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Chapter 1

Introduction

This thesis is concerned with identifiability analysis and estimation of multivariate linear dynamic models. A particular
emphasis is given firstly to models with strictly fewer inputs than outputs, secondly to the case of mixed frequency
data, and lastly to linear multivariate rational expectations models which exhibit some interesting features.

In multivariate linear dynamic models, identifiability analysis plays an important role for the whole estimation pro-
cedure. The estimation problem is separated into two subproblems. First, the problem of estimating the external
characteristics (e.g. second moments or spectral density of the observations) of the model from data is of purely
statistical nature. Second, the problem of attaching the external characteristics to the internal characteristics of the
system, i.e. the identifiability problem, is of purely algebraic nature. To be more precise, identifiability is defined in
Deistler and Seifert [1978] as the existence of an identifying function attaching external characteristics of a system
(e.g. the second moments or spectral density of the observations) to internal characteristics of a system (e.g. the
parameters in the econometric model). As soon as we know that the external characteristics are almost everywhere
exactly estimable and that the econometric model is almost everywhere identifiable, then the internal characteristics
are almost everywhere consistently estimable, compare Deistler and Seifert [1978] Theorem 5. Many applications
of this idea of separating the estimation problem into these two subproblems can be found in Hannan and Deistler
[2012]. This approach is used in a stochastically singular model in Chapter 3, where a (continuous) identifying func-
tion is constructed which attaches the second moments of the observations generated from a singular AR model to
the parameters of the model. In Chapter 4, this paradigm is applied to mixed frequency population second moments
and an underlying high frequency AR model. A similar approach is conceivable for structural singular ARMA models
which play an important role for modeling the solutions of stochastically singular multivariate rational expectations
models.

1.1 Spectral Factorization of Singular Spectral Densities

Chapter 2 deals with spectral factorization, i.e. obtaining a transfer function k(z) (relating the inputs to the outputs
of the system) from the spectral density f(λ), of singular spectral densities. It is included in this thesis for various
reasons.

First, spectral factorization is the logical starting point for identifiability analysis in stationary linear models because
the information of the second moments of a stochastic process is contained in the spectral density. Structural
features of economic models as, e.g., imposing through a non-miniphase condition that agents in an economy have
more information than an observer as in Leeper et al. [2013] have obtained recent attention and are likely to become
more important. In the same way, non-causal models have attracted recent interest, see, e.g., Lanne and Saikkonen
[2013] which treats non-causal multivariate AR models. It is important to realize that there are in general multiple
transfer functions (e.g. miniphase and non-miniphase transfer functions) which can be attached to a single spectral
density and that only in the case of an unrestricted parameter space the miniphase and causality assumptions amount
to normalizations. It seems thus important to comment on these recent developments.

Second, the proof in Rozanov [1967] which is the usual reference in time series analysis regarding spectral factorization
is in error. Although this was corrected in Hannan [1970], the case of singular spectral densities does not receive
sufficient attention there.

7
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1.2 AR Systems and AR Processes: The Singular Case

Chapter 3 deals with the identifiability problem for singular AR models, shows that the identifiability problem in this
case is very similar to the one for usual multivariate ARMA models, and introduces a canonical form, i.e. a member
of the class of observational equivalence with respect to the same transfer function, with nice properties. It is based
on Deistler et al. [2011], co-authored with Manfred Deistler and Alexander Filler. The paper was written in a process
of continuous discussion and no distinct individual contribution can be attributed to any of the authors, each of
whom made a significant contribution.

Singular AR models represent the most important model class for latent variables in generalized dynamic factor
models Forni et al. [2000], Forni and Lippi [2001], Deistler et al. [2010]. As already mentioned above, AR models are
typical in the singular case given that for “almost all” rational transfer functions there exists an AR realization, i.e.
no MA part is necessary in the modeling process. However, the identifiabilty analysis in the singular AR case is more
difficult than in the usual AR case (where the innovation covariance matrix has full rank and identifiability analysis
is trivial).

After analyzing both linearly regular and linearly singular solutions of these systems, we discuss the well-known Yule-
Walker equations which will be used to derive the main result: The canonical form we derive has two advantages
over the previously used minimum norm solution of the Yule-Walker equations, see Chen et al. [2011]. First, the
obtained system is always coprime (which is not necessarily the case for the minimum norm solution of the Yule-
Walker equations) and second, the system obtained by estimating our canonical form is independent of the number
of lags r > p (where p is the true AR order) included in obtaining the Yule-Walker equations (which is in general not
the case for the minimum norm solution).

1.3 Multivariate AR Systems and Mixed Frequency Data: Identifia-
bility and Estimation

Chapter 4 deals with identifiability from mixed frequency data in the sense that we want to obtain the underlying
high frequency AR model from (mixed frequency) population second moments which can be observed in principle.
The case of singular and as well as the case of non-singular innovation covariance matrix is treated. The chapter is
based on joint work with Manfred Deistler, Brian D. O. Anderson, Elisabeth Felsenstein, and Mohsen Zamani. The
paper was written in a process of continuous discussion and no distinct individual contribution can be attributed to
any of the authors, each of whom contributed significantly contribution.

The chapter is a seminal contribution to the time series literature concerned with mixed frequency data. Other
approaches either discard data and estimate the model on the lowest frequency or use mixed frequency data without
specifying an underlying high-frequency model generating the data. We assume a high frequency, multivariate
autoregressive model generating the outputs. Some outputs are not observed at the highest frequency but instead
at an integer multiple of the highest frequency, thus leading to MF data. The final aim of the analysis considered
here is to directly estimate the parameters of the underlying high frequency model from the available MF data. Once
these parameters are available, then also all variances and covariances of the high frequency process are available
and, based on those second moments, linear least squares approximation problems like interpolation, nowcasting, and
forecasting can be solved.

The analysis is focused on identifiability of the parameters of the underlying high frequency model from the second
moments of the observations. The main result is that “typically” (for instance generically) identifiability can be
ensured using second moments. Our results are “constructive” in the sense that we present “realization algorithms”,
i.e. algorithms which give the parameters from the second moments which can be observed in principle.

1.4 Stochastic Singularity in Rational Expectations Models

Chapter 5 is concerned with stochastic singularity in multivariate linear rational expectations models. It provides
important preliminary work for treating identifiability analysis and estimation of structural singular ARMA models. In
the singular case (with unrestricted parameter space), AR models are typical in the sense that for “almost all” rational
transfer functions there exists an AR realization, see Anderson and Deistler [2008, 2009]. Thus, if the parameter
space is unrestricted, modeling processes with easy-to-use AR models instead of ARMA models does not represent
any problem from a modeling perspective. This result suggests that treating singular ARMA models in the case of an
unrestricted parameter space might not be worth anyone’s while. However, in structural models no such genericity
result holds and thus treating structural singular ARMA models is of importance. Structural singular ARMA models
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are essential for, e.g., dynamic stochastic general equilibrium (DSGE) models, i.e. rational expectations model with
parameter restrictions derived from a dynamic optimization problem.

The main result of Chapter 5 is the derivation of the number of free parameters in the reduced form of a rational
expectations model in the stochastically singular case. The result holds under very general restrictions on the
parameter space such that state-of-the-art macroeconomic models as Smets and Wouters [2003, 2007] can be
analyzed.

1.5 Analysis of Indeterminate Equilibria in Linear Multivariate Ratio-
nal Expectations Models

Chapter 6 extends the analysis of indeterminate equilibria of rational expectations models in Lubik and Schorfheide
[2003]. It is shown that there are certain parameter constellations that lead to models which are deemed to have an
indeterminate solution according to the analysis given in Lubik and Schorfheide [2003] even though the solution is
actually unique.
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Chapter 2

Spectral Factorization of Singular
Spectral Densities

This chapter deals with the non-uniqueness of the transfer function obtained from the spectral factorization of a
singular rational spectral density. It contributes and improves on previous results in the sense that firstly the proof
of spectral factorization in [Rozanov, 1967] is in error, that secondly the proof in [Hannan, 1970] is scattered and
not given for the singular case, and that lastly it provides a greatest common divisor for this thesis by putting all
subsequent results as well as recent contributions to the literature in context.

First, we prove the spectral factorization result given in Rozanov [1967] Theorem 10.1 on page 47, amended in
Hannan [1970] Theorem 10’ on page 66 and Theorem 1 on page 129. Rozanov does not consider zeros and poles on
the unit circle and treats uniqueness only in the guise of maximal matrix functions (on pages 60-63). Hannan takes
zeros on the unit circle into account but only proves (in less detail than Rozanov) the non-singular case and traces
the singular case back to the non-singular case. Second, a unique representative is defined in two different ways,
namely either by prescribing a certain set of rows of the coefficient matrix k0 to be the q-dimensional identity matrix
or by requiring firstly that the innovation covariance matrix is the identity matrix Iq and secondly that k0 = R,
where R ∈ Rs×q is obtained from the generalized RQ decomposition defined below. Last, we discuss the so-called
“normalized factorization” used in Deistler and Pötscher [1984] on page 844.

2.1 Some definitions and preliminaries

Finite zeros and poles. In order to define finite zeros and poles of a rational matrix function we introduce the
Smith-McMillan form of a rational matrix function, see e.g. Hannan and Deistler [2012] page 53.

Lemma 2.1. Every (s× n) rational matrix h(z) of rank r can be written as

h(z) = u(z)Λ(z)v(z), (2.1)

where u(z) and v(z) are unimodular matrices, and Λ(z), the Smith-McMillan form of h(z), is diagonal of the form

Λ(z) =



λ1(z) 0 · · · 0 0

0
. . .

. . .
...

...
...

. . .
. . . 0

0 · · · 0 λr(z) 0
0 · · · 0 0(s−r)×(n−r)


with λi(z) = εi(z)

ψi(z)
, where ψi(z) and εi(z) are relatively prime monic polynomials, εi(z) divides εi+1(z), i ∈

{1, . . . , r − 1}, and ψi+1(z) divides ψi(z), i ∈ {1, . . . , r − 1} .

As in Hannan and Deistler [2012] on page 54, who refer to Kailath [1980] and Rosenbrock [1970], we define the finite
zeros of a (s× n)-dimensioanl rational matrix function h(z) of rank r as the zeros of the numerator polynomials
εi(z), i ∈ {1, . . . , r} , and the finite poles as the zeros of the denominator polynomials ψi(z), i ∈ {1, . . . , r} in the
Smith-McMillan form.
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An (s× s)-dimensional rational matrix function f(z) of rank q corresponds to a spectral density fy (λ) = f
(
e−iλ

)
if and only if f(z) is integrable (component wise) on the unit circle and, i.e.

´ π
−π f

(
e−iλ

)
dλ <∞, and f

(
e−iλ

)
≥

0, λ ∈ [−π, π] , almost everywhere, compare Rozanov Theorem 5.2 on page 22 or Deistler and Scherrer [1994]
page 32. Since we consider only spectral densities with real coefficients, it follows from f

(
e−iλ

)
being a.e. positive

semi-definite that f
(
e−iλ

)
=
[
f
(
e−iλ

)]∗ or equivalently fy (λ) = fy (−λ)
T .

Some remarks on notation. We use a subscript fy (λ) = f
(
e−iλ

)
to indicate that f(z) is evaluated on the unit

circle and corresponds to the spectral density corresponding to the process (yt)t∈Z. In order to forestall confusion, we
mention here that an asterix before parentheses, e.g. k∗

(
1
z

)
, means that the coefficients of k(z) =

∑∞
j=0Kjz

j are

transposed and conjugated such that k∗
(

1
z

)
=
∑∞
j=0K

T
j

(
1
z

)j . An asterix after parentheses, e.g. k
(
eiω
)∗, means

that the whole function is transposed and conjugated, i.e. k
(
eiω
)∗

=
∑∞
j=0Kj (eiω)

j
T

=
∑∞
j=0K

T
j

(
e−iω

)j . Thus,
k
(
eiω
)∗

= k∗
(
e−iω

)
.

The spectral factorization theorem is sometimes, see e.g. Rozanov [1967] Theorem 10.1 page 47, stated for a spectral
density f

(
e−iλ

)
whereas sometimes it is stated for a spectral density f

(
eiλ
)
as, e.g., in Hannan [1970] Theorem

10’ on page 66 or Hannan and Deistler [2012] Theorem 1.3.3 on page 27. They correspond, however, to the same
object. This can be seen by the way the isomorphism between linear operators on the Hilbert space Hy generated by
the stationary stochastic process (yt)t∈Z and the Hilbert space L2 (fy), where fy(λ) = f

(
e−iλ

)
is the corresponding

spectral density, of all vector functions ϕ(λ) for which
´ π
−π ϕ(λ)∗fy(λ)ϕ(λ)dλ <∞. Indeed, in Rozanov [1967] the

spectral representation of the j-th component takes the form

y
(k)
t =

ˆ π

−π
eiλtΦk(dλ),

where Φk(dλ) is the spectral measure corresponding to y(k)
t . On the other hand, in Hannan [1970] this representation

takes the form
y

(k)
t =

ˆ π

−π
e−iλtΦk(dλ).

It follows that the random variable y(k)
t ∈ Hy corresponds in Rozanov [1967] to eitλ ∈ L2 (fy) whereas in Hannan

[1970] it corresponds to eitλ ∈ L2 (fy).

In Rozanov [1967], the autocovariance function Γ
(k,l)
R (h) of the k-th and l-th component of (yt)t∈Z is defined by the

first equation below, and their cross spectral density f (k,l)
y,R (λ) is defined by the last equation below, i.e.

Γ
(k,l)
R (h) = E

(
y

(k)
t+hy

(l)
t

T
)

= E

((ˆ π

−π
eiλ(t+h)Φk(dλ)

)(ˆ π

−π
eiλtΦl(dλ)

)T)

=

ˆ π

−π
eiλhE

(
Φk(dλ)Φl(dλ)

T
)

=

ˆ π

−π
eiλhf

(k,l)
y,R (λ)dλ

In Hannan [1970], however, the autocovariance function Γ
(k,l)
H (h) as well as the cross spectral density f (k,l)

y,H (λ) the
k-th and l-th component of (yt)t∈Z are defined slightly differently:

Γ
(k,l)
H (h) = E

(
y

(k)
t y

(l)
t+h

T
)

= E

((ˆ π

−π
e−iλtΦk(dλ)

)(ˆ π

−π
e−iλ(t+h)Φl(dλ)

)T)

=

ˆ π

−π
e−iλhE

(
Φk(dλ)Φl(dλ)

T
)

=

ˆ π

−π
e−iλhf

(k,l)
y,H (λ)dλ

The Fourier series of f (k,l)
y,R (λ) and f (k,l)

y,H (λ) are

f
(k,l)
y,R (λ) =

1

2π

∞∑
h=−∞

Γ
(k,l)
R (h)e−iλh

= fR
(
e−iλ

)
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and

f
(k,l)
y,H (λ) =

1

2π

∞∑
h=−∞

Γ
(k,l)
R (−h)e−iλh.

= fH
(
eiλ
)

From these representations it is obvious that fR
(
e−iλ

)
= fH

(
eiλ
)
. Here, we will follow the conventions in Rozanov

[1967], i.e. in particular Γ(k,l)(h) = E
(
y

(k)
t+hy

(l)
t

T
)

and f (k,l)
y (λ) = 1

2π

∑∞
h=−∞ Γ(k,l)(h)e−iλh = fR

(
e−iλ

)
.

2.2 The Theorem

Theorem 2.2. A rational (s × s) matrix function f(z) with real coefficients having constant rank q ≤ s almost
everywhere on S = {z ∈ C | |z| = 1} and corresponding to a spectral density matrix fy (λ) = f

(
e−iλ

)
may be

factorized as

f(z) = w(z)w∗
(

1

z

)
, (2.2)

where the (s× q)-dimensional rational matrix function w(z) is analytic within a circle containing the closed unit disk,
and has no zeros within the unit circle, i.e. rk (w(z)) = q, ∀z ∈ D = {z ∈ C | |z| < 1}.

Proof. We start by proving the scalar case.

The scalar case.

Step 1: Represent fy(λ) as a fraction of two trigonometric polynomials. We start by writing the spectral
density fy(λ) and the corresponding matrix function as

fy(λ) =
fy,1(λ)

fy,2(λ)
and f(z) =

f1(z)

f2(z)
,

where f1(z) =
∑n
j=−n ajz

j and f2(z) =
∑m
j=−m bjz

j are non-negative trigonometric polynomials and aj , bj ∈ R.
These trigonometric polynomials can obviously be chosen not to have common zeros. Moreover, f2

(
e−iλ

)
is strictly

positive because there are no poles on the unit circle S.

Step 2: Show that if z0 is a zero of f(z), then also z̄−1
0 is a zero of f(z). First, we note that fy(λ) (and

thus fy,1(λ)) is an even real function because f
(
e−iλ

)
= f (e−iλ) holds by assumption. This implies that aj = a−j

because

f1

(
e−iλ

)
= f1 (e−iλ) ⇐⇒

n∑
k=−n

aje
−iλk =

n∑
k=−n

aje
iλk.

It is obvious that f1(z) cannot have a zero at z0 = 0 because otherwise f1(z) would be identically zero (aj = 0 for
j < 0 which implies that aj = 0 for j > 0).

Moreover, if f1(z0) = 0 for z0 6= 0 , then

f1

(
z−1

0

)
=

n∑
j=−n

ajz
−j
0 =

n∑
j=−n

a−j︸︷︷︸
=aj

zj0 = f1 (z0) = f1 (z0) = 0

and thus z0
−1 is a zero of f1(z) as well. We also note the obvious fact that all non-real zeros occur in complex

conjugate pairs since the coefficients of f1(z) and f2(z) are real.
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Step 3: Factorize fy,1(λ) = b
(
e−iλ

)
b
(
eiλ
)

= b
(
e−iλ

)
b (e−iλ). We factorize f1(z) in linear factors such that

there are r zeros zj with |zj | > 1 and 2s = 2n − 2r zeros on the unit circle. The zeros on the unit circle occur in
with multiplicity two because otherwise it would contradict the non-negativity of f1,y(λ) on the unit circle, i.e. the
derivative of f1,y(λ) at λ = λj must be zero. The zeros on the unit circle have indices j ∈ {r + 1, . . . , n}

f1(z) = anz
−n
(

1

an

[
anz

2n + an−1z
2n−1 + · · ·+ a1z

n+1 + a0z
n + a−1z

n−1 + · · ·+ a−n+1z + a−n
])

= anz
−n

r∏
j=1

(z − zj)
(
z − z−1

j

) s∏
j=r+1

(
z − eiωj

)
or equivalently

fy,1(λ) = f1

(
e−iλ

)
= ane

inλ
r∏
j=1

(
e−iλ − zj

) (
e−iλ − z−1

j

) n∏
j=r+1

(
eiω − eiωj

)
. (2.3)

Substituting
(
e−iλ − zj−1

)
= e−iλzj

−1
(
zj − eiλ

)
= (−1)e−iλzj

−1(e−iλ − zj) in (2.3) we obtain

f1

(
eiω
)

= ane
−inω

 r∏
j=1

(
e−iλ − zj

)
(−1)e−iλzj

−1(e−iλ − zj)

 n∏
j=r+1

(
e−iλ − eiλj

)
(−1)e−iλeiλj (e−iλ − eiλj )

= ane
−inω

(−1)re−irλ

 r∏
j=1

zj
−1

 r∏
j=1

(
e−iλ − zj

)
(e−iλ − zj)

× · · ·
· · · ×

(−1)(n−r)e−i(n−r)λ

 n∏
j=r+1

eiλj

 n∏
j=r+1

(
e−iλ − eiλj

)
(e−iλ − eiλj )


= an(−1)n

r∏
j=1

zj
−1

n∏
j=r+1

eiλj︸︷︷︸
=zj−1

 r∏
j=1

(
e−iλ − zj

)
(e−iλ − zj)


n∏

j=r+1

e−iλ − eiλj︸︷︷︸
=zj

 (e−iλ − eiλj )


=

an(−1)n
n∏
j=1

zj
−1

 n∏
j=1

(
e−iλ − zj

)
(e−iλ − zj)

it follows from the non-negativity of fy,1(λ) that (−1)nan
∏n
i=1 zi

−1 must be non-negative and thus

b
(
e−iλ

)
=

(−1)
n
an

n∏
j=1

z−1
j

 1
2 n∏
j=1

(
e−iλ − zj

)
is a polynomial having no zeros inside the unit circle satisfying f1(z) = b(z)b

(
1
z

)
. Again, the coefficients of the

polynomial b(z) are real because all zeros occur in conjugate pairs..

Step 5: Conclude. Using the same construction for f2 proves the theorem for s = 1.

Multivariate case:

Consider now the case s > 1, s ≥ q ≥ 1. Since fy
(
e−iλ

)
has a principal minor of order q which is non-zero for almost

all λ ∈ [−π, π], there is a (constant) permutation matrix such that the upper left (q × q)-dimensional sub-matrix is
non-singular for almost all λ ∈ [−π, π]. We may thus assume without loss of generality that the first principal minors
M1(z), . . . ,Mq(z) of orders one till q are non-zero for almost all λ ∈ [−π, π].

Step 1: Diagonalisation of fy(λ) : We construct a rational matrix H(z) so that H
(
e−iλ

)
fy(λ)H (e−iλ)

T is
diagonal.
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Step 1.1: Make the first column and first row of fy(λ) zero except for the (1, 1)-entry. Let H1(z) have zero
entries everywhere except in the main diagonal, where it has units, and in the first column, where it has − fj1(z)

f11(z) as
the (j, 1) entry, j ∈ {2, . . . , s}, i.e.

H1(z) =



1

− f21(z)
f11(z) 1
... 0

. . .
...

. . . 1

− fs1(z)
f11(z) 0 · · · 0 1


.

It follows that H1(z)f(z) has zeros in its first column except for the (1, 1) entry, e.g. the j-th entry of the first
column of H1(z)f(z) is

=j-th row of H1(z)︷ ︸︸ ︷(
− fj1(z)
f11(z) 0 · · · 0 1 0 · · · 0

)


f11(z)
f21(z)
...

fj−1,1(z)
fj1(z)
fj+1,1(z)

...
fs1(z)


︸ ︷︷ ︸

=first column of f(z)

= −fj1(z)

f11(z)
f11(z) + fj1(z) = 0.

Since fy(λ) = fy(−λ)T , it is immediate that the first row of fy(λ)
(
H1

(
e−iλ

))∗ has only zero entries save for the
(1, 1) entry, e.g. the j-th entry of the first row of fy(λ)

(
H1

(
e−iλ

))∗ is

(
f11

(
e−iλ

)
f12

(
e−iλ

)
· · · f1,j−1

(
e−iλ

)
f1j

(
e−iλ

)
f1,j+1

(
e−iλ

)
· · · f1s

(
e−iλ

) )



− fj1(e
iλ)

f11(eiλ)

0
...
0
1
0
...
0


=

=
(
f11

(
eiλ
)

f21

(
eiλ
)
· · · fj−1,1

(
eiλ
)

fj1
(
eiλ
)

fj+1,1

(
eiλ
)
· · · fs1

(
eiλ
) )



− fj1(e
iλ)

f11(eiλ)

0
...
0
1
0
...
0


= 0

⇐⇒
fj1
(
eiλ
)

f11 (eiλ)
f11

(
eiλ
)

+ fj1
(
eiλ
)

= 0.

Step 1.1: Make the remaining columns and rows of fy(λ) zero except for the diagonal entries. Note that

H1

(
e−iλ

)
fy(λ)H1 (e−iλ)

T
=


f11

(
e−iλ

)
0 · · · 0

0
... g(2)

(
e−iλ

)
0


and thus the same procedure as above applies to the (s − 1) × (s − 1) sub-matrix g(2)

(
e−iλ

)
in the bottom right

corner. The elements in g(2)
(
e−iλ

)
- whose element in the upper left corner has because of notational convenience
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the index (2, 2) - are of the form

g
(2)
kl

(
e−iλ

)
= H1,[k,•]

(
e−iλ

)
f
(
e−iλ

)
H1,[•,l]

(
eiλ
)T

=
(
− fk1(e

−iλ)
f11(e−iλ)

0 · · · 0 1 0 · · · 0
)
f
(
e−iλ

)



− fl1(e
iλ)

f11(eiλ)

0
...
0
1
0
...
0


= fkl

(
e−iλ

)
−
fk1

(
e−iλ

)
f1l

(
e−iλ

)
f11 (e−iλ)

Left-multiplying (note that g(2)
22 (z) = M2(z), i.e. the second principal minor of f(z), is not identically zero because

the first (q × q)-dimensional minor Mq(z) of f(z) is by assumption almost everywhere non-zero)

H2(z) =



1
0 1
... − g

(2)
32 (z)

g
(2)
22 (z)

. . .

... 0 1

0 − g
(2)
32 (z)

g
(2)
22 (z)

· · · 0 1


leads in the same way as before to

H2

(
e−iλ

)
H1

(
e−iλ

)
fy(λ)H1 (e−iλ)

T
H2 (e−iλ)

T
=


f11

(
e−iλ

)
0 0 · · · 0

0 g
(2)
22

(
e−iλ

)
0 · · · 0

0 0
...

... g(3)
(
e−iλ

)
0 0



Continuing in the same way, the elements in g(j)
(
e−iλ

)
are of the form

g
(j)
kl

(
e−iλ

)
= Hj−1,[k,•]

(
e−iλ

)
g(j−1)

(
e−iλ

)
Hj−1,[•,l]

(
eiλ
)T

=

(
0 · · · 0 − g

(j−1)
k,j−1(e

−iλ)
g
(j−1)
j−1,j−1(e−iλ)

0 · · · 1 · · · 0

)
g(j−1)

(
e−iλ

)



0
...
0

− g
(j−1)
l,j−1 (eiλ)

g
(j−1)
j−1,j−1(eiλ)

0
...
0
1
0
...
0


= g

(j−1)
kl

(
e−iλ

)
−
g

(j−1)
k,j−1

(
e−iλ

)
g

(j−1)
j−1,l

(
e−iλ

)
g

(j−1)
j−1,j−1 (e−iλ)
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The result now follows by induction such that H(z) = Hs−1(z) · · ·H1(z) and that

Hq−1

(
e−iλ

)
· · ·H1

(
e−iλ

)
fy(λ)H1 (e−iλ)

T · · ·Hq−1 (e−iλ)
T

=

=



f11

(
e−iλ

)
0 · · · 0 01×(s−q)

0 g
(2)
22

(
e−iλ

) . . .
...

