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Abstract

Regularization methods are standard approaches for solving ill-posed problems from incomplete
and noisy measurements. Most inverse and imaging problems are ill-posed. Some recent
developments in these areas tend to investigate problems with solutions lying on non-Euclidean
domains, and to study non-convex regularization and related issues in theory and applications.
This thesis partially responds to the new trends. Problems in the thesis are mostly considered in a
setting of infinite dimensional function spaces, which are numerically simulated within finite
dimensional spaces. The main contributions and novelties are as follows:

• We establish a general theory on Tikhonov regularization for solving ill-posed problems of
which both the measurements and solutions are defined on surfaces. This theory allows to
take into account surface disturbance. In particular, it is the first time that a convergence
analysis is studied for regularization methods on problems of which the solutions are vector
fields on surfaces.

• We derive novel nonlinear flows from non-convex regularization energies which are
reduced from continuous optimization models for correcting displacement errors in image
data. Some properties on the behavior of the solutions of these PDEs are studied by
numerical analysis. The flows have applications in dejittering and fixing angular sampling
errors in tomography.

• We introduce a method to distinguish different scales of the segmented edge set of an
image. This method is based on a newly proposed iterative approach which uses topological
derivatives to approximate the minimizers of the Mumford-Shah functional.
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Preamble

This thesis presents recent contributions (new results and insights) to the area of regularization
methods for inverse problems and variational methods in imaging. Regularization strategies, as
a joint thread running through this thesis, are commonly adopted for compensating the effect
of ill-posedness of which the problems are called ill-posed problems. These problems, which
typically do not satisfy the criteria of well-posedness given by Hadamard, appear widely and
have attracted the attentions of scientists and engineers. In the language of mathematics, such a
problem can be described by an abstract equation (0.0.1). That is

Au = y, (0.0.1)

where A is a known operator, y denotes the measured information or data, and u is the unknown
which we are interested in. In reality, the knowledge of the accessible data is a mixture of the
ideal information y with some unknown noise assumed with quantity level δ, which we denote by
yδ. Regularization methods have been invented independently in different contexts with the initial
intention to stabilize the solutions of ill-posed problems for such noisy data yδ. One of the most
commonly recognized methods is named after Tikhonov, a Soviet and Russian mathematician and
geophysicist. A generalized form of Tikhonov regularization consists in minimizing problems
given in (0.0.2)

arg minu∈US(Au, yδ) + αR(u), (0.0.2)

where U is some underlying space, S is a similarity measure, andR is a function given by the
prior information of the unknown, and α is a positive number called regularization parameter,
which is to balance the two quantities S andR. In fact, many practical regularization methods
are proposed according to the basic idea of the general formulation (0.0.2). In image science,
regularization methods are very often called variational methods which are very relevant to partial
differential equations methods. Both the two types of methods are interesting topics in the study
of mathematical imaging.

In the literature, Tikhonov regularization methods have been studied both for discrete signals or
data in finite dimensional spaces, and for continuous functions in infinite dimensional spaces.
This thesis mostly takes the latter approach from a modelling point of view, and then considers
their finite dimensional approximations for numerical simulations. In this context, S and R
in (0.0.2) are functionals, and we call the whole energy functional in (0.0.2) the Tikhonov
functional. Recent developments from the literature have witnessed some new trends in the study
of regularization methods. We mention two aspects of them: One aspect is regularization for
data or functions defined on manifolds. Classical regularization methods mainly consider inverse
problems with solutions defined in a Euclidean domain. Recently, there have more and more
attentions been given to problems, of which the solutions are functions, vector fields or even
more general tensor fields, lying on a non-Euclidean domain, e.g. a Riemannian manifold or
simply a curved surface. Examples are like geometric inverse problems, bio-data analysis and
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bio-medical image analysis and so on. There is a potential demand for developing regularization
methods and theory for those problems.

Another aspect is the study of non-convex regularization. In a classical setting, it is typical
to assume the Tikhonov functional in (0.0.2) to be proper, convex and sequentially (weakly)
lower-semi continuous. These conditions can assure nice properties on the minimizers of (0.0.2)
such as existence, and make it easier to characterize the minimizers by using tools from convex
optimization. Moreover it is numerically convenient to develop algorithms for simulation.
However, it has restrictions and can not always fit to real applications. The new trend goes to
consider non-convex regularization schemes, their algorithms and analysis, either in a general
setting or for some specific problems and applications.

This thesis responds to the new perspectives and contains contributions to the mentioned develop-
ments. It tries to be self contained, such that some background is documented in the introduction
and appendixes. It is a cumulative dissertation, of which the main part is composed by separate
research articles. The status of each paper are as follows.

• Chapter 2 consists of the paper Convergence of Tikhonov Regularization for Solving Ill-
posed Operator Equations with Solutions Defined on Surfaces, which is a joint work with
Bert Jüttler(JKU, Linz), Otmar Scherzer and Thomas Takacs(JKU, Linz), and it will appear
in the journal Inverse Problems and Imaging, vol. 11, no. 2, 2017.

• Chapter 3 consists of the paper Infinite Dimentional Optimization Models and PDEs for
Dejittering, which is a joint work with Annello R. Patrone, Otmar Scherzer and Ozan
Öktem(KTH, Stockholm), and it has been published in Lecture Notes in Computer Sciences
9087, 678-689, 2015, the proceeding of SSVM 2015.

• Chapter 4 consists of the paper Nonlinear Flows for Displacement Correction and Appli-
cations in Tomography, which is a joint work with Otmar Scherzer. It has been accepted
by the proceeding of SSVM 2017, and recommended for an oral presentation.

• Chapter 5 consists of the paper Scale and Edge Detection with Topological Derivatives,
which is a joint work with Markus Grasmair(NTNU, Trondheim), Sung Ha Kang(Georgia
Tech) and Otmar Scherzer, and it has been published in Lecture Notes in Computer Sciences
7893, 404-415, 2013, the proceeding of SSVM 2013.

All the articles are submitted with alphabetically ordered authors.
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List of notation

Chapter 2
α Regularization parameter which is a real and positive number.
δ A positive real number for noise bound.
σ A sequence of rational numbers used for index.
F An abstract linear bounded operator.
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F̃ A linear bounded operator restrict to tangent vector fields.
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1
Introduction

1.1 Background

This section starts with a preliminary account on regularization methods, convex analysis, and
inverse problems on surfaces. Then it introduces some exemplary inverse and imaging problems
which motivate our study in the thesis.

1.1.1 Regularization methods in general

The last few decades have witnessed how the research on inverse problems, has grown from
simply a subbranch to one of the main streams in applied mathematics, and it is not only an
interplay with many research branches in mathematics, but also immersed into many other fields
in sciences, like physics, geo-sciences, bio-medical imaging, economics, computer sciences
and so on. An inverse problem usually can be mathematically modelled by solving an abstract
equation

Au = y, (1.1.1)

where u belongs to a metric space U , y belongs to another metric space Y , and A : U → Y is an
operator. A common feature of inverse problems is that they are not well-posed in the sense of J.
Hadamard. That is, problem (1.1.1) violates at least one of the following properties:

(1) The existence of a solution in U ;

(2) The uniqueness of the solution in U ;

(3) The stability of the dependence of the solution on the measured data y.

We will call yδ the noisy data which is assumed to be the combination of the exact data y and
some unknown noise with quantity level δ, that is the difference measure d(yδ, y) ≤ δ. The
presence of noise in the data can dramatically affect the inversion results of (1.1.1) when one
goes to the numerical simulations if the third property is not fulfilled. In order to stabilize the
solutions of such ill-posed problems, regularization methods have been invented since 60s of last
century, of which the most prominent one is named after A. N. Tikhonov [Tik63; TA77].

Notice that the operator A in (1.1.1) is not specified so far, and it can be either a linear or a
non-linear operator. To make the introduction as simple as possible, at this stage, we will mainly
restrict ourselves to a linear operator equation (1.1.1) in Hilbert spaces, where A ∈ L(U, Y ) is a
bounded linear operator, and U and Y are Hilbert spaces. In this setting, the three conditions of
well-posedness can be reformulated one by one as the following:

(1) y ∈ R(A),

1



2 Chapter 1. Introduction

(2) N(A) = 0 such that A−1 is well defined,

(3) A−1 is a bounded operator.

The later two properties are usually considered more seriously, while the first one is easier to
be enforced in the case of exact data. In particular, for the analysis of a regularization method,
we expect that there exists an ideal solution for (1.1.1). The notion of a (generalized) inversion
for the operator A is then adapted to address this issue. A detailed discussion on generalized
inverses can be found for instance in [Gro77]. A typical one is the so called Moore-Penrose
generalized inverse for linear operators in Hilbert space. Let A† denote the Moore-Penrose
generalized inverse of A, then u† = A†y is the best approximation (minimum-norm) of the
solution of Au = y. For those y ∈ D(A†), u† is a solution of (1.1.1) in the least square sense. It
can be proved that the operator A† is bounded if and only if the range of the operator A is closed
(c.f. [Gro84, Theorem 1.3.2]). In Appendix A, Theorem A.0.2 we provide a proof of the above
statement for completeness. For a typical ill-posed inverse problem the operator A will have
no closed range in the space Y , therefore the generalized inverse operator A† is an unbounded
operator. This also gives an explanation that why a small error in the measurements might be
extremely amplified by using a direct inversion, and thus a regularization method is necessary
in practice. The classical Tikhonov regularization actually provides a way to have a bounded
approximation to the operator A†. It consists in solving the following quadratic optimization
problem

u(α, yδ) := arg minu∈U
∥∥∥Au− yδ∥∥∥2

Y
+ α ‖u‖2U , (1.1.2)

where the minimizer u(α, yδ) approximates the solution of (1.1.1), or more precisely the best
approximation solution u†, and α trades off the stability in the space U and the fidelity of data.
Note that there is an explicit formula for calculating the minimizer, which is

u(α, yδ) = (A∗A+ αI)−1A∗yδ,

where A∗ denotes the adjoint operator of A, and I is the identity operator. Based on the spirit of
approximating the generalized inverse operator, an abstract form of regularization method, and
the notion of a regularization operator are given in [EHN96].
Definition 1.1.1 ([EHN96] Definition 3.1). Let A : U → Y be a bounded linear operator
between the Hilbert spaces U and Y , α0 ∈ (0,∞]. For every α ∈ (0, α0), let

Rα : Y → U

be a continuous (not necessarily linear) operator. The family {Rα} is called a regularization
operator, if, for all y ∈ D(A†), there exists a parameter choice rule α = α(δ, yδ) such that

lim sup
δ→0

{∥∥∥Rα(δ,yδ)y
δ −A†y

∥∥∥ ∣∣∣yδ ∈ Y, ∥∥∥yδ − y∥∥∥ ≤ δ} = 0 (1.1.3)

holds. If, additionally, the parameter choice rule α = α(δ, yδ) ∈ (0, α0) fulfils

lim sup
δ→0

{
α(δ, yδ)|yδ ∈ Y,

∥∥∥yδ − y∥∥∥ ≤ δ} = 0, for every y ∈ D(A†), (1.1.4)

then, the pair (Rα, α) is called a regularization method for solving Au = y if (1.1.3) and (1.1.4)
hold.



Chapter 1. Introduction 3

In different communities, many regularization methods are proposed based on (1.1.2). Often they
are special instances of an inclusive formulation (1.1.5) which is called a generalized Tikhonov
method

u(α, yδ) = arg minu∈US(Au, yδ) + αR(u), (1.1.5)

where S : Y × Y → R is a fit measure on some space Y ,R : U → R is a proper regularization
functional on some space U . Note the spaces U and Y are not necessarily Hilbert spaces.

In this case, the minimum-norm solution is substituted by a notion calledR−minimizing solution,
which is defined below.
Definition 1.1.2. If there exist solutions in space U for equation (1.1.1), then we denote the
solution set by U0 := {x ∈ U,Ax = y}. We call u† ∈ U theR− minimizing solution, if it is a
minimizer ofR in the set U0, that is

u† := arg minu∈U0R(u).

In the literature, especially for imaging problems, regularization with non-quadratic convex
functionalsR has attracted a lot of attention, both in theoretical analysis and practical applications.
We mention the concept of (generalized) Bregman distance [BO04], which plays an important
role in the study of convergence and convergence rates for convex functionals. The Bregman
distance associated to a convex functionalR is defined as

BR(u, v) := R(u)−R(v)− 〈ζ, u− v〉 (1.1.6)

where ζ ∈ ∂R(v) is an element of the sub-gradient ofR at v. In general,

BR(u, v) 6= BR(v, u).

BR(u, v) with respect to the powered norm functions (R(·) = ‖·‖pp) in Lp spaces is showed to
be equivalent to ‖u− v‖pp [Neu09; Neu+10].

We say a solution u(α, yδ) converges if u(α, yδ) → u† when we let α, δ → 0 simultaneously,
and to study a convergence rate, we mean how the convergence depends on the order of δ or
α for δ < 1 and α < 1. Note that the convergence does not have to be with respect to a norm,
and it could be weakened by, for example, the Bregman distance. Studying convergence and
convergence rates of regularized solutions u(α, yδ) to the ideal solution u† are fundamental
topics in regularization theory, applications and also numerical analysis. In order to study such
convergence rates of a regularization method, usually we have to make some assumptions on
the smoothness of the intended solution u†. Such conditions are called the source conditions
[EHN96]. There are examples to show that convergence of a regularized solution to the ideal
solution can be extremely slow with no proper smoothness assumptions. For a thorough study
of the source conditions in Hilbert spaces, we refer to a recent paper [And+15]. In section 1.2,
we will mention a few exemplary topics which are of common interests in the communities of
inverse problems and imaging.
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1.1.2 Convex functional and gradient flow

We summarize some basic concepts and convex analysis tools which are relevant or used in the
thesis, even though we have emphasized the concept of non-convex regularization.
Definition 1.1.3. Let X be a metric space, and f : X → R ∪ {−∞,+∞} be a given function,
we say f is lower semi-continuous at x0 ∈ X , if

lim inf
x→x0

f(x) = sup
ε>0

inf
x∈B(x0,ε)

f(x) ≥ f(x0).

where x→ x0 according to the topology of X , and B(x0, ε) ⊂ X is an open ball of radius ε > 0
around x0. If f is lower semi-continuous at all x ∈ X , then f is said to be lower semi-continuous
over X . We say that f is sequentially lower semi-continuous over X provided for every sequence
(xk)∞k=1 ⊂ X , and xk → x0 with respect to the topology of X , then

lim inf
k→∞

f(xk) ≥ f(x0).

Moreover, if we consider the convergence with respect to the weak topology on X , that is x ⇀ x0
and xk ⇀ x0, then the above two concepts are adapted as weakly lower semi-continuous and
sequentially weakly lower semi-continuous respectively.
Definition 1.1.4. Let X be a metric space, we say a function f : X → R ∪ {−∞,+∞} is
proper if

• there exists at least one x ∈ X such that

f(x) < +∞;

• and for every x ∈ X
f(x) > −∞.

The direct method is a typical way in the calculus of variations for finding minimizers of given
energy functionals defined over some function spaces. Let U be a given function space, and
f : U → R ∪ {−∞,+∞} be a proper functional. Then the direct method usually consists of the
following steps:

(1) Get a minimizing sequences (uk) for f ;

(2) Check that there exists some subsequence (ukm), such that ukm → u0 (or ukm ⇀ u0) on
U for m→∞;

(3) Show that f is sequentially lower semi-continuous or sequentially weakly lower semi-
continuous.

If one can go through all the three steps, then it is straight forward to conclude that u0 is a
minimizer of f in U .

In the regularization literature, it is quite common to assume a regularization functional be proper,
convex, and sequentially (weakly) lower semi-continuous. The convexity requirement is on
the one hand to ensure more regularities on the solutions, and on the other hand making the
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numerical algorithms easier to implement. We have the following theorem of which the basic
idea is known since Fermat:
Theorem 1.1.5. Let f : U → R ∪ {−∞,+∞} be a proper convex function, then we have

u0 is a minimizer of f ⇐⇒ 0 ∈ ∂f(u0).

∂f(u0) denotes the sub-gradient of f at u0. Note that a sub-gradient is defined for convex, but
not necessarily differentiable functions. Theorem 1.1.5 gives a characterization of a minimizer,
and it also leads to the well known Euler-Lagrange equation of a functional, which usually gives
some PDEs out of energy functionals.

We mention here the concept of gradient flow in function spaces. It links certain evolution
equations to some convex functionals, and is defined as follows: Let φ : U → R ∪ +∞ be
a convex, lower semi-continuous functional defined over a Hilbert space U , then we call the
following relation

u̇(t) ∈ −∂φ(u(t)), (1.1.7)

the gradient flow of φ. We still use the notation u which is a function (mapping from R to U ) in
a Bochner space [Eva98], u̇ denotes the time derivative, and ∂φ is the sub-gradient of φ in the
space U . If φ is differentiable, (1.1.7) becomes an equation u̇(t) = −∂φ(u(t)). A well known
example is the homogeneous heat equation which is the L2 gradient flow of the Dirichlet’s energy.
Another attractive example is the mean curvature motion which is the L2 gradient flow of the
area functional on surfaces. The connection between gradient flow and some specific (iterative)
regularization methods generate a sort of evolutionary PDE methods which is an interesting
topic in variational methods for image processing. Another link between the evolutionary PDEs
and regularization methods is via a convex semi-group theory by [Bré73]. In the thesis, we are
interested in some nonlinear flows which are analogous to gradient flows.

1.1.3 Preliminaries on inverse problems on surfaces

Due to the revolutions in computational techniques, it becomes more and more feasible to
implement precise modelling and process higher accuracy data. This also pose new challenges
to the research in the area of inverse and imaging problems which arise for solving practical
issues. Especially, new developments in bio-medical imaging and geo-sciences ask for solving
problems where solutions and data are defined on surfaces, or manifolds more generally. This
makes the study of inverse and imaging problems on curved spaces an emerging topic. Note
that the surfaces for the observed data and for the unknown function in (1.1.1) need not coincide.
More precisely, we consider u :M1 → Rm1 , y :M2 → Rm2 , and u ∈ U(M1), y ∈ Y (M2)
to be within some underlying spaces. The operator in (1.1.1) then becomes

A : U(M1)→ Y (M2). (1.1.8)

Some exemplary problems of (1.1.8) have been studied in the literature, for instance: boundary
rigidity problem [PU05], which can be linearised to the inverse Radon transform of a tensor
field on a Riemannian manifold ; magnetization computation [Gub+11], which is to recover
vector fields on 2-d surfaces from measurements of scalar magnetic potential; bio-medical
image analysis, which is emerging due to the recent development of the advances of 3-d image
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acquisition in both micro and macro scales, e.g. analysing cell movements at an early stage of an
embryo [KLS15], or image registration problems in computational anatomy. The existing works
mainly focus either on analyzing the regularity of particular inverse problems themselves, or on
developing specific methods or algorithms for particular applications. However, we could hardly
find explicit results on the analysis of regularization methods for inverse problems in a surface or
manifold setting in the literature, such as convergence and convergence rates, when the author
started to work on the thesis. This lead us to think about the relations between smoothness of
surfaces and convergence of regularization methods.

In general, inverse and imaging problems with solutions on surfaces (manifolds) are more
difficult than the ones in planar domains. The additional difficulties appear in both theoretical
analysis and numerical simulations, and mainly are caused by the curvature of the manifolds
or surfaces. Our concerns will focus on regularization methods for such problems. The first
point is to analyze regularization methods with respect to a surface disturbance, which are
motivated from the consideration of the surface approximation in numerical simulations. The
discretization of a Euclidean domain only partition it into smaller subdomains, which keeps
the domain itself invariant after each subdivision. However, it is mostly not the case for the
approximation of a surface or a manifold. Numerically, an arbitrary surface normally has to be
approximated by polygon or splines which do not coincide with the original surface, and the
approximations may even destroy the original (differential) structure of the surface. Especially,
we notice the smoothness requirements for regularization methods may get affected because
of the discretization. Thus, the influence of the approximated manifold on the regularization
scheme has to be carefully analysed. On the other hand, perturbations on the surfacesMi may
also cause disturbances to the mapping A which is given in (1.1.8), and this issue, also, has to be
considered.

The second point we are interested in is on regularization methods for inverse problems of which
the solutions are vector fields on surfaces. A vector field on a surface is understood as a section
of a vector bundle. By a vector bundle we mean the one which is composed of the tangential
bundle and the normal bundle. A commonly used technique in regularization is to assume
certain regularity of the unknown functions by a prior information, in particular the smoothness
of the functions (vector fields). In the setting of a manifold or a surface, a generalization of
derivatives for functions and vector fields is called covariant derivatives, which can characterize
the smoothness of functions on the manifold as an ordinary derivatives for planar functions.
Conventionally, vector fields on surfaces are represented by local coordinates defined through the
tangential and normal bases. In the following, let (M, g) be a smooth 2−d Riemannian surface.
For a tangent vector field

ṽ = ṽ1∂1 + ṽ2∂2,

let ∂α (α = 1, 2) be the local basis spanning the tangent spaces onM. The covariant derivative
is defined as follows

∇̃βṽ :=
2∑

α=1
(∂β ṽα + ṽγΓαβ,γ)∂α,

where

Γαβ,γ =
2∑

κ=1

1
2g

α,κ (∂βgγ,κ + ∂γgκ,β − ∂κgβ,γ) , (1.1.9)

is the so-called Christoffel symbol. These calculations involve the intrinsic representation of the
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tangent vector field and the metric tensor g, which is meaningful in classical differential geometry,
but it is not convenient in the language of ambient spaces. Note that here the smoothness of the
surface already plays a role. For a polygon, the above definition may not be applicable. Another
alternative to represent vector fields is using the coordinates of the ambient spaces of the surfaces

v = v1e1 + v2e2 + v3e3,

where ei (i = 1, 2, 3) is a basis of the ambient space of a surface. The vector fields in such
coordinates become vector valued functions defined over the surface. This setting is useful
because of our motivation on analysing convergence of regularization methods with surface
perturbations. In Chapter 2, section 2.6, we provide basic definitions, notations and some
preliminary results related to vector fields on surfaces within the ambient space setting.

