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Abstract

In this thesis the crystal structure of ’dynamic solids’ at finite temperature
are studied. Dynamic solids are complicated to describe since they are en-
tropically /dynamically stabilized at finite temperature. Throughout this work
pervoskite structures will appear as representatives for dynamically stabilized
solids whereby a special emphasis is placed on the upcoming solar cell mate-
rial: methylammonium perovskite (MAPDI3). The properties of such materials
have to be described by ensemble averages and can not be predicted by per-
forming calculations on a single 0K structure. To obtain reliable results long
trajectories and large simulation boxes are needed. The computation of such
ensembles by means of first principles molecular dynamics is computationally
very demanding. To speed up the molecular dynamics approach classical force
fields are tested and compared to first principle results. The methylammonium
molecules have an intrinsic dipole moment and posses a long range ordering
pattern within the MAPDbI3 perovskite. These properties make a description
in terms of point dipole models interesting. However, neither the in literature
available classical force fields nor the point dipole model Hamiltonians are ca-
pable of describing the molecular ordering pattern observed from first principle
calculations. Therefore a different approach is needed which retains the accu-
racy of first principles molecular dynamics, but with the computational cost of
classical force fields. Here, an on-the-fly machine-learning force field was trained
on ab-initio molecular dynamics simulations by the use of the SCAN exchange-
correlation functional. This force field is able to describe the long range ordering
pattern of the methylammonium molecules in the MAPDI3 perovskite in agree-
ment with the underlying first principles simulation. Moreover, the obtained
force field is capable of describing the phase transition temperatures and the
mechanism behind the structural transitions in agreement with experimental
results. This approach was tested on other perovskite systems always giving
results in good agreement with the underlying first principles calculations and

experimental data.



Zusammenfassung

In dieser Arbeit wird die Kristallstruktur ’"dynamischer Festkorper’ bei endlicher
Temperatur untersucht. Dynamische Festkorper sind kompliziert zu beschreiben,
da sie bei finiter Temperatur entropisch/dynamisch stabilisiert werden. Per-
owskit Strukturen werden als Vertreter fiir dynamisch stabilisierte Festkorper
verwendet, wobei ein besonderer Schwerpunkt auf das potenzielle Solarzellen-
material, den Methylammoniumperowskit (MAPDI;) gelegt wird. Die Eigen-
schaften solcher Materialien miissen durch sogenannte Ensemble Mittelwerte
beschrieben werden und konnen nicht durch Berechnungen vorhergesagt wer-
den, welche auf einer einzelnen 0K-Struktur beruhen. Um zuverlassige Ergeb-
nisse zu erhalten, miissen lange Trajektorien und grofie Simulationsboxen ver-
wendet werden. Die Berechnung solcher Ensembles durch ab-initio Moleku-
lardynamik Simulationen ist rechnerisch sehr anspruchsvoll. Zur Beschleuni-
gung des Molekulardynamik-Ansatzes werden klassische Kraftfelder getestet
und mit den ab-initio Ergebnissen verglichen. Die Methylammoniummolekiile
haben ein intrinsisches Dipolmoment und verfiigen iiber ein weitreichendes Ord-
nungsmuster innerhalb des MAPDbI3 Perowskits. Diese Eigenschaften legen
eine Beschreibung des MAPDbI; mittels Punktdipol-Modellen nahe. Allerd-
ings sind weder die in der Literatur verfiigbaren klassischen Kraftfelder noch
die verfiigharen Punktdipol-Modelle in der Lage, die in ab-initio Berechnungen
beobachteten molekularen Ordnungsmuster zu beschreiben. Daher ist ein an-
derer Ansatz, der die Genauigkeit der ab-initio Molekulardynamik beibehélt,
aber dem rechnerischen Aufwand der klassischen Kraftfelder entspricht, er-
forderlich. In dieser Arbeit wird ein on-the-fly machine learning Kraftfeld mit-
tels ab-initio Molekulardynamik-Simulationen unter dem Einsatz des SCAN-
Austausch-Korrelation-Funktionals trainiert. Dieses Kraftfeld ist in der Lage,
das weitreichende Ordnungsmuster der Methylammoniummolekiile im MAPDbDI;
Perowskit in Ubereinstimmung mit den zugrundeliegenden ab-initio Rechnungen
zu beschreiben. Auflerdem ist dieses Kraftfeld in der Lage, die Phasentibergangs-
temperaturen und den Mechanismus hinter den strukturellen Ubergéngen in
Ubereinstimmung mit den experimentellen Ergebnissen wiederzugeben. Dieser
Ansatz wird auch an anderen Perowskiten getestet. Die erhaltenen Ergebnisse
zeigen immer eine gute Ubereinstimmung mit den zugrunde liegenden ab-initio

Rechnungen und den experimentellen Daten.
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Introduction

1 Introduction

The world surrounding us consists of atoms and molecules. The kind and the arrangement of these
molecules and atoms determines the properties of the matter we can see with our bare eyes. Such
properties would for example be the color, mechanical properties or electrical properties of a material.
This thesis focuses on solids. From an atomistic point of view a solid consists of a repeating pattern of
atoms. Figure 1.1 shows a Cesium lead bromide structure as an example for a solid.

Figure 1.1: Cesium lead bromide perovskite structure as representative of a solid

The atoms of Figure 1.1 are interacting or ’feeling’ each other. And at finite temperature the atoms will
oscillate around their equilibrium positions. This motion is often referred to as thermal motion.

A theoretical scientists goal is to find a mathematical description to predict the everyday properties of
such a solid. As a human we can not see the atoms building up the matter around us. We can only see
matter as a continuum. A description in terms of a continuum can be done by phenomenological theories.
A framework for such theories is given by thermodynamics. A more theoretical point of view would be
to use so called first principle approaches. In these approaches the scientist takes the atoms and their
interactions into account. The interactions of atoms can be described in the framework of non-relativistic
quantum-mechanics, where the central equation is the Schrodinger equation. This tremendously increases
the computational effort in comparison to a macroscopic description. The Schrodinger equation has to
be solved for every electron building up an atom. The connection between the macroscopic theory of
thermodynamics and the microscopic world of quantum mechanics is given by statistical mechanics. Sta-
tistical mechanics does not care how the atoms are interacting exactly but connects the microscopic world
to the everyday macroscopic world. The scientist only supplies an equation describing the interactions
between the atoms in the material of interest. These interactions can either by parametrized from ex-
periments or can be taken from the Schrodinger equation. For a theoretical scientist it is always nice
not to use experimental data in calculations but to predict them. These predictions should be as close
as possible to available experimental data, telling the theoretician he/she has done good work and the
underlying interaction model works. The dilemma is that interactions from first principles in terms of
the Schrodinger equation are usually to expensive to compute. In this thesis this dilemma is tackled by
machine-learning approaches. The machine-learning approach is trained on quantum mechanical calcu-
lations. This means, the machine-learning approach ’sees’ certain arrangements of atoms and quantum
mechanical calculations will tell the machine-learning algorithm what the atoms would like to do in this
configuration. After the training procedure, the machine-learning algorithm knows enough atomic con-
figurations to make predictions on what the atoms will do by itself. With this approach we are able to
model the microscopic world of atoms and molecules, but are by the use of statistical mechanics able
to predict macroscopic properties that we can observe in our everyday life. Properties predicted by this
approach in this thesis include for example phase transition temperatures of materials.



Theoretical background

2 Basic wave mechanics

The Schrodinger equation is fundamental for a first principles description of
matter. Therefore this section introduces the basic quantum mechanical con-
cepts needed for ab-intio molecular dynamics. The Dirac notation is handy
when working with quantum mechanics in theory. The Schrédinger equation
is in general complicated to solve and therefore the variational principle will
be presented as a tool to obtain approximate solutions. The solutions of the
time independent Schrédinger equation are wavefunctions and related eigenval-
ues. From the wavefunction the electron density can be obtained which is the
probability of finding an electron at a certain time and position. To compute
forces during ab-inito molecular dynamics the Hellmann-Feynman theorem is
applied and its derivation will be presented during this chapter. The forces will
be computed within the Born Oppenheimer approximation: a method to decou-
ple electronic from nuclear degrees of freedom. Classical equations of motions
are the corner stone of molecular dynamics simulations. The Ehrenfest theo-
rem defines under which circumstances the classical equations of motion are in
agreement with the quantum mechanical expectation values. Real systems are
composed of a large number of particles. Therefore statistical techniques are
needed in order to describe matter in a classical and quantum mechanical way.
The density matrix is the key to combine statistical mechanics with quantum
mechanics.



Basic wave mechanics

2.1 Schrodinger equation

The basic ab-initio solid state theory is non-relativistic quantum mechanics for fermions and the central
equation will therefore be the Schrodinger equation. The time dependent Schrodinger equation for a
system composed of atomic nuclei at positions {R;} and electrons at positions {r;} is given by:

v ({Rr}, {ri}, t)
ot

with ¥ denoting the wavefunction and H the Hamilton operator containing all information about in-
teractions and the kinetic energy. The wavefunction ¥ describes the state of the system and contains
all information of the isolated many particle system under consideration. The wavefunction can be ex-
pressed in the real space form as shown in equation (I.1). But the wavefunction can also be expressed
in momentum representation. These two representations are related by a Fourier transformation. The
Hamiltonian for an N electron N,,, system, is given by

= HV ({Rr} {ri}. 1), (L1)

1 N N 1ons -1 Nzons Z]ZJ Nzons
§ZA1+Z“%+Z Z*+ Z > % —fZAI, (1.2)
i=1 i=1 im1 jeit1 -1 J=141 7

where the first term is the kinetic energy of the electrons with A; denoting the Laplacian A = V-V with
respect to the electronic coordinates. The second term describes the interaction of the electrons with
some external potential, arising due to the nuclei of the atoms. This external potential is given by

Nions
7

)
i1

o(r;) = — (1.3)

I=1
where Z; is the charge of the considered nucleus and r;; = |r; — Ry| is the distance between electron
i and nucleus I. The third term in equation (I.2) is the electrostatic Coulomb repulsion between the
N electrons, with r;; = |r; —r;| describing the distance between the particles. The fourth term of
equation (I.2) denotes the electrostatic repulsion between the nuclei forming the molecule or the crystal.
R;; = |R; — Ryj| denotes the distance between the ions. The last term is the kinetic energy of the nuclei
where the Laplacian is now with respect to nuclear coordinates. The Hamilton operator can be written
in short form

];:r = Te + Vne + ‘Z—:e + Vnn + Tn; (14)

where the order of the terms is the same as in equation (I.2). The Schrodinger equation can also be
written in a time independent form

Hy({Rr}, {ri}, to) = Ev({Rr}, {ri}, to), (1.5)

where the time was fixed to a certain value to. Equation (I.5) is a eigenvalue equation and the solutions
are stationary states. The Schrodinger equation is a linear second order partial differential equation.
The solutions of the time independent Schrédinger equation are spanning a space of eigenstates often
writen in Dirac’s notation |¢). These states can be considered as vectors forming a Hilbert space with a
certain dimension. This dimension can also be infinity if the basis is continuous. The space spanned by
the eigenstates is a linear and normed space. The dot product between vectors of an orthonormal basis
spanning a Hilbert space is given by

(Wild;) = / Gipydr = 6. (L6)

Here, the notation (| was introduced, denoting a ’bra’ vector. The bras are forming the dual space with
respect to the ’ket’ vectors. From equation (I.6) it can be seen that the bra is the complex conjugate
to the ket vector. With this we can write any state |®) in a Hilbert space by a superposition of the
basis states |1;). A big advantage of the Dirac notation is the independence of the states with respect to
variables like position, momentum or energy. A ket vector can be expanded in terms of the basis vectors

in the abstract space as
N
= Z ci [s) . (L.7)
i=1

To obtain the expansion coefficients ¢; the overlap of the vector |®) with the basis vectors |¢;) spanning
the Hilbert space is computed by
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fi = (@[) . (1.8)

Now consider the expansion shown in equation (I.7) but for a continuous basis (like for example the
position basis). In the position basis the expansion would look like

@:[%MMﬂﬁz (19)

with |r) denoting the basis vectors of the position representation spanning the Hilbert space. To obtain
the expansion coefficients 1(r) equation (I.8) can be used in its continuous form

¥(r) = (D|r) (L.10)

The orthonormality relation for a continuous basis is given by

(r'|e) =6(r —r). (1.11)

The solutions of the time independent Schédinger equation gives the stationary states of our quantum
system. The first step for solving a differential equation is the definition of appropriate boundary condi-
tions. In this work only solids are considered and hence the Born von Karman boundary conditions are
used. If the stationary states |¢;) of the Schrédinger equation are known, then the expectation value of
a quantity given by an operator Ais computed with
(sl A [:)
A (ilthi) (L.12)

The denominator is only needed if the states |¢;) are not normalized.

2.2 Variational principle

The Schrodinger equation can only be solved analytically for simple problems as the harmonic oscillator, a
single particle in a central potential or a simple periodic potential. Therefore clever approaches are needed
to compute approximate but as accurate as possible solutions. One of the methods is the variational
method. In this method a trial wavefunction is expanded in some basis set. This basis set can be any
type of functions that seem appropriate for the considered problem. For a molecule one could for example
take a Gaussian basis set with varying variance and centers of the Gaussian functions. For solids, plane
wave basis sets are very popular and widely used. Trial wavefunctions can be constructed as

NBasis

[0y = > cili), (L.13)

i=1

where the |i) denotes a function of the basis set used to expand the wavefunction and the ¢; = (i|)) denote
expansion coefficients equivalent to those shown in equation (I.7). The choice of the basis set is crucial
for the description of a physical problem. The basis functions are usually chosen based on symmetry
arguments or the asymptotic behavior expected for the wavefunction of the system under consideration.
The energy functional for a wavefunction ¢ expanded in terms of a basis set is given by

B = W) (1.14)

(Y1)

The variational method assumes that the so computed energy will always give an upper bound to the
real ground state energy Fj

E[Y] > By, (L15)

This will always be true since the ground state is the lowest possible energy state available for a system.
By inserting the trial function expansion (I.13) into the energy functional (I.14)

- ) 2F;

is obtained. To get this equation an orthonormal set of basis functions was assumed. By using inequality
(I.15) together with (I.16) it can be shown that

(L.16)

10
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Y GE; >Eyy o =E (1.17)
i=1 i=1

holds. The second equality follows because the sum Y, , ¢ = 1. The first equality only holds if the
true ground state is found. Only then the computed energy equals the ground state energy. Another
very intuitive picture is given by Parr and Yang in their Book Density-Functional Theory of Atoms and
Molecules[1]. Let’s assume the basis functions used to expand the trial functions are the eigenstates of
the Hamiltonian spanning the Hilbert space for the considered operator. One of those eigenstates has to
be the true ground state. Hence equation (I.16) will only be the ground sate if all ¢; = 0 expect the one
corresponding to the ground state which has to be unity. Therefore the energy described by the energy
functional will be an upper bound to the true ground state Fy. Introducing the matrix elements of the
Hamiltonian H;; = (i|H|j) and the overlap integral O,; = (i|j) the derivative of equation (I.16) is

OE[] el 5 >, €0 N 2, 5 2605 0 (L18)

dc; Z” c;c; Oy Z” c;¢;Oyj Z” c;¢;Oyj Z” c;¢;Oyj . .

The first two terms of this equations are conjugate transpose to the pair formed by the third and fourth
term. Therefore it is sufficient to solve the following determinant for E to obtain the best approximation
to the real ground state energy

Hyy —FEOunw  Hig—EO2 -+ Hiyn—FEON
Hyy — FEO2  Hy —EOy -+ Hyny — EOaN

. : . =0. (L.19)
Hyi —EOn1 Hy1 —EOn1 -+ Hyn — EOnn

2.3 Electron density

A general single particle wave function depends on the position (r) and spin coordinates (s). The
generalized coordinate combining spin and position is denoted as x. Real physical systems consist of
many particles and therefore a many body wavefunction is needed. A good approximation for a many
body N particle wavefunction |x1xs - --xp) is a product state of single particle wavefunctions |x;)

|x1Xg -+ XN) = |X1) [X2) - |[XN) - (1.20)

The many-body wavefunction has to satisfy certain symmetry conditions. Fermonic wavefunctions have
to be antisymmetric under the exchange of two particles. And only one particle is allowed to occupy
the same state. Bosons on the other hand have to be symmetric under the exchange of particles and it
does not matter how many particles occupy the same state. To generate a proper bosonic wavefunction
one would have to add all permutations of the product shown in equation (I.20). For fermionic systems
two particles are not allowed to occupy the same state. From this it follows that if one is dealing with
non-interacting fermions there will be a Pauli repulsion between the particles such that they will always
occupy different quantum states. To obtain correct antisymmetric wavefunctions for fermions one can
use Slater determinants or write the expansion explicitly [2]

1 .
raxa o xn) = 5 > (=1)FPlxixay - xn) (1.21)
TP

where P denotes the permutation operator, (—1) denotes the parity of the actual permutation and the
sum is over all possible permutations. A wavefunction built up like this will always be antisymmetric
under the exchange of two particles. From the wavefunction it is possible to define an electron density

p(r) :N/-~-/|\Il(x1,-~- xy) 2 dsydxs - - dxy, (1.22)

where the integration is carried out over all spin states and all positions expect for particle 1 were the
integration is only done over the spin states. The factor N denotes the number of particles. The density
defined in (1.22) gives the number of particles when integrated over the whole space

/ h p(r)d®r = N. (1.23)

— 00
The electron density has to satisfy general laws and properties. The density has to decrease monotonically
by increasing the distance to the nucleus for atoms[1, 3]. And the electron density has to be finite at the

11
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nucleus with a value of p(0). Terms as %A — f—“ are dangerous to cause the density to be infinite. For

this reason there exists a cusp condition [1, 4] g(fven by

D )| =220, (1.24)

re=0

preventing the electron density from diverging at the nucleus.

2.4 The Helmann-Feynman theorem and forces

The Hellmann-Feynman theorem[5] shows the computational way to obtain derivatives of the energy. This
is very important for ab-initio molecular dynamics since the forces are only obtained if the derivative of
the total energy can be computed with respect to the ionic coordinates. The Hellmann-Feynman theorem
states

OH ()
ap _ (0 [%52|m)
dA (WA[PA)

The proof of the theorem for normalized wavefunctions ((¥|¥,)=1) can be achieved by using the product
rule on the total energy

(1.25)

dEy /0Ty A0\ OH()) 3
o 8\1!,\ 8\II>\ aH()‘) _
E>\<a)\ \I/)\>+E)\ <\I/>\ a)\>+<\1/>\ o ‘\If)\> (1.26)

OH(\)
)

d
~ By ) + (v,

)

By integration of equation (I.26) from A; to A2 an equation for the change in energy is obtained,

oOH

()
O\

2 v & ]
Ea) — B(n) = /A < ’ > o (WAHOS) — B[P (1.27)

M (WAIWA) (WA[WA)

This result is analogous to the first order energy correction in perturbation theory[1, 6, 7]. The Hellmann-

Feynman theorem can be considered as a first order energy perturbation by some parameter A which could

for example be the position of some ion. This can be derived by considering the eigenvalue equations of
H()\l) and H()\Q)

H()‘l) |‘II/\1> = E>\1 ‘\I,/\1> FI()Q) |\I]>\2> = E>\2 |\II/\2> . (IQS)

These two equations can be subtracted and rearranged such that

(U, [H(N2) — H(M)|P,)
<\II>\2|\II>\1>

E(h) — E(\) = (1.29)

This equation is also known from first order perturbation theory with V = H(Ay) — H (A1) and shows the
equivalence of the Helmann-Feynman theorem to first order perturbations [1, 6, 7].

The gradient with respect to the ionic coordinates of the total energy is the force acting on some ion.
Therefore the Helmann-Feynman theorem is crucial for doing ab-initio molecular dynamics. The theorem
tells us that it is sufficient to look at the gradient of the Hamiltonian with respect to the ionic coordinates.
By using this theorem on the Hamiltonian of (I.2)

N r— R Nions R, - R
F;=-VE=(UVHY) = ~Z, Y 54721 Y —pt, (1.30)
=1 eI JZI 1J

is obtained. From this it follows the force acting on an ion I is a sum of forces arising due to all the
electrons and a second term arising due to all the other nuclei. So the Hellmann-Feynman theorem
supplies us with a tool to compute forces from first principles.

12
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2.5 The Born-Oppenheimer approximation

To simplify the solutions to the Schrédinger equation for atomic systems the Born-Oppenheimer approx-
imation [8] is used. Since the electrons are much lighter than the nuclei their motion can be decoupled.
The Born-Oppenheimer approximation is a two step procedure. First one solves the electronic part of
equations (I.1) and (I.2) for a fixed nuclear configuration {R;}. From this the electronic part of the
wavefunction is obtained. The second step is to solve the nuclear part of the Schrédinger equation in the
mean field of the electrons computed in the previous step. This can be formalized as

H=H,+ Z—*ZA+Z rz+zzf+

. == (L31)
’LU‘VLb - mons ZIZJ LO'Lb
+ - 3 Ala
Z JZI:H i Z

where the first three terms belong to the electronic Hamiltonian H,, and the last two terms belong to
the nuclear Hamiltonian H,,. The solution to the electronic part of the Schrédinger equation is

ﬁel¢cl(r; {RI}) = Eelwel(r; {RI}) (132)

From this the wavefunction for the electrons in the nuclear configuration {R;} is obtained. And with
the knowledge of the electronic wavefunction the contribution of the electrons to the energy expectation
value is obtained by (1e;(r; {R7})|Her|tber (r; {R})). With the knowledge of the electronic wavefunction
it is possible to compute the nuclear Wavefunctlon in an effective electronic field as an eigenvector of the
Hamiltonian

R Nions—1 Nions 7.7 Nions
H, Z > éUJ_*ZAI—

J=I+1
1 Nions
=5 > At Bp({Rr}), (1.33)
I=1

where E,,; defines the sum of the average electronic and potential energy due to nuclei for the actual
configuration. The energy FE,, serves as a potential energy surface in which the nuclei move during
ab-initio molecular dynamics. This surface is called the Born-Oppenheimer energy surface of nuclear
motion[6, 7]. The eigenvalue of equation (I.33) for the nuclear wavefunction @, (R) is obtained from

Ny,

|1+ (Ho)| (R) = “ S AL+ Epor({R}) | 4 = En®u(R), (1.34)

a=1

The Born-Oppenheimer approximation shows a way in which the wavefunctions of the nuclear and elec-
tronic part can be obtained separately under the assumption that the nuclei move much slower compared
to the electrons. From this it follows that the total wavefunction can be considered as a product wave-
function of the nuclear and the electronic part

Uiot(r, R) = e (r, {R}) P, (R). (1.35)

A every exciting way to look at the Born-Oppenheimer approximation is to think of two disjoint Hilbert
spaces H; spanned by the states of the electronic Hamiltonian ﬁel and a second Hilbert space Hl,, spanned
by the nuclear states of the Hamiltonian H,. The electronic Hilbert space is depending parametrically on
the nuclear coordinates and vice versa. The Hilbert space of the combined system (electrons and nuclei)
is then given by the direct sum H;,, = H. ® H,,. Lets assume the states spanning H,; are given by
|®) and the states spanning H,, are given by [¢). Then the total wavefunction in the combined position
representation is given by

ot (r, R) Zqu (R[P(n),i) (X|tery,j) =
- Z Z fzgq)(n) w(el),]( ) (I)(n)(R)w(el)(r)a (136)
what is the same as equation (I.35).

13
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2.6 The Ehrenfest theorem and classical equations of motions

The next ingredient for doing ab-initio molecular dynamics are equations of motions for the nuclei that
can be solved in an affordable amount of time. In quantum mechanics the particle could take any path
with a weight given by e*5I]l. In classical mechanics the particle will only follow the path that minimizes
the action S[r]. This relationship is given by

ry .
/ ezS[r]Dr ~ eZScl[r]’ (137)

a

where the integral on the left hand side is over all possible paths for getting from position r, to ry. On the
right hand side the integral is approximated by the classical path. This is nothing else than a saddle point
approximation for the integral. When doing ab-initio molecular dynamics it would be very cumbersome
to treat the nuclear positions by wavefunctions from a computational point of view. Therefore the point
particle approximation is used for the nuclei. The positions of these point particles can be viewed as the
expectation values of the nuclear wavefunctions. The nuclear coordinates are propagated by Newton’s
equations of motion. The Ehrenfest theorem states that the momentum and position expectation values
propagate according to Newton’s equations of motions only when the potential is of no higher order than
quadratic[9, 10]. If the wavefunction |¥|? describing a nuclei is very narrow along a certain path the
classical path approximation of (I.37) works best. To make these statements more explicit the Ehrenfest
theorem will be derived from the single particle Hamiltonian

2

-
H = T + V(r,1). (1.38)

The classical equations of motions for this Hamiltonian are given by

dr 1 dfpi

=P o =Ft)  Ft)=-VV(1) (1.39)

In quantum mechanics the propagation of the expectation values is given by the commutator relations

d 1 d 1

Sty = (e )y oy = (b D, (1.40)

1

where the brackets (.)y are understood as the expectation values with respect to the wavefunction ¥. The
square brackets |[.,.] denote the commutators between the operators. The needed commutator relations
are given by

r,H = —~p [p,H|=—iVV(r,t)=iF(r,1). (L41)
m
Combining equations (I1.40) and (I.41) gives

%(rm = l<p>wp %<p>@ = (F(r,t)w (1.42)

During ab-initio molecular dynamics the knowledge of the wavefunction ¥ giving the needed expectation
values is missing. Therefore the following approximation for the effective or average force is needed

(F(r,t))y = F({r)w,1). (1.43)

The (r)y are the average positions of the nuclei or the classical positions that one is aware of in terms of
the molecular dynamics. Hence the Ehrenfest theorem states (r)g and (p)y satisfy classical equations of
motions only if the average forces satisfy equation (1.43)[9, 10]. To see the limits of this approximation
VV (r,t) is expanded in a Taylor series

ViV(I',t) = (vzv)cl + (Vjviv)d(mj - <xj>'1/)

+ 5 (T, ViV)ale; = (@3)w) (@ — (mx)o). (1.44)

The subscript ¢l in those equations means that the terms are evaluated at the position expectation values
(r)y. Inserting equation (I.44) with the equation for the time dependence of the momentum into equation
(1.42)

d

5 (Phw = (F(r,t))w = F({r)v,t) — %(Vkvjviv)cl [(rjri)w — (rj)w(re)u], (1.45)
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is obtained. Where the second term of equation (I.44) vanishes when computing the average since
(rj)w — (rj)w = 0. A comparison of equations (I.43) and (I.45) shows that the expectation values of (r)y
and (p)g propagate according to classical equations of motion only if the potential does not depend more
than quadratically on the position [9, 10]. In other words, the quantum mechanical expectation values
will propagate according to Newton’s equations if the potential is sufficiently smooth. If the potential
is not perfectly quadratically the classical equations of motions provide an approximation to the real
propagation of the expectation values. And therefore ab-initio molecular dynamics can be considered as
an approximative way to compute trajectories of quantum mechanical position expectation values.

2.7 The density matrix

In this section the density matrix will be introduced. The density matrix is a very useful tool when doing
statistical mechanics of quantum systems. To get more familiar with the concept of a density matrix it
is useful to introduce the concepts of pure and mixed states. A pure state can be considered as a state
of which one has maximal knowledge in a quantum mechanical sense. An example would be a single
harmonic oscillator for which one can compute all compatible expectation values. A mixed state on the
other hand is a state in which one does not know exactly in which pure states the system is at the moment.
One only knows the probabilities p; satisfying Zfil p; = 1 that a certain pure state |¥;) is occupied by
the system. To visualize this one can think of a collection of N quantum harmonic oscillators. Any of
those oscillators is in a certain state. The expectation values for mixed states are then given by statistical
averages over the pure states weighted with p;. To formalize this the density operator or density matrix
is introduced

P= Z [3) pi (Wl - (1.46)

If the density matrix would describe a pure state one of the p;’s would be unity and all the others would
be zero. In the following some useful properties of the density matrix will be shown [9].
e The first property to be shown are the boundedness and self-adjointness of the density matrix

P =p, (1.47)

where p' is the complex transpose of p. To proof this property note that p is by definition symmetric
and since a symmetric operator that is bounded is Hermitian it suffices to show the boundedness of p.
The density matrix p is defined in the entire Hilbert space spanned by the states |p;)

lpl? = Zzpipj (@l W3) (T [¥5) () <
< (¢| Zpi [W) (i ij [W5) (1) <

<D pa D W) (W] Y e Y [ Wa) (Talp) = (I.48)
a b c d
= (o> _pi Y _pile) = (ple) = lol,
i=1

where in the second line the Cauchy-Schwarz inequality was used and |p) is some test function. From
this equation it follows that |p| < 1 and hence the density operator is bounded. Therefore p is said to be
self-adjoint[9].

e The second important property of the density operator

<, (1.49)

where the equality only holds for pure states since only then a single p; = 1. The proof is as follows [9]
where again |U) € H is used:
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(W 19) = 323 s (V) (05} (0519 <
< Zzpim (W 9:) (,]9) | =

= [sz (W;w)

<

(1.50)
< (Zm) Dol (g [P | =
- F
= ij () 2 = (¥]o|T)
This can be used as a test to check if a system is in a pure or a mixed state.
e The third property to be shown is
Trlp] =1, (I.51)

Given an orthonormal basis of the Hilbert space {|¢)} it can be shown by
Tripl = {eilole:) ZZpl (31W3) (Wil ;) szl\l' =Y "pi=1 (1.52)

The trace condition of the density operator can be interpreted such that the system has to be at least in
one of the states. Since the operator p is self-adjoint bounded and has unit trace it is said to be compact.
Hence the eigenvectors of the density operator form an orthonormal set and the spectrum of such an
operator consists of a point spectrum only[9]. For computing the expectation value of some operator A
in the density matrix formulation one just uses the trace operation on the product of the density matrix
and the operator

(4) = Tr [pA] =2 teidnle) = ZZ (il AN) py (U5 l03) =
*ZZPJ (W |p:) (il A ) = (153)
= ij (U, A1;) = ZPJA

By considering equation (I.53) one may recognize that the expectation value of an operator in density
matrix language is just a statistical average over the quantum mechanical expectation values of the pure
states. The quantities to be averaged over are the quantum mechanical expectation values of the operator
A in the states |¥;).

One may also interpret the states (¥,;| in equation (1.53) as the states describing the quantum mechanical
system of interest and the states (p;| are describing the rest of the universe. This makes it evident
that pure states are not general enough to describe a quantum mechanical system that is not containing
the whole universe [11]. Another important application of this interpretation is the Born-Oppenheimer
approximation. Assume the universe is now only the system of interest and this universe is split in two
parts, the electronic part and the nuclear part. If one would be interested in structural properties of
some material (the arrangement of the nuclei), knowledge of the nuclear states would not suffice since
the probabilities p; do not only depend on the nuclear part of the system but the whole system with the
electrons included. Hence the density matrix formulation provides a generalization of quantum mechanics
from pure to mixed states.
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3 Basic statistical mechanics

Statistical techniques are one of the cornerstones of modern science. When-
ever a scientist has to deal with a large number of degrees of freedom statistical
and probabilistic approaches are indispensable. In this section fundamental
concepts of statistical mechanics needed for a proper description of many par-
ticle systems will be introduced. The thermodynamic ensemble is fundamental
to statistical physics and will therefore be introduced in the language of the
density matrix. Ensembles can be written in closed form by maximizing en-
tropy functions under the chosen external constraints what is known as the
second law of thermodynamics. In this chapter the micro-canonical ensemble,
the canonical ensemble and the grand canonical ensemble will be considered.
Every ensemble is described by the corresponding partition function containing
all information of a system that is accessible to a scientist. From the quantum
mechanical ensembles their classical analogues will be derived as the limiting
case when h — 0, where the canonical ensemble is used as a representative.
From the classical partition functions the equipartition theorem will be derived
which presents a relationship between the temperature of a statistical system
and the average kinetic energy per degree of freedom. Another very important
theorem of statistics is the fluctuation-dissipation theorem showing how a sys-
tem that was prepared in a non-equilibrium state fluctuates to it’s equilibrium
state.
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3.1 Basics of ensemble theory

In this section the language of density matrices is used to introduce the microcanonical, the canonical
and the grand canonical ensemble. The first is described by the independent variables energy FE, particle
number N, and the volume V. The canonical ensemble is defined by the independent variables: N, V
and temperature T'. For the introduction of the ensembles the concept of entropy has to be defined. The
entropy is defined in one of the following ways

S = kpIn(Q) (154)

S =—kp Zpi In(p;) (1.55)
i=1

S = —kgTrpln(p). (1.56)

Equation (I.54) denotes the Boltzmann entropy where €2 is the multiplicity, which denotes the number of
states in agreement with the external constraints imposed on the considered system. The second equation
(1.55) is the Gibbs entropy defined in terms of the normalized probabilities p;. And the third equation
(I.56) relates the entropy with the density matrix [12]. This form of the entropy is the Von-Neumann
entropy equation [13]. The concept of entropy is fundamental to thermodynamics and statistical physics.
For systems in thermodynamic equilibrium the entropy will always be maximal. A macroscopic system
that is not in thermal equilibrium would change its state until the entropy function of the system reaches
a maximum. This is also known as the second law of thermodynamics[12]. Consider a microcanonical
ensemble with fixed energy F and volume V', containing N particles. Imagine what happens if the system
has several possibilities to arrange the particles in agreement with the energy E, volume V' and particle
number constraint. Since all the states have the same energy all of those states should be equally likely.
Therefore the density matrix to describe a micro-canonical ensemble is given by

E') (E']

BV N (L57)

p(E,V,N)Z Z

E<E'<E+6E

where |E’) denotes a energy eigenstate of the Hamiltonian. The sum is over all states in agreement with
the total energy F of the system. The multiplicity Q(E, V, N) denotes the total number of states available
by the system under the external constraints. The probability to find the system in a certain state is
the inverse of the number of possible states [14]. By considering the Boltzmann entropy equation (I.54)
it can be seen that the entropy increases as the number of states accessible to the system increases. In
terms of the probabilities for the Gibbs entropy p; shown in (I.55) the entropy will be maximal if all the
probabilities are the same. This is true as long as there are no external constraints altering this behavior.
Therefore the Gibbs entropy can be considered as a generalization of the Boltzmann entropy to more
general ensembles where the statistical weights are allowed to vary.

The next important ensemble is the canonical-ensemble (N,V T). By using the Von-Neumann entropy
one is able to find the density matrix of the canonical distribution by determining the maximum of
equation (I.56) subject to constrained energy E and constrained trace of the density matrix. Therefore
the Lagrange multiplier « is introduced for constraining the energy E = Tr[ﬁﬁ]. For the constraint
on the trace of the density matrix (it has to be unity) the Lagrange multiplier A is introduced. The
canonical-density matrix can be obtained by solving

5 [—kBTr [HIn(p)] + o (Tr [ﬁH] - E) FA(Tr]p] - 1)} ~0. (L58)
The equation can either be solved by varying the probabilities and states in Hilbert space of equation
(1.46) simultaneously or by varying the density matrix directly. Here the second possibility will be taken
where the variation of the density matrix p = p° + §p will be used[1]. The first term in equation (I.58)
can be simplified by

—kpTr [(5° + 6p) (5 + 6p)] = —kpTr [6°In(3 + 6p) + 6pIn(p° + 65)] =
0p 0p
= —kpTr {ﬁo In <1 + /35;) + (p° +5p) In(p%) + 6p1In (1 + ﬁg)] =

~ —kpTr [0p+6pInp°] — kpTr [p°In(p%)] (1.59)

18



Basic statistical mechanics

where from the second to the third line the approximation In(1 + x) ~ x was used and terms quadratic
in 0/ were neglected. Also note that the second trace term in the last line is independent of the variation
dp. The second term of equation (I.58) becomes

o (Tr [(2° +3p)H] — B) = aTr(p ) — aE + Tr((6p) H] = Tr((5p)H), (L60)

where Tr(p)°H) = E ws used. And the third term rearranges to

MTr [p%+6p] — 1) = AT [p°] = A+ ATr[6p] = ATr[6)] (1.61)
where the normalization condition Tr[p°] = 1 was applied. By combining equations (I.59), (I1.60) and
(I.61) one obtains

Tr [5,3 (—kpIn(p°) — kp + o + A)} = 0. (1.62)

The second trace term of equation (1.59) was dropped since it is independent of the considered variations
and therefore only contributes as a constant to the optimization problem. The equation has to be satisfied
for any variation of the density matrix and hence the term in brackets has to be zero. From this one
obtains pr om

_afl _af
[)Oze kg e kB = (e FB. (1.63)

The constant C is determined from the normalization condition and the inverse temperature is introduced
as B = % = kB% From this the canonical density matrix subject to the constraints (T,V,N) follows
vy = e 164)
p (T, V,N) = — = 1.64
Tr [e—,@H} Z(T,V,N)

By introducing a complete basis set |¥;) spanning the eigenspace of the Hamilton operator H the canon-
ical partition function Z is

Z(T,V,N) =" e P ) (0] =
=1

-3 [Z O oy =
i=1 Ln=0 '

-y [z CO" o sy s = (165)
=1 Ln=0 '

W) (Wl

— —BE;
; e

By inserting this result in equation (I.64) one obtains for the probability of a certain quantum state (U]
in the canonical ensemble Ze:% [15].

