Lniversitat
wien

DISSERTATION / DOCTORAL THESIS

Titel der Dissertation /Title of the Doctoral Thesis

,<Quantum computation with indefinite causal structures”

verfasst von / submitted by

Mateus de Araujo Santos

angestrebter akademischer Grad / in partial fulfilment of the requirements for the degree of

Doktor der Naturwissenschaften (Dr. rer. nat.)

Wien, 2016 / Vienna 2016

Studienkennzahl It. Studienblatt / A 796 605 411
degree programme code as it appears on the student
record sheet:

Dissertationsgebiet It. Studienblatt / Physik
field of study as it appears on the student record sheet:

Betreut von / Supervisor: Univ.-Prof. Dr. Caslav Brukner






Contents

Contents 3
Agradecimentos 7
Abstract 9
Zusammenfassung 11
Preamble 13

1 Computational advantage from quantum-controlled ordering of gates 17

1.1 Introduction . . . . . . .. ... .. 17
1.2 Algorithm . . . . . .. 18
1.3 Query Complexity . . . . . . . . . . 20
1.4 Runningtime . .. .. .. ... ... 21
1.5 Physical implementation . . .. ... ... ... .. ... ... . 21
1.6 Conclusion . . . . . . ... .. 23
2 Witnessing causal nonseparability 25
2.1 Introduction . . . .. . ... 25
2.2 The process matrix formalism . . ... ... ... ... ...... 28
2.2.1 Localoperations . .. ... ... .. ... ... .. ... 28
222 Processmatrices . . . . .. ... o 29

23 Causalwitnesses . . . . .. .. ... 32
2.3.1 Definition and characterization . . . . ... ... ... ... 32
2.3.2 Finding causalwitnesses . . . . . ... ... ... ... .. 34
2.3.3 Implementing causal witnesses . . . . . .. ... .. ... 36
234 Example. . . . . . ... 37

2.4 Quantum control of causalorder . . . . . .. ... ... ...... 40
241 Thequantumswitch . ... ... ... ... ........ 40
2.4.2 Process matrix representation of the quantum switch . . . 40

2.5 Witnesses for the quantumswitch . . . .. ... ... ... .... 42
251 Optimalwitness. . . .. ... .. ... ... ... ... 43
252 Chiribella’switness . . . . . . ... ... L. 43

2.6 Causalinequalities . . . . . . . ... ... . 45
2.6.1 Device-independent causal relations . . . ... ... ... 45
2.6.2 Quantum control of orders and causal inequalities . . . . . 47

2.7 Conclusion . . . . . .. e 48



4 CONTENTS
3 The simplest causal inequalities 51
3.1 Introduction . . .. ... ... . 51
3.2 Correlations with definite causalorder . . . . . . .. ... .. ... 53
3.2.1 “Causal correlations” . . . . . ... ... . ... ...... 53
3.2.2 Causal polytopes and causal inequalities . . . . . ... .. 53
3.2.3 The simplest causal polytope . . . ... ... ... .. .. 54
3.3 Process matrix correlations with no definite causal order . . . . . . 56
3.3.1 The process matrix framework . . . . . .. ... .. .... 56
3.3.2 Violation of the simplest causal inequalities

by process matrix correlations . . . . ... ... 58
3.3.3 Boundary of the set of process matrix correlations . . . . . 60
3.4 Conclusion . . .. ... e e e 60

4 A purification postulate for quantum mechanics with indefinite causal
order 63
41 Introduction . . . . ... . e 63
4.2 PUMEPIOCESSES . . v v v vt e i e e e e e e 65
4.3 Anpurificationpostulate . . . ... ... . L oo 67
4.4 Necessary and sufficient conditions for purification . . . . . . . .. 68
4.5 Necessary conditions for purification . . . . . . ... ... ..... 69
46 Examples . . . .. e 71
47 Counter-example . . . . . . . . .. .. 71
4.8 Conclusion . . .. ... .. e e 72
5 Quantum computation with linear closed timelike curves 73
5.1 The Bennett-Schumacher-Svetlichny model of closed timelike curves 73
5.2 Processes as linear closed timelike curves . . . . . .. ... ... 74
5.3 The computationalmodel . . . . . . . .. ... ... ... .. 76
54 Examples . . . . . e 78
55 Conclusion . . . . ... 79
Conclusion 81
A Existence proof of the sets of unitaries 83
B Tolerating experimental error 85
C Implementing the n-swITCH gate in the quantum circuit model 87
D Relationship with other quantum algorithms 89
E Decomposition of the n-ROUTER 91
F Details of the formalism 93
F.1  Choi-Jamiotkowski isomorphism . . . . ... ... ... ... ... 93
F2 Processmatrices . . ... ... . ... .. ... . ... 95
G Valid process matrices 99
G.1 Bipartite process matrices . . . . .. ... .o 99
G.2 Tripartite process matrices . . . . . . . ... ... ... 102

G.3 N-partite process matrices . . . . . . ... ... oo 103



CONTENTS

Q
R
S
T
U

Characterization of bipartite causal witnesses
Explicit positive semidefinite constraints
Duality for conic problems

Measuring causal nonseparability
Characterisation of tripartite causal withesses
Optimizing Chiribella’s task

Characterization of the causal polytope

N.1 Vertices of the causal polytope . . . . . . .. .. .. ...
N.2 Dimensions . . .. . .. . .. .. .. . ... .. ...
N.3 Forbinary inputs andoutputs . . . . .. .. ... ....

See-Saw algorithm

Maximal violations for qubits

The set of process matrix correlations is convex
The Choi-Jamiotkowski isomorphism

The link product

Conditions for validity

The null-square lemma

Bibliography

Curriculum Vite

105

109

111

115

119

121

123
123
124
124

127

129

131

133

135

137

141

143

150



Listen to your crazy laugh
Before you hang a right
And disappear from sight

Belle & Sebastian
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Abstract

This thesis explores which causal relations are allowed by the laws of quantum
information processing. It is motivated by the conundrum that although we expect
any theory that unifies gravity and quantum mechanics to feature indefinite causal
structures due to quantum uncertainty in the metric, we currently have poor under-
standing of the notion of an indefinite causal structure. The tool we use to approach
this problem is the process matrix, which encodes the most general way that some
parties that respect quantum mechanics can signal to each other without creating
logical contradictions such as the grandfather paradox. This generality allows pro-
cess matrices to encode both definite and indefinite causal orders, without passing
judgement on their physical plausibility.

One aspect of the thesis is to develop technical tools to study types of causal
relations within the process matrix formalism. Using semidefinite programming we
define witnesses — analogous to entanglement withesses — that can distinguish
between process matrices that encode definite and indefinite causal orders. We
also use semidefinite programming and polyhedral computation to systematize
the study of causal inequalities which, analogously to Bell inequalities, allow one
to certify in a device-independent way that a given causal structure is indefinite.
These tools allows us to find the simplest possible causal inequalities and to develop
algorithms to find process matrices and quantum operations that violate them.

Another aspect of the thesis is to investigate which process matrices encode
physical causal structures and which might turn out to be mathematical artefacts.
We do this in two ways: the first is to identify which causal structures are compatible
with the reversibility of physical laws and which are not. Taking the consensus view
that all physical laws are ultimately reversible allows us to identify as unphysical the
causal structures that are fundamentally irreversible. The other way we investigate
their physicality is from the point of view of quantum computation: if they turn out to
be too powerful, it is a reason to be suspicious of their plausibility. We find that even
though process matrices do provide an asymptotic advantage in query complexity
for a specific problem, we can prove that they are weaker than other models of
quantum computation based on closed timelike curves, and thus more physically
plausible.






Zusammenfassung

In dieser Dissertation wird untersucht, welche Kausalbeziehungen mit den Ge-
setzen der Quanteninformationsverarbeitung kompatibel sind. Sie ist durch die
Erwartung motiviert, dass jede Theorie, die Gravitation und Quantenmechanik
vereint, unbestimmte kausale Strukturen beinhaltet, die durch die quantenmecha-
nische Unscharfe der Metrik hervorgerufen wird. Das gegenwartige Verstandnis
solcher unbestimmter kausaler Strukturen ist jedoch noch sehr unvollstandig. Als
Werkzeug zu ihrer ndheren Untersuchung verwenden wir die sogenannte “pro-
cess matrix”, eine Matrix die die allgemeinste Mdglichkeit der Signallibertragung
zwischen Parteien enthalt, die nicht zu logischen Paradoxien (wie etwa dem Grof3-
vaterparadoxon) fihrt. Diese Allgemeinheit erlaubt es, sowohl bestimmte als auch
unbestimmte kausale Strukturen zu beschreiben, ohne a priori ihre physikalische
Plausibilitat zu beurteilen.

Der erste Aspekt der Doktorarbeit ist die Entwicklung eines theoretischen In-
strumentariums zur Untersuchung von kausalen Beziehungen im “process matrix”-
Formalismus. Mithilfe von Semidefiniter Programmierung kénnen wir Zeugenopera-
toren definieren — analog zu Zeugenoperatoren fiir Verschrankung — die zwischen
“process matrices” bestimmter und unbestimmter kausaler Ordnung unterschei-
den kénnen. Wir verwenden auch Semidefiniter Programmierung und polyhedrale
Programmierung um systematisch kausale Ungleichungen zu untersuchen, die,
wie Bell-Ungleichungen fir Verschrénkung, die unbestimmte kausale Struktur nur
aufgrund der statistischen Korrelationen nachzuweisen erlaubt. Diese Herange-
hensweise erlaubt es uns, die einfachsten kausalen Ungleichungen herzuleiten
und Algorithmen zu entwickeln, um “process matrices” und quantenmechanische
Operationen zu finden, welche diese verletzen.

Der zweite Aspekt der Dissertation betrifft die Unterscheidung derjenigen “pro-
cess matrices”, die physikalisch relevant sind von denen, die vielleicht nur ma-
thematische Artefakte sind. Daflir haben wir zwei Anséatze entwickelt. Der erste
Ansatz identifiziert kausale Strukturen, die mit der Reversibilitat von physikalischen
Gesetzen vereinbar sind. Unter der Annahme, dass alle physikalischen Gesetze
prinzipiell reversibel sind, kénnen grundlegend irreversible kausale Strukturen als
unphysikalisch betrachtet werden. Der zweite Ansatz betrachtet kausale Strukturen
aus der Sicht der Theorie der Quantencomputer: Wenn jene zu machtig waren, hat-
te man Grund, ihre physikalische Plausibilitat in Zweifel zu ziehen. Obwohl einige
“process matrices”, fir ein spezifisches Problem, eine asymptotische Reduktion der
Anzahl der Queries erlauben, sind sie doch weniger méchtig als andere Modelle
von Quantencomputern, die auf geschlossenen zeitartigen Weltlinien beruhen und
deshalb physikalisch plausibler.

11






Preamble

We want to understand which causal relations are allowed by the laws of quantum
mechanics. This is motivated by the realization that any future theory that unifies
quantum mechanics with gravity will display quantum uncertainty in the metric
tensor, which should lead to some sort of coherent superposition of different
causal structures. Since we currently lack a concrete theory that displays such
indefinite causal structures, we cannot study them from a more traditional, bottom-
up approach, that would analyse their properties as they appear in the theory.
Instead we shall use a top-down approach, that uses general principles of quantum
mechanics to constrain which causal structures are possible, and examines their
information-processing capabilities while abstracting away physical details such as
particles and Hamiltonians.

This is, broadly speaking, the perspective of quantum information. Accordingly,
we shall focus on the capabilities of indefinite causal structures to do communication
and, most crucially, quantum computation. The focus on quantum computation has
two motivations: one is that a new quantum algorithm that uses indefinite causal
structures to solve a practical problem would be of even technological interest.
Another is that if some indefinite causal structures are found to be implausibly pow-
erful, this can be used as evidence that they are actually mathematical pathologies
and not causal structures that we should expect to find in Nature.

We start in Chapter 1 by analysing the computational power of the most basic
example of a indefinite causal structure — the quantum switch — first introduced in
Ref. [1]. It can be understood informally as a coherent superposition of different
causal orders, or, more precisely, a physical setup where a quantum system
controls the order of signalling between some parties. It is an ideal starting point,
as the quantum switch not only is sure to exist in Nature (in fact, it has already
been implemented experimentally [2]), but also is simple enough that we can
define it without needing first to develop a general formalism to describe indefinite
causal structures. In this Chapter we find that the quantum switch allows a specific
computational problem to be solved with O(n) queries, whereas any quantum
circuit that has no access to indefinite causal orders is likely to require Q(n?)
queries to solve the same problem. We furthermore prove that this is the maximal
advantage that the quantum switch can provide, as ©(n?) queries are sufficient to
simulate it exactly.

To gain a deeper understanding of indefinite causality, we want to connect the
promising results shown in Chapter 1 with a general formalism capable of describ-
ing it. The one we use is the process matrix framework, introduced in Ref. [3].
Its central object — the process matrix — is defined as the most general way of
transmitting information between some isolated laboratories that obey quantum
mechanics, that still does not generate any logical paradoxes that might arise from

13
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that, such as the grandfather paradox. There are then two kinds of process matri-
ces: the first, vanilla kind, describes situations where the communication between
the laboratories happens in a well-defined causal order (or an incoherent mixture
of well-defined causal orders), and is called causally separable. The second kind
describes situations where this is not the case, and is called causally nonsepara-
ble. That these causally nonseparable process matrices do describe, in a strong
sense, indefinite causality, is proven via the violation of causal inequalities. These
are device-independent inequalities, that take into account only the correlations
produced by laboratories, and are derived from the assumption that there exists a
well-defined past, and that you cannot signal to it.

In Chapter 2 we show then how to write the quantum switch in the process
matrix formalism, and prove that despite being causally nonseparable, it cannot
be used to violate any causal inequality. We show, however, that it can violate a
weaker, device-dependent notion of definite causality: a causal witness. In the case
of the quantum switch we find a particularly nice witness, that can be understood
as a game of guessing whether some unitaries commute or anti-commute. In the
general case we do not try to formulate witnesses as games, but we can prove,
using semidefinite programming, that for any causally nonseparable process matrix
there exists a causal witness that can detect it. Furthermore, these witness are
always implementable experimentally, independently of whether the process matrix
itself is, and we have in fact already implemented one of them [4].

Chapter 3 is dedicated to the systematic study of causal inequalities. We
show that, analogously to Bell inequalities, causal inequalities can be defined as
the facets of the polytope of causal correlations. Characterizing these polytopes
allows us therefore to find out which are the simplest possible causal inequalities,
which turn out to be variants of a game where one party has to guess the input
of the other. We show also that these inequalities can be violated with process
matrices, through a variant of the see-saw algorithm augmented with semidefinite
programming. This algorithm also allows us to make a tentative characterization of
the set of correlations that can be generated by process matrices.

At this point the technical aspects of the process matrix formalism were pretty
well-understood, but its connection with actual physics was not well explored. In
fact, the only causally nonseparable process matrix that was sure to be physical
was the quantum switch; the other process matrices remained as mathematical
constructs with unknown physical status. They were, after all, defined only from the
requirement of not generating logical contradictions, and it would be unsurprising if
it turned out that Nature demand more than mere logical consistency.

Exploring the consequences of a possible such demand is the goal of Chapter 4:
inspired by the successful use of the principle of reversibility in the reconstructions
of quantum mechanics, we ask which process matrices are compatible with the
idea that transformations between quantum states must be reversible. To do that,
we need to rework the definition of a process matrix: instead of connecting only the
isolated laboratories between themselves, it also connects them with a global past
and a global future. We can then define a “pure” process matrix as one that induces
a reversible transformation from the global past to the global future whenever all
laboratories implement reversible transformations. Then the precise question about
whether a given process matrix is compatible with reversibility is about whether it
can be extended into a pure process matrix, that is, whether it can be purified. We
find that several of the previously introduced process matrices are not purifiable,
including the ones from Ref. [3] and Chapter 3, and thus are likely to be unphysical.
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The reversibility principle is, however, not enough to decide the question of
physicality for all process matrices, as there are several which are purifiable but
we don’t know how to implement experimentally, including some that can violate
causal inequalities. To gather additional evidence about their plausibility, we return
to the main theme of this thesis, and investigate their computational power.

This is the subject of Chapter 5. To be able to study the computational power of
process matrices as a whole, as opposed to particular cases as done in Chapter
1, we need to define a proper computational model that uses them. It turns out
that redefinition of process matrices done in Chapter 4 is well-suited to this task,
as giving process matrices a global past and a global future allows us to use
them as subroutines in a normal quantum circuit, and we can as such define their
computational model as an extension of the circuit model.

We can then show that this computational model is a simple particular case
of quantum circuits extended with closed timelike curves: it consists precisely of
the circuits made with linear closed timelike curves. Since their nonlinearity is the
source of major pathologies, such as the ability to solve NP-complete problems
and to distinguish non-orthogonal states, one can expect process matrices to be
free of such problems. We still do not have, however, fully characterized their
computational power.






Chapter 1

Computational advantage from
quantum-controlled ordering of
gates

This chapter was published as

e M. Aratijo, F. Costa and C. Brukner.
‘Computational Advantage from Quantum-Controlled Ordering of Gates'.
Phys. Rev. Lett. 113 250402 (2014). arXiv:1401.8127 [quant-ph].

Abstract

It is usually assumed that a quantum computation is performed by applying gates
in a specific order. One can relax this assumption by allowing a control quantum
system to switch the order in which the gates are applied. This provides a more gen-
eral kind of quantum computing, that allows transformations on blackbox quantum
gates that are impossible in a circuit with fixed order. Here we show that this model
of quantum computing is physically realizable, by proposing an interferometric
setup that can implement such a quantum control of the order between the gates.
We show that this new resource provides a reduction in computational complexity:
we propose a problem that can be solved using O(n) blackbox queries, whereas
the best known quantum algorithm with fixed order between the gates requires
O(n?) queries. Furthermore, we conjecture that solving this problem in a classical
computer takes exponential time, which may be of independent interest.

1.1 Introduction

A useful tool to calculate the complexity of a quantum algorithm is the blackbox
model of quantum computation. In this model, the input to the computation is
encoded in a unitary gate — treated as a blackbox — and the complexity of the
algorithm is the number of times this gate has to be queried to solve the problem.

Typically, black-box computation is studied within the quantum circuit formal-
ism [5]. A quantum circuit consists of a collection of wires, representing quantum
systems, that connect boxes, representing unitary transformations. In this frame-
work, wires are assumed to connect the various gates in a fixed structure, thus the
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order in which the gates are applied is determined in advance and independently
of the input states. It was first proposed in [1] that such a constraint can be relaxed:
one can consider situations where the wires, and thus the order between gates,
can be controlled by some extra variable. This is natural if one thinks of the circuit’s
wires as quantum systems that can be in superposition.

Such “superpositions of orders” allow performing information-theoretical tasks
that are impossible in the quantum circuit model: it was shown in [6] that it is
possible to decide whether a pair of blackbox unitaries commute or anticommute
with a single use of each unitary, whereas in a circuit with a fixed order at least one
of the unitaries must be used twice. (The same task was considered in a quantum
optics context in [7], where a less efficient protocol was found.)

It was not known, however, whether this advantage can be translated into
more efficient algorithms for quantum computing, i.e., if a quantum computer
that can control the order between gates can solve a computational problem with
asymptotically less resources than a quantum computer with fixed circuit structure.

Here we present such a problem: given a set of n unitary matrices and the
promise that they satisfy one out of n! specific properties, find which property is
satisfied. The essential resource to solve this problem is the quantum control over
the order of n blackboxes, first introduced in Ref. [8]. We show that, by using this
resource, the problem can be solved with O(n) queries to the blackboxes, while
the best known algorithm with fixed order requires O(n?) queries. Furthermore,
while both quantum methods of solving the problem run in polynomial time, the
best known classical algorithm to solve it runs in exponential time, which may be of
independent interest.

We further discuss a possible interferometric implementation of the protocol.
For the superposition of the order of just two gates, a realization with current
quantum optics techniques is possible. For a higher number of gates practical
implementations become more challenging.

1.2 Algorithm

The quantum control of the order between n unitary gates can be formalized by
introducing the n-swiITCH gate. As in Ref. [8], we consider a d-dimensional target
system, initialized in some state |¢)), and an n!-dimensional control system. Let
{U;}8~! be a set of unitaries and

I, =Us, (n-1) - - Us, 1)Uz, (0) (1.1)

for some permutation o,,, where z = 0, ...,n! — 1 is a chosen labelling of permuta-
tions'. Then the n-SWITCH S, is a controlled quantum gate: its effect is to apply
the product of unitaries II,. to the state |¢) conditioned on the value of the control
register |z). In symbols,

Snl@)[9) = |2) Iz |)). (1.2)

Using this gate we can introduce an algorithm that exploits the quantum control
of orders to achieve a reduction in query complexity for the solution of a specific
problem. The algorithm is based on the standard Hadamard test. The idea is to
initiate the control system in a state corresponding to a uniform superposition of all
permutations, apply S,,, and then measure the control system in the Fourier basis.

"More preciselly, o (j) is the image of the jth element under the permutation x
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With a suitable choice of the unitaries, we can make the result of this measurement
deterministic and, since there are n! different results, this means that we can
differentiate between n! different properties of n unitaries.
To be more precise, let w = e . We say that the set of unitaries {U;}; " has
property P, if it is true that
vV 11, = w*Ily, (1.3)

for the given y. For example, property Py is the property that 1T, = II, for all , i.e.,
that all the matrices commute with each other.

Note that it is not possible to satisfy property P, if the dimension of the unitaries
d is less than n!. To see that, consider x = y = 1, and take the determinant on
both sides of equation (1.3):

det IT; = w? det I,. (1.4)

Since det II, = det Iy, it follows that w® = 1, and therefore d must be at least n!.
The computational problem is defined as follows: given a set {U; }5 " of unitary
matrices of dimension d > n!, decide which of the properties P, is satisfied by this
set, given the promise that one of these n! properties is satisfied.
The protocol for solving this problem is the following: we initialize the target
system in any state |¢), and the control system in the state |C') which corresponds
to an equal superposition of all permutations:

n!—1
1
C = — x)|). 1.5
1C) ) m;}lﬂ@ (1.5)
Then, we apply the n-SWITCH:
n!l—1
SalO)w) = Z )11 (1.6)
Now we apply the Fourier transform over Z,,; to our control qudit
n!—1
F1Sp|CY|) = Z |$)ew ™ T, |1). (1.7)
n! x,5=0

and measure the control qudit in the computational basis, with outcome probabilities
2

n!—1
1 —XISs
Ps =5 Z w e |¢) (1.8)
: =0

Using the promise 11, = w*1l we get that
2
=4

n!—1

1 Z wa:(y s H0|w>

- o (1.9

Ds

that is, if property P, is true, the result of the measurement is going to be y with
probability one, so we can find out which property the unitaries have in a single run
of the protocol.

We should notice that the problem is not trivial, i.e. there exist, for every n,
infinitely many sets of unitary matrices that satisfy each of the n! properties P,, (see
Appendix A) The problem, and the corresponding protocol, can be also modified to
tolerate possible experimental error. This modification is shown in Appendix B.
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1.3 Query Complexity

We are interested in determining the number of times that the unitaries U; must
be used to run the algorithm. Clearly this depends only on the implementation of
the n-SWITCH gate, since the unitaries are not used anywhere else. As proposed
in [1], the SWITCH can in principle be implemented by adding quantum control to
the connections between the unitaries. In such an implementation it is sufficient to
use a single copy of each unitary, while the control system determines the order in
which the target system passes through the unitaries.

Since the implementation with quantum control of the connections between
gates is explicitly outside the quantum circuit formalism, we cannot simply calculate
the number of uses of the unitaries by counting the number of times they appear
in a circuit. Nevertheless, we can formulate the notion of “gate uses” in a precise,
operational, way. Imagine we append, to each gate, an additional “flag” quantum
system that counts the number of times that gate is used. This can be done in a
reversible way: the j-th flag is initialized in the state |0), and, whenever the unitary
U, is used, it is updated through the unitary transformation | f); — |f + 1);. Itis
easy to see that, after applying the n-SWITCH, the state of the flags factorizes, with
each flag in the state |1);. According to this definition, the total number of queries
necessary to run the algorithm is n.

In comparison, the optimal simulation of the n-SwITCH gate with a fixed circuit
has query complexity Q(n?) 2. To see this, first note that one can assume without
loss of generality that all blackbox unitaries are applied each in a different time
step, since if two blackboxes are applied in parallel, we can always introduce a time
delay between them, without changing the action of the circuit. More technically,
a circuit defines a partial order for its gates, which can always be completed into
a total order. Then, let {Ai}g’kl be the m blackbox unitaries appearing in the
circuit, with A; € {U;}0~", queried in the order Ay < --- < A,,_;. From the
Appendix B of Ref. [1], it follows that it is only possible to apply the I, to |¢) if
the unitaries U, (), - - - » Uy, (n—1) @re present in the circuit in the order defined by
0. The lower bound on the query complexity is then the minimal m for which all
n! permutations of {Uy, ..., U,_1} are present as subsequences of the sequence
{Aoy ..., A1}

It turns out that this is an open problem in combinatorics [9, 10]. However, it is
known that the optimal m respects the bounds

n? — Cen7/4+€ <m< {n2 — gn—i— 1;—‘

for any € > 0, where C. is a constant that depends on e. This concludes the proof.

It is also possible to construct a quantum circuit that simulates the n-SWITCH
gate from such a sequence. We shall, however, refrain from doing so. Instead, for
completeness, we present a simple circuit that simulates the n-SWITCH gate using
m = n? queries in the Appendix C.

Of course, it might not be necessary to use the n-SwWITCH gate in order to
determine which property P, the unitaries satisfy. For example, it is possible to
solve the problem by directly measuring the phase obtained when applying the
permutation 0. Since II; = w¥Ily, this is sufficient to determine y. However, this

2We say that f(n) is Q(g(n)) if there exists a constant M such that f(n) > Mg(n) for sufficiently
large n.
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protocol can work only if the relative phase is measured with an error smaller than
i—’{, and for blackbox unitaries this can only be done with an exponential amount of
queries.

This is the case, for example, for Kitaev’s phase estimation algorithm [11]. This
algorithm is not usually applied to blackbox unitaries, but this can be done using
the techniques in [12—14]. In this case, to calculate the phase with the required
O(nlogn) bits of precision, one would need to implement the matrices controlled-
Ufk, with £ = 1, ..., nlogn, which would require an exponential amount of queries
to the blackboxes U;. Even if one assumes that it is possible to apply controlled-Uflc
efficiently — a necessary assumption to make Kitaev’s algorithm efficient — one
would need O(nlogn) queries to each Ufk oracle. Since there are n unitaries
U;, the query complexity would be O(n?logn), which is still less efficient than
simulating the n-SWITCH with a fixed circuit.

1.4 Running time

Instead of query complexity we may want to consider the running time of the
algorithm. If we assume that this is dominated by applying the unitaries U;, then
there is no difference between the implementation with superposition of orders or
the fixed quantum circuit: both run in time O(n) (see Appendix C).

It is interesting, nevertheless, to compare the time required to solve the problem
between quantum and classical computers. If we assume that the unitaries U; are
decomposed in a polynomial amount of elementary gates, they can be given as an
input of polynomial size to a classical algorithm, and it makes sense to compare
the classical and quantum running times.

As argued above, the problem of determining y reduces to the problem of
calculating the relative phase between I1; and I1y, which may differ by the permu-
tation of a single pair of unitaries. However, as discussed before, the dimension
of the unitaries must be at least n! for this problem to be nontrivial, and it seems
unlikely that one could extract the phase from these exponentially large unitary
matrices on a classical computer in polynomial time. On the other hand, the run-
ning time of the quantum algorithm is clearly polynomial for unitaries decomposed
in a polynomial amount of elementary gates. Therefore we conjecture that for
the problem presented there is an exponential separation between classical and
quantum complexity, which may be of independent interest.

Note that our algorithm is based on the quantum Fourier transform, as are
several algorithms that show an exponential separation between classical and
quantum complexity, but there does not appear to be a more direct connection
with specific classes of quantum algorithms, such as those that solve the hidden
subgroup problem (see Appendix D).

1.5 Physical implementation

In Ref. [1] it was proposed to apply the superposition principle to the physical
components of a quantum computer that determine the order between gates. Since
this requires a quantum control over macroscopic systems, it seems outside of the
reach of current technology and could be practically unfeasible. Here we propose
an implementation of the n-SWITCH that, although experimentally challenging, might
be feasible.
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Figure 1.1: Linear optical implementation of the 2-swiTcH. The unitaries U, and
U, act on internal degrees of freedom of a single photon, such as space bins,
time bins, or angular momentum modes. The polarization state of the photon
determines the order in which the unitaries are applied. A photon with polarization
|H) is transmitted by the polarizing beam splitters (PBSs), so that Uy is applied
before U;. For a photon with polarization |V}, reflected by the PBSs, U; is applied
first and U, second.

