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Abstract

This work describes a generalization of the Landau problem to non-constant magnetic fields
and presents a solution in the framework of non-commutative geometry. The non-commutative
features of a modification of the fuzzy sphere are investigated and its semi-classical limit is
related to the quantum mechanical Landau problem.

A short introduction to quantization and non-commutative geometry is given, as well as a
description of the fuzzy sphere and the Landau problem. The fuzzy sphere is then projected
onto the X3 = 0 plane, leading to two interleaved fuzzy disks with opposite Poisson structure.
These are studied in terms of non-commutative gauge theory and the arising Laplacian is studied.

Explicit formulæ for the first few fuzzy spherical harmonics are presented, as well as a program
for generating arbitrary fuzzy spherical harmonics.
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Zusammenfassung

Die vorliegende Arbeit beschreibt eine Verallgemeinerung des Landau Problems auf inhomogene
Magnetfelder und bietet eine Lösung im Rahmen der nicht-kommutativen Geometrie. Die nicht-
kommutativen Eigenschaften einer modifizierten fuzzy Sphäre werden untersucht und deren semi-
klassischer Limes mit dem quantenmechanischen Landau Problem in Verbindung gebracht.

Eine kurze Einführung in die Grundzüge der Quantisierung und der nicht-kommutativen Ge-
ometrie wird gegeben, sowie eine Beschreibung der fuzzy Sphäre und des Landau Problems.
Die fuzzy Sphäre wird im Anschluss auf die X3 = 0 Ebene projeziert, was zu zwei ineinander
geschachtelten fuzzy disks führt, die entgegengesetze Poisson Strukturen haben. Diese werden
im Sinne nicht-kommutativer Eichtheorien untersucht und der auftretende Laplace Operator
behandelt.

Zusätzlich werden die expliziten Formeln für die ersten fuzzy Kugelflächenfunktionen präsentiert
und ein Programm zur Generierung beliebiger fuzzy Kugelflächenfunktionen.
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1. Introduction

The theory of relativity and quantum mechanics changed our perception of the world we live
in. These theories challenge our understanding of space-time and the objects within. The
former emends our intuitive imagination when traveling with high speeds or moving around
large masses, the latter shows the limits of intuition when dealing with (critically) small objects
and momenta. Yet no satisfactory unification of quantum mechanics with general relativity has
been found.

Although general relativity and quantum field theory had remarkable successes in the last
decades, their incompatibility indicates a fundamental flaw in our classical notion of space-
time. One of the first to address this issue was Heisenberg, who remarked that h̄ and c are
the boundaries, where our intuitive ideas cannot be applied anymore without hesitations. He
dealt with the universal length scale arising in the theory of elementary particles, noting that
the divergences occurring in integrals suggest the existence of such a universal length [1].

A standard argument for its existence goes as follows: from the Heisenberg uncertainty we get
that the wave number k ∼ 1

∆x , thus the energy should be of order E = h̄k ∼ h̄
∆x . From general

relativity we know, that to a localized energy corresponds a length given by the Schwarzschild
radius RSchwarzschild ∼ GE, with G the gravitational constant. Since measurements of objects
inside the Schwarzschild radius are not possible, one should require ∆x ≥ RSchwarzschild ∼ GE ≥
Gh̄
∆x , hence (∆x)2 ≥ h̄G = `2P , where `P is the Planck length [2].

∆x∆x ≥ `2P is reminiscent of the Heisenberg uncertainty ∆x∆p ≥ h̄
2 . This leads to the idea

of the construction of quantum space-time resembling the procedure from quantum mechanics,
where the commuting coordinate functions on phase space qi, pi are replaced by non-commuting
observables Qi, Pi. These observables satisfy the Heisenberg algebra[

Xi, Xj
]

= [Pi, Pj ] = 0,
[
Xi, Pj

]
= ih̄δij . (1.1)

In non-commutative geometry one then takes the position operators to also fulfill a commutation
relation [

Xi, Xj
]

= iθij(X)

where θij(X) is called the Poisson structure. The introduction of this non-commutativity has
many consequences. Notably, the existence of smallest volumes (Planck cells), which obscure
the classical notion of points. The lack thereof seems to be a natural solution to the problem of
black hole singularities [3]. Furthermore, this leads to a natural UV-cutoff for large momenta,
which otherwise has to be implemented artificially by hand in quantum field theory.
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1. Introduction

This work is organized as follows:

Chapter 2 gives an introduction to symplectic geometry on phase space and continues with some
basic features of canonical quantization. Afterwards analogies between canonical quantization
and non-commutative geometry are drawn and some concepts of non-commutative geometry are
addressed.

Chapter 3 extends the discussion to the non-commutative (fuzzy) sphere. The usual 2-sphere is
outlined and quantized. This serves as groundwork for the construction of the squashed fuzzy
sphere later.

Chapter 4 is a description of the quantum mechanical two-dimensional harmonic oscillator and
the famous Landau problem, where non-commutativity occurs due to magnetic fields.

Chapter 5 presents a modification of the fuzzy sphere, which is projected onto the equatorial
plane. The Poisson structure, Laplacian and eigenfunctions of this geometry are studied. At
the end the commutative limit is considered with the aim of comparing to the Landau problem.

Appendix A provides some Mathematica codes used for the calculations in chapters 3.3 and 5.
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2. Quantization procedure

The usual approaches so far to quantum theories are to define them as a result of some “quan-
tization procedure” of classical theories. The classical theory “gets quantized” resulting in the
quantum theory. There are three widely accepted procedures [4]

• canonical quantization
• path integral quantization
• algebraic methods (e.g. ?-product quantization and C∗-algebra methods)

While all find their application in non-commutative geometry, we are in the first place concerned
with the approach of canonical quantization.

One of the first to formulate the rules for canonical quantization was P. A. M. Dirac. He studied
the quantization behavior and found that the commutator of two quantum quantities is equal
to their Poisson bracket times ih̄ [5]

[x̂, ŷ] = ih̄{x̂, y} (2.1)

where [., .] is the commutator (or Lie bracket) of quantum variables x, y and {., .} is the Poisson
bracket. There are some subtleties arising with this kind of quantization, we will cover these in
section 2.2.

2.1. Phase space

To understand canonical quantization we shall first investigate some features of phase space.
This section is widely based on [6], additional information from [7] is labeled respectively.

We can represent the configuration space of a physical system by a smooth manifold Q, the
phase space of this system is then the cotangent bundle T ∗Q of Q. If Q has dimension n, then
T ∗Q has dimension 2n: Be

{
qi
}

the set of coordinate functions on Q, then the 1-forms on TQ
are elements of T ∗Q and have the (canonical) form

ω1 =
∑
i

pidq
i

with {pi} the components of ω1. Thus the collections of 2n functions {pi} and
{
qi
}

form a
system of local coordinates for points in T ∗Q.

We see that by taking the exterior derivative of the (canonical) 1-form above we get a closed,
non-degenerate 2-form, which is our natural symplectic structure on T ∗Q. In this case, where
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2. Quantization procedure

the symplectic manifold is the cotangent bundle, ω2 is even exact.

ω2 = −dω1 =
∑
i

dqi ∧ dpi (2.2)

dω2 = −ddω1 = 0.

The most general definition of a symplectic manifold is as follows:

An even dimensional Manifold (M2n, ω2) is symplectic, when its symplectic structure ω2 (a
2-form) is closed and non-degenerate, i.e.

dω2 = 0

and
∀~ξ 6= 0, ∃~η : ω2(~ξ, ~η) 6= 0, ~ξ, ~η ∈ TxM.

If ω2 is a non-degenerate 2-form in the neighborhood of x on M2n, we can formulate Darboux’
theorem [7]:

In a neighborhood of x one can choose coordinates such that ω2 is constant and has the standard
form

ω2 =
n∑
i

dqi ∧ dpi.

2.1.1. Vector fields

Let ~A be a smooth vector field on M , then at every point x ∈ M we have a tangent vector
~A(x) ∈ TxM . ~A generates a 1-parameter group of diffeomorphisms, called the flow of ~A. The
vector ~A(x0) is tangent to the flow (curve) in x0

d

dt

∣∣∣∣
t=0

Atx = ~A(x) (2.3)

where At : M →M is the flow.

Figure 2.1.: Relation between vector fields and flows, where x ∈M is a point, ~A(x) ∈ TxM is a
vector and At is the flow associated to ~A.

Looking at the flow of ~A we can ask, what the behavior of a function ϕ is along this flow,
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2.1. Phase space

Figure 2.2.: In general flows At, Bs do not commute. AtBsx and BsAtx are not the same points.

especially of interest is how ϕ changes along At, i.e. the derivative in the direction of ~A. This
derivative is the Lie derivative L ~A, defined as

(L ~Aϕ)(x) =
d

dt

∣∣∣∣
t=0

ϕ(Atx) = ~A[ϕ](x) (2.4)

where L ~Aϕ is a new function at x. This can also be interpreted as the action of the vector field
~A on the function ϕ at the point x.

In general the flows At,Bs of two vector fields ~A and ~B do not commute

AtBs 6= BsAt.

To investigate the non-commutativity of At and Bs let us examine the difference between
ϕ(BsAtx) and ϕ(AtBsx) at the points BsAtx and AtBsx. If we look at infinitesimal flows,
the Taylor expansion of the difference is to leading order just ϕ(BsAtx) − ϕ(AtBsx), while
higher order contributions vanish

∂2

∂t∂s

∣∣∣∣
t=s=0

(
ϕ(BsAtx)− ϕ(AtBsx)

)
=
(
L ~AL ~B − L ~BL ~A

)
ϕ(x).

So the difference is nothing else than the commutator of the differentiations in the directions of
~A and ~B. Since this commutator is itself a linear differentiation operator, we can identify it as
the differentiation along some other vector field ~C, such that

L ~C = L ~AL ~B − L ~BL ~A

and
~C = [ ~A, ~B]

with the commutator [., .] being the Lie bracket. Thus we see that vector fields on a manifold
form a Lie algebra. That is, two flows At, Bs commute iff

[ ~A, ~B] = 0.
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2. Quantization procedure

A Riemannian structure (e.g. euclidean) on a manifold establishes an isomorphism between
vector fields and 1-forms

~A → ω1
~A
( ~B) = ( ~A, ~B)

with (., .) the standard scalar product. Analogously a symplectic structure establishes the fol-
lowing isomorphism

~A → ω1
~A
( ~B) = ω2( ~A, ~B).

We will denote this isomorphism by I

I : T ∗xM → TxM.

The isomorphism I is also called the sharp-isomorphism1 Idf = (df)], with

] : T ∗xM → TxM

df =
∂f

∂qi
dqi +

∂f

∂pi
dpi 7→ Idf = (df)] = Xf

= (∂pif)∂qi − (∂qif)∂pi (2.5)

and [7]

(Iij) =

(
0 1

−1 0

)
=: J. (2.6)

Now if f is a function on M , then df is a 1-form ∈ T ∗M and Idf is the associated vector field
on M .

Take H to be a Hamilton function, then IdH is called a Hamiltonian vector field. This vector
field generates a Hamiltonian phase flow gt : M2n →M2n

d

dt

∣∣∣∣
t=0

gtx = IdH(x) (2.7)

with the property, that the pull back of gt, (gt)∗ : T ∗M → T ∗M , is a symplectomorphism2

(gt)∗ω2 = ω2.

In the case of n = 1, M2n = R2, this means that the Hamiltonian phase flow preserves area
(Liouville’s theorem).

2.1.2. Sp(2n)

If M2n is finite-dimensional, the collection of linear symplectic mappings form the group Sp(2n),
called the symplectic group [7].

Let ϕ be a canonical transformation, then

ω2(ϕ∗ ~A, ϕ∗ ~B) = ω2( ~A, ~B)

1Note that (ω2
ij)

] = J. J is sometimes called the symplectic matrix.
2The terms symplectomorphism, canonical transformation and symplectic transformation can be used synony-

mously.

