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Abstract

This thesis deals with a conformal multi-Higgs-doublet model, in which a partic-
ular focus is put on neutrino masses. To this end we extensively discuss the theory
of spontaneous symmetry breaking in models with classical scale-invariance. In par-
ticular, we present an explicit calculation of the one-loop effective potential in a
general gauge theory. Furthermore, we explain the Coleman-Weinberg mechanism
and the Gildener-Weinberg approach. The model under scrutiny comprises right-
handed neutrino singlets, and it turns out that it is sufficient to add a single scalar
singlet in order to generate a conformal symmetry-breaking Majorana mass term
for them. We show that naturally light neutrino masses can be generated by com-
bining the seesaw mechanism with radiative mass production. Finally, we analyze
the simplest version of this model, which includes only two Higgs doublets and one
right-handed neutrino singlet. In this model, one of the neutral scalars has almost
Standard Model-like couplings, which suggests an identification with the H particle
discovered at 125 GeV at the LHC. Another attractive property of the model is that
flavor-changing neutral interactions are “naturally” suppressed, because all other
scalars have masses which are at least in the TeV region.

Zusammenfassung

In dieser Arbeit wird ein konformes Multi-Higgsdublett-Modell behandelt, wo-
bei ein besonderer Fokus auf Neutrinomassen gelegt wird. Dafiir wird die Theo-
rie der spontanen Symmetriebrechung in Modellen mit klassischer Skaleninvarianz
ausfiihrlich besprochen. Insbesondere wird eine explizite Berechnung des effekti-
ven Potentials auf Ein-Schleifen-Niveau prasentiert. Auflerdem wird der Coleman-
Weinberg-Mechanismus und die Gildener-Weinberg Methode erklart. Das betrachte-
te Modell beinhaltet rechtshéindige Neutrinosingletts, und es stellt sich heraus, dass
es ausreicht ein einziges skalares Singlett einzfithren, um einen, die konforme Sym-
metrie brechenden, Majorana-Massenterm fiir diese zu generieren. Es wird gezeigt,
dass sich durch die Kombination des Seesaw-Mechanismus mit radiativer Massen-
erzeugung auf natiirliche Weise kleine Neutrinomassen ergeben. Zum Schluss wird
die einfachste Version des Modells analysiert, welche nur zwei Higgsdubletts und
ein rechtshindiges Neutrinosinglett enthélt. In diesem Modell hat eines der neu-
tralen Skalarteilchen beinahe die gleichen Kopplungen wie das Higgs-Teilchen im
Standard-Modell und es erscheint daher naheliegend es mit dem H°-Teilchen zu
identifizieren, welches mit einer Masse von 125 GeV am LHC entdeckt wurde. Eine
weitere attraktive Eigenschaft des Modells besteht darin, dass Flavor-éndernde neu-
trale Wechselwirkungen auf “natiirliche” Weise unterdriickt sind, weil alle anderen
Skalarteilchen Massen besitzen die zumindest im TeV-Bereich liegen.
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1. Introduction

Although the Standard Model (SM) of particle physics has been enormously success-
ful in providing predictions that are in agreement with experiments, there are still
some shortcomings and open questions. For example, it misses to provide a suit-
able dark matter particle, it fails to fully explain the matter-antimatter asymmetry
problem, and it lacks an explanation for the tininess of neutrino masses. Further-
more, the scalar potential of the SM contains an explicit mass parameter, which
leads to the so-called hierarchy problem. The hierarchy problem describes the issue
that an immense amount of fine-tuning is necessary in order to cancel the quadratic
radiative corrections to the bare mass parameter.

By imposing classical scale invariance, only terms with operator dimension four
are allowed in the Lagrangian density, and thus the explicit mass term of the Higgs
doublet is forbidden. Although this term is necessary for spontaneous symmetry
breaking (SSB) at tree-level, a mechanism discovered by Coleman and Weinberg [1]
allows to break gauge symmetry as well as scale invariance by radiative corrections.
However, as the analysis by Gildener and Weinberg [2] reveals, additional scalar
or gauge fields need to be introduced to obtain a stable classically scale-invariant
version of the SM.

In order to explain small neutrino masses, Grimus and Neufeld [3] proposed a
multi-Higgs-doublet model, which includes an arbitrary number of right-handed
neutrino singlets, that combines the seesaw mechanism with radiative mass genera-
tion. In this thesis we build a classically scale-invariant version of this model, and,
as it turns out, this can be achieved by introducing an additional scalar singlet,
which allows to generate a Majorana mass term for the right-handed neutrinos via
SSB. The simplest version of this model comprises two Higgs doublets and only one
right-handed neutrino singlet.

This thesis is structured as follows. In chapter 2 we focus on the theoretical
framework related to the process of SSB in theories with classical scale-invariance.
For this purpose, we introduce the effective potential and explicitly show a calcula-
tion of the one-loop effective potential in a general gauge theory. Furthermore, we
discuss the Coleman-Weinberg mechanism [1] and the Gildener-Weinberg approach
[2]. In chapter 3 we build a scale-invariant version of the multi-Higgs doublet model
proposed by Grimus and Neufeld [3], where we essentially follow the discussion of
[4]. Thereafter, we focus on the simplest version of this model and close with a
phenomenological analysis.



2. Theoretical framework

In this chapter we explain the theoretical framework which is needed to understand
SSB in theories with classical scale-invariance. The tools we develop will be used in
the next chapter to build and analyze classically scale-invariant models.

2.1. Functional methods

In this section we define some elementary quantities, like the generating functional,
the generating functional of connected correlation functions, the effective action
and the effective potential, which will be used in the next sections. To keep things
simple, we consider only a theory with a single scalar field, but the concepts can
easily be generalized to more complicated theories. The following discussion can
also be found in most of the textbooks on quantum field theory (e.g. [5-7]).

If the theory we consider is characterized by a Lagrangian density £, the n-point
correlation function can be expressed in terms of functional integrals (see e.g. [8]):12

[1dolp(z1) . .. p(xn) exp f dz L
O Ton(r) ... ou(w,) [0) = lim i |

T—00(1-i07) [d¢] exp [ T ddy 4
(2.1)
In the presence of an external source J(x), which couples to the field ¢(x), the
n-point correlation function is given by

_ J1dg)g(@1) - d(za) exp [5 [ Az [£ + J(2)¢()]]
Jld¢]exp [5 [ dz[L + J(z)¢(z)]] |

01 Tpu(x1) ... dulza)[0),

Let us now define the generating functional

7= 3 [sles |1 [atic+ st (23)

with a normalization _
N = / [dg] exp {% / dda:ﬁ] , (2.4)

!Hereafter, the i0"-terms are omitted, but they will be reconsidered once they become relevant.
2Note that ¢(z) is an ordinary function, whereas ¢y (z) is an operator.




which is chosen such that Z[0] = 1. With this definition the n-point correlation
function in the presence of the external source can be generated by taking functional
derivatives of the generating functional:

(—ih)" 5
Z[J] 6J(x1)...00 ()

0| Tou(z1) ... dulxy)0), = Z[J]. (2.5)

However, even in the absence of the external field, the n-point correlation function
can be obtained from Z[J]:

o 21l . (26

(0| Tou(x1) ... pu(zn)|0) = (_ih)n(sj(g;l) o 0d () J=0

In terms of Feynman diagrams, the n-point correlation function corresponds to
the sum of all connected and disconnected diagrams (without vacuum bubbles)
with n external legs. If we are only interested in connected diagrams, it is useful to
introduce the generating functional of connected correlation functions

W[J] = —ihln Z[J]. (2.7)

The connected diagrams in the presence of the external field can then be obtained
by taking derivatives of W[J]:

(571

(O] Tu (1) - . dua(n) [0)7™ = (—ih)"*l(sj(ggl) 0 ()

wiJ], (2.8)

and in the absence of the external source we have

o wil . @29

(O] Tou(x1) . .. ulen)[0)™ = (=im)"! 5J(x1) ... 00 (xn) =0

While a full proof of connectivity can be found in [5], let us here only check the
formula for n =1, 2:

(01 6n(2) 0™ = 5= W) = o 2L0) = Oloul@) 0. (210
(01 Tl oulan) 0)5™ = —ih W]
_ (—ih)?  8*Z[J] (—ih)? 6Z[J] 6Z|[J]

Z[J] 6J(z1)0d(x2)  Z[J]? 0 (x1) 0 (x2)

= (0] Tpn(z1)du(w2) 0) ; — (O] pr(z1) [0} ; (O Pu(22) |0) ;-
(2.11)

The first equation is true because there are obviously no disconnected one-point
correlation functions. In the second equation we see that all disconnected diagrams
are subtracted from the full two-point correlation function, leaving only connected
diagrams.



Besides connected diagrams, also one particle irreducible (1PI) diagrams are of
particular interest. Note that the definition of one particle irreducibility that we
are using here might differ from the common one. While usually by 1PI diagrams,
one means diagrams that cannot be split into two parts by removing one internal
line (see e.g. [8]), we refine the definition to diagrams that cannot be split into two
parts, each of which is connected to at least one external point, by removing one
internal line. This means that we also call diagrams with tadpole subdiagrams 1PI.
If we are considering diagrams without tadpole subdiagrams, we will explicitly label
them tadpole free (TF).

The effective action (or generating functional of 1PI diagrams) is defined by a
functional Legendre transform of W[J]:

Tigl =Wl = [ ' J(@)el), (2.12)
where 5
o(x) = 5J(:E)W[J] . (2.13)
The inverse Legendre transform is given by
W[J] =Ty + /ddaz J(x)p(x), (2.14)
where 5
J(x) = _WFM . (2.15)

This allows us to obtain the connected 1PI n-point correlation function in the pres-
ence of an external field by taking derivatives of I'[¢]:

571
do(xy) ... 0p(z,)

Before checking this formula for n = 3, let us first see what happens if we take
n=2:

—i —15—2 — —15J(552>: i5¢($1) -
(=ih) (580(:16'1)(5%0(562)”90] (ik) do(xy) <h5j(x2))

O Tou(z1) ... pu(z,) [0)" = (=ih) ! I[g] forn>3. (2.16)

62

— (—ith[ﬂ)_l = —Dj(x1,22)

(2.17)
where Dj(x1,22) = (0] Tdu(x1)pu(x2) |0)5"" is the propagator in the presence of
the field J(z). This shows that for n = 2 we do not get the 1PI correlation function,

but the negative of the inverse propagator. For n = 3 we can use (2.17), the
functional chain rule

O [ga, 00w 8 a6
dep(x) _/d y5<,0(1:) dJ(y) h/d y Dy ’y)5J<y)7 (2.18)




and the functional version of the following rule for differentiating matrix inverses

M
a%M—l _ _M_laa_aM_l’ (2.19)

such that we have

. 5 N . U
) S o o) sp(as) ) / 'y D7 @09 5705 <5J<x2>w<x3>)

N / d'yd’zd®w Dy (x1,y) Dy (22, 2) Dy (23, w) (0] Tén(y)du(2)n(w) [0)5™™

= (0] Ton (1) pn(w2) Pu(ws) ]0>ff°nn~»amp-) _

(2.20)

This proves (2.16) for n = 3 since the connected amputated 3-point correlation
function is the same as the 1PI 3-point correlation function.

Of course, we are also interested in the case where the external field vanishes.
First note that in the limit J(z) — 0 we have

5
o 5J(x)W[J]

= (0] ¢u(2)[0). (2.21)

J=0

p(z)

Using (2.15), we can therefore find solutions for the vacuum expectation value (VEV)

(¢u(x)) by solving
)

590(50)F[(p]

= 0. (2.22)

o(z)=(¢u(z))
For a constant field ¢(x) = g the effective action is an ordinary function and is
proportional to the volume of spacetime V; = [ d% = (27)40@ (k — k):

Ipo] = =VaV (o) - (2.23)

The function V(pg) is called effective potential. If we assume that the vacuum
state does not break Lorentz invariance, and therefore is translationally invariant,

equation (2.22) reads

Ly ) —0. (2.24)

de eo=(¢u)
It can be shown that the function V'(pg) corresponds to the expectation value of
the energy density [9], and thus the physical VEV in a stable vacuum is really a
minimum of the effective potential, rather than only a stationary point as suggested
by (2.24). If we now take the limit J(z) — 0 in (2.16) and (2.17), we get

d N forn >3,

O Tgn(er) - dulwa) [0) = (1) o= o)

(2.25)



and

52
dp(a1) 6p(@2) @:<¢H)’

where D(x1,19) = (0| Tou(x1)pu(xs) |0)°™ is the propagator in the absence of the
external field.

DYz, z5) = (ih)~! T[] (2.26)

2.2. Calculation of the one-loop effective potential

Since it is in general not possible to calculate the full effective potential, one usually
performs a loop expansion, which corresponds to an expansion in powers of A. In
this section we will calculate the effective potential at one-loop order. First, we will
take a simple ¢*-theory as an example to show three different methods of calculating
the effective potential, thereafter, we will use one of these methods to calculate the
effective potential of a general gauge theory.

2.2.1. The one-loop effective potential of a simple ¢*-theory

The aim of this section is to calculate the one-loop effective potential of a theory
with the Lagrangian density

L= L0u0)@9) - N2 (2.27)

where A is an arbitrary parameter of dimension length™*, which was introduced to
keep the dimension of the coupling constant (length™' x energy~!) fixed while using
dimensional regularization.

2.2.1.1. Diagrammatic approach

Calculating the VEV directly gives (¢y) = 0, since it is not possible to write down
a Feynman diagram with only one external leg at any loop order in our theory.
Therefore, the effective potential has a stationary point at the origin, but we do
not know if it is a minimum or a maximum. This should be, however, sufficient
to justify performing a functional Taylor expansion of the effective action around

¢ = (¢u) =0:

[[o] = i%/d%l...ddwn [&ofm) ...5w(5$n)r[g0]}

(1) ... o(Tn) .
»=(¢n)

(2.28)
The n = 1 term vanishes due to the stationarity condition (2.22) and for the n =0
term we have
Il¢u)] =Tle]]  =WI[0]=0. (2.29)
J=0




Hence, using (2.25) and (2.26) we get

ih

i) = / Aty A, D7 1, ) ()l

/ A%z .. A%, (0] Tou(zr) . .. dulzn) [0) T o(x1) ... o(x,) . (2.30)

The 1PI n-point correlation function in k-space I (ky, ..., k,) is defined by

(27T>d5(d)<k1 T+t kn)f(n)(k17 SRR kn) =

/ddxl ddz, et ekt (0] Ty (xy) .. du(z,) |0V, (2.31)

and the inverse propagator in k-space is given by
(2m)40D (ky + ko) D~ (ky, ko) = /dd:c1 Ay eFmeih2m2 D=l (g 0y | (2.32)

with

D7k, —k) = (ih)7! (k* — 2(k*) +i0%) = T®(k, k), (2.33)
where (ih)7'X(k?) is the self-energy.® Evaluating the effective action (2.30) at a
constant field ¢(z) = ¢o, we can use (2.31), (2.32) and (2.33) with k; = 0 and get

o] = —(27)%6@ Z gogl—‘ .,0), (2.34)

and thus, the effective potential reads

oo .

Vigo) = 30 PO, 0). (2.35)

n=2

With this formula we are in principle capable of calculating the effective potential
at an arbitrary loop-order. We therefore have to draw all 1PI Feynman diagrams
up to the desired loop-order with vanishing external momenta and calculate them
using the Feynman rules

*k, ih \\ /’/ 4— d1>‘
e o= and v = A
k2 410" PN e

(2.36)
This means of course that in general we need to sum an infinite number of diagrams,
but it turns out that, at least up to one-loop order, the sum can be carried out quite
easily.

3Note that we do not have a mass term in our theory.



At tree-level there is just a single diagram and we thus have

Sk A
Ve (pg) = xl—gpé‘=A4_dI¢é. (2.37)

y . . ey o
IR - N O R L
) LRI RARTT LU
-, - » «

_ ih/ A%k i 1 (A‘*—d%%) .
(2m)¢ 2= 2m \ k* +10*

The numerical factors can be explained in the following way (see [1]). Each 1PI one-
loop diagram with n external legs has m = n/2 internal lines and m vertices. Because
all external momenta vanish, all the diagrams with the same number of external legs
give the same contribution. Therefore, the numerical factor is determined by the
number of diagrams for a given number of external legs. There are in principle
n! ways to connect n external legs to n external points. However, exchanging the
two legs which are connected to the same vertex reproduces the same diagram (see
figure 2.1a), and thus we have to divide by a factor of 2 to avoid double counting.
Furthermore, simultaneously rotating all external lines by two external points, or
reflecting them across a line connecting one vertex and the center of the diagram
also reproduces the same diagram (see figure 2.1b and figure 2.1c). Therefore, we
have to divide by another factor of 2m. If we also consider the 1/n! in (2.35), we
have in total a factor of 1/(2™*1m) for each diagram. Note that this analysis does
actually only hold for m > 3, since for m = 1,2 the reflection is already included in
the interchange of the legs connected to the same vertex. For these two diagrams we
get the missing factor of 1/2 from the symmetry factor according to the Feynman
rules.

After performing a Wick-rotation, one finds that the infinite sum in (2.38) is the
series representation of the logarithm:

d%p o= 1 AN\
(1—loop) = _h E | = _QDO
v (o) / (2m)1 £~ 2m ( k2 >

d 4-dy 2
:E/dkEln 1+—A AL ,
2) (2m)d 2k2,

(2.39)

10



Figure 2.1.: Examples for rearrangements of external legs which reproduce the same
diagram

and using (B.16) for the integration, we hence obtain

h A4fd>\ d/2 d
(1—loop) _ r{i1-2 d ‘ 9 4
vienpy = L (2 2) r(1-7) o8 (2.40)
Adding up the tree-level and the one-loop contribution, the effective potential
reads
A=A\ R AN A )
V(wo)szooJrE( o ) F(l—ﬁ) ©h+ O (). (2.41)

2.2.1.2. Tadpole approach

As we already have discussed in the last section, calculating the VEV directly in
a diagrammatic way, by summing up all tadpole diagrams, only yields one single
solution and does not tell us if the solution is a minimum or a maximum of the
effective potential. However, there is a procedure that allows us to find all stationary
points and to calculate the effective potential, which has been first described by Lee
and Sciaccaluga [10] and is further explained in [11]. We start by shifting the field
by a constant value ¢'(z) = ¢(x) — v. Then, regarding (0|¢y(x)|0) as a function of
v, the stationary points are given by the zeroes of (0|¢}(2)|0), since

(Olgn(2)|0) =0 < v= (0[¢u(x)[0) . (2.42)

Introducing a new generating functional
2171 = 3 [ilew |1 [aeltiow) + s@ew -0l e
= Jladew | [aeitow o+ r@owl|. @

with the normalization N = [[d¢]exp [+ [ d%z L(¢(x))], enables us to calculate the
VEV of the shifted field:

dgl¢/(z)exp [} [d'a L] 62T
(0l ()10} [1d¢] exp[ fdd:cﬁ] - §J' ()

(2.45)
J'=0

11



This reveals that (¢};) is given by the sum of all tadpole diagrams, where the Feyn-
man rules are determined by the Lagrangian density £'(¢) = L(¢ + v) instead of
L(¢). The new generating functional of connected correlation functions is defined
as

W'J' = —ihIln Z'[J], (2.46)

and from equation (2.44) we see that we have
W' =W[J] - / diz J'(z)v, (2.47)

where W1J] is the original generating functional of connected correlations functions.
Furthermore, we can define the new effective action

] = W] - / dl J'(2)¢ (x), (2.48)
with 5
'(z) = 57 (0) W', (2.49)

and using (2.47) we get
KT =wlJ] - /d% J'(z) (¢'(x) +v) =Tl + 0], (2.50)

where I'[¢] is the original effective action. Using (2.8), the field ¢'(z) can be ex-
pressed in terms of connected diagrams as

¢'(x) = (Olgn(a)[0)5™" (2.51)

where the prime indicates that we are working with the Lagrangian density £’.