1.1.4 Examples of inverse and imaging problems

Inverse Problems and Image Science as research areas have developed independently at their
early stages but influence each other more frequently now. On the one hand, most of the problems
in image processing and image analysis are actually inverse problems. On the other hand, medical
imaging and variational methods for image analysis and image processing highly motivate the
development of new regularization methods, and doubtless, they have significantly influenced the
shape of regularization research. Different focuses on regularization strategies of the two areas
are observed in the literature. Traditional inverse problems, involving certain complication of
the physical models, usually do not satisfy the third condition of well-posedness, hence they ask
mainly to stabilize the solutions. In this case, some relatively simple method, e.g. the quadratic
Tikhonov regularization 1.1.2, is employed and sufficient in general. But the situation is quite
different in image science, where sophisticated and different regularization schemes are required
and proposed for specific tasks, e.g. image segmentation, image denoising (deblurring), image
registration, optical flow, image and video dejittering, so on and so forth. The current thesis tries
to take a comprehensive point of view on these two areas with a common thread on the family of
(generalized) Tikhonov methods.

In the following, we selectively introduce some inverse and imaging problems which are very
relevant to the works in the thesis or motivate it.

Magnetization Computation estimates the density of permanent or induced magnetic dipole
moments in a magnetic material, e.g. lodestones. Magnetization is a vector field, and reflects
the net effect of all elemental currents within the magnetic material. What we are interested in
the thesis is to simulate the magnetization of Earth by detection of the magnetic potential from
space, e.g. some satellite orbit. Thus, it is a vectorial inverse gravity problem. Since the Earth’s
diameter is much larger than the thickness of the lodestone layer, it is proper to model the layer
as a surface. Then the magnetic potential measured by a satellite can be simulated by

V (y) = 1
4π

∫
M
〈m(x),∇y

1
|x− y|

〉ds(x). (1.1.10)

Here m(x) denotes the magnetization,M represents the lodestone surface on Earth (it is not
harm to think that it coincides with the earth surface), and V (y) means the magnetic potential at
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a position y which is normally located in a outer space. To estimate the magnetization is then an
inverse problem asking for the inversion of (1.1.10).

Optical Flow is a methodology to detect the motion between two image frames which are
taken in a short time interval. It is usually used in computer vision and robotics as a preliminary
step. Let Ii denotes the image brightness at time ti, which can be modelled by a function defined
over Ω. Then the optical flow equation is based on the brightness constancy assumption and
derived from the first order Taylor expansion, that is

∇I · u = Ii − Ii+1, (1.1.11)

where ∇ is the space gradient, and u represents the motion field. The ill-posedness here is due
to the non-uniqueness of the solutions which is simply because u is under-determined from
(1.1.11). A seminal variational method proposed by Horn and Schunck in 1981 [HS81] consists
of minimizing a quadratic functional

min
u
‖∇I · u + I(ti+1)− I(ti)‖2L2(Ω) + α ‖∇u‖2L2(Ω) . (1.1.12)

(1.1.12) is actually an application of Tikhonov regularization for vector fields in Sobolev spaces.

Tomography includes a large family of medical imaging modalities, but here we only shortly
introduce the tomography problem which is mathematically modelled by the Radon transform
introduced by Radon in 1917. Here we give the formulation in the 2 dimensional case

R[f ](θ, l) =
∫
L(θ,l)

f(x)dx =
∫ +∞

−∞
f(l cos θ + s sin θ, l sin θ − s cos θ)ds, (1.1.13)

where f : R2 → R, and L denotes a straight line, and by l we mean the distance of L from
the origin and θ is the angle between the normal vector to L and the x1 axis. The data of a
Radon transform is often called a sinogram. The main concern is to reconstruct f from sinogram
data at some sampled directions. Another closely connected concept is called X-ray transform,
which coincides with the Radon transform for function the f defined on a 2 dimensional domain.
In higher dimensions, the Radon transform integrates over hyperplanes (n − 1 dimensional)
in Rn, while X-ray transform always integrates over lines (1 dimensional) in Rn. These two
transforms not only form the mathematical bases for many imaging modalities e.g. computerized
tomography and electron microscopy techniques, but themselves are important topics in integral
geometry and functional analysis. One generalization is to reconsider (1.1.13) and its inversion
when f , the scalar field, is replaced by a vector field or a more general tensor field.

Displacement Correction consists in correcting for sampling errors in imaging data, where
the erroneous data is characterized by

uδ(x) = u(x + d(x)), with d : R2 → R2, and |d| ≤ σ. (1.1.14)

Here d is assumed to be a random distribution function. Several sub-case problems of (1.1.14)
are highly interesting on their own, and some of them have been studied in the literature. Jittering
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is a phenomenon where random displacement of the pixels occurs when the synchronization
signals are corrupted in video storage media. We think of one frame of the video which is then
an image, and this type of error can be described for instance by

uδ(x) = u(x1 + d(x2), x2), with d : R→ R, (1.1.15)

which is a horizontal displacement error. Dejittering methods have been intensively studied in
the literature, see for instance [She04; KS06; KS07; Nik09c; Nik09b]. For the general problem
(1.1.14), the state of the art is a PDE method proposed by Lenzen and Scherzer in [LS; LS11].
We point out that Optical Flow can be thought of a linearised version of displacement detection
of (1.1.14).

Image Segmentation is of fundamental importance in image analysis, and has applications in
many fields like pattern recognition, computer vision, medical imaging and so on. The task of
segmentation is to group pixels in a given image to meaningful objects. The premier variational
model for image segmentation was proposed by Mumford and Shah in 1989 [MS89], which is
based on the assumption that images are piece-wise smooth functions. It consists of minimizing
an energy functional (1.1.16) which is now usually named the Mumford- Shah functional

F (u,K) :=
∫

Ω
|u− f |2 dx+ α

∫
Ω/K
|∇u|2 + βH1(K). (1.1.16)

Here Ω ∈ R2 is the domain of the image function, K ⊂ Ω is the location of the edge set
of image (where there are discontinuities of the image function f ), and H1 denotes the one
dimensional Hausdorff measure. The minimizer of the energy functional then gives a piece-wise
smooth function and the edge set. Note the functional (1.1.16) can be recognized as Tikhonov
regularization of multi-variables with multi-parameters.

1.2 Research problems in the scope of the thesis

In this section we shall sketch the concrete research problems covered by the thesis and the
motivations behind them.

We start by listing a few general topics regarding (1.1.1) and (1.1.5), which might be of common
interest in both inverse problems and image science communities. We also mention some
references but only as examples, and thus the numbers are very limited.

• General regularity analysis on specific inverse problems (1.1.1) and their regularization
(1.1.5), including existence of solutions, and their uniqueness, stability and convergence,
e.g. boundary rigd problem [PU05; SU05], angle recovery in tomography [BB00; SS11].

• Convergence rates of the minimizer of (1.1.5) with respect to the regularization parameter
α and the noise level δ, providing aR- minimizing solution exist for (1.1.1), e.g. for linear
problems [HM07; Alb+16], for nonlinear problem [EKN89; Hof+07].

• Efficient regularization methods for specific applications, that is how to choose S andR,
e.g. for image denoising and decomposition [ROF92; Mey01], for image segmentation
[MS89; CV01].
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• General rules for selecting regularization parameters for optimal convergence and a priori
or a posteriori error analysis, e.g. singular parameter problems [SEK93; CY00], multi-
parameters problems [DH06; LP11].

• Numerical algorithms or statistical methods for solving (1.1.5) and their convergence
analysis, e.g. optimization algorithm for convex regularization [Cha04; CP11], convergence
analysis of some numerical and statistical methods [DV97; KLS16].

The current thesis investigates issues arising from these topics, in particular problems related to
convergence and convergence rates of regularization methods in a general sense, regularization
methods for specific inverse and imaging problems, and algorithms for realizing regularization
schemes and their numerical analysis.

A primary goal of the thesis is to systematically investigate the regularization theory for inverse
problems of which the data and solutions both are functions defined on surfaces. We are especially
interested in the cases where the solutions are vector fields on surfaces or manifolds, which is
driven by applications such as magnetization reconstruction, optical flow on surfaces, vector
fields tomography, etc. In the literature, specific variational methods are proposed for individual
problems, e.g. conformal parameterization for image processing on surfaces [Lui+08], optical
flow on manifolds and evolving manifolds [LB08; KLS15]. However, to our best knowledge,
there seem to be no (or very few) references on analyzing regularization schemes for inverse
problems in a manifold setting, in particular for those where solutions are vector fields on surfaces.
Another issue we try to solve is to take into account surface perturbations and their influence
on the analysis, which is relevant when a surface is approximated by splines or polynomials. A
follow up question is to which extent the surface can be approximated to ensure a convergence
of the regularization, and what is the difference between the regularization of scalar fields and
vector fields on manifolds. In the literature, regularization schemes are developed mainly for
tangent vector fields using the local bases in tangent spaces. However, the convergence analysis
of the regularization requires to compare two vectors which may not lie in the same tangent
spaces because of the surface disturbance, e.g. u :M→ TM after surface disturbance becomes
uσ : Mσ → TMσ. In order to evaluate the convergence, we pull back uσ ontoM, but the
pullback of uσ is very likely not a mapping M → TM. A remedy for this is to use the
coordinates of the ambient space such that the two vectors can be compared. Another motivation
to consider the ambient basis is that some problems may not only require to recover a tangent
vector field, but a vector field in ambient space, e.g. a magnetization is usually not a tangent
vector field. For this purpose, it is reasonable to consider an ambient space representation for
vector fields on surfaces or manifolds. We point out that the optical flow computation method,
which has been developed in a static manifold setting [LB08], is naturally included into the
general framework of the regularization methods for tangent vector fields.

The second issue we are especially interested in is regularization methods for displacement error
correction and its applications. We notice that the problems can be significantly different with
respect to different domains and the ranges of the error functions. The most frequently studied
problems in the literature is image or video dejittering. In [Nik09c; Nik09b], Nikolova proposed
an efficient dejittering algorithm which is based on a discrete image data. Due to the discrete
nature, the algorithm is able to use exhaustive search to optimize a non-convex energy, and
it is very efficient to give good correction for errors in a line-jitterred image or video. Other
references, e.g. [She04; KS06; KS07] consider the image data as continuous functions, and
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they adopt mostly variational methods. In the papers [LS; LS11], PDE methods are studied for
the general problem (1.1.14), which is formally derived by applying the semi-group tools to an
energy functional of a non-convex regularization scheme. However, this method may not be
optimal to some specific sub-case problems, for instance (1.1.15). The algorithm in [Nik09c;
Nik09b] and the variational and PDE approaches in [She04; LS; LS11] seem to be rather in
different worlds without look into them deeply. In this thesis, we try to unify these methods. The
other issue is that the displacement error of the form

uδ(x1, x2) = u(x1 + d(x1), x2) with d : R→ R (1.2.1)

has not been studied yet as far as we know from the literature, but it models the angular sampling
errors in Radon transform or X-ray transform. In this case, x1 and x2 denote the angular variable
θ and the distance variable l in (1.1.13) respectively. We try to develop variational methods
for problem (1.2.1), and apply it for angular error correction in tomography. Another goal is
motivated by [LS; LS11], where the PDEs developed for problem (1.1.14) has an asymptotic
behavior similar to the mean curvature motion [ES91] of level curves of smooth functions. We
investigate the flows associated to the variational energy functional with respect to different
sub-cases, i.e. (1.1.15) and (1.2.1).

The third problem is related to the Mumford-Shah functional (1.1.16) for image segmentation.
Although the Mumford-Shah functional is one of the milestones in variational methods for image
analysis, it remains difficult to solve the optimization problem (1.1.16) directly. There are some
approximations of (1.1.16) proposed in the literature, of which the solutions may converge to a
solution of (1.1.16) in the sense of Γ- convergence (see Definition B.0.1 Appendix B). A well
known one is contributed by Ambrosio and Tortorelli [AT90]. In [GMS13], an approximation
of (1.1.16) using the notion of topological derivatives is proposed. The notion of topological
derivative is given in Definition B.0.2 in Appendix B. This approach smooths the test image and
iteratively selects the pixels located on the discontinuities of the image, and this indicates that
it has priorities in the selection of the edge set. Our motivation here is to look deeper into the
newly proposed method in [GMS13], and additionally analyze the result of the detected edge
set. We try to find the consequences of the edge selection priorities given by the algorithm and
present a new interpretation of the segmentation.

1.3 Contribution and structure

The remaining chapters of the thesis are mainly organized by accumulating peer reviewed papers
or submitted manuscript, and each paper contributes to address some of the problems we have
presented in the last section.

In Chapter 2, we establish a general Tikhonov regularization theory for solving ill-posed prob-
lems (1.1.8) in Hilbert spaces. Especially, we take into account surface disturbance, e.g. a
spline approximation of an non-trivial surface. We perform an analysis on the convergence
and convergence rates for the regularized solutions associated to some approximated surfaces.
Another issue we address in the paper is to develop the regularization theory to problems of which
the solutions are vector fields on surfaces. We introduce some proper spaces for vector valued
functions on surfaces, which are able to represent vector fields with coordinates of the ambient
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spaces where the surfaces are embedded in. In this way, the general results for vector valued
functions can be adapted to the case of vector fields. We present also examples and numerical
results on magnetization reconstruction on curved domain and vector fields denoising to verify
the theoretical analysis. Methodologically, in comparing with the existing works, the ambient
space formulation provides a new point of view for regularizing tangent vector fields.

In Chapter 3, we do a comprehensive investigation on dejittering problems, which is primarily
to correct for the displacement error of the type in (1.1.15). Moreover, we consider generalized
dejittering problems which we name as line-pixel dejittering and pixel dejittering. We find a
formal connection between the PDE method introduced in [LS; LS11] and another discrete
optimization algorithm for dejittering given in [Nik09b; Nik09c]. With this new perspective, we
are able to unify the main methods in the literature into a constrained optimization approach
with respect to either a continuous setting or a discrete setting. We derive some novel nonlinear
flows out of some non-convex energy functionals which are approximations of the constrained
optimization problems via regularization.

In Chapter 4, we study a unified model which aims for correcting two different types of displace-
ment errors (1.1.15) and (1.2.1), and consequently, two families of nonlinear flows are derived
and proposed for the two types of problems respectively. This is a continuation of the work
of Chapter 3, and we also make a discussion on the differences of the two types of discrete
optimization methods for (1.1.15) and (1.2.1). We show a convergence of the solutions in a
certain relaxed sense, and our numerical tests suggest some interesting properties on the behavior
of the two families of the generated PDEs. To the end, we apply the flows to correct for angular
sampling errors in tomography problems of the type (1.2.1) to show the efficiency of the method.

In Chapter 5, we consider a notion of edge scale for an image and develop an algorithm for
selecting different scales of edge sets of a given image. It is based on a newly established
iterative approach [GMS13] which use topological derivative to approximate the solution of
Mumford-Shah functional (1.1.16). We define a function which depends on the iteration index of
the topological derivative method. It is revealed that this function has the property to distinguish
different scales of the edge set of a synthetize image from the segmented algorithm. We apply
the total variation regularization to the function for selecting edge scales of nature images, which
provides some meaningful illustration to our algorithm.

In Chapter 6, we give an outlook for potential future work connected to the thesis. For the
sake of completeness, we include some additional mathematical background in Appendix A and
Appendix B, which is then followed up by an abstract of the thesis translated into German and an
academic CV (the CV is not attached in the formal submission).
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2
Convergence of Tikhonov Regularization for

Solving Ill-posed Operator Equations with
Solutions Defined on Surfaces

abstract

We study Tikhonov regularization for solving ill–posed operator equations where the solutions
are functions defined on surfaces. One contribution of this paper is an error analysis of Tikhonov
regularization which takes into account perturbations of the surfaces, in particular when the
surfaces are approximated by spline surfaces. Another contribution is that we highlight the
analysis of regularization for functions with range in vector bundles over surfaces. We also
present some practical applications, such as an inverse problem of gravimetry and an imaging
problem for denoising vector fields on surfaces, and show the numerical verification.

2.1 Introduction

We are interested in solving linear inverse problems

Fu = y, (2.1.1)

where F : U1 → U2 is a bounded operator between Hilbert spaces of functions defined on
surfaces. Note that the functions in spaces U1 and U2 might be defined on different surfaces
M1 andM2 respectively. Especially we pay attention to applications (see also Section 2.3 and
2.4) where U1 denotes a space of functions from a surfaceM1 into the vector bundle or into the
tangent vector bundle.

We assume that solving (2.1.1) is ill–posed and requires some regularization to approximate the
solution in a stable way. The regularization method of choice for solving (2.1.1) is Tikhonov
regularization, which consists in approximating a solution of (2.1.1) by a minimizer of the
functional

Tα,yδ(u) :=
∥∥∥Fu− yδ

∥∥∥2

U2
+ αR(u) (2.1.2)

over U1. Here yδ denotes some approximation of the exact data y, from which we assume that∥∥∥y− yδ
∥∥∥
U2
≤ δ. (2.1.3)
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Moreover, α > 0 is a regularization parameter, andR is an appropriate regularization functional.
In contrast to previous work [Gro84; Mor84; Tik+95; EHN96; Tan97; TLY98; Sch+09; Sch+12]
we are emphasizing on Hilbert spaces of functions defined on surfaces.

The analysis of Tikhonov regularization has advanced from a theory for solving ill–posed
operator equations in a Hilbert space setting, both in a finite and an infinite dimensional setting
(see for instance [TA77; Gro84; Mor84; Tan97; Han10]), to more complex situations, when F is
nonlinear [BG94; Tik+95; EHN96; TLY98] or with sophisticated regularization [BO04; RS06;
Hof+07; Sch+09; PRS10; Sch+12; MS12], and in statistical setting [KS05]. The analysis of
finite dimensional approximations of regularizers in infinite dimensional spaces (see for instance
[NS90; PRS10; Kir+15]) is highly relevant for this work. The results of [PRS10] are already
quite general, but do not cover approximations of solutions of (2.1.1) by functions defined on
approximating surfaces. Note that for functions in a infinite dimensional space defined on planar
subsets of an Euclidean domain, the finite dimensional discretization of the functions are also
defined on the same planar domain, and this is not the case anymore for a curved manifold
domain if the underlying manifold is approximated. In this paper the differential geometrical
concept of a pullback is used to compare functions defined on different surfaces.

The second issue of this paper is, that the solution of (2.1.1) may be a function with range in
a vector bundle. Consequently, when the surface is approximated also the vector bundle, or
in other words, the range of the function is varying by approximation. To resolve this issue
we consider vector fields represented with ambient bases. It is then presented in the paper that
the analysis of regularization for vector fields on surfaces can be incorporated into a general
framework developed for vector valued functions on surfaces.

We consider several applications and perform numerical tests. One example concerns reconstruct-
ing the magnetization from measurements of the magnetic potential [Bla96; Gub+11; Ger16].
Another numerical test example concerns vector field denoising. Our analysis on regularizing
tangent vector fields in ambient spaces provides a different point of view to existing work on
tangent vector field regularization (see for instance [LB08; KLS13; KLS15]).

The paper is organized as follows: In Section 2.2 we first review standard regularization results
in an infinite dimensional setting, and then perform a convergence analysis of Tikhonov regular-
ization taking into account approximated surfaces, which cannot be handled with the existing
theory. In Section 2.3, we introduce proper spaces for functions with range in vector bundles, and
discuss applications of the regularization theory for recovering vector fields in ambient spaces.
We make an additional discussion on recovering tangent vector fields there. Finally, in Section
2.4, we present some examples and verify the theoretical results numerically. The underlying
geometric concepts, including all the basic notations, are summarized but postponed to Appendix
2.6 in order to show the main ideas better.

2.2 Regularization for functions defined on surfaces

Below we first review results from the regularization literature (see [Gro84; EHN96; Sch+09]),
which provide well-posedness, convergence and stability of Tikhonov regularization. For this
purpose we summarize the basic assumptions needed throughout this paper.
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Assumption 2.2.1 (Chapter 3, [Sch+09]). In the context of Tikhonov regularization (2.1.2) we
make the following assumptions:

1. Let U1, U2 be two Hilbert spaces.

2. F : D(F ) ⊆ U1 → U2 is a bounded linear operator with domain D(F ), which is weakly
sequentially closed.

3. R : U1 → [0,∞] is a proper, convex, and sequentially weakly lower-semi continuous
functional satisfying D := D(R) ∩ D(F ) 6= ∅.

4. For every α, θ > 0 the sets Mα,y(θ) := {u ∈ U1 : Tα,y(u) ≤ θ} are weakly sequentially
compact.

2.2.1 Standard regularization theory

We review some regularization results from the literature:
Theorem 2.2.2 (Chapter 3, [Sch+09]). Let F ,R, D, U1 and U2 satisfy Assumption 2.2.1, and y
and yδ satisfy (2.1.3).

