Lniversitat
wien

DISSERTATION

Compactness of the 9-Neumann Operator

Mag.rer.nat. Klaus Gansberger

angestrebter akademischer Grad
Doktor der Naturwissenschaften (Dr.rer.nat)

Wien, im Februar 2009

Studienkennzahl It. Studienblatt: A 091 405
Studienrichtung It. Studienblatt:  Mathematik
Betreuer: Ao. Univ.-Prof. Dr. Friedrich Haslinger






Vorwort

Gegenstand dieser Dissertation ist das gewichtete 9-Neumann Problem auf
unbeschréankten Gebieten. Wahrend das ungewichtete im Falle beschrank-
ter pseudokonvexer Gebiete gut erforscht und eines der zentralen The-
men der komplexen Analysis ist, ist nur wenig iiber unbeschriankte Ge-
biete bekannt. Im Allgemeinen macht es keinen Sinn, unbeschrankte Ge-
biete ohne Gewicht zu betrachten. Auf beschrankten Gebieten sind fiir die
tibliche Klasse von Gewichten das gewichtete und das ungewichtete Prob-
lem dquivalent. Eng verwandt mit der Frage nach Existenz und Kompakt-
heit eines gewichteten 0-Neumann Operators N, wie sie in dieser Disser-
tation gestellt wird, ist die Frage nach selbigen Eigenschaften des kanon-
ischen Losungsoperators S, zur 0-Gleichung. Erste Antworten hierauf
finden sich in [14], wo der einfachste Fall eines unbeschrinkten Gebietes (2,
ndmlich ) = C", behandelt wird. Fiir den eindimensionalen Fall konnten
diese Ergebnisse in [22] verschérft und unter einer zusétzlichen Annahme
an das Gewicht eine Charakterisierung von Kompaktheit von S, gefunden
werden.

Das erste Kapitel beinhaltet eine generelle Einfiihrung, sowie die notwen-
digen Definitionen. Insbesondere wird erldutert, wie das gewichtete 0-
Neumann Problem auf C" mit der Spektraltheorie von Schroédinger Op-
eratoren zusammenhangt, und die fiir uns notwendigen Begriffe der Spek-
traltheorie werden erklart.

In Kapitel zwei werden bekannte, in der komplexen Analysis beschrankter
Gebiete bereits klassische Methoden entsprechend adaptiert, um den Fall
unbeschréankter Gebiete ebenfalls handhaben zu kénnen. Dadurch ergeben
sich neue, komplex analytische Beweise der Ergebnisse von [14], welche in
diesem Zusammenhang natiirlicher wirken als die spektraltheoretischen
ebendort. Der Vorteil unserer Methode ist insbesondere, dass sie auf allge-
meinere unbeschrdnkte pseudokonvexe Gebiete tibertragen werden kann,
was fiir den spektraltheoretischen Ansatz im mehrdimensionalen nicht gilt.
Wir werden das Zusammenspiel von Gewichtsfunktion und der Geometrie
des Randes sehen und eine Bedingung fiir Kompaktheit des 9-Neumann
Operators angeben, welche eine Kombination einer gewissen Bedingung
fiir den beschrankten Fall und einer fiir C" ist.

Naher eingegangen auf den Fall C" wird in Kapitel drei. Es werden neue
notwendige Bedingungen fiir Existenz und Kompaktheit des 0-Neumann
Operators angegeben. Unter einer zusitzlichen Annahme an die Eigen-
raume der komplexen Hessematrix der Gewichtsfunktion wird Kompakt-
heit auch in hoheren Dimensionen charakterisiert.

Schliefslich werden einige Spezialfdlle behandelt. Fiir den eindimensio-



nalen Fall wird ein Resultat aus der Theorie der Schrodinger Operatoren
vorgestellt, um eine neue Charakterisierung von Kompaktheit zu erhalten.
Weiters wird die seit langerem vermutete Tatsache gezeigt, dass entkop-
pelte Gewichte, d.h. Gewichte der Form ¢(2) = > "_, ¢;(z;) nie einen kom-
pakten Neumann Operator zulassen. Zu guter Letzt werden die vorherigen
Ergebnisse auf den Fall radialsymmetrischer Gewichte angewendet.

Kapitel vier widmet sich der Frage nach dem gewichteten Bergmanraum.
Hauptresultate sind ein neuer vereinfachter Beweis eines Theorems von I.
Shigekawa [28], welches ein Kriterium fiir einen nichttrivialen Bergman-
raum gibt, sowie die Tatsache dass Kompaktheit des gewichteten 9-Neu-
mann Operators unter gewissen Voraussetzungen einen unendlichdimen-
sionalen Bergmanraum bedingt.

An dieser Stelle mochte ich Fritz Haslinger fiir seine Betreuung danken,
bei dem ich mich stets gut aufgehoben gefiihlt habe.

Weiters gilt mein Danke Anne-Katrin Herbig und Bernhard Lamel fiir viele
wertvolle Anregungen und konstruktive Kritik. Auch hatten sie stets ein
offenes Ohr fiir meine Fragen und viel Zeit, diese zu beantworten. Beiden
nochmals herzlichen Dank dafiir.

Meiner Mutter Eva danke ich fiir ihre fortwdhrende Unterstiitzung auch
wiahrend des Doktoratstudiums.



Abstract

This dissertation deals with the weighted 0-Neumann problem on pseudo-
convex unbounded domains. Whereas the unweighted 9-Neumann prob-
lem on bounded pseudoconvex domains is one of the main aspects of com-
plex analysis, few is known about the unbounded case. In general it does
not make sense to consider unbounded domains without weight, since al-
ready in very easy cases questions of existence and compactness of the
Neumann operator become trivial. Note that for bounded domains and the
class of weight functions usually considered, the weighted and unweighted
problem are equivalent. Closely related to properties of the 0-Neumann
operator N, are the ones of the canonical solution operator S, to the 0-
equation. First results in this direction can be found in [14], where the case
1 = C" is investigated. In complex dimension one, sharper conditions
have been found in [22], assuming an additional property of the weight
function. The authors give a characterization of compactness of the canon-
ical solution operator.

The first Chapter contains a general introduction to the problem, as well as
the necessary definitions. In particular, the connection between the weight-
ed 9-Neumann problem on C" and the spectral theory of Schrédinger op-
erators is pointed out. Furthermore, the spectral theoretic notions needed
in the sequel are introduced.

In Chapter two, well known classical methods which have been success-
fully used for bounded domains are adapted to the setting of our problem.
Doing this, we obtain new purely complex analytic proofs of the statements
given in [14], which in this context seem to be more natural as the spectral
theoretic ones therein. The main advantage of our method is that it can
be extended to also treat unbounded pseudoconvex domains with bound-
ary. In higher dimensions, this is in fact not true for the spectral theoretic
approach. We will see the interplay between weight function and the ge-
ometry of the boundary and give a sufficient condition for compactness
of the 9-Neumann operator, which is a combination of a condition for the
bounded case and the one of the case of C".

Chapter three is a more accurate investigation of the case () = C". New
necessary conditions for existence and compactness of the 9-Neumann op-
erator are given and under a suitable assumption on the eigenspaces of the
complex Hessian of the weight a characterization of compactness in higher
dimensions is obtained.

Moreover, some special cases are treated. A Theorem from Schrodinger
theory is presented to handle the one dimensional case and give a new
characterization of compactness. Furthermore the conjecture that decou-



pled weight functions (i.e. functions of the form ¢(z) = >~7_; ¢;(2;)) never
admit a compact 9-Neumann operator is proved. Eventually, previous re-
sults are applied to radially symmetric weights.

The last section is dedicated to the weighted Bergman space Aé. Our main
results are a new proof of a Theorem due to I. Shigekawa [28], which gives a
condition for non-triviality of the weighted Bergman space, as well as con-
nections between compactness of the d-Neumann operator and the dimen-
sion of A?O. It is shown that in dimension one, compactness of NV, forces A?O
to be infinite dimensional. In higher dimension, the same result is proved
under additional assumptions on the weight.
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Chapter 1

Preliminaries

We begin with the basic definitions. For the moment, let us just consider
the case 2 = C". A weight function on C" is a C*>-function ¢ : C* — R™. By
L*(C",e%),n > 1, which we will often write as L*(C", ¢) or as L, if there
is no confusion about the domain possible, we denote the space

L?(C", e™%) := {f : C" — C measurable : / 1£(2)2e 2EdA(z) < o0},

where ) is the standard Lebesgue measure. We remark that this space
sometimes is defined without the factor 2 in the exponent. L% is turned
into a Hilbert space by declaring the inner product

()= [ $@E )

Cnr

and the norm || f||2, = (f, f),. We denote by L , (C", ) the space of (0, 1)-
forms with coefficients in L(C", ¢), i.e

L%OJ)((C”,@) ={f= ijdfj cfj € L2}

which is a Hilbert space by setting the inner product on L%O 1 (C™, ) to be
the sum of the inner products of the coefficients. An important subspace of
L%(C", ¢) of particular interest to us is the weighted Bergman space

A%(C",e7%) ;= {f : C" — C entire : / 1F(2)2e 2@ dA(2) < o0},  (1.1)

abbreviated as A2 (C").
We are only going to deal with plurisubharmonic weight functions. In
dimension one, subharmonicity of C 2_functions is equivalent to Ay > 0,

9



10 CHAPTER 1. PRELIMINARIES

where A denotes the Laplacian. In higher dimension, a function is defined
to be plurisubharmonic if it is subharmonic when restricted to an arbitrary
complex line. Plurisubharmonicity is a natural assumption on weight func-
tions, in the sense that for each positive weight one can find a plurisubhar-
monic one defining the same weighted space of holomorphic functions, see
[4]. In many cases the weights are even equivalent, see again [4] and the
references therein. Equivalence of weight functions means that the norms
induced are equivalent.

To define the 5—operator, we set

0:C(C™) — A(()O’l)7 of = Z gde
j=1""7

where C3°(C"™) denotes the space of smooth compactly supported functions
f:C" - Cand A((]O’l) the space of (0,1)-forms with coefficients in C§°. So
0 is a first order differential operator which is densely defined, since C$° is
dense in L?(C", e~¥). By extending its domain to dom(d) = {f € L2 : 9f €
L%m) (C™, )} itis turned into a closed operator, where in this deﬁmtlon the
derivatives are taken in the sense of distributions. This way of extending
a differential operator defined on Cg° is called the maximal closure of that
operator. The previously defined space A% equals the kernel of 0,s0itisa
closed subspace of L?(C", ¢) and therefore a Hilbert space itself. For a more
detailed introduction to the L?-theory of the -Neumann problem see for
instance [8].

As a closed, densely defined operator on a Hilbert space, O possesses an
adjoint, denoted by 8* which is closed and densely defined itself. The do-
main of that adjoint is dom(@*) ={feL?:3Cs.t.|(dg, [l < Cllgll, Vg €
dom(0)}, and we Characterlze it in our flrst Proposition. Unlike the case of
bounded domains, the boundary condition becomes a simple integrability
condition.

Proposition 1.1 Let f = > f;dz; € L%OJ)((C”,@). Then f € dom(3};) if and
only if
- of; 8%0 2
L .
;(az‘j aZ] f]) € ( 780)
Proof.  Suppose first that > 7 <% - %’; fj> € L?*(C", ), which

equivalently means that e?% ijl az; (fje=2¢) € L*(C", ). We have to
show that there exists a constant C' such that [(9g, f),| < C||gl|, for all
g € dom(d). To this end let (xr)gen be a family of radially symmetric
smooth cutoff functions which are identically one on B, the ball with ra-
dius R, such that the support of x r is contained in Br 1, supp(xr) C Br41,
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and such that furthermore all first order derivatives of all functions in this
family are uniformly bounded by a constant M. Then for all g € C5°(C"):

_ ) "9 _
(09, XRrf)p = Z<8:q,,><3f3> /«: 295 (XRfje—2s0) d,

by integration by parts, which in particular means

n 9 _—
w/(cn;gazj(mfje ) dx

(09, f)el = lim_[(9g, xrf)e| = lim

Now we use the triangle inequality and Cauchy — Schwarz inequality, to
get

R—o00

. 0 - _
lim /n;gazj (xrfje 20) d\

. (Fe . ~— Oxr _
<1 Q‘P 1 g ZAR 20
< || XRgZaf i+ Jim | [ 3 Tt i
< lim fIxr glle |e “’Za Fe )|+ Mlgliolflle

©
=lgll 6’2“’28 (e )|+ Mligllllf 1l

©
Hence by assumption,

(99, Fel < llgll, + Mligllollflle < Cligle

e2¥ Z 5 —2<p)
[

for all ¢ € C5°(C"), and by density of C5°(C") this in fact is true for all
g € dom(0). Conversely, let f € dom(9}) and take g € C§°(C"). Then
g € dom(0) and

<g7 g:;f>¢ :<5g’ f)‘P
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Since C§°(C") is dense in L?(C™, ¢), we conclude that

8*f— 28028 —250 ’

which in particular implies that €% > i1 aizj (fje %) € L*(C™, ).

The following Lemma will be important for our considerations.

Lemma 1.2 Forms with coefficients in C§° are dense in dom(9) Ndom(d};) in the
= = 1
graph norm f — (|17 + 10F1I% + 105152

Proof. First we show that compactly supported L?-forms are dense in
the graph norm. So let {xr}ren be a family of smooth radially symmetric
cutoff functions which are identically one on By and supported in Br 1,
such that all first order derivatives of functions in this family are uniformly
bounded in R by a constant M.

Let f € dom(d) Ndom(9;). Then xrf € dom(9) Ndom(d};) and xrf — f in
L%o;) (C™, ) as R — oo. As observed in Proposition 1.1, we have

G*f— 2(,026 —2(,0 ,

hence

I5(xrf) = —62“02 7 (xrfie *%).
We need to estimate the difference of these expressions
O5f — O5(xnf) = D5 — XIS + Z ok,
which by the triangle inequality is
1925 - Byl <1050 —xadif |, = Y [ IRGRea)

Now both terms on the right tend to 0 as R — oo, and one can see similarly
that also O(xrf) — Of as R — oc.

