a fundamental system for Eq. (3.2)) of the form
Us(p, A) = ha(p, ML+ (1= p)O((w) ") + O(p"(1 = p)*(w) )]
Da(p, A) = ha(p, ML+ (1= p)O((w) ") + O(p(1 = p)*(w) )]
for all p € [px,1) and all X # 0 with —3 <Re X <

NN

LEMMA 3.4. For p € [px, pa] the solutions 13 and 1b4 have the representations

Va(p, A) = c13(N)Yi(p, A) + ca3(N)ba(p, A)
Ya(p, A) = cra(N)1(p, A) + c24(A)2(p, A),

with oy W(;h(.,l?i, Ezg\) MY | o)1)
cral) = PRI o))
and
craln) = e D) oy
craly) = BRI o))



ProoOF. We know the explicit representations

_ W(wi’)(?)‘)v 2( 7>‘))

Wol.
c13(A) = W (W1 (., ), 1ha(, N)
. ()\) _ _W(¢3(.,)\),¢1('7)‘))
3 W(Qﬂl(,/\)ﬂﬁQ(?/\))

and computing the connection coefficients reduces to calculating these Wronskians. Eval-
uating the Wronskian W (t1(., A),¥a(., A)) at p = 0 yields

W (b1 (., A),a(, A)) =i(1 — A)

while an evaluation at p) yields

W (3, ), 2, A)) = W (i (-, A), b2 N) (pa)[1 + O((w) )]
+ ha(pr, Aba(px, A) [O((w)°) + O({w) )]
=W (I (-, A),b2(, 2))(pa) + O((w)°).

Consequently,
W(h1<.,)\),b2(.,)\))(p)\) -1
) =
61,3( ) Z(l . )\) + O(<w> )
and the remaining coefficients are computed analogously. U

We can patch together the solutions of the “free equation” in the same fashion. To
this end, let ¢y, and ¢, be the solutions obtained from Lemma in the case V =0

and, for notational convenience, we set ¢, := hy and 15, := hs.

LEMMA 3.5. For p € [px, pal, the solutions ¢, and 1x, have the representations

wfs (/07 )‘) =Cfy 5 (A)wﬁ (:07 )‘) =+ Cty 5 ()\>¢f2 (p7 )‘)
¢f4 (:07 )‘) = Cfy 4 (>\Wf1 (:07 )‘> + Cty 4 ()‘>¢f2 (p7 )‘)

with o)== WEENBCIE) o
) = DB o1
and
) = WO BN 1
) = WU D BENNE) | o

Next, let x : [0,1] x {z € C: =2 <Rez < 3} — [0,1], xa(p) := x(p, A), be a smooth
cutoff function that satisfies x\(p) = 1 for p € [0, pa], xa(p) = 0 for p € [py, 1], and
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10505 x(p)| < Crefw)*~* for k, £ € Ny. We then define two solutions of Eq. (3.2) as

v1(p; A) =X () [era(N) Y1 (p, A) + caa(MN)ha(p, N)] + (1 — xa(p)) alp, A)
va(p, A) :=xa(p)er3(N) Y1 (p, A) + ca3(A)a(p, A)] + (1 — xa(p)) ¥3(p, A)

and note that an evaluation at p = 1 yields

W(Ul('v >‘)a U2('7 >‘)) = W(w4(> /\)7 ¢3('7 )\)) = 2<1 - )‘)
With this remark we return to the full equation (3.1]).

4. Resolvent construction

We now return to our specific potential V'(p) = (1+p . Setting u;(p,\) = p~2(1 —

p%)"2vj(p, A) for j € {1,2} yields two solutions to Eq. (3.1)) with F) = 0.
LEMMA 4.1. The solutions u; and ug are of the form

ur(p, A) = p~> (1= p*) 2 ha(p, A) [1+ (1= p)O((w) ) + O(p"(1 = p)*(w) )]
P21+ p) M 14 (1= p)O(w)™) + O(p™ (1 = p)*(w) )]

us(p, A) = p> (1= p*) "2 ha(p, ) [1+ (1= p)O((w) ™) + O(p"(1 = p)*(w) )]
P =p) M L+ (L= p)O((w)™) + O(p~ (1 = p)*(w) )]

or all p > py = min{i(po+1), 2=} and all X € C\ {0} with — < Re X < 3. Moreover,
J p=p 2\p [a(V] 1
we have ui(., \) € C*((0,1]) for all such values of \.

PROOF. The explicit forms of u; and usy follow immediately from our ODE con-
struction. To see that w; is smooth away from p = 0, we first remark that clearly
ui(., A) € C*(0,1). Furthermore, the Frobenius indices of Eq. at p = 1are {0,1-\}.
Hence, there exist coefficients ¢;(A\) and co(A) such that c;(A)ug(., A) + ca(Nua(, A)
is nontrivial and smooth on (0,1]. However, since Re A > —%, we clearly have that
up (., \) € C%((0,1]) while us(.,\) ¢ C?((0,1]) and so c3(A\) = 0. O

4.1. Considerations on the point spectrum. We aim to establish H3 x H%—type

Strichartz estimates by proving bounds of the form

[ezS(7)(I — P)f]il o poey S 1l a2 xm @9)

and

I[e"2S(r)(I - P)flill ooy S Il mr o)

and interpolating between these two. An obvious obstruction to the first estimate is the

existence of eigenvalues A of L with —% < Re A < 0. Unfortunately, we cannot rigorously

rule out such eigenvalues, even though they are not expected to exist (see [6, 1] for

numerical evidence). To circumvent this, we recall Lemmas and which tell us
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that

ou(L):=c(@L)N{A e C:ReA > -1} ={\,..., \,, 1}
with n € Ny and where Re\; < 0 for i = 1,...,n. Moreover, each element of o, (L) is
an eigenvalue of finite algebraic multiplicity. This alone does of course still not settle our
spectral problem, but the following general property of finite rank operators will enable

us to deal with these eigenvalues.

LEMMA 4.2. Let H be a Hilbert space. Then, for any densely defined operator T :
D(T) C H — H with finite rank, there exists a dense subset X C H with X C D(T) and
a bounded linear operator T :H — H such that

T|x = T|x.

ProoOF. If T is bounded, we choose X = H and T the unique extension of 1" to all
of H. Consequently, we may assume that 7" is not bounded. We prove the result by
induction on the rank of 7. Let dimrgT = 1. Then we have Tx = ¢(z)xy for a suitable
xo € H and a linear functional ¢ : D(T) ¢ H — C that is not bounded. Thus, we
find a sequence (Y, )nen C D(T) with ||y,]lg < 1 and |¢(y,)| > n for all n € N. We set
Yn 1= ¢(g§n)' Then we have ||y,||lz < £ and ¢(y,) = 1. Now let x € D(T) be arbitrary

-— n

and set =, = © — ¢(x)y,. Then we have ¢(x,) = ¢(z) — ¢(x)p(y,) = 0 and thus,

“05;’3)' and thus, z,, — = as n — c0.

x, € kerT. Furthermore, ||z — z,||g = |¢(@)|||yn]] <
Consequently, kerT is dense in H.

Assume now that the claim has been established for operators with rank n. Let T" be
a densely defined operator with rank n + 1 that is not bounded and let {e,...,e,11} be
an orthonormal basis of rgT". Further, denote by P; : rgT" — span{e;} the associated
orthonormal projections. Then T = Z;jll P;T and thus, at least one of the operators
T; := P;T cannot be bounded. After relabeling we can assume that 7} is not bounded.
Since T has rank 1, we see by the above that kerT) is dense in H. Consider now the
restriction of T' to the kernel of T;. Then this is either a bounded operator and we are
done or it is not bounded and has rank n, and we can use the induction hypothesis to

conclude as well. O

Recall now that Q : H® x H*(B?) — H? x H*(B}) denotes the Riesz projection
associated to the set o, (L)\{1}. We can of course also view Q as a potentially unbounded
operator on H2 x Hz(B?) with domain D(Q) = H* x H*(B?). Then Lemma applies
and we obtain a dense subset X C H? x Hz (B?) together with a bounded linear operator
Q on H? x H2 (B?) which agrees with Q on X. Concretely, we have the following lemma.

LEMMA 4.3. There exists a dense subset X in H2 x Hz(B?) with X C H® x H2(B?)
and a bounded linear operator Q: H? x H:2(B}) — H2 x H2(B}) such that

Qlx = Qlx-
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The following classification will be vital for us.

LEMMA 4.4. Any point A € C\ {0} with —2 < Re\ < 3 is an eigenvalue of L if and
only if ca4(X) = 0.

PROOF. Assume that co4(A) = 0. Then, as the Frobenius indices of Eq. are
{0,-3} at p =0 and {0,1 — A} at p = 1, one readily checks u;(.,\) € H*(B?) and from
equation we see that the associated vector valued function u; satisfies u;(.,\) €
H? x H*B}). Thus, A € 0,(L). Conversely, let A\ € C\ {0} be an eigenvalue of L
with ReA € [—3,3] and let f be an eigenfunction. Now, the first component of any
eigenfunction has to be a linear combination of u; and uy. Since up ¢ H?((3,1)) and
uy € H3((3,1)), f1 has to be a multiple of uy. However, given that |.| ¢y (., A) € L*(B)))
while p~219(p,\) =~ p=® as p — 0, we see that u;(.,,\) € H*(B}) is only possible if

0274()\) = 0. ]

4.2. The reduced resolvent. Lemma M enables us to construct a third solution
to Eq. (3.1) with F) = 0, whenever Re()\) € [—2, 2] and A ¢ o(L) U {0}, by setting

0273()\)
0274()\)

U()(p, )‘) = u2<p, )‘) - ul(p’ )‘)

Note that
W (ur (-, A), uo (-, ) (p) = 2(1 = A)p~ (1 — p?) .
So, to solve Eq. ( . when Re A € (0, %

:_Uo(ﬂa)\)/ Sul(,

) ul(,o, A) [P sMug(s, \)Fr(s)
21— \) 1—s)ir @~ /0 ds

2(1=X) (1 —s2)t=2
and one can check that u(.,\) € H3*(B}). However, for ReA < 0 we need some more
considerations stemming from the simple fact that for any F) with F(1) # 0, one has

/*fm@Aﬁxﬁ

(1= 52y ds = o0

for all p € (0,1). To remedy this, we slightly modify our ansatz. Thus, for Fy € C=(B?),
let p,p1 € (0,1),c € C, and set

ug(p, A) [P stuy (s, \)Fi(s) ur(p, ) 7 stug(s, )\)F)\<S)
), ot gy, e

u(p, \) = cuo(p, A) —

as well as

1 Postui(s, N)
Uilo: ) = 533 /0 e



for j = 0,1, 2. Integrating by parts yields

g ) = 1) |e-4 Tilp V) = Uil V) + [ Uil V(o)

~ un(p, NUs (0 NV F(p) + 1a(p, ) / V(s AV F(s)ds

which, upon setting ¢ = ¢ + U;(p1, A)F(p1) with ¢ € C, reduces to

p1

wlo ) 74 0 B + [ Ol V(9]

p

~ un(p, NUs(0, NV (p) + ua(p. ) / " Un(s, N F(s)ds

and also allows us to safely take the limit p; — 1.