• Assume that α > 0. Then there exists a minimizer of Tα,yδ . If (yk)k∈N is a sequence
converging to y in U2, then every sequence

(uk := arg min {Tα,yk(u) : u ∈ D})k∈N

has a weakly convergent subsequence in U1, and the limit is a minimizer of Tα,y.

• If there exists u0 ∈ D such that
Fu0 = y. (2.2.1)

Then there exists anR minimizing solution u†. That is

R(u†) = min {R(u) : u ∈ D, Fu = y} .

• Assume that α = α(δ) : (0,∞)→ (0,∞) satisfies

α→ 0, δ
2

α
→ 0, as δ → 0. (2.2.2)

Let (yk)k∈N satisfy ‖y− yk‖U2
≤ δk and set αk = α(δk). Then every sequence (uk =

argmin {Tαk,yk(u) : u ∈ D}) has a weakly convergent subsequence, and the limit is an R-
minimizing solution.

• Moreover, if in addition u† satisfies a source condition, which assumes that there exists an
element W ∈ U2, such that

F ∗W ∈ ∂R(u†). (2.2.3)

Here ∂R(u†) denotes the subgradient ofR at u†, and F ∗ : U2 → U1 is the adjoint operator
of F .
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Then, theR-minimizing solution satisfies

BR(uk,u†) = O
(

max
{
δ2
k

αk
, αk

})
,

where BR(·, ·) denotes the Bregman distance with respect to the convex functional R, see for
instance [BO04].

2.2.2 Convergence analysis taking into account surface perturbations

In the following we study Tikhonov regularization, consisting in minimizing the functional Tα,yδ
in (2.1.2), where F : U1 → U2 is an operator between function spaces

Ui := Xi(Mi) := {xi :Mi → Rri} , for ri ∈ N+, and i = 1, 2,

of functions defined on surfacesMi, i = 1, 2, respectively. We consider families of surfaces
{Mi,σ}σ>0 approximating the surfaces Mi,0 := Mi, i = 1, 2. In what follows we use the
following abbreviations:

Ui,σ := Xi(Mi,σ) , ‖·‖i,σ := ‖·‖Ui,σ , i = 1, 2, σ > 0 , (2.2.4)

where we delete the superscript 0 in case σ = 0. That is ‖·‖1 = ‖·‖1,0. We need a few
assumptions on the approximating surfaces.
Assumption 2.2.3. Let {Mi,σ}σ>0 be a sequence of surfaces approximating the surfacesMi

for i = 1, 2, then we assume the following properties and estimates hold:

• For every i = 1, 2 and every σ ≥ 0, every surfaceMi,σ can be parametrized by a patch

mi,σ : Ωi ⊂ Rdi →Mi,σ ⊂ Rdi+1 , σ ≥ 0,

with the same parameter domain Ωi, and mi,σ is a bijection.

• The operators
Ti,σ : Ui → Ui,σ

xi 7→ xi ◦mi ◦ (mi,σ)−1 (2.2.5)

and the inverse
(Ti,σ)−1 : Ui,σ → Ui

xi,σ 7→ xi,σ ◦mi,σ ◦m−1
i

(2.2.6)

are uniformly bounded. Here by bounded we mean that there exists a real constant C such
that

‖Ti,σxi‖i,σ ≤ C ‖xi‖i and
∥∥∥(Ti,σ)−1xi,σ

∥∥∥
i
≤ C ‖xi,σ‖i,σ . (2.2.7)

• Let the family of operators Fσ : U1,σ → U2,σ, σ > 0 and the operator F : U1 → U2 satisfy

ρ(σ) :=
∥∥∥(T2,σ)−1FσT1,σ − F

∥∥∥→ 0 for σ → 0. (2.2.8)
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• LetRσ : U1,σ → [0,∞] with σ > 0 be the family of regularization functionals, then there
exists CM ∈ R such that

|Rσ(T1,σu)−R(u)| ≤ CMγ1(σ), (2.2.9)

holds uniformly for all u ∈ AM ⊂ U1, with AM := {x1 ∈ U1 : R(x1) ≤M} .

• There exists anR-minimizing solution u† of (2.1.1).

• yσ,yδσ ∈ U2,σ satisfy∥∥∥yσ − yδσ
∥∥∥

2,σ
= O(δ) and

∥∥∥(T2,σ)−1yσ − y
∥∥∥

2
= O(γ2(σ)) , (2.2.10)

where γ2(σ)→ 0 for σ → 0.
Remark 2.2.4 (On Assumption 2.2.3). For surfaces which can not be parametrized by a single
domain (such as a sphere), we assume that the domain can be covered by patches, and the above
assumption has to be satisfied on every patch.
Remark 2.2.5. (2.1.3), (2.2.7) and (2.2.10) actually implies that

max
{∥∥∥(T2,σ)−1yδσ − y

∥∥∥
2
,
∥∥∥yδσ − (T2,σ)y

∥∥∥
2,σ

}
= O(γ2(σ) + δ). (2.2.11)

For given data yδσ we consider the regularization strategy consisting in minimization of the
Tikhonov functional for uσ ∈ U1,σ,

Tα,σ,yδσ(uσ) :=
∥∥∥Fσuσ − yδσ

∥∥∥2

2,σ
+ αRσ(uσ). (2.2.12)

Theorem 2.2.6. Let the Assumptions 2.2.1, 2.2.3 hold. Moreover, assume that α := α(σ, δ)→ 0
for σ → 0, and δ → 0 and that

ρ2

α
→ 0, γ

2
2
α
→ 0, δ

2

α
→ 0 and γ1 → 0, for σ, δ → 0. (2.2.13)

Let (uk := uαk,σk,δk) be a sequence of minimizers of Tk := Tαk,σk,yk , defined in (2.2.12), with
yk := yδkσk satisfying (2.2.10). In addition we denote by

ǔk = T−1
1,kuk ∈ U1 (2.2.14)

the pullback of uk ontoM1, and Ti,k := Ti,σk for i = 1, 2 and k ∈ N.

• We use the abbreviations ρk := ρ(σk), γi,k := γi(σk) for i = 1, 2 and αk := α(σk, δk).
Then the limit of every convergent subsequence of (ǔk) is anR-minimizing solution.

• Moreover, assuming the source condition (2.2.3) holds, then, theR-minimizing solution
has the convergence rate by Bregman-distance

BR(ǔk,u†) = O
(

max
{
ρ2
k

αk
,
γ2

2,k
αk

,
δ2
k

αk
, γ1,k

})
.
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Proof. • To prove the first item let uk denote the minimizer of Tk. Moreover, we use the
abbreviations Fk = Fσk ,Rk = Rσk , and u†k = T1,ku†.

Then, according to the definition of a minimizer, we have (2.2.15)

‖Fkuk − yk‖22,k + αkRk(uk) ≤
∥∥∥Fku†k − yk

∥∥∥2

2,k
+ αkRk(u†k). (2.2.15)

Since the vector field u† solves Fu† = y, and (2.2.5) in Assumption 2.2.3 and Equations
(2.2.8), (2.2.11) hold, it follows that∥∥∥Fku†k − yk

∥∥∥2

2,k
=
∥∥∥T2,kT

−1
2,k (Fku†k − yk)

∥∥∥2

2,k

≤ C
∥∥∥T−1

2,k (Fku†k − yk)
∥∥∥2

2

= C
∥∥∥T−1

2,kFkT1,ku† − Fu† + y− T−1
2,kyk

∥∥∥2

2
= O(ρ2

k + γ2
2,k + δ2

k),

(2.2.16)

Applying (2.2.9), we find ∣∣∣∣Rk(u†k)−R(u†)
∣∣∣∣ = O(γ1,k). (2.2.17)

Using the estimates (2.2.16) and (2.2.17) in (2.2.15) shows that

‖Fkuk − yk‖22,k + αk
∣∣∣Rk(uk)−R(u†)

∣∣∣
=O

(
max

{
ρ2
k, γ

2
2,k, δ

2
k, αkγ1,k

})
.

(2.2.18)

From (2.2.13) and (2.2.18) it follows that {Rk(uk) : k ∈ N} is uniformly bounded, and
consequently it follows from (2.2.9) that∣∣∣∣R(ǔk)−Rk(uk)

∣∣∣∣ = O(γ1,k). (2.2.19)

Since ǔk := T−1
1,kuk, it follows from (2.2.6), (2.2.7), (2.2.18) and (2.2.19) that

∥∥∥T−1
2,kFkT1,kǔk − T−1

2,kyk
∥∥∥2

2
+ αk

(
R(ǔk)−R(u†)

)
≤C

(
‖Fkuk − yk‖22,k

)
+ αk

∣∣∣∣Rk(uk)−R(u†)
∣∣∣∣+ αk

∣∣∣∣R(ǔk)−Rk(uk)
∣∣∣∣

≤(1 + C)
(
‖Fkuk − yk‖22,k + αk

∣∣∣∣Rk(uk)−R(u†)
∣∣∣∣)+ αk

∣∣∣∣R(ǔk)−Rk(uk)
∣∣∣∣

=O
(
max

{
ρ2
k, γ

2
2,k, δ

2
k, αkγ1,k

})
.

(2.2.20)
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From the assumptions on the parameters (2.2.13) it follows after division of the inequality
by αk and taking the limit k →∞ afterwards that

lim sup
k
R(ǔk) ≤ R(u†),

and consequently also

lim
k

∥∥∥T−1
2,kFkT1,kǔk − T−1

2,kyk
∥∥∥2

2
= 0. (2.2.21)

It follows then from (2.2.21) and (2.2.8) that ‖F ǔk‖ is uniformly bounded.

Similarly as in [Sch+09, Theorem 3.26] it can be seen that for some fixed α0, there
is N0 ∈ N+ the set {Tα0,y(ǔk) : k ≥ N0} is uniformly bounded. Then by the weak
sequential compactness of the level sets of Tα0,y (Assumption 2.2.1), we have {ǔk} is
bounded in U1. Thus there is a weakly convergent subsequence of {ǔk}, for which we
denote the weak limit by ū ∈ U1.

Using (2.2.21) it follows that

‖F ū− y‖22
=
∥∥∥F ū− T−1

2,kFkT1,kū + T−1
2,kFkT1,kū− T−1

2,kyk + T−1
2,kyk − y

∥∥∥2

2
→ 0 .

This in particular shows that ū ∈ U1 solves (2.1.1). The weakly lower semi-continuity of
the functionalR(·) implies that

R(ū) ≤ lim inf
k
R(ǔk) ≤ lim sup

k
R(ǔk) ≤ R(u†),

which because u† is anR- minimizing solution tells us thatR(ū) = R(u†), and thus ū is
also anR- minimizing solution of (2.1.1).

• To prove the convergence rate result we reconsider (2.2.20) and the family of operators
{T−1

2,kFkT1,k : k ∈ N}. Using (2.2.8) in Assumption 2.2.3, it follows that∥∥∥T−1
2,kFkT1,k − F

∥∥∥ = O (ρk) .

Moreover, from (2.2.11) it follows that∥∥∥T−1
2,kyk − y

∥∥∥
2

= O(γ2,k + δk).

We can apply the results of [PRS10, Theorem 2.6] with the triangle inequality to taking
care of some additional error terms on the right side of (2.2.20), then we get

BR(ǔk,u†) = O
(

max
{
ρ2
k

αk
,
γ2

2,k
αk

,
δ2
k

αk
, γ1,k

})
.
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Remark 2.2.7. We note that if the parameters are chosen in the following way, ρ(σ) =
O(γ1(σ)) = O(γ2(σ)) = O(δ) (for instance by appropriate discretization) and α(σ, δ) = O(δ)
, then we derive the standard convergence rates

BR(ǔk,u†) = O (δk) .

Especially, if we chooseR(·) = ‖·‖21 , then we have

BR(ǔk,u†) =
∥∥∥ǔk − u†

∥∥∥2

1
= O (δk) .

Theorem 2.2.6 is a generalization of Theorem 2.2.2. Actually Theorem 2.2.2 is a trivial case of
Theorem 2.2.6 when σ ≡ 0.

In the following, we shortly discuss a case example in which Ui (i = 1, 2) are the Sobolev spaces
on surfaces (see [Heb99] for instance).
Example 2.2.8. Let Ui,σ := W ki,2(Mi,σ,Rri), for i = 1, 2, ki ∈ N and ri ∈ R+,

mi,σ ∈W ki,∞(Ωi,Mi,σ) and m−1
i,σ ∈W

ki,∞(Mi,σ,Ωi). (2.2.22)

We have Ti,σ and T−1
i,σ are bounded. Moreover, let

γi(σ) := ‖mi,σ −mi‖Wki,∞(Ωi) (2.2.23)

and assume that γi : R+ → R is uniformly bounded, monotonically increasing, and satisfies
the convergence γi(σ) → 0 as σ → 0 . For a general operator equation (2.1.1) of which
the data satisfies (2.1.3), we consider its Tikhonov regularization approximation (2.1.2) with
R(·) = ‖·‖2U1

. Then (2.2.7), (2.2.9) and (2.2.10) are also fulfilled.
Remark 2.2.9. In particular if ki = 2 and mi,σ is a uniform cubic spline approximation with
grid size h < 1 of mi which is C2-smooth, then the condition (2.2.22) holds and the quantity in
(2.2.23) can be estimated explicitly, see for instance [AN63], that is

γi(h) := ‖mi,h −mi‖W 2,∞(Ωi) = O(h). (2.2.24)

Remark 2.2.10. Note the condition (2.2.8) has to be further checked for individual operators
F and Fσ. The source condition (2.2.3) may require more smoothness on the non-disturbed
surfacesM1 andM2. For example: if F : W 1,2(M1)→ L2(M1) is the embedding operator,
andR(·) = |·|W 1,2(M1), then condition (2.2.3) reads as

−∆Mu† ∈ L2(M1),

where ∆M denotes the Laplace–Beltrami operator. It asks that m1 ∈W 2,∞(Ω1), which has one
order regularity higher than W 1,∞(Ω1) given in (2.2.22).
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2.3 Application to recover vector fields in ambient spaces

In this section, we are studying an ill-posed operator equation, of which the solution is a function
with range in a vector bundle over a surface. A typical case is like a tangent vector field
ũ :M→ TM (see Appendix 2.6). As a consequence, in case of surface perturbations, also the
range of the function ũ is perturbed and we get the approximation

ũσ :Mσ → TMσ.

To take this into account we consider vector fields represented by the basis in the ambient space
Rd+1 of the surfaceM, which consist of vector valued functions u :M→ Rd+1.

We start by introducing some appropriate function spaces. The relevant geometric notations are
summarized in Table 2.2 from the Appendix 2.6.

2.3.1 Spaces of functions with range in a vector bundle

Before introducing the function spaces we outline a basic assumption first:
Assumption 2.3.1. Let M ∈ Rd+1 be a d-dimensional, differentiable surface, such that the
surface gradient (cf. Definition 2.6.2) of the unit normal vector n of the surface satisfies

‖∇Mn‖L∞(M) ≤ Cc, (2.3.1)

for some appropriate constant Cc. Here

‖∇Mn‖L∞(M) := sup
x∈M

{|∇Mn(x)|}

and |·| denotes the Frobenius norm of a matrix.

In fact, (2.3.1) is a uniform bound on the extrinsic curvature of the surfaceM. The surface
gradient operator ∇M· should not be confused with the covariant derivative ∇̃· (see Definition
2.6.3 in Appendix). Note that the latter is only defined for functions with range in the tangent
bundle and does not involve the metric of the surface. ∇Mn is sometimes referred as shape
operator in the literature.
Definition 2.3.2. Let L2(M) denote the space of square integrable, scalar, vector, and matrix
valued functions onM. The inner products and norms are defined by

〈U1, U2〉L2(M) :=
∫
M
U1 · U2 ds(x), ‖U‖2L2(M) = 〈U,U〉L2(M) ,

respectively. Here s(x) denotes the d-dimensional surface measure. Note that if U1, U2 are
scalar valued functions, then · denotes multiplication of numbers and for vectors and matrices ·
denotes component wise multiplication. |·| (without any subscript) denotes the Euclidean norm
of a vector or the Frobenius norm of a matrix.
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We define the sets

H̃1
T (M) :=

{
ũ :M→ Rd+1 : ũ(x) ∈ TxM, ∀x ∈M, ‖ũ‖H̃1

T (M) <∞
}
,

H1
N (M) :=

{
n :M→ Rd+1 : n(x) ∈ NxM, ∀x ∈M, ‖n‖H1

N (M) <∞
}
,

H1(M) :=
{

u = ũ + n : ũ ∈ H̃1
T (M), n ∈ H1

N (M), ‖u‖H1(M) <∞
}
,

H1(M) :=
{

u :M→ Rd+1 : ‖u‖H1(M) <∞
}
,

(2.3.2)

where TxM and NxM are the tangent and normal spaces, respectively (see Appendix 2.6).

The associated inner products and norms for

A ∈
{
H̃1
T (M) ,H1

N (M) ,H1(M) , H1(M)
}
,

respectively, are defined by

〈u1,u2〉A := 〈u1,u2〉L2(M) + 〈U1, U2〉L2(M) ,

‖u1‖2A := 〈u1,u1〉A and |u1|A := ‖U1‖L2(M) .
(2.3.3)

Note that

Ui =


Pτ∇Mui for ui ∈ A = H̃1

T (M),
Pn∇Mui for ui ∈ A = H1

N (M),
Pτ∇M(Pτui) + Pn∇M(Pnui) for ui ∈ A = H1(M),

∇Mui for ui ∈ A = H1(M),

i = 1, 2,

where the definitions of Pτ and Pn can be found in Appendix 2.6 (2.6.3).

In the following we prove that these spaces are in fact Hilbert spaces. Moreover, we prove some
equivalent relations to the standard Sobolev space H1(M) which is another way to denote the
space W 1,2(M,Rd+1) (c.f. Example 2.2.8).
Lemma 2.3.3. Let H1(M), H̃1

T (M) and H1
N (M) as defined in (2.3.2). Then H1(M) is the

direct sum of H̃1
T (M) andH1

N (M), that is,

H1(M) = H̃1
T (M)⊕H1

N (M).

Proof. First we prove that H̃1
T (M)+H1

N (M) = H1(M). By definition H̃1
T (M)+H1

N (M) ⊂
H1(M). On the other hand Let ũ = Pτu and n = Pnu, then u = ũ + n, and thusH1(M) ⊂
H̃1
T (M) +H1

N (M).

It remains to prove that H̃1
T (M) and H1

N (M) are orthogonal with respect to ‖·‖H1(M). For

every ũ ∈ H̃1
T (M) and n ∈ H1

N (M), we have

〈ũ,n〉H1(M) =
〈
Pτ ũ(x),Pτn(x)︸ ︷︷ ︸

=0

〉
H̃1
T (M)

+
〈
Pnũ(x)︸ ︷︷ ︸

=0

,Pnn(x)
〉
H1
N (M)

.

Thus, also the orthogonality is proven.
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In the following we prove auxiliary results, which show embeddings of the spaceH1(M).
Lemma 2.3.4. Let Assumption 2.3.1 hold. Then the projection operators Pτ and Pn are continu-
ous from the standard Sobolev space H1(M) to H̃1

T (M) andH1
N (M), and in particular satisfy:

max
{
‖Pτu‖2H1(M) , ‖Pnu‖2H1(M)

}
≤ (1 + (1 + Cc)2) |u|2H1(M) . (2.3.4)

Proof. From the definition of (2.3.3) it follows that

|Pτu|H1(M) = ‖Pτ∇M(Pτu) + Pn∇M(PnPτu)‖L2(M) = ‖Pτ∇M(Pτu)‖L2(M) .

Then, by using Lemma 2.6.5, and the triangle inequality it follows that

|Pτu|H1(M) =
∥∥∥Pτ∇Mu− (nTu)∇Mn

∥∥∥
L2(M)

≤‖Pτ∇Mu‖L2(M) +
∥∥∥(nTu)∇Mn

∥∥∥
L2(M)

.
(2.3.5)

Because, for x ∈M, the Frobenius-norm of (nT (x)u(x))∇Mn(x) satisfies∣∣∣(nT (x)u(x))∇Mn(x)
∣∣∣ =

∣∣∣nT (x)u(x)
∣∣∣ |∇Mn(x)| ,

it follows from (2.3.1) and Cauchy-Schwarz inequality on Rd+1 that∥∥∥(nTu)∇Mn
∥∥∥2

L2(M)
=
∫
M

∣∣∣(nTu)∇Mn
∣∣∣2 ds(x)

≤ ‖∇Mn‖2L∞(M)

∫
M
|〈n,u〉|2 ds(x)

≤ C2
c

∫
M
|u|2 ds(x) .

(2.3.6)

Using (2.3.6) and (2.6.4) in (2.3.5) then shows that

|Pτu|H1(M) ≤ ‖∇Mu‖L2(M) + Cc ‖u‖L2(M) ≤ (1 + Cc) ‖u‖H1(M) .

From this it directly follows that

‖Pτu‖2H1(M) = ‖Pτu‖2L2(M) + |Pτu|2H1(M) ≤ (1 + (1 + Cc)2) ‖u‖2H1(M) .

Moreover, from the definition of H1(M), (2.3.3), it follows that

|Pnu|H1(M) = ‖Pn∇MPnu‖L2(M) . (2.3.7)
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Then, by using Lemma 2.6.5, the triangle inequality, and the fact that the Frobenius norm is
sub-multiplicative it follows that

‖Pn∇MPnu‖L2(M) =
∥∥∥Pn∇Mu + nuT∇Mn

∥∥∥
L2(M)

≤ ‖Pn∇Mu‖L2(M) +
√∫
M
|nuT∇Mn|2 ds(x)

≤ ‖Pn∇Mu‖L2(M) +
√∫
M
|nuT |2 |∇Mn|2 ds(x)

≤ ‖Pn∇Mu‖L2(M) + Cc

√∫
M
|nuT |2 ds(x) .