Let us define the tadpole-free one-point function (0|¢r(2)][0)' ™" as the amputated
one-point function without any tadpole subdiagrams. We then see that at every
place in one of the diagrams of (0|¢n(2)|0) ™" where we can put an external
source %J '(x), we can also put a tadpole-free one-point function. Therefore, if we
choose

inJ' () = = (Olgu(x)|0) ", (2.52)
we have ¢'(x) = 0, and thus

= i1 (0] pu()]0) ™ . (2.53)

¢'=0

In analogy to (2.31) we define the tadpole-free one-point function in k-space 7 (k)
as

(2m) 46D (k)T (k) = / A%z ' (0] gy () ]0) T, (2.54)
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and hence we have

Oou(@0)™ = [ Gsse EnBOWTH = TO). (25

Using what we have derived so far,

ov

oV | 2 OO
¢ | =

2 07| e o
o

(2.15)
p=v 0y

J’/

(?5 B (0lon(2)[0) ™ %2 —inT(0),

(2.56)
shows that we can simply find the stationary points of the effective potential by
looking for zeroes of 7(0). We can even go one step further and actually calculate
the effective potential:

©'=0

®o

V(o) = —ih / v T(0) + V(0). (2.57)

0

where the irrelevant constant V' (0) may be dropped.
Let us now apply this approach to our simple ¢*-theory. From the shifted La-
grangian density

£ = S0u)(0"6) ~ N5 (88 + 406 + 6067 + 1P 401 (2.58)

we get the k-space Feynman rules

T g LI in
o 6h k2 — AdN2/2 410
! (2.59)
i i\v . i\
" _ _p\4-dY v = _p\4al?
//// \\\\ h 9 /// \\\ h 9

where the dot in the first diagram represents a one-point vertex but not an external
point. We accordingly have

- LN
T(0) = E + v+
o glA? 4_giAv d?k ih
=N AT anie s o T O
k g 10 (2.60)
. 47di)\v 4—aiAv dkg 1

0P Ad=dy\ 42 d
:—A4‘d162 —i( - ) F(I—E) v+ O(h),
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where we performed a Wick rotation and used (B.15). If we integrate and drop the
constant term, we get

¥0

, _ A (AN d
V(@o):—lh/dvT(O):Tgoé—l—a( - ) F<1—§>gpg+(’)(h2),
0

(2.61)
which agrees with the result that we have obtained using the diagrammatic approach
(2.41).

2.2.1.3. Path integral approach

In this section we will calculate the path integral directly using the stationary phase
approximation, where we basically follow [5]. In the limit 4 — 0 the generating
functional is dominated by contributions of the path integral, for which the phase
is stationary. Thus, we have at leading order

217 = exp |5 (816l - Sléul + [ @t s@outn) +om)|. o

where ¢ = ¢q[J] is the classical field, which is an implicit functional of J(x) and
is defined by
05

=—J(z). (2.63)

5¢(ZL‘) ¢:¢cl
The S[pa] term in the exponent stems from the normalization of the generating
functional and we have defined ¢, = ¢C1| ;—o» Which is constant due to Lorentz

invariance. The generating functional of connected correlation functions accordingly
reads
WIJ] = Wol[J] + O(h), (2.64)

with
WalJ] = Sigu] - S1a] + [ d%e J(2)ou(a). (2.65)

To perform the Legendre transformation, we calculate

B . d 5¢cl<y) 0
p(z) = 5J<I)W[J] o /d 4 dJ(x) (5¢cl<y)

and using the saddle point equation (2.63) we thus obtain

ﬂ@d+J@0+aﬂ@+Om%(2%)

o) = dalz) + O(M) (2.67)
Plugging this into the definition of the effective action (2.12), we find

Plg] = Tolp] + O(n), (2.68)

14



with

Lolie] = Slp] — S[al - (2.69)
This immediately shows that, up to the irrelevant constant S[¢q], the effective
potential at leading order is simply given by the negative of all non-derivative terms
of the Lagrangian density.

To obtain the effective action at order A, we have to expand the field around the
saddle point:

d(z) = dal(x) + VA (z). (2.70)

Expanding the exponent of the generating functional in powers of A,

SI6] + / d J(2)b(x) = Sldal] + / de J(x)da(x)

hof i 628
T3 / o d s S Voo (@)

and doing the same for the normalization constant, we get

¢ (21)¢ (v2) + O (B¥?) (2.71)
=01

with
— 3 / l d d 525 / /
WilJ] = —iln [/[d¢] eXP<2 /d r1d%z, —5¢(9€1)5¢(l‘2) ¢:¢01¢ (z1)9 (%))]
: / i d d 525 / /
+iln /[d¢ ] exXp (5/(1 T d T2 m ¢:¢;Cl¢ (33'1)¢ (.1'2))] .
(2.73)
At the order we are working at, the effective action reads
L[] = Wo[J] + AWy [J] — / A%z J(z)p(z) + O (R?). (2.74)

Since the effective action is by definition stationary with respect to variations of
J(x) at fixed ¢(x), we have

oWy oW, 9
Ozéj(x)—héj<x)—ga(x)+0(h) (2.75)
and thus
o(x) = ¢alx) + h;J—V(V;) + O (1?). (2.76)
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We can use this expansion in the definition of Wy,

WolJ] = S[éa] — Sl + / d'z J(z)pa(2)

e [ oW S e

=—J(z)+0O(h)
oW
d N 1 2
+/d xJ(x) ((,0 hw(x)) +0 (7

= Sl¢] = Sl6a] + [ % J@)olz) + O ()
= Tofp] + O (h2) ;

(2.77)

and realize that, at the order we are working at, we can simply exchange ¢. with ¢
in Wy to obtain I'g[¢]. This is also true for W since it is already multiplied with &
in (2.74), and thus corrections of order i do not give any contribution. Therefore,
we have

Tlg] = Tole] + A [¢] + O (B?), (2.78)
with
[i[p] =—iln /[d¢/] exp (%/ddxl dd%zW . ¢/($1)¢/(l’2)>]
+iln _/[d¢/] eXP(%/ddxl ddIzW ¢=¢351¢/(x1>¢/(x2)>] :

(2.79)

Let us now apply this approach to the simple ¢*-theory. If we drop the irrelevant
constant term S[¢p.], the tree-level effective potential can simply be read off from

the Lagrangian density:

A
Vtree) (p0) = A* ngoé. (2.80)

To calculate the one-loop term we need to plug

5%S
6 (21)0¢(w2)

into (2.79) and get

= —/ddx5(d)(x—m1)[]5(d)(a:—x2)—A4_d%5(d)(x1—x2)qb2(x1) (2.81)

(2.82)
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Using (B.41) and (B.42) to solve the path integral we obtain
i dk (K A i Ak (k2 A
I — — 1 __A4fd_ P / 1 ——A47d— 2
i 9k Adyp2\ A9k A=\ 2
= _ —In(1—-—272) —_ —In(1-—2"4
2V / (2m)1 n< 2k2 ) 2V / (2m)d n( ok2 >

Vy (AN d\ 4 Vi (AN d\ -,
=—a s ) PUg)argis ) Tl-g)%

(2.83)

where we used (B._17) in the last step. Dropping the irrelevant constant term, which
only depends on ¢, and not on ¢y, we then get

A=A\ R AN a\ )
Vipo) = I %‘FE( . ) F(l—ﬁ)goo%—@(h). (2.84)

which is in perfect agreement with the results of the diagrammatic and the tadpole
approach.

2.2.1.4. Renormalization

In the last sections we have calculated the effective potential for a simple ¢*-theory
using three different methods, but we still need to renormalize the result. Using the
expansion d = 4 — 2¢ we get

A?N , RATNQ) (1 DN A2 3
4y —In(4 0 (I 2P0 2 (o,
AL 70T o562 ( ¢TI 7T>> T o56m (n A2 2) (2:85)

At one-loop order we can use the expansion A = A\, + hAdZ), where ), is the renor-
malized coupling constant. According to the MS scheme, terms proportional to
—1/e+~ —In(4m) are absorbed by counterterms and thus the renormalized effective
potential at one-loop order reads

2,4 2
A AL ¢ (m A 3)_

Vi(po) =

A2 5 (2.86)

2.2.2. The one-loop effective potential of a general gauge theory

We will now use the path integral approach to calculate the effective potential of a
general gauge theory. Let us assume that our gauge group is a compact reductive?
Lie group G and that the field content is given by m real scalar fields ¢;(z), kg
left- and right-handed fermionic fields ¢r,,(x) and ¥g,(z) and n gauge fields A, ,.
The most general renormalizable, gauge- and Lorentz invariant Lagrangian density

4Reductive means that the Lie algebra of the Lie group is a direct sum of simple and trivial
(one-dimensional) Lie algebras.
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that we can write down is extensively discussed in appendix C and we will here
recapitulate the important features.®
The Lagrangian density reads

ﬁZKA+K¢A+K¢A—V¢—V¢—V¢¢. (287)
It includes a kinetic term for the gauge fields

1
Ka=—Fuull”, (2.88)

a gauge-kinetic term for the scalar fields

1
Koa = §(Du¢i)(D“¢i) ) (2.89)
and a gauge-kinetic term for the fermionic fields

Kya = P(Lgeur, @1D)Y, (2.90)

where we have introduced the vector 1(z) = ¥, (x) + ¥r(z). Furthermore, we have
a scalar interaction term

_ d—4 4-d _
Vo =P(6) = A+ A7 fidi + fijdito; + N7 fijuthicdjon + N fijnacbidindhr,
(2.91)
where all coupling constants are real and totally symmetric; a fermionic mass term

Vi = ¥(mp @ PL)Y + %%(mi ® PL)Y + %W(mh ® Pr)y + hec., (2.92)

where m1, is a general complex matrix and the complex matrices mj, and mpy are
symmetric; and a Yukawa term

Vow = N300 {3000 ® P + 505 ® P9 + 9% ® Py + e |
(2.93)

with a general complex matrix ['p; and the symmetric, complex matrices I'y,; and
I'g;. In order to have gauge invariant interaction terms, the coupling constants
need to fulfill certain conditions that are listed in (C.40) and (C.43). The respective
covariant derivatives of the scalar and fermionic fields read

(Dud)i = 0,0; + A%i(ea)ijgﬁjAa,u ; (2.94)
(Dqu)r = ,qur + A%i(tLa)rsiﬂL SAGM 5 (295)
(DuwR>r = ,uer + A%i(tRa%szsAay . (296)

5Note that we are setting # = 1 from now on to keep our expressions simpler. Once we perform
the expansion in A, we recall from the last sections, how the various terms depended on A.
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In appendix C.5 it is explained that, as long as we are dealing with quotients of
path integrals, we may add the gauge-fixing term ©

Lop = —%(auAg)gab(a,,Ag) + %AA‘dﬁ(d,l(@ad)d)i((ﬁ — 0a)i(0s6a) (@ — G
FINT (0, A8) (0a0)i(6 — da)i. (2.97)

and the Faddeev-Popov ghost term

Lyp = (0,w))(0"w,) + (@WZ)A%ﬁchcedAgfe_bzwb — WAL (040.00)i il 3t wy

(2.98)
to the Lagrangian density:
L' =L+ Lar+ Lrp. (2.99)
The action corresponding to the Lagrangian density £’ is
S'[®] = / dz L', (2.100)
where we introduced a vector that contains all fields:
¢
(8
_ | ¥
b = R (2.101)
w
w*
After fixing the gauge, the generating functional reads
1
Z[J] = G /[d@] exp {iS'[(I)] + i/dd:L' Jl(x)gb,(x)} : (2.102)
with a normalization constant
N = /[d@] expiS'[®], (2.103)
which is chosen such that Z[0] = 1. Actually, we could also introduce external

sources which couple to the fermionic and the gauge fields, but since we assume
that these fields have a vanishing VEV, we do not need them here.
We start the calculation of the effective potential with an expansion around the
classical field
O(z) = Dy(z) + (), (2.104)

5The field ¢ will be defined in a moment.
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which is defined by *
5 @) = —(a), (2.105)

with

/c
and @' = v : (2.106)

In the exponent of the normalization constant we expand around ¢, = qbd‘ J—o
instead of ¢.. Therefore, we can use the stationary-phase approximation for the
path integral in the generating functional and get

=exp| i || +iS[Py] — i Y2 Jidai "l exp [1Squ — 1Squ 2],
210 = p(S[CI)C]—}- S[®.] /d b )/[d(l)] b [iS, Sq+o((f;1£)

where S, contains all terms of S'[®] which are quadratic in ¢/, A’, ¢’ and w’ (terms
of order A, where ¢/, A, ¢’ w' ~ v/h). We use the notation that a bar over a quantity
means that it is evaluated at ¢o — ¢ (€.8. Squ = Squ ‘%:q;d). In section 2.2.1.3 we
have observed that if we want to calculate the effective potential up to order h, we
can exchange ¢.(x) with ¢y and to simplify the calculation we will hence already
use 0,¢q:(x) = 0. Therefore, we have

Slga] = — / A’z P(pa) , (2.108)

and the Lagrangian density corresponding to Sq, is given by

1
Low=— 7040, = 0,44,)(0" Ay = 0" AL) + 5(8,7)(9" 1)

1
4
s g Ad / / L, / D N,
+1iA72 (0u07) (Badpar)i Ay’ + §Aau<ﬂ2)abf4bﬂ + i gy

— | (mp @ L)Y + %W(mL ® Py + %W(mR ® Pr)Y’ + h.c.

1 , ’ 1 / " Ly 4=d / /
- §¢i(M2)ij¢j = 5(0u A28 (00 AY) + 1A (0uA5") (Ouder)idi

1 ’ _ / 1% / 1% *% 7& /
+ §A4_d¢i(9a¢d)ifabl(9b¢cl)j¢j + (Duwi ) (0"w)y) — W (1 )bel o Wi
(2.109)

"Since it is crucial for the derivation of the Faddeev-Popov term in appendix C.5, we should note
that we assume that the external fields J;(z) do not transform under gauge transformations,
and thus neither do ¢ ;.
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where we introduced the “mass” matrices

(1) ap = —A " 0,00)i(0s0a)i = AP (0a0p0a )i (2.110)
P(9)
M?),: = , 2.111
( ) J a¢za¢j = ( )
mp = mp + A%dFDiﬁbcu ; (2.112)
mp, =m} + A2 Ty 00, (2.113)
mr = m% + A%dFRiqf)cu . (2114)

If we do some partial integrations and discard various gradient terms, we get
Lau = 540, [Bug 0~ (0 — Ea)g0,00™ + (1) ag?] A,
+ %¢§ (=050 — (M?)i; + A (0ada) il (0o0a1);] &
T+ Ty — [me © P + 50(me ® Py + S0 (mn ® Py + .

_3 _1
ol [0 = 6 ()it o
(2.115)

and we recognize that the terms which mix scalar and gauge fields conveniently
vanish. This is not by accident, but rather we have chosen the gauge-fixing function
in appendix C.5 such that this happens.

Introducing the vectors

X = (;f,;) and X< = (12’,‘3) , (2.116)

the term with the fermion fields can be written in a compact form:

iy — {W(mD ® PL)yY + %W(mL ® P + %W(mR ® Pr)Y' + h.c.]

1 : 1__ L. c

=X (Lokexon, @ 1) x — SX° (m® PL)x — X (m* @ Pr) x (2.117)
1 A A .

= §XT <C ® C_1> [—]12kfx2kf ®id + (C . m) ® P+ (m* . C’> ® PR] %

with N
mo= (M0 D) and O = (ke Do) (2.118)
mp Mg Lhesche Orexce
The path integrals in (2.107) can now be solved using (B.41), (B.50) and (B.56):

N[
D=

. 1 Det D4\ 2 (Det Dy~
Z1J S[®a) — iS[®. A%z Jigas _ ~
2 eXp(l [Ba] =151l 1/ ’ (bl)(DetDA) (DetD¢>

Det Dy \ 2 /Det D,
w [ =Y v (2.119)
DetDw DetDw
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where

% (Lo ® g0 — (Lyxn — &) @ (9007 g) + pi° @ g] (2.120)
1

5 [ Linsmd — M2 A4_d(0a¢cl)§&}(9b¢cl)q ) (2~121>
1 .

= (C® o~ ) [ Logexon, @1 + (c m) ® Py, + ( c) ® PR} . (2.122)

Dy = 10— ip2 1, (2.123)

Accordingly, the generating functional of connected correlation functions
W1J] = —iln Z[J] reads

= i Det D i Det D
W[‘]]:S[(I)cl]_S[q)c1]+/ddxji¢cli+iln( et _A>+11 ( et ¢)

2 Det DA 2 Det D¢
WolJ] WaAlJ) WelJ]
1 Det Dw . Det Dw 2
S In “ ) Lo (1K2), (2.124
2 (DetD¢) - (DetDw>+ (%), (2124)
WolJ] WalJ]

where Wy[J] is of order h° and the other terms are of order i. The one-loop terms
are calculated in appendix D.1. with the following result:

vr (1)

WalJ] = — =Y [(d — 1) trp + tr (2] (2.125)
+ % [(d—1)tr g+ tr(¢2p?)] (2.126)

WolJ] = —% tr [M2 + A4 (0,pa)E (Oua) ] (2.127)
+ %m« [M? + A4*d(9aéd)5;(6bq3d)T]d/ ’, (2.128)

o) = P E ey - PO ey, azo
W,[J] = D), (&) - Wl (1-3) (e=2udy. (2.130)

d(4m)ir2 d(4m)ir2

To get the effective action, we have to perform a Legendre transformation,

Nﬂ=WM—/&MMMML (2.131)

and therefore, we need a relation between ¢ and the external field J(z). As already
explained, we are allowed to use ¢(z) = ¢a(x) at the order we are working at. If we
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use the expansion d = 4 — 2¢, renormalize according to the MS-scheme® and drop
irrelevant constants that depend only on ¢, the effective potential reads

1 AN
12 {3tr |:M<p <lnﬁ — Bﬂnxn):|

M2 — €' (Bao) (Brpo)T
(Mi _ 5;;(9(1@00)(9&00)1—)2 (hl @ fab (A;OO)( bSDO) _ g]lmxm)]

V(po) = P:(po) +

+ tr

mim

. 3
—2tr [(mwrr%)2 (ln ZZ £ E]lzkfxzkf)}

-1,,2
—tr {5—2/@ (m% - g]lm)] } +O(R), (2132)

where we introduced the renormalized fourth-order polynomial

Pilpo) = f*+ figoi + fijpoieo; + fippoivojpor + fimpoivoitorpor, (2.133)

with renormalized coupling constants, and the “mass” matrices

O Pe(p0) mf  (m5)T
2y = , . 2y, — r — L D
(,u@)ab (8@%00)1(91)@00)7,7 (M<P>Zj agpol&poj i mey (m% m§ > (2134)

with
mf =mp+Tpiges, my =my +Tripoi, mf =my+Trivoi. (2.135)

Let us now compare our final result for the effective potential (2.132) with other
results from literature. Coleman and Weinberg [1] calculated the effective potential
in Landau gauge (£ — o00) using the diagrammatic approach, and except for different
conventions and notations their result coincides with ours. Actually, to the best
of the knowledge of the author, there exists no other calculation of the effective
potential of a general gauge theory which uses a general R gauge, as we did.”
Weinberg [13] used the tadpole approach and interestingly concluded that with a
general R gauge it is not possible to find an effective potential at all. This is
of course in contradiction with our result and it would be interesting to further
investigate how the discrepancy arises. In Landau gauge, however, the result in [13]
is in agreement with ours.

