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Abstract

In this thesis, we will look at the influence of a flavour symmetry group on the renormalisation
of the model in [1]. A focus of this thesis lies upon two possible approaches in treating this
model. One will be a diagrammatic approach, the second approach will consist of applying
the flavour symmetry directly to the results of [1]. Both methods should lead to the same
results.

One of the quartic couplings can be either a positive, or a negative constant. This causes
the mass spectra of the scalar fields to have two types of minima, depending on the sign of
this quartic coupling. In the case where this coupling is positive, a comparison between the
two approaches discussed above shall be made. In the case where the coupling is negative,
only the second approach will be used.

Finally, there will be a discussion on the possibility of breaking the symmetry group by
introducing explicit yet softly breaking terms of dimension two in the scalar potential.

Zusammenfassung

In dieser Masterarbeit wird der Einfluss von einer Flavour-Symmetriegruppe auf die Renormierung
des Modells aus [1] betrachtet. Es zeigt sich, dass es zwei mögliche Arten gibt, dieses Flavour-
Modell zu behandeln. Die erste Möglichkeit ist eine diagrammatische Vorgehensweise, in der
zweite Methode wird die Flavour-Symmetrie direkt auf die Ergebnisse aus [1] angewendet.
Beide Vorgehensweisen werden zum gleichen Ergebnis führen.

Eine der quartischen Kopplungskonstanten darf entweder ein positives oder ein negatives
Vorzeichen haben. Dies führt dazu, dass zwei unterschiedliche Minima im Massenspektrum
der skalaren Felder gebildet werden können. Für den Fall, dass die Kopplungskonstante pos-
itiv ist, wird das Modell mit beiden oben erwähnten Methoden behandelt und die Lösungen
werden verglichen. Im Fall einer positiven Kopplungskonstante wir nur die zweite Methode
verwendet.

Zum Schluss wird die Möglichkeit diskutiert die Symmetriegruppe durch einen Term der
Massendimension 2 explizit doch weich zu brechen.
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Chapter 1

Introduction

In flavour physics, two as of yet unsolved puzzles are the neutrino mass spectrum and the
form of the lepton mixing matrix. Attempts at solving these puzzles usually use discrete
flavour symmetry groups and non-trivial scalar representations of these symmetry groups.
[2, 3, 4]

We will thus have a proliferation of scalar fields and, if treating renormalisable models,
a suitable renormalisation scheme is needed. As a first step, which avoids the difficulties of
gauge gauge theories, a general Yukawa coupling with an arbitrary number of fermion fields
of Majorana or Dirac nature and an arbitrary number of scalar fields has been treated in [1].

In this model, which itself is a generalization of the model in [5], a flavour-blind Zn

symmetry is broken spontaneously in order to generate fermion masses at the tree-level and
to initiate the Higgs-mechanism [6, 7, 8]. The main features of the renormalisation scheme
developed in [1] are

• MS renormalisation of the parameters of the model,

• finite shifts in the Vacuum Expectation Value (VEV) in order to make sure that scalar
one-point functions vanish at the one-loop-level,

• finite field strength renormalisation in order to calculate the on-shell self-energies and
thus loop corrections to fermion and scalar masses.

In this thesis, we will look at the influence of a flavour symmetry group GN on the
renormalisation of the model in [1]. The symmetry group is

GN = (Z4)N o SN , (1.0.1)

where N is the amount of both scalar and fermion fields, Z4 is the cyclic group of order
four and SN is the permutation group for N elements. A focus of this thesis lies upon two
possible approaches in treating this model. One will be a diagrammatic approach, where the
symmetry group GN is applied to the general Yukawa Lagrangian resulting in interaction
terms. These interaction terms allow us to compute the one-loop corrections to the self-
energies. The second approach will consist of inserting the GN -symmetric couplings and
tree-level masses directly into the self-energy formulae of [1].

The symmetry group GN allows for a quartic coupling that can be either a positive, or
negative constant. This causes the mass spectra of the scalar fields to have two types of
minima, depending on the sign of this quartic coupling. In the case where this coupling is

9
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positive, a comparison between the two approaches discussed above shall be made. However
in the case where the coupling is negative, the calculation become rather extensive and only
the second approach will be used.

Finally, there will be a discussion on the possibility on breaking symmetry group GN

by introducing explicit yet softly breaking terms of dimension two in the scalar potential.
We will find that the renormalisation scheme of [1] is consistent with this type of symmetry
breaking.

Used notations

• w.l.o.g: without loss of generality

• h.o.t.: higher order terms

• VEV: vacuum expectation value

• SSB: spontaneous symmetry breaking

• ESB: explicit symmetry breaking

• soft-SB: soft symmetry breaking

• h.c.: hermitian conjugate

Whenever within a calculation there is a green text, this will be a note to aid under-
standing during the calculation.

Important intermediate solutions, from which we deduce other quantities, e.g. counter-
terms or minima, will be boxed in into a green box.

Important solutions, e.g. minima or counter-terms, will be boxed in by a red box.



Part I
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Chapter 2

Overview of the GLN-paper

The paper by Grimus, Ludl and Nogués (GLN) [5] considers one-loop mass-corrections of a
certain toy theory. The Lagrangian describes the interaction between a Majorana fermion
field χ (x) and a real scalar field ϕ (x). A discrete symmetry is added,

S : ϕ→ −ϕ, χL → iχL, (2.0.1)

which doesn’t allow for linear terms and terms of the order ϕ3. After renormalisation, this
symmetry is spontaneously broken.

The authors continue with dimensional regularisation of the one-point functions and the
fermion and scalar self-energy diagrams after which they determine the self-energies of the
scalar and fermion fields. The toy model described in [5] will be used as a stepping stone for
a theory with N particles. But first, I shall provide an overview of the paper in this chapter.

2.1 Introduction

The Lagrangian describing the toy theory is

L = iχLγ
µ∂µχL +

(
1

2
yχTLC

−1χLϕ+ h.c.

)
+

1

2
(∂µϕ) (∂µϕ)− V (ϕ) , (2.1.1)

where y is the Yukawa coupling between the fermion and the scalar and the matrix C is
used to describe the charge conjugation of Majorana fields (see appendix E.4). The scalar
potential has the form

V (ϕ) =
1

2
µ2ϕ2 +

1

4
λϕ4. (2.1.2)

Now, assuming µ2 < 0, we find a vacuum expectation value (VEV) given by

v =

√
−µ

2

λ
. (2.1.3)

This provides us with the tree-level masses

m0 = yv and M2
0 = 2λv2 (2.1.4)

of the fermion and the scalar particle, respectively.

13
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2.2 Renormalisation

2.2.1 Following the GLN-paper

The bare Lagrangian is split in its renormalised and counter-term parts. Bare parameters
are indicated with the superscript (B), Renormalised parameters will have no superscripts.
The fields are normalized as

χ
(B)
L =

√
ZχχL and ϕ(B) =

√
Zϕϕ, (2.2.1)

with
δχ = Zχ − 1, δϕ = Zϕ − 1. (2.2.2)

This would leave us with a counter-term Lagrangian that looks like

δL = δχiχL/∂χL + δϕ
1

2
(∂µϕ) (∂µϕ) +M

ε
2

(
1

2
δyχ

T
LC
−1χL + h.c.

)
ϕ− 1

2
δµ2ϕ

2 −Mε1

4
δλϕ

4,

(2.2.3)
where M is a rescaling constant, introduced to make sure that the mass-dimension of the
Lagrangian remains 4 when renormalising.

We can now, by simply looking at the Lagrangian, determine what the counter-terms of
µ2, y and λ must adhere to:

δµ2 = Zϕ
(
µ2
)(B) − µ2, (2.2.4)

δyM
ε
2 = Zχ

√
Zϕy

(B) − yM
ε
2 , (2.2.5)

δλMε = Z2
ϕλ

(B) − λMε. (2.2.6)

We now induce SSB by assuming µ2 < 0 and shifting ϕ to

ϕ = vM− ε
2 + h, (2.2.7)

where v is still the same VEV as before in (2.1.2). This leads to the following Lagrangian:

LB =iχLγ
µ∂µχL +

1

2
(∂µh) (∂µh) (2.2.8a)

+

(
1

2
yM

ε
2χTLC

−1χLh+
1

2
m0χ

T
LC
−1χL + h.c.

)
(2.2.8b)

+

(
1

2
δyM

ε
2χTLC

−1χLh+
1

2
δyvχ

T
LC
−1χL + h.c.

)
(2.2.8c)

+ iδχχLγ
µ∂µχL + δϕ

1

2
(∂µh) (∂µh)− V − δV , (2.2.8d)

with

V + δV =

(
−1

4
λv4 +

1

2
δµ2v

2 +
1

4
δλv

4

)
M−ε (2.2.9a)

+
(
µ2 + λv2 + δµ2 + δλv

2
)
M− ε

2vh (2.2.9b)

+
1

2

(
µ2 + 3λv2 + δµ2 + 3δλv

2
)
h2 (2.2.9c)

+ (λv + δλv)M
ε
2h3 (2.2.9d)
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+
1

4
(λ+ δλ)Mεh4. (2.2.9e)

The GLN-paper now continues in redefining its constants, to replace the µ2 by the VEV
v. From the Lagrangian, they get the relation

δvM− 1
2 = Z

− 1
2

ϕ v(B) − vM− ε
2 . (2.2.10)

Form this and the fact that the renormalised VEV and the bare VEV have the same form,
we can derive

δv = v

√√√√1 +
δµ2

µ2

1 + δλ
λ

− v, (2.2.11)

having used (2.2.4) and (2.2.6). At lowest order we obtain

δv = − 1

M2
0

(
δµ2v + δλv

3
)
. (2.2.12)

Using that to rewrite the linear and quadratic terms in our Lagrangian, we end up with

−M2
0 δvM

−ε
2 h+

1

2

(
−2λvδv + 2δλv

2
)
h2. (2.2.13)

We want the scalar one-point function to vanish. This is a choice that we make, because
then we don’t have to consider loop contributions to the VEV. The contributions at one-loop
order consist of a fermion and a scalar contribution, Tχ and Th respectively. Because the
one-point contribution has to vanish, we find

δvM− ε
2 + Tχ + Th = 0. (2.2.14)

Please note that we have divided the entire equation by M2
0 and that this is absorbed in

both Tχ and Th. The calculation of the fermion and the scalar contribution can be found in
appendices A.6 and A.7 respectively. The results of the calculations are, after having divided
by M2

0 :

Tχ =
2y

16π2

m3

M2
0

[
c∞ + 1− ln

(
m2

M2

)]
, (2.2.15)

Th = −3iλv

16π2

[
c∞ + 1− ln

(
M2

M2

)]
, (2.2.16)

where we have defined

c∞ =
2

ε
− γE + ln 4π, (2.2.17)

with γE being the Euler-gamma.

2.2.2 Alternative way

We can, after (2.2.9e), add another step. This will be the way that can be found in [9]. The
advantage is that the treatment of the tadpoles is easier. Because the parameter t represents
the entire one-point contribution from the Lagrangian.

We will define the following quantities [9]:

t = µ2 + λv2, (2.2.18)
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δt = δµ2 + δλv
2, (2.2.19)

m = yv, (2.2.20)

δm = δyv, (2.2.21)

M2 = µ2 + 3λv2, (2.2.22)

δM2 = δµ2 + 3δλv
2. (2.2.23)

This will lead to the Lagrangian

LB =i (1 + δχ)χL/∂χL +
1

2
(1 + δϕ) (∂µh) (∂µh)

+M
ε
2

(
1

2
(m+ δm) vχTLC

−1χL +
1

2v
(m+ δm)χTLC

−1χLh+ h.c.

)
− (t+ δt)M− ε

2vh− 1

2

(
M2 + δM2

)
h2

− 1

2v

(
M2 − t+ δM2 − δt

)
M

ε
2h3 − 1

4v2

(
M2 − t+ δM2 − δt

)
Mεh4. (2.2.24)

In this case, the counter-term of the VEV is going to look exactly the same as in (2.2.12).
However, we now immediately see that the part in the brackets equals δt and we are, therefore,
left with

δv = − δt
M2

0

. (2.2.25)

The tadpole regularisation calculations will obviously be the same as before.

2.2.3 Renormalisation conditions

There are five parameters that we need to consider, namely δy, δλ, δt, δχ and δϕ. In the
GLN-paper, the following conditions were chosen.

1. For δy and δλ the MS-scheme is used.

2. δt shall be determined considering the condition that the one-point function won’t con-
tribute to the VEV. Therefore, the one-point function must vanish, as already stated
before.

3. The wave-function renormalisation constants shall be determined, by requiring the
residua to be equal to one.

An important implication should be noted here. The coupling constants are renormalised
and the VEV is considered finite as well by renormalisation condition 2. This already
renormalizes the masses, but it should be considered that even though we have said that
t + δt = 0, we will still have tadpole contributions in the scalar mass counter-term. Even
though we have no one-loop contributions to the VEV, we do get tadpole contributions in
the counter-terms, without which the masses would not be renormalised properly.
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2.3 Dimensional regularisation

2.3.1 Note concerning the tree-level masses

Since this calculation is done at the one-loop level, we will see only tree level masses crop
up in the loop corrections. Because the

2.3.2 Yukawa interaction

− iΓ = k

p2 + k

p1 + k

(2.3.1)

This diagram is calculated to determine the counter-term δy. Because this is done in the
MS-scheme, we only need the infinite part of the diagram. This calculation can be found in
appendix A.8. The result is

− iΓ (k) =
iy3

16π2
c∞ + finite. (2.3.2)

2.3.3 The scalar four point function

The diagrams that contribute to the scalar four-point function, are(
+ +

)
and . (2.3.3)

The diagrams in the brackets are all the same diagrams, only with different connections
between in- and outgoing lines. The symmetry factor must be determined for all three, but
it makes intuitive sense that the factor should be the same for all three. The same is also
true for the fermion box and this will be considered in its calculation.

It turns out that the counter-term δλ consists of two terms. The first coming from the
diagrams in the brackets, which is determined in appendix A.10, the second from the fermion
box diagram, which is determined in appendix A.9. These two calculations then provide us
with

(−iΞf−box) + (−iΞ4p−sc) = (−i) 6
c∞

16π2

(
−9λ2 + 2y4

)
. (2.3.4)

The reason why we factored out the factor six, is because of the term in the Lagrangian
where the counter-term is found. We can see in (2.2.9e) that the counter-term has a factor
of 1

4
from the Lagrangian. However, the combinatorics of the tree-level four-point function

provide us with a factor 4!. This in total provides us with a factor of 6, which has to be
pulled out of the loop results. This practise is seen throughout this thesis.

2.3.4 The Fermion self-energy diagram

Σ1l

(
/p
)

=

p

k

p

k − p
(2.3.5)
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Because we want to use the on-shell scheme, to calculate the fermion mass contributions,
we need to calculate the entire loop integral Σ1l

(
/p
)
. The calculation itself can be found in

appendix A.2, and the result of this calculation is

Σ1l

(
/p
)

=
y2

16π2

∫
dx
(
x/p+m

) [
−c∞ + ln

(
∆2

M2

)]
, (2.3.6)

with
∆2 = xM2

0 + (1 + x)m2
0 − x (1− x) p2. (2.3.7)

2.3.5 The scalar self-energy diagrams

The scalar self-energy consists of three individual diagrams. Again, these need to be calcu-
lated in there entirety, because we want to use the on-shell scheme. The following diagrams
contribute to the one-loop correction of the scalar mass:

p

k + p

p
k

,

p

k + p

p
k

,

p p

. (2.3.8)

A full calculation of each individual diagram can be found in appendices A.3, A.4 and
A.5. The result of these calculations are

Π
(a)
1l

(
p2
)

=
2y2

16π2

∫ 1

0

dx ∆2
m

(
p2
)(

3c∞ + 1− 3 ln

(
∆2
m (p2)

M2

))
, (2.3.9)

Π
(b)
1l

(
p2
)

= −9λM2
0

16π2

∫ 1

0

dx

(
c∞ − ln

(
∆2
M (p2)

M2

))
, (2.3.10)

Π
(c)
1l

(
p2
)

= − 3λ

16π2
M2

0

(
c∞ + 1− ln

(
M2

0

M2

))
, (2.3.11)

with
∆2
m

(
p2
)

= m2
0 − x (1− x) p2 and ∆2

M

(
p2
)

= M2
0 − x (1− x) p2. (2.3.12)

We now have all the regularised expressions of all the diagrams we need and we can,
therefore, determine the remaining counter-terms.

2.4 Determining the counter-terms and the mass cor-

rections

2.4.1 Using the MS-scheme to determine δy and δλ

As stated before, using the MS-scheme for δλ and δy is very convenient, because, we only
need to consider the divergent parts of the relevant loop diagrams. This makes determining
the counter-terms particularly easy and can simply be read off from the relevant Green’s
functions. The counter-terms can now be determined to be

δy =
y3

16π2
c∞, (2.4.1)
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δλ =
c∞

16π2

(
9λ2 − 2y4

)
. (2.4.2)

Where in δλ the factor of six that was factored out before, has now been absorbed into the
Feynman rule for the counter-term −6iδλ.

2.4.2 Tadpole counter-term

The tadpole counter-term δt is determined via the condition that it completely cancels out
the tadpole diagrams:

+ + v × = 0. (2.4.3)

Therefore, we can simply take (A.6.2) and (A.7.2) and we get

δt =
3λM2

0

16π2

(
c∞ + 1− ln

[
M2

0

M2

])
− 2y2m2

0

16π2

(
c∞ + 1− ln

[
m2

0

M2

])
. (2.4.4)

2.4.3 Using the on-shell scheme to determine the fermion mass
correction

Our goal in QFT is to determine cross-sections and decay-widths. We can do this by de-
termining transition amplitudes of the relevant reaction. These transition amplitudes are
determined by calculating two-point functions. They are propagators that we can expand
using perturbation theory.

= + +1PI + h.o.t.1PI 1PI (2.4.5)

Here, the one-particle irreducible functions are the corrections one gets to the propagator at
arbitrarily high energies. These diagrams are UV finite, and therefore must also contain all
the counter-terms. For the fermion, the loop corrections are denoted by −iΣR, where the R
refers to the fact that this is a renormalised quantity.

The full physical propagator of the fermion

Sfull =
i

/p−mp

, (2.4.6)

where mp = m0 + ΣR (mp) is the physical mass of the fermion, can be expanded. This would
give us the following expansion

Sfull =
i

/p−m0

+
i

/p−m0

(−iΣR)
i

/p−m0

+
i

/p−m0

(−iΣR)
i

/p−m0

(−iΣR)
i

/p−m0

+ h.o.t.

(2.4.7)

=
i

/p−m0

(
1 +

ΣR

/p−m0

+

(
ΣR

/p−m0

)2

+ h.o.t.

)
(2.4.8)

=
i

/p−m0 + ΣR

. (2.4.9)
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Here, m0 denotes the tree-level mass. We can determine the mass of the fermion propagator
by looking at its pole. This means that for the expanded propagator, we can calculate the
residue.

Res
(
Sfull, /p = mp

)
= lim

/p→mp

(
/p−mp

) i

/p−m0 − ΣR

(
/p
)

Now we use the fact that mp = m0 + ΣR (mp) .

= lim
/p→mp

(
/p−mp

) i

/p−mp + ΣR (mp)− ΣR

(
/p
)

= lim
/p→mp

i

1 +
ΣR(mp)−ΣR(/p)

/p−mp

=
i

1− d
d/p

ΣR

(
/p
) ∣∣

/p=mp

= iZχ.

If we want the propagator to be on-shell, we need

d

d/p
ΣR

(
/p
)∣∣∣∣
/p=mp

= 0. (2.4.10)

In a direct analogy, we can derive the condition that fixes the counter-term of the scalar
propagator to provide us with the physical scalar mass term:

d

dp2
ΠR

(
p2
)∣∣∣∣
p2=M2

p

= 0. (2.4.11)

With (2.4.10), we can determine what the counter-term δχ must look like, in order for
the renormalised fermion mass to be the physical one.

If we now look at the form of the one-loop correction, we look at the fully expanded
propagator, remembering to take all possible diagrams into account that contribute to the
fermion propagator at the one-loop level:

i
(
/p−m0 − ΣR

)
= + +

+ + +︸ ︷︷ ︸
=0

+h.o.t. (2.4.12)

The first diagram is the tree-level diagram, the second is the UV-divergent loop diagram and
the third diagram is the counter term diagram. The counter-term diagram can be determined
directly from the Lagrangian, since there are only three terms with two fermion fields that
also hold counter-terms. We find, that the counter-term has the form

= −δχ/p+ vδy (2.4.13)

Because of (2.4.10), we can now determine what δχ should look like and we have already
determined δy.
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d

d/p
Σ1l

(
/p
)∣∣∣∣
/p=m0

+
d

d/p

(
−δχ/p+ δm

)
= 0 (2.4.14)

Therefore, the counter-term becomes

δχ =
d

d/p
Σ1l

(
/p
)∣∣∣∣
/p=m0

, (2.4.15)

which will, after putting (2.3.6) in this expression a short and easy calculation provide us
with

δχ =
y2

16π2

∫ 1

0

dx x

(
−c∞ + ln

[
∆2 (m2

0)

M2

]
− 2m0

1− x2

∆ (m2
0)

)
. (2.4.16)

In order for us to now determine the mass correction, we need to put all the information
back into the formula for −iΣR

(
/p
)
. We find

−iΣR

(
/p
)

= −iΣ1l

(
/p
)

+ iδχ/p− iδm,
ΣR

(
/p
)

= Σ1l

(
/p
)
− δχ/p+ δm,

=
y2

16π2

∫ 1

0

dx x/p

(
���−c∞ + ln

[
∆2 (p2)

��
�M2

])
+

y2

16π2

∫ 1

0

dxm0

(
���−c∞ + ln

[
∆2 (p2)

M2

])
,

− y2

16π2

∫ 1

0

dx x/p

(
���−c∞ + ln

[
∆2 (m2

0)

�
��M2

]
− 2m0

1− x2

∆ (m2
0)

)
+

y2

16π2

∫ 1

0

dx����m0c∞,

=
y2

16π2

∫ 1

0

dx x/p ln

[
∆2 (p2)

∆2 (m2
0)

]
+

y2

16π2

∫ 1

0

dx

(
m0 ln

[
∆2 (p2)

M2

]
+ 2m0

1− x2

∆ (m2
0)

)
,

which is the renormalised self-energy at one-loop order. If we want to determine the physical
mass correction, we need to look at the correction at the pole of the propagator, which is at

/p −→ m0. When we put that into the found correction, we see that the first term completely
falls out at the pole. Then we are left with the corrected mass

mR = m0

[
1 +

y2

16π2

∫ 1

0

dx

(
ln

[
∆2 (m2

0)

M2

]
+ 2

1− x2

∆ (m2
0)

)]
. (2.4.17)

If you happen to wonder, why there still is a dependence onM, even though we are on-shell
now and should be looking at physical masses, don’t worry. It is still there, because we used
the MS-scheme to renormalize the Yukawa vertex, as opposed to the on-shell scheme where
theM dependence drops out. This issue will be resolved, when we have calculated the scale
dependence of m0 where an equal but opposite dependence exists. This means that when
calculating the scale (M) dependence of the mass, we will find it to be zero.

2.4.4 Using the on-shell scheme to determine the scalar mass cor-
rection

The correction to the scalar mass goes in an analogous way to the fermion mass. However,
there are some differences that must be discussed. But we can start of the same way, by
considering all diagrams contributing to the scalar propagator −iΠR (p2) at one-loop:

i
(
p2 −M2

0 − ΠR

(
p2
))

= + + + +
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+ + +︸ ︷︷ ︸
=0

+h.o.t., (2.4.18)

where the tadpoles vanish again because of the renormalisation condition for δt. The counter-
term diagram can again be determined from the Lagrangian to reveal

= −δϕp2 + δM2 (2.4.19)

We will start with determining the counter-terms, just like we did before with the fermion
mass. This means we must use (2.4.11). It provides us with

0 =
d

dp2

∑
i=a,b,c

Πi
1l

(
p2
)∣∣∣∣
p2=M2

p

+
d

dp2

(
−δϕp2 + δM2

)∣∣∣∣
p2=M2

p

,

−δϕ = − d

dp2

∑
i=a,b,c

Πi
1l

(
p2
)∣∣∣∣
p2=M2

p

.

Therefore, we must calculate the derivative of all three of the one-loop diagrams:

d

dp2
Πa

1l

(
p2
)∣∣∣∣
p2=M2

p

= − 2y2

16π2

∫
dx x (1− x)

(
3c∞ + 1− 3 ln

[
∆2
m (p2)

M2

])
+

2y2

16π2

∫
dx���

��∆2
m

(
p2
)(
−3

��
�M2

���
��∆2

m (p2)

−x (1− x)

�
��M2

)∣∣∣∣
p2=M2

p

= − 2y2

16π2

∫
dx x (1− x)

(
3c∞ − 2− 3 ln

[
∆2
m (p2)

M2

])∣∣∣∣
p2=M2

p

,

d

dp2
Πb

1l

(
p2
)∣∣∣∣
p2=M2

p

=
9λM2

0

16π2

∫
dx

(
��
�M2

∆2
M (p2)

−x (1− x)

�
��M2

)∣∣∣∣
p2=M2

p

= −9λM2
0

16π2

∫
dx x (1− x)

1

∆2
M (p2)

∣∣∣∣
p2=M2

p

,

d

dp2
Πc

1l

(
p2
)∣∣∣∣
p2=M2

p

= 0.

This will provide us with the counter-term

− δϕp2 =
2y2

16π2

∫
dx p2x (1− x)

(
3c∞ − 2− 3 ln

[
∆2
m

(
M2

p

)
M2

])
+

9λM2
0

16π2

∫
dx

p2x (1− x)

∆2
M

(
M2

p

) .
(2.4.20)

The only other counter-term, δM2 , is already determined by our initial choice of M2. Because
δM2 = δt + 2v2δλ, we can determine the counter-term:

δM2 =
3λ

16π2
M2

0

(
c∞ + 1− ln

[
M2

0

M2

])
− 2y2

16π2
m2

0

(
c∞ + 1− ln

[
m2

0

M2

])
(2.4.21)

+
c∞

16π2

(
9λM2

0 − 2y22m2
0

)
. (2.4.22)
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This was the easy bit. Now, however, comes the moment to put it all together and see if
anything crosses out. We start by quickly reviewing the one-loop calculations:

Π
(a)
1l

(
p2
)

=
2y2

16π2

∫ 1

0

dx ∆2
m

(
p2
)(

3c∞ + 1− 3 ln

(
∆2
m (p2)

M2

))
, (2.4.23a)

Πb
1l

(
p2
)

= −9λM2

16π2

∫ 1

0

dx

(
c∞ − ln

(
∆2
M (p2)

M2

))
, (2.4.23b)

Π
(c)
1l

(
p2
)

= − 3λ

16π2
M2

0

(
c∞ + 1− ln

(
M2

0

M2

))
, (2.4.23c)

with

∆2
m

(
p2
)

= m2
0 − x (1− x) p2 and ∆2

M

(
p2
)

= M2
0 − x (1− x) p2. (2.4.24)

Putting all the terms together, we get a rather lengthy equation. To keep things somewhat
clear, we will order everything by the factors.

Terms with
2y2

16π2
:

∫ 1

0

dx m2
0

(
��
�3c∞ + �1− 3 ln

[
∆2
m (p2)

M2

])
−
∫ 1

0

dx p2x (1− x)

(
��
�3c∞ + 1− 3 ln

[
∆2
m (p2)

M2

])
−m2

0

(
��
�3c∞ + �1− ln

[
m2

0

M2

])
+

∫ 1

0

dx p2x (1− x)

(
��
�3c∞ − 2− 3 ln

[
∆2
m (M2

0 )

M2

])
=

=

∫ 1

0

dx

{
− 3m2

0 ln

[
∆2
m (p2)

M2

]
+m2

0 ln

[
m2

0

M2

]

− p2x (1− x)

(
3 + 3 ln

[
∆2
m (p2)

∆2
m (M2

0 )

])}
Now we consider the pole of the propagator, which means that p2 →M2

0 .

= −3m2
0

∫ 1

0

dx ln

[
∆2
m

(
M2

p

)
M2

]
+m2

0 ln

[
m2

0

M2

]
− 1

2
M2

p + 0

Terms with
9λM2

0

16π2
:

∫ 1

0

dx

{
−��c∞ + ln

[
∆2
M (p2)

M2

]
+��c∞ + p2 x (1− x)

∆2
M

(
M2

p

)} =

=

∫ 1

0

dx

{
ln

[
∆2
M (p2)

M2

]
+

p2x (1− x)

M2
0 − x (1− x)M2

p

}
We again consider this at the pole p2 →M2

0 .

=

∫ 1

0

dx

{
ln

[
p2

M2

]
+ ln

[
x2 − x+ 1

]
+

1

M2
0

p2x (1− x)

1− x (1− x)

}
= ln

[
p2

M2

]
+

p2

M2
0

(
−3 +

5π

3
√

3

)
p2 →M2

0

= ln

[
M2

0

M2

]
− 3 +

5π

3
√

3
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Terms with
3λM2

0

16π2
=

∫ 1

0

dx

{(
−c∞ − 1 + ln

[
M2

0

M2

])
+

(
c∞ + 1− ln

[
M2

0

M2

])}
= 0

We can now combine everything, to get the one-loop correction to the scalar mass:

M2
R = M2

0

(
1− y2

16π2

{
1 + 6

m2
0

M2
0

∫
dx ln

[
∆2
M (M2

0 )

M2

]
− m2

0

M2
0

ln

[
m2

0

M2

]}
+

9λ

16π2

{
ln

[
M2

0

M2
− 3 +

5π

3
√

3

]})
. (2.4.25)

2.5 Determining the β functions

2.5.1 Scale invariance

So far, all the parameters that we regularised, have an explicit dependence on the mass scale
M. However, we introduced this scale in order to be able to regularise our parameters. We
started of with quantities that were independent of M, therefore, when we are done, they
must still be independent of M. After all, regularisation is nothing but the exposure of the
infinities and should not change the quantity itself.

As shown in [10, 11], we can derive the bare quantity fB (M, gi), where gi are all the
coupling constants of the Lagrangian we consider, in the following way:

MdfB
dM

=M∂fB
∂M

+
n∑
i=1

M dgi
dM︸ ︷︷ ︸

=:βgi

∂fB
∂gi

. (2.5.1)

βgi are the β functions of gi respectively. The β functions tell us, how the renormalised
quantities depend on the energy scale M. If a β function vanishes, then that quantity is
obviously scale invariant.

We now start off, by determining what the bare quantities look like in order to prepare
ourselves on deriving them. After this preparation, we shall determine what the renor-
malisation Group Equations are going to be, for our coupling constants and we finish by
determining the RGE of the fermion and scalar mass. Then, our final goal, is to determine
the M-(in)dependence of the renormalised masses.