6



2.1. Phase space

with ω2 as defined in (2.2) and ϕ∗ the push forward. A linear transformation ϕ : M2n →M2n

is symplectic, iff it takes some (and therefore all) symplectic basis
{
xi
}

into another symplectic
basis, thus (

ϕ∗ ~A
)i

=
∂ϕi

∂xj
Aj = SijA

j

If one represents Sp(2n) as a matrix group, we get the following relation for S

SJST = J. (2.8)

with J from (2.6) [7].

2.1.3. Poisson bracket

The vector fields on M form a Lie algebra, the Hamiltonian vector field form a subalgebra. Since
Hamiltonian vector fields are tightly interrelated to Hamilton functions through (2.7), Hamilton
functions also form a Lie algebra. The binary operation in the algebra of Hamilton functions is
called Poisson bracket.

Let F and H be functions on the symplectic manifold (M2n, ω2), F,H : M2n → R. Let gtH be
the flow associated to H. The Poisson bracket {F,H} of F and H is given as the derivative of
the function F in the direction of the flow gtH

{F,H} (x) =
d

dt

∣∣∣∣
t=0

F (gtHx).

Corollary

{F,H} = dF (IdH),

{F,H} = ω2(IdF, IdH), (2.9)

{F,H} = LIdH(F ),

{F,H} =

(
∂F

∂pi
,−∂F

∂qi

)
J

(
∂H
∂pi

−∂H
∂qi

)

and

{F,H} = −{H,F} ,∑
cyclic in F,G,H

{F, {G,H}} = 0.

These give the fundamental Poisson brackets{
qi, qj

}
=

{
pi, pj

}
= 0, (2.10){

qi, pj
}

= δij .

From (2.9) we see that the Poisson bracket is defined by the symplectic form, thus all symplectic
manifolds are Poisson manifolds (a manifold endowed with a Poisson bracket) [7].

If we have a canonical transformation on the coordinates (p, q) 7→ (p′, q′), then dq∧dp = dq′ ∧ dp′

7



2. Quantization procedure

and
{F,H}p,q = {F,H}p′,q′

so the Poisson brackets also coincide, and we conclude that the definition of Poisson brackets is
independent of coordinates.

Further, let XA, XB be Hamiltonian vector fields of the Hamilton functions A,B. The Lie bracket
of XA and XB, [XA, XB] = XC , is also a Hamiltonian vector field. The Hamilton function C
associated to XC is then the Poisson bracket of A and B, {A,B} = C

[XA, XB] = XC

⇒ {A,B} = C ,with XA = IdA, etc.

i.e.3

[XA, XB] = −X{A,B}.

Thus we have a map (−Id) from the Lie algebra of functions to the Lie algebra of Hamiltonian
vector fields [7]. This map is an algebra homomorphism, whose kernel consists of the locally
constant functions.

2.2. Canonical quantization

In the previous section we have seen, that the existence of the Poisson bracket on phase space is
a consequence of its symplectic structure. Independently of that the coordinate functions (qi, pi)
form a commutative algebra under point-wise multiplication.

The transition from the classical to the quantum level is characterized by the quantization map
Q, which maps from the algebra A of fields on R2n to the algebra of operators Ah̄ [8, 9, 2]

Q : A → Ah̄.

Analogously to (2.1) it certainly would be nice if the quantization map Q fulfills

ih̄Q({f, g}) = [Q(f),Q(g)] (2.11)

for arbitrary f, g, implying that the quantized coordinates Q(p),Q(q) satisfy canonical com-
mutation relations. According to the theorem of Stone and von Neumann every irreducible
representation of the Heisenberg algebra (1.1) is unitary equivalent to the Schrödinger represen-
tation [10, 11]

(Q(qi)ψ)(q) = qiψ(q),

(Q(pi)ψ)(q) = −ih̄∂qiψ(q). (2.12)

In other words, every quantization Q is equivalent to the Schrödinger quantization.

If we choose a quantization map satisfying (2.11) different from (2.12), we may get unphysical
results. For example using geometric quantization, where the Hilbert space is taken to be the
square integrable functions on phase space and Q′(f) = ih̄∇Xf + f , we get that the Hamilton

3
[
(dA)] , (dB)]

]
= − (d {A,B})] or alternatively [IdA, IdB] = −Id {A,B}.

8



2.2. Canonical quantization

operator is not bounded from below [4], which is clearly physically wrong.

2.2.1. Weyl quantization

The theorem of Groenewold and van Howe states, roughly speaking, that if we have a quanti-
zation map, such that (2.11) and (2.12) hold at the same time, this map will fail to quantize
polynomials [4]. We are thus searching for a quantization map Q, which extends the Schrödinger
quantization to polynomials in pi, q

i. This generalization can be achieved if we impose an order-
ing prescription on the polynomials. In particular, if we impose the totally symmetrized Weyl
ordering prescription, we obtain a one-to-one correspondence between the algebra Ah̄ and the
algebra A [8]. That is polynomials in pi and qi are mapped to totally symmetric polynomials in
their quantized Hermitian counterparts P, Q, e.g.

Q(qp) 7→ 1

2
(QP + PQ)

Q(p2q) 7→ 1

3
(P 2Q+ PQP +QP 2)

With this prescription we can extend quantizations to exponentials, since these can be formally
defined by a Taylor series.

In particular we can apply the Weyl quantization to plane waves. Let xa = (qi, pj) denote the
2n coordinates on phase space and ka = (ki, l

j) their coefficients, then

u(x) = e
i
h̄
kaxa = e

i
h̄

(kiq
i+ljpj)

are phase space plane waves, and with Q(xa) = Xa

Q(u(x)) = e
i
h̄

(kiQ
i+ljPj) = e

i
h̄
kaXa

= u(Q(x)). (2.13)

Now that we have the quantization of plane waves it is only natural to turn to the Fourier
transform, which is nothing else than expansion of functions into plane waves.

f(x) =

∫
d2nk f̃(k)e

i
h̄
kaxa 7→ Q(f) =

∫
d2nk f̃(k)e

i
h̄
kaXa

(2.14)

is the quantization of the Fourier transform. It shows that Q(f∗) = Q(f)†, in particular Q(f)
is Hermitian if f(x) is real-valued [8].

Using (2.14), we can now define a map ∆ between fields and operators

∆(x) =

∫
d2nk

(2πh̄)2n
e−

i
h̄
ka(xa−Xa).

With this the Weyl quantization takes the form

Q(f) =

∫
d2nx f(x)∆(x). (2.15)

9



2. Quantization procedure

2.2.2. Star product

Still condition (2.11) is too strong, as a consequence of the theorem of Groenewold and van
Howe. We have to weaken it, while maintaining its essence. We want our quantum theory
to reduce to the classical theory for macroscopic systems as h̄ → 0. This leads to the weak
quantizations prescription

lim
h̄→0

1

ih̄
Q−1([Q(f),Q(g)]) = {f, g} (2.16)

The map Q becomes an isomorphism between the algebra A and Ah̄ if we introduce a non-
commutative product ? of functions on A, such that Q(f ? g) = Q(f) · Q(g). This can be
realized with star products, whose explicit forms depend on the chosen ordering prescription.
Especially the star product for the Weyl ordering is defined as follows [12]

f ? g =

∞∑
n

1

n!

(
ih̄

2

)n n∑
k=0

(
n
k

)
(−1)n−k

∑
i1,...,in

∂nf

∂qi1 · · · ∂qik∂pik+1
· · · ∂pin

∂ng

∂pi1 · · · ∂pik∂qik+1 · · · ∂qin
. (2.17)

From this definition of the star product we see, that for h̄ → 0 it reduces to the commutative
product, and to leading order

f ? g = f · g +
ih̄

2
{f, g}+O(h̄2),

such that we can define a commutator

[f, g]? := f ? g − g ? f = ih̄ {f, g}+O(h̄2).

Equipped with this we can return to (2.16)

lim
h̄→0

1

ih̄
Q−1([Q(f),Q(g)]?) = lim

h̄→0

1

ih̄
Q−1(ih̄ {Q(f),Q(g)}+O(h̄2)) = {f, g}+ lim

h̄→0
O(h̄)︸ ︷︷ ︸
→0

= {f, g}

and obtain, that indeed the star product provides a realization of the weak quantization pre-
scription.

The star product shifts the non-commutative character to the initial algebra A, returning the
classical commutative case for large quantum numbers.

2.3. Non-commutative geometry

One of the motivations of non-commutative geometry is the creation of a quantum theory of
gravity, hence a unification of all fundamental forces. The main idea is the quantization of
space-time following the example of quantum mechanics. In the previous chapters we examined
a few aspects of the mathematical structure of quantum mechanics, studying the primal features

10



2.3. Non-commutative geometry

of quantization. We can conclude that “being a quantum theory” means, that the space, which
is getting quantized, inherits a symplectic structure. Since we want a quantum theory of space-
time, the manifold M describing it obtains a symplectic/Poisson structure. As a consequence
space-time has to be even-dimensional and in contrast to the Heisenberg algebra of quantum
mechanics, we have that [

Xa, Xb
]
6= 0

with the specific algebraic structure depending on the topology of the space-time in question.
Some of the established concepts have to be adjusted to be applicable to the current situation.

Firstly, since the symplectic space is not T ∗Q, as it was in section 2.1, the symplectic form is not
necessary exact anymore and only locally has the form ω2 ∝

∑
dxi∧dxj , where the coordinates

xi are related to space-time now. From this follows that the fundamental Poisson brackets in
(2.10) change to {

xa, xb
}

= θab(x) = k̄θab0 (x)

where θij is the anti-symmetric Poisson tensor (or structure), which has a dimension of (length)2.
Or respectively one introduces a expansion parameter k̄ of dimension (length)2 and takes θij0 to
be a fixed dimensionless Poisson structure. Thus the Poisson bracket of arbitrary functions is

{A,B} = θab∂aA∂bB

with ∂i = ∂
∂xi

.

Furthermore, the quantization map is a linear map of vector spaces from the functions on the
Poisson manifold (M, {., .}) to the quantized algebra of functions thereon, which is a subset of
a general operator-algebra Mat(∞,C) on seperable Hilbert spaces

Q : C(M) → MN ⊂ Mat(∞,C)

f(x) 7→ F

satisfying the weak (de-) quantization prescription (2.16) on space-times [2]

lim
k̄→0

1

ik̄
Q−1([Q(f),Q(g)]?) = {f, g} .

It has been shown, that such a quantization prescription always exists as a formal power series
in k̄ [13]. At the end of chapter 2.2 we saw, that the actual problem of canonical quantization
can (and should be) reformulated as problem of de-quantization. That means, that the quantum
commutation relations are to be taken as the fundamental quantities and the Poisson bracket
arises in the (semi-)classical limit. Thus the fundamental quantity is[

Xa, Xb
]

= iθab(X).

We can define the “semi-classical” limit (indicated by ∼) as the leading order non-vanishing
term in the power series in k̄, dropping all higher-order terms

[F,G] ∼ i {f, g}+O(k̄2).

Thus, in the semi-classical limit we replace the commutator with the Poisson bracket. In par-
ticular, if the Xa generate the entire algebra, we can write F (Xa) to be a polynomial in Xa.

11



2. Quantization procedure

Then the Xa can be interpreted as quantized coordinate functions [9]

Xa ∼ xa.

We can also consider Poisson manifolds M embedded in RD [2]. The Cartesian coordinate
functions xa on RD serve as embedding functions

xa : M ↪→ RD,

so that xa ∈ C(M). The quantization Q then defines an embedded non-commutative space (or
NC brane), with quantized embedding functions

Xa := Q(xa) ∈ MN ⊂ Mat(∞,C).

There is a local neighborhood for any point p ∈ M , where we can write the matrices Xa in
terms of independent coordinates Xµ and embedding functions φi(Xµ)

Xa =

(
Xµ

φi(Xµ)

)
.

As an example consider the fuzzy sphere discussed in chapter 3. We can solve for X3 =
±
√
r2 − (X1)2 − (X2)2, such that X1, X2 are independent local coordinates and X3 is an em-

bedding function, dependent on those local coordinates, thus Xµ ∈
{
X1, X2

}
and φi = X3.