Andreassen [14] analyzed the gauge dependence of the SM effective potential, but
he used a different gauge-fixing term. He also discussed our way of gauge-fixing
and criticized it, because it depends on a function which is not known beforehand.
Indeed, in the gauge-fixing function (C.55) we use the classical field ¢, which

8Terms proportional to —% + v — In(47) are absorbed by counterterms.
9The only exception is the master’s thesis of Lanschiitzer [12], with whom the calculation was
done conjointly.
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might be problematic. At the loop-order we are working at, the classical field is
closely connected to the point ¢y at which we evaluate the effective potential V (pg):
Yo =~ ¢q. From this point of view, our gauge-fixing function depends on the point
where the effective potential is evaluated at. This admittedly seems odd, but it is
still not necessarily wrong.

2.3. Symmetry breaking in theories with classical
scale invariance

The effective potential becomes particularly important in theories with classical scale
invariance, since in such theories the symmetry cannot be broken at tree-level and
thus the one-loop corrections to the effective potential become crucial.

2.3.1. Classical scale invariance

A theory is said to be classically scale-invariant if the field equations, or equivalently
the action, is invariant under dilatations. Dilatations are scale transformations of
the coordinates:

ot — 't =pat p>0. (2.136)

In d = 4 space-time dimensions, a field ®;(z) transforms according to
Bi(x) = W) = pD(x) = py(p L) (2.137)

under a dilatation, where A; is the mass dimension of the field (e.g. 1 for scalars and
gauge bosons and 3/2 for spin-1/2 fermions). Therefore, only terms with operator
dimension four are allowed in the Lagrangian density of classically scale-invariant
theories and hence all terms which include a dimensionful constant are forbidden.

Conformal invariance is more restricting than classical scale invariance. In addi-
tion to Poincaré invariance and invariance under dilatations, conformal theories are
also invariant under special conformal transformations. However, since almost all
classically scale-invariant field theories are conformally invariant [15], we here use
the two terms interchangeably.

2.3.2. The Coleman-Weinberg mechanism

In classically scale-invariant theories, the only allowed terms in the scalar potential
are quartic in the fields, and therefore the only stationary point of the tree-level
potential is at the origin. However, Coleman and Weinberg [1] showed that, in
such theories, SSB can still be induced by radiative corrections. They examined the
conformal ¢*-theory which we have discussed in section 2.2.1. The effective potential
up to one-loop order of this theory (2.86) is shown in figure 2.2. It seems as the
one-loop contribution turns the tree-level minimum at the origin into a maximum
and generates a new minimum away from the origin. However, it turns out that this
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Figure 2.2.: One-loop effective potential of a conformal ¢*-theory

minimum is a spurious effect of perturbation theory, as Coleman and Weinberg [1]
showed with a renormalization group analysis. To have SSB via radiative corrections,
one needs apparently a more complex theory. Therefore, Coleman and Weinberg
[1] considered massless scalar electrodynamics and showed that in such a theory
it is indeed possible to find a perturbatively valid minimum, which breaks gauge
symmetry as well as scale invariance.

2.3.3. The Gildener-Weinberg approach

As we have just discussed, it is possible to spontaneously break symmetries via ra-
diative corrections in classically scale-invariant theories. While it is straightforward
to find minima of the one-loop effective potential in theories with a single scalar, it is
not obvious how to do the analysis for more involved theories with multiple scalars.
Gildener and Weinberg [2], however, developed a method, with which multi-scalar
theories can be analyzed systematically, and we will briefly recapitulate it here.
While they used the Landau gauge for their calculations, we will use a general R
gauge, as we already did in the previous sections. Furthermore, we will stick to our
notation, which we introduced for a general gauge theory, but we set all dimensionful
coupling constants to zero to ensure classical scale invariance.

For a conformal theory, the tree-level contribution to the effective potential (the
first term in (2.132)) is of the form

Vo(po) = !

ﬂ/\ijkl@OiSOOj@OkQOOZ' (2.138)

We assume that the renormalized coupling constants \;;x; are all of order g and
that the Yukawa couplings are of order g, where ¢ < 1 is a typical gauge cou-
pling constant. Accordingly, the tree-level potential dominates over higher-order
contributions (at least in the region where perturbation theory is valid), and the
minimum of the potential lies at the origin. The situation changes, however, if the
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tree-level potential exhibits a flat direction. Along this direction the one-loop con-
tribution becomes relevant and the symmetry might be broken spontaneously. The
renormalized coupling constants \;ji; are functions of the renormalization scale A,
and Gildener and Weinberg [2] pointed out that for generic initial values A;jx(A) it
should be possible to find a value of A for which the tree-level potential develops a
flat direction. This can be achieved by choosing A = Agw such that the minimum
value of V4(V) on the unit sphere vanishes:

N,,rln]\fi,?:1<)\ijklNiNijNl) =0. (2139)
If the minimum is attained for the unit vector IN; = n;, the tree-level potential
Vo(po) attains a minimum value of zero everywhere on the ray ¢o; = n;¢, because
the tree-level potential is a homogeneous function of the field variables. So, it turns
out that demanding that the tree-level potential exhibits a flat direction corresponds
to fixing the renormalization scale A = Agw and imposing a single constraint on the
coupling constants. Therefore, we exchange a dimensionless parameter (one of the
couplings constants) for a dimensionful one (the renormalization scale Agw), what
is commonly called dimensional transmutation.

The condition that the tree-level potential is stationary at N = n reads

)\ijklnjnknl = 0, (2140)

and if we further require that this is a minimum we need to impose that the matrix

f)ij = %/\ijkmknl (2141)
is positive semidefinite.

The one-loop contribution to the effective potential V(o) generates a small cur-
vature in the radial direction, which singles out a specific value (¢) as a minimum
along the ray ¢y = n¢. Furthermore, the one-loop term slightly shifts the minimum
away from the flat direction. The stationarity condition for a one-loop minimum at

Yoi = i (@) + dyp; is

{a (Vo(soo) + Vl(QDO)>:| =0, (2.142)
Yoi n{¢)+5¢p
and if we expand it and keep only terms up to one-loop order, it reads
oV,
P+ 28] i
89001‘ n{p)
Contracting the last equation with n; and using the stationarity condition (2.140),
we find o1 oV
[Tel] )y, (2,144
P0i Ino) ¢ L
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which determines (¢).
From appendix C.4 we know that, in order to have a gauge invariant Lagrangian
density, the condition *°

aVO(SOo)
0o

(Oapo)i = O(h) (2.145)

has to be fulfilled. By differentiating the last equation with respect to ¢g; and
evaluating it at ¢y = n¢ we obtain

Py(0an); = O(F). (2.146)

If we use this condition in the one-loop contribution of the effective potential (2.132)
along the flat direction, we get at the scale A = Agw:

1 1y 5 M: 3
Vi(ng) = @{3@ {M;ﬁ (m Aé(iv - 51“")1 + tr {Mg (mﬁ ~ 5L

. mimg 3
— 2tr |:<m¢m¢)2 (hl Aq;— — §]lgkf><2kf):| } s (2147)
GW

with the “mass” matrices

1G = 150*/(9)" (2.148)
M = (Mg)y¢*/(e)” (2.149)
mg, = mid?/(9), (2.150)

which are expressed in terms of the tree-level mass matrices

(110)ab = —(@)*(Ban)s (B, (2.151)
(Mg)s; = %<¢>2)\ijklnknl> (2.152)
o = (6) (IE;Z (FFDR>;”> | (2.153)

Interestingly, along the flat direction of the effective potential all dependencies on
the gauge-fixing parameters drop out. We may rewrite the one-loop potential in the
flat direction in the compact form

Vi(ng) = A¢* + Bo* In(¢ /Adw) , (2.154)

10The reason why we have O(h) instead of zero on the right-hand side is that Vj is the renormalized
tree-level potential, whereas in (C.40) we had the bare tree-level potential. However, this does
not bother us since all terms in which we are going to use this condition are already of one-loop
order.
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with the dimensionless constants

_ 1 4 T 5 4 Mg 3
A= Sy {3“ & <1“W o) |+ 1 (IHW - S )|

— 2tr [(msmé)z (ln % — gllgkfxzkf)} } (2.155)

and

= [3trud+tr MY — 2tr(mimg)?] . 2.156
647r2(¢>2[ Ho 0 (mg 0)] ( )

Therefore, the stationarity condition (2.144) reads

@ _ 1 A (2.157)

In =
Aéw 2 B

The stationary point, which is defined by this equation, is certainly only a minimum
if
B>0, (2.158)

since for B < 0 the potential is not bounded from below and for B = 0 the one-
loop potential stays purely quartic. If B > 0, we see that the value of the one-loop
effective potential at its stationary point is less than its value at the origin V' (0) = 0:

V(n(g)) = —%B<¢>4 <0, (2.159)

where we used (2.157) in (2.154).
The tree-level mass matrix of the physical scalar bosons is given by:

9*Vo(¢o) ]
n{¢)

= P (). 2.160
89002'8800]' ]<¢> ( )

(Mg)y; = {

Due to (2.140) this tree-level mass matrix has an eigenvector n, which points into the
flat direction, with eigenvalue zero. The particle corresponding to this eigenvector
is called scalon [2]. When we go to one-loop order, the mass matrix gets shifted:

32

M2+ 5M?),; = [—
( 0 )] a%z‘a@o]‘

[%(‘PO)"‘%(@@]} . (2.161)

and doing an expansion and keeping only terms up to one-loop order, we get

9*Vi(po)

(5]\4-2 7 — |:
( )J aSOOiaSOOj

1 + Nijrinieoyy (¢) . (2.162)
n(¢)
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From perturbation theory we know that the mass of the scalon at one-loop level
is given by the expectation value of the one-loop mass matrix with respect to the
tree-level eigenvector n (see appendix B.5). Accordingly, we obtain
V(o) d?
M2:nin45MQi-:nin-{— = |-—Vi(no
S J( )] J 8@018@0] i) d¢2 )

= 12(¢p)” (B In @2 + B + A) =8B(s)*, (2.163)
A4y 6

(¢)

where we used (2.140), (2.154) and (2.157). The one-loop mass of the scalon is
positive because of (2.158) and it can be expressed in terms of tree-level masses of
all other physical particles in the theory:

1
M§:W<ZM3+3;M;—2;m‘}>, (2.164)

S

where the summations run over scalars, gauge bosons and Weyl fermions (two-
component spinors), respectively.
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3. Building classically scale-invariant
models

In this chapter we want to make use of the tools we have discussed in the last
chapter. Our goal is to build a classically scale-invariant model which is close to
the Standard Model (SM). The only term in the Lagrangian density of the SM that
breaks conformal invariance is the explicit mass term of the Higgs doublet. If one
naively tries to build a classically scale-invariant SM by simply dropping this term,
the only relevant contributions to the mass of the scalon in (2.164) stem from the
gauge boson masses and the mass of the top quark:

3My + 6My, — 12m) ~ —(319GeV)*. (3.1)

They clearly lead to a negative result, and thus such a theory would be unstable.
To fix this, we need to introduce new massive gauge bosons or scalar bosons, which
deliver positive contributions to the scalon mass in (2.164). Since we want to stick
to the SM gauge group, we here only extend the scalar sector. One of the simplest
ways of doing so is to add additional Higgs doublets, and thus a lot of work on non-
conformal multi-Higgs-doublet models, and especially on two-Higgs-doublet models,
can already be found in literature (see e.g. [16] and the references therein).

Although we want to stay close to the SM, it would be nice if we could fix some
of its deficiencies. One fundamental shortcoming of the SM is that it lacks masses
for the neutrinos although experiments show that at least two of them have small
but positive masses [17]. The most common explanation for the smallness of the
neutrino masses is the seesaw mechanism. One usually assumes that the Dirac
mass matrix of the neutrinos is of the order mp, which is similar to other lepton
masses mp ~ my, but much smaller than the order of the Majorana mass matrix
of the right-handed neutrinos mp < mg. This leads to some light mass eigenstates
with masses of the order m? /mg, and some heavy ones with masses of the order
of mg. Since heavy fermions spoil the stability of our theory (they contribute with
a negative sign to the scalon mass (2.164)), it would be convenient to have only
few heavy neutrinos. Grimus and Neufeld [3] proposed a multi-Higgs-doublet model
that combines the seesaw mechanism with radiative neutrino mass production, and
in the simplest version, it yields the necessary three light neutrinos, but only one
heavy one.

To implement the seesaw mechanism one needs a Majorana mass term for the
right-handed neutrinos, but explicit mass terms are forbidden in a classically scale-
invariant model. However, it turns out that it is sufficient to add one single real
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scalar singlet, which allows to generate the Majorana mass term for the right-handed
neutrinos via SSB.

We start with a discussion of a conformal multi-Higgs-doublet model with an
arbitrary number of right-handed neutrinos in the next section, and thereafter we
discuss the simplest version of this model with two Higgs doublets and a single
right-handed neutrino.

3.1. Neutrino masses in a conformal
multi-Higgs-doublet model

In this section we recapitulate the discussion of [4], in which a conformal multi-
Higgs-doublet model is analyzed.

3.1.1. Description of the model

We consider a classically scale-invariant model that is invariant under the SM
SU(3). x SU(2)L, x U(1)y gauge group. The field content is given by:

e a real scalar singlet (g;

e an arbitrary number ny of scalar doublets;

k

e a not specified number of ng right-handed neutrino singlets,

Vs, 1<s<ng; (3.3)

e the usual SM lepton-, quark-, and gauge fields

LT:(Z,L>, O, 1<r<n,=3, (3.4)
L/
UIL ’ ’
QT‘ = di ) U’Rr7 dRr ) 1 S r S nL, (35)
and
B,, W,, GZ, 1<a<8. (3.6)

The gauge fields transform in the adjoint representation, and the transformation
properties of the scalar- and fermion fields are listed in table 3.1.
The covariant derivative is given by

8
Lo Y
Dy =0, +ige ) ToGy +igl - Wy +1g/ 5 By, (3.7)

a=1
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SUB). SU@)L ULy
Yo 1 1 0
D, 1 2 1
VRs 1 1 0
L, 1 2 -1
R, 1 1 -2
Q- 3 2 1/3
UR, 3 1 4/3
di , 3 1 -2/3

Table 3.1.: Gauge-transformation properties of the various fields

with

T, =

{)\a/2 for SU(3) triplets 7 {7_"/2 for SU(2) doublets (3.8)

0 for SU(3) singlets ’ o for SU(2) singlets

where \, are the Gell-Mann matrices and 7 denotes the Pauli matrices.
We can now write down the most general renormalizable Lagrangian density for
this model that we can think of. The pure gauge part reads

pwr~a

1
— _—ZG“ GH — —W S — 1 BB (3.9)

where we introduced field strength tensors for the various gauge fields. The gauge-
kinetic terms of the scalars and fermions are respectively given by

1 i
Ls = 5(8%00)(8“900) + Z (Duq)k)T (D"®y) (3.10)
k=1
and
Ly = LDL + il + Tridvr + QiPQ + +uiilpuy + diilpdy (3.11)

where we used a vector notation for the fermion fields.
We can define the conjugate scalar doublets

D), = imy®f = (_(EIZI’E;)*) = <<?£i) : (3.12)

which transform in the same way under SU(2)-transformations as ®;, but have weak
hypercharge Y = —1. Then, the Yukawa Lagrangian is given by

nH

Ly = —%WYR(VR) - Z [(‘PTEI v+ @ WVRYD k) L

k=1

(cp*d/y +dlu Y<“>)Q]+h.c., (3.13)
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where kaz), Yk(d), Yk(u) are complex nr, X n;, matrices, Yp, are complex nr X ny,
matrices and Y = YPI is a symmetric complex ng X nr matrix.
The scalar potential has the form

A
Vo(wo, @) = Zowé + D A (P10 (D) + 25 Y k0l D, (3.14)
i,5,k,l 2,]

Since the Lagrangian density is supposed to be real, the following conditions hold

)\0 = )\8, )\ijk:l = )‘;zlk s Rij = K (315)

=K,
and due to the symmetry of the second term we further assume
Nijkl = Akiij - (3.16)

In appendix D.2, it is shown that terms including Cf)k, which we could in principle
add to the potential, do not yield any new contributions and they are thus omitted.
Finally, the full Lagrangian density reads

L=Ly+Le+ Lo+ Ly— V. (3.17)

Note that, due to scale invariance, the explicit mass terms for the right-handed
neutrino singlets and the scalars

1__ l— i
- §VRMR(VR)C - §(VR)CMRVR - 7090(2) - zj: TRt (3.18)
are forbidden, although they would be gauge invariant. The Majorana mass term
is, however, crucial if we want to implement the seesaw mechanism, and for this
reason we have introduced the scalar singlet py. After SSB, ¢y acquires a VEV and
a Majorana mass matrix Mg = (@g) Yr is produced due to the first term of (3.13).

3.1.2. Spontaneous symmetry breaking

The spontaneous breaking of gauge symmetry and scale invariance by radiative
corrections is most efficiently analyzed with the Gildener-Weinberg approach, which
we discussed in section 2.3.3.

First, we look for a minimum of the effective potential on the unit sphere, which

is parametrized by
1

=NyeR, &,=-—N,eC?, 3.19
#0 0 k \/5 k ( )
with the constraint
ny
NG +> NN, =1. (3.20)

k=1
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Since the electromagnetic charge (Qem = T3 + Y/2) should remain unbroken, we
further restrict the search for the minimum to the points

nH
No=mng >0, Nk:(rr?k),nke(c, n3+2n2nk:1. (3.21)
k=1

At a stationary point, the gradient of the potential and the gradient of the constraint
(3.20) have to be parallel, what yields the conditions

)\ong + no Z /ifjnm;f = )\TLO (322)
1 *
Z 7 ”kln nEn; "‘%Z 7/@”71] = )\\/§ , (3.23)

7.kl

where we used (3.21). Eliminating the Lagrange multiplier A, we then obtain the
stationarity condition

Z NijeImngn + ng Z Kijlj — 1N, (Z Kingng + Aon?)) =0. (3.24)
okl k.l

Following the procedure described in [2], we can adjust the renormalization scale
A = Agw, such that the minimum value of the tree-level potential on the unit sphere

vanishes:
n; (0
Vo [ no, —= =0. 3.25
(5 (1)) 025

Substituting the specific form of our potential, this condition reads

4 * * 2 *
Aong + E Nijrim; ngngny + 2ng E rijning = 0. (3.26)
1,9,k 2%

From now on, we will assume that all coupling constants are taken at A = Agqw.
If we contract (3.24) with n; and subtract it from (3.26), we obtain

Z Kijning + Xong = 0, (3.27)

2
and using this equation in (3.24) we get
Z (Z )\ijkm};nl + n(Q)liij> n; = 0. (328)
i\ kil

Therefore, the system of equations (3.24) and (3.26) is equivalent to the system of
equations (3.27) and (3.28).

34



The flat direction of the tree-level potential can be parametrized by

®o = ¢no , (I)k:%(?), ¢ eR. (3.29)

The position of the minimum along this ray (¢) = V' > 0 is determined by higher-
order corrections, and accordingly the VEVs of the neutral scalar fields read

1

= Vng +ovy, (P9 = Vg +0vi) 3.30
(o) ng+ove, () \/5( ng, +0vy) (3.30)

where vy and v, account for the small shift away from the flat direction.

3.1.3. Tree-level masses

To get the tree-level masses of the model, the scalar fields are expanded around their
VEVs. Considering only the leading contribution and omitting the small shifts in
(3.30) we can write

(I)+
— o, = ke 3.31
Yo = VYo + Po, k (\/%(karpk—HUk))’ ( )

where we introduced the real fields pg, pr and o.

