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Abstract

The approximation of functions is a well established problem in numerical mathematics
with a wide range of theory and applications. But instead of approximating functions
of a function space, we are concerned with the more general problem of approximating
vectors and inner products of a Hilbert Space. By assuming the existence of a closed
linear subspace of a Hilbert Space for which the Marcinkiewicz-Zygmund inequalities
hold, the corresponding approximation theorems can be derived in an elementary
way, with special attention being paid to general Sobolev Spaces. Furthermore the
behaviour of the underlying frame, with respect to the MZ-inequalities and different
inner products, is analysed and afterwards extended to Riesz bases and orthonormal

bases.






Abstrakt

Die Approximation von Funktionen ist ein allgegenwartiges Problem in der numerischen
Mathematik mit einem breiten Spektrum an Theorie und Anwendungen. Aber anstatt
Funktionen eines Funktionenraumes zu approximieren, befassen wir uns mit dem allge-
meineren Problem der Approximation von Vektoren eines Hilbertraumes. Durch die
Annahme der Existenz eines abgeschlossenen linearen Teilraums eines Hilbertraumes
fiir welchen die Marcinkiewicz-Zygmund Ungleichungen gelten, kénnen die dazuge-
horigen Approximationssidtze hergeleitet werden. Allgemeinen Sobolevraumen wird
dabei besondere Aufmerksamkeit geschenkt. Dariiber hinaus wird das Verhalten des
zugrundeliegendem Frames in Bezug auf die MZ-Ungleichungen und verschiedene
innere Produkte analysiert und anschlieend auf Rieszbasen und orthonormale Basen

ausgeweitet.
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Chapter 1

Introduction

A classical problem in applied and numerical mathematics is the approximation of
functions of a certain space by simpler functions. This problem is a well known issue
for a wide range of applications. Due to practical aspects, most literature and articles
only make statements about approximation in special function spaces [1,/6,[8]. The
recent paper [§8] shows that approximation theorems follow automatically from the
so-called Marcinkiewicz-Zygmund inequalities, i.e. for all functions f of a closed linear

subspace II of the underlying function space there exist constants 0 < A < B such that

AllFIE < IF1I3 < BIFIIE. (1.1)

where || - ||; and || - ||2 are norms on II.
By and taking a closer look at the results of Grochenig |8, Theorem 3.5], it can be
concluded that the necessary structure to derive approximation theorems is provided
by a Hilbert Space. Hence the task of approximating functions in a function space can
be generalized to approximating vectors in a Hilbert Space. A common way for further
analysis would be to assume that there exists a basis for the Hilbert Space. Caused
by practical reasons [3, Chapter 5] the use of basis is replaced by the more general
concept of frames.

Since Hilbert Spaces are used for the generalization, it is natural to ask for an
approximation of inner products. Therefore the goal of this thesis is to show that
the MZ-inequalities provide the necessary assumption to formulate approximation

theorems for inner products.

After this chapter, we give a short overview of Riesz bases and frames with basic
statements in Chapter 2 and introduce the MZ-inequalities. Under the assumption
that the MZ-inequalities hold, Chapter 3 provides results about the behaviours of Riesz
bases and frames for different inner products. In Chapter 4 we prove the resulting

approximation theorems for functions and inner products with respect to two different
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settings. Chapter 5 is dedicated to analyse the so-called worst case error and compare

the results from the present work with other popular theorems.



Chapter 2

Preliminaries

This chapter focuses on definitions and basic concepts that form the basis for deriving
approximation theorems. The main goal of this chapter is to introduce the so-called
Marcinkiewicz-Zygmund inequalities which are the key ingredients for further analysis
and error estimation. Because such inequalities are closely related to frames, which
also provide the necessary structure for the underlying setting, let us first give a short

overview of frames and Riesz bases.

2.1 Frames and bases

Frames have established themselves as a very useful generalization for bases in applied
mathematics. The popularity of frames has increased in recent decades due to the
wide range of applications in applied and pure mathematics [2}[7,9]. Therefore the goal
of this section is to first highlight the connection between orthonormal bases and Riesz
bases and then motivate the generalization of bases to frames. The following definitions

and theorems are excerpts from [3] which also contains the proofs for interested readers.

Definition 2.1 (Basis [3, p. 68] ). Let B be a Banach Space and J be a countable
index set. A sequence of vectors {¢;};jcs in B is a (Schauder) basis for B if for every

f € B there exist unique scalar coefficients {c;(f)}icy such that
J J

F=>ci(f)e;- (2.1)

jed

Definition 2.2 (Orthonormal system and orthonormal basis [3, p. 79]). Let H be a
Hilbert Space with inner product (-,-) and J be a countable index set. A sequence of

vectors {¢j}jes in H is an orthonormal system if

(95 O) = Ojk-
An orthonormal basis is an orthonormal system {¢;};cs which is a basis for H.

3
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Notice that (2.1]) guarantees the convergence of the series with respect to the chosen
order of elements [3]. Furthermore if an orthonormal basis has been found, all the

other orthonormal bases can be characterized by the following theorem.

Theorem 2.3 (Characterization of orthonormal bases [3, p. 81]). Let {¢;};cs be an
orthonormal basis for H. Then the orthonormal bases for H are precisely the sets

{Roj}jcs where R:H — H is a unitary operator.

Theorem shows how all orthonormal bases are related to each other and by

weakening the condition on the operator R one can define the so-called Riesz bases.