(2.3.8)

Since for a matrix nuT the spectral and the Frobenius norm are identical and satisfy
∣∣∣nuT

∣∣∣ =
|n| |u| = |u| [GVL96], we get from (2.3.8)

‖Pn∇MPnu‖L2(M) ≤ ‖∇Mu‖L2(M) + Cc ‖u‖L2(M) . (2.3.9)

Combining (2.3.7) and (2.3.9), it then follows that

|Pnu|H1(M) ≤ (1 + Cc) ‖u‖H1(M) .

In summary, we have

‖Pnu‖2H1(M) = ‖Pnu‖2L2(M) + |Pnu|2H1(M) ≤ (1 + (1 + Cc)2) ‖u‖2H1(M) .

Moreover, we have the equivalence betweenH1(M) and H1(M).
Lemma 2.3.5. Let Assumption 2.3.1 hold. Then ‖·‖H1(M) and ‖·‖H1(M) (see (2.3.2)) are
equivalent onH1(M).

Proof. We first show that

‖u‖H1(M) ≤
√

2(1 + (1 + Cc)2) ‖u‖H1(M) , ∀u ∈ H1(M).

This follows from Assumption 2.3.1, Definition 2.3.2 and Lemma 2.3.4 together with

‖u‖2H1(M) = ‖Pτu‖2H1(M) + ‖Pnu‖2H1(M) ≤ 2(1 + (1 + Cc)2) ‖u‖2H1(M) .

Now, we show that
‖u‖H1(M) ≤

√
(4C2

c + 2) ‖u‖H1(M) .

Since Pτu + Pnu = u, and by orthogonality of Pτu and Pnu in L2(M) it follows that

‖u‖2L2(M) = ‖Pτu‖2L2(M) + ‖Pnu‖2L2(M) .
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Then, from Lemma 2.6.5, it follows that

Pτ∇M(Pτu) + Pn∇M(Pnu) = ∇Mu− nTu∇Mn+ nuT∇Mn.

and therefore from the definition ofH1(M) (2.3.3) it follows that

|u|2H1(M) =
∥∥∥∇Mu− nTu∇Mn+ nuT∇Mn

∥∥∥2

L2(M)
.

Again by triangle inequality, and using the estimates used in (2.3.8) in Lemma 2.3.4, it follows
that

‖∇Mu‖L2(M) ≤
∥∥∥∇Mu− nTu∇Mn+ nuT∇Mn

∥∥∥
L2(M)

+
∥∥∥nTu∇Mn

∥∥∥+
∥∥∥nuT∇Mn

∥∥∥
L2(M)

≤ |u|H1(M) + 2Cc ‖u‖L2(M) .

Hence, ‖∇Mu‖2L2(M) ≤ |u|
2
H1(M) + 4C2

c ‖u‖
2
L2(M) , and we get the estimate

‖u‖2H1(M) ≤ (4C2
c + 2) ‖u‖2H1(M) .

Remark 2.3.6 (on Lemma 2.3.5). Note that the equivalence of the norms ‖·‖H1(M) and ‖·‖H1(M)
of the spacesH1(M) and H1(M) is based on the uniform boundedness of the curvature ofM
(cf. Assumption 2.3.1).

While Lemma 2.3.5 guarantees equivalence of the norms, this does not induce equivalence of the
seminorms |·|H1(M) and |·|H1(M).

With the discussion above, we can conclude that the spaces introduced in Definition 2.3.2 are
actually Hilbert spaces.
Theorem 2.3.7. The spacesH1(M), H̃1

T (M) andH1
N (M) associated with the inner products

〈·, ·〉H1(M), 〈·, ·〉H̃1
T (M) and 〈·, ·〉H1

N (M), respectively, are Hilbert spaces.

Proof. The first assertion follows by the equivalence of the Sobolev space H1(M) andH1(M).
The second and the third ones are fulfilled because they are orthogonal subspaces ofH1(M) and
complement each other there. Hence H̃1

T (M) andH1
N (M) are closed subspaces and thus they

are Hilbert spaces.

Remark 2.3.8. We emphasize that all the norms in the Definition 2.3.2 are independent of the
parametrization. The independence follows by the invariance of the surface gradient ∇M (cf.
Lemma 2.6.4), as well as the projection operators Pτ and Pn, with respect to the parametrizations.
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We also note that |ũ|H̃1
T (M) is a seminorm, which can be expressed via the covariant derivative

(cf. Definition 2.6.3): According to (2.6.10), we have

|ũ|2H̃1
T (M) =

∫
M
|Pτ (x)∇Mũ(x)|2 ds(x)

=︸︷︷︸
(2.6.10)

∫
M

∣∣∣(∇̃ũ(x)(∂m(ζ))†)
∣∣∣2 ds(x)

=
∫
M

Tr
((
∇̃ũ(x)(∂m(ζ))†)

) (
∇̃ũ(x)(∂m(ζ))†)

)T)
ds(x)

=︸︷︷︸
(2.6.5)

∫
M

Tr
((
∇̃ũ(x)

)
g−1

(
∇̃ũ(x)

)T)
ds(x),

where Tr denotes the operator to extract the trace of a matrix.

2.3.2 Regularization theory for vector fields

We proceed to discuss the regularization theory with respect to the specific spaces X1(M1) =
H1(M1) and X2(M2) = L2(M2), which are useful for many applications. In practice, it is
common to consider the following type of regularization functional

R(u) :=
∫
M1

R(Pτ∇MPτu + Pn∇MPnu) (2.3.10)

where R(·) is a real, non-negative, local Lipschitz and convex function, and thus

R : H1(M1)→ [0,+∞]

is proper, convex and weakly lower semi-continuous. Since the spaces are fixed, we can have a
precise smoothness characterization on surfacesM1,σ andM2,σ.
Corollary 2.3.9. For every i = 1, 2, and every σ ≥ 0, let (2.2.22) and (2.2.23) hold for k1 = 2,
and k2 = 0, and let the regularization functional R be given as in (2.3.10), then the estimates
(2.2.5)–(2.2.7), (2.2.9) and (2.2.10) hold for H1(M1,σ) and L2(M2,σ), as well the curvature
estimate (2.3.1) holds forM1,σ.
Remark 2.3.10. We point out that in order to have compatibility between the smoothness of
surfaces and the regularity of the spaces, we ask the parametrization map m1,σ ∈W 2,∞(Ω1) on
the surfaces for spaces H1(M1,σ), but only ask m1,σ ∈ W 1,∞(Ω1) for spaces H1(M1,σ) (c.f.
Example 2.2.8).

In company with Assumption 2.2.1 and Corollary 2.3.9, we can apply the results from Theorem
2.2.2 and Theorem 2.2.6 to the regularization of problem (2.1.1) associated with vector fields
represented in ambient coordinates.
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2.3.3 Recovering tangent vector fields

We restrict ourselves to solving problem (2.1.1), where the operator F̃ is applied to functions
with range in the tangent bundle only. We rewrite (2.1.1) as (2.3.11) in this particular case

F̃ ũ = y, for ũ ∈ Ũ1. (2.3.11)

The ambient approach requires to extend the operator F̃ and the associated Hilbert space Ũ1 to
the space U1 which is for vector fields represented in ambient coordinates.

For the sake of simplicity, we select the concrete representation

Ũ1 = H̃1
T (M1) with R̃(·) = |·|2H̃1

T (M1) ,R(·) = |·|2H1(M1) , and U2 = L2(M2).

For all ũ ∈ H̃1
T (M1) we have Pnũ = 0, hence it follows that

|ũ|2H̃1
T (M1) =

∫
M
|Pτ (x)∇MPτ (x)u(x)|2 ds(x) = |ũ|2H1(M1) .

Note that |·|2H1(M1) is well-defined on bothH1(M1) and H̃1
T (M1), and thus it can be considered

as an extension of the functional |·|2H̃1
T (M1) to ambient space.

In the following we define an ambient operator F of F̃ and the associated ambient operator
equation, respectively.
Definition 2.3.11. The ambient operator F : H1(M1)→ L2(M2) is a bounded linear operator
which extends F̃ from H̃1

T (M1) toH1(M1). That is

Fu = F̃u for all u ∈ H̃1
T (M1).

We consider solving the system of equations(
F

Pn

)
u =

(
y
0

)
. (2.3.12)

We call (2.3.12) the ambient operator equation for tangent vector fields. The second equation of
the system ensures that u is tangential.

Tikhonov regularization for solving the ambient operator equation (2.3.12) consists in minimiza-
tion of the energy functional

Tα,yδ(u) :=
∥∥∥Fu− yδ

∥∥∥2

L2(M2)
+ ‖Pnu‖2L2(M1) + α |u|2H1(M1) . (2.3.13)

Lemma 2.3.12. Assume that D̃(F̃ ) = H̃1
T (M1) and that Assumptions 2.2.1 and 2.3.1 hold for

(2.3.11). Let F be the extended operator introduced in Definition 2.3.11. Then the following
assertions hold:

1. |·|2H1(M1) : H1(M1)→ [0,+∞) is a proper, convex, and weakly lower-semi continuous
functional satisfying D := D(|·|2H1(M1)) ∩ D(F ) = H1(M1).
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2. ũ0 ∈ H̃1
T (M1) is a |·|2H̃1

T (M1) seminorm minimizing solution of (2.1.1) if and only if it is

a |·|2H1(M1) seminorm minimizing solution of (2.3.12).

To prove convergence of the regularization method we still need the following compactness
results.
Lemma 2.3.13. Let the same assumptions as in Lemma 2.3.12 hold. Then, for every α, θ > 0,
the sets

Mα,y(θ) :=
{

u ∈ H1(M1) : Tα,y(u) ≤ θ
}

are weakly sequentially compact inH1(M1).

Proof. For every u ∈ H1(M1), by Definition 2.3.2 and Lemma 2.3.3, we have

u = Pτu + Pnu = ũ + n,

where ũ ∈ H̃1
T (M1) and n ∈ H1

N (M1). By Definition 2.3.11, the operator F fulfils∥∥∥Fu− F̃ ũ
∥∥∥2

L2(M2)
= ‖Fn‖2L2(M2). Now, we use the Peter–Paul inequality with ε > 0 and get

∥∥∥F̃ ũ− y
∥∥∥2

L2(M2)
=
∥∥∥F̃ ũ− Fu + Fu− y

∥∥∥2

L2(M2)

≤ (1 + ε) ‖Fn‖2L2(M2) + (1 + 1
ε

) ‖Fu− y‖2L2(M2) ,

and consequently it follows that

Tα,y(u)
= ‖Fu− y‖2L2(M2) + ‖Pnu‖2L2(M1) + α |u|2H1(M1)

≥ ε

1 + ε

∥∥∥F̃ ũ− y
∥∥∥2

L2(M2)
− ε ‖Fn‖2L2(M2) + ‖Pnu‖2L2(M1) + α |u|2H1(M1) .

(2.3.14)

Since |u|2H1(M1) = |ũ|2H̃1
T (M1) + |n|2H1

N (M1), and let

T̃α,y(ũ) :=
∥∥∥F̃ ũ− y

∥∥∥2

L2(M2)
+ α |ũ|2H̃1

T (M1) ,

it follows from (2.3.14) that

Tα,y(u) ≥ ε

1 + ε
T̃α,y(ũ) + α

1 + ε
|ũ|2H̃1

T (M1)

+ ‖n‖2L2(M1) − ε ‖Fn‖2L2(M2) + α |n|2H1
N (M1) .

Choosing ε = min
{

α
2‖F‖2 ,

1
2‖F‖2

}
, we get

‖n‖2L2(M1) − ε ‖Fn‖2L2(M2) + α |n|2H1
N (M1)

≥2ε ‖F‖2 ‖n‖2H1(M1) − ε ‖F‖
2 ‖n‖2H1(M1) ,
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and subsequently, we have

Tα,y(u) ≥ ε

1 + ε
T̃α,y(ũ) + α

1 + ε
|ũ|2H̃1

T (M1) + ε ‖F‖2 ‖n‖2H1(M1) .

This estimate shows that every level set of Tα,y is uniformly bounded inH1(M1) and thus has a
weakly convergent subsequence inH1(M1). Because of the weak-lower semi-continuity of the
norms and seminorms and the boundedness of F it follows that the limit is also an element of the
level set, which gives the assertion.

The conditions in Assumption 2.2.3 and 2.3.1 are satisfied by Corollary 2.3.9, except the estimate
(2.2.8) on operators.
Lemma 2.3.14. Let (2.2.8) hold for the operator F in (2.3.12) for every σ ≥ 0, and let (2.2.22)
and (2.2.23) hold for k1 = 2, k2 = 0, define

ρa(σ) :=
∥∥∥∥∥
(
T−1

2,σFσT2,σ

T−1
1,σPnσT1,σ

)
−
(
F

Pn

)∥∥∥∥∥ .
Then we have the following estimates for the operator system

( F
Pn
)

in (2.3.12),

ρa(σ)→ 0 for σ → 0,

and in particular
ρa(σ) = O(ρ(σ) + γ1(σ)).

Lemma 2.3.12 and 2.3.13 guarantee that Assumption 2.2.1 is satisfied for the ambient operator
equation (2.3.12). Assumptions 2.2.3 and 2.3.1 are verified as well because of Corollary 2.3.9,
Lemma 2.3.14. Then we can extend Theorem 2.2.2 and Theorem 2.2.6 for (2.3.12), the ambient
operator equation for tangent vector fields, with exact and disturbed surfaces respectively.

2.4 Examples

In the following we present examples of applying Tikhonov regularization for an ill-posed
problem and an image problem of which the solutions are vector fields defined on surfaces.

2.4.1 Magnetization reconstruction

We consider a modelling for an inverse problem of reconstructing the Earth’s magnetizations
from measurement of the magnetic potential (see [Ger16] for a recent reference), which consists
in solving the operator equation

y = Fu where Fu := 1
4π

∫
S3

1

〈
u(x),∇y

1
|x− y|

〉
ds(x). (2.4.1)

HereM1 = S3
1 denotes the surface of the Earth, u : S3

1 → R3 denotes the vectorial magnetization
of the Earth and y : S3

2 ⊂ R3 → R denotes the magnetic potential data on the (satellite) orbit
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M2 = S3
2 . Moreover, 〈·, ·〉 denotes the Euclidean inner product in R3 and ∇y denotes the

gradient in Euclidean space with respect to y. We assume that the interior of the satellite orbit
strictly contains S3

1 .

For the sake of simplicity of presentation we assume a 2 dimensional setting, that u, y are
constants in one Euler angle of S3

1 and S3
2 respectively. Then Equation (2.4.1) simplifies to

y = Fu where Fu :=
∫
S1
〈u(x),∇y log(|y − x|)〉 ds(x), (2.4.2)

where S1 and S2 denote the rectifiable, planar curves, which are the restrictions of S3
1 and S3

2
to the 2 dimensional Euclidean plane and 〈·, ·〉 denotes the Euclidean inner product in R2. For
simplicity, we ignore a constant ( 1

2π ) multiplication with the integral in (2.4.2). In the left image
of Figure 2.1, the geometry of the experiment is sketched. We plot simulated data y according
to some test data u†, and some noisy data, yδ, which is obtained by adding Gaussian noise to
y. As a case example, we assume that the lodestones are distributed only on a part of the upper

FIGURE 2.1: The left image illustrates the problem setting. The right image
shows some noisy magnetic potential data (with NSR=0.5) corresponding to the

magnetization u† = [40x3
1x2,−40x4

1]T .

half of the unit sphere S+
1 which simulates the earth. We denote functions in H1(S1), which

have support on the upper hemi-sphere, byH1(S+
1 ). This is numerically convenient, since this

assumption allows to parametrize all functions with just one patch. We consider now F as the
operator

F : H1(S+
1 )→ L2(S2).

Let us define

Ĉ := sup
y∈S2

 sup
x∈S+

1

|∇y(log(|y − x|))|

 ,
and we know that it is finite since S2 and S1 have a positive distance. Then, we have

‖F‖ ≤
√
|S2|

∣∣∣S+
1

∣∣∣Ĉ,
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because of

‖Fu‖2L2(S2) =
∫
S2

(∫
S+

1

〈u(x),∇y(log(|y − x|))〉 ds(x)
)2

ds(y)

≤ Ĉ2 |S2|
∣∣∣S+

1

∣∣∣ ∫
S+

1

|u(x)|2 ds(x).

We point out that, in general, the 2-dimensional function u in (2.4.2) cannot be uniquely recon-
structed from a 1-dimensional equation. If we restrict attention to tangential fields, that is u† is
tangential to S1, then the dimensions match, and one obtains a unique solution. Here and in the
later we will restrict to this case. Motivated by this, we consider regularization by the Tikhonov
functional

min
u∈H1(S+

1 )

∥∥∥Fu− yδ
∥∥∥2

L2(S2)
+
∥∥∥nTu

∥∥∥2

L2(S1)
+ α |u|2H1(S1) . (2.4.3)

On a one dimensional curve, using Definition 2.3.2 the explicit form of the regularization
functional becomes

|u|2H1(S1) =
∫
S1

(∂s〈u, n〉)2 + (∂s〈u, τ〉)2ds(x),

where ∂s denotes the derivative along the curve S1 with respect to arclength, and τ is then a unit
tangent vector field of S1.

Numerical tests

In our numerical test example we take S+
1 from the upper half part of a circle of radius 1 and let

S2 be an ellipse with short radius 2 and long radius 3. Let S+
1 be parametrized as the function

graph [x1, x2]T = [t,
√

1− t2]T , where t ∈ [−0.9, 0.9]. We use the uniform cubic B-splines
to approximate S+

1 and note it as S+
1 [h1]. S2 is approximated piecewise linearly by polygons

S2[h2]. We first test an example of direct reconstruction without regularization, and the results (in
Figure 2.2) show that the problem is highly ill-posed and the solution by a least square inversion
completely losses the expected information.

FIGURE 2.2: A direct reconstruction without regularization.
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Taking into account the discretization of the surfaces, we have the functional (2.4.3) in an
approximated form∥∥∥Fhuh − yδ

∥∥∥2

L2(S2[h2])
+
∥∥∥nThuh

∥∥∥2

L2(S1[h1])
+ α |uh|2H1(S1[h1]) .

The corresponding optimality condition is

F ?hFhuh + nhn
T
huh + α

(
τh∂

2
sh
〈u, τh〉+ nh∂

2
sh
〈u, nh〉

)
= F ?hyδ, (2.4.4)

where τh and nh denotes the unit tangent and the unit normal vector field on S+
1 [h1] respectively,

and F ?h is the dual operator of Fh in L2 sense, that is

F ?hy =
∫
S2[h2]

y(y) y − x
|y − x|2

dsh(y).

In the implementation, we use linear finite element methods for solving the problem (2.4.4). In
the first example, we reconstruct the magnetization from the noisy data produced from a tangent
vector field u† = [40x3

1x2,−40x4
1]T with [x1, x2]T ∈ S+

1 the coordinates in ambient space. The
results are presented in Figure 2.3, where we show a selection of plots by varying the noise level
δ and the parameter α, as well as the discretization scale h. The parameters are chosen to satisfy
δk = C1αk = C2hk with C1 and C2 are constants, such that the assumption (2.2.13) is fulfilled.
The numerical results in Figure 2.3 are in accordance with the first statement of Theorem 2.2.6.

Another set of tests is made to distinguish the behaviours of the two semi-norms which are
defined in (2.3.2) for regularization. In this example, we set the ideal solution to be u†(x) =
[10x2 + 5x1, 5x2 − 10x1]T with [x1, x2]T ∈ S+

1 , that is a vector field composed with constant
amplitudes on both tangent and normal fields of S+

1 , and we let the noise signal ratio be
NSR = 0.5 in the data. Note that in this example, we do not enforce the tangential constraint,
hence we approximate the solution by the minimizer of∥∥∥Fu− yδ

∥∥∥2

L2(S2)
+ α |u|2H1(S1) .

The numerical results are presented in Figure 2.4, where the results regularized by using the
square of H1(S1) semi-norm (2.4.5) are also provided for comparison

R(u) = |u|2H1(S1) . (2.4.5)

We visualize for the regularization parameters which give the best approximation of the solutions.
We find that in this particular example, it is not possible to find a good reconstruction by
minimizing with the functional (2.4.5).

2.4.2 Convergence rates for vector field denoising

We consider denoising of a 2 dimensional vector field yδ = uδ defined on a 1 dimensional curve
S. In this example, we have the coincidence of the two surfaces, that isM1 =M2 = S, and
F : H1(S)→ L2(S) is the embedding operator.
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FIGURE 2.3: The results obtained by minimizing the Tikhonov functional to
approximate u† = [40x3

1x2,−40x4
1]T , [x1, x2]T ∈ S+

1 with a decreasing level
of noise, for decreasing regularization parameters and discretization sizes.
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FIGURE 2.4: The above two images plot the reconstructed vector field with
the squared H1(S1)-seminorm in the ambient space coordinates. The below
ones are results with ordinary squared H1(S1)-seminorm (2.4.5). Here u†(x) =

[10x2 + 5x1, 5x2 − 10x1]T = 10τ + 5n.