The last ensemble that should be mentioned here is the grand canonical ensemble that can be obtained
completely analogous to the canonical ensemble. But this time one introduces an additional Lagrange
multiplier p constraining the number of particles. With this one obtains for the grand-canonical density
operator X X X X
e BlEaR) (i) oo
= [P ER)] © QTVo) '

The introduced operator N is the particle number operator and the Lagrange multiplier p is the chemical
potential[1]. For every ensemble it is possible to define a thermodynamic potential. The thermodynamic
potentials U are defined as U = —kgT In(Y') where Y defines any of the three partition functions Q2,7
or @, respectively. The thermodynamic potential associated with the micro-canonical ensemble is the
internal energy. The potential for the canonical ensemble is known as the Helmholtz free energy and
for the grand-canonical ensemble the potential is usually referred to as grand-potential or the Gibbs free
energy [12].
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3.2 Classical limit of basic ensemble theory (% — 0)

With the knowledge of the quantum mechanical partition functions this section introduces the classical
partition functions as the 2 — 0 limits. The classical limit will be derived only for the canonical partition
function. For the other ensembles a completely analogous procedure will work. The quantum canonical
partition function in the position representation for a N-particle system is

Z(T,V,N) Ze—mﬂ\p m\—ze ) (r) =

(1.67)
= Ze"BEi /\I/i(r)\I!;k(r)dNr,
with the quantum mechanical Hamilton operator
n

H:7%ZA+U(r1,r2,-~ TN (1.68)
The eigenstates of this N particle Hamiltonian in position representation are given by ¥;(ry,ro, -+ ,ry).

Now the following correspondence will be shown for the classical i — 0 limit

_8E, h—0 1 _ .

Z(T,V,N) = Ze pE; 2720, NN /e BH{r}{p}) 3N p.g3N (1.69)

where H({r}, {p}) is the classical N-particle Hamilton function belonging to the same N-particle system
as the Hamilton operator . The integration is carried out over the whole phase space spanned by
the 3N position and 3N momentum coordinates where r and p denote the 3-dimensional coordinate
and momentum vector respectively[15, 16]. It was already mentioned that a many particle wavefunction
has to satisfy certain symmetry conditions. To implement the anti-symmetric (fermionic) or symmetric
symmetry (bosonic) into the wavefunction one can write a symmetry adapted wavefunction for state i as

\Ils(r17r2a"' ,I'N PP\I/ I'1,I‘2, 7rN)a (170)

-

where the sum is over all permutations and the operator P denotes the permutation operator and the
subscript s on the left hand side denotes that the resulting wavefunction satisfies the correct symmetry.
Exactly this symmetry is responsible for the % factor in equation (1.69). This symmetry will be ignored
for the moment since the equations get very cumbersome to write down. By introducing the momentum
operator —ihV;u(p1, -+ ,pn) = piu(p1,- -+ ,Pn) and its eigenfunctions

w(p1, -, PN) = €h ko1 PRTE (1.71)

the eigenfunctions ¥;(r) of the Hamiltonian (I1.68) can be rewritten as

\Ill(r) = /Ai(p17p27 e 7PN>€% Zé\l:l pjrdeNp- <I72)
The coefficients A(p1,- - ,pn) are defined by the Fourier transform of ¥;(ry, -+ ,ry),
1 i N
Ai (P1, P2, PN) = 355 /\Iji(rla oy )en 2= P 3Ny (1.73)

Insertion of the expansion in equation (I.72) into the expression for the partition function (I1.67) gives

Z(T,V,N) = Z/qzy(rl, e EN)Ai(P1, P )e PHen it Pixi 3N SN (1.74)

Equation (1.74) can be rewritten in terms of the Fourier transform A;(p1,---,pn) of the wavefunction
giving

Z(T,V,N) = 13N /Z H(re, -, rn) Wiy, Ty) e P

_ i N /
x e PHen Zi=1 p"rkd3di3Nrd3Nr

(1.75)
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The factor fﬁiN follows from the normalization condition of the Fourier transform of the wavefunction.
The term in brackets gives a Dirac delta function §({r; —r;}) where the brackets {} denote the set of all

N coordinate vectors. After integration over the primed position variables

Z(T’ ‘/7 N) = h37N / e ® Z;'V:1 P;r; e*BHeE Z;'Vzl P;r; d3di3Nr, (176)
is obtained. Note the operator H contains A; terms that do not commute with te# Z501PiT | The
partition function (I.76) already has the form of a phase space integral but still contains the quantum

mechanical operator H[15, 16]. To get rid of the quantum mechanical Hamiltonian the following identity
is used, relating the quantum mechanical Hamilton operator H with the classical Hamilton function H

e—BH ok STy _ —BH E;Llpjrjw(pl,... rn) =F(p1,- N, B), (L.77)

This function is defined such that by inserting expression (1.77) in equation (I.76) one obtains the partition
function Z(T,V, N) as a phase space integral in terms of classical quantities only

Z(T,V,N) = /e_BHw(pl,--- ) d3N pd®N (1.78)
To determine w(p1,- -+ ,pn) it is possible to apply the quantum mechanical Hamiltonian in the exponen-
tial of (1.77) to e* E551Pi%i on the left hand side of equation (I.77) directly. A simpler way to determine
the functions w(py, -+ ,pn) is to compute the derivative of (I.77) with respect to 8 what is given by
292 .
OF(p1,- - ,xn.f) _ 0 (1—B’H,+ S >€‘% Jo1 Pt —
op op 2 (1.79)
— e PHe—F TPty — —HF(py,--- ,rn,f).
This gives a differential equation to determine F(py,--- ,pn, 3) with boundary condition
F<p17"' ’rN7B:O):e—%E§V=1PjTj. (180)
The boundary condition is read off from equation (I1.77)[16, 15]. This boundary condition implies that
w(p1, P2, - ,rN, S = 0) = 1 in the limit of infinite temperature. This differential equation provides
a systematic tool for determining the function F(p1,---,ryx,3) and hence to determine w(py,--- ,rN).
Since this differential equation is in general very cumbersome to solve an expansion of w(p1, - ,rn,3)

in powers of A is used. This gives
[ee]
w(plv"'arNaﬂ):Zhlwl(pla”'avaﬁ)' (181)
1=0

This procedure will not give an analytic solution for the unknown function but will supply the first few
expansion coefficients what will be sufficient to see the classical limit of the canonical partition function
Z(T,V,N). To compute the derivatives when inserting the expansion (I.81) into equation (I.79) the
following identities

Ve PH = ¢=BKy,e=BU — _ge= AUy, U
Vie PH = ¢~ PE2U 4 B2ePH(V,U)?

Vie% Zj PjTj — %ple% Zj p;r; (182)
V?e% Zj P;irj _%Kle% Zj pjrj7

are used. K; in the last line denotes the kinetic energy of particle i. Insertion of expansion (I.81) up to
linear order in equation (I.77) and computing the derivative with respect to § by the product rule gives

OF _ [ 9wo Owy 2y| _ 2 —BH .3 351, pyr;
8ﬂ_{[6ﬁ +h8ﬁ +O(R?*)| — H [wo + hwy + O(h?)] p e PHer 2 . (1.83)

With this an expression of the derivative %ﬁ in terms of classical quantities was obtained. Next one has
to compute —H F'. This is done by inserting expansion (I.81) into the right hand side of equation (1.79).
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This gives

R GH_iTN b,
e (Wn;AZ —U(I']_7"' 7rN)> ¢ ﬂHeﬁzj:lerw(pl,"' 7pN>

i L h?
= —U(rl,. . ,I'N)F+ eiﬁHeﬁ Z;V:1 Pty °
2m

N (1.84)

2iBp; (VU
XZ[ Bpi ( )

7 (’wo+h’u}1 +O(h2)) —

i=1
2m

N
— 3K, (wo + hwy + O(RY)) + %pi (Viwo + hV wy + O(h%)) + O(h?)]

where only terms up to linear order in 7 were kept. Equating (1.83) and (I1.84) gives

— +h— + O(ﬁZ)] - H [’wo + hwy + O(hQ)] =
@ N (1.85)

K2

- —(U + K) (IU() + hw1 + O(hQ)) + [piviwo — ,BwopNiU] s

1

with K =) . K; the total kinetic energy. In the limit of A~ — 0 equation (1.85) becomes

This shows that aa“g’ has to vanish, otherwise (1.86) is not satisfied implying wq is a constant. From
the boundary condition (I.80) and the definition of F' in (I1.77) it follows w(py,---,ry,8 = 0) = 1.
Combining this with the expansion for w in (I.81) one obtains

1 :wo(pla"' 7rN76 = 0) +hw1(p1a"' 7rN7ﬁ:0)+h2w2(p17"' 7rN7ﬁ:O>+“' . (187)
Because the w; are independent of & but do depend on f it follows

wo(plv"' ,I'N,,BZO):l

1.88
wi(py, TN, f=0)=0 i>1. (1.88)

From this and equation (I.78) we see that in the classical limit the quantum mechanical partition functions
turn into classical phase space integrals

Z(T,V,N) = / e PEPBN pd3N ., (1.89)

what is the desired result. This shows that the quantum statistical description coincides with a classical
statistical description of an N-particle system in the case of very high temperatures or in the case when
h is zero.

3.3 Equipartition theorem

In the last section an equation for the classical partition function was derived. This section will use this
result to derive the equipartition theorem. The equipartition theorem states that the energy of a system
is equally distributed over all its degrees of freedom entering the Hamiltonian function quadratically.
Formally this can be written as

3
(Exin,1) = ngT (1.90)

where En 1 is the kinetic energy per particle. The kinetic energy is expressed in terms of quadratic
momentum coordinates. This equation will be derived from the cannonical partition function of a classical
system

Z(N,V,T) = / ¢ BHUTLPY 8N 3N 1 —

= /e‘ﬁzzil ;i dSNp/e‘BV(rl"”’rN)d?’Nr. (I.91)
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This equation shows that the total partition function Z(T,V, N) can be written as a product partition
function of kinetic Zk;,, (T, V, N) and potential energy part Zp, (T, V, N). The kinetic energy part of the
partition function is a 3N dimensional gaussian integral
3N

Ziin = ZRin, = 2mmkpT) (1.92)
Because the kinetic energy part of the partition function is the same for all N particles this decomposition
into a product is possible. From this it is already possible to deduce the meaning of the equipartition
theorem for the kinetic energy part of the Hamiltonian. The kinetic energy of a system distributes equally
over all dynamic degrees of freedom. To obtain a relation between the dynamical degrees of freedom and
the temperature, equation (1.92) is used and the average p? per particle is computed by

aln (ZKin,l) o 1
aﬁ ZKin,l

2
(p?) = —kpT / pe P8 d®p = 3mkpT. (1.93)
When removing the integral after the second equal sign this term is usually referred to as the Maxwell
Boltzmann distribution. Rearranging this equation gives the equipartition theorem in a more familiar
way

(Ex) = ngT. (1.94)

Therefore we see that every degree of freedom contributes %k’ BT to the average kinetic energy. The factor
3 in equation (I1.94) arises since a 3 dimensional space was assumed in which the particles are moving. In
principle the equipartition theorem holds for any degree of freedom entering the Hamiltonian quadrat-
ically. And the partition function has to be separable in terms of the single degrees of freedom. This
states that the separation treatment is only possible for non interacting degrees of freedom. Therefore
it is possible to say that every positional degree of freedom subject to a potential kz? contributes %kBT
to the total potential energy what can be derived completely analogously to the dynamical degrees of
freedom.

Another result that can be directly obtained from the equipartition theorem is the magnitude of the
temperature fluctuations in the canonical ensemble. The equipartition theorem in equation (I1.93) shows
a direct proportionality between temperature and expectation value of the squared momentum. The fluc-
tuations in the squared momentum will be directly proportional to temperature fluctuations. Therefore
we are going to compute the momentum fluctuations

Var(p®) _ (p*) — (p*)*

TR e (1.95)
This equation is obtained as follows
82ln (ZKznl)
(p") — (p)? = (kpT)? T EHiml)
9 (3,7)
p2
0 fpze_Bde3p
= —k;BTaL —— =
am [ e Pimdip
2 2
—BF= 3 20—B%5 g3 2
pe "2 p p-e p _gE-
= f p2 - f 2 2/p2€ Bg’”d?’p
JetEdp ([ etEnary)
fp%"g%d?’p pre_ﬁszid?’p ,
= 5 — > = 3(mkpT)*, (1.96)
fe_ﬁ%d‘"ﬁp fe_ﬂz%ndiap
and from this the relative fluctuations in momentum are determined as
Var(p?) 1

Therefore, the momentum in a canonical ensemble will not be constant but fluctuates around a constant
value[17]. From the direct proportionality between the kinetic energy and the average temperature it is
possible to show

Var(T) _(T*)nvr — (D)ivr _ 1 (1.98)
(D) ¥vr () Xvr 3N
This equation shows that the temperature in a canonical ensemble is not a constant but fluctuates around
an equilibrium value and the magnitude of the fluctuations decrease with increasing system size.
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3.4 The fluctuation dissipation theorem

The fluctuation dissipation theorem gives a relation between a system’s absorption or relaxation rates to
correlations between spontaneous fluctuations at different times. For a system in thermal equilibrium it
is possible to relate phenomenological parameters like rate constants or macroscopic response functions
to microscopic dynamics and fluctuations. For example, when a weak electric field is applied to an ionic
crystal the atoms will displace slightly from their equilibrium positions resulting in a macroscopic dipole
moment. After switching the field off the atoms will move back to their equilibrium positions. The process
of moving back is governed by thermal fluctuations. The thermal fluctuations could also displace the
atoms in a way like the electric field. Resulting in a macroscopic dipole moment. The connection between
these kind of processes is summarized by the following form of the fluctuation-dissipation theorem

A(t) = (4) = B(AHA()) — (A®)(AH)], (1.99)

where the A(t) is a macroscopic quantity that can be measured and AH can be any perturbation driv-
ing the system away from equilibrium. In the rest of this chapter the fluctuation-dissipation theorem
will be derived and discussed in more detail. A good starting point is the introduction of correlation
functions. Correlation between random variables is a very important measure in statistical mechanics to
observe relations between those variables. Assume two time dependent signals A(t) and B(t). Then their
correlation can be measured by a correlation function

C(t 1) = (AWB(t)) — (A)(B) = (FASB(L'), (1.100)

where the brackets denote ensemble averages and the instantaneous fluctuations of the signals are given
by

SA(t) = A(t) — (A). (I.101)
It is important to note that the correlation of two signals does not depend on the absolute times ¢ and
¢ but on their differences. Such correlation functions can also be expressed in terms of the fluctuation
dissipation theorem. Assume an unperturbed system with Hamiltonian H and some dynamical variable
A(r3N p3N) depending on time via the coordinates and momenta. The statistical average of this quantity
is given by an integral of the quantity times its statistical weight over the whole phase space.

R e
< >: Tr[e_ﬁH(TBvaSN)] )

(1.102)

where the trace operation denotes a classical phase space integral like it was shown in section 3.2. Now
assume the perturbation A is introduced and the system is prepared such that at ¢ = 0 it is in an
equilibrium state of the perturbed Hamiltonian H + AH. At ¢t = 0 the perturbation given by

AH = —fA, (1.103)

is switched off. The quantity f is some field that couples with A. From this it follows that the equilibrium
value of A at time zero is given by

_ Tr [675(H+AH)A]

A(0) = T [e—B(H+AH)] , (I.104)
and with increasing time the quantity A(t) changes according to
_ Ty [e—BH+AAH) A (¢

Alt) = — ¢ (t) (1.105)

Tr [e-BOLHAN]

where A(t) denotes the value of A(r3™,p?) when the initial point in phase space was given by (3%, p3V).
It is important to note that the Hamiltonian determining the dynamics of A(t) at ¢ > 0 is given by H since
the perturbation was switched off[18, 12]. The perturbation A% is assumed to be small and equation
(I.105) can be expanded in a power series of the perturbation

— oo Tre P (1— BAH) A(t)]
AW = — N = pan]

+ O ((BAH)?). (1.106)

Collecting terms of same power in the perturbation gives

Alt) = Tr [e PR A()] — BTr [e PHAHA(Y)]

| Tr [e= 75 [1 — BAH]] + O ((BAH)?) . (1.107)
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The second term is just the correlation between the variables AH and A(t) what is given by (A(t)AH) —
(A(t))(AH). From this it follows

A(t) = (A) - BIAHA() — (AD)AR)] + O ((BAK)?) . (L108)

Note that the denominator of equation (I.107) was replaced by Tr [e‘BH] what can be done since it has
to be the normalization constant in the unperturbed ensemble. The average (A(t)) = (A) because the
value of A(t) is fluctuating around the same average value for all time steps. Equation (1.108) is a form
of the fluctuation-dissipation theorem and it relates the relaxation from a prepared non equilibrium state
to spontaneous microscopic fluctuations of the system[18]. Now replace B(t) in equation (1.100) by A(0)
then one obtains a self correlation function of the quantity A(t) as

C(t) = (SA(0)SA(L)). (1.109)

This replacement also makes it clear that the correlation function will only depend on time differences
and not on absolute times[18, 12, 12]. From equation (1.100) it can be noted that 0 A(t) = A(t) — (A).
Now insert the expression for AH into expression (1.108) and compute AA(t) = A(t) — (A) to obtain

AA = B(SA0)SA(t)) + O(f). (1.110)

In the last equation AA(t) denotes the spontaneous and §A(t) the instantaneous fluctuations of the
variable A(t). This relation is known as the Onsager regression hypothesis that was known already
before the fluctuation dissipation theorem[18].

In the language of the fluctuation-dissipation theorem one can introduce generalized susceptibilities.
Therefore assume the spontaneous fluctuations AA(t; f) of a system are related to a time dependent
perturbation f(t) by

AA(tNf) = MAA(t; f), (L.111)
then the most general equation to express this relationship in linear form is given by the functional
— 0 ’ ’ ’
AA(H) = / OV +O(f). (L112)
— 00

Where x(t, t/) is known as the generalized response function. This response function tells how strong a
system will react to a certain external perturbation f(¢). Therefore the relationship between the response
of the system and the external perturbation is given by a functional and the generalized susceptibility can

also be obtained by a functional derivative of AA(t) by f(t') written as x(t,t) = %Ajjégt)). Hence x(t,t)
can also be considered as the rate of change of the system due to a change in the external perturbation

F@EH[18).
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4 Lattice oscillations in crystalls

In a crystal atoms are oscillating around their equilibrium positions. These
oscillations are in the classical mechanical picture referred to as lattice oscilla-
tions and as phonons in a quantum mechanical picture. Lattice oscillations can
be described in a simplified picture where atoms couple only to their nearest
neighbors by a harmonic potential. This approximation gives a lot of insight
in the behavior of lattice oscillations and will be shown in this section. The
lattice oscillations can be directly related to the phonon concept. In terms
of phonon quasi-particles the phonon density of states and the correlation be-
tween different phonon modes will be shown. The phonon density of states can
be computed from velocity autocorrelation functions in a molecular dynamics
simulation. In this approach all anharmonicities of the potential will be taken
into account. A statistical treatment of the dynamic structure factor and its
relation to the phonon dispersion relation will be shown as a tool to include
anharmonic contributions to the dispersion relation.
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4.1 The harmonic approximation to the lattice oscillations

A crystal is build up of repeating unit cells that contain a certain number of different atoms. The most
simple unit cell is a primitive unit cell containing only a single atom. A whole crystal can be described
by a vector r,, describing the position of the unit cell

n = ni1aj + noas + nzas, (1.113)

with n = (n1,n2,n3) being a set of integers describing the position of the unit cell within the crystal.
The vectors {a;} are the basis vectors, which span the unit cell. A unit cell can in principle contain
any number of atoms. The total number of atoms per unit cell is denoted by v and us(n) will be the
displacement of atom s from its equilibrium position. Assuming the atoms are coupled by a harmonic
potential, the interaction energy of two atoms is given by kx? with x being the distance between the two
considered atoms. From this the Lagrangian of the crystal in terms of the displacement vectors ug(n)
follows

1
= §sti1 - *ZAaﬁ (n — n')uge(n)ugp(n’), (I.114)
n,s

where the indexes «, 5 denote the Cartesian components of the displacement vectors and m is the mass of
a specific atom. The matrix Aé“’ﬁ contains the harmonic coupling terms between pairs of atoms. Because
the interactions between the atoms have to be symmetric the coupling constant matrix [12] has to be
symmetric too. Therefore the force constant matrix satisfies the following symmetry condition

s (n—n') = AL5(n —n). (1.115)

Another symmetry of the matrix Af,‘j,(n —1n’) can be obtained by the following argument. If the whole
crystal is translated by a constant displacement vector that is the same for all atoms the resulting force
acting on any atom has to stay the same. This rule is known as the acoustic sum rule and can formally

be written as )
D A(m) =0 (1.116)
n,s
From the Lagrangian in equation (I.114) the equations of motion are obtained as
Mglls o (n) = Z ap(n— n)uy z(n'). (1.117)

The form of the differential equation suggests to use a superpositions of monochromatic plane waves for
the solutions of the equations of motions[12, 19]

u,(n) = e, (k)eitkrn—wt), (1.118)

In the foregoing equation the vector e, € C3 is the amplitude and the orientation of the polarization
of the plane wave. The vector k belongs to the reciprocal lattice of the crystal reflecting the crystal
symmetry. These reciprocal lattice vectors define the frequency grid of the spatial Fourier transform. w
is related to the temporal frequencies of the crystal system. With this Ansatz equation (I.117) takes the
form

w?mgesq (k)ekrn—wt) ZAaBn n')ey g (k)et K =t (I1.119)

The factor e!® ™=« can be brought to the right hand side and the summation over n—n’ can be replaced
by the crystal sum over n since this gives the same sum without a center of mass shift. Application to
equation (1.119) gives

wWmgesq (k) = Z g‘c‘ﬁl(n)es/,@(k)e_ikrn =

= ZA % (K)ews(K). (1.120)
In the last line the Fourier transform of the force constant matrix was introduced by

k) = As(n)e e, (1.121)
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From this the algebraic system
DA ew s (k) —wimsesa =0 (L.122)

is obtained. This system can be solved in the form of an eigenvalue equation. The eigenvalues are
obtained for every set of indexes (s, 3, s, ) from the following determinant

det ‘Ag’; (k) — w?(K)my0y.5 80| = 0. (1.123)

The order of the determinant is 3v since every atom contributes three Cartesian components and there
are in total v atoms per unit cell. Because of the symmetries of A‘;g (n —n’) mentioned in the beginning

the matrix Ai’g,(k) is hermitian. This argument is made more explicit by writing
AL (00 = AR (k) = [A (K] (L124)

and comparing with equation (I.121). Therefore the matrix A‘;’;, (k) is hermitian and hence the eigenvalues
w will be real. A set of eigenvalues for every value of k will be obtained and the relation wq, s = wq s(k) is
called the dispersion relation. For every value of k, 3v eigenvalues are obtained known as the branches of
the dispersion relation. Another property that follows from the hermiticity of AZ’E/ is the orthogonality
of the eigenvectors e, o as long as they belong to different eigenvalues. Equation (I.118) shows that any
displacement of the atoms in the crystal can be expressed in terms of this eigenvectors or eigenmodes.
Therefore this procedure shows a decomposition of the motions of a crystal in terms of noninteracting
normalmodes. The free propagation of the normal modes is a consequence of the harmonic interaction
potential used between the atoms. If higher order interactions would be included the eigenmodes would
interact with each other. Because a crystal is built of symmetric building blocks the time reversal
invariance w(k) = w(—k) follows. This is in agreement with the time invariance symmetry in classical
mechanics. Another property worth to mention, is the so called Bravais lattice invariance stating

k—k+b wk) =wk +b), (I.125)

where b is a vector of the reciprocal lattice defined by a,b,, = 27d,.,. This property follows from the
fact that the wave-vector k enters the equations only via the complex exponential e and because
b belongs to the reciprocal lattice of the crystal lattice[12]. Therefore it is sufficient to analyze the
dispersion relation within the first Brillouin zone.

4.2 Phonons

In the previous section the vibrations of a crystal were decomposed into normal modes by applying the
harmonic picture. Those normal modes are able to describe the directions and the magnitudes of the
displacements of the atoms from their equilibrium positions at any time instance. In quantum theory one
introduces the concept of phonons, which are quasi-particles propagting through the crystal. The energy
of a phonon is given by € = iw. The quasi-momentum of the phonon is defined by

p = p + 21hb (L126)

The momentum of the phonon is called quasi momentum because it is not uniquely defined. The reason
for the invariance with respect to the constant term 2whAb follows from the periodicity of the reciprocal
lattice. This is the same effect like it was already discussed in equation (I.125). Everything said about
lattice vibrations in the previous paragraph directly applies to the phonon picture. In the harmonic
picture the phonons are propagating trough the crystal without interacting with each other. Therefore
the harmonic crystal can be considered as a non-interacting or ideal phonon gas. In a real crystal however
the phonons will interact. This is described by scattering processes conserving the quasi momentum

> p=> p +2rhb. (1.127)

Since we are dealing with quasi momenta, the momentum conservation has to be satisfied only up to
an additive constant related to the reciprocal lattice b. The number of phonons in a certain state is
equivalent to the intensity of the classical wave describing this state. From this it follows that phonons
will obey Bose-Einstein statistics. The number of phonons in a certain phononic eigenstate is determined
by the actual equilibrium state of the considered material. Therefore the number of phonons will not
be conserved and has to be determined from the equilibrium condition. The free energy of the phonon
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gas has to be minimal in thermal equilibrium for a given volume V' and temperature 7. The necessary
condition for the phonon gas to be in equilibrium with respect to the phonon particle number is give
by a?v% = 0. From thermodynamics it is known that the derivative of the free energy with respect

oF
ONpp

to the particle number is the chemical potential ( )TV = ppp. It follows, the chemical potential

of a phonon has to be zero. Otherwise the free energy would describe a non-equilibrium state[12, 20].
The average occupation number n; of a normal mode can be computed from the partition function. The
energy of a harmonic oscillator is given by hw, and if n phonons are occupying this state it contributes
Nahwa = Na€q to the total energy E; of the system in state . The partition function for independent
harmonic oscillators is given by

7 = Ze_BEi — Z e_B[nl61+n262+~~-+nj5j+_“] _
i

n1:0
’n2:0

o0
I > e
j=1

’n]‘:O
1
- H1 [1 — 6_%] (1.128)
j=

where the product is over all possible states and in the last line the equation for the geometric series was
used. To obtain the average occupation number (n;) the derivative of the log of the partition function
[.128 with respect to the energy of a certain state is computed.

_1oin[z]
) =5 0,
0
— 75 — e Be) =
kaan j (1 e )
e~ Pe 1

={—oF5 = o =1 (1.129)
This distribution was first derived by Planck for the black body radiation and is therefore commonly
referred to as the Planck distribution [12, 18]. The classical limit of this distribution can be obtained by
considering the case in which the term in the exponential gets small. This is either the case in the high
temperature limit or in the case where the Planck constant is approaching zero. In the classical limit the
exponential can be expanded as X% ~ 1 + Kz and therefore

kgT
€j

(nj) =~ (1.130)

The correlation between different phonon modes is zero. This can be shown by computing the the
correlation function (dn;dn;) with dn; = n; — (n;). dn;0n; is nothing else than a covariance matrix

(6nidn;) = ((n; — (ng)))((n; — (ny))) =
= (nimy) — i) ;) (1.131)

It was already shown in equation (1.96) that the variance or the covariance in the canonical ensemble can
be obtained by the second derivative of the partition function

if i £ j
— ifi=y,
(% — 1)

_1&Q
- ﬁQ aﬁiﬁj

giving a diagonal covariance matrix 3. This result can be used to build a self-correlation function for the
phonon state population n;(t) in terms of some external distortion AH = — fn; by the use of equations
(I1.109) and (I.111).

C(t) = Bf(ni(0)ni(t)) (1.133)
This equation shows that the phonon modes will relax independently to the equilibrium states after
being distorted by some external perturbation f. From the self-correlation function the frequencies of
the relaxation process can be obtained.
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4.3 Phonon density of states from ensemble averages

The phonon density of states is defines by the equation

(gw)) =8 (w—wa(k)), (L.134)

where « denotes the branch index. In this section the equivalence of equation (I.134) and the Fourier
transform of the velocity autocorrelation function will be shown. The phononic density of states in terms
of the velocities is given by

_ [ Qa@®)u(0) e
(g(w)) —/We dt, (1.135)

where (.) denotes a thermal average and 1 are the atomic velocities. The quantity in the denominator
is the average squared velocity in the system at time step 0. The numerator is the average correlation
of the velocities at time step t and the initial velocities. The velocity autocorrelation of a single particle
Gs(n,t) in unit cell n and of type s is

Gs(n,t) = u4(n,t)as(n,0). (1.136)

To obtain a thermal average of this quantity it is possible to sum over all unit cells Nypit cells forming the
considered supercell

(Galt)) = (s (11, (0)) = ——— s (m, )it (m, 0). (1137)

unit cells

The velocities can be rewritten in terms of the normal modes of the phonons shown in equation (1.118).
A general atomic displacement is given by

u(n,t) =Y eq  (k)e!rnmenln), (1.138)
k,a

where « is the branch index of the dispersion relation. The velocity follows from the time derivative of
equation (I.138)
dug(n,t)

= D —iwa(K)eq,s(k)e! ke, (1.139)

k,a

With this equation (I1.136) takes the form

Gi(n,t) =Y wl(k)el(k)e o, (1.140)
k,a

The thermal average of (I.137) is obtained with (I.140) as

1 —tw
(Gs(t) = N o DY wik)el ((k)e e tor, (1.141)
unit cells k a

And the Fourier transform of equation (I.141) is

1 > —iw w
(Gow) = g——=> > willel (k) / e~ (9t giot gt
unit cells o ka oo
1
= v 2> wakel (k) (@~ wa(K)). (1.142)
unit cells 7= 477

Every normal mode of a certain atom type contributes w?(k)e? (k) to the phonon density of states. If
a system is composed of several atom types s an averaging of the Fourier transformed velocity autocor-
relation in equation (I.142) over the different atom types has to be carried out

Niypes
(O = 5o 3 (an(w) =
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Ntypes

YD walk)ed (k)6 (w—walk)) =

Ntypes unit cells —1
=Y wa(k)(el(k))d (
ko

This equation shows how the different branches contribute to (G(w)). The contributions of the different
branches to the density of states can be simplified by the equipartition theorem. Every velocity degree
of freedom will contribute on average (u?) = ani to the total energy. From this it follows that it is
possible to rewrite equation (I.143) )

S
I
€
°
=

(1.143)

1 3kpT
(CW) = S5 (@ — wa(k)) (1.144)
types kK,
Now, to obtain from the function (G(w)) the phonon density of states one has to divide by (12(0)) = :”fniT
1 Gs(w)
w = - =
D = N e 2 1600)
3kpT
1 SEB2 00 (Ww—wa(k
. Lot 508 (0 — wall) s
Ntypes LifT

= 0 (w—wa(k)). (1.146)
k,a

The last line of equation (I.146) is equivalent to the definition of the phonon density of states in equation
(1.134). Therefore it is possible to obtain the phonon density of states directly from ensemble averages of
the velocity autocorrelation functions. The computation of the phonon density of states by the Fourier
transform of the velocity autocorrelation function is not restricted to the harmonic picture. The harmonic
approximation was only used in this section to show the equivalence of equations (I.134) and (I1.135) in
a simple way.

4.4 Dynamic structure factor

In the section about the harmonic approximation the dispersion relation was introduced. During a
molecular dynamics simulation the potential will not be harmonic in general. To measure the phonon
dispersion relation from molecular dynamics simulations the dynamic structure factor can be used. The
dynamic structure factor is the spatial and temporal Fourier transform of the density-density correlation
function containing the dynamical and spatial correlations of the considered material. In the following the
the density-density correlation will be introduced and the relationship to the phonon dispersion relation
will be shown. The density-density correlation function is given by

A(r,r',t) = (p(r' +r,0)p(r', 1)). (1.147)

For point particles the normalized density function is given by

1 N
=¥ Z 5(r —ri(t)), (1.148)

and the density-density correlation function for point particles becomes [21, 22]

Alr,r t) <ZZ5 +r—ry ))5(r-rj(0))>. (1.149)

=1 j=1

The van-Hove equation is obtained by integrating equation (I1.149) over all space,

R3

Alr,t) = [ A(r,x' t)d*r = = <225r—r, +rj(0))> (1.150)
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Decomposing the van-Hove equation into a self part (¢ = j) and a part for different particles equation
(I.150) becomes

A(r,t) = ]1[<Z (5(1‘ — I'i(t) + I‘l(O))>

1 N N
+ N<226(r —ri(t) + rj(0)>> =
i i

= Aself(ra t) + Adifferent (1'7 t) (1151)

At t = 0 the self correlation part becomes a Dirac delta distribution and the part of different particles is
the pair-correlation function g(r)
A(r,0) = 4(r) + g(r). (1.152)

The physical interpretation at ¢ # 0 for the self part is the probability to find particle 7 at r;(¢) at time
t knowing the particle was initially at position r;(0). Or the probability that the particle ¢ was traveling
along the vector r(¢) — r; within a time interval ¢[22]. The part for distinct particles at ¢t # 0 can be
interpreted as the probability to find a different particle j # i at r;(t) when a particle ¢ was at position
r;(0) at time ¢ = 0[22]. With this interpretation it is clear that the dynamic behavior of the considered
system is coded in the Van Hove equation. To relate this equation to the phonon frequencies at different
vectors k the spatial and temporal Fourier transform has to be computed. The spatial Fourier transform
gives

Sk, t) = /A(r,t)eikrdsr =
1 N N ) )
- / N<Z Z 5(r —ri(t) + rj(O))>61krd‘57’ =
N N Z ’
_ <Z 3 eiklri(®-x; 0) > (1.153)

From this equation the dynamic structure factor is defined via a temporal Fourier transform

N N
Sk,w) = /<ZZ eik(l‘i(t)l‘j(o))>eiwtdt _
g
N N
=) ekRiRy) / <eik(Ui(t)—U_j ) >e—m dt. (L154)
i

where R; and R; denote the equilibrium positions of atoms ¢ and j and u;(¢) and u;(t) are the displace-
ments from the equilibrium positions. A comparison of the dynamic structure factor with the expansion
in equation (I.138) shows that the frequencies sampled during the molecular dynamics simulation will
be those of the phonons in the case of a crystal. Therefore the dynamic structure factor includes all
the dynamic behavior of a crystal without making any assumptions about the underlying physics. It
represents a statistical way in terms of correlation functions to describe the dynamical properties of a
system.
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5 Density functional theory

The Born-Oppenheimer approximation allows to split the electronic and the
nuclear parts of the Hamiltonian for a fixed nuclear configuration. This section
will introduce the density functional theory (DFT) to solve the electronic part
of the Hamiltonian (1.2). The electronic Hamiltonian is

N Nions

. 1 7z, = 1
Hez=—§Z;Ai—ZZ—+ZZ;- (1.155)

7"’.
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The Hohenberg-Kohn theorems are fundamental for the density functional the-
ory. The first Hohenberg-Kohn theorem relates the external potential to the
elctronic density in a unique way. And the second theorem states that the
true ground state electron density minimizes the energy for some given external
potential. The v and N representability will be introduced as conditions that
there exist electron density for a given external potential. The Levy-constrained
search can be used to to compute the true ground state if the system of interest
possesses a degenerate ground state. The Kohn-Sham formulation of DFT will
be introduced because in this way the DF'T is applied in modern ab-initio codes.
The problem of the correct exchange-correlation functional will be laid out by
the adiabatic connection theorem.
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5.1 The Hohenberg-Kohn theorems

To start the chapter about density functional theory (DFT) the Hohenberg-Kohn theorems are mentioned
since they are fundamental for determining the electronic ground state.