Definition 2.4 (Riesz Basis [3, p. 86]). A Riesz basis for a Hilbert Space H is a family
of the form {R¢;} ey, where {¢;}jes is an orthonormal basis for H and R: H — H

is a bounded bijective operator.

Because in general it is hard to show that a given sequence is a Riesz basis just by using

Definition the following theorem provides a more practical equivalent condition.

Theorem 2.5 (Characterization of a Riesz basis [3, p. 89]). For a sequence {¢;};c.s

in H, the following conditions are equivalent:
(1) {¢;}ics is a Riesz basis in H.

(77) {¢j}jes is complete in H (i.e. span{¢;}je; = H), and there exist constants
0 < A < B such that for every ¢ € lo(J)

2

Allelliy ) < < Bllelliy()- (2.2)

> cio;

jeJ

The numbers A, B are called Riesz basis bounds.

Note that condition (i7) from Theorem is sometimes used from other authors
as a definition for Riesz bases [11]. Nevertheless, with Definition the step from
orthonormal bases to Riesz base is more natural and provides information about which
conditions are weakened for generalization. Notice if {¢;} e is an orthonormal basis,
then A = B =1 and vice versa.

Since Definition [2.4] does not immediately indicate that a Riesz basis is actually a

basis, the next theorem provides the natural expansion property.

Theorem 2.6 (Riesz basis expansion [3, p. 86]). If {¢;};es is a Riesz basis for H,

then there exists an unique sequence {&;}jes in M such that

F=> (f.8)9 VfeH.

jed
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In fact the conditions for being a basis are sometimes so strong that it is almost
impossible to construct bases with certain properties. Another issue is that slight
modifications of a basis might destroy the basis properties [3, p. 109]. Therefore the
concept of bases is generalized to the so-called frames which are much easier to handle

and open up a whole new field of theory [5,10].

Definition 2.7 (Frame, tight frame and Parseval frame [3, Chapter 5]). Let V' be
a vector space with sesquilinear product (-,-) which is linear in the first component.

A countable set of elements {¢;}jcy in V is a frame for V if there exist constants
0 < A < B such that

AllFIP <Y1 000 < BIFIP VfeV. (2.3)
jeJ
The numbers A, B are called frame bounds. A frame is tight if A=B. f A=B=1a

frame is called a Parseval frame.

Because [8] motivates an underlying Hilbert Space, the following statements and
definitions are also made for Hilbert spaces. Further, since frames are only countable
sets of elements, we restrict ourself to separable Hilbert spaces and assume that .J is a
countable index set.

One can suggest from the Inequalities in Theorem and Definition that
Riesz bases are related to frames. This relationship is established by the following

theorem.

Theorem 2.8 (Riesz basis is frame [3, p. 130]). A Riesz basis {¢;}jcs for H is a

frame for H, and the Riesz basis bounds coincide with the frame bounds.

Consequently statements with respect to frames can also be formalized for Riesz
bases and even stronger results are possible. The fact that frames are actually a

generalization of bases is provided by the next proposition.

Proposition 2.9 (Frames are generalized bases [3]). Let ‘H be a separable Hilbert
Space. If {¢;}ics is a frame for H then span{¢;}jcs = H.

Proof. Assume that span{¢;}jc; # H. It follows that span{¢;};je; C H and there
exists a non-zero element f € (Span{e;};es)*. Hence for all j € J holds that (f, ¢;) = 0.

Thus the lower frame bound A has to be zero and {¢;}c; cannot be a frame for

H. O]

The main difference to bases is that the elements of a frame need not be linear

independent, which means that the representation of an element f € H with the frame
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elements ¢; is not unique. Therefore frames can be seen as an “overcomplete basis”
and justifies the generalization.
Talking about frames, there are three main operators associated to frames which

determine the analysis and reconstruction operation.

Definition 2.10 (Common operators in frame theory).
Let {¢;}jes be a frame for the separable Hilbert Space H with inner product (-,-).
The synthesis operator T : lo(J) — H is defined as

Tc:= Zqubj. (2.4)

jeJ

The adjoint operator T* : H — la(J) is called analysis operator and reads

T f = {<f7 ¢j>}j€J. (2.5)
The frame operator S : H — H is defined as
Sf:=TT"f = (f ¢j)¢;- (2.6)

jed

In fact direct calculation for ¢ € l2(J) and f € H leads to

<TC7 f) = Z C]<¢]7 f> = Z Cj<f7 ¢]> = <C, T*f>£2(J)
jedJ jeJ
and hence the adjoint operator of (2.4]) is the operator (2.5). Consequently the frame
operator as a concatenation of the analysis and synthesis operator is selfadjoint and

provides an important reconstruction property.

2.2 Marcinkiewicz-Zygmund inequalities

For quadrature rules and approximation theorems Marcinkiewicz-Zygmund inequalities
(MZ-inequalities) and Marcinkiewicz-Zygmund families (MZ-families) are common
tools for error analysis and estimation. The main difference between MZ-inequalities
and MZ-families is that MZ-inequalities focuse on a single subspace, whereas the
concept of MZ-families is about families of increasing subspaces. It turns out that the
existence of a MZ-family in L? provides quadrature rules and approximation theorems

“for free” as pointed out in [§].
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Definition 2.11 (Marcinkiewicz-Zygmund inequailties). Let H; be a Hilbert Space
with inner product (-,-)1 and induced norm || - |1 and Hy be a vector space with positive
semi-definite sesquilinear product (-, -)o that is linear in the first component and induced
semi-norm || - ||2. Further let I1 C Hi N Ha be a closed subspace. If there exist constants
0 < A < B such that the Inequalities

AlIFIE < IF15 < BIFIR (2.7)

for all f € 11 are fulfilled, these inequalities are called Marcinkiewicz-Zygmund inequal-
ities for 11 with respect to Hy and Hs.