So we have density of compactly supported forms in the graph norm, and
density of forms with Cj°-coefficients follows by applying Friedrich’s Lem-
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ma, see for instance appendix D in [8].

The complex Laplacian is defined to be
Oy := 00}, + 93,0 (1.2)

and we again understand the symbol [J, as the maximal closure of that
operator initially defined on (0,1)-forms with coefficients in C3°, that is,
dom(0,) = {f € L%OJ)((C”,@ : 0f € L%O’Q)(C”,go), Nf e L2, Ouf €
L%O’l)((C”, ©)}. By definition, the operator O, is selfadjoint and positive,
meaning that (b, f, f), > 0 for all f € dom(O,). Denote the associated
Dirichlet form by

Qu(f,9) = (0f,09)p + (051, 59)¢ (1.3)

forall f,g € dom(0) N dom(a);).

If there exists a bounded linear operator N, on L%o;) (C™, ) which inverts
the unbounded operator O, we call N, the weighted 9-Neumann operator
and say that N, exists for that particular weight function. So if N, exists
we have O,N,f = f forall f € L%O’l)((C”,cp) and N,O,f = fforall f €
dom(O,). Note that it could as well happen that there exists an inverse
only on a certain subspace of L%o,1) (C", ¢), but we do not want to consider
that case. Besides boundedness, we are also interested in when N, is a
compact operator. An operator A : H; — H; between two Hilbert spaces
is called compact, if the image of each bounded sequence in H; contains a
convergent subsequence in H,. We shall often use the fact that A is compact
if and only if this is true for A*, which is the case if and only if AA* is
compact. Furthermore A is compact if and only if for each € > 0 there exists
a constant C. and a compact operator K. : H; — Hy both dependent on e,
such that

[AS [y < ell fllan + Cell Ke flla

forall f € Hy. See [29], Chapter 3, for a proof.
Let us also note the following easy but useful reformulations of existence
of N,.

Proposition 1.3 The following statements are equivalent:
1. The 8-Neumann operator N, exists and is bounded.

2. There exists € > 0 such that (O u, u), > e(u,u), for all u € dom(Oy,),
i.e., O, is strictly positive.

3. The injection 1 : dom(d) N dom(d;) — L%, 1(C", ) is continuous, where
dom(9)Ndom(8},) is equipped with the graph norm f — (||5f|]?0+||5;;f||3)%.
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Proof. (1) = (2): Suppose that [J,, is not strictly positive, so there ex-
ists a sequence (uy,), C dom(0,) with |lu, ||, = 1 and O,u, — 0as n — oo.
Clearly, under this assumption [, can not have a bounded inverse.

(2_) — (13): We have A" ¢ dom(D,,), so (2) implies Jull, < e '(lloull? +
[05ul|%)2 for all u € A(()O’l). Now by Lemma 1.2 smooth compactly sup-
ported forms are dense in dom([J,,) in the graph norm, so (3) follows .
(3) = (1): From [[ull2 < C(|du])? + [|05u]2) for all u € ALY we get by
substituting u = Nyv that | N,v[|2, < C(Nyv,v), < C|[Nyvl|yl|v]l,, which
by Lemma 1.2 shows (1).

U

We call the solution u of the equation du = f the canonical one, if it has
minimal norm. So the canonical solution is the unique one orthogonal to
ker(0). The canonical solution operator to 9, which we denote by S,,, is the
operator assigning to f € ker(9) the canonical solution of Ju = f.

As for bounded domains, S, and N, are closely related:

Proposition 1.4 Suppose that the O-Neumann operator Ny exists. Then the
canonical solution operator S, also exists and is given by 9 ,N,. Suppose ad-
ditionally that N, is compact. Then so is S.

Proof. If there is a bounded inverse N, to the complex Laplacian, also
Sy = 8;;N@ is bounded, since

IS 115 = 105N f15 < N0pNoF1IG + 10N £ = (BoNof, Nof )
and by Cauchy — Schwarz inequality

(OeNof, Nofho < IFIINoFllo <IN

By definition, 9N, f is perpendicular to ker(d), so it remains to show
(05N, f) = [ for any f with df = 0. From

0=0f = 800 + TL0)N,f = DOLIN, f
it follows that 950N, f € ker(d). Also, by definition, 950N, f € ker(d)*, so
050N, [ = 0 and hence

TGN, f = (00, + TLO)N,f = f.
When N, is compact, then S, is also, since
105N fI5 < {f, Nof)o < ell I + CelING 17

for any € > 0. In the last step we used Cauchy — Schwarz inequality and the
so-called s.c. —Lc. inequality (small constant — large constant inequality),
which relies on the fact that for each ¢ > 0 and any real numbers a, b one
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has
|ab] = |eas D] < e%a® + 7202

O

Since we are interested in existence and compactness of IV, we first
notice that equivalent weight functions have the same properties in this
regard.

Lemma 1.5 Let ¢ and oo be two equivalent weights, i.e., C7|.||4y < |.]lpy <
C||.||, for some C > 0. Suppose that S, exists. Then also S, exists and S, is
compact if and only if S, is compact.

An analog statement is true for the weighted 0-Neumann operator.

Proof. Let  be the identity ¢ : L%OJ)((Cnv‘Pl) — L%OJ)((CTL,SOQ), of = f,
let j be the identity j : L%, — L2, and let furthermore P be the orthogo-
nal projection onto ker(9) in L?Dl . Since the weights are equivalent, . and
Jj are continuous, so if S, is compact, j o Sy, o ¢ gives a solution operator

on L%O 1 (C™, ¢1) that is compact. Therefore the canonical solution operator

Sy = Poi™t0S8,, ouis also compact. Since the problem is symmetric in
¢1 and 2, we are done.
The assertion for the Neumann operator follows by the identity N, =
SpS5 + S5S,-

O

In the beginning we assumed our plurisubharmonic weight function to
be C2. The last Lemma in particular tells us that without loss of generality
we can restrict our considerations to weight functions that are C*°, since
having a given weight we can always add an appropriate bounded func-
tion to end up with a smooth weight. Note that two weights differing by a
bounded function always induce equivalent norms.

The Lemma also shows that existence and compactness of N, only depend
on the behavior of the weight function at infinity, since given a weight one
can arbitrarily change it on a compact set and will not affect existence nor
compactness of N,,.

We also remark that whereas existence and compactness of N, are invari-
ant under equivalent weights, regularity is not. We will take a closer look
at this in the next Chapter.

In Chapter two we attack questions of existence and compactness of
N, by adapting methods used for bounded pseudoconvex domains to our
problem. The reason why we consider the case (2 = C" separately is that in
this setting there is a connection to spectral theory, which we want to point
out in the following. We consider the §-complex on L?

L2((C ,p) = L%o,l)((: ,p) = L%og)((c . p)
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for a given smooth plurisubharmonic weight  : C* — R*. For v € L*(C")
set
"L [ Ov dp
= — +—=—v|dz 1.4
Z <8zk + 8Zkv> ks ( )

where the derivatives are taken in the sense of distributions, and for g =
- g5dz; € Ly 1) (C)

S
<

= dp 4 0g;
N T

j=1

The equation du = f for u € L*(C", ¢) and f € L%OJ)(C", ©) holds if and
only if Djv = g, where v = ue™® and g = fe~®. Note that there is an
obvious compatibility condition for this equation: since §* = 0, necessarily
Of = 0 must hold. Setting

n
5 9g; , Oy
Dyg = =L+ g ) dz A dz; 1.6
7,k=1
we see that this compatibility condition holds if and only if Dag = 0. So
existence and compactness of the canonical solution operator to 0 is equiv-
alent to existence and compactness of the canonical solution operator Sp,
to D, since
Sp, =€ 7Spe”.

The D- Laplac1ans D(O % and D( Y are defined by D( 0 — = DD, and DSDO’I) _

DD, + D3yDs, respectwely It follows that for g € L(0 1 (c™)

n 9% P gp g Op
D(Ol ; -
g = kz |:Z < 82 82]{; -7 0z azjg 62]85] t oz aZJ az]

1]j5=1

_%%ﬁﬁi@g .
0z 0z; 0702, ) | 7F

see [13] for the computation. So by definition, we have the for our consid-
erations important unitary equivalence

00V = e=0,e?. (1.7)

If one denotes by

0%
M, = (azjaZk> i 18)



17

the Levi-matrix of ¢ and defines its action on (0,1)-forms g = Z;‘:l g;jdz; as

= dz;
Meg = ];1 0z azkgk >

?]‘)

we can write the expression for Dfoo in the more elegant way

00D =009 @ T + 2M,,. (1.9)

We remark that M, sometimes is also called complex Hessian of . Anal-

ogously to the complex Laplacian, Dg)’l)

positive operator. Defining

N~ (2 0 0 . 0p
Bo = g((a% o 8%) +<83/J 8333) )7 (10

we also notice that

is by definition a selfadjoint and

4009 = A, — A, (1.11)

Let £ be the space of bounded linear operators on L2 For a closed, densely
defined operator A on L? we define the resolvent set of A to be

p(A):={\eC:(A-)N)"1eg}

To be more precise, A € p(A) if and only if (A — X) : dom(A) — L2 is bijec-
tive and its inverse is bounded. By the Closed Graph Theorem, it suffices to
check that A — X is bijective. The complement of the resolvent set is called
spectrum

a(A) =C\ p(4) (1.12)

of A. In particular, if A — X has nontrivial kernel, then A € o(A). In this
case \ is called eigenvalue of A and all L2-functions in this kernel of A — A
are called eigenvectors to the eigenvalue A. The essential spectrum of A,
Oess(A), is the set of all A € o(A) such that A — X is not a Fredholm opera-
tor. Fredholm operators are operators F' such that both ker(F') and ker(F™)
are finite dimensional. The discrete spectrum o4(A) of A is the comple-
ment o4(A) = 0(A) \ 0ess(A). Note that o, is not necessarily a closed set.
With these definitions, a point in the discrete spectrum corresponds to an
isolated eigenvalue with finite multiplicity. A point in the essential spec-
trum is either an eigenvalue of infinite multiplicity, an accumulation point
of eigenvalues or a point in the interior of o(A), the so-called continuous
spectrum.
The function

Ra:p(A) — £ A (A= X! (1.13)
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is the resolvent of A. We say that the operator A has compact resolvent, if
there is some A € p(A) such that the resolvent R4()) is compact. By the
first resolvent identity

Ra(A) = Ra(N) = (2 = 2')Ra(A) Ra(X))

follows that in this case the resolvent R4(\) is compact for all A € p(A).
This is also equivalent to o.ss(A) = 0.

If A is selfadjoint, then o(A) C R. If moreover A is positive, then o(A) C
[0, 00). We also note that A > B implies inf 0(A) > inf 0(B) and the same
inequality holds for the bottom of the essential spectra. In other words, if B
is invertible, then so is A; if B has compact resolvent, then A has. For proofs
and a more detailed introduction to spectral theory, we refer the reader for
instance to [29].

Summing up, we have the following equivalences:

Proposition 1.6 The 9-Neumann operator N,, exists if and only if the unbounded
(071) /
operator O, has a bounded inverse.

The O-Neumann operator N, is compact if and only if Dg) Y has a bounded inverse
and compact resolvent.

. . 0,1 _
Proof. From our considerations above, we have Dfp ) — e ¥Oye?, see

(1.7). By definition of the spectrum, the inverse of [J, is bounded if and

only if 0 ¢ o(0,). Now T : L? — L?D, Tf = fe¥ is an isometry, meaning

that the spectra of [, and Dg] ")) coincide. This shows the first assertion.

If N, is compact, then it is in particular bounded and R 1) (0) is compact
o

via RD&O,U(O) = e?N, e~ ?. Conversely, compactness of RD&O,I)(O) implies

compactness of N,,.

0

In Chapter 3 we will make use of these equivalences to find spectral
theoretic conditions for existence and compactness of N,.



Chapter 2

Complex analytic methods

In this Chapter, we adapt methods which were used for bounded domains
to the setting of our problem. By doing this in section 2.1, we achieve differ-
ent proofs of the statements given in [14]. The authors obtain their results
for weighted L2-spaces on C" mainly by applying spectral theoretic argu-
ments. The advantage of the approach we use here is that it also extends to
unbounded domains with boundary. For the spectral theoretic approach,
this is only true in dimension one.

2.1 Weighted L*-spaces on C"

The first thing to do for us is to get an analog of the Kohn —Morrey formula
in our setting. Note that due to our definition of L?(C", o), the formula
differs from the usual one, as for instance given in [8], by a factor 2.

Theorem 2.1 (Kohn — Morrey formula) Let f = Y70, f;dz; € dom(9) N
dom(9;). Then

- Pe 4 o - of;
(Cn

2
e 22d\ = ||Of11% + 95 fII2.
k .
],k:1 (C'n,

(2.1)
Proof. Since compactly supported smooth forms are dense in dom(9) N
dom(é@) in the graph norm by Lemma 1.2, it suffices to show the formula
for those. For general forms in dom(9) N dom(9;;), the Theorem follows by
approximating it like in Lemma 1.2 and using the Dominated Convergence
Theorem.
Now having given a compactly supported form, one can find a ball contain-
ing its support and apply the classical Kohn — Morrey formula for bounded
domains, see for instance Proposition 4.3.1 in [8]. The boundary term van-

19
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ishes, since the support is compact.

0

The Kohn —Morrey formula analogously holds for (p,q)-forms, see Proposi-
tion 4.3.1 in [8]. Combined with Lemma 1.2, we get some interesting Corol-
laries.