We first consider an optical implementation of a 2-swITCH for 2 x 2 unitaries,
illustrated in Fig. 1.1 (this implementation was independently developed in [15]).
The control system is the polarization of a photon and the target system some
internal degree of freedom of the same photon, such as space bins, time bins, or
angular momentum modes. If the photon is prepared in a horizontally polarized
state |H), it is transmitted by both polarizing beam splitters (PBSs), resulting in
the application of the unitary Uy first and of U; second. A photon in a vertically
polarized state |V') is reflected by both PBSs, thus the two unitaries are applied in
the reversed order. For an arbitrary polarization state «| H) + /3|V'), the photon exits
the interferometer in the state o| H)U1Uo|v) + B|V)UpUn |#0), which corresponds
to the output of the 2-swiITCH.

The extension of this scheme to the general case of an n-SWITCH can be
obtained with a generalization of the PBS to an element, which we call n-ROUTER,
with n input modes and n output modes (see Fig. 1.2). If the control system is in
a state |z), the n-ROUTER sends the input mode j to the output mode ¢, (j). The
unitary U, (;) is applied to a system in the mode o, (), which then enters a second
router that performs the inverse permutation. The output mode j of the second
router is then directed to the input mode j + 1 of the first one. It is straightforward
to check that a system entering mode 0 of the first router in the state |z)|¢) exits
mode n — 1 of the second router in the state |)I1,|¢). (In Appendix E we show
how to construct an n-ROUTER with O(n?) binary routers.)

This higher-dimensional routing can be achieved, for example, with orbital
angular momentum of light [16, 17]. However, the main limitation of an optical
implementation of the n-ROUTER is that it is not scalable in an obvious way, since it
requires encoding an exponential number of degrees of freedom in a single photon
(n! for the control system and, as argued before, at least n! for the target system). A
scalable implementation could be obtained by encoding the degrees of freedom in
O(nlogn) particles, each carrying a constant number of degrees of freedom (e.g.,
one qubit each). The main challenge is then to implement a router that, conditioned
on the multiparticle state, coherently directs all the particles in a specific mode.
This is in principle possible if the particles are bound together, e.g. as atoms in
a molecule. Recent progress in matter-wave interferometry suggests that such a
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Figure 1.2: Implementation of the n-swITCH (in the figure, n = 3). Both control
and target, in state |x) and |¢)) respectively, are encoded in a single (possibly
multi-particle) system. When the system enters the n-ROUTERS (R,,) in mode j, it
is redirected to mode o, (j) and the unitary U, ;) is applied to [¢). R, * performs
the inverse permutation and sends the system to mode j + 1 of the first router. In
this way, a system entering mode 0 of the first router, eventually exits mode n — 1
of the second router with target in the state I, |¢)).

quantum control of composite systems could be achievable in the future [18, 19].
Other realizations of superposition of orders, based on different models of

computation, could also be possible. For example, an implementation of the

2-swWITCH within adiabatic quantum computing was proposed recently [20].

1.6 Conclusion

We have shown that extending the quantum circuit model by allowing quantum
control of the order between gates provides a reduction in the number of queries
needed to solve a computational problem. Furthermore, we have proposed a
physically realizable experimental scheme to implement such a control.

While the reduction is only polynomial, and thus does not create a new com-
plexity class, the result shows that extending the quantum circuit model is possible
and can provide a computational advantage. Besides, the computational problem
introduced has no known efficient solution by a classical algorithm, which may be
of independent interest.

Other extensions of the quantum circuit model of blackbox computation have
been proposed [14]: it was shown recently [14, 21, 22] that a quantum circuit
cannot apply blackbox gates conditioned on the state of a control qubit. However,
such a control is physically realizable [12, 13] and therefore should be allowed by
the formalism. It is also intriguing to ask what computational advantages might be
achieved once the restrictions imposed by the fixed causal structure of quantum
mechanics are relaxed [3].






Chapter 2

Witnhessing causal nonseparability

This chapter was published as

e M. Arajo, C. Branciard, F. Costa, A. Feix, C. Giarmatzi and C. Brukner.
‘Witnessing causal nonseparability’.
New J. Phys. 17 102001 (2015). arXiv:1506.03776 [quant-ph].

Abstract

Our common understanding of the physical world deeply relies on the notion that
events are ordered with respect to some time parameter, with past events serving
as causes for future ones. Nonetheless, it was recently found that it is possible
to formulate quantum mechanics without any reference to a global time or causal
structure. The resulting framework includes new kinds of quantum resources that
allow performing tasks — in particular, the violation of causal inequalities — which
are impossible for events ordered according to a global causal order. However,
no physical implementation of such resources is known. Here we show that a
recently demonstrated resource for quantum computation — the quantum switch
— is a genuine example of “indefinite causal order”. We do this by introducing a
new tool — the causal witness — which can detect the causal nonseparability of
any quantum resource that is incompatible with a definite causal order. We show
however that the quantum switch does not violate any causal inequality.

2.1 Introduction

Itis commonly assumed that information is processed through a series of operations
which are performed according to a specific order. This is justified by the assumption
of a global, underlying time parameter according to which all operations can be
ordered. A convenient representation of this structure is that of a circuit [23],
Fig. 2.1(a), in which systems are “wires” that connect “boxes”, which represent
operations performed on the systems. At a more abstract level, a circuit only
imposes a given causal structure between operations, as the time order between
operations that can be performed in parallel is irrelevant. The circuit framework
is also ubiquitous in the study of quantum foundations to formalize generalized,
possibly post-quantum, probabilistic theories [24-27].

It has been suggested that such a framework might be too restrictive to en-
compass the most general kinds of information processing allowed by quantum

25


http://dx.doi.org/10.1088/1367-2630/17/10/102001
http://arxiv.org/abs/1506.03776

26 CHAPTER 2. WITNESSING CAUSAL NONSEPARABILITY

physics [1]. For example, one can consider protocols in which the order between
different operations is controlled by a quantum degree of freedom. It has been
shown that such protocols exploiting a so-called “quantum switch” not only provide
computational advantage over standard, time-ordered, ones [6, 28], but they are
also physically realizable and a first experimental proof-of-principle has been re-
cently demonstrated [2]. At a more fundamental level, an underlying time or causal
order might not be well-defined in a theory that combines the dynamical causal
structure of general relativity and the probabilistic nature of quantum mechanics
[29-31].

It is therefore natural to ask what the most general resources allowed by
quantum mechanics beyond the circuit model are. In Ref. [3] the process matrix
formalism was proposed as a general framework to describe resources that can be
accessed in “local laboratories” and which are locally in agreement with quantum
physics, Fig. 2.1(b).
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Figure 2.1: (a) If the operations M, of local agents are performed in a definite
causal sequence, they can be represented as gates in a circuit, where information
flows from bottom to top. (b) A process matrix formalizes a resource in which the
order between operations may not be fixed. A probabilistic mixture of different
orders is an example of a process matrix that does not correspond to a circuit. Still,
in this case operations are performed in a well-defined order in each experimental
run; the most general resource with this property is called causally separable.

The process matrix formalism also allows for the more general case of causally
nonseparable resources [3].

Causal relations are defined operationally in this formalism. If, for example,
through appropriate state preparations, an agent A can influence the outcomes of
measurements performed by an agent B, whereas B is never able to influence A,
then A causally precedes B by definition and, in this case, the physical resources
available to them can in fact be represented as a circuit. A first example of a
resource that cannot be represented as a circuit is a probabilistic mixture of circuits:
a definite order still exists between A and B in each run of an experiment, but
which order is realized in a given run is only specified according to some probability
distribution. Resources compatible with a definite causal order, in this broader
sense, are called causally separable. Surprisingly, the formalism also allows
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for causally nonseparable resources, which are incompatible with any definite
order between operations. It was found that a set of agents with access to a
specific causally nonseparable resource could perform a task, the violation of
a causal inequality, which is impossible for arbitrary causally ordered strategies,
even allowing probabilistic mixtures of orders [3]. However, there is no physical
interpretation for such resources and no physically realizable protocol is known
which can violate a causal inequality.

It is therefore not completely clear what is the precise relation between “quantum
correlations with no causal order”, which violate causal inequalities, and physically
implementable resources, such as the quantum switch, which outperform causally
ordered ones. To understand this relation, a crucial observation is that the causal
inequalities are device-independent constraints: they are formulated independently
of the physics of the systems or the specific apparatuses employed. On the other
hand, the tasks discussed in Refs. [6, 28] include additional assumptions, as for
example that in each laboratory quantum systems of a definite dimension have to
be used. It is clear that, given additional restrictions, it is more difficult for causally-
ordered agents to perform certain tasks and, consequently, it can be easier to
detect the lack of causal order in a physical resource.

The aim of the present work is to develop a general framework for the device-
dependent detection of causal nonseparability. The central tool we introduce is
what we call a causal witness, which represents a set of quantum operations, such
as unitaries, channels, state preparations, and measurements, whose expectation
value is non-negative as long as all the operations are performed in a definite
causal order, i.e., as long as only causally separable resources are used. The
observation of a negative expectation value is thus sufficient to conclude that the
operations were not performed in a definite order. The concept is analogous to
that of entanglement witness: an observable that has a non-negative expectation
value for separable states but can have a negative expectation value for specific
entangled states.

We find that, for every causally nonseparable process, it is possible to construct
a causal witness that detects it. Importantly, and differently from the case of
entanglement witnesses, it is possible to use this method to write necessary and
sufficient conditions for causal separability in a form that can be checked efficiently
using semidefinite programming (SDP).

The tools developed are applied to the study of the quantum switch as a
resource within the process matrix formalism. We show that, indeed, the quantum
switch corresponds to a causally nonseparable process. We show that the protocol
of Ref. [6] can be reformulated as a causal witness which detects the causal
nonseparability of the quantum switch. We also find new, more efficient witnesses,
which could be useful for experimental implementations.

We finally address the question of whether the quantum switch can pass any
device-independent test of causal nonseparability. As it turns out, this is not
possible: we prove that a broad class of resources, including the quantum switch,
cannot violate any causal inequality.

The paper is organized as follows: In Section 2.2, we review the process
matrix formalism, giving a convenient characterization of general and causally
separable process matrices for the cases of interest. In Section 2.3, we introduce
and characterize the central concept of causal witness, and we present efficient
algorithms for finding witnesses and for proving the causal (non)separability of
a general process matrix. In Section 2.4 we formalise the quantum switch as a
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process matrix. We proceed to prove its causal nonseparability in Section 2.5,
through the use of causal witnesses. One such witness is the task proposed in
Ref. [6], that we optimize to increase its resistance to noise. Finally, we clarify in
Section 2.6 the link between causal witnesses and causal inequalities and show
that the quantum switch cannot violate any causal inequality.

2.2 The process matrix formalism

In the general scenario we consider in this paper, N parties A’ establish correlations
by exchanging physical systems between their laboratories. Each party opens
their laboratory only once to let an incoming system enter and to send an outgoing
system out; they can act on these systems by performing an arbitrary operation in
their local laboratory, which can yield different measurement outcomes. The causal
relations between the parties (i.e., the ordering of events) are not a priori specified.
The most general situation compatible with the assumption that the operations
performed in each local laboratory can be described by the quantum formalism
can be conveniently represented in the “process matrix” formalism introduced in
Ref. [3]. This extends the “comb” formalism of Ref. [32], which describes causally
ordered quantum networks. The aim of the formalism is to characterize all possible
probability distributions that can be obtained in our general scenario. The key
concept is that of a process, which can be understood as the external resource
determining the statistics of the local operations, and which generalizes both the
notions of quantum state and of quantum channel. The process matrix is a useful
mathematical representation of such a concept. We shall use these two terms
interchangeably.

2.2.1 Local operations

Each party A acts in a local quantum laboratory, which can be identified by an input
Hilbert space ! and an output Hilbert space H“°. The dimensions d 4, and d 4.,
of input and output spaces do not have to be equal, as ancillary systems can be
added or discarded during an operation; we shall nevertheless assume throughout
the paper that all Hilbert spaces are finite-dimensional. According to quantum
theory, the most general local operation is described by a completely positive (CP),
trace non-increasing map M4 : A; — Ao [33], where we write A;, respectively
Ao, for the space of hermitian linear operators over the Hilbert space H4!, resp.
4o, Examples of CP maps are deterministic operations, such as unitaries or
quantum channels, or (generalized) measurements. In general, a label a, denoting
the measurement outcome, is associated with the CP map M?Z. The choice of
operation (e.g. of measurement setting) is represented by an instrument [34],
which is defined as the collection 74 = {M2}"  of CP maps associated to all
measurement outcomes, characterized by the property that """, M2 is CP and
trace-preserving (CPTP). An instrument generalizes the notion of POVM (positive
operator-valued measure) to include the transformations applied to the system; it
reduces to a POVM for 1-dimensional output spaces. When the choice of operation
is described by a clgssical variable z, we will express such a dependence explicitly
as JA = {M;“z}

A convenient re%resentation of CP maps is given by the Choi-Jamiotkowski (CJ)
isomorphism [35]. For a CP map MZ' : A; — Ao, its corresponding CJ matrix is
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defined here as
MAAo = [To MA(INA)]" € A; ® 4o, (2.1)

where 7 is the identity map, |1)) = [1)*77 := > |7)A1 @ |7)41 € HAT @ HAL is
a (non-normalized) maximally entangled state, and T' denotes matrix transposition
with respect to the chosen orthonormal basis {|;)“7} of H47. Some useful proper-
ties of the CJ isomorphism are given in Appendix F.1. A map is completely positive
if and only if its CJ representation is positive semidefinite, while the trace-preserving
condition is equivalent to tr4, M4740 = 141 (where tr4, denotes the partial
trace over Ao, and 147 is the identity matrix in A;). An instrument is therefore
equivalently represented as a set

{MpArAoY" MM >0, tra, Yy MO =14 (2.2)

a=1’
a=1

2.2.2 Process matrices

As discussed in Ref. [3], requiring that quantum mechanics holds locally implies

that the probability that the N parties A* observe the outcomes a1, ... ,ax, for a
. . . ™ . 1 N
choice of operations z1, ..., z, is a multilinear function P( fllwl’ .. ,M;“N‘W)
of the corresponding CP maps MA ,MAN . Using the CJ representation,

a1‘$17 aN\:cN

it was shown that these probabilities can then be expressed as

Al AN
P(Malm, ceey Mawlmw)
ATAL AN AN
= u[(M220 0. o2, (2.3)

for some hermitian operator W € A}®@ AL ®...@ AN ® AN called a process matrix,
which describes the general quantum resource connecting the local laboratories.

The set of valid process matrices is defined by requiring that probabilities are
well-defined — that is, they must be non-negative and must sum up to 1 — for
all possible operations, including operations that involve, in each laboratory, local
interactions with ancillary systems that may be entangled with the other laboratories.
As we show in Appendix G, these conditions are equivalent to

W >0, (2.4)
tr W = do, (2.5)

where do = dyuy ...d4x, and Ly is a projector onto the linear subspace Ly C
Al @ AL ® ... @ AY ® AY defined in Appendix G. We will denote the closed
convex cone of non-normalized processes defined by (2.4) and (2.6) by W.

In the case of two parties A (Alice) and B (Bob), see Figure 2.2, these conditions
onW e Ay ® Ao ® Br ® Bo reduce to

W >0, (2.7)
tr W =do, (2.8)

BiBoW = a5B,B6W , (2.9)
ArAoW = A, 4080 W, (2.10)

W =p,W+ A4, W — a,8,W, (2.11)
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where (here and throughout the paper) the operator x - denotes the CPTP map
consisting in tracing out the subsystem X and replacing it by the normalized identity
operator, formally defined as

X

1
W= @trx W. (2.12)
dx

A W B

Figure 2.2: Representation of a bipartite process matrix W, connecting Alice’s
(Ap) and Bob’s (Bp) output systems to their input systems (A; and By).

Non-signalling and 1-way-signalling process matrices

Two important particular cases of process matrices may shed light on the above
definition. The first case is when the process matrix does not allow for any signalling,
and the second one is when it allows for signalling only in one fixed direction
between the parties. They are discussed in more details in Appendix F.2.

The first case is described by process matrices W satisfying

W= a1 _ayW = p"i-4T @ 1045, (2.13)

where p*“}"~“‘§V is a density matrix representing an ordinary quantum state. In this
case, the probability rule (2.3) reduces to the standard Born rule

P(M o ML) = o] (B2

ay|zy an|xn ay|zy

©...0EM )p}, (2.14)

aN|xN

Ai
where E 1

|z

= try, M1 are POVM elements.

a;lx;
The second case, of which the first one is a particular case, is described by
process matrices W satisfying

W == AgW7
apagll = agmayagth (2.15)
242 AN AW = g a2 a2 Ay W
These conditions, first found in [32, 36], mean that party A’ can only signal to

party A7 if i < j. The process is therefore compatible with the causal order
Al < A% < ... < AN When this is the case, we write as a mnemonic

W = WA <4 <.<at (2.16)

Process matrices of this form (and the obvious permutations) are called causally
ordered. As shown in Refs. [32, 36], they correspond to standard (causally ordered)
quantum circuits and can be implemented as quantum channels with memory
between the parties.
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Bipartite causally separable processes

According to Eq. (2.15), a bipartite causally ordered process matrix W 4<% compat-
ible with the order A < B satisfies WA=E = p WA=E and g, 5, WA=E =
AoB:BoWA=E. Note that the latter relation corresponds to Eq. (2.9) above,
and is therefore automatically satisfied if WA=E < Ly.. Thus, a given matrix
WA=B ¢ A ® Ap ® B; ® By is a valid causally ordered process matrix compati-
ble with the order A < B if and only if WA=E >0, tr WA=B = d,,

WA=B c £, and WASB =g wA=E, (2.17)

The analogous condition holds for the order B < A.

Note that a non-signalling process matrix W must be compatible with both
orders A < B and B < A. It must therefore satisfy W = g, W = 4, W, or
equivalently W = 4,5, W; we indeed recover the form of Eq. (2.13).

Following Ref. [3], we say that a bipartite process matrix W is causally separa-
ble if it can be decomposed as a convex combination of causally ordered processes,
i.e., if it is of the form

WP = gWAE 4 (1—q) WF4, (2.18)

with 0 < ¢ < 1. Ignoring the normalization constraint, the set of causally separable
process matrices is a convex cone, which we denote by WSeP. A process matrix
that cannot be decomposed as in (2.18) is called causally nonseparable.

Tripartite causally separable processes

In this paper we will define tripartite causal separability only for processes where the
output space of the third party C' (Charlie) is trivial, i.e., dc, = 1 (see Figure 2.3).
As C cannot signal to the other parties, every process of this kind if compatible with
C being last. Thus, only two causal orders are relevant in this case: A < B < C
and B < A < C. The conditions for process matrices being compatible with these
orders are, according to equation (2.15),

WA<BC _  pA<B=<C, (2.49)
C10oWAPC = o0, WARPRC, (2.20)
B1BoCicoWA™P=C = 4 B, Boc,co WAEZC, (2.21)

and
WB=A<C _ COWB-<A<C7 (2.22)
C1Co WB<A<C = ApoC;Co WB<A<C, (2.23)
A;A0CrCo WB<A<C — BOAIAOCICOWB<A<C- (224)

Since these three conditions together define a linear subspace, we can write them
more succinctly as

WA<B<C — LA<B—<C’(WA<B<C)7 (225)

WB—(A—<C _ LB<A<C(WB_<A_<C)7 (226)

where La.p<c and Lp-.a<c are the projectors onto the aforementioned sub-
spaces.
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C
¢,
Ao Bo
A W B

Figure 2.3: Representation of a tripartite process matrix W where one party has
trivial output d¢, = 1. It can be seen as connecting Alice’s (Ao) and Bob’s (Bp)
output systems to Alice, Bob and Charlie’s input systems Ay, B; and C;.

Therefore, when C’s output space is trivial, we will call a tripartite process
matrix WSeP causally separabile if it is of the form

Weer — qu<B<C + (1_q) WB<A<C, (227)

with 0 < ¢ < 1. Ignoring the normalization constraint, this defines a convex cone
Wier. We will use this definition in Section 2.5 to show that a recently introduced
tripartite quantum resource, which yields information-processing advantages with
respect to causally ordered processes [6, 28], is causally nonseparable.

The generalization of the notion of causal separability to a larger number of
parties, with arbitrary dimensions of the output spaces, is not trivial. The reason is
that one can consider situations in which an agent, through her local operations,
could modify a classical variable that determines the causal order of agents in her
future. In such a “classical switch”, operations would still be causally ordered in
each run of an experiment, but it wouldn’t be possible to write the corresponding
process matrix as a mixture of causally ordered ones. As this issue does not affect
the cases treated here, we shall not consider it further. A more detailed analysis
will be presented in an upcoming work [37].

2.3 Causal withesses

2.3.1 Definition and characterization

In this section we develop mathematical tools to identify, in the bipartite case,
which process matrices are causally separable and which are not. In analogy with
entanglement witnesses [38], we call a hermitian operator S a causal witness (or
witness, simply) if'

tr[S WS >0 (2.28)

for every causally separable process matrix 1. This definition is motivated
by the separating hyperplane theorem [39]: since the set of causally separable
processes is closed and convex, for every causally nonseparable process matrix
Whs there exists a causal witness Sy, such that tr[Sy, Whs] < 0.

"Note that the bound 0 and the sign of the inequality are arbitrary; we choose them as in Eq. (2.28)
for mathematical convenience.
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To construct a witness for a given nonseparable process, we will start by
characterizing the set of all causal witnesses in terms of linear constraints on a
convex cone. This will allow us to cast the problem of finding a witness as an SDP
problem. First, note that (2.28) is equivalent to

tr[SWA=B] >0 vWwA=E, (2.29a)
tr[SWE=A] >0 vwB=4, (2.29b)

Let us focus on condition (2.29a). Using Eq. (2.17) and noting that for any valid
process matrix W, g, W is a valid causally ordered process matrix compatible with
the order A < B, one finds that (2.29a) is equivalent to

tr[S(p, W) >0 YW € Ly, W>0. (2.30)

Thinking of the trace as the Hilbert-Schmidt inner product and noting that the map
Bo, ' Is self-dual, we have that

tr[S(B, W)] = tr[(B,S) W], (2.31)

and it is sufficient that oS > 0 for the right-hand-side to be non-negative for
all valid W. An analogous argument shows that 4,5 > 0 is sufficient to satisfy
condition (2.29b). We conclude that for S to be a causal witness, it is sufficient that

Bo,S >0 and 4,5 >0. (2.32)

Note also that adding an operator S+ belonging to the orthogonal complement
L of Ly to any witness S gives another valid witness, since tr[(S + SH)W] =
tr[ST] for any valid process matrix . It turns out that this suffices to completely
characterize the set of causal withesses, as stated in the following theorem:

Theorem 1. A hermitian operator S € A; ® Ap ® By ® Bo is a causal witness if
and only if S can be written as

S=Sp+5+, (2.33)
where Sp and S+ are hermitian operators such that
BoSp >0, a4,Sp >0, Ly(St)=0. (2.34)

The rather technical proof of this theorem is relegated to Appendix H. This
theorem provides a characterization of the closed convex cone of causal witnesses
S.

Since S+ does not change the expectation value tr[SW], it can freely be
chosen to be for instance

St = Ly(Sp) — Sp, (2.35)

so that S = Ly (Sp). This has the effect of restricting witnesses to the subspace
of valid processes Ly, which have the following characterization:

Corollary 2. A hermitian operator S € Ly is a causal witness if and only if there
exists a hermitian operator Sp € Ar @ Ao ® Br ® Bo such that S = Ly (Sp),
BOSP >0, andAOSp > 0.
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This restricted set of causal withesses is also a closed convex cone, which we
denote by Sy =S N Ly.

One could define witnesses as belonging to Sy instead of S, since both sets
are as powerful in detecting causal nonseparability. However, some physically
motivated witnesses, such as those presented in Section 2.5.2 (for the tripartite
case), do not belong to Sy, which is why we use the more general definition that
witnesses belong to S.

2.3.2 Finding causal withesses

The previous characterization of the convex cone of causal witnesses allows one
to efficiently check the causal nonseparability of any process matrix W through
algorithms for semidefinite programming (SDP) [40]. They output a causal witness
if W is causally nonseparable, and an explicit decomposition in terms of causally
ordered process matrices otherwise.

The idea is simply to minimize tr[S W] over the cone of causal witnesses? Sy,
and check whether we obtain a negative value or not. Note that in order to make
tr[S W] lower bounded (to avoid getting a value —oco for causally nonseparable
process matrices) a normalisation constraint on the witnesses has to be imposed.
This normalisation is arbitrary — any constraint that makes Sy, compact suffices
— and different normalisation choices give rise to different interpretations for the
value of tr[S WW]. We shall normalise the witnesses by imposing that tr[S Q] < 1
for every (normalised) process matrix €2, for — tr[.S W] can then be interpreted as a
measure of causal nonseparability, as we shall see later in this subsection. In order
to be able to use it in the SDP problem we still need to write this normalisation as a
conic constraint. To do so, we extend the constraint tr[.S 2] < 1 to non-normalised
process matrices by linearity:

tr[S Q] < tr[Q) /do, (2.36)

which is equivalent to
tr[(1/do —S)2] >0 (2.37)

for all 2 € W. Recalling that S is assumed to be in Sy, C Ly, this means that
1/do — S € Wy, := W* N Ly, where W* is the dual cone of W —that is, the cone
of hermitian operators that have non-negative trace with process matrices.

To test the causal nonseparability of a given process matrix W, we are thus led
to define the following SDP problem:

min tr[SW]

2.38
s.t. SESV, ]l/dO_S EW\*/, ( )

which is written explicitly in terms of positive semidefinite constraints in Appendix |.

If the solution of the SDP problem (2.38) leads to a negative expectation value
of S, one can conclude that W is causally nonseparable, since SDP algorithms
can be guaranteed® to find the optimal solution [40]. In such a case, the optimal
solution S* provides an explicit witness to verify the causal nonseparability of 1.

2In principle minimizing over S instead of Sy would lead to the same value for tr[S W], but this
causes technical problems as explained in Appendix J.

3When the assumptions of the Duality Theorem (13) are satisfied, which is the case for our SDP
problems, as proven in Appendix J.
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On the other hand, if tr[S* W] = 0, one concludes that W is causally separable,

and an explicit decomposition of W into causally ordered processes is given by the

SDP problem dual to (2.38) (this can be seen explicitly from the representation of

the SDP problem (2.39) given in Appendix [). As shown in Appendix J, this dual is
min tr[Q]/do

st. WH+QeWwsP Qew,

where W5P is the cone of non-normalized causally separable process matrices,
as previously defined. Furthermore, the optimal value tr[{2*]/do of problem (2.39)
is related to the optimal value tr[S*W] of problem (2.38) through

tr[Q*] /do = — tr[S*W]. (2.40)

This gives an operational meaning to — tr[S*WW]. As shown in Appendix J, this
quantity corresponds to the minimal A > 0 such that

(2.39)

1 ~
1+)\(W+)\Q> (2.41)
is causally separable, optimized over all valid, normalised processes Q. In other
words, it quantifies the resistance of W to the worst-case noise. This is an analogue
of the measure of entanglement called generalised robustness, which quantifies
the resistance of the entanglement of a quantum state to worst-case noise [41]. It
turns out that for our case the interpretation of — tr[S*W] as a measure of causal
nonseparability is also tenable, as it respects some simple axioms that we propose
in Appendix K. For this reason, we define the generalised robustness of a process
W as
Ry(W) = —tr(S™W). (2.42)
Again in analogy with the case of entanglement measures, one can also define
the random robustness [42] of W as is its resistance to “white noise”, which can
be defined as the process that sends maximally mixed states to each laboratory,
independently of the local operations:

1
da,dp,”

The optimal witness with respect to random robustness can be found by solving an
SDP problem analogous to (2.38):

1°: (2.43)

min tr(SW)
o (2.44)
st. SeS8y, tr(S1°) <1,
whose dual is
min A
(2.45)

st. A>0, W+ M° e WP,
and random robustness itself is defined as

Re(W) = —t2(S* W), (2.46)

where tr(S*W) is now the optimal value of the problem (2.44). This quantity can
be used to compare witnesses in scenarios where white noise is an appropriate
noise model, however, it cannot be interpreted as a proper measure of causal
nonseparability, as it does not respect all the axioms we propose in appendix K —
more specifically, it is not monotonous under local operations.

A geometrical interpretation of the results of this section is shown in Figure 2.4.
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Q

Figure 2.4: Here we schematically represent the set of normalised process matri-
ces in WV by the red ellipse and the set of normalised causally separable processes
in WW3€P by the blue ellipse. Since the latter set is closed and convex, any causally
nonseparable process W is separated from it by a hyperplane, corresponding to
an operator S which we call a causal witness. In the figure we represent two such
causal witnesses, Sg, and Sk, that represent two different ways to quantify how far
W is from being causally separable. — tr(Sg,W) measures the generalised robust-
ness of W, which is its resistance to the worst-case noise 2. Geometrically, the
generalised robustness of W is given by the ratio of distances d(W, W?9) /d(W?9, ),
where /9 is the causally separable process closest to W on the depicted line. In its
turn, — tr(Sg, W), the random robustness of W, is its resistance to the “white noise”
1°. Geometrically, it is given by analogous ratio d(W, W")/d(W',1°), where W" is
again the causally separable process closest to W on the depicted line. S, and
Sg, are the optimal solutions of the SDP problems (2.38) and (2.44), respectively.