In terms of MZ-families the Inequalities from Definition holds for every
subset of the corresponding family of increasing subspaces with the same constants
A, B. Also notice that the semi-norm || - ||2 is actually a norm on IT and the Inequalities
coincides with the fact that the norms || - [|; and || - || are equivalent on II. If the
Hilbert Space H; is finite dimensional, also II is finite dimensional and therefore any
two norms are equivalent on II. This conclusion cannot be applied to the infinitely
dimensional case.

Since Definition [2.11] only makes demands on functions from the closed subspace
IT, the focus for further analysis is on this subspace. A common way would be to look
at a basis of II. However, due to practical reasons |3, Chapter 5], the concept of bases
is replaced by the more general framework of Riesz bases and frames from Section [2.1

Now that we have defined the MZ-inequalities and built up a basic understanding
for frames, the two main ingredients to derive the theory are given. So the next chapter
is dedicated to the behaviour of frames and Riesz bases with respect to different inner

products and by assuming that the MZ-inequalities hold.



CHAPTER 2. PRELIMINARIES



Chapter 3

Marcinkiewicz-Zygmund

assumption

Let us denote #H; as a Hilbert Space with inner product (-,-); and Hs as a vector
space with corresponding positive semi-definite sesquilinear product (-, )2 which is
linear in the first component. The Marcinkiewicz-Zygmund assumption says that for
every f from a closed subspace II C H; N Hy the MZ-inequalities hold, i.e. there exist
constants 0 < A < B such that for all f € II the inequalities

AllIFIE < IF15 < BIFIR (3.1)

are fulfilled. Additionally assume that {¢;};c; (J countable) is a frame for IT with
respect to the inner product (-,-); and with frame bounds 0 < A" < B’. Further let us
define II; := (II, (-, -);) for i = 1,2 and the associated synthesis operators with respect
to the spaces II; and Ily

U1 2£2<J)—>H1 Ulc ::ZCj¢j
JjeJ

U2 : EQ(J) — H2 UQC = ch¢j'
Jj€J

For ¢ € ¢5(J), f € II; and g € II, the equalities

<U16, f)l = ch<¢j7f>1 = <CJ Ul*f>52(=])

jeJ

(Uze,g)2 =Y ci(ds,9)2 = (¢, Usg)e, ()
jer
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hold and therefore the analysis operators for U; and Us, that are just the adjoint

operators, read

Up L = 6())  Uif={(fién},

jeJ
Us Ty — 6(J)  Usg={{g.65)2} .
jeJ
Hence the associated frame operators Sp, 53, which are the concatenation of the

corresponding analysis and synthesis operators, are defined as

Sy Iy — 1L Sif =UUF =) (f.di)10;

Jj€J
Sy : 1y — I Sag :=UaUs = > (g, $;)20;.
jeJ
Note that we called the operator Sy the associated frame operator, which in turn
would suggest that {¢;},cs also represents a frame for IT with respect to the sesquilinear
product (-,-)2. This claim will be checked in the next section and statements about

the associated frame bounds are going to be specified.

3.1 Frame behaviour for different inner products

In the most general situation we assume that {¢;},cs is a frame for II;. As already
mentioned this frame is also a frame for IIs and the following theorem provides

information about the corresponding frame bounds.

Theorem 3.1. Let Hy be a Hilbert Space, Hy be a vector space and II C Hi N Hy
closed such that is satisfied. If {¢j}jcy (J countable) is a frame for I1y with frame
bounds 0 < A" < B', then {¢;}jes is a frame for Iy with frame bounds 0 < AA" < BB'.

Further the associated frame operators Sy, Sz are boundedly invertible.

Proof. Since {¢;};jec is a frame for II; with frame bounds A’ and B’ we have

A'IFIE < (Sufo )i < B flls

for all f € II. Therefore the selfadjoint operator S; is bounded and

B — A
B/

[ *SlH = s (T = *Sl)f, Ml < <1

Iflh= B

where I is the identity operator on II;. Hence by Theorem the operator S is
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boundedly invertible and

|03l = U7 = /lIsull < VB, (3.2)
Next let f, g € II and since the inequalities

(f.9)2 < Ifl2llgllz < Bllfl1llgllx
(f, Fya > A|lfI?

hold the sesquilinear product (f, g)2 is continuous and coercive in IIy. By the lemma
of Lax-Milgram there exists an unique invertible operator L : II; — II; such that
(f,9)2 = (f, Lg)1. Direct calculations yield

(f o901 = (£. 29, @)205), = (Do (féndsg) = (Sifigle  (33)

jeJ jeJ

and because S is invertible, we can conclude that the operator S| 1S, is the unique
invertible operator L from the lemma of Lax-Milgram. Since S7 and S} 1S, are inver-
tible, also Sy = S1(S] ' Ss) is invertible. Using and by choosing ¢’ = Sy 'g € 11 it
follows that

(ST frg)1 = (ST f, 829" )1 = (S157 .0 )2 = (f, d')2 = (f, S5 g). (3.4)

Due to the results of (3.1)), (3.2) and (3.4]) we get

152113 = 1U=U5 £113 < BIIU:Us f|7
< BB/HUng?Q(J) = BB'(S2f, [)2
< BB'||Sxfl2]1 12

and

1
1S5 = sup (Sy'f, fla= sup (f,S7 f)r1 < sup —||If]? < :
2 e o=t a1 A AA

Therefore the resulting bounds for the operator norm |[|Ss|| are AA" < ||Sz|| < BB'.