LEMMA 4.5. Let f € C®(B}) and ReX € [-2, %] with A ¢ 0,(L) U{0}. Then the
unique solution u(.,\) € H>(B}) of the equation

1 o) = —1(p)

(1= A0+ (5 =20+ 200 ) (0) = o+ DO+ D000+ 1

with p € (0,1) is given by
R(/)(p. ) ==tuo(p Nba(F) + Us (0, N £ (9)] + tio(p, ) / U (5, 1) f/(s)ds

—u(p Moo N () + (s N) / " (s, W) f (s)ds

0
with

ba(f) :== —%/O Os[s™uy (5, \) (1 4 )71 (1 — s)Mds.

2\

PRrROOF. As the Frobenius indices of Eq. are given by {0,—3} at p = 0 and
{0,1 — A} at p = 1, we see that uo(.,\) € H3*(B}) N C3(B?), while uy(.,A) is smooth
for 0 < p < 1. Therefore, one easily verifies thatQR(f)(.,)\) € H*(B}). To study the
behavior of R(f)(p, A) at p = 1, we rewrite the boundary terms as ’
c23(N)
c2.4(N)

uz(p, A)[ba(f) + Ur(p, A) f(p)] — ui(p, \)Ua(p, A) f(p) — ba(f) ui(p, A).

Observe now that Us(., A) and hence uy (., \)Us(., ) f is three-times continuously differ-
entiable at p = 1. Further, since uy(.,\) € C3((0,1]), the only remaining boundary term
we have to check is

uz(p, A)[0A(f) + Ur(p, A) f(p)]-
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For this we integrate by parts once more to infer that

_w(p, et (1 = p)(A +p)

UilpA) = DYDY (4.2)
* m /Op Os[s™ur (s, \)(1 + 5) 711 — 5)ds.
Then,
1 1 \ o k
oA(f) + Ui(p, N f (p) RN {[f(p) — f(1)] /0 By[stu1 (s, \)(1 + 8) "1 (1 — 5) ds
—ulp N (1= ) 1+ )T () (43)

1
1) [ a1+ 9 - s
P
and one checks that

= s, N) [1s(p, N (1= p) (14 p) 4 £(p)
+ f(P)/ Oss*uy (s, \)(1 + 8)~ (1 — s)’\ds}

belongs to C*((0,1]). For the remaining term we need a compensation from the integral

terms which we rewrite as
1 p
ws(p, \) / Uv(s, ) f'(5)ds + ua(p, ) / Us(s, ) f'(s)ds
p 0
1

ca3(A) ,
_ 0274(A)u1(P, )\)/0 Ui(s, \) f'(s)ds.

In this form one can promptly verify that all but the first of the above integral terms are
elements of C3((0,1]) as well. From Eq. (4.2) we see that

[ vty = — [ EREIC SIS o,

+ m /p /OS at[t4ul(t, )\)(1 + t)—l—i-)\](l . t))‘dtf'(s)ds.

Again, one easily establishes that

uz(p, A)/ ui(s, A)s*(1 = s)(1 +5) 7

oA (1 —\) f(s)ds

belongs to C3((0,1]). Consequently, we are left with two terms that are not smooth

at p = 1. One stemming from the expression us(p, A)[0x(f) + Ur(p, A) f(p)] and, which,
according to Eq. (4.3), is given by

A1) - 1) [ 0t N+ 0N ()
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and

%/p /0 Ot ua(t, )1+ )T (1 — ) dt f'(s)ds. (4.5)

Note that

(o) — f(1) /0 D15t (5, (1 + 5)- (1 — 5)ds

1 1
= —/ f'(s) / Ou[tuy (t, \) (1 + )" (1 — t) dtds
p 0
from which we obtain that

+ = —%/ﬂ f’(s)/ Oy [t uy (£, \) (1 + )7 (1 — t) dtds,

S

which is again easily shown to be an element of C3((0, 1]). O
For A > 0 we can use the ansatz (4.1)) to recast R(f) in a simpler form.

LEMMA 4.6. Let f € C(B?) and Re\ € (0,2]. Then R(f) satisfies

4

uo(p, N)  [* stuy(s, \)f(s) ur(p, ) 7 stug(s, \) f(s)
_2(1_A)/p ds — /0 Ay ds (46)

R(f)(p: A) = (1—s2)1=2 5 2(1 - \)

for all p € (0,1).

PRroOOF. This can either be seen by directly undoing the integrations by parts in the
construction of R(f) or by noting that both R(f) and

RUNp ) =~ 23 [l ey [Pl i,

(1— s> 7 21—\

solve Eq. and are elements of H3(B?) (that R(f) € H*(B?) for Re A > 0 follows in
the same manner as R(f) € H*(B})). Given that both of these functions solve Eq.
their difference has to be a linear combination of u; and uy. However, as u; ¢ H*(BY) for
j =1,2, we see that R(f) and R(f) have to coincide. d

Having constructed a suitable solution to Eq. (3.1]), we remark that we can copy the
same construction in the “free” case V' = 0. This follows from the fact that L, generates
T

a semigroup on H* x H?(B}) which satisfies the growth bound [So(7)|| sy m2ms) S €7
We denote the corresponding free solutions by R¢(f). For f € C x C®(B}) we set

f=1-QUI-P)f

and use Laplace inversion to explicitly write down [S(7)(I — Q)(I — P)f]; for any such f

and k € [—3,32] as
SO = So(MBhi(p) + - lim [ T Ru(ME — R, VLA (47)

270 N—oo K—iIN
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5. Strichartz estimates in H!

Using Eq. (4.7) we can obtain establish the desired Strichartz estimates on S by

bounding the integral term
K+iN
lim ATR(FY)(p, A) — Re(F\) (p, A)]dA. (5.1)
N—00 k—iN
To accomplish this we will need some preliminary Lemmas
5.1. Preliminary and technical lemmas. The first set of lemmas will be con-

cerned with oscillatory integrals.

LEMMA 5.1. Let o« > 0. Then

/R ¢80 (w) 1) dw| < {a) .

for any a € R.

PROOF. Since the integral is absolutely convergent the claim follows by two integra-

tions by parts. O
LEMMA 5.2. Let a € (0,1). Then

[ et

< la|*"Ha)™

holds for a € R\ {0}.
PROOF. See Lemma 4.2 in [34]. O

LEMMA 5.3. We have

[ =1 =alo0 (57 ) ) d] £ @)
foralln > 1, pe (0,1), and a € R.
PRrROOF. This can be proven in the same manner as Lemma 4.3 in [34] O
LEMMA 5.4. We have
[ 1= a0 (57w ) | S ol e
for anyn >2, pe€ (0,1), and a € R\ {0}.
ProOOF. This can be proven as Lemma 4.4 in [34]. O

Finally, by interpolating between Lemma[5.3 and [5.4] one obtains the following result.
LEMMA 5.5. We have
[ e =)0 () ) df £ 9l 00 )

R

for anyn >2, pe (0,1), 0 €[0,1], and a € R\ {0}.
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We will also rely on the following estimate.

LEMMA 5.6. Let o € (0,1) and 8 € [0,1). Then we have the estimate
1
/ s Pla +log(1 £ s)|“ds < |a] ™
0
for all a € R\ {0}.

ProOOF. We only prove the - case as the + case can be shown analogously. For a < 0
the estimate

ja +log(1 — )| < |a[™

holds for all s € [0, 1] and so the claim follows. For a > 0 we change variables according
to s =1 — e and compute

1 0
/ s Pa +log(1 — s)|™ds = / (1 —e*)Pla+ ax| “ae"“dx
0

—0o0

0
S ’a‘l—a/ (1 o 6ax)—ﬁeaxd$

/ |1+ x| “dx
—2

2
+ \a]la/ (1— e‘””)’ﬁe“xdm.

o0

N|=

(SIIS)
N

+ a7 (1 — e_%)_ﬁe_

The claimed estimate is now an immediate consequence of the two identities

(1 _ eax)l—ﬁ s
— (1 — e ax
oy A
and
(1—e"2)Pe 2 <a P

Similarly, one can show the next technical Lemma

LEMMA 5.7. Let o € (0,1) and 5 € [0,1). Then the estimate

1
I
0

holds for all a € R\ {0}.

—Q

1
a+t 5 log(1 —s%)| ds < al™®

Lastly, we will also require the following result on weighted norms.
LEMMA 5.8. The estimate
-1f 2oy S 1N ey

holds for all f € C*(BY).
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ProoF. This follows by a minor adaptation of the argument given in the proof of
Lemma 4.8 in [34]. O

5.2. Kernel estimates. We will now begin bounding the integral term ({5.1). We
start with the case Kk = % Therefore, we suppose f € C’OO(E) and take a look at the

difference R(f) — R¢(f).

LEMMA 5.9. Let ReA = £ and f € C®(B}). Then, we can decompose R(f) — Re(f)

2
as

R(Np:A) = Rel/)p: A) = 3 G5(F) (e, )

p 2
b5t xa(s)[ba(s, Ao (p, 3, A) + ba(s, N (p, 5, )]
X /p 21— A)(1 52)1_% f(s)ds

0720 ) (e 1+ 0] [ ;QXA( )0t )

(1—M)(1 —32)1—“[( s

o)) =l (1= ) S ) [ S0

b s%ha(s, ) 7i(p, 5, A)

f(s)ds

G0 ) = (L= xa (0= ) St ) [ TSI
and
G ) = (1= )21~ ) 2 [ S
G0 ) = (020 = 7)) [N g
o100 = X002~ ) St ) [ SR )
S )0 ) [P I g,

)
0 21— \)(1—s2)l-3
s)

1)) = (1= 021 = ) il ) [T LN)

? 521 = xa(8)ha(5, M (s, 9, A)
)

G = (1= xalp)p 1 =) ol ) [ TR TR )
o)) = (1= ) (0= )2 ) [ DT



Hw)?) +O(s°(1 = s){w) 1) + O(p*s" (1 = 5){w) ™)

Proor. This follows by plugging the definitions of the u; into (4.6) and a straight-

forward calculation using estimates like

D1(p, A) = Pr, (p, A) = bi(p, N)O(p*(w)°)

and

c23(A) = e, (A) = O({w) ).

Next, we will recast the GG; into a more controllable form.

LEMMA 5.10. The functions G;(f) satisfy

G = 1= [ R D oy

1—s2)t"
Go(f)(p:A) = xalp) (1 = p*) "2 O(p*(w)?)
" / s2(1 = xa(s)[1 + O(s7 (1 = s){w) " DBi(p, 5, N)

A
2

21— N)(1 — )1
Gs(f)(p:A) = (L= xa(p)p (14 p) AL+ O(p~ (1 = p){w) )]

></132(1—XA(8))[1+0( Y = s)(w) DInlp, s N)
] 2(1 — A)(1 — 5)i—r

Ga(f)(p,A) = (L= xa(p))p~*(1 = p) 1+ O™ (1 = p){w) )]

Ps?(1 = xa(s) [+ O(s7H (1 = s){w) H)]72(p, 5, A)
X/p : 201 — A)(1 — 5)i-r

Golh)p ) = a1 = [ 2O pas
oo, ) = xalp)1 = )73 [ O sy

G1(f)(p, A) = (L= xa(p))p™* (1 + p) M1+ O(p™ (1 = p){w) )]

o 700 W) G5, A)
/0 1= f(s)d
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and

Gs(f)(p,A) = (1= xa(p))p~* (L +p) M1+ O(p™ (1 = p){w) )]

(
" (1= ()L + O (1= ) w) s,
. /0 2(1 = \)(1 — )12 f(s)ds

Go(f)(p,A) = (1= xa(p)p 2 (14 p) M1+ O™ (1 = p){w) )]

(
7 (1= ()L + O (1= ) Dhals.p, )
X /0 2(1 — A)(1 + 5)1=2 f(s)ds.

