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Abstract

In this thesis we prove the existence of invertible extensions of dynamical sys-
tems. Basically we consider two cases. On the one hand, we use a measure
preserving transformation and on the other hand, a non-singular one. Both
proofs are related to each other in the sense that the procedure is the same. It
is interesting to observe, which arguments hold for both cases and on which
points the proofs differ from each other. Here we need some concepts of
measure and integration theory, like the Standard Uniqueness Theorem for
measures, the Radon-Nikodym derivative and the transformation formula.
We will not only construct such a invertible extension, but even show that
this extension can be chosen to be minimal. To do this, we use exhaustive
partitions and factor maps between metric spaces which form a commutative
diagram. Consequently, this factor map shall be invertible, such that those
metric spaces become isomorphic.

In dieser Arbeit zeigen wir die Existenz einer invertierbaren Erweiterung eines
dynamischen Systems. Im Prinzip behandeln wir zwei Falle. Auf der einen
Seite, soll die auf dem dynamischen System lebende Transformation mafitreu
sein, auf der anderen Seite soll diese nicht-singular sein. Beide Beweise sind
verwandt miteinander, in dem Sinne, dass die Vorgangsweise dieselbe ist.
Es ist interessant zu sehen, an welchen Stellen die Beweise iibereinstimmen
und an welchen Stellen andere Argumente verwendet miissen, um das Ziel
zu erreichen. An dieser Stelle bendtigen wir einige Resultate aus der Maf-
und Integrationstheorie, wie zum Beispiel den Eindeutigkeitssatz fiir Mafe,
die Radon-Nikodym Ableitung und den Transformationssatz. Wir konstru-
ieren nicht nur so eine invertierbare Erweiterung, sondern wir zeigen auch,
dass diese Erweiterung minimal gewahlt werden kann. Um das zu schaffen,
verwenden wir aussschopfende Partitionen und Faktorabbildungen zwischen
metrischen Raumen, aus denen dann ein kommutatives Diagramm entsteht.
Diese Faktorabbildung soll folglich invertierbar sein, damit diese metrischen
Raume isomorph sind.






1 Introduction

In this thesis we are concerned with dynamical systems, which consist of a
measure space (X, .o/, u) and a measurable transformation S. A dynamical
system is said to be invertible, if there exists S~! s.t. SoS™!=S5"108. Of
course, there are dynamical systems which are noninvertible. The question
then is, whether there exists another dynamical system ()~( , o , [, T'), which
is invertible (i.e. T is invertible) and inherits all properties of our initial
system. If such an extension exists, we call T' an invertible extension of S.
There is a possibility that plenty of such invertible extensions exist, then one
may ask, if there is a minimal invertible extension. Then this extension is
called a natural extension.

Here S shall be an endomorphism, i.e. S is surjective. Two cases have
been studied over the past 60 years, one where S is measure preserving and
one where S is nonsingular. The first achievement was done by Rohlin (see
[2] for more content) in the 1960s, as he managed to prove existence and
even uniqueness.

In the non-singular case, Silva, Lambert and Beneteau proved existence of
such a natural extension. Silva used in [4] the skew product construction to
reduce to the measure preserving case, whereas Lambert managed to show
in [9] existence for general measure spaces. However, his assumption on
measurability of images of S is undesirable, since it fails even for a measure
preserving S. Finally, Bénéteau used in [1] Lambert’s proof as a template,
without using the skew product, and succeeded in proving existence for stan-
dard Borel spaces.

The goal of this thesis is to discuss Bénéteau’s result in a more compre-
hensive way. In order to do so, we will spend the first part of this work
with a recap. Since we will be dealing with measure spaces and dynamical
systems, one would suggest to recall some basic and less basic concepts from
measure theory and ergodic theory.

After this is achieved, we will introduce factor spaces and define such a
natural extension for standard Borel spaces.

Then it is time for the main topic of this thesis. Firstly, a proof for S being a
measure preserving endomorphism, and secondly, a proof for S being a non-
singular endomorphism. We will prove the measure preserving case likewise
with Bénéteau’s nonsingular proof in [1]. Interesting here will be to see, how
the proof changes when we go from measure preservation to nonsingularity.



2 Preliminaries

We consider the following setup. Let (X, .o, i, S) be a dynamical system,
where (X, o7, p) is a measure space and S : X — X is a measurable trans-
formation, i.e. ST'A € & for A € &/. The goal of this chapter is to define
some concepts and important tools, which will be used for the main purpose
of this paper.

2.1 Backround measure and integration theory

At the beginning, we want to analyze two measures p and i on (X, .o/),
which coincide on a smaller family £ C A. The question is, which conditions
must be asked for p, i and £ such that © = fi. The answer to this question
gives us the Standard Uniqueness Theorem for measures in [3].

Theorem 2.1.1 :
Let u and i be measures on (X, /) and € be a generator of the o-algebra
o/ which is stable under intersections, i.e. A Be & — ANBe&. If

then p=fion o(€) = .

One very important object in measure theory is the Radon-Nikodym deriva-
tive, which extends the well known concept of a derivative to measures. For
more information about the Radon-Nikodym derivative and further content,
see [3]. To state the general Radon-Nikodym theorem, firstly we need to
introduce the concept of a signed measure.

Definition 2.1.2:
A signed measure is a set function v : &/ — [—00,00) or v : & — (—00, 00,
which satisfies

(1) v(0) =0

(i) If (A,)n>1 is a disjoint sequence in 7, then

V(Unzl A,) = anl v(4,)

So basically, a signed measure is a measure, which allows negative values.
Furthermore, basic properties of measures carry over to signed measures (e.g.
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continuity from above/below).
One would like to sort of characterize one measure with respect to another
measure, and one possible relation is absolute continuity of measures.

Definition 2.1.3 :
Let u and v be measures on (X, .«). Then v is absolutely continuous with
respect to u, denoted by v < p, if

p(A)=0=v(A)=0 for Ae &
In the case of signed measures, we have to add an extra condition, namely
p(A)=0=v(A)=0for Ac & and v(B)=0VB € o/ st. BC A

In other words, absolute continuity means that every p-null set is also a v-
null set.

The importance of this property lies in the fact, that absolute continuity is
sufficient for the existence of a density for v, namely if we restrict to o-finite
measures. This is guaranteed by the important Radon-Nikodym theorem,
which is named after the mathematicans Johann Radon and Otto Nikodym.

Theorem 2.1.4 :

Let u be a o-finite measure on (X, %) and v a signed measure s.t. v < p.
Then v has a density with respect to u, i.e. there exists a quasi-integrable
function f: X — RU{—o00, 00} s.t. for any A € &/

o) = | fn

In addition, if v is o-finite too, f is uniquely determined up to p-null sets.
The density f of v with respect to u is called the Radon-Nikodym derivative
and is denoted by f = g—;.

Remark :

This is the general Radon-Nikodym theorem for p being a measure and v
being a signed measure. One can replace the signed measure by a measure,
then, as a consequence, the density f becomes nonnegative. This is the case
which will be used in the next chapters.

The assumption on p regarding o-finiteness is necessary, without that the
theorem would fail. We illustrate this behaviour with a simple example.
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Example 2.1.5:

Consider the trivial o-algebra o := {0, X} and define v(0) := 0, v(X) :=1
and p(0) := 0, u(X) := co. Then clearly v < p holds, but v does not have
a density with respect to pu.

Next, we want to study the convergence of nonnegative measurable functions
f: X —>RiU{oo} on (X, o, ). Here we study the pointwise convergence.
Recall that the integral of such a measurable f > 0 is defined via a sequence
of nonnegative simple functions (f,),>1 with f, 7 f s.t.

/fd,u = lim/fndu
X n—oo X

One can show, that this definiton of the integral is independent of the chosen
sequence (f,)n>1. For a proof, see again [3].

We want to extend this convergence property to an increasing sequence
fn = 0 of measurable functions which converge to f > 0.

So, when does lim [y fodp = [, fdphold? This question is answered by one
n—oo

of the most important convergence theorems in integration theory, namely
the monotone convergence theorem, see [6].

