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Zusammenfassung

In dieser Thesis behandeln wir einige mathematische Probleme betreffend des Chauchy-Problems
fiir einige zweidimensionale nichtlineare dispersiver Gleichungen, und Stérungen derselben durch
ein Linien-Soliton, mit Bezug auf die transversale Stabililtdt dieser Modelle. Wir betrachten sdiese
Modelle als asymptotische Modelle des sehr allgemeinen “Wasserwellen-Systems”, wie etwa das
Zakharov-Rubenchik-System. Dies fiihrt auf viele interessante Fragen zur Langzeitexistenz einer
Losung (beziiglich eines kleinen Parameters).

In Kapitel 1 stellen wir die Probleme vor, geben einen Ueberblick {iber bekannte Resultate sowie
die Literatur fiir transverse Stabilitit/instabilitét, und die von uns behandelten Modelle.

In Kapitel 2 studieren wir das zwei-dimensionale Zakharov-Rubenchik-system. Eine Stérung des
Zakharovsystems durch sein Linien-Soliton enthélt neue lokale und nichtlokale lineare Terme, dies
fithrt zu Schwierigkeiten bei Verwenden der “dispersiven Methode”, die auf Strichartz-Estimates
und Dispersionseigenschaften des Schrédinger-Operators basiert. Zuerst verwenden wir die Me-
thode von Bourgain, um lokale Wohlgestelltheit in einer groflen Klasse von Sobolev-Riéumen zu
erhalten. Dann verwenden wir die Methode von Schochet und Weinstein, um eine weitere Version
der lokalen Wohlgestelltheit in einer kleineren Klasse von Sobolev-Riumen zu erhalten. Diese ergibt
den Grenzwert zur korrespondierenden Schrédinger-Gleichung, wenn ein Parameter der Gleichung
gegen Unendlich geht.

In Kapitel 3 untersuchen wir das Zakharov-Rubenchik/Benney-Roskes-System (Z-R/B-R). Das
Z-R/B-R-System ists fundamental, es ist ein “generisches” asymptotisches System im sogenannten
modulation regime (langsam variierende Einhiillende eines schnell oszillierenden Wellenzugs), das in
mehreren physikalischen Zusammenhéngen hergeleitet wurde. Auflerdem enthilt es als Grenzwerte
das klassischer (skalare) Zakharov-System und die Davey-Stewartson (DS) -Systeme. Somit ist Z-
R/B-R reicher als die einfacheren Modelle und sollte mehr der urspriinglichen Dynamik beschreiben.

In Kapitel 4 behandeln wir ein asymptotisches Modell der (Oberflichen — oder Internen)
Wasserwellen-Gleichungen, das Full Dispersion Davey-Stewartson (FDDS) — System. Das FDDS
wurde vor kurzem von David Lannes hergeleitet, und im Gegensatz zum herkémmlichen DS-System
erhalet es die lineare Dispersionsrelatoin der vollen Wasserwellengleichung. Es sollte daher eine
bessere Beschreibug der originalen Wellenbewegung ergeben als die klassische Néherung. Leider
ist {iber das Cauchy-Problem fiir FDDS viel weniger bekannt, aufgrund der Nicht-invertierbarkeit
der zweiten Gleichung. Wir verwenden eine Frequenzschranke, um eine Approximatoin an FDDS
herzuleiten, und beweisen dann, dass deren Losung gegen die Losung des entsprechenden klassischen
DS — Systems tendiert, wenn der klleine Parameter gegen null geht.

In Kapitel 5 betrachten wir das zweidimensionale “(a,b,c,d)” Boussinesq-System, das ein asym-
ptotisches Modell fiir Oberflichenwasserwellen im Berelich langer Wellen und kleiner Amplituden
ist. Es ist bekannt, dass fiir spezielle Fille (der Werte von “(a,b,c,d)”) ein-dimensionale Solitdrwel-
len des Boussinesq-Systems existieren. Wir untersuchen das Cauchy-Problem fiir die Stérung des
zweidimensionalen Boussinesq-Systems durch seine ein-dimensionale Solitdrwelle in diesen Féllen.

In Kapitel 6 behandeln wir numerische Simulationen. Wir verwenden die Time Splitting Fourier
Spectral-Methode, um das Z-R/B-R System aus Kapitel 3 zu untersuchen. Die Ergebnisse sind nicht
vollig eindeutig, aber sie sind konsistent mit transversaler Instabliltéit des Linien-Solitons. Auflerdem
geben sie Hinweise auf den Zusammenhang zwischen (In-)Stabilitdt und Wellengeschwindigkeit des
Solitons und ein generelles Blid iiber das Verhalten der Losung des gestorten Systems.



Abstract

In this thesis, we address various mathematical problems concerning the Cauchy problem for various
two-dimensional nonlinear dispersive equations and their perturbations by a line soliton, related to
the problem of transverse stability for these models.

We consider these models as the asymptotic models of the very general "water wave equation
system” like the Zakharov-Rubenchik system. This leads to many interesting questions on the long
time existence of solution (with respect to some small parameters).

In the Chapter 1 , we present the problems, review existing results and the literature for the
transverse stability /instability problems and the models which we consider.

In the Chapter 2, we study the two-dimensional Zakharov system. The perturbation of the
Zakharov system by its line soliton contains some new local and nonlocal linear terms, that gives
trouble if we use the "dispersive method” based on the Strichart’s estimates and smoothing effect
of the Schrodinger operator. We first use the method of Bourgain to provide a local well-posedness
result in a large class of Sobolev space. Then, we use the method inspired by Schochet and
Weinstein, to get another version of local well-posedness result in a smaller class of Sobolev spaces,
but it gives us the limit to the corresponding Schrédinger equation when a certain parameter of
the equation tends to infinity.

In the Chapter 3, we study the Zakharov-Rubenchik/Benney-Roskes (Z-R/B-R) system. The
Z-R/B-R system is fundamental, being a “generic” asymptotic system in the so-called modulation
regime (slowly varying enveloppe of a fast oscillating train) and it was actually derived in various
physical contexts. Moreover it contains in various limits the classical (scalar) Zakharov system and
the Davey-Stewartson systems (DS). Thus, the Z-R/B-R is richer than those simpler models and
should capture more of the original dynamics.

In the Chapter 4, we consider an asymptotic model of the (surface or internal) water wave
equations - the full dispersion Davey-Stewartson system (FDDS). The FDDS was recently derived
by David Lannes, and in contrast to the standard DS system, the full dispersion system preserves
the linear dispersion relation of the full water wave equations, and should therefore give a richer
description of the original wave dynamics than the classical approximation. Unfortunately, the
Cauchy problem for the FDDS is very less known due to the non-invertibility of the second equation.
We use a cutoff in the frequency to derive an approximation of the FDDS, then prove that its
solution tends to the solution of the corresponded classical DS system when the small parameter
tends to zero.

In the Chapter 5, we consider the two dimensional “(a,b,c,d)” Boussinesq system which is an
asymptotic model of surface water waves in the long wave, small amplitude regime. It is known
for some particular cases (due to the value of “(a,b,c,d)”), there exists the one-dimensional solitary
wave of the Boussinesq system. We then study the Cauchy problem for the perturbation of the
two-dimensional Boussinesq system by its one-dimensional solitary wave in these cases.

In the chapter 6, we finally deal with numerical simulations of the above PDE systems. We use
time splitting Fourier spectral methods to study the Z-R/B-R system introduced in the Chapter 3.
The results are not totally conclusive but they are consistent with the transverse instability of the
line soliton. They also give a hint about the relation of the (in-)stability and the wave speed of the
line soliton and a general picture about the behavior of the solution of the perturbed system.
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Chapter 1

Introduction

In this thesis we deal with the analysis of nonlinear time dependent Partial Differential Equations
(PDEs) that arise in models of (water) wave phenomena. Typically, such PDEs are “hyperbolic”
(like the standard “wave equation”) or “dispersive” (like the Schrédinger equation”) - in our context
we also deal with “elliptic” PDEs (like the Poisson equation). In fact, nonlinear PDE systems
like the Zakharov-Rubenchik system with several parameters contain all these types of PDE. The
“existence and uniqueness analysis”, i.e. the question if the nonlinear PDE has unique solutions in
which sense, is absolutely non-trivial. For such time dependent PDEs the question of “global in
time” vs “local in time” solutions is a deep issue - sometimes “finite time blow up” can occur, i.e. the
solution “explodes” at a certain time (e.g. the "energy space norm” tends to infinity). And this can
depend on tiny details, one change of sign can create completely different behaviour, as it is well
known for the easiest case of PDEs that we consider, the one dimensional cubic NLS (Nonlinear
Schrodinger equation):

iy + Opgt + Aul*u = 0,

wt=0) — u; (1.0.1)

We call (1.0.1) de-focusing or focusing NLS if A = —1 or 1 respectively. By simple calculation, one
can prove (formally) the conservation (in time) of the following quantities which we call the mass
and the energy of (1.0.1) respectively

M(u(®) = [ Juftdo = M(up)

B(®) = [ (Ghul? - Jul*) do = Bun).

In the defocusing case, when A\ = —1 the Sobolev norm H!(R) of the solution u is bounded by the
energy then the solution can not “explode” in finite time and thus we have the global existence (in
time). However in the focusing case, we do not have that bound. In fact, if the initial data is large
enough, the “blow-up” phenomena will occur.

In this thesis we will often use the terminology “stability” which is somewhat ambigious in
mathematics - we will precise the meaning of (in)stability in each context.
In general, “stability” means that the perturbed solutions “stay close” to the original solution if the
perturbation is small enough. Then the definition of the “stability” depends on how we measure
the distance between to solutions, for example, in the context of “orbital stability” we measure the
distance between the “orbits” of solutions.



1.1 Transverse stability/instability problem

There are many two-dimensional dispersive PDEs that possess one-dimensional solitary waves which
are stable when submitted to one-dimensional perturbations but which are unstable when submitted
to general two-dimensional perturbations. This fact is so-called the transverse instability of a line
solitary waves. Transverse stability and instability of a solitary waves correspond to a class of
perturbations that are travelling in a direction transverse to the direction of the basic solitary
wave.

The transverse instability of the line solitary wave for some two dimensional models such as
nonlinear Schrédinger equation (NLS), Kadomtsev-Petviashvili equation and for some general "ab-
stract” problems have been studied extensively in [60, 58, 59].

In order to precise the definition of the transverse stability (instability), we will recall the result
of the transverse instability in the case of two-dimensional cubic NLS in [58].

The two-dimensional NLS takes the form

i+ Ay yu + u)?u =0, (1.1.1)

where u is a complex valued function.

First, we start with the following definitions from [21]. We denote that U(t)ug is the unique
solution at time ¢ of (1.1.1) with the initial data ug and T*(ug) is the existence time of this solution.
For any X € H'(R"), n = 1,2 and § > 0, we define 7 (X, §) the 6—neighborhood of X in H' by

V(X,8) = | Bs(v),
veX

where Bg(v) is the ball in H', Bs(v) = {u € H| |[u— ||y < 0}
Note that: H?® denotes the usual Sobolev space.

Definition 1.1.1. We say that X C H' is stable by the flow of U if and only if, for any ¢ > 0,
there exists 0 > 0 such that, for all ug € ¥ (X,0), T*(up) = +oo and U(t)ug € ¥ (X,¢), ¥t > 0.

If w is a periodic in time solution of (1.1.1), then orbital stability of u means stability of the
closed orbit {u(t)|t € R} by the flow of U.

In the case, u = ¢“!p is a standing waves solution of (1.1.1), due to the invariances under
translation and multiplication by e, we need to introduce the following extension of the closed
orbit {e“tp|t € R} :

Qy = {7707 €R, a € R"},
where 7, is the translation operator defined by 7,v = v(. 4+ a). Then, the orbital stability of u means

stability of €1, by the flow of U.
Now, we go back to (1.1.1), This equation has a famous one-dimensional solitary wave Q(z)e’

with @ given by
V2
cosh(x)’

This solitary wave is orbitally stale when submitted to one-dimensional perturbations (see [10]),
that means

t

Qr) =

. o : iy it _
Ve >0,36>0: [u(0,) = Qe <= _inf Hu(t, ) — et Q. a)HHl(R) <e.

Next, we consider the two-dimensional version of (1.1.1), set u = e"v and it leads to the equation

v + Av — v + v]*v =0, (1.1.2)



for (z,y) € R x T, where Ty, is the flat torus R/2wLZ. A stationary solution of this equation is
now given by the ground state Q(z). The following result states that Q(x) is unstable when it is
submitted to (1.1.2).

Theorem 1.1.2. There exists Ly such that for L > Ly, for every s > 2, there exists n > 0 such
that for every § > 0, there exists vg € H* and a time T® ~ |logd| such that

RIS

Hs(RXTL)

and the solution v° of (1.1.2) with initial value vy belongs to C([0,T°], H*) and satisfies

> 1.

: & (o - _ iy
inf Hv (T°,.) —Q(. —a)e L (RxT,)

aceR~veR

Remark 1. i) As we can see from the above example, solving transverse stability/instability of a
line solitary wave under the time evolution of a two dimensional model involves two independent
steps:

1. Establish the well-posedness (local but if possible global) of the Cauchy problem in the suitable
functional framework, that is in H*(R x T) if one considers y-periodic perturbations of the
line solitary wave ¢.., or in ¢. + H*(R?) if one consider a localized perturbation of ¢..

2. Prove the linear (spectral) transverse stability/instability of the line solitary wave and then
the corresponding nonlinear properties.

i1) In this thesis, I will mainly focus on the first step where there are many interesting problems are
to be solved.

1.2 Zakharov system

The Zakharov system is introduced in [72] to describle the propagation of Langmuir waves in
plasma. For more details about the derivation and the physical background of Zakharov system we
refer to [66, 72].

We are interested in the following two-dimensional Zakharov system

10su + Au = nu,
(1.2.1)

“a0fn — An = A(Jul?)
where (7,y,t) € R? x R, ) is a fixed number, u is a complex valued function, n is a real function.
We denote eQ(x), the line soliton of the two-dimensional cubic focusing NLS as in the previous
section. Therefore, (e*Q(x), —Q(z)? is a line soliton of (1.2.1), it can be considered as a two
dimensional (constant in y) object, then a natural question is that of its transverse (with respect
to y) stability. When looking for localized perturbations, one is lead, as a first step, to study the
Cauchy problem for the perturbed system below.

i0(u+Q)—(u+ Q)+ A(u+Q) = (n—Q*)(u+Q),
{ L , ) ) (1.2.2)
2% (= Q%) — A(n = Q%) = Alju+ QI),
with initial data
u(z,y,0) = uo(z,y), n(z,y,0) = no(z,y), ne(z,y,0) = ni(z,y). (1.2.3)



Note that, in the above system, we used the change of variable i(z,y,t) := e®u(z,y, t).

Another possibility, looking for y— perriodic perturbatoins, would be to study (1.2.1) as a system
posed on R x T, the 1-d torus case was studied in [69, 11]. On the other hand, the Zakharov system
in spatial space R? and R? have been studied by many authors [34, 4, 5, 8, 13, 36, 35, 41, 63, 65].

It is also worth to notice that if n; = A2V - v then the solution of (1.2.2) satisfies the following
energy conservation

2 o, 10 NV 21,12 2
E(t) = /]R2 (\Vu] +]ul +?+T_Q |ul“+n(|ul +2QRe(u))> dzdy,
but we do not have the L?—conservation.

The local well-posedness of (1.2.2)-(1.2.3) which is proved in Chapter 2 can be viewed as the first
step to study the transverse stability (or instablity) of the line soliton (Q(z), —Q(z)?). Concerning
global issues we can quote [35, 36] where the authors prove the existence of self-similar blow-up
solutions and the instability by the blow-up of periodic (in time) solutions (solitary wave solutions)
of the Zakharov system with data in H'(R?). Their method uses the radial symmetry of the system
which is broken when one writes the system satisfied by a localized perturbation of the line solitary
wave.

If we reduce (1.2.2) to a nonlinear Schrodinger equation with loss of derivative in the nonlinearity,
then we can think of using the smoothing effect of the Schrodinger operator as in [41]. In our case,
the linear terms @n and Q?u give trouble since the function @ does not decay in y at infinity.
In order to treat the new linear terms, we use the method of Bourgain (actually the techniques
developed in [34, 13]), It, then, leads to the following result.

Theorem 1. Let k and | satisfy

1
k>1>0, l+12k2l%.

Then the system (1.2.2) with initial data (ug, ng, n1) € H* x H' x H'™ is locally well posed in
XFEb s XEY 5 XIY for suitable b, by close to 1/2 .
Furthermore the solutions satisfy

(u,n,9m) € €([0,T], H* x H' x H™1),

where T' is the existence time.
The Bourgain spaces Xf’bl and Xé’b are associated to two operators with symbols ¢1(&) = |€]? and

$2(&) = £|&|, which are given by the following definition

lull oo = [[€)° 7+ 85())" (&, 7)|

L2’
where U denotes the space-time Fourier transform of u, (&) = /1 + [£]? with & € R?.

Otherwise, we use the method inspired by Schochet and Weinstein ([63]) to obtain another
version of the local-wellposedness result. In comparing to Bourgain method, Schochet-Weinstein’s
method which is based on rewriting (1.2.2) in the form of a perturbation of a symmetric hyperbol-
icsystem, provides well-posedness in smaller Sobolev space but allow us to obtain the Schrodinger
limit when A tends to infinity. The results are given in the following theorems.

Theorem 2. Let s > 2 and consider the initial value problem (1.2.2) with initial data of the form

u(0) =up, n(0) =ng, n(0)=V-fo.

10



Suppose that
1
[0l s1 + Ino(M)l s + S 1 fo(A) [ < C1.

Then (1.2.2) has a unique solution
(u;n) € L((0, T); H*TH(R?)) x L*([0, T]; H*(R)),

where [0,T] is the time interval of existence, T depends only on Cy. In addition, the solution (u,n)
satisfies

1
ot )l + et Mlgracs + I Mllge + 5 et Ml
1
+ 57 It ) 7.2 < Co

for all t € [0,T].

Before stating the next theorem, we consider the following family of system labeled by the
parameter A
10y — uy + Auy = nyuy — Q2u,\ + Qny,
1
F@Qn}\ — Any = A(Jup?) + 2A(QRe(uy)) (1.2.4)
Onx+ V- fr=0,

with initial data given by

ux(0) = uo,  nA(0) =no,  fr(0) = fo. (1.2.5)
We study the behaviour of the solution (uy,n)) when A — oo, that is the theorem

Theorem 3. Let s > 2 and (uy,ny, fr) € L>®(0,T, H*TY) x L>(0,T, H®) x L>(0,T, H®) be the
local solution of the system (1.2.4) given by the Theorem 2 with t € [0,T] and initial data (1.2.5).
Then as A\ — oo, (uyx,ny) converges to (u, —|ul?) in L>=(0,T, H') x L>(0,T, L?) weak star, where
u 18 the unique solution of the corresponded perturbed nonlinear Schridinger equation with initial
data ug € H5.

1.3 Zakharov-Rubenchik/Benney-Roskes system

The Zakharov-Rubenchik system is fundamental, being a generic” asymptotic system in the so-
called modulation regime (slowly varying envelope of a fast oscillating train) and it was actually
derived in various physical contexts. Moreover it contains in various limits the classical (scalar)
Zakharov system (coupling a nonlinear Schrodinger equation and a wave equation, see (1.3.3)
below) and the Davey-Stewartson systems (coupling a nonlinear Schrodinger equation and an elliptic
equation). We refer to [73] for more details on the formal derivation of those systems and on the
physical background.

The Davey-Stewartson system was first derived formally in the context of water waves in [29, 3,

| (see also [23, 22] for a derivation of Davey-Stewartson systems in a different context). However,

as noticed in [15] it is less general than the Benney-Roskes system (1.3.6) below in the sense that the
initial conditions for the acoustic type components have to be prepared to obtain an approximation
of the full water waves system.

We refer to [21] for a rigorous justification of the Zakharov limit of the Zakharov-Rubenchik sys-
tem and to [53] for the Schrédinger limit of the Zakharov-Rubenchik system in the one-dimensional
case and for well-prepared initial data.

11



The Zakharov-Rubenchik/Benney-Roskes system is thus richer than those simpler models and
should capture more of the original dynamics. It was introduced in [71] (see also the survey
article [73]) to describe the interaction of spectrally narrow high-frequency wave packets of small
amplitude with low-frequency acoustic type oscillations. The analysis is general and carried out in
the Hamiltonian formalism and yields the following universal system

"

i gt i e + g ALY — i(glof + Bp + adu )b =0,
et polsé +a([uf?), = 0. (13.1)

62 9
Po

where vy, W, k, q, B, a, po, ¢ are parameters. The two last equations describe the acoustic type
waves and A =92 + 82 or 9, A = Ay + 2.
In two space dimensions a more specific (formal) derivation in the context of surface water
waves is displayed in [10] and rigorously justified in [15], see below for a more precise description.
In the notations of [57] (see also [68] where it is used in the context of Alfvén waves in dispersive
MHD), the Zakharov-Rubenchik system has the form

wt - 0’3¢az - Zéwxx - iUlALw +1 {UQ‘w‘Q + W(p + D¢x)} "lb = 07
pi +A¢ + D([¢*), =0, (1.3.2)

¢+ #P‘i‘ [¥]> =0,
where 1) : R x R = C, p,¢: R x R - R, d = 2,3 describe the fast oscillating and, resp., acoustic
type waves.

Here 01,092,053 = £1, W > 0 measures the strength of the coupling with acoustic type waves,
M > 0 is a Mach number, D € R is associated to the Doppler shift due to the medium velocity
and § € R is a nondimensional dispersion coefficient.

When o =0 (resp. D =0) in (1.3.1) (resp. (1.3.2)) the Zakharov-Rubenchik system reduces to
the classical (scalar) Zakharov system (see eg Chapter V in [60]). More precisely, in the framework
of (1.3.1), one gets

"

W .U .
Vit vgthe i tue +igp Ast = el + ),
Pt — CQAP = 5POA|¢’27

(1.3.3)

which is a form of the 2 or 3D Zakharov system. Note however that the second order operator in
the first equation is not necessarily elliptic.

The local well-posedness in H*(RY) x H¥~1/2(R?) x H+Y/2(RY) with s > 4,d = 2,3 for (1.3.2),
(1.3.1) was obtained in [57] by using the local smoothing property of the free Schrédinger operator
after reducing the system to a quasilinear (non local) Schrodinger equation. Since it uses dispersive
properties of the free Schrodinger group that are valid only in the whole space the proof does
not extend to the Cauchy problem posed on the torus T? or "semi-periodically” in R¢! x T, the
latter situation being relevant for transverse stability issues. On the other hand, when applied to
the Benney-Roskes system (1.3.6) below, it provides ! an existence time of order O(1), while an

'Roughly speaking, the idea in [57] is to reduce the system to a (nonlocal) quasilinear Schrodinger equation. When
€ is taken into account, the crucial dispersive smoothing estimate on the Schrédinger group has a 1/e factor while the
nonlinear term has a e factor.
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existence time of order O(1/¢) is needed to fully justify the Benney-Roskes as a water wave model
on the correct time scales (see [11]).

Local well-posedness of the Zakharov-Rubenchik/Benney-Roskes system was also obtained in
[19], for s > 2 with the additional condition do; > 0 (that is the second order operator in the first
equation of (1.3.2), (1.3.1) is elliptic) by using an energy method inspired by the work of Schochet-
Weinstein in [63] on the nonlinear Schrédinger limit of the Zakharov system. The method used in
[19] and [63] consists in rewriting the Zakharov system (or the Zakharov-Rubenchik system) as a
dispersive (skew-adjoint) perturbation of a symmetric nonlinear hyperbolic system and it uses only
the algebraic structure of the system. A shortcoming of the method is that one has to prepare the
initial data.

We will see that, when the small parameter € is included, this method provides also the existence
on the time scale O(1) in the context of water waves (see the Benney-Roskes system (1.3.6) below)
and moreover that it can be applied to the system obtained from (1.3.2) which is satisfied by a
(localized) perturbation of a line soliton. Also, since it does not use any dispersive property of the
Schrodinger group, it applies to the Cauchy problem in T¢ or R4 x T, a situation that has not
been addressed before (see on the other hand [14, 13] for the periodic Zakharov system).

Thus, none of the two aforementioned methods seems to give the expected existence time scale
for the Benney-Roskes system. Nevertheless they provide different results for Zakharov-Rubenchik
type systems. The "dispersive method” used in [57] works only in R? but does not need the
Schrodinger part of the system to be elliptic” (that is it does not need the condition do; > 0). Also
it lowers the regularity on the initial data (an effect of the dispersive smoothing effect) and could
be applied as well to (possibly non physical) nonlinear perturbations of the system.

On the other hand, the Schochet-Weinstein type “hyperbolic like” methods allow to deal with
the periodic or semi-periodic cases, but are relatively rigid (they rely on the algebraic structure of
the system) and require initial data in the "hyperbolic space” H*(R%), s > % + 1.

The situation is better understood in spatial dimension one. Oliveira [52] proved the local (thus
global using the conservation laws below) well-posedness in H?(R) x H'(R) x H'(R). This result
was improved in [16] where in particular global well-posedness was established in the energy space
H'Y(R) x L?(R) x L*(R).

It is worth noticing that (1.3.2) possesses two conserved quantities, the L? norm

[ 1y oF = [ g0,

where y; =y or (y, z), and, after the change of variable (z,t) — (x 4 o3t,t), the Hamiltonian

0 w
B0 = [ (GaP+ GV L0P+ Dol o+ Vo425 (o4 Dol )
= E(0). (1.3.4)

The conservation laws are used in [57] to obtain global weak solutions under suitable assumptions
on the coefficients.Note also that the conservation laws can be used to get the global well-posedness
of the Zakharov-Rubenchik, Benney-Roskes system in space dimension one (see [52]).

As aforementioned, in the context of water waves, the Zakharov-Rubenchik system is known as
the Benney-Roskes sytem and it was formally derived in [10]. We follow here the notations in [15],
where a rigorous derivation is performed.

o W (1.3.5)
a 1/2
where  w(¢l) = ( (a-+ ZI¢f°) el tanh(vle)

N

13



is the dispersion relation of water waves and where |k| is a fixed wave number, g is the gravity, o > 0
is a surface tension coefficient, p is the density of the water and p is the shallowness parameter
(square of the typical fluid depth over a typical horizontal scale) which is large or infinite in the
deep water models and o = —%(1 —0?)2.

The small parameter € is the wave steepness that is the ratio of a typical amplitude of the wave
over a typical horizontal scale. Recall ([15]) that the typical time scale for the solutions of (1.3.6)
below is 1/e and so it is crucial to establish the well-posedness on those time scales.

The Benney-Roskes equations can then be written in 2 dimensions as follows

1 /
oo + w'Opthor — i€§(wﬁag + ’%85)1/101

[k?

k k|*
+ i€ (’k|5m¢00 +——(1—-0*Co+ 2’ |

2w W

3C10 + VEAY00 = —2w|k|0x (|01 |?),
Ao + o = — |k (1 = o?)|vor .

It is known (see eg [15] Chapter 8) that w’ > 0, while for purely gravity waves (o = 0) w is a
concave function, thus w” < 0 and the Schrédinger equation in the Benney-Roskes system is "non
elliptic”.

On the other hand, in the presence of a surface tension, the condition w” > 0 is possible.

In order to apply the Schochet-Weinstein method we will need the condition do; > 0 and we will
only consider the Zakharov-Rubenchik (or Benney-Roskes) system of the form of (1.3.2) satisfying
this condition.

The one-dimensional Zakharov system possesses solitary wave solutions and in [52], Oliveira
proved their orbital stability. One motivation of the present thesis was the study of their transverse
stability. It is thus of interest to study the transverse stability of the line soliton for the two dimen-
sional model (1.3.2) and the first step is to study the Cauchy problem of a localized perturbation
of (1.3.2) by a line soliton. Another possibility is to consider y or (y, z)-periodic perturbations of
the line solitary wave, a first step being to establish the well-posedness of the Cauchy problem for
the Zakharov-Rubenchik, Benney-Roskes system in R? x T, d = 1,2, which could not result from
the methods used in [57], but in the way we achieve here and also in the pure periodic case T4,

The results on the Zakharov-Rubenchik/Benney-Roskes system on this thesis can be summerized
as follows. First, we reformulate the existence of one-dimensional solitary waves (bright and dark)
in our framework. Next, we use the Schochet-Weinstein method to prove a local existence for the
Benney-Roskes/ Zakharov-Rubenchik system, keeping the small parameter e which is relevant for
deep water waves. Then, we consider the case of a localized perturbation of a line solitary wave.
Finally we prove the global existence of weak solutions perturbing a dark solitary wave.

(1- a)|¢01|2> Yo1 =0, (1.3.6)

1.4 Full dispersion Davey-Stewartson system

The Davey-Stewartson system was introduced in [29] (see also [3, 30]) to model the evolution of wave
packets of surface water waves. It is actually derived for a more general system, the Benney-Roskes
system.

Our interest in this thesis is a full dispersion version of the classical Davey-Stewartson system
introduced by David Lannes in [15] and that we describe now.

The framework is that of the motion of a irrotational inviscid fluid in an infinite layer of finite
depth of an Euler fluid bounded by a free surface and a flat bottom.

The specific regime here is the so-called modulation (“Schrédinger”) one. In order to define the
key small parameter we introduce h a typical depth of the fluid layer, a a typical amplitude of the
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wave and A a typical wavelength in the horizontal directions (assumed to be isotropic). Then we
set € = a/h and pu = h?/)\2.

In the modulation regime, the relevant small parameter is the wave steepness, € = a/\ = €,/Ji.
The starting point of the analysis is the water waves system coupling the wave elevation ¢ and the

trace 1 of the velocity potential at the free surface, written in dimensionless variables (see [15])
O — ——G = 0
(/A S — =V,
Vil

1.4.1
, € 1o (jﬁgibﬂvg-wf_o (1.4.1)
t¢+c+§‘ w| — € 2(1+€2’v<—|2) — Y

where G is the Dirichlet to Neumann operator which links the trace of the velocity potential at the
free surface to its normal derivative at the same surface. We denote X = (z,y) or = the spatial
variable.

One introduces a fixed wave vector k € R%,d = 1,2. Setting w = w(k) = (|k| tanh(,/z|k]))
the dispersion relation of surface gravity waves, one looks for an approximate solution of the water
wave system of the form

1/2

Uapp (X, 1) = Uo(X, t) + U1 (X, t) + cU?(X, 1), (1.4.2)

where X = (x,y) or x and U is a sum of a modulated wave packet and of an induced mean mode

_ (iwy(eX et) ) iaex—wt) 0
Up(X,t) = < V(X £t) ) e +cc + b(X,2t) ) (1.4.3)
In [15], D. Lannes derived the following Full Dispersion Benney-Roskes (FDBR) system coupling
1, ¢ and the leading term ¢ of the surface elevation (see [50] for the case of capillary-gravity waves)
k D) —w(k
+eilk - V¢ + M(1 —o*)(+ 2E(1 — )PPl =0
2w w ’ (1.4.4)

o1 — 10| REIDD e 9w,

0p+ ¢ = ~kPP(1 - o)y,

where k is the given wave vector, o = tanh(,/u|k|) and o = —%(1 —02)2,

Here the time and space derivatives (indicated by a ') are taken with respect to the slow time
and space variables t' = et and X’ = X and D’ denotes the operator %V’ :

Without loss of generality one may assume that k is oriented in the x direction, that is k = |k|e,.

We will thus write (1.4.4) as

o+ eD) —wll)
o KPP 2 k|* 2
+il[k|06 + 5 ~(1 —0*)(+ 2 (1 - ) [¥[]Y =0, (1.4.5)
o7 — D) VPN oo o).
0i¢ + ¢ = —[k|*(1 — o®) [,

15



Remark 2. It is proven in [/5] that (4.1.4) (or (1.4.5)) is consistent with the full water wave
system. We recall that the notion of consistency is a “static” (not dynamic) one. It amounts to
saying that an assumed solution of the water waves system on some time interval [0,T] solves the
BRFD or FDBR system on the same time interval up to some error term. A full justification of the
BRFD system requires in particular that solutions of (1.4.4) exist on a time scale of order O(1/¢)
which is an open problem.

It also necessitates to prove the well-posedness of the full water -wave system in the modula-
tion regime on the correct time scales, which has been proven in one and two horizontal spatial
dimensions in [71, 70] in the infinite depth case. The finite depth case is up to our knowledge open.

The obvious advantage of (4.1.4) (or (1.4.5)) on the classical > Benney-Roskes system (see
[10, 15]) is its a priori validity over an extended range of frequencies.

The full dispersion Benney-Roskes system with surface tension (capillary-gravity waves) is given

by (see
y (see [50]) oDt

i+ i . Y
. / k[*x ) _M 21,7, _
el + LR - ot)c - Dy = o "
tanh D’
o7 — D P EVIIED oS gy ),
06+ = —[k|*(1 = o*)u*.

