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Abstract

In this thesis a neural network (NN) is trained to reproduce the potential energy surface (PES)
of systems of CO, molecules using the Neural Network Potential Package (n2p2).

This approach has previously been shown to be successful when applied to systems of H,O
and CuyS molecules [1], 2].

The process is started by creating configurations of CO, molecular crystals corresponding to
the solid phases | to IV as well as VII. Then the Large-scale Atomic/Molecular Massively Par-
allel Simulator (LAMMPS) [3] together with a flexible version of the EPM2 empirical potential
[4, 5] are used to generate trajectories, starting at the previously created configurations, along
multiple isotherms with varying pressure. This creates many different configurations with as
many different energies in various liquid and solid states. Afterwards from those configura-
tions a small but diverse sub-sample of a few hundred configurations is chosen. The total
energy of the configurations and the forces acting on each of the atoms in each configuration
in this sub-sample is then recalculated with the Vienna Ab initio Simulation Package (VASP)
[6, [7, 18, 9] [10] using the PBE functional [11]. This yields the necessary data to train the NN
with ab-initio precision. The reason to first calculate trajectories with LAMMPS and then to
recalculate a part of the resulting configurations with VASP, instead of doing all calculations
with VASP to begin with, is the large computational cost of ab initio calculations compared
to methods using empirical potentials like the EPM2.

Once the training data are created and the NN is trained, a comparison between molecular
dynamics (MD) simulations done with the n2p2 and with VASP is made. These tests focus
on the radial distribution function (RDF) and the velocity auto correlation function (VACF)
of CO; at different state points. It can be shown that the NNP is able to reproduce the RDF
and VACF of the DFT-MD simulations, however further improvements are possible.

Zusammenfassung

Im Zuge dieser Arbeit wird ein neuronales Netzwerk (NN) trainiert, um die potentielle-Energie-

Oberflache (PES) eines Systems bestehend aus CO, Molekiilen, mithilfe des Neural Network

Potential Package (n2p2) zu rekreieren.

Diese Herangehensweise hat sich schon zuvor als erfolgreich erwiesen, bei der Anwendung auf

Systeme bestehend aus H,O Molekiilen [I].

Der Prozess beginnt damit Konfigurationen von CO, Molekiilkristallen zu erstellen, die den fes-

ten Phasen | bis IV, sowie VIl entsprechen. AnschlieBend wird der Large-scale Atomic/Molecular
Massively Parallel Simulator (LAMMPS) [3] zusammen mit der flexiblen Variante des em-

pirischen Potentials EPM2 [4, 5] verwendet, um Trajektorien, beginnend bei den vorher



erzeugten Konfigurationen, entlang mehrerer Isothermen mit variierendem Druck, zu erzeu-
gen. So werden viele verschiedene Konfigurationen mit ebenso vielen verschiedenen Energien,
in sowohl flissiger, als auch fester Phase, erzeugt. Danach wird ein kleiner aber diverser Teil,
bestehend aus mehreren hundert Konfigurationen, aus allen verfligbaren Konfigurationen aus-
gewahlt. Die Gesamtenergie und Krafte fur alle Atome in allen ausgewahlten Konfigurationen
werden dann mithilfe des Vienna Ab-initio Simulation Package (VASP) [6, [7, 18 9, [10] unter
Verwendung des PBE Funktionals [11], neu berechnet. Die daraus resultierenden Daten wer-
den benotigt, um das NN mit ab-initio Prazision trainieren zu konnen. Der Grund dafiir,
zuerst Trajektorien mit LAMMPS zu berechnen und dann einen Teil davon mit VASP neu zu
berechnen liegt in dem groBen rechnerischen Aufwand von ab-initio-Methoden wie VASP, im
Vergleich zu Methoden die empirische Potentiale verwenden wie LAMMPS.

Nachdem die Trainingsdaten erzeugt und das NN trainiert wurde wird ein Vergleich zwischen
Molekulardynamik (MD) Simulationen gemacht, die sowohl mit VASP, als auch mit n2p2
durchgefuihrt werden. Dieser Vergleich konzentriert sich auf die radiale Verteilungsfunktion
(RDF) und die Geschwindigkeitautokorrelation (VACF) von CO, Systemen in verschiedenen
Zustanden. Es kann gezeigt werden, dass das NNP in der Lage ist die RDF und VACF der
DFT-MD Simulation zu reproduzieren, jedoch sind weitere Verbesserungen moglich.
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1 Introduction

The purpose of this work is to train a neural network potential (NNP) in order to reproduce
the potential energy surface of different systems of molecular CO, with ab-initio precision
while only using a fraction of the computational cost of pure ab-initio methods. The same
approach was previously successfully employed for HyO [I] and CU,S [2] using the neural
network potential package (n2p2). The n2p2 software package will also be used in this thesis
for the training of the NNP.

One reason why CO, was chosen to be simulated by the NNP in this thesis is the potential
future prospect of combining it with the NNP for H,O and being able to do simulations of
HyO-CO5 mixtures. Such mixtures could be of interest due to the ability to form clathrate
hydrates, structures were gas molecules are bound in a cage of crystalline HyO. It has been
discovered that there are vast deposits of CH, bound in such clathrate hydrate structures
in oceanic and permafrost environments [12]. The CHy4 could possibly be replaced by CO,
in those structures, thereby permanently storing the CO, [13, [14]. This could be used to
reduce atmospheric levels of CO,, whose steady increase is a driving force behind man made
climate change. The study of such HyO-CO4y mixtures using NNPs with ab-initio precision on
unprecedented timescales and system sizes could provide further insight on this topic.

Machine learning (ML) techniques such as Neural Networks (NN), support vector machines
[15] and Gaussian processes [16] have been used in physics and chemistry for the last two and
a half decades [17, [18]. This work will only use the ML method of NNs. Today applications
for NNs can be found over a wide area of topics, even in everyday life. The uses of NNs
reach from shape detection up to face recognition [19] as well as material science [20] or
even, as will be the case in this thesis, for MD simulations. However the use of NNs for
predicting the forces and energies of systems of atoms to be used in MD simulations is a
relatively new application. It was introduced in the form that is relevant for this thesis by
Behler and Parrinello in 2007 [21]. Their approach of using NNPs to fit the potential energy
surface of density functional theory (DFT) simulations is the foundation of the n2p2 software
package that was used in this thesis for the training of the NNP for CO,. The training of the
NNP is only one of multiple functionalities of n2p2. It can also use an already trained NNP
to make predictions about the forces and energies of atomic configurations it has never seen
before. Through a plugin for the Large-scale Atomic/Molecular Massively Parallel Simulator
(LAMMPS) [3] this capability can be used to do complex MD simulations using the NNP the
same way one would use an empirical potential, but with the precision of a costly ab-initio
simulation.

The following thesis will first give a short introduction on the structure of the high pressure
phases of CO,, which will be the main focus of the training of the NNP (Chapte. This
is followed by the fundamental principles of MD simulations needed to not only to create
suitable atomic configurations for the training of the NNP but also to later verify the results
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of the training (Chapter [3). The next chapter will discuss how to calculate the inter
atomic and inter molecular forces needed to do MD simulations. This includes descriptions
of empirical potentials, density functional theory and the neural network potential. This is
followed by an in depth discussion of the training process of a NNP with ab-initio precision
using n2p2 (Chapter . This is followed by Chapter @which will compare MD simulations
using the trained NNP with MD simulations using the density functional theory approach the
NNP is based on. Finally there will be concluding remarks in Chapter [7]



2 Carbon dioxide (CO,)

CO; is a very important building block of our planet’s atmosphere. It is a byproduct of the
burning of organic matter and the respiration of animals and enables plants to do photosyn-
thesis and produce oxygen. CO, also plays an important role in how our atmosphere absorbs
heat and might be a key component in the recent heating of the planet’s climate.

The study of CO, could be beneficial in finding possible forms of geological storage of CO,
within the ground [22], thereby decreasing its atmospheric concentration.

Under high pressure conditions CO, displays a rich phase behavior, with five known molecular
crystals (phases |, I, I11, IV and VIl described in this chapter), 2 non molecular crystals (phase
V [23] and phase VI [24]), as well as amorphous CO, [25]. The focus of this chapter lies on
the five molecular phases due to the importance of crystal structure on the MD simulations
that will be used during the training process of the neural network (NN).

2.1 Physical properties of CO,

CO, is a linear molecule consisting of two oxygen atoms and one carbon atom with an intra
molecular angle of 180° and a bond length of 1.16 A under standard conditions for temperature
and pressure as pictured in figure 2.1} Under these conditions CO; is found in its gas phase,
although CO, has a rich phase diagram including multiple high pressures molecular and non-
molecular solid phases, as seen in figure 2.2l This work focuses on the molecular solid phases
as well as the fluid phase.

Figure 2.1: The COy molecule consists out of two oxygen and one carbon atom.
The CO-bond length is 1.16 A and the OCO-angle is 180°.

Due to its linearity the dipole moment of CO, vanishes and the quadrupole moment
becomes the dominant moment. This is relevant for designing empirical force fields to describe
CO, in molecular dynamics (MD) simulations as discussed in Chapter [3|
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2.2. Phasediagram of CO2

2.2 Phasediagram of CO2

1600 —
. v L
1400 -
VI I
........‘Amorphous L

l“l I
60 70

P (GPa)

Figure 2.2: Phase diagram of CO; as a function of pressure (P) and temperature
(T). The roman numerals | to VIl denote the stable regions of the known solid
phases. In the green area COj is present in molecular form, while in the red area
the solids are formed from non-molecular CO,. Figure taken from [26].

For the training of the NN (see Chapter [5)) configurations of liquid and solid CO, are used.
The configurations are chosen from trajectories of molecular dynamics (MD) simulations over
the range of the molecular phases in the phase diagram seen in figure (green area). More
information about these simulations can be found in Chapter [5
The most straightforward approach to run such an MD simulation on solid CO, is for the
first configuration of the simulation to already be of the correct crystal structure. During the
first steps of the simulation this structure is then relaxed according to the specific settings of
temperature and pressure of each individual simulation.

Therefore it is necessary to explore the structure of the molecular crystals of the CO, phases
[, I, I, IV and VIl so that configurations of each structure can be created and subsequently
used for MD runs.

2.2.1 Phase |l - Dry Ice

CO; phase |, commonly referred to as dry ice, is a molecular crystal that starts to form at
low pressures and temperatures, shown in figure in the green area marked with a "I".
Phase | corresponds to the cubic Pa3 space group with 4 molecules per unit cell and was
first described by Olinger in 1982 [28] using powder x-ray diffraction and was the first time
a solid phase of CO, was described. For the starting configuration of the MD simulations in
this thesis a unit cell with ¢=4.939 A, measured at a pressure of 11.8 GPa, was used [29].
The CO bond length is slightly elongated at that pressure and has a value of r=1.172 A [27].
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2.2. Phasediagram of CO2

Qc
o

SN
EP

Figure 2.3: One cell of CO5 phase | that belongs to the cubic Pa3 spacegroup, with
a=4.939A and a CO bond length r=1.172 A at p=11.8 GPa. All cell parameters
are taken from [27].

Figure [2.3| shows a cell containing 14 molecules built according to these parameters. A cell of
32 molecules (2x2x2 unit cells) was used to initialize the MD simulations to generate training
configurations for the NN.

2.2.2 Phase ll

The existence of a second solid phase of CO,, titled "dry ice II", was first found by Liu [30]
in 1983. Subsequent studies found this phase to be of the tetragonal space group P4ymnm
[31}, 32] containing 2 molecules in the unit cell. This phase can be found at high pressures
and intermediate temperatures as seen in figure [2.2] in the area denoted by a "II”.

To build a starting point for the later MD simulations the parameters a=b=3.516 A,

Qc
@o

L
Figure 2.4: Crystal structure of COq-ll, also named dry ice Il. The cell is of the

orthorombic P4omnm spacegroup, the parameters for which are a=b=3.516 A,
c=4.104 A, CO bond length r=1.14 A at p=25.8 GPa and T=295K according to

32).



2.2. Phasediagram of CO2

c=4.104 A were used to describe the cell of CO,-1l. The bond length of r=1.14A is de-
scribed to decrease under increasing pressure in this phase according to experimental results
from Datchi et. al. [32] which is in agreement with DFT calulations according to the same
author. Those parameters were taken from x-ray powder diffraction measurements at a pres-
sure and temperature of 25.8 GPa and 295K, respectively [32]. In figure the structure of
the CO»-ll crystal can be seen modeled with the previously mentioned parameters. In order
to generate the training configurations for the NN, MD simulations with 54 molecules (3x3x3
unit cells) were performed.

2.2.3 Phase Il

In 1983 yet another new solid phase of CO, was found by Hanson [33]. This phase was
determined to be an orthorombic Cmca structure with 4 molecules in the unit cell [29]. Phase
[1l seems to be structurally closely related to phase | and can be obtained from low temperature
compression of phase |, see figure [2.2] for the phase diagram. It is also thought to be a meta
stable phase with phase Il being of lower free energy [27]. There is a large hysteresis in the
phase transitions involving phase Il though which makes it difficult to find exact boundaries
for this phase.

The x-ray diffraction experiment at 11.8 GPa on phase Il [29] yielded the parameters for the
Cmca cell that were used in this work: a=4.330A, b=4.657 A, ¢=5.963 A with an angle of
»=52° in the bc-plane. The CO-bond length in this phase is slightly larger than the one of
phase |. For a pressure of 11.8 GPa a bond length of r=1.173 A was found [27]. Figure
a cell can be seen representing the Cmca structure of phase Il using the cell parameters just
shown. The MD simulation for the training configurations was performed with a crystal of 32
molecules (2x2x2 unit cells), the same as with phase |.

Figure 2.5: Orthorombic Cmca structure of CO4 phase Ill. This structure is very
similar to the structure of phase | but with an additional 52° angle of the CO-
molecules relative to the bc-plane. The cell parameters are a=4.330 A, b=4.657 A,
¢=5.963 A and bond length r=1.173 A measured at p=11.8 GPa. Those parameters
can be found in [29]



2.2. Phasediagram of CO2

2.2.4 Phase IV

The solid phase CO2-IV was first found and described by Yoo [34] in 2000. A previous study
that assumed to have found CO,-1V [35] was shown by Yoo to have been mistaken and to
describe the already known phase CO2-IIl. Interestingly at first it was assumed that phase IV
was an "intermediate bonding state” that would connect the molecular phases | and 1l to the
non-molecular phase V. The CO5; molecules in this intermediate bonding state were assumed
to have a strongly elongated CO-bond as well as being non-linear.

Later Datchi [26] could produce single crystals of COo-IV and used x-ray diffraction to show
that phase IV is indeed a molecular phase with bond angle of 180° and a slightly decreased
CO-bond length. That work also produced the phase diagram of CO, seen in figure 2.2 and
showed that phase IV crystallizes in the rhombohedral R3c space group with 24 molecules in
the unit cell, pictured in figure[2.6] The cell parameters found in the experiment performed at
a pressure of 15.2 GPa are: a=b=8.628 A, ¢=10.604 A with a CO bond length of r=1.155 A.
For the MD simulation that was later performed to acquire training configurations for the NN
one unit cell with 24 molecules was used. Using more than one unit cell for this structure
would have been too costly when doing DFT calculations later on.

Figure 2.6: The rhombohedral R3c spacegroup was assigned to COo phase IV
by Datchi [26]. The parameters used to generate the displayed cell a=b=8.628 A,
¢=10.604 A, CO bond length 7=1.155 A, measured at p=15.2 GPa were taken from
[26].

2.2.5 Phase VIl

Phase VII of CO, was found by Datchi in 2006 [36] and described as belonging to the
orthorombic Cmca spacegroup, with 4 molecules in the unit cell. This is the same structure
as the previously discovered phase Ill, see figure 2.5 Interestingly phase VII and IlI are being
found in isolated and unconnected areas in the phase diagram of CO,, which can be seen in
figure 2.2

There are slight differences between phase VII and Il though. The angle of the molecules in
the bc-plane is »=54.5° in phase VIl as opposed to ¢p=52° in phase Ill. The cell parameters
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2.2. Phasediagram of CO2

found for phase VII, measured at 12.1 GPa, are a=4.313A, b=4.746 A and ¢=5.948 A [36].
These parameters were used for a 32 molecule cell (2x2x2 unit cells) for the MD simulations
performed to acquire configurations for the NN training.

There is also a theoretical study that suggests that phase Ill and VII are in fact a completely
identical phase [37], but for this thesis the experimental findings of Datchi were used.