2.3.3 Implementing causal withesses

Once a causal witness S has been obtained for a given causally nonseparable
process matrix W, a natural question is how to “measure” it, i.e., how to access the
quantity tr[.S W] — and, in particular, check its sign — experimentally.

To do so, note thatas S € A; ® Ap ® By ® Bo is a hermitian operator, it can
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always be decomposed as a linear combination of the form*

S= > Yayas MA@ MO (2.47)

alz bly
z,y,a,b

where v, , 4., are real coefficients and M(ﬁ;AO and Mﬁnyo are positive semidefi-
nite matrices that can be interpreted as the Choi-Jamiotkowski representation of
CP trace non-increasing maps (see Section 2.2).

Expanding tr[S W],

u[SW] = > ey tr [(M]140 @ MIPO) W], (2.48)

z,y,a,b

where according to the generalized Born rule (2.3), the terms tr [(M/|14° ®

alz

M;1P) W] represent the probabilities P (M1, M1 %) that the maps M’ 4°

bly alz bly
and MfIZBO are realized. We assume that these CP maps can be implemented
even if the causal order of the parties is not well-defined. The quantity tr[.S W]
can thus in principle be implemented experimentally by estimating the probabilities
P(Mﬁ;AO,Mﬁy’BO) and combining them as in Eq. (2.48).

The decomposition (2.47) is not unique. Furthermore, as noted before we can
add to any witness S a term S+ such that Ly, (S+) = 0 without changing its validity
or its trace with any valid process. Hence, it actually suffices to find a decomposition
for S+ .S+ for some arbitrary S+, implement the corresponding maps, and combine

their statistics as above.

2.3.4 Example

Let us now illustrate the above considerations on an explicit example. Ref. [3]
introduced the following process matrix, for a case where all incoming and outgoing
systems of A and B are 2-dimensional (qubit) systems (i.e., da, = da, = dp, =
dBo = 2):

Wor = L[q N 141 740 zBi1Bo 4 zArAo xBi 7Bo
oCcB — 4 \/§ ’

where Z and X are the Pauli matrices, and tensor products are implicit. One can
easily check that Wocg > 0, that tr[Wocs] = 4 = do, and that Wocg satisfies
Egs. (2.9)—(2.11), which ensures that it is indeed a valid process matrix. It was

shown that Wocg allows for a violation of a causal inequality (see Section 2.6),
which implies that it is causally nonseparable.

(2.49)

4In the decomposition (2.47), x,y,a and b should a priori simply be understood as la-

bels for M“140 and MB1BO  We can however assume, without loss of generality, that
alz bly
A A BrB

Ao( M 0) < 14140 /dy, and g, (} " Myl O) < 18180 /dg  for all z,y (we can

indeed always include scaling factors in the coefficients v,, ,, 4 5). Introducing, when required, some

complementary positive semidefinite operators MglfoO and Mglfo (with null coefficients v . a.),

ALA BB
so that now 4, (Za M O) =14140 /d,, and g, (Zb My O) =1B1Bo /dg , the sets

{MAIAO }o and {M;?;Ao}b can then be interpreted as the CJ representation of instruments, for

alz

which x, y are inputs and a, b are outputs.
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The concept of causal witnesses introduced here allows us to prove the causal
nonseparability of Wocg more directly. Solving the SDP problem (2.44) with
YALMIP [43] and the solver MOSEK [44], we obtained, up to numerical preci-
sion, the optimal witness with respect to random robustness

Soce = i[ﬂ — (14 zAe zBraPo  zArAe X PrzBo)] . (2.50)

Applying it to Wocs, we find that — tr[Socs Wocs] = Ri(Wocs) = \@ —1>0
(where R,(Wocg) is the random robustness as defined in Equation (2.46)). This
proves that Wocg is causally nonseparable.

This also implies that the process matrices of the form

1
)= —— (W, Al1° 2.51
Wocs()) 1+)\( ocs + )s (2.51)
are causally nonseparable for

A< R(Woeg) =vV2 -1 (2.52)

(and their causal nonseparability is then witnessed by Socg). For A > /2 — 1,
Wocs(\) is causally separable; the solution of the SDP problem (2.45) provides an
explicit decomposition for Wocg (R (Wocs)) (as can be seen when writing (2.45)
in a form similar to Eq. (1.6)), from which we can derive an explicit decomposition
for all Wocg(A) for A > /2 — 1, as

1 1
Wocs(A) = gwéchB(A) + QWC?CEA(/\)a (2.53)

where
WEEE () = i {]1 + H*/i 141 z40 ZBf]lBO] : (2.54)
Wes* (M) = i {11 111 ZAI]IAOXBIZBO} (2.55)

are causally ordered process matrices. (Note that for A < v/2 — 1, Wé“CEB(/\) and
WE5A(\) as defined above would not be positive semidefinite, which explains
why Eq. (2.53) then fails to provide a valid causally separable decomposition of
Wocs(M).)

To measure the witness Socg and obtain the quantity tr[.Socg- W] experimentally,
one can for instance decompose it in the following way: define, for z,y,y’, a,b =
0,1, the CJ matrices

1+(—=1)*Z\A1 _ /14+(—1)*Z\A0

ArAo .

Mo = () e () (2.56)
T+(=1)°X\Br _ 1+(=1)v+bZ\Bo

BrB

i, = (HEEE)e (MR )
1+(—1)’Z\B: 150

BB -

ME1Bo = ( . ) - (2.58)

which represent measure-and-prepare maps (see Appendix F.1). One can then
check that

Socs = 3-1° — 4Goce (2.59)
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with

1
Goos =5 D [duy MO @M 4 80 M0 M[IP0 ], (260)

z,y,a,b

where §; i, is the Kronecker delta. Thus, one can compute tr[Socs - W] by perform-
ing the maps above on W and combining the probabilities P(M;?;AO , Mﬁﬁf)) =
tr[M)14° @ M1 5o . W] as follows:

tl“[SoCB . W] =3-4 tr[GOCB : W]

1 ArA BrB ArA BB
—3-de g 30 [ouy PO MEED ) + 0 PMJL MES ).
z,y,a,b
(2.61)

As one may recognize, the choice of CP maps in (2.56)—(2.58) is the same® as
that considered in Ref. [3], so that the experimental procedure proposed here to
measure the witness Socg would be the same as that suggested in [3] to violate a
causal inequality. The labels z,y,v’, a, b can be considered as inputs and outputs
for the above maps (which indeed satisfy 4, (3, M) = 14140 /d 4, and

alx

Bo (Xy My ?) = 15750 /dp, for all z,y,y/). As it turns out, in the causal

inequality of Ref. [3] the probabilities P(a,b|z,y,y') = P(M[ﬁ;AO,M[ﬁjEP) are
actually combined in precisely the same way as above — namely, tr[Gocs - W]
above can be identified with the probability psycc Of winning the corresponding

“causal game”,

1 /
Dsuce = §[P(a =yly' =0)+ P(b==zx|y =1)], (2.62)

when the inputs z, 3,3’ = 0, 1 are given with equal probabilities.

Remarkably, in this particular case the bounds of the causal witness Socs
and of the causal inequality (2.62) coincide, i.e., tr[Socs - W] > 0 if and only
if Psucc = tr[Goce - W] < 3/4, where 3/4 is the upper bound on pg,c for any
causal correlation (as defined in Section 2.6 below). Furthermore, the noise
threshold below which the noisy process matrix Wocg(A) (2.53) can violate the
causal inequality is the same as the threshold R,(Wocg) below which Wocg ()
is causally nonseparable, as already noted in Ref. [46]. This is however not a
general property of causal witnesses and causal inequalities: similarly to the case
of entanglement vs. quantum nonlocality and of entanglement witnesses vs. Bell
inequalities [45], there exist causally nonseparable process matrices that cannot
yield any violation of any causal inequality — while there always exists a causal
witness that detects their causal nonseparability. We will come back to this issue in
Section 2.6 below, with an explicit example in the tripartite case.

5Note that compared to Ref. [3], we exchanged in the present paper the notations x,y and a, b for
inputs and outputs, so as to use here the same notations as most of the recent works on quantum and
nonlocal correlations [45]. Furthermore, in [3] the state sent out by B when 3’ = 1 was arbitrary, while
here we fixed it to be 150 /2.



40 CHAPTER 2. WITNESSING CAUSAL NONSEPARABILITY

2.4 Quantum control of causal order

2.4.1 The quantum switch

It has recently been suggested that quantum computation can be extended beyond
the framework of quantum circuits, which enforces a fixed order between the
execution of quantum gates. The main idea is that the order in which gates are
performed can be coherently controlled by a quantum system. The new resource
that allows for such a control is the quantum switch, first proposed in Ref. [1]. It
works as follows: consider a two-qubit system, composed of a control and of a
target qubit. Two parties A and B act on the target qubit with the unitaries Uy, Up
respectively. If the control qubit is prepared in the state |0), U4 is applied to the
target before U, while if the control is in state |1) the two unitaries are applied in
the reversed order. The global unitary, acting on both the target and control qubits,
is thus

V(Ua, Ug) = [0)(0| ® UgUa + [1)(1] ® UaUsp, (2.63)

where the first factor in each tensor product acts on the control system and the

second factor acts on the target. For an initial state % ® 1) of the control-target

system, one gets, after applying V, the state % (10 @UUAY) + 1) @UAUB|Y)),
which can be interpreted as having applied the two unitaries on the target in a
“superposition of orders™®.

Note that if the control system is discarded, one is left with the mixed state

S (UsUAWIURU + UaUs | (wlUU). (2.64)

This can be produced by randomly exchanging the order in which U4 and Up are
applied and thus can be seen as an equal mixture of causally ordered processes.
To make the situation more interesting, we shall be led to introduce a third party,
C, who can perform measurements on the control qubit (and possibly also on the
target qubit) in order to define a causally nonseparable process (using the definition
(2.27)) using quantum control of causal order.

2.4.2 Process matrix representation of the quantum switch

For our purposes, we can formally represent the quantum switch (with fixed input
state) as a tripartite process matrix: the two parties A and B perform an arbitrary
CP map each on the target qubit, while C' performs an arbitrary two-qubit POVM
measurement on the resulting control-target state (with no outgoing system). The
dimensions of input and output systems of the local laboratories are therefore

da, =da, =dp, =dp, =2, dc, =4, de, = 1. (2.65)

o
For clarity, we shall divide C’s input space as C; = C§ ® C%, where C¢ and Cf
refer to the control and target qubits, respectively (with therefore dce = dC; = 2).

In order to describe the process matrix of the quantum switch, we are first going
to make use of the “pure” version of the formalism, described in Appendix F.2. An

6Since any CP map can be purified to a unitary evolution by introducing an ancillary system
and a projective measurement on some subsystem of the original system and ancilla, the notion
of superposition of orders can be easily extended from unitary operations to arbitrary CP maps by
introducing an ancillary register for each party.
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identity channel from a party’s output space Ao to another party’s input space
By is described, as a process matrix, by the projector onto the “process vector”
[1)Aeofr = Y=o 17)°]7)P1. The situation where A receives a state [¢), per-
forms an arbitrary operation on it, and sends the output directly to B through an
identity channel, who in turn sends the output of his operation to C*, is represented

t

by the process vector |1)41[1)°P7|1)5°C7  see Appendix F.2. Then the quan-
tum switch, with the control qubit initially in the state % and the target qubit in

the state |¢), is represented by the process matrix |w)(w|, where

jw) = %(Wf\1>>A°Bf|n>>300?\o>cf + ) BrL) Po Ao 1T ).
(2.66)

This can be checked by noting that

=5 (0% & WsAl) T+ T UaUs 1) 7).

(2.67)

where |U;§))A1AO :=1QU}|1)) is the “pure” CJ representation of U 4, and similarly

for |Uj_§>>B’B° (and with (U*| = |U*))); see Appendix F.1. Note that the resulting

state is the same as that obtained by applying (2.63) to an initial state % ® [¢).

Note that the process (2.66) itself is clearly causally nonseparable’, since J) it is

a superposition of a pure process only compatible with the order A < B < C and

a pure process only compatible with the order B < A < C' and i) it is a projector

onto a pure vector, thus it cannot be written as a nontrivial mixture of causally
ordered processes.

From Eq. (2.66), one finds (using the facts that trC;(|]l>><<]1|BOC§) =1%° and
tree (\]l>><<]l\AOC}) = 149) that by tracing out C, one gets

(Uit quglPrio w)y =

1 1
trey [w)(w] = tregey [w)(w] = SWAE + SwP=4, (2.68)
where
WA= = ) ([ @ L)1 P" @ 150, (2.69)
WE=A = ) (y[P @ [L)(1|Po @ 140, (2.70)

are (bipartite) causally ordered process matrices; tr¢, |w)(w| indeed describes the
situation of Eq. (2.64).

For some information-processing tasks, the quantum switch is known to provide
an advantage over causally ordered processes [6, 28], even when C' ignores the
target system and only measures the control system. We will thus restrict our
attention to witnesses of the form S ® 1€, which can simplify the analysis and
the experimental implementation. The reduced process we will be dealing with is
the partial trace of the quantum switch (2.66) over the target system:

Wswitch = tI“C; \w) <w| (2.71)

Note that the proof of causal nonseparability based on the purity of the switch does
not extend to the reduced switch (2.71), since it is not an extremal process. We will

"Note that the results of Ref. [1] only show that the quantum switch cannot be realized by a circuit
with a fixed order of gates, but the more general notion of causal (non)separability was not considered.



42 CHAPTER 2. WITNESSING CAUSAL NONSEPARABILITY

therefore use the framework of causal witnesses to show that the reduced switch is
also causally nonseparable.

2.5 Witnesses for the quantum switch

Since the quantum switch is a tripartite process where d¢, = 1, we can use
definition (2.27) to study its causal (non)separability. In this tripartite situation, we
will define causal witnesses to be the hermitian operators .S such that

tr[S WSeP] > 0 (2.72)

for every causally separable processes WS in the cone Wser. The set of causal
witnesses is thus the cone dual to W;¢,, which we denote by S, or Sz, when

restricted to Ly . The characterization of S3¢ is given by the following theorem:

Theorem 3. A hermitian operator S € A;®@ Ao ®Br®@Bo®Cr®Co withde, =1
is a causal witness if and only if S can be written as

S = Skpc+ Sapc = Spac + SBac (2.73)

where
Shpe 20, La<p<c(Sipe) =0, (2.74)
Shac >0, Lp<azc(Sgac) =0, (2.75)

with La~p<c and L~ a<c as defined in Subsection 2.2.2.

The proof is given in Appendix L. This characterization allows us to cast the
problem of finding a witness for the quantum switch (or in fact for any process W
with d¢, = 1) as an SDP problem analogous to (2.38):

min tr(SW)
. (2.76)
st. Se 8307\/, ]l/do - Se W3C,V ,
where Wiy, = Wio N Ly, with Wi the dual of the cone Ws¢ of (non-
normalized) tripartite process matrices with d¢, = 1.
Analogously to problems (2.38)—(2.39), the dual of (2.76) writes
intr[Q]/d
min tr[Q]/do 2.77)

st. WH+QeWS?, Qe W,

and the optimal values of (2.76) and (2.77) respect the duality relation (2.40),
which allows us to interpret — tr(S*W) as generalised robustness also in this case.
Furthermore, (2.76) and (2.77) respect the assumptions of the Duality Theorem,
and therefore SDP algorithms can find their optimal solutions efficiently. We shall,
however, omit the proofs, as they are simply a slight modification of the ones
already presented in Appendix J.
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2.5.1 Optimal withess

To find the optimal generalised robustness witness for the quantum switch we
need to solve SDP problem (2.76) providing Wewieh from Eqg. (2.71) as an argu-
ment. Solving it using YALMIP and the solver MOSEK we obtain a witness Soptimal
numerically; the generalised robustness of the quantum switch is found to be

Rg(Wswitch) = —tr SoptimaIWswitch ~ 0.5454 . (2.78)

Later in this section we will compare this number to that obtained from non-optimal
witnesses. For this purpose, we shall use the amount of worst-case noise tolerated
by a witness, i.e., the amount of worst-case noise that can be added to the quan-
tum switch before the witness can no longer detect its causal nonseparability. It
should be clear that, when the said witness is optimal, this number reduces to the
generalised robustness of the quantum switch.

2.5.2 Chiribella’s witness

In Ref. [6] Chiribella proposed an information-processing task for which the quantum
switch had an advantage over causally ordered processes. We want to understand
what this advantage means, and how it relates to causal nonseparability. For that
we shall present a slightly modified version of his task and show how it can be
understood as a causal witness.

Our version of the task is as follows: Alice (party A) receives a qubit in her lab,
applies a unitary U4 to it, and sends it away. Bob (party B) receives a qubit in his
lab, applies a unitary Up to it, and sends it away. We assume that in each run of
the experiment, U4 and Up either commute or anticommute. Charlie (party C')
receives a qubit in his lab, and makes a measurement on it to decide whether U 4
and Up commute or anticommute.

To construct a causal witness in relation to this task, we start with the Choi-
Jamiotkowski representation of the actions of the parties: Alice applying a unitary
U 4, Bob applying a unitary U, and Charlie obtaining the result + when measuring
in the |+) = % basis. Using the CJ representations |U%)) and |Uf)) of Ug
and Up (see Appendix F.1), the corresponding operator is

G = |UANUAl © [UMUE| @ |[£)(£|+. (2.79)

The witness corresponding to the task is obtained by averaging over the cases
where Charlie obtains + when Alice and Bob apply commuting unitaries, and the
cases where Charlie obtains — when Alice and Bob apply anticommuting unitaries:

1 1
Griribella = 5 /du[,] GUaYe 4 3 /du{ 4 GUUB (2.80)

where dyu ) is a measure over commuting unitaries, and duy y is a measure
over anticommuting unitaries (we assume here that the cases where U, and Up
commute and anticommute each appear with probability %). The probability of
success in this task when the parties are using a strategy described by a process
matrix W is then

Psuce = t1[Gehiribela W] - (2.81)

It is easy to check that for any choice of measures dy j,duy y the probability of
success is 1 when W = Wgyien. The maximal probability of success for causally
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separable processes, however, depends crucially on the measures dy,; and
dpg,y. If we were to choose, for example, measures that only produce pairs
of Pauli matrices, then there is a causally separable circuit® that can decide the
commutativity or anticommutativity with probability 1.

To avoid this problem we will first choose measures that can produce any pair
of commuting or anticommuting unitaries (modulo global phases). Specifically, we
choose the commuting measure dy ) to pick up commuting unitaries of the form

(10, (10,
UA—U<0 ewl)U and UB—U(O 61.,92>U, (2.82)

where U is uniformly distributed according to the Haar measure, and 6; are uniformly
distributed in the interval [0, 27]. For the anticommuting measure dy  , we will
use Uy = VXVTand Ug = VZV, where V is also a Haar-random unitary (and
X and Z are the Pauli matrices)®.

With these measures Gehirivella turns out to be a valid causal witness, as the
maximal probability of success for causally separable processes pior. is bounded
below one. To calculate it we need to solve the following SDP problem:

max tr[Gchirivella W]

2.83
st. ttW=do, WeWr. (2.83)

Solving it with YALMIP and MOSEK, we obtain
PSP~ 0.9288. (2.84)

The amount of worst-case noise that Gchiribella Can tolerate is 0.0766, which is much
worse than the 0.5454 tolerated by Soptimal-

An issue with Gehiribella is that it would take an infinite number of measurements
to estimate each term of the sum in (2.80). Furthermore dy ; and duy y were
chosen arbitrarily, while it would be preferable to have a justification for the choice of
a particular measure. Both problems are solved by restricting the unitaries U4 and
Up to come from a finite set. In this way we only need perform a finite number of
measurements to estimate the witness, and it is possible to optimize the measures
over commuting and anticommuting unitaries through SDP problems.

The best withess we found is obtained by choosing the following ten unitaries:

X+Y X-Y X+7Z X-ZY+ZY-Z

G = ]17X7YaZ7 s 3 3 ) ) 2.85
{ Vi Vi i i i v @
(Y being the third Pauli matrix), and defining the witness to be
10
Giinte = Z ql[jv} Ggi’Uj + qi{j7} GgiaUJ" (286)
i,j=1
80ne such circuit, described in Ref. [6], involves applying the Pauli unitaries to one half of a

maximally entangled state and doing a measurement in the Bell basis.

91t turns out that with this choice of measures the witness Gghiribeila is the same as we would obtain
by translating the task from Ref. [6] directly into the language of causal witnesses; the only difference,
then, is that in [6] the withess was decomposed in terms of measurements and repreparations, whereas
we decomposed it using unitaries only.
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Ll )

where Uy, € G, and q;;"»q;; " are the input probability distributions over commuting

=1

and pih; we solved an SDP problem presented

and anticommuting unitaries, normalised such that Zi,j(qz[j

To obtain the weights qEJ?], qi{j’ }

in Appendix M. We obtained
PP, =~ 0.8690, (2.87)

and tolerance to worst-case noise 0.1507, which is higher than Gghjribetia’s 0.0766,
but still lower than Soptimar’s 0.5454.

We want to emphasize that the witnesses obtained in this subsection are
equivalent to the ones defined through (2.72) in the beginning of the present
section — the only difference being the arbitary choice of the causal bound being
> 0 vs < par.. More precisely, let G be a witness such that

tr(G W) < p3e, (2.88)
for every (normalised) causally separable 1W3P and

for every (normalised) process matrix W. Then

1 1
S=——|pP — — G) 2.90
P~ To ( = G (2.90)
is a valid generalised robustness witness. Furthermore, if S is the optimal witness
for some process matrix W that saturates the upper bound tr(G W) = T1, it follows
that cop
T, —
Ry(W) = — tr[SW] = —gp—12ue
Psuce — 10
When G is either Giinite Or Gchiribella, W€ have that T, = 0 and 77 = 1. And even
though they are not optimal witnesses for Wayitch, the relationship between pgoe.
and resistance to worst-case noise is valid for them, i.e., for both Giinite and Gchiribelia

the resistance to worst-case noise is equal to 1/pgge: — 1, as given by (2.91).

(2.91)

2.6 Causal inequalities

The notion of causal separability considered above relies on the quantum descrip-
tion of the local laboratories. One may ask what are the constraints imposed by a
definite causal structure regardless of the specific description, or even the physics
governing the devices performing the local operations. To study such restrictions,
we will make use of so-called causal inequalities [3], which bound the possible
correlations that can be established between events following a definite causal
order. The violation of a causal inequality gives a stronger, device-independent
signature of lack of causal order than the measurement of a witness. It is natural to
ask whether it is possible to use the quantum switch to violate a causal inequality;
we show below that this is not the case.

2.6.1 Device-independent causal relations

We still consider a multipartite scenario in which a set of N parties {A*}Y | are
located in different, separated laboratories. Each party can perform operations
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and obtain measurement outcomes. Contrary to the previous case however, we do
not consider here any particular physical description of what happens in each lab;
the “settings” for the operations in the different laboratories and the measurement
outcomes are labelled by some classical variables x; and a; (with 1 < ¢ < N),
respectively; for simplicity we assume that the z;’s and a;’s take a finite number
of values. Defining the vector of settings & = (x1,...2zx) and the vector of
outcomes @ = (a1, ...,an), the device-independent description of the correlations
established in such an experiment is encoded in the conditional probability P(a|Z).
Causal inequalities [3] are constraints on P(d|%) derived from the assumption
that there exists an underlying causal structure defining the order between parties.
To be more precise, let us represent the causal order in which the parties act by a
permutation o, defined such that party 7 acts before party j if and only if (i) < o(j).
This leads to a total ordering of the parties, namely A7) < A7) < < A7(N),
We then say that a probability distribution P(d|Z) is compatible with the causal
order o if no party signals to those before her'®, namely if for every i the marginal
distribution
P(ao(1ys -+ Ga(p)|E) =Y P(d|Z) (2.92)
G:jd>(j’i)

does not depend on the inputs ;) with j > i; i.e.,

P(aa(1)7 B ao‘(i)|xd(l)7 s Lo(i)s Lo(id1)s - - - 7xU(N))
= P(ao(l), e ,ag(i)|xa(1), . ,1’0(7;), x;(i—o—l)’ . ,:L';(N))

A probability distribution that is compatible with at least one causal order ¢ is said
to be causally ordered.

More generally, we allow the parties to share randomness to agree on a specific
order of sending signals between them before the inputs of the game are given
to them. This allows for convex combinations of causally ordered probability
distributions:

P@%) =Y ¢ PoldlE), ¢o>0, > go=1, (2.94)

where each P, is compatible with a fixed order o. These are still not the most
general correlations compatible with the assumption of a definite causal structure,
as one party could control the causal order of a set of parties in its future [37, 47,
]. Correlations compatible with this most general scenario of definite causal
order are called simply causal. In the bipartite case, the set of causal correlations
forms a convex polytope, delimited by a finite number of facets that define causal
inequalities [49]. The explicit definition of causal correlations in the general N-
partite case is, however, rather cumbersome, and for the purposes of this article
it will be enough to consider probability distributions of the form (2.94), which is a
sufficient (although not necessary) condition for causal separability.
As causally separable processes can only generate causal correlations, the
violation of a causal inequality can also be used to detect the causal nonseparability
of a process. While causal witnesses are device-dependent and can only detect

"ONote that this condition is strictly stronger than no-signalling to each individual party, since it is
possible to signal to a group of parties without signalling to any individual party.
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causal nonseparability if each party trusts her operation’s implementation, causal
inequalities are completely device-independent: even if each party distrusts her
laboratory, they can still detect causal nonseparability from the statistics of their
experimental outcomes, if those violate a causal inequality. While for every causally
nonseparable process there is causal witness that will detect its nonseparability,
there are causally nonseparable processes cannot be used to violate any causal
inequalities: in the next subsection we will prove that the quantum switch provides
such an example. There is an analogy here with entanglement witnesses, which
allow for a device-dependent way of detecting entanglement, and Bell inequalities,
which provide a device-independent entanglement certification — “nonlocality” [45].
The important difference is that states violating Bell inequalities are physically
implementable, while no example of a physically implementable process violating
causal inequalities is known.

2.6.2 Quantum control of orders and causal inequalities

One might first wonder if the quantum switch allows for a causal inequality violation
between A and B (such as the bipartite causal inequalities of Refs. [3, 49]); this
is however clearly not the case since, as pointed out before, ignoring (i.e., tracing
out) the third party C' makes the process matrix of the quantum switch causally
separable.

One might still hope that the quantum switch can be used to violate a tripartite
inequality (see e.g. [48]), explicitly involving party C; as it turns out, this is also
impossible, as a consequence of the following theorem'"

Theorem 4. Consider N+1 parties { A', ..., AN, C} with settings {z, ..., zn, 2}
and outcomes {a1, . ..an, c}. If the marginal distribution

P(a|Z, z) ZP (d,clZ, =) (2.95)

is such that

1. P(a|#,z) = P(a|¥) —i.e., it does not depend on z: C does not signal to any
other (group of) parties;

2. P(dx) = ), q- P,(d|%), where g, > 0, > _q- = 1, and the probability

distributions P, are causally ordered,
then the full (N +1)-partite probability distribution P(d, c|Z, z) is causal.

Proof. Using Bayes’ rule and the assumptions of the theorem, we can write

P(d,c|®, z) = P(d|Z, z) P(c|d, Z, z) (2.96)
= Z 4o Py (d|Z) P(c|d, %, z) (2.97)
= Z 4o P (@, c|@, 2), (2.98)

where P, (@, c|Z, z) := P,(d|%) P(c|a@,, z) is compatible with the order A7) <
. < A°(N) < (' this shows that P (@, c|Z, z) is causal. O

" A similar conclusion based on the same example has been obtained by Oreshkov and Giarmatzi
independently of the other authors of this paper and is presented in Ref. [37]
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To see that the correlations generated by the quantum switch (Eq. (2.66))
respect assumptions 7. and 2. of the previous theorem, let us calculate the
marginal probability distribution defined in Eq. (2.95) through the generalized Born
rule (2.3), when the three parties perform operations M“ 140 AfB1Bo and p<1:

alx bly clz”

P(a,blx,y,z) = Z tr[MAIAO ® MBrBo @ M. \w><w|]

alx bly clz
c

—tr [MAIAO ® MBPrBo g (ZMCI) - |w><w\} . (2.99)

alz bly clz

Since the third party C' has no output space (d¢, = 1), then for any instrument
{M{1} we have 3o, M = 1, so that

|z

P(a,blz,y, ) = tr [MQ;AO ® MP1Po. WAB} (2.100)
with
WAB = tre, |w)(w]. (2.101)

This implies that P(a,b|z,y, z) does not depend on z, as required. As argued
before, tracing out C from the process matrix representing the quantum switch leads
to a causally separable process matrix of the form W45 = 1WwA=B . Ly B=4 with
causally ordered process matrices W4=5 and W5=4, which can only generate
causally ordered probability distributions P4~ 5 and Pg~ 4. Hence, P(a,b|z,y, 2)
can be decomposed as 3Pa~p(a,blz,y,2) + 1 Ppa(a,blz,y,z), so that the
second assumption of Theorem 4 is also satisfied.

