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Abriss
In dieser Arbeit werden semi-Riemannsche und Lorentzsche Mannigfaltigkeiten
versehen mit Metriken niedriger Regularität betrachtet und es wird gezeigt,
dass Standard Resultate aus der Differentialgeometrie weiterhin ihre Gültigkeit
behalten, wenn die Regularität der Metrik auf C1,1 reduziert wird.
Das Streben nach geringer Regularität von Seiten der Physik und Analysis,
andererseits die Notwendigkeit von höherer Regularität, um die Gültigkeit von
Standard Resultaten aufrecht zu erhalten, ist weit verbreitet. C1,1 Regularität
kann als die optimale Regularität angesehen werden, um das gewünschte Ziel zu
erreichen.
Unter anderem wird auch gezeigt, dass die lokale Maximierung der Länge von
kausalen Geodäten schon für C1,1 Metriken gültig ist.
Mithilfe der Picard Lindelöf Approximation wird die starke Differenzierbarkeit der
Exponential Abbildung gezeigt. Außerdem wird bewiesen, dass auf einer glatten
Mannigfaltigkeit die Exponential Abbildung eines Lipschitz Zusammenhanges
einen lokalen bi-Lipschitz Homeomorphismus ist. Der Beweis beruht auf einer
Version des Satzes über inverse Funktionen. Anschließend wird die Existenz von
konvexen normalen Umgebungen bewiesen.
Schlussendlich wird eine Version des Gauss-Lemmas präsentiert, in welcher die
Differenzierbarkeit der Exponential Abbildung nicht benötigt wird.

Abstract
In this thesis we consider semi-Riemannian and Lorentzian manifolds with
metrics in low regularity and prove that many standard results of differential
geometry remain valid if the regularity of the metric is reduced to C1,1. This
search for low regularity from physics and analysis versus the need for higher
regularity in order for the standard results from geometry to hold is widely noted.
C1,1 differentiability conditions are the best choice to preserve most results in
geometry.
In particular, we show that the local Lorentzian length maximization property
of causal geodesics in the class of absolutely continuous causal curves already
holds for C1,1 spacetime metrics.
Using a Picard-Lindelöf analysis, we can prove the strong differentiability of
the exponential map at the origin. Furthermore, we establish that over a C∞-
manifold the exponential map of any Lipschitz connection constitutes a local bi-
Lipschitz homeomorphism. The proof rests on a version of the inverse function
theorem. We refine the pointed version of the theorem by establishing and
proving the existence of convex normal neighborhoods.
Finally, we also state a formulation of Gauss’ Lemma, which does not require
the differentiability of the exponential map.
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Notation

The following notations are the most frequently used throughout this thesis:

M C∞− manifold
p, q points
xµ local chart
(xµ, vµ) chart on tangent bundle π induced by the chart xµ

π tangent bundle
TU, TM tangent fields
ẋ dx

dt

Hµ connection
γv(t) geodesic, starting from π(v) with velocity v
Ω set of those v for which geodesics exists at least for t ∈ [0, 1],

star−shaped
Ωp Ω ∪ π−1(p), star−shaped
‖ · ‖ Euclidean norm on Rn

B(p, r) open ball of radius r centred at p
B(p, r) closed ball with radius r centred at p
Cn,k n-times continuously differentiable and Hölder with α = k

∇ Levi-Civita connection
V,W vector spaces
X,Y vector fields
∇XY covariant derivative of Y in direction X
I interval
U, Ũ neighborhoods
v tangent vector
P (r, q) position vector of q with respect to r
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Preface

In this thesis we focus on both semi-Riemannian and Lorentzian manifolds
endowed with a metric of low regularity. The goal is to show that many standard
results of geometry remain valid if the regularity of the metric is reduced to C1,1.
General relativity is governed by field equations and the regularity is essential
in the context of solving the initial value problem. From the physical point
of view non-smooth solutions are of interest, because one would like to study
systems where different regions of space-time have different matter contents for
example. On matching these regions the matter variables become discontinuous.
This forces the differentiability of the metric to be lower than C2. For example
choosing a metric of regularity C1,1 would correspond to finite jumps of the
matter variables. In most of the literature in general relativity [3], [5], [7], [8],
[10], [11], [19], [20], [21], [22] it is assumed that the differentiability of the metric
is at least C2, because a C2 metric allows one to retain many of the standard
properties of smooth metrics. The search for low regularity from physics and
analysis versus the need for higher regularity in order for the standard results
from geometry to hold is widely noted [16].
C1,1 regularity of the metric turned out to be the threshold of classical theory.
For instance, an example of Hartman and Wintner shows that for connections
of regularity C1,λ−1 with 1 < λ < 2 the relation between minimizing curves
and geodesics turns out to differ from the smooth situation if the regularity of
the metric drops below C1,1. It is possible to develop some of the elements of
geometry in low regularity.
With this background we start this thesis with an introduction to semi-Riemannian
geometry. We then state some standard results that use a smooth metric, which
we will generalize to results using a C1,1 metric. In preparation to proving
that the exponential map of any Lipschitz connection is a local bi-Lipschitz
homeomorphism, we first show that exp : TM →M ×M is a diffeomorphism
from a neighborhood of the zero section TM0 of TM to a neighborhood of the
diagonal in M ×M . We prove the Gauss Lemma considering a smooth metric.
Later on we generalize this statement for Lipschitz connections and C1,1 metrics.
We continue with an introduction to Lorentzian Geometry. In particular, we
prove that the local Lorentzian length maximization property of causal geodesics
in the class of absolutely continuous causal curves holds already for C1,1 space-
time metrics. Indeed, we consider a future directed causal AC-curve σ and
show that exp−1(σ(s)) is future directed causal for every s > 0 and that in
case that exp−1

p (σ(ŝ)) is lightlike, σ restricted to the interval [0, ŝ] is a future
directed lightlike geodesic segment up to parametrizations. We also prove that
the Lorentz length of σ is smaller than that of the unique future directed causal
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geodesic connecting its endpoints, unless its image is the same as that of that
geodesic.
The fourth chapter is an introduction to the topic, where we go through some
necessary computations and definitions, which will be needed later on. For
example we carry out a Picard-Lindelöf analysis in order to prove the strong
differentiability of the exponential map at the origin. Moreover, we prove the
existence and uniqueness of geodesics.
We finish this thesis with the three main theorems, which are a generalization of
the standard results, mentioned in the beginning, for C1,1 metric. The first one
we already mentioned. We establish that the exponential map of any Lipschitz
connection is a local bi-Lipschitz homeomorphism. The proof rests on a version
of the inverse function theorem, namely Leach’s theorem. Then we refine the
pointed case by proving the existence of convex normal neighborhoods, indeed
the second main theorem states that the exponential map provides a bi-Lipschitz
homeomorphism between an open star-shaped subset of the tangent bundle TC
and C × C, where C is a strictly convex normal neighborhood of p.
This thesis includes also a short subsection about position vectors on convex
neighborhoods in preparation to the Gauss Lemma, the third main theorem.
Under this differentiability condition the exponential map is just Lipschitz. Thus,
the Gauss Lemma is not expected to hold and we show that it still holds true
in a formulation which does not require the differentiability of the exponential
map.
We assume all manifolds to be of class C∞ and just lower the regularity of the
metric in the chapters 3-5.
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1 Introduction to semi-Riemannian Geometry

In this chapter we want to transfer the setting of elementary differential geometry
to abstract manifolds.
In the differential geometry of hypersurfaces in Rn all properties of the surface
depend on the scalar product. It is induced on the tangent spaces by the standard
scalar product of the Euclidean space. The scalar product is usually chosen to
be positive definite.
The semi-Riemannian Geometry uses a more general concept of nondegenerate
bilinear forms, which are not necessarily positive definite.
A bilinear form b : V × V −→ R on a finite dimensional vector space V is called
nondegenerate if b(v, w) = 0 for all w ∈ V implies v = 0.
The index r of a symmetric bilinear form on a finite dimensional vector space is
given by

r := max{dimW : W ⊂ V with b|W negative definite}.

Clearly, 0 ≤ r ≤ dimV holds. If r = 0 then all gp are inner products on the
tangent space at p, meaning that g is a Riemannian metric.
For further informations, we refer to [15].

1.1 Semi-Riemannian metrics

In order to reach our goal of this chapter we have to endow every tangent space
with a scalar product, which varies smoothly on the manifold.
Let M be a C∞−manifold. A semi-Riemannian metric g on M smoothly assigns
a bilinear form g(p) = gp : TpM × TpM −→ R to each point p in M , which is
symmetric nondegenerate and such that the index rp of gp is the same for all p.
The pair (M, g) is called a semi-Riemannian manifold, where g is the metric on
M .
For further informations, we refer to [15].

1.2 Levi-Civita connection

In order to construct a directional derivative of a vector field on semi-Riemannian
manifolds we will use as a model the covariant derivative of hypersufaces of Rn.
Note that this construction is using the structure of the ambient Euclidean space,
which is not available anymore on general semi-Riemannian manifolds. Thus we
have to generalise the covariant derivative and define it as an operation mapping
a pair of vector fields to another vector field with the following properties.
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Let us consider a smooth manifold M . Then a connection is a map

∇ : X(M)× X(M) −→ X(M)

(X,Y ) 7−→ ∇X

such that the following hold:

(∇1) ∇XY is C∞(M)− linear in X

(∇2) ∇XY is R−linear in Y

(∇3) for all smooth functions f on M the Leibniz rule holds:
∇XfY = X(f)Y + f∇XY ,

where ∇XY is called the covariant derivative of Y in direction X with respect
to the connection ∇.
Let us take a closer look at the maps

X −→ ∇XY and (1.1)

Y −→ ∇XY. (1.2)

Note that tensor fields are C∞(M)−multilinear maps taking one forms and vector
fields to smooth functions, indeed A : Ω1(M)× X(M) −→ C∞(M). This map is
C∞(M)−multilinear.
Taking Y fixed, the map (1.1) can be identified with the one above and hence is
a tensor field. Because of the R−linearity in Y of ∇XY , this cannot be said for
the map (1.2) for fixed X.
Now it remains to show that on any semi-Riemannian manifold there exists a
unique connection which is compatible with the metric [15]. To this end, consider

Theorem 1.1. [15, Theorem 1.3.4]
Consider a semi-Riemannian manifold (M, g). Then there is a unique connection
∇ on M such that for all X,Y, Z ∈ X(M) the properties (∇1), (∇2), (∇3), as
well as

(∇4) the torsion free condition: [X,Y ] = ∇XY −∇YX and

(∇5) the metric property: Z〈X,Y 〉 = 〈∇ZX,Y 〉+ 〈X,∇ZY 〉

hold.
The Levi-Civita connection ∇ of (M, g) is uniquely determined by the Koszul-
formula
2〈∇XY,Z〉 = X〈Y,Z〉+Y 〈Z,X〉−Z〈X,Y 〉−〈X, [Y,Z]〉+〈Y, [Z,X]〉+〈Z, [X,Y ]〉.
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Proof. Let F (X,Y, Z) be the right-hand side of the Koszul-formula and let ∇
be a connection with additional properties (∇4), (∇5). Then applying (∇5) to
the first three terms and (∇4) to the last three gives

F (X,Y, Z) = 〈∇XY, Z〉+ 〈Y,∇XZ〉+ 〈∇Y Z,X〉+ 〈Z,∇YX〉 − 〈∇ZX,Y 〉

− 〈X,∇ZY 〉 − 〈X,∇Y Z〉+ 〈X,∇ZY 〉+ 〈Y,∇ZX〉 − 〈Y,∇XZ〉

+ 〈Z,∇XY 〉 − 〈Z,∇YX〉 = 2〈∇XY,Z〉.

Recall that the theorem about musical isomorphisms states that on a semi-
Riemannian manifold M , any X ∈ X(M) defines a one form X[ ∈ Ω1(M)
by X[(Y ) := 〈X,Y 〉 for all Y ∈ X(M) and that the mapping X 7→ X[ is a
C∞(M)−linear isomorphism from X(M) to Ω1(M). So we conclude that by the
injectivity of the map

X(M) −→ Ω1(M),

∇XY is uniquely determined.
In order to prove existence we consider for fixed X,Y ∈ X(M) the mapping
Z → F (X,Y, Z). This mapping is C∞(M)−linear, because of the following
property of the Lie bracket

[fX, gY ] = (fX)(gY )− (gY )(fX)

= fX(g)Y + fgXY − fgY X − gY (f)X

= fX(g)Y + fg[X,Y ]− gY (f)X,

where f, g ∈ C∞(M). Indeed,

F (X,Y, fZ) = X(f〈Y, Z〉) + Y (f〈Z,X〉)− fZ(〈X,Y 〉)− 〈X, [Y, fZ]〉

+ 〈Y, [fZ,X]〉+ f〈Z, [X,Y ]〉 = X(f)〈Y,Z〉+ fX(〈Y,Z〉) + Y (f)〈Z,X〉

+ fY (〈Z,X〉)− fZ(〈X,Y 〉)− 〈X,Y (f)Z + f [Y,Z]〉+ 〈Y, f [Z,X]−X(f)Z〉

+ f〈Z, [X,Y ]〉 = fF (X,Y, Z) +X(f)〈Y,Z〉+ Y (f)〈Z,X〉 − Y (f)〈X,Z〉

−X(f)〈Y,Z〉 = fF (X,Y, Z)

Hence the mapping is a one-form on M and again by the theorem about musical
isomorphism for all Z ∈ X(M) there is a uniquely defined vector field ∇XY such
that 2〈∇XY, Z〉 = F (X,Y, Z) . By definition ∇XY fulfils the Koszul-formula
and thus it remains to show that the properties (∇1)− (∇5) hold.
Let us start with the first property:
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We have that F (X1 +X2, Y, Z) = F (X1, Y, Z) + F (X2, Y, Z), indeed

F (X1 +X2, Y, Z) = (X1 +X2)(〈Y, Z〉) + Y (〈Z,X1 +X2〉)− Z(〈X1 +X2, Y 〉)

− 〈X1 +X2, [Y, Z]〉+ 〈Y, [Z,X1 +X2]〉+ 〈Z, [X1 +X2, Y ]〉 = X1(〈Y,Z〉)

+X2(〈Y,Z〉) + Y (〈Z,X1〉) + Y (〈Z,X2〉)− Z(〈X1, Y 〉)− Z(〈X2, Y 〉)

− 〈X1, [Y,Z]〉 − 〈X2, [Y,Z]〉+ 〈Y, [Z,X1]〉+ 〈Y, [Z,X2]〉+ 〈Z, [X1, Y ]〉

+ 〈Z, [X2, Y ]〉 = F (X1, Y, Z) + F (X2, Y, Z)

Thus we can conclude that ∇X1+X2Y = ∇X1Y +∇X2Y . For f ∈ C∞(M) given,
we get using a similar computation for F (fX, Y, Z) as for F (X,Y, fZ)

2〈∇fXY − f∇XY, Z〉 = F (fX, Y, Z)− fF (X,Y, Z)

= fF (X,Y, Z) + Y (f)〈Z,X〉 − Z(f)〈X,Y 〉+ 〈Y,Z(f)X〉 − 〈Z, Y (f)X〉 = 0.

Since Y 7→ F (X,Y, Z) is R−linear the property (∇2) follows. In order to prove
(∇3) we proceed as follows:

2〈∇XfY, Z〉 = F (X, fY, Z) = X(f)〈Y, Z〉 − Z(f)〈X,Y 〉+ Z(f)〈X,Y 〉

+X(f)〈Z, Y 〉+ fF (X,Y, Z) = 2〈X(f)Y + f∇XY,Z〉.

Apply again the theorem of musical isomorphisms and the claim follows. The
next property is again a straightforward computation, indeed

2〈∇XY −∇YX,Z〉 = F (X,Y, Z)− F (Y,X,Z)

= 〈∇XY,Z〉+ 〈Y,∇XZ〉+ 〈∇Y Z,X〉+ 〈Z,∇YX〉 − 〈∇ZX,Y 〉 − 〈X,∇ZY 〉

− 〈X,∇Y Z〉+ 〈X,∇ZY 〉+ 〈Y,∇ZX〉 − 〈Y,∇XZ〉+ 〈Z,∇XY 〉 − 〈Z,∇YX〉

− 〈∇YX,Z〉+ 〈X,∇Y Z〉+ 〈∇XZ, Y 〉+ 〈Z,∇XY 〉 − 〈∇ZY,X〉 − 〈Y,∇ZX〉

− 〈Y,∇XZ〉+ 〈Y,∇ZX〉+ 〈X,∇ZY 〉 − 〈X,∇Y Z〉+ 〈Z,∇YX〉 − 〈Z,∇XY 〉

= 2〈∇XY,Z〉+ 2〈∇YX,Z〉 = 2〈∇XY +∇YX,Z〉 = 2〈[X,Y ], Z〉.

Apply the theorem about musical isomorphisms and the claim follows. In order
to prove the last property we proceed similarly as above:

2 (〈∇ZX,Y 〉+ 〈X,∇ZY 〉) = F (Z,X, Y ) + F (Z, Y,X)

= 2〈∇ZX,Y 〉+ 2〈∇ZY,X〉 = 2Z〈X,Y 〉+ 2Z〈Y,X〉 = 2Z (〈X,Y 〉) .

For further information, we refer to [12] and [15].
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2 Preliminary statements for C∞-metrics

Before we turn to the next chapter, where we concentrate on low regularity of
the metric and prove that some standard results of geometry remain valid under
C1,1 differentiability conditions, we present some preliminary statements, where
we consider metrics of class C∞.
Let M be a C∞-manifold and g a C∞ semi-Riemannian metric. Consider
v ∈ TpM ⊂ TM . There exists a neighborhood N of v in TM and an interval
I containing 0 such that (w, s) 7→ γw(s) is well-defined and smooth map from
N × I to M , where γw(s) is a geodesic. We know that γw is a solution of a
second order ordinary differential equation, namely the geodesic equation. The
solution depends smoothly on t, γw(0) = p and γ′w(0) = w. Rewriting this in
a first order ordinary differential equation, one can prove that there exists a
unique solution to our problem and thus prove that the map from N × I to M
is smooth [13], [15]. Hence, geodesics are flow lines of a vector field, indeed:

Theorem 2.1. [13, Theorem 2.3.11], [15, Theorem 2.1.12]
Consider a C∞-manifold M and a C∞ semi-Riemannian metric g. There exists
a uniquely defined vector field X ∈ X(TM) with the following properties: The
projection π : TM →M establishes a one-to-one correspondence between maxi-
mal integral curves of X and maximal geodesics of M . This vector field is called
the geodesic field.