Theorem 2.1.6 :
Let (fn)n>1 be an increasing sequence of nonnegative measurable functions

and nh_)rrolofn =: f,ie. 0< fi(z) < fo(z) < ... < fu(z) 7 f(x). Then

[ ran= [ gt [ g a 1)

If we consider partial sums of a series consisting only of nonnegative terms
(as seen in [6]), which is obviously again a increasing sequence, the monotone
convergence theorem yields

Corollary 2.1.7 :
Let (h,)n>1 be a sequence of nonnegative measurable functions. Then

JONDEED Y

n>1 n>1

Without monotonicity, convergence fails even for simple functions:
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Example 2.1.8 :
Consider the function f, := 1-1j5, on (R, B(R), ), where X is the Lebesque
measure. Then f,, converges pointwise to 0 but the integral

1 1
= dgdh == -M\J0,n]) =1 #£0
|3 Bomdr = 1 A0 ) =17

does not.

Of course there is a more general monotone convergence theorem, where
one trades off pointwise convergence, monotonicity for almost everywhere
convergence, monotonicity and gets in exchange arbitary measurable func-
tions f,, f : X — RU {—00,00} for which (1) holds. But for our purpose,
Theorem 2.1.6 will be just fine.

Another important application in measure theory ist the general transfor-
mation formula, see [7]|. This formula is a generalization of the well known
concept of integration by substitution. In order to denote this formula, we
just introduce the image measure.

Definition 2.1.9 :

Let (X, <7, ) and ()N(,sz, fi) be two measure spaces and S : X — X be a
measurable mapping. Then i := o S™! is a measure on (X, ,@f) and proS~!
is called the image measure with respect to S or pushforward of .

Theorem 2.1.10:
Let (X, /) and (X, <) be two measure spaces and p a measure on (X, <7).

Let S : X — X be a measurable mapping and p o S‘f be the corresponding
image measure. Then for a measurable function g : X — [0, o0

/goSdu:/gd(uos‘l)
X X

Of course, this transformation formula stays valid, if we don’t integrate over
the whole respective space, but over measurable subsets A € &7 or S™'A €

o/ , respectively.
/ goSduz/gd(uosl)
S—1A A

We will close this subsection by introducing product measures, which will

13



play an important rule from section 5 on. We restrict here to the two dimen-
sional case, since higher dimensions can be obtained by induction from the
two dimensional case. For more content, see [3].

Our setup are two measure spaces (X,.o/, u) and (Y, %, v). From this, we
want to construct the product space (X x Y, o7 ® B, u ® v), where

A QR =o(r o Uny, ' PB) and
p@v(Ax B):=pu(A) - v(B)

m: X XY — X and m: X XY — Y denote the canonical projections onto
X and Y, respectively.

Obviously, & ® A is also generated by & x B={Ax B | A€ &, B € A},
but for the sake of the main proof, we define the product o-algebra as written
before.

Such a measure p®v always exists, see for example [3] (Theorem 1.2, p. 164):

Theorem 2.1.11 :
Let (X, .o/, u) and (Y, %, v) be two measure spaces. There exists a measure
puRv: o @A — [0,00] such that for any A € & and B € A

R V(A X B):=u(A) v(B)

At this point, we know how to measure sets of the form A x B € &/ ® 4,
but how do we measure a set () C A x B? To answer that, we introduce the
x-section and y-section of ().

Definition 2.1.12 :
Let Q C Ax B € & ® %. Then the z-section ), and y-section Q¥ of () are
defined as

Qe ={y|(r,y) €Q}CY
Vie={z](x,y) €eQ}CX

One can show that sets of this form are measurable with respect to u or v,
respectively. The last Theorem in this subsection will tell us, how to mea-
sure 1 ®v((Q)) and under which circumstances the product measure is unique.
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Theorem 2.1.13 :
Let (X, .o/, ) and (Y, %, v) be two measure spaces, where p and v are o-
finite. Then there exists a unique measure p ® v on &/ ® %, which is again

o-finite and for Q) € & ® % the following holds:

M®V(Q):/

X

v(Q.) dulx) = / V(QY) duly)

Y

So, looking at Theorem 2.1.13 geometrically, on the one hand we could mea-
sure every infinitesimally thin vertical stripe in () or, on the other hand,
every infinitesimally thin horizontal stripe in (). The sum of all stripes (i.e.
the integral) in both cases is u ® v(Q).
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2.2 Borel spaces

At this point we learned quite a lot useful methods to work on measure
spaces. But now it is time to specify the measure space (X, <7, ). In the
first definition of this subsection we introduce Polish spaces and the Borel
o-algebra. For more content on this topic, see [2] and [8].

Definition 2.2.1 :
e X is called a Polish space if X is

(i) metrizable, i.e. there exists a metric d on X
(ii) complete, i.e. every Cauchy-sequence converges in X with respect
tod
(ili) separable, i.e. there exists a at most countable set C' C X s.t. C
is dense in X

e Let X be a Polish space. Then By denotes the Borel o-algebra of X.
Sets in Bx are called Borel sets. By is the smallest o-algebra contain-
ing all open subsets of X.

Definition 2.2.2 :
Let X be a Polish space and Bx the corresponding Borel o-algebra. Then
(X, Bx) is called a standard Borel space.

Every time we write By, we indicate, that the Borel o-algebra is used.
Next we want to study the cartesian product of Borel spaces and its product
o-algebra. Luckily, the next definition tells us, that we obtain again a Borel
space:

Definition 2.2.3 :

Let (X;, Bx,) be a Borel space for every ¢ > 1. Then X = [[, X is the
cartesian product and Bx = ), By, is the product o-algebra of X. Define
7+ X — X, to be the projection from X onto its i-th component. Then
(X, Bx) is again a Borel space where furthermore

i>1
i.e., By is the smallest o-algebra with respect to which all projections ; are

measurable.

16



Remark :

In the definition of the product o-algebra, one can replace B; € By, by
B, € &x,, where £, is a generator of Bx,. This due to the fact, that
m + X — X, is measurable as soon as ;" 15X¢ C By for some generator
Ex, of By, (Proof: 7, 'By, = n; 'o(Ex,) = o(m;'Ex,) C o(Bx) = Bx).
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2.3 Backround ergodic theory

We spent the first two subsections on our measure space (X, <7, ). Now
the time has come to work on S. As already mentioned, S shall always be
measurable, i.e. ST'A € &/ for some A € .

Furthermore, S shall have certain properties, which are respected by our
measure /. See [8] for more information.

Definition 2.3.1 :
Let S : X — X be measurable. Then

(i) S is called null-preserving, if VA € & : u(A) = 0 = u(S7'A) = 0.
Then (X, 7, u1, S) is called a null-preserving dynamical system.

(ii) S is non-singular, if VA € & : u(A) = 0 <= u(S™'A) = 0. Then
(X, <, 1, S) is called a non-singular dynamical system.

(iii) S is called measure preserving, if VA € & : u(A) = u(S7'A). Then
(X, 4, 1, S) is called a measure preserving dynamical system.

Note that we have the following implications:

measure preserving = non-singular = null-preserving.

In other words, if something is satisfied for a null-preserving dynamical sys-
tem, all the more it is for non-singular and measure preserving ones.

Definition 2.3.2 :
Let (X, 7, u, S) be a dynamical system. We say that (X, <7, u, S) is invert-
ible, if S is invertible, i.e. 357! measurable s.t. So S~ ! =510 8.

Next, we want to analyse a map between the state spaces X . X between
two dynamical systems (X, <7, u, S) and (X, <, i, 5).

Definition 2.3.3 :

Let (X, , 11, S) and (X, o7, i, S) be two null-preserving dynamical systems.
We say that a map ¢ : X — X is a factor map, if it is surjective and the
following diagram commutes:

_S.x

S

¢

<
-~

>

. X

S
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Then (X, .o/, 1, S) is a factor space of (X, an S). Conversely, (X, e S)
is called an extension of (X, ., i, ). In addition, if ¢ is invertible, then ¢
is called an isomorphism of (X, .o/, u, S) and (X, 7, 1, S).