Corollary 2.2 Let f € dom(d) N dom(8};). Then there is a sequence (fn)n C
A((Jo’l)((C”) converging to f in L%O 1)(((3", @) such that (Mg frn, fn)e — (Myf, e

If moreover f € dom(O,), then there exists a sequence (fn)n C Aéo’l)(C”) con-
verging to f such that (O, fr, fr)e — (Do f, e

Proof. Suppose given a sequence of forms ( f;,),, with coefficients in C§°
that converges to zero in the graph norm f — (|| f||2 + |0.f]12 + ”5$f||3)%-
Then by Theorem 2.1 also (M., fy, fn), converges to zero, since both terms

on the left hand side are positiv_e. B
If f € dom(0y,), then f € dom(0) N dom(0}). In this case,

(Oofs o = 10FIZ + 10512,
thus by Lemma 1.2, there exists the claimed sequence with (O, fy,, fn)e —
(Oef, e
]

Corollary 2.3 Suppose that f € dom(d) N dom(d;). Then there is a sequence
(fn)n C A(()O’l)(C") converging to f in L%O 1)((C", ) such that M, f,, — M, f in
L%[),l) (C™, ).

If moreover f € dom(O,), then there exists a sequence (fn)n C A(()O’l)(C") con-
verging to f such that O, f,, — Oy f in L2,

Proof. Since both claims can be proved similarly, we will only show
that for any f € dom(0,) there exists a sequence (fy,), C A(()071)((C") such
that O, f, — O, f. For a linear operator A which is positive with respect
to an inner product (.,.), it is easy to see that (Af, f) = 0 if and only if

Af = 0, since such operators always possess a square root, and therefore
(Af, f) = HA% fll- Thus it suffices to show that we can find a sequence (f,,)»
such that

Op(f = fu), [ = fade — 0,

since [, is cloded and moreover dom(A) C dom(A% ). See for instance [29],
Satz 8.22 for a proof.
If f, = fin L%0,1) (C™, p), then by Cauchy — Schwarz inequality

|<D<,ofa f— fn><p’ §||Dsof||90||f - anso — 0.
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Thus it remains to show that also

<|:|4.0fn7f - fn>so —0

But, by the previous Corollary, there is a sequence such that (Cl, fr, fn), —

<D4,0f7 f>§0/ S0

<D80fnaf_fn> < stnv > <D<mefn>90
< gofna > < <Pf7f><p+<|:|g0f7f><,0_ <D<pfnafn><p
<fn cpf> < <pf7f><p_<|:'g0fmfn><,0

— 0.

O

Another interesting combination of Theorem 2.1 with Proposition 1.1 is
the following Lemma:

Lemma 2.4 Suppose that the greatest eigenvalue A\, of M, is bounded. Then
A%OJ)(C", ¢) C dom(03).

Proof. Let f € A ((C”,ga) and choose a family of smooth cut-
off functions {xr}ren Wthh are identically one on B ry and supported
in B(g,r+1), such that all the first order derivatives of g are uniformly

bounded in R by a constant C. Then xrf € A(()O’l) (C™) C dom(0) ﬂdom(éjz),
and by Theorem 2.1

3 Ok X f —
00RO + 135 DIE = 2GAM f ) —%23‘/w )" -2y
By the Leibnitz rule, the right hand side equals
f]a(XR) ? —2¢
2XH(Muf, oy +Z | e .
FBri1\Br

Now since f; € L7 and the first order derivatives of x are uniformly
bounded, the second term on the right hand side tends to zero as R — oc.
The same argument also applies to the first term on the left. Hence taking
the limit, we get

19512 < 25up A=) 1112,

since on the one hand 2XH (Mo f, [y < 2sup Ay, HfH2 and on the other hand
105 (xrHIIZ = 195 f1I2 for R — o0, as observed in the proof of Lemma 1.2.

g
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The Kohn — Morrey formula also immediately gives us our first result
on existence of the weighted 0-Neumann operator. But note that the fol-
lowing criterion is not sharp, as will become clear in Chapter 3, section
3.3.1.

Theorem 2.5 Suppose that ¢ is a plurisubharmonic C?-weight function and sup-
pose that on the complement of a compact set K it holds that \y > ¢ for some
€ > 0, where A\ denotes the least eigenvalue \y of the Levi-matrix M, . Then N,
exists and is bounded.

Proof. Let K be such a compact set with A\; > e on C" \ K. Let Bbe a
ball with radius R containing K and let y be a radially symmetric function
with compact support, which is identically one on B. Adding x|z|?x(|2|?)
to the weight function ¢ will give an equivalent weight 1), since the differ-
ence ¢ — v is bounded. By construction, the least eigenvalue of v is bigger
than x on K. Since it has compact support, the Hessian of «|z|?x(]z|?) must
have negative eigenvalues on C" \ K — but choosing x small enough, i.e.
for instance x < e(4nRsupj, <o |D*x|)~", the Hessian of ¢ will compensate
this on C" \ K, such that by switching to an equivalent weight, we may
without loss of generality assume that the least eigenvalue of M, is uni-
formly bounded from below by some § > 0 for all z € C". Now from the
Kohn — Morrey formula (Theorem 2.1) it follows that

SIFII5 < IOFI1% + 1951115

So the complex Laplacian is strictly positive and therefore has a bounded
inverse by Proposition 1.3.

0

Analogously it follows, that if the sum of any ¢ eigenvalues of M, is
greater than ¢ > 0, then the weighted J-Neumann operator exists on the
level of (0,q)-forms.

Example. Suppose that the weight function is ¢(z) = |z|>. Then M,, =
I for all z € C", all eigenvalues are identically 1, and by Theorem 2.1

Bofs e 2 £ llg-

So the weighted 0-Neumann operator N, exists and is bounded by Theo-
rem 2.5.

To obtain conditions for compactness of N,, similar to the bounded case,
we first give the following definition:

Definition 2.6 We say that the norm |.| on L?(C") is strictly weaker than the
norm ||.|| if the identity is a compact operator from (L?D((C”), Il to (L?O((C”), l.])-
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With this we may carry over the following well known characterization
of compactness to our setting.

Proposition 2.7 Suppose that ¢ is a plurisubharmonic weight function such that
a bounded 9-Neumann operator N, exists (i.e. for instance if it satisfies the as-
sumption of Theorem 2.5) and let ||.|| x be a norm strictly weaker than ||.||,. Then
the following are equivalent:

1. The 9-Neumann operator on the level of (0, 1)-forms Ny, is compact.

2. The embedding of the space dom(d) N dom(d};) provided with the graph

= = 1, .
normu — ([ull2 + |0ull2 + |95ull)z into L%OJ)((C”, ©) is compact.
3. For each € > 0 there exists a constant C. > 0 such that
— _* l
lullp < e(lOull? + [5ull2)? + Cellul x
for all u € dom(d) N dom(d;).

4. The operators 0, N1,, and 9 Ny, are both compact, where Ny, denotes the
O-Neumann operator on the level of (0, 2)-forms.

Combined with Lemma 1.2, the proof is the same as for bounded pseu-
doconvex domains, see [5].

Weighted Sobolev spaces

In order to find such weaker norms, we need to define weighted Sobolev
spaces. There are several more or less obvious ways to do this, but as is
turns out not each of them is suitable to our problem. Having in mind our
characterization of compactness in Proposition 2.7, we first try what seems
to be the most natural:

Definition 2.8 Let H*(C") be the classical Sobolev space on C" = R?™ with
norm |7 = <k 1DFII?, where o = (e, ..., a2,) is a multiindex and
la| = a1 + - - - + aop. Then we define for k € N the weighted Sobolev space

PHH(C") := {f € LL(C") : || fe |l < oo}
and set || flce i == [ fe~# k-

Then for all k, e¥ H* is a Hilbert space by definition, with Hilbert struc-
ture induced by the isometry 7 : H*¥(C") — e¥HF(C"), Tf = ef. In
particular, T is an isometry between L?(C") and L?(C", ¢). This would be
a convenient definition of a weighted Sobolev space, since 7' would imme-
diately allow to carry over properties from the classical Sobolev spaces to
the weighted ones, but the next Lemma shows that it unfortunately is of no
use for us.
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Lemma 2.9 For every weight function , the injection
L e? HF(CM) — L2(C", )
is not compact.

Proof. We have the following diagram:

H¥(C") —— e?HM(CM)

Lll l”
IA(C") —— L*(C" ),
where ¢; and ¢ are the inclusions. So if ¢ is a compact embedding, then the
embedding H*(C") — L2(C") is compact. This is not the case, as one can
take any f(z) € H*(C") with norm equal to one and compact support, and
transverses of it, i.e., functions of the form f,,(z) = f(z — z,). If one chooses
2y, such that the supports of f,, are pairwise disjoint, the obtained sequence
is bounded and can never have a convergent subsequence in L?(C"), since
all f,, are pairwise orthogonal.

O
A better try is the following.

Definition 2.10 We define for k € N the weighted Sobolev space
HE(C™) == {f € L(C") : D*f € LZ(C") Vl|a| <k}
and set || fIIf , = Xjag<r 1 DS I3

This definition already appeared before in the literature, also in connec-
tion with the question whether the injection HY — L2 is compact. Em-
bedding theorems of this kind have been successfully used in Probability
Theory as well as in PDE Theory. The reader can find more about this way
of defining a Sobolev space in [1] or [21] and the references therein. Unfor-
tunately, we are not aware of any sufficient condition on ¢, which would
be applicable in our context. But let us nevertheless mention an interesting
necessary one taken from [2], that is, e=2¥ € L!(C").

The only working definition of a weighted Sobolev space we know of is the
following, which already appeared in [12]:

Definition 2.11 Let for X; = % - 2@% and Y; = 8%]_ — 28%

H;W(cc") = {feLfO:XjfeLf,,ijeLi, V1< j<n}

and set

I/

oo = I+ D0 (XGAI + 1Y f13)-

1<j<n

Similarly define H), ¢,(Q) == {f € LL,(Q) : X, f € L%(Q),Y;f € LE(Q) Vj}.
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Although this seems at the first glimpse very similar, it is not the same
as defining || f|l1,» vy == || fe~2?||1. In fact, e2¥ H*(C™) is in general not even
embedded in L?(C", ¢). The space H ;,W can be characterized as follows.

Lemma 2.12 Let D; : dom(D;) — L2, D;f = g—zfj, let D; be the complex
conjugate of D; and let D7 be the Hilbert space adjoint of Dj in L2. Then

H} g, = N} (dom(D;) N dom(Dy)).

Proof. By a similar computation as in the proof of Proposition 1.1, the
adjoint of Dj is given by D f = —eQ‘f’a%j(e*Q@f). Now it is easy to see that

of

03 =2 (g5 -2 g2 ) =i+ vt

and similarly
o, of Oy v
2D f =2 <azj 25 > = X, f —iY;f.

Soif X;f € L2 and Y;f € L7, for all j, then f € dom(D}) N dom(D ) for all
j and vice versa

g

Note that by definition, H} o vp(C") = L? »(C") continuously. Therefore
one has the converse inclus1on for the dual spaces (L2)* = L? — (H} ¢,)*

But H! v, is a Hilbert space with inner product

<f7g>Héva = <f7 g>§0 + Z(X]fa ng>t,0 + <}/3f7Y79><p7
j=1

so by the Riesz Theorem each continuous linear functional ¢ on H}

£V, Can
be represented by

o(f) = (f,9) m

for an uniquely determined y € H} »vy- 1f we denote the L2-adjoint of X;
by X7, we can express ¢(f) as

@,V

O(f) = (fry+ Y _(X;X; + YY)y, (2.2)

j=1

via integrating by parts, since C5° is dense in H oV Xjand Y; can be
viewed as unbounded operators on L?,. From this point of view, for each

continuous linear functional ¢ there exists an unique y € dom(X;)Ndom(Y;)
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such that (2.2), but note that (X X; + Y}'Y;)y not necessarily belongs to L2
anymore. The dual norm is defined by

[6ll-1eve = sup  [o(f)], (2.3)

Hf”l,ap,V(pzl

where we denote the dual space (H ;,Vso)* by H;lvw. Coming back to the
injection H, ;va — Li and its dual, each y € Li defines a continuous linear
functional on H ;Vso in the natural way by ¢,(f) = (f,y),. Therefore for
functionals ¢,, which we now identify with y, it holds that

lyll=1,4,vp = sup [(fs )l (2.4)
fecg, I1fllo=1

By density of C3°, (2.4) holds for any ¢ € H;lvsp. Now we need to know
when ||.||_1 4 v, in fact defines a norm strictly weaker than the weighted
L?*norm |.||,. A condition is given by the following Proposition from [12],
which is the analog of the Rellich — Kondrachov Theorem in our setting:

Proposition 2.13 Suppose that thereis a 6 € (0,2) such that

lim (0|V(2)]? + Ap(2)) = co.

|2 =00
Then the embedding of H), ,(C") into L*(C", ) is compact.

Proof. For the proof we just refer to [12], since we will prove a more
general result (Proposition 2.23) using the same idea later.

O

Note that the assumption of Proposition 2.13 is in particular fulfilled
if the greatest eigenvalue \,,(z2) of the Levi-matrix M, tends to infinity as
|z| — oo, since Ap = 4tr(M,), and the trace equals to the sum of the eigen-
values, which are all positive. But clearly, this is not necessary, as for the
weight ¢(z) = |z|? for instance all eigenvalues of M,, are bounded by one
and the assumption is nevertheless fulfilled. This example also shows that
having a compact injection of our weighted Sobolev space for some ¢ does
not imply compactness of N,. Nevertheless, the form domain of the oper-

ator fo ) as defined in (3.5) looks very similar to H i:,mp

of the injection of the form domain into L? is sufficient for D((po Y to have
compact resolvent.

and compactness

Compactness of N,

In the sequel we give a new independent proof of the main result on com-
pactness in [14]. The idea we use is the one of Catlin’s proof in [6], showing
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that property (P) implies compactness of the 9-Neumann operator.
Let us recall that a bounded domain is said to satisfy property (P), if for

each positive number M there is a plurisubharmonic function A € C*(Q2)
with 0 < X\ < 1, such that

S
8zj8§k

(2)t5t, > Mt|?
jok=1

for all z € 92 and all t € C". This notion is due to Catlin and was intro-
duced in [6] for the first time.
It was also shown in [6] that each bounded domain of finite type satisfies

property (P).