The first Hohenberg Kohn theorem states: 'The external potential v(r) is determined up to an arbitrary
additive constant, by the electron density’ [23, 1]. This implies that p uniquely determines the external
potential v(r) and the number of electrons (shown in equation (1.23)). To proof this theorem assume
there exist two external potentials v(r) and v ( ) belonglng to the same non-degenerate electron ground
state density p(r). Then there exist two Hamiltonians H' and H with eigenfunctions ¥ and ¥. Using
the minimum energy principle of the ground state and using U as a trial function for H

Eo < (U |H|T) = (W |H' |0 — (V' |H - H|V) = E) + /o:o p(r) [v(r) - v(r’)} (L.156)
Now doing the same thing again but with ¥ as the trial function and H' as the Hamiltonian
By < (WA 9) = (91A9) ~ (W~ 819 =B~ [~ o) ot~ ot)]. (1157
is obtained. Adding equations (1.156) and (I.157)
Eo + Ey < Ey + Ey, (L.158)

what is clearly wrong. Therefore by reductio ad absurdum it was proved that the electronic density
uniquely determines v(r) and therefore the properties of the particle system[23, 1]. It follows, that it is
possible to rewrite the Schrodinger equation in terms of the density p(r). The electronic energy functional
in terms of the electron density is given by

Bl = Tlp) 4 Vaclpl 4 Veelol = [ plo)o()d™s + Firilpl. (1150)
with
FHK[p] = T[p] + Vee[p] (1160)
where
Vee = // dN d™r’ + non classical terms (I.161)

The electronic energy functional can be spht into a part depending on the considered system v(r) and a
second term Fpg[p] that is independent of the considered system and can therefore be considered as a
unique functional. The functional Fx[p] only depends on the electronic degrees of freedom and is a sum
of kinetic energy and potential energy. The potential energy equation (I.161) is a sum of the classical
Coulomb term and non classical terms, the exchange-correlation energy[23, 1]. The exchange correlation
energy will be discussed in more detail in a later section.

In the following a variational principle for the electronic density will be established. The second Hohenberg-
Kohn theorem states: 'For a trial density p(r), such that p(r) >0 and [ p(r)d"r = N

Ey < Ey[p] (1.162)

where E,[p] is the energy functional of equation (1.159)’. To proof this theorem is straightforward, if the
first Hohenberg-Kohn theorem was already proven.

(@119) = [ p)e(e)ar + Fuxlj] = .17 > Bl (1.163)

This is analogous to the already shown variational principle but for electron densities[23, 1]. The ground
state density can also be determined by Lagrangian multipliers. The constraint follows from the conser-
vation of the number of electrons N in the system.

0 {Ev[p] — i (/p(r)dNr - N))} =0 (I.164)
This can be simplified by variational calculus. If one evaluates the variation of equation (I.164) one

obtains the Euler-Lagrange equation for this problem

_ 0B, [p]
ép(r)

0Fuk|p]
ép(r)

= o(r) + (1.165)

34



Density functional theory

where p is the chemical potential. To close this section it should be stressed that the functional Fix[p)
is unique and independent of the considered system. Therefore, if this functional would be known exactly
a theory based on the Hohenberg Kohn theorems would be exact in a mathematical sense[23, 1]. But the
major problem with Fpyk[p] are the non classical terms, the exchange-correlation functional.

5.2 The v representability and N representability

The previous section showed that the electronic ground state density p(r) uniquely determines the poten-
tial v(r). Now the question arises if there exist for every potential v(r) a ground state density. A density
p(r) is said to be v representable if it is the density of the antisymmetric ground state wavefunction
belonging to some Hamiltonian H that contains v(r) [1]. From the first Hohenberg-Kohn theorem it fol-
lows that there exists a surjection between the ground state wavefunction (there could be several ground
state wavefunctions leading to the same ground state density), belonging to some Hamiltonian and the
v-representable ground state density. If a trial p is used for the variational principle it is important that
this trial wavefunction is v-representable because otherwise the variational principle fails. This is caused
by the fact that the functionals included in the energy equation (1.159) are only defined for v-representable
wavefunctions. The exact condition if a wavefunction is v-representable is still unknown[1].

On the other hand there exists a sufficient but weaker condition, the N-representability. A density is
said to be N-representable if

p(r) >0, /p(r)dNT = N and /|Vp%|2dNT < 00. (1.166)

This property is weaker but sufficient since any ground state electron density can be formed from a set
of M smooth orthonormal orbitals {p(r)} with M > N. The ground state density can be expanded in
terms of these orbitals as

M
p(r) =D Aelex (x)]? (L167)
k=1

where the expansion coefficients have to satisfy ), Ay = N. An electron density constructed in this way
is automatically N-representable.
5.3 Degenerate ground states and the Levy-constrained search

In the last section it was described that the ground state density can be obtained from the ground state
wavefunction by quadrature in a unique way. But when determining the ground state wavefunction ¥
from the density pg there exist infinitely many solutions to the problem. The question is how to find the
true ground state wavefunction associated with the real ground state density. Assume a ground state
wavefunction W, integrating to pg is given. Then the minimum energy principle says

(W, |H|W,,) > Eo (1.168)

By inserting for the functionals of Ey and the Hamiltonian H one obtains
Uo7+ Voaly) + [ po(wyo(e)ar = (ol + Vool o) + [ po(x)ole)a, (1.169)
From this equation it follows
(W [T+ Veel Wpq) 2 (T + Vee | To) - (1.170)

It follows that the true ground state wavefunction minimizes the unique functional Frx[p]. By taking
this fact it is possible to define a constrained search algorithm

Frkipo] = (Po|T + Vee|¥o) = Ming_, p, (|7 + Ve | ), (1.171)

The minimization is done within the space of all antisymmetric wavefunctions giving the correct ground
state density pp and minimizing the Hohenberg-Kohn functional Frg[p] [1]. If the search would not be
constrained one would have to test all antisymmetric wavefunctions in the N-particle Hilbert space. With
the Levy-constrained search one only looks for solutions in the Hilbert space that give the correct ground
state densities. Another advantage of this search algorithm is that the wavefunctions don’t have to be
v-representable since this term does not occur in equation (I.171). Therefore it is possible to extend the

35



Density functional theory

search algorithm to all N-representable wavefunctions. To find the ground state energy and density one
does the energy minimization in two steps

N
By =Ming = (9|1 + Vee + > _v(r)|¢)) =

=1
= Min,, [Mm%p (U|T + Vee + > v(r)|¥) | = (1.172)
i=1
= Min,, |:M1n\p*>p (U|T + Voo | W) + /p(r)v(r)dNr}
(1.173)

The first step is the minimization to find the electron density for the ground state and in a second step
the search for the minimum energy wavefunction belonging to this ground state density is carried out.
An input density p is supplied to the inner minimization that searches all wavefunctions giving the input
density. The outer minimization checks for all densities such that the the ground state density will be
found. Finally, the Levy- constrained search algorithm gets rid of the v-representability of the densities
and searches for all N-representable antisymmetric wavefunctions in the Hilbert space to give the correct
ground state electron density[1].

5.4 Kohn—Sham density functional theory

Because the functionals T'[p] and V..[p] are not known exactly, Kohn and Sham introduced a non-
interacting reference system for which the two functionals can be written down exactly. Formally this
can be done by introducing independent orbitals ¢ in the Hohenberg-Kohn energy functionals[24, 1]

Elp] = Ts[p] + Jlp] + Exclp] =

= ZZ/@@)(—%A)@(r)dNTJrJ[p] + Exc|p] +/v(r)p(r)dNr, (1.174)
o (1.175)

where J[p] denotes an approximate for the electrostatic energy and Ex¢[p] is the exchange-correlation
functional given by

Exc =Tlp] = Ts[p] + Veelp] — J[p]- (1.176)

The electron density is expressed in terms of the non interacting reference system wavefunctions

N
pr) =22 |pi(r, ). (L177)

So the energy functional was rewritten in terms of N-independent orbitals. The set of orbitals {¢;} have
to satisfy certain criteria to be useful. The orbitals have to posses finite kinetic energy and must be square
integrable. Therefore the second derivatives have to exist and the functions and their second derivatives
have to be square integrable. The density computed from the orbitals has to be N-representable and the
used orbitals have to be orthonormal

/ 6:(r) b, (£)dN T = 6, (1178)

If this condition would not be met, the formula for the kinetic energy would break down because it would
not be possible to sum the individual orbital energies. The orthonormality condition automatically
imposes the normalization of the electron density. Now the variational principle is reformulated in terms
of the new constraints and the orbitals. Therefore the functional

Qo] = Epl - XY e [ 0161651, (1179)

is defined. With the minimum energy condition
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0Q[{¢i}] = 0. (1.180)

This equation is rewritten in terms of local operators and single particle energies

. 1
heppdi = [—5 8 +veps(0]di = D iy (1.181)

J

It should be noted that the single particle operator he ¢f is hermitian and therefore €;; is a hermitian
matrix that can be diagonalized by unitary transformations. By transformations to equation (I.181) it
becomes

[—%A + verr(r)]i = €ii. (1.182)

The effective potential is given by

ver(e) = () + [ L)

v

7 BNy 4 vxe(r) (1.183)

Equations (1.182),(1.183) together with the equation for the electron density (I.177) are known as the
Kohn-Sham equations in their canonical form. They form a set of non-linear equations that can be
solved iteratively. The total energy of the electronic system can be obtained by computing the density
and inserting in equation (I.175). Therefore the Kohn-Sham approach projects the many-body problem
on a set of N independent nonlinear equations. These equations treat the kinetic energy of the single
particle systems exact. The theory includes the quantum mechanical exchange-correlation part exactly
even if the form of this term is not known. The theory can be improved by finding better approximations
for the exchange-correlation part. This will be discussed in more detail in section 5.5. Last it should
be noted that every orbital in ¢; can in general accommodate two electrons while the effective potential
vesr(r) does not contain any spin degrees of freedom. Hence one can choose spin orbitals ¢(r)a(s)
containing only a single electron. The total density decomposes in spin densities. The spin density for
an even number of electrons is given by

N/2
p(r) =2p"(r) = 2p4(r) =2 |i2i(r)? (1.184)
i=1
and for an odd number of electrons
p(r) = p'(r) + p(r). (1.185)

5.5 The exchange-correlation functional

The last ingredient to compute the electronic ground-state structure within the Born-Oppenheimer ap-
proximation under the use of DFT is the exchange correlation functional. This section will introduce
the adiabatic connection theorem. This theorem states that the interacting many-body problem can be
projected accurately onto a Hamiltonian of a non-interacting system|[25]. To show what is meant by this,
a Hamiltonian depending on a real parameter A is introduced as

Hy =T+ A\Veo + V2. (1.186)

The A = 0 case denotes the non-interacting Hamiltonian and A = 1 would describe the fully interacting
system. The external potential V), also depends on the introduced parameter. In the non-interacting

xT
case the external potential V2, is a single particle potential. The non-interacting Schrédinger equation
is given by

Ho|Wo) = (T + V5, ) 1%0), (1187)

with the ground state electron density po(r) = (Po|n(r)|¥o). The ground state wavefunction |¥p) is
expressed by a single Slater determinant. Now the interaction is switched on adiabatically. This can be
visualized by changing A\ to A + d\ and maintaining the external potential. Therefore the wavefunction
changes from |Wg) to |¥;) and the Hamiltonian for this system is Hy = T + dAVie + VO, = Ho + dA\Vie
with corresponding electron density p/(r). It is assumed that it is possible to alter the external potential
in such a way that the ground state electron density is restored[25]. By doing so the new Hamiltonian
will look like

Hy = Hy + d\(Voe + V7). (1.188)
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This new Hamiltonian will have eigenstates |¥4y) having the same density po as the non-interacting
Hamiltonian Hy. Now it is possible to repeat this step over and over until one reaches the fully interacting
system. This is only possible under the assumption that the potentials connecting the non-interacting
with the interacting system exist. Note that the potential V1. will depend on the choice of the non-
interacting reference system, Ve The ordering of the eigenstates will not necessarily be conserved.
The state |¥;) is not restricted to the ground state of H' even if one started with a wavefunction |¥g)
being the ground state of the non-interacting Hamiltonian[25]. With the help of the Hellmann-Feynman
theorem it is possible to obtain a variational principle when computing the derivative with respect to
A and integrating from the non-interacting system to the interacting system. From this the energy
functional for the interacting system is computed

: : v av;;t
(W [ [04) = (W) | W) + / (s |V + Vert g, an
0

) (1.189)
— (Wl ol Wo) + / (U |V [ 3) dA + / V2L (r)po ().

If a physical system with external potential V,, is considered, then the potential is not arbitrary but well
defined. For example, by the ions building up a crystal in which the electrons are moving. Since the
last term of equation (I.189) is independent of X it holds for an arbitrary adiabatic-connection. But only
under the assumption that there exists such a connection between the interacting and non-interacting
system. With this it is possible to write a variational energy functional for the physical system

1
E; [V2,] = (Wo| Ho| o) + /O (WA Vee |T2) dX + / V. (x)po(r)d®r > Ey. (1.190)

The label ¢ in equation (I.190) denotes the number of the state, since it was mentioned before that
the ordering of the states is not necessarily conserved. And the exact form of the energy functional
will depend on the choice of V2, what is contained in H,. This energy functional can be rewritten by
introducing the exchange-correlation hole density

/

, W ()W, (1) W, (r)' dA
o) — ) — o T (B0 [<)O> (07 0, o

and the exchange-correlation energy depending on the exchange-correlation hole

Eip = // pXC = Pxo(®:r) 1o, (1.192)
Using the last two equations (1.191) and (1.192) together with the energy functional (I1.190)

B [Va] = T (VAL + B [ph(0)] + Biee [VE] + [ Vi @m(d'r (119

is obtained. With this the the ground state energy E; can be computed by varying the external poten-
tial V’ '+ 10 the non-interacting limit. For every step the lowest energy that can be obtained from the
variational principle for the considered potential is used. This procedure is very time consuming because
the energy optimizations has to be done for every potential connecting the interacting with the non-
interacting system. Moreover, this procedure only works if there exists an adiabatic connection between
the true ground state and some non-interacting system[25]. Therefore, in practice approximations to the
exchange-correlation-energy (1.192) are used. The approximations rely on an expansion of the correct
exchange correlation potential in terms of the density

Exc[n] = /p(r)egfgmx (p(r), Vp(r), 7(r),...) d®r, (1.194)

where 7 is a kinetic-energy density. The order of the approximations are usually referred to as the
Jacobs Ladder of density functional theory. The first step of the ladder is build by the local density
approximation (LDA) which expresses the exchange-correlation energy in terms of the local density only.
The next step of the ladder is build by the generalized gradient functionals relying on the electron density
and it’s gradient. Meta-GGAs are the third step of this ladder and also take into account the kinetic-
energy density. An overview of the performance of such functionals will be shown later in this thesis,
where they are tested on the methylammonium-lead-iodide perovskite.
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6 Molecular dynamics simulation

So far it was shown, for studying a material in a statistical way, a Hamiltonian
(I.2) has to be defined and the solutions to the resulting Schrodinger equation
have to be computed. The Born-Oppenheimer approximation was used to par-
tially decouple the electronic degrees of freedom from the ionic/nuclear degrees
of freedom. The electronic part of the Schrodinger equation is solved indepen-
dently by DFT. It is very cumbersome to study a material’s structure in terms
of nuclear/ionic wavefunctions and therefore the Ehrenfest theorem shows that
the nuclear coordinates (the expectation values of the nuclear wavefunction)
propagate according to Newton’s equations of motion if the forces (given by the
Helmann-Feynmann theorem) are sufficiently smooth. Moreover, these approx-
imations reduce the quantum mechanical density-matrix representation for the
ensembles to classical phase space integrals. This section will show algorithms
to propagate the ions according to Newton’s equations of motion. Furthermore,
algorithms to control the temperature or pressure during the simulation will be
introduced. The shake algorithm will be shown as a representative for imposing
geometrical constraints during a simulation.
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6.1 Verlet-algorithm and the Liouville formulation

A ’good’ algorithm for solving Newton’s equations of motions should preserve the properties of those
equations. The first of these properties is the time reversibility. Classical dynamics posses time inver-
sion symmetry. A good propagation algorithm must not violate this property. The second important
property satisfied by classical statistical mechanics is the conservation of the phase space distribution
function formulated by the Liouville theorem[12]. Imagine a very big system divided in a huge num-
ber of noninteracting subsystems. Every subsystems is in a certain thermodynamic state defined by its
momentum and position coordinates. The probability distribution of the coordinates is described by
the phase space distribution function p({r},{p}). If the system is in thermal equilibrium the entropy
associated with the phase space distribution has to be maximal. This principle was introduced in section
3.1. From this maximum entropy principle it follows, when propagating an equilibrium system the phase
space distribution has to be conserved. Therefore, the flow in and out of every phase space point has to
be zero. This can be formulated with a continuity equation, called the Liouville equation

do({r},{P}) <= T[. dp({r}. {p}) | . dpl{r}. {p})
p ) P :Z{ri o arip Lp 0P 8pip

=iLp({r}, {p}), (IL.1)

i=1

where the sum is over all particles in the system. On the most right hand side the Liouville operator L
was introduced. The criterion for time reversal and invariant phase space volume are closely related[17]
and, when violated, usually cause long term energy drifts during the simulation.
In the following it will be shown how the Liouville equation can be used to obtain proper algorithms for
molecular dynamics simulations. The time derivative of p({r},{p}) is given by the Liouville operator
and the following differential equation 5

I

5% iLp, (I1.2)

can be used to obtain the propagation of the phase space distribution function with time. A solution to
this relation is given by

p({r()}, {p(®)}) = e p({r(0)}, {p(0)}). (IL.3)
The Liouville operator can be decomposed into a position and momentum part. The position part

iL, = I"(t)a% shifts the position coordinates by the used time increment At. This can be seen by using a
Taylor expansion in equation (I1.3) resulting in

p({r(t+ A0}, {p()}) = e B2 p({r (D)}, {p(1)}) =

® (rs o 1.4
-3 WA o). tet) "

The symbol {f} denotes the velocity vector of all N particles with length 3N, and % is the nth

derivative with respect to the atomic coordinates. The momentum part iﬁp of the Liouville operator can
be treated analogously. It will shift the momentum coordinates by a time step At. In general decomposing
the Liouville operator in momentum and position part will only work if the two operators contained in
the exponential commute, which is not the case for position and momentum. The Trotter identity can
be used to decompose a non-commuting exponential e4+5
eATB = lim {e%e%e
P—oo

N

E (IL5)

which is only true in the limit when P is infinity. For finite P it can be shown that the error introduced is
of the order e©(1/P?) [17]. The Liouville formulation in combination with the Trotter identity can be used
to obtain the Velocity-Verlet algorithm by setting P = 2 and identifying A= iﬁpAt and B = iL, At.
With this an approximate to the propagator for a single time step is

iLpAt 2 iLpAt
~e 2 etlrAteTr (11.6)

ezLAt

From this it follows, the propagation for a single time step can be decomposed by applying the exponentials
on the right hand side of equation (I1.6) consecutively[17]. This results in the following propagation
scheme

g At } (IL7)

< plp(0), 0] = [p(e + 5000
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el [p(t + %), r(t)] =p [p(t + %)’ r(t + At) (IL8)
5 {p(t + %), r(t+ At)] = p[p(t + At), r(t + At)] (IL.9)

which is the Velocity-Verlet algorithm in the kick-drift form also known as the Leapfrog algorithm. This
can be rewritten in the following form that will be more useful in practice

At AtF;(t
Pi (t + > =pi(t) + A1) (IL.10)
2 2
At
Compute force for configuration {r;(t + At)} (I1.12)
A AtF; A
pi (t 4+ At) = v <t + ;) + w (IL13)

6.2 Constant temperature computer simulations

In section 3.3 it was shown that the temperature in a real canonical ensemble has to fluctuate around an
equilibrium value T. Therefore, when constant temperature molecular dynamics are done the temperature
has to fluctuate too. Velocity rescaling would result in a wrong simulation, since it neglects temperature
fluctuations. In general there are two approaches for thermostating in molecular dynamics simulations,
stochastic approaches and deterministic approaches. An example for a stochastic thermostat would be the
Langevin thermostat and the Nosé—Hover thermostat would be an example for a deterministic thermostat.
The Langevin thermostat relies on the generalized Langevin equation

p=F—vpi+ fi (I11.14)

what is a modification of Newton’s equations. The Newtonian equations of motion are extended by a
friction term 7;p; and a random force f; term. The random force term f; can be considered as collisions
of the particles with some fictitious heat bath. The original force term F; is obtained from the used force
field or from the Hellmann-Feynman theorem when doing ab-initio molecular dynamics. The random
force has to be an uncorrelated Gaussian random number with variance

0_2 - 2mz'ylszT

= 1.1
= T (1L.15)

By solving this equation of motion for every particle with some propagation algorithm, canonical particle
trajectories are obtained. This thermostat style is called stochastic since a random force is added to
the equation of motion. The friction parameter is a free parameter that can be chosen before starting
the molecular dynamics simulation. The larger the friction parameter the larger the influence of the
thermostat on the momenta will be. One usually tries to choose this parameter such that it is possibly
small but still the temperature should fluctuate around the desired value.

The Nosé-Hover thermostat relies on a extended Lagrangian scheme introducing fictitious degrees of free-
dom to maintain the temperature during a molecular dynamics simulation. The Nosé-Hover Lagrangian

1S
N

Lyg = ; %521'«2 ~U(ry,-- ,rn) + %2 — gkpTin(s), (IL.16)
where @) represents a fictitious mass associated with the virtual degree of freedom s representing the heat
bath[17]. ¢ is some parameter that will be determined in the following where it will be shown that this
Lagrangian gives a canonical ensemble if g = 3N + 1. The Hamiltonian belonging to this Lagrangian is
given by

2

N 2
_ P; p;
Hyg = ; g H UL Tn) + 35 + gksTin(s), (IL.17)

To see that this Lagrangian is able to generate the desired canonical ensemble the micro-canonical par-
tition function Qn g for a system with 3NV + 1 degrees of freedom and energy FE is written as

Onpg = % / § Mnu — E] dpsdsd®™ pd*Nr. (I11.18)
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To simplify the notation the rescaled momenta p' = p/s and the Hamiltonian equation

’

N
H(p/,r):Z;?)n_ F U, ry), (I1.19)
i=1 ¢

are introduced. The following property of the Dirac delta function is essential to rewrite the delta function
of equation (I1.18)
5(s—so0)
o[h(s)] = w71 (11.20)
1A (s0)
where h(s) = %ln(s). This makes it possible to rewrite the micro-canonical partition function (I1.18) into
a canonical partition function Zy g as

He D +p2/(2Q) B /
ZNm = % /53N+15 [s —e P 9 } dpsd3Np d*Nrds =
gN!

_ B e%/e,wfl)%dps/67531\’9+17-[(p/,r)d3di3N7a: (I1.21)
gN!
%/e—ﬁw%ﬂ(pl7r)d3di3Nr: %/efﬂﬂ(p/,r)dSdii’:NT

From this equation it follows that the parameter g has to be set to (3N + 1), the degrees of freedom of
the extended system to obtain a canonical ensemble. By inserting for ¢ into the Hamiltonian (I1.17) one
can readily obtain the equations of motions for the extended system. The mass @ of the fictitious degree
of freedom is a parameter that can be chosen freely. The smaller the mass of the heat bath is chosen the
stronger the temperature will fluctuate in the Nosé-Hoover scheme[17].

A complete analogous picture applies when thinking of barostats. Again it can be shown from the
canonical partition function that the pressure will not be constant during a molecular dynamics simulation
but will fluctuate around an equilibrium value. The Langevin scheme can be applied directly if a stochastic
barostat is desired. Introducing another degree of freedom in the extended Lagrangian of the Nosé-Hoover
scheme makes it possible to couple the system to a deterministic barostat.

6.3 Constrained Molecular Dynamics

The time step in a molecular dynamics simulation is always limited by the fastest modes of motion.
Considering for example a simulation box filled with ethane molecules. Every molecule will have very
high frequency C—H bonds limiting the time step of the simulation. If the dynamic behavior of the
hydrogens is of no interest, it is possible to use renormalization group theory to get rid of this high
frequency motions. To make this practically usable an algorithm is needed, imposing constraints on
the high frequency motions of the system during the molecular dynamics simulation. Assume the bond
lengths (or angles) in the molecules have to be constrained to increase the usable time step during the

simulation. These constraints can be defined as
oa(ri,rj) = r?j — dfj, (I1.22)
where d7; is the desired bond length between atoms i and j[17, 26]. The quantity o, (r;, r;) will be zero
if the bond length has the desired length. These holonomic constraints can be imposed by an extended

Lagrangian

L'=L=) Aaoalrs, - ,Tn), (I1.23)

«

where the A\,’s are Lagrange multipliers. From this extended Lagrangian it is possible to derive equations
of motion

. oUu dos
m;r; = 7871'1 7;>\aairz —F1+;Ga(rz), (1124)

where the second term on the right can be considered as a constraining force[17, 26]. If the restrictions
on the bond lengths are satisfied the constraining force of (I1.24) will vanish. To obtain a solution for the
Lagrange multipliers A, the second derivative of (I1.22) with respect to time is computed

820,
ot?

In this equation {r} denotes a collection of all 3 dimensional velocity vectors of the N particles and is
therefore a 3N dimensional velocity vector and {#} is the corresponding acceleration vector. The nabla

- %{f}v% = {t}Voa + ({tH{1}) : (VVoa). (I1.25)
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operator is understood as a 3N dimensional derivative vector, taking the derivatives with respect to the
x,y,z components of the N particles. The term ({£}{r}) is a 3N x 3N matrix containing the product
terms 7;7; and (VVo,) is the matrix containing the second derivatives of the constraint with respect to
the atomic positions. The dyadic product : is defined as ZZ ; A;;Bj;. By inserting equation (II.24) for
the second time derivative of the position in (II1.25) the following equation for the constraints

62 @ . .
552 - Z mi i+ Z Gp(ri)| Vioa + Z Z 77 (ViVjoa) =
g ! B i g

= Z %Fivida - Z mi Z AgVi03V04 + Z Z 71 (ViV04) =
7 g i 1 3 ; 7

= Fo—AMqo+To =0,

(I1.26)

is obtained. The sums ¢ and j run over all 3N atomic coordinates and the sum S is over all included
constraints. In the last line of (I1.26) the equation was rephrased in matrix notation[17] and an exact
solution can be found for {A,}. In practice, an approximative method is used to compute the positions
of the next time step (Verlet-algorithm). So there is no need to compute the \’s exactly since the exact
constraining force will be of no use when approximative positions are used. Moreover, one would have to
do a matrix inversion of the form

A=M"YF+T) (I1.27)

for every time step what can be very time consuming if the number of constraints is large. To make a
more applicable scheme, the positions at time step ¢ + At are given as

A 2
t_ > XaVioa(t), (IL.28)

rgonstruined(t_’_ At) _ rgnconst?“ained& + At) _
m

what follows from (I1.24). A Taylor expansion can be used to approximate the constraint up to linear
order

O_géonstr(t_i_ At) — O_chonstr(t + At)+

80—0‘ L+ At constr unconstr I1.29
+Z<(8r)> [Kom587 (¢ 4 AL) — rlmS (¢ 4 AL)] (1.29)
=1

By inserting (I1.28) for r¢°™s'" (t + At) — r#™°"st" (¢ 4 At) in equation (I1.29) and assuming the constraint
is satisfied oo™t (t + At) =0

[e3%

At?
unconstr t At) = —V; t At aViOq t IL
T ) = 3 SVt A 3 AV () (IL.30)

is obtained. Equation (II.30) can be rephrased in a matrix equation
guneonstr(p L At) = At2 MA (I1.31)

and the Lagrange multipliers A are obtained by inverting M. But since a truncated Taylor expansion
was used in (I1.29) an iterative scheme has to be used. First the positions of the Verlet-integration are
taken and the vector A is computed. Then the positions are updated according to equation (II.28) and
the iteration is repeated until the constraints are satisfied. This would cause a high computational effort
since for every iteration a matrix inversion hast to be done. This is only affordable for a low number
of constraints. Therefore in practice the SHAKE scheme[17, 27] is used. In the SHAKE algorithm
equation (I1.28) is approximated by

A2\,
m;

By inserting this in the Taylor expansion for the constraint in (I1.29) and solving for A,

rlqonstr(t + At) _ r;},nconstr(t 4 At) ~

V,oa(t). (11.32)

O_chonstr(t+ At)
S Voot + AV,04(t)

i=1 m;

A At? = (11.33)

is obtained. This procedure is applied to all constraints o,, one after another. Assume r¥"co"st" (¢ + At) is
known from free propagation with the Verlet algorithm. And all the gradients with respect to the atomic
positions V;04(t) are known from the preceding molecular dynamics step. Then the iterative scheme for
the SHAKE algorithm looks as follows
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compute g¥nconstr (¢ + At) by equation (I1.22)

[e3

L0, (t + At)V;04(1)

compute » -, -
solve for A, in equation (II.33)

update atomic positions r{®"**" (¢ + At) by equation (I1.32)

check how close the actual values are to the desired constraining value criterion

rzynconstr(t + At) — rfonstr(t + At)

This scheme is then repeated until all the constraints are satisfied within some tolerance criterion. This
procedure will increase the usable time step during the molecular dynamics simulation tremendously by
the cost of solving equation (II.33) iteratively for every time step.
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7 Long range interactions

Electrostatic lattice models form a major part of this thesis. In those models
the fast computation of long-range electrostatic interaction energies is central.
Long range interactions under periodic boundary conditions are complicated
to compute because of the partial convergence of the sums in the Coulomb
interaction. This section introduces the Ewald summation which is a method to
convert conditionally convergent electrostatic sums to strictly converging sums.
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7.1 Long-range interaction and Ewald summation

When dealing with interacting point charges or point dipoles in molecular dynamics or Monte-Carlo
simulations a crucial step is to evaluate the electrostatic potential related to the charges

Neceu

_ 1 4
o) = e 21: Z r—(r; +1)]

j=1

1 i
=— —_— I1.34
47‘(60;|I‘—I‘i|7 ( )

where the sum 1 runs over all periodic replicas of the cell. The sum j is over all atoms contained in
the repeated unit-cell and ¢; is the point charge of the considered atom. The sum over ¢ denotes a
combined index over all images and atoms in each replicated unit-cell. This is done to simplify the
notation. To obtain meaningful results the sum has to converge to a certain value and this is exactly the
problem. The sums for electrostatic potentials be it monopoles or dipoles are only conditionally converging
[28, 29, 30, 31]. A very rigorous treatment of developing the equations for the Ewald formulation of the
electrostatic potential was done by Leeuw et.al. [29, 30, 31]. Here, a much simpler and more intuitive
way to develop the Ewald summation will be shown. Since there is a very nice physical picture that can
be exploited to make the lattice sums for the electrostatic potential strictly converging. The following
mathematical identity will be central when developing the Ewald summation

1_f)  1=f() (IL.35)

r r T
This identity is equivalent with the physical picture shown in figure II.1. Oppositely charged Gaussian
charge distributions are added to the point charge grid shown in the top right of figure II.1. This
shields the original point charges and forces the sum shown in (I1.34) to converge strictly. To compute
the electrostatic energy with the scheme shown in figure I1.1 or (I1.35) three contributions have to be
computed. A short range part taking into account the interactions between the point screened by Gaussian
charges. A spurious self-interaction term arising due to point charges and Gaussian charges at the same
positions. And last the long-range part taking into account the interactions of the Gaussian charge
distributions with the point charges. Therefore the total Coulomb energy is given by a sum of 3 terms

Ucoutomb = Ulong + Ushort + Uself- (1136)

The fictitious Gaussian charge distributions are given by

o 3/2 —ar?
par) =g, (5)" e, (11.37)

where r denotes the distance to the center of the point charge and « determines the width of the Gaussian.
The electrostatic potential arising due to the Gaussian charge distributions in the Ewald sum is referred
to as the Fourier part and will be discussed in the next section[17].

7.1.1 Ewald summation
The first thing that we compute is the so called Fourier part, which is the interaction between the
Gaussian charges shown in the lower right of figure II.1. The charge distribution of a Gaussian charge

grid is given by
a 3/2 —(r—r;
p(r)=> a (;) e r)?, (IL.38)

where the sum ¢ has to be understood in the same way as in (I1.34). The electrostatic potential of a
charge distribution is given by the Poisson equation [32, 17, 19]

— A¢1(r) = 4mp1(r), (I1.39)

where A is the Laplace operator V2. This equation can be rewritten in Fourier space where a derivative
with respect to the coordinates becomes a multiplication with the conjugated variable k

k2 (k) = 4mp1 (k). (11.40)
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|

Figure I1.1: Scheme depicting the mathematical identity of equation (I1.35) behind the Ewald summation.
Left:In — the original point charge distribution. Right top:The original point charge distribution —
screened by oppositely charged Gaussian distributions —(short-range and self interaction part) Right
bottom: Gaussian distributions — to restore original point charge distribution (long-range part)
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Therefore the Fourier transform of the charge density p;(k) is needed. The computation of the Fourier
transform for a single Gaussian will be derived in the following. The Fourier transform of a Gaussian
charge is defined as

f(k) = / e ikT gy, (IL.41)
R

This integral is solved via a differential equation by taking the derivative with respect to k[19]

8p(k) _ . —ar? zkr i 0 —arz ikr
e /R(zr)e dr = — (’97’ e dr. (I1.42)

Using integration by parts to the most right hand side gives the following equation
optt) _ k-

= k). 11.43
% AL (I1.43)
This is a separable differential equation and is solved to give
k2
p(k) = Ce 4=, (11.44)

The integration constant is given from the case k = 0 where the integral in equation (I1.41) is just the
norm of the Gaussian. In the case of a Gaussian shown in equation (I1.37) this constant is C' = ¢;. To
compute the Fourier transform of the charge density p;(r) the shifting property of the Fourier transform
is needed. The shifting property is given by

/efa(rfrj)z’efikrdr:/efalze*ik(rydrl)dl:
R R

= p(k)e i, (I1.45)

With this knowledge the Fourier transform of the charge density (I1.38) can be written down directly
(k) L > gieT* -5 (11.46)
= — ;€ ‘e da, .
P1 Vv i q

where the factor % is a normalization by the cell volume. By using equation (I1.39) together with equation
(I1.46) the electrostatic potential

4 2
- V—; 3 gie e s, (IL.47)

in Fourier space is obtained. This potential is strictly converging expect for k = 0 where it diverges. This
term can be ignored, which assumes the box is embedded in a medium with infinite dielectric constant[17].
To obtain the desired equation for the interactions between the Gaussian charges the Fourier transform
of equation (I1.47) multiplied by the point charges has to be computed. This long-range contribution to
the Ewald sum is given by

ULong =35 ZQ1¢ Tz Zqz Z (b lkr

i k#0
D) DB
V2
i 7 k#0 Vi
Vv 4 9 _ k2
- 3 il p(k)? e =, (I1.48)
k#0
with .
= V Z qieiikri, (1149)

being just the Fourier transform of the point charges. The sums in equation (I1.48) for the potential
energy contain spurious self interaction terms for the cases where i = j[17]. The correction of this
self-interaction terms will be treated in the next section.
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7.1.2 Self-interactions

The spurious self-interaction is arising due to a point charge at position r; and a Gaussian charge dis-
tribution at the same position. To compute the electric field of the Gaussian at its center the Poisson
equation is used. This problem is spherically symmetric and therefore the Poisson equation in spherical
coordinates is used

2
— % = 4nre(r). (I1.50)
This equation can be solved by integrating both sides of (I1.50) with respect to r
7({9(7“;)757")) _ 47T/Oo rpg(r)dr =

3/2 [0
= —4mg; (8) / re= o dr =
™ T
3/2 [ .,
—27q; <g> / e~ dr =
™ ' (r)

1/2
— 2, (9) e’ (IL51)
™

2

where the substitution " = r2? was used from the second to the third line. By repeating this step equations

(07

ro(r) = 2¢; (;)1/2 /OT e~ = gierf(v/ar) (I1.52)

and

o(r) = %erf(\/ar) (I1.53)

are obtained. To derive these equations the definition of the error function for e dp = %erf(\/&r)
was used. The focus lies in the value of the potential at the origin 7 = 0. The error function is evaluated
at this point and gives 2¢; \/g . Therefore the self interaction term is evaluated and gives

Uselt = % Z qio(ri) = \/EZ @ (I1.54)

This term does not depend on the positions of the particles but only on the number of particles[17].

