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Heraklit said “παντα ρει”. However, quite a bit of it actually hops.





Abstract

The way single atoms change places in a condensed system determines many of its properties.
Insight into the mechanisms controlling such processes, therefore, yields a better understanding
of matter which in turn allows for improving fabrication and tailoring of material properties.
Intermetallic alloys have many attractive features for industrial applications, such as high specific
strength, good corrosion and oxidation resistance and low raw material cost. Their application
is, however, still strongly limited by properties such as high brittleness at low temperatures.

Methods capable of studying diffusion on an atomistic level have been restricted to high
temperatures close to the melting point of intermetallics until now. The new method of atomic-
scale X-ray Photon Correlation Spectroscopy provides a means of studying these materials at
technically relevant working temperatures. This thesis demonstrates the application of this new
technique to binary intermetallic alloys.
In the first part the theoretical concepts underlying atomic-scale X-ray Photon Correlation

Spectroscopy such as correlation, rate equations, scattering and reciprocal space will be tho-
roughly discussed. As computer simulation techniques play an important role in data evaluation,
a chapter is dedicated to this topic. The experimental preconditions are then treated. The last
chapters are devoted to the presentation of experimental results. It is shown that a new diffusion
mechanism is required to explain atomic hops at relatively low temperature in a B2 Fe-Al alloy
with a few percent of excess Fe, while in a B2 Ag-Mg alloy with excess Ag commonly known
mechanisms can explain the observed diffusion behavior.
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Kurzfassung

Viele Eigenschaften kondensierter Materie sind durch die Bewegung einzelner Atome bestimmt.
Gelingt es, die Mechanismen, die solchen Prozessen zugrunde liegen, nachzuvollziehen, so erlangt
man ein tieferes Verständnis von Materie. Ein solches erlaubt es, Herstellungsprozesse und
Eigenschaften von Werkstoffen zielgerichtet zu verbessern. Intermetallische Legierungen haben
viele attraktive Merkmale für industrielle Anwendungen wie beispielsweise hohe Reißlänge,
gute Korrosions- und Oxidationsbeständigkeit und geringe Rohstoffkosten. Ihre Anwendung
ist jedoch aufgrund von Eigenschaften wie hoher Sprödigkeit bei niedrigen Temperaturen stark
eingeschränkt.

Methoden zur Untersuchung von Diffusion auf atomarer Ebene waren bisher auf hohe Tempe-
raturbereiche nahe dem Schmelzpunkt von intermetallischen Legierungen beschränkt. Eine neue
Methode namens atomare Röntgen-Photonen-Korrelationsspektroskopie eröffnet die Möglichkeit,
Materialien bei technologisch relevanten Arbeitstemperaturen zu untersuchen. In dieser Arbeit
wird die Anwendung dieser neuen Methode auf binäre intermetallische Legierungen dargelegt.
Im ersten Teil werden theoretische Konzept wie Korrelation, Ratengleichung, Streuung und

der reziproke Raum, die der atomaren Röntgen-Photonen-Korrelationsspektroskopie zugrunde
liegen, eingehend diskutiert. Da Computersimulationen eine wichtige Rolle in der Datenauswer-
tung spielen, beschäftigt sich ein Kapitel mit diesem Thema. Anschließend werden die experi-
mentellen Voraussetzungen behandelt. In den letzten Kapiteln werden experimentelle Ergebnisse
präsentiert. Es wird gezeigt, dass ein neuer Diffusionsmechanismus benötigt wird, um atomare
Sprünge bei relativ niedriger Temperatur in einer B2 Eisen-Aluminium-Legierung mit einem
Eisenüberschuss von ein paar Prozent zu erklären, während das Diffusionsverhalten in einer B2
Silber-Magnesium-Legierung mit Silberüberschuss durch bekannte Sprungmechanismen erklärt
werden kann.
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1. Introduction

Knowledge of diffusion rates and diffusion mechanisms is of great interest in material science.
Therefore, the investigation of these phenomenons has a longstanding tradition. Important the-
oretical foundations were laid by Adolf Eugen Fick, Svante August Arrheinus and Albert Ein-
stein and Marian Smoluchowski, while ground breaking experiments were performed by William
Chandler Roberts-Austen, Georg Karl van Hevesy and Jean Baptist Perrin at the beginning of
the previous century [Mehr 07].

During these more than one hundred years, the macroscopic methods for studying diffusion
have very much improved, profiting from better tracers, higher microscopic resolution and dis-
coveries like the Kirkendall effect. This lead to an abundance of scientific discoveries including
much insight into microscopic processes. In most cases atomistic properties and the diffusion
mechanisms have to be deduced from macroscopic properties. Not in all cases though. As
microscopic methods operating in real space improved so much in the last decades that they
can reach sub-atomic resolution, using techniques like high resolution transmission electron mi-
croscopy (HRTEM) nowadays even allows to follow particular processes like surface diffusion
on the atomic scale [Surr 12]. There also exists a number of other methods, like Quasi-elastic
Neutron Scattering (QNS), Quasi-elastic Mößbauer Spectroscopy (QMS) or Nuclear Magnetic
Resonance (NMR), that allow to follow atomic motion directly. However, due to the restricted
energy resolution of such methods, they can only be applied to relatively fast processes corre-
sponding to diffusion proceeding at rather high temperatures near the melting point of most
materials. At such temperatures atomic forces play a minor role, which means that extrapo-
lating atomic jump mechanisms to lower temperatures, where such forces are important, is not
straightforward. Furthermore these experimental techniques are often restricted to particular
isotopes, which limits the number of accessible systems. The information on different systems
investigated so far is therefore rather limited.
In order to gain direct access to jump processes of systems in the state of everyday applications,

a new method had to be found. It was possible to advance the scattering method of X-ray Photon
Correlation Spectroscopy (XPCS) [Brau 95], which is the X-ray equivalent of Dynamic Light
Scattering (DLS), to the X-ray regime and show that it is capable of the determining atomic
jump vectors [Leit 09, Leit 12a, Stan 13, Ross 14].
As distinct from “standard” XPCS in which dynamics of macroscopic objects are measured,

atomic-scale X-ray Photon Correlation Spectroscopy (aXPCS) measures dynamics at the atomic-
scale using wide-angle scattering. This presents new experimental challenges as in this regime
the scattered intensity is much lower and higher longitudinal coherence is needed. Such a
distinction is similar to the case of wide-angle X-ray scattering (WAXS) and small-angle X-ray
scattering (SAXS). The applied technique is the same, but the area of reciprocal space, where
the measurement takes place, differs.
aXPCS works in the time regime and is not restricted by any physical limits. In a nutshell, a

1



2 Introduction
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Figure 1.1.: Left: Completely filled bcc lattice and a plane in reciprocal space for a lattice of
163 × 2 atoms. The additional features between the peaks of Bragg reflection are
due to finite size effects, which are strong for such a small lattice.
Right: The same lattices, only partially filled and corresponding reciprocal space
images.

perfect, fully occupied lattice yields a scattering pattern featuring sharp Bragg reflection peaks.
When the lattice is partially empty or occupied by different species with distinct scattering
lengths, the scattering in the diffuse regime is strongly enhanced. Different configurations of
real space, that is different arrangements of the scatterers, yield different scattering patterns, as
schematically shown in Fig. 1.1. A temporal series of such scattering patterns is used to draw
conclusions about atomic motion driven by diffusion. The time resolution depends only on the
brilliance of the X-ray source and the readout speed of the X-ray detector. Furthermore, it is not
restricted to selected isotopes and, as a large region of the sample is probed by the X-ray beam,
no issues concerning localized sampling as in case of microscopic real space methods occur.
This work gives an introduction to the method of aXPCS and demonstrates how it can be

applied to the interesting class of intermetallic alloys. The following three chapters set the
scene. In Chapter 2 the theoretical concepts of aXPCS are introduced in a streamlined notation.
Chapter 3 gives an overview over different atomic diffusion mechanisms. Some of the concepts
discussed here have a long tradition, while others are relatively new. It is also shown how the
different concepts can be tested against aXPCS experiments. As chemical short-range ordering
has an influence on the stability of local configurations and therefore influences correlation
times, it is an important factor when evaluating aXPCS data. Finding the appropriate short-
range order parameters has presented itself as a very interesting and challenging problem over
the last years. Thus, Chapter 4 is devoted to this topic. After these theoretical sections technical
requirements for performing an aXPCS experiment will be discussed. In the following chapters
a short treatment of aXPCS results for a solid solution and detailed discussions about results for
two binary intermetallic alloys, namely Fe0.54Al0.46 and Ag0.58Mg0.42 (the subscripts indicates
the fraction of atoms) will be presented. At last there will be a short outlook about what could
be done in the future.



2. Theory of atomic-scale X-ray Photon
Correlation Spectroscopy

In this chapter the theoretical keystones of atomic-scale X-ray Photon Correlation Spectroscopy
(aXPCS) are introduced. As it is a scattering technique that operates in the Fraunhofer regime,
the ground is laid by introducing scattering vectors and important concepts of reciprocal space.
The framework of the method is based on correlation functions, which will be introduced in the
second part.

2.1. Reciprocal space

For a three dimensional space spanned by a set of linear independent vectors ~r1, ~r2 and ~r3, there
exists a set of vectors ~qi, such that ~ri ·~qj = 2πδij . The latter set is called reciprocal space vectors.
Historically this arises out of the Bragg condition, which is the reason why a vector in reciprocal
space is often defined by the scattering planes orthogonal to it. On this basis a reciprocal
lattice vector (hkl) can be written as h~q1 + k~q2 + l~q3, which is very practical for crystallographic
considerations. In a classical scattering experiment, however, the two dimensional section of
q-space recorded by a detector does not coincide with a plane represented by such vectors, but
coincides with the surface of a sphere. It is therefore sometimes useful, to represent a reciprocal
space vector ~q by spherical coordinates rather than by means of a lattice vector (hkl).

2.1.1. Parameterization of reciprocal space

The reciprocal space vector ~q is defined as the difference between the incoming X-ray vector ~kin
and the scattered X-ray vector ~kout as ~q = ~kout−~kin. A scattering triangle is shown in Fig. 2.1a.
In the case of elastic scattering, where

∣∣∣~kout∣∣∣ =
∣∣∣~kin∣∣∣ = k, connecting the ends of the set of all

possible scattering vectors forms a sphere in reciprocal space, called the Ewald sphere, as shown
in Fig. 2.1b. A selection of these vectors fulfill the Bragg conditions. The rest stretches over
the region of reciprocal space that is known in a scattering experiment as the regime of diffuse
scattering. As in an aXPCS experiment quasi-elastic scattering is used, we will only treat the
case of elastic scattering from here on.
The particular area of reciprocal space covered by a sphere formed by the set of possible

~q-vectors is determined by the direction and length of ~kin. The length of the scattering vectors
is determined by E, the energy of the electromagnetic wave

|~kin| =
2π
λ

= E

~c
, (2.1)

with λ being the wavelength and c the speed of light. Therefore, the length of the scattering
vector ~q depends on the energy E and the angle between the initial and the outgoing scattering

3



4 Theory of atomic-scale X-ray Photon Correlation Spectroscopy

~kin

~kout

~q

(a) Scattering triangle. The reciprocal space
vector ~q is the difference between incoming
and outgoing scattering vectors.

(b) The set of possible wavevector transfers for
a fixed sample orientation in the case of
elastic scattering form a sphere. Here half
of the sphere is shown.

Figure 2.1.

vectors 2Θ:
|~q(2Θ)| = 2k sin

(2Θ
2

)
(2.2)

In case of an amorphous scatterer, reciprocal space is rotationally symmetric with ~kin being
the symmetry axis. The direction of the scattering vector or the orientation of the scatterer
respectively does not play a role. If the scatterer is of crystalline form, however, the direction of
~kin is determined by the orientation of the scatterer in respect to the incoming or primary beam.
The orientation can be chosen such that a certain crystallographic direction 〈hkl〉, e.g. 〈100〉,
〈110〉 or 〈111〉, is parallel to the incoming beam.
The reciprocal space vector can be split into two components ~q = ~q⊥ + ~q‖, where ~q‖ ‖ ~kin.

In order to introduce a parametrization of reciprocal space similar to spherical coordinates, the
radial component of the coordinate system is chosen to be the length of the scattering vector
k =

∣∣∣~kin∣∣∣. The polar angle coincides with the scattering angle 2Θ and the azimuthal angle shall
be called ϕ. These are also the natural parameters in a scattering experiment as will be shown
in Section 6.4. To interrelate these spherical coordinates with the Cartesian coordinates , an
alignment vector S(2θ) and a rotation matrix R(ϕ, ux, uy, uz) are introduced. The alignment
vector depends on the orientation of the sample and reorientates the coordination system with
respect to the labor system. The rotation matrix is the standard rotation matrix (see (A.1))
and accounts for the free parameter, namely the azimuthal angle ϕ. In combination with (2.2)
it is possible to define the scattering vector in dependence of the polar and the azimuthal angle
as

~q(2Θ, ϕ) := q(2Θ)S(2Θ)R(ϕ, ĥ, k̂, l̂). (2.3)

Here
(
ĥ, k̂, l̂

)
is a unit vector, giving the direction of orientation of the sample. For simplicity
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q(2Θ) = |~q(2Θ)| was introduced.
The alignment vectors for the main crystallographic orientations of a cubic system are given.

〈100〉 directions: We choose one particular direction, namely ~kin ‖ [100]. The rotation axis of
the rotation matrix is therefore

(
ĥ, k̂, l̂

)
= (1, 0, 0). The components of the alignment vector for

this case coincide with the natural choice of polar coordinates in a labor system, as can be seen
in Fig. 2.2a.

[100]~kin

~kout

2θ

~q

x̂ŷ

ẑ

(a) Scattering triangle for a crystal
oriented in the [100] direction.
The components of the scattering
vector are: qx = q sin(2Θ/2) and
qz = q cos(2Θ/2).

~kin

x̂

ŷ

ẑ

[001]

[010]

[01̄0]

[011]

[01̄1]

(b) Representation of subset of ~q-vectors correspond-
ing to ~q⊥ parallel to the main crystallographic di-
rections for a crystal oriented in [100] direction.

Figure 2.2.

S(2Θ) =


sin
(

2Θ
2

)
0

cos
(

2Θ
2

)
 (2.4)

Multiplication of this alignment vector and the appropriate rotation matrix yields:

~q (2Θ, ϕ) = 2k sin
(2Θ

2

)(
sin
(2Θ

2

)
x̂

+ cos
(2Θ

2

)
sin(ϕ) ŷ

+ cos
(2Θ

2

)
cos(ϕ) ẑ

)
(2.5)

Under certain azimuthal angles ϕ the perpendicular component of the reciprocal space vector
~q⊥ is parallel to certain crystallographic main directions as is visualized in Fig. 2.2b. With
n ∈ N0 the following conditions hold:

∀ϕ ∈ (n× 90◦) : ~q⊥ ‖ 〈100〉 (2.6a)

∀ϕ ∈ (n× 90◦) + 45◦ : ~q⊥ ‖ 〈110〉 (2.6b)
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The scattering image therefore has a fourfold symmetry.

〈110〉 direction: We choose ~kin ‖
[
11̄0

]
as a representative for the set of 〈110〉 orientations.

Again the rotation axis of the rotation matrix is chosen accordingly,
(
ĥ, k̂, l̂

)
= 1√

2(1, 1̄, 0).

[11̄0]
~kin

~kout

2Θ

~q

x̂
ŷ

ẑ

(a) Scattering triangle giving the align-
ment vector for [11̄0] oriented crystal.

~kin

x̂

ŷ

ẑ

[001]

[110]

[1̄1̄0]

[111]

[1̄1̄1]

(b) Representation of subset of ~q-vectors correspond-
ing to ~q⊥ parallel to the main crystallographic di-
rections for a crystal oriented in [11̄0] direction.

Figure 2.3.

As can be seen from Fig. 2.3a, the alignment vector has the form

S(2Θ) =


sin( 2Θ

2 )√
2

− sin( 2Θ
2 )√

2
cos

(
2Θ
2

)
.

 (2.7)

Multiplying with the rotation matrix yields the reciprocal space vector depending on 2Θ and ϕ
for this orientation:

~q (2Θ, ϕ) = 2k sin
(2Θ

2

)( 1√
2

(
sin
(2Θ

2

)
+ cos

(2Θ
2

)
sin(ϕ)

)
x̂

− 1√
2

(
sin
(2Θ

2

)
− cos

(2Θ
2

)
sin(ϕ)

)
ŷ

+ cos
(2Θ

2

)
cos(ϕ) ẑ

)
(2.8)

The crystallographic main directions for the perpendicular component of the scattering vector
~q⊥ is parallel to are shown in Fig. 2.3b. They can be found at the following azimuthal angles:

ϕ ∈ {0◦, 180◦} : ~q⊥ ‖ 〈100〉 (2.9a)

ϕ ∈ {90◦, 270◦} : ~q⊥ ‖ 〈110〉 (2.9b)

ϕ ∈ {54.74◦, 125.26◦, 234.74◦, 305.26◦} : ~q⊥ ‖ 〈111〉 (2.9c)
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As can be seen from the symmetry of the main directions, the scattering image has a twofold
symmetry.

〈111〉 direction: For the third main direction in cubic systems we chose ~kin ‖ [111] and accord-
ingly

(
ĥ, k̂, l̂

)
= 1√

3(1, 1, 1).

[110]

[111]

~kin

~kout

2Θ

~q

x̂

ŷ

ẑ

(a) Scattering triangle giving the align-
ment vector for [111] oriented crystal:√
q2
x + q2

y = q sin(α) and qz = q cos(α)
with α = 2Θ/2− 54.7356◦.

~kin

x̂
ŷ

ẑ

[1̄1̄2]

[1̄21̄][21̄1̄]

[112̄]

[12̄1]
[2̄11]

[1̄01]

[1̄10]

[011̄][101̄]

[11̄0]

[01̄1]

(b) Representation of subset of ~q-vectors correspond-
ing to ~q⊥ parallel to the main crystallographic di-
rections for a crystal oriented in [111] direction.

Figure 2.4.

From Fig. 2.4a the alignment vector can be identified as:

S(2Θ) =


sin(2Θ/2−arcsin(1/

√
3))√

2
sin(2Θ/2−arcsin(1/

√
3))√

2
cos

(
2Θ/2− arcsin

(
1/
√

3
))

 (2.10)

Again, multiplying with the appropriate rotation matrix, the reciprocal space vector for this
direction can be written as

~q (2Θ, ϕ) = 2k sin
(2Θ

2

)
×(

sin (2Θ/2)√
3

− cos (2Θ/2)
6

(√
6 cos(ϕ) + 3

√
2 sin(ϕ)

)
x̂

+
(sin (2Θ/2)√

3
+ cos (2Θ/2)

6
(
−
√

6 cos (ϕ) + 3
√

2 sin (ϕ)
))

ŷ

+
√

2 cos (2Θ/2) cos (ϕ) + sin (2Θ/2)√
3

ẑ

)
. (2.11)
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Comparing Fig. 2.2b, Fig. 2.3b and Fig. 2.4b one sees that for a crystal oriented in 〈110〉-
direction, the rotation symmetry of the scattering image is lowest. Also ~q‖ can be chosen parallel
to each of the three main crystallographic directions. Out of these three examples with high
symmetry this is the orientation that yields the most information and is therefore a favored
orientation in aXPCS measurements.

2.2. Correlations and diffusive motion

In this section some important concepts for describing diffusive motion are introduced. As the
name states, X-ray Photon Correlation Spectroscopy is a method based on correlations, making
it the first topic of discussion. Then a brief introduction to the idea of using master equations
for treating jump probabilities will be given. Finally both concepts will be related to each other.

2.2.1. Correlations in real space

Using correlation to describe diffusive motion has a long standing tradition. The concept was
introduced by extending the pair distribution function of space γ(∆~r) to a pair distribution
function in space and time G(∆~r,∆t) [Van 54]. These two functions can be defined as

γ(∆~r) = 〈σ(~r)σ(~r + ∆~r)〉~r (2.12)

G(∆~r,∆t) = 〈〈σ(~r, t)σ(~r + ∆~r, t+ ∆t)〉~r〉t , (2.13)

where the brackets 〈. . .〉~r and 〈. . .〉~r denote the ensemble average over space and over time
respectively. The state function σ(...) indicates the state of occupation of space at a certain
time.
Applying the Cauchy-Schwarz inequality|〈f(x) f(y)〉| ≤

√
〈f(x) f(x)〉 〈f(y) f(y)〉, taking care

of preserving correlations shows that this function decreases with time:

|G(∆~r,∆t)| =
∣∣〈〈σ(~r, t)σ(~r + ∆~r, t+ ∆t)〉~r〉t

∣∣ (2.14a)

≤
√
〈〈σ(~r, t)σ(~r + ∆~r, t)〉~r〉t 〈〈σ(~r, t+ ∆t)σ(~r + ∆~r, t+ ∆t)〉~r〉t (2.14b)

=
√
〈〈σ(~r, t)σ(~r + ∆~r, t)〉~r〉

2
t (2.14c)

|G(∆~r,∆t)| ≤ |γ(∆~r)| = |G(∆~r, 0)| . (2.14d)

The state function σ is defined by the kind of particle occupying a certain position in space, or
more specifically by the relevant properties of these particle. Let fi be the measure of a certain
property of a particle i. Then we can write the density of particles with this property as

ρ(~r, t) =
∑
i

fiδ(~r − ~Ri(t)) (2.15)

where ~Ri(t) is the position vector of the ith particle at time t. Using the Wiener-Khinchin
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theorem we can write the Van Hove correlation function as

G(∆~r,∆t) =
∫
R3

d~r
∑
i

∑
j

〈
fiδ(~r − ~Ri(t))fjδ(~r + ∆~r − ~Rj(t+ ∆t))

〉
t

(2.16a)

=
∫
R3

d~r
∑
i

〈
f2
i δ(~r − ~Ri(t))δ(~r + ∆~r − ~Ri(t+ ∆t))

〉
t

(2.16b)

+
∫
R3

d~r
∑
i,j
i 6=j

〈
fifjδ(~r − ~Ri(t))δ(~r + ∆~r − ~Rj(t+ ∆t))

〉
t

(2.16c)

=GS(∆~r,∆t) +GD(∆~r,∆t) (2.16d)

Here GS(∆~r,∆t) represents the so called self-correlation function and GD(∆~r,∆t) the correlation
function of different pairs. The self-correlation function describes the motion of one and the same
particle through space as GS(∆~r,∆t) gives the probability for finding a particle at ~r + ∆~r at
time t + ∆t, provided it was at a position ~r at time t. The distinct-pair-correlation function
describes the probability to find another particle at ~r + ∆~r and t+ ∆t if a certain atom was at
~r at time t. The sum of both G(∆~r,∆t) therefore refers the probability of finding any particle
(with the appropriate properties) at ~r + ∆~r and t+ ∆t.

2.2.2. Correlation in reciprocal space

Fourier transforming (2.12) yields

F∆~r→~q (γ) (~q ) ∝
∫

d∆~r
∫ ∞
−∞

d~r σ(~r)σ(~r + ∆~r) exp(−i ~q ·∆~r) . (2.17)

As the pair distribution function is a representation of all inter-atomic distances, its Fourier
transform is directly linked to the structure factor, S(~q ) ∝ F∆~r→~q (γ(∆~r)).

We can write the Fourier transform of the Van Hove pair correlation function as:

F∆~r→~q (G(∆~r,∆t)) ∝∫
d∆~r exp(−i ~q ·∆~r)

∫ ∞
−∞

d~r
∑
i

∑
j

〈
δ(~r − ~Ri(t))δ(~r + ∆~r − ~Rj(t+ ∆t))

〉
t

(2.18a)

=
∑
i

∑
j

∫
d∆~r

〈
exp

(
−i ~q · ~Ri(t)

)
exp

(
i ~q · ~Rj(t+ ∆t)

)〉
t
exp(−i ~q ·∆~r) (2.18b)

=:I (~q,∆t) (2.18c)

I (~q,∆t) is in the literature referred to as the intermediate scattering function [Hemp 00].

The Fourier transform of the density function for the experiment corresponds to the scattering
amplitude of the electromagnetic field, E(~q ) =

∫
d~r σ(~r) exp(−i ~q · ~r). This can be used to write

the intermediate scattering function as

I (~q,∆t) = 〈E(~q, t)E∗(~q, t+ ∆t)〉t . (2.19)
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It is useful to normalize this function by the time average of the scattering intensity and write

g(1) (~q,∆t) = 〈E(~q, t)E∗(~q, t+ ∆t)〉t
〈E(~q, t)E∗(~q, t)〉t

. (2.20)

Because the amplitude of the electromagnetic field is the Fourier transform of the density
distribution or the state function in real space, (2.20) holds exactly the same information as (2.13)
and can therefore be used to characterize diffusive motion. Due to the so called phase problem,
which describes the fact that no detector is currently fast enough to detect the modulation in
an electromagnetic field, straight forward measurement of the amplitudes of the electromagnetic
field is not possible. Even though phase retrieval techniques progress very fast, they can not
cover time intervals small enough to be in the order of diffusive motion. It is, therefore, extremely
difficult to measure (2.20) directly. It is, however, comparably easy to measure the scattering
intensities I(~q ). A so called intensity autocorrelation function can be defined in a similar fashion
as (2.20) in the following way:

g(2)(~q,∆t) = 〈I(~q, t) I(~q, t+ ∆t)〉t
〈I(~q, t)〉2t

(2.21)

In order to find a connection between (2.20) and (2.21) we use the fact that the intensity is the
absolute square of the amplitude of the electromagnetic field I(~q, t) = E(~q, t)E∗(~q, t), rewriting
(2.21) in the following way:

g(2)(~q,∆t) = 〈E(~q, t)E∗(~q, t)E(~q, t+ ∆t)E∗(~q, t+ ∆t)〉t
〈E(~q, t)E∗(~q, t)〉2t

(2.22)

When the statistics of the electromagnetic field are Gaussian of zero mean, which is the case
if the fields of individual sources are not influencing each other (individual scatterers), only
the second moments have to be considered. Therefore Isserlis’ theorem (see e.g. [Mich 09]) is
applicable and correlation functions of the right-hand side of (2.22) can be expressed as a sum
of all the possible products of two-time field correlations:

〈E(t)E∗(t)E(t+ ∆t)E∗(t+ ∆t)〉t
= 〈E(t)E∗(t)〉t〈E(t+ ∆t)E∗(t+ ∆t)〉t + 〈E(t)E(t+ ∆t)〉t〈E∗(t+ ∆t)E∗(t)〉t +

〈E(t)E∗(t+ ∆t)〉t〈E(t+ ∆t)E∗(t)〉t (2.23a)

= 〈I(~q, t)〉2t + 〈|E0|eiφ|E0|ei(φ+∆φ)〉t〈|E0|e−i(φ+∆φ)|E0|e−iφ〉t +

〈E(t)E∗(t+ ∆t)〉t〈E(t+ ∆t)E∗(t)〉t (2.23b)

As the phase factor is not correlated with the modulus of the amplitude of the electromagnetic
field, each factor of the middle part of (2.23b) can be rewritten as〈

|E0|eiφ|E0|ei(φ+∆φ)
〉
t

=
〈
e−iφ

〉
t

〈
|E0|2ei∆φ

〉
t
. (2.24)
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The time average of the phase-factor is zero,
〈
e−iφ

〉
t

= 0. Therefore

g(2)(~q,∆t) = 1 +
(〈E(~q, t)E∗(~q, t+ ∆t)〉t
〈E(~q, t)E∗(~q, t)〉2t

)2
= 1 +

∣∣∣g(1)(~q,∆t)
∣∣∣2 . (2.25)

This is known as the Siegert relation (see e.g. [Lemi 99]). It was proven that it is fulfilled
even under harsh experimental conditions [Gitt 06]. (2.25) gives a direct relation between the
intensity autocorrelation function and the amplitude autocorrelation function (2.20), which is in
turn directly related to diffusive motion as shown above. In theory, g(2)(~q,∆t) can be measured
over an unconfined dynamical range. In an experiment one is only limited by the number of
coherent photons scattered by the sample and the readout time of the detector on the one
hand, and by the stability of the setup on the other. Using optical light sources and common
commercial correlators, ∆t can range from nanoseconds to hours, covering a range of twelve
orders of magnitude. This is the main reason why the method of dynamic light scattering
found extensive use in colloid dynamics research [Peco 85, Cipe 10]. Even though huge progress
has been made in the detection of X-rays in the last decades, the accessible time window is
considerably smaller. A thorough discussion of this can be found in Chapter 6.