2.5.2 The bare quantities and derivations of the counter-terms

The bare quantities that we have to consider are given by

y(B) =M
ε
2 (y + δy)Z

−1
χ Z

− 1
2

ϕ , (2.5.2)

λ(B) =Mε (λ+ δλ)Z
−2
ϕ , (2.5.3)

v(B) =M− ε
2 (v + δv)Z

− 1
2

ϕ , (2.5.4)

m
(B)
0 = y(B)v(B), (2.5.5)(

M2
0

)(B)
= 2λ(B)

(
v2
)(B)

. (2.5.6)

Here, Zχ and Zϕ are defined as

ZA = 1 + δ
(1)
A + δ

(2)
A + ..., where A = {χ, ϕ} (2.5.7)
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however, because we are doing a one-loop calculation, we only need to consider one counter-

term
(
δ

(1)
A

)
for each field. With this in mind we find that, at one-loop order, the bare

quantities look like

y(B) =M
ε
2y

(
1 +

δy

y
− δχ −

1

2
δϕ

)
, (2.5.8)

λ(B) =Mελ

(
1 +

δλ
λ
− 2δϕ

)
, (2.5.9)

v(B) =M− ε
2v

(
1 +

1

2
δϕ +

δv
v

)
, (2.5.10)

m
(B)
0 = m0

(
1− δχ +

δy
y

+
δv
v

)
, (2.5.11)

(
M2

0

)(B)
= M2

0

(
1− δϕ +

δλ
λ

+ 2
δv
v

)
. (2.5.12)

If we want to calculate the derivative by M of all these quantities, we see that we need
the derivations of each counter-term by all parameters. These derivations can be found in
appendix A.11.

2.5.3 Lowest order calculation

For βy, βλ and βv, we need to determine the lowest order entry. This, so we can use the
lowest order entries in our calculation of higher order entries.

Starting of with yB, we require it to be independent of M:

0 =MdyB
dM

=MdM ε
2

dM
y

(
1 +

δy

y
− δχ −

1

2
δϕ

)
+M

ε
2M dy

dM

(
1 +

δy

y
− δχ −

1

2
δϕ

)
+M

ε
2yM d

dM

(
1 +

δy

y
− δχ −

1

2
δϕ

)
=
ε

2
y

(
1 +

δy

y
− δχ −

1

2
δϕ

)
+ βy

(
1 +

δy

y
− δχ −

1

2
δϕ

)
+M d

dM

(
δy

y
− δχ −

1

2
δϕ

)
.

Because all counter-terms are of orders higher than y, we can see that the lowest order result
yields

βy = −ε
2
y. (2.5.13)

Following the same procedure for λB, we find

0 =MdλB
dM

=MdMε

dM
λ

(
1 +

δλ
λ
− 2δϕ

)
+MεM dλ

dM

(
1 +

δλ
λ
− 2δϕ

)
+MελM d

dM

(
1 +

δλ
λ
− 2δϕ

)
= ελ

(
1 +

δλ
λ
− 2δϕ

)
+ βλ

(
1 +

δλ
λ
− 2δϕ

)
+ λM d

dM

(
δλ
λ
− 2δϕ

)
.
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This would provide us with a result of

βλ = −ελ, (2.5.14)

at lowest order.
For vB, the calculation is analogous:

0 =MdvB
dM

=MdM− ε
2

dM
v

(
1 +

1

2
δϕ +

δv
v

)
+M− ε

2M dv

dM

(
1 +

1

2
δϕ +

δv
v

)
+M− ε

2vM d

dM

(
1 +

1

2
δϕ +

δv
v

)
= −ε

2
v

(
1 +

1

2
δϕ +

δv
v

)
+ βv

(
1 +

1

2
δϕ +

δv
v

)
+ vM d

dM

(
1

2
δϕ +

δv
v

)
.

We find, for our lowest order entry of βv:

βv =
ε

2
v. (2.5.15)

We have assumed here that the next higher order is going to be of order y2. We will see
later on that this is a valid assumption.

2.5.4 Using the lowest order β functions to determine various scale
dependencies

In order to make the remaining calculation easier, we are going to calculate the scale de-
pendence of various counter-terms. Keep in mind that c∞ = 2

ε
− γE + ln 4π. After ε → 0,

every term proportional to ε vanishes. Seeing as all β functions are proportional to ε at
lowest order, we need only consider the terms where the ε’s cancel. This means that instead
of c∞, we can write 2

ε
. We start of, with the counter-terms of the scalar and fermion fields

respectively. We can use (A.11.4) and (A.11.5) to obtain

M dδϕ
dM

=M ∂δϕ
∂M

+ βy
∂δϕ
∂y

+ βλ
∂δϕ
∂λ

+ βv
∂δϕ
∂v

= − 2y2

16π2
+ βy

(
− 4y

16π2

1

2

2

ε

)
+ ε

[
O
(
ε0
)]

= − 2y2

16π2
+
(
−ε

2
y
)(
− 2y

16π2

2

ε

)
= 0,

M dδχ
dM

=M ∂δχ
∂M

+ βy
∂δχ
∂y

+ βλ
∂δχ
∂λ

+ βv
∂δχ
∂v

= − y2

16π2
+ βy

(
− y

16π2

2

ε

)
+ ε

[
O
(
ε0
)]

= − y2

16π2
+
(
−ε

2
y
)(
− y

16π2

2

ε

)
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= 0.

The other calculations we would like to do, are the ones involving the coupling con-
stants. We see, in the bare coupling constants that the counter-terms are always divided by
the renormalised coupling constant. These divisions we want to determine using (A.11.1),
(A.11.2) and (A.11.3):

M d

dM
δy
y

=
1

y
M dδy

dM
+ δyM

dy−1

dM

=
1

y

(
M ∂δy

∂M
+ βy

∂δy
∂y

+ βλ
∂δy
∂λ

+ βv
∂δy
∂v

)
+ δy

(
M∂y−1

∂M
+ βy

∂y−1

∂y
+ βλ

∂y−1

∂λ
+ βv

∂y−1

∂v

)
=

1

y
βy

3y2

16π2

2

ε
+ δyβy

(
−y−2

)
=

1

y

(
−ε

2
y
) 3y2

16π2

2

ε
+ δy

(
−ε

2
y
) (
−y−2

)
In δy, there is only one term that is proportional to

1

ε
, therefore that is the sole remainder.

= − 3y2

16π2
+ y−1 ε

2

y3

16π2

2

ε

= − 2y2

16π2
,

M d

dM
δλ
λ

=
1

λ
M dδλ

dM
+ δλM

dλ−1

dM

=
1

λ

(
M ∂δλ

∂M
+ βy

∂δλ
∂y

+ βλ
∂δλ
∂λ

+ βv
∂δλ
∂v

)
+ δλ

(
M∂λ−1

∂M
+ βy

∂λ−1

∂y
+ βλ

∂λ−1

∂λ
+ βv

∂λ−1

∂v

)
=

1

λ
βy

8y3

16π2

2

ε
+

1

λ
βλ

18λ

16π2

2

ε
+ δλ

(
−βλλ−2

)
=

1

λ

(
−ε

2
y
) 8y3

16π2

2

ε
+

1

λ
(−ελ)

18λ

16π2

2

ε
+
ε

λ

9λ2

16π2

2

ε
− ε

λ

2y4

16π2

2

ε

=
1

16π2

(
−18λ+ 4

y4

λ

)
,

M d

dM
δv
v

=
1

v
M dδv

dM
+ δvM

dv

dM

=
1

v

(
M ∂δv

∂M
+ βy

∂δv
∂y

+ βλ
∂δv
∂λ

+ βv
∂δv
∂v

)
+ δv

(
M∂v−1

∂M
+ βy

∂v−1

∂y
+ βλ

∂v−1

∂λ
+ βv

∂v−1

∂v

)
=

1

v

[
2y4v

λ16π2
− 12λv

16π2
+ βy

4y3v

λ16π2

2

ε
+ βλ

(
− y4v

λ216π2
− 6v

16π2

2

ε

)
+ βv

(
y4

16π2

2

ε
− 6λ

16π2

2

ε

)]
+ δv

(
−βvv−2

)
=

y4

λ16π2
[2− 4 + 2 + 1− 1] +

λ

16π2
[−12 + 12− 6 + 6]

= 0.
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2.5.5 Scale independence at one-loop order

With the relations derived in the previous section, it is now relatively straight forward to
determine the next terms in the β functions of the coupling constants. These calculations
provide us with:

βy = −ε
2

+
2y3

16π2
+O

(
y4
)
, (2.5.16)

βλ = −ελ+
1

16π2

(
18λ2 − 4y4

)
+O

(
λ3, y6

)
, (2.5.17)

βv =
ε

2
v +O

(
y4, λ2

)
. (2.5.18)

We can see, what the scale dependence is going to be, at one-loop level, for the coupling
constants. This is done, by letting ε → 0. We will find that vB has no scale dependence.
Our assumption that the next higher terms in βv are going to be of at least order y2, can be
found to be correct.

2.5.6 Scale invariance of the masses

We want to check, if the particle masses are actually scale invariant. The physical mass must
be scale invariant, because we used the on shell scheme to determine the counter-terms.

For the fermion mass, we had m0,B = m0

(
1− δχ + δy

y
+ δv

v

)
at one-loop order. Desiring

the bare mass to be scale invariant means that

0 =Mdm0,B

dM
=Mdm0

dM

(
1− δχ +

δy
y

+
δv
v

)
+m0M

d

dM

(
1− δχ +

δy
y

+
δv
v

)
=Mdm0

dM

(
1− δχ +

δy
y

+
δv
v

)
+m0

(
− 2y2

16π2

)
.

From this we find the scale dependence of the renormalised tree-level mass at one-loop order
to be

Mdm0

dM
=

2y2

16π2
m0. (2.5.19)

The scalar mass, M2
0,B = M2

0

(
1− δϕ + δλ

λ
+ 2 δv

v

)
, results in an analogous calculation.

Namely,

0 =M
dM2

0,B

dM
=MdM2

0

dM

(
1− δϕ +

δλ
λ

+ 2
δv
v

)
+M2

0

d

dM

(
1− δϕ +

δλ
λ

+ 2
δv
v

)
,

=MdM2
0

dM

(
1− δϕ +

δλ
λ

+ 2
δv
v

)
+

M2
0

16π2

4
y4v2

λv2︸︷︷︸
8
m2

0
M2

0
y2

−18λ

 .

We can now find the scale dependence of the tree-level scalar mass at one-loop order:

MdM2
0

dM
=

1

16π2

(
18λM2

0 − 8m2
0y

2
)
. (2.5.20)

These two equations allow us, to determine the scale dependence of the physical masses,
which we determined to be (2.4.17) and (2.4.25). If we determine the scale dependence of
the renormalised masses, we find that it will be zero. Meaning that the scale dependence of
the tree-level masses cancel with the scale dependence of the one-loop corrections.



Chapter 3

Generalization of the toy model

So far, we have discussed a model, in which a left handed Majorana field interacts with a
real scalar field. This can of course be a right-handed Majorana field as well. However,
what happens when we introduce multiple flavour generations? We can, of course, introduce
merely one generation, but if we want to discuss possible extensions of the standard model,
we could want to be able to consider an arbitrary number of lepton generations. This is
exactly what can be found in [1]. In this chapter I will attempt to highlight the most
important aspects of this general toy model, which we will compare with a diagrammatic
approach in the chapters after this one. Therefore, this chapter will rely heavily on [1].

3.1 The bare and renormalised Lagrangian

We start by determining the Lagrangian for a system with nχ Majorana fields χ
(B)
iL and nϕ

real scalar fields ϕ
(B)
a . A Z4 symmetry is assumed, which means that

S : χ
(B)
jL → iχ

(B)
jL , ϕ(B)

a → −ϕ(B)
a , (3.1.1)

with

χ
(B)
L =

χ
(B)
1L
...

χ
(B)
nχL

 , ϕ(B) =

ϕ
(B)

...

ϕ
(B)
nϕ

 . (3.1.2)

We then find the Lagrangian to be of the form

L =iχ
(B)
iL γµ∂µχiL +

1

2

(
∂µϕ

(B)
a

) (
∂µϕ(B)

a

)
+

1

2

[(
Y (B)
a

)
ij

(
χ

(B)
iL

)T
C−1χ

(B)
jL ϕ

(B)
a + h.c.

]
− 1

2

(
µ2
)(B)

ab
ϕ(B)
a ϕ

(B)
b − 1

4
λ

(B)
abcdϕ

(B)
a ϕ

(B)
b ϕ(B)

c ϕ
(B)
d , (3.1.3)

where (
Y (B)
a

)T
= Y (B)

a ∀ a = 1, · · · , nχ,
(
µ2
)(B)

ab
ϕ(B)
a =

(
µ2
)(B)

ba
ϕ(B)
a , (3.1.4)

and λ
(B)
abcd is symmetric in all indices.

We can define the renormalised fields as

χ
(B)
L = Z

( 1
2)

χ χL, ϕ(B) = Z
( 1
2)

ϕ ϕ, (3.1.5)

29
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where Z
( 1
2)

χ is a general complex nχ × nχ matrix, Z
( 1
2)

ϕ a real but otherwise general nϕ × nϕ
matrix and χL and ϕ are the renormalised vectors of their respective fields.

When doing dimensional regularisation, we consider the Lagrangian in d = 4− ε dimen-
sions, this means we need to replace renormalised coupling constants with

(Ya)ij →M
ε
2 (Ya)ij , λabcd →Mελabcd, (3.1.6)

The renormalised Lagrangian now looks the same as the bare Lagrangian, except for the
extra mass parameter. The counter-term Lagrangian has the form

L =iδ
(χ)
ij χiLγµ∂µχjL + δ

(ϕ)
ab

1

2
(∂µϕa) (∂µϕb)

+
1

2
M

ε
2

[
(δYa)ij χ

T
iLC

−1χjLϕa + h.c.
]

− 1

2

(
δµ2
)
ab
ϕaϕb −

1

4
Mεδλabcdϕaϕbϕcϕd. (3.1.7)

3.2 Spontaneous symmetry breaking

This is where [1] introduces the well known shift

ϕa =M− ε
2va + ha, with va = va + ∆va. (3.2.1)

The VEV va is split into va, the tree-level VEV, and ∆va, the corrections coming from loop
calculations. The shift leads to the scalar potential looking like

V + δV − V0 =M− ε
2

(
ta + ∆ta + δµ2

abvb + δλabcdvbvcvd
)
ha (3.2.2)

+
1

2

((
M2

0

)
ab

+
(
∆M2

0

)
ab

+ δµ2
ab + δλabcdvcvd

)
hahb (3.2.3)

+M
ε
2 (λabcdδλabcd)hahbhcvd (3.2.4)

+
1

4
Mε (λabcd + δλabcd)hahbhchd, (3.2.5)

with
ta = µ2

abvb + λabcdvbvcvd, ∆ta = µ2
abvb + λabcdvbvcvd − ta, (3.2.6)

the tree-level scalar masses(
M2

0

)
ab

= µ2
ab + 3λabcdvcvd,

(
∆M2

0

)
ab

= µ2
ab + 3λabcdvcvd −

(
M2

0

)
ab
, (3.2.7)

and V0 is the constant term independent of h.
If we want va to be the VEV (we do, because [1] does), we need the condition

ta = 0 for a = 1, · · · , nϕ. (3.2.8)

The SSB occurs when one of the VEVs is non-zero, however, whether or not it has occurred
(3.2.7) will describe the tree-level mass. The tree-level mass matrix of the fermion field is
given by

m0 =

nϕ∑
a=1

vaYa. (3.2.9)
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The mass matrices and the fields can be diagonalised with the following matrices

UT
0 m0U0 = m̂0 ≡ diag

(
m01, · · · ,m0nχ

)
, W T

0 M0W0 = M̂2
0 ≡ diag

(
M2

01, · · · ,M2
0nϕ

)
,

(3.2.10)
where U0 is unitary and W0 is orthogonal. The hat adorning both mass matrices point
towards the fact that they are now in the mass basis. These diagonalising matrices can be

incorporated into Z
( 1
2)

χ and Z
( 1
2)

ϕ , respectively. This will make sure that the Lagrangian is
preserved.

3.3 Renormalisation

In order to calculate the physical one-loop correction to the masses, we need to calculate
the self energies. The way in which the self-energies depend on the parameters in this toy
model, depends on the renormalisation-scheme that we pick. The schemes that [1] uses are,

• MS for determining δYa, δλabcd, δµ
2
ab, δ

(χ) and δ(ϕ).

• The finite shifts ∆va are such that the scalar one-point function is zero.

• The first two points allow us to calculate Σ (p) and Π (p2), after which finite field
strength renormalisation is used to calculate the on-shell self energies Σ̃ (p) and Π̃ (p2).

3.4 Results of the counter-terms

The resulting counter-terms are

δYa =
1

16π2
c∞YbY

?
a Yb, (3.4.1)

δλ
(χ)
abcd = −1

3

1

16π2
c∞Tr[YaY

?
b YcY

?
d + YaY

?
c YdY

?
b + YaY

?
d YbY

?
c

+ Y ?
a YbY

?
c Yd + Y ?

a YcY
?
d Yb + Y ?

a YdY
?
b Yc], (3.4.2)

δλ
(ϕ)
abcd =

3

16π2
c∞ (λabrsλrscd + λacrsλrsbd + λadrsλrsbc) , (3.4.3)

δµ2
ab =

3

16π2
c∞λabrsµ

2
rs (3.4.4)

where again (2.2.17) applies.

3.5 Results for the loop diagrams

The self energies are calculated in the mass basis, every parameter with a hat, is considered
to be in the mass basis. Of course, masses with only one index are in the mass basis as well.
The resulting loop diagrams for the fermion self-energy are,(

Σ1l

(
/p
))

=
1

16π2

(
/pγL

[
−1

2
c∞Ŷ

?
a Ŷa + Ŷ ?

a D̂aŶa

]
+ /pγR

[
−1

2
c∞ŶaŶ

?
a + ŶaD̂aŶ

?
a

]
(3.5.1a)

γL

[
−c∞Ŷam̂0Ŷa + Ŷam̂0ÊaŶa

]
+ γR

[
−c∞Ŷ ?

a m̂0Ŷ
?
a + Ŷ ?

a m̂0ÊaŶ
?
a

])
, (3.5.1b)
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with

∆a,k = xM2
0,a + (1− x)m2

0,k − x (1− x) p2, (3.5.1c)

Da,k =

∫ 1

0

dx x ln
∆a,k

M2
, (3.5.1d)

Ea,k =

∫
ln

∆a,k

M2
. (3.5.1e)

For the scalar self-energy we find(
Π

(a)
1l

(
p2
))

ab
=

1

16π2

(
c∞Tr

[
Ŷam̂

?
0Ŷbm̂

?
0 + Ŷ ?

a m̂0Ŷ
?
b m̂0 + ŶaŶ

?
b m̂0m̂

?
0 + Ŷ ?

a Ŷbm̂
?
0m̂0

]
− 1

2
c∞Tr

[
ŶaŶ

?
b + Ŷ ?

a Ŷb

]
p2 + Tr

[(
ŶaŶ

?
b + Ŷ ?

a Ŷb

)(
m̂2

0 −
1

6
p2

)]
−
∫ 1

0

dx

[((
Ŷa

)
ij

(
Ŷb

)?
ji

+
(
Ŷa

)?
ij

(
Ŷb

)
ji

)(
2∆ij − x (1− x) p2

)
+
(
Ŷa

)
ij
m0j

(
Ŷa

)
ji
m0i +

(
Ŷa

)?
ij
m0j

(
Ŷa

)?
ji
m0i

]
ln

∆ij

M2

)
, (3.5.2a)

(
Π

(b)
1l

(
p2
))

ab
= − 18

16π2
λ̂acrsv̂cλ̂bdrsv̂d

(
c∞ −

∫ 1

0

dx ln
∆̃rs

M2

)
, (3.5.2b)

(
Π

(c)
1l

(
p2
))

ab
= − 3

16π2
λ̂abrsM

2
0r

(
c∞ + 1− ln

M2
0r

M2

)
, (3.5.2c)

with (3.5.2d)

∆ij = xm0i2 + (1− x)m2
0j − x (1− x) p2, (3.5.2e)

∆̃rs = xM2
or + (1− x)M2

0s − x (1− x) p2 (3.5.2f)



Chapter 4

Imposing a flavour symmetry

We have treated the toy model in the case of one flavour in chapter 2 and in chapter 3 the
case of an arbitrary number of Majorana fields and real scalar fields. In this chapter we will
start with a the same toy model as the one in chapter 3 with a specific flavour symmetry
and with an equal number of Majorana fields and scalar fields. The flavour symmetry will
allow for a case distinction depending on the sign of a specific coupling constant. We will
determine the breaking minima (the stationary points of the potential) resulting from SSB
and the tree-level masses of the fermion and scalar fields.

4.1 The Lagrangian under the flavour symmetry

The potential that we gain from [1], looks like

V [ϕ] = µ̃2
ijϕiϕj + Λijklϕiϕjϕkϕl. (4.1.1)

We assume that there are N real scalar fields. The µ̃ij and Λijkl are the coupling constants.
We introduce symmetry group GN to get rid of certain terms in the potential. The

symmetry that we will consider in this thesis, is one that has both a cyclic symmetry and
an additional flavour symmetry. The symmetry group is

GN = (Z4)N o SN , (4.1.2)

where SN is the permutation group of N objects. The first part of GN induces k transfor-
mations

(Z4)k : χL,k → iχL,k, ϕk → −ϕk. (4.1.3)

We see that the symmetry group always transforms both the fermion field and the scalar
field with the index k. It should be noted that if we consider a field with the index j 6= k,
that field will be invariant under the symmetry group (Z4)k.

The cyclic symmetry is the reason why terms with an odd number of scalar fields do not
occur in the potential (except for the Yukawa term, there the two fermion fields insure the
invariance under (Z4)k). Then it will also be obvious that we must always have a pair of fields
of the same generation. This means that the matrix µ̃ij must be diagonal. However, there is
another part to the symmetry, namely the permutation group. Invariance under GN—and
therefore the permutation group—will make sure that switching fields of different flavours
would not change the potential. Therefore, when we exchange ϕi with ϕj, the potential
should not change. This can only be the case, when all quadratic coupling constants are the
same. The quadratic part of the potential will then simplify to µ̃2 ϕiϕi. The quartic part

33
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of the potential is slightly more involved, I will attempt to explain this part in a bit more
detail, making it clear why the potential looks the way it does.

Looking at Λijklϕiϕjϕkϕl, we can immediately see the fact that scalar fields with the
same index occur in pairs. This means that we are merely left with parts where fields occur
quadratic pairs, i.e.

Λiiiiϕiϕiϕiϕi and Λiijjϕiϕiϕjϕj. (4.1.4)

If we now consider the permutation symmetry, we find that all entries Λiiii = Λjjjj =: λ
∀i, j. The same can be said for the the second part of the quartic potential, providing us
with Λiijj = λ′ ∀i, j. In general, λ 6= λ′. We can now write the quartic part as

λϕ4
i + λ′ϕiϕiϕjϕj, (4.1.5)

Because we can interchange the scalar fields, i.e. ϕiϕiϕjϕj = ϕiϕjϕiϕj, we can pull some of
the entries from the second part of equation (4.1.5) and put them in the first part (adjusting
the couplings accordingly), to give us the following form:

λϕiϕiϕjϕj + λ′ϕiϕiϕjϕj (1− δij) . (4.1.6)

We can now combine the entire potential into one gloriously lovely form, choosing ade-
quate factors:

V [ϕ] =
1

2
µ̃2ϕiϕi +

1

4
λϕiϕiϕjϕj +

1

4
λ′ϕiϕiϕjϕj (1− δij) , (4.1.7)

or (4.1.8)

V [ϕ] =
1

2
µ̃2

N∑
i=1

ϕ2
i +

1

4
λ

(
N∑
i=1

ϕ2
i

)2

+
1

2
λ′
∑
i<j

ϕ2
iϕ

2
j . (4.1.9)

The rest of the Lagrangian can be found the same way, revealing the total Lagrangian
to be

L = iχL,i/∂χl,i +
1

2
y
(

(χL,i)
T C−1χL,iϕi + h.c.

)
+

1

2
(∂µϕi) (∂µϕi)− V [ϕ] . (4.1.10)

4.2 Determining the breaking minima

We now know the form of the Lagrangian. We can induce spontaneous symmetry breaking
by assuming µ̃2 is negative. Therefore, defining µ̃2 =: −µ2 with µ2 > 0, we end up with a
potential of the form

V [ϕ] = −1

2
µ2ϕkϕk +

1

4
λϕkϕkϕlϕl +

1

4
λ′ϕkϕkϕlϕl (1− δkl) . (4.2.1)

The Lagrangian is used to calculate expectation values. Therefore we know that a single
field will provide us with the VEV:

〈0|ϕi |0〉 = vi. (4.2.2)
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Now we want to introduce a constraint. We want the sum of the square of all VEVs to be
equal to v2:

v2 =
∑
i

v2
i = vivi = v2nini, (4.2.3)

from which we can clearly see that
nini = 1. (4.2.4)

This is the constraint that we will use in determining the minima of the SSB symmetry.
When there is a constraint involved in calculating extremal points, it is useful to use the
method of Lagrangian multipliers.

We are looking at the potential at the minima, not in the vicinity of the minima, hence
the fields can be replaced with ϕi = vni. Inserting this into the potential, we find

V [vn] = −1

2
µ2v2 nknk︸︷︷︸

=1

+
1

4
λv4 nknk︸︷︷︸

=1

nlnl︸︷︷︸
=1

+
1

4
λ′v4nknknlnl (1− δkl) . (4.2.5)

Because of the constraint (4.2.4), we find that the first two terms are constants. Hence
the extremal points will only depend on the third term. We will, therefore, determine the
extremal points of

A (n) =
1

4
λ′v4nknknlnl (1− δkl) + λ̃ (nini − 1) , (4.2.6)

where the last term is the constraint and the parameter λ̃ is the Lagrangian multiplier.
We can now calculate the derivative with respect to nj and equate it to zero:

0 =
∂A (n)

∂nj
=

∂

∂nj

[
1

4
λ′v4nknknlnl (1− δkl)− λ̃ (nknk − 1)

]
, (4.2.7)

= nj

(
λ′v4

(
1− n2

j

)
− 2λ̃

)
. (4.2.8)

For the entire calculation, please see the appendix chapter B.1. The derivation by λ̃ will
obviously provide us with the constraint. This means that we have to solve the system of
equations

0 = nj

(
λ′v4

(
1− n2

j

)
− 2λ̃

)
, (4.2.9)

1 = nini, (4.2.10)

for nj.
In general, there can be an arbitrary number of n’s that are non-zero. Assuming that

na1 = na2 = · · · = nar = 0, nj 6= 0 ∀j 6= a1, · · · , ar, (4.2.11)

equation (4.2.9) then becomes

λ′v4 − 2λ̃

λ′v4
= n2

j ∀j 6= a1, · · · , ar. (4.2.12)

This agrees with symmetry group GN from which we know that the squares of all nj are the
same when they are non-zero. However, all ni can be considered to have the same value,
since they will only differ by the sign and GN is invariant under a change of sign. Also,
because of the permutation symmetry of GN , we find

n1 = n2 = · · · = np =
1
√
p
, np+1 = · · · = nN = 0. (4.2.13)

These are the stationary points, which we can put back into function (4.2.6) to find
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A (n) =
1

4
λ′v4

[
1− 1

p

]
, p ≥ 1. (4.2.14)

We want to find the minimum of the potential, therefore we want A (n) to be smallest. We
need to find the value of p that minimises A (n). When λ′ > 0, we see that A (n) is minimised
when p = 1 and when λ′ < 0 it is minimised when p = N . The minima of the potential with
respect to nj are, therefore,

λ′ > 0 Vnmin = −1

2
µ2v2 +

1

4
λv4, (4.2.15)

λ′ < 0 Vnmin = −1

2
µ2v2 +

1

4
λv4 +

1

4
λ′v4N − 1

N
. (4.2.16)

With these minima calculated, we can determine the value of the VEV. We do this by
deriving (4.2.15) and (4.2.16) by v.

For λ′ > 0 we find

v =

√
µ2

λ
, (4.2.17)

where the sign of the square root is positive, because of symmetry group GN , which causes
invariance under change of sign.

For λ′ < 0 we find

v2 =
µ2

λ+ λ′N−1
N

. (4.2.18)

This last equation allows us to easily see a boundary condition for λ and λ′. Because v2

must be finite, it must be valid that λ > λ′N−1
N

.

4.3 Tree-level masses

Now we will determine the tree-level masses of the scalar fields. When we break the symme-
try, we shift the scalar fields by the VEV: ϕi −→ vi + hi ∀i. In the case of λ′ > 0, we know
that only one VEV is non-zero. Therefore, we make the following shifts

ϕ1 −→ v1 + h1; ϕi 6=1 −→ 0 + hi 6=1. (4.3.1)

But before we do this, we first want to split the potential in a part that is dependent on ϕ1

and a part that is not:

V =− 1

2
µ2ϕkϕk +

1

4
λϕ2

kϕ
2
k +

1

4
(λ+ λ′)ϕkϕkϕlϕl (1− δkl) ,

=− 1

2
µ2ϕ2

1 +
1

4
λϕ4

1 +
1

2
(λ+ λ′)ϕ2

1ϕiϕi (1− δi1)
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− 1

2
µ2ϕkϕk (1− δ1k) +

1

4
λϕ2

kϕ
2
k (1− δk1) (4.3.2)

+
1

4
(λ+ λ′)ϕkϕkϕlϕl (1− δk1) (1− δl1) (1− δkl) . (4.3.3)

The third term has a factor 1
2
, because both k and l can be equal to 1. However, there still

is a sum over all fields ϕ2
i 6=1 left in that term. The summation over i was chosen, to show

that this is not the same summation as in the third term in the line above it. In the last
term, there are three Kronecker deltas. The δk1 and δl1 terms result from the splitting of the
potential, the third delta is the same as before.

If we look at the last three terms in (4.3.3), we see that it has exactly the same form
as the original potential. The only difference is that there are no terms depending on ϕ1.
Therefore, there will be no breaking of the symmetry in this part of the potential, seeing as
the shift ϕi 6=1 −→ hi 6=1 does not change anything. The symmetry of the potential will, in
the case of λ′ > 0, be broken to the symmetry GN−1. In order to keep the notation short,
we will write the final three terms of (4.3.3) as VGN−1

.
The broken potential has the form

V =
1

4
λv4 +

1

2

[
2λv2

]
h2

1 +
1

2

[
(λ+ λ′) v2 (1− δ1i)

]
hihi

+ λvh3
1 + (λ+ λ′) vh1hihi (1− δ1i) +

1

4
λh4

1 +
1

2
(λ+ λ′)h2

1 (1− δi1)hihi + VGN−1
.