Proof. Consider v ∈ TM . Then s 7→ γ′v(s) is a smooth curve in TM . Denote by
Xv = X(v) the initial velocity of this curve, that is

Xv = d

ds

∣∣∣
s=0

(γ′v(s)) ∈ Tγ′v(0)=v(TM).

So X ∈ X(TM), because (v, s) 7→ γv(s) is well-defined and smooth.
We want to prove that if γ is a geodesic in M , then γ′ is an integral curve
of X. Let α(s) = γ′(s). Define w := γ′(t) and β(s) := γ′w(s) for arbitrarily
chosen s, t. We have that γw(0) = γ(t) and γ′w(0) = w = γ′(t), meaning that
two geodesics and their derivatives coincide at one point and thus they coincide
everywhere. In other words γ(s + t) = γw(s). Then differentiating by s gives
α(t + s) = γ′w(s) = β(s). Hence, in T (TM) we have α′(t + s) = β′(s). In
particular,

α′(t) = β′(0) = Xw = Xα(t),

meaning that α is an integral curve of X.
Now it remains to show that if α is an integral curve of X, then π◦α is a geodesic
in M . Indeed, consider α : I → TM and t ∈ I. We have that α(t) ∈ TM and
thus, as already shown in the first part of this proof, s 7→ γ′α(t)(s) is an integral
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curve of X. At s = 0, γ′α(t) and s 7→ α(t + s) both have the same value α(t).
Thus, they coincide on the whole domain where they are defined. For all s we
have

α(t+ s) = γ′α(t)(s)⇒ π(α(t+ s)) = γα(t)(s).

Setting t = 0 we obtain that π ◦α is a geodesic in M . Altogether, from π ◦γ′ = γ

and

(π◦α)′ = (π◦α)′(t) = d

ds

∣∣∣
s=0

π(α(t+s)) = d

ds

∣∣∣
s=0

γα(t)(s) = γ′α(t)(0) = α(t) = α

we conclude that α 7→ π ◦ α is inverse to γ 7→ γ′. Therefore, X is uniquely
defined [13], [15].

For any p ∈M we define

Dp := {v ∈ TpM : γv is defined at least on [0, 1]}.

The exponential map exp : Dp →M of M at p is given by expp(v) := γv(1). Dp
is the maximal domain of the pointed exponential map. The geodesic s 7→ γv(ts)
has initial velocity tγ′v(0) = tv and thus we get γvt(s) = γv(ts) for all s, t for
which at least one side of the equation is defined. Hence, for the exponential
map we conclude expp(tv) = γtv(1) = γv(t) [13].

Theorem 2.2. [13, Theorem 2.3.14], [15, Theorem 2.1.14]
Consider a C∞-manifold M , p ∈M and a C∞ semi-Riemannian metric g. For
every p there exists a neighborhood Ũ of 0 in TpM and U of p in M such that
expp : Ũ → U is a diffeomorphism.

Proof. By ODE theory [1], we have that (w, s) 7→ γw(s) is smooth in N × I,
where N is an open neighborhood of TM and I is an interval around 0. Without
loss of generality, we choose I = (−a, a). Define

N ′p := N ∩ TpM

open in TpM and
Np :=

{ v
a′

: v ∈ N ′p
}
,

where a′ > 1
a . When two geodesics and their derivatives coincide at one point,

they coincide everywhere. So we can conclude that (w, s) 7→ γw(s) is defined on
Np × J , where [0, 1] ⊂ J . Indeed, for w ∈ Np, set w = v

a′ with v ∈ N
′
p. Then

γw(s) = γ v
a′

(s) = γv

( s
a′

)
,

9



meaning that s
a′ ∈ I = (−a, a) and this holds whenever s ∈ a′ · I ⊃ [0, 1]. Thus,

expp : Np →M,w 7→ γw(1) is smooth.
Let us now show that

T0(expp) : T0(TpM)→ TpM

is a linear isomorphism. In order to prove this let v ∈ T0(TpM). TpM is a vector
space and so we can identify T0(TpM) with TpM . Setting ρ(t) := tv, then

v = ρ′(0) = T0ρ

(
d

dt

∣∣∣
t=0

)
and we have expp(tv) = γv(t). Thus,

T0(expp)(v) = T0(expp)(ρ′(0)) = T0(expp ◦ρ)
(
d

dt

∣∣∣
t=0

)
= T0(γv)

(
d

dt

∣∣∣
t=0

)
= γ′v(0) = v.

The inverse function theorem states that there exist neighborhoods of p and
expp(p) such that expp : Ũ → U is a diffeomorphism and the claim follows
[13].

Consider now again U and Ũ as in the previous theorem. If Ũ is star-shaped,
then U is called a normal neighborhood of p [13]. Then U is also star-shaped in
the following sense:

Proposition 2.3. [13, Proposition 2.3.15]
Consider a C∞-manifold M and let g be a C∞ semi-Riemannian metric. Let U
be a normal neighborhood of p ∈M . Then there exists for every q ∈ U a unique
geodesic σ : [0, 1]→ U from p to q in U . We have σ′(0) = exp−1

p (q) ∈ Ũ and σ
is called a radial geodesic.

Proof. We proved that expp : Ũ → U is a diffeomorphism. Let q ∈ U and
v := exp−1

p (q) ∈ Ũ . By assumption, Ũ is star-shaped at 0 and so we have that
ρ(t) := tv ∈ Ũ for 0 ≤ t ≤ 1. So the geodesic expp ◦ρ joining p and q lies
completely in U . We have

σ′(0) = T0 expp(ρ′(0)) = T0 expp(v) = v = exp−1
p (q).

Let τ : [0, 1]→ U be an arbitrary geodesic in U from p to q and w := τ ′(0). Then
the geodesics t 7→ expp(tw) and τ passing through p have the same initial velocity
and thus they are equal. We want to prove that w ∈ Ũ . By contradiction, we
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assume that w is not in Ũ . Define

t̃ := sup{t ∈ [0, 1] : tw ∈ Ũ}.

Clearly, then t̃w ∈ ∂Ũ . Furthermore, τ([0, 1]) is compact in U and so also
(expp |Ũ )−1(τ([0, 1])) is compact in Ũ . Thus it has a positive distance to ∂Ũ
and hence also to t̃w. By definition of the supremum there exists t0 < t̃ close
enough to t̃ such that t0w ∈ Ũ but t0w 6∈ (expp |Ũ )−1(τ([0, 1])). But then we get
expp(t0w) 6∈ τ([0, 1]) and this is a contraction to τ coinciding with t 7→ expp(tw).
Hence w ∈ Ũ .
If we replace w by w̃ = sw for s ∈ [0, 1] one can show that not only w ∈ Ũ , but
the whole segment {tw : t ∈ [0, 1]} ∈ Ũ .
Moreover, from

expp(w) = τ(1) = q = expp(v)

and the fact that expp |Ũ is injective, we conclude that w = v and thus τ = σ

[13].

For further informations, we refer to [13] and [15].

2.1 Gauss Lemma for a metric of class C∞

In the last chapter we will prove the Gauss Lemma. There we will consider a
C1,1 metric giving rise to a Lipschitz connection and a normal neighborhood of
p. The exponential map will be just Lipschitz. In preparation to this we will
first prove this statement for a smooth metric.

Theorem 2.4. [13, Theorem 2.3.23], [15, Theorem 2.1.21]
Let M be a C∞-manifold, p ∈M and g a C∞ semi-Riemannian metric. Consider
x ∈ TpM with x 6= 0 such that x ∈ Ωp, the domain of the pointed exponential
map. Let vx, wx ∈ Tx(TpM) and vx be radial. Then

〈(Tx expp)(vx), (Tx expp)(wx)〉 = 〈vx, wx〉.

Proof. We have that vx is radial, meaning that it is a scalar multiple of x and
hence we can suppose vx = x. Define

f(t, s) := expp(t(vx + swx)).

This map is continuous and maps [0, 1]× {0} into the domain of expp in TpM .
We proved that the domain of expp is open, hence there exists ε, δ > 0 such that

11



f is defined on

D := {(t, s) : −δ < t < 1 + δ,−ε < s < ε}

and so f is a smooth map from D to M . Now we have

ft(1, 0) = Tvx expp(vx) and

fs(1, 0) = Tvx expp(wx)

and it suffices to show that 〈ft(1, 0), fs(1, 0)〉 = 〈vx, wx〉. The curves t 7→ f(t, s)
are geodesics and have initial speed vx + swx. Clearly, ftt = 0 and hence 〈ft, ft〉
is constant and equal to 〈vx + swx, vx + swx〉, since

ft(0, s) = T0 expp(vx + swx) = vx + swx.

By smoothness, we have that fst = fts and so we conclude

∂

∂t
〈fs, ft〉 = 〈fst, ft〉+ 〈fs, ftt〉 = 〈fts, ft〉 = 1

2
∂

∂s
〈ft, ft〉

= 1
2
∂

∂s
〈vx + swx, vx + swx〉 = 〈vx, wx〉+ s〈wx, wx〉,

and this implies (
∂

∂t
〈fs, ft〉

)
(t, 0) = 〈vx, wx〉

for all t. So f(0, s) = expp(0) = p for all s and fs(0, 0) = 0 which gives
〈fs, ft〉(0, 0) = 0. Integrating the last equation gives 〈fs, ft〉(t, 0) = t〈v, w〉 and
setting t = 1 we get

〈ft(1, 0), fs(1, 0)〉 = 〈vx, wx〉.

[13], [15]

For further information, we refer to [13] and [15].

2.2 Main theorem 1 for a metric of class C∞

Let π : TM →M be the base point map and

E : TM →M ×M

given by E(v) = (π(v), expπ(v) v). The maximal domain of E is given by

D := {v ∈ TM : γv exists at least on [0, 1]}.

12



Moreover, Dp = D ∩ TpM and exp = π2 ◦ E.
In the last chapter we will also prove that the exponential map is strongly
differentiable over the zero section and provides a bi-Lipschitz homeomorphism
between an open star-shaped neighborhood of the zero section and an open
neighborhood of the diagonal [13]. In preparation to this we first prove

Theorem 2.5. [13, Theorem 2.4.6]
Let M be a C∞-manifold M and let g be a C∞ semi-Riemannian metric. The
map E is a diffeomorphism from a neighborhood of the zero section TM0 of TM
to a neighborhood of the diagonal ∆M in M ×M .

Before we start with the proof of this theorem, let us prove the following
proposition.

Proposition 2.6. [13, Proposition 2.4.3]
Let M be a C∞-manifold and let g be a C∞ semi-Riemannian metric. The
domain D of E is open in TM and the domain Dp of the pointed exponential
map is open and star-shaped at 0 in TpM .

Proof. Consider the geodesic field X ∈ X(TM). We proved that the integral
curves of X are the derivatives of the geodesics. The flow ψ of X is then given
by

ψt(v) = γ′v(t).

The maximal domain D̃ of ψ is open by ODE theory [1] in R× TM . We have
that D̃ is also the maximal domain of the map

π ◦ ψ : (t, v) 7→ γv(t).

Consider

Φ : TM → TM × R,

v 7→ (v, 1).

This map is smooth and

D = {v ∈ TM : ∃γv(1)} = {v ∈ TM : (v, 1) ∈ D̃} = Φ−1(D̃)

is open. So Dp = D ∩ TpM is open in TpM . Finally, for v ∈ Dp we have that γv
is defined on [0, 1]. We know that if two geodesics and their derivatives coincide
in one point a ∈ I, I some interval, then they coincide everywhere. Thus, we
have that γtv(1) = γv(t) and so tv ∈ Dp for t ∈ [0, 1]. Therefore we conclude
that Dp is star-shaped at 0 in TpM [13].

13



Proof. First we are going to prove that every x ∈ TM0 has a neighborhood
where E is a diffeomorphism. We have E(x) = (π(x), expp(0)) = (p, p). By the
inverse function theorem and the fact that dimTM = dim(M ×M), it only
remains to show that

TxE : Tx(TM)→ TE(x)(M ×M)

is injective and therefore bijective for all x ∈ TM0. So let x = 0p ∈ TM0, v ∈
Tx(TM) and TxE(v) = 0. The goal is to prove that v = 0. By the base point
map

π : TM →M and

π1 : M ×M →M,

we have π1 ◦ E = π and thus Txπ(v) = TE(x)π1(TxE(v)) = 0, meaning that
v ∈ ker(Txπ). Because Tx(TpM) = ker(Txπ) we conclude that v ∈ Tx(TpM).
Notice that by the inverse function theorem, π1|{p}×M is a diffeomorphism and
thus we can identify {p} ×M with M and we get E|TpM = expp. Hence

0 = TxE(v) = Tx(E|TpM )(v) = T0p(expp)(v) = v,

by theorem 2.2.
Let us now cover TM0 by neighborhoods as above, which additionally have the
form

Wi := (Tψi)−1(ψi(Ui)×Bai(0)),

where Ui is compact, ai > 0 for charts (ψi, Ui) and {Ui : i ∈ N} is locally finite.
Using Partition of unity, we choose a smooth function f : M → R+ such that

max
{(i,j):q∈Ui∩Uj}

{1, max
p′∈Ui∩Uj

‖Tp′ψi ◦ (Tp′ψj)−1‖}f(q) < min
{i:q∈Ui}

ai,

for all q ∈M and where ‖ · ‖ is the operator norm. Let

W̃i := Tψ−1
i (ψ(Ui)×BminUi f (0)) ⊂Wi and

W :=
⋃
i∈N

W̃i.

Then W is a neighborhood of TM0 in TM . It remains only to show that E|W
is injective and our claim follows.
For this, let w1, w2 ∈W and E(w1) = E(w2). Then π(w1) = π(w2) = p. Let i, j
be such that w1 ∈ W̃i, w2 ∈ W̃j . Then p ∈ Ui ∩ Uj .
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Because of w1 ∈Wi we have that

‖Tpψi(w1)‖ < ai.

Furthermore, using ‖Tpψj(w2)‖ < f(p)

‖Tpψi(w2)‖ ≤ ‖Tpψi ◦ (Tpψj)−1‖‖Tpψj(w2)‖ < ai,

by construction. So we conclude that w1 and w2 are in Wi and because of the
injectivity of E|Wi

we have w1 = w2 [13].

Now let us turn to convex sets. Convex sets are sets that are normal neigh-
borhoods of each of its points.
Every point p in a semi-Riemannian manifold M possesses a basis of neighbor-
hoods, which consists of convex sets. For δ small enough, we know that E is a
diffeomorphism of an open neighborhood W of 0p ∈ TM to V (δ)× V (δ), where
V is an normal neighborhood and V (δ) := {q ∈ V : N(q) < δ} diffeomorphic
via normal coordinates to open balls in Rn. V (δ) is a normal neighborhood of
each of its points, indeed consider q ∈ V (δ) and set Wq = W ∩ TpM . Then
E(Wq) = {q} × V (δ). So

E|Wq
: Wq → {q} × V (δ)

is a diffeomorphism and thus expq |Wq
onto V (δ). Let us now show that Wq is

star-shaped.
For q 6= q̃ ∈ V (δ), set v := E−1(q, q̃) = exp−1

q (q̃) ∈Wq. Then

σ : [0, 1]→M

given by σ(t) = γv(t) is a geodesic from q to q̃. If we prove that σ lies in V (q),
then we get from the proof of proposition 2.3 that tv ∈Wq for all t ∈ [0, 1]. Since
any v ∈Wq is of the form E−1(q, q̃), we are done.
By contradiction, we assume that σ leaves V (δ). Clearly, then there is a t ∈ (0, 1)
with N(σ(t)) ≥ δ. But N(q), N(q̃) < δ and thus there is t0 ∈ (0, 1) such that
t 7→ N ◦ σ takes the maximum in t0. By the geodesic equation, we then find for
σi = xi ◦ σ

d2(N ◦ σ)
dt2

= 2
∑
i

((
dσi

dt

)2

+ σi
d2(σi)
dt2

)
= 2

∑
jk

(
δjk −

∑
i

Γijkσi
)
dσj

dt

dσk

dt
.
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So

d2(N ◦ σ)
dt2

(t0) = 2B(σ′(t0), σ′(t0)) > 0,

since σ′ 6= 0. This is a contraction to N ◦ σ(t0) maximal [13], [15].
For further information, we refer to [13] and [15].
Now we are ready to deal with the problems encountered when attempting to
lower the regularity of the metric. We will see that some elements of geometry
can be developed in low regularity.
Let us start with an introduction to Lorentzian geometry. Then we are going to
state an important theorem, where we prove that the local Lorentzian length
maximization property of causal geodesics in the class of absolutely continuous
causal curves holds already for C1,1 spacetime metrics.
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3 Lorentzian Geometry

A symmetric non-degenerate (0, 2) tensor field, meaning a covariant tensor field
of rank 2, of constant index on a smooth manifold M is a metric tensor g. It
smoothly assigns a non-degenerate symmetric bilinear form gp on the tangent
space TpM to each point p ∈M . The index of gp is constant for all p.
A smooth manifold M endowed with such a metric tensor g such that the index
of M is 1 is called a Lorentzian manifold. The tangent space to such a manifold
is linearly isometric to Minkowski space Rn1 . A Lorentzian vector space is defined
as a scalar product space with index 1 and dimension bigger or equal 2.
In the Relativity theory three space dimensions and one time dimension are
merged into a four-dimensional Lorentzian manifold. We will take time to be the
zero-th dimension. For instance, an orthonormal basis for a Lorentzian vector
space will be denoted by e0, e1, . . . , en−1, where e0 is the timelike vector [20],
[24].

3.1 The causal character

Lorentzian geometry starts with the study of the causal character of vectors. We
will call a tangent vector v to M

spacelike if 〈v, v〉 > 0 or v = 0,

lightlike or null if 〈v, v〉 = 0 and v 6= 0 and

timelike if 〈v, v〉 < 0.

The null cone at p is the set of all null vectors in TpM . For example, the lightlike
vectors in a Minkowski space are null vectors. The subspace Rv that is generated
by v has the same causal character as v itself. For instance, the zero subspace is
spacelike, like the zero vector.

timelike

spacelike

lightcone/nullcone
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We have that if v is a timelike vector in a Lorentzian vector space, then the
subspace v⊥ is spacelike. More generally, something similar holds also for a
subspace W . We call W

(1) spacelike, if g|W is positive definite, that is W is an inner product space.