Here, the dispersion relation for the water waves with surface tension is given by

ws(€) = [l€] tanh(y/pl€)) (1 + Blg*)]2,

where B > 0 measures the surface tension effects (Bond number).
As for purely gravity waves, k = |kle, is a given wave vector. We will use the notations
ws = wg(k), k = k(k) = 1+ Bk|? and ¢ = tanh(,/z/k|). 7 is a constant depending on k and B.
The classical Benney-Roskes system in [10] is obtained from (1.4.4) or (1.4.6) by approximating
the nonlocal operators eg iw(k +eD’) and M as (denoting H, (k) the Hessian of w at k)

+ 2
iw(k +eD') ~ eVw(k) - V/ — %V”Hw(k)v’,

and
D] ~ VD,

The Cauchy problem for the Benney-Roskes system? is proven in [57] to be locally well-posed,
but on time scales which do not reach the order O(1/¢) that would be required (together with
uniform bounds in ¢) for the full justification of the system, see [15]. We refer to [19] for some
results on the Cauchy problem for the full dispersion Benney-Roskes system.

tanh(e,/u|D'|)
€

As explained in [15] in the “classical” case, the Davey-Stewartson model is obtained from the
Benney-Roskes system by observing that at leading order, v travels at the group speed velocity
¢g = Vw(k). One thus looks for solutions of (1.4.4) under the form

P(X' 1) = (X — eyt et’),

ZWe will use the term ”classical” to refer to those systems where the nonlocal dispersion has been Taylor-expanded
yielding local differential operators instead of nonlocal ones.

3a similar system is derived in [74] in the general context of interactions between low and high-frequency waves.
See also [66], Chap. 15, for a similar system describing the interaction of a laser beam with plasma low-frequency
fluctuations driven by ponderomotive forces.
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(X' 1) = ¢(X' — cyt,et’) + ¢* (X', ¥ et)),
X ) =X = gt et) + CHX T et)).

Neglecting O(e) correctors, one can replace d; by —c, - V', and one is finally led (see details in
[45]) to the Full Dispersion Davey-Stewartson System (FDDS) for gravity waves, where 7 = et’ = 2t
(from now on, we will drop the tildas in the FDDS systems)

O + ;—'Q[w(k +eD") —w—ew' D]y
k 4
il + 251~ a) e = (147)

<|D’| tanh(e,/u|D'|)

3

+ w'23§;2> ¢ = 2wB0; ([¢[).
We have used here the following notations (see [15])

k = |kle,, wk):a)(]k\), with  @(r) = (r tanh(y/mr))Y?,
(

o = tanh(y/ulk|), o= —7(1 —0?? a=a+-(1-d%? (1.4.8)

" <1+(1a2)“’2/|;|).

We also recall that the Fourier multiplier operator w(k + eD’) is given by

w(k +eD') = (Jk + eD'| tanh(y/jalk + D'))) /2.

Note (see [15]) that the complete rigorous justification of the full dispersion Davey-Stewartson
system requires just the well-posedness of the Cauchy problem for (1.4.16) on time scales 7 = O(1).
For capillary-gravity waves, the full dispersion Davey-Stewartson system writes

¥r + [wg(k+5D)—wS — ewgD. ]t
: k |
+i(Bsdp¢ — 22—~ A P) (1.4.9)
tanh(e,/u| D) 2
<quf+@@y@, 6 =225 850, (10 P),
with K
w
= k|(1+ (1 -0~ y = 1— 0%
s =K1+ (1 =05 7). 7 ’Y+4( o)

The classical Davey-Stewartson system which was derived formally in [29] for gravity waves
and in [3, 30] for capillary-gravity waves has been justified rigorously in the sense of consistency
in [26, 27, 25]. Tt is obtained by approximating the nonlocal operators in (1.4.16) by the relevant
local ones as indicated above for the Full dispersion Benney-Roskes system.

We recall (see [33]) that the Davey-Stewartson systems have the general form

. 2 2./, — 2
{z&tw + a0y + b0y = (N Y]° + 120:9)9, (1.4.10)

020+ 0pp = —60,(|¥]?).

4Tts “universal” character as an asymptotic system of quadratic hyperbolic systems in the modulation regime has
been proved in [21].
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We refer to [3] for an explicitation of a, b, ¢, v1, 12,0 in terms of the physical parameters. It is
also convenient to use the normalized form (see [33])

100 + 021p + 6029 = (X[Y* + b, 0)1),
8§¢ + m3§¢ = 8w|¢|23

where the parameters 6, x, b and m re real and can assume both signs, and 4, y have been normalized
in such a way that |J] = |x| = 1.

(1.4.11)

The Davey-Stewartson systems can be classified as “elliptic-elliptic”, “hyperbolic-elliptic”, “elliptic-

hyperbolic” and “hyperbolic-hyperbolic” depending on the sign of §, m.

The “hyperbolic-hyperbolic” case does not occur in the context of water waves. The “elliptic-
elliptic” case may lead to a blow-up phenomenon reminiscent of that of the cubic focusing NLS
(see [33] for a proof of blow-up and [55] for numerical simulations analyzing the dynamics of the
singularity formation).

In the case of purely gravity waves, one has b > 0 and § > 0. Moreover, a =
w” = &"(]k|) < 0 by the concavity of &.

On the other hand, ¢ = \/u — w? > 0 (see Section 2). This is a subsonic condition. Actually
this amounts to saying that M < 1 where the Mach number M is defined as M = Cj/+/gh, where
cqg = d%\/gr tanh(hr),_ -

One can thus invert in this case the equation for ¢, writing (one can assume ¢ = 1 without
loss of generality) ¢, = 6R?(|¥|?), where Ry is the Riesz transform Ry = 9,(—A)~'/2, and reduce
(1.4.19) to a single semilinear (cubic) Schrédinger type equation

1

sw” < 0 since

O + adip + b = (1 |y|* + vad B3 (1Y), (1.4.12)

which is studied in [33]. In particular, whatever the signs of a and b, the Cauchy problem is locally
well-posed for initial data in L?(R?) or H'(R?) and globally for small data, as the corresponding
cubic NLS. The global Cauchy problem is much less understood. For instance, a global well-
posedness result for the hyperbolic-elliptic case (b > 0, a < 0) in (1.4.12) is still missing for
arbitrary large initial data.

However, for a very specific choice of coefficients®, (1.4.12) is integrable by the inverse scattering
transform method leading to qualitative informations on the flow. After scaling, this integrable
version of the DS system writes

, B _ 2
{Z8t¢+¢m 2@Dyy a|p[*Y + B, (1.4.13)
A¢ = 0.(|[¥]7),
with
a+ g =0.

It is then known as the DS II system, with two subcases, the focussing (8 > 0) and the defo-
cussing one (5 < 0). For the defocussing DS II, one has global solutions that behaves asymptotically
in time as the solution of the linear case (see [(7, 56, 1]). In particular global well-posedness (and
scattering) is proven in [1] with arbitrary L? initial data.

On the other hand, in the focussing integrable DS II system, the presence of an explicit localized
lump solitary wave leads to blow-up in finite time by a pseudo-conformal law [54]. This later
behavior does not seem to be generic, that is does not seem to persist in the non integrable case
(see the numerical simulations in [13]). In particular, one can prove rigorously that no localized
solitary waves exist "not too close” to the integrable case (see [32]). However, the "scattering”

Swith a limited physical relevance
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behavior of arbitrary large solutions to the defocussing integrable DS II system proven in [67, 50]
might be generic. In both situations, the numerical simulations in [12, 13] are illuminating.

When surface tension is strong enough however, ¢ is no more positive (see [3]) and ¢ is inverted
(with suitable conditions at infinity) via a wave equation and 9, ¢ is expressed in terms of |¢|? via
an order one nonlocal operator. The integrable version is known as the DS I system. We refer to
[2] and the references therein for a description of the results obtained on DS I system by inverse
scattering techniques, in particular the existence of special localized solutions called dromions. The
resulting Schrodinger type equation is no more semilinear (it involves an order one nonlinear term)
which makes the study by PDE techniques delicate. The local associated Cauchy problem is studied
in particular in [17, 37, 39]. Scattering of small solutions is proven in [38].

For the FDDS system, in contrast to the classical system (1.4.19) for gravity waves ("hyperbolic-
elliptic”), one cannot invert in a straightforward fashion the equation for ¢ which makes the asso-
ciated Cauchy problem delicate.

As suggested in [15] one could consider as well the full dispersion version of only the first or the
second of the two equations of the FDDS system (1.4.16), namely

Oyt + ;—z[w(k +eD') —w—ew DL

k 4
+i(BOLd + 2|w’

[(VE— )02 + /106 = —2wBdL (v,

(1— &)l =0, (14.14)

or

0rp — = (w02 + i/a?)l/} +i(80,¢ + ZE(l —a)|y[)y =0
o2 kY ’ ? a
<|D'| tanhifx/ﬁD,’) + w’28;2> ¢ = 2089, (|Y[*).

This has the advantage of "splitting the difficulties” : in the first case, one can invert the equation
for ¢ as for the hyperbolic-elliptic classical DS case, but one keeps the "bad” dispersive properties
of the Schrodinger part. In the later case one has the "good” properties of the hyperbolic NLS and
the "bad” invertibility properties of the equation for ¢.

We consider here the full dispersion Davey-Stewartson system written as

(1.4.15)

i "2 w’ 2 : 2‘1{‘4 2
Opp — S (W0 + 2=0,)¢ +i(50:¢ + (1 =a)[y[F)y =0,
Dlanbiey 7DD ) o
anh(e/u
( e DD | o02)6 = 2060, 1017)
Which is a 2-d model in space for the unknown 7 : R x R? — C and ¢ : R x R> — R.
As noticed in [51] the "subsonic” condition \/zt —w > 0 does not ensures the solvability of the

equation for ¢ since, denoting ¢ the dual variable of X', the frequencies ¢ such that

tanh(e\/1|¢]) WIZi

elel 7 leP

will cancel the symbol.
The parameters o', w”| |k|, o, 8, u are defined as previously.
We will only consider the case /> w2, so that we can find rg such that:

tanh(y/re) = w'rg.
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In order to invert easily the equation for ¢ we introduce an approximate system by truncating
the high frequencies.
More precisely, let § be fixed such that 0 < § < rg, for each € > 0, we define R, = =9 We

Pe g
then replace the mean mode ¢ by ¢. := F~1(x(|¢| < R.)¢) so that ©

supp o= C {€ € R [¢] < Re} =: Q. (1.4.17)

to get a family of systems depending on the parameter ¢ as follows

. / 4
Do — = ("2 + = O2) b + 1(Bpe + 2lk] (1 —a)|y:*)pe =0,
. 2h . K] w (1.4.18)
(PIbEVEIDD | o). = 2o, ().

Since the supports of ¢, and w are in {¢ € R?; |¢| < R.}, we need to construct a suitable
initial data for the Cauchy problem for the ¢ — FDDS which converge to the initial data of the
Cauchy problem for the corresponding classical DS system. We proceed as follows.

First, let 109 € H' be the intial data of the classical DS system, then we define

- R
Yoe = fe * o where f. = F 1(X(|§! < ?e))
Then we have that supp vo-  {|¢] < 5} It follows

supp |thoe|2 C supp oe + supp vo-(—.) C {|¢| < R.}.

Our purpose is to prove that when e tends to 0, the solution of (1.4.18) with initial data 1.
tends to the solution of the following classical Davey-Stewartson system with initial data 1)y:

iy W . 2‘k‘4 2,0
O = 5w + g0y + (B0 + = (1= a)lu)y =0, (1.4.19)

(VEIDP +w03)¢ = 2w, ([ ).

1.5 Boussinessq system

We are concerned with the (a,b,c,d) Boussinesq systems introduced in [9] to model surface water
waves. They couple the elevation 7 and the horizontal velocity u of the wave:

ne+V-u+ eV (m)+ plaV - Au—bAn] =0,
(1.5.1)

1
u + Vn+ 6§V|u|2 + u[eVAD —dAw] =0, inR?xR,d=1,2.

Here p and € are the small parameters (shallowness and nonlinearity parameters respectively)

defined as
h? o

TN Th
where « is a typical amplitude of the wave, h a typical depth and A a typical horizontal wavelength.

I

x(A) denote the characteristic function of the set A
F~! denotes the inverse Fourier transform in space variable.
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In the Boussinesq regime, € and p are supposed to be of same order, € ~ p < 1, and we will
take for simplicity € = p, writing (1.5.1) as

m+V-u+eV-(nu)+aV-Au—>bAny] =0
(1.5.2)

1
u, + Vn + e[§V\u]2 + VAR —dAu) =0,

The class of systems (1.5.1), (1.5.2) models water waves on a flat bottom propagating in both
directions in the aforementioned regime (see [9, 10, 12]).

One could also derive similar systems with a non trivial bathymetry (non flat bottom), see [17],
and one has then to distinguish between the case when the bottom varies slowly and the case where
it is strongly varying. In the former case, (1.5.2) has to be slightly modified and becomes

m+V-u+eV-((n—pu)+aV-Au—>bAn] =0,
{ (1.5.3)

1
u; + Vn + e[§V\u|2 + VAR —dAu) =0,

where 3 is a smooth function on R%, d = 1,2, bounded together with its derivatives measuring the
bathymetry. In the second case one gets much more complicated systems [17].
Also, systems similar to (1.5.2) can be derived for internal waves, see for instance |

, 7, 31].

Recall (see [9, 28]) that the modeling parameters are constrained by the relation

1
atbtetd=-—,

where 7 > 0 is the surface tension parameter (Bond number).
Recall also [9] that (1.5.2) is linearly well-posed when

a<0,c<0,b>0,d>0, (1.5.4)

and when

a=c¢b>0,d>0. (1.5.5)

It has been established in [12] that the (a,b,c,d) systems are good approximations of the full
water waves system, in the relevant regime, with an error of order O(e?t). The complete justification
of the Boussinesq systems needs thus to establish the long time existence for the Cauchy problem,
that is on time scales of order O(1/¢). This has been achieved for all linearly well-posed Boussinesq
systems in [18, 62, 15, 61]. Note that no global well-posedness result seems to be known for the
Cauchy problem of (1.5.2) in the spatial two-dimensional case (however the global existence of
solutions is established in a few one-dimensional cases, see [10, 6, 64]).

It has been proved by Zakharov [75] that the full water waves system is Hamiltonian. This
is not the case in general for the (a,b,c,d) systems due to the transformations made to derive
them starting from the following (ill-posed) "original” Boussinesq system obtained by expanding
the Dirichlet-Neumann operator with respect to € (see [9, 45]):

nt+V‘u+EAV‘u+eV‘(77u):0
3 (1.5.6)
c 5.
ut+V77+§V\u|2:0.

Nevertheless, an Hamiltonian structure is found when b = d. More precisely, denoting by J, the
skew adjoint matrix operator
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and

the Boussinesq systems write in this case
U = —J(grad He)(U),

where H.(U) is the Hamiltonian given by
1
H(U) = 3 /2 (— ce| V2 — ae|Vu* + % + [ul® + enlu|?)dzdy,
R

so that H(U) is (formally) conserved by the flow.
Note that when d = 1 the following quantity (momentum) is also formally conserved

Z.(U) = /R(nu + ebngug)dx.

We are interested here in localized solitary wave solutions to (1.5.2). No such solutions are known
to exist in the two-dimensional case (see however [20] for the existence of asymmetric periodic two-
dimensional wave patterns).

We will thus focus on one-dimensional solitary waves and more specifically to their transverse
stability. To start with we review the known results on the existence of one dimensional traveling
waves to (1.5.2). We thus look for solutions of (5.1.2) of the form n = n(z — wt),u = u(x — wt)
where x € R yielding the system

—WwnN + U+ eun + €auyy — Gbﬁm =0
€ o (1.5.7)
—wu+n+ §u + €Cugy — €dng, = 0.
Min Chen [18, 19] has found in a few cases exact solutions when 1 and u are proportional but it

turns out that the only case compatible with the well posedness conditions (1.5.4) and (1.5.5) are

a—b+2d=0,a=c d>0 (1.5.8)
and
a—b+2d+#0,
_ —b+tc+2d -0
p_ a—b+2d Y (1.5-9)
1
(p=3)((b—a)p—b)>0.

The exact solutions have a sech profile, namely

n(z,t) = 770sech2 (Mx + zg — cst))

3
u(x,t) = £/ — 3nosech2()\(m + z9 — cst)),
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where A and ¢4 are appropriate constants.
Note that conditions (1.5.8), (1.5.9) can hold in the non Hamiltonian case b # d.

On the other hand no general non existence result seems to be available. One has nevertheless
the following remark which excludes the existence of solitary waves with small velocity when the
well-posedness condition (1.5.5) holds true with moreover b = d.

Proposition. Let b =d > 0. Then any H' solitary wave solution (n,u) satisfies the identity

/ (u® 4+ 1? + 5e(au? + en?))dr = 2w / (3un — Hebugyn, )dzx.
R R

As a consequence, one obtains that no non trivial solitary waves with w small exist when

a>0,¢c>0,b=0,

or

a>0,¢c>0,b>0.

We recall that one need the condition a = ¢ to get a well-posed system when a, ¢ are not
negative.

In this thesis, we survey the known existing results on existence (and stability) of one-dimensional
traveling waves to (1.5.2). Then, we prove the suitable long time existence result for the systems
derived from (1.5.2) by a localized perturbation of a line solitary wave.

1.6 Numerics for the two dimensional Zakharov-Rubenchik/Benney-
Roskes system

Finally we want to illustrate and complement the analytical studies by numerical simulations in
some special situations. Such numerical simulations can guide the analytical work and give insight
in the qualitative behaviour of solutions (e.g. [7%], [79] and many more).

As we already introduced in Section 1.3, the two dimensional Z-R/B-R system is a very general
equation with many open and difficult problems such as the transverse stability of the line soliton
or the global existence of solution.

We first recall some notations and definitions from Section 1.3. The following is the two dimen-
sional Z-R/B-R system equation:

Wi — O3ty — 0y — i01yy + i {02l + W (p+ Dés) | ¥ =0,
pe+ A¢+ D[], =0, (1.6.1)

1
o + Wﬂ‘i‘ [p|? =0,

where 9 : R x R4 = C, p,¢ : R x R = R and 03,8, 01,02, W, p, D, M are real parameters which
depend in the context of problem. In the context of water wave problem, it is known as Benney-
Roskes equation and in the MHD, it is called Zakharov-Rubenchik equation. The local Cauchy
problem for the Z-R/B-R equation and related problems are studied in [57] and recently in [70]
when the equation is perturbed by a line solitary wave.
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The one dimensional Z-R/B-R system has the form
W — o3tbe — 0ty + i {02 + W(p+ Déu) } =0,
pr+ ¢ax + DY)z = 0, (1.6.2)

1
Ot qpp + 1P =0.

v (1+ D) (c+ D/M?)
—(1+c —(c+
a_l/M2—02 and b= 1/M? — ¢
It 2
1 (C+03)
5( Iy ”) <0,

1
5 (02 + W(a+bD)) <0,

From the Chapter 3, there is a solitary wave of (1.6.2) of the form

Q = (eMeileto)@=et) /B py — o) a R*(z — ct), b P(z — ct)). (1.6.3)
where )
R(x) = asech(Bzx), P(x) = % tanh(fx),
2 1 2
oy 2 (c+o3) ) p= |-t (eto3)” )
o9+ W(a+bD) 46 o 44
In one dimensional case, it is proved rigorously in [52] that @ is orbitally stable and this result

is also verified numerically in [77].

We use a finite domain in x with periodic boundary conditions, which is the good setting to use
a time-splitting Fourier Pseudo-Spectral method (see [77], [78]).
However, since the initial data of ¢ in (1.6.3) is not compatible with the periodic boundary condition
setting, we will differentiate the last equation of (1.6.1) and consider two new variables those are
¢, and ¢,. Hence we consider the following system

Wi = Oty — 1000y — 010y + i {oalY2 + W(p+ Dgy) } ¥ =0,
Pt + 0a(a) + 0y (dy) + D(|¥1*)a = 0,

1.6.4
01(6:) + 2r3pe + (s = 0 104

1
0uy) + 500+ (W), = 0.

In Chapter 6, we will present the numerical method in detail which is used to study the equation
(1.6.4) and present our numerical results.
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Abstract: We prove that the Cauchy problem for the two-dimensional Zakharov system is
locally well-posed for initial data which are localized perturbations of a line solitary wave. Further-
more, for this Zakharov system, we prove a weak convergence to a nonlinear Schrédinger equation.

2.1 Introduction

In this paper, we study the initial value problem for the scalar version of the two dimensional
Zakharov system

i0pu + Au = nu, (2.1.1)
1

)\26t2n—An: A(lul?), (2.1.2)

where (x,7,t) € R? x R, ) is a fixed number, v is a complex valued function, n is a real function,
with initial data

u(x,y,O) = U’O(x7y) + Q(IL’), n(aj,y,O) = nO(‘Tvy) - Q(x)Qa

ne(z,y,0) = nq(z,y). (2.1.3)
The above function Q(z) = 2v/2/(e” + e~%) is the unique positive solution of the equation
Quz — Q+Q* =0,
and
(€"Qa), ~ Q)" o)

is a line soliton of (2.1.1)-(2.1.2).
And also note that eQ(x) is a line soliton of the cubic focusing nonlinear Schrodinger equation
(NLS)
i0pu 4+ Au + |ul*u = 0. (2.1.5)

The Zakharov system is introduced in [21] to describe the propagation of Langmuir waves in
plasma. For more details about the derivation and the physical background of Zakharov system we
refer to [19] and [21].

In (6.1.3), the soliton is considered as a two dimensional (constant in y) object. A natural ques-
tion is that of its transverse (with respect to y) stability. When looking for localized perturbations,
one is lead, as a first step, to study the Cauchy problem for the perturbed system below.

Another possibility, looking for y— periodic perturbations, would be to study (2.1.1)-(2.1.2) as
a system posed on R x T, the 1-d torus case was studied in [5, 20]. On the other hand, the Zakharov
system in spatial space R? and R? have been studied by many authors [1, 2, 3, 4, 6, 7, 8, 9, 16, 18]

The local well-posedness of (2.1.1)-(2.1.2) with initial data given by (2.1.3) which will be proved
in this paper can be viewed as the first step to study the transverse stability (or instability) of the
line soliton (6.1.3). As far as we know, this problem is still an open problem. Concerning global
issues we can quote [7, 8] where the authors prove the existence of self-similar blow-up solutions and
the instability by blow-up of periodic (in time) solutions (solitary wave solutions) of the Zakharov
system with data in H'(R?). Their method uses the radial symmetry of the system which is broken
when one writes the system satisfied by a localized perturbation of the line solitary wave.

The transverse instability of the line solitary wave for some two dimensional models such as
nonlinear Schrodinger equation, Kadomtsev-Petviashvili equation and for some general “abstract”
problems have been studied extensively in [14, 13, 15] but the framework of those papers does not
seem to include the case of the Zakharov system.
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In other way, instead of the system (2.1.1)-(2.1.2) with the initial data of the form (2.1.3) we
can consider the following perturbed system

0+ Q) — (u+ Q)+ Au+Q) = (n— Q(u+Q), (2.1.6)
R~ Q%) — Aln - @) = Allu+ QP), (2.1.7)

with initial data
u(z,y,0) = uo, n(x,y,0) = no, n¢(x,y,0) = n;. (2.1.8)

Note that in the above system, we used the change of variable @(x,y,t) := eu(x,y,t).

The main purpose of this paper is to prove that the Cauchy problem (2.1.6)-(2.1.7), (2.1.8) is
locally well-posed in a suitable functional framework. The main differences between the Zakharov
system and its perturbation lie in the new terms containing “Q)”. More precisely,

i) If we reduce system (2.1.6)-(2.1.7) to a nonlinear Schrédinger equation with loss of derivative
in the nonlinearity, then we can think of using the smoothing effect of Schréodinger operator as in
[9]. In our case, the linear terms Qn and Q%u will give trouble because the function @ does not
decay in y at infinity.

ii) We use the method of Bourgain (actually the techniques developed in [1, ] ) and the method
of Schochet-Weinstein (see [16]) to obtain two versions of the local well-posedness result for system
(2.1.6)-(2.1.7). The differences with the case of the unperturbed Zakharov system are the estimates
for the new linear terms and the effects of () in each method.

Compared to Bourgain method, Schochet-Weinstein method provides well-posednes in smaller
Sobolev spaces but allows, when a suitable small parameter is included, to obtain the Schrédinger
limit. For the unperturbed system see [2, 12, 10].

iii) There are some difficulties concerning blow-up and global existence issues. In the setting of
(2.1.6)-(2.1.7), the approach in [3, 7] does not make sense because we do not have radial symmetric
solutions. We also do not have L? conservation or at least a bound on L? norm that makes the
usual method to extend the local solution impossible to apply.

The rest of this paper is organized as follows.

In Section 2.2, we present the energy conservation of system (2.1.6)-(2.1.7).
In Section 2.3, we assume that A\ = 1 and use the Bourgain’s method to prove the local well-
posedness of system (2.1.6)-(2.1.7), more precisely we have the following theorem.

Theorem 2.1.1. Let k and | satisfy

41
k>1>0, l+12k2%. (2.1.9)

Then the system (2.1.6)-(2.1.7) with initial data (ug, no, n1) € H* x H' x H=1 is locally well posed
in Xf’bl X Xé’b X Xé_l’b for suitable b, by close to 1/2 .
Furthermore the solutions satisfy

(u,n,dn) € €([0,T], H* x H' x H1), (2.1.10)
where T is the existence time.

(The Bourgain space X;’b will be defined as (2.3.8) in section 2.3.)
In Section 2.4, we prove the local existence by using the method of Schochet and Weinstein. In
particular, we have the following theorem.

Theorem 2.1.2. Let s > 2 and consider the initial value problem (2.1.6)-(2.1.7) with initial data
of the form
u(0) =ug, n(0)=ng, n:(0)=V"- fo.
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Suppose that
1
luo Ml res1 + lno(M s + + 1 fo(A) [ < 1. (2.1.11)

Then (2.1.6)-(2.1.7) has a unique solution
(u,n) € L2([0,T); H*TH(R?)) x L=([0, T; H*(R?)),

where [0,T)] is the time interval of existence, T depends only on Cy. In addition, the solution (u,n)
satisfies

1
s Ml grosn + [l (s Ml ggs-s + It Ml + 5 et Ml o
2.1.12)

1 (
- 2 [ (t, )| grs—2 < Co,

for all t € [0,T].

In Section 2.5, using the uniform bound in the Theorem 2.1.2, we establish a weak convergence
result stating that the local solution (u(X),n(\)) of (2.1.6)-(2.1.7) with initial data (2.1.8) tends to
(u, —|u|?) weakly when X tends to co. Where u is the unique solution of the following perturbation
of the nonlinear Schrodinger equation

i+ Q) — (u+ Q) +A(u+Q) +ut+QP(u+Q)=0 (2.1.13)
with u(z,y,0) = up.

Remark 3. The local well-posedness of (2.1.13) in a Sobolev space H® with s > 1 can be obtained by
using Strichartz estimate. Unfortunately, the global existence in the focusing case is still unknown
to us.

Notations. F, F;, Fy, Fy and F ~1 denote the Fourier transform of a function in spacetime,
time, space variable and the inverse Fourier transform respectively. We also use “~” as the short
notation of the space-time Fourier transform.

H? is the usual Sobolev space.

(€1,€2)| = (& + E)Y2, (&) = (1+]¢)V2 where € = (€1,62) € Y.

D, = —id/dx.

-l : The L? norm in space and time.

|lu; X|| or [Jul|y : The norm of function u in functional space X.

C will be a general constant unless otherwise explicitly indicated. f < g means that there exits a
constant C such that f < Cyg.

e 0, or (), will be used to denote the derivative with respect to variable x.

e H%(D),s € R denotes the classical Sobolev space in the domain D.

I/ x: The norm in a functional space X.

F and F~! denote the Fourier and inverse Fourier transform respectively.

(€) = /14 [£]? for £ € R™ and o(D) denotes the Fourier multiplier with the symbol o(&).

e R and <& denote the real part and imaginary part of a complex number respectively.
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2.2 Conservation law

The system (2.1.6)-(2.1.7) can be rewritten as follows

i+ Au —u = nu+ Qn — Q*u (2.2.1)
ng = NV -v (2.2.2)
ov — Vn = V(|Jul*) + 2V(QRe(u)). (2.2.3)

Proposition 1. Let (u,n,v) be a solution of system (2.2.1)-(2.2.3) obtained in Theorem 2.1.1,
defined in the time interval [0,T]. Then

d
%E(t) =0, 0<t<T, (2.2.4)
where
2 2 n? )\2“”2 2012 2
E(t) :/]R2 |Vul*+|ul +?+T_Q lul“+n(|ul*+2QRe(u)) | dzdy (2.2.5)

Proof. To obtain (2.2.4) we proceed formally. A rigorous proof can be obtained by smoothing the
initial data and passing to the appropriate limit.
We multiply (2.2.1) by d,u, integrate and take its real part to get

/Ot(|Vu\2 + ul* = Q?|u)?) + nd;(|u|? + 2QRe(u)) = 0. (2.2.6)

We also multiply (2.2.3) by V™'n; or A2v and integrate to get

A2|v|2 2
/Gt( ‘2v’ + %) + (Jul® + 2QRe(u))n; = 0. (2.2.7)
Combining (2.2.6) and (2.2.7) we obtain (2.2.4). O

Remark 4. The energy space of system (2.1.6)-(2.1.7) is H' x L? x H~' and the Theorem 2.1.1
gives the local well-posedness of (2.1.6)-(2.1.7) in the energy space. It is expected to get a global
solution with small initial data in the energy space, but in our case, the difficulty is the lack of L?
conservation.

2.3 Bourgain method

2.3.1 Linear estimate

Throughout this Section we will assume that A = 1 and split the function n in (2.1.6)-(2.1.7) into
two parts
n=ny+n_,

where ny = n £ iw 19n, w = (—A)Y2, then the system (2.1.6)-(2.1.7) can be rewritten as

10w = —Au+u+ n+—2kn_u+ n+;n_Q—Q2u, (2.3.1)
(10 F w)nt = +w(|ul?) + 2w(QRe(u)). (2.3.2)

The equations (2.3.1) and (2.3.2) have the form

i0ru = ¢(—iV)u + f(u), (2.3.3)
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where ¢ is a real function defined in R? and f some nonlinear function . The Cauchy problem for
(2.3.3) with initial data ug is rewritten as the integral equation

w(t) =U(t)uo — i /O AU — ) fu(t))
=U(t)uo — iU *r f(u),

(2.3.4)

where U(t) = e~#(="V) and %y denotes the retarded convolution in time.

Let ¢ € €°(R,R") be even with 0 < 11 < 1, ¢1(t) =1 for |t] < 1, ¢1(¢t) = 0 for |[t| > 2 and
let p =1 (t/T) for 0 <T < 1.
One then replaces equation (2.3.4) by the cut off equation

lt) = 1O Ouo —iwr(t) [ de UGt~ )7 (). (2.3.5)

Then, we have the cut off integral equations associated with (2.3.1) and (2.3.2) namely

u(t) = Y1 (OU (t)uo — (i/2)9r (1) /0 “ar Ut —t)(u+ (u+Q)(ny +n_)
—2Q[u) (),

(2.3.6)

ni(t) = Y1 () Ve (t) neo F itbr(t) /Ot dt' Vi (t — ") w(|u]* + 2QRe(w)) (1), (2.3.7)

where U(t) = e®® and Vi (t) = e,

We use a standard contraction method on the two operators on the right hand side of (2.3.6)-
(2.3.7) with u € Xf’bl and ny € Xé’b. Xf’bl and Xé’b are the Bourgain spaces associated to two
operators with symbols ¢1(€) = |£]? and ¢2(&) = £|¢|, which are given by the following definition

s,b s ~
us X5 = ||(©* ¢r + 05080)" e, 7, (2:3.8)
where ¢; () is the symbol of the associated differential operator.
We will also use the following definition of space time Sobolev space,
s E22| = ||(&)* () e 7)), -
The linear estimate is given by the following lemma
Lemma 2.3.1. (¢f. [0, Lemma 2.1]) (i) Let b’ <0<b<b +1 and T <1. Then
|00 U« 13 x*|
, , (2.3.9)
< OV || XV || 12t F i = 1) F £ e ),
where
15 Y2 = |[(©)° (r + 0(e)) ™" Fl&,7); LELY).
(ii) Suppose in addition that b’ > —1/2. Then
HT/)T Usg f; X3 ’ < o=t ‘ f: Xs’b/H . (2.3.10)

For b > 1/2, it is clear that X®® C % (R, H®). This is no longer true if b < 1/2 and we shall
need the following Lemma for that result.
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Lemma 2.3.2. (c¢f. [0, Lemma 2.2]). Let f € Y*, then [jdt' U(t —t')f(t') € €(R, H?).

Remark 5. 1. In the case: k < |+ 1 we shall be able to take (2.3.10) with b,by < 1/2 and
suitable 0 < ¢,c1 < 1/2 to estimate the following terms

i) neu, neQ, Q*u and u in Xf’_cl ,

i) wlul? and w(QRe(u)) in Xé’_c.

Furthermore, in order to get solution in € ([0, T], H* x H' x H'™1), we also need to estimate
the terms on Y and Y} respectively. (Y; corresponds to the symbol ¢;, j =1,2)

2. In the limit case: k = [+ 1 we shall be forced to take by = 1/2. The estimates for Q*u , Qn4
, new and w in Y{¥ is also needed for the proof of the local well-posedness.

3. We are allowed to assume that w and ny have compact support in t by using additional cutoffs
inside f in (2.3.5) and consider the equation.

u(t) = ¢1(t) U(t) uo — ¢r(t) /Ot dt' Ut —t') f(hor () u(t)). (2.3.11)

For the effect of those factors in the spaces X*°, we refer [0] Lemma 2.5.

The rest of this Section will be organized as follows: In section 2.3.2, we will prove the estimates
for linear terms which are new in this context. The estimates for nonlinear terms were proved
completely in [6] and we will recall them in section 2.3.3. Finally, we give the final step of the proof
of Theorem 2.1.1.