Remark :

(i) If ¢ is non-singular or measure preserving, we say that ¢ is a non-
singular or measure preserving factor map.

(ii) One could write ¢ : S — S, indicating, that S is an extension of S

and S is a factor of S. If ¢ is bijective, we denote this isomorphism as

$:8 5.
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3 Towards the main theorem

In this section we do the last preparations to finally state the main theorem
of this thesis. These preparations are taken from [1].

Let (Z,%,v,T) be a dynamical system, where (Z, %, v) is a measure space
and T : Z — Z is an automorphism of Z. Recall that an automorphism 7" is
a bijective map and furthermore 7" and 7! are endomorphisms. Let £ be a
partition of Z, i.e. UVeg V = Z and this union is disjoint. Since the preimage
operator preserves unions and intersections, T~ 1¢ is again a partition.

We introduce the notation B < 2l meaning that 2 is a finer partition than
B,ie. VAeAdBeBst. ACB.

Remark :
This finer-relation on the sets of partitions of a set Z forms a partial order,
so the notation < is appropriate.

Now let T-1¢ < &, ie. ¢ is invariant with respect to 7. Applying T on
those partitions, we get a sequence of ever-finer partitions

E<TEST? <T...

Let [[o, T"¢ be the coarsest partition, which is finer than T*¢ for every
k> 0.

Definition 3.1 :
Let & be a partition of Z and T : 7 — Z an automorphism. We say that &
is exhaustive with respect to T', if -, T*¢ consists only of singletons.

Having such a partition £ satisfying this property, we obtain another mea-
sure space (Z/€,%¢,ve), where Z/§ = & and Ge : Z — Z /€ is a factor map
s.t. Ge¢(x) = [z], where [z] denotes the unique (since any two sets in £
are pairwise disjoint) set of the partition £ containing x. Therefore, we call
(Z/€, e, ve) the factor space of Z with respect to &.

Next we define the o-algebra ¥ as follows:

Ael < G l'Aex

This way defined, G¢ is measurable and consequently a homomorphism.
Last but not least, set v¢(A) = V(GglA). By Definition 2.3.1, G¢ is a mea-
sure preserving factor map.

20



We want to define a map T : Z/§ — Z/§, which is an endomorphism,
s.t. we get the following commutative diagram:

z—L =z
Gst le
Z/€ =~ 2/¢

But how should T look like? Let’s try
Te(A) =B<=T(A) CB (2)

Our assumption 77 '¢ < & makes this map a well-defined map s.t. T¢ o G¢ =
G¢ o T. Since the right-hand side is measurable (since G¢ and T are), the
left-hand side is too and consequently 7 is.

We are now ready to define the natural extension of an endomorphism.

Definition 3.2 :
Let (X, 27, u) be a measure space and S : X — X be an endomorphism. We
say that S has a natural extension 7' if there exist:

(i) a measure space (Z, %, v)
(ii) an automorphism T : Z — Z
(iii) a partition £ of Z which is exhaustive with respect to T

st. Z/¢ =2 X and T = S. This indicates the existence of a measure pre-
serving isomorphism f, i.e. u(A) = ve(f~1(A)) VA € o, s.t. the following
diagram commutes:

Z)¢ —>27/¢

f| |
Now we know what a natural extension is. Natural in this sense means,
that the measure space (Z, X, v) is the smallest possible space, where T is an

invertible extension of S such that Z/§ = X and Ty = S.

21



Finally, it is time to state the main theorem of this thesis.

Theorem 3.3 :

Let (X, Bx, ) be a standard Borel space, where p is a continuous probability
measure, i.e. u(X)=1,and S: X — X a nonsingular endomorphism. Then
there exists a natural extension of S.

22



4 Motivating examples

Before starting with the first proof, we want to introduce two basic examples
to illustrate, how such a natural extension could be constructed.

Exapmle 4.1 :
Let X be the unit interval [0, 1], equipped with Bx = Bjg) and = ', the
Lebesque measure. We define a transformation S : X — X as

S(z) := 2x mod 1

Then S is clearly a non-singular endomorhism. Geometrically speaking, S
does the following;:

1
N
o
i

We cut the interval in the middle to get two intervals [0, 1] and [1, 1], where
we put the equal amount of green and red mass, respectively. The interval
1 1

[0, 5] is expanded to [0, 1], whereas the same happens for [3,1]. Then we lay

them on top of each other, where the expansion of [0, %] is at the bottom.

Obvioulsy, S is not invertible, since for any z € SX there are always x; €
[0, 3] and z, € [3,1] such that S(z;) = z for i = 1,2. We need information,
in which mass a point z lies. Therefore, we have to introduce a new variable
y, which represents the thickness of the red and green mass. For simplicity,
assume that the thickness is 1, which gives us a new space Z = [0, 1]* with
¥ = Bjpz and v = A2, the two-dimensional Lebesque measure. Now define

amap 1 : Z — Z via

o {3

+3) ifz>
) if x <

e ke
NI N

This map is called the baker’s map, because the map does exactly what bak-
ers do with dough, cut in half, stack together and compress:

23



In this setting, T is invertible and therefore an automorphism. Now con-
sider the following family of sets:

E, :={z} x[0,1]

E, represents a vertical line of length 1. Furthermore, (E,),cx forms a
partition of Z, where E,, N E,, = () for x; # 5. Applying T on these sets
provides us

~[{S@)} x[0,1] ifx<
The = {{S(x)} x [3,1] ifa >

NI~ N |—=

In other words, we get again a vertical line, but this time with length %
Moreover, if we write £ := {E, | z € [0, 1]} we have

§<T¢

Iterating this step gives us new partitions, which get finer and finer, i.e. £ is
an exhaustive partition. Define a homomorphism G¢ : Z — Z/¢ via

Ge(z,y) = {2} x[0,1] = E,

In this case we find an isomorphism f : Z/¢ — X, ie. Z/¢ = X, which
basically is just a projection onto the first coordinate:

f(By) =

Next define T¢ : Z/&§ — Z/€ as T¢(E,) := Eg(,), meaning that Ty = 5. As a
consequence, we get the following commuative diagram:

2/ =~ 7/¢
fl lf

24



What is left to check is, that f preserves measure between (Z/€, X¢, v¢) and
(X, Bx,Al), then T is a natural extension of S.

So assume that for any A € & we have A'(A) = a. Then, using v = /\QOGE1
we have

ve(f7H(A)) = (G ({ B | = € A}))
= \?(A % [0,1])
= A'(A4) - A'([0,1])

This makes f measure preserving and 7" a natural extension of S.

Remark :
One could look at this problem from a probability theoretic point of view.
We can identify any point in X = [0, 1] with a infinite sequence of coin tosses.

X 2 {w = (wo,wr,...) | w; € {0,1}}

At every step we divide [0, 1] in two intervals of the same length. Now 0
represents the left sided interval of every division and 1 every right sided
interval. This way, every 0 — 1 sequence yields one point in X.

On this space, S acts like the right-shift, i.e. (S(w)); := wiy1. So S forgets
about the past. On the other hand, we can identify Z via

A

I

{(IJ = (...,w_g,w_l,wo,wl, ) | w; € {0, 1}}

Here T is again the right-sight, (T'(w)); := w; 41, but now, since the sequence
is two-sided, we can always go to the past.

Example 4.2 :
This time we consider a slightly different setup. Let again be X = [0, 1] and
Bx = Bjp,1). Define

S(x) := fxr mod 1

such that 8 > 1 satisfies § — 1 = % It is easy to calculate that g = 1+2‘/5,
i.e. the golden ratio. Geometrically speaking, we have:

Basically, the same happens as in Example 4.1. The difference is, that now
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we divide X into [0, %] (green) and [+, 1] (red).

1
137
S expands both intervals by a factor 3, such that the green mass covers
X and the red mass covers [0, %], since we lay again both intervals on top

of each other and (1 — %)ﬂ =pf—-1= % Clearly, S is not invertible again.
This time we use a different strategy. We introduce a space Z with a map
T : Z — Z, where we find a measure preserving measure v. From this, we
will construct, assuming that 7" extends S naturally, a measure preserving
measure f on (X, Bx).

