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Abstract

In this thesis, we will look at the influence of a flavour symmetry group on the renormalisation
of the model in [I]. A focus of this thesis lies upon two possible approaches in treating this
model. One will be a diagrammatic approach, the second approach will consist of applying
the flavour symmetry directly to the results of [I]. Both methods should lead to the same
results.

One of the quartic couplings can be either a positive, or a negative constant. This causes
the mass spectra of the scalar fields to have two types of minima, depending on the sign of
this quartic coupling. In the case where this coupling is positive, a comparison between the
two approaches discussed above shall be made. In the case where the coupling is negative,
only the second approach will be used.

Finally, there will be a discussion on the possibility of breaking the symmetry group by
introducing explicit yet softly breaking terms of dimension two in the scalar potential.

Zusammenfassung

In dieser Masterarbeit wird der Einfluss von einer Flavour-Symmetriegruppe auf die Renormierung
des Modells aus [I] betrachtet. Es zeigt sich, dass es zwei mogliche Arten gibt, dieses Flavour-
Modell zu behandeln. Die erste Moglichkeit ist eine diagrammatische Vorgehensweise, in der
zweite Methode wird die Flavour-Symmetrie direkt auf die Ergebnisse aus [I] angewendet.
Beide Vorgehensweisen werden zum gleichen Ergebnis fithren.

Eine der quartischen Kopplungskonstanten darf entweder ein positives oder ein negatives
Vorzeichen haben. Dies fithrt dazu, dass zwei unterschiedliche Minima im Massenspektrum
der skalaren Felder gebildet werden konnen. Fiir den Fall, dass die Kopplungskonstante pos-
itiv ist, wird das Modell mit beiden oben erwdhnten Methoden behandelt und die Losungen
werden verglichen. Im Fall einer positiven Kopplungskonstante wir nur die zweite Methode
verwendet.

Zum Schluss wird die Mdéglichkeit diskutiert die Symmetriegruppe durch einen Term der
Massendimension 2 explizit doch weich zu brechen.
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Chapter 1

Introduction

In flavour physics, two as of yet unsolved puzzles are the neutrino mass spectrum and the
form of the lepton mixing matrix. Attempts at solving these puzzles usually use discrete
flavour symmetry groups and non-trivial scalar representations of these symmetry groups.
[2, 3, [4]

We will thus have a proliferation of scalar fields and, if treating renormalisable models,
a suitable renormalisation scheme is needed. As a first step, which avoids the difficulties of
gauge gauge theories, a general Yukawa coupling with an arbitrary number of fermion fields
of Majorana or Dirac nature and an arbitrary number of scalar fields has been treated in [IJ.

In this model, which itself is a generalization of the model in [5], a flavour-blind Z,
symmetry is broken spontaneously in order to generate fermion masses at the tree-level and
to initiate the Higgs-mechanism [0} [7, [§]. The main features of the renormalisation scheme
developed in [I] are

e MS renormalisation of the parameters of the model,

e finite shifts in the Vacuum Expectation Value (VEV) in order to make sure that scalar
one-point functions vanish at the one-loop-level,

e finite field strength renormalisation in order to calculate the on-shell self-energies and
thus loop corrections to fermion and scalar masses.

In this thesis, we will look at the influence of a flavour symmetry group Gy on the
renormalisation of the model in [I]. The symmetry group is

Gy = (Z))" x Sy, (1.0.1)

where N is the amount of both scalar and fermion fields, Z, is the cyclic group of order
four and Sy is the permutation group for N elements. A focus of this thesis lies upon two
possible approaches in treating this model. One will be a diagrammatic approach, where the
symmetry group G is applied to the general Yukawa Lagrangian resulting in interaction
terms. These interaction terms allow us to compute the one-loop corrections to the self-
energies. The second approach will consist of inserting the G y-symmetric couplings and
tree-level masses directly into the self-energy formulae of [IJ.

The symmetry group Gy allows for a quartic coupling that can be either a positive, or
negative constant. This causes the mass spectra of the scalar fields to have two types of
minima, depending on the sign of this quartic coupling. In the case where this coupling is

9



10 CHAPTER 1. INTRODUCTION

positive, a comparison between the two approaches discussed above shall be made. However
in the case where the coupling is negative, the calculation become rather extensive and only
the second approach will be used.

Finally, there will be a discussion on the possibility on breaking symmetry group Gy
by introducing explicit yet softly breaking terms of dimension two in the scalar potential.
We will find that the renormalisation scheme of [I] is consistent with this type of symmetry
breaking.

Used notations

e w.l.o.g: without loss of generality

h.o.t.: higher order terms

e VEV: vacuum expectation value

SSB: spontaneous symmetry breaking

ESB: explicit symmetry breaking

soft-SB: soft symmetry breaking

h.c.: hermitian conjugate

Whenever within a calculation there is a green text, this will be a note to aid under-
standing during the calculation.

Important intermediate solutions, from which we deduce other quantities, e.g. counter-
terms or minima, will be boxed in into a green box.

Important solutions, e.¢g. minima or counter-terms, will be boxed in by a red box.




Part 1
Thesis

11






Chapter 2

Overview of the GLIN-paper

The paper by Grimus, Ludl and Nogués (GLN) [5] considers one-loop mass-corrections of a
certain toy theory. The Lagrangian describes the interaction between a Majorana fermion
field x (x) and a real scalar field ¢ (z). A discrete symmetry is added,

S: o= —p, XL —ixL, (2.0.1)

which doesn’t allow for linear terms and terms of the order ¢®. After renormalisation, this
symmetry is spontaneously broken.

The authors continue with dimensional regularisation of the one-point functions and the
fermion and scalar self-energy diagrams after which they determine the self-energies of the
scalar and fermion fields. The toy model described in [5] will be used as a stepping stone for
a theory with NV particles. But first, I shall provide an overview of the paper in this chapter.

2.1 Introduction

The Lagrangian describing the toy theory is

_ 1 B 1
L =X 7" Ouxr + (éyxfc "Xy + h-c-) +5 (Gup) (0"9) =V (), (2.1.1)

where y is the Yukawa coupling between the fermion and the scalar and the matrix C is
used to describe the charge conjugation of Majorana fields (see appendix [E.4)). The scalar
potential has the form

1 1
V(p) = 5;&02 + Z)\cp4. (2.1.2)

Now, assuming p? < 0, we find a vacuum expectation value (VEV) given by

R (2.1.3)
This provides us with the tree-level masses
mo =yv and M7 = 2\v? (2.1.4)
of the fermion and the scalar particle, respectively.

13



14 CHAPTER 2. OVERVIEW OF THE GLN-PAPER

2.2 Renormalisation

2.2.1 Following the GLN-paper

The bare Lagrangian is split in its renormalised and counter-term parts. Bare parameters
are indicated with the superscript (B), Renormalised parameters will have no superscripts.
The fields are normalized as

X2 = Zyxp and P = \/Zp, (2.2.1)
with
0 =2y —1, 8,=7Z,—1. (2.2.2)

This would leave us with a counter-term Lagrangian that looks like

6L = 6,ix, P\ + %% (0,u0) (O"p) + M2 (%%)&Cl)@ - h.c.) o — %(5#2@2 — Meiékgozl,
(2.2.3)
where M is a rescaling constant, introduced to make sure that the mass-dimension of the
Lagrangian remains 4 when renormalising.
We can now, by simply looking at the Lagrangian, determine what the counter-terms of
p?, y and X must adhere to:

8,2 = Zp (1) — 12, (2.2.4)
S, M3 = Z\/Z oy P — yM3, (2.2.5)
M = ZZNB) — AMe. (2.2.6)

We now induce SSB by assuming p? < 0 and shifting ¢ to
©=ovM": +h, (2.2.7)

where v is still the same VEV as before in (2.1.2). This leads to the following Lagrangian:

_ 1

Lp =ix Y 0uxr + 3 (0,h) (0"h) (2.2.8a)

1 e 1
+ (éy/\/hxfcl)@h + §mOX€071XL + hC) (228b)

1 e 1
+ (§5yM2X:£C1XLh + 553,,1))(%0’1)@ + h.c.) (2.2.8¢)

1
+ 10, X0 XL + (5¢§ (Ouh) (0"h) =V — 6y, (2.2.8d)
with
Loa Lo n 1o 4 —c
V 4+ (5\/ = —ZAU + 55‘“27) + Z(S)\U M (229&)
+ (12 4+ M* + 6,2 + 0y0%) M 20k (2.2.9b)
1

+3 (1% 43X + 8,2 + 36,0%) b (2.2.9¢)
+ (M + 6yv) M2 13 (2.2.9d)
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+ }l (A + 8y) MR™. (2.2.9¢)

The GLN-paper now continues in redefining its constants, to replace the 2 by the VEV
v. From the Lagrangian, they get the relation

S M2 = Z,20®) — y M5, (2.2.10)

Form this and the fact that the renormalised VEV and the bare VEV have the same form,
we can derive

S 2
1+ £
Sy = =y, (2.2.11)
I+
having used ([2.2.4) and (2.2.6). At lowest order we obtain
5y = (8,20 + 630°) . (2.2.12)

_Mg

Using that to rewrite the linear and quadratic terms in our Lagrangian, we end up with
—e 1
— M§6,M= h+ 3 (—2X\vd, + 26\0%) h*. (2.2.13)

We want the scalar one-point function to vanish. This is a choice that we make, because
then we don’t have to consider loop contributions to the VEV. The contributions at one-loop
order consist of a fermion and a scalar contribution, 7} and T}, respectively. Because the
one-point contribution has to vanish, we find

6,M™2 + T\ +Tj, = 0. (2.2.14)

Please note that we have divided the entire equation by M2 and that this is absorbed in
both T, and Tj,. The calculation of the fermion and the scalar contribution can be found in
appendices[A.6land [A. 7 respectively. The results of the calculations are, after having divided
by MEg:

2y m3 m?
T, = ——— 1—In(-— 2.2.1
X7 1602 M2 {C“Jr n(M2)} ’ (22.15)
3i\v M?
where we have defined 5
Coo = — — Vg + Indm, (2.2.17)
€

with vz being the Euler-gamma.

2.2.2 Alternative way

We can, after (2.2.9¢), add another step. This will be the way that can be found in [9]. The
advantage is that the treatment of the tadpoles is easier. Because the parameter ¢ represents
the entire one-point contribution from the Lagrangian.

We will define the following quantities [9]:

t =+ (2.2.18)
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O = 0,2 + 60, (2.2.19)
m = yv, (2.2.20)
Sm = Oy, (2.2.21)
M? = 1% + 3\, (2.2.22)
Sarz = 6,2 + 30,07 (2.2.23)

This will lead to the Lagrangian

. _ 1
Lo =i (146 Xade + & (14 6,) (0,h) (9°D)
e (1 1
+ M2 <§ (m + 8m) vX1C 1 xL + % (m + 8n) XL O I ph + h.c.)
— (t+6) M 2vh — % (M? 4 dpp2) B®

1 - 1 .

In this case, the counter-term of the VEV is going to look exactly the same as in (2.2.12)).
However, we now immediately see that the part in the brackets equals d; and we are, therefore,
left with

(2.2.25)

The tadpole regularisation calculations will obviously be the same as before.

2.2.3 Renormalisation conditions

There are five parameters that we need to consider, namely d,, dy, o, d, and d,. In the
GLN-paper, the following conditions were chosen.

1. For 6, and 0, the MS-scheme is used.

2. 0; shall be determined considering the condition that the one-point function won'’t con-
tribute to the VEV. Therefore, the one-point function must vanish, as already stated
before.

3. The wave-function renormalisation constants shall be determined, by requiring the
residua to be equal to one.

An important implication should be noted here. The coupling constants are renormalised
and the VEV is considered finite as well by renormalisation condition 2. This already
renormalizes the masses, but it should be considered that even though we have said that
t+ 90, = 0, we will still have tadpole contributions in the scalar mass counter-term. Even
though we have no one-loop contributions to the VEV, we do get tadpole contributions in
the counter-terms, without which the masses would not be renormalised properly.
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2.3 Dimensional regularisation

2.3.1 Note concerning the tree-level masses

Since this calculation is done at the one-loop level, we will see only tree level masses crop
up in the loop corrections. Because the

2.3.2 Yukawa interaction

i = (2.3.1)

_ This diagram is calculated to determine the counter-term 4,. Because this is done in the
MS-scheme, we only need the infinite part of the diagram. This calculation can be found in

appendix The result is

iy?

—il' (k) = =

Coo + finite. (2.3.2)

2.3.3 The scalar four point function

The diagrams that contribute to the scalar four-point function, are
\ L~ / \\\/\,/ \\\__\\ | AN s
( N+ N+ \;_,‘,(l) and |:[ : (2.3.3)

The diagrams in the brackets are all the same diagrams, only with different connections
between in- and outgoing lines. The symmetry factor must be determined for all three, but
it makes intuitive sense that the factor should be the same for all three. The same is also
true for the fermion box and this will be considered in its calculation.

It turns out that the counter-term 9, consists of two terms. The first coming from the
diagrams in the brackets, which is determined in appendix[A.10] the second from the fermion
box diagram, which is determined in appendix [A.9] These two calculations then provide us
with

—_ —_ . Coo
(_Z:f—box) + (_Z:4p—sc) = (_Z) 6167T2 <_9)‘2 + 2y4> : (234)

The reason why we factored out the factor six, is because of the term in the Lagrangian
where the counter-term is found. We can see in that the counter-term has a factor
of 71; from the Lagrangian. However, the combinatorics of the tree-level four-point function
provide us with a factor 4!. This in total provides us with a factor of 6, which has to be
pulled out of the loop results. This practise is seen throughout this thesis.

2.3.4 The Fermion self-energy diagram

ko
//——\\\
o N
Su (p) = ——— (2.3.5)
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Because we want to use the on-shell scheme, to calculate the fermion mass contributions,
we need to calculate the entire loop integral >y, (p) The calculation itself can be found in
appendix and the result of this calculation is

2

2 (p) = 15 /dx (ap+m) {—coo +1n </\AA—2>} , (2.3.6)

with
A*=aMZ+ (1+z)mi — (1 —x)p* (2.3.7)

2.3.5 The scalar self-energy diagrams

The scalar self-energy consists of three individual diagrams. Again, these need to be calcu-
lated in there entirety, because we want to use the on-shell scheme. The following diagrams
contribute to the one-loop correction of the scalar mass:

k k R
< - I
p p P ,o=~ D p \ /s p
L s HI \ — H\LH
_____ e I N LT ey (2.3.8)
\~,/
> —
k+p k+p

A full calculation of each individual diagram can be found in appendices [A.3] and
[A.5l The result of these calculations are

(@) 1 2y _ 4Y 2 2 m \D
113, (p ) = 162 /0 dz A7, (p ) (3000 +1—-3In (W)) , (2.3.9)
M [ A ()
Iy (p%) = — 0/ Az (oo —In [ =M 2.3.10
1 (p) 1672 0 x ¢ n MQ ) ( )
c 3\ M?
g (p%) = —152 M0 (coo +1—1In (ﬁz)) , (2.3.11)
with
AL (p*) =mi—a(1—x)p® and A3, (p*) = Mg —x (1 —z)p*. (2.3.12)

We now have all the regularised expressions of all the diagrams we need and we can,
therefore, determine the remaining counter-terms.

2.4 Determining the counter-terms and the mass cor-
rections

2.4.1 Using the MS-scheme to determine ¢, and 9,

As stated before, using the MS-scheme for &, and d, is very convenient, because, we only
need to consider the divergent parts of the relevant loop diagrams. This makes determining
the counter-terms particularly easy and can simply be read off from the relevant Green’s
functions. The counter-terms can now be determined to be

3

Y
Yy = 167_‘_20007 (241)



2.4. DETERMINING THE COUNTER-TERMS AND THE MASS CORRECTIONS 19

_ CGoo 2 4
O\ =163 (9N —2y%) . (2.4.2)

Where in J, the factor of six that was factored out before, has now been absorbed into the
Feynman rule for the counter-term —6:9,.

2.4.2 Tadpole counter-term

The tadpole counter-term ¢, is determined via the condition that it completely cancels out
the tadpole diagrams:
O %

:+'—|—v><
|
|

! = 0. (2.4.3)

|
|
|
|
Therefore, we can simply take (A.6.2) and (A.7.2)) and we get

3AM? M2 2y2m3 mg
5,5 = 1671'2 (Coo —+ 1—1In |:./\7 - 167T2 Coo T 1—1In W . (244)

2.4.3 Using the on-shell scheme to determine the fermion mass
correction

Our goal in QFT is to determine cross-sections and decay-widths. We can do this by de-
termining transition amplitudes of the relevant reaction. These transition amplitudes are
determined by calculating two-point functions. They are propagators that we can expand
using perturbation theory.

_@_ _ i + +hoot. (2.4.5)

Here, the one-particle irreducible functions are the corrections one gets to the propagator at
arbitrarily high energies. These diagrams are UV finite, and therefore must also contain all
the counter-terms. For the fermion, the loop corrections are denoted by —iXr, where the R
refers to the fact that this is a renormalised quantity.

The full physical propagator of the fermion

l

p—my

Spun = (2.4.6)

where m, = mo+ Xg (m,) is the physical mass of the fermion, can be expanded. This would
give us the following expansion

Sfull = p p— + ,’525 — (—iER) p p— + p g (—iZR> p e (—iZR) ﬁ e + h.o.t.
(2.4.7)

-5 _Z'm(.] (1 3 %fno + (zﬁ %1;0)2 + h.o.t.) (2.4.8)

: (2.4.9)
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Here, my denotes the tree-level mass. We can determine the mass of the fermion propagator
by looking at its pole. This means that for the expanded propagator, we can calculate the
residue.

?

Res (Sfullap = mp) = ]bl_ifn%p (}]} N mp) Pp—mo—Xr (p)

{

= lim (p_mp)

pomp p—mp+ZR (mp)—ZR (p)
= lim !
p—mp 1 ER(mp)—ER(ﬁ)
=

1
B ]' - dipZR (p) ‘p:mp
—iZ,.

If we want the propagator to be on-shell, we need

dipgR ¥ ',,:mp — 0. (2.4.10)

In a direct analogy, we can derive the condition that fixes the counter-term of the scalar
propagator to provide us with the physical scalar mass term:

d

—1r (p%)

e — 0. (2.4.11)

p*=M3

With , we can determine what the counter-term ¢, must look like, in order for
the renormalised fermion mass to be the physical one.

If we now look at the form of the one-loop correction, we look at the fully expanded
propagator, remembering to take all possible diagrams into account that contribute to the
fermion propagator at the one-loop level:

i(p—mg—ER): +

+h.ot. (2.4.12)

+C:> v X

N

The first diagram is the tree-level diagram, the second is the UV-divergent loop diagram and
the third diagram is the counter term diagram. The counter-term diagram can be determined
directly from the Lagrangian, since there are only three terms with two fermion fields that
also hold counter-terms. We find, that the counter-term has the form

—X—— =0, + v, (2.4.13)

Because of (2.4.10]), we can now determine what d,, should look like and we have already
determined ¢,
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d d
4y (p)‘ L Capran) =0 (2.4.14)
dp p=mo dp *
Therefore, the counter-term becomes
d
oy = —%y (p)‘ : (2.4.15)

dp
which will, after putting (2.3.6)) in this expression a short and easy calculation provide us

with 2 gl A? (m2) 2
_ Y _ Allmg) | g 1—2”
oy = 602 /0 dz x ( Coo +In [ JYE } 2moA (m%)) . (2.4.16)

In order for us to now determine the mass correction, we need to put all the information

back into the formula for —iXp (p) We find

—i%g (p) = —iSy (p) + i6yp — 100,
r (p) = 2u (§) — O + O,

2 1 2 (12 2 1 2 (12
Y B A% (p?) y / B A® (p?)
— 167r2/0 dx xp (/%—i—ln[ o }) + 162/, drmg | =5 + 1In e

2 1 2 (112 2 2 1
Y A* (mg) l—x Y /
— - In|———~| -2
167r2/0 dx Tp (/%+ n{ M mOA(mg) + 1672 J, dx meess,

2 1 2 (2 2 1 2 (02 2
_ A% (pY) y / A% () -2
N 167r2/o dz opln {N (mg)] Tiem Jy A e TR Gy )

which is the renormalised self-energy at one-loop order. If we want to determine the physical
mass correction, we need to look at the correction at the pole of the propagator, which is at
p —> mo. When we put that into the found correction, we see that the first term completely
falls out at the pole. Then we are left with the corrected mass

mr = mo [1 + 12; /01 do (m {Ai\%g)] +2i<_n§))} . (2.4.17)

If you happen to wonder, why there still is a dependence on M, even though we are on-shell
now and should be looking at physical masses, don’t worry. It is still there, because we used
the MS-scheme to renormalize the Yukawa vertex, as opposed to the on-shell scheme where
the M dependence drops out. This issue will be resolved, when we have calculated the scale
dependence of my where an equal but opposite dependence exists. This means that when
calculating the scale (M) dependence of the mass, we will find it to be zero.

2.4.4 Using the on-shell scheme to determine the scalar mass cor-
rection

The correction to the scalar mass goes in an analogous way to the fermion mass. However,
there are some differences that must be discussed. But we can start of the same way, by
considering all diagrams contributing to the scalar propagator —illy (p®) at one-loop:

,~
L~
N \

|
(0~ M Tl (7)) = ===~ O e A u
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O 7 %
+ 0+ 0+ 7 fhot, (2.4.18)
-_—L - -_—L - -_—Ll -
e

where the tadpoles vanish again because of the renormalisation condition for ;. The counter-
term diagram can again be determined from the Lagrangian to reveal

=X = 0, p e (2.4.19)

We will start with determining the counter-terms, just like we did before with the fermion
mass. This means we must use (2.4.11]). It provides us with

d . d
0=gz 2 W@ g (ot taw)

d
i=a,b,c p*=Mj P p>=Mj
d .
— 7 2
-0, = _dp2 IT5, (p )
i=a,b,c p*=Mg

Therefore, we must calculate the derivative of all three of the one-loop diagrams:

29/ A?

— 1— 1—3n |
7T/dycat( :L‘)(3COO+ 3n[ M ])
p2=M2

) (
M —z(l-ux
_ _1263; /dm(l—x) (3000—2—31n [A%{/Ef?)])

d_pZHLfl (pQ)

P’)
2
p*=M3
)

22
“1o [ 4200 (52 m )

Y

p?=M3
A2 :9AM§/dx < M? —x(l—x))
T PR B0 M) |
ONM? 1
:—16 20/d$$(1—l')A2—2 s
T wr (P?) p2=M?

d 2
—1IY, (p =0.
dp? 1l( ) Py

This will provide us with the counter-term

2y? A2 (M2) 9NME p*r (1 —x)
— 2 2 — —9_ _m\ P/ 0 G S
S o /dxp z(l—2x) (3000 2—-3In [ JVE + = /dx 2 ()

(2.4.20)
The only other counter-term, d,,2, is already determined by our initial choice of M?. Because
Iz = 0 + 20%0,, we can determine the counter-term:

3\ M 212 m2
Sarz = WM@ (coo +1—In {VOZD — 167T2m3 (coo +1—1In [WOQD (2.4.21)

+ 12";2 (9AME — 272m?) . (2.4.22)




2.4. DETERMINING THE COUNTER-TERMS AND THE MASS CORRECTIONS 23

This was the easy bit. Now, however, comes the moment to put it all together and see if
anything crosses out. We start by quickly reviewing the one-loop calculations:

e (p?) = fG—i /01 dz A2, (p) <3coo +1-3In (AQM(Z;Q))) , (2.4.23a)

113, (p°) = —912];422 /01 dx (coo —1In (A%f ))) : (2.4.23b)

' (p?) = —%M& <coo +1-1In (%@)) : (2.4.23¢)
with

A2 (p*) =mg—x(1—x)p* and A}, (p*) = Mg —x (1 —2)p* (2.4.24)

Putting all the terms together, we get a rather lengthy equation. To keep things somewhat
clear, we will order everything by the factors.

942 1 A2 (p?
Terms with Fyz : / dz mj <3Coo +1—3In l (p )})
0

T M?
/ dz p*z (1 — 1) %—I—I—SIH[A/\/&?)})

—mg <SCOO+I—1H [j\’jl—gz])
' A7, (Mg)
/Odmpx (1 —2x) | 3exs — 2_3IH{TQO}):

1 2 (2 2
:/0 dx{—?)m%ln [Aﬁf)]wngln {%}

— % (1-2) (3+31 {%D}

1 A%n (MQ)
:—Smg/o dz In sz

]\42 1 A2 2 1—
Terms with 91)% 5 / dx {_Coo+1n|: M (P )] F e+ z(1—x) } _
0

2 6 Lo
+mgln | —5| — =M, +0

<

T 2

[ PR )

1 r .2
P 1 p’z(l—x)
= — e 22
/de {m /W}Hn[m U S v S g
M 22 7 2
P P oT
—n | 2|+ 2 (3422
e Tz ( * 3\/§>

(M2 T 5t
=In|—2| -3+ —
| M2 ] 3v3
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. 3AME ! M M
Terms with 1672 :/Od:v{( 1—|—ln{/\/12 + (e +1—1In JVE =0

We can now combine everything, to get the one-loop correction to the scalar mass:

2 2 2 2 2 2
Y Ajy (My) My

s {1 WZ_?’ 35}]}) (2.4.25)

2.5 Determining the 5 functions

2.5.1 Scale invariance

So far, all the parameters that we regularised, have an explicit dependence on the mass scale
M. However, we introduced this scale in order to be able to regularise our parameters. We
started of with quantities that were independent of M, therefore, when we are done, they
must still be independent of M. After all, regularisation is nothing but the exposure of the
infinities and should not change the quantity itself.