Two-times correlation function

Similar to (2.21), which is an intensity-correlation function of second order, it is possible to
define a two-times correlation function. Such a function is an useful concept for checking the
temporal evolution of a system. The two-times correlation function is defined as

Γ(~q, t1, t2) := 〈I(~q, t1)I(~q, t2)〉
〈I(~q, t1)〉〈I(~q, t2)〉 . (2.26)

In case where Γ(~q, t1, t2) only depends on ∆t = t2 − t1, the systems dynamics do not change
over time, indicating equilibrium state dynamics. When interested in such processes, as is the
case in this work, plotting a two dimensional map therefore gives a good indication whether the
system under investigation is in equilibrium. It can, however, also indicate instabilities in the
experimental setup.
It shall be mentioned that it is also possible to define correlation functions of higher order,

which can be used for further investigations of non equilibrium dynamics. Such processes are,
however, not the topic of this thesis.

2.2.3. Solving the rate equation

Dynamics can be formulated in terms of a rate equation for the probability distribution. Theories
for diffusion in lattices, in light of probability distributions, are well developed [Haus 87]. Here
a somewhat more simplistic approach will be followed.
The probability to find a particle of a certain type at a certain site ~r in a lattice at a certain

time t + ∆t, is given by the probability of the particle being at ~r at an earlier time t, reduced
by the probability of performing a discrete jump of length ∆~r to a neighboring site, plus the
probability of a particle having occupied a neighboring site ~r − ∆~r and performing a jump to
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~r. In a lattice (even in a one dimensional) there is more than one neighboring site at a distance
|∆~r |. For a finite time interval ∆t and a particular jump vector ∆~r, the flux to and from all
equivalent neighboring sites can be approximated by a difference equation:

P (~r, t+ ∆t) ≈
∑
∆~r

P (~r, t)− P (~r, t)∆t ν~r→~r+∆~r + P (~r −∆~r, t)∆t ν~r−∆~r→~r (2.27)

Jumps are considered to be independent. The appropriate jump rates are given by ν~r→~r ′ . For
lim∆t→0 this becomes exact and can be used to formulate a differential equation which is usually
referred to as rate equation:

∂

∂t
P (~r, t) =

∑
∆~r

(
P (~r −∆~r, t) ν~r−∆~r→~r − P (~r, t) ν~r→~r+∆~r

)
. (2.28)

It is also possible that jumps to neighboring sites at different distances take place. Considering
a Bravais lattice let {∆~rn} be the set of jump vectors leading to sites in the neighboring shell
of number n. With this, the rate equation in the general form becomes

∂

∂t
P (~r, t) =

∑
n

∑
∆~rn

(
P (~r −∆~rn, t) ν~r−∆~rn→~r − P (~r, t) ν~r→~r+∆~rn

)
. (2.29)

Under the assumption that the jump frequency is only dependent on the jump distance
ν~r→~r+∆~rn = ν~r−∆~rn→~r = νn = τ−1

0 pn, where τ0 is the average residence time of the particle
and pn the normalized probability for the particle to jump to any one particular neighboring
site in neighbor shell n, (2.29) simplifies to

∂

∂t
P (~r, t) = 1

τ0

∑
n

pn
∑
∆~rn

(P (~r −∆~rn, t)− P (~r, t)) . (2.30)

This can be solved using the standard Fourier transform method:

∂

∂t
F (P )(~q, t) = 1

τ0

∑
n

pn
∑
∆~rn

(∫
d~r ′P (~r ′, t)e−i~q·(~r ′+∆~rn) −

∫
d~r P (~r, t)e−i~q·~r

)
= F (P )(~q, t) τ−1

0
∑
n

pn
∑
∆~rn

(
e−i~q·∆~rn − 1

)
(2.31)

Let us consider the case where P (~r, t) is the probability of finding a certain particle at ~r and
t and P (~r + ∆~r, t+ ∆t) is the probability of finding the same particle at ~r + ∆~r and t + ∆t.
Assuming that the particle started at the origin at time zero, P (∆~r, 0) = δ(~r), and applying this
as boundary condition to (2.31) the self correlation function [Chud 61] can be defined:

F (GS)(~q, t) = exp

− 1
τ0

∑
n

pn
∑
∆~rn

(
1− e−i~q·∆~rn

)
t

 (2.32)

We define a ~q-dependent self correlation time:

τS(~q ) = τ0∑
n pn

∑
∆~rn

(
1− e−i~q·∆~rn

) , (2.33)
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~r ~r + ∆~r

Usp

U1
U2

Figure 2.5.: Schematic representation of energy landscape determining jump rates of particles.

which can be written as

τS(~q ) = τ0∑
n p̄n

(
1− Z−1

n
∑

∆~rn cos(~q ·∆~rn)
) , (2.34)

if the lattice has inversion geometry where for every lattice ∆~r there exists a vector ∆~r ′ such
that ∆~r ′ = −∆~r, which is the case for Bravais lattices as considered here. Here p̄n gives the
probability of a particle to jump to any site in the neighboring shell (p̄n = Znpn), where Zn is
the coordination number, thus the number of neighbors in shell n.

As this ~q-dependent self correlation time is what is measured by incoherent scattering methods,
it is also often referred to as the incoherent correlation time τinc(~q ). Considering (2.18c) we get
a model-dependent result for the amplitude self correlation function:

g
(1)
S (~q, t) = F (GS)(~q, t) = exp

(
− t

τS(~q )

)
(2.35)

Only the cornerstones of the ansatz by Leitner [Leit 11, Leit 12a], that is necessary to treat
site-dependent jump rates, will be given. When considering pair correlations, whose underlying
principle is particle interaction, the assumption that local jump frequencies vary in a negligible
way does not hold anymore. Assessing all jumps by a constant jump frequency which led to
(2.30) is therefore incorrect. For an individual jump, the jump probability is a function of
temperature and the local energetic landscape, as shown in Fig. 2.5. According to transition
state theory [Eyri 35, Evan 35, Vine 57] the jump rate is determined by the energy difference
Usp − U1.

νσ1→σ2 = ν∆~r exp
(
−Usp(~r, ~r + ∆~r;σ1)− U(σ1)

kBT

)
(2.36)

Here ν∆~r gives the average jump frequency of jumps of length ~r and a state function was
introduced, giving the state of occupation of a certain position ~r:

σX(~r) =

1 if X at ~r

0 otherwise
(2.37)
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The difference between the states σ1 and σ2 is that a particle has been moved by ∆~r. The
energy U can be approximated by a cluster expansion [Sanc 84, Lerc 09] using interaction terms
Vi, with i being the order of interaction (e.g. 2 for pairs):

U(σ) = V0 + V1
∑
X;~r

σX(~r) +
∑
X,Y ;~r

∑
∆~r

V XY
2 (∆~r)σX(~r)σY (~r + ∆~r) + O(i ≥ 3) , (2.38)

For a binary system defining V2 := V AA
2 + V BB

2 − 2V AB
2 [Duca 91] is used to reduce the number

of pair interaction parameters.

As was shown by Leitner [Leit 11, Leit 12a], solving the rate equation with these jump fre-
quencies in the context of a linear theory yields the following expression of the rate equation:

∂

∂t
F (P )(~q, t) = 1

τ0

∑
n

pn
∑
∆~rn

F (P )(~q, t)
(

1 + V̂ (~q )
kBT

c(1− c)
)(

e−i~q·∆~rn − 1
)

(2.39)

which yields, applied to the pair correlation function

F (G)(~q, t) = exp

 1
τ0

∑
n

pn
∑
∆~rn

(
e−i ~q·∆~rn − 1

)(
1 + V̂2(~q )

kBT
c(1− c)

)
t

 . (2.40)

The Fourier transform of a pair potentials V̂2(~q ) is related to the short-range order intensity in
Laue units (LUs) by the Clapp-Moss relation [Clap 66, Leit 12a]:

ISRO(~q ) = 1

1 + V̂2(~q )(c(1−c))
kBT

(2.41)

This allows to write the correlation time as

τ(~q ) = τ0 ISRO(~q )∑
n pn

∑
∆~rn

(
e−i ~q·∆~rn − 1

) , (2.42)

and the amplitude-correlation function as

g(1)(~q ) = F (G)(~q, t) = exp
(

t

τ(~q )

)
. (2.43)

As can be seen from (2.33) and (2.42) a relation between the self correlation time and the
correlation time including pair distributions is given by

τ(~q ) = τS(~q ) ISRO(~q ) . (2.44)

This is the same result as found by Sinha and Ross [Sinh 88] and is also known as De Gennes
narrowing [De G 59], which was first introduced for a qualitative description of coherent neutron
scattering results in liquids.

Combining (2.18),(2.25) and (2.43) allows to connect the experimentally determinable intensity-
correlation function to the Van Hove correlation function via the model dependent parameter
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τ(~q ):

g(2)(~q,∆t) = 1 + exp
(−2 ∆t
τ(~q )

)
. (2.45)

Non-Bravais lattice

For a non Bravais lattice, the rate equation becomes more general as jumps between the in-
dividual sublattices and within the superstructure have to be considered. An extension of the
model by Chudley and Elliott [Chud 61], (2.32) was first discussed by Rowe [Rowe 71]. Let us
consider a lattice consisting of m individual sites per primitive unit cell or Bravais sublattices.
For simplicity only nearest-neighbor jumps ∆~r λµ1 (n = 1) between a lattice µ and a lattice λ
will be considered at the beginning. Assuming equal occupation of the sublattices and an equal
jump rate between the sublattices (1/τ0) the rate equation can be written as

∂

∂t
P λ(~r, t) = 1

τ0Zλµ

m∑
µ=1

∑
∆~r λµ1

(
Pµ(~r −∆~r λµ1 , t)− P λ(~r, t)

)
, (2.46)

where Zλµ = Zµλ is the coordination number, which gives the number of neighboring sites on
sublattice µ for a site in sublattice λ. If the jump rates differ, this can be accounted for [Ande 84]
by introducing individual residence times τλµ:

∂

∂t
P λ(~r, t) = 1

Zλµ

m∑
µ=1

∑
∆~r λµ1

( 1
τµλ

Pµ(~r −∆~r λµ1 , t)− 1
τλµ

P λ(~r, t)
)
, (2.47)

For systems with a long-range order, the probability for a particle of a certain type to occupy
a certain sublattice varies. The probability of finding a particle at sublattice µ shall be given by
Wµ = cµX/cX , where c

µ
X is the partial concentration of particles of type X on sublattice µ and

cX is the overall concentration (
∑m
µ W

µ = 1). It shall be noted, that the probability of finding a
particle on any sublattice at position ~r is given by P (~r, t) =

∑m
µ W

µPµ(~r, t) and detailed balance
demands Wλ

τλµZλµ
= Wµ

τµλZµλ
.

Fourier transforming (2.47) yields

∂

∂t
F (P λ)(~q, t) = 1

Zλµ

∑
µ

∑
∆~r λµ1

( 1
τµλ

F (Pµ)(~q, t) e−i ~q·∆~r
λµ
1 − 1

τλµ
F (P λ)(~q, t)

)
. (2.48)

Equation (2.48), defining the entry for the λth sublattice as gλ(1)
S (~q, t) := F (P λ)(~q, t), can be

written in matrix notation as:
∂

∂t
g

(1)
S (~q, t) = Ã g

(1)
S (~q, t) , (2.49)

with the diffusion or jump matrix Ã of size m × m. The elements of this matrix are defined
[Ande 84, Rand 94] as

Aλµ = 1
τµλZµλ

∑
∆~r µλ

exp
(
−i ~q ·∆~r µλ

)
− δλµ

∑
µ

1
τλµ

. (2.50)
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As 1
τµλ

is the frequency of jumps from a particular site in the sublattice λ to a particular
neighboring site in the sublattice µ, Zλµ

τµλ
is the frequency for jumps to any neighboring site in

the sublattice µ.
In a case where τλµ 6= τµλ, the jump matrix Ã is non-Hermitian. It can, however be trans-

formed into a Hermitian matrix [Kutn 77, Rand 94], due to detailed balance by similarity trans-
formation

B̃ = T̃ ÃT̃
−1
, (2.51)

where
T λµ = 1√

W λ
δλµ . (2.52)

As the eigenvalues of a Hermitian matrix are always real and because the eigenvalues of B̃ are
also eigenvalues of Ã due to (2.51), the jump matrix has real eigenvalues which are called εj .
The rate equation in matrix form (2.49) can be rewritten:

∂

∂t
T̃ g

(1)
S (~q, t) = B̃ T̃ g

(1)
S (~q, t) , (2.53)

which yields the solution
T̃ g

(1)
S (~q, t) =

∑
j

exp(εjt)¯
Kj ·~b∗j . (2.54)

Here ~bj are the eigenvectors of B̃ and
¯
Kλ
j = bλ∗j

√
1/W λ as shown by [Rand 94] .

After some algebra [Rand 94] this leads to a solution for the Fourier transform of the rate
equation

g
(1)
S (~q, t) =

∑
j

∣∣∣∣∣∑
λ

√
W λbλj

∣∣∣∣∣
2

︸ ︷︷ ︸
wj

exp(εjt) (2.55a)

=:
∑
j

wj exp
(

t

−τSj (~q )

)
, (2.55b)

where bλj is the λ-th component of the j-th eigenvector. The self-intermediate scattering function
is therefore a weighted sum of exponential functions. In order to find the amplitude-correlation
function that includes pair distributions, short-range order information has to be included.
The intensity-correlation function is then given by

g(2)(~q, t) = 1 +

∑
j

wj exp
(
− t

τj(~q )

)2

. (2.56)

2.2.4. The short-range order term ISRO

According to (2.44) the ~q-dependent self correlation time τS(~q ) and the pair correlation time
τ(~q ) are linked by a term accounting for the short-range order in the system, which is the
short-range order intensity ISRO. This ~q-dependent term can be calculated using the so-called
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Warren-Cowley parameters αn [Cowl 60]. For a binary system these parameters are defined as

αn = 1− ωX,Yn

cY
, (2.57)

where ωX,Yn is the probability of finding an atom of type Y in the n-th neighbor shell of an atom
of type X and cY is the concentration of atoms of type Y . The short-range order intensity can
thus be calculated:

ISRO(~q ) =
∑
n,j

αn cos
(
~q ·∆~rnj

)
(2.58)

Finding the αn-parameters is, however, not straightforward, as will be discussed in Chapter 4.

αn-parameters in non-Bravais systems

In a system with strong long-range order, calculation of the short-range order parameters ac-
cording to (2.57) will result in a series of non-converging parameters. For a B2 system with
perfect order for example, (2.57) yields:

ωn =

1 if 2h, 2k and 2l are all odd

−1 if 2h, 2k and 2l are all even
(2.59)

Calculating the intensity according to (2.58) and (2.59) produces an infinite sum yielding
superstructure peaks. Small deviations from perfect order will only lead to small deviations
from this. In order to calculate the local variations of chemical order, it is therefore advisable to
split the superstructure into its sublattices and calculate the short-range order terms for each
sublattice µ separately, using αµñ = 1 − ωX,Yñ

cµY
. Here ñ indicates the number of the neighboring

shell within the sublattice. Neglecting short-range order between sublattices, which is small
compared to long-range order in ordered systems, the total short-range order intensity is given
by

ISRO(~q ) = 1
m

1
c(1− c)

m∑
µ

cµ(1− cµ)IµSRO(~q ) , (2.60)

where c is the overall concentration of component X (the concentration of component Y is
(1− c), respectively) and cµ the concentration of component X on sublattice µ.

A B2 system consists of two sublattices with a simple cubic structure. The relation between
the neighboring shells in the B2 structure numbered by n and the neighbor shells within one of
the sublattices µ1 or µ2 which are numbered by ñ, is given in Table 2.1. The set of vectors 〈hkl〉
points to the appropriate positions in the shell.

2.2.5. Explicit formula for diffusion in cubic Bravais lattices

In (2.34) as well as in (2.58) appears a sum over a number of cosine terms for the corresponding
position vectors of atoms in a certain neighboring shell. In this thesis cubic Bravais lattices will
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neighboring shell B2 neighboring shell sublattice µ
n ñ

〈100〉 2 1
〈110〉 3 2
〈111〉 5 3
〈200〉 6 4
〈210〉 8 5
〈211〉 9 6

Table 2.1.: Relation of shell-numbering for lattice and sublattice in case of a B2 system

be treated, for which these terms can be analytically calculated. The sum

Cn(~q ) := Z−1
n

Zn∑
j=1

cos
(
~q ·∆~rnj

)
, (2.61)

can be rewritten as

Cn(~q ) = 1
6
(

cos(qxh) cos(qyk) cos(qzl) + cos(qxh) cos(qyl) cos(qzk)

+ cos(qxk) cos(qyh) cos(qzl) + cos(qxk) cos(qyl) cos(qzh) (2.62)

+ cos(qxl) cos(qyk) cos(qzh) + cos(qxl) cos(qyh) cos(qzk)
)

There exist of course a number of special cases where this expression can be further simplified,
as can be seen in Table 2.2. Zn, the number of neighbors in the n-th shell is also given for the
sake of completeness.

〈hkl〉 Zn Cn

〈ξ00〉 6 1
3

(
cos(qxξ) + cos(qyξ) + cos(qzξ)

)
〈ξξξ〉 8 cos(qxξ) cos(qyξ) cos(qzξ)
〈ξξ0〉 12 1

3

(
cos(qxξ) cos(qyξ) + cos(qxξ) cos(qzξ) + cos(qyξ) cos(qzξ)

)
〈ξξζ〉 24 1

3

(
cos(qxζ) cos(qyξ) cos(qzξ) + cos(qxξ) cos(qyζ) cos(qzξ)

+ cos(qxξ) cos(qyξ) cos(qzζ)
)

〈ξζ0〉 24 1
6

(
cos(qxξ) cos(qyζ) + cos(qxζ) cos(qyξ) + cos(qxξ) cos(qzζ)

+ cos(qxζ) cos(qzξ) + cos(qyξ) cos(qzζ) + cos(qyζ) cos(qzξ)
)

Table 2.2.: Special cases of cosine terms.

2.3. The contrast factor

2.3.1. Contrast and coherence

Only when all the electromagnetic waves have a constant phase relation and the same frequency,
(2.25) holds. In this case one speaks of total coherence. If the waves are only partly coherent,
the interference pattern is washed out, which leads to a decrease in contrast. This is reflected
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in the normalized amplitude-correlation function (2.20) being compressed along the ordinate
(g(1)

m (~q, 0) < 1). One accounts for this effect by introducing an experimental contrast factor,
βexp. With this, the relation between the measured intensity auto correlation function g(2)

m (~q,∆t)
and the theoretical value of the Fourier transform of the Van Hove correlation function is given
by

g(2)
m (~q,∆t) = 1 + βexp

∣∣∣g(1)(~q,∆t)
∣∣∣2 . (2.63)

Coherence can be quantified by means of a complex cross correlation function [Laut 93]. Let us
define a correlation function similar to (2.19), but for wavefronts propagating in a real space:

Gij(∆t) = 〈E(~ri, t)E∗(~rj , t+ ∆t)〉t = lim
t0→∞

∫ t0/2

−t0/2
dt E(~ri, t)E∗(~rj , t+ ∆t) (2.64)

This is a measure for the temporal evolution of the electromagnetic waves at certain positions
in space. The coherence dependent contrast can then be defined as

Bij(∆t) =
∣∣∣∣∣ 2 Gij(∆t)
Gii(0) + Gjj(0)

∣∣∣∣∣ . (2.65)

Temporal coherence can be defined as the time window where Bii(tcoh) > 1/e. This can
be used to introduce a longitudinal coherence length ξl = tcohc, where c is the speed of wave-
propagation. The concept of a transversal coherence length can be introduced for two points ~ri
and ~ri with ξtr = |~ri − ~rj | and Bij(0) > 1/e.

The electromagnetic field resulting from the interference of two waves starting at different
points ~r1 and ~r2 in space, can be written as E = E1 + E2. With this the intensity I can be
written as:

I = 〈EE∗〉 = 〈(E1 + E2)(E1 + E2)∗〉 (2.66a)

= 〈E1E
∗
1〉+ 〈E2E

∗
2〉+ 〈E1E

∗
2〉+ 〈E2E

∗
1〉 (2.66b)

= I1 + I2 + 2Re
(
〈E1E

∗
2〉
)

(2.66c)

Assuming, that the amplitudes of the electromagnetic waves are equal for all point sources
(I1 = I2 = I0), the most and the least intense part of the scattering pattern can be identified as
Imax = 2 I0 + 2 |Gii(∆t)| and Imin = 2 I0 − |2Gii(∆t)|.

The intensity contrast β resulting from two electromagnetic waves at two points in space, ~r1

and ~r2, can be defined as:

β(∆t) := Imax(∆t1)− Imin(∆t2)
Imax(∆t1) + Imin(∆t2) = 2

√
G11(0)G22(0)

G11(0) + G22(0) |B12(∆t)| (2.67)

Imax is the highest intensity in the interference pattern, Imin correspondingly the lowest and
∆t ∈ [∆t1,∆t2[. Therefore, in case the amplitudes of the fields emitted at ~r1 and ~r2 are
the same (G11(0) = G22(0)), the intensity contrast is the absolute value of the contrast of the
electromagnetic field β(∆t) = |B12(∆t)|.
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2.3.2. Contrast and dynamics

It is possible that dynamical processes take place on more than one timescale. A very fast pro-
cess, which is not detectable, could reduce the coherence of a system to a certain degree before
a slower, detectable process, leads to an evident decrease of the intensity-correlation function.
This can be accounted for by a systematic coherence factor, βsys.

Summing up the relation between measured intensity-correlation function and theoretical
model is given by

g(2)
m (~q,∆t) = 1 + βsys βexp

∣∣∣g(1)(~q,∆t)
∣∣∣2 = 1 + β

∣∣∣g(1)(~q,∆t)
∣∣∣2 . (2.68)

The pre factor β is referred to as a contrast or Siegert factor in the literature [Shpy 14].



3. Models of diffusion in metals

This chapter gives a short and selective overview over some theoretical concepts of diffusion,
which are important for aXPCS. For a more general and complete overview over the topic see
e.g [Bocq 96, Murc 01, Mehr 07]. Particular attention will be given to different atomistic diffu-
sion mechanisms, as this is the field where aXPCS presents itself as a powerful new method. As
a model system a B2 system consisting of type A and type B atoms with atomic concentrations
cA and cB is chosen to illustrate different mechanisms. Two sublattices are introduced (α and
β) and the possible defects are a vacancy on each sublattice (Vα and Vβ) and the appropriate
antisites Aβ and Bα. The results can be generalized for other systems, like L12, D03 or L10 etc.
Dealing with all of them would, however, go beyond the scope of this work.

Diffusive motion is characterized by the diffusion constant D, which can be calculated according
to the Einstein-Smoluchowski relation [Eins 05] as

D = 〈R
2〉

6τ0
. (3.1)

Here 〈R2〉 is the mean squared displacement of the atom due to the diffusive motion. τ0 is the
average residence time of an atom at a position in the lattice, which is the inverse of the average
jump frequency, ν0 = τ−1

0 . For uncorrelated jumps that occur with a certain probability, pn, and
result in an effective jump to a position in shell n, the mean squared displacement can be written
as the sum of mean squared displacements resulting from these jumps 〈R2〉 =

∑
n p̄n〈∆r2

n〉.
The following overview of diffusion mechanisms is restricted to diffusion on a lattice in the

bulk. Boundary effects like surface diffusion or grain boundary diffusion will not be treated. In
a system with lattice structure, the average jump frequency usually depends on the availability
and mobility of vehicles mediating diffusion.

3.1. Classification of diffusion in solids

One of the established classifications divides diffusion into three types of vehicle mediated mech-
anisms. These are the vacancy mechanism, the interstitial mechanism and the inter-
stitialcy mechanism. The vacancy mechanism describes a movement of vacancies through
the lattice occupied by the diffusing atoms. This movement usually takes place by a nearest-
neighbor exchange of the vacancy and an atom. In the interstitial mechanism, atoms sitting on
interstices can jump directly to a neighboring, empty interstice. The interstitialcy mechanism
describes a movement of an atom on the main lattice into an empty interstice, making space
for another atom at the interstitial lattice to take its place. It is, however, possible to view the
main lattice and the interstitial lattice as two different sub-lattices. In this picture, the vacancy
migrating on one sub-lattice, which is filled with atoms, while the other sub-lattice is empty or

21
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filled with another type of atoms, would coincide with the vacancy mechanism. In the interstitial
mechanism picture, the second sub-lattice would be partly filled with atoms, meaning that the
vacancy concentration is very high, giving the atoms many choices of exchanging there position
with a vacancy. The interstitialcy mechanism can also be described by a vacancy, moving from
one sub-lattice to the other and exchanging position with different types of atoms. Therefore,
in all cases, empty lattice sites or vacancies can be seen as the vehicle of diffusion. This also
explains, why diffusion via the interstitial mechanism is usually faster than via the vacancy
mechanism, as there are simply more vehicles available.
Another possible classification is by the type of atom that diffuses in a certain environment.

Self diffusion describes the movement of an atom of type A on a lattice filled with atoms of
the same type.

Tracer diffusion describes the movement of a particular atom of type A′, which is an isotope
of A, on a lattice filled with atoms of type A.

Impurity diffusion describes the movement of an atom of type B on a lattice of mainly filled
with atoms of type A.

Inter-diffusion describes a concentration gradient driven motion of atoms of type B into a
lattice occupied by atoms of type A and vice versa.

Chemical diffusion describes the exchange of atoms of types A and B on a lattice. This
movement is due to thermal activation and is not gradient driven. It does, however, depend on
the concentration of the components. This is the kind of diffusive motion that can be studied
with aXPCS.
The above mentioned assignment is not unambiguous, as different definitions exist in litera-

ture. In the case of aXPCS chemical diffusion is studied. The motion of vacancies is usually
not directly visible. On the one had their contribution to the scattering intensity is small due
to their tiny number and on the other hand they move much faster than the atoms as will be
discussed in the following. What can be observed is the exchange of two atoms of different
species or the effective exchange of an atom and a vacancy in vacancy rich systems (e.g. Ni–Al
with Al excess).

3.2. Time scales of atomic motion

There are five distinguishable timescales of atomic motion in a lattice. The first is the timescale
of atomic vibrations, τphonon = ν−1

phonon. It is of the same order as τattempt, the time an atom
attempts a transition. The next timescale is determined by the time it takes for an atom to
leave its initial position which is a local minimum in the energy landscape, overcome a local
saddle point and settle into the next local minimum. This will be called transition time τtrans.
The time between jumps of an atom, τinter, is much longer than the time the atom requires
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to execute such a transition. The fifth defining time is the average residence time of an atom
τ0. As an atom can sequentially execute a number of jumps when a vehicle of diffusion is in
the surroundings, the average residence time is the time between the successive arrivals of such
vehicles. To sum up, it is evident from this considerations, that

τphonon ≈ τattempt ≈ τtrans << τinter << τ0 . (3.2)

3.3. Vacancy mechanisms

For a vacancy mechanism, the average atomic jump frequency depends on the availability and
mobility of vacancies. Following [Bocq 96, Mehr 07], the probability of having a vacancy in
the vicinity of an atom so that it can act as a vehicle of diffusion for this atom, is given by
WV = exp

(
−∆Hf−T∆Sf

kBT

)
. ∆Hf is the formation enthalpy and ∆Sf the formation entropy of a

vacancy, T the temperature and kB the Boltzmann constant. Such a vacancy moves through
the lattice by exchanging its position with different neighboring atoms. Therefore, the average
vacancy jump frequency νa is much higher than the average atomic jump frequency ν0 (the ratio
between these jump frequencies is in the order of the vacancy concentration, which is typically
not exceeding 10−4 in metals). The average vacancy jump frequency can be written as

νV = ν∗ exp
(−∆Hm − T∆Sm

kBT

)
, (3.3)

where the migration enthalpy ∆Hm is the energy difference of the system between ground
state and the saddle point energy, ∆Sm the corresponding migration entropy and ν∗ can be
approximated by the Debye frequency (νD ≈ 10−13 s−1) representing lattice vibrations. More
precise calculations of ν∗ [Mant 08] can be made by applying first principle calculations and
transition state theory [Vine 57]. While vacancies perform a random walk through the lattice,
this is not true for the atoms. Considering one particular atom, the jump probability is high
when a vacancy is close to the atom and zero when it is far away. This leads to a correlation
effect, which is accounted for by the correlation factor f ≤ 1. The ratio between average vacancy
and average effective atomic jump frequency, which does not account for a sequence of jumps
where an atom ends up at its starting site, can be written as ν0/νa = WVf . If the mean
squared displacement 〈R2〉 is temperature-independent, (3.3) and (3.1) can be combined using
∆H = ∆Hf + ∆Hm and ∆S = ∆Sf + ∆Sm to:

D = 〈R
2〉

6 ν0 = 〈R
2〉fν∗

6 exp
(−∆H − T∆S

kBT

)
(3.4a)

D = D0 exp
(−Ea
kBT

)
(3.4b)

This is known as the Arrhenius equation [Arrh 89], where Ea is the activation energy per atom
and D0 is referred to as the maximum diffusion coefficient or pre-exponential factor. The
activation energy is therefore the sum of the Gibbs free formation energy and the Gibbs free
migration energy of the vacancy Ea = ∆Hf + T∆Sf + ∆Hm + T∆Sm.
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In pure metals the diffusion mechanism is well understood [Mehr 07]. The vacancy moves
through the lattice performing nearest-neighbor jumps in an uncorrelated (Markovian) way,
which leads to a random walk of the vacancy. For unordered systems, like solid solutions, the
situation is very similar. When a vacancy diffuses in an ordered alloy, it must not destroy short-
and long-range order of a system in equilibrium. Considering a B2 lattice carrying out random
nearest neighbor (NN) jumps, the vacancy would destroy the order because A-atoms from the
α-sublattice would end up on the β sublattice and B-atoms would do just the opposite. To avoid
this, the vacancy would have to skip the NN position and carry out direct next-nearest-neighbor
jumps, or perform a jump either correlated in a timely manner or with other defects. This leads
to different diffusion mechanisms, which will be discussed in the following sections.