Define Z := [0, %] x [0,a] U [%,1] x [0, 5], where a > 1 is a real number,
with its Borel o-algebra By and T : Z — Z as

T(x,y):= {E (z)

Again, T is invertible. On this space, define v := A\? |;. Here we want
A |z (Z) = 1, which in order forces a to be

=¥ 12 (2) = ([0, 5] X [0.a] U5, 1 x [0, 5)
2(0, 1 x [0,a 21 x [0, %
=>\([0a5] [0, ])+)\<[ﬁ’1] [0’5])
_94_(1_1).9
5 s B
B 1 3.5
AT B Y

So a > 1 indeed. Moreover, we have that 7" is indeed measure preserving, i.e.
A2 |z o1 = X2 |z. Tt is sufficient to show this equation for any rectangle
M x N. Since the family of all rectangles generates B, the result extends
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for general sets in Bz by the Standard Uniqueness Theorem. Note that

T1<MxN>={weMr§}x{yeNm[,%Hy 8}
u{meM|§}x{yeNm[g, al | y- B——}

Now suppose that A'(M) = m, A(N) = n, A(NN[0,5]) = n; and
AN N [§,a]) == ny. This provides us

Mz (T7HM x N)) = (T"HM x N))
({xeMlg}x{yeNﬂ[ Ty 6y

+/\2({acEM]%} {yENﬂ[ al|y- 5——})

:% n15+g naf

m(n1+n2)
>\( ) - AH(N)
= \(M x N)
)\ ‘Z (MXN)

Indeed, we found a measure preserving measure under 7. Before we con-
struct u, we first observe that

where Z/¢ :=={E, |z € [0,1]}, G¢(z,y) == E,, f(E,) := x and

5 {{;1:} x[0,4] ifaw

>
{z} x [0,a] ifx<
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Note that & := {E, | x € [0, 1]} is again an exhaustive partition w.r.t. 7.
Now define 4 on ([0, 1], By 1]) via

fi= N |z o(f o Ge) ™!

For simplicity, let v := f o G¢. Note that
Soy=yoT

Altogether, this yields measure preservation of p under S, since for any
Ae B[O,l}

poSTHA) =N |z 097 0 STH(A)
= N[z T oy (A)
=Mz 0771(4)
= u(A)

We want to identify, what measure p is as a matter of fact. Therefore, for

A € By and A C [0, 6] calculate
u(A) =N |z (GH(f7H(A)
=Mz (G ({E: |z € A}))
=\ |z (A x[0,a])
=a-\(A)

On the other hand, for A € By and A C [5, 1], we find that

u(A) =N |2 (G (fH(A)))
=\ |z (G ({E, | = € A}))

=X |7 (A% [0, %))

B

:%.xm)

As a consequence, we can define a density g := a - 1y 11, such that,

t5 Ly

1
17}
]

in the end we get

p=goA
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So, using these measures p and v, T' is a natural extension of S, and we are
done.

Remark :
Once again, we could use infinite 0 — 1 sequences to identify X and Z, with
a small restriction this time, namely

X ={w = (wo, w1, wa, ...) | w; € {0,1} and if w; = 1, then w;41 =0}
and

Z =A{w=(..,w_1,wp,wr,...) | w; € {0,1} and if w; = 1, then w;;; = 0}
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5 The Proof

As mentioned in the introduction, we won’t immediately prove the nonsingu-
lar case, but discuss the measure preserving case first. The measure preserv-
ing case is well known since V.A. Rohlin proved this case in the 1960s (see
[5]). Furthermore, for S being measure preserving, the natural extension is
even unique up to isomorphisms. However, uniqueness is not the goal of this
thesis.

We will construct a proof for existence in the measure preserving case ob-
tained from Beneteaus proof for nonsingularity ([1]) and then continue to
prove the nonsingular case.

5.1 The measure preserving case

The proof will consist of two parts. Firstly, we construct a measure pre-
serving automorphism 7', which will represent the invertible extension, and
secondly we look for the desired exhaustive partition &.

As a warm up, before starting with the first part of the proof, define for
n > 1 cartesian products

n—1
X" = HX = {(z0,...,xpn1) | zp € X for all k <n —1}
k=0

X =[] X = {(zo,21,...) | 2 € X for all k}

k>0

Define Z := {(zo,z1,...) | z; € X, S(x41) = x5, 1 =0,1,..}. Z is a subset
of X. Our goal is to define a measure v on X which is concentrated on Z,
i.e. v(Z) = 1. In order to do this, we have to be sure that Z is contained
in the product o-algebra By, which coincides with the Borel o-algebra, see
subsection 2.2.

Lemma 5.1.1:
Z € Bx.

Proof :

Define Y™ := {(xo, 21, ..., xpn1) | s € X, S(x441) = x;, i = 0,1,..,n — 2}.
Now set Z" :=Y" x [[;—,, X. Then obviously Z = (,-,Z". Consequently,
if we prove that Y™ is measurable with respect to the finite product o-algebra
Bxn, then Z is automatically measurable. We do this by induction on n.
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Let n = 0. Clearly Y° = X € By.

Let n = 1. Note that Y! = {(z¢,21) € X x X | S(21) = x0} = {(S(z), z) |
x € X} is essentially the graph of a measurable function. Luckily, according
to Theorem 3.3. in [2], such a graph is always measurable:

Theorem 5.1.2 :

Let f: X; — X, be a measurable map between two separable metric spaces
X and Xs. Then E := {(xy, f(z1) | x1 € X1} is a Borel set of X; x X», i.e.
FE e BX1 & BXQ.

Since X is Polish, we can apply Theorem 5.1.2 and therefore Y*! € Bx ® By.
Now suppose that Y"1 € Byn-1. We use our assumption S(z;,1) = x; to
write Y" as

Y= {(5" (@), S"2(2), ., S(a),2) | w € X}

= {(5"72(2), 5" 7(2), ., S(2),y) | y, 2 € X}
N{y,S" *(z),...,8(z),z) | z,y € X}

Comparing the first component yields S"?(z) = y. Comparing the second
component yields

S"3(2)=8"%2) & z=8(x) & S"%z)=9""(2)
= 5" Hx) =y

by the first comparison. So, basically Y™ = (Y"1 x X)N (X x Y™ 1). Since
Y™l € Byn1 by our induction hypothesis, Y € Bxn». This proves the
Lemma. O]

Now that we know that Z is measurable with respect to the product o-
algebra, we can define a measure v on X. We do this by defining the follow-

ing set function v™ on the finite product space X™.

For BO,Bl, -u,Bn—l € BX let

V"(Bo X ... X By_q) 3:/ Ls-tn-1 Byns—-2B,n..nB,_; A
X

We want to show that v™ is a measure on X", Firstly, clearly () = 0 since

() = (0 x . x 0) = /X T /X Ly dp = p(0) =0
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Secondly, we have to show o-additivity. In order to do this, it is enough to
consider rectangles. Assume that

By x ... x Buy = | J(Bf x ... x B ) (3)
k>1

i.e., the set By X ... X B,,_1 € Bxn is a union of measurable rectangles. To

show o-additivity, suppose that the union on the right-hand side is disjoint.

For z,,_1 € X, we observe the following equivalence:
(S”_l(xn_l),Sn_z(zEn_l), ...,[L’n_l) € BO X Bl X ... X Bn—l <
Tn1€S VB NS ™ 2B N..NB,

So (3) can be rewritten as

S—(n—l)BO N S_(n_2)B1 N...N anl
— (s DBl NS 2Bk BE))

k>1

where again the union is disjoint. Recall that for a disjoint union A U B we
have 14,5 = 14 + 1. Using this and Corollary 2.1.7 we finally get

I/n(BO X ... X B’I’L—l) — / ILS—(”—I)BOOS—("—2>B1Q‘..ﬁBn,1 dl,[/
X

= | ) ls-w-npins-o-opin.npt_, di

X g>1
(Corollary 2.1.7) = Z/ Lg-m-1gins-m-2 grn..BE_, A
k>1 VX

=> V"B x Bf x ... x B}_,)

k>1

So v™ is o-additive on rectangles. The family of all n-dimensional rectangles
forms a semiring S™, which furthermore generates Bxn, i.e. o(S") = Bxn.
Thus the pre measure v can be extended to a measure on (X", Bxn). By
the Standard Uniqueness Theorem for measures, this extension is unique and
we call (still) denote this measure as v".