As shown in [0, 1], we can derive the bare quantity fp (M, g;), where g; are all the
coupling constants of the Lagrangian we consider, in the following way:

dfs _ , 0fs dg: 9fs
dM oM Z/\/ldj\/l g; (25.1)
= ﬁgz

By, are the B functions of g; respectively. The [ functions tell us, how the renormalised
quantities depend on the energy scale M. If a 8 function vanishes, then that quantity is
obviously scale invariant.

We now start off, by determining what the bare quantities look like in order to prepare
ourselves on deriving them. After this preparation, we shall determine what the renor-
malisation Group Equations are going to be, for our coupling constants and we finish by
determining the RGE of the fermion and scalar mass. Then, our final goal, is to determine
the M-(in)dependence of the renormalised masses.

2.5.2 The bare quantities and derivations of the counter-terms

The bare quantities that we have to consider are given by

y P = M3 (y+4,) 2 IZ@ g, (2.5.2)
AP = ME (A +6)) Z, (2.5.3)

B = M~ %(v+5)Z@2, (2.5.4)

miP) = y(Bly(B), (2.5.5)
(M2)( = 2P (o 2)(B). (2.5.6)

Here, Z, and Z, are defined as

Za= 1+6S)+5f)+...7 where A = {x, ¢} (2.5.7)
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however, because we are doing a one-loop calculation, we only need to consider one counter-
term ((521) ) for each field. With this in mind we find that, at one-loop order, the bare

quantities look like

. ) 1
yB) = M3y (1 4 ;y — &y — 55@> , (2.5.8)
AB) — MEN (1 + %‘ _ 25@) 7 (2.5.9)

- . 1 8y

o = MR (14 20, + ). (2.5.10)
m(()B) — my (1 — 0, + 5_; + %) , (2.5.11)

N(B) _ o 0 | 50
(Mg)™ = Mg (1 —d,+ T +27 ) (2.5.12)

If we want to calculate the derivative by M of all these quantities, we see that we need
the derivations of each counter-term by all parameters. These derivations can be found in

appendix [A.11]

2.5.3 Lowest order calculation

For 3,, B\ and f3,, we need to determine the lowest order entry. This, so we can use the
lowest order entries in our calculation of higher order entries.
Starting of with yg, we require it to be independent of M:

. dys dM2 oy o 1 : dy oy o 1
O—MdM—MdMy<1+y 5, 25@>+MMdM(1+y . 2@)
£ d (5y 1
+ M y/\/lm(l—k;—(&—ééw)

€ 0y 1 0y 1
:§y(1+?— X_§5¢)+5y<1+?_6x_§550)

d [dy 1

Because all counter-terms are of orders higher than y, we can see that the lowest order result
yields

By = —gy. (2.5.13)

Following the same procedure for A\g, we find

- B (1) o (108 )

dM dM A dM

o d o
MM (1+ 5 2@7)

:sA(1+%—25¢)+ﬁA<1+%—25¢>

d (6,
FAM (X - 25¢) .
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This would provide us with a result of
By = —€A, (2.5.14)

at lowest order.
For vpg, the calculation is analogous:

d dM~2 1 5y d 1 8y
0- mdve _ M v<1+—5¢+;>+M‘M—U(1+§5¢+;>

dM dM dM

_e 1 Oy

Sy 1 Oy
:_EU(1+ “6,+ )+Bv<1+§5w+;>
oM 5 +6
v d/\/l

We find, for our lowest order entry of f3,:
By = =v. (2.5.15)

We have assumed here that the next higher order is going to be of order y?. We will see
later on that this is a valid assumption.

2.5.4 Using the lowest order  functions to determine various scale
dependencies

In order to make the remaining calculation easier, we are going to calculate the scale de-
pendence of various counter-terms. Keep in mind that ¢, = % — g + Indnw. After ¢ — 0,
every term proportional to € vanishes. Seeing as all § functions are proportional to ¢ at
lowest order, we need only consider the terms where the €’s cancel. This means that instead
of ¢, we can erte 2. We start of, with the counter-terms of the scalar and fermion fields

respectively. We can “use (A.11.4) and (A.11.5) to obtain

ds, 95, 05, 05, . 05,
Myt = Mo g, Thoy T0

29/ 4y 12
=5+ 4 (“gags) T 10 )]

B 21/ +( € > 2y 2
~ T 16m2 2Y 1672 ¢

=0,

ds, 95, a5,
M M6M+5ya +5A N T

2

2
“io (—15;5) +elo )

v’ (=2 (-2 2
1672 2Y)\ " 16n2

M
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=0.

The other calculations we would like to do, are the ones involving the coupling con-
stants. We see, in the bare coupling constants that the counter-terms are always divided by
the renormalised coupling constant. These divisions we want to determine using (A.11.1)),

(AT12) and (AIL3):

d (5 do, dy~!
+ 9y
dM y dM MM dM
B D0y y D0, 90, oyt oyt oyt Oyt
- <M8M ﬁy8y+6A8>\+ﬁ”6v)+6y<M8M+ﬁy oy "o T
3% 2 _
= gﬁy@g + 0,8y (—y7?)

S IS

3y eyt 2
T 162 Y 216n%e
_
1672’
d 5)\ o d(S)\ d !
M = ‘Mm MM
D D6 X! ON! 8/\ L ON?
= — 5
<M8M ﬂya /8>\ ﬂv )+ )\(MaM +Bya +5)\ +6v 02;
82 1 18\ 2 -
N 6y167r2 X iem T EAAT)
1y o« 8y32 1 I8N2 e 9X22 ¢ 2y* 2
D) ("y) T R Tl S Tl ey
1
- L (meat)
d 6, 1 dd,
Moy = o Mam o MdM
1 00, vt ov~t ov~t ov~t
_E(Ma/w ﬁya BA + Pt ) (MaM 075, +*BAW+5”3—U)
1] 2yt 12w 4yv2 yto 6v 2 yt 2 6 2
W {)\16%2 1672 +5yA167r25 M ( AN21672 1672 g) b, <167r25 1672 ¢
+6v (_BUU_Q)
4
__ Y _ _ _ _
—)\167r2[2 44+2+41-1] 167T2[ 12412 — 6 + 6]

=0.
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2.5.5 Scale independence at one-loop order

With the relations derived in the previous section, it is now relatively straight forward to
determine the next terms in the § functions of the coupling constants. These calculations
provide us with:

€ 2y3
by=—5+ 15310 (v*) . (2.5.16)
By = —eX+ T (18X* — 4y*) + O (X%, 4°), (2.5.17)
B, = %v +O (4N (2.5.18)

We can see, what the scale dependence is going to be, at one-loop level, for the coupling
constants. This is done, by letting ¢ — 0. We will find that vp has no scale dependence.
Our assumption that the next higher terms in 3, are going to be of at least order 2, can be
found to be correct.

2.5.6 Scale invariance of the masses

We want to check, if the particle masses are actually scale invariant. The physical mass must
be scale invariant, because we used the on shell scheme to determine the counter-terms.

For the fermion mass, we had mg g = myg <1 — 0y + % + %) at one-loop order. Desiring

the bare mass to be scale invariant means that

dmos _  dmo <1—5x+5—3"+@>+mOMi <1—5X+5—y+@)
y v y v

0=M=u Y Y

dmo ) 51; 2y2
—M— (1=, +2+= — :
d/\/l< X+y+v)+m0( 1672
From this we find the scale dependence of the renormalised tree-level mass at one-loop order
to be

dmg 21

daM ~ 16w
The scalar mass, MOQ’ 5 = M? (1 — 0, + % + 2%), results in an analogous calculation.
Namely,

(2.5.19)

dMmg M?
05 _ g3 (1—5¢+%+2%>+M§ﬁ (1—5¢+%+2i—”),

0 =M= M

dM? ) M? yto?
= M—2L(1-6,4+4=+22 0142 — —18X\
d/\/l( “D+)\+ v>+167r2 A2
2
817:7%‘1/2

We can now find the scale dependence of the tree-level scalar mass at one-loop order:

dM2 1
d/\/(l) = 163 (18AMF — 8mgy?) . (2.5.20)
These two equations allow us, to determine the scale dependence of the physical masses,
which we determined to be (2.4.17)) and (2.4.25). If we determine the scale dependence of
the renormalised masses, we find that it will be zero. Meaning that the scale dependence of

the tree-level masses cancel with the scale dependence of the one-loop corrections.




Chapter 3

Generalization of the toy model

So far, we have discussed a model, in which a left handed Majorana field interacts with a
real scalar field. This can of course be a right-handed Majorana field as well. However,
what happens when we introduce multiple flavour generations? We can, of course, introduce
merely one generation, but if we want to discuss possible extensions of the standard model,
we could want to be able to consider an arbitrary number of lepton generations. This is
exactly what can be found in [I]. In this chapter T will attempt to highlight the most
important aspects of this general toy model, which we will compare with a diagrammatic
approach in the chapters after this one. Therefore, this chapter will rely heavily on [IJ.

3.1 The bare and renormalised Lagrangian

We start by determining the Lagrangian for a system with n, Majorana fields ng) and n,,

real scalar fields go((lB). A Z4 symmetry is assumed, which means that

S: X =iy, P = =P, (3.1.1)
with
xg) so(B)
NI e (3.12)
xﬁfil AP

We then find the Lagrangian to be of the form
— 1
L :ZXz(f)%auXiL + B (3u% ) (au )

1
+ o |:(Ya(B))Zj <X£f)> O 1X§12 (10((1 ) +hC

2
- % (12)e) o Ppl® — ikébﬁdwéB)wé P, (3.1.3)
where
(V) =¥ Va=1n (1)) A = () o, (3.1.4)
and )\abcd is symmetric in all indices.

We can define the renormalised fields as

NN ORI O (3.1.5)

29
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(3) 3)

where Z,°’ is a general complex n, X n, matrix, Z£, a real but otherwise general n, x n,,
matrix and y and ¢ are the renormalised vectors of their respective fields.

When doing dimensional regularisation, we consider the Lagrangian in d = 4 — ¢ dimen-
sions, this means we need to replace renormalised coupling constants with

(Ya)ij — M% (Ya) )‘abcd — Ms)\abcdy (316)

5 )

The renormalised Lagrangian now looks the same as the bare Lagrangian, except for the
extra mass parameter. The counter-term Lagrangian has the form

() 1
L =25§§‘)xmuaum + 5&“{,’)5 (Oua) (0" pp)

1 - -
+ 5/\/15 [(5Ya)ij Xi.C 7 X rpa + h.c.]

1 1
- 5 (5/“L2)ab PaPb — ZME(;/\abcd(paSObgoc@d‘ (317)

3.2 Spontaneous symmetry breaking
This is where [1] introduces the well known shift
Yo = MT3T, + hy,  With Ty = v, + Av,. (3.2.1)

The VEV v, is split into v,, the tree-level VEV, and Awv,, the corrections coming from loop
calculations. The shift leads to the scalar potential looking like

£

V40V — VE) =Mz (ta + Ata + 6:“’Zb§b + 5)\abcdﬁbﬁc@d) hg
1 — —
+ 5 ((Mg)ab + (AMg)ab + 5”31) + 5)‘abcdvcvd> hahb
+ M% (/\abcd(S)\abcd) hahbhcid
1
+ ZM‘E (Aabed + OAabed) Pahphcha,
with
ta = H20b + AabedUbVcla, Aty = (12,0 + Nabed¥b0Va — ta, (3.2.6)

the tree-level scalar masses

(M3) o = Hay + BAabeaveva,  (AMG),, = tioy + 3Xabed¥cla — (M), (3.2.7)
and Vj is the constant term independent of h.
If we want v, to be the VEV (we do, because [1] does), we need the condition
to=0 for a=1,-- n,. (3.2.8)

The SSB occurs when one of the VEVs is non-zero, however, whether or not it has occurred
(3.2.7) will describe the tree-level mass. The tree-level mass matrix of the fermion field is
given by

mo=> vYa. (3.2.9)
a=1
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The mass matrices and the fields can be diagonalised with the following matrices

UgmoUo = mo = dlag (m01, tee ,m()nx) s WO M()WO = dlag < oL ’M(?WP) s
(3.2.10)

where Uy is unitary and W, is orthogonal. The hat adorning both mass matrices point
towards the fact that they are now in the mass basis. These diagonalising matrices can be

1 1
incorporated into Z>g2) and Z<£2), respectively. This will make sure that the Lagrangian is
preserved.

3.3 Renormalisation

In order to calculate the physical one-loop correction to the masses, we need to calculate
the self energies. The way in which the self-energies depend on the parameters in this toy
model, depends on the renormalisation-scheme that we pick. The schemes that [I] uses are,

e MS for determining §Yy, 6 Aapea, opt2,, 00 and §(°)

e The finite shifts Av, are such that the scalar one-point function is zero.

e The first two points allow us to calculate X (p) and II(p*), after which finite field
strength renormalisation is used to calculate the on-shell self energies X (p) and IT (p?).

3.4 Results of the counter-terms

The resulting counter-terms are

1

0o = 1o XYV, (3.4.1)
11
SA% — 5 e TV YP VoY) YOY2YaYy + YV vyy
™
FYIYYIYa + YYYY, + VYY)V, (3.4.2)
3
5)‘5;52(1 = WCOO ()\abrs)\rscd + )\acrs)\rsbd + )\adrs)\rsbc> 5 (343)
Oty = o5 CooNabrshis 44
Hap 16772 CooAabrstyg (3 )

where again ([2.2.17)) applies.

3.5 Results for the loop diagrams

The self energies are calculated in the mass basis, every parameter with a hat, is considered
to be in the mass basis. Of course, masses with only one index are in the mass basis as well.
The resulting loop diagrams for the fermion self-energy are,

~

1 1 % Orx 7Y U 1 Or% - N Uk
(211 (p)) =163 (]WL [——cooYa Yo+Y] DGY;} + PR {——COOYQYQ + YaDaYa] (3.5.1a)

2 2

VL [—cmmmgf@ + YmOEY] + g [—cm?a*mo?'; + YmoEY] ) (3.5.1b)
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with
Ags =aMg, + (1 —x)mg, —z (1 —xz)p?, (3.5.1c)
1
Aa,k
D,y = /0 dz xln e (3.5.1d)
Aa,k
B = [ n 355 (3.5.1e)

For the scalar self-energy we find
(7 () = # (coo T | Vg Varing + Y, mmo ¥y o + Vo¥yringn + Yy Yy
— %coo Tr [Yaf@* + Y;Yb} P+ Tr {(Yafﬂf + Y;%) (rhg - 1pg)]
- [as (%), (5)) + (5), (%), ) g —s-21)
0 2 Je %) Ji

~ ~ ~ O\ % A\ K Az
+ (Ya> moj (Ya> mo; + (Ya) mo; (Ya) moz"| In —]2>, (352&)
i ji ij i M

1 (2 _ 18 « A3 . ! Ars
( v (p ))ab = _W)\acrsvc)\bdrsvd (Coo —/0 dz In M2> : (3.5.2b)
(HS) (p2)>ab = —%j\ame{iﬂ (Coo +1—1In ]\./\4/1%) , (3.5.2¢)
with (3.5.2d)
Ajj = amez + (1 —2)mg; —a (1 — ) p*, (3.5.2¢)
Avy=aM2 + (1 —x) MZ —x(1—z)p? (3.5.2f)



Chapter 4

Imposing a flavour symmetry

We have treated the toy model in the case of one flavour in chapter |2l and in chapter |3| the
case of an arbitrary number of Majorana fields and real scalar fields. In this chapter we will
start with a the same toy model as the one in chapter |3| with a specific flavour symmetry
and with an equal number of Majorana fields and scalar fields. The flavour symmetry will
allow for a case distinction depending on the sign of a specific coupling constant. We will
determine the breaking minima (the stationary points of the potential) resulting from SSB
and the tree-level masses of the fermion and scalar fields.

4.1 The Lagrangian under the flavour symmetry
The potential that we gain from [I], looks like
Vo] = 0105 + Nijripipiprepr (4.1.1)

We assume that there are N real scalar fields. The ji;; and A;j; are the coupling constants.

We introduce symmetry group Gy to get rid of certain terms in the potential. The
symmetry that we will consider in this thesis, is one that has both a cyclic symmetry and
an additional flavour symmetry. The symmetry group is

Gy = (Z))" xSy, (4.1.2)

where Sy is the permutation group of N objects. The first part of G induces k transfor-
mations

(Za): Xek = XLk Pk —> — Pk (4.1.3)

We see that the symmetry group always transforms both the fermion field and the scalar
field with the index k. It should be noted that if we consider a field with the index j # k,
that field will be invariant under the symmetry group (Z4),.

The cyclic symmetry is the reason why terms with an odd number of scalar fields do not
occur in the potential (except for the Yukawa term, there the two fermion fields insure the
invariance under (Z4), ). Then it will also be obvious that we must always have a pair of fields
of the same generation. This means that the matrix ji;; must be diagonal. However, there is
another part to the symmetry, namely the permutation group. Invariance under G y—and
therefore the permutation group—will make sure that switching fields of different flavours
would not change the potential. Therefore, when we exchange ¢; with ¢,;, the potential
should not change. This can only be the case, when all quadratic coupling constants are the
same. The quadratic part of the potential will then simplify to i? ¢;¢;. The quartic part
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of the potential is slightly more involved, I will attempt to explain this part in a bit more
detail, making it clear why the potential looks the way it does.

Looking at Ajjupipjerpr, we can immediately see the fact that scalar fields with the
same index occur in pairs. This means that we are merely left with parts where fields occur
quadratic pairs, i.e.

Niipspspsps and  Ayji0i0i050;- (4.1.4)
If we now consider the permutation symmetry, we find that all entries Ay, = Ajj5 =: A
Vi,j. The same can be said for the the second part of the quartic potential, providing us
with Ajij; = N Vi, j. In general, A # X. We can now write the quartic part as

Agi + Noiip;o;, (4.1.5)

Because we can interchange the scalar fields, i.e. w00 = @ip;pip;, we can pull some of
the entries from the second part of equation (4.1.5)) and put them in the first part (adjusting
the couplings accordingly), to give us the following form:

Apipipip; + Nipipip; (1= dij) - (4.1.6)

We can now combine the entire potential into one gloriously lovely form, choosing ade-
quate factors:

1. 1 1
Vel = Si*eips + 7 h0ioipips + TN eipipsps (1= 85) (4.1.7)
or (4.1.8)
1, (L N\
Vil =5i Y ef + 3> (Z so?) + N Y el (4.1.9)
i=1 i=1 i<j

The rest of the Lagrangian can be found the same way, revealing the total Lagrangian
to be

— 1 _ 1
L= ZXL,iaXl,i + 5Y ((XL,z')T C X0 + h.c.) + 5 (Oups) (0%@;) =V p]. (4.1.10)

4.2 Determining the breaking minima

We now know the form of the Lagrangian. We can induce spontaneous symmetry breaking
by assuming fi? is negative. Therefore, defining i? =: —pu? with u? > 0, we end up with a
potential of the form

1

1 1
Vil = _§N290k90k + Z/\SOWWWl + ZXSDWWHW (1 —0m). (4.2.1)

The Lagrangian is used to calculate expectation values. Therefore we know that a single
field will provide us with the VEV:

(0] i |0) = v;. (4.2.2)
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Now we want to introduce a constraint. We want the sum of the square of all VEVs to be
equal to v
v = Z v? = v = vngng, (4.2.3)

from which we can clearly see that
nin; = 1. (4.2.4)

This is the constraint that we will use in determining the minima of the SSB symmetry.
When there is a constraint involved in calculating extremal points, it is useful to use the
method of Lagrangian multipliers.

We are looking at the potential at the minima, not in the vicinity of the minima, hence
the fields can be replaced with ¢; = vn;. Inserting this into the potential, we find

1 1 1
V [vn] = —=p*0® ngng += Mot ngng, ngng = Notngngngng (1 — 6g) (4.2.5)
2 ~—~— 4 —~——— 4
1 -1 =1

Because of the constraint (4.2.4]), we find that the first two terms are constants. Hence
the extremal points will only depend on the third term. We will, therefore, determine the
extremal points of

1 -
A(n) = Z—l)\’v‘lnknknml (1 =) + A (nin; — 1), (4.2.6)
where the last term is the constraint and the parameter A is the Lagrangian multiplier.
We can now calculate the derivative with respect to n; and equate it to zero:

0A (n o |1, 5
0= %J) = 8_71] {ZA vtngngnng (1 — 0g) — A (ngny, — 1)} ; (4.2.7)
=n, <)\’v4 (1—-n3) - 25\> : (4.2.8)

For the entire calculation, please see the appendix chapter . The derivation by \ will
obviously provide us with the constraint. This means that we have to solve the system of
equations

0=n; (Vo' (1—n2) = 21), (4.2.9)
1 = nyn, (4.2.10)
for n;.
In general, there can be an arbitrary number of n’s that are non-zero. Assuming that
Mgy =MNgy = =MNq, =0, n; #0 Vj#ay, -, a, (4.2.11)
equation then becomes
% =n} Vji#a, -, a. (4.2.12)

This agrees with symmetry group Gy from which we know that the squares of all n; are the
same when they are non-zero. However, all n; can be considered to have the same value,
since they will only differ by the sign and Gy is invariant under a change of sign. Also,
because of the permutation symmetry of G, we find

1
\/57

These are the stationary points, which we can put back into function (4.2.6|) to find

ng=ng=--="n,= Npr1 =+ =ny =0. (4.2.13)
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1 1
A(n) = 1_1)\/04 {1 — 5} : p> 1. (4.2.14)

We want to find the minimum of the potential, therefore we want A (n) to be smallest. We
need to find the value of p that minimises A (n). When X > 0, we see that A (n) is minimised
when p = 1 and when ) < 0 it is minimised when p = N. The minima of the potential with
respect to n; are, therefore,

1 1
N>0 V. = —5,}@2 o ZW, (4.2.15)
1 1 1., .,N-1
! = 2 St 4 SNt —— 4.2.1
AN <0 Viin SH Y +4)\v +4)\'U I ( 6)

With these minima calculated, we can determine the value of the VEV. We do this by

deriving (4.2.15)) and (4.2.16]) by v.

For ' > 0 we find

2
o=l (4.2.17)

where the sign of the square root is positive, because of symmetry group Gy, which causes
invariance under change of sign.

For \ < 0 we find

2 1
V= (4.2.18)
A+ VAL

This last equation allows us to easily see a boundary condition for A and ). Because v?
must be finite, it must be valid that A > X' &=L,

4.3 Tree-level masses

Now we will determine the tree-level masses of the scalar fields. When we break the symme-
try, we shift the scalar fields by the VEV: ¢; — v; + h; Vi. In the case of ' > 0, we know
that only one VEV is non-zero. Therefore, we make the following shifts

er — v+ h; i = 04 Ry (4.3.1)

But before we do this, we first want to split the potential in a part that is dependent on ¢
and a part that is not:

1 1 1
V== §/~L280ks0k + Zwiwi t1 (A + X)) erereip (1 — o)
1 1 1
== EMZSD% + ZASO% ) A+ N) plpis (1 = i)



4.3. TREE-LEVEL MASSES 37

1 1

- §M290k90k (1 —=0du) + Z)\@isﬁi (1 — 0r1) (4.3.2)
1

+ 1 A+ XN) erpreipr (1 — 0k1) (1= 1) (1 — 0t) - (4.3.3)

The third term has a factor %, because both k£ and [ can be equal to 1. However, there still
is a sum over all fields gofyél left in that term. The summation over ¢ was chosen, to show
that this is not the same summation as in the third term in the line above it. In the last
term, there are three Kronecker deltas. The dx; and d;; terms result from the splitting of the
potential, the third delta is the same as before.

If we look at the last three terms in , we see that it has exactly the same form
as the original potential. The only difference is that there are no terms depending on ;.
Therefore, there will be no breaking of the symmetry in this part of the potential, seeing as
the shift ¢; 21 — h;z does not change anything. The symmetry of the potential will, in
the case of X' > 0, be broken to the symmetry Gy_;. In order to keep the notation short,
we will write the final three terms of as Van_,-

The broken potential has the form

V=Lt % [2X\0?] BT +

1
2
1 1
+ Mh? + (A + X)) vhihih; (1 — 61;) + Z)\hi‘ +5 (A NYh2(1 = 6;1) hihi + Vi,
(4.3.4)
The calculation can be found in appendix [B.2] We should remember that there is one more

quadratic term in Vg, ,. It has the form %uzhihi and adds one more contribution to the
tree-level mass of the h;’s. Therefore, we have to add this term to all the mass terms found.