2.3.1. Moyal-Weyl quantum plane R2n
N

The Moyal-Weyl quantum plane is the prototype example of a non-commutative space. It is
defined by 2n Hermitian matrices X̄a subject to[

X̄a, X̄b
]

= iθ̄ab1

with constant Poisson structure θ̄ab [9]. This should be interpreted as a quantization of the flat
R2n ⊂ RD with Poisson tensor

{
x̄a, x̄b

}
= θ̄ab. From this we see that we can find canonical

coordinates which are global Darboux coordinates for the entire R2n
N . The quantization map can

thus be viewed as a quantization of the algebra of functions on R2n

Q : C(R2n) → R2n
N ⊂ Mat(∞,C)

eikax
a 7→ eikaX̄

a

which is nothing else, than the equivalent of (2.13). Hence the Weyl quantization from (2.15)
becomes [8]

Q(f) =

∫
dDx f(x)∆(x)

with

∆(x) =

∫
dDk

(2π)D
e−ika(xa−X̄a).

12



2.3. Non-commutative geometry

If we take ∆ to be normalized
Tr∆(x) = 1

it follows that the trace Tr is uniquely given by an integration over space-time

TrQ(f) =

∫
dDx f(x)

or alternatively [2]

(2π)nTrQ(f) ∼
∫
ωn

n!
f (2.18)

where ω is the symplectic structure. Note that this equations holds for arbitrary Poisson man-
ifolds M with dim(M) = 2n, since the volume measure thereon is related to the n-fold wedge
product of the symplectic 2-form ω.

Also the star product has to be adjusted, becoming the Groenewold-Moyal star product [14, 15]

f(x) ? g(x) = f(x)e
i
2

←−
∂aθab

−→
∂b

= f(x)g(x) +

∞∑
k=1

(
i

2

)k 1

k!
θa1b1 · · · θakbk∂a1 · · · ∂akf(x)∂b1 · · · ∂bkg(x).

Note that the θij are dimensionful. This provides the interpretation for
[
X̄a, .

]
as a partial

derivative
− i
[
X̄a, f

]
∼ {x̄a, f} = θaa

′
∂a′f (2.19)

and gives rise to the matrix Laplacian [2]

� = δab

[
X̄a
[
X̄b, .

]]
.

2.3.2. Deformations and gauge theory

Now we consider small deformations A of the constant Moyal-Weyl plane R2n
N embedded in RD

Xa =

(
X̄µ

0

)
+

(
−θ̄µνAν
φi

)
(2.20)

with embedding functions φi as before. These deformations can be interpreted in terms of non-
commutative gauge theory. The Aµ = Aµ(X̄) play the role of gauge fields and φi = φi(X̄) the
role of scalar fields on R2n

N [2].

Using the fact, that the commutator provides a sensible definition for derivatives, as we saw in
(2.19), one finds [9]

[Xµ, f ] =
[
X̄µ − θ̄µνAν , f

]
= iθ̄µν

(
∂

∂X̄ν
+ i [Aν , .]

)
f ≡ iθ̄µνDνf,

[Xµ, Xν ] = θµν = −iθ̄µµ′ θ̄νν′(θ̄−1
µ′ν′ + Fµ′ν′) (2.21)

where
Fµν = ∂µAν − ∂νAµ + i [Aµ, Aν ]

13



2. Quantization procedure

is the U(1) field strength. Gauge transformations Xµ → UXµU−1 with U ∈ U(∞) give rise to

Aµ → UAµU
−1 + U∂µU

−1,

φi → UφiU−1,

which have the structure of gauge transformations of Yang-Mills gauge fields. We can thus
interpret the first in equation in (2.21) as covariant derivatives, while the second equation says
that deviations of θµν from the Moyal-Weyl quantum plane are caused by a field strength Fµν .

14



3. The fuzzy sphere S2
N

This section gives a quick introduction to the fuzzy sphere S2
N

, which is a well known example
of quantized spaces and has been studied for a long time. The following treatment of S2

N
in

chapters 3.1 and 3.2 as an embedded non-commutative space is widely based on [16], other
sources are referenced explicitly.

The fuzzy sphere is a quantization of the usual sphere S2 with a cutoff in angular momentum,
which is a physical consequence of the existence of smallest volumes. This cutoff serves as a
natural UV truncation, which otherwise has to be implemented artificially to circumvent the
infamous UV divergences in quantum field theories.

3.1. Sphere S2

The algebra on a usual sphere S2 can be generated by coordinate functions xa, a = 1, 2, 3
satisfying

δabx
axb = r2 (3.1)

which means exactly that the radius of the sphere is r. Furthermore, these coordinates serve as
embedding functions of the sphere in the Euclidean space R3

xa : S2 ↪→ R3.

They generate a commutative algebra A of functions f on the sphere

f ∈ A = C∞(S2)

(further omitting the ∞). These functions have a polynomial expansion in the coordinate
functions xa

f(x) = f0 + fax
a + 1

2fabx
axb + . . .

with complex valued functions fa1...al as coefficients. The geometry of S2 can be formulated
in terms of A, which separates points and is dense in the algebra of smooth functions. The
(sub)space Cn(S2) is spanned by the direct sum of polynomials of degree ≤ n

Cn(S2) =
⊕
k≤n

Pk(x).

Since we are on a sphere it is only reasonable to request the polynomials Pk to be invariant under
the action on a sphere, i.e. SO(3). The Lie group SO(3) is characterized by its Lie algebra
so(3) ∼= su(2)

[Ja, Jb] = iεabcJ
c

15



3. The fuzzy sphere S2
N

with generators Ja and the Casimir operator ~J2, which is a representation intertwiner, hence
by Schur’s lemma proportional to the identity

~J2 =
(
J1
)2

+
(
J2
)2

+
(
J3
)2

= C2
1 (3.2)

where C2, the value of the quadratic Casimir, is a real number.

A set of functions with this invariance property are the spherical harmonics, which form a
complete set of orthonormal functions and thus may serve as a orthonormal basis of the Hilbert
space on the sphere. We get the spherical harmonics Y l

m=l as the highest weight vectors of the
respective representation, that is with ladder operators J± = J1 ± iJ2

J+Pn(x) = 0

⇒ Pn = Y n
n ∝ (J+)n (3.3)

and the other Y l
m<l are obtained by repeated action of J− on Y n

n . Thus C(S2) decomposes into
irreducible representations as follows

C(S2) = (1)⊕ (3)⊕ (5)⊕ . . .
=

{
Y 0

0

}
⊕
{
Y 1
m

}
⊕
{
Y 2
m

}
⊕ . . .

Note that the different
{
Y l
m

}
are irreducible, hence the direct sum. A general polynomial

fn is not irreducible. Take as an example the defining property in equation (3.1): although(
x2 + y2 + z2

)
∈ C2(S2), it is a constant, i.e. ∈ C0(S2). That means, it forms a one dimensional

invariant subspace under SO(3).

The first few spherical harmonics are illustrated in table 3.1 in terms of the embedding functions
xa = x, y, z. One notices that Y l

m and Y l
−m are not independent from one another, but Y l

−m ∝(
Y l
m

) ∗. This shall become important later on in the non-commutative analysis.

Y 0
0 ∝ const. Y 2

2 ∝ (x+ iy)2

Y 1
1 ∝ x+ iy Y 2

1 ∝ (x+ iy)z

Y 1
0 ∝ z Y 2

0 ∝ x2 + y2 − 2z2

Y 1
−1 ∝ (x− iy) Y 2

−1 ∝ (x− iy)z

Y 2
−2 ∝ (x− iy)2

Table 3.1.: Spherical harmonics Y l
m for l ≤ 2 [17].

3.2. Fuzzy sphere S2
N

In order to quantize S2, the commutative algebra Cn(S2) needs to become non-commutative.
There are several ways to achieve that. Here we choose Cn(S2) to map into the algebra MN of
complex N ×N matrices. That is, we have a quantization map Q with

Q : xa 7→ Xa = κJa (3.4)

16



3.2. Fuzzy sphere S2
N

The factor of κ is necessary for two reasons. Firstly, we would like the Xa to have a physical
dimension of length (the Ja are dimensionless). Secondly, the matrices Xa should be interpreted
as quantized embedding functions Xa : S2

N
↪→ R3 and we required the sphere to have radius r(

X1
)2

+
(
X2
)2

+
(
X3
)2

= r2.

Thus, using equation (3.2)

κ2 =
r2

CN
CN =

1

4

(
N2 − 1

)
,

where CN is the value of ~J2 = CN1, which depends on the dimension N of the matrices.

We can introduce the constant
k = 2πκr

which has the dimension (length)2 and plays an analogous role to Planck’s constant in quantum
mechanics. We can further define the analogue of h̄

k̄ =
k

2π
= κr =

r2

√
CN

and the commutative limit is given by k̄ → 0 as N →∞ for fixed radius. The generators Xa of
the algebra MN satisfy the commutation relations[

Xa, Xb
]

= ik̄CabcX
c =: iθab,

Cabc = r−1εabc,

(θab)S2
N

=
k̄

r

 0 X3 −X2

−X3 0 X1

X2 −X1 0

 .

In the limitN →∞ (k̄ → 0) they commute and all of the points on the sphere are distinguishable,
the fuzziness disappears.

Following the same idea as in the commutative case we can decompose MN into irreducible
representations under the adjoint action of su(2) [2]

MN
∼= (N)⊗ (N̄) = (1)⊕ (3)⊕ . . .⊕ (2N − 1)

=
{
Ŷ 0

0

}
⊕ . . .⊕

{
Ŷ N−1
m

}
. (3.5)

With this decomposition we have a suitable definition for the quantization map Q as well as the
fuzzy spherical harmonics Ŷ l

m

Q : Cn(S2) → MN = Mat(N,C)

Y l
m 7→

{
Ŷ l
m . . . l < N

0 . . . l ≥ N
.

Here the UV truncation mentioned before becomes evident. For large l, corresponding to very

17



3. The fuzzy sphere S2
N

large angular momentum, the spacial resolution does not get any better. Therefore the sequence
of fuzzy spherical harmonics, related to this spacial resolution, is cut off.

Since we want to approximate the commutative algebra Cn(S2) by a sequence of non-commutative
approximationsMN we shall define a norm onMN and see that for N →∞ it converges to the
norm of Cn(S2). Define for Q(f) = f̂ the norm as

‖f̂‖2
N

=
1

N
Tr(f̂ †f̂).

With this the generators Xa have a norm independent of N

‖Xa‖2
N

= 1
3r

2.

The norm of elements f ∈ C(S2) is given by

‖f‖2 =
1

4πr2

∫
|f |2

As N →∞ we see that
1

N
Tr(f̂) ∼ 1

4πr2

∫
f

indeed tends to an SO(3)-invariant integral and is consistent with equation (2.18) and the norm
is well behaved in the limit such that

‖f̂‖2
N
∼ ‖f‖2 .

Also, the induced volume 2-form on S2 is proportional to the symplectic form ω, thus for large
N we get k̄ ' 2r2

N and with N
2r2

∫
f =
´
S2 ωf

ω =
1

k̄
Cabcx

adxb ∧ dxc. (3.6)

After this discussion on the norm we shall proceed with investigating the quantization behavior
of coordinate transformations and vector fields. This will guide us to a suitable definition of
derivatives and a fuzzy Laplace operator.

A group action on a manifold generates a flow. In (2.3) we have seen that a flow πth is related
to a vector field Xh. Furthermore, (2.4) relates these two to the Lie derivative, which acts
on functions on the manifold, such that infinitesimal transformations in the direction of Xh of
functions are

f 7→ f ′ = f +Xh[f ].

From (2.9) we know that we can write a vector field Xh (related to a function h via Xh = Idh)
as

Xh := −{h, .}.

Thus
f 7→ f ′ = f − {h, f}

which can be quantized. After the quantization we have

Q(f) = f̂ 7→ f̂ ′ = f̂ + i[ĥ, f̂ ] (3.7)

18



3.2. Fuzzy sphere S2
N

for infinitesimal transformations. This means nothing else, but

f̂(Xa) 7→ f̂ ′(Xa) = ĝf̂(Xa)ĝ−1

for general transformations with

ĝ = eiĥ.

Because f̂ = f̂(Xa) is a polynomial of the basis elements Xa, the same statement holds for the
Xa themselves, thus coordinate transformations have the form

Xa 7→ X ′a = ĝXaĝ−1 (3.8)

where ĝ is a fixed, arbitrary element of MN which has an inverse.