3.1.3.1. Gauge bosons

The mass terms of the gauge bosons are obtained from the gauge-kinetic scalar term
L given in (3.10):
2

v . .
g [(_gWi’m + g,Bu)(—gW?fL + g/BH) + 92(W1u + 1W2u)(W1# - 1W2u>] . (3‘32)
Therefore, the mass of the charged W boson eigenfield
Wi FiW.
W;E = W1 FiWa), (3.33)
V2
is given by
nH
v , .
My = Eg’ with v? = kavk, (3.34)

k=1
where v = (v2Gp)~Y/? ~ 246 GeV is determined by Fermi’s interaction [18]. The
eigenfields corresponding to the neutral Z-boson, with mass

/ 2 12
My = % 7 (3.35)

and the massless photon are given by

Z,\ _ [costw —sinbyw) (W3,
<Au) o (sin@w cos Ow )(B# ’ (3.36)
where we used the Weinberg angle 6y, which is defined by sinfw = ¢'/\/ g% + ¢’

and cos Ow = g/\/g% + g"*.
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3.1.3.2. Charged scalars

The mass term of the charged scalars stems from the scalar potential (3.14) and
reads
=D (M), (3.37)
2V
with the hermitian matrix

(M3)i; =V? (Z Ak + n%f%) : (3.38)

k.l

Due to (3.28) the vector n = (n1 e nnH)T is an eigenvector of the mass matrix

M? with eigenvalue zero:
M3in=0. (3.39)

Since M? is hermitian, it can be diagonalized by a unitary matrix U:

UTM2U = diag (1, - .. e _1,0) (3.40)
and the fields ®, can then be expressed in terms of the charged scalar eigenfields
H:

a oy
of =Y Uk, . (3.41)
a=1

Beside the ny — 1 physical charged scalars Hi, ..., HfH_l, the model contains a

charged would-be Goldstone boson HfH = G*, which corresponds to the eigenvector
n with eigenvalue zero and thus the last column of the unitary matrix U reads

U

Uty = (3.42)

3.1.3.3. Neutral scalars

The mass terms of the neutral scalars are again obtained from the scalar potential
(3.14), and using (3.27), they read

1 ny nH
—5 Z (piAZ-jpj + O'Z'BijO'j + ZpiC’ijaj)—pg Z (pZ Re k?l + o; Im ki)—on(Q)pS s (343)
ij=1 i=1
with the ny dimensional complex vector
nH
k‘i = 2V2n0 Z RijTj , (344)
j=1
and the real nyg X ng matrices

A=Re(M2+K'+K), B=Re(M:+K'-K), C=Im(-M2-K'+K). (3.45)
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The symmetric matrix K = K' and the hermitian matrix K’ = K’ " have already
been introduced in [19] and they are defined by

K;; = V2 Z ikt my Kl{j = V2 Z Niklj U1y (3.46)
k,l k,l

Adopting a vector notation, the mass term (3.43) can be rewritten as

1 200v3 Re ET Imk" 00

— §(p0 pT o") | Rek A C o, (3.47)

Imk CT B o

M3
with pT = (P1 an) and o7 = (01 anH).
In appendix D.3, it is shown that the two orthogonal vectors
) 0
Ren |, | —Imn | € R¥uH! (3.48)
Imn Ren

are eigenvectors of M2 with eigenvalue zero. Since the first vector points into the
flat direction of the tree-level potential, it is associated with the scalon S [2]. The
second vector corresponds to the neutral would-be Goldstone boson GY.
The mass matrix M3 is real and symmetric, and therefore it can be diagonalized
by an orthogonal (2ng + 1) x (2ng + 1) matrix R:
RTMZR = diag(0, MZ,..., M;

2ng—1»

0). (3.49)

Accordingly, the fields py, p and o can be expressed in terms of the neutral scalar
mass eigenfields S (b=0,...,2ny):

Lo TT S(())
p|=1|ReR : : (3.50)
o ImR S2OnH

R

We introduced a complex nyg X (2nyg + 1) matrix R = Re R +1Im R and the vector
r € R?+! o decompose R. Using index notation, the decomposition reads

Rop =716, Rip=ReRpp, Rpanyp =ImRyp, 1<k<ng, 0<b<2ng.

(3.51)
We choose the numbering of the mass eigenfields such that S§ = S, and SSnH =QG°,
and therefore the first column of R is fixed to ro = ng, Rro = nx, and the last one
is determined by r9,,, = 0, Rpan, = ing/+/1 — nd. Accordingly, equation (3.50) can
be written as
2ng—1 2ny—1
p0:n05'+ Z 7“1,51?, pk+10k:nk5+ Z Rka,?—i—

b=1 b=1

ink 0
———=G". (352
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The matrix R is orthogonal and hence it has to fulfill the condition RTR =
L 2nu+1)x (2nu+1), Which explicitly written out reads

rr’ + Re(RTR) = ]1(2”H+1)><(2”H+1) ) (353)

or the equivalent condition RR"T = T 2ng+1)x(2nu+1), Which is expressed explicitly

by the relations
T T
rr=1, Rr=0, ReRReR =1,,xny,
. e (3.54)
ImRImR" =1, xny, ReRImR =0.

As shown in appendix D.4, the last relations can be rewritten in the equivalent and
more compact form

r'r=1, Rr=0, RR' =2 1,,m,, RR'=0. (3.55)

3.1.3.4. Charged fermions

The mass terms of the charged fermions are obtained from the Yukawa coupling
terms (3.13) and they read

— O Mly, — diy Mydy, — u Myu;, + h.c. (3.56)

with the mass matrices

IR ) L™,y @ LR
M= =3 o, M= =S o M= =3 uy. (357
¢ ﬁk:l k'E d \/§k:1 ktk ﬂk:1 kg ( )

Using the fact that, by multiplication with unitary matrices from the left and from
the right, every complex matrix can be brought to a diagonal form with non-negative
entries !, we can write

M, = US)TMEUIE@ = diag(me, my, m;), (3.58)
Md = Uéd)TMdUéd) = diag(mg, ms, my) , (3.59)
M, = Uéu)TMuUIEu) = diag(m,, m., my), (3.60)

where UP({E), UIEE), Ué{d), UIEd), Uéu), UIEU) are unitary ny, X nj, matrices. Accordingly,
we can express the fields 01, (g, di, di, uf,, ui in terms of mass eigenfields:

¢ =0Y0, & =04, o =0, (3.61)
O =U, dy =UPdg = UMug . (3.62)

The mass terms can then be written as
— UMyl — dMyd — ubMu, (3.63)

where we have introduced the Dirac fields ¢ = (1, + (g, u = uy, + ur, d = di, + dg.

! This procedure is called singular value decomposition.
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3.1.3.5. Neutrinos

The mass terms for the neutrinos are also obtained from the Yukawa coupling terms
(3.13) and they read

1
— §V_RMR (I/R)C — V_RMDI/L + h.c. (364)
with the mass matrices
1 &
Mg = vYr, Mp=— Ve YDk - 3.65
R 0YR D ) ; kYDk ( )

If we define the left-handed field

wy, = ((V”RL)) , (3.66)

we can rewrite the neutrino mass terms (3.64) in the compact form

1—
— §(wL)CMVwL + h.c. (3.67)

with the symmetric (ny, + ngr) X (nL + nr) mass matrix

0 M7
M, = (MD M];) (3.68)

Since M, is a complex symmetric matrix, it can be diagonalized by a unitary matrix
U [20, 21]: R
UTMU=M,, (3.69)

where M, is diagonal and non-negative. The field wy, can then be expressed in terms
of the mass eigenfield wy,:
Wi, = Z/{(Z}L . (370)

Following [3], we decompose the unitary (ng, + ngr) X (nL, + ngr) matrix U as

U= (%) . (3.71)

The equivalent unitary conditions

UTU = Loy snm)xmutnn) S UL =10 tn) x(nnnm) (3.72)

may be written in terms of the ng, x (ny, +ng) submatrix Uy, and the ng x (ng, +ng)
submatrix Ug [19]:
UEUL + U;{—U;{ = ]l(nL+nR)><(nL+nR) (373)

and
ULUY = Tsns s URUL = Lppsnn s UnUR = Opp sng - (3.74)
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Defining the Majorana mass eigenfield
X =L + (@), (3.75)
the neutrino mass term (3.67) can be written as

1 ~

Furthermore, the weak eigenfields vy, vg can be expressed in terms of Majorana
mass eigenfields:

v, = UL(Z}L = ULPLX7 VR = UR((,:)L)C = URPRX . (377)

To get some useful relations, equation (3.69) can be written as UT M, = MU,
and using the definitions (3.71) and (3.68) we obtain

UPT{MD = MVUIJ[ And M]—DFUP: = UEM,,, (378>
UMY + Ul Mg = MUY & MpUp + MUy = Ur M, . (3.79)

Moreover, we can multiply the first equation of (3.78) by Uy, from the right and the
first equation of (3.79) by U} from the right. Using (3.73), the sum of these two
equations then reads

M, = UL MpUy, + Uf MJ U + Ul MgU5; . (3.80)

Let us now further analyze the diagonalization of the tree-level neutrino mass
matrix (3.68). We closely follow the discussion in [3] and from now on assume
ny, > ng. The Dirac mass matrix Mp can be regarded as a linear mapping Mp :
C" — C"r, Using the rank-nullity theorem, we have

dim ker Mp = dim ker C™ — dim im Mp > ny, — ng, (3.81)

and therefore there exist at least ny, — ng orthonormal vectors u;, € C™ (1 < ¢ <
ny, — ng) which are eigenvectors of Mp with eigenvalue zero:

Mpu; = 0. (3.82)
Accordingly, the unitary matrix & can be written in the form
U= (u1 - Unytng) (3.83)

with np,+ng orthonormal vectors u; € C"*"®r | where we can choose the first ny, —ng
ones to be

u'
ui:(2>, 1<i<ny—ng. (3.84)

40



The decomposition (3.71) then reads

U — ( Ur UL) (3.85)
OnRX

(nL—nR) Ug :

with the ng, x (ny, —ng) submatrix U], = (u} ... u} _, ), an ny x 2ng submatrix

U{" and an ng x 2ng submatrix UL *. Plugging (3.85) into (3.69), we thus obtain [22]

M= 0 ULT MU (00 5
v\ MU UPT MU + UL MUY + U M) T \o A )

where we used (3.82) and introduced the diagonal and positive 2ng X 2ng matrix M.
This shows that there are in general n;, — ng massless, and 2ngr massive Majorana
neutrinos at tree level. If we assume a much smaller mass scale for the Dirac mass
matrix than for the Majorana mass matrix mp < mg, then ng of the massive
neutrinos are light with masses of order m? /mg, and ng are heavy with masses of
order mg due to the seesaw mechanism [23-27].

3.1.4. Interaction terms

In this section we list the interaction terms of our theory expressed in terms of mass
eigenfields. We omit the self-interaction terms of the gauge bosons and the strong
interaction terms since they are not relevant for our considerations and they are the
same as in the SM.

3.1.4.1. Fermionic gauge couplings

The fermionic gauge interaction terms are obtained from (3.11). The covariant
derivative (3.7) can be expressed in terms of the vector boson mass eigenfields, and
omitting the gluonic term it reads

ig _ ig . .
D,=0,+ E (TJFW:[ +T-W, ) + p— (T3 — sin? GWQem) Z,+ieQemA, (3.87)

with Ty =T} +1iT, and e = gsinfyw. In a straightforward manner, we then obtain
the neutral current Lagrangian density

gz 1 . - 1 .
Ly = gy ;W [ZX’Y” (UEULPL - ULTULPR> X + " (_§PL + sin® 9w> ¢

1 2 - 1 1
+uy* (§PL ~3 sin’ 9w> u + dy” (_§PL + 3 sin’ 9w) d] ; (3.88)

the charged current Lagrangian density

Wi

Ecc —
V2

(yU{U{f)wPLe + avCKMwPLd) +he (3.89)
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T
with the Cabibbo-Kobayashi-Maskawa matrix Vogy = (UIS“)> Uﬁd) [28, 29]; and
the electromagnetic current Lagrangian density

_ 1- 2
Lom = —€A, (M + gdyd - gwu) . (3.90)

3.1.4.2. Scalar gauge couplings

The scalar gauge interactions for the non-conformal multi-Higgs-doublet model are
calculated in [30] and we proceed in the same fashion for the conformal model. Using
the covariant derivative (3.87) and some relations of section 3.1.3, the gauge-kinetic
terms of the scalars (3.10) can be expressed in terms of mass eigenfields with the
following result:

nH 2ny

1 1
Lo= (0uH) (H) + 5 Y (0,5)) (0"S7) + Mg WiW ™" + S M3 7,2
a=1 b=0
+iMy W) (0"G™) =W, (8"G")] = MzZ, (0"G") + Lvvs + Lvss + Lyvss -
(3.91)
The interaction terms which involve two gauge bosons and one scalar read
M 2np—1
Lyvs =—g | MyWiw—# Z_7,7" Im (R'R), . S?
VVs g ( w¥V, + 26089\)\/ ) ; Hl( )2ng b (392)
+ (eMw A* — esinOwM 4 Z") (W:G_ + WM_GJ“) ,
the terms with one gauge boson and two scalars are given by 2
lg nyg 2np o o
0 - - 0
Lvss =23 5 [(UR),, W, (St0nm; ) + (R'D), W, (H0"sp)]
a=1 b=0
mn 2ny
. g cos(20w) il o
A +———7 HIo"H Z, Im(R'R /S,a SY
+1(e wt 2cos By ; “ “+40089W bg;m Jor Sy b
(3.93)

and finally we have interaction terms coupling two gauge bosons with two scalars:

2 2 2ng 2ng—1
g - g
ﬁVVSS = (ZW;W ® + mZuZ“) (Z(SS)Q — Z Tb’f‘blsgsgz)

b=0 b,b' =0

2 2 a2 i

9% i 9 CcOs%(20w) 5 eg cos(20w) R

“Ww ity t————27 7" AAV —————27 AF H'H
+ {2 H + dcos? By M e A AT cos Ow a ; aa

eg g sin HW LN

—A > Y Sy (RU), W H + (U'R),, W "H, | .
+(2 ne ZCOSHW >a1b0 a+( )ab a}

(3.94)

<>
#We use the notation SP 9*Sy = Sp,0"SY — (9"Sp)SP.
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Note that the terms mixing the gauge bosons with the Goldstone bosons,
iMy [W,(0"G™) =W, (0"G")] — MzZ, (0"G"), (3.95)

get canceled once we add a gauge-fixing term (see appendix D.6).

3.1.4.3. Yukawa couplings

The Yukawa interactions are obtained from (3.13). The Yukawa couplings of the
charged scalar HF (1 < a < ny) are given by

Ly(HE) = HF [y (?DQPL _ye TPR) (+7 ( ywp, - xjdﬁpR) d} the (3.96)

with
nH
You=ULY Youlily), YO =01 Z Uy, (3.97)
nH
=0 LY, Y = TZ Ul Pul . (3.98)

The Yukawa couplings of the neutral scalar Se? (0 <b < 2ny) read

SO /o . 1
Ly(S0) = _7% [g (Yb“)PL + Yb“”PR) {+3% (FbPL + F PR) X
+d (VR + V0 ) d e (VR 4+ 7 ) u] . (3.99)
where
Fy = UL YpUp, 4 UF Yy, Uss + V2U L Yr Ui, (3.100)
and
v =ul *ZR vOulY v, = ZYDkRkb, (3.101)
7@ = gt Z YOR,UY, ¥ =yt Z Y Ry U™ (3.102)
—1 _

3.1.4.4. Scalar self-interactions

Expressing the scalar potential (3.14) in terms of mass eigenfields (see [30] for the
non-conformal multi-Higgs doublet model), we obtain, beside mass terms, the quar-
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tic interaction terms

nH ny
Lssss=— Y. > Ui UjwUrUwH, HiHZH}

a,a’c,c’=1 1i,5,k,1l=1

2ny ny ny NnH
- > (Z kiU Ujarrory + )\ijklUiZUja/R,jleb) H;H;SPS)

b,b')=0a,a’=1 \i,j=1 i,5,k,1=1
2nyy nH
)\0 Kij
— E (Zrbrb’rdrd’ + E TJTbTb/ R:ded/
b,b ,d,d' =0 4,j=1

4

ivjvkvlzl

+ Y J’“’R;ijb,R;;ded,> 59595959,

(3.103)

and the cubic interaction terms

2ny ny ny nH
ESSS = — Z Z Z U;Uja/ <2U07”b/<fij + Z )\ijkl (U]:Rlb + R,ﬁwﬂ)] H;H;;SI?
b=0 a,a’=1 Li,j=1 k=1

2nyg nH
- E AXoVoTs Ty Ta + E (/fijvorbR;‘b,Rjd—i-rbrb/ Re(mijv;‘Rjd))

b,b",d=0 ,5=1
nH
* * 00 O
+ E Re()\ijklRiijb’Uled) SbSb’Sd'
i:j7k7l:1

(3.104)

3.1.5. Scalon properties

The general structure of the scalon couplings has already been discussed in [2] and
we recapitulate the calculation for our specific model here.

The couplings of the scalon to gauge bosons can be obtained from (3.91) by taking
only interaction terms that include at least one scalon:

1 25 S2 2py Lt
(MVZVWJW“ + §M§ZHZ“> (— +2 0 7,5y S

Voov: o2 p—y
My S Mwo (2 My < (3.105)
W (SoreT) =iy (soret) = <22, (o)
S | . .
+ 5 (M A = sin b My 2%) (W, GF 4+ WG

The Yukawa couplings of the scalon are given by (3.99) with b = 0 and they
explicitly read

— 1 ~ — A ~
,Cy(S) = —é (szf + EYMVX + dMyd + HMuu> . (3106)
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Finally, the scalar interactions that include at least one scalon are obtained from
(3.103) and (3.104), and using (3.26-3.28), they read

2ng—1 2n 1
ZH ZH 25, Y, 5,

where L¢q is the cubic interaction term (3.104) without the terms which include
the scalon (b,t',d # 0). Note that the last term (the interaction of one scalon with
three other scalars) is missing in [2].

The scalon interactions take a surprisingly simple form. This can be explained
by the fact that the scalon S and the fundamental order parameter V' enter the
Lagrangian density only in the combination ¢ = V + S, which has already been
noticed in [2].

The scalon interactions (3.105-3.107) reveal that the preferred decay channel of
the scalon is the decay into a pair of the heaviest possible particles. This is a model-
independent feature of the scalon [2] and is also a property of the Higgs boson in the
SM. This opens the question if the scalon could be identified with the H® particle
with a mass of 125 GeV discovered at the LHC [31, 32]. The SM predictions for
the decay properties of the Higgs particle are consistent with current experiments.
Since the H? signal strength (for combined final states) of 1.10 4= 0.11 [17] is quite
close to one, the couplings of the scalon should be similar to the couplings of the
Higgs in the SM. However, they are related by a factor of v/V and since we want
to implement the seesaw mechanism, we need to assume |vg| < v, or equivalently
v < V, to obtain the necessary mass hierarchy in the neutrino mass matrices (3.65).
Therefore, the state S cannot correspond to the particle H° and hence one of the
other neutral scalars SY (1 < b < 2ng — 1) has to be identified with it.

The mass formula of the scalon (2.164) in the case of our model reads

M2 = # Mo + 3Mj} + 6My, — 12mf + > M} +22ua 2Tr M2 |,
S9£HO
(3.108)

where we omitted the tiny contributions from charged fermions lighter than the top
quark. If we assume the mass hierarchy mp < mpg in the neutrino mass matrix
(3.68), the contribution of the neutrinos to the scalon mass is mainly determined
by the masses of the heavy neutrinos: Tr M?* ~ Tr(M;Mg)?. As we do not know
the masses of the scalars (beside the mass of H) and the masses of the neutrinos,
equation (3.108) allows for a broad spectrum of scalon mass values; we only know
that it is suppressed by the one-loop factor present in (3.108).