3.3.1. Vacancy random walk

sc bcc fcc

n pn p̄n |∆rn| pn p̄n |∆rn| pn p̄n |∆rn|

0 0.16007 0.16007 0 0.12089 0.12089 0 0.08178 0.08178 0

1 0.12273 0.73638 1 0.09644 0.77152
√

3/4 0.07083 0.84996
√

1/2

2 0.00683 0.08196
√

2 0.00900 0.05400 1 0.00365 0.02190 1

3 0.00057 0.00456
√

3 0.00302 0.03624
√

2 0.00149 0.03576
√

3/2

4 0.00186 0.01116 2 0.00029 0.00696
√

11/4 0.00062 0.00744
√

2

5 0.00020 0.00480
√

5 0.00104 0.00832
√

3 0.00008 0.00192
√

5/2

6 0.00002 0.00048
√

6 0.00002 0.00012 2 0.00005 0.00040
√

2

7 0.00001 0.00012
√

8 0.00006 0.00144
√

19/4 0.00002 0.00096
√

7/2

8 0.00003 0.00072 3 0.00001 0.00024
√

5 0.00001 0.00006 2

9 0.0 0.0 3 0.00001 0.00024
√

6 0.0 0.0
√

9/2

10 0.0 0.0
√

10 0.00001 0.00008
√

27/4 0.0 0.0
√

9/2

Table 3.1.: Probabilities for an atom to end up in a particular position (pn) or any position
(p̄n = Znpn) of neighbor shell n after an encounter as given in Table 2 in [Shol 81].
The displacement length |∆rn| is given in units of the lattice constant.

For a system where a vacancy mechanism takes place, the probability of jumps of a particular
atom is enhanced when a vacancy stays in its vicinity. In a short time window several exchanges
of the vacancy and one and the same atom are possible. As such a time window, which is given
by the period of time between a vacancy reaching the neighborhood of a particular atom and
leaving it again, is usually very small compared to the average residence time (the average time
between two jumps) of an atom, all the individual jumps of one atom within such a window can
be summed up to an effective jump. This time window is called encounter and the probability
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for different effective jumps is calculated in the context of the encounter theory. For low vacancy
concentrations the vacancies can be seen as individual random walkers while the atoms perform
correlated jumps within one encounter, leading to effective jumps that can differ from nearest
neighbor jumps. The correlation of such jumps can be accounted for by a correlation factor,
originally introduced by Manning [Mann 59] as discussed in Section 3.3. The probability for
jumps occurring to a certain neighbor shell n (where n = 0 indicates a jump back to or a stay
at the original position, n = 1 indicates nearest-neighbor jumps, n = 2 next-nearest neighbor
jumps and so on) have been calculated using computer simulations [Wolf 77], obtained from rate
equation theory [Bend 79] or from well known functions of random walk theory [Shol 81]. The
values according to [Shol 81] are given in Table 3.1.

Random walk on a sublattice - farther direct vacancy jumps

In order to preserve the order in a lattice, vacancies can move within one sublattice perform-
ing e.g. next-nearest or third-nearest neighbor jumps. Calculations [Wynb 67] and simulations
[Fahn 99a] indicate, however, that such direct jumps lead to a rather high migration enthalpy
of the vacancy for some systems. Additional defects like antisite atoms can lower the energy
barrier for a direct next-nearest neighbor jump [Athe 97]. While direct next-nearest neighbor
jumps could be possible for particular B2 systems (which corresponds to nearest-neighbor jumps
on the sublattice), farther jumps can be ruled out. It shall be mentioned that for systems where
computer simulations suggest next-nearest neighbor jumps, experimental evidence against it was
found [Fran 01].

3.3.2. Percolation dependent mechanisms

This type of diffusion was recognized relatively late. It relies on the percolation of defects which
are either anti-site atoms or vacancies. In the first case, the vacancy follows the mesh of nearest-
neighbor atoms of the same species. This is known as the antistructure bridge mechanism. In
the second case, an atom is passed on by exchanging its position with a net of vacancies. This
case is termed vacancy bridge mechanism.

antistructure-bridge mechanism (ASB)

This percolation dependent mechanism was recognized by Kao and Chang in 1993 [Kao 93]. It
relies on the availability of sufficient anti-site atoms building a closed network of bridges. In this
way, the vacancy can diffuse performing nearest-neighbor jumps by exchanging position with
only one type of atom. Even though some possible paths are blocked in comparison with the
random walk of a vacancy, as the energy barriers which have to be overcome are comparably
low, this mechanism leads to fast self diffusion of the peculating atomic species. This mechanism
only takes place in off-stoichiometric composition, where the prevalent atomic species builds a
network. This leads to a strong imbalance in the diffusivity of the constituents. The percolation
threshold for the ASB to take place has been calculated using computer simulations and in
frame of the percolation theory, see e.g. [Belo 98, Kurz 12]. For B2 systems it lies at 54.9(2)%



26 Models of diffusion in metals

[Divi 97], which corresponds to approximately 10% of the β-sublattice sites being occupied by
A-type atoms or vice versa.
As there is no exchange of atoms of different species required, the ASB does not lead to

chemical diffusion and is therefore invisible to aXPCS.

Vacancy Bridge Mechanism (VB)

This was introduced under the term anti-structure bridge sequence for Al-atoms [Xu 10]. It was,
however, pointed out, that a distinction form the ASB is sensible [Leit 15]. Systems, where an
excess of A atoms leads to the introduction of structural β-vacancies rather than Aβ antisites,
can not form peculating clusters as discussed above. There is, however, a number of Aβ antisites
leading to Aα-Aβ nearest-neighbor pairs, which can exchanging their position with a vacancy on
the β-sublattice Vβ either by jumping at the same time or with a very small time delay. Such
a simultaneous pair-atom hop can lead to long ranging transport of A-atoms [Xu 10] in case of
vacancy percolation on the β-sublattice with a threshold of 5% vacancy concentration for a B2
system [Leit 15].

3.3.3. Mono vacancy diffusion - correlated jump cycles

Effective atomic jumps further than the nearest-neighbor shell can be due to a correlated move-
ment of a vacancy. The following mechanisms describe such a movement.

The six jump cycle (6JC)

The first effort to describe diffusion in ordered intermetallics was made by Huntington [Hunt,
Hunt 61] and by McCombie and Elcock [Elco 58, Elco 59]. Therefore it is often referred to as
Huntington-McCombie-Elcock (HME) mechanism. The underlying idea is that in a lattice with
perfect order a progressive jump cycle is carried out, which in the first three steps decreases the
oder in the system whereas in the last three steps the order is restored.
As such a cycle leads to migration of the dwellers of all sublattices involved, it was proposed

[Elco 58] that for binary systems the ratio of the diffusivities for the constituents has to be within
certain boundaries. Initially, this boundaries were taken to be 1/3 < DA/DB < 2 for a B2
system [Elco 58]. Later calculations gave more prezise boundaries of 0.4917 < DA/DB < 2.034
[Arit 89].
In a B2-system three different realizations of the 6JC exist. Two of them lead to an effective

vacancy-atom exchange in form of an effective 〈100〉 jump while the third leads to an effective
〈110〉 jump (see e.g. [Arit 89] Fig.1). The probabilities for these families of particular jump cycles
were also calculated in [Arit 89] as 0.5 < p̄100 < 0.75, 0.25 < p̄110 < 0.5 and 1/3 < p̄110/p̄100 < 1.
This was used as an argument in [Sepi 93] to rule out the 6JC as the dominant mechanism in
B2 Fe-Al. It was, however, shown [Drau 99] that no limits for the ratio of p̄100 and p̄110 can
be established for a 6JC. Also calculations of the local energy barriers for diffusion in a Ni–Al
system using embedded atom method show that the value p̄100/p̄110 cannot serve as an indicator
for the occurrence of the 6JC [Divi 00]. For other B2 systems it was claimed that the 6JC is the
dominant mechanism, e.g β-Ag-Mg [Domi 65] or Al-rich Ni-Al [Xu 10].
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(a) 4+2 jump cycle bent leading to effective
〈100〉 jumps.

(b) 4+2 jump cycle straight leading to effective
〈100〉 jumps.

(c) 4+2 jump cycle leading to effective 〈110〉
jumps.

Figure 3.1.: The three possible 4+2 jump cycles for chemical diffusion in a B2 ordered, off-
stoichiometric intermetallic alloy.
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(a) Bent leading to 〈100〉 exchange. (b) Straight leading to 〈100〉 exchange.

Figure 3.2.: Chemical diffusion via 2+2 jump cycle.

Six jump cycles can occur on different sublattices, depending from which sublattice the va-
cancy starts from. Sometimes this is used to distinguish between 6JCs and a cycle starting with
a vacancy e.g. on the α-sublattice is termed α6JC. It was stated, that when an α6JC encoun-
ters an antisite (Aβ), it anneals this antisite and continues as a cycle on a different sublattice
(e.g. β6JC) “increasing the Aβ concentration favors the annihilation process Vα +Aβ → Vβ and
therefore favors the β6JC over the α6JC” [Athe 97].
When a vacancy encounters an antisite on the same sublattice, the two defects tend to couple

and the vacancy drags the antisite along [Athe 97]. This is due to the fact that the additional
defect can lower the migration enthalpy, which was termed antisite assisted six jump cycle
(A6JC). The same can be true for a second vacancy in the vicinity of one vacancy performing
a 6JC [Ganc 00], which leads to a vacancy assisted six jump cycle (V6JC).
In case of a non-stoichiometric composition, the 6JC can lead to chemical diffusion, as can be

seen in Fig. 3.1 for the case of a B2 system. The first two jumps are identical in all three cases.
Also the last jump in the sequence, where the circle is closed does, not in any way influence the
jump cycle, as long as it is not a backwards jump. Therefore, in case of chemical diffusion in
a non-stoichiometric composition, the 6JC reduces to the so called 4+2 jump cycle [Leit 12a]
in combination with ASB-like diffusion. It can be assumed that the 4+2 jump cycle has a
lower total energy barrier to overcome than the 6JC in the same system with stoichiometric
configuration [Leit 15].

The three jump cycle (3JC)

In B2 Fe-Al close to stoichiometry the concentration of Al-vacancies is very low due to an
extremely high effective formation energy (see [Drau 99] section 3 and references cited therein).
Therefore, configurations in a 6JC demanding an Al-vacancy are very expensive in terms of
energy. This and the fact that the 6JC in Fe-Al is an unstable process [Drau 99] excludes
the 6JC from taking place close to stoichiometry in this system. To take the similarity of the
diffusion constants DAl and DFe into account, a new correlated jump mechanism was proposed,
called three jump cycle. It consists of symmetric cycles of three correlated double jumps where
two sequential nearest-neighbor jumps of the vacancy are carried out as one collective two atom
displacement, as was found by simulation studies for Ni–Al [Mish 03]. The same mechanism was
published for Fe–Al by Fähnle et al. [Fahn 99b]. In other words, it is a 6JC where two jumps
each are carried out simultaneously. For chemical diffusion starting with the vacancy on the A
lattice, only two double jumps take place, again in combination with ASB-like jumps as shown
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in Fig. 3.2. This is termed 2+2 jump cycle.

Jump cycles of higher order

In theory it is also possible that jump cycles of higher order (e.g. 10 jump cycle, see Fig. 3.3)
take place [Koiw 92]. Such cycles can lead to farther effective jumps. However the longer the
sequence, the lower the probability for it to be carried out. The probability of individual jumps
depends on the local energy barrier as discussed above.

Figure 3.3.: One possible 10-jump cycle leading to effective 〈111〉 jumps.

3.3.4. Di-vacancy mechanisms

So far only monovacancy mechanisms have been discussed. It is, however, also possible, that
two or more vacancies move through the lattice in a correlated manner. Effective attractive
pair interaction of vacancies leads to a situation where for any relative starting position of two
vacancies those jumps are preferred, which lead to a reduction of the distance between the two
vacancies. Such mechanisms were considered for pure metals [Pete 78, Mund 78, Maie 79], and
soon after also for alloys [Stol 80]. For the latter a distinction was established, depending on
the ground state configuration of the defects participating in the process.
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Figure 3.4.: Chemical diffusion in a B2 system by the leap frog mechanism (LF).

The leap frog mechanism (LF)

The basis of this mechanism, which was also referred to as dynamic pair mechanism (DP), is a
strong attractive force between vacancies. The result is that the two vacancies are seeking each
others nearest-neighbor position. This can lead to jumps as shown in Fig. 3.4. Such jumps can
take place in two different ways.
The first possibility is that, in order not to leave the first coordination shell of the second

vacancy the first vacancy performs a direct next-nearest-neighbor jump rather than a nearest-
neighbor jump. Such jumps are facilitated as the presence of a second vacancy reduces the
energy barrier for an atom to perform a next-nearest neighbor jump [Athe 97, Ganc 00].
The second possibility is for the first vacancy to perform a nearest-neighbor jump leaving the

first coordination shell of the second vacancy, which immediately leads to a jump of the second
vacancy, following the first one. This can lead to the intermediate configuration having the form
of a classical triple defect.
Because the two vacancies occupy different sublattices in the ground state, it is possible that

one defect is much more mobile than the other, which can lead to one of the vacancies idling at
a certain position while the other performs several jumps in its first coordination shell, leading
to a strong imbalance of self diffusion of the two constituents.

The triple-defect mechanism (TDM)

It is also possible that the ground state has the form of a classical triple defect [Wasi 68] con-
sisting of two vacancies on the same sublattice, e.g. the α sublattice, and one antisite atom on
the other (e.g. the β) sublattice. Therefore this form of the mechanism was originally termed
TDM [Stol 80].

One possible migration mechanism for such a defect is very similar to the LF, with the differ-
ence that the intermediate configuration is the stable one and the configuration where the two
vacancies are nearest-neighbors is unstable. The geometrical arrangement of vacancies and the
antisite atom is not well defined for the triple defect. In case of the classical TDM, the vacancies
are next-nearest neighbors (see e.g [Fran 01] Fig. 10). Therefore the anitisite atom and the va-
cancies form a triangle. This is the case for most arrangements of two vacancies and one antisite
aotm. It is, however, also possible that the vacancies and the antisite are threaded along the
〈111〉 direction and the vacancies are fifth-nearest neighbors in case of a B2 structure. Such an
arrangements shall be called linear triple-defect (lTD). When such a defect moves through the
lattice, it leads to effective 〈111〉 jumps of atoms. Chemical diffusion by a linear triple-defect
mechanism (lTDM) is shown in Fig. 3.5. If the jump frequency along the 〈111〉 axes is high,
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this could be seen in farther jump along this axes in an aXPCS experiment (e.g. effective 〈222〉
jumps).

Figure 3.5.: The linear triple-defect mechanism (lTDM) leading to chemical diffusion along the
〈111〉 direction. The first 5 steps lead to effective 〈111〉 jumps, the additional steps
show the possibility of effective 〈222〉 jumps.

It is possible that a triple defect or di-vacancy is formed by a vacancy diffusing in an isolated
peculated region in an ASB-like manner until it reaches another vacancy. Once the di-vacancy
complex is formed it can overcome the gap to another peculated region where the complex can
be dissolved or move in an ASB-like manner again.

The waltzing-step mechanism (WS)

Starting with an initial Vα-pair, one of the vacancies exchanges position with an Bβ atom.
After this, a nearest neighbor Aα atom exchanges its position with both vacancies. The cycle
is completed by the accrued Bα retaking its original position by an exchange with the second
vacancy. This mechanism is called waltzing-step mechanism because the B atom stepping out
of the way for the A atom to pass resembles the movement of two partners in a dance of waltz
[Leit 15]. As one constituent (in this case the B atom) does not experience any net movement,
this mechanism can never be exclusively active in a stoichiometric composition (otherwise one
of the diffusion constants would be zero). When this mechanism reaches an antisite, it leads to
chemical diffusion as depicted in Fig. 3.6.
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Figure 3.6.: A waltzing-step mechanism leading to diffusion of one constituent on its sublattice
(lower part) and to chemical diffusion (upper part).

3.4. Distinguishing diffusion mechanisms

Different approaches can be undertaken to find out which diffusion mechanism is at work. One
is a simulation approach. The migration enthalpy of the appropriate defect is calculated by
comparing the energetic configurations of the system for each individual step in a mechanism
using ab initio techniques (e.g. [Fu 93, Xu 09]). It is also possible to carry out MC (e.g [Youn 66,
Athe 97]) and kinetic MC simulations [Xu 10] or Molecular Dynamic simulations (see [Bocq 96],
section 1.5.1 and literature cited therein) and follow the paths of individual atoms. In case of
kinetic MC also the jump frequencies depending on composition can be found [Xu 10].

Most experimental approaches, like tracer measurements, determine macroscopic quantities,
usually the diffusion coefficient as a function of temperature. In a binary system for example the
ratio of the diffusion coefficients of the constituents can yield information about the diffusion
mechanism. For systems where the ASB is dominant one diffusivity strongly prevails. Systems
where a correlated mechanism takes place on the other hand, feature diffusion coefficients of the
same order. Also diffusion constants gained from simulations can be compared with macroscopic
diffusion coefficients.

Microscopic methods, like quasielastic neutron scattering, quasielastic Mössbauer spectroscopy
or aXPCS yield information about the effective jump length of diffusing atoms. This information
is vital in deciphering diffusion mechanisms. Distinguishing the individual jump frequencies of
one or more vacancies within one encounter or one correlated jump cycle is far from being
experimentally resolvable. Such properties can only be gained from theoretical considerations
(the five-frequency model for example) or simulation techniques.
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3.5. Diffusion mechanisms studied by atomic-scale X-ray Photon
Correlation Spectroscopy

Each set of effective jump vectors to a certain neighbor shell yields a corresponding correlation
time, as can be seen from (2.42). Let us consider the first six neighbor shells of a bcc lattice. In
Table 3.2 the values for the neighboring distance ∆r in units of the lattice constant a, the set
of neighboring vectors to the shell 〈hkl〉 in units of the lattice constant and the corresponding
cosine terms (see Section 2.2.5) for reduced inverse correlation times are given.

n ∆rn 〈hkl〉 1− Cn(~q ) = τn(~q )−1 ×
(
τ0ISRO(~q )

)
1

√
3/4 〈12

1
2

1
2〉 1− cos( qxa2 ) cos( qya2 ) cos( qza2 )

2 1 〈100〉 1− 1
3

(
cos(qxa) + cos(qya) + cos(qza)

)
3

√
2 〈110〉 1− 1

3

(
cos(qxa) cos(qya) + cos(qxa) cos(qza) + cos(qya) cos(qza)

)
4

√
11/4 〈32

1
2

1
2〉 1− 1

3

(
cos(3qxa

2 ) cos( qya2 ) cos( qza2 ) + cos( qxa2 ) cos(3qya
2 ) cos( qza2 )

+ cos( qxa2 ) cos( qya2 ) cos(3qza
2 )

)
5

√
3 〈111〉 1− cos(qxa) cos(qya) cos(qza)

6 2 〈200〉 1− 1
3

(
cos(2qxa) + cos(2qya) + cos(2qza)

)
Table 3.2.: First six neighbor shells in a bcc lattice

These reduced inverse correlation times can be rewritten using a parametrization according
to Section 2.1.1. This then yields the angle-dependent correlation time τ(2Θ, ϕ) according to
(2.42), which can be plotted on a sphere as shown in Fig. 3.7. When graphically illustrating
the correlation time, it is advantageous to plot its inverse, τ(~q )−1, as it approaches zero for
2Θ approaching zero. In Fig. 3.8 the different inverse correlation times for exclusive jumps to
a certain neighbor shell in a bcc lattice as listed in Table 3.2 are shown. For convenience, the
product of scattering vector and lattice constant (ka) was chosen to be 10.

3.5.1. Diffusion on a non-Bravais lattice

In case of a system consisting of sublattices, different processes can take place. Jumps within the
individual sublattices can occur as well as jumps from one sublattice to another. As can be seen
from (2.55a), this leads to a sum of exponential decays in the amplitude-correlation function.
In order to find a model for the measured intensity-correlation functions, the eigenvalues and
eigenvectors of the jump matrix have to be determined.
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2θ
~q

ϕ

Figure 3.7.: Graphical representation of the sphere formed by a set of reciprocal space vectors
~q. Here one representative is shown with its parameters, the polar angle 2θ and the
azimuthal angle ϕ. The north pole was chosen as the origin.
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Figure 3.8.: Reduced inverse correlation times as given in Table 3.2 as a function of polar angle
2θ and azimuthal angle ϕ for ka = 10. The point of origin is the north pole. The
red line indicates ϕ = 0◦ .
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B2-alloys

Considering a B2 system it can be assumed, that there will be nearest neighbor jumps between
the α and β sublattice, ∆~r αβ1 ∈ 〈a2

a
2
a
2 〉. It is therefore possible, to define in consistency with

Table 2.2
Cαβ1 (~q ) = Cβα1 (~q ) := cos

(
qx
a

2

)
cos

(
qy
a

2

)
cos

(
qz
a

2

)
. (3.5)

Within the individual sublattices there are different jump lengths possible from position µ

to position µ′, corresponding to different jump mechanisms. Therefore, a sum of jump terms
weighted by the appropriate jump probability has to be considered. Denoting the sequence of
shells within a sublattice by ñ, the jump matrix can be written, according to (2.50), as

Ã =

 1
ταα′

(∑
ñ p̄

αα′
ñ Cαα

′
ñ (~q )− 1

)
1
ταβ

Cαβ1 (~q )
1
τβα

Cαβ1 (~q ) 1
τββ′

(∑
ñ p̄

ββ′

ñ Cββ
′

ñ (~q )− 1
) . (3.6)

For the exchange between the sublattices, detailed balance demands that the jump frequencies
times the probability of finding an atom on a particular sublattice are balanced,

1
ταβ

Wα = 1
τβα

W β . (3.7)

Defining τ0 = ταβ, κµ = τµλ/τµµ
′ and Sµµ′(~q ) =

∑
ñ p̄

µµ′

ñ Cµµ
′

ñ (~q ) with µ, λ ∈ {α, β}, the jump
matrix is given by:

Ã = 1
τ0

(
κα(Sαα′(~q )− 1) Cαβ1 (~q )

Wβ

WαC
αβ
1 (~q ) κβ(Sββ′(~q )− 1)

)
. (3.8)

The weights can be calculated according to (2.55a):

ω1 =
∣∣∣√Wαbα1 +

√
W βbβ1

∣∣∣2 (3.9a)

ω2 =
∣∣∣√Wαbα2 +

√
W βbβ2

∣∣∣2 (3.9b)

The eigenvectors are given by:

~b 1,2(~q ) =

 1√
Wα

1√
W β

Wα
(
κα(Sαα′(~q )− 1)− κβ(Sββ′(~q )− 1)

)
∓ Ω(~q )

2Cαβ1 (~q )
, 1

 (3.10)

with

Ω(~q ) =
√

4WαW βCαβ1 (~q )2 − (Wα)2
(
κα(1− Sαα′(~q ))− κβ(1− Sββ′(~q ))

)2
. (3.11)

In case of a B2 alloy with two sublattices, the intensity-correlation function, according to
(2.56), is given by

g(2)(~q, t) = 1 + w2
1 exp

(
−2 t

τ1(~q )

)
+ 2w1w2 exp

(
− t(τ1(~q ) + τ2(~q ))

τ1(~q )τ2(~q )

)
+ w2

2 exp
(
−2 t

τ2(~q )

)
,

(3.12)
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where
τ1,2(~q ) = 2Wατ0

Wα
(
κα(1− Sαα′(~q )) + κβ(1− Sββ′(~q ))

)
∓ Ω(~q )

. (3.13)

Special case: solid solution

In case of a solid solution, both sublattices are occupied with equal probability, Wα = W β =
0.25. Furthermore, the residence time for a jump within a sublattice equals that of inter-
sublattice jumps. Because Sµµ′(~q ) = Sλλ

′(~q ) and Sµλ(~q ) = Sλµ(~q ), the jump matrix is of the
form:

Ã = 1
τ0

(
Sµµ

′(~q )− 1 Sµλ(~q )
Sµλ(~q ) Sµµ

′(~q )− 1

)
(3.14)

For this matrix, the eigenvalues can be found

ε1 = 1
τ0

(
− 1− Sµµ′(~q ) + Sµλ(~q )

)
(3.15a)

ε2 = 1
τ0

(
− 1 + Sµµ

′(~q ) + Sµλ(~q )
)
, (3.15b)

and the eigenvectors are

~b1 =
(
−1
1

)
, ~b2 =

(
1
1

)
. (3.16a)

The amplitude-correlation function can be calculated, using (2.55a):

g
(1)
S (~q, t) =

∣∣∣√0.25× (−1) +
√

0.25× 1
∣∣∣2 exp

( 1
τ0

(−1− Sµµ′(~q ) + Sµλ(~q ))t
)

+
∣∣∣√0.25× 1 +

√
0.25× 1

∣∣∣2 exp
( 1
τ0

(−1 + Sµµ
′(~q ) + Sµλ(~q ))t

)
(3.17a)

= exp
(
− t

τS(~q )

)
, (3.17b)

with τS(~q )−1 = τ−1
0
(
1− Sµµ′(~q )− Sµλ(~q )

)
in accordance with (2.34).
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As shown in Section 2, information about the short-range order of a system is needed due to
the so called De Gennes narrowing [De G 59]. Finding such information is not straightforward.
Rather the opposite is true as it poses a formidable challenge which has been tackled by several
different approaches. This section will give a brief overview of the theoretical concepts underlying
some of these techniques. It will also show how different approaches can be applied to systems
relevant for aXPCS measurements.

4.1. Diffuse scattering

The static diffuse scattering is the time average of the scattering patterns corresponding to
different configurations in real space.

S(~q ) = 〈S(~q, t)〉t (4.1)

A perfect crystal lattice can be reduced to a particular unit cell. This means that a small
subset of lattice atoms forms a geometrical construct, which can be used to assemble the whole
lattice using only translation symmetry operations. The scattering pattern corresponding to a
perfect lattice is therefore determined by Fourier transform of such a unit cell, resulting in what
is known as Bragg reflection. However, such a perfect lattice does not exist in reality. The atoms
oscillate around their ideal positions and defects in the lattice lead to displacements, which means
that the distance between neighboring atoms can vary locally. Furthermore, systems composed
of more than one type of atom possess chemical order. Only for stoichiometric composites this
order can in theory be described by a superstructure. Therefore, in order to thoroughly describe
a crystal, the whole lattice must be treated as the unit cell. As the lattice is built of discrete
scatterers, the structure factor, representing the scattering intensity, can be written as

S(~q ) =
∑
i

∑
j

fi(~q )fj(~q ) exp (i (~ri − ~rj) · ~q ) , (4.2)

where each sum runs over all the atoms in the lattice. The scattering length (or atomic scattering
factor)

fi(~q ) =
∫
V
d~rρi(~r) exp(i ~q · ~r) (4.3)

generally depends on the scattering angle. In case where the wave length of the scattered radia-
tion is larger than the diameter of the scatterer λ >> øscatterer, the scattering length is in good
approximation constant (this is true for elastic neutron scattering). When an electromagnetic
wave is scattered, it corresponds to the number of electrons the scatterer contains (fi = Zi) for
a forward scattering.
The form of (4.2) does not include any parameters corresponding to any kind of chemical

37
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order or displacements. In order to gain such information, different approaches have been
developed. Here a short overview of some of them will be given. For a detailed overview see
e.g. [Schw 77, Scho 03].