2.2.6 Liquid and Gas Phase

The NN is also trained using liquid CO, configurations. The liquid configurations are produced
by taking a configuration of solid CO,, melting it in one simulation and then adjusting pressure
and temperature to the required range. Because the high pressure regime was of the highest
interest in this thesis, mostly configurations close to the border of the solid molecular phases
were chosen for liquid COs.



3 Molecular Dynamics

Molecular dynamics (MD) simulations are a method used to calculate the trajectory of atoms
and molecules based on the forces that act on each atom/molecule. This method can be
used to visualize microscopic processes like the crystallization of a fluid or the melting of a
crystal, but the simulated processes can be as complex as the folding of a protein. Such pro-
cesses can otherwise only be researched experimentally by using x-ray diffraction and similar
methods which are limited in their applicability. MD simulations also let us make connections
between those microscopic processes and structural and dynamic properties such as the radial
distribution function or the diffusion coefficient of a liquid.

In this chapter it will be described how to numerically integrate the equations of motion for
systems of many bodies, as well as how to treat thermodynamics (TD) in that case. The ex-
planations will follow the books Understanding Molecular Dynamics by Frenkel and Smit [38]
as well as Computer Simulation of Liquids by Allen and Tildesley [39], The Art of Molecular
Dynamics Simulation by D.C. Rapaport [40] and Statistical Mechanics: Theory and Molecular
Simulation by Mark E. Tuckerman [41].

In Chapter [4] the second fundamental problem of MD simulations will be discussed: calcu-
lating the inter atomic forces needed for solving the equations of motion. There are several
approaches to find the relevant forces that directly influence the accuracy of any MD sim-
ulation, such as empirical potentials and ab-initio methods. However the framework of MD
simulations as discussed in this chapter is independent of how the forces are calculated.

3.1 Equations of motion

As stated in the introduction, the goal of MD simulations is to numerically solve Newton's
equations of motion. The Hamiltonian H of a system is defined as,

H(q,p) = V(q) + K(p). (3.1)

The Hamiltonian depends on the set of general coordinates q;, which will be the Cartesian
coordinates of each particle 7 in the simulation,

q= (Q1>QQ7--->(1N)> (32)

as well as the set of momenta p; for each particle 7,

pP= (p17p27‘“7pN)‘ (33)

The Hamiltonian is the sum of the potential energy V and the kinetic energy K of a system.
The kinetic energy can be written as:

N
K=Y> p./2m; (3.4)
i=1 «

9



3.1. Equations of motion

where m; is the mass for particle i and p;, are the components « of the momentum p of
particle 7.

The potential energy V depends on the specific system that is considered and the force F; is
derived via the gradient of the potential energy F; = —V,; ). Multiple ways to derive a suited
potential are presented in Chapter [l For now the potential and forces will be treated most
generally.

The equations of motion in the Lagrange formulation are based on the fundamental principle
of minimizing the action that governs many aspects of how nature functions. This principle
can be described using the Euler-Lagrange equation:

d oL 0L
using the Lagrangian function £(q, q),
L=K-V. (3.6)

In MD usually Cartesian coordinates r; are used to describe the position of atom 7 in a system
of atoms. This leads from equation to Newton's equation of motion:

The generalized momentum py, is defined as the derivative of the Lagrangian in regard of the
time derivative of the generalized coordinate ¢y,

oL
=, 3.8
Pk~ Far (38)
The Hamiltonian form of the equations of motion then can be written as:
OH OH
= — d D = ———. 3.9
Gom g and p= -5 (39
This leads to the general definition of the Hamiltonian,
H=> apr— L(q 4. (3.10)
k

In the case of MD and as described in Chapter [4] the potential ) is independent of velocities of
the atoms and does not change in time. Therefore the Hamiltonian is reduced to equation 3.1
which is equal to the total energy and if Cartesian coordinates r; are used again Hamilton's
equations of motion are,

i;=P"  and  p=-V,V=F, (3.11)
my

which is equivalent to Newton's equation of motion (see equation .

This means that in order to solve the equations of motion for a system with N atoms either a

system of 3V second order differential equations (equation or a system of 6V first order

differential equations (equation has to be solved.

In the next section methods will be presented to solve such systems of differential equations

numerically, which is the fundamental problem of MD simulations.
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3.2. Integration of the equations of motion

3.2 Integration of the equations of motion

The basic idea behind solving the equations of motion (see equations [3.7] and for large
systems of atoms as are present in MD simulations is to use finite difference approaches.
This means that the equations of motion are first discretized and then solved for a small time
step At using the current positions and velocities of the atoms at time ¢ as well as the forces
acting on each atom. The new positions at time ¢ + At are then used to update the forces
acting on the now slightly different system. Together with the updated velocities the updated
forces are then used to calculate the new positions and velocities after another small time
step At.
A very commonly used integration scheme is the velocity Verlet algorithm [42]. This integra-
tion scheme is also available in LAMMPS [3], a software package for MD simulations that
was used in this thesis.
The velocity verlet algorithm has a few key features that make it so suited for the field of MD.
It does explicitly evolve positions as well as velocities, as opposed to some algorithms that
only evolve the positions and then derive the velocities from those. It is time-reversible, which
is a fundamental property of Hamilton's equations of motion that has to be preserved by any
integration scheme. It is symplectic, which means that it preserves phase-space volume. This
last property is important because even though the numerical integration does not exactly
reproduce the Hamiltonian of the system it does reproduce a so called shadow Hamiltonian
that is close to the actual Hamiltonian at all times. This means that there is no energy drift
like with the naive Euler algorithm for example, because the energy of the shadow Hamiltonian
is conserved.
The derivation of the velocity Verlet algorithm starts with the Taylor series expansion of the
position r; of an atom 7 at time ¢ + At with respect to its position at time ¢ up to terms of
second order in At:

2

ri(t + At) = 1,(t) + () At + i‘i(t)ATt +O(A), (3.12)

where ¥; = v; and ¥; = F/m,; can be used and v; is the velocity of atom i. This leads to,
2

+ O(A). (3.13)

ri(t + At) =r;(t) + vi(t) At + Fy(¢) QAt

(2

This is the first part of the velocity Verlet algorithm that yields the position of atom 7 after
the time At has passed depending on the position r;, velocity v; and force F; of atom i at
time t. In order to get the time evolution of the velocity one starts by doing the backwards
Taylor expansion starting at time ¢ + At and expanding back to time ¢:

2

The next step is to substitute the term r;(t + At) in equation with the right hand side
of equation and then solve for v;(t + At):

At

my

vi(t+ At) = vi(t) + [F;(t) + Fi(t + At)]. (3.15)
Using the two equations[3.13and [3.15/one can now evolve the position and velocity of atom i.
This is the velocity Verlet algorithm. Equation [3.15| can only work if the force is independent
of the velocity, which fortunately is the case for the MD simulations relevant for this thesis.
This algorithm has one additional advantage compared to simpler algorithms, which is that it
is self starting and therefore can be applied to any system for which positions and velocities
of the atoms are known for any one time ¢.
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3.3. Periodic boundaries

3.3 Periodic boundaries
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Figure 3.1: The minimum image convention for periodic boundary conditions. The
original simulation box is in the center, containing five particles. The surrounding
boxes are copies of the central box. Each atom ¢ from the center box now interacts
with the closest copy of each atom j. In this example the black filled atom (at the
center of the four arrows) in the center box interacts only with one other atom that
is in its own box. The other interactions are with the closest copy (nearest image)
of its other neighbors which happen to be closer than the original. This way every
atom behaves as if it would be in the middle of a bulk of atoms and surface effects
can be avoided.

An important consideration regards the boundaries of the system that is simulated. Usually
any given MD simulation takes place in some sort of box that does not have to be orthorombic
but can be triclinic as well. A problem that arises from this approach is that towards the edge
of the box surface effects can occur. Normally when trying to do a simulation on the bulk of
atoms or molecules surface effects should be avoided.

A solution to this problem is offered by periodic boundary conditions. Periodic boundary
conditions imply that copies of the simulation box are placed around the actual simulation
box, as sketched in figure [3.1] Additionally the minimum image convention is used. This
means that each atom ¢ in the main simulation box interacts with the nearest periodic image
of atom j. This also means that if atom ¢ would leave the original simulation box through
any side the copy of atom i from the image on the opposite side of the box moves into the
original simulation box, leading to a constant number of particles in the restricted area of the
box.

The distance vector r;; = r; — r; of atom j to atom % according to the minimum image
convention for periodic boundary conditions for any triclinic box with arbitrary box matrix h
(matrix containing the vectors that build the box) can be written as:

S; = h_lri,
N A . . . (3.16)
s;j < si; — NINT(s;;) Minimum image convention,

r;; = hs;;,
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3.4. Averages

here NINT(x) represents the nearest integer function. This algorithm first transforms the
coordinates r; into scaled coordinates, then calculates the distance s;; in scaled coordinates
in line 2. In the third line the actual minimum image convention is applied. The last line
transforms back to the unscaled distance.

This algorithm can be used to find which image of an atom j is closest to atom 1.

3.4 Averages

Generally when evaluating the results of an MD simulation one has to consider observables
that can be calculated using averages. An MD simulation only approximates the solution of
the equations of motions for each small time step. This means that the simulated trajectory
and the real trajectory of the system in phase space diverge exponentially. This can be ex-
pressed through the Lyuapunov exponent that describes the rate at which the trajectories of
two close points in phase diverge over time.
Therefore it is not useful to look at the trajectory of the positions and velocities of all atoms
of one MD simulation, but one should consider values that are derived from averages. For
example the average pressure and density of a simulation with a set temperature, volume and
atom count are valid observables.
Therefore the time average is important, which depends on the value of the observable
A(rN(t),pN(t)) at every single time step of the simulation.

_ 1 o0

A= lim — AN (), pN(t)) dt. (3.17)

T—00 T 0

Here A is the time average of the observable A(r™(¢), p™ (¢)) and 7 is the total duration of the
simulation. Although theoretically one should have infinitely long trajectories for computing
the time average, in reality simulations of finite length are commonly used.
The ensemble average is another way to calculate the average value of an observable. It
assumes that given the ensemble’s probability density f(rV, p’¥) to observe one specific micro
state one can calculate the average value of the observable A(rY(¢),p™(¢)),

_ 0N 2Y) AGY 0,0V (1) drdpY

A 3.18

(4) TT0N oY) dr¥dpy (3.18)
The ensemble average and the time average are equivalent, if the system is ergodic,

(4) = 4, (3.19)

which means that if given unlimited time the system's trajectory will reach each possible micro
state in phase space. The time the system spends in each area of phase space is proportional
to the phase space volume of that area.

Usually ergodicity is assumed in MD simulations. Therefore in most MD simulations it is
possible to calculate the time average of an observable, which is comparably simple, and not
the ensemble average.

3.5 Velocity autocorrelation function/ radial distribution
function

Later in this thesis (see Chapter@ two quantities of a system of molecules will be calculated:
the velocity autocorrelation function (VACF) and the radial distribution function (RDF). Using
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these two quantities a comparison between the two different potentials for CO, (DFT and
NNP, see Chapter [4] and [5)) will be made.
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Figure 3.2: The VACF of a system of COs-lll. The system was simulated using
NVT DFT-MD calculations for 1750 steps with 16 CO2 molecules, at a temperature
T=200K and a volume VV'=449.35A3. It can be seen that there is a correlation in
how the atoms in the solid COy crystal move. This represents lattice vibrations in
the crystal. The VACF is normalized to have a value of one at the time zero.

The VACF can be used to investigate some of the dynamical properties of the system. It
can be used to calculate certain phonon frequencies or the diffusion coefficient of a system.
Therefore comparing the VACF for MD simulations done with the two different methods of
ab-initio MD and NNP can yield information about how similar the system’s dynamics derived
from both methods are.

In figure [3.2] an example of a VACF for an ab-initio MD simulation of CO,-lll is presented.
The same VACF will be compared to the results of the NNP-MD simulations in Chapter [f]
The VACF ¢,(t) can be calculated using the velocity data at each time step as follows:

co(t) = % >_vilto) - vi(®), (3.20)

t:t0+n~At,

where N is the number of atoms in the system, v;(y) is the velocity of atom i at a set time
step to, v;(t) is the velocity of the same atom at any later time step ¢ and n is the discrete
simulation step that corresponds to time ¢. This equation is then computed for each time
step and the trajectory of the VACF can be plotted. Additionally the VACF can be not only
averaged over all atoms but also over different starting points ¢, where n stays unchanged.
This means that when computing the VACF for a trajectory with N total time steps and
corresponding velocities only the first starting point yields a VACF with N entries. Starting
at the second point in time the VACF has only NV — 1 entries and so forth until the last point
can not be correlated anymore because there are no further points left. Therefore the first
VACF entry can be averaged over the N — 1 other first entries of all the VACFs. The second
entry can be averaged over N — 2 other second entries of all the VACFs. Up to the last entry
that only exists in the first VACF and can not be averaged at all. This leads to an increasing
statistical error for each subsequent point in the VACF. In Chapter [f] different VACFs for CO,
are presented.
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Figure 3.3: This figure shows the three relevant RDFs in a system of COs-lll. The
RDF presented was produced by averaging over 1750 configurations of a NVT
DFT-MD trajectory with the parameters N=16 COs molecules, T=200K and
V=449.35A3. There is one RDF for each combination of atoms (CC, CO, 00).
The first peak of the CO-RDF represents the bond length of the COs molecules
in this simulation and the first peak in the OO-RDF is the distance between the
two oxygen atoms of one molecule. The other peaks are all representations of the
distances between neighboring molecules in the crystal lattice of CO2-1ll. The RDF
is normalized in a way, that it converges to one for an infinite distance.

As opposed to the VACF the RDF (or pair correlation function g(r)) can be used to

investigate the static makeup of a system. It contains information about inter atomic as well
as inter molecular distances. In a solid phase this can be used to verify if the crystal structure is
the same for both simulation methods. However also for a liquid the RDF contains important
information, for example the C-O bond length. In figure the RDF for an ab-initio MD
simulation is presented. It is the same simulation as for the VACF in the previous section and
will also be used to test the results of the NNP-MD simulations in Chapter [6]
The RDF states how many atoms are found at distance r around a reference atom 7 in a
system of atoms and compares it to the ideal gas. It is then averaged using each of the N
atoms in the system as the reference atom ¢ once. The RDF for an MD simulation can be
calculated by:

o) = 5 =rol, (321)

here p = N/V is the density (where N is the number of atoms in the volume V'), §() is the

Dirac delta function and r;; is the distance between atom i and atom j. In Chapter [f] some
RDFs are shown for solid CO,.

3.6 Thermodynamic ensembles

When doing MD with the velocity Verlet algorithm the energy E is approximately preserved
due to the symplectic nature of the algorithm. At the same time the number of atoms N
and the volume of the simulation box V' stay unchanged. Therefore time averages computed
in an MD simulation with the velocity Verlet algorithm naturally correspond to the NVE or
micro canonical ensemble. There are other ensembles though that can be very useful for
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Figure 3.4: The three thermodynamic ensembles that are relevant for this thesis
are the NVE, NVT and NpT ensemble. The NVE ensemble can be pictured as a
box with a fixed volume and particle number that is separated from the outside
world through a layer of perfect insulation and therefore can not exchange energy
with its surroundings. The NVT ensemble is a box with fixed volume and number
of particles surrounded by a heat bath of constant temperature 1. The inside of
the box can exchange energy with the heat bath and therefore always stays at a
constant temperature T'. The NpT ensemble is a box with variable volume and
fixed number of particles. One end of the box can be imagined as attached to a
movable piston that is pressed downward by a constant weight. This means that
the volume of the box can change and the pressure in the box is constant.

MD simulations, mainly the NVT or canonical ensemble and the NpT or isothermal-isobaric
ensemble. Both of those ensembles are more closely related to the conditions that are found
in experimental physics, where it is easier to control temperature 7" and pressure p than the
total energy E of the system. However the velocity Verlet algorithm produces simulations
that behave according to the NVE ensemble. This means that so called thermostats and
barostats are needed to modify the equations of motion in such a way that a constant tem-
perature and pressure are achieved and to make the simulation behave as if it was in the
NVT or NpT ensemble. In the following sections the Nosé-Hoover thermostat [43, 44] and
the Parrinello-Rahman barostat [45] will be discussed. These two methods are the basis of
thermostatting and barostatting in the LAMMPS software package. To combine barostat-
ting with thermostatting LAMMPS uses the approach introduced by Shinoda et. al. [46]
that is a computationally efficient way to combine a Parrinello-Rahman type barostat with a
Nosé-Hoover type thermostat.