Therefore, the quantum switch represents an example of a causally nonsepara-
ble process that can only generate causal correlations, and hence cannot be used
to violate any causal inequality'®. It is noteworthy that all the examples of causally
nonseparable processes for which a physical interpretation is known, including
those generated by space-time superpositions [50], fall into this category. This
raises the question of whether causally nonseparable processes that do violate
causal inequalities can be physically implemented at all.

2.7 Conclusion

The process matrix formalism was originally conceived as a rather speculative
extension of quantum mechanics to possibly include the indefinite causal structures
expected in a quantized theory of gravity [29]. The results of this work show that,
in fact, it is a natural framework to study a class of quantum resources which
cannot be captured by the circuit model, but nonetheless are physically realizable
and can provide powerful computational advantages. We have shown that the
quantum switch, a recently demonstrated resource for quantum computation, can
be conveniently represented as a causally non-separable process matrix. We have
also presented causal witnesses that can verify the causal nonseparability of the
switch. As they only require performing unitaries in a “superposition of order” and a
final measurement of a control qubit, such witnesses can be easily implemented in
quantum-optics setups, as the one employed in Ref. [2].

2Note that Theorem 4 implies that this is also true for the N-partite generalization of the quantum
switch defined in [28].
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The theory of causal witnesses developed here has close resemblances with the
theory of entanglement witnesses. In both cases, one is interested in finding ways
to certify that a resource is outside some convex set, the set of separable states
in the latter case, that of causally nonseparable process matrices in the former
case. Following this analogy, causal inequalities can be seen as the counterpart
to the Bell inequalities, as they both provide device-independent tests regarding
the existence of some classical variable: local hidden variables for measurement
outcomes in one case, classical variables determining the causal order in the
other. A significant difference between the two frameworks is that the problem of
determining causal separability can be solved numerically with efficient algorithms,
whereas characterizing entanglement has been proven to be an NP-hard problem
[51].

As one could expect from the analogy with entanglement, there exist causally
nonseparable processes that cannot violate causal inequalities. What is striking,
in the case of process matrices, is that a physical interpretation is known only for
resources in this category. As one of the main open problems in this field is the
characterization of physical process matrices, it is tempting to speculate whether
the (im)possibility to violate causal inequalities could provide a useful guidance in
this respect.
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The simplest causal inequalities
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My contribution to this paper was defining the causal polytope, finding the causal
inequalities, and developing the algorithm to find violations of them.

Abstract

In a scenario where two parties share, act on and exchange some physical resource,
the assumption that the parties’ actions are ordered according to a definite causal
structure yields constraints on the possible correlations that can be established.
We show that the set of correlations that are compatible with a definite causal order
forms a polytope, whose facets define causal inequalities. We fully characterize
this causal polytope in the simplest case of bipartite correlations with binary inputs
and outputs. We find two families of nonequivalent causal inequalities; both can be
violated in the recently introduced framework of process matrices, which extends
the standard quantum formalism by relaxing the implicit assumption of a fixed
causal structure. Our work paves the way to a more systematic investigation of
causal inequalities in a theory-independent way, and of their violation within the
framework of process matrices.

3.1 Introduction

In our common understanding of the world, we typically perceive events as being
embedded in some causal structure, where events happening earlier can influence
events happening later but not vice versa. Correlations can be established in such
a picture by physical systems that may be shared or exchanged by different parties,
and which may be used to communicate or convey causal influences.

It is well known, however, that this view is challenged by quantum correlations:
Bell’s theorem [52] shows for instance that these conflict with Reichenbach’s com-
mon cause principle [53, 54], so that quantum mechanics forces us to generalize
the notion of causal influence [55—60]. Another implication of this picture is that if
one assumes that the parties interact only once with the physical medium, then
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only one-way influences (i.e., one-way signaling) are possible, which restricts—
independently of any assumptions on the physics of the involved systems—the
possible correlations that can be observed.

But is this view that events should comply with a definite causal structure, and
causal influences can only be unidirectional, necessary in any physical theory? Or
could one envisage theories where the causal relations between events are not
necessarily well defined [29, 61]? To answer these questions, Oreshkov, Costa and
Brukner developed the framework of process matrices as an extension of quantum
theory, where the assumption of a fixed causal structure is relaxed [3]. Process
matrices describe the physical resource that allows different parties to establish
correlations. Oreshkov ef al. showed that certain so-called causally nonseparable
process matrices indeed do not comply with a definite causal structure.

The incompatibility of a certain causally nonseparable process matrix with a
definite causal structure was proven in Ref. [3] by its ability to generate correlations
that are incompatible with a definite causal order, as demonstrated by the violation
of a so-called causal inequality. This can be tested in a device-independent manner,
by just looking at the statistics observed in an experiment. It was recently shown
that causal nonseparability could also be detected in a device-dependent manner
by using so-called causal witnesses [62]. This approach is more powerful as it can
detect all causally nonseparable process matrices, while not all causally nonsepara-
ble process matrices can violate a causal inequality [37, 62]. Furthermore, physical
implementations of certain (multipartite) causally nonseparable process matrices,
and of corresponding causal witnesses that detect their causal nonseparability,
have been proposed [1, 37, 62] and even realized experimentally [2], while it is
still not known whether there actually exist any physically realizable process that
violates a causal inequality. Nevertheless, the device-independent approach is still
of interest as it relaxes the requirement to trust the functioning and the operations
implemented by one’s devices in an experiment. It is furthermore also theory-
independent: causal inequalities can in principle be tested, and correlations with
no definite causal order can be identified whatever the description of the physical
resource is—whether we use the process matrix framework or any other theory to
be discovered in the future. A related open question is whether the ability to violate
causal inequalities can—in analogy with Bell nonlocality [45]—be exploited as a
resource, just like causally non-separable process matrices provide advantages for
information-theoretical [6] and computational [28] tasks.

Our paper aims at providing a better understanding of the device-independent
characterization of correlations that are compatible with a definite causal order
or not. We show that bipartite correlations with a definite causal order form a
convex polytope, whose facets correspond to causal inequalities (Section 3.2). We
characterize this causal polytope in the simplest scenario where the two parties
observe correlations with binary inputs and outputs, which gives us two families of
new causal inequalities. We then investigate their possible violation in the frame-
work of process matrices, and find that these can indeed be violated (Section 3.3).
This provides an example of “noncausal” process matrix correlations in a simpler
scenario than that considered in Ref. [3], where one party had two input bits, or in
Refs. [47, 48], where more parties were involved.
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3.2 Correlations with definite causal order

3.2.1 “Causal correlations”

We consider an experiment with two parties, Alice and Bob, each of them having
control over some closed laboratory. They both open their lab, let some physical
system in, interact with it and send a physical system out, only once during each
run of the experiment. Alice and Bob are given some classical inputs labeled by =
and y, and return some classical outputs a and b, respectively. We assume that
all inputs and outputs have a finite number of possible values. The correlation that
Alice and Bob establish in such an experiment is described by the joint conditional
probability distribution p(a, b|z, y).

In a situation where at each run of the experiment Alice’s events precede Bob’s
events (denoted A < B), Alice could send her input and output to Bob, but not vice
versa; hence, there cannot be any signaling from Bob to Alice, and their correlation,
which we shall denote in this case pA=Z, must therefore satisfy

Vo,y,9,a, p*P(alr,y) = p*F(alz,y), (3.1)

with pA=B (alz, y) = 3=, pA=B(a, b|z, y"). Similarly, in a situation where Bob’s
events precede Alice’s (B < A), their correlation p=4 must satisfy the no-
signaling-to-Bob constraint

Va,2',y,b, pP A0z, y) = pPA (b2, y), (3.2)

with pB=A4(b|z() | y) = 3 pB=4(a,b|z""), y). Note that non-signaling correlations
satisfy both Egs. (3.1) and (3.2), and are compatible with both causal orders A < B
and B < A. More generally, if the correlation is compatible with the causal order
A < B with probability ¢, and with B < A with probability 1 — ¢, then the correlation
will be of the form

pla,blz,y) = qp*~P(a,blz,y) + (1—q) p®~*(a,b]z,y). (3.3)

Following Refs. [37, 62, 63], we call the bipartite probability distribution p(a, b|z, y)
(or the correlation it describes, equivalently) “causal” if it can be written as in
Eq. (3.3), with ¢ € [0, 1] and p*=Z and p?=4 valid (i.e., nonnegative and normal-
ized) probability distributions satisfying Egs. (3.1) and (3.2), respectively. Causal
correlations are those that can be obtained in a situation where every run of the
experiment is compatible with a definite causal order (A < B or B < A), which
may however vary for each run, and is only determined probabilistically. Note that
the decomposition (3.3) is in general not unique, as non-signaling contributions can
be included in either pA=5 or pB=A.

3.2.2 Causal polytopes and causal inequalities

Correlations that are compatible with the causal order A < B satisfy nonnegativ-
ity (pA=B(a,blz,y) > 0 Va,y,a,b) and normalization (3, , p*=B(a,blz,y) = 1
Yz, y) constraints, together with the no-signaling-to-Alice constraint (3.1). As these
constitute a finite number of linear constraints on a bounded probability space’, it

"The probability space can for instance be understood geometrically as the set of points in a high
enough dimensional space, whose coordinates are the values p(a, b|z, y). Clearly, the nonnegativity
and normalization constraints make it bounded.
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follows that the set of correlations pA=Z is a (convex) polytope [64]. Similarly, the
set of correlations p=4 that are compatible with the causal order B < A is also
a polytope. Now, according to Eq. (3.3), the set of causal correlations is simply
the convex hull of the sets of correlations pA=% and p?=4, and is therefore itself a
polytope, which we call the causal polytope.

By construction, the extremal points of the causal polytope are extremal points
of either the polytope of p“ =5 correlations, or of the polytope of p®<4 correlations
(or of both polytopes); in Appendix N we show that these correspond to deterministic
correlations compatible with either causal order (or both, in the case of nonsignaling
correlations). From this “V-representation” of the causal polytope in terms of its
vertices, for a given number of inputs and outputs, one can in principle determine
its equivalent “H-representation” in terms of its facets [64] (although in practice, this
is a hard problem to solve when the number of inputs and outputs increase). Some
of its facets are trivial, in the sense that they only correspond to the nonnegativity
constraints p(a,blz,y) > 0; its other, nontrivial facets define so-called causal
inequalities [3]—inequalities that are satisfied by any causal correlation.

The above characterization hints of course at a strong analogy with Bell in-
equalities, which may be obtained as facets of the “local polytope” [45, 52, 65]
(or may not; in the same way that not all Bell inequalities are facets of the local
polytope, not all causal inequalities are facets of the causal polytope, as they can
also correspond to some external hyperplanes?). Causal inequalities are written
as linear combinations of the conditional probabilities p(a, bz, y), constrained by
some ‘“causal bounds”. They can also be translated in the language of “causal
games” by considering for instance the linear combination to define the score, or
possibly the probability of success (for some specific distribution of inputs), of some
game. They can be tested experimentally in a device-independent way—i.e., by
just considering the observed statistics, without making any assumptions on the
functioning of the physical devices used in the experiment: a violation of a causal
inequality guarantees that the observed correlation is incompatible with a definite
causal order—or, in short, is noncausal.

3.2.3 The simplest causal polytope

To illustrate the previous discussion, we now turn to the characterization of the
simplest nontrivial causal polytope. Note that causal inequalities can only be
nontrivial if each party has nontrivial inputs and outputs—i.e., if they can take at
least two different values. Indeed, if one party only has trivial inputs or outputs,
then clearly either (3.1) or (3.2) holds, so that any correlation is compatible with a
definite causal order.

Hence, the simplest candidate for a nontrivial causal polytope is the case with a
single bit of input and output for each of the two parties® (which we shall denote by

2E.g., one can check that the original causal inequality of Ref. [3] is not a facet of the causal
polytope for 1 input bit for Alice, 2 input bits for Bob, and 1 output bit for each of them (the 320 vertices
of the causal polytope that saturate that inequality, out of 5056 vertices, only span a 21-dimensional
affine subspace, while a facet of this 24-dimensional polytope should have dimension 23). Likewise, the
causal inequalities (3.21-3.24) below are not facets of the causal polytope for binary inputs and outputs
(they are only facets of its projection onto the plane considered in Subsection 3.3.3).

3 Actually, one also has a nontrivial causal polytope in a scenario where one of Alice and/or Bob’s
input yields a binary output, while the other always gives the same output (or has no output, equivalently).
In such a case the only nontrivial causal inequalities are of the LGYNI type, Eq. (3.5) or (3.7), and its
analysis below—e.g. its violation by process matrix correlations—remains valid (note on the other hand
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0 or 1), reminiscent of the scenario considered by Clauser—Horne—Shimony—Holt
(CHSH) in the case of nonlocality [67]. We generated the list of its 112 deterministic
vertices (see Appendix N), and enumerated its 48 facets using the software 1rs [68].

16 of these facets are trivial, corresponding to the nonnegativity constraints
p(ablzy) > 0. By relabeling the inputs and outputs, the 32 remaining, non-trivial
facets can be grouped in two non-equivalent families of causal inequalities: 16
facets are relabelings of the inequality

, (3.4)

DN =

1
Z Z 6a,y 6b7w p(a7 b|CL’7 y) <

z,y,a,b

where 4; ; is the Kronecker delta, while the last 16 facets are relabelings of the
inequality

1 3
Z Z 5w(a€By)705y(b€Bw),0 p(a7b|xvy) < Za (35)

z,y,a,b

where ® denotes addition modulo 2.

The causal inequality (3.4) can be interpreted as a bound on the maximal
probability of success for a bipartite “guess your neighbor’s input” (GYNI) game [69]
with uniform input bits z, y (such that p(z, y) = 1), where Alice and Bob's task is
to guess each other’s input, i.e., to output a = y and b = x. Implicitly assuming
uniform input bits*, inequality (3.4) can indeed be written in a more compact form

as
1

peyn = pla=y,b=1x) < 3 (3.6)

This causal bound on the probability of success pgyn) can easily be understood:
assuming that the correlation is compatible with the causal order A < B, Alice
cannot know anything about Bob’s input bit and can therefore only make a random
guess, so that p(a = y) = % and therefore p(a = y,b = x) < £; a similar reasoning
holds for the causal order B < A, and a convex mixture cannot increase the bound
on pGyni-

Similarly, the causal inequality (3.5) can be interpreted as a bound on the
maximal probability of success for what we shall call a “lazy GYNI” (LGYNI) game,
still with uniformly random input bits, where Alice and Bob’s task is nhow to guess
each other’s input only when their respective input is 1 (for an input 0, their output
can be arbitrary). Implicitly assuming uniform input bits, inequality (3.5) can then
also be written in a more compact form as

w

PLGYNI = p(x(a Sy =0,ybdz) = 0) < - (3.7)

e

This causal bound on the probability of success pLgyni can also easily be under-
stood with a similar reasoning as above (taking into account that Alice for instance
is only asked to guess Bob’s input half of the time, when her input is 1).

that the local polytope for such scenarios is trivial [66]). For simplicity however, we choose to impose
throughout the paper that all inputs should have the same number of outputs.

“Note that the assumption of uniform inputs is only necessary to justify the shorthand notation
pla = y,b = x) for the left hand side of Eq. (3.4), and to interpret it as the success probability for
the GYNI game. Whether an inequality written as a combination of conditional probabilities (like (3.4)
or (3.5) for instance) defines a causal inequality or not depends of course in no way on the distribution
of inputs.
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3.3 Process matrix correlations with no definite causal order

In this section we study the violation of our simplest causal inequalities in the frame-
work of process matrices, introduced recently by Oreshkov, Costa and Brukner [3].
Let us first start with a brief overview of this framework.

3.3.1 The process matrix framework

The basic assumption of the framework is that quantum theory correctly describes
what happens locally in Alice and Bob’s laboratories; however, no assumption is
being made about the global causal structure in which the parties operate.

More specifically, it is assumed that Alice and Bob can perform any operation
allowed by the standard formulation of quantum theory, as described by quantum
instruments [34] from some input Hilbert spaces #“’ and ' (for Alice and Bob,
respectively) to some output Hilbert spaces H4°© and #P©. An instrument is a set
of completely positive (CP), trace non-increasing maps from L£(HX1) to L(HX©)
(for X = A, B), where L(HX1) and L(HX©) are the spaces of linear operators
over the Hilbert spaces HX’ and HX¢. Each CP map of a given instrument is
associated with a given classical output, which we shall again denote by a and b for
Alice and Bob, and all CP maps of an instrument must sum up to a trace-preserving
map. The various instruments that the parties can choose to apply shall be labeled
by some classical “inputs” x and y.

Using the Choi-Jamiotkowski (CJ) isomorphism [70, 71], one can represent
Alice’s maps as some operators® M(ﬁ;AO on the tensor product space £L(H4 ®

H4°). The conditions for the collection of operators {M;“;AO }a (for some fixed
input ) to be a valid instrument translate to

alz alz

M414° >0 Va and trAOZMA’AO:]lA’, (3.8)

where tr 4, denotes the partial trace over Alice’s output system, and 147 is the
identity operator in Alice’s input Hilbert space. Similarly, Bob’s maps can be

represented as operators Mﬁ;BO on L(HPr @ HPo), and a collection of operators

{Mﬁy’BO}b (for some fixed input y) must satisfy analogous constraints to Eq. (3.8)
to be a valid instrument.

As shown in Ref. [3], the assumption of local consistency with quantum theory
implies that the probability p(a, b|x, y) of observing the classical outputs a, b for a
choice of instruments labeled by x, y is a bilinear function of Alice and Bob’s maps,
which can be written as

p(a,blx,y) = tr [(M;TQICAO ® MﬁyIBO) W1, (3.9)
for some hermitian matrix W € L(HA1 @ HAo @ HP1 @ HPo). Requiring that the
probabilities given by (3.9) are nonnegative and normalized for all possible choice
of quantum operations (including operations involving possibly entangled ancillary
systems) imposes some restrictions on the possible W matrices [3]. As shown in

5Throughout the paper, superscripts on operators refer to the Hilbert space they act on.
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Ref. [62], these constraints can be expressed as follows:

W >0, (3.10a)

tr W =da, dp, , (3.10b)
BiBoW = aoB,BoW , (8.10c)
AraoW = 4080 W, (3.10d)

W =p,W+ a.W — 458, W, (3.10¢)

where the last three conditions are written using the operation x - defined by

X

1
xW="—trx W (3.11)
dx

for X = A;, Ao, Br, Bo, with 1X and trx denoting the identity operator and
the partial trace over the Hilbert space H~, respectively, and dx denoting its
dimension.

Operators W that satisfy these conditions are called process matrices. They
generalize the notions of “quantum strategies” [36] and of “quantum combs” [32]
(which do assume a causal order), and represent the most general way to “connect”
the output spaces H“° @ HPBo to the input spaces HA! ® HP (see Fig. 3.1) in
a way that is locally consistent with quantum theory. While the above conditions
do not impose a global causal order a priori and therefore allow in general for two-
way signaling, the nonnegativity and normalization constraints on the probabilities
guarantee that no logical paradoxes, like the grandfather paradox for instance [72,

], appear. In the following we will refer to correlations of the form (3.9), with Alice
and Bob’s instruments satisfying Eq. (3.8) (together with its analogous form for
Bob) and W satisfying the conditions (3.10), as process matrix correlations.

HA()T T’]—LBO
a < — b

N A w B y

H’"'T THB i

Figure 3.1: A process matrix W represents the physical resource which connects
Alice’s (H4©) and Bob’s (H2) output Hilbert spaces to their input Hilbert spaces
(HA1, HB1) in such a way that what happens in Alice and Bob’s labs is locally
consistent with quantum theory [3]. Process matrices generalize in particular
quantum states and quantum channels.
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3.3.2 Violation of the simplest causal inequalities
by process matrix correlations

It was shown in Ref. [3] that certain process matrices® could generate correlations
with no definite causal order. A specific process matrix and specific instruments
were indeed found, which violate a particular causal inequality with one input
bit for Alice and two for Bob, and one output bit for each. Remarkably, one of
Bob’s input bits could be used to distinguish some runs of the experiment where
signaling happened in one direction, and some runs where it happened in the other
direction. It remained an open question, whether this special input bit for Bob was
necessary to obtain noncausal correlations in the process matrix framework, or
whether any simpler causal inequality (with fewer inputs) could be violated. Here
we answer this question positively, by exhibiting violations of both our GYNI and
LGYNI inequalities (3.6, 3.7) by process matrix correlations.

Let us start with a simple example with two-dimensional input and output
systems—“qubits”—for Alice and Bob (i.e., da, = da, = d, = dB, = 2). One
can check that the matrix

1 741 z40 zBr1Bo 4 zArg Ao X Br x Bo
W==[1%4 4+ + ,
4 V2
where Z and X are the Pauli matrices and where tensor products are implicit,

satisfies the constraints (3.10), so that it defines a valid process matrix. We choose
Alice and Bob’s operations to be the same, defined by

(3.12)

Mgato = MyigPo =0, (3.13)
Ml“l‘(’)AO = [ﬁéBO =2[oT) (2T, (3.14)
Mgi#o = MgiPo = [0){0] ® 0)(0], (3.15)
Mo = MijiPo = [1)(1] @ [0)(0], (3.16)

with {|0),|1)} denoting the computational basis (i.e., the eigenbasis of Z), and
|®F) := (]00) + |11))/+/2. These indeed satisfy (3.8), and thus constitute valid
instruments. These operations can be interpreted as follows: when their input
is 0, Alice and Bob simply transmit their incoming physical system, untouched
(2]|®T)(®*| being indeed the CJ representation of an identity channel), and output
the value 1; when their input is 1, Alice and Bob perform a measurement in the
Z basis, whose result defines their classical output, and send out the fixed state
|0){0]. With these definitions, one can calculate the success probabilities of the
GYNI and LGYNI games using Egs. (3.6, 3.7)—or more explicitly (3.4, 3.5)—and
Eq. (3.9). One finds

5

1 1
= — — ) = 0. = A7
vomi = 15 (1+ 5) = 05335 > 5. (3.17)

5 1\ 1 3
— 2+ )42~ s 3.18
PLavN 16( +ﬁ)+4 0.7835 > =, (3.18)

6A necessary condition for a process matrix to allow for a causal inequality violation is that it is
causally nonseparable [3]—i.e., that it is itself incompatible with a definite causal order. In the multipartite
case this is known however not to be a sufficient condition [37, 62]. It remains an open question whether
there can be bipartite causally nonseparable process matrices that only generate causal correlations.
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which indeed violate the causal inequalities (3.6, 3.7).

One may now wonder, what the largest possible violation of these two causal
inequalities by process matrix correlations is. To optimize the violations for some
input and output Hilbert spaces of a given dimension, we used a See-Saw algorithm
inspired by that of Werner and Wolf [74], as described in Appendix O. Note that
because the optimization problem is nonconvex, the algorithm is not guaranteed
to converge to a global maximum. Nevertheless, for small enough dimensions (at
least, for qubits), the repeatability of our results for different random starting points
of the algorithm makes us confident that we indeed found the global maxima. From
our numerical results, we thus conjecture that the maximal violations of our causal
inequalities achievable with qubit systems are

_ 1
PREA=2 ~ 0.5694 > 5 (3.19)
- ., 1 3
Plav -~ 08194 = pga =+ o > T (3.20)

In Appendix P we give an analytical description of the process matrices that reach
these values.

Going to larger dimensions, we found that the maximal value of pgyn could
increase, as summarized in Table 3.1 for dimensions up to 5; however, we did
not find any larger value for pLgyn than pfg\x(’,jl,ﬁ above, which—provided our See-
Saw algorithm did find the global maxima—reveals some fundamental difference
between the two inequalities, despite their similarities (and in addition to the fact
that contrary to GYNI, the outputs corresponding to certain inputs are irrelevant in
the LGYNI game; see also footnote 3). It remains an open question, which values
are the true “Tsirelson bounds” [75] for these two causal inequalities, in the sense
of the largest possible values for pgyni and pLgyni reachable with quantum process
matrices of any dimension.

d ‘ 2 3 4 5
paaxd \ 0.5694 0.6104 0.6201 0.6218

Table 3.1: Maximal values of pgyn) found through numerical optimization, as a
function of the dimension of Alice and Bob’s input and output Hilbert spaces
d=ds, =da, =dp, =dp,-
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3.3.3 Boundary of the set of process matrix correlations

To finish with, let us picture the set of process matrix correlations vs that of causal
correlations. In order to visualize the two, we shall project them onto the plane
with coordinates (p(a=y),p(b=z)), where we again implicitly assume uniformly
random inputs for ease of notations’. In this plane the complementarity between the
two directions of signaling, from Alice to Bob and from Bob to Alice, is conspicuous;
the projected causal polytope is bounded here by the four causal inequalities® (see
Figure 3.2)

ép(a=y)+%p(b=x) < Z, (3.21)
%p(a=y)— %p(be) < %, (3.22)
—*p(a=y)+%p(b=l‘) < 37 (3-23)
—%p(aZy)— %p(b=w) < —i- (3.24)

To obtain a lower bound for the boundary of the set of process matrix correla-
tions, we again used the See-Saw algorithm described in Appendix O to maximize
quantities of the form ap(a=y) + 5 p(b=x), with various weights «, 3. Different
runs of the algorithm gave us different lower bounds (recall that the See-Saw
algorithm is not guaranteed to always find the global optimum), which we combined
to obtain the bounds represented on Figure 3.2 for dimensions d = 2, 3 and 4 of
the input and output Hilbert spaces—and which we believe are close to the actual
boundaries of the process matrix correlations for these dimensions. The largest vio-
lations of the causal inequality (3.21) we found are § p(a=y) + 3 p(b=z) = 0.7715
for d = 2;0.7892 for d = 3; and 0.8001 for d = 4.

A surprising feature of the set of process matrix correlations for dimension 2 is
that it does not seem to be convex (see Figure 3.2, red region). We believe this is
a true characteristic of it, not only a numerical artifact due to some failure to find
global optima. Note, nevertheless, that the boundary of the set of process matrix
correlations for arbitrary dimensions is convex, as proven in Appendix Q.

3.4 Conclusion

We have shown that the set of correlations compatible with a definite causal order
(“causal correlations”) forms a convex polytope, which we fully characterized in the
simplest nontrivial bipartite scenario with binary inputs and outputs. Two nonequiv-
alent families of causal inequalities were obtained, Egs. (3.6-3.7), for which we

"Without assuming uniformly random inputs, p(a = y) and p(b = z) in Egs. (3.21-3.24) and
in Figure 3.2 should be replaced by 1 Sa,y p(a,blz,y) and 3" g b0 P(a, ]z, y),
respectively. o

8Note that inequality (3.21) looks quite similar to Oreshkov et al.’s original causal inequality [3]
(which motivated us in particular to write it with the % factors). Oreshkov et al.’s inequality includes some
additional conditioning on a second input bit for Bob. Averaging that inequality with its equivalent version
where Bob’s second input bit is flipped yields inequality (3.21). Similarly, Brukner’s “Tsirelson-like bound”
for Oreshkov et al.’s inequality [46] (for a limited set of possible instruments) also yields the same

Tsirelson-like bound LQ/‘@ ~ 0.8536 for inequality (3.21) (with the same restriction); there remains a
large gap between that bound and the lower bounds we obtained numerically for dimensions 2, 3 and 4.

z,y,a,b
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0.6 -

p(b=x)

0.4+

Figure 3.2: Projection of the probability space for binary inputs and outputs onto the
plane (p(a=y), p(b=x)) (see main text). The causal polytope is projected onto
the blue diamond, delimited by the causal inequalities (3.21-3.24). The red, green
and purple regions correspond to process matrix correlations that are reachable
with input and output Hilbert spaces of dimensions d = 2,3 and 4, respectively.
The outer dashed square delimits all valid probabilities p(a=y),p(b=2x) € [0, 1].
Its upper right corner corresponds for instance to a correlation such that Alice’s
output is always equal to Bob’s input (e =y) and Bob’s output is always equal to
Alice’s input (b=x), which requires perfect 2-way signaling and violates Egs. (3.6),
(3.7) and (3.21) up to their algebraic maximum. This correlation may somehow be
thought of as being analogous to the Popescu-Rohrlich (PR) box considered in the
context of nonlocal correlations [76] (one difference, however, is that this correlation
is deterministic, while the PR box correlations are not).

gave intuitive interpretations in terms of “causal games”. These allow for a device-
independent characterization of correlations with or without definite causal order,
and can be tested independently of the physical theory under consideration. We
exhibited in particular violations of these inequalities by process matrix correlations,
which generalize standard quantum correlations. Because of their simplicity (and
despite the violations we found being somewhat less intuitive), we expect these
new inequalities—in particular the first one, interpreted as a “guess your neighbor’s
input” game—to become archetypical examples of causal inequalities, just like the
CHSH inequality is the archetype of Bell inequalities [45, 67].