(2) timelike, if g|W is nondegenerate of index 1.

(3) lightlike, if g|W is degenerate.

This will be called the causal character of W . Since (W⊥)⊥ = W , timelike and
spacelike can be reversed, indeed if W is timelike then W⊥ is spacelike and W is
lightlike if and only if W⊥ is. The easiest case is if W is spacelike. For instance,
then all of its subspaces are also spacelike and the Cauchy-Schwarz inequality
holds. Another property of the causal character of tangent vectors is that it is
preserved by local isometries [20], [24].
Let us now consider some criteria for a subspace to be timelike.

Lemma 3.1. [20, Lemma 27, Chapter 5]
Consider a subspace W of dimension ≥ 2 in a Lorentzian vector space. Then

(1) W is timelike, thus it is itself a Lorentzian vector space.

⇐⇒

(2) There are two linearly independent null vectors contained in W.

⇐⇒

(3) There is a timelike vector contained in W.

Proof. In order to show (1)⇒ (2), consider a orthonormal basis e1, . . . , em for
W and let e1 be the timelike vector. Then e1 ± e2 are two linearly independent
null vectors, indeed

〈e1 ± e2, e1 ± e2〉 = 〈e1, e1〉+ 〈±e2,±e2〉 = 0.

If u and v are independent null vectors, then g(u, v) 6= 0, meaning that g(u, v) < 0
respectively g(u, v) > 0 and thus one of the vectors u±v has to be timelike. This
proves the implication (2)⇒ (3). So for the last implication let v be timelike in
W . Then W⊥ is a subset of v⊥, which is spacelike. So W⊥ is also spacelike as a
subset. Obviously, W = (W⊥)⊥ is then timelike [20].
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Lemma 3.2. [20, Lemma 28, Chapter 5]
Again consider a subspace W of a Lorentzian vector space. Then

(1) W is lightlike, so degenerate.

⇐⇒

(2) There is a null vector, but not a timelike vector contained in W.

⇐⇒

(3) For a one-dimensional subspace L and the null cone Λ of V we have

W ∩ Λ = L− 0.

Proof. Let us start with the implication (1) ⇒ (2). W contains a null vector,
since it is lightlike and above we proved that there cannot be a timelike vector
contained in W .
Assume now that W contains a null vector. Then the intersection W ∩ Λ is
clearly non-empty. If there were two independent null vectors, again by the
previous lemma, then a timelike vector must be contained in W . Obviously, for
the last implication we have that W cannot be spacelike and also not timelike,
by the previous lemma and so W must be lightlike [20].

Let us now consider a submanifold P of a Lorentzian manifold M . Assume
that for every p ∈ P the subspace TpP has the same causal character in TpM .
Then this causal character is ascribed to P . Hence semi-Riemannian submanifolds
are not lightlike. An example for a lightlike submanifold is the nullcone in Rn1 .
The causal character of submanifolds is preserved by local isometries [20].
For further information, we refer to [20] and [24].

3.2 Timecones

Denote the set of all timelike vectors in a Lorentzian vector space V by T . Let
u ∈ T , then the timecone of V containing u is the set

C(u) = {v ∈ T : 〈u, v〉 < 0}.

T is the disjoint union of C(u) and the opposite timecone C(−u) = −C(u), since
u⊥ is spacelike [20].

Lemma 3.3. [20, Lemma 29, Chapter 5]
Two timelike vectors v, w in a Lorentzian vector space are in the same timecone
if and only if 〈v, w〉 < 0.

Proof. Assume v ∈ C(u) and w is timelike. We want to show that w ∈ C(u) if
and only if 〈v, w〉 < 0. We have C( u

|u| ) = C(u), thus we can assume that u is a
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timelike unit vector. We can write v as au+ v and w as bu+ w with v, w ∈ u⊥.
These are timelike vectors, so we have |a| > |v| and |b| > |w|. We have that
〈u, u〉 = −1 and 〈w, u〉 = 〈v, u〉 = 0, thus

〈v, w〉 = 〈au+ v, bu+ w〉 = 〈au, bu〉+ 〈au,w〉+ 〈v, bu〉+ 〈v, w〉 = −ab+ 〈v, w〉.

Furthermore, |〈v, w〉| ≤ |v||w| < |ab| holds, by the Cauchy-Schwarz inequality.
So sgn〈v, w〉 = sgn(−ab). Since v is contained in C(u), we have that a is positive
and thus 〈v, w〉 is equal to − sgn(b). Thus,

〈v, w〉 < 0⇔ b > 0⇔ 〈u,w〉 < 0⇔ w ∈ C(u).

[20]

Many properties of inner product spaces have analogues in the Lorentzian
case. For instance, by the Schwarz inequality, that the definition of the angle
between v and w is the unique number 0 ≤ θ ≤ π such that cos θ = 〈v,w〉

|v||w| . Also
the triangle inequality runs backwards, that is |v|+ |w| ≤ |v + w|.
There exist two timecones in each Lorentzian tangent space TpM and we cannot
distinguish one from the other in an intrinsic way. Choosing one of them means to
time-orient TpM . But can every tangent space be time-oriented in a continuous
way? Consider a function τ on M assigning to each point p a timecone τp in the
tangent space of M at p. If for each p there exists a smooth vector field V on
some neighborhood U of p such that Vq ∈ τq for each q ∈ U , then τ is smooth
and called a time-orientation ofM . A manifold, that admits a time-orientation is
called time-orientable. Choosing a specific time-orientation on a manifold means
to time-orient it. An example is the Minkowski space Rn1 . Also all Lorentzian
spheres Sn1 are time-orientable. A Lorentzian manifold is time-orientable if and
only if there is a timelike vector field. A vector in a Lorentzian vector space that
is either null or timelike is called causal. So for a timelike vector v the set C(v)
is the causal cone that contains v. The velocity vectors of a causal curve in a
Lorentzian manifold are all nonspacelike [20].
For further information, we refer to [20].

3.3 Local Lorentzian Geometry

Let us now compare two results, one from Riemannian geometry and the other
from Lorentzian geometry. The local geometry of Riemannian geodesics is
dominated by the fact that if we consider a normal neighborhood of a point q in
a Riemannian manifold containing p then the radial geodesic segment mapping
from [0, 1] to the normal neighborhood is the unique shortest curve from q to p in
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this neighborhood. We have an analogue in a Lorentzian manifold. Considering
a timelike curve in a normal neighborhood from q to p, then the radial geodesic
segment from q to p is the unique longest timelike curve from q to p in this
neighborhood. We can refine the result by omitting the normal neighborhood
and comparing the geodesic segment with timelike curves. This result implies
that any timelike geodesic segment in the Minkowski space is the unique longest
timelike curve that joins its endpoints. Observe here that in Minkowski space
the entire manifold is a normal neighborhood of each point.
We want to point out one more analogue. For this, consider the Riemannian
product manifold S1 × R. It can be viewed as the cylinder x2 + y2 = 1 in R.
The map φ given by (u, v)→ (cosu, sin u, v), that wraps the plane around the
cylinder, is locally an isometry. Hence all the geodesics of the cylinder have the
form

γ(t) = (cos(at+ b), sin(at+ b), ct+ d).

In analogue to this, consider the Lorentzian surface S1
1×R. It can also be viewed

as a cylinder in R3
2, that has the same connection, hence the same geodesics.

Null cones on this cylinder are intersections of null geodesics in the Riemannian
case, for instance (± cos s, sin s, s+ c) [20].
For further information, we refer to [20].

3.4 Causality relations

Which points in a Lorentzian manifold can be joined by causal curves, in other
words which events can influence or can be influenced by a given event? In the
study of causality a useful aid is a Lorentzian analogue of Riemannian distance.
Thus, let us turn to causality relations. On a Lorentzian manifold M they are
defined as follows. Let p, q ∈M , then

(1) The existence of a future-pointing timelike curve in M from p to q

is denoted by p� q.

(2) The existence of a future-pointing causal curve in M from p to q

is denoted by p < q.

Obviously, (1) implies (2). These relations are transitive and for p � q there
exist infinitely many r such that p � r � q. This holds also for the second
property.
Furthermore, let us define the chronological respectively causal future. For this,
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consider a subset A of M . Then

I+(A) = {q ∈M : there exists p ∈ A with p� q}

is the chronological future of A. The causal future of A is given by

J+(A) = {q ∈M : there exists p ∈ A with p ≤ q}.

We have A ∪ I+(A) ⊂ J+(A). For a single point the chronological future is
given by I+(p) = {q : p� q} and analogously for the causal future. The past
definitions follow from the future ones by reversing time-orientation. Observe
that the chronological past of A is given by

I−(A) = {q ∈M : there exists p ∈ A with q � p}.

Let us give an example. In the Minkowski space R4
1 the chronological future of a

point p is the future timecone of p, indeed {q : pq is timelike future-pointing}.
The causal future here is p together with {q : pq is causal future-pointing}. We
can conclude that I+(p) is open and its closure is J+(p) and J+(p) is the union
of the future nullcone I+(p) at p and p itself.
Another example is the Lorentzian cylinder S1

1 × R. It has trivial causality. For
a single point we have I+(p) = J+(p), thus it is the entire manifold.
A subset A ⊂ M is called causally convex in B ⊂ M with A ⊂ B if every
C1 causal curve, that is contained in B and joining two points of A, must be
contained in A. An open subset B is called strongly causal if every point p in
B admits arbitrarily small open neighborhoods that are causally convex in B.
Furthermore, an open subset S of M is causally simple if it is strongly causal
and

J+
S ⊂ S × S

is closed in the product topology. A causally simple subset S is called globally
hyperbolic if

J+
S (p) ∩ J−S (p)

is compact for every p, q ∈ S.
Two points x, y ∈M are called chronologically related

y ∈ I+
S (x), (x, y) ∈ I+

S or

x�S y
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in a set S ⊂M , if there exists a future directed C1 timelike curve from x to y
contained in S. Two points are causally related

y ∈ J+
S (x), (x, y) ∈ J+

S or

x ≤S y,

if there exists a future directed C1 causal curve from x to y contained in S or
x = y ∈ S. If x ≤S y for x 6= y we write x <S y and if S = M then we write
simply �,≤ and <.

3.5 Lorentzian length of a causal AC-curve

A curve σ : [a, b] → M is absolutely continuous if its components in one and
hence every local chart are locally absolutely continuous. Such a curve is called
an AC-curve. Let us introduce a complete Riemannian metric on M and denote
by ρ the corresponding distance. Then, equivalently, σ is absolutely continuous if
it satisfies locally the usual definition of absolute continuity between (topological)
metric spaces. This definition does not depend on the metric chosen, since every
pair of Riemannian metrics over a compact set are Lipschitz equivalent and M
is locally compact. We can define analogously the concept of Lipschitz curve.
An AC-curve

σ : [a, b]→M,

t 7→ σ(t)

is future directed causal if σ̇ is future directed causal almost everywhere. We
do not need to define a notion of absolutely continuous timelike curve, because
they are assumed to be piecewise C1.
The Lorentzian length of a causal AC-curve is given by

l[σ] =
∫ b

a

√
−gσ(σ̇, σ̇)dt.

The integrand belongs to L1([a, b]) and thus the Lorentzian length of a causal
AC-curve is finite. In coordinates we have

σ̇µ ∈ L1([a, b]) and
√
|σ̇|µ ∈ L1([a, b]).

A Lorentzian distance between p and q with p ≤ q can also be defined as the
supremum of the Lorentzian lengths of the causal AC-curves, that connects p to
q [20], [18].
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Theorem 3.4. [18, Theorem 6]
Consider a C∞ manifold M endowed with a C1,1 metric g and a normal neigh-
borhood N of p ∈M . Let σ : [0, 1]→ N be any future directed causal AC-curve
starting from p. Then exp−1

p (σ(s)) is future directed causal for every s > 0 and
in case that exp−1

p (σ(ŝ)) is lightlike then σ|[0,ŝ] is equal to the future directed
lightlike geodesic segment up to parametrizations. The Lorentz length of σ is
smaller than that of the unique future directed casual geodesic, that connects its
endpoints, unless its image is the same as that of that geodesic. In the last case
the affine parameter of the geodesic is absolutely continuous and increasing with
s.

Proof. Assume that for some s̃, D2
p(s̃) < 0, where D2

p is defined as

D2
p(q) := gp(exp−1

p (q), exp−1
p (q))

and C1,1 in q. The Lorentzian length of the geodesic that connects p and q is
given by

DL
p (q) := (−D2

p(q))
1
2 .

Indeed, consider a geodesic γv with v = exp−1
p (q) and notice that t 7→ 〈γ′v(t), γ′v(t)〉

is constant, then

Length(γ) =
∫ 1

0
〈γ′v(t), γ′v(t)〉dt = 〈γ′v(0), γ′v(0)〉 = (−D2

p(q))
1
2 .

In the region, where D2
p < 0, DL

p is C1,1, since D2
p is. DL(σ(s)) is a composition

of a locally Lipschitz function and an absolutely continuous function and thus it
is absolutely continuous. We have that D2

p(s̃) < 0. By continuity, this holds also
in an interval [s̃, s], provided s is sufficiently close to s̃. Set P̂ := P√

−gP (P,P )
,

note

1
2
d

ds
D2
p(σ(s)) = g(P (p, σ(s)), σ′(s))

and P (p, σ(s)) is the position vector of σ(s) with respect to p.
This will be proved in the proof of Gauss’ Lemma in the last chapter. Then
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observe

DL
p (σ(s))−DL

p (σ(s̃)) =
∫ s

s̃

dDL
p (σ(t))
dt

dt

= −
∫ s

s̃

1
DL
p (σ(t))g(P (p, σ(t)), σ′(t))dt

= −
∫ s

s̃

g(P̂ (p, σ(t)), σ′(t))dt ≥
∫ s

s̃

√
−gσ(t)(σ′(t), σ′(t))dt

≥ l[σ] ≥ 0, (3.1)

where in the last inequality we used the reverse Cauchy-Schwarz inequality:
Consider v1, v2 to be causal and future directed, then

−gp(v1, v2) ≥
√
−gp(v1, v1)

√
−gp(v2, v2).

Equality holds if and only if v1 and v2 are proportional.
(3.1) shows that if σ once enters a region of the chronological future of p, denoted
by D2

p < 0, then it remains there.
Consider now a small future directed timelike geodesic

η : [−ε, 0]→ N

given by η(0) = p, contained in a convex normal neighborhood of p with C ⊂ N .
We have that σ(s) ∈ C for sufficiently small s. Concatenating η with σ, we get a
curve, that connects η(−ε) to σ(s) and starts with a timelike geodesic. Hence it
enters the chronological future of η(−ε) and thus, by the argument above, there
is a future directed timelike geodesic ν(ε), that connects η(−ε) with σ(s). Let
ε→ 0 and use the continuity of the exponential map at σ(s), then we can infer
the existence of a geodesic that connects p and σ(s). This must be future directed
causal, by the continuity of g(v, v) at Tσ(s)M . Indeed, ν(ε)(t) = expσ(s)(−tw(ε)),
where w(ε) := exp−1

σ(s)(η(−ε)), for ε → 0 we have w(ε) → w := exp−1
σ(s)(p) and

ν(ε) → ν in C1, where ν(t) = expσ(s)(−tw). All w(ε) are timelike and so w is
causal and also ν is causal. Since s is arbitrary we know that in a maximal
closed interval [0, b] ⊂ [0, 1] with b > 0, we have D2

p(σ(s)) ≤ 0.
Now we want to prove that if D2

p(σ(a)) = 0 for a ∈ (0, b], then σ|[0,a] is a lightlike
geodesic up to parametrizations and so D2

p = 0 over [0, a].
Note that D2

p is Lipschitz and thus D2
p(σ(s)) is absolutely continuous

D2
p(σ(a)) =

∫ a

0

dD2
p(σ(s))
ds

ds = 2
∫ a

0
gP (p,σ(s))(P (p, σ(s)), σ′(s))ds.

By the reverse Cauchy-Schwarz inequality, since σ′ is future directed causal
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almost everywhere, we have

gP (p,σ(s))(P (p, σ(s)), σ′(s)) ≤ 0,

on the region D2
p ≤ 0 for almost every s. Thus we have D2

p(σ(a)) = 0 only if σ′ is
proportional to P for almost every s in [0, a]. Introduce now a Euclidean scalar
product on TpM and associated spherical normal coordinates (r,Θ1, . . . ,Θn)
over N . Since this chart is C1 related to those of M we have that σ is still
absolutely continuous in this chart. The angle coordinates cannot change over
σ, since σ′ is proportional to ∂r almost everywhere. Otherwise one would get
that σ′ is not radial in a set of non-vanishing measure, since Θi(σ(s)) is the
integral of its own derivative. This is a contradiction. We obtain that σ|[0,a] is
an integral curve of P and thus a lightlike geodesic issued from p.
Now let a be the maximal value of s, for which we have D2

p(σ(s)) = 0. So it
remains only to show that b = 1. Notice that b is the maximal value of s for
which D2

p(σ(s)) ≤ 0. By contradiction, suppose b 6= 1, meaning b < 1. Then
a = b, because otherwise D2

p(σ(b)) < 0 and once σ enters the chronological future
of p it remains there. But this means that the same inequality would also hold in
(b, 1]. This is a contradiction to b < 1, because we have maxs∈[0,1] D

2
p(σ(s)) ≤ 0

and clearly this implies s = 1.
Let p′ = σ(b) and consider a convex neighborhood C ′′ containing p with C ′′ ⊂ N .
With the same argument as above we see that for any sufficiently small δ, p′ is
connected to σ(b+ δ) by a future directed causal geodesic

η : [0, 1]→ C ′′.

This geodesic cannot be the prolongation of the lightlike geodesic σ[0,b] for
which we would get D2

p(σ(b + aδ)) ≤ 0 with α ∈ [0, 1], because this would be
a contradiction to the maximality of b. Notice that η(0) = σ(a) = σ(b). So
g(P (p, η(0)), η′(0)) < 0, where P (p, η(0)) = exp−1

p (η(0)) = exp−1
p (σ(b)) and by

continuity, the scalar product

gp(P (p, η(t)), η′(t)) < 0

for t > 0 and t sufficiently small.
Observe that D2

p is Lipschitz and thus D2
p(η(t)) is absolutely continuous. For

sufficiently small t we then have

D2
p(η(t)) = D2

p(σ(b)) +
∫ t

0

dD2
p(η(t))
dt

dt = 2
∫ t

0
gp(P (p, η(t)), η′(t))dt < 0.