Motivated by this decomposition we define operators T;(7)f(p) for j =1,...,9 and
f e C=(B) as
N
T;(1)f(p) == lim e“TG(f)(p, 3 + iw)dw.

N—oo _N

Given that the integrals above are absolutely convergent, which follows from Lemma
5.10, one concludes that T;(7)f(p) is meaningful for all j = 1,...,9,7 € R,p € (0,1),
and f € C~(B}). In addition, we have the following estimates.

LEMMA 5.11. Letp € [2,00] and q € [%, 5] be such that }%—i—% = % Then the operators

T; satisfy the estimates

I T5(7) fll e yraesy S N fllz2es)
TN oy @) S I L2ty

forall f € C(BS) and j =1,...,9.

Proor. We start with 7} and use

XA(P)O(p"s(w) ™) = xa(p)O(p~

which holds for 0 < p < s. This enables us to use dominated convergence and Fubini’s

5T (w) 7 m) (5.2)

Theorem to conclude that

1 w1 ($)O w1
-1/ gom(1 = gty MO )
p JR (1—s2)2" 2
. O(p~3s1(w) 1%
//em(l— i 1(0p1)(s)x2+w(8) (p f_(:& )f(s)dwds
R (1—52>2 2
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for some p; < 1 and where 1(,,) is the characteristic function of the interval (0, p1).

Consequently, Lemma [5.1] yields

4

|ﬂvﬁ@nsnwlmv—-bal—p> T Llog(1 — ) 255 f(s)|ds

1
_4 _ 7
5psw>?/sqﬂ@us
0
_ _4 _1
< ()2 Lzl Hlgony
_ _4
< ()2 llscay

Thus, given that
8
1 5
_4 _1
31,y = ([ 7200) " 50

TN 4 gy S O 1 o)

and so the estimates on 7} follow.

we see that

We move on to 75, Which, after interchanging the order of integration and using an
estimate similar to , takes the form

// Xisi(P)(1 = p2) T TTFO(p75 (w)?)

y — X1+i(8))[1 +@((1 (1)1—Z)<W>1)]51(pa 875+iw)f(s)dwds

and we can apply Lemma [5.2) to infer that

5

To(r)f(p)] S p° / (7 +log(1 — 5)) 2|7 — Llog(1 — p?) +log(1 — 5)| &
x s%|f(s)|(1 = s)"2ds.

Hence, Minkowski’s inequality implies that

TSy S [ SN0 =97+ logl1 = )

8

1 15 45
X (/ p %6]7——log(1—p )—l—log(l—s)\_wdp) ds
0

and by employing Lemma [5.7 we obtain

o)1 gy < /1ZV(NO—SYﬂ7+bﬂ1—@Vﬂf+bg1—gr&w
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By now changing variables according to s = 1 — e¢™¥ and using Young’s inequality, we

compute

SIF($)[(1 = 5)72 (7 +log(1 — 5)) |7 + log(1 — 5)| "5 ds

T
|| 2( )f||L2 L§(1535) L2(R+)

<

~

/0 (1= e 2 f(1— e )|e 3 (r —y) 2|r — gl *dy

L%(R)
~ 1 € J 1 € € l/y2 (R+) . . Lt (R+)

S 1z es)-

As a consequence, the two estimates

1T2() fll 2@y S Il
HTQ(.)fHLQ(R+)L%(B?) rs Hf“LQ(IB?)

hold. Similarly, one establishes

HTz(')fHLOO(RJr)L%(B?) /S HfHLZ(IB“El’)

Therefore, the general estimate follows by a simple interpolation argument.
To bound T3, we employ Lemma [5.5 to deduce that

5

T5(r)f(p)l < pe / (T +log(1 — )27 — log(1 + p) + log(1 — 5)| 7557 f(s)|(1 — 5)~2ds.

So, Minkowski’s inequality combined with an application of Lemma yields

| T5(7 )f”L@(Bs N /o (1 +log(1 — 8)) 2|7 + log(1 — 3)|_é82|f(8)|(1 B S)_%ds

and one can bound T3 in the same manner as T5. Further, since the estimates on the

remaining operators can be established by analogous means, we conclude this proof. [J

Unfortunately, the operators 7; alone do not suffice to establish the necessary es-
timates on the semigroup S since one of the terms in the definition of F) consists of
(A +2)f1(p). To remedy this we define another set of operators Tj for j = 1,...,9 and
f € C=(BY) by

N

() f(p) = lim iwe™ G,(f)(p, % +iw)dw.

N—oo J_ N
This additional power of w spoils the absolute convergence of the integral and so, to see
that T](T) f is a meaningful expression, one cannot argue as simple as for the operators
T;. However, the following lemma shows that the above defined operators TJ(T) exist as

bounded linear operators from a dense subset of H'(B?) into certain Strichartz spaces.
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LEMMA 5.12. Let p € [2,00] and q € [%, 5] be such that }%—I—g = % Then the operators

Tj satisfy the estimates

||7}(T)f|’L£(R+)Lq(B?) S HfHHl(B?)

forall f € C(BY) and j =1,...,9.

PROOF. For T} arguments similar to the ones we used for T} show that

! ; 1_iw X1 iw(s)(’)(pfés%(w)*“z%)
- / / e“T(L=p") 1 T lo,)(s) A f(s)dwds
p JR

(1-— sz)l*M
with p; < 1. Thus,
B0 £ p%/ Llog(1 - %) + Llog(1 — s2)) 25t | £(s) ds
_4
< )20 I Pl - 2oy

<2 ST Fll ey
o _4
ST 20 5HfHH1(B§)

by Lemma . Consequently, the claimed estimates on T, follow. For TQ, we perform

one integration by parts and exchange powers of p for decay in w to derive that

1 aw

1)) = [ € lp)1 = )4 F O )

y /1 (1= X1 400(5))[1 + O(s7H(1 = ) (W) )]Bu(p, 5, 5 + iw)
p (1- 3)%_iw

f(s)dsdw

1= X101+ O (1 = p)(w) H)]Bi(p, ps 5 + iw
><( X1 1iw ()L + O™ (1 = p)(w) " )Bi(p 0y 5 + )f(mdw

(1—p)2
+1 4&”*“@“—fr%?aw&@>>
0, (51 = Xyeau ()L + O™ (1 = ){w) Bl s, § + ) (5))

X T dwds
(1—s)"27 ™

Sl

=: Ba(f)(7, p) + L(f)(7, p).
An application of Lemma then yields

| Bo(£)(7,0)] < () plf (p)]

and the estimates for By(f) follow from Lemmal5.8f To bound I5(f) we first remark that
if the derivative hits f, one can argue as for 7,. Similarly, if the cut off function gets
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differentiated, one can argue as for 77. Making use of Lemmas and one sees that
the remaining terms fg( (7, p) satisty

L) rp) S o / (v +log(1 — ) 25| f(s)] (1 — s)%ds

< (r) 2t / 1 (s)ds

and

5 1

() rp) S ot / (r +log(1 — 8)) 2|7 — Llog(1 — p2) + log(1 — 5)|+

x s|f(s)|(1 — s)zds.

As a consequence, we can argue as we did for T to derive the desired estimates on Ts.
For Ty we cannot straight away take the limit N — oo as the integral is not absolutely
convergent. However, by proceeding as before and performing a similar integration by
parts, this can be remedied. More precisely, we compute that

iN

Ts(7)f(p) := lim we™ (1= X144, (p)p 2 (1+ p)2 (14 O(p~' (1 = p){w) )]

y /1 (1= Xa1iw($) L+ O(s7HL = 5)(w) " ]nlp, 5, M)

T— s)dsdw
(1 —2iw)(1—s)z7™ /s)

= [0 = x4+ O (1 = ) )
o [1 + O(p_ (1 — p) (w)_l_)l(_?«wfl)%(p, P )\)f(p)dw
(L—p)z7®

/ / (1= X ()P AL+ )L+ O™ (1 = p)w) ™))

05 (1= Xy (N + O(s7H1 = 5) () (o, 1)) O((w) ™)
X 1 8)7%7iw dwds

and one can readily check that T3 can be bounded in a similar fashion as Ty. Furthermore,

as the remaining T] can be bounded by analogous means, we conclude this proof. O

As a result of the last two lemmas one readily establishes the following proposition.

PROPOSITION 5.1. Let p € [2,00] and q € [§,5] be such that % + g = 3. Then the

difference of the semigroups S and Sy satisfies the Strichartz estimates
le=E(S(7) = So(m) (L= Q)T = Pl 2 ypocery S 10— Q)F [ rcap)
le72((S(7) = So (M)A = QI =P)Ehll 1, % o) S M= Qe

for all £ € C™ x C=(B?).
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PROOF. By construction the first component of (S(7) — So(7))(I — Q)(I — P)f with
f € C> x C(B}) is up to multiplicative constants given by

(S B+ o

with fNJ = [(I - Q)(I —P)f]; for j = 1,2. Consequently, the claim follows immediately
from Lemmas [5.11] and 5.121 0

5.3. Further estimates. To be able to control the nonlinearity, we will also need
estimates on derivatives. For this we have to exchange derivatives with integrals which are
not absolutely convergent. We achieve this by performing enough integrations by parts
to render the oscillatory integral absolutely convergent. This allows us to invoke Lemma
5.13| (see below) and variations thereof, which enables us to carry out said interchanging.

After this we simply undo the integrations by parts.

LEMMA 5.13 ([40, Lemma 6.1]). Let f(w) = O ({(w)™1™%) with a« > 0. Then

2, /R 0 F(0)do = i /R e (00

for a € R\ {0}.

Suppose now, as before, that f € C x C°(B?), f = (I— Q)(I—P)f, and \ = T +iw.
Then, by using variations of Lemma |5.13, we obtain
- _ 1+iN

3,IS(r)Eh(p) = 3,[So(r)E1(p) + - lim 7O, [R(F) (0. \) — Re(F)(p, M)A

271 N—oo 1N

with

HpR(f)(p, A) =

Qpuo(p.N) / stur(s, V() | Opui(p ) [ Stun(s, ) f(s)

2(1—=X) (1 —s2)1=2 5T 2(1—\) (1 — %)X

Hence, our next step is to investigate the oscillatory integral above.

LEMMA 5.14. Let ReA =1 and f € C>=(BY). Then we can decompose

Fp[R(F)(p, A) = Re(f)(p, M)

B, [R(f)(p, N) — Re(f)(p, \)] = Z G(f)(p. M)
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with

, i aer [0 sw) )
R
GHA(0 N = Dol = ) + 7 haa(p)(1 = #2) 20 w)?)