Let (Sh)h≥0 and (uδh)h≥0 be the sequences of the approximating curves of S and data defined
on Sh, respectively, Tikhonov regularization consists in minimizing the functional

min
uh∈H1(Sh)

∥∥∥uh − uδ
∥∥∥2

L2(Sh)
+ α |uh|2H1(Sh) .

In our tests S is the graph of a sine function [x1, x2]T = [t, sin(t)]T with t ∈ [0, 2π) (cf. Figure
2.5). Sh is the approximation of uniform cubic B-splines. In this way, Sh is a C2 approximation
which satisfies Corollary 2.3.9.

We test for the synthetic solution

u†(x) =8(x2)τ + 4 cos(x1)n

=4

 2x2 cos(x1)−cos(x1)√
1+cos2(x1)

2x2+cos2(x1)√
1+cos2(x1)

 for x = [x1, x2]T ∈ S.

In this particular example the source condition (2.2.3) reads as follows:(
τ∂2

s (8x2)) + n∂2
s (4 cos(x1))

)
∈ L2(S),

which is easy to verify.
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For the implementation, we approximate u by piecewise linear functions with a uniform step size
hu. We denote the discretization size of Sh by hs. Then Sh contributes a surface disturbance to
S with an error bound of the order of γ(hs) according to our assumption. The results are shown
in Table 2.1, where we selectively show the residuals computed in the experiments. We halve all
the parameters for the selected steps, including the regularization parameter αk, the noise level
δk and the discretization sizes hs,k and hu,k. The parameters then satisfy δ2

k
αk

= O(δk), and the

order of O(γk) is very close to the order of O(αk) in the tests, that is γ2
k
αk

= O(γk), γk = O(δk).
We find that the numerical rates coincide with the results obtained in the second statement of
Theorem 2.2.6 ∣∣∣ǔk − u†

∣∣∣2 = O(δk).

FIGURE 2.5: Approximation of curves by different scales of discretization.

2.5 Conclusion

In this paper we have studied Tikhonov regularization for solving ill–posed operator equations
where the solutions are functions defined on surfaces, and especially we emphasize on the
functions with range in vector bundles. Such problems appear in a variety of applications such as
recovering magnetization from magnetic potential, vector fields denoising on surfaces and so on.
We extended the existing theory on approximation of infinite dimensional Tikhonov regularized
solutions for ill–posed operator equations to the surface setting. The theory has been generalized
to the case of vector fields, where they are represented by vector valued functions associated to
the coordinates in ambient spaces of the surfaces. The additional features of this theory are that it
allows to take into account perturbations of the surface and the vector bundle, and it provides an
analysis on the convergence and convergence rates which may give an optimal regularization
parameter choice.
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TABLE 2.1: Convergence rates of vector field denoising on curves

NSR( ‖δ‖L2

‖u†‖
L2

) 1 0.5 0.25 0.125 0.625

α 0.04 0.02 0.01 0.005 0.0025
hs,1 = 0.5π γ1 = 1.8371 hu,1 = 0.02π∣∣∣ǔ1 − u†

∣∣∣2 366.3082 228.1245 133.0704 77.8783 48.6980
hs,2 = 0.25π γ2 = 0.8211 hu,2 = 0.01π∣∣∣ǔ2 − u†

∣∣∣2 347.8737 200.5511 110.7511 62.4273 37.5464
hs,3 = 0.125π γ3 = 0.3866 hu,3 = 0.005π∣∣∣ǔ3 − u†

∣∣∣2 276.7971 166.7043 94.3003 54.0387 33.1077
hs,4 = 0.0625π γ4 = 0.1922 hu,4 = 0.0025π∣∣∣ǔ4 − u†

∣∣∣2 242.3850 150.7489 90.4440 55.0508 34.8112
hs,5 = 0.03125π γ5 = 0.0971 hu,5 = 0.00125π∣∣∣ǔ5 − u†

∣∣∣2 268.2314 158.8666 90.0663 52.4830 32.7122
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2.6 Appendix: Background on surfaces and vector fields

Throughout this paper we use some geometrical notations which are collected in Table 2.2.

TABLE 2.2: Notation corresponding to the geometry

Notation Remark Notation Remark
M a parametrizable surface g metric tensor
m mapping m : Ω→M ∂m Jacobian of m
TM tangent vector bundle NM normal vector bundle
Pτ tangent projection Pn normal projection
n unit normal vector g(·, ·) inner product on TM
∂im tangent basis vector

Let (M, g) be a d-dimensional smooth, oriented, connected and compact surface in Rd+1,
which has bounded curvature, and is associated with the Riemannian metric g. To simplify
the representation we assume that the surfaceM is parametrizable, that isM ⊆ Rd+1 can be
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represented by a map m : Ω→ Rd+1,

M = m(Ω),

where Ω ⊂ Rd and m : Ω → M is a regular parametrization. In particular we assume that
m is bijective and the inverse m−1 : M → Ω is also a regular map. TxM, NxM denote the
tangent and normal vector spaces at x ∈M, respectively. Then the tangent and normal bundle
are defined by

TM =
⋃

x∈M,

{(x,v) : v ∈ TxM}

and
NM =

⋃
x∈M,

{(x,v) : v ∈ NxM} ,

respectively. We denote by

∂m(ζ) = [∂1m, ∂2m, · · · , ∂dm](ζ) ∈ R(d+1)×d

the Jacobian of the parametrization at x = m(ζ) ∈M. The parameters in Ω are denoted by ζ.
The derivatives with respect to these parameters are always denoted by ∂. The metric tensor g is
related to the parametrization m by

g(ζ) = (∂m(ζ))T∂m(ζ) ∈ Rd×d (2.6.1)

onM at x = m(ζ). We call a vector field a tangent vector field if ṽ :M→ Rd+1 with range in
the tangent bundle TM, that is, ṽ(x) ∈ TxM for all x ∈M. Every tangent vector ṽ(x) ∈ TxM
can be represented in terms of the tangential basis (∂im(ζ))i=1,2,··· ,d, at each x = m(ζ), via

ṽ(x) = ∂m(ζ)(v̂1(ζ), · · · , v̂d(ζ))T ∈ R(d+1)×1. (2.6.2)

For two tangent vector field ṽ(x) and ũ(x), using (2.6.2), we have the relation

g(ṽ, ũ) := (v̂1(ζ), · · · , v̂d(ζ)) (∂m(ζ))T ∂m(ζ)︸ ︷︷ ︸
=g(ζ)

(û1(ζ), · · · , ûd(ζ))T

= ṽT ũ.

We denote by n(x) = (n1(x), n2(x), · · · , nd+1(x))T ∈ Rd+1 the unit normal vector ofM at
x ∈ M with fixed orientation, and by Pτ and Pn the projections onto TM, NM at a point
x ∈M, respectively. They are represented by matrices

Pn(x) = n(x)n(x)T ∈ R(d+1)×(d+1) and Pτ (x) = I − Pn(x) ∈ R(d+1)×(d+1), (2.6.3)

where I is the (d+ 1)× (d+ 1) identity matrix. Because Pτ and Pn are orthogonal projections
on the surface they are satisfying the pointwise estimate

max {|Pτu| , |Pnu|} ≤ |u| .

In Figure 2.6 we give a schematic representation of the surfaceM, its parametrization m over
the coordinate domain Ω, as well as the vector spaces TxM and NxM.
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m M

NxM

TxM
x

ζ

Ω

FIGURE 2.6: Geometry mapping and vector spaces

Lemma 2.6.1. Let A ∈ R(d+1)×(d+1), then for every x ∈M

|Pτ (x)A| ≤ |A| , and |Pn(x)A| ≤ |A| (2.6.4)

where |A| denotes the Frobenius norm.

Proof. For every matrix A, |A|2 = Tr(ATA), and because Pτ (x) and Pn(x) are orthogonal
projections, we have

|A|2 = |Pτ (x)A+ Pn(x)A|2

= Tr
(
(Pτ (x)A+ Pn(x)A)T (Pτ (x)A+ Pn(x)A)

)
= Tr

(
(Pτ (x)A)TPτ (x)A+ (Pn(x)A)T (Pn(x)A)

)
= Tr

(
(Pτ (x)A)TPτ (x)A

)
+ Tr

(
(Pn(x)A)T (Pn(x)A)

)
= |Pτ (x)A|2 + |Pn(x)A|2 .

Moreover, we have the relation between the parametrization and the projection

Pτ (x) = ∂m(ζ)g−1(ζ)(∂m(ζ))T

for x = m(ζ). We denote by

(∂m(ζ))† = g−1(ζ)(∂m)T (ζ) ∈ Rd×(d+1), (2.6.5)

the Moore-Penrose inverse of the matrix ∂m(ζ) ∈ R(d+1)×d, which satisfies

(∂m(ζ))†∂m(ζ) = id(ζ) ∈ Rd×d and ∂m(ζ)(∂m(ζ))† = Pτ (m(ζ)) ∈ R(d+1)×(d+1).

Definition 2.6.2. For a scalar field v : M → R, we define its surface gradient at a point
x = m(ζ) by

∇Mv(x) :=
(
∂(v ◦m) (∂m)†

)
◦m−1(x) ∈ R1×(d+1). (2.6.6)

The surface gradient fulfills the relation

∇Mv(m(ζ)) ∂m(ζ) = ∂(v ◦m)(ζ) ∈ R1×d. (2.6.7)

Given a vector valued function v :M→ Rd+1, the definition of the gradient with respect to the
surface∇M consists in taking the gradient of each scalar component vi, i.e., for x = m(ζ) we
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have

∇Mv(x) :=

 ∇Mv1(x)
· · ·

∇Mvd+1(x)

 =
(
∂(v ◦m)(ζ)(∂m(ζ))†

)
◦m−1(x) ∈ R(d+1)×(d+1).

(2.6.8)

Every vector field v :M→ Rd+1 can be decomposed into the two vector fields Pτv and Pnv
which have ranges in TxM and NxM respectively for all x ∈M.

In the following we recall the definition of the covariant derivative of a tangent vector field
ṽ :M→ TM (see [Lee97; Car92]). Equation (2.6.2) states that

ṽ(m(ζ)) = ∂m(ζ)(v̂1(ζ), · · · , v̂d(ζ))T =
d∑

k=1
v̂k(ζ)∂km(ζ),

where v̂k : Ω → R denotes the local coordinate representation with respect to the basis
(∂km)k=1,2,··· ,d.
Definition 2.6.3 (refering to [Car92; DFN91]). The covariant derivative in direction k with
respect to tangent basis ∂m, (∇̃kṽ)k=1,2,··· ,d, is defined by the orthogonal projection of

∂k(ṽ ◦m)(ζ) =
d∑
i=1

∂kv̂i(ζ)∂im(ζ) +
d∑
i=1

v̂i(ζ)∂ikm(ζ)

into the tangent space. That is, for x = m(ζ), the covariant derivative is given by

∇̃ṽ(m(ζ)) = Pτ (m(ζ))[∂1(ṽ ◦m)(ζ), · · · , ∂d(ṽ ◦m)(ζ)]. (2.6.9)

In particular for a tangent vector field ṽ at x = m(ζ) it follows from (2.6.9) and (2.6.8) that

∇̃ṽ(x)(∂m(ζ))† = Pτ (x)∇Mṽ(m(ζ)). (2.6.10)

Moreover, for an arbitrary vector field v :M→ Rd+1 we have

∇̃(Pτv)(x)(∂m(ζ))† = Pτ (x)∇M(Pτv)(x).

To conclude the appendix section, we present a few auxiliary results, which are used to character-
ize spaces in Section 2.3.
Lemma 2.6.4. The gradient operator ∇M is independent of the parameterization, and fulfils
standard rules of differentiation, such as the product rule

1. Let v, w :M→ R be differentiable, then

∇M(vw) = v∇Mw + w∇Mv.
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2. Moreover, let v,w, z :M→ Rd+1, then

∇M(vTw) = vT∇Mw + wT∇Mv,
∇M(vw) = w∇Mv + v∇Mw,

∇M((vTw)z) = zvT∇Mw + zwT∇Mv + (vTw)∇Mz.

Lemma 2.6.5. Let n(x) = (n1(x), · · · , nd+1(x))T the unit normal vector field onM, and let
v :M→ Rd+1 be a differentiable vector field, then

1. The following formulas hold

nT∇Mn = 0, Pτ∇Mn = ∇Mn and Pτn = 0 ,

and
Pτ∇M(Pτv) = Pτ∇Mv− (nTv)∇Mn,
Pn∇M(Pnv) = Pn∇Mv + nvT∇Mn.

2. Moreover, the seminorm can be represented by

|v|2H1(M) =
∥∥∥∇Mv− (nTv)∇Mn+ nvT∇Mn

∥∥∥2

L2(M)
.

Proof. For the first item, since n is a unit normal vector field,

nT (x)n(x) = 1, ∀x ∈M.

Then from Lemma 2.6.4 it follows that

2nT (x)∇Mn(x) = ∇M(nT (x)n(x)) = 0.

Moreover, Pτ (x) = I − n(x)nT (x), and thus from the previous it follows that

Pτ (x)∇Mn(x) = I∇Mn(x)− n(x)nT (x)∇Mn(x) = ∇Mn(x).

We apply the product rules in Lemma 2.6.4 and properties of n derived above, which show that

Pτ∇M(Pτv) = Pτ∇M(v− (nTv)n)
= Pτ (∇Mv− nnT∇Mv− nvT∇Mn− (nTv)∇Mn)
= Pτ∇Mv− (nTv)∇Mn,

and
Pn∇M(Pnv) = Pn∇M((nTv)n)

= Pn(nnT∇Mv + nvT∇Mn+ (nTv)∇Mn)
= Pn∇Mv + nvT∇Mn.
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Adding the two identities, and using the orthogonality of Pτ and Pn on L2(M), we get the
statement of the second item from Definition 2.3.2:∥∥∥∇Mv− (nTv)∇Mn+ nvT∇Mn

∥∥∥2

L2(M)

= ‖Pτ∇M(Pτv) + Pn∇M(Pnv)‖2L2(M)

= ‖Pτ∇M(Pτv)‖2L2(M) + ‖Pn∇M(Pnv)‖2L2(M)

= |v|2H1(M) .

This concludes the proof.

References

[AN63] J. H. Ahlberg and E. N. Nilson. “Convergence properties of the spline fit”. J. Soc.
Indust. Appl. Math. 11.1 (1963), pp. 95–104.

[BG94] A.B. Bakushinskii and A.V. Goncharskii. Ill-Posed Problems: Theory and Applica-
tions. Dordrecht, Boston, London: Kluwer Academic Publishers, 1994.

[Bla96] B. Blaschke. Some Newton Type Methods for the Regularization of Nonlinear Ill-
Posed Problems. PhD Thesis, Schriften der Johannes–Kepler–Universität. Linz,
Austria: Universitätsverlag Rudolf Trauner, 1996.

[BO04] M. Burger and S. Osher. “Convergence rates of convex variational regularization”.
Inverse Probl. 20.5 (2004), pp. 1411–1421.

[Car92] M. P. do Carmo. Riemannian Geometry. Birkhäuser, 1992.

[DFN91] B. A. Dubrovin, A.T. Fomenko, and S.P. Novikov. Modern Geometry - Methods and
Applications: Part I: The Geometry of Surfaces, Transformation Groups, and Fields.
2nd ed. Graduate Texts in Mathematics. Tanslated by Burns, R.G. Spinger, 1991.

[EHN96] H. W. Engl, M. Hanke, and A. Neubauer. Regularization of inverse problems. Math-
ematics and its Applications 375. Dordrecht: Kluwer Academic Publishers Group,
1996. viii+321.

[Ger16] C. Gerhards. “On the unique reconstruction of induced spherical magnetizations”.
Inverse Probl. 32 (Jan. 2016), p. 015002.

[Gro84] C. W. Groetsch. The Theory of Tikhonov Regularization for Fredholm Equations of
the First Kind. Boston: Pitman, 1984.

[Gub+11] D. Gubbins, D. Ivers, S. M. Masterton, and D. E. Winch. “Analysis of lithospheric
magnetization in vector spherical harmonics”. Geophys. J. Int. 187.1 (2011), pp. 99–
117.

[GVL96] G. H. Golub and Ch. F. Van Loan. Matrix Computations. 3. Baltimore: The Johns
Hopkins University Press, 1996.



46 REFERENCES

[Han10] P. C. Hansen. Discrete inverse problems. Vol. 7. Fundamentals of Algorithms. Insight
and algorithms. Philadelphia, PA: SIAM, 2010.

[Heb99] E. Hebey. Nonlinear analysis on manifolds: Sobolev spaces and inequalities. Vol. 5.
Courant Lecture Notes in Mathematics. New York: New York University, Courant
Institute of Mathematical Sciences, 1999.

[Hof+07] B. Hofmann, B. Kaltenbacher, C. Pöschl, and O. Scherzer. “A convergence rates
result for Tikhonov regularization in Banach spaces with non-smooth operators”.
Inverse Probl. 23.3 (2007), pp. 987–1010.

[Kir+15] C. Kirisits, C. Pöschl, E. Resmerita, and O. Scherzer. “Finite-dimensional approxi-
mation of convex regularization via hexagonal pixel grids”. Appl. Anal. 94.3 (Jan.
2015), pp. 612–636.

[KLS13] C. Kirisits, L. F. Lang, and O. Scherzer. “Optical Flow on Evolving Surfaces with
an Application to the Analysis of 4D Microscopy Data”. In: SSVM’13: Proceedings
of the fourth International Conference on Scale Space and Variational Methods in
Computer Vision. Ed. by A. Kuijper, K. Bredies, T. Pock, and H. Bischof. Vol. 7893.
Lecture Notes in Computer Science. Berlin, Heidelberg: Springer-Verlag, 2013,
pp. 246–257.

[KLS15] C. Kirisits, L. F. Lang, and O. Scherzer. “Optical Flow on Evolving Surfaces with
Space and Time Regularisation”. J. Math. Imaging Vision 52.1 (May 2015), pp. 55–
70.

[KS05] J. Kaipio and E. Somersalo. Statistical and Computational Inverse Problems. Vol. 160.
Applied Mathematical Sciences. New York: Springer Verlag, 2005.

[LB08] J. Lefèvre and S. Baillet. “Optical flow and advection on 2-Riemannian manifolds:
A common framework.” IEEE Trans. Pattern Anal. Mach. Intell. 30.6 (June 2008),
pp. 1081–1092.

[Lee97] J. M. Lee. Riemannian manifolds. Vol. 176. Graduate Texts in Mathematics. An
introduction to curvature. New York: Springer-Verlag, 1997. xvi+224.

[Mor84] V. A. Morozov. Methods for Solving Incorrectly Posed Problems. New York, Berlin,
Heidelberg: Springer, 1984.

[MS12] J. L. Mueller and S. Siltanen. Linear and nonlinear inverse problems with practical
applications. Vol. 10. Computational Science & Engineering. Society for Industrial
and Applied Mathematics (SIAM), Philadelphia, PA, 2012.

[NS90] A. Neubauer and O. Scherzer. “Finite-dimensional approximation of Tikhonov
regularized solutions of nonlinear ill-posed problems”. Numer. Funct. Anal. Optim.
11.1-2 (1990), pp. 85–99.

[PRS10] C. Pöschl, E. Resmerita, and O. Scherzer. “Discretization of variational regulariza-
tion in Banach spaces”. Inverse Probl. 26.10 (2010), p. 105017.

[RS06] E. Resmerita and O. Scherzer. “Error estimates for non-quadratic regularization and
the relation to enhancement”. Inverse Probl. 22.3 (2006), pp. 801–814.



REFERENCES 47

[Sch+09] O. Scherzer, M. Grasmair, H. Grossauer, M. Haltmeier, and F. Lenzen. Variational
methods in imaging. Applied Mathematical Sciences 167. New York: Springer,
2009.

[Sch+12] T. Schuster, B. Kaltenbacher, B. Hofmann, and K. S. Kazimierski. Regularization
methods in Banach spaces. Radon Series on Computational and Applied Mathemat-
ics 10. Berlin, Boston: De Gruyter, 2012. xii+283.

[TA77] A. N. Tikhonov and V. Y. Arsenin. Solutions of Ill-Posed Problems. Washington,
D.C.: John Wiley & Sons, 1977.

[Tan97] V. P. Tanana. Methods for solution of nonlinear operator equations. Inverse and
Ill-posed Problems Series. Utrecht: VSP, 1997. ii+241.

[Tik+95] A. N. Tikhonov, A. Goncharsky, V. Stepanov, and A. Yagola. Numerical Methods
for the Solution of Ill-Posed Problems. Dordrecht: Kluwer, 1995.

[TLY98] A. N. Tikhonov, A. S. Leonov, and A. G. Yagola. Nonlinear ill-posed problems. Vol.
1, 2. Vol. 14. Applied Mathematics and Mathematical Computation. Translated from
the Russian. London: Chapman & Hall, 1998. xxii+221.





3
Infinite Dimentional Optimization Models and

PDEs for Dejittering

abstract

In this paper we do a systematic investigation of continuous methods for pixel, line pixel and
line dejittering. The basis for these investigations are the discrete line dejittering algorithm
of Nikolova and the partial differential equation of Lenzen et al for pixel dejittering. To put
these two different worlds in perspective we find infinite dimensional optimization algorithms
linking to the finite dimensional optimization problems and formal flows associated with the
infinite dimensional optimization problems. Two different kinds of optimization problems will
be considered: Dejittering algorithms for determining the displacement and displacement error
correction formulations, which correct the jittered image, without estimating the jitter. As a
by-product we find novel variational methods for displacement error regularization and unify
them into one family. The second novelty is a comprehensive comparison of the different models
for different types of jitter, in terms of efficiency of reconstruction and numerical complexity.