Hence the inequality
AAf113 < (f,521)2 < BB fI3

holds and {¢;};cs is a frame for I, with frame bounds AA" and BB'. O
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By assuming that {¢;},c is a Parseval frame for II;, the following corollary is an

immediate consequence of Theorem

Corollary 3.2. Let Hq be a Hilbert Space, Hy be a vector space and II C Hi N Ha
closed such that is satisfied. If {¢;}jes (J countable) is a Parseval frame for I1y,
then {¢;j}jcs is a frame for Iy with frame bounds 0 < A < B. Further the associated
frame operators S1, So are boundedly invertible and Sy is equal to the identity operator

on I1.

Proof. Because a Parseval frame is a frame with frame bounds A’ = B’ = 1, Theorem
can be applied. Hence {¢;};cs is a frame for II, with frame bounds A, B and the
frame operators 51, Sz are boundedly invertible. Since {¢;};c is a Parseval frame for
IT; we observe that for all f € II

(Sif, =Y I{fsei1 > =IfIF = {f- 1

jed

which concludes the proof. O

These statements can also be formulated for Riesz bases, which are in terms of
generality closer to orthonormal bases than frames and will be covered in the next

section.

3.2 Riesz basis behaviour for different inner products

Consider {¢;};cs as a Riesz basis for II;. Hence {¢;};c is also a frame for II; and
Theorem can be applied. However, even better results can be achieved, as the

following theorem clarifies.

Theorem 3.3. Let Hy be a Hilbert Space, Hy be a vector space and II C Hi N Hy
closed such that is satisfied. If {¢j}jcs (J countable) is a Riesz basis for 11 with
bounds 0 < A’ < B', then {¢;};cs is a Riesz basis for Iy with bounds 0 < AA" < BB'.

Further the operators S1, So are boundedly invertible.

Proof. Due to Theorem and Theorem the operators S7,S5 are boundedly
invertible. Since {¢;};c is a frame for Ily, by proposition the sequence {¢;};es is
complete in IIp. Because {¢;};cs is a Riesz basis for IT; with bounds A’ and B’, for
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all ¢ € £5(J) the inequalities

1> cidills < Bl D eisllt < BB |lellz, .y

jeJ jeJ
1D cidil3 = Al Y o5l = AAlell7,
jeJ jel

hold and by using Theorem {¢j}jes is a Riesz basis for Il with bounds AA" and
BB'. O

The following corollary is an immediate consequence from Theorem [3.3] for or-

thonormal bases.

Corollary 3.4. Let Hy be a Hilbert Space, Hy be a vector space and 11 C H1 N Ho
closed such that is satisfied. If {¢j}jes (J countable) is an orthonormal basis for
Iy, then {¢;}jes is a Riesz basis for Iy with bounds 0 < A < B. Further the operators
S1, S2 and Ty := U5Us are boundedly invertible and Sy is equal to the identity operator

on II;.

Proof. Because {¢;};jes is an orthonormal basis for IIy, it is also a Riesz basis with
bounds A = B = 1 and due to Theorem {¢;}jes is a Riesz basis for IIy with
bounds A, B. Further the operators S, So are bounded invertible. Since {¢;} e is an
orthonormal basis for 111, the operator Sy is the identity operator on IIy. Further the

operators Uy and Uj are invertible and for f € II,

HUékaZ(J) = > {f, 002> = (Saf, fa-

jeJ
Therefore T5 is also invertible and because

A<Dl =|U3 I = T2l < B
B <1yt < A

the operator 15 := U5U; is boundedly invertible. O
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Chapter 4

General approximation

theorems

This chapter is devoted to a general derivation of approximation theorems for vectors
and inner products, by keeping the underlying setting as general as possible and
assuming that the MZ-inequalities hold.

Before we start to analyse the general theory for Hilbert spaces, let us consider the
following function space setting to motivate the upcoming definitions and theorems.
The example is also intended to provide an indication of how to proceed for the
generalization and what assumptions have to be made such that meaningful results

can be achieved.

Example 4.1. Let o be a Borel probability measure on an arbitrary space X. Further
let I C L?(X,0) be a closed linear subset and assume that 1 € II C C(X) C L*(X, o)
where 1 is the constant function with value 1. Suppose that there is another finite Borel

measure v on X with two constants 0 < A < B such that
AlFIZ < IF15 < BIfIIE- (4.1)
for all f € 11 where
F.9)e = (L 9)i2eo) = [ Sads ()= [ fgdv (4.2

Note that implies that (-, ), is an inner product on I1. Due to this notation we are
able to write integrals with respect to o or v as (f, 1), = [x fdo and (f,1), = [x fdv
with 1 € II. Next let us denote the spaces 11 equipped with one of the inner product as

and assume that {¢;}jcs is a frame for I, with frame bounds 0 < A’ < B' and J C N.