...
. . .

. . . 0

0 · · · 0 g
(q)
qq

(
e−iλ

) ...
0(s−q)×1 · · · 0(s−q)×(s−q)


where

g
(j)
jj (z) =

Mj(z)

Mj−1(z)
, j ∈ {1, . . . , q} ,

and Mj(z) denotes that j-th principal minor of f(z).

Step 2: Invert the matrixH(z) and reduce it to the relevant columns. The inverse ofH(z) = Hq−1(z) · · ·H1(z)
is H(z)−1 = H1(z)−1 · · ·Hq−1(z)−1. From Hj(z)

−1 = 1
det(Hj(z))

adj (Hj(z)) it is easy to see that Hj(z)
−1 is pre-

cisely of the same form as Hj(z) except for the sign of the non-zero below diagonal elements. Moreover, the below
diagonal elements of, say, Hj(z)

−1 are not altered by right-multiplying Hj+1(z)−1 such that

H(z)−1 =



1
f21(z)
f11(z) 1
... 0

. . .
...

. . . 1
fs1(z)
f11(z) 0 · · · 0 1





1
0 1
...

g
(2)
32 (z)

g
(2)
22 (z)

. . .

... 0 1

0
g
(2)
s2 (z)

g
(2)
22 (z)

· · · 0 1


· · ·



1
0 1
...

. . .
. . .

... 0 1
g
(q−1)
q,q−1(z)

g
(q−1)
q−1,q−1(z)

1

... 0
. . .

0 · · · 0
g
(q−1)
s,q−1(z)

g
(q−1)
q−1,q−1(z)

0 0 1



=



1
f21(z)
f11(z) 1
...

g
(2)
32 (z)

g
(2)
22 (z)

. . .

...
. . . 1

g
(q−1)
q,q−1(z)

g
(q−1)
q−1,q−1(z)

1

... 0 1
...

...
...

. . . 1

fs1(z)
f11(z)

g
(2)
s2 (z)

g
(2)
22 (z)

· · · g
(q−1)
s,q−1(z)

g
(q−1)
q−1,q−1(z)

0 · · · 0 1



.

Obviously, only the first q columns of H(z)−1 are relevant. Thus, we define L(z) =
[
H(z)−1

]
[•,1:q,]

and obtain

f(z) = L(z)


f11(z) 0 · · · 0

0 g
(2)
22 (z)

. . .
...

...
. . .

. . . 0

0 · · · 0 g
(q)
qq (z)

L

(
1

z

)T
.

Step 3: Construct a spectral factor A(z) = [L(z)d(z)]V (z) which is analytic within the unit circle. (Get
rid of the poles inside the unit circle of the elements of L(z).) We multiply each column of L(z) by the
polynomial dj(z), j ∈ {1, . . . , q} , whose zeros coincide with the zeros inside of the denominator polynomials in
the j-th column of L(z) occurring as many times as their maximum multiplicity. It follows that L(z)d(z), where
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the (q × q)-dimensional diagonal matrix d(z) has diagonal elements dj(z), j ∈ {1, . . . , q} , does not have any poles
inside and on the unit circle and we may write

f(z) =

L(z)



d1(z)
. . .

dj(z)
. . .

dq(z)







f11(z)

d1(z)d1( 1
z )

0 · · · 0

0
g
(2)
22 (z)

d2(z)d2( 1
z )

. . .
...

...
. . .

. . . 0

0 · · · 0
g(q)qq (z)

dq(z)dq( 1
z )


× · · ·

· · · ×





d1

(
1
z

)
. . .

dj
(

1
z

)
. . .

dq
(

1
z

)

L

(
1

z

)T


Factorizing each element in the diagonal matrix



f11(z)

d1(z)d1( 1
z )

0 · · · 0

0
g
(2)
22 (z)

d2(z)d2( 1
z )

. . .
...

...
. . .

. . . 0

0 · · · 0
g(q)qq (z)

dq(z)dq( 1
z )


as in the univariate

case, we obtain that 

f11(z)

d1(z)d1( 1
z )

0 · · · 0

0
g
(2)
22 (z)

d2(z)d2( 1
z )

. . .
...

...
. . .

. . . 0

0 · · · 0
g(q)qq (z)

d2(z)d2( 1
z )


= V (z)V

(
1

z

)T

where V (z) is a diagonal matrix whose entries are rational functions in z and do not have any zeros inside the unit
circle and poles inside and on the unit circle.

Step 4: Mirror the zeros of A(z) which are inside the unit circle at the unit circle, i.e. construct A(z) so
that det (A(z)) 6= 0, |z| < 1.

Step 4.1: Use Blaschke factor. If det (A(z1)) = 0 for |z| < 1 and the rank of A (z1) is equal to s− r1, there is
a constant unitary matrix Q1 so that A(z1)Q1 has r1 zero columns, such that

A(z)Q1 = Ã(z)

(
Is−r1

Ir1(z − z1)

)
where det

(
Ã(z1)

)
6= 0 . In order to mirror the zeros at the unit circle, we multiply the last r1 columns of A(z)Q1

by the Blaschke factor1 1−z̄1z
z−z1 which is of unit modulus on the unit circle because∣∣1− z̄1e

iω
∣∣2

|eiω − z1|2
=

(
1− z̄1e

iω
) (

1− z1e
−iω)

(eiω − z1) (e−iω − z̄1)

=

(
1− z̄1e

iω
) (

1− z1e
−iω)

eiω (1− z1e−iω) e−iω (1− z̄1eiω)
= 1,

1Note that sometimes the Blaschke factor is defined as

zz1 − 1

z − z1
z1

|z1|
.

The constant z1
|z1|

ensures, that for z = 0 the Blaschke factor is positive and real. Indeed, for z1 = reiφ we have that z1|z1| = eiφ and
zz1−1
z−z1

z1
|z1|

∣∣∣
z=0

= 1
z1
eiφ = 1

r
. This is, however, irrelevant in our case since we will consider normalization and uniqueness of spectral

factorization separately.
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and replaces the zero at z1 by one at z1
−1. Post-multiplying A(z) with the rational matrix function

R1(z) = Q1

(
Is−r1

Ir1

(
1−z̄1z
z−z1

))

which is unitary on the unit circle, i.e. R1

(
eiω
)∗

= R1

(
eiω
)−1, we obtain a new spectral factor A1(z) = A(z)R1(z)

which has zero at z = z1
−1 outside the unit circle instead of a zero at z = z1 inside the unit circle.

Step 4.2: Apply the same procedure to the remaining zeros. Eventually, we obtain a rational matrix function
R(z) such that w(z) = A(z)R(z), where R(z) is unitary on the unit circle. The (s× q)-dimensional rational matrix
function w(z) is holomorphic within an open set containing the unit circle and has no zero inside the unit circle.

2.3 Analyzing Non-Uniqueness of the Spectral Factorization

In this subsection, we start by describing the set of all spectral factors w(z) in (2.2) that are analytic on an open
set containing the closed unit disk and have no zeros inside the unit disk. It turns out that in both cases (full rank
spectral density and singular spectral density) the equivalence class is described by the set of all (q × q)-dimensional
orthogonal matrices which have (since we consider spectral densities with real coefficients) determinant 1 or −1.
Subsequently, we discuss different normalizations, especially for the case where s > q. Finally, we remark that also
cases where the spectral factors is not analytic within the unit circle or has zeros within the unit circles are of great
interest to economic theory.

Proposition 2.3. If A(z) and B(z) are two (s× q)-dimensional spectral factors satisfying the requirements in
Theorem 2.2, i.e. they are analytic on an open set containing the closed unit disk and have no zeros inside the unit
disk, then they are related by a constant orthogonal matrix U with determinant +1 or −1 such that A(z) = B(z)U .
Moreover, A(z) is unique if we require a non-singular (q × q)-dimensional sub-matrix of A(0) to be symmetric and
positive definite.

Proof. We follow Hannan [1970] page 66.

Step 1: Define the rational matrix relating two spectral factors (which will turn out to be constant).
Starting from

f(z) = A(z)A∗
(

1

z

)
= B(z)B∗

(
1

z

)
where A(z) and B(z) are two (s× q)-dimensional spectral factors from above, we have

[
B(z)−1A(z)

] [
AT
(

1

z

)
BT

(
1

z

)−1
]

= Iq

where B(z)−1 = v(z)−1
(
Λ(z)TΛ(z)

)−1
Λ(z)Tu(z)−1 and B(z) = u(z)Λ(z)v(z) is the Smith-McMillan form, com-

pare Lemma 2.1 and we define
U(z) = B(z)−1A(z).

Step 2: The determinant of U(z) is constant and equal to +1 or −1. The determinant det (U(z)) of the
rational matrix function U(z)

• is analytic within the unit circle (because B(z) does not have zeros and A(z) does not have poles inside the
unit circle),

• is2 +1 or −1 for z = 0

2 This follows from the fact that det
(
U(z)U∗

(
1
z

))
= det (U(z)) det

(
U∗
(

1
z

))
= 1 which is equivalent to det (U(z))−1 =

det
(
U∗
(

1
z

))
. Now we know that det (U(0)) is finite because det (U(z)) is analytic within the unit circle, thus if c0 is the coeffi-

cient of det (U(z)) corresponding to the constant, 1
c0

= c0 must hold. Since the coefficients of A(z) and B(z) are real, it follows that
c0 = ±1.
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• is either +1 or −1 on the unit circle because we know that firstly U
(
e−iλ

)
U
(
e−iλ

)∗
= U

(
e−iλ

)
U (e−iλ)

T
=

Iq and thus det
(
U
(
e−iλ

)
U
(
e−iλ

)∗)
= det

(
U
(
e−iλ

))
det (U (e−iλ)) = 1 holds and that secondly the

coefficients of A(z) and B(z) are real matrices.

Since by the maximum modulus principle, see Conway [1978] page 128, a non-constant analytic function does not
have an extremum within its domain, it follows that det (U(z)) is constant and equal to 1 or −1. Hence, U(z) is an
orthogonal matrix on the unit circle and has there determinant +1 or −1.

Step 3: U(z) is constant as well, and thus A(z) = B(z)U . Since U(z) is holomorphic within the circle,
all coefficient matrices corresponding to negative powers of U(z) in

(
e−iλ

)
are zero. Likewise, since U

(
e−iλ

)−1
=

1
det(U(e−iλ))

adj
(
U
(
e−iλ

))
= U (e−iλ)

T
is analytic3 as well, the coefficient matrices corresponding to positive powers

of U(z) in
(
e−iλ

)
are zero. Thus U(z) = U0 is a constant (q × q)-dimensional orthogonal matrix and A(z) = B(z)U0.

Step 4: Restricting a (q × q)- dimensional sub-matrix of A(0) to be symmetric and positive definite entails
uniqueness. Every non-singular (q × q)-dimensional matrix A has a polar representation A = SQ, where Q is
a uniquely determined orthogonal matrix and S is a uniquely determined symmetric and positive definite matrix,
compare Gantmacher [1959] Theorem 9 on page 286.

2.3.1 Factorization pertaining to reduced form and to one-step-ahead forecast error
and innovation covariance matrix.

Non-singular spectral density case

A slightly different way to factorize f(z) consists in representing it as the product

f(z) =
1

2π
k(z)ΣkT

(
1

z

)
(2.4)

, where k(z) is analytic on an open set containing the closed unit disk, has no zeros inside the unit circle, and
k(z) = Is holds and Σ is symmetric and positive semi-definite. In the case of f(z) being of full rank, i.e. s = q holds,
the transfer function4 as well as the symmetric and positive definite matrix5 Σ ∈ Rs×s are unique. This factorization
is obtained by defining k(z) = A(z)A(0)−1 and Σ = 1

2πA(0)A(0)∗ where A(z) is a spectral factor as in Theorem
2.2 and A(0) denotes the A(z) evaluated at z = 0. Obviously, any other spectral factor B(z) = A(z)U , where U is
an orthogonal matrix, entails the same factorization (k(z),Σ).

Remark 2.4. It is important to realize that even normalizations, i.e. requiring the diagonal elements of k(0) = Is to
be positive, may have consequences for statistical inference of impulse responses, see Waggoner and Zha [2003] and
Hamilton et al. [2007].

Singular spectral density case

In the singular case, i.e. the rank of f(z) is strictly smaller than s, one may still define a so-called normalized
factorization, see Deistler and Pötscher [1984] page 844 and page 861, such that (k(z),Σ) satisfy the properties
listed above. Whereas Σ of rank q is still uniquely determined (see Lemma A.1 (iv) on page 861 in Deistler and
Pötscher [1984]), the rational matrix function k(z) is not. Deistler and Pötscher indicate that this factorization
has the advantage over other factorizations that the inverse k(z)−1 relates the observations to the one-step-ahead
forecast errors. The normalized factorization is obtained in the following way. Starting from a factorization f(z) =
A(z)AT

(
1
z

)
as in Theorem 2.2, we can find a unimodular polynomial matrix V (z) such that

V (z)A(z) =

(
A1(z)

0(s−q)×s

)
3The determinant det

(
U
(
e−iλ

))
is constant and the elements of adj

(
U
(
e−iλ

))
are (as products of analytic functions inside the

unit circle) analytic inside the unit circle as well.
4It relates the one-step-ahead forecast errors of the stochastic process (yt)t∈Z corresponding to the spectral density to the outputs.
52πΣ is the covariance matrix of the one-step-ahead forecast errors of the process (yt)t∈Z corresponding to the spectral density.
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where the (q × q)-dimensional rational matrix function A1(z) is analytic on an open set containing the closed unit
disk and has no zeros inside the unit circle. We define

Ã(z) = V −1(z)

(
A1(z) 0

0 Is−q

)
and thus obtain a normalized factorization (k(z),Σ) of f(z) where

k(z) = Ã(z)Ã(0)−1

and

Σ =
1

2π
Ã(0)

(
Iq 0
0 0

)
Ã(0)∗.

Obtaining a unique spectral factorization with a tall transfer function by choosing the first basis of the row
space of w(0) Without loss of generality6 we assume that the first q rows of w(0) obtained from Theorem 2.2
are linearly independent.

We start from spectral factorization 2πf(z) = w(z)wT
(

1
z

)
and post-multiply w(z) with S−1S, where S is the

(q × q)-dimensional matrix consisting of the first q rows of w(0), i.e.

w(z)wT
(

1

z

)∗
= w(z)S−1 SST︸︷︷︸

=Σ

(
S−1

)T
wT
(

1

z

)
,

= k(z)ΣkT
(

1

z

)
.

If we choose the first q rows of w(0) which form a non-singular matrix to be equal to the q-dimensional identity

matrix, the spectral factorization7 (k(z),Σ) obtained in this way is unique and k(0) =

(
Iq

w(0)[q+1:s,•]S
−1

)
. Thus,

instead of imposing that the innovations (whose covariance matrix is of rank q) correspond to the one-step-ahead
forecast errors of all s components, we impose here that only q of the innovations correspond to the one-step-ahead
forecast errors.

6We may also choose any non-singular (q × q)-dimensional sub-matrix Sγ , where γ = (i1, . . . , iq) is a multi-index and 1 ≤ i1 < i2 <
· · · < iq−1 < iq ≤ s, of w(0) consisting of rows i1, . . . , iq of w(0), i.e.

Sγ =



w(0)i11 · · · w(0)i1q
...

w(0)ij1 · · · w(0)ijq
...

w(0)iq1 · · · w(0)iqq

 ∈ Rq×q .

Furthermore, let γ′ =
(
i′1, . . . i

′
n−q

)
where 1 ≤ i′1 < i′2 < · · · < i′s−q ≤ s be such that the elements of the tuples γ and γ′ give a full

set indices, i.e. {i1, . . . iq} ∪
{
i′1, . . . i

′
s−q

}
= {1, . . . , s} and define the corresponding matrix Sγ′ selecting rows γ′ of k0 as

Sγ′ =



w(0)i′11 · · · w(0)i′1q
...

w(0)i′j1
· · · w(0)i′jq
...

w(0)i′s−q1 · · · w(0)i′s−qq


∈ Rs−q×q .

Defining the permutation matrix Pγ ∈ Rs×s which permutes row ij with row j for j ∈ {1, . . . , q} and row i′j with row j + q for
j ∈ {1, . . . , s− q} we obtain

Pγw(0) =

(
Sγ
Sγ′

)
whose first q rows are linearly independent.

7The number of free parameters in (k(0),Σ) is

(s− q)q +
q(q + 1)

2
= sq − q2 +

q2

2
+
q

2

= sq −
q2

2
+
q

2
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2.3.2 Unique Spectral Factors through A Priori Restrictions

Non-singular spectral density case: Regular AR models

Rubio-Ramirez, Waggoner, and Zha address in Rubio-Ramirez et al. [2010] uniqueness of spectral factorization
for regular AR models in the guise of (linear and certain non-linear) identifying restrictions on the structural form
parameters. To be more precise, they restrict themselves to a certain model class strictly smaller than rational transfer
functions (transfer functions corresponding to vector autoregressive systems have by definition no spectral zeros),
abstract from normalization8, but analyze non-injectivity of the mapping from structural form parameters to reduced
form parameters in more detail than just imposing restrictions on w(0) from Theorem 2.2.

Singular spectral density case: Singular AR models

In Chapter 3 we consider also model class which is strictly smaller than the set of all rational transfer functions of
dimension (s× q). However, in this case it has been shown in Anderson and Deistler [2008] (see also Anderson and
Deistler [2009] for a treatment regarding zeros of a singular spectral density) that in a rational setting the AR case
is generic, i.e. tall rational transfer function have zeros only in degenerate cases. It follows, thus, that analyzing
restricting rational transfer functions not to have zeros is not as strong an assumption in the singular spectral density
case as it is in the case of a full rank rational spectral densities.

However, the emphasis in Chapter 3 is given to a different feature in identifiability analysis than in Rubio-Ramirez
et al. [2010]. We impose that the coefficient matrix pertaining to the zero power coefficient of the AR matrix
polynomial is the identity matrix in order to focus on deriving a canonical form in the case where the Yule-Walker
equation do not have a unique solution. Thus, the treatment is closer to the one in Deistler [1983] where the same
kind of identifiability issues are treated in the ARMA case for innovations with non-singular covariance matrix.

Singular spectral density case and a priori zero restrictions on w(0)

We again start with the spectral factorization 2πf(z) = w(z)wT
(

1
z

)
obtained from Theorem 2.2. Assuming we are

given q(q−1)
2 zero restrictions on the matrix w(0) such that after premultiplying a permutation matrix P the matrix

obtained from the first q rows of Pw(0) is lower triangular and has positive diagonal elements. It obviously9 follows
that such a decomposition is unique.

Remark 2.5. A factorization where the first basis of the row space of w(0) is required to be lower triangular with
positive diagonal elements may also be used as canonical form. Assuming without loss of generality10 that the first q
rows of w(0) form a non-singular matrix S, we perform an RQ decomposition such that S = RQ where R ∈ Rq×q is
a lower triangular matrix with positive elements on its diagonal and Q is an orthogonal matrix of dimension (q × q).
Note that the pair (R,Q) is unique. Since for an orthogonal matrix U ∈ Rq×q

w(z)wT
(

1

z

)
= w(z)UT UIqU

T︸ ︷︷ ︸
=Iq

UwT
(

1

z

)

holds, it is obvious that imposing w(0) =

(
R

w(0)[q+1:s,•]Q
T

)
ensures that w(z) in the spectral factorization 2πf(z) =

w(z)wT
(

1
z

)
obtained from Theorem 2.2 is unique11.

2.3.3 Discussion

In the same way as structural restrictions may be imposed on the coefficient matrix pertaining to the zero power in
w(z), we may also require that some zeros or poles of w(z) be mirrored at the unit circle. Since this does not change

8Compare the definition of a normalization rule on page 671 in Rubio-Ramirez et al. [2010]. Requiring A(0) to be positive definite as
we did in Theorem 2.2 or requiring the diagonal elements of k(0) to be positive are examples for normalization rules.

9The RQ composition of a non-singular square matrix with positive diagonal elements is unique, compare Golub and Van Loan [2013]
Theorem 5.2.3 on page 248.

10Compare footnote 6 on page 21.
11The number of free parameters in (w(0), Iq) is[

sq −
q(q − 1)

2

]
+ 0 = sq −

q2

2
+
q

2

and thus coincides with the number of parameters obtained in the spectral factorization pertaining to the reduced form.
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the spectral density, we need to require that the process corresponding to this spectral density be Non-Gaussian;
otherwise one could not distinguish processes obtained from systems entailing the same spectral density but zeros
or poles mirrored at the unit circle. Note that flipping zeros in a normalized factorization (k(z),Σ)changes the
covariance matrix Σ (which is no longer the covariance matrix pertaining to the innovation of the process pertaining
to the spectral density and has a smaller trace than the latter).

A general treatment of the univariate case is given in Rosenblatt [1970]. Rosenblatt defines on page 10 for univariate
ARMA systems a(z)yt = b(z)εt to the following. An ARMA system is called causal if a(z) has no zeros inside and
on the unit circle, otherwise it is called non-causal. An ARMA system is called invertible if b(z) has no zeros inside
and on the unit circle, otherwise it is called non-causal. An ARMA system is called miniphase if it is both causal and
invertible. Note that “miniphase” pertains in Hannan and Deistler [2012] to matrix polynomials of the MA part of
multivariate ARMA systems which do not have zeros inside the unit circle (but may have zeros on the unit circle);
however, the “strict miniphase” condition inHannan and Deistler [2012] requires that there are also no zeros on the
unit circle.

The concept of a fundamental process, introduced in Rozanov [1967] on page 56f., is closely related to the concept of
invertibility. An uncorrelated stochastic process (εt)t∈Z is fundamental for a stationary stochastic process (yt)t∈Z if
the Hilbert space spanned by the past and contemporaneous components of (εt)t∈Z coincides with the Hilbert space
spanned by the past and contemporaneous components of (yt)t∈Z. In Theorem 4.2 on page 60, Rozanov proves that
the matrix function w(z) in a factorization of f(z), where fy(λ) is the corresponding spectral density pertaining to
(yt)t∈Z, which relates the fundamental process (εt)t∈Z to (yt)t∈Z is maximal among all other matrix functions W (z)
of factorizations of f(z) in the sense that w(0)w∗(0) ≥W (0)W ∗(0) holds for all such W (z). In Remark 3 on page
63 in Rozanov [1967] it is then shown that a matrix function is maximal if and only if it has no zeros inside the unit
circle.

Remark 2.6. As already mentioned, a zero z0 of the transfer function k(z) in a normalized factorization
(
k(z), σ2

)
outside the unit circle can be mirrored inside the unit circle using the Blaschke factor d(z) = z̄0z−1

z−z0
z0
|z0| . Its repre-

sentation as a power series gives (where z0 = reiφ)

z̄0z − 1

z − z0

z0

|z0|
=

1

−z0

z̄0z − 1

1− z
z0

eiφ =
1

r
(1− z̄0z)

 ∞∑
j=0

(
z

z0

)j
which is convergent in an open set containing the unit disk and satisfies d(0) = 1

r . The factor
1
r reduces the variance

in the factorization 2πf(z) = [k(z)d(z)r] σ
2

r2

[
d
(

1
z

)
k
(

1
z

)
r
]
. Note that k(z)d(z)r evaluated at z = 0 is equal to

unity.

A pole zp may be flipped inside the unit circle in the same way by post-multiplying p(z) =
zpz−1
z−zp

zp
|zp| .

Treatments of the multivariate case and some applications. Hannan notes on page 66 in Hannan [1970] that
starting from a spectral factor w(z) as in Theorem 2.2, all other factorizations are of the form

fy(λ) = w
(
e−iλ

)
U
(
e−iλ

) [
w
(
e−iλ

)
U
(
e−iλ

)]∗
,

where U
(
e−iλ

)
is unitary on the unit circle and holomorphic within it. Thus U(z) = U1∆1(z) · · ·Ur∆r(z), where the

Ui are constant orthogonal (q × q)-dimensional matrices and the ∆i(z) diagonal matrices with either ones or factors
of the form 1−z̄iz

z−zi , where zi is not necessarily a zero of w(z). Similar remarks can be found in Hansen and Sargent
[1991b] on page 58 in the context of rational expectations econometrics. In Lippi and Reichlin [1994] non-invertibility
is treated further by arguing what kind of Blaschke factors are likely to appear economically interesting cases. To
be more precise, they argue that only Blaschke factors which actually cancel zeros of the object corresponding to
the spectral factor w(z) from Theorem 2.2 appear. An application regarding the information flow in fiscal foresight
models is given in the recent paper Leeper et al. [2013].

In the recent paper Lanne and Saikkonen [2013] multivariate non-causal autoregressive models are considered. Lanne
and Saikkonen argue that these models are important for economic applications and may improve forecasting perfor-
mance. Moreover, they provide a method for distinguishing between causal and non-causal autoregressive models.
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Chapter 3

AR Systems and AR Processes: The
Singular Case.

This chapter is devoted to singular multivariate AR systems and the corresponding AR processes. An AR system is
called singular if the variance of the white noise input is singular. AR processes are the stationary solutions of AR
systems. In the singular case, AR processes consist of a linearly regular and a linearly singular component. Singular
AR systems naturally arise as models for latent variables in dynamic factor analysis and as models for the exogenous
“driving process” in linear rational expectations models.

The corresponding Yule-Walker equations and in particular the possible non-uniqueness of their solutions are discussed.
We contribute to the literature by introducing a particular canonical form, i.e. a unique member of the class
of observational equivalence characterized by integer valued parameters, for singular AR systems. Estimating this
canonical form has two important advantages over, e.g., the minimum norm solution introduced in Chen et al. [2011]:
First, the obtained system is always coprime (which is not necessarily the case for the minimum norm solution of
the Yule-Walker equations) and second, the system obtained by estimating our canonical form is independent of the
number of lags r > p (where p is the true AR order) included in obtaining the Yule-Walker equations (which is in
general not the case for the minimum norm solution).

This chapter is based on joint work with Manfred Deistler and Alexander Filler, see Deistler et al. [2011].

3.1 Introduction

Autoregressive (AR) systems and autoregressive systems with exogenous variables (ARX) are perhaps the most widely
used model classes in time series analysis. Here we deal with the multivariate AR case. Whereas it is usually assumed
that the one-step-ahead prediction error variance is non-singular, the focus of this paper is on the case where this
variance is singular. This singular case has been discussed in detail in Inouye [1983], Chen et al. [2011], Filler [2010],
Anderson et al. [2012a].