P52 (1= xa(s)[1 4+ O(s7H (1 = 5){w) )]Bi(p, 5, N)
X /p 201 — A)(1 — 5)i—r

f(s)ds

F(s)ds + Ga(f)(p, N)

L) (o N) = [u _ ,o—l] () (o)

I+p
+O0(p2(1 = p)°(w) (A = xalp)p 2 (1 +p)'
x / 'L = ()L 4+ O(s~H (1= 8) (@) Dnlprs, V)
] 2(1— N)(1— )12

f(s)ds + Gs(f)(p, V)

+0(p 2( p)’(w) (A = xa(p))p (1 = p)'
' (1= s){w) Dl s, M)
1-

[ 2ol o - Fohs 4 Gal o)
, e PO
G = o)1 =) o
, s [P0
GolNlo N = (=) el
and
G0N = |15 27| G
+O0(p2(1 = p)°(w) (A = xalp)p 2 (1 +p)
/p XA(S)O(S4<W>)51(S p )‘)f( )ds—i—é (f)
0 (1—s2)2 !
NN = 155 27| Gl

+0(p7*(1 = p)"{w) )L = xalp))p* (L + )"~

(
x/p s" (1= xa(s)[1 + O(s~(1 — )( )" Dlnls,pA)
0 2(1 =M =)~

f(s)ds + Gs(f)
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and
1—A

GO = |15 27| Gl

+0(p72 (1= p)w) (A = xalp)p > (L +p)'

X /p s°(1 = xa(s)[1 +O(s7' (1 = s){w)")]rals, p, A)
. 2(1 = A)(1+ )1

f(s)ds + Go(f)

where éj(f)(p, A) are the terms obtained from differentiating either 5y or ~y; with respect
to p.

Proor. This is just a straightforward computation. O

Proceeding as above, we define operators 7 and T]' forj=1,...,9and f € C* (ﬁ)

as
N .
LS (p)i= Jim | eG(f)(p: g+ iw)de
and
-/ N .
T; (1) f(p) = A}l_fgo N iwe™ ™G (f)(p, 5 + iw)dw.

Again, these integrals are not necessarily absolutely convergent. Nevertheless, the oper-

ators can be made sense of, as is visible from the following lemma.
LEMMA 5.15. The estimates
||7—-‘7/(T)f||L§_(R+)L%(B?) rg ||f||L2(B?)
and
.
||T7 (T)f||L§_(R+)L%(B?) S ||f||H1(B“;’)
hold for j =1,...,9 and all f € C*(BY).

PrRoOOF. We start with 7 = 1, in which case we can take the limit N — oo for Tll and
T]. Combining this with
- - 13257
Y2 1ia(8)0( ™ 5(@) ™) = X1 410l(8)O(p~ % s ()~ ),
which is valid for 0 < p < s, yields

_13 25 1T
1 X140 (8)O(p™ s 576 (W) 16)

TI()f(p) = / / e (1 — ) 1 (5) 2 | F(s)dwds.

Thus, by employing Lemma [5.2] we obtain

3

S 6 [ B s et ([ s [ o)

_o _13
ST 2P 8 Hf”m(m;?)-
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Consequently,

||T1/(T)f||L?_(]R+)L%(B?) rg ||f||L2(]B?)

Moreover, to bound ||77(7) one argues similarly to deduce that

fHLg(R VL33 (B3)
LM 38 gy S I Pl S 1 ey

by Lemma For j = 2 we can again interchange the order of integration and take
the limit N — oo in both 7% and T3. Note that the hardest term over which we have to

obtain control in order to bound 7} is given by

X f(s)dwds.

1—MHJDU+@( M1 = s){w) H]Bi(p, s, 5 +iw)

By using that

=
S
Y
>
3
S
L
£
N
I
N
S
Y
>
3
b\
ot
£
l\.’)}w
~—

we deduce that

1
TN 35 sy S - 75,45 Bs)/ (1 +log(1 — 8)) 2| f(s)]s*(1 — )" 2ds.

Consequently, by employing previously used arguments, one readily establishes the de-

sired estimate on 73. Next, when estimating T 2, the hardest term is given by

X f(s)dsdw

1—MHADU+0( M1 = s){w) )]Bi(p, s, 5 +iw)

= [ 01 = ) (= ) Ol (1 = )

X [+ O(p7 (L= ) 1o + i) ()

/1/ X1 sis(P)(1 = ) T2O(p W) (1 — 5)2 T

X 21— xp () + O™ (1= )(w) IBi(pr5, 5 + i) F(5)]dods
= By(1)f(p) + I(7) f (p)-
For BY(7)f(p) we use Lemma to compute that

By(r)f ()] S (1) 2075 | f ().
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Hence,
B4 g sy S 1
thanks to Lemma [2.4] Similarly,
1
' o o1
BSOS (02 [ s+ Ll
0
and so,

VSN sy S I iy

We proceed with T3, which we estimate according to

Ty ()| S 072 / 2UF(s)](1 = )
x {1 +log(1 — 8))2[1 + |7 — log(1 + p) + log(1 — s)|‘%}ds
Further,

o721+ |7 —1og(1 + p) +log(1 = )| 4]l g5 . S [1+ 17 +log(1 =)}

and the claimed estimate on 7y follows. The bound on T 3 follows by integrating parts

once and then arguing in similar fashion. Moving on, Lemma [5.2] shows that

U ()] < p / SIf(s)(1 - 5)FH(1 = p)

x (1 —log(1 — p) +log(1 — 8)) 2[1 + |7 — log(1 — p) + log(1 — s)| " 707]ds.

D=

Observe now, that the estimate
(1= p) {7 —log(1 — p) +log(L — 5)) ™ < {7+ log(1 — 5))~*
holds. Hence,

lp2(1 — p)"2 (7 — log(1 — p) + log(1 — 5)) 2

_ _ _ 14
X [14 |7 —log(1 — p) +log(l —s)| w0 ]||L%(Bd)

_9 ,l,L ~ToT
S (r+log(1 — ) ?I(1 — p) | 40
J— — - 1 4
X ||1 + |T 10g(1 ) + log(]' 8)| 0 ||L;22%((0 1))

S (r +log(1 = ) *[1 + |7 + log(1 — s)| " 17].

Therefore,
1
T2 A4 ) S / s’ f($)[(1 = )72 (7 +log(1 — 5)) *[1 + |7 + log(1 — s)| " 7]ds
1 0
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and the claimed estimate follows. Furthermore, estimating Ti is achieved by first inte-
grating by parts once in the s integral to recover decay in w and a similar calculation.

Analogously, one can bound the remaining operators, so, we conclude this proof. O

PROPOSITION 5.2. The difference of S and Sy satisfies
e 318 () = ST~ QYT =PI ll o ar) S I~ Qe
for all £ € C> x C=(B?).

With this result, our task of establishing Strichartz estimates on the H' x L? level

has come to an end and we move on to the next set of estimates.

6. Strichartz estimates in H>
We now move on to H? x H!'-type Strichartz estimates, i.e., estimates of the form

le2S()f], S € 2 ey

LY (R4 )L9(B})
For this let k£ > 0 be large enough such that |A\| < k for all A € o, (L) and let i : C — [0, 1]
be a smooth cutoff function with pu(z) =1 for |z| < k and p(z) = 0 for |z| > 2k. Then,

by the second resolvent identity and our ODE construction

—3+iN _ _ — $ico _
lim A RL(Af — R, (M f]1d\ = / e (N) [R, (AL'RL (M) f]1d)
“ooJ 1N —1—ico
—1+iN
+ lim (1 — u(N))

N—o00 —%—iN

X [R(FN)(p, A) = Re(F3)(p, A)]dA

- /_—12_+wo (N Re(VIRL(VE]1) (p, A)dA
+ lim o (1= pu(N)

N—o00 —%—iN

X [R(E3)(p, A) = Re(Ex)(p, N]dA

with Fyx(p) = pfl(p) + (A + 2)fi(p) + fa(p) and V(p) = —ﬁ, where we used that

Ri(ME] = R(FN(,A) and [Re, (V1 = Ri(Fy) (., \).

6.1. Estimates for large |w|. We first deal with the case when |w| is large enough
so that (1 — u(X)) # 0. For such values of A we investigate the difference R(f) — R¢(f),
which, in view of Lemma {4.5, we break into smaller pieces. The first part we look at is
given by

Wi(f)(p, A) == ba(f)uo(p, A) = by (f)uge (0, A)-
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LEMMA 6.1. Let ReA = —3. Then we can decompose Wi(f)(p, A) as

3

Wi(f)(p, A) = f(1) Y Hi(p, A)

where

( 1+0(p™ (1= p)(w) )]

< [O((w)™) + (L= p)O({w) ™) + O(p™ (1 = p)*(w) )]
(
[

&
D
S~—
Il
—_
|
>
>
—~
S |
~
~—
D
[N}
—~
—_
+
D
~— o~
g
>

L=xa(p)p™?(1 = p)' M1+ 007 (1 = p){w) )]
< [O(w)™) + (1= p)O({w) ") + O(p~" (1 = p)*(w) )] .

ProoF. We start by looking at
Y
20(1 = \)

- 2A(f1<1_) A) (/0 A (8)0s[s*u1 (5, \) (1 + 8) ) (1 — 5)ds

bx(f)

/0 D5 un (5, (1 + )" (1 — 5)ds

+/O (1 — xa(8))0s[suy (5, \) (1 + )71 (1 — S)Ad8>

and claim that by(f) = f(1)O({w)™3). For the first of the above terms on the right side
one readily computes that

/0 T (8)0sls M (5, (1 4 ) (1 — 5)Mds = /0 A (8)8.0(s(w))ds = O((w)).

The second term we split according to
| 0= 0Dl 1+ (1= 50w ™) + 07 (1= () 1 - 5)'ds
= /0 (1= xa())0s[s°[1 + (1 = )O((w) (1 — )*ds

+/0 (1= xa()):[s*[O(s7H (1 = 5)*(w) T = s)*ds =: Li(A) + I(N).

Observe that I(\) = O({(w)™'), while an integration by parts yields

1
Li(A) = @(M_l)/o 05 (1= xa(5))s[s?[1 + (1 = $)O((w) ")) (1 = 5)'"ds
= O((w)™).
Consequently, the claim follows. Similarly, one computes that by (f)—b, (f) = f(1)O({w)™?).
Therefore, one establishes the desired decomposition by plugging in the explicit forms of

the solutions and a straightforward computation. U
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Motivated by this decomposition we define the operators

Si(rFp) = [ 1L (=4 + w)le F(0)Hy (.~ + i)

R
and

@mﬂmzéuﬂme+WMWWmmm~awwm

for j =1,2,3 and f € C(B3).
LEMMA 6.2. Letp € [2,00] and q € [10, o0] be such that %—l—g = 1. Then the estimates
||Sj(7)f”L’;(R+)Lq(B§) S Hf”Hl(]Bﬁ)
and
||Sj(7)f||L£(R+)Lq(B§) S ||f||H2(1B§)

hold for j =1,2,3 and f € C®(B}).