Remembering that % = —A\v?, we can now easily see the tree-level mass terms for the scalar
particles:
N>0: M = 2)\% Mg, = Nv%. (4.3.5)

In the case A < 0, we find that all the VEVs are now non-zero. They can be either
positive or negative, however, without loss of generality we are going to assume that all
VEVs are positive. This has no influence on the calculation until we start putting in values
for the n;’s. At that point we will be looking at the diagonalisation and we will discuss the
sign there again. If we start with the potential

1

1 1
V= §M290k90k + Z)\@iwi +7 (N +X) oo (1= 0w), (4.3.6)

we introduce the shift ¢; — v; + h;:

V= —%MQ (Uk + hk) (Uk + hk) + }l)\ (Uk + hk) (Uk + hk) (Uk + hk) (Uk + hk)
+ i (O ) (0 -+ hi) (06 + ) (00 4+ ) (o0 4+ ) (1 — 6a) (4.3.7)

The resulting potential can be simplified to

T3

Lt 1 N AN =17  1[2x?
[ ]

1
1IN N (Skl —|—2()\+)\/) U2N (1 —(Skl) hkhl
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1 1
+ [)\U(skl + ()\ + /\/> (% (1 — 5kl>] nkhkhlhl + Z—l)\&d + Z ()\ + )\/) (1 - 6kl) hkhkhlhl
(4.3.8)

A detailed calculation in orders of h; can be found in appendix Where in the case of
A > 0 the symmetry was broken as Gy — Gx_1, causing two different masses, we now
see that the symmetry is broken down as Gy — Sy. The permutation group Sy has an

irreducible representation
N=1®N —1. (4.3.9)

We will see this represented in the masses. One mass will be different from all other mass,
however, the rest are all the same.
We see that the mass of the scalar field has (flavour) diagonal and off-diagonal elements:

202
N

1
5kl + 2 (/\ + )\/) ’U2— (1 — 5I<:l) . (4310)

Mkl = N

We can diagonalise this matrix without too much trouble. In order to do so, we will first
break the mass matrix up, into a diagonal part and a part that is multiplied to a matrix of
ones:

Mklhkhl = (aékl + kal) hkhl, (4311)
where
11 1
1 1 --- 1
Q=1 . - (4.3.12)

We can, therefore, see that b = 2(\+ X) 02% and a = —2X'v?5. The second part of a is
there, to make sure that the second part of My, is off-diagonal. Had the all sings of the
VEVs not been positive, we would not have had a matrix of ones. Some entries would have
a —1 instead.

We can diagonalise the matrix €2, using the eigendecomposition theorem. We find that

the eigenvalues and consequent eigenvectors are

M=N, d=XM=-=Ay=0 (4.3.13)
and
1 1 1 1
1 -1 1 1
1 1 1 0 1 —2 1 1
X, = — , Xo=— , X3=— , Xy=——1 _ ,
LOUN | VAR I V6| Y v |3
1 :
1 0 0 0
1
1
1 1
©, Xy = , (4.3.14)
VIV = 1)+ (V- 1)? 1
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respectively. Because the eigenvalues Ay = A3 = -+ = Ay = 0, we have a plethora of possible
eigenvectors. However, the choice that we made above is going to be useful, since they are
all orthogonal.

According to the eigendecomposition theorem, any square matrix can be written as:

Y = PyDij (P7') (4.3.15)

where D;; is a diagonal matrix and P is the matrix composed of all the eigenvectors. In our
case, this matrix has the form

I TS TR B O — e
VN Vi % VB VB (N=D+(N-1)?
1 1 1 L 1 -
N TV VB Vm V(NP
1 2 _1 : -
1 0 2 1 —_ “ e Y
= 0 0 0 0 (N=1)+(N—1)°
v 0 0 T N1
= (N—1)+(N—1)2

Its inverse can be found by transposing (i.e. interchanging all the indices), because this
matrix is orthogonal and this means that P! = PT.
This matrix allows us, to go into the mass basis of the scalar fields:

(aékl —I— kal) hkhl = ahkhk —I— kalhkhla
= ahkhk + bP]mDU (PT)jl hkhl,
= ahkhk + bDl] hksz (PT)jl hl,

=hio g

= aﬁzﬁl + bDileliiLj,
The fields h; are all in the mass basis. We see that in the final step, the fact that matrix

D;; is diagonal was used. We can now plug the values of a and b back in and find the scalar
masses.

L, = % [ hihi + mejlzilz]
1 A A
=2 [ah hay + bNInhy + ahily (1 51i)]
1 /2 02
=5\ —2(A+\)v? —1—2()\ Nwv )h1h1—|—

1 [/ 2X\0? 1 A
5( -2 )\‘i‘)\ UQN) JLZ 1—511
-1

+ ——~ +

1 /2 0?2 ..
—— 2 2 IV
At A+ N)v ¥ )h1h1
1 /2 0?2 1
- _2 ! 2_ 1_
2( N (A+X) N> ihi 01i)

Therefore,
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1
N<0: M; =2(A+X)v? —2)\’N,
1
Mg, = —2)\’U2N. (4.3.18)

We have one scalar mass being different from N — 1 identical masses. This reflects the
irreducible representation .

Now, we only need to calculate the tree-level masses of the Majorana fermions. This is
not a hard nor involved calculation. We need to consider the Yukawa term in the Lagrangian
and shift the scalar field in order to break the symmetry again and through that generate
the Majorana masses. The Yukawa term is

%( T C g+ he). (4.3.19)
Now we are going to make the shift ¢, — v;+h,;. If there turns out to be no mixing between
the fermion generations (i.e. off-diagonal elements), then we can be sure that we are already
in the mass basis of the fields. So, let us shift:

) T ~—1 Y/ 1 ~-1

5 (xzi)” C  xpivi+he ) + 3 ( 1.:C  xpihi + h.c.) ) (4.3.20)
We see that there is indeed no mixing between the fermion generations. This means that
the mass of the fermion fields can be written as:

Mo, = YVi- (4.3.21)

Then, considering the values of v;, we find the tree-level masses of the Majorana fields to
be

N>0: moy,, =y, v =, (4.3.22)
Moxp iz = 0, Vi1 = 0, (4.3.23)

and
N<O0: Moy, == b= (4.3.24)

VN ' VN

Again, the sign of all the VEVs and, therefore, the sign of the fermion masses are all positive.
The reason was that the Gy symmetry group made the Lagrangian invariant under a change
in sign.



Chapter 5

Renormalising the Lagrangian

We want to renormalise the Lagrangian and we start of with writing down the bare La-
grangian:

_ 1 yP T
Lp=ixp. I+ 53#90293%? +5 ((xf,z-) CIxL el + h-C-) (5.0.1)
1 2 1 1 B
+3 (1) PP — ZAB%B%%JB@OJB -7 () el ol ol (1-6y), (5.0.2)

where the superscript B indicates bare fields and bare parameters. Because we want to
introduce the counter-terms, we need to consider that the dimensions of the action should
remain dimensionless. Therefore, we must consider the dimensions of the fields first, which
we can do by looking at the fact that §, = Lg — L, where . is the counter-term Lagrangian,
Lp the bare Lagrangian and £ the renormalised Lagrangian.

5.1 Mass-dimensions of the coupling constants

When changing the dimension from 4 to d dimensions, the dimension of the action must
remain dimensionless and consistent over all terms. When looking at the kinetic term of
the scalar field, we find that if the mass-dimension of the differentials is —1, then the mass-
dimension of the bare scalar fields must be %. This was derived under the assumption
that all terms in the Lagrangian are of mass-dimension d. With this, we can determine, for
example the dimension of A®. We know that the quartic interaction should have in total
dimension d, and four times the dimension % gives us a dimension of 2d — 4, which means

that

[AP] +4[p] = d,
[\l +2d—4=d,
N =4-d

In dimensional regularisation we set d = 4 — ¢ and we find that the renormalised coupling
constant must be replaced with A — AM?® in order for A to be a dimensionless coupling.
M is still the arbitrary mass parameter that we saw in chapter 2]

We do the same calculation to find p — g and y — yMz2. This only leaves us to
determine one more thing, the VEV. The VEV will have the same dimension as the scalar
field, and if we insert d = 4 — ¢, we find that [v] = 1 — £. Because the VEV should have a

2 1>
mass-dimension of one, we see that the VEV changes to v — v M ™z2.

41
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5.2 Renormalisation conditions

There are two different renormalisation conditions that we will use. They will be the same
as in [I], namely

1 MS renormalisation for 0y, Ox, Ox, 042, Oy and d,,.
2 Finite shifts Av, such that the scalar one-point functions are zero.

A third condition that could be introduced would be a finite field strength renormalisation
in order to calculate on-shell self-energies from the MS self energies that can be determined.
However, the aim of this thesis is not to determine the self energies themselves, we will
merely state the counter-terms and the finite field strength renormalisation is, therefore, not
necessary,

5.3 Determining the counter-terms

Starting with the kinetic terms and applying X L ot Z;g’a] X1, we find

T 1
XL z)aX ( zaXCL> Fyoa Z)?ibXb

Nt o1\
= ((Z)?) Z)?) XL,zza XL,bs
ab

1
- XL,aaXL,a (ZT ZX) XL aa XL,b)
H/—"

2

:6Xab

1NT 1
= 60m = (ZX) Z2 — b

We know from our tree-level calculation that there is either one mass (A > 0) or all masses
are the same (N < 0), therefore, we find that we are left with only have one field strength
renormalisation constant for both cases.

The scalar fields is are treated analogously to reveal

1\T 1
5%;‘ = <ngi,7'> ngij - 51']" (5'3'1)

Even though the symmetry group does not allow flavour mixing, the symmetry is going to
be broken just like in the previous chapter. We will find that in the case of the scalar fields,
there does exist some flavour mixing after SSB.
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For the other couplings, we want to determine the form of the counter-terms as well.
This is done by writing down the counter term Lagrangian, the bare Lagrangian and the
renormalized Lagrangian. In the bare Lagrangian we insert the field renormalisation factors
in order to have renormalised fields. Then we can compare these three expression and find

5L =Lp—L,
.1 1 .1
by M35 (XLC'xryp) = 3 ((Xf)TC‘lesoB) - M5 (xeC'xrp) ,
iNT 1 11 1
= (Z>?> Z3Z55 (xtC'xryp) — Mz (xtC'xry) |

iNT 1 1 .
= SME =y, <ZX> 2222 — yMs.

Now doing this for the remaining coupling constants, we find

6, = Z, — 1, (5.3.2a)
6, =Z,—1, (5.3.2b)
€ l €
oy M2 =ypZ, 22 — yM2, (5.3.2¢)
i\NT 1
52 = (Z¢> WL 72— 12, (5.3.2d)
AWM = ApZ2 — AM, (5.3.2¢)
Sy M =N Z2 — N M. (5.3.2f)

This now allows us to continue to renormalise the Lagrangian.

5.4 Renormalisation and SSB of the kinetic and Yukawa
part

We split the calculation into the part of the Lagrangian that holds the kinetic and the
Yukawa parts and the potential. The potential will be treated in the next section and will
be referred to in this calculation as Vi = V 44dy. We will break the symmetry by introducing
the shift ¢; — M™37; + h;, where T; = v; + Av;.

_ 1 B )
Lp =ix7 IXL: + 53#?3”%3 + L (X2.C'xLi0l +he) = Vg

2

b.3.24)), (6.3.21) b3.24

- 1 < _
= ZXL,iaXL,i + 5@@0“% + MQ% (XL,iC IXLJ‘(,OZ‘ + h.C.) +

1 .
+ 0 XL iOXLi + 0p50upi0"pi + 8, M? (X107 Xpipi + hc) +V + by

1 1
= Z.XL,'L'&XLJ' + iauhla#hl + 5XZ.YL,Z'@XL,Z‘ + (Swiaﬂhlauhl

Yyv;

T

(XL,iCHlXL,i + hC) + %M% (XLJ'CilXL’Z'hi + hC)
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(5in
2
From this calculation, we can now determine the general fermion masses. They will later be

determined in the cases where ) is either positive or negative. We find for the renormalised
fermion mass

_|_

(XLin_IXL,i + hC) + 5_23/'/\/1; (XL,iC_lXL,z‘hi + hC)

my, = Yyv;, with Omy, = Oy0i + yAv; = 6,v; + +yAv;. (5.4.1)

The reason the bar on top of the VEV disappears for the counter-term, is that o, is of one-
loop level. Because Av is of one-loop level as well, this entry is of two-loop level and needs
not be considered.

Inserting the values for n; for both signs of A, we find for ' > 0

My, = YU; Omy, = Oyv + yAv, (5.4.2)
my,., = 0; 5mxi¢1 =0,
and for \' < 0 we find
! ) ! d,v + yA (5.4.4)
My, = ——YU my, = —=0yV vy, 4.
X \/Ny \/N Yy Yauv
1 1
My, = \/—Nyv; 5mxi¢1 = ﬁéyv + yAuv;. (5.4.5)

5.5 Renormalisation and SSB of the potential
This part is not much different from the previous section, all we need to do is introduce the

counter-terms and shift the scalar fields as ¢, — uM™E 4+ h; = M3 + h;. What we
then find, is

12+ 0,2) [0 M + 20l MTE + by
(A + ) M® [@@@@Mdg + AT M T+ 20T h M
4T T M 4 AT h M hkhkhlhl}

(N + ) M* [@km@m/\/r% + WO MTE + 20, 0h M E

S

I
+ 4T by T M+ AT h gy M2 - hkhkhlhl} (1—0w),

{ (1° +6,2) + %1 (A +0\) vo + }1 (N +6y) oo, (1 — 5;61)} M0,y

+ [(1* + 6,2) + A+ 83) Tk + (X + 0w) Tk (1 — Sk1)] M~ 201y

+ = [(1° + 6,2) + (N4 0x) Ty, + (N + 63) U0k (1 — 612)] luly

1
+ 5 [2 ()\ —+ (5)\) VU + 2 ()\/ + 5/\/)61651 (1 — 5kl)] hih;
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+ [N+ 00T + (N 4 0x) T, (1 = 631)] M2 hyTuyhy
1
+7 [((A+80) + (N + ) (1 = 0r)] MEhghyhyly. (5.5.1)

The full calculation can be found in appendix [B.4l

5.6 Case distinction concerning )\

As we know, the positive and negative values of X’ need to be treated separately. Remember
that v; = vn; and that n;n; = 1.

When ) is positive, we find that the minimum lies at the point where one n; = 1 and all
others are n,,; = 0. Also in section we are going to find that all tadpole contributions,
finite or divergent, are going to be zero for T;.,. Therefore, Av;x o< (Thn), 2 =0, this will
also become apparent in W.lo.g. we will assume that n; = 1 and n;2; = 0 and we
subtract the constant term free of any fields V. Therefore, we find

vV — VE) -+ 5V = |:[,L251 + )\@%@1 + 6“27]1 + 5>\U%’01} hl./\/l_% (561&)
1
5 [+ 3T+ 3\0t] I (5.6.1b)
e 1
+ [(/\ + 5>\)51] h1h1h1M§ + Z [)\ + 5)\] Mehlhlhlhl (561C)
1
+5 (1% + X0T + (N + 6x) vf] hahy (1 — 011) (5.6.1d)
+ [N+ 80Ty + (N + 8x3) Ty] hahyhy (1 — 61)) M3 (5.6.1¢)
+ [(/\ + (5>\) + ()\/ + (5)\/)] hihihihy (1 — 51[) M* (561f)
1 / ¢
+ 1 [(A+0x) + (N +6x) (1 = 0)] hihihihy (1 = 61x) (1 — 64) M®. (5.6.1g)

From (5.6.1b)) and ([5.6.1d]), we can immediately see that the scalar masses are going to
be

M; = 12 + 3 Oprz = G2 + 3030 + 6AAwy, (5.6.2)
Mi,, = w4+ A+ X)0% G =de+ (@ +00) v +2(A+ X) Avr. (5.6.3)

Now we would like to look at the case where N < 0. We will use the sum relations
that we considered in appendix [B.3] The calculation can be found in appendix and it
provides us with

N -1

V—Vo+dy = {(/ﬁjtd,ﬁ) + A +6)T + (N +63)D? ]M—imhl (5.6.4a)
N-1

N

+ 6kl1 hk hl

(5.6.4b)

{(/ﬂ + 6,2) 60 + (N =+ 63) Dx0i0m + (X' + 6x) Ty

N | —

1 1 ) __1
+ 5 |:2 ()\ + 5)\) Ekﬁlﬁ + 2 ()\ + (5>\/) Uk’UlN (1 - 5kl):| hkhl (5640)

+ (A4 62T + (N 4 63) Ti (1 — 61)] M2 hyhyhy (5.6.4d)
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1
+ 4_1 [()\ + (5,\) + ()\/ + 5/\/) (1 — 5kl>] MEhhihihy. (5646)

We see that we end up with something very similar to before, however, in the mass matrix
we used to have only a diagonal and off-diagonal part . Now, however, we seem to
find a term that is both and, therefore, would fill an N x N matrix with the same
entries everywhere. The reason for this difference with the previous calculation, is that this
time we chose not to split this matrix in two. Before, we split this matrix in the diagonal and
off-diagonal part, now we chose not do this. The reasoning behind this chose is to provide
an alternative calculation.

Anyhow, we will have to diagonalise this matrix, the same way as before. We can still
use the same calculation as before, where

Mkl = aékl + kal (565)

The difference with the tree-level mass calculation lies in the difference in the values of a

and b. We see from ((5.6.4b)) and (5.6.4c) that

N —1 1
a = p? + \0,0, + NTp1, - 2)\'U2N, (5.6.6)
and ] ]
b= 2\T0°— 4+ 2\v?—. 5.6.7
v N + 2\ N ( )

Using the same methods as the ones that provided us with (4.3.17)), we find that there
is only one non-zero eigenvalue of €2;;. Therefore, the masses can be determined to be

Y N -1 1 N N
M}%l = a + Nb - /1/2 + AWZ + )\lﬂzT — 2)\,62N + 2)\52N + 2)\/N,
N —1
=W BN SN (5.6.8)
Y N —1 1
2 2 _2 _92 _9
My, = a =@ + A0 + X0 ——— = 2A0° (5.6.9)

where M2 = M? + AM?.. AM,, is the finite contribution to the mass-term coming from
the one-point functions, they are now put into the mass counter-term, together with the
UV-divergent counter-terms. The UV-divergent counter-terms are found analogously. We
again considering that Tj.; = 0 (see , and we end up with

1

M, =@ +3(A+X)?° - 3XU2N, (5.6.10)
=)
ME_ = u2+ (A+N)T? — 3XUN, (5.6.11)
1
Srgz, = By +3 (05 +0n) T2 — 30T - + 6)\%Av1, (5.6.12)

=2

Saiz = 6,2 + (6 + 0x) 7% — 35»% +2(0+ )

hiz1

v
——Avy. 5.6.13
N (5.6.13)




Chapter 6

Determining the counter-terms

We will have to look at the terms in the Lagrangian, to see which Feynman diagrams are
allowed. We are going to start with determining the Feynman rules that follow from the
Lagrangian. We do not have to worry about the sign of X\ because the Feynman rules are
the same in both cases. The only difference lies in the possible values of the VEVs and the
Yukawa couplings. In the case X' > 0, only one of the VEVs and only one Yukawa coupling
is non-zero, whereas in the case X' < 0 all VEVs have the same value. This means that
in the case of the fermion propagator for ' < 0 that only one fermion mass is non-zero as
opposed to the opposite case where all fermion masses are non-zero.

The first counter-terms that we determine, are the ones that do not depend on the value
of the VEV, which means that these are the same for both signs of \. These would be the
Yukawa coupling counter-term and both the quartic coupling counter-terms. Then we will
look at the tadpoles, followed by the treatment of the self-energies in the case X' > 0. The
latter will allow us to determine 4, and d,4. They are determined by defining them such that
they cross out divergences in the self-energies that are proportional to p?. Also d,2 can be
determined from the scalar self-energy, which will be used to get rid of any divergences left
(the ones independent of p?). Since d,2 does not depend on the VEVs, it too will be the same
for both signs of d,. Whenever a mass has the subscript 0, it means this is the tree-level
mass term.

6.1 Feynman rules

+ Moy,
Xi Xi: @M (6.1.1)
D™= My
i
hi ““;A “““““ hz p2——Mgh (6'1'2)
——— Dy —@% (6.1.3)
Xi

47
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D,
\
\\
oo he iy, (6.1.4)
//
/
I
I
\
\\
S e —i(A+ X))y Vi#k (6.1.5)
///
Ry,
hy hi
N /// \
/v\ . —7— 616
s i (6.1.6)
D, D,
I Iy
At N
P J; VI £k (6.1.7)
hu, hy

The Feynman rules can be derived from the Lagrangian, or we cheat and simply read them
of from the Lagrangian and say we derived them. It should be noted that we do not indicate
the Dirac indices any more, merely the field that is represented by the respective propagator
line. Also, the factor —i that surfaces in all the vertices, is a consequence of the perturbative
expansion. One could also have written the mass parameters as found in . However,
when doing dim. reg. the mass parameters will appear as well, because the integral must be
of dimension 4. Both ways lead to the same mass parameters.

When determining the factors of each diagram, they will be treated separately from the
vertex factors. The Feynman rules stated here are also applicable to both the case X' > 0,
as the one where \' < 0, as they only differ in the values of the v;.

6.2 Yukawa vertex

The Yukawa vertex provides us with the counter-term 6,. The 1loop correction is represented
by the following diagram.

In order to determine the counter-term in the MS-scheme, we only need to know what
the pre-factor is that comes from the vertices and the Wick-contractions. There are three
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Yukawa vertices, so there must be a factor (3)3 from that. Then we get a factor coming from

2
3

perturbation theory. Since we have three vertices, the factor must be % The remaining

factors come from the contractions, which can be represented heuristically the following way:

Xi (Tiy) Xi (i) hi (0) / dz h; (z) xi (z) xi () / dy x; (y) X (ly) hi (ly) / dz h; (lz') Xi (2) Xi (2)
RO |

(6.2.1)
where the three fields on the far left are the in and out going fields and the fields following
an integration represent a Yukawa vertex. Counting the possible contractions, we find for
hi (x,) that there are 3 fields it can couple with. The x; (x;) field can not couple to the
same vertex, so it will have 4 fields it can couple to. This leaves the final field y; (z;) to be
able to couple with two fields. For the internal contractions, we start with the “top” one, in
. It has 2 fields it can couple to, one field in each of the other vertices. The second
internal fermion contraction can then only couple with 1 remaining field. For the remaining
internal scalar contraction, there is only 1 contraction left as well. This leaves us with a
total contraction factor of 2-2-2-3! = 23. 3!, where we have written the factor four as 2 - 2.

We can see now that as long as all the fields have the same index, the calculation of the
loop diagram is going to be the same as in the one flavour case (see[A.8). This means that
the infinite part of the loop diagram looks like

y3

o = ——F—Cs. 2.2
1672° (6:2:2)
This would leave us with a counter-term that has the form
3
Y (6.2.3)

AT ECRCS

6.3 Four point functions

There are two four point functions, one with mixed fields and one with the same fields all

round. I I I hy

(6.3.1) (6.3.2)

7 \ 7 \
hy, h, hy, hy
Starting with the one where all fields are the same, we find that the diagram is the same
as in the one flavour case, except for one diagram. This diagram is the one where the fields in
the loop are different from the outer fields. As with the one flavour case, there are multiple
ways draw this diagram.

hy hys, hy hi _ hy hy D,
AN -~ e \\\<”’ \\\ -_— /
N4 s 4 - ~
/}'\\ /\f\\ Pz, '\’\/\/ Pz, Pz, ’\, :/\?lzélﬁ ><\
hk hl;ﬁk hk hk - hk hk hk
Starting with the left diagram, we find that it has two vertices both with mixed fields,

. The

.. N 2 . . —4)?
giving us a factor (%) . From the perturbative expansion we get a factor of ( 21!)
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contractions of the first diagram look like

Bt (20r) B (20y) B (22) o >/dh<>h >h<|>h<>/dh<>h<|>h<>h<>
E Loy ) NE (Toy) Mg (X4, ) N (T4, TNRE\X) N \T) M (L) Ny (T Ty \y)ul\y)ng\y)nily).
ot () J AT

(6.3.3)
The external contractions give us a factor 4 for hy (z;,), because it can couple to both

vertices. The field hy (x;,) then only has 1 field left to couple with, since it must couple with
the same vertex. The second pair of external fields will then only get a factor of 2, since they
must couple to the remaining vertex. The internal contractions will give us a total factor of
2. Then we must consider that we must sum over all h;, of which there are N — 1.Putting
all factors together, the diagram has a factor of —2 (N — 1) (A 4+ \)?.