But that is not enough, since our goal was to construct a measure on X.
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For the next step, we shall observe that the family (v") forms a consistent
sequence of measures, namely

V" By x ... X By x X) = 1V"(By X ... X By_1)
So let’s calculate v (By x ... X B,y X X):

n+1 —
14 (Bo X ... X Bn—l X X) = / ILS*"BQOS—("—UBﬂ']...ﬂS*an,lﬂX d,u
X

(S7'X = X, since S surjective) = / Lg-1(5-n-1) Byns— (-2 By...AB_y)

b

:/ ]157(”71)Bomsf<nf2>Bm...mBn_1 oS d/L

(Theorem 2110) = / HS—("—l)BonS—("—”Bm.A.mBn,l d(/,l/ @) S_l)

X
(Iu =puo S_l) = ]15*("*1)BOOS*<"*2>Bm...ﬁBn_1 dll
X
= l/n(BO X ... X Bn—l)

So this proves consistency. Now we are done, because the Daniell Kolmogorov
Consistency Theorem in [2] (Theorem 5.1) finishes our job:

Theorem 5.1.3 :

Let I be any index set and let (X;, By,) be a standard Borel space for i € 1.
Let X :=[],.; Xi and Bx := @Q,.; Bx;-

If {v; | J C I,J finite} forms a consistent family of probability measures,
then there exists a unique probability measure v on (X, Bx) s.t. v (A) =
v(m;'(A)), where 7; is the restriction from I to J, for all finite J C I and

A€ ®j6JBXj‘

Since our (X, Bx) is standard Borel by assumption, the family (v") extends
to a unique measure on X. We call this measure v. Note at this point, that
v(X) =vH(X) = pX) =1

Next, we want to show that v(Z) = 1, which is equivalent to the fact, that
v is zero outside of Z. In [1], a calculation yields v(Z™) = 1, and, due to
Z, ¢ Z it immediately follows v(Z) = 1. Since this calculation is vague, we
try a different approach. Therefore, we introduce transition kernels.
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Definition 5.1.4 :
Let (X, <) and (Y, %) be two measurable spaces. The map x : X x B —
[0, 00] is a finite transition kernel from X to Y if

(i) = — k(z, B) is o/-measurable for every B € 4.
(ii) B+ k(z, B) is a finite measure on (Y, %) for every x € X.

If k(z,Y) =1 for every z € X, then x is a Markov kernel. For more infor-
mation about transition kernels, see [10].
We need this object for the proof of the following Lemma.

Lemma 5.1.5:

Let (X,47,)\) be a probability space and R : X — X a measurable and
null-preserving map. Then there exists a unique measure n on the product
space (X2, &7?) such that for every A, B € &

n(A x B) = A\(ANR™'B) (4)

Moreover, let G := {(z, R(z)) | « € X} be the graph of R. Then G is mea-
surable and 7 satisfies n(G) =1

Proof :
We construct a measure 7. For this, we use a specific kernel, namely dp(,) to

define for any Q) € 7>

Q) = /X 5oy (@) dA(x)

Since dg(,) is a Dirac measure, it follows, by linearity of the integral, that 5
is a measure. Using X2 = (X x X), = X and dp(,)(X) = 1, we observe that

A(X?) = /X ey (X2) dA(z)

= /X OR(z)(X) dA(z)

- /X 1 d\(x)

= A(X)
=1
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Therefore, 7] is a probability measure.
Next, we show (4). For this, write for A, B € &/

4% B) = [ b ((4x BL.) dAo) g
Note that, more generally,

B zcA

(AXB)x:{(Z) r¢ A

and
Or@)(B) = 1p(R(x)) = 1g-15(x)
Then the calculation of (5) continues as follows:
(A x B) = / 1oy (B) dA(x)
A
_ / L p(2) dA(z)
A
= AMANR'B)

So 7 satisfies (4). Next, we are concerned with G. Measurability of G is
given by Theorem 5.1.2. To show that also 77(G) = 1, first observe that

Go = {R(2)} = o ({R(2)}) =1

This observation provides us

m®=AMM@mm»

_ /X 1 d\(z)

1

Using once again the fact, that S* .= {Ax B | A,B € &/} is a 7-system
satisfying 0(S?) = /2%, we must have n = 7 by the Standard Uniqueness

Theorem, since 77 was a probability measure.
m

By induction, the result follows for product spaces of any dimension. In
our case S is measure preserving, in particular null-preserving. Therefore,
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this argument applies here and for Z" we get v"(Z") = 1.

Using continuity from above while letting n — oo, we get
v(Z) :nh_g)loz/(Z ):nll_{](r)lol/ (Zz") =1
since Z,, \( 2.

What is left to do to get a measure space (Z,%,v), is to specify . For
this, define ¥ := {BNZ | B € Bx}, i.e. ¥ is the trace o-algebra on Z, which
is a o-algebra on Z.

Now that we finally have a measure space (Z,%,v), we need to define a
map T on Z s.t. T is a automorphism, which extends S. Define
T(.To, T1,X9, ) .= (S(l’o), S(iﬂl), S(ZBQ), )
= (S(ZL’()), Lo, T1, )

Firstly, we show that T is bijective.
On the one hand, let (xg,x1,...) # (Yo,¥1,...) € Z. Then

T((zo, 1, .-.)) = (S(w0), 2o, 21, --.) # (S(W0), Yo, Y1, ---) = T (Yo, Y1, ---))

which yields injectivity.
On the other hand, for surjectivity consider any y = (yo,v1,...) € Z. We
need z = (g, x1,...) € Z s.t.

T(z) = (S(z0), o, 21, ...) = (Yo, Y1, ...)

Take T := (y1,¥2,...) € Z, then T(Z) = (S(v1), 1, Y2, ---) = (Yo, Y1, Y2, --.)-
This shows that T is surjective and ultimately bijective.

Secondly, we claim that 7" is an automorphism. But before we start showing
this, recall that a product o-algebra is generated by preimages of measurable
sets under m;,7 > 0 (Definition 2.2.3). Here we have, for i > 0 and B € By,

that the
' (B)= (B)i=(Xx..xBxXx.)NZ (6)
= {(zo,21,...) € Z | 2; € B}

generate .
As a consequence, it is enough to show that 7" as well as T~! sends such sets
to measurable sets. For that, observe that

T Yxg, 21,22, ...) = (21,29, ...) for (zg,21,22,...) € Z
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For any i, we get
T(B)l = {T(l’o,xl, ) ‘ (330,1'1, ) € Z, x; € B}

= {(S(x0), xo, x1,...) | (20, 21,...) € Z,x; € B}
= {(fo,fl, ) S ’ x[H € B} = (B)i+1

The same way, for ¢ > 1 we get

T_l(B)i = {T_l(fL‘Q,ZEh.I‘Q, ) | (ZL‘Q,ZEl,I‘Q, ) c Z, x; € B}

= {(x1,29,...) € Z | z; € B}
= {(fo,fl, ) S ’ Ti—1 € B} = (B)ifl

For the special case i = 0, we have

T_I(B)g = {(Il,[EQ, ) | (170,131,1‘27 ) € Z, S((L’l) =X € B} = (S_lB)O

All this together gives us an automorphism 7. Now we want to check, that
T inherits the last important property of S, namely measure preservation.
To check that, we first show that T is measure preserving on the family of
measurable rectangles, i.e. for By, ..., B,_1 € Bx let

B() X ..o X Bn—l = {(l’o, ...,l’n_l) | x; € BZ for 1 <n-— ]_}
BO X ... X anl X X = {(.CCo,Il, ) | x; € Bl for ¢ <n-— 1}

Recall that those families form semirings S™ and (I1,,)~18™, respectively.
Here II,, is the projection from X onto its first n components. Furthermore,
define § := {J,, (I1,) 'S™. Moreover, S" generates Bxn and S generates By.