Since the concatenation of σ|[0,b] with η is a causal AC-curve and since D2
p gets
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negative on it at some point and it remains so, we have at the endpoint

D2
p(σ(b+ δ)) = D2

p(η(1)) < 0.

Since δ was chosen arbitrary we get a contradiction to the maximality of b and
so b = 1.
In the case that σ is a lightlike geodesic up to parametrization, its Lorentzian
length clearly vanishes and

DL
p (σ(1)) ≥ l(σ)

holds. Assume now that σ is not a lightlike geodesic up to parametrizations.
Then a < 1 and its Lorentzian length is given by σ[a,1]. Consider s̃ ∈ [a, 1] such
that D2

p(σ(s̃)) < 0. By (3.1) we have

DL
p (σ(1)) ≥ l(σ[s̃,1]).

Letting s̃→ a we get
DL
p (σ(1)) ≥ l(σ),

proving that σ has a Lorentzian length not larger than that of the geodesic that
connects its endpoints.
By contradiction, we suppose that they have the same Lorentzian length and
that σ is not a causal geodesic up to parametrizations. Then a < 1, because
otherwise the geodesic would be lightlike. From (3.1) for s̃ > a we obtain

DL
p (σ(1)) ≥ DL

p (σ(s̃) + l(σ[s̃,1]) ≥ l(σ[0,s̃]) + l(σ[s̃,1]) = l(σ).

Thus, we actually have the equality

DL
p (σ(1)) = DL

p (σ(s̃) + l(σ[s̃,1])

and this implies that
gp(P (p, σ(s)), σ′(s)) = 0

for almost every s ∈ [s̃, 1]. Hence, we obtain, since s̃ is arbitrarily, that σ′

is proportional to P for almost every s ∈ [a, 1]. Let us now again introduce
spherical normal coordinates. Then arguing as above shows that the image of
σ|[a,1] is an integral curve of P and hence the prolongation of σ|[0,a] if a 6= 0.
Thus it is the image of a geodesic.
Now suppose that the image of σ coincides with that of a causal geodesic η. The
composition r(s) is absolutely continuous, since the coordinates of the spherical
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normal chart are Lipschitz functions. So, by definition r is an affine parameter
over η. The map r(s) is increasing for if r(s2) ≤ r(s1) for s1 < s2. So we would
have r′ ≤ 0 and thus also in a subset of measure different from zero on [s1, s2].
This again would imply that

d

ds
σ = ( d

dr
η)r′

is not future directed causal in a set of measure different from zero. This is a
contradiction to the definition of future directed causal AC-curve and thus our
claim follows and the theorem is proved [18].

For further information, we refer to [18] and [20].
We now continue with an introduction, where we go through some Picard Lindelöf
analysis in order to to prove the strong differentiability of the exponential map
later on. By the Hartman and Wintner example, we will see that the relation
between minimizing curves and geodesics turns out to differ from the smooth
situation. Furthermore, we state a formulation of the inverse function theorem,
namely Leach’s theorem. This will be helpful in the proof of the main theorems
1 and 2.
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4 Introduction to the topic

First consider a second order ordinary differential equation:

dxµ

dt
= vµ, (4.1)

dvµ

dt
= Hµ(x, v), (4.2)

where xµ is the coordinate chart in a neighborhood U of p in M , Hµ is locally
Lipschitz and positive homogeneous of second degree in v, that is for every s > 0
we have

Hµ(x, sv) = s2Hµ(x, v).

Let us go through a Picard-Lindelöf analysis, which will be needed later on in
order to prove the strong differentiability of the exponential map.

4.1 Picard-Lindelöf analysis

To this end assume without loss of generality that xµ(p) = 0. Furthermore,
consider the closed ball B(p, r) = {q : ‖q − p‖ ≤ r} and choose r such that the
ball is a subset of U . The local coordinate system on the tangent bundle will
be denoted by {xµ, ẋµ} and the image xµ(U) of the coordinate chart is an open
subset of Rn. Let the Lipschitz condition hold in B(p, r)× {v : ‖v‖ ≤ 1}.
Now applying the fundamental theorem of calculus on the system above we
can rewrite it in integral form with the initial condition (x0, ẋ0) at time t = 0
plugged in

xµ(t, x0, ẋ0) = xµ0 +
∫ t

0
ẋµ(t, x0, ẋ0)dt, (4.3)

ẋµ(t, x0, ẋ0) = ẋµ0 +
∫ t

0
Hµ(x(t, x0, ẋ0), ẋ(t, x0, ẋ0))dt. (4.4)

We suppose that the initial condition satisfies max{‖x0‖, ‖ẋ0‖} < δ, where δ is
a constant which is positive with δ < 1

M (1− e−Mr2 ) ≤ r
2 .

We will use Picard iteration starting from k = −1 to construct approximating
solutions, meaning that we recursively define xµk+1 in terms of xµk . So for k = −1
we define x−1(t) = x0 and ẋ−1(t) = 0. They are well defined and continuously
differentiable. Inductively so are the functions

xµk+1(t) = xµ0 +
∫ t

0
ẋµk(t)dt, (4.5)

ẋµk+1(t) = ẋµ0 +
∫ t

0
Hµ(xk(t), ẋk(t))dt. (4.6)
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We are going to show that on [0, 1], (xk, ẋk)(t) ∈ π−1(B(p, r)) for every t ∈ [0, 1]
and each k ≥ −1. Indeed, using the fact that the length of a continuously
differentiable curve on Rn is greater than the distance between its endpoints and
letting M = supx∈B(p,r) sup‖v‖=1 ‖H(x, v)‖, we derive using the homogeneity of
Hµ that

‖xk+1(t)‖ ≤ ‖x0‖+
∫ t

0
‖ẋk(t)‖dt, (4.7)

‖ẋk+1(t)‖ ≤ ‖ẋ0‖+
∫ t

0
M‖ẋk(t)‖2dt. (4.8)

From the second inequality we get the following estimate by induction:

‖ẋk+1(t)‖ ≤ ‖ẋ0‖
1− ‖ẋ0‖Mt

.

By plugging this into the first equation it gives us in turn

‖xk+1(t)‖ ≤ ‖x0‖ −
1
M

ln(1− ‖ẋ0‖Mt) ≤ δ − 1
M

ln(1− δM),

where in the last inequality we used that max{‖x0‖, ‖ẋ0‖} < δ. Additionally,
applying the estimate of δ, namely δ ≤ r

2 , we get for every k ≥ 0 that

‖xk(t)‖ < r and

‖ẋk(t)‖ < δ

1− δM ,

and thus they belong to π−1(B(p, r)). For any t1, t2 ∈ [0, 1] and any v1 := ẋi(t1),
v2 := ẋj(t2) we have that δ

1−δM > max{‖v1‖, ‖v2‖}.
For further information, we refer to [18].

4.2 Existence and Uniqueness of geodesics

The non-stationary solutions to the equations (4.1) and (4.2) will be called
geodesics. We will use the computations in subsection 4.1 to prove the existence
of geodesics.
First, choose δ sufficiently small such that

δ

1− δM ≤ 1 and

D := βδ

2(1− δM)

(
1 +

√
1 + 4α

β2

)
≤ 1.
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This positive constant fulfils the equation

[ δ
1−δM ]2α
D

+ βδ

1− δM = D.

By the telescopic sum we have: xn − x0 =
∑n
k=1 xk − xk−1. Moreover, we have

shown that δ
1−δM > max{‖v1‖, ‖v2‖} and we know that the inequalities (4.7)

and (4.8) hold. Thus we can subtract two elements and rewrite the Lipschitz
condition in a better form

‖ẋk(t)− ẋk−1(t)‖ ≤
∫ t

0
‖H(xk−1(t), ẋk−1(t))−H(xk−2(t), ẋk−2(t))‖dt (4.9)

≤
∫ t

0

{[
δ

1− δM

]2
α‖xk−1(t)− xk−2(t)‖+ βδ

1− δM ‖ẋk−1(t)− ẋk−2(t)‖
}
dt,

where we used that H is homogeneous of second degree in v and Lipschitz, that
is ‖H(x2, v2) −H(x1, v1)‖ ≤ α‖x2 − x1‖+ β‖v2 − v1‖. Indeed, for V = δ

1−δM
we have the easy computation

‖H(x2, v2)−H(x1, v1)‖ = V 2
∥∥∥H (x2,

v2

V

)
−H

(
x1,

v1

V

)∥∥∥
≤ V 2

{
α‖x2 − x1‖+ β‖v2

V
− v1

V
‖
}

≤ αV 2‖x2 − x1‖+ βV ‖v2 − v1‖.

Furthermore, observe that

‖xk+1(t)− xk(t)‖ ≤
∫ t

0
‖ẋk(t)− ẋk−1(t)‖dt. (4.10)

By induction we obtain an estimate for this expression. We will proceed in
parallel and construct the following bounds

‖xk(t)− xk−1(t)‖ ≤ 1
D

(Dt)k

k! for k ≥ 0 (4.11)

‖ẋk(t)− ẋk−1(t)‖ ≤ (Dt)k

k! for k ≥ 1. (4.12)

Let us start with the first estimate. Note that we can rewrite x0(t) as

x0 +
∫ t

0
ẋ−1(t)dt

and recall that x−1(t) = x0 and ẋ−1(t) = 0 hold. Then for k = 0 we get
‖x0(t) − x−1(t)‖ = ‖x0 − x0‖ = 0 and this is in any case smaller or equal to
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1
D

(Dt)0

0! . Using this and the estimate in (4.9) we get (4.12) for k = 1:

‖ẋ1(t)− ẋ0(t)‖ ≤
∫ t

0

[
δ

1− δM

]2
α‖x0(t)− x−1(t)‖+ βδ

1− δM ‖ẋ0(t)− ẋ−1(t)‖dt

≤
∫ t

0

A

D
+Bdt =

∫ t

0
D dt = tD = (Dt)1

1! ,

where we set A = ( δ
1−δM )2α and B = βδ

1−δM . Now we again switch to (4.11) and
show by using (4.10) the induction hypothesis for k + 1.

‖xk+1(t)− xk(t)‖ ≤
∫ t

0
‖ẋk − ẋk−1‖dt ≤

∫ t

0

(Dt)k

k! dt = 1
D

(Dt)k+1

(k + 1)! .

For (4.12) we obtain:

‖ẋk+1(t)− ẋk(t)‖ ≤
∫ t

0
A‖xk(t)− xk−1(t)‖+B‖ẋk(t)− ẋk−1(t)‖dt

≤
∫ t

0

1
D

(Dt)k

k! + (Dt)k

k! dt ≤
∫ t

0

(
A

D
+B

)
(Dt)k

k! dt = (Dt)k+1

(k + 1)! .

Using this we define a sequence of continuous functions

xµk(t) = xµ0 +
n−1∑
k=0

[xµk+1(t)− xµk(t)],

ẋµk(t) = ẋµ0 +
n−1∑
k=0

[ẋµk+1(t)− ẋµk(t)]

converging uniformly to xµ(t) and ẋµ(t) over [0, 1]. Notice that Hµ(x, ẋ) is
continuous over B(p, r)× {v : ‖v‖ ≤ δ

1−δM }, which is compact. For this reason
it is also uniformly continuous. Using uniform convergence we can take the limit
in the equations (4.5) and (4.6), which solve (4.3) and (4.4) [18].
In order to prove uniqueness let Y be another solution of the equations (4.1)
and (4.2) on [0, 1]. To simplify the following, we introduce a new notation.
Let for now

X(t) =
(
xµ(t)
ẋµ(t)

)
=
(
X1

X2

)
and

Ẋ(t) =
(

X2(t)
Hµ(X1(t), X2(t))

)
= F (t,X(t)).

Let M := maxX1∈B(p,r),X2∈B1(0) ‖F (t,X(t))‖. Furthermore, we always can
choose ‖X‖ := ‖X1‖+ ‖X2‖.
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Then, by (4.5), we have

Y (t) = X(0) +
∫ t

0
F (s, Y (s))ds.

By induction we get

‖X(k)(t)− Y (t)‖ ≤ M 1
D

(Dt)k

k! .

Indeed, for k = 0 we have

‖X(0)(t)− Y (t)‖ ≤
∫ t

0
‖F (s, Y (s))‖ds ≤M · t,

where we used that ‖F (s, Y (s))‖ ≤ M. We have

‖F (t,X(t))− F (t, Y (t))‖

= ‖X2(t)− Y2(t)‖+ ‖Hµ(X1(t), X2(t))−Hµ(Y1(t), Y2(t))‖

≤ ‖X2(t)− Y2(t)‖+ α‖X1(t)− Y1(t)‖+ β‖X2(t)− Y2(t)‖

≤ α‖X1(t)− Y1(t)‖+ (1 + β)‖X2(t)− Y2(t)‖

≤ (α+ (1 + β)(‖X1(t)− Y1(t)‖+ ‖X2(t)− Y2(t)‖) = D‖X(t)− Y (t)‖,

where we used that Hµ is Lipschitz. Assuming that the induction hypothesis
holds for some k and using the computation above, we can prove it for k → k+ 1:

‖X(k+1)(t)− Y (t)‖ ≤
∫ t

0
‖F (s,X(k)(s))− F (s, Y (s))‖ds

≤
∫ t

0
D‖X(k)(s)− Y (s)‖ds ≤

∫ t

0
D

1
D
M (Ds)k

k! ds =M 1
D

(Dt)k+1

(k + 1)! .

By the induction hypothesis, we have for all t

‖X(t)− Y (t)‖ = lim
k→∞

‖X(k) − Y ‖ ≤ lim
k→∞

M 1
D

(Dt)k

k! = 0.

This means that X = Y and thus we have uniqueness [14].
Notice that uniqueness need not to hold if the metric is of lower regularity than
C1,1. We will show this by the following example:
Consider M := (−1, 1) × R and the metric g = dx2 + (1 − |x|λ)dy2, where
1 < λ < 2. The regularity of the metric is C1,λ−1. In order to state our
geodesic equations let us look at the non-vanishing Christoffel symbols, given by
Γki,j = 1

2g
kl(∂jgli + ∂iglj + ∂lgij). So let i, j, k, l ∈ {1, 2} and notice that for all

r 6= s, grs = 0 = grs, where grs is the inverse of grs. Then we obtain
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Case 1: k = 1, i = j = 2

Γ1
22 = 1

2g
11(∂2g12 + ∂2g12 − ∂1g22) = 1

2 · 1 · (λ|x|
λ−1 sgn x),

Case 2: k = 2, i = 2, j = 1

Γ2
21 = 1

2g
22(∂1g22 + ∂2g21 + ∂2g21) = 1

2(1− |x|λ)−1(−λ|x|λ−1 sgn x).

By symmetry of the Christoffel symbols we have Γ2
21 = Γ2

12. Thus, we get our
geodesic equations

(x− equation) ẍ+ λ

2 |x|
λ−1 sgn x(ẏ)2 = 0,

(y− equation) ÿ − λ

2
|x|λ−1 sgn(x)

1− |x|λ ẋẏ = 0.

The y−equation is equivalent to ((1− |x|λ)ẏ)′ = 0, meaning

(1− |x|λ)ẏ = C (4.13)

where C is a constant. So let us distinguish between the case where C = 0 and
C 6= 0. In the first case we clearly get ẏ = 0 and thus y is constant. Then the
x−equation gives ẍ = 0, meaning x is linear in t, indeed x(t) = at+ b. In the
second case we conclude ẏ 6= 0 and thus that y is strictly monotonous along any
geodesic. Since the metric is C1, gγ(γ̇, γ̇) is constant, where γ is a geodesic. We
always can choose the constant to be 1 and parametrize by arclength

gij ẋ
iẋj = 1

ẋ2 + (1− |x|λ)(ẏ)2 = 1

ẋ2 + C2

1− |x|λ = 1,

and finally get

ẋ = ±
(

1− C2

1− |x|λ

) 1
2

, (4.14)

where C ∈ [−1, 1]. The metric g is smooth for x 6= 0 and doesn’t depend on y,
so we only have to consider the initial value (x0, y0) = (0, 0). Let us now again
distinguish between two cases:

Case 1: C2 = 1

Case 2: C2 < 1.
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The Case C2 > 1 would imply a negative value under the square root and thus
it will not be considered. In the first case we get x ≡ 0. This is the only solution
for (4.14), because otherwise the radicand would be negative. In the second
case the right-hand side of equation (4.14) is C1 and hence there exists a unique
solution with initial condition x(0) = 0. Assume x is this unique solution of
equation (4.14), then by equation (4.13) we get

ẏ = C

1− |x|λ

and by integrating we conclude

y(t) =
∫ t

0

C

1− |x(s)|λ ds.

Summarising, at (0, 0) we have for every direction a unique geodesic, meaning
that the initial value problem is uniquely solvable, by symmetry.
Now we want to determined the shape of the geodesic. In order to do this, we
introduce a new variable via C = ±

√
1− ε for ε ∈ [0, 1]. Since x(0) = 0 and

ẏ(0) = C, where C > 0, we conclude by symmetry and noticing that the metric
norm is 1 at x(0) = 0 that the initial velocity is (ẋ(0), ẏ(0)) = (±

√
ε,
√

1− ε).
Then we get

ẋ = ±
(

1− 1− ε
1− |x|λ

) 1
2

for |x| < λ
√
ε (4.15)

ẏ =
√

1− ε
1− |x|λ . (4.16)

Let now γ±ε be the unique geodesic with initial velocity (±
√
ε,
√

1− ε).We know
that equation (4.15) only makes sense for |x| < λ

√
ε. So we are interested what

happens at |x| = λ
√
ε. Hence, consider

dy

dx
=
√

1− ε
1− |x|λ

(
1− 1− ε

1− |x|λ

)− 1
2

=

√
1− ε

(1− xλ)(ε− xλ) .