3.1.1 Model assumptions.

We consider AR systems
a(z)yt = νt (3.1)

where yt are observed s-dimensional outputs, z is a complex variable as well as the backward-shift on the integers
Z, i.e. z (yt)t∈Z = (yt−1)t∈Z,

a(z) = I − a1z − ...− apzp, aj ∈ Rs×s

and (νt)t∈Z is an unobserved s-dimensional stochastic process. Throughout we assume that

(A1) a0 is non-singular

(A2) νt is white noise, i.e.

– E (νt) = 0

– Σ = E
(
νtν

T
t

)
, where the superscript T denotes transposition, does not depend on t
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– E
(
νsν

T
t

)
= 0, s 6= t and that

(A3) νt are the one-step-ahead forecast errors, i.e. E
(
ysν

T
t

)
= 0 for s < t.

To be more explicit, here we do not consider solutions of (3.1) with general white noise inputs, but construct the inputs
from the outputs as their one-step-ahead forecast errors. In this way, we consider only causal stationary solutions of
(3.1) and are thus restricting the model class characterized by the AR polynomial a(z) and the innovation covariance
matrix Σ by assumption (A3).

3.1.2 Regular and singular AR systems.

We call an AR system regular if Σ > 0 holds, otherwise an AR system is called singular. We can write

Σ = bbT (3.2)

where b ∈ Rs×r, rk(Σ) = r and where b is unique up to post-multiplication by orthogonal matrices. Accordingly,
(3.1) can be written as

a(z)yt = bεt, b ∈ Rs×r (3.3)

where (εt) is white noise with E
(
εtε

T
t

)
= Ir.

3.1.3 Where singular AR systems occur

Generalized Dynamic Factor Models.

Singular AR systems naturally occur in linear dynamic factor models Stock and Watson [2002], Forni et al. [2000],An-
derson and Deistler [2009], Deistler et al. [2010], Filler [2010]. Linear dynamic factor models are used to compress
information contained in high-dimensional time series both in time and cross-sectional dimension. In such models
the observations are split into one part called latent variables, representing the co-movements between the observed
variables, and into a noise part representing the individual movements. The latent variables result from a linear
dynamic transformation of a lower dimensional dynamic factor process, which can be chosen as white noise. Thus,
the latent variables have a singular spectral density showing that co-movements between the variables exist. Under
suitable assumptions the latent variables may also be obtained from a linear static transformation of a static factor
process. In general the dimension of the static factor process will be larger or equal to the dynamic factor process,
but of smaller dimension than the latent variables. As can be shown, a static factor process has the same dynamics
as the latent variables, see Deistler et al. [2010].

Moreover, it can be shown, Anderson and Deistler [2008], that in an appropriate rational setting the AR case is
generic, i.e. the stable mini-phase factor of the spectral density of the latent variables has generically no zeros.

Rational expectations models.

Singular AR systems are important for modeling the “driving processes” for rational expectations models, see e.g.
Sargent [1989], Ingram et al. [1994], Ireland [2004], Bierens [2007] and Hansen and Sargent [1980, 1981, 1991a,b].

3.1.4 Organization of the paper.

The chapter is organized as follows. In section 3.2 we discuss stationary (causal) solutions of AR systems, which in
general consist of a linearly singular and a linearly regular part. In section 3.3 we deal with the Yule-Walker equations,
which may have non-unique solutions. In section 3.4 we choose a canonical representative as a particular unique
solution of the Yule-Walker equations.

3.2 Solutions of AR systems

In this section, we first define what a solution of an AR system is and discuss the implications of our assumptions
on the set of solutions for a given AR system (a(z), b). Second, we discuss a particular solution (depending only
on the transfer function k(z) = a(z)−1b of the system. In particular, it is clarified what (possibly non-coprime) AR
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systems (ǎ(z), b) imply the same transfer function k(z) as a given AR system (a(z), b). Moreover, the existence of
a causal stationary solution is related to the zeros of the det (ã(z)) obtained from a coprime pair (ã(z), b) which
is observationally equivalent to (a(z), b). Last, general stationary solutions, comprising a linearly regular and an
orthogonal linearly singular part, of the equation a(z)yt = bεt are discussed. The particular solution depending only
on the transfer function is shown to be identical to the linearly regular part obtained from Wold decomposition.
Then, stationary solutions of the homogenous equation, so-called harmonic processes, are discussed.

3.2.1 Solution set of vector difference equations (VDE).

A solution of (3.3) (on Z) is a stochastic process (yt)t∈Z satisfying (3.3) for given (a(z), b) and (εt)t∈Z . It is well
known and easy to see that the set of all solutions of (3.3) consists of one particular solution plus the set of all
solutions of the homogeneous equation

a(z)yt = 0. (3.4)

A special particular solution, depending only on the transfer function a−1(z)b and (εt)t∈Z will be discussed below.

Normalization condition does not change the solutions set.

Clearly, the solution set is not changed by premultiplying (3.3) by a constant non-singular matrix. In this sense, the
normalization

(A4) a0 = I

is no restriction of generality and will be used throughout the paper. Also note, that, due to (A1), for any initial
conditions y−1, ..., y−p, a forward solution on N0 = {0, 1, 2, ...} can be calculated by iteration.

There are no redundant equations due to (A1).

(A1) implies, but is not equivalent to det (a(z)) 6≡ 0; the latter is equivalent to stating that there are no redundant
equations in (3.3).

Excluding non-causal stationary solutions with assumption (A3).

It should be emphasized, that the transfer function a−1(z)b as a Cs×r valued function of z ∈ C, without any further
assumption does not define a weighting pattern and thus not a solution (see Deistler [1975]). If we in addition impose
causality, then, by (A1), the inverse of a(z) can be expressed by a power series

a−1(z) =

∞∑
j=0

hjz
j

in a neighborhood of zero, leading to a weighting pattern (hjb | j ∈ N0).

Without imposing (A3), stationary non-causal solutions may occur. However, this is ruled out by (A3).

3.2.2 A causal stationary solution which depends only on the transfer function.

If the stability condition
det (a(z)) 6= 0, |z| ≤ 1

holds, then a−1(z) can be expanded into a power series converging in a disc containing the unit circle, i.e.

a−1(z) =

∞∑
j=0

hjz
j (3.5)

in a certain annulus containing the unit circle.

This is easily seen as follows. First, we write the inverse of a(z) as

a−1(z) = [det (a(z))]
−1
adj (a(z)) ,



28 CHAPTER 3. AR SYSTEMS AND AR PROCESSES: THE SINGULAR CASE.

where adj (a(z)) denotes the adjoint of a(z). We may represent (since zi 6= 0) the determinant as

det (a(z)) =

n∏
i=1

(
1− z

zi

)
,

where zi, i ∈ {1, . . . , n} are the zeros of det (a(z)). Now(
1− z

zi

)−1

=

∞∑
j=0

(
z

zi

)j
, for |zi| < 1

and (
1− z

zi

)−1

= − z
zi

(
1− zi

z

)−1

= −
∞∑
j=1

(zi
z

)j
, for |zi| < 1.

Note that (3.5), defined in this way, gives a causal and stationary solution

yrt =

∞∑
j=0

kjεt−j . (3.6)

A note on the transfer function and the coprimeness of singular AR systems.

To be more general, note that the pair (a(z), b) is always left co-prime for regular AR systems, but not necessarily so
for singular AR systems. However, (see Deistler et al. [1978] Theorem 1, page 362; Deistler et al. [2010] page 222f.;
Anderson et al. [2012a], Theorem 1, page 2844) there always exist left co-prime (ã(z), b) such that a−1(z)b = ã−1(z)b
holds and the degree of ã(z) is smaller than or equal to the degree of a(z). The zeros of ã(z), i.e. the zeros of

det (ã(z)), are the poles of the transfer function a−1(z)b =
∞∑
j=0

kjz
j . From the discussion above it is clear that if

det (ã(z)) 6= 0, |z| ≤ 1

holds, then a stationary solution (3.6) exists and this solution is causal. Note that det (ã(z)) is independent of the
special choice of the left co-prime pair (ã(z), b) and that det (ã(z)) divides det (a(z)).

Weakly stationary solutions with spectral density (AR processes) of an AR system.

We call a (weakly) stationary solution of an AR system an AR process. Note that the solution (3.6) has a rational
spectral density

fy(λ) =
1

2π

 ∞∑
j=0

kje
−iλj

 ∞∑
j=0

kje
−iλj

∗ =
1

2π
a−1

(
e−iλj

)
bb′
[
a−1

(
e−iλj

)]∗
(3.7)

where ∗ denotes the conjugate transpose. The spectral density fy(λ) is non-singular if the AR system is regular and
singular if the AR system is singular.

Note that the spectral density (3.7) of the solution (3.6) has constant rank r for all λ. Thus, if we commence from
the spectral density fy(λ), it can be factorized (see Chapter 2 or Rozanov [1967] Theorem 10.1, pages 47f. and
Hannan [1970] Theorem 10’, page 66) as

fy(λ) = k
(
e−iλ

) [
k
(
e−iλ

)]∗
where

k(z) =

∞∑
j=0

kjz
j , kj ∈ Rs×r

is rational, has no poles for |z| ≤ 1, and has no finite zeros at all. Thus the solution process (3.6) corresponds to
Wold representation. In particular, this shows that (yrt )t∈Z is linearly regular. In addition, for given fy(λ), k(z) is
unique up to right multiplication by a constant orthogonal matrix.

Proposition 3.1. A regular AR system (a(z), b) has a stationary solution (which is causal with respect to the inputs
satisfying (A3)) if and only if det (a(z)) 6= 0, |z| ≤ 1. If a stationary solution exists, it is unique and linearly regular.

Proof. The proof is divided into several steps.
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Step 1: If the stability condition on a(z) holds, there is a stationary solution which is moreover unique.
If det (a(z)) 6= 0, |z| ≤ 1, then a solution is given by (3.6). In this case, the homogeneous solutions consist only
of exponential decays (for t → ∞) or increasing parts (for t → −∞) thus a non trivial stationary solution of the
homogeneous equation (3.4) does not exist.

Step 2.a: If the stability condition does not hold because of a zero with unit modulus, the assumption
that a stationary solution exist leads to a contradiction via a spectral density argument. Now assume that
det (a(z)) has a zero of unit modulus. Assume that there exists a stationary solution (yt)t∈Z consisting of a linearly
regular part (yrt )t∈Z and linearly singular part (yst )t∈Z. Applying a(z) from the left on yt, we obtain a(z)yt = a(z)yrt
because the right hand side of (3.3) is linearly regular and a(z)yst is linearly singular. In addition, the spectral density
of a(z)yrt would decrease in rank at the frequencies corresponding to the zeros on the unit circle, whereas the spectral
density of εt is non-singular for all frequencies. This is a contradiction.

Step 2.b: If the stability condition does not hold because of a zero inside the unit circle, there is no causal
stationary solution. If det (a(z)) has a zero inside the unit circle then a−1(z) has no convergent power series
expansion containing the unit circle and thus (A3) is not satisfied, i.e. there is no causal stationary solution yt.

Proposition 3.2. A singular AR system (a(z), b) has a stationary solution (which is causal with respect to the inputs
satisfying (A3)) if and only if

det (ã(z)) 6= 0, |z| ≤ 1

where a−1(z)b = ã−1(z)b and (ã(z), b) is left co-prime.

Proof. The proof is divided into several steps.

Step 1: If the stability condition on ã(z) (from a coprime and observationally equivalent pair (ã(z), b)) holds,
a stationary solution exists. (Note however, that it need not be unique since there may be a nontrivial
solution of the homogeneous equation.) If det (ã(z)) 6= 0, |z| ≤ 1 then there exists the stationary solution
yrt = a−1(z)bεt.

Step 2.a: If the AR system (a(z), b) has a stationary solution, the Lyapunov equation holds and we obtain
an equation containing the eigenvalues and eigenvectors of the transpose of the companion matrix A. If
(a(z), b) has a stationary solution, yt say, then

xt =

 yt
...

yt−p+1

 =



a1 a2 . . . ap−1 ap
I 0 . . . · · · 0

0 I 0
...

...
. . .

. . .
. . . 0

0 · · · 0 I 0


︸ ︷︷ ︸

=A

yt−1

...
yt−p

+


b
0
...
0


︸ ︷︷ ︸

=B

εt (3.8)

holds and thus, since xt is stationary too, the Lyapunov-equation

E
(
xtx

T
t

)
= Γx = AΓxA

T +BBT (3.9)

holds. Multiplying a (right) eigenvector v of A^T from the right and left-multiplying vT gives(
1− |λ|2

)
vTΓxv = vTBBT v. (3.10)

Step 2.b: If A is not stable, the system (a(z), b) is not left-coprime. Assume that A is not stable, i.e. it has
at least one eigenvalue λ is not inside the unit circle. If |λ| > 1 were true then for the equation (3.10) to hold vTΓxv
has to be zero and hence vTBBT v as well. Accordingly, if |λ| = 1, it is trivial that vTBBT v is zero. Therefore,
vTB = 0 must hold for |λ| ≥ 1.

Therefore,
(
I −Aλ−1, B

)
is not of full rank or equivalently

(
a
(
λ−1

)
, b
)
is not of full rank and thus not left co-prime

and a common non-unimodular factor can be extracted.
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Step 2.c: After extracting a greatest common left divisor (GCLD), the resulting ã(z) has no zeros inside
or on the unit circle. Let u(z) be a (polynomial) greatest common left divisor of (a(z), b) such that (a(z), b) =
u(z)

(
ā(z), b̄(z)

)
, with

(
ā(z), b̄(z)

)
left co-prime, then b̄(z) is of full column rank for all z ∈ C since a−1(z)b =

ā−1(z)b̄(z). Thus we find a left co-prime pair (ã(z), b) (see Deistler et al. [1978] Theorem 1, page 362) with
a−1(z)b = ā−1(z)b̄(z) = ã−1(z)b.

3.2.3 General stationary solutions of (3.3).

Now let us consider general (stationary) solutions of equation (3.3) (compare to Deistler and Pötscher [1984]).
Remember that every stationary process (yt)t∈Z has, according to Wold decomposition, a uniquely defined linearly
regular part (yr,wt )t∈Z as well as a uniquely defined linearly singular part (ys,wt )t∈Z, where (yr,wt )t∈Z and (ys,wt )t∈Z
are stationary, mutually uncorrelated and obtained by linear causal transformations of (yt)t∈Z.

Theorem 3.3. Consider a general (stationary) solution of equation (3.3) of the form yt = a(z)−1bεt + yht , where
yht is an arbitrary solution of the homogeneous equation (3.4). Then the right hand side corresponds necessarily to
Wold decomposition, i.e. a(z)−1bεt = yr,wt and yht = ys,wt .

Proof. As it is immediate to see, the one-step-ahead prediction errors of (yt)t∈Z and
(
a(z)−1bεt

)
t∈Z are the same,

as the homogeneous solution can be predicted without error. Thus εt in (yr,wt )t∈Z and in
(
a(z)−1bεt

)
t∈Z can be

chosen to be the same. Let yr,wt =
∑∞
j=0 wjεt−j and a(z)−1bεt =

∑∞
j=0 kjεt−j , then, as k0εt is the one-step-ahead

prediction error for
(
a(z)−1bεt

)
t∈Z and w0εt is the one-step-ahead prediction error for (yr,wt )t∈Z, we have w0 = k0.

Considering the two-step-ahead prediction errors we obtain w1 = k1, and so on. Thus yr,wt = a(z)−1bεt.

Remark 3.4. Note that we have not assumed a priori that the homogeneous solution
(
yht
)
t∈Z is stationary. By the

proposition above however this solution has to be stationary and orthogonal to
(
a(z)−1bεt

)
t∈Z whenever (yt)t∈Z is

stationary.

Stationary solutions of the homogeneous equation.

Now we consider stationary solutions of the homogeneous equation (3.4), see e.g. Hannan [1970] Theorem 4’ on page
14 and its proof on pages 29ff. The homogeneous equation (3.4) has (non trivial) stationary solutions if and only if
det (a(z)) = 0 for some z with |z| = 1. From the formula for the transformation of spectral measures corresponding
to linear transformations of the underlying processes (see e.g. Rozanov [1967]), we obtain

0 = a(e−iλ)Fy(dλ)a(e−iλ)∗, (3.11)

where Fy(dλ) denotes the spectral measure of a homogeneous solution. From this it is immediate to see that a
stationary solution must have a spectral distribution function which can only have jumps at frequencies λj corre-
sponding to the zeros of det (a(z)) = 0 on the unit circle and is constant elsewhere. Thus the solution must be a so
called harmonic process (see Rozanov [1967] Examples 1.1, 1.3, 1.4 on pages 1-3 or Deistler and Scherrer [1994]).

Harmonic processes.

A real-valued (weakly) stationary harmonic process is of the form

yst =

h∑
j=0

e−iλjtwj (3.12)

for Cs×1 valued random values wj satisfying

E
(
w∗jwj

)
< ∞, j = 1, ..., h; (3.13)

E (wj) =

{
0, λj 6= 0

E (yst ) , λj = 0
(3.14)

λj = −λh−j (3.15)
wj = w̄h−j (3.16)

Such a process here in addition satisfies a(zj)wj = 0 with zj = e−iλj , compare theorem 3.3. Thus we have shown
the following.
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Proposition 3.5. For the given system (3.3) the set of all weakly stationary real valued homogeneous solutions is
the set of all harmonic processes of the form (3.12) such that a(zi)wi = 0, ∀zi with det (a(zi)) = 0, |zi| = 1.

Harmonic processes (as linearly singular processes) can be forecast without error. From (3.12) we directly
obtain  yst

...
yst−h

 =

 e−iλ0tIs ... e−iλhtIs
...

...
e−iλ0(t−h)Is ... e−iλh(t−h)Is


︸ ︷︷ ︸

=V T

w0

...
wh


where V T is non-singular as the transposed of a Vandermonde matrix. Thus we obtainw0

...
wh

 =
(
V T
)−1

 yst
...

yst−h

 ,

and therefore every yst+k, k ∈ Z, can be expressed as a linear combination of the elements of yst , . . . yst−h. This
means in particular that a harmonic process has a noise free AR representation.

3.3 The Yule-Walker Equations

Here we commence from an AR process, which in general consists of a linearly regular and an orthogonal linearly
singular part corresponding to Wold decomposition

yt = yrt + yst

where E
(
yrt (yst )

T
)

= 0, ∀s, t holds.

3.3.1 The Yule-Walker equations.

The Yule-Walker equations are of the form(
a1 · · · ap

)
Γp =

(
γ1 · · · γp

)
(3.17)

where γj = E
(
yt+jy

T
t

)
and Γm =


γ0 γ1 · · · γm−1

γT1 γ0

...
...

. . .
...

γTm−1 · · · · · · γ0

 = Γrm+Γsm, where Γrm corresponds to the linearly

regular part and Γsm to the linearly singular part respectively, and

Σν = bbT (3.18)

= γ0 −
(
a1 · · · ap

)
Γp

a
T
1
...
aTp


= γ0 −

(
a1 · · · ap

)γ−1

...
γ−p


The Yule-Walker equations give the projection coefficients for representing the components of yt in a basis
spanned by the components of yt−1, . . . , yt−p. E.g., the first row of

(
a1 · · · ap

)
gives the coefficients of the

projection of y(1)
t , i.e. the first element of yt, on the space spanned by the entries of yt−1, ..., yt−p in the Hilbert

space of square integrable random variables and Σν is the variance of the one-step-ahead forecasting error, i.e. of

νt = yt −
(
a1 · · · ap

)yt−1

...
yt−p

 .

.
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The linear dependence of the components of yt−1, . . . , yt−p is equivalent to the singularity of Γp. Clearly(
a1 · · · ap

)
is uniquely determined from

(
γ0 · · · γp

)
if and only if Γp is non-singular (or equivalently if all

components of yt−1, . . . , yt−p are linearly independent). In the case of singular systems, Γp may be singular; then,
for every row of

(
a1 · · · ap

)
the solution set is one particular solution plus the kernel of Γp. Thus, the components

of yt−1, . . . , yt−p do not constitute a linearly independent set of elements in the Hilbert space of square integrable
random variables and thus the dimension of the space spanned by these components is strictly smaller than np.
Obviously, there is a multitude of ways to select a basis for this subspace, each of which corresponds to different
projection coefficients (a1, . . . , ap) or equivalently to a different solution of the Yule-Walker equations.

Uniqueness of projection and perpendiculars. On the other hand, νt, whose components are the perpendiculars
of orthogonal projections, and thus Σν are always unique and b is unique up to post-multiplication by constant
orthogonal matrices. Note that νt is orthogonal to all ys, s < t (and not only to yt−1, . . . , yt−p). For sure, also the
projection ŷt|t−1 of yt on the space spanned by the components of yt−1, . . . , yt−p is unique, only the representation
of the projection in terms of these components is non-unique.

3.3.2 Solution of the Yule-Walker equations.

A matrix (a1, . . . , ap, b) satisfying (3.17) and (3.18) (for given (γ0, . . . , γp)) is called a solution of the Yule-Walker
equations. Note that the word solution used in this chapter has two meanings, namely a solution of an AR system,
which is a stationary process and a solution of the Yule-Walker equations which gives an AR system.

The following proposition is a reiteration of the fact that the projection ŷt|t−1 of yt on the space spanned by the
components of yt−1, . . . , yt−p is unique irrespective of the representation of this projection.

Proposition 3.6. Let the given sequence of covariances (γ0, . . . , γp) correspond to a solution of a singular AR system.
Any solution (a1, . . . , ap, b) of the Yule-Walker equations gives the same (true) sequence γj , j ∈ Z.

Proof. Let j ≥ p+ 1, then

γj = E
(
yty

T
t−j
)

= E
[
(a1yt−1 + ...+ apyt−p + νt) y

T
t−j
]

= E
[
(a1yt−1 + ...+ apyt−p) y

T
t−j
]

which is the same for all solutions of the Yule-Walker equations. As γj = γT−j holds, the result follows.

Uniqueness of transfer function (in spite of non-uniqueness of the solution of the Yule-Walker equations).
As has been stated, if Γp is singular, the solutions of the Yule-Walker equations are not unique. The following
proposition shows that all solutions of the Yule-Walker equations result in the same transfer function. In terms of
the Hilbert space of square integrable random variables, this can be interpreted as the fact that the projections of
yt on the space spanned by the components of its contemporaneous and past forecast-errors coincide irrespective of
the representation of yt in terms of components of yt−1, . . . , yt−p.

Proposition 3.7. For given (yt)t∈Z and for any two solutions (a(z), b) , (ǎ(z), b) of the Yule-Walker equations, the
transfer functions a(z)−1b and ǎ(z)−1b coincide.

Proof. Let (a(z), b) and (ǎ(z), b) denote two solutions of the Yule-Walker equations, then the original process (yt)t∈Z
is a solution of both systems. By theorem 3.3 a(z)−1bεt = ǎ(z)−1bεt and thus a(z)−1b = ǎ(z)−1b holds.

3.4 A Canonical Form for Singular AR Systems

In this last section, the problem of selecting a unique representative among the solutions (a1, . . . , ap, b) of the
Yule-Walker equations, i.e. choosing a basis for the space spanned by the components of yt−1, . . . , yt−p, will be
discussed.
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Comment on relation between AR systems, their solutions, and the generated Yule-Walker equations
(autocovariances). In general for a given system its solution is not unique, in the sense that the linearly regular
part is uniquely determined by the transfer function and the inputs εt, but the linearly singular part in general depends
on the choice of initial values. On the other hand, a given process (yt)t∈Z does not yield a unique AR system if Γp
is singular.

For given covariances (γ0, . . . , γp), we consider the class of all AR systems (a(z), b) for which initial values exist such
that the corresponding solution of the AR system yields again the same covariances.

3.4.1 The companion form

We commence from an AR system
yt = a1yt−1 + · · ·+ apyt−p + bεt

where bεt are the one-step-ahead prediction errors. The vector

xt−1 =

yt−1

...
yt−p


is a (possibly non-minimal) state for the state space system

xt = Axt−1 +Bεt (3.19)
yt = Cxt−1 + bεt

where A =


a1 · · · ap−1 ap
Is 0 . . . 0

. . .
. . .

...
0 Is 0

 , B =



b
0s×r
...
...

0s×r

 and C = (a1, . . . , ap). Since (yt)t∈Z is stationary by assumption,

the state process (xt)t∈Z is stationary as well.

3.4.2 Step 1 of state dimension reduction: Choosing the first basis of the row space
of Γp

In the first step, we select the first basis consisting of elements y(i)
t−j (where y

(i)
t−j denotes the i-th element of the vector

yt−j) for the space spanned by the components of xt−1 in the Hilbert space of square integrable one dimensional
random variables. This corresponds to selecting the first basis rows in terms of rows of Γp for the row space of Γp.
Note that this step is not necessary for regular AR processes, because Γw is positive definite for all w ∈ N0.

Due to stationarity, there are “no holes”. Such a selection is “nice” in the sense that if y(i)
t−j−1 is contained in

such a selection then also y(i)
t−j , i.e. there are no “holes”. This can be seen as follows. Suppose that y(i)

t−j can be

expressed as a linear combination of preceding basis elements, then y(i)
t−(j+1) can be expressed by the same linear

combination of the corresponding shifted elements and thus also by its preceding basis elements.

A uniquely defined solution of the Yule-Walker equations. Let S1 be a selector matrix such that S1xt−1 forms
the basis described above. Using the corresponding rows in Γp, a unique solution of the Yule-Walker equations,
say (a1, ..., ap) is obtained, where the columns of aj not corresponding to basis rows are set equal to zero. The
corresponding a(z) is uniquely defined in this way, because the elements of S1xt−1 are linearly independent.

3.4.3 Step 2 of state dimension reduction: Discard all components which are not
needed for any predictor.

We may still reduce the dimension of S1xt−1 because some of its elements may not be used in expressing any
predictor, no matter what prediction horizon1. The state obtained by omitting these never used elements from the
basis is denoted by Sxt−1.

1Only prediction horizons from 1 to p have to be checked.
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The “no holes” argument for the second step. Consider

ŷt|t−1

ŷt+1|t−1

ŷt+2|t−1

...