2.3.2 Estimates for linear terms

We may assume that nq € Xé’b and u € X f P then they can be rewritten in the form

ax =& (rxE)"

where v, w € L?(R?). Then

n2Q(€,7) = Fo (Qz) Fye (ns)) (€1)
- / FAQHE) 7261 — &, &,7) dE,

~ [ FAQHED 56 - €87 (61— €)™
x (r £ (& — €, &))" dgf,
Quie,m) = [ FAQHED 06 — &h.&.7) (61— &.6) 7"
< (46 - &.e)P) " d,

and

[QPu(e. 1) = [ FAIQPHE) (61— ¢h.&2,7) (6 = &) "
—by
x(T+l@ -&.e)?) " dg.
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Furthermore, in order to estimate w(QRe(u)) we will rewrite it as w (Q “£%), then we also need

2
the following form

) = [ FAQHE B - €167 (6~ €1.62) "
X <T — (& — 51752)\2>_b1 dfi.

It is important to note that in our arguments that F,{Q} and F,{Q?} are positive functions.

In order to estimate n4+ @ in X f "¢ we take its scalar product with a generic function in X k.c1
with Fourier transform (¢)" (T +|€*)"“ o1 and v € L2 The required estimate of n.Q in Xf’fcl
then takes the form

L] < CT |oly (vl , (2.3.12)

where

/ — k
— / g 'F {Q} fl ( 517 &27 T) 01(57 T) <€> dg dT dé-i’
1—

&) (TG —&,&))" (r+1gH
with the notation £ = (&1, &2).
In order to estimate Q%u in Xf’fcl, the required estimate takes the form

|Io] < CT% ||lwly vz, , (2.3.13)

where

dé dr déf,

_ / FAQHE) @& —&,6,7) (&, 7) (€)°
(G =&, &) (T +1(& — &, &)™ (r+g1)
with vy € L2. The required estimate for u in X f ! is simpler than (2.3.13) since we do not have
the term ) and the variable &].
In order to estimate w(@QRe(u)) in Xé’fc, we will estimate w(Qu) and w(Qu) in Xé’fc. We take

its scalar product with a generic function in X, 1¢ with Fourier transform (£)! (7 + [€]) ™75 and
vo € L2, The required estimates for wRe(Qu) then takes the form

|I3] < CT* [[wlly [|o2]l,, (2.3.14)
1] < CT ||lwlly vzl , (2.3.15)

where

d¢ dr d¢},

_ / FAQYED) B(&1 — &, &, 7) Ta(&,7) 4] (&)
— &L &) (T4 (61— €, 6)2)" (1 £ [¢])°

/ Fe{@)( 51 D61 — &, &,7) T(E 7) €] (&)
—€,6)" (1 -6 - &,0)R)" (£ |¢)*
We now consider the estimates for the linear terms in Y}* and Y. The estimates for Q%u and

u are similar, then we will only estimate Q%u in Ylk. Similarly to the previous part, the required
estimates for Q%u in Y{* will take the form :

d¢ dr de).

15| < CT% JJwlly [[va]l 2 (2.3.16)

where

dé¢ dr de),.

-/ FAQHE) #(6 — &, 60,1 5O (©F
(61— & &) (r+1(6— &, &) (7 +[¢P)
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Estimate for Qn+ in Y}

|I6] < CT% vy [|vsl 2 » (2.3.17)
where
_/ Fo{Q}( 51 0(&L — &, &, ) T3(E) ()" d dr de.
(6 —&,&) (T £1(6 - 6,6 T+
Estimate for w(Qu) in YJ:
|[I7] < CT™ Jlwlly vl 2 (2.3.18)
where
/ FAQHE) D6 = .1 BE) (O ey g
— &) T+ (G - L )P (T4

Estimate for w(Qu) in Y4:
|Is| < CT% ||w]ly llosll 2 (2.3.19)

where

- FAQHE) (61 = &6 1) T (' 6] ey g
< i

6 -&.&)" (T 16 - &.&)R" (r)
Because of the effect of cutoff function, in (2.3.12)-(2.3.19) we are allowed to assume that the
following functions

—by

~

w)

F 16 - 6.8 "), FH{(r+ 16 - &, &)7)

will be supported in a region [t| < CT.
Preparing for the proofs of (2.3.12)-(2.3.17), we first recall the Strichartz estimate and some
elementary inequalities which we will need.

Lemma 2.3.3. (c¢f. [0, Lemma 3.1]) Let by > 1/2, let a > 0, ' > 0, let 0 < v < 1. Assume in
addition that (1 —v)a < by and ya < a’'. Let 0 <n <1 and define q and r by

2/qg=1-n(1—-")a/by (2.3.20)
1-2/r=(1-n)1-")a/bo. (2.3.21)

Let v € L? be such that F ({1 + |§|2>_al V) has support in |t| < CT. Then

HF1<<T +1e2) " [al); LL|| < OT° |l (2.3.22)

with 8 > 0. Note that 6 = 0 if and only if a =0 or v =0.

Remark 6. In particular, in this paper, in order to estimate the linear terms we shall use only the
special case q =1 =2, v =1 for both Schrédinger equation and wave equation.

Lemma 2.3.4. Let &1,&],&2,7 € R and & = (&1,&2), then there exists C > 0 such that these
following estimates hold,

(€ <C((r£l@ - & @)+ (r+1e?) + (&), (2.3.23)
(& <C((releh+(r & —&.0)P) +(&)°), (2:3.24)
(&) < C (&) (&1 - &,)) (2:3.25)
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Proof. Proof of (2.3.23). By Cauchy-Schwarz inequality

(r 16— &) + (r+162) + (&)
3+ (|6 - &, &) + (r+1e2) + P
>3+ (162 + 111 ¥ (& — &))" /3,

and

(& =&, &) =\ (&G —&)? + &
(161 — &1+ |&2])

<
< (&) + €11+ &21) -

If |£1‘ + |£2| > 4 then

2
2 + lgf) > W e
2
> 8T e 4 16+ 1)
Therefore,
2
€+ Ik 7 (6 — €, &) > (SIE 10D,
and

(1€ — €. &)+ {7+ 16P) +(€)? 23+ (| + &) /48
2
>3+ (& +) /48
> (€)% /96.

If |&1] 4 |€2] < 4 or |£] < 4 then there exists a constant C large enough such that

(r 16— &) + (r+ 16 +(E)? = 3> /0

Therefore, there exists C' > 0 such that (2.3.23) holds. The proof of (2.3.24) is similar.
Proof of (2.3.25),
2 2
(€ (G- €,8)° = (1+ ) (1+ (& - €D*+ &)

>1+&0+ (G —€)"+ 8

>1+61/2+ &

>(6)?/2,
then (2.3.25) holds. O
Lemma 2.3.5. (i) (c¢f. [0, Lemma 3.3 (i)]) Let y1,y2 € R and z = y1 — y2. Then for any v > 1

14
|z| < v|ya| +

v—1

v |z v )
> < 7l < , 2.3.26
el = vy (5 < 5 < (2.3.26)
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where x(Q2) is the characteristic function of the set Q.
(ii) Let &1, &2, & € R, € = (&1,&2) and let |£] > 2|&}|. Then

€2 <o () +2(r £ |6 — L&) +2(r+ &) x(B)) . (2.3.27)

where

1 3 3 3
5= ((r&): 506P - Sie <Ir+ Il < S0P + S1eD)

Proof. Proof of (i): See [0] lemma 3.3.
Proof of (ii): Using (i) with z = [£[* F[(&1 = &1, &)|, y1 = 7+ €%, yo = 7+ [(&1 - &, &) and v = 2,
we have

1617 F (& — &1, &)l < 207 £ (& - &, &)

2 _ e 2.3.28

Now we will take a close look on the set

9 2 et

By using triangle inequality and the fact that |£] > 2|¢}|, we have

IEP F 16— &L &) < 1EP + (& — €, &)
<€ + ¢l + 141

3
2
and
1612 F (61— &1, &)l > [€1* = (&1 — &7, )]
3
2
> €7 - §|f’~
Therefore,
A CB.

Then (2.3.28) follows

€2 < [(& — €L &) + 217 £ (& — &, &) + 2|7 + € x(B)
<&+ €1+ 2T £ (61— &L &) + 207 + €2 x(B).

Set A= [¢]] + 2|7 £ (&1 — &1, &) + 2|7 + [€]*|x(B) + §, then

1
and then )
P <A+VA+
Therefore, (2.3.27) holds with suitable constant C. O

Remark 7. (2.3.27) will be used to cancel the logarithmic singularities which will appear in (2.3.17).
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In the next Lemma, we will prove (2.3.12), (2.3.13), (2.3.14) and (2.3.15).
Lemma 2.3.6. Let k,l >0 and k =1+ € with 0 <e < 1. Let b, by, ¢, c1 satisfy
(i) If 0 <e < 1.

§<b % 1;€<b1<% (2.3.29)
fca< % 1; §C<%, (2.3.30)
(ii) If e = 1.
% <b<l, b = % (2.3.31)
L (2.3.32)

O<e<1l-— b, Ccl = 5
then the estimates (2.3.12), (2.3.13), (2.3.14) and (2.3.15) hold and 61, 02, 03, 64 > 0.

Proof. 1) Proof of (2.3.12).
By using symbol inequalities (2.3.23), (2.3.25) and the fact that k = [ + €, we have

Fo{Q}( 51 B(&1 — &, &2, 1) Ti(E,T) (&) /
- dé dr d
" ‘/ 51’52 (r£|(& — &, &)’ (r+€2) Sdrday

(€)1 FAQMED 9] o7
<C
/ D2 (rx|(6 - €, &) (r+ 3
x (<Ti & — &)+ (r+&) +(e)”” dearag).

Let us note that
(7 (&1 — €L &)) + (7 +€2) + (&)
EVV2 (r £ (61 — €, &) (T + €2
TEl@ -GN+ T+ )
EVV2 (r £ 1(&1 - &, &))" (T +€2)2

Then by subtracting €/2 from one of (b, ¢, 1/2) and using the hypothesis b > ¢/2 ( > 1/2if e = 1)
we only need to consider the terms of the following form, with o > 0, 5 > 0 and s > 0.

TE[(& = &L N (TSP

< [ ([ |ieor 7@y (ir=16)7) (6~ )| st
x (<T+ 6Py my) de dr.
By using Plancherel identity, Holder inequality, we have
i),

b <|7 ([ FAQHe (r£16h0) (6 - &)

7 ((r+16) "l
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The first term on the right hand side is rewritten as follow

)" FAQHED ((r+0(6) 7" D) (6 — €107 i)

=F([1E (0 el | (1 + 6(6) ™ 7) (6 — €. 7)] ]
=F (17 ((D2)* Q)1 = (7 + 6(€)) 3] (1))

=F (F NF (D) Q)1 Fot(r + 0(6)) " 9))

((D2)* Q) Fot |7+ 0(6) ™" 7))

= ((D2)* Q@) F~* ((r + ()" 3] -

We used the fact that 7, ((D,)° Q) (&1) = (&1)° Q(&1) > 0. With ¢(€) = £[¢], it implies
i < (D2 @) # ((r£1eh ), x = ({r+ 16?) el |

F((r+162) "l

<C||F~* ((rleh~1al) |,

0
<CT™ vl [loally -

We used the fact that (D,)° Q(z) € L$° for any s > 0, and #; > 0 comes from the Strichartz
estimate (2.3.22) with @ > 0. Thus , (2.3.12) holds even in the limit case ¢; = 1/2.

ii) The proof of (2.3.13) is easier than (2.3.12), because we only need to use the estimate (2.3.25)
to remove (€)F in the numerator and using: F,(Q?) > 0, (D,)* Q%(z) € L for any s > 0.

iii) Proof of (2.3.14) and (2.3.15). We only prove (2.3.14), (2.3.15) is treated similarly, because,
with a > 0

(r—¢) "a(re); L2

(r—€) "B(-r, - L2}
= <7’ + §2>_a w(T,&); Lng

By using symbol inequalities (2.3.24), (2.3.25) and the fact that k = [ + €, we have

! —~ l
L) _’/ FAQYED) (6§01 BED Q" e g0

— &, 6)" T+\<51 €L &)2)™ (r£1¢))

1—e¢

_ dé dr dg}

(€N FAQHED| |®][72] ()
(T + (&1 — 24, 22)[2) (7 £ 1))
§ / €n* FAQHE)| 1@
T & -2 m) ) (£ )

x ((r £ lel) + (7 + 16 - &L, &)I2) + (1) )f

Subtracting * 25¢ from one of (b1, c,1/2) and using the fact that by > 1€ we only need to consider
the terms of the following form with a > 0, 5 > 0 and s > 0.

FAQHE @] 15 ,
= dé dr dE; .
/w& e (L e T
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Similarly as in the previous part, we have
e[ ([l mteue ((rig?) " o) @ -a)
x ((r £~ [3l) dgdr
<|l71 ([ maQue) ((r+1eP) " @) & - &)
x||F 7 (£ 1D~ 133l |
<c (o) = ((r+1e?) “1al )|
N Fa CE IRl 1)
sc7ﬁr—1(<T+W£F>ahDD
<OT% |[wlly [lvall, -
Therefore, (2.3.14) holds with 63 > 0. 0

i)
i)

2

I
< [F (£ 1w

Remark 8. In the case € = 1, we take b > 1/2 since we need a positive power of T' on (2.3.12) and
also on (2.3.17).

We now prove (2.3.16) and (2.3.17).

Lemma 2.3.7. Let k,l >0 and k =1+ € with 0 < e < 1. Let b, by satisfy:
(i) If 0 < e < 1.

§<b<%, 12€<b1<%. (2.3.33)
(ii) If e = 1.
L <b<l1 by = 1. (2.3.34)
2 ’ 2

Then (2.3.16), (2.3.17), (2.3.18) and (2.3.19) hold and 65, 0, 07, 63 > 0.

Proof. 1) If 0 < e < 1 then the proofs of (2.3.16), (2.3.17), (2.3.18) and (2.3.19) are very similar as
the proofs of (2.3.12), (2.3.13), (2.3.14) and (2.3.15). It remains to prove two inequalities of the
form

|7+ €D 2556 2222 < C usl 2.

where —1/2—§ =1—¢€/2 or 1 — (1 —€)/2. Therefore 6 > 0 and the inequalities hold. The positive
power of T comes from the Strichartz estimate for remaining term.

ii) If e = 1 we only consider (2.3.17), because in (2.3.16) I5 does not depend on [. In (2.3.18)
and (2.3.19) we can use (2.3.25). We separate the integration region of Is into two subregions:

Region [€] < 2[¢]|: The proof is the same as in part i) for (2.3.16) since we can eliminate the
term (€)F.

Region |¢] > 2|¢]|: By using (2.3.27), it remains to estimate the following term

-3 1 3 3 3
| (7 16) > @ec (5068 - 31eD < I +16P1 < S0 + e ) s 2222

< O(n(3))Y? us| 2 -
Therefore (2.3.17) holds, and 6 > 0 comes from Strichartz estimate for the remaining term. O

—1/2-8 __

(T+1el?) " m(): LEL2| < Clvalle

and
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2.3.3 Estimates for nonlinear terms

Remark 9. In the following Lemmas, we are allowed to assume that ne and u have compact
support in time.

Lemma 2.3.8. (Estimate for niu in Xf’_cl) (cf. [0, Lemma 3.4]). Let by > 1/2 and 0 <
b, c1, b1 < by < b+ cy+ by — co, with 0 < cg < Min(b, ¢1, by). And

2bg < b+ c1 + by,
1> 0, k| <1+ 2.

Then
Hniu; X

<01 s ] s

(2.3.35)
holds , with 6 > 0.

Lemma 2.3.9. (Estimate for wlu|® in X5 ¢ ) (cf. [0, Lemma 3.5]). Let by > 1/2 and let
0<ecb <by<cH+2by —cy with 0 < ¢y < Min(e,by). And

2bg < c+ 2by,
% >1+1, k>1+1-2&, k=>0.

Then )
u; Xf’bl

ool x5 (2.3.36)

§CT9’

holds, with 6 > 0.

Lemma 2.3.10. (Estimate for niu in Y{) (cf. [0, Lemma 3.6]). Let by > 1/2, let 0 < c1 < 1/2
and let 0 < b,by < by < b+ c1+ by — co, with 0 < cg < min(b,1/2,b1). And

lZOa ‘k|§l+2607
2bp < b+ c1 + b;.

Then

s ] < 07 s s 8

(2.3.37)
holds, with 6 > 0.

Lemma 2.3.11. (Estimate for w|u|? in Y]) (c¢f. [0, Lemma 8.7]). Let by > 1/2, let 0 < ¢ < 1/2
and let 0 < by < by < ¢+ 2by — ¢y where 0 < ¢y < Min(1/2,b1). And

2bg < c+ 2bq,
%k >1+1, k>1+1-2q.

Then
2

Hw|u!2; Y2ZH <7’ ) u; Xf’bl

(2.3.38)
holds, with 6 > 0.

Proof of Theorem. We finish the proof of Theorem 2.1.1 by combining the estimates for the linear
and nonlinear terms in Sections 2.3.2, 2.3.3 and the contraction argument described in Section
2.3.1.
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If k < [4+1, by the Lemmas 2.3.1, 2.3.2, 2.3.6 (i) and 2.3.7 (i), it is sufficient to find 1/2 > ¢,¢; > 0
such that the estimates (2.3.35)-(2.3.38) hold. In the Lemmas 2.3.8, 2.3.9, 2.3.10 and 2.3.11 we
choose

c1 = Min(1 —b1,1/2), ¢= Min(1-10,1/2), 5339
co = Min(b, 1 — by, by), co = Min(1 —b,by,1/2). (2:3:39)
Then with b, b; close enough to 1/2, the conditions in the Lemmas 2.3.8, 2.3.9, 2.3.10 and 2.3.11
will be fulfilled.

Remember that in this case, we only need the estimates (2.3.16)-(2.3.19), (2.3.10) and (2.3.11)
to get a solution (u,n,dn) € € (H* x H' x H'=1).

If k =141, by the Lemmas 2.3.1 and 2.3.7 (ii), we are forced to take by = 1/2 and b > 1/2. For
the estimates (2.3.12)-(2.3.15) we use the Lemma 2.3.6 (ii), for the estimates (2.3.16)-(2.3.17) we
use the Lemma 2.3.7 (ii), for the estimates (2.3.35)-(2.3.36) we use the same choice of (¢, ¢1, g, ¢o)
as in (2.3.39), for (2.3.37) we choose ¢y = ¢; = 1/2. If we choose b close enough to 1/2 then all the
required estimates for linear and nonlinear terms hold.

Furthermore, in order to extend the solution to € (H* x H' x H'"') we also need (2.3.18),
(2.3.19) and (2.3.38) given by the Lemmas 2.3.7 (ii) and 2.3.11.

Up to now we proved the well-posedness of the cut off integral equation (2.3.6)-(2.3.7), for the
proof of the independence of the cut off function we refer to [0]. O

2.4 Schochet-Weinstein method

2.4.1 Zakharov system as a dispersive perturbation of a symmetric hyperbolic
system.

In this section, we will follow the method of Schochet and Weinstein ([10]) to rewrite Zakharov
system (2.1.1)-(2.1.2) as a dispersive perturbation of a symmetric hyperbolic system.
First, we define some auxiliary functions

1
V= —XA* V(ny), (2.4.1)
P =n+|ul? (2.4.2)

then (2.1.1)-(2.1.2) will become
iug + Au + |u|*u — Pu =0, (2.4.3)
P+ AV -V — (Jul*); =0, (2.4.4)
Vi + AVP = 0. (2.4.5)

Multiplying (2.4.3) by u and taking the imaginary part of the resulting equation to get
(Ju?); = i(aAu — uAw). (2.4.6)
Next, we take the gradient of (2.4.3) and get
iVu + AVu + |[u|*Vu + (uVa + aVu)u — PVu — uVP = 0. (2.4.7)

Now let v2u = F +iG and v2Vu = H + iL. Then, the use of (2.4.6) in (2.4.4) leads to the
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following system equivalent to (2.4.3)-(2.4.5) , (2.4.7)

P+ AV-V+FV-L-GV-H=0, (2.4.8)

Vi + AVP =0, (2.4.9)

F; + %(FQ + GG - PG = -AG, (2.4.10)

G — %(F2 +GYF + PF = AF, (2.4.11)

H, — GVP + %(F2 +G* L+ (FH+GL)G — PL = —-AL, (2.4.12)
Li+ FVP — %(F2 +G*H — (FH + GL)F + PH = AH. (2.4.13)

Introducing the 9 - component vector function U = (P,V, F,G, H, L), equations (2.4.8)-(2.4.13)
can be rewritten as follows

2
U+ > (A(U) + A\CHU,, + B(U)U = KAU, (2.4.14)
Jj=1

where A7 and C7 are symmetric 9 x 9 matrices , K is a antisymmetric matrix. C7 and K are
constant matrices.
In the next section, we will use the above argument to rewrite (2.1.6)-(2.1.7) in a similar form.

2.4.2 Perturbed Zakharov system as a dispersive perturbation of a symmetric
hyperbolic system

In Section 2.3, we already considered the perturbation of (2.1.1)-(2.1.2) by Q(z) = 2v/2/(e* +e~%)
that is (2.1.6)-(2.1.7). In this section, we will consider the perturbation of (2.1.1)-(2.1.2) by e®Q(x).
This trick will make the calculation simpler by using the previous calculation.

Furthermore, in order to make computation transparent, we will denote
(e®Q(x), —|Q(x)|?) by (¢, #1) ' and change the notation of spatial variables from (x,y) to (21, z2).
Then, the perturbed system will have the form

i0p(u+ @) + Alu+ @) = (n+ ¢1)(u + ¢), (2.4.15)
0+ 61) — A+ 61) = AlJu+ 0. (2.4.16)

(¢, 1) is a 1-D solution of (2.1.1) - (2.1.2), then if we denote

1 1
Vo= =3 A7V(061) = =3 A7 (000161, 0),

P = ¢1 + 6],

then (¢, Q,,V;) is also a solution of (2.4.3)-(2.4.5).
We denote that

. 1
V=V+V, = —XA_IV(at(n + 1)),

P=P+P. = n+¢1)+ [u+ ¢

then because of (2.4.15)-(2.4.16), (u + ¢, P, V) is a solution of (2.4.3)-(2.4.5).

L These notations are not the same as in Section 2.3 where ¢ and ¢1 denote something different.
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Now applying the argument in the previous section, if we denote

V2¢ = F. +iG,,

V2V(u+¢)=H+L=H+H, +i(L+ L),

V2V¢ = H, +iL,,
V2(u+¢) = F+iG =F + F, +i(G+G,),

then (P,,V;, Fy,G,, H,,L,)" and (P,V,F,G,H,L)" are the solutions of (2.4.8)-(2.4.13). There-
fore, we can get a system solved by (P,V,F,G,H,L)T by eliminating the terms only depend on
(P.,V;,F.,G,, Hy, L), that is the following system

P+ AV -V+(F+F)V-L—-(G+G,)V-H+Ry =0,

Vi + AVP =0,
Fi + Ry = —AG,
G: +Rs = AF,

Hy— (G +G,)VP + Ry = —AL,

Li+ (F 4 F.)VP 4+ Rs = AH.

Where the residuals are

R:[:FVLT_GVHT7

1~y =~ 1 N
Ry = 5(F2 +GHG + 5(F2 + G? + 2FF, + 2GG,)G, — PG — PG,,

1,20 = 1 -
Rs = —§(F2 + G2)F — 5(F2 + G? + 2FF, + 2GG,)F, + PF + PF,,

1 - ~ 1
Ry :§(F2 + G2)L + §(F2 + G? +2FF, + 2GG7«)L7~

+(FH+GL)G+ (FH+GL+ FH, + F,H + GL, + G,L)G,

-~ PL,— P,L — PL,

1 -0 = 1
Rs = — 5(F? +G*H — 5(F2 + G? + 2FF, + 2GG,)H,

~(FH+GL)F — (FH +GL + F,H + FH, + G,L + GL,)F,

+PH+ P.H+ PH,.

(2.4.17)
(2.4.18)
(2.4.19)
(2.4.20)
(2.4.21)
(2.4.22)

Therefore, we now can rewrite (2.4.15)-(2.4.16) as a dispersive perturbation of a symmetric hyper-

bolic system

2
U+ > (A(U) + B (¢) + \CT)U,, + (D' (U) + D*(¢))U = KAU,

J=1

where U = (P,V,F,G, H,L)T', A1, B CJ are

9 x 9 matrix.

0 O1x4

Oax1 Osxa

-G O1x4

AU) = 0 01i4
F o O1x4

0  O1xs

(2.4.23)

symmetric 9 x 9 matrices, K is an anti-symmetric

-G
O4x1
O1x1
O1x1
01x1
O1x1
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O4x1
O1x1
O1x1
O1x1
O1x1

F
O4x1
O1x1
O1x1
O1x1
O1x1

0
0451
O1x1
O1x1
O1x1
O1x1



0 O1x4a —G, 0 F, 0
Oax1 Oaxa Oax1 Oax1i Oax1 Osaxi
=Gy 0O1xa O1x1 O1x1 Oix1 O1xa
Bl r X X
(¢) 0  Oixa O1x1 Oix1 O1x1 O1x1
F. 0Oixa O1x1 O1x1 O1x1 O1x1
0 Oixa O1x1 Oix1 O1x1 O1x1

0 01x4 0 -G 0 F
Oax1 Oaxa O4x1 Oax1 Oaxi Oaxi
0  Oixa O1x1 O1x1 O1x1 O1x1

A%(U) =
(o) -G O1xa O1x1 O1x1 Oix1 Oixa
0 Oixa Oix1 O1x1 O1x1 O1x1
F 01x4 O1x1 O1x1 O1x1 O1xa1

0 01x4 0 -G, 0 F,
Oax1 Oaxa Oax1 Osx1 Oax1 Osxi
0 01><4 01><1 01><1 O1><1 O1><1

B%(¢) =
(9) =Gy O1xa O1x1 O1x1 Oix1 O1xa
0 Oixa O1x1 Oi1x1 Oix1 O1x1
F. 0Oixa O1x1 O1x1 O1x1 O1x1

Now, instead of studying the Cauchy problem for the perturbed Zakharov system (2.4.15)-(2.4.16)
we will study the Cauchy problem for (2.4.23).

Theorem 2.4.1. Let s > 2 and Uy € (H*(R?))?, then there exists
T = T(||Uoll(grs(r2))0) such that the equation (2.4.23) has a unique solution

U € L>([0,T], (H*(R%))?),
with U(0) = Us.

Proof. The proof of the existence proceeds via a classical iteration scheme. We first regularize the
initial data by taking a family of self-adjoint regularization operators J. as following.

We choose j € C§°(R?), suppj C {X = (z1,22) € R%|X| < 1}, [j = 1 and set j(X) =
¢ 2j(X/e). Then, we define Jou € C*(R?) N H*(R?) by

T = Je * u.

Set ep = 27F U¥ = J.,Uy. We construct a local solution of (2.4.23) by considering the iteration
scheme :

U1, 9,t) = UY (1, 22), (2.4.24)

2
UFHE 43 (AT (UR) + BI(¢) + ACHU + (DHUY) + D2(@) UM = KAUM!, (2.4.25)
j=1

Uk+1($1,$2,0) = U(I]C+1(.’L‘1,Z‘2). (2.4.26)

Since (£)° ~ (£1)° + (&)°, Vs 2 0, & = (&1,&%) € R%, we have |||z ~ |5, ]2+ 15,0 12
where J,, = F Y& F, Joy = F H{&) F.
Therefore, in order to estimate HU kHHHS we will estimate ‘

s 77k+1
|5,U

and
L2

s 77k+1
J3, U

’L2 separately.
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Estimate for ‘ J: UkHHLQ. Applying J3 to (4.25) , we get
2 .
B,(J3, UM + Z ((ATUF) + BI@)UET) + > ACT T3, UEH
j=1
+J5, (DY) + D2 (@) U*+)
=KAJS UFHL

1~ Tj 17T

2
Oy(J5 UF) + 3 (AN (UM) + B (9))J5, UK + ZACJJS Urtt
7j=1

+ (DY (U*) + D*(¢))J3, U + ZJS AI(UM) + B/ (¢)USH

+[J3,, DY(U®) + D*()) U

=KAJS UFH

with notation for commutators [F,G] = FG — GF.
We multiply (4.28) by J;’lU’€+1 and integrating in R?, with integration by parts and using the
symmetry of A’ and B’ we obtain

|

J Uk+1‘

+ Z (g (@) + B a0

<[J51,AJ<U’“> + B (@)U T3, UR) )
(2.4.27)
+ (D (U*) + D(9)J3, U, J3, U1

y Yy

<[J8 Dl(Uk) +D2(¢)]Uk+l JS Uk+l>

x1) v Yy

=0.

Note that (-,-) denotes L?(R?) scalar product and (-, ), denotes L?(R) scalar product with respect
to 1.
Before going to estimate (2.4.27), we need the following lemma (see [10]. B2).

Definition 2.4.2. We say that a Fourier multiplier o(D) is of order s (s € R) and write o € S* if
£ € R o(€) € C is smooth and satisfies

ve e R VB e N, sup (O)P175 100 (8)] < oo,
£€R

Lemma 2.4.3. Let ty > d/2,s > 0 and o0 € S°. If f € H*(RY) N HOTYRY) then, for all
g € H"Y(RY) N H(RY) then

lle(D), flgllzz < C(o) (IV Fll oo gl o1 + 1V Fll -1 llgll o) » (2.4.28)

where C(o) depends only on o.
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First, using (5.3.24) with d = 2, 0(D) = J3,, Sobolev embedding inequality and note that

DY(U) contains linear and quadratic terms on U and A7(U) depends linearly on U, we get

i< TS Ag Uk Uk—l—l Js Uk+1> <[Js Dl(Uk)]Uk—l-l Js Uk+1>

Ty 1)
J=1

< (1 + 117

< (0 + 14 ) T
~ Hs Hs Hs

Now using (5.3.24) with d = 1, o(D) = J3;, and Sobolev embedding inequality, we have

g5 U+ ? (2.4.29)
X1 L2

i <[J§1’ (¢)]U£]+17Vk+1>1 <[J;1, (¢)]Uk+1,vk+1>1

j=1
k+1 k+1 k+1
<Cllelhy Nl (U5 e+ 0257 + 01, )
] (2.4.30)
1
k k k
<COlolhyee ) ([O57pyes + 2057, + %, )
k+1
A

Then, integrating both side of (2.4.30) in R with respect to x2 we obtain
2
> (172, BU@NUE V) 4 (13, DA(@)UR, v
= (2.4.31)
2
SCUBllywsce - o1l [0

It is not hard to see that

B

2
1 . . s s
>3 ((ATUE) + B (62,))J5,UFH, J5, UFH)
7j=1

(2.4.32)

(|04, + 190l [l

Combining (2.4.27), (2.4.29), (2.4.31) and (2.4.32) we get
som ot L <c (1 ot + ot ) los] . (2.4.33)
Estimate for ||.J5,U*"!|[;2. We do similarly as previous step but note that ¢ does not depend

on x9 then

T2 T T2 T

2
Oy (T, UM + 3" (A(U*) + B (¢)) J5,UET + ZACJJS Ut
7=1
2
+ X [, A UNUL + (DY UY) + D*(9)) 3,0
7=1
[Jan’ 1(Uk)]Uk+1

=KAJ: UF,
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Multiplying the above expression with J3, U k+1 integrating in R?, using integral by parts and the
symmetry of A7, B (5 =1,2) . We get

3]

Js Uk-i—l‘

+Z< < AJ Uk ) —l—BJ(qﬁzJ))JS Uk+1,J;2Uk+1>

<[Js Aj(Uk)]Uk’-i-l JS Uk+1>)

xT2) » T2

(2.4.34)
+ <(D1(Uk) +D2(¢))Js Uk+1,Js2Uk+1>

<[J;2, (Uk)]Uk+1 JS Uk+1>

) T1
=0.

We can see that there is no “¢” term in the commutator part of (2.4.34), that make it is easier
to estimate than (2.4.27). Indeed, we also have

%at | J;QU’““HL <O+ HU’“H + HU’c U’““‘ . (2.4.35)
Thanks to (2.4.33) and (2.4.35) we have
o, <o (o, R i

We now consider a closed ball in (H*(R?))*

B={U e H®R))": Ul < |IUo]* +1}.

Therefore by combining (2.4.36), Gronwall inequality and induction method we can prove that
k|2 2
oo, < Itol. +1, (2.4.37)

for t € [0,T] and T' = T'(||Uo|| = )-
Equation (2.4.25) then give us the uniform bound on U}

9] oz < CUIT0lz)

By the Aubin-Lions theorem (Lemma 4.4.1), there is a subsequence of {U*"} (with the same
notation) converging strongly in L>°([0,T; (H, foza)g) with 0 < 0 < 2. This allows to take the limit
in the nonlinear terms of (2.4.23).

The uniqueness of solution of (2.4.23) is done by using energy method for the difference of two
solutions since the dispersive part contributes nothing to the energy. O

Proof of Theorem 2. Theorem 2.1.2 is a consequence of Theorem 2.4.1 as follows:
First, set u = (1/v2(F +iG)) then (2.4.18)-(2.4.20) implies

i0r(u+ @) + Alu+ @) + [u+ ¢*(u+ ¢) — P(u+ ¢) =0, (2.4.38)

and . )
Vi + AVP =0. (2.4.39)

Where P=P+ P, and V =V +V,.
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Next, From (2.4.19)-(2.4.21) we can derive an L? energy estimate of W = (VF — H,VG — L),
that implies
WOz < T W ()72 =0.