7.1.3 Short-range part of the Ewald summation

What remains is to compute the short range part of the Ewald summation. This is the interaction of the
point charges with the oppositely charged Gaussian distributions. This interaction is shown in Figure
I1.1 on the top right. Here it should be mentioned that if the Fourier part corrected by the spurious self
interaction is added to the short range part (computed in this section) the interaction due to the point
charges on the left hand side of Figure II.1 is obtained. The electrostatic potential arising due to the
Gaussian charges was already computed and is shown in (I1.53). So the electrostatic potential due to the
point charges and oppositely charged Gaussians is given by

¢a(r) = % - %erf( ar). (I1.55)

By comparing this equation with the identity shown in equation (I1.35) we identify the second term with
the function just written down. The electrostatic interaction follows from equation (I1.55) as

1 445
Ushort - 5 Z Z Tj]erfc(\/arij). (1156)
Y

By summing the three derived contributions the electrostatic energy in terms of strictly converging sums
can be written as

1 4 k2
UCoulomb =3 o) \p(k)|2 e Ada
2 k
k#0
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—\/fzqz

+= ZZ L5 evfe(y/ary;). (IL57)

i jF£u Tij

A completely analogous picture applies for point dipoles. It only has to be noted that a dipole is
interacting with the electric field and not with the electrostatic potential. The electric field is related
to the potential by E = —V¢(r). With this the Ewald sum can be obtained from equation I1.57 by
replacing the point charges ¢; by —p;V; where p denotes the dipole vector. With this the electrostatic
dipole-dipole interaction can be computed as

1 ATV e
Udipole—dipole =5 Z |M(k)|2 € {Zu

2
204k
3/2
( ) sz
+§ Z Z pPip; B(rij) — (pirij) (Pjriz) C(rij), (IL58)
i g
With 2
f —Qar
B(r)=r= = C(\Fr) \/Ee — (I1.59)
™ T
f —047’2
C(r) — geelvar) | 2\/E <2a + ‘1) < (IL.60)
r° s r r
and last L
_ i ketkri
M(k) = - zj:zpjke . (I1.61)

7.2 Ewald sum implementation

In this thesis systems containing dipolar molecules are studied by means of Monte-Carlo models for which
the Ewald sum had to be implemented. For the Monte-Carlo simulation the Metropolis Rosenbluth
algorithm [33] was used. In the present work every dipolar molecule is treated as a point dipole on a fixed
grid. This will be discussed in more detail in section VI. For now it is only important that the considered
system is treated as point dipoles and the structure update is done by flipping one dipole at a time. One
could directly exploit equation (I1.58) to compute the energy after every update and check if the step is
accepted or rejected. This would result in the computation of all the pair interactions after every flip of
a dipole. To reduce the computational cost matrices were introduced containing the coupling between
pairs of dipoles. The short range part of the Ewald sum in terms of pair interaction matrices is given by

short - 35 = Z Z Ushort (1162)

where the matrix element Ufhort is

Uit = (pipg) B(rij) — (Piriy) (priy) C(riy). (1L.63)

is a matrix containing the pairwise interaction terms of the short range part and therefore after
flipping a dipole one only has to update the fields containing the flipped dipole. The size of the matrix
is N X Ngut where N, is the number of dipoles within the cutoff for every dipole. Moreover since
Uf]hort = szhort it is sufficient to store only half of those interactions. The same technique is applied to

short
Us!

the long-range interaction part. The matrix element |M (k )| which is given by

ij
s 1
i =2

is used. And after carrying out the sum over k one obtains the pairwise equation for the long-range part

of the potential
1 on,
Uiong = 5 D ) IME)[}; 75 = 5 Z U (IL.65)
i,j k#£0

|M (k)| (pik) (pyk) e, (IL.64)
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So Uil‘-”lg is a N x N matrix containing the pairwise long-range interactions. After flipping a dipole one
only updates the fields containing the flipped dipole. After each dipole flip only one column of the matrix
has to be computed. Because of the symmetry of the interaction matrix Uilf}ng =U jl-f)i“g, the updated
column of the matrix is the same as the row that has to be updated. This structure of the matrix also
gives the possibility for a vectorized implementation of Uilf}ng in a Fortran90 code.

51



8 Speeding up electronic structure computations

The projector augmented-wave method (PAW)[34] is a tool to speed up elec-
tronic structure computations. The valence electron wavefunctions show strong
oscillations in the nuclear regions what makes them expensive to describe with
a plane wave basis set. The difficulty arises because a very large number of
plane waves is needed to describe high oscillatory states [35, 34]. It is known
that core states only show small contributions to the chemistry of atoms. The
properties of atoms to form bonds and the type of bonds is determined by the
electrons in the atomic valence states. Therefore the core electrons and their
wavefunctions will only show minor variations with respect to the chemical en-
vironment surrounding the atom. The focus to describe solids or molecules is
therefore on the valence electrons.
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8.1 The projector augmented wave method

The basic idea of the PAW [34] method is to define a cutoff sphere around every atom. Within this
cutoff sphere the wavefunctions of the valence electrons |¥) are described in terms of a partial wave |¢;)
expansion

) = ZQ‘ i) - (I1.66)

The valence all electron (AE) wavefunction for a single electronic state |¥) is a solution of the all electron
Kohn-Sham equations. Outside the core region the valence wavefunction will be expanded in terms of
plane waves |g5> because in this interstitial region the electronic wavefunctions are smooth. The cutoff
distance will be chosen for every atom type J individually and denoted by 7[35]. At this cutoff radius
the partial wave expansion and the plane wave expansion are adjusted to match in terms of their function
values and their derivatives[34]. The PAW method takes the all electron wavefunction and projects it
onto a smooth pseudo wavefunction. This can be considered as a linear mapping between the real Hilbert
space formed by the physical valence wavefunctions |¥) onto a pseudo Hilbert space (PS) formed by
smoothed pseudo wavefunctions \@)[34} This transformation will look like

W) =T |¥) (1L.67)

and expectation values in PS will be computed by (A) = (¥|A|¥) where the operator transforms as
A = TTAT. The physical all electron wavefunction and the pseudo wavefunction have to match outside
the augmentation sphere rJ and therefore the transformation operator can be written as a sum of local
contributions 7 over the augmentation spheres

T=1+> T, (11.68)
J

with 7 being the transformation operator within augmentation sphere /. This implies, the transfor-

mation from the pseudo basis |¢;) to the real basis function |¢;) inside the augmentation sphere r? is

given by |¢;) = (14+77)|¢;). A natural choice for the all electron partial waves |@), are radial solutions of
the Schrodinger equation for the isolated atom. The index ¢ denotes a combination index J, [, m denoting
atom number and angular momentum quantum numbers I, m. The partial waves |¢;) and |<;31> have to be
the same outside the cutoff radius[34]. The pseudo wavefunction ¥ can be expanded by pseudo partial
waves within r;/

b)) = ZCi |6:) - (I1.69)

The coefficients {¢;} are the same for the pseudo wavefunction and the all electron wavefunction within

J
Te

O) =T [&) = cildi) - (IL.70)
From this it follows that the all electron wavefunction |¥) and the pseudo wavefunction are related by

¥) = |¥) — ZCi |6:) + Zci |pi) - (I1.71)

The coefficients ¢; can be obtained by introducing projector functions |p;)
¢i = (| W), (I1.72)
where the projector functions have to satisfy

Z |Bi) (i = 1. (I11.73)

There has to be a projector function |f;) for every |¢;) within the augmentation spheres 7. This results
in a linear transformation from the pseudo wavefunction to the all electron wavefunction [34]

T=1+3 (16 - 162) Gl (1L.74)

The all electron partial waves |¢;) are obtained by integrating the radial Schréodinger equation for the
isolated atom outward

(;A + Veff — 611) |gi) =0 (IL75)
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where v ss is the effective all electron potential and €} is the set of energies. The lowest lying energy
per angular momentum state e; is usually chosen to be the lowest bound valence state of the considered
site[34].
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Room-temperature dynamic correlation
between methylammonium molecules in
lead-iodine based perovskites: An ab initio
molecular dynamics perspective |

The high efficiency of lead organo-metal-halide perovskite solar cells has
raised many questions about the role of the methylammonium (MA) molecules
in the Pb-I framework. Experiments indicate that the MA molecules are able
to freely’” spin around at room temperature even though they carry an intrinsic
dipole moment. We have performed large supercell (2592 atoms) finite tempera-
ture ab-initio molecular dynamics calculations to study the correlation between
the molecules in the framework. An underlying long range anti-ferroelectric or-
dering of the molecular dipoles is observed. The dynamical correlation between
neighboring molecules shows a maximum around room temperature in the mid-
temperature phase. In this phase, the rotations are slow enough to (partially)
couple to neighbors via the Pb-I cage. This results in a collective motion of
neighboring molecules in which the cage acts as the mediator. At lower and
higher temperatures the motions are less correlated.

fLahnsteiner J., Kresse G., Kumar A., Sarma D., Franchini C., Bokdam M., Phys. Rev. B 94, 214114 Published 28
December 2016



Introduction

9 Introduction

The spectacular rise of perovskite photovoltaics[36] has sparked much research effort into the physical
mechanisms behind these materials’ good photovoltaic performance. From a solid state physics per-
spective, the answer seems simple: the well suited electronic structure of methylammonium lead-iodide
(MAPbDI3). With a band gap of ~1.6 eV[37, 38, 39, 40, 41] and a high absorption coefficient[37, 40, 41],
it is expected to be a high efficiency solar cell material for the solar radiation spectrum observed on
earth.[42] Density Functional Theory (DFT) calculations have shown that an s-p mixture in the valence
band maximum (VBM) and p-states in the conduction band minimum (CBM), combined with a direct
band gap lead to an absorption coefficient up to an order of magnitude higher than GaAs.[43] However, the
crystal structure of MAPDI3 is completely different from GaAs. It even possesses temperature depended
dynamical contributions arising from the organic constituent. The perovskite structure of MAPDI;3 is
composed of three iodine atoms (monovalent anions) combined with a lead atom (divalent cation) and a
CH3NH3 (MA) molecule (monovalent cation). The Pb-I framework forms the perovskite structure out
of Pblg octahedra and the molecules are trapped in the cavities. Whether the cubic perovskite structure
is stable or becomes orthorhombic or tetragonal is determined by the temperature[41] combined with a
balance between the size of the molecule and the Pb-I bond length.[44] NMR experiments have indicated
that at high temperatures (>300 K) the MA molecule exhibits complete orientational disorder.[45, 46]
This means that the MA molecules have enough kinetic energy to overcome the rotational barriers and can
rotate in their 'cage’. Around room temperature this process has a typical relaxation time of ~ 5 ps.[47]
These rotations apparently do not effect the charge carriers in the system, since very long electron-hole
diffusion lengths have been reported.[48, 49] From an electronic point of view this is not surprising,
because the Pb-I framework is electronically decoupled from the molecule.[50] The VBM/CBM are well
separated from the HOMO/LUMO of the molecule, respectively. Therefore all conducting states for holes
and electrons are dominated by the framework. At the same time the dispersion at the VBM and CBM
is large, resulting in low effective masses.[51] However, this picture applies to 0 K and does not take into
account the dynamics of the MA molecules, their order or lack thereof at room temperature (RT). A
partial alignment of these polar molecules could result in polar domains. Piezoresponse force microscopy
measurements seem to indicate that polar domains form and that spontaneous polarization occurs at
RT.[52, 53] A DFT based analysis indicates that at high temperature ferroelectricity is suppressed by the
large configurational entropy and only below 50 K ferroelectric (FE) ordering would be present.[54] A
strong argument against a polar structure is the absence of second harmonic generation in time-resolved
pump-probe measurements.[55] The presence of polarized domains at RT is however still debated.

In a recent work we showed that polar phonons in MAPDI3 increase the static dielectric constant to
~ 30, but that they are too slow to effectively screen the excitonic state in the system.[56] The rotational
dynamics of the polar MA molecules and the corresponding screening occurs at even lower frequencies.[57,
58, 59] Therefore even when the temperature is raised to RT, i.e. when the molecules rotate, the excitons
are not screened by polar phonons nor by rotating polar molecules.[56] However, understanding of the
dynamics of the molecules at finite temperatures is necessary to describe thermal transport[60, 61] as well
as the screening of free charge carriers.[62] The dynamics and (dis)order of the MA molecules in MAPDI3
has been extensively investigated, both experimentally and theoretically. Experiments showed the ability
of molecules to reorient at RT with relaxation times in the range (1-10 ps).[45, 63, 64, 65, 47, 66] The
dynamics of the MA molecules in the Pbl framework were also studied by ab-initio molecular dynamics
reporting relaxation times in roughly the same picosecond time scale.[67, 68, 69, 70, 71, 72] Most ab-
initio studies were performed with small systems. A recent study of the relaxation time as a function
of temperature using a reasonably large super cell indicates an absence of spatial correlation at RT.[71]
However, a precise assessment of finite size effects in ab-initio calculations is still missing. MA dynamics in
large supercells have been studied by classical molecular dynamics.[73] In agreement with experiment[47] a
transition from the anti-ferroelectric ordering in the orthorhombic phase to thermally activated directional
disorder in the tetragonal and cubic phases was reported.[73] However, the accuracy of model potentials
are questionable and there is the need of an ab-initio validation. In particular, no systematic analysis of
the spatial and dynamical correlation has been reported.

In this work we study the long range order of the MA molecules in MAPbI; by means of large scale
ab-initio molecular dynamics (MD) calculations at finite temperatures. We show that the dynamics of
the molecules is not a completely random thermal motion. Besides the possible dipole-dipole interaction
between the intrinsic dipole moments of the molecules|[74], the order of the molecules is also mediated
by long range cage stress and strain effects as well as deformations or rotations of the Pblg octahedra
and their long range order. In the low temperature (<150 K) phase this leads to an anti-ferroelectric
arrangement of the molecules.[75, 76, 77] At higher temperatures the ordering pattern changes.

The paper is organized as follows. In the next section, the details of the computational method are
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presented. Hereafter, we present the different super cell structures and their implications. We discuss
in section 12 the dynamics of the molecules individually and in section 13 the correlation with their
neighbors. We discuss the results in 14, and in the last section we summarize our findings in conclusions.

10 Computational method

For the first-principles molecular dynamics calculations we use a plane-wave basis and the projector
augmented wave (PAW) method[34] as implemented in the vASP code[78, 79, 80]. The PBEsol (Perdew,
Burke, Ernzerhof modified for solids)[81] functional is used. Relatively shallow pseudo-potentials are
used, for Pb the (6s%6p?), for I the (5s%5p°), for C the (2522p?) and for N the (2s%2p3) orbitals are
included in the valence. This makes it possible to set a relatively low energy cut-off of 250 eV for the
plane-wave basis.

Super cells of dimension n X n x n, n = 2,4,6 were constructed out of pseudo-cubic unit cells (12
atoms) with experimental lattice constants (a,b = 6.3115 A, ¢ = 6.3161 A)[41] as described in Ref. [56].
In order to construct an unbiased starting structure, all molecules in the supercell are randomly (R)
rotated over three axis before starting the MD run. In the supercell all atoms were allowed to move while
keeping the lattice vectors fixed.

Gaussian smearing with ¢ = 0.05 eV is used to broaden the one-electron levels. The Brillouin zone
is sampled by the I point only for the large 4 x 4 x 4 (4-cell) and 6 x 6 x 6 (6-cell) supercells and by
a (2 x 2 x 2) I-centered Monkhorst-Pack grid for the 2 x 2 x 2 supercell (2-cell). Using only a single
k-point for the 2-cell results in significant errors in the calculated forces. The Kohn-Sham orbitals are
updated in the self-consistency cycle until an energy convergence of 104 eV is obtained. A Langevin
thermostat[82] is applied to simulate a canonical ensemble (at constant temperature). The trajectory
is formed by propagating the structure with the calculated Hellmann-Feynman forces with time steps
of 2.0/3.0 fs and increased hydrogen masses of 4/8 a.u. for the 2/4/6-cell, respectively. The hydrogen
masses are increased to allow for a larger time step for the large cell-sizes. Additionally in the 6-cell the
Pb and I masses have been decreased to 20 a.u. These changes in the masses are possible since the DFT
functional does not depend on the mass and since the partition function factorizes into a momentum and
position dependent part (p(X, P) = e~ U(X)Be=P*/(2M)BY) g5 that results for the configurational part X
are independent of the chosen masses (M). The down side is that the dynamical properties (velocities,
average reorientation times, etc.) are no longer exact. However, differences in the dynamical properties
between calculations where the same masses are used remain meaningful.

Unit cells for the different crystal phases have been constructed based on experimental crystal struc-
tures determined by X-ray diffraction. For the orthorhombic structure the Pb-I positions of Baike et
al.[77) were used (a = 8.8362 A, b = 8.5551 A, ¢ = 12.5804 A) and for the tetragonal structure the Pb-T
positions of Stoumpos et al.[41] were used (a = 8.8490 A, b = 8.8490 A, ¢ = 12.6420 A). The molecules
were placed in an arbitrary but unpolarized pattern and a high temperature MD (500 K, Pb-I framework
kept fixed) was performed, allowing the molecules to reorient them-selfs. Several low energy structures
were picked from the MD trajectory and for those all atoms were thoroughly relaxed (forces < 1075
eV/A) into their instantaneous ground state while keeping the lattice vectors fixed. The resulting lowest
energy configurations are shown in Figure III.1.

11 Molecular Dynamics: unit and supercells

In the MAPbI3 structure the different MA molecules can interact with each other, either directly via the
electrostatic forces (they are cations and have an intrinsic dipole moment) or indirectly by their collective
pushing and pulling on the Pb-I framework. The potential energy related to dipole-dipole interactions
between the different molecules falls of like r—3, and we expect that this interaction only influences the
nearest neighbors. However, it is clear that a single unit cell, be it orthorhombic (4 formula units),
tetragonal (4 formula units) or cubic (1 formula unit) is prone to finite size effects/self-interaction errors
and might therefore be artificially stabilized in a particular ordering pattern. If these effects are ignored
and one starts with the structures obtained by X-ray diffraction[77, 41] for the three different phases,
well ordered patterns are obtained as shown in Figure ITII.1. These structures agree (at various levels of
accuracy) with the orthorhombic[83, 84, 85] and tetragonal[86, 87] molecular ordering patterns found in
other first principles studies. The three crystal phases have distinct molecular ordering patterns:

The orthorhombic phase has an AFE ordering pattern of the MA molecules, with two molecules lying
flat in the ab-plane with a ~ 60° angle between them. The layer on top has the same relative orientation
in the plane, but the molecules are 180° degree rotated resulting in a zero net dipole moment. The Pblg
octahedra are rotated by ~ 15° degree in the plane, one clockwise, the other counterclockwise. The
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octahedra in the layer below have the same rotations in the ab-plane. An alternating +11° tilt from the
c-axis of neighboring octahedra results in a zigzag pattern in the c-direction.

In the tetragonal phase the octahedra are aligned to the c-axis, but in the ab-plane the octahedra in
the two layers do not have the same rotations. They are rotated by ~ 12° degree, again one clockwise,
the other counterclockwise. But in the second layer the order is reversed, counterclockwise, clockwise. In
this Pb-I framework the MA molecules have an orthogonal orientation (when projected) in the ab-plane
to all their nearest neighbors and have a ~ 30° out of the ab-plane tilt. The resulting angle between all
nearest neighboring molecules thereby becomes ~ 75°. The total MA pattern is here slightly FE.

In the cubic phase the octahedra are almost not rotated and all molecules are aligned in a FE or-
dering pattern. At the according temperature this state is dynamically unstable and the molecules are
rotating.[45, 46]

Overall, we see that the nitrogen (most electronegative) side of the molecules are close to the iodines.
The average distance of the N atom to nearest neighbor (n.n.) I atoms is 3.58 +0.04 A/3.64+0.02 A and
of the C atom to n.n. I atoms 3.94 + 0.02 A/ 4.02 £ 0.09 A, for the orthorhombic/tetragonal structure,
respectively. The N-H bonds align to the N-I directions, thereby forming hydrogen bonds.[88, 89] All H-I
bonds with a length < 3 A have been indicated in Fig. II1.1 by the dashed (orange) lines. This orientation
reduces the electrostatic energy between the negatively charged iodines and positively charged molecule.
It dominates over the intermolecular dipole-dipole interaction as can be seen in the tetragonal structure
(with its rotated octahedra), where it stabilizes the FE pattern.

Q 0

Orthorhombic

Tetragonal

ba Cb

Cubic

Figure III.1: (color online) The three different MAPDI5 crystal phases. The unit cells (48 atoms, 4
molecules, solid red lines) are indicated, except for the cubic phase where a v/2 x v/2 x 2 supercell of
the pseudo-cubic unit cell is shown. The dashed orange lines show the hydrogen bonds between the NHs
groups and the iodines. The left/right column shows a top/side view, respectively. The polar coordinates
reference frame {¢, 0} to describe the orientation of the C-N bond of the MA molecule is drawn on the
top.
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Table 1: Overview of structures evaluated by molecular dynamics. Super cells of n X n X n cubic unit
cells, starting with an unpolarized-random (R) or polarized-aligned (A) MA ordering pattern, have been
propagated for T picoseconds in steps of dt femtoseconds, with hydrogen mass My and at different
temperatures.

Size T (ps) dt (fs) My (a.uw.) Temp (K)
2x2x2 (RL) 86 2.0 4 300
2x2x2(R2) 63 2.0 4 300
2x2x2(R3) 64 2.0 4 300
2% 2x 2 (A) 84 2.0 4 300
4x4x4(R) 21 2.0 4 100
4x4x4(R) 27 2.0 4 150
4x4x4(R) 42 2.0 4 200
4x4x4(R) 24 2.0 4 250
4x4x4(R) 23 2.0 4 300
4x4x4(A) 31 2.0 4 300
4x4x4(R) 31 2.0 4 400
6x6x6 (R) 8 3.0 8 150
6x6x6(R) 13 3.0 8 300

Now we move on to supercells and see if and how these ordering patterns prevail at finite temperature.
Previous ab-initio MD calculations have used relatively small supercell structures of 8 formula units
(cubic)[68, 90] or 32 formula units (tetragonal)[90, 91, 69]. Only Carignano et al.[69] have systematically
studied the effect of the supercell size and performed a calculation on a 108 formula unit (tetragonal) super
cell. Using classical molecular dynamics Mattoni et al. have studied a 256 formula unit (orthorhombic)
supercell.[73] An overview of the supercells that we have evaluated at room temperature and below is
presented in Table 8. We have constructed n x n x n supercells of the pseudo-cubic structure (1 formula
unit), thereby containing N = n3 molecules. This is hereafter referred to as n-cell. The lattice parameters
of the pseudo-cubic structure are fixed at the experimental values, while all internal coordinates have
been fully relaxed at the DFT level. During the MD all atoms are allowed to move, but the cell volume
and shape are kept fixed. Since we are evaluating large cells this approximation seems acceptable and the
error diminishes going from n = 2 to n = 6. From the trajectory of all atoms we extract the orientation
of all MA molecules (C-N bond vector) in polar coordinates projected on the unit sphere (¢;(t), 8;(t)).
The coordinate frame is aligned to the Pb-I framework as shown in Fig. II1.1. Initially, all molecules in
the super cells have been randomly rotated over three axis to generate an unbiased starting structure.
We have tested this in comparison to a starting structure with aligned molecules and found that this
approach results in shorter equilibration times. For example, the first 20 ps of an MD trajectory at 300 K
for an initially aligned 4-cell involve a reorientation of the molecules so that the initial long range order
is practically destroyed. Starting from a random state avoids these long equilibration times. This can be
seen in Figure I11.1, where the average polarization based on the molecular contribution only,

1 N
N 2 Pit)]
i=1

has been plotted for a polarized-aligned (A) and a unpolarized-random (R) starting structure. This is
not the full polarization of the structure, which would include contributions from the cage, but merely
the contribution of the intrinsic dipole moment vector (p;) of each molecule. Here we assume that the
dipole of each molecule is equally strong and that it does not change in time. After initial equilibration
time, both calculations show a fluctuating behavior around a mean value. The mean value depends on
the starting configuration and does not converge to a common value within the available compute time.
The higher degree of fluctuation might indicate that the (A) system is not yet as well equilibrated as the
(R) system.

Prol(t) = (I11.1)

12 Dynamics of Individual Molecules

We now want to determine how rotationally mobile the individual molecules are. In Figure III.1 the
coordinates (¢;(t),0;(t)) of 10 randomly chosen molecules in the 6-cell have been plotted over a time
frame of 8 ps. The area covered by the paths increases with temperature. At 150 K the average
orientation of most of the dipoles is maintained. At 300 K the covered area of the path ways are so
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Figure III.1: (color online) Molecular polarization P01(t) in the 2-cell, 4-cell and 6-cell at 300K staring
form an unpolarized-random (R) structure. The polarization resulting from a polarized-aligned (A)
starting structure in the 4-cell is given for comparison.

n .

Figure II1.1: (color online) The polar plot of 10 randomly chosen dipoles in the 6-cell shows the rotational
mobility (¢;(t),0;(t)) in a time frame of 8 ps at 150 K and 300 K.

large that reorientation of the molecules by 180° is possible. How exactly the molecules move at 300 K is
not yet clear, whether they perform free rotations or whether they jump from one preferential orientation
to the next, as was recently suggested.[66]

The average reorientation time (7m01) of the N molecules can be extracted from the autocorrelation
function

N
rmon(t — to) = % > pilto) il (I1.2)

where the dot product traces the change of the molecule’s orientation in time with respect to its orientation
at t = tp. The autocorrelation function is smoothed by applying a time averaging over Np different
starting times g,

Nr—1 N
1
ot (D)) = Bi(AL7) - Pt + At 5), 1113
fan0) = g 2 D BB Bt 51 (1)
where At = ﬁ for Ny > 1. Within this definition (rmei(t)) is computable only for half of the total

MD trajectory time T. In Figure I11.2 a), the autocorrelation functions of MA molecules in the 2,4, and
6-cell structure at 300 K are shown. 701 is the time at which the autocorrelation function reaches the
value % Even though the autocorrelation functions are averaged with Eq. II1.3 and long MD trajectory
were used, the relaxation times are different and depend on the starting configuration. In the 2-cell,
using the aligned (A) molecules as a starting structure results in faster dynamics than randomly (R)
oriented molecules. However, even between different random structures, R1, R2 and R3 the 7, values

Table 2: The relaxation time (7,01) in picoseconds for a n-cell at 300 K staring from a polarized-aligned
(A) and unpolarized-random (R) structures.

n [2(A) 2RI 2(R2 2R3 4(A) 4(R) 6(R)

Tmol \ 4.8 7.6 7.6 11.3 8.5 6.8 5.4
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Figure II1.2: (color online) Autocorrelation function (rpye(t)) of MA molecules in semi-log plot. a) At
300 K in the 2,4, and 6-cell structures magenta starting from random (R) and aligned (A) configuration of
the molecules. b) At various temperatures in between 100-400 K in the 4-cell. The dashed lines indicate
exponential fits.

differ. Some starting configurations are energetically more disfavored and might therefore be easier to
break down. This means that with the present results for the 2-cell we have an uncertainty in the 7,01
value of about +3 ps. To reduce the uncertainty, one has to improve the statistics. This can be done by
averaging over many more MD trajectories using different random starting configurations.

The values 1,01 for the different systems have been tabulated in Table 2. They have been obtained
by fitting an exponentially decaying function to the curves. These calculations show that 7,0 in the
4-cell is at least of the same order as in the 2-cell, however with the present data we cannot conclude
with certainty that the reorientation time is not affected by finite size effects. Note that the 7,0 values
are overestimated because the hydrogen masses have been raised. This raises the molecule’s moment of
inertia, while the DFT forces remain unchanged. The 6-cell shows a slightly lower reorientation time,
this is possibly an artifact from the lower Pb and I masses (see Computational Details Section).

Figure II1.2 b) shows the autocorrelation function in the 4-cell for various temperatures. The corre-
sponding 7,0 values are 3.5, 6.9, 9.9, 18, 32 and 69 ps for 400, 300, 250, 200, 150 and 100 K, respectively.
For temperatures below 200 K these numbers do not have a significant meaning. At these temperatures
the autocorrelation function is not well described by a simple exponential.[73] Analysis with jump models
on temperature dependent neutron scattering data shows relaxation time values of the same order.[47]
Compared to this experiment the here presented results in the mid-temperature phase (150-300 K) are
slightly lower.

In order to understand the molecular order at 300 K, the polar distribution of the orientation
(¢:(t),0:(t)) of all molecules in the cell over the entire simulation time (T) is plotted in Figure IIIL.3.
The distribution is plotted for the 2, 4 and 6-cell. Provided that a sufficiently long simulation time is
taken at 300 K, the polar distributions are independent of the precise starting configuration. Here, MD
trajectories from different starting molecular orderings (A/R) were combined in a single polar plot. The
polar distributions of trajectories starting from the aligned and the three random structures for the 2-cell
have been combined (A+43R). For the 4-cell, the full trajectory starting from the random configuration
and the second half of the trajectory of the aligned starting configuration have been combined (A+R).
This removes the strong artificial bias of aligned ordering. The differences in the distribution between
the 2-cell and the larger 4,6-cells are small. The remaining differences are predominantly related to
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Figure II1.3: (color online) Polar angle distribution of the MA molecules at 300 K in the 2-cell (top),
4-cell (middle) and 6-cell (bottom). The plots show the full rotational space (left) and the down-folded
plot (right) into § of the full space.

Figure I11.4: (color online) From left to right, down-folded polar angle distribution of the MA molecules
at 400, 300, 250, 200, 150, 100 K in the 4-cell.

the insufficient statistics. This means that the effective potential in which the molecules move does not
depend strongly on cell size. (The effective potential can be obtained by a Boltzmann inversion of the
polar distribution.) Combined with the foregoing observation of similar 7,01 times this indicates that the
dynamics of the individual molecules are roughly the same in the 2-, 4- and 6-cell. The polar plots pre-
sented in Fig. II1.3 are in agreement with the 300 K ab-initio/classical MD calculations in Refs. [69, 73],
respectively. The regular pattern in the polar plots shows the presence of cubic symmetry. Therefore we
have down-folded the polar plots into a single octant, shown on the right. The hole in the middle of the
down-folded plot corresponds to the room-diagonal of the Pb-I cube. This orientation is systematically
avoided by the MA molecules. Instead, the preferred direction is close to the face diagonal. The plot
also shows that almost all orientations except the room-diagonal have a fairly high probability. These
results agree with the picture arising from NMR measurements. At room temperature the molecules are
rotating freely in a potential with several preferred high symmetry directions.[46]

When the temperature of the system is lowered, a more anisotropic polar angle distribution appears.
In Figure I11.4 the down-folded polar plots of a 4-cell at temperatures between 400 and 100 K are shown.
When cooling down, the pattern changes from a ring with three spots, to just two spots below 200 K.
We are not able to pin-down the phase transition temperature to the orthorhombic/low-temperature
phase (exp. ~150 K[41]) exactly. Figure III.4 indicates that the low-temperature phase in our supercell
approach is related to the freezing in of the molecules into two preferred orientations in the down-folded
polar plot. The high temperature patterns show a similar polar distribution as the ones calculated by the

62



Dynamics of Individual Molecules

34

© T2
A
0
0 w2 T
mn
4T/e T
© T2 @
e L
0
0 w2 m 32 2n

¢

Figure IIL.5: (color online) Top: Polar angle distribution of the MA molecules at 100 K in the 4-cell.
Bottom: Ideal molecular ordering of the orthorhombic structure with the molecules in the zy-plane (black

circles), the xz-plane (red squares) and in the yz-plane (green triangles) with a % relative orientation.
The down-folded polar angle distribution is included for comparison.

classical MD calculations of Mattoni et al. in Ref. [73]. However, for temperatures below 250 K there are
some differences. The most prominent difference appears at 100 K, where we find two distinct spots in
the down-folded polar plot instead of one. The first and most dominant spot is close to (¢ = Z,0 = 7,),
a direction where the molecules are in the ry-plane and are slightly titled off the face diagonals of the
Pb-1 framework. The second spot close to (¢ = 0,60 = F) is absent in Ref. [73]. What has happened
is more easy to identify in the full polar plot, as shown in Figure IIL1.5 (top). As mentioned before in
the orthorhombic structure (Fig. II1.1) all molecules lie flat in the zy-plane with a ~ 60° angle to their
neighbors and an AFE stacking in the z-direction. These four distinct orientations are presented by
the black circles in the symmetrical polar plot of Fig. II1.5 (bottom). The second spot describes also
such a pattern, but with the molecules in the zz-plane (presented by the red squares). This shows that,
while cooling down the system, we acquired two competing orthorhombic phases (xy and xz, circles and
squares in Fig. IIL.5) in the supercell. This low-temperature phase does not represent the ground state
minimum, but as the result of the rapid cooling rate the system has been trapped in a local minimum. To
avoid confusion we refer to this mixed phase in the supercell as low-temperature phase. We furthermore
note that the condensation into ordered phases with molecules lying in the xy or zz plane occurred even
though we used the pseudo-cubic initial structure.

The general picture that appears in Fig. II[.4 about the transition of the molecular order in the
supercell from the low-temperature (100 K) to the high-temperature (300 K) phase is one of three
competing orthorhombic phases, with molecules in the xy, xz and yz planes. When the temperature
increases, more than one phase can be present and the ideal spots start to blur out. This process goes
on until a closed ring is formed for temperatures > 300 K. Within the available simulation time, we
have not observed a 'pure’ tetragonal phase in the mid-temperature regime. According to the unit cell
of Fig. IIL.1 the tetragonal phase should result in four spots at {¢ = n- 3,0 = T} with n =0,1,2,3.
Therefore our mid-temperature phase is most likely a mixture between the orthorhombic phases rather
than a representative of the tetragonal structure. We return to this point in Fig. I11.2.

At this point we have presented the orientation of the set of all molecules and their average reorienta-
tion times, but we do not know about the order between neighboring molecules. To this end, one needs
to study the correlation between molecules.
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13 Correlation between molecules

In the previous two sections we have described the behavior by averaging over all molecules (Sec. 11)
and the behavior of each molecule individually (Sec. 12). In this section the correlation between the
orientation of a molecule and its nearest neighbors (n.n.) is studied both in time (dynamical correlation)
and on time average (static correlation).

13.1 Static correlation

The dot product between the unitary dipole vectors of molecules ¢ and j
di i (t) = Pa(t) - B, (1), (I11.4)

indicates whether the molecules are parallel (1), orthogonal (0) or anti-parallel (—1) arranged. All other
relative orientations are within the range ([—1,1]). We focus on the orientation of one molecule with
respect to molecules at different distances/directions: |q| = |(k,I,m)|. Here k,I, m are integers (1,...,n
for an n-cell) describing the connecting vector between molecules ¢ and j on a cubic grid. Figure I11.1
shows the time averaged distribution of d;; over the whole trajectory of the MD simulation for the
2,4,6-cell at 300 K. The first observation is that all relative orientations occur in all simulated n-cells.
Secondly, the shape of the distribution, characterized by the positions of the maxima and minima, does
not depend very significantly on the cell size. Uncorrelated dipoles would result in a flat distribution,
therefore some correlation prevails at 300 K. The differences between the 2-, 4- and 6-cell are related to
the limited simulation time for the large supercells. Initially the molecules have a random orientation,
therefore it takes simulation time to bring the flat distribution to the converged attenuated distribution.
For the computationally less expensive 2-cell calculations these results are very close to the fully converged
distribution for |q| = 1 and V2. Note that a combined trajectory of ~ 300 ps corresponding to four MD
runs starting from different molecular ordering (A+3R) were necessary.

In the 1st n.n. shell (|q| = /1) of Fig. III.1, one ’sharp’ peak at d; ; = —1 is observed, here the
molecules are AFE aligned. A second broad peak is found at d; ; = 0.4, indicating a ~ 66° angle between
the neighboring dipoles. Going to the 2nd n.n. shell (Jq| = v/2), a similar pattern is observed, but
mirrored. The sharp peak at d; ; = 1 indicates a FE alignment between a molecule and its 2nd n.n. The
broad peak is also observed, but is now at d; ; = —0.4 indicating a ~ 114° angle. For the 4- and 6-cells,
the third distribution (|q| = v/3) is almost exactly the same as the first. When going even further to the
4th (|q| = v/4) and 7th (|q| = v/8) shells the same pattern prevails. This alternating or 'mirror’ pattern
is not an effect of the supercell size, since it is does not diminish going from the 4- to the 6-cell.