Our approach can be used to characterize (non)causal correlations in more
complex scenarios as well. It should be noted that because of the large dimension
of the probability space and the large number of vertices of the causal polytope
(see Appendix N), the full facet enumeration problem rapidly becomes intractable
in practice as the number of inputs and outputs increases beyond the simplest
binary case. Nevertheless, one could adapt some of the tricks developed for the
derivation of Bell inequalities (see Ref. [45] for a review) to construct new causal
inequalities for various scenarios of interest. Violations of these inequalities in the
process matrix framework can then be investigated using our See-Saw algorithm.
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An interesting question is whether it would also be possible to derive nontrivial
bounds on such violations from certain information-theoretic principles [77], along
analogous lines to the research program that aims at restricting quantum nonlocal
correlations from various principles [45].

In the present paper we focused for simplicity on the bipartite case. Our
work can naturally also be extended to the case of more parties. With a proper
generalization of the concept of noncausal correlations (see for instance Ref. [37]), it
can also be shown that multipartite noncausal correlations form a convex polytope.
Similar techniques can be used to characterize this polytope, construct causal
inequalities and investigate their possible violation. Note that a remarkable new
feature in the multipartite case is that violations are also possible with “classical
process matrices” [48].

One of the main open questions along the line of research presented here is
whether it would actually be possible, in practice, to observe correlations with no
definite causal order and a violation of a causal inequality. As an extension of
standard quantum theory, the framework of process matrices—which does indeed
predict such violations theoretically—appears as a good candidate to provide such
a possibility. However, to the best of our knowledge, no practical implementation
has been identified for any of the process matrices that are known to violate a
causal inequality [3, 47, 48] (including the ones presented here)—while in contrast,
a causally nonseparable quantum process has been recently demonstrated experi-
mentally [2]. It is likely that more complex scenarios need to be considered, and a
systematic investigation of causal inequalities and their violation by process matrix
correlations might prove useful to find practical violations—or, should it be the case,
to clarify why such violations cannot be observed in practice. Our work makes the
first crucial step in this direction.

Note added.— While finishing writing up this manuscript, we became aware that
the concept of causal polytopes introduced here was also referred to (with proper
reference to our work) in Ref. [37], where the emphasis was put on multipartite
scenarios, and in Ref. [78], where the authors also introduced, for the multipartite
case as well, larger polytopes of logically consistent but possibly noncausal classical
processes.
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Chapter 4

A purification postulate for quantum
mechanics with indefinite causal
order

This chapter will be submitted for publication in the near future as

e M. Araujo, A. Feix, M. Navascués and C. Brukner.
‘A purification postulate for quantum mechanics with indefinite causal order’.

Abstract

To study which are the most general causal structures which are compatible with
local quantum mechanics, Oreshkov et al. [3] introduced the notion of a process:
a resource shared between some parties that allows for quantum communication
between them without a predetermined causal order. These processes can be
used to perform several tasks that are impossible in standard quantum mechanics:
they allow for the violation of causal inequalities, and provide an advantage for
computational and communication complexity. Nonetheless, no process that can be
used to violate a causal inequality is known to be physically implementable. There
is therefore considerable interest in determining which processes are physical and
which are just mathematical artefacts of the framework. Here we make the first step
in this direction, by proposing a purification postulate: processes are physical only
if they are purifiable. We derive necessary conditions for a process to be purifiable,
and show that several known processes do not satisfy them.

4.1 Introduction

It is widely believed that any future theory that unifies quantum mechanics and
gravity will feature quantum uncertainty in the metric tensor [31], which should pro-
duce indefinite causal structures. We currently lack, however, good understanding
of what an indefinite causal structure even is. To investigate that, one approach is
to consider simple, concrete models that are compatible with the laws of quantum
information processing. One such model — the process matrix formalism — was
introduced by Oreshkov et al. as the most general causal structure that can connect
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local laboratories where standard quantum mechanics is valid without creating
paradoxical causal loops [3].

These processes have been shown to enable the realization of tasks that are
otherwise impossible: they allow for the violation of causal inequalities [3, 37, 47-49,
, 79], they can be detected by causal witnesses [80], they provide an advantage
in quantum computation [1, 6, 28], and they enable a reduction in communication
complexity [81, 82]. But even though one such process — the quantum switch — has
been implemented experimentally [2, 4], in general it is not known if all process
are physical or some of them are just mathematical artefacts of the formalism.
They were, after all, defined only from the requirement of not generating logical
contradictions, and the processes realisable in nature are likely to fulfil additional
physical constraints.

One can, therefore, look for requirements other than mere logical consistency
in order to shed light on the physicality of these processes. As seen from the
search of physical principles to determine the set of quantum correlations, such
meta-theoretical principles can provide nontrivial constraints on the possible the-
ories [83—87]. The principle we choose to investigate here is reversibility of the
transformations between quantum states: it is, after all, valid in all fundamental
physical theories, and was a central ingredient in all of the reconstructions of
quantum mechanics [27, 88-93].

To define what reversibility means for processes we first needed to generalise
their definition: we extend them with a global past and a global future, so that
they can be seen as inducing a transformation from quantum states in the past to
quantum states in the future, after passing through the causally indefinite region of
the local laboratories. We can then define pure processes as those that preserve
the reversibility of the underlying operations, i.e., those that induce a unitary
transformation from the past to the future whenever unitary transformations are
also applied in the local laboratories.

With these definitions in hand, we can propose the purification postulate: pro-
cesses are physical only if they are purifiable, i.e., if they can be expressed as
a part of a pure process in a larger space. It turns out to be rather difficult to
determine if a given process is purifiable. We derive, then, a necessary but not
sufficient condition for purifiability, and show that several known processes fail to
satisfy this condition, among which the process from Ref. [3] that was the first one
shown to violate a causal inequality. In fact, no bipartite process that was able
to violate a causal inequality was found to be purifiable. There exists, however, a
tripartite process which is purifiable and able to violate causal inequalities. This
implies that the purification postulate is necessary but not sufficient for physicality
of a process, if one takes the view that violations of causal inequalities is impossible
in Nature [94].

The paper is organized as follows: in section 4.2 we generalise the definition of
a process and introduce the notion of pure processes. In section 4.3 we propose the
purification postulate. In section 4.4 we derive necessary and sufficient conditions
for a process to be purifiable, and in section 4.5 we derive a necessary but not
sufficient condition for purifiability that can be easily tested. In section 4.6 we
apply our condition to several known processes, and in section 4.7 we present the
tripartite pure process that violates causal inequalities.



4.2. PURE PROCESSES 65

4.2 Pure processes

In Ref. [3], the process matrix was introduced as a (multi)linear function that takes
completely positive (CP) maps to probabilities. To be able to talk about purification,
we need to extend this definition to take CP maps not to probabilities, but to other
CP maps. This view of a process as a higher-order transformation is much in the
spirit of quantum combs [32], and can be recovered from the multipartite definition
of process presented for example in Ref. [80]. We shall, nevertheless, explicitly
define processes as higher-order transformations for clarity and to make this paper
self-contained.

To this end, let A be a completely positive trace preserving (CPTP) map that
takes the Hilbert spaces A;, A} to Ap, Ay, and B a CPTP map that takes By, B}
to Bo, By,. Then a process is defined as the most general linear transformation
that acts trivially on A, B}, Ay,, By, and takes A and B to a CPTP map G 4 5 from
A, B}, Pto Ay, By, F, as represented in Fig. 4.1.

1r

bole Be oy o
Gas = A w B
[ Te s e e

TP

Figure 4.1: A process W is a bilinear function from the CPTP maps A, B to a CPTP
map G4 5.

To find a matrix representation for a process, we make use of the Choi-
Jamiotkowski (CJ) isomorphism, which we recap in appendix R. Let then A = €(A),
B = ¢€(B), and G4, = €(G.4,5) be the CJ representations of the CPTP maps A,
B, and G 4 5. By linearity we can represent the mapping from A, Bto G4 p as

Gap =1tra,4,B,Bo[W 41405150 (A ® B)], (4.1)

where W € PR F ® A; ® Ap ® Br ® B is the process matrix we are defining,
and identity matrices on the subsystems P, F', A, Ay, B}, and By, are left implicit.
This formula can be rewritten in a more convenient way using the link product,
which was designed to conveniently express the CJ representation of a composition
of quantum operations [32], and we recap in appendix S:

GAyB:W*(A(X)B) (4.2)

We need G 4 p to be a valid CPTP map for all valid CPTP maps A and B. This
imposes the following restrictions on W, which we derive in appendix T:

W >0 (4.3)

tr W = da,dp,dp (4.4)
W =Ly (W), (4.5)
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where Ly is a projector on the linear subspace of valid process matrices defined in
equation (T.20).

As an explicit example of a process defined as a higher-order transformation
consider a situation where a state in P = P; ® P, is sent to Alice and Bob, and the
resulting state from Alice and Bob is sentto F' = F} ® F5. The process matrix is
given by [wstate) (Wstate |, Where

Jwstae) = [1) 4 (1) > E ) Ao ) B, (4.6)
and |1)) is the “pure” CJ representation of the identity map between the appropriate
Hilbert spaces, as defined in Appendix R.

A less trivial example is the process where a state in P goes first to Alice, then
to Bob, and finally to F'. Using again the vector representation the process is

Jewehanner) = [1) 741 [L) A7 ) o 4.7)

Finally, an example of a process that encodes an indefinite causal order is the
quantum switch [1, 80], which in this representation is:

‘wswitch> — |O>P1 |]l>>P2AI|]l>>AOBI|]l>>BOF2|O>F1

P L) P ) Pod ) Ao (4.8)

To connect this version of the quantum switch with the one in Refs. [1, 80], one
should prepare the control qubit and send it to P;, and prepare the target qubit
and send it to P,. After the process is done the control qubit will be found in F;
(unchanged), and the target qubit in F5.

This definition of processes allows a natural definition of what it means for a
process to be “pure”. Just as we can define unitaries as the most general linear
transformations that map pure states to pure states of the same dimension’, we
can define pure processes to be most general linear transformations that map
unitaries to unitaries. More precisely:

Definition 5. A process W is pure if for all unitaries A, B the resulting transfor-
mation G 4 s is also a unitary.

It turns out that pure processes are unitary transformations from Ao, Bo, P
to Ay, By, F and can be conveniently represented as vectors, as shown in the
following theorem:

Theorem 6. A process W is pure if and only if W = |U,,)(U.,| for some unitary
Uy.

Proof. If W is pure, then G 4 5 must be a unitary in particular when A and B are
SWAPs that map A}, A; to Ao, A, and B}, By to Bo, Bg,. Then

Gap =W (IO [ @ e ™ 2o [ %0 ) = w, @4.9)

so the resulting transformation G4 5 = €1 (G4 ) = € }(W) =: W is just the
process itself, with the relabelling A; — Ay, Ao — A}, Bf — By, and Bo — BY,

"More precisely, a linear map £ is a unitary iff for all pure states |+) the transformed state
Z ® E(|¢)(v]) is a pure state of the same dimension.
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so W must be a unitary transformation from Ao, Bo, P to Ay, By, F. Writing
W(p) = U,pU],, we have that its CJ representation is W = €(W) = |U, W(Uw|-
Conversely, if W = |Uy WU, A = |Ua)(Ual, and B = |Up)(Uy|, then

GaB = |Un)(Un| * (|[Ua)(Ua| @ [Us)(Usl) = [Ug}(Uyl, (4.10)

where

UL = tea, g, [(UjAIBI ® 11A3B3) (]1P QUM g UfIB}ﬂ- (4.11)
Since by assumption G4 5 is trace preserving, we have that tra, g, r Ga,p =
14751P  Substituting G 4.5 = |U,)(U,| we get

tra;, 5y, [Ug)(Uy| = UJUy = 14755, (4.12)

o~ 0

Since, furthermore, U, is a square finite-dimensional matrix, it has a right inverse
which is equal to its left inverse, so U, is a unitary, and so is G 4 5. O

4.3 A purification postulate

With the definition of a pure process in hand, we can now define what it means to
purify a process: we say that a process W with trivial P and F' is purifiable if you
can recover it from a pure process S by inputting the state® |0) in P and tracing out
F,ie.,if

W =S ([0)(0]” @ 17), (4.13)

as shown in Fig. 4.2.

-

T Ao Bo T A

W =

Ip
)

Figure 4.2: A process W with trivial P and F is purifiable if it can be recovered
from a pure process S by inputting the state |0) in P and tracing out F.

We propose then the purification postulate: a process is physical only if it is
purifiable. This postulate is motivated by the fact that a non-purifiable process
would fundamentally map unitaries onto isometries or non-unitary CPTP maps,
destroying the reversibility of the theory. Reversibility, on its turn, is a cherished

2We can fix the state to be |0) instead of allowing an arbitrary state without loss of generality.
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principle: all fundamental physical theories are time reversible® and the hint that the
formation and evaporation of a black hole might be an irreversible evolution is one of
the major problems in modern physics [98, 99]. Moreover, in all reconstructions of
quantum mechanics [27, 88-93] reversibility was used as a central ingredient. This
supports the idea that it is indeed a fundamental part of quantum mechanics, and it
should not be done away with lightly. Furthermore, although there is speculation
that in a full theory of quantum gravity new degrees of freedom are created by the
expansion of the Universe [100-102], in concrete models these degrees of freedom
are born in the vacuum state [103], making the time evolution actually be reversible.
In any case, current inflationary models using quantum field theory on a curved
expanding spacetime do not feature creation of new degrees of freedom [104].

As a sanity check, note that all processes known to be physical — all processes
where the order between the parties is fixed, e.g. |wechannel) (€quation (4.7)), con-
trolled by a quantum system, e.g. |wswitch) (€Quation (4.8)), or incoherently mixed —
are purifiable.

4.4 Necessary and sufficient conditions for purification

We shall now proceed to finding necessary and sufficient conditions for a process
W with trivial P and F to be purifiable, i.e., to be recoverable via equation (4.13)
from a process S that is pure and valid. From Theorem 6, we know that S'is pure
iff S = |Us)(Us| for some unitary Us. Defining

wy) = (|7 |U) (4.14)
and noting that
USMUs | () (] @ 17) = ) (wy| * 17 = trpfwy) (wy], (4.15)
we can rewrite equation (4.13) as
W = trp|wo) (wol, (4.16)

where |wg) = (0|7 |U,)). We can also state the condition that S is valid purely in
terms of the vectors |w,,). To do that, remember that S is valid iff S « (A ® B) is a
CPTP map for all CPTP maps A and B. Inits turn, S * (A ® B) is a CPTP map iff
for all input states |¢) its output [S * (A ® B)] = |1)(¥|” is a valid quantum state.
Note, however, that

(S # (A® B)] * [)(w|” = (S # [9)(|") * (A® B),

and the condition that the righ hand side is a valid quantum state for all |¢), A, and
B is precisely the condition that the process with trivial P given by (S  |)(¥|")
produces a valid CPTP (with trivial P) when linked with the CPTP maps A and B,
which means that the process (S  |1)) ()|") = |wy) (w,y | is a valid process. Writing
out the validity conditions explicitly, we have

VIY)  wy)(wy| = Ly (Jwy)(wy|) and  trlwy)(wy| = dagds, — (4.17)

3Note that to treat the collapse of the wavefunction during a measurement as an irreversible process
one needs to use objective collapse models [95-97] instead of standard quantum mechanics. We are
taking the view that collapse is not a physical process.
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where Ly is the projector onto the valid subspace defined in equation (T.20)
particularized for dp = 1.

With this, we reduce the problem of purifying a process W to finding a set of
vectors |w,;) such that equations (4.16) and (4.17) are satisfied. We can simplify
it further by noting that equation (4.16) is just the purification of a positive matrix,
which admits a simple solution. Let then the eigendecomposition of W be

r—1
W= Nl (Ail, (4.18)
1=0

where r is the rank of W, and \;, |\;) its nonzero eigenvalues and corresponding
eigenvectors. Then a valid purification for it is

r—1
[wo) = > VAl Ai)d), (4.19)
=0

which is unique modulo some isometry V' on the purifying system. But this isometry
has no effect on the validity of |w,)(w,|, as it only affects the state output by the
process, and an isometry maps valid quantum states to valid quantum states. This
implies that we can choose without loss of generality the isometry to be the identity,
and the dimension of the purifying system dr = dp to be the rank of W. This
allows us to use a r2-dimensional basis for P to simplify condition (4.17). Choosing

{18} (4] f;io as this basis, and rewritting the equations explicitly in terms of the

vectors |w;) = (i|F|U,)), the condition translates to
Vi j Ly (lwi){w]) =0 and (wilw;) = da,dpo0ij,

where for brevity we are using the projector Li; := 1 — Ly.
We summarize the results of this section in the following theorem:

Theorem 7. A process matrix W of rank r and eigendecomposition
r—1
W =" M) (Al (4.20)
=0
is purifiable if and only if there exists a set of vectors {|w;)}/_, such that

r—1
wo) = > VAl Xi)d) (4.21)
1=0

and
Vi,j  Liy(Jwi)(w;]) =0 and (w;lw;) = da,dp,0i; (4.22)
If they exist, a process S = |U,){(Us| that purifies W is given by

(i|"|U) = |wi) (4.23)

4.5 Necessary conditions for purification

It is not easy to find a set of vectors {|v;) } that satisfies the conditions of Theorem
7, as the constraint L (|v;) (v;]) = 0 is quadratic on them. We shall not solve this
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problem in full, but rather we shall prove an upper bound on the number of vectors
that can satisfy those conditions for a given process. If this upper bound is smaller
than the rank of the process, this is a proof that this process is not purifiable.

We shall start by focussing in the simplest of the conditions, namely that
L& (Jvi)(wo|) = 0. Since this condition is linear on |v;) it is straightforward to
characterize the vector space Vyr formed by the vectors that satisfy it. Restricting
our attention to this (hopefully small) subspace makes it easier to consider the
other, non-linear, conditions.

To construct an orthonormal basis for Viy, first we upscale the projector Li: to
act on the “double-kets” of process matrices, i.e., we define the matrix IT; . such

that*
041)) = |EB (D))

v%] HL#

We have then
L (o) {wol) = 0 =TI, Jw)|v) =0,

so if we define
Ow = ({wg| ® 1)1 (Jwg) ® 1)

we have that
Owlv) =0 <= Tl |wj)|v) =0,

so the null eigenvectors of Oy, form an orthonormal basis for Vy;,. With it in hand
we can now restrict the projector 11, to the subspace® Vyi @ Viy. Let {|r;)} be
an orthonormal basis for Vi, and R = >, ) (r;|. The restriction I v, is then
given by

My = (R* @ R) Ty (R @ RY)

We can now consider the condition that L (|v;) (v;]) = 0. Let {|my)}ém ! be the
set of eigenvectors of I . v, with eigenvalue different than® 0. Then

HL‘L/‘VW|U;‘>|U¢) =0 < Vk (v}‘\(vl”mk) =0

We want to rewrite the inner product (v}|(v;||my) in a more convenient way. For
that, note that (| A|y) = (¥*[(||AT)), so (v} [(vs]|mp) = (v;| My |v;) for matrices
M, such that [MI)) = |my). These matrices are in general not Hermitian, so for
convenience we define C, = M, + M,Z and Cxyq,, = i(My — M,I). Then

Let now d¢, be the dimension of the largest subspace such that all |v) in this
subspace respect (v|Cy|v) = 0. We can easily calculate d¢, using the the null-
square lemma proved in Appendix U: let ng.,ni—, and ngy be the number of
positive, negative, and null eigenvalues of Cj.. Then

de, = ngo + min{ng4,nk—}

411, 1 can be explicitly written as IT, 1 = €(L;), where R is the reshuffling operation [35].
A%

\%4
50ne can restrict instead to Vi1 \ |wo) for a slight computational advantage.
81t is possible that this set is empty. In this case all vectors in Vyy- respect the conditions of Theorem
7, and the process is purifiable iff dim(Vy) > rank(W).
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A simple upper bound on the dimension of the largest subspace of vectors that
respect the conditions of Theorem 7 is then

Amax (W) := min dg, (4.24)

Therefore if dmax (W) < rank(WW) the process W is not purifiable.

4.6 Examples

In this section we shall omit superscripts that identify subsystems and tensor
products to avoid clutter. The expression (e.g.) Z1 X Z should be understood as
ZA1r @ 140 @ X Br g zBo,

Let
1221+ Z1XZ

1
Wocs 1 1111 + /3 (4.25)
be the process introduced in Ref. [3]. It was proven, under a restriction on the
allowed operations, to produce the maximal violation of the original causal inequality
for any dimension [46]. Since rank(Wocg) = 8 and dmax(Wocs) = 5 it is not
purifiable.

Let

1
Waae = 7 [1111 + a0 2121 — a1 (2111 + 1121)
—ax(Z11Z +1Z2Z1) + a3(Z12Z + ZZ Z1)
+ai(ZIXX — ZIYY + XXZ1 - YYZ1)|, (4.26)

where ag ~ 0.2744, a; =~ 0.2178, az =~ 0.3628, a3 =~ 0.3114, and a4 ~ 0.2097. This
process was introduced in Appendix C of Ref. [49] and conjectured to produced
the maximal violation of GYNI and LGYNI inequalities for its dimension. Since
rank(Wmax) = 11 and dmin(Wmax) = 10 it is not purifiable.

Let

Wept = 1 1111 + 7 Z1X7 +
be the process introduced in Ref. [94]. By itself it cannot violate any causal in-
equalities, but it becomes able to do so when it is extended with an entangled
ancilla. However, when admixed with a small amount of noise, the known vio-
lations disappear, so this noisy version was conjectured to be unable to violate
any causal inequalities. That is, W, was conjectured to be “extensibly causal”.
Since extensibly causal processes seem physically reasonable, but we have no
physical interpretation for Woy or its noisy version, it would very interesting to
test its purifiability to gather evidence about its physicality. Unfortunately, since
rank(Wopt) = 12 and dmax(Wopt) = 17 our test is inconclusive. This is also the
case for the noisy version, which has rank 16 and dmax equal to 41.

1 1 */33_ Laxxn 1 1vvi+ 1271)| @a27)

4.7 Counter-example

Since the processes examined in the previous section either are not purifiable or
have unknown status, it might be tempting to conjecture that all processes that
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can violate causal inequalities are not purifiable. While this might be true for the
bipartite case, we have a counter-example for the general case: a tripartite process
which can violate causal inequalities and is purifiable.

This process, which was first published in Ref. [78], can be concisely described
as a function from Ao, Bo,Co to Ay, By, Cy that incoherently maps the basis
states |a, b, ¢) to the basis states |=b A ¢, —¢ A a,—a A b), where — and A repre-
sent logical negation and logical conjunction. It can be represented in a more
cumbersome way as the process matrix

Weet = Z|a,b,c><a,b,c| ® |=b A c,me Aa,—a AbY(—b A e, —cAa,—aAD

abc

(4.28)
where unlike in the other processes we wrote the subsystems in the order Ao, Bo,
Co, Ay, By, Cy to match the function described above. To purify this process [105]
we use the standard trick to turn a irreversible function into a reversible one, that is,
changing the function from |z) — |f(x)) to |x)|y) = |z)|y © f(z)). In terms of our
function this means mapping |a, b, ¢) |4, j, k) to |a, b, ¢) |i®—bAc, jD-cAa, kB—aAb).
This reversible function is then the purification of Wyet, and can be written as the
process vector

|waet) = Y _ la,b, )i, j, k) ® |a,b, )i @ —bAc,j ®—cNak®-and) (4.29)
it
where the subsystems are written in the order Ap,Bo,Co,P,F,Ar,Br,Cr. Note
that unlike the other subsystems P and F' consist of three qubits each.

4.8 Conclusion

We have proposed a purification postulate, motivated by considerations that are
independent of this formalism, that allows us for the first time to declare a large
class of processes to be unphysical. This can be made part of a axiomatic, top-
down approach to determining the set of physical processes. Ideally, one should
marry it with a bottom-up approach, that shows processes to be physical by actually
constructing laboratory implementations for them. As of yet, however, there are still
processes which are neither excluded by the purification principle nor known to be
implementable, showing that more work must be done in order to consumate this
marriage.

In this gray zone we find, for example, |wget) (equation (4.29)), showing that
the set of purifiable processes is rather rich, and that the purification principle
does not rule out the violation of causal inequalities in Nature. It might still be
the case, however, that processes that cannot violate causal inequalities, i.e.,
extensibly causal processes, are always purifiable. In order to decide this it would
be interesting to know whether the noisy of version of Wy (equation (4.27)) is
purifiable.



Chapter 5

Quantum computation with linear
closed timelike curves

In this chapter we consider how to use indefinite causal structures as a computa-
tional resource. The goal is twofold: if it turns out that a indefinite causal structure
that is known to be physical allows for the solution of a practical problem asymptoti-
cally more efficiently than ordered causal structures, that would be a huge discovery.
On the other hand, if some indefinite causal structure of unknown physicality is
shown to be extremely powerful, for example by allowing the efficient solution of
NP-complete problems, this would be evidence against its physical plausibility.

So far, the only known result about this subject is that the quantum switch
reduces the query complexity of a specific problem from O(n?) queries to O(n)
queries [28]. To go beyond such isolated cases and investigate the power of the
process matrix formalism as a whole one needs a well-defined computational
model. Here we are going to propose such a model, using a simulation of arbitrary
process matrices with closed timelike curves. This model allows us to prove the
first known upper bound on the computational power of process matrices, showing
it to be upper bounded by PostBQP [106].

A different computational model also based on the process matrix formalism was
proposed in [107, ]. Note, however, that this model restricts which operations
one is allowed to perform inside the indefinite causal structure, and is therefore
more contrived.

5.1 The Bennett-Schumacher-Svetlichny model of closed
timelike curves

The model of closed timelike curves we use was proposed independently by Bennett
and Schumacher [109] and Svetlichny [110] (see also [111-113]). It is motivated by
the observation that, in the quantum teleportation protocol, one does not need to
do any correction on the target state when the outcome of the Bell measurement is
|¢1). In this case one can write the target state as already being there before the
measure was made, and even before the state to be teleported was even created.
This post-selected teleportation protocol is then used to teleport the output state of
a part of the output of a unitary matrix to a part of its input, whereas the rest of the
unitary simply maps a quantum system from the past P to the future F', as shown

73
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) o

Naming the subsystems as 1, 2, and 3 (from bottom to top), the operator that maps
the chronology-respecting system from the past to the future is then

in the circuit (5.1).

K = (¢T|BU2|pT)? o try U2 (5.2)

Since a partial trace of a unitary is in general not a unitary, K will not necessarily
preserve the norm of a input state, so for the evolution to be valid we will need to
renormalize it. The evolution of a state |¢) input in P is therefore defined as

1
— K, 5.3

which of course is undefined when || K|¢)||, = 0, illustrating how pathological this

model is.
This post-selected closed timelike curve (known as P-CTC) is usually repre-

(5' )
l
P F

with the renormalization implicitly included.
Note that although we used pure states and unitary transformations, this for-
malism of P-CTCs can be easily extended to mixed states and CPTP maps.

5.2 Processes as linear closed timelike curves

Now we proceed to show how having access to P-CTCs allows one to implement
any process, or equivalently how to simulate any process using post-selection. For
that, we shall use the processes as defined in equation (4.1), which says that an
operator W € PR F ® A ® Ap ® By ® Bo is a process matrix if and only if for
all CPTP maps A : A; — Ao and B : B; — By the operator’

GA,B =1tra,AoB;Bo [WTAIAOBIB() (A@B)] (5.5)
is a valid CPTP map, where

A=T@ A1) 1)) € Ar® Ao
B=I®B([17)(171]) € B;® Bo
Gap=IRGas(I"W1F)e P F

are the Choi-Jamiotkowski (CJ) representations of the CPTP maps A, B, and G 4 3,
which we review in Appendix R.