If we turn to the vector fields themselves, we know they can be identified as derivations. Deriva-
tions are linear maps ξ ofMN into itself satisfying the Leibniz rule: ξ(f̂ ĝ) = ξ(f̂)ĝ+ f̂ ξ(ĝ). The
adjoint action adĥ of ĥ ∈MN is such a derivation [18], thus vector fields have the form

ξ = adĥ.

Applying equation (3.8) to ξ we get

ξ 7→ ξ′ = adĝĥĝ−1 .

For infinitesimal transformations we can expand ĝ = 1 + ĥ. (3.8) then takes the form

X ′a ' Xa + i[ĥ, Xa] = Xa + iξ[Xa]

which is in agreement with (3.7).

ĥ is related to the generators Xa, since we want the transformations to be compatible with the
actions of SO(3). Consider the following derivations of MN

Ea =
1

k̄
adXa . (3.9)

Then the derivative EaXb of Xb is given by

EaXb =
1

k̄

[
Xa, Xb

]
= iCabcX

c,

which has no physical dimension, as it should be. This means that the definition in (3.9) has
the right physical dimension and everything derived from it as well. The commutation relations
of the Ea then are [

Ea, Eb
]

=
1

k̄2
ad[Xa,Xb] =

i

k̄
CabcadXc

= iCabcE
c

One should compare this to derivatives on S2 and see that they are in agreement with [Q(f),Q(g)] ∼
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3. The fuzzy sphere S2
N

i {f, g}. We shall then define ea, the pre-image of Ea, analogously as

ea =
1

k̄
{xa, .} =

1

k̄
θab∂b = Cabcx

c∂b.

This definition is independent of k̄, as a sensible definition should be, and we see that the
derivative of xb is

eaxb = Cabcx
c

and consequently {
ea, eb

}
= Cabce

c.

We then see that indeed
[
Ea, Eb

]
∼ i
{
ea, eb

}
and it follows

Ea ∼ ea.

Equipped with this definition of a derivative we immediately get the Laplace operator on the
fuzzy sphere

� = δabE
aEb =

δab
k̄2

[
Xa,

[
Xb, .

]]
. (3.10)

3.3. Fuzzy spherical harmonics

In equation (3.5) we have already identified the fuzzy spherical harmonics Ŷ l
m as the irreducible

representations of our non-commutative algebraMN , which were analogous to the commutative
case up to a cutoff. The Y l

m were derived as highest weight vectors of SO(3), but we know that
they are also eigenfunctions of the classical Laplace operator ∆ with eigenvalue ∆Y l

m = l(l+1)Y l
m.

This raises the question if the fuzzy spherical harmonics are also eigenfunctions of the fuzzy
Laplace operator and if so, what the eigenvalues are. It is easy to check that (see appendix A.1)

�Ŷ l
m =

κ2

k̄2
l(l + 1)Ŷ l

m =
1

r2
l(l + 1)Ŷ l

m. (3.11)

As mentioned above, the Y l
m form a orthonormal basis on the Hilbert space of the sphere, so do

the Ŷ l
m on the fuzzy sphere, which means [19]

1

N
Tr

((
Ŷ l
m

)†
Ŷ l′
m′

)
= δll′δmm′ .

To get the explicit (matrix) form of the Ŷ l
m we have multiple possibilities. We can quantize the

Cartesian form of the Y l
m, e.g.

Y 2
1 ∝ (x+ iy)z → 1

2

(
X3
(
X1 + iX2

)
+
(
X1 + iX2

)
X3
)
∝ Ŷ 2

1

and so forth. Since the product is non-commutative in the fuzzy case, we have to Weyl-order
the whole expression to account for that.

Another option is to use that Ŷ l
m=l = (X+)l and derive the other fuzzy spherical harmonics from
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3.3. Fuzzy spherical harmonics

that
Ŷ l
m=l−1 = X− B (X+)l =

[
X−, (X+)l

]
.

These are two equivalent ways (see appendix A.2) to obtain the explicit matrices related to the
various Ŷ l

m. Let us then examine what the matrices look like for fixed matrix dimension N .

The first thing one notices is that the maximal value for l is lmax = N − 1. All matrices Ŷ l
m

with l > N − 1 are null matrices. Also it is not surprising, that matrices with |m| > l, for all l,
are null matrices as well.

Next, the matrices Ŷ l
0 are diagonal. Ŷ l

1 have entries only along the first diagonal above the main
diagonal, Ŷ l

2 have entries only along the second diagonal above the main diagonal and so forth.
An analogous statement can be made for Ŷ l

−1, Ŷ l
−2, etc. below the main diagonal. The entries

of the matrices are symmetric w.r.t. the anti diagonal. Their values are decreasing, the farther
away they are from the anti diagonal.

If we look at (3.11), we see that for fixed l, the eigenvalues of � are 2l + 1 times degenerate -
analogous to the classical case.
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4. The Landau problem

We are interested in the dynamics of a charged (spinless) particle in an uniform magnetic field.
The particle shall have the charge of an electron. We will investigate a series of quantum
mechanical effects, such as the equidistant energy levels called Landau levels, as well as the
occurrence of non-commutativity in the purely quantum mechanical treatment.

But first, we will repeat the two-dimensional quantum harmonic oscillator to remind us of some
of its properties and establish a continuous notation, as we will use it later to solve the Landau
levels.

4.1. 2-D quantum harmonic oscillator

This discussion on the two-dimensional harmonic oscillator is solely based on [20], but is a
standard in almost every book on quantum mechanics.

Since the problem it planar, we will choose our coordinate system in such a fashion, that the
harmonic oscillator is in the xy-plane. The Hamiltonian then has the form

Hxy =
1

2µ

(
P 2
x + P 2

y

)
+
µω2

2

(
X2 + Y 2

)
with µ the mass of the particle and a constant ω (the frequency of the harmonic oscillator). Let
|ϕxy〉 be eigenfunctions of the Hamiltonian with eigenvalues

Hxy |ϕxy〉 = Exy |ϕxy〉 ,

where Exy denotes the energy of the state |ϕxy〉.

The two-dimensional harmonic oscillator can be written as the sum of two one-dimensional
harmonic oscillators, thus the Hamiltonian decomposes into

Hx =
1

2µ
P 2
x +

µω2

2
X2

Hy =
1

2µ
P 2
y +

µω2

2
Y 2

and the Hilbert space decomposes accordingly into Hxy = Hx ⊗Hy, i.e.∣∣ϕnx,ny〉 = |ϕnx〉 ⊗
∣∣ϕny〉 , (4.1)

where |ϕnx〉 ,
∣∣ϕny〉 are eigenstates of the respective Hamiltonian. We can reformulate the Hamil-
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4. The Landau problem

tonian in terms of creation and annihilation operators

ax =
1√
2

(
βX + i

Px
βh̄

)
,

ay =
1√
2

(
βY + i

Py
βh̄

)
(4.2)

with

β =

√
µω

h̄
. (4.3)

One can easily check that since ax and ay act on different spaces Hx and Hy, all commutators

of ax, a
†
x, ay, a

†
y vanish except for [

ax, a
†
x

]
=
[
ay, a

†
y

]
= 1.

We define as usual the number operators as

Nx = a†xax,

Ny = a†yay

and the Hamiltonian takes the form

Hxy = Hx +Hy = (Nx +Ny + 1)h̄ω

with eigenvalues

Exy =

(
nx +

1

2

)
h̄ω +

(
ny +

1

2

)
h̄ω = (nx + ny + 1)h̄ω,

since

Nx

∣∣ϕnx,ny〉 = nx
∣∣ϕnx,ny〉 ,

Ny

∣∣ϕnx,ny〉 = ny
∣∣ϕnx,ny〉 .

Then obviously the ground state is

|ϕ0,0〉 = |ϕnx=0〉 ⊗
∣∣ϕny=0

〉
and the state in equation (4.1) is obtained by successively acting on the ground state with the

operators a†x and a†y ∣∣ϕnx,ny〉 =
1√

nx!ny!

(
a†x

)nx (
a†y

)ny
|ϕ0,0〉 . (4.4)

The corresponding wave functions follow then as

ϕnx,ny(x, y) =
β√

π2nx+nynx!ny!
e
−β2(x2+y2)/2Hnx(βx)Hny(βy), (4.5)

where Hnx and Hny are the Hermite polynomials defined as

Hn(z) = (−1)nez
2 dn

dzn
e−z

2
.
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4.1. 2-D quantum harmonic oscillator

We want to later relate the semi-classical Landau levels to the commutative limit of the squashed
fuzzy sphere described in section 5. The Hilbert space on the squashed fuzzy sphere is spanned
by the fuzzy spherical harmonics, which are related to angular momentum. Because of that, it
is advisable to search for simultaneous eigenfunctions of Hxy and Lz here as well.

The angular momentum operator is defined as ~L = ~X × ~P , thus the z-component is

Lz = XPy − Y Px

= ih̄
(
axa
†
y − a†xay

)
Since [Hxy, Lz] = 0, it is possible to diagonalize Hxy and Lz at the same time and thereby obtain
simultaneous eigenfunctions of these two operators. In order to find this basis of eigenstates, we
define new creation and annihilation operators in terms of the ones in equation (4.2)

ar =
1√
2

(ax − iay) ,

al =
1√
2

(ax + iay) . (4.6)

From this definition we see that acting with ar (or al) on
∣∣ϕnx,ny〉, we get a linear combination

of
∣∣ϕnx−1,ny

〉
and

∣∣ϕnx,ny−1

〉
, hence a stationary state with an energy quantum h̄ω less. Likewise

the action of a†r (or a†l ) on
∣∣ϕnx,ny〉 results in a stationary state with an energy quantum more.

ar and al can therefore be regarded as the annihilation operators of a right circular quantum
and left circular quantum respectively.

From the definition of ar and al follows that the only non-vanishing commutators are

[ar, a
†
r] = [al, a

†
l ] = 1.

From that we can conclude that again the Hilbert space decomposes Hxy = Hr ⊗ Hl. We can
analogously to above introduce new number operators

Nr = a†rar,

Nl = a†l al

in terms of which the Hamiltonian takes the form

Hxy = (Nr +Nl + 1) h̄ω. (4.7)

But Lz takes a much nicer form than before

Lz = (Nr −Nl) h̄. (4.8)

Seeing that the definition in (4.6) is sensible, we can repeat our procedure from equation (4.4)
and get a new basis of the Hilbert space Hxy

|χnr,nl〉 =
1√
nr!nl!

(
a†r

)nr (
a†l

)nl
|ϕ0,0〉 . (4.9)
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4. The Landau problem

We can further define the quantum numbers n and m as

n = nr + nl, (4.10)

m = nr − nl

to obtain
Hxy |χnr,nl〉 = h̄ω (n+ 1) |χnr,nl〉

and
Lz |χnr,nl〉 = h̄m |χnr,nl〉 . (4.11)

From equation (4.10) and (4.11) it becomes evident why we said a†r (a†l ) to create right (left)

circular quanta. Both raise the energy by h̄ω, but acting with a†r on |χnr,nl〉 gives a state

with h̄ additional angular momentum, while acting with a†l on |χnr,nl〉 decreases the angular
momentum by h̄. Note that to an energy level En, we have (2n+ 1) corresponding states with
angular momenta ranging from (−nh̄) to (nh̄), while for a fixed m,nl and nr there are infinitely
many corresponding states. This can be seen in table 4.1, where the first couple of χ are listed.

Since the problem now has a rotational symmetry, it is only natural to change to polar coordi-
nates

x = ρ cosϕ,

y = ρ sinϕ.