3.6.1 Nosé-Hoover thermostat

The Nosé-Hoover thermostat [43] [44] modifies the equation of motion by adding an additional
degree of freedom and thereby extending the phase space the dynamics are calculated in. This
additional degree of freedom comes in the form of a one particle heat bath that checks if the
system'’s temperature is above or below the target temperature and then rescales the velocity
accordingly.
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This leads to the extended Hamiltonian:

N
HNH(pN7 TNapsa 3) =

1=

p?

2Q

p?

v N
12m¢52+ (r) +

+ gkpT In(s), (3.22)

here the thermostat variable s rescales the kinetic energy of the system, the corresponding
conjugate momentum is ps. The variable ) determines how quickly the thermostat reacts
and is called the mass of the thermostat, despite not having the unit of a mass but actually
energy-time?. Further T is the target temperature of the system and the parameter g is chosen
such that the micro canonical distribution in the now 6N+2 dimensional phase space that
includes the imaginary particle results in a canonical distribution in the 6N dimensional phase
space spanned by the original system. For the Nosé-Hoover thermostat a value of g = 3NV
can be found that has to be used. It is also required that the simulation is ergodic.

The extended equations of motion of the Nosé-Hoover thermostat have the following form:

dr; B p;
dt’ B mi’
dp;
4t =F; - Cp;7
a1 i\f:p_;2 o (3.23)
dt/ - Q — m; .g B )
dIn(s)
a7
where t!, p’ and ¢ are defined as:
p = 2
(3 s )
dt
dt":= —, (3.24)
sp!
C = _87
Q

only the first three equations in are needed to calculate the dynamics of 7%V, p" and
(. However using all four equations as well as ¢ = 3N the total energy of the Hamiltonian
is conserved. This is not the same as the total energy of the NVT ensemble that is being
simulated but can be used to check the simulation for errors. The transformations that were
done to the variables in order to arrive at the equations of motion are not canonical. Therefore
the new equations of motion lose their symplectic property and the total energy of the NVT
ensemble is not conserved anymore.

Looking at equations [3.23| one can now also see how the Nosé-Hoover thermostat keeps the
temperature stable: the equation for the friction variable ¢ (eq. , line 3) compares the
actual kinetic energy to the average kinetic energy at the target temperature and the sign of
the right hand side of the equation changes accordingly. In the equation for the momenta
(eq. [3.23] line 2) this leads to an increase in momentum if the instantaneous kinetic energy
of the system is smaller than the average at the goal temperature and to a decrease if it is
larger. Effectively this resembles a heat bath that either transfers energy to the system if the
system is colder than the heat bath or energy is transferred out of the system if it is hotter
than the heat bath.

It should also be noted that the thermostat does not react instantaneously to the friction
variable but rather depends on the time derivative of said friction variable. The speed of this
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reaction is determined by the mass of the thermostat (). This can be noticed in simulations
in the form of a slow (compared to the simulation time step) oscillation of the instantaneous
temperature around the target temperature.

3.6.2 Parrinello-Rahman barostats

The Parrinello-Rahman barostat [45] is a way for the cell shape and volume of a MD simulation
to change according to the difference between an externally applied goal stress and the internal
stress. The goal of the barostat is to keep the pressure of the system at a constant level similar
to what a termostat does for the temperature. Parrinello-Rahman type barostats can be used
in combination with the previously discussed Nosé-Hoover thermostat to control pressure and
temperature in order to sample time averages that correspond to NpT ensemble averages,
under the assumption of ergodicity.

The idea behind the Parrinello-Rahman barostat is to extend the equations of motion by
adding nine additional degrees of freedom in the form of the nine components of the three
vectors a, b and c that span the simulation box. By describing the dynamics of the box vectors
depending on the difference between internal and external stress the shape and volume of the
box can be adjusted so that the pressure is kept constant on average.

The box matrix h is defined as the matrix with the three vectors a, b and ¢ as its columns.
This way the coordinates r; of an atom can be expressed in terms of the scaled coordinates s;
as r; = hs;, where each component of s; is between 0 and 1. This allows for the positions of
all atoms to be easily scaled by a change in the shape and volume of the box. The Hamiltonian
of the Parrinello-Rahman barostat in the case of hydrostatic pressure being applied has the
form:

1 ds; 1 dn” dh
=Y —m;(h—>)2 M WTr | —— Q 3.25
Mo = 3 g Vo) 4w (o) a0, (629)

here 2 is the cell volume, p is the pressure that is imposed on the system, Tr() is the trace
of a matrix and W has the dimension of a mass and functions similar to the mass of the
thermostat in the previous section. W should be chosen in a way that the relaxation time the
system needs to compensate differences between the external pressure and the internal stress
is of the magnitude of % where L is the box size and c is the speed of sound in the system.
This Hamiltonian leads to the following equations of motion:

d?s; _ ko G’lﬁdsl
d*h .

Froa QW~(h") " (r — p),

here G = h'h is the metric tensor, and (m — p) is the difference between the internal stress
and the externally applied pressure. This means that the box matrix h depends on its current
shape and volume in correlation to the difference between internal stress and external pressure
and the force in the first line of the equation of motion is influenced by GG and the derivative
of G which depends on the box matrix h itself.

On its own this Parinello-Rahman barostat actually generates a NpH ensemble with constant
enthalpy H. However in combination with a thermostat the enthalpy is not conserved anymore
and a NpT ensemble is the result.

It is advisable to first equilibrate a system just with a thermostat before using an additional
barostat because poorly equilibrated systems can lead to large oscillations of the pressure.

18



3.7. LAMMPS

3.7 LAMMPS

The Large-scale Atomic/Molecular Massively Parallel Simulator (LAMMPS) is a software
package used for a multitude of different MD simulations [3].

In this thesis it was used in it's simplest form to simulate bulk CO5 using the modified EPM2
empirical force field [4]. Additionally LAMMPS was used with the interface developed for
n2p2 [47] in order to do MD simulations with the neural network potential developed for CO,
in this thesis.

LAMMPS is a very useful tool for anyone who is interested in doing MD simulations due to it
offering options to implement different customizable empirical potentials as well as different
thermostats and barostats.

The use for simple bulk simulations as in this thesis does not even graze the surface of what
LAMMPS is capable of doing.

19



4 Calculating Inter-Atomic and
Inter-Molecular Forces

In order to carry out MD simulations of any kind it is necessary to calculate the forces be-
tween the atoms and molecules that are to be simulated. In this chapter three methods will
be presented to calculate those forces: empirical force fields, ab-initio methods and the neural
network potential.

In this thesis all three methods were utilized. First an empirical force field was used for
MD runs with LAMMPS (see Chapter (3)) to create a diverse set of configurations of CO,
molecules. Those configurations were then fed to the Vienna Ab-initio Simulation Package
(VASP) which uses density functional theory to calculate the inter atomic forces and energy
of each of those systems from first principle, described in section 4.2l With the forces and
energies from VASP then the NN is trained with n2p2 (see Chapter [5)) and used to do MD
simulations. To test how well the NNP reproduces the results of the DFT calculations VASP
is used again, this time to do an NVT MD simulation that will be compared to a similar NVT
MD simulation done using the NNP, which is described in Chapter [6]

4.1 Empirical force fields

Empirical force fields are a very straightforward way to describe the inter atomic potential
for given types of atoms or molecules. The idea behind empirical force fields is to look at
the pairwise interaction of single atoms or molecules like CO, or even more complex organic
molecules, and reconstruct an approximation for how the potential energy of the system be-
haves. From this potential energy then the force field can be derived that describes the forces
acting on each atom.

Usually this potential includes the Coulomb interaction due to charges, a Lennard-Jones-
Potential or similar for non bonded interactions and in the case of molecules an intra molecular
potential.

The big advantage of force fields when used for MD simulations is their computationally sim-
ple form that allows to run simulations with a large number of atoms for long run-times.

In the following sections the relevant ideas about empirical force fields that are needed to
understand the force field that was used for MD simulations on CO, in this thesis will be
discussed. All simulations that utilize force fields were performed using the software package

LAMMPS [3].
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Figure 4.1: Lennard-Jones-Potential for the interaction of two atoms (see equation
. Ro = 2'/65 denotes the inter atomic distance for the potential energy mini-
mum, which is the equilibrium distance of the two atoms. The potential is repulsive
when two atoms are close to each other and attractive at greater distances.

4.1.1 Lennard-Jones potential

The Lennard-Jones-Potential, VcLJ (eq. [48] is often used to describe the interaction
between two atoms that are not bonded, not charged and interact only through van der
Waals forces, which are weak, undirected and act on a short range [49]. The Lennard-Jones-
Potential uses the distance between two atoms r;; as a variable and the two parameters o,
that determines the distance at which the potential energy moves from positive to negative
values, and ¢, that sets the minimum of the energy.

Vig(r) = 4e <%>12_(%)6 . (4.1)

The Lennard-Jones-Potential only treats the interaction between pairs of atoms, so in a large
system of e.g. argon the total force on one atom is the sum of the pairwise calculated forces
between that atom and its neighbors within a certain cutoff distance, as seen in figure[.I} The
cutoff distance can be justified by how quickly the potential energy converges towards zero and
therefore becomes negligible. This approach throws all the quantum mechanical phenomena,
that are responsible for the attraction and repulsion of atoms at different distances, into one
equation. This of course is an approximation which simplifies the actual interaction between
the atoms described, but makes it possible to calculate the force acting on a given atom with
very low computational cost.

As the name empirical force field suggests, empirical data is necessary in order to determine
the parameters o and e. This empirical data can be for example the experimental parameters
of the crystal structure and evaporation heat of metals [50] or even data about the inter
atomic interaction from ab-initio simulations [51].

For the EPM force field (see section the experimental vapor-liquid coexistence line of
CO, was used to fit the parameters [4]. This means that this model is most reliable close
to this coexistence line. If a simulation is done with this model that is far removed from the
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coexistence line then it has to be first shown that the model can still produce relevant results
there. However in the case of EPM it has indeed been shown that the model can be applied
more generally, not only to the area of vapor-liquid coexistence.

It is always a goal for empirical force fields to be applicable to as wide a range of problems as
possible while staying as simple as possible at the same time. This means the transferability
of a force field should be high.

4.1.2 Coulomb potential

The Coulomb potential V(; describes the potential created by static electrical charges. It has
the form:

L g4
47T€0 Tij ’

Ve(rij) =

(4.2)

here € is the vacuum permittivity and r;; is the distance of the two charges ¢; and ¢;. The
force acting between the two charges is the Coulomb force. This force is responsible for
most long range interactions in simulations due to the slow rate at which it decays to zero
and therefore has to be treated in a more complex way than the Lennard-Jones potential
with its simple cutoff (see section [4.1.1)). In LAMMPS this is handled by a so called PPPM
(Particle-Particle Particle-Mesh) solver for periodic potentials, that is closely related to the
PME (Particle-Mesh Ewald) solver used by other MD software packages. The class of PPPM
algorithms was developed by Hockney and Eastwood between 1973 and 1980 [52].

The basic idea is to separate a long range force (here the Coulomb force) into a short range
force Fy and a smoothly varying force R. While F,, is calculated directly between each
particle-particle pair (PP) within a certain cutoff, similarly to how other short range inter-
actions like the LJ-potential are treated, the long range interaction is calculated with the
particle-mesh (PM) approximation in Fourier space. The advantage is that this way the long
range interaction can be efficiently treated due to its quick convergence in Fourier space.

4.1.3 Force fields for more than one type of atoms

One Lennard-Jones-Potential alone only sufficiently describes systems of identical atoms that
do not form molecules.

The next more complex type of problem is to describe a system with two species of atoms,
A and B which are not bonded. In this case there needs to be one set of Lennard-Jones
parameters, ¢ and o, for each of the three possible combinations of atoms: AA, BB and
AB=BA. This means that when all pairwise interactions with one atom, for example of
species A, are calculated there needs to be one Lennard-Jones-Potential for the interaction
with its neighbors of type A and one for the interactions with neighbors of type B. The same
is true for an atom of species B and its neighbors of both types. This leads to three pairs of
o and e.

The parameters for the pairs AA and BB have to be found as described in section [4.1.1]
The parameters for the combination AB can be found by using the so called combining rules
(also known as mixing rules).

The most commonly used mixing rules are the Lorentz-Berthelot rules, also sometimes referred
to as arithmetic mixing rules, found by Lorentz and Berthelot [53] 54]:

€AB = \/€A€B,

OAB = 5(0,4 +o0p),

(4.3)
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similar to the Lorentz-Berthelot mixing rules are the geometric mixing rules that are also
commonly used for force fields in MD simulations:

€AB = \/€A€B,
0AB = \/0A0B,

where the calculation of €45 is the same but the calculation of 045 differs. With these rules it
is possible to find the Lennard-Jones parameters for a pair of atoms with two different types.
This approach can also be extended to more than two types of atoms, because the Lennard-
Jones-Potential can only be used for pair interactions.

(4.4)

4.1.4 Force fields for molecules

So far only non-bonded interactions of atoms were considered, but what happens if the system
to be simulated consists of molecules?

In the case of most molecules the bonds between the atoms can not be described by the
Lennard-Jones-Potential. The reason is that molecular bonds usually are very strong and
often directed, as for example in COs.

Generally when dealing with molecules there are two levels of interactions: one is molecules
interacting with other molecules and the other is the atoms within one molecule interacting
with each other.

The interaction between two molecules can be treated similarly to the interaction between two
atoms. Each molecule has one or more Lennard-Jones interaction sites, that work the same
way as for a single atom, as well as charges that are responsible for the long range Coulomb
interaction. For example the EPM force field for CO5 has one charge and one Lennard-Jones
interaction site on each of its three atoms. These are responsible for the forces that act
between individual molecules.

The interaction of the bonded atoms within one molecule can be treated two ways: by using
constraints or by using intra molecular potentials.

Constraint algorithms, like RATTLE and SHAKE, work by enforcing an additional constraint
force that ensures that the bond length and angle of the atoms in a molecule are always
at a specified value [55]. Molecules treated this way are rigid and there is no significant
deviation in bond length and angle other than through the iterative solution process of those
algorithms. This does also suppress all intra molecular vibrations, which is justified because
the vibrations are decoupled from the movement of the molecule as a whole and are of such
a high frequency that they can be replaced by an effective bond length. Unfortunately the
training configurations for a NN need to, among other things, display a certain variation in
bond length and angle, in order to sample the potential energy surface of a system. Therefore
intra molecular potentials were chosen in this work instead of constraints.

The intra molecular potentials work by introducing potentials between bonded atoms that
define a bond-force that acts on the atoms within one molecule on top of the forces from
other molecules. There are many forms and shapes for such potentials with the most common
ones being harmonic potentials. In order to describe a directed bond the bond-stretching
potential Vi,ona and the angle-bending potential V41 are both needed:

Vbond(T’) = %(Tz’j - 7"0)2, (4-5)
K,
Vangle<r) = 7(¢'ij - ¢0>27 (46)

23



4.1. Empirical force fields

where K, and Kj, are the force constants for each potential, the variable r;; denotes the
distance between two atoms i and j and rq is the equilibrium distance of the atoms. Similarly
¢i;1 denotes the angle between three atoms ¢, j, k and ¢y is the equilibrium angle. The bond
stretching potential is responsible for two atoms vibrating about an equilibrium bond length,
while the angle-stretching potential does the same for an equilibrium angle. The harmonic
potentials used can be pictured by replacing the bonds within a molecule with springs. The
values for the constants K for each of the potentials determine how hard it is to push the
atoms out of their equilibrium distance/angle as well as the frequency at which the molecule
vibrates and have to be found either through experiments, such as observing the IR-spectrum
of a molecule, or ab-initio calculations. So finally the result is a molecule that has a certain
equilibrium bond length and bond angle and interacts with other molecules through Coulomb
interaction and Lennard-Jones-Potentials. This knowledge will be applied in the next section
for finding an empirical force field to use for MD simulations of COs.

4.1.5 Force fields for CO,
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Figure 4.2: The fully flexible version of the EPM2 force field. There is a LJ
interaction site as well as a charge on each atom. The equilibrium distance between
the C and O atoms is set as 1.15A. The equilibrium angle is 180°.