The second and third diagrams only have slightly different contractions, but all factors
will be the same. This means that we need to consider the result we got from the one flavour
case, we need to add a factor —6 (N — 1) (A + X')?, which would mean that the counter-term
&y would look like

oy =

|
— [9/\2 —oath (N—1) (A + X)Z] . (6.3.4)

The factor 6 is absorbed into the factor in front of the counter-term itself, analogously to
the one flavour case.

The second diagram, with the mixed fields, is different from the one flavour case. There
are are three diagrams that we need to consider. Technically there are four, but everything

will be illuminated. hy/ hy,
hl \\\ ///—\\\\ //, hk
P \ / S
hl - \\—// ~ hk
hy/ by,

In order to determine the factors of this diagram, we need to consider the fact that there
are two diagrams in one in this case. There is the diagram where the fields in the loop are
equal to the incoming fields and there is the diagram where the loop fields are equal to the
outgoing fields. Both cases have the same factor, so we merely get a factor 2. There are two
vertices, this gives us the factor ;11%)\ (A4 X). Because there are two different vertices, we
need to reconsider the factor coming from the perturbative expansion.

If we consider

R ¢ 2
er S oy o7 Sola ()] (1 _ i/f V(z,t)dt — € [/ ! V (z,1) dt] 4. ) 7 (6.3.5)
h Jy, 2h | Jy,
we realize (hopefully) that V' (z,t) = Vi (z,t)+Va (2, t), where V; and V3 are the two different
vertices. For the linear term, this means we can simply split the interaction in two, giving
us both the interactions. The squared term, however, can’t be split up as simply. Because it
is inside a square, we must square the sum of both interactions, giving us four terms. Two
terms with the same interaction vertices and two term with mixed interactions. The two
terms involving the mixed interactions are the same though and we, therefore, always have
to multiply by a factor of 2 when considering two different interactions. The factor coming
from perturbation theory then becomes 2 - %
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Which leaves us with the contractions, where we only have to consider one of the two
possible fields in the loop:

o1
hi (,) hie (20,) Py (Tm)hz (@3,) / dz by (z) by ﬂx) hi () hy () / dy b (y) he (y) b Ty) hi (‘y)-
(6.3.6)
hi (z;,) can contract with 2 fields and h; (z;,) only with 1. The field hy (z,,) can contract
with 4 fields, whereas hy (x,,) can contract with 3 fields. The internal contractions give us
another factor of 2.
This means that the infinite part of this diagram is

AA+N)

—2-6 e
1672 ¢

(6.3.7)

The next diagram we want to consider is the following:

Nt
hi o R . hg
~oy \ -
//\ r\ )
Phd \ / S
hl - \\—// ~ hk
Nt

for which we get, from the perturbative expansion, a factor —% - 2. The vertices provide us
with a factor of 33 (A + X )?. Then, we must consider that we have to sum over the internal
fields in the loop. Because they can be any field except for Ay or h;, we get a factor N — 2.
The contractions amount to

o) P () P (53 b () [ (o) >h<‘>h<>/dh<>h<‘>h<>h )
k Loy ) I \ Loy ) i \Liy ) 11 (Liy LIy \x) g () i () hy (T Yhi(Y) i \y) e \Y) e Y )
R Rt

(6.3.8)
where we see that the incoming fields still provide us with a factor of 2, however the outgoing
fields now only provide us with a factor of 2, instead of 2-3. The internal contractions provide
us with a factor 2. The infinite part of the diagram is, therefore,

A+ X)?
—2(N —2) ———Co. 6.3.9
There is one more diagram to consider.
h; hi
N s,
N\ s,
N\ ,
N s
>
hi\ Vg
\ /
\;<:
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From the perturbative expansion, we receive a factor of —%. The vertices involved provide

us with a factor 33 (A + X )?. This leaves the factor coming from Wick contractions:

| | | |
i (Toy) hi (Toy) Pu (iy) Pu (iy) | Az by () by () By () By, (2) [ dy b (y) b (y) P (y) P () -

(6.3.10)
The field h; (x;,) can couple to both vertices and, therefore, provides a factor of 4. However,
the field h; (x;,) can now only couple to the remaining vertex, giving us a factor of 2. The
same outgoing fields couple analogously and provide us with another factor of 4 and 2. The
internal contractions only give us a factor of one each.
All factors combined, we find that the infinite part of this diagram reads

A+ \)?

—2-4 -
1672 ¢

(6.3.11)

The above diagrams contribute the “mixed” four-vertex counter-term. This counter-term
has a factor as well, just as in the non-mixed counter-term. A factor % will come from the
Lagrangian, which leaves us with the combinatorics. These will provide us with a factor of
4, meaning that we have to extract a factor of 2 from the infinite parts of the respective

diagrams. That would mean that the counter-term would take the form

Byl G = 6A (A + N) + (N +2) (A + X)Q] . (6.3.12)

G2 o

Therefore we can also determine the final four-point counter-term:

1
~ 1672 520

Sy [2y4 AN A+ N+ 6A (N + /\’)} . (6.3.13)

6.4 Fermion self-energy

Even though there is a difference in the masses when considering the cases where A > 0
and X' < 0, the only difference rests in the fact that for one case only one mass is non-zero
and in the other all masses are the same. Because of our symmetry, there won’t be any
flavour mixing in the fermion self-energy and we can determine the fermion self-energy using
fermion fields with an arbitrary flavour index:

- —

Xi Xi Xi
(6.4.1)

and we find that the fermion self-energy has the same form as in the case of one flavour
generation. The calculation is, therefore, analogous to the calculation in chapter [A.2] The
only difference will be that the mass has a flavour index:
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2 1 AQ
Yy Xi
D =2 d ) | —coo +1 , 4.2
( 1 (p))u 167‘(2/0 4 (xp—’_mO:Xz) [ Coo + nM2:| (6 )
where
Afa_ = —zp’ (1 —z) + s M, + (1 —z) m?),xr (6.4.3)

Now considering the inverse fermion propagator matrix [I], we find that

STHp®) =p—1m0o—X(p), (6.4.4)

where X (p) is the renormalised one-loop correction. It consists of the one-loop calculation,
which itself consists of a part proportional to p (Eﬁ) and a part that is not (Eﬁ), and
counter-terms [1]:

S (p) = pE1 (p) + B8 (p) — po, + 06, + Avg. (6.4.5)

The Yukawa counter-term has already been determined and in the last term we see a Ao,
which is the finite contribution coming from one-point functions. The actual value of this
parameter will be discussed at the end of this chapter. The terms are all considered to be
in the mass basis, hence the hats adorning the parameters. In the case of X > 0, the entire
Lagrangian is already in the mass basis. For the case where N < 0, we see that the fermion
fields are also in their respective mass basis, since their mass matrix is diagonal .

Because we use the MS-scheme to determine the counter-terms, we only need to consider
the infinite parts for both signs of X’ that are proportional to p- This means that we find for
both cases

y2

6.5 Scalar self-energy for \' > 0

We had found that for the case X' > 0, the system was already in the mass basis
& . The other case will be treated in the next chapter, as it warrants some extra
calculating.

We will not calculate each diagram individually. We will show which diagrams contribute
and state the results, since the calculations are analogous to all other loop calculations that
we considered so far.

In the case of A’ > 0, there exists no flavour mixing at the one-loop level. The symmetry
group Gy was broken down to G_1, which was the cause for the two different masses that
we found after SSB . We need to treat these two cases separately, We will start with
the case M, and follow it with the case My .

6.5.1 Self-energy for Mf%l

The following diagrams contribute to the self-energy of the field hy:
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hy hiz1

77N 7N
(®) (,2 e ] e LN ) mmmmm ] b
(M2 67), =7\ H (Ve e

hy hiz1

hy hiz1

77N N

I\ /l I\ /l
H(C)(Q) :______\A _____ +<N_1)______\A _____
i \P 11 hl hl hl hl .

The tadpole diagrams are not included, since they are cancelled by their counter-terms and
all that remains then is the finite contribution Awv.
These diagrams have the following form:

2

Az P
3cw+1—31n%()] ,

(6.5.1)

(H(a) (pz)) = 2y /1 dz (—pzx(l — )+ m? )
1 n 1672 J, Ox1

® 2y 18 %7 [ A%, ()
(Hll (v )>11_ 1672 J, dz | ¢ —In M?

20+ N)° \)? 2
— (N =1 5.2
C 3)\ 7
)\ + >\/ ’hi
—(N-1) S5 o ME, {coo +1—-1In /\312 } (6.5.3)

In order to determine the field counter-term, we need to consider the inverse propagator
again [1]:

AT (p?) = p* = My — T (p?) (6.5.4)
where I1y; is the renormalised one-loop correction to the scalar mass matrix. It has the form
[1:

I (p?) = Ty (p?) — 0,p? + 0,2 + 30,0% + 6AOAD, (6.5.5)

where the last term is due to the finite contributions that come from the one-point func-
tions. The field counter-term is defined as the term that removes the infinities in the scalar
self-energy that are proportional to p?. The remaining counter-terms must then suffice to
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renormalise the mass correction. Seeing as J) has already been determined, d,2 will have to
be able to remove any remaining divergences.

As stated above, the field counter-term should hold all divergent terms proportional to
p?, hence, it will look like

2

Y

We can easily find the form of 6,2 by considering the infinite parts of the self-energies:

Sp + 1Y, + 11

00,10

0—52—|—37125)\—|—H001l
= 0,2 + 302 |9\ — 2% + (N — 1) (A + \)?

y2 N 2 2 5 N y2 18)\262
BT TN v A i T
20+ N)? 3\ A+ N
B T R T e T
_ _ 3\ A+ N
=82+ 9N+ (N —1) (A +\)v* — T Mg, Coo — (N = 1) T Mo p,Coo,
Mg, =W +3X0° & M, =+ A+ X)0°
= 0,2 + T2+ (A 4+ X)) (N — 1) — 3022 — 9\
— A+ M) (N =1)— A+ \)* 22,
which results in
G0 = 3N 2+ (N — 1) (A + V) 2. (6.5.7)
2
6.5.2 Self-energy for JWh#1
The diagrams contributing to the self-energy of the field h;.;:
Xi
H(a) 2 > _____Q___J
( 1 (p ) i hz hz
Xi
hy
) (2 CY
) Ry S
(M9 61), =5
h;
h; hy hit1i
} ' ') '
1 (2 > I Lo _ U Lo _ (N —9)------ Lo
( u (p ) 1 hz hl hl hz ( ) i hz
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These diagrams have the form

2 2 1 1
(Hg?) (p2)> = _16y 2/ dzr p’z (1 — ) [3000 +1-3In %} ., (6.5.8)
[ Y 0
AN+ N) , [t Ay,
n® (p?)) =220 2/ dz |co —1 : 6.5.9
< 1 (p ))m 1672 v . z ¢ n e | ( )
; 3\ M,
(09 (7)), = ~goms M, e +1 - 22
A+ N My,
— (N -2 1; MG, [coo—l— 1—1In e } (6.5.10)
A+ N M
- 1; M3, {cmﬂ —In /&’;] . (6.5.11)

Since all counter terms have already been determined, we can check if all divergences cancel.

We find that indeed

Suz + T2 Oy + 0y) + 11, — op* + 1Y, + 1Y = 0. (6.5.12)

00,11

This comes from the fact that, just like in the previous section (6.5.4) & (6.5.5)), the inverse
propagator provides us with

() = Tt () = S + Gy + (G + 0 ) 2 +2 (A4 ) 040, (6.5.13)

Again, since the Mass matrix that we found was already diagonal, the counter-terms and
parameters were already in the mass basis. Because of this, we forwent the introduction of
“hats” on all our parameters.

6.6 One-point functions for the case \' > 0

In both the fermion and the scalar mass corrections, we found the term Awv. This finite
contribution stems from the one-point function contribution at the one-loop level. It is

induced by the tadpole diagrams. From the linear part of the Lagrangian ({5.6.1al), we find
that if we denote the tadpole contribution with 77, that

T1 + Atl + 5H2U1 + (S/\UQ’Ul = O,
(Too)y + (Thin), + At + 6,201 + vy = 0,
Atl - — (Tﬁn)l y

where T, is the divergent part of the tadpole diagrams, 7§, are the finite contributions
and 4; is the finite shift that we need in order to cancel the finite parts of the one-point
functions. If we consider (5.6.1al) again, we see that (when we ignore the counter terms)

P20+ A0 00, = pPuy + A+ Ay + 3AviAvy, (6.6.3)

(6.6.4)
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= u?Avy + 3 Ay, (6.6.5)

TV
Aty

and we find that we can express the finite shift from the tadpoles as
Aty = Mg, Avy. (6.6.6)

Using (6.6.2), this results in the value of the finite shift that we encountered in both the

fermion and the scalar mass corrections:
1

Avy = — (Tiw), (Mg y,) (6.6.7)
In fact, [I] finds the relation
Av; = — (Tan); (M2,) ™" Vi, (6.6.8)
and we can now indeed verify that all A, = 0.
The only diagrams that make up 7" are
O im i
' & . (6.6.9)

[} [}
VT | by
| | |
[} [} [}

We find that only three different tadpole diagrams are possible. The first two are the same
as in the case of one-flavour generation. Therefore, they now have the form

2 2 ma 2
700 — 16?;27”&’“@1 <coo +1-In /&’;) (6.6.10)
3\ M?
) — _167T21}11\4§JL1 <coo +1—In Aﬂl’;) ; (6.6.11)
_ A+ N M2,
7.‘- v

We can easily see the divergent and the finite parts. If we insert all the terms into ([6.6.1)),
we find that this equation is indeed fulfilled.

6.7 Mass corrections

This leaves us with calculating the mass correction itself. Because we have renormalised in
the MS-scheme, finite field strength renormalisation is warranted in order to end up with pole

masses. This process involves introducing the finite field strength renationalisation matrices
1

o (1 o (2
Z>£2) and ZéQ) [1]. This process is described in the appendix of [I] and the resulting mass
corrections at one-loop order they found to be

My, = Moy, + Moy, (E(LA)>M (m§,,) + Re (E(LB)>M (mg.,) (6.7.1)
M2, = Moy, + o (M) , (6.7.2)

where there is no summation over the same indices. Z(LA) and ES-JB) are the Majorana fermion
loop corrections to the self energy proportional to p? and the part not proportional to p?
respectively. II are the one-loop corrections to the scalar self-energy.
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Chapter 7

Comparison to the general model

In order to check, whether or not the general model can be used to calculate the results
that we found for our Lagrangian, we will apply our symmetry that we used to find our
Lagrangian to the general model. This should provide us with the exact same counter-terms
and loop diagrams. If it does, we can rest assured that the loop corrections are going to be
the same as well.

7.1 Relation between the general Lagrangian and the
G y-symmetric model

We have already discussed the general model and its counter-terms in chapter [3} What we
need to consider now, is how the general model relates to the model we discussed in the
previous chapters. We do this by comparing the Lagrangians, more specifically, the mass
term involving the mixed scalar fields in the potential. We would like to apply the symmetry
Gy = (Z4)N X Sy to the general model. This would mean that we can only have scalar
fields coming in combinations of two. Then, interchanging the fields should not make any
difference. Considering two fields ¢, and ¢, we find that in the general model there are six
ways in which we can order these fields:

PaPaPoPb, CoPaPvPa,
LaPbPaPb, CoPrPaPa,
CoPaPaPb, LaPrPvPa-

Whereas, in the model involving the symmetry G, we find there are only two ways to order
the fields:

S T
This would mean that the general model will have six different expressions, which would
give the same value as two expressions in the model involving the symmetry:

6 gaph = 2 ()\ + )\/) . (7.1.1)

When doing this comparison between the two models, we find the conversion to find the
G y-symmetric model from the general model:

Aaavh = 5 (A + ) (7.1.2)

W —
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)‘aaaa = A (7.1.3)
fiay = 120 (7.1.4)
(Ya)z‘j = (Ya*)ij - yéai(saj (715)

7.2 Applying the symmetry to the general model

Starting with the counter-terms, we find that applying the symmetry to the general model
delivers to us

1

0y = J55CY (7.2.1a)

SN0 — _%%y{ (7.2.1b)

N = e [9X“ Y -1+ X)Q] , (7.2.1¢)

(A + X)X =0, (7.2.1d)
(GA+ 6@ — #cm [6A A+ N) + (1 +2)(A+ A)?] (7.2.1¢)
ou? = %;coo [BA+ (n— 1A+ X)), (7.2.1f)

which are indeed the counter-terms we found diagrammatically. These counter-terms were
the same for both the case A < 0 and X' > 0.



Chapter 8

Treatment of the case ) < 0

In the previous chapter, we discussed the case where A’ > 0. We did this by looking at the
interaction terms of the Lagrangian after being subjected to the symmetry group G . These
interaction terms allowed us to calculate the one loop corrections to the self energies of the
scalar and the fermion fields.

To do the same for the case A’ < 0 is rather involved on account of the quartic couplings
when attempting to rotate into the mass basis. However, we have already shown for the
case A > 0, that we find the same self-energies, when applying the G y-symmetric couplings
and tree-level masses to the self-energies of the general Yukawa model of [I]. Since both
approaches should and do provide us with the same loop-corrections, we can now merely use
the second approach in order to calculate the self-energies for the case ' < 0.

Whenever a parameter has a hat, it is in the mass basis.

8.1 Vacuum expectation value in the mass basis

We treated the diagonalisation of the mass matrices at the tree-level in chapter [dl In that
chapter we looked at a specific form of this matrix, namely

1

v/ (N=1)+(N—-1)2

1
v/ (N=1)4+(N—-1)?
P= . ‘ o VDD (8.1.1)
v/ (N=1)4+(N—-1)?
1

0 o --- _N——2
(N=1)+(N-1)

-
S5k

s sk 55
= sk

a3
o5 5

She

@)
(@)

o 5

However, there are many ways in order to diagonalise the mass matrix. The reason being
that the scalar masses exhibit an (N — 1)-fold degeneracy in all the masses. There will be
one eigenstate which will consist of a vector where each entry has the value LN and all other
vectors are orthogonal to all other eigenstates, their scalar product is also equal to one and
the sum over all entries will be zero. So instead of considering the matrix P, we can consider
the matrix [1]

W() = (U)h L ,U}N), (812)
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62 CHAPTER 8. TREATMENT OF THE CASE X <0

where w; are the eigenstate vectors of each mass eigenstate at one-loop level. Writing this
matrix using the index notation results in

(Wo)ap, = (wn), (8.1.3)

where we see that the indices ab refer to the ath entry of eigenstate vector b.
In [I] we can find the relation of the VEV in the mass basis and the flavour basis:

B = (W), b (8.1.4)

Using (§8.1.3) we find
B0 = 01, (8.1.5)

which means that only the first entry of v, is non-zero.

8.2 Yukawa coupling in the mass basis

We found that the fermion mass matrix was already diagonal, , therefore it is already
in the mass basis. This means that the diagonalisation matrices are equal to the unit matrix
or, because of the freedom in Gy, have the value ¢« when one of the VEVs has a negative
value in the flavour basis. If we take the Yukawa coupling from [I], we find

Yo = (Ug YyUs) (W), - (8:2.1)

We see that, if we consider that the fermion mass matrix already is in the mass basis, we
only need to consider the influence of Wy on the Yukawa coupling.

In order to determine the form of the Yukawa coupling, we must consider the entire 3
dimensional tensor:

(Yl)u (Yl)uv (Y2>11 (Y2)1N
(Ya)ij: : : ; : i : sl (8.2.2)

(Yl)m (Yl)NN (YVQ'>N1 (YéjNN

where each 2 dimensional N x N matrix is a slice of the 3 dimensional matrix. The two
dimensional tensors can be seen as the mixing between the fermion fields with one particular
scalar field, e.g. (Y1), is the Yukawa coupling between the fermion fields x; y and x,; with
the scalar field hy. Because of the symmetry group (Z4)N, we can only have fields with the
same index. Hence, the Yukawa coupling tensor will be

(Ya);; = ] (2:)22 ] (8.2.3)

We also have to consider symmetry group Sy, which makes sure that each Yukawa coupling
is equal to each other:

Y, - ! SRS NERE (8.2.4)
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When considering (8.2.1)), we find that we will get

~

Yo=Y, (WO)ba =Y (wa)b' (8-2-5)

This means that X
Ya — Yl (wa)l + Y2 (wa>2 + ... , (8.2.6)

which, when written as a matrix, would be

(wa>1 0 ° 0 O 0 0
. o 0 --- 0 0 (wg)y, -+ 0
<Ya),.= U N 52 P IR (8.2.7)
L) . . T : : : .. :
0 0 0 0 O 0
which equals
A (wa); 0
}/a =Yy 0 (wa)Q T = dlag ((wa)l ) (wa)g y o ) . (828)

From this we conclude that
Y, = —1, (8.2.9)

and that R
Tr [Y} —0  Va>2, (8.2.10)

this on account of the orthogonality of the eigenstate vectors wj. Because of the orthogo-
nality, the sum of the entries in the eigenstate vectors must be zero.

8.3 The fermion masses in the mass basis

We have already determined that the fermion mass matrix already is in the mass basis. This
would mean that

which shows us that indeed the fermion mass degeneracy is the same in both bases.

8.4 Tadpoles in the mass basis

When considering the tadpole functions, we distinguish between the tadpoles that have a
fermion loop and those that have a scalar loop, T and T respectively. Starting with the
fermion ones, we find in [I]

T o Tr |Yond + mdYr| (8.4.1)

because of the trace, for all a > 2 the tadpole contribution will vanish.
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For the scalar loop, the calculation is a bit more extensive. First, we find the general
form in [1] X
T = N gprr 06 X, (8.4.2)

where

M

The quartic interactions in the mass basis look as follows [1]:

X, = 5 1 lMOz’T 8.4.3
T_WCOO—{_—H . ()

~

)‘abcd - )\a’b’c’d’ (Wo)a’a (Wo)b’b (WO)C/C (Wo)d’d . (844)
Applying this and inserting (8.1.5)) provides us with

Ta(h) = /A\abrr@er

= /\alrrUXr
- Z Z )\a’b’c’d’ (WO)a/a (WO)b’l (Wo)c’r (Wo)d’r UX”

a’b'cd r

=V Z Aa/b/c’d/ (WO)a/a (WO)b/l Z (Wo)c’r (W(J)d’r XT'

a’b'cd’ r

In order to continue, we need to discuss the orthogonality of the matrices W,. Because they
are orthogonal, we know that

N
(W0) e (Wo) g1y = Ocrar- (8.4.5)

r=1

We also know that the scalar masses are all equal to each other except for one. Therefore,

we can conclude from ({8.4.3)) that
Xi# Xo = = Xu. (8.4.6)

This allows us to determine

> (W) (Wo) g X = (Wo)oy (Wo)n Xa+ 3 (Wo)ry (Wo)gy X

T r=2 X2
+ (W(])c’l (Wo)d’l Xo — (Wo)c’l (WO)d’l X
N
= (W) gy (Wo) gy (X1 = Xa) + > (Wa)y, (Wo) g, Xo
1 1 J=1 .
VN VN 5c/;/rX2
1
= (X1 — Xa) N + e Xz (8.4.7)

Hence, we end up with
1
Ta(h) = v /bzd/ Aa’b’c’d/ (W0>a/a (WO)b’l (Xl - XQ) N + 6C/d/X2

= Z )\a/blcldl (W(])a’a (W())b’l (Xl — XQ)

a'b'c'd’

1
= (8.4.8)



8.4. TADPOLES IN THE MASS BASIS 65

+ v Z )\a/blcld/ (Wo)a’a (Wo)b’l 5c’d’X2‘ (849)
a’b'cd
Starting with (8.4.9)), remembering that (Wy),, = \/LN Vb, we find
D " Aarvee (W) gy Xo = (8.4.10)
\/_ /b/ /
(8.4.11)
v
= \/—_ Z Aararerer (Wo) gy Xo (8.4.12)
ZAMM (W) g Xo + —= ZZAWC (Wo) g X (8.4.13)
\/_ a' d#a’
(8.4.14)
(8.4.15)
v 1 ,
- ; [)\ TN =D+ )} (W) g Xo (8.4.16)
v 1
=—= | A+ (V-1 )\+)\/:|X W) 8.4.17
v d R TOSRICERY B SITOM (8417
—_———
VNba1
1
= 5a12} |:)\ + g (N - 1) (/\ + )\/):| XQ. (8418)

Now we need to continue with (8.4.8). What we want to do, is to show that Y ... Aaperar
is independent of a’:

E Aa/b/cld/ = E )\a/a/cld/ —|— E E /\a’b’c’d’

b/cldl ld/ /d/ b/#a

— E )\aacc’+ E /b’a’b’)\a’b’b’a’)

b/;éa/

= )\a’a’a/a/ -+ E )\a’alc/c’ —+ 2 E )\a’a’b/b’

c'#a’ b'#a!

p— Aa/a/a/a/ —|'_ 3 Z Aa/alclcl
Cl#a/
A+ (N=1)(A+N).