Therefore, Vu = 12(H +iL). it leads to

S

(lu+ 6P = i((u+ @) Au+¢) = (u+ ¢)Au+ 9)),

and

P+ AV -V — (Ju+ ¢*): = 0.
Set 71 = P — |u 4 ¢|? we have that

fis + AV -V =0, (2.4.40)

Combining (2.4.39) and (2.4.40), we obtain (2.4.16), it is also clear that (2.4.38) implies (2.4.15).
Estimate (2.1.12) follows similarly. O

2.5 A weak convergence result

We consider the following family of system labeled by the parameter A

POy — ux + Auy = nyuy — Q%uy + Qny, (2.5.1)
%8?71)\ — Any = A(lup|?) + 2A(QRe(uy)) (2.5.2)
Onx+ V- fr=0, (2.5.3)
with initial data given by
ux(0) =ug, nA(0) =ng, [fr(0)= fo. (2.5.4)

We study the behaviour of the solution (uy,n)) when A tends to oo, that is the theorem

Theorem 2.5.1. Let s > 2 and (ux,ny, fn) € L®(0,T, H*t1) x L>(0,T, H®) x L>(0,T, H®) be
the local solution of the system (2.5.1)-(2.5.3) given by the Theorem 2.1.2 with t € [0,T] and initial
data (2.5.4). Then as A\ — 0o, (uy,ny) converges to (u, —|u|?) in L>(0,T, H') x L>=(0,T, L?) weak
star, where u is the unique solution of the perturbed nonlinear Schrdodinger equaion (2.1.13) with
initial data ug € H?.

We use a classical compactness method and we will follow the ideas of H. Added and S. Added
in [2]. Before giving the proof of theorem 2.5.1 we want to recall the two following lemma in [11].

Lemma 2.5.2 (Aubin-Lions’s theorem). Let By, B, By be three reflexive Banach spaces. Assume
that By is compactly embedded in B and B is continuously embedded in By . Let

oV
W ={V € LP(0,T, By), T € LP(0,7,B1)}, T <o0,1<pg,p <oo.

W is a Banach space with norm

HVHW = HVHLPO(O,T,BO) + HVtHLm(O,T,Bl) :

Then the embedding W — LP°(0,T, B) is compact.
When py = 0o, p1 > 1, the above statement is also true, see [17].
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Lemma 2.5.3. Let Q be an open set of R™ and let g,g. € LP(R™), 1 < p < oo, such that
9e = g a.einQ and ||gel|p) < C.
Then g. — g weakly in LP(Q).

Proof of Theorem 2.5.1. (i) By using Theorem 2.1.2, we have that the quantities

HUAHLOO(O,T,Hl)?
[Pall oo 07,12y @nd [[(1/A)fall oo (0.7, 12) are bounded uniformly in A. So, some subsequence of

(ux,mx, (1/A) fr) (still denoted by A) has a weak limit (u,n,w). More precisely

uy — u in L®(0, T, H') weak star (w.s.), (2.5.5)
ny — n in L0, T, L*) w.s. (2.5.6)

and
(1/N) fr — w in L=(0,T, L?) w.s. . (2.5.7)

Let us note that the following maps are continuous

HY(R?) — L*(R?)

s (2.5.8)
HY(R?) x L*(R?*) — H1(R?) (25.9)
(u,v) — uv,
1 2 -1
H(R) = H2 ®) (2.5.10)
u — Q“u,
HI(RY) = LA(RY) (2.5.11)
u— Qu
and
LHR) — HTH(R) (2.5.12)

v = Qu.
Since @ and V(@ are bounded.
It then follows from (2.5.5)-(2.5.12) that the quantities [|Q*ux|| oo (o7 fr-1):

HQn)\||L°°(O,T,H—1)7 HAU/\HLOO(O,T,H—1)7 H|u/\|2HL°°(O,T,L2)’ ”QRe(U/\)HLm(O,T,L?) and HnAUAHLoo(o,T,H—l)

are bounded uniformly in A. So it can be assumed that
nauy — g in L0, T, H ') w.s., (2.5.13)
lux|?> = h in L>®(0,T, L?) w.s., (2.5.14)
QRe(uy) — QRe(u) in L>=(0,T, L?) w.s., (2.5.15)
Q*uy — Q*u in L>®(0,T,H ') w.s., (2.5.16)
Qny — Qnin L>®(0, T, H™ 1) w.s., (2.5.17)

and

Auy — Au in L0, T, H') w.s.. (2.5.18)
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Finally, taking into account (2.5.5), (2.5.13), (2.5.16), (2.5.17) and (2.5.18), equation (2.5.1) implies
that

dpux — Oyu in L0, T, H ') ws.. (2.5.19)
Using the above results, this proof will be complete if we establish that
n+ |ul* + 2QRe(u) = 0, (2.5.20)
and
g+ ulu|? + 2QuRe(u) = 0. (2.5.21)

(ii) Proof of (2.5.20) . Let Q be any bounded subdomain of R?. We notice that the embedding
H(Q) — L*(Q) is compact, and for any Banach space X,

the embedding L>(0,T, X) — L?(0,T, X) is continuous. (2.5.22)

Hence, according to (2.5.22), (2.5.5), (2.5.19) and applying Lemma 4.4.1 to By = H'(Q)), B =
L), By = H1(Q), po = p1 = 2, it implies that some subsequence of uy (on Q) (also denoted by
\) converges strongly to u on the domain  in L2(0,7, L*(Q)). So we can assume that

uy — u strongly in L?(0, T, L}, .(R?)), (2.5.23)
and thus,
uy — u almost everywhere in (t,z,y) € (0,T,R?). (2.5.24)

Then, using Lemma 2.5.3, (2.5.14) and (2.5.24) implies that h = |ul?.
Taking into account that |[(1/A) fall e (o,r,2) is bounded uniformly in A, equations (2.5.2) and
(2.5.3) follow that
V(ny + |ual? + 2QRe(uy)) — 0in 2'(0,T, L?).

So V(n + |[u? + 2QRe(u)) = 0. Since n + |u|> + 2QRe(u) € L*°(0, T, L?), it follows that
n+ |u|? + 2QRe(u) = 0.

(iii) Proof of (2.5.21). We shall prove that nyuy — —ulu|? — 2QuRe(u) in L*(0,T, H 1) w.s,
which combined with (2.5.13) and (2.5.22) will ensure that
g = —ulul? — 2QuRe(u). First, let 1) be some test function in L?(0,T, H') vanishing out of a
compact set € R%2. Then

T
/ / (nauy + ulul® + 2QuRe(u)) ¢ dx dt
0 Jr2

T T
:/ / nA(u,\—u)LZ)dmdt+/ /(n,\+|u|2+2QRe(u))uwdmdt.
0 JQ 0 JQ
Let I} (%) and I2(¢)) denote the first and the second integral on the right side respectively. Then

I (¥)] < IPAll oo 0,12y 19N 20,7, 300y T = ull 201,04 -

Since 2 is bounded we deduce from (2.5.6) and (2.5.23) that I}(¢)) goes to 0 when A tends to oo.
Using Sobolev embedding theorem and Holder inequality, we see that

Yu € LY(0,T, L?). Therefore, using that ny — —|u|? — 2QRe(u)

in L>(0,T, L?) w.s., it follows that I3(¢)) goes to 0 when A tends to oc.
Hence,

T
/ /2(n>\u,\+u]u\2 + 2QuRe(u)) Y drdt — 0
o Jr

for every test function v then the proof is complete. O
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Conclusions. 1) We proved the local well-posedness in the usual Sobolev spaces for the 2-d
Zakharov system perturbed by its 1-d soliton solution. This is the preliminary step to studying
transverse stability (or instability) of that 1-d soliton under the 2-d Zakharov flow. Moreover,
Theorem 2.5.1 shows that one obtains an NLS type equation in an appropriate limit.

It is also interesting to consider the same problem for the general vectorial Zakharov system.
2) Schochet-Weinstein method is also interesting if we consider a perturbation of a 3-d Zakharov
system by its 2-d soliton. We think the same method should work there, too, since we only used
the algebraic structure of the system and the fact that the soliton is smooth and bounded.
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Chapter 3

On the Cauchy problem for the
Zakharov-Rubenchik /Benney-Roskes
system

Joint work with Norbert J. Mauser and Jean-Claude Saut. (Communications on Pure and
applied analysis. Volume 17, Number 4, July 2018).
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Abstract: We address various issues concerning the Cauchy problem for the Zakharov-Rubenchik
system(known as the Benney-Roskes system in water waves theory), which models the interaction of
short and long waves in many physical situations. Motivated by the transverse stability /instability
of the one-dimensional solitary wave (line solitary), we study the Cauchy problem in the background
of a line solitary wave.

3.1 Introduction

This paper is concerned with various issues concerning the Cauchy problem for the two or three-
dimensional Zakharov-Rubenchik (or Benney-Roskes) system and its perturbation by a line soliton.
The Zakharov-Rubenchik system is fundamental, being a ”generic” asymptotic system in the so-
called modulation regime (slowly varying envelope of a fast oscillating train) and it was actually
derived in various physical contexts. Moreover it contains in various limits the classical (scalar)
Zakharov system (coupling a nonlinear Schrodinger equation and a wave equation, see (3.1.3)
below) and the Davey-Stewartson systems (coupling a nonlinear Schrédinger equation and an elliptic
equation). We refer to [10] for more details on the formal derivation of those systems and on the
physical background.

The Davey-Stewartson system was first derived formally in the context of water waves in [9, 1, 10]
(see also [7, 0] for a derivation of Davey-Stewartson systems in a different context). However, as
noticed in [18] it is less general than the Benney-Roskes system (3.1.6) below in the sense that the
initial conditions for the acoustic type components have to be prepared to obtain an approximation
of the full water waves system.

We refer to [8] for a rigorous justification of the Zakharov limit of the Zakharov-Rubenchik sys-
tem and to [29] for the Schrédinger limit of the Zakharov-Rubenchik system in the one-dimensional
case and for well-prepared initial data.

The Zakharov-Rubenchik/Benney-Roskes system is thus richer than those simpler models and
should capture more of the original dynamics. It was introduced in [11] (see also the survey
article [10]) to describe the interaction of spectrally narrow high-frequency wave packets of small
amplitude with low-frequency acoustic type oscillations. The analysis is general and carried out in
the Hamiltonian formalism and yields the following universal system

"

i gt i +in ALY — i(glof + Bp + adu)ib =0,
pt + poAd + af|y]?). =0, (3.1.1)

C2 )
Po

where vg, W, k, q, B, a, po, ¢ are parameters. The two last equations describe the acoustic type
waves and Ay =92 + 82 or 97, A = Ay + 2.
In two space dimensions a more specific (formal) derivation in the context of surface water
waves is displayed in [15] and rigorously justified in [18], see below for a more precise description.
In the notations of [32] (see also [39] where it is used in the context of Alfvén waves in dispersive
MHD), the Zakharov-Rubenchik system has the form

% - 03% - Zél/’zx - iO’lAJﬂ/J +1 {0'2‘1/]‘2 + W(p+ D%)} 7/1 = 07

pi + A + D([¢[*), =0, (3.1.2)
1

¢t + Wﬂ‘f‘ [Y* =0,
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where ¢ : R x R? = C, p,¢p: R x R* = R, d = 2,3 describe the fast oscillating and, resp., acoustic
type waves.

Here 01,092,053 = £1, W > 0 measures the strength of the coupling with acoustic type waves,
M > 0 is a Mach number, D € R is associated to the Doppler shift due to the medium velocity
and d € R is a nondimensional dispersion coefficient.

When oo =0 (resp. D =0) in (3.1.1) (resp. (3.1.2)) the Zakharov-Rubenchik system reduces to
the classical (scalar) Zakharov system (see eg Chapter V in [38]). More precisely, in the framework
of (3.1.1), one gets

1
Vg

LW . .
wt + Ugwx + Z?d)mz + 7fﬂAJ_¢ = l(CIW\Q + /Bp)¢7
Pt — CQAP = BPOAWJ’Q,

which is a form of the 2 or 3D Zakharov system. Note however that the second order operator in
the first equation is not necessarily elliptic.

The local well-posedness in H*(R%) x H5~1/2(R%) x H*+t1/2(R?) with s > 4,d=2,3 for (3.1.2),
(3.1.1) was obtained in [32] by using the local smoothing property of the free Schrédinger operator
after reducing the system to a quasilinear (non local) Schrodinger equation. Since it uses dispersive
properties of the free Schrodinger group that are valid only in the whole space the proof does
not extend to the Cauchy problem posed on the torus T? or "semi-periodically” in R¢! x T, the
latter situation being relevant for transverse stability issues. On the other hand, when applied to
the Benney-Roskes system (3.1.5) below, it provides ! an existence time of order O(1), while an
existence time of order O(1/¢) is needed to fully justify the Benney-Roskes as a water wave model
on the correct time scales (see [17]).

Local well-posedness of the Zakharov-Rubenchik/Benney-Roskes system was also obtained in
[24], for s > 2 with the additional condition do; > 0 (that is the second order operator in the first
equation of (3.1.2), (3.1.1) is elliptic) by using an energy method inspired by the work of Schochet-
Weinstein in [36] on the nonlinear Schrodinger limit of the Zakharov system. The method used in
[24] and [36] consists in rewriting the Zakharov system (or the Zakharov-Rubenchik system) as a
dispersive (skew-adjoint) perturbation of a symmetric nonlinear hyperbolic system and it uses only
the algebraic structure of the system. A shortcoming of the method is that one has to prepare the
initial data.

We will see that, when the small parameter € is included, this method provides also the existence
on the time scale O(1) in the context of water waves (see the Benney-Roskes system (3.1.6) below)
and moreover that it can be applied to the system obtained from (3.1.2) which is satisfied by a
(localized) perturbation of a line soliton. Also, since it does not use any dispersive property of the
Schrodinger group, it applies to the Cauchy problem in T¢ or R4™! x T, a situation that has not
been addressed before (see on the other hand [3, 2] for the periodic Zakharov system).

Thus, none of the two aforementioned methods seems to give the expected existence time scale
for the Benney-Roskes system. Nevertheless they provide different results for Zakharov-Rubenchik
type systems. The "dispersive method” used in [32] works only in R? but does not need the
Schrodinger part of the system to be elliptic” (that is it does not need the condition do; > 0). Also
it lowers the regularity on the initial data (an effect of the dispersive smoothing effect) and could
be applied as well to (possibly non physical) nonlinear perturbations of the system.

On the other hand, the Schochet-Weinstein type "hyperbolic like” methods allow to deal with
the periodic or semi-periodic cases, but are relatively rigid (they rely on the algebraic structure of
the system) and require initial data in the "hyperbolic space” H*(R%), s > %l + 1.

(3.1.3)

'Roughly speaking, the idea in [32] is to reduce the system to a (nonlocal) quasilinear Schrédinger equation. When
€ is taken into account, the crucial dispersive smoothing estimate on the Schrédinger group has a 1/e factor while the
nonlinear term has a e factor.
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The situation is better understood in spatial dimension one. Oliveira [28] proved the local (thus
global using the conservation laws below) well-posedness in H?(R) x H'(R) x H'(R). This result

was improved in [19] where in particular global well-posedness was established in the energy space
H'(R) x L?(R) x L*(R).
It is worth noticing that (3.1.2) possesses two conserved quantities, the L? norm

100 = [ 10,02,

where y; =y or (y, z), and, after the change of variable (z,t) — (x 4 o3t,t), the Hamiltonian

1) 01 (o] 7% w W
E(t) — Ol 2+ 2 2,92 14 2 W 2 W Do, 2)
(6 = [ (6P + ST 0P+ P10l + 5P+ 4 V645 (o + Do)l
= E(0). (3.1.4)
The conservation laws are used in [32] to obtain global weak solutions under suitable assumptions

on the coefficients. We will use them in Section 5 to prove the global existence of weak solutions
of the systems obtained by perturbing a line (dark) soliton. Note also that the conservation laws
can be used to get the global well-posedness of the Zakharov-Rubenchik, Benney-Roskes system in

space dimension one (see [28]).
As aforementioned, in the context of water waves, the Zakharov-Rubenchik system is known as
the Benney-Roskes sytem and it was formally derived in [15]. We follow here the notations in [18],

where a rigorous derivation is performed.

k= [kley, w(k)=w(lk),
w=w(kl), o =d(kl), "= (k]),

o (3.1.5)
where - w(¢l) = ( (a-+ ZI¢°) el tanh(vle)

is the dispersion relation of water waves and where |k| is a fixed wave number, ¢ is the gravity, o > 0
is a surface tension coefficient, p is the density of the water and p is the shallowness parameter
(square of the typical fluid depth over a typical horizontal scale) which is large or infinite in the
deep water models and o = —%(1 —0?)2.

The small parameter € is the wave steepness that is the ratio of a typical amplitude of the wave
over a typical horizontal scale. Recall ([18]) that the typical time scale for the solutions of (3.1.6)
below is 1/e and so it is crucial to establish the well-posedness on those time scales.

The Benney-Roskes equations can then be written in 2 dimensions as follows

/ 1 W
8t¢01 +w 8x¢01 — Zei(w 833 + may)w(n
. k|2 k|
+ i€ (’k@ﬂ/}oo + |2w(1 —0®)Cio + oK
Dero + ViAYoo = —2w[k| 0z (|to]?),
Oeboo + Cro = —[k[*(L — o?) [t *.

(1- @)Woﬂz) Yo1 =0, (3.1.6)

w

It is known (see eg [18] Chapter 8) that w’ > 0, while for purely gravity waves (o = 0) w is a
concave function, thus w” < 0 and the Schrédinger equation in the Benney-Roskes system is “non
elliptic”.

On the other hand, in the presence of a surface tension, the condition w” > 0 is possible as
shown in the following computation.
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For simplicity of notations, we will consider w of the following form instead of (3.1.5)

) 1/2
w(r) = ((1 +r )rtanh(\/ﬁr))
where 7 > 0 which depends on (g, p) and is proportional to o and r = |k|. We have
W (r) = ((1+3yr?) tanh(/ar) + /i(r + 7% sech?(/pr) )
1 ~1/2
X35 ((r + ~r3) tanh(\/ﬁr)) /
and
w”(r)
1 2
= ((1+3’y7‘2) tanh(\/ﬁr)+\/ﬁ(r+7r3)sech2(\/ﬁr)) ((r+vr3) tanh(\/ﬁr))

4
+ % ((7“ + ~r3) tanh(\/ﬁr))il/2 (677" tanh(y/ur) + 24/(1 + 3yr?)sech? (/i)

—3/2

—2u(r 4+ 1) tanh(\/ﬁr)sech2(\/ﬁr)> .

We see that «'(r) > 0 with v,r > 0, we thus will look for r such that with fixed ~, w”(r) > 0. We
assume that \/ur > 1 implying that sech(y/ur) ~ 0 and tanh(,/ur) ~ 1. Therefore we only need
to choose r large enough so that
(14 3y72)?
1291 > —————
o r+qr3
or

3721“4 + 677’2 > 1.

In order to apply the Schochet-Weinstein method we will need the condition do; > 0 and we will
only consider the Zakharov-Rubenchik (or Benney-Roskes) system of the form of (3.1.2) satisfying
this condition.

The one-dimensional Zakharov system possesses solitary wave solutions and in [28], Oliveira
proved their orbital stability. One motivation of the present paper was the study of their transverse
stability. The transverse instability of the line solitary wave for some two dimensional models such
as the nonlinear Schrédinger equation (NLS), the Kadomtsev-Petviashvili equation (KP) and some
general "abstract” Hamiltonian systems have been carried out extensively in [35, 33, 34, 22, 23].

It is thus of interest to study the transverse stability of the line soliton for the two dimensional
model (3.1.2) and the first step is to study the Cauchy problem of a localized perturbation of
(3.1.2) by a line soliton. Another possibility is to consider y or (y, z)-periodic perturbations of the
line solitary wave, a first step being to establish the well-posedness of the Cauchy problem for the
Zakharov-Rubenchik, Benney-Roskes system in R¢ x T, d = 1,2, which could not result from the
methods used in [32], but in the way we achieve here and also in the pure periodic case T4+,

In order to unify the notation, we will rewrite the Benney-Roskes system (3.1.6) in the form of
(3.1.2). We replace (¢o1, |k\2(1c—1?72)\/;77 ‘kIQ%fEUQ)) by (¢, p, ¢) and after calculating the corresponding

coefficients, we have:

" / 2 k4 1—
o5 =—w, 6 =" gy = o gy = el a),
2 2|k| w (3.1.7)
_ k[t =a?)?yn D— 2w M= 1/ a
T O
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The paper is organized as follows. In the next Section we reformulate the existence of one-
dimensional solitary waves (bright and dark) in our framework. In Section 3 we use the Schochet-
Weinstein method to prove a local existence for the Benney-Roskes/ Zakharov-Rubenchik system,
keeping the small parameter ¢ which is relevant for deep water waves. In Section 4 we consider the
case of a localized perturbation of a line solitary wave. Finally we prove in Section 5 the global
existence of weak solutions perturbing a dark solitary wave.

We conclude the paper by a list of open questions.

Notation. e 0, or (), will be used to denote the derivative with respect to variable x.

e H*%(D),s € R denotes the classical Sobolev space in the domain D.

|-l x: The norm in a functional space X .

F and F~! denote the Fourier and inverse Fourier transform respectively.

(&) = 1+ |£]? for £ € R™ and o(D) denotes the Fourier multiplier with the symbol o(§).

R and & denote the real part and imaginary part of a complex number respectively.

3.2 Existence of one dimensional solitary waves

In this section, we reframe the proof of the existence of 1-d solitary waves in [28] in our setting.
The 1-d Zakharov-Rubenchik system has the form

Wi — o3t — 10000 + i {oa U + W (p+ Doy) v =0,
pt+ ¢ax + DY)z = 0, (3.2.1)

1
br + el [wl* = 0.
Setting ¢ = ¢, (6.1.2) becomes

o = O3ps — i00sa + i {020 + W(p+ D)} v = 0,
pi+ bz + D(|9*)z = 0, (3.2.2)

~ 1
bit+ qpPet ([¢]*)z = 0.

Let ¢ > 0, we look for solutions of the system (3.2.2) of the form
(MK (z — ct), a|K(z — ct)|?, b|K (z — ct)|?).
From the last two equations of (3.2.2) we deduce that

—(1+¢D) and b:—(c+D/M2)

- "/ 3.2.3
“ 1/M? — ¢? 1/M? — ¢ ( )

Then the first equation of (3.2.2) is equivalent to

6K —i(c+03)K — AK = (02 + W(a +bD)) | K*K.
Set ‘
R(l’) — e—z(c-{—ag)x/%K(x),
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then

.. (C + 03)2 . 9
R+ " A R= (02 +W(a+0bD))|R|"R. (3.2.4)

The equation (3.2.4) has a positive solution, which is unique up to a translation, if :

((02;73)2_)\> < 0,

1
)
1
5(02+W(a+bD)) <0

or equivalently

1 ((0-1—03)2 _)\> <0,

5 46

(3.2.5)
1 _ W(Q + D*/M? +2cD) “0
5\ 72 /M2 — 2 '

We see that if ¢ — (1/M)~ and ) is large enough then (3.2.5) holds assuming that W > 0 and
0 > 0 which holds true in both models (3.1.2) and (3.1.6).
In this case,

_ 2 (c+03)? 1 ((c+ a3)?
Rle) = J 72+ W(a+ bD) ( 5 A) S‘*CW 5 <45 - A) o 628
Otherwise, if
(c+03)°
<453 - A) >0,

1
5
1
5 (o2 + W(a+bD)) >0,

or equivalently

1<(C+%>2_A>>0,

o 40
(3.2.7)
1 W(1+ D?/M? + 2¢D) -0
5 |72 1/M? — ¢ '
In the context of water waves (Benney-Roskes system) there is a regime where the condition (3.2.7)
(c+03)2

holds. In particular, if we choose ¢ > - and A < L% then (3.2.7) holds, since from (3.1.7) we
know that 0, o9, W and D are positive. If ¢ = 0, then (3.2.7) is equivalent to

2

93

—= > A,

49

2k*(1 —a) |k[*(1-02)? 2wlk|?

— — > 0.
w 2w /T
4

Since a < 0, and in the context of water wave, the surface tension is small, then one has W >
W. Therefore, if p is large enough (which occurs in the context of deep water waves) then

the above conditions hold.
In this case,

¢+ 03)? c+ 03)?
R(z) = J o2 + Wga +0D) <( —253) ; A) tanh(\l 2%5 <(—Z53) a )\> z) (3.2.8)
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Then the system (3.2.2) has two kind of solitary waves corresponding to the two conditions (3.2.5)
and (3.2.7): -
(et eHa)T/2 Ry — cf), a R*(x — ct), bR%*(x — ct)).

Recalling that ¢ = ¢,, the solutions of system (6.1.2) should have thus the form
Q = (M Ho)T DRy — ct), a R*(x — ct), bP(z — ct)), (3.2.9)

where
2

P(x) = % tanh(Sx)

B 2 (c+ 03)? B 1 ((c+03)?
a_\J02+W(a+bD)< e _)‘>’ ’B_$_5< o _A>

in the case R(x) is given by (3.2.6),

with

Oé2
P(z) = 7 (Bz — tanh(Sz))

B 1 (c+ 03)? |1 (et o03)?
Q_JonrW(aerD)( 46 _A)’ B‘Jw( 45 ”)

in the case R(x) is given by (3.2.8).

with

Remark 10. Similarly to the case of the cubic nonlinear Schridinger equation, we will call the
1-d solitary wave corresponding to the condition (3.2.5) and (3.2.7) the “bright”, “dark” soliton
respectively.

3.3 The Z-R/B-R system

As aforementioned the asymptotic model (3.1.6) is a good approximation of the full water wave
system on a time scale O(1/e) (see [18] page 233). It is thus crucial to prove the well-posedness of
the Cauchy problem on time scales of order 1/e. However, the existence time obtained by using the
method in [32] does not reach the O(1/€) time scale (as we already mentionned it is of order O(1))

In this section, we give the proof of the local well-posedness for (3.1.2) in two dimensional case
by using Schochet-Weinstein method in [24] but keeping the parameter € in (3.1.6) to estimate the
existence time obtained by this method. It turns out, however, that one does not improve upon
the previously known O(1) result (see however the comments in Introduction).

We consider the following system

Yy — 03y — 1605y — iea’ldjyy + 1€ {0’2|¢|2 + W(,O + qufr)} P =0,
pe+ D¢+ D(|9]*). =0, (3.3.1)
1
o + Vel [W[* =0,
with initial data (1, p, ¢)(t = 0) = (vo, po, ¢o) for which we obtain a local existence result:

Theorem 3.3.1. Let do1 > 0, s > 2. For any initial data (o, po, po) € H*T1(R?) x H*(R?) x
H*TY(R?), there exist T > 0 independent of € € (0,1]) such that (6.1.1) admits a unique solution
(6,9, 8) € C(0,T; H*1(B2) x C(0,T; H*(R?)) x C(0, T; H**(R2)).
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Remark 11. With some minor changes, one obtains the same result in the three-dimensional case,
that is 1y, replaced by A ).

Remark 12. The above theorem and its proof are valid mutatis mutandi in a periodic (’]Td), d=2,3,
or semi-periodic (RT1 x T) setting.

Proof. We follow closely the proof in [24], Section 3.3, but we keep track of the parameter e.

We first rewrite (6.1.1) as a dispersive perturbation of a symmetric hyperbolic system. We
take the time derivative of the second and the third equation of the system (3.1.2). This allows to
decouple the linear parts of those equations

wt - U3¢m - Zﬁé?f)mm - ZfUlwyy + i€ <U2|¢|2 + W(P + D¢:}c>) w = 0,
1
pu— A (MQP + WJI2> + D([9]*)er = 0, (3.3.2)

1
b~ 572 (86 + D(UP):) + () = 0.

We set
U=Wp+WDo,. (3.3.3)

We then get a coupled system for ¢ and U
Vi — 030y — 1€0Y gy — 1€010yy + 1€ (02]¢\2 + U) P =0

1 ) ) W D2 ) (3.3.4)
Uie = 538U = W) + 2 DW (6Pt — 1y (92 = 0.

Following the idea in [36] for the Zakharov system, we define the following auxiliary (vector valued)

function V' as the unique solution of the following equation

T
1 W D?
Vi=— WM 2 ), 0 3.3.5
)= VU www+(ﬂiaw>,), (3:3.5)
with the initial data given by
WD

V(t=0)=Vo=-MWVe— —(p, 0)T. (3.3.6)

Therefore, we obtain the equivalent first order system
¢t — 03y — ZE&/’xm - iealwyy + i€ (02!1#\2 + u) P =0,

1
U — V-V + 2WD(|[¢|*). =0,

(3.3.7)
1 W D? g
o . 2y (P 2 _
Ve = wareo) - (M2 o) <o
We now set -
D=u+ 5,
then the system (3.3.7) becomes
Wt = Oyt — €8s — icriy, + ie (02 = PP + D) ¥ =0,
1 01 2 2 0103 2 o
Di— 37V V= 3 (P - oa(wP)s) + (20D = ) (WPl =0, (335
T
1 2W(D? + M?) — o1, 9. 2WM? -0y -
Vim ;YD - ( Wi (81%)e, =37 ¥y ] =0.
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For simplicity of notation we set

0193 :2W(D2+M2)—01 . :2WM2—01
5 7 oM ) 3 oM

Furthermore, we split the ¢ in real and imaginary part

C1 =2WD —

v =F+1iG
and
Vi = H +iL = (Hy, Hy)" +i(Ly, L)
Multiplying the first equation of (3.3.8) by v and taking the real part, we deduce that

(W}|2)t - 03(|¢|)325 :ie&bxﬂcij - iewxﬂ/) + ieal@byy& - Z’EUli/;yde

3.3.9
—=2¢6(GO, Hy — FO,L1) + 2¢01(Gd,Hy — Fd,Ly). (3:3.9)

We insert (3.3.9) into (3.3.8) and then separate the real and imaginary parts of the first equation
of the system. We furthermore apply the spatial gradient to the first equation of (3.3.8) to get the
equations satisfied by H and L. This leads to the following system

Hy — 03H; + €6 Ly + €01 Lyy — eGVD (3.3.10)
—€ (DL + (02 — U;) ((F2 + G?)L +2G(FH + GL))> =0,
L —o3L, — €6Hyy — €01 Hyy + eFNVD (3.3.11)

€ (DH+ (02 - "2) ((F2 +G*H + 2F( FH+GL )

Fy —03F, +€0Gyy + €01Gyy — € ((02 — 2) (F2 + G2 + > G =0, (3.3.12)

Gy — 003Gy —€0F,, —eo1Fyy + ¢ <(02 — 2> (F2 + G2 )+ D> F=0, (3.3.13)
1 2

Dy — MV -V —€010(GO H1 — FO,L1) — €07 (GOyHy — FO,Lo) (3.3.14)

+ QCl(HlF + L1G) =0,
1
Vi — 57 VD = 2(c2(Hi F + LG), es(HaF + LoG)T = 0. (3.3.15)

Since 016 > 0, we can perform the following change of variables

= (\/ (50’1H1,01H2)T and L* = (\/ (501L1,01L2)T,
and we then set U = (H*, L*,F,G,D,V)".

Therefore, (6.1.1) is rewritten as a dispersive (skew adjoint) perturbation of a symmetric hy-
perbolic system given by

U + (GAl(U) + Bl) U, + (GAQ(U) + BQ)Uy + C(U)U

(3.3.16)
= _Kan:J: - K2Uyy7

where Ay, As, B1 and By are symmetric matrices, K1 and K5 are skew symmetric matrices.

03x3  O3xz Mi(U)T Ogxo

| O3x3  03x3  O3zx1 O3x2
AU) = Mi(U) O1x3 0 O1x2 |’

O2x3  O2x3 O2x1 022
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with
M (U) = (—V601G,0,/é01 F).
0 O1x3  O1x2 0 O1x2
031 Osx3z  Ozxa Ma(U)T 03x2
Ay(U) = | 02x1 0O2x3  0O2x2  O2x1 O2x2
0  M3(U) Oix2 0 O1x2
O2x1  0O2x3  O2x2  O2x1 O2x2
with
M(U) = (—01G,0,01F).

Now note that C(U) contains the term that is independent of € which is

0 0 0 0 01x5

0 0 0 0 O1x5

0 0 0 0 O1x5

0 0 0 0 O1x5

0 0 0 0 O1x5

C1(U) = 22 0 22 0 O1x5
—2c; —2c;

T F 0 G 0 O

—202F 0 —2c9 0 Otns

Vooy 5 Voo ) *

0 Uf‘”’F 0 0163G O1xs

Next, we prove that if the initial data U(0,z,y) = Uy € (H*(R?))% s > 2, then there exists
T =T(|Uoll g1+ (r2))o) such that equation (3.3.16) has a unique solution in L*([0, T, (H*(R?))?).

The proof of the existence of a solution is standard and proceeds via a classical iteration scheme
for symmetric hyperbolic system (see [21, 16]). The presence of C(U), unfortunately, leads to the
existence time of order O(1).

The uniqueness of solution of (3.3.16) is classically obtained by estimating the difference of two
solutions since the dispersive part does not contribute to the L? energy estimate.