With that we can rewrite the ground state (4.5) as

χ0,0 =
β√
π
e
−β2ρ2/2

with β as defined in equation (4.3). Applying a†r nr times on χ0,0 yields the normalized wave
function

χnr,0(ρ, ϕ) =
β√
πnr!

einrϕ(βρ)nre
−β2ρ2/2

analogously for a†l

χ0,nl(ρ, ϕ) =
β√
πnl!

e−inlϕ(βρ)nle
−β2ρ2/2. (4.12)

n = 0: m = 0 χ0,0 n = 3: m = 3 χ3,0 n = 4: m = 4 χ4,0

n = 1: m = 1 χ1,0 m = 1 χ2,1 m = 2 χ3,1

m = −1 χ0,1 m = −1 χ1,2 m = 0 χ2,2

n = 2: m = 2 χ2,0 m = −3 χ0,3 m = −2 χ1,3

m = 0 χ1,1 m = −4 χ0,4

m = −2 χ0,2

Table 4.1.: The first few energy levels En with corresponding wave functions χnr,nl and angular
momenta m.
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4.2. Classical analysis

Figure 4.1.: Trajectory of a charged particle in a homogeneous magnetic field. The particle
travels with constant velocity in a spiraling motion. The spiral is circular with
constant radius. Its axis is parallel to the z-axis and pierces the xy-plane through
C0 = (x0, y0). This case depicts a particle with q < 0 (an electron), i.e. ωc > 0.
Figure adapted from [20].

4.2. Classical analysis

After this brief discussion on the two-dimensional harmonic oscillator we shall now turn to the
physical problem.

A charged (spinless) particle is traveling through a homogeneous magnetic field ~B. The particle
has mass µ and charge q, we choose the magnetic field to point in z-direction

~B = Bêz.

Due to the fact that the particle is charged the ~B-field exerts a Lorentz force on it, causing it
to spiral around (see figure 4.1). The projection of this spiral onto the xy-plane is a circle with
constant radius σ.

The Lagrangian of a particle moving through a magnetic field is given by [20]

L =
1

2
µ~v2 +

q

c
~v · ~A(r)

where ~v is the velocity of the particle, ~A is the vector potential and c is the speed of light. From
this Lagrangian we can immediately compute the canonical momentum ~p

pi =
∂L

∂vi
= µvi +

q

c
Ai (4.13)

as well as the Hamiltonian H = ~p · ~v −L

H =
1

2µ

(
~p− q

c
~A
)2
.
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4. The Landau problem

The vector potential is related to the magnetic field through

~B = ~∇× ~A.

If we want to use the canonical formalism, we need to specify ~A. Even though the system is
both rotationally (around the z-axis) and translationally (in x- and y-direction) invariant, one
cannot find a vector potential that is invariant under all of them [21].

The vector potential which preserves translation invariance along the x-axis is

~A = B

−y0
0

 ,

the one preserving translation invariance along the y-axis is

~A = B

0
x
0

 .

We will choose the vector potential to be rotationally invariant (Landau gauge)

~A =
B

2

−yx
0

 . (4.14)

Since ~A has no dependency on the z-coordinate we shall split the Hamiltonian into

H = H⊥ +H‖ (4.15)

where

H‖ =
1

2µ

(
pz −

q

c
Az

)2
=

1

2µ
(pz)

2

is the contribution parallel to the ~B-field and

H⊥ =
1

2µ

[
(px −

q

c
Ax)2 + (py −

q

c
Ay)

2
]

= (4.16)

=
µ

2
(v2
x + v2

y)

is the contribution in the xy-plane perpendicular to the ~B-field.

The equations of motion yield

~F =
q

c
~v × ~B

= µ~a,

which is nothing else than Newton’s equation with the Lorentz force. We can write these
equations in a more compact form [22]

~̈x = −ωcτ~̇x (4.17)

28



4.2. Classical analysis

where ωc is the cyclotron frequency, defined as1

ωc =
−qB
µc

(4.18)

and τ is an antisymmetric tensor with the following properties

τ =

(
0 1
−1 0

)
,

τ2 = −1,
τ−1 = −τ.

To solve the differential equation (4.17) we substitute

ẋ = u

and (4.17) now reads
u̇ = −ωcτu.

This is straight forward to solve

u(t) = u(0)e−ωcτt

ẋ(t) = ẋ(0)e−ωcτt

and subsequently

x(t) = x(0) + ẋ(0)e−ωcτt
τ

ωc
.

From the conservation of energy we get that

ẋ(t)2 = ẋ(0)2

thus

~x(0) =

(
x0

y0

)
=

(
x
y

)
+

1

ωc

(
−vy
vx

)
(4.19)

where ~x(0) =

(
x0

y0

)
is the classical center of the cyclotron motion (denoted C0 in figure 4.1). It

follows [20] for the radius of the cyclotron motion σ

σ2 = (x− x0)2 + (y − y0)2

=
2

µω2
c

H⊥ (4.20)

1The (-) sign in the definition of ωc is to account for the fact, that q is negative for an electron, which we want
to study. We want the ωc to be positive, thus the motion counterclockwise [20]. Furthermore, note that if
we change B → λ · B with λ ∈ R+ this change may be absorbed in the definition of ωc, thus B → λ · B ⇒
ωc = −qB

µc
→ ωc = −λqB

µc
, such that the following considerations are independent of multiplicative changes in

B. Especially this hold for the spectrum of H.

29



4. The Landau problem

4.3. Quantum mechanical analysis

Using the results form the classical analysis of the problem it is fairly straight forward to canon-
ically quantize them and continue the analysis on a quantum mechanical level.

We impose canonical commutation relations and promote the observables to operators

[Xi, Xj ] = [Pi, Pj ] = 0, [Xi, Pj ] = ih̄δij .

From these alone we get some interesting results. The velocity operators Vi

Vi =
1

µ
(Pi −

q

c
Ai),

which are the quantized counterparts of vi in (4.13), do not commute

[Vi, Vj ] = i
h̄q

µ2c
εijkBk =

−ih̄ωc
µ

which implicates that the coordinates of the center of the cyclotron motion C0, derived in (4.19),
do also not commute

[X0, Y0] =
ih̄

µωc
= ir2

c (4.21)

where

rc =

√
ch̄

−qB
=

√
h̄

µωc

is the cyclotron or Larmor radius. The cyclotron radius is the natural length scale of the problem
[23] and proves to be a key element in the commutative limit of the squashed fuzzy sphere in
chapter 5.5.

This finding is rather surprising. It means that X0 and Y0 are non-commutative, although we
are dealing with commutative spaces. It is impossible to know both of them precisely at the
same time. Further analysis [20] shows that we can construct states where

1. either X0 or Y0 has a well defined value or

2. ∆X0∆Y0 takes a minimal value with ∆X0 = ∆Y0 =
√

h̄
2µωc

= rc√
2
.

In (4.15) we chose the Hamiltonian to decompose into H = H⊥ + H‖. This is a good choice,
because

[
H⊥, H‖

]
= 0 and the full Hilbert space decomposes accordingly into

H = Hxy ⊗Hz.

The Hamilton operators then only act on the subspaces

H = H⊥ ⊗ 1z + 1xy ⊗H‖.

We can then formulate an ansatz for the solution of the eigenvalue equation

ψ = ψxy · ψz

and study the subspaces independently.
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4.3. Quantum mechanical analysis

4.3.1. Hz

The component parallel to the magnetic field is fairly simple to solve since

H‖ |ψ〉 = E‖ |ψ〉

and the Hamiltonian is has no contribution coming form the gauge field ~A

H‖ =
(Pz)

2

2µ
⇒ E‖ =

(pz)
2

2µ

where pz is the eigenvalue of Pz. The solution is as usual obtained with an exponential ansatz,
thus the normalized wave function is

ψz =
1√
2πh̄

eipzxz/h̄.

The spectrum of H‖ is continuous since pz can take any real value. The interpretation of this
result is clear, H‖ describes the kinetic energy of a free particle traveling in z-direction [20].

4.3.2. Hxy

For this part we have two options. We can either express H⊥ in terms of a (gauge-independent)
one-dimensional harmonic oscillator or a two-dimensional harmonic oscillator (in Landau gauge).
This is somewhat surprising, yet one has to keep in mind that H⊥ describes a physical prob-
lem very different from the two-dimensional harmonic oscillator. Here we are dealing with a
vector potential (which corresponds to a magnetic field) and not a harmonic scalar potential
(which would e.g. correspond to a inhomogeneous electric field). The representation as a two-
dimensional harmonic oscillator is only possible because of the Landau gauge we have chosen in
(4.14) [20].

a) H⊥ as a one-dimensional harmonic oscillator
This perception of H⊥ is useful since it leads us to the Landau levels without the necessity to

specify the gauge.

We had that H⊥ has the form

H⊥ =
µ

2

(
V 2
x + V 2

y

)
(4.22)

which is nothing else than the quantum analogue of (4.16). We can rewrite it in terms of the
mechanical momentum ~Π

Πi = µVi = Pi −
q

c
Ai (4.23)

thus

H⊥ =
1

2µ

(
Π2
x + Π2

y

)
.
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4. The Landau problem

We define the creation and annihilation operators by [20]

a =
rc

h̄
√

2
(Πy + iΠx) ,

a† =
rc

h̄
√

2
(Πy − iΠx) . (4.24)

They satisfy [
a, a†

]
= 1

in the Landau gauge and the Hamiltonian and its eigenvalues E⊥ become

H⊥ = h̄ωc

(
a†a+

1

2

)
E⊥ = h̄ωc

(
n+

1

2

)
where ωc is the cyclotron frequency from equation (4.18) and n is a non-negative integer. The
energy eigenstate are called Landau levels.

Two quantum numbers can characterize the two-dimensional motion of the electron, thus it must
be expressible in terms of two sets of ladder operators. The first set are the a-bosons which
control the energy. The second set must therefore be associated with displacing the cyclotron
orbit, which is independent from the energy [23]. We can define these operators as follows [22]

b =
1

rc
√

2
(Y0 − iX0) ,

b† =
1

rc
√

2
(Y0 + iX0) (4.25)

with X0 and Y0 from equation (4.21). Using (4.21) it can easily be checked that
[
b, b†

]
= 1 and

[a, b] =
[
a, b†

]
= 0, so we indeed have two independent bosons. When creating a b-quantum

the energy does not change, one eigenstate is simply transformed into another within the same
Landau level [23]. b† is a creation operator which raises the value of

(
X2

0 + Y 2
0

)
by 2r2

c [22].
Thus the mth state of the nth Landau level is [23]

|m,n〉 =
1√
m!n!

(
a†
)n (

b†
)m
|0〉 . (4.26)

In order to obtain the stationary states of the system it is necessary to choose a certain gauge.
We choose the Landau gauge (4.14). The axial symmetry of the problem makes it advantageous
to introduce complex coordinates [24]

z = X + iY z̄ = X − iY
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4.3. Quantum mechanical analysis

where z and z̄ are independent variables. Then a from (4.24) takes the form

a =
rc

h̄
√

2
(Πy + iΠx)

=
rc

h̄
√

2

(
Py −

q

c
Ay + iPx − i

q

c
Ax

)
=

rc

h̄
√

2

(
h̄

i
(∂y + i∂x)− qB

2c
(X − iY )

)
=

rc√
2

(
i

i
(∂x − i∂y) +

1

2r2
c

(X − iY )

)
=

rc√
2

(
1

2r2
c

z̄ + 2∂

)
.

Here we introduced

∂ =
∂

∂z
=

1

2
(∂x − i∂y) ,

∂̄ =
∂

∂z̄
=

1

2
(∂x + i∂y) .

Immediately we see that z† = z̄ and ∂† = −∂̄, also ∂̄z̄ = ∂z = 1 and ∂z̄ = ∂̄z = 0, which means
that z and z̄ are indeed independent from one another. The other boson operators from (4.24)
and (4.25) turn into

a† =
rc√

2

(
1

2r2
c

z − 2∂̄

)
,

b =
−irc√

2

(
1

2r2
c

z + 2∂̄

)
,

b† =
irc√

2

(
1

2r2
c

z̄ − 2∂

)
.

The eigenstates are generated according to equation (4.26). We shall then first search the ground
state wave function, which is defined by

aψ(z, z̄) = 0.

Solving this differential equation is straight forward and using that zz̄ = X2 + Y 2 = ρ2 we can
write the ground state as

ψ(z, z̄) = f(z̄)e−zz̄/4r
2
c = f(z̄)e

−β2ρ2/2

where f(z̄) is an arbitrary function of z̄, β is as defined in (4.3) and if we set

ω =
ωc
2

(4.27)

we get

β2 =
1

2r2
c

.