...
ŷt+p−1|t−1


=



a1yt−1 + · · ·+ apyt−p
a1ŷt|t−1 + a2yt−1 + · · ·+ apyt−(p−1)

a1ŷt+1|t−1 + a2ŷt|t−1 + · · ·+ apyt−(p−2)

...

...
a1ŷt+p−2|t−1 + a2ŷt+p−3|t−1 + · · ·+ ap−1ŷt|t−1 + apyt−1



=



(
a1, . . . , ap

)
(
a1, . . . , ap

)


a1 a2 · · · ap−1 ap
Is 0 · · · · · · 0

0 Is
. . .

...
...

. . .
. . .

. . .
...

0 · · · 0 Is 0



(
a1, . . . , ap

)


a1 a2 · · · ap−1 ap
Is 0 · · · · · · 0

0 Is
. . .

...
...

. . .
. . .

. . .
...

0 · · · 0 Is 0



2

...

...

(
a1, . . . , ap

)


a1 a2 · · · ap−1 ap
Is 0 · · · · · · 0

0 Is
. . .

...
...

. . .
. . .

. . .
...

0 · · · 0 Is 0



p−1





yt−1

yt−2

...

...
yt−p+1

yt−p



where ŷt+j|t−1 denotes the predictor of yt+j from yt−1, yt−2, . . ., i.e. the projection of yt+j on the space spanned
by the components of yt−1, yt−2, . . .. To fix ideas, consider the case where, e.g., y(i)

t−1 is not an element of Sxt−1

and observe that

• the j-th column of a1 has to be zero and

• ŷt+1|t−1 = (a2
1 + a2)yt−1 + · · · and thus the j-th column of a2

1 + a2 has to be zero, i.e. the j-th column of
a2 has to be zero and y(i)

t−2 is not an element of Sxt−1 either.

Integer valued parameters defining a state

Now we define indices n1, ..., ns such that the selected state consists of the elements (reordered)

y
(1)
t−1, . . . , y

(1)
t−n1

, . . . , y
(s)
t−1, . . . , y

(s)
t−ns ,

i.e. ni is the degree of the i-th column of a(z). Note that the corresponding a(z) is not changed by the second
step, because only the fact that certain coefficients are zero is taken into account. For future reference, the AR
system defined above will be denoted by (ā(z), b), where ā(z) is unique and b is unique up to post-multiplication by
orthogonal matrices

3.4.4 Properties of the reduced system

This selection procedure with state
x̄t = Sxt
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leads to a “quasi companion form” Ā obtained from (3.19) by deleting the corresponding rows and columns which
corresponds to the system

x̄t = Āx̄t−1 + B̄εt (3.20)
yt = C̄x̄t−1 + bεt

Note that by the definition of x̄t we have
Γx̄ = E

(
x̄tx̄

T
t

)
> 0. (3.21)

We have the following result for the system (3.20).

Theorem 3.8. The system (3.20) is stable and reachable if and only if the Yule-Walker equations contain a stable
solution.

Proof. The proof is divided into several steps.

Step 1: If there is a stable solution of the Yule-Walker equations, it follows from the regularity of the
associated Toeplitz matrix that the system is reachable. If the Yule-Walker equations contain a stable solution,
the corresponding AR process must be linearly regular and thus Γp must be equal to Γrp. Thus also x̄t is a linearly
regular process and thus

Γx̄ =
(
B̄, ĀB̄, . . .

) (
B̄, ĀB̄, . . .

)T
and therefore by (3.21) the system (3.20) must be reachable.

Step 2: If there is no stable solution of the Yule-Walker equations, the associated system matrix is not
reachable. On the other hand, if there is no stable solution of the Yule-Walker equations then the special solution
ā(z) is not stable and thus Ā has an eigenvalue of modulus larger than or equal to one. From (3.20) we get

Γx̄ = ĀΓx̄Ā
T + B̄B̄T

Let v’ be a left-eigenvector of Ā corresponding to the eigenvalue λ, then(
1− |λ|2

)
vTΓx̄v = vT B̄B̄T v. (3.22)

It follows from |λ| ≥ 1 that vT B̄ = 0 and thus
(
λI − Ā, B̄

)
does not have full rank for a λ ∈ C which is equivalent

to it not being reachable.

Note that for a left-eigenvector vT of Ā corresponding to |λ| = 1, vTΓx̄ need not be zero, whereas for a left-
eigenvector vT of Ā corresponding to |λ| > 1, vTΓx̄ is necessarily zero.

Corollary 3.9. The system (ā(z), b) is stable, left co-prime, and (āp, b) is of full (row) rank if and only if the
Yule-Walker equations contain a stable solution.

Proof. The proof follows from the fact that the eigenvalues of Ā, i.e. the zeros of det
(
zI − Ā

)
, correspond to

the zeros of znp det
(
ā
(

1
z

))
= znp

(
c0 + c1z

−1 + · · ·+ cnpz
−np) , where (ā(z), b) is a left co-prime matrix fraction

description of the transfer function ā−1(z)b. In particular, the zeros at zero of det
(
zI − Ā

)
correspond to the zeros

at zero of
(
c0z

np + c1z
np−1 + · · ·+ cnp−1z + cnp

)
. Thus, it follows from reachability of

(
Ā, B̄

)
, i.e.

(
zI − Ā, B̄

)
is of full rank for all z ∈ C, that (ā(z), b) is coprime, i.e. (ā(z), b) is of full rank for all z ∈ C (for z = 0, this follows
trivially from the assumption that a(0) and thus ā(0) is the identity matrix) ; to ensure the reverse implication, we
have to require in addition to (ā(z), b) being of full rank for all z ∈ C that the end matrix (āp, b) is of full rank such
that

(
zI − Ā, B̄

)
is of full (row) rank for z = 0.

Comparison with the minimum norm solution

The procedure described above results in the same ā(z) for any Γw, w sufficiently large. This is an advantage over
the minimum norm solution introduced in Chen et al. [2011]. For the minimum norm solution, which is defined by
(a1, . . . , ap) = Γ†p (γ1, . . . , γp) where Γ†p is the Moore-Penrose pseudo inverse of Γp, we obtain in general different
solutions (a1(z), b) , (a2(z), b), where degree (a1(z)) = w1 > p and degree (a2(z)) = w2 > w1 > p, if we consider
the Yule-Walker equations with Toeplitz matrices Γw1

and Γw2
, respectively. Moreover, these solutions are not

necessarily coprime, see Filler [2010] Example 4.4.1, page 58f.
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A note on non-minimality of the quasi companion form

The state space system (3.20) is not necessarily minimal. This is true for two reasons.

1. The usual notion of minimality of state space systems is related to observational equivalence via transfer
functions and does not take into account the linearly singular component of the observed process. For example,
if yt is purely linearly singular (and non-trivial) our corresponding state space system would necessarily have
state dimension larger than zero but can never be reachable and thus not minimal.

2. Even if yt is purely linearly regular, the case in which the system (3.20) is reachable by Theorem 3.8, then the
system (3.20) is still not necessarily observable since in our construction we have only removed zero columns
from the observability matrix.

The second point can be seen from the following example.

Example 3.10. Consider the solution (yt)t∈Z of the stable regular AR(2) system

yt =

(
yt,1
yt,2

)
=

(
1
4

1
6

1
3

1
5

)
yt−1 +

(
1
8

1
8

1
8

1
8

)
yt−2 + εt,

where Σ = E (εtε
′
t) is regular. This system can be represented in companion form as

xt = Axt−1 +Bεt (3.23)
yt = Cxt−1 + εt (3.24)

where

A =


1
4

1
6

1
8

1
8

1
3

1
5

1
8

1
8

1 0 0 0
0 1 0 0

 , B =


1 0
0 1
0 0
0 0

 , C =

(
1
4

1
6

1
8

1
8

1
3

1
5

1
8

1
8

)

xt =


yt,1
yt,2
yt−1,1

yt−1,2

 .

It is easy to see that the system (3.23) (3.24) is reachable, but not observable as


0
0
1
−1

 is in the right kernel of


C
CA
CA2

...

. Since (yt)t∈Z is a regular AR(2) process, Γ2 is regular and thus the step 1 is irrelevant. A minimal system

would be

Ā =

 1
4

1
6

1
8

1
3

1
5

1
8

1 1 0

 , B̄ =

1 0
0 1
0 0

 , C̄ =

(
1
4

1
6

1
8

1
3

1
5

1
8

)

x̄t =

 yt,1
yt,2

yt−1,1 + yt−1,2





Chapter 4

Multivariate AR Systems and Mixed
Frequency Data: Identifiability and
Estimation

This chapter, co-authored with Brian D. O. Anderson, Manfred Deistler, Elisabeth Felsenstein and Mohsen Zamani
and based on [Anderson et al., 2012b] and Anderson et al. [2014], is concerned with the problem of identifiability
of the parameters of a high frequency multivariate autoregressive model from mixed frequency time series data. It
is a seminal contribution in the time series literature concerned with mixed frequency data. Other works in this
literature circumvent the problem of identifiability with unnatural assumptions and are rather problem formulations
than problem solutions.

We demonstrate identifiability for generic parameter values using the population second moments corresponding to
the observations. In addition we display a constructive algorithm for the parameter values and establish the continuity
of the mapping attaching the high frequency parameters to these population second moments.The cases of stock
and flow variables, as well as of general linear transformations of high frequency data are treated. Finally, we shortly
discuss how our constructive identifiability results can be used for parameter estimation based on the sample second
moments.

solutions.

4.1 Introduction

Motivation in terms of economic applications. In many applications involving multivariate time series data, we
encounter mixed frequency (MF) data, i.e. data where the univariate component time series are available at different
sampling frequencies. This is particularly true for economic applications, where for instance unemployment data may
be available monthly, whereas GNP data are available quarterly. To give a more general example, usually, financial
data are observed more frequently than real data. Clearly, the higher the dimensionality of the time series in an
applications context, the more likely are mixed frequency data to occur.

Two basic approaches to estimation with MF data. Given the frequent occurrence of MF data and the desire
to use as much or indeed all the information contained in these data as possible, it is not surprising that a number
of different approaches to MF problems such as parameter estimation have been developed (see e.g. Harvey and
Pierse [1984], Nijman [1985], Kohn and Ansley [1986], Zadrozny [1990a], Bernanke et al. [1997], Chen and Zadrozny
[1998], Marcellino [1998], Mariano and Murasawa [2003], Aruoba et al. [2007], Wohlrabe [2008], Ghysels and Wright
[2009], Marcellino and Schumacher [2010], Ghysels [2012], Schorfheide and Song [2014]). These approaches differ
regarding their final aims, the model classes considered and the estimation procedures developed are concerned.

Single frequency methods applied to MF problems. Most of the traditional procedures for model parameter
estimation in multivariate time series assume that the individual components of the time series are available at a
single frequency. This motivates one of the two basic approaches to treat MF data: Transform the data to a single
frequency before parameter estimation.

37
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Single frequency approach 1: Transform to lowest frequency and apply single frequency methods (under
information loss). As far as the first approach is concerned, a simple method to deal with MF data is to transform
all data to the lowest sampling frequency, for instance by taking all observations at the lowest frequency, and then
to estimate a model. Of course, this is straightforward but leads to loss of information.

Single frequency approach 2: Interpolate missing low frequency data (without model parameters). Another
possibility to apply estimation methods for single frequency data is to (directly) interpolate the low frequency data
(see e.g. Friedman [1962]), so that after such a transformation high frequency “data” are available for parameter
estimation. However, exactly how one should interpolate is not clear, the more so when such interpolation is required
before the model parameters have been estimated.

Direct use of MF data for estimation. As far as the second basic approach, namely direct estimation from mixed
frequency data, is concerned, again several different procedures, which require some form of new or less familiar
methodology, have been developed

MF approach 1: Estimate a continuous time model. One way is to estimate a continuous-time model from
discrete-time data (see e.g. Phillips [1973, 1976], Hansen and Sargent [1983]). Of course, once a continuous-time
model is available, discrete-time data can be generated at arbitrary sampling frequencies. However, there are problems
with this approach. Firstly, in a “non-parametric” stationary context the spectral density of a single frequency discrete-
time process is obtained by the so-called aliasing formula from the continuous-time spectral density (see e.g. Hannan
[1970]) and the function attaching the discrete-time spectrum to the continuous-time spectrum is not injective. Hence
restrictions to the continuous-time system have to be imposed in order to guarantee uniqueness from discrete-time
data. Secondly, there is no easy relation between model classes of related discrete-time and continuous-time systems.
This observation is sometimes called the embedding problem, see Brockwell [1995]; for instance some discrete-time
AR(1) systems correspond to continuous-time AR(1) systems, other to continuous-time ARMA(2,1) systems. An
approach for estimating a continuous-time system from MF data has been developed in Zadrozny [1988].

MF approach 2: MIDAS. The most frequent approaches to direct model estimation from MF data are MIDAS
regression, where we have a mixed frequency model (see e.g. Ghysels et al. [2006, 2007]), and the use of Kalman
filtering for missing observations (see e.g. Zadrozny [1990b], Mariano and Murasawa [2003]). Of course, the use of
an optimal Kalman filter for reconstructing missing observations requires knowledge of the underlying parameters; so
there is some circularity in the logic of this approach, which can be dealt with through an iterative loop.

MF approach in this chapter. In this chapter we consider the following setting: We assume a high frequency,
multivariate autoregressive model generating the outputs. Some outputs are not observed at the highest frequency
but instead at an integer sub-multiple of the highest frequency or more general a linear transformation of these
outputs is available, thus leading to MF data. Our main focus is on the discussion of the case of stock variables.
No a priori restrictions except for those concerning the order of the system, stability and the rank of the innovation
variance are imposed.

Goal of the analysis here and its advantages over other approaches. The final aim of the analysis considered
here is to directly estimate the parameters of the underlying high frequency model from the available MF data.
Clearly, once these parameters are available, then also all variances and covariances of the high frequency process
are available and, based on those second moments, linear least squares approximation problems like interpolation,
nowcasting, and forecasting can be solved. The analysis given here is focused on identifiability of the parameters of
the underlying high frequency model from the second moments of the observations. The main result given in the
chapter is that “typically” (for instance generically) identifiability can be ensured using second moments. Our results
are “constructive” in the sense that we present “realization algorithms”, i.e. algorithms which give the parameters
from the second moments which can be observed in principle. In addition it is shown that the problem is well-posed in
the sense that the parameters depend continuously on these second moments. Thus, when these population second
moments are replaced by their sample counterparts, this leads to consistent estimation procedures. We consider that
identifiability and well-posedness are fundamental for understanding certain estimation problems, as has been argued
in detail in Hannan and Deistler [2012]. A more abstract analysis is presented in Deistler and Seifert [1978].
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Organization of this chapter. The techniques we use in the chapter draw heavily from Chen and Zadrozny
[1998], Anderson et al. [2012b]. The chapter is organized as follows: In Section 4.2 the setting and the problem are
described. Section 4.3 deals with the special case of AR(1) models for the high frequency process where the focus is
on the bivariate case. This case is simpler than the general case, since here missing observations do not change the
autoregressive structure and since here an explicit description of the (generic) set of all identifiable parameters can be
derived. Section 4.4 deals with general AR(p) systems. Here we have not been able to give the explicit description
mentioned above. However, as a “second best” result we do show generic identifiability, which we consider still
a strong result. Whereas in most parts of the chapter only the case of stock variables has been considered, the
genericity results are extended to general (linear) aggregation schemes, covering flow and stock variables, in Section
4.6. In Sections 4.4-4.5 the results are based on extended Yule-Walker equations. Section 4.7 provides an outlook
and a conclusion.

4.2 High Frequency AR Systems and Mixed Frequency Data

The underlying high frequency model. We consider the case where the high frequency system, i.e. the system
generating all outputs at the highest frequency, is a vector autoregression of order p. Let

yt = A1yt−1 + · · ·+Apyt−p + νt, t ∈ Z (4.1)

where yt is n-dimensional, Ai ∈ Rn×n and (νt | t ∈ Z) is n-dimensional white noise.

Throughout we assume that the high frequency system (4.1) is stable, i.e. that

det (a(z)) 6= 0 |z| ≤ 1. (4.2)

where a(z) = I −A1z− · · · −Apzp. Here z is used for the complex variable as well as for the backward shift on the
integers Z.
We restrict ourselves to the steady state and thus causal and stationary solution.

Note on singular AR models. We consider the case where the innovation variance Σν = E
(
νtν

T
t

)
is non-singular

as well as the case where this variance is singular. Then the corresponding autoregressive systems are called regular
and singular, respectively.

Singular autoregressive systems are important as models for latent variables and the corresponding static factors in
generalized dynamic factor models (GDFMs) (see Forni et al. [2000], Stock and Watson [2002], Doz et al. [2011]).
The innovations of such autoregressive systems are dynamic factors. Singular AR systems occur if the dimension of
the minimal static factors is larger than the dimension of the minimal dynamic factors, see Deistler et al. [2010]. The
case where singularity is caused by definitional equations is discussed in Phillips [1974].

The parameter space. We assume the lag order p and the rank q of Σν with 1 ≤ q ≤ n to be specified. The
parameter space for the high frequency models considered is:

Θ = {(A1, . . . , Ap) | det (a(z)) 6= 0, |z| ≤ 1} ×
{

Σν | Σν = ΣTν ,Σν ≥ 0, rk (Σν) = q
}

Note that the corresponding set of system parameters

S = {(A1, . . . , Ap) | det (a(z)) 6= 0, |z| ≤ 1}

is open in Rn×np. Also note that we have no additional a priori restrictions, unless the contrary is stated explicitly.

If Σν is of rank q ≤ n, we can write Σν as Σν = bbT where b is an (n × q) matrix. Accordingly, νt = bεt, where
E
(
εtε

T
t

)
= Iq. For given Σν , b is unique up to post-multiplication by an orthogonal matrix. For a particular unique

choice of b see Filler [2010], Proposition 3.1.2.

Companion form of the underlying high frequency model. System (4.1) can be written in companion form as yt
...

yt−p+1


︸ ︷︷ ︸

=xt+1

=


A1 · · · Ap−1 Ap
In

. . .

In 0


︸ ︷︷ ︸

=A

yt−1

...
yt−p


︸ ︷︷ ︸

=xt

+


b
0
...
0


︸ ︷︷ ︸

=B

εt (4.3)

yt = (A1 · · ·Ap)︸ ︷︷ ︸
C

xt + bεt. (4.4)
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The solution of (4.3), (4.4) is of the form

yt = a(z)−1bεt =
(
C (I −Az)−1 Bz + b

)
εt (4.5)

where k(z) = a(z)−1b = C (I −Az)−1 Bz + b is the transfer function from (εt) to (yt). The Lyapunov equation,
where Γp = E

(
xtx

T
t

)
, for the system (4.3) is

Γp −AΓpAT = BBT . (4.6)

Under the stability assumption (4.2) the system (4.3) has a unique solution, for given (A,B), and the variance of xt
can be expressed as

Γp =

∞∑
j=0

AjBBT
(
AT
)j
. (4.7)

Note that this is true also for the singular case, because we have restricted ourselves to stable systems and stationary
solutions.

Some notions from system theory. Of course the system (4.3), (4.4) is a state space system with xt being a
state. For results concerning state space systems and basic system theory needed for this chapter see Kailath [1980]
Chapter 6, and Hannan and Deistler [2012] Chapter 1 and 2. A state space system is called controllable if

rk
(
B,AB, . . . ,Anp−1B

)
= np

(compare Hannan and Deistler [2012], Chapter 2, where this is called reachable). As can be easily seen from (4.7),
using the Cayley-Hamilton Theorem, the system (4.3), (4.4) is controllable if and only if Γp is non-singular. A system
is called observable if

rk


C
CA
...

CAnp−1

 = np.

Thus the system (4.3), (4.4) is observable if and only if Ap is non-singular.

A system is both controllable and observable if and only if it is minimal, i.e. the state dimension np is minimal among
all systems with given transfer function k(z).

A subset of the parameter space Θ is called generic if it contains a subset that is open and dense in Θ. Clearly, the
state space system (4.3), (4.4) corresponding to a regular AR system is always controllable. For the singular AR case,
as is well known, see e.g. Lee and Markus [1967], the corresponding state space systems are generically controllable.
It is immediate that systems (4.3), (4.4) are generically observable. Thus systems (4.3), (4.4) are generically minimal.

MF data. Except for Section 4.6, we consider the case where there are stock variables only. Let

yt =

(
yft
yst

)
where the nf -dimensional, say, fast (or to be more precise high frequency) component yft is observed at the highest
frequency t ∈ Z and the ns-dimensional slow (or to be more precise low frequency) component yst is observed only
for t ∈ NZ (N being an integer N > 1), i.e. for every N -th time point. Throughout we assume nf ≥ 1.

The matrices

Ai =

(
aff (i) afs(i)
asf(i) ass(i)

)
, Σν =

(
σff σfs
σsf σss

)
are partitioned accordingly.

Identifiability from MF data. The central problem considered in this chapter is identifiability, i.e. whether, for
given Θ, the parameters Ai and Σν of the high frequency system are uniquely determined by those population second
moments which can be observed in principle. In the case of stock variables these population second moments are of
the form
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γff (h) = E
(
yft+h

(
yft

)T)
, h ∈ Z;

γsf (h) = E
(
yst+h

(
yft

)T)
, h ∈ Z;

γss(h) = E
(
yst+h (yst )

T
)
, h ∈ NZ. (4.8)

Reconstructing the missing moments and implications. Note that if identifiability holds and if in addition there
is an algorithm for obtaining the parameters of the high frequency system from the population second moments which
can be observed in principle, we can reconstruct the missing moments γss(h) = E

(
yst+h (yst )

T
)
, h ∈ NZ− j, j ∈

{1, . . . , N − 1} and thus all γ(h) = E
(
yt+hy

T
t

)
, h ∈ Z. Then linear least squares methods for forecasting,

nowcasting, and interpolation of non-observed output variables can be applied. If such an algorithm defines a
continuous function and thus the problem is well-posed, the algorithm may be applied to sample second moments,
in order to yield consistent estimators of the system and noise parameters of the underlying high frequency system
and thus of missing second moments. In other words, identifiability and well-posedness are important in obtaining
consistent estimators of the system and noise parameters, Ai and Σν respectively.

Some problems not requiring identifiability. Note however that there are problems which do not require identifi-
ability of all high frequency parameters. As has been shown in Bai et al. [2013] this may be important for forecasting
and as has been shown in Ghysels et al. [2013], also analysis of Granger causality does not require identifiability of
all high frequency parameters.

4.3 Identifiability for AR(1) Systems

In this section we consider a special case. This is done for two reasons. First, it gives an example illustrating the
problem. Second, as will be shown below, this analysis yields special results; in particular the subset, ΘI say, of Θ,
where identifiability is obtained (without imposing additional restrictions), can be described explicitly. We show that
the complement of this set is a so-called semi-algebraic set, see Bochnak et al. [1998] page 24, Definition 2.1.4, i.e. a
set of (multivariate) polynomial zeros where in addition inequalities are imposed, and so we conclude that for generic
parameter values identifiability is obtained.

Here, we restrict the analysis of identifiability for mixed frequency data to the case p = 1. In addition, we restrict
ourselves to the case N = 2, nf = ns = 1. Furthermore, we assume throughout this section that the AR(1) system
is regular. This case has been described in detail in Anderson et al. [2012b].

Case of diagonal covariance matrix serving as motivation. We first consider the case where in addition Σν is
diagonal. Using a self-evident notation, we can write(

yft
yst

)
=

(
aff afs
asf ass

)
︸ ︷︷ ︸

A

(
yft−1

yst−1

)
+

(
νft
νst

)
. (4.9)

Now, the one-step-ahead predictor for yft−1, t − 1 odd, based on observed outputs is obtained from the following
equation:

yft−1 = affy
f
t−2 + afsy

s
t−2 + νft−1

and the two-step-ahead predictor of yt, t even, is obtained from

yt = A2yt−2 +Aνt−1 + νt.

Combining both equations gives a three-dimensional system on 2Z: yft
yst
yft−1


︸ ︷︷ ︸

ỹt

=

(
A2 0

aff afs 0

)
︸ ︷︷ ︸

Ã

yft−2

yst−2

yft−3

+

(
Aνt−1 + νt

νft−1

)
︸ ︷︷ ︸

ν̃t

(4.10)
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Note that (4.10) is an AR(1) system on 2Z whose outputs ỹt are the observed variables and thus may serve as a
model for the MF data.

As the components of ỹt−2 are linearly independent by the regularity assumption, Ã and Σν̃ = E
(
ν̃tν̃

T
t

)
are uniquely

determined from the second moments of (ỹt | t ∈ 2Z) which can be observed in principle; however not all entries in
Ã, Σν̃ are free, as

Ã =

 a2
ff + afsasf affafs + afsass 0

asfaff + assasf asfafs + a2
ss 0

aff afs 0

 (4.11)

Σν̃ =

σff 0 0
0 σss 0
0 0 0

+

aff afs
asf ass
1 0

(σff 0
0 σss

)(
aff asf 1
afs ass 0

)
(4.12)

hold.

Here the high frequency system has 6 free parameters, whereas a general AR(1) system for n = 3 has 15 free
parameters. In order to analyze identifiability we solve (4.11), (4.12) for given Ã, Σν̃ for the high frequency parameters
A and Σν . We see that if afs and asf are both zero, then only a2

ss is unique, otherwise A and Σν are unique and
thus we have non-identifiability if and only if afs = asf = 0 and ass 6= 0 hold.

It is interesting to note that here we have identifiability whenever the two component processes
(
yft | t ∈ Z

)
and

(yst | t ∈ Z) are not orthogonal.

If we drop the assumption σsf = 0 we obtain

Theorem 4.1. Assume that p = 1, nf = ns = 1, Σν > 0 and N = 2. The system and noise parameters(
aff afs
asf ass

)
, σff , σsf and σss are not identifiable if and only if they satisfy the equations

afs = 0

asf +
σsf
σff

(ass − aff ) = 0 (4.13)

ass 6= 0.

The complement of the set of solutions of (4.13) contains an open and dense subset of Θ.

Proof. If σsf is not necessarily equal to zero then (4.11) does not depend on whether or not σsf is zero and remains
unaffected. Only (4.12) is changed to

Σν̃ =

σff σsf 0
σsf σss 0
0 0 0

+

aff afs
asf ass
1 0

(σff σsf
σsf σss

)(
aff asf 1
afs ass 0

)
. (4.14)

Thus aff , afs and σff are unique for given Ã, Σν̃ .