Inserting this into (8.4.8)), we find (having inserted (W), = Vb’ again)

\/LN
VA (N = 1) A+ X)) (X) — Xo) \/LN ST (Wo)ya = A+ (N = 1) (A+ )] % (X1 — X2) 6a1,

(8.4.19)
and we see that

10 = 6 (0 (V= 1) (04 X)) 2 06— )+ [a+ V- )] e
(8.4.20)
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We find for all tadpoles that
T,=0 Va>2. (8.4.21)

Because we found in [I] that Awv, is proportional to the finite contributions of 7, (6.6.8)), we
know that in the mass basis only one finite shift exists.

8.5 Self-energies and mass corrections

The self-energies in the case A’ < 0 can be calculated from [I], when considering the ex-
pressions for it (3.5.1)) & (3.5.2). Applying symmetry group Gy to these diagrams will work
analogously to the calculation of the tadpoles in the previous section. However, the results
of these extensive calculations are obvious to begin with.

The fermion self-energy we have already determined . We determined that the
degeneracy in the fermion mass remains, which means that the self-energy will be the same
for each flavour generation. For the scalar self-energy, we find that ng) (p?) will be the same
in the mass and flavour basis, again because the degeneracy of the fermion masses is the
same in both bases. For H((z? (p?) it can be determined that the contributing diagrams are
all proportional to d,,. This makes sense, since all these diagrams have merely one vertex,
namely the quartic vertex. The symmetry group only allows for the quartic coupling to be
of the form ([7.1.2)) and . Seeing as the loop already takes up two connections, the in-
and outgoing fields must be of the same generation.

For the final self-energy diagram, we have to remember the symmetry group G is broken
down into the symmetry group Sy. As discussed before, the irreducible representation of
Sy looks like

N=1®N-1. (8.5.1)

This was reflected in the masses, seeing as all were the same except for one. It should be
noted that when G broke into Sy, this was valid for all loop orders. Therefore, we will
always see the same scalar mass degeneracy in the mass basis, irrelevant of the loop order.

The mass correction can be calculated the same as in the case X' > 0 which is outlined
in [1] and referred to in section [6.7}



Chapter 9

Introduction of a soft symmetry
breaking term

The general model from [I] allows us to consider any toy model we can think of using
any discrete symmetry. However, instead of having to go through the motions of SSB and
renormalisation, we can simply apply the symmetry to the MS-renormalised results. An
example of how the general model can be useful, would be to extend the G y-symmetric
Lagrangian with an explicit, yet soft, symmetry breaking term

P20y — 2y = 20y + Oap, Where 04 < > Va,b & Tr[ogw] = 0. (9.0.1)

Note that because we do not consider SSB, the coupling constant p? > 0 has a positive
sign. We can immediately see why this term would break the symmetry, because it allows
for terms with mixed fields that are not squared, e.g.

TabPaiPh- (9.0.2)

These terms would break the symmetry group Gy into a symmetry that would allow only
a global Z, symmetry for all the flavours at the same time. This way both fields ¢, and ¢y
will change their sign, which insures invariance of .

Because our symmetry breaking term is of mass dimension 2 it is considered to be “soft”.
Heuristically, at higher energies these “mass squared” terms become less significant compared
to “quartic mass” terms. At lower energies, however, this does influence the Lagrangian.
Therefore, at higher energies our theory will still be governed by the Gy symmetry, but at
lower energies it will be broken by terms of mass dimension 2:

GN 2 (Z4) iag (9.0.3)
where
(Z4>diag : XL,a — iXL,a & PYa — —Pa Ya. (904)

We find that where we before had a degeneracy in the scalar masses, we now see that
already at tree-level this degeneracy vanishes because of the term p,,. The fermion masses
as well will show no degeneracy any more, because all VEVs are going to be arbitrary.

The potential we find when breaking the symmetry explicitly is

1 1 1

1
Vel = 3 *Papa + 30abPatPe + ZA%%%% + ZX%%%% (1 —6ap) - (9.0.5)
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The extra term breaks the symmetry group Gy and causes new minima to take shape via
the shift
Do = Vg + Na. (9.0.6)

The potential we find after this will have the form (again subtracting the constant term free
of fields)

VIhl—Vo = L2V 4 TapUa +A0a0a U, + NVUqUavy (1 — dab) | P
—_———

Hayva
1
+ = | FOFN) 0200+ 2 (N4 N) vavy — 3NV 00 | Rahy
2 |~
.U‘gbéab
1
+ [)\Ub -+ )\/Ub (1 — 5ab)] hahahb -+ Z [)\ + )\I (1 — (5a5>] hahahbhb. (907)

Since the soft symmetry breaking term only acts on the terms of dimension two, the
quartic interactions will still be governed by the symmetry group Gy. The mass matrix that
we find in this Lagrangian is not diagonal, independent of the sign of \":

M2 = 12y + A+ X) 02005 + 2 (A + X) vy — 3N V260 (9.0.8)

Instead of having to go through the calculation and insert the terms o, everywhere where
it would be necessary, we can look at the general model. We see that the matrix p2, from the
general model already has the necessary degrees of freedom to incorporate the soft breaking
term o, into it. Obviously, then the same goes for the counter-terms, the tadpoles and the
mass terms as well. We can show this by deriving the masses from the general model in [I]
by applying the symmetry group G onto Agpeq (7.1.2)) & (7.1.3)) and instead of applying G
to the squared mass term, we introduce our soft-SB term. Doing this would deliver us with
exactly the found mass matrix.

Comparing the method of SSB and soft-SB, we find that SSB offers a lot less freedom.
The softly broken Lagrangian has far more freedom in the mass terms through the introduced
parameter o,,. It completely dissolves the mass degeneracy that we found under SSB, both
in the scalar and the fermion masses.

The reason that this degeneracy disappears lies in the fact that in the case of SSB,
symmetry group G was broken into Sy. This symmetry group caused the mass degeneracy
to all loop orders. However in the case of ESB, we have found that symmetry group Gy is
broken into (Z) This symmetry group does not create a degeneracy in the masses the
way Sy did.

diag*



Chapter 10

Conclusion

In this thesis it was attempted to offer a comparison between spontaneous and explicit soft
breaking in a theory subjected to a certain flavour symmetry. The model consisted of an
arbitrary but equal amount of fermion and scalar fields including a Yukawa coupling. The
model was based on a toy model discussed in [I].

The SSB was treated in depth by calculating the minima of the potential and the VEVs
accompanied by these minima. It became apparent that the model consists of two different
cases depending on the sign of one of the two quartic couplings. One case was treated
diagrammatically in the MS-scheme and afterwards tested by comparison to the general
model. After the comparison held up, the remaining case was derived from the general
model in [I] by applying the symmetry group Gy to the relevant quantities.

Then we came to the treatment of the soft-SB. Even though the calculation in the case
of soft-SB is different from the case of SSB, we found that the general model discussed in [I]
is very useful and can describe both cases.

In the case of the SSB we found that for both signs of \’ that one scalar mass was different
from all others (that were either zero or all the same). For the fermion masses we found that
in the case of A’ > 0 one mass was non-zero and all others were zero. In the case X' < 0 they
were all the same. For the case of soft-SB these degeneracies totally vanish on account of the
arbitrariness of the matrix o, in the scalar case and in the fermion case on account of the
fact that symmetry group Gy is no longer broken into Sy, but into (Z,) The freedom
offered by soft-SB could be interesting for future model building.

diag*
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Appendix A

GLN-paper Calculations

A.1 Feynman rules

| o pm),
1 b p2—m2j (A.1.1)
____________ . ! (A.1.2)
i o2 —m? o
B L (A.1.3)
2
] (A.1.4)
\
\
\
STt =i (A.1.5)
//
/
(A.1.6)
—i)
//v\\ : TZ (Al?)

A.2 Fermion self-energy diagram.

k
=T
/// B
P / \ P
——
k—p

First we need to calculate the symmetry factor. Because there are two vertices, we know
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that the perturbative expansion will be:

. ty 1 ty 2
enSE0] n grSole®] (1 1/ Vi(x,t)dt — — / V(z,t)dt| +---]. (A.2.1)
h J;, 2h | )y,

This will provide us with a factor —%.
Now we must consider the rest of the symmetry factor using wick contractions.

| | | |
X x () / dao () X () x (2) / AP ()X ()x 1) (A22)

When looking at the first contraction, we see there are four fermion fields this field can
couple to. This, because Majorana fields can couple to both barred fields and unbarred
fields. The second contraction then only has two possibilities, because it can’t couple to the
same vertex as the other Majorana field. Then, for both the scalar and the fermion field
that are left, there is only one possibility left. This leaves us with a total factor of 8.

From both the vertices we get a factor 4 from the Lagrangian, meaning we now have as

an overall symmetry factor:
1

-3 (%)2 8 = —y? (A.2.3)

We can now use this in our loop calculation.

. 2 2 d'k ab i Z[(f?_k)WLmL ij
—1i2q; (p ) = (_y )/(27T>46 L2 — M2 (p—k‘)2 2 25

2/ d*k 1 [(p_%)+m}jb
(

27)' K = M? (p—k)* — m?

, [ d'k (p—k+m)
= — [ dz
! /(2”)4/ [W—56'M2+(1—36)(19—%)2—(1—&3)m2]2

—ZZU —y / / 5 (p—%—i—m) 5
[(k—p(1—2)" +ap*(1—x) —xM? — (1 — z)m?]

—iXu (p?) =y /dx/ d4k k2 + ap? (1 —(xg:p)_—i;f;nz (1 —x)ym?]’
=y /dx/ d xp+7(7;2)]2



A.3. SCALAR VACUUM POLARIZATION

= y2/dx (zp +m) M4_d/ (jjr];d —1A2]2

[
oy /dlv( [——7E+ln47r—ln (/\A/;)}

AQ
= —iy /dx :17325+m 67r2[ cw+ln(w)}

50 () = i [ s ) [ ()]

A.3 Scalar vacuum polarization

k
-—

p p
—_— —_—
B —
kE+p
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(A.2.4)

Again, we must first determine the symmetry constant. From the perturbative expansion
we get a factor —% again. However we now get another factor —1 from the fact that we have

a closed fermion loop. This together with the factor (%)2 will give us a factor of %. Now we

need only do the contractions and we have the needed symmetry factor.

I I
o (zr) o (z:) / dzy (:L“)Y(lfv)x(ﬂf) / dye (y)Y(ly)xjy)

(A.3.1)

The first contraction gives a factor 2, where the second one can now only give 1. The
same is true for the third and the fourth contraction respectively. This means that the total
factor coming from the contractions is 4. Putting this together with the factors we have

already found, we get a total symmetry factor of %4

1y Ak i (F4m),; iji(%+p+m)jl
/ (27r)4(S k? —m? ’ (k+p)*> —m?
Rl LS (]l M
@) (2 — m?) ((h + p)° — m?)
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:—lgﬁ/ldm/ d4k Tr [MJrkijmz}
27 Jo (27r>4[1//{2—$m2+(1—¢)/€2+(1—w)pz—m2+xm2+2(1_g;)pk2
e faf i mee
2% Jo @m) (1 - 2) p? + k2 + 2(1 — x) pk — m?]”
- _1y2 /ldm/ d4k Tr [%% +kp+ mz}
27 Jo (2m)? [<1_1~)2p2+k2+2(1_x)pk+(1_x)xp2_m2}2
- /1 dw/ i Tr [#K + kp + m’]
25 Jo (27T>4 [(k +(1—2x) p)2 + (1 —z)zp? — m2}2
4—=d
A2 =—(1—x)zp+m®
Tr [VaV8] = gap Tr [1]
[(k+ (1 —2)p)”+ (1 —z)zp? — m?]
k—k—(1—-x)p
k4 (1—2)p?—2(1—2)pk
k-p—k-p—(1—2x) /)3
:_192/1(135./\44_‘12;/ ddkdk2+<1_5€)2p2—2(1—:U)p-k-lz-k‘p—(1—:c)p2+m2
27 o (2m) (k2 — A2

All terms linear in k vanish during integration.

1 Q/Idx/\/l4_d23/ d% k? — (1 — ) xp® + m?
2" Jy erf AL

1, /! peand [ A% 2 A2
- aY /0 dv M 22/(27r)d [kQ—Agn]” (k2 — A2 ]?

[ ()

{(_§+2'7E —2In4r —1+2In (.f/l_%;) <—§—|—27E—1n47r+1n </%/l_%;>)}

:z'126—y7:2/01d3: A2 <—2coo—1—|—21n (f/l—) — (oo +1n (f/l—?';))

:i126y7:2 /Oldx A2 (—3600 —1+3In (%))
)

2y2 1 ) 2
= —2167T2 A dz Am <3Coo +1—3In (W

o ~—r~

N

This means that the resulting one-loop computation is

(@) o2y ! A2 (p?)
e () = 15 /0 dz A2, (p?) (3000 +1-3In < e (A.3.2)
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A.4 Scalar selfenergy diakg}];lm with two vertices.

We will as usual start with determining the symmetry factor. From the perturbative

expansion we get a factor —%. Because we have two vertices, we will get a factor ()\U)Q

from the Feynman rules. This just leaves us to determine the factor coming from Wick
contraction.

| | A
o (25) o (x) / e 9 (1) o (1) 0 (1 / dyso(y)sO(ly)SO(T) (A1)

The first field can be contracted with six other fields, but because we can have only one
external field per vertex, the second field can only contract with three fields. The first
internal field being contracted, can be contacted with two fields leaving only one possibility
for the final field contraction. This will give us a total factor of 36.

Combining this with the factor we had already found, we end up with a total symmetry
factor of —18\?v2. Because we know the mass of the scalar to be M = 2\v?, we find the
factor —9AM?2.

d*k 1 1
—il® = —9AM?2 /
1 11 (271')4 /{Z2 _M2 (k+p)2 —M2
d'k ! 2 -2
:9)\M2/(27T)4/ dz [2k* —aM?+ (1 —2z) (k+p)° — (1 — z) M?]
0
2 [ d'k 2 2 2172
=9\M /0 dx/W [(k+ (1 —z)p)° + (1 —z)zp” — M?]

2 ! d*k 2 2 212
=9\M dz - [+ (1 =) ap® — M?)
0 (2’/T)
1 4
= 9)\]\/[2/ dyc/ d k4 L 5
0 (2m)" [k — AY]
1 d
:9/\M2/ dz M4‘d/ d kd ! 5
0 (2m)" [k% — A%
9AM? [ A2,
—1 = /(; dx (_Coo -+ In (W))

b ooy 9AM? /1 B Ay
I, (p°) = 1672 |, dz | c —In e (A4.2)
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A.5 Scalar self-energy diagram with one vertex.

The momentum in the loop itself can flow in both directions, making no difference in the
calculation. This is so, because the propagator of the scalar particle is only dependent on
the momentum squared. We will again begin with determining the symmetry constant.

From the perturbative expansion we get a factor —i¢, which is exactly the factor —i that
we see in the Feynman rules. The additional factor i in the Feynman rule for the four-way
interaction comes from the Lagrangian. This now only leaves the wick contraction.

| |
ool [dr @ e oo (A5.1)

The first contraction gives us a factor of four and the second a factor of three. This leaves
only one possibility for the final two fields, they have to be connected. The total factor from

the Wick contraction therefore is 4-3. Multiplying this with the vertex factor, we get a total
symmetry factor of —i\3.

4 .
(¢ B i d k? (3
1) = (—i3)) / IR

d 1
:A3M4—d/(

27T)d k2 — M2
IAN3M2 M?
TR G Ve
. 3\ M
Hgl) (pQ) == M2 (Coo +1—1In (W)) (A.5.2)

A.6 Tadpole diagram with with fermion loop.

O

Starting of with the symmetry factor, we see that there is only one vertex. This means
that there is only one factor (—i) from the Feynman rule for the vertex, giving us the factor
(—i%). A factor of (—1) comes from the fact that we have a closed fermion loop.
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(z) (=) X () x () (A.6.1)

gox/da:gox%xx:v A6.1
|

Both contractions will give us a factor of (1), leaving us with a total symmetry factor of

(#3).

il :z@d./ d'k @ (k4 m);,
X 92 ) (27T>4 k2 _m2

y [ d'% Te[f +m]

N 2/(27r)4 k? —m?

_ 5 / d*k 1
—_— ym (27T)4 k;2 — m2

2y m?
:_167(2m |:COO+1—111 (W):|

2 2
= 16% m? {COO +1—In (%)} (A.6.2)

A.7 Tadpole diagram with with scalar loop.

The symmetry factor for this diagram consists of the vertex factor (—iAv) and the con-

tractions.
o () / dz o (z) ¢ () 0 () (AT1)

We, therefore, end up with a total symmetry factor of (—3i\v).

. . dk i
_ZTh = —3Z)\U/ (271_)4 2 — M2
d*k 1
=3\
’ U/ (2m)* k2 — M?

3idv M?
= 167‘(‘2M |:COo —+ 1-— hl (W):|

o M2
- _ — — A7.2
T, 167T2M [coo +1—1In (./\/12)] (A.7.2)
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A.8 Yukawa vertex

In order to calculate the symmetry factor, we must first consider the factor coming from
the vertices. There are three, so we get a factor of (%)3 Then from the perturbative

N3
%. These two factors put together will give us a total factor

of % The Wick contractions will look as follows.

expansion we get the factor

I R | |

) x ) o (2) [ do PO Jawvewxmx [ e SRS
(A.8.1)

Starting with the “top” contractions, we get a factor of 3 from the ¢ (x,) contraction, a
factor 4 from the x (x;,) contraction and a factor 2 from the y (x;,) contraction. Then for
the “bottom” contractions, the ¢ contraction gives a factor 1, the first y contraction a factor
2 and the last y contraction a factor 1. In total this factor is now 3 - 2%.

Putting both together gives us the factor

3
W 46 .3
—2432 3 =1y’ (A.8.2)

The amputated greens function can now be calculated.

‘ L[ Ak i(p1+k+m>i(p2+%+m) ;
— ik =iy /(27r)4 (1 + k)> —m? (po + k)° — m2 k2 — M? (A.8.3)

Because there are three inner lines, the Feynman parametrization will turn out a denominator
that is proportional to £%. In the numerator, only terms with k2 or k° can survive. Therefore,
there will be a finite part, for a numerator proportional to k°, and an infinite part, where
the numerator is proportional to k2.

Because we use the MS description, we need only look at the infinite part of the amputated

Green’s function: .

T (k) = 2 ¢ + finite (A.8.4)

T 16me

A.9 The four point fermion-box scalar diagram

The momentum arrows were only added for completion, we shall not need it for the
calculation of the vertex counter-term. As per usual, we start with the symmetry factor
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AN 1 2
\\ //
AN k4 p1 .
4
AN
k{ [k‘ﬂ?l—m
, - D3

/// k+pi—ps—ps N
% B
e 2 N

coming from perturbation theory. There being four vertices, the factor should be (_4—1,)4 The

vertices themselves give us a factor of (%)4.
The Wick contraction shall be done in two parts, to keep it clear-ish what is going on.

(01 ¢ (1) 0 ) 9 5) [ o (w0)x 0) X ()
JEENONE
/dy v (y) x (¥) X ()
JESECNORE
The external scalar lines can only be connected to the scalars in the vertices. This will
provide us with a combinatorial factor of 4!. The second part is going to be the internal

fermion lines, they will be drawn separately without the external scalars, to keep it all on
one line.

| | | | | |
‘ﬁmwwﬂwﬂ@/wwmxwiw/wwwx@ﬂw/ww@ﬂi?@)
9.1

Starting with the contractions on top, the first one has 6 possible connections, the second
only 4 and the third has 2 left. This leaves only one more possibility for the contraction on
the bottom. This leaves us with a total combinatorial factor of 4! -3 - 2%.

Combining all factors leaves us with a symmetry factor of 3. Because we are only inter-
ested in the divergent term, we only need to look at the highest order of k in the numerator.
This would be k* and all the other terms will be finite. Because there are four internal lines,
we get another factor of (—i)4 = 1. From the trace caused by the fermion loop, we get an-
other factor of (4) and from the fermion loop itself, we get another minus sign. Putting this
all together, we arrive at the following calculation (this is after Feynman parametrization).

—i= = —12¢* / A%k K + finite (A.9.2)
— f—box ) (271’)4 [k’z I A2]4 J.
4
= (—1)6 - 22— o + finite (A.9.3)

1672
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A.10 The three four point scalar diagrams

rBecause there are three diagrams, we need to treat this problem per diagram. because we
are only interested in the divergent term, however, the actual loop calculation shall be the
same for all three, just with a different value for the external momentum. This momentum,
however, does not crop up in the divergent term. We only need to check the symmetry factor
per diagram and from that we can calculate the counter-term.

All three diagrams get the same factor from perturbation theory, namely a factor of —%.

The vertex factor from the Lagrangian, would be in this case (3)2. The combinatorics shall

1
now be checked per diagram.

<|><><|><>/d <|><><|><|>/d o) o )5 (1)
801'11905|312803701905L’|02 xSD%SplxﬁpxSox y‘;@y@yf@y@y

(A.10.1)

The first incoming scalar is connected to any of the vertex scalars, this gives us 8 possi-

bilities. The second incoming scalar then has to contract with one of the remaining scalars

in the same vertex. There are only 3 scalar fields left. The first outgoing scalar field now

has 4 possibilities in the last vertex, the second again only 3. The first internal connection

still has 2 fields, with which it can contract. the last field then only has one more possible
contraction left. This means the total combinatorial factor is 8 -3 -4-3- 2.

Even though we could now do the same thing for the other remaining diagrams, we can
also pretend to be clever and consider the following. If the first incoming field couples to the
first vertex, then one of the outgoing fields must couple to the same vertex. This gives the
same combinatorics as in the first diagram, when considering both the incoming fields. The
second incoming field must now couple to the other vertex, just like in the previous diagram,
the first outgoing field had to do. The remaining field has the same function as previously
and so do the internal contractions, this means we get the same combinatorial factor for all
three diagrams. Therefore, we can just add another factor of three.

We can now calculate the total symmetry factor.

3-8-3-4-3-2
_ —_3.1 A.10.2
7 1.4 3-18 (A.10.2)
The loop integral, therefore, becomes
d*k ? ?
—1Z24p-sc = —3 - 18 , A.10.3
4p / (2%)4 k2 — M2 (]{? +p)2 — M2 ( )

2

A
=(i)6 - QFCOO + finite. (A.10.4)
m
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A.11 Derivations of the counter-terms

_

511 T 1672

0y = 16%000 (92 — 2¢%)

Y L B y202
5'” T 2)\  Al6w? (Coo +1 In <M2
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oy 16m2
85,
e
O
85,
e
ov
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—Y =
oM
oy 16m2 ™
05 18
ax  16m2
0, _
o
00,
—2
oM
)) - 2% (en+1-1n (32))
20,  Aytv 0
gy~ aeme 9 (')
96, y'v 6v 0
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D0, yt 6\ 0
v = M6 et T O ()
99, 294 12\

oM~ A6m2’ 16m2"
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(A.11.1a)

(A.11.1b)
(A.11.1c)

(A.11.1d)

(A.11.2a)

(A.11.2b)
(A.11.2¢)

(A.11.2d)

(A.11.3a)

(A.11.3b)
(A.11.3¢)

(A.11.3d)

(A.11.4a)

(A.11.4b)
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o)
doy y?
ok = L (A.11.4d)

5, = fﬁ% Jydvz(1—x) <—3000 +2+3In < e )) — 2, [ de 1f§j(;f)x)

Dy, Ay (1 0

9y~ 1622 ( 2(:00) + 0 (£) (A.11.5a)
00,

Y () (A.11.5b)
99,

S0 =0 (€°) (A.11.5¢)

2
i 2y (A.11.5d)

oM~ 16n2



Appendix B

Calculations from chapter

B.1 Using the method of Lagrangian multipliers to cal-
culate the extremal points of the Lagrangian

A 1 )
0= aan(jn) — [ai] 5)\/@4nknknml (1 — 5kl) -\ (nknk) -1
1 1 )
- 5)\/U4nkmm (1 — 1) Oky + 5)\/U47’Lknknl (1 = 0xt) 615 — 22n40%,

1 1 ~
= 5)\'@4njnml (1—105) + 5/\’v4njnknk (1 —6;5) — 2Xn;

= )\/v4njnlnl (1—0;)— 25\nj

= Xv4nj (nml n?) — QS\nj
-1

= No'n; (1 - njz) — 2)\n;.
B.2 Scalar tree-level masses, \' > 0, Spontaneous-SB

1 1 1
V= —§u290? + ZM@‘{ + 59@%%% (1 —06u)+ Van,

—_

1 f ,
= —= (V¥ 4+ hf +2vhy) + R (v* 4+ 40°hy + 60°hT + 4vh} + hY)

2
+ A+ X) (v* + A3+ 20h) hih (1= 0) + Vo,

1,, 1 6 1

2 1 4 4
=—oHv - §u2hf — §u2vh1 + Z)\U4 + Z)\Ughl + Z/\Uth + Zx\vh:{’ + 4/\fflL
1 1 2
+5 (A -+ N) v2hih (1 — 61;) + 5 (A 4+ X) hihih; (1 — 65) + 3 (A -+ XN)vhihih (1 —65) + Vs,
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1 1 1 1
- {_5“2“2 + Z)\U4:| + [0+ M%) bt 5 [ 4 30%] B 4 Aok + AR

1 1
+5()\+>\/)U2(1—611)hzhl+()\‘l‘)\)?)hl(l—(sll)hh + = ()\+)\)h2(1—(5ﬂ)hh +VGN 1

1 1

B.3 Scalar tree-level masses, \' < 0, Spontaneous-SB

1 1

+ 411 (/\ + )\/) (Uk + hk) (Uk + hk) (Ul + hl) (Ul + hl) (1 — 5kl)

1
= —§,u2 (kK + 2vkhg + hihy] + = )\ [vpvp + 4Pk, + 6Uphi + dvghy + hihj)

+ 4_1 (/\ + )\ ) [UkUkUﬂ)l + ?vkvkvlhl + 2UkUlUlh;3

VvV
4vkvkvlhl

+ 2vkvkhlhl + 4vkhkvlhl + 4Ukhkhlhl + hkhkhlhl] (1 - 51431)

1
ro® + —)\U4n%ni : (

+ >\U nn; + (/\ )\ )U2nknk (1 - (Skl)} U’I?,lhl

1
2 + - (A+ )\/> ’U4nknknml (1 — 5]@1)1

5 (/\ -+ )\ ) v nEmny (1 — 5kl):| hlhl + ()\ -+ )\/) U2 (1 — 5kl> nknlhkhl

+ [ u

1
—l—{ §u + - )\v mng + =
+ [)\U] nkhkhkhk + [()\ + )\/) v (1 — 6kl)] nkhkhlhl
+

1
A + ()\ + X)) (1 = 64) byl

Before continuing on, we need to consider the following sums:

N N
1 N 1

k=1 k=1
N 1 N
k=1 k=1
N 1 N

hphy = — hihy. B.3.3
;nknk klk N ; kN ( )

We also need to consider the sums, where the indices are mixed. These are a bit less intuitive
and need some extra explaining.
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ming 4 ning + oo 4 ming +
NN nan? + nini + -+ + nind +
Z Z nknknlnl 1 - 5kl) (B34)
=1 1=l 5 9 2,2 2.2

nyny + nyny + -+ nyny_y

We know that each entry has the value # We see that each row has N — 1 entries and that
there are N rows. This means that

& 1 N-1
’; lzlnknknml (1=0) = N(N = 1) 55 = —— (B.3.5)
The same must be done for
. ninghg + nznghg + -+ ninNhN +
SN i (1 - 6) = Wflhl T L
e n?\,ﬁlhl + ninghy + -+ + ninn_ihy_1.