Since f(z̄) is an arbitrary function of z̄ the ground state is infinitely degenerate. We set the
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4. The Landau problem

Figure 4.2.: The ground state wave functions ψk(z, z̄) = βk+1
√
k!π
z̄ke−zz̄/4r

2
c with k = 0, 3, and 10.

This illustrates what states in the same Landau level (here the ground level) look
like for different numbers of b quanta. Figure adapted from [21].

functions to be polynomials in z̄, i.e. f(z̄) = Nkz̄
k

ψk(z, z̄) = Nkz̄
ke−zz̄/4r

2
c

and use
∫

d2x |ψk|2 = 1 to get the explicit form of the normalization factor N as [21]

Nk =
βk+1

√
k!π

,

thus

ψk(z, z̄) =
βk+1

√
k!π

z̄ke−zz̄/4r
2
c .

We now have the various ground state wave functions with vacuum energy E = 1
2 h̄ωc. The

different values for k manifest themselves as shifts in the position of the cyclotron orbit (see
figure 4.2), which is in agreement with equation (4.26).

To determine the additional physical meaning of k we look at the angular momentum operator
in terms of z and z̄

Lz = XPy − Y Px

=
h̄

i
(X∂y − Y ∂x)

=
h̄

i

(
z + z̄

2
i
(
∂ − ∂̄

)
− z − z̄

2i

(
∂ + ∂̄

))
= h̄

(
z∂ − z̄∂̄

)
.

Therefore
Lzψk(z, z̄) = −h̄kψk(z, z̄). (4.28)

This means that different values of k are directly correlated to different eigenvalues of the
angular momentum operator Lz. Bear in mind that the angular momentum is obtained with
the canonical momentum ~P , not the mechanical momentum ~Π, we can therefore not say that
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4.3. Quantum mechanical analysis

states with higher k are rotating faster. In fact, since Lz is gauge-dependent, it does not admit
a direct physical interpretation [21]. The Landau levels with higher energy should be thought
of rotating faster.

With this result the interpretation for the b-bosons is now clear, b† increases the value of k by 1,
thus increasing the radius of the state. Comparing this with (4.28), it means that b† decreases
the value of Lz by h̄.

b) H⊥ as a two-dimensional harmonic oscillator
For this treatment we insert (4.23) in (4.22) and use the Landau gauge (4.14) to get

H⊥ =
P 2
x + P 2

y

2µ
+
µω2

c

8

(
X2 + Y 2

)
+
ωc
2
Lz.

Using (4.27) we can express H⊥ in terms of Hxy and Lz from the two-dimensional quantum
harmonic oscillator

H⊥ = Hxy +
ωc
2
Lz,

thus with equations (4.7) and (4.8) we get2

H⊥ =

(
Nr +

1

2

)
h̄ωc.

For the Hamiltonian of the two-dimensional harmonic oscillator and the angular momentum
operator we have already found simultaneous eigenfunctions χ in equation (4.9), thus H⊥ has
eigenvalues

E⊥ =

(
nr +

1

2

)
h̄ωc. (4.29)

Since H⊥ does not depend on the quantum number nl, which is a positive integer, the energy
state corresponding to a particular nr are infinitely degenerate. The ground states are therefore
the wave functions (4.12).

If we now compare (4.11) to (4.28) we can identify

k ≡ nl

and using polar coordinates
zk = ρkeikϕ

we can reformulate ψ as

ψnl(z, z̄) =
β√
nl!π

(βρ)nle−inlϕe
−β2ρ2/2

and see that it is identical to χ0,nl(ρ, ϕ) in (4.12). Also the quantum numbers n,m in (4.26)
are the same as in (4.10). This means that the two different treatments of H⊥ in a) and b) are
indeed equivalent.

2In footnote 1 of this chapter we mentioned that the spectrum of H has the same shape for arbitrary B. If B
is negative the roles of nl and nr are swapped, because the definition of ωc has to change, if we want it to be
positive. H⊥ = Hxy − ωc

2
Lz =

(
Nl + 1

2

)
h̄ωc is then independent of nr and E⊥ =

(
nl + 1

2

)
h̄ωc.
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Figure 4.3.: Lowest eigenvalues of H⊥, i.e. the lowest Landau levels E⊥.

Furthermore if we look at the quantum mechanical analogue of (4.20) we get

Σ2 = (X −X0)2 + (Y − Y0)2

=
2

µω2
c

H⊥ = r2
c (2Nr + 1)

which means that even in the ground state we have a non-vanishing value for the radius of the
cyclotron motion. This is a consequence of the non-commutativity of X0 and Y0.
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5. The squashed fuzzy sphere

In section 3 we investigated the geometry of the fuzzy sphere and some geometrical objects
thereon. We have seen, that there is a correspondence between the ordinary embedding functions
xa and fuzzy embedding functionsXa, as well as between the Poisson bracket and the Lie bracket.
In this section we would like to investigate what happens, if we project the fuzzy sphere onto
the equatorial plane, i.e what the properties of this squashed fuzzy sphere are. We shall see
what the new Laplace operator and its spectrum look like, also how the Poisson structure θab

changes.

Projecting onto the equatorial plane means, that one embedding function is expressed in terms
of the others. After projecting we have the two hemisphere stacked into one another as two
interleaved fuzzy disks. We shall take X3 to be the dependent coordinate, such that

(X1)2 + (X2)2 + (X3)2 = r2 ⇒ X3 = ±
√
r2 − (X1)2 − (X2)2. (5.1)

Figure 5.1.: A schematic depiction of the orthographic projection of the fuzzy sphere onto the
X3 = 0 plane. The solid arrows indicate projections of the upper hemisphere, while
the dashed arrows are projections from the lower hemisphere. The shaded area is
the area onto which is projected, i.e. the interleaved fuzzy disks.
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5. The squashed fuzzy sphere

5.1. Poisson structure

To find out what the Poisson structures of the fuzzy disks are, we will look at the symplectic
structure in (3.6). Since ω is a classical entity, we will work things out semi-classically and then
quantize Q(xa) = Xa. First we need the 1-form dx3 and its wedge products with dx1 and dx2

dx3 =
∂x3

∂x1
dx1 +

∂x3

∂x2
dx2 = ∓

(
r2 − (x1)2 − (x2)2

)−1/2 (
x1dx1 + x2dx2

)
thus

dx2 ∧ dx3 = ∓ x1√
r2 − (x1)2 − (x2)2

dx2 ∧ dx1,

dx1 ∧ dx3 = ∓ x2√
r2 − (x1)2 − (x2)2

dx1 ∧ dx2.

with this then (3.6) becomes for the upper disk (correlated to the upper hemisphere)

ω =
1

k̄
Cabcx

adxb ∧ dxc

=
2

rk̄

(
x1dx2 ∧ dx3 + x2dx3 ∧ dx1 + x3dx1 ∧ dx2

)
=

2

rk̄
√
r2 − (x1)2 − (x2)2

(
(x1)2 + (x2)2 + (x3)2

)
dx1 ∧ dx2

=
r

k̄
√
r2 − (x1)2 − (x2)2

(
dx1 ∧ dx2 − dx2 ∧ dx1

)
The calculation for the lower disk is analogous and we get

(
ω±
)
ij

=
±r

k̄
√
r2 − (x1)2 − (x2)2

(
0 1
−1 0

)
where the index (+) indicates the upper disk and (−) the lower one.

To obtain the Poisson structure from this, we remind ourselves that the Poisson structure is
simply the contragredient of the symplectic structure [7]

θ = ω̃ = (ω−1)T

thus we get

θij± =
±
√
r2 − (x1)2 − (x2)2

r
k̄

(
0 1
−1 0

)
. (5.2)

The two interleaved fuzzy disks have opposite Poisson structure

− θ+ = θ− (5.3)

and as we approach the edge, the θ vanish and we have a smooth transition

r2 − (x1)2 − (x2)2 = 0 ⇒ θ+ = θ− = 0. (5.4)
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5.2. Effective gauge fields

5.2. Effective gauge fields

In chapter 2.3.2 we mentioned that deformations of the Moyal-Weyl plane can be interpreted in
terms of non-commutative gauge theory. We imagine the squashed fuzzy sphere to be planar,
thus we can choose the coordinates thereon to be Darboux coordinates, i.e. the coordinates
have a constant commutator. We have seen in (5.2) that this is not the case. Below we shall
investigate what the consequences are, if we take the deformations to arise from a gauge field
on the quantum plane.

The coordinates corresponding to (5.2) are taken to decompose according to (2.20), i.e.

Xi = X̄i − θ̄ijAj(X̄) (5.5)

As we have seen in equation (5.3), the squashed fuzzy sphere decomposes into an upper and a
lower fuzzy disk differing only in the sign of the Poisson structure. We model this difference in
the sign to come from different gauge fields on the sheets and not from the Darboux coordinates
X̄, i.e.

X =

(
Xa

+ 0
0 Xa

−

)
=

(
X̄a − θ̄abA+

b 0
0 X̄a − θ̄abA−b

)
(5.6)

with + (−) indicating the upper (lower) sheet.

One of the results in chapter 3.2 was that the quantization prescription is well defined. We
are later on interested in the semi-classical limit of this problem, this is why henceforth we are
working with the pre-images of X̄a, Xa and Aa.

We set X̄i ∼ x̄i to be Darboux coordinates, thus (5.5) reads xi = x̄i − θ̄ijAj(x) in the semi-
classical limit, and {

x̄i, x̄j
}

= θ̄ij = k̄εij . (5.7)

From (5.2) we get {
xi±, x

j
±

}
= θij± = (±)

√
r2 − (x1)2 − (x2)2

r
k̄εij

and see that for

(
x1

x2

)
' ~0 it reduces to (5.7).

Since in (5.5) we set Xa to be deformed coordinates, the following has to hold{
xi, xj

}
=

{
x̄i − θ̄ii′Ai′ , x̄j − θ̄jj

′
Aj′
}

=
{
x̄i, x̄j

}
− θ̄jj′

{
x̄i, Aj′

}
+ θ̄ii

′ {
x̄j , Ai′

}
+ θ̄ii

′
θ̄jj
′ {
Ai′ , Aj′

}
= θ̄ii

′
θ̄jj
′
(
−θ̄−1

i′j′ − ∂i′Aj′ + ∂j′Ai′ +
{
Ai′ , Aj′

})
!

= θij . (5.8)

We define the field strength Fij as

Fij = ∂iAj − ∂jAi − {Ai, Aj} .
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5. The squashed fuzzy sphere

At the edge of the disk the Poisson bracket {Ai, Aj} vanishes, since θ± vanish at the edge, as
we have seen in (5.4). We can rewrite equation (5.8) as

θ̄−1
i′i θ̄

−1
j′j θ

ij = −θ̄−1
i′j′ − Fi′j′

with

θ̄−1
i′j′ =

1

k̄

(
0 −1
1 0

)
and

θ̄−1
ii′ θ̄

−1
jj′ θ

i′j′ =
1

k̄r

 0

√
r2 − (x1)2 − (x2)2

−
√
r2 − (x1)2 − (x2)2 0

 .

Since the gauge fields are different on the different sheets, the field strengths will be different
and the total field strength F will decompose respectively as

F =

(
F+ 0
0 F−

)
with

F± =
1

k̄

(
0 1∓ 1

r

√
r2 − (x1)2 − (x2)2

−
(

1∓1
r

√
r2 − (x1)2 − (x2)2

)
0

)
.

We then have to solve the following differential equations to obtain the explicit expressions for
the gauge fields ~A±

F±12 = k̄−1

(
1∓1

r

√
r2 − (x1)2 − (x2)2

)
= ∂1A

±
2 − ∂2A

±
1 −

{
A±1 , A

±
2

}
. (5.9)

Since
{
A±1 , A

±
2

}
is of higher order in k̄ than ∂1A

±
2 − ∂2A

±
1 , in the semi-classical limit it is

negligible. Hence (5.9) simplifies to

F±12 ' ∂1A
±
2 − ∂2A

±
1 . (5.10)

The solutions of this differential equations are given by

~A±(~x) =
1

2k̄

(
−x2 ±K1

x1 ±K2

)
(5.11)

where

K1 =
1

2r

(
x2
√
r2 − (x1)2 − (x2)2 +

(
r2 − (x1)2

)
arctan

(
x2√

r2 − (x1)2 − (x2)2

))
,

K2 =
−1

2r

(
x1
√
r2 − (x1)2 − (x2)2 +

(
r2 − (x2)2

)
arctan

(
x1√

r2 − (x1)2 − (x2)2

))
.