Theorem 2.14 (Gdrding’s inequality) Let Q2 be a smooth bounded domain.
Then for any form w compactly supported in Q2 with coefficients in H é7V¢<Q) it
holds ) )

lullf o v < C,0) (10ullf + 105ullf + [lull}) -

Proof. The operator —[, is strictly elliptic since its principal part equals
the Laplacian. Now —, = —(0 @ 8};)* o (0 ® 8};), so from general PDE the-
ory follows that the system 0 & 97 is elliptic. This is, because a differential
operator P of order s is elliptic if and only if (—1)*P* o P is strictly elliptic.
So because of ellipticity, one has on each smooth bounded domain € the
classical Garding inequality

lullf < C(Q) (l0ull* + [|95ull* + lull?)

But our weight ¢ is smooth on ©, so ¢ and all first order derivatives are
uniformly bounded, therefore

ullf g.vp S Nllf o + llully < llullf + [lull®.

Applying the classical Garding inequality, we get

lulli o v < 10ul® + [105ull* + [lul®
and by boundedness of ¢ also

10ull* + 105ul® + ul® < 10ull}, + 195ul3 + llull?,
which proves the Theorem.

0

Theorem 2.15 Let ¢ be a plurisubharmonic smooth weight function. Suppose
that the least eigenvalue \i(z) of the Levi-matrix M, tends to infinity at infinity.
Then N, is compact.
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Proof. By assumption also Ay — oo as z — o0, since Ap = 4tr(M,).
So by Proposition 2.13, it suffices to show a compactness estimate like in
Proposition 2.7 to prove the Theorem.
Let ¢ > 0 be given and choose an integer M such that M~ < £. By as-
sumption, there exists R such that A\(z) > M whenever |z| > R. Now let x
be a smooth cutoff function which is identically one on B(R, 0). Hence for

each f € dom(9) N dom(af,) we estimate:

n 82 _
MRS [ G ety M
3k=1 cn\B(R,0)
Q1)+ MU,
SQcp(fa f)+ MHXfH1750,V30”fH—1,</2,Vs0

by definition of the dual norm (2.4). Now using s.c. - l.c. inequality, we
estimate the last line by

Qu(f, f) + Mallxflf v + ¢ M| f21 09, = (),

where a is to be chosen a bit later. Applying Gardings inequality 2.14 to the
second term yields

(") € Qu(f. f) + MaCy,Qu(f, f) + a " M| fII*1 »ves

where the constant C , is dependent on the support and the derivatives of
x. Dividing by M, we get

1
1113 < 27 @elf ) +aCxeQu(f, f) + a I £12 10,90

so if we choose a such that aC, , < 5, we get the desired estimate.
a

Remark. Requiring that the least eigenvalue of M, tends to infinity,
is analogous to property (P) introduced by Catlin in [6] in case of bounded
pseudoconvex domains. Therefore the proof is essentially the same. Note
that we do not need assumptions like boundedness of the weight function,
since we need not to switch back from weighted norms to unweighted ones.

Regularity

We conclude this section with the following remark on regularity. Since
there is no boundary in our situation, we are dealing with a purely elliptic
problem and get regularity in the interior more or less for free.
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Theorem 2.16 Denote by H;"'.(C™) the space of functions which locally belong to
the classical unweighted Sobolev space H™ (C").

Suppose that du = f and suppose f € Hy 1) (C") N L%OJ)((C”,@). Then
u € H'F 1(((3”_) N L%(C", ). In particular, if there exists a canonical solution

operator S, to 0, it is always globally regular in the sense that it maps Cg (C"N
L%OJ)((C”, ) into C>=(C™) N L%(C", ¢).

Suppose that Opv = g and suppose g € Hyy, o 11(C") N L%OJ)((C”,@). Then
v € Hlygj(g,l)((?”) N L{,1y(C", ). In particular, if there exists a weighted 0-
Neumann operator N, it is always globally reqular in the sense that it maps
Co1)(CM) N LY, 1y(C, ) into itself.

Proof. Since Ou = f, one has 90u = 0f. Now Jf € legc_((l] 2(C") and

00 acts componentwise as the Laplacian, so the first part of the Theorem
follows from regularity properties of the elliptic operator A, since from
Ag = hand h € H(C") follows g € H;"*(C"). This is in fact true for
any elliptic operator of second order, thus in particular for [J,. The reader

can find more on elliptic regularity for instance in [9], Chapter 6.3.
g

Remark. This should be compared with regularity properties of the
0-Neumann operator on bounded pseudoconvex domains. If we consider
a smooth bounded pseudoconvex domain 2 in C", then the spaces L?(2)
and L?(Q, ¢;) coincide, when ¢; = t|z|?, since all these weights are equiv-
alent. Lemma 1.5 tells us that either Ny, is compact for all ¢ > 0 or it fails
to be compact for all ¢ > 0. However, for each domain of this form a suffi-
ciently large ¢ can be found such that Ny, becomes exactly regular, mean-
ing that Ny, maps the Sobolev space H (’; @) (22) boundedly into itself for ev-
ery k > 0, while nonetheless there are domains for which the unweighted
0-Neumann operator N is not exactly regular at all. See for instance [8],
Chapter 6.1 on this topic.

Although [, is strictly elliptic, the question whether S, is exactly reg-
ular is harder to answer. This is because our domain is not bounded and
neither are the coefficients of [J,. Only in a very special case the question
is easy - this is, when A?O = {0}. In this case, there is only one solution
operator to 0, namely the canonical one. So if f is a (0,1)-form with coeffi-
cients belonging to H, !; (see Definition 2.10) and u is a solution to du = f, it
follows that 0D“u = D f, since 0 commutes with % and 8%}_. Now S, is
continuous, therefore || D%ul|, < ||S,||||D® f||,, meaning that u € H’;. Thus
in this case, S, is a bounded operator from H, f; — H ZZ.
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2.2 Unbounded domains with boundary

Now let us consider unbounded pseudoconvex domains 2 C C", and de-
note the boundary of 2 by 0. Suppose that 2 is given by a defining func-
tion 7(z), and in the sequel we always will assume |Vr(z)|? = 1 for z € 9.
Analogously to the previous section we define the spaces L?(2) and L2 (1)
and similarly for forms, but since we are interested in when the 9-Neumann
operator is compact we shall restrict ourselves to the case with weight. The
next Lemma clarifies the reason why we do this. But let us first give the
following Definition, see for instance [1] for more details on this notion.

Definition 2.17 We say that a domain Q2 quasibounded if and only if

lim  dist(z,00) = 0.

z2€Q, |z|—o00

Equivalently, Q is quasibounded if and only if there does not exist an r > 0 and a
sequence of congruent pairwise disjoint balls with radius r contained in Q.

Example. An example of an unbounded but quasibounded domain is
Q = {(21,22) € C?: |2} + 23| < 1}. The domain contains all points of the
form (z, £iz), so it is definitely unbounded. To see that it is quasibounded,
let us introduce the new coordinates w; = 21 + iz and wy = 21 — 2y, so
Q = {|wywsz| < 1}. Written in this form, quasiboundedness of €2 is obvious.
This latter domain {|zw| < 1} C C? in fact is the prime example of a quasi-
bounded domain.

A modified bounded version of this latter domain is Q = {(z1,22) € C? :
|22 + 23| +]21]2 +|22)* < 1}, the so-called minimal ball. This domain is inter-
esting since an explicit formula of the Bergman kernel is known, although
it is neither Reinhardt nor homogeneous, see [27].

Lemma 2.18 If ) is unbounded but not quasibounded, then the unweighted 0-
Neumann operator is — if it exists — not compact on L?((2).

Proof. If B(z;, ) is a sequence of disjoint balls contained in (2, take a
(0, 1)-form v with coefficients in C5° supported in B(z, ) such that ||v|| 2 =
1. Without loss of generality we can assume zp = 0 and clearly, v € dom(0J).
Now take transverses v, (2) = v(z—zy,) of v. They have disjoint support and
|on|| L2 = 1. Ovy, is a bounded sequence, but the functions NOv,, = v,, are
pairwise orthogonal hence they can not contain a convergent subsequence.
Thus N is not compact.
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Remark. If there is a sequence B(z;,7;) of disjoint balls contained in
Q, such ’[hfl’[ r; — 00, then by a similar argument it follows that the un-
weighted 0-Neumann operator on 2 is not bounded.

So consider the space L?D(Q) with ¢ : @ — R* smooth and plurisubhar-
monic in € as well as continuous on (), such that p(2) — oo for |z| — oco.
From now on in this section, a weight function on (2 is a function having
these properties. d can be extended to an unbounded closed operator on
L2(9) and therefore possesses an adjoint J%. The following Proposition
characterlzes the domain of 8:; and the cr1ter1on is exactly the combination
of the 9-Neumann conditions and the integrability condition from Propo-
sition 1.1.

Proposition 2.1{9 Let f =) f;dz; € L%O,l)(Q ©). Then f € dom(9}) if and
only if Y71, fjg—;j = 0 on 9 as well as

" (0f; 0
> (P23t p) e icnp
j=1

Proof. The proof is similar to the one of Proposition 1.1. Given an f
tulfilling the conditions and using the same notation as in the proof of 1.1
we have

_ or _o,_
<XRfaag /Za XRfj )gd)\“‘/XRZf]azJ@ ‘pgda

a0 J=1

—— [ X (e )30

(Cn]l

for all g € dom(0) by assumption. So f € dom(9;) by the same arguments
as in the proof of Proposition 1.1.
Conversely, for f € dom(09};) and any g € Cg°,

n

_ _ 87
@:1.90 =109, =Y [ fyge .
j:1 QO

Again in the same way as in the proof of Proposition 1.1 we obtain

O*f— 2@28 —2@ ,
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hence ¢ 7%, az (fje7%%) € LZ(Q). Now doing the same calculation for
general g € dom(@) we get from integrating by parts

(O21.9)0 = (£.09), = (~¢* Z 7)o+ 92 Do e
o JI=1
Thus comparing the two expressions for 9 [/ we see that the boundary in-

tegral has to vanish for all g, which is the case if and only if > 7, f; 5 dr —0
on 0f).

([l
Lemma 2.20 Suppose that 9 is C¥*1. Then for any f € dom(d) N dom(};)

there is a sequence (f™), C CF(Q) such that f") — f in the graph norm
fr (IIfH2 + 0f11% + ngnga)% and ™ vanishes on Q \ B(0,n) as well as

> 1f onaQ

Proof. Keeping the notation from Lemma 1.2, we see by a similar proof
that xyrf — f in the graph norm. Now by Lemma 4.3.2 in [8], for each R
fixed xrf can be approximated by a sequence with the claimed properties.
Thus the Lemma follows by choosing a diagonal sequence.

O

As in the previous section, we have the following

Theorem 2.21 (Kohn — Morrey formula) Let Q be of class_C2 and let r be a
defining function of Q2. Then for any f =377, f;jdz; € dom(0) N dom(9})

22/8 fgfke_Q‘pd/\—FZ/‘ 0 [ —2¢dx+2/8

2 *
= 0113 + 195 £1IZ.

where o denotes the surface measure.

fke <pd0'

Proof. The proof is exactly the same as in the case of bounded (2, using
Lemma 2.20.

0

Having this, one can show analogously to the previous section:

Theorem 2.22 Suppose that Q is pseudoconvex and of class C?, and let ¢ be a
weight function on ). Suppose that

liminf Ai(2) >e >0,

2€Q, |z|—o00

where Ay denotes the least eigenvalue of the Levi-matrix M. Then N, exists and
is bounded.
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To get a first result on compactness, let us now impose the following
condition on the weight function. Suppose that

A1 — oo for |z| — oo aswell as A} — oo for z — IS (2.5)

Under this assumption, we can carry over the results from the previous
section.

Proposition 2.23 Suppose that the weight function satisfies
‘leiinoo(0|ch(z)|2 + Ap(2)) = +oo as well as
lim (0V (=) + Bp(2)) = o0

for some 6 € (0,2). Then the embedding of H, () into L*(2, ¢) is compact.

Proof. Using the same notation as in the formulation of Proposition

2.13, we have for the vector fields X; and their formal adjoints X7 = —%

for any f € C5°(2)
(X4 X)f = 222 Fand [, X71f = 222 .

Jr5%) 2
Ox; &rj

as well as
(X5, X1 Do = 1X5 15 = 1 X5 F112,
(X5 + X)) FI5 < L+ 1/l f11% + L+l XS fI13,
for each € > 0. Similar relations hold for the vector fields Y;. It follows that

n

@2AVe()* + (1 + Do), o < 2+ e+1/6) Y _(IXGF15 + 1Yif13),
j=1

and since C3°(€2) is dense in H g}77v<p(§2) by definition, this inequality is valid
forall f € H] ().

If (fx) is a sequence in H, é’V@(Q) converging weakly to 0, then ( fi ) is also
bounded and our assumption implies that for any N € N we can find a

smooth bounded domain Qy C 2 such that
U(z) =2|Ve(2)]? + (1 + ) Ap(z) > N
on Q \ Qu. Therefore we obtain

U 2
fulPe™22ax < | |ful?e 29 d\ + Me—% d\
N
Q QN

O\QN

Chy
< ka”%?(QN) + ﬁ”fk”%,@,w'
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Now the classical Rellich — Kondrachov Theorem asserts that the injec-
tion H!(Qy) — L?(Q) is compact. Combined with our assumption, this
shows that a subsequence of () tends to 0 in L?(C", ¢), which proves the
Proposition.

O

Remark. Note that we do not need to assume ¢ to be plurisubhar-
monic in Proposition 2.23. If it is, one can drop the ¢ in the formulation of
the Proposition.

Using Lemma 2.20, again the same proof as in [5] shows that Proposi-
tion 2.7 analogously holds in the setting of section 2.2.