Integrating gives

∫ λ
√
ε

0

dy

dx
≤
∫ λ
√
ε

0

dx√
ε− xλ

. (4.17)

Substituting z = ε− xλ gives

(4.17) = 1
λ

∫ ε

0

dz
√
z(ε− z)1− 1

λ

, (4.18)
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and again substituting w = z − ε
2 gives

(4.18) = 1
λ

∫ ε
2

− ε2

dw

(
√
w + ε

2 )( ε2 − w)1− 1
λ

. (4.19)

Set α := 1− 1
λ ∈ (0, 1

2 ) and continue

(4.19) = 1
λ

[∫ 0

− ε2

dw

(
√
w + ε

2 )
(
ε
2 − w

)α +
∫ ε

2

0

( ε
2 − w

)α]
. (4.20)

Notice here that ( ε2 − w)α ≥ ( ε2 )α and
√
w + ε

2 ≥
√

ε
2 , thus we get

(4.20) ≤ 2α
εα

∫ 0

− ε2

dw√
w + ε

2
+
√

2
ε

∫ ε
2

0

dw

( ε2 − w)α,

and for α < 1 this integral is finite, meaning that γε reaches x = λ
√
ε in finite

time.
So now let s0, y1 be such that γε(s0) = ( λ

√
ε, y1). Then differentiating gives

γ′ε(s0) = (0, 1√
1−ε ). It is obvious that the tangent is vertical at the point s0. So

since the metric is independent of y, we can reflect γε at y = y1 and get the
geodesic γ−ε that starts at (0, 2y1). In the end the point (0, 0) is connected to
(0, 2y1) by three geodesics, namely γε, γ−ε and x ≡ 0. Then

y1 = y1(ε) =
∫ λ
√
ε

0

dy

dx
dx =

√
1− ε

∫ λ
√
ε

0

dx√
(1− |x|λ)(ε− |x|λ)

.

Now we claim that y1(ε)→ 0 for ε→ 0 and prove this as follows. Denote by s
the arclength along the geodesic γε. Then for ε < 1

2 we get

ẏ ≤
√

1− ε
1− ε = 1√

1− ε
<
√

2 ≤ 2.

Then we conclude that y(s) ≤ 2s, since we starting at (0, 0) and hence also
y1 = y(s0) ≤ 2s0. So it suffices to show that s0(ε) → 0 as ε → 0. We have by
equation (4.15)

s0(ε) =
∫ s0(ε)

0
1dt =

∫ s0(ε)

0

dx

ẋ
=
∫ λ
√
ε

0
(1− (1− ε)(1− xλ)−1)− 1

2 dx (4.21)

and this converges to 0 for λ < 2.
Summarising, we have that the boundary value problem for geodesics is not
uniquely solvable in any neighborhood of any point on x = 0. Any two points
on x = 0 are connected by infinitely many geodesics.
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Let us now check if these geodesics are minimizing. By Hilbert [4], for sufficiently
small y1 there exists a minimizing curve γ from (0, 0) to (0, 2y1) and γ is a
geodesic. So now we claim that γ is not a segment of x ≡ 0. In order to prove
this we proceed as follows.
Since the metric restricted to x = 0 is the identity, we get for the length
L2y1

0 (x ≡ 0) = 2y1. By definition we also have L2s0
0 (γε) = 2s0. Thus it suffices to

show that s0(ε) < y1(ε) for ε small, because x ≡ 0 is not minimizing. Consider,

y1 =
∫ s0

0
ẏ(t)dt = (1− ε) 1

2

∫ s0

0
(1− xλ)−1dt. (4.22)

Substituting x = x(t) and equation (4.15) gives

(4.22) = (1− ε) 1
2

∫ λ
√
ε

0
(1− xλ)− 1

2 (ε− xλ)− 1
2 dx.

Setting s := (ε− xλ) 1
2 ε−

1
2 gives

1
2λy1 = ε−

1
2 + 1

λ (1− ε) 1
2

∫ 1

0
(1− ε(1− s2))− 1

2 (1− s2)−1+ 1
λ ds.

Set 1
2λε

1
2−

1
λ y1(ε) = a(ε) and 1

2λε
1
2−

1
λ s0(ε) = b(ε) and conclude by equation

(4.21)

lim
ε→0

a(ε) = lim
ε→0

b(ε) =: α.

Now extend a and b to ε = 0. Then we get a(0) = b(0) and for λ > 2

a′(0) = −1
4λ
∫ 1

0
(1− t2) 1

λ dt > −1
2

∫ 1

0
(1− t2) 1

λ dt = b′(0),

thus a(ε) > b(ε) and hence also y1(ε) > s0(ε) for small ε.
So we proved that the geodesic x ≡ 0 is not minimizing between any two points.
The geodesics γ±ε are minimizing between their endpoints and thus we conclude
that even locally minimizing curves are not unique. Furthermore, there is no
minimizing curve with initial direction

(0
1
)
because otherwise by Hilbert [4] it

would have to be a geodesic [9], [23].
For further information, we refer to [4], [9], [13], [14], [18] and [23].
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4.3 The exponential map

TpM

0

expp

M

p

Let us define γv(t) to be the unique geodesic for the connection Hµ. This
geodesic has velocity v and starts from π(v). The exponential map is then given
by

exp : Ω −→M ×M

v 7−→ (π(v), γv(1)),

and the pointed exponential map at p ∈M is given by

expp : Ωp −→M

v 7−→ γv(1),

where γv(1) = π2(exp v). The homogeneity of Hµ on velocities implies

γsv(t) = γv(st),

and so we can conclude that Ω and Ωp are star−shaped [18].

4.3.1 Locally Lipschitzness

We now would like to show that this exponential map and the pointed version
are locally Lipschitz, thus let us go through some definitions about Lipschitz
continuity.
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Let O be an open subset of Rn. A function f : O −→ Rn is called Lipschitz if

‖f(p)− f(q)‖ < K‖p− q‖,

for some K > 0 and every p, q ∈ O. If this inequality is valid for every compact
subset of O and K is dependent of the compact subset, then we call f locally
Lipschitz. In the case that f depends on another variable z and the Lipschitz
constant does not depend on z then f is uniformly Lipschitz in z. Locally
uniformly Lipschitz means that if we choose any compact set in the domain of
z then the Lipschitz constant can be chosen such that it only depends on the
compact set in place of z. So this means, for example, if we take a Lipschitz
function depending on two variables then it is Lipschitz in one variable, uniformly
in the other. A bi−Lipschitz homeomorphism f is defined as a homeomorphism,
for which f itself and the inverse function f−1 are locally Lipschitz. In this work
we will take f to be defined on the open subset O ⊂ Rn and f(O) as an open
subset of Rn [18].
By Picard-Lindelöf the ordinary differential equation ẋ = f(x) with f Lipschitz
has unique solutions. By the Lipschitz dependence on the initial conditions we
will conclude that the exponential map is locally Lipschitz. Indeed, we have

Theorem 4.1. [18, Theorem 1]
Let Hµ be a Lipschitz connection on a C∞− manifold M , W ⊂ [0,∞)×TM the
maximal domain of

ψ : W −→ TM

(t, v) 7−→ γ′v(t),

the geodesic flow map. In order for the right hand side to make sense, this map
is defined for those (t, v) ∈ R×TM for which the geodesic γv exists up to time t.
Then W is open in [0,∞) × TM such that [0, 1] × Ω is a subset of W and W
star-shaped. Equivalently, Ω is an open subset in TM and star-shaped.
Furthermore, the map ψ is locally Lipschitz and ψ(·, v) ∈ C1,1 and there exists a
star-shaped subset Ω̃ of Ω such that the Lebesgue measure of Ω \ Ω̃ is zero and
such that ψ(t, ·) is differentiable at v for every v ∈ Ω̃ and every t ∈ [0, 1] and the
Jacobian ∂2ψ(·, v) is locally Lipschitz in t, locally uniformly in v ∈ Ω̃. For any v
in Ω̃ the following holds:

∂1∂2ψ = ∂2∂1ψ

for almost every t ∈ [0, 1]. These mixed differentials are exist, coincide and
are locally bounded. We can restrict ψ to some m− dimensional submanifold
N of TM , which is Lipschitz and the statement above continues to hold. The
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differential ∂2 then refers to the variables of the Lipschitz chart on N and ∂2ψ

exists almost everywhere in the sense of the m−dimensional Lebesgue measure
of N .

Before we prove this theorem, we will first state the definition of Gâteaux
differentiability and then go through two important statements.
Indeed, consider two Banach spaces X and Y . A function f : X −→ Y is called
Gâteaux differentiable at some point x if there exists a bounded linear operator
Gx ∈ B(X,Y ) such that for all v ∈ X

‖f(x+ tv)− f(x)− tGxv‖ = o(|t|),

where Gx is the Gâteaux derivative of f at x [2]. Now we can prove the following
statement.

Proposition 4.2. [18, Proposition 2]
Any Lipschitz function f : O −→ R with O ⊂ Rn that is Gâteaux differentiable
at p is differentiable at p.

Proof. We will prove this by contradiction. So let G be the Gâteaux differential
at p and assume G is not the differential of f at p, meaning there exists ε > 0
and a sequence vn ∈ Rn with vn 6= 0 and vn −→ 0 such that

‖f(p+ vn)− f(p)−G(vn)‖ > ε‖vn‖. (4.23)

We set en = vn
‖vn‖ . The unit-sphere Sn−1 of Rn is compact and so there exists

a converging subsequence of en and thus we can assume that en −→ e, where
‖e‖ = 1. Pick now a scalar an and a vector bn so as to decompose vn in a
component ane which is parallel and a component bn that is perpendicular to
the unit vector e:

vn = ane+ bn.

Plugging this into the equation (4.23) we get

‖f(p+ vn)− f(p)−G(vn)‖ ≤ ‖f(p+ vn)− f(p+ ane)‖

+ ‖f(p+ ane)− f(p)−G(ane)‖+ ‖G(ane)−G(vn)‖

= K‖bn‖+ o(an) + ‖G‖‖bn‖,

where the last equality follows from the locally Lipschitz condition of f and
K is the Lipschitz constant and ‖G‖ is the operator norm of G. We have
en = vn

‖vn‖ = an
‖vn‖e + bn

‖vn‖ . In order for en → e to hold, we conclude that
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an
‖vn‖ → 1 and bn

‖vn‖ → 0. So we get

‖f(p+ vn)− f(p)−G(vn)‖
‖vn‖

≤ o(an)
‖vn‖

= o(an)
an

an
‖vn‖

,

which converges clearly to 0 and is a contraction to equation (4.23) for n large
enough [18].

Theorem 4.3. [18, Theorem 15]
Consider a continuous function

f : [a, b]× Rk −→ R

(x, y) 7−→ f(x, y).

Let f be locally Lipschitz in y, uniformly in x. Then for almost every y the
differential d2f exists at (u, y) for almost every u ∈ [a, b], it is integrable in [a, b]
and for every x ∈ [a, b] we have:(

d2

∫ x

a

f(u, y)du
)

=
∫ x

a

d2f(u, y)du.

Proof. Before we start, let us recall the statement of Rademacher’s theorem, that
is if we consider an open subset of a Euclidean space and a Lipschitz continuous
function, then this function is differentiable almost everywhere.
So let y ∈ Rn, then there exists a relatively compact neighborhood O =

∏
i(ai, bi)

of y, where (ai, bi) are open intervals. The function f(x, ·) restricted to O is
locally Lipschitz in y with constant K, uniformly in x as assumed. So now we can
apply Rademacher’s theorem and obtain that the function f(x, ·) is differentiable
almost everywhere for any x ∈ [a, b], meaning that f is differentiable everywhere
except on a set of Lebesgue measure zero. Now let O\E(x) be this set of Lebesgue
measure zero and so the subset E(x) is such that f(x, ·)|O is differentiable. In
other words, y 7→ f(x, y) is locally Lipschitz and thus differentiable almost
everywhere and the differential d2f(x, y) exists for all y ∈ E(x).
Consider the characteristic function

χA(x, y) =
{

1, (x, y) ∈ A
0, else

of A =
⋃
x∈[a,b]{x}×E(x) ⊂ [a, b]×O, where O =

∏k
i=2(ai, bi). Integrating this
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we get ∫ b

a

∫
O

χA(x, y)dydx =
∫ b

a

∫
O

χE(x)(y)dydx

=
∫ b

a

λ(E(x))dx =
∫ b

a

λ(O)dx

= (b− a)λ(O) <∞,

where λ denotes the Lebesgue measure. By Fubini, we conclude that∫
O

∫ b

a

χA(x, y)dxdy = (b− a)λ(O).

Indeed, we know that
∫ b
a
χA(x, y)dx ≤ b− a because χ ≤ 1. Then

(b− a)−
∫ b

a

χA(x, y)dx ≥ 0

and almost everywhere equal to 0. Hence∫
O

[
(b− a)−

∫ b

a

χA(x, y)dx
]
dy = 0

holds almost everywhere. Thus,
∫ b
a
χA(x, y)dx = b − a for almost every y.

Summarising, for almost every y ∈ O we have χA(x, y) = 1 for almost every
x ∈ [a, b], meaning y ∈ E(x), so for almost every y ∈ O the differential d2f exists
at (x, y) for almost every x ∈ [a, b].
Every differentiable function is also Gâteaux differentiable, so we obtain that
for almost every y ∈ O and for every v ∈ Rk the partial derivative ∂vf(x, y)
exists for almost every x ∈ [a, b]. Knowing that f is locally Lipschitz and
letting εn → 0 we get ∂vf(x, y) = limn→∞

1
εn

(f(x, y + vεn) − f(x, y)) and
| limn→∞

1
εn

(f(x, y+ vεn)−f(x, y))| ≤ K‖v‖. Hence ‖∂vf(x, y)‖ ≤ K‖v‖. Then
applying the dominated convergence theorem we conclude that ∂vf(x, y) is
integrable and

∂v

∫ x

a

f(u, y)du =
∫ x

a

∂vf(u, y)du.

The right-hand side is the Gâteaux differential at y of
∫ x
a
f(u, y)du applied to

v. This function is also Lipschitz in y. Thus, we conclude by the previous
proposition that

∫ x
a
f(u, y)du is differentiable and that the Gâteaux differential

coincides with its differential [18].

Now we are ready to prove theorem 4.1:

Proof. The first step will be to prove that the geodesic flow map over TM is
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locally Lipschitz and that W and Ω are open sets which fulfil the conditions of
the theorem.
Recall that every geodesic segment can be covered by finitely many coordinate
patches. If we prove that we have locally Lipschitz dependence on the initial
condition we can then conclude that the geodesic flow over TM is locally Lipschitz.
Furthermore, we will show that W and Ω are open and that they fulfil the claim
of the theorem.
For the locally Lipschitz dependence on the initial condition to be proven we
will use Picard-Lindelöf approximation.
Consider two solutions xµ(t) and x̃µ(t) of the geodesic equation with initial
conditions (xµ0 , ẋ

µ
0 ) and (x̃µ0 , ˙̃xµ0 ) are given. Assume that they both belong to

max{‖x0‖, ‖ẋ0‖} < δ. As above by induction we can define the functions xµk(t)
and x̃µk(t) and write them in the same form as the equations (4.5) and (4.6).
Moreover, we will look at the chart-trivialized tangent bundle as the direct sum
of Rn ⊕ Rn with the norm ‖(x, ẋ)‖ := max{‖x‖, ‖ẋ‖}. Proceeding similarly as
above we now show the following estimates by induction

‖xk(t)− yk(t)‖ ≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
1
D

k∑
j=0

(Dt)j

j! (4.24)

‖ẋk(t)− ẏk(t)‖ ≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
k∑
j=0

(Dt)j

j! . (4.25)

So again we proceed in parallel and first consider (4.24) for k = 0, that is

‖x0(t)− y0(t)‖ = ‖x0 − y0‖ ≤ D‖x0 − y0‖
1
D

 0∑
j=0

(Dt)j

j!

 .

For (4.25) and k = 0 we get

‖ẋ0(t)− ẏ0(t)‖ = ‖ẋ0 − ẏ0‖ ≤ ‖ẋ0 − ẏ0‖

 0∑
j=0

(Dt)j

j!

 .
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Assuming this holds true for some k, we show (4.24) for k → k + 1

‖xk+1(t)− yk+1(t)‖ ≤ ‖x0 − y0‖+
∫ t

0
‖ẋk(s)− ẏk(s)‖ds

≤ ‖x0 − y0‖+
∫ t

0
‖ẋ0 − ẏ0‖

k∑
j=0

(Ds)j

j! ds

= ‖x0 − y0‖+ ‖ẋ0 − ẏ0‖
1
D

 k∑
j=0

(Ds)j+1

(j + 1)!

∣∣∣∣∣
t

s=0

≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
(

1 +Dt+ (Dt)2

2! + · · ·+ (Dt)k+1

(k + 1)!

)

= max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
1
D

k+1∑
j=0

(Dt)j

j!


and for (4.25)

‖ẋk+1(t)− ẏk+1(t)‖ ≤ ‖ẋ0 − ẏ0‖+
∫ t

0
A‖xk(s)− yk(s)‖+B‖ẋk(s)− ẏk(s)‖ds

≤ ‖ẋ0 − ẏ0‖+ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
(
A

D
+B

)∫ t

0

 k∑
j=0

(Ds)j

j!

 ds

= ‖ẋ0 − ẏ0‖+ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}

 k∑
j=0

(Dt)j+1

(j + 1)!


≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}

1 +
k∑
j=0

(Dt)j+1

(j + 1)!


= max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}

k+1∑
j=0

(Dt)j

j!

 .

So our claim follows. Notice that
∑k
j=0

(Dt)j
j! ≤ eDt and so even more holds,

namely

‖xk(t)− yk(t)‖ ≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
1
D
eDt

‖ẋk(t)− ẏk(t)‖ ≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}eDt.

Furthermore, we have D ≤ 1 and can infer

‖(x, ẋ(t))− (x̃, ˙̃x)(t)‖ ≤ ‖(x0, ẋ0)− (x̃0, ˙̃x0)‖e
Dt

D
,

which shows the Lipschitz dependence on the initial conditions.
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The inequality

‖(x, ẋ)(t′)− (x̃, ˙̃x)(t)‖ ≤ ‖(x, ẋ)(t′)− (x, ẋ)(t)‖+ ‖(x, ẋ)(t)− (x̃, ˙̃x)(t)‖

holds for t, t′ in some Interval [a, b] since the dependence of (x, ẋ)(t) on t is C1,1

since by (4.1) and (4.2) the dependence of (x, ẋ)(t) on t is C1,1. Altogether, we
obtain local Lipschitz dependence on (t, x0, ẋ0).
Now let us prove that W from theorem 4.1 is open in [0,∞)× TM such that
[0, 1]× Ω is a subset of W and star-shaped.
W is the maximal domain of the geodesic flow map ψ, thus we can define
W := {(t, v) : tv− < t < tv+}, where tv− and tv+ denote the minimal respectively
the maximal value of t. So for v ∈ TM , let Iv := (tv−, tv+) and

I ′v ={t ∈ R : ψ is defined and smooth in a neighborhood of [0, t]× {v} for t ≥ 0

and respectively of [t, 0]× {v} for t < 0}.