The last step will be to recover the solution of (6.1.1) from the solution of (3.3.16).
To this end, the initial data Uy = (Hy, Lo, Fo, Go, Do, Vo) should be chosen as Fy + iGy = 1y,
H() + iL() = Vw(), D() = W(p[) + Dgﬁom) and VE) = —MWV¢0 — %(pg, O)T.

First, set ¢y = F' + 4G, then (3.3.12) and (3.3.13) imply that

Wt = oy bt — ieriy + i (o2 = B +D) v =0
From (3.3.10)-(3.3.13) we can derive an L? estimate of # = (VF — H,VG — L), that implies
17 ()Iz2 < e I (0)]IZe
thus, V¢ = H +iL.
Then (3.3.14)-(3.3.15) implies the last two equations of (3.3.8).

Next, we are going to recover (p, ¢). Let ¢ be the unique solution of the following linear wave
equation

b = 13 (86 + DUPPY) + (92 =0,

1
with initial data given by ¢(t = 0) = ¢p and ¢(t = 0) = e [0 |%.
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Define
_1

U—-WDo,),

P W( b)

with o1
U=p- 2P,

Then we get that (1, p, #) solves (3.3.2) uniquely with respect to the given initial data.
Next, let ¢(¢,x,y) be the unique solution of the differential equation

~ 1
o+ Wp—i— ‘TMQ =0,
with initial data ¢(t = 0) = ¢y.
From the second equation in (3.3.2) we get

pit + Ady + D|y|2, = 0,
and integrating this in time and using the initial data, we get the following system

{m+A$+Dwﬁn=&

. 1 (3.3.17)
o+ P+ W =0.

Taking the time derivative of the second equation in (3.3.17) we get

1

7 (80 + D(¥)a) + ([4)): = 0.

it

Note that the initial data is also given by ¢(t = 0) = ¢g and ¢;(t = 0) = — 52 p0 — |tho[?. Therefore
we have ¢ = ¢, achieving to prove that (1, p, ¢) solves the original Zakharov-Rubenchik system. [J

3.4 The perturbed Z-R/B-R system

In this section, we consider the Cauchy problem for (3.1.2) when it is perturbed by the line solitary
wave ) given by (6.1.3). That means, we will find solutions of (3.1.2) of the form (¢ + ¢1,p +
¢2, 0 + ¢3), where we denote Q = (1, 2, ¢3). The new system reads

Vi — Othy — ie0ny — ico10yy + i€ { 2|0 + 209R(610) + W (p + Déu) } 61
+ie{oalt + ¢1* + W(p+ ¢2+ D(¢ + ¢3))}¢ = 0,
pr+ A6+ D[ + 2R(619)): = 0,

1 _
Ot 1Pt [|? + 2R(p19) = 0.

(3.4.1)

Remark 13. A natural way to solve the Cauchy problem for (3.4.1) would be to use the “dispersive
method” in [32]. However the fact that the line soliton does not decay to 0 in the transverse direction
leads to a difficulty when dealing with a new nonlocal linear term and seems to preclude to extend
this method in a straightforward way. Therefore we will apply the method of the previous section to
this case.

In the first step, we need to rewrite (3.4.1) in the form of a skew-adjoint perturbation of a
symmetric hyperbolic system.
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Using the fact that Q@ = (¢1, ¢2, ¢3) is also a solution of (6.1.1) with e = 1 then by the same
calculations as in the previous section, we obtain that (H,,L,, F., G, D,,V;)T is a solution of
(3.3.10)-(3.3.15) with € = 1, where

H, =V(Re¢1), Ly =V (S¢1),
F, =Ré1, Gy =S61,
D, = U, + — |¢1|2 with Uy, = Wy + WD(¢3)., (3.4.2)

m:_wM«@mmT—WD«@m>

Similarly, if (¢, p ¢) a solution of (3.4.1) or if (¢ + @1, p+ b2, d+ ¢3) is a solution of (6.1.1) (with

¢ =1), then (H, L (; D, V)T is a solution of (3.3.10)-(3.3.15) with € = 1, where

VRW +¢1)), L=V(SEH+ 1)),
<w+@> G =S+ ¢1),
W + ¢1|* with U = W (p + ¢2) + WD(¢ + ¢3)a,

o
F
D

(3.4.3)

WD T
f/t_Mvz]—WMv(\w+¢12)—< (1% + ¢11*)a, ) =0

with V(t = 0) = (—WMV(¢ + ¢3) — % (p + P2, 0)T> (t=0).

We now set (H,L,F,G,D, V)T = (H,L,F,G,D,V)T — (H,, L., F,,G.,D,,V;)T, more precisely,

we have

H=V(Ry), L=V(3),

F=%Ryp, G=,

P+t (WIQ + 2R(p1%))) with U = Wp + W D¢,

X ) D2 T (3.4.4)
Vi 3 VU = WMV ([y* + 2R(611)) — ( (1% + 2R(619))a, ) =0
with V(t =0) =V = <WMV¢ - % (p, 0)T> (t = 0).

Combining (3.3.10)-(3.3.15), (3.4.2) and (3.4.3), it transpires that (H, L, F,G,D, V)T is a solution

of
Hy —o03Hy + 6Ly +01Lyy — (G+ G )VD+ Ry =0,

Li — 03Ly — 6Hyy — 01 Hyy + (F + FT)VD TRy =0,
F; — 0’3F + 5Gmx + Uley + Rg =

Gt—o‘gG 5 Gle+R4
(3.4.5)

Dt——v-v—ala((G+G )0, Hy — (F + F,)8,Ly)
—01((G+G )0, Hy — (F + F,)d,Ls) + Rs = 0,

Vt—MVZN—RGzO,
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where

Ri=—-GVD, — DL — DL,

— <02 — U;) ((F2 + (?2) L+ (F2 +G?+2FF, + 2GGT> L,
+2G (FIF+C¥E) +2G, (ﬁF+HFT +iG+LGT) ),

Ry =FVD, + DH + DH,

+ <02 — U;) ((F2 +GHH + <F2 +G? +2FF, + 2GG7~) H,

1oF (HF i éfi) 1 2F, (HF + HF, +GL + GLT)>,

Ry — - ((02_"21) (F2+6?2)+15>G

— ( (0—2 — U;) (F2 +G?+2FF, + ZGGT) + D) G,,

R4:<(02— U;) (P2 +G?) +7§>F

+ ( <02 — 021) (F2 +G?+2FF, + QGGT) + D) F,,

Ry = (261ﬁ1 + Jlég(d)l)x:c) F+ (261[~/ — O'ﬂ;%(qbl)xx) G
+ QCl(HlFT + Lle«),

T
Re = — 2(62(];]1}7 + F.Hy + ElG + GrLl)y C3<ﬁ2F + EQG + F,.Hy + GTLQ)) .
Similarly to the last section, if p1d > 0, we can change variables as follows
H* = (\/ 50’1H1,O‘1H2)T and L* = (\/ 501L1,01L2)T,

and then we set U = (H*,L*,F,G,D,V)T. Therefore, the perturbation of (3.1.2) by the line
solitary wave @ is rewritten as a dispersive perturbation of a symmetric hyperbolic system given
by

Ui + (Al(U) + Bl(¢1) + 01) U, + (AQ(U) + Bz(¢1) + Cz)Uy

(3.4.6)
+ C(U, Q)U = _Klex - KQUyyv

where, with j € {1,2}, A;, Bj, C; are symmetric matrices, K; are skew symmetric and C; are
constant matrices. A; have the same form as in the proof of Theorem 3.3.1 and B; have the form

O3x3  Osxz Ni(¢1)T Osxo
03x3  0O3x3  O3x1  O3x2

B = ,
1(01) Ni(¢1) Oix3 0 O1x2
O2x3  Oa2x3 02x1 O2x2
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with
Ni(¢1) = (—V/001G,,0,V/001 F}),

0 O1x3  O1x2 0 O1x2

O3x1  O3x3  Osxa Na(d1)? 0O3xo

By(¢1) = | O02x1 0O2x3  O2x2  O2x1  Oa2x2
0 Nao(¢1) O1xo 0 O1x2

O2x1 O2x3  O2x2  O2x1  O2x2

with
Na(¢1) = (—01G,,0,01F).

Furthermore, note that the matrix C(U, @) contains the term which depends only on (¢1, ¢2, 0r03)
making the following analysis hold for both cases when () is the bright or the dark soliton.

We have written the perturbation of (3.1.2) by the line solitary wave @ in the form of a sym-
metric hyperbolic system. Applying the same method as in the proof of Theorem 3.3.1 we obtain
the following result.

Theorem 3.4.1. Let o1 > 0 and s > 2. For any initial data (o, po, o) € H*T1(R?) x
H*(R?) x HSTY(R?), there exists T > 0 such that (3.1.2), when it is perturbed by the line soli-
ton Q = (¢1, P2, #3), admits a unique solution (Y, p, ¢) € C([0,T]; H*TL(R?)) x C([0, T); H*(R?)) x
C((0, T}, H*1(R2)).

Proof. The proof of Theorem 3.4.1 and Theorem 3.3.1 are essentially the same except the estimates
for the terms Bj(¢1) and C(Q).

In the proof of Theorem 3.3.1, in order to estimate the derivative of order s, we use the com-
mutator estimate and the Bessel potential J* = (1 — A)*/2. Although, in this case, the 1-D soliton
solution () does not decay in the “y” direction which makes that argument not true. Therefore,
we use the fact that J® ~ J§ + J5, where J, = F~1 (&) F, J, = F ' (&) F. Hence, we only need
to estimate JZU and JjU instead of J°U. Since @ is independent of y, J, is harmless and since

1730112 = [ I173U 112
The rest of the proof proceeds exactly as in the proof of Theorem 3.3.1. Again we emphasize that

the same result holds true mutatis mutandi in a R x T setting, a framework that would be needed
to study the stability of the line soliton with respect to periodic transverse perturbations. O

L0 We can apply the commutator estimate in one dimensional case.

3.5 Global solution

In this section we will establish the conservation of energy for the perturbation of (3.1.2) by the
line soliton @ given in Section 3.2 and as a consequence, the existence of a global weak solution
when @ is the dark soliton.

In order to make the calculation easier, we will consider the solution of the form

) o3
(ez/\tez 5 x¢(w, Y, t), p(x, Y, t)7 ¢(x7 Y, t))’

then the 1-d solitary wave has the following form

Q = (61,2, ¢3) = (R(x), aR*(x), bP(x)),
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with R(z), P(x) are given in Section 3.2 (note that this trick will not affect the analysis in section
3.4). Then the system (3.4.1) becomes

2

wt + Z()\ - 7)1# - Zéd):c:r: - z'Ulwyy

46
+i {UﬂW + W (p+ Dpy) + 20941 Re()) + 02| d1]* + W (¢ + D8$¢3)} ¥
+i{oa|? + W(p + Doy) + 202¢1 Re(v) }1 = 0, (3.5.1)

pr+ A+ D(|9]* + 261 R (1)), = 0,
i+ #p F 102 + 201R(4) = 0.

In this section we will establish the energy conservation for (3.5.1) when it is perturbed by a line
soliton @ and the existence of a global weak solution when @ is the dark soliton.

Theorem 3.5.1. Let (¢, p, ) be a solution of the system (3.5.1) obtained in Theorem 3.4.1, defined
in the time interval [0, T]. Then the quantity

2
(2
B =\ =29 0172 + 8 llwelZ2 + o1 14172
02 2 2
+ 2 P + 200, S

- [ Wz D)o Pl + [ Wi+ Do) (lul 2R

Foallonls + g ol + - [V6IZ,  (352)

is conserved for t € [0,T].

Proof. We multiply the first equation in (3.5.1) by Oy, integrate the result and take its imaginary
part to get successively

B L (353)
- % / Yealy = O / Gt = 50 [ (P (35.4)
— o [ v = 301 [0, (35.5)

R [ (2l + 1 (o D) + 20201 R(6) + 02l [+ W (9 D)) b

:% / (2t P+ W (p+ D) +20261R() + 0261 [+ W (62+ Duss) ) (1) (35.6)
=5 [ o1+ W o+ Do) (wP)e + 20200 R6) (e
+ ((oolén? + W (g2 + DOses)) [0),
R [ (cultl? + W(p+ Do) + 20:61R(1)) v
(3.5.7)

2/02|¢I2(¢>1§R(¢))t+W(p+D¢x)(¢1%(¢))t+Uz(|¢1§R(1/J)I2)t-
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Combining (3.5.3), (3.5.4), (3.5.5) (3.5.6) and (3.5.7) we obtain

_a _ Tyl 4 2 Ol 2 0214

0=2 [ (30Tt + 2wl + Ll + 2o
ool PorR(w) + 5 (02161 + W (62 + DOsss)) [0 + oalnR(w)]?
+5Wlp+ Dox) ([l + 20:%(0)))

_ % / W (pi + D) (18> + 261 R()).

From the second and the third equation in (3.5.1), we get

/lozt(|¢’2+2¢1§)ce /Pt ot + MQP /Pt¢t BYVE) /Pm

and

[ Dol +202(w) = = [ o DI +26:R())s
:/¢t (pt + Ag)
—/¢tﬂt |V¢’ -

That implies

_d 1 O'% 2 ) 2 o1 2 P2 4

+ oo R(Y) + % (02’<Z51|2 + Wi(g2 + D8x¢3)) [9? + ool p1R(¥)[?
5o+ D) (U + 26, R())

_l’_

w

VR,

Finally, we get the conserved energy
~(h= T 10122 + 8 s + 1 2 + 22 Tl
+ 203 / [UP6R() + 02 6103 + 20 ot I

w w
+ [ W(er+ Do) W + 35 IollEa + 5 961

+ / W (p+ Do) (|92 + 201 R (1))

2

g
== 2)[0ll72 + 6 ||wx\|iQ + o1 [y l72

W
o2 012 + g ol + 5 19612

— [ W+ D)o ? o+ Jwi DN+ 2080

Note that we got rid of the terms involving ¢o and ¢3 since by (3.2.3) one has a + Db =
—(M? + D?) implying that ¢o + D3,¢3 = —(M? + D?)¢3. O

+ 2|9l + 2012
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Theorem 3.5.2. Assume that Q is the dark soliton given by (3.2.8) with wave speed ¢ = 0.
i) Let (v, p, ) be the solution of (3.5.1) obtained by Theorem 3.4.1 with existence time interval
[0,T]. Then for allt € [0,T] we have

1@ + @2 + 0O g < C @) (3.5.8)

ii) For any (Yo, po, po) € H' x L? x H', there exists a global weak solution (1, p, ) of (3.5.1) such
that for any T > 0

¥, ¢ € Lo([0,T]; HY), p € L>(0,T]; L?)

"’ (3.5.9)
P, pe € L([0,T; H™Y), ¢ € L([0,TT; LP).

Proof. 1) For any € € (0,1), using Cauchy’s inequality we have

2
1o [+, MW [P+ 20mw))?

[ wollu? +26:R0)| < i

- 2M2

and

[ WDonior + 20| < 5 0-0) [+ 51 2 [P + 2000

then

' [ W+ Doy + 2@%@))\
M

w
< tma e+ 208, + gy = o) ol
w
+ 7(1 - 5) IVl

Note that we are considering the stationary dark soliton, so that the condition (3.2.7) becomes

1 032,

(32
1

5 (o2 = W(M? + D?)) >0,

so there exists € > 0 small enough such that

W (M? + D?)

o9 >
2 1—¢

Therefore, the conservation law (3.5.2) implies

1 W(M? + D?)
Lo~ YETEDD i L a6i )|, + 2y ol + 2 19012
o2 (3.5.10)
<E+ (35— N el
From now we will fix such an € and define
_ Ll WMDY, W W
01—2(72 1_¢ ,CQ—EQM,Cg—EQ.
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The first equation of (3.5.1) implies

Sl = /wmw%am%w»+W@+D%»mﬁ

< i[9l +26R@)|, + 2 ol + cs ll0nl2
o3 W? VVZD2
(-

461 482

) S Wl
Combining with (3.5.10) we get

o2
||¢||L2 < (* =) 1172

| @% W WD
461 462

2dt

) S V)IIZe -

2
Since ¢1 € L™, ||¢p13(9)|| ;2 is under control and we recall that %—)\ > 0. Hence, by Gronwall’s in-

equality we can bound [|1)(t)]| ;2 by a constant depending on ¢. The bounds on |[|[V4)|| 2, [|pll 2, V@2
then follow from the energy conservation.

ii) We shall use a classical compactness method (see for instance [20]). The estimates in (i)
prove that regular solutions of (3.5.1) are uniformly bounded in H' x L? x H!. To obtain global
weak solutions, as in [37], we first implement a Galerkin approximation process (possibly after
smoothing the initial data), yielding a sequence of approximate solutions (¢, pm, ¢m) of (3.5.1).
Using part i), we have that for any 7' > 0, (¢, py, ¢5) is bounded, independently of 7, in the space

L®((0,T); HY) x L*°((0,T); L*) x L>=((0,T); H'). (3.5.11)
Therefore, using (3.5.1) and Sobolev’s theorem we infer that (9yt.,, Otpm, Ordm) is bounded in
L=((0,T); H') x L=((0,T); H') x L>((0,T); L?).
Hence, up to a subsequence, one can assume that
VYm — 9 in L((0,T); H') — weak*,

pm — pin L2((0,T); L*) — weak*, (3.5.12)
Gm — ¢ in L°((0,T); H) — weak*.

By Aubin-Lions lemma one can furthermore assume that up to a subsequence

Y — ¥ in L ([0,T); L{L (R?)), (3.5.13)

loc

for any 2 < p,q < co. Similar convergence results hold true for ¢, pm-
These convergences allow to pass to the limit in the distribution sense in (3.5.1) for (¢, Pm, &m ),
proving that (¢, p, ¢) satisfies (3.5.1) in L*>((0,T); H~1) x L>((0,T); H~) x L>((0,T); L?). The

initial condition makes sense since

(1, p.6) € Co([0,T); H') x C([0, T} %) x Co([0, T); HY).
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3.6 Solitary wave solutions in higher dimension

Let consider now solitary waves solutions of (3.1.2). i.e. solutions of the form (e™*(z+ost,y), d(z+
ast,y),n(x + ost,y)), w € R, v € H'(R?), yielding the system

{ — W+ Sty + 01y — (72 — WMP) Y — chptp = 0,
(1 - U§M2)¢xx + ¢yy + (02 - WM2)(|¢|2)96 = 07

which is similar to the equation for the solitary wave solutions of the elliptic/hyperbolic-elliptic
Davey-Stewartson systems in the terminology of [12]. By Pohojaev type arguments one obtains
(see [11] for similar arguments) that non trivial solutions to (3.6.1) cannot exist when do; < 0.

On the other hand the existence of non trivial solutions to (3.6.1) has been established ([1]) in
the focusing case

(3.6.1)

§o1 >0, ¢<0, cW(og—WM?) <0.

Various stability and instability results of solutions to (3.6.1) have been obtained in [5, 27, 26, 25]
in the context of the Davey-Stewartson systems, but no similar results seemed to be known when
they are viewed as solutions to the Zakharov-Rubenchik systems. In particular one does not know
if the solutions of (3.6.1) are constrainded minimizers of the Zakharov-Rubenchik system.

According to the Davey-Stewartson case, one could conjecture that those localized solitary waves
are unstable.

3.7 Conclusion and open questions

We have addressed in this paper some issues on the Zakharov-Rubenchik, Benney-Roskes systems.
Many questions remain unsolved for those important systems and we indicate a few below.

1. Justify rigorously the limit of ZR (BR) systems to the Davey-Stewartson systems. This is
non trivial (because of a boundary layer at ¢t = 0) in analogy (but more delicate) to the Schrédinger
limit of the Zakharov system (see [30, 31]).

2. The present work can be viewed as a preliminary step towards the study of the transverse
stability /instability of the ZR or BR one dimensional dark or bright solitary wave. Perturbations
could be localized in (z,y) or periodic in y. The Cauchy problem was addressed in the present
paper in both cases.

In both the functional settings, we plan to come back to those transverse stability issues a
subsequent work, in the spirit of [35, 33, 34, 22, 23].

3. It is known ([14, 13]) that (radially symmetric) solutions of the Zakharov system may blow
up in finite time. Such a result is unknown for the Zakharov-Rubenchik, Benney-Roskes system
and it would be interesting to see if the results in [14, 13] extend to (3.1.1).

4. The existence result Theorem 3.3.1 is established when do; > 0, that is when the Schrodinger
equation in (3.1.1) is not an "non elliptic” one in the terminology of [12]. This condition is never
satisfied in the context of purely gravity waves water waves (see [1&] and the discussion above) and
it would interesting to relax it.

5. We recall that an existence result on time scales of order 1/e is needed to fullly justify the
Benney-Roskes system. Obtaining such a result is still a challenging open problem.
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Chapter 4

On a regularized full dispersion
Davey-Stewartson system

Joint work with Jean-Claude Saut. (Work in progress).
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Abstract: This paper which continues [21] is concerned with the Cauchy problem for the
Full-Dispersion Davey-Stewartson system introduced in [19]. More precisely, in order to invert the
equation for the mean mode ¢ we introduce an approximate system by a suitable truncation of
the high frequencies of ¢ and we prove that the solutions to the truncated systems converge to the
solutions of the classical Davey-Stewartson system.

4.1 Introduction

The Davey-Stewartson system was introduced in [9] (see also [3, 10]) to model the evolution of wave
packets of surface water waves. It is actually derived for a more general system, the Benney-Roskes
system, introduced in [16] in the context of water waves and also known as the Zakharov-Rubenchik
system, introduced in [34] as a universal Hamiltonian system to describe the interaction of short
and (acoustic type) long waves.

Our interest in the present paper is a full dispersion version of the classical Davey-Stewartson
system introduced by David Lannes in [19] and that we describe now.

The framework is that of the motion of a irrotational inviscid fluid in an infinite layer of finite
depth of an Euler fluid bounded by a free surface and a flat bottom.

The specific regime here is the so-called modulation (”Schrédinger”) one. In order to define the
key small parameter we introduce h a typical depth of the fluid layer, a a typical amplitude of the
wave and A a typical wavelength in the horizontal directions (assumed to be isotropic). Then we
set € = a/h and pu = h?/)\2.

In the modulation regime, the relevant small parameter is the wave steepness, e = a/\ = €,/p.
The starting point of the analysis is the water waves system coupling the wave elevation ¢ and the

trace 1 of the velocity potential at the free surface, written in dimensionless variables (see [19])
0¢ ~ =G =0
tS — T — =Y,
i

4.1.1
) € 12 (jﬁgd}ﬂvg-w)z_o (4L1)
t¢+(+§‘ TM —¢ 2(1+€2’v<‘2> - Y

where G is the Dirichlet to Neumann operator which links the trace of the velocity potential at the
free surface to its normal derivative at the same surface. We denote X = (z,y) or x the spatial
variable.

One introduces a fixed wave vector k € R% d = 1,2. Setting w = w(k) = (|k| tanh(\/ﬁ|k\))1/2
the dispersion relation of surface gravity waves, one looks for an approximate solution of the water
wave system of the form

Uapp(X, 1) = Uo(X, t) + U1 (X, t) + eU?(X, 1), (4.1.2)
where X = (z,y) or x and Up is a sum of a modulated wave packet and of an induced mean mode
¢

_ (iwp(eX Et) | e x—wi) 0
Up(X,t) = < W(EX, et) > e +c.c. + b(eX,et) | (4.1.3)

In [19], D. Lannes derived the following Full Dispersion Benney-Roskes (FDBR) system coupling
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1, ¢ and the leading term ¢ of the surface elevation (see [23] for the case of capillary-gravity waves)

wk+eD) —wk)

opp+1i Y

k 2

+eilk-V'e+ Ll

2w

tanh(e/p|D'|)
5

(1 - o2+ 220 oy =0
w ’ (4.1.4)

9¢ —|D'| ¢ =—2wk - V'(|¢]%),
o+ ¢ =1k’ (1 — )|y,

where k is the given wave vector, o = tanh(,/u|k|) and o = —%(1 —0?)2.

Here the time and space derivatives (indicated by a ') are taken with respect to the slow time
and space variables ¢ = et and X’ = X and D’ denotes the operator 1V’

Without loss of generality one may assume that k is oriented in the x direction, that is k = |k|e,.

We will thus write (4.1.4) as

w(k+eD') — w(k)

O + i . ¥
. , & 9 E _ 21,
+il[k|06 + 5 ~(1 = 0*)C+ 2 (1 - ) [¥[]Y =0, (4.1.5)

h D’
ofc D) R EHED oo o),
o+ ¢ = —[k*(1 = o)y,

Remark 14. It is proven in [19] that (4.1.4) (or (4.1.5)) is consistent with the full water wave
system. We recall that the notion of consistency is a “static” (not dynamic) one. It amounts to
saying that an assumed solution of the water waves system on some time interval [0,T] solves the
BRFD or FDBR system on the same time interval up to some error term. A full justification of the
BRFD system requires in particular that solutions of (4.1.4) exist on a time scale of order O(1/¢)
which is an open problem.

It also necessitates to prove the well-posedness of the full water -wave system in the modula-
tion regime on the correct time scales, which has been proven in one and two horizontal spatial
dimensions in [77, 32] in the infinite depth case. The finite depth case is up to our knowledge open.

The obvious advantage of (4.1.4) (or (4.1.5)) on the classical ' Benney-Roskes system (see
[10, 19]) is its a priori validity over an extended range of frequencies.

The full dispersion Benney-Roskes system with surface tension (capillary-gravity waves) is given
by (see [23])

. wg(k+eD) —ws(k
gy + 25D sl
. / ’k‘Q’f 2 2‘k|4 21
Fielllla + 5 (1 —0?)C "l = 0, w16)
tanh D'
o1 — 0| EVIID) 0 o,
0 + ¢ = —k[* (1 — o?)[9[*.

Here, the dispersion relation for the water waves with surface tension is given by

ws(€) = [I€] tanh(y/lé) (L + BIE)]Y?,

!'We will use the term ”classical” to refer to those systems where the nonlocal dispersion has been Taylor-expanded
yielding local differential operators instead of nonlocal ones.
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where B > 0 measures the surface tension effects (Bond number).
As for purely gravity waves, k = |k|e, is a given wave vector. We will use the notations
ws = wg(k), k = k(k) = 1+ Bk|? and ¢ = tanh(,/z/k|). 7 is a constant depending on k and B.
The classical Benney-Roskes system [16] is obtained from (4.1.4) or (4.1.6) by approximating
the nonlocal operators eg iw(k +eD’) and M as (denoting H, (k) the Hessian of w at k)

- 2
iw(k +eD') ~ eVaw(k) - V' — %V’Hw(k)v’,

e h(ey /A1)
tanh(e,/pu
| HEETD D
The Cauchy problem for the Benney-Roskes system? is proven in [25] to be locally well-posed,
but on time scales which do not reach the order O(1/¢) that would be required (together with
uniform bounds in ¢) for the full justification of the system, see [19]. We refer to [22] for some

results on the Cauchy problem for the full dispersion Benney-Roskes system.

As explained in [19] in the "classical” case, the Davey-Stewartson model is obtained from the
Benney-Roskes system by observing that at leading order, v travels at the group speed velocity
¢g = Vw(k). One thus looks for solutions of (4.1.4) under the form

WX ) = DX = cgt,et)),
(X' 1) = H(X' — ¢t et’) + ¢* (X', ¥, et),
(X ) = (X — gt et) + (X', t,et).

Neglecting O(e) correctors, one can replace d; by —c, - V', and one is finally led (see details in
[19]) to the Full Dispersion Davey-Stewartson System (FDDS) for gravity waves, where 7 = et’ = 2t
(from now on, we will drop the tildas in the FDDS systems)

Ort) + ;—Q[w(k +eD') —w—ew DL

k 4
v+ 250 - sy =0, (417

<|D’| tanh(e/u|D'|)

3

+ Mag) ¢ = 2wPBAL(|¥]%).

We have used here the following notations (see [19])

k= |kle,, w(k)=a(k|), with @(r)= (rtanh(,/mr))"?,
(

w=a(k), o =a(k), " =a"(k),

o = tanh(y/nlk|), a= —i(l —0%)? a=a+-(1-0%? (4.1.8)

80?2

8=k <1+(1—a2)°"2/|:“).

| =

We also recall that the Fourier multiplier operator w(k + eD’) is given by

w(k +eD') = ([ + eD'| tanh(\/zilk + £D'[)) /2.

2a similar system is derived in [34] in the general context of interactions between low and high-frequency waves.
See also [30], Chap. 15, for a similar system describing the interaction of a laser beam with plasma low-frequency
fluctuations driven by ponderomotive forces.
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Note (see [19]) that the complete rigorous justification of the full dispersion Davey-Stewartson
system requires just the well-posedness of the Cauchy problem for (4.1.16) on time scales 7 = O(1).
For capillary-gravity waves, the full dispersion Davey-Stewartson system writes

Y+ ;—Q[wg(k +eD') —wg — ewg DL ]

k4
+i(Bs0,0 — 2LL%WI2)¢ =0, (4.1.9)
(D’!w + (w’s>28;2> 6 = 222850, (14?),

with )
we k|

Bs = [k|(1 + (1 — o?) ), ’~y=’y+g(l—a2)2.

2wg

The classical Davey-Stewartson system which was derived formally in [9] for gravity waves and
in [3, 10] for capillary-gravity waves has been justified rigorously in the sense of consistency in
[7, 8, 6].3 Tt is obtained by approximating the nonlocal operators in (4.1.16) by the relevant local
ones as indicated above for the Full dispersion Benney-Roskes system.

We recall (see [12]) that the Davey-Stewartson systems have the general form

{ia“p +ad2 + bOjh = (1[0 + 120:0)0,

026+ 2¢ = —30,(|¥]?). (4.1.10)

We refer to [3] for an explicitation of a,b,c,vq,v9,d in terms of the physical parameters. It is
also convenient to use the normalized form (see [12])

10 + 03 + 00,9 = (X|W[? + b3,0),
93¢ +mdje = 9, [¢|?,

where the parameters 9, x, b and m re real and can assume both signs, and ¢, x have been normalized
in such a way that |[0] = |x| = 1.

(4.1.11)

7N

The Davey-Stewartson systems can be classified as “elliptic-elliptic”, hyperbolic-elliptic”, "elliptic-
hyperbolic” and "hyperbolic-hyperbolic” depending on the sign of §, m.

The "hyperbolic-hyperbolic” case does not occur in the context of water waves. The "elliptic-
elliptic” case may lead to a blow-up phenomenon reminiscent of that of the cubic focusing NLS
(see [12] for a proof of blow-up and [26] for numerical simulations analyzing the dynamics of the
singularity formation).

In the case of purely gravity waves, one has b > 0 and § > 0. Moreover, a =
w” = &"(|k|) < 0 by the concavity of @.

On the other hand, ¢ = /i — w2 > 0 (see Section 2). This is a subsonic condition. Actually
this amounts to saying that M < 1 where the Mach number M is defined as M = Cj/+/gh, where
cg = d%\/gr tanh(hr);, _ -

One can thus invert in this case the equation for ¢, writing (one can assume ¢ = 1 without
loss of generality) ¢, = dR?(|¥|?), where Ry is the Riesz transform Ry = 9,(—A)~'/2, and reduce
(4.1.20) to a single semilinear (cubic) Schrodinger type equation

%w” < 0 since

O + adip + bI2 = (1 |y|* + vad B3 (1)), (4.1.12)

3Tts ”universal” character as an asymptotic system of quadratic hyperbolic systems in the modulation regime has
been proved in [5].
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which is studied in [12]. In particular, whatever the signs of a and b, the Cauchy problem is locally
well-posed for initial data in L?(R?) or H'(R?) and globally for small data, as the corresponding
cubic NLS. The global Cauchy problem is much less understood. For instance, a global well-
posedness result for the hyperbolic-elliptic case (b > 0, a < 0) in (4.1.12) is still missing for
arbitrary large initial data.

However, for a very specific choice of coefficients®; (4.1.12) is integrable by the inverse scattering
transform method leading to qualitative informations on the flow. After scaling, this integrable
version of the DS system writes

, B _ 2
{’Latw + Yax 2¢yy a|p[*Y + B, (4.1.13)
with
o+ g =0.

It is then known as the DS II system, with two subcases, the focussing (8 > 0) and the defo-
cussing one (5 < 0). For the defocussing DS II, one has global solutions that behaves asymptotically
in time as the solution of the linear case (see [31, 27, 1]). In particular global well-posedness (and
scattering) is proven in [1] with arbitrary L? initial data.

On the other hand, in the focussing integrable DS II system, the presence of an explicit localized
lump solitary wave leads to blow-up in finite time by a pseudo-conformal law [25]. This later
behavior does not seem to be generic, that is does not seem to persist in the non integrable case
(see the numerical simulations in [18]). In particular, one can prove rigorously that no localized
solitary waves exist "not too close” to the integrable case (see [11]). However, the ”scattering”
behavior of arbitrary large solutions to the defocussing integrable DS II system proven in [31, 27]
might be generic. In both situations, the numerical simulations in [17, 18] are illuminating.

When surface tension is strong enough however, ¢ is no more positive (see [3]) and ¢ is inverted
(with suitable conditions at infinity) via a wave equation and 9, ¢ is expressed in terms of |¢|? via
an order one nonlocal operator. The integrable version is known as the DS I system. We refer to
[2] and the references therein for a description of the results obtained on DS I system by inverse
scattering techniques, in particular the existence of special localized solutions called dromions. The
resulting Schrédinger type equation is no more semilinear (it involves an order one nonlinear term)
which makes the study by PDE techniques delicate. The local associated Cauchy problem is studied
in particular in [20, 13, 15]. Scattering of small solutions is proven in [14].