4.1.1. Serial expansion of intensity

This approach was introduced by Borie and Sparks [Bori 71]. In order to deal with local dis-
placements, the real space vectors as used in (4.2) are split into an average position vector and
a local variation ~ri = ~Ri + ~δi. With this the scattering function can be written as

S(~q ) =
∑
i

∑
j

fi f
∗
j e(i ~q·(

~Ri−~Rj)) e(i ~q·(~δi−~δj)) . (4.4)

Now we apply a series expansion of e(i ~q·(~δi−~δj)):

e(i ~q·(~δi−~δj)) = 1 + i ~q ·
(
~δi − ~δj

)
− 1

2
(
~q ·
(
~δi − ~δj

))2
− i

6
(
~q ·
(
~δi − ~δj

))3
+O

(
|~q |4

)
(4.5)

Using (4.4) yields a expression for the scattering function where the individual summands depend
on the order of local displacement, as indicated by Sorder(~q ):

S(~q ) =
∑
i

∑
j

fi f
∗
j e(i ~q·(

~Ri−~Rj))

︸ ︷︷ ︸
S0(~q )

(4.6)

+ i
∑
i

∑
j

fi f
∗
j e(i ~q·(

~Ri−~Rj))~q ·
(
~δi − ~δj

)
︸ ︷︷ ︸

S1(~q )

(4.7)

− 1
2
∑
i

∑
j

fi f
∗
j e(i ~q·(

~Ri−~Rj))
(
~q ·
(
~δi − ~δj

))2

︸ ︷︷ ︸
S2(~q )

(4.8)

− i
6
∑
i

∑
j

fi f
∗
j e(i ~q·(

~Ri−~Rj))
(
~q ·
(
~δi − ~δj

))3

︸ ︷︷ ︸
S3(~q )

(4.9)

Before treating the individual terms let us introduce some useful concepts. We define an
average scattering factor as f̄ =

∑
i cifi, where ci is the concentration of a certain type of

scatterers and fi its scattering length. For simplicity let us consider a binary system from here
on. The number of atoms of type A shall be given by NA and the number of atoms of type B by
NB. N is the total number of atoms. The concentration of atoms of those types will be given as
cA and cB respectively. For an atom of type B that sits at i the probability to find an atom of
type A at position j is given by ωBAij and the probability to find an atom of type B at position
j is given by ωBBij . Therefore

ωBAij + ωBBij = 1 (4.10a)

and
ωAAij + ωABij = 1, (4.10b)
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if an atom of type A sits at i, respectively. Together with (4.10) the expectation value of the
product of two scattering lengths can be written as

〈fifj〉 = cAfAω
AA
ij fA + cBfBω

BB
ij fB + cAfAω

AB
ij fB + cBfBω

BA
ij fA

= cAf
2
A + cBf

2
B − cAωABij (fA − fB)2. (4.11)

This can be used to calculate the expectation value of the 0th order term in the expansion of
the scattering function:

〈S0(~q )〉 =
∑
i,j

〈fifj〉 ei ~q·(
~Ri−~Rj) (4.12a)

=
∑
i,j

(f̄)2 ei ~q·(~Ri−~Rj) +
∑
i,j

(
〈fifj〉 − (f̄)2

)
ei ~q·(~Ri−~Rj) (4.12b)

=
∑
i,j

(f̄)2 ei ~q·(~Ri−~Rj)

+
∑
i,j

(
cAcB(fA − fB)2 − cAωABij (fA − fB)2

)
ei ~q·(~Ri−~Rj) (4.12c)

=
∑
i,j

(f̄)2 ei ~q·(~Ri−~Rj) −
∑
i,j

cA(cB − ωABij )(fA − fB)2 ei ~q·(~Ri−~Rj) (4.12d)

=
∑
i,j

(f̄)2 ei ~q·(~Ri−~Rj)

︸ ︷︷ ︸
IBragg(~q )

+
∑
i,j

cAcB(fA − fB)2αij ei ~q·(
~Ri−~Rj)

︸ ︷︷ ︸
ISRO(~q )

(4.12e)

Here the definition of the Warren Cowley short-range order parameters, as already introduced
in (2.57) was used (αij = 1− ωABij

cB
= 1− ωBAij

cA
).

For a Bravais lattice, where ~rij = ~Ri − ~Rj it holds that ~rij = −~rji because of the symmetry.
This allows the use of cosine terms instead of the exponential functions as 2 cos(x) = exp(ix) +
exp(−ix). The ensemble average (or time average given ergodicity) of the 0th order term of the
scattering function can be written as

〈S0(~q )〉 = (f̄)2∑
i,j

ei ~q·~rij

︸ ︷︷ ︸
IBragg(~q )

+ cAcB(fA − fB)2∑
i,j

αij cos(~q · ~rij)︸ ︷︷ ︸
ISRO(~q )

. (4.13)

The second summand is the short-range order intensity as already introduced in (2.58), where
LU = cAcB(fA−fB)2 is called a Laue unit. Therefore, for a system with no chemical short-range
order, the scattering pattern of 0th order features Bragg reflection and a constant background
in the diffuse regime of one Laue unit.

The term of 1st order in the scattering function was termed atomic-size effect in the original
work by Warren, Averbach and Roberts [Warr 51]. It is therefore also referred to as Warren size
effect. Because of the symmetry argument given above, for a Bravais lattice this term can be
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written as

S1(~q ) = i
∑
i

∑
j

fi f
∗
j e(i ~q·(

~Ri−~Rj))~q ·
(
~δi − ~δj

)
(4.14a)

=
∑
i

∑
j

fi f
∗
j ~q ·

(
~δi − ~δj

)
sin (~q · ~rij) (4.14b)

Now let us make the assumption that the displacements are solely due to a rescaling of the
neighboring distances for different types of atoms:

~δAi − ~δAj = ∆AA~rij

~δBi − ~δBj = ∆BB~rij

~δAi − ~δBj = ~δBi − ~δAj = ∆AB~rij (4.15)

This assumption is, of course not exact, because for different local configurations (different
number of neighboring atoms of type AA for example) different displacements result. Using
(2.57) and (4.10) we get:

cAω
AB
ij = cBω

BA
ij = cAcB(1− αij) (4.16)

With (4.15) and (4.16) we can write the average displacement scattering of first order as

〈S1(~q )〉 =
∑
i

∑
j

〈
fi f

∗
j ~q ·

(
~δi − ~δj

)〉
sin (~q · ~rij) (4.17a)

=
∑
i

∑
j

(
cAω

AA
ij f2

A〈∆AA
ij 〉+ cBω

BB
ij f2

B〈∆BB
ij 〉+ cAω

AB
ij fAfB〈∆AB

ij 〉+ cBω
BA
ij fBfA〈∆BA

ij 〉
)

× ~q · ~rij sin (~q · ~rij) (4.17b)

=
∑
i

∑
j

(
(cA − cAωABij )f2

A〈∆AA
ij 〉+ (cB + cBω

BA
ij )f2

B〈∆BB
ij 〉

+ cAω
AB
ij fAfB〈∆AB

ij 〉+ cBω
BA
ij fAfB〈∆BA

ij 〉
)
× ~q · ~rij sin (~q · ~rij) (4.17c)

=
∑
i

∑
j

(
(cA − cAcB(1− αij))f2

A〈∆AA
ij 〉+ (cB + cAcB(1− αij))f2

B〈∆BB
ij 〉

+ 2cAcB(1− αij)fAfB〈∆AB
ij 〉

)
× ~q · ~rij sin (~q · ~rij) , (4.17d)

because 〈∆AB
ij 〉 = 〈∆BA

ij 〉.

For simplification the so called size effect parameter [Warr 51, Niel 00] is introduced

βij =
( 1
fB/fA − 1

)2
((

cA
cB

+ αij

)
〈∆AA

ij 〉+ 2(1− αij)
fB
fA
〈∆AB

ij 〉+
(
cB
cA

+ αij

)
f2
B

f2
A

〈∆BB
ij 〉

)
.

(4.18)
Usually a fixed volume is taken as a boundary condition, thus the sum over all displacements
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has to be zero. This is used to reduce the number of free parameters:

cBω
AB
ij 〈∆AB

ij 〉+ cAω
BA
ij 〈∆BA

ij 〉 = ωABij 〈∆AB
ij 〉 (cB + cA)︸ ︷︷ ︸

=1

= −cAωAAij 〈∆AA
ij 〉− cBωBBij 〈∆BB

ij 〉 (4.19)

This reduces the size effect parameter to [Niel 00, Scho 03]

βij = 1
fB/fA − 1

((
cA
cB

+ αij

)
〈∆AA

ij 〉+
(
cB
cA

+ αij

)
f2
B

f2
A

〈∆BB
ij 〉

)
. (4.20)

The average displacement scattering of first order can be written as

〈S1(~q )〉 = cAcB(fB − fA)2︸ ︷︷ ︸
LU

∑
i,j

βij ~q · ~rij sin (~q · ~rij) . (4.21)

As already mentioned, (4.21) is only an approximation that does not hold when atomic dis-
placement varies strongly with the local configuration in the lattice. In such a case information
about displacement has to be sought by simulation techniques.

The term, of 2th order has a strong influence in the region of Bragg reflection. Here Huang
scattering, which is due to defects in the lattice, plays a role. Also thermo-diffuse scattering
(TDS) of first order is strong in this vicinity. Thermo-diffuse processes are inelastic scatter-
ing processes. The Debye-Waller factor can be calculated within the framework of the Debye
approximation [Scho 99]:

2Mth = 3~2

mkBΘD

(1
4 + T

ΘD
Φ
(ΘD
T

))
|~q |2 , (4.22)

where m is the average atomic mass, ΘD the Debye temperature, and the Deby integral is given
by

Φ(x) = 1
x

∫ x

0
dt t

exp(t)− 1 . (4.23)

This leads to a modulation of th structure factor [Welb 95, Scho 99] of

〈S0(~q )〉TDS = 〈S0(~q )〉
(
1− e−2Mth

)
. (4.24)

Higher order terms also result in diffuse scattering close to the Bragg reflections. The relevant
terms for aXPCS are therefore the term of 0th order, as it is needed for short-range order
correction and the therm of 1st order, as it is present in the same regions of reciprocal space.

4.1.2. Modulation wave approach in reciprocal space

This approach was introduced by Krivoklaz [Kriv 69] and shall be mentioned here for the sake
of completeness. In a binary system a state function σi is defined similar to Section 2.2.1,
with σi = 1 if a certain particle sits at position ~ri and i = 1, ....., N with N the number of
particles. This is used to introduce Fourier components calculated from the local deviation in
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concentration:

σ~q =
N∑
i=1

(σi − 〈σi〉) exp(−i ~q · ~ri) (4.25)

In frame of this theory, displacements are treated by considering static displacement waves. Let
the position vector again be the sum of the average position vector and a local displacement,
~ri = ~Ri + ~δi. The Fourier component of statical displacement waves is then defined as:

~δ~q =
∑
i

~δi exp(−i ~q · ~ri) (4.26)

The advantage compared to the formalism introduced in Section 4.1.1 is that long-range effects
are included. A correlation term like εij = 〈σiσj〉∆~rij with ∆~rij = ~rj − ~ri can be introduced,
which again is used to define a Fourier component:

ε~q =
∑
∆~rij

εij exp(−i ~q ·∆~rij) (4.27)

The diffuse scattering intensity is then given by the Krivoglaz formula

Idiffuse = ε~q

∣∣∣f̄ ~q · ~A~q −∆f
∣∣∣2 , (4.28)

where f̄ is the average scattering length, ∆f the variation in scattering length and coupling
parameter ~A~q is linked to the Fourier component of the statical displacement wave ~δ~q via coupling
forces. This method finds its application in measurements over a wide q-range [Kriv 96, Gyor 83,
Scho 99, Scho 03]. As this approach was not applied to determine short-range order parameters
in this work a detailed treatment of the matter would go beyond its scope.

4.1.3. Pair distribution function

Rather than extracting chemical order and displacement directly from the scattering intensity,
the real-space pair correlation function, which directly reveals such information, can be calcu-
lated from the scattering pattern. This approach was introduced almost 90 years ago [Zern 27],
but has undergone a surprising renaissance in the last two decades. A pair distribution func-
tion is basically a probability distribution of the number of atoms at all atomic distances. The
underlying principal for measuring such a function is to use the powder diffraction data up to
sufficiently high |~q |-values to calculate the pair distribution function via a Fourier transform.
This can be used directly, or in comparison with a modeled system, to determine inter-atomic
distances, chemical order, but also stacking faults, size of nano-particles, correlation length and
many more parameters. Like in all powder diffraction techniques, crystallographic directions are
averaged. Therefore, starting from (4.2) one acquires an expression for the intensity that is in-
dependent of the azimuthal angle and is therefore only a function of the length of the scattering
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vector q = |~q |:

S(q) = 1
4π

∫ 2π

0
dϕ
∫ π

0
dθ sin(θ)

∑
i

∑
j

fifj exp (i (~ri − ~rj) · ~q) (4.29)

= 1
2
∑
i,j

fifj

∫ π

0
dθ sin(θ) exp (i∆rij q cos(θ)) (4.30)

=
∑
i,j

fifj

(
sin(∆rij q)

∆rij q

)
(4.31)

To obtain the reduced pair correlation function γ∗(r) from the measured intensity three steps
are taken:

Iexp(q) −→ S(q) −→ γ(r) −→ γ∗(r)

The experimentally measured scattering intensity depends on a number of additional factors,
like the self absorption of the sample depending on the sample geometry, the resolution of
the detector, Compton scattering, thermo-diffuse background intensity and other instrumental
specifics of the setup. There is quite a number of software packages which can be used to refine
the measured data. A commonly used one is PDFgetX3.
There are different definitions of pair distribution functions (see e.g. [Keen 01]). One possible

definition is given by:
γ(r) = 2

π

∫ ∞
0

dq q (S(q)− 1) exp (iqr) (4.32)

As the number of surrounding atoms and therefore the number of scattering electrons increases,
this function increases with increasing r. Therefore, one usually works with the reduced pair
distribution function, whose limit is zero as r approaches infinity:

γ∗(r) = γ(r)
4πnr , (4.33)

where n is the number of scatterers per Å3.

4.2. Experimental techniques

Different experimental techniques are based on the concepts introduced above. As all these
techniques operate in reciprocal space, scattering experiments using neutrons, electrons or X-
rays are performed to find the relevant parameters. As a thorough discussion of this topic would
go way beyond the scope of this work, only a few comments and references are given.

4.2.1. Reciprocal space mapping

Early work in this field was done by [Cowl 50], [Warr 51], [Clap 66] and [Bori 71]. Many systems
were also studied by B. Schönfeld and colleges (see e.g [Scho 99]).
Fig. 4.1 shows the diffuse intensities of single crystalline samples measured the Bruker AXS

Nanostar of the Faculty Center for Nano Structure Research, Faculty of Physics, University
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(a) Ag58at.%Mg42at.% single crystalline sample.
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Figure 4.1.: Diffuse intensity measured at Bruker AXS Nanostar using a flat Fuji Image Plate as
detector and K-α radiation with a wavelength of 1.54189Å. The small images give
the calibrated ϕ integration of the intensity. Both samples were oriented in 〈110〉
direction.

of Vienna. In case of the Ni–Pt sample, one Debye-Scherer ring is visible, which corresponds
to the fundamental (111) reflex of the fcc structure. This ring is due to arbitrarily misoriented
crystallites on the surface. The Ag–Mg sample shows a number of such rings. At 26.8◦ the (100)-
superstructure peak from the intended AgMg (B2) structure and at 38.2◦ and 55.4◦ (which
is outside the section covered by the image) the fundamental (110) and (200) bcc peaks are
visible. Additionally, there are a (100) superstructure peak at 21.2◦ and 22.2◦ (double line due
to tetragonal phase at room temperature) and the (110)-peak at 30.4◦ as well as fundamental
fcc peaks at 37.9◦ (111) and 44.1◦ (200) visible, corresponding to a MgAg3 (L12) phase. Lines at
37.0◦ (111) and 43.0◦ (200) could, however, also correspond to MgO, which has NaCl structure
and a lattice constant of 4.212Å. It is likely, that the formation of MgO, by oxidation of Mg
reduces the magnesium content of the alloy in the surface region, which initiates the formation
of the MgAg3. This, however, is limited only to the surface and therefore has no influence on
bulk properties. Both samples are oriented in 〈110〉 direction, visible in the twofold symmetry
of the diffuse scattering intensity.
It shall be mentioned, that using a detector with good energy resolution, the quasi-elastic

scattering for the thermo diffuse term can be masked. Unfortunately, such 2D-detectors do not
exist for X-rays. In order to distinguish between diffuse scattering of 0th and 1st order, a large
fraction of reciprocal space (up to high |~q |-values) has to be mapped. It is also important to
avoid areas around Bragg reflection, where additional effects play a role.

4.2.2. Pair distribution function analyzes

The key to success with this method is to get the correct real-space pair distribution function
from the scattering data. Once this is achieved, finding information about local short-range
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order and displacements is straightforward for binary intermetallic alloys. For more complex
systems, simulation packages like DISCUS [Prof 97] are available. In order to get the pair
distribution function, however, several corrections are necessary. Attempts to apply this method
to intermetallics have proofed extremely difficult.

4.3. Numerical concepts for finding chemical short-range order
properties

With ever growing computational power, simulation techniques have developed into an indis-
pensable tool in solid state and material sciences. There is a manifold of different techniques
for different purposes. In order to gain detailed information about local configurations, such as
the local distances between atoms and configurational energies, ab initio codes, like for example
the Vienna Ab initio Simulation Package (VASP) or ABINIT can be used. Due to the high
computational demand, such methods are, however, limited to small unit cells. In order to
gain information about large systems, information about configuration potentials gained from
ab initio calculations can be used to find effective cluster expansion potentials, which in turn are
used for MC simulations. A different approach is to use the embedded atom method (EAM).
The parameters for both, cluster expansion and EAM can be gained by fitting to experimental
data.
For a topical review, see e.g. [Schw 98, Mull 03]. The combination of experimental tools and

simulation is a useful for finding information about disorder in systems [Welb 94].
In the following chapter an overview over some simulation techniques, which find application

in this thesis, will be given.





5. Simulation techniques

Simulation techniques play an important role in aXPCS data evaluation. Here a short outline
of the concepts used in this thesis is given.

5.1. The Monte Carlo (MC) method

Introduced at the beginning of the second half of the last century [Metr 53] the MC method
has since developed into a indispensable tool in computational physics. Here only a very brief
overview of the underlying idea is given.

When in thermal equilibrium, a system is found in a state σ which is a member of the canonical
ensemble (CE). The probability to find a certain state σ is given by

P (σ) =
exp

(
−H(σ)
kBT

)
∑
σ∈Ω exp

(
−H(σ)
kBT

) = exp
(
F −H(σ)
kBT

)
, (5.1)

where F is the free energy, which is constant at thermal equilibrium, and H(σ) the energy of
the system in this state. The average property 〈A〉 of a system in equilibrium can then be
determined from the weighed sum over this property of the individual states,

〈A〉 =
∑
σ∈Ω

P (σ)A(σ) =
∑
σ∈Ω

exp
(
F −H(σ)
kBT

)
A(σ), (5.2)

where Ω is the set of states within the CE. In order to find this probability analytically, F has
to be known. For binary alloys, the energy of all states σ ∈ Ω is only known for special cases.
Therefore, the sum over all states can also only be carried out in special cases. Alternatively,
information about property A can be found by evaluating a subset of Ω and calculating an
average value Ā. Choosing any arbitrary subset for evaluation is unrewarding, as the contribution
of states with low probability gives a wrong bias for Ā. In order to find a value Ā ≈ 〈A〉, the
states chosen for averaging have to be highly probable.

Let the probability for a transition from state σ to state σ′ be given by P (σ → σ′), The
principle of detailed balance than states:

P (σ)ω(σ → σ′) = P (σ′)ω(σ′ → σ) (5.3)

Therefore, an improbable state is keen to transit, while a probable state rather stays the way it
is. With this the ratio of transition probabilities can be written as

ω(σ → σ′)
ω(σ′ → σ) = P (σ′)

P (σ) = exp
(
H(σ′)−H(σ)

kBT

)
= exp

(−∆H
kBT

)
(5.4)

47
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This allows to define

ω(σ → σ′) = 1
τ0

exp
(
−∆H
kBT

)
if ∆H > 0

1 if ∆H ≤ 0
(5.5a)

or

ω(σ → σ′) = 1
τ0

1
1 + exp

(
∆H

2kBT

) , (5.5b)

where (5.5a) is according to [Metr 53] and (5.5b) an alternative definition according to [Glau 63].
Both yield the same result. The time scale is given by the average residence time τ0. Starting
at an arbitrary state, a probable state of the ensemble is chosen. This is done by comparing a
random number w ∈ [0, 1] with the transition probability. If w ≤ ω the transition is performed,
otherwise not.
For atomic properties in a bulk, a set of particles is chosen to occupy positions in a three-

dimensional space. Either they occupy discrete positions on a lattice, which shall be termed
an on-lattice approach, or the atoms can relax around the average positions. This is called
off-lattice approach. The particles can be of different type and the interactions between them
create a 3N-dimensional energy landscape. There exist different concepts for modeling such
interactions, as will be discussed further below.

5.1.1. Kawasaki type diffusion

One way to switch between states is by a direct exchange of two particles. In the Kawasaki type
simulation, two particles of the system are chosen at random and the exchange probability is
given according to (5.5).

5.1.2. Vacancy driven walk

A vacancy in the lattice is chosen at random. A dice is rolled again to determine a number
between 1 and Z, the number of possible neighbor atoms. A decision whether to exchange the
vacancy and the respective atom is made based on (5.5).

5.2. Configurational functions and potentials

In order to apply a MC approach for changing states, for minimization as well as in equilibrium,
the energy of the system has to be determined. This can be done following different approaches
of which two will be briefly discussed in the following sections.

5.2.1. Pair potentials

A simple approach for building an energy landscape is to introduce a Hamiltonian that depends
on effective pair interactions, similar to what was discussed in (2.38). WithM being the number
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of particles in the system, the total internal energy of the system can be written as

H = E0 +
M∑
i

E(σi)︸ ︷︷ ︸
H0

+
M∑
i,j

Eij(σi, σj ; ∆rij)︸ ︷︷ ︸
H̃

. (5.6)

For closed systems where no particle exchange with the outside takes place, H0 is a constant.
Therefore the difference between H(σ) and H(σ′) only depends on H̃(σ)− H̃(σ′). Let X and Y
denote the type of particle. Systems composed of two types of atoms (A,B) and vacancies (V),
X,Y ∈ {A,B,V} are ternary systems. The relevant part of the Hamiltonian can be written as

H̃(σ) =
M∑
i=1

M∑
j=1

Eij(σi, σj ; ∆rij) =
M∑
i=1

S∑
s=1

Zs∑
is=1

Eiis(σi, σis ; ∆rs) (5.7)

Here is is the index of a neighbor in shell s arround the atom at i, Zs is the coordination number
of shell s (e.g. s = 1 for first neighboring shell, s = 2 second neighboring shell and so on) and S
is the coordination shell that marks the cutoff radius of interaction. This can be rewritten in a
more compact form, using the number of pairs of a certain type, nX,Y for each shell as

H̃ =
M∑
i=1

S∑
s=1

∑
(X,Y )
∈{A,B,V}

nX,Yi;s EX,Ys (5.8)

As EX,Y = EY,X, there are six independent parameters, EA,A, EA,B, EB,B, EA,V, EB,V, EV,V,
which have to be determined for the simulation.

The ABV model

In order to reduce the number of free parameters, the so called ABV model was introduced
[Yald 91, Vive 93, Wein 98]. A spin variable is introduced which is defined by

ς(X) =


+1 if X = A

−1 if X = B

0 if X = V

. (5.9)

This makes it possible to formulate the interaction-dependent part of the Hamiltonian for inter-
actions up to the first neighboring shell as [Wein 00]

H̃ = H̃0 +K
∑
〈ij〉

ς2
i ς

2
j + J

∑
〈ij〉

ςiςj + U
∑
〈ij〉

(ς2
i ςj + ςiς

2
j ) +M

∑
〈ij〉

ς2
i +R

∑
〈ij〉

ςi . (5.10)

Here Z is the coordination number of the first neighbor shell (the number of nearest-neighbor
pairs) and 〈ij〉 indicates the corresponding atomic pairs.
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The individual terms are defined as:

K = 1
4(EA,A + EB,B + 2EA,B) + EV,V − EA,V − EB,V (5.11a)

J = 1
4(EA,A + EB,B − 2EA,B) (5.11b)

U = 1
4(EA,A − EB,B)− 1

2(EA,V − EB,V) (5.11c)

M = Z

4 (EA,V + EB,V − 2EV,V) (5.11d)

R = Z

2 (EA,V − EB,V) (5.11e)

H̃0 = MZ

2 EV,V (5.11f)

It is obvious, that H̃0 is a constant. With NA the number of A atoms and NB the number of B
atoms for a CE

∑
〈ij〉 ς

2
i = NA + NB and

∑
〈ij〉 ςi = NA − NB are also constant. Therefore the

configuration dependent term of the Hamiltonian is given by

H̃CE = K
∑
〈ij〉

ς2
i ς

2
j + J

∑
〈ij〉

ςiςj + U
∑
〈ij〉

(ς2
i ςj + ςiς

2
j ) . (5.12)

Assuming that there is only one vacancy in the system, the parameter K can also be dropped,
because in this case

∑Z
〈ij〉 ς

2
i ς

2
j = Z

(
Z
2 − 1

)
. This can be used to define [Wein 98] similar to

(5.8)

H̃∗ =
S∑
s=1

(
2JsnA,Bs + Us(nA,Vs − nB,Vs )

)
. (5.13)

In comparison to (5.8) the number of independent parameters per shell was reduced from six to
two.

5.2.2. The embedded atom method (EAM)

The embedded atom method determines the energy of a system as the sum of electrostatic
parameters and an embedding function. Assuming that the charge density ρ at a certain position
can be a superposition of local atomic density functions, the embedding function accounts for
the difference of energy when introducing a particle into this charge.
The total energy of the the system can be written as a sum of the individual energies per

atom

H =
M∑
i=0

E
(X)
i (5.14)

where the energy per atom is given as

E
(X)
i = F (X)(ρi) + 1

2

M∑
j=0(j 6=i)

φ(rij)(X,Y ) . (5.15)

F (X)(ρi) is the embedding energy of an atom of type X in a charge density ρi at position i,
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which is given by

ρi =
M∑

j=1(j 6=i)
f(rij)(X) . (5.16)

Ouyang et al. [Ouya 12] proposed the following definitions, where the embedding energy can
be calculated piecewise:

F (X)(ρi) =


∑4
k=0 F

(X)
1k

(
ρi − ρ(X)

1

)k
, ∀ ρi ≤ ρ(X)

1∑4
k=0 F

(X)
2k

(
ρi − ρ(X)

2

)k
, ∀ ρ(X)

1 < ρi ≤ ρ(X)
2∑4

k=0 F
(X)
3k

(
ρi − ρ(X)

2

)k
, ∀ ρ(X)

2 < ρi

(5.17)

As mentioned in Section 4.3, the system parameters such as F (X)
11 to F

(X)
34 , ρ(X)

1 and ρ
(X)
2

can be gained by fitting to experimental results or to results from ab initio calculations. The
contribution of a neighboring atom j to the charge density at position i depends on its distance
rij in the following way

f(rij)(X) = f (X)
e rij

4 exp
(
−β(X)(rij − r(X)

1 )
)
, (5.18)

with f (X)
e , β(X) and r(X)

1 being fitting parameters. The electrostatic interaction is approximated
by pair interaction potentials. The pair interaction of different types of atoms is the weighted
average of interactions of particles of the same type

φ(rij)(X,Y ) = 1
2

(r(X)
1

r
(Y )
1

)4

φ(rij)(Y,Y ) +
(
r

(Y )
1

r
(X)
1

)4

φ(rij)(X,X)

 . (5.19)

The pair potentials for same type particles are defined in segments:

φ(rij)(X,X) =



−φ(X)
e

(
1 + α(X)

(
rij

r
(X)
1
− 1

))
exp

(
−δ(X)

(
rij

r
(X)
1
− 1

))
, ∀ rij ≤ r(X)

b∑6
k=0 λ

(X)
k

(
rij

r
(X)
b

− 1
)k

, ∀ r(X)
b < rij ≤ r(X)

c∑5
k=0 κ

(X)
k

(
rij

r
(X)
c

− 1
)k

, ∀ r(X)
c < rij ≤ r(X)

e

0 , ∀ r(X)
e < rij

(5.20)
Here again φ(X)

e , α(X), δ(X), λ(X)
k , κ(X)

k , r(X)
b , r(X)

c and r(X)
e are fitting parameters. Some of the

fitting parameters can be identified. r(X)
1 is the nearest-neighbor distance, r(X)

e is obviously the
cutoff radius. A list of fit parameters for the system Fe–Al according to [Ouya 12] is given in
Section A.3.