Proposition 2.24 Suppose that ¢ is a plurisubharmonic weight function such
that a bounded 0-Neumann operator N, exists and let ||.|| x be a norm on Li(Q)
strictly weaker than ||.||,. Then the following are equivalent:

1. The 0-Neumann operator on the level of (0, 1)-forms Ny, on L%OJ)(Q, )
is compact.

2. The embedding of the space dom(d) N dom(};) provided with the graph

norm u — (||lull + |0ul|? + ||5f;u||§,)% into L?

(0.1 () is compact.

3. For each € > 0 there exists a constant C. > 0 such that
— _* l
lull, < e(lloull? + 105ull2)? + Cellullx
for all u € dom(d) N dom(d).

4. The operators 9% N1, and 9% No , are both compact, where Ny, denotes the
0-Neumann operator on the level of (0, 2)-forms.

Eventually we use Theorem 2.14 to repeat the proof of Theorem 2.15 in
this setting and get

Theorem 2.25 Suppose that the weight function ¢ on ) fulfills condition (2.5).
Then N, is compact.

Example. Suppose that 2 C C is the upper halfspace, given by Q2 =
{z : Jmz > 0}. Let pp; = e MY, where y = Jmz. Then, clearly, 0 < ppr <1
and ¢ is subharmonic since Ay = M2e=MY. In particular Apy = M?
on 0N. If we set

|
o= 50 (2.6)
j=1

then ¢ equals a smooth subharmonic function in Q such that Ay — oo as
z — 0f). This consideration shows that given a weight 1) on 2 such that the
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least eigenvalue \; of My, fulfills \; — oo for |z| — oo, one can always find
a weight inducing an equivalent norm and satisfying condition (2.5).

In a bit more generality, suppose that 2 C C" admits a global strictly
plurisubharmonic defining function r(z).  therefore is strictly pseudo-
convex and we again set p); = eMr(2) - As before, 0 < oy < 1and ¢y is
strictly plurisubharmonic:

8290M &r Mr(z) 2 or or Mr(z)
5,07 ) = Mg gz, HeT H MG (@) 5o ()T

Since we assumed strict plurisubharmonicity, for all z € 9€2 the least eigen-

value of ( 8226%) N is strictly positive. But although it could possibly tend

to 0, (2.6) will nevertheless give us a bounded function such that the least
eigenvalue of the Hessian of ¢ explodes at every boundary point, meaning
that we proved the following

Lemma 2.26 Let 2 C C" be a domain with a smooth strictly plurisubharmonic
global defining function r(z). Then there is a bounded smooth plurisubharmonic
function ¢ such that all eigenvalues of the Levi-matrix of ¢ tend to infinity as
z — O0f

In particular we have the following Proposition

Proposition 2.27 Let Q C C" be a domain with a smooth strictly plurisubhar-
monic global defining function r(z). Then the O-Neumann N, operator is com-
pact, if the least eigenvalue of the Levi-matrix of the weight tends to infinity at

infinity.

A similar construction also works under the weaker assumption that 9
just satisfies property (P). Here we can not find a bounded function with
properties like in Lemma 2.26, but nevertheless it is possible to construct
for any given weight with \; — oo for |z|] — oo an equivalent one which
fulfills condition (2.5).

Theorem 2.28 Suppose that 2 is smooth, pseudoconvex and suppose that OS2
satisfies property (P) introduced by Catlin [6]. Then the weighted O-Neumann
operator N, is compact provided that the least eigenvalue \1(z) of the complex
Hessian of the weight function tends to infinity at infinity.

Proof. First choose an arbitrary integer M. By assumption, there is
Ry such that A\1(2) > 2M for |z| > Ry. Now let U; C 99 be an open set
in the induced topology containing 02 N Bg,. There is a smooth bounded
pseudoconvex domain ©; C €, such that 9Q; N 9Q = U; and 08 \ 09 is
strictly pseudoconvex, see [24] for the construction. By assumption, §2; has

property (P), so after choosing M we can find ¢ € C>(€2;) with0 < ¢; <1
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and the least eigenvalue of the complex Hessian of ¢ greater than 2 on
0821. 1 is smooth on a closed set with smooth boundary, hence we can
extend it smoothly to a bigger one. So extend ¢ to a function v, € C§°(Q),
such that 0 < ¢; < 2 and v vanishes outside a ball with radius R;. We can
choose R; so big that the least eigenvalue of the complex Hessian of v is
bounded from below by —2 and A(z) > 2M+! for |z| > R;. Next we find
an open set Uy C 05, such that 9Q N Br, C U,. Again, we complete U, to
the boundary of a bounded smooth pseudoconvex domain 2, by adding
something strictly pseudoconvex. )5 has property (P). Therefore we find
w2 with 0 < ¢y < 1 and the least eigenvalue of the complex Hessian of
9 greater than 271, Extend ¢ to a function 0 < 1y < 2 € C°(Q2) with
support in QNBg, and Hessian bounded from below by —2*! and A(z) >
2M+2 for |Z’ > Ro.

Inductively, we construct functions 1; and by construction,

b=p+ 3 v

is an equivalent weight function satisfying (2.5). Therefore IV, is compact
by Theorem 2.25.

O

Remark. The condition of Theorem 2.28 is exactly the combination of
Property (P) and the condition implying compactness of the J-Neumann
operator on C".

Remark. A so-called model domain is a domain of the form , =
{(#',zn) € C"| IJmz, > p(z')}, where p(z’) is a plurisubharmonic function.
Each model domain in C? is of finite type, so this provides a class of do-
mains for which the Theorem can be applied.

Example. Consider for instance the domain 2 = {Jmzy > (Rez1)?(Imz;)?}
with weight (z) = ||2]|*. Clearly the least eigenvalue of ¢(z) tends to infin-
ity at infinity, and since €2 is a model domain in C?, this is already sufficient
for compactness of N, by Theorem 2.28.

If one considers this domain without weight, then a bounded 9-Neumann
operator does not exist. Since (Rez1)?(Imz1)? < (|21 + |22]?)?%, it is easy
to see that one can find a sequence of disjoint balls (B(z;, l))l contained in (2.

To conclude with, let us give the following remark.

Remark. Suppose that 23 C Qy, let ¢ be a weight function on €; and
let 2 be the restriction of ¢; to 23. Then LZQ (2) is continuously embed-
ded in L?D ,(£1). But it is worth emphasizing that N, is not the restriction
of N, to L?D2 (Q2). This is because kerq, (0) is not embedded in kerq, (9).
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In particular, compactness of N,,, does not imply compactness of N,.

The considerations in this section also point out the interplay between the
weight function and the geometry of the boundary. Roughly speaking,
where the boundary is good, conditions on the weight can be weakened.
Conversely, at points where the boundary is bad, the weight has to help. In
particular analytic discs in the boundary do not necessarily obstruct com-
pactness in our case.
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Chapter 3

Approach via spectral theory

3.1 Preliminaries

In this third Chapter, we obtain our results on existence and compactness
of the weighted 9-Neumann operator N,, on weighted L?-spaces on C" by
analyzing the spectrum of the operator

0,1) _ (0,0
00 =009 @ 1 + 2M,
from (1.9) and using Proposition 1.6. So we start by collecting some facts
from spectral theory which are important for us.

Equation (1.9) is the form of Dg] Y for general dimension — if n = 1 it
becomes easier, since then 4/, = Ay. In this case, the operator takes the

form
0,1) _
4000 = Ay + A
This means that in complex dimension one, Dg] D s a so-called Schrodinger

operator (on R?), at least up to the constant 4. A Schrédinger operator H
on R" is an elliptic 2nd order partial differential operator of the form

H=~A+V(z), (3.1)

where the term A 4 is called magnetic Laplacian and the real-valued func-
tion V (x) electric potential. In our setting, by Lemma 1.5, we can assume
V(z) to be smooth. Since we are furthermore only dealing with subhar-
monic weight functions, we also get V' (x) > 0. A magnetic Laplacian is a
differential operator of the form

n o ‘ 2
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with corresponding magnetic potential A = (A, ..., A,). A is often iden-
tified with the 1-form A = Aydz + ... A,dz,, and one calls the skew sym-
metric matrix B = curl A the magnetic field. So we have

L 0A, 04
T (3.3)

Each Schrodinger operator H defines an associated quadratic form. Setting
Va=V-—- i/f, we define

Quv(w) = [ [Vau@)? +V(@)lu@) PdA(a). 64
If Qa,v(u) > 0, then the form domain is

Day ={ue L*R"): Vaue LAR"), Viue AR}, (3.5)

Under this assumption, H can always be extended to a closed operator that
is essentially selfadjoint, see [26]. A compact injection of D4y into L?(R")
is sufficient for H to have compact resolvent.

Schrodinger operators also possess an important gauge invariance, that is,
given two magnetic potentials with curl ffl = curl /_fg, the operators A 4,
and A4, are unitarily equivalent. In particular both operators have the
same spectral properties, which reflects the fact that the physics of a system
described by a Schrodinger equation only depends on the actual magnetic
field and not on the choice of the potential. Applied to our case and going
back to the definition of A, see (1.10), we have A, = A 4, where

A = (‘Pyp _903217 ey <)0y7L7 _Qoa:n)

So also the magnetic potential and hence the magnetic field can be as-
sumed to be smooth in our case. Gauge invariance means that we do not
change the situation when adding something (pluri-)harmonic to our cho-
sen weight function ¢, since on the one hand A, and A, ) are unitar-
ily equivalent for every pluriharmonic function h, and on the other hand
M, = M, 5. We always have restricted ourselves to positive weight func-
tions, but this means that we can also construct weights that go fast to —oo
in some direction and nevertheless have the same properties concerning
existence and compactness of N, as positive weights.

A consequence of Kato’s inequality (see e.g. [7]) is the diamagnetic prop-
erty of Schrodinger operators. This property means that for any locally
integrable magnetic potential A, one has /A < A 4. We will make use of this
several times in our estimates.

For the operators we consider, the magnetic field is very closely related to
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the Levi-matrix of the weight function. If we compute Bj;, by (3.3), we get

0 Crizy T Pyiyr Proyr — Priye Prizs T Pyiys
—Pzix1 — Py 0 “Prize — Pyiyz T Prays + Priys
B = | —Pzoy1 T Priys Prize T Pyiys 0 Prizs T Pyiys

—Prizes T Pyiye Proyi T Priye T Prize — Pyiye 0

while on the other hand 4(My)jx = (Pozp + Pyju) + i (Pajye — Pary; )
2

since by definition (M), = 85]_75%. So we can express the magnetic field

as

—Im(My)in Re(Mp)un —Im(Mp)iz Re(M,)12
—Re(My)in Tm(My)in —Re(My)iz Im(My)i2
B=4|-Im(Mp)ar Re(Mp)ar —Im(My)az Re(My )22
—Re(M,,) (M) (M) (M,)

From this we observe the following Lemma:

Lemma 3.1 Let A, be as in (1.10) and let \,, be the greatest eigenvalue of the
complex Hessian of the weight function p(z). Then |Bji(2)| < 4\, (2) for all
1<j,k<n.

Proof. Clearly, |(M,(2z)v, w)| < Ay(2)||v||||w] at every point and for all
vectors v, w € C". Choosing appropriate unit vectors to filter out the single
elements of Mw one gets

0%
<
’82]62k (Z)‘ < An

and therefore the same inequality for Re(M,,) ;1 and Jm(M,,) .
U

So if there is an open set U such that Ay = 0 on U, then also the mag-
netic field B vanishes identically on U.
By Proposition 1.6, the weighted 0-Neumann operator N, is bounded if

and only if DSQO s strictly positive. Furthermore, N, is compact if and

only if Dfoo " has compact resolvent, which equivalently means that the es-

sential spectrum aess(Dfpo ’1)) is empty. The foregoing Lemma is important,
since we will compare operators to get information about the bottom of
their spectra. As observed above, our electric potential Ay is positive. This
means in particular, that DSDO Y and D&? ) are positive operators, as one can
see after doing integration by parts. One could also have observed this
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directly from the definitions in Chapter one, namely Dg) 0 = DD and
0% = D,D} + DyDs.

From positivity of D&U’O) = A, — Ap, we conclude Ap < A,. So we have
the following comparison

Dy < Dy + Do <20, (3.6)

for all plurisubharmonic functions ¢, which implies the following Proposi-
tion taken from [14].

Proposition 3.2 Let n = 1. Then DSDO Y has bounded inverse if and only if A is

strictly positive. Furthermore, Dfpo’l) has compact resolvent if and only if /\, has.

Proof. Since for n = 1 we have fo’”

immediate from (3.6).

= A, + Ay, the Proposition is

0

For n > 2, we do not have such a direct connection to a Schrédinger op-

)

. 0,0 iy .
erator. Nevertheless, since both Dgo "’ and M,, are positive, we can estimate

D&? ) from below by
OO > 2M, > 20 ® 1, (3.7)
where \; denotes the least eigenvalue of M,,. The second obvious estimate
0,1 0,0
00D > 000 @ 1

unfortunately is of no use for our purposes, as will become clear later (The-
orem 3.8). Since on the other hand Ay = 4 tr(M,,), we have M, < Ap ® I
and get an estimate from above via

This gives rise to necessary conditions for boundedness and compactness
of N,. These conditions also essentially already appeared before in [14], at
least for compactness.

Proposition 3.3 Let n > 1. If Dfpo s strictly positive, then so is A,. If more-

over D&O’l) has compact resolvent, the same is true for A

Proof. By our above considerations we have Dg) D < 2A, ® I, so the

Proposition follows.

0
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For the following special case it was shown in [14], that conversely com-

)

pactness of the resolvent of A, implies same for DEOO ). S0 we state it here

as an equivalence:

Proposition 3.4 Suppose that there exists some t > 0 such that M, > tAp @ 1.

Then D&O’l) has compact resolvent if and only if A, has.