Demanding a positive squared scalon mass M2, yields the condition

> Mg+ 22% > — Mo — 3M} — 6 My, + 12m +2Tr M2 (3.109)

0
Sp#H° ~(317 GeV)4

Therefore, at least some of the scalar states need to be heavy, with masses of order
mg or larger, to compensate the contribution of the heavy neutrinos.
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3.1.6. Neutrino masses at one-loop order

In this section we want to calculate the neutrino masses at one-loop order. However,
in contrast to [33], we are only interested in the one-loop mass corrections of the
neutrinos with vanishing tree-level masses.

At one-loop level the neutrino mass matrix gets shifted [33]

SMy, SMP
(1) — — L D
M, = M) =M, +iM,, M, = (5MD 5MD) : (3.110)
It can be diagonalized by a unitary transformation [3]
MY = uv)" MOuy = My 0 _ M, + M (3.111)
v v o0 w) v :

where V — 1 is of one-loop order, such that the (n;, — ng) X (n;, — ng) matrix
My = ULTSMLU] (3.112)

is diagonal and non-negative and the 2ng X 2ng matrix M@ s diagonal and positive.
The details of this transformation are given in appendix D.5.

The mass shifts §M,, are determined by the neutrino self-energy matrix X(p) in
the basis of the tree-level mass eigenfields, which can be written as [33]

S(p) = AL(p®)pPL + Ar(P)pPr + BL(p®) P + Br(p®) Pr (3.113)

with the neutrino four-momentum p. The complex (ny, + ng) X (ng, + ng) matrices
Ay, Ag, B, Br have to fulfill the conditions

Al = Ay, Al =Ar, Bl =Br, Al =Ag, Bl =B,, B} =Bg. (3.114)

According to [34, 35], the one-loop mass shifts dM,, are given by

oM, = 5 My Ari(M23) + My i Ar i (M 5) + Bria (Mo ;) + BRii(Mlz,ii):| .
(3.115)
In particular, the masses of those neutrinos which were massless at tree-level are
given by K
M()ii = Re BLzz(()) N 1 S 1 S ng, —NR . (3116)

Therefore, we can use (3.116) to directly calculate the one-loop neutrino masses
My instead of following the calculations in [3, 4], where they are obtained by first
computing the mass shift § My, and subsequently using (3.112).

The Feynman diagrams contributing to the neutrino self-energy are shown in
figure 3.1. The Feynman rules for the propagators are given in [36] and the Feynman
rules for the vertices can be read off from the respective terms in section 3.1.4.
Concerning the Feynman rules for Majorana neutrinos we rely on the discussion in

[37).
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Figure 3.1.: Contributions to the neutrino self-energy at one-loop level

Note that we have not discussed gauge-fixing yet; or phrasing it differently, we
have worked in Landau gauge so far. To be consistent with [4, 33|, we want to
perform our calculations in a general R, gauge. Following [36], we add an appropriate
gauge-fixing term to our Lagrangian density (see appendix D.6). Thereafter, the
Goldstone bosons G° and G* get the unphysical masses /€, M, and /&y My, and
the propagators of the gauge bosons in this gauge are given by (3.118) and (3.123).

The contribution to the neutrino self-energy from the W= boson (see figure 3.1a)
reads

22 d "L W
we ) 1 [ A%k g5 0 (o1
00 -4 [ 5 Dot L | (), (0010, 7

n (ULT Uﬁm) 'l

)

(UL(Z)*Uf)l'PR} (3.117)
J

with the W= propagator [36]

W —i ik,k 1 1
(S (k) = e e — : 3.118
(W) = 12— M3, * M3, \k*— M2, k> —&wM, (3.118)

For our considerations, we are interested in the case where p = 0. Then, the inte-
+
grand is an odd function of k£ and hence ZS/V )(0) = 0.

The neutrino self-energy contribution involving the charged scalar H= (see figure
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3.1b) is given by

U () — i/ d’k 1 - L
“ (2m)® (k —p)? — g k* — Mz,

[(Foudari = (FL0,0) (6 1) (), - (5290, )

<(Y5a) Pr — (Y(Z)T)ilPL) (F + Myy) <(YDa)l]PL (¥ (E)*)UPR)] _
(3.119)

For p = 0 the terms proportional to § vanish and we are left with

S0y = o [ S (o) M (F0), By
" (2m) K — g o k= My .

+(VO0) Mo (V) P | (3.120)

for the diagonal elements. We are only interested in the diagonal elements with
1 < i < ny, — ng and thus, using the definition (3.97) of the matrix Yp, and the
decomposition (3.85) of the matrix U, the contribution from the charged scalars
vanish:

FD Q) =0, 1<i<
- =0, <i<ny—ng. (3.121)

(22

For the neutrino self-energy induced by the Z° boson (see figure 3.1c), we get

- 9 d nL+nRr Z
(ZO) . lg d k : : S (k - p) yn 'I' L Trr=
By () = 4 cos? Oy / (2m)d 4= — M2 v [PL(ULUL)W P (U UL)m]

vnn

x (K + Mwm)v” [PL(U{UL)M — Py (ULTUﬁ)nj] (3.122)

with the Z° propagator [36]

_ —inu ik, k, 1 1

SZ (k) = £ - — : 3.123
A e v V7 R iy vl gy ) (3.123)
Setting p = 0 and considering only the diagonal elements with 1 < ¢ < ny, — ng, we
then obtain *

£ (0) = ig? / ddk d__ k2 1 1
 deos?Oy ) (2m)d | K2 — MZ 0 ME\K2—&;ME 0 k2 — M2

~ ~

M M
1Ty v Trr 1t v

v - v

ULTUﬁ*PR> =0, (3.124)

i

3We use the notation f(M,) = diag (f(Myll), e f(/\;lu(nLJrnR)(nLJrnR)))
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where we used
~ K 3.
muivn 5 vt P2 . (3.125)
The contribution to the neutrino self-energy from the neutral scalar Sy (see figure
3.1d) reads

ZJ(5‘9)()—1—/ u SR — (F),, B+ ()], Pr
C W= ] et 2w, (e

< (F+ My ) [(Fb)anL + (FJ)M,PR] . (3.126)

Setting p = 0 and considering only diagonal elements with 1 < ¢ < np, —ng, we then
get for the terms proportional to Py,

(89) 4 d? 1 ToT e Mo
BLiZ (O) - 5/ (27T)d L2 _ Mb2 UI: YDbUR—AZURYDbUﬁ )

k2 — M2
1 ~
1 [ dik N M, .
— _5/(2_70%/(1@ ULt Yn Us - 3 URYooUj,
; [+ aM2 + (1 - a)M)] ..
1
_ (-9 /da UV URM, [0 + (1= a) 0] T UYL
2(4m)d/2 " Y t i
0
. 1
= gy |VEM [ do fin(ab + (1= )a) | UTh 07
0

i

1
—¢+7—In(4nm) T o 1t
2(4m)? <U£TYDTbURMVUg{YDbU£>n ’

(3.127)

where in the first step we used the Feynman parametrization and performed a Wick
rotation?, in the second step we used (B.15) and in the last step we expanded around
d = 4 — 2¢. The remaining integral can readily be solved

/ R In (M?, /M, f) .
/da In [a/\/ti +(1- a)M,?] = " maMe (3.128)
J NMZ/ME — 1
If we add up all neutral scalar contributions, the terms independent of M7 drop out,

since

2npg 2ng  nH

Ao~ (3.101) 3.55)
S Vs 2SS VL RuYou R "2 0. (3.129)
b=0 b=0 k,k'=1

4So far we have omitted the i0T terms in the propagators. For the Wick rotation we need a
prescription of how to close the contour and therefore we recall that we actually have k? —
k? +i0% in the denominators.
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We therefore get

%ZH (S9) 2%1 1 TV T > hl(M’?’/sz) ty
B;;*(0) = —— | U Y UM, —————ULYD U | . (3.130)
b=0 b=1 2(4m)? ME/My =1 i
where we used that the contributions from the scalon and the neutral Goldstone
boson vanish due to Ypo, Ypaon, < Mp and MpUj, 382 0. Using that the n;, — ng
orthonormal vectors in Uf = (u} --- wul, _, ) can be chosen such that the matrix
1 S m(MZ/M”Q) 19
/ /
2(47T)2UL Z Y, Ui M WURYDb Ul (3.131)

is diagonal and non-negative without spoiling the tree-level condition Mpu; = 0,
we finally get

9 1 1T ! T 1n<M’2’/MZ’2) T /
MOZZ(M)ZUL Z}/MUR —_1URYDb Ul . (3.132)

Note that our result is gauge-independent and finite, as one would expect. If we
assume the mass hierarchy mp < mg, (3.132) can be approximated as (see appendix

D.7)

R 2ng—1 M M M2

My~ ——— <Z YT, M, RM A;/AZ/Q_ iYDb) Ui . (3.133)
The equations (3.132) and (3.133) are in agreement with the results in [3, 4]; in
particular there are no additional contributions from the scalon compared to the
non-conformal multi-Higgs-doublet model discussed in [3].

We have achieved our goal to find a conformal model which combines the seesaw
mechanism with radiative neutrino mass generation. The analysis concerning the
neutrino mass spectrum discussed in [3] still holds for our model. Therefore, in
general (i.e. without any relations among the Yukawa matrices ?’D b), ML — NR —
max(0, n;, — ngng) of the ny, — ng neutrinos with vanishing tree-level mass acquire
a mass at one-loop level, whereas max(0, n;, — nyng) stay massless.

Although our final result (3.133) has the same form as the result for the non-
conformal model in [3], the one-loop masses My are actually slightly different since
the transformation matrix R is altered due to the additional scalar singlet. For
example, the third equation in (3.55) RRT = 0 can be rewritten as

2ng—1 VUi UQ
Z Ry Ry = — R ong B ony, — RBroRpo = 2 1— i) (3.134)
b—1

which differs by a factor of 1 —v?/V? ~ 1 from the corresponding equation (3.12)
in [3].

5See appendix D.5 for details.
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3.2. A conformal two-Higgs-doublet model

In this section we analyze the simplest version of the model we discussed in the last
section in more detail. This means that we consider two Higgs-doublets (nyg = 2)°
and only one right-handed neutrino singlet (ng = 1).

3.2.1. Scalar sector
The scalar potential of this model reads

v—ﬁ4 A\ (DD ’ X, (®ID ’ 2B D, Pl P
0—4<Po+1 1P1) + A | PPy ) 4 2A3P ;DD Dy

2 2
+ 20 D] BBl d, + {)\5 (@‘{@2) + A (cb;cbl) 1
(3.135)

+2 (A6c1>}c1>2 + Ag@;cpl) oD, +2 (A7<1>1<1>2 + A;cbgcbl) oD,
+ 2 (m@}@l F hg®L Dy + ® Dy + K;;cp;cpl) ,

where we introduced the coupling constants Ai, Ao, A3, Ay, k1, k2 € R and A5, Ag, A7,
kg € C. The relations between these new coupling constants and the couplings \;j
and k;; used in the last section are given by

>\1 = /\1111 ) /\2 - )\22227 )‘3 = )\11227 )\4 - )\1221 ) )‘5 - >\1212 )

A6 = A112, A7 = Aaga, K1 = K11, Ko =Ko, K3=HKi2.

(3.136)

In general, both neutral components of the two scalar doublets acquire a VEV:
(0 (0 . 2 2 9
(®y) = , (Do) = ; with v,v € C, ||+ |va]” =v°.  (3.137)
2

It is, however, convenient to switch to the Higgs basis [36, 38, 39], in which the
VEVs of the doublets are given by

(P1) = (2) , (@) = (8) : (3.138)

so that we can make the expansion

o) = % P, = 2% 3.139
i\ Gerariod) PTG i) B

The transformation to the Higgs basis is uniquely determined up to the phase of @)
[40], and is given by

vi®; + 03Dy o — —v®1 + 1Dy
E— o= -

/_
o) =
v v

(3.140)

6Note that if we took ny = 1, we would not get any new neutrino masses by one-loop corrections.
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The inverse transformation reads

O, — Ulq)/l - U;(I)/Q ’ Dy — U2q)/1 + Uikq)é ' (3‘141>
v v
Inserting (3.141) into (3.135), we get the scalar potential in the Higgs basis,
Vp = 20t CAEA NS W C AT ANV
0= P T A PTPr) T A (PP ) H 2R @ Py @y
IFXAF T A Y //T/2 /% /Jr/2
T AL A AL A P <<I>1 ¢2> Y (@2 <I>1) a2
ARV AL AR AR P Y AL AL
+ o (W @10 + kb0, + k@ + kR )
where (see [40, 41] for the non-conformal 2HDM)
1
A = py [)\ \vl\ + )\2|Ug\ +2(N\3 + )\4)]1)1] \UQ\ +2Re ()\51)1‘2113) (3.143)
+ 4Re ()\6]1)1] ViV + A7|vgl /01/02):|
)\,2 = — [/\1|U2| + /\2|U1| + 2()\3 + )\4)’1)1| |’U2‘ + 2 Re ()\51}1 ) (3144)
— 4Re (/\6|v2| ViU + A7|vq] ?]1?}2)}
1
)\g = )\3 + E {()\1 -+ )\2 — 2)\3 — 2)\4)’U1| |'U2’ — ZRG()\5UT2’U§) (3145)
—2 (’U1|2 - ‘U2|2) Re [(A¢ — )\7>U1U2]} )
1
)\Zl = /\4 + F {()\1 + /\2 — 2)\3 - 2)\4)|’U1|2|02|2 — 2Re ()\5UT2U§) (3146)
— 2 (Jon]* = Jva|*) Re [(As = Ar)vival }
1
N, = 5 {Oq 4+ 2 —2X3 — 2A4)1ff%;2 + Asvt o+ Afus (3.147)
— 20103 [()‘6 = Ar)v? = (NG — )‘;)U;ﬂ } 5
1

A = povs [(=X ] + Xafwa]?) vios + (s + M) (Jor]? = [vaf*) vivs + Asv}Poy
* *3 2 2 * 2 * %2 * 2 *2 * 2
— Xv1v3® + (Jor]” = val”) (Asvi? 4+ M55 ?) — 2X¢|v1] 032 + 2XA70] v }
(3.148)
3 = L [ aloal? + alon[?) 0105 — (s + Aa) (Joal? = [oaf?) w0 — Asoi %o
7 ?J4 1{Y2 2|1V1 1Y2 3 4 1 2 1Y2 5U1 2
+ /\51}11)2 (|v1|2 — |U2|2) ( gv;d + A0 ) + 2/\6v1‘2|v2| — 2/\*|v1|2 *2} ,

(3.149)
Ky = v_12 [K1|U1|2 + Kg|va]* 4 2 Re(r3viva)] (3.150)
Ky = % [#1]va|” + Kolvi|* — 2Re(kzvivs)] (3.151)
Ky = iz [(K2 — K1)Vl + Kav}® — KjU37) (3.152)
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The relations between the Yukawa couplings in the Higgs basis and the Yukawa
couplings in the original basis are given by

iV 4y o 0¥ —uny®

v = v = 3.153
1 v ’ 2 v ) ( )
wy(d wy(d d d

Y'l(d)/ — U1Y1( ) + UQYé( ) : Y*Q(d)/ _ Ul}/2( ) — UQ}/l( : 7 (3154)
v v
m u * l * u
Y'l(u), — /Ul}/l( ) + U21/2( ) ’ }/2(’“)/ — /Ul}/Q( ) — 1)2}/1( ) , (3155)
v v
Y1 Y1 1Ypo — 3]
Yﬁlzvl D1+ V2 D2 Y]32:U1 D2 — Ustp1 (3.156)
v v
The stationarity conditions of the general model (3.24) now read
Mv? + Ko — khv® = Mug =0, (3.157)
Mv? + Khug =0, (3.158)
and the Gildener-Weinberg condition (3.26) is given by
Nt + 2650302 + Nug = 0. (3.159)
The conditions (3.157-3.159) are equivalent to the relations
Kjv? + g =0, (3.160)
Nv? + K =0, (3.161)
Ngv? + Kyug =0, (3.162)

which correspond to (3.27) and (3.28) in the multi-Higgs-doublet model.
The squared mass matrix of the charged scalars is given by

, (0 0
My = (0 Nyv? + Hévé) ’ (3.163)

where we used (3.161) and (3.162). Therefore, we have a massless would-be Gold-
stone boson G* = ®/*, and a physical, charged scalar H* = ®,* with a squared
mass of

w? = Kyvg + Ny (3.164)
The squared mass matrix of the neutral scalars is given by
203 2K, vug 2Re(ry)vvg 0 —2TIm(kh)vyg
2K v 20\ v? 2Re(N\g)v? 0 —2Im()\5)v?
Mi =] 2Re(ry)vvg  2Re(N)v?  khvd + Nysv? 0 —Im(A5)0?
0 0 0 0 0
—2TIm(k5)vvy —2Im(Ag)v?  —Im(A\))v* 0 khvd + N, s0°

(3.165)

"It might appear quite unnatural that the coupling constants 11'1’3 are suppressed, while &/ is
unconstrained. However, it should be stressed that this is merely the case because we have
chosen to work in the Higgs basis.
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with

545 = A3 + Ay £ Re ;. (3.166)

The massless tree-level eigenfield o] corresponds to the neutral would-be Goldstone
boson, G® = ¢}. Furthermore, we already know that there is another massless scalar
particle at tree-level, the scalon. This becomes more apparent once we make the
transformation

M?E = RIMER, (3.167)
with the orthogonal matrix
v —v 0 0 O
1| v v 0 0 0
Ry = v 0O 0 V 0 0 (3.168)
o 0 0 0V
0O 0 0 V 0

Using (3.160-3.162), the transformed squared mass matrix reads

0 0 0 0 0
5 0 20\ — kv 2Re(Np)v*V/vg —2Im(Ng)v*V/vy 0
Mg=10 2Re(N\p)v*V/vg  Kkhvd + Ny 50 — Im(AL)v? 0], (3.169)
0 —2Im(\g)v*V/vg  —Im(\)v? Khvg + Ny _sv? 0
0 0 0 0 0
and, therefore, the scalon is given by
/
S = YoPo + Py _ (3.170)
Vv
In principle, the matrix /\;1(2) can be diagonalized by an orthogonal matrix:
M2 =RIMPR,. (3.171)

However, since this effectively corresponds to diagonalizing a general symmetric
3 x 3 matrix, it is an algebraically dreadful task and we refrain from determining
the orthogonal matrix Ry directly. Instead, we seek for further simplifications. As
a first step, we choose the phase of @/, such that Im A = 0. Furthermore, we use
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the hierarchy v < vy to make the expansion ®

000 0 0 0 0 0 0 0
i 000 0 0| [0 2\ 2Rely —2ImX; 0
Mog=10 0 k% 0 O0+—5[0 2ReXy Ny s 0 0
00 0 s, 0f Y10 —2Im)\, 0 Ny s 0
000 0 0 0 0 0 0 0
0 0 0 0 0
U4 0 2)\/1 Re )\% —Im )\/6 0 U6
+—[0 Rexy 0 0 0 +O<—6)
“lo —Imx, o0 0 0 Yo
0 0 0 0 0

(3.172)

Using the methods described in appendix B.5, we thus find the approximations

0 0 0 0 0
A 2 Re N, —2Im )\, 0 )
Roctas DA 0 oney o il g | o)
21 ommyyy - 2ReO0)Imt) 0 0 o
5
0 0 0 0 0
(3.173)
and
00 0 00 00 0 0 0
A 000 00| H{02% 0 0 o0 4
Mifoy =100 % 0 0|+510 0 Ny 0 0]40 (F) (3.174)
000 & 0] [0 0 0 X, 0 0
000 00 00 0 0 0

Therefore, our model includes a light neutral scalar S; with a squared mass of
M? ~ 2)\[0? (3.175)

and two heavy neutral scalars Sy, S3 with squared masses

My ~ ryvg + Ny 50, M3~ khvg + Nyy_s0°. (3.176)

8Note that we implicitly assume that there are no large hierarchies among the coupling constants
beside those governed by (3.160-3.162).
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The matrix R, which is defined in (3.49), is given by

R =RiR»
v2 v v2
1 202 Vo 1 203
v v? v?
V0 <1 2v§> 1 202
= 2Re A\ 12
0 - Py 6 5_2
2 0
0 0
2Im A\, 42
0 K/ ‘ w2
2 0

__2Re(Xg) Im(Xg)
kh Re A

_2Re)\’6ﬁ

!
Ko

2Re X v2
!
I

1
0

2Im)\g£

7 3
ko Vg

_QIm)\gﬁ

/

Ky
2 Re(Ag) Im(

Kb ReAf
0
1

2
O/
Ag)

o = O O O

U4
“9(%)7

(3.177)

and allows us to express the fields pg, p; and o} in terms of the mass-eigenfields:

, v? v 203 , ,
Po ~1-— 2_11(2) S - U_051 + ?US’ [— Re()\G)SQ —+ Im()\6>53] y (3178)
V2 ) 20?2
p’1 ~ (1 — 2_718) (5’1 + U—OS> + Kvé [Re()\g)Sg — Im()\’ﬁ)Sg] , (3.179)
2 Re N\ v? Im )\,
/ ~ 6_ _ 6 1
1% SQ + KU,2 U% < Sl + Re /\,5 S3) s (3 80)
o, =G", (3.181)
2 Im N\, v? Re )/
!~ 6 — 6 ) 182
0'2 83 + Ii’2 2}3 (Sl Re )\/5 SQ) (3 8 )

Now that we have determined the matrix R, it is a straightforward task to compute
the interaction terms of section 3.1.4 for the case of two Higgs doublets.