There are several established force fields to describe CO;. The two most prominent ones
are TraPPE [56] and EPM or rather its enhanced version EPM2 [4]. The TraPPE force field
is more commonly used but has one distinct disadvantage for this thesis: it describes the
CO, as being rigid. This means that TraPPE uses constraints to keep CO-distance in the
CO, molecules always at 1.16 A and the OCO-angle always at 180°. In order to keep a 180°
angle using constraints TraPPE also needs two dummy atoms that are on the same axis as
the regular CO, atoms. Altogether this means that the interactions of the atoms within a
CO, molecule have been modeled as all three atoms sitting on a rigid stick. This is generally
a good approach for molecules like CO, that display a very rigid bond angle and bond length
in nature. Therefore the TraPPE force field yields good results for a broad spectrum of sim-
ulations. However in order to train a NN it is necessary to include configurations in which
the molecules are bent or stretched, otherwise the NN will have no information about how to
treat CO, molecules that are not perfectly straight and not at the equilibrium bond length.

The fully flexible EPM2 is a variation of the rigid EPM2 force field. It consists of one

Lennard-Jones and one Coulomb interaction site on each atom and assumes harmonic po-
tentials, between the atoms of a molecule to treat the bond angle and bond length within
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Table 4.1: Parmaters for the fully flexible EPM2 force field [4] [5]. The parameters
for the C-O interaction are calulated using the Lorentz-Berthelot mixing rules,

equation

element € (K) o (A) q (e)
C 28.13 2.76 0.652
o) 80.51 3.03 -0.326

Kiona =  10739kJ/mol /A
Kangle = 1236 kJ/mol /rad?
de_o = 1.15A

one molecule, see equation [4.7| and [4.6] as well as figure [4.2] [57]. The total potential of the
flexible EPM2 force field therefore combines the Lennard-Jones potential with the Coulomb
potential and with the bond and angle potentials and has the form:

N o\ o \° 1 qig; K 9 K, 9
= Z 4€;; (a) - (a) +F€07j +Z7(Tz‘j —710)° + Z 7((251319 — ¢0)”,
(,9) (i,3,k)

(4.7)
where the sum over 7,5 to N is the sum over all pairs of atoms in the simulation, the sum
over (i, j) should denote the sum over pairs of bonded atoms in one molecule and (7, j, k) is
the sum over all triplets of atoms in one molecule that have a bonding angle in common.
The partial charges for the EPM2 force field are chosen to correctly reproduce the quadrupole
moment of COy of 4.3 Buckinghams [4]. The parameters of this force field can be found in
table[4.1] The flexible EPM2 force field was also shown to yield comparable simulation results
for the equation of state of CO, as the TraPPE and not flexible EPM2 [58].

4.2 Density functional theory

Density functional theory (DFT) is an ab-initio method to calculate the energy and forces in
a system of atoms. In this context ab-initio means that the method relies on the fundamental
Schrodinger equation and derives all results from it. This means it does not need empirical
data other than the electronic configuration of the atoms in the simulation in order to calculate
energy and forces. Empirical force fields on the other hand always need experimental data to
model the force field after. This immediately leads to the biggest advantages of ab-initio MD
simulations: they can do MD simulations for systems without any prior outside knowledge.
This allows for flexible molecules that can spontaneously form or disassociate as well as for
the exploration of regions of the phase diagram, including new materials and alloys in material
sciences, where no experimental data is available yet. This is an important area of research
where ab-initio MD is used. As opposed to empirical potentials that make approximations
such as using the LJ-Potential and fixed bonds, the potentials that are calculated using DFT
methods are more complex and describe reality more detailed in comparison. Of course this
comes at a computational cost and so the biggest disadvantage of DFT calculations is that
they can only be feasibly done for very small system sizes and very short periods of time, both
magnitudes lower than what can be achieved using empirical potentials.

In this thesis the Vienna Ab-initio Software Package (VASP) [6, [7, 8 [9] [10] was used for
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4.2. Density functional theory

the ab initio force and energy calculations. It is based on the density functional theory. The
theoretical foundation for DFT as is used by VASP are the Kohn-Sham equations. In the
following a short descritpion of the theory behind DFT is provided using a lecture by Juan
Carlos Cuevas as a basis [59].

The fundamental problem of DFT is to solve the time independent, non-relativistic Schrodinger
equation for a system of many atoms. In the following equations atomic units are used:

[:[\I/i(Xl, ...,XN,Rl, ...,R]\/[) = Ei‘lii(xl, ...,XN,Rl, ...,RM), (48)
N M N M N N M M
5 1 1 1 Za 1 ZaZp
H=_= 2_ = U2 _ - — 49
32 Vimg 2 VAT 2 D o ) s (49)
i=1 A=1 i=1 A=1 i=1 j>i A=1B>A

here H is the Hamiltonian of the system with M atoms and N electrons, x; and R4 are the
coordinates of electrons and nuclei respectively. Further A and B iterate over the number
of atoms M and i and j iterate over the number of electrons N, Z, is the proton number
and M, the mass of each atom. It can be seen that this Hamiltonian does not scale with
the number of atoms but rather with the number of electrons and protons. Therefore even
small systems need to be approximated. This leads to the Born-Oppenheimer approximation
where the atomic nuclei that are magnitudes heavier than the electrons are considered to be
stationary. This means the electrons move in a field of static nuclei. Therefore the electronic
Hamiltonian H., is,

L X N oM, N N
-Helec:__zv?_zz A+ZZ_ZT+ANe+‘A/eea (410)
23 im1 A1 A G e i

where the total energy FE\. is the eigenvalue of the electronic Hamiltonian plus the constant
contribution of the nucleus F, .

~

Helec\IJelec = Eelecllleleca
Etot - Eelec + Enuc;

M M
ZAZp
Enuc = g E .
4o o fas

(4.11)

This approximation is the first step to be able to numerically solve the many body Schrodinger
equation. The electron density p(r) that gives the DFT its name is the next ingredient that
is needed. It describes the probability of finding an electron within a certain volume. The two
Hohenberg-Kohn theorems show that through this electron density p(r) a unique Hamiltonian
can be found.

The first Hohenberg-Kohn theorem states that the potential Vi, that describes the attrac-
tion between electrons and nuclei is uniquely determined by p(r). This fully determines the
Hamiltonian because V. and T are already known and therefore the ground state energy of
the system is a function of p(r).

The second Hohenberg-Kohn theorem states that the true ground state electron density p(r)
minimizes the ground state energy Fj.

Therefore the problem DFT tries to solve is to find the electron density that minimizes the
ground state energy for a given system.

This leads to the Kohn-Sham equations that are at the heart of DFT calculations.

I:IKS =T+VNe+Vee+VX07 (4.12)
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here the exchange-correlation potential Vx¢ is a term that contains everything that is un-
known. There is no exact expression for Vx¢, but several approaches for approximations exist,
like LDA (local density approximation) and GGA (generalized gradient approximation). These
equations are solved recursively starting with a guess for p(r) and then iteratively improving
the electron density until reasonably close to the true electron density of the system.

With this theoretical foundation it is then possible to approximate the forces and energies of
systems of atoms with very high precision. This will be used to train the NN and the resulting
NNP-MD simulations will be compared to the DFT-MD simulations in Chapter [f]

4.3 Neural network potentials

In this chapter two methods to approximate the forces and energies in a systems of atoms
have been presented so far. The computationally simple but less accurate force fields and the
computationally complex but more precise DFT method. This section will present a third and
comparably new option: the Neural Network Potential (NNP). The NNP lies in between the
two previously mentioned methods in terms of computational complexity as well as accuracy.
The idea behind the NNP is to use a NN to create a nonlinear fit of the PES of a system based
on DFT data. It can be evaluated with similar computational cost to an empirical force field,
although the functional form of the NNP is very abstract compared to the force fields that
were described earlier in this chapter (section [4.1)). Another difference to force fields is that
the NN, just as the DFT, does not need any information about bond angles, bond lengths
or which atoms form a molecule. Molecules are formed from atoms due to the forces that
act on them without any prior knowledge about whether those atoms should form molecules.
Therefore molecules can form and disband which makes the NN way more flexible than most
force fields and much faster than DFT simulations.

Forces and energies obtained using the NNP are of similar accuracy as the ones from the DFT
calculations that are used to train the NN. A comparison of DFT and NNP simulation results
will be shown in Chapter [f] for simulations of CO, and was already shown for H,O [1].

The NNP is only one of many promising new approaches to apply machine learning potentials
to MD simulations. Other approaches are for example Gaussian approximation potentials [16]
or support vector machines citesvm-book [60].

Part of the reason how it is possible to get results with comparable accuracy to DFT calcu-
lations but only at a fraction of the computational cost is that DFT algorithms are general
approaches that can deal with any constellation of different atoms and molecules as long as
pseudo potentials for all the elements are available. The NNP however has to be trained for
each specific problem. This means that it can not be applied as generally as the DFT.
Another important point about the high dimensional NN that is used in this thesis is that only
the environment within a certain cutoff radius around each atom is considered to calculate
the energy and forces. This means that long range interactions, like the Coulomb force, are
only considered based on the influence they have on the local configuration of atoms within
that cutoff radius.

In this Thesis the n2p2, Neural Network Potential Package, was used that readily comes with
an interface for the LAMMPS software package [61], [47]. This section will cover the basics
about neural networks and neural network potentials. Chapter [5] will go into detail about the
training process of the NN that was at the core of this thesis. The NNP approach used in
this thesis was first developed by Behler and Parinello [21].
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4.3.1 Feed forward neural networks

Input 1. Hidden 2. Hidden Output
Layer Layer Layer Layer

Figure 4.3: Basic structure of a feed forward NN. The displayed NN has the
structure 4-5-4-1, which means that it consists of 4 input nodes, two hidden layers
with 5 and 4 nodes, respectively, and an output layer with one node. In this case the
input is in form of generalized coordinates, which describe the local environment
around an atom. The value of the one output node is then the energy of the system
described by the coordinates in the input layer. The output of the NN depends on
the values of the weights afﬂ._l’j that are indicated as arrows. The Figure is taken
from [62].

In order to write about neural network potentials it is important to give a short introduction
to neural networks first.
The NNs that the NNP is based on are feed forward NNs. A feed forward NN is composed
of three main parts or layers: the input layer, the hidden layer(s) and the output layer. Each
such layer is build from nodes. Each node of each layer is connected to each node of the
previous layer, which means that the information is fed into the input layer and then related
forward through the NN. The output of the NN is the energy of the atomic system described
in the input layer [63]. This is schematically shown for a simple feed forward NN in figure .
In the input layer the NN is given information about a system of atoms. This can for example
be atomic coordinates that describe the positions of all the atoms in a system. However this
already leads to the first problem: translation and rotation should not change the energy
of a system. However if all atomic coordinates were to be shifted along the same direction
by the same distance or the system was rotated as a whole it would look to the NN like
a completely new set of values for the input nodes and may lead to a different energy if
the NN is not specifically trained to avoid that, which can be very complicated for larger
systems. Even ordering the atoms differently and switching out the input of GG; and G; would
change the configuration the NN sees and would therefore also affect the energy that the NN
predicts [62]. One remedy for this problem is to use generalized coordinates that are created
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using symmetry functions (see section for more detailed information). These generalized
coordinates describe the local environment of a given atom up to a certain cutoff distance 7,
and are the input for the first layer of the feed forward NN.

The input that is received by the nodes of the input layer is then propagated to the hidden
layer nodes. The value y; of the node i of a given layer j is then calculated by summing
over the value y; ! from each node k from the previous layer j — 1, multiplying each of these
values with a specific weight a;; ~17 and then addlng the bias b/. The result is then put in a
nonlinear activation function f; and the result is ;.

This yields the following equation for the value of the node yf [62],

= (i i) (313
k

Each node in the NN needs a nonlinear activation function f7 in order to be able to fit nonlinear
functions. Without this activation function the NN would just create a linear combination
of the coordinates to calculate the energy. In this thesis activation functions of the form
f7(x) = In(1+€*) were chosen for the hidden layer nodes. The output node uses the identity
f7(x) = x as activation function.

By optimizing the weights aii_l’j the NN can then fit the desired function. The bias bg adds
an additional and optional offset for the value of each node. For all purposes of this thesis
the bias is set to zero.

Theoretically feed forward NNs of this form can be used to reproduce any real-valued function
with any given accuracy [64, [65].

The fitting procedure of the NN to optimize the weights afg
presented in section 4.3.4]

The output layer only consists of one node. The value of this last node is the resulting energy
E that corresponds to the atomic environment described in the input layer.

<b3+za - f? <52+Za S (bhzag,};@j))). (4.14)

This equation describes how the feed forward NN shown in figure calculates a total
energy I/ for a system of four input coordinates (G; with two hidden layers of 5 and 4 nodes
respectively, which can be denoted as a 4-5-4-1 network [62].

L7 using a suitable algorithm is

4.3.2 High dimensional neural network potentials

High dimensional NNPs are building on the idea of the simple feed forward NN, but try to
overcome some of the difficulties that are faced when dealing with the high dimensional PESs
of large systems.

A fully trained NN only works if the number and ordering of nodes is not changed [62]. This
means that if the system size increases and the number of input nodes has to increase to
represent a higher dimensional PES, the NN would have to be retrained completely. This is a
serious problem considering that ideally the high dimensional NNP can represent systems of
any size once trained correctly.

Another issue in feed forward NNs is that they can not reproduce certain properties of a
physical system of atoms. Specifically exchanging the position of two identical atoms would
change the input of the NN and therefore would be considered a new configuration that might
not end in the same energy although physically the system should have the exact same energy
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symmetry atomic atomic
functions NNs energies

Figure 4.4: The diagram shows a high-dimensional feed forward NN where each
individual atom contributes to the total energy of the system depending on its local
environment up to a certain cutoff distance. First all the Cartesian coordinates
R; of the system’s atoms are used to calculate a set of descriptors G; (symmetry
functions) for the environment of each atom. Those are then fed to a standard feed
forward NN (atomic NNs) that yields the energy contribution E; (atomic energies)
of each atom in the system. Lastly the total energy E is the sum of the energies
E;. Figure taken from [62].

as before. In order to circumvent these problems, high dimensional NNP, as shown in figure
[4.4] can be used [21].

A high dimensional NNP functions by replacing one feed forward NN that fits the total
energy E of the system with multiple identical atomic NNs that only calculate the energy
contributions FE; that each atom makes depending on its local environment,

E=> E. (4.15)

For the training of the high dimensional NNP the weights of the atomic NN are optimized by
requiring that the sum of the atomic energies has to equal the reference energy. It is important
to note that all atomic NNs use identical structures and weights. This makes it possible for
the high dimensional NNPs to solve one of the problems mentioned that arise when just one
feed forward NN is used: the number of atoms in a system can easily be changed by changing
the number of atomic NNs [21].

The individual energy contribution E; of one atom depends on the positions of all neighboring
atoms within a certain cutoff radius .. This means there needs to be a suitable method that
can describe the atomic environment using a constant number of input nodes, that is inde-
pendent of the number of neighbors of a given atom and that is invariant under the exchange
of two identical atoms. This can be achieved using the symmetry functions that are described
in the next section.

4.3.3 Symmetry functions

In the previous sections it was mentioned multiple times that the use of Cartesian coordinates
as input for a NN leads to several problems. One of these problems (the independence of
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Figure 4.5: The two types of symmetry functions G? and G* in this figure corre-
spond to the types G' and G? introduced by Behler [2I] as mentioned in the text
of this chapter. The upper row are radial symmetry functions that only depend
on the distance R;; of two atoms. The lower row are the angular parts of the
angle 6 dependent symmetry functions. This figure is taken from a later paper of
Behler [62] where the symmetry function numbering had been changed. The figure
is composed of two original figures and the lettering has been changed.

system size) can be solved by using the approach of high dimensional NNPs. The remaining
issues are that the system’s energy should be invariant under the following three operations:

e translation of the whole system
e rotation of the whole system

e exchange of the positions of two identical atoms

One way to address these remaining issues is to use symmetry functions to describe the local
environment around an atom.

There are many different options and alternatives to using symmetry functions [66] but in this
thesis atom centered symmetry functions of the type G'! and G?, introduced by Behler [21],
are used. This is mainly due to their availability in the Neural Network Potential Package [61]
that was used to train the NNs, see Chapter [f] The atom centerd symmetry functions used
have the following forms, as can also be seen in figure [4.5]

Gi =Y el f(ry). (4.16)

J#L
The symmetry function G is a radial symmetry function centered around an atom i. This
means it depends on the distance r;; between the atom i and all its neighbors j within a
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certain cutoff distance r.. The distance is then weighed by use of a Gauss function with the
two parameters 1 and 7, and multiplied with the cutoff function f.(r;;).