Remark. Note that M, > tAp ® I for some t > 0 is true if and only
if all eigenvalues of M, are comparable, meaning A\; < A, < C\; for some
C > 0, since Ap = 4tr(M,).

Let us conclude this introductory part by introducing a powerful tool
for determining the bottom of the (essential) spectrum. For a proof we refer
to [29], Satz 8.27.

Theorem 3.5 (Max-Min Principle) Let A be a selfadjoint operator that is semi-
bounded from below and let dom(A) be the domain of A. Setting

(A¢, d)
(¢, 9)

A (A) = sup inf{

. ¢ € dom(A) N [span(ty, ... ,wn_l)]l} ,
¢1,~~,¢n—1

An(A) either is the n-th eigenvalue of A when ordering the eigenvalues in in-
creasing order and counting the multiplicity, or X, is the bottom of the essential
spectrum. In this latter case, we have \i,(A) = A\, (A), for all k > n.

The Theorem also holds if one takes the infimum only over a subset
which is dense in dom(A).

3.2 Necessary and sufficient conditions

Let us start with taking a closer look at our operators.

Lemma3.6 Let f =", fUe~%dz; € L7y Then

oY @ nf=-3" [(féﬁf%cj + féji,ﬂ.) e + 2, — iy, (fggg? + z‘fy<§f>) e—ﬂ dz;.

Jj=1
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Proof. The proof is a straight forward computation:

j=1

:-i(a —i—zgoyJ.) (f:g')e o Wy e ifWp, e ¢>
j=1

_zn: <88 —igoxj> (fz,(g)e v _ ) —ifWep, e (p)
j=1

:_Z< o), +fy]y]) e + 2, — ipy,) (féif) +¢fy<§j>> e
—I-Agof(] e
0

Lemma 3.7 The kernel of the Schridinger operator H = A, — Ay consists ex-
actly of those L*-functions of the form fe=%, where f is holomorphic. In particular,

if dim A2 = 0, then 09 and OPY are injective.

Proof. We have H = 4D(0 0 _ 4D|D,. Soif Hf = 0 for some f €
dom(H), then D1D; f = 0, hence also || D1 f||* = 0 and the kernels of H and
D; coincide. But since D; = e ¥0e?, the statement is obviously true for
D1, so the Lemma is proved.

0

Remark. Let ¢ : C — R be a subharmonic weight function. According
to Lemma 3.6, a function u = fe™¥ belongs to ker H if and only if

F  0p0f
8z82+2&$ 0

So the last Lemma tells us that there are no functions f € Li which obey
this differential equation and are not holomorphic.

Theorem 3.8 Let ¢ : C* — R be a plurisubharmonic weight function and let
n > 2. Then the Schrodinger operator H = 4D<(p0’0) has no compact resolvent.
Indeed one has 0 € aeSS(Dg)’O)).

Proof. Let us recall that DgJ 0 DD, where D; was defined in (1.4).

We also pointed out the unitary equivalence [J, = e‘PDSB =% in the Pre-
liminaries, see (1.7). From the Kohn — Morrey formula (Theorem 2.1), we
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know that

Ain = [ |

]kl jkl

of; 2

224\
0z ©

forall f € dom(,). Choosing forms f = f;dz; € dom(0,) and comparing
with the identity D(O D - D(O’O) ® I +2M,, see (1.9), we can read off that

afi > _
(PTO0e%(f,d3,), fd%;) WZ / ‘ak 204\,

So in order to show 0 € aess(D((pO ’0)), it suffices to construct a normed se-
quence (vj); C C5°, such that v; L vy, for j # k and

(%J e 22d\ = 0

for j — oo. The Theorem then follows from the Max-Min Principle 3.5,

since inf JGSS(D&O’O)) > ¢ for some ¢ > 0 implies that there can only be a

finite dimensional subspace F of L?(C") such that
(Dg)’o)u,u) < e(u,u)

for u € F. So let x; be a smooth radially symmetric cutoff function with
support in the unit ball which is identically one on the ball with center 0
and radius 1 — % We also can assume sup |Vx;(z)| < 2j. Define

X;(2)
X (2)ll

Then by definition ||u; Hw = 1 and we need to estimate the expression

Sy

82 k
To this end we first estimate the exponential by 1 and then switch to polar
coordinates centered at the origin to obtain

/ / aX]
8zk

llsnl

Uj =

_z‘p(z)d)\(z).

1
2"_1drd0 < nj2 }S"_ll / r2 =g

where S"~! denotes the unit sphere in C" and do the surface element. Set-
ting t = 1 — r, the last integral becomes

2n— 1
—nj ‘S“ 1}/ 2 ldt < —nj ‘S" 1‘/ < )
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Since we assumed n > 2 and transforming back to the original coordinates,

we conclude
> %
azk

where the constant C'(n) only depends on the dimension. Summing up this

> [|5

k=

C(n)

*Qw(Z)d/\(z) <
J

)

-1

05" =20y <C) / e 2B d(2)
T

o111
]B(Zjvl ])

/ =20 4\ (2) — / e 20 AN (2) > 0

11 .
B(z;,1-1) B(z;,1)

for j — oo by the Dominated Convergence Theorem, so we constructed a
normed sequence (u;); such that (D&O’O)uj,uj) — 0. This construction in
fact works in every ball with fixed center, so if we take a discrete sequence

(zj); in C" such that |z; — 2z;| > 2 for j # k and set
) _ _Xi(z—2)
x5 (2 = zi)lle’

it is possible to choose a diagonal sequence (v;); = u( 2

pairwise orthogonal, supp(v;) C B(z;,1) and

>/

k=1 cn

such that the v; are

2
(%j

2C(n)
0zy, '

e2PdN <
J

O

Remark. As we will see later in Theorem 3.20, an immediate conse-
quence of this Theorem is that decoupled weights can never admit a com-
pact 9-Neumann operator. We will see in section 3.3.2, that the Theorem in
fact also holds for n = 1.

This Theorem also shows that existence and compactness of the weighted
0-Neumann operator only depends on the Levi-matrix of the weight func-
tion and particularly on its eigenvalues and eigenspaces. This is, because
0 € aess(Dg]’o)) implies that inf U(Dfpo’l)) > info(M,) is the best bound
from below that one can in general expect, and analogously for the essen-
tial spectra.

Since H = A, — Ay is semibounded from below, it is essentially selfad-
joint. This is worth mentioning, since Ay is allowed to tend to infinity at
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any speed. In general, nothing is known about essential selfadjointness of
Schrodinger operators whose electric potentials tend to minus infinity.

Corollary 3.9 Let A\, denote the greatest eigenvalue of the Levi-matrix M, of the
weight function. Suppose that there is an r > 0 and a sequence (z;); which is
discrete in C" such that
sup  An(z) =0
z€B(z;,r)

for j — oo. Then D&O D has no bounded inverse.

Proof. From the construction in the proof of Theorem 3.8, we know
that there is a sequence (u;); C C5°, such that supp(u;) C B(z;,7), ||y =1
(0,0) . .
and moreover (O, uj,uj) — 0as j — oo. Passing to a subsequence, we
also can assume that the supports of the functions u; are pairwise disjoint.
Taking such a sequence (u;); and setting v; = u;dz; gives a bounded se-
quence with ((DES’O) ® I)vj,v;) — 0.
Since
2
(Mypvj,v) < sup  An(2) |loy]l7,
z€supp(vj)

our assumption on )\, implies that also (M v;,v;) — 0, thus the inverse of
DS((,O’I) can not be bounded by Proposition 1.3.

0

Remark. One should note that the condition of the Corollary holds if
and only if
sup Ap(z) — 0
z€B(z;,r)

for j — oo.

Corollary 3.10 Let \; denote the least eigenvalue of the Levi-matrix M. Sup-
pose that there is an r > 0 and a sequence (z;); discrete in C™ such that

sup A(z) — 0
z2€B(z;,r)

for j — oo. Suppose furthermore that it is possible to choose an eigenvector to A\
that is holomorphically dependent on z on UB(z;,r). Then Dg] ) has no bounded

inverse.

Proof. Let f = ) fidz), be such that M,f = A f and the functions f},
are holomorphic on UB(z;,r). To prove the Corollary, we recognize that
a similar construction to the one given in the proof of Theorem 3.8 works
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if we set u; = H}Cﬁ for some holomorphic function f, where we kept the

same notation as in the proof of the Theorem. This is because

o(fxj) f<9><j

0z, 0z,

for f holomorphic. So setting v\*) (z) = —EEXEZ2)_ e obtain a bounded

J k() (=25) e
sequence v; = » vj(.k)dzk such that ((e%"Dfpﬂ’o) ® I)e~%v;,v;) tends to zero.

)

By assumption, we also have (M v;,v;), — 0, hence Dfoo ") has no bounded

inverse by Proposition 1.3.

O

Corollary 3.11 Suppose that there are C,r > 0 and a discrete sequence (z;); C
C" such that for the greatest eigenvalue \,(z) of the Levi-matrix M, it holds

sup  An(2) <C
2€B(z;,r)

for all j. Then the weighted O-Neumann operator N, is not compact.
If an eigenvector to the least eigenvalue \y of M, can be chosen which depends
holomorphically on z for all z € UB(z;,r), then already

sup. Ai(z) < C
2€B(z;,r)

for all j obstructs compactness of N.,.

Proof. From the proofs of Theorem 3.8 and Corollary 3.9 we know
that there is a normed sequence (v;); such that ((Dg] VeI Juj,vj) — 0and
supp(v;) C B(zj,7). So if A\,(z) is bounded on the union of these balls,
we immediately get inf O'CSS(DSDO ’1)) < 2C by the Max-Min Principle 3.5,
meaning that IV, is not compact.

If we have an holomorphic dependence of the eigenvector corresponding
to the least eigenvalue, an analog argument as in Corollary 3.10 combined

with the Max-Min Principle finishes the proof.
O

Remark. Suppose that we are given two weight functions such that
©1(2) < a2(2). Then compactness of N,,, does not imply compactness of
N,,, although heuristically it should be easier for an operator to be com-
pact, the heavier the weight at infinity is. In fact Corollary 3.11 implies that
for each weight function ¢; such that N,, is compact another weight
can be found such that ¢1(z) < ¢2(2) and N, is not compact, simply by
adding a positive function such that the new weight ¢ is constant on the
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union of a sequence of balls with fixed radius. In this case, N, will not
even be bounded.

Anticipating our result about decoupled weights (Theorem 3.20), we con-
sider the example ¢; = ||z||* and @y = |21|* + |22|* in C%. Here we even
have p1(z) < pa2(2) < ¢1(2), but Ny, is compact (Theorem 2.15), while
Ny, is not, as we will see below by Theorem 3.20.

So in order to have a bounded weighted 0-Neumann operator, the growth
of the weight must be faster than linear in every direction. Else one could
add something bounded to make it locally constant, see Lemma 1.5. Never-
theless the other results show, that existence and compactness of N, seems
to depend more on the second derivatives of the weight than on the weight
itself.

A sharper necessary condition than the one of Corollary 3.11 can be ob-
tained by applying a result of Iwatsuka [18]:

Proposition 3.12 Let ¢ be a smooth plurisubharmonic weight function and sup-
pose that N is compact. Then for each fixed r > 0

/ Z |Bjk|?d\ — 0o as |z| — oco.
B(z,r) i<k

Proof. By Iwatsuka’s result, compactness of the resolvent of a Schro-
dinger operator H = A4 + V implies

/ (Z |Bjk|* + V)d)\ —o00 as |z| — oo,
B(z,r) i<k

for each r > 0, see [18]. Now using Proposition 3.3, compactness of N,
implies compactness of the resolvent of A, so the Proposition is proved.

0

Corollary 3.13 By Proposition 3.12 and Lemma 3.1, compactness of the weighted
0-Neumann operator N, necessarily implies for each fixed r > 0

An(w)? dA(w) — 00 as  |z| — oo,
B(z,r)
where X\, denotes the biggest eigenvalue of M. This is equivalent to

(Ap)?d\ — oo as  |z| — oo.

B(z,r)
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Remark. Part of the last Corollary already was shown before in [14].
It was pro_ved there that in complex dimension one, compactness of the
weighted 0-Neumann operator N, implies for each fixed » > 0

/ (Ap)?d\ — oo as |z] — oo
B(z,r)

For a large class of weight functions (more precisely the Muckenhaupt
class) it was also shown there that in dimension one a sufficient condition
for compactness is

/ (Ap)d\ — o0 as |z| — oo (3.9)
B(z,r)

Later, J. Marzo and ]. Ortega-Cerdd proved in [22], that condition (3.9) in
fact characterizes compactness of N, in dimension one, if one additionally
assumes ;. = Ay dA to be a doubling measure. Doubling means, that there
is a constant C' > 0 such that p(Bs,) < Cpu(B,), for every ball B, with radius
T

In general dimension, a sufficient condition for compactness is \; — oo
as |z| — oo, where \; denotes the least eigenvalue of the Levi-matrix M.
Under the following additional assumption, this in fact characterizes com-
pactness of N,.

Theorem 3.14 Suppose that n > 2. Suppose furthermore that an eigenvector
corresponding to the least eigenvalue Ay of M, can be chosen which is holomor-
phically dependent on z. Then the weighted 0-Neumann operator N, is compact
if and only if \y — oo as |z| — oo.