We know that each n? = % We can therefore see that each term repeats itself in each row
minus one. Therefore,

N N N1
kz:; lzz;nknknlhl (1 —0p) = N lz:; nihy. (B.3.7)
Lastly, we find in exactly the same way that
N N
SN nnghiby (1= 61) = Zhlhl (B.3.8)
k=1 1=1

There is one more relation we need to consider, which is the following:

N N

k=1 l=1

This is actually a very easy one, because the index of the n;’s is the same as for the scalar
fields, we simply multiply each field by a factor of ﬁ

N N

It then follows that

N N 1 N N

k=1 I=1 k=1 I=1
Using these eight relations, we continue our calculation of the potential.

R IE PUL | N AN —1
V_{2u +4N+4(A+A)v I
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-1
:| Ulhl

1 Av? N -1 1
+ 5 |:_M26kl + SW(SM + ()\ + )\/) 1)2 N 5kl + 2 ()\ + )\/) UQN (1 - 5kl) hlhk

)\2
+ l—u2+%+(A+A’)v2

[)\U5kl + ()\ + /\/> (1 — 5kl>] nkhkhlhl

l M+ 5 Lo a- 5,91)} hihihahy

Lawt 1 W N

1 2
_ {_————(A—)\”)v —] + Oughy + 5 { ALl

1
N 5kl+2()\—|—)\)?] N(l—dkl)] hkhl

1

+ [)\Uékl + ()\ — )\//) v (1 — 5kl)] nkhkhlhl -+ [ )\5kl + = ()\ + )\ ) (1 — 5kl)1 hkhkhlhl

B.4 Renormalisation and SSB of the potential
v; = v; + Av;
12+ 6,2) [0RTM ™ + 20, M2 + hyhy
(A + dy) M° [vkvkvwl./\/l ¢ + 4U, 00 M 54 20,0, h g M
+ AT hi T M + 4T hhi M5 + hkhkhlh,}
(N =+ 6y) M® [m@km,M‘% AT M T + 20,0 M

+ 4@khk@lhl/\/l‘5 4T hhi M5 + hkhkh,h,} (1— 6u),

1 -1
= 5 (/L2 ) VUM + M™F ()\ + 5)\) VR UR00; + M ()\ + 5)\) VL UEUU; (1 — 5kl)
+ (,LLQ M ) "Uk;hk./\/l 2 + M ()\ + (5)\) vkvkvlhl + M ()\ + 5)\) Ukﬁk@hl (1 — 5kzl>
1
+5 (12 + 0,2) hihy + = 7 ()\ + 6)) Trohihy + i (>\ + 0 TeTrhyhy (1 — 63

+ M (X + 65) Tehiothy + M (XN + 0x) TphaUihy (1 — 0gr)
+ [ME (X +6) Ty + M2 (N + 63) T (1 = 610)] huchuly
+

[(ME (N +05) + M (XN +dy) (1 — O)] huchichahy

(,U2 + 5mu2) 4 ()\ + (5)\) Uﬂ)l + = 4 ()\ + 5)\/) vlvl (1 - 5kl> Misﬂkﬁk

1
4
1
2
+ [(0? + 6,2) + (A + 03) 0ROk + (XN + 0w) D0k (1 — Sk1)] M~ 2031y
1
+5 [(1% + 6,2) + (N + 63) 0kg + (N + 03) D0k (1 — S11) | by
1
+3 [2(N + 6x) Tk, + 2 (N + 0x) U0y (1 = Opa)] Py
+ [N+ 83) T + (N + 63) Tg, (1 — 80)] METphyhy

1
7 [+ 80 + (X 4 62) (1= 6)] MEhuhuhuhy
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B.5 1In the case N < 0, the potential in order of h

Vtoy= |51 +02)+ 5 (/\ +0\) vivg + — 1 (/\ + x) vy (1 = 0gr) | M™vpy,

4
[(M2 + (5 ) + ()\ + 5)\) ViV + ()\ + 5)3) ViU (1 - (5k§l)] M_%Ulhl

+
1 ' /
+§ [([L +(5 ) )\ +5,\/)Uk"0k—|— (/\ —l—5,\/)vkvk (1 _5kl)] hihy

N[ —

1
+ 5 [2 (/\ + (5)\) VU + 2 ()\, + (5>\/> Vi Uy (1 - 51@1)] hkhl

+ [()\ + (5)\> Uk + ()\/ + 5,\/) Vk (1 - 5kl)] M%Ukhlhl
1 !/ S
+ 4_1 [(/\ + (SA) + ()\ + 5)\/) (1 — 5kl)] M hkhkhlhl
1 N -1
[5 (1° +6,2) + 4(/\—1—5,\)1} +4(/\’—|—5>\/)U2 ]M‘%Q
2 2 / o N —1 —-£
+ (2 +82) + A+ ) v+ (N +66v)v ¥ M2k
1 2 / 2 / QN_ 1
+ 5 | (14 02) + (N ) v+ (N + v v hihy
+1 2(A+6y) 2i+2(A’+6 ) 2i(1—5 )| hih
5 A)U N \)v N Kl kN
+ [()\ + 5>\)U + ()\ + 5)\/) v (1 — 5kl)] M2nkvkhlhl
1 , .
+ 1 [(A+0)) + (N =+ 0x) (1 = k)] MEhyhyhyhy
1 / N_l —£,,2
§(u +6,2) + 4(>\+5A)v +4(/\ + 0y) v? M5y (B.5.1a)
2 2 / 2N_ 1 _e
+ (/J +6H2)+(/\+5>\)U +(>\ +(5>\/)U M QUlhl (B51b)

1 N -1
+ 5 |:(,u2 -+ 5“2) 01 + (/\/ + 5>\/) 1)2(5“ + ()\/ + (5)\/) v? 5kl:| hihy (B51C)

1 1 ) 1
+ [(/\ + (5)\) v+ ()\/ + 5)\/) (% (1 — 5kl)] M%nkhkhlhl (B51€)
1
+ 4_1 [()\ + 5,\) + ()\/ + (5)\/) (1 — (Skl)] MEhihihihy (B51f)
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Appendix C

Review of On-shell renormalisation of
multi-field theories

For this chapter, the main guideline is [I2]. That paper gives an overview of on-shell renor-
malisation conditions for theories involving flavour mixing. We shall be following this paper
closely.

The following discussion relies on two assumptions stated in [12]. First that all physical
masses m; are different. If this were not the case, some sort of flavour symmetry would be
assumed. For the derivation of the on-shell renormalisation conditions, we want to use the
most general case. Our second assumption, is that the /N poles in the propagator matrix are
located in a region where the absorptive parts are absent or can be neglected.

C.1 Scalar propagator

The on-shell renormalisation scheme assumes that the poles of the renormalised propagators
lie at the point where the momentum is equal to the physical mass. Assuming this for our
N x N renormalised propagator matrix A (p?) = (A;; (p*)), we can expect a different matrix
for each pole-mass m,,. For each pole, the matrix will have one entry that diverges and all
other entries will have some finite mass differences.

For the scalar propagator, when approaching the pole, we will have a divergence pro-
portional to ¢!, where e = p*> — m?2. However, the full propagator can be expanded, using
a Laurent expansion, in powers of ¢, revealing the on-shell condition (because m,, is the
pole-mass):

Ay (p?) =5 ‘Slﬂ +AY +0(e). (C.1.1)
As one can see, the divergence is only present when we consider the particle with pole-mass
my, for all other particles, the first term is simply zero. The second term is merely a term
that is proportional to €°. All higher orders in ¢ will vanish at the pole. This expansion is
meant to represent the most general case of propagator. Therefore, the second term does
not just represent the mass differences one gets in all the other entries of the propagator
matrix, but also any possible finite entry independent of ¢.

When considering for example the self-energy, we always look at the inverse propagator.
Therefore, we need to determine what the inverse propagator will look like. We use the fact
that if we multiply an inverse propagator with the normal propagator, we should get a factor
of one. This translates into the relation

A A = AigAgj = 0ij. (C.1.2)
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We can now expand the inverse propagator A in powers of &:
1
Ay =A% +eAY +O(2). (C.1.3)

The term AE;L), simply means the n-th derivative by ¢ for ¢ = 0.

Now we can put ((C.1.1)) and ((C.1.3) into (C.1.2) and from that we get two equations,

1

Ay = gamAﬁf;? + 8, A0 + ADAD + 0 () = 5y, (C.1.4)
1

Ay, = EA;%W» + A5+ ADAY + 0 (e) = 4. (C.1.5)

We want there to be no singularities, d;; is finite in the end. Therefore, we need to be sure
the first terms in both equations is equal to zero. This will provide us with the first two
renormalisation conditions:

AV =0Vi=1,..,N and A =0Vj=1,. N (C.1.6)

mn

A further condition is found, when we look at the case where ¢ = j = n, we then find that

we are left with
AW L AQAO — 1= A0 4 ADAO) (C.1.7)

However, because of (C.1.6)), we are merely left with

dA,,
dp?

= 1. (C.1.8)

2

2=m2

p

So we now have the relations that fully renormalise our scalar propagator. What we
would like to do now, is look at what this means for the scalar self-energy. For the inverse
propagator, we then have

Ayj (0?) = P8 — 2oy — %) (%) (C.1.9)
The bare fields gpgb) are related to the renormalised fields through the field strength renor-
malisation matrix )
o) = (Z 5>,

From this, we can determine that the renormalised self-energy relates to the loop correc-
tions by

k@,(g"). (C.1.10)

N

T T
50 () = () + [1- (200) " (20)] 2+ (20 (@ 4 50) (29) .
(C.1.11)
where m? = diag (m?, ..., m%/) and 7(3) is a general real N x N matrix.
If we want to know what the renormalisation conditions look like for a one-loop calcula-
tion, we must consider

(Z(§)>ij =0 + %z] (C.1.12)

If we plug this into (C.1.11)), we end up with

. 1/, ) )
50 (p2) = U (p?) — - [zij + (zij)T] P (mfzij + (2)" m;) +86m25,;+ hot., (C.1.13)
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where the §;; in the final term is there because d7? is diagonal. We can now use and
, to determine the conditions for the counter-terms z and dm.

In order to do so, we need to consider the two cases, ¢ # j and ¢ = j, for and
C.1.8) respectively. Starting with the case ¢ # j and i < j, we get, from and

C.1.11),

1 1
0=A4; (m?) = 211]1 (m?) — §zwmj2 - §zﬁm§ + émfzij + §Zjim?,
1 %ij (m3)

If we want to consider the case j < i, we get the same answer with the indices reversed.
Now doing the case where i = j, we get

={6m, = =X (m?2) (C.1.15)
dAnn 2 dEll 2
I A () _y - Bm )
dp* ey e
dx,, (r?)
= 2y = —2 2 C.1.16
42 | ( )

C.2 Fermion propagator with parity conservation

To cite [12]: “for fermions the situation is more involved,” so get ready (or, as the Dutch
would say, “wet your chest”... yeah, neither do I). We could formally derive the propagator
for fermions by expanding the propagator in terms of = p — m, but when considering
fermion propagators without parity conservation that method will not be useful. Therefore,
we use an analogy to the previous section and expand in € = p? — m? again.

We can write the propagator as

S@*)=C(@)p-D ), (C.2.1)
where both C' and D are N x N matrices. Our on-shell condition now looks as follows,

—0 6in5nj

Sij 8—)

+ Sy, (C.2.2)

n

with S’ij being again some finite part. We now have the OS condition for the propagator,
but we have written the propagator as ((C.2.1)) and, therefore, we must now determine what
this means for both Cj; and D;;. We do this by multiplying S;; by (p — mn):

(Z/j - mn) Sij = 0inOnj + (P - mn) gij- (C.2.3)

However, we have also defined the propagator as (C.2.1) and we must multiply that with
(p — mn) as well.

(p —ma) Sij = (p — ma) Cijp — (p — mn) Dy (C.2.4)



94APPENDIX C. REVIEW OF ON-SHELL RENORMALISATION OF MULTI-FIELD THEORIES

(C.2.5)

= (- ?mn) i — (p — mu) Dy (C.2.6)

= pQCzJ m OU + mnCj (175 m”) ij ﬁm”O"j (C.2.7)
= (p2 — n) Cij — (p — mn) Dij — (]ﬁ - mn) Cijmn ( )
=eCyj — (p —my) (Dy; + m,Cij) ( )

This means that if we put both multiplications together, we find

From which it follows that
60@‘ = 5m5n] + O (6) (C.Q.ll)
and )
From the first relation we conclude that
(5zn5n
Cij = = 4 e+ O(e) (C.2.13)

and from this, we can now determine what D;; must look like. Just remember that Sij must
be independent of € and, therefore, we need a part in D;; that can cancel the € dependence
in m,C;;. This leaves us with

mnémén 0
D = _TJ + DZ(J) +0(e), (C.2.14)
Which in turn ensures that .
Si; = DZ(]Q) + mnCi(]Q)- (C.2.15)

Like in the previous section, we need to define the inverse propagator, we do this in the
following way
Sigl = Aijp — Byj. (C.2.16)
The inverse propagator has to be non-singular for epsilon — 0 and we can therefore Taylor
expand.

Ay =AY + é‘A(l) +0 (%) (C.2.17)
By =BY +eBY +0(e) (C.2.18)

Now we can determine the relations for A;;, B;;, C;; and D;;. We do this the same way as
we did last section, we know that multiplying the propagator with the inverse propagator
must be equal to a unit matrix.

(557%),, =05 = Cuadwp’ — DBy — CuspBrj — DinArgp =0y (C.2.19)

~~ -~

=5y
—p (?ikBkj + DikAkZ)

~~
=0

Because the unit matrix is independent of g, every term that does depend on it must vanish.
Analogously, we find

(Sils)ij = (5@' = AikC'kjp2 — szDkg = 6ij; Aszkj -+ szC’kj =0. (C220)
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Starting with the terms that are supposed to equal the identity matrix, we see that

8ij = AiCrjp* + BirDij,

)

| BO g a® | oDy (4D A 4 myBL) 6oy 42 AVCD + BODY,
~—_—— e
20 to avoid singularities
8;; = CinArip” + Dy By,
5in n
= Dt | 5O, ) | 8 () + AL mE =, BY) + mEC0 A + DY BY.
—_—————
20
If we now consider the case where i = j = n, we now see that
A 4 m2 AL man + mnan A,m + D;;B,geg —1, (C.2.21)

This leaves us with the part that is supposed to equal zero in ((C.2.19) and ((C.2.20)). We find

5m
—_———

1
=0 to avoid singularities

3
0= BuCy+ AuDiy = | By —ma Ay | =+ (Bf,? - mnAé?) 6uj + By Gty + AR DL
—_—————

m m

=0

If we now, again, consider the case i = j = n, we find

B = maA) = = (mC) + DY) AL, (C.2.23)
BW — i, AD = 4O ( OO D(O)> . (C.2.24)

Inserting this into ((C.2.21]) and ((C.2.22)), we get the same simplification for both equations:
A 1 om2 AN _9m, BA) = 1. (C.2.25)

Summarizing, we find the following OS-renormalisation conditions:

Byj (m3) = myAi; (m3) Vi, j=1,.,N, (C.2.26)
dAu ( ) . 'dBii (p2) .
Aii (m?) + 2m; W 2 o 1. (C.2.27)

We, once again, want to see, what this means for the self-energy, this time of the fermion
of course. In Analogy to the scalar case, we write
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The relation between the renormalised and bare fermion fields is given by the field strength
renormalisation matrix

vl =(2%) up (C.2.29)
We can now write down the renormalised self-energy as

. 1 T 1 1 T 1
X (0) =% (0) + [6”- - (Z )k Z,fj} P+ <Z)k (M + O, O) Z7; — madiy.  (C.2.30)
PLEASE CHECK THE INDICES AGAIN!!
It is important to now consider the following. From the equation for the self-energy, we
can see that there exists a phase symmetry

77— 073, (C.2.31)

This symmetry was not present in the scalar case, because we considered real scalar fields.
Therefore, the diagonal matrix e’® was not able to show up there. In the fermionic case,
this will make a difference, as we will see when determining the one-loop renormalisation
conditions.

The self-energy can be separated into two parts, a part proportional to p and a part that
is not:

SHp) =35 (0°) p+ 28 (7). (C.2.32)
This, together with (C.2.28]) and ((C.2.30)), leads to
N\ 1 A
A= (Z) Zs %A (C.2.33)
1 T 1
B=%F 4+ (ZE) (M~ 6s) Z2. (C.2.34)
At one-loop order, which means that Z% =0 + %zij, these relations become
1
Aij =i — S5+ 3 (Zij + (ZT)ij> : (C.2.35)
1
Bij = midi; + 0,035 + 5 + 3 (mizij + (1), mj) . (C.2.36)

Now we want to put these relations into our OS-renormalisation conditions ((C.2.26]) and

. We get, for i # j,
Bij (m3) = m; Ay (m5)

J

1 1
M"‘ 25 (m?) + 5 (mlzz] + (ZT)z’j mj> :%— TTLJE;L; (m?) -+ 5 ( jZZ'j + (ZT)ij mj

1
25 (mJQ) + mjzé' (mf) ~ 9 (mjzij + (ZT)ij My — Mizij — (zT)ij mj) J

(C.2.37)

1 %G (mg) +my% (m)
2 iJ m; —m, .

(C.2.38)

Because we noticed that the imaginary part of the field strength renormalisation matrices
have a phase freedom, we can only determine the real part of z;. We also need to consider

).
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that the dispersive part of the inverse propagator is hermitian, for more details, please see
[12]. From thls it follows that AT = A and B' = B. Remembering that A and B look like
(C.2.35)) and (IC.2.36) respectively, we immediately see that the diagonal elements of ¥/} and
E must be real Therefore we find for i = j

=m;A; (mz)

2

i + O, + 58 (m 27%2’/ / mi — m; % M /

O, = —m; S5 (m7) — 8, (C.2.39)
and for the last counter-term, we find
dA;; (p? dB;; (p?
L= e d Ay (m2) 4 2m2 32Dy B ) |
dp2 p2=m? dp2 p2=m?
1 dx4 (p? dxB
I1=1-x4 (m?)—l——%e{zii—i-z;ri}—# —2mi# ,
2 dp p2:m22 dp pz—mf
=2Re{z;; }
dx; (p*) dof (r°)
Re {z;;} =24 (m?) + —2 +2m;,—— C.2.40
{ } (42 ( z) dp2 p2:m? dp2 pQ:m? ( )

C.3 Fermion propagator without parity conservation

The calculation in this section will be analogous to the calculation in the previous section.
We start with defining the chiral projectors

11— 1+

M= and TR = (C.3.1)
The propagator is the given by
S =p(Crye + Cryr) — (DL + Drr) (C.3.2)
and the inverse propagator as
STt =y (Ave + Arvr) — (Byw + Brr) - (C.3.3)

We can insert this again into the relation that tells us that multiplying the propagator and
the inverse propagator, we should get a unit matrix. It is very important to note that ~,
and 75 do not commute, however, they do anti-commute. This causes the chiral projector
to change its chirality, because the sign of the 75 changes, when we switch a v, and a chiral
projector. Therefore, we must be very careful, when calculating SS~! and S~1S.

SS™' = [p(Crye + Cryr) — (D + Drvr)] [P (Arye + Arvr) — (Boyr + Brg)]
= p(Crye + Cryr) P (ALye + Aryr) — P (Crye + Cryr) (Bryr + Brr)
— (D + Dryr) p (Arve + Arvr) + (Deve + Dryr) (Brye + Bryr)
= pCryLpAive + pCLyLpAryr + PCrYRPALYL + PCRYRPARVR
— pCyBrye — pCLyBryr — pPCrYRBryL — pPCrRYRBRYR
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— DpyepAryr — DevepAryr — DrYrpALyr — DrYRPARYR
+ Dy Bryr + Dy Bryr + DryrBryr + DrYrRBRYR

= pCLypATTL + PCLYLPARTR + PORVRPALYL + PCRARPARTR
—pCLy B —W—W— PCrRYRBRYR
— DiyepAiyr — DivipAryr — DrVrpALyL — DeyrpArTe
+ Dy Brye + DevyrBrVr + DrysBriL + DryrBrYR
= p’CLAgr + p’CrAL — pCLBL — pCrBr — pDLAR — pDrAL + DB + DB

From this calculation, we conclude that

CLBr + DrAL =0, ( )
CrBr+ D Ar =0, (C.3.4b)
p’CrAp + DpBg =1, ( )
p’CrAL + DBy = 1. ( )

The calculation for S™1S provides us with

BrCL + ALDy =0, (

B.Cr+ AgrDgr =0, (C.3.5b
p?ArCL + B.Dy, =1, (
p*ALCr + BrDr = 1. (

The expansion of all the chiral parameters is the same as in the previous section and can
be found analogously:

_ (4O o) 2
(Ar),; = (AL )j +e (AL )] +0 (=), (C.3.60)
_ (4O o) 2
(4r),; = (A% )j + (Af )J +0 (&), (C.3.6b)
(Br);; = (B(LO))U +e (Bé”)ij +0(£%), (C.3.6¢)
_ (RO W 2
(Br);; = (BY )j +< (BY) )] +0 (=), (C.3.6d)
(@M:@fm+(§»+@@) (C.3.6¢)
5m5n'
(Cr)y = 22+ (CR)) + 0 (9) (C.3.6f)
wmwz—mg ’+Qﬁ§+0@) (C.3.6g)
(Da)y; = =222 4 (D) 4+ 0 () (C.3.6h)

If we put (C.3.6) into (C.3.4d)) and ((C.3.5)), we find an extensive calculation. Please allow

me to refer you, my dearest reader, to the paper that has this calculation in its entirety: [12].
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I hope you shall harbour no ill feelings towards me, your humble narrator, for not providing
you directly with this calculation, the results of which, are

(BL);y (m2) =ma (AR),, (m2): (Br),, (mz) =ma (AL, (m2) Vi,  (C.3.7a)
(BL),; (m2) = mu (Ap),; (m2)s  (Br),; (m2) =mu(Ag),; (m2) Vi (C.3.7b)

And finally

(A2), (m2) + 02 (A1), (07) + (A, ()]
— mndin [(BL),n (P°) + (BR) s (P°)] e =1, (C.3.8a)
(A (2) + 25 (A1), (57) + (A, (7))
- mndin (Bl () + By 03] =1 (C.3.8D)
It follows from both and that
(Ap),, (m2) = (AR),,, (m2), (C.3.9a)
(BL),,., (mi) = (BRr)n (mi) . (C.3.9b)

We need to look at the symmetry of the dispersive part of the propagator. This symmetry
is
_ t _
% (S (P)) by 10 =5 (P)aep » (C.3.10)

disp

from which we can deduce that
Al =4, Al =Ar, Bl =B (C.3.11)

This effectively cuts the number of independent relations in (C.3.7) in half. Therefore, we
need only two of the four conditions.
Let us now introduce the field strength renormalisation matrix for each chiral field

1/’51 = <ZL%>M wL,ka ¢LBZ = (ZL%>“Lc wL,k‘ (C‘3~12)

With these field strength renormalisation matrices, we can now write the inverse propagator
as

Si;t = poi; —mydy; — S5 (p7) (C.3.13a)
= Poy; — m;é; — S (p°)
(0= () (21), Y= (3= (), (), )
() ownsa(24), = (28), 0 6 (2), s,
(C.3.13Db)

= oy —mydy = p (S0 (%) 2+ 2 () m) + 20 (%) 7+ 2 () e
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(s (20, (), Y- (- ) 4 )
(), s (), () 0 1 (28,
(C.3.13¢)

= PALi; + PAns; — Brij — Bryj. (C.3.13d)

We can now, with the final relation, determine what the four parameters A;, Ag, By and
Bp are going to be.