We can now check that the curl of ~A indeed returns us the field strength F

F±12 = ~∇× ~A±.
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5.2. Effective gauge fields

This is the case.

In equation (5.8) we already used that
{
x̄i, .

}
= θ̄ij∂j , that is the Poisson bracket is related to

a partial derivative. Since we said that xi = x̄i − θ̄ijAj ,
{
xi, .

}
is now related to a covariant

derivative. This covariant derivative acts on functions on the upper sheet Υ+, on the lower sheet
Υ− and on functions (strings) generating transitions from the upper to the lower sheet Υ12 and
vice versa Υ21, so the full set of functions is

Υ =

(
Υ+ Υ12

Υ21 Υ−

)
. (5.12)

Thus if we look at the adjoint action of the full set of coordinates (5.6) on (5.12) and are only
concerned about the strings we get

−iθ̄−1
ii′

[
Xi′ ,Υ12

]
∼ ∂iΥ12 +

(
A−i −A

+
i

)
Υ12 = D+

i Υ12

−iθ̄−1
ii′

[
Xi′ ,Υ21

]
∼ ∂iΥ21 +

(
A+
i −A

−
i

)
Υ21 = D−i Υ21

with

~A+ − ~A− =
1

2k̄r

 x2
√
r2 − (x1)2 − (x2)2 +

(
r2 − (x1)2

)
arctan

(
x2√

r2−(x1)2−(x2)2

)
−x1

√
r2 − (x1)2 − (x2)2 −

(
r2 − (x2)2

)
arctan

(
x1√

r2−(x1)2−(x2)2

)


= k̄−1

(
K1

K2

)
.

From this definition of the covariant derivative on the fuzzy disk, we now get the Laplacian as

δijD+
i D

+
i Υ12 = �DΥ12. (5.13)

5.2.1. Pole limit ~x = ~0

Near the pole we can expand the field strength in a Taylor series and if we neglect term of higher
order than O((xi)2)

F+
12 = 0

F−12 =
2

k̄
.

From (5.10) we obtain for the gauge fields

~A+ = const.

~A− =
1

k̄

(
−x2

x1

)
,
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5. The squashed fuzzy sphere

which coincides with the limit of (5.11), furthermore

~A+ − ~A− =
1

k̄

(
x2

−x1

)
~A− − ~A+ =

1

k̄

(
−x2

x1

)
.

From this we see that
(
~A+ − ~A−

)
acting on Υ21 correspond to the field strength

F =
−2

k̄
(5.14)

and
(
~A− − ~A+

)
acting on Υ12 correspond to the field strength

F =
2

k̄
. (5.15)

Note that the limit of r → ∞, with fixed k̄, also produces these results, which is not very
surprising, since r → ∞ essentially means that we have a flat quantum plane limit on each
sheet, which coincides with the behavior at the poles. Thus the upper sheet reduces to the
Moyal-Weyl quantum plane R2n

N for r → ∞, while on the lower sheet we have a constant field
F = 2

k̄ .

5.2.2. Edge limit
√

r2 − (x1)2 − (x2)2 = 0

At the edge the field strength Fij becomes

F±12 =
1

k̄
,

thus the gauge fields are

~A± =
1

2k̄

(
−x2

x1

)
and (

~A+ − ~A−
)

=
(
~A− − ~A+

)
= 0

as it should be.

5.3. Laplacian and its eigenfunction

In the previous chapter we arrived at a definition for the Laplacian �D from a gauge theoretical
point of view in the semi-classical treatment. This result can be transfered to the fuzzy case
using Q : xa 7→ Xa. We will now return to the fuzzy treatment of this problem and start with
a sensible definition of �D.

Since the transition from the fuzzy sphere to the squashed fuzzy sphere in (5.1) is to eliminate
the X3 component, this is also what we are going to do for the definition of the Laplace operator
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5.3. Laplacian and its eigenfunction

�D on the fuzzy disk. Eliminating the X3 component means that

�D = �− 1

k̄2

[
X3,

[
X3, .

]]
(5.16)

the factor k̄−2 is to be consistent with (3.10).

As always in physics the spectrum of this operator is of key interest. The first idea, that comes
to mind in search for the eigenvectors of this Laplacian, is to check if the eigenfunctions of �
are also eigenfunctions of �D. This turns out to be the case, if one uses the Ŷ l

m in appendix
A.2. The eigenvalue equation reads

�DŶ
l
m =

(
l (l + 1)−m2

)
r2

Ŷ l
m. (5.17)

This result is not very surprising. In (3.4) we set the Xa to be proportional to the SO(3)
generators, this implies that X3 is proportional to J3. We know that in the semi-classical case
J3Y l

m = mY l
m and in section 3.2 we have see that there is a close relationship between the

semi-classical and the fuzzy case. Note that the spectrum of �D is independent of the matrix
dimension N .
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Figure 5.2.: The first few eigenvalues of �D corresponding to Ŷ l
m. Each eigenvalue where m 6= 0

is at least twice degenerated, since Ŷ l
m and Ŷ l

−m have the same eigenvalues. This
does not mean, that for m = 0 the eigenvalue is not degenerate, see for instance
that Ŷ 2

0 and Ŷ 6
±6 have the same eigenvalue, namely 6.

Since the eigenvalues of �D are not independent of m anymore (compared to �), the degeneracy
of each eigenvalue has a more complicated structure than for �. In appendix A.3 a Mathematica
command line is presented, which evaluates the degeneracy of each eigenvalue. Figure 5.2 shows
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5. The squashed fuzzy sphere

Figure 5.3.: The strings Υ12 and Υ21 should be thought of as connecting the upper and lower
sheet, creating transitions from one to the other. The solid arrows create transitions
from the upper to the lower sheet and should be identified with Υ12, while the dashed
with Υ21. Strings creating transitions from pole to pole will have (semi-classically
speaking) very large angular momenta, thus where m is maximal, i.e. Ŷ lmax

±lmax . One
can compare this figure to figure 4.2 of the ground state wave functions, keeping in
mind that Ŷ lmax

lmax
∼ χ0,0, Ŷ lmax−3

lmax−3 ∼ χ0,3, Ŷ lmax−10
lmax−10 ∼ χ0,10.

the first couple of eigenvalues and the corresponding states Ŷ l
m.

As mentioned before in chapter 3.3, the Ŷ l
m span the Hilbert space on the fuzzy disk. To identify

the strings Υ12, we need to find the Ŷ l
m, which have entries exclusively in the upper right block,

because of equation (5.12). In chapter 3.3 we saw that with larger m the entries of the Ŷ l
m are

farther away from the main diagonal, thus for l ' lmax and |m| ' l the Ŷ l
m have entries solely

in these string domains. For m > 0 the Ŷ l
m'l serve as a basis for the Υ12, when m < 0 for Υ21.

5.4. Dirac operator

The Dirac operator /D is given by [9]

/DΨ = Γa ⊗ [Xa,Ψ]

where Γa are the generators of the D-dimensional Clifford algebra, D is the dimension of the
target space and Ψ are fermionic matrices. Since the squashed fuzzy sphere is embedded into
R2 we have D = 2, for which the generators of the Clifford algebra are the Pauli matrices σi,
i = 1, 2, thus the Dirac operator on the squashed fuzzy sphere is

/D =
1

k̄

(
σ1 ⊗

[
X1, .

]
+ σ2 ⊗

[
X2, .

])
with X1, X2 from (5.6).
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5.5. Semi-classical limit

5.5. Semi-classical limit

After we have identified the basis for the strings Υ12 (Υ21) as Ŷ l
m'l (Ŷ l

m'−l), we are interested
in the semi-classical limit of the spectrum of �D for these fuzzy spherical harmonics.

Recapping our results from chapter 3.3 for the fuzzy spherical harmonics for fixed matrix di-
mension N

lmax = N − 1,

l = 0, 1, . . . , lmax,

m = l, l − 1, . . . ,−l.

The distribution of the eigenfunctions in figure 5.2 points in the direction which grouping of the
Ŷ l
m might be appropriate. The Ŷ l

m with fixed difference l −m seem to lie on certain lines, as
illustrated in figure 5.4. If we like to investigate Ŷ l

m with l ' lmax and |m| ' l for large N , l
and m will then be very large and unhandy. We define two new quantum numbers L and M as
the complement of l and m. We also distinguish the two cases where m is positive and negative,
since they are correlated to different strings, Υ12 and Υ21 respectively. Thus

L := lmax − l ≥ 0,

M := l −m (m > 0),

M ′ := l +m (m < 0).

Since �D in (5.13) has the form of a squared momentum operator (∂+A)2 we multiply a factor
of 1

2µ to relate �D to a Hamiltonian, where µ is the mass of a particle traveling on the squashed
fuzzy sphere. With this the eigenvalue equation for �D becomes

1

2µ
�DŶ

l
m =

(l(l + 1)−m2)

2µr2
Ŷ l
m.

We can now rewrite this in terms of our new quantum numbers L and M and get

l(l + 1)−m2 m>0
=

(
(N − L− 1)(N − L)− (N − 1− L−M)2

)
=

(
−1− L− 2M − 2LM −M2 + (1 + 2M)N

)
−1−L−2M−2LM−M2�N

= 2N

(
M +

1

2

)
+O(1)

and for M ′, i.e. when m is negative

l(l + 1)−m2 m<0
= 2N

(
M ′ +

1

2

)
+O(1),

thus

1

2µ
�DŶ

l
m =

N

µr2

(
M +

1

2

)
Ŷ l
m (m > 0) with L = 0, 1, 2, . . . (5.18)

1

2µ
�DŶ

l
m =

N

µr2

(
M ′ +

1

2

)
Ŷ l
m (m < 0) with L = 0, 1, 2, . . . .
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5. The squashed fuzzy sphere

If we recall the eigenvalue equation (4.29) of the Landau problem in chapter 4.3.2 as

H⊥ |χnr,nl〉 = h̄ωc

(
nr +

1

2

)
|χnr,nl〉 for B > 0 with nl = 0, 1, 2, . . .

H⊥ |χnr,nl〉 = h̄ωc

(
nl +

1

2

)
|χnr,nl〉 for B < 0 with nr = 0, 1, 2, . . .

we can compare this to (5.18). We saw in (5.15) that the strings Υ12 are related to field strengths
F = 2

k̄ and in (5.14) that the strings Υ21 to F = −2
k̄ , thus we can identify

M ≡ nr
M ′ ≡ nl

and get

N

µr2
= h̄ωc.

Note that we are using Planck units, which means h̄, c = 1, also in (2.20) we set the coupling

constant (here −q) −q = 1. Thus, using the definition of ωc from (4.18) and that k̄ ' 2r2

N for
large N , we get

2

k̄
= B

in the semi-classical limit. This is exactly the field strength acting on strings Υ12 connecting
the upper to the lower sheet near the poles as we have seen in section 5.2.1.

In this limit we can now compare the eigenfunctions of 1
2µ�D for large N depicted in figure 5.5

with those of H⊥ in figure 4.3. The lowest Landau level in the latter are the wave functions χ0,n,

where n is either nl or nr depending on the sign of the ~B-field. The lowest level in the former
are given by Ŷ l

l or Ŷ l
−l for very large l. Thus the χnr,0 should be identified with Ŷ l

−l and the χ0,nl

with Ŷ l
l . χnr=0,nl=0 can be identified with Ŷ lmax

lmax
or Ŷ lmax

−lmax , this ambiguity is not a problem,

since the ~B-field can not be both, negative and positive at the same time. Furthermore one
can identify χ0,nl with Ŷ lmax−nl

lmax−nl , χ1,nl with Ŷ lmax−nl
(lmax−nl)−1, χ2,nr with Ŷ lmax−nl

(lmax−nl)−2 and so forth.