For the FDDS system, in contrast to the classical system (4.1.20) for gravity waves ("hyperbolic-
elliptic”), one cannot invert in a straightforward fashion the equation for ¢ which makes the asso-
ciated Cauchy problem delicate.

As suggested in [19] one could consider as well the full dispersion version of only the first or the
second of the two equations of the FDDS system (4.1.16), namely

0-Y + E%[w(k +eD') —w — e DLW
4

i+ 2@y =0,

(Vi = w37 + /Ro)6 = —2wB0,([¢]%),

4with a limited physical relevance

(4.1.14)
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or

Y a2 il 2 : / ’k‘4 = 2 _
Ortp = 5 (W02 + SO + (806 + 2 (1 = &) = 0,

k] “
(rm tanhieﬂD’D + w’28§3> ¢ = 2B, ([%).

This has the advantage of "splitting the difficulties” : in the first case, one can invert the equation
for ¢ as for the hyperbolic-elliptic classical DS case, but one keeps the "bad” dispersive properties
of the Schrodinger part. In the later case one has the "good” properties of the hyperbolic NLS and
the "bad” invertibility properties of the equation for ¢.

We consider here the full dispersion Davey-Stewartson system written as

(4.1.15)

2/k[*

/
O = 5 (W02 + T2 + (B0, + ~ (1= a) ) =0,
- 2h( |D||1)‘| w (4.1.16)
tanh(e,/p
( e 2D 1 o02)6 = 2050, (1017)
Which is a 2-d model in space for the unknown 1 : R x R? — C and ¢ : R x R? — R.
As noticed in [24] the "subsonic” condition /i — w2 > 0 does not ensures the solvability of the

equation for ¢ since, denoting £ the dual variable of X', the frequencies £ such that

tanh(e,/1/¢]) :w,Qi
elg Iq&

will cancel the symbol.

The parameters ', w”, |k|, o, 8, i are defined as previously.

We will only consider the case /> W', so that we can find ry such that:

tanh(y/uro) = W?rg.

In order to invert easily the equation for ¢ we introduce an approximate system by truncating
the high frequencies.
More precisely, let & be fixed such that 0 < § < rg, for each ¢ > 0, we define R. = =2, We

then replace the mean mode ¢ by ¢. := F~(x(|¢| < R.)¢) so that

supp 9= C {€ € R [¢] < R.} =: Q. (4.1.17)

to get a family of systems depending on the parameter ¢ as follows

i 9 w9 , 2|k
O — i(w,/ax + may)wa + Z(ﬁax¢s + 5

|D| tanh((;\/mDD + W202)pe = 2wB(|1e]?).

(1 =)l = 0,
(4.1.18)

(

Since the supports of ¢, and @ are in {¢€ € R?; |¢| < R.}, we need to construct a suitable
initial data for the Cauchy problem for the e — FDDS which converge to the initial data of the
Cauchy problem for the corresponding classical DS system. We proceed as follows.

First, let 109 € H' be the intial data of the classical DS system, then we define

Yoo = fox v where f. = F(x((€] < °2)). (4.1.19)

®x(A) denote the characteristic function of the set A.
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Then we have that supp 1. C {|¢| < L}, It follows

supp [thoe|> C supp Yoe + supp Yoe(—.) C {|¢| < R:}.

Our purpose is to prove that when ¢ tends to 0, the solution of (4.1.18) with initial data ).
tends to the solution of the following classical Davey-Stewartson system with initial data 1)y:

ionge, W ; 2/k[* )y =
b — §(w 02 + may)w + (809 + o (1 =)y =0, (4.1.20)

(VRIDP? + w02)¢ = 2wB0, (|1]?).

The paper is organized as follows. As a preliminary step we solve the equation for 0,¢. reducing
the approximate FDDS system to a NLS type equation. The corresponding Cauchy problem is
classically solved in the next section, on a time interval independent of €. We then pass to the limit
as € — 0 by compactness arguments.

1.1. Notations. The norm in L? based Sobolev spaces H*® will be denoted ||u||s.. The norm in
the Lebesgue spaces LP will be denoted |u|,. The Fourier transform in spatial space will be denoted

—

by (.) or F and by F~! for the inverse Fourier transform. |D| will denote the Fourier multiplier

defined by @(5 ) = [¢] f (£). Throughout this paper, C' denotes a general constant independent of
¢ if there is no further specification.

4.2 Solving the equation for 0,¢.

We first rewrite the second equation of (4.1.18) in Fourier space

(If\ tanh(e/pl¢])

€

W) () = 2iwBE 02 (€),

then, since the support of a)\a does not contain any zero of the equation w — w2 =0,

one can write
— 2wpE} 5

0:0=(€) = — — (e rmnieyaey | Vel (6 (4.2.1)
W = S

We now consider the function

_ | o ¢l tanh(e\/ul¢])
f(‘f) =W - 55% |
e |€]* tanh(e\/ul€])

& el ’

when [£| < R..

Since the function: z — %

is strictly decreasing in Ry and R. < "2 we have

Vi > tanh(e/1|¢|) S tanh(e,/uR;) - tanh(\/uro) 2

el¢] - eR. o
Then
£(6) > M = tanh(y/k(ro — 9)) _J? >0,
eR, rg — 0
Therefore, -
1Bp0| < Coll-P2], (4.2.2)
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where Cj is independent of €, namely

_ 2w
Co = tanh(,/7i(r0—0))

P _ w/2 '
The above observation leads to the following lemma.

Lemma 4.2.1. The second equation in (4.1.18) is uniquely solvable and
2
1026e|l L2 (r2) < Co [[Yellzage) - (42.3)

Note that besides the L? norm, by a similiar calculation as in the case of the classical Davey-
Stewartson system (see [12]), the energy E(v) is formally conserved by the flow of (4.1.16) where

k[
w

) <\D|¢>) d dy.

w/

_ " 2 2
B6) = [, (w10l + gl +2

B 42(tanh(e;/MDDq5

4 w" 2
(1= el + 2 (6a)

Setting 0,0 = F.(|1<|?), one can rewrite (4.1.18) as a single NLS type equation,

Ontbe — ("0 + o)+ (BE(.P) +

k|7

k4
0wy =0, (424

4.3 Cauchy problem for the e—FDDS

In this section, we will consider the Cauchy problem for (4.1.18) (or (4.2.4)) with initial data
Ve (t = 0) = hg. € H*(R?) defined as in (4.1.19). In particular we obtain the following theorem.

Theorem 4.3.1. Let 1.(t = 0) = . € H'(R?), then there exists a unique mazimal solution
(1he, ¢2) solution of (4.1.18) on [0, T*[ where T = O(1/ |[¢oc||31), such that

e € L°(0, T2 HY(R?)), Vb € Ly (0,T7; LY (R?),

Y £
Oue € Li°(0, T2 L*(R?)) N LE(0, T H' (R?))

Yy e

One has the conservation of the L?> norm and of the energy :

e )2 = [Yoel2,  E(e(-t) = E(iboe), 0 <t <T7.
Moreover one has the persistency property : if 1o € H*(R?),s > 1, then

e € LE(0, T2 HY(R?)), 8,0 € L°(0, T2 H*(R?)).

yLeo

Proof. Let us denote

og2 ) w a2
U(t) = et 8x+|k\a-"), (unitary in all Sobolev spaces)
then we can rewrite (4.2.4) using the Duhamel formulation as an integral equation

L5

e = U(t) o — i/ot U(t — s)(BF-(|1e|?) + &(1 — @) || ?)e(s)ds. (4.3.1)
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We denote the operator on the right hand side by 7 () and recall the two-dimensional Strichartz
estimate for U(t)
t
/ Ut — ) f(s)ds
0

X ={uec L0, T; H"),Vu € L}0,T; L)},

(4.3.2)

< CUfl ars g oy -
L°(0,T;L2)NLE(0,T5L4) L,/2(0,T;L4/3)

Set

and
B = {lullx < 3¢l g},

T can be chosen later.
The proof is standard and relies classically on the Banach fixed point theorem. We only derive
here suitable bounds in order to emphasize that the existence time and the norm of solution are
independent of ¢.

We now prove that B is stable under 7. Using estimate (4.2.3), Strichartz’s estimate (4.3.2),
Sobolev’s embedding and Holder’s inequality, we get the following estimates:

1T ()l x
=T Wl e 0,7522) T IVT (W)l oo 0,22) + IVT ()l Lao,10)

<2 [[¢boe| +C<‘Fa(|¢a!2) Lo |V (E-(le)pe) T, (4.3.3)
2 2
+ H|¢€’ Pe LA/3(0,1,L4/3) + HV(|¢€| Ve) Lf/S(O,T;L‘l/S))'
And,
‘Fa(lwa‘z)wa Lf/g 0,7 ‘@be, ‘Lf(o T:L2) H¢6HL§(0,T;L4)

< I3z 0iriee .

<cT¥* We”%g@(o,T;Hl) ;
[192P20e] s g gy < CT Wellieioiziony (4.3.5)

7 2

[P oo sy = (27 + 209 | s s (43.6)

< cr'/? ’|¢E||%§°(O,T;H1) ||V1/}€”L§(O7T;L4) :
And, for h € R?

B

:Hwe(mm — (X)) (|9 (X + h)[?)

(el oo (X + ) = Pl e (X))

LE3(0,1;04/3)

+ (FE(W)E(X + h)|2) - F5(|w5(X)|2))we(X)

L3(0,1;14/3)
<3COTY2 el o) 10X + ) = 0o s 0.4

Dividing by |h| and letting |h| tends to 0, we deduce that V(F.(|1bc|?)1.) € L4/3(O,T; L*/3) and

|V (E- (2.

1/2 2
LY3(0,1;L4/3) < 3CoT" H‘/)E”L,?O(O,T;M) vaeHLg(o,T;m) (4.3.7)
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Combining (4.3.3)-(4.3.7), we see that there exists T = O(1/ ||t ||51) such that B is invariant
under 7.

Proving that T is a contraction on B proceeds as in the previous step by using the following
expression.

VL F([P1]?) — Fo(|92*)2 = (91 — o) Fe([n]?) + 2 F-(([91] — [va]) ([91] + [¥2]))
and
Piln? = afihal® = (1 — o)1 ]® + Pa(|en] — |2l ([e1] + |h2l)
where 11 and 1) are in X.

Therefore from these two steps, we can choose the existence time T = O(1/ ||t 1)- O

Remark 15. From (4.1.19) we have

ool = |1+ 1€R xlel < 5%

Then, we can choose an existence time T™* of the solution of (4.1.18) which is independent of € and
the solutions are also bounded by 3 |||l ;1 in that time interval. Therefore, in the next section,
we will prove that the solutions tend to a solution of the classical Davey-Stewartson system when &
tends to zero.

< %ol s -
L2

4.4 From -FDDS to classical DS

4.4.1 'Weak convergence

We prove here that the solutions of the e-FDDS system converge to that of the classical Davey-
Stewartson system as ¢ tends to 0. We first recall a very classical result in [21], and some useful
estimates.

Lemma 4.4.1. (Aubin-Lions’s Lemma) Let By, B, By be three reflexive Banach spaces. Assume
that Byis compactly embedded in B and B is continuously embedded in By . Let

oV
W ={V € L¥(0,T, By), o € LPY(0,T,By1)}, T <o0, 1< po,p1 <oo.

W is a Banach space with norm
IVilw = IVl zoo 0,7,80) + Vill Lor 0,8, -

Then the embedding W — LP°(0,T, B) is compact.
When py = 0o, p1 > 1, the above statement is also true, see [29].

Lemma 4.4.2. Let Q be an open set of R™ and let g,g9. € LP(R™), 1 < p < oo, such that
g: — g almost everywhere in Q and HgaHLp(Q) <C.
Then g. — g weakly in LP(Q).
Lemma 4.4.3. Iftg > 1 and s > 0, one has
1£allgre <€ (1F o Igllze + NSl Iglleo) o) s ¥Fo 9 € HENHP®2).  (44.0)

Note that, the condensed notation As = Bg 4 (Cs) - means that As = B, if s < s* and A =
Bs+ Cs if s > s*.
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Theorem 4.4.4. Let 19 € HY(R?), 9. is defined as in (4.1.19) and (e, ) be the solution
of (4.1.18) given by theorem 4.3.1. Then (e, 0pc) tends to (,0,¢) in L°(0,T* H'(R?)) x
L°(0,T*; L*(R?)) weak-star, where (1, ¢) is the solution of (4.1.20) with initial data 1.

Furthermore, If 1y € H¥(R?), 5 > 3 then (1., ,¢:) tends to (1, 8yd) strongly in LY°(0, T*; HE °(R?))

loc

for 0 <6 < 2.
(T* is the existence time interval for all € and is defined as in Remark 15.)

_ 1 2wpE7 =
F(u) =Fy (Wu(§)> .

It is not difficult to see that ¥g. — 1o in H' when ¢ tends to zero.

From theorem 4.3.1 and Remark 15, we know that [|ve|| oo o 7,11y Haz@HL?o(O’T*;Lz) are uniformly
bounded in e, then by using Hélder inequality and Sobolev embedding theorem, we also have that
I Ws\2¢eHLgO(0,T*;L2)’ [ (8x¢5)7,/15HL?0(07T*;H_1) are uniformly bounded in €. Using the first equation of

Proof. We first denote

(4.1.18), it is also true for || Oz | Leo(0,r+;1-1)- Lherefore, we have (up to extraction of subsequences)

Ve —1p in L(0,T* H')  weak-star. (4.4.2)
Dpde or Fo(|the?) = 1in L®(0,T*;L?)  weak-star. (4.4.3)
Opbe — 1 in LS°(0,T*; H™')  weak-star. (4.4.4)
/ /

(W02 + ’%05)1#5 — (W% + ’%85)7# in L3°(0,T7*; H™')  weak-star. (4.4.5)
[e|?1he — hin L$°(0,T*; L?)  weak-star. (4.4.6)
(00 )e or F(|the|*)tpe — g in L3°(0, T*; H™')  weak-star. (4.4.7)

Thus, we need to prove
h=[y*y, (4.4.8)
9= F(lv*)e, (4.4.9)

and

1= F(J]?) or 8,¢. (4.4.10)

We will use, for any bounded open subset € of R?, the compact embedding
H'(Q) — LY(%),
and the continuous injection
L0, T X) — Lf(O,T*; X), for any Banach space X.
Let denote

v

W ={ve L} 0,7 H (Q)); 5

€ L7 (0, 7% HH(Q))}.
By Aubin-Lions theorem, we have
W L(0,T*; L*(Q)) compactly .

Hence, {1} is relatively compact in L?(0,T*; L4()) for any bounded subdomain 2 in R2. There-
fore, 1. — 9 strongly in L?(0,T*; L} (R?)) up to a subsequence. Thus,

loc

Y. — 1 almost everywhere in (0,7*) x R?,
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or
[1e|?be — [1p|%9 almost everywhere in (0,T) x R?.

Combining with lemma 4.4.2 we get (4.4.8).
We now prove (4.4.9) by proving that F.(|v:|?1.) — F(||?)y in L2(0,T*; H!) weak star.
First, let v be some test function in LZ(0, T*; H') vanishing outside of a compact set 2 € R?. Then

.
[ [Py - FQuPowax
T* T*
_ 2 2
= [ | Eut @ —vedxdrs [ [ (Fe) - F(oP)wodx d
=11+1
Estimate for I7:

2] <

F(l)

Loy 102 = Ylzoremi@) 1llzomsoy

Since 9. — v strongly in L?(0,T*; L*), I} — 0 when £ — 0.
Estimate for I2: Note that we can rewrite

Fe(|vel?) = F(jv]?)

¢ ,/2 ‘§|tanh(€%\/ﬁ|§‘) \/>|€|2

=CF (a(©):P(E) - qo<s>|w|2<s>) .
—CF ! (@ ~ 0O DP©) + CF (w(€) (0P - 1)

Then by Plancherel theorem, we have

I
T — = T — — =
<c 4= — o) (©)[0P(€)Pu(e) e dt +c| | L ao(eP = [P eyvete) dg ar
=13+ 1}

Estimate for I3: By Holder inequality and

12 < ||

\xma)(qa )P

L2 0,7%; L2) L?(O,T*;LQ)

Since x(2)(¢: — q0)Pu(t, &) — 0 pointwise in (0,7%) x B2 and [x(2)(¢- — q0)9v| < C[v| and
v € L2(0,T*; L?), dominated convergence theorem follows

—0

meE)(qE — )P
L2(0,7%;L2)

when ¢ tends to 0. Hence, I2 — 0 when ¢ tends to 0.

Estimate for I2: By Plancherel identity

s |[7 L = ) P leie) x .
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Since ||[c|?|| (0,7+12y 18 uniformly bounded then by similar argument of getting (4.4.8), we get
+ s ;

that |12 — |¢]? in L°(0,T*; L?) weak-star. Therefore we need to show that F‘l(qo(f)ﬁ(f)) €
L} (0, 7% L?). Indeed, by Plancherel’s identity

o~

Hf*(qo(f)%(ﬁ)) — ao(eyuce)

L} (0,7%;L2) L} (0,7%;L2)

SC’@(O

L}(0,T*;L2)
=C H%Z)UHL}(O,T*;L?)
< ClYll g2 0,720y 10l p2 0,74y < 00
The proof of (4.4.10) is similar to that of (4.4.9), and this concludes the proof of weak convergence.
In order to prove the strong convergence, we note that by a similar argument as above, (1, 9, ¢ )

tends to (¢, 0,¢) in L°(0, T*; H*(R?)) weak-star. Furthermore, by (4.4.1), Plancherel identity and
using the fact that s > 3, we have

F.(2Re(dc0))
<C H ()72 F(Re(00b00))|

”&t x¢e||L°° 0,7*; Lge(0,T*;H5—2)

Lge(0,T*;5L2)

=C| 77 Re(9rc)

T2 (Ohetbe)

Lge(0,T+5L2)

<c( + |72 @w )

Lge(0,T+5L2) Lge(0,T+5L2)

SCNell oo 0,119y 19eWell oo 0,74, 115-2) -

Therefore, Simon’s lemma 4.4.2 and the identity of the weak and strong limit follow that (1, 0, ¢ )
tends to (¢, d,¢) in L°(0,T*; HS -2 (R2)) strongly, where 0 < § < 2. O

loc

4.5 Solitary waves

We consider in this section solitary wave solutions to the e-FDDS system, that is solutions of the
form (ue(z,y)e't, ¢-(x,y)) where u. € H'(R?), V¢. € L?(R?) are real valued functions.
The profile u. should thus satisfies the system

”62+—82 Due + Olue)|®)us = 0

L5¢5 = 2w53:1;(|u\ )

Cle —

where § = 2|WL|4(1 —a)and L, = (w + w292). or equivalently

1 2 2 2‘*)/62 2 2
CUg — 5( //a + may) = WGE(‘U&“ )Us - (5‘“5‘ Ug. (452)

/2 2
Ge(fuef?) = 7! (§|tafﬂ£ —— — €|2<£>)

£

where
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For the classical Davey-Stewartson systems, the non-existence of solitary waves is classified in [I 1]
according to the nature of the system and the values of the coefficients.

More precisely, a solitary wave (e™*u(x), q(x)) of the elliptic-elliptic Davey-Stewartson system
(4.1.11) with 6 = m = 1 should satisfy the system :

—wu + Au = (x|ul* + bgz)u,
Ag = Oyul?. (4.53)

By clasical Pohojaev type arguments, one obtains

Proposition 2. The elliptic-elliptic Davey-Stewartson systems do not possess non trivial solitary
waves whenever

w<0
x>0 and b>0

b<0 and x+b>0.
On the other hand the following result has been obtained in [/]

Theorem 4.5.1. Let x + b < 0. Then there ezists a smooth (C*), exponentially decaying ground
state solution.

According to this result one might expect that (5.1.7) possesses non trivial solutions provided

W', w” >0 and \/%wfj,g — & > 0, at least for sufficiently small €. However, we also have the following

remark on these conditions.

Remark 16. We have:
p=h?/2%,
w = (k| tanh(\/z|k)))"/?; o = tanh(y/7|K]),

W' = % (Ik|v/E(1 — tanh? (/7] k])) + tanh(y/zl k) ) (K| tanh(/7lk]) "2,

a=——2 (11—, BZMK1+O—U%MMU.

802 2w

First, we see that if |k| > 1 then tanh(\/u|k|) = 1. It follows
W 1/4]k7,

2w52 . ‘k:|7/2(5 _ 02)2
Ji—w? " 204k i —1)

and
5= 21k%(1 - ).

That means if |k| is large enough then the assumption \/p > W' holds but the assumption ﬁwfj,z —
6 > 0 fails.
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4.6 Remarks on the complete full dispersion system

One can of course apply the same truncation process on the ¢ equation for the complete full
dispersion Davey-Stewartson systems (4.1.16), (4.1.9) yielding approximations of them. Using
Lemma 2.1, the fact that the linear dispersive part is skew-adjoint and standard arguments, one
obtains straightforwardely the those two systems are locally well posed for initial data in H*(R?),s >
1 on a time interval [0, 7*) where T* does not depend on e. Note that this result does not depends
on the dispersion.

In presence of surface tension, the resulting equation in 1. is reminiscent of a fractional nonlinear

Schrodinger equation.
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Chapter 5

The Boussinesq systems on the
background of a line solitary wave

Joint work with Jean-Claude Saut. (Work in progress).
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Abstract: This paper is motivated by the transverse stability properties of the line solitary
wave solutions of the (a,b,c,d) class of Boussinesq systems introduced in [12]. We first review the
known results on existence of one-dimensional solitary waves. Then we address the question of long
time existence of the systems satisfied by a localized perturbation of a line solitary wave.

5.1 Introduction

The motivation of this paper is the study of transverse stability issues of line solitary waves to the
(a,b,c,d) Boussinesq systems introduced in [12] to model surface water waves. They couple the
elevation 1 and the horizontal velocity u of the wave:

{ m+V-u+ eV (nu) + plaV - Au — bAn] =0, (5.1.1)

w + Vi +esViul? + p[cVAn — dAw] =0, inR?xR,d=1,2.

Here p and € are the small parameters (shallowness and nonlinearity parameters respectively)
defined as
h? «
= Th
where « is a typical amplitude of the wave, h a typical depth and X a typical horizontal wavelength.
In the Boussinesq regime, € and p are supposed to be of same order, € ~ y < 1, and we will

take for simplicity € = p, writing (5.1.1) as

I

{ e+ V-u+ e[V (nu) +aV - Au—bAn] =0 (5.1.2)

w, + Vn+€[3V[u> + cVAn — dAw] =0,

The class of systems (5.1.1), (5.1.2) models water waves on a flat bottom propagating in both
directions in the aforementioned regime (see [12, 13, 11]).

One could also derive similar systems with a non trivial bathymetry (non flat bottom), see [18],
and one has then to distinguish between the case when the bottom varies slowly and the case where
it is strongly varying. In the former case, (5.1.2) has to be slightly modified and becomes

{7h+v-u+dv-«n—@u%ﬂﬁ”ﬁu—bAmP—Q (5.1.3)

w, + Vn+e[3Vul2 + cVAn — dAw] =0,

where £ is a smooth function on R? d = 1,2, bounded together with its derivatives measuring the
bathymetry. In the second case one gets much more complicated systems [18, 17].
Also, systems similar to (5.1.2) can be derived for internal waves, see for instance [14, 30, 35].

Recall (see [12, 31]) that the modeling parameters are constrained by the relation

1
atbtetd=g-T,

where 7 > 0 is the surface tension parameter (Bond number).
Recall also [12] that (5.1.2) is linearly well-posed when

a<0,c<0,b>0,d>0, (5.1.4)

and when

a=c¢b>0,d>0. (5.1.5)
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It has been established in [11] that the (a,b,c,d) systems are good approximations of the full
water waves system, in the relevant regime, with an error of order O(e?t). The complete justification
of the Boussinesq systems needs thus to establish the long time existence for the Cauchy problem,
that is on time scales of order O(1/e). This has been achieved for all linearly well-posed Boussinesq
systems in [18, 55, 16, 56]. Note that no global well-posedness result seems to be known for the
Cauchy problem of (5.1.2) in the spatial two-dimensional case (however the global existence of
solutions is established in a few one-dimensional cases, see [13, 2, 57]).

It has been proved by Zakharov [62] that the full water waves system is Hamiltonian. This
is not the case in general for the (a,b,c,d) systems due to the transformations made to derive
them starting from the following (ill-posed) "original” Boussinesq system obtained by expanding
the Dirichlet-Neumann operator with respect to € (see [12, 14]):

{nt+v.u+3AV-u+eV'(77u):0 (5.1.6)

w + Vn+ 5V[u? =0.

Nevertheless, an Hamiltonian structure is found when b = d. More precisely, denoting by J, the
skew adjoint matrix operator

0 0 (I —ebA)™L 9,(I — ebA)™1
Je= | 0.(I —ebA)~! 0 0 ,
By (I — ebA)~? 0 0

and

the Boussinesq systems write in this case
U = —J(grad He)(U),

where H(U) is the Hamiltonian given by

H(U) = 3 /2 (— ce|Vn|* — ae|Vul? + n* + [uf* + en|ul?)dzdy,
R
so that H(U) is (formally) conserved by the flow.
Note that when d = 1 the following quantity (momentum) is also formally conserved

Z.(U) = /R(nu + ebnyug)dx.

We are interested here in localized solitary wave solutions to (5.1.2). No such solutions are known
to exist in the two-dimensional case (see however [20] for the existence of asymmetric periodic two-
dimensional wave patterns).

We will thus focus on one-dimensional solitary waves and more specifically to their transverse
stability. To start with we review the known results on the existence of one dimensional traveling
waves to (5.1.2).

We thus look for solutions of (5.1.2) of the form n = n(x — wt),u = u(z — wt) where z € R and
(n(z),u(z)) — (0,0) as |z| — oo yielding the system

{ —wn + u + eun + ey, — €bnyy =0
€,,2 (517)
—WuU + 1N+ 5U° + €CUgy — €dngy = 0.
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Min Chen [19, 20] has found in a few cases exact solutions when 1 and u are proportional but it
turns out that the only case compatible with the well posedness conditions (5.1.4) and (5.1.5) are

a—b+2d=0,a=c d>0 (5.1.8)

and

1
a—b+2d # 0andp > 0, (p—i)((b—a)p—b) > 0 where p = (—=b+c+2d)/(a—b+2d) > 0. (5.1.9)

The exact solutions have a sech profile, namely

n(x,t) = nosech? (Mx 4+ zg — cst))

u(z,t) = £/ 770?;- 3nosech2()\(m + z9 — cst)),

where A and ¢, are appropriate constants.
Note that conditions (5.1.8), (5.1.9) can hold in the non Hamiltonian case b # d.

and

On the other hand no general non eristence result seems to be available. One has nevertheless
the following remark which excludes the existence of solitary waves with small velocity when the
well-posedness condition (5.1.5) holds true with moreover b = d.

Proposition 3. Let b=d > 0. Then any H' solitary wave solution (n,u) satisfies the identity
/(u2 + 12 + be(au? + en?))dr = 2w /(3u77 — bebugny )dx

Proof. This is a standard Pohojaev type argument. The following computations can be justified
by a regularizing procedure.

We multiply the first equation in (5.1.7) by zu,, the second one by x7,. Integrating the resulting
equations and adding one gets

2

We then multiply the first equation in (5.1.7) by u the second one by 7. Integrating the resulting
equations and adding one gets

1
3 /(u2 + 12 + aeu’ + cen?) = /(wun — ebwugn, — Euzn). (5.1.10)

/(u2 +n? — aeu? — cen?) = e/(2wbuznx - 277“2)- (5.1.11)

The proposition results from substracting three times (5.1.10) from (5.1.11).
O

As a consequence, one obtains that no non trivial solitary waves with w small exist when

a>0,¢c>0,b=0,

or

a>0,¢c>0,b>0.
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We recall that one need the condition a = ¢ to get a well-posed system when a, ¢ are not
negative.

The paper is organized as follows. In the next section we survey the known existing results on
existence (and stability) of one-dimensional traveling waves to (5.1.2). In section 3 we prove the
suitable long time existence result for the systems derived from (5.1.2) by a localized perturbation
of a line solitary wave. Then we focus on the transverse stability of line solitary waves. Finally, in
a last section we consider various variants of the (a,b,c,d) systems arising mainly in the modeling
of internal waves.

Notation. Vectors will be denoted in bold letters, for example v. For any s € R, the L? based
Sobolev spaces are denoted by H*(R™). If X is a Banach space, the X norm is ||-|| . The L?(R")
scalar product is denoted by (u,v)s. We use the notation A = (I — A)Y/? and the notation f < g
means that there exists a constant C' such that f < Cg. The condensed notation Ay = Bs+(Cs) .~ ;
says that A; = Bs if s < §and A; = B; + Cs if s > 3. B

if A, B are two operators, [A,B] = AB — BA denotes their commutator. Throughout the
paper, C' will always denotes a universal constant which may be different from line to line but is
independent of the parameters involved.

5.2 Known results on one-dimensional solitary waves

We now turn to the existence results for solitary waves. Except the aforementioned explicit cases

aforementioned, most of the results concern the Hamiltonian case b = d.
When
b=d>0,a<0, c<O,

the existence of solitary waves with small propagation speeds is obtained in [28] by using the
concentration-compactness method to minimize in H*(R) x H'(R) the functional (where p > 0 is
fixed)

1
Eu(n,u) = 5 /R(—ecuz, —ean? +n* +u?)dx — M/R(nu + ebnyug)dx

under the constraint

1
P(n,u) = 5/}}{{77u2d:C =p

Assuming moreover that
ac > b2, (5.2.1)

the solitary waves are shown in [27] to be orbitally stable. Note that (5.2.1) implies that a+b+c+d <
0, that is 7 > %, corresponding to strong surface tension.
We now focus on the case

a<0,c<0,b=d=0.

Oliveira [19] has proven in this case the existence of a family of non-negative, radially decreasing,
exponentially decaying, solitary waves with small velocity and having a uniform (in velocity) L?

bound.
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5.2.1 Boussinesq and Euler-Korteweg

Of special interest is the case a = b = d = 0,c¢ < 0 since it appears to be a particular case of
Euler-Korteweg systems that write

Op+V-(pu)=0 (5.2.2)
O+ (u-V)u+V(g(p) = V (K(p)Ap + 1K (p)|Vp[?) , -
where K (p) > 0 is the capillarity coefficient. See Benzoni-Danchin-Descombes [9] for the LWP
of the Cauchy problem for "general” g(p) and K (p) and also [10] where a long time existence result
is obtained for Euler-Korteweg systems in a Boussinesq scaling.
Setting K(p) = K > 0,9(p) = p,p =1+ n,u = V), one gets

{ Om+V-u+V-(nu)=0 (5.2.3)

du+ 3V|ul? + Vi = KVAp,

which is the (0,0, — K, 0) Boussinesq system.
To recover exactly an (abcd) Boussinesq system involving the small parameter €, one has to
consider for (5.2.2) the Boussinesq regime (see [10], that is

n(x,y,t) = ei(Vex,Vey, Vet), u(z,y,t) = ei(Ver, ey, Vet).
When applied to (5.2.3) this yields theb (0,0,0-K) Boussinesq for (7, @) in the variables (X,Y,T) =
(Ver, ey, vet).

One -dimensional solitary waves for (5.2.2) have been studied in [5, 6, 8, 3, 50]. When applied
to the Bousinesq system (5.2.3), they yield the existence of solitary waves of velocity |w| < 1. The
existence of solitary waves follows from a phase portrait analysis of the governing ODEs. They can
also be viewed as critical points of the Hamiltonian

1
H(n,u) = i/R(Kng—i-nQ + u? +u277)d33

under the constraint

Q(n,u) = / nudzr = const,
R

see[0].
The stability of solitary waves of speed w is governed by the convexity of the Boussinesq mo-
mentum of instability
m(w) = Hé(nv u) - WQ(% u)

More precisely, the solitary wave (1., u,,) is orbitally stable when

0*m
and linearly unstable when
0*m
The transverse stability of one-dimensional solitary waves of (5.2.2) is studied in [52, 50]. Again

we restrict those results to the particular case (5.2.3). The linear instability sf solitary waves with
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velocity |w| < 11is proved in [6, 52]. The nonlinear instability (for localized perturbations in (z,y))
is established in [50)].

5.2.2 Further studies

Other studies concern the weaker notion of spectral stability. Numerical investigations of the

spectral stability (both for one-dimensional and transverse perturbations) are displayed in [29] for
the cases . 1 . 5
T Ty T T %
and
8 8 1
a=—-,c — b —O,dzl,
9 9 9

for which the solitary waves are explicit ([19, 20].
Rigorous spectral stability results are proven in [37] for the explicit solitary waves known to
exist in the cases

a=c=-b,b=d>0

and
a=c<0,b=d>0.

On the other hand, localized solitary waves have been proved to exist for the Bona-Smith class
of Boussinesq systems. The original Bona-Smith system derived in [15] corresponds to a = 0,b =
d =%, ¢ = —1. The existence of solitary waves in this case is due to Toland [55].

A general class of Bona-Smith systems corresponds to a = 0,b = d = 3026_1,6 = 2_3362,§ <
6% < 1 where 6 parametrizes the height of the fluid layer where the horizontal velocity is taken, see
[15]. Then, the techniques of Toland ([59]) can be used to prove the existence of solitary waves of

arbitrary velocity ¢ > 1 (see [33, 32]). The uniqueness of such solitary waves is considered in [60].