5.3. Illustrative computer experiments

In this section the concepts introduced above will be used for some illustrative simulations. As
a model system a solid solution with a low concentration of solute atoms is chosen. Such a
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Figure 5.1.: Warren Cowley short-range order for a solid solution on an fcc lattice with pair
interaction between solute atoms, where n is the shell number. The errorbars are
smaller than the symbols. Lines are given to guide the eye.

system can be modeled introducing pair interactions for the solute atoms only. Simulations
are undertaken using the vacancy walk Metropolis MC method with transition probabilities
according to (5.5a). Time quantities are given in units of Monte Carlo step (MCS), where one
MCS is defined asM attempts of particle exchange, withM the number of atoms in the system.

5.3.1. Simulation of chemical short-range order

A simulation cell of 32× 32× 32× 4 atoms on an fcc type lattice was used to calculate Warren-
Cowley short-range order parameters according to Section 2.2.4. After a tempering for 30
MCSs, the parameters were calculated for another 100 MCSs every tenth of a step, yielding
1000 configurations used for averaging. For each of these configurations the neighbors in the
first 12 neighboring shells for each atom of type B on the lattice were counted and the average
number was calculated. These numbers of neighbors were used according to (2.57) to calculate
the αn-parameters. Calculations were carried out for a temperature of 830K. The results of
simulations for a solid solution containing 3%, as well as for one containing 10% solute atoms
are shown in Fig. 5.1. As EB,B1 = 100meV corresponds to ABV potentials of J1 = 0.075 and
U1 = −0.075, Fig. 5.1a shows the short-range order parameters calculated with these potentials
in addition for comparison.

As a general trend, it can be seen that a repulsive force between the solute atoms leads to a
saturation in chemical short-range order, meaning that increasing the repulsive potential does
not change the short-range order after a certain point is reached. This saturation potential can
be estimated to be 300meV. It can also be seen that the ABV model yields results in good
agreement with the classical pair potentials. Attractive potentials, on the other hand, yield a
clustering behavior which has a much stronger influence on chemical short-range order.
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Figure 5.2.: Calculated inverse correlation times for a random vacancy walk and short-range or-
der intensity. Calculations were made for an fcc sample with 10% B-atoms, oriented
in 〈110〉 direction and 8 keV radiation up to 2Θmax = 90◦.

5.3.2. Computer experiment on a random walk using correlations in reciprocal
space

A computer experiment was carried out to determine the influence of short-range order on a
solid-solution system. Two cases are compared: no interaction between the atoms leading to a
classical random walk problem and interacting atoms with a strong repulsive force of 300meV
between the solute atoms. The atomic jump probabilities for jumps to different neighboring
shells where calculated in the frame of the encounter model, as discussed in Section 3.3.1. The
influence of the short-range order calculated in Section 5.3.1 on the theoretical model can be
seen in Fig. 5.2.
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Figure 5.3.: Intensity-correlation functions calculated for two different scattering angles by
Fourier transformation of different configurations in a MC simulation.

The classical approach would be to follow the atoms in real space. It is, however, also possible
to simulate an aXPCS experiment to determine the jump model. In this case, after a certain time
interval (a fraction of a MCS) the real space configuration is Fourier transformed1. From the
intensities computed from the real and complex part of the amplitudes the intensity-correlation
function g(2) is calculated. On the other had, the amplitudes can also be utalized to calculate the
amplitude-correlation function, which yields the same result when applying the Siegert relation:

g(2)∗ = 1 +
(
g(1)
re g(1)

re + g
(1)
im g

(1)
im

)
(5.21)

Fig. 5.3 shows a comparison of g(2) and g(2)∗ for a small and a large scattering angle 2Θ.
Correlation functions were calculated for a number of points in reciprocal space. These points

were chosen according to the parametrization introduced in Section 2.1.1.
As aXPCS is incapable of detecting vacancy jump circles, which lead to a return of a certain

atom to its starting position, the values given in Table 3.1 have to be renormalized appropriately,
yielding p̄1 = 0.9229, p̄2 = 0.0475, p̄3 = 0.0194, p̄4 = 0.0081, p̄5 = 0.0010 and p̄6 = 0.0007.
Jumps to higher shells with a summed up probability of

∑
i p̄i = 0.0003 ∀i > 6 are neglected.

This can be used to calculate the ~q-dependent inverse correlation times for this model. Fig. 5.2a
gives a representation using a 2Θ and ϕ parametrization for a sample oriented in 〈110〉 direction.
A Metropolis MC vacancy walk simulation was carried out on a fcc lattice, consisting of

M = 323 × 4 atoms, where one atom is substituted for a vacancy (scattering length 0) and 10%
of the atoms of type A (scattering length 282) were substituted for atoms of type B (scattering
length 782) at random. The vacancy was only allowed to perform nearest-neighbor jumps. After
every 0.01MCS a Fourier transformation was carried out. The total runtime of the simulation
was 1000MCSs. The auto-correlation functions (ACFs) were averaged over 3 × 3 × 3 voxels of
reciprocal space for each evaluated pair of (2Θ, ϕ). In the case of repulsive force, the system
was tempered for 500MCSs before starting the calculation of the ACFs.

1The FFTW package http://www.fftw.org/ was used
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The inverse correlation time values gained by this computer experiment for pairs of (2Θ, ϕ)
were compared with an analytical model according to the encounter jump probabilities. This
approach is the same as in an actual aXPCS experiment, as will be discussed in Chapter 6.
Fig. 5.4 shows the comparison of the analytical model with inverse correlation times gained

from the MC experiment. The data is shown as a 2Θ-scan as well as a ϕ-scan. The short–range
order intensity used for correcting the analytical model is also shown.
As can be seen from this computer experiment, the encounter model in combination with

De Gennes narrowing describes well the chemical diffusion of solute atoms in a binary solid
solution. As this model agrees very well with simulation data even for concentrations as high
as 10% solute (B-type) atoms, it can be assumed to describe diffusion in solid solution over a
wide range of composition, where no long-range ordering takes place.



56 Simulation techniques

 0  10  20  30  40  50  60  70

1
/t
a
u

zwth2Θ (◦)

τ
(~q

)−
1
(a
.u
.)

ϕ =

81◦

71◦

61◦

51◦

41◦

31◦

21◦

11◦

1◦

 0  10  20  30  40  50  60  70

1
/t
a
u

zwth2Θ (◦)

ϕ =

81◦

71◦

61◦

51◦

41◦

31◦

21◦

11◦

1◦
1

0

1

 0  10  20  30  40  50  60  70

1
/t

a
u

2Θ (◦)
I S

R
O
(L

U
)

ϕ =

81◦

71◦

61◦

51◦

41◦

31◦

21◦

11◦

1◦

 0  10  20  30  40  50  60  70  80

1
/t
a
u

phiϕ (◦)

τ
(~q

)−
1
(a
.u
.)

2Θ =

66◦

61◦

56◦

51◦

46◦

41◦

36◦

31◦

26◦

21◦

16◦

11◦

6◦

1◦

(a) No interaction between
atoms, leading to a precise
random walk diffusion.

 0  10  20  30  40  50  60  70  80

1
/t
a
u

phiϕ (◦)

2Θ =

66◦

61◦

56◦

51◦

46◦

41◦

36◦

31◦

26◦

21◦

16◦

11◦

6◦

1◦

(b) Repulsive force between
type B atoms.

-80 -60 -40 -20  0  20  40  60  80

1
/t

a
u

ϕ (◦)

I S
R
O
(L

U
)

(c) Short-range order intensity
for a repulsive force between
type B atoms.

Figure 5.4.: Comparison of results from Monte Carlo (MC) simulation (points, errors smaller
than symbols) with jump probabilities as given by the encounter model (lines) for a
system with no interaction between the atoms and for a system with strong B-atom
repulsion including short-range order correction. The solid solution consists of 10
at-% B-atoms and one vacancy.



6. An aXPCS experiment

The requirements for the execution of an aXPCS experiment are described in [Leit 12a] and
[Ross 15]. Here only an overview of the most important keystones is given.

When coherent radiation with the appropriate wavelength λ is scattered on a number of
atoms, these atoms emit spherical waves leading to an interference pattern. Coherent means
that the electromagnetic waves scattered by the atoms have a fixed phase relation. One defines
transversal and longitudinal coherence. The former is related to the extent and distance of
the source of the electromagnetic field as it refers to the parallelism of wave fronts arriving
at the sample. The best case scenario is a point source at infinite distance. By the time the
wavefront reaches the localized sample its relevant section has the form of a plane wave. The
transversal coherence length is defined as ξt ≈ λR

2δ , where R is the distance between sample and
source and δ is the extent of the source. The longitudinal coherence length is a measure for the
monochromaticity of the electromagnetic wave, as scattering involving a spectrum of frequencies
can only feature a limited acuity in the phase space. At the point where two waves from each
side of the spectrum (longest and shortest wave length) are shifted by halve a wavelength,
coherence is lost. The longitudinal coherence time is defined as τl = 1/∆ν, where ∆ν is the
bandwidth of the spectrum (see e.g. [Grub 08]). With this, the longitudinal coherence length
is therefore defined as ξl ≈ cτl/2 = λ

2(∆λ/λ) . For a more thorough treatment of the matter see
e.g. [Aber 98, Sand 99].
If a certain type of lattice is completely filled with one type of scatterers (with one particular

scattering length) the scattering pattern features the well known Bragg reflection. The more
perfect the lattice, the sharper the peaks. If different types of sub-lattices, e.g. α and β as in a
B2 system, are occupied by a different kind of atoms each with corresponding scattering length
fA and fB, the scattering pattern features so called super structure peaks. If perfect long-range
order does not exist, either because the atomic concentration does not allow for stoichiometry
or because some of the atoms occupy “wrong” places, additional intensity features appear in
between these peaks in the so-called diffuse regime. As the disturbances in the lattice are not
strictly periodical, a reduction of the lattice to a unit cell is not feasible any longer. Rather, the
whole lattice has to be considered as one large unit cell and the scattering intensity is calculated
by

Iinterf(~q ) ∝
∑
i,j

fifj exp (i ~q · (~ri − ~rj)) . (6.1)

Most X-ray sources provide only a partly coherent beam. Therefore the recorded scattering
pattern is an average over different patterns corresponding to different atomic configurations,
each found in a different regions of the sample. The same averaging takes place using a coherent
source and measuring for a period of time much larger then the timescale where an exchange of
the scatterers positions takes place, leading to different configurations. Assertions are made for
average lattice properties, e.g. the average atom position and long-range order reflected in the

57
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scattering peaks or the chemical short-range order as presented in the diffuse scattering regime.
On small timescales, however, different configurations of real space yield different intensity
patterns in the diffuse regime as discussed in Chapter 4. Because of the phase problem, i.e. the
loss of phase information in a scattering experiment , there is no bijective function between real
space configuration and scattering image. Different real space configurations can actually yield
the same scattering image. Therefore, correlation comes into play when studying diffusion with
coherent scattering as discussed in section Section 2.2.
The section of reciprocal space that is created by the interference of spherical waves emitted

by the atoms with different scattering lengths sitting at different lattice positions is detected
in an experiment as a function of the sample orientation. The resolution of such a section is
limited by a physical principle called speckle phenomenon. The speckle contrast is an important
parameter in aXPCS experiments, as it decreases when averaging over a section of space in
case of partly coherent scattering or over time, in accordance with an averaging over a set of
reciprocal spaces corresponding to different atomic configurations.

6.1. Speckle patterns

The orientation of the sample is not the only real-space feature that is reflected in reciprocal
space. What is also important is the volume of the sample that is illuminated as it determines
the granularity or resolution of features in reciprocal space. To put it a little differently, the
Fourier transform of the illuminated area gives the smallest feature of reciprocal space, a so
called speckle. Therefore, the smaller the illuminated area in real space, the bigger the speckles.
Speckles are well known from laser experiments and were first observed for X-rays almost a

quarter of a century ago [Sutt 91]. There exists a manifold of approaches to the topic. Here an
approach in the Fraunhofer regime was chosen.
To start with, let us consider a beam with a rectangle spot (a× b) of constant brightness I0.

This means that for a scatterer of thickness d a cuboid of Vill = a× b× d is illuminated with a
sharp step function profile as shown in Fig. 6.1a. This can be used to calculate the form of the
speckle in the Fraunhofer regime,

Especk(~q ) ∝
∫

d~r Vill exp (i ~q · ~r) (6.2)

=
∫

drx
(

Θ(rx + a

2)−Θ(rx −
a

2)
)

exp (i qx rx)

×
∫

dry
(

Θ(ry + b

2)−Θ(ry −
b

2)
)

exp (i qy ry)

×
∫

drz
(

Θ(rz + d

2)−Θ(rz −
d

2)
)

exp (i qz rz) , (6.3)

where Θ(x) is the Heaviside step function. And further

Ispeck(~q ) ∝ Especk(~q )E∗speck(~q ) = 8
π3

sin(qxa/2)2

q2
x

sin(qyb/2)2

q2
y

sin(qzd/2)2

q2
z

. (6.4)
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Figure 6.1.: Beam profiles and corresponding speckle patterns for scattering on a completely
homogeneous scattering medium with no discrete scatterers (vacuum).

The highest intensity can be found for Imax = lim|~q|→0 I(~q ) and the first minimum at Imin =
I(2π/a) = I(2π/b) = I(2π/d).

In reality the spot size is more like an ellipse and the profile of brightness can be of Gaussian
form as shown in Fig. 6.1b. Therefore the amplitude of the electromagnetic field is modulated
by a Gaussian. If we assume the full width at half maximum (FWHM) in rx direction to be
a and in ry direction to be b, the illuminated area in the sample assuming constant scattering
ability can be written as

Vill(rx, ry, rz) = 1
σx
√

2π
exp

(
− r2

x

2σ2
x

)

× 1
σy
√

2π
exp

(
−
r2
y

2σ2
y

)
× (Θ(rz + d)−Θ(rz − d)) . (6.5)
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Lets consider the Fourier transform of the rx-term with σx = a/(2
√

2 ln(2)):

Frx→qx

( √
2π a

2
√

2 ln(2)

)−1

exp

− r2
x

2 a2

2 ln(2)

 = 1√
2π

exp
(
− a2q2

x

16 ln(2)

)
(6.6)

Inserting (6.6) into (6.2),

Ispeck = 1
2π3 exp

(
−
a2q2

x + b2q2
y

ln(256)

)
sin(d qz)2

q2
z

. (6.7)

As this function does not have a minimum, it is convenient to define the size of a speckle as
the FWHM of the first scattering peak. In order to specify a speckle size that is independent
on additional experimental parameters, like sample-detector distance, it will be given in units
of angle. In case of a step-function profile as in (6.4), the speckle size in radian is given by
sx ≈ 5.56623/(kina), sy ≈ 5.56623/(kinb) and sz ≈ 5.56623/(kind). In the case of a Gaussian
beam shape (6.7), the speckle size is given as sx ≈ 3.92103/(kina), sy ≈ 3.92103/(kinb) and
sz ≈ 5.56623/(kind).

As the scattering pattern is a product of a infinitely large crystal lattice and the illuminated
volume, the resulting intensity pattern Ires(~q ) can be seen as a convolution of a scattering pattern
resulting from a crystal of infinite size, which is proportional to the structure factor S(~q ), and
the Speckle intensity:

Iinterf(~q ) ∝ S(~q )⊗ Ispeck(~q ) (6.8)

6.1.1. Speckles and contrast

When a speckle is illuminated by a completely coherent source, the speckle size can be calculated
from the illuminated volume of the sample as described above. According to (2.67) the contrast
in this case is equal to one. As already discussed, perfectly coherent X-rays are only a theoretical
concept. The source is extended, which leads to a tilting of the wavefronts and the fact that the
wavelength distribution is not a δ-function leads to a reduction of the longitudinal coherence
length.

The effect on the speckle contrast can be discussed in the frame of statistical mechanics as
was shown by Sutton (see e.g. [Sutt 06]). Here a different approach is chosen with the aim to
provide useful criteria for practical experimental applications such as aXPCS. Each wavelength
of each well in an extended source can be seen as an independent, perfectly coherent source.
Each of these sources produces a scattering pattern on a sphere in the Fraunhofer regime, which
can be detected. However, it is not possible to detect all these separate scattering patterns
independently. Only the sum of them is accessible. Fig. 6.2 gives a schematic representation of
the superposition of scattering spheres produced by individual sources. Therefore, information
about the intensity contrast can be gained by analyzing how the scattering patterns sum up to
one measurable but smeared pattern.

The dependence of the contrast on transversal coherence can be determined by analyzing the
fringes of a scattering pattern produced by a slit [Grub 08]. In three dimensions the intensity
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Figure 6.2.: Schematic representation of the superposition of scattering spheres produced by
individual sources leading to a reduction of longitudinal coherence as shown in (a)
and transversal coherence as shown in (b).

pattern is given, similar to (6.4), by

Ifringes(qx, qy, qz) ∝
sin(qxa/2)2

q2
x

sin(qya/2)2

q2
y

sin(qzd/2)2

q2
z

. (6.9)

Using qx = 2k sin
(

2Θ
2

)
cos

(
2Θ
2

)
cos(ϕ), qy = 2k sin

(
2Θ
2

)
cos

(
2Θ
2

)
sin(ϕ) and qz = 2k sin

(
2Θ
2

)2

the intensity can be written as a function of angles as

Ifringes(2Θ, ϕ) ∝ 1
k6 csc

(2Θ
2

)4
csc (2Θ)4 csc (2ϕ)2 sin

(
ak

2 sin(2Θ) cos(ϕ)
)2

sin
(
bk

2 sin(2Θ) sin(ϕ)
)2

sin
(
dk sin(2Θ)2

)2
. (6.10)

As for ϕ = 0 this yields exactly the same pattern of fringes as plugging q = 2k sin(2Θ/2) into a
one dimensional representation of a cuboid beam form

If(2Θ) ∝ sin(qa/2)2

q2 = sin(k sin(2Θ/2)a)2

(2k sin(2Θ/2))2 , (6.11)

which is of course is the Fraunhofer approximation for single-slit diffraction. This less compli-
cated expression will be used from now on. For azimuthal angles ϕ other than 0, only the slit
width has to be scaled.
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(a) Fringes for a slit size of 5µm yielding a con-
trast of βtr = 0.997 in the first minimum.
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(b) Fringes for a slit size of 20µm yielding a
contrast of βtr = 0.962 in the first mini-
mum.

Figure 6.3.: Fringes calculated according to (6.11) and (6.12) for a 7.05 keV beam for two different
slit sizes. The red, solid line shows the case of an infinitely small source and the
blue, broken line the case of a source of diameter ls = 928µm and a source to sample
distance of D = 60.4m.

Now let us consider an extended source where the individual scattering spheres are tilted by
an angle υ as shown in Fig. 6.2b. The total intensity in this case is given by

Isum-f(2Θ, υmax) = 1
N + 1

If(2Θ) +
N/2∑
n=1

If(2Θ− υmax/n) + If(2Θ + υmax/n)

 , (6.12)

with υmax = tan
(
ls/2
D

)
, ls the diameter of the source, D the source to sample distance and N+1

the number of scatterers in the appropriate dimension. As the number of electrons in a bunch
is between 108 and 1011 [Wied 03], N is chosen to be 5000 for a crude approximation. It shall
also be mentioned, that due to relativistic effects the electrons emit cones of light rather than a
sphere. As these cones are not parallel, this leads to an additional tilt of the scattering spheres
which further reduces the contrast.

The contrast can be calculated, according to (2.67) as

βtr = Isum-f(2Θmax)− Isum-f (2Θmin)
Isum-f(2Θmax) + Isum-f (2Θmin) . (6.13)

As Isum-f(2Θmin, 0) = 0 for a totally coherent beam, the contrast is βtr = 1 in this case. The
overlap of speckle patterns increases the minimum intensity, as shown in Fig. 6.3 for two different
spot-sizes. It can be seen that increasing the speckle size by reducing the spot size increases the
contrast.

In order to determine the dependence of contrast on longitudinal coherence, it is important
to know the maximal distance between two wavefronts. This distance is usually referred to as



Speckle patterns 63

maximum path-length difference (PLD) [Grub 08]. For a transmission geometry, it is given by

PLD ≈ l1 + l2 − l3

≈ d+ sin(2Θ)(a+ tan(2Θ)d)− d

cos(2Θ)
PLD(2Θ) ≈ 2d sin(2Θ)2 + a sin(2Θ) .

a

d

l1
l2

l3

2Θ

(6.14)

This leads to a shift in time of ∆t = (d + PLD)/c, with c the speed of light. The summed
intensity of two electromagnetic waves originating from two points in space, z and z + ∆z, can
be written as

I ∝ |E0|2
∫

dz exp(ikz) exp(ik(z + ∆z)) (6.15)

and according to (2.64), the correlation factor is given as

Gii(∆t) = lim
t0→∞

∫ t0/2

−t0/2
dt E0 eiωtE∗0 e−iω(t+∆t) = |E0|2 e−iω∆t = I0e−iω∆t . (6.16)

The intensity of a monochromatic beam in dependence on PLD can therefore be written using
∆z = (d+ PLD) as

Imono(ω,∆t) = I0 + 2Re (Gii(∆t)) = 2I0 (1 + cos(ω∆t)) (6.17)

Imono(k,∆z) = 2I0 (1 + cos(k∆z)) (6.18)

In case where the beam is not monochromatic, but features a spectrum that is characterized
by a spectral function g(k) (usually a Darwin curve when Bragg geoemetry is used), the total
intensity is given by

Ispectrum(∆z) = 2I0
C

∫ ∞
−∞

dk′ g(k′)
(
1 + cos(k′∆z)

)
, (6.19)

where C is a normalization factor. This leads to a blur of the speckle pattern in reciprocal
space, which reduces the maximum intensity and increases the minimum intensity as a function
of spacing ∆z, as is shown in Fig. 6.4.

For a spectral function with a step-function shape, a numerical approximation can be made
by

Ispectrum(k,∆z) ≈ 2I0
2N + 1

(
(1 + cos(k∆z)) +

N∑
i=1

(
1 + cos

(
k

(
1− i∆k/k

2N

)
∆z
))

+
(

(1 + cos
(
k

(
i∆k/k

2N

)
∆z
)))

,

(6.20)
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Figure 6.4.: Intensity resulting from interference of two points spaced by ∆z calculated around
the scattering vector corresponding to 8 keV X-rays for ∆k/k = 10−4. The lower part
shows the individual patterns corresponding to λmax (red), λ̄ (black) and λmin (blue).
The upper part shows the summed intensity which is decisive for the contrast,
according to (6.20) with N = 100. The value of ∆z in relation to the longitudinal
coherence length ξl is given for each image.

where ∆k gives the width of the spectrum around k. The smaller ∆z is, the larger is the detail
in reciprocal space (compare (6.7) with d = ∆z).

An analytical solution can also be found (see Appendix A.4), yielding

Ispectrum+/−(∆k,∆z) = 2I0

1±
sin
(

∆k
2 ∆z

)
− sin

(
−∆k

2 ∆z
)

∆k∆z .

 (6.21)

This can again be used to define a contrast in the form

βl(∆k,∆z) =
∣∣∣∣∣Ispectrum+(∆k,∆z)− Ispectrum−(∆k,∆z)
Ispectrum+(∆k,∆z)− Ispectrum−(∆k,∆z)

∣∣∣∣∣ (6.22a)

=

∣∣∣∣∣∣
2 sin

(
∆k∆z

2

)
∆k∆z

∣∣∣∣∣∣ . (6.22b)

As (6.22b) refers to a contrast for one specific spacing ∆z, it does not account for the fact,
that not only the scatterers furthest apart, but also those in-between contribute to the scatter-
ing pattern. Therefore plugging in the maximum distance as ∆z only gives a lower bound of
the contrast factor. The effective contrast results from a mean of all the individual contrasts
of the differently spaced sources. Assuming that scatterers are separated by distances up to
the longitudinal coherence length lead to interference, an upper bound of the contrast can be
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Figure 6.5.: Estimations for upper bound of contrast according to (6.23) (red) and lower bound of
contrast according to (6.22b) (blue) for different spot-sizes and sample thicknesses.

estimated by

βl*(2Θ) = ξl

∆z . (6.23)

Due to the geometry of the beam, it is also possible that the PLD has a ϕ-dependence.
Assuming a beam in form of a square with edge length a0, the azimuthal angle-dependent width
of the sample can be defined as:

a(ϕ) =


a0

cos(ϕ) if 0◦ ≤ ϕ mod 90◦ < 45◦

a0
cos(90◦−|ϕ|) if 45◦ ≤ ϕ mod 90◦ < 90◦

(6.24)

This leads to ∆z(2Θ, ϕ) = d(1 + 2 sin(2Θ)2) + a(ϕ) sin(2Θ).

6.2. Signal-to-noise ratio

According to [Falu 04, Mads 16] the signal-to-noise ratio (SNR) is linear in intensity and exper-
imental contrast:

SNR ∝ 〈I〉βexp (6.25)

If the transversal coherence length is sufficiently large it would therefore be in favor of the SNR
to increases the spot-size on the sample, if this increases the intensity (which would not be the
case for a focused beam). Doing so also reduces the speckle size. As will be discussed below,
more than one ACF is usually recorded for a particular scattering-vector in order to increase
statistics. Therefore, the larger the spot size, the higher the resolution in reciprocal space, the
more ACFs can be recorded for a section of reciprocal space assigned to a particular ~q-vector,
which clearly is in favor of SNR.
It was also shown [Falu 06] that

SNR = Icoh
√
ttotτnxny , (6.26)

where nx and nz are the number of detector pixels in each direction, ttot is the total time for
recording an ACF, Icoh the average coherent flux and τ is the shortest correlation time in the
experiment. The relation between coherent flux and shortest correlation time can be understood
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intuitively when considering the following [Shpy 14]: XPCS measures the correlation between
pairs of photons rather than individual photons. In a given time window, the probability of
detecting a photon in a particular pixels scales with the coherent flux. The probability of
detecting a pair of photons in the same pixel, however, is the square of this value.

6.3. Experimental requirements

X-rays with sufficient coherence and the intensity required to get a signal at timescales of atomic
diffusion are very difficult to come by. While optical light with excellent coherent properties can
be generated by light amplification by stimulated emission of radiation (LASER), this concept
is not applicable for X-rays. This has two reasons. Firstly the excited states of electrons leading
to the emission of optical light have a much longer lifetime than those leading to the emission
of photons with wavelength in the Angstrom regime. For example, the radiative decay rates of
helium are in the order of 107 s−1 (see e.g. [Hero 56]). Stimulated X-ray emission, in comparison,
is limited by the lifetimes of core-excited states which are in the femtosecond regime [Beye 13],
creating the need to raise the excitation rate by a factor of 107−108. Secondly, the reflectivity of
X-ray mirrors is only good for grazing incidence angles and far below the reflectivity of optical
mirrors (see table III in [Henk 93]). As each light-source partly produces coherent light of a
certain wavelength, one can filter out a part of the spectrum with the desired properties. This
means, however, a loss of most of the intensity.
In the early days of particle acceleration, it was realized that the parasitic bremsstrahlung

produced at the bending magnets could be used for scattering experiments. This led to the
construction of synchrotron light sources, serving only the purpose of creating highly intense,
high energy X-rays. Wigglers and undulators, which are devices constructed as a periodical
array of dipoles to laterally deflect accelerated particles [Wini 81], were introduced later. As
a result, the spectrum of bremsstrahlung can exhibit peaks in a harmonica relation, yielding
higher intensities for certain wavelength. A part of this spectrum (usually a harmonic beam
of first order) can be extracted by filters (usually mirrors), which leads to a spectrum called
pink beam that can be further monochromatized by single crystals or multilayer mirrors. More
details can be found in [Ross 15] and [Mill 02, Wied 03, Ezqu 09].
It is, however, important to note that the synchrotron radiation is not produced by isolated,

single charged particles such as an electron or proton. If only one charged particle would transit
the udulator at a certain time, the intensity of the resulting bremsstrahlung would be far to
low for application. Therefore, electrons are bundled to bunches producing higher intensities.
As these charged, relativistic particles are independent, they constitute a chaotic source, which
strongly limits the coherence of the produced X-ray beam.
The available sources providing X-ray with sufficient coherence have a flux of 107 s−1µm−2.