15
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Due to Theorem {¢;}jes is a frame for IL, and the operator

S, : 10, — I, Suf =Y {f. 0500,

jeJ

is boundedly invertible. Hence for f € C(X) direct calculation and leads to

‘ / fdo — / £ dv| = |(f, 1)y — (f,5;11), |
X X

= |<f_Pcrf7]l>a_ <f_PUf7Sl/_1]]‘>I/|
<|Nf = PofllollTllo + I1f = PofllolS, 1
<|f = Poflle + VAT f = Pofllw (4.3)

where P, : L*(X, ) — II denotes the orthogonal projector onto I1 with respect to the

inner product (-,")y.

The most important fact that can be taken from the example is that all statements
only refer to the Hilbert Space structure which means that we can use the same

argumentation for generalized settings.

Therefore let H; be a Hilbert Space with inner product (-,-); and II C H; be a
closed subspace. Suppose Hs is a vector space with positive semi-definite sesquilinear
product (-, -)2 such that

II ¢ Hy C H;.

Regarding to this framework, we assume that for IT the MZ-inequalities with respect

to H1 and Hs hold and denote the corresponding constants as before with A, B, i.e.
Allfll < [1fll2 < BllfIl2 Vfell

To simplify the notation let us define II; := (II, (-, -);) for i = 1,2. As a consequence of

these definitions and assumptions, we obtain the following proposition.

Proposition 4.2. Suppose that the left inequality in holds. Then for all g € H,
f € Hy and p,q € 11 the identity operator I : Ilo — 11y, p — p satisfies

(.00 = (.20l < Ifallg — all + lall (1 =l + VATIIF = plla).  (4.4)
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Proof. Let g € H1, f € Ho and p, q € II. By the Cauchy-Schwarz inequality, we get

(fo o1 — (L, Q2] = 1(f, 9 — )1 + (f, )1 — (f. T"q)2]
< I fllillg = qlls + [{f, @)1 = (f, T"q)2|

According to the left inequality in (3.1]), I is continuous and the adjoint operator
I* : I} — Il satisfies

(p,a)1 = (Ip,q)1 = (p, I"q)2.

Further for the operator norms of I and I'* hold

[ =1l = sup [[Iglly < sup gL < sup VA~gll = VAL

llgll2=1 llgll2=1 llgll2=1

Therefore we can conclude

(oo =, a2l = Kf — o)1 — (f —p, I7q)2|
<|f =panl+ [{f —p,I"q)]
< If = plltllalls + [[f = pll2ll7"qll2
< If = pllllgll + IIf = pll2VA~ gl O

With the help of Proposition we are now able to formulate different approx-

imation theorems. In this context, a distinction between two different settings is

made.

4.1 General Hilbert-Vector-Space setting

Suppose that there exists a frame {¢;};cs for II with respect to the inner product (-, )1
and frame bounds 0 < A’ < B’. Due to Theorem and because the MZ-inequalities
with constants A, B hold, {¢;};je is also a frame with frame bounds AA’, BB’ for II

with respect to the sesquilinear product (-, -)2. Further the associated frame operators

Sy I — I Sif = ([, 65
jeJ
Sy Iy — 1l Sof == Z<fa ¢j>2¢j'

jedJ

are boundedly invertible and the following theorem is an immediate consequence of

Proposition |4.2
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Theorem 4.3. Assume that {¢;}jes is a frame for II with frame bounds 0 < A’ < B’
with respect to to the inner product (-,-)1 and the MZ-inequalities for 11 with
respect to H1 and Ho are satisfied. Then for g € Hi, f € Hy and p,q € 11 we have

[(f,9)1 = (£, S5 S1adal < I fllllg = all + lall (Il = Pl + VAT f = pll2).  (45)

Proof. Due to Theorem {¢;j}jes is also a frame for IT with frame bounds AA’, BB’
regarding to the sesquilinear product (-,-)2. Consequently the operators Si, Se are

boundedly invertible. Moreover for all p, q € II the equality

(p, S5 S14)2 = (p, @)1 = (p, I"q)2 (4.6)

holds and hence S5 161q = I*q for all ¢ € II so that Proposition 1' implies our

claim. O

Note that (4.6) and direct calculation lead to

(f,95'S1q)2 = > {a, b (fs )2 = D (4,55 " S1on)a(f, te)2

keJ keJ

= ) (Br D)1, k) 2(5, q)2

kjeJ

where v = 52_1¢j. If {¢;}jes is a Parseval frame for IT with respect to the inner

product (-, )1, the operator S is the identity on II and

<fa 551Q>2 = Z<fa ¢j>2<¢]a Q>2

=

Corollary 4.4. Let {¢;}jes (J countable) be a Parseval frame for II with respect to
the inner product (-,-)1. Then for g € H1 and f € Hy we have

[(F,9)1 = (£, S5 Prghal < [IFl1allg = Paglls + gl (ILf = Puflla + VAT £ = Pifll2)

where the orthogonal projection Py : Hi1 — 1l is defined as
Pig:=> (9,0;)19;.
JjeJ

Proof. Because {¢;};cs is a Parseval frame, P; is an orthogonal projection and an

extension of S7 to Hi. Since P; f, Pig € Il our claim follows immediately from Theorem

4.3l O
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4.2 General Hilbert-Sobolev-Space setting

As in the previous section, let us consider the following function space setting analogous

to [8] to motivate the upcoming definitions and theorems.