TWe shall restrict ourselves to the bipartite case and omit the auxilliary Hilbert spaces A’I, A’O,
B}, and Bé) to reduce clutter, which is already excessive. Taking them into account doesn’t change
anything fundamental in the argument.
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Using the fact that the trace can be seen as the Hilbert-Schmidt inner product,
under which transposition is a self-adjoint map, we can rewrite equation (5.5) as
Ga,p =tra,a0B 80 [W(AT @ BT)). (5.6)
Substituting the definition of the CJ isomorphism for A and B and noting that
(T A1) = A7 @ I(140)(14)), (5.7)

where A* is the adjoint of 4, we arrive at

Gap = tra im0 [W(A* @ Z([149)(14°))) © (B @ Z(j1P0)(17°))],
(5.8)
which after collecting terms becomes
Gap = tasaom o |W (A" © B) @ Z(140P0)(140%))) | (5.9)

As noted in Appendix T, W must be itself the CJ representation of a CPTP map W
from P ® Ao ® Bp to F ® Ay ® By, so defining it via

W =W @ IZ(|14e o )(14ePor)) (5.10)

and substituting this in equation 5.9 shows us that G 4 g is equal to

440880 | (WO Z(ILA0PoP (140 PP )) ) (A" 0B )SI([140 5 (14 Fe)) ) |

(5.11)
which, after taking the adjoint of the map .A* @ B* to the other side of the inner
product, becomes

trAIAOBIBO |:(((A %9 B) o W) ® I(|IleBOP>><<I[AOBOP|)> ‘ILAOBO»«ILAOBO @
(5.12)
Finally, we substitute [14050Y)/\ /da_ dp, with the maximally entangled state
|pT)AoBo which gives us

G = oy, tag o [[67)(67] "7

< (((A@ B ow) @ T(N 17| & |¢+><¢»+|AOBO))} (5.13)

This identity can be stated more clearly as the circuit equation:

+ | ot + )| ot
Gan =D dy|” )¢ (5.14)
W B}——
P — — F

which shows how to simulate the map G 4,5 via post-selection: one prepares the
state [¢p1)40Bo = |pt) 4o @ |¢T)Bo, applies the CPTP map W to it, applies the
CPTP maps A and B to the ouput of W, and measures the resulting state in a
basis that includes |¢*)“o 5o post-selecting on obtaining it.
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In the language of P-CTCs, one can also understood this as applying the CPTP
maps A and B to the output of W, and using a P-CTC to teleport the output of A
and B to the input of W. It can be represented more compactly as

(5.15)

P — — F

The crucial point to notice is that the probability of post-selection is always
1/d% d%, . independently of the CPTP maps .4 and B or the state p input in
P, which makes the renormalization of this circuit, and therefore the mapping
A, B,p — Gap(p) a linear transformation. One could, instead, let W be an
arbitrary CPTP map, as in a general P-CTC, and define the transformation from P
to F' as done in equation (5.3):

Ga5(p)
trGan(p)’

This transformation is linear only if the denominator is a constant, that does not
depend on A, B, and p. But this is the case only if G4 5 is proportional to a
CPTP map, for all A and B, which is simply the definition of a process, modulo an
irrelevant multiplicative constant.

This shows that process matrices are exactly the linear particular case of
P-CTCs, when those are defined with the variable gates .4 and . Since their
nonlinearity is the source of major pathologies, such as the ability to solve NP-
complete problems and to distinguish non-orthogonal states, one can expect the
process matrices to be exactly the non-pathological P-CTCs, that however still
allow for indefinite causal order.

(5.16)

5.3 The computational model

Now we are in a position to define the complexity class of the problems that can be
efficiently solved with process matrices. We shall give two equivalent definitions,
one based directly on the definition of a process matrix, and the other based on its
interpretation in terms of P-CTCs. In both of them we shall use as basic element
the operator

WePRFRAIRALRAI®AL®...0 Ak @ Af (5.17)

which, as above, shall be understood as the CJ representation of a CPTP map
from P, AL, A% ... AF to F, A}, A2... A% where P, F correspond to the normal
past and future of the circuit, and the other k subsystems are where one can apply
an arbitrary CPTP map 4; € A} ® AL in a causally “suspect” way (that is, by fiat
as in equation (5.5) or by using a P-CTC as in equation (5.15)). The output of the
circuit is then determined by a measurement on one of the qubits in F'. If the result
of the measurement is 1 we say that the circuit accepts input x, and if the result is
0 we say that input x was rejected.
The complexity class is then:
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Definition 8. BQP,c1¢ is the class of languages L for which there exists a uni-
form? family of polynomial-size quantum circuits W = {W,, },.en Such that for all
inputs x of size n

1. Gn = trio. i [Wn 2k (AL @ Ay ... Ay)| is a CPTP map for all CPTP
maps A;.

2. Ifz € L then P[W accepts z] > 2.
3. Ifz ¢ L then P[W rejects x| > 2.

It should be clear, given the interpretation of processes in terms of P-CTCs
shown in the previous section, that this definition is equivalent to:

Definition 9. BQP,ctc is the class of languages L for which there exists a uniform
family of polynomial-size quantum circuits W = {W, },.en such that for all inputs
x of size n.

1. For all CPTP maps A1, Ao, ..., Ay the probability that all post-selections
succeed is 1/d?*, where d is the dimension of every subsystem.

2. Ifz € L then given that all post-selections succeed P[W accepts z] > 2.
3. Ifz ¢ L then given that all post-selections succeed P[W rejects x] > 2.

Note that although this computational model is motivated by the pure processes
defined in [114], we are not demanding W to be a unitary (corresponding to a
pure process). It would be interesting to know whether demanding this would
change the computational power of the model. It is vital, however, to allow the
maps A1, Ao, ..., Aj to be general CPTP maps and not only unitaries, as we want
the quantum circuit W to generate consistent probabilities also when the local
operations A; are subject to noise, which we model precisely by making them be
CPTP maps, or, equivalently, by extending them with an ancilla.

It should be immediately clear that BQP C BQP,c1c, as one obtains a normal
BQP circuit simply by setting & = 0 or by simulating a causally ordered circuit using
the P-CTCs.

Another consequence of this definition is that for BQPct¢ to have any advan-
tage over BQP, the number of P-CTCs k£ must increase faster than logarithmically
with the size of the input n. This is because one can simply repeat the circuit
until all post-selections succeed, and if the number of repetitions is small enough
then the repeated circuit will still be in BQP. More precisely, the probability that all
post-selections succeed simultaneously is 2~ 2%, so repeating the circuit a number
of times greater than log(3)22* guarantees that the probability that at all post-
selections succeed simultaneously at least once is greater than 2/3. Since this is
polynomial in n if & grows logarithmically with n or slower, the repeated circuit is
simply a valid BQP circuit.

This stands in stark contrast with the case of general P-CTCs, where having
access to a single one is already enough to access the power of the whole com-
plexity class, as noted by Lloyd et al. [112] and proven in more detail by Brun and
Wilde [113]. The argument is simply that the power of quantum computation with
P-CTCs is the same as the power of quantum computation with post-selection,

2That is, whose description can be generated by a Python program in time polynomial in n.
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and that a single P-CTC is sulfficient to simulate any desired post-selection. Since
post-selection is also sufficient to simulate the whole BQP g, it is clear that the
complexity class of quantum computation with unrestricted post-selection — called
PostBQP — contains BQPc1c. In its turn, PostBQP was shown by Aaronson [106]
to be equal to the rather powerful complexity class PP [115], which can be seen as
a pathological version of BPP, that does not require the probabilities of acceptance
and rejection to be bounded away from 1/2.
Summarizing the conclusions of the previous paragraph, we have that®

BQP(CTC C PostBQP = PP,

which is a rather unsatisfactory upper bound, as PP allows for example the solution
of NP-complete problems, which we don’t expect to be possible in a physically
realizable computational model. A somewhat tighter upper bound is the class
PostBQPgi, defined by Morimae and Nishimura [117], which is PostBQP with the
restriction that the probability of successful post-selection can only depend on the
size of the input. Since this is the case for BQP,c1c, we have that

BQP[CTC - POStBQPSize C PostBQP.
This containment is not very useful, however, as little is known about the class
PostBQP4ize-
5.4 Examples
It might be enlightening to explicitly write a couple of processes as a circuit that

includes P-CTCs. As a first example, consider the quantum switch, as defined in
equation (4.8). lts CTC representation is

where P, is the control qubit, and P is the target system. The dashed box singles
out the unitary that is identified with the process matrix of the quantum switch.

It should be clear that using the strategy defined in Appendix E one can build
a family of circuits that can efficiently create superpositions of n causal orders,
by using n P-CTCs. This family of circuits, in its turn, can be used to solve the
computational problem proposed in [28]. For n = 2, the solution is obtained by
applying a Hadamard to the qubit F} and then measuring it in the computational
basis. For general n, the solution is obtained by doing a Fourier transform on the
control qudit and measuring it in the computational basis.

3A technical detail is that for the equality PostBQP = PP to hold one needs to restrict the post-
selection probabilities to be exponentially small or greater (when nonzero) [116]. Since this restriction is
automatically obeyed by BQPctc we don't need to worry about it.
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The second example is a pure tripartite process capable of violating causal
inequalities, defined in equation (4.29). lts CTC representation is

S
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C
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>
o
>

S
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It would be interesting to generalise this circuit to n P-CTCs and find a quantum
algorithm for which it is useful.

5.5 Conclusion

We have defined a complexity class for quantum computation with process matrices,
and shown that its power is upperbounded by that of PostBQP. Since PostBQP is
an extremely powerful complexity class, we expect this upper bound to be rather
loose. One possible way to tighten it would be by optimizing the scheme for
implementing processes matrices via post-selection. The scheme we showed
has probability of success 1/d?* independently of the process, which is clearly
non-optimal, since there are process matrices that can be implemented without any
post-selection at all, such as causally ordered ones. If one would find, for example,
a scheme to implement any process with a probability of post-selection success
that is polynomially small in k, this would be a proof that process matrices are no
more powerful than causally ordered circuits, up to a polynomial factor.






Conclusion

The study of causal relations in quantum mechanics is a rather new field. By the
time | started my PhD there existed only a few articles written about it, and the
formalism used to describe causal structures was not well-developed. For this
reason, a big part of my PhD was dedicated to develop the basic technical tools to
investigate it, such as the causal witnesses and the causal inequalities. This means
also that several basic results were still not known, such as the computational
advantage allowed by the quantum switch, the connection with P-CTCs, and the
fact that several process matrices are not compatible with reversiblity.

| see this thesis, therefore, not as giving a final word about indefinite causal
structures, but rather as laying the groundwork for future research. We have seen
that the set of process matrices is extraordinarily rich, and though many answers
about it were given, there are certainly many interesting questions that still haven’t
been even asked. The two specific questions that motivated the thesis — which
indefinite causal structures exist in reality, and what is their computational power —
are still not answered, but | believe that with the tools presented here they will be
decided sooner rather than later.

In the absence of more evidence, we can speculate that the computational
power of process matrices will turn out to be similar to what has been shown
in Chapter 1: allowing for a polynomial speed-up over BQP, but no more than
this. Such a speed up would not create a new computational class, but still
might be of practical interest: remember that Grover’s algorithm only reduces the
number of queries necessary to do unstructured search from O(n) to O(y/n), but
it was nevertheless revolutionary. Furthermore, if process matrices do turn out
to allow only this polynomial speed up, it would be a good argument in favour
of their plausibility. An obvious avenue for future research is to use the precise
computational model defined in chapter 5 to settle this question.

Another, not completely independent, avenue for future research is to pursue
the approach in Chapter 4 in a manner analogous to the reconstructions of quan-
tum mechanics: to find physical principles which characterize the set of process
matrices which correspond to actual, physical causal structures. Of course, one
can only be sure to have found the set of physical causal structures if one has
a concrete physical theory that can produce them, such as a theory of quantum
gravity. This is a very ambitious goal, but still it must be done eventually.

A final question that is left open is to find is to find Tsirelson bounds for causal
inequalities, or more generally to characterize the set of correlations that can
be produced by process matrices. The analogous question for the case of Bell
inequalities has proven to have even practical application; even if this might turn out
not to be the case for process matrices, it is still an elegant mathematical puzzle
that has repeatedly resisted attempts at a full solution.
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Appendix A

Existence proof of the sets of
unitaries

We need to show that for every y there exists a set of unitaries that satisfies property
P,, otherwise the problem becomes trivial. More specifically, we will show that for
every integer n > 1 and every y € {0,...,n! — 1} itis possible to find a set of n

n—1

unitary matrices {U;}( ™" such that
I, = w™II, (A1)
is true for all x for some choice of y, where
I, =Uy,n1) - Usr(1yUs (0) (A.2)

and w = et
We first present the construction for y = 1. In this case, to each permutation
of the matrices corresponds a different phase w®. We start by proving that the
pairwise relations
UU; = w®U; U, for k>j>0 (A.3)

generate all the n! required phases. In order to prove this, it is convenient to
introduce an explicit labeling of the permutations. A generic permutation of the
n matrices {U,_1,...,Up} is labeled by a sequence of integers (as,—1,...,a1),
with 0 < ar < k, and is obtained by shifting the matrix Uy to the right a; times,
starting from £ = 1. As an example, let us construct the four-element permutation
labeled by (3,1,1). First, we swap Uy and U; (i.e., we shift U; one position to
the right), obtaining UsU>UyU;, then we shift Us one position to the right and
obtain UsUyUsU;. Finally, we shift Us three times to the right and get the desired
permutation, UyU,U,Us. In this procedure, each matrix Uy is swapped ay, times
with matrices U; having j < k. Thus, if the relations (A.3) hold, the permutation

labeled by (a,—1,...,a1) produces a phase w®, where
n—1
r=Y ak! (A.4)
k=1

is the expansion of the integer x in the factorial basis (or factoradic expansion). For
the given example, t =3 x 3!+ 1 x 2! + 1 x 1! = 21.
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We construct now a set of n unitary matrices that satisfy the pairwise relations
(A.3). They are constructed from the generalized X and Z matrices

n!—1

X = lienyl (A.5a)
=0

Z =" Wi, (A.5b)
j=0

where & denotes the sum modulo n!. Note that they satisfy the commutation
relation
ZX =wXZ. (A.6)

Then we define

Up = (2 @ X @151 for k<n-—1,

UWJ::(Zm—n0®ﬂ (A7)

where we are using the convention that A®° = 1. For n = 4, the set of unitaries
defined by (A.7) reads

Up=X®131,

U=Z0X®1, (A.8)
Uy =222 7> X,

Us=2%2 2% Z°.

It is easy to check that the matrices generated according to these rules satisfy
property (A.3). A set of n unitary matrices that satisfies property (A.1) for an
arbitrary y can be found by repeating this construction with w¥ in place of w.

Note that this construction is enough to show that there is an infinity of sets of
unitaries satisfying property (A.1), since the choice of basis in the definition of the
matrices X and Z in equation (A.5) is arbitrary.

This construction generates matrices with dimension d = n!"~!, which therefore
must act on O(n?logn) qubits. One can also see that they can be implemented
with a polynomial amount of elementary gates, since they are tensor products of a
linear amount of X and Z* matrices, that can themselves be implemented with a
polynomial amount of elementary gates.

One can also get constructions with the correct phases in lower dimension,
which might be interesting for an experimental implementation. For example, for
n = 3, the following 6-dimensional matrices also work:

Uy =X,
Uy =2X, (A.9)
U, = 7%

This construction saturates the lower bound d > n! we presented in the main text.
It is an interesting puzzle to find out whether there exists a construction with d = n!
for every n.



Appendix B

Tolerating experimental error

In an experimental implementation, no property P, can be satisfied exactly, so to
run this algorithm one needs to be able to tolerate some deviations from it. To do
this, notice that property P, is satisfied if and only if

n!l—1 2

E w I,
=0

where ||-|| ;¢ is the Hilbert-Schmidt norm. This is a simple consequence of the
fact that this norm is defined through an inner product. We then reformulate the
problem such that a set of unitaries satisfies the modified property P; if

=1, (B.1)
HS

1
nl2d

n!—1 2

E w”IL,
x=0

for a given y € {0,...,n! —1}. The problem is still to decide which property P}, the
set of unitaries have, given the promise that they have one of them.

Note that, in this version of the problem, we cannot anymore use an arbi-
trary pure state |¢) to perform the protocol, since it is not true anymore that the
probabilities

<1 (B.2)
HS

2 1
S
3~ nl2d

2

1 n!—1
Ps = F) Z w™ T, [4)
: =0

are independent of |¢). In fact, it is possible to have a set of matrices such that the
lhs of Eq. (B.1) is arbitrarily close to 1, while p, for some state |¢) is equal to 0.

Instead, we can use the maximally mixed state, since then the outcome proba-
bilities ps become directly related to the Hilbert-Schmidt norm, as

2

n!—1
1 § : s
z=0 HS

These two conditions are the ones necessary for a probabilistic algorithm to work;
they imply that if we run the algorithm & times and take as our guess for y the most
common answer, the probability of making a mistake goes down exponentially with
k.

and therefore the promise implies that ps > 2/3 for s = y, and p, < 1/3 for s # y.
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Appendix C

Implementing the n-SWITCH gate in
the quantum circuit model

Here we describe how to simulate the n-SWITCH gate in the quantum circuit model.
The simulation is based on the circuit presented on Ref. [8], with the difference that
our scheme can be used for quantum (and not only classical) control of the order.

In the main text we described the control system |C') as encoding the permuta-
tion to be applied simply as a state running from |0) to |n! — 1). Here we shall use a
more convenient representation, expressing |C) = |Cy) ... |C),), where each |C)
runs from |0) to |n — 1), and indicates the unitary to be applied in the position k.
For example, to encode the permutation that first applies Uy, then Uy, and then Uy,
we shall write |C') = |102). This representation requires n[log, n| qubits, a small
overhead over the [log, n!] qubits that are necessary to encode a permutation of n
elements. We also remark that the conversion between these two representations
can be done on a classical computer in polynomial time, and therefore we shall
note it no further.

The circuit consists of a composition of n instances of the following element,
where k goes from 1 to n:

|C)

|¥)

lao)

|an—1>

The |a;) are ancillee, and S is a gate that swaps |¢)) with the ancilla |a;) controlled
on |C%) = |4}, leaving the other ancillee invariant. This gate clearly can be im-
plemented with a linear amount of elementary gates, so we shall not discuss its
implementation. Note that each element contains n unitaries; therefore, since we
need n of these elements to implement the n-SWITCH, the total number of queries
in this implementation is n?.
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For example, using this construction for n = 3 gives us the circuit

jaz) L HUsH = HUH L HUH -

Note that when each unitary is applied only once to the target system, i.e. when
|C') encodes a permutation or a superposition of permutations, then the ancillee
disentangle from the control system at the end of the circuit (since U; is applied
n — 1 times on |a;), independently of |C'}). This is not the case when |C') encodes
a more general sequence of unitaries, thus this circuit cannot be used to implement
quantum control of arbitrary sequences of n unitaries’.

If the time used by the swap gates is neglected, this circuit has running time n.
It is easy to see that a circuit with this running time cannot use less than n2 queries:
in order to be possible to implement all permutations, each of the n unitaries must
be available in each of the n time steps. It is however possible to reduce the number
of queries at the expense of the running time (for the 2-SwITCH, an implementation
with one query to U, and two queries to U; is possible, see Ref. [6].) As shown in
the main text, no implementation with less than (n?) queries is possible. Note
that this coincides with the definition of “gate uses” introduced in the main text.

"The ancillze also disentangle for sequences in which each unitary is applied to the target a fixed
number of times. For example, when |C') is in a superposition of |002), |020), and |200) the ancillze still
disentangle (in each case Uy is applied twice and Uz once), but not when it is a superposition of |002)
and |021).



Appendix D

Relationship with other quantum
algorithms

We would like to understand the relationship of our algorithm with other known
classes of quantum algorithms; in particular, there are some similarities between
our algorithm and those that solve the (abelian) hidden subgroup problem, and we
wanted to explore how deep they are.

In the hidden subgroup problem one is given a group G and needs to find (a set
of generators for) a hidden subgroup H, by using a function f(g) that is constant in
each coset of H, and different on different cosets. One is given access to f via a
black-box unitary that does the mapping

Ula)ly) = |x)|y + f(x)).

In our problem, one is given as input a set of unitaries {U; ?;01, with the promise
that its permutations II, act as

Snl) ) = [a)e|1h) = w™|2)Tp|¢h).

A first difference is that our unitaries act by applying a phase, instead of shifting the
state of the ancilla. But if one nevertheless considers the function f(z) = w™ one
can see that it obeys the promise of the hidden subgroup problem: it is a periodic
function with period » = n!/ ged(yo, n!), and if one takes the group as G = Z,,; with
addition modulo n!, and H = {0, r,2r, ...}, then f(z) is constant in each coset of
H and distinct for distinct cosets. Moreover, our algorithm finds y and therefore r,
solving the hidden subgroup problem for this function.

Can we push this analogy further? More specifically, can we use our algorithm
to find the period of any function f’(x) that is constant on each coset of the hidden
subgroup and different for different cosets? We are going to show that this is not
the case. Let then f'(z) = w?®) be such a function. We start in the state

n!—1

1
O = = 2;; |z)[),

and apply the switch:

n!l—1 n!l—1

S,lC)Y) = % S )LL) = ﬁ S w9 )T y).
© =0 C =0
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Now we split the sum into the subgroup H and its cosets:
n!l—1

SalOVW) = Z w9 ) o |4))

1771

Z > Wl ar)Toly).

lOaO

Now we use the fact that g(z + ) = g(z),

\2

Sn|CY) = Z Z WOl + ar)Io|v),

=0 a=0
and apply the inverse Fourier transform on the first register:

!
nl—1r—17%-1

FaSalC)l) = 57 57 3 w0l

'GOlOaO

s

; i(Z o0k >|k”'>n )

k=0 \1=0

The algorithm ends by measuring the first register in the computational basis. At
this point, it is useful to compare this state to the one you would get if you were
applying the period-finding algorithm. With it, the state of the first register would be

r—1
1 |
—= > k%),
V=

a uniform superposition over the multiples of 2, and a constant amount of repeti-
tions of the algorithm would be enough to determlne r with high probability.

Instead, because in our case the superposition is not uniform, one needs an
exponential amount of repetitions in the worst case. To see that, consider the case
when ¢(1) =1 mod n!. Then the probability of obtaining |0) when measuring the
first register is

sin (n' )
r2 sin? (n,) ’

and this means that, for constant -, one would need to make O(n!?) measurements
to get an outcome different than |0) and any information at all about the period .

For this reason, it seems that the analogy between our algorithm and the period-
finding algorithm (and, therefore, those solving the hidden subgroup problem)
cannot be pushed far. We think the true connection is only at the more basic level
that they are both applications of the quantum Fourier transform.



Appendix E

Decomposition of the n-ROUTER

We show how an n-ROUTER can be constructed using a polynomial number of
elementary resources, each equivalent to a polarizing beam splitter (PBS). Let |x)
be a basis element of the control system, and |j);,, denote the j-th input mode to
the router, with j = 0,...,n — 1 (for simplicity, we don’t write explicitly the target
system). Then the n-ROUTER performs the transformation |z)|j)in + [2)|02(5))outs
where |0,(j))out 18 the 0. (j)-th output mode. In order to decompose this gate
in elementary ones, we first express the control variable in terms of its factoradic
representation, introduced in Section A: x + (an—1,...,a1), with 0 < a; < k.
Then, we represent each coefficient ay, using k bits' by 1, ..., by %, with by ; =1 for
j < ap and by ; = 0 for j > a;. For example, the values of a3 are represented as

b3 = o 1 1 A1
b3zo = 0o 0 1 1
b33 = 0 0 0 1
In this way, we can encode the control quantum system in @ qubits, |z) —

iy ®§:1 |bx. ;). Now we can construct the n-ROUTER using a controlled binary
swap of modes for each control qubit |by ;). Recall that an arbitrary permutation
17)in 7 loz(J7))out is obtained shifting each mode & “to the right” by a number ay,
of positions, i.e. applying the unitary |k)j, — |k — ax)out [7)in — |7 + 1out for
k —ar < j < k. The idea is to decompose this shift in swaps between neighboring
modes, with each swap controlled by one control qubit. Explicitly, the controlled
mode-swaps are defined as

1br )& — 3)in =10k )k — J + bk j)out (E.1)
bk )|k —J + 1)jn =0k )|k — 5+ 1= bk j)out

and identity for the other modes. The n-ROUTER is then obtained by first applying
the mode-swap controlled by |b1 1), then the one controlled by |b21) followed by
the one controlled by |b22) and so on, applying successively each mode-swap
controlled by |by ;) increasing k and, for each k, increasing j.

"This encoding is clearly not optimal, since it requires O(n?) bits to encode the n! permutations,
instead of the required O(n logn). We will however not invest more time to optimize this aspect of the
problem.
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As an example, consider a permutation identified by the single non-vanishing
factoradic coefficient a3 = 2. The corresponding control qubits are then in the
states |b31 = 1)|bs2 = 1)|bs3 = 0). First we apply the swap between modes 3
and 2 controlled on |bs1). Since b3 = 1 this results in the mode-swap |3) <> |2).
Then, since b32 = 1, the modes 2 and 1 are swapped. Composing the two swaps,
we obtain the transformation [3) — |1}, [1) — |2}, |2) — |3). Since b33 = 0, the
last mode-swap is not applied, the result of the two mode-swaps is therefore the
shift of mode 3 by a3 = 2 positions to the right. By composing this procedure for
an arbitrary set of coefficients (a,,—1,...,a1), the corresponding permutation of
modes is realized.

The building block of this construction is the controlled swap of two modes,
which is essentially equivalent to a PBS (for a PBS, the control qubit is the photon
polarization). We stress that this element does not correspond to any traditional
elementary gate of a quantum circuit, and it should thus be considered as a new
elementary resource.

In Ref. [8], a different approach was proposed for the scalable realization of the
n-SWITCH: a construction was proposed that realizes the n-SWITCH using O(n?)
2-swITCHes. This construction, however, is not applicable to our case, since our
definitions differ slightly?. Furthermore, the construction based on the n-ROUTER
element is more directly related to the interferometric implementation proposed in
the main text.

2 According to the definition from [8], the n-SWITCH orders the n unitaries according to the prescribed
permutation, but it does not directly compose them to each other. It is thus possible to plug additional
elements between any pairs of unitaries, making the construction of the n-swITCH from 2-SwITCHes
possible. The 2-swITCH of [8] can be reproduced by a 3-SWITCH as defined here, with the prescription
that only the first and last position are swapped, while the position in the middle is fixed and can be
used either as an identity or to plug input and output of another switch.



Appendix F

Details of the formalism

Here we explore in more details the properties of the Choi-Jamiotkowski (CJ) iso-
morphism and of the process matrix formalism. Note that other existing definitions
of the CJ isomorphism differ by a transposition or a partial transposition from the
one given here, which follows the convention in [3] and allows a direct identification
of non-signaling processes with quantum states.

F.1 Choi-Jamiotkowski isomorphism

Pure CJ isomorphism. |t is convenient to distinguish two versions of the CJ
isomorphism: one for maps over density matrices and one for linear operators on
pure state. The latter — the “pure CJ isomorphism” — can be represented via the
“double-ket” notation [118, 119]. For a linear operator A : H41 — HAo we define’

|A*) A4 = 1 @ A*|1Y), (F.1)

where |1)) = [1)*747 = > 1)AT @ |5)A1 € HAT @ HAT (with also, of course, the

usual notation (1| = |1)"), and the complex conjugation * is defined with respect
to the chosen orthonormal basis {|7)47} of H47. The inverse map is given by

Al) = [(p|4r @ 140 . |A*)Ade]”, (F2)

We say that | A*)) is the CJ representation (or CJ vector) of A. The cumbersome
complex conjugation in the definition allows us to have a simpler representation for
the process matrix.

Maximally entangled states and unitaries. Consider here the case where the
input and output spaces have equal dimensions, d4, = da,,. The state obtained
by applying a local unitary to one subsystem of a maximally entangled state is
also maximally entangled. in reverse, it is possible to generate any (bipartite)
maximally entangled state by applying a local unitary to one subsystem of a
reference maximally entangled state. Therefore, the CJ vector |[U*)*"° = 1 ®

Superscripts on CJ vectors and CJ matrices indicate the systems they refer to (they may be
omitted when the context makes it clear enough).
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U*|1)) is maximally entangled if and only if U is a unitary. More explicitly, an
operator

U= uljXkl (F3)
ik

is unitary if and only if Y, ujiuy, = >, uju; = J; for all j, k. One can check
that this is also a necessary and sufficient condition for which

U =D ug k) ) Ao (F.4)
jk
is maximally entangled.

Measurement-preparation. Another useful linear operator is |¢){(1|¢, which
describes the observation of an outcome |¢) in a projective measurement, followed
by the repreparation of a state |1). Plugging this into the definition (F.1), we find
the CJ representation

| ([0 (1) N0 = 19y @ (J9)*) ™. (F5)

Reciprocally, every pure product CJ vector represents a measurement-preparation
operation.

An important particular case is when |¢)) = |¢), which corresponds to the ideal
non-demolition von Neumann measurement:

| () {el6)™)) =) ® (19)")

ArAo

Ar A() AO

(F.6)

Mixed CJ operators. For the general case of a linear map M4 : A; — Ap, we
define the CJ isomorphism as

MAHAO = [T @ MA(LNAN] (F7)

It is easy to verify that the definition (F.7) reduces to (F.1) for operators of the form
MA(p) = ApAl, i.e. that, in such a case,

M = [AT)(A7| (F.8)

(with [A*)) = [A*)*? and (A*[ = [A=)").