Then obviously I ′v ⊂ Iv, 0 ∈ I ′v and I ′v is an open interval. We now want to show
that Iv = I ′v. By contradiction, assume I ′v is a proper subset of Iv. Without
loss of generality, we suppose t0 = inf{t > 0 : t ∈ Iv \ I ′v} > 0. Thus t0 is not
contained in I ′v, since I ′v is open. We know that the geodesic flow map is defined
and smooth on a neighborhood U of (0, ψt0(v)) ∈ R× TM . Choose some δ with
0 < δ < t0 and a neighborhood V of v in TM such that (−δ, 2δ)×ψt0−δ(V ) ⊂ U
and such that q 7→ ψt0−δ(q) is smooth on V . Then the map

(s, w) 7→ ψs(ψt0−δ(w)) = ψs+t0−δ(w),

where the equality follows from the property of the flow map, is smooth on the
neighborhood (−δ, 2δ)× V of [0, δ]× {v}, so ψ is smooth on the neighborhood
(t0− 2δ, t0 + δ)×V of [t0− δ, t0]×{v}. Moreover t0− δ ∈ I ′v, so ψ is smooth on a
neighborhood of [0, t0 − δ]× {v}. Summarizing, ψ is smooth on a neighborhood
of ([0, t0− δ]∪ [t0− δ, t0])×{v} = [0, t0]×{v}. But according to the definition of
I ′v this means that t0 ∈ I ′v, which is a contradiction and thus we have Iv = I ′v. So
our claim follows. W is also the maximal domain of π ◦ ψ. This map is given by
(t, v) 7→ γv(t). Let φ : TM → TM × R be the smooth map given by v 7→ (v, 1)
and Ω = {v ∈ TM : ∃γv(1)} = {v ∈ TM : (v, 1) ∈ W} = φ−1(W ) is also open.
So Ωv is open and if v ∈ Ωv, then γv is defined on [0, 1]. We know γtv(1) = γv(t)
and thus tv ∈ Ωv for t ∈ [0, 1]. Hence Ωv is star-shaped. Furthermore, for
(t, v) ∈ W we can conclude from γtv(1) = γv(t) that [0, t] × v ⊂ W holds
whenever [0, 1]×{tv} ⊂W . Let us show that for λ ∈ [0, 1] and ω ∈ Ω, λ · ω ∈ Ω.
For ω ∈ Ω we have (1, w) ∈ W and so we conclude that [0, 1]× {ω} ⊂ W and
thus (λ, ω) ∈ W . This is equivalent to (1, λω) ∈ W and this holds whenever
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λ · ω ∈ Ω. Hence the first part of theorem 4.1 follows.
Now we want to show that the geodesic flow map is differentiable at v and the
differential is locally Lipschitz in t, uniformly in v ∈ Ω̃.
We again consider the equations (4.3) and (4.4). We proved above that the
dependence (x, ẋ)(t, x0, ẋ0) is Lipschitz and so we can replace x by t, y by
(x0, ẋ0) and apply theorem 4.3. Thus, for almost every (x0, ẋ0) in the domain
max{‖x0‖, ‖ẋ0‖} < δ satisfying δ < 1

M (1− e−Mr2 ) ≤ r
2 the differential

d(x0,ẋ0)(x, ẋ) = d(x0,ẋ0)(x0, ẋ0) (4.26)

+
∫ t

0
d(x0,ẋ0)(ẋµ(u, x0, ẋ0), Hµ(x(u, x0, ẋ0), ẋ(u, x0, ẋ0))du

exists, where for almost every (x0, ẋ0), almost every u in some interval and every
t ∈ [0, 1] the differential d(x0,ẋ0)(ẋµ(t, x0, ẋ0, H

µ(x(t, x0, ẋ0), ẋ(t, x0, ẋ0))(u) is
integrable.
Clearly, since the functions ẋµ(t, x0, ẋ0) and Hµ(x(t, x0, ẋ0), ẋ(t, x0, ẋ0) are lo-
cally Lipschitz the differential is bounded. Hence, d(x0,ẋ0)(x, ẋ) depends on
(t, x0, ẋ0) and is Lipschitz in t, uniformly in (x0, ẋ0).
The next step is to show that for any v ∈ Ω̃ and for almost every t ∈ [0, 1] the
following mixed differentials exist and are equal to each other. We can again
apply Rademacher’s theorem and differentiate (4.26) with (x0, ẋ0) ∈ Ω̃, where
Ω \ Ω̃ has Lebesgue measure zero and Ω̃ is star-shaped by the homogeneity of
Hµ on velocities. So we get for almost every t

d

dt
d(x0,ẋ0)(x, ẋ) = d(x0,ẋ0)(ẋµ(t, x0, ẋ0), Hµ(x(t, x0, ẋ0), ẋ(t, x0, ẋ0))

= d(x0,ẋ0)
d

dt
(x, ẋ).

For the last argument of the theorem to hold, consider z to be a local coordinate
on the submanifold N . Then proceeding again as above, introducing the Lipschitz
dependence (x0, ẋ0)(z), securing that (x, ẋ)(t, z) is locally Lipschitz and noticing
∂zψ to exist almost everywhere in the Lebesgue measure of N then the whole
argument holds and the theorem follows [12], [18].

For further information, we refer to [2], [12] and [18].

4.3.2 Lipschitzness of the inverse

Our next goal is to show that the exponential map admits a Lipschitz inverse.
To reach this we will use an improved version of the inverse function theorem.
So let start with a brief introduction to strong differentials.
Assume a Banach space E and let f : O −→ F be a function that maps an open
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set O ⊂ E to a Banach space F . Then the strong differential of f at p ∈ O is a
bounded linear transformation L mapping E to a Banach space F such that for
every ε > 0 there exists δ > 0 such that if |q1 − p| ≤ δ and |q2 − p| ≤ δ, then

|f(q1)− f(q2)− L(q1 − q2)| ≤ ε|q1 − q2|.

It is easy to see that for q2 = p we have Fréchet differentiability. For the reason
that we are only considering the finite dimensional case, strong differentiation
and the strong differential are independent of the norm.
The strong differentiation has the following properties:

1. Assuming f to be strongly differentiable at p, then f fulfils a Lipschitz
condition in a neighborhood of p. This does not mean that every Lipschitz
function is strongly differentiable almost everywhere, even in the case of
functions on the real line.

2. The converse is only valid if we add the condition that the differential is
continuous at p, indeed if f is differentiable in a neighborhood of p and
the differential is continuous at p then it is strongly differentiable at p.

3. Let f be strongly differentiable on a subset A of the Banach space E. Then
the strong differential is continuous on A with respect to the induced topol-
ogy. These last two conditions show that a function is once continuously
differentiable on an open set only in case it is strongly differentiable on it
and vice versa.

4. Let f : U1 × U2 −→ V be a continuous function on a product of Banach
spaces and assume that f admits strong partial differentials at p when
keeping the other variable constant. Then it is strongly differentiable at p.
The total differential is expressed as usual in terms of partial differentials.

5. Strong differentiability is invariant under composition.

6. If mixed partial strong derivatives exist, then they coincide.

7. Assuming f : R −→ R to have positive strong differential at p, then f is
continuous and increasing in a neighborhood of p [18].

Many key theorems in analysis, which include a C1-condition on a neighborhood
of p can be proved using this weaker condition. In addition to this, we are now
going to state Leach’s inversion theorem [18].

Theorem 4.4 (Leach’s theorem). [18, Theorem 2]
Let f be a function mapping an open subset O of Rn to Rn such that f has strong
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differential L : Rn −→ Rn at p ∈ O. In the case that L is invertible there is an
open neighborhood N1 of p and another open neighborhood N2 of f(p) such that
there exists a function g : N2 −→ Rn with f(N1) = N2, g(N2) = N1 and f |N1 is
the inverse of g and vice versa. The latter two functions are both Lipschitz and
g has strong differential L−1 at f(p). Furthermore, the following holds:

f is (strongly) differentiable at q ∈ N1 ⇔ g is (strongly) differentiable at f(q).

In this case the differentials are invertible.

The Lipschitz condition in this theorem follows from the first property above.

Proof. Without loss of generality, let p = 0 and f(0) = 0. Then note that for
any y in N2, define sequences {xn} and {yn} by x0 = 0 and

yn = f(xn), xn+1 = xn + L−1(y − yn), n = 0, 1, 2, . . . . (4.27)

Let us define g(y) to be the limit of {xn} for all y such that the limit exists and
set g(y) = 0 otherwise.
Now we have to prove convergence of {xn} for y near 0. For this, consider ε > 0
such that ε‖L−1‖ < 1

2 , where L
−1 is the inverse of L, and choose δ > 0 such

that f has strong differential at the origin of N1. By induction, we show that

‖xn‖ < δ and

‖xn+1 − xn‖ < (ε‖L−1‖)n δ2 ,

if ‖y‖ < δ
2‖L

−1‖ for n = 0, 1, 2, . . . . Indeed, let us start with n = 0. For
‖y‖ < δ

2‖L
−1‖, we conclude that

‖x1 − x0‖ ≤ ‖L−1‖‖y − y0‖

by equation (4.27). By induction hypothesis, we have for some n:

‖xn − xn−1‖ ≤ (ε‖L−1‖)n−1 δ

2 .

So, by the telescopic sum

‖xn‖ ≤
n−1∑
m=0

(ε‖L−1‖)m δ2 < δ,

since (ε‖L−1‖) < 1
2 . Using (4.27) and the relation L−1LL−1 = L−1, for n ≥ 1
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we get:

xn+1 − xn = L−1(y − yn) = L−1(y − yn−1)− L−1(yn−1 − yn)

= L−1LL−1(y − yn−1)− L−1(yn−1 − yn)

= L−1[L(xn − xn−1)− f(xn−1) + f(xn)].

On the left side we see that the part in brackets coincides with the one in the
definition of the strong differential of f by replacing q1 by xn and q2 by xn−1.
Therefore, we have that

‖xn+1 − xn‖ ≤ ‖L−1‖ε‖xn − xn−1‖ ≤ ‖L−1‖ε(ε‖L−1‖)n−1 δ

2) = εn‖L−1‖n δ2 ,

since xn and xn−1 fall within δ of 0. Thus, we get the asserted bound on
‖xn+1 − xn‖ and if ‖y‖ < δ

2‖L
−1‖, the sequence {xn} then converges uniformly

to g(y).
Now we want to prove the fact that

(1) L−1(f(g(y))) = L−1(y).

We can derive them easily for all y such that ‖y‖ < δ
2‖L

−1‖. Indeed, take n→∞
in (4.27) and notice that by the continuity of f we have f(xn)→ f(g(y)). We
have g(y) = g(y)+L−1(y−f(g(y))) and this implies our first claim L−1fg = L−1

for ‖y‖ < δ
2‖L

−1‖.
The next few steps involves estimating q1 − q2 for some choice of q1, q2 nearer
than δ to 0 in N1.
First let us prove a Lipschitz condition on g. If ỹ and ˜̃y are nearer than δ

2‖L
−1‖

to 0 in N2, g(ỹ) and g(˜̃y) are nearer than δ to 0 in N1. By the definition of the
strong differential we conclude:

‖f(g(ỹ))− f(g(˜̃y))− L(g(ỹ)− g(˜̃y))‖ ≤ ε‖g(ỹ)− g(˜̃y)‖.

Inserting L−1 on both sides, leads to

‖L−1(f(g(ỹ)))− L−1(f(g(˜̃y)))− L−1L(g(ỹ)− g(˜̃y))‖ ≤ ε‖L−1‖‖g(ỹ)− g(˜̃y)‖.

We already proved that L−1fg = L−1 and L−1Lg = g hold. Using this the left
side simplifies to:

‖L−1(ỹ − ˜̃y)− (g(ỹ)− g(˜̃y))‖ ≤ ε‖L−1‖‖g(ỹ)− g(˜̃y)‖.
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Applying the triangle inequality on this relation, we obtain

‖L−1(ỹ − ˜̃y)‖ ≥ ‖g(ỹ)− g(˜̃y)‖ − ε‖L−1‖‖g(ỹ)− g(˜̃y)‖.

Since ‖L−1(ỹ − ˜̃y)‖ ≤ ‖L−1‖‖ỹ − ˜̃y‖,

‖g(ỹ)− g(˜̃y)‖ − ε‖L−1‖‖g(ỹ)− g(˜̃y)‖ = (1− ε‖L−1‖)‖g(ỹ)− g(˜̃y)‖

≤ ‖L−1(ỹ − ˜̃y)‖ ≤ ‖L−1‖‖ỹ − ˜̃y‖

and 1− ε‖L−1‖ > 0, we obtain the Lipschitz condition

‖g(ỹ)− g(˜̃y)‖ ≤ ‖L−1‖ ‖ỹ − ˜̃y‖
(1− ε‖L−1‖) , (4.28)

which is valid if ỹ and ˜̃y are nearer than δ
2‖L

−1‖ to 0.
So we proved the Lipschitz condition for g. Now we want to prove the differentia-
bility of g at any y in N2 such that ‖y‖ < δ

2‖L
−1‖, provided f is differentiable

at g(y) with differential L1.
For ỹ and ˜̃y near to y and within δ

2‖L
−1‖ of 0, g(ỹ) and g(˜̃y) are near to g(y)

and within δ to 0 and near to g(y). For any ε1 > 0, differentiability of f at g(y)
implies the relation on f valid for ỹ, ˜̃y near y:

‖fg(ỹ)− f(g(˜̃y))− L1(g(ỹ)− g(˜̃y))‖ ≤ ε1‖g(ỹ)− g(˜̃y)‖.

Applying L−1 on the left side gives:

‖L−1(ỹ − ˜̃y)− (1 + L−1(L1 − L))(g(ỹ)− g(˜̃y))‖ ≤ ε1‖L−1‖‖g(ỹ)− g(˜̃y)‖.

In order to simplify the left side of the inequality, we apply L−1fg = L−1. We
write L−1L1 = L−1L+ L−1(L1 − L). Since L−1Lg = id we conclude:

‖L−1(ỹ − ˜̃y)− (1 + L−1(L1 − L))(g(ỹ)− g(˜̃y))‖ ≤ ε1‖L−1‖‖g(ỹ)− g(˜̃y)‖.

We know that the relation

‖f(q1)− f(q2)− L(q1 − q2)‖ ≤ ‖q1 − q2‖

implies for any ε and δ a Lipschitz condition and thus continuity of f in the
sphere {‖q − p‖ < δ}. If f has a Fréchet differential L1 at a point p1 of that
sphere and η > 0, then for q2 nearer than δ to 0 and

|f(p1)− f(q2)− L1(q − q2)| ≤ η|p1 − q2|
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we get

|(L1 − L)(p1 − q2)| = |f(p1)− f(q2)− L(p1 − q2)− (f(p1)− f(q2))|

≤ (ε+ η)|p1 − q2|.

We conclude ‖L1 − L‖ ≤ ε+ η for all η > 0 and thus obviously we have

‖L1 − L‖ ≤ ε.

Then ‖L−1(L1 − L)‖ < ε‖L−1‖ < 1
2 . Hence, by an easy computation,

1 + L−1(L1 − L)

has a bounded inverse and its norm is smaller or equal to 1
(1−ε‖L−1‖) . Apply

now −(1 + L−1(L1 − L))−1 to the left side above and change the order of the
terms, then

‖g(y′)− g(y′′)− [1 + L−1(L1 − L)]−1(L−1(y′ − y′′))‖

≤ ε1‖L−1‖‖g(y′)− g(y′′)‖
1− ε‖L−1‖

. (4.29)

If ỹ and ˜̃y are near to y, we replace the right side in (4.28) by ε1‖L−1‖2 ‖ỹ−˜̃y‖
(1−ε‖L−1‖)2 .

Then g is differentiable at y with differential [1 + L−1(L1 − L)]−1L−1, since the
coefficient of ‖ỹ − ˜̃y‖ approaches 0 as ε1 → 0. This reduces to L−1 at y = 0,
because L = L1 at y = 0.
Finally, let us prove

(2) g(f(L−1(y))) = L−1(y).

For if y is near to 0 we have that both y and f(L−1(y)) are within δ
2‖L

−1‖ of 0.
In the proofs of the first two equations we replace q1 and q2 by ỹ and ˜̃y in the
definition of the strong differential. Here we will write g(f(L−1(y))) and L−1(y)
instead of q1 and q2. Indeed, look at the relation with L−1f applied on the left
side:

‖L−1(f(g(f(L−1(y)))))− L−1(f(L−1(y)))− L−1L(g(f(L−1(y)))− L−1(y))‖

≤ ε‖L−1‖‖g(f(L−1(y)))− L−1(y)‖.

We have L−1fg = L−1 and this cancels the first two terms on the left side of
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the inequality. Using L−1Lg = g and L−1LL−1 = L−1, we can simplify to

‖g(f(L−1(y)))− L−1(y)‖ ≤ ε‖L−1‖‖g(f(L−1(y)))− L−1(y)‖,

which is a contradiction unless g(f(L−1(y))) = L−1(y), since ε‖L−1‖ < 1
2 .

So now it remains to show uniqueness of g. Assuming g̃ has similar properties,
then it coincides with g at y in a neighborhood of 0. Consider y so near to 0
that g and g̃ satisfy the first two proven equalities and such that ‖g(y)‖ and
‖g̃(y)‖ are nearer than δ to 0 in N1. This time we apply the definition of the
strong differential on g(y) and g̃(y) and obtain the relation:

‖L−1(f(g(y)))− L−1(f(g̃(y)))− L−1L(g(y)− g̃(y))‖ ≤ ε‖L−1‖‖g(y)− g̃(y)‖

Again we have, using L−1(f(g(y))) = L−1(y) = L−1(f(g̃(y))), that the first two
terms on the left side cancel and that the expression simplifies to

‖g(y)− g̃(y)‖ ≤ ε‖L−1‖‖g(y)− g̃(y)‖,

by using L−1Lg = g and L−1Lg̃ = g̃. So g(y) = g̃(y) [17].