(4.3.4)

The calculation can be found in appendix B.2. We should remember that there is one more
quadratic term in VGN−1

. It has the form 1
2
µ2hihi and adds one more contribution to the

tree-level mass of the hi’s. Therefore, we have to add this term to all the mass terms found.
Remembering that µ2 = −λv2, we can now easily see the tree-level mass terms for the scalar
particles:

λ′ > 0 : M2
h1

= 2λv2; M2
hi 6=1

= λ′v2. (4.3.5)

In the case λ′ < 0, we find that all the VEVs are now non-zero. They can be either
positive or negative, however, without loss of generality we are going to assume that all
VEVs are positive. This has no influence on the calculation until we start putting in values
for the ni’s. At that point we will be looking at the diagonalisation and we will discuss the
sign there again. If we start with the potential

V =
1

2
µ2ϕkϕk +

1

4
λϕ2

kϕ
2
k +

1

4
(λ′ + λ′)ϕkϕkϕlϕl (1− δkl) , (4.3.6)

we introduce the shift ϕi −→ vi + hi:

V = −1

2
µ2 (vk + hk) (vk + hk) +

1

4
λ (vk + hk) (vk + hk) (vk + hk) (vk + hk)

+
1

4
(λ+ λ′) (vk + hk) (vk + hk) (vl + hl) (vl + hl) (1− δkl) . (4.3.7)

The resulting potential can be simplified to

V =

[
−1

4

λv4

N
− 1

4
(λ+ λ′) v4N − 1

N

]
+

1

2

[
2λv2

N
δkl + 2 (λ+ λ′) v2 1

N
(1− δkl)

]
hkhl
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+ [λvδkl + (λ+ λ′) v (1− δkl)]nkhkhlhl +

[
1

4
λδkl +

1

4
(λ+ λ′) (1− δkl)

]
hkhkhlhl.

(4.3.8)

A detailed calculation in orders of hi can be found in appendix B.3. Where in the case of
λ′ > 0 the symmetry was broken as GN → GN−1, causing two different masses, we now
see that the symmetry is broken down as GN → SN . The permutation group SN has an
irreducible representation

N = 1⊕N − 1. (4.3.9)

We will see this represented in the masses. One mass will be different from all other mass,
however, the rest are all the same.

We see that the mass of the scalar field has (flavour) diagonal and off-diagonal elements:

Mkl =
2λv2

N
δkl + 2 (λ+ λ′) v2 1

N
(1− δkl) . (4.3.10)

We can diagonalise this matrix without too much trouble. In order to do so, we will first
break the mass matrix up, into a diagonal part and a part that is multiplied to a matrix of
ones:

Mklhkhl = (aδkl + bΩkl)hkhl, (4.3.11)

where

Ω =


1 1 · · · 1
1 1 · · · 1
...

...
...

1 1 · · · 1

 . (4.3.12)

We can, therefore, see that b = 2 (λ+ λ′) v2 1
N

and a = −2λ′v2 1
N

. The second part of a is
there, to make sure that the second part of Mkl is off-diagonal. Had the all sings of the
VEVs not been positive, we would not have had a matrix of ones. Some entries would have
a −1 instead.

We can diagonalise the matrix Ωkl, using the eigendecomposition theorem. We find that
the eigenvalues and consequent eigenvectors are

λ1 = N, λ2 = λ3 = · · · = λN = 0 (4.3.13)

and

X1 =
1√
N



1
1
1
...
1
1


, X2 =

1√
2



1
−1
0
0
...
0


, X3 =

1√
6



1
1
−2
0
...
0


, X4 =

1√
12



1
1
1
−3
...
0


, · · ·

· · · , XN =
1√

(N − 1) + (N − 1)2



1
1
1
...
1

− (N − 1)


(4.3.14)
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respectively. Because the eigenvalues λ2 = λ3 = · · · = λN = 0, we have a plethora of possible
eigenvectors. However, the choice that we made above is going to be useful, since they are
all orthogonal.

According to the eigendecomposition theorem, any square matrix can be written as:

Ωkl = PkiDij

(
P−1

)
jl
, (4.3.15)

where Dij is a diagonal matrix and P is the matrix composed of all the eigenvectors. In our
case, this matrix has the form

P =



1√
N

1√
2

1√
6

1√
12

1√
20
· · · 1√

(N−1)+(N−1)2

1√
N
− 1√

2
1√
6

1√
12

1√
20
· · · 1√

(N−1)+(N−1)2

1√
N

0 − 2√
6

1√
12

1√
20
· · · 1√

(N−1)+(N−1)2

...
...

...
... · · · ...

...
1√
N

0 0 0 0 · · · 1√
(N−1)+(N−1)2

1√
N

0 0 0 0 · · · − N−1√
(N−1)+(N−1)2


. (4.3.16)

Its inverse can be found by transposing (i.e. interchanging all the indices), because this
matrix is orthogonal and this means that P−1 = P T .

This matrix allows us, to go into the mass basis of the scalar fields:

(aδkl + bΩkl)hkhl = ahkhk + bΩklhkhl,

= ahkhk + bPkiDij

(
P T
)
jl
hkhl,

= ahkhk + bDij hkPki︸ ︷︷ ︸
:=ĥi

(
P T
)
jl
hl︸ ︷︷ ︸

:=ĥj

,

= aĥiĥi + bDijĥiĥj,

= ahm,kĥi + bDiiĥiĥi. (4.3.17)

The fields ĥi are all in the mass basis. We see that in the final step, the fact that matrix
Dij is diagonal was used. We can now plug the values of a and b back in and find the scalar
masses.

Lϕm =
1

2

[
aĥiĥi + bDiiĥiĥi

]
=

1

2

[
aĥ1ĥ1 + bNĥ1ĥ1 + aĥiĥi (1− δ1i)

]
=

1

2

(
2λv2

N
− 2 (λ+ λ′) v2 1

N
+ 2 (λ+ λ′) v2

)
ĥ1ĥ1+

+
1

2

(
2λv2

N
− 2 (λ+ λ′) v2 1

N

)
ĥiĥi (1− δ1i)

=
1

2

(
2λv2

N
+ 2 (λ+ λ′) v2N − 1

N

)
ĥ1ĥ1

+
1

2

(
2λv2

N
− 2 (λ+ λ′) v2 1

N

)
ĥiĥi (1− δ1i)

Therefore,
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λ′ < 0 : M2
h1

= 2 (λ+ λ′) v2 − 2λ′
1

N
,

M2
hi 6=1

= −2λ′v2 1

N
. (4.3.18)

We have one scalar mass being different from N − 1 identical masses. This reflects the
irreducible representation (4.3.9).

Now, we only need to calculate the tree-level masses of the Majorana fermions. This is
not a hard nor involved calculation. We need to consider the Yukawa term in the Lagrangian
and shift the scalar field in order to break the symmetry again and through that generate
the Majorana masses. The Yukawa term is

y

2

(
χTL,iC

−1χL,iϕi + h.c.
)
. (4.3.19)

Now we are going to make the shift ϕi −→ vi+hi. If there turns out to be no mixing between
the fermion generations (i.e. off-diagonal elements), then we can be sure that we are already
in the mass basis of the fields. So, let us shift:

y

2

(
(χL,i)

T C−1χL,ivi + h.c.
)

+
y

2

(
χTL,iC

−1χL,ihi + h.c.
)
. (4.3.20)

We see that there is indeed no mixing between the fermion generations. This means that
the mass of the fermion fields can be written as:

m0,χL,i = yvi. (4.3.21)

Then, considering the values of vi, we find the tree-level masses of the Majorana fields to
be

λ′ > 0 : m0,χL,1 = yv, v1 = v, (4.3.22)

m0,χL,i 6=1
= 0, vi 6=1 = 0, (4.3.23)

and

λ′ < 0 : m0,χL,i =
yv√
N

vi =
v√
N
. (4.3.24)

Again, the sign of all the VEVs and, therefore, the sign of the fermion masses are all positive.
The reason was that the GN symmetry group made the Lagrangian invariant under a change
in sign.



Chapter 5

Renormalising the Lagrangian

We want to renormalise the Lagrangian and we start of with writing down the bare La-
grangian:

LB = iχBL,i/∂χ
B
L,i +

1

2
∂µϕ

B
i ∂

µϕBi +
yB

2

((
χBL,i
)T
C−1χBL,iϕ

B
i + h.c.

)
(5.0.1)

+
1

2

(
µB
)2
ϕBi ϕ

B
i −

1

4
λBϕBi ϕ

B
i ϕ

B
j ϕ

B
j −

1

4
(λ′)

B
ϕBi ϕ

B
i ϕ

B
j ϕ

B
j (1− δij) , (5.0.2)

where the superscript B indicates bare fields and bare parameters. Because we want to
introduce the counter-terms, we need to consider that the dimensions of the action should
remain dimensionless. Therefore, we must consider the dimensions of the fields first, which
we can do by looking at the fact that δL = LB−L, where δL is the counter-term Lagrangian,
LB the bare Lagrangian and L the renormalised Lagrangian.

5.1 Mass-dimensions of the coupling constants

When changing the dimension from 4 to d dimensions, the dimension of the action must
remain dimensionless and consistent over all terms. When looking at the kinetic term of
the scalar field, we find that if the mass-dimension of the differentials is −1, then the mass-
dimension of the bare scalar fields must be d−2

2
. This was derived under the assumption

that all terms in the Lagrangian are of mass-dimension d. With this, we can determine, for
example the dimension of λB. We know that the quartic interaction should have in total
dimension d, and four times the dimension d−2

2
gives us a dimension of 2d− 4, which means

that [
λB
]

+ 4 [ϕ] = d,[
λB
]

+ 2d− 4 = d,[
λB
]

= 4− d.

In dimensional regularisation we set d = 4 − ε and we find that the renormalised coupling
constant must be replaced with λ −→ λMε in order for λ to be a dimensionless coupling.
M is still the arbitrary mass parameter that we saw in chapter 2.

We do the same calculation to find µ −→ µ and y −→ yM ε
2 . This only leaves us to

determine one more thing, the VEV. The VEV will have the same dimension as the scalar
field, and if we insert d = 4 − ε, we find that [v] = 1 − ε

2
. Because the VEV should have a

mass-dimension of one, we see that the VEV changes to v −→ vM− ε
2 .

41
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5.2 Renormalisation conditions

There are two different renormalisation conditions that we will use. They will be the same
as in [1], namely

1 MS renormalisation for δy, δλ, δλ′ , δµ2 , δχ and δϕ.

2 Finite shifts ∆va such that the scalar one-point functions are zero.

A third condition that could be introduced would be a finite field strength renormalisation
in order to calculate on-shell self-energies from the MS self energies that can be determined.
However, the aim of this thesis is not to determine the self energies themselves, we will
merely state the counter-terms and the finite field strength renormalisation is, therefore, not
necessary,

5.3 Determining the counter-terms

Starting with the kinetic terms and applying χ
(B)
L,a = Z

1
2
χajχL,j, we find

χ
(B)
L,i
/∂χ

(B)
L,i =

(
Z

1
2
iaχa

)†
γ0/∂ Z

1
2
χibχb

=
(
Z

1
2
χia

)?
Z

1
2
χbiχL,a/∂ χL,b,

=
(
Z

1
2
χai

)†
Z

1
2
χbiχL,a/∂ χL,b,

=

((
Z

1
2
χ

)†
Z

1
2
χ

)
ab

χL,a/∂ χL,b,

Remember that Z
1
2
χab ≈ δab +

1

2
zχab [12], for more details see appendix C.

= χL,a/∂χL,a +
1

2

(
z†χzχ

)
ab︸ ︷︷ ︸

=δχab

χL,a/∂ χL,b,

Symmetry group GN does not allow any mixing between flavour generations.

⇒ δχδab =
(
Z

1
2
χai

)†
Z

1
2
χbi − δab.

We know from our tree-level calculation that there is either one mass (λ′ > 0) or all masses
are the same (λ′ < 0), therefore, we find that we are left with only have one field strength
renormalisation constant for both cases.

The scalar fields is are treated analogously to reveal

δϕij =
(
Z

1
2
ϕij

)T
Z

1
2
ϕij − δij. (5.3.1)

Even though the symmetry group does not allow flavour mixing, the symmetry is going to
be broken just like in the previous chapter. We will find that in the case of the scalar fields,
there does exist some flavour mixing after SSB.
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For the other couplings, we want to determine the form of the counter-terms as well.
This is done by writing down the counter term Lagrangian, the bare Lagrangian and the
renormalized Lagrangian. In the bare Lagrangian we insert the field renormalisation factors
in order to have renormalised fields. Then we can compare these three expression and find

δL = LB − L,

δyM
ε
2

1

2

(
χTLC

−1χLϕ
)

=
1

2

((
χBL
)T
C−1χBLϕ

B
)
−M

ε
2

1

2

(
χLC

−1χLϕ
)
,

=
(
Z

1
2
χ

)T
Z

1
2
χZ

1
2
ϕ

1

2

(
χLC

−1χLϕ
)
−M

ε
2

1

2

(
χLC

−1χLϕ
)
,

⇒ δyM
ε
2 = yB

(
Z

1
2
χ

)T
Z

1
2
χZ

1
2
ϕ − yM

ε
2 .

Now doing this for the remaining coupling constants, we find

δχ = Zχ − 1, (5.3.2a)

δϕ = Zϕ − 1, (5.3.2b)

δyM
ε
2 = yBZχZ

1
2
ϕ − yM

ε
2 , (5.3.2c)

δµ2 =
(
Z

1
2
ϕ

)T
µ2
BZ

1
2
ϕ − µ2, (5.3.2d)

δλMε = λBZ
2
ϕ − λMε, (5.3.2e)

δλ′Mε = λ′BZ
2
ϕ − λ′Mε. (5.3.2f)

This now allows us to continue to renormalise the Lagrangian.

5.4 Renormalisation and SSB of the kinetic and Yukawa

part

We split the calculation into the part of the Lagrangian that holds the kinetic and the
Yukawa parts and the potential. The potential will be treated in the next section and will
be referred to in this calculation as VB = V +δV . We will break the symmetry by introducing
the shift ϕi −→M− ε

2vi + hi, where vi = vi + ∆vi.

LB = iχBL,i/∂χ
B
L,i +

1

2
∂µϕ

B
i ∂

µϕBi +
yB

2

(
χBL,iC

−1χBL,iϕ
B
i + h.c.

)
− VB

Here we insert the relations (5.3.2a), (5.3.2b) and (5.3.2c).

= iχL,i/∂χL,i +
1

2
∂µϕi∂

µϕi +M
ε
2
y

2

(
χL,iC

−1χL,iϕi + h.c.
)

+

+ δχiχL,i/∂χL,i + δϕ
1

2
∂µϕi∂

µϕi + δyM
ε
2

(
χL,iC

−1χL,iϕi + h.c.
)

+ V + δV

Now we shift ϕi −→M− ε
2vi + hi

= iχL,i/∂χL,i +
1

2
∂µhi∂

µhi + δχiχL,i/∂χL,i + δϕ
1

2
∂µhi∂

µhi

+
yvi
2

(
χL,iC

−1χL,i + h.c.
)

+
y

2
M

ε
2

(
χL,iC

−1χL,ihi + h.c.
)
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+
δyvi

2

(
χL,iC

−1χL,i + h.c.
)

+
δy
2
M

ε
2

(
χL,iC

−1χL,ihi + h.c.
)

From this calculation, we can now determine the general fermion masses. They will later be
determined in the cases where λ′ is either positive or negative. We find for the renormalised
fermion mass

mχi = yvi, with δmχi = δyvi + y∆vi = δyvi + +y∆vi. (5.4.1)

The reason the bar on top of the VEV disappears for the counter-term, is that δy is of one-
loop level. Because ∆v is of one-loop level as well, this entry is of two-loop level and needs
not be considered.

Inserting the values for ni for both signs of λ′, we find for λ′ > 0

mχ1 = yv; δmχ1 = δyv + y∆v, (5.4.2)

mχi 6=1
= 0; δmχi 6=1

= 0, (5.4.3)

and for λ′ < 0 we find

mχ1 =
1√
N
yv δmχ1 =

1√
N
δyv + y∆v1, (5.4.4)

mχi 6=1
=

1√
N
yv; δmχi 6=1

=
1√
N
δyv + y∆vi. (5.4.5)

5.5 Renormalisation and SSB of the potential

This part is not much different from the previous section, all we need to do is introduce the
counter-terms and shift the scalar fields as ϕi −→ viM− ε

2 + hi =: viM− ε
2 + hi. What we

then find, is

V + δV =
1

2

(
µ2 + δµ2

) [
vkvkM−ε + 2vkhkM− ε

2 + hkhk
]

+
1

4
(λ+ δλ)Mε

[
vkvkvlvlM−2ε + 4vkvkvlhlM− 3ε

2 + 2vkvkhlhlM−ε

+ 4vkhkvlhlM−ε + 4vkhkhlhlM− ε
2 + hkhkhlhl

]
+

1

4
(λ′ + δλ′)Mε

[
vkvkvlvlM−2ε + 4vkvkvlhlM− 3ε

2 + 2vkvkhlhlM−ε

+ 4vkhkvlhlM−ε + 4vkhkhlhlM− ε
2 + hkhkhlhl

]
(1− δkl) ,

=

[
1

2

(
µ2 + δµ2

)
+

1

4
(λ+ δλ) vlvl +

1

4
(λ′ + δλ′) vlvl (1− δkl)

]
M−εvkvk

+
[(
µ2 + δµ2

)
+ (λ+ δλ) vkvk + (λ′ + δλ′) vkvk (1− δkl)

]
M− ε

2vlhl

+
1

2

[(
µ2 + δµ2

)
+ (λ+ δλ) vkvk + (λ′ + δλ′) vkvk (1− δkl)

]
hlhl

+
1

2
[2 (λ+ δλ) vkvl + 2 (λ′ + δλ′) vkvl (1− δkl)]hkhl



5.6. CASE DISTINCTION CONCERNING λ′ 45

+ [(λ+ δλ) vk + (λ′ + δλ′) vk (1− δkl)]M
ε
2hkhlhl

+
1

4
[(λ+ δλ) + (λ′ + δλ′) (1− δkl)]Mεhkhkhlhl. (5.5.1)

The full calculation can be found in appendix B.4.

5.6 Case distinction concerning λ′

As we know, the positive and negative values of λ′ need to be treated separately. Remember
that vi = vni and that nini = 1.

When λ′ is positive, we find that the minimum lies at the point where one ni = 1 and all
others are nj 6=i = 0. Also in section 6.6 we are going to find that all tadpole contributions,
finite or divergent, are going to be zero for Ti 6=1. Therefore, ∆vi 6=1 ∝ (Tfin)i 6=1 = 0, this will
also become apparent in 6.6. W.l.o.g. we will assume that n1 = 1 and ni 6=1 = 0 and we
subtract the constant term free of any fields V0. Therefore, we find

V − V0 + δV =
[
µ2v1 + λv2

1v1 + δµ2v1 + δλv
2
1v1

]
h1M− ε

2 (5.6.1a)

+
1

2

[
µ2 + 3λv2

1 + 3δλv
2
1

]
h1h1 (5.6.1b)

+ [(λ+ δλ) v1]h1h1h1M
ε
2 +

1

4
[λ+ δλ]Mεh1h1h1h1 (5.6.1c)

+
1

2

[
µ2 + λv2

1 + (λ′ + δλ′) v
2
1

]
hlhl (1− δ1l) (5.6.1d)

+ [(λ+ δλ) v1 + (λ′ + δλ′) v1]h1hlhl (1− δ1l)M
ε
2 (5.6.1e)

+ [(λ+ δλ) + (λ′ + δλ′)]h1h1hlhl (1− δ1l)Mε (5.6.1f)

+
1

4
[(λ+ δλ) + (λ′ + δλ′) (1− δkl)]hkhkhlhl (1− δ1k) (1− δ1l)Mε. (5.6.1g)

From (5.6.1b) and (5.6.1d), we can immediately see that the scalar masses are going to
be

M2
h1

= µ2 + 3λv2; δM2
h1

= δµ2 + 3δλv + 6λ∆v1, (5.6.2)

M2
hi 6=1

= µ2 + (λ+ λ′) v2; δM2
hi 6=1

= δµ2 + (δλ + δλ′) v
2 + 2 (λ+ λ′) ∆v1. (5.6.3)

Now we would like to look at the case where λ′ < 0. We will use the sum relations
that we considered in appendix B.3. The calculation can be found in appendix B.5 and it
provides us with

V − V0 + δV =

[(
µ2 + δµ2

)
+ (λ+ δλ) vl + (λ′ + δλ′) v

2N − 1

N

]
M− ε

2vlhl (5.6.4a)

+
1

2

[(
µ2 + δµ2

)
δkl + (λ′ + δλ′) vkvlδkl + (λ′ + δλ′) vkvl

N − 1

N
δkl

]
hkhl

(5.6.4b)

+
1

2

[
2 (λ+ δλ) vkvl

1

N
+ 2 (λ′ + δλ′) vkvl

1

N
(1− δkl)

]
hkhl (5.6.4c)

+ [(λ+ δλ) vk + (λ′ + δλ′) vk (1− δkl)]M
ε
2hkhlhl (5.6.4d)
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+
1

4
[(λ+ δλ) + (λ′ + δλ′) (1− δkl)]Mεhkhkhlhl. (5.6.4e)

We see that we end up with something very similar to before, however, in the mass matrix
we used to have only a diagonal and off-diagonal part (4.3.8). Now, however, we seem to
find a term that is both (5.6.4c) and, therefore, would fill an N ×N matrix with the same
entries everywhere. The reason for this difference with the previous calculation, is that this
time we chose not to split this matrix in two. Before, we split this matrix in the diagonal and
off-diagonal part, now we chose not do this. The reasoning behind this chose is to provide
an alternative calculation.

Anyhow, we will have to diagonalise this matrix, the same way as before. We can still
use the same calculation as before, where

Mkl = aδkl + bΩkl. (5.6.5)

The difference with the tree-level mass calculation lies in the difference in the values of a
and b. We see from (5.6.4b) and (5.6.4c) that

a = µ2 + λvkvl + λ′vkvl
N − 1

N
− 2λ′v2 1

N
, (5.6.6)

and

b = 2λv2 1

N
+ 2λ′v2 1

N
. (5.6.7)

Using the same methods as the ones that provided us with (4.3.17), we find that there
is only one non-zero eigenvalue of Ωkl. Therefore, the masses can be determined to be

M̃2
h1

= a+Nb = µ2 + λv2 + λ′v2N − 1

N
− 2λ′v2 1

N
+ 2λv2N

N
+ 2λ′

N

N
,

= µ2 + 3λv2 + 3λ′v2N − 1

N
, (5.6.8)

M̃2
hi 6=1

= a = µ2 + λv2 + λ′v2N − 1

N
− 2λ′v2 1

N
, (5.6.9)

where M̃2
ha

= M2
ha

+ ∆M2
ha

. ∆Mha is the finite contribution to the mass-term coming from
the one-point functions, they are now put into the mass counter-term, together with the
UV-divergent counter-terms. The UV-divergent counter-terms are found analogously. We
again considering that Ti 6=1 = 0 (see 8.4), and we end up with

M2
h1

= µ2 + 3 (λ+ λ′) v2 − 3λ′v2 1

N
, (5.6.10)

M2
hi6=1

= µ2 + (λ+ λ′) v2 − 3λ′
v2

N
, (5.6.11)

δM2
h1

= δµ2 + 3 (δλ + δλ′) v
2 − 3δλ′v

2 1

N
+ 6λ

v√
N

∆v1, (5.6.12)

δM2
hi 6=1

= δµ2 + (δλ + δλ′) v
2 − 3δλ′

v2

N
+ 2 (λ+ λ′)

v√
N

∆v1. (5.6.13)



Chapter 6

Determining the counter-terms

We will have to look at the terms in the Lagrangian, to see which Feynman diagrams are
allowed. We are going to start with determining the Feynman rules that follow from the
Lagrangian. We do not have to worry about the sign of λ′ because the Feynman rules are
the same in both cases. The only difference lies in the possible values of the VEVs and the
Yukawa couplings. In the case λ′ > 0, only one of the VEVs and only one Yukawa coupling
is non-zero, whereas in the case λ′ < 0 all VEVs have the same value. This means that
in the case of the fermion propagator for λ′ < 0 that only one fermion mass is non-zero as
opposed to the opposite case where all fermion masses are non-zero.

The first counter-terms that we determine, are the ones that do not depend on the value
of the VEV, which means that these are the same for both signs of λ′. These would be the
Yukawa coupling counter-term and both the quartic coupling counter-terms. Then we will
look at the tadpoles, followed by the treatment of the self-energies in the case λ′ > 0. The
latter will allow us to determine δχ and δφ. They are determined by defining them such that
they cross out divergences in the self-energies that are proportional to p2. Also δµ2 can be
determined from the scalar self-energy, which will be used to get rid of any divergences left
(the ones independent of p2). Since δµ2 does not depend on the VEVs, it too will be the same
for both signs of δλ. Whenever a mass has the subscript 0, it means this is the tree-level
mass term.

6.1 Feynman rules

χi χi : i

(
/p+m0,χi

)
p2 −m2

0,χi

(6.1.1)

hi hi :
i

p2 −M2
0,hi

(6.1.2)

χi

χi

hi : −iy
2

(6.1.3)

47
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hk

hk

hk: −iλvk (6.1.4)

hk

hk

hl : −i (λ+ λ′) vl ∀l 6= k (6.1.5)

hk

hk

hk

hk

: −iλ
4

(6.1.6)

hk

hk

hl

hl

: −iλ+ λ′

2
∀l 6= k (6.1.7)

The Feynman rules can be derived from the Lagrangian, or we cheat and simply read them
of from the Lagrangian and say we derived them. It should be noted that we do not indicate
the Dirac indices any more, merely the field that is represented by the respective propagator
line. Also, the factor −i that surfaces in all the vertices, is a consequence of the perturbative
expansion. One could also have written the mass parameters as found in (5.5.1). However,
when doing dim. reg. the mass parameters will appear as well, because the integral must be
of dimension 4. Both ways lead to the same mass parameters.

When determining the factors of each diagram, they will be treated separately from the
vertex factors. The Feynman rules stated here are also applicable to both the case λ′ > 0,
as the one where λ′ < 0, as they only differ in the values of the vi.

6.2 Yukawa vertex

The Yukawa vertex provides us with the counter-term δy. The 1loop correction is represented
by the following diagram.

χi

χi

hi

χi

hi

χi

In order to determine the counter-term in the MS-scheme, we only need to know what
the pre-factor is that comes from the vertices and the Wick-contractions. There are three
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Yukawa vertices, so there must be a factor
(
y
2

)3
from that. Then we get a factor coming from

perturbation theory. Since we have three vertices, the factor must be (−i)3
3!

. The remaining
factors come from the contractions, which can be represented heuristically the following way:

χi (xi1)χi (xi2)hi (x0)

∫
dxhi (x)χi (x)χi (x)

∫
dy χi (y)χi (y)hi (y)

∫
dz hi (z)χi (z)χi (z) ,

(6.2.1)
where the three fields on the far left are the in and out going fields and the fields following
an integration represent a Yukawa vertex. Counting the possible contractions, we find for
hi (xo) that there are 3 fields it can couple with. The χi (xi) field can not couple to the
same vertex, so it will have 4 fields it can couple to. This leaves the final field χi (xi) to be
able to couple with two fields. For the internal contractions, we start with the “top” one, in
(6.2.1). It has 2 fields it can couple to, one field in each of the other vertices. The second
internal fermion contraction can then only couple with 1 remaining field. For the remaining
internal scalar contraction, there is only 1 contraction left as well. This leaves us with a
total contraction factor of 2 · 2 · 2 · 3! = 23 · 3!, where we have written the factor four as 2 · 2.

We can see now that as long as all the fields have the same index, the calculation of the
loop diagram is going to be the same as in the one flavour case (see A.8). This means that
the infinite part of the loop diagram looks like

Γ∞ = − y3

16π2
c∞. (6.2.2)

This would leave us with a counter-term that has the form

δy =
y3

16π2
c∞ (6.2.3)

6.3 Four point functions

There are two four point functions, one with mixed fields and one with the same fields all
round.

hk

hk

hk

hk

(6.3.1)

hk

hk

hl

hl

(6.3.2)

Starting with the one where all fields are the same, we find that the diagram is the same
as in the one flavour case, except for one diagram. This diagram is the one where the fields in
the loop are different from the outer fields. As with the one flavour case, there are multiple
ways draw this diagram.

hl 6=k

hl 6=khk

hk

hk

hk

hl 6=k hl 6=k

hk

hk

hk

hk

hl 6=khl 6=k

hk

hk

hk

hk

Starting with the left diagram, we find that it has two vertices both with mixed fields,

giving us a factor
(
λ+λ′

2

)2
. From the perturbative expansion we get a factor of (−i)2

2!
. The
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contractions of the first diagram look like

hk (xo1)hk (xo2)hk (xi1)hk (xi2)

∫
dxhk (x)hk (x)hl (x)hl (x)

∫
dxhl (y)hl (y)hk (y)hk (y) .

(6.3.3)
The external contractions give us a factor 4 for hk (xi2), because it can couple to both

vertices. The field hk (xi1) then only has 1 field left to couple with, since it must couple with
the same vertex. The second pair of external fields will then only get a factor of 2, since they
must couple to the remaining vertex. The internal contractions will give us a total factor of
2. Then we must consider that we must sum over all hl, of which there are N − 1.Putting
all factors together, the diagram has a factor of −2 (N − 1) (λ+ λ′)2.

The second and third diagrams only have slightly different contractions, but all factors
will be the same. This means that we need to consider the result we got from the one flavour
case, we need to add a factor −6 (N − 1) (λ+ λ′)2, which would mean that the counter-term
δλ would look like

δλ =
1

16π2
c∞

[
9λ2 − 2y4 + (N − 1) (λ+ λ′)

2
]
. (6.3.4)

The factor 6 is absorbed into the factor in front of the counter-term itself, analogously to
the one flavour case.

The second diagram, with the mixed fields, is different from the one flavour case. There
are are three diagrams that we need to consider. Technically there are four, but everything
will be illuminated. hl/hk

hl/hk

hl

hl

hk

hk

In order to determine the factors of this diagram, we need to consider the fact that there
are two diagrams in one in this case. There is the diagram where the fields in the loop are
equal to the incoming fields and there is the diagram where the loop fields are equal to the
outgoing fields. Both cases have the same factor, so we merely get a factor 2. There are two
vertices, this gives us the factor 1

4
1
2
λ (λ+ λ′). Because there are two different vertices, we

need to reconsider the factor coming from the perturbative expansion.
If we consider

e
i
~S[x(t)] ≈ e

i
~S0[x(t)]

(
1− i

~

∫ tf

ti

V (x, t) dt− 1

2~

[∫ tf

ti

V (x, t) dt

]2

+ · · ·

)
, (6.3.5)

we realize (hopefully) that V (x, t) = V1 (x, t)+V2 (x, t), where V1 and V2 are the two different
vertices. For the linear term, this means we can simply split the interaction in two, giving
us both the interactions. The squared term, however, can’t be split up as simply. Because it
is inside a square, we must square the sum of both interactions, giving us four terms. Two
terms with the same interaction vertices and two term with mixed interactions. The two
terms involving the mixed interactions are the same though and we, therefore, always have
to multiply by a factor of 2 when considering two different interactions. The factor coming
from perturbation theory then becomes 2 · 1

2
.



6.3. FOUR POINT FUNCTIONS 51

Which leaves us with the contractions, where we only have to consider one of the two
possible fields in the loop:

hk (xo1)hk (xo2)hl (xi1)hl (xi2)

∫
dxhl (x)hl (x)hk (x)hk (x)

∫
dy hk (y)hk (y)hk (y)hk (y) .