Proof. By Theorem 2.15 or Theorem 5.2 in [14], the condition A\ — oo
as |z| — oo is sufficient for compactness.
Assume conversely that N, is compact and there exists f = > frdZy, such
that M,f = A1 f and the functions f; are holomorphic for all j. The first
step in the proof is to recognize that under this additional assumption the
inequality
<Dg]’1)u, u) > (2A1u, u)

for all u € dom(Dgpo ’1)) is optimal. Suppose that it is not — then there ex-
ists a measurable function A and an open set U such that A > 2); almost
everywhere on U and (Dg)’l)u, u) > (Au,u) for all u € dom(Dg)’l)). So we
can find a ball B contained in U and since f has holomorphic coefficients
construct by the same method as in the proof of Theorem 3.8 a normed se-
quence u; = xjfe ¥, such that supp(u;) C U and <D$’O)uj,uj> — 0. Since

on the other hand M, u; = Au;, we get <D$’1)uj,uj> — (2\uj,u;) by
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equation (1.9), a contradiction to A > 2); almost everywhere.
Compactness of N, implies aess(Dfpo’l)) = () or equivalently inf aess(Dfoo ’1)) >
N for each N € N. So by the Max-Min Principle 3.5, the subspace F' of
A(()O’l) (C™), such that

(OO, u) < 2N (u, u)

©
must be finite dimensional, else we would have inf aess(D&O ’1)) < 2N. If
v1, ...,V is a basis of F, then there is a compact set K such that supp(v;) C

K for all j. Hence, (Dg)’l)u,w > 2N(u,u) for all u € A(()O’l)(C” \ K) and
since the inequality <D£00’1)u, u) > (2A\ju, u) is optimal, we have \i(z) > N

forallz € C"\ K.
g

Example. Let n = 1 and let () = |z|>. Then 4M,, = I, so N,, exists
by Theorem 2.5. But the weighted -Neumann operator is not compact,
since Ay is bounded, see Corollary 3.13. To compute the essential spec-
trum of [, we use Theorem 1.5 from [15], which gives a characterization
of the essential spectrum of a large class of magnetic Schrodinger operators,
including all operators such that A and V are polynomials. According to
this Theorem the essential spectrum of DS,P 1) and thus also of the complex
Laplacian equals to the spectrum of the operator

0 vy 2 o x\*
H=|—+= —+ = 1.
@+2) < (i)
It is a classical result from spectral theory (see e.g. [3]) that the spectrum of
the Schrodinger operator Hy with constant magnetic field

a 2 o z\?
Hy={—+72 A
’ <3x+2> +<3y+2>
is 2Z+1, each point of o (Hy) being an eigenvalue of infinite multiplicity. So

the essential spectrum of the complex Laplacian equals o S(Dg)’l)) = 27.

Example. Let us consider the weight p(z,w) = |z|*|w|? on C2. ¢ is
plurisubharmonic, with eigenvalues A1 (z,w) = 0 and \a(z,w) = |z|* + |w|?
of M,. A possible choice of an eigenvector to the eigenvalue zero is (—z, w)
which is holomorphic, so by Corollary 3.10, N, is not bounded.

Example. Let (2, w) = 3|2|?|w|?+3(|z|>+|w[?)%. Then the eigenvalues
of My, are A1 = |z|* — |z]|w| + |w|? and Xy = |2|? + |2||w| 4 |w|?. The lower
eigenvalue \; tends to infinity for (z,w) — oo, so N, is compact. But the
corresponding eigenvectors are (zZw, &|z||w|), so it is not possible to choose

one which is holomorphically dependent on (z, w).
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3.3 Some special cases

3.3.1 The one dimensional case

In complex dimension one, we know by Proposition 3.2 that boundedness
and compactness of the weighted 9-Neumann operator are equivalent to
certain properties of a Schrodinger operator, since

Ny < Dy + DNp <20,

It can be completely characterized when a Schrédinger operator is strictly
positive or has compact resolvent respectively, see [20]. Unfortunately, this
characterization is very complicated and uses quantities which in practice
are hard to handle. Nevertheless we are in the easier situation that we
can assume the electric potential to be zero. In the sequel, we define the
necessary notions.

Let @ C R? be open, and let F' C  be a compact set. The capacity of F
with respect to €2 is

capq(F) = inf{ |Vu(z)|?d) : u € Lipo(R), u=1on F} ,
R2

where Lipy(€?) is the space of Lipschitz functions with compact support
in 2. In this section, Q4 always denotes a square with sidelength d and
edges parallel to the coordinate axes. If we drop the subscript, cap(F') is
the capacity of F' with respect to (024, where @, is the smallest square con-
taining the compact set F' and the center of ()24 is the center of ();. Note
that in the definition of capacity one could equivalently take the infimum
over u € C§°, 0 <u <1, see [19], section 3.

The Molchanov functional is

M«Qd,w—igf{ /Q \Fv<x>dx<w>:cap<F>s~ycap<Qd>}, (3.10)

where 0 < v < 1. Due to properties of the capacity the infimum will not
change if we restrict it to compact sets ' which are the closures of smooth
open subsets of (4. Finally, the local energy of the magnetic field (in )y) is
defined to be

1o(Qq) = ”iﬁil{quv Vo), u € C(Qq) N LAQa)}- (3.11)

Remember, V, = V — iA, where A = (Pyrs —Pars -+ s Pyns —Pa, ). This
latter quantity equals the bottom of the spectrum of the Schrodinger oper-
ator A\, in @4 with Neumann boundary conditions. Now the condition for
strict positivity given in [20] is uniform positivity of a function of 1y(Qq)
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and M, (Qq, V) for all squares @); and each d > 0 fixed. Here,  itself is a
function of yp(Qq), and the condition on the electric potential V' is weaker
at the places where the local energy of the magnetic field is larger.

In our situation, it reads as follows.

Theorem 3.15 Let n = 1. The following are equivalent:
1. The weighted 0-Neumann operator N, is bounded.

2. Forall d > 0, there is € > 0 such that

po(Qq) > €

for all squares Q.
The result for compactness of N, is

Theorem 3.16 Let n = 1. The following are equivalent:
1. The weighted 0-Neumann operator N, is compact.

2. Forall d > 0, we have

po(Qd) — oo as Qg — o,

where Qg — oo means that the center of ()4 tends to infinity.

For a proof, see Theorem 1.2 and Theorem 1.8 in [20]. We now derive
some sufficient conditions from these two Theorems. Let us call a compact
set F' negligible in the sense of Molchanov, if cap(F") < v cap(Qq) for some
0 < v < 1. The following two results were originally proved by Molchanov
for v sufficiently small, but in fact it follows from the results in [20] that the
conditions are equivalent forall 0 < v < 1.

Proposition 3.17 Let ¢(z) : C — R be a subharmonic smooth function. Sup-
pose there exists a constant d such that for all squares Q4 with sidelength d and all
compact sets F' C ()4 which are negligible in the sense of Molchanov it holds

/ Apd\>e
Qa\F

for some & > 0. Then the weighted 0-Neumann operator is bounded.

Proof. By Theorem 1.8 in [20], our assumption on Ay implies strict
positivity of H = —/A + Agp. By the diamagnetic property of Schrodinger
operators we have

A4+ Ap <Ay + Ap,

thus 0 ¢ U(Dg)’l)). Boundedness of IV, now follows by Proposition 1.6.
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0

Remark. Note that the Proposition in particular shows that

liminf A\;(2) =0,

|2|—00
where \; denotes the least eigenvalue of M, is not necessarily an obstruc-

tion to boundedness of N,,. This should be compared with Theorem 2.5.

Proposition 3.18 Let ¢ : C — R™ be subharmonic and smooth. If we have

i%f / Apdh— o0 as Qg — oo,
Qa\rF

where Q4 is a square with sidelength d and F C ()4 a compact set negligible in the
sense of Molchanov, then N, exists and is compact.

Proof. Since by Theorem 1.2 in [20] the assumption is sufficient for
discreteness of the spectrum of H = —A + Ay, the Proposition follows by
the diamagnetic property of Schrodinger operators and Proposition 1.6.

0

Conditions involving capacity are in practice hard to handle. It was
proved in [19] (Section 6.1), that it is possible to replace the capacity by the
Lebesgue measure A in order to get sufficient conditions:

Proposition 3.19 Suppose that ¢ : C — RY is a subharmonic smooth function
and suppose there are €,y > 0 such that

1. For any discrete sequence (z;); C C and any compact sets F; C B(z,r)
with M\(Fy) < yr?

irllf / Apdh>e>0.
B(z,r)\Fi

Then the weighted 0-Neumann operator N, is bounded.

2. For any discrete sequence (z;); C C and any compact sets F; C B(z,r)
with \(F}) < yr?

Npd\— o0 as | — oo.

B(z1,r)\Fy

Then the weighted 0-Neumann operator N, is compact.
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Remark. To get other necessary conditions, one can play with the
definition of the local energy of the magnetic field (3.11) and try some spe-
cific functions. For instance choosing u = 1, we get |Ju/|;2(,) = d* and
|V,ul? = [Vp|?, so in particular

10(Qu) < d°2 / Vol? dA.
(OF)

Thus boundedness of the derivatives of ¢ obstructs compactness of N, and
similarly, if |[Vy(z)| — 0 as z — oo, then N,, is not bounded.

An interesting question is whether the infimum in the definition of pg ac-
tually is a minimum, since this would give an explicit expression of ji. If
this is the case and if v is a minimum, then

g / IV(u~+70)2dA =0
or 7=0
Qa

for all v € C*° N L%(Q,). Computing the derivative, this is equivalent to

Re / V,o,uVev dA =0,
Qa

which in particular implies V,u = 0, after choosing v = u. So if there is a
minimizing function u, the weighted 9-Neumann operator is not bounded
by Theorem 3.15.

Remark. All equivalences and necessary conditions presented in this
section can be carried over to the case n > 2 as necessary ones. As observed
in equation (3.8),

00 < (Ap+2p) @I <208, @ 1.
Thus strict positivity of Dg]’l) implies the same for A, and similar for com-
pactness of the resolvent.

3.3.2 Decoupled weights and Pauli operators

The main result of this section is the following Theorem.

Theorem 3.20 Let n > 2 and let p : C" — R be a plurisubharmonic decoupled
weight function, i.e., of the form

0(2) = 0;(z).
j=1

Then Dg) ) does not have a compact resolvent, in particular the weighted O-
Neumann operator N, is not compact.



56 CHAPTER 3. APPROACH VIA SPECTRAL THEORY

Proof. To prove the Theorem, we will make use of the connection be-
tween this problem and Pauli operators. In real dimension two, a Pauli
operator Py is a Schrodinger operator of the form

) (0 ’
Py =— <6:L‘ +1A1> - <ay +1A2> :EB(:L‘7y), (312)

where B = curl A. So the electric potential of a Pauli operator equals the
magnetic field. In our case, we have B(x,y) > 0, which means 0 < P_ <
P, . Now if the weight function is decoupled, the Levi-matrix is diagonal,
with entries $Ay; in the main diagonal. Hence DEOO ) acts diagonally on
forms and this action can be expressed in terms of Pauli operators:

n

n 1 n 1 .
01 — ) _ () (k)
Dfo ) (kg_l dezk> =1 E Hyupdzy, = 1 E E P27+ P | ugdzy,

k=1 k=1 \j#k

where Pj([l ) is the Pauli operator in the variables (z;, y;),

0) 0 (2 2
Py =— (8:51 wyl) - <ayl H%) + Do, y)-

So suppose now that Dg)’l) has compact resolvent. Then each Hj, has com-

pact resolvent, hence same for the operators Pﬂ(tj ) for all Jj, since they act sep-
arately in the variables z;. Consequently also H = > 7, PY = VANPEAN?
must have empty essential spectrum, but the latter is not the case accord-
ing to Theorem 3.8. So there must be a j such that PY has non-compact
resolvent.

0

Remark. This connection to Pauli operators was pointed out in [14]
for the first time, where it was already shown that for decoupled weights
compactness of the canonical solution operator S,, to 9 fails under weak
additional assumptions. This was done by using a result from [16] on the
resolvent of the Dirac operator and the fact that if B > 0, non-compactness
of the resolvent of the Dirac operator obstructs compactness of the resol-
vent of P_. In [16] it is conjectured, that the Dirac operator actually never
has compact resolvent. From this point of view, the next Corollary strength-
ens this conjecture.

Corollary 3.21 Let ¢ : C — R™ be subharmonic. Then the Pauli operator P_ =
(—i0z — py)? + (—i0y + ¢z)? — DNp(x) has no compact resolvent.
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Proof. Define ¢ : C2 — RT, 9(2) = ¢(21) + ¢(22). Then ¢ is a
plurisubharmonic decoupled weight function. Using the same notation as
in the proof of Theorem 3.20, PY and P® are the same operators, but
acting in different variables. By Theorem 3.20, H = PY 4 P® has non-

empty essential spectrum, so there is a j such that Pﬁj ) has non-compact
resolvent, which proves the Corollary.

O

Remark. This Corollary shows that Theorem 3.8 in fact also holds in
complex dimension one.

Corollary 3.22 Suppose that ¢(z) is plurisubharmonic and of the form

©(2) = p1(21) + p2(22) + @3(23,- - -, 2n)-

Then N, is not compact.

Proof. If p(z) is of the assumed form, then
m(Y) 1 1) (2)
0D (undz) = 5 (P+ +PD LA, - Awg) widz1.

Hence if one chooses u; to be only dependent on zy, it is easily seen that

Dfpo’l) cannot have compact resolvent, since this is true for r? by Corollary
3.21.
g

Example. Consider the weight 1 = |21|* + |22|*. This is decoupled,
so the weighted 9-Neumann operator is not compact by Theorem 3.20. By
Corollary 3.10, for the weight o = |21|?|22]? the 0-Neumann operator is
not even bounded. But if one considers ¢ = 1 + €p9 for some ¢ > 0,
then the corresponding Neumann operator IV, is compact, as the following
calculations shows.

The Levi-matrix of ¢ is

M. — Alz1]? + elz2f? £21Z2
® EZ1%22 4|22’2+8|21|2 ’

therefore
det(M, — A1) =\? — (4+¢) (|zl\2 + |z2|2) A+ 16|21]2|22\2 + 4e (]zl|4 + |zl\4) .

Thus the lower eigenvalue of the Levi-matrix is

2
M= (245) (1 + Z2|2)—\/ (2-2) (a1l + 2222 - (16 — 82) 121 2
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So we can estimate \; from below by

£ £

M2 (245) (2P +12P) = (2-5) (2P +12P) = (la + |2,
which tends to infinity for |2| — co. Therefore N, is compact by Theorem
2.15.