We are left with the problem to uniquely solve equation systems (4.11) and (4.14) in the variables asf , ass, σsf , and
σss. Thereto we distinguish two cases, namely the case afs = 0 and the case afs 6= 0, considering that we already
know afs.

We start with the case afs 6= 0. It is easy to see that the missing parameters asf , ass, σsf can be recovered using
(4.11) and (4.14). Subsequently σss can be recovered using equation (4.14).

In the event that afs = 0, then A2 is lower triangular, with (2, 2) entry a2
ss. First, observe that the (2, 3) and (2, 1)

entries of Σν̃ are respectively σffasf +σsfass and aff (σffasf + σsfass)+σsf . It is immediate that σsf is available.

Next, if ass = 0, something which is immediately known from the (2, 2) entry of A2, then the (2, 3) entry of Σν̃ is
simply σffasf and since σff is obviously nonzero, the value of asf can be obtained. Also, the (2, 2) entry of Σν̃ is
asf (σffasf + σsfass) + σss and one immediately has σss.

It therefore remains to consider the situation where ass 6= 0. The following quantities α and β, corresponding to the
(2, 1) entry of A2 and the (2, 3) entry of Σν̃ , are known:

asfaff + assasf = α

σffasf + σsfass = β
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By eliminating asf , we obtain
−a2

ssσsf + (β − affσsf ) ass + affβ = ασff

Using this equation and the value for a2
ss available from A2, it follows that ass is uniquely determined if and only if

β − affσsf 6= 0

Introducing the expression above for β, this yields:

asfσff + assσsf − affσsf 6= 0

To sum up, identification is possible except for parameters satisfying

afs = 0

ass 6= 0

asfσff + assσsf − affσsf = 0

The set of non-identifiable points as described by equations (4.13) is a so-called semi-algebraic set, see Bochnak
et al. [1998] page 24, Definition 2.1.4, i.e. a set of (multivariate) polynomial zeros where in addition inequalities are
imposed. Here, in particular, the set of all identifiable parameters, which is a complement of the semi-algebraic set
above, contains a generic subset of the parameter space, viz. the complement of the set defined by the zeros of the
polynomial equalities alone.

Remark 4.2. An interesting interpretation of Theorem 4.1 is the following. The parameters of the underlying high
frequency model cannot be obtained if and only if there is a static linear transformation such that the transformed
model has a diagonal innovation variance and the transformed system matrix is diagonal with nonzero (2, 2) entry.

Note that such a transformation must be of the form T =

(
1 0

−σsfσ−1
ff 1

)
and that for given T the conditions

of non-identifiability arising are exactly the same as in (4.13). Thus, identifiability for systems with non-diagonal
innovation covariance can be traced back to identifiability for systems with diagonal innovation covariance.

Generalizations for n = q > 2 possible but tedious. Note that equations (4.11), (4.12) may also be used for
identifiability analysis for n = q > 2 though dealing with the various special cases is more intricate since scalars are
replaced by matrices. We repeat that the advantage of the analysis given above is that the subset of identifiable
parameters is explicitly given, and that the genericity property stands out clearly.

Generalizations of this method to p > 1 not possible. On the other hand, the analysis above cannot be extended
to the case p > 1 since the blocked process (ỹt) is no longer AR but ARMA in general. This can be seen from a two
dimensional AR(2) example of the form

yt = A2yt−2 + νt t ∈ Z

where A2 is non-diagonal. Note that the fact that AR systems are not closed under marginalization is well known,
see e.g. Amemiya and Wu [1972], Tiao [1972].

4.4 Generic Identifiability Results Using Extended Yule-Walker Equa-
tions

As has been mentioned above, the analysis given in the previous section cannot be generalized to the case of order
p > 1. The reason is that, in general, the blocked process (ỹt | t ∈ 2Z) will not be AR, or to put it in more general
terms, AR processes are not closed under marginalization.

In the analysis given below we will not be able to give an explicit characterization (i.e. explicit restrictions on the
system and noise parameters) of the subset ΘI of all identifiable systems of Θ. As a “second best” result, we will
show that ΘI is generic which means that identifiability holds in typical cases. To repeat a subset of the parameter
space Θ is called generic if it contains a subset that is open and dense in Θ.

The approach to obtain a result on generic identifiability based on extended Yule-Walker equations (see Chen and
Zadrozny [1998]) presented in this section is constructive, i.e. based on algorithms for actually calculating the
(unique) parameters θ ∈ Θ from the second moments (4.8) which can be observed in principle.
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4.4.1 Derivation of the extended Yule-Walker equations for mixed frequency data

By post-multiplying equation (4.1) by yTt−j , j > 0 and forming expectations, we obtain extended Yule-Walker
equations. The problem with these equations is that matrices on both the left and right hand side contain unobserved

second moments. In order to overcome this problem, we post-multiply equation (4.1) by
(
yft−j

)T
, j > 0 and form

expectations. Thereby we obtain extended Yule-Walker equations (XYW, see Chen and Zadrozny [1998]) as

E
(
yt

(
(yft−1)T , (yft−2)T , . . .

))
= (A1, . . . , Ap)E


yt−1

...
yt−p

((yft−1)T , (yft−2)T , . . .
) . (4.15)

Let

K := E
(
xt

(
yft−1

)T)
= E


yt−1

...
yt−p

(yft−1

)T =


γff (0)
γsf (0)
...

γff (−p+ 1)
γsf (−p+ 1)

 = Γp


Inf
0
...
0

 . (4.16)

From equation (4.3), i.e. xt+1 = Axt+Bεt, we have that xt =
∑∞
i=0AiBεt−i−1 and xt+s = Asxt+

∑s−1
i=0 AiBεt+s−i−1.

The block columns of the second matrix on the right hand side of (4.15) are of the form E
(
xt
(
yft−j−1

)T)
=

E
(
xt+j

(
yft−1

)T)
= E

((
Ajxt +

∑j−1
i=0 A

iBεt+j−i−1

)(
yft−1

)T)
= AjE

(
xt
(
yft−1

)T)
= AjK, j ≥ 0.

Thus the rightmost matrix in the extended Yule-Walker equations (4.15) can be written as (K,AK,A2K, . . . ). From
the Cayley-Hamilton Theorem and since A ∈ Rnp×np, we see that the second matrix on the right hand side of (4.15)
has full row rank if and only if the matrix consisting of the first np blocks has full row rank. In this way we have
obtained our XYW which are of the form

E
[
yt

(
(yft−1)T , . . . , (yft−np)

T
)]

= (A1, . . . , Ap)E


yt−1

...
yt−p

((yft−1)T , . . . , (yft−np)
T
)

︸ ︷︷ ︸
=Z

. (4.17)

The crucial point is that the matrix Z can be written as

Z = (K,AK,A2K, . . . ,Anp−1K), (4.18)

and therefore has the structure of a controllability matrix.

Clearly, the system parameters (A1, . . . , Ap) of (4.1) are identifiable if Z has full row rank np, or equivalently,
and in the language of linear system theory, the pair (A,K) is controllable. Note, however, that contrary to
usual controllability matrices, here K depends on A, which makes the task of verifying generic controllability more
demanding.
Remark 4.3. Consider again the two-dimensional AR(1) process of Section 4.3. In this case the matrix Z in equation
(4.17) is rank deficient for ass = 0, asf = 0 even if afs 6= 0 which shows that the condition that rk(Z) = np
hold, is not necessary for identifiability. For the example discussed in the previous section, where for the case
σsf = afs = asf = 0 the classes of observationally equivalent parameters consist of two points (corresponding to
the two choices for the square root of a2

ss), the solution set of the XYW is a nontrivial affine subset. This shows that
the XYW do not use the full information contained in the second moments which are in principle observed.
Remark 4.4. The advantage of commencing from the XYW equations is that they immediately give linear and
consistent estimators.

4.4.2 Generic identifiability of system and noise parameters

The parameter space in this section is the set Θ of all ((A1, . . . , Ap) ,Σν) where (A1, . . . , Ap) ∈ S and Σν has rank
q. In particular, we assume that there are no cross restrictions between system and noise parameters. We analyze
identifiability of system parameters first.

The next theorem, which is a central result of this chapter, shows that the matrix Z in equation (4.17) is generically
of full row rank and thus we have generic identifiability for (A1, . . . , Ap). Note that this holds both for regular and
singular AR systems, for all sampling frequency ratios N , and all nf ≥ 1.
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Theorem 4.5. The matrix Z in the extended Yule-Walker equations (4.17) has full row rank np on a generic subset
of the parameter space Θ, and thus the system parameters are generically identifiable.

Proof. The proof uses the following well known result, see e.g. Lee and Markus [1967], Wonham [1985], Bochnak
et al. [1998]:

Let f : Θ→ R be a polynomial function. If there exists a θ∗ ∈ Θ such that f(θ∗) 6= 0, then the set of zeros of f is
a proper algebraic set and in particular its complement in Θ is generic.

In a first step, we have to show that Z is a rational function of θ ∈ Θ. It follows immediately that Z is rational if
we can show that K is a rational function of θ ∈ Θ. Vectorizing the Lyapunov equation (4.6) we obtain

vec (Γp) = (A⊗A) vec (Γp) + vecBBT

and thus
vec (Γp) =

(
I(np)2 − (A⊗A)

)−1 vec
(
BBT

)
. (4.19)

Note that the absolute value of all eigenvalues λj of A is smaller than one by the stability assumption (4.2). Therefore
the same holds for the eigenvalues of (A⊗A) since the eigenvalues of (A⊗A) are λiλj i, j = 1, . . . , np and thus(
I(np)2 − (A⊗A)

)
is non-singular. This implies that vecΓp is a rational function in ((A1, . . . , Ap) ,Σν) having

no poles in Θ. Thus K and AjK and subsequently Z are rational in ((A1, . . . , Ap) ,Σν) on Θ. Without loss
of generality we may restrict ourselves to the case where K is a vector and thus Z is square. Multiplying Z by
det
(
I(np)2 − (A⊗A)

)
we obtain a polynomial in the entries of ((A1, . . . , Ap) ,Σν) since det

(
I(np)2 − (A⊗A)

)
has no zeros. Thus the set of zeros of the determinant of the polynomial matrix det

(
I(np)2 − (A⊗A)

)
Z is the

same as the set of zeros of the determinant of Z and thus is an algebraic set in Θ, compare Bochnak et al. [1998]
page 23.

Now consider a point θ∗ in Θ given by

A =


0 · · · 0 ρC
In

. . .

In 0

 , B = E1 =


1
0
...
0

 , (4.20)

where ρ ∈ (0, 1) and

C =



0 0 · · · 0 1
1 0 · · · · · · 0

0 1
. . .

...
...

. . .
. . .

. . .
...

0 · · · 0 1 0


is a so-called circulant matrix and define e1 ∈ Rn, where the first component is one and all others are zero. We will
show that for this point in the parameter space, det (Z) 6= 0 holds.

Note that for an AR(p) process wt of a system with parameters θ∗ the covariances γ(jp), j ∈ Z are diagonal and all
other covariances are zero which is easily seen by looking at the Wold decomposition wt =

∑∞
j=0 ρ

jCje1εt−jp. Ob-

viously, γ(0) =
∑∞
j=0 ρ

2jCje1e
T
1

(
Cj
)T is non-singular. Thus Γp > 0 holds and this implies that

(
B,AB,A2B, . . .

)
is of full row rank, see (4.7).

Now it is immediate that Z is of full row rank since, as Γp is diagonal, Z =
(
ΓpE1,AΓpE1,A2ΓpE1, . . .

)
is a multiple

of
(
B,AB,A2B, . . .

)
. Thus det (Z) 6= 0 holds.

Thus the set of zeros of det (Z) is a proper algebraic set, i.e., an algebraic set of dimension smaller than the dimension
of Θ. Therefore its complement in the parameter space, which corresponds to all controllable pairs, is the complement
of a proper algebraic set and hence is open and dense in the parameter space.

Let vec denote column-wise vectorization and let us define G = (In, 0, . . . , 0).

Theorem 4.6. The noise parameters Σν are generically identifiable in Θ from

vecΣν =
(

(G ⊗ G)
(
I(np)2 − (A⊗A)

)−1
(GT ⊗ GT )

)−1

vecγ(0). (4.21)
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We commence from identifiable system parameters (A1, . . . , Ap).

Proof. Let us defineG = (In, 0, . . . , 0). Through column-wise vectorization of

γ(0) = E(yty
T
t ) = GΓpGT

we obtain
vecγ(0) = (G ⊗ G)vecΓp.

This together with (4.19) gives

vecγ(0) = (G ⊗ G)
(
I(np)2 − (A⊗A)

)−1
(GT ⊗ GT )vecΣν . (4.22)

where we used that BBT = GΣνGT .

Note that
(
I(np)2 − (A⊗A)

)
is non-singular. For A1 = · · · = Ap = 0, the matrix

(
I(np)2 − (A⊗A)

)−1 is triangular
with ones on its diagonal. Thus, in view of the particular form of G, (G ⊗ G)

(
I(np)2 − (A⊗A)

)−1
(GT ⊗ GT )

is a principal sub-matrix of
(
I(np)2 − (A⊗A)

)−1 with the same property and is therefore non-singular. (G ⊗
G)
(
I(np)2 − (A⊗A)

)−1
(GT ⊗GT ) is a function rational in (A1, . . . , Ap) having no poles. Thus the set of zeros of

this function is a proper algebraic set on Θ not depending on Σν . On the complement of this proper algebraic set
we have

vecΣν =
(

(G ⊗ G)
(
I(np)2 − (A⊗A)

)−1
(GT ⊗ GT )

)−1

vecγ(0). (4.23)

Remark 4.7. From Theorems 4.5 and 4.6 we see that the system and noise parameters are generically identifiable,
i.e. identifiable on the intersection of the set described in the proofs of Theorem 4.5 and Theorem 4.6. Note that
the results shown in the proofs above are stronger than the genericity results, because the set where Z has not full
row rank np is a proper algebraic set (see Wonham [1985] page 28) and the same statement holds for the case of
noise parameters.

Note that the property that Z has full row rank np depends on (A1, . . . , Ap) as well as on Σν whereas the uniqueness
of Σν obtained via (4.21) depends only on (A1, . . . , Ap). The first assertion is easy to see by considering the AR(1)
case of the previous section: Consider the special cases aff 6= ass, both nonzero, afs = asf = 0. If Σν is diagonal
Z has rank 1 otherwise Z has rank 2.

Remark 4.8. We have not been able to give an explicit description of those elements in Θ which are not identifiable
or those parameters where Z is not of full row rank np.

If the system (4.3), (4.4) is not controllable, i.e. if Γp is singular, then clearly we have non-identifiability even for high
frequency data, as the Yule-Walker equations then have no unique solution. Note however, that, as will be shown in
Section 4.5, in such a situation identifiability might be obtained by suitably prescribing the column degrees in a(z).

4.5 Generic identifiability for prescribed column degrees

In this section we are interested in identifiability of mixed frequency AR systems for the case that the column degrees
of a(z) rather than the degree of a(z) are prescribed. Let p1, . . . , pn denote these prescribed column degrees. Let
Θ(p1,...,pn) denote the subspace of Θ where the highest degree of the respective i-th column of a(z) is bounded by
pi and let (Ā1, . . . , Āp) denote all columns of (A1, . . . , Ap) which are not prescribed to be zero.

Motivation for prescribing column degrees: Possible non-identifiability in singular AR models. Prescribing
column degrees may be essential in obtaining identifiability for at least two reasons. First, consider the high frequency
case only. Note that for the regular AR case, Γp is always non-singular and thus no identifiability issues occur. In the
case of singular AR systems, however, Γp might be singular and thus even from high frequency data we might not
have identifiability. If this occurs, identifiability (from high frequency data) can be obtained by suitably prescribing
column degrees, see Chapter 3. Second, let us consider the mixed frequency case. For singular AR systems where in
addition Γp is singular, of course, Z cannot be of full row rank. Appropriately prescribing column degrees leads to
a modification of the matrix Z, as described below, which generically entails identifiability of the parameters of the
high frequency system. As has been mentioned above, singular AR systems serve as models for latent variables or
for static factors in dynamic factor models, see Deistler et al. [2010] and they occur in case of definitional equations,
see Phillips [1974].



4.5. GENERIC IDENTIFIABILITY FOR PRESCRIBED COLUMN DEGREES 47

Selecting a basis of the row space in case of singular Γp, pi > 0. In the high frequency case, if Γp is singular,
identifiability can be obtained by selecting a basis for the row space of Γp consisting of the first basis rows. Let SΓp
denote the matrix formed by these basis rows where S is a

∑
pi × np selector matrix, for more details see Chapter

3. Thus, in the high frequency case, by prescribing appropriate column degrees we can always obtain identifiability.
Clearly, for Γp singular, the system (4.3), (4.4) is not controllable and thus not minimal. A controllable system,
however, is obtained as follows: We shall first consider the case pi > 0, i = 1, . . . , n.

The quasi-companion form and implications. Let us define

x̄t+1 = Āx̄t + B̄εt (4.24)

where x̄t = Sxt, Ā = SAST , B̄ = SB. Equation (4.24) has been called the quasi-companion form in Chapter 3.

It immediately follows that
yt =

(
Ā1, . . . , Āp

)
x̄t + bεt (4.25)

Note that in the case of nonzero column degrees only “structural” zeros and ones, i.e. elements ofA and B independent
of the parameters (A1, . . . , Ap) and Σν , are deleted in A and B. Thus, in this case of prescribed column degrees,
identifiability of (A1, . . . , Ap) and Σν is equivalent to the identifiability of

(
Ā1, . . . , Āp

)
= (A1, . . . , Ap)S

T and Σν .

Modified extended Yule-Walker equations. Completely analogously to Section 4.4.1 we can derive the modified
extended Yule-Walker equations for our reduced equation (4.25)

E
(
yt
(

(yft−1)T , . . . , (yft−np+s)
T
))

=
(
Ā1, . . . , Āp

)
E
(
x̄t
(

(yft−1)T , . . . , (yft−np+s)
T
))

=
(
Ā1, . . . , Āp

) (
K̄, ĀK̄, Ā2K̄, . . . , Ānp−s−1K̄

)︸ ︷︷ ︸
=Z̄

(4.26)

where s is the number of prescribed zero columns in (A1, . . . , Ap) and Ā ∈ R(np−s)×(np−s) and where Γ̄p = E
(
x̄tx̄

T
t

)
and K̄ = Γ̄p

(
Inf
0

)
.

Now obviously the parameter matrices
(
Ā1, . . . , Āp

)
are identifiable if the matrix Z̄ has full row rank.

In an analogous way as in the two preceding sections we obtain

Theorem 4.9. For prescribed nonzero column degrees p1, . . . , pn the system parameters
(
Ā1, . . . , Āp

)
and the noise

parameters Σν are identifiable on a generic subset of the parameter space Θ(p1...pn). Moreover this statement remains
true for more general aggregation schemes (4.31).

Proof. The proof is along the same lines as the proof of Theorem 4.5. A point θ∗ ∈ Θ(p1...pn) where Z̄ has full row
rank is constructed as follows: Let

ai(z) = ei − [A1]�,i z − . . .− [Ap]�,i z
p

denote the i-th column of a(z) and let

CE =
(

[Ap1 ]�,1 , . . . , [Apn ]�,n

)
be the so-called column-end matrix of a(z). Then we take

CE = ρC, ρ ∈ (0, 1)

where C is the circulant defined in the proof of Theorem 4.5 and

[Ak]�,i = 0, 0 < k < pi; i = 1, . . . , n

and b = e1. Then again, Γ̄p = SΓpS
T can be shown to be diagonal and non-singular and thus det

(
Z̄
)
6= 0 holds.

Once the system parameters are unique, Σν is obtained in the same way as in the proof of Theorem 4.6.
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Zero column degrees. We now consider the case where there is at least one i such that pi = 0. In this case we
define two sub-processes of (yt): Let yrt contain all components y(i)

t of yt with pi > 0, such that yrt = S1yt, and let
yzt contain all components y(i)

t with pi = 0, such that yzt = S2yt. It is easy to see that yrt is again an AR process.
We obtain the following theorem:

Theorem 4.10. For prescribed column degrees p1, . . . , pn the system parameters
(
Ā1, . . . , Āp

)
and the noise pa-

rameters Σν are identifiable on a generic subset of the parameter space Θ(p1...pn) if (yrt ) contains at least one fast
component. Moreover this statement remains true for more general aggregation schemes (4.31).

Proof. We first consider the AR process (yrt ) with parameters not prescribed zero
(
Ār1, . . . , Ā

r
p

)
= S1

(
Ā1, . . . , Āp

)
.

Let us define x̄rt as the state of a quasi-companion form of yrt . Obviously, using Theorem 4.9 we have generic
identifiability of

(
Ār1, . . . , Ā

r
p

)
since

Z̄r = E
(
x̄rt

(
(yr ft−1)T , . . . , (yr ft−np+s)

T
))

=
(
K̄r, ĀrK̄r,

(
Ār
)2
K̄r, . . . ,

(
Ār
)np−s−1

K̄r
)
,

where K̄r = Γ̄rp

(
I(nr)f

0

)
and Γ̄rp = E

(
x̄rt (x̄rt )

T
)
, is generically of full column rank.

Thus we are left to show generic identifiability of the remaining rows
(
Āz1, . . . , Ā

z
p

)
= S2

(
Ā1, . . . , Āp

)
, which is easily

done since yzt =
(
Āz1, . . . , Ā

z
p

)
x̄rt + bzεt, where bz are the rows of b corresponding to yzt , and thus

E
(
yzt

(
(yr ft−1)T , . . . , (yr ft−np+s)

T
))

=
(
Āz1, . . . , Ā

z
p

)
E
(
x̄rt

(
(yr ft−1)T , . . . , (yr ft−np+s)

T
))

︸ ︷︷ ︸
=Z̄r

.

Therefore
(
Ā1, . . . , Āp

)
is identifiable if Z̄r has full row rank which is generic.

Once the system parameters are unique, Σν is obtained in the same way as in the proof of Theorem 4.6.

4.6 Flow Variables and More General Aggregation Schemes

In the previous sections only stock variables have been considered. Here we deal with the case where the process
(yst | t ∈ Z) consists of flow variables or variables aggregated by more general schemes.

Flow variables as transformation of an underlying process. For flow variables the aggregation to the corre-
sponding observed process, (wt | t ∈ NZ) say, is of the form

wt = yst + yst−1 + · · ·+ yst−N+1 =
(
1 + z + · · ·+ zN−1

)
yst , t ∈ NZ, (4.27)

where z denotes, as already mentioned, the backward shift on Z. Note that the second moments required in

the extended Yule-Walker equations are the autocovariances E
(
yft+h

(
yft

)T)
, h ∈ Z and the cross covariances

E
(
yst+h

(
yft

)T)
, h ∈ Z.

Retrieving the required second moments of the underlying process from the observations. We now show

how these cross covariances can be retrieved from the cross covariances E
(
wt+h

(
yft

)T)
, h ∈ Z of the observations.

Assume for the moment that wt is available for all t ∈ Z and that the inverse of the linear transformation (4.27)
exists for all t ∈ Z, i.e.

yst = l.i.m.
M→∞

M∑
j=0

h
(M)
j wt−j , h

(M)
j ∈ Rns×ns , t ∈ Z (4.28)
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where l.i.m. denotes the limit in mean squares. It follows that

γsf (h) = E
(
yst+h

(
yft

)T)
= lim
M→∞

M∑
j=0

h
(M)
j E

(
wt+h−j

(
yft

)T)
︸ ︷︷ ︸

γ
wyf

(h−j)

. (4.29)

For our purposes the inverse of the linear transformation (4.28) only has to exist for the special input (wt). In order
to show the existence of the inverse transformation (4.28), it is more convenient to use the frequency domain rather
than the time domain, see Rozanov [1967], Hannan [1970]. Let

fysys(λ) = (2π)
−1

∞∑
h=−∞

γss(h)e−iλh

and

fww(λ) = (2π)
−1

∞∑
h=−∞

E
(
wt+h (wt)

T
)
e−iλh

denote the spectral density of (yst | t ∈ Z) and (wt | t ∈ Z), respectively.

As is well known, the spectral density fww(λ) of (wt | t ∈ Z) satisfies

fww(λ) =
(

1 + e−iλ + · · ·+ e−i(N−1)λ
)
Insfysys(λ)Ins

(
1 + eiλ + · · ·+ ei(N−1)λ

)
and thus

ˆ (
1 + e−iλ + · · ·+ e−i(N−1)λ

)−1

Insfww(λ)Ins

(
1 + eiλ + · · ·+ ei(N−1)λ

)−1

dλ =

=

ˆ
fysys(λ)dλ <∞.

It follows that each row of
(
1 + e−iλ + · · ·+ e−i(N−1)λ

)−1
Ins is an element of the frequency domain L2 (fwwdλ)

of fww and by the isomorphism between the frequency and the time domain the inverse transformation (4.28) is
therefore well defined. From (4.29) we then obtain

fysyf (λ) = (2π)
−1

∞∑
h=−∞

γsf (h)e−iλh =
(

1 + e−iλ + · · ·+ e−i(N−1)λ
)−1

Insfwyf (λ) (4.30)

and thus γsf (h), h ∈ Z. In this way, we get all covariances in the extended Yule-Walker equations. Whereas for the
case of stock variables these covariances can be directly observed in principle, in the case considered here, they have
to be reconstructed as described above.

More general aggregation schemes. A completely analogous derivation holds if we replace (4.27) by the more
general aggregation scheme

wt = k0y
s
t + k1y

s
t−1 + · · ·+ kN−1y

s
t−N+1, k0 non-singular. (4.31)

Thus, taking into account that generically Z has row rank equal to np, we obtain

Theorem 4.11. Given the aggregation scheme (4.31) for the slow variables (wt | t ∈ NZ), the system and noise
parameters of the high frequency system (4.1) are generically identifiable from γff (h) and γwyf (h), h ∈ Z.

Note that if we set k0 = I and kj = 0, j = 1, . . . , N − 1, we have the case of stock variables. Thus Theorems 4.5
and 4.6 are special cases of Theorem 4.11.