PROOF. From Lemma 5.1l we see that
1Sy () f(o) S [FLKTY2,
hence, the bounds on S; follow from the Sobolev embedding
H'((0,1)) = L>([0,1))
and To establish the estimates on S; we use that
X_ 14, (P)O(P* (W) ™) = X144, () O(p™ 109 (w) ™1 70
and employ Lemma [5.1] to establish that
[S1(T) f(p)] S p 0| F(1)|(r) 2
Consequently,
HSl(T)f”L$°(R+)L10(B§) S Hf”H?(B?)
and by using Lemma [5.2] one obtains the other endpoint estimate
HSl(T)f‘|LZ(R+)L°°(IB§) S HfHH?(B?)-

The general estimate then follows by interpolating. The remaining bounds can be ob-

tained in a similar fashion by making use of Lemma [5.3 U

Next, we take a closer look at

Wa(f)(p, A) = uo(p, Ui (p, ) f(p) — ug, (p, N)Us, (0, A) f(p)
—u1(p; ) Uo(p, A) f (p) + ur, (p; M) Us, (p, A) f ()
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LEMMA 6.3. Let Re A = —1

5 Then we can decompose Wy (f) as

Wa(f)(p, A) = f(p) Z H;(p, )

where

(1 23 P O(s(w) )

Hy(p,A) = = (1= p7) XA(/))/O 023 d
Hs(p,A) s = (1= xa(p)p2(1+p)' M1+ O(p~Y(
[0t

o (1—-s2)l2
(1= xa(p)p (1= p) AL+ O~ (1= p){w) )]
[0t

o (1—s2)2
Hz(p, ) : = (1= xa(p)p2(1 = p) M1+ O(p~ (1 = p)(w) )]

'
x/%%LwM@W+O( (1= ) Dhle s D)
0 21 =N —5)
(
)

L= p)(w) )]

Ba(p, s, N)ds
HG(p, )\) L=

Bs(p, s, N)ds

Hg(p,A) 1 = (1= xa(p)p (1 +p)' 1+ O™ (1 -

y /p 21— a1+ O(s7H1 — s
0 2(1 = M) (1 + s)

p) ) ™)
I Dnles ),

s
with B; and v; as in Lemmal[5.9

As before we define operators corresponding to the kernels H; as

Si(T)f(p) := Jim } [1— pu(—3 + iw)]e™ f(p)H;(p, — % + iw)dw

N

N
and
Si(7)f(p) == lim 7N[1—,u(—%—i—iw)]we’mf(p)Hj(p,—%+iw)dw

for j=4,...,8 and f € C(BY).

LEMMA 6.4. Let p € [2,00] and q € [10, 00] be such that IlJ +§ = 1. Then we have the
estimates

||Sj(7')fHL£Lq(B§>) S ||f||H1(B§))

and

||Sj(7)f“L2Lq(1B§) S Hf”H?(IBa?)
forj=4,....8 and f € C"X’(]B??).
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PROOF. For j = 4 all the estimates can be derived by means already exhibited in the
proofs of Lemmas and For j = 5 we apply Lemma to see that

1S5(7) f(p)] < (7) %01 f (p)].

So, from the one-dimensional embedding H'((0,1)) < L*([0,1]) and Lemma we
infer that

1S5 (7) £ ll iz yaqwsy S NP F ooy S WPy S I e es)

Analogously, one computes that

195(7) fll ey ra@sy S M- o,y S N ezo.) + L1 220,

S W ey + ML 20y S 1 ez s

thanks to Lemma [2.5] The estimates for j = 6 can be obtained likewise and therefore we

move on to S7. Here, an application of Lemma shows that

|&@ﬁwﬂsp*u@M1—mSAp“‘bﬁl—m+bﬁ1—$f8

(1-5)?
SN2 fp)]-

Hence, for any admissible pair (p, q), we have that

ds

1S2(7) f ()l e ey nawsy S M f Il 0

and we can conclude as before. To bound S; we integrate by parts once to see that

Hz(p,A) = (L= xa(p)p >(L = p) 1+ O(p™ " (1 = p){w)™ )]
7 5%(1 = xals)[1 4+ O(s™ (1 = s){w) " )]rs(p,s,A)
></0 : 21— N(1 — 5)I— ds

=L =xa()’ (L =)L+ O(p~ (1 = p){w) )]

<[+ 0 (1 = o) L

+(1=xa(p)p2(1 = p) ML+ O™ (1 = p){w) )]

" /,, Os[s*(1 = xa(s))[1 + O(s (1 = 8)(w) D]rs(p 5, M)
; A1 — N)(1—5)* ‘

Using this and Lemma we infer that

157(7) F ()l 2y o) S -1 F 1z (0,1

and the claimed bounds follow. Finally, as Sg and Ss can be bounded likewise, we

conclude this proof. O
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To proceed,

Ws(f)(p,

LEMMA 6.5

where

HQ(f) (p> /\)

Hio(f)(p; A)

Hyi(f)(p; A)

Hiso(f)(p, A)

and

Hyz(f)(p; A)

Hya(f)(p; A)

His(f)(p, A)

Hi(f)(p, \)

we take a closer look at

0= uwlp ) [ U NS s = u (o) [ Un(s A7 (5)ds

p

+ui(p, A) /Op Uo(s, N f'(s)ds — ug, (p, \) /Op Us, (s, \) f'(s)ds.

. Let Re A = —31. Then we can decompose Ws(p, \) as

Ws(f)(p, A) = Z Hy(f)(p, )

==t [ 16 [ X“Q?fjjffg‘%m

== ) [ 16)
[0 BO)IOPE )+ O (1 = 8)(w) )]
i 10
= (1= () 21— )1+ O(p™ (1 = p) )]

Faiay [T00)0w) )
x /p / (3)/0 gy e p s
= (1= 21+ p) ML+ O™ (1 = p){w) )]

e [T XB0w)?) )
/p J )/0 (1 —t2)1—% Be(t, p, N)dtds,

Ba(p, t, N)dtds

t= (L= xalp)p (1= p) ML+ O(p~ (1 = p){w) )]

. TP =)+ 01 =) w) Dl t, N
x/p f(s)/o A SV dtds

c= (1= xa()p2(1+p) 14+ 0~ (1 = p){w) )]
b (1 =)L+ O (1 = t)(w) " H]ulp,t,A)
X /p f (s)/o ST NI dtds
=0 [ [ s
t= (1= xa(p)p (1 +p) M1+ O0(p (1 = p)w)™)]

oy [ 006
<5 [ e s,
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and

Hiz(f)(p,2) = (1= xalp)p (1 +p) L+ O™ (1 = p)(w) )]

a TP =) +00E (1 =) w) Dsles t,A)
X /0 f (s)/o TS dtds
)

p
His(f)(p,A) i = (1= xa(p)p (1 + p)" M1+ O(p (1 = p){w) )]
)<w>_1>]76<:07t7 )\>dtd8
+ 1—X\

Oy [CEA— @)1+ 0 (1t
X/o f(s)/o 21 =M1+t~

with 3; and v; as in Lemmal[5.9

Continuing, we set

ST o) = Jim [ (1= (= i)l H ()~ + i)
and
5j<r)f<p>=Nhg1m N_ [1— p(—1 + iw)|we™ ™ H;(f)(p, —3 + iw)dw

for j=9,...,18 and f € C*(BY).

LEMMA 6.6. Letp € [2,00] and q € [10, 00] be such that %Jr% = 1. Then the estimates

HSJ‘(T)JCHLELCJ(B?) S Hf”Hl(B?)

and
HSJ’(T)JCHLEM(IB?) S HfHHQ(B?)

hold for j =9,...,18 and f € C*(BY).

PRrOOF. Lemma [5.1] yields the estimate

1S9 (7) / If(s)|sids

and so, from the Cauchy Schwarz inequality we can immediately infer that

196 () fll czgeypagwsy S L e gsg)

for any admissible pair (p, q). Analogously, one derives that

159 (T) fllz@ypawy) S M7 Fllanayy S 1)
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For 7 = 10 we perform an integration by parts to conclude that

Hio(F)(p.\) = (1— ) 3alp / £(s

L (L= x()0("s <(i 1[18;59(31(1 —8><W>*1>]51(p,3,A)d5

L1 ) [ 16

« [ 20O+ Ol = 0 I )
: (=

=: Bio()(p, N) + Lio(f)(p, A).

By employing Lemma and substituting s = 1 — e™¥ we estimate

S [ dlog(t = )~y H i ) AP - eI - e e s
0

Observe that

> _ 1,
/ \T——log(l— 2 —y|” 4( Y) Qdyg/\%log(l—pz)—ky[ i(y) " 2dy
0 R
—1log(1—p?)+1

< / log(1 — %) +y| tdy

Llog(1-p2)-1

+ /R {y)~*dy.

_%log(l—p2)+1 ) ) 1 L 3
/ Hlog(1 =)+l Hdy = [ ol s =3
_ —1

3 log(1—p?)—1

Thus, as

we deduce that
2

[1 — (=3 +iw)]e”  Bio(f)(p, —3 + iw)dw

L2(Ry) L0 (BY)

//T_ ) (L= e )P = e7) e Vdydr.
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Hence, Young’s inequality yields the estimate

2

AD—M%+MWWBMﬁm—5Hmw

L2(Ry) L2 (BY)
SO L@l Q= e )P —e™) e L@,y S If Il @s)-

To proceed, we illustrate the general procedure on how to bound
J = = e hal 1)~ + iw)ds
R

with

mmmmza—w%mw/fw>

[ U000 0 NN
0 (1—¢)

i.e., the term we obtain when the ¢ derivative hits [1+ O(t7 (1 —t){w)~')]. Here, we use
Lemma .3 to derive that

Auﬂwﬁ+wmmmuwﬁgwmw

< [1760 [ gt -y

—dtds.
(-0
So,
J 1=+ e T o, - + i)
R 12(Ry) Lo (B])
1 S t
s [1rol| [ erosa-otta s
0 0 (1—1)2 )
LT(R+)
Furthermore,

‘/ (T +1log(1 —t))~2 ! —dt —‘
0 1=8% 2@,

and using Young’s inequality yields

—log(1—s) y
/ (r — 5)2(1 — e V)e bdy
0

LZ(Ry)

—log(1—s) y
[ - enetay
0

L3(R4)

_ g\ Y

S 1)l g 1 L 1y @)1 — )y
Yy

S([a-otia) sa-o

(R)

win

[
wlot

S3.
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Thus,
2

1= -+ e Tl o, -4 + i)

‘ L2(R4) L (B)
< ! / _1 5 ? < 2 ! _1 _2 < 2
S [ (s)|(1 = s)"os3ds | S |1l e i (1—s)75s73ds S || f 5 m3):

To bound the remaining terms, one integrates by parts once more and uses similar rea-

soning. Hence,

1510(7) fll L2y y o @3y S N f ey

For the other endpoint estimate one employs Lemma [5.1] to compute that

/R 1= (=2 + )] Bio(£)(ps =1 + ito)

<p / (r + log(1 — 8)) 2| (s)|s*(1 — s)"Fds

and from this one can easily infer that

| [1- b+ e Bt ) -4 + i)
R Lo (R L1 (BY)
1
S| (ot = ) 2 (s)1s1 - ) s
0 LeRy)
B / (r =) P (L= e )| = ev)e 2y
0 L3 (R+)

_ _ _ _1
SO Pz lF (1= e) A = e™) e 2|l 12y) $ IF i as)-

Similarly, one estimates

/[]— - H(_% + iw)]einllo(f)(pv _% + lw)dw'
R
and so, the general estimate

||SIO(T)f||L’T’(R+)LQ(]B§’) S ||f||H1(B§>)
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for all admissible pairs (p, ¢) follows by interpolation. To derive the stated estimates on

Sio, we again first take a look at B (f). Integrating by parts once again yields

Buo(f)(p, A) = (1= p) " xa(p / f(s

e X (5))O(p°s*(w)°)[1 + O(s~ (1 — s5){w) )]
(1— 5
= (1— ") 20 F'(P) (L — xa(0) O(p*(w) HIL + O(p~ (1 — p){w) )]

< (1= )61 (0, o, N) + (1= )2 xa(p) / (1 s
% OLLF/(5)(1 — xa(8) O 52@) )L + O(s~ (1 — 5)(w)™)]Ba(pr 5, A)]ds
= Bly(H) (0N + BH(H ()N,

Now, by using that x»(p)O(p*(w)™) = xx(p)O(p{w)~2) and Lemma [5.3] one establishes
the estimate

1= b e B (o, 4 + )] S (0)26217 )
and so

/R[l — p(—3 +iw)]e“ T Bio(f)(p, —3 + iw)dw

S WP ey S N llaes
L2(R4)L7(B3)

for all admissible pairs p, q. By adapting this procedure one then obtains the full estimate

||Slo(7)f||L£(R+)Lq(B§) S ||f||H2(B§>)-

Moreover, the remaining kernels can be bounded by implementing essentially the same

strategies that we used for j = 9,10 in Lemma [5.12] Il

6.2. Estimates for |w| small. Having dealt with large values of |w| we now turn

our attention to estimating

/oo T (=3 + iw)Re(VIRL(—1 + iw)f]1) (p, — 1 + iw)dw.