3.1 Introduction

A frequent task in image processing is dejittering, which is the process of assigning pixel
positions to image data recorded with pixel displacements. Jitter is a type of distortions which
arises frequently in signal processing, when the distance (time) between sampling points vary
rendering signal errors. A specific form of jitter is line jitter that consists of horizontal shifts of
each row (line) of an image. The shift is the same for the entire row. This may typically happen
when digitizing analog noisy video frames and there are line registration problems due to bad
synchronization pulses. The effect is that the image lines are (randomly) shifted with respect
to their original location, so vertical lines become jagged resulting in a disturbing visual effect
since all shapes become jagged. One may also have line pixel jitter where pixels in a row are
shifted differently. Finally there is pixel jitter where one also experiences vertical shifts.

The main goal of this paper is to establish relations between discrete and continuous models
for dejittering. In particular we consider line, line pixel, and pixel jitter. In the literature these
problems have been considered in an infinite dimensional continuous and in a finite dimensional
discrete setting, resulting in different problem formulations and analysis. To link these approaches
and put the theory on solid grounds (based on an infinite dimensional - discretization free - theory)
we require to link the approaches.

Presently there exists two kind of algorithms for dejittering which we catalog as follows:
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• Dejittering algorithms find the displacements by an optimization routine first and then
restore the image by composing the jittered image with the displacement.

• Displacement correction algorithms compute the image directly without calculating the
displacement function first.

The algorithms will be implemented for different purposes: For dejittering we assume a deter-
ministic jitter, while in the later we assume a random perturbation.

Starting point of this paper are publications in different worlds, which deal with dejittering: The
discrete optimization formulation of Nikolova [Nik09a; Nik09c] and Lenzen et al [LS; LS11],
which deals with displacement correction. We are generalizing Nikolova’s algorithm to the
infinite dimensional setting and then establish a relation to displacement correction and systems
of partial differential equations.

As a consequence we can discuss advantages and shortcuts of the different methods and dis-
cretization dependence.

The outline of this paper is as follows: In Section 3.2 we make the basic problem formulation for
three types of jittering. Then we explain line dejittering and recall the standard formulation in
the field from Nikolova [Nik09c] in Section 3.3. After deriving a continuous variant, we put this
algorithm in perspective with displacement error regularization [Gra+; LS; LS11; Sch; Sch03].
We explain the different philosophies but show the close relation of these areas in the general
setting of line pixel dejittering; cf. Section 3.4. Moreover, we review continuous algorithms
for pixel dejittering in Section 3.5. In Section 3.6 we formulate partial differential equations,
which constitute the flows according to the continuous optimization energies. Finally we present
numerical results in Section 3.7. The paper ends with a conclusion, where we outline the novelties
of this work.

3.2 Basic notation and problem formulation

In this paper we use the following notations:

• u can either denote a discrete (digital) gray valued image, in which case it is represented
as a matrix u ∈ Rm×n, where m is number of columns, and n is number of rows, or

• u denotes a function u : Ω→ R on the unit-square Ω = [0, 1]2. For a continuous image
u : Ω→ R, one way to have the digitized image pixels is

uij = 1
hxhy

∫ i/m

(i−1)/m

∫ j/n

(j−1)/n
u(x, y) d(x, y) .

Here, the pixel size is hx × hy, with hx = 1
m and hy = 1

n .

• ηij and η : Ω→ R denote noise. In the discrete setting the lines are horizontally numbered
from bottom to top.

Let uδ denote either a discrete, jittered image - then it is a matrix in Rm×n, or a continuous,
jittered image, then it is function uδ : Ω → R. Assuming that u denotes the original image
without jittering, we consider the following discrete and continuous problem formulations:
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Line jitter:

uδ(i, j) = u(i+ dj , j) + ηij , uδ(x, y) = u(x+ d(y), y) + η(x, y) , (3.2.1)

respectively, where dj ∈ Z denotes the discrete jitter of the j-th line, and d : [0, 1]→ R
denotes the jitter function of the y-th component.

Line pixel jitter:

uδ(i, j) = u(i+ di,j , j) + ηij , uδ(x, y) = u((x+ d(x, y), y) + η(x, y) , (3.2.2)

respectively, where di,j ∈ Z denotes the discrete jitter of the i− th pixel in the j-th line,
and d : Ω→ R denotes the jitter function of the point (x, y) in x-direction.

Pixel jitter:

uδ(i, j) = u((i, j) + di,j) + ηij , uδ(x, y) = u((x, y) + d(x, y)) + η(x, y) , (3.2.3)

respectively, where di,j ∈ Z2 denotes the discrete jitter of the (i, j) − th pixel, and
d : Ω→ R2 denotes the jitter vector field at the point (x, y).

For those jittered pixels which run out of the domain of the original image u, we define their
intensity values as 0.

In the literature, many dejittering algorithms are particularly designed for line jittering, referring
to (3.2.1), see for instance [KS06; KS07; Nik09a; Nik09c; She04]. In these algorithms, the
jittering error is considered deterministic, and a probably noisy input image has to be smoothed
in an additional step, either before or after dejittering. The problems of line pixel jitter (3.2.2)
and pixel jitter (3.2.3) have been discussed for instance in [LS; LS11], where a displacement
error correction model has been considered. In this context, it is commonly assumed that
noise is significant and jitter is stochastic, and the methods are supposed to dejitter and denoise
simultaneously.

3.3 Line dejittering

In this section we investigate algorithms for line dejittering. After reviewing algorithms from the
literature, we will formulate line pixel and pixel dejittering below.

As we have mentioned in the introduction, there are two different kinds of algorithms for
dejittering in the literature. The prime example of the first type approach is Nikolova’s algorithm
[Nik09a; Nik09c], which is outlined below. A-priori Nikolova’s approach is formulated in
a discrete setting. We provide a continuous formulation below, which allows us to put it in
perspective with the second approach, and thus in turn to partial differential equation models in
the spirit of [LS; LS11].
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3.3.1 Nikolova’s algorithm for discrete line dejittering

Nikolova [Nik09a; Nik09c] proposed an efficient algorithm for discrete line dejittering. This
algorithm is based on energy minimization and determines in an iterative way, from bottom to
top, for each horizontal image line discrete integer values dj , j ∈ {1, 2, · · · , n}, which indicate
the horizontal displacement of the j-th line, respectively.

The algorithm involves setting values of an exponential parameter p, which Nikolova chooses
as p = 1 or p = 0.5, p = 0.5 is better suited for discontinuous images, while p = 1 is better
suited for smooth images. Moreover, it is assumed that the jitter is bounded, such that there is a
parameter σ constraining the maximal line jitter (a typical values is σ = 6 pixels):

|dj | ≤ σ , ∀j = 2, . . . , n .

1. The algorithms is initialized by setting j := 2, d1 := 0, û(i, 1) := uδ(i, 1) and selecting
the parameter σ∗ ≥ σ. The minimizer d̂2 of the functional

J2(d2) :=
m−σ∗∑
i=σ∗+1

∣∣∣uδ(i− d2, 2)− uδ(i, 1)
∣∣∣p (3.3.1)

is used to define û(i, 2) := uδ(i− d̂2, 2).

2. For j = 3, . . . , n determine d̂j as the minimizer of the functional

Jj(dj) :=
m−σ∗∑
i=σ∗+1

∣∣∣uδ(i− dj , j)− 2û(i, j − 1) + û(i, j − 2)
∣∣∣p , (3.3.2)

and define û(i, j) = uδ(i− d̂j , j).

3.3.2 A continuous optimization problem for line dejittering

We here formulate a continuous variant of Nikolova’s algorithm, which also establishes the
relation to existing variational methods and partial differential equations for dejittering. Let
uδ : Ω→ R be the line jittered variant of u, so uδ satisfies (3.2.1). In order to recover u and d,
we minimize (3.3.3) for each ŷ ∈ [0, 1] separately, where ŷ indicates the continuum position of
the line in the image,

Jc(d)(ŷ) := lim
τ→0+

1
2τ

∫ min{ŷ+τ,1}

max{ŷ−τ,0}

∫ 1−σ∗

σ∗

∣∣∣∂kyuδ(x− d(y), y)
∣∣∣p d(x, y) , (3.3.3)

subject to
‖d‖L∞([0,1]) ≤ σ. (3.3.4)

The parameter σ∗ is chosen to satisfy σ ≤ σ∗. With this choice the integrand in the integral∫ 1−σ∗
σ∗

∣∣∣∂kyuδ(x− d(y), y)
∣∣∣p dx is evaluated only for arguments of uδ in the interior of the image

domain [0, 1]× [0, 1]. This correspond to the discrete sum
∑m−σ∗
i=σ∗+1 in the Nikolova algorithm.
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The term ∂kyu
δ denotes the k-th derivative of uδ with respect to the second component. Since

uδ(i− dj , j)− 2û(i, j − 1) + û(i, j − 2)
h2
y

≈ ∂2
yu

δ(ihx − d((j − 1)hy), (j − 1)hy) ,

we propose the following simplified variant of (3.3.3) and (3.3.4), namely to minimize

J (k)(d) := 1
p

∫
Ω

∣∣∣∂kyuδ(x− d(y), y)
∣∣∣p d(x, y) (3.3.5)

subject to
‖d‖L2([0,1]) ≤ σ̂. (3.3.6)

The main difference to minimizing Jc is that we consider integration over all of Ω. To make
this well-defined, we propose to extend uδ symmetric across left and right, and top and bottom
images boundaries, respectively. Another difference is that we consider an a joint approach,
which optimizes globally over all pixels, instead of separately for each line. Moreover, from a
modelling point of view taking the second derivative (k = 2) of uδ in the functional Jc is not
mandatory, for instance, we may take as well the derivative (k = 1) or another integer order. In
practice, minimizing the functional with second order derivatives performs better than using first
order derivatives in a noise free environment. For the other parameter p in (3.3.5), in the discrete
setting, Nikolova has suggested to use either 0.5 or 1, however, we would propose to choose
either p = 1 or p = 2, in order to keep the convexity of the functional in our continuous model,
where p = 1 works better with the discontinuities.

3.4 Line pixel dejittering

In this section we review line pixel dejittering and displacement regularization: We find that
within the continuous setting, formally, the optimization approach for line dejittering from last
section can be similarly generalized to the case of line pixel dejittering. However, the formal
difference is that for line pixel dejittering d : Ω→ R is a bounded random field over the whole
two dimensional domain Ω, while for line jitter d : [0, 1]→ R. Thus, we propose to optimize the
functional which is only slightly changed from (3.3.5)

J (k)
2 (d) := 1

p

∫
Ω

∣∣∣∂kyuδ(x− d(x, y), y)
∣∣∣p d(x, y) (3.4.1)

subject to ‖d‖L2(Ω) ≤ σ̂.

Because we assume small displacements d, we also consider approximating the term ∂kyu
δ(x−

d(x, y), y) by its linearisation:

∂kyu
δ(x− d(x, y), y) ≈ ∂kyuδ(x, y)− d(x, y)∂x∂kyuδ(x, y) .

Replacing the nonlinear term by its linearization, we arrive at the constrained optimization
problem, which is to minimize

J (k)
2 (d) := 1

p

∫
Ω

∣∣∣∂kyuδ(x, y)− d(x, y)∂x∂kyuδ(x, y)
∣∣∣p d(x, y) , k = 1, 2 (3.4.2)



54 Chapter 3. Infinite Dimentional Optimization Models and PDEs for Dejittering

subject to (3.3.6).

For 1 < p ≤ 2, J (k)
2 is strictly convex, and for three-times continuously differentiable uδ also

weakly lower semi-continuous. Then, the constrained optimization problem is equivalent to the
method of Tikhonov-regularization with parameter choice by Morozov’s discrepancy principle,
consisting in calculation of

d(α) := arg mind

{
J (k)

2 (d) + α

2 ‖d‖
2
L2(Ω)

}
, (3.4.3)

where α is chosen to satisfy ‖d(α)‖L2(Ω) = σ̂. For further background on the relation between
Tikhonov regularization and constrained optimization problems see for instance [EHN96; Gro84;
Gro99; Mor84; Mor93; Sch+09; TA77; Tik+95]. For p ≤ 1 the relation is not obvious, but we
ignore this difficulty.

We stress the fact that the minimizer of (3.4.3) with p = 2 can be explicitly calculated: We have

d(α) =
∂kyu

δ∂x∂
k
yu

δ

α+ (∂x∂kyuδ)2 . (3.4.4)

This explicit linearised method provides insufficient results (cf. Figure 3.1).

FIGURE 3.1: Left to right: ground truth, line jittered image, displacement,
recovered image

In the following we outline an approach for dejittering, which does not recover the jitter but the
dejittered image directly. We use a first order approximation of the data by assuming that the
jitter is only a small disturbance:

uδ(x, y) ≈ u(x+ d(x, y), y) ≈ u(x, y) + ∂xu(x, y)d(x, y) .

Considering the approximation as an identity we find that

d(x, y) = uδ(x, y)− u(x, y)
∂xu(x, y) . (3.4.5)

Now, instead of minimizing J (k)
2 with respect to d, we replace in J (k) the uδ by u(x+ d(x, y))

and use the identity (3.4.5), and minimize with respect to u. Thus the optimization problem for
line pixel dejittering consists in the minimization of the functional:

N (u) := α
1
2

∫
Ω

∣∣∣∣∣uδ(x, y)− u(x, y)
∂xu(x, y)

∣∣∣∣∣
2

d(x, y)︸ ︷︷ ︸
S

+1
p

∫
Ω

∣∣∣∂kyu(x, y)
∣∣∣p d(x, y)︸ ︷︷ ︸

R

. (3.4.6)
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Remark 3.4.1. When we use this approach to correct for line jitter, we have to respect the fact
that each line has the same shift, which leads to

0 = ∂xd(y) ≈ ∂x

(
uδ(x, y)− u(x, y)

∂xu(x, y)

)
.

Thus line jitter correction can be rephrased as an unconstrained minimization of the functional

N (u) + β

∫
Ω

(
∂x

(
uδ(x, y)− u(x, y)

∂xu(x, y)

))2

d(x, y) , (3.4.7)

where β is a penalty parameter.

3.5 Pixel dejittering

The problem of pixel jitter correction can be formulated again as a constraint optimization
problem, consisting in minimization of

J (k)
3 (d) := 1

p

∫
Ω

∣∣∣∂kyuδ((x, y)− d(x, y))
∣∣∣p d(x, y) (3.5.1)

subject to ‖d‖(L2(Ω))2 ≤ σ̂. Note the fundamental difference that d : Ω → R2, while for line
pixel jitter d : Ω→ R, and for line jitter d : [0, 1]→ R.

Displacement error regularization for correcting pixel jitter has been considered in [LS; LS11]. It
is again based on Taylor expansion

uδ(x, y)− u(x, y) ≈ d · ∇u ,

which implies that we can choose as a solution d ≈ (∇u)†(uδ − u) , where (∇u)† denotes the
Moore-Penrose pseudo-inverse of∇u. This choice of an inverse of∇u considers displacement
errors which are orthogonal to level lines of u.

Here, we define

Ŝ(u) := 1
2

∥∥∥(∇u)†(uδ − u)
∥∥∥2

L2(Ω)
.

Assuming that u is of finite total variation we ended up with the following regularization
functional [LS; LS11]:

N̂ (u) := αŜ(u) +
∫

Ω
|∇u(x, y)| d(x, y) . (3.5.2)

Note that in comparison with (3.4.6),
∫

Ω

∣∣∣∂kyu(x, y)
∣∣∣p d(x, y) has been replaced by the TV-semi

norm
∫

Ω |∇u(x, y)| d(x, y).
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3.6 PDE models as formal energy flows

Considering S as a metric, the minimization of functional N defined in (3.4.6), can be formally
solved as metric flows of S with energy R. In [LS11], a PDE according to (3.5.2) has been
derived by considering N̂ (α, ·) as an implicit time-step of the associated flow, following that, we
state the flows according to (3.4.6) and (3.5.2).

• The flow associated with (3.4.6), for k = 1, 2 and p = 1, 2 is:
∂tu = (−1)k−1 |∂xu|2 ∂ky

 ∂kyu∣∣∣∂kyu∣∣∣2−p
 ;

u = uδ , in Ω× {0} ;
∂2l−1
y u = 0 , on [0, 1]× {0, 1} , ∀l = 1, .., k .

(3.6.1)

• We emphasize that the flow associated to (3.5.2) is
∂tu = |∇u|2∇ ·

( ∇u
|∇u|

)
;

u = uδ , in Ω× {0} ;
∂nu = 0 , on ∂Ω .

(3.6.2)

3.7 Numerical results

In this section we show the numerical results of our newly developed model (3.6.1) for different
choices of k and p, making comparisons with the approach from [LS11], that consists in solving
(3.6.2), and with Nikolova’s algorithm [Nik09c]. In the implementation, for p = 2 in (3.6.1),
we use standard finite differences discretization with semi-implicit iteration, but for the case of
p = 1, the solution of (3.6.1) is obtained by solving the convex optimization problem (3.7.1)
iteratively, where we generalised the TV denoising algorithm from [FDO06] to approximate the
solution.

um+1 := arg minu

{
α

2

∫
Ω

|um(x, y)− u(x, y)|2

|∂xum(x, y)|2 + ε
+
∣∣∣∂kyu(x, y)

∣∣∣ d(x, y)
}
,

u0 = uδ.

(3.7.1)

Here α corresponds to the time-stepping and um ≈ u(mα). In all the experiments, we use as
stopping criteria some threshold of

∥∥um − um+1∥∥
L2 . The test data are generated by adding

jitter to clean test images. In addition noisy test data are generated by composing the test
image with Gaussian noise of mean 0 and standard deviation 10. In order to evaluate the results
quantitatively, we consider the mean square error (MSE) computed by averaging the intensity
difference between the analyzed pixel û(i, j) and the reference pixel u(i, j), and the related
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Measure Test data k=1,p=2 k=2,p=2 k=1,p=1 k=2,p=1 cf.[LS11] cf.[Nik09c]
Line Jitter Data without Adding Noise

PSNR 17.814 19.886 20.031 20.109 20.461 19.807 24.818
MSE 1075.7 667.407 645.584 634.035 584.668 679.740 214.408
SSIM 0.622 0.704 0.714 0.709 0.729 0.691 0.998

Line Pixel Jitter Data without Adding Noise
PSNR 16.608 17.913 17.956 18.193 18.356 19.213 13.999
MSE 1420.0 1051.4 1040.9 985.634 949.517 779.525 2589
SSIM 0.484 0.552 0.558 0.566 0.571 0.618 0.308

Pixel Jitter Data with Adding Noise
PSNR 15.367 17.460 17.563 17.688 17.891 19.064 -
MSE 1889.8 1167.1 1139.6 1137 1056.6 806.614 -
SSIM 0.316 0.433 0.461 0.457 0.487 0.585 -

TABLE 3.1: Comparison of noisy and noise free data affected by different jitter
types.

quantity of peak signal to noise ration (PSNR)

MSE = 1
N

m∑
i=1

n∑
j=1

(û(i, j)− u(i, j))2 and PSNR = 10 log10
L2

MSE
,

where L is the dynamic range of allowable pixel intensities, e.g. for an 8-bit per pixel image
L = 28− 1 = 255. These quantity are appealing but not well matched to perceived visual quality
as reported in [Nda+11] and [Wan+04]. For that reason we consider also the structural similarity
(SSIM) index [Wan+04] defined as:

SSIM(û, u) = f(l(û, u), c(û, u), s(û, u)) ,

where the three independent components l(û, u), c(û, u), s(û, u) are the similarity functions of
the luminance, the contrast and the structure, respectively, between the reconstructed and test
image, and f is a combination function.
Quantitatively, the higher PSNR value the better similarity between the test data and the original
clean image. Moreover, a small value of MSE points out a good intensity approximation of the
original data, and a larger value of SSIM claims that the structure of the original image is better
preserved.

Table 3.1 gives a comprehensive evaluation of different methods for image dejittering, which
are the algorithm for solving (3.6.1) presented in this paper, and the algorithms from [LS11] and
from [Nik09c], respectively. For the test images used for line dejittering and line pixel dejittering,
we have not superimposed the data with additive noise. The test data used for pixel dejittered
was considered with additive noise. For line dejittering, Nikolova’s algorithm [Nik09c] gives the
most superior results. Evaluating the two different PDE models, we notice that (3.6.1) performs
better than [LS11] for line dejittering. [Nik09c] is not able to handle line pixel dejittering, in
contrast with the PDE models. In this case the method in [LS11] achieves slightly better grades
than (3.6.1); see Table 3.1. However visually, one may find that (3.6.1) (e.g.with parameter
k = 2, p = 1) has less blurring of the reconstructed image and keeps more clear details; see
Fig 3.3. The highlight of the approach [LS11] happens in the pixel dejittering task, where it
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FIGURE 3.2: Line Dejittering. Top row: The ground truth, the noisy free line
jittered image, dejittered with [Nik09c], dejittered with (3.6.1) k = 1, p = 2.
Bottom row: dejittered with (3.6.1) k = 2, p = 2, (3.6.1) k = 1, p = 1, (3.6.1)

k = 2, p = 1, approach from [LS11].