G? =21¢ Z (1+ Acos O ) e Mt rintrin)® £ (0 o (ra) fo(70)- (4.17)
Gkt

The symmetry function G? is an angular symmetry function and centered around atom i as
well. Therefore it is necessary to look at the angle and distances between atom ¢ and all pairs
of neighboring atoms j and k within the cutoff distance 7.. The radial part of G? is very
similar to that of G' but depends on all three distances Tij, Tk and 75 and the shift factor

rs equals zero. The angular part of G? depends on the angle O, = arccos (%) between
13"k

the atoms as well as the additional parameters ¢ and A\. While the parameters 1, ¢ and r;

can have any real value, the parameter A = +1.

The following cutoff function f.(r;;), as provided by n2p2, was used for this thesis:

15 — 6ri5)ry; — 10)rf; + 1 1y < e,
fc(Tij)={<<5 6rij)riy — 10)r5 + 1 1y <7 (4.18)

0 Tij > Te-

The cutoff function f.(r;;) is used so that the symmetry functions are continuous and decay
smoothly to the cutoff distance r.. It only depends on the distance of two atoms ;5 and the
cutoff distance r,.

It is apparent that the value of a symmetry function does not change under translation or
rotation of the system, as long as the distances between the atoms stay unchanged. The
same goes for the exchanging of the positions of two identical atoms. As long as the same
two distances are given to the symmetry function the order they are given in does not matter.
The symmetry functions including the cutoff function can be seen in figure[4.5] The symmetry
functions presented only depend on the distances between atoms but are independent of
absolute positions.

In order to use the symmetry functions to describe the local environment of an atom a set of
parameters for different symmetry functions is chosen first. After summing over all the pairs
of atoms within the cutoff radius r. each symmetry function yields one real value for each
variation of parameters. Each of those numbers is then given to the NN as a value for one
input node. The set of evaluated symmetry functions forms the complete input for the NN.

This way the local environment of one atom can be described by a set of real numbers that
always stays constant in size even if the number of neighbors of this atom is changing.

A last point to consider here is that there needs to be one atomic NN for each element in the
system. Therefore there need to be symmetry functions for each combination of atoms. For
example for CO, the center atom of the symmetry function could be either a carbon or an
oxygen atom. There now needs to be one atomic NN that has only carbon centered symmetry
functions as input and one atomic NN that has only oxygen centered symmetry functions as
input. This means that there need to be radial symmetry functions for the combinations
C-O, C-C and O-C, 0O-0O as well as angular SFs for C-O0, C-OC, C-CC and O-00, 0-0C,
O-CC. This way the NNs can distinguish between the different elements and the distribution
of neighboring atoms of different elements are encoded in different symmetry functions and
are distinguishable too.

4.3.4 Optimization of NN weights

The last part needed to make a NNP work is a method to optimize the weights a{gl’j of the
NN (see equation and |4.14])) in such a way that the high dimensional NNP fits the given
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PES.

In order to fit a PES with a NNP, first reference energies, and optionally forces, are needed.
These energies and forces can be acquired by using any other computational method on a
configuration of atoms. It is not important for the NN what method is used to calculate the
reference data, as long as it is consistent and does not change for all training configurations.
Ideally the reference data is from ab-initio calculations because of their numerical accuracy and
the potential speed-up from using a high dimensional NNP instead of an ab-initio method.
Once the training data in the form of the coordinates, energies and forces of a system of
atoms is prepared, the NN can be trained to fit energies and forces consistent with the
training method for a given atomic configuration. Here it is important that only a certain
fraction of the training configurations are used for the actual training. The other part of the
configurations is used as test configurations to see how well the NNP predicts their energy,
without ever having seen them. The NN-forces can be calculated from the energy that is the
output of the NN by applying the chain rule to the energy function of the NN [62]:

OE; 0G,
Fra = 8Rk Z 5 Rka ZZ 3G, D Rk,i (4.19)

here F}, , is the component of the force acting on atom £ with respect to the coordinate R, ,,
where a = (z,y, 2). In the first sum N is the number of atoms in the system and M in the
second sum is the number of symmetry functions describing atom ¢, which equals the number

term gR L. depends on the symmetry functlons used

The optlmlzat|on of the NN-weights in this thesis is done using a multi-stream Kalman filter
that uses both energies and forces as reference and is part of the n2p2 software package [2].
This means that by applying the multi stream Kalman filter to train a high dimensional NNP
with suitable training data the weights of the atomic NNs are being optimized to minimize
the mean-square error of the predicted energy.

4.3.5 The Kalman filter

In the following a short summary of how the Kalman filter is applied to the training of high
dimensional NNPs is presented, based on the approach described by Singraber [2]. For a more
in depth coverage of the topic Kalman filter the book Kalman Filtering and Neural Networks
[67] is an excellent resource.

Let a be the vector of all weights of the NN, ordered by layer. This vector of weights describes
the current NNP. At the beginning of the optimization procedure these weights a(0) can have
random values that will then be optimized with each iteration. Therefore there is a new set
of weights a(t) after each Kalman filter iteration ¢. The vector x;, with ¢ = 1,..., M is the
vector that contains all the input node values that describe the training configuration ¢ out of
the M total training configurations. Each training configuration has one output node value
yRef(x;) that was assigned by the chosen reference method and is stored in the vector y=e!.
Similarly the vector y(t) contains all M output node values y;(a(t),x;) that are calculated
by the NN with the weights a(t).

For each iteration of the Kalman filter the error vector £(t) is calculated. It describes how
the output of the NNP y(¢) differs from the reference output y®<f,

£(t) =y —y(b). (4.20)
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The derivative matrix H of the dimension n X m is constructed by taking the derivative of
the error vector & with respect to all weight parameters a;.

H(t) = L%, aianrgT(t). (4.21)

Together with the n X n dimensional scaling matrix A and the error covariance matrix P the
Kalman gain matrix K can be constructed

A(t) = (%1 + HT(t)P(t)H(t)) , (4.22)
K(t) = P()HE)A(). (4.23)

The factor 7(t) in the scaling matrix A is the learning rate that can be adjusted depending
on the individual training.
The gain matrix K can now be used to calculate a new set of weights for the NN,

a(t+1)=a(t) + K(t)&(t), (4.24)
as well as the updated error covariance matrix P:
P(t+1)=P@t) - KOH (t)P(t) + Q(1). (4.25)

Here Q is the process noise matrix. This additional and artificial noise can be helpful in order
not to end up in a local minimum. The algorithm so far describes what is called one training
epoch. On average after each epoch the new set of weights a(t + 1) should lead to a smaller
root mean square error (RMSE):

M

RMSE = % ;(Y?ef —yi)%, (4.26)
due to it minimizing the NN's cost function I' = Y. (yRf — y;)2. The training is usually
considered completed once the RMSE is below a certain threshold.

Both the matrix P and Q as well as the learning rate 7)(¢) need to be initialized carefully
because the initialization can affect the outcome of the training. For the training with the
n2p2 package the following initialization for the error covariance matrix is used:

P(0)=¢'1 (4.27)

here € can be chosen depending on the PES that the NNP should fit. For the NNP for CO,
that is being trained in this thesis a value of ¢ = 1072 was used (see Chapter)).
The artificial process noise matrix Q is initialized using the scheme:

Q(t) = q(t)1 (4.28)
where ¢(t) is:
q(t) = max(goe ™™, Gmin) (4.29)

in the n2p2 package. The parameters used in this thesis are ¢y = 0.1, ¢min = 107% and
7, = 2.302. More detailed information about the complete training process of the NNP for
CO; can be found in Chapter [5

The Kalman filter described so far is only valid if there is only one chemical element, only
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energies are considered and not forces and each output node can be directly compared to
the reference data. Especially the last point is difficult if a high dimensional NNP that uses
the sum of atomic energy contributions (equation is employed. The reason being that
summing over atomic contributions to the total energy is only a mathematical trick used out
of necessity and can't be reproduced by using DFT or force field calculations. This means
that the NNP is trained to reproduce the sum of all atomic energy contributions [21].

The forces can be treated similarly to the energies because of their analytical relationship
shown in equation [4.19] In the case of n2p2 it is randomly chosen if a single force component
or an energy from training configuration ¢ is used for each Kalman filter update. This means
that there is one error vector £(t)g for energy updates:

£ = (B — Ei(a(t))], (4.30)

where E' is the reference energy for configuration i and E,(a(t)) is the NNP prediction of
the energy of the same configuration and one error vector £(t)r for Force updates:

() = [B(Ffa — Fyalal®))], (4.31)

where F7% is the reference force component o for atom j in configuration i and Fj;.(a(t)))
is the NNP prediction for the same force component that can be analytically derived from the
energy of the same configuration using equation [4.19] Additionally the factor /3, called force
weight is introduced. The force weight makes it possible to adjust the relative importance
of each force update for the training. A value of 8 = 10 was used in this thesis. Using this
approach the Kalman filter algorithm in equations {4.221{4.25( will update the combined weight

vector a minimizing the combined cost function,

M M N;
L= (B = Ea())’ +6°) > (Fh - Fyal(alt), (4.32)
i=1 =1 j5=1

where N; is the total number of atoms in configuration 7. It is advisable to choose a ratio of
about 50/50 for force and energy updates to ensure a balanced training.

Different chemical elements are viewed basically independently in n2p2 by using per-element
Kalman filters that are not depending on each other. Due to the use of independent atomic
NNs in the high dimensional NNP the NN weights for each element do not depend on each
other and so the contributions to the energy of one element are not depending on the other
element(s).

Another extension of the Kalman filter used in n2p2 is the multi-stream extended Kalman
filter. The goal of the multi-stream extended Kalman filter is to utilize the parallel computing
powers of modern multi-core processors. One important difference between the classical use
of Kalman filters and the use for NN training is that when training the NN all the information
that is needed is already available at the beginning. This is usually not the case in engineering
applications of the Kalman filter. The multi-stream extended Kalman filter uses multiple
training configurations (multiple streams) with the same weights, where each calculates a
contribution to a shared weight update. This new weight update then should optimize the
weights depending on different configurations at the same time. Because the information is
taken from multiple independent configurations at the same time it can be parallelized on
multiple processor cores and should yield better training results [2].
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5 Training a Neural Network

In the previous chapters, the training process of a neural network potential was already men-
tioned on multiple occasions. In this chapter it will be explained in detail how a high dimen-
sional NNP was trained in order to reproduce the PES of CO, over a wide range of pressures
and temperatures.

First the creation of a suitable training data set will be discussed, beginning at how the first
training configurations were created using LAMMPS [3] and the flexible EPM2 force field [5].
It is followed by an explanation of how VASP [6, [7, [8, 9] [10] was used to recalculate the
energies and forces of these configurations so they could be used for the training of the NNP
with ab-initio precision.

An introduction to n2p2 [61] will be given in section 5.2l The software package n2p2 was
used for both the training process of the NNP and as plugin to the MD program LAMMPS.
This chapter will be concluded by a description of the actual training process, explaining in
detail how the tools provided by n2p2 were used.

5.1 Creating the training data

In order to train a high dimensional NNP a set of suitable training configurations is needed.
One training configuration contains the information about the positions of all atoms in a
system of CO, at a certain temperature and pressure at one point in time.

In theory there are multiple ways to create these configurations. One could just randomly
place CO5 molecules in randomly sized boxes or even just do the same with individual C and
O atoms that are not bound as a molecule from the beginning. But this is not a suitable
approach, because the goal of the NNP being trained in this thesis is to reproduce a certain
part of the phase diagram of CO,. This high pressure domain is mostly populated by solids
states of CO,. Therefore teaching the NNP a lot about randomly placed systems, almost all
of which are going to be in the liquid or gas state, if they exist at all, is not going to help
achieve this goal. That is why MD simulations with the fully flexible form of the EPM2 force
field are used to create configurations that are more similar to what an actual system of CO,
molecules might look like at a certain pressure and temperature. These configurations are
then recalculated with VASP in order to achieve better precision for the energy and forces of
each configuration.

It is important to keep in mind that the NNP is not good at extrapolating but rather at
interpolating between the data points it was trained with. The NNP is nothing more than
a fit with a very flexible functional form. In figure 5.1 a simple example for the difference
between interpolating and extrapolating in a fit is given.

Within a certain part of the phase diagram the NNP can interpolate the forces and energies
for configurations it has not yet seen if they are similar enough to the training data. However
once a configuration is too different to the training data the results of the NNP may increas-
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5.1. Creating the training data

Figure 5.1: The black line represents a fit that uses the red points (representing
measurements) that are displayed. Despite the red points only being available in
a small interval the fit itself is a function that usually is defined on a much larger
domain. If more measurements would be taken they could for example behave
like the yellow or the blue points. The fit would not know that though and in
this example fail to extrapolate outside of the interval spanned by the red points.
However if a new measurement would be made between two of the red points
chances would be very high, that the new point would be close to the fit. This
would be an interpolation. This graphic represents the idea behind the NNP being
good at interpolating but not extrapolating.

ingly diverge from what the reference method would produce until at some point they end
up being random. Unfortunately compared to a 2D fit as sketched in figure it is more
difficult to find out the actual range in which the NNP's predictions can be trusted. One
method involves the use of two NNPs that are nearly identical and are trained with the same
training data. This will be explained in section |5.3.7]

5.1.1 Creating configurations with EPM2

The first step in creating a suitable training set for the NNP is to do MD simulations with the
fully flexible EPM2 force field. The idea is that when doing many long MD simulation with
this force field the configurations the system goes through are representative enough of actual
CO, configurations for the NNP to gather enough information to reproduce the PES. The
MD simulations should be so long that 10,000-100,000 steps (at a usual time step of 1fs)
are between each configuration chosen for the training. This is to ensure that the training
configurations are different enough from each other to get the maximum information out of
each configuration. The actual forces and energies of the configuration will later be calculated
with ab-initio precision by VASP. The problem with just doing the whole process with VASP
is that it would be too computationally costly to do all the hundreds of thousands of MD
simulation steps needed for a few training configurations. Therefore it is more economic to
sample the phase space using an MD simulation with an empirical force field. At the end
of the simulations the handful of saved configurations that will actually be used to train the
NNP can then be fed to VASP, which just recalculates the energies and forces.

In total the phase space was sampled simulating hundreds of millions of femto seconds of tra-
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5.1. Creating the training data

jectories at different pressures and temperatures. The idea was to simulate along of isother-
mals and varying the pressure throughout one simulation to get a thorough sampling of the
relevant part of phase space. The simulation parameters can be seen in table 5.1

For the beginning of the simulations perfect crystals with the structures presented in Chapter
were used for each of the five phases. They were then equilibrated to the starting point of
the simulation using a combination of Langevin and Nosé-Hoover thermostats. It turned out
that when doing simulations of CO5 with the flexible EPM2 force field, the first equilibration
had to be done using a Langevin thermostat or the kinetic energy of the system would be
quickly transformed into potential energy which led to large deviations in pressure and density
when compared to experimental data. After the correct equilibration the EPM2 force field was
tested to be within the expected range of the experimental values when comparing pressures
at a set temperature over a wide range of temperatures and volumes.

Additionally a few MD simulations of the liquid phase were performed by melting a COo-ll
crystal with 52 molecules and then equilibrating to the right temperature and pressure the
same way as with the solid phases. The liquid configurations were included to give the NNP
more flexibility. The issue with this approach is that there is no guarantee that the configu-
rations sampled with EPM2 are close to actual configurations, meaning are still valid samples
when recalculated by VASP. One wants configurations that are ideally slightly out of equilib-
rium but not completely random. This is also why the flexible version of the EPM2 force field
was important to use. Due to the flexible angle and bond length of the molecule there are
configurations with non equilibrium bond lengths and angles. This means that the NNP has
information of what the potential between the atoms within a molecule looks like at different
inter atomic distances/angles. The same is done with the molecules. By varying pressure and
temperature all sort of different inter molecular distances are sampled. In the end the fit is
better the more different points in phase space within the relevant region are sampled.

Due to the flexible empirical force field coupled with the long simulations through out the
phase diagram of CO, it was assumed that enough random variation would be included in the
training configurations produced. An additional step to assure enough variation would be to
take the training configurations produced by the empirical force field and add little random
displacements to some of the atoms. This was tried at first but later deemed unnecessary
when it showed no significant increase in the fit quality of the NNP once a sufficiently large
part of the phase diagram was sampled. When doing small tests with only a few different
configurations and therefore very limited information about the system, this approach did
improve the NNPs predictions though.