—00
As the above integrand has compact support, this is technically a fair bit easier and the

main ingredient is the following technical Lemma.

LEMMA 6.7. Let f € C((0,1) x R) be such that f(p,.) € C*(R) for any p € (0,1) and
let N be such that p(—3 +iw) = 0 for all |w| > N. Then

SIORD DY INCA{XITE
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for all p € (0,1) and a € R. Moreover, for any k > 0, the estimate

S@>Y [ s

7 [ et )= ()
R

holds for all p € (0,1) and a € R.

PROOF. For |a| < 1 we take absolute values to obtain

) N
[ et v wsipodo| 5 [ 1ripw)ids
R —N

So, the first estimate follows by two integrations by part. The second estimate follows
just as Lemma 4.3 in [34]. O

LEMMA 6.8. Letp € [2,00] and q € [10, 00] be such that %"‘% = 1. Then the estimates

S Il 2 3

H/ GWT,LL<—% + ZW)Rf(V[RL<—% + z'wﬁh)(% _% + iCU)dw
0 L?(R.,_)L‘,Z,(B?)

S 2 2y
L2 (R4 LY (B?)

/ we p(— 1 + i) Re (VR (— 4 + iw)f1) (p, — L + iw)dw

o0

hold for all f € C=(BS).

PROOF. Recall that

Re(f)(p, A) :=ugy (p, A)[bA(f) + Us, (p; A) f(p)] + ugo () A)/ Us, (5, M) f'(s)ds

(0 U (0, N F(9) + s (0, V) / U (5, 0 f (5)ds.

0
As a result we can decompose R¢(f) in almost the same manner as R(f) with the only
difference being that each of the resulting terms H, has one power less decay in w than
the corresponding H;. However, due to the cutoff i this does of course not matter. We
showcase the strategy on how to bound
| b i) Hi (VIR (= + 1)) (0,3 + )
for 7 = 9,10 which are two of the more difficult cases and which serve to illustrate the

general procedure. We start with j = 9 which means we have to bound

|-t i) - A / OV (5)Re(— L + )y (5)]

[e.e]

X/S (O HW)") o
o (1—)'2
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Thanks to Lemma [6.7] we know that

‘/ we“T (=1 + iw)Hy, (V[RL(—4% + iw)t]1) (p, —3 + iw)dw

Z/ / s*|05[V ()02 [Ri(—3 + iw) ] (s)]|dsdw
22;Lﬂ%ﬁﬂ%+wmﬂmmm

2 N
Y L% MEE R p——
j=0 7N
S <T>_2||f||H2xH1(B§>)

by holomorphicity of the resolvent. Hence, the stated estimates follow for 7 = 9. For

j = 10 we integrate by parts as in the proof of Lemma and compute that

’/oo T p(— 1 4 iw) Heyo (VR (=2 4 iw)E]) (p, =1 + iw)dw
<Z//2W $)OLRe(—5 +iw)fL(9)]|(1 - 5)”

+Z/ / 52|80,V (5) R (—1 + iw)f] I/ (1— )72 (r +log(1 — ) dtdsdw

An application of Minkowski’s inequality, changing variables according to t = 1 — e™Y

NI

(1 +log(1 — s)) 2dsdw

(and analogously for s), and making use of Young’s inequality as before shows that

‘Umwmwmmwmﬂﬁ+wmﬁmﬁ+mmu

L2 (R )La(B)
S Z/ 15%0,[V ()07 [Re (=3 + i) £]1(8)] | 20,1y dw S 1Ellprzoe o)

for all admissible indices (p, q¢). Consequently, we obtain the claimed estimates for j = 10

and the remaining ones follow in a similar fashion. O

These last couple of estimates now add together to our next set of Strichartz estimates.

PROPOSITION 6.1. Let p € [2,00] and q € [10,00] be such that % + g = L. Then the

5-
difference of the semigroups S and Sy satisfies the Strichartz estimates

le3[(S(7) = So(M))(X = Q)T = P)fl1 | o, yzaczp) S (T — Qf |z 5

for all £ € C™ x C=(B?).
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6.3. Even more estimates. Unfortunately, we still need one more estimate at the
H? x H' level, which is of the form

€ ((S(r) = So(r)(T = QYT =Pl s se) S IErocrn sy

As done above we use a variant of Lemma to reduce the problem to estimating

[ RPN, 0) = Re(B) . Nl

and
AW%MMRWA%Rﬂwmmw

with A = —% + iw. For this we again distinguish between |w| small and large and utilize
the decompositions of R(Fy)(p, \) — R¢(F)\)(p, A) which we established above. Moreover,

we remark that

OpR(f)(p, A) :=puo(p, M) [0A(S) + Ur(p, A F(p)] + Dpuo(p, A)/ Ur(s, \) f'(s)ds

= 0, g NUp V) F(5) + a0, ) [ Uals W ().

We kick off this round of estimates by first looking at
W), A) == ba(f)Opua(p; A) = be, (f)Opug, (p, A).-

LEMMA 6.9. Let ReA = —3. Then we can decompose W{(f)(p, \) as

W) o A) = F(1) 3 Hi(p, )
where

Hi(p,A) : = xa(p)(1 = p*)2O(p~Hw)?)
Hy(p,A) = [(1+ p)"Hw) = 207 THa(p, A) + (1 = xalp))p 2 (1 + p)'
x O(p~ (1= p) " Hw) ™) [O(w) ™) + (1 = p)O(w)®) + O(p~ (1 = p)*{w) )]
+ f:jg(p, A)
Hi(p, ) : = [(1 = p)"Hw) — 207" 1 Hs(p, A) + (1 = xa(p))p (1 — p)'
x O(p~2(1 = p) " Hw) ™) [O((W)™) + (1 = p)O((w) ) + Op~ (1 = p)*{w) )]
+ ﬁs(ﬂ: A)

where ﬁj(p, A) are the terms we obtain when a p-derivative hits the perturbative terms
(1= p)O({w) ) + O(p™ (1 = p)*(w) ™).

Proor. This follows immediately by differentiating W; and noting that the deriva-
tives which hit cutoffs cancel each other. |
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Proceeding, we set

SYP0) = [ 1= (=3 e S0y, =3 + i)
and

S0)0) = [ = =+ e F(1) Hy (=} + i)

for j =1,2,3 and f € C(B3).

LEMMA 6.10. The estimates

IS5 Al o gy sy S I ey

and

1950 oy 8 ey S 1 ey

hold for j =1,2,3 and f € C®(B}).

PROOF. In essence H differs from H; by a loss of either one power in p or one power
of decay in w. But since |.|7! € L2 (B?), this loss can be compensated for and the claimed
estimates follow just as the ones established in Lemma Il

LEMMA 6.11. Let ReA = —=. Then we can decompose

Wé(f)(ﬂ? /\) = aPUO(pv )‘)Ul(pv /\)f(p> - apufo(pv )‘>Uf1 (p7 /\)f(p)
— Gpur(p, M)Uo(p, A) f(p) + Opus, (p, ) Us, (p, A) f ()

W3(£)(p, ) = f(p) Z Hj(p, \)
where
o [ O s
Hi(p.) = (1= ) [
Hi(p, \) = {% — 2/)‘1} Hs(p, ) + (L= xa(p)p 2 (L+p) O (p7%(1 = p)w) ™)
7 xA(5)O(s{w)~?) ~
X /0 . 52)1_% Ba(p, s, \)ds + Hs(p, \)
Hi(p, ) = [—% — 2/)1} Hg(p, \) + (1 — xa(p)p 2 (1 — p)' O(p2(1 = p)°(w) ™)
7 xa(5)O(s{w)~?) ”
X /0 (1o 32)1_% Bs(p, s, N)ds + Hg(p, \)
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and

Hi(p,\) = [—% — 2/“} Hz(p, A) + (1= xa(p)p 2 (1 = p)' O(p2(1 = p)°(w) ™)
7 5%(1 = xa(s))[1 4+ O(s7 (1 = s){w) " ]slp, 5, \) ~
x/o 2(1 = A\)(1 - s)1=> ds + Hi(p. )

1—A

Hyp N = |15 = 2| Halpo N+ (1= o)1+ 92007 1 = ) ™)

P s2(1 — xa(s)[1 + O(s7H1 — s){w) " H]valp, s, A ~
o [ EUD O M N g,

with B; and ~y; as in Lemma and where ﬁ[j(p, A) are the terms we obtain when 0, hits
either 3; or ;.

Again, we define operators corresponding to the kernels H} as

N
Si(Mf(p) =l [ [ = p(=g + iw)le™ f(0) Hy(p, 5 + iw)dw
and
Si(T)f(p) = Jim_ _N[l — (=% +iw)|we™ f(p)Hy(p, —% + iw)dw

for j=4,...,8 and f € C™(B3).

LEMMA 6.12. The estimates

and

hold for j =4,...,8 and f € C=(BY).

PROOF. The Lemma follows by adapting the proof of Lemma [6.4] slightly. U
Lastly, we come to

1 1

WiF) (0.0 1= Dyua(pN) | Uil ) (5)ds = 0y (p,3) [ Ui (s 7 (s
P p
P p
(o) [ Uals N7 (5)ds = Dy (p.3) [ Ui (s A7 (5)ds.
0 0

LEMMA 6.13. Let Re A = —5. Then we can decompose Wi(p, \) as

1
5

Wi()p,A) =D Hi(f)(p, )
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T xa(B)O(p tw) ™

S )dtds
(1 —1t2)t=2

H()(p. ) = (1— ) o) / £(s) /

O(p~ ' t2(w)[1 + Ot~ (1 = t){w) )]

X 0o Ba(p, t, N)dtds + Hyo(f)(p, \)
BN = [125 =207 BP0 + (1= oo 20— 9
<o) ™) [ 16 [ XA;??EE; 2D 5t . N)dids

1=A 2p—1] Hia(F) (0 A) + (1 xa(0))p (1 + p)' >

<0 =y [ ) [POOE D

x O(p~2(1 = p)°(w) ™) / f(s)
« / TP @)L+ O (A = ) {w) Dslp. 8, A

2(1 — A\)(1 — )1 )dtd3+ﬁ13(f)(07 A)

1—A

Hi(F)(p. ) : = [m -2 ] Hu(P)(p.N) + (1= xalp))p (14 )

x O(p /f

X/ (1= @)1+ O (1 — t){w) " )]yalt, p, A

2(1— N)(1— )2 )dtds+ﬁ14(f)(p,/\)

His(H)(0 ) = (1= 2 xa(p) / " rs) / TOWTTH )

0 (1—1¢2)t2

Hig(f)(p, ) - = {% —2p” ] His(f)(p: A) + (1= xa(p)p (1 + p)' =

x O(p /f

KOt
% / i et s+ Bl 1),
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and

Hi;(f)(p,A) : = {% — 2p1} Hiz(f)(p:A) + (1= xalp)p (1 +p)'

< O(p™ /f

y /0 t2(1 — xa(t ))[12—(1-1(3 i\‘)((ll_—;z(/\) s (p, >)‘)dtds + Hio(f)(p, \)

1—A

His(F)(p.N) : = [m - 2p—1] His(F)(p.N) + (1= xalp))p (1 + )

X Op~ /f

X/O £2(1 — xa(t ))[1221(2 )\)((11+_t§2<*> Dl (e, ’)\)dtds-i—HlS(f)(pv )

with f5; and ~y; as in Lemma and where ij(f)(p, A) are terms obtained when a p

derivative hits 5; or ;.