The distributions in Figs. III.1 a-c) show an average over the different directions, all neighbors at the
same distance have been added. This is possible because there is almost no cubic symmetry breaking, as
can be seen in Figs. III.1 d-e). The static correlation along the cubic axis (q,,q, and q,) are shown in
Fig. II1.1 d) and for all face-diagonal neighbors (q,y, dy. and q,, separately) in Fig. III.1 e). The curves
have the same shapes and maxima, but the relative intensity per peak varies slightly.

Analysis of Fig. III.1 confirms the picture deduced from the polar angle plots, that the molecular
ordering pattern at 300 K is a mixture of orthorhombic phases smeared out by the high temperature.
Plots of the distribution in the 4-cell at different temperatures further justify this view. The distributions
for the 1st and 2nd n.n. shell are shown in Figure II1.2. For comparison the distribution in the perfect
orthorhombic and tetragonal cells of Fig. III.1 have been plotted by the solid (black) and dashed (red)
histograms, respectively. When the system is cooled down the sharp AFE and broad ~ 60° orientation
peaks grow in relative intensity. These two peaks correspond to the molecular ordering pattern in the
orthorhombic phase and are the same for the xy, yz and xz-orientations. However, stress between the
different phases in the supercell and the finite temperature can explain the shift and broadening of the
peaks. The ratio between the most and least likely orientation is simultaneously increased from a factor
2 at 300 K to a factor of 25 at 100 K, indicating the freezing in of a fixed ordered pattern going hand in
hand with an increase of static correlation. Again, no clear signature of the tetragonal phase is found in
the 4-cell.

13.2 Dynamical correlation

As a measure of dynamical correlation between the MA molecules, we have calculated the Pearson
correlation coefficient of the 6;(t) trajectories of neighboring molecules. Here we use the square Pearson
correlation coefficient
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Figure III.1: (color online) Static correlation between molecules at 300 K in the a) 1st, b) 2nd and c)
3rd n.n. shells expressed by the distribution of d; j, going from AFE (1]) to FE (1) alignment. The
red/blue/green lines correspond to the 2-cell/4-cell/6-cell, respectively. The three different directions for
the d) 1st (cubic axis) and the e) 2nd (face-diagonal) n.n. in the 4-cell at 300 K. (Integral of the d; ;
distributions are normalised to one.)
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Figure II1.2: (color online) Static correlation between molecules in the 1st (left) and 2nd (right) n.n.
shell of the 4-cell at temperatures between 100 and 300 K expressed by the distribution of d; ;. The
dot product values corresponding to the ideal molecular ordering pattern in the orthorhombic/tetragonal
phase are shown (in arb. units) by the filled/striped histograms, respectively.

with o2 the variance and  the mean of 6(t). It is an estimate of the fraction of the two signals showing
linear correlation. In Figure I11.3 the average values r2 are plotted. This is the average r%ﬁ ; over all pairs
i,j with distance d = |r; — r;| and ranges between 0-100%. 12 ps long trajectories of the 4-cell MD

calculations at different temperatures have been used. Qualitatively the same picture appears when the
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Figure II1.3: (color online) Dynamical correlation between molecules in the first four n.n. shells of the
4-cell at temperatures between 100 and 300K expressed by square Pearson correlation coefficient (r2) for
0:0;, ¢;0; and ¢;¢;. The filled symbols correspond to the 6;0; correlation in the 6-cell. Experimental
phase transition temperatures have been indicated by the dashed lines.

dynamical correlation of ¢;(t) with ¢;(t) (dashed lines) or ¢;(t) with 6;(t) (dotted lines) are calculated.
Random dipoles placed on the 4-cell grid result in a mere ~0.02% correlation. Remarkably, the dynamical
correlation is temperature dependent and, even more remarkably, is independent of the distance, at least in
the 4-cell considered here. This means that the movement of the molecules in the mid-temperature range
is partly a collective motion. A recent Monte Carlo simulation based on a simplified model Hamiltonian of
interacting MA molecules in MAPbBr3 suggested correlation in clusters of 3 neighboring molecules.[92]
We cannot predict an effective rotation cluster size (because of the limited supercell size), but in the
4-cell it seems to be greater than 3. The filled symbols in Fig. IIL.3 correspond to the 6;0; correlation
in the 6-cell. At 300 K the same level of dynamic correlation as in the 4-cell is found, but at 150 K the
value is larger. Presumably this is caused by the very limited simulation time and therefore too short
equilibration time.

14 Discussion

In this next to last section, we would like to hypothesize about the origins of the dynamics of the MA
molecules. J. Li et.al. already referred to it in Ref. [93] as the ’chicken and egg paradox’ present in
this system. Do the molecules determine the rotations of the Pblg octahedra or do the molecules follow
the octahedra? Their conclusion was that the two mechanisms work synergetically. The here presented
results shed new light on this issue from a time and temperature dependent viewpoint. We focus now on
the, at first sight, peculiar temperature dependence of the dynamical correlation in Fig. II1.3. A peak in
the dynamical correlation at finite temperature is unusual. In most cases dynamical correlation decreases
when temperature goes up. For example, the correlation between two next nearest neighboring atoms in
a cubic crystal performing the (very correlated) motion associated to a phonon mode. If the temperature
increases, modes tend to broaden and higher lying modes become occupied. This will lower the dynamical
correlation between the atoms. However in Fig. II1.3, in the low-temperature phase, the molecules do
not posses enough kinetic energy to overcome the potential barrier imposed by the Pb-I framework.
Therefore at low temperatures, where the molecules only oscillate (random thermal motion) around
their equilibrium positions and rotate along the C-N axis, the motion between neighboring molecules
is less correlated. In the intermediate temperature phase the reorientation times (7,01) become finite.
The molecules then have enough kinetic energy to overcome the potential barrier. However, because
neighboring octahedra are rotated with respect to each other in the low and mid-temperature range, the
potential landscape in these phases are expected to be less isotropic compared to the high-temperature
(pseudo-cubic) phase. It is therefore likely that a molecule in the mid-temperature regime can only rotate
if (some of) its surrounding molecules rotate as well. The collective reorientation prevents large stress and
strain interactions with the Pb-I framework. When the temperature is raised (but remaining in the mid-
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temperature regime) more (concerted) reorientation pathways become available and the average level of
dynamical correlation increases. When the temperature is raised even further into the high-temperature
phase the kinetic energy lies above the barriers imposed by the now more isotropic potential landscape
of the cage and the molecules rotate independently. Overall, we suggest that the Pb-I framework is the
mediator here, coupling molecule ¢ with j and not the electrostatic dipole-dipole interaction, which would
be distance dependent.

15 Conclusion

Large supercell ab-initio molecular dynamics calculations of the perovskite solar cell material MAPDI;3
have been performed. The dynamics of the initially randomly oriented MA molecules has been studied and
carefully analyzed with respect to the supercell size. We find that at 300 K the 2 x 2 x 2 (2-cell, 96 atoms),
4 x 4 x 4 supercell (4-cell, 768 atoms) as well as the 6 x 6 x 6 (6-cell, 2592 atoms) supercells result very
similar polar angle distributions of the molecules if the molecular dynamics trajectories are long enough.
However, a small supercell (2-cell) can artificially constrain the dynamics of the molecules, it is more
sensitive to the initial random orientations of the molecules. Therefore either long (> 100 ps) trajectories
have to be calculated or a combination of multiple shorter runs starting from different independent
random starting configurations has to be made. The average reorientation times (7mo1) in the three
supercells are of the same order. The molecules can rotate with a 7,0 time of ~ 7 ps. This is an
upper bound because increased hydrogen masses have been used. The molecules systematically avoid the
room-diagonal orientation and prefer the (slightly tilted off) face-diagonal orientations of the ’'cubical’
Pb-I cage.

At room temperature all relative orientations between neighboring molecules can occur. However,
signs of an ordering pattern related to the orthorhombic structure smeared out by the high temperature
are visible. When the temperature is lowered to 100 K the molecular ordering pattern condenses into
a mixture of orthorhombic phases within the supercell. The dynamical correlation, expressed by the
Pearson correlation coefficient between the 6(t) trajectories of neighboring molecules in the 4-cell, shows,
in the considered temperature range of 100-400 K, a value between 5-15%. A purely random system
of the same size would result in a mere 0.02% correlation. At room temperature a maximum in the
dynamical correlation is observed. In this mid-temperature phase the molecules posses enough thermal
energy to rotate and this process is slow enough to couple to neighbors via the Pb-I cage. The range
of the coupling extends throughout the entire considered supercell. This results in (partially) collective
motion of neighboring molecules driven by stress and strain interactions which are mediated by the Pb-I
framework. The role of intermolecular dipole-dipole interactions is most likely negligible in this process.
At lower temperatures the motions are less correlated, because the molecules randomly oscillate around
their fixed orientations. Also at higher temperatures there is less correlation, because the molecules spin
around freely.
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IV

Finite-temperature structure of the MAPDbDI;
perovskite: Comparing density functional
approximations and force fields to experiment |

Determining the finite temperature structure of the hybrid perovskite MAPDbI;
is a challenge for both experimental and theoretical methods. A very power-
ful computational method that can resolve the atomic structure is molecular
dynamics (MD). The resulting structure depends on the density functional ap-
proximation (DFA) in the case of ab initio MD and the force field in classical
MD. We compare the structure between 250 K and 400 K obtained with differ-
ent DFAs and force fields in one consistent manner. The symmetry of the Pbls
framework is analyzed as well as the relative ordering of the neighboring organic
molecules inside the framework. The distribution function of the molecules is
used to map out an effective energy surface for the rotation of a single molecule.
This surface is accurately modeled by a pair of cubic harmonics. Available
experimental data in literature are discussed and compared to the structure ob-
tained with the different methods. The spread in these data is still too large
to uniquely determine the method that 'best’ describes the perovskite, however
promising candidates and outliers have been identified.

fLahnsteiner J., Kresse G., Heinen J., Bokdam M. Phys. Rev. Materials 2, 073604 Published 16 July 2018



Introduction

Table 3: Experimental measurements of the molecular reorientation time (7) and rotational barrier as
obtained by various experimental techniques.

T [K] Phase time [ps] barrier [meV] method
300K tetragonal 13.8 13.5 QENS [66]

- tetragonal - 101 Permitivity [97]
330K tetragonal  0.463 52 NMR [45]
300K tetragonal 3 - IR [65]
350K cubic 2.72 94 QENS [47]
300K tetragonal 5.37 78 Permitivity [63]
300K tetragonal 1.0 27 IR [64]
289K cubic - 108 NMR [108]

16 Introduction

The stark rise in photovoltaic efficiency of hybrid perovskites and its potential use in very thin, flex-
ible and cheap solar cells has spiked interest in the condensed matter community. The most success-
ful perovskite until now is the Methylammonium Lead-Todide (MAPDbI3). The interesting dynamics of
the molecules in this ionic crystal at finite temperatures and their hypothesized influence on the elec-
tronic properties[74, 62] warrant thorough investigation of its atomic structure. This perovskite system
has already been studied with experimental techniques such as X-ray diffraction (XRD)[41, 77, 94, 95,
96], dielectric spectroscopy[97, 98], infra-red (IR) spectroscopy[65], nuclear magnetic resonance (NMR)
spectroscopy[45, 99] or quasi-elastic-neutron scattering (QENS)[64, 47]. From the theoretical side, exten-
sive density functional theory (DFT) studies have been performed. With ab initio molecular dynamics
(MD) simulations, insight into the finite temperature structure has been obtained[69, 100, 101, 102, 103,
70]. Because of the necessary dimensions of the supercell to avoid spurious interactions and the limita-
tions in computational resources, classical force fields[73, 104, 105] have been designed and parametrized
relying on DFT calculations. Furthermore, the complexity of the material has inspired the construction
of model Hamiltonians[68, 66, 106, 107], describing the interactions of Methylammonium (MA) dipoles
on a grid, in order to determine the essential underlying physics.

Out of all these studies, a general picture arises. The MAPbI3 perovskite adopts a stable tetragonal
unit cell at room temperature (RT), while allowing for considerable movement of the Pb-I framework as
well as the MA molecules. The accuracy of the different experimental methods are, however, limited,
allowing for different interpretations at the level of the Pbl octahedra and the MA molecules orientations.
Firstly, many experiments propose rotations of MA molecules at finite temperature [97, 65, 66, 95, 98],
but the measured speed of this process differs as well as the related energy barriers. At 300 K, the QENS
measured rotational energy barrier for the molecular carbon nitrogen axes (CN-axes) is 13.5 meV and
has a reorientation time of 13.8 ps in the tetragonal MAPDI3 structure[66]. From dielectric permittivity
measurements Onoda-Yamamuro et.al. [97] obtained 101 meV for the rotational barrier of the CN-axes. In
a second work by Onoda-Yamamuro et.al. using QENS, a rotational barrier of 27 meV and a reorientation
time of 1.0 ps was found [64]. Wasylishen et.al. used ?H and * N NMR spectroscopy to determine the
values of the rotational barrier of the CN-axes as 52 meV[45]. The experiment was carried out at 330 K
for the tetragonal MAPbDI3 phase and 0.463 ps was obtained as the reorientation time. IR spectroscopy
measurements were done by Bakulin et.al. at 300 K and they obtained a reorientation time of 3 ps[65].
Chen et.al. used QENS analysis on cubic MAPbI3 at 350 K and obtained 70 meV for the rotational
barrier and 2.7 ps for the reorientation time[47]. These experimental data are summarized in Table 3.
Secondly, there are several experimental studies that obtain the molecular orientations. Measurements of
the second harmonic generation signal at different delay time by Govinda et.al., rule out the possibility
of a transient ferroelectric state of the molecules under photoexcitation[98]. Whitfield et.al. proposes,
based on synchrotron X-ray powder diffraction and time of flight neutron diffraction analysis, that the
MA molecules in the cubic phase are dynamically disordered but prefer to be aligned along the principal
cubic axes [95]. In the work by Weller et.al. powder neutron diffraction analysis is used to determine
that the MA molecules in the cubic MAPbI,; phase also align the MA molecules along the cubic axes
(100) [94]. On the other hand, the work of Franz et.al., where X-ray powder diffraction, neutron powder
diffraction and synchrotron X-ray diffraction was used, reports that the molecules are oriented along the
(221) directions of the cubic lattice[96].

In the present work the atomic structure of the MAPbI3 perovskite is studied in a wide temperature
range around the tetragonal-cubic phase transition by two computational methods: ab initio molecular
dynamics and classical molecular dynamics. Multiple different density functional approximations (DFAs)
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and force fields are analyzed in one consistent manner. Note that the choice of the DFA is a very critical
one. In Ref. [109] we have reported on this issue by assessing the accuracy of different density functionals
compared to accurate many body perturbation theory calculations. In short, the SCAN density functional
was shown to outperform most standard and van der Waals corrected density functionals. Here, we
report on our attempts to find the ’best’” method by comparing calculated physical parameters to the
experimentally obtained equivalents. Out of the molecular dynamics data, we determine the structure
of the Pbl framework by mapping the orientation of the Pblg octahedra onto distribution functions.
Hereafter, a similar procedure is applied to the MA molecules. By a Boltzmann inversion of the MA
distribution function, we calculate an effective energy surface for molecular rotation within the Pb-I
perovskite cage. The corrugation energy for the molecules is then defined as the difference between the
highest and lowest energy on this surface. Note that the experimental rotational barrier will be lower than
this corrugation energy, because multiple reorientation pathways with a lower barrier exist on the surface.
We show that this surface can be accurately described by a pair of cubical harmonics. By averaging over
the autocorrelation functions of each individual molecule we obtain the reorientation times of the MA
molecules. Besides the local orientation of the molecules, also the relative orientation with respect to
the nearest neighbors is analyzed. We will show that the current level of accuracy and consistency in
and between experiments is insufficient to assign a single "best’ density functional or force field for finite
temperature structure calculations of the hybrid perovskites.

The paper is organized as follows: in Section 17 the applied computational methodology is explained.
The structural analysis methods are presented in Section 18. The results of the calculations are presented
in Section 19. These results are discussed and compared to experiment in Section 31. In the last Section
21, we summarize the outcomes in conclusions.

17 Computational methods

17.1 DFT

All the DFT calculations in this paper were carried out using VASP[78, 110, 79] (Vienna ab initio
simulation package). The electronic minimization was computed within the projector augmented wave
(PAW)[80] formalism. The Brillouin zone was sampled using 4 k-points which are set according to the
cubic symmetry of the 2 x 2 x 2 supercell and include the I, R, M and Z points. For the broadening
of the one electron levels we use Gaussian smearing with ¢ = 0.05 eV. To treat the electron-electron
exchange-correlation energy we use several different density functional approximations. The following
DFAs were selected to represent a wide range of commonly used functionals: the local density ap-
proximation (LDA)[24], Perdew-Burke-Ernzerhof (PBE)[111], optPBE (vdW DFT functional based on
PBE)[112], PBE with Grimme D3 vdW correction (PBE-D3)[113], PBE revised for solids (PBEsol)[81],
Tkatchenko-Scheffler with vdW correction (TS)[114] and, a new meta-GGA, strongly constrained appro-
priately normed (SCAN)[115]. The energy cutoff for the size of the plane wave basis set was set to 250 eV
for all functionals except of SCAN, for which 300 eV was used. SCAN uses the kinetic energy gradient of
the wave function and therefore more accurate orbitals are required. These relatively small plane-wave
basis sets are possible, because only the outer shell electrons are treated explicitly for every atom. For
Pb the (6s26p?), for I (5s%5p°), C(2s?2p?), N(2s*2p?) and H (1s?) orbitals are included in the valence
shell of the pseudo-potential. The one electron orbitals are determined and converged until the stopping
criterion (10~* eV) for the self consistent electronic cycle is reached. The effect of spin-orbit coupling on
the structure is negligible[116] and therefore was not included.

17.2 ab initio Molecular Dynamics

After the electronic ground state of a system has been obtained, an ab initio MD trajectory can be
calculated by computing the forces acting on the ions using the Hellmann-Feynman theorem. The Born-
Oppenheimer surface is explored by propagating the ions forward in time with a small time step. The
temperature was maintained during the MD simulations by a Langevin thermostat [82, 117]. The time
step was set to 10 fs for all MD calculations except when the SCAN functional was used; here a time step
of 8 fs seconds was used. The smaller time step for the SCAN functional was used to get higher precision
orbitals within an acceptable number of electronic minimization steps. These relatively large time steps
are possible because the internal degrees of freedom of the MA molecules were constrained. The rotation
of the NHj relative to the CHs group over the C—N bond was not constrained, thereby allowing the
Cj5 rotation of the molecule. To constrain the remaining internal degrees of freedoms, bond lengths
and certain bond angles, the Shake algorithm [118, 119] was applied. This algorithm creates virtual
forces for the desired degrees of freedom to maintain their values during the simulations. Additionally,
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Table 4: Length (in ps) of the continues ab initio MD trajectories and between brackets the parallel
tempering times, for pseudo-cubic 2 x 2 x 2 MAPDbDI3 supercells. The additional parallel tempering
calculations are used for the calculation of the distribution functions.

DFA: 250 K 300 K 350 K 400 K
LDA 600 401 400 400
PBE 200 200 200 200
PBEsol 200 200 200 200
optPBE 375 (450) 200 (450) 200 (450) 200 (450)
PBE-D3 200 (200) 296 (200) 600 (200) 617 (200)
TS 500 (750) 200 (750) 200 (750) 200 (750)
SCAN 230 (264) 220 (264) 204 (264) 207 (264)

increased hydrogen masses of 4 a.u where used. The hereby reduced motion in the system makes the
Shake algorithm converge faster. The increased hydrogen mass lowers the reorientation time by 10%.
This was checked by comparison of two MD simulations with the same starting structure. Keep in mind
that the choice of the starting structure potentially has a more sizable influence on the reorientation
times than the heavier hydrogen masses[101]. As a further validity check, we compared a constrained
MD simulation (Shake algorithm applied) with an unconstrained MD, the hydrogen masses were fixed to
the same value but the time step was decreased to 2 fs. This test made clear that the internal molecular
degrees of freedom do not influence the here presented results at all. The total simulation times are
tabulated for each functional and temperature in Table 4. To improve the sampling efficiency, a parallel
tempering scheme[96] was used additionally for optPBE, PBE-D3, TS and SCAN. For each DFA, four
MD trajectories run in parallel with their thermostats set to 250, 300, 350 and 400 K. During the run,
the temperatures can switch between the trajectories depending on the energy differences, see Ref. [109]
for more details. Parallel tempering was used for the van der Waals corrected functionals, because the
van der Waals forces hinder or slow down the dynamics. The dynamics using the other DFAs is so fast
that it is not necessary to use the parallel tempering approach. The obtained probability distributions
are the same for fixed temperature MDs (provided sufficiently long trajectories are used) as when the
parallel tempering scheme is used. This was checked explicitly for the PBEsol and PBE functionals. The
disadvantage of parallel tempering is that the self correlation times (7) for the MA molecules cannot be
extracted from the autocorrelation function. Therefore >200 ps long NVT trajectories were calculated
additionally.

17.3 Structural Models Considered

The central objects of study in this work are 2 x 2 x 2 supercells of MAPbI3 with pseudo-cubic symmetry.
The imposed lattice constants are adapted from single crystal XRD analysis[41]. The lattice constants
are set to a = b = 6.312 A and ¢ = 6.316 A, therefore our supercells have a small tetragonal distortion
of 0.06%. The volume of a unit cell is V. = 251 A°. According to Wahl et al., the properties of
perovskite systems are very sensitive to the unit cell volume[120]. Our initial calculations showed a
sensitive dependence of the molecular orientation on the unit cell volume. Therefore, additional MD
simulations of cubic unit cells with a smaller volume of V = 245 A” and a lattice constant of a = 6.257 A
were calculated for comparison. This is the equilibrium volume for tetragonal MAPbI3 using the SCAN
functional at room temperature[109].

The considered MAPbDI3 unit cell has 3 - 12 = 36 atomic degrees of freedom. After applying the
constraints to the MA molecules, only 19 degrees of freedom remain. One standardized frozen MA
geometry is used for all MD calculations even though different DFAs are used. This approximation was
checked by calculating the optimal bond lengths and dipole moments of the MA molecule in vacuum
for different functionals. As can been seen in Table 5, the differences in bond lengths between the
various functionals are minor. The intrinsic dipole moment is between 2.1 and 2.2 D for all functionals,
except for the LDA which contracts the C-N bond length too much and thereby reduces the dipole to
2.0 D. The PBEsol optimized molecular geometry is used for all simulations in this work. To obtain a
starting configuration the molecules are placed in the Pbl; framework with random starting orientations.
Hereafter the MD trajectory is calculated and at every time step the geometry is analyzed.

17.4 Classical Molecular Dynamics

Classical molecular dynamics calculations were performed with RASPA 2.0 Molecular Software Package
for Adsorption and Diffusion in (Flexible) Nanoporous Materials[121]. The forces were calculated ac-
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Table 5: Molecular bond lengths (in A) and dipole moments u (in Debye) for the relaxed ground state
structure of the Methylammonium molecule in vacuum as obtained for different DFAs.
DFA: CN CH NH 1
LDA 1.487 1.070 1.063 2.00
optPBE 1.510 1.096 1.062 2.12
PBE 1.511 1.097 1.088 2.17
PBE-D3 1.523 1.098 1.059 2.13
PBEsol 1.500 1.100 1.061 2.17
SCAN 1508 1.093 1.058 2.17
TS 1.511 1.097 1.068 2.17

cording to two different force fields parametrized based on DFT data by Mattoni et.al. [73] and another
one by Handley et.al. [105]. The force fields were implemented in the RASPA code. The simulations
were done in the NVT ensemble. To maintain the temperature a Nose-Hoover thermostat was used. The
time step during the MD was set to 0.5 fs and every 5" step a sample was taken which is equivalent to
taking a sample every 2.5 fs. Before starting sampling, an equilibration period of 5 ps was calculated.
In total 2,000,000 steps were computed without counting the equilibration steps. This corresponds to a
total sample number of 40, 000 steps and a total simulation time (without equilibration time) of 1,000 ps.
For the van der Waals and the Coulomb interactions the cutoff radii were set to 12 A which is slightly
smaller than half of the box size. The electrostatic interactions are calculated with the Ewald summation
method and the precision is set to 107°. The lattice vectors are the same as for the ab initio molecular
dynamics, but larger 4 x 4 x 4 super-cells were used and the constraints on the molecules were omitted.

18 Structure Analysis method

Figure IV.1: The j'* lead atom with surrounding iodine atoms. ¥J denotes the iodine-iodine vectors
defined in positive Cartesian direction v. The Pbl framework creates a cubical cavity in which the MA
molecule reorients. This movement is described by the unit vector p parallel to the C-N axis and is
expressed in spherical coordinates (6, ¢).

18.1 Effective potential energy surface by Boltzmann inversion

The spherical angular distribution function p(6;,¢;) of the vector p describing the C—N axes of the MA
molecule is extracted from the finite temperature MD trajectories. As illustrated in Figure IV.1, # denotes
the angle of p with the Z direction of the coordinate frame, and ¢ is the angle in the Xy-plane, chosen to
be zero when aligned with the X-axes. After assigning the molecules for all time frames to the directions
(0,94), the cubic symmetry of the lattice is invoked to down-fold these spherical distributions onto a single
octant. The same procedure was used in Ref. [101], where it was shown that the dynamical correlation
between the neighboring molecules is low. Here, we approximate the spherical angular distribution
function p(6;,;) to be independent of the other molecules as well as of the cage. Therefore we can
average over all molecules, p(0, ) = % >, p(6;, ;). The probability distribution p(6,¢) for a particular
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molecular orientation can be written as,

6.0) e BE0,9) e~ PBE0,¢) Iv.1)

PV, P) = —Fax = s Nl
I f02 e~PE©.2)dpdh Z

with 8 = @%’ kp the Boltzmann constant, T the temperature and Z the partition function in the

independent molecule picture. The potential energy surface of the molecules is calculated from the down
folded polar distributions by a Boltzmann inversion. The effective energy surface E (6, ) denotes the
energy of a molecule being oriented along a certain direction. Taking the natural logarithm of Eq. (IV.1)
and solving for E(6, @) we obtain

E(0, ) = —ksT (In(p(0, ¢)) — In(2)) . (Iv.2)

This inversion technique determines the energy surface up to an unknown additive constant. This suffices,
since we are only interested in energy differences. In this work, the energy surfaces are defined such that
the minimum value of the energy surface is set to zero.

18.2 Modelling the potential energy surface

To compare the energy surfaces obtained with the different methods, a small set of cubic harmonics
is fitted to the energy surfaces. Since pseudo-cubic cells are used, cubic harmonics posses the correct
symmetry as long as there is no sizable symmetry breaking. The applied cubic harmonic functions can
be written as

filag, oy, ;) = aiai + aiag +a2a?, (Iv.3)
and
folag, oy, ;) = aiaio@. (IV.4)

Here the «a; are the directional cosines of the C—N bond vectors (p). The directional cosines a; are
calculated by

O‘a::f('ﬁv ay:y'f)7 O‘zzif)
The cubic lattice and the Pbls cage impose symmetry on the polar distributions and energy surfaces of
the molecules. The essential symmetry can be captured by a superposition of these cubic harmonics

Efit(p) = C1 [aaoy + aja? + aZaz] 4+ Caataial + Cs. (IV.5)

The potential energy surface imposed by different methods can hereby be reduced to three parameters
C1,Cs and C3. The optimal parameters are calculated by least-square fittings of Eq. (IV.5) to the energy
surfaces obtained from MD simulations. This step was done with the DGLS routine, part of the Lapack
library[122]. In this way the noise, which remains even after the long MD trajectories, is averaged out.

The symmetry of the cubic harmonics terms of Eq. (IV.5) and the high symmetry orientations of
the molecule are graphically represented on the top of Figure IV.3. Depending on the ratio between
Cy and Cs, the maximal corrugation energy (AFE) and the minimal corrugation energy (AFy,i,) can be
calculated. In this model, the height of the potential barrier along the path from the X orientation over
the face-diagonal %(f{ + Z) to the Z orientation is

C
The barrier from the %X orientation over the room-diagonal %(f{ + ¥ + Z) to the Z orientation is
C: Oy
AE, oy, = — + —. Iv.7
o= 3 Ty v.7)
The barrier from the face-diagonal orientation over the room-diagonal to another face-diagonal is
C;  Cs
AE,, sy, = — + —. V.8
TR 12 27 (V.8)

Lastly, when C; and Cs have opposite sign (and Cj is sufficiently large) a saddle point §(C1, Cs) appears
on the surface. The barrier from the face-diagonal orientation over § to another face-diagonal (AE,,_,s)
was determined numerically.
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18.3 Reorientation times of the molecules

For the calculation of the reorientation times (7) of the MA molecules, the autocorrelation function
averaged over all molecules is computed,

r(t—to) = % Z Pi(to) - Di(t). (IV.9)

Here N denotes the number of molecules in the cell and P;(to), Pi(t) are the C—N unit vectors at time
to and t > tg, respectively. The autocorrelation function is obtained by computing a time average of
Eq. (IV.9) over Ny different starting times,

(r(t)) = NLT i r(t— At - ), (IV.10)

with At = ﬁ for Ny > 1. In this work At was set to 100x the MD time step, resulting in one

pico-second. Hereafter, the reorientation times of the molecules are extracted by fitting f(t) = e "¢ to
the autocorrelation function. Since the obtained functions (r(t)) are not simple exponentials, the fit was
made in two steps. First, a fit was made including the entire data range, from this we determined the
half-life period 7 followed by a second fit in the range [0, 7]. This procedure was iterated until convergence
was reached (usually after two iterations).

18.4 Molecular ordering pattern

A statistical measure for the relative orientation of the molecules is obtained by calculating the dot
product between its neighboring molecules,

N
d(t) = %Z > pilt) - ps(t). (IV.11)

i=1 jen.n.

This quantity is calculated for every time step (¢) of the MD trajectory and binned into a histogram,
thereby forming the probability distribution for the relative molecular orientations. This distribution is
computed separately for the first, second and third nearest neighbor molecules j.

19 Results

19.1 Structure of the Pbl; framework

In the MAPDI3 perovskite every lead atom is bonded to six nearest neighbor iodine atoms forming an
octahedron with lead in the center. As illustrated in Figure I'V.1, four iodines lie in the zy plane and two
along the z axes. The Pb-I bond is a mixture of a covalent and an ionic bond. Considering the MA™
molecule as one undividable element in the ABXj3 perovskite structure, the Pb-I bond constitutes the
largest contribution to the cohesive energy of the crystal. The MA™T molecules are only weakly bonded
to the framework and are electronically decoupled from it. A crucial step for the theoretical description
of a material is the choice of an applicable approximation, in this case a density functional or a classical
force field. To asses the different methods we have extracted the I-1 bond vectors (v7) from the MD
trajectories. The I—I bonds are chosen such that in the center of the bonds a lead atom is located, see
Fig. IV.1. The vectors v/, are rescaled to unity as denoted by V. Next they are transformed to spherical
coordinates (67, ¢J) and assigned to a two-dimensional probability distribution. This representation
describes the rotation of an octahedron as a whole. Another possibility is to define lead-iodine bond
vectors and transform them to spherical coordinates. This representation would also be capable to
capture the internal deformations of an octahedron, but has not been pursued in the present work.

As an example of the probability distribution of the I-I vectors, the distribution obtained from a
classical MD trajectory calculated with the Mattoni force field[73] is shown in Figure IV.1(a). It shows
that the I-I vectors point along the Cartesian x, y, z-directions forming a cubic framework. The projection
of spherical coordinates to a rectangular plot smears out the intensity of the 'north and south poles’
(0 £ ) over a large area. Computing the integral around the z,y and z directions shows that all are
equally likely. Because almost perfectly cubic supercells (“pseudo-cubic” from here on) are used, the
probability distribution does not differ between the three different orthogonal I—I vectors associated
with an octahedron. We will therefore zoom-in (throughout this work) on a single square around the
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Figure IV.1: Probability distribution for angles (6, ¢) corresponding to the I-I bond vectors extracted
from (a) an MD trajectory calculated with the Mattoni force field at 350 K and (b) typically optimized
orthorhombic, tetragonal and cubic structures from Ref. [101]. (In (b) only the square area around the
y direction is shown.)

y-direction (see Fig. IV.1(a)) and show the {3 < ¢ < 2%, Z < § < 2'} window of the plot. This zoom-in
functions as a descriptor for the PbI framework are illustrated in Fig. TV.1(b). Here we have analyzed
typical structures obtained by DFT PBEsol optimization of experimental orthorhombic, tetragonal and
cubic unit cells[101]. The XRD experiments indicate that the iodine-iodine vectors form a characteristic
tilting pattern in the zy-plane depending on the temperature[95, 94]. Qualitatively, this tilting pattern is
the same along the x and y directions. When the temperature is increased, a transition from four spots
in the orthorhombic phase, to two in the tetragonal phase and finally to one spot in the cubic phase is
observed. In the orthorhombic structure neighboring octahedra are clockwise/counter-clockwise rotated
in the zy-plane and tilted to the left/right in the z-direction. This results in four spots. The tilting in the
z-direction is removed (or reduced) in the tetragonal phase and two spots remain. In the cubic structure
the rotations are also removed and an, on average, simple cubic framework remains as indicated by just
one spot. We will use these three characteristic distributions as a guideline to determine which structure
is dominating in the MD simulations. But we need to be aware that such an assignment remains very
cursory for the following reasons: (i) all simulations were performed for cubic or close to cubic cells and the
tetragonal distortion was absent. (ii) This implies that tetragonally ordered structures can temporarily
develop with the z, y or z axis standing out. Such patterns might prevail over a substantial simulation
time, but can dynamically change in the course of the simulations from say x to y order. (iii) The
exact nature of the tetragonal phase is still unknown. For instance, it could be either related to a static
tetragonal order, or what we believe is more likely, it could be a highly dynamical phase that fluctuates
between orthorhombic local minima.[109] (iv) Related to these issues, our simulations do not allow us to
define a proper order parameter for the tetragonal phase, for instance, because the ¢/a ratio was kept
fixed.

19.2 Temperature dependence of the Pbl; framework

Figure IV.2 shows the probability distributions of the I-I vectors for the different computational methods
at temperatures between 250 K and 400 K. We first focus on the results obtained at 350 K as shown in
the third row. The different methods display distinct patterns. Since the tetragonal to cubic transition
temperature is ~ 330 K, the simlations should show signs of the cubic phase and the distribution function
must be symmetric around the cubic axes. The XC-functionals PBEsol, LDA, PBE, SCAN, TS and the
Mattoni force field show a clear maximum along the cubic axes. The radius of the circles differ, indicating
differences in the stiffness of the Pbl framework. The smaller the radius, the stiffer the framework. On
average, the I—I bonds appear to be perfectly aligned with the Cartesian axes. PBE-D3 and to some
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Figure IV.2: Probability distribution of angles (6, ¢) of the I-I bond vectors for the different methods in
the temperature range from 250 K to 400 K. The center of each plot denotes the y direction (7/2,7/2).
The lower left and the upper right corner of each square are the (7/3,7/3) and (37/2,3w/2) directions,
respectively. The brighter the color the more frequent the orientation occurs.

extent optPBE show a slightly different pattern, indicating a framework consisting of alternating rotated
and tilted Pbl octahedra. The distribution of the Handley force field shows four distinct sharp spots.
This indicates a very rigid Pbl framework with tilted clockwise/counter clockwise orientations of the
octahedra in the xy-plane.

To study to what extent these methods can describe the cubic to tetragonal phase transition, the
distributions at 250, 300 and 400 K have also been calculated. The columns in Fig. IV.2 show the tem-
perature dependence of the orientational probability distributions of the I-I bonds for every method. As
explained before, we expect some change but due to the deficiencies enumerated above the assignment
needs to be rather cursory. The methods are arranged in four groups according to the stiffness of the
framework and the shape of the distributions. If the method is able to describe the cubic to tetragonal
transition, we expect to see a reduction of symmetry of the distribution (1 — 2 spots) at some tem-
perature between 400 to 250 K. The first group consists of PBEsol, LDA and PBE. This group shows
deformed circularly shaped distributions around the principal axes and a stiffer framework compared
to the remaining XC-functionals. The second group containing SCAN and TS shows softer framework
bonds and circular distributions for temperatures above 250 K. The third group consists of optPBE and
PBE-D3, they tend to avoid the directions along the principal axes. This behavior is more pronounced
with decreasing temperature, especially for PBE-D3. The force fields make up the fourth group and show
the stiffest description of the framework. Mattoni shows circular spots for all temperatures, whereas the
Handley force field shows a “transition” not observed with any of the DFAs. Comparing Fig. IV.2 with
Fig. IV.1(b) one can interpret the SCAN and PBE distributions at 250 K and the optPBE at 300 K as
tetragonal like patterns. An orthorhombic like pattern can be seen in the four spots of the PBE-D3 and
optPBE distributions at 250 K.