The scattered intensity, especially for angles outside the SAXS regime is therefore very low. Let
us consider the idealized case of a non-absorbing sample with a thickness so that it scatters
Iscat = (1 − 1/e)I0 and spot-size of 10 × 10µm2. The total initial intensity is given by I0 =
109 s−1 and the scattering flux per steradian by Fscat = (1 − 1/e)109/(4π) = 5 × 107 s−1sr−1.
Assuming a step-function profile of the beam of 8 keV, the speckle size can be approximated by
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Aspeck ≈ s2
x ≈ (5.56623/(10−5 × 4.05419× 1010))2 ≈ 1.89× 10−10 sr. Therefore, the dependence

on scattering angle 2Θ of the photon flux for a pixel matching a speckle can be approximated as
Fspeck(2Θ) ≈ FscatAspeck/ cos(2Θ) ≈ 9.5 × 10−3/ cos(2Θ) s−1. Using a point detector to record
the ~q-dependent intensity, the ACF would only present a sufficient statistic if the correlation
time τ(~q ), as defined in (2.42), would be orders of magnitude higher than those in the order of
a few hundred seconds measured so far. As there is no such thing as a non-absorbing sample
the flux even is orders of magnitude smaller. To improve statistics, an ensemble average over a
set of neighboring speckles corresponding to a particular ~q-vector is taken

g(2)(~q,∆t) =
〈〈I(~qi, t) I(~qi, t+ ∆t)〉t〉i〈

〈I(~qi, t)〉2t
〉
i

, (6.27)

where i = 1 to 106 is the number of detector pixel. This is often referred to as multi-speckle
detection scheme. It is only applicable if the gradient of τ(~q ) is negligible for the particular set of
~qi, which is usually the case. In order to record such a set of corresponding intensity-correlation
functions a charge-coupled device (CCD) camera is used.

6.4. Experimental setup

Experiments have been carried out at the soft interfaces and coherent scattering beamline ID10
at the European Synchrotron Facility (ESRF) in Grenoble, France and at the Coherence appli-
cations Beamline beamline P10 at the PETRA III synchrotron at DESY, Hamburg, Germany.
The characteristics important for aXPCS experiments of each beamline are given in Table 6.1.
Detailed information about the optics can be found at the sources cited in the table.

Mono- ∆λ/λ ξl ξt Flux (coh) Source size S. divergence D

chromator [µm] [µm2] [s−1µm−2] [µm2] [µrad2] [m]

ID10 (a)Si(111) (a)1.4× 10−4 (d)1.0 (d)4× 10 (a)2.6× 107 (a)928× 23 (a)25× 17 (a)60.4

P10 (b)Si(111) (b)1.0× 10−4 (b)1.5 (b)2.3× 107 (b)36× 6 (b)87.8

Table 6.1.: Beamline Specifications for ID10 at the ESRF and P10 at PETRA III for a 8 keV beam.
Units are given in (H×V, FWHM). Sources:
(a)...http://www.esrf.eu/UsersAndScience/Experiments/SoftMatter/ID10/, April 2015
(b)...http://photon-science.desy.de/sites/site_photonscience/content/e58/e176720/
e177229/e178737/e179091/e179098/e219987/P10_User_Guide_v01102013_eng.pdf, April 2015
(d)...Private communication with B. Ruta

In order to keep air scattering to a minimum, the beam is guided in vacuum with a gap
between the furnace and the primary beam guide, which is closed by a silicon carbide window,
as small as possible. The silicon carbide window is degenerated by the beam, which is visible
in the dynamics of the speckle pattern. Therefore the position of the beam has to be slightly
modified from time to time. The entrance and exit windows of the furnace are made from
Kapton foil, which also shows degeneration. Due to the small beam size, however, very small

http://www.esrf.eu/UsersAndScience/Experiments/SoftMatter/ID10/
http://photon-science.desy.de/sites/site_photonscience/content/e58/e176720/e177229/e178737/e179091/e179098/e219987/P10_User_Guide_v01102013_eng.pdf
http://photon-science.desy.de/sites/site_photonscience/content/e58/e176720/e177229/e178737/e179091/e179098/e219987/P10_User_Guide_v01102013_eng.pdf
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(a) Schematic representation of experimental setup.
(b) Picture of experimental setup at

P10, Petra III, Hamburg.

Figure 6.6.: Schematic representation and a photo of experimental setup for an aXPCS experi-
ment. The beam-size on the sample in the furnace is either determined by focusing
or by scatterless slits.

displacements of the furnace are sufficient to counteract. Behind the furnace, a flight tube is
mounted to reduce air scattering between the exit window of the furnace and the CCD camera.
The furnace and flight tube are evacuated to ≈ 10−1 mbar. The distance between flight tube
an furnace is again chosen as small a possible. The specification of the furnace and the sample-
holder within are well documented in [Ross 15]. Heating is done by thermal radiation providing
a stability of temperature within 0.1K. A diode can be used to check the stability of the beam
flux.

6.4.1. Detection of scattering intensity

The data evaluation process is well described in [Leit 12a]. Here I will only treat some specific
aspects.
As discussed in Section 6.1 the resolution of reciprocal space is determined by the speckle

size. Measurements of scattering intensities can not be carried out in arbitrarily small time
intervals. The minimal required exposure time must allow for a statistically significant number
of scattered photons to be collected by the detector. By using an area detector like a CCD
and averaging over all pixels (see (6.27)), the minimal required exposure time can be reduced
significantly. A schematic representation of a dynamic scattering movie taken by a CCD camera
for a particular set of scattering angle and azimuthal angle (2Θ, ϕ) is shown in Fig. 6.7. In order
to increase statistics, a droplet algorithm [Live 00, Chus 12, Leit 12a] is used. Such an algorithm
does identify all the analog to digital unit (ADU) events recorded by the chip, corresponding to
photons of the energy of elastic scattering and sums them to photon events. This also reduces
the amount of data that has to be processed, as 99% of the detector area does not see a photon in
the time interval of one frame. The frame rate is determined by the exposure time texp and the
readout time tout of the detector. It can be reduced to the larger of the two (max(texp, tout)), if
the camera can be operated in kinetic mode. While until a couple of years ago the low intensity
of the X-ray source limited the time resolution by creating the need for longer exposure times,
with modern synchrotron sources becoming brighter and brighter the limiting factor increasingly
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Figure 6.7.: Schematic representation of frames taken with Princeton Instruments Pixis detector
at P10, Petra III.

Table 6.2.
camera developer number of pixel size readout beamline cooling

pixels [µm2] time [s] Peltier
iKon-M Andor 1024×1024 13×13 0.61 ID10 Peltier
PI-LCX Princeton Instr. 1340×1300 20×20 2.29 P10

becomes the readout time.

In order to allow for a proper dark current correction, the temperature of the chip has to be
fairly stable at temperatures around -50 ◦C. The distance between sample and CCD is chosen
depending on the pixel size of the detector in such a way that the size of a speckle fits the size of
a pixel. In order to minimize sample-to-detector distance and weight of the detector, small pixel
sizes are desirable. An overview over the cameras used for aXPCS experiments at the beamlines
ID10 and P10 is given in Table 6.2.

6.4.2. Projection of the Ewald sphere

As demonstrated in Section 2.1.1 for elastic scattering the multitude of possible scattering vectors
span a sphere. It is, however, usually not possible to have a detection device which exactly fits
this sphere. This leads to a projection of the sphere onto the detector surface. In the extreme
case the detection surface is flat. Defining the position of the direct beam (~kin) as the origin on
the detector, the distance on the sphere to a certain point at position ~q is given by bs = kin 2Θ
with the angle given in radian, while the length on the detector resulting from the central
projection is given by bf = kin tan(2Θ). The distortion on a flat detector in dependence of the
scattering angle is therefore given by bf/bs = tan(2Θ)/2Θ for angles in radian. From this it can
be easily seen that detection with a flat detector is limited to angles of 2Θ ∈ (−π/2, π/2) and
that for angles up to 2Θ = π/6 the distortion is less than 10%.
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Figure 6.8.

6.5. Sample preparation

To study atomic-scale diffusion in binary alloys, it is desirable to have single crystalline samples.
For such samples an azimuthal dependence in q-space is given, as described in Section 2.1.1.
The relation between the initial intensity I0 and the transmitted intensity Itr as a function of

the scattering angle 2Θ is given by

Itr(2Θ) = I0

∫ d

0
dx exp(−µλx)s exp

(−µλ(d− x)
cos(2Θ)

)
= I0s

exp
(
−µλd

cos(2Θ)

)
− exp(−µλd)

µλ
(
1− 1

cos(2Θ)

) , (6.28)

where d is the sample thickness, µλ the wavelength dependent attenuation coefficient, and s the
isotropic scattering factor. Maximization of this function with respect to d yields the sample
thickness, where the transmitted energy has a minimum. Assuming a small reflective intensity,
which is independent of the sample thickness, this means that the intensity scattered by the
sample has a maximum. The optimal scattering thickness is therefore given by

dopti(2Θ) = ln(cos(2Θ))
µλ
(
1− 1

cos(2Θ)

) . (6.29)

6.5.1. Exemplary model Ni0.90Pt0.10

Here the steps to manufacturing a sample fit for aXPCS measurements are discussed. As a
model system, a Ni0.90Pt0.10 single crystal sample was chosen.

Flakes from a rolled platinum sheet with a purity of 99.997% (provided by Johnson Matthey)
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(a) Cold boat at the Technical University Vi-
enna

(b) A lump of a Ni75at.%Pd25at.% solid solution
after cold boat melting.

Figure 6.9.

were cut and weighted with a precision balance. They were mixed with nickel flakes of a purity
of 99,98% (by Goodfellow) in a weight-ratio of mNi/mPt=2.70776. Unities of about 4 g were
melted in a cold boat at the Institute of Solid State Physics at the Technical University of
Vienna. This was done in the following way: The metal flakes were positioned in one of the
copper boats. The sample environment, consisting of the cold boat and a surrounding tubular
quartz glass was sealed and flushed with argon several times. The induction coil was placed over
the appropriate cold boat and the electrical current was increased until the sample was melted,
as shown in Fig. 6.9a. The sample was turned upside down and the induction melting process
was repeated. This was done several times to achieve a homogeneous solid solution. A lump
produced in this way is shown in Fig. 6.9b.
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Figure 6.10.: Temperature curve for growing a Ni0.90Pt0.10 single crystal in a Tammann-Stöber
furnace. The Maximum temperature was 1933.15K, where the sample was held
for 3 h.

Single crystal growth was performed in a Tammann-Stöber furnace by HTM Reetz GmbH1.

1For information about the furnace, pleas visit http://www.htm-reetz.de/en/devices/special-furnace,

http://www.htm-reetz.de/en/devices/special-furnace
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(a) Ag0.58Mg0.42 single crystal
oriented in 〈110〉 direction.

(b) Fe0.54Al0.46 single crystal ori-
ented in 〈111〉 direction.

(c) Ni0.90Pt0.10 single crystal ori-
ented in 〈110〉 direction.

Figure 6.11.: Laue measurements in back scattering geometry of the oriented samples.

(a) Fe0.54Al0.46 single crystal ori-
ented in 〈111〉 direction.

(b) Ni0.90Pt0.10 single crystal ori-
ented in 〈110〉 direction.

Figure 6.12.: Transmission Laue measurements of samples dimpled to scattering thickness.

This system is similar to the vertical Bridgman crystal growth method as it is also based on
vertical gradient freezing. Instead of providing a changing temperature gradient by slowly mov-
ing the sample out of the hot area of the furnace, the furnace has a fixed steep temperature
gradient in its heating element and a calandria is gradually cooled down. This way the sample
does not have to be moved, which reduces the risk of defects due to vibrations. The lump was
put into a tubular crucible made of aluminum-oxide of 99.7% purity, with a diameter of 13.4mm
and a round tip at the bottom. The temperature profile for melting is shown in Fig. 6.10. The
specimen was grown in argon with a pressure slightly above one bar. Fig. 6.13a shows the final
product. The surface of the sample is covered with aluminum oxide, which is of blue color due to
nickel impurities. The sample was cut using a precision wire saw2 and oriented using the Laue
technique. For a cubic lattice an orientation in 〈110〉 direction is preferred as the orthogonal part
of the reciprocal space vector is parallel to a large number of crystallographic main directions
(see Section 2.1.1) yielding the most information. A recorded Laue pattern for this orientation

(April 2015).
2For information about the wire saw, pleas visit http://www.kdunipress.pl/pily.htm, (April 2015).

http://www.kdunipress.pl/pily.htm
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is shown in Fig. 6.11.

(a) Single crystalline sample of Ni0.90Pt0.10
with surfaces cut in (110) orientation (top)
and (100) orientation (side). The surface
shows residues of aluminum oxide colored
blue by nickel impurity.

(b) Single crystalline sample ready for measure-
ment. The top image shows the side that
faces the beam.

Figure 6.13.: Single crystalline samples of Ni0.90Pt0.10.

The oriented plan-parallel slice is ground to a thickness of about 500µm and polished on both
sides. As a thin single crystal tends to twist, only part of the sample is ground to the ideal
scattering thickness. This can be achieved using a dimpling grinder, which removes material
such that a negative spherical surface is engraved. Such a profile, however, has a geometry
unfavorable for scattering experiments, as the sample thickness increases with the scattering
vector by more than a factor of 1/ cos(2Θ) as would be the case for a flat sample. Therefore,
only one side, which faces the beam source, is dimpled while the other one is left plane. The
sample quality can be checked by means of a transmission Laue measurement, see Fig. 6.12.
The composition of the samples was checked by energy-dispersive X-ray spectroscopy (EDX)

on the electron-microscope Zeiss Supra 55 VP, Faculty Center for Nano Structure Research,
University of Vienna. Different areas of the sample were examined, as shown in Fig. 6.14.
Measurements were taken at three different sites of the sample as can be seen in Fig. 6.14,
yielding concentrations in atom-percent of c1

Ni = 0.899, c1
Pt = 0.101, c2

Ni = 0.901, c1
Pt = 0.099

and c3
Ni = 0.901, c3

Pt = 0.099. The average concentrations of c1
Ni = 0.9003(12), c1

Pt = 0.0987(11)
are in very good agreement with the projected ratio of 90:10. The amount of Ni diffusing into
the crucible can therefore be neglected and the amount of impurities is very low.
The lattice constant can be determined from WAXS measurements. Debye-Scherer rings were

found at 44.00◦ for the (111) reflex as shown in Fig. 4.1b and at 51.27◦ for the (200) reflex. This
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Figure 6.14.: Energy-dispersive X-ray spectroscopy spectrum of the Ni0.90Pt0.10 sample. Three
different locations in the dimpled areal of the sample were scanned, as indicated
by the smaller image.

gives a lattice constant of 3.5643(5)Å. The thickness of the sample was determined by X-ray
absorption measurement to 23(1)µm.

A sample ready for an aXPCS experiment can be seen in Fig. 6.13b.

6.5.2. B2 - samples

Fe0.54Al0.46

The sample was prepared for Mössbauer measurements and details can be found elsewhere
[Feld 95]. As a dimpling grinder was not available at the time, the entire sample was ground to a
thin foil. The orientation in 〈111〉 direction was checked by Laue measurement (see Fig. 6.11b and
Fig. 6.12a). The composition was examined by EDX to cFe = 0.539(7) and cFe = 0.460(7). The
lattice constant for this composition was found to be 2.929Å according to previous experimental
investigations [Tayl 58].

Ag0.58Mg0.42

The sample was grown using an old Brigman furnace in a graphite crucible. An EDX analysis
yielded cAg = 0.58(1) and cMg = 0.42(1) at the position of measurement. It should be noted,
that the magnesium concentration dropped to a lower value of about cMg = 0.24(1) at the outer
rim of the sample. The lattice constant can be determined from the Debye-Scherer rings (the
(110) at 38.2◦ and the (200) at 55.4◦) shwon in Fig. 4.1a. This yields 3.325(11)Å, which is in
agreement with the literature value of 3.3Å [Naye 84].

6.5.3. Polycrystalline samples

Sometimes it is impossible to grow single crystals, because the composition dependent ordering
does not allow for it. An attempt to grow a Ni0.70Pt0.30 single crystal has proven unsuccessful.
In such a case different approaches have to be taken. As we could show [Stan 13], polycrystalline
samples also yield usable information for discriminating diffusion mechanisms. It is, however,
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of vital importance to have good control of grain size in such a sample. As grain growth is an
issue at temperatures where aXPCS experiments are conducted, a favorable approach would be
to use powder samples where the maximum grain size can be controlled by the granulation of
the powder.





7. Diffusion in a solid solution

The feasibility of an aXPCS experiment was demonstrated on the example of a Cu0.90Au0.10

single crystal [Leit 09]. We followed up by studying the diffusive motion of platinum atoms in a
Ni0.97Pt0.03 solid solution.
This system was chosen with three goals in mind:

• To investigate whether the correlation of vacancy jumps in a solid solution with a low
concentration of solute atoms follows the same principle as in a pure metal. It was shown
that the encounter model yields appropriate jump rates to the corresponding neighboring
positions if De Gennes narrowing and thus the short-range order intensity is taken into
account. It is assumed that short-range order does not influence the probabilities of these
jumps. It does, however, influence the correlation time according to (2.44). In order
to check the validity of this assumption, Monte Carlo simulations were carried out as
discussed in Section 5.3.2.

• To demonstrate the applicability of aXPCS to polycrystalline samples. It could be shown,
that polycrystalline samples also yield useful information about jump length. However, the
grain size and their growth must be carefully controlled for such experiments, as discussed
in Section 6.5.3.

• To test the low contrast limit which is to show that aXPCS also works for for very low
concentrations far from the stoichiometry. As the diffuse intensity is proportional to a
Laue unit, cAcB(fA − fB)2, it is strongest for a binary system of 50:50 composition. We
could show, that concentrations as small as 3 at.% still yield a high enough signal, if the
scattering contrast (fA − fB) is large as in case of Ni and Pt.

The results of this work were published in [Stan 13].
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8. Diffusion in intermetallic B2-systems

Intermetallic alloys are of great technical interest as structural materials or due to their magnetic
and thermoelectric properties. Therefore, a lot of time and effort has been spent on the study of
such systems. Still, there is an ongoing debate about the diffusion mechanisms in binary alloys,
especially in the interesting class of B2 systems. It is the aim of this chapter to use experimental
results gained from aXPCS experiments to shine some light on the matter. At the beginning an
overview over some selected results from previous works will be given. One should notice, that
information about point defects is of vital importance for understanding microscopic diffusion
mechanisms.

Originally B2 alloys were either considered to be of the anti structure type, where constitu-
tional defects are formed as Aβ antisites for an excess of A-atoms and vice versa, or to be of the
triple defect type, where antisites only exist on one sublattice and vacancies only on the other
(e.g. Aβ and Vα) [Chan 82]. In the latter case, an excess of A-type atoms would be compensated
by the formation of Aβ while an excess of B-type atoms would be compensated by the formation
of additional cells, half filled with Vα-type vacancies. It has, however, become apparent, that
this view is too simplistic and it was shown that hybrid behavior is possible. A good overview
of the topic is given e.g. in [Koga 01, Leit 15].
Following this review the results of the studies on two systems, Fe0.54Al0.46 and Ag0.58Mg0.42,

are shown. First, short-range order in the systems is discussed, as it is needed to account for
De Gennes narrowing as shown in (2.44). Then the results from the aXPCS experiments at the
synchrotron facilities will be shown and discussed. To conclude, the results will be compared
with the vacancy diffusion models introduced in Section 3.3.

8.1. Status of research

8.1.1. Transition metal - aluminides

This class of alloys has received special attention due to the technical applicability for high-
temperature structural applications. Materials of this type show a good combination of me-
chanical properties, have a low weight-to-strength ratio (specific strength), good corrosion and
oxidation resistance and low raw material cost [Deev 96]. Prominent members in this respect
are Ni-Al and Fe-Al. Here the discussion will be restricted to the latter.
The major drawback in the application of Fe-Al alloys is their poor ductility at low tempera-

tures [Kim 15]. With increasing vacancy concentration the hardness increases while the ductility
decreases [Jord 03]. Due to the low formation enthalpy for vacancies in Fe-Al with Fe excess
compared to pure metals (see Table 8.1), large concentrations of vacancies can be formed at
temperatures far from the melting point. This allows to tailor manufacturing and application
properties by controlling vacancies. Therefore, understanding atomic motion at such temper-
atures is of great interest. Previous atomistic diffusion studies, however, were unable to reach
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temperatures below about 1200K due to a limited energy resolution [Vogl 05]. This restriction
does not hold for aXPCS, which makes it the method of choice for such an investigation.
In these alloys, the vehicles of diffusion are vacancies. Their availability and mobility therefore

determines the hopping mechanisms.
Investigation of vacancy concentration has shown to be difficult in Fe-Al at lower temperatures,

as vacancies seem to be frozen-in below 1000K [Chan 82] and cannot be eliminated even with
slow cooling in a furnace [Jord 03], yielding varying results that depend on sample preparation
(see e.g. Fig. 11 in [Jord 03]). Annealing for several tenth of hours at low temperatures (400 ◦C)
will reduce the number of vacancies significantly [Jord 03]. The vacancy concentration for 45-
at.% Al was given as cV=0.0017(11) for annealing at 773K for 120h [Koga 97], which is in good
agreement with values found elsewhere [Hehe 01, Hara 01]. However, Wolff et al. [Wolf 99] found
a vacancy concentration of cV ∼ 10−5 for Fe0.57Al0.43 annealed at 650K.

System εfV [eV ] εmV [eV] technique source
Fe0.50Al0.50 0.30 Differential dilatometry (ht) [Kerl 99]
Fe0.50Al0.50 0.85 Differential dilatometry (lt) [Kerl 99]
Fe0.54Al0.46 0.50 [Pari 78]
Fe0.55Al0.45 1.5(2) 1.0(1) Time-differential length change [Scha 99]
Fe0.67Al0.43 0.51 Differentail dilatometry (ht) [Kerl 99]
Fe0.67Al0.43 0.92 Differentail dilatometry (lt) [Kerl 99]
Fe0.67Al0.43 0.70 1.6 Hardness measurement [Morr 98]
Fe0.60Al0.40 0.94(1) 1.64 [Pari 78]
Fe0.60Al0.40 0.38 Lattice parameter [Ho 78]
Fe0.60Al0.40 0.91 Resistance [Rivi 74]
Fe0.60Al0.40 0.98(6) Positron lifetime [Wolf 97]
Fe0.60Al0.40 1.13(6) Doppler broadening [Wolf 97]
Fe0.61Al0.39 0.98(7) 1.7(2) Positron lifetime [Wurs 95]
Fe0.63Al0.37 1.04(7) 1.7(2) Positron lifetime [Wurs 95]
Fe0.65Al0.35 1.04(6) Doppler broadening [Wolf 97]

Table 8.1.: Experimentally found formation (εfV ) and migration (εmV ) enthalpies for vacancies in
Fe-Al systems. (lt) indicates measurement at low and (ht) at high temperature.

Fe-Al is well investigated in terms of formation and migration energies of vacancies. An
overview over experimental results can be found in Table 8.1. An overview is also given in
Wolff et al. [Wolf 99], where a variation in migration enthalpy (0.5-1.8 eV) is argued to point
towards different defect types operating as diffusion vehicles in different phases. Simulation
techniques found a formation enthalpy of εfV = 1.05 eV [Jord 03]. The activation enthalpy for
vacancy clustering was found to be 1.27(15) eV [Hara 05]. According to calculations using the
grandcanonical formalism [Fahn 99a], the effective formation energy for an Al atom on the Fe-
sublattice is 1.98 eV, for a vacancy on the Fe-sublattice (α) it is 1.56 eV and for a vacancy on
the Al-sublattice (β) it is 2.96 eV which is higher than the experimentally measured migration
enthalpies.
A number of investigations have been undertaken to find the dominant defects in Fe-Al.

According to Chang and Neumann [Chan 82], the constitutional defect for the Fe-rich side
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from the stoichiometric composition are Fe atoms on the Al-sublattice (FeAl) and for the Al-
rich side Fe vacancies (VFe). Such a system is known as a triple defect systems. In later studies
[Maye 95, Athe 97, Koga 98] it was found that the thermal defects FeAl, VAl, AlFe and VFe coexist
in the vicinity of stoichiometry, leading to a hybrid behavior. Bakker at all [Bakk 97, Jord 03]
claim, that there is a transition from the triple defect to the hybrid state when the temperature
of the system exceeds 1100 ◦C.
Other works (see [Fahn 02] and literature cited therein) suggest, that the dominant thermal

defect for Fe rich B2 Fe-Al systems is the triple defect. In this context the term triple defect
refers to a defect composed of an antisite atom on one and two vacancies on an other sub-
lattice. For slight deviation from stoichiometry (Fe0.505Al0.495) a concentration of c(FeAl) =
0.0336(40) and c(AlFe) = 0.0084(40) was found [Krac 95]. For a higher Fe concentration, the
ratio c(FeAl)/c(AlFe) can be expected to be much higher. The same tendency can be expected
when the temperature decreases, as the concentration of constitutional FeAl defect has a much
weaker temperature dependency than the concentration of thermal defects.
Positron annihilation studies suggest, that single vacancies, as well as vacancy clusters like di-

vacancies and clusters consisting of vacancies and antisite atoms are present in Fe-Al [Hara 01].
Numerical results suggest, that at least at high temperatures (T/Tmelt = 0.84) almost all of
the vacancies are to be found on the Fe-sublattice for a Fe-excess of more than 1% [Koga 01].
It was concluded from ab initio studies, that no VAl-VFe nearest-neighbor pairs exist and that
vacancies tend to form next-nearest-neighbor pairs [Fahn 99b, Amar 10]. This is in contra-
diction with experimental results [Wolf 99], claiming that the vacancies are nearest neighbors.
Furthermore it was shown that including magnetism in the ab initio calculations has a strong
effect. The local-spin-density approximation (LSDA) yields a magnetic ground state for B2
FeAl, while experimental results show that it is nonmagnetic [Bogn 98]. Also calculations using
a generalized-gradient-expansion approximation (GGA) show a strong spin dependence. These
effects are discussed in [Bess 06]. Unfortunately no assertion of formations of threefold defects
such as the triple defect were made for Fe-Al in this work. Detailed studies using EAM potentials
were undertaken to find defect complexes for stoichiometric B2 FeAl [Nogu 05]. These studies
found a VAl−VFe−FeAl complex to be stable and the classical triple defect (VFe−FeAl−VFe) to
be metastable with a low activation barrier for formation. Similar formations were also found in
Ni-Al for cNi > 0.55 (see [Xu 09] Fig. 7). These recent results are in disagreement with previous
calculations, e.g. [Fu 97].
Self diffusion studies aided by the Darken-Manning equation show, that the self-diffusion co-

efficient of Al is estimated to be a factor of 0.6 smaller that that of Fe in Fe0.48Al0.52 [Naka 03].
This indicates that Fe and Al diffuse via a similar mechanism. Investigations in frame of transi-
tion state theory [Fahn 99a] gave a migration energy of 2.16 eV for direct next-nearest neighbor
jumps and 6.0 eV for direct third-nearest neighbor jumps. Comparing this with the migration
enthalpies given above, only direct 〈100〉-jumps can be considered to be possible while any fur-
ther direct jumps can be ruled out due to their high energy barrier. The same investigation
showed, that the experimentally determined activation energy of Fe self diffusion (effective va-
cancy formation energy of about 1 eV plus vacancy migration energy of about 1.7 eV) is about
2.7 eV [Fahn 99a], which is in very good agreement with results of time-differential length change
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experiments for Fe0.55Al0.45 [Scha 99]. Fähnle et al. also found, that the energy difference in the
six jump cycle (6JC) between initial and intermediate configuration is about 3 eV, which leads
to a migration energy much larger than 1.7 eV. For the three jump cycle (3JC) the calculated
upper limit of the migration enthalpy is 3.1 eV, which could be reduced due to polarization
effects [Fahn 99a].
Weinkamer et al. [Wein 98, Wein 99] used a Monte Carlo approach to determine the dominant

diffusion mechanism in Fe-Al. As they employed the ABV method where only one vacancy
is allowed in the system, interaction between vacancies could not be accounted for. It was
demonstrated [Lech 00] that vacancies have an influence on the phase diagram. Therefore, it is
also plausible to assume, that they influence chemical short-range order. Furthermore, treating
only one vacancy naturally eliminates di-vacancy mechanisms from the consideration.

8.1.2. Magnesium alloys

Magnesium alloys have a variety of possible technical applications as light weight materials due
to their low density. However, as they have relative low strength and creep resistance, the actual
area of technical application is rather small. Silver-magnesium alloys only have application as
low heat resistive compounds. Understanding the diffusion mechanism in this class of systems
could again help to provide a remedy.
Contrary to Fe rich Fe-Al, Ag rich Ag-Mg is an antisite defect type, which means that the

same number of antisite atoms, AB and BA will be predominantly formed with A or B excess
respectively [Koga 01].
The diffusion process suggested for this system is the classical 6JC [Domi 65, Belo 04]. This

is why this system was chosen in comparison to Fe-Al.