One last time we define operators S’ and S;

N
Si(m)f(p) = lim 7N[1 — (=3 + iw)]e“THI(f)(p, —3 + iw)dw
and
. N .
Si()f(p) = ]\}I_Iil)o _N[l — (=3 + iw)|we™ T Hi(f)(p, —3 + iw)dw

for j=9,...,18 and f € C=(B?).
LEMMA 6.14. The estimates
1S5 g 02 sy S 1 imcs
and
hold for j =9,...,18 and f € C*(BY).

PROOF. The estimates can be established by adapting the procedures used in the
proof of Lemma [6.6] in a straightforward way. O

Finally, a procedure which is completely analogous to Lemma/[6.8|establishes the same
LSW3 estimates for small values of |A|. This leads to the following proposition.

PROPOSITION 6.2. The difference of S and Sy satisfies
€2 ((S(r) — So(m) T~ Q)T Pl 1y v 0y < 1T~ Qe

for all £ € C™ x C=(B?).
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We now turn to interpolating the previously derived Strichartz estimates to obtain
estimates on the H3 x H? level. For the notations and conventions appearing in the con-
text of interpolation throughout the following proof we refer the reader to the Appendix
and [3]. We also recall that we constructed a subset X C H® x H?(B?) which lies dense
inH:=H>x H %(IB%?) such that the spectral projection Q agrees on X with a bounded
linear operator (AQ H—H.

PROPOSITION 6.3. Let p € [2,00] and q € [5,10] be such that 110 + g = 1. Then, the

semigroup S satisfies the Strichartz estimates

IS(T)X =PIl oy yromsy) S £l

for all £ € H. Furthermore, also the inhomogeneous estimate
‘ / [S(tr —o)(I—P)h(o)], do
0

holds for allh € L'(R,,H) and all intervals I C [0,00) containing 0.

S L yn
LE(1)La(B)

ProoOF. We start by setting

o— :tg
I ||p PRy eF87dr)LaB]) /R+ [T |70 )€™ 2" -

and g(T) = S(7) — Sp(7). Then, by a density argument we have that
I8N Q=PI 5oy = I F BN QU= PIF o a
ST = Q)| xzess)

for all p; € [2,00], ¢4 € [1—??, 5] with pil + q% = %, and all f € X thanks to Proposition
Similarly, from Proposition [6.1] we know that

BN~ QU =PIl 22 sy = 17BN QU= P) e oy
ST = Qf 2 sy,
this time for py € [2, 00] and ¢y € [10, co] with p%%—q% = % Hence, by invoking Proposition
and using once more that H = (H? x H'(B}), H' x LQ(IB‘;’))[%], see [102] p. 317,
Subsection 4.3.1.1, Theorem 1], we conclude that
IS(T) (T = Q)X = P)flill o yraep S (T — Q)f [l

for all f € X, whenever p € [2,00] and ¢ € [5,10] are such that i + 2 = 1. Combining
this with the estimates on Sy in Lemma yields

IS = QI = P)fs [l oyzams < 1T — Q)Fl
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Furthermore, by construction Q agrees with a bounded linear operator Q :H — H on
X and so

(T = Q)fllx = (T = Q)f |2 < [If]l
for all f € X. Next, we turn to S(7)Q. From the Sobolev embedding H?*(B?) — L'°(BY),
we deduce that
1[S(m)QI — P)f]lHLﬁ(R+)Lq(B§) SIS(H)Q — P)f]1|’L£(R+)H2(lB§)

for all admissible pairs (p, ). Given that the range of Q is contained in the union of finitely
many generalized eigenspaces corresponding to eigenvalues which all have negative real

parts, we infer the existence of an £ > 0 such that

IIS(T) QI = P)fhll ey S €1 QF Nl 2w m3)

on X. Moreover, since the range of Q is finite-dimensional, we see that

1QE N 12 e mp) S 1QE o = 1QE Nl S [1El]

for all f € X. Thus, the estimate

IS =Pl oy yzamz) S 1]l

holds for all claimed pairs (p,q) and all f € X and by density for all f € H. For the
inhomogeneous estimates one uses Minkowski’s inequality as in the proof of Lemma 3.7
in [40]. O

Analogously, one proves Strichartz estimates involving (fractional) derivatives.

PROPOSITION 6.4. The estimates

ST =PIl g by S IE1

and

IIS(m) (X = P)fL, | S [l

30, .
L8 (w1 (89)

hold for all £ € H. Furthermore, also the inhomogeneous estimates

‘ /O S(r — 0)(I = P)h(0)], do

. Sl
12(nws (@)

and

w Sl
o @)

/OT [S(tr —o)(I—P)h(o)], do

hold for allh € L*(Ry,H) and all intervals I C [0,00) containing 0.
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PROOF. Note that
9 45 1
(wi(8h), L2 (B)) | =W (B}).
and

9 45 30
(wieh), wHE(B)) =W E))

thanks to [I02] p. 317, Subsection 4.3.1.1, Theorem 1]. Consequently, the desired esti-

mates follow from Propositions and the arguments employed in the proof of
Proposition [6.3} O

7. Nonlinear Theory

We now take a closer look at our nonlinearity

N(u)(p) =

which we recast as

N(u)(p) =

sin(4 arctan(p) + 2pu(p)) — 2pu(p)  sin(4arctan(p)) N 16 "
P’ P’ (1+0%)

16(1 — p?) ) u(p) ;
_m uy(p)” — 4/0 cos(4 arctan(p) + 2pt)(u(p) — t)*dt
—

=:Vn(p)

by performing a Taylor expansion.

LEMMA 7.1. The estimates

IN )l gy S lullzaoqagy + Mellzs g + ol g g

g Nl gy 1l 58 gy I

and

I3C0) = N3 g 5 = ol (s + oy + 1l + T )
= vl (eldsmg + 1ol
+flu = vl pogs) (““”w%ﬁ(m) * ””“W%vf’@?))

1=l o gy (llziogegy + llellzioes))

= 0l g I

=0l g 10 gy (1l 9 g+ 1] 9 )

hold for all u,v € C=(B?).
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PrROOF. We start off with the easier quadratic term and use the product rule for

fractional derivatives twice to compute that
HVNUZHH%(B?) S./ ||VN||W% 3 B5 ”U’2HL°(BE’ + ||VN||L5(]B )HU’Q”‘/V%YE*O(B?)
< Nl ogapy + Nl g Nl ooy

For the cubic term, we use the Sobolev inequality ||.|| .1 to estimate that

H2 ]BS ~ H le 3(]]35))

u(p)
‘ /0 cos(4 arctan(p) + 2pt)(u(p) — t)*dt

u(p)
< / cos(4 arctan(p) + 2pt)(u(p) — t)*dt
0

5 ||u2u H + ||u3||L3 B5 + Hu4||L3 ]BS

+ lullzo@g) + Il 20

L3 (BS)

Sl 8

ull? o
it (BY) ka (135 El (135)

To establish local Lipschitz estimates we let u,v € C* (B?) and again first take a look at

the easier quadratic term

IV (w® = o)y ey S IVl a9 g 17 = 0% ey + 1Vl o 1 = %409 e,

S w =) (u + o)l sy + [ (w = v)(u+v)]]

Hf IB”
wiF @)
S Nl = vll o) ([l roms) + vl 1os))

= vl .yl ey + [ol30p)

= ol sogapy gy + 19l
Next, consider the function n: R x [0,1] — R,

n(z,p) = 4/ cos(4arctan(p) + 2pt)(z — t)*dt
0

and note that

Oin(z, p)| < |2

(2, p)| S |

|0Fn(z, p)| S ||
01050, p)| < [

Consequently,
In(et,) = 1, )5 gy S N0+ o) = ), 3 g

S llu = ollrogsgy (lZaqes) + I0lacsg))
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as well as

(i) = 20, 5 sy S 10200(02) = 00, D5 e, + 0Dty ) = O, 5 e
= N1 + NQ.
For N; we obtain
Ny Sl + 0P = ol ey S lw = vllzrogsgy (lelages, + Nolldses))
Further,
S = vl g g + |||v'|<|u| o) = o1l g,
S =l g 1l g g M = 0l g 10150 gy (Ml gy + Nl )

g

Motivated by these estimates on the nonlinearity, we define the space X to be the

completion of C°(R,. x BY) with respect to the norm
01l = Nz yzrocsty + 161,22 10 ooy + 190 g2 o
+ ||¢||L4(R+ % B5 + ||¢||L2 W%,S(B?) + ||¢||L6(R+)W1,%(B?)‘
Moreover, we set
Xs :={o € X :|o[lx <4}

and for u € H and ¢ € C°(R,. x B}) we define

Ko (6)(r) i= [s<r>u + [ 8t - IN((6(0). 0o - €, ¢><r>]

1
where the correction term C, which we add to suppress the unstable direction induced

by the eigenvalue 1, is given by

C(u, ¢)(r) := P (eTu + /0 TN ((6(0), 0))da) .

LEMMA 7.2. We have that Ky(¢) € X for allu € H and all ¢ € C®(Ry x BY).

Moreover,

IKu(@)lla < s+ lloll% + l¢llx

for allu € H and all ¢ € C(R,. x BY).
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Proor. We split K, (¢) into

Ku(6) = [(I ~P)S(ru+ (- P) [ 8- a>N<<¢<o>,0>>do]

+ [Ps(ryu P [ 8- N((o(0), 0~ Clu.0)7)

= (I- P)Ky(¢) + PKy(¢)

1

and investigate (I — P)K,(¢) and PK,(¢) separately. For the first one we observe that
that

(I PK.u(6)(r) = [sma ~Pju+ [ (- 0)(1- PIN((6(0), o>>do]

Hence, we use Propositions [6.3 and [6.4] to deduce that

(T~ PYKa(6) | < ||uuH+H/ (v — o)1~ PYN($(0),0))]1do

1

X

Slalbct [ ING@ 3 40,00

Slulls+ [ 16030 o 6@ 0 oo+ 16(0)][75 55, do
. (89)

L% (B?)
+ / 1613 2 g+ 16 rogasy + 1900l 4.5 1900 105ty

< llullz + llgl1% + 16113

We move on to PK(¢), where we first discern that

PK.(0)(r) = { [ e PN6o). 0o

1
We also remark that as P has rank 1 there exists a unique g € H such that Pf = (f, g)yg
for all f € ‘H. Hence,

IPK(6) 7)oty + IPRw(O) ()35 g0, + PR g5, S IV g

for any 2 < p < 00. So,

IPKw(0)(7T)]| 2, yLo@s) S

| IN o)y

LY (Ry)

and Young’s inequality implies that

IPKa(6) ()l 2 e rm) S IO g b g et (T Nz

S Nl + ¢l
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As the remaining spacetime norms can be bounded likewise, one obtains the desired

estimate

IPKu(o)llx < lI9ll% + 4]l

LEMMA 7.3. The estimate
IKu() — Ku()llx < (Iollx + 0l + [0l + 1013) 16 — ¥ lla
holds for all w € H and all ¢,v € C=(R,. x BY).
PROOF. Invoking Propositions [6.3] and [6.4] yields
0= P~ KDl S [ ING(0) = Nl 35
S [ 1660) = 6@ lgsp (1660w + 1o
+116(0) = 9l ogssy (||¢< O 3 g, + V) (Bs))
18(0) = ¥y gy (1900 + 90 o)
+19(0) = 90ty (190 m0, + 190y 1550))
+116(0) — (@)l sy (|r¢< o) oty + 1) oo
H16(0) = () o 16N o
+llo(e) = (o)l o g [ 1.30 s

< (1900 )+ 1O 1955, ) o
S e = vl (Il + (8l + lol% + 91%) -

Estimating P(Ky(¢) — Ky(¢))) can be done by employing the same strategy as in the
proof of Lemma [7.2] O

The last two lemmas combined with an application of the contraction mapping prin-

ciple yield the next result.