Remark 17. The Boussinesq systems of the Bona-Smith class are among the few for which one
can get the global existence of solutions to the Cauchy problem. Actually (see [15, 17]), such a
result is obtained for initial data satisfying the non cavitation condition 1 4+ eng > 0 and having a
sufficiently small Hamiltonian H(no, uo).

Remark 18. The Boussinesq system corresponding to a = ¢ = b = 0, d > 0 has a particular
importance since it is the BBM version of the natural (ill-posed) system obtained by expanding the
Dirichlet-Neumann operator with respect to € in the full water wave system (see[//]).

By considering it as a dispersive perturbation of the hyperbolic Saint-Venant system, Schon-
bek and Amick ([57, 2] have proved that the global existence of the Cauchy problem for the one-
dimensionala = c=d =0, b > 0 system has global solutions for arbitrary large initial data. On the
other hand this system is not Hamiltonian and to our knowledge no (positive or negative) existence
result for solitary waves is known.

The case a = ¢ = d = 0,b > 0 is also particular. It is linearly ill-posed but in the one-
dimensional case this ill-posed system is also known as the Kaup-Kupperschmidt system and it is
completely integrable ([59, /1]).
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5.3 Long time existence

We show here how to extend the long time existence results in [55, 56] to the systems obtained by
perturbing a line soliton by a localized two-dimensional perturbation.

Remark 19. Since it does not rely on dispersive techniques but rather on “hyperbolic” symmetriza-
tion arguments, the method used in [55, 50] works as well for periodic perturbations in y, that is
for the problem posed on R x T. It works also for the purely periodic Cauchy problem posed on T?
which is the right framework to investigate the transverse stability of cnoidal waves which we do
not address here.

We will consider of course only the values of the coefficients (a,b,c,d) for which the existence of
line solitary waves is known. Since existence of solitary waves is known only when

a<0,e<0,b>0,d>0, (5.3.1)
(that is the generic case in the terminology of [55]),

or
a<0,c<0,b=0,d>0 (5.3.2)

or
a=0,c<0b=0,d>0 (5.3.3)

or
a=b=d=0,c<0 (5.3.4)

we will from now on assume that (5.3.1) or (5.3.2) or (5.3.3) holds.

Let U, = (7w, Bw) a one dimensional solitary wave of velocity w. As aforementioned, studying
the transverse stability of U, with respect to periodic transverse perturbations in y would necessitate
to solve the Cauchy problem for (5.1.1) in a H*(R x T) setting and this can be done as in [55, 50]
for the H*(R?) case. We consider now localized perturbations of U,. They satisfy the system

{ m+V-u+eV-((nu) + fuu+a,n) +aV - Au—bAn] =0 (5.3.5)

w +Vn+eV(u- )+ iVuf +cVAp — dAu] =0,

with initial condition (ng, ug).
Before stating the main result of this section we need to introduce the space (see [57]) :

Definition 5.3.1. For any s € R, k € N, € € (0,1), the Banach space X3, (R") is defined as
H*E(R™) equipped with the norm:

2 2 T
||u”X5k = [[ullgs + € llullzrssr - (5.3.6)

The solutions of system (5.3.5) will belong to some space X5 (R") x X5, (R") with k and &'
determined by a, b, ¢, d as follows :

Definition 5.3.2. For any a,b, c,d satisfying (5.3.1), (5.3.2), (5.3.3) we define a pair of numbers
(k, k") = (k(a,b,c,d), K (a,b,c,d)) according to the admissible sets of (a,b,c,d)'s as follows:

(3) (k,K') = (3,4) forb=0,d > 0,a,c < 0;

(4) (k,k') = (3,3) forb#d,b,d >0,a,c <0 ;

(7) (k,K')=(2,1) forb=d>0,a=0,c<0;
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Theorem 5.3.3. Lettg > 5, n=1,2, s >tg+2ifb#dorb=d>0,s>tg+4ifb=d=0.
Assume that o € X5 (R"),up € X5, (R") satisfy the (non-cavitation) condition
€

l—eny>H >0, He(0,1), (5.3.7)

where (k, k') is defined in Definition 5.3.2. Then there exists a constant ¢y such that for any

1-H - - - T
T, Hvalxs )’ there exists T > 0 , such that (5.3.5) has a unique solution (e,v)" with

n € C([0,T]; X5 (R™)) and u € C([0,T]; X5, (R™)). Moreover,

€< e =

tgf%(llnllxgsk + HuHX:k,) < &lmollx, + ||u0\|X:k/), (5.3.8)

here ¢ = C(H™') and éy = C(H™') are nondecreasing functions of their argument.
More precisely, the existence time scale, T = O(1/+/€) if b # d, b,d > 0,a,c < 0. And
T=0(1/e) ifb=d>0,a=0,c<0.
5.3.1 Linearization of (5.3.5)
We will use similar idea as in [55]. Setting U = (n,u)”, V = (¢,v)T = U, we rewrite (5.1.2) as
(1 =0eA)OC+V - v+ V- ((V)+aeV - Av =0,
1 ) (5.3.9)
(1 —de)oyv + V(¢ + §V(|v\ )+ ceVAC = 0.

Ifb>0,d>0o0rb=d=0,let g(D) = (1 —beA)(1 —deA)™!, then (5.3.9) is equivalent after
applying g(D) to the second equation to the condensed system

(1 —beA)OV + M(V,D)V =0, (5.3.10)
where
v-V (14 ¢+ aeA)0y, (14 ¢+ aeA)oy,
M(V,D) = | g(D)(1+ceA)ds,  g(D)(v10y,) 9(D)(v20,) (5.3.11)
g(D)(1 4 ceA)0z,  g(D)(v10y,) 9(D)(v20z,)

Now we denote V,, = ({,,V,) = €U,, then the equation (5.3.5) is equivalent to the following
perturbation of (5.3.10) when we replace V by V +V,,

(1= beA)D(V + Vo) + M(V +V,, D)(V+V,) =0,

or

(1—beA)O,V+M(V+V,,D)\V=—MV+V,,D)—-MV,,D)V,,. (5.3.12)
In order to solve (5.3.5), we consider the following linearized equation
(1 —beA)OV +M(V +V,, D)V =—(M(NV +V,,D)—M(V,, D))V, (5.3.13)

or

(1—beA)V +M(V+V,,D)V=F (5.3.14)

where M (Xj—ﬁw, D) and M(V, D) are defined in (5.3.11), and note that we identify the notations
of V,, and V,, since the line soliton is considered as a known function.
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The idea is to treat the equation (5.3.14) as a symmetrizable hyperbolic system under some
smallness assumption on V and V. Tt is known in [55] that there exists a symmetrizer Sy (D) of
M (V, D) such that the principal part of iSv (§)M (V, §) is self-adjoint, and that of Sy () is positive
and self-adjoint under a smallness assumption on V. Fortunately, it is also true for the symmetrizer
Sv+yw (D) of M(V 4+ V,, D), so that we can apply that method for solving (5.3.14) with some
slight modifications.

From [55], we have

(i) I b=d, g(D) = 1, Sy(D) is defined by

1 + ceA U1 %)
vy 14 ¢+ aeA 0 : (5.3.15)
Vg 0 1+ ¢+ aeA
then
Sviv_ (D)= Sv(D)+ 51, (5.3.16)
where
0 ﬁ}w QQw
S1= |8 ¢, O
QQw 0 Qw
(i) If b # d, Sv(D) is defined by
(1+ ceA)?g(D) 9(D)(v; (1 + ceA)) 9(D)(va(1 4 ceA))
g(D) (v (1 +ceA)) (14 ¢+ aecA)(1+ceA) 0
D)(vo(1 + ceA 0 14+ ¢+ aeA)(1+ ceA
o(D)(1a(1 +ceA) U+ Crad)ired))
0 O 0
+ 10 vy vvy | (9(D) —1).
0 V1Vy UVyUy
Then
Sy+yw (D) = Sy + 51+ Sa, (5.3.18)
where
0 9(D)(014,(1 +ce))  g(D) (T (1 + ceA))
S1= [ 9(D)(01,(1 + ceA)) ¢, (1+ceA) 0
9(D)(0gy, (1 + ceA)) 0 ¢, (14 ceA)
0 0 0
+ (0 ﬁ%w Ulw@Qw (g(D) - 1)a
0 QleQw Q%w
and
0 0 0
So=10 20,0y, V1Dg,, + V201, | (9(D) — 1)
0 w109, + Vo0, 20909,
We also need the following expression
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where

~ v-V garl gaccg
My=| 0 g(D)(v0s) ¢g(D)(v20s,)
0 g(D)(Qlam) g(D)(y28m2)
And ~
where 5 -
v,V QU&,;I gwam

Remark 20. Because the solitary wave has the “sech” profile and using the expression (5.3.19), it
is not hard to see that the term F on the right hand side of (5.3.14) is in X3 (R?) if V. € X35 (R?)
for s,k >0,s € N.

Next we define the energy functional associated to (5.3.14) as
E,(V) = (1= beA)AV, Sy, g (D)ASV)Z. (5.3.21)
We shall show that E,(V) defined in (5.3.21) is equivalent to some X% (R?) norm.

Remark 21. when b =0, d > 0, (5.3.9) is equivalent after applying (1 — deA) to the first equation
to the condensed system

(1 —deA)o,V+M(V,D)V =0,
with M(V, D) defined by
(1 —=deA)(v-V) (1 —=deA)((14 ¢+ aeA)dy,) (1 —deA)((1+ ¢+ aeA)dy,)
(1 + ceA)Oy, V105, 20z,
(14 ceA)Oy, 010y, 020z,
Then the equation (5.3.5) is equivalent to

(1 deA)dV + M(V 4V, D)V = — (M(V 4V, D) = M(V,,, D)) V..

The symmetrizer Sv(D)of M(V, D) is defined by

(14 ceA)? v (1 + ceA) vy (1 + ceA)
v1(14+ceA) (14 ceA)[(14 ¢+ aeA)(1 — deA)] 0
V(1 + ceA) 0 (1+ceA)[(14 ¢+ acA)(1 — deA)]
0 0 0

+ {0 devyvi A devjvs A
0 devjvaA  devgus A

Therefore, the symmetrizer Sy, (D) of M(V +V,,, D) is defined by

Svyv (D) = Sv(D) + 51+ S,
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where

0 U1, (1 + ceA) Vo (1 + ceA)
Sy = | D1o(1+ceA) (L+ceA)C (1 — deA)] 0
Doy (1 + ceA) 0 (14 ceA)[¢ (1 — deA)]
0 0 0

+ |0 dety,01,A dedy, Do, A |,
0 dﬁﬁleQwA de@Q@gﬁQw

and
0 0 0
Sp= |0 2dev,0,,A de(v10g, + 301,,)A
0 de(v109, +020y,,)A 2devgUg, A

Remark 22. We decomposed Sy, (D) into three components: Sy (D), S1 which only depends
on V., and So which depends on both V. and ZJJ

Y w>

Before going to the main results of this section, we recall the following definitions and Lemma
which can be found in [55].

Lemma 5.3.4. Iftog > 5 (n=1,2) and s > 0, one has

1Fallze < C (1o Nlze + (A iz N9le0d sy ) Vg € HEOHD®Y.  (5.3.22)

Lemma 5.3.5. Let ¢ € H*(Ry,,) for every s > 1, tg > 1 and f € H* N H"*(R?). Then

1612 < € (115t Wl + 1l - 1), ) (5:3.23)

Definition 5.3.6. We say that a Fourier multiplier (D) is of order s (s € R) and write 0 € S§° if
¢ € Ry 0(€) € C is smooth and satisfies

ve eRY VB e N, sup (&)P17% 100 (8)] < oo,
£eR

Lemma 5.3.7. Let tg > d/2,5 > 0 and 0 € S°. If f € H*RY) N Hot(RY) then, for all
g € H"Y(RY) N H'(RY) then

lle(D), fgllz2 < C(o) IV oo N9l s + IV Fll s lgll oo ) » (5.3.24)
where C(o) depends only on o.
Lemma 5.3.8. Let b,d >0 andb#d, s € R, 8 > 0, then
(i) for all f € H*(R™), there hold

min {1, (2)0} 1Flls < o1, < max {1, (2)9} 1711z (5.25)

10(D) = 071 < P e (5.3.26)

(ii) Let to > %, —to <r <to+1, for all f € H*"(R") and uw € H'(R"), there holds

[o(2)". 7]

where C' is a constant independent of e.

e = Ol o lull g s (5.3.27)
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5.3.2 Sovability of linearized equation
The case b #d, b,d >0, a,c <0

Proposition 4. Let tg > 1,5 > tg+1,s € N, T' > 0. Assume that F € C([0,T"]; X$(R?)) and
Ve Cl([O,T’];Xesg_l(Rz)) NC([0,T'); X5 (R?)) satisfies

+CHE 2 H>0, |V + HLHOO <k, Vg + Vo] <1 v e 0T, (5.3.28)

with kg ensures the equivalence of Es(V) and HVHi%. (see the Appendiz 5.6.1)

1
VIR, < B(V) S CIVIE:, - (53.20)

Then for any Vo € X% (R?), (5.3.14) has a unique solution V € C*([0,T"]; X§3_1(R2))HC([O, T'); X5 (R?))
and one has for any t € (0,1").

d .
GEV) <e( (14 10V + U, + ¥, ) [P, Bo(V)2
‘ (5.3.30)
2 (L4 10 + [Tl s, + ¥, ) BV,
t
IV, <eIVolie, +2 [ (141031t + 10l + 190, ) 1Pl [V
’ (5.3.31)
46 (14103 1 + U, + ¥, ) VI, )
0V lLs+ < € (Il + VI, ) (5.3.32)

Remark 23. The assumption (5.3.28) is a smallness condition which holds if € is small enough.

Proof. We derive a priori estimate on (5.3.14). First, we have that

%ES(V) = (ASF’ (SXJ&W(D) + SX+L(D)*) ASV>2

— (A" (MY +¥,,, D)V), (Sysv, (D) + Sy v (D)) A°V),
—be ([Sy.v (D)7, A] A%V, AS@V)2 + (1= beA)A'V, (0S5 (D)) ASV)2

=1+ 1T+ 1I1+1V,
(5.3.33)
where Sy, ¢ (D)* is the adjoint operator of Sviv, (D).
Estimate on 1. By using integral by parts, we have

(AF, Sy, (D)Asv)2 = (AR, (14 ceA)2g(D)ASC)2 + (A*Fy, g(D) (v + 9,) (1 + ceA)A*V)),
2
+ D { (A Fir, g(D) (s + 03) (1 + ceA)A()),

+ (ASE+17 (
(A E—O—la (Q

1+ ceA)A5v¢>2 —ae (VA Fip1, V(1 + ceA)ANv;),y
iw) (Y +¥,) - (9(D) = 1A™V), },

I [
-
T
S—
—
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which together with (5.3.28), (5.3.25) and (5.3.26) implies that

(AP, Syig (DIAV) | S (IF Il ge + €2 1F N gres) (Ve + €IV oo oz o) -

Similarly we have

|(AF Sy, (DY AV | S (IVllge + €2 IVl ) (F W+ €1 F s + €2 | Fll s )

Therefore,
TS I E s, VL, - (5.3.34)

Estimate on II. We have
II=— ([A M(V+V,, D)} V, (S¥+Yw(D) + SX+Yw(D)*> ASV)2
- (M(y +V,,, DAV, (SM+L (D) + Sy v (D)*) ASV)2
=1L+ II5.

Using (5.3.20) and (5.3.18), we can rewrite
11 =~ ([A*, M(V, D)}V, (Sy,¢ (D) + Sy,y_(D)*)A*V)

— (1A%, M)V, (Sy,g (D) + Sy,g (D)) A*V)_
=111 + I11>.

2

Estimate on 71;;. Since ﬁw is sufficiently smooth and bounded, we can use the same argument
as in [55] to get
2
| S [V xs, [V, - (5.3.35)

Estimate on Il5. M; depends only in L then there will be a problem if we apply the
commutator estimate (5.3.24) directly to A®. We use the expression A®* = A] + A3 and estimate
1115 separately as follows

First, we have

(I1A5, MV, Sy g (D)AV)

S llg(D)([AT, M V) (Voo + [ V]| ) 111+ cea) A=V
+ 11A] Ml]vrb(n( cel)g(D)AV]|, + [|(g(D) = 1)A*V],)
— ce (V([AS, My V)1, V(1 + ceA)g(D)A*V),
(V([A], M1] V)2, V(1 + ceA)Avy),
— ae (V([A‘i, Ml]V)g, V(l + CEA)AS'UQ)Q .

— ae

(where (+); is the notation of j* component of the vector)
Using the expression of M; we have that

a3 001, < a5 v, = |8 v,

and

V(A5 V) < g, TV |, < g
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Then, using (5.3.24) with d = 1, o(D) = Aj we obtain

A3V, S [TV Vg[8 IV S €AV
and, with Leibnitz rule
|85, v V| |, sefartv]
1

2
Lz,

Remark: The coefficients on these above estimates depend on HLHWMO and do not depend on €

since M; is independent of e.
Therefore, by combining the above estimates and (5.3.25)-(5.3.26), we have

(A5, M)V, Sy, (D)A'V),
S ATV, (Ve + €1Vl esz) + 1AV (V] e + €[ V1] es2)

+2||ATV| (2 1V s + €211V g4 ) (5.3.36)
2
S (IVllgs + 2 1Vlans + € IV llgesa + 2 [Viljoss)
S eV, -

The estimate for ([A{, M|V, Sy, v (D)*A“”V)2 follows similarly as (5.3.36).

The estimate for ([ 5, M1V, (SX+Y (D) + Sy.iv (D)*) A“”V)2 is easier since V,, does not
depend on x9. Therefore we have

(1A%, M)V, (Syy g (D) + Sy, (D)) Asv)2 SellVi, - (5.3.37)
Estimate on I/;: Thanks to (5.3.35) and (5.3.37) we get

IL S €| V]| xs IV, - (5.3.38)

Estimate on I/s: In order to estimate I, similarly to the argument in [55], we first calculate

112



an = (1+ ceA)’g(D)((v + +%,) - V(1+ced)2g(D)),

a12 = (1+ ceA)?g(D) (14 ¢+, + ael)dy, ) + g(D) (v +%,) - (1+ ceA)g(D)((v; + T1,,) V)
a1 = (14 ceA)2g(D) (14 ¢+ +aed)dn, ) + g(D) (v +%,) - (1 + ceA)g(D)((vy + T2,)V))
az = g(D) (1 + 1,)(1+ ceA) (v +%,) - V

1+¢+ C~ + aeA) (1 + ceA)?g(D)dy,
a22 = 9(D) (11 + 51,)(1+ ce)[(1+ ¢+ + aed)dy,])
(1 + 1) (¥ + 20) - g(D)(9(D) = (w1 +21.)V)
(L+C+¢, +aeA)(1+ ceA)g(D)((v1 + D14,)0a: ),
9(D) (v + T1) (1 + ceA)[(1+ C+ C +aed)d,])
(
(

[

v+ 01,) (¥ + ¥,) - 9(D)(9(D) — 1)((v2 + T2,,) V)
1 —i—g—i—gy + aeA)(1 + ceA)g(D)((vy + Ds,,)0z, ),
az1 = g(D) ((vg + Day, ) (1 + ceA) (v + ¥,) - V))

(g + Doy, ) (¥ + ¥,) - V(1 + ceA)g(D)(g(D) — 1)
(1+C—|—C + aeA) (1 + ceA)?g(D)dy,,
asy = g(D) ( (vg + Tg,,) (1 + ceA)[(1 +§+§w + aeA)(‘)xl])
+ (v + 09,) (v + ¥,) - 9(D)(9(D) — 1)((v1 + 01,) V)
+(1+ ¢+, + aed)(1 + ceA)g(D)((vy + B1,)0u,),
ass = g(D) ( Vg + Doy, ) (1 4 ceA)[(1 + ¢ —|—§w + aeA)@m])
+ (V2 + Do) (¥ + %) - 9(D)(9(D) — 1)((v2 + T2,) V)
+(1+ ¢+ + aeA)(1 + ceA)g(D)((v + B3,)0u,),

For aii,
(4114, A*Q)y = (14 ceA)2g(D) (v - VA*Q) + g(D) (v - V(1 + ceA)g(D)AC), AC)

+ (14 cet)?g(D) (%, - VA*Q) + g(D) (%, - V(1 + ced)2g(D)AC), AC)_

:= B11 + Bi2.

(5.3.39)

From [55] we have
Bui < |1¥llxs, IS, (5.3.40)

with Bje, we can not use the commutator estimate for g(D) and ¥v,,. In order to get the relevant
norm we will use that v, = eti,,. First, using integrating by part, we have

Bio = ((1+ ceA) (¥, - VA*C), (1 + ceA)g(D)A*C),
— (1 +ced)?g(D)AC, V- (2,9(D)AQ) )
= e ((14 ceA) (@, - VA*C), (1 + ceA)g(D)A*C),
—€((1 4 ceA)g(D)A’C, (14 ceA)V - (1,g9(D)A’C)), -

(5.3.41)
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By using Leibniz rule, it is not hard to see that
Bia S (2 4+ &) g o [C1 (5.3.42)
Combining (5.3.42) and (5.3.40), we obtain
(@A Ay S (62 4+€) i, lypce +lvllxs,) HCH%QS SeP(14er? IUllx,) HV||§53 - (5.3.43)
For a12 and ao1, using integration by part, we get:
(a12A%v1, A°C)y + (a21A°C, Avy),
= — (14 ced) (@5, (¢ +C,)A%00), g(D)(1 + ceA)A™C)
+ { (9(D) (v + ) - (1 + ceA)g(D)((v1 + 1,,) VA1), A*C),
+ (9(D) (11 + 51) (1 + ceA) (v + 5,) - VA'C), A'vi), o
(0 + D)@+ %) - V(L 4+ ced)g(D)(g(D) — DA, Au), |
= Ba1 + Baa,
where Bj; contains only the terms which depends only on V and
By = = ((1+ ) (92, A"01), g(D)(1 + ceA)AC),

01, VA1), ¥(g(D)A*C)),
01, VA1), ¥, (9(D)A*()),
1VA v1), Vi, (g(D )ASC))2

)/)\5”1)2 (5.3.45)

4 4]
- =
\_,O
s S
Q
/lQ\/\

) SC? Asv1)2
- 1) 8(7 ASUI)Z
1

+ o+ o+t

By using Leibnitz rule, Holder inequality and (5.3.25) we have
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(@)A1, g(D)(1+ ced)AC), S, o VIR,

(14 ceA)g(D) (01, VA* 1), v(g(D)A*C))y S (51 + 53/2) %1 lypr2,00 HXHX}) HVH§(:‘3 5
@MVASM), ¥, (9(D)AQ))y S (€2 + €/2) [l lly2ee 190l ||V||§<53 ;
(v

v, (9(D)A*C))),
S (24 ) g llyame VL, VI,

(L4 ced) (@, - VA*Q), 01g(D)A 1)y < (2 + %) [T llace [V xs, VI, -
((1+ ceA) (¥, - VA™Q), B1,9(D)A 1)y S (€% + €¥/2) i, [lypa.co 8100l
(14 ceA) (v - VA*Q), B1,9(D)A° 1)y = (v VAC, (1+ ceA)(y,9(D)A%v1)),
sl IV, VIR, -
(W%, - V(1 + ced)g(D)(g(D) = DAC, A1)y S (2 + €2) 18l 1W] s, VI -
(2103 - V(1 +ced)g(D)(g(D) = DA'C, Aun)y S (12 + €2 |l [l og [V, VI, -

5 (61/2 +63/2)

(1% - V(1 +ced)g(D)(g(D) ~ DA'C, Avr)y S (M2 +672) [ [V .
.3

Therefore,

By S (2 4+ &) [T L, (€ 4 1V IV,

From [55] we also have
2
Bor S IV, VI, -

Combining (5.3.47)-(5.3.46), it follows

(a12A%v1, A*C)y + (a1 A, A1)y S (V] s, [V, -

The same estimate holds for (ai13A%vi, A®C), + (az1A°C, Adva),.

For a2,

(ageA*vy, ASvy), = ((Q1 +01,) (1 + ceA)(1+ ¢+ gw + aeA)0,, Avy, g(D)ASvl)
+ (L4 ¢+, + aed) (1 + ceA)g(D)((vy + T14,) 02, Avr), Asv1)2
+ (01 + 810) (¥ +3,) - 9(D)(9(D) = (21 + 1,) VA®01), A*v1),

:= B31 + Bsa.

115

VI,

(5.3.46)

(5.3.47)

(5.3.48)

(5.3.49)



Where Bs; contains only the terms which depends only on V and

By = (v1(1+ ce2)(, 0 A01), g(D)A01),
(B10 (1 + ceA) (1 + ¢+ + aed) (D, A%v1), g(D)A1)
(14 ce)g(D) (w1 + 1) A0n), A% ),
( )

(1+ ¢+ aeA)(1 + ceA)g(D)(Dy,,02, A°v1), Asv1>2

2

(
(1Y, - 9(D)(9(D) = (21 + B1o,) VA v1), A%01),
(v - g(D)(g9(D) = 1)(01, VA 01), A%01), .

Similarly as (5.3.46) we get
8 5 ~ 2 5
By S [0, L, O+ IV + [V ) VI, -
From [55] we have
2
Bay S IV, VI -

it follows
2 2
(azhvr, Avn)y S 214+ 2 Uy + VI ) Vs -

The same estimate holds for (az3A’va, A®v2),.
For as3 and azoe, we have

(az3A%vs, Asv1)2 + (as2A*vy, A'vs),

(1 + Ty) (1 + ceA) 1+ ¢ + €+ ael)dg, A*v), A5v1>2
<<v1 + 01,) (v + 9,) - (D) (9(D) — 1)((0 + 52,) VA*02), Au1),
(14 C+C, +aed)(1 + ceA)g(D)((vy + Tz, 0u, Av2), Asm)z
(9(D)((vs + T2) (1 + ceA) (1 + ¢+ C, + ael)ds, Awr), ASUQ)2
(v + Do) (v + ¥,) - 9(D)(9(D) — 1)((vy + 01, ) VA 1), A%v2),
+ (1 ¢+, +aed)(1 + ce)g(D) (v + 81,0, A01), A0s)
= By1 + Byo,

= (o0
N
.
.
.
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where B4 contains only the terms which depends only on V and

By = (9

—~

D) (D1,(1 4 ceA)(1+ ¢ + Q} + aeA)0yz, Av9), Asvl)Q

9(D) (w1 (1 + celd)(C,De,A00)), A1),

1wV +¥,) - g(D)(9(D) — 1)((vg + gy, ) VA v2), A%v1),
1% - 9(D)(g(D) = 1)((vg + gy, ) VA v2), Av1),
1V g(D)(9(D) — 1) (02, VA v2), A'v1),

¢ (1 + ceA)g(D)((vg + Boy,) 02y Av2), Asv1)2
(1+ ¢+ aeA)(1 4 ceA)g(D) (D9, 0, A¥v2), Asv1>2

N

~~ ~
(SEISY

[S]

_ (5.3.55)
9(D) (g (1 4 ceA) (1 + ¢ + ¢ + aeA)dy, Avy), A3v2)2

9(D) (051 + cel) ({0, A0n), A'ua),
20(V + 9,) - 9(D)(9(D) = (11 + 01, ) VA*v1), Av2),

2V, - 9(D)(9(D) = D)((w1 + 1) VA1), Avz),
oV - 9(D)(9(D) — 1)(01, VA 01), Avg),

G (L +ceD)g(D)((vy + 81,) 0z, A1), Asz)2
+ ((1 + ¢+ aeA) (1 + ceA)g(D) Ty, 05y A 01), Asvg)2 .

N N N N

+ o+ ++ + + + o+
SRR

S
?

Similarly as (5.3.46) a v nd (5.3.51) we have

Biz S 2 || T, 0 (L ¥, + [ V0] ) IVI, (5.3.56)

Hw2,oo

from [55] we also have
2
By S HXH)(; HVHXj3 : (5.3.57)

Therefore,
(agsA*vz, A*v1)y + (azoh*vr, Avg)y S €'/2(1 4 €'/2 Ulxs, + [ ¥]xs,) HVH§(€S3 : (5.3.58)
Thanks to (5.3.43), (5.3.48), (5.3.53) and (5.3.58), we obtain
(Syag (DMV + ¥, DAV, A°V) | S 21+ 2 Ul + V1) VI
The same estimate holds for the term <M(X +V,,D)A*V, SXJrﬁw(D)ASV)Q’ then
T80 S €20+ 2 Ul + IV IV, (5:3.59
Due to (5.3.38) and (5.3.59), we have
171 S 2014 2 U e, + IV [V, (5.3.60)

Estimate on III. Using (5.3.18) and the expression of (S + S2)* we only need to estimate

— be ([(S1+ 52)", AJA°V, A*0;V),
S €l|[¥a, Alg(D)A* Vo [[(1 4 ceA)A*9, V|

2
e 3 ||t + By + BB ANV (9(D) = DAV,
i,j=1
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In order to use the commutator estimate (5.3.24), we use the same argument in the estimate for
II1;. It follows

—be ([(S1+ S2)*, AJA®V, A°0, V),
S EVilggens U0V + €10V o) + NV + D IVl s 10V e (5.3.61)
S (¥, + D Vi, 10V

From [55] we know that

— be ([Su(D)", AJA*V, A0 V)y S ¥ xs, [IVIs, 106V sst (5.3.62)
Therefore,
IS (24 2 |V + V) IV, 10V (5.3.63)
Estimate on IV. Plugging the expression of Sy, LV (D) into IV we get that
IV = 1Vi + IV;, (5.3.64)
where IVy = ((1 — beA)A*V, (0;Sv(D))A*V),, and from [55] we know that
Vi S 10V o [V [, (5.3.65)

And
IVy = (1 - beA)A*C, g(D)((9r1,)(1 + ceA)A%vr)),

+ ((1 = beA)A°C, g(D)(0¢ (Do) (1 + ceA)A’vg)),

+ (1= beA)A*v1, g(D)(9(T1,) (1 + ceA)A)),

+ (1= bea)A®vr, (9,1 + ceA) A0y + (9120181, + 23,))(9(D) = A w )
+ ((1 = beA)Av1, (9¢(D10,00, + V1020 + 0201,,)) (9(D) — 1)A%v2),
+
+

| (5.3.66)
((1 = beA)A% vy, g(D) (92, ) (1 + ceA)AC)),
((1 = beA)A w2, (9¢(D1,, Do + V102 + 02014)) (9(D) — 1)A%v1),
+ ((1 — beA)A* vz, (8 ) (1 + ceA)A vy + (9p(D3,, + 20585,,)) (9(D) — 1)A802)2.
Therefore it is not hard to see that
Vo S e(1+ 106V ]| gron) HVllgces3 ~ (5.3.67)
By combining (5.3.65) and (5.3.67) we have
IV S el 4 [0V ]e) VI, (5.3.68)

Combining (5.3.34), (5.3.60), (5.3.63) and (5.3.68) we obtain

d

a < 1/2 1/2 1/2 2 2

5OV Sl Wil 4204210 s+ 2 Wl + IV VIR,
el 2 [V, + D) [0Vl et [V,

We are going to estimate ||8tVHX83_1, (5.3.14) follows that 9;V = (1 — beA) 1 (F — M(V +

V., D)V) := (1 — beA)"'G. Since the solitary wave has the “sech” profile and using in addtional

—w?
the estimate (5.3.23) we have the the same estimate as in [55] as follows,

10V Il xs1 S I1E s + 1V s, - (5.3.70)

This is the estimate (5.3.32). Plugging (5.3.32) into (5.3.69), using (5.3.29), we obtain (5.3.30) and
(5.3.31).
The existence and uniqueness of the solution of (5.3.14) are obtained similarly as in [55].
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The case b=d >0,a=0,c<0
Proposition 5. Let tg > 1,5 > tg+ 2, T' > 0. Assume that F € C([0,T']; X$(R?)) and V =
(¢, v) € CH[0, T'); X5 1 (R2)) N C([0, T7]; X% (R?) x (X2(R?))?) satisfies

1+ ¢+, 2 H>0, V] + ||V < mm IV + V||, <1 vee0 7], (5.3.71)

with kg ensures the equivalence of Es(V) and ||C||A2XS2 + |VII%s- (see appendiz 5.6.2)
Then for any Vo € X5%(R?), (5.3.14) has a unique solution V € C([0, T"]; X653_1(R2))ﬂ0([0, T'); X5 (R?) %
(X3(R?))?) and one has for any t € (0,T")

%ES(V) < <6 + vl x: + HQ‘

2
ot ||atV||X:2-1> E,(V)

+ (e + Ilellxs + ¢ X52> 10Vl Bo(V) (5.3.72)
+ [ F|| s Es(V).
VO + 11, <2 (MO, + IO, )
o [ (1P VOl + 160 )
et vl + 1] AV e +1CE ) 100V
et vl [l ., 10V M)AV + 1 s, e
‘ (5.3.73)
190V lxeys S IF e + 1Sl + 191 - (5.3.74)

Proof. We start with the expression (5.3.33),

iES(V) = (ASF, (Sy+Yw(D) + SX+Yw(D)*> ASV)z

dt
— (A (M(V 4V, D)V), (Sy v (D) + Sy,v (D)) ASV>2
—be ([Sy.v (D)7, A] A"V, Asatv)2 + (1= bea)A"V, (0S5 (D)) ASV)2
=T+ IT+1I1+1V,
O

Estimate on I. By using integral by part and the expression (5.3.15) of Sy, v (D) , we obtain

(AF, Sy, (D)ASV)2
= (A°F1, (14 ceA)A°C+ (ug + D1 )A 01 + (Vg + Do, ) Av2),
+ (ASF% (V1 + 03,)A°C+ (1 +§+§M)Asvl)2
+ (ASFBH (Vg + T )A°C+ (1 +§+§W)ASU2)2 ;

(5.3.75)
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with assumption (5.3.71), it is not hard to get that

(A°F, Syyy, (DIAV), 1Pl (s, + Iv1e) (5370

The same estimate holds for (ASF L Svav (D)*A‘*V)27 then we have
TS 1 W = CliClxes, + 1vIL)- (5.3.77)

Estimate on II. First we rewrite,
17T == ([A" M(Y +V,, D)V, (Sy g (D) + Sy,g (D)) AV)_
- (M(y +V,,D)AV, (5X v (D) +Sy,v (D)*) ASV)2 (5.3.78)
=11 +1,.