After all the MD simulations with the flexible EPM2 force field were finished, 400 config-
urations were chosen randomly from the total pool of possible configurations (several ten
thousands throughout all phases). The only condition for the choosing was that the ratio
of the different phases was proportional to their relative area in the p-t phase diagram (see
figure[2.2) in order to get a larger number of training configurations representing phases with
a wider range in pressure and temperature.

The chosen configurations were then directly used to train a preliminary NNP to see whether
the training data could be used to reproduce the EPM2-PES. This was done to see if there
were fundamental flaws in the training data before using the computationally expensive DFT
method to improve the training data. After the preliminary NNP worked as expected in a
few tests, the training data was finally fed to VASP. Later an additional 60 configurations
were chosen from multiple simulations of CO,-IIl with 32 molecules at temperatures of 100 K
to 500 K and pressures between 10 GPa and 40 GPa, using the method described in section
[5.3.7] This lead to a total of 460 configurations in the training set.
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5.1. Creating the training data

Table 5.1: NpT simulation parameters for EPM2. The simulation step size was
constant at 1fs. Each simulation only covered one phase to avoid phase transitions
within any simulation. In each simulation the barostat was set to increase the
pressure from the starting to the end value. The length of the simulations was
chosen so that the barostat increased by 1 bar per 100 simulation steps.

phase temperature/K start-pressure/GPa end-pressure/GPa

400 0.8 1.32
600 2 4.85
800 8 11.18
fluid 1000 12 16.77
1200 20 27.36
1400 25 33.1
1600 27 35.6
300 0.44 3.235
350 0.955 7.4975
400 1.47 11.76
450 2.205 11.73
500 2.94 11.7
550 4.045 11.66
600 5.15 11.62
650 6.545 11.545
700 7.94 11.47
750 9.555 11.32
450 11.96 14.11
475 11.97 29.12
Il 525 18.67 51.04
600 30.74 48.84
675 42.22 46.78
200 11.92 59.95
250 11.925 58.625
300 11.93 57.3
[ 350 11.935 55.9
400 11.94 54.5
450 11.95 53.17
500 43.64 51.62
950 17.64 39.2
1000 18.23 37.8
I\ 1050 19.41 36.33
1100 21.91 35.01
1150 25.0 33.685
1225 30.0 31.62
650 11.46 12.64
700 11.32 14.11
750 11.17 14.92
VI 800 11.02 15.73
850 12.27 16.39
900 13.52 17.05
950 15.36 17.565
1000 17.2 18.08
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5.1. Creating the training data

5.1.2 Recalculating configurations with DFT

SYSTEM = C02 molecules

ISTART = 0 # start new job from scratch.

ENCUT = 910 # equals ENMAX*1.3.

ISMEAR = -5 #-5 is accurate energy calculation for non-metals.

SIGMA = 0.05

IBRION = -1 #-1 = No update,just Energy calculation.

ISIF=0 # 0 = only position can change.

NSW = 0 # max number of ionic steps for relaxation

NELMIN=8 # minimum number of self consistency steps until convergence
PREC = Accurate # accurate makes forces more accurate but takes more time
EDIFF = 1E-06 # Convergence for force

EDIFFG = 0.01 # breaking condition for ionic relaxation

NPAR = 4 # total number of cores for parallelization

LPLANE = .TRUE.

NSIM = 4

LWAVE = .FALSE.
LCHARG = .FALSE.

no WAVECAR file (very large file)
no CHGCAR and CHG files (very large files)

H H

Figure 5.2: The INCAR file defines all the settings used in a VASP calculation.
This is a picture of the INCAR file that was used to recalculate the energies and

forces of the configurations that were first created through MD simulations with
the flexible EPM2 force field.

In order to be able to make NNP predictions with ab-initio precision there first needs to be
training data calculated with said precision. In the case of this thesis configurations were first
created using a force field approach and then a chosen few training configurations were given
to the DFT software package VASP. This means that the atomic positions were assigned by
the flexible EPM2 force field but the actual forces and energies were calculated with ab-initio
precision. Here it is not important that the configurations were created with a force field and
therefore lower accuracy, as long as the information about forces and energies comes from a
more precise method. In figure [5.2] all the parameter for the VASP INCAR file can be seen.
This is the main file used for any VASP calculation and controls all important settings. Addi-
tionally a 3x3x3 grid of K-points was used. This grid was automatically generated by VASP.
The POTCAR file that contains all information about the potentials used to describe the two
atoms carbon and oxygen in the training configurations was created using the PAW_PBE C_h
06Feb2004 potential for C and the PAW_PBE O_h 06Feb2004 potential for O both using the
PBE [11] functional. It is very important that all VASP calculations are done with the same
settings. If that would not be the case and for example two identical configurations would
have a different total energy that would lead to inconsistencies in the NNP. This could lead
to the NNP not correctly predicting energies either in a small area of the phase space or not
working at all depending on how many and how large the inconsistencies are. The theory
behind ab-initio calculations is sketched in Chapter 4.2l The reason for the small number
of training configurations (460) lies in the computational complexity of every single VASP
calculation on a 3x3x3 k-points grid.

So far no actual NNP training was involved. However the creation of a suitable set of training
configurations can be seen as one of if not the most important part of the training process.
The NNP can only be as good as the data that is used to train it.

5.1.3 Limitations of the training data

Due to the nature of this work as a master's thesis a few practical limitations were set. The
number of training configurations and the number of atoms within each configuration strongly
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influence the quality of the NNP. In this case between 24 and 54 molecules of CO, were used
in a total number of 460 training configurations. The limitation here is the computational
cost of calculating energies and forces of more and especially larger configurations with VASP.
It turned out to be a sufficient training set to do MD simulations on solid COy within the
part of the phase diagram that was sampled. An in depth analysis of the exact phase space
that is accessible through this NNP was not done though. The results of the training of the
CO2 NNP are presented in Chapter [g]

With this limited training set the scalability of the NNP was also restricted. Depending on
the exact simulation setup MD simulations with 100 to 200 molecules were possible but
became quickly unstable once passing 200 molecules. This is an issue that can be attributed
to the small training set as well as small number of molecules in each configuration. The
small number of molecules and small cell sizes in the training configurations restrict the
possible number of molecules in MD simulations with the NNP. The reason therefore could
be that possible long range interactions can not be seen by the NNP in those configurations.
For the testing of the NNP simulations on COs-lll were used. The average cell parameters
of the configurations of COo-lll in the training set are a = 8.3£0.2A, b = 94+0.2A and
a = 11.64+0.2 A. The cutoff radii for the symmetry functions of the NNP are between 5.8 A
and 8.4 A. This means the NNP takes atoms from the periodic images of the simulation box
into account for the local environment of each atom which might hide some details in the
long range interactions in the system.

5.2 Training a neural network with n2p2

In this thesis n2p2 was used for the training of the high dimensional NNP for CO,.

The Neural Network Potential Package n2p2 [61] is a software package developed by A. Sin-
graber to train and employ NNs in the context of high dimensional NNPs. It is based on
the methodology proposed by Behler and Parinello [21]. The n2p2 software package is made
up from multiple tools most of which were used in this thesis. The package was actively
developed for the whole duration of this thesis. Therefore some details in how n2p2 was used
might differ slightly from the most recent version.

The n2p2 software package offers multiple functions that are needed to train a high dimen-
sional NNP, as well as a lot of additional functions that make it easier to start the training
process.

5.2.1 Configuration of n2p2

On the user end the training of a NNP with n2p2 needs three input files with the following
names:

e input.nn
e input.data
e scaling.data

The input.nn file contains all the settings for the program. A picture of the settings file that
was used to train the COy NNP can be seen in figure and 5.4 The first section of the
input.nn file encloses keyword-value pairs, while the second half sets the parameters for all
symmetry functions that are used.

The input.data file is created from the training configurations. It contains all the information
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R R R

# DATA SET NORMALIZATION

B G g B G g g i o i g g e
# This section was automatically added by nnp-norm.

mean_energy
conv_energy
conv_length

-2.7476173964736977E-01
2.6531755162071505E+02
1.1333162178611913E+01

B G i e e s

B R R e S s

# GENERAL NNP SETTINGS

B e g e s

number_of_elements
elements

#atom_energy

#atom_energy

cutoff type

#scale symmetry functions
scale symmetry functions sigma
scale min short
scale max short

#center symmetry functions
global hidden layers short
global nodes short

global activation short

# normalize nodes

Number of elements.
Specification of elements.

Free atom reference energy (C).
Free atom reference energy (0).
Cutoff type.
Scale all sym.
Scale all sym.
Minimum value for scaling.

Maximum value for scaling.

Center sym. funcs., i.e. subtract mean value.
Number of hidden layers.

Number of nodes in each hidden layer.
Activation func. for hidden and output layer.
Normalize input of nodes.

DO NNN
[oNoNoNe]
[cN<Nol

funcs. with min/max values.
funcs. with sigma.

0.
1
2

20 20
pptl

[}
R

B L G e L g S s e
# ADDITIONAL SETTINGS FOR TRAINING
B G e S s e

epochs

updater type

parallel mode

update strategy

selection mode

memorize symfunc results
random seed

test fraction

use short forces

force weight

short energy fraction
short_force_fraction
short_energy error_threshold
short_force_error_threshold
rmse_threshold_trials

# repeated_energy_update

# use_old_weights_short
weights_min

weights max

# precondition weights

# nguyen widrow weights short
write trainpoints

write trainforces

write weights epoch

write neuronstats

write trainlog

HEHH AR

# GRADIENT DESCENT #
HEHRRH SR
gradient type

gradient eta

HRHRAHHHAA A
# KALMAN FILTER (STANDARD) #
HEHR R

kalman_ type
kalman epsilon
kalman g0
kalman gtau
kalman gmin

kalman eta
kalman etatau
kalman_etamax

1000 # Number of training epochs.
1 # Weight update method (0=Grad. Desc. l=Kalman).
4 # Training parallelization (0@ = Serial, 1-4 = MSEKF).
0 # Update strategy (0 = Combined, 1 = Per-element).
2 # Update candidate selection (@=Random, 1=Sort, 2=Threshold).
# Keep symmetry function results in memory.
50 # Seed for initial random weights and train/test splitting.
0.1 # Fraction of structures kept for testing.
# Use forces for training.
10.0 # Weight of force updates relative to energy updates.
1.000 # Fraction of energy updates per epoch.
0.0034722 # Fraction of force updates per epoch.
1.00 # RMSE threshold for energy update candidates.
1.00 # RMSE threshold for force update candidates.
3 # Maximum number of RMSE threshold trials.
# After force update perform energy update for structure.
# Restart fitting with old weight parameters.
-1.0 # Minimum value for initial random weights.
1.0 # Maximum value for initial random weights.
# Precondition weights with initial energies.
# Initialize NN weights according to Nguyen-Widrow scheme.
10 5 # Write energy comparison.
10 5 # Write force comparison.
10 5 # Write weights.
10 5 # Write neuron statistics.
# Write training log file.
[¢] # Gradient descent type (0 = Fixed step size).
1.0E-4 # Gradient descent parameter eta (fixed step size).

#General Kalman filter parameters:

0 # type (0 = Standard, 1 = Fading memory).

1.0E-2 # epsilon (sigmoidal: 0.01, linear: 0.001)

0.10 # 90 ("large").

2.302 # qtau (2.302 => 1 order of magnitude per epoch).
1.0E-6 # gqmin (typ. 1.0E-6).

#Standard Kalman filter parameters:

0.1 # eta (0.001-1.0).

2.302 # etatau (2.302 => 1 order of magnitude per epoch).
1.0 # etamax (1.0+).

AR
# KALMAN FILTER (FADING MEMORY) #
B e s

kalman_type
kalman_epsilon
kalman q@
kalman qtau
kalman gmin

kalman lambda short
kalman nue short

H ot e

#General Kalman filter parameters:
1 # type (0 = Standard, 1 = Fading memory).
# epsilon (sigmoidal: 0.01, linear: 0.001).

1.0E-1

0.00 # g0 ("large").

2.302 # gqtau (2.302 => 1 order of magnitude per epoch)
0.0E-6 # gmin (typ. 1.0E-6).

#Fading memory Kalman filter parameters:
0.96000 #lambda (forgetting factor 0.95-0.99).
0.99950  #nu (0.99-0.9995).

Figure 5.3: This is the first section of the input.nn file that was used for this
thesis. It defines all settings, including the Kalman filter, to run n2p2. The '#’
symbol marks comments.
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HHHEH R
# SYMMETRY FUNCTIONS
HH R

# Radial symmetry function (type 2):
#symfunction short <element-central> 2 <neighbor> <eta> <rshift> <rcutoff>

# Narrow Angular symmetry function (type 3)
#symfunction short <element-central> 3 <neighborl> <neighbor2> <eta> <lambda> <zeta> <rcutoff>

# Radial symmetry functions for element C

symfunction short C 2 0 0.560 2.000 11.600
symfunction_short C 2 0 0.500 5.000 11.000
symfunction short C 2 0 0.560 6.000 11.600
symfunction short C 2 0 0.560 7.000 11.000
symfunction short C 2 0 0.500 10.000 11.000
symfunction short C 2 C 0.560 7.000 14.000
symfunction short C 2 C 0.460 9.000 15.000
symfunction_short ¢ 2 C 0.800 11.000 16.000
symfunction short C 2 C 0.600 12.000 16.600
symfunction_short ¢ 2 C 0.700 13.000 16.000

# Radial symmetry functions for element 0O

symfunction short 0 2 C 0.560 2.000 11.000
symfunction short 0 2 C 0.560 5.000 11.000
symfunction short 0 2 C 0.560 6.000 11.000
symfunction short 0 2 C 0.560 7.000 11.000
symfunction_short 0 2 C 0.500 10.000 11.000
symfunction_short 0 2 0 0.700 4.000 11.000
symfunction short 0 2 0 0.760 5.000 11.600
symfunction_short 0 2 0 0.500 7.000 14.000
symfunction short 0 2 0 0.560 9.000 15.600
symfunction short 0 2 0 0.560 10.000 15.000

# Angular symmetry functions for element C
3

symfunction short C c C 0.125 -1.000 3.000 11.000
symfunction short ¢ 3 C C 0.125 1.000 3.000 11.000
symfunction_short C 3 C C 0.003 -1.000 1.000 11.000
symfunction short ¢ 3 C C 0.003 1.000 1.000 11.000
symfunction_short C 3 C C 0.003 -1.000 3.000 11.000
symfunction short ¢ 3 C C 0.003 1.000 3.000 11.000
symfunction short C 3 C 0 0.0106 1.000 1.000 11.000
symfunction short C 3 C 0 0.016 1.000 3.000 11.000
symfunction short C 3 C 0 0.003 -1.000 1.000 11.000
symfunction short C 3 C 0 0.003 1.000 1.000 11.000
symfunction_short C 3 C 0 0.003 1.000 3.000 11.000
symfunction_short C 3 0 0 0.0106 -1.000 1.000 11.000
symfunction short C 3 0 0 0.016 1.000 1.000 11.000
symfunction short C 3 0 0 0.010 -1.000 3.000 11.000
symfunction short C 3 0 0 0.0106 1.000 3.000 11.000
symfunction short C 3 0 0 0.003 -1.000 1.000 11.000
symfunction short C 3 0 0 0.003 1.000 1.000 11.000
symfunction short C 3 0 0 0.003 -1.000 3.000 11.000
symfunction_short C 3 0 0 0.003 1.000 3.000 11.000
# Angular symmetry functions for element 0

symfunction short 0 3 C C 0.016 -1.000 1.000 11.000
symfunction_short 0 3 C C 0.01e 1.000 1.000 11.000
symfunction short 0 3 C C 0.003 -1.000 1.000 11.000
symfunction short 0 3 C C 0.003 1.000 1.000 11.000
symfunction short 0 3 C C 0.003 1.000 3.000 11.000
symfunction_short 0 3 C 0 0.016 -1.000 1.000 11.000
symfunction short 0 3 C 0 0.016 1.000 1.000 11.000
symfunction_short 0 3 C 0 0.0106 -1.000 3.000 11.000
symfunction short 0 3 C 0 0.016 1.000 3.000 11.000
symfunction_short 0 3 C 0 0.003 -1.000 1.000 11.000
symfunction short 0 3 C 0 0.003 1.000 1.000 11.000
symfunction short 0 3 C 0 0.003 -1.000 3.000 11.000
symfunction short 0 3 C 0 0.003 1.000 3.000 11.000
symfunction short 0 3 0 0 0.010 -1.000 1.000 11.000
symfunction short 0 3 0 0 0.010 1.000 1.000 11.000
symfunction_short 0 3 0 0 0.016 1.000 3.000 11.000
symfunction short 0 3 0 0 0.003 -1.000 1.000 11.000
symfunction_short 0 3 0 0 0.003 1.000 1.000 11.000
symfunction short 0 3 0 0 0.003 1.000 3.000 11.000

Figure 5.4: This part of the input.nn file is used to set up the symmetry functions
which are the input for the atomic NNs. The symmetry functions called type 2 and
3 here are the same as the ones called type 1 and 2 described in equation [4.16 and
[4.17] The cutoff radius is in units of Bohr.
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about forces and energies, as well as atomic coordinates of each configuration in the training
set.