Our goal is to show v = v o T~ on 8. Since S" is a semiring, it is in
particular closed under intersections. In addition, o(S8™) = Bxn» will allow us
to use the Standard Uniqueness Theorem for measures (see Theorem 2.1.1),
which will yield v = v o T~! on Bxn». Letting n — oo will give us the desired
result.

For By, ..., B,_1 € Bx, calculate

v(By X ... X By x X) =v"(By X ... X By,_1)
= / ]lsf("*UBomsf("*)Bm...mBn,l d,u
X
On the other hand, using
T YByx..xB,1xX)=((S"ByNBy) x By x ... x By_1 x X)
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we get

voT (Byx ... x By x X) = v, 1((S™'By N By) X ... X B,_1)

=/ Lg—(n—2)(5-1BynB1 NS~ (3 Byn..B,_y GHb
X

:/ :[]‘»5'7("Lfl)Boﬁsf("fwBlﬁ...ﬂBn,1 d/“l’
X
This shows measure preservation of 7.

So we finally have found an invertible map 7', which extends S. Recall-
ing Definiton 3.2, the last step that is remaining for 7" to become a natural
extension, is to find an exhaustive decomposition £ and a measure preserving
isomorphism f such that the following diagram commutes

2/ 7/

fl lf

In order to do, we first define for x = (x¢, 1, ...) € Z an equivalence relation
T ~ I <= 1y = To. This way, we get a partition £ such that

Z/€ = {[(wo,...)] | zo € X}

Next we have to show that this partition is exhaustive with respect to 7'
The easiest way to do this, is to check that any point of Z can be obtained
as an intersection (2, 1"J; for J; € &.

So let © = (xo, 1, ...) be an arbitrary point in Z. Define Jy = [(zy, ...)], then
of course x € Jy. Next define J; = [(x1, ...)]. Applying T gives us

TJ = {{i = ('foafla ) | Ty = [Eo,fl - xl} <7)

Since any arbitrary point y belonging to 7'J; obviously also belongs to Jy,
we have T'J; C Jy. Furthermore, x € T'J; (since z satisfies the conditions of
(7)). Tterating this step, we get for general i a set T"J; = {& = (2o, 71, ...) |
Ty = X, ..., T; = x;}, where again T'.J; C T""'J,_; and x € T"J;. Intersecting
over every ¢ > ( gives us

n T'J; = {z}
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i.e. the claim, which we wanted to prove.

Secondly, we shall find a measure preserving isomorphism f. For this, define
f:Z/¢ — X as f([zo,...]) := xo. Then f is easily seen to be bijective. We
shall observe that this f gives us the following diagram:

Ge

(Z,v) (Z/€,ve)

(X, )

7o denotes again the projection onto the first coordinate. Moreover, G¢(x) :=
[z] and v¢(B) = V(Gng) as introduced in section 3.

Since we have my = f o G¢, f is obviuosly a homomorphism and, due to
bijectivity, an isomorphism.

Next we want to check that f is measure preserving. On the one hand, for
some B € By, f~!B is measurable if and only if Ggl f~1B is measurable in
Z. Looking at the diagram above, we have that

G f'B=m'BY (B)ex

Now that f~!B is measurable, we can calculate

ve(f'B) =v(G¢' ' B)
= v((B)o)
=v(Bx X xXx..)
= w(B)

=/XILB dp = p(B)

On the other hand, suppose that B is measurable in Z/¢, which means that
G’ng is measurable in Z. According to the diagram above, we shall observe

that WO(Gng) = f(B). Using the fact, that the measure v is concentrated
on Z the sets

FBYx X x X+ and (fF(B)xXxX---)NZ

differ only by a set of measure zero. This makes f (B)x X x X --- measurable
in the product space X. Note here that, since Wo(Gng) = f(B), we have
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(f(B)x X x X ---)NZ = G¢'B. Alltogether we get measurability of f(B)
and furthermore

All this adds up to

ve(f'B)=p(B)  and
u(f(B)) = ve(B)

implying, that f is indeed measure preserving.
Finally, to finish the proof, observe that

T([(zo, -)]) = [(S(x0), w0, )] € [(S(x0), --.)]

By (2), this gives us T¢([(xo,...)]) = [(S(xo), ...)], which in order makes the
following diagram commutative:

2/ 5= 7/¢

f| |

So we have Ty = §, because Z/{ = X. By Definition 3.2, T is a natural

extension of S and the proof is done.
m
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5.2 The non-singular case

So now we proceed the same way as before, except that .S is now non-singular.
So let again Z := {(x¢,x1,...) | z; € X, S(xi41) = 4, i = 0,1,..}, then
Z € Bx by Lemma 5.1.1, since this result was independent of S being measure
preserving.

The next step is to define v on X. Unfortunately, this is not as easy as
before. By assumption, p is a normalized measure, therefore o-finite. S
being non-singular gives us p o S™' < p. The Radon-Nikodym theorem
(Theorem 2.1.5) guarantees the existence of an integrable and measurable
function b : X — R U {oo} s.t.

poSHA) = / h dp
A

(recall that A is in this case nonnegative, since o S™! is a measure).
On the other hand, non-singularity also gives us pu < o S~!. Altogether

p(A) =0<+= poSH(A) =0

In other words, po S~! only vanishes if and only if ;1 vanishes. This implies
0 < h < oo almost everywhere.

Using this Radon-Nikodym derivative, we define a sequence of functions,
which was introduced by Lambert (see [9]):

1 .
Hi(z) = (hoS)(@) - (hoS)@) -~ (hoS(@) =1

(8)

Hy(z) =1 Ve e X
Since the H; consist of compositions of measurable functions, the H; are
again measurable. Moreover, the H; are defined almost everywhere since

0 < h < oo a.e. This also gives us H; > 0 for all © > 0. We shall observe and
prove some useful properties of this sequence.

Theorem 5.2.1 :
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Proof :

We just calculate both sides, after we considered the special case ¢ = 0.
HyoS(xr) 1oS(x) 1

hoS(z) hoS(x) hoS(x)

Now let ¢« € N. On the left-hand side we have

1
(hoS)(x)---(hoS™)(x)

Hl(l’) =

Hz—i—l( )

On the right-hand side,

H(S(x)) - ! !

(ho8)() ~ (hoS)(S@) - (ho5)(S@) (hoS)(x)
1 1
~(hoSN(@) - (ho 5 (@) (hoS)()

This does the job.

Lemma 5.2.2:
Let B € Bx. For every k and ¢ > 0 we have

/ H; dp :/ Hiyg dp
B S—kB

Proof :
We only prove the lemma for k = 1, the rest follows by induction on k.
Recall that h = A) Using this and Theorem 5.2.1 we have

H;oS H;
Hiy dp= - dp = —o0Sd
/SlB o s-1p holsS : /SlBho :

(Theorem 2.1.10) /—duoS 1)

(h = dpoS /—hdu

/Hdu
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Theorem 5.2.3 :
For all 7 > 0 we have

X

i.e. (H;)i>o forms a sequence of probability densities.