According to Choi’s theorem [71], a linear map M* : A; — Ao is CP if and
only if its CJ matrix is positive semidefinite, M 4:4© > 0. A characterization of the
trace-preserving condition can be found using the inverse CJ isomorphism,

MA(p) = [tra, [ph @ 140 pArde)] T (F9)

By taking the trace of both sides of the equation, it can be readily verified that the
map M is trace-preserving if and only if

tra, MAT40 = 141, (F.10)

Note that a CP map can be part of an instrument only if it is trace-non-increasing,
a condition that translates to

147 — try, MA140 >0, (F11)
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A useful example is the CPTP map M“ (o) = ptr o, which corresponds to the
preparation of a (normalized) state p independently of the input state o. lts CJ
representation is found to be

MATAo = 141 g (pT)4o (F12)

A second relevant case is the CP (not trace-preserving) map that gives the proba-
bility of observing a POVM element E in a measurement: M4 (p) = tr[Ep] (here
da, = 1). Its CJ representation is simply

MAT = phr. (F.13)

Finally, the situation where a POVM element E is measured on the state o in A;
and a state p is prepared in Ao corresponds to the CP map M* (o) = ptr[Eo],
which has CJ representation

MAAo = pAr g (pT)4o . (F.14)

F.2 Process matrices

Here we discuss in more detail some examples and properties of process matrices.

Quantum states. Consider a bipartite process matrix of the form

WwArdAoBrBo _ pAIBI ® 140850, (F15)

According to the generalized Born rule, Eq. (2.3), the probability for the two parties
A and B to perform trace non-increasing CP maps with CJ matrices M“74¢ and
MBiBo  respectively, is given by

P(MAIAO,MBIBO) :tr[(MAIAO ®MBIBO)W]’
=tr[(B* @ EPr)ptiBr], (F.16)

where EA41 := tra, MA140 and EBr := trg, MP1Bo, These operators are
positive semidefinite and, because of Eq. (F.11), they can be completed to form
a POVM. Thus Eq. (F.16) corresponds to the probability of observing the POVM
element E41 @ EPr given the state p757; in other words, the process matrix
(F.15) describes a bipartite state. Notice that a process matrix of this form does not
allow signalling in either direction and therefore, being compatible with both A < B
and B < A, itis causally separable. This is irrespective of the state p, which can
be entangled or separable. Note also the difference between the process matrix
(F.15) and the CJ representation of state preparation, Eq. (F.12).

Channels. Consider a bipartite situation where a party A only performs state
preparations, while the second party B only performs measurements. In this case,
the local laboratory of A is characterized by a trivial input space, d4, = 1, while B
has a trivial output space, dg, = 1. The process matrix shared by A and B, which
represents here a quantum channel, is then defined on the space Ap ® By > W.
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The probability that B observes a POVM element E when A prepares a state p is
given by
P(Elp) = [ (07) " B - whoP), (F17)

where we used (F.12) and (F.13) for the local operations. This is equivalent
to saying that B measures F in the state tra, [(pT)Ao ® 181 . WAoBI] =

T
[ter [pho @151 . (WT)AOB’} . Comparing this with the inverse CJ transfor-

mation (F.9), we find that the process matrix W corresponds to a channel with CJ
representation W7, In other words, a channel C from Ao to Bj is represented by
the process matrix

WAoBr = T @ C(|1){(1]) (F.18)

(with here 1)) = \]1>>A0A°). Note that the CJ representation of a channel, Eq. (F.7),
differs by a transposition from the corresponding process matrix (F.18).

- . . . 141 N 4 N
Reduced process matrices. Given a multipartite process W = W4r4o--Ar 4o

and a CPTP map for the j-th party with CJ matrix M4746 , we define the reduced
process matrix for the remaining N — 1 parties, given MA146 | as

W (MAT40)
=ty 4 (111400 WA 14T A8) ] (F19)
I“70

With the usual generalized Born rule (2.3), the reduced process matrix gives the
probability for the remaining V — 1 parties to measure arbitrary CP maps, given
that the j-th party performs M 4146 . The explicit dependence of W on M4140
accounts for the possibility of signalling: the remaining parties observe different
probability distributions depending on the choice of CPTP map performed by party
j. As an example, consider a process matrix of the form (F.18). If A prepares a
state p, the reduced process matrix for B is

W) = trag|(p") " @B whoss
= Y (Elp"[5) C()E]) = C(p). (F.20)
gk

Thus, for a process that represents a channel from A to B, the reduced process
for B, given that A prepares p, is simply the channel applied to p, as should be
expected.

Pure process matrices. In some cases, the process matrix turns out to be a
rank-one projector: W = |w)(w| for some “process vector” |w). If the CJ operators
representing the local operations are also rank-one projectors, as is the case for
unitaries and projective measurements followed by pure repreparations, it is conve-
nient to work at the level of vectors and of probability amplitudes: given the local
operations A, ..., Ax represented by the CJ vectors |AT>>A}A})7 ey \A}*\,)}AyAg,
the overall probability amplitude is given (up to global phase, which we choose to
be 0) by

(A7A140 @ . @ (AR [AT A0 . |w) Al 4D AT AT (F21)
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The probability is then obtained as the modulus square of the amplitude and
conforms to the general expression (2.3). Given that party j performs the unitary
U;, the reduced process is clearly given by the partial scalar product

14140 @ . (U7]4140 @ .. 14T AS ) AiAo- AN AT, (F22)

The process matrix describing a unitary channel U from Ao to By is of particular
interest. Using (F.18), we find that it is given by

jwy4ePr = 1 @ UL) = |U)*oPr. (F.23)

Note again the difference between this expression and the CJ representation (F.1).
Generalizing this to a sequence of parties Ay, ..., Ay, with the output of party j
connected to the input of party j + 1 via the unitary U;, we find

[wyAo- A7 = ) 404 @ - @ [U) S AT (F24)






Appendix G

Valid process matrices

The conditions for an operator W € A; ® Ap ® By ® Bo to be a valid process
matrix were first found in Ref. [3], where they were formulated in a basis-dependent
way. Here we derive the equivalent characterization of valid process matrices given
in Egs. (2.4)—(2.6); we formulate it in a basis-independent way, which we find to be
more convenient for our purposes.

We present below the derivation in the bipartite case, and also write explicitly,
for ease of reference, the characterization in the tripartite case. The N-partite case
follows from a straightforward generalization.

G.1 Bipartite process matrices

Recall that a given operator W € A; ® Ap ® By ® Bp is a valid process matrix
if and only if it yields, through the generalized Born rule (2.3), only well-defined
probabilities — that is, the probabilities must be non-negative and must sum up to 1.

Non-negativity. As recalled previously, a map is completely positive if and only if
its CJ representation is positive semidefinite. Including the possibility that A and
B’s operations involve interactions with a (possibly entangled) ancillary system in a
state pA'IB9, the non-negativity of probabilities is thus equivalent to’

tr[(MA'IAIAo ® MB}BIBO) . (pA/IB;' ® WAIAOBIBO)] >0
v MATArAS > NBiBiBo > pA1B1 > . (G.1)

For the case where the ancillary spaces A’ and B} are isomorphic to A; ®
Ao, and MA14140 and pArBI are both projectors onto the maximally entan-
gled state [1)740/Ardo . Skl kYArAe @ [j, k)yArde (where {|7, k)4 Ao}
is an orthonormal basis of H4' ® HA9), we find that the trace in (G.1) is equal
to tr[MB1B1Bo . JyAidoBiBo]  Requiring that its value is non-negative for all
MB1BrBo > () implies that W must be positive semidefinite.

Reciprocally, W > 0 clearly implies that (G.1) is satisfied. Hence, the non-
negativity of probabilities is equivalent to W being positive semidefinite, Eq. (2.4).

"Note that ignoring the possibility of an ancillary system, one would only find that W must be
“positive on pure tensors” (with respect to the partition A; Ao /BrBo) — a class strictly larger than
positive semidefinite matrices [120].
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Normalization. The fact that probabilities must sum up to 1 for all instruments is
equivalent to the constraint that the probability of realization of any CPTP map is 1.
Now, recall thata CP map M“ : A; — Ao is trace-preserving if and only if its CJ
matrix M4140 satisfies tra, MA140 = 141 — or equivalently, using the notation
of Eq. (2.12), a, MA140 = 14140 /q, . Ignoring here for simplicity the possible
use of an ancillary system (which leads to the same conclusion?), the normalization
of probabilities is thus equivalent to

tr[(MAIAO ® MB]BO) . WAIAOBIBO} — 1
v MAIAO >0, MBIBO >0,

st a, MAAo =410 q, g MPBrBo — 1BiBo/qp, (G.2)

First of all, note that the positivity of M 4140 and MB1Bo s irrelevant here,
since the set of positive semidefinite operators is a full dimensional subset of the
space of hermitian operators®. The only relevant conditions are the normalization
constraints. Defining the maps ;_ 4, ;M = M —a,M and [y _p, )M = M — g, M,
and noting that for any hermitian operators x and y, the operators [;_ 4,2 +1/d 4,
and 1_p,)y + 1/dp, satisfy the above normalization constraints (where from now
on we are omitting the superscripts to reduce cluttering), we find that Eq. (G.2) is
equivalent to

tr [([1_Ao]x n ]l/dAO> ® ([1_Bo]y + n/dBO)W} —1
Vo, y. (G.3)
For x = y = 0, this yields the normalization condition of Eq. (2.5),
tr[W] = daodp, - (G.4)
For y = 0 and x = 0, respectively, this in turn implies

tr[([l,Ao]Z‘@ﬂ)W] =0 Vazx,
o[(L®p-poy)W] =0 Vy,

©
o O
2 Z

2Taking into account a possible ancillary state pAIIB}, the same reasoning as below leads to
! !

Egs. (G.4) and (G.15), with W replaced by p*15r @ WAr4AoBrBo (and where the definitions of the
maps L4 and Lp should include the ancillary systems B} and A’, resp.), which must hold for all
pA/IBII such that tr pA/IBII = 1. One can easily check that these are indeed equivalent to (G.4) and
(G.15) in their original form.

3More precisely: for any hermitian operator M 4140 there always exists & > 0 such that
MA140 4 14140 /dy, > 0. Assuming that 4, MA140 = 14140 /d, , one can thus de-
compose MA140 as MATA0 = (a+1) M40 — o MATA0 with M{T40 = L (MArdo 4+
al4140 /dy ) > 0and MAT40 = 14140 /d s, > 0 satisfying 4, M40 = 4 MATAO =
14140 /d 4. Similarly, any hermitian operator MB150 such that g, MBrBo = 18150 /dp
can be decomposed as M 5150 = (+1) M P15 — g MPrPo with M P50 > 0, MP1P0 >0
and BoMfIBO = BOM_BIBO = 15180 /dp_. Note that the four pairs (Mﬁ’AO,MfIBO)
satisfy the assumptions of Eq. (G.2), and therefore tr[(MffAO ® MfIBO) . WAIAOBIBO] =1.
Expanding tr [(MAIAO ® MB1 BO) . WAIAOBIBO] using the decomposition just constructed, we
find that its value is also 1. Hence, if Eq. (G.2) holds, then it also holds without the positivity constraints
on MA140 and MB1Bo; the converse is of course trivially true.
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which then imply

(1402 @ 1-Bo)y) W] = 0
Vz,vy. (G.7)

Reciprocally, Egs. (G.4)—(G.7) clearly imply (G.3), so that these are equivalent to
Eq. (G.2).
Thinking of the trace as the Hilbert-Schmidt inner product
(M, W) = tr[M - W]

(for hermitian operators M, W) and noting that the maps ;_4,)- and [1_p,,}- are
self-dual, the conditions (G.5)—(G.7) are equivalent to

[1-Ao] (trBIBo W) =0, (G.8)
[1-Bo] (trAIAo W) =0, (G.9)
[1—Ao]1-Bo]W =0, (G.10)
which we can rewrite as
BBoW = a0B:BoW , (G.11)
Ar40W = 44680 W, (G.12)
W=p,W+a,W —a,8,W, (G.13)

which are conditions (2.9)—(2.11).

Note that each condition (G.8)—(G.10) defines a linear subspace, and the
intersection of these three linear subspaces is the smallest subspace that contains
all valid bipartite process matrices, which we denote by*

Ly = {W6A1®AO®BI®BO|W:LV(W)}, (G.14)
The projector onto this subspace, Ly, shall be used quite often in the paper, so it
is useful to find an explicit expression for it. To do that, first we rewrite conditions
(G.11)—(G.13) explicitly as projections onto subspaces, i.e., as

W=LsW), W=Lg(W), W=_Lap(W), (G.15)

where the projectors L 4, L, and L 4p are given by

LaW)=W — B, BoW + aoB,BoW, (G.16)
LB(W) =W - AIAOW + AIAOBOW’ (G-17)
Lag(W) = oW + 4o W — a5, W (G.18)

Since the three projectors above commute, the projector onto the intersection of
their subspaces Ly is given simply by the composition of L4, L, and L3, i.e.,

Ly(W)=LaoLpoLag(W), (G.19)

“Note that although we do not write that explicitly, the projectors we define below (e.g. Ly/), and of
course the subspaces they define (e.g. £y), depend on the number of parties N.



102 APPENDIX G. VALID PROCESS MATRICES

which, after simplification, can be written as

Ly(W) = Ao W + g, W — Ao, W
- BIBOW + AoBIBOW
- AIAOW + AIAOBOW (G.20)
Summing up, we conclude that an operator W € A; ® Ao ® B; ® Bp is a valid

bipartite process matrix if and only if W > 0, tr W = d 4, dp,,, and W = Ly (W),
as in Egs (2.4)—(2.6).

G.2 Tripartite process matrices

A similar reasoning leads to the conclusion that an operator W € A; ® Ap ®
B;r ® Bo ® C; ® Cp is a valid tripartite process matrix if and only if W > 0,
trW = dAodBodCOs and

W =LiW), W=LgW), W=LcW),
W =Lag(W), W=Lac(W), W=Lgc(W),
W = Lapc(W), (G.21)

where the maps L4, Lp, Le, Lag, Lac, Lc, and L apc are now commuting
projectors onto linear subspaces of A; ® Ap ® By ® Bo ® C; ® Cop, defined by

La(W) = 1—(1-40)B:BocrcolW
L(W) = 1—1-Bo)arAocicolW s
Le(W) = 1-a-co)ar40B:Bo]W 5
Lap(W) = n-(1-40)1-Bo)CicolW s
Lac(W) = n—(1—40)1-co)BiBo]W 5
Lc(W) = n—(1-Bo)1-Co)A;40]W
(W)

where we used the shorthand notation
3 ax)V = D ax-xW (G.22)
X

for a sum over products of subsystems X with coefficients ax (and with ;W := W).
The constraints in (G.21) are equivalent to

W = Ly (W), (G.23)

where the map Ly is obtained here by composing the 7 maps L4, L, Lc, Lap,
Lac, Lpc, and Lapc. One finds in this tripartite case, after simplification,

Ly (W) =

9

[1-(1-A0+A140)(1-Bo +B1 Bo)(1-Co+C1Co) + ArAoB1BoCrCo|
(G.24)

which defines a projector onto the linear subspace

Ly = {W6A[®Ao®BI®Bo®C[®Co|W=LV(W)}. (G.25)
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G.3 N-partite process matrices

The generalization to the N-partite case is rather straightforward. We find that an
operator W € Al ® AL, ® ... ® AN ® AY is a valid N-partite process matrix if
andonly if W > 0, tr W = dA(lj .. -dAg, and for all 2 — 1 non-empty subsets X
of {1,...,N},

W = Ly(W) := e (G.26)

[I_Hiex(l_Aio) Hiex Ardp

Note that the 2V — 1 maps L x are commuting projectors onto linear subspaces
of At®@ AL ®...® AN ® AY. The constraints (G.26) are equivalent to

W = Ly (W), (G.27)

where the map Ly is obtained this time by composing the 2 — 1 maps L. More
explicitly, one finds in the N-partite case the general expression

Ly (W) = ] w, (G.28)

[1 - [1,a-A5+aiaL) + [], Aj AL
which again defines a projector onto the linear subspace
Lv={WeA®A,®...0 A @ Ay |W = Ly(W)}. (G.29)

Proof. For any subset X of {1,..., N}, define Px = [[;c »(1 — Ap) [Liga A7 45
For X # A", note that there exists (at least one) iy such that the product Px Py
contains the factor (1 — A5) AP AS. Now W =0, sothat p, p, | W =
0.

T [(1-48)A8)
Developing Ly, we thus find

LW =M, ,a-rolWV = 0=, palW = 01-50 , Pat T, apar) V-

Now, one can write

1 1
ZPX = Z Z (1— AL (ATAL) R (1 — AN e~ (AN AN -k
X

k1=0 kn=0
(G.30)

1
=D (- ab)k(ajah) ™ = H(l — AL+ AVAL),  (G.31)

i k;=0 %

from which Eq. (G.28) follows. O






Appendix H

Characterization of bipartite causal
withesses

To characterize below the set of causal witnesses in the bipartite case, we shall
make use of some basic definitions and facts from convex analysis, which we state
here without any proof; the interested reader can find them for instance in Sections
2, 14 and 16 of Ref. [39]".

Let E be a vector space equipped with an inner product (-, -), and let E’ be the
space of all linear functionals on E. In the finite-dimensional case that interests us,
E’ is isomorphic to E.

1. A subset K of E is a convex cone if and only if for every z,y € K we also
have that Az + puy € K, forany A, u > 0.

2. Let K C F be a convex cone. Then its dual cone K* C E’ is defined as

Kf={a*ecE'|(z*,2) >0 Voek}. (H.1)

3. The dual of a linear subspace £ C FE is its orthogonal complement:

Lr=Lt={2"cE|(z*,2) =0 VxecLl} (H.2)

4. Let K1, K2 C E be closed convex cones that contain the origin. Then

[conv(KC; U Ko)]" = KT NK;, (H.3a)
(K1 NK2)* =conv(K] UK3), (H.3b)

where conv denotes the convex hull.

We shall furthermore use below the following characterization of bipartite
causally separable process matrices:

"Note a difference in language. This reference uses the polar cone K° instead of the dual K*.
They are simply related by K° = —K*.
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Lemma 10. A given matrix W € A; ® Ao ® B; ® By is a valid causally separable
process matrix if and only if tt W = do, W € Ly (i.e., it satisfies Egs. (2.9)—
(2.11)), and it can be written as

W =wA=B L jyB=4 (H.4)
with WASB >0, WA=B = 5 wA=B, (H.5)
WB=A >0, whA =, wB=4, (H.6)

Proof. The “only if” direction is straightforward (simply replace ¢ W4=8 — WA=<B
and (1—¢q) WB=4 — WB=4 10 go from (2.18) to (H.4), so that WA=B and W5E=4
in (H.4) are not normalized).

To see that the converse also holds, first note that W4<Z > 0 and WE=4 >0
imply that W > 0, so that W is indeed a valid process matrix. Note furthermore that
WhB=4 = , WB=4Aimplies that g, p, WE=4 = 4,5, W4, i.e., that WE=4
satisfies (2.9). Since W € Ly also satisfies (2.9), so does WA=E = W — WB=4,
Similarly, WA=B = g W4=B together with the assumption that W € Ly, implies
that both WA=E and WE=4 satisfy (2.10). Lastly, WA=E = g WA= and
WB=4 = , WE=4 directly imply that both WA= and WE=4 satisfy (2.11). All
in all, this shows that 7W4=Z and W 5=4 are, up to normalization (which can easily
be dealt with as above so as to recover the form (2.18)), valid causally ordered
process matrices. O

We are now in a position to prove Theorem 1:

Proof of Theorem 1. We want to characterize the set of all hermitian operators
S e Ar® Ao ® Br ® Bo such that

tr[SWSP] > 0 (H.7)

for all causally separable process matrices =P, Note that the condition tr[WWseP] =
do is not relevant for the characterization of the witnesses, so we shall lift it. Without
this restriction the set of (non-normalized) causally separable process matrices be-
comes a convex cone, which we denote by WW*®P. If we consider the duality relations
with respect to the Hilbert-Schmidt inner product in the space A; ® Ap ® B ® Bo,
then the convex cone of causal witnesses S is the dual cone of W*P, To character-
ize it we are going to use the representation of W3eP that follows from Lemma 10:

WS = conv[(P N Lp,) U (PN Lay)| NLy, (H.8)

where P is the self-dual cone of positive semidefinite matrices and Lg, and L4,
are the linear subspaces

‘CBO = {W | W= BOW}7 (H.9)
EAOZ{W|W=AOW}, (H.10)

and with £y defined in Eq. (G.14). Their orthogonal complements within the
subspace A; ® Ap ® Br @ Bo are simply given by

Ly, =1{5|B,5 =0}, (H.11)
L, =1{S1]4,5=0}, (H.12)
LF ={S| Ly(S) =0}. (H.13)
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Taking then the dual of YW3¢P using the duality relations (H.2)—(H.3), we get that
the cone of causal witnesses is

S:conv“(PQCBO)*Q(PﬁﬁAO)*] uﬁﬂ. (H.14)
Focusing on (P N Lp,)*, using again the duality relations (H.2)—(H.3), we see that

(PN Lp,)" =conv(PULE,)
:{S++SO|S+203 BOSOZO}
— {8 5o S = 0}, (H.15)

where the last equality is stating the fact that S = S + Sy with S, > 0 and
Bo,S0 = 0 if and only if 5,5 > 0. To see that this is true, let S be such that
BoS > 0. Definethen S; = g, Sand So =5 — p, 5. Then S = Sy + 5y, 5+ >0
by assumption, and g, .Sy = 0 since the map g, - is a projector. To prove the other
direction, let S = S + Sp with S > 0 and p,.So = 0. The map g, - being positive,
it follows that 5,5 = 5,5+ > 0.
Similarly,
(PNLao) ={S]a09 >0} (H.16)

Putting Egs. (H.14)—(H.16) together, we see that a causal witness can be written
asS:SerSLwith BOSPZO;AOSPEO, andLV(SL):O. O






Appendix |

Explicit positive semidefinite
constraints

For the convenience of the reader, we present the SDP problems (2.38) and (2.39)
with all conic constraints rewritten in terms of the positive semidefinite cone, to
facilitate implementation. To rewrite (2.38), we need a characterisation of the cones
Sy and W, The first one is given by Corollary 2. The second one is obtained as
follows: since W = P N Ly, we have that

Wy =W N Ly (I
=(PNLy)" NLy (l.
=conv(PUL{) N Ly (I

(I

)
)
)
={Lv(Xp)|Xp > 0}, )

2w =

where Equation (1.4) follows from an argument analogous to the one used to derive
Corollary 2.
With this characterisation, the SDP problem (2.38) then becomes

min tr(SW)
st. S=Ly(Sp), 4,59 >0, B,Sp >0, (1.5)
1/do —S = Ly(Xp), ¥p >0.

To rewrite the SDP problem (2.39), we use the characterisation of V%P given in
Lemma 10:

min tr(Q)/do
st. W+Q=wA=B wwbB=4,
WA=E > 0, WA=<B — BOWA<B» (1.6)

WB<A Z O7 WB<A — AOWB<A;
Q0>0, Q=Ly(Q).

Note that we could use directly the definition of W*¢P from Section 2.2.2, which
would give us a slightly more complicated SDP problem.
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Appendix J

Duality for conic problems

In this appendix we show that the two problems defined in Section 2.3.2 are SDP
problems and they are dual to each other. We show, furthermore, that the Duality
Theorem applies to them, which implies that the optimal solutions can be found
efficiently and that Equation (2.40) holds.

Let us first recall the definitions of primal and dual conic problems (Defini-
tion 4.2.1 in [40]), of which SDP problems are a particular case:

Definition 11. Let E be a finite-dimensional vector space, K a closed convex
pointed cone in E with a nonempty interior, and L a linear subspace of E. Let
alsobe E andce E'. Thedata El, K, L, b, and c define a pair of conic problems

(P): min(c,z) st ze€N(L+D),
(D): min (y,b) st yeK*n(Lt+c),

where K* C E' is the cone dual to IC, L+ C E is the orthogonal complement to
L, L+bC Eand L+ +c¢ C E' are affine subspaces. (P) and (D) are called,
respectively, the primal and dual problems associated with the above data.

We want our SDP problems to measure how much worst-case noise needs
to be added to a given process matrix W to make it causally separable, i.e., the
minimal A > 0 for which )

14+
is a causally separable process, optimized over all valid (normalised) processes
2. _First note that we can get rid of the quadratic variable A Q2 by defining 2 =
A ), which makes the objective A equal to tr§2/do. Remembering also that the
normalisation 1/(1 + ) is irrelevant for conic constraints, the problem reduces to
minimizing tr 2/do such that

(W+A§) (WJ.1)

W+QeWwWs® QeWw. (J.2)

To translate this SDP problem into the language of Definition 11, let us define
E=Ly x Ly, (J.3)

K=WS* xW, (J.4)

L={(Q,0) Qe Ly}, (J.5)

b= (W,0), (J.6)

c=(0,1/do), (J.7)
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and the inner product
((5,%),(W,Q)) = tr(SW) + tr(XQ). (J.8)

With these definitions, and denoting by « = (w, 2) its variable, the primal SDP
problem becomes

min <(o,n/do), (w,Q)>

(J.9)
st (w, Q) € WxW) N{w=W+Q},
which indeed corresponds to the SDP problem (2.39).
To construct the dual SDP problem, first note that
E' =Ly x Ly, (J.10)
K* =S8y x Wy, (J.11)
Lt ={(S,-9)|S e Ly} (J.12)

where we used the property that (11 x K2)* = Ki x K5 in equation (J.11). Denoting
by y = (5, %) its variable, the dual SDP problem is then

min ((5,%), (W,0))
st (S,%) € (Sy x W) N{S =1/do — S},

(J.13)

which corresponds to the SDP problem (2.38).

Let us emphasize that here the duals of WP and W are, respectively, Sy, and
Wy, instead of S and W*, which is a consequence of choosing the vector space
Etobe E=F x Fwith ' = Ly insteadof F = A; ® Ao ® Br ® Bo. We did this
because as subsets of A; ® Ap ® By ® B, the cones WP and W (and therefore
I = W3 x W) have empty interiors, and therefore these cones would not satisfy
the requirements of Definition 11. This is problematic because the duals of cones
with empty interior are not pointed (in our case, S and W* are not pointed), and
algorithms that solve SDP problems are numerically unstable when optimizing over
non-pointed cones.

This definition is indeed satisfied by the cones we chose, i.e., W3 x W C
Ly x Ly is indeed pointed and has nonempty interior, as we shall check now. A
pointed cone K is a cone such that X N (—K) = {0}. This indeed satisfied for
WSeP x W, as both cones require their elements to be positive semidefinite, and
W > 0and —W > 0 imply that W = 0. To show that W% x W has nonempty
interior, it is enough' to find an operator that belongs to int WWSP. This is done
through the following lemma:

Lemma 12. 1° + Q € int WS for any Q € Ly such that |9, < -, where
d; =da,dp, and |||, is the Hilbert-Schmidt norm.

Proof. Since Q2 € Ly, the discussion in section 2.2.2 implies that the operators

wh=P = 5,0, WP i=0— 5,0 (J.14)

Since int (WS x W) = int WS x int WW and WS C W.
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are causally ordered (in the sense that they satisfy Eq. (2.17) and the analogous
relation for the order B < A, respectively), and so are the operators

1
WA=B .= 5]1" +wA=B (J.15)
1
WB<A i 5]lo +wB<A (J16)
Since, furthermore,
WASB L wB=A —1° 4 Q, (J.17)

we have that 1° + Q € WS if WA=E and W54 are positive semidefinite. This

is the case if .

<77
— 2dy

where ||-|| is the standard operator norm (i.e., the maximum singular value). To be

A7) < oo and w4 (J.18)

able to enforce that, first note that w4 <% and w”=4 are orthogonal, and therefore
Pythagoras’ theorem implies that
19 = [l =215 + [l 4]l (4.19)
which implies that
maxc{ [l lw? A} < max{ [0t =F ), P4} < 190y, (120
and therefore )
€, < 24, (J.21)

implies that 1° 4 € W*eP. This in turn implies that the interior of the ball composed
of operators 1° + 2 with Q satisfying (J.21) belongs to the interior of WP i.e.,
19|, < 5 implies that 1° + Q € int W™ O

This concludes the proof that problems (2.38) and (2.39) are SDP problems
dual to each other. We shall now proceed to show that the Duality Theorem
(Theorem 4.2.1 in [40]) applies to them:

Theorem 13. Let (P), (D) be a primal-dual pair of conic problems as defined
above, and let the pair be such that

leftmirgin=5mm The set of primal solutions IC N (L + b) intersects int K;
leftmiirgiin=5mm The set of dual solutions K* N (L* + ¢) intersects int K*;
leftmiiirgiiin=bmm (c, x) is lower bounded for all z € KL N (L + b).

Then both the primal and the dual problems are solvable, and the optimal solutions
x* and y* satisfy the relation

(¢,b) = {c, ™) + (y*,b). (J.22)

Let us check that for the SDP problems (J.9) and (J.13), the three assumptions
of the Duality Theorem are indeed satisfied.
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To see that 1. is satisfied, we need to find 2 € int W such that W + Q) €
int W3eP_ Take Q) = A1°; then W + \1° € int WSP iff %W +1° € int WS¢, Using
Lemma 12, we conclude that this is true if

1 1
N4 — J.23
H A lly o 2dr w2
Since ) ) J
o
- < —||Wl, = —= J.24
57 < 5w =% 20
it is enough to choose
A > 2drdo (J.25)

to satisfy inequality (J.23), and we’re done.