8.2. The samples

8.2.1. Fe-Al samples

Microscopic diffusion studies in Fe-Al systems have a long tradition in our group [Vogl 05].
Therefore, in addition to the above mentioned characteristics of this material class, they posed
an interesting candidate for aXPCS studies. Especially so, since former studies hinted towards
the presence of effective 〈111〉-jumps [Wein 99], which can not be explained by the 6JC or 3JC.

Two samples already measured by QMS were chosen, a sample close to the stoichiometry
(Fe0.54Al0.46) and one with an iron content slightly higher than in the Fe3Al phase (Fe0.83Al0.17).
As can be seen from Fig. 8.1 however, the fluorescence peak at 6 keV is higher than the elas-
tic peak at 7.05 keV for the second sample. This fluorescence could be due to Mn impurities
introduced in the manufacturing process. As such high fluorescence strongly reduces the signal-
to-noise ratio (SNR) only the first sample was investigated.

8.2.2. Ag0.58Mg0.42 sample

Because only a Bridgman furnace with a maximum temperature of 1100 ◦C was available for
crystal growth at the time, a low melting Ag-Mg B2 system was chosen as a candidate for
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Figure 8.1.: Energy histograms measured with a 7.05 keV synchrotron beam at beamline P10,
Petra III for two different Fe-Al samples. At 5.9 keV the fluorescence peak is visible,
the elastic peak lies at 7.05 keV. At 14.10 keV and at 21.15 keV there are peaks
corresponding to a cumulation of two and three elastically scattered photons. The
escape peak is around 5.45 keV. The other peaks are pile ups of the mentioned
photons, e.g. 13.05 keV corresponds to one elastically scattered plus one fluorescence
photon.

a 6JC diffusion in comparison to the Fe0.54Al0.46 sample. The manufacturing as well as the
characterization process is described in Section 6.5. The sample concentration of 42 at.% Mg is
less then aimed for, but should be within the limit of the 6JC.

8.3. Chemical short-range order

Even though some short-range order parameters are published for selected solid solution systems,
information about short-range order in intermetallics is very scarce. In fact at least for the
systems Ag-Mg and Fe-Al no information about short-range order on the sublattices could be
found in the literature. As this information is vital in the evaluation of aXPCS data, effort was
taken to find the missing short-range order information.

8.3.1. Determining ISRO by scattering techniques

An intensity map of the Ag0.58Mg0.42 sample collected using the Bruker Nanostar for SAXS is
shown in Fig. 4.1a. It can be seen from comparison with Fig. 4.1b, that the short-range order
intensity is much less distinct than for the solid solution sample.
As the Nanostar is only equipped with a Cu anode it could not be used to map diffuse

scattering for Fe-containing samples because of iron fluorescence. A Bruker D8, which is used
for WAXS measurements could be equipped with a Co anode, but very long exposure times for
each angle are required for mapping short-range order intensity in this way. The patched up
intensity map from such an attempt can be seen in Fig. 8.2a. Each point represents an intensity
integrated over an area of one angular degree. Unfortunately, as can be seen, the data quality
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Figure 8.2.: Measurements of diffuse intensity for the Fe0.54Al0.46 sample.

is insufficient to draw any quantitative conclusions about short-range order. Therefore, other
means of finding short-range order information were sought out.
At the synchrotron a scan of 2Θ and ϕ was carried out. The intensity was integrated over the

whole detector area. These intensities were corrected for the increase of the sample thickness
with increasing scattering angle (1/ cos(2θ)). As Petra III operates in a top-up mode, the
intensity of the beam has a good stability over time. It is therefore possible to average the
intensities of all frames collected when measuring the ACFs in an aXPCS experiment for certain
sets of (2Θ, ϕ) and use them for an evaluation of diffuse intensity. As can be seen in Fig. 8.2b,
the angular variation of the measured diffuse intensity is very low.
This can mean two things. Either short-range order and displacement effects are both very

small, or the effects cancel each other out. In order to clarify what is the case simulation
techniques were used.

8.3.2. Determining ISRO by simulation techniques

Different approaches were undertakten to find short-range order in the systems by means of
simulation. As order is usually temperature dependent, simulations should be undertaken at
virtual temperatures corresponding to the temperature where the actual experiment was per-
formed. The long-range order parameter, defined as ηA = Aβ−Aα

NA
with NA = Aβ + Aα, can be

used to calibrate the temperature scale using the order-disorder transition temperature TC .

Using pair potentials

On the basis of a Bethe–Bragg–Williams approximation [Will 35, Alln 93], Semenova et al. de-
termined pair interaction parameters as an input for calculations of defect correlations. With
this, long-range order as well as short-range order parameters were determined. Parameters
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were published for Fe-Al systems [Seme 08]

EFeFe
1 = 0.010(2) eV, EAlAl

1 = −0.055(10) eV, EFeAl
1 = −0.210(40) eV,

EFeV
1 = −0.210(25) eV, EAlV

1 = −0.013(2) eV, EVV
1 = 0.068(10) eV ,

as well es for an Ag-Mg system [Seme 12]

EAgAg
1 = 0.010(2) eV, EMgMg

1 = −0.055(10) eV, EAgMg
1 = −0.287(40) eV,

EAgV
1 = −0.395(25) eV, EMgV

1 = −0.013(2) eV, EVV
1 = 0.068(10) eV .

The subscript indicates, that the pair interactions are defined for nearest-neighbor atoms (n =
1). In order to find the virtual critical temperature, simulations using these potentials were
undertaken on lattices of 163 × 2 atoms. The temperature was increased in steps of 50K. For
each temperature, 500MCSs were calculate. The dependence of long-range order on temperature
is shown in Fig. 8.3a. As can be seen from this figure, the virtual transition temperature for
Fe0.54Al0.46 was found to be TC = 3170(50)K and for Ag0.58Mg0.42 to be TC = 4560(50)K.
According to the phase diagram1 the transition temperature for 54-at% Fe lies at 1583K. For
Ag0.58Mg0.42 it can be found at 1083K. This was used to calculated the virtual temperatures
corresponding to the temperatures of 653K and 423K for the Fe-Al system and the Ag-Mg
system respectively, where aXPCS measurements were undertaken. For those temperatures the
Warren-Cowley short-range order parameters were calculated.

As can be seen from Fig. 8.3b, Fig. 8.3c and Fig. 8.3d, the short-range order parameters have
a very strong dependence on the vacancy concentration. Increasing the vacancy concentration
increases the short-range order intensity. Furthermore, the fluctuations in the short-range order
parameters, especially for high vacancy concentrations, are strong even after a large number
of MCSs. This does not allow for a quantitative estimation of αñ, even if the exact vacancy
concentration would be known. However, it is apparent that the parameters for chemical short-
range order on the Al-sublattice and Mg-sublattice respectively are very small |αñ| ≤ 0.01 for a
vacancy concentration of 0.2% and are even an order of magnitude lower for a vanishingly small
vacancy concentration. As the number of antisites on the other sublattice is very small, the
short-range order parameters fluctuate even more strongly. According to (2.60) the sublattice
predominantly occupied by one species does not have an influence on the short-range order
intensity. Due to the small parameters also the total short-range order intensity is weak, which
is in accordance with the experimental findings.
It can be concluded, that when interaction parameters are defined for only one neighboring

shell and the interactions do not follow a very simplistic model as in Section 5.3.1, no quantitative
information about short-range order parameters for different neighboring shells can be gained.
It appears only to be possible to define an effective short-range order parameter α, according to

1 Ortrud Kubaschewski, Rainer Schmid-Fetzer, updated by Lazar Rokhlin, Lesley Cornish, Olga Fabrichnaya and
MSIT R© ; Effenberg, G. (Ed.); MSI Eureka in SpringerMaterials; sm_msi_r_10_011481_02_full_LnkDia1
(MSI Materials Science International Services GmbH, Stuttgart, 2007), http://materials.springer.
com/msi/phase-diagram/docs/sm_msi_r_10_011481_02_full_LnkDia1; accessed: 27-05-2015, 18:09:13
GMT+0200 (CEST)

http://materials.springer.com/msi/phase-diagram/docs/sm_msi_r_10_011481_02_full_LnkDia1
http://materials.springer.com/msi/phase-diagram/docs/sm_msi_r_10_011481_02_full_LnkDia1
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ñ

Fe0.54Al0.46

Ag0.58Mg0.42

α1
α2
α3

(b) First three short-range order parameters
calculated for a 322 × 2 lattice with a
0.1984% vacancy concentration.

-0.02

-0.01

 0

 0.01

 0.02

 0  200000  400000  600000  800000  1e+06

-0.03

-0.02

-0.01

 0

 0.01

 0.02

 0.03

 0  200000  400000  600000  800000  1e+06

 

 

 

MCSs

α
ñ
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ñ

Fe0.54Al0.46

Ag0.58Mg0.42

α1
α2
α3

(c) First three short-range order parameters
calculated for a 162 × 2 lattice with a
0.0122% vacancy concentration.

-0.009

-0.006

-0.003

 0

 0.003

 0.006

 0.009

 0  10000  20000  30000  40000

-0.009

-0.006

-0.003

 0

 0.003

 0.006

 0.009

 0  10000  20000  30000  40000

 

 

 

MCSs

α
ñ
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Figure 8.3.: Long-range order parameter and Warren-Cowley short-range order parameters αñ
of simple cubic Al/Mg-sublattice as a function of MCS for nearest-neighbor shell
(ñ = 1), next-nearest-neighbor shell (ñ = 2) and third-nearest neighbor shell (ñ =
3) calculated for Fe0.54Al0.46 and Ag0.58Mg0.42 using pair potentials provided by
Semenova et al. [Seme 08, Seme 12].

[Gang 68]:
V (1− α) = 1

Z1

∑
n

ZnVn(1− αn), (8.1)

with Vn the specific interaction energy and Zn the coordination number for the nth neighboring
shell. Unfortunately, no short-range order intensity can be calculated from such a parameter.

Using the ABV model

Schmid and Binder have introduced ABV parameters, which provided reasonable long-range
order parameters and allowed to reproduce the phase diagram of the Fe-Al system [Schm 92].
The formalism was introduced in Section 5.2.1. In the notation of (5.13) interaction parameters
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Figure 8.4.: The following ABV-potentials (in units of eV) were used to calculate long-range and
short-range order parameters of a Fe0.54Al0.46 system:
a) J1 = 1, J2 = 0.167, J3 = −0.208 and Ui = 0.0
b) J1 = 1, J2 = 0.167, J3 = −0.208, U1 = 0.0, U2 = 8.0 and U3 = −4.0
c) J1 = 1, J2 = 0.167, J3 = −0.208, U1 = 0.0, U2 = 0.8 and U3 = −0.4

are given as J1 = 1, J2 = 0.167 and J3 = −0.208. Weinkamer et al. [Wein 99] extended these
potentials by introducing interactions between the atoms and the vacancy in the system, U1 = 0,
U2 = 8 and U3 = −4. The parameter Un accounts for interaction of the vacancy with atoms
of type A or B and is necessary to explain the results of a Mössbauer experiment [Vogl 94].
The very high interaction potentials introduced by Weinkamer et al. lead to frozen states after
only few MCSs, where no further change in ensemble takes place. In the original work this was
managed by introducing a waiting time algorithm, where a change of state is forced upon the
system in every step and the probability is used to scale the time [Ferd 07, Bibo 14]. In order
to omit this, the potentials were modified to U1 = 0, U2 = 0.8 and U3 = −0.4, which should
lead to a similar, but less distinct behavior without frozen states.
Simulations giving the temperature dependence of η for all three cases using a simulation cell

of M = 163 × 2 for the concentrations cA = 0.54 and cB = 0.46 are given in Fig. 8.4. At each
temperature 200 MCSs were calculated.
In case of the potentials introduced by Schmid and Binder, the transition temperature was

found to be TC = 7.9(1) eV. A temperature of Texp = 653K, therefore, corresponds to 3.3 eV.
For the potentials introduced by Weinkamer et al. it was found to be TC = 8.5(1) eV (Texp =
3.5 eV), and for the modified potentials to be TC = 7.8(1) eV (Texp = 3.2 eV). Short-range order
parameters are expacted not to vary significantly within a temperature range of 0.1×J1, so this
precision of temperature determination is satisfactory.
The short-range order parameters for the two sublattices calculated from simulations using

the appropriate interaction parameters at the temperatures corresponding to 653K are shown
in Fig. 8.4b.
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Using embedded atom method (EAM) potentials

The EAM is a powerful tool for simulating thermodynamic and physical properties. The pa-
rameters of a work by Ouyang et al. [Ouya 12] were chosen in order to find chemical short-range
order parameters in Fe0.54Al0.46. Other properties of the Fe-Al system, like the elastic constants,
self diffusion constants and phonons are well reproduced by this potential. The parameters used
are shown in Table A.1.
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Figure 8.5.: Properties calculated from simulations using EAM potentials by Ouyang et
al. [Ouya 12].

Two approaches were undertaken: in the first, the inter-atomic distances were fixed, leading
to discrete lattice sites. This is usually called an on-lattice approach. In the second case the
atoms were allowed to relax freely due to local variations in the potential. The probability
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for relaxation of a certain increment was again decided by the Boltzmann factor. This will be
referred to as the off-lattice approach. Exchanges on the lattice were carried out in accordance
with the classical Metropolis rules, as discussed in Section 5.1.

In the first step the equilibrium lattice constant was found by a variation of the inter-atomic
distances. For each distance, the total energy was calculated for the unrelaxed state and after
each MCS for relaxing the atoms for 100MCSs. The resulting curve was fitted by a polynomial
of forth order, as shown in Fig. 8.5a. This yielded a lattice constant of 2.975Å, which is only
slightly larger than experimentally determined value [Tayl 58].
In order to check the order-disorder transition temperature, an on-lattice simulation using

M = 163 × 2 atoms was carried out, as shown in Fig. 8.5b. The transition temperature is in
good agreement with experimental values.

To determine, if the number of vacancies influences short-range order, simulations with a
vacancy concentration of 0.2% as well as simulations for a binary system with no vacancies were
carried out. As can be seen from Table 8.2, the number of vacancies does not play an important
role for short-range order in this case.
Simulations following the off-lattice approach are very time consuming due to the relaxation

process after each exchange on the lattice. At temperatures close to zero the same short-range
order parameters are found as with the on-lattice approach. At elevated temperatures, where
the atoms do not occupy the minima positions in the energy landscape, chemical short-range
order is reduced. As can be seen from comparison of Fig. 8.5c and Fig. 8.5d, α1 is reduced by
a factor of 3, while α2 is enhanced when using the off-lattice approach. Apart from that the
first three parameters have similar character, while α4 changes its sign. As can be seen from
Fig. 8.6d the short-range order intensity in the region of small 2Θ values is enhanced for the
parameters gained from the off-lattice approach.
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8.3.3. Comparison of results

From the results shown in Section 8.3.2 it can be concluded, that potentials reaching further
than the first neighbor shell allow the system to converge much faster to an equilibrium state,
allowing to draw conclusions about chemical short-range order.
A comparison of all the short-range order parameters calculated, as well as concentrations

of antisites an vacancies on the two sublattices for the potentials discussed above is given in
Table 8.2.

ABV ABV Pair Pot EAM EAM
Schmid Weinkamer et al. Semenova et al. Ouyang et al. Ouyang et al.
& Binder [Wein 99] [Seme 08] [Ouya 12] [Ouya 12]
[Schm 92] mod (Un/10) cV=0.19% cV = 0.20% cV = 0.20%

on-latt off-latt
cV on µ =Fe 0.000002 0.000002 0.000000 0.003894 -
cV on µ =Al 0.000029 0.000029 0.003967 0.000012 -
c(AlFe) 0.0007 0.0004 0.0004 0.0003 0.0508
c(FeAl) 0.8993 0.8996 0.9178 0.0821 0.1309
αAl

1 -0.0227 -0.0237 - -0.0573 -0.0230
αAl

2 0.0279 0.0306 - 0.0157 0.0285
αAl

3 -0.0072 -0.0080 - -0.0069 -0.0017
αAl

4 0.0043 0.0026 - 0.0042 -0.0048
αAl

5 -0.0002 -0.0017 - -0.0036 -0.0006

Table 8.2.: Comparison of parameters calculated from simulations using different interaction
potentials for Fe0.54Al0.46.

All, but the EAM potentials lead to the majority of the vacancies occupying the Al-sublattice.
Experimental findings as well as calculations using the grandcanonical formalism [Fahn 99a],
however, suggest that the vacancies reside manly on the Fe-sublattice, as discussed in Sec-
tion 8.1.1.
Short-range order intensity is calculated for all simulations yielding appropriate parameters

according to (2.60). As the concentration of minority atoms on the majority sublattice is negli-
gible, only the simple-cubic Al-sublattice has to be considered. The calculated short-range order
intensity maps for a sample oriented in 〈111〉 direction are shown in Fig. 8.6.

As can already be seen from the short-range order parameters, the short-range order intensity
is fairly similar for all four simulations shown. Furthermore, it can be seen that it is weak in the
area where measurements were made, which is in accordance with the experimental findings.
As the EAM potentials reproduce many physical parameter, it is assumed that the chemical
short-range order gained from this simulations gives the best representation of reality.
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Figure 8.6.: Map of short-range order intensity calculated for Fe0.54Al0.46 single crystal oriented
in 〈111〉 direction using different potentials for atomic interaction. The red line
indicates ϕ = 0◦. The yellow, broken line indicates the regions of reciprocal space,
where aXPCS measurements were carried out.
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8.4. Measurements of atomic jump length distribution by aXPCS in
Fe0.54Al0.46
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Figure 8.7.: Autocorrelation function and two-times autocorrelation function measured for the
Fe0.54Al0.46 sample at 2Θ = 6◦ and ϕ = 2◦.

8.4.1. Technical details

Both Fe-Al samples were measured during the beamtime I-20110131EC at the beamline P10,
Petra III in April 2012. Due to the strong fluorescence in the Fe0.83Al0.17 sample, only the
Fe0.54Al0.46 was thoroughly investigated. This sample was oriented in 〈111〉 direction (see Sec-
tion 6.5.2 for details). The energy of the X-ray beam was set to 7.05 keV in order to stay below
the iron K-absorption edge, which is 7.112 keV2. The sample to detector distance was 83 cm. The
CCD camera PIXIS-XB with a CCD array of 1340×1300 pixel of 20×20µm2 was used. The
readout time of the detector was 2.29 s/frame. All frames were taken with an exposure time of 3 s.
The beam size was defined by beam focusing to approximately 3µm(horizontal)×2µm(vertical).
Measurements were undertaken at temperatures between 573K and 723K. The [1̄1̄2]-direction
(ϕ = 0◦) was tilted by 32◦ with respect to the vertical axis of the laboratory system.
A measured intensity-autocorrelation function is shown in Fig. 8.7a. The stability of the

equilibrium state as well as of the experimental setup can be monitored by calculating the
two-times correlation function as shown in Fig. 8.7b.

2http://www.kayelaby.npl.co.uk/atomic_and_nuclear_physics/4_2/4_2_1.html 06.2015

http://www.kayelaby.npl.co.uk/atomic_and_nuclear_physics/4_2/4_2_1.html
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Figure 8.8.: Different jump models for effective jumps exclusive to a certain neighboring shell
within the simple cubic sublattice of a in a B2 system. Calculations were done for
a beam energy of 7.05 keV, a lattice constant of 2.929Å and ~kin ‖ 〈111〉. The top
pictures show inverse correlation times on a half scattering sphere with the origin
in the north pole. Middle images show a projection of the section relevant for the
aXPCS experiment. The yellow lines mark the regions of reciprocal space, where
measurements were carried out. The lower images show the corresponding exchange
of atoms on the lattice.

8.4.2. Single-sublattice approach

As discussed in Section 8.1.1 for Fe-Al close to stoichiometry, it can be assumed that Al-atoms
occupy only one sublattice, while the second sublattice is almost exclusively occupied by Fe-
atoms and vacancies. In this case, only the sublattice occupied by both types of atoms is
visible in the aXPCS experiment. In order to solve the jump matrix for such an approach, the
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occupation probability for one sublattice is set to zero (Wβ = 0) and the appropriate residence
time on the lattice becomes very large, leading to κβ = 0. Plugging this into (3.13) leads to
following correlation times:

τ1(~q ) = τ0
κα(1− Sαα′(~q )) , τ2(~q ) =∞ (8.2)

The first correlation time (τ1) is in accordance with (2.34), with Sαα′(~q ) being the sum over
cosine terms corresponding to the jump vectors within the sublattice. Therefore, jumps take
place exclusively on this simple cubic Bravais lattice. For the sublattice, possible jumps are 〈100〉,
〈110〉 and 〈111〉. The appropriate jump models calculated according to (2.34) with only one
probability being nonzero and Table 2.2 with the experimental parameters for exclusive jumps
to these shells are shown in Fig. 8.8. The second correlation time (τ2) leads to a contribution
of the exponential decay of zero. The measured intensity-correlation function can therefore be
fitted by a single exponential decay. Such a fit for an ACF measured at 2Θ = 6◦ and ϕ = 2◦ is
shown in Fig. 8.7a in comparison to a fit with a sum of exponential decays.
Fig. 8.9 shows the fitted correlation time as a function of 2Θ and ϕ and three exclusive jump

models with no short-range order correction, as shown in Fig. 8.8. At some combinations of
angles (2Θ, ϕ), several ACFs were measured. Their weighted sum was used to calculate an
average ACF.

As can be seen from Fig. 8.9, the 〈111〉 jump mechanism appears to be the dominant mech-
anism. It shall be noted, that the data points collected for ϕ = 32◦ lie exactly in the vertical
plane of the synchrotron beam, where polarization effects can play a significant role. However,
as no estimation as to how strong this effect really is could be made, they are treated like the
rest of the data.
In order to find a more quantitative estimate, a model including all three jump processes

with weights p100 = p̄1, p110 = p̄2 and p111 = p̄3 according to (2.34) and (2.44) is fitted to the
whole dataset simultaneously. Chemical short-range order is accounted for using (2.58) and the
chemical short-range order parameters for the Al-sublattice calculated from different simulation
potentials as shown in Table 8.2. Table 8.3 gives an overview of the best fit of a weighted jump
mechanism corrected with different short-range order parameters according to Section 8.3.2.

ISRO (from parameters by) p100 p110 p111 τ0 (s) red. χ2

no short-range order (αñ>0 = 0) 0.05 0.34 0.61 672(21) 1.814
Schmid & Binder 0.18 0.12 0.70 678(21) 1.819
Weinkamer et al. modified 0.17 0.10 0.73 677(21) 1.822
Ouyang et al. cV=0.0%, on-lattice 0.32 0.11 0.57 679(22) 1.880
Ouyang et al. cV=0.2%, on-lattice 0.33 0.11 0.56 679(21) 1.853
Ouyang et al. cV=0.0%, off-lattice 0.19 0.11 0.70 676(21) 1.792

Table 8.3.: Probabilities for jumps to certain neighboring shell within the Al-sublattice and
average residence time fitted with short-range order correction using parameters from
Table 8.2 for different interaction potentials.

Fig. 8.11 features the result of such a fit using ISRO according to the off-lattice approach with
EAM potentials by Ouyang et al. [Ouya 12] , as shown in Fig. 8.10.
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Figure 8.9.: (a) and (b): Symbols with error represent inverse correlation times, 1/τ(~q ), gained
by fitting measured intensity-correlation functions with single exponential decay for
different sets of (2Θ, ϕ) for Fe0.54Al0.46 oriented in the 〈111〉 direction at a tem-
perature of 653K. In the cases where more than one measurement was carried out
at a certain point, the individual measurements are represented by the open, gray
symbols and the weighted sum is represented by a full, black symbol. The lines
represent models for distinct sets of jump vectors (exclusively 〈100〉, 〈110〉 or 〈111〉
jumps) without short-range order correction as shown in Fig. 8.8.
(c) and (d): Contrast factor β(~q ) as a function of scattering angle and azimuthal
angle. The correlation between large error bars in τ(~q ) and low contrast is notice-
able.
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Figure 8.10.: Short-range order intensity for sections of reciprocal space corresponding to the
region where the aXPCS experiment was carried out, calculated from EAM with
potentials by Ouyang et al. [Ouya 12] using the off-lattice approach. The increase
of intensity towards small angles 2Θ reproduces the tendency in the experimental
data as shown in Fig. 8.2b

The results given in Table 8.3 can be used to calculate the effective chemical diffusion constant,
D̃, according to (3.1):

D̃(T ) =

〈
R̃2
〉

6τ0
= p100 d

2 + p110 (
√

2d)2 + p111 (
√

3d)2

6τ0
(8.3)

When correcting for chemical short-range order according to different simulation results this
yields slightly different diffusion constants, as can be seen in Table 8.4.

D̃Fe0.54Al0.46(653K) (×10−23 m2s−1)
no short-range order 5.46(18)
Schmid & Binder 5.32(17)
Weinkamer et al. modified 5.40(17)
Ouyang et al. cV=0.0%, on-lattice 4.73(16)
Ouyang et al. cV=0.2%, on-lattice 4.71(15)
Ouyang et al. cV=0.0%, off-lattice 5.30(17)

Table 8.4.: Diffusivities for Fe0.54Al0.46 at 653K when correcting aXPCS data with different
short-range order intensities.
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Figure 8.11.: A model with 〈100〉, 〈110〉 as well as 〈111〉 jumps was simultaneously fitted to all
experimental data. In order to correct for short-range order, intensity calculated
from a EAM off-lattice simulation was used. The best fit was found for the jump
probabilities p100 = 0.19, p110 = 0.11 and p111 = 0.70 and an average residence
time τ0 = 676(21) s. This fit is represented by the blue line.
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8.4.3. Arrhenius theory
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Figure 8.12.: Temperature dependence of diffusivities for chemical diffusion in Fe0.54Al0.46 from
aXPCS measurements compared with data measured by tracer experiments for
similar Fe-Al compositions [Egge 00].

Additionally to the measured ACFs for different pairs of (2Θ, ϕ) at 653K, measurements at
different temperatures were taken at (10◦, 32◦). When a model is found, it can be used to
calculate the average waiting time τ0 for measurements of τ(~q ) according to

τ0 = τ(~q )
∑
n p̄n(1− Cn(~q ))
ISRO(~q ) . (8.4)

In combination with (8.3) and (3.4b), this can be used to calculate the activation energy Ẽa and
the pre-exponential factor D̃0 for chemical diffusion.

Short-range order information from the EAM simulation with parameters by Ouyang et al.
and the off-lattice approach was used in the model. Diffusivities calculated this way from
ACFs at different temperatures along with a fit according to (3.4b) are shown in Fig. 8.12. An
activation energy of Ẽa = 2.36(19) eV with a pre-exponential factor D̃0 ≈ 9 × 10−5 m2s−1 was
found. This is in good agreement with the activation energy of Ea = 2.5(3) eV found by Schaefer
et al. [Scha 99].

8.4.4. Superstructure approach

When no assumptions about lattice occupancy are made, the intensity-correlation function has
to be fitted with the square of the weighted sum of two exponential decays, see (2.56). This
increases the number of free parameters to 5. Furthermore, for a dataset that can be described
by a single exponential decay and does not have very good SNR, discrimination of the two
correlation times in the fitting process is difficult. Fig. 8.7a shows one possible fit for a weighted
sum of two exponential decays, however, the fit very much depends on the choice of starting
values. This leads to large error bars in the fitted parameters, as can be seen in Fig. 8.13. As
the weighting factors wi scale with the Siegert factor β(~q ), their ratio is given.
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Figure 8.13.: (a) and (b): Plot of inverse of correlation times τ1(~q ) and τ2(~q ) gained by fitting
the intensity-correlation functions with a squared sum of two exponential decays
according to (2.56) for different sets of (2Θ, ϕ) for Fe0.54Al0.46 oriented in the 〈111〉
direction.
(c) and (d): Plot of ratio of weighting factors w1 and w2.