(6.3.6)
hl (xi2) can contract with 2 fields and hl (xi1) only with 1. The field hk (xo2) can contract
with 4 fields, whereas hk (xo1) can contract with 3 fields. The internal contractions give us
another factor of 2.

This means that the infinite part of this diagram is

− 2 · 6λ (λ+ λ′)

16π2
c∞. (6.3.7)

The next diagram we want to consider is the following:
hi 6=k&l

hi 6=k&l

hl

hl

hk

hk

,

for which we get, from the perturbative expansion, a factor −1
2
· 2. The vertices provide us

with a factor of 1
2

1
2

(λ+ λ′)2. Then, we must consider that we have to sum over the internal
fields in the loop. Because they can be any field except for hk or hl, we get a factor N − 2.
The contractions amount to

hk (xo1)hk (xo2)hl (xi1)hl (xi2)

∫
dxhl (x)hl (x)hi (x)hi (x)

∫
dy hi (y)hi (y)hk (y)hk (y) ,

(6.3.8)
where we see that the incoming fields still provide us with a factor of 2, however the outgoing
fields now only provide us with a factor of 2, instead of 2·3. The internal contractions provide
us with a factor 2. The infinite part of the diagram is, therefore,

− 2 (N − 2)
(λ+ λ′)2

16π2
c∞. (6.3.9)

There is one more diagram to consider.

hkhl

hl

hl

hk

hk
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From the perturbative expansion, we receive a factor of −1
2
. The vertices involved provide

us with a factor 1
2

1
2

(λ+ λ′)2. This leaves the factor coming from Wick contractions:

hk (xo2)hk (xo1)hl (xi2)hl (xi1)

∫
dxhl (x)hl (x)hk (x)hk (x)

∫
dy hl (y)hl (y)hk (y)hk (y) .

(6.3.10)
The field hl (xi1) can couple to both vertices and, therefore, provides a factor of 4. However,
the field hl (xi2) can now only couple to the remaining vertex, giving us a factor of 2. The
same outgoing fields couple analogously and provide us with another factor of 4 and 2. The
internal contractions only give us a factor of one each.

All factors combined, we find that the infinite part of this diagram reads

− 2 · 4(λ+ λ′)2

16π2
c∞. (6.3.11)

The above diagrams contribute the “mixed” four-vertex counter-term. This counter-term
has a factor as well, just as in the non-mixed counter-term. A factor 1

2
will come from the

Lagrangian, which leaves us with the combinatorics. These will provide us with a factor of
4, meaning that we have to extract a factor of 2 from the infinite parts of the respective
diagrams. That would mean that the counter-term would take the form

δλ + δλ′ =
1

16π2
c∞

[
6λ (λ+ λ′) + (N + 2) (λ+ λ′)

2
]
. (6.3.12)

Therefore we can also determine the final four-point counter-term:

δλ′ =
1

16π2
c∞

[
2y4 − 9λ2 + 4 (λ+ λ′)

2 − (λ+ λ′)
2

+ 6λ (λ+ λ′)
]
. (6.3.13)

6.4 Fermion self-energy

Even though there is a difference in the masses when considering the cases where λ′ > 0
and λ′ < 0, the only difference rests in the fact that for one case only one mass is non-zero
and in the other all masses are the same. Because of our symmetry, there won’t be any
flavour mixing in the fermion self-energy and we can determine the fermion self-energy using
fermion fields with an arbitrary flavour index:

χi χi

hi

χi
(6.4.1)

and we find that the fermion self-energy has the same form as in the case of one flavour
generation. The calculation is, therefore, analogous to the calculation in chapter A.2.The
only difference will be that the mass has a flavour index:
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(
Σ1l

(
/p
))
ii

=
y2

16π2

∫ 1

0

dx
(
x/p+m0,χi

) [
−c∞ + ln

∆2
χi

M2

]
, (6.4.2)

where
∆2
χi

= −xp2 (1− x) + xM2
0,hi

+ (1− x)m2
0,χi

. (6.4.3)

Now considering the inverse fermion propagator matrix [1], we find that

S−1
(
p2
)

= /p− m̂0 − Σ (p) , (6.4.4)

where Σ (p) is the renormalised one-loop correction. It consists of the one-loop calculation,
which itself consists of a part proportional to /p

(
ΣA

1l

)
and a part that is not

(
ΣB

1l

)
, and

counter-terms [1]:

Σ (p) = /pΣ
A
1l (p) + ΣB

1l (p)− /pδ̂χ + v̂δ̂y + ∆v̂ŷ. (6.4.5)

The Yukawa counter-term has already been determined and in the last term we see a ∆v̂,
which is the finite contribution coming from one-point functions. The actual value of this
parameter will be discussed at the end of this chapter. The terms are all considered to be
in the mass basis, hence the hats adorning the parameters. In the case of λ′ > 0, the entire
Lagrangian is already in the mass basis. For the case where λ′ < 0, we see that the fermion
fields are also in their respective mass basis, since their mass matrix is diagonal (5.4.4).

Because we use the MS-scheme to determine the counter-terms, we only need to consider
the infinite parts for both signs of λ′ that are proportional to /p. This means that we find for
both cases

δχ =
y2

16π2
c∞. (6.4.6)

6.5 Scalar self-energy for λ′ > 0

We had found that for the case λ′ > 0, the system was already in the mass basis (5.6.1a)
& (5.6.1b). The other case will be treated in the next chapter, as it warrants some extra
calculating.

We will not calculate each diagram individually. We will show which diagrams contribute
and state the results, since the calculations are analogous to all other loop calculations that
we considered so far.

In the case of λ′ > 0, there exists no flavour mixing at the one-loop level. The symmetry
group GN was broken down to GN−1, which was the cause for the two different masses that
we found after SSB (4.3.5). We need to treat these two cases separately, We will start with
the case M2

h1
and follow it with the case M2

hi 6=1
.

6.5.1 Self-energy for M 2
h1

The following diagrams contribute to the self-energy of the field h1:

(
Π

(a)
1l

(
p2
))

11
=

h1

χ1

h1
χ1

,
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(
Π

(b)
1l

(
p2
))

11
=

h1

h1

h1

h1

+ (N − 1)
h1

hi 6=1

h1

hi 6=1

,

(
Π

(c)
1l

(
p2
))

11
=

h1 h1

h1

+ (N − 1)
h1 h1

hi 6=1

.

The tadpole diagrams are not included, since they are cancelled by their counter-terms and
all that remains then is the finite contribution ∆v.

These diagrams have the following form:

(
Π

(a)
1l

(
p2
))

11
=

2y2

16π2

∫ 1

0

dx
(
−p2x (1− x) +m2

0,χ1

) [
3c∞ + 1− 3 ln

∆2
m0,χ1

(p)

M2

]
,

(6.5.1)(
Π

(b)
1l

(
p2
))

11
= −18λ2v2

16π2

∫ 1

0

dx

(
c∞ − ln

∆2
Mh

(p2)

M2

)
− (N − 1)

2 (λ+ λ′)2

16π2
v2

∫ 1

0

dx

[
c∞ − ln

∆2
Mhi

M2

]
, (6.5.2)

(
Π

(c)
1l

(
p2
))

11
= − 3λ

16π2
M2

0,h1

[
c∞ + 1− ln

M2
0,φ1

M2

]
− (N − 1)

λ+ λ′

16π2
M2

0,hi

[
c∞ + 1− ln

M0,hi

M2

]
(6.5.3)

In order to determine the field counter-term, we need to consider the inverse propagator
again [1]:

∆−1
(
p2
)

= p2 − M̂0 − Π
(
p2
)
, (6.5.4)

where Π1l is the renormalised one-loop correction to the scalar mass matrix. It has the form
[1]:

Π
(
p2
)

= Π1l

(
p2
)
− δ̂ϕp2 + δ̂µ2 + 3δ̂λv̂

2 + 6λ̂v̂∆v̂, (6.5.5)

where the last term is due to the finite contributions that come from the one-point func-
tions. The field counter-term is defined as the term that removes the infinities in the scalar
self-energy that are proportional to p2. The remaining counter-terms must then suffice to
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renormalise the mass correction. Seeing as δλ has already been determined, δµ2 will have to
be able to remove any remaining divergences.

As stated above, the field counter-term should hold all divergent terms proportional to
p2, hence, it will look like

δϕ = − y2

16π2
c∞. (6.5.6)

We can easily find the form of δµ2 by considering the infinite parts of the self-energies:

0 = δµ2 + 3v2δλ + Π
(a)
∞,1l − δϕp

2 + Π
(b)
∞,1l + Π

(c)
∞,1l,

= δµ2 + 3v2
[
9λ2 − 2y4 + (N − 1) (λ+ λ′)

2
]

− y2

16π2
p2c∞ +

2y2

16π2
m0,χ13c∞ +

y2

16π2
p2c∞ −

18λ2v2

16π2
c∞

− (N − 1)
2 (λ+ λ′)2

16π2
c∞ −

3λ

16π2
M2

0,h1
c∞ − (N − 1)

λ+ λ′

16π2
M0,hic∞,

= δµ2 + 9λ2v2 + (N − 1) (λ+ λ′) v2 − 3λ

16π2
M2

0,h1
c∞ − (N − 1)

λ+ λ′

16π2
M0,hic∞,

M2
0,h1

= µ2 + 3λ2v2 & M2
0,hi

= µ2 + (λ+ λ′) v2,

= δµ2 + 9λ2v2 + (λ+ λ′)
2
v2 (N − 1)− 3λ2µ2 − 9λ2v2

− (λ+ λ′)µ2 (N − 1)− (λ+ λ′)
2
v2,

which results in
δµ2 = 3λ2µ2 + (N − 1) (λ+ λ′)µ2. (6.5.7)

6.5.2 Self-energy for M 2
hi6=1

The diagrams contributing to the self-energy of the field hi 6=1:

(
Π

(a)
1l

(
p2
))

ii
=

hi

χi

hi
χi

,

(
Π

(b)
1l

(
p2
))

ii
=

hi

h1

hi
hi

,

(
Π

(c)
1l

(
p2
))

ii
=

hi hi

hi

+
hi hi

h1

+ (N − 2)
hi hi

hl 6=16=i

.
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These diagrams have the form

(
Π

(a)
1l

(
p2
))

ii
= − 2y2

16π2

∫ 1

0

dx p2x (1− x)

[
3c∞ + 1− 3 ln

xp2 (1− x)

M2

]
, (6.5.8)(

Π
(b)
1l

(
p2
))

ii
= −4 (λ+ λ′)2

16π2
v2

∫ 1

0

dx

[
c∞ − ln

∆Mhi

M2

]
, (6.5.9)(

Π
(c)
1l

(
p2
))

ii
= − 3λ

16π2
M2

0,hi

[
c∞ + 1− ln

M2
0,φi

M2

]
− (N − 2)

λ+ λ′

16π2
M2

0,hi

[
c∞ + 1− ln

M0,hi

M2

]
(6.5.10)

− λ+ λ′

16π2
M2

0,h1

[
c∞ + 1− ln

M0,h1

M2

]
. (6.5.11)

Since all counter terms have already been determined, we can check if all divergences cancel.
We find that indeed

δµ2 + v2 (δλ + δλ′) + Π
(a)
∞,1l − δϕp

2 + Π
(b)
∞,1l + Π

(c)
∞,1l = 0. (6.5.12)

This comes from the fact that, just like in the previous section (6.5.4) & (6.5.5), the inverse
propagator provides us with

Π
(
p2
)

= Π1l

(
p2
)
− δ̂hp2 + δ̂µ2 +

(
δ̂λ + δ̂λ′

)
v̂2 + 2

(
λ̂+ λ̂′

)
v̂∆v̂. (6.5.13)

Again, since the Mass matrix that we found was already diagonal, the counter-terms and
parameters were already in the mass basis. Because of this, we forwent the introduction of
“hats” on all our parameters.

6.6 One-point functions for the case λ′ > 0

In both the fermion and the scalar mass corrections, we found the term ∆v. This finite
contribution stems from the one-point function contribution at the one-loop level. It is
induced by the tadpole diagrams. From the linear part of the Lagrangian (5.6.1a), we find
that if we denote the tadpole contribution with T1, that

T1 + ∆t1 + δµ2v1 + δλv
2v1 = 0,

(T∞)1 + (Tfin)1 + ∆t+ δµ2v1 + δλv
2v1 = 0, (6.6.1)

∆t1 = − (Tfin)1 , (6.6.2)

where T∞ is the divergent part of the tadpole diagrams, Tfin are the finite contributions
and ∆t is the finite shift that we need in order to cancel the finite parts of the one-point
functions. If we consider (5.6.1a) again, we see that (when we ignore the counter terms)

µ2v1 + λv1v1v1 = µ2v1 + λv3
1 + µ2∆v1 + 3λv2

1∆v1, (6.6.3)

v2
1 =

µ2

λ
, (6.6.4)
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= µ2∆v1 + 3λv2
1∆v1︸ ︷︷ ︸

∆t1

, (6.6.5)

and we find that we can express the finite shift from the tadpoles as

∆t1 = M2
0,h1

∆v1. (6.6.6)

Using (6.6.2), this results in the value of the finite shift that we encountered in both the
fermion and the scalar mass corrections:

∆v1 = − (Tfin)1

(
M2

0,h1

)−1
. (6.6.7)

In fact, [1] finds the relation

∆vi = − (Tfin)i
(
M2

0,hi

)−1 ∀i, (6.6.8)

and we can now indeed verify that all ∆i 6=1 = 0.
The only diagrams that make up T are

h1

χi

,
h1

h1

&
h1

hi

. (6.6.9)

We find that only three different tadpole diagrams are possible. The first two are the same
as in the case of one-flavour generation. Therefore, they now have the form

T
(χ)
1 =

2y2

16π2
m2

0,χ1
v1

(
c∞ + 1− ln

m0,χ2
1

M2

)
, (6.6.10)

T
(h1)
1 = − 3λ

16π2
v1M

2
0,h1

(
c∞ + 1− ln

M2
0,h1

M2

)
, (6.6.11)

T
(hi)
1 = − (N − 1)

λ+ λ′

16π2
v1M

2
0,hi

(
c∞ + 1− ln

M2
0,hi

M2

)
. (6.6.12)

We can easily see the divergent and the finite parts. If we insert all the terms into (6.6.1),
we find that this equation is indeed fulfilled.

6.7 Mass corrections

This leaves us with calculating the mass correction itself. Because we have renormalised in
the MS-scheme, finite field strength renormalisation is warranted in order to end up with pole
masses. This process involves introducing the finite field strength renationalisation matrices

Z̊
( 1
2)

χ and Z̊
( 1
2)

ϕ [1]. This process is described in the appendix of [1] and the resulting mass
corrections at one-loop order they found to be

mχ1 = m0,χi +m0,χi

(
Σ

(A)
L

)
ii

(
m2

0,χi

)
+ Re

(
Σ

(B)
L

)
ii

(
m2

0,χi

)
, (6.7.1)

M2
ϕa = M0,ϕa + Πaa

(
M2

0,ϕa

)
, (6.7.2)

where there is no summation over the same indices. Σ
(A)
L and Σ

(B)
L are the Majorana fermion

loop corrections to the self energy proportional to p2 and the part not proportional to p2

respectively. Π are the one-loop corrections to the scalar self-energy.
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Chapter 7

Comparison to the general model

In order to check, whether or not the general model can be used to calculate the results
that we found for our Lagrangian, we will apply our symmetry that we used to find our
Lagrangian to the general model. This should provide us with the exact same counter-terms
and loop diagrams. If it does, we can rest assured that the loop corrections are going to be
the same as well.

7.1 Relation between the general Lagrangian and the

GN-symmetric model

We have already discussed the general model and its counter-terms in chapter 3. What we
need to consider now, is how the general model relates to the model we discussed in the
previous chapters. We do this by comparing the Lagrangians, more specifically, the mass
term involving the mixed scalar fields in the potential. We would like to apply the symmetry
GN = (Z4)N o SN to the general model. This would mean that we can only have scalar
fields coming in combinations of two. Then, interchanging the fields should not make any
difference. Considering two fields ϕa and ϕb, we find that in the general model there are six
ways in which we can order these fields:

ϕaϕaϕbϕb, ϕbϕaϕbϕa,

ϕaϕbϕaϕb, ϕbϕbϕaϕa,

ϕbϕaϕaϕb, ϕaϕbϕbϕa.

Whereas, in the model involving the symmetry GN , we find there are only two ways to order
the fields:

ϕ2
aϕ

2
b , ϕ2

bϕ
2
a.

This would mean that the general model will have six different expressions, which would
give the same value as two expressions in the model involving the symmetry:

6λaabb = 2 (λ+ λ′) . (7.1.1)

When doing this comparison between the two models, we find the conversion to find the
GN -symmetric model from the general model:

λaabb =
1

3
(λ+ λ′) (7.1.2)
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λaaaa = λ (7.1.3)

µ2
ab = µ2δab (7.1.4)

(Ya)ij = (Y ?
a )ij = yδaiδaj (7.1.5)

7.2 Applying the symmetry to the general model

Starting with the counter-terms, we find that applying the symmetry to the general model
delivers to us

δy =
1

16π2
c∞y

3, (7.2.1a)

δλ(χ) = − 2

16π2
c∞y

4, (7.2.1b)

δλ(ϕ) =
1

16π2
c∞

[
9λ2 + (n− 1) (λ+ λ′)

2
]
, (7.2.1c)

(δλ+ δλ′)
(χ)

= 0, (7.2.1d)

(δλ+ δλ′)
(ϕ)

=
1

16π2
c∞
[
6λ (λ+ λ′) + (n+ 2)(λ+ λ′)2

]
, (7.2.1e)

δµ2 =
µ2

16π2
c∞ [3λ+ (n− 1)(λ+ λ′)] , (7.2.1f)

which are indeed the counter-terms we found diagrammatically. These counter-terms were
the same for both the case λ′ < 0 and λ′ > 0.



Chapter 8

Treatment of the case λ′ < 0

In the previous chapter, we discussed the case where λ′ > 0. We did this by looking at the
interaction terms of the Lagrangian after being subjected to the symmetry group GN . These
interaction terms allowed us to calculate the one loop corrections to the self energies of the
scalar and the fermion fields.

To do the same for the case λ′ < 0 is rather involved on account of the quartic couplings
when attempting to rotate into the mass basis. However, we have already shown for the
case λ′ > 0, that we find the same self-energies, when applying the GN -symmetric couplings
and tree-level masses to the self-energies of the general Yukawa model of [1]. Since both
approaches should and do provide us with the same loop-corrections, we can now merely use
the second approach in order to calculate the self-energies for the case λ′ < 0.

Whenever a parameter has a hat, it is in the mass basis.

8.1 Vacuum expectation value in the mass basis

We treated the diagonalisation of the mass matrices at the tree-level in chapter 4. In that
chapter we looked at a specific form of this matrix, namely

P =



1√
N

1√
2

1√
6

1√
12

1√
20
· · · 1√

(N−1)+(N−1)2

1√
N
− 1√

2
1√
6

1√
12

1√
20
· · · 1√

(N−1)+(N−1)2

1√
N

0 − 2√
6

1√
12

1√
20
· · · 1√

(N−1)+(N−1)2

...
...

...
... · · · ...

...
1√
N

0 0 0 0 · · · 1√
(N−1)+(N−1)2

1√
N

0 0 0 0 · · · − N−1√
(N−1)+(N−1)2


. (8.1.1)

However, there are many ways in order to diagonalise the mass matrix. The reason being
that the scalar masses exhibit an (N − 1)-fold degeneracy in all the masses. There will be
one eigenstate which will consist of a vector where each entry has the value 1√

N
and all other

vectors are orthogonal to all other eigenstates, their scalar product is also equal to one and
the sum over all entries will be zero. So instead of considering the matrix P , we can consider
the matrix [1]

W0 = (w1, · · · , wN) , (8.1.2)
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where wi are the eigenstate vectors of each mass eigenstate at one-loop level. Writing this
matrix using the index notation results in

(W0)ab = (wb)a , (8.1.3)

where we see that the indices ab refer to the ath entry of eigenstate vector b.
In [1] we can find the relation of the VEV in the mass basis and the flavour basis:

v̂a = (W0)ab vb. (8.1.4)

Using (8.1.3) we find
v̂a = δa1v, (8.1.5)

which means that only the first entry of v̂a is non-zero.

8.2 Yukawa coupling in the mass basis

We found that the fermion mass matrix was already diagonal, (5.4.4), therefore it is already
in the mass basis. This means that the diagonalisation matrices are equal to the unit matrix
or, because of the freedom in GN , have the value i when one of the VEVs has a negative
value in the flavour basis. If we take the Yukawa coupling from [1], we find

Ŷa =
(
UT

0 YbU0

)
(W0)ba . (8.2.1)

We see that, if we consider that the fermion mass matrix already is in the mass basis, we
only need to consider the influence of W0 on the Yukawa coupling.

In order to determine the form of the Yukawa coupling, we must consider the entire 3
dimensional tensor:

(Ya)ij =


 (Y1)11 · · · (Y1)1N

...
. . .

...
(Y1)N1 · · · (Y1)NN

 ;

 (Y2)11 · · · (Y2)1N
...

. . .
...

(Y2)N1 · · · (Y2)NN

 ; · · ·

 , (8.2.2)

where each 2 dimensional N × N matrix is a slice of the 3 dimensional matrix. The two
dimensional tensors can be seen as the mixing between the fermion fields with one particular
scalar field, e.g. (Y1)N1 is the Yukawa coupling between the fermion fields χL,N and χL,1 with

the scalar field h1. Because of the symmetry group (Z4)N , we can only have fields with the
same index. Hence, the Yukawa coupling tensor will be

(Ya)ij =




(Y1)11 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 ;


0 0 · · · 0
0 (Y2)22 · · · 0
...

...
. . .

...
0 0 · · · 0

 ; · · ·

 . (8.2.3)

We also have to consider symmetry group SN , which makes sure that each Yukawa coupling
is equal to each other:

(Ya)ij =



y 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

 ;


0 0 · · · 0
0 y · · · 0
...

...
. . .

...
0 0 · · · 0

 ; · · ·

 . (8.2.4)
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When considering (8.2.1), we find that we will get

Ŷa = Yb (W0)ba = Yb (wa)b . (8.2.5)

This means that
Ŷa = Y1 (wa)1 + Y2 (wa)2 + · · · , (8.2.6)

which, when written as a matrix, would be

(
Ŷa

)
ij

=

y


(wa)1 0 · · · 0
0 0 · · · 0
...

...
. . .

...
0 0 · · · 0

+ y


0 0 · · · 0
0 (wa)2 · · · 0
...

...
. . .

...
0 0 · · · 0

+ · · ·

 , (8.2.7)

which equals

Ŷa = y

(wa)1 0 · · ·
0 (wa)2 · · ·
...

...
. . .

 = diag ((wa)1 , (wa)2 , · · ·) . (8.2.8)

From this we conclude that
Ŷ1 =

y√
N

1, (8.2.9)

and that
Tr
[
Ŷa

]
= 0 ∀a ≥ 2, (8.2.10)

this on account of the orthogonality of the eigenstate vectors wb. Because of the orthogo-
nality, the sum of the entries in the eigenstate vectors must be zero.

8.3 The fermion masses in the mass basis

We have already determined that the fermion mass matrix already is in the mass basis. This
would mean that

m̂0 = Ŷav̂a

= Ŷaδa1v

= Ŷ1v

=
yv√
N

1,

which shows us that indeed the fermion mass degeneracy is the same in both bases.

8.4 Tadpoles in the mass basis

When considering the tadpole functions, we distinguish between the tadpoles that have a
fermion loop and those that have a scalar loop, T (χ) and T (h) respectively. Starting with the
fermion ones, we find in [1]

T (χ)
a ∝ Tr

[
Ŷam̂

3
0 + m̂3

0Ŷ
?
a

]
, (8.4.1)

because of the trace, for all a ≥ 2 the tadpole contribution will vanish.
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For the scalar loop, the calculation is a bit more extensive. First, we find the general
form in [1]

T (h)
a = λ̂abrrv̂bXr, (8.4.2)

where

Xr =
3

16π2

[
c∞ + 1− ln

M2
0,r

M

]
. (8.4.3)

The quartic interactions in the mass basis look as follows [1]:

λ̂abcd = λa′b′c′d′ (W0)a′a (W0)b′b (W0)c′c (W0)d′d . (8.4.4)

Applying this and inserting (8.1.5) provides us with

T (h)
a = λ̂abrrv̂bXr

= λ̂a1rrvXr

=
∑
a′b′c′d′

∑
r

λa′b′c′d′ (W0)a′a (W0)b′1 (W0)c′r (W0)d′r vXr

= v
∑
a′b′c′d′

λa′b′c′d′ (W0)a′a (W0)b′1
∑
r

(W0)c′r (W0)d′rXr.

In order to continue, we need to discuss the orthogonality of the matrices W0. Because they
are orthogonal, we know that

N∑
r=1

(W0)c′r (W0)d′r = δc′d′ . (8.4.5)

We also know that the scalar masses are all equal to each other except for one. Therefore,
we can conclude from (8.4.3) that

X1 6= X2 = · · · = XN . (8.4.6)

This allows us to determine

∑
r

(W0)c′r (W0)d′rXr = (W0)c′1 (W0)d′1X1 +
N∑
r=2

(W0)c′r (W0)d′r Xr︸︷︷︸
X2

+ (W0)c′1 (W0)d′1X2 − (W0)c′1 (W0)d′1X2

= (W0)c′1︸ ︷︷ ︸
1√
N

(W0)d′1︸ ︷︷ ︸
1√
N

(X1 −X2) +
N∑
r=1

(W0)c′r (W0)d′rX2︸ ︷︷ ︸
δc′d′X2

= (X1 −X2)
1

N
+ δc′d′X2. (8.4.7)

Hence, we end up with

T (h)
a = v

∑
a′b′c′d′

λa′b′c′d′ (W0)a′a (W0)b′1

[
(X1 −X2)

1

N
+ δc′d′X2

]
= v

∑
a′b′c′d′

λa′b′c′d′ (W0)a′a (W0)b′1 (X1 −X2)
1

N
(8.4.8)
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+ v
∑
a′b′c′d′

λa′b′c′d′ (W0)a′a (W0)b′1 δc′d′X2. (8.4.9)

Starting with (8.4.9), remembering that (W0)b′1 = 1√
N
∀b′, we find

v√
N

∑
a′b′c′

λa′b′c′c′ (W0)a′aX2 = (8.4.10)

because of symmetry group GN , b′ = a′ (8.4.11)

=
v√
N

∑
a′c′

λa′a′c′c′ (W0)a′aX2 (8.4.12)

=
v√
N

∑
a′

λa′a′a′a′ (W0)a′aX2 +
v√
N

∑
a′

∑
c′ 6=a′

λa′a′c′c′ (W0)a′aX2 (8.4.13)

we now insert the parameters with the applied symmetry group GN (8.4.14)

and sum over c′ 6= a′ (8.4.15)

=
v√
N

∑
a′

[
λ+

1

3
(N − 1) (λ+ λ′)

]
(W0)a′aX2 (8.4.16)

=
v√
N

[
λ+

1

3
(N − 1) (λ+ λ′)

]
X2

∑
a′

(W0)a′a︸ ︷︷ ︸√
Nδa1

(8.4.17)

= δa1v

[
λ+

1

3
(N − 1) (λ+ λ′)

]
X2. (8.4.18)

Now we need to continue with (8.4.8). What we want to do, is to show that
∑

a′b′c′d′ λa′b′c′d′
is independent of a′:∑

b′c′d′

λa′b′c′d′ =
∑
c′d′

λa′a′c′d′ +
∑
c′d′

∑
b′ 6=a′

λa′b′c′d′

=
∑
c′

λa′a′c′c′ +
∑
b′ 6=a′

(λa′b′a′b′λa′b′b′a′)

= λa′a′a′a′ +
∑
c′ 6=a′

λa′a′c′c′ + 2
∑
b′ 6=a′

λa′a′b′b′

= λa′a′a′a′ + 3
∑
c′ 6=a′

λa′a′c′c′

= λ+ (N − 1) (λ+ λ′) .

Inserting this into (8.4.8), we find (having inserted (W0)b′1 = 1√
N
∀b′ again)

v [λ+ (N − 1) (λ+ λ′)] (X1 −X2)
1√
N

∑
a′

(W0)a′a = [λ+ (N − 1) (λ+ λ′)]
v

N
(X1 −X2) δa1,

(8.4.19)
and we see that

T (h)
a = δa1

(
[λ+ (N − 1) (λ+ λ′)]

v

N
(X1 −X2) + v

[
λ+

1

3
(N − 1) (λ+ λ′)

]
X2

)
.

(8.4.20)
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We find for all tadpoles that
Ta = 0 ∀a ≥ 2. (8.4.21)

Because we found in [1] that ∆va is proportional to the finite contributions of Ta (6.6.8), we
know that in the mass basis only one finite shift exists.

8.5 Self-energies and mass corrections

The self-energies in the case λ′ < 0 can be calculated from [1], when considering the ex-
pressions for it (3.5.1) & (3.5.2). Applying symmetry group GN to these diagrams will work
analogously to the calculation of the tadpoles in the previous section. However, the results
of these extensive calculations are obvious to begin with.

The fermion self-energy we have already determined (6.4.2). We determined that the
degeneracy in the fermion mass remains, which means that the self-energy will be the same
for each flavour generation. For the scalar self-energy, we find that Π

(a)
ab (p2) will be the same

in the mass and flavour basis, again because the degeneracy of the fermion masses is the
same in both bases. For Π

(c)
ab (p2) it can be determined that the contributing diagrams are

all proportional to δab. This makes sense, since all these diagrams have merely one vertex,
namely the quartic vertex. The symmetry group only allows for the quartic coupling to be
of the form (7.1.2) and (7.1.3). Seeing as the loop already takes up two connections, the in-
and outgoing fields must be of the same generation.

For the final self-energy diagram, we have to remember the symmetry group GN is broken
down into the symmetry group SN . As discussed before, the irreducible representation of
SN looks like

N = 1⊕N − 1. (8.5.1)

This was reflected in the masses, seeing as all were the same except for one. It should be
noted that when GN broke into SN , this was valid for all loop orders. Therefore, we will
always see the same scalar mass degeneracy in the mass basis, irrelevant of the loop order.

The mass correction can be calculated the same as in the case λ′ > 0 which is outlined
in [1] and referred to in section 6.7.



Chapter 9

Introduction of a soft symmetry
breaking term

The general model from [1] allows us to consider any toy model we can think of using
any discrete symmetry. However, instead of having to go through the motions of SSB and
renormalisation, we can simply apply the symmetry to the MS-renormalised results. An
example of how the general model can be useful, would be to extend the GN -symmetric
Lagrangian with an explicit, yet soft, symmetry breaking term

µ2δab → µ2
ab = µ2δab + σab, where σab � µ2 ∀a, b & Tr [σab] = 0. (9.0.1)

Note that because we do not consider SSB, the coupling constant µ2 > 0 has a positive
sign. We can immediately see why this term would break the symmetry, because it allows
for terms with mixed fields that are not squared, e.g.