As is immediately seen, Theorem 4.11 also covers the case where the slow variables are formed by a mixture of stock
and flow variables.
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4.7 Outlook and Conclusions

This chapter deals with identifiability of system and noise parameters of a multivariate (high frequency) AR system
when only mixed frequency observations are available. No a priori assumptions are imposed on the high frequency
system except for its degree, stability and the rank of the innovation variance. The main result is that identifiability
holds, (possibly) except for the parameters in a “thin” set, which is the union of two proper algebraic sets (which are
lower dimensional). Thus “typically” we have identifiability and in particular we have identifiability on a set containing
an open and dense subset of the parameter space. This holds for all “aggregation intervals” N for the slow component
of the observations and whenever there is at least one fast component in the observations.

Our approach is different from the well known MIDAS approach Ghysels [2012] and we also do not use a relation to
time continuous systems and more generally, let us repeat, we do not impose a priori restrictions in addition to the
general ones mentioned above.

Despite the fact that for most parts of the chapter we discuss the case of stock variables, we show that the central
results hold for very general (linear) aggregation schemes for the slow variables, including stock and flow variables as
special cases.

The final aim of identifiability analysis is to obtain estimators. Note that, as has been pointed out above, the
identifiability analysis given in the previous sections is “constructive”, i.e. it not only ensures uniqueness of the AR-
parameters for given population second moments (4.8), but also provides an algorithm for actually calculating these
parameters from the population second moments (in system theory, according to Kalman, such an algorithm is called
a realization algorithm). Continuity of these algorithms leads to consistent estimators. This immediately suggest an
estimation algorithms based on the extended Yule-Walker equations as suggested in Chen and Zadrozny [1998]. This
algorithm may also be used for obtaining initial estimators for numerically maximizing a Gaussian likelihood.



Chapter 5

Implications of Stochastic Singularity
in Linear Multivariate Rational
Expectations Models

This chapter deals with the number of free parameters in the structural difference equation obtained from a linear
multivariate rational expectations model. We show that in the case of stochastic singularity, i.e. when there are fewer
(white noise) inputs than outputs in the rational expectations model, the number of free parameters is different to
the case where the number of inputs and outputs coincide. This result is the basis for identifiability analysis of all
solutions of a linear multivariate rational expectations model with general restrictions, derived from, e. g., dynamic
stochastic general equilibrium (DSGE) models.

5.1 Introduction

We investigate structural difference equations obtained from a stochastically singular rational expectations (RE)
model whose parameters are rational functions of deep parameters. Here, stochastically singular means that the
number of endogenous variables is larger than the number of white noise inputs of the exogenous process driving the
economy. The structural difference equation obtained from a rational expectations (RE) model distinguishes itself
from a usual structural difference equation in the following way. For every fixed parameter value in the model class
describing the system involving rational expectations, we obtain a structural difference equation with additional free
parameters. This is a consequence of the presence of expectations today of future endogenous variables in the RE
model.

Dynamic stochastic general equilibrium (DSGE) models are a special kind of RE models of particular interest in
economics. They are obtained from optimizing behaviour of economic agents and imply cross-equation restrictions
on the model parameters, see Hansen and Sargent [1980]. (Log)-linearizing the (stochastic) first order conditions of
the dynamic stochastic optimization problem around the (non-stochastic) steady state (see, e.g., DeJong and Dave
[2011] Chapter 2) gives a system of equations involving rational expectations which is linear in the variables and in
general non-linear in the parameters. In our analysis we assume that any non-stochastic trend has been removed
prior to analysis.

It is of interest whether there exists a unique solution under additional assumptions on the solution set. Usually, it is
required that the solution (yt)t∈Z of a RE model be non-explosive and causal. Additionally, some model specifications
require that some endogenous variables, so-called predetermined variables, have a trivial one-step-ahead forecast error.
Non-explosive behaviour can be justified by the transversality condition which is a necessary condition for optimality
in a dynamic optimization problem. Causality is often imposed implicitly (see Sims [2001], page 10) by requiring
that for a solution (yt)t∈Z of a RE model, the condition Et (yt) = yt holds for an appropriately chosen conditioning
set. In analogy to deterministic difference equations, where the notion of predeterminedness is uncontroversial, the
seminal paper by Blanchard and Kahn [1980] analyzed a system where a subset of endogenous variables have a trivial
one-step-ahead forecast error. These variables are then called predetermined. All these assumptions can be imposed
transparently in the framework of the model described in this chapter.

The case where multiple solutions satisfy all restrictions imposed by the modeler attracted some attention as well. For
example, Lubik and Schorfheide [2003] analyzes the case of indeterminate equilibria, where it is not possible to get
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rid of all additional free parameters by imposing non-explosiveness and causality. Treating indeterminate equilibria is
of great interest for monetary policy analysis, see, e.g., Clarida et al. [1999].

The contribution of this chapter is twofold. First, we present a transparent approach for obtaining (stochastically
singular) solutions of RE models, i.e. stochastic processes solving the RE equation. Especially, restrictions such as
non-explosiveness, causality and predeterminedness on these solutions are imposed transparently. Second, it is an
important motivation and justification for future research on singular structural ARMA models regarding identifiability
and estimation along the lines of Deistler [1975, 1976, 1978], Deistler and Schrader [1979], Deistler [1983], Deistler
and Wang [1989].

We will discuss now the importance of the stochastically singular case and strategies for circumventing this difficulty.
Commonly, the problem of stochastic singularity in DSGE models is put aside by adding measurement noise (see,
e.g., Sargent [1989], Altug [1989], Ireland [2004]), adding structural shocks (see, e.g., Leeper and Sims [1994], Smets
and Wouters [2003]), or choosing a subset of variables such that the number of structural shocks and observables
coincide. This approach simplifies the problem of estimation to the usual (non-singular) case. However, all of these
estimation strategies have obvious disadvantages since they distort the actual estimation problem. An estimation
procedure like adding measurement errors should rather be interpreted as a regularization strategy. It should be a
concern for economists that the model obtained by adding measurement noise or by adding additional structural
shock is not necessarily related to economic theory and that there is in general no reason why the identifiability
properties of the distorted models should be similar to the undistorted, stochastically singular model. Also, we forfeit
information and estimation efficiency by only using a subset of observable variables. Last and most importantly, we
argue that there is a clean alternative: estimation of singular ARMA models.

We will now discuss the importance of identifiability analysis for the estimation problem. To this end, we focus
on the separation of the estimation problem of the internal characteristics (e.g. the parameters in the econometric
model) of the structural difference equation obtained by manipulating the RE model in two separate problems. The
problem of estimating the external characteristics (e.g. second moments or spectral density of the observations) of
the RE model is of a purely statistical nature. The problem of attaching the external characteristics to the internal
characteristics of the system, i.e. the identifiability problem, is of a purely algebraic nature.

Identifiability is defined in Deistler and Seifert [1978] as the existence of an identifying function attaching external
characteristics of a system to internal characteristics of a system . As soon as we know that the external charac-
teristics are consistently estimable and that the econometric model is identifiable, then the internal characteristics
are consistently estimable, compare Deistler and Seifert [1978] Theorem 5. Applications of this idea of separating
the estimation problem into these two sub-problems can be found in Hannan and Deistler [2012]. For an example
of using this approach in stochastically singular models see Deistler et al. [2011], where a (continuous) identifying
function is constructed which attaches the second moments of the observations generated from a singular AR model
to the parameters of the model. A similar approach is conceivable for structural singular ARMA models.

We will now compare the identifiability analysis for structural singular ARMA models to the one for structural state
space models. This chapter is inspired by the identifiability analysis for DSGE models in a state space setting
in Komunjer and Ng [2011]. They assume, however, that the considered state space models have a full rank
controllability and observability matrix even though the system matrices depend on deep parameters and are thus
restricted, compare Assumption 4-S and Assumption 5-NS on page 2002 and page 2007 in Komunjer and Ng [2011]
respectively. This assumption is quite strong for structural models. For example, it is shown in Anderson et al. [1996]
that there are non-pathological examples where the dimension of the state is minimal among all state space models
satisfying the structural restrictions (in their case non-negativity of the system matrices), but the corresponding
controllability and observability matrices do not have full rank. Treating the identifiability problem for non-minimal
structural state space models is considerably more difficult1 than the corresponding problem of non-coprime2 (non-
singular) structural ARMA models as was done in Deistler and Schrader [1979] for the non-singular ARMA case.
Identifiability analysis of singular structural ARMA models is part of a future research project.

We will now discuss non-causal and non-miniphase systems, which can be more easily modeled in an singular ARMA
setting than in a state space setting. There is some recent interest in AR(MA) models whose AR part or MA part
has zeros inside the unit circle. It can be argued that imposing restrictions on zero (or pole) locations is easier in an
ARMA than in a state space setting. This constitutes another advantage of the singular ARMA approach taken here
compared to the state space approach.

Non-causal AR systems, i.e. the determinant of the polynomial matrix corresponding to the AR part has at least
one zero inside the unit circle, have been treated in [Lanne and Saikkonen, 2013]. Intuitively, these models relate to

1Compare Glover and Willems [1974] for identifiability analysis in the minimal structural state space setting and Glover [1973] for
examples as to why identifiability analysis in the non-minimal case is considerably more difficult.

2Two univariate polynomials are called coprime if they do not have any non-trivial common factor. Two polynomial matrices are called
coprime if their only common factors are unimodular matrices, i.e. polynomial with constant non-zero determinant.
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“missing variables models” and have some very promising properties, e.g., for financial time series, compare [Lanne
and Saikkonen, 2013], page 58, last paragraph.

Non-miniphase ARMA systems, often called non-fundamental or non-invertible ARMA systems3, received attention in
[Leeper et al., 2013] where information flows in fiscal (structural) models are analyzed. Only for Wold representation,
the space spanned by present and past components of the errors is also contained in the space spanned by present
and past components of the observations. If the transfer function has zeros inside the unit circle, the error term
cannot be reconstructed from present and past observations. In this case, the space spanned by present and past
components of the errors is in general strictly larger than the space spanned by present and past components of the
observations, see [Rozanov, 1967] page 59ff . The non-miniphase property is very useful to model that economic
agents have more information than the econometrician, see Lippi and Reichlin [1994].

Note that for a Gaussian process which is a solution of the ARMA system4 a(z)yt = b(z)εt, the stability assumption
a(z) 6= 0, |z| ≤ 1 and miniphase assumption b(z) 6= 0, |z| < 1 (compare [Hannan and Deistler, 2012] page 10,
equation (1.2.3) and page 25, equation (1.3.15)) are mere normalizations. It is not a property of the resulting ARMA
process whether the zeros (or poles) of its transfer function are inside or outside the unit circle. In other words, if a
zero (or a pole) outside the unit circle of the corresponding transfer function is mirrored (with a Blaschke product)
inside the unit circle, the second moments are the same. It cannot be inferred from higher moments on which side
of the unit circle the zeros and poles are located. It can be shown that if the process is non-Gaussian, it might be
possible to conclude on the location of the zeros (and poles) of the transfer function by using higher order moments
([Rosenblatt, 1970, Lanne and Saikkonen, 2013, Gourieroux and Monfort, 2014]).

We will now discuss generic properties of singular AR(MA) models when the parameter space is unrestricted in order
to emphasize that it is not always obvious what “typical” means with regard to a certain model class. In this chapter
we are dealing with structural models, where the restrictions on the parameter space are, e.g., derived from economic
theory. However, we would like to comment on the structure of transfer functions, i.e. the z-transform of the impulse
response function, when there are fewer inputs than outputs.

It has been shown in [Anderson and Deistler, 2008, 2009] (using state space arguments) that the AR case is typical
when we place ourselves in the framework of rational transfer functions with fewer inputs than outputs. As an example

consider the transfer function k(z) =

(
1− az
1− bz

)
, z ∈ C, and note that the column rank of k(z) is equal to one unless

a = b. Also, it is possible to extend k(z) =

(
1− az
1− bz

)
to U(z) =

(
1− az 1− cz
1− bz 1− dz

)
such that the determinant of

U(z) is a non-zero constant. In this way, we obtain an AR(1) representation of k(z) =

(
1− az
1− bz

)
=
(
U(z)−1

)−1
(

1
0

)
.

More generally, for “most” parameters in the parameter space describing transfer functions of “bounded dynamics”,
there is an AR realization of this transfer function. Thus, in the stochastically singular case the MA part in an ARMA
realization of a transfer function can generically be chosen as constant. In other words, there are generically no
transfer function zeros5 and hence the AR case is typical when the parameter space is unrestricted.

The result that the AR case is typical in unrestricted stochastically singular models cast some doubt as to whether
it is important to consider singular ARMA models at all. However, given that the structural difference equations
obtained from an RE model with restrictions derived from economic theory are singular ARMA models with non-trivial
MA part (and might have structural zeros inside the unit circle in order to model that the economic agents have
more information than the econometrician), it is useful to invest time in developing strategies for identifiability and
estimation of structural singular ARMA models. Contrary to the case of an unrestricted parameter space, we cannot
say much about generic properties of (stochastically singular) ARMA models without taking their special structure,
imposed by the modeler, into account. In this chapter we allow for rational restrictions, meaning that the “linear”
parameters of the model depend in a rational way on underlying deep parameters.

Finally, we turn to the main result of this chapter. We analyze the implications of stochastic singularity on the number
of free parameters in the the structural difference equation obtained from a rational expectations model with general
parameter restrictions. The main result is Theorem 5.9 on page 64 which states that the number of free parameters
in the structural difference equation obtained from a RE model with rational parameter restrictions depends on the
number of endogenous variables, the number of inputs, and the number of zeros of a certain polynomial matrix. It
serves as a basis for identifiability analysis and gaining insight into the structure of the model.

Note that the (implicit) assumption in Broze et al. [1995] that the innovation covariance matrix of the exogenous
process is non-singular excludes models as, e.g., the basic New Keynesian monetary model analyzed in [Lubik and
Schorfheide, 2003]. The analysis of Broze et al. [1995] is, in addition to permitting for stochastic singularity, extended

3The definitions differ sometimes with respect to zeros on the unit circle. We ignore these differences in this discussion.
4For ease of presentation we restrict ourselves to univariate processes in this paragraph.
5For z = z0 which is not a pole of the transfer function, zeros are defined as a drop in the rank of k(z) at z = z0.
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to allowing for more general parameter restrictions than zero restrictions in order to render the developed theory useful
for the analysis of macroeconomic models as, e.g., Smets and Wouters [2007]. This will enable us to conduct an
identifiability analysis of dynamic stochastic general equilibrium (DSGE) models without imposing, as was done in
Komunjer and Ng [2011], a minimality assumption which is very restrictive for structural models.

5.2 Model

We heavily draw on the methods developed in Broze and Szafarz [1985], Broze et al. [1985, 1990], Broze and Szafarz
[1991], Broze et al. [1995]. In particular, we consider the rational expectations model

K∑
k=0

H∑
h=0

AkhEt−k (yt+h−k) = −ut (5.1)

⇐⇒
(
Is Isz · · · Isz

k · · · Isz
K
)


A00 A01 · · · A0h · · · A0H

A10
. . .

...
Ak0 Akh AkH
...

...
AK0 AK1 · · · AKH





Et (yt)
Et (yt+1)

...
Et (yt+h)

...
Et (yt+H)


= −ut

where z denotes the backward shift operator, i.e. z (yt)t∈Z = (yt−1)t∈Z, Et (yt+h) denotes the projection6 of yt+h on
closure of the linear7 space spanned by the present and the past of the components of {ut, ut−1, . . .} of the exogenous
process (ut)t∈Z, denoted by Hu(t) = span

{
u

(i)
t−s | s ∈ N, i ∈ {1, . . . , s}

}
, where the superscript (i) denotes the i-

th component. To avoid confusion, we will sometimes write more explicitly E (yt+h|Hu(t)) for the same object8.
Furthermore, we assume that there are no redundant equations, i.e. the determinant of the matrix polynomial π(z)
defined in equation (5.2) on page 56 depending on the matrices Akh, k ∈ {0, . . . ,K} and h ∈ {0, . . . ,H}, is not
identically zero, and that there exists an h ∈ {0, . . . ,H} such that AKh 6= 0 and a k ∈ {0, . . . ,K} such that
AkH 6= 0. In this way K and H are well defined. The indices k and h in Akh refer to the h-period-ahead forecast
of the endogenous variables, k periods ago, i.e. yt−k is forecast h periods ahead with the information9 available in
period t− k.

We assume that the linearly regular stationary s-dimensional exogenous process (ut)t∈Z has a (finite) covariance
matrix E

(
utu

T
t

)
, where the superscript T denotes transposition, of rank r smaller than or equal to s.

A solution of the rational expectations model (5.1) is a stochastic process

(yt)t∈Z ∈ Hu = span
{
u

(i)
t | i ∈ {1, . . . , s} , t ∈ Z

}
,

i.e. the closure of the span of future, present, and past components of (ut)t∈Z, such that for given exogenous driving
process (ut)t∈Z and given parameters Akh, k ∈ {0, . . . ,K} , h ∈ {0, . . . ,H} , (yt)t∈Z satisfies equation (5.1) for all
t ∈ Z. Note that (yt)t∈Z is a deterministic function of (ut)t∈Z, i.e. there are no additional error terms involved.

Remark 5.1. Note that some authors, e.g. Blanchard and Kahn [1980], King and Watson [1998], Sims [2001], study
only solutions on the natural numbers N. There are at least two reasons in favor of examining solutions on Z. First,
there is an asymmetry between past and future when only solutions on N are considered. Second, a solution starting
from the infinite past can be interpreted as a solution approximating unknown initial values in a reasonable sense. In
the stationary state, we do not know initial values, hence a solution starting from the infinite past should be preferred
to a solution on N.

Moreover, theorems on spectral representations of stationary processes and spectral decomposition of their spectral
distribution function do not always hold true for stochastic processes with N as index set, compare Doob [1953] page
481 and 486. Also, Anderson and Moore [2005] use the term “covariance factorization” (page 233) for processes

6Compare Doob [1953] page 155, where he defines the conditional in the wide sense as the projection on a linear manifold.
7Note that if all random variables in the conditioning set are Gaussian, the conditional expectation coincides with the linear projection

outlined here. For more details on conditional expectations see Billingsley [1995] page 445ff.
8Some authors, e.g. Gourieroux, Laffont, and Monfort [1982] on page 410, condition on a larger set of variables comprising variables

which are independent to the exogenous process. These variables are called “sunspots” by the authors.
9We will refer to the space Hu(t) on which the endogenous variables are projected as “the information at time t”.
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with finite initial time and reserve “spectral factorization” for stationary processes with index set Z. They show on
pages 242-243 that their so-called “innovations model” (which is closely related to the spectral factorization) is not
time invariant (but only asymptotically time invariant) for stationary processes with finite initial time, compare also
Hannan and Deistler [2012] pages 19-20.
Remark 5.2 (Consequences of a larger conditioning set). Following Gourieroux et al. [1982] page 411, we consider
the univariate model

yt = a01Et (yt+1) + ut.

However, a process (yt)t∈Z for which the equation above holds for all t ∈ Z is not required to be contained in Hu,
but only in Hu,ζ (in obvious notation) where (ζt)t∈Z is a p-dimensional stochastic process orthogonal to (ut)t∈Z. If
the conditional expectation is taken with respect to Hu,ζ(t) a larger solution set might be obtained. Otherwise, the
terms E (yt+1|Hu(t)) and ut only depend on elements in Hu(t), implying that also yt is a function of elements in
Hu(t).

The following superposition principle holds: If
(
y1
t

)
t∈Z is a particular solution of

a01E
(
y1
t+1|Hu(t)

)
= y1

t + ut

in the sense that it solves the equation above for given (ut)t∈Z for every time point and
(
y2
t

)
t∈Z is a particular

solution of
a01E

(
y2
t+1|Hζ(t)

)
= y2

t + ζt

then (by orthogonality of (ut)t∈Z and (ζt)t∈Z) we obtain that

a01E
((
y1
t+1 + y2

t+1

)
|Hu,ζ(t)

)
=
(
y1
t+1 + y2

t+1

)
+ ut + ζt.

In particular, allowing for a larger conditioning set entails that the set of solutions of

yt = a01Et (yt+1|Hu,ζ(t)) + ut

is enlarged (compared to the set of solutions of yt = a01Et (yt+1|Hu(t)) + ut) by the solutions of the homogeneous
equation

a01E (yt+1|Hζ(t)) = yt.

5.3 A (constrained) system equivalent to a rational expectations model

Here, we start with deriving (in analogy to Broze et al. [1995]) from the rational expectations model (5.1) a recursive
equation in terms of the components of leads and lags of the endogenous process by writing the conditional expectation
Et−k (yt+h) as sum of the endogenous variable yt+h and its (h+ k)-step-ahead prediction error vt+h,h+k = yt+h −
Et−k (yt+h). Secondly, constraints implied by the rational expectations model on the revision processes εjt−j =
Et−j (yt) − Et−j+1 (yt) are derived in section 5.3.2. Subsequently, we show in section 5.3.3 that a process (yt)t∈Z
for which the recursive equation holds and whose revision processes εjt−j = Et−j (yt) − Et−j+1 (yt) satisfy the
constraints implied by the rational expectations model (5.1) also solves the rational expectations model (in the sense
that equation (5.1) holds for all points in time). Thus, the problem of finding solutions (yt)t∈Z of the rational
expectations model (5.1) is reduced to the problem of finding processes (yt)t∈Z (which are restricted by the fact that
its revision processes εjt−j = Et−j (yt) − Et−j+1 (yt) have to satisfy certain constraints) solving a vector difference
equation (for given exogenous process).

In section 5.4, we generalize10 Property 5 on page 245 in Broze et al. [1995] with respect to the number of “arbitrary
martingale differences” to the case in which the exogenous process has a singular spectral density and correct their
count of “auxiliary parameters”, i.e. the dimension of the solution set, on page 247 below their formula (4.1) which
is only correct if the exogenous process has a spectral density of full rank.

Up to this point, there is no assumption as to whether a process for which the rational expectations equation (5.1)
holds for every t ∈ Z also has to be contained in Hu(t) at time t or as to whether it has to satisfy a non-explosiveness
condition. Imposing non-explosiveness conditions as general as in Sims [2001] and imposing that yt ∈ Hu(t), t ∈ Z,
for a process (yt)t∈Z for which the rational expectations equation (5.1) holds for every t ∈ Z is straightforward after
having obtained the recursive equation together with the constraints on the revision processes. The latter fact and its
suitability for identifiability analysis are the major advantages of model (5.1) relative to the other approaches (which
do not take different timing into account).

10Note, however, that we impose (wide sense) stationarity on the exogenous process, whereas Broze et al. [1995] do not impose any
assumption on the exogenous process. As soon as they do impose “stationary (finite or infinite) moving average structure” (compare Broze
et al. [1995] page 246 line 27) on the exogenous process, however, they require that the inputs be independent while we only assume that
they are uncorrelated (compare Doob [1953] page 92 for more detail on the relation between uncorrelated processes, martingale difference
sequences, and independent processes).



56 CHAPTER 5. STOCHASTIC SINGULARITY IN RE MODELS

5.3.1 Recursive equation

We obtain from the rational expectations model (5.1) (by substituting for conditional expectations the variables
themselves and the associated prediction errors) that

zJ1

(
J1∑
i=J0

A∗i z
−i

)
︸ ︷︷ ︸

=π(z)

yt = π(z)
(
ε0
t + ε1

t−1 + · · ·+ εH−1
t−H+1

)
+ ζt−J1 − ut−J1 (5.2)

where

A∗i =
∑

k:(k,i)∈J

Ak,k+i,

J = {(k, h− k) |k ∈ {0, . . . ,K} , h ∈ {0, . . . ,H}} ,
J0 = argmini {i | A∗i 6= 0} , J1 = argmaxi {i | A∗i 6= 0} ,

and

ζt =

K∑
k=0

H−1∑
j=0

j∑
h=0

Akhz
k+(j−h)εjt and ε

j
t = Et (yt+j)− Et−1 (yt+j)

as follows.

First, note that

vt+h−k,h = yt+h−k − Et−k (yt+h−k)

=
(
yt+h−k − Et+(h−k)−1 (yt+h−k)

)
+
(
Et+(h−k)−1 (yt+h−k)− Et+(h−k)−2 (yt+h−k)

)
+ · · ·

· · ·+
(
Et−(h−k)−(h−1) (yt+h−k)− Et+(h−k)−h (yt+h−k)

)
= ε0

t+h−k + ε1
t+h−k−1 + · · ·+ εh−1

t−k+1

and thus equation (5.1) is transformed to

−A00yt =

K∑
k=0

H∑
h=1

AkhEt−k (yt+h−k) +

K∑
k=1

Ak0yt−k + ut

=

K∑
k=0

H∑
h=1

Akh

yt+h−k − h−1∑
j=0

εjt+h−k−j

+

K∑
k=1

Ak0yt−k + ut (5.3)

which is equivalent to

zJ1

(
H∑

i=−K
A∗i z

−i

)
yt = zJ1

 K∑
k=0

H∑
h=1

Akh

h−1∑
j=0

εjt+h−k−j − ut

 . (5.4)

where the parameter matrices A∗i feature the forecasting horizon i more prominently, i.e. the matrices A∗i , i ∈
{−K, . . . , 0, . . . ,H} , are obtained by summing over the diagonals of the big matrix in (5.1) containing the matrices
Akh, k ∈ {0, . . . ,K} , h ∈ {0, . . . ,H} , as elements. Reordering the sum zJ1

∑K
k=0

∑H
h=1

∑h−1
j=0 Akhz

k−(h−j)

appearing on the right hand side of equation (5.4) leads to

zJ1
K∑
k=0

H∑
h=1

Akh

h−1∑
j=0

εjt+h−k−j = zJ1
K∑
k=0

H−1∑
j=0

H∑
h=j+1

Akhε
j
t+h−k−j

= zJ1
K∑
k=0

H−1∑
j=0

(
H∑
h=0

Akhε
j
t+h−k−j −

j∑
h=0

Akhε
j
t+h−k−j

)

= zJ1
K∑
k=0

H−1∑
j=0

H∑
h=0

Akhε
j
t+h−k−j − z

J1

K∑
k=0

H−1∑
j=0

j∑
h=0

Akhε
j
t+h−k−j︸ ︷︷ ︸

=ζt

=

(
zJ1

K∑
k=0

H∑
h=0

Akhz
k−h

)
︸ ︷︷ ︸

=π(z)

H−1∑
j=0

εjt−j − ζt−J1
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Remark 5.3 (Perfect foresight solution). For arbitrary processes
(
εjt

)
t∈Z

, the solutions (yt)t∈Z of (5.2) are not

necessarily solutions of the rational expectations model (5.1). In particular, the perfect foresight solution for which
(εt)t∈Z is assumed to be identically zero, may not be a solution of the rational expectations model (5.1), compare
Broze et al. [1985] page 350.
Remark 5.4 (No redundant equations). The assumption A00 = −Is, imposed in Broze et al. [1995], does not
necessarily imply that det (π(z)) 6≡ 0 holds (consider, e.g., A00 = −Is = −AKH ) and, hence, does not exclude
systems having redundant equations.