Example 4.5. Let o be a Borel probability measure on a space X. Suppose that {¢;};cr
be an orthonormal basis for L*(X, o) and let {\j}jes be a nondecreasing sequence of
positive numbers such that lim;_,oo \j = co. The pairs (¢, \j) can be interpreted as
eigenfunctions of a positive unbounded operator with corresponding eigenvalues [8].
Therefore the Sobolev Space H*(X) can be defined as

HY(X) = { f € L(X,0) : [|f I} = D (14 X))*(f, 650 ]* < o0}

J=0

Further let us define the closed linear subspace
13, = span{¢; : \; < n} C L*(X,0) (4.7)

with the orthogonal projector P, , : L2(X,O') — 13, onto 13, with respect to the inner

product (-,-)s. By assuming

0(X) < o0, X compact, {p;}jes C C(X),
172
y(n) i=sup (Y (1+ 1) *[g;(2)]?) " < oo (4.8)
zeX j:)\j>n

we are able to ensure that H*(X) — C(X) C L*(X,0) [§]. Further let v be a finite

Borel measure on X and suppose that there are two constants 0 < A < B such that

A5 < IF15 < BIFIIZ, f €V

where || - |2 and || - ||? are defined as . For f € H*(X), same argumentation as in
leads to

’<f7]1>a - <fas;1]l>u| S ”f_PafH<7+ \ A_l”f_Pany-

Therefore the next step is to find bounds for || f — Pnofllv and ||f — Prnofllo-
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For f € H*(X) and s > 0, we have

/X|f - Pn,of|2dy = Hf - Pn,aleQ/
= Z (f, $i)o(fs @3} (Dis dj)v

i,j:)\i)\j>n
< v(X)®3(n)|| f|%-

and if 1 €13, we deduce

/le = Poof[Pdv < v(X)Z(n)| fl[7s < BOZ(n)|| £l (4.9)
The same estimation can also be done with respect to the norm || - ||, to get

Hf - Pn,af”g'

S fdi)elf, D)0 (i, D))o

i,j:)\i,A‘j >n

= Y [ ol

JiAi>n
< > AN
j:>\j>n

< (14 n) £,

Finally by summarizing the above results, we have

[(f. Do — (f, Sl < <(1 +n) 2 \/Ebs(n)) [ f[|zzs- (4.10)

Since all statements only refer to the Hilbert Space structure we can use the same
arguments again for generalized settings.

Therefore assume that {¢;};cs is an orthonormal basis for H; and let {\;};cs be a
nondecreasing sequence of positive numbers such that lim; ., A\; = oo. The associated
Sobolev Space H? is definded as

H = {f €My > (1+X3)(f 601* < oo}
=0
with corresponding norm

1117 = D1+ X)) (f, o).

J=0
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Suppose Hj is a vector space with positive semi-definite sesquilinear product (-, )2
which is linear in the first component such that H® — Hy C Hq, i.e. there exists a
constant C' > 0 such that || - ||o < C|| - ||gs. Further for n € N define the remainder
function W4(n) and the closed linear subspace 13,, with corresponding orthogonal

projection P, 1 as

1/2
To(n) = (D L+ A)llel3) (4.11)
j:)\]’>n
B3, :=span{¢; : \; < n} C Hq, (4.12)
Pn,l : ,Hl — rfn Pn,lf = Z <f) ¢j>1¢j- (413)
JiAi<n

Lastly, we assume that the MZ-inequalities for 13,, with respect to H; and Hy are
fulfilled. Due to these assumptions and definitions, approximation theorems for vectors

and inner products can be formulated.

4.2.1 Approximation of vectors

This section is devoted to the estimation of the approximation error due to projection
for vectors from H®. Similar to Example [£.5] we are initially interested in bounds
for || f — Pyaflli and ||f — Py1f|l2 which will also be used to approximate inner
products. Due to the construction and direct calculation, the following lemma provides
information about the bound for || f — P, 1 f||.

Lemma 4.6. Let f € H®. Then the inequality

If = P fIIF < (L 4n) "1 f 11
holds, where P, 1 is defined as .

Proof. Let f € H®. Then

If = P fIli = Z (fooli= D 1(f ool
i >

JiAj>n

+ X)) Fs el

i A >n

<(14+n)"" > (+N) 1ol

JiAj>n

< (1+n) I O
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To estimate the projection error with respect to || - ||2, an additional assumption is

necessary.

Theorem 4.7. Let f € H® and Y4(n) defined as . If Us(n) < oo then the

inequality

I1f = Purfl3 < 2)|1 £l
holds, where P, 1 is defined as .
Proof. Let f € H® and define 9; := (1 + )\j)*s/2¢j. Then

If = Papfl5 =11 D (f, 01055

Jixj>n

= > (fooin (Fo b1 (00, 9i)a

1,J: X, >n

= 3 AN )+ X)L Gy (i )

1,5 A, A >N

<A 11 (i ¥5)2)iginin >nllea—es

where the last inequality holds by considering

ST @+ M)A o (4 X)) EF ba)1 (Wi, )2

1,J: A, A >N

as a vector-matrix-vector-multiplication. By using the Cauchy-Schwarz inequality for

()2, we get

2 2
ST Wy eal = 30 | YD (TN TVEA+N) T2y, di)ac
Jixi>n la>n Jixi>n Ll >n
< D0 ATl Do )5zl
Jixj>n L:A\i>n
2
=|ch§2< > (1+>\k)_s\|¢>kH§> -
k:dg>n

Consequently we get

1f = Pa I3 < s D0 (14 M)l ll3

k:Ap>n
= [|£11%: 3 (n) O
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4.2.2 Approximation of inner products

This section provides the main theorem for approximating inner products, which
results from the previous statements. Because {¢;};c is an orthonormal basis for #;,
{#j}j:r;<n is also an orthonormal basis for 13, with respect to the inner product (-, -);.
As before to simplify the notation, define the spaces 13, endowed with one of the inner
products as 13, ; := (B3, (-, -);) for i = 1,2. Therefore Corollary [3.4| guarantees that the

operator

Sn2 Uy — 12 Snaf = Z (f, ¢j>2¢j

jl)\j Sn
is boundedly invertible and the following theorem holds.