FIGURE 3.3: Line Pixel Dejittering. Top row: The noisy line pixel jittered image,
dejittered with (3.6.1) k = 1, p = 2, (3.6.1) k = 2, p = 2. Bottom row: (3.6.1)

k = 1, p = 1, (3.6.1) k = 2, p = 1, approach from [LS11].

outperforms the others both quantitatively and qualitatively. Over all the tests, it is not hard to
find that, for the model (3.6.1), the choice of parameter k = 2, p = 1 gives the most competitive
results in compare with the other parameter choices.

3.8 Conclusion

The novelties of this paper are that we have shown the formal connection of Nikolova’s method
with variational displacement error correction and PDE methods. To do this, we have unified a
family of variational methods for displacement error regularization, which apply for different
dejittering applications. The second novelty is a comparison of the different models for different
types of jitter. An analysis of the proposed algorithms for minimizing models (3.4.6) is lacking
and this might be a future research topic. Another aspect will be to investigate problems in
tomography, which involve reconstruction of objects that show small (unknown) displacements
while being imaged.
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FIGURE 3.4: Pixel Dejittering. Top row: The noisy line pixel jittered image,
dejittered with (3.6.1) k = 1, p = 2, (3.6.1) k = 2, p = 2. Bottom row: (3.6.1)

k = 1, p = 1, (3.6.1) k = 2, p = 1, approach from [LS11].
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4
Nonlinear Flows for Displacement Correction

and Applications in Tomography

abstract

In this paper we derive nonlinear evolution equations associated with a class of non-convex
energy functionals which can be used for correcting displacement errors in imaging data. We
study properties on the behavior of the solutions of these filtering flows, and provide examples
for correcting angular perturbations in tomographical data.

4.1 Introduction

In this paper, we are investigating variational methods and partial differential equations for
filtering displacement errors in imaging data. Such types of errors appear when measurement
data are sampled erroneously. In this work we consider measurement data uδ, which are
considered perturbations of an ideal function u at random sampling locations (x1 + di(xi), x2):
That is,

uδ(x) = u(x1 + di(xi), x2), for x = (x1, x2) ∈ R2. (4.1.1)

A particular case of a displacement error x1 → d1(x1) appears in Computerized Tomography
(here the x1-component denotes the X-ray beam direction (θ below)) when the angular sampling
is considered erroneous. In this case the recorded data are

yδ(θ, l) = R[f ](θ + d1(θ), l). (4.1.2)

Here R[f ] denotes the Radon transform or X-ray transform of the function f , and θ and l denote
the beam direction and beam distance, respectively.

Displacement errors of the form d2(x2) are jittering errors, and the filtering and compensation of
such has been considered in [She04; KS06; Nik09a; Nik09c; Don+15].

Our work is motivated by [LS11; LS], where partial differential equations for denoising image
data destructed by general sampling errors of the form

uδ(x) = u(x + d) with d : R2 → R2,

have been stated. The nonlinear evolution equations have been derived by mimicking a convex
semi-group for a non-convex energy. The PDEs from [LS11; LS] revealed properties similar to
the mean curvature motion equation [ES91; ES92]. In comparison to [LS11; LS], here, we are
considering displacement errors in the x1-component only.

61
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The paper is organized as follows: In Section 4.2, we review the state of the art of non-convex
regularization models for sampling error corrections: In particular, we comment on algorithms
for recovering different types of displacements in a discrete setting. In Section 4.3, we consider
nonlinear filtering flows motivated from non-convex regularization energies. For these flows we
present numerical experiments, which suggest particular properties of the PDEs. Finally, we
present an application of the novel filtering techniques for correcting tomographical image data
with errors in the beam directions.

4.2 Non-convex regularization models

We study the following problem: Let i ∈ {1, 2} be fixed. Given noisy image data uδ, the goal
is to simultaneously recover the ideal function u and the displacement di satisfying (4.1.1).
Figure 4.1 shows the effect of the two different displacement errors d1 and d2 on some image
data, respectively. The two displacement errors result in image data with orthogonal visual
perturbations.

FIGURE 4.1: Top: Non-disturbed and angular disturbed sinogram of the Shepp-
Logan phantom (in the notation of the Radon transform x1 = θ and x2 =
l). Bottom: Original and jittered image. The two different kinds of errors
results appear as visually complementary data perturbations. This observation
is the basis of regularization methods (4.2.4), where jittering is corrected by
regularizing in x2 direction and tomographic problems are corrected by filtering

in x1 direction.
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To this end we consider the following optimization problem:

mindi Ji(di|uδ) :=
∥∥∥∂ki uδ(x1 − di(xi), x2)

∥∥∥ ,
such that |di| ≤M.

(4.2.1)

Here ‖·‖ denotes some proper quasi-norm or norm of functions v : R2 → R and the choice of
k ∈ N depends on the a-priori information on regularity of the function u.

Below, we are considering discrete and continuous optimization formulations of Problem (4.2.1).

• In the discrete optimization problem, di(x) ∈ Z denotes the pixel displacements of
columns (i = 1) and rows (i = 2), respectively. The image data u can be represented as a
matrix with non-negative integer values, that is u ∈ Nl×n

0 , where each matrix entry denotes
the discrete image intensity of the image data at a position (c, r) ∈ {1, . . . , l}×{1, . . . , n}.
Moreover, the derivatives are considered in the sense of finite differences.

• In a continuous formulation, di ∈ R and the image is considered a function u : R2 → R.

For i = 2, the discrete optimization problem (4.2.1) has been investigated in [Nik09a; Nik09c]
and the continuous optimization problem has been studied in [She04; Don+15].

4.2.1 Discrete optimization algorithms

The computational complexity of the discrete optimization algorithms varies significantly for
solving the discrete Problem (4.2.1) with i = 1 and i = 2.

• Nikolova [Nik09a; Nik09c] introduced a highly efficient optimization algorithm with
exhaustive search for the case i = 2. The complexity is O(Mn) for u ∈ Nl×n

0 .

• For i = 1 the discrete optimization problem (4.2.1) is an assignment problem. Even
the simplified problem of alignment of the columns in each of the b lM c non-intersecting

sub-blocks has already an exponential complexity O((M !)b
l
M
c) by exhaustive search.

We note that the complexity of assignment problems depends on the properties of the
given cost functionals. For linear assignment problem (see e.g. [BDM09]), the Hungarian
algorithm [Mun57] has a complexity O(l3). However, nonlinear assignment problems
[Vos00], such as Problem (4.2.1), are usually NP-hard.

4.2.2 Continuous models

The discrete optimization algorithm for solving Problem (4.2.1) can be used to correct for large
displacement errors. Small (including subpixel) displacement errors can be corrected for by
using partial differential equations: If the displacement di is small, following [LS11; Don+15],
we consider a first order approximation of the continuous data u : R2 → R. Then

uδ(x) = u(x1 + di(xi), x2) ≈ u(x) + di(xi)∂1u(x), (4.2.2)
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such that

di(xi) ≈
uδ(x)− u(x)

∂1u(x) . (4.2.3)

We aim for simultaneous minimizing the displacement error di and maximizing the smoothness
of u by the minimization of the functional

F(u;uδ) := 1
2

∫
R2

(u(x)− uδ(x))2

(∂1u(x))2 dx︸ ︷︷ ︸
=:D2(u,uδ)

+α 1
p

∫
R2

(∂ki u(x))pdx︸ ︷︷ ︸
=:Ri,k,p(u)

, (4.2.4)

with some fixed parameter α > 0. Our particular choice of the regularization functional is moti-
vated from the structure of the data (see Figure 4.1), where we observed that correcting for line
jittering requires regularization in x2-direction and angular displacements require regularization
in x1-direction.

The functional F is non-convex with respect to u and has a singularity when ∂1u vanishes. For
the practical minimization we consider an approximation consisting of a sequence of convex
minimization problems:{

u0 = uδ,

um := arg minuFcε (u;um−1) for all m ∈ N ,
(4.2.5)

where ε > 0 is a small real number, and {Fcε (·;um−1)}m∈N is the set of convex functionals
defined by

Fcε (u;um−1) := 1
2

∫
R2

(u(x)− um−1(x))2

(∂1um−1(x))2 + ε
dx + αRi,k,p(u). (4.2.6)

In the following we give a convergence result inspired from [CM99] on the relaxed formulation
(4.2.6), which might give some intuition to the solution of (4.2.4).
Theorem 4.2.1. Let p ∈ {1, 2}, k ∈ {1, 2}, ε > 0, and let {um}m∈N be the sequence of
minimizers from (4.2.5).

1. The sequences (Fcε (um, um−1))m∈N and (Ri,k,p(um))m∈N both are monotonically de-
creasing.

2. If there exist a constant C > 0 and if sup {‖∂1um‖L∞ : m ∈ N0} = C <∞, then

‖um − um−1‖L2 → 0, as m→∞ .

Proof. From the definition of Fcε in (4.2.6) it follows that Fcε (u, um) is proper, strictly convex,
and lower semi-continuous for every m ∈ N. Thus there exists an unique minimizer um+1
minimizing Fcε (u, um).

We are able to infer the following inequalities

0 ≤ Fcε (um+1, um) ≤ Fcε (um, um) = αRi,k,p(um) ≤ Fcε (um, um−1),

and

Ri,k,p(um+1) ≤ F
c
ε (um+1, um)

α
≤ F

c
ε (um, um)

α
= Ri,k,p(um),
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which shows that both (Fcε (um, um−1))m∈N and (Ri,k,p(um))m∈N are non-negative and mono-
tonically decreasing.

For the second statement,

1
2

∫
R2

(um − um−1)2

|∂1um−1|2 + ε
= Fcε (um, um−1)−Fcε (um, um)

≤ Fcε (um, um−1)−Fcε (um+1, um).

From the uniform boundedness assumption of {um} it follows that

1
2(C2 + ε) ‖um − um−1‖2L2 ≤ Fcε (um, um−1)−Fcε (um+1, um).

Since the sequence {Fcε (um, um−1)}m∈N is bounded from below and monotonically decreasing
it follows that ‖um − um−1‖L2 → 0. �

Identifying ∆t = α, the formal optimality condition for (4.2.6) characterizes the solution of
(4.2.5) by 

um − um−1
∆t = (|∂1um−1|2 + ε) (−1)k−1∂ki

(
∂ki um∣∣∂ki um∣∣2−p

)
,

u0 = uδ.

(4.2.7)

On the other hand, if ∂1u(x) is relatively large, the estimate of the displacement by the error
measure in (4.2.3) is unrealistic, and a least squares error measure (u(x) − uδ(x))2 might be
more efficient. To be able to compensate for relatively large and small displacement errors
simultaneously, and utilize the previous analysis, we, therefore, propose to use the geometric
mean of the two error measures

D1(u, uδ) := 1
2

∫
R2

(u(x)− uδ(x))2

|∂1u(x)| dx. (4.2.8)

In this case we end up with the following variational model

F(u;uδ) := D1(u, uδ) + αRi,k,p(u). (4.2.9)

We can proceed in a similar way, and identifying ∆t = α again, the iterative convex relaxation
of functional (4.2.9) will give (4.2.10) similarly to (4.2.7)

um − um−1
∆t = (|∂1um−1|+ ε) (−1)k−1∂ki

(
∂ki um∣∣∂ki um∣∣2−p

)
,

u0 = uδ.

(4.2.10)

4.3 Nonlinear flows

Let i, k, p, q ∈ {1, 2} be fixed and assume that uδ is given. um solving (4.2.7) (corresponding
to q = 2), (4.2.10) (corresponding to q = 1) can be considered a numerical approximation of the
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flow 
u̇ = (−1)k−1 |∂1u|q ∂ki

(
∂ki u∣∣∂ki u∣∣2−p

)
in R2 × (0,∞),

u = uδ in R2 × {0}
(4.3.1)

at time t = m∆t. Here u = u(x, t) and u̇ denotes the derivative of u with respect to t. We also
can consider (4.3.1) as the flow according to the non-convex functional F given in (4.2.4) or
(4.2.9) (depend on the choice of q).
Remark 4.3.1. In practical simulations the unbounded domain R2 is replaced by Ω = (0, 1)2

and the flow is associated with boundary conditions:

∂2l−1
i u = 0, on {0, 1} × (0, 1), for all l = 1, .., k and for i = 1;
∂2l−1
i u = 0, on (0, 1)× {0, 1} , for all l = 1, .., k and for i = 2.

The case of i = 2 has been considered in [Don+15].

When i = 1, the right hand side of (4.3.1) only involves partial derivatives of u with respect to
x1, such that it reduces to a system of independent equations defined for the functions u(·, x2)
for every x2 ∈ (0, 1).

4.3.1 Properties of the flows

In the following, we present some numerical simulations with (4.3.1).

• For i = 1 (4.3.1) reads as follows

u̇ = (−1)k−1 |∂1u|q ∂k1

(
∂k1u∣∣∂k1u∣∣2−p

)
. (4.3.2)

Figure 4.2 shows numerical simulations of (4.3.2) for different choices of k and p with
q = 2. In all test cases the initial data uδ is a function representing a narrow white
strip on a black background. We visualize the solutions at t = 10−6 with identical time
unit. We observe diffusion of the white strip for all choices of k and p except in the case
k = 1, p = 1, with q = 2.

We emphasis that when k = 1, p = 2 and q = 2 (4.3.2) reads as follows

u̇ = |∂1u|2 ∂2
1u = ∂1((∂1u)3)

3 , (4.3.3)

of which the differential operator on the right-hand side is a one dimensional p-Laplacian
with p = 4 (see [Uhl77] for some regularity properties, where they have a general result
for p-Laplacian in Rn). Hence the equation (4.3.3) is nothing but a system of independent
one dimensional p-Laplacian flow, of which the equilibrium (stationary point) is a function
of the form ũ = c1(x2;uδ)x1 + c2(x2;uδ), where c1(x2;uδ) and c2(x2;uδ) are functions
independent of the x1 variable.
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FIGURE 4.2: The solutions of the PDEs (4.3.2) with q = 2 at time t = 10−6.
From top to bottom, and from left to right, the images are corresponding to
the initial value uδ and the results of the evolution with various parameters:
k = 1, p = 2; k = 2, p = 2; k = 1, p = 1; k = 2, p = 1 in (4.3.2). We consider

the x1 lines are discretized with mesh size ∆x1 = 0.1.

FIGURE 4.3: The long time behaviors of the PDEs in (4.3.4) with q = 2. From
top to bottom, and from left to right, the images are corresponding to the initial
value uδ and the results of the evolution with q = 2 and various parameters:

k = 1, p = 2; k = 2, p = 2; k = 1, p = 1; k = 2, p = 1 in (4.3.4).
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• For i = 2 (4.3.1) reads as follows

u̇ = (−1)k−1 |∂1u|q ∂k2

(
∂k2u∣∣∂k2u∣∣2−p

)
. (4.3.4)

We investigate the long time behavior of the solution of equation (4.3.4) initialized with
some curved interface data uδ. The numerical results are presented in Figure 4.3. We find
that the curved interface evolves into a vertical line (for all cases of k and p, with q = 2,
we have tested), which we assume to be a general analytical property of the PDEs.

4.3.2 Angular correction in tomography

Now, we are applying the displacement correction methods for problems arising in tomography.
As data we consider angular disturbed sinograms of the Radon transform of 2D images and
the final goal is to reconstruct the corresponding attenuation coefficients. If the sinogram is
recorded with angular perturbations, without further processing, application of the inverse Radon
transform may produce outliers in the reconstruction (see Figure 4.4).

As a test image we use the Shepp-Logan phantom of size 128× 128, and discretize the angular
axis of the sinogram domain [0, π) with uniform step size 1

90π. The synthetic data are generated
by evaluating the Radon transform along the line in direction θ̂ = θ+d1(θ). The (inverse) Radon
transforms are implemented with the Matlab toolbox.

In the first series of experiments (see Figure 4.5), we allow the random perturbations on the beam
directions to be d1(θ) ∈ [0, 1

30π], which is relatively small. The correction process consists of a
coupled steps: in the first step we apply the nonlinear flows to the erroneous sinogram; then we
apply inverse Radon transform to the results from the first step. In the example shown in Figure
4.5 these sampling errors do not cause significant mismatch in the reconstruction.

Although the flows in (4.3.2) are suitable for correcting small displacement errors, they may not
be very qualified for the data with larger displacement errors and with additive noise. In the latter
case, the recorded sinogram is considered to be

yδ(θ, l) = R[f ](θ + d1(θ), l) + η, (4.3.5)

where η denotes some additive noise. Here the filtering by the flow defined in (4.3.1) with q = 1
outperforms the filtering by the flow with q = 2. In the numerical experiments, we tested with an
example of the angular perturbation d1(θ) ∈ [0, 1

18π] (see Figure 4.1). For q = 1 we show the
filtering by (4.3.1) with k = 1 and p = 2. That is, we use the equation

u̇ = |∂1u| ∂2
1u, (4.3.6)

for filtering. Our numerical results are reported in Figure 4.6 and Figure 4.7, which is based on
the displacement error shown in Figure 4.1. As a comparison, we also show the results when
Problem (4.2.1) is considered a discrete optimization problem and is solved with a heuristic
discrete optimization algorithm, which is generalized from [Nik09c]. The right one on the top
of Figure 4.6 shows the final result, having no preference against standard FBP. The bottom
images in Figure 4.6 show the results which are obtained by applying the nonlinear flow (4.3.6)
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FIGURE 4.4: Left: Phantom image. Right: A direct reconstruction with a filter
backprojection (FBP) algorithm from an angular perturbed sinogram (see Figure

4.1).

FIGURE 4.5: Top Left: Sinogram with relatively small angular perturbations
(d1(θ) ∈ [0, 1

30π]). Top Right: Direct reconstruction with a FBP algorithm. Bot-
tom: The applications of the flow (4.3.2) for angular correction with parameter

settings k = 1, p = 2 and q = 2.
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FIGURE 4.6: Top: The results obtained with an heuristic discrete optimization
algorithm method for solving (4.2.1). Bottom: The applications of the flow

(4.3.6) for angular correction.

FIGURE 4.7: The applications of the flow (4.3.6) for angular correction from
data containing both displacement and additive errors.
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for correcting the unknown angular perturbations. In this example, the nonlinear flows have a
better performance in comparing with the heuristic discrete optimization algorithm. From the
results shown in Figure 4.7, we find that the proposed equation (4.3.6) is able to correcting the
angle displacement error and denoise simultaneously.

4.4 Conclusion

In this paper, we have considered two families of nonlinear flows for correcting two different
kinds of displacement errors. Our numerical analysis revealed interesting properties on the
behavior of the solutions of the PDEs, which should be confirmed by further theoretical studies
in the future. We have also presented some applications to tomography, where the novel PDEs
are able to correct for angular displacement errors. Some other application area of our methods
are electron tomography in single particle analysis [NW01; Okt15].
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5
Scale and Edge Detection with Topological

Derivatives

abstract

A typical task of image segmentation is to partition a given image into regions of homogeneous
property. In this paper we focus on the problem of further detecting scales of discontinuities of
the image. The approach uses a recently developed iterative numerical algorithm for minimizing
the Mumford-Shah functional which is based on topological derivatives. For the scale selection
we use a squared norm of the gradient at edge points. During the iteration progress, the square
norm, as a function varied with iteration numbers, provides information about different scales
of the discontinuity sets. For realistic image data, the graph of the norm function is regularized
by using total variation minimization to provide stable separation. We present the details of the
algorithm and document various numerical experiments.

5.1 Introduction

One of the most well-studied image segmentation model is the Mumford–Shah functional [MS89],
which is to find the image u which minimizes the following:

F (u,K) = 1
2

∫
Ω

(u− f)2dx+ α

2

∫
Ω\K
|∇u|2dx+ βH1(K) (5.1.1)

over all sets K ⊂ Ω and all smooth functions u defined on Ω\K. The first component provides a
piecewise smooth approximation of the given image data f : Ω→ [0,∞). The second component
provides the information on the discontinuity set of the image f . Here Hs(K) denotes the s-
dimensional Hausdorff-measure of the set K. We focus on the two-dimensional case Ω ⊂ R2.

There are number of methods proposed to minimize the Mumford-Shah functional. One of the
most important approach is by Ambrosio and Tortorelli [AT90; Cha95]. The general idea is to
approximate the functional by a family of elliptic functionals, where each of them in principle
can be minimized with numerical partial differential equation solvers. Related works include the
Chan–Vese model [CV01], where the Mumford–Shah model is simplified to the reconstruction
of piecewise constant functions only, and the discontinuity sets are eliminated using an explicit
notion of boundary via a level set formulation or using well-potential models (see [JKS07;
She06]).

Recently, a numerical algorithm for minimizing the Mumford–Shah functional based on topolog-
ical derivatives has been developed [GMS13]. The implementation of the algorithm is iterative

73
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in nature and selects edges successively according to certain rules. In this paper, we further
experimentally analyse these criteria. We show that the algorithm based on topological deriva-
tives can distinguish between edges of different scales and therefore can be used for detecting
scales of edges. This is different from [AT90; Cha95] where the global approximation of the
Mumford–Shah functional is achieved by partial differential equations, which, however, does not
allow a selective selection of edges.

The approach of [GMS13] consists of approximating the Mumford–Shah functional by the family
of functionals

Jε,κ(u,K) = Gε,κ(u,K) + 2βεmε(K)

= 1
2

∫
Ω

(u− f)2dx+ α

2

∫
Ω\K
|∇u|2 dx+ κ

α

2

∫
K∩Ω
|∇u|2 dx+ 2βεmε(K) , (5.1.2)

where
mε(K) = inf{H0(Y ) : Y ⊂ R2, K =

⋃
y∈Y

Bε(y)
}
.