Proof :
We prove this theorem by induction on i. For ¢ = 0 we have obviously

/Hod,u:/ldu:u(X)zl
X X

Now let 7 € N, then

X S-1X
(Lemma 5.2.2) :/ H;, | du
X

(Induction hypothesis) = 1

O

Since we know that H; is a probability density for any ¢ € Ny, we could
try to define v"™ the following way. For By, By, ..., B,_1 € Bx let

I/n(Bo X ... X Bn71> = / ]15*("71)BoﬂSP(”*Z)Blﬁ...ﬂBn_lanl d/L
X

We want to check that v™ is again a measure. We have v™(()) = 0 since

Vn((b X ... X @) :/ I[S*(nfl)@ﬂ...ﬂ(b Hn,1 d/,L :/ ILQ)Hn,1 d/l,
X X
= H, d,LL
0

For o-additivity, consider a set By X ... X B, in X", which is again a disjoint
union of rectangles:

By x ... x Bu_y = | J(Bf x ... x Bi_,)

k>1
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With the same calculation as in the measure preserving case, we get that
V'(By X ... X By_y) = V"(B§ x Bf x .. x Bf_,)
k>1

The last piece, which is missing to use Theorem 5.1.3, is consistency. Define
for simplicity K := S~ YByN S~ 2B, N..N B, ;. Then

+1 —
V' (B X o X By X X) = / Ls-npons--1Bin..ns-1B,_1nx Hn dps
X

(S7'X = X) —/ Ls-1(s--vpons--2 0.0, ) Hn dit
X

:/ ]-S*lKHn d[,b
X

H, du
51K

(Lemma 5.2.2) :/ H,_, du
K

/ Lg—(n-1) pyns—(n-2 y...AB,  Hn-1 dpt
X
Vn(BO X ... X Bn—l)

Now we can use Theorem 5.1.3 and Lemma 5.1.5 (non-singularity implies
null-preservation) to get a measure v on X. With the same argument as in
the previous subsection, luckily also in this case we have

v(Z)=1

We consider the same measure space as in the measure preserving case,
namely (Z,X,v), where again ¥ :={BNZ | B € Bg}.
Also,

T(xg, 1, xa,...) : = (S(x0), S(x1), S(22), ...)
= (S(w0), zo, 21, ...)

is again a automorphism, where 7" and 7! are measurable (since all calcu-
lations before were independent of measure preservation).

Showing that T is non-singular gets a little bit tricky. Beneteau does in

[1] the following:
Consider the generator of 3 consisting of the preimages under all projections,
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namely all sets (B); for i > 0 (recall Definition 2.2.3 and (6)). Then for any
1 > 0 we have

v((B):) = v ((B):) = /

X

v(T7H(B);) = v'((B)im1) = /XILS—“—UXO...DBH%'—I dp = /BHi—l dp

ls-ixn..npHi dp = / H; du
B

Then it follows that u(B) = 0 <= v((B);) = 0 and v(T~(B);) = 0. This
gives non-singularity for preimages of all projections. Now Beneteau uses
an approximation argument, since all (B); generate ¥. The problem here
lies in the fact, that this family of sets is not stable under intersections (see
Theorem 2.1.1). To realize this, consider for A, B € Bx and i # j

(A);N(B)j=((Xx..x X xAXxX.)NZ)N(X x..x X xBxX..)NZ)
=(X X . XxXXAXXX..xXXxBxXx.)NZ

which is obviously not an element of this generator. Therefore, the argument
fails and we don’t have non-singulrity. So we have to show this in a different
way.

A special thanks at this point to my supervisor Roland Zweimiiller, who
managed to find a different way to solve this problem. We just need a differ-
ent family of sets. In particular, we need a family of sets, which is slightly
bigger. The easitest sets, which are suitable for this problem to work with,
are the measurable rectangles

B() X ..o X Bn—l = {(l’o, ...7$n_1) | x; € BZ for 1 <n-— ]_}
B(] X ... X Bn—l X X = {(J?O,Il, ) | x; € Bz for i <n-— 1}

Before we are able to show non-singularity of 1", we need some preparations
on (X, Bx, i, S). Using the H;(z) defined in (8), we want to define measures
on every time component. For any n > 0 set

un:—HHQM—/Hndu

Ho -= [

(9)

[t has an important property, which we want to keep hold of in the next
lemma.
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Lemma 5.2.4 :
The measures (p,) as defined in (9) are preimages of p under the push-
forward by T, meaning

fin © T™" = p_; for n >0
Note that for n = ¢ we have p, o T7" = p.

Proof :
Use Lemma 5.2.2 for any B € By and i > 0 to get

fin 0 T=(B) = (Hy © ) (T~ B)
=/ H, du
= / H, ; du
= (Hn—i O] M)(B)
= Nn—i(B)

]

Next we want to study two measures on the product space (X", Bx»). On
the one hand, we have the already well studied measure v, which we can
now rewrite using (9)

Vn(Bo X ... X Bn—l) = / ]_S—(n—l)Bom.“mB’n71 dun—l
X

On the other hand, we want to use another related measure as an auxiliary
function. This measure was introduced in section 5.1 and had also the name
v". Therefore, to avoid confusion, we rename it as

pn(BO X ... X Bn_l) — / 15’*<”*1>Boﬁ...ﬂBn,1 dlll
X

Our goal is to find measures, which have a density with respect to p™. For this,
consider any n-tuple of measurable functions (Vp, ..., V,,_1) where V; : X — R
for every 0 <i<mn—1. Define Vj ® ...®@V,,_1 : X" - R as

W®..® Vn—l(l’o, ey xn—l) = Vo(l’o) T Vn—1<xn—1)
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Note Ehat t@e map V; —» Vp®...®V,®..®V,_; is linear. To see that, set
Vi =V, +aV; and we get

Vo®..0 (Vi+aVi) ® ... ® Vo1(20, ...Tn_1)

= Vo(wo) -~ (Vi + aVi) (i) - - Vioa (1)

= V(o) - Vi(ay) - Vi () + Vo(o) - - - aVi(zi) - - Vi1 (1)

= (V0 ®.0V,i®.0Vi)+a(Vo®..0V;®..Q V,_1)

Let V" :={Vp ®...®@ V,_1 | V; : X = R measurable for every 0 < <n—1}
be the set containing all such functions. This way we can consider a map
o" Y — VO defined by

P"Vo®..0 Vo )(2) : =V ®...0 V,_1(S" (), S" (), ..., 1)
= (Voo S" ™) (@)(Vi 0 S )(x) -+ (Vaa 0 S)(2) Vs ()

This ®™ is multiplicative on V™ in the sense that for some V" := Vj®...QV,,_1
and W" =Wy ® ... W,_1 € V" we have

O (VW) =MV - (W) (10)
Just calculate both sides to see that
"V W) =d" (Vo ®...0 V1) W ® ... @ W,_1))

=" (Vo W) ® ... ® (Vo1 - Wy1))
=((Vo-Wo)o8") - (Vaa - W) 0 S)(Voor - Wiia)

and
OV W) = (Vy o S") o (Vi s 0 )iy - (Wy 0 S™71) -+ (W 0 ) Wiy
coincide. Furthermore, the map

Vo, ooy Vi) » " (Vo ® ... ® V1)

is linear in each Vj;. For this, just write in the i-th component V; = Vi 4+ aV;
and we get

(Vg ®..0 (V; +aV}) @ ... @ V,_y)

(Voo 8" oo ((V; + aV;) o S Yy,

(Voo S™ ... (f/Z o S0t 4 gV o Snf(z”rl)) Vi

(Voo S"™ ) e (Vo S" DY iV i 4+ (Voo 8" 1) v (aV; 0 SP~0FD) Ly,
PV ®.0Vi®. .0V, ) +a-d"(Vh®.0V®..0V, )
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Next we want to examine which specific functions belong to V. On the one
hand we have for By, ..., B,,—1 € Bx the indicator function g «. «xp5,_, which
belongs to V" since

ﬂBox...xBn,l(xm e mn—l) = ILBO(JUO) te ﬂBn,l(xn—ﬁ

Applying " and 1 4n5 = 14 - 1 in this case gives

an(ﬂBOXmXBn—1> - (ILBO © Sn_l) ' (131 © Sn_Z) T (ﬂ‘Bn72 © S)ﬂBnA
- 157("71)B0 . 15—(n72)B1 s an—l

= Llg-m-1pyns--2B,n..AB,_ 1

Another important example is the function given by

1 1
H”::E®E®...®1€V" for n > 2 and
H' =1 %

A further application of ®™ yields

O"(H") = (% o Sn_l)(% o S"_Z) e (% 09)-1
1
~ (ho8)--(ho ST

Combining these results and (10) provides the following:

n ny __
o (ILB()XA..XanlH ) - ILSf(n*1>BOﬁS*(71*2)310.‘.03”_1anl

With the aid of these identities, we can rewrite the defining properties of v
and p" respectively as

V(B % . x By1) :/ (L wp ) O (HY du (1)
X
and
5"(Bo % . x By1) _/ S (L v ) dii (12)
X

The need of writing ™ and p™ that way will get clear, once we establish the
following two results:
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Lemma 5.2.5:
For any non-negative V" =V, ® ... ® V,,_1 € V" we have

/ Vhdp' = /X (V™) du (13)

So this characterizes how integration with respect to p™ would work.