Theorem 4.8. If ¥U4(n) < oo, then for f,g € H,
(£, 901 = (f, Sz Prig)a| < (2(1 +n) "+ VA‘l‘I’s(n)> Ifllasllgllas.  (4.14)

Proof. By Lemma Corollary [4.4] Theorem [4.7] and since || - |1 < || - || =
(£ 901 = (£, S5 Pang)el < 1119 = Pagly + gl (1 = P flls + VAT f = P o)
< <2(1+n)_s/2+VA‘I‘Ifs(n)>HfHHsH9HHs 0

Theorem shows how the approximation error for inner products behaves with

respect to the chosen orthonormal basis {¢;};cs, the sequence {\;};c; and n. Further,

if g €13, then reads
[{f,9)1 = (£, Sp29)2] < ((1 +n) "% 4 VA‘I‘I’s(n)> 1f 1=l s -

Since in practice the bounds for the so-called worst case error are also of interest,
the next section is dedicated to this estimation. Afterwards we compare the results of

the present work with other popular theorems.
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Chapter 5

Error estimation and comparison

with more specific results

As soon as the approximation error is analyzed in more detail, it is also natural to look
closer at the so-called worst case error. Therefore the goal of this chapter is to find
bounds for this error with respect to the space H® defined as . Fortunately, this
estimation is an immediate consequence of Theorem Hence this chapter serves only
a summary of the previous statements and translate the already shown theorems into
results with respect to the worst case error. In addition, statements from the present
work are compared with popular results from [1] and [8] and the main differences are
highlighted.

5.1 Worst case error estimations

Due to the underlying setting, there are several ways to define a worst case error [4].

Therefore let us first define the worst case error for our purposes.

Definition 5.1 (Worst case error). Let Hi be a Hilbert Space with inner product (-, )1
and Ho be a vector space with corresponding positive semi-definite sesquilinear product
(+,-)2 which is linear in the first component. Further let H® be the Sobolev Space defined
as and g € H®. The worst case error for g with respect to H*,H1 and Hy is
defined as

wee(g, H*, Hy, Hy) := fsulg [(f. 01 — {f, SpaPrig)al.
e S
£l <1
Note that for special frameworks like in Example this worst case error is
sometimes also called discrepancy [6] . Furthermore the following corollary is a direct

consequence of Theorem and provides general bounds for the worst case error.

25
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Corollary 5.2. Let g € H*, n € N and VY4(n) be defined as D If Us(n) < o0
then

wee(g, H*, Hy, Ha) < (2(1 +n)7% VAI\Ifs(n)> Igllers

Proof. Use Definition [5.1] and Theorem [4.8| O

Because in practice it is more natural to look at function space settings [1,8], the
previous corollary can be improved for the result of the motivational Example By
assuming that 1 €13, and setting g = 1, the worst case error can be interpreted as
the worst possible error that can occure by integrating f € H*(X) with respect to the

different measures o and v.

Corollary 5.3. Let 1 € 53,,, n € N and ®4(n) be defined as (4.8). If ®5(n) < oo then

wee(1, H*(X), Ly(X, 0),C(X)) < <(1 +n)7% 4 i@s(n)>

Proof. Use Definition and (4.10) from Example O

If we look at Corollary the results from [1] and [8] are slightly different due
to alternative estimations and stronger assumptions. Therefore the next step is to
analyse the differences between the present work and the results from [1] and [§] in
more detail. But first let us summarize all the important assumptions and definitions
of Example

Let o be a Borel probability measure on a space X. Suppose that {¢;};cs be an
orthonormal basis for L?(X, o) and let {\;};c; be a nondecreasing sequence of positive
numbers such that lim;_,o A\; = co. The Sobolev Space H*(X), the closed subspace
13, C L3(X, o) and the orthogonal projection P, , are defined as in Example By

assuming

o(X) < o0, X compact, {¢j}ies C C(X), (5.1)
1e13,, Dy(n) < 00 (5.2)

we are able to ensure that H*(X) — C(X) C L?(X,0) [8]. Further let v be a finite
Borel measure on X and suppose that there are two constants 0 < A < B such that
the MZ-inequalities

AllfllZ < 17115 < BIFIZ, f €D
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hold, where || - |2 and || - || are defined as (4.2)).

5.2 Comparison with L, function space setting

Because the generalization of the present work is motivated by [8], the assumptions
from the specialized setting of Example are identical to [8]. By translating one
of the main results from [8] into the language of our framework, we get the following

theorem.

Theorem 5.4 (Grochenig [8, Theorem 3.5]). Let f € H*(X). If the assumptions (5.1]),
are satisfied, then

[ tdo— [ rsiinav] < (1+/B/A)e. w1 (53)

where v = 371, 0y, is an atomic probability measure with x; € X and 65; a Dirac

measure for all 7 < m.

The comparison of the inequality ([5.3)) and (4.10) reveals some small differences.