1N T 1 (A)
Ap ij — (ZL2) (ZIQ,) - ELij (C.3.14a)
ik kj ’
Apij = (ZR) (ZR) —nil (C.3.14b)
ik kj '
i\ T 1
By =X+ (Z2) O+ 8a),0u (22), (C.3.140)
? J
_ v(B) 3 3
BR’LJ —ZRZj—l— <ZL)k (m—i-(Sm)lékl ZR . (C314d)
v J

We wnat to find the renormalisation conditions at one-loop order, these are found by
considering the field strength renormalisation matrix as Z; g = 1 + 321, g, where the small
21 are the counter-term matrices. Plugging this into (C.3.14]), we obtain

1
AL ig 61] ZL z)] + 2ZL ij + QZL i (CBlSa)
1 1
Apj = 0ij — Z%}i)j + §zR,ij + 2ZR i (C.3.15b)
R 1 1
BL7ij = (m + 5 ) 61] + E(LBz)] + ZmzzL ij + 22;3 m], (03150)
Brii = (i +6,). 6, + 5% 4+ 1 Lt C.3.15d
rij = (4 05); 0ij + X gy + SiMizriy + 521,451 (C.3.15d)

We can now insert these relations into our renormalisation conditions ((C.3.7) and (C.3.8]).
For i # j, we find using only the first two relations of ((C.3.7))

1
Z(LBZ)] + oM 2L = —maz%:z)g +5M; ZRij;
1
2353] + émz ZR,ij — m]ES—J z)] + 2m] ZLjij»
1 1
§mjzR,Z-j = Eml ZLJ'J' + E(Li)] + ijgi)j;
1 1 (B) (4) m;
oMiZRij = 5™ ZLij ~ Y — Mg i HZ
1 B A Im A
2™ ZLij + S+, = 3 ALij Eg% ) - i Z(L i
1 1
_m 2L 1J + 77WLZE(L Z_)] +m; mJZS% z)] 5 ? 2L 1J m]Zg%Bz)] - mzz(LAz)j

2
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From this last equation we can easily see what the one-loop counter-terms are going to look
like for ¢ # j:

1 1
sS4 = = |[mISE + mam s+ mSE) +ms) | (C.3.16)
7 7 p2:m]2
Analogously, we can find
1 1 (4) |, 25(d) (B) (B)
SFRiI = Ty g [miijLvij +miXp .+ myX s+ miERﬂ-j} (C.3.17)
i J p2:m?

When considering the case where i = j, we need to consider the phase freedom that we
found in the last chapter. This freedom translates to

7} — €7 Zp— %73, (C.3.18)

when no parity conservation is assumed. This means that both Jm{zy ;;} and Jm {zp,;}
can’'t be determined. However 4,,, can be determined the same way as we determined the
off-diagonal elements of z;, g, using the first two conditions in (C.3.7)). This will reveal that

20, = —mi [S) (m2) + T4 (m2)]| =[S (m2) + 27 (m3)]. (C.3.19)

We continue with the calculation of the real parts of zzr and z; for ¢« = j. These are
calculated using (C.3.8)). The calculation is rather straightforward and provides us with

d
d [y
+ mld—pQ |:EL, ( + ER i ] s (C320a)
d
Re {ZRKL"L'} = Zg’L)’L (sz) + m?d_])Q [ZEA’?’L{, ( + ER it :|
d [y
Fmig s =0 (07 + =0 (0 ] .| (Cc.3.20m)

There is one more thing we need to consider. When looking at the relations ((C.3.11]) in
combination with ((C.3.7)), we know we need only look at the first two equations in ((C.3.7)).
If we look at the real part of (C.3.7]), we find that

Re {Bri} (mf) = M AR (m?) : (C.3.21)

Here, it is already considered that Jm {AL /R,ii} = 0, using (C.3.11). The imaginary part,
will turn out as
Im{Br} (m]) =0, (C.3.22)

since Jm {A L/ R,n’} = 0. From this last relation, we can find one more condition:

1 1
0=0m{BL;}=Tm {(m +6p);, + 2 (LBZ)Z + 2mZzL i+ §z;‘%uml} ,
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1
=Jm {E(LBZ)Z + Emi (2L — ZR,ii)} )

m;Im{zp i — 2R} = —2Jm {ESLBBZ (mf)} =Jm {Z% (mf)} .

C.4 OS-renormalisation of Majorana fermions

Finally, we need to consider Majorana fermions. All the conditions for fermions are still valid,
they will, however, be hemmed in by the Majorana condition. The Majorana condition for
(in this case bare) fermions was

OF =g+ (V)" (C.4.1)
This means that if we are to renormalise the field vectors, we find the following:
Zj = (Zi) : (C.4.2)

Because of this, the phase freedom that we found earlier, will not be allowed here. That is,
except for cases where m; + d,,, = 0, but we do not want to consider these cases here.
The Majorana condition for the propagator numbers to [12]

S (p)=C[S7 (—p)]" . (C.4.3)

If we use the same parametrization as we did in the previous section, we find that aside from
the previous found relations ((C.3.11]), we have in addition

AT = Ap, Bf = By, B% = Bg. (C.4.4)
These two sets of relations together, summarize to
Ap =A% with Al = A, and Bp=B; with B! = Bj. (C.4.5)
From these relations, we can conclude that
A A)\* B)\"*
£ — (2;73],) and  Spi; = (EH) . (C.4.6)

When we put these relations into the one-loop renormalisation conditions that we found last
section, we find

1 A A\ B)\* B o,
(C.4.7a)
5, = —me [ (m2) + (50 (m2)) ] = [28 (m2) + (52 (m2)) ]
(C.4.7b)
d *
Re {21} = Sy (ma) + m?d_pg [E(L,i)i (r*) + (E(LAZ)’L (p2)> ]p2:m2
d 5@ (4) *
Fmegs (B0 + (5E067) ] L, (CATe)
mdm {z;} = —Jm {zfg (mf)} (C.4.7d)

These are the OS-renormalisation conditions for a Majorana fermion.



Appendix D
QFT, Gauge theories and SSB

Throughout this chapter, we will be discussing Lagrangian densities. However, for reasons of
brevity, we will be calling them Lagrangians, which is common practice in the field of QFT.

D.1 QFT

In Quantum Field Theory we attempt to combine two theories, quantum mechanics and
relativity. The main aim in QFT is to calculate either a decay rate or a cross-section
and they are the observables that we can measure in experiments. They are probability
amplitudes of going from an in-state to an out-state, integrated over the entire phase space
of the out going particles and the in coming particles. The transition amplitudes are written
as

out <k1kn| |p1"'pm>m7 (Dll)

which we can write using the transition matrix [13]:

out <k1 tr kn‘ ‘pl te pm>ln = <k1 tr kn‘ S ’pl t pm> (D12)

In order to attempt what the S-matrix is, we consider this quote from Schwartz [14]: “the
S-matrix has all the information about how the initial and final states evolve in time”. Using
the LSZ-reduction formula, we can relate the S-matrix elements for n-asymptotic momentum
eigenstates, to an expression involving (in this case scalar) quantum fields ¢ (x) [14]:

<k=1 ce kn| S |p1 .. pm> ~ H\/dllxzezk‘bw% (l:, + m2) H/dllyje—’ipjﬂji (|:| + m2>
i=1 y=1

QT {p(@1) (@) o) @ (Ym)} ) (D.1.3)

This equation was taken from [15].

On the right hand side of the LSZ reduction formula, we can see a probability amplitude
with a time-ordered collection of ingoing and outgoing fields. These fields, as already stated
above, are quantum fields. Therefore, we must now discuss, how to quantize a field theory.
We shall do this by starting with classical fields that are Lorentz invariant, as found in [16].

D.1.1 Second quantization

If we have the scalar real field ¢ (x) observed by Alice, and the same field observed by Bob
in a different Inertial Reference Frame, we know the coordinates observed by Alice and Bob

103
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relate to each other via the relation
T = Abx¥ + a” (D.1.4)

where A¥ is a Lorentz transformation. Because they both observe the field at the same
space-time coordinate, the field value must be the same according to Lorentz invariance.

¢ (x) =9 (7) (D.1.5)

The equation of motion must be the same for Alice and Bob. The Klein-Gordon equation
would satisfy this requirement,

(=0* +m?) ¢ (z) = 0. (D.1.6)
The Lorentz invariant scalar Lagrangian would be

1 1
L= 58“90%90 — §m2g02. (D.1.7)
One solution to the Klein-Gordon equation is a plane wave of the form ¢ ikt (it should

be noted that the signs of k and w are dependent on the choice of metric), where k is an
1

arbitrary real wave vector and w = + (EQ + m2> ® This then provides us with the general

solution for the field ¢, after imposing that ¢ (z) = ¢* (x),

oot = [ i [a(B) e var (B) ] D13

Here, a (lg) and a* (E) are some functions depending on the wave vector k. Also, kx =

k7 — wt, which is the Lorentz invariant product of the four vectors x and &, and k? = —m?2.

Up till this point the fields were classical. If we now want to make the jump to a
QUANTUM field theory, we can use the procedure called canonical quantization. This
means that the fields and their derivatives are now replaced with operators.

o (x) = ¢ (x) (D.1.9)

92 (&) 11 () = 11 (a) (D.1.10)

0x0

We shall from now on, unless specifically stated otherwise, assume that all fields are operators
and drop the hat symbols.
These operators are now classical, so we now impose the canonical commutation relations:

[w(f,t)w(f’,t): =0, (D.1.11)
[H (#,1), 11 (5 t) —0, (D.1.12)
o (@01 (7t)] =ie® (7 - o). (D.1.13)

[a (E) L (157)} —0, (D.1.14)
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[aT (E) Jat (l%”ﬂ —0, (D.1.15)
[a (/2) Jat (Efﬂ = (21)* 2wd® (l%’ - 15/) . (D.1.16)

This means we end up with the following Hamiltonian:

i [ Sl () (F) (D.1.17)

and using a (E) = [(2#)3} 2q (E) we finally get the Lorentz invariant Hamiltonian of scalar

bosons by quantization of a scalar field whose equation of motion is the Klein-Gordon equa-
tion [16].

The same calculation can be made for fermions, however, then the commutation relations
have to be replaced with anti-commutation relations. A good explanation of why this has
to be done this way, can be found in chapter 3.5 of [15].

D.1.2 Aim of QFT

The main aim in QFT was to calculate either a decay rate or a cross-section. We have
already discussed that we can determine these when we have the solution to the n-point
Green’s function. We can get this by applying Wick’s theorem. This theorem allows us to
formulate an n-point function as a product of two-point functions.

Therefore, by extension of the argument that we want to calculate measurable quantities,
we need to be able to calculate two-point functions. This is done with the following formula

[15]:

. T {901 () o1 () ot pdt H,}
e e = T%iér(?—is) T {e—z’ Jipat H’}

(D.1.18)

where the |Q2) is the vacuum of the interacting theory and the is the vacuum of the free
theory. Using perturbation theory, we expand the exponential to the needed order.

We can now express the expansion in terms of Feynman diagrams. These are now the
“standard” calculations that a master student learns while following an introduction into
QFT, while of course completely missing the point of why he or she is doing this. But then
again, when do we ever know what the hell we are doing?

D.1.3 Path integral formalism

Another way of constructing a QFT, is by using the so-called path integral formalism. The
approach here, is to consider an n-point function and look at all the possible classical paths
that the particles can travel along. These paths will be summed over. This will then give
the following formula [14]:

x1) @ () e
QT {p (@)@ (za)} 12) = f,DSOSO(f,D)SO efsp[i] ) (D.1.19)

where S [¢] is a classical action and Dy is a product of integrations over all classical paths.
When calculating n-point functions, one normally uses the partition function [17].

ZJ] = / DypeiSleltif diwed (D.1.20)
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Equation (D.1.19) can then be written in the following way [17]:

QAT Lo ) o) 10 = (0 F s gy (D120

One can derive equation ([D.1.18) using the path integral formalism. A complete deriva-
tion can be found in [I7]. This proves that the two formalisms will both derive the Feynman
diagrams properly.

D.1.4 Physical meaning

We now know ways to construct a QFT, but we haven’t discussed what the implications are
for physical particles. QFT shows us particles as excitations of fields. This means that a
particle’s field permeates though the entirety of space-time, and excitations in this field are
the actual particles that we measure. For each family of fermions, there will be one such
field. The interactions between particles come from the coupling between these fields and
the force fields, or gauge fields. And lastly, there is a field called the Higgs field. This field’s
excitations couple to certain particles, making them massive.

D.2 Gauge theories

D.2.1 Global Symmetry of QED

Looking at a free fermion, with a certain charge, we can write down its Lagrangian as
L =iy (@ —m). (D.2.1)

This Lagrangian will yield the free Dirac equation for both ¢ as well as 1.
When we make the following translation:

Y(x) =Y (2) =9 (z) + a, (D.2.2)
the Lagrangian look change to
L— L =L+ ady —ma (P + ) —ma’. (D.2.3)

However, there is a transformation that can be done that leaves the Lagrangian invariant.
This transformation is a complex phase-shift:

Y (2) — Y (z) = 1 (), (D.2.4)
() — T () = (1) (D.2.5

Because ¢ is independent of the position in space-time, its derivation is equal to zero. What
this transformation does, is rotating the fermion spinors ) and 1 in there respective complex
planes. All the points along the dashed line in figure will leave the Lagrangian invariant.

This symmetry is a global symmetry. If we would want to, we could now consider a local
symmetry. Would you like that? Well I don’t care whether or not you do, I want to, so deal
with it.



D.2. GAUGE THEORIES 107

LR

.,
.,
.

C
.
.
(N
..

Figure D.1: Rotation into the complex plane.

D.2.2 Local Symmetry of QED

A local symmetry has a different phase-shift at each position in space-time. This means the
transformation now becomes

(@) = () = O (). (D.2.6)
The factor ¢ (z) is dependent on z#, which means that the Lagrangian now becomes:
L— L =L+i|dp ()] Py (D.2.7)

In order to maintain invariance under this local symmetry, we need the second term to
vanish. This can be achieved by introducing a second field, called a gauge field. This field
has to transform under our gauge transformation in such a way that it cancels the term with
the derivative in equation . This can be achieved, by letting the gauge field interact
with the fermion field with a certain coupling strength g.

iy — ig A +1i [é?(p (x)] 1) + i [transformed part of A*] (D.2.8)
From this we can deduce how A* transforms:
At (z) — A" = A* (x) + 18@ (x) (D.2.9)
g

This extra field maintains the symmetry of the Lagrangian. However, now that we have
introduced a second field to interact with the fermions, we need to add the free Lagrangian
of this field as well. The additional term that is added looks as follows:

L=F,,F". (D.2.10)

The field strength tensor F* is defined (in the abelian case) as F'** = 9*A¥ — 9” A*. This
is defined this way, because it is the only way people could find to get the right derivatives.
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D.2.3 The resulting Lagrangian

Summing up what we what we have done so far, we started with a Lagrangian for a free
fermion. This Lagrangian had a certain global symmetry, which we then proceeded to make
local. In order for the Lagrangian to stay invariant under this local transformation, we needed
to introduce another field. These gauge fields interact with the fermion field, but it also has
to have a kinematic part [I§]. This is introduced in the form of two field strength tensors.
The resulting Lagrangian is now invariant under the transformation that we introduced in
the beginning of this chapter.

L = i@ + Yighy + EFWF‘“’ — ma (D.2.11)

Written in this way, one (or two...) can see the kinetic term of the fermion field as the first
term. The third term is the kinetic term of our gauge field and the second term is the term
representing the interaction between the fermion field and the gauge field. The last term is
the mass term of the fermion. The last term might make us wonder why the gauge field has
no mass term. Well, a mass term m?4,A* would be a gauge invariance breaking term and
can’t be included for that reason.

D.2.4 Gauge fixing

A problem arises, however, when we try to calculate the gauge field two point function.
When we do this, we see that the differential operator coming from the kinematic part of the
Lagrangian is not invertible. To solve this problem, we use what is called the Faddeev-Popov
method (see for example [19]&[20]).

We introduce another term in the Lagrangian that is gauge invariant, which therefore
introduces an extra parameter. This parameter allows us to invert the differential operator
and we obtain the photon operator we know and love:

v
=

g (1—¢)

- (D.2.12)

The parameter £ represents our gauge freedom. There are an infinite number of possibilities
to choose for it. In the end, though, when calculating an observable, e.g. the s-matrix
elements, the so called gauge choice must be irrelevant. No matter what value I choose
for the parameter £, the s-matrix must be the same after using different gauge choices.
Therefore, when choosing the gauge fixing term, it is a good idea to pick one that will make
the calculation easiest. An example of a gauge choice would be the Feynman gauge, where

£=1.

D.2.5 Physical meaning

What does this mean physically? The gauge transformation of the fields doesn’t have a
physical meaning. It is purely internal [I9] and, therefore, the gauge choice associated with
it, has to be internal as well. This can be seen from the fact that any physical observable
that we calculate with a certain gauge choice, will turn out to be exactly the same as when
we calculate it using a different gauge choice.

From the Lagrangian we can now see that a fermion can transform into an anti-fermion
via interaction with a gauge vector boson. This boson is of course the photon, the force
carrier of the electromagnetic field. The fact that it doesn’t have a mass term, seems to be
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in agreement with nature, seeing as the photon is massless. “But wait”, you might scream
at this point, “what about the mass of the vector bosons in the weak theory? They have
a mass, but their mass terms would violate gauge invariance!” Funny you should mention
this, because:

D.3 Englert-Brout-Higgs-Guralnik-Hagen-Kibble Mech-
anism

A Lagrangian always consists of a kinetic part and an interaction part between the fields
that we consider. For QCD, we find that this is already the Lagrangian that describes what
we measure in nature, seeing as the gluons are massless. The Electro-Weak Lagrangian
however, needs an additional field, apart from the gauge vector fields that we introduced.
This field will be a scalar field. In our attempt to understand this field, it will be sufficient
to look at o* theory.

D.3.1 Explicit symmetry breaking
The following discussion was taken from [19]. Assuming the Lagrangian

A

[(09)* — 123 — 2 (&7)°, (D.3.1)

L= 1

1
2
with @ = (¢1,---¢n)’. This Lagrangian has a O (N) symmetry. This symmetry can be
broken by introducing terms that are entries of ¢. These terms would violate the symmetry
in one dimension per entry. That is to say, if we introduce a term with one field ¢, the
symmetry will break down to a O (N — 1) symmetry. The global symmetry, ¢, = —¢,, on
the other hand, is always maintained. This symmetry can also be broken by introducing
a term like ©®. However these are examples of explicit symmetry breaking. We have to
adjust the Lagrangian in order to break these symmetries. Spontaneous symmetry breaking,
however, happens without adjustments to the Lagrangian.

D.3.2 SSB in ¢?

Staying in scalar ¢* theory now, we use the following Lagrangian:

1
)

1,5 A

(0¢7) = e — . (D.3.2)

£ 2

This Lagrangian has a global mirror symmetry. We can now split the Lagrangian into its
kinematic and potential part. The potential is

V[e] = 12 + A=t (D.3.3)

In this potential there are two variables independent of ¢, those being p and A. At a
certain temperature, this Lagrangian will go through the process of symmetry breaking at
a temperature T. If we assume that p? has a critical point at which its sign changes, we
can write it as m? (T') = ¢ x (T — T¢) near the critical temperature T and some constant ¢
[14]. This means that if the system is at a high enough temperature, the mass term will be
positive, since T' > T. This means our potential will have the form we see in Figure [D.2]
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Figure D.2: Potential before SSB (T > T¢).

However if we are below the critical temperature that is, after the symmetry breaking,
we see that m? < 0, because T' < T¢. If we adjust our Lagrangian accordingly, we get a
potential of the form we see in Figure [D.3]

Figure D.3: Potential after SSB (T' < T¢).

If we now want to perform perturbation theory, we can’t consider excitations around
¢ = 0 anymore. This would not be the real minimum. Therefore, we need to determine the
actual minimum of our potential, called the Vacuum Expectation Value (VEV).

o= VI
dp
0 9 o 1
SR —\o*
Op ( e i )
1
=~ + A
Because this is equal to zero, we can divide by ¢
A
0= —u2+ 202
P+ 6¥
Ay 2
6 -
2 64
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This means we get the following VEVs:

6.2

o=+ % (D.3.4)
We are now left with two solutions for the minimum of this potential, representing the two
dips in Figure [D.3] So there are two vacua that both give the same expectation value. One
where ¢ is positive and one where ¢ is negative. This means that we have to chose one. If
we chose, for example, the positive value as our minimum VEV we can shift our field and

only consider excitations close to the minimum.
o (x) = v+ ¢ (z) (D.3.5)
We can put this back into our Lagrangian and after some mathematical massaging we
get the following expression:

I P 3m* 2 -2 \/X 3 Ay
E—E(ago) +W—mgo— AT (D.3.6)

The minimum v has been replaced with the expression \/@ . From this Lagrangian we can
see that there is a problem with our symmetry. Our only variable is ¢ and if we use our
symmetry ¢ = —¢@, we see that the Lagrangian is no longer invariant under this symmetry.
This is what is meant with Spontaneous Symmetry Breaking. “But wait”, you might say,
“the symmetry concerned the entirety of ¢, not just its excitations!” This is of course
true, the original symmetry is still valid, however if we want to implement it and keep our
Lagrangian invariant, we would need the translation » — —@ — 2v. This would leave the
Lagrangian invariant, so our original symmetry might not be entirely gone, merely hidden
[14]. However remember, v is just a value around which we make tiny variations @, so ¢
replaces ¢ as our variable. Therefore, it makes sense talking about symmetry breaking.
When we vary ¢, we are still varying ¢, just not around the point where the potential is
equal to zero.

To show how the potential is dependent on the value of m?, we will have a quick look
at Figure Here we see how the Potential V ], along the vertical axes, varies with m?
along the axes disappearing into the paper.

Figure D.4: Dependence on m? of the potential. Note though that the values for m? are only to
illustrate the behaviour of the potential close to the critical value, these are not actual physical
values.

We see that for a positive value of m?2, the potential is simply a parabola. However, when
the value is negative, we get the distinctive “double dip”.
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D.3.3 Implications for the Standard Model

When we consider SSB in the Standard Model, we look at the breaking of a continuous local
gauge symmetry. The scalar potential will look the same as in p* theory, however, the rest
of the Lagrangian mixes with the scalar fields via Yukawa interactions and via the covariant
derivative.

When we go through the calculation, we have to expand the potential around the VEV.
This excitations around the VEV correspond to the excitations of the Higgs field in nature. [6,
7, 8] We see from the Yukawa coupling term, how the Higgs field couples to the respective
fermion field. This interaction provides the fermion with its mass. The covariant derivative
that acts onto the scalar field before SSB, will provide us with terms showing the interaction
between the Higgs field and the Gauge fields. These interactions provide the gauge fields
with the mass we measure in experiments.

D.3.4 Physical interpretation of SSB

We saw that the Higgs field interacts with the gauge and fermion fields. These interactions
will provide the fields with mass. The Higgs field itself acquires mass, but not solely, through
self interaction. There is another way in which the Higgs field attains its mass [21], but it
will not be discussed here.

What is important here, is the realization that the Higgs field only couples to other fields
up to a certain energy. Above this energy there will be no symmetry breaking and the SM
will be symmetric under its respective gauge transformations. At this energy the weak vector
boson fields and the fermion fields will be massless. This will be the range at which we can
measure (and have measured [22]) the Higgs boson. This scale is above the joining of the
electromagnetic and the weak force into the electroweak force. This means that when we
look at, for example, the QED Lagrangian, SSB has already occurred.