3.2.2. Neutrino masses

The tree-level neutrino mass matrix M, is diagonalized by the unitary matrix [42]

uf uh el @8MRIZcogful el MEIMR)/2 gin
U = (O 0 _ie—iaufg(MR)/2 sin @ e—i arg(Mg)/2 cosf )’ (3183)
where T
/ T r MD . B ;
uyo LMY, wy=—, with mp=+/MpM], (3.184)
b mD
and with ,
mp
tan 20 = : 3.185
| M| ( )

The diagonalized mass matrix of the two massive neutrinos is then given by

\/|MR]2+4m2D— |MR| 0
0 VMR [* + 4m3, + | Mg|

~ 1

M= (3.186)
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Therefore, we obtain at tree-level, beside the two massless neutrinos, one light neu-
trino with a mass of mz ~ m2 /| Mg| and one almost sterile heavy neutrino with a
mass of my ~ |Mg].

The one-loop mass corrections to the massless tree-level neutrinos are given by
(3.133). In order to calculate them, we first need to compute the matrices Yoo
defined in (3.101). Using the matrix

v (1 v? 1 v? 2Re A »? 2Tm \j o2 .
p|w\" 728 23 A TR W@ '
= 2L 42 2Re(Ap)Tm(Ng) »2 - |, 2Re(A;) Im(A}) 2
0 __NZ_% 11 Kh Re A % 1+ khH Re Al % 0
vl
+0 (—4) . (3.187)
Yo
which is defined by (3.50) and can be read off from (3.177), we obtain
N v? PRVARTE
Yoir~(1—-— |Y,, — 25— v/,, 3.188
D1 ( 21}3) D1 /<6/2 U% D2 ( )
. 2 Re \j v? 2 Re(\;) Im(\g) v?
Ypo ~ T8 Y] 1—i 8 02— ) V¢ 3.189
D2 Ky v} D1+( ! khRe N, wg) P?’ ( )
. 2 Im \j v? 2 Re(\g) Im(\g) v?
Ypg ~ ——— 8V} i 8 O — ) Yh,. 3.190
D3 Ky v} b1t (1+ khRe N,  w2) P2 ( )

Since 5 L M o Y}, only terms proportional to Y, contribute to the one-

loop neutrino masses. Furthermore, by choosing u} L Y]STQ we find that one of the
neutrinos is still massless at one-loop level: m; = 0. However, since there is no
symmetry that protects this property, we expect that it acquires a mass at two-loop
level [42]. The vector ), has to be perpendicular to u} and must thus lie in the plane
spanned by the vectors Y]STLQ. Using the tree-level condition u, L Y}, we then get

Y V!
uh oc Yol — vy 2D (3.191)
Y5, Y,
The global phase of u) has to be chosen such that the one-loop mass correction

is positive, and it turns out that it is given by e'®2(Mr)/2 Then, the mass of the
neutrino which acquires a mass at one-loop level reads

k[ Yal? = 1 —In (/[ Ya[?)
(kh/ Vo[> = 1)

where we expanded in v?/v2 and only took the leading contribution.

2

't

Y]S 1YD2
T
Y]:,) IYDI

_ReX; ViYL
my = (4772 ;T
YDIYDI

ms, (3.192)

3.2.3. Phenomenological analysis

If we neglect contributions suppressed by a factor of v? /v2, the condition that ensures
a positive scalon mass is given by

AM* > 2| Mg, (3.193)
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where M? = rhuv§ ~ p* ~ M3 4. In terms of coupling constants this condition reads

K 1
2 - (3.194)
Ye|* ™ V2

Therefore, the last factor in (3.192) is constrained by

R/ |Yr[* — 1 —In (kh/|Yr|*)

5 5 <0.6. (3.195)
(ra/[Yw]" —1)
Moreover, if we assume
/ /'t
Toatpy (3.196)
Y151YDT1

we get the hierarchy ms < ms, as long as the coupling constant Re Al is in the
perturbative region.

The neutrino masses are experimentally undetermined, but the differences of the
squared masses for the active neutrinos are known from neutrino oscillations. As we
have just discussed, it seems natural to assume the normal hierarchical spectrum

mp < Mo K M3 (3197)

in the case of our model. The differences of the squared masses are then given by
[17]

Am3, = m3 —m3 = (2.51 £ 0.05) x 107 eV?, (3.198)
Am2, =m3 —m? = (7.534+0.18) x 107 % eV?, (3.199)

and we hence get
ms >/ Am3, ~0.05eV, my > 1/Am3; ~ 0.0087 eV (3.200)

as lower limits for the neutrino masses. Due to the normal hierarchy assumption
(3.197) we actually expect

mg =~ 0.05eV, my>~0.009eV. (3.201)

Plugging these values into (3.192), we get the following constraint for the coupling

constants: '
Y, Yo,
Re \j—22D2 > 40. (3.202)

A aY
D1° D1

The Majorana mass scale |Mg| and the Dirac mass scale mg are both undeter-
mined. However, the reason why we implemented the seesaw mechanism was to
allow for Dirac mass scales that are in the region of the other charged fermion
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masses. It is thus reasonable to assume mp = m,., and we accordingly get a lower
limit for the Majorana mass scale,

2
mp

[My| = =D > 5.2TeV (3.203)
3

as well as limits for the masses of the heavy scalars due to (3.193):

Note that these limits heavily depend on the limit we chose for mp. We could for
example also use the assumption mp = m., which might be seen as more natural,
what would lead to much larger masses:

|Mg| 2 6.3 x 10" TeV, ju, Mas > 5.3 x 10" TeV . (3.205)

The only neutral scalar that can be identified with the H° particle measured at
the LHC is the field S, since the scalars S; 3 are too heavy, and we have already
excluded the scalon in section 3.1.5. We thus conclude [17]

M, = (125.18 4 0.16) GeV . (3.206)

It is then easy to check that the field S; has almost SM-like couplings to all SM
particles, where the corrections are of order v?/v3. Looking at the scalar interactions
that include at least one scalon (see equation (3.107)) reveals that the field S; cannot
decay into a scalon. Moreover, the decay into a heavy neutrino is kinematically
forbidden, and the decay into light neutrinos is highly suppressed due to small
coupling constants. Therefore, the decay rate of the scalar S; is quite close to the
decay rate of the SM Higgs, and hence it is in good agreement with experimental
data.

In contrast to the SM, our model allows for tree-level flavor-changing neutral
interactions (FCNTI), which are highly constrained by experiment. The simplest and
most common approach to get rid of tree-level FCNI in the non-conformal two-Higgs-
doublet model is to introduce discrete symmetries (see [16, 41] and the references
therein). However, as it turns out, this may not be necessary for our model. First
of all, note that the neutral scalar field S; interacts almost flavor diagonal, with
corrections of order v? /v, and that the scalon S has exactly flavor diagonal Yukawa
couplings. The tree-level Yukawa interactions of the scalars S; 3 are unconstrained,
and thus in principle allow for FCNI. However, these particles are heavy, with masses
at least in the TeV region, and therefore the experimental constraints may not be
spoiled. The corresponding case in the non-conformal two-Higgs-doublet model,
where one light scalar interacts almost flavor diagonal, whereas two heavy scalars
exhibit FCNI at tree-level, is known as the decoupling limit and is discussed in [43].
Further phenomenological analysis is necessary to obtain precise limits on the heavy
masses of the neutral scalars. Also note that the Yukawa matrices of the scalars Ss 3
are not independent. They are related by

A A ~

Y2(£) ~ if/g(g) : }72(51) ~ if/})(d) : 2(“) ~ —iYE))(u) 7 (3207)
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with corrections of order v?/vZ, and this could lead to cancellations in some pro-
cesses.

3.3. Conclusion and outlook

We started this chapter by considering a conformal multi-Higgs-doublet model with
an arbitrary number of right-handed neutrino singlets, where we introduced a scalar
singlet in order to generate a Majorana mass term for the right-handed neutrinos.
We found that this model predicts a scalon, which couples similarly as the SM-Higgs
to all SM particles, but the couplings are suppressed by a factor of v/V < 1 [2].
We expressed the scalon mass in terms of the masses of all other particles, but
since the relevant contributions are unknown, the scalon mass stays undetermined.
Subsequently, we analyzed the neutrino mass spectrum. We calculated the one-loop
masses of the neutrinos which where massless at tree-level and found that the result
is essentially the same as in the non-conformal model [3]. In particular, there are
no relevant contributions from the additional scalar singlet.

In the last section we focused on the simplest version of this model with two
Higgs doublets and only one right-handed neutrino singlet. We found that the
scalar sector includes three heavy states (one charged and two neutral ones) with
almost degenerate masses. The mass scale of these particles is of the order of the
mass of the right-handed neutrino singlet, and therefore at least in the TeV region.
Furthermore, we found one light state, which we identified with the H° particle
discovered at the LHC. It turned out that this particle indeed has couplings that
are almost SM-like. Another attractive feature of our model is that it automatically
leads to the so-called decoupling limit [40] and therefore “naturally” provides a
mechanism that suppresses flavor-changing neutral interactions. In the neutrino
sector, our model includes, beside the two states that are massless at tree-level, one
light (m3 ~ m2/|Mg|) and one heavy (my =~ |Mg|) state. At one-loop level, one
of the neutrinos is still massless, whereas the other one acquires a mass, which we
were able to express in terms of the tree-level parameters of our theory.

Of course, there is still a lot of work that could be done. In particular the phe-
nomenological analysis of the simplest version of the model could be extended in
various ways. For example, the mass of the neutrino which is massless at one-loop
level could be calculated at the two-loop level. If the result would be incompatible
with the experimental data, one could consider a model with three Higgs doublets. In
such a model, two of the neutrinos acquire masses at one-loop level, and this might
provide a natural explanation for a normal hierarchical neutrino mass spectrum.
Moreover, it could be interesting to analyze the renormalization group equations
of this model. The way we imposed the Gildener-Weinberg condition (3.26) was
actually quite ad hoc, and it would be nice to check how it behaves under varying
the renormalization scale.
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A. Notation and conventions

As it is standard in the field of particle physics, we set ¢ = 1, and, with exception
of some parts of chapter 2, h = 1.

When we refer to 4-vectors, we use Greek indices. The sign convention that we
use for the Minkowski metric is

1 0 0 0

oo =1 0 o

9" =10 0 -1 o (A1)
00 0 -1

The Einstein summation convention is always used for Greek indices, whereas
for Latin indices it is only used in chapter 2 and the corresponding sections in the
appendix.

In some sections we use the Kronecker product, denoted by ®, to explicitly keep
track of the structure of matrices. The Kronecker product of an m x n matrix A
and a p X ¢ matrix B is given by a mp x nq block matrix:

anB cee alnB
A® B = : ., : : (A.2)
am B - apnB
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B. Mathematical tools

B.1. The functional derivative

The functional (or variational) derivative is defined such that it obeys the basic
axiom (see e.g. [5])

0
5 () =d(z —y), (B.1)
in addition to the usual rules for differential operators:
(R + Blf) = o Rlf] + —o—Fl/] (B.2)
0f(w) S T 6 () ‘
) 0 0
5702 (MfIF:[f]) = Fl[f]WFQ[ﬂ + Fz[ﬂwﬂ[ﬂ : (B.3)

The functional Taylor series of the functional F[f] around the function g(x) can
subsequently be defined as

FIA =Y [ dondan FEP ) () = gln)) - (F o) = g(a).

(B.4)
where Fg(")(gjl, A [% . %F[]ﬂ .
B.2. Grassmann numbers
Grassmann numbers are numbers that anti-commute with each other:
0105 = —056, , (B.5)
but commute with ordinary numbers:
z0 = Oz . (B.6)
Furthermore, they obey
(0105)T = 0,05 = —0,0, and (010:)" = 0507 = —010; . (B.7)

Every function of a Grassmann variable can be expanded in a Taylor series which
includes only a constant and a linear term, since terms of higher order vanish due
to (B.5):

f0)=A+B0. (B.8)
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We can define an integral over Grassmann numbers (known as Berezin integral)
as a linear functional which satisfies the properties

/d99_1 and /de_o. (B.9)

To avoid sign ambiguities, we adopt the convention that the innermost integral is

performed first:

We can also use (B.9) for complex Grassmann numbers and if we assume that 6 and
0* are independent we further have

/d&@* =0 and /d@*@ =0. (B.11)

B.3. Integrals

B.3.1. One-loop integrals

To solve the Euclidean d-dimensional k-space integral

/ dkg 1
(2m)¢ (kg + )’
it is convenient to introduce spherical coordinates. The integration over the d — 1

angles simply yields a factor corresponding to the surface area of a d-dimensional
unit sphere

d/2
Sd = 27T— ;
I'(d/2)

where I'(z) is the gamma function, and hence we are only left with the radial inte-
gration over the variable r = /k&:

(B.12)

/ % 1 / d (B.13)
rrd . .
2m)d (ki +z)»  (4m) d/2F (d/2) )”
0
Making the substitution r? = zz, the integral can be solved using the integral
representation of the beta function
7 tw—l
B = | dt ——— B.14
@) = [ (B.14)

0
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and the identity B(z,y) = ['(x)['(y)/T'(z + y):

/ddkE 1 2 /d /2 .
(2m)d (K& + z)»  (4m)42T(d/2) 1+ z)"
0
d/2 n
(472 (n F (n ) (B.15)

Subsequently, it is easy to solve the integral
/ d%g I / / d%g 1
(2m)d @m)dkE +x
.I'd/2 1 d (B 16)
r{1--= :
/ oo G (1-5)
0

9 d/2
2ty
d(4m)i/? >

where we used (B.15) in the second step.

Furthermore, the following integral, with a hermitian n x n matrix A, which can
be diagonalized by a unitary matrix U to A = UTAU = diag(ay, . .., a,), can readily
be solved:

[ man(x- ) = [ gman (s~ )
- [oen(r- )
_Z /dd’fE (1+k2) (B.17)
- ZiamF (1 - g) (a:)¥*

2F(1 4
=G "

Ad/2

In the third step we performed a Wick rotation and in the fourth step we used (B.16).
For the Wick rotation we need a prescription of how to close the contour. Going
back to equation (2.1) we see that in the path integrals, which we are considering in
this work, the time integration is actually always slightly rotated: xo — zo(1—10").
Thus, after the Fourier transformation this corresponds to kg — ko(1 + 107) or
k% — k2 410", which slightly shifts the poles and tells us how to close the contour.
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B.3.2. Gaussian integrals

The Gaussian integral

2 T
T = = B.1
/ dxe \/;, (B.18)

—00

where a € C and Rea > 0, can be generalized to the n-dimensional integral
/dnl,e—xiAij:cj ’
R

where A is a complex symmetric matrix with eigenvalues a;, which satisfy Re a; > 0.
Since A is symmetric, it can be diagonalized by a unitary matrix U [20, 21]:

UTAU = diag(as, ..., ay). (B.19)

Making the substitution z; — U;;z; and using that the modulus of the Jacobian
determinant is one, we hence find

2 2 A B
dr —z; ATy qn =20 it} — | | /d i i | | ‘I—Tr = | det —
/ xre / xTre A xT; e A o € -
R i i

]Rn

N

(B.20)
B.3.3. Gaussian integrals over Grassmann numbers
Let us consider the integral
1
/d@l d@g . degn exp <_§91A1]93) s (B21)

where A is an antisymmetric 2n x 2n matrix. If we expand the exponential in a
Taylor series, we see that only the term of order n survives the integration:

1
/del d92 c. d92n exp <—§91AU6.J> =
_1)n
% /d@l dfy ... d0s, (0;,Ai 1 05,)(0iy Aiyinby) - - (6i,Ai 5 05,) . (B.22)
Due to the anti-commutative property of Grassmann variables we have
0:,07,0:,05, - .. 0:,0;, = €irjrisjs..injn0102 - - . 020 = (=1) " €1 j1injs...ingnb2nb2n—1 - . . 01,
(B.23)

where in the last step we performed (2n — 1)+ (2n —2)+---+2+1=n(2n—1)
interchanges of adjoining Grassmann variables. Therefore, we find

1 1
/del dez RN degn exp <_§91Az]9]) = ﬁeiljliszWinjnAiljlAi2j2 e Aln]n = pfA,
"n

| (B.24)
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where the definition of the Pfaffian (see e.g. [44]) was used in the last step.
Furthermore, we may consider the integral

/dm coodnpdxa - dxn exp (xiBigng) (B.25)

where B is a n X n matrix and 7; and x; are independent Grassmann variables.
Due to the anti-commutative property of Grassmann variables we can rewrite the
exponent as

1 1
XiBijn; = §XiBz'j77j - 577iBz‘Tij : (B.26)
Defining the matrix
_ 0n><n BT
A= ( B Onxn> , (B.27)

and the vector

0 = (;’7() (B.28)

the integral can be solved using (B.24):

/d771 o.dn, dxy ... dxs exp (xiBijnj)

1

Accordingly, using the identity (see e.g. [44])

pf Owcn BT _ (—1)"=D/2 det B, (B.30)
—-B 0n><n
we finally have
/dm dn,dyy .. dyg exp (xiBign,) = (=1)"" D2 det B (B.31)
and especially for y = n*
/dnl —dn, dnp .. dnfexp (0 Bijm;) = (=1)"""D/2 det B. (B.32)

Moreover, rearranging the integration variables in (B.31) we obtain

/dm dx1 dne dxz . .. dn, dx, exp (x; Bijn;) = det B.. (B.33)
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B.4. Path integrals

B.4.1. Bosonic Gaussian integral

Let us consider the path integral

/ (H[d@]) (5 [ doo) (4,0 0,)). (B34)

14

where the integral is over n real bosonic fields ¢;(z) and the n x n matrix A(09),
which may depend on the derivatives d,, is real and satisfies the properties

Aij(0) = A;i(0) = Ay (—0). (B.35)

Using the Fourier transform

d ~
o) = [ e ). (B.36)

we can rewrite the action in the exponent as

g /ddxqbz( )Aij(0)p;(x)
/ / dek ddk/ ,m(mk’)(;i(k’)Aij(—ik)<5j(k)

1 d4k ddk:’ NT ey SN T
=3 / S )d( 1)@ (k 4+ k)i () Ay (k)5 (k) (B.37)

1 [ d% - T
-2 / i (A6, (K)
=5 [ Ty (Redu(h Re dy 8 + 1 6108 509 ).

where in the last step we used (B.35) and ¢;(k) = ¢, (—k), which follows from (B.36)
and the fact that ¢;(z) is real.