Proof :

The proof will be done like most proofs in measure theory. We start with
indicator functions V" = 1p,«. «B,_,, where By,...B,_1 € Bx. By (12) we
have

/ ILBOX...xBn,l d/)n :/ dpn
n BoX...xBn_1

= pn(BO X ... X Bn—l) :/ (I)n(]lBoX---XBn—1) d[L
X

In the next step we show that (13) stays valid for V" = Vi ®...®V,,_1, where
each V; > 0 is a simple function on X.

We already know that for any fixed i € {0, ...,n—1} and given Vg, ..., Vi1, Viyq, ...V
themap V; —» Vi ®..®V,;®...®V,_; is linear. Therefore it suffices to show
that for functions Vo ®...0V,®...QV,_; and Vi ®..0V,®...® V,_1, which
satisfy (13), the same is true for Vo @ ... ® (aV; 4+ bV;) ® ... ® V,,_; for any
a,b>0.

A straightforward calculation gives us

Vo® .. (aV; +bV}) @ ... @ Vi1 dp"

XTL

:a/ Vo®..0Vi®...0 V,_4 dp”+b/ Vo®..QVi®...® Viy dp"

n

¥ X

:/ "V ®..® (aV}) ® ... ® V1) du+/ P"(Vh®...0 (V) ® ... @ V,_1) du
X X
:/ O"(Vp @ ... @ (aV; + V) @ ... ® Vyu 1) dp

X

where the last two equalities are resulting from linearity of ®".
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In the last step we consider a general V" = Vj ® ... ® V,,_; € V" with
non-negative V;, 0 <7 < n—1. Since all the V; are non-negative, there exists
a sequence of simple functions V;(k) > 0 on X such that V; M AV as k— oo
for every i € {0,...,n — 1}. As a consequence, we have

Vo(k) ®..Q Vn(ﬁ)l Vo ® ..V, on X" as k — oo
Moreover, this implies

(VP @ .  oV¥) " (Vo®..®V,_1)on X as k — oo

Altogether, Theorem 2.1.6 and (13) for simple functions yield

/ Vo ® ...Q0 Vy_q dp" = / lim V¥ © ... @ V¥, dp
Xn X

n k—o00

=1lim | VP e.ov® dq"

k—o00 xn

—lim [ (VP & ..oV du

k—o0 X

- / lim (VP & ...« V™) du
X

k—oo

= / O"(Vo®...@ Vi) du
X
This completes the proof of the lemma. n

Lemma 5.2.6 :

Let V™ € V" be a non-negative function and A" be a finite measure on
(X™, Bxn). Suppose that for all By, ..., B,_1 € By,

)\n(BO X ... X anl) :/ ]15'*(”*”BQOS*<"*2)Blﬂ...ﬂBn_1(I)n(vn) d,LL (14)
X

This implies that A" has density V" with respect to p", namely

Proof :
Rewrite (14) via ®"(1p,x..xB,_1) = Llg--1p,ns-n-2B,n..NB,_,» then (10)
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and Lemma 5.2.5 give us

)\n(BO X ... X Bn—l) = ]lS*("*1)Boﬂsf("72)Blﬂ...ﬂBn_1(Dn(vn) dﬂ

(I)n(]lBox...xBn,l) : <I>”(V”) d,u

(I)n(]lBOX---XBnAVn) dﬂ

ﬂBoX...XBn_lvn dpn

n

= / V™ dp"
B0><...><Bn_1

As a result, the measures \* and V" ® p" coincide on the semiring S™, which
generates Byn. Thus, A" = V" ® p" on Bx» by the standard uniqueness
theorem for measures. O

Now apply Lemma 5.2.6 on the rewritten »™ in (11) to realize that V" = H"
in this case. This gives

v'=H"©®p" (15)

Now we know, when a measure v™ on (X", Bxn») posseses a density with re-
spect to p". Since we want to show that 7' is non-singular with respect to
v, we shall find a condition for measures on (X, Bg) to have a density with
respect to v.

Lemma 5.2.7 : B
Let A be a finite measure on (X, By) and let g : X — [0, 00) be a measurable
function. If for every n > 1

Ao (IL,) ™ = (gom) ® (o (IL,)™")
then
A= (gomy) OV
Proof :
Like in the proof of Lemma 5.2.5, it is enough to show that the measures

A and (g o mp) ® v coincide on S, where o(S) = Bg. Then finiteness of A
entails finiteness of (gom) ® v, so that the uniqueness theorem for measures
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applies. Now we know that & = J,-,(I1,)~'S™
But our assumption means precisely that A = (g o m) ® v on (II,,)"*S™ for
every n > 1. This proves the lemma. O]

We want to check which function ¢ is going to be, if we use v o !, which
is by assumption finite. It turns out that the density of v o T—! with respect
to v is the following.

Lemma 5.2.8 :
voT ' =(hom)®v (16)

Proof :

Fix any n > 1. We start with the finite-dimensional projection onto the first
n components, namely voT 1o (II,)~'. Therefore, choose By, ..., B,_1 € Bx
to calculate

voT to(Il,) (ByX..xBp1)=voT YByx..xB,_1xX)
= V((S_lBo ﬂBl) X ... X Bn—l X X)
nil((silBo N Bl) X ..o X anl)

<

:H‘S_(”_Q) (S—1BoNB1)N...NBp_1 d/’bn—Q

I[Sf(rﬁl)Bomsf(nﬁ)Bm...ﬁBnq dlu”_2

ES*("*l)Boﬂ.‘.ﬂBn_l Hn*2 dlu

= Il

Lg-t-1Byn..nB, -1 dt

where K,,_1 := H,,_o = H,_1(h o S"!). Furthermore, set

1 1
K''=1 - ®..0-®1P"
®h® ®h®

Then we have K,,_; = ®"(K™). This in turn gives us

UV o T_l @) (Hn)_l(Bo X ... X Bn_l) - / :H‘S_(n_l)Boﬂ...r‘an,1(bn(Kn> d/,b
X

Applying Lemma 5.2.6 gives us
voT lo(Il,) ' =K"®p"
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On the other hand, according to (15) we have
vo(Il,) '=v"=H"®p"
Also, note that
K" 18;®..0;®1

_ = = h O 7o
n 1 1 1
H P00 1
A combination of all this results yields
voT lo(ll,) ' =K"®p"
KTL
g e
= T

(10 (hom) ® (vo(Il,)™ )
Using Lemma 5.2.7 for ¢ = h finishes the proof, we obtain

voT ' =(hom)®v

In other terms, Lemma 5.2.8 implies that
voT ' <<vw
The only thing that is missing for non-simgularity of 7" is

v<<voT !

(17)

(18)

Instead, we will show v o T" << v, which is equivalent to (18). For the

beginning, we divide by h o 7 (since 0 < h < 00) in (16) to obtain

1
V=
hO’]TO

©® (vo Tﬁl)

Applying T on both sides gives us

voT = ( OwoT ))oT

hom
We claim, that (19) is equal to

1
T=—-—
Vo hOﬂ'QOT@V

33
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For this, consider an invertible function g : X — X, a function f: X — R
and a density v : X — R. Moreover, consider for measures A and u ® A the
corresponding image measures with respect to g, Ao g™! and (u® \) o g !
respectively. Then, by using Theorem 2.1.10 twice, we have

/fd (ueX)og™) /fogduQ)\)

Z/X(fog%udk

In other words, this calculation gives us

(ueAN)ogl=(uog)O(Aog™) (21)

Now set g7l :i=T N :==voT !

to rewrite (21)

ho7r

1
—1 .
OeT ))OT_hoﬁooTQV

(

homg

which is equal to (20), so we get v o T' << v, or equivalently
v<<voT™!

This proves that 7" is again non-singular.

To make this invertible extension a natural one, finish the proof like in the

previous subsection.
O]
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