We recall the notion of Clarke’s [6] generalized differential for locally Lipschitz
functions in order to make clear the connection between the inversion theorem
above and Clarke’s theorem [6, Theorem 1], [18].
Consider a locally Lipschitz function f : O → Rn, where O ⊂ Rk. Then the
generalized Jacobian ∂f(p) at p is the convex hull of all matrices M of the form
M = limpi→p df(pi), where pi converges to p, f is differentiable at pi for each i
and df is the usual Jacobian [18]. Furthermore, consider

Proposition 4.5. [18, Proposition 1]
Let f : O → Rn with O ⊂ Rk be strongly differentiable at p, then ∂f(p) = {df(p)}.

Proof. Take any ε > 0 and δ > 0 such that if |q1 − p| ≤ δ and |q2 − p| ≤ δ, then

‖f(q1)− f(q2)− L(q1 − q2)‖ ≤ ε‖q1 − q2‖.

Consider the sequence Ji = df(pi) and let J be the limit for pi → p. We assume
for each i that ‖pi − p‖ ≤ δ

2 and let e be any normalized unit vector. We can
find some 0 < δi ≤ δ

2 for each i such that for every qi with ‖qi−pi‖ ≤ δi we have

‖f(qi)− f(pi)− df(pi)(qi − pi)‖ ≤ ε‖qi − pi‖.
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Set qi = pi + δie and consider

δi‖(L− Ji)e‖ = ‖(L− Ji)(qi − pi)‖

≤ ‖f(qi)− f(pi)− Ji(qi − pi)‖+ ‖f(qi)− f(pi)− L(qi − pi)‖

≤ 2ε‖qi − pi‖ = 2εδi.

Here we can cancel δi and if we take the limit i→∞ and use that ε and e were
arbitrary then we conclude that J = df(p) and thus ∂f(p) = {df(p)} [18].

By Clarke’s theorem [6, Theorem 1], we have that if k = n and ∂f admits
only invertible elements then f is a local bi- Lipschitz homeomorphism. But
Leach [17], [18, Theorem 2] states something more, namely if f is strongly
differentiable at p then the inverse is strongly differentiable at f(p). By means of
this we will deduce the Lipschitzness of the inverse of the exponential map in the
next chapter. We also refine the pointed version of the first main theorem. After
this we state the definition of a position vector on convex neighborhoods which
leads us to the Gauss Lemma. In particular, we present a version of the Gauss
Lemma which does not require the differentiability of the exponential map.
For further informations, we refer to [6], [17] and [18].
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5 Main Theorems

In this chapter we are going to state the three main theorems of this thesis.

5.1 Strong differentiability of the exponential map

First we are going to prove the strong differentiability of the exponential map.
This will be helpful to show the Lipschitzness of the inverse of a function which
is strongly differentiable at some point p. Indeed, consider

Theorem 5.1 (Main Theorem 1). [18, Theorem 3]
Let M be a C∞− manifold endowed with a locally Lipschitz connection. Then
we can conclude the following for the (pointed) exponential map.
The set Ω is open in the topology of TM , the exponential map exp : Ω −→M×M
is locally Lipschitz. The exponential map is strongly differentiable over the zero
section TM0 := {0p : p ∈ M} and provides a bi-Lipschitz homeomorphism
between an open star−shaped neighborhood of the zero section and an open
neighborhood of the diagonal ∆M := {(p, p) : p ∈M} of M ×M .
The set Ωp is open in the topology of TpM for every p ∈ M . The pointed
exponential map expp maps from Ωp to M , where Ωp is a subset of TpM , is
locally Lipschitz and strongly differentiable at the origin and provides a local
bi-Lipschitz homeomorphism from a star−shaped open subset of Ωp onto an open
neighborhood of p.

Proof. As already mentioned in the previous chapter, we will use Picard-Lindelöf
in order to prove the strong differentiability of the exponential map. So again
starting as in the proof of theorem 5.1, let us consider geodesics xµ and x̃µ and
the corresponding initial conditions (xµ0 , ẋ

µ
0 ), (x̃µ0 , ˙̃xµ0 ). Again use Picard-Lindelöf

in order to define the functions xµk(t) and x̃µk(t). We get the following two
inequalities, where in the first one we add (x0 − y0)t on both sides

‖xk+1(t)− yk+1(t)− (x0 − y0)− (ẋ0 − ẏ0)t‖ ≤
∫ t

0
‖ẋk(t)− ẏk(t)− (x0 − y0)‖dt,

‖ẋk+1(t)− ẏk+1(t)− (ẋ0 − ẏ0)‖ ≤
∫ t

0
A‖xk − yk‖+B‖ẋk − ẏk‖dt.
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We are going to prove that

‖xk(t)− yk(t)− (x0 − y0)− (ẋ0 − ẏ0)t‖

≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}

 1
D

k∑
j=0

(Dt)j

j! − 1
D
− t

 , (5.1)

‖ẋk(t)− ẏk(t)− (ẋ0 − ẏ0)‖

≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}

 k∑
j=0

(Dt)j

j! − 1

 . (5.2)

hold by induction. So, let us start with equation (5.1) and k = 1:

‖x1(t)− y1(t)− (x0 − y0)− (ẋ0 − ẏ0)t‖ = 0

≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}

 1
D

1∑
j=0

(Dt)j

j! − 1
D
− t

 ,

where x1(t) = x0 + tẋ0 and y1(t) = y0 + tẏ0. For (5.2) and k = 1 we have:

‖ẋ1(t)− ẏ1(t)− (ẋ0 − ẏ0)‖ ≤
∫ t

0
A‖x0 − y0‖+B‖ẋ0 − ẏ0‖

≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
∫ t

0

A

D

0∑
j=0

(Ds)j

j! +B

0∑
j=0

(Ds)j

j! ds

= max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
(
A

D
+B

)∫ t

0
1ds

= max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}Dt.

Assuming this holds true for some k, we now show (5.2) for k → k + 1

‖ẋk+1(t)− ẏk+1(t)− (ẋ0 − ẏ0)‖ ≤
∫ t

0
A‖xk(s)− yk(s)‖+B‖ẋk(s)− ẏk(s)‖ds

≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
(
A

D
+B

)∫ t

0

 k∑
j=0

(Ds)j

j!

 ds

= max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}D
1
D

k∑
j=0

(Dt)j+1

(j + 1)!

= max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}

k+1∑
j=0

(Dt)j

j! − 1

 .
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Then for equation (5.1) we get for k → k + 1

‖xk+1(t)− yk+1(t)− (x0 − y0)− (ẋ0 − ẏ0)t‖ ≤
∫ t

0
‖ẋk(s)− ẏk(s)− (ẋ0 − ẏ0)‖ds

≤
∫ t

0
max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}

 k∑
j=0

(Dt)j

j! − 1


= max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}

1
D

 k∑
j=0

(Dt)j+1

(j + 1)! − t


= max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}

1
D

k+1∑
j=0

(Dt)j

j! − 1


−max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}t

= max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}

 1
D

k+1∑
j=0

(Dt)j

j! − 1
D
− t

 .

So our claim follows and because of
∑k
j=0

(Dt)j
j! ≤ eDt even more holds, namely

‖xk(t)− yk(t)− (x0 − y0)− (ẋ0 − ẏ0)t‖

≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
(
eDt

D
− 1
D
− t
)
,

‖ẋk(t)− ẏk(t)− (ẋ0 − ẏ0)‖

≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
(
eDt − 1

)
.

Letting k →∞ we obtain

‖x(t)− y(t)− (x0 − y0)− (ẋ0 − ẏ0)t‖

≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
(
eDt

D
− 1
D
− t
)
,

‖ẋ(t)− ẏ(t)− (ẋ0 − ẏ0)‖

≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}
(
eDt − 1

)
.

Let us now express the exponential map in coordinates, indeed, consider the
function f : X −→ X on X = R2n given by f(x0, ẋ0) = (x0, x(1)). Furthermore,
let the linear map L : X −→ X be given by

L =
(
I 0
I I

)
,
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where I is the n× n identity matrix and look at the trivial inequality

‖x0 − y0 − (x0 − y0)‖ ≤ max{D‖x0 − y0‖, ‖ẋ0 − ẏ0‖}(eDt − 1−Dt). (5.3)

Notice that for t = 1 we have

L

(
x0 − y0

ẋ0 − ẏ0

)
=
(
I 0
I I

)(
x0 − y0

ẋ0 − ẏ0

)
=
(

x0 − y0

x0 − y0 + (ẋ0 − ẏ0)

)
.

Thus, we can rewrite the left side of the equations (5.1) and (5.3) as follows(
x0 − y0

x(1)− y(1)

)
−
(

x0 − y0

x0 − y0 + (ẋ0 − ẏ0)

)
=
(

x0 − y0

x(1)− y(1)

)
− L

(
x0 − y0

ẋ0 − ẏ0

)
and recalling here that D ≤ 1 and by definition ‖(x, ẋ)‖ = max{‖x‖, ‖ẋ0‖} we
conclude max{‖x0 − y0‖, ‖ẋ0 − ẏ0‖} ≤ ‖(x0, ẋ0)− (y0, ẏ0)‖. Then we get

‖f(x0, ẋ0)−f(y0, ẏ0)−L((x0, ẋ0)−(y0, ẏ0))‖ ≤ ‖(x0, ẋ0)−(y0, ẏ0)‖
(
eD − 1
D

− 1
)

for every (x0, ẋ0) and (y0, ẏ0) such that ‖(x0, ẋ0)‖ < δ and ‖(y0, ẏ0)‖ < δ. We
know that D is a function of δ and satisfies limδ→0 D(δ) = 0, thus we see
from the equation above that f is strongly differentiable at (0, 0) with strong
differential L. The exponential map is differentiable at any point in the image
of p → 0p, since M ∼= {0p : p ∈ M} ⊂ TM , meaning that any point p ∈ M
corresponds to zero tangent coordinates for some chart compatible with the atlas.
Observe that if a function f(x, y) is strongly differentiable, then keeping x fixed,
we obtain that f(x, ·) is strongly differentiable. Moreover, the composition of
strongly differentiable functions is strong differentiable. So we can conclude that
the pointed exponential map, which is given by expp := π2(f(0, ·)) is strongly
differentiable at the origin, where π2 is the projection (a, b) 7→ b. The strong
differential L is invertible and so the pointed exponential map establishes a local
bi-Lipschitz homeomorphism and the theorem is proved. [18]

In order to refine the pointed case we will go through some definitions and
then state our next theorem.
Let N be an open neighborhood of p ∈M . N is called normal if there exists an
open star-shaped subset Np ⊂ Ωp such that expp : Np −→ N is a bi-Lipschitz
homeomorphism. We will call C convex normal if it fulfils the conditions above
for each of its points, where C ⊂M is an open set. C is called strictly convex
normal if C is convex normal and any two points of C are connected by a unique
geodesic, which is contained in C [18].
Now we are ready to prove the following theorem:
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Theorem 5.2 (Main Theorem 2). [18, Theorem 4]
Let again M be a C∞− manifold endowed with a locally Lipschitz connection
and O an open neighborhood of p in M . Then in O there exists a strictly convex
normal neighborhood C of p such that the exponential map provides a bi-Lipschitz
homeomorphism between an open star−shaped subset of the tangent bundle TC
and C × C.
Furthermore, let B(p, δ) be an open ball defined through the Euclidean norm
induced by the coordinates for any sufficiently small δ. Then C can be chosen such
that it is equal to B(p, δ) for every chart xµ which is defined in a neighborhood
of p.

M

C

MC

C × C

∆M = {(p, p) : p ∈M}

TM

exp

M = {(p, 0) ∈ TM : p ∈M}C

Proof. In the proof of the previous theorem we proved the strong differentia-
bility of the exponential map, so we already know that there exists an open
neighborhood O of (p, p) with O ⊂M ×M that is bi-Lipschitz homeomorphic
to an open neighborhood U of the zero section 0p ∈ TM .
Let now δ be sufficiently small such that C = B(p, δ) for some chart xµ which
is defined in a neighborhood of p. We start this proof by showing that the ball
B(p, δ) is strictly convex normal for sufficiently small δ.
Choosing δ as above and sufficiently small such that B(p, δ)2 ⊂ O we have

Nq := (exp−1 B(p, δ)2)∩π−1(q) = [exp−1({q}×B(p, δ))]∩π−1(q) = exp−1
q B(p, δ)
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for q ∈ B(p, δ).
The exponential map is continuous and π−1(q) = TqM , so the first equality shows
that Np is open in the topology of TqM . The existence of such a neighborhood
is a consequence of Leach’s theorem. Hence for each q ∈ B(p, δ) the open set Nq
is chosen such that expq : Nq −→ B(p, δ) is a bi- Lipschitz homeomorphism. It
suffices to show that B(p, δ) is strictly convex and thus Nq is star- shaped.
Consider now q̃ ∈ B(p, δ), q̃ 6= q and v := exp−1

q (q̃) ∈ Np. Let x : [0, 1] → M,

t 7→ γv(t) be the geodesic from q to q̃. If x lies completely in B(p, δ), then
γv(t) ∈ Nq. But γv(t) = expq(tv) ∈ Nq for all t ∈ [0, 1], and thus tv ∈ Nq,
meaning that Nq is star-shaped. So it suffices to show that x stays in B(p, δ). By
contradiction, assume that x does not lie completely in B(p, δ). Then there must
be t ∈ (0, 1) such that x(t) ≥ δ. But ‖q‖ < δ and ‖q̃‖ < δ, thus the function
t 7→ x(t) must take a maximum at t0 ∈ (0, 1).
Any geodesic x(t) is C2,1 and so is ‖x‖2(t). Furthermore, remember that by
definition a geodesic is regular, meaning ẋ 6= 0. Thus we can differentiate twice
and get

d2‖x‖2

dt2
= 2

(
‖ẋ‖2 + x

d2x

dt2

)
= 2(‖ẋ‖2 + xH(x, ẋ)). (5.4)

Defining a continuous function z defined on π−1(B(p, δ)) by

z(x, v) = ‖v‖2 + xH(x, v),

restricting it to the unit tangent bundle B(p, δ) × Sn−1 and recalling that
M = supx∈B(p,r) sup‖v‖=1 ‖H(x, v)‖ we get

z(x, e) = 1 + xH(x, e) ≥ 1− δM > 0. (5.5)

Using this we then have that (5.4) is equal to

2‖ẋ‖2
(

1 + xH

(
x,

ẋ

‖ẋ‖

))
= 2z

(
x,

ẋ

‖ẋ‖

)
‖ẋ‖2

and this is positive because of (5.5).
This is a contradiction to our assumption and thus we have that x stays in
B(p, δ).
So we have that ‖x‖2(t) obtains its maximum at the boundary of its interval
of definition, which are the endpoints of the geodesic segment. We deal with
a strict inequality, so if its endpoints are at the boundary of the ball then its
interior points are in B(p, δ), meaning that the ball B(p, δ) is strictly convex
normal. From B(p, δ)2 ⊂ O, we can infer that the exponential map establishes a
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bi- Lipschitz homeomorphism between an open subset of TC and B(p, δ)2. Thus
the theorem is proved [18].

For further information, we refer to [18].

5.2 Position vector on convex neighborhoods

Before we state Gauss’ Lemma, we first define a position vector and take a closer
look at its behaviour on a convex neighborhood. For this purpose, consider C to
be a convex normal set and let p, q ∈ C. The unique geodesic connecting them
is given by x : [0, 1] −→ C, x(0) = p, x(1) = q. Then the vector ẋ(1), denoted by
P (p, q), is called position vector [18].

Theorem 5.3. [18, Theorem 17]
As already proved, for ever ε < 0 and sufficiently small δ we have that C = B(p, δ)
satisfies the conditions of theorem 6.2. The coordinate system {xµ} in the
neighborhood U of p induces an affine structure that allows us to compare
tangent vectors at different points of U . Furthermore we have that for every
q1, q2, q

′
1, q
′
2, q ∈ C

‖[P (q′1, q′2)− (q′2 − q′1)]− [P (q1, q2)− (q2 − q1)]‖ ≤ εmax{‖q′1 − q1|, ‖q′2 − q2|},

‖P (q, q2)− P (q, q1)− (q2 − q1)‖ ≤ ε‖q2 − q1‖, (5.6)

‖P (q1, q2)− (q2 − q1)‖ ≤ ε‖q2 − q1‖, (5.7)

‖P (q1, q2)‖ ≤ ε. (5.8)

If the coordinate chart is chosen such that the Christoffel symbols Γµαβ(p) vanish
at p, then δ can be chosen such that the following holds

‖P (q1, q2) + P (q2, q1)‖ ≤ ε‖q2 − q1‖2.

This theorem will be proved by the next two statements.
Now consider the geodesic x(t) with initial conditions satisfying the condition
max{‖x0‖, ‖ẋ0‖} = ‖(x0, ẋ0)‖ < δ as before. Keep x0 fixed. First we show that
the map ẋ0 7→ ẋ(1) is injective. Recall that ẋ(1) = P (x0, x(1)) = P (x0, expx0 ẋ0)
[18]. Then we have:

Lemma 5.4. [18, Lemma 3]
For fixed x0, the map ẋ0 7→ ẋ(1) is strongly differentiable at the origin, where
the strong differential is the n × n identity matrix I. Furthermore, the map
(x0, ẋ0) 7→ (x0, ẋ(1)) is strongly differentiable whenever ẋ0 = 0 and the strong
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differential is the matrix (
I 0
0 I

)
.

So we have for sufficiently small δ that both maps are injective and bi-Lipschitz
with inverse strongly differentiable whenever ẋ(1) = 0.

Proof. Consider the exponential map of the vectors ẋ0, ẏ0 with base point x0 = y0.
By equation (5.2) for t = 1 we get

‖ẋ(1)− ẏ(1)− (ẋ0 − ẏ0)‖ ≤ ‖ẋ0 − ẏ0‖(eD − 1).

We know limδ→0 D(δ) = 0 and thus we conclude that the map ẋ0 7→ ẋ(1) is
strongly differentiable at the origin with strong differential the identity matrix.
For the second part of the theorem we look at the following two inequalities:
The trivial inequality

‖x0 − y0 − (x0 − y0)‖ ≤ ‖x0 − y0‖(eD − 1),

and the inequality from above

‖ẋ(1)− ẏ(1)− (ẋ0 − ẏ0)‖ ≤ ‖ẋ0 − ẏ0‖(eD − 1).