By the estimation

If = Pooflis =D Kféioll0il5

JiAj>n

<sup S0 U di)olP(L 4+ A (L4 X)) ~5l¢y ()
IEXJ)\>n

®,(n)?|f 1%, (5.4)

we are able to fill this gap. Hence Theorem follows instantaneously from Theorem
what can be expected due to the close connection. By interpreting the pairs (¢;, Aj)
as eigenfunctions of a positive unbounded operator with corresponding eigenvalues,

the following definition and proposition provides additional information about ®4(n).

Definition 5.5 (Weyl’s Law [8, Def. 3.6]). We say the orthonormal basis {¢; : j € N}
and the eigenvalues {\; : k € N} satisfy Weyl’s law, if there exist constants d = dg x > 0
and C = Cy > 0 such that

> ey < Cnt.

Jixi<n

Proposition 5.6 ( [8, Prop. 3.7]). Let {¢; : j € N} be an orthonormal basis for

L*(X,0) and Aj > 0 be a non-decreasing sequence with lim;_,o A\j = 00. Assume that
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(05, ;) satisfies Weyl’s law with exponent d. Then for s > d/2

(152 = sup Z(l + )\j)fs\(ﬁj(az)P < 00.

Moreover, the error function is
®,(n) = Con =72,

By using Proposition i.e. assume that (¢;, \;) satisfies Weyl’s law with exponent
d then

> (L) os(x)]* < Con27

Jixj>n

and for (4.10) we get

[{f, 1)s — (f, S,;,lj]1>y| < <(1 + n)fs/2 + \/ECsnerdm) £ 225

We have seen that the approximation theorems from [8] are an immediate consequence
from the present work and how the results are connected to each other. One remarkable
fact about [8] is that only a few assumptions are needed to derive adequate estimations.
The most important assumptions are that we are able to embed the Sobolev Space
H?(X) into C(X) and that there exists a closed subspace 13,, such that the Marcinkiewicz-
Zygmund inequalities hold.

5.3 Comparison with compact, connected Riemannian

manifold setting

Another popular paper is [1] and can also be related to . Notice that in contrast
to our setting where X is an arbitrary space, in |1] the space X is a compact connected
Riemannian manifold. Nevertheless, this fact is initially negligible for the comparison.
In addition to the previous assumptions , we assume that v is also a Borel
probability measure and for all j with A\; < n that

/X(ﬁjdaz/xgbjdl/. (5.5)

By translating one of the main results from [1] into the language of our framework, we

get the following theorem.
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Theorem 5.7 (Brandolini et al [1, Theorem 2.12]). Let f € H*(X) and v be a Borel
probability measure. If the assumptions , and are satisfied, then

[ sdo~ [ gav] < Nl 5.6

By concerning the measure v as an atomic probability measure, Equation ({5.5)) is
equivalent to say that for all j with A; < n the quadrature rule given by v is exact for
the functions ¢;. Hence for 1 €13,

1= Sn,g]l = Z<]lv¢j>a¢j = Z<1a¢j>u¢j = Sn,r/]l
j=1 J=1
and similar to ([5.4) we get
|<f’]l>0 - <f’ S;,ll/]l>1/’ = |<f’]l>0 - <f>]l>u|
< (14 VB)®,()||f|| -

Further if v is a probability measure, by (4.9) we have

’<fa]l>o - <fa S?’:,ll/]l>l/| = ’<fa]l>o - <fa]l>1/| < 2(I)s(n)||f||Hs-

By using Proposition i.e. assume that (¢;, \;) satisfies Weyl’s law with exponent
d then

> (L4 A)lgs(2)? < Con™2H,

JiAi>n

we get
[(f: D)o = (£ L)u] < 2Cn™ 2| f|| s (5.7)
which is similar to Theorem If we drop we get
(f D)o = (f: Spul)l < (14 VAT Con™ 2| £ .

Notice that the exponent of n in is slightly worse than . This is because
of proofs which are tailord to Riemannian manifolds and the fact that the pairs
(95, ;) are eigenfunctions with eigenvalues of a special operator called the Laplace-
Beltrami operator [1]. For such pairs (¢;, A;) even better statements and estimations

are possible |1, Lemma 2.10].
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As a conclusion of Section [5.2] and [5.3] the generalization provides similar results
to [§] and [1], which approves the chosen general setting. Due to the more specific
setting in [1], the exponent of n in reduces to —s. Hence slightly better results
can be achieved by using statements of the underlying structure and tailored proofs
for the Riemannian manifold. Furthermore, the comparison highlights the aspects of

the different results and reveals the relationships between them.



Conclusion

This thesis has established general approximation theorems for inner products and
vectors of a Hilbert Space. Every estimation is based on the existence of a closed
linear subset Il such that the Marcinkiewicz-Zygmund inequalities hold. Further the
present work is characterized by the simplicity of the proofs and lead to insights on
the necessary properties which are provided by the MZ-inequalities. In addition, the
MZ-inequalities allows us to consider a given frame for the subset II to different inner
products and make statements about the corresponding bounds.

It is possible to successfully apply the derived approximation theorems to the
special framework of [§8] with almost identical results. By making the same assumptions
as [1], similar results can also be achieved. These facts approve the validity of the

general approximation theorems and highlights various aspects of the recent results.
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Appendix A
Appendix

Theorem A.1 (Invertibility of bounded operators [3]). Let X be a Banach Space. If
U:X — X is bounded and ||I — U|| < 1 where I is the identity operator, then U is

invertible, and

o0

uvtt=>Y (I-0)"

k=0

Furthermore,

1

N —
e T
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