σabϕaϕb. (9.0.2)

These terms would break the symmetry group GN into a symmetry that would allow only
a global Z4 symmetry for all the flavours at the same time. This way both fields ϕa and ϕb
will change their sign, which insures invariance of (9.0.2).

Because our symmetry breaking term is of mass dimension 2 it is considered to be “soft”.
Heuristically, at higher energies these “mass squared” terms become less significant compared
to “quartic mass” terms. At lower energies, however, this does influence the Lagrangian.
Therefore, at higher energies our theory will still be governed by the GN symmetry, but at
lower energies it will be broken by terms of mass dimension 2:

GN
dim 2−−−→ (Z4)diag , (9.0.3)

where

(Z4)diag : χL,a → iχL,a & ϕa → −ϕa ∀a. (9.0.4)

We find that where we before had a degeneracy in the scalar masses, we now see that
already at tree-level this degeneracy vanishes because of the term µab. The fermion masses
as well will show no degeneracy any more, because all VEVs are going to be arbitrary.

The potential we find when breaking the symmetry explicitly is

V [ϕ] =
1

2
µ2ϕaϕa +

1

2
σabϕaϕb +

1

4
λϕaϕaϕbϕb +

1

4
λ′ϕaϕaϕbϕb (1− δab) . (9.0.5)
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The extra term breaks the symmetry group GN and causes new minima to take shape via
the shift

ϕa → va + ha. (9.0.6)

The potential we find after this will have the form (again subtracting the constant term free
of fields)

V [h]− V0 =

µ2vb + σabva︸ ︷︷ ︸
µ2abva

+λvavavb + λ′vavavb (1− δab)

hb
+

1

2

 µ2︸︷︷︸
µ2abδab

+ (λ+ λ′) v2
aδab + 2 (λ+ λ′) vavb − 3λ′v2

aδab

hahb
+ [λvb + λ′vb (1− δab)]hahahb +

1

4
[λ+ λ′ (1− δab)]hahahbhb. (9.0.7)

Since the soft symmetry breaking term only acts on the terms of dimension two, the
quartic interactions will still be governed by the symmetry group GN . The mass matrix that
we find in this Lagrangian is not diagonal, independent of the sign of λ′:

M2
ab = µ2

ab + (λ+ λ′) v2
aδab + 2 (λ+ λ′) vavb − 3λ′v2

aδab. (9.0.8)

Instead of having to go through the calculation and insert the terms σab everywhere where
it would be necessary, we can look at the general model. We see that the matrix µ2

ab from the
general model already has the necessary degrees of freedom to incorporate the soft breaking
term σab into it. Obviously, then the same goes for the counter-terms, the tadpoles and the
mass terms as well. We can show this by deriving the masses from the general model in [1]
by applying the symmetry group GN onto λabcd (7.1.2) & (7.1.3) and instead of applying GN

to the squared mass term, we introduce our soft-SB term. Doing this would deliver us with
exactly the found mass matrix.

Comparing the method of SSB and soft-SB, we find that SSB offers a lot less freedom.
The softly broken Lagrangian has far more freedom in the mass terms through the introduced
parameter σab. It completely dissolves the mass degeneracy that we found under SSB, both
in the scalar and the fermion masses.

The reason that this degeneracy disappears lies in the fact that in the case of SSB,
symmetry group GN was broken into SN . This symmetry group caused the mass degeneracy
to all loop orders. However in the case of ESB, we have found that symmetry group GN is
broken into (Z4)diag. This symmetry group does not create a degeneracy in the masses the
way SN did.



Chapter 10

Conclusion

In this thesis it was attempted to offer a comparison between spontaneous and explicit soft
breaking in a theory subjected to a certain flavour symmetry. The model consisted of an
arbitrary but equal amount of fermion and scalar fields including a Yukawa coupling. The
model was based on a toy model discussed in [1].

The SSB was treated in depth by calculating the minima of the potential and the VEVs
accompanied by these minima. It became apparent that the model consists of two different
cases depending on the sign of one of the two quartic couplings. One case was treated
diagrammatically in the MS-scheme and afterwards tested by comparison to the general
model. After the comparison held up, the remaining case was derived from the general
model in [1] by applying the symmetry group GN to the relevant quantities.

Then we came to the treatment of the soft-SB. Even though the calculation in the case
of soft-SB is different from the case of SSB, we found that the general model discussed in [1]
is very useful and can describe both cases.

In the case of the SSB we found that for both signs of λ′ that one scalar mass was different
from all others (that were either zero or all the same). For the fermion masses we found that
in the case of λ′ > 0 one mass was non-zero and all others were zero. In the case λ′ < 0 they
were all the same. For the case of soft-SB these degeneracies totally vanish on account of the
arbitrariness of the matrix σab in the scalar case and in the fermion case on account of the
fact that symmetry group GN is no longer broken into SN , but into (Z4)diag. The freedom
offered by soft-SB could be interesting for future model building.
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Appendix A

GLN-paper Calculations

A.1 Feynman rules

i j : i

(
/p+m

)
ji

p2 −m2
(A.1.1)

:
i

p2 −m2
(A.1.2)

j

i

: −iy
2
δij (A.1.3)

(A.1.4)

: −iλv (A.1.5)

(A.1.6)

:
−iλ

4
(A.1.7)

A.2 Fermion self-energy diagram.

p

k

p

k − p

First we need to calculate the symmetry factor. Because there are two vertices, we know
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that the perturbative expansion will be:

e
i
~S[x(t)] ≈ e

i
~S0[x(t)]

(
1− i

~

∫ tf

ti

V (x, t) dt− 1

2~

[∫ tf

ti

V (x, t) dt

]2

+ · · ·

)
. (A.2.1)

This will provide us with a factor −1
2
.

Now we must consider the rest of the symmetry factor using wick contractions.

χ (xf )χ (xi)

∫
dxϕ (x)χ (x)χ (x)

∫
dϕ (y)χ (y)χ (y) (A.2.2)

When looking at the first contraction, we see there are four fermion fields this field can
couple to. This, because Majorana fields can couple to both barred fields and unbarred
fields. The second contraction then only has two possibilities, because it can’t couple to the
same vertex as the other Majorana field. Then, for both the scalar and the fermion field
that are left, there is only one possibility left. This leaves us with a total factor of 8.

From both the vertices we get a factor y
2

from the Lagrangian, meaning we now have as
an overall symmetry factor:

− 1

2

(y
2

)2

8 = −y2 (A.2.3)

We can now use this in our loop calculation.

−iΣ1l

(
p2
)

=
(
−y2

) ∫ d4k

(2π)4 δ
ab i

k2 −M2

i
[(
/p− /k

)
+m

]
ib

(p− k)2 −m2
δij

= y2

∫
d4k

(2π)4

1

k2 −M2

[(
/p− /k

)
+m

]
jb

(p− k)2 −m2

From here, the dirac indices are implicitly assumed.

= y2

∫
d4k

(2π)4

∫
dx

(
/p− /k +m

)[
xk2 − xM2 + (1− x) (p− k)2 − (1− x)m2

]2
[
xk2 + (1− x) (p− k)2 = (k − p (1− x))2 + xp2 (1− x)

]

−iΣ1l

(
p2
)

= y2

∫
dx

∫
d4k

(2π)4

(
/p− /k +m

)[
(k − p (1− x))2 + xp2 (1− x)− xM2 − (1− x)m2

]2
[k −→ k + (1− x) p]

−iΣ1l

(
p2
)

= y2

∫
dx

∫
d4k

(2π)4

(
x/p− /k +m

)
[k2 + xp2 (1− x)− xM2 − (1− x)m2]2

= y2

∫
dx

∫
d4k

(2π)4

x/p+m

[k2 −∆2 (p2)]2

We now introduce a parameter M, it is just a parameter with mass dimension 1.
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This is done to keep the mass dimension correct throughout the calculation.

= y2

∫
dx
(
x/p+m

)
M4−d

∫
ddk

(2π)d
1

[k2 −∆2]2

= y2

∫
dx
(
x/p+m

)
M4−d i

(4π)
d
2

Γ
(
2− d

2

)
Γ (a)

Γ (2) Γ
(
d
2

) (
∆2
(
p2
)) d

2
−2

≈ iy2

∫
dx
(
x/p+m

) 1

16π2

[
2

ε
− γE + ln 4π − ln

(
∆2

M2

)]
= −iy2

∫
dx
(
x/p+m

) 1

16π2

[
−c∞ + ln

(
∆2

M2

)]

Σ1l

(
p2
)

=
y2

16π2

∫
dx
(
x/p+m

) [
−c∞ + ln

(
∆2

M2

)]
(A.2.4)

A.3 Scalar vacuum polarization

.

.

p

k + p

p

k

Again, we must first determine the symmetry constant. From the perturbative expansion
we get a factor −1

2
again. However we now get another factor −1 from the fact that we have

a closed fermion loop. This together with the factor
(
y
2

)2
will give us a factor of y2

8
. Now we

need only do the contractions and we have the needed symmetry factor.

ϕ (xf )ϕ (xi)

∫
dxϕ (x)χ (x)χ (x)

∫
dyϕ (y)χ (y)χ (y) (A.3.1)

The first contraction gives a factor 2, where the second one can now only give 1. The
same is true for the third and the fourth contraction respectively. This means that the total
factor coming from the contractions is 4. Putting this together with the factors we have
already found, we get a total symmetry factor of y2

2

−iΠ(a)
(
p2
)

=
1

2
y2

∫
d4k

(2π)4 δ
kl i (/k +m)ki

k2 −m2
δij
i
(
/k + /p+m

)
jl

(k + p)2 −m2

= −1

2
y2

∫
d4k

(2π)4

Tr
[
/k/k + /k/p+m2

]
(k2 −m2)

(
(k + p)2 −m2

) Tr [γ] = 0
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= −1

2
y2

∫ 1

0

dx

∫
d4k

(2π)4

Tr
[
/k/k + /k/p+m2

][
/xk

2 − xm2 + (1− /x) k2 + (1− x) p2 −m2 + xm2 + 2 (1− x) pk
]2

= −1

2
y2

∫ 1

0

dx

∫
d4k

(2π)4

Tr
[
/k/k + /k/p+m2

]
[(1− x) p2 + k2 + 2 (1− x) pk −m2]2

= −1

2
y2

∫ 1

0

dx

∫
d4k

(2π)4

Tr
[
/k/k + /k/p+m2

][
(1− x)2 p2 + k2 + 2 (1− x) pk + (1− x)xp2 −m2

]2
= −1

2
y2

∫ 1

0

dx

∫
d4k

(2π)4

Tr
[
/k/k + /k/p+m2

][
(k + (1− x) p)2 + (1− x)xp2 −m2

]2
4→ d

∆2
m = − (1− x)xp+m2

Tr [γαγβ] = gαβ Tr [1]

= −1

2
y2

∫ 1

0

dxM4−d
∫

ddk

(2π)d
2
d
2 (k2 + p · k +m)[

(k + (1− x) p)2 + (1− x)xp2 −m2
]2

k → k − (1− x) p

k2 → k2 + (1− x)2 p2 − 2 (1− x) pk

k · p→ k · p− (1− x) p2

= −1

2
y2

∫ 1

0

dxM4−d2
d
2

∫
ddk

(2π)d
k2 + (1− x)2 p2 − 2 (1− x) p · k + k · p− (1− x) p2 +m2

[k2 −∆2
m]2

All terms linear in k vanish during integration.

= −1

2
y2

∫ 1

0

dxM4−d2
d
2

∫
ddk

(2π)d
k2 − (1− x)xp2 +m2

[k2 −∆2
m]2

= −1

2
y2

∫ 1

0

dxM4−d2
d
2

∫
ddk

(2π)d

{
k2

[k2 −∆2
m]2

+
∆2
m

[k2 −∆2
m]2

}
≈ −1

2
y2

∫ 1

0

dx

(
−4i∆2

m

16π2

)
×{(

−4

ε
+ 2γE − 2 ln 4π − 1 + 2 ln

(
∆2
m

M2

))
+

(
−2

ε
+ 2γE − ln 4π + ln

(
∆2
m

M2

))}
= i

2y2

16π2

∫ 1

0

dx ∆2
m

(
−2c∞ − 1 + 2 ln

(
∆2
m

M2

)
− c∞ + ln

(
∆2
m

M2

))
= i

2y2

16π2

∫ 1

0

dx ∆2
m

(
−3c∞ − 1 + 3 ln

(
∆2
m

M2

))
= −i 2y2

16π2

∫ 1

0

dx ∆2
m

(
3c∞ + 1− 3 ln

(
∆2
m

M2

))

This means that the resulting one-loop computation is

Π
(a)
1l

(
p2
)

=
2y2

16π2

∫ 1

0

dx ∆2
m

(
p2
)(

3c∞ + 1− 3 ln

(
∆2
m (p2)

M2

))
(A.3.2)
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p

k + p

p

k

A.4 Scalar selfenergy diagram with two vertices.

We will as usual start with determining the symmetry factor. From the perturbative
expansion we get a factor −1

2
. Because we have two vertices, we will get a factor (λv)2

from the Feynman rules. This just leaves us to determine the factor coming from Wick
contraction.

ϕ (xf )ϕ (xi)

∫
dx ϕ (x)ϕ (x)ϕ (x)

∫
dy ϕ (y)ϕ (y)ϕ (y) (A.4.1)

The first field can be contracted with six other fields, but because we can have only one
external field per vertex, the second field can only contract with three fields. The first
internal field being contracted, can be contacted with two fields leaving only one possibility
for the final field contraction. This will give us a total factor of 36.

Combining this with the factor we had already found, we end up with a total symmetry
factor of −18λ2v2. Because we know the mass of the scalar to be M = 2λv2, we find the
factor −9λM2.

−iΠ(b)
1l = −9λM2

∫
d4k

(2π)4

i

k2 −M2

i

(k + p)2 −M2

= 9λM2

∫
d4k

(2π)4

∫ 1

0

dx
[
xk2 − xM2 + (1− x) (k + p)2 − (1− x)M2

]−2

= 9λM2

∫ 1

0

dx

∫
d4k

(2π)4

[
(k + (1− x) p)2 + (1− x)xp2 −M2

]−2

= 9λM2

∫ 1

0

dx

∫
d4k

(2π)4

[
k2 + (1− x)xp2 −M2

]−2

= 9λM2

∫ 1

0

dx

∫
d4k

(2π)4

1

[k2 −∆2
M ]

2

= 9λM2

∫ 1

0

dxM4−d
∫

ddk

(2π)d
1

[k2 −∆2
M ]

2

= −i9λM
2

16π2

∫ 1

0

dx

(
−c∞ + ln

(
∆2
M

M2

))

Πb
1l

(
p2
)

= −9λM2

16π2

∫ 1

0

dx

(
c∞ − ln

(
∆2
M

M2

))
(A.4.2)
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A.5 Scalar self-energy diagram with one vertex.

p p

The momentum in the loop itself can flow in both directions, making no difference in the
calculation. This is so, because the propagator of the scalar particle is only dependent on
the momentum squared. We will again begin with determining the symmetry constant.

From the perturbative expansion we get a factor −i, which is exactly the factor −i that
we see in the Feynman rules. The additional factor 1

4
in the Feynman rule for the four-way

interaction comes from the Lagrangian. This now only leaves the wick contraction.

ϕ (xf )ϕ (xi)

∫
dx ϕ (x)ϕ (x)ϕ (x)ϕ (x) (A.5.1)

The first contraction gives us a factor of four and the second a factor of three. This leaves
only one possibility for the final two fields, they have to be connected. The total factor from
the Wick contraction therefore is 4 ·3. Multiplying this with the vertex factor, we get a total
symmetry factor of −iλ3.

−iΠ(c)
1l = (−i3λ)

∫
d4k

(2π)4

i

k2 −M2

= λ3µ4−d
∫

ddk

(2π)d
1

k2 −M2

= −iλ3M2

16π2

(
−c∞ − 1 + ln

(
M2

M2

))

Π
(c)
1l

(
p2
)

= − 3λ

16π2
M2

(
c∞ + 1− ln

(
M2

M2

))
(A.5.2)

A.6 Tadpole diagram with with fermion loop.

Starting of with the symmetry factor, we see that there is only one vertex. This means
that there is only one factor (−i) from the Feynman rule for the vertex, giving us the factor(
−iy

2

)
. A factor of (−1) comes from the fact that we have a closed fermion loop.
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ϕ (x)

∫
dx ϕ (x)χ (x)χ (x) (A.6.1)

Both contractions will give us a factor of (1), leaving us with a total symmetry factor of(
iy

2

)
.

−iTχ = i
y

2
δij

∫
d4k

(2π)4

i (/k +m)ji
k2 −m2

= −y
2

∫
d4k

(2π)4

Tr [/k +m]

k2 −m2

Tr [γµ] = 0

Tr [m] = 4m

= −2ym

∫
d4k

(2π)4

1

k2 −m2

= − 2iy

16π2
m3

[
c∞ + 1− ln

(
m2

M2

)]

Tχ =
2y

16π2
m3

[
c∞ + 1− ln

(
m2

M2

)]
(A.6.2)

A.7 Tadpole diagram with with scalar loop.

The symmetry factor for this diagram consists of the vertex factor (−iλv) and the con-
tractions.

ϕ (x)

∫
dx ϕ (x)ϕ (x)ϕ (x) (A.7.1)

We, therefore, end up with a total symmetry factor of (−3iλv).

−iTh = −3iλv

∫
d4k

(2π)4

i

k2 −M2

= 3λv

∫
d4k

(2π)4

1

k2 −M2

=
3iλv

16π2
M2

[
c∞ + 1− ln

(
M2

M2

)]

Th = − 3λv

16π2
M2

[
c∞ + 1− ln

(
M2

M2

)]
(A.7.2)
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A.8 Yukawa vertex

k

p2 + k

p1 + k

In order to calculate the symmetry factor, we must first consider the factor coming from

the vertices. There are three, so we get a factor of
(
y
2

)3
. Then from the perturbative

expansion we get the factor (−i)3
3!

. These two factors put together will give us a total factor

of iy3

243
. The Wick contractions will look as follows.

χ (xi1)χ (xi2)ϕ (xo)

∫
dx ϕ (x)χ (x)χ (x)

∫
dy ϕ (y)χ (y)χ (y)

∫
dz ϕ (z)χ (z)χ (z)

(A.8.1)
Starting with the “top” contractions, we get a factor of 3 from the ϕ (xo) contraction, a

factor 4 from the χ (xi2) contraction and a factor 2 from the χ (xi1) contraction. Then for
the “bottom” contractions, the ϕ contraction gives a factor 1, the first χ contraction a factor
2 and the last χ contraction a factor 1. In total this factor is now 3 · 24.

Putting both together gives us the factor

iy3

243
243 = iy3. (A.8.2)

The amputated greens function can now be calculated.

− iΓ (k) = iy3

∫
d4k

(2π)4

i
(
/p1

+ /k +m
)

(p1 + k)2 −m2

i
(
/p2

+ /k +m
)

(p2 + k)2 −m2

i

k2 −M2
(A.8.3)

Because there are three inner lines, the Feynman parametrization will turn out a denominator
that is proportional to k6. In the numerator, only terms with k2 or k0 can survive. Therefore,
there will be a finite part, for a numerator proportional to k0, and an infinite part, where
the numerator is proportional to k2.

Because we use the MS description, we need only look at the infinite part of the amputated
Green’s function:

− iΓ (k) =
iy3

16π2
c∞ + finite (A.8.4)

A.9 The four point fermion-box scalar diagram

.

The momentum arrows were only added for completion, we shall not need it for the
calculation of the vertex counter-term. As per usual, we start with the symmetry factor
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p2

p1

k

k + p1

p3
k + p1 − p3 − p4

p4

k + p1 − p4

coming from perturbation theory. There being four vertices, the factor should be (−i)4
4!

. The

vertices themselves give us a factor of
(
y
2

)4
.

The Wick contraction shall be done in two parts, to keep it clear-ish what is going on.

ϕ (xi1)ϕ (xi2)ϕ (xo1)ϕ (xo2)

∫
dw ϕ (w)χ (w)χ (w)∫
dx ϕ (x)χ (x)χ (x)∫
dy ϕ (y)χ (y)χ (y)∫
dz ϕ (z)χ (z)χ (z)

The external scalar lines can only be connected to the scalars in the vertices. This will
provide us with a combinatorial factor of 4!. The second part is going to be the internal
fermion lines, they will be drawn separately without the external scalars, to keep it all on
one line.

∫
dw ϕ (w)χ (w)χ (w)

∫
dx ϕ (x)χ (x)χ (x)

∫
dy ϕ (y)χ (y)χ (y)

∫
dz ϕ (z)χ (z)χ (z)

(A.9.1)
Starting with the contractions on top, the first one has 6 possible connections, the second

only 4 and the third has 2 left. This leaves only one more possibility for the contraction on
the bottom. This leaves us with a total combinatorial factor of 4! · 3 · 24.

Combining all factors leaves us with a symmetry factor of 3. Because we are only inter-
ested in the divergent term, we only need to look at the highest order of k in the numerator.
This would be k4 and all the other terms will be finite. Because there are four internal lines,
we get another factor of (−i)4 = 1. From the trace caused by the fermion loop, we get an-
other factor of (4) and from the fermion loop itself, we get another minus sign. Putting this
all together, we arrive at the following calculation (this is after Feynman parametrization).

−iΞf−box = −12y4

∫
d4k

(2π)4

k4

[k2 + ∆2]4
+ finite (A.9.2)

= (−i) 6 · 2 y4

16π2
c∞ + finite (A.9.3)
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A.10 The three four point scalar diagrams

rBecause there are three diagrams, we need to treat this problem per diagram. because we
are only interested in the divergent term, however, the actual loop calculation shall be the
same for all three, just with a different value for the external momentum. This momentum,
however, does not crop up in the divergent term. We only need to check the symmetry factor
per diagram and from that we can calculate the counter-term.

All three diagrams get the same factor from perturbation theory, namely a factor of −1
2
.

The vertex factor from the Lagrangian, would be in this case
(
λ
4

)2
. The combinatorics shall

now be checked per diagram.

ϕ (xi1)ϕ (xi2)ϕ (xo1)ϕ (xo2)

∫
dx ϕ (x)ϕ (x)ϕ (x)ϕ (x)

∫
dy ϕ (y)ϕ (y)ϕ (y)ϕ (y)

(A.10.1)
The first incoming scalar is connected to any of the vertex scalars, this gives us 8 possi-

bilities. The second incoming scalar then has to contract with one of the remaining scalars
in the same vertex. There are only 3 scalar fields left. The first outgoing scalar field now
has 4 possibilities in the last vertex, the second again only 3. The first internal connection
still has 2 fields, with which it can contract. the last field then only has one more possible
contraction left. This means the total combinatorial factor is 8 · 3 · 4 · 3 · 2.

Even though we could now do the same thing for the other remaining diagrams, we can
also pretend to be clever and consider the following. If the first incoming field couples to the
first vertex, then one of the outgoing fields must couple to the same vertex. This gives the
same combinatorics as in the first diagram, when considering both the incoming fields. The
second incoming field must now couple to the other vertex, just like in the previous diagram,
the first outgoing field had to do. The remaining field has the same function as previously
and so do the internal contractions, this means we get the same combinatorial factor for all
three diagrams. Therefore, we can just add another factor of three.

We can now calculate the total symmetry factor.

− 3 · 8 · 3 · 4 · 3 · 2
2 · 4 · 4

= −3 · 18 (A.10.2)

The loop integral, therefore, becomes

−iΞ4p−sc = −3 · 18

∫
d4k

(2π)4

i

k2 −M2

i

(k + p)2 −M2
, (A.10.3)

= (i) 6 · 9 λ2

16π2
c∞ + finite. (A.10.4)
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A.11 Derivations of the counter-terms

δy = y3

16π2

∂δy
∂y

=
3y2

16π2
c∞ (A.11.1a)

∂δy
∂λ

= 0 (A.11.1b)

∂δy
∂v

= 0 (A.11.1c)

∂δy
∂M

= 0 (A.11.1d)

δλ = 1
16π2 c∞ (9λ2 − 2y4)

∂δλ
∂y

=
8y3

16π2
c∞ (A.11.2a)

∂δλ
∂λ

=
18λ

16π2
c∞ (A.11.2b)

∂δλ
∂v

= 0 (A.11.2c)

∂δλ
∂M

= 0 (A.11.2d)

δv = − δt
2λv

= y4v
λ16π2

(
c∞ + 1− ln

(
y2v2

M2

))
− 6λv

16π2

(
c∞ + 1− ln

(
2λv
M2

))
∂δv
∂y

=
4y3v

λ16π2
c∞ +O

(
ε0
)

(A.11.3a)

∂δv
∂λ

= − y4v

λ216π2
c∞ −

6v

16π2
c∞ +O

(
ε0
)

(A.11.3b)

∂δv
∂v

=
y4

λ16π2
c∞ −

6λ

16π2
c∞ +O

(
ε0
)

(A.11.3c)

∂δv
∂M

=
2y4

λ16π2
v − 12λ

16π2
v (A.11.3d)

δχ = y2

16π2

(
−1

2
c∞ +

∫ 1

0
dx x ln

(
∆(m2

0)
M2

))

∂δχ
∂y

=
2y

16π2

(
−1

2
c∞

)
+O

(
ε0
)

(A.11.4a)

∂δχ
∂λ

= O
(
ε0
)

(A.11.4b)
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∂δχ
∂v

= O
(
ε0
)

(A.11.4c)

∂δχ
∂M

= − y2

16π2
(A.11.4d)

δϕ = 2y2

16π2

∫ 1

0
dx x (1− x)

(
−3c∞ + 2 + 3 ln

(
∆(m2

0)
M2

))
− 9λ

16π2

∫ 1

0
dx x(1−x)

1−x(1−x)

∂δϕ
∂y

=
4y

16π2

(
−1

2
c∞

)
+O

(
ε0
)

(A.11.5a)

∂δϕ
∂λ

= O
(
ε0
)

(A.11.5b)

∂δϕ
∂v

= O
(
ε0
)

(A.11.5c)

∂δϕ
∂M

= − 2y2

16π2
(A.11.5d)



Appendix B

Calculations from chapter 4

B.1 Using the method of Lagrangian multipliers to cal-

culate the extremal points of the Lagrangian

0 =
∂A (n)

∂nj
=

[
∂

∂nj

1

2
λ′v4nknknlnl (1− δkl)− λ̃ (nknk)− 1

]
=

1

2
λ′v4nknlnl (1− δkl) δkj +

1

2
λ′v4nknknl (1− δkl) δlj − 2λ̃nkδkj

=
1

2
λ′v4njnlnl (1− δjl) +

1

2
λ′v4njnknk (1− δjk)− 2λ̃nj

= λ′v4njnlnl (1− δjl)− 2λ̃nj

= λ′v4nj

nlnl︸︷︷︸
=1

−n2
j

− 2λ̃nj

= λ′v4nj
(
1− n2

j

)
− 2λ̃nj.

B.2 Scalar tree-level masses, λ′ > 0, Spontaneous-SB

V = −1

2
µ2ϕ2

1 +
1

4
λϕ4

1 +
1

2
ϕ1

1ϕiϕi (1− δ1i) + VGN−1

v1 = v

ϕ1 −→ v + h1

(v + h1)2 = v2 + h2
1 + 2vh1

(v + h1)4 = v4 + 4v3h1 + 6v2h2
1 + 4vh3

1 + h4
1

= −1

2

(
v2 + h2

1 + 2vh1

)
+

1

4
λ
(
v4 + 4v3h1 + 6v2h2

1 + 4vh3
1 + h4

1

)
+ (λ+ λ′)

(
v2 + h2

1 + 2vh1

)
hihi (1− δi1) + VGN−1

= −1

2
µ2v2 − 1

2
µ2h2

1 −
2

2
µ2vh1 +

1

4
λv4 +

4

4
λv3h1 +

6

4
λv2h2

1 +
4

4
λvh3

1 +
1

4
λh4

1

+
1

2
(λ+ λ′) v2hihi (1− δ1i) +

1

2
(λ+ λ′)h2

1hihi (1− δi1) +
2

2
(λ+ λ′) vh1hihi (1− δ1i) + VGN−1

85
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=

[
−1

2
µ2v2 +

1

4
λv4

]
+
[
−µ2v + λv3

]
h1 +

1

2

[
−µ2 + 3λv2

]
h2

1 + λvh3
1 +

1

4
λh4

1

+
1

2
(λ+ λ′) v2 (1− δi1)hihi + (λ+ λ′) vh1 (1− δi1)hihi +

1

2
(λ+ λ′)h2

1 (1− δi1)hihi + VGN−1

v2 =
µ2

λ
⇒ µ2 = λv2

=
1

4
λv4 +

1

2

[
2λv2

]
h2

1 +
1

2

[
(λ+ λ′) v2 (1− δ1i)

]
hihi

+ λvh3
1 + (λ+ λ′) vh1 (1− δ1i)hihi +

1

4
λh4

1 +
1

2
(λ+ λ′)h2

1 (1− δi1)hihi + VGN−1

B.3 Scalar tree-level masses, λ′ < 0, Spontaneous-SB

V = −1

2
µ2 (vk + hk) (vk + hk) +

1

4
λ (vk + hk) (vk + hk) (vk + hk) (vk + hk)

+
1

4
(λ+ λ′) (vk + hk) (vk + hk) (vl + hl) (vl + hl) (1− δkl)

= −1

2
µ2 [vkvk + 2vkhk + hkhk] +

1

4
λ
[
v2
kv

2
k + 4v3

khk + 6v2
kh

2
k + 4vkh

3
k + h2

kh
2
k

]
+

1

4
(λ+ λ′) [vkvkvlvl + 2vkvkvlhl + 2vkvlvlhk︸ ︷︷ ︸

4vkvkvlhl

+ 2vkvkhlhl + 4vkhkvlhl + 4vkhkhlhl + hkhkhlhl] (1− δkl)
Now we rearrange everything in orders of hi.

=

[
−1

2
µ2v2 +

1

4
λv4n2

kn
2
k +

1

4
(λ+ λ′) v4nknknlnl (1− δkl)

]
+
[
−µ2 + λv2nlnl + (λ− λ′′) v2nknk (1− δkl)

]
vnlhl

+

[
−1

2
µ2 +

3

2
λv2nlnl +

1

2
(λ+ λ′) v2nknl (1− δkl)

]
hlhl + (λ+ λ′) v2 (1− δkl)nknlhkhl

+ [λv]nkhkhkhk + [(λ+ λ′) v (1− δkl)]nkhkhlhl

+
1

4
λhkhkhkhk +

1

4
(λ+ λ′) (1− δkl)hkhkhlhl

Before continuing on, we need to consider the following sums:

N∑
k=1

nknknknk =
1

N2

N∑
k=1

=
N

N2
=

1

N
, (B.3.1)

N∑
k=1

nknknkhk =
1

N

N∑
k=1

nlhl, (B.3.2)

N∑
k=1

nknkhkhk =
1

N

N∑
k=1

hkhk. (B.3.3)

We also need to consider the sums, where the indices are mixed. These are a bit less intuitive
and need some extra explaining.
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N∑
k=1

N∑
l=1

nknknlnl (1− δkl) =

n2
1n

2
2 + n2

1n
2
3 + · · · + n2

1n
2
N +

n2
2n

2
1 + n2

2n
2
3 + · · · + n2

2n
2
N +

...
n2
Nn

2
1 + n2

Nn
2
2 + · · · + n2

Nn
2
N−1

(B.3.4)

We know that each entry has the value 1
n2 . We see that each row has N − 1 entries and that

there are N rows. This means that

N∑
k=1

N∑
l=1

nknknlnl (1− δkl) = N (N − 1)
1

N2
=
N − 1

N
. (B.3.5)

The same must be done for

N∑
k=1

N∑
l=1

nknknlhl (1− δkl) =

n2
1n2h2 + n2

1n3h3 + · · · + n2
1nNhN +

n2
2n1h1 + n2

2n3h3 + · · · + n2
2nNhN +

...
n2
Nn1h1 + n2

Nn2h2 + · · · + n2
NnN−1hN−1.