To solve the path integral we should actually discretize, but here we simply treat
the continuous variables x and k formally as discrete without going into detail, as
also done in [45]. This allows for example, to make the correspondence

d%k 1
— B.
/(%)d—>Vd d ; (B.38)

where V; = [ d%z is the infinite space-time volume in d dimensions.
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Therefore, we get for the action !
S = Q—VdRe@( )Ai;(0) Re ;(0)
! > (Re ¢i(k) Re ¢;(k) + Im ¢; (k) Im @(k)) Ay(ik), (B.39)

Vd k>0

where we used Re ¢;(k) = Re ¢;(—k) and Im ¢;(k) = — Im éi(—k);
Furthermore, if we make the variable transformation ¢;(z) — ¢;(k), the measure
of the path integral can be rewritten as 2

H dg;) = HHd¢z cHdRe&i(O)HdRe@(k)dIm@(k), (B.40)

k>0

where the constant C' accounts for any Jacobian determinant we might get.
Using (B.39) and (B.40), we are now able to calculate the path integral:

/ (1}0@4) (5 [ droo)4,0)0,0)

=C / 1;[dRe<£e<0>)exp<WRe¢z<> (0>Req3j<0>)

x/ HHdImqgg(k')) exp( X:ImgbZ )) Im ¢, (k))

£ k>0 k>0

x/ HHdRe@(k/)> exp< > Regy(k)Ay;(ik) Re ¢, (k ))

? k>0 k>0

2V

T [ (T emedw)) mn (5 medina, o6y

k>0

X/(Hdlm@(k)) eXp(VLdIm&i(k)Aij(ik)Iméj(kO]

- A(0) \ 2 AGR)\ 72 (L Ak 2
= (det 127rvd> 11 (det =y det oo

k>0

= C / HdRqug(m) exp(—Reqz() <0>Rea3j<0>) (B.41)

N[

=TT (e 250} o en ago)) .
k

17TVd

'What we actually mean by k > 0 is k € A, where A is an arbitrary subset of the d-dimensional
Minkowski space M which satisfies the conditions AN A" = {} and AU A" = M?\ 0, where
A’ = {k € M?%| —k € A} is the mirror image of a reflection of the region A through the origin.

2There is no integration over d Im ¢;(0) since Im ¢;(0) = 0.
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where we used (B.20) and defined the functional determinant
Det A(0) = [[, det A(—ik) in the last step. Actually, to use (B.20), the matrix
A(ik) needs to be negative definite. In (2.1) the time integration is slightly ro-
tated: z9 — zo(1 — i07). After the Fourier transformation this corresponds to
ko — ko(1 +1i07) or k2 — k2 + 10", and for the path integrals in this work, this
should be sufficient to guarantee that A(ik) is negative definite.

Taking the logarithm of the last equation, we get

In (DetA(a))—%] :m(H (det A(—ik)) %) Zln (det A(—ik))"2

k

d
_ —%Vd/ (‘;’; Indet A(—ik). (B.42)

B.4.2. Fermionic Gaussian integrals

Let us consider the path integral

/ (E[[dw}) (5 [ o)), (B.43)

where the integral is over 2n fermionic fields ¥;(x) and A(9) is a 2n X 2n matrix,
which may depend on the derivatives 9, and has the property A(9) = —AT(-0).
Using the Fourier transform

d ~
wle) = [ e ). (B.41)

we can rewrite the exponent as

1 dik ddk’ "~ -
5/ 'z () Ay / / e TR (1) Ay (—ik ) ()

1 [ ddk ddk’ .
_2/<2ﬁ) a2 )46 (ke + K )i (k') Aiy (—ik)); (k)

1 dek - S\
- / iRV A (k) (8).

(B.45)

If we again assume formal discretization and consider the variable transformation
;i(z) — 1¥;(k), the measure of the path integral can be rewritten as

Hdzﬁl HHdz/zl CHdwz ) [ ] debi (k) dess(—F) (B.46)

k>0

where the constant C' accounts for any Jacobian determinant we might get. Fur-
thermore, after discretization we get for the exponent:

3 [ @) A5(0)s(0) = 5O AOF,0)1+ . G-k Ay (k)0 (BA7)
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Therefore, the path integral gives

/ <1;[[dwg]> eXp( / (@) A, (6)%) )
:C/ (I;dl/;e (0)> exp<ziwlﬁi(0)Aij(0)qu(o))

/ (HHdW ) deby(— )) exp (Vid Zizz(—k)/lm(—lk);ﬁ](ko

£ k>0

:(j/ (Hdl/;e (0)> exp(%}d@@i(O)Aij(O)%(O))
X}H/(Hdw ) debe(— >€Xp( bi(—k) U(—ikwj(k))
Hd

k>0
(B.48)
where we used (B.24) and (B.33). With the following relation (see e.g. [44]):
pf A= =+Vdet A, (B.49)

we finally obtain

/ (H[d@bg]) exp( / A% i () Ay m) o [ [ V/det A(—ik) = /Det A(9)

Z (B.50)

and taking the logarithm, we get

In \/Det A(0) = In (H V/det A(—ik)) = Zln v det A(—ik)

:%vd/(;”; Indet A(—ik). (B.51)

Furthermore, let us consider the path integral

/ (E[[mm]) (H[dz/ﬁ;]) exp < / ddm/;;‘(x)Aij(a)zpj), (B.52)

m

where the integral is over the n fermionic fields ¢;(x) and their complex conjugated
fields ¢} (z), and A(0) is a n x n matrix, which may depend on the derivatives 0,,.
Using the Fourier transform

d ~
vi(x) = / (;Wl;deikxwi(k), (B.53)
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we can rewrite the exponent as

Ak ddk’ i o
/ a3 (o / dta / KRG () Ay (=) (R)
ddk ddk'

(27T)d5 Dk = k)i (K) Ay (=ik) 5 (k)

(B.54)

If we again assume formal discretization and consider the variable transformation
i(x) — ;(k), the measure of the path integral may be rewritten as

() (L) 11 (oo (L2
:01;[<1;[d@h )(Hdw > (B.55)
)

Therefore, we can calculate the path integral using (B.54) and (B.55):

/ (H[d@]) (H[M‘]) exp( / da ;7 (x) A, <a>¢j)
(Hdw > (Hdiﬂ )] eXP(%Z@j(k)Aij(—ik)@j(k))
—CH / (Hdw )( i, ( >exp ;d@bZ(k)Aij(—ik)&j(k))

—CH yrn=1/2 qe tA( ik) ocHdetA —ik) = Det A(0)

(B.56)
where we used (B.32). Taking the logarithm, we subsequently get

In Det A(9) zln(HdetA(—ik:)) = Indet A(—ik) :vd/ (ddk" In det A(—ik).
k k

2m)4
(B.57)
B.5. Eigenvalue perturbation
Consider the eigenvalue problem 3

3Note that we do not sum over repeated indices in this section.
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where the symmetric n X n matrix A can be written as
A= AO + 6141 + 62142 y (B59)

with a small parameter ¢ < 1 and symmetric matrlces Ag, A1 and As. Let us
assume that the eigenvalues )\E and eigenvectors u ) of the symmetric matrix Ay
are known,

Al =20 1<i<n, (B.60)

and that the eigenvalues are non-degenerate and the eigenvectors are normalized
according to

? J

Furthermore, let us assume that we can make the expansions

2 : (B.62)
Vg (B.63)

) 4 62)\5
+ € ug

Then, taking only terms of order ¢, the eigenvalue equation (B.58) reads
Aouz(l) + Alugo) = )\Z(»O)uz(»l) + A§”u§°) (B.64)
and multiplying this by uEO)T from the left we find
AD — 0T 4,0 (B.65)
If we multiply (B.64) by ug-o)T (where j # i) from the left, we obtain
LOT, M w T A, i (B.66)

j i )\Zgo) B )\5.0) J

Furthermore, demanding that the eigenvectors u; are unit vectors,

u; u; = u; ugo) + QGUEO)TUEI) +---=1, (B.67)

we get the condition
WO T =0, (B.68)

Therefore, using the completeness relation

]1n><n = Zugo)UEO)T ) (B69)
we finally find
DN ,0 oty A B.70
- =S )
J Jj#i
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Now let us consider the case where one of the eigenvalues of A, is degenerate,
where the degree of degeneracy is 7:

A=A = =)0 (B.71)

Then, the eigenvectors u§°) (1 < i < r) are not uniquely determined by (B.60)
anymore. We can make the ansatz

ul? = Z R, (B.72)

with an orthogonal r x r matrix R, where the vectors v} build an orthonormal basis
of the eigenspace corresponding to the eigenvalue A. Inserting this into (B.64) and

multiplying by u§O)T from the left, we obtain
Z Rjku;TAluleE = /\1(1)(513 y for Z,j = ]., e, T (B?S)
k=1

Writing the last equation in matrix form we have
RART = diag(\”, ..., A() (B.74)
with the matrix
Akl = u;TAlug . (B75)

Therefore, the first order corrections )\gl) (1 <i <r) are determined by the eigen-

values of A, and the rows of the matrix R are given by the eigenvectors of A.
While equation (B.70) is still valid for < ¢ < n, there is obviously a problem for

1 <17 < r. To determine the coefficients u( T §1) for 1 <i,5 < r, we have to use

the condition that we obtain by consadermg only terms of order €2 in the eigenvalue
equation (B.58):

Aot + Ajul + 4,0 = A4 4 APy M A2 0 (B.76)

Multiplying by ugo) (where j # i) from the left and using (B.66) and (B.73) we
obtain

OT,0 _ u” " Aguy” i T Ay T Ay for {z’,j: L...r

. =t o,
/ AT A (Y (W0 - a0) i
(B.77)
Therefore, for 1 <1 < r we get
L OT 4,0
1 _ 0), (0)T oY% At
u; —Z“j u; ' Z U; 0 )\(0)
J j=r+1
0T A W@ g OT 4y OyOT 4 )
+ u : (1) + Z ]1 (1) k(o) 1 Z(o) (B.78)
T S ) (P - )
Ve
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C. The most general renormalizable
Lagrangian density

In this section we want to find the most general renormalizable, Lorentz invariant
Lagrangian density for a theory with a field content that includes m scalar fields
¢;(x), and ki, left-handed and kg right-handed fermionic fields v, ,.(z) and ¥ ().
In section C.4 we will introduce a gauge symmetry and therefore we will add n real
gauge fields A,(z). We adopt a formalism that was introduced by Weinberg [13, 46,
47], which conveniently allows to describe a general gauge theory.

C.1. Scalar fields

In principle the considered scalar fields could be complex or real, but since it is
always possible to rewrite a complex scalar field as two independent real scalar
fields, we will assume that the m independent scalar fields ¢; are real in the first
place.

C.1.1. Kinetic term

The only renormalizable and Lorentz invariant term, which includes derivatives of
scalar fields, is of the form

Ky = (0u0i) Aij (0" ;) - (C.1)

The Lagrangian density is supposed to be real and thus the matrix A has to be real.
Furthermore, we can assume A to be symmetric since the antisymmetric part drops
out in equation (C.1) anyway. A real symmetric matrix can be diagonalized by an
orthogonal Matrix O:

~

OTAO = diag(ay, ..., an) = A. (C.2)

If we redefine the fields according to Zj \/ZaiOiTjgbj — ¢; (without summation
over the index i) equation (C.1) reads

1

Ky = 5(@@)@”@) : (C.3)
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C.1.2. Interaction term

The self-interaction terms of the scalar fields are usually called scalar potential. The
most general renormalizable term is

Vo =P(0), (C.4)
where P(¢) is a fourth order polynomial in ¢;:

P(p) = A" f + A%fi@ + fij0ip; + A%dfijk@%ﬁbk + A fidigiorg,  (C.5)

where A is an arbitrary parameter of mass dimension one, which was introduced
to keep the mass dimensions of the coupling constants ([f] =4, [fi] =3, [fi;] =2,
[fisk) = 1, [fiju] = 0) fixed while using dimensional regularization. All coupling con-
stants are real and can be assumed to be totally symmetric since any antisymmetric
part would drop out anyway.

C.2. Fermionic fields

The ky, left-handed and kg right-handed fermionic fields respectively fulfill the con-
ditions
UL, = P, and  Yr, = PrYr,, (C.6)
where the projection operators P, = %(]14X4 — ;) and Pr = %(]14X4 + 75) were
introduced. For every field v we consider, there is a charge conjugated field
T

V=C(¥) (C.7)

where C' is the unitary and antisymmetric charge conjugation matrix, defined by
the relation

(v =-C'y"C. (C.8)
Note that charge conjugation changes the chirality of a spinor:
(Yr)° = Pr(yr)® and (¢r)° = PL(¢r)°. (C.9)

C.2.1. Kinetic term

The most general Lorentz invariant kinetic term that we can write down is of the
form

Ky = Pr(Ay @ i@ + ¥ (As © id) (r) + (Ur)°(As @ id)y,
+ (Yr)°(As ®10)(vr)°,

where we have introduced two vectors containing respectively all left-handed and all
right-handed fields:

(C.10)

(D
Yy, = : , Yr=
kaL

Vr1
: (C.11)
@ZijR
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Of course, we could ziso add the terms (¢)¢(By ®i$)(¢L)C, %(B2 ®i&))(¢L)C7
(¢1,)¢(Bs ® i)y and Yg(By ® id)yr, but using the identity

D (A@id)s = [11(A® ia)%f = Y§(AT @id)ys, (C.12)

and with the redefinitions A; + B] — A;, we recover the original form.
To ensure that K, is real, we can add the complex conjugate of all terms in (C.10).
Using the identity

[Di(A® )] = [bi(A® 0] = Ta(Al @id), (C.13)
and redefining the matrices according to
Al+ Al > A, As+ AL = Ay, A+ 45— Ay, A+ Al > Ay, (C14)

we then again obtain the original form of equation (C.10), but now with the condi-
tions A; = Al Ay = Al and A, = Al
If we construct the left-handed vector

wr, = ((fi)) , (C.15)

we can rewrite equation (C.10) as

Ky = ai(A @ i), (C.16)
with 14
o 1 2

am (), o

Since A is hermitian, there exists a unitary matrix U that diagonalizes A:
UtAU = diag(ay, ..., ap 1hy) = A. (C.18)

If we redefine the fields according to /a, [(U f® ]14X4)wLL — wr,; (Without summa-
tion over r) we get

Ky = 050(L (g ) ¢ (k) @ 10)wr, = U1 (Liy sy, @ 1001, + (VR) (Li i @ 10) (Yr)°

=w
= L (Lpy sy, @ 1)U + VR (Lpg kg, @ 10)UR
(C.19)

where we used (C.12). It seems at this point as it does not matter if we consider a
left-handed field or a right-handed one. Indeed, a charge conjugated right-handed
field is left-handed and thus, we actually could have started with ki, + kg left-handed
and no right-handed fields with the same result. The only difference is which name
we assign to the fields: (g )¢ or ¢,,. Once we include Dirac mass terms and switch
to the mass basis, we can construct Dirac fields out of respectively one left-handed
and one right-handed field. Hence, at that point it really makes sense to speak of a
left-handed and a right-handed component of a field.
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C.2.2. Interaction term

The only pure fermionic, renormalizable interaction terms are mass terms of the
form

Ve = Yr(m1 ® Laxa) ¥, + ¥r(me @ Lasa)yr + %W(mg ® Lyxa)¥r,

S04 ® L) (00)° + 5 )5(ms © L) + 5 0m(m © ) (Y)°
(C.20)

Of course, we could also add the terms (Y1)¢(m7; ® T4u4)(Yr)¢ and

(Yr)¢(ms @ Lyxq)(¢r,)¢, but using the identity

1M @ Laxa)ths = [01(M @ Lia)ta] ' = @2)o(MT @ Luwa) (¥1)°,  (C.21)

and with the redefinitions m; +m; — myq and me +mg — My, we recover the original
form. Further, due to equation (C.21) the antisymmetric parts of ms, my, ms and
mg drop out in equation (C.20) and thus we can assume them to be symmetric.

To ensure that K, is real, we add the complex conjugate of all terms in equation
C.20. Using the identity

[01(M @ Lasa)n])” = [61(M @ Laxa)n)' = Yo (M' @ Lua)ihn (C.22)

and with the redefinitions my +mb — m}y, mg +mh — m} and ms + m} — mj; we
subsequently get

Vy = Yr(mp © Ly + %WL)C(W'L ® Laxa)r + %WR)C(mia ® Laxa)Pr + hoc.,

(C.23)

where my and mj are symmetric matrices.