LEMMA 7.4. For any u € ‘H fized, the operator K, extends to an operator on all of
X. Moreover, there exist 6 > 0 and C' > 1 such that there exists a unique ¢ € Xs with

Ku(¢) = ¢

whenever |lully < &.

7.1. Proof of Theorem To prove Theorem we still have to get rid of the
correction term C. We achieve this by picking the right blowup time 7' close to 1. For
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this, we recall that the prescribed initial data

(I)(O) = (¢1(07 ')7 ¢2(0a ))

are given by

610, p) = 1 (0, p) — 22D _ ppipy w)
2 2
$2(0,) = ¥2(0.p) = 1+ p2 =T?g(Tp) - 1

Furthermore, u}[0] transformed to similarity coordinates is given by

2 arctan (T'p) 2772
1 0 — L 1 0 = —.
%*( 7p) P ) wQ*( 7p) 1+T2p2

This explicit dependence of T of the initial data motivates the definition of the operator
U:[1—6,146 x (H? x H?)(BS,;) = H

by

U<T7V>(P)=(Tvl(Tp%Tzva(Tp))+(¢L(07p)7¢%*(0,p))—<2amtan(p ) 2 >

) "1+ p?
Note that for ¢ € (0, %) and any v fixed, this defines a continuous map
U(,v):[1=0,140 > H
(this follows as the first part of Lemma 8.2 in [50]). Also, the two identities
U(1,0) =0

and

‘I’(O,p)zU(T, (f(p)_QaLan(P) 2 ))

hold. Furthermore, by arguing as in the proof of Lemma 8.2 in [50], one shows that the

estimate

IO, vl S vl =T

H3xH? (B,
is true for all T € [1 — 6,1 + 0].

LEMMA 7.5. There exist constants M > 1 and § > 0 such that if v € H? x H%(B?M)

satisfies ||v < S then there exists a unique T* € [1 — 6,1+ 0] and a unique
M

3 1
H2xH?Z (B} )

¢ € X5 with ¢ = Ky (¢) and C(p, U(T*,v)) = 0.

PROOF. Since

2arctan(Tp 272
aT ( ) ) 2 9 = Zg(p)a
p 1+T4p T—1
the claim follows by an application of Brouwer’s fixed point theorem, see the proof of
Lemma 6.5 in [30] for the details. O
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This allows us to give rigorous meaning to the notion of solutions in our topology.
DEFINITION 7.1. Let
T={(t,r) €[0,T) x [0,00) : 7 < T —t}.

We say that u : I'7 — R is a Strichartz solution of

(@2 . %@) altr) + sin(2ru(t,r)) — 2ru(t,r) 0

T3
if ¢ = (I)l = [\Ij - \I]*]l, with
. U(7, p)
V(rp) = ((1 +0: + pd)(T, p

belongs to X and satisfies

)) ) W(r,p):=Te "w(T —Te 7, Te " p)

¢ = Ka0)(9)
and C(¢, ®(0)) = 0.
Proor OF THEOREM [I.2l. Let 4 > 0 be small enough, choose M > 0 sufficiently
large, and, let v = (f,g) — ul[0] € C>* x C>*(B 1+6) be such that
)

I0.9) = 020003 sy S
Then, by Lemmas [7.4] and [7.5] there exists a Strichartz solution u with that initial data.

Therefore, the associated ¢ is the unique fixed point of K in X5 with vanishing correction
term. Moreover, by standard partition arguments one shows that this ¢ is in fact the
unique fixed point in all of X, see for instance [40], Lemma 7.6. Furthermore, by classical
Gronwall type arguments one shows that u is in fact a smooth function on I'", where T
denotes the blowup time. We calculate

52 > H¢H%2(R+)L10(B5) _/O Hw(Tv - 2‘ ’ 1arctan ’ ‘ HLIO ]B5)d

dt

/ ||¢ log(T —t)+1ogT,.) —2|.|~ Larctan (I.]) HLlO )T 7

T
I
- |
—2|.| tarctan (— dt
T_t LIO(B%_t)

T
:/0 |u(t,.) —ul trHLm _t)dt

and similarly one computes

T
562/0 ot ) — o (7.1)
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g

Proor oF THEOREM [I1l Establishing Theorem [I.T]reduces to two tasks. First one

needs to prove that u can be extended to all of
Q5 == ([0,00) x R°) \ {(t,z) € [T,00) x R* : || <t —T}.

This is a consequence of N being a smooth bounded function away from r = 0 and we
refer the reader to section 2 and Lemma 8.3 of [40] where this was done for one dimension

higher. Secondly, one has to show that all estimates on u ascend to estimates on

Uit ) = (sin(|.|(u(t,.))|f).
o cos(|-|u(t,.))

This procedure was also carried out for d = 4 in section 8 of [40] and can be adapted in

a straightforward way to the three dimensional case. O

8. Appendix. Interpolation theory

This appendix is concerned with our required interpolation result for weighted Strich-
artz spaces. The presentation given here is based on the book “Interpolation Spaces”
by J. Bergh and J. Lofstrom [3]. Following this reference, we let (X, X1) be a tuple of

Banach spaces out of which we form the Banach space (Xo + X1, ||.||xo+x,) Where

el = i€ (ol + floall)

for z € Xo+ X;. We now set S :={z € C:0 <z <1} and consider the set F(Xo, X;)
consisting of all continuous functions f : S — X+ X; that are analytic on the interior of
S. Moreover, for f to be an element of F'(Xy, X;), we require the function ¢ — f(j +it),
for j = 0,1 to be a continuous function from R to X; which tends to 0 as |t| — oco. Then,

F(Xo, X1) is a vector space and by equipping it with the norm

11120, x1) := max {Sup 1 (@)l xo, sup [ F(1 + it>|lxl}
teR teR

it becomes a Banach space, see Lemma [3], p. 88, Lemma 4.1.1.]. Next, for § € (0,1), we
define the interpolation functor Cy as follows. Let (Xo, Xi)q = Cy(Xo, X1) be the set of
all x € Xy + X; for which there exists an f € F(X,, X1) with f(f) = z. Furthermore,

for any such x we set

HxH(Xo,Xﬂ[a] = inf{HfHF(Xo,X1)> feF(Xo,X1): f(0) =}

Then, ((Xo, X1)p) [|-[l(x0,x1)4) 15 Banach space and Cy is an exact interpolation functor

of order ¢ (see [3|, p. 88, Theorem 4.1.2.]). Moreover, for a given Sobolev norm |[.{[y+.a(g3),

with s > 0and 1 < ¢ < oo, we let LP(R., e*27d7)W>9(B?) be the completion of C>° (R, x
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B?) with respect to the norm

Lr
1y g, sy =, 107 Moy

Finally, we once more employ [102] p. 317, Subsection 4.3.1.1, Theorem 1] to infer that
for any 1 < p,qo, 1 < oo and 0 < 59,87 < oo one has that

(1 (), 17 (D) = 1744 (BY)

where s1 = 1(so + $2) and _ L = X qlo + 1), Having concluded these preliminaries, we

1
2 a1

come to the desired 1nterp01at10n result.

PROPOSITION 8.1. Let 1 < p,qo,q1 < 00, 0 < 50,81 < oo. Then

(L@, e Erarweon (B, L2 (R Ear) W (B)) | = LP(RW'H (B).
2

ProOOF. The proposition follows by slightly modifying the ideas of [3] p. 107, Theorem
5.1.2]), which we illustrate here for the convenience of the reader. To simplify notation,
we set Wy = W*on (B3) and W, = W*-a (B?). By construction, C°(R, x B?) lies dense
in LP(Ry, e 27dr)Wy N LP(R,, e27dr)W, and so by [3, p. 91, Theorem 4.2.2] also in

(LP(R+,e—%TdT)WO,LP(R+,6%TdT)W1)1 and  LP(R)(Wo, Wh) )

2

Consequently, it suffices to consider C2°(R, X @) We start with the inequality

[l (LP (R e~ E7dr)Wo,LP(Ry 27 dr) W), y < llullr@yom, W)y

For every u € C®(R, x B}), every ¢ > 0, and every 7 > 0, there exists an f(7) €
F(Wo, Wy) with f(7)(3) = u(r,.) and

1A Ewowny < (14 €)llulT, )l wowa)

(51
Set

9(7)(6) = F(7)(B)e>".
Then, clearly g(7)(5) = u(,.) and one easily computes that

o)D)l = [ U e < Qe [ oy 0

LP(Ry e 57 dr) Wy R, 3

=(1+ €)p|!UHI£p(R+)(Wo,W1>[%]

and similarly

; p
oA+, o ram < O+ P Tl ),
Hence, as € > 0 was chosen arbitrarily, the claim follows.
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For the other inequality, we invoke [3, p. 93, Lemma 4.3.2] which states that any
f € F(Wy, W) satisfies

1 1-6 1 0
Il < (125 [ 15@Ian6.0a) (5 [ 150+ 0hne.0a)
(8.1)

where
e ™Y sin(7x)

sin(7z)? + (cos(mz) — elim—m(t=y))2
are the Poisson kernels of the strip S. Further, for u € C°(Ry xB}) let f(1) € F(Wo, Wy)
be such that f(7)(3) = u(r,.). Then, (8.1) and Holder’s inequality imply that

ey, <2 | ([ @@ 108 G0 )
2] +

1

« (/ 1)L+ i)l Py (5, 0) dt)Q]pdT

E/W’ZWM%QJﬁ

Pz +iy,t) =

(SIS

L7 (R+)

5/||f Lt i)l Py (L. 6) de

LE(Ry)

Next, by Minkowski’s inequality
J1r@ @ G aes| < [0 g, P (Get)

< .
>~ ?ﬁlel[g Hf(T) (Zt) HLP(RJr,engdT)Wo

x/PO (3,t)dt
R

and analogously one estimates the second factor. Observe now that for j = 0,1

/p.(l t)dt—/ T
R J\2 - R1_|_6—27rt _2
Therefore,

1
<s )2 S 1+t2
el sy aveyy, S S IFEGON, o gy SRNFOAFDIE,

L7 (R4)

= ”f||F(LP(R+,e*%TdT)WO,Lp(R+,e§TdT)W1)‘
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