(B.3.6)

We know that each n2
i = 1

N
. We can therefore see that each term repeats itself in each row

minus one. Therefore,

N∑
k=1

N∑
l=1

nknknlhl (1− δkl) =
N − 1

N

N∑
l=1

nlhl. (B.3.7)

Lastly, we find in exactly the same way that

N∑
k=1

N∑
l=1

nknkhlhl (1− δkl) =
N − 1

N

N∑
l=1

hlhl. (B.3.8)

There is one more relation we need to consider, which is the following:

N∑
k=1

N∑
l=1

nkhknlhk. (B.3.9)

This is actually a very easy one, because the index of the ni’s is the same as for the scalar
fields, we simply multiply each field by a factor of 1

±
√
N

:

N∑
k=1

N∑
l=1

nkhknlhk =
1

N

N∑
k=1

N∑
l=1

hkhk. (B.3.10)

It then follows that

N∑
k=1

N∑
l=1

nkhknlhk (1− δkl) =
1

N

N∑
k=1

N∑
l=1

hkhk (1− δkl) . (B.3.11)

Using these eight relations, we continue our calculation of the potential.

V =

[
−1

2
µ2v2 +

1

4

λv4

N
+

1

4
(λ+ λ′) v4N − 1

N

]
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+

[
−µ2 +

λv2

N
+ (λ+ λ′) v2N − 1

N

]
vlhl

+
1

2

[
−µ2δkl + 3

λv2

N
δkl + (λ+ λ′) v2N − 1

N
δkl + 2 (λ+ λ′) v2 1

N
(1− δkl)

]
hlhk

+ [λvδkl + (λ+ λ′) v (1− δkl)]nkhkhlhl

+

[
1

4
λδkl +

1

4
(λ+ λ′) (1− δkl)

]
hkhkhlhl

v2 =
Nµ2

λN − λ′′ (N − 1)
⇒ µ2 =

λv2

N
+ (λ+ λ′) v2N − 1

N

=

[
−1

4

λv4

N
− 1

4
(λ− λ′′) v4N − 1

N

]
+ 0vlhl +

1

2

[
2λv2

N
δkl + 2 (λ+ λ′) v2 1

N
(1− δkl)

]
hkhl

+ [λvδkl + (λ− λ′′) v (1− δkl)]nkhkhlhl +

[
1

4
λδkl +

1

4
(λ+ λ′) (1− δkl)

]
hkhkhlhl

B.4 Renormalisation and SSB of the potential

vi := vi + ∆vi

V + δV =
1

2

(
µ2 + δµ2

) [
vkvkM−ε + 2vkhkM− ε

2 + hkhk
]

+
1

4
(λ+ δλ)Mε

[
vkvkvlvlM−2ε + 4vkvkvlhlM− 3ε

2 + 2vkvkhlhlM−ε

+ 4vkhkvlhlM−ε + 4vkhkhlhlM− ε
2 + hkhkhlhl

]
+

1

4
(λ′ + δλ′)Mε

[
vkvkvlvlM−2ε + 4vkvkvlhlM− 3ε

2 + 2vkvkhlhlM−ε

+ 4vkhkvlhlM−ε + 4vkhkhlhlM− ε
2 + hkhkhlhl

]
(1− δkl) ,

=
1

2

(
µ2 + δµ2

)
vkvkM−ε +M−ε1

4
(λ+ δλ) vkvkvlvl +M−ε1

4
(λ+ δλ) vkvkvlvl (1− δkl)

+
(
µ2 + δµ2

)
vkhkM− ε

2 +M− ε
2 (λ+ δλ) vkvkvlhl +M− ε

2 (λ+ δλ) vkvkvlhl (1− δkl)

+
1

2

(
µ2 + δµ2

)
hkhk +

2

4
(λ+ δλ) vkvkhlhl +

2

4
(λ+ δλ) vkvkhlhl (1− δkl)

+Mε (λ+ δλ) vkhkvlhl +Mε (λ′ + δλ′) vkhkvlhl (1− δkl)
+
[
M

ε
2 (λ+ δλ) vk +M

ε
2 (λ′ + δλ′) vk (1− δkl)

]
hkhlhl

+
1

4
[Mε (λ+ δλ) +Mε (λ′ + δλ′) (1− δkl)]hkhkhlhl

=

[
1

2

(
µ2 + δmu2

)
+

1

4
(λ+ δλ) vlvl +

1

4
(λ′ + δλ′) vlvl (1− δkl)

]
M−εvkvk

+
[(
µ2 + δµ2

)
+ (λ+ δλ) vkvk + (λ′ + δλ′) vkvk (1− δkl)

]
M− ε

2vlhl

+
1

2

[(
µ2 + δµ2

)
+ (λ′ + δλ′) vkvk + (λ′ + δλ′) vkvk (1− δkl)

]
hlhl

+
1

2
[2 (λ′ + δλ′) vkvl + 2 (λ′ + δλ′) vkvl (1− δkl)]hkhl

+ [(λ+ δλ) vk + (λ′ + δλ′) vk (1− δkl)]M
ε
2vkhlhl

+
1

4
[(λ+ δλ) + (λ′ + δλ′) (1− δkl)]Mεhkhkhlhl
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B.5 In the case λ′ < 0, the potential in order of h

V + δV =

[
1

2

(
µ2 + δµ2

)
+

1

4
(λ+ δλ) vlvl +

1

4
(λ′ + δλ′) vlvl (1− δkl)

]
M−εvkvk

+
[(
µ2 + δµ2

)
+ (λ+ δλ) vkvk + (λ′ + δλ′) vkvk (1− δkl)

]
M− ε

2vlhl

+
1

2

[(
µ2 + δµ2

)
+ (λ′ + δλ′) vkvk + (λ′ + δλ′) vkvk (1− δkl)

]
hlhl

+
1

2
[2 (λ+ δλ) vkvl + 2 (λ′ + δλ′) vkvl (1− δkl)]hkhl

+ [(λ+ δλ) vk + (λ′ + δλ′) vk (1− δkl)]M
ε
2vkhlhl

+
1

4
[(λ+ δλ) + (λ′ + δλ′) (1− δkl)]Mεhkhkhlhl

=

[
1

2

(
µ2 + δµ2

)
+

1

4
(λ+ δλ) v

2 +
1

4
(λ′ + δλ′) v

2N − 1

N

]
M−εv2

+

[(
µ2 + δµ2

)
+ (λ+ δλ) v

2 + (λ′ + δλ′) v
2N − 1

N

]
M− ε

2vlhl

+
1

2

[(
µ2 + δµ2

)
+ (λ′ + δλ′) v

2 + (λ′ + δλ′) v
2N − 1

N

]
hlhl

+
1

2

[
2 (λ+ δλ) v

2 1

N
+ 2 (λ′ + δλ′) v

2 1

N
(1− δkl)

]
hkhl

+ [(λ+ δλ) v + (λ′ + δλ′) v (1− δkl)]M
ε
2nkvkhlhl

+
1

4
[(λ+ δλ) + (λ′ + δλ′) (1− δkl)]Mεhkhkhlhl

=

[
1

2

(
µ2 + δµ2

)
+

1

4
(λ+ δλ) v

2 +
1

4
(λ′ + δλ′) v

2N − 1

N

]
M−εv2 (B.5.1a)

+

[(
µ2 + δµ2

)
+ (λ+ δλ) v

2 + (λ′ + δλ′) v
2N − 1

N

]
M− ε

2vlhl (B.5.1b)

+
1

2

[(
µ2 + δµ2

)
δkl + (λ′ + δλ′) v

2δkl + (λ′ + δλ′) v
2N − 1

N
δkl

]
hkhl (B.5.1c)

+
1

2

[
2 (λ+ δλ) v

2 1

N
+ 2 (λ′ + δλ′) v

2 1

N
(1− δkl)

]
hkhl (B.5.1d)

+ [(λ+ δλ) v + (λ′ + δλ′) v (1− δkl)]M
ε
2nkhkhlhl (B.5.1e)

+
1

4
[(λ+ δλ) + (λ′ + δλ′) (1− δkl)]Mεhkhkhlhl (B.5.1f)
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Appendix C

Review of On-shell renormalisation of
multi-field theories

For this chapter, the main guideline is [12]. That paper gives an overview of on-shell renor-
malisation conditions for theories involving flavour mixing. We shall be following this paper
closely.

The following discussion relies on two assumptions stated in [12]. First that all physical
masses mi are different. If this were not the case, some sort of flavour symmetry would be
assumed. For the derivation of the on-shell renormalisation conditions, we want to use the
most general case. Our second assumption, is that the N poles in the propagator matrix are
located in a region where the absorptive parts are absent or can be neglected.

C.1 Scalar propagator

The on-shell renormalisation scheme assumes that the poles of the renormalised propagators
lie at the point where the momentum is equal to the physical mass. Assuming this for our
N ×N renormalised propagator matrix ∆ (p2) = (∆ij (p2)), we can expect a different matrix
for each pole-mass mn. For each pole, the matrix will have one entry that diverges and all
other entries will have some finite mass differences.

For the scalar propagator, when approaching the pole, we will have a divergence pro-
portional to ε−1, where ε = p2 −m2

n. However, the full propagator can be expanded, using
a Laurent expansion, in powers of ε, revealing the on-shell condition (because mn is the
pole-mass):

∆ij

(
p2
) ε→0−−→ δinδnj

ε
+ ∆

(0)
ij +O (ε) . (C.1.1)

As one can see, the divergence is only present when we consider the particle with pole-mass
mn, for all other particles, the first term is simply zero. The second term is merely a term
that is proportional to ε0. All higher orders in ε will vanish at the pole. This expansion is
meant to represent the most general case of propagator. Therefore, the second term does
not just represent the mass differences one gets in all the other entries of the propagator
matrix, but also any possible finite entry independent of ε.

When considering for example the self-energy, we always look at the inverse propagator.
Therefore, we need to determine what the inverse propagator will look like. We use the fact
that if we multiply an inverse propagator with the normal propagator, we should get a factor
of one. This translates into the relation

∆ikAkj = Aik∆kj = δij. (C.1.2)
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We can now expand the inverse propagator A in powers of ε:

Aij = A0
ij + εA

(1)
ij +O

(
ε2
)
. (C.1.3)

The term A
(n)
ij , simply means the n-th derivative by ε for ε = 0.

Now we can put (C.1.1) and (C.1.3) into (C.1.2) and from that we get two equations,

∆ikAkj =
1

ε
δinA

(0)
nj + δnjA

(1)
nj + ∆

(0)
ik A

(0)
kj +O (ε) = δij, (C.1.4)

Aik∆kj =
1

ε
A

(0)
in δnj + A

(1)
nj δnj + A

(0)
ik ∆

(0)
kj +O (ε) = δij. (C.1.5)

We want there to be no singularities, δij is finite in the end. Therefore, we need to be sure
the first terms in both equations is equal to zero. This will provide us with the first two
renormalisation conditions:

A
(0)
in = 0 ∀i = 1, ... , N and A

(0)
nj = 0 ∀j = 1, ... , N. (C.1.6)

A further condition is found, when we look at the case where i = j = n, we then find that
we are left with

A(1)
nn + ∆

(0)
nkA

(0)
kn = 1 = A(1)

nn + A
(0)
nk∆

(0)
kn . (C.1.7)

However, because of (C.1.6), we are merely left with

dAnn
dp2

∣∣∣∣
p2=m2

n

= 1. (C.1.8)

So we now have the relations that fully renormalise our scalar propagator. What we
would like to do now, is look at what this means for the scalar self-energy. For the inverse
propagator, we then have

Aij
(
p2
)

= p2δij − m̂2
i δij − Σ

(r)
ij

(
p2
)
. (C.1.9)

The bare fields ϕ
(b)
i are related to the renormalised fields through the field strength renor-

malisation matrix
ϕ

(b)
i =

(
Z

1
2

)
ik
ϕ

(r)
k . (C.1.10)

From this, we can determine that the renormalised self-energy relates to the loop correc-
tions by

Σ(r)
(
p2
)

= Σ1l

(
p2
)

+

[
1−

(
Z( 1

2)
)T (

Z( 1
2)
)]

p2 +
(
Z( 1

2)
)T (

m̂2 + δm̂2
) (
Z( 1

2)
)
− m̂2,

(C.1.11)

where m̂2 = diag (m2
1, ...,m

2
N) and Z( 1

2) is a general real N ×N matrix.
If we want to know what the renormalisation conditions look like for a one-loop calcula-

tion, we must consider (
Z( 1

2)
)
ij

= δij +
1

2
zij. (C.1.12)

If we plug this into (C.1.11), we end up with

Σ
(r)
ij

(
p2
)

= Σ1l
ij

(
p2
)
− 1

2

[
zij + (zij)

T
]
p2 +

1

2

(
m̂2
i zij + (zij)

T m̂2
j

)
+ δm̂2

i δij + h.o.t., (C.1.13)
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where the δij in the final term is there because δm̂2 is diagonal. We can now use (C.1.6) and
(C.1.8), to determine the conditions for the counter-terms z and δm̂.

In order to do so, we need to consider the two cases, i 6= j and i = j, for (C.1.6) and
(C.1.8) respectively. Starting with the case i 6= j and i < j, we get, from (C.1.9) and
(C.1.11),

0 = Aij
(
m2
j

)
= Σ1l

ij

(
m2
j

)
− 1

2
zijm

2
j −
�
�
�
�1

2
zjim

2
j +

1

2
m2
i zij +

�
�
�
�1

2
zjim

2
j ,

1

2
zij = −

Σij

(
m2
j

)
m2
i −m2

j

. (C.1.14)

If we want to consider the case j < i, we get the same answer with the indices reversed.
Now doing the case where i = j, we get

0 = Ann
(
m2
n

)
=
�
�m2
n −��m

2
n − Σ1l

nn

(
m2
n

)
+��

��znnm
2
n −��

��m2
nznn − δmn

⇒ δmn = −Σ1l
nn

(
m2
n

)
(C.1.15)

�1 =
dAnn (p2)

dp2

∣∣∣∣
p2=m2

n

= �1−
dΣ1l

nn (p2)

dp2

∣∣∣∣
p2=m2

n

+ znn

⇒ znn =
dΣ1l

nn (p2)

dp2

∣∣∣∣
p2=m2

n

(C.1.16)

C.2 Fermion propagator with parity conservation

To cite [12]: “for fermions the situation is more involved,” so get ready (or, as the Dutch
would say, “wet your chest”... yeah, neither do I). We could formally derive the propagator
for fermions by expanding the propagator in terms of η = /p − m, but when considering
fermion propagators without parity conservation that method will not be useful. Therefore,
we use an analogy to the previous section and expand in ε = p2 −m2 again.

We can write the propagator as

S
(
p2
)

= C
(
p2
)
/p−D

(
p2
)
, (C.2.1)

where both C and D are N ×N matrices. Our on-shell condition now looks as follows,

Sij
ε→0−−→ δinδnj

/p−mn

+ S̃ij, (C.2.2)

with S̃ij being again some finite part. We now have the OS condition for the propagator,
but we have written the propagator as (C.2.1) and, therefore, we must now determine what
this means for both Cij and Dij. We do this by multiplying Sij by

(
/p−mn

)
:(

/p−mn

)
Sij = δinδnj +

(
/p−mn

)
S̃ij. (C.2.3)

However, we have also defined the propagator as (C.2.1) and we must multiply that with(
/p−mn

)
as well.(
/p−mn

)
Sij =

(
/p−mn

)
Cij/p−

(
/p−mn

)
Dij (C.2.4)
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Because Cij and γu commute: (C.2.5)

=
(
p2 − /pmn

)
Cij −

(
/p−mn

)
Dij (C.2.6)

= p2Cij −m2
nCij +mnCij −

(
/p−mn

)
Dij − /pmnCij (C.2.7)

=
(
p2 −m2

n

)
Cij −

(
/p−mn

)
Dij −

(
/p−mn

)
Cijmn (C.2.8)

= εCij −
(
/p−mn

)
(Dij +mnCij) (C.2.9)

This means that if we put both multiplications together, we find

δinδnj +
(
/p−mn

)
S̃ij = εCij −

(
/p−mn

)
(Dij +mnCij) . (C.2.10)

From which it follows that
εCij = δinδnj +O (ε) (C.2.11)

and
S̃ij = (Dij +mnCij) . (C.2.12)

From the first relation we conclude that

Cij =
δinδnj
ε

+ C
(0)
ij +O (ε) (C.2.13)

and from this, we can now determine what Dij must look like. Just remember that S̃ij must
be independent of ε and, therefore, we need a part in Dij that can cancel the ε dependence
in mnCij. This leaves us with

Dij = −mnδinδjn
ε

+D
(0)
ij +O (ε) , (C.2.14)

Which in turn ensures that
S̃ij = D

(0)
ij +mnC

(0)
ij . (C.2.15)

Like in the previous section, we need to define the inverse propagator, we do this in the
following way

S−1
ij = Aij/p−Bij. (C.2.16)

The inverse propagator has to be non-singular for epsilon→ 0 and we can therefore Taylor
expand.

Aij = A
(0)
ij + εA

(1)
ij +O

(
ε2
)

(C.2.17)

Bij = B
(0)
ij + εB

(1)
ij +O (ε) (C.2.18)

Now we can determine the relations for Aij, Bij, Cij and Dij. We do this the same way as
we did last section, we know that multiplying the propagator with the inverse propagator
must be equal to a unit matrix.(

SS−1
)
ij

= δij ⇒ CikAkjp
2 −DikBkj︸ ︷︷ ︸
=δij

− Cik/pBkj −DikAkj/p︸ ︷︷ ︸
−/p

CikBkj +DikAkj︸ ︷︷ ︸
=0



= δij (C.2.19)

Because the unit matrix is independent of /p, every term that does depend on it must vanish.
Analogously, we find(

S−1S
)
ij

= δij ⇒ AikCkjp
2 −BikDkj = δij; AikDkj +BikCkj = 0. (C.2.20)
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Starting with the terms that are supposed to equal the identity matrix, we see that

δij = AikCkjp
2 +BikDkj,

p2 = m2
n + ε,

=

 B
(0)
in −mnA

(0)
in︸ ︷︷ ︸

!
=0 to avoid singularities

 mnδnj
ε

+
(
A

(0)
in + A

(1)
in m

2
n +mnB

1
in

)
δnj +m2

nA
(0)
ik C

(0)
kj +B

(0)
ik D

(0)
kj ,

δij = CikAkip
2 +DikBkj,

=
δinmn

ε

B(0)
nj −mnA

(0)
nj︸ ︷︷ ︸

!
=0

+ δin

(
a

(0)
nj + A

(1)
njm

2
n −mnB

(1)
nj

)
+m2

nC
(0)
ik A

(0)
kj +D

(0)
ik B

(0)
kj .

If we now consider the case where i = j = n, we now see that

A(0)
nn +m2

nA
(1)
nn −mnB

(1)
nn +m2

nC
(0)
nkA

(0)
kn +D

(0)
nkB

(0)
kn = 1, (C.2.21)

A(0)
nn +m2

nA
(1)
nn −mnB

(1)
nn +m2

nA
(0)
nkC

(0)
kn +B

(0)
nkD

(0)
kn = 1. (C.2.22)

This leaves us with the part that is supposed to equal zero in (C.2.19) and (C.2.20). We find

0 = CikBkj +DikAkj =
δin
ε

 B
(0)
nj −mnA

(0)
nj︸ ︷︷ ︸

!
=0 to avoid singularities

+ δin

(
B

(0)
nj −mnA

(1)
nj

)
+ C

(0)
ik B

(0)
kj +D

(0)
ik a

(0)
kj

0 = BikCkj + AikDkj =

B(0)
in −mnA

(0)
in︸ ︷︷ ︸

!
=0

 δnj
ε

+
(
B

(1)
in −mnA

(1)
in

)
δnj +B

(0)
ik C

(0)
kj + A

(0)
ik D

(0)
kj .

If we now, again, consider the case i = j = n, we find

B(1)
nn −mnA

(1)
nn = −

(
mnC

(0)
nk +D

(0)
nk

)
A

(0)
kn , (C.2.23)

B(1)
nn −mnA

(1)
nn = −A(0)

nk

(
mnC

(0)
kn +D

(0)
kn

)
. (C.2.24)

Inserting this into (C.2.21) and (C.2.22), we get the same simplification for both equations:

A(0)
nn + 2m2

nA
(1)
nn − 2mnB

(1)
nn = 1. (C.2.25)

Summarizing, we find the following OS-renormalisation conditions:

Bij

(
m2
j

)
= mjAij

(
m2
j

)
∀i, j = 1, ..., N, (C.2.26)

Aii
(
m2
i

)
+ 2m2

i

dAii (p
2)

dp2

∣∣∣∣
p2=m2

i

− 2mi
dBii (p

2)

dp2

∣∣∣∣
p2=m2

i

= 1. (C.2.27)

We, once again, want to see, what this means for the self-energy, this time of the fermion
of course. In Analogy to the scalar case, we write

S−1
ij (p) = /pδij −miδij − Σr (p) . (C.2.28)
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The relation between the renormalised and bare fermion fields is given by the field strength
renormalisation matrix

ψbi =
(
Z

1
2

)
ik
ψrk. (C.2.29)

We can now write down the renormalised self-energy as

Σr
ij (p) = Σ1l

ij (p) +

[
δij −

(
Z

1
2

)†
ik
Z

1
2
kj

]
/p+

(
Z

1
2

)†
ik

(mkδlk + δmkδlk)Z
1
2
kj −miδij. (C.2.30)

PLEASE CHECK THE INDICES AGAIN!!
It is important to now consider the following. From the equation for the self-energy, we

can see that there exists a phase symmetry

Z
1
2 → eiα̂Z

1
2 . (C.2.31)

This symmetry was not present in the scalar case, because we considered real scalar fields.
Therefore, the diagonal matrix eiα̂ was not able to show up there. In the fermionic case,
this will make a difference, as we will see when determining the one-loop renormalisation
conditions.

The self-energy can be separated into two parts, a part proportional to /p and a part that
is not:

Σ1l
ij (p) = ΣA

ij

(
p2
)
/p+ ΣB

ij

(
p2
)
. (C.2.32)

This, together with (C.2.28) and (C.2.30), leads to

A =
(
Z

1
2

)†
Z

1
2 − ΣA, (C.2.33)

B = ΣB +
(
Z

1
2

)†
(m̂+ δm̂)Z

1
2 . (C.2.34)

At one-loop order, which means that Z
1
2
ij = δij + 1

2
zij, these relations become

Aij = δij − ΣA
ij +

1

2

(
zij +

(
z†
)
ij

)
, (C.2.35)

Bij = miδij + δmiδij + ΣB
ij +

1

2

(
mizij +

(
z†
)
ij
mj

)
. (C.2.36)

Now we want to put these relations into our OS-renormalisation conditions (C.2.26) and
(C.2.27). We get, for i 6= j,

Bij

(
m2
j

)
= mjAij

(
m2
j

)
,

(((
((((

(
(mi + δmi) δij + ΣB

ij

(
m2
j

)
+

1

2

(
mizij +

(
z†
)
ij
mj

)
=��

�miδij −mjΣ
A
ij

(
m2
j

)
+

1

2

(
mjzij +

(
z†
)
ij
mj

)
,

ΣB
ij

(
m2
j

)
+mjΣ

A
ij

(
m2
j

)
=

1

2

(
mjzij +���

��
(
z†
)
ij
mj −mizij −����

�(
z†
)
ij
mj

)
,

(C.2.37)

1

2
zij = −

ΣB
ij

(
m2
j

)
+mjΣ

A
ij

(
m2
j

)
mi −mj

. (C.2.38)

Because we noticed that the imaginary part of the field strength renormalisation matrices
have a phase freedom, we can only determine the real part of zii. We also need to consider
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that the dispersive part of the inverse propagator is hermitian, for more details, please see
[12]. From this, it follows that A† = A and B† = B. Remembering that A and B look like
(C.2.35) and (C.2.36) respectively, we immediately see that the diagonal elements of ΣA

ij and
ΣB
ij must be real. Therefore, we find for i = j

Bii

(
m2
i

)
= miAii

(
m2
i

)
,

��mi + δmi + ΣB
ii

(
m2
i

)
+
�
�
��1

2
mizii +

�
�
��1

2
z†iimi =��mi −miΣ

A
ii

(
m2
i

)
+
�
�
��mi

1

2
zii +

�
�
��1

2
z†iimi,

δmi = −miΣ
A
ii

(
m2
i

)
− ΣB

ii , (C.2.39)

and for the last counter-term, we find

1 = Re

{
Aii
(
m2
i

)
+ 2m2

i

dAii (p
2)

dp2

∣∣∣∣
p2=m2

i

− 2mi
dBii (p

2)

dp2

∣∣∣∣
p2=m2

i

}
,

�1 = �1− ΣA
ii

(
m2
i

)
+

1

2
Re
{
zii + z†ii

}
︸ ︷︷ ︸

=2Re{zii}

−dΣA
ii (p2)

dp2

∣∣∣∣
p2=m2

i

− 2mi
dΣB

ii (p2)

dp2

∣∣∣∣
p2=m2

i

,

Re {zii} = ΣA
ii

(
m2
i

)
+

dΣA
ii (p2)

dp2

∣∣∣∣
p2=m2

i

+ 2mi
dΣB

ii (p2)

dp2

∣∣∣∣
p2=m2

i

. (C.2.40)

C.3 Fermion propagator without parity conservation

The calculation in this section will be analogous to the calculation in the previous section.
We start with defining the chiral projectors

γL =
1− γ5

2
and γR =

1 + γ5

2
. (C.3.1)

The propagator is the given by

S = /p (CLγL + CRγR)− (DLγL +DRγR) (C.3.2)

and the inverse propagator as

S−1 = /p (ALγL + ARγR)− (BLγL +BRγR) . (C.3.3)

We can insert this again into the relation that tells us that multiplying the propagator and
the inverse propagator, we should get a unit matrix. It is very important to note that γµ
and γ5 do not commute, however, they do anti-commute. This causes the chiral projector
to change its chirality, because the sign of the γ5 changes, when we switch a γµ and a chiral
projector. Therefore, we must be very careful, when calculating SS−1 and S−1S.

SS−1 =
[
/p (CLγL + CRγR)− (DLγL +DRγR)

] [
/p (ALγL + ARγR)− (BLγL +BRγR)

]
= /p (CLγL + CRγR) /p (ALγL + ARγR)− /p (CLγL + CRγR) (BLγL +BRγR)

− (DLγL +DRγR) /p (ALγL + ARγR) + (DLγL +DRγR) (BLγL +BRγR)

= /pCLγL/pALγL + /pCLγL/pARγR + /pCRγR/pALγL + /pCRγR/pARγR

− /pCLγLBLγL − /pCLγLBRγR − /pCRγRBLγL − /pCRγRBRγR
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−DLγL/pALγL −DLγL/pARγR −DRγR/pALγL −DRγR/pARγR

+DLγLBLγL +DLγLBRγR +DRγRBLγL +DRγRBRγR

We know that γL/RγL/R = γL/R and γL/RγR/L = 0, therefore, we can get rid of terms with

γL/RγR/L and γL/R/pγL/R, because we are going to move all /p’s to the front.

=((((
(((/pCLγL/pALγL + /pCLγL/pARγR + /pCRγR/pALγL +((((

((((/pCRγR/pARγR

− /pCLγLBLγL −����
���/pCLγLBRγR −����

���/pCRγRBLγL − /pCRγRBRγR

−
���

���
�

DLγL/pALγL −DLγL/pARγR −DRγR/pALγL −(((((
((DRγR/pARγR

+DLγLBLγL +((((
((DLγLBRγR +((((

((DRγRBLγL +DRγRBRγR

= p2CLAR + p2CRAL − /pCLBL − /pCRBR − /pDLAR − /pDRAL +DLBL +DRBR

From this calculation, we conclude that

CLBL +DRAL = 0, (C.3.4a)

CRBR +DLAR = 0, (C.3.4b)

p2CLAR +DRBR = 1, (C.3.4c)

p2CRAL +DLBL = 1. (C.3.4d)

The calculation for S−1S provides us with

BRCL + ALDL = 0, (C.3.5a)

BLCR + ARDR = 0, (C.3.5b)

p2ARCL +BLDL = 1, (C.3.5c)

p2ALCR +BRDR = 1. (C.3.5d)

The expansion of all the chiral parameters is the same as in the previous section and can
be found analogously:

(AL)ij =
(
A

(0)
L

)
ij

+ ε
(
A

(1)
L

)
ij

+O
(
ε2
)
, (C.3.6a)

(AR)ij =
(
A

(0)
R

)
ij

+ ε
(
A

(1)
R

)
ij

+O
(
ε2
)
, (C.3.6b)

(BL)ij =
(
B

(0)
L

)
ij

+ ε
(
B

(1)
L

)
ij

+O
(
ε2
)
, (C.3.6c)

(BR)ij =
(
B

(0)
R

)
ij

+ ε
(
B

(1)
R

)
ij

+O
(
ε2
)
, (C.3.6d)

(CL)ij =
δinδnj
ε

+
(
C

(0)
L

)
+O (ε) (C.3.6e)

(CR)ij =
δinδnj
ε

+
(
C

(0)
R

)
+O (ε) (C.3.6f)

(DL)ij = −mnδinδnj
ε

+
(
D

(0)
L

)
+O (ε) (C.3.6g)

(DR)ij = −mnδinδnj
ε

+
(
D

(0)
R

)
+O (ε) (C.3.6h)

If we put (C.3.6) into (C.3.4d) and (C.3.5), we find an extensive calculation. Please allow
me to refer you, my dearest reader, to the paper that has this calculation in its entirety: [12].
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I hope you shall harbour no ill feelings towards me, your humble narrator, for not providing
you directly with this calculation, the results of which, are

(BL)in
(
m2
n

)
= mn (AR)in

(
m2
n

)
; (BR)in

(
m2
n

)
= mn (AL)in

(
m2
n

)
∀i, (C.3.7a)

(BL)nj
(
m2
n

)
= mn (AL)nj

(
m2
n

)
; (BR)nj

(
m2
n

)
= mn (AR)nj

(
m2
n

)
∀j. (C.3.7b)

And finally

(AL)nn
(
m2
n

)
+m2

n

d

dp2

[
(AL)nn

(
p2
)

+ (AR)nn
(
p2
)]∣∣∣∣

p2=m2
n

−mn
d

dp2

[
(BL)nn

(
p2
)

+ (BR)nn
(
p2
)]∣∣∣∣

p2=m2
n

= 1, (C.3.8a)

(AR)nn
(
m2
n

)
+m2

n

d

dp2

[
(AL)nn

(
p2
)

+ (AR)nn
(
p2
)]∣∣∣∣

p2=m2
n

−mn
d

dp2

[
(BL)nn

(
p2
)

+ (BR)nn
(
p2
)]∣∣∣∣

p2=m2
n

= 1. (C.3.8b)

It follows from both (C.3.8) and (C.3.7) that

(AL)nn
(
m2
n

)
= (AR)nn

(
m2
n

)
, (C.3.9a)

(BL)nn
(
m2
n

)
= (BR)nn

(
m2
n

)
. (C.3.9b)

We need to look at the symmetry of the dispersive part of the propagator. This symmetry
is

γ0

(
S−1 (p)

)†
disp

γ0 = S−1 (p)disp , (C.3.10)

from which we can deduce that

A†L = AL, A†R = AR, B†L = BR. (C.3.11)

This effectively cuts the number of independent relations in (C.3.7) in half. Therefore, we
need only two of the four conditions.