19.3 Potential energy surface of the molecules

After having characterized the structural degrees of freedom of the Pbl framework, we turn our attention
to the MA™ molecules. The orientation of all molecules are extracted from the MD trajectories, and the
potential energy surface as a function of the molecular orientation is calculated by a Boltzmann inversion
of the distribution function. The raw potential energy surfaces are shown in Figure IV.3 (2°¢ row). Cubic
harmonic functions (Eq. IV.5) are fitted to them and the resulting model potential energy surfaces are
shown in the 3" row. The model consists of two cubic harmonic terms (C1 and C9), with characteristic
symmetries as illustrated in the legend of Fig. TV.3 (top) and an offset (C5). Depending on the sign,
the C; term suppresses or enhances the face diagonal (zz,2y,yz) and room diagonal (zyz) orientations
of the molecule in the cubic PblI cage. The Cs term only affects the room diagonal (zyz) orientations. A
linear combination of the two accurately describes the original MD surfaces as is verified by calculating
the Pearson-correlation coefficient between the two, see Tables 13 & 14 of the Appendix. As rule of
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Figure IV.3: Effective potential energy surfaces of the MA™ molecules for different DFAs and force fields
at 350 K. 15* row: (From left to right) The high symmetry orientations, cubic harmonic functions fi, fo

and two linear combinations of them. 279 row: Energy surfaces at V = 251 A? obtained by Boltzmann
inversion of distribution function p(f, ). 3¢ row: Fitted energy surfaces at V = 251 A’ 4th row:
Fitted energy surfaces at V = 245 A’

thumb, correlation values above 0.9 indicate that the simulated data is well described. All obtained
fitting parameters for the different methods and temperatures are documented in Tables 15 and 16 of
the Appendix.

We focus now on the model results obtained at 350 K as shown in Figure IV.3. At this temperature
the system is cubic and the molecules can preform complete reorientations since the minimal corrugation
energy (AFEmin) on the potential energy surface is of the order of ~ %ka. Depending on the symmetry
of the surface, AFy,;, can be any of the four barriers expressed by Eqs. (IV.6-1V.8) and AE,, ;. The
darker blue areas in the energy surface plots indicate the more likely molecular orientations. At this
temperature all orientations occur during the MD, but some occur more often than others. The PBEsol
functional tends to orient the molecules along the face diagonals zy, xz and yz as does the LDA, PBE,
SCAN and the TS functional. This symmetry of the potential energy surface is captured by the sign of
(4. Since C7 < 0, the barrier between an axes orientation and the face diagonal (AE,_,,) is negative,
as can be seen in Eq. (IV.6). In the second category with C; > 0, to which PBE-D3, optPBE as well
as the Mattoni force field belong, the MA molecules are primarily directed along the principal axes x,y
and z. The Handley force field is an outlier, its shows a almost flat energy surface, which favors the
room diagonals zyz and slightly disfavors the principal axes orientations. Table 6 shows the maximal
(AFE) and minimal (AEy,;,) corrugation energies for the different XC-potentials and temperatures. AE
is defined as the difference between the extrema of the fitted energy surfaces. AF is slightly decreasing
with temperature, making it easier for the molecules to undergo reorientations. At the same time, the
framework becomes more flexible at higher temperatures. At 350 K and 400 K the corrugation energies
for the different DFAs differ only slightly. At 350 K all, with the exception of two, methods show
AF,in ~ 13 meV and AFE ~ 43 meV. The PBE-D3 functional constrains the molecules more and the
Handley force field shows a significantly flatter surface. The temperature has no effect on the dominant
symmetry of the energy surface, the preferred orientations remain the same.

The volume of the supercell has a large effect on the potential energy surface. Supercells with only

a 2.4% smaller volume (245 AS) can already have different preferred orientations for the molecules, as
shown in the last row of Fig. IV.3. By contracting the cell, LDA and PBE show a slight preference for the
molecules to be oriented along the principal axes. The SCAN and the TS functional are now aligning the

molecules along the principal axes. The other methods do not switch the preferred orientations for the
C

molecules. The potential energy surface for the SCAN (V = 245 Ag, € =1) calculation, is very similar

a

to the tetragonal (V = 245 A’ e = 1.01) calculation presented in Ref. [109]. The effect of the tetragonal

a
distortion is that a higher fraction of the molecules align along the x, y axes compared to the z axes[109].
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Table 6: Reorientation times 7 (in ps) and the minimal (AFEy,,) and maximal (AE) corrugation energies
(in meV) of the effective potential energy surfaces of the MA molecules in MAPbDI;.
T 250 K 300 K 350 K 400 K
PBEsol 18 14 50 8.1 15 50 7.2 14 43 3.8 14 42
LDA 12 17 48 5.5 17 48 4.1 13 43 24 14 43
PBE 19 12 55 7.3 15 54 7.2 14 447 4.2 12 45
SCAN 9 10 48 5.2 10 41 3.5 8 35 22 9 34
TS 99 11 61 14 10 59 14 9 50 5.1 10 47
optPBE 52 20 67 31 20 62 10 14 51 6.0 13 44
PBE-D3  ** 56 78 47 48 7419 55 7% 9.6 49 75
Mattoni 1.9 17 38 1.3 19 33 1.0 23 34 0.7 25 34
Handley 1.6 19 19 14 16 16 0.9 12 12 0.5 14 14

19.4 Reorientation times of the MA molecules

In Figure IV.4, the autocorrelation functions (r(¢)) calculated from continues MD trajectories are shown.
The reorientation times were determined by fitting e+ to the autocorrelation functions as described in
Section 18. Table 6 shows the reorientation times for the different functionals and temperatures. The
stars denote that the MD simulation became trapped in a local minimum and therefore the reorientation
time can not be determined. For a free rotator with a fixed center of mass, the reorientation time 7 scales
with the temperature as % As expected, the reorientation times decrease with increasing temperature,
but do not scale as for the free rotator. Only for the Handley force field, this model results in a fit with a
low rms error, consistent with the previously observed flat potential energy surface. Some irregularities
are observed in the PBE and TS reorientation times. One possibility is that the randomized starting
configurations influenced the reorientation time. This can occur even for reasonably long MD trajectories
of a 2 x 2 x 2 supercell, see for more details Ref. [101]. The system can become (temporarily) trapped in
a phase where the 4-fold rotation about an axis perpendicular to the C-N bond is suppressed.

19.5 Relative orientation of neighboring molecules

In the cubic MAPDI; crystal, every MA molecule is surrounded by 6 nearest neighbors (n.n.) molecules,
12 second n.n. and 8 third n.n. Figure IV.5 shows the relative ordering of the molecules with respect to
the neighboring molecules (d; ;) in the different shells for the two different volumes. The distributions
are calculated using Eq. (IV.11) at 350 K. A parallel/anti-parallel orientation of two molecules yields
d = 1/-1, respectively, and an orthogonal configuration yields d = 0. In all graphs, the red line shows
the ordering with respect to the first n.n., the green line to the second n.n. and the blue line to the third

SCAN —
Handley —
Mattoni —

<mol(t)>

0 10 20 30 40 50 60
tps]

Figure IV.4: Autocorrelation functions (r(¢)) of the MA molecules at 350 K for different DFAs and force
fields.

78



V=251 A3

V=245 A3

1]

|2, —

'y

—1Sth.n. — PBEsol

3 nn —
é\ T 1 é

[y

T

probability
|

(]

{

o
0]

probgblllty
(@]

o
L5
1
ol
(&)
O_
O_
()]

Results

Figure IV.5: Probability distributions of relative molecular orientations (d; ;) at 350 K. The left column

corresponds to a unit cell volume of 251 A® and the right column to 245 A®. Three different nearest neigh-
bor shells are shown: 1% (red), 2"¢ (green) and 37¢ (blue). Note the different scales for the probability

axes for the force fields compared to the DFAs.
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Table 7: (H—I and H—I hydrogen bond lengths and their variances for various functionals and temper-

atures. Units for bond lengths is A and the variance (¢2) in units of A%

T PBEsol LDA PBE SCAN TS optPBE PBE-D3 Mattoni Handley exp.[96] | exp.[94]
mean | o2 | mean | o mean | o mean | o2 | mean | 02 | mean | o mean | o2 | mean | 02> | mean | o mean mean
~H=1 ] 250 K 2.75 0.05 2.72 0.05 2.75 0.05 2.79 0.05 2.79 0.05 2.78 0.05 2.81 0.04 2.83 0.07 2.63 0.09
300 K 2.76 0.05 2.73 0.05 2.77 0.06 2.81 0.06 2.81 0.06 2.81 0.05 2.81 0.05 2.85 0.07 2.65 0.09
350 K 2.77 0.06 2.74 0.06 2.79 0.06 2.82 0.06 2.82 0.05 2.81 0.06 2.82 0.05 2.87 0.07 2.68 0.10 2.84 3.12
400 K 2.79 0.07 2.75 0.06 2.80 0.06 2.83 0.06 2.82 0.06 2.83 0.06 2.82 0.06 2.89 0.08 2.69 0.10
cH-1] 250 K 3.24 0.05 3.24 0.06 3.21 0.05 3.20 0.05 3.23 0.04 3.19 0.04 3.15 0.04 3.23 0.04 2.87 0.07
300 K 3.22 0.06 3.22 0.06 3.19 0.05 3.20 0.05 3.22 0.05 3.18 0.05 3.14 0.04 3.22 0.05 2.87 0.08
350 K 3.21 0.06 3.21 0.07 3.18 0.05 3.19 0.05 3.20 0.05 3.17 0.05 3.13 0.05 3.21 0.05 2.86 0.08 3.09
400 K 3.19 0.07 3.19 0.07 3.18 0.06 3.19 0.06 3.19 0.06 3.16 0.05 3.13 0.05 3.20 0.05 2.85 0.09

n.n. shell. Extending the simulation time indicates that the results are well converged. Note that there
is only one third n.n. for every MA molecule in the 2 x 2 x 2 super cell, therefore the distribution shows
more noise.
In the calculations with the pseudo-cubic volume of 251 A3, a trend in the relative ordering patterns
is observed. This trend has the same order of the functionals as in the effective potential energy surfaces.
Both PBEsol and LDA show an alternating pattern for the different n.n. shells. The first and third n.n.
distributions are, within the statistical uncertainty, the same and the second is a mirror image of the
first. The peaks in the distribution for the first and third n.n. correspond to an anti-aligned or an 60°
configuration. The peaks for the second n.n. are at a 140° or an aligned configuration. The distributions
for PBE, SCAN and TS look similar, but the third nearest neighbor shows a small deviation from the
more perfect alternating n.n. probability distribution. PBE-D3 and optPBE show a different relative
ordering and do not show an alternating behavior at all. This is consistent with the potential energy
surface which shows a different symmetry. The distributions of the different shells are almost the same
and show, compared to the other functionals, a strong preference for orthogonal relative orientations.
When the volume of the cell is reduced to 245 A® only small changes are observed in the distributions
for the first and second n.n. shell. However, the ordering in third n.n. shell is strongly affected. In the
most volume sensitive case, PBE-D3, the third n.n. order almost exclusively parallel and anti-parallel,
while the first and second n.n. order orthogonal to the central MA molecule. Its potential energy surface
shows that the eight molecules in the supercell prefer to occupy the six +x, +y, £z axes orientations
with equal probability. Since the barriers between these states are high at this volume the system is
frustrated. The small volume reduction has almost no effect on the force fields.
more uniform compared to the DFAs; in agreement with the calculated ”flat” potential energy surfaces.

19.6 Todine-hydrogen bond analysis

The distributions are

The lack of chemical bonding of the MA™ molecule to the Pbl framework makes that iodine-hydrogen
bonds have an important influence on the molecular order[123, 89, 93]. The hydrogen atoms of the
CH3—NH3Jr molecules can bond weakly to iodine atoms. To analyze these bonds at finite temperature,
the hydrogens are assigned to two groups throughout the MD trajectory. The first group contains the
carbon-hydrogens (-H) and the second nitrogen-hydrogens (H). Next the distance of each hydrogen is
computed to the closest iodine atom. The three shortest (H—I and H—I distances are then assigned
to histograms shown in Fig. IV.6. An approximately Gaussian probability distribution for the iodine-
hydrogen bonding lengths is found. The average value and the variance of those distributions are shown
in Table 7. The difference of the average values between the different functionals is very small and
there is no clear trend visible with respect to the functionals. This also holds for the variance. For all
functionals the (H—I bonding length is increasing with temperature whereas the -H—I is decreasing with
temperature. This indicates that the molecules connect with the nitrogen side to the iodine atoms via
hydrogen bonding. At higher temperatures the hydrogen bonding weakens and the molecules will move
more to the center of the Pbl cages. The (H atoms remain closer to the iodines in agreement with the
higher electronegativity of the nitrogen atom. The force fields are able to reproduce the temperature
trend suggested by the ab initio simulations. However, the average values of the Handley force fields are
significantly shorter and the Mattoni force field shows too long \H—I bonds.

20 Discussion

In this section the structural parameters calculated with the different computational methods are com-
pared to available experimental data. We study which calculated structural properties can act as effective

selection criteria to determine the most accurate computational method(s) for MAPbDI;.
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Figure IV.6: Probability distributions for the shortest -H—I (left) and (H—I (right) bonds at 350 K for
various XC-functionals and force fields.

20.1 Structure: Pbl; framework and MA orientations

From many experiments, it is known that the perovskite has cubic symmetry above ~ 330 K and that the
framework (at least on time-average) should be aligned with the principal axes[41, 77, 94, 95, 96]. This
means the orientational distributions of the I—I vectors in the framework should resemble symmetrically
smeared spots, where the radius of smearing indicates the stiffness of the framework. The tetragonal phase
is stable from ~ 160 K to ~ 330 K and the Pbl octahedra show clockwise-counterclockwise rotations
resembling a Pbl zigzag pattern in the zy-plane[95, 94, 96]. In the probability distributions for the
framework shown in this work, this agrees with spots left and right of the y-direction. Below ~ 160 K the
perovskite possesses the orthorhombic structure which shows a 3-dimensional zigzag pattern in and out of
the zy-plane [95, 94]. In the framework probability distributions this would result in 4 spots distributed
around y direction. These three typical structural characteristics are shown in Fig. IV.1(b).

In all calculations the volume of the supercell has been fixed at the experimental volume at 400 K.
When comparing this description to the obtained I-I distribution functions of Fig. IV.2, it is clear that
at 350 K LDA, PBE, PBEsol, SCAN, TS, optPBE and the Mattoni force field describe the perovskite
framework in agreement with experiment. However, LDA, PBEsol, TS and the Mattoni force field do not
show a sign for a transition to a different phase when the temperature is decreased. The optPBE functional
does show a sign, however a pattern resembling the orthorhombic phase starts building already at 250 K.
The remaining functionals, SCAN and PBE, are able to describe the cubic phase but also show the zigzag
pattern of the Pbl octahedra in the tetragonal phase when the temperature is lowered. According to
experiment the tetragonal phase should already be observed in the simulations at 300 K. However, since
the lattice constants are kept fixed during all our simulations, the onset of the cubic to tetragonal phase
transition is likely to be shifted in temperature.

The experimentally observed MA™ orientations in the high temperature (~ 350 K) pseudo-cubic
phase from three different sources are illustrated in the polar plot of Figure IV.1. In the work of Franz et

/2K Xy ]

Xyz

Z

)
Figure IV.1: Experimental orientations found by Whitfield et al. [95] and Weller et al. [94] (red squares),

Franz et al. [96] (green triangles) and Kawamura et al. [124](turquoise circles). The labels indicate the
high symmetry directions in the reduced polar distribution.
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al. the molecules are shown to have a preference for a tilted of room diagonal orientation. None of
the here shown methods show a preference for this orientation. At the same temperature, Whitfield et
al. [95] and Weller et al. [94] observed that the molecules preferentially align along the Cartesian axes.
For the simulations done at 251 A3 only PBE-D3, optPBE and the Mattoni force field are in agreement
with this experimental observation. By decreasing the unit cell volume to 245 A3 also SCAN and TS
are preferentially aligning the molecules along the principal axes. And Kawamura et al. [124] observed
molecules orienting along the face diagonals for the cubic phase. This is in agreement with the results
obtained by the non van der Waals DFAs for the simulations in the cubic volume. The large spread in
the experimental data suggest that a common experimental consensus is still missing.

20.2 Energy and time related to M A reorientation

According to the here used definition of the maximal corrugation energy (AFE) it is an upper bound to
the rotational barrier for the molecules. The barrier is a statistically averaged rotation of the molecule
over all pathways on the energy surface, connecting the initial with the final state, that are accessible
at the considered temperature. However, this is not the only complicating factor, when comparing
rotational barriers measured in experiment (see Table 3) with the barrier heights calculated in this work
(see Table 6). The spread in the values among the different experiments is much larger than the spread
for the different DFAs. This is not only due to the different experimental and sample conditions, but
also due to the different underlying models used to extract a barrier from the experimentally recorded
signals. All of the computational methods show corrugation energies (see Table 3) of roughly the same
magnitude. Only PBE-D3 functional and the Handley force field can be considered to be outliers, because
the corrugation energies are too large or too low, respectively. A very similar and closely related problem
appears when comparing the reorientation times (7) of the molecules. In the experimental data for the
tetragonal structure at 300 K, a spread in the data from 0.5 ps to 14 ps is reported. The spread in the
reorientation times obtained from the MD calculations at 350 K is of the same order. By comparing
the MD data with the experimental data at 350 K, we see that the PBE-D3 functional (19 ps) differs
the most from the experimental value of 2.7 ps. By comparison, SCAN fits best to the experimental
reorientation time.

The experimentally measured hydrogen-iodine bond lengths (yH—I, ;H—I) are included in Table 7.
Comparing with the experimental work of Franz et al.[96] at 350 K, all density functionals and the Mattoni
force field yield shorter (H—I and larger ~H—I bond lengths. Weller et al. [94] reports a change in the
nH—TI bond lengths depending on the temperature: 2.61-2.81 (100 K), 3.15-3.18 (180 K) and 3.12-3.52
(352 K). The spread between the experimental data at 350 K is too large to make a best choice between
the methods. The Handley force field does not give a correct description of the hydrogen bonding in the
perovskite. According to the 0 K DFT structure optimization work of Li et al. hydrogen bonding is well
described by PBE in hybrid perovskites[93]. All methods show approximately the same increase in (H—I
as function of temperature as PBE, except for PBE-D3. We speculate that the thermal motion of the
Pbl framework and the MA molecule softens the hydrogen bonding and this contributes to an effective
potential surface which allows reorientation of the MA molecules even at room temperature.

21 Summary and Conclusions

A comparison of ab intio and classical molecular dynamics methods applied to the hybrid perovskite
MAPDI; was presented. Based on one consistent structural analysis, various density functional approx-
imations (DFAs) and force fields were compared to experimental data. Currently, the spread in the
experimental data is too large to uniquely determine the most accurate computational approach for this
highly dynamic ionic crystal. However, promising candidates and outliers have been identified.

The Pbl octahedra create a cavity for the molecules to move in. By calculating the distribution
function of the Pbl octahedra orientations at temperatures between 250 K and 400 K, we have shown
that the PBE and SCAN functionals show changes in the structure that can well be related to the
experimentally observed phase transition from the cubic to the tetragonal structure. For other DFAs, the
evidence is less conclusive. PBEsol and LDA show no clear cut structural change upon cooling, whereas
for the optPBE and PBE-D3 (and to some extent TS) the order increases, but the observed ordering
rather points to an orthorhombic-like instead of tetragonal order. As eluded to in the main text, there
are caveats to this statement. Since tetragonally distorted unit cells have not been considered, and since
the simulation times are still short— albeit quite long by usual first principles standards — we are left
with somewhat unambiguous results. In future, one would certainly like to reinspect the present results
with larger unit cells, even longer simulation times, and variable cell shape simulations. Whether this will
be feasible with first principle techniques in the near future remains, however, somewhat questionable.
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Concerning the orientation of the MA molecules we have made the following observations. The
effective potential for the molecular orientation (obtained by Boltzman inversion) can be accurately
modeled by a linear combination of only two cubical harmonics. In the cubic phase at 350 K, all here
considered DFAs and force fields show an effective potential energy surface and reorientation time for
the MA molecules consistent with rotational freedom. The maximal corrugation energy lies between
30-50 meV, and the reorientation time lies between 4-14 ps. The van der Waals corrected PBE-D3
functional is the only exception yielding 76 meV and 19 ps. This seems fairly large and not quite
consistent with most experimental findings. All DFAs agree that the molecules avoid a C-N orientation
along the room diagonal. Whether the face diagonal or the principle axes are preferred, however, depends
on the functional. In the high temperature cubic phase, the simple local and semi-local functionals prefer
orientations along the face diagonals, whereas optPBE and PBE-D3 orient the molecules preferably along
the principal axes.

A greatly troublesome outcome of our work is that the volume of the simulation cell can quite dras-
tically change the results. In the present work, we have used two volumes for our simulations, the
experimental volume of the high temperature cubic phase and the optimal volume of the tetragonal
phase as predicted by the SCAN functional[109]; this corresponds to a 2 % volume change. For the
SCAN and optPBE functional, this 2 % volume change changes the preferred C-N orientation of the
molecules from along the principle axes to along the face diagonal. These observed changes upon a small
volume decrease clearly imply that significant attention needs to be paid to the considered volumes. It
also means that even in the experiment the molecules might change their preferred orientation between
the lower volume tetragonal phase and the larger volume cubic phase. That such a small change of the
volume can have such a drastic effect on the order of the molecules is unheard of, and requires a careful
re-evaluation of simulations performed in the past.

Returning to the molecular order, we have also investigated the relative order of neighboring molecules.
In particular at higher temperature (350 K), the molecular orientations are fairly random with a modest
long range order. At the lower volume, the PBE-D3 and optPBE functionals lead to a more pronounced
long range order than functionals without vdW corrections. This is in line with what one would expect
and correlates with the slower reorientation time of the molecules for vdW functionals.

Finally, let us briefly comment on the available classical force fields. Neither the Mattoni et al. nor
the Handley et al. force fields yield results that are close to any of the considered DFA functionals. Both
yield a very rigid PblI framework. Additionally, the Mattoni force field shows (in the here chosen setup of
fixed lattice vectors) no sign of a phase transition; the PbI bonds are always aligned to the principle axis.
The Handley force field does yield a transition, most likely to the orthorhombic phase around 350 K. For
the orientation of the MA molecule, the Han91dley force field shows no preferred order and resultantly
a free rotator behavior with far too short reorientation times. The Mattoni force field performs better,
but the reorientation speed is still too fast compared to the DFAs. Clearly the present force fields for
MAPDI; are not satisfactory, and improvements are called for.

Taking all things together, our conclusion is that the PBE and SCAN functionals are showing a very
reasonable performance in line with the experimental data. However, we have given PBE a somewhat
unfair “bonus” here: the simulations were done at the experimental volume, although PBE predicts far
too large volumes. Given the large volume sensitivity discussed above, we can not predict how PBE would
perform had we adopted the theoretically optimized volume. This leaves SCAN as the best choice for MD
simulations, and we recall that the SCAN functional predicts a tetragonal instability at temperatures close
to the experimentally observed cubic to tetragonal transition temperature[109]. A final word of caution
needs to be made concerning the PBE-D3 functional. As clearly shown in Fig. IV.3, the molecules are
very immobile even at 350 K in the cubic structure. Also there is hardly any structural change for the
Pbl framework between 400 K and 250 K. We feel that this is not in agreement with the experimental
data, but due to the large spread in 91the outcomes of the different experimental works, it is difficult to
make a final judgment.
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V

Phase Transitions of Hybrid Perovskites
Simulated by Machine-Learning Force Fields
Trained on the Fly with Bayesian Inference!

Realistic finite temperature simulations of matter are a formidable challenge
for first principles methods. Long simulation times and large length scales are
required, demanding years of computing time. Here we present an on-the-fly
machine learning scheme that generates gorce fields automatically during molec-
ular dynamics simulations. This opens up the required time and length scales,
while retaining the distinctive chemical precision of first principles methods and
minimizing the need for human intervention. The method is widely applica-
ble to multielement complex systems. We demonstrate its predictive power on
the entropy driven phase transitions of hybrid perovskites, which have never
been accurately described in simulations. Using machine learned potentials,
isothermal-isobaric simulations give direct insight into the underlying micro-
scopic mechanisms. Finally, we relate the phase transition temperatures of
different perovskites to the radii of the involved species, and we determine the
order of the transitions in Landau theory.

tJinnouchi R., Lahnsteiner J., Karsai, F., Kresse, G., Bokdam M., Phys. Rev. Letters 122, 225701 Published 7 June
2019,
(Application of the on-the-fly machine-learning force field to the MAPbI3 perovskite and determining the mechanism of
the phase transitions)



On-the-fly machine-learning force field

22 Introduction

Predicting the finite temperature properties of materials from first principles (FP) has always been a
dream of materials scientists but it has hardly been achieved except for the simplest of solids. The main
obstacle is that the required system sizes and simulation times are simply not attainable using standard
FP techniques. Training force fields using machine learning (ML) techniques is an obvious solution
to the problem. However, what has prevented ML from being widely applied is the construction of
suitable reference structures. In conventional approaches[125, 126], training structures are selected using
chemical intuition, FP calculations are performed for them, and machine-learned force fields (MLFF)
are fitted. Later, when the user realizes that structures outside the present training set need to be
included, additional structures are added, and the force field is retrained. This is a time-consuming
trial and error process often taking months for a single material, and it is practically untraceable for
multielemental complex materials. On-the-fly machine learning has been suggested as an alternative
possibly reducing human intervention[127, 128]. The prime progress in the present work is that the
predicted (Bayesian) error is used to decide whether FP calculations are required or can be bypassed.
We put our generally applicable algorithm to the test by applying it to a puzzling material exhibiting
very fast hydrogen dynamics, as well as very slow rotational dynamics. The on-the-fly ML allows us to
predict phase diagrams with FP quality, with so far unprecedented efficiency.

We have chosen hybrid perovskites as a first application of our scheme, because the slow rotational
dynamics of the molecules makes straightforward FP molecular dynamics exceedingly time consuming.
Furthermore, hybrid perovskites possess a huge scientific and technological potential. Methylammo-
nium (MA)PbI; is a promising solar cell material[37, 129, 130] with a high charge-carrier mobility[49].
Many experimental and theoretical studies have been performed on its atomic structure and dynami-
cal properties[131, 64, 77, 124, 41, 95, 63, 45, 47, 50, 73, 101, 109, 132] and they have revealed that
experimentally this material exhibits two entropy-driven phase transitions from an orthorhombic to a
tetragonal phase at 160 K, and from a tetragonal to a cubic phase at 330 K. Estimates of the transition
temperatures from FP have not been reported to date and are elusive to be obtained using standard FP
techniques alone, owing to the fact that the transitions are entropy driven. Although in the orthorhombic
phase the molecules and the cage are essentially frozen, in the cubic phase the MA molecules and the
cage reorient rapidly exploring a large phase space. Moreover, recent theoretical studies[132] indicate
that the available semiempirical force fields are not accurate and that only few fairly expensive density
functionals describe the instabilities of the cage and the interaction between the molecules and the cage
with sufficient accuracy[109].

23 On-the-fly machine-learning force field

For the description of the machine learned potential energy surface, we use a variant of the Gaussian
approximation potential (GAP) pioneered by Bartok and coworkers[126]. In GAP, the potential energy
U of a system with N, atoms is described as a summation of local atomic potential energies U;,

Na N, Np
U=>Ui=> Y wi,K(X;,X;p). (V.1)
i=1 i=1ig=1

Each U; is expressed as a linear combination of the kernel function K (X;,X;,) and weight factors w;,.
The kernel measures the similarity between the local configuration around atom ¢ and the reference
local configuration ig. For the descriptor X; and the kernel K, we adopted a variant of the Smooth
Overlap Atomic Positions (SOAP)[133] (see Supplemental Materials (SM)[134]). Equation (V.1) allows
to describe the energy, forces and stress tensor (EFS) for a given structure as ¢w. Here, w = {w;,}
and ¢ is a matrix containing K (X;, X;;) and its derivatives with respect to the coordinates and lattice
vectors. Similarly, the EFSs on all training structures can be summarized as ®w, where ® collects ¢ for
all training structures. The parameters w and the uncertainty o in the predicted EFS are simultaneously
determined to reproduce the FP EFSs using the Bayesian theorem [135] as and weight factors w;,. The
kernel measures the similarity between the local configuration around atom 4 and the reference local
configuration ig. For the descriptor X; and the kernel K, we adopted a variant of the Smooth Overlap
Atomic Positions (SOAP)[133] (see Supplemental Materials (SM)[134]). Equation (V.1) allows to describe
the energy, forces and stress tensor (EFS) for a given structure as ¢w. Here, w = {w;,} and ¢ is a
matrix containing K (X;,X;,) and its derivatives with respect to the coordinates and lattice vectors.
Similarly, the EFSs on all training structures can be summarized as ®w, where ® collects ¢ for all
training structures. The parameters w and the uncertainty o in the predicted EFS are simultaneously
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Figure V.1: The error in the force field during the first pico-second of the on-the-fly simulation. The
predicted (Bayesian) error for the unitless force (provided by Eq. (V.3)) closely resembles the real error.
A part of the structure at 0 and 0.24 ps is shown on top. The hydrogen atom that exhibits the largest
real and predicted errors at 0.24 ps is drawn as a red sphere, and the H-I bonds shorter than 3.6 A as
red/gray lines. The simulation is executed on MAPbI; at 450 K.

determined to reproduce the FP EFSs using the Bayesian theorem [135] as
w=[1/02 +®T®/02] ' ®TY /02, (V.2)

o =01+ [1/02 +7®/5%] " ¢. (V.3)

The FP data of the training structures enter in the vector Y. I is the identity matrix. The parameters
02 and o2 are determined to balance the accuracy and robustness of the MLFF using the evidence
approximation [135]. The on-the-fly scheme has been integrated within the VASP code [79, 110] (section
A in SM[134]).

24 Computational methods

The actual training was performed using a state-of-the-art metagradient corrected functional [115] and
running extensive FP simulations in all three experimentally known phases using 2 X 2 x 2 unit cells[134].
To determine whether FP calculations are required, the Bayesian error Eq. (V.3) is used (see Fig. V.1). If
the error is above a certain threshold, adjusted also on the fly, FP calculations are performed as indicated
by the white circles. The FP data are used to refine the force field at the MD steps shown as black dots.
In this manner, if the system stays in a local minimum, most FP calculations are bypassed, but after
reordering of the Pbl cage or the MA molecules FP calculations are performed as illustrated in Fig. V.1.
The efficiency of the on-the-fly learning is demonstrated by the fact that during the training 99 % of
the FP calculations are skipped reducing the computational time by almost a factor of 100 even during
learning. This enables us to extensively explore the phase space involving slow molecular reorientations
in the Pbls framework occurring on a ps timescale. The generated regression model predicts energies,
forces and stress tensors with near-FP quality of 2.6 meV /atom, 0.07 eV /A and 0.82 kbar, respectively
(Section C in SM[134]).

25 Results

In Figure V.1(a), we show the simulated lattice constants of MAPbDI;3 as a function of the temperature and
compare them with experiment[95]. For this simulation 4 x 4 x 4 unit cells were used (for determination of
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Figure V.1: Phase transitions of MAPbI5. (a) Simulated lattice constants compared to experiment. (b) A
power law, (T, —T)??, fitted to the simulated and experimental tetragonal distortion, (¢ —a)/c, where T,
and (3 are the transition temperature and the critical exponent, respectively. (c) Three-dimensional polar
plots of the probability distributions of the MA molecules (C-N bond orientation) at various temperatures,
ranging from 200 K to 400 K. (d) Schematic representation of the three MAPDI3 phases as obtained by the
MLFF. Experimental data shown in (a) and (b) are taken from Ref. [95], and vertical orange and yellow
bars indicate the orthorhombic to tetragonal and the tetragonal to cubic phase transition temperatures,
respectively.

lattice constants see section D in SM[134]). The constructed force field accurately reproduces the structure
of all three phases. An analysis on the tetragonal distortion, (¢ — a)/¢, shown in Fig. V.1(b) allows us
to pinpoint the tetragonal to cubic phase transition temperature at 353 K. The critical exponent of 0.24
agrees well with the reported experimental results of 0.22-0.285[95] and a theoretically expected value of
1/4 for a tricritical point on the basis of Landau theory. A careful free energy umbrella sampling[136]
analysis (details in the SM[134]) was used to determine the transition temperature of 215+10 K between
the orthorhombic and tetragonal phase. Furthermore, for the orthorhombic to tetragonal transition, the
change of the entropy at this phase transition is 1.3+0.6 kg per MA molecule agreeing reasonably with
the experimental value of 2.3 kg[64]. The theoretical results compare well with the available experimental
data and are in essence only limited by the accuracy of the density functional.

Contrary to experiment, our simulations readily provide atomic-scale insight into the entropy-driven
phase transitions. As a first step, we have analyzed the orientation of the molecular C-N axis. Fig-
ure V.1(c) shows three-dimensional polar plots of the probability distribution of the molecular orientation
in the Pbls framework at 200-400 K. In the orthorhombic phase at 200 K, the polar distribution exhibits
two specific orientations predominantly along the z- or y-axis. In this phase the molecules are frozen,
and their orientation alternates only spatially. In the tetragonal phase at 250 K, the molecules are also
canting in +z and —z direction out of the xy-plane, so that eight lobes are visible. It should be noted that
our previous FP MD simulations did not describe the molecular order in the tetragonal phase accurately
at lower temperatures either because of the short simulation time or the fixed volume[109]. In the present
simulations, at 250 K the short range molecular order is consistent with the order shown in the snapshot
of Fig. V.1(d) for the tetragonal phase. Between 300 and 350 K a spherical probability distribution
gradually develops, indicating that the molecules continuously obtain additional rotational freedom close
to the tetragonal to cubic phase transition. In the cubic phase at 400 K, the molecules realize a nearly
free rotation, whereas in the tetragonal phase, the molecules exhibit hindered reorientations. Specifically,
at 350 K we predict a reorientation rate of 6.4 ps (Section F in the SM [134]) agreeing well with the
experimental results of 1.0-5.4 ps at 300-350 K[64, 63, 47].

To obtain more insight on the atomic scale mechanism of the phase transitions, we performed simula-
tions on 4 X 4 x 4 unit cells using a slow heating rate of 0.5 K/ps. Even with state-of-the-art massively-
parallel computers such a simulation would take several years using FP techniques alone. To unravel
the microscopic mechanism of the phase transition, we introduce order parameters denoted as O (octa-
hedron) and M (molecular) as sketched in Fig. V.1(b). The vector O measures the angular correlation
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Figure V.1: Dynamics of MAPbI3 and CsPbl; lattice upon heating/cooling MDs at a rate of 0.5 K/ps.
Lattice constants (a) and order parameters (b) provided by the heating simulation for a 4 x 4 x 4 unit
cell of MAPbI3. The black dashed line in a indicates a switch from the orthorhombic to tetragonal repre-
sentation. The bond vectors used in the order parameters are sketched in the inset. (c¢) Simulated lattice
constants for a 6 X 6 x 6 unit cell of CsPbls compared with experiments of CsPbls. Results for heating
are shown using colored lines, whereas results for cooling are shown using gray lines. Experimental data
shown in (c) are taken from Ref. [137]. (d) Phase transition temperatures of perovskites in dependence
on the Goldschmidt tolerance factor. The circles and triangles represent the data for various ABXj3
perovskites. Lattice and order parameters for these perovskites are presented in the SM[134]. (e) Sketch
of the thermal radius (r4) of the cation.

between adjacent Pblg octahedra along the x-, y- and z-axis and resolves the ordering of the frame. O,
for example, approaches unity when adjacent octahedra along the z-axis are tilted in the same direc-
tion, while it approaches zero when adjacent octahedra are tilted oppositely. Similarly, the vector M
measures the angular correlation between adjacent MA molecules and resolves the molecular order[134].
Figure V.1 (b) shows that below 220 K adjacent octahedra are tilted in the same direction along the
z-axis, while they are oppositely rotated in the xy-plane. A corresponding trend appears in the molecu-
lar order parameter. This is the typical pattern of the orthorhombic phase as illustrated in Fig. V.1(d).
Between 220 K and 270 K, thermal fluctuations allow the molecules to reorient, and the three elements of
the molecular order parameter gradually merge to 0.5, which corresponds to the 90-degree angle between
neighboring molecules in the tetragonal phase. The octahedral order parameter changes rather abruptly
to the tetragonal pattern after the transition in the molecular order parameter has finished (drop of OY
in Fig. V.1(b) at 270 K). These results clearly indicate that the transition of the Pblg octahedra occurs
after the reorganization of the molecules has completed, in other words, the molecules seem to inhibit the
transition. The exact same trend is observed in a constant temperature MD at 220 K shown in Section
D in the SM[134].