Analogously χnr,0with Ŷ lmax−nl
−(lmax−nl) and so forth.

We can further reformulate this in terms of the cyclotron radius rc from (4.21) as

N

r2
=
h̄2

r2
c

.
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5.5. Semi-classical limit

Figure 5.4.: Levels M = 0, . . . , 10 for small lmax, if N is small. If N is large this domain is where
l is small, i.e. these Ŷ l

m are not suitable as basis for the strings.

Figure 5.5.: Levels M = 0, . . . , 10 for large l, if N is large. For large N these levels are approxi-
mately constant over this interval of l. One notices that the ground level M = 0 is
not 0, but has an offset, compatible with the result in equation (5.18).
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6. Conclusion

The novel geometry presented in this work illustrates how the concepts of non-commutative and
quantum mechanical gauge fields intertwine. The fuzzy sphere projected onto the equatorial
plane produces two interleaved non-commutative sheets with opposite Poisson structure. String
modes connecting these sheets behave as if under the influence of a magnetic field, the corre-
sponding vector potential is related to the difference between the non-commutative gauge fields
on the sheets.

The squashed fuzzy sphere provides a generalization of the Landau problem to inhomogeneous
radially symmetric magnetic fields, which is solved in the framework of non-commutative ge-
ometry. In the semi-classical limit for large matrix dimension N near the poles one reproduces
the classical Landau problem (with constant magnetic fields). Furthermore one sees, that the
equal statement holds for r → ∞, where r is the radius of the fuzzy sphere and consequently
the squashed fuzzy sphere - this case can be interpreted as two interleaved flat quantum planes
with constant opposite Poisson structure. In these limits the eigenfunctions of the Hamiltonian
of the Landau problem can be identified with the string modes connecting the two fuzzy disks.

While non-commutative gauge fields are purely geometrical phenomena arising as deformations
of the flat quantum plane, quantum mechanical gauge fields have to be implemented by hand
to be able to account for certain physical phenomena. One can interpret the non-commutative
structure of quantum spaces as effective magnetic fields acting on the strings.

This work can also serve as a starting point for generalizations to higher dimensions and fuzzy
extra dimensions in four dimensional non-commutative field theory.
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A. Mathematica codes

In the first part of the appendix we will discuss the construction and form of the SO(3)-generators
Ji and the coordinate functions Xi from a group theoretical point of view, as well as the Laplace
operators � and �D on the fuzzy sphere and squashed fuzzy sphere. Then we will turn to the
fuzzy spherical harmonics and conclude with a discussion on the degeneracy of the eigenvalues
of �D.

A.1. Definitions

The starting point is the definition of the commutator

commutator[x ,y ]:=x.y-y.x

We define the dimension N of the matrix representation VΛ

dim=N;

where Λ is the highest weight of VΛ

Λ=dim-1;

We have weight vectors vλ and for the highest weight vector vΛ we have J+vΛ = 0. Here we use
the basis J±, J0 for su(2), with commutation relations [J0, J±] = ±2J±, [J+, J−] = J0. We set
vΛ−2r = (J−)rvΛ, thus the entries of J− are

h:=Table[1,{Λ}];

the eigenvalues of J0 are the weights of these vectors, i.e. J0vΛ−2r = (Λ− 2r)vΛ−2r, thus J0 has
the entries

j:=Table[Λ-2*i,{i,0,Λ}];

using the commutation relation we get a recursion formula for the entries of J+ which boils
down to

n:=r(Λ-r+1);

with the entries of J+ being

g:=Table[n,{r,Λ}];

The value of the quadratic Casimir from (3.2) is

cN=
1
4
(dim2-1)

we further define the identity matrix
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A. Mathematica codes

unity:=DiagonalMatrix[Table[1,{dim}]];

The basis for su(2), J±, J0, sums up to

J0:=DiagonalMatrix[j];

J+:=DiagonalMatrix[g,1];

J-:=DiagonalMatrix[h,-1];

We can define another basis Ji, i = 1, 2, 3 as

J1:=
1
2
(J-+J+);

J2:=
1
2i
(J+-J-);

J3:=
1
2
J0;

and thus from (3.4)

X1:=
J1√
cN
;

X2:=
J2√
cN

;

X3:=
J3√
cN

;

and

X+:=
1
2
(X1+iX2);

X-:=
1
2
(X1-iX2);

The Laplace operator � defined in (3.10) is then

laplace[y ]:=cN*MatrixForm[FullSimplify[Sum[commutator[Xi,commutator[Xi,y]],{i,1,3}]]]

here we omit the parameter r, because it does not have any influence on the eigenvalues of �,
we still account for it in the actual calculations in sections 3.3 and 5.3. The operator �D is as
defined in (5.16), thus

laplace3[y ]:=cN*MatrixForm[FullSimplify[Sum[commutator[Xi,commutator[Xi,y]],{i,1,3}]
− commutator[X3,commutator[X3,y]]]]

The Casimir operators can be defined in multiple ways

Casimir:= 1
4
J0.(J0+2unity)+J-.J+;

Casimir2:=J1.J1+J2.J2+J3.J3;

but with the same result Casimir = Casimir2 = cN1, which in addition means that CN is
defined correctly. The following is in agreement with (3.1) if we consistently omit the factor r

Casimirx:=X1.X1+X2.X2+X3.X3;

A.2. Fuzzy spherical harmonics

In chapter 3 we saw that, the fuzzy spherical harmonics are a quantized analog of the usual
spherical harmonics, which are illustrated in table 3.1.
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A.2. Fuzzy spherical harmonics

The first approach to the fuzzy spherical harmonics is to quantize and symmetrize the usual
ones. Since the particular normalization of these functions has no effect on the eigenvalues of
the Laplace operators we omit it at this point. The first fuzzy spherical harmonics then are

Ŷ11:=X1+iX2

Ŷ10:=X3

Ŷ1-1:=X1-iX2

Ŷ22:=(X1+iX2).(X1+iX2)

Ŷ21:=(X1+iX2).X3+X3.(X1+iX2)

Ŷ20:=X1.X1+X2.X2-2X3.X3

Ŷ2-1:=(X1-iX2).X3+X3.(X1-iX2)

Ŷ2-2:=(X1-iX2).(X1-iX2)

Ŷ33:=(X1+iX2).(X1+iX2).(X1+iX2)

Ŷ32:=(X1+iX2).(X1+iX2).X3+(X1+iX2).X3.(X1+iX2)+X3.(X1+iX2).(X1+iX2)

Ŷ31:=(X1.X1+X2.X2-4X3.X3).(X1+iX2)+(X1+iX2).(X1.X1+X2.X2-4X3.X3)+(X1.(X1+iX2).X1
+X2.(X1+iX2).X2-4X3.(X1+iX2).X3)

Ŷ30:=(3X1.X1+3X2.X2-2X3.X3).X3+X3.(3X1.X1+3X2.X2-2X3.X3)+(3X1.X3.X1+3X2.X3.X2-2X3.X3.X3)

Ŷ3-1:=(X1.X1+X2.X2-4X3.X3).(X1-iX2)+(X1-iX2).(X1.X1+X2.X2-4X3.X3)+(X1.(X1-iX2).X1
+X2.(X1-iX2).X2-4X3.(X1-iX2).X3)

Ŷ3-2:=(X1-iX2).(X1-iX2).X3+(X1-iX2).X3.(X1-iX2)+X3.(X1-iX2).(X1-iX2)

Ŷ3-3:=(X1-iX2).(X1-iX2).(X1-iX2)

Ŷ44:=(X1+iX2).(X1+iX2).(X1+iX2).(X1+iX2)

Ŷ43:=(X1+iX2).(X1+iX2).(X1+iX2).X3+(X1+iX2).(X1+iX2).X3.(X1+iX2)+(X1+iX2).X3.(X1+iX2).(X1+iX2)

+X3.(X1+iX2).(X1+iX2).(X1+iX2)

Ŷ42:=(X1.(X1+iX2).X1+X2.(X1+iX2).X2-6X3.(X1+iX2).X3).(X1+iX2)+(X1+iX2).(X1.(X1+iX2).X1
+X2.(X1+iX2).X2-6X3.(X1+iX2).X3)+(X1.X1+X2.X2-6X3.X3).(X1+iX2).(X1+iX2)

+(X1+iX2).(X1.X1+X2.X2-6X3.X3).(X1+iX2)+(X1+iX2).(X1+iX2).(X1.X1+X2.X2-6X3.X3)

+(X1.(X1+iX2).(X1+iX2).X1+X2.(X1+iX2).(X1+iX2).X2-6X3.(X1+iX2).(X1+iX2).X3)

Ŷ41:=(3X1.(X1+iX2).X1+3X2.(X1+iX2).X2-4X3.(X1+iX2).X3).X3+(3X1.X3.X1+3X2.X3.X2-4X3.X3.X3).(X1+iX2)

+(X1+iX2).(3X1.X3.X1+3X2.X3.X2-4X3.X3.X3)+X3.(3X1.(X1+iX2).X1+3X2.(X1+iX2).X2-4X3.(X1+iX2).X3)

+(3X1.X1+3X2.X2-4X3.X3).(X1+iX2).X3+(3X1.X1+3X2.X2-4X3.X3).X3.(X1+iX2)

+(X1+iX2).(3X1.X1+3X2.X2-4X3.X3).X3+(X1+iX2).X3.(3X1.X1+3X2.X2-4X3.X3)

+X3.(3X1.X1+3X2.X2-4X3.X3).(X1+iX2)+X3.(X1+iX2).(3X1.X1+3X2.X2-4X3.X3)+(3X1.(X1+iX2).X3.X1
+3X2.(X1+iX2).X3.X2-4X3.(X1+iX2).X3.X3)+(3X1.X3.(X1+iX2).X1+3X2.X3.(X1+iX2).X2
-4X3.X3.(X1+iX2).X3)

Ŷ40:=((X1.X1+X2.X2).(X1.X1+X2.X2)+(X1.(X1.X1+X2.X2).X1+X2.(X1.X1+X2.X2).X2)+X1.X1.X1.X1
+(X1.X2.X1.X2+X2.X1.X2.X1)+X2.X2.X2.X2)-4((X1.X1+X2.X2)X3.X3+X3.(X1.X1+X2.X2).X3
+X3.X3.(X1.X1+X2.X2)+X1.X3.X1.X3+X2.X3.X2.X3+(X1.X3.X3.X1+X2.X3.X3.X2)+X3.X1.X3.X1+X3.X2.X3.X2)

+8X3.X3.X3.X3

An alternative approach is to use that Ŷ l
m=l = (X+)l and derive the other fuzzy spherical

harmonics from that, i.e. Ŷ l
m=l−1 =

[
X−, (X+)l

]
. This means
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A. Mathematica codes

Y[l ,m ]:=Block[{j=l-m,k,i,A=unity},{For[k=0,k<l,k++,{A=A.X+}];
For[i=0,i<j,i++,{A=commutator[X-,A]}]};A]

The two methods are equivalent and the matrices are the same up to a factor. One gets exactly
the results in (3.11), when acting with laplace[y] and (5.17), when acting with laplace3[y]

on the various Ŷlm or Y[l,m].

A.3. Degeneracy of eigenvalues of �D

The following code computes the degeneracy of the eigenvalue fed to it. It uses the results from
above, checks what the eigenvalues of all (up to a certain threshold) Ŷ l

m are and then counts
how many of the eigenvalues are equal to the one in question. It also accounts for the fact,
that Ŷ l

m and Ŷ l
−m have the same eigenvalue. Unfortunately the procedure described is not very

time efficient, if the number plugged in is big, the processing takes a while. Also there is a
’Power::infy: ‘‘Infinite expression 1

0
encountered.’’’-error occurring, which may be

ignored.

deg[a ]:=Block[{b,c,i={}},For[b=0,b(b+1)≤a,b++,
{For[c=0,(b(b+1)+c(2b+1))≤a,c++,i=Join[i,{ a

(b(b+1)+c(2b+1))
}]],

For[c=1(b(b+1)+c(2b+1))≤a,c++,i=Join[i,{ a
(b(b+1)+c(2b+1))

}]]}];Count[i,1]]
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