To see that 2. is satisfied, we need to exhibit a witness S such that S € int Sy
and 1/do — S € int Wy,. Since the cone P N Ly of positive semidefinite matrices
in Ly is a full-dimensional subset of both Sy and Wy, it is enough to find an
operator S such that S > 0and 1/do — S > 0. One can take S = 1/(2do).

To see that 3. is satisfied, note that Q2 > 0 implies that tr Q/do > 0.

All'in all, the three assumptions of the Duality Theorem above are thus satisfied.
Applying the identity (J.22) to our pair of conic problems, we have, for the optimal
solutions 2* and S*:

0 = tr[Q*]/do + tr[S* W], (J.26)

as claimed in Eq. (2.40). As discussed in Sec. 2.3.2, a value tr[Q*]/dp =
—tr[S*W] > 0 guarantees that the process matrix W is causally nonsepara-
ble, and the solution S* of the dual problem provides an explicit causal witness; a
value tr[Q2*]/do = 0 proves that the process matrix W is causally separable, and
the primal problem provides a decomposition of W in terms of causally ordered pro-
cess matrices W4=5 and W 5=4 (again, this is easier to see in the representation
of the primal problem shown in (1.6)).



Appendix K

Measuring causal nonseparability

A causal witness can be used not only to detect the causal nonseparability of
a given process, but also to measure it. This is analogous to the situation with
entanglement witnesses and entanglement measures [121]. First of all, we need to
define what we mean by a measure of causal nonseparability. In analogy with the
case of entanglement, we suggest that a proper measure of causal nonseparability
N should satisfy the following properties:

Discrimination A (W) > 0 for every process matrix W, with N'(W) = 0 if and
only if W is causally separable.

Convexity N (3", psW;) < >, piN(W;) for any process matrices W, and any
pi >0, with 3, p; = 1.

Monotony A ($(W)) < N (W), where $(W) is any process obtainable from W
by composing it with local CPTP maps.

Now we shall prove that both Ry(1V) and R,(W) as defined in equations (2.42)
and (2.46) respect the properties of Discrimination and Convexity, whereas
Ry(W) respects Monotony but R, (1) does not.

Discrimination follows from the definition of the SDP problems (2.38)—(2.39)
and (2.45)—(2.44). Note that since they satisfy the assumptions of the Duality
Theorem (13), there are algorithms that actually find the optimal solutions efficiently.

To demonstrate Convexity, let us denote by Sy the optimal witness for a given
process matrix W; because of its optimality, one has, for any process matrices W;
and any p; > 0,

S, W) < e[ (S5 o, ) Wi (K1)

and therefore
~tr {(Szi o) > pWi] < - > pi e[S, W, (K.2)

that is, N(Zl piWZ‘) < ZZ pﬂ\[(WZ)

Now we show that Monotony does hold for Rq(V). For that, first we need
to define the map $(-) that composes a process W with local operations. More
specifically, the map $(-) composes a process with the CPTP map M{* applied
to Alice’s input, the CPTP map M3 applied to Alice’s output, the CPTP map M
applied to Bob’s input, and the CPTP map M £ applied to Bob’s output. We can
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then define $(-) as the map such that for all processes W and all CP maps C3' and
CE we have that

tr((C3' ® CF) - 8(W)] = t2[(Cis ® o) W], (K-3)

where -
Cibs = [T®@ (M3 0C5 o M )(J1)(1])] (K.4)

is the Choi-Jamiotkowski operator of the composition of the each party’s operations.
The processes W and $(W) are illustrated in Figure K.1.

_’->M‘1“->C§‘->M§‘>|_’->M13->CQB->M§>|7
(a)
w
_’9/\/114—)62“»/\/1;;‘?‘_’»/\/1? —>C2B+M§B>|7
(b)
5(W)

Figure K.1: (a) The situation where the parties share a bipartite process W (in red)
and apply the CPTP maps M5 and Mz (in blue) to their inputs and outputs can
be equivalently described by (b) a single bipartite process $(W) (in red).

It follows from this definition that $(1) is a valid process. To see this, note that
the validity of W implies that the probabilities

P(Cis, Clhs) = tr[(Cihs ® Clog) W] (K.5)
are positive and normalised. By definition, these are equal to the probabilities
P(C3'.Cy) = tr[(C5' @ CF) - $(W)), (K.6)

and the arguments in Appendix G show that requiring the probabilities P(C3', C¥)
to be positive and normalised is enough to imply the validity of the process $(17).
Furthermore, if W is causally separable so is $(1W). This follows from the
linearity of $(-) and from the fact that $(-) preserves the causal order when applied
to a causally ordered process, which follows directly from the analogous property
for quantum combs [32].
We want to show that for all $(-) (i.e., for all CPTP maps M{*, M3', M and
MP)and W,
Rg($(W)) < Rg(W), (K.7)

or equivalently that
— tr[(Sswy)$(W)] < —tr[(Sw)W]. (K.8)
By duality, this is equivalent to
— tr[$* (Ssa)) W] < — tr[(Sw)W] (K.9)

(where $* is the dual map of $), which follows from the optimality of Sy if $* (Sgw))
is a valid causal witness that respects the normalisation condition for generalised
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robustness (as defined in SDP problem (2.38)). Therefore, we need to show it has
the two following properties:

tr [$* (S$(W)>Wsep] >0 VWP, (K.10)
1/do — $* (Ssaw)) € W*. (K.11)

The first one follows from duality
tr[$* (Ssw) ) WP = tr[Sgun $(WP)] (K.12)

and the fact that (1) is causally separable and Sy is a causal witness.
The second one is equivalent to

tr[(1/do — $* (Ssw))Q] >0 (K.13)

for every (not necessarily normalised) process matrix €2. From duality and linearity
this is equivalent to
tr [S$(W) $(Q)] < tr(Q)/dO , (K.14)

and this follows from the fact that $(-) is trace-preserving and that 1 /do — Sgw €
W* (which is the normalization condition from the SDP problem (2.38)).

An analogous proof fails for random robustness, as the dual map $*(-) can
increase the trace of a witness, and therefore make it fail to satisfy the normal-
isation condition for SDP problem (2.44). To show that R,(1¥) does not in fact
satisfy Monotony, it is enough to find a process and local operations such that
Rr($(W)) > R(W).

A concrete counterexample can be obtained by considering Wocg and Socs
from section 2.3.4. Let

147
2
be the process obtained from Wcg by adding a maximally mixed qubit to Alice’s
input space. Then its random robustness is (up to numerical precision)

Wi = Wocs ® (K.15)

R(Wy) = —tr Sy, Wi =2 — 1, (K.16)

where ,
Sw, = 2 Soce ® [0) (0] (K17)

is its optimal random robustness witness. Now, we can obtain the process
$(W1) = Wocs ® [0) (0] (K.18)
from W1 simply by discarding the system in Alice’s input space A’ and replacing it
with |0) (0|, which is clearly a local operation. Then its random robustness is (up to
numerical precision)
Re($(W1)) = — tr Sswy) S(W1) = 2(V2 - 1), (K.19)
where Sgw,) = Sw,. Thus we have shown that

Re($(Wh)) > Re(Wh), (K.20)

so random robustness is not monotonous under local operations.






Appendix L

Characterisation of tripartite causal
withesses

Proof of Theorem 3. As defined in section 2.2.2, the cone of tripartite causally
separable processes with d¢, = 11is

Wigh = conv[(P N La<p<c) U (PN Lp<a<c)], (L.1)

where L -p<c and L~ a<c are the linear subspaces defined by the projectors
Lasp<c and Lga~c. The cone of causal witnesses Ss¢ is its dual

Ssc = Wi (L.2)

Using duality relations (H.3) and (H.2) and the fact that the cone of positive semidef-
inite matrices is self-dual, we get

Ssc = (PN Laxp<c) N(PNLp<a<c) (L.3)
= [COHV(P U £ﬁ<B<0)] n [COHV(P U £$<A<C)]7

with
conv(P U L% pe) = {Shpe + Sipe | Shpe =0, Lazp<c(Sipe) =0}

(L.5)
and

conv(PU LB aze) = {Shac + Sac | Sbac >0, L<a<c(Spac) =0}

(L.6)
O
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Appendix M

Optimizing Chiribella’s task

We want to optimize the weights qz[j’.], q;{j’} s0 as to minimize the maximal probability
of success' for causally separable processes pe., i-€., we want to minimize the
upper bound

tr(Ginite W) < pgee- (M.1)

This is relevant because, according to equation (2.91), a lower pin, corresponds

to a larger resistance to worst-case noise.

To do this, note that tr(Gfine W) < paase if and only if tr[(psase 1 /do — Glinite) W] >
0. Imposing that this holds for all causally separable processes W € W;ec? amounts
to imposing that pSit 7> — Giinte € S3c, Where Szc s the cone of causal witnesses
(characterized through Theorem 3).

We are thus led to define the following SDP problem:

: sep
min Pgicc

st paecl/do — Giinite € Ssc

10
il =0, o zo, Yo dlledlt =1, (M.2)
i,j=1

where in order to keep the interpretation of the task as guessing whether the

unitaries commute or anticommute, we imposed that ql[j’-] = 0 for non-commuting
U;,U; and qi{j’} = 0 for non-anticommuting U;, U;.
Solving this problem numerically, we found

PSP~ 0.8690 (M.3)

[]

(and we omit the optimal g; ; ,qij’} for brevity).

"Remember that the probability of success for the quantum switch is always equal to one.
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Appendix N

Characterization of the causal
polytope

N.1 Vertices of the causal polytope

As explained in the main text, the causal polytope, defined as the set of causal
correlations of the form (3.3), is the convex hull of the polytope of correlations
compatible with the causal order A < B (which cannot signal to Alice) and the
polytope of correlations compatible with the order B < A (which cannot signal to
Bob), so that its vertices are vertices of at least one of these two polytopes.

Let us characterize the vertices of the polytope of correlations p*=5. Using
Bayes’ rule, we can write

pA<B(

a,blz, y) = p(alz,y) p(blz,y, a) = p(alz) p(blz,y, ),

where the last equality follows from the no-signaling-to-Alice constraint (3.1). No
further constraint is imposed on p(a|z) and p(blx, y, a) (except that they must be
valid probability distributions); these can be written as convex combinations of
deterministic distributions, in the form

p(a|$) = Z qo 6a,a(r)a

p(b|$7y, a) = Z qp 5b,/3’(m,y,a) )
B

With ¢a, g3 >0, >, ¢a = ZB gp = 1, where the o’s denote deterministic functions
of Alice’s input x, and the 3’s denote deterministic functions of both Alice and Bob’s
inputs x, y and of Alice’s output a. Combining them, we get

(e, bz y) = Y G043 G0 00) B0, 5y

a,p

= ) 4048 6a,a(x) O, fu(a)
wp

= s ba,ate) O, pr(a) -
B

p
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where B, (z,y) = B(x,y,a(z)) and go,p = Ga qs/| With gz/1q = Zﬁ dp.,.8" 48,
such that ¢,,5» > 0 and Zaﬁ, g, = 1. Hence, any correlation pA=E can be
written as a convex combination of deterministic correlations compatible with the
order A < B—uwhich thus correspond to the vertices of the corresponding polytope
of correlations pA =5,

If Alice and Bob’s inputs can take m 4 and m g different values, respectively,
and their outputs can take k4 and kg values, resp., then there are kX‘A different
deterministic functions a(x) and kj54™? functions 5’ (x,y), so that the polytope
of correlations p“=E has k4 x k7;4™? vertices. Note that k;® of the functions
B'(z,y) do not depend on z; hence, out of all the vertices, k',/*k%? are non-
signaling, while the other £} (k3 4™” — k};”) are signaling to Bob.

Similarly, the vertices of the polytope of correlations p?=4 are the £’} 4™ 2 k52
deterministic correlations compatible with the order B < A, of which k'\'* k;" are
non-signaling and are thus common to the previous polytope of correlations pA =5,
while the other k5 ” (E'y4™" — Ey'*) are signaling to Alice. The vertices of the
causal polytope are all the deterministic correlations' compatible with either the
order A < B, or the order B < A, or both—which makes a total of £+ k54" +
Eya™B kP — kA kP vertices.

N.2 Dimensions

Because of the m 4mp normalization constraints  , p(a,b|z,y) = 1, the proba-
bility space of correlations p(a, b|x, ) is of dimension mamp(kaks—1). With the
no-signaling-to-Alice and no-signaling-to-Bob constraints (3.1, 3.2), the dimensions
of the polytopes of correlations pA =% and p?=4 are reduced to m amp(kakp—1)—
ma(mp—1)(ka—1) and mamp(kakp—1) — (ma—1)mp(kg—1), respectively.
However, the causal polytope—i.e., their convex hull—remains of the same dimen-
sion as the full probability space.

N.3 For binary inputs and outputs

In the case where both Alice and Bob’s inputs and outputs take binary values, the
10-dimensional polytopes of correlations p“ =5 and p®<4 both have 64 vertices,
among which 16 are non-signaling vertices common to both polytopes. The 12-
dimensional causal polytope thus has 64 + 64 — 16 = 112 different vertices.

We enumerated the facets of the causal polytope for binary inputs and outputs
by solving the convex hull problem using the software 1rs [68]. As described in the
main text, we obtained 48 facets, which can be grouped into 3 families of equivalent
facets (up to relabelings of inputs and outputs). Explicitly, these are

e 16 trivial facets of the form p(a, b|z,y) > 0 for all z,y,a,b =0, 1;

e 16 facets of the GYNI type, which can be written (in the same form as (3.6),
implicitly assuming uniform input bits) as

1

57

"Note that the fact that the causal polytope has deterministic vertices was not trivial a priori; this

contrasts for instance with the no-signaling polytope, which has non-deterministic vertices like the
PR-box [76].

pla® s oy =y, b® Fry® fo=1x) <
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for all ag, a1, Bo, B1 = 0, 1;

e 16 facets of the LGYNI type, which can be written (in the same form as (3.7),
implicitly assuming uniform input bits) as
3

p(e®a)(a®ag®y)=0,(ydp1)(b& Podx)=0) < T

for all Qq, Ozl,ﬁo, /81 = O7 1.

Note that this causal polytope for binary inputs and outputs coincides with the
polytope of correlations obtained from a local model augmented with one bit of
communication, as described in Ref. [122]. This is because the use of just one bit
of (one-way) communication is of course compatible with a definite causal order,
either A < B or B < A, and for binary inputs one bit is enough for one party to
send all the information about her input to the other party. In general however, the
polytopes described in Ref. [122] are different from causal polytopes.






Appendix O

See-Saw algorithm

Maximizing the violation of a causal inequality over the process matrix and the
instruments is a nonlinear problem, which makes it intractable directly. To address
this problem, we used an approach inspired by the See-Saw algorithm of Werner
and Wolf [74]. The idea is that if Alice and Bob’s instruments are fixed, then the
combination of probabilities that enters the causal inequality is a linear function of
the W matrix, and maximizing it is a semidefinite programming (SDP) problem [40]
that can be solved efficiently. In the same spirit, if the W matrix and the instruments
of one party are fixed, then the value of interest is a linear function of the instruments
of the other party, and again its optimization is a SDP problem. Hence, one can try
to approach the maximum violation of a causal inequality by optimizing over the
process matrix and the parties’ instruments in an iterative manner.

More specifically, let w(W, A, B) be the value taken by the combination of
probabilities in the causal inequality, considered as a function of the process matrix
W and the sets of instruments A = {M;)!"°}, and B = {M,]17°}, (in their CJ
representation). We start the algorithm by generating random sets of instruments
Ap and By, and for these fixed instruments we maximize w considered as a function
of W, via the following SDP problem:

maximize w(W, Ag, Bo)
subject to
W >0, ttW =da,dp, ,
BIBOW = AOBIBOW, AIAOW = AIAoBoWa
W = BOW+AOW - AoBoW'
With the optimal process matrix W}, thus obtained and the fixed set of instruments
B, for Bob, we proceed to optimize w as a function of Alice’s instruments, via the
SDP problem
maximize w(Wy, A, By)
subject to

Vz,a, MAIAO>O trAOZMAIA(): Ar

alz alz
With the optimal set of instruments A, obtained now and the previously obtained

process matrix Wy, we do the analogous optimization over Bob’s set of instruments
B, and iterate the three optimization steps of the algorithm until it converges.
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One can see that at each step of the algorithm the value of w can only increase,
so it is guaranteed to converge to a local maximum. One does not, however, always
get the global maximum, and in practice one must repeat the algorithm several
times to get a good lower bound on the maximal value of w.

Note that this See-Saw algorithm can of course straightforwardly be adapted to

more than two parties.



Appendix P

Maximal violations for qubits

The best violations of our GYNI and LGYNI causal inequalities that we found, for
local dimensions d = d4, = da, = dp, = dB, = 2 (i.e., for “qubits”), is reached
by any convex combination

q Winax,d=2 + (1—q) Wr:'nax,d:Q

(with 0 < ¢ < 1) of the two process matrices Wax,¢=2 and Wr;aX, J—o defined as

1
= 1 [19% + ol 2021 — o’ (z10041121) — of (2112+1221)

+ay)(2122+2221) + o) (Z]lXX—Z]lYY—kXXZ]l—YYZ]l)}

(with implicit tensor products and implicit superscripts), where the coefficients
aop, a1, as, as, and ay are, respectively, real roots of the polynomials

4608 z* — 15752 + 52522 — 1172 — 1,
221184 2% + 142479 2% — 19701 22 — 15603 = + 2 363,
9216 2% — 16857 2% + 11724 2% — 3660 x + 430,
221184 % — 50895 2% — 16 200 22 + 1368 = + 602,
221184 2 + 163352 — 37008 22 — 11400 2 4 3 440,

and the primed coefficients ay,, af, ay, a}, and a are, respectively, real roots of the
polynomials

4608 x* +85952° + 5583 2 + 8732 — 43,
221184 z* — 101601 2> — 1701 2% + 2745z + 305,
30722% — 222923 4+ 54022 — 60z + 4,
221184 2* — 294975 2 4 145080 2% — 31224 2 + 2492,
221184 2% +16 335 2% — 37008 2% — 11400 x + 3 440.
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Numerically, their values are

ap = 0.2744, al)y = 0.0390,
ar = 0.2178, a), = 0.3355,
as = 0.3628, aly, = 0.2451,
as = 0.3114, aly = 0.4291,

as = ay = 0.2097.

Using the same instruments for Alice and Bob as those defined in Egs. (3.13—
3.16), our maximal probability pgif\“',dﬁ of winning the GYNI game with qubits is

then found to be the smallest real root of the polynomial

1769472 2% — 2884032 23 4+ 1630800 2% — 380 052 - + 34 087,

and our maximal probability p[“é\x/,jl,ﬁ of winning the LGYNI game with qubits is

Plea= = paex=? + 1/4. Numerically, we obtain

PREA=? 2 0.5694 > % , pled=2 ~ 0.8194 > % .

It is somewhat surprising that these maximal violations of the GYNI and LGYNI
inequalities with qubits have such complicated expressions—contrary for instance
to the case of Oreshkov et al.’s original causal inequality (for which the violation
exhibited in Ref. [3] was proven, under certain constraints, to be optimal [46]), or
to the case of the well known CHSH Bell inequality [67, 75]. Note also that, as
mentioned in the main text, we could find higher violations of the GYNI inequality
using higher-dimensional quantum systems (see Table 3.1), while we couldn’t find
any higher violations of the LGYNI inequality.



Appendix Q

The set of process matrix
correlations is convex

In this Appendix we show that the set of process matrix correlations is convex.

Let po(a, blz,y) and p1(a, bz, y) be two correlations realized by the (valid) pro-
cess matrices and instruments {Wo, Méflﬁo ; M(fggo} and {1, M{?;ﬁo , Mf’bff)},
respectively, so that

po(a,bley) = tr [(Mgiiie? @ Mg/i20) - Wl
piabley) = (MR @ MGER) - Wh].

Without loss of generality we assume that Alice and Bob’s input and output sys-
tems in {Wo, M0, Mgy %0} and in {W1, M0, M7} %} have the same
dimensions (one can indeed always embed lower-dimensional systems into larger-
dimensional ones). Let us now introduce some ancillary 2-dimensional input

systems with Hilbert spaces HAT and HB7 and define, for any g € [0,1],

W = q|0)(0]*" ®]0)(0]"" @ W,
+(1-q) 1)1 @ [1)(1] " @ W,

MR = o)1 @ Mg + I @ e
My = 10X01 @ Mo + (1% @ MELEe.

One can easily check that W thus defined is a valid process matrix, and that
Mtﬁ;A’A" and Mb]ijBIBO define valid instruments. Furthermore, a straightforward

calculation shows that for these process matrix and instruments,

@ My, " P) ]

qtr [(Mg};ﬁf ® M(fggO) W)

+(1-q) tr (M0 © M Po) - W]

= qpo(a,blz,y) + (1—q) p1(a, blz,y).

pla,blz,y) = tr[(M1440

alz

Thus, any convex combination ¢ po + (1—¢) p1 of process matrix correlations can
also be realized with a process matrix and suitable instruments, which shows that

131



WRPENDIX Q. THE SET OF PROCESS MATRIX CORRELATIONS IS CONVEX

the set of process matrix correlations is indeed convex. It is straightforward to
generalize the proof to a scenario with more parties.

Note that our construction only shows that the convex hull of the set of corre-
lations produced by process matrices of dimensions d4, x da, X dp, X dp, is
contained in the set of correlations produced by process matrices of dimensions
2da, X da, X 2dp, x dp,, opening up the possibility that the set of process matrix
correlations is not convex for any fixed input dimension (see Figure 3.2), analo-
gously to the set of (nonsignaling) quantum correlations for fixed dimensions [123].



Appendix R

The Choi-Jamiotkowski
isomorphism

We use two levels of the Choi-Jamiotkowski isomorphism. The first level is the
“pure” CJ isomorphism, used to represent matrices as vectors. The CJ operator of
amatrix A : H;r — Ho is its “double-ket” [118, I:

dHI—l

[A) =T AL) = Y [)Ali) (R.1)

=0

The second level is the “mixed” CJ isomorphism, used to represent linear operators
that act on matrices as matrices themselves. The CJ operator of a map M :
ﬁ(%[) — E(Ho) is

iy, —1

C(M) =T M(IL)(L) = Y [i){jl @ M) {l) (R2)

i,j=0

Note that this convention differs from the one in [3, 80] by a transposition. This
is necessary to avoid representing completely positive maps with a non-positive
matrix, as would happen with the convention from [3, 80] when, for example, we
take in equation (4.1) the process as being identity from P to A; and identity from
Ap to F, and the map A to be a SWAP.
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Appendix S

The link product

The motivation for defining the link product is to express the CJ operator of a
composition of two linear maps M and A directly as a function of the CJ operators
of the individual maps [32], as

CN o M) = €(N) * E(M).

We do not need, however, to explicitly use the CJ isomorphism, as the link product
can be more simply defined as an abstract operation on two matrices. Namely, the
link product between two operators M € &),.; A" and N € ), ; A’ is

N % M := trjn;[(17V @ M7 ) (N @ 17V)] (S.1)

Note that when I N J = () the link product reduces to N * M = N ® M and,
conversely, when INJ =TUJ,itreducesto N x M =tr MTN.
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Appendix T

Conditions for validity

In this appendix we derive the constraints on W such that the map
Gap=Wx(A®B)

is a valid CPTP map for all valid CPTP maps A and B. Recall that a linear map
A A — Ao is completely positive and trace preserving if and only if its CJ
operator A = €(A) is positive and tr4,, A = 141, Therefore we need that

tra, g p W (A® B) =1YP1" and W« (A®B) >0 (T.1)
VA,B st A>0, tryoa A=14" (T.2)
B>0, trp,p, B =177 (T3)

First we show that W « (A ® B) > 0iff W > 0. To see that, note that when A
and B are swaps we have W x (A ® B) = W, so W > 0 is a necessary condition
for G4, > 0. To see that it is also sufficient, just note that the link product of two
positive operators is always positive.

To get the constraints on W such that tra B F W=« (A® B) = 141B1P first
note that the positivity of A, B, and W is not relevant for that, since the set of
positive operators is a full dimensional subset of the space of hermitian operators.
Therefore we only need the normalisation condition

trar g p W (A® B) = 141517 (T.4)
VA, B st traga A=1441 trp,p B=155 (T.5)

Note also that the dimension of A’ and Af, does not affect which set of operators
trasa, Ais', so we can without loss of generality set dA} = dAfO = dB} = de =
1, simplifying this condition to

trp W (A® B) =1F (T.6)
VA,B st try, A=14, trg, B=15 (T.7)
Note also that
]lAIAO
tra, A=14 «—= A=a— 4,0+ — (T.8)
da,

't would if the CPTP maps A were restricted to be unitaries.
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for some Hermitian operator a, where we are using the shorthand notation
]1X
xW =" @trx W. (T.9)
dx

Using this in Alice and Bob’s sides allows us to reduce the normalization condition
to

14140 1BrBo
Ya,b (trp W) = |:(CLAO(1+ )®(b306+ >} =1F (T10)
da, dp,

For a = b = 0 this yields the condition

]lAIAO ]].BIBO
(trFW)*( ® )111’ (T11)
da, dp,
For b = 0 and a = 0, respectively, equation (T.11) together with (T.10) imply that
ILBIBO
Va (trp W) [(a—Aoa)Q@ } =0 (T.12)
dp,
]lAIAO
Vb (trp W) ®((b—p,b| =0 (T.13)
day
which then imply that
Va,b (trp W) x[(a— a,a) ® (b—p,b)] =0 (T.14)

Using the fact that the maps 4, and g, are self-adjoint under the Hilbert-Schmidt
inner product, we see that conditions (T.12)-(T.14) are equivalent to

trBIBoFWZAo trBIBoFW (T15)
trAIAOF W = Bo trAIAOF %% (T16)
trFW:AO tI"FWJrBOtI‘FW*AOBO trg W (T.17)

These conditions together with (T.11) characterize completely the affine subspace
to which valid process matrices belong. It is, however, convenient to rewrite them
so that we characterize this affine subspace as a linear subspace together with a
single constraint on the trace of W. To do that, note that conditions (T.15)-(T.17)
define linear subspaces, so we only need to rewrite condition (T.11). It is easy to
see that it is equivalent to:

tra,40B;BoF W =trpa,aoB,BoF W (T.18)
tr W = dpda,dp, (T.19)

So the linear subspace of valid process matrices is the intersection of the linear
subspaces defined in the equations (T.15)-(T.18). Since the projectors onto these
subspaces commute, we can obtain the projector onto the subspace of valid
process matrices Ly simply by composing them. Elementary manipulations give
us then

Ly(W) =W —pW+ 40 rW + Bo rW — 40 Bo FW — 4,40 FW + 4,40 Bo FW
— B1BoFW + 46BBoFW — 4;40B:BoFW + PasAo B BorW  (T.20)
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To summarize the results of this section, W is a valid process matrix iff

W >0 (T.21)
tr W = deAodBo (T22)
W = Ly (W) (T.28)






Appendix U

The null-square lemma

The purpose of this section is to prove that, for any Hermitian matrix C, the
greatest null square submatrix of C' achievable via a change of basis has size
dc = min(ny,n_)+ng, where ny,n_, ny denote, respectively, the dimensionality
of the subspaces spanned by the eigenvectors of C' with positive, negative and
zero eigenvalues.

We will first establish that the above quantity is an upper bound for the greatest
zero-square submatrix. Let then S be a subspace with the property that (v|C|w) =
0, for |v), |w) € S, and denote by II, the projector onto the null space of C.

Note that dim(S) < dim(Sp) + dim(S;_), where Sy = IS and Sy_ =
(I —IIp)S. Notice as well that (v|Clw) = 0, for |v), |w) € Si_. Clearly, the
dimension of .Sy is upper bounded by ng, hence all we need to do is show that the
dimension of S, _ is upper bounded by min(n,n_).

Let {|u(?)}, be a basis for S _, and let {\;}=, ({—ux},—,) be the set of pos-
itive (minus negative) eigenvalues of C, with eigenvectors {|vy)} 2, ({|ox) }ezy)-

Then,
n+ n_
@) =3 "o ) + > wi |on).
k=1 k=1

From the condition (u()|C|u9)) = 0 we have that

ny n_—
S0 e A = > () w e =0,
k=1 k=1

or, in other words, (5(7]5()) = (@® @), with 3\ = Vol @l = Jrwl.
This implies that there exists an isometry U such that |[5(V) = U@ (). The vectors
|5 @ |w@) (and thus |u(?)) are generated by applying a linear transformation
on |u7(i)> and so the space they span cannot be greater than n_. An identical
argument shows that the space spanned by {|u(i)> i, cannot be greater than
n. either. We have just proven that d¢ is an upper bound for the size of the null
square.

To prove that it is also a lower bound, note that the min(n,n_) linearly
independent vectors {|u;) = )\,:1/2|wk> +M;:1/2|¢k> ti=1,...,min(ny,n_)}
satisfy (u;|Clu;) = 0 for all ¢, j. Adding all n vectors from the null space of C, we

obtain a basis {|u;)}7c, with the property that (u;|A|u;) = 0.
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