Example 5.5. As an example consider the univariate model with K = H = 2, i.e.

yt = a01Et (yt+1) +a02Et (yt+2)
+a10yt−1 +a11Et−1 (yt) +a12Et−1 (yt+1)
+a20yt−2 +a21Et−2 (yt−1) +a22Et−2 (yt) + ut.

Replacing the conditional expectations by the variables themselves and the associated endogenous forecast errors
leads to

−ut = −yt +a01

(
yt+1 − ε0

t+1

)
+a02

(
yt+2 − ε0

t+2 − ε1
t+1

)
+a10yt−1 +a11

(
yt − ε0

t

)
+a12

(
yt+1 − ε0

t+1 − ε1
t

)
+a20yt−2 +a21

(
yt−1 − ε0

t−1

)
+a22

(
yt − ε0

t − ε1
t−1

)
.

By subtracting and adding forecast errors in a way that in each column above terms of the same kind appear we
obtain

−zt = a00

(
yt − ε0

t − ε1
t−1 + ε0

t + ε1
t−1

)
+a01

(
yt+1 − ε0

t+1 − ε1
t + ε1

t

)
+a02

(
yt+2 − ε0

t+2 − ε1
t+1

)
+a10

(
yt−1 − ε0

t−1 − ε1
t−2 + ε0

t−1 + ε1
t−2

)
+a11

(
yt − ε0

t − ε1
t−1 + ε1

t−1

)
+a12

(
yt+1 − ε0

t+1 − ε1
t

)
+a20

(
yt−2 − ε0

t−2 − ε1
t−3 + ε0

t−2 + ε1
t−3

)
+a21

(
yt−1 − ε0

t−1 − ε1
t−2 + ε1

t−2

)
+a22

(
yt − ε0

t − ε1
t−1

)
which leads to the recursive equation

a∗2︸︷︷︸
=a02

yt+2 + a∗1︸︷︷︸
=a12+a01

yt+1 + a∗0︸︷︷︸
=−1+a11+a22

yt + a∗−1︸︷︷︸
=a10+a21

yt−1 + a∗−2︸︷︷︸
=a20

yt−2

=
(
a∗2z
−2 + a∗1z

−1 + a∗0 + a∗−1z + a∗−2z
2
) (
ε0
t + ε1

t−1

)
− · · ·

· · · −
{
a00ε

0
t + a00ε

1
t−1 + a01ε

1
t

}
−
{
a10ε

0
t−1 + a10ε

1
t−2 + a11ε

1
t−1

}
−
{
a20ε

0
t−2 + a20ε

1
t−3 + a21ε

1
t−2

}
− · · ·

· · · − zt
which in turn is equivalent to(

a∗2z
−2 + a∗1z

−1 + a∗0 + a∗−1z + a∗−2z
2
)
yt =

(
a∗2z
−2 + a∗1z

−1 + a∗0 + a∗−1z + a∗−2z
2
) (
ε0
t + ε1

t−1

)
+ ζt − zt.

5.3.2 Constraints on the revision process

In this subsection, the constraints for the revision processes εjt = Et (yt+j)−Et−1 (yt+j) are derived by taking condi-
tional expectations of the recursive equation (5.2) with respect to different information sets, and taking subsequently
differences.

We follow Broze et al. [1995], page 244ff. We start from equation (5.2), i.e.

zJ1

(
J1∑
i=J0

A∗i z
−i

)
︸ ︷︷ ︸

=π(z)

yt = π(z)
(
ε0
t + ε1

t−1 + · · ·+ εH−1
t−H+1

)
+ ζt−J1 − ut−J1

where J0 = argmini {i |A∗i 6= 0} , Ji = argmaxi {i |A∗i 6= 0} , ζt =
∑K
k=0

∑H−1
j=0

∑j
h=0Akhz

k+(j−h)εjt , and ε
j
t =

Et (yt+j)− Et−1 (yt+j) and write the Smith canonical form of π(z) as

π(z) = P (z)α(z)Φ(z)Q(z),

where P (z) and Q(z) are unimodular11 matrices of dimension (s× s), and α(z) =

α1(z)
. . .

αs(z)

 and

Φ(z) =

φ1(z)
. . .

φs(z)

 are diagonal polynomial matrices whose i-th diagonal element divides the (i+ 1)-th

11A unimodular matrix is a matrix whose elements are polynomials but its determinant is a non-zero constant. For further background
on polynomial and rational matrices see Gantmacher [1959] Chapter VI, Kailath [1980] Chapter 6, Gohberg et al. [2006, 2009], and
Hannan and Deistler [2012] Chapter 2.
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diagonal element12. Moreover, the entries of α(z) have only zeros at zero. Thus, we will work with the equation

P (z)α(z)Φ(z)Q(z)yt = P (z)α(z)Φ(z)Q(z)
(
ε0
t + ε1

t−1 + · · ·+ εH−1
t−H+1

)
+ ζt−J1 − ut−J1 (5.5)

Theorem 5.6. Assume that (yt)t∈Z is a solution of the rational expectations model (5.1). Then, H revision processes
of dimension s satisfy the conditions

Et−i
(
α(z)−1P (z)−1 [ζt−J1 − ut−J1 ]

)
= Et−(i+1)

(
α(z)−1P (z)−1 [ζt−J1 − ut−J1 ]

)
, i ∈ {0, . . . ,H − 1}

or equivalently

Et−i
(
α(z)−1P (z)−1ζt−J1

)
− Et−(i+1)

(
α(z)−1P (z)−1ζt−J1

)
= (5.6)

= −
[
Et−i

(
α(z)−1P (z)−1ut−J1

)
− Et−(i+1)

(
α(z)−1P (z)−1ut−J1

)]
, i ∈ {0, . . . ,H − 1} .

Proof. The proof is divided into several steps.

Step 1: Apply (P (z)α(z))
−1 to the recursive equation (5.5) (which was derived from (5.1)). The equation

we will work with is

Φ(z)Q(z)︸ ︷︷ ︸
=Ω(z)

yt = Φ(z)Q(z)︸ ︷︷ ︸
=Ω(z)

(
ε0
t + ε1

t−1 + · · ·+ εH−1
t−H+1

)
+ α(z)−1P (z)−1 (ζt−J1 − ut−J1) . (5.7)

Step 2: Take conditional expectations of Ω(z)yt with respect to the information at time (t− i) , i ∈
{0, . . . ,H} , and subtract equation (i+ 1) from equation i for i ∈ {0, . . . ,H − 1} . Note that lags of yt
appearing in Ω(z)yt = ω0yt + ω1yt−1 + · · · + ωiyt−i + ωi+1yt−(i+1) + · · · + ωdeg(Ω(z))yt−deg(Ω(z)) that are larger
than i, have the same conditional expectation with respect to information sets up to time (t − i) and up to time
(t− (i+ 1)). Thus, we obtain for the left hand side of equation (5.7)

Et−i (Ω(z)yt)− Et−(i+1) (Ω(z)yt) =

= Et−i (ω0yt + ω1yt−1 + · · ·+ ωiyt−i)− Et−(i+1) (ω0yt + ω1yt−1 + · · ·+ ωiyt−i) (5.8)

= ω0

[
Et−i (yt)− Et−(i+1) (yt)

]
+ · · ·+ ωi

[
Et−i (yt−i)− Et−(i+1) (yt−i)

]
= ω0ε

i
t−i + ω1ε

i−1
t−i + · · ·+ ωiε

0
t−i. (5.9)

Step 3: Take the conditional expectation of Ω(z)
(
ε0
t + ε1

t−1 + · · ·+ εH−1
t−H+1

)
with respect to the information

at time (t− i) , i ∈ {0, . . . ,H} , and subtract equation (i+ 1) from equation i for i ∈ {0, . . . ,H − 1} .
Considering the term Ω(z)εjt−j , we note that lags larger than (i− j) are contained in both information sets which
contain information up to time (t− i) and up to time (t− (i+ 1)). Thus, we obtain for i ≥ j

Et−i
(

Ω(z)εjt−j

)
− Et−(i+1)

(
Ω(z)εjt−j

)
=

= Et−i

ω0ε
j
t−j + ω1ε

j
t−j−1 + · · ·+ ωi−j−1ε

j

t− j − (i− j − 1)︸ ︷︷ ︸
=t−(i−1)

+ ωi−jε
j

t− j − (i− j)︸ ︷︷ ︸
=t−i

− · · ·
· · · − Et−(i+1)

(
ω0ε

j
t−j + ω1ε

j
t−j−1 + · · ·+ ωi−j−1ε

j
t−(i−1) + ωi−jε

j
t−i

)
︸ ︷︷ ︸

=0 because j≤i≤i+1⇐⇒ t−j≥t−i≥t−(i+1)

= ωi−jε
j
t−i

such that

Et−i
(
Ω(z)

(
ε0
t + ε1

t−1 + · · ·+ εH−1
t−H+1

))
− Et−(i+1)

(
Ω(z)

(
ε0
t + ε1

t−1 + · · ·+ εH−1
t−H+1

))
=

= ωiε
0
t−i + ωi−1ε

1
t−i + · · ·+ ω1ε

i−1
t−i + ω0ε

i
t−i

which is equal to (5.9), i.e. Et−i (Ω(z)yt)− Et−(i+1) (Ω(z)yt), from above.

12Let φi(z) and φi+1(z) denote the i-th and (i+ 1)-th diagonal element. If φi(z) divides φi+1(z), there exists a polynomial p(z) such
that φi+1(z) = p(z)φi(z).
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Step 4: Conclude. On the right hand side of equation (5.7) remains thus

Et−i
(
α(z)−1P (z)−1 [ζt−J1 − ut−J1 ]

)
= Et−(i+1)

(
α(z)−1P (z)−1 [ζt−J1 − ut−J1 ]

)
from which the theorem follows.

5.3.3 Constrained solutions of the recursive equation

In this subsection, we characterize the solutions of rational expectations model (5.1). They comprise all solutions of
the recursive equation (5.2) where the uncorrelated processes

(
εjt

)
t∈Z

satisfy the constraints (5.6). We follow Broze

et al. [1995] page 244ff. and prove

Theorem 5.7. Assume that the process (yt)t∈Z satisfies the equation

π(z)︸︷︷︸
=P (z)α(z)Φ(z)Q(z)

yt = π(z)
(
ε0
t + ε1

t−1 + · · ·+ εH−1
t−H+1

)
+ ζt−J1 − ut−J1 ,

where H (arbitrary) martingale difference processes
(
εjt

)
t∈Z

, j ∈ {0, . . . ,H − 1} , with respect to the information

sets Hu(t), i.e. Et
(
εjt

)
= εjt and Et−1

(
εjt

)
= 0, of dimension s satisfy the conditions

Et−i
(
α(z)−1P (z)−1 [ζt−J1 − ut−J1 ]

)
= Et−(i+1)

(
α(z)−1P (z)−1 [ζt−J1 − ut−J1 ]

)
, i ∈ {0, . . . ,H − 1}

or equivalently

Et−i
(
α(z)−1P (z)−1ζt−J1

)
− Et−(i+1)

(
α(z)−1P (z)−1ζt−J1

)
=

= −
[
Et−i

(
α(z)−1P (z)−1ut−J1

)
− Et−(i+1)

(
α(z)−1P (z)−1ut−J1

)]
, i ∈ {0, . . . ,H − 1} .

It follows that the process (yt)t∈Z is also a solution of the rational expectations model (5.1), i.e.

(
1 z · · · zk · · · zK

)


A00 A01 · · · A0h · · · A0H

A10
. . .

...
Ak0 Akh AkH
...

...
AK0 AK1 · · · AKH





Et (yt)
Et (yt+1)

...
Et (yt+h)

...
Et (yt+H)


= −ut.
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Remark 5.8. Note the similar structure of the proof of Theorem 5.6. While we assumed in Theorem 5.6 that the
martingale difference processes are derived from the solutions of the rational expectations model, we prove here that
for arbitrary martingale difference sequences with respect to information sets Hu(t) satisfying the constraints, the
solutions of the recursive equation are also solutions of the rational expectations model.
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5.4 Number of free parameters in the reduced form with general re-
strictions

In this section, we generalize Property 5 on page 245 in Broze et al. [1995] describing the dimension of the solution
set of the rational expectations model (5.1) to the case where the exogenous process is linearly regular and has a
singular innovation covariance matrix.

Moving average structure of exogenous process. We consider the case where the exogenous linearly regular
process has Wold decomposition

ut =

∞∑
i=0

wiεt−i = w(z)εt

where
∑∞
i=0 wiw

T
i <∞ (component wise), and rank

(
E
(
εtε

T
t

))
= q ≤ s and search for solutions yt =

∑∞
j=−∞ kjεt−j

such that
∑∞
j=−∞ kjk

T
j <∞ (component wise).

Note that the revision process εjt satisfies

εjt−j = Et−j (yt)− Et−(j+1) (yt) = kjεt−j , j ≥ 0.,

where kj ∈ Rs×q.

Assumptions on the parameter space. We assume that there exists an h ∈ {0, . . . ,H} such that AKh 6= 0 and
a k ∈ {0, . . . ,K} such that AkH 6= 0, and that

π(z) = zJ1

(
J1∑
i=J0

A∗i z
−i

)
= A∗J0z

J1−J0 +A∗J0+1z
(J1−J0)−1 + · · ·+A∗0z

J1 + · · ·+A∗J1−1z +A∗J1

has determinant not identically zero13. We will consider two different kinds of parameter restrictions, namely zero
restrictions, i.e. the entries of the matrices Akh, k ∈ {0, . . . ,K} and h ∈ {0, . . . ,H}, may only be constrained to

be zero, and rational restrictions, i.e. we require that their entries are of the form Aijkh =
pijkh(θ1,...,θp)

qijkh(θ1,...,θp)
where pijkh and

qijkh are polynomials in (θ1, . . . , θp) and qijkh is not identically zero. Both of these restrictions guarantee that J1 and
G1 (the number of zeros at zero of π(z)) are well defined on the parameter space in the sense that both are constant
on the complement of a subset (of the parameter space) of lower dimension. Furthermore, we assume that there is
a point in the parameter space such that the matrix (5.14) on page 71 has full row rank14.

Remember that
π(z) = P (z)α(z)Φ(z)Q(z)

where P (z) and Q(z) are unimodular matrices of dimension (s× s), and α(z) =

α1(z)
. . .

αs(z)

 and Φ(z) =

φ1(z)
. . .

φs(z)

 are diagonal polynomial matrices whose i-th diagonal element divides the (i+ 1)-th diagonal

element. Moreover, the entries of α(z) have only zeros at zero.

Theorem 5.9. We consider the rational expectations model (5.1), i.e.

(
Is Isz · · · Isz

k · · · Isz
K
)


A00 A01 · · · A0h · · · A0H

A10
. . .

...
Ak0 Akh AkH
...

...
AK0 AK1 · · · AKH





Et (yt)
Et (yt+1)

...
Et (yt+h)

...
Et (yt+H)


= −ut

and assume that
13Note that the non-singularity of A00 does not imply that det (π(z)) 6≡ 0, compare remark 5.4 on page 57.
14In Broze et al. [1995] it is assumed that A00 = −Is and (implicitly by only allowing for zero restrictions) that the point for which all

(unrestricted) matrices are zero is contained in the parameter space. If we allow for rational restrictions this has to be assumed explicitly.
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• det (π(z)) 6≡ 0

• ∃h ∈ {0, . . . ,H} such that AKh 6= 0 and ∃k ∈ {0, . . . ,K} such that AkH 6= 0

• the entries of the parameter matrices above are of the form Aijkh =
pijkh(θ1,...,θp)

qijkh(θ1,...,θp)
where pijkh and qijkh are

polynomials in (θ1, . . . , θp) and qijkh is not identically zero, and that

• the matrix (
(mij)

j∈{1,...,H−J1}
i∈{1,...,H−J1} (nij)

j∈{1,...,J1}
i∈{1,...,H−J1}

)
∈ Rs(H−J1)×sH (5.10)

where

mij =


∑i−1
k=0Akk for i = j∑j−1
l=0 Ai−1−l,j−1−l for i > j∑i−1
l=0 Ai−1−l,j−1−l for j > i

and

nij =

i−1∑
l=0

Ai−1−l,H−J1+(j−1)−l

has full row row rank for a point in the parameter space,

• the linearly regular stationary exogenous process (ut)t∈Z has Wold decomposition

ut =

∞∑
i=0

wiεt−i = w(z)εt

where
∑∞
i=0 wiw

T
i <∞ (component wise), and rank

(
E
(
εtε

T
t

))
= q ≤ s.

For any parameter satisfying the restrictions above which is contained in a generic subset of the parameter space,
the structural difference equation

π(z)yt = π(z)
(
ε0
t + ε1

t−1 + · · ·+ εH−1
t−H+1

)
+ ζt−J1 − ut−J1

involves (J1s−G1) q free parameters, where

• s is the number of equations of the model,

• J1 is such that t+ J1 is the largest time index of expected endogenous variables appearing in the model, and

• G1 is the number of zero roots of det (π(z)).
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The following corollaries, (Corollary 5.11 was proved in [Broze et al., 1995]) are implied by Theorem 5.9.

Corollary 5.10. Under the assumptions in Theorem 5.9, except that there are only zero restrictions on the entries of
the parameter matrices and that A00 = −Is holds (from which it follows that there exists a point in the parameter
space that the matrix (5.10) has full row rank), it follows that for any parameter satisfying the restrictions above
which is contained in a generic subset of the parameter space, the structural difference equation

π(z)yt = π(z)
(
ε0
t + ε1

t−1 + · · ·+ εH−1
t−H+1

)
+ ζt−J1 − ut−J1

involves (J1s−G1) q free parameters.

Corollary 5.11. Assume that in the rational expectations model (5.1) only zero restrictions are imposed and that
additionally A00 = −Is and rank

(
E
(
εtε

T
t

))
= s holds.

For any parameter satisfying the restrictions above which is contained in a generic subset of the parameter space,
the structural difference equation involves (J1s−G1) s free parameters.
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5.5 Causal and non-explosive solutions

Up to this point, there is no assumption as to whether a process for which the rational expectations equation (5.1)
holds for every t ∈ Z also has to be contained in Hu(t) at time t or as to whether it has to satisfy a non-explosiveness
condition. Imposing non-explosiveness conditions as general as in Sims [2001] and imposing that yt ∈ Hu(t), t ∈ Z,
for a process (yt)t∈Z for which the rational expectations equation (5.1) holds for every t ∈ Z is straightforward in
this framework. In the same way, it is obvious how causality can be imposed.

First, we impose causality on the solutions of the recursive equation (5.2) (in which redundant martingale difference
sequences have been replaced) by only considering solutions for which the determinant of π(z) is developed in terms
of non-negative powers of the backward shift, i.e.

yt = det (π(z))
−1
adj(π(z))g(ε),

where g(ε) denotes a polynomial matrix depending on present and past values of the innovations of the exogenous
process. Second, the non-explosiveness conditions, which are given in the form of an (r × s)-dimensional, r ≤ s,
matrix G of full (row) rank, are taken into account by requiring that Gyt does not explode faster than a given rate
of growth ξ > 1. If it is possible to cancel roots λ of det (π(z)) (by adjusting free parameters) for which |λ|−1

> ξ
a causal, non-explosive solution exists. This solution is unique if there are no remaining free parameters.

To be more precise, after taking into account the restrictions on (k0, . . . , kH−1) in

π(z)yt = π(z) (k0εt + k1εt−1 + · · ·+ kH−1εt−H+1) + ζt−J1 − w(z)εt−J1

and noting that it is always possible (if there are no zeros of π(z) on the unit circle) to factorize π(z) as π(z) =
πs(z)πu(z), where the determinants of πs(z) has only roots outside the unit circle and the determinant of πu(z) has
only roots inside the unit circle, we obtain that

yt = πs(z)
−1πu(z)−1

(
Rθ(z)− w(z)zJ1

)
εt

where Rθ(z) is a polynomial matrix depending on the deep parameters (θ1, . . . , θp). If it we can tune the parameters
in Rθ(z) in a way that Rθ(z) = w(z)zJ1 + πu(z)−1Aθ(z), where Aθ(z) is a polynomial matrix, then we obtain

yt = πs(z)
−1Aθ(z)εt.

If there is only one parameter value (θ1, . . . , θp) such that the equation above holds, then the solution is unique.

A comment on Broze et al. [1995]. Broze et al. [1995] claim in their Theorem 4 on page 249 and 250 that, under
the assumption that the exogenous process admits a stationary (finite or infinite) moving-average representation, there
exists a unique solution to the rational expectations model if the number of unstable roots equals the number of
free parameters in the structural difference equation (5.2). This is incorrect because one may only cancel at most as
many unstable roots as there are martingale difference sequences appearing in different equations (as is the case in
Blanchard and Kahn [1980] under their full rank assumption). Indeed, they argue that their result holds by claiming
that one can cancel an unstable root of a certain polynomial matrix by fixing one of the free parameters. However,
this is in general not correct since the roots to be canceled out have to lie in the same space, taking account of which
requires additional free parameters. Whiteman [1983] proves (starting on page 91) a similar result (using similar
methods as above) to Broze et al. [1995] under more restrictive assumptions18. Whiteman’s result is correct and
therefore consistent with the result in Blanchard and Kahn [1980] (compare Propositions 1, 2, and 3 on page 1308
in Blanchard and Kahn [1980]) but not consistent with the one in Theorem 4 on page 249 and 250 in Broze et al.
[1995] mentioned above.

Example 5.12. As an example, we analyze the Blanchard and Kahn model Et
(
y

(pre)
t+1

)
Et
(
y

(¬pre)
t+1

) = B

(
y

(pre)
t

y
(¬pre)
t

)
+ Cξt, t ∈ N,

where Et
(
y

(pre)
t+1

)
= yt+1, Et

(
y

(¬pre)
t+1

)
= yt+1 − ε0

t+1, and (ξt)t∈N is an n (¬pre)-dimensional white noise process

with uncorrelated components with unit variance. Assuming that the number of non-predetermined variables y(¬pre)
t+1

coincides with the number of unstable roots of the (n× n)-dimensional matrix B, and that a full rank assumption
holds, we show that in general (n (¬pre))2

= n(u)2 free parameters are needed in order to cancel n (u) unstable
18Whiteman does not allow, e.g., for zeros at infinity.
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roots. We want to find a matrix K of free parameters in equation (5.16) below such that (Tu,¬preK + Tu•Cz) can
be factored as

(
In(u) − Juz

)
A(z), where A(z) is a polynomial matrix of appropriate dimensions.

Writing the system above as (
y

(pre)
t+1

y
(¬pre)
t+1 − ε0

t+1

)
= B

(
y

(pre)
t

y
(¬pre)
t

)
+ Cξt, t ∈ N,

and premultiplying this equation by a left basis T of the invariant subspace of B = T−1

(
Js

Ju

)
T , where Ju

contains the Jordan blocks pertaining to unstable roots, we obtain after rearranging((
In(s) − Jsz

)
st(

In(u) − Juz
)
ut

)
= T•,¬preεt +

(
Ts•
Tu•

)
Cξt−1, (5.15)

where ut = Tu,•

(
y

(pre)
t

y
(¬pre)
t

)
and st = Ts,•

(
y

(pre)
t

y
(¬pre)
t

)
in obvious notation.

First, note that the endogenous forecast error ε0
t = y

(¬pre)
t − Et−1

(
y

(¬pre)
t

)
is a linear function of the white noise

process (ξt)t∈N, i.e. we may write εt = Kξt, where K is of dimension (n (¬pre)× n (¬pre)).

Consider the “unstable” part of the system (5.15), i.e.(
In(u) − Juz

)
ut = (Tu,¬preK + Tu•Cz) ξt (5.16)

=
(
Tu,¬preK + Ju (Ju)

−1
Tu•Cz

)
ξt,

and note that (in accordance to Sims’ existence condition, see equation (40) on page 11 in Sims [2001] ) the matrix
polynomial can be factorized in the desired way if span

(
J−1
u Tu•C

)
⊆ span (Tu,¬pre). In order to fix ideas, we

assume Tu,¬pre to be invertible, take

K = − (Tu,¬pre)
−1

(Ju)
−1
Tu•C,

obtain (
In(u) − Juz

)
ut =

(
−Tu,¬pre (Tu,¬pre)

−1
(Ju)

−1
Tu•C + Ju (Ju)

−1
Tu•Cz

)
ξt

=
(
In(u) − Juz

) [
−J−1

u Tu•C
]
ξt,

and thus it follows that

ut =

[
adj
(
In(u) − Juz

)] (
In(u) − Juz

)
det
(
In(u) − Juz

) [
−J−1

u Tu•C
]
ξt

=
det
(
In(u) − Juz

)
In(u)

det
(
In(u) − Juz

) [
−J−1

u Tu•C
]
ξt = −J−1

u Tu•Cξt.
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Chapter 6

Analysis of Indeterminate Equilibria in
Linear Multivariate Rational
Expectations Models

This chapter deals with an extension of the analysis of indeterminate equilibria in Lubik and Schorfheide [2003]. It
is shown that certain parameter constellations lead, according to the analysis given in Lubik and Schorfheide [2003],
to an indeterminate solution of the rational expectations model even though the solution is actually unique.

6.1 Model considered

Lubik and Schorfheide [2003] elaborates on the analysis given in Sims [2001] and investigates the case of non-
uniqueness in more, but as we will show not sufficient, detail. They demonstrate their findings on a simple New
Keynesian DSGE model.

By imposing stationary structure on the exogenous variables, they consider an extended vector of endogenous variables
and thus consider the case Et (zt+1) = 0 in Sims’ notation. Lubik and Schorfheide consider the model

Γ0yt = Γ1yt−1 + Ψεt + Πηt (6.1)

where the endogenous variables yt are n-dimensional, the inputs εt are q-dimensional and satisfy Et (εt+1) = 0, ηt
is k-dimensional. They abstract from the constant term C and do not specify an index set which we take as N as
before. Moreover, the non-explosiveness condition (equation (9) on page 5 in Sims [2001]) applies to all components
of the endogenous variables yt, i.e.