Remark. The previous example ¢(z) = |21|* + |22|* also shows, that
a condition in the spirit of Theorem 2.15 on an eigenvalue which is not
the lowest one can in general not be sufficient for compactness. In fact we
have \y(2) = max(4|z1|?,4|22/%)), so A2 — oo as |z| — oo, but since ¢ is
decoupled, N, is not compact.

3.3.3 Radially symmetric weights

Theorem 3.23 Let n > 2 and ¢ : C" — RT be a smooth plurisubharmonic
weight function that is radially symmetric, i.e. ©(z) = h(s), where s = |z1]* +
-+ |zn|?. Let furthermore \; be the least eigenvalue of the Levi-matrix of ¢ and
suppose that h"'(s) > 0. Then the weighted O-Neumann operator is compact if and

only if

AM(z) 00 as |z| — oc.

The proof is based on the following Lemma of F. Haslinger (personal
communication):

Lemma 3.24 Let ¢ : C" — R be a plurisubharmonic weight function of the
form ¢(2) = h(s), where s = |z1|? + - - - + |2,|?. Then the eigenvalues of M, are

A="h(s) and p=h'(s)+sh"(s),

where X has multiplicity n — 1. There exists an holomorphic eigenvector to A and
an antiholomorphic one to .

Proof. Suppose that ¢(z) = h(s). By the chain rule,
(My) i = 6l (s) + zj2h" (s).
It is easily seen that the matrix M = (Z;2;),, has rank one, so in particular
A = I(s) is a solution of det(M, — AI) = 0 with multiplicity n — 1. Now by

elementary linear algebra, tr(M,) = sh”(s) + nh/(s) equals the sum of all
eigenvalues. So the n-th eigenvalue is

p=tr(My) — (n— 1)h'(s) = sh”(s) + 1/ (s).

As one checks immediately, an eigenvector to p is (Z1,...,%,). A possible
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holomorphic eigenvector to A is (ay,...,a,), where a; = 22 --- 2, and a =
O

Proof of the Theorem. If A”(s) > 0, then A\(z) < u(z) for all z €
C™ by the Lemma. So it is possible to choose an eigenvector to the lower
eigenvalue, which is holomorphically dependent on z. Thus Theorem 3.14
can be applied.

g

Remark. Note that if p(z) = h(s) is a radially symmetric weight func-
tion such that 2”(s) < 0, then //(s) is monotonically decreasing. Therefore
A, which in this case is the bigger eigenvalue, is bounded. Hence N, can
not be compact, by Corollary 3.11.

Example. This for instance shows that radially symmetric plurisubhar-
monic weight functions which are polynomials in |z| with degree greater
than or equal to 3 always admit a compact weighted 9-Neumann operator.
This is since due to our definition of a weight function, the leading coeffi-
cient of this polynomial has to be positive, so the same is true for the second
derivative of h(s) — at least on the complement of a compact set.

3.4 On the dimension of the space Ai(@”)

In this section we study the relationship of certain growth properties of the
least eigenvalue Ai(z) of the Levi-matrix M, of the weight function ¢(z)
with the dimension of the Bergman space .A2 Moreover, we will see that
compactness of the weighted 9-Neumann operator in some cases also has
effects on this dimension.

First, we prepare the following Lemma taken from [28].

Lemma 3.25 Let g(z) = log(1 + K|z — &|?) and K > 0. Then we have for all
weC”

K 2 . K
(1+ K|z —¢| \w| Z@z]&zk ] k_l—l—K]z §|2| wf’

Proof. Without loss of generality we set { = 0. Differentiating, we find

829 K2§jzk " K(Sjk

—(z) = —

02,0 (ERFEEAE Y P
K

:m(( + K|2*) o1 — Kzjz)
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and hence
829 K 2 2 2
Ao Wik = =g (L K ~ K|(w, .
%;8 0z Witk (1+ K|z|2)? (¢ |2[7) |w] (w, 2)|%)

This last line makes the statement of the Lemma immediate.
O

The following result is due to I. Shigekawa [28]. Its proof has been re-
markably simplified in [25]. With the proof presented here, we even can
enhance the result a bit, since the density statement was originally only
made for liminf A(z) > 0.

Theorem 3.26 Let ¢ be a subharmonic C?-weight function. Suppose that
lim |22\ (z) = oo (3.13)

|z|]—o0
holds for the least eigenvalue \i(z) of the Levi-matrix M,. Then the weighted
Bergman space A2 is dense in H(C"), the space of holomorphic functions on C".
In particular dim A2 = oc.

Proof. By assumption on A(z), there exist R > 0 and s > —2 such that
A(z) > |z|* for all |z| > R. So we can find € > 0 such that A(z) — —2— > 0

EN

on the complement of a compact set. According to Lemma 3.25

"L 9(log(1+|22) 1 )
Wy >
2 02,07, Wik 2 e

)

]7k:1

so we can choose an integer N large enough such that
U(z) = p(2) 12l + Nlog(1 + [P
is a plurisubharmonic function. By Theorem 4.4.4. in [17], the space
A={f: fhol. and IK s.t. /(Cn 1121+ 2 Ke V) < o0}

is dense in H(C™). Hence it suffices to show A C A?O. To this end choose
any f € A and note that

/ |f|2e‘f’(z)d)\:/ |F2e Y R A N og(1H1=1%) gy
(Cn (Cn
‘/ PO 22) e (1 4 [N el gy
(Cn
< sup {(1 + |z)KHN eIy / P+ [2P) K e ax
(Cn

zeCn
<o,
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since (1 + |z|?)X+Ne~*° is a bounded function.
g

Example. Theorem 3.26 for instance shows that the so-called Fock space
F(C) =A{f holomorphic:/ ]f(z)|2e_2|z‘2d)\ < oo}

is dense in the space of holomorphic functions H(C") in the topology of
uniform convergence on compact sets.

Remark. This condition is not sharp. In order to see this, consider the
function f(z) = |z|2(1 + cos(|z|), where z € C. One can find a function
¢, such that Ay = f. This function f is subharmonic by construction and
a reasonable weight, in the sense that it tends to infinity at infinity. By
adding an appropriate constant, we can assume ¢ to be positive and our
considerations are not influenced by the fact that ¢ is not smooth in the
origin. By construction, (3.13) does not hold for ¢ since

liminf |z|*Ap = 0.
Z— 00

Nevertheless, the space A?p is of infinite dimension, since it is easily seen
that

Ap — oo for |w] — oo
B(w,7)

and we therefore can apply Corollary 3.29.

Remark. Another consequence of Theorem 3.26 is that there can not be
a bounded C?-function ¢, such that A¢(z) > ¢ uniformly on C". If there
was such a function, then A%, would be of infinite dimension for any weight
function v, since ¢ + 1 would give a weight equivalent to ¢, which satisfies
(3.13).

Nevertheless, let us give the construction of a bounded continuous weight
function ¢ such that Ay = 1. To this end consider a locally finite covering
of C" by balls B(z;,1) of radius 1, and a subordinate smooth partition of
unity {f;};er. Solving Poisson’s equation one can find ¢; such that ¢; = 0
on 0B(z;,1) and Ag; = f;. By the Maximum Principle we will have ¢; < 0
and because of ellipticity of Poisson’s equation inf ¢; > —C| f;||4 for some
q > n/2, see for instance [11], Theorem 8.17. This means that the family
{¢1}ier is uniformly bounded from above and below and hence the same
for 3, 1. By adding an appropriate constant ¢ will be positive, such that
it is a weight function in the sense of our definition. But note that ¢ is not
continuously differentiable.
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An interesting question would be whether the above condition (3.13) is
sharp in the sense that if A2 is of infinite dimension for some weight func-
tion, one can find an equivalent weight that fulfills it.

Example. To give a negative example, we consider ¢(z) = [>°7_, 232‘|2

in C". The Levi-matrix of this weight is (M) 1, = (42,Z) i, thus the least
eigenvalue of M, is identically 0. In particular condition (3.13) is not satis-
tied. We show that Ago is trivial.
To begin with, let us restrict ourselves to n = 2. By introducing the new
coordinates z = z; + iz and w = 2z — 129, the weight takes the form
¢(z,w) = |zw|>. Now to prove that A? is trivial, we first show 1 ¢ AZ.
Transforming to polar coordinates in both variables, we need to evaluate

/€_|zw|2d/\(z,w) = 4r? / rirae "8 (11, 7).

C2 71,7220

But

o
1
/ rlrge_T%Tg d\(ry,r9) = / —dry = oo,
0 27"1

r1,m722>0

soindeed 1 ¢ A%. Now suppose that thereis an f € AZ. Then we obviously
need to have f(z,0) — 0 and f(0,w) — 0, which implies by the identity
Theorem that f(z,0) = f(0,w) = 0, hence f(z,w) = zwg(z,w) for some
holomorphic function g. But now again zw ¢ A2, since using the same
notation as before

/|zw|26_zwl2d)\(z,w) = 4 / r3rs eI dA(r1,drs)

C2 r1,r2>0

712/ wv e " dA(u,v)
,v>0

1
:7'('2/ — d\(u) = oc.
0

u

This means that also ¢(z,0) and ¢(0, w) have to tend to zero for |w| — oo or
|z| — 0o, in other words f(z,w) = z2w?h(z,w). Repeating this argument,
we see that f has to vanish to infinite order on the complex lines z = 0 and
w = 0, hence we may conclude by the identity Theorem that f is identically
Zero.

In dimension three, we have |27 + 23 + 23| < 2|22 + 22|% + 2|23|2. From our
considerations above, it is easy to see that for all holomorphic functions f

/ / |f (21, 20, 23) [Pe 2212 AN (21, 2z0)e 23 AN (23) < / |f]2e™?d\ < oo

C c2 cs
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forces f(z1, 22, 23) to be zero for all fixed z3, hence f to be identically zero.
Eventually, a similar argument works in any higher dimension.

Theorem 3.27 Let ¢ : C* — R™ be a weight function such that Ay < —e for
some € > 0. Then there exists no holomorphic function which is squareintegrable
with respect to this weight.

Proof. Since —Ap > ¢, we have
— / Np > K
Qa

for another positive constant x and each cube @, with sidelength d. Con-
sequently, the Schrodinger operator —A — Ay is strictly positive, see [23]
or Proposition 3.19, and therefore also A, — Ap by the diamagnetic prop-
erty of Schrodinger operators. But as seen in Lemma 3.7, the latter operator
annihilates exactly those L?-functions of the form fe~¥, where f is holo-
morphic. Hence no such function f can exist.

g

There is also an interesting connection between the dimension of the
Bergman space A% (C") and compactness of the weighted 9-Neumann op-
erator N, as the next two Theorems point out.

Theorem 3.28 Let (z) : C — R be a subharmonic function and suppose that
the weighted 0-Neumann operator N, is compact. Then the space A2, is of infinite
dimension.

Proof. If N, is compact then H; = A, + Ap has compact resolvent, in
other words its essential spectrum is empty. On the other hand by Corollary
3.21, the Pauli operator Hy = A, — Ay is not with compact resolvent. In
real dimension two, it is known that the spectra of H; and H; coincide
everywhere but possibly in zero, see [7], Theorem 6.4. So our assumption
reduces the essential spectrum of Hj to zero, and since we assumed H;
to have compact resolvent, 0 must correspond to an eigenvalue of infinite
multiplicity of Hs. This is, because it can not be a limit point of eigenvalues
nor a point in the continuous spectrum — if it is an accumulation point of
eigenvalues, same was true for H;, and similarly if 0 is in the continuous
spectrum of H», Hi needs to have non empty continuous spectrum, too.
Therefore, the kernel of H is infinite dimensional and by Lemma 3.7, each
function u in this kernel is of the form u = fe™%¥, where f is holomorphic.
So there is an infinite dimensional subspace of holomorphic functions in
L2.

g
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We have the following Corollary as a direct consequence of Theorem 3.28,
which in complex dimension one gives an alternative condition to (3.13):

Corollary 3.29 Let ¢(z) : C — R be a subharmonic function such that

/ (Ap) 00 as |z| —» o0 (3.14)
B(z,r)

for some fixed r > 0. Then the space A is of infinite dimension.

Proof. By Lemma 2.5 in [14], condition 3.14 is sufficient for compact-
ness of N, in dimension one. So the Corollary follows by Theorem 3.28.

0

Theorem 3.30 Suppose that n > 2 and suppose that an eigenvector correspond-
ing to the least eigenvalue Ay of M, can be chosen which depends holomorphi-
cally on z. Then compactness of the weighted 9-Neumann operator N, implies
dim A?O = o0.

Proof. Under the assumptions of the Theorem, we can apply Theorem
3.14 and get A\; — oo as |z| — oo. So the assertion follows by Theorem 3.26.

0

Remark. For bounded convex domains 2 it is known that compact-

ness of the 9-Neumann operator on L?({2) is equivalent to compactness of
its restriction to .A%(Q), see [10]. In the case of weighted L?-spaces on C"
such a statement can not be true without additional assumptions, as the
following example shows. If one considers ¢(z,w) = |z|*|w|? on C?, then
the restriction of N, to AZ%(C") is trivially compact, since .AZ(C") = {0},
but on the other hand N, is not even continuous on L?D((C”).
Nevertheless show the results of [22] that in complex dimension one, com-
pactness of the canonical solution operator S, on Lé(@") is equivalent to
compactness on AZ(C"), under the assumption that . = Ay dX is a dou-
bling measure. Note that in this case A% (C") always is of infinite dimen-
sion, by Theorem 3.28. In fact, the assumption on Ay to be doubling im-
plies certain growth properties of Agp.
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e 1.12.2005: Abschluss des Diplomstudiums Mathematik.
e Februar - Oktober 2006: Leistung des ordentlichen Zivildienstes.

e November 2006: Beginn des Doktoratsstudium der Mathematik und
Annahme einer Dissertantenstelle an der Universitit Wien im Rah-
men des FWF-Projektes P19147.
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