The scaling.data file is created after input.data and after the symmetry functions in input.nn
are set. It holds the information about the distribution (min, max, mean and standard de-
viation) of values the symmetry functions yield for each atom of each configuration. This
information is used by the training algorithm.

This means that first the input.data file has to be created using suitable training configura-
tions. Then input.nn is set up so that the chosen symmetry functions and other settings are
in agreement with the training data. Afterwards scaling.data is created using the two previous
files.

The keywords in input.nn have to be manually set depending on how the user wants to train
the NNP. Some of the settings seen in figure are sufficiently explained by the comments
to their right or the documentation of n2p2 [61]. For example number_of_elements stand for
the number of chemical elements in the simulation, in this case there are carbon and oxygen,
so two. Others like the parallel_mode are very technical and influence the performance of the
code and not the actual training. What follows is a short summary of the most important
keywords and short comments as to why specific settings were chosen for this thesis. Often
the settings that were used were chosen based on trial and error because it is very difficult if
not impossible to find analytical leads as to which values to choose for certain parameters.
This also means that there might be better options for some of the settings, but the chosen
settings were shown to produce a solid NNP for CO,. See Chapter[f]for a comparison between
this NNP and a reference DFT simulation. For further information please refer to the online
documentation of n2p2 [61].

cutoff_type

This keyword sets the cutoff function f, that is used for the symmetry functions (see and
. The first value (here 6) sets the type of symmetry function, while the second number
(here 0.0) sets the inner cutoff up to which f,. is defined as 1. Cutoff type number 6 has the
form

fe=((15— 62)x — 10)z° + 1 (5.1)
The other available types of cutoff functions can be found in the documentation of n2p2.
The choice of the cutoff function is an individual choice and was changed multiple times
throughout the work on this thesis. However for the NNP of CO, presented here there were
no significant differences between the different cutoff functions that were tried out.

global _*

For this thesis a NNP with atomic NNs that have two hidden layers with 20 nodes each and
one output node are used. The number of input nodes depends on the number of symmetry
functions that describe the local environment of each element. In figure it can be seen
that there are 30 symmetry functions for C atoms and 29 symmetry functions for O atoms.
The more hidden layers and nodes per such hidden layer the NN has the more complex of
a fit it can produce. However a more complex NN also needs more information to be able
to produce a reasonable fit. In this thesis the 29-20-20-1 and 30-20-20-1 NNs were shown
to produce adequate fits for the number of training configurations and the complexity of the
CO, systems that were used. This does not mean that this is the best possible setup, just the
best setup that was found through trial and error in a limited time. The activation functions
that are needed to be able to fit nonlinear functions are chosen to be p = In(1 + €*) going
into the two hidden layers and [ = x going into the output layer.
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5.2. Training a neural network with n2p2

selection_mode

The selection_mode determines how the next energy or force for the training within an epoch is
chosen. If mode 0 is chosen then the next energy or force is chosen randomly from all possible
ones in the training data. If mode 1 is chosen then the configurations within the training data
are sorted by the RMSE of their energy/forces, depending on which is being trained, and then
the one with the highest RMSE is chosen for the next update. When choosing the last option,
mode 2, a mix of both systems is employed, where multiple random forces/energies are looked
at and the first one with an RMSE above a certain threshold is chosen. Mode 2 was chosen
for this thesis because it takes into account that using configurations with a large RMSE is
important for the next update for a faster and better convergence of the training. It also
chooses randomly between a few configurations which makes sure that not one configuration
is used for the training a lot more often than others and therefore certain local minima can
be avoided.

memorize_symfunc_results

This is a keyword that is activated without an additional value. If activated the values of
all symmetry functions are stored and reused when needed. This means a large amount of
values is saved in the RAM because each symmetry function is evaluated once for each atom
in each configuration. Therefore the needed RAM usually is in the tens of Gigabytes and
this keyword should be used with care otherwise one might exceed the available RAM of the
machine the training is run on. The tool nnp-scaling calculates the approximate amount of
storage needed, see section [5.3.3|

The advantage of activating this function is not having to recalculate the same symmetry
functions every epoch or even update. This usually drastically decreases the time needed
to train a NNP. The time saved depends on the size of the training set and the number of
symmetry functions. If possible this keyword should always be activated. As long as the
necessary RAM is available there are no downsides to using this function.

force_weight

The force weight defines the relative importance of force updates compared to energy updates.
Please see Chapter for more information on the force weight parameter for the Kalman
filter. It was found by trial and error that a force weight of around 3=10 (see equation
is a good approach. Especially for MD simulations the forces between each atom are more
important for good results than the energy alone. The force weight ensures that there is
enough emphasis on the force updates throughout the training process.

short_*

The keywords starting with short_ are responsible for how many updates of energies and forces
are done per epoch respectively. For the short_energy_fraction a value of 1 should be chosen,
so that all energies in the training data are used for each training epoch. Because there is
only one energy but 3V force components per training configuration, where N is the number
of atoms in each configuration, the short_force fraction should be set in a way that there
is approximately a 50/50 chance to have either a force or an energy update. This means
that all energies but only a randomly chosen fraction of the forces is used for the training
each epoch. The previously mentioned force weight then is responsible for giving forces more
overall importance in the training. The two threshold keywords are responsible for the RMSE
threshold used if selection_mode equals 2.
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5.3. Training the neural network potential

write_*

These keywords determine how often the different output files of the training are updated.
The first number states after how many epochs the updates happen and the second number
is responsible for writing output every epoch up to the stated number. Here for the first five
epochs the output is written to the file every epoch and after that the output is written every
tenth epoch.

Kalman filter keywords

The Kalman filter parameters have in theory been covered in Chapter [4.3.5/and are consistent
with the parameter names introduced in that chapter. A detailed approach as to how to chose
Kalman filter parameters is described by Singraber [2]. In this thesis the choice of Kalman
filter parameters was based on Singraber's results. A few different parameter combinations
were tried out over the course of the work on this project and the one with the best results
were taken. The chosen Kalman filter parameters can be seen in figure 5.3

5.3 Training the neural network potential

The software package n2p2 offers multiple tools that can be utilized to first prepare and then
carry out the training of a NNP. In this section all the relevant tools will be given a short
introduction and explanation as to how they were used for this thesis. All modules are named
with the prefix nnp and then a short name. Not all modules had to be used, because n2p2 can
be applied to a wider range of problems than just the training of a NNP. Generally to train a
NNP first the data-set for input.data has to be created, then the settings in the input.nn file
have to be adjusted the first time. Next the symmetry functions need to be set in the input.nn
file. It should be noted that the settings and symmetry functions in input.nn can be changed
throughout the steps of the training process and do not have to be perfect at the beginning.
The last step before beginning the training of the NNP is to create the scaling.data file. The
following sections will present the n2p2 tools used in the order they were applied. Before
using any of those tools the input.nn and input.data files need to be prepared. For additional
information see the online documentary of n2p2 [61].

5.3.1 nnp-norm

In the first step the input.data and input.nn files are needed. The program nnp-norm calculates
the mean energy, force and volume per atom for each atom of each configuration in input.data
as well as the corresponding standard deviations. It then transforms all energies, forces and
lengths to normalized internal units and creates a new input.data file as well as a header in
input.nn that shows the conversion factors (see figure at the beginning of the input file).
This is done because the settings for the Kalman filter depend on how large the values are
that it encounters in the training data. Those settings can be more generally applied if a
normalized data set is used. The normalization and rescaling of the input for NNs is not
necessary and in theory the same training should be accomplished in both cases. However for
practical purposes it is encouraged to do so and can it lead to a faster training and a lower
chance of getting stuck in a local minimum.
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5.3. Training the neural network potential

5.3.2 nnp-dist

In order to find a suitable set of symmetry functions it can be helpful to look at the radial
and angular distribution functions (RDF and ADF, respectively) of the training data. This
can be easily done by using nnp-dist. It is a straightforward way to calculate the desired
distributions for each combination of two or three atoms. Once nnp-dist was used the RDF
can be plotted and overlaid with different radial symmetry functions. The process of choosing
the right symmetry functions builds on trial and error and symmetry functions have to be
found that fit to the overall shape of the RDF, meaning that their maxima are at relevant
points, where the RDF has a significant structure and has not yet converged. The number
of symmetry functions needed depends on the complexity of the distribution function of the
system but the exact number to use for the later training has to be found by trial and error.
It is also important not to choose a cutoff that is too large because this will slow down the
training as well as the MD simulations that are done later. Those simulations also depend on
calculating the symmetry functions in every time step. The results of plotting the RDF of all
training configurations used in this thesis and then overlaying the radial symmetry functions
can be seen in figure [5.5] This approach works better for the radial symmetry functions and
not as well for the angular symmetry functions that depend on angles as well as distances and
can't be visualized as easily. For the angular symmetry functions first a large set of parameters
is chosen. In this thesis the first set of parameters for the angular symmetry functions was
chosen based off the angular symmetry functions that were used for the NNP for water [I].
Those symmetry functions are then reduced using nnp-prune, which will be explained in the
its own section.

It appears that there are many equivalent sets of symmetry functions that yield comparable
training results and there is no right set of symmetry functions.

5.3.3 nnp-scaling

The nnp-scaling tool is used to analyze the chosen symmetry functions in regards to the
training data in the input.data file. It calculates the values of each symmetry function for
each atom in the whole data set and produces histograms about the symmetry function values
and neighbor distributions. The file scaling.data is produced as well and contains the min,
max, mean and standard deviation for each symmetry function. It also gives an estimate about
how much RAM would be needed to store all symmetry function values at run time, which
drastically increases performance because otherwise the same symmetry functions have to be
calculated over and over during the training. Whenever changes are made to the symmetry
functions or training data nnp-scaling has to be run again.

The scaling.data file that is produced has two purposes. It is needed for the training because
the training tool accesses the symmetry function statistics and it is very helpful when doing
MD simulations with the NNP by enabling extrapolation warnings. Extrapolation warnings are
triggered whenever the current value of a symmetry function is outside the interval between the
minimum and maximum value listed in scaling.data. The idea is that by leaving that interval
there needs to be some sort of extrapolation done by the NNP instead of interpolation. In
the case of many extrapolation warnings during an MD simulation the NNP might not have
been trained to correctly fit the current state of the system. In this case additional training
might be necessary.
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Figure 5.5: The radial distribution function (RDF) calculated from all configura-
tions in the training set and the set of radial symmetry functions used in this thesis.
The symmetry functions are chosen in a way that they cover the significant part of
the RDF. The RDF for CO5 can be split in three parts, C-C, C-O and O-O. The
symmetry functions need to be representative of each of the parts. It is important
to note that there needs to be symmetry functions for C-O as well as ones for O-C.
Their values are identical but the NNP does distinguish which atom is at the center
of the symmetry function. The RDFs have been scaled to better coincide with the

symmetry functions.
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5.3. Training the neural network potential

5.3.4 nnp-prune

In section it was already mentioned that the nnp-prune tool is important to select suit-
able symmetry functions. Especially when considering angular symmetry functions it is hard
to select them according to the angular distribution function. Therefore it is important to use
the pruning tool, which requires the scaling.data and input.nn files. The pruning works by
simply calculating the range of the symmetry functions that were used in creating scaling.data
by subtracting the minimum from the maximum value. The idea is that symmetry functions
that have a larger range of values for the whole data set contain more information about
the structures that are present in that data set. Therefore the symmetry functions with a
range below a threshold that can be set by the user are commented out in the input.nn file
by nnp-prune. The symmetry functions that are removed this way are then no longer used.
This means that for a large set of angular symmetry functions the threshold can be increased
until only about 20 are left. This can also show simple patterns in how certain parameters
influence the range of the symmetry functions for both angular and radial distribution func-
tions.

For this thesis a combination of first nnp-prune and then adding symmetry functions with
similar parameters as the ones that were left after the pruning was used for the angular sym-
metry functions. For the radial symmetry functions a set of parameters was already found
using the radial distribution function and then symmetry functions were only removed with
nnp-prune if their range was considerably below average.

It should be mentioned that while it does seem like there is a correlation between the range
of symmetry functions and how well they describe an atomic configuration, there still needs
to be human supervision. For example a set of symmetry functions that are all very similar to
each other and all of which have a large range, can yield worse results than a more diverse set
with smaller ranges. The goal is a good description of the local environment of the atoms.

5.3.5 nnp-select

In order to test how well the symmetry functions work the nnp-select tool is very useful. This
tool should also be used to refine the settings in the input.nn file, for example to optimize
the Kalman filter parameters on a smaller training set. All it does is select a sub set of
training configurations from input.data and creates a new input.data with a smaller number
of configurations. This way quick local tests can be done and different setups for the training
compared without having to spend a lot of time before finally committing to training the
actual NNP.

5.3.6 nnp-train

Once the symmetry functions and training configurations are chosen the actual training al-
gorithm can be started. The nnp-train program of n2p2 requires the input.nn, scaling.data
and input.data files. It starts the optimization process of the NN weights using the chosen
method. In this thesis the standard Kalman filter with multi stream enabled for better par-
allelization was used. Once the training is started the RMSE of energy and forces should on
average decrease with each iteration. The evolution of the RMSE for the NNP trained for
this thesis can be seen in Chapter [f] It is to be expected that the RMSE does increase in
the case of over-fitting or when leaving a local minimum for the training set. A high increase
of the RMSE can be a sign of a failed training attempt though. This can especially happen
if there are some inconsistencies in the training set. For example there was a mistake made
in the transformation of the non orthorhombic phase IV of CO, between the VASP output
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5.3. Training the neural network potential

format and the n2p2 input format. This led to some atomic positions being wrong. The
training routine first seemed to correctly optimize the RMSE of energy and forces but after
a few epochs the RMSE would increase and then diverge. This behavior can be seen when
conflicting information is presented to the NN.

The number of epochs needed for the training depends on the chosen Kalman filter parame-
ters as well as the structure of the atomic NNs and the training data that are used. In figure
the evolution of the RMSE over multiple epochs can be seen. At the end of that training
the RMSE for both energy and forces has converged in a reasonable way although there can
still be oscillations seen.

In figure [6.1] and the training and test energies and forces are shown for multiple training
epochs. The closer the predicted values are to the identity line the better the training of
the NNP is. Here small outliers can still be seen although the RMSE of energy and forces is
converged. This means that there are still some configurations in the training set where the
NNP predictions are not as good as for others.

5.3.7 nnp-comp?2

After the NNP is trained with ab-initio data it should be able to make predictions in nearly
the same precision in the area of phase space it is trained for.

However it is entirely possible that some areas that the NNP was thought to be trained for
are in fact not. In order to find those areas a second NNP is trained identically in every as-
pect except for different initializations for the pseudo-random number generation. Then both
NNPs can be used to predict the forces and energy of the same configuration. Whenever
the energy or forces for a configuration differ a lot between the two NNPs the configuration
should be included in a new training set, because the NNP seems to be extrapolating, which
means it assigns more or less random energies and forces to those configurations.

This process can be easily executed using the n2p2 function nnp-comp2. This tool automat-
ically compares energies, forces and also extrapolation warnings for two NNPs for a given
set of configurations. It can also be used on any set of configurations for example an MD
trajectory that was calculated by one of the NNPs. In that case every saved configuration
from that trajectory is fed to the second NNP and its predictions compared to the first. Using
MD simulation data that was created by the first NNP also means that it is easy to get a
feeling for which areas of phase space the NNP is trained sufficiently and for which it is not.
This step closes the circle of training an NNP. After choosing configurations for which the
energy predictions are not satisfactory they are fed to the DFT software which then calculates
the energies and forces with the same ab-initio precision as the rest of the training data. Then
the new training configurations can be used in an enhanced training set together with the
old training configurations, forming a new and larger input.data. Now the process of training
starts again alternating between nnp-train and afterwards nnp-comp?2 until the desired results
are reached.
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6 Validating the Neural Network

Potential

The stated goal of this thesis is to train a NNP for CO, with ab-initio precision. There are two
criteria one has to look at when talking about whether the training of the NNP was successful.
First the RMSE (root mean square error, see equation for energies and forces needs to
converge during the training. Second the MD simulations using the NNP must be able to

replicate the DFT calculations.