Let us now introduce the field strength renormalisation matrix for each chiral field

ψBL,i =
(
Z

1
2
L

)
ik
ψL,k, ψBL,i =

(
Z

1
2
L

)
ik
ψL,k. (C.3.12)

With these field strength renormalisation matrices, we can now write the inverse propagator
as

S−1
ij = /pδij −mjδij − ΣR

ij

(
p2
)
, (C.3.13a)

= /pδij −mjδij − Σ1l
ij

(
p2
)

−
(
δij −

(
Z

1
2
L

)†
ik

(
Z

1
2
L

)
kj

)
/pγL −

(
δij −

(
Z

1
2
R

)†
ik

(
Z

1
2
R

)
kj

)
/pγR

−
(
Z

1
2
R

)
ik

(m̂+ δm̂)l δkl

(
Z

1
2
L

)
lj
γL −

(
Z

1
2
R

)
ik

(m̂+ δm̂)l δkl

(
Z

1
2
L

)
lj
γR +mjδij,

(C.3.13b)

= /pδij −mjδij − /p
(

Σ
(A)
L,ij

(
p2
)
γL + Σ

(A)
R,ij

(
p2
)
γR

)
+ Σ

(B)
ij

(
p2
)
γL + Σ

(B)
R,ij

(
p2
)
γR
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−
(
δij −

(
Z

1
2
L

)†
ik

(
Z

1
2
L

)
kj

)
/pγL −

(
δij −

(
Z

1
2
R

)†
ik

(
Z

1
2
R

)
kj

)
/pγR

−
(
Z

1
2
R

)
ik

(m̂+ δm̂)l δkl

(
Z

1
2
L

)
lj
γL −

(
Z

1
2
R

)
ik

(m̂+ δm̂)l δkl

(
Z

1
2
L

)
lj
γR +mjδij,

(C.3.13c)

!
= /pAL,ij + /pAR,ij −BL,ij −BR,ij. (C.3.13d)

We can now, with the final relation, determine what the four parameters AL, AR, BL and
BR are going to be.

AL,ij =
(
Z

1
2
L

)†
ik

(
Z

1
2
L

)
kj
− Σ

(A)
L,ij (C.3.14a)

AR,ij =
(
Z

1
2
R

)†
ik

(
Z

1
2
R

)
kj
− Σ

(A)
R,ij (C.3.14b)

BL,ij = Σ
(B)
L,ij +

(
Z

1
2
R

)†
ik

(m̂+ δm̂)l δkl

(
Z

1
2
L

)
lj

(C.3.14c)

BR,ij = Σ
(B)
R,ij +

(
Z

1
2
L

)†
ik

(m̂+ δm̂)l δkl

(
Z

1
2
R

)
lj

(C.3.14d)

We wnat to find the renormalisation conditions at one-loop order, these are found by
considering the field strength renormalisation matrix as ZL,R = 1 + 1

2
zL,R, where the small

zL,R are the counter-term matrices. Plugging this into (C.3.14), we obtain

AL,ij = δij − Σ
(A)
L,ij +

1

2
zL,ij +

1

2
zL,ij, (C.3.15a)

AR,ij = δij − Σ
(A)
R,ij +

1

2
zR,ij +

1

2
zR,ij, (C.3.15b)

BL,ij = (m̂+ δm̂)j δij + Σ
(B)
L,ij +

1

2
m̂izL,ij +

1

2
z†R,ijm̂j, (C.3.15c)

BR,ij = (m̂+ δm̂)j δij + Σ
(B)
R,ij +

1

2
m̂izR,ij +

1

2
z†L,ijm̂j (C.3.15d)

We can now insert these relations into our renormalisation conditions (C.3.7) and (C.3.8).
For i 6= j, we find using only the first two relations of (C.3.7)

Σ
(B)
L,ij +

1

2
mi zL,ij = −mjΣ

(A)
R,ij +

1

2
mj zR,ij;

Σ
(B)
R,ij +

1

2
mi zR,ij = −mjΣ

(A)
L,ij +

1

2
mj zL,ij,

1

2
mjzR,ij =

1

2
mi zL,ij + Σ

(B)
L,ij +mjΣ

(A)
R,ij;

1

2
mizR,ij =

1

2
mj zL,ij − Σ

(B)
R,ij −mjΣ

(A)
L,ij

mj

mi

,

1

2
mi zL,ij + Σ

(B)
L,ij +mjΣ

(A)
R,ij =

1

2

m2
j

mi

zL,ij −
mj

mi

Σ
(B)
R,ij −

m2
j

mi

Σ
(A)
L,ij,

1

2
m2
i zL,ij +miΣ

(B)
L,ij +mimjΣ

(A)
R,ij =

1

2
m2
j zL,ij −mjΣ

(B)
R,ij −m

2
jΣ

(A)
L,ij.
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From this last equation we can easily see what the one-loop counter-terms are going to look
like for i 6= j:

1

2
zL,ij = − 1

m2
i −m2

j

[
m2
jΣ

(A)
L,ij +mimjΣ

(A)
R,ij +miΣ

(B)
L,ij +mjΣ

(B)
R,ij

]∣∣∣∣
p2=m2

j

. (C.3.16)

Analogously, we can find

1

2
zR,ij = − 1

m2
i −m2

j

[
mimjΣ

(A)
L,ij +m2

jΣ
(A)
R,ij +mjΣ

(B)
L,ij +miΣ

(B)
R,ij

]∣∣∣∣
p2=m2

j

. (C.3.17)

When considering the case where i = j, we need to consider the phase freedom that we
found in the last chapter. This freedom translates to

Z
1
2
L → eiα̂Z

1
2
L ; Z

1
2
R → eiα̂Z

1
2
R , (C.3.18)

when no parity conservation is assumed. This means that both Im {zL,ij} and Im {zR,ij}
can’t be determined. However δmi can be determined the same way as we determined the
off-diagonal elements of zL,R, using the first two conditions in (C.3.7). This will reveal that

2δmi = −mi

[
Σ

(A)
L,ii

(
m2
i

)
+ Σ

(A)
R,ii

(
m2
i

)]
−
[
Σ

(B)
L,ii

(
m2
i

)
+ Σ

(B)
R,ii

(
m2
i

)]
. (C.3.19)

We continue with the calculation of the real parts of zR and zL for i = j. These are
calculated using (C.3.8). The calculation is rather straightforward and provides us with

Re {zL,ii} = Σ
(A)
L,ii

(
m2
i

)
+m2

i

d

dp2

[
Σ

(A)
L,ii

(
p2
)

+ Σ
(A)
R,ii

(
p2
)]∣∣∣∣

p2=mi2

+mi
d

dp2

[
Σ

(B)
L,ii

(
p2
)

+ Σ
(B)
R,ii

(
p2
)]∣∣∣∣

p2=mi2

,

Re {zR,ii} = Σ
(A)
R,ii

(
m2
i

)
+m2

i

d

dp2

[
Σ

(A)
L,ii

(
p2
)

+ Σ
(A)
R,ii

(
p2
)]∣∣∣∣

p2=mi2

+mi
d

dp2

[
Σ

(B)
L,ii

(
p2
)

+ Σ
(B)
R,ii

(
p2
)]∣∣∣∣

p2=mi2

.

(C.3.20a)

(C.3.20b)

There is one more thing we need to consider. When looking at the relations (C.3.11) in
combination with (C.3.7), we know we need only look at the first two equations in (C.3.7).
If we look at the real part of (C.3.7), we find that

Re {BL,ii}
(
m2
i

)
= miAR,ii

(
m2
i

)
. (C.3.21)

Here, it is already considered that Im
{
AL/R,ii

}
= 0, using (C.3.11). The imaginary part,

will turn out as
Im {BL,ii}

(
m2
i

)
= 0, (C.3.22)

since Im
{
AL/R,ii

}
= 0. From this last relation, we can find one more condition:

0 = Im {BL,ii} = Im

{
(m̂+ δm̂)i + Σ

(B)
L,ii +

1

2
m̂izL,ii +

1

2
z∗R,iim̂i

}
,
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= Im

{
Σ

(B)
L,ii +

1

2
mi (zL,ii − zR,ii)

}
,

miIm {zL,ii − zR,ii} = −2Im
{

Σ
(B)
L,ii

(
m2
i

)}
= Im

{
Σ

(B)
R,ii

(
m2
i

)}
.

C.4 OS-renormalisation of Majorana fermions

Finally, we need to consider Majorana fermions. All the conditions for fermions are still valid,
they will, however, be hemmed in by the Majorana condition. The Majorana condition for
(in this case bare) fermions was

ψBi = ψBL,i +
(
ψBL,i

)∗
. (C.4.1)

This means that if we are to renormalise the field vectors, we find the following:

Z
1
2
R =

(
Z

1
2
L

)∗
. (C.4.2)

Because of this, the phase freedom that we found earlier, will not be allowed here. That is,
except for cases where mi + δmi = 0, but we do not want to consider these cases here.

The Majorana condition for the propagator numbers to [12]

S−1 (p) = C
[
S−1 (−p)

]T
C−1. (C.4.3)

If we use the same parametrization as we did in the previous section, we find that aside from
the previous found relations (C.3.11), we have in addition

ATL = AR, BT
L = BL, BT

R = BR. (C.4.4)

These two sets of relations together, summarize to

AR = A∗L with A†L = AL and BR = B∗L with BT
L = BL. (C.4.5)

From these relations, we can conclude that

Σ
(A)
L,ij =

(
Σ

(A)
R,ij

)∗
and ΣR,ij =

(
Σ

(B)
L,ij

)∗
. (C.4.6)

When we put these relations into the one-loop renormalisation conditions that we found last
section, we find

zL,ij = − 1

mi −mj

[
m2
jΣ

(A)
L,ij +mimj

(
Σ

(A)
L,ij

)∗
+mj

(
Σ

(B)
L,ij

)∗
+mi

(
Σ

(B)
L,ij

)]
p2=m2

j

for i 6= j,

(C.4.7a)

δmi = −mi

[
Σ

(A)
L,ii

(
m2
i

)
+
(

Σ
(A)
L,ii

(
m2
i

))∗]
−
[
Σ

(B)
L,ii

(
m2
i

)
+
(

Σ
(B)
L,ii

(
m2
i

))∗]
,

(C.4.7b)

Re {zL,ii} = Σ
(A)
L,ii (mi) +m2

i

d

dp2

[
Σ

(A)
L,ii

(
p2
)

+
(

Σ
(A)
L,ii

(
p2
))∗]

p2=m2
i

+mi
d

dp2

[
Σ

(A)
L,ii

(
p2
)

+
(

Σ
(A)
L,ii

(
p2
))∗]

p2=m2
i

, (C.4.7c)

miIm {zL,ii} = −Im
{

Σ
(B)
L,ii

(
m2
i

)}
(C.4.7d)

These are the OS-renormalisation conditions for a Majorana fermion.



Appendix D

QFT, Gauge theories and SSB

Throughout this chapter, we will be discussing Lagrangian densities. However, for reasons of
brevity, we will be calling them Lagrangians, which is common practice in the field of QFT.

D.1 QFT

In Quantum Field Theory we attempt to combine two theories, quantum mechanics and
relativity. The main aim in QFT is to calculate either a decay rate or a cross-section
and they are the observables that we can measure in experiments. They are probability
amplitudes of going from an in-state to an out-state, integrated over the entire phase space
of the out going particles and the in coming particles. The transition amplitudes are written
as

out 〈k1 · · · kn| |p1 · · · pm〉in , (D.1.1)

which we can write using the transition matrix [13]:

out 〈k1 · · · kn| |p1 · · · pm〉in = 〈k1 · · · kn| S |p1 · · · pm〉 (D.1.2)

In order to attempt what the S-matrix is, we consider this quote from Schwartz [14]: “the
S-matrix has all the information about how the initial and final states evolve in time”. Using
the LSZ-reduction formula, we can relate the S-matrix elements for n-asymptotic momentum
eigenstates, to an expression involving (in this case scalar) quantum fields ϕ (x) [14]:

〈k1 · · · kn| S |p1 · · · pm〉 ∼
n∏
i=1

∫
d4xie

iki·xii
(
� +m2

) m∏
y=1

∫
d4yje

−ipj ·yj i
(
� +m2

)
〈Ω|T {ϕ (x1) · · ·ϕ (xn)ϕ (y1) · · ·ϕ (ym)} |Ω〉 (D.1.3)

This equation was taken from [15].
On the right hand side of the LSZ reduction formula, we can see a probability amplitude

with a time-ordered collection of ingoing and outgoing fields. These fields, as already stated
above, are quantum fields. Therefore, we must now discuss, how to quantize a field theory.
We shall do this by starting with classical fields that are Lorentz invariant, as found in [16].

D.1.1 Second quantization

If we have the scalar real field ϕ (x) observed by Alice, and the same field observed by Bob
in a different Inertial Reference Frame, we know the coordinates observed by Alice and Bob
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relate to each other via the relation

xµ = Λµ
νx

ν + aν (D.1.4)

where Λµ
ν is a Lorentz transformation. Because they both observe the field at the same

space-time coordinate, the field value must be the same according to Lorentz invariance.

ϕ (x) = ϕ (x) (D.1.5)

The equation of motion must be the same for Alice and Bob. The Klein-Gordon equation
would satisfy this requirement, (

−∂2 +m2
)
ϕ (x) = 0. (D.1.6)

The Lorentz invariant scalar Lagrangian would be

L =
1

2
∂µϕ∂µϕ−

1

2
m2ϕ2. (D.1.7)

One solution to the Klein-Gordon equation is a plane wave of the form e−i
~k~x+iωt (it should

be noted that the signs of ~k and ω are dependent on the choice of metric), where ~k is an

arbitrary real wave vector and ω = +
(
~k2 +m2

) 1
2
. This then provides us with the general

solution for the field ϕ, after imposing that ϕ (x) = ϕ? (x),

ϕ (~x, t) =

∫
d3k

(2π)3 2ω

[
a
(
~k
)
eikx + a?

(
~k
)
e−ikx

]
. (D.1.8)

Here, a
(
~k
)

and a?
(
~k
)

are some functions depending on the wave vector ~k. Also, kx =

~k~x− ωt, which is the Lorentz invariant product of the four vectors x and k, and k2 = −m2.
Up till this point the fields were classical. If we now want to make the jump to a

QUANTUM field theory, we can use the procedure called canonical quantization. This
means that the fields and their derivatives are now replaced with operators.

ϕ (x)→ ϕ̂ (x) (D.1.9)

∂ϕ (x)

∂x0
= Π (x)→ Π̂ (x) (D.1.10)

We shall from now on, unless specifically stated otherwise, assume that all fields are operators
and drop the hat symbols.

These operators are now classical, so we now impose the canonical commutation relations:[
ϕ (~x, t) , ϕ

(
~x′, t
)]

= 0, (D.1.11)[
Π (~x, t) ,Π

(
~x′, t
)]

= 0, (D.1.12)[
ϕ (~x, t) ,Π

(
~x′, t
)]

= iδ3
(
~x− ~x′

)
. (D.1.13)

From these we can now deduce[
a
(
~k
)
, a
(
~k′
)]

= 0, (D.1.14)
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a†
(
~k
)
, a†
(
~k′
)]

= 0, (D.1.15)[
a
(
~k
)
, a†
(
~k′
)]

= (2π)3 2ωδ3
(
~k − ~k′

)
. (D.1.16)

This means we end up with the following Hamiltonian:

H =

∫
d3k

(2π)3 a
†
(
~k
)
a
(
~k
)

(D.1.17)

and using a
(
~k
)

=
[
(2π)3] 1

2 ã
(
~k
)

we finally get the Lorentz invariant Hamiltonian of scalar

bosons by quantization of a scalar field whose equation of motion is the Klein-Gordon equa-
tion [16].

The same calculation can be made for fermions, however, then the commutation relations
have to be replaced with anti-commutation relations. A good explanation of why this has
to be done this way, can be found in chapter 3.5 of [15].

D.1.2 Aim of QFT

The main aim in QFT was to calculate either a decay rate or a cross-section. We have
already discussed that we can determine these when we have the solution to the n-point
Green’s function. We can get this by applying Wick’s theorem. This theorem allows us to
formulate an n-point function as a product of two-point functions.

Therefore, by extension of the argument that we want to calculate measurable quantities,
we need to be able to calculate two-point functions. This is done with the following formula
[15]:

〈Ω|T {ϕ (x)ϕ (y)} |Ω〉 = lim
T→∞(1−iε)

T
{
ϕI (x)ϕI (y) e−i

∫ T
−T dt HI

}
T
{
e−i

∫ T
−T dt HI

} (D.1.18)

where the |Ω〉 is the vacuum of the interacting theory and the is the vacuum of the free
theory. Using perturbation theory, we expand the exponential to the needed order.

We can now express the expansion in terms of Feynman diagrams. These are now the
“standard” calculations that a master student learns while following an introduction into
QFT, while of course completely missing the point of why he or she is doing this. But then
again, when do we ever know what the hell we are doing?

D.1.3 Path integral formalism

Another way of constructing a QFT, is by using the so-called path integral formalism. The
approach here, is to consider an n-point function and look at all the possible classical paths
that the particles can travel along. These paths will be summed over. This will then give
the following formula [14]:

〈Ω|T {ϕ (x1) · · ·ϕ (xn)} |Ω〉 =

∫
Dϕ ϕ (x1) · · ·ϕ (xn) eiS[ϕ]∫

Dϕ eiS[ϕ]
(D.1.19)

where S [ϕ] is a classical action and Dϕ is a product of integrations over all classical paths.
When calculating n-point functions, one normally uses the partition function [17].

Z [J ] =

∫
DϕeiS[ϕ]+i

∫
d4xϕJ (D.1.20)
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Equation (D.1.19) can then be written in the following way [17]:

〈Ω|T {ϕ (x1) · · ·ϕ (xn)} |Ω〉 = (−i)n 1

Z [0]

δnZ [J ]

δJ (x1) · · · δJ (xn) J=0
(D.1.21)

One can derive equation (D.1.18) using the path integral formalism. A complete deriva-
tion can be found in [17]. This proves that the two formalisms will both derive the Feynman
diagrams properly.

D.1.4 Physical meaning

We now know ways to construct a QFT, but we haven’t discussed what the implications are
for physical particles. QFT shows us particles as excitations of fields. This means that a
particle’s field permeates though the entirety of space-time, and excitations in this field are
the actual particles that we measure. For each family of fermions, there will be one such
field. The interactions between particles come from the coupling between these fields and
the force fields, or gauge fields. And lastly, there is a field called the Higgs field. This field’s
excitations couple to certain particles, making them massive.

D.2 Gauge theories

D.2.1 Global Symmetry of QED

Looking at a free fermion, with a certain charge, we can write down its Lagrangian as

L = iψ
(
/∂ −m

)
ψ. (D.2.1)

This Lagrangian will yield the free Dirac equation for both ψ as well as ψ.
When we make the following translation:

ψ (x)→ ψ′ (x) = ψ (x) + a, (D.2.2)

the Lagrangian look change to

L → L′ = L+ a/∂ψ −ma
(
ψ + ψ

)
−ma2. (D.2.3)

However, there is a transformation that can be done that leaves the Lagrangian invariant.
This transformation is a complex phase-shift:

ψ (x) −→ ψ′ (x) = eiϕψ (x) , (D.2.4)

ψ (x) −→ ψ
′
(x) = e−iϕψ (x) (D.2.5)

Because ϕ is independent of the position in space-time, its derivation is equal to zero. What
this transformation does, is rotating the fermion spinors ψ and ψ in there respective complex
planes. All the points along the dashed line in figure D.1 will leave the Lagrangian invariant.

This symmetry is a global symmetry. If we would want to, we could now consider a local
symmetry. Would you like that? Well I don’t care whether or not you do, I want to, so deal
with it.
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Figure D.1: Rotation into the complex plane.

D.2.2 Local Symmetry of QED

A local symmetry has a different phase-shift at each position in space-time. This means the
transformation now becomes

ψ (x)→ ψ′ (x) = eiϕ(x)ψ (x) . (D.2.6)

The factor ϕ (x) is dependent on xµ, which means that the Lagrangian now becomes:

L −→ L′ = L+ i
[
/∂ϕ (x)

]
ψψ. (D.2.7)

In order to maintain invariance under this local symmetry, we need the second term to
vanish. This can be achieved by introducing a second field, called a gauge field. This field
has to transform under our gauge transformation in such a way that it cancels the term with
the derivative in equation (D.2.7). This can be achieved, by letting the gauge field interact
with the fermion field with a certain coupling strength g.

iψ/∂ψ − igψ /Aψ + i
[
/∂ϕ (x)

]
ψψ + i [transformed part of Aµ] (D.2.8)

From this we can deduce how Aµ transforms:

Aµ (x)→ A′µ = Aµ (x) +
1

g
∂ϕ (x) (D.2.9)

This extra field maintains the symmetry of the Lagrangian. However, now that we have
introduced a second field to interact with the fermions, we need to add the free Lagrangian
of this field as well. The additional term that is added looks as follows:

L = FµνF
µν . (D.2.10)

The field strength tensor F µν is defined (in the abelian case) as F µν = ∂µAν − ∂νAµ. This
is defined this way, because it is the only way people could find to get the right derivatives.
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D.2.3 The resulting Lagrangian

Summing up what we what we have done so far, we started with a Lagrangian for a free
fermion. This Lagrangian had a certain global symmetry, which we then proceeded to make
local. In order for the Lagrangian to stay invariant under this local transformation, we needed
to introduce another field. These gauge fields interact with the fermion field, but it also has
to have a kinematic part [18]. This is introduced in the form of two field strength tensors.
The resulting Lagrangian is now invariant under the transformation that we introduced in
the beginning of this chapter.

L = iψ/∂ψ + ψig /Aψ +
1

4
FµνF

µν −mψψ (D.2.11)

Written in this way, one (or two...) can see the kinetic term of the fermion field as the first
term. The third term is the kinetic term of our gauge field and the second term is the term
representing the interaction between the fermion field and the gauge field. The last term is
the mass term of the fermion. The last term might make us wonder why the gauge field has
no mass term. Well, a mass term m2AµA

µ would be a gauge invariance breaking term and
can’t be included for that reason.

D.2.4 Gauge fixing

A problem arises, however, when we try to calculate the gauge field two point function.
When we do this, we see that the differential operator coming from the kinematic part of the
Lagrangian is not invertible. To solve this problem, we use what is called the Faddeev-Popov
method (see for example [19]&[20]).

We introduce another term in the Lagrangian that is gauge invariant, which therefore
introduces an extra parameter. This parameter allows us to invert the differential operator
and we obtain the photon operator we know and love:

−i
k2

[
gµνk2 − (1− ξ) k

µν

k2

]
. (D.2.12)

The parameter ξ represents our gauge freedom. There are an infinite number of possibilities
to choose for it. In the end, though, when calculating an observable, e.g. the s-matrix
elements, the so called gauge choice must be irrelevant. No matter what value I choose
for the parameter ξ, the s-matrix must be the same after using different gauge choices.
Therefore, when choosing the gauge fixing term, it is a good idea to pick one that will make
the calculation easiest. An example of a gauge choice would be the Feynman gauge, where
ξ = 1.

D.2.5 Physical meaning

What does this mean physically? The gauge transformation of the fields doesn’t have a
physical meaning. It is purely internal [19] and, therefore, the gauge choice associated with
it, has to be internal as well. This can be seen from the fact that any physical observable
that we calculate with a certain gauge choice, will turn out to be exactly the same as when
we calculate it using a different gauge choice.

From the Lagrangian we can now see that a fermion can transform into an anti-fermion
via interaction with a gauge vector boson. This boson is of course the photon, the force
carrier of the electromagnetic field. The fact that it doesn’t have a mass term, seems to be
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in agreement with nature, seeing as the photon is massless. “But wait”, you might scream
at this point, “what about the mass of the vector bosons in the weak theory? They have
a mass, but their mass terms would violate gauge invariance!” Funny you should mention
this, because:

D.3 Englert-Brout-Higgs-Guralnik-Hagen-Kibble Mech-

anism

A Lagrangian always consists of a kinetic part and an interaction part between the fields
that we consider. For QCD, we find that this is already the Lagrangian that describes what
we measure in nature, seeing as the gluons are massless. The Electro-Weak Lagrangian
however, needs an additional field, apart from the gauge vector fields that we introduced.
This field will be a scalar field. In our attempt to understand this field, it will be sufficient
to look at ϕ4 theory.

D.3.1 Explicit symmetry breaking

The following discussion was taken from [19]. Assuming the Lagrangian

L =
1

2

[
(∂~ϕ)2 − µ2~ϕ2

]
− λ

4

(
~ϕ2
)2
, (D.3.1)

with ~ϕ = (ϕ1, · · ·ϕN)T . This Lagrangian has a O (N) symmetry. This symmetry can be
broken by introducing terms that are entries of ϕ. These terms would violate the symmetry
in one dimension per entry. That is to say, if we introduce a term with one field ϕ, the
symmetry will break down to a O (N − 1) symmetry. The global symmetry, ϕa = −ϕa, on
the other hand, is always maintained. This symmetry can also be broken by introducing
a term like ϕ3. However these are examples of explicit symmetry breaking. We have to
adjust the Lagrangian in order to break these symmetries. Spontaneous symmetry breaking,
however, happens without adjustments to the Lagrangian.

D.3.2 SSB in ϕ4

Staying in scalar ϕ4 theory now, we use the following Lagrangian:

L =
1

2

(
∂ϕ2

)
− 1

2
µ2ϕ2 − λ

4!
ϕ4. (D.3.2)

This Lagrangian has a global mirror symmetry. We can now split the Lagrangian into its
kinematic and potential part. The potential is

V [ϕ] = µ2ϕ2 + λ
1

4!
ϕ4. (D.3.3)

In this potential there are two variables independent of ϕ, those being µ and λ. At a
certain temperature, this Lagrangian will go through the process of symmetry breaking at
a temperature TC . If we assume that µ2 has a critical point at which its sign changes, we
can write it as m2 (T ) = c× (T − TC) near the critical temperature TC and some constant c
[14]. This means that if the system is at a high enough temperature, the mass term will be
positive, since T > TC . This means our potential will have the form we see in Figure D.2.
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Figure D.2: Potential before SSB (T > TC).

However if we are below the critical temperature that is, after the symmetry breaking,
we see that m2 < 0, because T < TC . If we adjust our Lagrangian accordingly, we get a
potential of the form we see in Figure D.3.

Figure D.3: Potential after SSB (T < TC).

If we now want to perform perturbation theory, we can’t consider excitations around
ϕ = 0 anymore. This would not be the real minimum. Therefore, we need to determine the
actual minimum of our potential, called the Vacuum Expectation Value (VEV).

0 =
∂V [ϕ]

∂ϕ

=
∂

∂ϕ

(
−µ2ϕ2 +

1

4!
λϕ4

)
= −µ2ϕ+

1

6
λϕ3

Because this is equal to zero, we can divide by ϕ

0 = −µ2 +
λ

6
ϕ2

λ

6
ϕ2 = µ2

ϕ2 =
6µ2

λ
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This means we get the following VEVs:

ϕ = ±
√

6µ2

λ
. (D.3.4)

We are now left with two solutions for the minimum of this potential, representing the two
dips in Figure D.3. So there are two vacua that both give the same expectation value. One
where ϕ is positive and one where ϕ is negative. This means that we have to chose one. If
we chose, for example, the positive value as our minimum VEV we can shift our field and
only consider excitations close to the minimum.

ϕ (x)→ v + ϕ̃ (x) (D.3.5)

We can put this back into our Lagrangian and after some mathematical massaging we
get the following expression:

L =
1

2
(∂ϕ̃)2 +

3m4

2λ
−m2ϕ̃2 −

√
λ

6
mϕ̃3 − λ

4!
ϕ̃4 (D.3.6)

The minimum v has been replaced with the expression
√

6µ2

λ
. From this Lagrangian we can

see that there is a problem with our symmetry. Our only variable is ϕ̃ and if we use our
symmetry ϕ̃ = −ϕ̃, we see that the Lagrangian is no longer invariant under this symmetry.
This is what is meant with Spontaneous Symmetry Breaking. “But wait”, you might say,
“the symmetry concerned the entirety of ϕ, not just its excitations!” This is of course
true, the original symmetry is still valid, however if we want to implement it and keep our
Lagrangian invariant, we would need the translation ϕ̃ → −ϕ̃ − 2v. This would leave the
Lagrangian invariant, so our original symmetry might not be entirely gone, merely hidden
[14]. However remember, v is just a value around which we make tiny variations ϕ̃, so ϕ̃
replaces ϕ as our variable. Therefore, it makes sense talking about symmetry breaking.
When we vary ϕ̃, we are still varying ϕ, just not around the point where the potential is
equal to zero.

To show how the potential is dependent on the value of m2, we will have a quick look
at Figure D.4. Here we see how the Potential V [ϕ], along the vertical axes, varies with m2

along the axes disappearing into the paper.

Figure D.4: Dependence on m2 of the potential. Note though that the values for m2 are only to

illustrate the behaviour of the potential close to the critical value, these are not actual physical

values.

We see that for a positive value of m2, the potential is simply a parabola. However, when
the value is negative, we get the distinctive “double dip”.
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D.3.3 Implications for the Standard Model

When we consider SSB in the Standard Model, we look at the breaking of a continuous local
gauge symmetry. The scalar potential will look the same as in ϕ4 theory, however, the rest
of the Lagrangian mixes with the scalar fields via Yukawa interactions and via the covariant
derivative.

When we go through the calculation, we have to expand the potential around the VEV.
This excitations around the VEV correspond to the excitations of the Higgs field in nature.[6,
7, 8] We see from the Yukawa coupling term, how the Higgs field couples to the respective
fermion field. This interaction provides the fermion with its mass. The covariant derivative
that acts onto the scalar field before SSB, will provide us with terms showing the interaction
between the Higgs field and the Gauge fields. These interactions provide the gauge fields
with the mass we measure in experiments.

D.3.4 Physical interpretation of SSB

We saw that the Higgs field interacts with the gauge and fermion fields. These interactions
will provide the fields with mass. The Higgs field itself acquires mass, but not solely, through
self interaction. There is another way in which the Higgs field attains its mass [21], but it
will not be discussed here.