Appendix E

Majorana fermions

E.1 Helicity and chirality

Two often very confusing topics are helicity and chirality. Sometimes they are the same and
other times they are not. Let us try and make it clear to our selves what they actually are.

In order to be able to talk about the helicity and the chirality, we need to start with the
(orthochronous) Lorentz group. It’s generators are, according to [23],

M* = /d?’ar:z/zT (x) {ix“a” —ix” 0" + i [’y”,’y”]} Y (x) (E.1.1)

where the colons surrounding the expression refer to the normal ordering. The angular
momentum operator is then

Jy = M, (E.1.2)
Jo = M, (E.1.3)
Js = M*?, (E.1.4)
giving us the vector [24]
. N IR,
J = d’z" () | & % (zV) + 52 v (z). (E.1.5)

From this we can conclude that the spin operator is defined as
i = (igg, 231, im) s (E16)

where 3;; = 1 [+, 47]. With this last vector, we can now have a closer look at helicity.
i =277 Y

E.1.1 Helicity
Looking at the Dirac equation for a certain spinor,
(p—m)u(p) =0, (E.L.7)

there are four different solutions for a given momentum. There are two different energy
solutions, representing the particle and the anti-particle. These are often called u (p) and
v (p) respectively. Then there are another two possibilities, namely the spin states.

113
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When applying a certain direction of the spin operator to these states, we are left
with the eigenvalue belonging to the spin eigenstate in this certain direction. This eigenvalue
can be £1. If we call these spin eigenstates r = 1&2, we can then say that the eigenvalues in
the direction that we are looking at is (—1)""" for particles and (—1)" for the antiparticles.

The spin, as shown above, can only be determined in a certain direction. If we were to
look at a moving particle, we can always determine its spin in the direction of its motion
with the following operator [24]:

—

4
o5 = ——~. E.1.8
L (E.1.8)

This means for the spinors [24]

opu(p,r) = (=1)" " u(p,r) (E.1.9)
o (p,r) = (=1)"v(p,7). (E.1.10)

This finally allows us to start talking about helicity. There are two different helicity
states. When the direction of the particle’s spin is in the direction of its momentum, the
helicity has eigenvalue +1. If the spin direction is against the direction of motion, it is of
course —1.

If we want to describe a spinor in a specific helicity state, we need to be able to “fix”
the momentum in such a way that we get the right helicity eigenstate. Considering how the
spin operator works on the spinors, we can construct an operator that may fix the
spins in the desired way.

Were we to desire a positive helicity eigenvalue from a spinor u (p, ), then we would like
the spin to provide us with a positive eigenvalue when applying to the spinor. We
want the other spin value to provide us with zero. Because the spin can be either +1, we
could add a 1, so that we end up with the positive eigenvalue giving us a factor of 2 and the
negative eigenvalue a factor zero. However, if we would like the opposite helicity, we would
need to add a factor of —1, reversing the results. Thus, this fixing can be achieved using the
following operator[24]:

1+to 7l
2
This operator does exactly what we want it to do to give us the correct helicity state.

We can see that the helicity can be determined using our helicity operator ([E.1.11)).
However, we can perform a boost to a particle with a certain helicity state and boost such
that we are in a frame that moves faster then the particle. This means that in this frame the
particle is moving backwards relative to us. Therefore, the helicity in this reference frame
is different from the frame we were in before. This shows us that the helicity is not Lorentz
invariant.

H:I:

(E.1.11)

E.1.2 Chirality

So the helicity is not invariant under boosts, shame. But what if we look at a particle
traveling at the speed of light, we can’t boost past that? This must be a massless particle,
meaning the Dirac equation simplifies [24].

pu(p)
Yup'u (p)
(vop® — p®) u (p)

0
0
0



E.1. HELICITY AND CHIRALITY 115

Yop"u (p) = vep*u (p)
YsY00P"u (p) = Y50kD"u (p)
vsp"u (p) = —Y0570"u (p)

Now let us have a closer look at the right hand side of this equation. The 7 matrix

is defined as 7° = iy%y!92¢3. For the matrices, the following equations are valid (with

p,v=0,1,23and 7,5,k = 1,2,3).

{77} = 29" Laxa) = 2 <é _12X3)) (E.1.12)
[Vi,vj} = 277 (E.1.13)
{¥°,7°} =0 (E.1.14)
{+',7'} = 24" (E.1.15)
Yy = —1(axa) (E.1.16)
7970 = Ly (E.1.17)

Using these relations we can now rewrite the right hand side.

_7075714: — i70707172737k

— i,yl,yQ,yS,yk

— iny2Ead 02

— i a3 2kt 9jghna a3
This means that if & = 1, then the last line would give us that —7°v°+y! = i72~3. We can,
now write this as a commutator, leaving us with —°y°y" = £ [7? ~%]. This is exactly the

same as the earlier defined 2o3. In fact, if we check the other two possibilities for v*, we find
that [24]

— %" = (Z);- (E.1.18)

We now put this back into the Dirac equation for a massless fermion.

5p"u (p) = 07570 u (p)

vsp"u (p) = Lrpu (p)

kak
pO

Ysu (p) = u (p)

o7,
Ysu (p) = 7 ()

Here we see that for a massless particle, the helicity operator (E.1.8)) is now equal to the
5 matrix. This turns operator (E.1.11)), into the chiral operator [24]:

I = — (14+195) (E.1.19)

1
2

As it turns out, each particle has chiral parts. Each fermion is therefore made up of two
waves with opposite chirality. This would have no influence on physics, were it not that in
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nature, the EW-force only interacts with particles with a chirality described by II7. These
are called “left-handed” particles.

So it looks as if each particle has chiral parts that interact in different ways. However,
because fermions have mass, the chirality is not an observable and the only thing we can
measure, is the helicity. It is as if the chirality gets buried by the acquisition of mass. This
might be easier seen, if the derivation is read backwards. Starting with the fundamental
chiral fermions, we introduce masses. The mass, however, makes it impossible for the particle
to travel at the speed of light. This leads to the chiral operator turning into the helicity
operator.

E.2 CP(T)

CPT is a concept vital to the standard model. Therefore, provided in this chapter is an
overview of this consept, based on [16],[I4] and [25]. For this treatment we are going to
assume a basis in which 40 = 77 72 = 44 and v5 = iv9717273. And remember, our metric
is defined as

1 0 0 0
y 0 -1 0 O
Y=1o o -1 ol (E.2.1)
0 0 0 -1
and the Clifford algebra is
{7} = 29" (B.2.2)

E.2.1 Parity

Most will have heard of parity before. It is often explained as a “mirror symmetry” [26].
Therefore, it is an operator that changes the sign of the spatial coordinates. We define an
operator in the Hilbert-space in which our state ¢ (¢, ¥) and gauge vector A reside as follows:

P~ (6,2) P = ot (t, —F) =2 YoX, (E.2.3a)
PLAY (4, 2y P = A" (t, —7) = A°, (E.2.3b)
PIA(t,8) P = — Al (E.2.3¢)

Consequently, the parity operator applied to the state ¢ can now be determined.
Pt 0)P =P yh'P
= P yiPy
— (Pflwp)ffyo
T
= (v"x)""

= x19%°

This leaves us with
73—1@ (t, )P = XT‘ (E.2.4)
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This we can now use together with (E.2.2), to find the following identities:

PPy P = Yy (E.2.5a)
PP = X7 x (E.2.5b)
P1G P —%vx (E.2.5¢)
PP XX (E.2.5d)

Py PP —X7°7"x (E-2.5¢)
P~y 5P XX (E.2.5f)

E.2.2 Charge conjugation

Charge conjugation is the symmetry of changing the sign of all the additive quantum num-
bers. In principle, changing from a particle to an anti-particle and vice versa. This now
introduces an operator, which is not defined in Hilbert space, but in the spinor space. If we
look at the definition of charge conjugation, we get the following transformation [25]:

C Y (t,8)C = Cy (t,3)". (E.2.6)

Here, we must make a very important distinction. The operator C is defined in a Hilbert
space and will, therefore, transform states in the Hilbert space. However, the operator C' is
NOT defined in Hilbert space, but only in the spinor space. In fact, it is defined by how it
interacts with the gamma matrices, as

CyrC = — (v)T. (E.2.7)
Knowing that C~! = CT, allows us to determine the charge conjugate of .
CyYC =Ccyicy°
= ()"
= (C@T)Tfyo
— GO0
— T 0140

E-27

_ _¢T0—1
We also need to consider the gauge vector field:
CAC=—A,. (E.2.8)

Another important thing to note here, is that all entries in a Lagrangian are scalars, therefore,
all bilinear covariants must be scalars as well. This makes sense, because we always have a
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transposed vector on the left and a normal vector on the right. If there is a matrix in the
middle of that we will still be left with a scalar in the end. This means that if we look at
any bilinear covariant, we can simply take the transpose of this combination of vectors and
tensors, because it is a scalar. However, the fermion fields anti-commute and are represented
by Grassmann numbers. Therefore, when we take the transpose of two fields, we will get an
additional minus sign. These considerations allow us to find the following transformations:

CTIuC = (Y) =0, (E-2.92)
CT1PyUC = — Py, (E.2.9b)
Cpy°YC = 7y, (E.2.9¢)

CHpy " YC = Yy . (E.2.9d)

E.2.3 Time reversal

There is one more symmetry that we should consider, namely time reversal symmetry. If a
physical process is being run in reverse, it should have the same probability of happening.
The operator that describes this reversal of time is defined as follows [25]

(t,2) T = 7°Cy* (—t, %) = v°OX, (E.2.10)
(t,7)T =x"C~ 17570, (E.2.11)
A (D) T = 750%10( V) = Ay, (E.2.12)
(¢, 7)T (E.2.13)

We now proceed completely analogously to the two previous cases, only keeping in mind
that 7 is an anti-unitary operator. When we transform 1), we get a minus sign for 77 ' =
—1, which we introduce in between the two fermion states in order to transform them both.
This is, of course what we have been doing with the previous symmetries as well, they were,
however, unitary operators and did not introduce a minus sign.

T uT =Xx (E.2.14a)

T YT =37 x (E.2.14Db)
Ty YT = —X'x (E.2.14c¢)
Ty T = —x7°x (E.2.14d)
T T = x7""x (E.2.14e)
Ty YT = =x7v'7"x (E.2.14f)

E.2.4 Effect on the QED Lagrangian

If we look at the action of QED, we can check if it has the same form before and after the
transformations. The mass term is manifestly invariant under these transformations, as it
only involves the 1)1 term, which is invariant for all three transformations. Therefore, the
only part where there could be problems, must be the kinematic part.
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The kinematic part has the following form,

i / d*azpy* (8, +ieA,) . (E.2.15)

It is clearly invariant under parity, because all terms where the bilinear covariant would
receive a minus, the gauge vector or the space differentiation will receive a minus sign as
well. For both charge conjugation as time reversal, it is important to remember that we
transpose each bilinear covariant. This means we will en up with the differentiation of the
X instead of x. This can be solved by partial integration.

Therefore, we see that QED is C, P and T invariant. QCD turns out to have the
same characteristic. However we know that EW interactions are not invariant under these
transformations individually. We shall see this in the next section.

E.3 Electro-Weak Theory

The Electro-Weak section of the standard model is responsible for a few multiple interactions.
Unfortunately, writing a proper introduction into EW theory, would be a rather lengthy
endeavour. Therefore I will point you to some good introductions into the subject, i.e. [24],
[14]. However, in this section I shall attempt to give a qualitative description, using [13] and
[14].

In the previous chapter we discussed how the Lagrangian of a massive fermion could be
transformed into the QED Lagrangian using gauge symmetry. The same can be done for a
massless fermion, but now considering U(1) ® SU(2) symmetry. This will provide us with
a Lagrangian that consists of a kinematic part, where the covariant derivative has both a
SU(2) and a U(1) gauge field term.

We know from experiments that the weak force only couples with left chiral fields. There-
fore, when this covariant derivative acts on right chiral fields, there shall only be a U(1) gauge
field term in the covariant derivative. Therefore, when looking at leptons, the left handed
fields should be in a 2 representation of SU(2) with their respective neutrino, depending on

the flavour generation:
B, = (”_l) , (E.3.1)
")

whereas the right handed fields should be singlets under SU(2). The same is true for the
quarks, seeing as each left handed quark family pair is in a two representation of SU(2):

Qr = (Z)L. (E.3.2)

Again, the right handed parts are singlets under SU(2). For the neutrinos, however, the
right handed fields don’t even interact under U(1) and will have no gauge field parts in their
covariant derivatives. We, therefore, call them sterile and are not considered in the standard
model.

There should also be a part in the Lagrangian, which contains only gauge fields. From
here, the gauge fields get their kinematics. In the QED Lagrangian this was written as the
F,F*. We get a similar term for each gauge field in Electro-Weak theory.

Our Lagrangian now has kinematic parts for all the fields and there are terms that show
how the gauge fields relate to the fermion fields. However, there is one big problem. There
are no mass terms for any of the fields. This has to be fixed by using the Higgs mechanism.



120 APPENDIX E. MAJORANA FERMIONS

This will however greatly change the Lagrangian. Adding the Higgs-sector by itself does not
create masses of course, however, when SSB occurs the mass terms will form on account
of Yukawa interactions between the Higgs field and the fermion fields. For the leptons this
process is relatively straightforward, since there is no flavour mixing in the lepton sector.
However, for the quarks there is flavour mixing and we need to account for that.
After symmetry breaking, the quark mass-terms will contain have non-diagonal Yukawa
matrices. These Yukawa matrices can be diagonalised by certain unitary rotation matrices:
YusaY g = UuyaM qUl 4. (E.3.3)
Here, the matrices U, /q are the rotation matrices that diagonalise the matrix Y, /dYJ/ 4 This
matrix is hermitian and, therefore, has real eigenvalues. Even though this looks really nice,
we normally only treat single Yukawa matrices, hence [I4] states that we can generically

write
Yu/d = Uu/dMu/dK;i/d; <E34)

for other unitary matrices K, /4. If we now replace all fields we are treating with the diago-
nalising matrices multiplied with these fields, i.e.

dL - Uddm,La ur = Uuum,L7 dL - Kddm,L> ur = Kuum,L7 (E35)

we find that the remaining fields are in the mass basis, hence the sub-index m. With diagonal
Yukawa matrices we can define the masses as the diagonal elements multiplied with \%

When we rotate the entire Lagrangian into the mass basis, we find that there is only one
part where the matrices do not drop out. This is the part with the Wj couplings. We find
that

e , o - i

L Ry v (Wi Viidh,  + Wy, o (V) )+, (B3.6)
where 6,, is the Weinberg-angle. The matrix V% is called the Cabibbo-Kobayashi-Maskawa-
matrix and it describes the mixing between the flavour states within the physical mass
eigenstates of the quarks. However, the CKM matrix is nearly diagonal, because the off-
diagonal parts are very small.

We have had a closer look at where the CKM matrix comes from, because for neutrinos we
find a very similar matrix. It too describes the mixing between flavour states for a physical
mass eigenstate. It is found when diagonalising the neutrino-Higgs Yukawa matrix. This
matrix is called the Pontecorvo-Maki-Nakagawa-Sakata-matrix. The PMNS matrix differs
from the CKM matrix in that it is not even slightly diagonal. Flavour mixing is, therefore,
much more prevalent in neutrinos then in quarks.

E.3.1 CPT invariance of EW-theory

As promised in the previous section, we will have to take a look at C, P and 7T invariance.
Because the electro-weak sector only seems to couple with left-handed fields, we consider
that up, =y u = 1;75u, which we find in every part of the Lagrangian involving the electro-
weak interactions. When we looked at the QED action, we found that each symmetry leaves
the action invariant, because of the invariances we encountered in the calculations of ,
(E-2.9) and (E.2.14). When looking at the electro-weak sector, however, we need to consider

that it only interacts with left-chiral fields.
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The chirality of a field is insured by the chiral projector vz,r = 1_275. This means that in
the electro-weak sector, the action will contain terms that differ from the QED calculations
that we did by the matrix v5. For example, where the kinematic part of the QED action

had the form

i / d*azy" (0, +ieA,) ¥, (E.3.7)

the electro-weak sector will have the same section with an added chiral projector:

z‘/d‘*:@% (1+75) " (0, +ieA,) . (E.3.8)

The chiral projector has a positive sign before the 75, because it must be the left chiral
projector.

When we look at (E.2.3), (E.2.5), (E.2.8) and (E.2.9), we see that the chiral projector
will always have its chirality flipped by C or P. Therefore, the action is not invariant under
C or P. However, the eagle eyed viewer will have figured by now there is a way around this.
What if we apply C and P at the same time? This would be CP symmetry and it looks like
it leaves the action invariant. Even though this seems to be very true, there is a caveat to
this, which turns out to be a very important one.

As an example, let us consider, according to [14],

e 1-— - 1—
Loniz = \/§s—1n€w [W;EVCKMV“ ( 2%) d+ Wl;dVCTKMfy“ < 275) u} . (E.3.9)
If we apply CP to this, we find that the Lagrangian is invariant, if and only if Vi = Voku.
If we then apply 7 to it, we end up with exactly the same Lagrangian as before. This means
that CPT symmetry is a real symmetry of nature, but that CP symmetry is violated. In
fact, it is violated exactly oppositely to time reversal symmetry.

But looking at the Lagrangian, we find that if CP symmetry is broken, it must be because
of the imaginary parts in the CKM matrix. In fact, in [I4] we find a calculation that states
that “all weak C'P violation in the standard model is proportional to Im det[Y,, Yy].” Where
the Yukawa couplings Y, /4 are the same as defined in .

But let us think about CPT invariance in a physical sense. The operator C changes the
particle into its anti-particle. The P operator only changes the direction of the particle. How
can these two inversions be the same as time reversal. Remember how anti-particles are de-
fined as in the Feynman-Stiickelberg-interpretation. They are defined as particles travelling
back in time. So the CP operator changes the particle into a anti-particle travelling in the
opposite direction. This can be seen, according to the Feynman-Stiickelberg-interpretation,
as a particle travelling back in time. If we reverse its time, we find that we are left with a
particle travelling forward in time.

E.4 Majorana Fields

For the following discussion closely follows [27] and [28].
We have already discussed the QED Lagrangian

L =i (§—m)p, (E.4.1)

from which we can derive the Dirac equation

(i —m) ¢ = 0. (E.4.2)
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We can find general plane wave solutions to this equation, but what we want to do now,
is discuss what happens when we consider the massless Dirac equation. The equation is
simplifies to

i = 0. (E.4.3)
If we consider a general solution to this equation, 1, we can without loss of generality write
it as
Y =19+ Y, (E.4.4)
with

v = % (1=15)v, and Yp = % (14 s5) 2. (E.4.5)

What we have found here are again solutions to the massless Dirac equations, since 75 anti-
commutes with «,. These fermions are called Weyl fermions. They are massless and were for
a long time considered to be candidates for neutrinos. However, we now know that neutrinos
have mass, or at least two of them, because of neutrino oscillation. Luckily, there is another
possible type of fermion that we could use to describe neutrinos in the standard model. They
are real solutions to the Dirac equation called Majorana fermions.

If we want to find a real solution to the Dirac equation, we need the part i@y to be real,
seeing as —m) is already real. Because §§ = y#9,,, we find that a real solution would mean

()" =" (E.4.6)

We can go use a representation for which this is valid, called to Majorana representation (go
figure),

o (0 o 4 fict 0\ o (0 %\ 5 [ic® 0
7_<02 0)i V= 0 i)t T e o) T =0 i) (BAD

The o-matrices are the Pauli-matrices and we can very easily see that this representation
would indeed provide us with the real solutions we are seeking. However, we don’t want to
be dependent on the representation we are in. We need to find a way to find real solutions
independent of the representation.

There is a theorem [28] that tells us that if and only if

("t =20" & A0 =0 (E.4.8)

we can always relate the gamma matrices from one representation to another one via a
unitary matrix U, as

v = UnnUT. (E.4.9)

If we then say that 1 is a real solution to the Dirac matrix, we can also state that 1 is a
real solution to the Dirac equation, if

Y =U. (E.4.10)
Like we said, ¢ is real and, therefore,
G- (5)"
Uty = (U'y)"
Uty = UTyr,
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v =UUTY*. (E.4.11)
Now we define a matrix C', which we have already seen (E.2.6)), in such a way that
UUt =4°C. (E.4.12)

Before, we defined the matrix C' using (E.2.7)), however, considering (E.4.8), we find that
both definitions are equivalent. If we apply equation (E.4.12)) to our result for the Majorana
condition on ¢, we find

Y =ACOY* = - (E.4.13)

This is the general Majorana condition valid for any representation of the gamma matrices.

E.4.1 Properties of the matrix C'

We have already discussed its definition, as there were two ways to define the matrix C'. The
definition is the more more easily used, as it is in general true regardless of which
representation was used for the gamma matrices.

Another property we need to look at, comes from the fact that the matrix U is unitary.
Therefore we can write

vuturu =1, (E.4.14)

which we can rewrite as

We can manipulate this expression, by considering the definition (E.2.7)) and the fact that
’yg = 7. The latter equality leads us toyd* = vy, which in turn provides us with v}’ = ~§.
Now, remembering that 72 = 1, we find

—CC* =1, (E.4.16)
which we can, using the unitarity of C', write as
ct=-C, (E.4.17)

showing us that C' is an anti-symmetric matrix in any representation.

The last property of this matrix we want to consider, is the Lorentz invariance of the
reality condition. Let us start with the infinitesimal Lorentz transformation z# — (2) =
" 4+ whx,, under which a fermion field transforms as

U (x) = ¢ (2) = e 3T (), (E.4.18)

where

7
V=g (Vous o] - (E.4.19)

Now applying the reality condition to both sides of the equation, we find

(V' (&))" = qoCet 5 iy (),
:%&#W%%%mlw<>

TL

Ou

,uy*

= vC Z oC) HyC (x) . (E.4.20)
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Since o, consists of gamma matrices, we need to consider

. - T _
%CY; (0C) " =%C (V] (0C) 7,
=%C [ 7% | (00) "

= —3C [C7 1 CC™,CC 7 C] (10)
= —7%C [C™"7:%C] (1C) ™,

= —%C [(0C) ™ 7 (0C)] (1C) ",

= V- (E.4.21)
This tells us that
%C%, (10C) ™ = =0, (E.4.22)
from which we conclude that
(¢/ (ZE/))C — e_iwﬂuo,Luwc (Z‘) ) (E423)

From this, we can clearly see that the reality condition has the same form as before, hence,
we find it to be Lorentz invariant.

E.4.2 Majorana fields

For the following discussion we will use [29] and [23].
A Dirac field consists of two fermion fields of opposite chirality,

Yp =YL + g (E.4.24)

With the chiral operators we can specify which of the chiral fields are being considered. In
the electro-weak sector, only left chiral fields interact with the force carrier bosons. Because
each term in the Lagrangian must be hermitian, we find that the mass term mpwt, must
consist of mixed chiralities, ¢.e. different Weyl fields:

L=mp (Vv +Updr). (E.4.25)

For Majorana fields this is slightly different. According to the standard model, there are no
interacting right handed neutrinos. If we are to create a Majorana mass term, we need to
consider a term that is hermitian and only consists of left handed fields.

There are three more Lorentz scalars that we can create, namely 1¢1¢, ¥ and 1i°.
The first is equivalent to the Dirac case, but the other two are different. The terms are each
others hermitian conjugate and can therefore be used to determine a different mass term for
the Majorana fields:

L= mM% (Ve + y°) . (E.4.26)

If we remember what the chiral projectors did and what they looked like (you do, right?),
we can find a very interesting fact concerning the Weyl fields in the Majorana mass term:

Yo/RYL/R = Yr/R;  YL/RYL R = 0. (E.4.27)
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We see that a left handed field becomes a right handed field, when the charge conjugation
has been applied to it. This allows us to define a Majorana field as

Ym =YL + YL (E.4.28)

When checking if it adheres to the reality condition, all we need to do is calculate the
charge conjugate of the Majorana field. It is in this case easy to see that the condition is
valid, if (¢°)° holds.

(%) =%C (¥°)

= 7C (% CY*)”

= %0 C™Y

=%Cy" (=071 %

= —7C (-C'%C) C™ 1y

=
Therefore, we find that we can build Majorana fermions from Weyl fermions. The mass term
then becomes

L= marg (T +he) = marg (O +he) (E.4.20)
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Pink rabbits and fish

Look at you, you’ve made it to the very end of my thesis! Although, I do believe it to be
very unlikely that you have actually read the entirety of it and I can’t blame you for it. This
ending is probably something most people won’t see, since it is kind of hidden all the way
towards the end.

Since this is slightly hidden, I would like to ask you for a favour. If you ever happen to
bump into me in person, let me know you actually read this. Why don’t you simply say the
phrase: “the pink rabbits are at it again cobber!” That way, I will know. Or not, maybe I
will have forgotten by then.

Since this is actually the end of the thesis, I have given it quite some thought on how
to end this, but there was nothing I could come up with that has never been said better.
Hence, I would like to end with the following quote:

“so long, and thanks for all the fish”,
—The dolphins—
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