C.3. Yukawa interactions

The interactions between scalar and fermionic fields are called Yukawa interactions.
The only allowed terms are of the same form as the fermionic mass terms V;;, where
we just have to replace the mass matrices by Yukawa matrices, coupling the fermions
to the scalar fields:

Vo = A%sz‘ %(Fm ® Lyna)r, + %(QZJL)C(FM ® Tgxq)r,
+%(¢R>C(FRz’ ® Luxa)r + hoc.|, (C.24)

where the matrices I'r,; and I'g; are symmetric.
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C.4. Gauge fields

Let us now introduce a gauge symmetry, where the symmetry group is a compact
reductive! Lie group G. The group generators T, satisfy the commutation relations

[Tm Tb] - iCvabcirc , (CQ5)

where Cy,. are the structure constants, which can be chosen to be totally antisym-
metric. Moreover, we can choose the generators to be hermitian and the structure
constants to be real without loss of generality. The scalar fields and the left- and
right-handed fermionic fields transform under an infinitesimal gauge transformation,
characterized by the real infinitesimal parameters a,(x), as

¢i = (035 — 1 (2)(6a)is] 05 , (C.26)
'¢Lr - [57‘5 - iaa(x) (tLa)rs] st ) <027)
Yrr = [0rs — i (T)(tRa)rs] VR (C.28)

where the generators 0,, tr,, and tr, are the matrices representing the abstract gen-
erators 7T, in the representations furnished by the fields ¢;, 11, and ¥r, respectively.
Note that we do not write the gauge couplings explicitly, they are included in the
matrices 0,, t1.q, tre and in the structure constant C,.. Since we want the scalar
field to stay real under a gauge transformation we have to impose

0 = —0,. (C.29)

Furthermore, since 6,, t1,, and tg, are matrices representing the generators 7, they
have to be hermitian and satisfy the same commutation relations as Tj:

9:; = 911 ’ [Qa ) eb] = icVabcec ) (C?)O)
t;r_;a =tLa, [th tLb] = iC(abcth, <C31)
tifzia = tRa; [tRm tRb] = iCta,bctRc . (032>

To define a covariant derivative, we need to introduce the real gauge fields A*,
which transform according to

Aup = Agy+ N7 9,04(1) — CopeAp () . (C.33)

With this definition, the respective covariant derivatives of the fields:

(D,d)i = 0uhi + N 21(0,)1j0; A - (C.34)
(Dptn)r = Outir + N7 1 (ta)retbr s Aa (C.35)
(Dutr)r = Outbr, + AT 1(tRa)rstR s Aap (C.36)

'Reductive means that the Lie algebra of the Lie group is a direct sum of simple and trivial
(one-dimensional) Lie algebras.
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transform in the same way as the original fields. If we exchange the partial derivative
0, with the covariant derivative D, in the scalar and fermionic kinetic terms, one
can readily check that these terms are gauge invariant. Therefore, the gauge-kinetic
terms for scalars and fermions read

Koa = %(Du¢)i<Du¢)ia (C.37)

and
K¢A = %(]lkakL X ilD)@Z)L + %(]lkakR ® i¢)¢R : (C38)

Applying an infinitesimal gauge transformation to the scalar interaction term and
demanding that it is gauge invariant:

P(6) = P(6) ~ iaula) 0u0) T2 L (o), (©39)
leads to the condition 9P
0.5 ~o. (C.40)

Proceeding in the same way with the fermionic interaction terms yields the following
conditions for the mass and Yukawa matrices:

mptLa — tramp =0, I'pitLe — tral'pi = (0a)ijInj s (C.41)
tLomp +mptLe =0, PLitLa + 11,00 = (0a)iTL5 (C.42)
ti’;am'R + m’RtRa = O, FRitRa + tEaFRi = (HQ)UFR]- . (043)

We have already discussed the terms describing interactions of gauge fields with
other fields, but we still need kinetic and self-interaction terms for the gauge fields.
The only terms that are renormalizable, gauge- and Lorentz invariant and include
only gauge fields are of the form ar ,, F!" and bF, """’ F, ,,, where we introduced
the field strength tensor

Foap = 0,40y — 0,A0, — N2 Cope Ay Acy (C.44)

It can be shown that bF, ,, """’ F, ,, is a total derivative, and therefore, it does not
contribute to the action and we hence drop it. This leaves us with

1
KA = _Z auuFéﬁya (045)

where we have chosen a specific normalization for the fields A, ,.
Finally, the most general Lagrangian density reads

L=Ky+ Koa+ Kya—Vy— Vi — V. (C.46)

For the calculations in section 2.2.2 it is convenient to have the same number of left-
and right-handed fermionic fields. Since fields that only have a kinetic term and
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do not have any interaction with other fields are physically irrelevant, it is always
possible to introduce new fields such that the number of left- and right-handed
fermionic fields coincides. Therefore, we will now assume that we have the same
number k¢ = ki, = kg of left- and right-handed fermionic fields. We can then define
the field vector

U(z) = Yr(z) + Yr(2) . (C.47)
and rewrite the gauge-kinetic fermion term:
KT/)A = E(]lkkaf ® 1¢)¢ ) (C48)
the mass term:
_ 1— 1—
Vy =(mp @ Py + §¢C(m£ ® P+ §¢C(m’R ® Pr)Y +hec., (C.49)

and the Yukawa term:

Vy = A%‘d@' P(Tp; @ PL)Y + %E(Fu ® Py + %E(FP@ ® Pr)Y + h.c.] .
(C.50)

C.5. Gauge-fixing and Faddeev-Popov ghosts

It was shown by Faddeev and Popov [48] that if we have a quotient of path integrals
with an action S[®] in the exponent, which depends on a set of bosonic and fermionic
fields ®; and is invariant under a gauge transformation, we may replace the action
by

S'[@] = S[®] + Sar + Sre, (C.51)
with the gauge-fixing part
1
Ser =~ [ 4% fula)fula). (€52
and the Faddeev-Popov ghost term
0.fa(z)
_ d d * YJa\”)
Sep = = [ drdlyw ()22 Hula). (C53)

The function f,(x) is an arbitrary function of the fields ®;(x) and their derivatives,
which determines how the gauge is fixed. The function f!(z) is given by an infinites-
imal gauge transformation of f,(x) — f.(x). The fields w(z) are anti-commuting
quantities and are named ghost fields, because they are not physical.

Let us now consider the action corresponding to the Lagrangian density of the
last section (C.46)

Slp, b, Al = /ddxﬁ . (C.54)
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For a reason that becomes clear in section 2.2.2 we choose the gauge-fixing function

Falz) = €20, A1 — AT €2 (0060)i (6 — da)i (C.55)

where &, are free, non-negative gauge-fixing parameters, which form the diagonal
matrix & = diag(&y,...,&,). The field ¢q; is defined in section 2.2.2; but the only
thing that is relevant here is that it does not transform under gauge transformations.
Using the transformation behavior of scalar and gauge-fields under infinitesimal
gauge transformations, (C.26) and (C.33), the function f, transforms as

foor £ = fat A7 €200 + £2,Chea0,s (Alare) — A2 E 2 (Op6a)i(0) 1050 . (C.56)

Plugging the functional derivative

6 / dea 1 1
_55;((3 = A 00D (@ — y) + E2Cupad, [AL(2)0D (@ — )]

+ AT 6 [Bfebal)], 6 (2)0 D (@ —y) (C.5T)

into (C.53), we get the Faddeev-Popov Lagrangian density

Lyp = (0,w))(0"w,) + (ayWZ)A%fc%cCcedAgfe_biwb — W2A4_dfa_c% (Qdecqbcl)igﬁigg;ﬁwb ;
(C.58)
where we have made the transformation w, — A%dé;%wb, such that the kinetic
term is normalized in the usual way. This is allowed since we are dealing with
quotients of path integrals and therefore the transformation constant of the measure
[dw][dw*] — const.[dw][dw*] cancels.
For the specific gauge-fixing function we have chosen the gauge-fixing term reads

Lar = —%(@Ag)fab(@VAZ) + %A4_df@1(9a¢cl)i(¢ — ¢a)i(Opda1) i (& — da1);
+ iA%(aﬂA5)<0a¢cl)i<¢ — ¢a)i- (C.59)
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D. Calculations

In this chapter we gather calculations and derivations which do not fit in the main
part because they are too long or too cumbersome.

D.1. Generating functional of connected correlation
functions

In chapter 2.2.2 we found that, for a general gauge theory, the one-loop contribu-
tion to the generating functional of connected correlation functions decomposes into
terms which depend on only one type of fields, and hence we can calculate them
separately.

D.1.1. Scalar term

The scalar contribution is given by

Det D¢
WylJ) = 1 - D.1
ol71=5 n(DetD¢) ’ (b1

with

D¢ = 5 [_]]-mxmlzl — M2 + A4_d(0a¢cl>§;}(9b¢cl)1—:| ' (D2)

Using (B.42) and canceling some factors, we get

%/ ddk (]lmxm . MQ + A4_d(9a¢cl)£abl(6b¢cl)—r>

WylJ] = —— Indet

2 | (2n) K2 03
in ddk ]\7[2 + A4_d(9a$cl)£_bl (ebécl)T .
- — Indet| 1,,,xm — < ,
2 | (2n)d 2

where the second term is the same as the first one, but with ¢, exchanged with ¢.
Performing the integration with the help of (B.17), we obtain

Vil (1-9)
d(4m) i

LY (1-5)
d(4m)ir2

d/2

WylJ] = tr [M2 4+ A" (0,00)E (pa) "]

(D.4)

tr [M? + A" (0,0a)Ey (0s0a)T] "
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D.1.2. Gauge term

The gauge term reads

1 DetDA
WylJ] = =1 = D.5
Al =3 n(DetDA)’ (D)
with )
Dy == [Lixn ® 90— (Lyxn — &) @ (9007 g) + 1i* @ g] . (D.6)

2
Using (B.42) and canceling some factors we get

iV, d’k kkTg  p?
W) = e / In det (11 & Tt — (Lo — €) @ P9 12 o 11)

> | (2n) 2R
v, [ A% KTy 2
- 7/ (27’(’) In det( nxn ® ]ldxd - (]lnxn - 5) ® k’Z - ﬁ & ]lnxn .
(D.7)

The d x d matrix kkTg/k? has the eigenvector k with eigenvalue 1. Furthermore,
there exist d — 1 linearly independent vectors, which are orthogonal to the vector
gk and are thus eigenvectors of the matrix kkTg/k? with eigenvalue 0. Therefore,
there exists a matrix V' such that

kkTg 1 0 )
VA BB VS . D.8
k2 (0 O@d—1)x(d—1) (D-8)

Multiplying the determinant in (D.7) by 1 = det(L,x, @ V') det(1x, ® V), we
get

kkT 2
det (ﬂnxn X ILd><d - (]lnxn - 5) 0y k’2 - % X ]lnxn)
1 0
= det ]lnxn X ]ld><d - (]lnxn - 5) 02y - ]lnxn
0 O@-1)x(d-1)

“_
52
0 0 1 0
= det ]ln n +E&E®
¢ { ) (0 ]l(d—nx(d—l)) ¢ (O Od—1)x(d-1) }

2 l
w 0 0 & 0
{ = AT g (0 ﬂ(dl)x(dl)) k2 (0 0<d1>x<dl>>}

(D.9)

Inserting this back in (D.7), the first determinant cancels and using (B.17) to perform
the integration, we get

WalJ] = —M [(d— 1) trp? + tr (2]
v f“(?f>2 ?) (D40
Zdt \" " 3) _ = r(e= 254\ |
+ ) [(d—1)trp®+tr (&%)
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D.1.3. Fermion term

The fermion contribution is given by

i (DetD,
WoalJl = 1 , D.11
sl ==3 n(DetDw> ’ (D-11)

with
D, = % (o) [~ @id+ (Com) @ P+ (ml-C) @R, (D12)

Using (B.51) and canceling some factors we get

Wy [ d% . ¥
WQJ,[J] == —Td / Wlndet |:]l2kf><2kf & ]l4><4 - (C . m) & (PL . ﬁ)

()

iV, [ dik s\ k
—|—7 / Wlmdet |:]l2kf><2kf & ]14><4 — (O . m) & (PL . ﬁ

—<m*-é>®(PR-£)].

After some calculation, the integral of the last equation looks much more compact:
d?k .
/W In det {]12kfx2kf ® Tgxq — <C ' m) ® (PL : %)

— (mC’) ® (Pm%)}

(D.13)

d% m*m

= 2/ Wtr In (]IZkfXQkf — ?)
d?% m*m

= 2/ (27T)d In det (]lgkfxgkf — 7) s

(D.14)
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where we used the identity

Indet A=trlnA, (D.15)

and the series expansion of the logarithm. Moreover, in the second step we used
that the odd powers in the expansion vanish after integration, because they are odd
functions of k*. In the third step we used some properties of the Dirac matrices and
in the fourth step we made use of the cyclicity of the trace. Using (B.17) to perform
the integration, we accordingly get

2Vl (1 - %) x_\d/2 2Vql’ (1 - %l) _ % —\d/2
D.1.4. Ghost term
The ghost term reads
Det D
WylJ| = —il —~ ), D.17
1] ! n(DetDw) ( )
with
Dy, = —Lpyn0d — & 3020 (D.18)

Using (B.57) and canceling some factors, we get

d -1,,2
Wo[J] = —in/ﬂlndetOlnxn—g s )

(2m)d k2
e e (D.19)
+ 1Vd/ 2r) In det (]lnm - ) ,
and subsequently, using (B.17), we obtain
Wir(1-1) W (1-1)
Ww[J] = d(TWQQtr (f d/zl,bd) — Wtr (f d/2,u ) . (DQO)

D.2. Terms including ®;, in the scalar potential

In section 3.1.1 we claimed that the most general form of the scalar potential is given
by equation (3.14). We could, however, add the following gauge- and scale-invariant
terms

>, [&jm@%@j)(@i@z) + Xijm@ﬁj)(élén] + 95 ) Ri®l;, (D.21)

i,k i,J

but the identity
OID; = B] (in) in @) = 0] @5 = 01, (D.22)
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immediately reveals that the last two terms in (D.21) can be absorbed into the
original potential by a proper redefinition of the coupling constants. Furthermore,
it is easy to check that the components of the second Pauli matrix fulfill the condition

T2abT2cd = 5ad5bc - 5ac(5bd> <D23)

and therefore we may write

(PID))(DLD)) = O} ,iT2 @}y Proc(—iToca) Pra = P05, PrpPra — OF, D7, PraPyy
= (‘Dj@l)(q’;q)k) - (@Zq’k)(@;@l% (D.24)

what shows that also the first term of (D.21) adds nothing new to the potential.

D.3. Eigenvectors of the mass matrix M3

In section 3.1.3.3 we claimed that the two vectors

Un 0
Ren |, | —Imn | € R¥uH! (D.25)
Imn Ren

are eigenvectors of the mass matrix of the neutral scalars,

200v2 RekT ImkT
MZ=| Rek A c |, (D.26)
Imk CT B

with eigenvalue zero and we want to check this here.
For the first vector we get the three equations

2Xoving + Re(k"n*) =0, (D.27)
Re[nok + K'n + Kn*] =0, (D.28)
Im [nok + K'n+ Kn*] =0, (D.29)

where we used the definitions (3.45) of the matrices A, B, and C and the fact that
n is an eigenvector of M? with eigenvalue zero (3.39). Equation (D.27) holds due
to (3.27):

2Xoveng + Re(k™n*) = 2\gvang + 2V?ny Z rijnin; =0, (D.30)
1]
where we also used the definition (3.44) of the vector k£ . Equations (D.28) and
(D.29) are satisfied because

(nak -+ Km + Kn), = 2V ki, V2 S (s + M) = 0.
j 7.kl

(D.31)

86



where we used (3.28) and again the definition (3.44) of the vector k, and the defini-
tions (3.46) of the matrices K and K.
For the second vector the three equations read

Im(k™n*) =0, (D.32)
Im (Kn*— K'n) =0, (D.33)
Re(—Kn*+ K'n) =0, (D.34)

where we again used the definitions (3.45) of the matrices A, B and C and the
fact that n is an eigenvector of M? with eigenvalue zero (3.39). Equation (D.32) is
satisfied because kTn* = 2V?n, > Kijning is real. Equations (D.33) and (D.34)
hold since

(Kn* — K'n) = V? Z ()\Z-kjlnknm;f — )\ikljnknfnj) =0, (D.35)

gkl

where we used the definitions (3.46) of the matrices K and K.

D.4. Putting the orthogonality relations of R in a
compact form

In section 3.1.3.3 we claimed that the relations
ReRRe R" = 1, xny, IMRIMR" =1,,n,, ReRIMR' =0 (D.36)

are equivalent to
RR'=2-1,,xn,, RR'=0, (D.37)

and we are going to proof this here. The first two equations of (D.36) are equivalent
to

ReRReR" +Im RIm R" = 2 - 1, sy
- - : (D.38)
ReRReR' —ImRImR" =0
and they can in turn be rewritten as
Re(RR") =2 L4
Re(RR') =0
The last equation of (D.36) is equivalent to
ReRImR" + ImRRe RT =0
- - , (D.40)
—ReRImR +ImRReR =0
what can be rewritten as
Im(RR") =0
T : (D.41)
Im(RR") =0

Finally, the combination of (D.39) and (D.41) is equivalent to (D.37).
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D.5. Diagonalization of the one-loop neutrino mass
matrix

The one-loop neutrino mass matrix can be brought to a diagonal form with non-
negative entries by successively applying three unitary matrices:

MY = wu'y)” MOUU'Y = (]\040 M(/)m) . (D.42)

The first transformation matrix is given by (3.85) and yields

0 0
U MOy = (0 M) + oM, (D.43)
with .
M M//
IM;, = ( M S M,) , (D.44)
where
My = UToMLUL,  M" = UlTsMyU;, + Up T s MpU;, (D.45)
SM' = Uy TS MUY + U T M UR* + URTo MUY + Upt 6 Mg U™ . (D.46)

The second unitary transformation matrix is given by

u’:(U 0 ) (D.47)

0 ]l QnR X 2’)’LR

with a (n, —ngr) X (n, —ng) unitary matrix U. It effectively leads to the substitution
U, — U{U in (D.45) and hence the unitary matrix U can be chosen such that
My = UTU/T6MLULU is diagonal and non-negative [20, 21]. However, the matrix
U = (uf ... uj, _,.) is until now only constrained by the condition Mpuj = 0,
which obviously still holds after the redefinition Ul U — Uj. Therefore, we are free
to choose U] such that M, is diagonal and non-negative in the first place and then
the transformation with the matrix U’ = 1, 4ny)x (np+ng) 15 trivial.

The last transformation matrix can be approximated by

. L0
Ve~ ]l(nL+nR)X(nL+nR) +10 = ]l(nL'i‘nR)X(nL"FTLR) +1 <QT 0 > ) (D'48)
1 2

where the hermitian matrix 2 is of one-loop order [3]. Keeping only terms up to
one-loop order we then get

My, 0 0 M"T 4+ iQ: M
TUTMDYY ~ o 7 . . 1 ). (D.49
VU MUY o )" M +iM'Ql SM' +iM'Qy +iQ M ( )
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If we assume that the diagonal entries of the tree-level mass matrix M’ are positive
and non-degenerate, the matrix €2 is determined by

M Im 6 M, o
(Ql)z] = —1 M/ s Re(QQ)ZJ = —m Vl,j s (D50)
Jj ii jj
Im(€2) ReoMy v +j (D.51)
midig ij — Ao A 7 7, .
M, — M]’-j

such that all off-diagonal terms vanish in (D.49) and the diagonal is real and positive.

D.6. Gauge-fixing in the conformal
multi-Higgs-doublet model

To fix the gauge in our model we follow [36] and add three gauge-fixing terms to
our Lagrangian density.!
The first gauge-fixing term is given by

1 1 1
— ——(0,2" + €5 M5 GO)° = ———(8,2")(8,2") — MG, Z" — =€, M2(G°)?.
28, 287 2
(D.52)

The first term of (D.52) contributes to the propagator of the Z° boson. After a
partial integration the second term cancels the G%-Z° mixing term in (3.91) and
due to the last term the neutral Goldstone boson G° acquires an unphysical mass

of \/g_ZMZ

The second gauge-fixing term reads

1
"% ("W +icw My G*) ("W, — ibwMyG™)

- _gi(auwj)(auwy) — My (GTO"W, — GTO"W) - €, MEGH G

w

(D.53)
The first term contributes to the propagator of the W=+ boson. The second term
cancels, after a partial integration, the G=-W= mixing term in (3.91) and due to the

last term the charged Goldstone boson G* acquires an unphysical mass of /&y My
Finally, we have a gauge-fixing term for the photon field:

1
264

We refrain from computing the Faddeev-Popov Lagrangian density corresponding
to these gauge-fixing terms since it is not relevant for our considerations.

(0" A,) (0" A,). (D.54)

We are only discussing SU(2)1, x U(1)y gauge fixing here.
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D.7. Making use of the mass hierarchy mp < mgy in
(3.133)

We want to show that
UM, f(ME)UL = Mg, f (Mg M) (D.55)

is a good approximation if we assume the mass hierarchy mp < mg.
The complex conjugate of the first equation of (3.79) reads

MU = Ul MY+ U M . (D.56)

If we multiply this by M, in the form of (3.80) from the left and use (3.74) we
obtain

M2UL = UL My M+ U ME M, + Uf Mg M3 ~ M, UL M, (D.57)

where we neglected the first against the third term and used (D.56) in the last step.
If we again multiply this by M, from the left and use the complex conjugate of
(D.57) we get

MBUL ~ M2UE M, ~ MU Mg M, (D.58)

and this can readily be generalized to

M MPUL ~ M, UL (Mg Mg)" (D.59)
Multiplying by U} from the left and using (D.56) and (D.57) we finally have

Ui M, M2 UL ~ M (M M), (D.60)

and it is then obvious that (D.55) is a good approximation if f(x) can be expanded
in a power series of the form

fl@) =) aua". (D.61)

n=0
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