The minimization is performed over all u ∈ H1(Ω) and K ⊂ R2. It has been shown in [GMS13]
that these functionals Γ-converge to F , if κ = o(ε). For fixed ε and κ the approximate minimiza-
tion of the functional Jε,κ is performed by using a topological asymptotic analysis (see [Fei+03;
GGM00; SŻ99]). In the context of image processing, topological asymptotic analysis has been
recently applied by Auroux et al. [ABM07; AM09] and by Muszkieta [Mus09]. In [GMS13],
an implementation for minimizing Jε,κ is proposed, and compared to the Ambrosio–Tortorelli
approach [AT90].

The outline of this paper is as follows: In the following section, we recapitulate the algorithm
from [GMS13] for approximate minimization of the Mumford–Shah functional. We present a
simple example where we can explain the idea of scales of edges in Section 5.3. Section 5.4
considers scale detection for realistic image data. In the later cases, total variation regularization
of the according scale detection functions over the number of iterations has to be performed to be
able to calculate the according edges. We use the taut string algorithm for computing the total
variation minimizers.

5.2 A topological algorithm for edge detection

We shortly review the algorithm from [GMS13] for detecting edges in an image f : Ω→ R. In
this iterative algorithm, the edges are approximated by a collection of balls of small diameter 2ε
(in implementations, the diameter is chosen as the pixel distance). In each iteration, we smooth
the original image using a diffusivity which is small at the (previously found) edge set and large
outside this set. Then we add the new balls where the gradient norm is largest to the edge set. A
detailed outline is given in Algorithm 1.

It is shown in [GMS13] that the resulting set K and the smoothed image u can be considered
approximations of the minimizer of the Mumford–Shah functional.
Remark 5.2.1. The parameters α and β in Algorithm 1 are identical with the parameters in the
Mumford–Shah functional. For noisy images, they should be chosen in dependence of the noise
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Algorithm 1 Topological algorithm for edge detection.
Let f ∈ L∞(Ω), α, β > 0, ε > 0 and 0 < κ < 1 be given. Set k = 0 and K0 := ∅.
Step 1. Define

uk := arg min
u

Gε,κ(u,Kk).

Step 2. For i = 1, . . . ,m, find y(i)
k ∈ Ω \Kk such that |∇uk(y)|2 is maximal, and replace Kk

by Kk ∪ {Bε(y
(i)
k )}.

Step 3. If

max
i

α

2 π
1− κ
1 + κ

|∇uk(y
(i)
k )|2 < β

ε
,

stop the iteration; else set Kk+1 := Kk, u := uk, increase k by 1, and go to Step 1.

Result: Approximation of an optimal edge set K and smoothed image u for the Mumford–Shah
functional with parameters α and β.

level: the larger the parameters are the smoother the filtered results are and the smaller the edge
sets are. In the numerical experiments, we used α in the range from 5 to 10 and β between 100
and 200, and the size of the images are 256× 256, of which the intensities range from 0 to 255.

In the numerical implementations, the parameter ε is always chosen as half the distance between
adjacent pixels. According to [GMS13], the parameter κ should be chosen as o(ε). In our
implementations we have set κ equal to 0.005. In general, the results proved quite robust with
respect to the variations of κ, except for the optimization problem Gε,κ(u,K)→ min in Step 2
of the algorithm, which becomes more difficult to solve as κ decreases.

The original algorithm from [GMS13] uses an update of the function u whenever a ball has
been added to K; this corresponds to setting m = 1 in Algorithm 1. For larger images, this
is obviously not feasible. In this paper, we add multiple balls during each iteration, slightly
compromising the accuracy in favour of vastly improved computation times.

5.3 Detecting scale of discontinuities

We present how the iterative construction of the edge set K in Algorithm 1 can be applied
to detecting the edges of different scales. To highlight the idea, we consider the test image
depicted in Figure 5.1, which consists of different flat regions that appear well separable. For
this piecewise constant example the different scales of edges correspond to edges of a certain
magnitude.

We first define the following norm to distinguish between different scales of the edges:

S(k) := |∇uk(y
(1)
k )|2 . (5.3.1)

This is the squared norm of the gradient of uk at the center point of the first ball detected in each
iteration, i.e., the largest gradient outside of the edge set at the previous iteration.

Figure 5.1 shows the results of Algorithm 1 for a fixed set of parameters. The function S shows
some discriminative features: there are intervals where the values are approximately constant.
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FIGURE 5.1: Cards pictures. We apply Algorithm 1 with parameters α = 5,
β = 100, and m = 20. Upper row, left: The cards image. Upper row, right: The
graph of the function S, one can discern distinct jumps of this function. Middle
row: The edge set Kk at the iterations k where the most important jumps occur
(from left to right: iterations 40, 74, 124, and 182). Lower row: The difference

between two neighbouring edge sets.
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This reflects that the edges recovered during these iterations are of a similar magnitude. Moreover,
there are clear discontinuities (clear drops in height), which reflects that all the edges of a certain
scale have been completely detected.

This change in the edge jump is illustrated in the lower images in Figure 5.1. They present
the current edge indicators Kk at steps k of the iteration where the most significant jumps in S
occur. In addition, we have chosen the depicted jumps sufficiently far from each other so that the
differences between subsequent edge indicators are not too small. The first jump in S appears
after approximately 40 iterations. The corresponding edge indicator K40 indicates the upper left
edges of the image, which have the largest absolute value of the gradient. The next significant
jump of the function S occurs at iteration 74 — here we extract the full shape of the spade; the
surface of the clubs is fully recovered at iteration 124 and the diamond comes out last around the
182 iterations with a very slight drop of S as the last obviously detectable scale.

5.4 Regularization of S(k)

The Cards image consists of large piecewise constant regions and the edges betweens these
regions are clearly pronounced, and different scales of edges are easily identified. For natural
images, the scales of edges are less pronounced, and the function S shows a less regular behaviour.
This effect worsens if the data are noisy. We experimented with the Cameraman and the Peppers
image data (see Figure 5.2), and the functions S do not reveal similar obvious plateaus as for the
Cards image.

To better deal with these natural images, we smooth the function S (considered as a function of
iterates) by minimizing the discrete total variation, setting

Ŝλ := arg min
R

(∑
k

(R(k)− S(k))2 + λ|R(k + 1)−R(k)|
)
.

This optimization problem has been studied for a long time in the contexts of one-dimensional
signal processing and non-parametric regression (see for instance [DK01; MG97; SDN05]). There
are numerous methods for solving this minimization problem, most of which deal specifically
with total variation regularization for image denoising (see for instance [Cha04; CL97; ROF92]).
In the one-dimensional case, the most efficient method for total variation minimization is the taut
string algorithm [DK01; Gra07; PS08], which can be implemented in the form of a dynamical
programming algorithm with linear time and space complexity. A detailed derivation of this
method can be found in [Gra07; Sch+09]. The dynamical programming algorithm for the solution
is described in [DK01]. For this algorithm recall that a one-dimensional function of bounded
variation is continuous outside its jump set, and that a function U ∈W 1,1(Ω) is continuous.

In this approach, the amount of regularization depends on the parameter λ > 0. However, due to
the properties of one-dimensional total variation regularization, the results are quite stable with
respect to λ. We recall that one-dimensional total variation regularization satisfies a semi-group
property: Repeated regularization first with a parameter λ1 > 0 and then with a parameter
λ2 > 0 is the same as a single regularization step with a parameter λ1 + λ2 (see e.g. [Sch+09,
Thm. 4.38]). In particular, this implies that for µ > λ, the jump set of Ŝµ is contained in the
jump set of Ŝλ. For this reason, the precise choice of the regularization parameter has, for modest
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FIGURE 5.2: Edge sets and scale detection function S for the Cameraman and
Peppers images. (c) and (e) are the edges of the Cameraman and Peppers images,
respectively, detected by our algorithm. In both cases the algorithm has been
used with parameters α = 10, β = 200, and m = 50. (d) and (f) are the graphs
of the functions S for the Cameraman and Peppers images, respectively, where
the horizontal axis represents the iteration numbers and the longitudinal axis is
the maximum norm of gradients for the center of added balls in that iterations.
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Algorithm 2 Taut String Algorithm
Given discrete data ~uδ = (fi), i = 1, . . . , s, and λ > 0, the taut string algorithm is defined as
follows:
Step 1. Let U δ0 = 0 and U δi = 1

s

∑i
j=1 fj , i = 1, . . . , s. We denote by U δ(x) the linear spline

with nodal points xi = i/s, i = 0, . . . , s, and function values U δi at xi.
Step 2. Define the λ-tube

Yλ :=
{
U ∈W 1,1(0, 1) : U(0) = U δ(0) , U(1) = U δ(1) ,

and |U(t)− U δ(t)| ≤ λ for t ∈ (0, 1)
}
.

Step 3. We calculate the function Uλ ∈ Yλ which minimizes the graph length, that is,

Uλ = argminU∈Yλ

∫ 1

0

√
1 + (U ′)2 .

Step 4. uλ := U ′λ is the outcome of the taut string algorithm.

values, no effect on the location of the most prominent jumps of Ŝλ. In our implementations, we
therefore chose the regularization parameter experimentally, using a sufficiently large parameter
in order to remove most of the noise, but still retaining all the significant jumps.

Another possibility is to choose the smallest parameter λ for which the function Ŝλ is mono-
tonically decreasing, since it is sufficient to find points where the scale of edges suddenly
decreases.

Finally, we present some experimental results with Cameraman and Peppers image data, re-
spectively in Figure 5.3 and Figure 5.4. To obtain these results, we first applied the taut string
algorithm to filter the plots of the oscillating function S defined in (5.3.1). The plateaus between
two discontinuities in the filtered function Ŝλ mark areas of a specific scale. Actually, there
are more jumps detected than which we are separately displaying, as well shown in the filtered
graphs with the figures, for the purpose of emphasising the scales detected by Algorithm 1, we
just specify the most obvious jumps and figure them out part by part.

See Figure 5.3 and Figure 5.4, respectively. In Figure 5.3, the first discontinuity of S appears at
iteration 17. There the most contrasty edges of the image — the boundary of the hair and black
coat of the photographer — are almost developed. The next significant jump appears at iteration
23, where the outline of the photographer has almost been formed. Then, at iteration 43, the
structure of the cameraman has been caught. Finally, at iteration 64, also smaller details like the
the camera are segmented.

In Figure 5.4 the situation is slightly different. The data contains many peppers where the contrast
of the edges is rather similar. Thus the algorithm does not select complete pepper components
but only parts of them on different peppers and associates them to a unique scale.

As a final example we apply the algorithm to the Cameraman, superimposed with Gaussian noise
(see Figure 5.5). The results show the robustness of the method. Because of the noise, we used a
larger regularization parameter in the taut string algorithm in order to select the different scales.
Note that it was not necessary to change the regularization parameters α and β.
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FIGURE 5.3: Edge and scale detection in the Cameraman image. Upper row, left:
The Cameraman image. Upper row, right: The TV filtered graph of function
S. Middle row: The edge set Kk at the iterations k where the most prominent
jumps occur (from left to right: iterations 17, 23, 43, and 64). Lower row: The

difference between two subsequent edge sets.
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FIGURE 5.4: Edge and scale detection of Peppers image. Upper row, left: The
Peppers image. Upper row, right: The TV filtered graph of function S. Lower
row: The edge set Kk at the iterations k where the most prominent jumps occur
(from left to right: iterations 15, 60, 85, and 108). Lower row: The difference

between two subsequent edge sets.
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FIGURE 5.5: Edge and scale detection in the presence of noise. Upper row, left:
The noisy Cameraman image. Upper row, right: The edge set after 200 iterations.
Middle upper row, left: The graph of the function S. Middle upper row, right:
TV filtered graph of function S. Middle lower row: The edge set Kk at the
iterations k where the most prominent jumps occur (from left to right: iterations
16, 43, 74, and 91). Lower row: The difference between two subsequent edge

sets.
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5.5 Conclusion

We presented a method to detect different scales of jumps across the boundary, using a recently
developed algorithm [GMS13] for approximating the Mumford–Shah algorithm using topological
derivatives. This process is possible due to the locality of the algorithm, contrasting the globality
of approaches like the Ambrosio–Tortorelli approximation. By considering the function S which
represents the scale change of the edges, one can distinguish different parts of boundaries with
different levels of jumps. For realistic images (also noisy), we applied total variation minimization
using the taut string algorithm for a more stable scale separation. For future works, different
norms can be considered for the function S, and there are possible improvements by adapting
particular image features to the function Ŝλ, or either considering to replace the current discrete
count k which is the variable of the function S by a continuous parameter, as well, the impact of
the roughness of edges on the scales separation is worth to be discussion.
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6
Concluding Remarks

The purpose of this chapter is, on the one hand, to summarize the works we have done, and on
the other hand, to discuss some of the potential research for future.

In Chapter 2 we have developed an analysis on a general Tikhonov regularization scheme which is
proposed to solve ill-posed problems defined on surfaces in a Hilbert space setting. In particular,
we have studied the convergence and convergence rates with respect to surface disturbance, and
for the problems of which the solutions are vector fields on surfaces. An explicit possibility for
future research in this direction is a generalization of the results for nonlinear ill-posed problems,
and in the setting of Banach spaces and on general manifolds. Another open issue is a numerical
analysis of discretized function spaces on approximated surfaces and optimal conditions to have
compatibility of the two types of discretization errors for vector fields problems. In particular,
we are looking for the combination of regularization with iso-geometric analysis for vector fields
problems.

In Chapter 3 and 4, we have studied two classes of nonlinear flows for two types of displacement
correction. The flows are formally connected to a family of non-convex energy functionals
corresponding to a regularization method. We numerically simulated the nonlinear flows, which
show some interesting properties. The flows are also applied in image dejittering and correcting
angular sampling errors in tomography. The remaining issue is to analyze those novel PDEs.
We would like to theoretically confirm the properties on the behavior of the PDEs indicated by
the numerical tests, and have deeper understanding on the regularities of the solutions of the
non-convex variational problems and the nonlinear flows.

In Chapter 5, we have proposed a scheme to detect the scales of the edge set of an image. It
utilizes a recent algorithm which is proposed for approximating the Mumford-Shah functional
with topological derivatives. It would be interesting to check further the variation of the Mumford-
Shah functional

ut(x) = arg minH1(K)≤tF (u,K);
S(t) = |∇xut|2 ,

(6.0.1)

where F (u,K) is the Mumford-Shah functional (1.1.16), K is the edge set, H1 is the 1−d
Hausdorff measure, and t > 0 is a parameter which is set to bound the length of the edge measure.
The problem (6.0.1) is proposed as a continuous version of the problem studied in Chapter 5.
The issue is to rigorously analyze the solvability of (6.0.1) and give meaningful interpretations.

Other related ongoing research is investigating optimal source conditions for Tikhonov regu-
larization in Banach spaces, and developing a gradient recovery scheme for post-processing
finite element solutions of PDEs or other data on manifolds. Reports of some new results are in
preparing.
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A
A Basic Result on Generalized Inverse Operator

We provide here a proof of the theorem which characterizes the generalized inverse of a linear
bounded operator in Hilbert spaces. First, we show a preliminary lemma which will be used in
the later theorem.
Lemma A.0.1. Let L1 and L2 be complete normed linear spaces, and let A : L1 → L2 be a
linear bounded operator which has closed range R(A). Then there is a number c > 0 such that

‖Ax‖ ≥ c ‖x‖ for all x ∈ N(A)⊥.

Proof. Because N(A)⊥ ⊂ L1 is a complete subspace, and R(A) is closed, thus also a complete
subspace, therefore A|N(A)⊥ is a one to one operator and has a bounded inverse, let us denote
it by [A|N(A)⊥]−1. Therefore for every x ∈ N(A)⊥, there is a y ∈ R(A), and y = Ax. This
shows

‖x‖ =
∥∥∥[A|N(A)⊥]−1y

∥∥∥ ≤ C ‖Ax‖ ,
which gives the conclusion.

Theorem A.0.2. Let H1 and H2 are Hilbert spaces, A : H1 → H2 be a linear bounded operator,
then the following statements are equivalent:

(a) A†, the Moore–Penrose (generalized) inverse of A, is bounded;

(b) R(A), the range of operator A, is closed.

Proof. First, we show the statement (a) implies (b). Denote Axk = yk, and limk yk = y. To
prove the statement (b) is equivalent to show that, for any convergence sequence (xk)k∈N in H1
and limk xk = x, the equation y = Ax is satisfied. Choose {yj}j∈Nj⊂N be a subsequence of

{yk} which is a Cauchy sequence in H2, since A† is bounded, then∥∥∥A†(yn − ym)
∥∥∥

2
≤ C ‖yn − ym‖1 for m,n ∈ Nj ,

where C is a constant. This shows that {xj}xj=A†yj is also a Cauchy sequence in H1, hence it
goes to the limit limj xj = x.

y = lim
j
yj = A lim

j
xj = Ax.

In the next we show the reverse implication that statement (b) implies (a). We use that fact
that, for all y ∈ H2, A†y ∈ N(A)⊥. This is because of the property that A†y is the least square
solution of Ax = y with minimal norm. Otherwise, if A†y = x1 ⊕ x2 with x1 ∈ N(A)⊥ and
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x2 ∈ N(A) and x2 6= 0, then we have

‖x1‖2 < ‖x‖2 = ‖x1‖2 + ‖x2‖2 =
∥∥∥A†y∥∥∥

which contradicts to the assumption that x is the minimum norm solution. By Lemma A.0.1, we
have then

‖y‖ ≥
∥∥∥AA†y∥∥∥ ≥ c ∥∥∥A†y∥∥∥

which gives the conclusion.



B
Additional Mathematical Concepts

We present the mathematical terminologies which have been refereed in the thesis.
Definition B.0.1 (Γ-Convergence). Let U be a topological space. We say that a sequence
fj : U → R̄ Γ -converge in U to f : U → R̄ if for all u, v ∈ U we have

(a) for every sequence (uj)j∈N converging to u

f(u) ≤ lim inf
j

fj(uj); (B.0.1)

(b) there exists a sequence (vj)j∈N converging to v such that

f(v) ≥ lim sup
j

fj(vj). (B.0.2)

The function f is called the Γ-limit of (fj)j∈N, and we denote f = Γ−limjfj . Usually, condition
(a) is called lim inf inequality, and condition (b) is called lim sup inequality.

With the definition above, we can immediately have a fundamental property of Γ-Convergence.
Theorem B.0.1 (Fundamental Theorem of Γ-Convergence). Let (fj)j∈N Γ-converge to f , uj
minimize fj , and uj → u in U . Then, u minimizes f .

Proof. We prove by contradiction. If there is v, such that f(v) < f(u), and let (vj)j∈N converge
to v be the sequence corresponding to the condition (b) in Definition B.0.1. Then we have

f(v) < f(u) ≤ lim inf
j

fj(uj) ≤ lim inf
j

fj(vj) ≤ lim sup
j

fj(vj) ≤ f(v)

which gives the contradiction.

Definition B.0.2 (Topological Derivative). Assume that Ω ⊂ Rn is an open set and that there is
given a shape functional

J : Ω/K → R,

for any compact subset K ⊂ Ω̄. We denote by Bρ(x), x ∈ Ω, the ball of radius ρ > 0,
Bρ(x) = {y ∈ Rn| ‖y − x‖ < ρ} , B̄ρ(x) is the closure of Bρ(x), and assume that there exists
the following limit

τ(x) = lim
ρ↓0

J (Ω/B̄ρ(x))− J (Ω)
ρn

.

The function τ(x) for x ∈ Ω is called the topological derivative of J (Ω).
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C
Deutsche Zusammenfassung

Regularisierungsmethoden sind Standardansätze zur Lösung von schlecht gestellte Probleme mit
unvollständigen und verrauschten Messungen. Die meisten inversen und bildgebenden Probleme
sind schlecht gestellt. Einige neuere Entwicklungen in diesen Bereichen untersuchen Probleme
auf nicht-euklidischen Definitionsbereichen, nicht-konvexe Regularisierungen und verwandte
Themen in Theorie und Anwendung. Diese Arbeit behandelt teilweise diese neuen Trends. In der
Arbeit werden großenteils Probleme in unendlich dimensionalen Funktionsräumen betrachtet,
die in endlich dimensionalen Räumen numerisch simuliert werden.

Die wichtigsten Neuerungen dieser Dissertation sind die Folgenden:

Wir betrachten eine allgemeine Theorie über Tikhonov-Regularisierung zur Lösung von Prob-
lemen, bei denen sowohl die Messungen als auch die Lösungen auf Oberflächen definiert sind.
Diese Theorie erlaubt die Berücksichtigung von Oberflächenstörungen. Insbesondere ist es
das erste Mal, dass eine Konvergenzanalyse gemacht wird für Regularisierungsverfahren für
Probleme diesen Lösungen Vektorfelder auf Oberflächen sind.

Es werden neue nichtlineare Flüsse aus nicht-konvexen Regularisierungen abgeleitet, die von
kontinuierlichen Optimierungsmodellen zur Korrektur von Verschiebungsfehlern in Bilddaten
benutzt werden. Lösungen dieser PDEs werden durch numerische Analyse untersucht. Die
Flüsse haben Anwendungen beim Entflimmern und der Korrektur von Winkelabtastfehler in der
Tomografie.

Wir stellen eine Methode vor, die in der lage ist verschiedene Skalen der segmentierten Kante
eines Bildes zu unterscheiden. Dieses Verfahren basiert auf einem neuen iterativen Ansatz, der
topologische Ableitungen verwendet, um die Minimierer des Mumford-Shah-Funktionals zu
approximieren.
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