All in all, our simulations suggest that the orthorhombic to tetragonal transition is first order. The
transition region in Figs. V.1(a) and (b) is a result of the still fairly fast heating compared to experiment
and slow dynamics of the MA molecules. The second transition from the tetragonal to the cubic phase,
however, is continuous, since the lattice parameters and order parameters evolve smoothly. This also
agrees with the reversibility, i.e. upon cooling the cubic to tetragonal transition is readily observed (see
Fig. D1 in the SM[134]) and the hysteresis between heating and cooling is small.

The phase diagram of MAPDI3 is well known experimentally. In order to test the methodology for a
less well-studied material, we move to CsPbls, where the experimentally observed phases strongly depend
on the process of heating and annealing as well as sample preparation, and thus, their interpretations
are still controversial[137, 138]. Figure V.1(c) shows the simulated lattice constants as a function of the
temperature. The force-field generation and MD simulations are described in the SM[134]. Our MD
simulations show two now clearly continuous phase transitions between orthorhombic and tetragonal at
403+13 K, and between tetragonal and cubic at 550+5 K. These transitions are also fully reversible
and are observed both under heating (shown as colored lines) and cooling (shown as gray lines). The
simulated lattice constants agree well with the experimental results reported by Marronier et al.[137]
The difference between MAPbDI3 and CsPblj is related to the slow, extra rotational degrees of freedom of
the MA molecule, which become accessible only in the tetragonal and cubic phases, whereas for Cs only
lateral rattling movements become progressively more pronounced upon heating.

Although both perovskites exhibit similar crystallographic structures, the transition temperatures
of MAPDI3 are significantly lower than those of CsPbls. In order to better understand the origin of
this difference, we further extend our on-the-fly scheme to other inorganic perovskites ABXs5 (A=Cs
or Fr, B=Pb, and X=I, Br or Cl). Comparison of the transition temperatures with the Goldschmidt
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tolerance factor[? |, t = (ra + rx)/(V2(rpy + rx)), indicates that the different transition temperatures
relate reasonably well with the size of the ions. Here, 74, rpp and rx denote the ionic radii of cation
A, Pb and halogen X, respectively. The determination of these radii is described in Section G in the
SM[134]. Figure V.1(d) illustrates that the transition temperatures of the hybrid perovskites decrease
with increasing tolerance factor. This trend can be explained by the mechanism described below. The
calculated tolerance factors of the inorganic perovskites indicate that the PbXg octahedra need to tilt
in order to allow the formation of multiple bonds between the cation A and the halogen X. Without
tilting, the Pb-halogen distance (rpp + rx) is too large compared to the optimal cation-halide distance
(ra +rx). The prediction is consistent with the fact that all six perovskites exhibit the orthorhombic
phase at low temperature. The situation, however, changes with rising temperature. The effective radius
of the cation A increases by thermal fluctuations (as schematically shown in Fig. V.1(e)) and the tilting
of the octahedra becomes unnecessary. Thus, the phase transition occurs. The necessary amount of the
thermal fluctuation depends on the radii. The larger the cation A or the smaller the halide X radius,
the smaller is the necessary fluctuation. Therefore, the transition temperatures decrease with increasing
tolerance factor.

26 Summary and conclusion

In summary, we have shown here that the combination of FP calculations with on-the-fly ML has the
potential to lead to a paradigm shift in the modeling of complex materials at finite temperature. On-the-
fly ML enables an exceedingly efficient sampling of structures over a large phase space with very little
human intervention. Our scheme is straightforwardly applicable to complex multielemental materials and
can be easily applied to other materials science problems such as ionic diffusion or catalytic reactions.
For hybrid perovskites, we obtain excellent qualitative agreement with experiment as well as useful new
insights. We observe the temperature driven transition from the orthorhombic, over the tetragonal to the
cubic phase to be omnipresent in Pb-perovskites. However, MAPbDI3 is in fact unique with a first-order
orthorhombic to tetragonal phase transition, related to the unfreezing of the molecular rotational degrees
of freedom.
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Long-range order imposed by short-range
interactions in methylammonium lead iodide:
Comparing point-dipole models to
machine-learning force fields '

The crystal structure of the MAPbDI; hybrid perovskite forms an intricate
electrostatic puzzle with different ordering patterns of the MA molecules at el-
evated temperatures. For this perovskite three published model Hamiltonians
based on the point-dipole (pd) approximation combined with short-range effec-
tive interactions are compared to a recently developed machine-learning force
field. A molecular order parameter is used to consistently compare the transfor-
mation of the anti-ferroelectric ordering in the orthorhombic phase upon raising
the temperature. We show that the ground states and the order-disorder transi-
tion of the three models are completely different. Our analysis indicates that the
long-range order in the low-temperature orthorhombic phase can be captured
by pd-based models with a short cutoff radius, including the nearest and next-
nearest neighbor molecules. By constructing effective atomic interactions the

ordering can already be described within a 6 A radius. By extracting the cou-
pling energetics of the molecules from density functional theory calculations on
MA,Cs;_,Pbl; test systems, we show that the pd-approximation holds at least
for static structures. To improve the accuracy of the pd-interaction an Ewald
?ummation is applied combined with a distance dependent electronic screening
unction.

fLahnsteiner J., Jinnouchi R., Bokdam M., Phys. Rev. B 100, 094106 Published 12 September 2019
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27 Introduction

The finite temperature structure of the promising Methylammonium-Lead Todide (MAPbI3) hybrid per-
ovskite solar cell material is characterized by a vast number of accessible macro-states related to the
orientational degree of freedom of the Methylammonium (MA) molecule. Above ~ 333 K, a cubic crystal
structure is formed by Pblg octahedra enclosing MA molecules. Below ~ 150 K, an orthorhombic lattice
is formed, with molecules in a long-range ordered pattern. The MATPb?**I; system is held together
by a mixture of covalent and ionic bonds, whereby the MA molecule is chemically decoupled from the
PbI framework. Weak (hydrogen, van der Waals) bonds link the MA molecule to the framework[123, 88,
89, 93], and the intrinsic dipole moment (|p|) of the molecules couples them, even more weakly, to each
other[74]. There is a large spread in the reported MA preferred orientations as well as in their rotation
barriers (10-100 meV), see Ref. [132] and references therein. On one thing all seem to agree, at room
temperature and above the molecules show entropic disorder[63] in their orientations. It is imMetropo-
lis:jocp1953portant to understand the ordering pattern (or lack thereof) of the MA molecules, since the
orientation of the molecules are connected to various physical effects (screening, charge localization, po-
larons, Rashba) which affect electronic device properties[74, 139, 140, 141, 142, 62, 143, 144, 145, 98].
Previous first-principles based molecular dynamics (FPMD) calculations have indicated that a soft long-
range ordering pattern between neighboring MA molecules remains at room temperature [101, 132]. This
order is a remnant of the highly ordered molecular pattern in the low-temperature orthorhombic phase.
This order has been well resolved in experiment and is sketched in Figure VI.1. This pattern also shows
the lowest energy in DFT calculations[83, 84, 85, 86, 88, 101]. However, the length and time scales
required to model the finite temperature structure occurring in real devices exclude a straightforward
application of FPMD methods. Therefore effective model Hamiltonians that describe the potential en-
ergy surface of MA molecules on a lattice could be of great help in understanding the local structure
at defects[146] and domain boundaries[147]. The presence of the reorienting molecules makes it difficult
to apply models used for other perovskites, like BaTiO3[148]. Therefore point-dipole (pd) based model
Hamiltonians[68, 66, 149, 92, 106, 107, 150, 151, 147], a rigid rotor cluster expansion[152] and classical
force fields[73, 105] have been designed. Often pd-models have been constructed in such a way that
the heat capacity as function of temperature and/or phase transitions resemble experimental data. In
some cases the coupling energies of certain inter-molecular ordering patterns have been fitted to DFT
energies calculated for (relaxed) surrogates of the structure at different temperatures obtained from the
experiment[131, 64, 77, 41, 124, 95]. The local microscopic structure is in most experiments only observed
on a time and space average. These surrogates show dynamic instabilities that manifest themselves as
imaginary phonon frequencies in FP calculations[58, 153]. This indicates that the higher temperature
crystal phases are possibly entropically stabilized. When many different mirco-states of the molecular
orientation are accessible, the related gain in entropy can shift the Gibbs free energy of the system such
that the tetragonal and cubic phases are stabilized under certain temperature and pressure conditions.
In this work, we compare the inter-molecular structure at elevated temperature described by three
recently published pd-based models[68, 66, 107, 106] to a highly accurate machine learned force field
(MLFF)[154]. The MLFF has the advantage that it learns on-the-fly during FPMD and generates
ensembles that are practically indistinguishable from FPMD at much lower computational cost. By
Monte Carlo calculations we study the change of this ordering pattern for the different models when
the temperature is slowly raised. We show that the models have completely different ground states as
well as excited states. Only one of the three considered models (Model III [106]) shows similar phase

e ./ 2

Figure VI.1: The low temperature orthorhombic structure of MAPbI5 in the i) point-dipole model, ii)
monopole model and iii) the machine-learning force field. Arrows indicate the point-dipoles p, and their
monopole based equivalents are shown by the black & white circles. The low temperature orthorhombic
structure of CsPbI3[138] is shown in the last figure.
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Model Hamiltonians

transitions as the MLFF. With DFT calculations on cubic MA,Cs;_,Pbls supercells we demonstrate that
the pd-approximation of the MA molecule has a limited accuracy. By summing the dipole-dipole (d-d)
electrostatic energy by means of an Ewald sum and by introducing a distance dependent model screening
function we improve the accuracy. We show that the d-d coupling effectively splits the degeneracy of
the states imposed by the short-range part of the Hamiltonian. These short-range interactions are the
dominant energetic terms as can already be inferred from the experimentally observed long-range order
in the low-temperature structure (Fig. VI.1). The molecules do not display a ”striped” configuration
(anti-ferroelectric aligned columns of head-to-tail dipoles) as would be expected for pure d-d interactions,
but rather close to orthogonal orientations. Our analysis indicates that essence of this long-range order
can be reduced to effective interactions within a 6 A radius.

This paper is organized as follows. In Section 28 we introduce the different model Hamiltonians,
followed by a description of the applied Monte Carlo strategy and computational details in Section 29.
The results are presented in Section 30 and, for readability, split into several subsections. The paper is
closed with a discussion in Section 31 and its conclusions are summarized in Section 32.

28 Model Hamiltonians

Several model Hamiltonians describing the interactions of MA dipoles on a grid have been proposed in
the last five years[68, 66, 149, 92, 106, 107, 150, 151, 147]. In these models an effective Hamiltonian splits
the total interaction energy of all N molecules in the cell in a short-range framework-dipole interaction
and a long-range dipole-dipole interaction: H = Hg, + H),. The interaction terms are often very similar in
these models, therefore we will limit the analysis to three representatives. For the models here considered
(hereafter referred to as, I[68, 66], I1[107], III[106]), the long-range part (H),) is based on the electrostatic
interaction energy of two point-dipoles

p? 1 .. PRV
U(pi, pj nij) = — (Pibj — 3(Di - 1) (P - Nyj)) VL1
(Pi, Py, i) dree, T?j (PiD; (Pi - ;) (D - 1yj)) ( )

where p; and p; denote unit dipole vectors at different lattice sites. The distance between the dipoles is
given by 7;; = |n;j|, and n;; = n;;/|n,;| is the unit displacement vector. The total long-range energy is
then calculated by a sum over all neighbors within the interaction radius (r.) and then summed over all
lattice sites,

N
Hy, = %Z > U(pi, pjnij).- (VL2)

1=1j€re
All dipoles have the same dipole moment |p|, but the relative permittivity ¢, and the long-range cutoff
(r.) depend on the model. In model II the Ewald summation technique is used to compute Hj,. In
the three models, the prefactor in Eq. (VI.1) is treated as an effective coupling constant for which an
optimally tuned value is used. These values can be compared by &, when we define the dipole moment
of the MA molecule to 2.29 D[68]. This results in el =1, el =0.73, Il = 1.5.

The short-range interaction (Hg,) is differently modeled in models I, IT and III. In model I, it is
described by a linear pair potential,

1 N

i=1 jENN

where the first sum runs over all lattice sites and the second sum over the nearest neighbors (NN). The
parameter K = 25 meV approximates the strain on the framework and favors the parallel arrangement
of dipoles. Both models II and III use a penalty potential of the form,

N
1 L
Hg/m D) Z Z 9 (Pi, Pj) - (VL4)

i=1 jENN

The strength of the penalty depends on the relative orientations of NN molecules as sketched in Fig-
ure VI.1. In model II, two interaction modes are described: the pair of molecules lies "flat” in a common
plane [(p; X Pp;) -11;; = 0] and (i) they are orthogonal and one of them points to the neighbor in the pair,
then g(1,+) = —60 meV, or (ii) they are pointing in the same direction, then g(1,1) = —35 meV. For
all other NN configurations that can occur, g = 0 meV. Model III, also describes only two pair modes,
but these modes are more restricted: the pair of molecules lies orthogonal to each other in the xy-plane
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X 7z

Figure VI.1: Point-dipole model on a cubic lattice with interaction radius (r.). The pair-modes assigned
in models II and IIT together with the corresponding penalty potentials g (p;, p;) (in meV) are sketched
on the right. The lower lying layer, into the paper z-direction, is colored in blue.

and one of them points (i) to the neighbor in the pair, then g(1,+) = —43 meV, or (ii) away from the
neighbor in the pair, then g(,—) = —13 meV. As before, for all other nearest neighbor configurations
that can occur, g = 0 meV. We note that the explicit preference for the xy-plane breaks the cubic sym-
metry of the Hamiltonian. In reality upon cooling from cubic to the orthorhombic phase, the molecules
can condense in any of the cubic planes.

In regard to the short-range interaction of Eq. (VI.4) we would like to mention the thorough work of
Li et.al., who have systematically analyzed the ”pair-mode” concept based on 4 x 4 x 4 supercell DFT
calculations[150]. The pair-modes used in models IT and IIT also appear in their study as low energy
configurations.

29 Computational details

Monte-Carlo method. All the model Hamiltonians are evaluated by Monte-Carlo methods based on the
Metropolis-Rosenbluth algorithm [33]. 16 x 16 x 16 dipole grids based on a cubic lattice (a = 6.3 A) using
periodic boundary conditions were simulated. The starting configuration is a minimal representation of
the molecular order in the experimental low-temperature (orthorhombic) structure. It solely consists out
of x and y axes orientated molecules as sketched in Fig. VI.1, and the next plane in z direction has
the same orientations anti-ferroelectrically aligned. Starting from the same configuration we calculate 20
Markov chains in parallel. The random number generator is initialized differently for every core to obtain
different trajectories. Every chain equilibrates the system at the desired temperature by calculating
4 x 105 MC steps and then produces 25 equidistant samples spaced by 10 - 163 MC steps. Hereafter
the temperature is increased by 10 K and the system is equilibrated again. This procedure is 60 times
repeated, thereby raising the temperature from 0 to 600 K. Statistical averages are calculated over the
chains. This setup has been carefully tested and shows converged order parameters.

Model T maps the orientational freedom of the dipoles on 26 discrete cubic orientations: 6 x [1,0,0]
(axes), 12x [1,1, 0] (face diagonal) and 8 x [1, 1, 1] (room diagonal). To avoid a bias for an orientation, we
have weighted the chances in the Monte Carlo steps accordingly. Models IT and IIT are more restrictive
and allow only for the six cubic axes directions. The cutoff-radii for the long-range interaction were set

I _

as in the respective publications, ie. 7} = 3a, 7!!! = 2a. For model II the Ewald technique as presented

in section 7 is used instead of the real space summation.

Density Functional Theory. For the first-principles calculations we use a plane-wave basis and the
projector augmented wave (PAW) method[34] as implemented in the vAsP code[78, 79, 80]. For the DFT
calculations on the MA, Cs;_,Pbl; test systems, the PBE (Perdew-Burke-Ernzerhof)[111] functional and
standard VASP pseudo-potentials are used with a 400 eV energy cut-off for the plane-wave basis. Gaussian
smearing with o = 0.05 eV is used to broaden the one-electron levels. The Brillouin zone is sampled by a
2 x 2 x 2 I'-centered Monkhorst-Pack grid. The Kohn-Sham orbitals are updated in the self-consistency
cycle until an energy convergence of 1076 eV is obtained. 2 x 2 x 2 CsPbl; super cells were constructed
out of cubic unit cells with lattice constant a = 6.3 A. On two sites, Cs atoms are replaced by Methy-
lammonium (CH3NHs) molecules. All positions are kept fixed at their high symmetry cubic sites. The
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Figure VI.1: (a) Molecular order parameter (M) and fractional occupancy of orientational states as
function of temperature for models I-III. Systems (I-IIT) are initialized at 0 K in state My = (0.5, 0.5, 1)
and the true ground state ordering is indicated by Mggs. (b) The squares show the average order M
obtained in constant temperature molecular dynamics (MD). (¢) Three-dimensional polar distribution of
the molecular C-N axes at three different temperature regimes in the MD.

central molecule is rigidly rotated in spherical coordinates around the center of the C-N bond. No ionic
relaxation was performed in these test systems.

Molecular Dynamics. The machine-learned force field (MLFF) of MAPbI;3 as presented in Ref. [154]
is used to generate MD trajectories. The MLFF was trained on-the-fly during FPMD calculations with
the SCAN (Strongly Constrained Appropriately Normed) [115] exchange-correlation functional, as its
relative total energies agree well with many-body perturbation theory calculations in random phase
approximation[109]. The MLFF approach has the advantage that it speeds up the MD by three orders of
magnitude, while retaining near FP accuracy. Note that the finite temperature structure of MAPbI3 ob-
tained with the MLFF is in excellent agreement with traditional FPMD [101, 132]. Further computational
details are presented in Ref. [154]. Here we have calculated a 600 ps long trajectory for a 4 x 4 x 4 supercell
(768 atoms) in the NPT ensemble. The temperature was linearly increased from 100 to 400 K using a
Langevin thermostat[82]. Since the heating trajectory shows signs of hysteresis, we have calculated the
averaged molecular order parameter on constant temperature MDs. In these calculations snapshots of
the heating run were equilibrated for 0.2-1.2 ns, depending on the crystal phase and temperature.

30 Results

The results of this study are presented in four subsections. We start by introducing an order parameter
for the molecules that is used to compare models I-ITI with MD. Hereafter we study the working of the
short-range and long-range interactions separately.

30.1 Molecular Order Parameter

In order to straightforwardly compare the ordering patterns of the MA molecules we calculate the molec-
ular order parameter as briefly presented Ref. [154]. We assume an integer cubic grid q = (4, j, k) of
dimensions N = N, x N, x N, that has on each site a unit vector pq describing the orientation of the
MA molecule. The order parameter, M = (M* MY, M#), is then defined as

N

1 P
Z arccos (Pq - Pg+ne ), (VL5)
q

M® = —
Nm

where n® is the displacement vector to the neighboring site in the Cartesian direction «. Typical order

parameters in the three different crystal phases are:

Mortho = (03, 03, 1)
M;etra = (0.5,0.5,0.53) (VL6)
Mcw, = (0.5,0.5,0.5).
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Figure VI.1: Probability distributions of the relative molecular orientations (d; ; = p; - P;) in the first
(axes), second (face diagonal) and third (room diagonal) nearest neighbor shells at 400 K. The MD
distributions at 300 and 350 K are shown additionally.

These values agree well with the experimental structures as long as the temperature is not too close to
the phase transition temperature[154].

30.2 Molecular ordering at finite temperature

To compare the ordering patterns of the dipoles imposed by the model Hamiltonians, we have calculated
large finite temperature ensembles by slowly heating up the experimental low temperature molecular con-
figuration by Monte Carlo simulations. In the first row of Figure VI.1(a) the change of the order parame-
ter (M) during heating is shown. The initial structure for the models is described by Mip;, = (0.5,0.5,1).
Myt is the closest equivalent of M no described with only axes orientations of the molecules. Models I
and II already break down this structure at 0 K by exothermic steps, indicating it is not the true ground
state (GS). Model IT switches directly to its GS, which is an anti-ferroelectric (AFE) striped pattern,
M2, = (0,0,1). Model I exhibits a kinetic barrier from M,y — MLg = (0,0,0) and reaches it only
partially at 75 K. The cubic symmetry breaking (indicated by different components of M) observed at
low temperature is an artefact. Its GS is the fully polarized state with molecules ordered along one of the
room diagonal (xyz) orientations. Model III retains the initial ordering at low temperature and shows a
gradual transition involving two steps to a cubic-like phase. The different behavior of model I compared
to IT and IIT does not come as a surprise, its Hamiltonian has cubic symmetry and has no short-range
interaction that can stabilize ”flat” molecular orientations in the zy, xz or yz planes. Models II and III
do have such interactions, imposed by favoring certain pair configurations. In model II, these pairs are
counted for independently in which plane they lie, therefore the observed symmetry breaking is imposed
by the initial structure only.

The second row of Fig. VI.1(a) shows the fractional occupancy of each quantized molecular orientation.
Model I distinguishes 26 orientations, model IT and IIT only 6 orientations. These different degrees of
freedom cannot be compared directly, but do give an intuitive picture of the structure as function of
temperature. At high temperature all orientations become equally occupied. Note here that there are
eight room diagonal orientations (xyz), compared to four face diagonals (xy) and two azes (x) orientations,
therefore these directions are weighted accordingly. To build a model that describes all three crystal phases
by their typical molecular orientations, one minimally needs the axes basisset. The expected occupancy of

the orientations would then be for orthorhombic: (%, %, 0), tetragonal (%5, 12;5, 0) and cubic: (%, %, %)
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Using the order parameter as a common reference framework, we compare the models (Fig. VI.1 a)
to the MD results (Fig. VI.1 b) in order to find the best working model. Both models I and II show
different ordering compared to the MD already at 0 K. Their GS ordering patterns (ML ¢, ML) are
totally different compared to Mortho. Model T does not mimic an orthorhombic/tetragonal to cubic phase
transition, but shows a gradual changing ordering pattern with cubic symmetry. In model II, the barrier to
leave the GS is roughly 300 K. The resulting transformation is manifested as a first-order phase transition
(evidenced by a discontinuity in the first derivative of the order parameter) to the cubic phase. Model
IIT shows qualitatively the best comparison with the MD. While heating up, the system undergoes two
transitions at approximately 150 and 300 K. This is in agreement with the phase transitions obtained
from peaks in the calculated heat capacity[106]. Similarly, the MD shows two transitions at 200 and
350 K. Each transition decreases the molecular order and brings it closer to Mcyp,. Furthermore, it has
the correct GS (Mipit). Still important differences between model III and the MD remain. Within the
applied temperature window Mg, is not reached, and both transitions are of second order. This is at
odds with experimental data indicating a first order phase transition followed by a close to tri-critical
transition[95]. Interestingly, when turning off the long-range d-d interactions, model IIT breaks Mip;t
down to M., at low temperature, even though the pair configurations only favor the zy-plane and can
perfectly form the initial molecular order. We come back to this stabilizing effect in Section 30.3.

Model III can capture the essence of the long-range order in the low temperature orthorhombic
phase, although it fails to reproduce the more detailed molecular orientation. These orientations are
illustrated in Figure VI.1(c) by the three-dimensional distributions of the molecular C-N axis calculated
from MD. An iso-surface shows the outer shell of this distribution. The three different temperatures
show the typical orientations of the molecules in the three phases. These missing orientations are also
important to describe the probability distributions of the relative molecular orientation (d; ; = p; - P;)-
In Figure VI.1 we see that all models show more structure at 400 K compared to the almost flat MD
distributions. Furthermore, the MLFF captures the soft ordering that remains at room temperature and
above, consistent with previous FPMD calculations[101]. In the first NN shell there is a broad peak at
d; ; =~ 0.5 and in the second at d; ; =~ —0.5 and so on. When using the axes basisset, both relative
orientations are mapped to d; ; = 0. Expanding the basis with the face- and room-diagonal orientations
would allow us to reach a qualitative description for these relative orientations. To get realistic microscopic
structures one would have to include the dominant orientations as they occur in the MD.

30.3 Splitting of degenerate ground states by dipole-dipole interaction

In oder to clarify the origin of the long-range order, we analyze the short- and long-range interactions
on the molecular orientations. As shown in Section 28, the short-range interaction is the energetically
dominant term in all model Hamiltonians I, IT and III. It is build up of NN pair interactions, and its
ground state (GS) can be studied on a 2 x 2 x 2 cubic grid with periodic boundaries. Using only the 6
azes orientations we have calculated the total energies of all 68 possible ordering patters. To illustrate the
spread of these levels we have plotted the density of states (DOS) in Figure VI.2. We can roughly assess
the influence of including the dipole-dipole coupling by calculating the NN interactions. In models II and
III this increases the energy difference between the ground- and highest energy state (AE), whereas it
is unaffected in model I. More importantly, many of the degenerate states are split, thereby raising the
total number of different energy states (V). This also holds for the states occupied at room temperature
(roughly those between 0-25 meV). In this small system with only NN interactions we can determine the
GS exactly; model I shows a fully polarized state with multiplicity (2) of 6, and model II shows an AFE
striped pattern also with 2 = 6. Both GSs are different compared to the low temperature experimental
ordering pattern of Fig. VI.1. We have summarized the characteristics of the models in Table 8, and we
will now discuss model III.

In Figure VI.3, eight out of a total of 2 = 1024 possible ground states of only the short-range
interaction (Eq. (VI.4)) as parameterized in model IIT are sketched. The most in-plane polar states
(highlighted in purple) that alternate between (1,1) and (—1,—1) polarized layers is the expected ordering.
The inclusion of NN dipole-dipole coupling splits the degeneracy of the GS and brings its multiplicity
down from 1024 — 32. It couples the layers in the z-direction to each other and enforces their AFE
ordering. Still all states of Fig. V1.3 and further symmetry equivalents are possible ground states. If the
cutoff radius of the d-d interaction is extended to include the next NN (r. = v/2a), the GS of Fig. VI.3
splits into three energy levels. Whereby the (1,1) state is the new GS with Q = 8, followed in energy by
the (1,0) and (0,0) state. This means that d-d interaction in model III stabilizes the long-range ordering
pattern to M = (0.5,0.5,1) and makes it the GS. Note that including only NN coupling would enable a
checkerboard pattern of the different orderings (shown in Fig. VI.3) at low temperature.

We now turn the problem around and use the unscreened long-range energy (H,, €, = 1), to analyze
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Figure VI.2: Density of states (DOS) of models I-IIT on a 2 x 2 x 2 cubic grid with only azes orientations
including periodic boundaries with (turquoise) and without (black) NN dipole-dipole coupling. The
ground state energy is set to zero. Gaussian smearing (¢ = 0.5 meV) has been applied to broaden the
é-functions at each energy level. Note that the DOS is normalized ([ DOS(E)dE = 6°), and its logarithm
has been plotted.

the ordering patterns obtained with the MLFF. To calculate Eq. (VL.1), the center and direction of
the C-N axes are used in combination with the constant value for |p|. In Figure VI.4 the energy and
molecular order parameter are shown for a system in which the temperature was continuously raised
from 100 K to 400 K. The still fairly fast heating rate results in hysteresis spreading the orthorhombic
to tetragonal transition over a 50 K temperature range. The orthorhombic order Mg, ¢1ho is stabilized by
d-d interactions by ~ 30 meV/molecule, whereas this contribution drastically reduces in the tetragonal
phase and vanishes in the cubic phase. This trend is the same in constant temperature MDs, where we
obtain on time-average -29, -3.7, -2.6 and -1.7 meV /molecule at 150, 250, 300 and 400 K, respectively.
These unscreened energies from an upper-bound to the real d-d interaction energy. This indicates that
long-range d-d interactions stabilize the orthorhombic phase, but essentially play no role in the more
disordered tetragonal and cubic phases.

30.4 Accuracy of the long-range interaction

30.4.1 The MA,Cs;_,Pbl; test system

The pd-interaction plays an essential role in the stabilization of the long-range molecular order.
However, the origin and validity of the selected parameters in the models is unclear. To test their
accuracy, we have constructed MA,Cs;_,Pblj test systems and examined the dipole-dipole interactions
by DFT calculations. The systems are based on 2 x 2 x 2 CsPbl3 cubic supercells as shown in Figure VIL.5.
The central Cs atom is replaced by a MA molecule which is rotated manually. The DFT total energy
(E) of the rotated configurations {0 < ¢ < 7,0 < 0 < 7} is used to map out the short-range interaction

Table 8: Bandwidth of the models (meV/molecule) as expressed by the standard deviation (o) of the
DOS and the energy difference between the ground- and highest state (AE). The multiplicity of the
ground state () and the total number of different energy states (N) are shown in the last columns.

Model o AFE Q N,
Short-range 1 12 150 6 21
Short-range I + NN dipole-dipole 15 150 6 95
Short-range 11 12 105 6 41
Short-range II + NN dipole-dipole 17 126 6 257
Short-range III 9.3 56 1024 8

Short-range III + NN dipole-dipole 11 99 32 138
Short-range III + full dipole-dipole - - 8 -
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Figure VI.3: Selection of 8 possible ordering patterns in the ground state of the short-range interaction
(Eq. (VI.4)) as parameterized in model III. The top zy plane is shown by the larger arrows, and the
underlying (anti-ferroelectric) layer is shown in blue. To highlight the relative changes one molecule is
colored orange. The in-plane polarization vectors are indicated at the bottom. Inclusion of long-range
d-d coupling makes the states marked with purple the ground state.

=1

4—_>41_1<—_>

)l_’)l

e

t=2le

0 (o,

=)

—
—

energy E,(¢,0). The obtained energy surface has a corrugation energy of ~ 80 meV with a room-diagonal
orientation in the cubic Pbl framework that is unfavored. Hereafter, a second Cs is replaced by a fixed MA
molecule to probe the d-d coupling. As before, the central molecule is rotated, and the DFT total energies
are calculated. Depending on the position of the fixed molecule, see Figs. VI.5 (b) axes n = (£1,0,0)
and (c) room diagonal n = (£1,+1,+1) neighbors, energy surfaces E;(¢,6) and E.(¢,6) are obtained,
respectively. Assuming the short-range interaction is unaffected by the replacement of a neighboring Cs
by MA, we can extract the long-range interaction energy by calculating

AE, = E, — E, — (E, — E,), (VL7)

where x = {b, c} and (.) the average over {6, ¢}. The DFT long-range interaction energy obtained in test
systems (b) and (c¢) (shown on the bottom of Fig. VI.5) are accurately fitted by: AFE, = a, cos 6, where
ap = —35 meV and o, = —10 meV. In the pd-approximation these systems are described by AEPY = H,,
using periodic-boundaries. Summing the interaction in real space and cutting off the interactions beyond
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Figure VI.4: The long-range energy (Hy, &, = 1) and order parameter (M) calculated based on the
molecular C-N axes extracted from a 0.5 K/ps heating run with the MLFF. The trajectory is started
from a 4 x 4 x 4 supercell in the orthorhombic phase and run in the NPT ensemble. Running averages
with a width of 25 K are applied to smoothen the curves. The vertical gray lines sketch boundaries
between the different crystal phases.
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Table 9: Parameters of the model dielectric function. Fitted screening length parameter (A) in A7 and
the ”ion clamped” static dielectric constant (e+,) both adapted from Ref. [56].
A €oo A oo
MASnI; 1.05 9.18 MAPbLBrs 1.13 5.15
FASnI; 1.05 8.06 FASnBrs 1.13 5.32
FAPbDI; 1.05 7.10 FAPbCly 1.17 4.27
MAPDI; 1.05 6.83 MAPbLCl; 1.17 4.22
MASnBrs 1.13 5.89 FASnClg 1.17  4.07
FAPbBrs 1.13 5.25 MASnCl3 1.17 4.05

r. = V/3a, the following two energies are obtained

AEP! = —4 ¢

e cosf, AFEPY =0, (VL3)

where ' = 1P is the Coulomb constant. Setting |p| to 2.29 D fixes the energy scale to C'/a® ~ 13 meV.

47’I’€0
4%

This means that the pd model with the real space sum and ¢, = a—bl?’ ~ 1.5 describes the DFT result for
system (b). However, it is unable to capture the cosine with amplitude a,. observed in system (c), even

when the interaction radius is increased.

30.4.2 Changes to the long-range interaction

In order to understand the missing coupling in system (c), we further analyze the d-d interaction
using three different electrostatic models.

First, considering the long-range nature of Eq. (VI.1), the conditional convergence of Eq. (VI.2) under
the periodic boundaries that are imposed[28], Hj, should be calculated by an Ewald summation. Here
we apply the formulation of the Ewald sum as presented in section 7. Note that the (k = 0) term in the
Ewald sum is omitted, implying that ”conducting boundaries” are assumed[155].

Second, the microscopic electronic screening in this semiconductor can be more accurately described.
Here, we apply the following distance dependent dielectric function

el(r) =1— (1 — e t)erf (A > , (VL9)

r
21

where r is the distance, and % is the real space screening length. Equation (VI.9) is the real space
version of the local model dielectric function fitted to the Many-Body Perturbation Theory calculations
in the GW, approximation as described in the supplementary materials of Ref. [56] It was used there
to screen electron-hole interactions in MAPbI3. The Fourier transform of e 1(Jk + G|) — &7 (r) is
described in Appendix B. Compared to one fixed effective dielectric constant (e,) this is a more realistic
screening description with proper limits, £(0) = 1 and £(00) = €. This screening function is closely
related to the hybrid screened exchange functional, where X is the range-separation parameter[156]. Note
it only includes contributions from electronic screening, the ionic contributions are not included. We
tabulate the parameters for a set of commonly studied hybrid perovskites in Table 9 and plot the inverse
of e, 1(r) in Figure VI.6. We recall the &, values for the three models el = 1, eIl = 0.73, el!l = 1.5. Since
the dominant contribution to the total dipole-dipole interaction energy comes from NN coupling, which
occurs at distances of one lattice spacing (~6.3 A), setting &, < £4 as an effective screening parameter
seems reasonable. In comparison to models I-II1I, the distance dependent dielectric function screens more,
with a NN screening of e, (a) = 3.8.

Third, the use of the pd-approximation can be circumvented by replacing the atoms with point charges,
thereby creating interacting monopoles (mm). The system is sketched in Fig. VI.1 and is in total charge
neutral. The same dipole moment as before is used to fix the charges: gc = 2.29x0.20819434 eA/l.Bl A=
0.316e, gqn = —qc, qpb = —2q1, qu = 0 and gma = gcs = —qi- A compensation charge qya is placed on
the middle of the C-N bond. The Ewald sum is used to calculate the electrostatic energy of the monopole
arrangements. Since the Pbl framework and the center of mass of the molecule are fixed in this analysis,
the charges gpp, g1 and gua only create a potential offset.