Fitting a model with up to 8 free parameters (τ0, κα, κβ, Wα, Wβ = 1 − Wα, p̄αα
′

1 , p̄αα′2 ,
p̄αα

′
3 = 1− p̄αα′1 − p̄αα′2 , p̄ββ

′

1 , p̄ββ
′

2 , p̄ββ
′

3 = 1− p̄ββ
′

1 − p̄ββ
′

2 ) to such data does not give reasonable
results.
Alternatively, a different approach must be taken, where all intensity-correlation functions are

fitted simultaneously according to (3.9) - (3.13). A gnuplot fit routine for this approach can be
found in Section A.5. Due to the large number of dimensions in the fit, the starting values must
be chosen carefully. As a fit result with a reduced χ2 of 1.0326, the following parameters were
gained. The average residence time was found to be τ0 = 18.1(2.8) s. The lattice occupation was
Wα = 0.99956, yielding W β = 0.00044. Further, κα = 0.0175 and κβ = 0.0310, from which the
residence times for jumps within a sublattice can be calculated as ταα′ = τ0/κ

α = 1034(160) s
and τββ

′ = τ0/κ
β = 584(91) s. The residence time on the minority sublattice (α) found by

this approach is therefore much larger than the one found by the single sublattice approach.
The jump probabilities were found to be pαα′100 = 0.05, pαα′110 = 0.31, pαα′111 = 0.64, pββ

′

100 = 0.00,
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pββ
′

110 = 0.00 and pββ
′

111 = 1.00. This is in good agreement with the results from the single sublattice
approach.
However, this approach does not account for short-range order. In order to gain more quan-

titative results for jump probabilities as well as occupation probabilities from this approach,
additional theoretical development has to be undertaken.

8.4.5. Interpretation of results

As can be seen from Table 8.3, all short-range order configurations gained from the applied
potentials yield a probability for effective 〈111〉 jump of more than 50%. Furthermore it was
shown in Section 8.4.3, that the model quite well reproduces the activation energy measured by
other techniques. Therefore, it is plausible to assume that 〈111〉 jumps are the dominant jump
mechanism in this system. Such jumps can, however, not be described by the well established
diffusion mechanisms, like e.g. the 6JC. Direct 〈111〉 jumps can be ruled out as the migration
barrier would be to high. Correlated single vacancy jump cycles like the 10-jump cycle are
unlikely to explain this behavior, as longer jump sequences would have to be more probable
than a 6JC.
As discussed in Section 3.3 the percolation threshold for B2 systems lies close to 55 at.%. The

system studied here is therefore only slightly below this limit. For systems where the threshold
is reached, diffusion takes place primarily via the ASB, as discussed in Section 3.3.2, which
does not lead to chemical diffusion and is therefore invisible for aXPCS. In such a system
chemical diffusion can take place via a different mechanism on a much slower rate than tracer
diffusion. As it can not be expected that the percolated area remains completely invariable,
the percolation pathways change. This local rearrangement of pathways, for example, leads to
chemical diffusion.
For a system slightly below the percolation threshold, sub-regions where percolation already

exists are likely to be formed. To cross a gap between such regions, it is proposed that two
vacancies perform a correlated jump described by the linear triple-defect mechanism (lTDM)
as shown in Fig. 3.5. The 〈100〉 and 〈110〉 jumps can be explained by the 3JC or by different
divacancy mechanisms [Leit 15].
Bakker et al. stated [Bakk 97], that “When atoms are accommodated on wrong sublattices

where they do not fit, strain will develop, accompanied by the storage of elastic enthalpy in the
compound. A considerable part of the strain energy is caused by anti-site atoms (and vacancies)”.
This could play a role especially at low temperatures. It can be speculated that this could be
in favor of forming a lTD rather than a triangle-arrangement of the antisite atom and the two
vacancies. Furthermore, the lTDM yields a higher diffusion constant than other triple-defect
mechanisms.
As the gaps between the percolated areas represent a bottleneck for diffusive motion, it is

clear that the responsible mechanism is the controlling one. The fact that the activation energy
is comparable to those found by other experimental techniques is in favor of this argument.
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8.5. Measurements of atomic jump length distribution by aXPCS in
Ag0.58Mg0.42
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Figure 8.14.

8.5.1. Technical details

The details about the sample, which was oriented in 〈110〉 direction, can be found in Section 6.5.2.
During beamtime HS-4083, which took place in June 2010 at beamline ID10 of the ESRF, a
series of frames was collected at 2Θ = 5.0◦ and room temperature in order to determine whether
the sample would yield a sufficient contrast. As the scattering intensity was a factor of three
lower than that of a Ni0.48Al0.52 sample, no further measurements were taken. During beamtime
HS-4357 in November 2011 the room temperature measurement was repeated at 2Θ = 10.0◦,
yielding a contrast of β = 1%. It was decided that this contrast is not sufficient for further
measurements. During beamtime HC-885 in April 2013 the sample was taken up again. A
measurement at a temperature of 353K was made at 2Θ = 6.0◦. Again a contrast of 1% was
found and it was decided to increase the temperature to 423K and to undertake measurements.
Fig. 8.14a shows the improvement in SNR due to the improvement of the synchrotron beam
over time.
All measurements were done using the iKon-M CCD chip. Readout time was determined to

be 0.61 s/frame. Exposure times were between 4 s for small angles and 8 s for angles larger than
2Θ = 8◦. Sample-to-detector distance at HC-885 was 67 cm. The illuminated area on the sample
was determined by slits of 10×10µm2. Measurements were taken at 423K. The [001]-direction
(ϕ = 0◦) was tilted by 36.6◦ with respect to the horizontal axis. The beam energy was 8.1 keV.

An energy histogram of the sample is shown in Fig. 8.14b. At 8.1 keV the elastic photon peak
is visible. At 16.2 keV and 24.3 keV the elastic two and three photon peaks can be seen. The
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escape peak is found at 5.45 keV. There is the Mg Kα line visible at 1.25 keV and the Ag Lβ3
line at 3.23 keV. Other peaks are superpositions.

8.5.2. Single-sublattice approach

Even though the number of minority atoms on the majority sublattice might be larger than in
the case of Fe-Al, the dominant part of the diffuse intensity comes from the minority sublattice.
Therefore, in a first step the investigation can be limited to this sublattice, i.e. the Mg sublattice.
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Figure 8.15.: (a) and (b): Plot of inverse of correlation times τ(~q ) gained by fitting measured
intensity-correlation functions with single exponential decay for different sets of
(2Θ, ϕ) for Ag0.58Mg0.42 oriented in the 〈110〉 direction, measured with 8.1 keV at
a temperature of 423K. The lines represent models for distinct set of jump vectors
(exclusively 〈100〉, 〈110〉 or 〈111〉 jumps) with no short-range order correction.
(c) and (d): Contrast factor (Siegert factor) β(~q ).

As can be seen from Fig. 8.15a and Fig. 8.15b jumps to the next-nearest-neighbor shell appear
to be a promising candidate for describing diffusion in this system. In order to be able to
make more quantitative assertions, the data was fitted according to (2.34) and (2.44). As the
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Figure 8.16.: A model with 〈100〉, 〈110〉 and 〈111〉 jumps was simultaneously fitted to all ex-
perimental data, except the point at 2Θ = 4◦, which is assumed to be to high
due to instabilities in the setup. The best fit was found for the jump probabil-
ities p100 = 0.28, p110 = 0.63 and p111 = 0.09 and an average residence time
τ0 = 1268(41) s. This fit is represented by the blue line.
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experimental findings suggest that chemical short-range order is weak in this system and because
no potentials that would yield more information in a simulation could be found, the short-range
order intensity was assumed to be constant (ISRO(~q ) = 1).
The best fit was achieved yielding p100 = 0.28, p110 = 0.63 and p111 = 0.09 and an average

residence time of τ0 = 1268(41) with reduced χ2 = 0.9662. This fit can be seen in Fig. 8.16. For
comparison also a fit was carried out, where p111 was set to zero. The best fit was achieved with
jump probabilities p100 = 0.26 and p110 = 0.74, yielding τ0 = 1264(41) with reduced χ2 = 0.975.
Calculating the effective chemical diffusion constant according to (8.3) yields

D̃Ag0.58Mg0.42(423K) = 2.62(9)× 10−23 m2s−1 including 〈111〉 jumps and

D̃Ag0.58Mg0.42(423K) = 2.54(9)× 10−23 m2s−1 with only 〈100〉 and 〈110〉 jumps.

It can be concluded, that 〈110〉 jumps are dominant in this system with and addition of 〈100〉
jumps. The presence of 〈111〉 jumps is doubtful.

8.5.3. Superstructure approach

As in the case of Fe-Al, fitting individual ACFs according to (2.56) yields arbitrary results for
τ1,2(~q ), depending on the initial parameters set in the fit routine. In order to make such an
approach possible, measurements with a much higher Siegert factor and better SNR of the ACFs
are necessary.

8.5.4. Interpretation of results

A number of diffusion mechanisms introduced in Section 3.3 can account for the 〈100〉 and
〈110〉 jumps. In order to find out which is in place, formation enthalpies of defects have to be
considered [Leit 15]. It is, however, even at this premature state of research possible to say, that
a different mechanism than the lTDM, which was proposed for Fe-Al, operates in Mg-Ag alloys.
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8.6. Conclusion

The investigation of two intermetallic compounds, one of a hybride-triple defect type (Fe0.54Al0.46)
and one of the antisite type (Ag0.58Mg0.42) by aXPCS showed, that different effective atomic
exchanges dominate chemical diffusion in both systems. For the Fe0.54Al0.46 the linear triple-
defect mechanism (lTDM) is proposed resulting in effective 〈111〉 jumps bridging gaps between
percolated areas, where the antistructure-bridge mechanism (ASB) operates.
In ordered intermetallics the chemical short-range order on the sublattices appears to be less

pronounced than in solid solutions. Simulations using a few available potentials for the Fe-Al
system yielded slightly different results. It was shown, that an on-lattice and an off-lattice
approach can yield similar, but different short-range order parameters, which has an influence
on the resulting jump probabilities. The dominating jump length could, however, be clearly
distinguished. For a more quantitative inquiry, the exact chemical short-range order of the
system under investigation has to be determined, which is probably only possible by spending
much time and effort on reciprocal space mapping techniques performed at a synchrotron.
In general, short-range order parameters can be used to compare simulation results with

experimental findings. It would be good, if the computational community would publish such
parameters more frequently, as they unfortunately seem to be considered irrelevant today.





9. Outlook

The scope where aXPCS can be applied to the investigation of atomic scale diffusion is already
broad, reaching from intermetallics and solid solutions at temperatures of a few hundred degree
Celsius [Leit 09, Stan 13] to glassy systems at intermediate [Leit 12b, Ross 14] and low tempera-
tures of a few tens of Kelvin [Ross 15]. However there are still some limitations to this technique
which are expected to be unmade by technical developments in the near future.

As discussed in Section 6.4.1, the readout time of area detectors is a limiting factor towards
the investigation of fast processes. This is especially true for detectors with a large number
of pixels, as the standard readout mechanism scans the ADU values row by row. Detectors
based on the principle, where each pixel is built like a separate detector and can be read out
independently, like the Pilatus and more recently the Eiger family have of course much faster
readout times. Other concepts like Charge Integrating systems have very fast readout times,
even though they are allegedly somewhat difficult to handle. Hybrid systems like the ePix series,
AGIPD or are probably more user friendly. The problem with those detectors at the moment
is, however, that they are in general very bulky and heavy, making them difficult to maneuver.
Especially so if the detector has to be moved by large angles over wide areas of the scattering
sphere, as is the case in an aXPCS experiment. With decreasing pixel size for these types of
detector, such limitations will be overcome, which will allow for much faster detection rates. A
particularly interesting candidate that already exists is the LAMBDA-detector.
On the end of the beam source, as seen from (6.26) an increase in coherent flux allows either for

a decrease of the smallest accessible correlation time or for a reduction of number of pixels in the
multi-speckle detection scheme as described by (6.27). This will make fast diffusion processes
corresponding to high temperatures accessible and thereby allow for a direct comparison of
aXPCS with results from other atomistic techniques under equal sample conditions and open
up a large crowd of new candidates for investigation. Higher intensities, however, mean that
more energy will be deposited on the sample. Maybe when this is imminent, works regarding the
influence of photon energy on dynamics in the sample will not be considered to be data recycling.
On the other hand of the time spectrum synchrotron sources get ever more stable supplying the
user with constant intensities (top up mode) and a locally very stable beam (very little jitter).
This allows for measurements over long time periods corresponding to very low temperatures.
The timescale of dynamics accessible to aXPCS measurements will therefore grow in a way
unmatched by any other atomistic technique. This will allow for a systematic investigation of
concentration as well as temperature dependence of diffusion mechanisms in alloys. As boarders
between different phases are only sharp in theory and the interaction between the atoms exist
over the whole range of concentration, it is not clear at which point the jump mechanism changes
and how it changes. Furthermore for systems with a vacancy mechanism, interactions between
atoms and vacancies plays a role. There are very few experimental methods capable of making
assertions about such interactions. They are, however, likely to be important for material
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properties. It is therefore of great interest, how effective atomic jumps change within the phase
diagram. Such knowledge would certainly have a large impact on material tailoring.
The increase of coherent intensity available will be carried by two major developments. The

first is known as diffraction limited storage ring. The emittance of an electron beam, which is a
measure of the compactness of the electron cloud in phase space is proportional to the square of
the electron beam energy and inversely proportional to the bending radius and the third power
of the number of bending magnets [Eber 15]. As reducing the beam energy obviously has its
drawbacks and increasing the bending radius is limited by constructional features, the idea is to
increase the number of bending magnets per supercell, which is why one also talks about a multi-
bend achromat (MBA) lattice design [Eber 15]. Such a design yields total transversal coherence
of the beam for energies below the diffraction limit, which extends to about 1 keV for MBA
rings. For aXPCS experiments this allows for increasing the spot size which leads to smaller
speckles and less dependence on the gradient of correlation time with ~q. However, care has to be
taken that the sample is homogeneous when increasing the spot size. Furthermore the increase
in intensity will allow for using higher order crystallographic reflexes for monochromatization,
yielding a much higher longitudinal coherence. This will in turn increase the Siegert factor and
allow to have samples of a thickness close to the ideal scattering length. The second approach
is that of a linear accelerator, which has even lower emittance, especially in the high energy
region [Eber 15]. The main advantage of this concept, additionally to an increase in photon
flux, is self-amplified spontaneous emission or self-seeding [Aman 12], where the interaction of
the magnetic field of the electrons in the bunch with the magnetic field of a long undulator
leads to sinusoidal density profile in the bunch, so called microbunching. As the emission of the
electrons in a bunch is incoherent for wavelength shorter than the bunchlength [Eber 15], this
microbunching drastically increases the coherence length.
Another experimental challenge will remain in the form of fluorescence for some samples.

Choosing very small exposure times in a time window, so that only scattered light is collected
and the slightly delayed light coming from fluorescence is shut off (as is done for some optical
light applications) will not work for X-rays, as fluorescence processes take place at much faster
timescales. Once intense, coherent light in the high energy regime (above 10 keV) will become
available it will, however, be possible to reduce fluorescence by using filters like aluminum
foils between sample and detector. Additionally, structures and structural changes below one
angstrom can be accessed by such high energy X-rays.
These technical improvements will allow for much better SNR in aXPCS experiments which

will allow for much more quantitative assertions for a large number of parameters within the jump
matrix approach in the future. With increased coherent scattering intensity, also less scattering
contrast in elements under investigation is needed, which will allow for all combinations of
elements to be studied. Someday maybe even systems like Cu-Fe. Also for studies of impurity
diffusion, the amount of impurity needed can be reduced. Here an interesting field in the
investigation of carbon diffusion in steel will open up. Maybe someday it will even be possible
to directly investigate the jumps of vacancies in very pure and perfect crystals like for example
in silicon wavers.



A. Appendix

A.1. Abbreviations

ACF auto-correlation function

ADU analog to digital unit

ASB antistructure-bridge mechanism

aXPCS atomic-scale X-ray Photon Correlation Spectroscopy

CCD charge-coupled device

CE canonical ensemble

DLS Dynamic Light Scattering

DP dynamic pair mechanism

EDX energy-dispersive X-ray spectroscopy

EAM embedded atom method

LF leap frog mechanism

FWHM full width at half maximum

LASER light amplification by stimulated emission of radiation

lTD linear triple-defect

lTDM linear triple-defect mechanism

LU Laue unit

MBA multi-bend achromat

MC Monte Carlo

MCS Monte Carlo step

NMR Nuclear Magnetic Resonance

PLD path-length difference

QNS Quasi-elastic Neutron Scattering

QMS Quasi-elastic Mößbauer Spectroscopy
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SAXS small-angle X-ray scattering

6JC six jump cycle

SNR signal-to-noise ratio

TDM triple-defect mechanism

3JC three jump cycle

XPCS X-ray Photon Correlation Spectroscopy

WAXS wide-angle X-ray scattering

WS waltzing-step mechanism
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A.2. Definition of the rotation matrix

The rotation matrix is defined as:

R(ϕ, ux, uy, uz) =
u2
x +

(
u2
y + u2

z

)
cos(ϕ) uxuy − uxuy cos(ϕ)− uzu2 sin(ϕ) 2 sin(ϕ/2)

(
uxuz sin(ϕ/2) + uyu

2 cos(ϕ/2)
)

uxuy − uxuy cos(ϕ) + uzu
2 sin(ϕ) u2

y +
(
u2
x + u2

z

)
cos(ϕ) 2 sin(ϕ/2)

(
uyuz sin(ϕ/2)− uxu2 cos(ϕ/2)

)
2 sin(ϕ/2)

(
uxuz sin(ϕ/2)− uyu2 cos(ϕ/2)

)
2 sin(ϕ/2)

(
uyuz sin(ϕ/2) + uxu

2 cos(ϕ/2)
)

u2
z +

(
u2
x + u2

y

)
cos(ϕ)

/u2

(A.1)

For clarity, the squared absolute value u2 = u2
x + u2

y + u2
z of the rotation vector ~u was extracted. ϕ refers to the rotational angle, which is the

azimuthal angle in Section 2.1.1.
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A.3. Parameters for LEAM potentials for a Fe–Al system according
to Ouyang et al. [Ouya 12]

Fe Al Fe Al
F10 -2.29717e+00 -2.68705e+00 α 8.341805 10.168835
F11 -8.90017e-02 -1.45138e-01 δ 5.888118 8.020946
F12 1.35477e-01 1.49820e-01 λ0 -2.96535372734070e-01 -2.84844450652599e-02
F13 6.51888e-02 8.58974e-02 λ1 -6.86818702765834e-01 2.26253814593105e-01
F14 1.21338e-02 1.25671e-02 λ2 9.21433631811882e+00 -7.73232595256378e-01
F20 -2.32000e+00 -2.74000e+00 λ3 -2.31791124636865e+01 3.86949752665298e+00
F21 0.00000e+00 0.00000e+00 λ4 2.55435422978587e+01 -1.35649697682291e+01
F22 1.51240e-02 3.60093e-02 λ5 -1.32408993096583e+01 2.04540388369782e+01
F23 0.00000e+00 0.00000e+00 λ6 2.64175146115575e+00 -1.06908995952681e+01
F24 3.09105e-02 1.96952e-02 κ0 1.90272772078082e-03 -1.42235717555228e-04
F30 -2.32000e+00 -2.74000e+00 κ1 -1.91654105383744e-03 9.78171751734746e-03
F31 0.00000e+00 0.00000e+00 κ2 2.08761078809353e-02 -3.51750745765951e-04
F32 1.51240e-02 3.60093e-02 κ3 -4.16458964131414e-01 -2.62491637456329e-01
F33 7.79914e-05 1.02339e-02 κ4 1.44223338080658e+00 7.60178831190332e-01
F34 0.00000e+00 0.00000e+00 κ5 -1.43995150930854e+00 -6.20000344131861e-01
fe 9.935526e-03 5.045380e-03 φe 2.950690e-01 1.097910e-01
β 2.640265 1.952672 r1 2.482419 2.863570
ρ1 4.564865 5.561137 rb 2.487585 3.894877
ρ2 5.370429 6.542514 rc 5.732900 6.403138

re 6.118688 6.861309

Table A.1.: Parameters for Long-range analytical embedded atom method potentials as ascer-
tained by Ouyang et al. [Ouya 12] for Fe–Al alloys.
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A.4. Analytical form of contrast dependent on longitudinal
coherence

Ispectrum(∆z)

=2I0
C

∫ ∞
−∞

dk′
(
θ

(
k′ − ∆k

2

)
− θ

(
k′ + ∆k

2

)) (
1 + cos(k′∆z)

)
(A.2a)

=2I0
∆k

∫ ∆k/2

−∆k/2
dk′

(
1 + cos(k′∆z)

)
(A.2b)

=2I0

(
1 + 1

∆k

∫ ∆k/2

−∆k/2
dk′ cos(k′∆z)

)
(A.2c)

=2I0

1 + 1
∆k

sin(k′∆z)
∆z

∣∣∣∣∣
∆k/2

k′→−∆k/2

 (A.2d)

=2I0

1 +
sin
(

∆k
2 ∆z

)
− sin

(
−∆k

2 ∆z
)

∆k∆z

 (A.2e)

(A.2f)



114 Appendix

A.5. Fit routine for fitting all intensity-correlation functions
simultaneously according to jump matrix approach

$ 1 2 3 4 5 6
time t exposure time 2Θ ϕ g(2) ∆g(2)

Table A.2.: Columns in datafile

########
#
# x = 2 t h e t a
# y = p h i
# z = t
#
#

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−#

FIT_LIMIT = 1e−10

pi =3.14159265358979323846

d=3.3

En = 8.1 # i n eV
k=2.0∗ pi /(12 .3984/En)

#
~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ #

readout = 0.61
ph i co r r = 23 .6

####________ 1 1 0 ________####
#
q1 (x , y ) = 2∗k∗ sin ( x/2∗ pi /180) ∗ ( 1 . / sqrt ( 2 . ) ∗ ( sin ( x /2 .∗ pi /180 . ) + cos ( x /2 .∗ pi /180 . ) ∗ sin ( y∗pi /180 . ) ) )
q2 (x , y ) = 2∗k∗ sin ( x/2∗ pi /180) ∗ (−1./ sqrt ( 2 . ) ∗ ( sin ( x /2 .∗ pi /180 . ) − cos ( x /2 .∗ pi /180 . ) ∗ sin ( y∗pi /180 . ) ) )
q3 (x , y ) = 2∗k∗ sin ( x/2∗ pi /180) ∗ ( cos ( x /2 .∗ pi /180 . ) ∗cos ( y∗pi /180 . ) )

C(x , y ) = cos ( q1 (x , y )∗d /2 . ) ∗cos ( q2 (x , y )∗d /2 . ) ∗cos ( q3 (x , y )∗d /2 . )
Sa (x , y ) = abs ( pa1 ) ∗1 ./3∗ ( cos ( q1 (x , y )∗d) + cos ( q2 (x , y )∗d) + cos ( q3 (x , y )∗d) )\

+ abs ( pa2 ) ∗1 ./3∗ ( cos ( q1 (x , y )∗d)∗cos ( q2 (x , y )∗d) + cos ( q1 (x , y )∗d)∗cos ( q3 (x , y )∗d) + cos (
q2 (x , y )∗d)∗cos ( q3 (x , y )∗d) )\

+ abs ( pa3 )∗cos ( q1 (x , y )∗d)∗cos ( q2 (x , y )∗d)∗cos ( q3 (x , y )∗d)
Sb(x , y ) = abs ( pb1 ) ∗1 ./3∗ ( cos ( q1 (x , y )∗d) + cos ( q2 (x , y )∗d) + cos ( q3 (x , y )∗d) )\

+ abs ( pb2 ) ∗1 ./3∗ ( cos ( q1 (x , y )∗d)∗cos ( q2 (x , y )∗d) + cos ( q1 (x , y )∗d)∗cos ( q3 (x , y )∗d) + cos (
q2 (x , y )∗d)∗cos ( q3 (x , y )∗d) )\

+ abs ( pb3 )∗cos ( q1 (x , y )∗d)∗cos ( q2 (x , y )∗d)∗cos ( q3 (x , y )∗d)

Omega(x , y ) = sqrt ( 4∗abs (Wa)∗abs ( 1 . 0 − Wa)∗ C(x , y ) ∗∗2 − abs (Wa) ∗∗2 ∗ ( abs ( ka ) ∗(1 − Sa (x , y ) ) − abs ( kb )
∗(1 − Sb(x , y ) ) ) ∗∗2 )

ba1 (x , y ) = sqrt ( 1 . / abs (Wa) )∗sqrt ( 1 . / abs ( 1 . 0 − Wa) )∗ ( abs (Wa)∗ (abs ( ka ) ∗( Sa (x , y )−1) − abs ( kb ) ∗(Sb(x , y )
−1) ) − Omega(x , y ) ) / ( 2∗C(x , y ) )

bb1 (x , y ) = 1 .
ba2 (x , y ) = sqrt ( 1 . / abs (Wa) )∗sqrt ( 1 . / abs ( 1 . 0 − Wa) )∗ ( abs (Wa)∗ (abs ( ka ) ∗( Sa (x , y )−1) − abs ( kb ) ∗(Sb(x , y )

−1) ) + Omega(x , y ) ) / ( 2∗C(x , y ) )
bb2 (x , y ) = 1 .

w1(x , y ) = abs ( sqrt (abs (Wa) )∗ba1 (x , y ) + sqrt (abs ( 1 . 0 − Wa) )∗bb1 (x , y ) ) ∗∗2
w2(x , y ) = abs ( sqrt (abs (Wa) )∗ba2 (x , y ) + sqrt (abs ( 1 . 0 − Wa) )∗bb2 (x , y ) ) ∗∗2

tau1 (x , y ) = 2∗abs (Wa)∗ tau0 / ( abs (Wa) ∗( abs ( ka )∗(1−Sa (x , y ) ) + abs ( kb )∗(1−Sb(x , y ) ) ) − Omega(x , y ) )
tau2 (x , y ) = 2∗abs (Wa)∗ tau0 / ( abs (Wa) ∗( abs ( ka )∗(1−Sa (x , y ) ) + abs ( kb )∗(1−Sb(x , y ) ) ) + Omega(x , y ) )

beta (x , y ) = (x == 15 && y == (0 + ph i co r r ) ) ? beta_15_0 : \
(x == 6 && y == (0 + ph i co r r ) ) ? beta_6_0 : \
(x == 25 && y == (0 + ph i co r r ) ) ? beta_25_0 : \
(x == 22 && y == (0 + ph i co r r ) ) ? beta_22_0 : \
(x == 20 && y == (0 + ph i co r r ) ) ? beta_20_0 : \
(x == 20 && y == (−15 + ph i co r r ) ) ? beta_20_m15 : \
(x == 20 && y == (−40 + ph i co r r ) ) ? beta_20_m40 : \
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( x == 20 && y == (−20 + ph i co r r ) ) ? beta_20_m20 : \
(x == 20 && y == (23 + ph i co r r ) ) ? beta_20_23 : \
(x == 20 && y == (−25 + ph i co r r ) ) ? beta_20_m25 : \
(x == 20 && y == (8 + ph i co r r ) ) ? beta_20_8 : \
(x == 20 && y == (−8 + ph i co r r ) ) ? beta_20_m8 : \
(x == 20 && y == (15 + ph i co r r ) ) ? beta_20_15 : \
(x == 20 && y == (30 + ph i co r r ) ) ? beta_20_30 : \
(x == 20 && y == (−30 + ph i co r r ) ) ? beta_20_m30 : \
(x == 25 && y == (−30 + ph i co r r ) ) ? beta_25_m30 : \
(x == 17 && y == (−30 + ph i co r r ) ) ? beta_17_m30 : \
(x == 13 && y == (−30 + ph i co r r ) ) ? beta_13_m30 : \
(x == 9 && y == (−30 + ph i co r r ) ) ? beta_9_m30 : \
(x == 6 && y == (−30 + ph i co r r ) ) ? beta_6_m30 : \
(x == 10 && y == (−30 + ph i co r r ) ) ? beta_10_m30 : \
(x == 10 && y == (8 + ph i co r r ) ) ? beta_10_8 : \
(x == 10 && y == (0 + ph i co r r ) ) ? beta_10_0 : 0 .01

g2 (x , y , t , u ) = 1 .0 + beta (x , y ) ∗( w1(x , y ) ∗∗2 ∗ exp( −2∗t / tau1 (x , y ) ) + 2∗w1(x , y )∗w2(x , y ) ∗ exp( −t ∗( tau1
(x , y )+tau2 (x , y ) ) /( tau1 (x , y )∗ tau2 (x , y ) ) ) + w2(x , y ) ∗∗2 ∗ exp( −2∗t / tau2 (x , y ) ) )

#−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

f i t [ ∗ : ∗ ] [ ∗ : ∗ ] [ ∗ : ∗ ] g2 (x , y , t , u ) " . / a l l a c f . dat " u 3 : ( $4+ph i co r r ) : ( $1 ∗( $2+readout ) ) : 5 : 6 v ia tau0 , ka ,
kb , Wa, pa1 , pa2 , pa3 , pb1 , pb2 , pb3
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