In this chapter both of these criteria are being investigated and it is concluded whether MD
using the NNP and MD using DFT are producing similar results for the static property of the
RDF and the dynamic property of the VACF.

6.1 Analysis of the NNP training
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Figure 6.1: The energies predicted by the NNP (y-axis) corresponding to the
energies calculated using DFT for each configuration in the training set as well as
the test set. While the distribution of the energy value pairs is somewhat random
because of the initialization of the NN in epoch zero, with each subsequent epoch
the energies converge more towards the identity function y = x that is indicated
by the dashed line. For a perfectly trained NNP all dots should lie perfectly on the
dashed line. At epoch 200 a reasonable distribution is found for the NNP used in

this thesis.
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Figure 6.2: Comparison of each force component in the training and test sets
as predicted by the NNP with the DFT calculations. The qualitative behavior
is the same as described for energies in the previous figure. However there are
more force components than energies, because each configuration provides one
energy value but 3N force components, where N is the number of atoms. Due to
the energies being trained more evenly the energies converge towards the dashed
identity function less precisely.

In the previous chapter the training process for a NNP was described. In this section the
results of the training are investigated by looking at the convergence of the energies and
forces of the NNP. For the NNP to reproduce the PES of the training data it is necessary that
the RMSE of energies and forces converges. The energies and forces predicted by the NNP
should also be corresponding to the energies and forces calculated by the DFT in a linear way.
This is shown in figure [6.1] and [6.2] What can be seen in these figures is the prediction for
test and training energies and forces (|6.2) made by the NNP for all configurations on
the y-axis and the corresponding values for energies and forces from the DFT calculations on
the x-axis.

Each dot in these figures represents one energy (or force component) with the x-value being
the DFT calculation’s value and the y-value being the NNP's prediction. This is displayed for
each configuration in the training and test set, where the training set are the configurations
used for the training of the NNP and the test configurations are only used to test how well
the NNP predictions coincide with the DFT calculations but are not used for the training.
The number of energies displayed is the same as the number of configurations in the test plus
training set because per configuration there is one energy value for the system. The number
of force components is a lot higher because there are three force components per atom per
configuration.

The ideal outcome would be that the DFT/NNP value pairs lie on the identity function y = .
This means that there is a one to one transformation between the DFT and NNP values.
For the epoch zero where the NNP weights are first initialized without having seen the training
data yet, the corresponding predictions by the NNP are independent of the DFT values, as
can be seen in the figures[6.1]and [6.2] For energies and forces alike. This means that a small
DFT value can correspond to large NNP values and vice versa. In the first training epoch,
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Figure 6.3: Convergence of the RMSE for test and training energies (on the left
top to bottom) as well as test and training forces (on the right top to bottom).
While the force RMSE for both sets only begins to converge towards epoch 1000 the
energies converge much quicker. The test energies even show signs of overfitting
after around epoch 200, where the minimum RMSE is found. In all 4 figures the
first 5 training epochs are omitted in order to be able to distinguish details in the
rest of the data. This is because those first RMSE values are magnitudes larger
than the later values and carry relatively little meaning.

after each training configuration was used once to optimize the NNP weights it can already
be seen that the energy and force value pairs start to move along the identity that is indicated
by the dotted line. This trend then continues for further training epochs until for epoch 200
the energy predictions are all lying close to the identity function. The same holds for the
forces with the difference that for the forces there is a larger spread around the identity line.
This happens despite an equal split between training energies and forces each epoch.

The other important information about the training is how the RMSE of energy and force
predictions evolves with increasing epochs. This contains information about how well on av-
erage the energy and force predictions of the NNP coincide with the DFT calculations. The
RMSE for energies and forces over a time span of 1000 epochs can be seen in figure |6.3]

In this figure it is shown that it needs the full 1000 epochs for the training and test forces to
converge, while the training energies already converge after a couple of hundred epochs. The
most interesting behavior is shown for the test energies though. The RMSE for test energies
shows a systematic increase after around 200 epochs. The test energies are a small subset
of all available configurations that is never used for weight optimization but only to see how
good the NNP predictions are for configurations it has never encountered before. An increase
in the RMSE for test energies means that the NNP starts to be in the domain of overfitting
for its energy predictions.

Overfitting in this case can be seen as the NNP losing flexibility in its predictions and starting
to memorize the specific configurations in the training set. Therefore it still decreases the
RMSE for the training energies but its ability to make predictions about new configurations
that are not in the training set decreases.

Before using the NNP for MD simulations and comparing the results to DFT calculations
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it should be made sure that the RMSE for the test set are converging as well as that the
DFT/NNP value pairs for energies and forces are converging towards the identity function.
Therefore the weights for the NNP MD in the next section are taken from epoch 200 where
the NNP is still flexible and makes good predictions for the test energies.

6.2 Comparison of DFT-MD and NNP-MD

After confirming that the training of the NNP was successful and the RMSE for energies
and forces converges, it is time to investigate weather the NNP does reproduce the PES
of the DFT simulations that were used to create the training data. For this purpose three
simulations were done on COy phase Ill, which was chosen due to its relatively large area in
the phase diagram and being an orthorombic structure unlike the triclinic phase IV, which
makes a lot of secondary calculations simpler. In order to increase the capabilities of the
NNP in simulating this phase of CO, an additional 60 configurations of COx-1ll were created
according to the procedure described in Chapter and added to the original training set
of 400 configurations.

All three simulations were NVT simulations. A Nose-Hoover thermostat with a damping fac-
tor of 100 - ¢, with 0t =1fs was used to keep the temperature in the system constant on
average (see Chapter . Also the number of particles and volume of the cells were kept
constant. The NVT ensemble was chosen instead of the NpT ensemble because the DFT-MD
software used that is part of VASP is only able to do NVT simulatons due to limitations of
the DFT algorithm itself.

The first simulation was a 1750fs long simulation with 1fs time steps and only 16 CO,
molecules. The temperature was set to be 7=200K and the cell volume was /' =449.35 A3
This simulation was made using VASP's MD capabilities with the same settings previously
used to create the training data (see Chapter . The reason for the small number of
molecules and short duration of this simulation lies in the computational cost of VASP and
DFT-MD simulations in general. For this simulation the Vienna Scientific Cluster (VSC3)
was used with one node (= 16 cores) for 72 hours in order to compute this short and small
simulation.

The second simulation is identical to the DFT simulation in starting configuration, tempera-
ture, number of molecules, duration and step size, with the difference being that it uses the
NNP to calculate the energy and forces for each time step. When using the VSC3 for this
simulation with the NNP-MD instead of DFT-MD, the calculation only takes 23 seconds,
using a laptop with four cores instead of the VSC3. This shows that the NNP does indeed
scale much more like an empirical potential than a DFT calculation and therefore longer and
larger simulations can be done. The NNP-MD is done using the LAMMPS plugin that is part
of the n2p2 software package [47].

In order to showcase the strengths of MD simulations with the NNP a third MD run was done
over 25000 fs with 108 molecules that used a symmetrically expanded version of the starting
configuration of the other two simulations with a volume V' =3246.55 A3 as well as the same
temperature. Despite this simulation being much larger than the one done with VASP it
could be computed on a laptop with four cores in about 2 hours. Once the simulations were
finished the dynamic and static properties of the systems could be compared using the RDF
and VACF that were calculated according to the description in Chapter [3.5.1] and [3.5.2]
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6.2.1 Radial distribution function (RDF)
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Figure 6.4: The top plot shows the RDF of a system with 16 molecules simulated
with DFT. Due to the small simulation box the RDF only goes up to 6 A and due
to the small number of molecules it is not as smooth as the second RDF in the
bottom plot. The bottom picture shows the RDF of a simulation using a NNP and
108 molecules. Due to the higher number of molecules the second plot is much
smoother. When compared both RDFs show nearly identical peaks up to 4 A, when
they start to slightly diverge because of the aforementioned size restrictions of the
DFT simulation. The RDF has been normalized, so that it converges to a value of
one for an infinite distance. The height of the first peak (C-O bond distance) was
scaled down to 1/4 in order to better see other structures on the plot.

An important static property of any atomic or molecular structure is the radial distribution
function (RDF). It describes how likely it is to find an atom of one type at distance r to a
different atom either of the same or of a different type. In figure the RDF for two
simulations of COs-lll is compared. The upper plot shows the RDF for the 1750fs long
MD simulation done with DFT that only contains 16 molecules. The lower plot is from a
simulation done with the NNP that was longer and contains 108 molecules.

The first noticeable difference when comparing both RDFs in figure[6.4]is that the NNP-RDF is
a lot smoother. The reason is that when calculating the RDF averages are considered and with
108 molecules little fluctuations of the individual atomic positions are less influential. On the
other hand with only 16 molecules such little fluctuations can be seen in the RDF. The second
interesting aspect of the two RDFs is that especially when considering a molecular crystal like
CO,-I1l the RDF could be calculated for longer distances than just under 6 A, which is about
5 times the bond length of CO, of 1.16 A and about twice the nearest neighbor distance of
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the crystal that was simulated. The nearest neighbor distance is the first peak for the C-C
RDF. The reason why the RDF was not calculated for larger distances is that the simulation
box for the DFT with only 16 molecules was so small that after a distance of 6 A the effects of
the periodic boundaries could be noticed and the previous peaks started to repeat themselves.
For the sake of being more easily comparable the RDF for the NNP simulation was also only
calculated up to the same distance.

The important feature to compare between the two RDFs is the position and relative height
of the peaks. Up until the CO-peak at around 4 A these two properties are nearly identical
between both figures. After the 4 A the two RDF start to diverge a little more due to the RDF
derived from the DFT simulation becoming less precise. Overall the two RDF do show the
same crystal structure and that, at least regarding this static property, both methods seem
to be leading to nearly identical results.

6.2.2 Velocity auto correlation function (VACF)
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Figure 6.5: The VACF was computed for three simulations over a duration of
1750 steps: (from top to bottom) NNP-MD with 16 molecules, DFT-MD with
16 molecules, NNP-MD with 108 molecules. On the left side the full VACFs are
displayed, while on the right only the first 250 steps are shown for better comparison.
The structure of all three VACFs is similar over those first 250 steps, although with
differences in how pronounced each peak is. For the whole 1750 steps differences
can also be detected in the slow overarching oscillations.
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fourier transform

Figure 6.6: The Fourier transforms for all three VACFs over their full lengths
are shown for: (top to bottom) NNP-MD with 16 molecules, DFT-MD with 16
molecules, NNP-MD with 108 molecules. The three characteristic peaks of the
DFT-VACEF are found in both other VACFs, especially the one with 108 molecules.
The low frequency area in which four peaks can be seen for the DFT-VACF could
not be reproduced as well although the NNP-VACF for 108 molecules shows similar

features.
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Figure 6.7: VACF (top) and Fourier transform of VACF (bottom) for a 25000 fs
NNP-MD simulation. The three characteristic peaks that can also be seen in the
Fourier transform of the DFT-VACF (see figure [6.6] middle) are present. Due to
the longer simulation length there are more peaks for low frequencies visible in the
Fourier spectrum.

The velocity auto correlation function (VACF) contains information about how the atoms in
a simulation move with respect to each other over time. The VACF can for example be used
to extract information about phonon frequencies in different crystals.

After already having compared static properties of the different MD simulations using the
RDF the VACF is now used to compare dynamic properties. In figure [6.5) the VACFs of three
different simulations are displayed.

On the left side of figure[6.5 VACFs are displayed over a time frame of 1750 steps which is the
whole duration of the DFT simulation. On the right a zoomed in version of the same VACFs
is shown up to 250 steps. The top row of plots shows the VACF for a NNP simulation with 16
molecules, the second row shows the VACF for the DFT simulation, also with 16 molecules
and the last row shows the VACF for the larger NNP simulation with 108 molecules.

It can be seen that especially the NNP simulation with 108 molecules shows the same structure
as the DFT-VACF over the first 250 steps, although some of the peaks are less pronounced.
The NNP simulation with only 16 molecules already differs more from the DFT in the be-
ginning. When looking at the VACF over the whole 1750 steps it can be seen that the
NNP-VACFs seem to increasingly differ from the DFT-VACF especially when considering the
slow overarching oscillation the DFT-VACF displays.

In order to further decipher the structure of the VACFs of the three simulations their Fourier
transforms were calculated and are displayed in figure for the 1750 step VACFs in the
same order as before. The Fourier transform of the DFT-VACF displays three distinct peaks
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at higher frequencies and four peaks close to each other at low frequencies. Here it can be
seen that, despite differing in magnitude, both NNP simulations display the same character-
istic peaks at higher frequencies as the DFT simulation. However the 108 molecule NNP
simulation as was already visible in figure 6.5 matches the structure of the Fourier spectrum
for high frequencies much more closely.

For the low frequency peaks both NNP VACFs can not clearly match the four peaks of the
DFT-VACEF. Although the range of the low frequency peaks is matched by both NNP-VACFs
the one with 16 molecules displays at least one additional peak. The one with 108 molecules
displays three pronounced peaks similar to the DFT Fourier transform but also fails to match
the structure completely.

However despite those discrepancies the NNP-VACFs, especially the larger NNP-VACF, do
reproduce the key features of the DFT-VACF. A reason for the larger simulation being a better
match could be that the training set always included at least 24 and up to 54 molecules. The
NNP therefore seems to be better at predicting energies and forces of systems larger than
the systems in the training set and loses precision when confronted with a smaller system
size. The dependence of the NNP predictions on the system sizes in the training set could be
explored in further studies of the behavior of NNPs.

The VACF of one more NNP simulation was studied with 108 molecules and a simulation
length of 25 ps. This simulation length with time steps of 1fs could not be reproduced with
DFT-MD due to the computational cost of it. The VACF of this simulation is displayed in
figure[6.7] Again the three characteristic peaks of the DFT-VACF are visible, but as could be
expected there are more low frequency contributions. This was expected because due to the
longer time over which the VACF was calculated more oscillations with long wavelength can
expressed by the VACF.

59



7 Concluding Remarks

The goal of this thesis was to train a neural network potential to reproduce the potential
energy surface of a system of CO, molecules with ab-initio precision. The NNP that was
trained for this thesis could successfully be used for stable MD simulations of solid COs.
However there were slight qualitative differences in the investigated properties of the NNP
when compared to MD simulations using the reference DFT method. The small deviations
in the tail end of the radial distribution function can be attributed to the small system size
that had to be used for the DFT-MD simulations due to the computational cost of such
simulations. This led to fewer atoms being in the cell and therefore the averages used for the
RDF were not as smooth. The NNP for CO5 was shown to be able to do MD simulations of a
nearly 10 times larger system in only 2 hours on a laptop with four cores instead of 72 hours
on the Vienna Scientific Cluster (VSC3) with 16 cores. The second property investigated, the
velocity autocorrelation function, also showed small differences between NNP- and DFT-MD
simulations. Here all the significant peaks in the Fourier spectrum of the VACF could be
reproduced but the amplitudes differed by up to a factor of 4. Interestingly the NNP also
showed deviations between different system sizes. This could be linked to the system sizes
of the training configurations that were used (24-54 molecules) compared to the MD system
sizes (16 and 108 molecules).

The correlation between training set system sizes and simulation system sizes for the NNP
could be part of a future study of the properties of NNPs. The performance of the NNP cre-
ated for this thesis could most likely still be improved, however this would have been beyond
the limited scope of a master thesis. Possible improvements include a further study of the
Kalman filter parameters used, which unfortunately can be very time consuming but better
parameters could likely be found. Another improvement would be the use of a larger training
set with not only more configurations but also larger system sizes.

Despite all these possible improvements of the NNP it was possible to see the biggest ad-
vantage the NNP with ab-initio precision has over pure ab-initio methods: the computational
cost. A simulation that took 72 hours for 16 molecules with DFT-MD could be achieved for
108 molecules in 2 hours with the NNP. It should also be noted that the NNP does scale
like an empirical potential which can be linearly with the number of atoms in the system,
while DFT-methods scale non linearly with the number of electrons in a system. This could
eventually lead to the possibility of testing ab-initio methods for larger systems than would
ever be possible using DFT-MD alone with the help of NNPs. This approach could show
potential flaws in the way ab-initio methods are used today.
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