In Figure VI.7, we have applied the three changes to the test systems (a)-(c). The most clear im-
provement is that by applying the Ewald sum the cosine term is recovered for system (c). This term
appears from the reciprocal space sum in the Ewald method. Note that the coupling to the second NN
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Figure VL.5: top: The MA,Cs;_,Pbl; test system in a 2 X 2 x 2 cubic supercell. a) One MA molecule
rotated by {¢,0}. b) A fixed MA molecule at distance r = a and direction i = (0,0, 1) replaces the Cs.
¢) Same as in b), but with 7 = v/3a and A = \/Lg(l7 1,1). middle: DFT total energy surfaces of systems

a, b and c. bottom: DFT energy differences (AFE}, AE.). The energy scale on all colorbars is in meV.
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Figure VI.6: Distance dependent dielectric function ey, (1) for MAPbI3 in the cubic phase based on the
parameters of Table 9. The range of screening strengths in the wider class of hybrid perovskites is plotted

by the turquoise lines.
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Figure VL.7: Long-range interaction energy calculated in the point-dipole (pd) and monopole-monopole
(mm) approximation using the Ewald method or the real space sum. Both constant screening (e,) and
the distance dependent screening function (e, (7)) are applied. Results are compared to the DFT data
(AE,) for the test systems (a), (b) and (c¢) in the respective figures.

n = (£1,+1,0) are correctly accounted for in the real-space sum. The mm-model (solid cyan line) shows
almost the same result as the pd-model with the Ewald sum. This means that the distance between
C and N is sufficiently small compared to the NN distance a. The cosine behavior of both systems (b)
and (c) are captured by the pd-model with Ewald sum and &, = 1, but their amplitudes are not. In
system (b) the coupling is overestimated, while it underestimates the coupling in system (c). This is not
mitigated by the distance dependent dielectric function ey, (1), which ”over-screens” the coupling in both
systems. The amplitude of the DFT energy is approximately 2x and 8x larger than the &,,(r) screened
d-d interaction energy of systems (b) and (c), respectively. Overall, none of the applied electrostatic
schemes can capture the strength of the interactions calculated by DFT in both systems simultaneously.

31 Discussion

With the Cs/MA-testsystem we removed what in most model studies of MAPbI3 would be considered as
the physical/chemical reasons for the short-range interactions. Stress and strain on the framework are
removed because the framework is kept rigid under the MA rotation and the reference energy of system
(a) is subtracted. We assume that the hydrogen bonds of the molecules with the framework are only
marginally affected by the rotation of a neighboring molecule and should therefore be taken away in this
scheme. The pd-approximation using the Ewald method qualitatively captures the interaction between
the molecules. The inability to capture the correct amplitude of the interaction in both systems (b) and
(¢) simultaneously can be explained by microscopic polarization effects. Hj, assumes a constant dipole
moment (|p|), however in reality it is not constant but the result of an effective (depolarisation) field
imposed by the surrounding ions and dipoles. These effects could possibly be captured by an anisotropic

101



Discussion

Figure VI.1: Local chemical environment around a lead, nitrogen and iodine atom as recognized in the
machine learning force field. Two-body radial and three-body angular descriptors with a cut-off of 6 A
and 4 A are sketched in orange and green, respectively.

dielectric function.

By including a distance dependent electronic screening function with a relatively large value for
€ = 6.31 we have increased the total screening of the d-d coupling compared to the previous models,
especially for the second NN and beyond. The ionic screening from the Pbl lattice has been omitted. In
a previous study we have shown that the dielectric functions at 0 K calculated with density functional
perturbation theory and at 300 K calculated with FPMD are very similar[56]. The dominant (dipole-
active) oscillators related to Pb-I bonds lie between 2-10 meV (2-0.4 ps), ie. slightly faster than the
MA reorientation times (several ps). This results in a sizable increase of the static dielectric constant
(e0 = 30) compared to the ion-clamped high frequency dielectric constant (¢.). It can therefore not be
excluded that the d-d interactions are (partially) screened by the Pbl lattice. This implies that the here
computed d-d interaction energy is an upper bound.

The d-d coupling between the molecules is only an effective description of the electrostatics related
to the ionic nature of the perovskite lattice. Without the MA cation, cubic Pbls is metallic in a DFT
calculation. Introducing a MA or Cs turns it into a semiconductor. Each molecule donates one electron
to the framework, which exactly fills up the (Pb and I states dominated) valence band. To lower the
electrostatic energy, each MA™ moves (with its nitrogen side) to a different PbI; . The same mechanism
also occurs in CsPbls, even though the Cs cation does not have an intrinsic dipole moment. As shown
in the low temperature orthorhombic phases of Figure VI.1, similar off-center displacements for the Cs
cations as for the center of masses of the MA molecules occur. And, in both perovskites the Pbl octahedra
show a clock-wise, anti-clockwise ordering. This results in stretched and squeezed cavities in which the
molecules align, because of space filling, along the extended axes. The framework imposes the long-range
order of the molecules, whereas the displaced centers of masses of the cations are the result of the ionic
lattice.

To capture such interactions, we have applied a machine-learning force field approach which learns a
force field on-the-fly during FPMD[154]. The constraining effect of the PbI framework is automatically
included, one of the difficult terms to model accurately. This force field is based on a purely short-
range description as shown in Figure VI.1. Two-body radial and three-body angular descriptors with a
cut-off of 6 A and 4 A, respectively, are used to represent the local chemical environment around each
atom. The total energy is then defined as the sum of atomic energies assigned to each atom[126] by
means of a similarity kernel. This method shows ordering patterns, lattice constants and phase transition
temperatures in very good agreement with experiments. The chemical environment around a Pb atom
(shown in Fig. VI.1 top right) connects both NN as well as next NN molecules. Thereby it is able to
impose the AFE ordering pattern of the molecules in the orthorhombic phase. It effectively has the same
reach as the minimal cutoff radius (r. = v/2a) required to split the degenerate GS of the short-range part
of the model Hamiltonians. This implies that long-range d-d coupling is not necessary to capture the
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molecular ordering.

32 Conclusions and Outlook

The ordering pattern of molecules in the hybrid perovskite MAPbI3 at finite temperatures as described
by three different model Hamiltonians (I-III) and an accurate MD simulation have been studied. A
comparison based on the molecular order parameter (M) has shown that model III best captures the
features observed in MD. Using a discrete set of molecular orientations, model IIT qualitatively captures
the ordered (orthorhombic) to disordered (cubic) transition upon heating, involving two second order
transitions. The order-disorder transition in model I is a continuous process, while in model II the
system undergoes one abrupt first-order transition. The ground state ordering pattern of model III
closely resembles that of the experimental orthorhombic structure, whereas both models I and II show
completely different ground state order.

In attempt to improve upon the models, we examined the accuracy of the dipole-dipole interactions
using a more advanced electrostatic description with a distance dependent dielectric function and the
Ewald summation technique. Although these methods enable a better quantitative description of the
electrostatic interaction, the improvement was found to be not substantial. Static MA,Cs;_,Pbls test
systems were constructed to probe the d-d interaction energies in self-consistent DFT calculations. The
point-dipole model is able to qualitatively describe the DFT interaction energies. However, its strength
can not be consistently captured with one set of screening parameters.

We have shown that the pd-approximation (Hj,) effectively splits the degenerate ground state imposed
by the short-range part (Hg,) of the Hamiltonian (H = H), + Hg) of model III. A short cutoff radius
(re = ﬁa) for the calculation of Hj, including the first and second NN dipole already suffices to capture
the long-range AFE order of the molecules observed in the low-temperature orthorhombic phase. The
d-d interaction energy calculated for ordering patterns from the MLFF shows a stabilizing effect in the
orthorhombic phase, however it is practically absent in the tetragonal and cubic phases. The essence
of the long-range order in the low-temperature orthorhombic phase lies in the propagation of this order
by short-range interactions. The MLFF effectively captures these interactions between atoms that are
no more than 6 A apart. This analysis explains the large similarity of the MAPbI3 and CsPbls crystal
lattices at low temperature, even though Cs does not have a permanent dipole-moment.

In future work, it is possible to improve the model Hamiltonians further by adopting more elaborate
descriptions of Hg as well as inclusion of more refined molecular degrees of freedom. However, its
development and optimization by-hand are not tractable. In contrast, the MLFF method systematically
constructs an accurate interaction model on-the-fly during FPMD. It enables the automatic inclusion of
the constraining effect of the Pbl framework as well as the effective short-range electrostatics with high
accuracy, thereby realizing realistic ordering patterns of the molecules. The method can be extended to
more complex systems with defects, surfaces and mixed halides or molecules.
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Anharmonic phonon dispersion relation for
finite temperature materials by
machine-learning force-fields '

Phonon properties for complex solids at finite temperature are challenging
to obtain. The harmonic approximation is a very strong tool at low tempera-
tures for obtaining phonon dispersion relations. However, when the potential
shows anharmonicties the approximation fails to describe the dispersion relation
properly. Here we study, for the first time, the phonon dispersion by comput-
ing the dynamic structure factor by molecular dynamics with machine-learning
force fields. In the first part a classical Morse potential is considered to asses
the strengths and weaknesses of the two methods. In the second part both
the harmonic approximation and the dynamic structure factor are applied to
the Cesium lead iodide crystal. In the low temperature regime the harmonic
approximation is applicable to the perovskite structure. For high temperatures
the band widths of the phonon dispersion relation broaden so that a band struc-
ture picture is not applicable. The imaginary modes in the harmonic picture of
the cubic Cesium Lead Bromide structure are absent in the Dynamic structure
factor, indicating a dynamic stabilization of the crystal

TTo be submitted
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33 Introduction

The phonon dispersion relation is an important quantity related to many properties of a material. Espe-
cially the thermal conductivity and the elastic properties are strongly dependent on the phonon dispersion
relation. The freezing and unfreezing of phonon modes with varying temperature can be responsible for
a material’s phase transitions. The most widely used approach to determine the phonon dispersion re-
lation is the harmonic approximation. In the harmonic approximation the coupling between two atoms
is described in terms of a polynomial of second order. This approximation is likely satisfied at low tem-
peratures, but is likely to fail at room temperature and above. Especially dynamic solids like organic or
inorganic perovskites will not be properly described by the harmonic approximation at finite tempera-
ture. There are also much simpler test systems for which the harmonic approximation will fail. Atoms
coupled by a Morse potential will be very well described by the harmonic approximation at low tem-
perature. Moreover, at higher temperatures, when the anharmonic part of the Morse potential becomes
important, the harmonic approximation will not suffice. In the picture of phonon quasi-particles this
states that scattering events become important between the phonons. In this work the determination of
the phonon dispersion relation from measurements of the dynamic structure factor will be shown. This
takes into account all possible anharmonicties or phonon scattering events up to infinite order. This
approach was already employed to classical potentials like the Lennard Jones or the Morse potential[157]
but never was used with machine-learning potentials giving nearly first principles accuracy. A simple
Morse potential test system will be studied where the harmonic approximation will be compared to
the dynamic structure factor for several temperatures. The dynamic structure factor will be applied to
cesium-lead-bromide perovskite (CsPbBrs). This system will be simulated by an on-the-fly generated
machine-learning potential[154]. For this system the obtained results will be compared to the harmonic
approximation. The sampling of the dynamic structure factor by means of an molecular dynamics simu-
lation requires large supercells to obtain a dense enough g-point grid.

For low frequency modes another difficulty for the molecular dynamics simulation is the finite simula-
tion time which has to be at least 1/w (the frequency of the lowest energy mode) to sample all frequencies
needed for the analysis.

34 Computational Methods

34.1 Morse-potential molecular Dynamics

The classical molecular dynamics are performed with a molecular dynamics code implemented in the C++
programing language. The Verlet algorithm[17] in kick drift form is applied to propagate the atoms. A
cubic primitive simulation box of size 16 x 16 x 16 is used. The spacing between the atoms is set to
re = 3.733A. The masses of the atoms were adjusted to 207.2 atomic mass units which is equivalent to
the mass of a lead atom. The atoms are coupled by a Morse potential

V() = D, (1 _ efawnq))z 7 (VIL1)

where D, defines the depth of the potential and is set to 1.0meV. The parameter « defines the steepness
of the potential and is set to 1.836 A1, r denotes the distance between the atoms. In the beginning of
the simulation a nearest neighbor list is set up. This list will not be updated during the simulation. This
is done to keep the simulation as simple as possible and to make a comparison between the harmonic
approximation and the dynamic structure factor simpler because the system is unable to melt. The
molecular dynamics simulations are equilibrated by propagating the atoms in a canonical NVT ensemble
for 100 ps. A comparison between the Andersen and and Langevin thermostat was done, (not shown
here). Both thermostats seem to work for this simple system. In our experience a stochastic thermostat is
better to use for equilibration because the different phonon modes will be occupied more homogeneously
compared to deterministic thermostats. For the data shown here the Langevin equilibration was used.
After the equilibration the thermostat was switched off and the molecular dynamics run was continued
in the microcanonical ensemble for 400 ps. In this sense 20 trajectories were done for every temperature.
The time step during the classical molecular dynamics simulations was set to 2 fs.

The written code also contains a simple routine computing the phonon dispersion relation by finite
displacements in the harmonic picture. In this routine the atoms are displaced along the z, y, z directions
and from this the force constant matrix is computed. This finite difference routine is used to do a
comparison between the dynamic structure factor and the harmonic picture for the Morse potential.
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Table 10: Unit cell lattice parameters used for C'sPbBrs simulations taken from [154]

| temperature [K] [ Ja| | [o] [ [ |
150K 8.37 | 8.16 | 11.79
400K 593 | 593 | 5.93

34.2 Machine Learning Molecular Dynamics simulation

To perform molecular dynamics simulations for the CsPbBrs, a on-the-fly machine-learning force field
was used. The force field and its training parameters are described in more detail in reference [154].
For the CsPbBrs two temperatures of 150 K and 400 K were simulated. The lattice constants for this
simulations were taken from [154] and are reported in table 10. For the orthorhombic simulation at 150 K
an orthorhombic v/2 X v/2 x 2 unit cell containing 4 lead, 4 Cs and 12 Br atoms was used. Out of this unit
cell a 8 x 8 x 8 supercell containing in total 10240 atoms was constructed. The supercell was propagated
with a time step of 10 fs. To generate starting structures a constant temperature run with the Langevin
thermostat was done. In total 2100 ps were simulated in the NVT ensemble and every 100 ps a starting
structure was taken resulting in 20 staring structures. Every starting structure was then propagated
in a microcanonical ensemble for 100 ps. For every microcanonical molecular dynamics simulation the
dynamic structure factor is computed. For the high temperature cubic simulations at 400 K the lattice
parameters were taken too from the work of Jinnouchi et.al [154]. A cubic unit cell containing 1 lead, 1
Cs and 3 bromide atoms was used. This unit cell was replicated to give a 10 x 10 x 10 supercell containing
5000 atoms.

For the 400 K simulations a time step of 5 fs was used to avoid unwanted bond dissociations. In total 20
microcanonical molecular dynamics streams with 100 ps each were analyzed. The starting configurations
were computed from a canonical molecular dynamics run with 100 ps between the starting configurations.

34.3 Dynamic Structure factor computation

For the computation of the dynamic structure factor the van Hove function A(r,t) for point particles is
used [21]

1 N N
Alr,t) = N<Z Z 5(r —r(t) + rj(O))>. (VIL2)

From the Van-Hove function the dynamic structure factor is obtained via temporal and spatial Fourier
transforms

S(k,w) = / Alr, t)e et PBrdt =
R JR3

N
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In this equation k is a reciprocal lattice vector defined via the dot product with the lattice vectors a; as
k;a; = 2md;;. The dynamic structure factor contains all the dynamic information governing the motion of
the system. The frequencies w sample the phonon branches for different values of k known as the phonon
dispersion. The average (.) is understood as a thermal average. The thermal average was computed over
the 20 starting structures generated for every molecular dynamics simulation described in the foregoing
sections and by using several starting configurations within the corresponding MD runs. The phonon
state with energy €; is populated according to the Planck-distribution

1 kyT
() =57~ < (VIL4)

€

which gives the term on the far right in the classical limit. The intensities of the dynamic structure factor
are weighted by the inverse Planck-distribution in the classical limit.
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34.4 Phonon density of states computation

The phonon density of states can be computed from molecular dynamics simulations. The phonon density
of states for a certain atom type s can be computed from velocity autocorrelation functions (VACF) f,(t)

given by

(vs(t)vs(0))
(vs(0)vs(0))
where v4(t) is the velocity of a certain atom at time t. Again the brackets (.) denote thermal averages.
The thermal average is also computed over the 20 starting configurations and over different starting times

of a single MD run. The phonon density of states per atom s can be obtained from Fourier transforming
equation (VIL.5)

fs(t) = (VIL5)

gs(w) = /R fo(t)e " dt. (VIL6)

The total density of states is given as a sum of the individual atomic contributions.

34.5 Harmonic approximation CsPbBr;

To obtain the harmonic phonon band structure the phonopy[158] code is used. The phonopy code uses
a minimum energy structure file. This structure file was replicated to get 8 x 8 x 8 supercells for the
orthorhombic and 10 x 10 x 10 supercells for the cubic phase. Then atoms are displaced giving 120
different structures. For every configuration defined by its displacements the forces on the atoms are
computed. The forces were computed with the potential of the machine learning forcefield introduced
previously. From the set of forces and displacements the force constant matrix is obtained. For the
phononpy calculations the electronic total energy was converged to 10~%eV. From this force constant
matrix the eigenvalues and the eigenvectors were computed giving the phonon dispersion relation and
the phonon density of states. The shown phonon densities of states computed in the harmonic picture
were checked for convergence with respect to the number of underlying mesh points.

35 Results

35.1 Comparison with the harmonic approximation

This section shows a comparison of the results obtained from molecular dynamics simulations with results
obtained from the harmonic finite difference approach. Figure VII.1 shows the dynamic structure factor’s
intensities as a color map for the Morse potential at 10 K. On top the red line shows the harmonic results.
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Figure VII.1: — Harmonic phonon dispersion for the Morse potential. Heat Map shows the logarithmic
intensities of the dynamic structure factor sampled from a molecular dynamics simulation at T=10 K

By taking the intensity maxima of the dynamic structure factor of Figure VII.1 for every k-point, the
phonon dispersion relation for this simple test system is obtained. The results obtained by the finite
difference approach give an upper bound to the results from the molecular dynamics simulation. In finite
temperature simulations atoms will always move along the gradient of the potential energy and therefore
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they will choose the way of lowest resistance. In the used harmonic finite differences approach the atoms
are only displaced along the Cartesian directions. Therefore the results of the harmonic approximation
are expected to give higher frequencies than the molecular dynamics results. The deviation of the results
are getting larger with increasing frequency. But still the two approaches agree at 10 K

35.2 Temperature dependence of the phonon dispersion relation for the Morse crystal

We now present an analysis of the temperature dependence of the phonon dispersion relation for the
Morse potential. Figure VII.2 (A) shows the dynamic structure factor on the left and the phonon density
of states on the right. The blue line in the plot for the dynamic structure factor is obtained from fitting
Lorentz distributions to the molecular dynamics data. Since the variance for the Lorentz distribution (a
special case of the Cauchy distribution) is not defined, the distance between the half heights of the peak
was used as a measure for the variance. This figure shows good agreement between the data obtained
from the dynamic structure factor and the velocity autocorrelation functions. The peak positions in the
frequency domain agree perfectly. The velocity autocorrelation functions converge faster than the dynamic
structure factor. Therefore if there is no interest in the k-point resolution of the phonon properties it is
more advisable to study phonon density of states.
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Figure VII.2: (A) Morse potential simulation at 100 K Left: Logarithmic intensities of the dynamic
structure factor. The — line in the heat map is obtained by fitting Lorentzian functions to the intensity
maxima. And the error bars are obtained by taking the half height widths of the Lorentzians. Right:
phonon density of states obtained from velocity autocorrelation function (B) Morse potential simulation
at 1500 K Left: Logarithmic intensities of the dynamic structure factor. The — line in the heat map
is obtained by fitting Lorentzian functions to the intensity maxima. And the error bars are obtained by
taking the half height widths of the Lorentzians. Right: phonon density of states obtained from velocity
autocorrelation function

The peaks of the dynamic structure factor and phonon density of states become wider when the tem-
perature is increased. This behavior is shown by comparing figure VII.2 (A) with the dynamic structure
factor in figure VII.2 (B) for a 1500 K simulation. The modes of the phonon dispersion experience a red
shift, a softening of the modes with increasing temperature. The softening of the modes is caused by the
more disordered crystal structure at higher temperatures and the larger mean square displacement of the
atoms around their equilibrium positions. When considering the phonon density of states in figure VII.2
(B), it only shows one peak for the high frequency modes, because the highest and the second highest
peaks start to overlap. In the dynamic structure factor of figure VII.2 (B) the two high frequency peaks
can still be distinguished because of the additional resolution in k-space.

To study the temperature dependence of the phonon dispersion relation in more detail figure VII.3 shows
the positions of the peak maxima along the first Brillouin zone of the dynamic structure factor for several
temperatures.

The figure shows that in the lower temperature range (< 4000K) the phonon modes systematically soften.
In this regime the line shape predicted by the harmonic approximation is still reasonable, but fails to
predict the frequencies of the oscillations. By increasing the temperature further the peaks denoting the
maxima get wider. At very high temperatures the data acquires multiple maxima and the Lorentzian fit
breaks down. In this regime it does not make sense to approximate the phonon dispersion relation by the
maximum intensities of the dynamic structure factor only. The phonon density of states looses its peak
pattern and becomes a continuum. In figure VII.3 this temperature regime is shown by the zig-zag lines.

108



Result Cesium-lead bromide

10
— 87
N
I
=
> 61
(@]
C
g
=4
0 —500K ——3000K——>5500K
2 ——1016K——3500K——6000K
——1500K——4000K——6500K
——2000K——4500K——7000K
0l ——2500K——5000K

r Q-path X

Figure VII.3: Phonon dispersion relations for various temperatures. The curves were obtained by ex-
tracting the positions of the maxima from the dynamic structure factor

36 Result Cesium-lead bromide
36.1 Orthorhombic 150K simulation

The analysis of the CsPbBrs at 150 K and the harmonic picture is shown in figure VII.1. The harmonic
picture can only predict 3 times the number of atoms (20) in the unit cell branches. Since the 60 branches
are already used up to populate the states up to frequencies of =~ 5THz, no higher frequency modes can be
observed. The dynamic structure factor also shows finite intensities for those frequencies. The population
of the phonon modes in the classical limit is inversely proportional to the eigenstate energy and hence
this modes will contribute less to a materials properties. For lower frequencies the two approaches are in
agreement. This can be seen by the brighter spots in the intensities of the dynamic structure factor along
the dispersion lines of the harmonic picture. Also the phonon densities of states on the right hand side
of figure VIIL.1 agree. In the case of the harmonic picture artificial peak broadening (mimicking the effect
of temperature) was included to make a comparison to the shape of the molecular dynamics density of
states easier. Still the peak positions are in agreement.
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Figure VIL.1: Left: Dynamic structure factor and harmonic phonon dispersion relation. Right: Phonon
density of states for orthorhombic CsPbBrs at 150K.

For low temperatures it is therefore reasonable to use the harmonic picture. The harmonic approximation
is computationally cheaper compared to the molecular dynamics approach. But the molecular dynamics
approach gives more insight in the materials behavior since the broadening of the peaks is included
what can be used to extract phonon lifetimes. The phonon density of states is decomposed into atomic
contributions shown in figure VII.2. According to the masses of the atoms one would expect that the
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spectrum is ordered as Pb < Cs < Br. With Pb showing the highest intensities at low frequencies.
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Figure VII.2: Phonon density of states for orthorhombic CsPbBrs at 150K decomposed into atomic
contributions computed from molecular dynamics simulations

But figure VII.2 shows that the Cs atom has the most dominant contributions in the low frequency range.
The reason for this is that C's is connected to the other constituents of the material by ionic interactions
which are weaker than covalent bonds. The bromide and lead atoms are connected via stronger covalent
bonds and therefore are contributing in the higher frequency range of the density of states.

36.2 Cubic 400K simulation

By increasing the temperature of the CsPbBrsg anharmonic effects will get more important. Figure VII.3
shows a comparison of the harmonic picture with the fully anharmonic dynamic structure factor. The
first thing that is recognized is that the harmonic picture shows imaginary modes. Therefore the cubic
structure can not be described by a harmonic phonon picture or by a single ground state structure. The
reason for the imaginary modes is the oscillating (clock-wise counter clock-wise orientations) nature of
the Pb-Br octahedra. In the high temperature phase the lead bromide bonds are on average straight, but
in a snapshot of a single molecular dynamics structure, the bonds will always be tilted. This indicates
that the cubic structure is dynamically stabilized.
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Figure VIL.3: Left: Dynamic structure factor and harmonic phonon dispersion relation. Right: Phonon
density of states for cubic CsPbBr3 at 400 K

This behavior was further analyzed by considering the phonon eigenvectors at the negative frequency
sites M and R obtained from the harmonic approach. The eigenvectors at the M point are shown in
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Table 11: Phonon eigenvectors at M point for cubic C'sPbB33 unit cell
’ atom \ X \ y \ V7 ‘
Pb | 0.0 | 0.0 | 0.0
Br, | 0.0|-1.0 0.0
Br, | 1.0 | 0.0 | 0.0
Br, | 00| 0.0 | 0.0
Cs | 0.0| 0.0 | 0.0

Table 12: Phonon eigenvectors at R point for cubic unit cell
’ | branch 1 | branch 2 | branch 3 ‘

latom [ x [ v [z | x [y [z [x [y ]z]
Pb |00 ] 0.0 | 0.0 | 0.0 [0.0]00] 0.0 ]0.0]00
Br, [00]-07]07]00|07]07|-07]07]00
Br, [ 0000 |-10[-10{00]00]| 10 |00/ 0.0
Br. | 00| 10|00 |-10]0.0[00]-1.000]0.0
Cs 1000000000 00[00]00]00]00

Table 11. The subscripts for the bromide atoms denote the direction of the bond formed with the lead
atom.

The phonon eigenvectors of Table 11 correspond exactly to the clockwise and counter clockwise tilting
of the framework in the xy plane. These modes form a pattern in the xy-plane characteristic for the
orthorhombic structure. These oscillating motions are also observed in molecular dynamics simulations
giving on average the cubic structure but showing deformed octahedrons at a time instant. The eigen-
vectors belonging to the imaginary modes at R are collected in Table 12. Once more the eigenvectors
show only displacements belonging to the tilting of lead bromide bonds.

The Pb and Cs atoms do not need to be displaced to stabilize the cubic structure. The phonon density
of states in figure VII.3 shows good agreement for the peak around 1 THz between the harmonic and the
fully anharmonic picture. The peak around 2.5 THz in the harmonic picture has shifted to lower oscillator
strength in the molecular dynamics approach. This is caused by the larger mean square displacements
of the atoms in the molecular dynamics simulation at high temperature. This is the same effect causing
the phonon mode softening in the case of the Morse potential. The decomposition of the phonon density
of states into atomic contributions is shown in figure VII.4. The peaks for the lead and bromide atoms
are practically the same as in the orthorhombic phase. But the Cs atom shows two peaks at 0.7 THz
and 1.8 THz in the orthorhombic phase and only one peak at 0.8 THz in the cubic phase indicating the
rearrangement of the lead bromide bonds determining the electrostatic potential in which the Cs atoms
are moving.
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Figure VIL.4: Phonon density of states for cubic CsPbBr3 at 400K decomposed into atomic contributions
computed from molecular dynamics simulations
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37 Discussion

37.1 Morse potential and phonon mode softening

The analysis of the Morse potential showed that phonon dispersion relations are sensitive to temperature.
In the case of the Morse potential the phonon frequencies are systematically decreasing. The mean
square displacement (%) of the atoms increases when the temperature is raised. Therefore the effective
force constant sampled during the molecular dynamics simulation within the Morse potential coupling
decreases. The relationship between the effective force constant and the mean square displacement for
an N dimensional harmonic oscillator is given by

N kT

kepr = ———
ff 9 <1‘2>MD

(VIL7)
which can be obtained from the partition function of the classical harmonic oscillator. At a higher
simulation temperature the atoms are able to sample the wider region of the Morse potential. This is
resulting in larger mean square displacements (x2) ysp and therefore in a lower effective coupling constant.

The band representation given by the harmonic picture is a very good way to look at phonon proper-
ties in the low temperature regime. But for higher temperatures the band structure picture is only giving
a very idealized representation for the true nature of the phononic properties. The peaks of the dynamic
structure factor are getting wider with increasing temperature until bands start to overlap. In the tem-
perature region of overlapping bands, talking about discrete bands does not make really sense anymore.
The phonon density of states shows all phonon properties for simple materials and low temperatures. It
is therefore very useful because of the much faster convergence of the VACF compared to the dynamic
structure factor. But for higher temperature the resolution of the phonon density of states might not
be good enough to identify all peaks that can be obtained from the dynamic structure factor possessing
k-point resolution.

37.2 Phonon properties of CsPbBr;

The orthorhombic structure of the CsPbBr3 at 150K shows only small anharmonicities and is therefore
in good agreement with the results computed by the harmonic approximation. For the cubic phase on
the other hand the peaks of the dynamic structure factor get too broad for a meaningful description in
terms of a discrete band structure. Especially at the M and R point the frequencies computed by the
dynamic structure factor show a continuous spectrum between ~ 1THz and ~ 2THz. Peak broadening in
this region will cause the discrete bands computed by the harmonic approximation to overlap. Another
difficulty for this temperature is the metastability of the CsPbBrs indicated by the imaginary phonon
frequencies in the harmonic picture for the ideal cubic structure. The imaginary modes show eigenvectors
resulting in a bending and tilting of the lead bromide bonds. This is exactly what is observable from the
molecular dynamics simulations. The lead bromide bonds are not straight but form a wiggling pattern
that is only straight on average [132]. Therefore the high temperature structure of this perovskite is not a
thermodynamically stable structure but a dynamically stabilized material. The comparison of the atom
resolved phonon density of states for the cubic and the orthorhombic structure showed a high and low
frequency peak for the orthorhombic structure and only the low frequency peak for the cubic structure.
The Cs atom is coupled to the Br~ and Pb3T atoms by electrostatic interactions. The stronger tilting
of the octahedrons in the orthorhombic phase will cause a stronger Coulomb potential acting on the Cs
atoms. In the cubic phase the Pb — Br bonds forming the octahedrons are on average straight resulting
in a lower potential for the Cs atoms. This effect is therefore responsible for the lower frequencies in
the cubic phase. The complete vanishing of the second peak can be understood by the anisotropy of the
cubic framework. The orthorhombic phase shows clockwise counter clockwise pattern in the xy plane
and a zig-zag pattern in the z direction resulting in a peak splitting in the low frequency region of the Cs
atom.

37.3 Summary and outlook

The dynamic structure factor contains all phonon properties without any underlying approximations.
To get properly converged results long molecular dynamics runs with different starting structures are
needed. The on-the-fly machine-learning force field gives the possibility to sample such long trajectories.
For dynamically stabilized materials the phonon properties have to be studied from molecular dynamics
simulations because a single structure is not sufficient to describe those materials resulting in imaginary
phonon modes for static calculations. For the CsPbBrj it was shown that the phonon dispersion relation
is in good agreement with the harmonic picture at low temperatures. Still it should be noted that the
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band broadening observed in molecular dynamics is not included. At higher temperatures this can cause
bands to overlap in certain regions of the k space where the energy difference between the bands is
small. For the cubic CsPbBr3 phase the harmonic picture fails to describe the phonon dispersion relation
properly. Nevertheless the eigenvectors of the harmonic approximation in the imaginary frequency range
can be used to study the atomic movements responsible for the stabilization of the considered material.
The atom resolved phonon density of states shows the rearrangement of the lead-bromide framework
determining the potential energy surface of the Cs atoms coupled only by electrostatic interactions.

In an extension to this work it will be interesting to decompose the dynamic structure factor in
longitudinal and transversal components. Another possibility would be to project the dynamic structure
factor on a set of eigenvectors. From this renormalized frequencies can be obtained. For the eigenvectors
one could use those obtained from the harmonic approximation.
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Real space dielectric function

Appendices

A Fitting parameters energy surfaces

Table 13: Pearson-correlation coefficients of the raw MD potential energy surface data and fitted model

. . 3
function at a pseudo-cubic volume of 251 A”.
T PBEsol LDA PBE SCAN TS optPBE PBE-D3 Mattoni Handley

250 K 0.91 0.93 091 092 093 0.97 0.98 0.93 0.74
300 K 0.92 0.96 0.92 091  0.96 0.98 0.97 0.94 0.84
350 K 0.88 0.92 087 0.87  0.97 0.97 0.98 0.96 0.80
400 K 0.86 0.94 0.89 0.85  0.96 0.96 0.98 0.97 0.90

Table 14: Pearson-correlation coefficients of the raw MD potential energy surface data and fitted model

. . 3
function at a pseudo-cubic volume of 245 A”.
T PBEsol LDA PBE SCAN TS optPBE PBE-D3 Mattoni Handley
350K 0.85 087 095 094 096  0.98 0.97 0.96 0.87

Table 15: Fitted parameters Cy, Co and C5 (in meV) describing the potential energy surface for the

different DFAs and force fields at a pseudo-cubic volume of 251 A%,
T PBEsol LDA PBE SCAN
250 K -68.8 1520.6 17.0 -84.1 14945 20.9 -54.7 1620.7 13.5 -44.2 1404.9 10.9
300 K -72.9 1523.7 18.1 -852 1493.1 21.1 -71.9 1616.3 17.8 -45.7 1219.8 18.0
350 K -72.7 1336.2 18.0 -63.8 1320.7 15.8 -70.4 14357 174 -382 10354 94
400 K -71.2 13078 17.7 -727 13234 18.0 -59.4 1343.7 14.7 -44.7 1024.7 11.1

TS optPBE PBE-D3 Mattoni Handley
250 K -48.6 17653 12.0 786 11085 -0.1 2241 934 -0.2 689 4179 -0.1 -747 369.1 18.6
300 K -43.5 1708.1 10.7 79.8 960.2 -0.1 1922 2828 -0.2 77.1 211.0 -0.1 -653 2351 16.3
350 K -40.0 14521 9.8 575 876.0 -0.1 2224 440 -0.2 927 76.3 -0.1 -49.8 1472 125
400 K -46.8 1380.2 11.5 51.2 7352 -0.1 196.7 268.3 -0.2 102.2 4.5 -0.1 -50.9 84.1 13.9

Cl CZ CS Cl 02 C3 Cl CZ 03 Cl 02 C.‘S Cl CZ C3

Table 16: Fitted parameters Cq, Co and C5 (in meV) describing the potential energy surface for the

. . 3
different DFAs and force fields at a pseudo-cubic volume of 245 A”.
T PBEsol LDA PBE SCAN
350 K -60.6 1154.5 15.0 14.0 1091.3 0.0 29.7 11234 0.0 100.0 629.6 -0.1

TS optPBE PBE-D3 Mattoni Handley
350 K 915 10476 -0.1 230.3 1268 -0.2 345.6 -257.0 -0.3 75.6 231.8 -0.1 -51.8 75.0 14.5

Cl 02 CB Cl CZ Cli Cl CZ CB Cl C? CB Cl CZ Cﬁ%

B Real space dielectric function

The Coulomb potential in reciprocal space screened by the model dielectric function €, as presented in
Ref. [56] is given by

4\ _ 4r L
v = () et ih = 3 (1- (- 5 (8)
The screened Coulomb potential in real space is obtained by the Fourier transform of Eq. (.8),
1 = [4r —1y, - L ikr
V(r) = @) [W [kQ (1 —(I—eyg)e o2 )] e""dk. (.9)
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Switching to spherical coordinates and evaluating the integrals with respect to the spherical angles 6 and
p gives,

Vr)=

2
1 1672 [ |1— (1 —el)e a2
om / (e )e B2 | () dh, (.10)

0

(2m)3 r k

Hereby, the problem reduces to solving the integrals

A(r) = /O sinlkr) (11)

and

B Oosin(kr)e_%
B(T)—/O — dk. (.12)

To solve A(r), a damping function e ¥ is multiplied to the integrand. Note that in the limit of 3 — 0
the original function is recovered. The derivative of this integral with respect to § is

ar(g,r) _ [* . Bk T
B /0 sin(kr)e " dk = o (.13)

The indefinite integral with respect to 8 results in the inverse tangent function I(3,r) = — arctan (g) +C.
By considering the limit f — oo,

+C= / sInkr) —ook gy, _ g, (.14)
0

™

I(oco,r) 5

k

one can determine the integration constant C' = w/2. Thereby Eq. (.11) reduces to

To solve B(r), one introduces D = 35 and takes the derivative with respect to r,

dB(r)
dr

oo X 1 oo .
:/ e—DkQCos(kr)de = 5/ e—Dk2e’dek, (.16)
0

—00

The integration over k simplifies to a 1-dimensional Fourier transform of a Gaussian function,

dB(r) 1 |[m _,2
— . Eeip, 1
a2\ D¢ " (17)

Integrating with respect to r results in

B(r) = gerf (r)). (.18)
Combining the Egs. (.15) and (.18) with Eq. (.10) gives the real space screened Coulomb potential
1 167%w 1
Vv — e = | - -1 .19
1) = oo gt ) = (3) ) (19
where
ext(r) =1— (1 —eMerf(rA). (.20)

is the inverse dielectric function in real space. Here X is expressed in (angular) wavenumbers.
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