Thus, we can rewrite them as follows∥∥∥∥( x0 − y0

ẋ(1)− ẏ(1)

)
−
(
x0 − y0

ẋ0 − ẏ0

)∥∥∥∥ ≤ ∥∥∥∥(x0 − y0

ẋ0 − ẏ0

)∥∥∥∥ (eD − 1).

and thus we get

‖(x0, ẋ(1))− (y0, ẏ(1))− (x0, ẋ0)− (y0, ẏ0)‖ ≤ ‖(x0, ẋ0)− (y0, ẏ0)‖(eD − 1)

for every (x0, ẋ0) and (y0, ẏ0) such that ‖(x0, ẋ0)‖ < δ and ‖(y0, ẏ0)‖ < δ. Since
limδ→0 D(δ) = 0 we can conclude that the map (x0, ẋ0) 7→ (x0, ẋ(1)) is strongly
differentiable at (0, 0) with strong differential the identity matrix.
Again by Leach’s inverse function theorem we conclude that for sufficiently small
δ both maps are injective and bi-Lipschitz with inverse strongly differentiable
whenever ẋ(1) = 0 [18].

Furthermore, we obtain:

Proposition 5.5. [18, Proposition 3]
Consider p ∈ M , {xµ} a chart in a neighborhood U of p. Denote the position
vector of q with respect to r by P (r, q). There exists an open convex neighborhood
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C containing p such that for every q2, q1 ∈ C the map

(q1, q2) 7→ P (q1, q2)− (q2 − q1),

interpreted with the affine structure induced by {xµ}, is strongly differentiable
on the diagonal q1 = q2. The strong differential is zero.

Proof. In order to prove this, let C be a convex neighborhood of p such that the
exponential map establishes a bi-Lipschitz homeomorphism between an open
subset of TC and C × C. Furthermore, let xµ : C → Rn be C2,1 coordinates on
C such that xµ(p) = 0.
As already proved, the exponential map is strongly differentiable on the zero

section of TC with strong differential L =
(
I 0
I I

)
. By Leach’s inverse function

theorem, we conclude that exp−1 is strongly differentiable on the diagonal of

C×C with strong differential L−1 =
(
I 0
−I I

)
. In other words, the map written

in coordinates (q1, q2) 7→ (q1, exp−1
q1
q2) = (q1, P (q1, q2)) is strongly differentiable

on the diagonal with strong differential L−1.
The strong differential of the map (q1, q2) 7→ (q1, q2 − q1) is also L−1, where
we use the affine structure induced by the coordinate chart in order for the
difference to make sense. So clearly then the strong differential of the map
(q1, q2) 7→ (q1, P (q1, q2)− (q2 − q1)) vanishes on the diagonal of C × C and this
implies that the strong differential of the map (q1, q2) 7→ P (q1, q2) − (q2 − q1)
vanishes on the diagonal of C×C. In particular, this map is strongly differentiable
at (p, p) and so for every ε > 0 the constant δ > 0 and hence the convex
neighborhood C = B(p, δ) can be chosen such that for every q1, q2, q

′
1, q
′
2 ∈ C

‖[P (q′1, q′2)− (q′2 − q′1)]− [P (q1, q2)− (q2 − q1)]‖ ≤ εmax{‖q′1 − q1‖, ‖q′2 − q2‖}.

And hence for every q1, q2, q ∈ C, by replacing q′1 by q, q′2 by q2, q2 by q1 and q1

by q we get
‖P (q, q2)− P (q, q1)− (q2 − q1)‖ ≤ ε‖q2 − q1‖.

By setting q = q1 we conclude

‖P (q1, q2)− (q2 − q1)‖ ≤ ε‖q2 − q1‖.

By the triangle inequality we conclude that ‖P (q1, q2)‖ ≤ (1 + ε)‖q2 − q1‖. The
diameter of C can be chosen sufficiently small such that ‖P (q1, q2)‖ ≤ ε.
Consider the geodesic x : [0, 1] → C given by x(0) = q′1, x(1) = q1 and let
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q2 = q′2 = x(t) with t ∈ [0, 1]. Then equation (5.6) gives:

‖P (x(0), x(t))− P (x(1), x(t))− (x(1)− x(0))‖ ≤ ε‖x(1)− x(0)‖.

Observe that P (p, q) = γ′exp−1
p (q)(1). This implies P (x(0), x(t)) = γ′exp−1

x(0)(x(t))(1).

We have that expx(0)(tẋ(0)) = x(t) and therefore exp−1
x(0)(x(t)) = tẋ(0). This

again implies that γexp−1
x(0)(x(t))(s) = expx(0)(stẋ(0)) = x(st). So we can conclude

that
γ′exp−1

x(0)(x(t))(1) = P (x(0), x(t)) = tẋ(t).

Also, P (x(1), x(t)) = γexp−1
x(1)(x(t))(1). We have expx(1)(−tẋ(1)) = x(1− t) and

therefore we conclude by writing 1−t instead of t that expx(1)(−(1−t)ẋ(1)) = x(t).
Thus, exp−1

x(1)(x(t)) = −(1− t)ẋ(1).
Then, γexp−1

x(1)(x(t))(s) = expx(1)(−s(1− t)ẋ(1)) = x(1− s(1− t)). Differentiating
by s gives

γ′exp−1
x(1)(x(t))(1) = P (x(1), x(t)) = ẋ(t)(−(1− t)).

Hence for t ∈ [0, 1]

‖ẋ(t)− (x(1)− x(0))‖ ≤ ε‖x(1)− x(0)‖.

For t = 1 we have P (x(0), x(1)) = ẋ(1) and P (x(1), x(0)) = −ẋ(0) for t = 0. Set
r(t) = ẋ(t)− (x(1)− x(0)). Let us assume that the coordinate system is chosen
such that for every normalized vector e and C sufficiently small such that on C
the following hold:

‖H‖ := sup
x∈C

sup
‖e‖=1

‖H(x, e)‖ ≤ ε.

This is always possible by a coordinate transformation and using that Hµ is
homogeneous of second order. Then we conclude

‖P (x(0), x(1)) + P (x(1), x(0))‖ = ‖ẋ(1)− ẋ(0)‖

= ‖
∫ 1

0
H(x(s), ẋ(s))ds‖ ≤

∫ 1

0
‖H(x(s), ẋ(s))‖‖ẋ(s)‖2ds ≤ ε

∫ 1

0
‖ẋ(s)‖2ds

≤ ε
[ ∫ 1

0
‖r(s)‖2ds+

∫ 1

0
‖x(1)− x(0)‖2ds+ 2[x(1)− x(0)]

∫ 1

0
r(s)ds

]
≤ ε(1 + ε2)‖x(1)− x(0)‖2.

A redefinition of ε gives the last inequality of theorem 5.3 [18].

For further information, we refer to [18].
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5.3 Gauss Lemma

So now let us go back to Gauss’ Lemma. In order to prove it we will need the
following theorem.

Theorem 5.6. [18, Theorem 16]
Consider a Lipschitz function f defined on an open subset O of Rn and let
J : O → Rn be a continuous function. If the differential of f exists and is equal
to J almost everywhere then f is C1 and the differential is J .

Proof. This theorem is easy to prove for n = 1. Indeed, let us look at

f(x)− f(a)−
∫ x

a

J(u)du,

where a ∈ O. Obviously, this function is Lipschitz, hence absolutely continuous
and so it has a derivative, which vanishes almost everywhere. Thus it is constant.
If we set a = x, we see that the constant is zero, hence we have

f(x) = f(a) +
∫ x

a

J(u)du

and this implies that f is C1 and the derivative is J .
For n > 1 we will proceed as follows. Without loss of generality, we assume
O = Rn. The goal is to show that at every x ∈ O, ∂vf = J(v), where v ∈ Rn.
This would imply that f is Gâteaux differentiable at each point with Gâteaux
differential J and by proposition 4.2 our claim would follow.
For almost every hyperplane that is perpendicular to v, the function f is almost
everywhere differentiable at the points that belongs to the hyperplane, by the
theorems of Fubini and Rademacher.
We introduce coordinates {y0, . . . , yn} in which such a hyperplane has equation
y0 = 0 and v = ∂y0 and thus is perpendicular to v. Consider

g(y1, . . . , yn) := f(0, y1, . . . , yn),

the Lipschitz restriction of f to the hyperplane. So by the choice of the hyperplane
y0 and v = ∂y0 , this holds in our case and the differential of the function f is J .
Let (t, y) ∈ Rn and U be an open neighborhood of (t, y). Now consider a line
parallel to the y0-axis, determined by its intersection with y0 = 0. Then by
Fubini’s theorem, for almost every such line the function f is almost everywhere
differentiable with differential J , where almost everywhere differentiable means
that it is differentiable in the Lebesgue (n − 1)-dimensional measure of this
hyperplane. Hence there exists some (t′, y′) ∈ U passing through one such
parallel line.
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By assumption, we have that the function J(t, y) is continuous and thus uniformly
continuous over compact subsets. Thus,

F (t, y) = g(y) +
∫ t

0
J(t, y; e0)dt

is continuous in (t, y) and C1 in t.
Consider now the function f −F above such a line is Lipschitz and differentiable
almost everywhere and the derivative is zero. Hence it is a constant. But we
have f − F = 0 at y0 = 0 and so the constant vanishes and f(t′, y′) = F (t′, y′).
U was chosen arbitrary and both functions are continuous, so we conclude
f(t, y) = F (t, y), meaning f = F . Furthermore, ∂vf = ∂vF = ∂y0F = J(e0) and
thus our claim follows [18].

Lemma 5.7. [18, Gauss’ Lemma under sufficient differentiability conditions,
Section 1.3]
Consider a C1,1 metric g giving rise to a Lipschitz connection. Let p ∈ M , N
a normal neighborhood of p and vx ∈ exp−1

p N with x 6= 0. Furthermore, let
wx ∈ TpM . Then

gexpp(x)(Tx expp(vx), Tx expp(wx)) = gp(vx, wx).

Under this differentiability hypothesis the exponential map is just Lipschitz,
meaning the Gauss Lemma is not expected to hold. So we show that the Lemma
holds in a formulation that does not require the differentiability of the exponential
map. Thus, let us prove

Theorem 5.8 (Main Theorem 3). [18, Theorem 5]
Consider a C∞-manifold M and a C1,1-metric g : TM \ {0} −→ T ∗M ⊗M T ∗M .
Let N be a normal neighborhood of p in M and remember that L : TM −→ R
with L(p, v) = 1

2gp(v, v) for v 6= 0. Then

D2
p(q) := 2L(p, exp−1

p (q)) = gp(exp−1
p (q), exp−1

p (q)) (5.9)

is C1,1 in q. Moreover,

TqD
2
p = 2gq(P (p, q), ·), (5.10)

where the position vector of q with respect to p is given by P (p, q) = γ′p(1).
This last equation represents a geodesic connecting p and q, which is orthogonal
to any level set D2

p = constant. Hence the level sets of D2
p are orthogonal

to the geodesics issued from p. Furthermore, the (−t)-time flow map of the
position vector is a bi-Lipschitz homeomorphism from (D2

p)−1(s) to its image on
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(D2
p)−1(se−2t) for t, s > 0. So Gauss’ Lemma holds almost everywhere, indeed

whenever expp : exp−1
p N −→ N is differentiable.

Before we prove this theorem, let us add some remarks. D2
p can be negative

in the case that the metric is not positive definite. In equation (5.9) we can see
that D2

p stems from the inverse of the exponential map. Thus, one would expect
that D2

p is Lipschitz, but we can check that the differential is almost everywhere
as in (5.10) and that it can be extended everywhere, by the Lipschitzness of D2

p

and continuity of the position vector [18].
Finally, let us prove theorem 5.8.

Proof. First, we are going to prove equation (5.10). Obviously, D2
p stems from

the inverse of the exponential map and since exp−1
p is Lipschitz, so is D2

p. By
theorem 4.1, the function 2gP (p,q)(P (p, q), ·) is Lipschitz in q, where the position
vector is given by γ′exp−1

p q
(1). By theorem 5.6, it suffices to show that the

differential of D2
p exists and that equation (5.10) holds almost everywhere on N .

We know that the exponential map is differentiable almost everywhere over the
star-shaped open set exp−1 N ⊂ TpM . Hence, by Fubini, it is almost everywhere
differentiable on almost every radial line passing through the origin, where almost
everywhere is meant in the sense of the (n− 1)- dimensional Lebesgue measure
of a Euclidean sphere contained in exp−1 N . So we now need to take q on the
exponential image of one of these geodesics.
Indeed, let w ∈ TqM . Consider a C2,1 geodesic segment

σ : [−a, a]→ N

with σ(0) = q, σ′(0) = w and let

x(s) : [0, 1]→ N,

t 7→ x(s)(t)

be the unique geodesic with x(s)(0) = p, x(s)(1) = σ(s). Let v(s) = exp−1
p σ(s),

where v : [−a, a]→ TpM is Lipschitz, since exp−1
p is Lipschitz. Especially,

S = {u ∈ TpM : u = tv(s), t ∈ [0, 1], s ∈ [−a, a]}

is a Lipschitz submanifold of TpM and thus again by theorem 4.1

x(t, s) := x(s)(t) = expp(tv(s))

is Lipschitz in (t, s).
The map t 7→ x(s)(t) is a geodesic and for an arbitrarily geodesic α we have
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that 〈α′, α′〉 is constant because d
dt 〈α

′, α′〉 = 2〈α′′, α′〉 = 0, due to have α′′ = 0.
Therefore, the quantity

L(x(s)(t), x(s)
t (t)) = 〈x(s)

t (t), x(s)
t (t)〉

is independent of t and we can choose t = 0 and so it is equal to L(p, v(s)). The
Lipschitz function v(s) is differentiable almost everywhere. So now let s be such
that v′(s) exists and recall that by theorem 4.1 we have for almost every s, for
every t ∈ [0, 1], x(t, ·) is differentiable at s and ∂2x(t, s) is locally Lipschitz in t,
locally uniformly with respect to those s where it is defined. Furthermore, for
any such s we have that for almost every t ∈ [0, 1], ∂1∂2x(t, s), ∂2∂1x(t, s) are
locally bounded and coincide. Then for t arbitrarily

1
2∂σ

′(s)D
2
p = 1

2
d

ds
D2
p(σ(s)) = d

ds
L(p, v(s))

= ∂

∂s
L(x(t, s), xt(t, s)) = xµs

∂L

∂xµ
+ ∂xµt

∂s

∂L

∂xµt

= ∂

∂t

(
xµs

∂L

∂xµt

)
− xµs

(
∂

∂t

∂L

∂xµt
− ∂L

∂xµ

)
+
(
∂xµt
∂s
− ∂xµs

∂t

)
∂L

∂xµt
.

By theorem 4.1, we have that mixed derivatives coincide and thus for almost
every t the last term vanishes. The second term of the right-hand side vanishes
because x(s)(t) is a geodesic. Thus, it solves the Euler-Lagrange equation for
the Lagrangian L. By the definition of D2

p(q) in (5.9) we have L(p, v) = 1
2g(v, v)

and this implies ∂
∂vL = g(v, ·). Using this and integrating in t over the [0, 1] we

obtain, taking into account that the left-hand side does not depend on t:

1
2∂σ

′(s)D
2
p =

∫ 1

0

1
2∂σ

′(s)D
2
p =

∫ 1

0

d

dt
g(xt, xs)dt

= g(xt(1, s), σ′(s))− g(xt(0, s), xs(0, s)) = g(γ′v(s)(1), σ′(s)), (5.11)

where we used that xs(1, s) = ∂s expp v(s) = ∂sσ(s) = σ′(s) and

xt(1, s) = ∂t|t=1 expp(tv(s)) = ∂t|t=1γv(s)(t) = γ′v(s)(1)

and that x(0, s) = p, hence xs(0, s) = 0. Evaluating the previous expression at
s = 0 gives

∂s|s=0D
2
p(σ(s)) = Tσ(0)D

2
p(σ′(0)) = g(γ′v(0)(1), σ′(0)) = g(P (p, q), w),

where in the last equality we used that v(0) = exp−1
p (q) = exp−1

p (σ(0)) and thus
this proves equation (5.10).
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Consider an integral curve

α : [0, a)→ N,

t 7→ α(t)

of P (p, ·) and differentiate D2
p along it

dD2
p(α(t))
dt

= 2 d
dt
g(exp−1

p (α(t)), exp−1
p (α(t))) = 2g(P (p, α(t)), α̇(t))

= 2g(P (p, α(t)), P (p, α(t))) = 2g(γ′exp−1
p (α(t))(1), γ′exp−1

p (α(t))(1))

= 2g(γ′exp−1
p (α(t))(0), γ′exp−1

p (α(t))(0)) = 2g(exp−1
p (α(t)), exp−1

p (α(t))) = 2D2
p(α(t)),

where we used P (p, α(t)) = γ′exp−1
p (α(t))(1) and (5.10). Obviously, we obtain

D2
p(α(t)) = D2

p(α(0)) exp(2t).

Since exp−1 N is star-shaped the −t-time flow maps (D2
p)−1(s) to (D2

p)−1(se−2t)
for t > 0. Since P is Lipschitz, by the mentioned result, the flow map is
Lipschitz. Furthermore, since it is injective and invertible it is actually a bi-
Lipschitz homeomorphism between (D2

p)−1(s) and its image on (D2
p)−1(se−2t),

by Leach’s theorem. In order to prove the last part of the theorem, we suppose
that expp is differentiable at v ∈ TpM \ {0}. Observe that γ′v(1) = Tx expp(vx)
and let wx ∈ TpM . Define v(s) := vx + swx and σ(s) := expp(vx + swx), such
that σ′(s) = Tx expp(wx). We have

D2
p(σ(s)) = 2L(p, exp−1

p (σ(s))) = 2L(p, v + sw),

by the choice of σ(s). Thus again by the fact that ∂
∂vL = g(v, ·) we obtain

1
2
dD2

p(σ(s))
ds

∣∣∣
s=0

= gp(vx, wx),

while by the computations from the first part of the proof we have

1
2
dD2

p(σ(s))
ds

∣∣∣
s=0

= gexpp(x)(Tx expp(vx), Tx expp(wx)).

So these two expressions coincide and the theorem is proved [18].

For further informations, we refer to [18].
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