Estimate on II;. Using the expression of M(V + V. D) and Syiv (D), we can rewrite

(1A, M(V +V,,, D)]V, Sy, g (D)A'V),
= ([A*, v +9,] - VC+ [A%, ¢+ { 0p, 01 + [A°,{ + C_ Dy va, (1 + ceA)ASC
+ (1 4 T1,)A%01 + (vg + T, )A02),
n ([AS,Ql 4 51,]0,01 + [N, vy + o]0, 02, (01 + D1, )AC+ (14 C + Q)Asul)Q

+ ([Asayl +Q1w]aﬂﬁ2vl + [AS7Q2 +Q2w]ax2v27 (Vg + D9 ) A’C+ (1 + £+§W)Asv2)2 :

By using the commutator estimate (5.3.24) with the trick of represent A® = A3 + A5, where
A$ = F~H(1 + |¢]%), similarly as in the previous case, we can prove that

(A%, M(V + V., D))V, Sy, g (D)A'V) S (e +||¢]

ot Hvuxg) (Il + ¢l )

The same estimate holds for ([As, M(V +V,, D)V, Sviv (D)*ASV)27 then we obtain

Ih < ( + ¢l + anXg) (||v||X§ + ||<HX52) - (5.3.79)
62 €

Estimate on /5. We need to calculate Sy, v (D)M(V +V,, D) := (a;;) as follows

a11 = (14 ceA) (v +¥,) - V) + (v + 810) (1 + c€A)Izy + (Vg + Do) (1 + c€A) Dy,

a1z = (1 +ceA)((1+¢ +§~w)3x1) + (V1 + 1) Oy + (Vg + Do) (V1 + D145) O

a3 = (1 + CGA)((l +£+§~w)8$2) + (vl +< )(U2 + UQw)am + (U2 + U2w) 81‘27
O14)

&
|
=
l\'l
+
i
EJ
+++

azp = ( Vg +ﬁ2w)(

1
azs = 2(vy + Tgy,)(1 § C)0m + (1+¢.
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Remark: This case is much simpler than the previous case, since there is no appearance of g(D).
We will only treat here the terms that gave the order of €'/2 in the previous case.

For a1, we have

(@11 A°C, A°Q)y = ((1 + ceA) (v + ¥,) - VA®(), A°(),
+ ((v1 + 01,) (1 + ceA) Dy, A°C, AC),
+ ((vg + 090,) (1 + c€A) 0y, A°C, A°C),
= C11 + C12 + C3.

(5.3.80)

Using the commutator estimate (5.3.24), integration by part, Sobolev embedding (s > 3) and
Holder inequality we get
(1 + ceA)(v - VA®(), A*C),
— (v VASC, AC)y + ce (A, v] - VASC, A*C), + ce (v - AVAC, AC),

- _% (V- 9)A°¢ AQ),y + ce([A,v] - VAC, AC),

2
+ ce (ASC’ Z(vyj ) vaxjAso) . %ce (AAC, (V 'X)ASC)Q (5.3.81)
j=1

2
- gce (A*C, Av - VA®Q),
< Il eI,

By using (5.3.24) with d = 1 and the o(D) = 8%3,, j = 1,2 and similar argument as above, we get

(1+ ce) (T, - TAC), 85C); S IWlace [€llxc, -

Therefore,
1Cul S (1l s + 1%0lly2.0) HCH?Q2 : (5.3.82)
For Cyo,
1 . s 1 s - s
C2 = 5 (A°C, (O, (V1 + 010,))A°C)g — 5c€ (AA®C, (Ouy (01 + D1,))A®C),
1 ~ S 1 S 5 S
= 50e(A°C, (A +81,))95, A%C)y = gee (MG, V(v +81,) - VO A%),  (5:3:83)

S (lallgs + 1w lwaoe) 10, -
The same estimate holds for C3, as long side with (5.3.82) and (5.3.83), it follows

(@ A°C A°Q)y S (vl s + 1% llyrz.oc) HCH§<52 : (5.3.84)

The same estimate holds for (azeA%vi, A®v1), and (azzA®ve, Advg),.

For as3 and aso,
(aggAs’Ug, ASU1)2 + (a32A8U1, ASU2)2

= — (A2, Dy (v + Br)(1+ C+ { A )
— (A%02, 00 (02 + D2) (L + C +C )A2))

~ 2
S (vllgs + 190 llpree) 1V -

(5.3.85)
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By doing similarly as previous case for remaining terms, it is not hard to get that

1] S (e + vlxs + ¢

e UV +1¢H%,), (5.3.86)
62 €

Estimate on III. By using the expression of Sy v (D)* and similar argument as before, we
get
IIT = —be ([ug + 1y, AJA%01 + [0g + Doy, AJA%02, A°0,(),

— be ([g + éw’ A]Asvl + [Ql + V10, A]ASC7 Asatvl)2

— be ([0 + Do AJAC+ [C+ G, AJA v, ADjs)
then,
1] S (e + ¢

o Tl UClxs, + VI ) UBC s + 11069 1rs)- (5.3.87)
62 €
Estimate on IV. Similarly as (5.3.66), (5.3.67) and (5.3.68), we have

IV = ((1 = beA)A°C, (Opvy + Oi01,)A°v1 + (Opvg + Orla,, ) A02)y
+ ((1 — beA)A*v1, (8yvy + DDy, ) A%C + (D + 0L )A5v1)2
+ ((1 — beA)A*va, (Brvy + Opn,)A*C + (9 + OiC )ASUQ)2 .

Then,
1V S (e + o]

e 10 ) (S, + IVI15)- (5.3.88)
Thanks to (5.3.77), (5.3.86), (5.3.87) and (5.3.88), we obtain

d

7B V) S (et vy, + Hd

10V e ), + V1)
F1F e (UClcs, + 1) (5.3.80)

+ (et Ivllixs +([<]| o JUSHxs, + [1Vlxe) 106V ]| ys 1 -
€ )(62 €2 € €2

XS
P

That is (5.3.72) and then (5.3.73). .
Returning to (5.3.14) we set G = F — M(V + V,,, D)V then 9;V = (1 — beA)”'G. By using
the expression of M(V + V,,, D) in this case we have that

G re=s S WE N gra=r + 1€l s, + 1Vl (5.3.90)
Beside that we also have
H@tVHX:; S = beA)Oy V[ s
= || —ber)(1 - beA)_lGHHsfl
=Gl gs-1 -

Therefore, we obtain (5.3.74).
The existence and uniqueness of the solution of (5.3.14) are obtained similarly as in [55].
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5.3.3 The proof of Theorem (5.3.3)
5.34 Thecasea=b=d=0,c<0

We recall that this case corresponds to a particular version of Euler-Korteweg systems (5.2.2), that

is re-intoducing the small parameter ¢ and taking without loss of generality ¢ = —1
m+V-u+eV-(nu)]=0
{ w + Vn+ €e[3Vul> — VAp] = 0. (5.3.91)
Well-posedness on time scales of order O(1/¢) has been established in [56, 10] (actually [10]

considers long time existence issues for a general class of Euler-Korteweg systems).
We now consider the system system satisfied by a localized perturbation on a line solitary wave
U, = (7,1) of velocity w

that is
m+ V- -u+e€V- ((na) + fou+a,n)+ =0 (5.3.92)
w +Vn+eV(u-t,) + iViuf? — VAg] = 0. -
The proof of longtime existence will follow that of [56] and it differs somewhat of the corre-
sponding proof for the other cases.
5.4 transverse stability issues
We restrict here to the Hamiltonian case b = d and we rely on the general framework of [53]. We

recall that the case of the "Euler-Korteweg system” (0,0,0, —1) has been considered in [6, 50].

5.5 Final remarks

5.6 Appendix

5.6.1 Appendix 1.
(The case b # d, b,d > 0, a,c < 0.)
We are going to prove there exists a constant kz such that (5.3.29) holds under the assumption
(5.3.28), plugging Sy, (D) into (5.3.21) we have
E(V) = ((1 = beA)A%C, (1+ ceA)Qg(D)ASg)2
+ (1= beA)A'C, g(D)(¥ + %,)(1 + ceA)A™V]),
(1 beA)A™, g(D)[(x + 2,)(1 + ceA)A*C]),
+ ((1 — beA)A*V, (L4 ¢+ +acA)(1+ ceA)ASV)2 (A.1)
+ Z ( (1 = beA)A%vy, (v; + Tyo,) (v + Ty, ) (9(D) — 1)Asvj)2

,j=1
:A1+A2+A3+A4—|—A5.

For A; we have the following result from [57]

: b S S S S S
AIme{Ld}MAcﬁ+c3HAA<b + (b= 20)¢ [ VA*C[|3 + be2e® [ AVATC[3 + (~2be)e? [[VVASC]3) ,
(A.2)
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b
Ay < maox {1, 4 (IASCIE + 26 ANCIS + (b = 20)e [VASCIS + be*e® JAVACIS + (~2be)e [TVACS)

(A.3)
For A and As, using (5.3.25), we have

[Az| + |As] < ([¥]oo + [¥oloo) [|(1 = beA)g(D)A*Clly [|(1 + ceA) A%V,
+ ([¥]oo + [V loo) [[(1 = beA)g(D)A*v |, [| (1 + ceA)A*C]l,

b nd S S S S
< max {1, 2 (1wl + 2 e) (204°C8 + 14V + 02 + AE(ANCE + |ANVE))
(A.4)
For A4, we have

Ay =(Av, 1+ ¢+ gw)ASv)2 + abee® [VAANV|? + ace? || ANV |2
+be? (AA*V, —[a+ (14 ¢+ Q)}AASV)Q
+e (A, [at (c-b)(1 +g+g)]AAsv)2
which along with the assumption 1 + ¢ + gw > H > 0 implies that
Ay > H ||A*V|)5 + abee® |[VAAV|3 + (ac — b(a + cH))e? | ANV
+(ma = e+ DelIVAVIZ + (e = De (<l + ||| ) 147V [ A4%],
> g IA*V]|3 + abce® [VAA*V|3 + (—a — c + b)e || VA®V]]; (A5)

c— D)2 ; 2
+ (ac —b(a+cH) — b (HCQOEI—F HQWHOO) ) | ANSV[3 .

Ar < (1 [l¢] L #IE L) 1853 + abee® [V ansvi
+(ac—ab—be (14 ¢+ S| ) e lansvi3 (A.6)
+(—a+ (e t) (14 ¢+ [S])) elasvi s,
For As, using (5.3.26) we have

|45 < 2 (1¥l]oe + 120llo0) 11 = beA) AVl [ (g(D) — 1)A*V]]

2|b —d N s b2 5 (A7)
< 22 ) + ) (2 AV + e A v||§> .
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Combining (A.1), (A.2), (A.3), (A.4), (A.5), (A.6) and (A.7) we obtain that
. b b ~ S 2 . b 3 S
Es(V) > (mm {1, d} — 2max {1, d} (vl + HXUJHOO)) |A*C]|5 + min {1, d} b3 | AVASC|3
# (amin {1, 2} (@ = 20) — mae {1, 24 (vl + I90llc) (7 4 ) ) € A0S
b s 112
+m1n{ d} (b—2c)e|[[VASC||5

b N H  4[b —d . s
# (2max {1 2} (vl + 1900 + 5 = T (vl + I9lle)?) 145V

b =0 (e + )
* ((‘ma"{lvd}ﬂwnw||mm> (b + %) +ac—bla+cH) - E A

b2b d ) .
P (vl el ) 84V,

which along with a suitable lower-bound of ||v|| + ||¥,,]|,, implies the left-hand side inequality of
(5.3.29). Similarly, we get the right hand side inequality of (5.3.29) and therefore we can choose a
suitable constant xg.

5.6.2 Appendix 2.

(The case b=d >0,a =0, ¢ <0).
We are going to prove the existence of kg which ensures the equivalence of Es(V) and ||¢ ||§(s2 +

HvH?XS in the assumption of Proposition (5). By doing similarly as previous case, we get

Es(V) = (1 = beA)A°C, (1 + ceA)A°C+ (ug + D1 )A°01 + (Vg + Ty ) A%02),y

+ (1= beA) A0, (01 + 1) AT+ (14 ¢+ A )
+ (1= beA) A", (vy + B )A'C + (1 + ¢ + Q)A8v2)2

= ((1 — beA)A®C, (1 + ceA)A3C),
+ (1 = 0eA)A°C, (v + ¥,)A°V),
+ (1= bed)A*, (1 +¢+ A,
+ (1 = beA)Av, (v +¥,)A°(),

= By + By + Bs + By.

For By, we have
= [[A%C[I3 + (b — ) [[VA*C|l3 — bee® [ANCJ5 (B.1)
For By , we have

| B2| < ([[¥lloo + ¥ lloo) 1A°VII, (IA°Cly + be [AAC],)- (B.2)

Then,

~ 1 ~
By > —4(|[¥lly2ce + %0 ly2ee) 1A*V]5 — 1 Ullzee + 190 ]lp2ce) 1A*CI3
(B.2.1)
— Ab(|[¥ll 2.0 + ¥ llypee) IAVIS — *62 |AASC3 .
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And

1
~ 2 ~ 2
By 2 4([[¥llwzeo + %0 llwzoe) 1AVI5 + 2 (¥l + 190 llw2.eo) [A°Cl2

FAb(lynoe + 12 ) IAVIE + 7€ AN,
For Bs, by integrating by parts, we have
2
= (A%, (1 4+ ¢+ COAV) —be Y (AN, (1+ ¢+ )A%; )

Jj=

—_

= (ASV, (1+

<.
Il
—

i( vj, ( 82 5 )Asvj)z}.

N \

Which alongside with (5) give that

be B s
By > (H = 5 (I¥lhyae +[%ullwae) ) 1AV

2
+beZH||VA$vj||§,

j=1

and
By < (14 0+ DIy + [ ) 15V

T be(1+ ngw + 5] > VA 2
j=1

For By, we have

2
Bu= (Av, (v + 9 )8°0, — be 3 | (M0, (1 +21)A%C),

J=1

+ (Asvj, (Aw; + Aﬁjw)ASC)Q +2 (AS% V(Y + ) - VASC)J'

Then )
|Ba| < (14 be)([[vll 200 + ¥ llyr2ice) [[A°V]o [|[ACl,

+ 2b€([|v[lpy2.00 + Ve llzoe) [A°V]Ig [[VAC]l, -
That follows

e S 1 S
By > —(1+0e) (I ¥llyzco + [Fullpyzoe ) (4 AV + 7I1A ¢ll)

2
~ S € S
= 2b([¥llwace + [0 lwzee ) ANV + = [VASC]),

and
~ S ]' S
By < (14 be)(|[¥]lypaee + [¥ullyzoe) (4 [ATV][S + 7 lA ¢l3)

2
+ 20([¥llwaco + [9ullwzoe ) (AIAV]S + - [VAC).
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(B.2.2)

(B.3)

(B.3.1)

(B.3.2)

(B.4)

(B.4.1)

(B.4.2)



Thanks to (B.1), (B.2.1), (B.3.1) and (B.4.1), we get

[llwzce + [1Vellwa.os
4

N R
o (H = (el + [Sollye)) (8 + 126+ Sbe) AV

]‘ S b S S
Es(V) 2 5 A%l + (5 = )e [ VA*C]3 — be(e + ) AN

Note that in this case we have b > 0 and ¢ < 0, so similarly as the case in the appendix 5.6.1 we
can choose a suitable constant xg.
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Chapter 6

Some numerical results on the two

dimensional
Zakharov-Rubenchik /Benney-Roskes
system.

Abstract: Our aim are simulations of the transverse stability (or instability) of the 1-D solitary
waves and the long time behavior of the solution of the 2-D Zakharov-Rubenchik/Benney-Roskes
system (Z-R/B-R) which were studied analytically in the Chapter 3.

6.1 Introduction

We first recall some notations and definitions in the Chapter 3. The following is the two dimensional
Z-R/B-R system equation:

by — O30y — 00 — 1010y + i {al0* + W (p + Do) } ¥ = 0,
pi + Ad + D(|9]?)z = 0, (6.1.1)
1

¢t + Wﬂ‘F [w]> =0,

where 1) : R x R? = C, p,¢ : R x R = R and 03,6, 01,00, W, p, D, M are real parameters which
depend in the context of problem. In the context of water wave problem, it is known as Benney-
Roskes equation and in the MHD, it is called Zakharov-Rubenchik equation. The local Cauchy
problem for the Z-R/B-R equation and related problems are studied in [1] and recently in [2] when

the equation is perturbed by a line solitary wave.
From the Chapter 3, we recall that the one dimensional Z-R/B-R system has the form

o = O3ps — i00us + i {02l + W (p+ Do) p o = 0,

pt + Gaw + D(|Y[*)z =0, (6.1.2)
1
b+ qpzp + WP =0.
Let
_ M and b= M
1/ M2 -2 O 1/M? —¢?
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If
((c—l—a3)2 _)\> <0,

1
5 40
1
5 (o2 +W(a+0bD)) <0,
Then there is a solitary wave of (6.1.2) of the form
Q = (eMteiletaR)@=ct)/2 Ry — ot), a R*(x — ct), b P(z — ct)). (6.1.3)
where )
R(z) = asech(px), P(x) = % tanh(fx),

_ 2 (c+03)? 1 (et 03)?
O‘_J02+W(a+w)< 46 ”)’ 5_J_5< 45 _A>‘

In one dimensional case, it is proved rigorously in [3] that @ is orbitally stable and this result
is also verified numerically in [4].

We use a finite domain in x with periodic boundary conditions, which is the good setting to use
a time-splitting Fourier Pseudo-Spectral method (see [1], [7]).
However, since the initial data of ¢ in (1.6.3) is not compatible with the periodic boundary condition
setting, we will differentiate the last equation of (1.6.1) and consider two new variables those are
¢, and ¢,. Hence we consider the following system

Yy — 03y — Zéwxm - Z.O'l"?byy +1 {0'2’7”2 + W(p + D¢x)} P =0,
pi + 0u(pz) + 0y (dy) + D(|9*)z = 0,

1 (6.1.4)
() + pr + (|¢|2)x =0,
1
I(¢y) + 2Py + (’¢‘2)y =0,
In order to remove the ;" term in (6.1.4) we use the transformation:
,U§ .03 ~
w(% Y, t) = ezﬁtezﬁxw(aja Y, t)
After plugging it in (6.1.4) and removing the tilde, the equation (6.1.4) becomes
V1 = 10y — 013y, + i {2l + W(p+ Dey) oo = 0,
pr+ 0n(02) + 0y (dy) + D(1¥*)2 =0,
1 (6.1.5)
() + Wﬂx + (WJ|2)I =0,
1
I (py) + Wﬁ’y + (|¢|2)y =0,

The corresponding soliton for (6.1.5) now has the form (with the same notation Q)

—ﬁ)t . (c+o3)(x—ct)—o3x
15 /et 25

Q= (e’ R(z = ct), a R*(x — ct), bR*(z — ct), 0) := (Q1, Q2, @3, Qu).

For the simulation, we will use time splitting Fourier spectral method which is introduced in [/]
to study the one dimensional Zakharov-Rubenchik equation.
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We choose the computational domain 2 = [~ R, R]? which is large enough to eliminate the trun-
cation error (in comparison to the wave speed c). We take the same numbers of grid points
N, = N, = N for x and y and define the mesh size dx = dy = %, then the grid points are denoted
by

zj=—R+(j—1)de,yy =—-R+(k—1)dy, j=1,---Ng, k=1,---N,. (6.1.6)

Similarly, we denote the time step size by 7 > 0 and the time step t, =nr, n=0,1,--- and by
T the final time.
From time ¢t = t,, to time ¢ = ¢,41, the equation (6.1.5) is solved in two steps. One solves

Yy +1AY =0,

P+ 0x(¢z) + 9y(dy) =0,
1

0(6z) + pzPe =0, (6.1.7)
1

Or(dy) + Wpy =0,

for one time step, followed by solving

i+ i {02l + W (p+ Doy) f v =0,
pr+ D(|¢*) =0,

0 (¢2) + ([91*)z = 0,

at(d’y) + (|¢’2)y =0,

(6.1.8)

again for the same time step. The system (6.1.7) is discretized in space by the Fourier spectral
method and integrated in time exactly. For [ =1,--- N, m =1,--- Ny, the (I, m)-Fourier mode of
¥, p and ¢ are computed as follows

o~

D(t) = exp—i(uiwi)(t—tn)@(tn)’
Pin(t) = 05t = 1)) (1) — LI EZLN
ity (1, ) sin (£ — t)) ~
- QUm ¢ylm’
e —1 T l7 i m\t 7 n)) ~
Gainty = et I L= tu)) 5, )
l> 2 T la 2 m t*tn e
L H(lm)® 4+ p (a?:])w;os(al (=t~ )
— o (L, m) iy (1, m) + pig (1, m) g (1, m) cos(um (t — tn)) ~ 1.
Ho (b ) floy (b, ) + [ al?mﬂ;w;;y m Q o (tn), (6.1.9)
- —1 l S —ln)) ~
Bynlt) = ALV = L))
T l7 2 lu 2 m\t = in))
+ K ( m) +My(al2:])w;jos<al (t ! ))(bylm(tn)
— i (L, m) iy (1, ) + i (1, m) oy (1, m) cos(aum (E — t”))ch ()
OZIQmMZ zlm\'n)
for 12 +m? # 2,
pri(t) = pritn), Gonr(t) = dop(tn), @11@) = @11(%)7
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for t € [t,,tn+1] and g, py arve respectively the Fourier coefficients corresponding to the x and y
derivatives. ’
T ™m
Mm(l7m) = Ea :uy(lam) = ?
For the system (6.1.8), multiplying the first equation by 9 we get

W(l‘,y,tﬂ = |¢(xvyatn)|a tn é t é thrl-

Thus the last three equations of (6.1.8) are exactly integrable as follows

p(z,y,t) = p(w,y,tn) — D(t — ta) ([ (2, 1a)[*)a,
Sa(,1,1) = bo(@, Y, tn) — (¢ = t) ([0 (2,y, t0)[*)a, (6.1.10)
Gy (2, y, 1) = dy(,y,tn) — (¢ = ) ([9(, 9, t0) P)ys
for t, <t < tpi1.
Plugging (6.1.10) into the first equation of (6.1.8) and integrating for ¢ from ¢, to t, we get
V(@ y,t) = exp{~i(t — tn)(02]Y(z,y, ta)|* + Wo(z,y,tn) + WDs(x,y, 1))}
X exp{2i(t — ta)* WD (|9 (2, y, tn)[*) 2} (x, y, 1n),

for t, <t < tpii.
To compute the spatial derivative in (6.1.10) and (6.1.11), we use the standard Fourier pseudo
spectral method.

The structure of the next part is:

(6.1.11)

e We first make the accuracy test to compare the [? errors between the different choices of the
wave speed ¢ and the frequency A of the solitary wave (). We also compare the accuracy with
different space and time steps.

e We then perturb the solitary wave by a localized Gaussian and simulate the perturbed solution
corresponding to the choices of (¢, ) and the perturbation.

6.2 Numerical results

In this part, we choose: 01 = —1,090 = 1,03 = 1,6 = —6,D = 1, M = 1.1, W = 1, this
configuration is compatible with the derivation of the Zakharov-Rubenchik system in the context
of MHD. Then, in order to insure the existence of the soliton, we need to choose carefully (c, ),
indeed we want to make corresponding (c«, [3) positive.

It is also worth to notice that with this configuration, the first equation of (6.1.5) is similar to the
focusing cubic nonlinear Schrédinger equation. Therefore, it suggests the blow-up phenomena if we
choose large enough initial data. However, our numerical test shows that it is not easy to observe
this phenomenal in short time.

6.2.1 Accuracy test

We first provide some informations of the parameter o with respect to the choice of (¢, ).

Table 6.1: Value of (o, 8) when ¢ =1

c=1 | A=-5|A=-10 | A=-15
o 0.6476 0.9237 1.1345
B 0.8975 1.2802 1.5723
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Table 6.2: Value of («, 3) when ¢ = 1.2

c=12 | A=-5|A=-10 | A=-15
o 1.1030 1.5761 1.9370
I6; 0.8943 1.2779 1.5705

Now we compare the accuracy of the methods with different number of grid points. Before that
we need the following definitions of the discrete 12 norm.
For a discrete function U = {U(xj,yx)}, j = 1,--+ , Ny, k = 1,--- , N, where the grid points are
defined as in (6.1.6), we define the discrete I2—norm of U as

Na: NZJ

Ul = dady Y > U ()7

Then, we denote

ey (tn) = [ (tn) =

Jj=1k=1

Ql(tn)HZZ’

ep(tn) = |lp(tn) — Q2(tn) 2,
g, (tn) = [9z(tn) — Qs(tn)ll;2 ,
g, (tn) = [l@y(tn)ll;2 -

In this section, ey (tn), €p(tn), €4, (tn) and eg, (tn) denote the [*-errors at time ¢, between the exact
solution (line soliton) and the numerical solution which starts with the initial given by the line

(6.2.1)

(6.2.2)

soliton.
Table 6.3: 12 error, c =1, T = 6, R = 25, N, = N, = 100
c=1|7=18750e — 04, A= =5 | 7 = 1.8750e — 04, A = —10 | 7 = 1.8750e — 04, A = —15
ep 0.0184 0.5871 2.6454
€bs 0.0172 0.5476 2.4640
€g, 0 0 0
ey 9.7264¢-05 0.0974 1.5712
Table 6.4: [? error, c=1,T =6, R =25,N, = Ny, = 200
c=1]|7=18750e — 04, \ = =5 | 7 =1.8750e — 04, A = —10 | 7 = 1.8750e — 04, A = —15
ep 1.1910e-04 4.6040e-04 0.0025
€hs 1.0870e-04 4.1959-04 0.0023
€g, 0 0 0
ey 2.1347e-04 0.0011 0.0031
Table 6.5: {2 error, c = 1.2, T =6, R = 35,N, = N, = 100
c=12|7=18750e — 04, \ = =5 | 7 = 1.8750e — 04, A = —10 | 7 = 1.8750e — 04, A = —15
ep 0.2020 3.0187 9.1911
€hs 0.1902 2.8427 8.6494
€g, 0 0 0
ey 0.0590 6.1672 34.6855
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Table 6.6: [% error, c = 1.2, T =6, R = 35, N, = N, = 200

c=12|7=18750e — 04, A= —5 | 7= 18750e — 04, A\ = —10 | 7 = 1.8750e — 04, \ = —15
e 0.0013 0.0241 0.2194
Cos 0.0012 0.0225 0.2051
€5, 0 0 0
ey 0.0038 0.0185 0.0103

From the tables above we can see that if we decrease the number of grid points by half, then the
accuracy may decrease by 100 times. It is due to the spectral accuracy given by the time splitting
spectral method.

In another point of view, the accuracy is better with smaller wave speed ¢ and smaller frequency
A, but we can see later that with small wave speed the solution changes very slowly and it is not
good to observe it in short time. If we choose a smaller time step 7, the loss of accuracy can be
gained but the running time will be very long.

Another remark, if we increase the wave speed, we will need a bigger spatial domain to reduce
the truncation error, because the wave tends to the boundary faster. That is also the reasons we
increase R in the last case.

Therefore we will do the simulations with the time step 7 = 1.8750e — 04, (¢, A\) = (1, —10) or
(1.2,-5) and N, = Ny = 200.

The follwing figure shows the soliton at 7" = 0 and T' = 6, using the configuration: ¢ = 1, A\ =
—10, T =6, R =25,N; = N, = 200 and 7 = 1.8750e — 04.

Figure 6.1: Soliton at T=0

and the soliton at T' =6
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2
lol

Figure 6.2: Soliton at T=6

6.2.2 Localized perturbation (by a Gaussian function)

In this part we consider the perturbations of the line soliton by a Gaussian function and we will show
the behavior of the solution at different time and also the [?>-norm difference of the perturbation
and the exact solution.

We thus propagate initial data of the form

cx x 2
0(a,,0) = exp(e 1) + eesxp(~ L gy 1),
Pl 3,0) = aB¥(@) + eexp(—(+ ) = (y = 1),
z+1 (z+1)? (6.2.3)
bz, y,0) = bR?*(z) — € (— YR v,
T 2
Py(,y,0) = —26yexp(—% ~ 7).

Note that in this section, ey (tn), €,(tn), €, (tn) and ey, (t,) are used to determine the I? difference
at time t,, of the solution corresponding to initial data given by (6.2.3) and the line soliton Q.
The below figures will show how the perturbed solution changes with different choices of € and
(c, N).
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In the first case, we choose ¢ = le — 01, (¢,\) = (1,-10), R = 25, N, = N, = 200 and
7T = 1.8750e — 04.

2
lel

Figure 6.3: Solution at T=0

Figure 6.4: Solution at T=3
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Figure 6.5: Solution at T=6

4 T T T T T
e=1e-01 g
351 |- - -~ =0.5e-01 /]
e=1e-02 /
o —— —— e=0.5e-02 f/ |
— /
/
/
25 /’ -
a;8' 2 //
A /
15} P #
' N e,
/’ //
1t e 7 -
05" -
0 X MR L ] e ———=—-— === I—
0 1 2 3 4 5 6
1

Figure 6.6: Time evolution of e (t): difference between the perturbed solutions and the solitons
for t € [0, 6] at different e
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Here we define

eo(t) = max(e¢(t)7 eﬂ(t)7 €ou (), €oy ().

e=1e-01 €=0.5e-01
3 15
) 1
1 0.5
0 L—— 0
0 2 4
e=1e-02 e=0.5e-02
0.3 0.15
0.2 0.1
0.1 0.05
oL 0
0 2 4

Figure 6.7: Time evolution of ey, (t)

In conclusions, we observe the following;:

1) From the figures 6.4 and 6.5 we see that |p|? and |¢,|* do not change too much at time 7' = 6.
2) Figure 6.6 suggests that the one dimensional soliton is L2-stable in the time range [0, 6].

3) Orbital stability means that the perturbed solution stay close to the closed orbit of the line
soliton and since Q4 = 0 for all time, then it make sense if we look at the time evolution of
eg,(t). The figure 6.7 shows that ey, (t) behaves like a strictly increasing function in time, so

it suggests that ¢, is orbitally unstable in the long time.
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In the second case, we will choose € = 1le — 01, (¢, \) = (1.2,
1.8750e — 04.

2
I

19

—5), R =35, N, = N, = 200 and

2
lel

Figure 6.8: Solution at T=0

Figure 6.9: Solution at T=3
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Figure 6.10: Solution at T=6

Comparing the figures 6.5 and 6.10 we see that the perturbed solution changes faster when we
increase the wave speed or in general the modulation of the line soliton.

9 T T T T T 7
e=1e-01
- £=0.5e-01 /]
8r e=1e-02 /
| =~~~ ¢=0.5¢-02 | /
7 = 4
61
/
5T , 7
= i
o /
4+ g 1
// //
3 4 / 1
// i
d rd
2t / ; 1
~ 5 g ~ 2
Ee——= : = e e e |
0 1 2 3 4 5 6

Figure 6.11: Time evolution of e (¢): difference between the perturbed solutions and the solitons
for ¢t € [0,6] at different €
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As previous case, the figure 6.6 show that the line soliton is stable in the time interval [0, 6] and
we can see the time evolution of ey, (f) behaves similarly.

e=1e-01 €=0.5e-01

i /
2 rd
2 / _/
i S i
0 2 4 6 0 2 4 6
e=1e-02 e=0.5e-02
1 0.6
_ 0.4 ;
0.5 o 4
p
0.2 ,
p
//
) = g bemmme =
0 2 4 6 0 2 4 6

Figure 6.12: Time evolution of ey, (t)

Finally, from the above numerical tests, we can summarize our conclusion as follows

)

The accuracy of our numerical method depends strongly on the wave speed ¢ and the frequency
A of the line soliton and also the choice of time step and number of grid point. If we choose the
bigger wave speed ¢, the solution changes more quickly and it is good to observe the behavior of
the solution (with general initial data). However, in order to maintain a reasonable accuracy,
it is necessary to increase the number of grid point or decrease the time step and the time
consumption will increase significantly also.

The figures 6.6 and 6.11 show that the line soliton is stable in the time interval [0, 6]. However,
since the line soliton of the form of () is transversely unstable in the case of cubic focusing
nonlinear Schrodinger equation, we expect the transverse instability in this case. The figures
6.7 and 6.12 show that the time evolution of ey (t) behaves as a strictly increasing function
in time, then we maintain our opinion that @ is transversely unstable, but it might happen
at a larger time and this time might depend on the wave speed of the line soliton.

With our configuration, the first equation of (6.1.5) is formally a focusing nonlinear Schrodinger
equation and the blow-up phenomena may occur. In our preliminary numerical test we have
not seen it.
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