What is important here, is the realization that the Higgs field only couples to other fields
up to a certain energy. Above this energy there will be no symmetry breaking and the SM
will be symmetric under its respective gauge transformations. At this energy the weak vector
boson fields and the fermion fields will be massless. This will be the range at which we can
measure (and have measured [22]) the Higgs boson. This scale is above the joining of the
electromagnetic and the weak force into the electroweak force. This means that when we
look at, for example, the QED Lagrangian, SSB has already occurred.
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Majorana fermions

E.1 Helicity and chirality

Two often very confusing topics are helicity and chirality. Sometimes they are the same and
other times they are not. Let us try and make it clear to our selves what they actually are.

In order to be able to talk about the helicity and the chirality, we need to start with the
(orthochronous) Lorentz group. It’s generators are, according to [23],

Mµν = :

∫
d3xψ† (x)

{
ixµ∂ν − ixν∂µ +

i

4
[γµ, γν ]

}
ψ (x) :, (E.1.1)

where the colons surrounding the expression refer to the normal ordering. The angular
momentum operator is then

J1 = M23, (E.1.2)

J2 = M31, (E.1.3)

J3 = M12, (E.1.4)

giving us the vector [24]

~J =

∫
d3xψ† (x)

[
~x×

(
i~∇
)

+
1

2
~Σ

]
ψ (x) . (E.1.5)

From this we can conclude that the spin operator is defined as

~Σ =
(

Σ̃23, Σ̃31, Σ̃12

)
, (E.1.6)

where Σ̃ij = 1
2

[γi, γj]. With this last vector, we can now have a closer look at helicity.

E.1.1 Helicity

Looking at the Dirac equation for a certain spinor,(
/p−m

)
u (p) = 0, (E.1.7)

there are four different solutions for a given momentum. There are two different energy
solutions, representing the particle and the anti-particle. These are often called u (p) and
v (p) respectively. Then there are another two possibilities, namely the spin states.

113



114 APPENDIX E. MAJORANA FERMIONS

When applying a certain direction of the spin operator (E.1.6) to these states, we are left
with the eigenvalue belonging to the spin eigenstate in this certain direction. This eigenvalue
can be ±1. If we call these spin eigenstates r = 1&2, we can then say that the eigenvalues in
the direction that we are looking at is (−1)r+1 for particles and (−1)r for the antiparticles.

The spin, as shown above, can only be determined in a certain direction. If we were to
look at a moving particle, we can always determine its spin in the direction of its motion
with the following operator [24]:

σ~p =
~Σ · ~p
|~p|

. (E.1.8)

This means for the spinors [24]

σ~pu (p, r) = (−1)r−1 u (p, r) (E.1.9)

σ~pv (p, r) = (−1)r v (p, r) . (E.1.10)

This finally allows us to start talking about helicity. There are two different helicity
states. When the direction of the particle’s spin is in the direction of its momentum, the
helicity has eigenvalue +1. If the spin direction is against the direction of motion, it is of
course −1.

If we want to describe a spinor in a specific helicity state, we need to be able to “fix”
the momentum in such a way that we get the right helicity eigenstate. Considering how the
spin operator (E.1.8) works on the spinors, we can construct an operator that may fix the
spins in the desired way.

Were we to desire a positive helicity eigenvalue from a spinor u (p, r), then we would like
the spin to provide us with a positive eigenvalue when applying (E.1.8) to the spinor. We
want the other spin value to provide us with zero. Because the spin can be either ±1, we
could add a 1, so that we end up with the positive eigenvalue giving us a factor of 2 and the
negative eigenvalue a factor zero. However, if we would like the opposite helicity, we would
need to add a factor of −1, reversing the results. Thus, this fixing can be achieved using the
following operator[24]:

Π± =
1± σ~p

2
(E.1.11)

This operator does exactly what we want it to do to give us the correct helicity state.
We can see that the helicity can be determined using our helicity operator (E.1.11).

However, we can perform a boost to a particle with a certain helicity state and boost such
that we are in a frame that moves faster then the particle. This means that in this frame the
particle is moving backwards relative to us. Therefore, the helicity in this reference frame
is different from the frame we were in before. This shows us that the helicity is not Lorentz
invariant.

E.1.2 Chirality

So the helicity is not invariant under boosts, shame. But what if we look at a particle
traveling at the speed of light, we can’t boost past that? This must be a massless particle,
meaning the Dirac equation simplifies [24].

/pu (p) = 0

γµp
µu (p) = 0(

γ0p
0 − γkpk

)
u (p) = 0
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γ0p
0u (p) = γkp

ku (p)

γ5γ0γ0p
0u (p) = γ5γ0γkp

ku (p)

γ5p
0u (p) = −γ0γ5γkp

ku (p)

Now let us have a closer look at the right hand side of this equation. The γ5 matrix
is defined as γ5 = iγ0γ1γ2γ3. For the matrices, the following equations are valid (with
µ, ν = 0, 1, 2, 3 and i, j, k = 1, 2, 3).

{γµ, γν} = 2gµν1(4×4) = 2

(
1 0
0 −1(3×3)

)
(E.1.12)[

γi, γj
]

= 2γiγj (E.1.13){
γ0, γ5

}
= 0 (E.1.14){

γi, γi
}

= 2gii (E.1.15)

γiγi = −1(4×4) (E.1.16)

γ0γ0 = 1(4×4) (E.1.17)

Using these relations we can now rewrite the right hand side.

−γ0γ5γk = iγ0γ0γ1γ2γ3γk

= iγ1γ2γ3γk

= −iγ1γ2γkγ3 + 2ig3kγ1γ2

= iγ1γkγ2γ3 + 2ig3kγ1γ2 − 2ig2kγ1γ3

This means that if k = 1, then the last line would give us that −γ0γ5γ1 = iγ2γ3. We can,
now write this as a commutator, leaving us with −γ0γ5γ1 = i

2
[γ2, γ3]. This is exactly the

same as the earlier defined Σ̃23. In fact, if we check the other two possibilities for γk, we find
that [24]

− γ0γ5γk = (Σ)k . (E.1.18)

We now put this back into the Dirac equation for a massless fermion.

γ5p
0u (p) = −γ0γ5γkp

ku (p)

γ5p
0u (p) = Σkp

ku (p)

γ5u (p) =
Σkp

k

p0
u (p)

because we are dealing with a massless particle p0 = |~p|

γ5u (p) =
Σ · ~p
|~p|

u (p)

Here we see that for a massless particle, the helicity operator (E.1.8) is now equal to the
γ5 matrix. This turns operator (E.1.11), into the chiral operator [24]:

Π± =
1

2
(1± γ5) (E.1.19)

As it turns out, each particle has chiral parts. Each fermion is therefore made up of two
waves with opposite chirality. This would have no influence on physics, were it not that in
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nature, the EW-force only interacts with particles with a chirality described by Π−. These
are called “left-handed” particles.

So it looks as if each particle has chiral parts that interact in different ways. However,
because fermions have mass, the chirality is not an observable and the only thing we can
measure, is the helicity. It is as if the chirality gets buried by the acquisition of mass. This
might be easier seen, if the derivation is read backwards. Starting with the fundamental
chiral fermions, we introduce masses. The mass, however, makes it impossible for the particle
to travel at the speed of light. This leads to the chiral operator turning into the helicity
operator.

E.2 CP(T)

CPT is a concept vital to the standard model. Therefore, provided in this chapter is an
overview of this consept, based on [16],[14] and [25]. For this treatment we are going to
assume a basis in which γ0 = γ0†, γ2

0 = γ0 and γ5 = iγ0γ1γ2γ3. And remember, our metric
is defined as

{gµν} =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 , (E.2.1)

and the Clifford algebra is

{γµ, γν} = 2gµν (E.2.2)

E.2.1 Parity

Most will have heard of parity before. It is often explained as a “mirror symmetry” [26].
Therefore, it is an operator that changes the sign of the spatial coordinates. We define an
operator in the Hilbert-space in which our state ψ (t, ~x) and gauge vector A reside as follows:

P−1ψ (t, ~x)P = γ0ψ (t,−~x) =: γ0χ, (E.2.3a)

P−1A0 (t, ~x)P = A0 (t,−~x) =: Ã0, (E.2.3b)

P−1Ai (t, ~x)P = −Ãi. (E.2.3c)

Consequently, the parity operator applied to the state ψ can now be determined.

P−1ψ (t, ~x)P = P−1ψ†γ0P
= P−1ψ†Pγ0

=
(
P−1ψP

)†
γ0

=
(
γ0χ
)†
γ0

= χ†γ0γ0

This leaves us with

P−1ψ (t, ~x)P = χ†. (E.2.4)
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This we can now use together with (E.2.2), to find the following identities:

P−1ψψP = χχ (E.2.5a)

P−1ψγ0ψP = χγ0χ (E.2.5b)

P−1ψγiψP (E.2.2)
= −χγiχ (E.2.5c)

P−1ψγ5ψP (E.2.2)
= −χγ5χ (E.2.5d)

P−1ψγ0γ5ψP (E.2.2)
= −χγ0γ5χ (E.2.5e)

P−1ψγiγ5ψP (E.2.2)
= χγiγ5χ (E.2.5f)

E.2.2 Charge conjugation

Charge conjugation is the symmetry of changing the sign of all the additive quantum num-
bers. In principle, changing from a particle to an anti-particle and vice versa. This now
introduces an operator, which is not defined in Hilbert space, but in the spinor space. If we
look at the definition of charge conjugation, we get the following transformation [25]:

C−1ψ (t, ~x) C = Cψ (t, ~x)T . (E.2.6)

Here, we must make a very important distinction. The operator C is defined in a Hilbert
space and will, therefore, transform states in the Hilbert space. However, the operator C is
NOT defined in Hilbert space, but only in the spinor space. In fact, it is defined by how it
interacts with the gamma matrices, as

C−1γµC = − (γµ)T . (E.2.7)

Knowing that C−1 = C†, allows us to determine the charge conjugate of ψ.

C−1ψC = C−1ψ†Cγ0

=
(
C−1ψC

)†
γ0

=
(
Cψ

T
)†
γ0

= ψ̄?C−1γ0

= ψTγ0?C−1γ0

Taking the conjugate transpose of

equation (E.2.7) for µ = 0, we find that

γ0?C−1γ0 = −C−1.

= −ψTC−1

We also need to consider the gauge vector field:

C−1AµC = −Aµ. (E.2.8)

Another important thing to note here, is that all entries in a Lagrangian are scalars, therefore,
all bilinear covariants must be scalars as well. This makes sense, because we always have a
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transposed vector on the left and a normal vector on the right. If there is a matrix in the
middle of that we will still be left with a scalar in the end. This means that if we look at
any bilinear covariant, we can simply take the transpose of this combination of vectors and
tensors, because it is a scalar. However, the fermion fields anti-commute and are represented
by Grassmann numbers. Therefore, when we take the transpose of two fields, we will get an
additional minus sign. These considerations allow us to find the following transformations:

C−1ψψC =
(
ψψ
)T

= ψψ, (E.2.9a)

C−1ψγµψC = −ψγµψ, (E.2.9b)

C−1ψγ5ψC = ψγ5ψ, (E.2.9c)

C−1ψγµγ5ψC = ψγµγ5ψ. (E.2.9d)

E.2.3 Time reversal

There is one more symmetry that we should consider, namely time reversal symmetry. If a
physical process is being run in reverse, it should have the same probability of happening.
The operator that describes this reversal of time is defined as follows [25]

T −1ψ (t, ~x) T = γ5Cψ? (−t, ~x) =: γ5Cχ?, (E.2.10)

T −1ψ (t, ~x) T = χTC−1γ5γ0, (E.2.11)

T −1A0 (t, ~x) T = γ5CA0 (−t, ~x) =: Ã0, (E.2.12)

T −1Ai (t, ~x) T = −Ãi, (E.2.13)

We now proceed completely analogously to the two previous cases, only keeping in mind
that T is an anti-unitary operator. When we transform ψψ, we get a minus sign for T T −1 =
−1, which we introduce in between the two fermion states in order to transform them both.
This is, of course what we have been doing with the previous symmetries as well, they were,
however, unitary operators and did not introduce a minus sign.

T −1ψψT = χχ (E.2.14a)

T −1ψγ0ψT = χγ0χ (E.2.14b)

T −1ψγiψT = −χγiχ (E.2.14c)

T −1ψγ5ψT = −χγ5χ (E.2.14d)

T −1ψγ0γ5ψT = χγ0γ5χ (E.2.14e)

T −1ψγiγ5ψT = −χγiγ5χ (E.2.14f)

E.2.4 Effect on the QED Lagrangian

If we look at the action of QED, we can check if it has the same form before and after the
transformations. The mass term is manifestly invariant under these transformations, as it
only involves the ψψ term, which is invariant for all three transformations. Therefore, the
only part where there could be problems, must be the kinematic part.
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The kinematic part has the following form,

i

∫
d4xψγµ (∂µ + ieAµ)ψ. (E.2.15)

It is clearly invariant under parity, because all terms where the bilinear covariant would
receive a minus, the gauge vector or the space differentiation will receive a minus sign as
well. For both charge conjugation as time reversal, it is important to remember that we
transpose each bilinear covariant. This means we will en up with the differentiation of the
χ instead of χ. This can be solved by partial integration.

Therefore, we see that QED is C, P and T invariant. QCD turns out to have the
same characteristic. However we know that EW interactions are not invariant under these
transformations individually. We shall see this in the next section.

E.3 Electro-Weak Theory

The Electro-Weak section of the standard model is responsible for a few multiple interactions.
Unfortunately, writing a proper introduction into EW theory, would be a rather lengthy
endeavour. Therefore I will point you to some good introductions into the subject, i.e. [24],
[14]. However, in this section I shall attempt to give a qualitative description, using [13] and
[14].

In the previous chapter we discussed how the Lagrangian of a massive fermion could be
transformed into the QED Lagrangian using gauge symmetry. The same can be done for a
massless fermion, but now considering U(1)⊗ SU(2) symmetry. This will provide us with
a Lagrangian that consists of a kinematic part, where the covariant derivative has both a
SU(2) and a U(1) gauge field term.

We know from experiments that the weak force only couples with left chiral fields. There-
fore, when this covariant derivative acts on right chiral fields, there shall only be a U(1) gauge
field term in the covariant derivative. Therefore, when looking at leptons, the left handed
fields should be in a 2 representation of SU(2) with their respective neutrino, depending on
the flavour generation:

EL =

(
νl
l−

)
L

, (E.3.1)

whereas the right handed fields should be singlets under SU(2). The same is true for the
quarks, seeing as each left handed quark family pair is in a two representation of SU(2):

QL =

(
u
d

)
L

. (E.3.2)

Again, the right handed parts are singlets under SU(2). For the neutrinos, however, the
right handed fields don’t even interact under U(1) and will have no gauge field parts in their
covariant derivatives. We, therefore, call them sterile and are not considered in the standard
model.

There should also be a part in the Lagrangian, which contains only gauge fields. From
here, the gauge fields get their kinematics. In the QED Lagrangian this was written as the
FµνF

µν . We get a similar term for each gauge field in Electro-Weak theory.
Our Lagrangian now has kinematic parts for all the fields and there are terms that show

how the gauge fields relate to the fermion fields. However, there is one big problem. There
are no mass terms for any of the fields. This has to be fixed by using the Higgs mechanism.
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This will however greatly change the Lagrangian. Adding the Higgs-sector by itself does not
create masses of course, however, when SSB occurs the mass terms will form on account
of Yukawa interactions between the Higgs field and the fermion fields. For the leptons this
process is relatively straightforward, since there is no flavour mixing in the lepton sector.
However, for the quarks there is flavour mixing and we need to account for that.

After symmetry breaking, the quark mass-terms will contain have non-diagonal Yukawa
matrices. These Yukawa matrices can be diagonalised by certain unitary rotation matrices:

Yu/dY
†
u/d = Uu/dM

2
u/dU

†
u/d. (E.3.3)

Here, the matrices Uu/d are the rotation matrices that diagonalise the matrix Yu/dY
†
u/d. This

matrix is hermitian and, therefore, has real eigenvalues. Even though this looks really nice,
we normally only treat single Yukawa matrices, hence [14] states that we can generically
write

Yu/d = Uu/dMu/dK
†
u/d, (E.3.4)

for other unitary matrices Ku/d. If we now replace all fields we are treating with the diago-
nalising matrices multiplied with these fields, i.e.

dL = Uddm,L, uL = Uuum,L, dL = Kddm,L, uL = Kuum,L, (E.3.5)

we find that the remaining fields are in the mass basis, hence the sub-index m. With diagonal
Yukawa matrices we can define the masses as the diagonal elements multiplied with v√

2
.

When we rotate the entire Lagrangian into the mass basis, we find that there is only one
part where the matrices do not drop out. This is the part with the W±

µ couplings. We find
that

L = · · ·+ e√
2 sin θw

(
W+
µ u

i
m,lγ

µV ijdjm,L +W−
µ d

i

m,lγ
µ
(
V †
)ij
ujm,L

)
+ · · · , (E.3.6)

where θw is the Weinberg-angle. The matrix V ij is called the Cabibbo-Kobayashi-Maskawa-
matrix and it describes the mixing between the flavour states within the physical mass
eigenstates of the quarks. However, the CKM matrix is nearly diagonal, because the off-
diagonal parts are very small.

We have had a closer look at where the CKM matrix comes from, because for neutrinos we
find a very similar matrix. It too describes the mixing between flavour states for a physical
mass eigenstate. It is found when diagonalising the neutrino-Higgs Yukawa matrix. This
matrix is called the Pontecorvo-Maki-Nakagawa-Sakata-matrix. The PMNS matrix differs
from the CKM matrix in that it is not even slightly diagonal. Flavour mixing is, therefore,
much more prevalent in neutrinos then in quarks.

E.3.1 CPT invariance of EW-theory

As promised in the previous section, we will have to take a look at C, P and T invariance.
Because the electro-weak sector only seems to couple with left-handed fields, we consider
that uL = γLu = 1−γ5

2
u, which we find in every part of the Lagrangian involving the electro-

weak interactions. When we looked at the QED action, we found that each symmetry leaves
the action invariant, because of the invariances we encountered in the calculations of (E.2.5),
(E.2.9) and (E.2.14). When looking at the electro-weak sector, however, we need to consider
that it only interacts with left-chiral fields.
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The chirality of a field is insured by the chiral projector γL/R = 1−γ5
2

. This means that in
the electro-weak sector, the action will contain terms that differ from the QED calculations
that we did by the matrix γ5. For example, where the kinematic part of the QED action
had the form

i

∫
d4xψγµ (∂µ + ieAµ)ψ, (E.3.7)

the electro-weak sector will have the same section with an added chiral projector:

i

∫
d4xψ

1

2
(1 + γ5) γµ (∂µ + ieAµ)ψ. (E.3.8)

The chiral projector has a positive sign before the γ5, because it must be the left chiral
projector.

When we look at (E.2.3), (E.2.5), (E.2.8) and (E.2.9), we see that the chiral projector
will always have its chirality flipped by C or P . Therefore, the action is not invariant under
C or P . However, the eagle eyed viewer will have figured by now there is a way around this.
What if we apply C and P at the same time? This would be CP symmetry and it looks like
it leaves the action invariant. Even though this seems to be very true, there is a caveat to
this, which turns out to be a very important one.

As an example, let us consider, according to [14],

Lmix =
e√

2 sin θw

[
W+
µ uVCKMγ

µ

(
1− γ5

2

)
d+W−

µ dV
†

CKMγ
µ

(
1− γ5

2

)
u

]
. (E.3.9)

If we apply CP to this, we find that the Lagrangian is invariant, if and only if V ?
CKM = VCKM.

If we then apply T to it, we end up with exactly the same Lagrangian as before. This means
that CPT symmetry is a real symmetry of nature, but that CP symmetry is violated. In
fact, it is violated exactly oppositely to time reversal symmetry.

But looking at the Lagrangian, we find that if CP symmetry is broken, it must be because
of the imaginary parts in the CKM matrix. In fact, in [14] we find a calculation that states
that “all weak CP violation in the standard model is proportional to Im det[Yu, Yd].” Where
the Yukawa couplings Yu/d are the same as defined in (E.3.4).

But let us think about CPT invariance in a physical sense. The operator C changes the
particle into its anti-particle. The P operator only changes the direction of the particle. How
can these two inversions be the same as time reversal. Remember how anti-particles are de-
fined as in the Feynman-Stückelberg-interpretation. They are defined as particles travelling
back in time. So the CP operator changes the particle into a anti-particle travelling in the
opposite direction. This can be seen, according to the Feynman-Stückelberg-interpretation,
as a particle travelling back in time. If we reverse its time, we find that we are left with a
particle travelling forward in time.

E.4 Majorana Fields

For the following discussion closely follows [27] and [28].
We have already discussed the QED Lagrangian

L = iψ
(
/∂ −m

)
ψ, (E.4.1)

from which we can derive the Dirac equation(
i/∂ −m

)
ψ = 0. (E.4.2)
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We can find general plane wave solutions to this equation, but what we want to do now,
is discuss what happens when we consider the massless Dirac equation. The equation is
simplifies to

i/∂ψ = 0. (E.4.3)

If we consider a general solution to this equation, ψ, we can without loss of generality write
it as

ψ = ψL + ψR, (E.4.4)

with

ψL =
1

2
(1− γ5)ψ, and ψR =

1

2
(1 + γ5)ψ. (E.4.5)

What we have found here are again solutions to the massless Dirac equations, since γ5 anti-
commutes with γµ. These fermions are called Weyl fermions. They are massless and were for
a long time considered to be candidates for neutrinos. However, we now know that neutrinos
have mass, or at least two of them, because of neutrino oscillation. Luckily, there is another
possible type of fermion that we could use to describe neutrinos in the standard model. They
are real solutions to the Dirac equation called Majorana fermions.

If we want to find a real solution to the Dirac equation, we need the part i/∂ψ to be real,
seeing as −mψ is already real. Because /∂ = γµ∂µ, we find that a real solution would mean

(γµ)? = −γµ. (E.4.6)

We can go use a representation for which this is valid, called to Majorana representation (go
figure),

γ̃0 =

(
0 σ2

σ2 0

)
; γ̃1 =

(
iσ1 0
0 iσ1

)
; γ̃2 =

(
0 σ2

−σ2 0

)
; γ̃3 =

(
iσ3 0
0 iσ3

)
. (E.4.7)

The σ-matrices are the Pauli-matrices and we can very easily see that this representation
would indeed provide us with the real solutions we are seeking. However, we don’t want to
be dependent on the representation we are in. We need to find a way to find real solutions
independent of the representation.

There is a theorem [28] that tells us that if and only if

{γµ, γν} = 2gµν & γ0γµγ0 = (γµ)† , (E.4.8)

we can always relate the gamma matrices from one representation to another one via a
unitary matrix U , as

γµ = Uγ̃µU †. (E.4.9)

If we then say that ψ̃ is a real solution to the Dirac matrix, we can also state that ψ is a
real solution to the Dirac equation, if

ψ = Uψ̃. (E.4.10)

Like we said, ψ̃ is real and, therefore,

ψ̃ =
(
ψ̃
)?
,

U †ψ =
(
U †ψ

)?
,

U †ψ = UTψ?,
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ψ = UUTψ?. (E.4.11)

Now we define a matrix C, which we have already seen (E.2.6), in such a way that

UUT = γ0C. (E.4.12)

Before, we defined the matrix C using (E.2.7), however, considering (E.4.8), we find that
both definitions are equivalent. If we apply equation (E.4.12) to our result for the Majorana
condition on ψ, we find

ψ = γ0Cψ? = ψc. (E.4.13)

This is the general Majorana condition valid for any representation of the gamma matrices.

E.4.1 Properties of the matrix C

We have already discussed its definition, as there were two ways to define the matrix C. The
definition (E.2.7) is the more more easily used, as it is in general true regardless of which
representation was used for the gamma matrices.

Another property we need to look at, comes from the fact that the matrix U is unitary.
Therefore we can write

UUTU?U = 1, (E.4.14)

which we can rewrite as
γ0C (γ0C)? = 1. (E.4.15)

We can manipulate this expression, by considering the definition (E.2.7) and the fact that
γ†0 = γ0. The latter equality leads us toγT?0 = γ0, which in turn provides us with γT0 = γ?0 .
Now, remembering that γ2

0 = 1, we find

− CC? = 1, (E.4.16)

which we can, using the unitarity of C, write as

CT = −C, (E.4.17)

showing us that C is an anti-symmetric matrix in any representation.
The last property of this matrix we want to consider, is the Lorentz invariance of the

reality condition. Let us start with the infinitesimal Lorentz transformation xµ → (xµ)′ =
xµ + ωµνxν , under which a fermion field transforms as

ψ (x)→ ψ′ (x′) = e−
i
4
ωµνσµνψ (x) , (E.4.18)

where

σµν =
i

2
[γµ, γν ] . (E.4.19)

Now applying the reality condition to both sides of the equation, we find

(ψ′ (x′))
c

= γ0Ce
+ i

4
ωµνσ?µνψ? (x) ,

= γ0Ce
+ i

4
ωµνσ?µν (γ0C)−1 ψc (x) ,

= γ0C

∞∑
n=1

(
i
4
ωµνσ?µν

)n
n!

(γ0C)−1 ψc (x) . (E.4.20)
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Since σµν consists of gamma matrices, we need to consider

γ0Cγ
?
µ (γ0C)−1 = γ0C

[
γ†µ
]T

(γ0C)−1 ,

= γ0C
[
γT0 γ

T
µ γ

T
0

]
(γ0C)−1 ,

γTµ = −C−1γµC

= −γ0C
[
C−1γ0CC

−1γµCC
−1γ0C

]
(γ0C)−1 ,

= −γ0C
[
C−1γ0γµγ0C

]
(γ0C)−1 ,

γ0 = γ−1
0

= −γ0C
[
(γ0C)−1 γµ (γ0C)

]
(γ0C)−1 ,

= −γµ. (E.4.21)

This tells us that
γ0Cσ

?
µν (γ0C)−1 = −σµν , (E.4.22)

from which we conclude that

(ψ′ (x′))
c

= e−
i
4
ωµνσµνψc (x) . (E.4.23)

From this, we can clearly see that the reality condition has the same form as before, hence,
we find it to be Lorentz invariant.

E.4.2 Majorana fields

For the following discussion we will use [29] and [23].
A Dirac field consists of two fermion fields of opposite chirality,

ψD = ψL + ψR. (E.4.24)

With the chiral operators we can specify which of the chiral fields are being considered. In
the electro-weak sector, only left chiral fields interact with the force carrier bosons. Because
each term in the Lagrangian must be hermitian, we find that the mass term mDψψ, must
consist of mixed chiralities, i.e. different Weyl fields:

L = mD

(
ψLψR + ψRψL

)
. (E.4.25)

For Majorana fields this is slightly different. According to the standard model, there are no
interacting right handed neutrinos. If we are to create a Majorana mass term, we need to
consider a term that is hermitian and only consists of left handed fields.

There are three more Lorentz scalars that we can create, namely ψc ψc, ψcψ and ψψc.
The first is equivalent to the Dirac case, but the other two are different. The terms are each
others hermitian conjugate and can therefore be used to determine a different mass term for
the Majorana fields:

L = mM
1

2

(
ψcψ + ψψc

)
. (E.4.26)

If we remember what the chiral projectors did and what they looked like (you do, right?),
we can find a very interesting fact concerning the Weyl fields in the Majorana mass term:

γL/RψL/R = ψL/R; γL/Rψ
c
L/R = 0. (E.4.27)
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We see that a left handed field becomes a right handed field, when the charge conjugation
has been applied to it. This allows us to define a Majorana field as

ψM = ψL + ψcL. (E.4.28)

When checking if it adheres to the reality condition, all we need to do is calculate the
charge conjugate of the Majorana field. It is in this case easy to see that the condition is
valid, if (ψc)c holds.

(ψc)c = γ0C (ψc)?

= γ0C (γ0Cψ
?)?

= γ0Cγ
?
0C

?ψ

= γ0Cγ
T
(
−C−1

)
ψ

= −γ0C
(
−C−1γ0C

)
C−1ψ

= ψ

Therefore, we find that we can build Majorana fermions from Weyl fermions. The mass term
then becomes

L = mM
1

2

(
ψcψ + h.c.

)
= mM

1

2

(
ψTLC

−1ψL + h.c.
)
. (E.4.29)
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Pink rabbits and fish

Look at you, you’ve made it to the very end of my thesis! Although, I do believe it to be
very unlikely that you have actually read the entirety of it and I can’t blame you for it. This
ending is probably something most people won’t see, since it is kind of hidden all the way
towards the end.

Since this is slightly hidden, I would like to ask you for a favour. If you ever happen to
bump into me in person, let me know you actually read this. Why don’t you simply say the
phrase: “the pink rabbits are at it again cobber!” That way, I will know. Or not, maybe I
will have forgotten by then.

Since this is actually the end of the thesis, I have given it quite some thought on how
to end this, but there was nothing I could come up with that has never been said better.
Hence, I would like to end with the following quote:

“so long, and thanks for all the fish”,

—The dolphins—



Part III

Bibliography

127





Bibliography

[1] M. Fox, W. Grimus, M. Löschner, Renormalization and radiative corrections to masses
in a general Yukawa model, arXiv:1705.09589 [hep-ph].

[2] B. Kayser, Neutrino Mass, Mixing, and Flavor Change, arXiv:0804.1497 [hep-ph].

[3] S. Luo, Z.Z. Xing, Theoretical Overview on the Flavor Issues of Massive Neutrinos, Int.
J. Mod. Phys. A 27 (2012) 1230031 doi:10.1142/S0217751X12300311, arXiv:1211.4331
[hep-ph].

[4] S.F. King, Models of Neutrino Mass, Mixing and CP Violation, J. Phys. G 42 (2015)
123001 doi:10.1088/0954-3899/42/12/123001, arXiv:1510.02091 [hep-ph].

[5] W. Grimus, P. Ludl, L. Nogués, Mass renormalization in a toy model with spontaneously
broken symmetry, arXiv:1406.7795 [hep-ph].

[6] P.W. Higgs, Broken symmetry and the mass of gauge bosons, Phys. Rev Lett. 13 (1964)
doi:10.1103/PhysRevLett.13.508.

[7] F. Englert, R. Brout, Broken symmetry and the mass of gauge vector mesons, phys.
Rev. Lett. 13 (1964) doi:10.1103/PhysRevLett.13.321.

[8] G.S. Guralnik, C. R. Hagen and T.W.B. Kibble, Global conservation laws and massless
particles, Phys. Rev. Lett. 13 (1964) doi:10.1103/PhysRevLett.13.585.

[9] F. Jegerlehner, J. Fleischer, Radiative corrections to Higgs-boson decays in the Weinberg-
Salam model, Phys. Rev. D 23 (1981) doi:10.1103/PhysRevD.23.2001.

[10] J. Collins, Renormalization, Cambridge: Cambridge University Press, 1984, digital
Print version.

[11] D. Anselmi, Renormalization, Pisa, 2015, Lecture notes based on a lecture held in Pisa
in 2015, URL: http://www.renormalization.com.
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