Et
(
ξ−hyt+h

) h→∞−−−−→ 0, ξ > 1, (6.2)

holds.

6.2 Conditioning set

The conditioning set at time t is not explicitly specified in Lubik and Schorfheide [2003]. We assume it to be Hε,ζ(t),
where (ζt)t∈N is a p-dimensional stationary process of sunspots orthogonal to (εt)t∈N. We remind the reader of the
consequences of a larger conditioning set described in Remark 5.2 on page 55. When Lubik and Schorfheide introduce
“sunspot shocks” (Lubik and Schorfheide [2003], page 278, line 3) they do not assume that (ζt)t∈N is orthogonal to
(εt)t∈N but require only that Et (ζt+1) = 0 hold; in particular, (ζt)t∈N could be a (linear) function of (εt)t∈N. The
proof of their Proposition 1 (Lubik and Schorfheide [2003] page 278), however, would require (εt)t∈N and (ζt)t∈N to
be orthogonal and is thus in error; compare Proposition 6.1 (and remark 6.2) for a corrected version.
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6.3 Analysis of existence condition

First, Lubik and Schorfheide [2003] analyzes for given εt the solutions of the system of equations QU•Πηt =
−QU•Ψεt, where QU•Π and and QU•Ψ are of dimensions (n(U)× k) and (n(U)× q) respectively, pertaining to
Sims’ existence condition

span (QU•Ψ) ⊆ span (QU•Π) .

One obtains the set of all solutions η∗t of the equation QU•Πηt = QU•Ψεt as the sum of one particular solution
ηpt and the set of all homogenous solutions, i.e. the kernel of QU•Π. Lubik and Schorfheide choose as particular
solution the one with minimum Euclidean norm, i.e. they use the Moore-Penrose pseudo-inverse of QU•Π (compare
Golub and Van Loan [2013] page 290).

Assuming that a solution exists and that QU•Π has rank r ≤ min {n(U), k}, Lubik and Schorfheide [2003] considers
an equilibrium to be indeterminate whenever the kernel of QU•Π is non-trivial. This is unfortunate because a non-
trivial kernel of QU•Π is necessary but not sufficient for multiple solutions of the rational expectations model. A
necessary and sufficient condition is Sims’ uniqueness condition

spanrows (QS•Π) ⊆ spanrows (QU•Π) (6.3)

or equivalently that there exists a matrix Φ of dimension (n(S)× n(U)) such that

QS•Π = ΦQU•Π

holds. A more accurate way for describing the dimension of the indeterminacy, and also the dimension of the solution
set of the rational expectations model derived from the dimension of the indeterminacy, will be given in Theorem 6.6
on page 85 below.

However, let us first prove the following Proposition from Lubik and Schorfheide [2003] page 278, which constructs
the set of all solutions η∗t of the existence condition

QU•Ψεt +QU•Πηt = 0 (6.4)

by using the minimum norm solution as the particular solution and subsequently parametrizing the right-kernel of
QU•Π in terms of innovations εt and sunspot ζt.

The proof uses the singular value decomposition (SVD) of the n(U)× k dimensional matrix (QU•Π), i.e.

QU•Π =
[
U•1 U•2

](D11 0
0 0

)[
V1•
V2•

]
(6.5)

= U•1D11V1•

where D11 is a square (r × r)-dimensional diagonal matrix with positive diagonal elements, and U =
[
U•1 U•2

]
and

V =

[
V1•
V2•

]
are orthogonal matrices. It is well known that (V1•)

T spans the orthogonal complement (ker (QU•Π))
⊥

of the kernel of QU•Π, that (V2•)
T spans the kernel ker (QU•Π) of QU•Π, that (U•1) spans the image im (QU•Π)

of QU•Π, and that (U•2) spans the orthogonal complement (im (QU•Π))
⊥ of the image of QU•Π, see figure 6.1

below.

Figure 6.1:

Proposition 6.1. Let (ζt)t∈N be a p-dimensional stationary stochastic process which satisfies Et (ζt+1) = 0 and is
orthogonal to the inputs (εt)t∈N in equation (6.1). Furthermore, assume that ηt is a linear function of εt and ζt, and
that the existence condition (6.4) holds.
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Then, the set of all solutions η∗t of the existence condition is{
− (V1•)

T
D−1

11 (U•1)
T
QU•Ψεt + (V2•)

T
(M1εt +M2ζt) | M1 ∈ R(k−r)×q, M2 ∈ R(k−r)×p

}
where the first summand is the minimum norm solution, and M1 ∈ R(k−r)×q and M2 ∈ R(k−r)×p parametrize the
kernel of QU•Π. A sufficient (but not necessary) condition for obtaining a unique solution is thus k = r.

Proof. The proof is divided into several steps.

Step 1: Transform the existence condition and apply SVD to QU•Π Note that since the existence condition
span (QU•Ψ) ⊆ span (QU•Π) holds, there exists a matrix λ of dimension (k × q) such that

QU•Ψ = QU•Πλ.

Thus, the existence condition is equivalent to

0 = QU•Ψεt +QU•Πηt = QU•Πλεt +QU•Πηt

= QU•Π (λεt + ηt) ,

which leads to (using the singular value decomposition of QU•Π)

0 = U•1D11V1• (λεt + ηt)

⇐⇒ 0 = V1• (λεt + ηt) .

Step 2: Use the functional form ηt = A1εt + A2ζt and plug ηt into the existence condition. Assuming the
functional form above for ηt, we obtain

0 = V1• (λεt + [A1εt +A2ζt])

⇐⇒ 0 = V1• (λ+A1) εt + V1•A2ζt. (6.6)

Step 3: Conclude from the orthogonality of (εt)t∈N and (ζt)t∈N on the structure of A2. In order that the
existence condition (6.6) be satisfied for all possible realizations of the sunspot shock ζt, the matrix A2 has to be
equal to (V2•)

T
M2, where M2 is an arbitrary matrix of dimension (r × p). Then, the existence condition is

0 = V1• (λ+A1) εt + V1•A2ζt

⇐⇒ 0 = V1• (λ+A1) εt + V1• (V2•)
T︸ ︷︷ ︸

=0

M2ζt = V1• (λ+A1) εt.

Step 4: Given A2 = (V2•)
T
M2, get an expression A1 by representing it as direct sum A1 = (V1•)

T
V1•A1 +

(V2•)
T
V2•A1 = (V1•)

T
Ã1 + (V2•)

T
M1. Substituting the expression above for A1 in the existence condition gives

0 = V1•

(
λ+

[
(V1•)

T
Ã1 + (V2•)

T
M1

])
εt

= V1•

(
λ+

[
(V1•)

T
Ã1 + (V2•)

T
M1

])
= V1•λ+ Ã1.

It follows that
Ã1 = −V1•λ.

Step 5: Express Ã1 = −V1•λ in terms of the matrices appearing in the SVD by using the existence condition
QU•Ψ = QU•Πλ. Substituting the SVD of (QU•Π) in the existence condition, we obtain

U2•Ψ = U•1D11V1•λ ⇐⇒ −V1•λ = −D−1
11 (U•1)

T
QU•Ψ.
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Step 6: Obtain a parametrization of the solutions ηt of the existence condition. Finally, we obtain that

ηt = A1εt +A2ζt

=

(V1•)
T

V1•A1︸ ︷︷ ︸
=Ã1=−V1•λ=−D−1

11 (U•1)TQ2•Ψ

+ (V2•)
T
V2•A1︸ ︷︷ ︸
M1

 εt + (V2•)
T
M2ζt

= − (V1•)
T
D−1

11 (U•1)
T
QU•Ψεt︸ ︷︷ ︸

=Minimum norm solution

+ (V2•)
T

(M1εt +M2ζt)︸ ︷︷ ︸
=parametrization of

kernel of QU•Π

.

which proves the proposition.

To summarize, we first obtain one particular solution of the existence condition −QU•Πηt = QU•Ψεt, i.e. the
minimum norm solution ηpt = − (V1•)

T
D−1

11 (U•1)
T
QU•Ψεt obtained through the Moore-Penrose pseudo-inverse

of QU•Π. Subsequently, the kernel of QU•Π gets parametrized with M1 and M2 in order to describe how the
endogenous forecast error ηt might depend on the innovations (εt)t∈N of the exogenous process and on the sunspot
shocks (ζt)t∈N .

Remark 6.2 (Orthogonality assumption). Lubik and Schorfheide write on page 278 line 12 in Lubik and Schorfheide
[2003] that “[i]n order to satisfy [the existence condition] for all ζt it is necessary that A2 is orthogonal to

[
(V1•)

T
]
”.

We assume that with “for all ζt” Lubik and Schorfheide mean “for all realizations of (ζt)t∈N” because the process
(ζt)t∈N is part of the model specification and therefore fixed. If (assuming A2 to be square and non-singular)
ζt = −A−1

2 (λ+A1) εt, the existence condition (6.6), i.e.

0 = V1• (λ+A1) εt + V1•A2ζt,

holds for all realizations of (ζt)t∈N. It is, thus, not necessary but sufficient that A2 = (V2•)
T
M2 for reducing the

existence condition (6.6) to 0 = V1• (λ+A1) εt. Such an assumption, of course, would be ad hoc. Step 3 in the
proof of Proposition 6.1, however, shows that requiring (εt)t∈N and (ζt)t∈N to be orthogonal is sufficient to ensure
that A2 = (V2•)

T
M2 holds.

Remark 6.3. Assuming that M2 = 0, ηt is a function of the innovations εt of the exogenous variables only. Even
though the minimum-norm solution suggests itself for solving an equation of this form, it is not necessarily a natural
basis for the column space of QU•Π. In Deistler et al. [2011], a similar ill-posed inverse problem is solved by choosing
the first basis of the row space of a certain matrix, compare section (3.4) starting on page 32. This approach was
chosen after realizing that the minimum norm solution in Chen et al. [2011] may have some inconvenient properties.

Remark 6.4. Even though ηt might depend on sunspot shocks ζt, these shocks, of course, do not enter the second
block of rows in (

ΛSS ΛSU
ΛUU

)(
wSt
wUt

)
=

(
ΩSS ΩSU

ΩUU

)(
wSt−1

wUt−1

)
+

(
QS•
QU•

)
Ψzt +

(
QS•
QU•

)
Πηt

because they are in the right-kernel of QU•Π. They may, however, appear in the first block of rows if it is not possible
to express the rows of QS•Π in terms of the rows of QU•Π, i.e. if Sims’ uniqueness condition (6.3) does not hold.

6.4 The uniqueness condition, the degree of indeterminacy, and the
dimension of the solution set

The fact that Sims’ uniqueness condition (6.3), i.e. there exists a matrix Φ of dimension (n(S)× n(U)) such that
QS•Π = ΦQU•Π holds, may be satisfied even though the kernel of QU•Π is not trivial was not further analyzed in Lu-

bik and Schorfheide [2003]. In the same way as the singular value decompositionQU•Π =
[
U•1 U•2

](D11 0
0 0

)[
V1•
V2•

]
described in equation (6.5) on page 82 allows us to formulate the existence condition (6.4) conveniently1, it provides
insights into the non-uniqueness problem regarding solutions of rational expectations models. While the image of the
map QU•Π, and its relation to QU•Ψ, is used to characterize the existence of a solution of the rational expectations
model, the (right) kernel of the map QU•Π and its relation to the (right) kernel of QS•Π is used to describe the

1QU•Ψεt +QU•Πηt = 0 has a solution η∗t for all possible realizations of εt if and only if span (QU•Ψ) ⊆ span (U•1).
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(non)-uniqueness problem of solutions of the rational expectations model. Indeed, introducing the singular value
decomposition of QS•Π as

QS•Π =
[
Ũ•1 Ũ•2

](D̃11 0
0 0

)[
Ṽ1•
Ṽ2•

]
,

Sims’ uniqueness condition (6.3) is equivalent to rowspan
(
Ṽ1•

)
⊆ rowspan (V1•), i.e. the orthogonal complement

(ker (QS•Π))
⊥

=
(
Ṽ1•

)T
of the kernel of QS•Π is contained in the orthogonal complement (ker (QU•Π))

⊥
= (V1•)

T

of the kernel of QU•Π, and it is also equivalent to rowspan
(
Ṽ2•

)
⊇ rowspan (V2•), i.e. the kernel of QU•Π with

basis (V2•)
T is contained in the kernel of QS•Π with basis

(
Ṽ2•

)T
.

We define the dimension of the indeterminacy as the rank of the projection of the row space of QS•Π on the
orthogonal complement of the row space of QU•Π, i.e.

rank (QS•Π− Proj (QS•Π |QU•Π)) = rank
(
QS•Π

{
Ik −

(
(QU•Π)

†
(QU•Π)

)})
= rank

(
Ũ•1D̃11Ṽ1•

{
Ik −

(
(V1•)

T
D−1

11 (U•1)
T
U•1D11V1•

)})
,

= rank
(
Ṽ1•

{
(V2•)

T
V2•

})
where A† denotes the Moore-Penrose pseudo-inverse of a matrix A, and Proj (A|B) the projection of the row-
space of A on the row-space of B. Intuitively, everything which is not contained in the kernel of QS•Π (the

orthogonal complement (ker (QS•Π))
⊥

=
(
Ṽ1•

)T
of the kernel of QS•Π) is projected on the space through which

indeterminacies appear in the model (the kernel of QU•Π ).

Remark 6.5. Equivalently, the dimension of the indeterminacy could be defined as the rank of
(
V2• − V2•

(
Ṽ2•

)T
Ṽ2•

)
=

V2•

(
Ik −

(
Ṽ2•

)T
Ṽ2•

)
= V2•

((
Ṽ1•

)T
Ṽ1•

)
, i.e. the rank of the projection of the kernel of QU•Π (through which

indeterminacies appear in the model) on the orthogonal complement
(
Ṽ1•

)T
of the kernel of QS•Π (everything that

actually affects the variables wSt ).

For a given conditioning set, we define the dimension of the solution set of the rational expectations model as the
number of free parameters in the parametrization of the indeterminacy η̃t = (QS•Π− Proj (QS•Π |QU•Π)) ηt when
it is expressed as linear function of the components of stochastic processes in the conditioning set. For example,
when the dimension of the indeterminacy is, say, d, i.e. when there are d linearly independent components in η̃t, and
the conditioning set is Hε(t) where (εt)t∈N is the q-dimensional white noise input process (the innovations of the
exogenous process), then the dimension of the solution set is smaller than or equal to d · q.

We will state this as

Theorem 6.6. The degree of indeterminacy of the rational expectations model (6.1) is equal to rank
(
Ṽ1•

{
(V2•)

T
V2•

})
,

where
(
Ṽ1•

)⊥
is an orthonormal basis of the orthogonal complement of the kernel of QS•Π and (V2•)

T is an or-
thonormal basis of the kernel of QU•Π. Furthermore, for given conditioning set, the dimension of the solution set of
the rational expectations model (6.1) is smaller than or equal to

[
rank

(
Ṽ1•

{
(V2•)

T
V2•

})]
· q, where q is the rank

of the innovation covariance matrix of the stochastic processes contained in the conditioning set.

Example 6.7. Consider Q = I3, Ψ =

1
1
0

, and Π =

1 1 1
1 1 0
0 0 1

 and assume that there are one stable and two

unstable eigenvalues. In this case, the existence condition span
(

1
0

)
⊆ span

(
1 1 0
0 0 1

)
is satisfied and furthermore

the right kernel of
(

1 1 0
0 0 1

)
is non-trivial. Lubik and Schorfheide [2003] concludes in such a case that there are

multiple solutions. However, the uniqueness condition is satisfied as well because the rowspace of Π[1,•] (the first
row of Π) is contained in the rowspace of Π[2:3,•] (the second and third row of Π). Hence, the solution is unique.
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6.5 Analysis of transfer function

We define the reduced sunspot shocks2 ζ∗t = M2ζt and proceed to analyze the derivatives of the transfer function
relating the innovations εt of the exogenous variables and the reduced sunspot shocks ζ∗t to the endogenous variables.
This derivation differs from the one in Lubik and Schorfheide [2003] in two ways. First, Lubik and Schorfheide do
not consider derivatives of the endogenous variables with respect to the innovations and the reduced sunspot shocks
but rather “derivatives of the system”3, compare their equation (18) and (19) on page 279 in Lubik and Schorfheide
[2003]. Second, Lubik and Schorfheide do not analyze the directions in which the endogenous variables yt (or rather
Γ0yt) change.

We proceed analogously to Sims [2001] page 10ff. First, we obtain a solution for
(
wUt
)
t∈N which satisfies the non-

explosiveness condition (6.2) and is contained in Hε,ζ(t) at time t. In the case treated in Lubik and Schorfheide
[2003], i.e. C = 0 and Et (εt+1) = 0, we obtain wUt = 0. Second, in order to obtain a solution

(
wSt
)
t∈N for a given

solution
(
wUt
)
t∈N, we need n(S) linear combinations of the whole system(

ΛSS ΛSU
ΛUU

)(
wSt
wUt

)
=

(
ΩSS ΩSU

ΩUU

)(
wSt−1

wUt−1

)
+

(
QS•
QU•

)
Ψεt +

(
QS•
QU•

)
Πηt

such that the degree of indeterminacy is minimal. This is achieved by premultiplying the system above with(
In(S) −QS•Π (QU•Π)

†
)
,

as described in Theorem 6.6. Thus, we obtain(
ΛSS ΛSU −QS•Π (QU•Π)

†
ΛUU

)(wSt
wUt

)
=
(

ΩSS ΩSU −QS•Π (QU•Π)
†

ΩUU

)(wSt−1

wUt−1

)
+ · · ·

· · ·+
(
In(S) −QS•Π (QU•Π)

†
)(QS•

QU•

)
Ψεt + · · ·

· · ·+
(
QS•Π

{
Ik −

(
(QU•Π)

†
(QU•Π)

)})
ηt.

Finally, we obtain by premultiplying

Z

(
ΛSS ΛSU −QS•Π (QU•Π)

†
ΛUU

In(U)

)−1

= (Z•S , Z•U )

(
Λ−1
SS −Λ−1

SS

(
ΛSU −QS•Π (QU•Π)

†
ΛUU

)
In(U)

)

the following:

yt =

[
(Z•S , Z•U )

(
Λ−1
SS −Λ−1

SS

(
ΛSU −QS•Π (QU•Π)

†
ΛUU

)
In(U)

)(
ΩSS

(
ΩSU −QS•Π (QU•Π)

†
ΩUU

)
0

)
ZT

]
yt−1 + · · ·

· · ·+ Z

(
Λ−1
SS −Λ−1

SS

(
ΛSU −QS•Π (QU•Π)

†
ΛUU

)
In(U)

)(
In(S) −QS•Π (QU•Π)

†

0

)(
QS•
QU•

)
Ψεt + · · ·

· · ·+ Z

(
Λ−1
SS −Λ−1

SS

(
ΛSU −QS•Π (QU•Π)

†
ΛUU

)
In(U)

)(
QS•Π

{
Ik −

(
(QU•Π)

†
(QU•Π)

)}
0

)
ηt

= Z•S

[(
Λ−1
SSΩSS Λ−1

SS

(
ΩSU −QS•Π (QU•Π)

†
ΩUU

))
ZT
]

︸ ︷︷ ︸
=Θy

yt−1 + · · ·

· · ·+ Z•S

(
Λ−1
SS −Λ−1

SSQS•Π (QU•Π)
†
)(QS•

QU•

)
Ψ︸ ︷︷ ︸

=Θε

εt + · · ·

· · ·+ Z•S

(
Λ−1
SSQS•Π

{
Ik −

(
(QU•Π)

†
(QU•Π)

)})
︸ ︷︷ ︸

=Θη

ηt.

2Remember that M2 ∈ R(k−r)×p.
3Note that, in general, the mapping from the structural form to the final form of a difference equation is not unique.
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Using Proposition 6.1 to substitute for ηt = − (V1•)
T
D−1

11 (U•1)
T
QU•Ψεt + (V2•)

T
(M1εt + ζ∗t ), we obtain for the

effects of the white noise inputs εt and the reduced sunspots ζ∗t

∂yt
∂ζ∗t

= Z•S

(
Λ−1
SSQS•Π

{
Ik −

(
(QU•Π)

†
(QU•Π)

)})
(V2•)

T

and

∂yt
∂εt

= Z•S

(
Λ−1
SS −Λ−1

SSQS•Π (QU•Π)
†
)(

QS•
QU•

)
Ψ− · · ·

· · · − Z•S
(

Λ−1
SSQS•Π

{
Ik −

(
(QU•Π)

†
(QU•Π)

)})
(V1•)

T
D−1

11 (U•1)
T
QU•Ψ + · · ·

· · ·+ Z•S

(
Λ−1
SSQS•Π

{
Ik −

(
(QU•Π)

†
(QU•Π)

)})
(V2•)

T
M1.

Lubik and Schorfheide plug ηt = − (V1•)
T
D−1

11 (U•1)
T
QU•Ψεt + (V2•)

T
(M1εt + ζ∗t ) into the system

Γ0yt = Γ1yt−1 + Ψεt + Πηt

= Γ1yt−1 + Ψεt −Π (V1•)
T
D−1

11 (U•1)
T
QU•Ψεt + Π (V2•)

T
(M1εt + ζ∗t )

= Γ1yt−1 +
(
I −Π (V1•)

T
D−1

11 (U•1)
T
QU•

)
Ψεt + Π (V2•)

T
M1εt + Π (V2•)

T
ζ∗t (6.7)

and obtain thus

∂Γ0yt
∂ζ∗t

= Π (V2•)
T and

∂Γ0yt
∂εt

=
(

Ψ−Π (V1•)
T
D−1

11 (U•1)
T
QU•Ψ

)
+ Π (V2•)

T
M1

without taking into account that theses equations could be further specialized to

∂Γ0yt
∂ζ∗t

= (QS•)
T
QSΠ (V2•)

T (6.8)

and

∂Γ0yt
∂εt

=
(

Ψ−Π (V1•)
T
D−1

11 (U•1)
T
QU•Ψ

)
+ Π (V2•)

T
M1

=

(
Ψ−Π

(
(V1•)

T
(V2•)

T
)(

D−1
11 (U•1)

T
QU•Ψ

−M1

))
.

Remark 6.8. If Sims’ uniqueness condition QS•Π = ΦQU•Π holds, it follows in equation (6.8) that ∂Γ0yt
∂ζ∗t

= 0

because
∂Γ0yt
∂ζ∗t

= (QS•)
T

ΦQU•Π (V2•)
T︸ ︷︷ ︸

=0

= 0.

Under this condition, thus, the sunspots do not appear in system (6.7).

.

.
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Abstract

This thesis is concerned with identifiability analysis and estimation of multivariate linear dynamic models. A particular
emphasis is given firstly to models with strictly fewer inputs than outputs, secondly to the case of mixed frequency
data, and lastly to linear multivariate rational expectations model. Chapter 2 deals with spectral factorization, i.e.
obtaining a transfer function from the spectral density, of singular rational spectral densities. Chapter 3 deals with the
identifiability problem for singular AR models, shows that the identifiability problem in this case is very similar to the
one for usual multivariate ARMA models, and introduces a new canonical form. Chapter 4 deals with identifiability
from mixed frequency data in the sense that we want to obtain the underlying high frequency AR model from (mixed
frequency) population second moments which can be observed in principle. The case of singular and as well as the
case of non-singular innovation covariance matrix is treated. The main result is that “typically” identifiability can
be ensured using second moments. Chapter 5 is concerned with stochastic singularity in multivariate linear rational
expectations models. It provides important preliminary work for treating identifiability analysis and estimation of
structural singular ARMA models. The main result is the derivation of the number of free parameters in the reduced
form of a rational expectations model in the stochastically singular case. It holds under very general restrictions
on the parameter space such that state-of-the-art macroeconomic models can be analyzed. Chapter 6 extends the
analysis of indeterminate equilibria of rational expectations models in (Lubik and Schorfheide, Journal of Economic
Dynamics and Control, 2003). It is shown that there are certain parameter constellations that lead to models which
are deemed to have an indeterminate solution according to the analysis given by Lubik and Schorfheide even though
the solution is actually unique.
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Zusammenfassung

Diese Dissertation behandelt Identifizierbarkeit und Schätzung von multivariaten linearen dynamischen Modellen.
Besondere Beachtung finden in diesem Zusammenhang Modelle mit weniger Inputs als Outputs, Modelle für Daten
mit unterschiedler Abtastfrequenz und Modelle mit rationalen Erwartungen.

Kapitel 2 behandelt Spektralfaktorisierung (die Frage wie man die Transferfunktion von der spektralen Dichte erhält)
von singulären rationalen spektralen Dichten. In Kapitel 3 wird Identifizierbarkeit von singulären AR Modellen behan-
delt. Während Identifizierbarkeit im regulären AR Fall trivial ist, zeigt die Identifizierbarkeitsanalyse von singulären
AR Modellen Parallelen mit jener von regulären ARMA Modellen. Um dieses Identifizierbarkeitsproblem zu lösen
führen wir eine neue kanonische Form mit nützlichen Eigenschaften ein. Kapitel 4 geht der Frage nach ob man ein
zugrundeliegendes hochfrequentes AR Modell eindeutig von Populationsmomenten die man prinzipiell von Daten mit
unterschiedlicher Abtastfrequenz erhalten könnte identifizieren kann. Diese Frage wird für eine “große” Menge des
Parameterraums positiv beantwortet. Kapitel 5 analysiert Modelle mit rationalen Erwartungen die weniger stochasti-
sche Inputs als endogene Variablen haben. Diese Modelle rechtfertigen eine weiterführende Analyse von strukturellen
singulären ARMA Modellen. Die Anzahl der freien Parameter in der reduzierten Form eines Modells mit rationalen
Erwartungen unter stochastischer Singularität wird abgeleitet. Das Resultat wir unter generellen Restriktionen an den
Parameterraum bewiesen sodass moderne makroökonomische Modelle damit analysiert werden können. Das letzte
Kapitel erweitert die Resultate des Artikels (Lubik and Schorfheide, Journal of Economic Dynamics and Control,
2003). Es wird gezeigt dass die Analyse von Lubik und Schorfheide für gewisse Parameter fälschlicherweise die Nicht-
eindeutigkeit der Lösung ableitet obwohl die Lösung des Modells mit rationalen Erwartungen für diesen Parameter in
Wirklichkeit eindeutig ist.
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