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Zusammenfassung

Wissenschaftliche Berechnungen profitieren heutzutage oft von der Leistungsfähigkeit
(großer) Parallelrechner. Solch parallele Systeme beeindrucken durch schnelle Gleit-
punktarithmetik, tiefe Speicherhierarchien und ausgeklügelte Verbindungsnetze. Da-
rüber hinaus können durch entsprechende Programmiertechnologien die Eigenschaften
solcher Systeme zur Gänze kontrolliert und ausgeschöpft werden. Als Gegenstück zu
parallelen Systemen betrachten wir verteilte Systeme (z. B. Sensornetzwerke), in wel-
chen keinerlei globale Kontrollmechanismen verfügbar sind und die Kommunikation
auf benachbarte Knoten beschränkt ist. Darüber hinaus betrachten wir unzuverlässige
verteilte Systeme, wo etwa die Kommunikation (unbemerkt) fehlschlagen kann. Daher
führen selbst einfachste Fragestellungen zu herausfordernden Problemen. Unsere Un-
tersuchungen beschränken sich dabei nicht bloß auf klassische Ausprägungen verteilter
Systeme, sondern zielen insbesondere auch auf zukünftige Höchstleistungsrechner ab,
welchen zunehmend Eigenschaften verteilter System prophezeit werden.

Unser Hauptaugenmerk liegt auf dem Bereitstellen beweisbar robuster, fundamenta-
ler Berechnungsroutinen unter realistischen Annahmen bezüglich (der Zuverlässigkeit
von) verteilten Umgebungen. Im Zuge dessen behalten wir stets sowohl theoretische als
auch praktische Aspekte im Auge. Auf diese Weise decken wir Probleme hinsichtlich
der praktischen Anwendbarkeit bestimmter Methoden und deren Analysen auf. Unsere
Beiträge bestehen unter anderem aus einer Konvergenztheorie für eine große Klasse
verteilter Aggregationsalgorithmen, welche, im Gegensatz zu existierenden Resultaten,
einzig auf lokalen Annahmen beruht. Darauf aufbauend zeigen wir, wie man generisch
beweisbar robuste Algorithmen ableiten kann, welche den Herausforderungen in realen
verteilten Systemen gewachsen sind. Aufgrund der iterativen Natur der betrachteten
Algorithmen ist es naheliegend zu fragen, wie ein Knoten lokal das Erreichen der Zielge-
nauigkeit feststellen kann. Wir untersuchen dieses gemeinhin vernachlässigte Problem
und tragen Methoden zur rein lokalen Genauigkeitsbestimmung bei.

Zusätzlich zum Hauptteil dieser Arbeit, aber auf demselben mathematischen Hin-
tergrund aufbauend, entwickeln wir schnelle und genaue iterative Löser für ein großes
strukturiertes Eigenwertproblem aus der Biochemie. Konkret betrachten wir die Be-
rechnung der Quasispezies im sogenannten Quasispezies Modell, welche gleichbedeu-
tend mit dem Auffinden des dominierenden Eigenvektors einer speziell strukturierten
Matrix ist. Unsere Resultate stellen dabei ein Tandem aus neuartigen, die Problem-
struktur einbeziehenden Algorithmen und deren effizienter (paralleler) Implementie-
rung dar. In Summe können wir dadurch die handhabbare Problemdimension substan-
tiell erhöhen und gleichzeitig auch allgemeinere Modellannahmen behandeln.
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Abstract

Today, scientific computations often benefit from the computational power of (large
scale) parallel computers. Such parallel systems impress by fast floating-point arith-
metic, deep memory hierarchies and sophisticated interconnection networks. More-
over, appropriate programming technologies allow to fully exploit and control the
entire functionality of these platforms. As a counterpart to parallel systems, we con-
sider distributed systems (e. g., sensor networks) which do not provide global control
mechanisms and where the communication capabilities are limited to simple point-to-
point communication between neighboring nodes. Furthermore, we consider unreli-
able distributed systems, e. g., the communication between nodes may (silently) fail.
Therefore, even aiming at imitating elementary parallel computations on a distributed
system raises many challenging problems. Our investigations do not only target clas-
sical instances of distributed systems, such as sensor networks, but also future high
performance systems, due to the predicted distributed nature of these systems.

Our central objective is to provide provably reliable fundamental computing func-
tionality, such as the distributed computation of aggregates, under realistic assump-
tions on (the reliability of) distributed environments. In the course of that, we con-
sistently take theoretical as well as practical points of view into account. In doing
so, we reveal several issues concerning the practical applicability of existing methods
and their analyses. Our contributions consist among others of a convergence theory
for a large class of distributed aggregation algorithms, which—in contrast to existing
work—solely builds upon purely local assumptions. On top of that, we show how to
generically derive provably reliable algorithms which can successfully cope with the
challenges posed by real distributed systems. Due to the iterative nature of the al-
gorithms we consider, the question how a node can locally reason whether or not it
already reached a certain target accuracy, is apparent. We investigate this commonly
neglected problem and contribute methods for purely local accuracy estimation.

In addition to the main thread of this thesis—but building upon the same mathe-
matical background—we develop fast and accurate iterative solvers for a large scale
structured eigenvalue problem arising in computational biology. More specifically, we
consider the computation of the quasispecies in the so-called quasispecies model, which
is tantamount to finding the dominating eigenvector of a certain data-sparse matrix.
Our results constitute a tandem of novel structure-aware algorithms and their efficient
(parallel) implementation on modern hardware. Altogether, we substantially raise the
computationally tractable problem dimensions and generalize the applicable model
assumptions.
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1 | Introduction

Complex scientific computations commonly break down to simple elementary opera-
tions. This holds especially for numerical linear algebra, which constitutes the core of
most scientific computations. Nowadays, mainstream numerical linear algebra libraries
build upon a common interface for computing the required elementary matrix/vector
operations—the so-called Basic Linear Algebra Subprograms (Blas) [Dongarra et al.,
2002a,b]. More specifically, the de-facto standard of Blas allows to design generic nu-
merical linear algebra libraries, which in the background utilize a highly tuned Blas
implementation in order to obtain high performance. Today, there are many sequential
as well as parallel Blas implementations available, including implementations from
vendors specifically tuned for their respective hardware. The operations within Blas
are organized in three levels which build upon each other.

Level Type of operations Available operations (among others)
1 vector y = αx+ y, xTy, vector norms
2 matrix-vector y = αAx+ βy, y = Tx for T triangular
3 matrix-matrix C = αAB + βC

Conceptually, it is easily verified that all Blas operations break down to vector oper-
ations. In particular, a matrix-matrix multiplication can be seen as repeated matrix-
vector multiplication, which itself can be seen as a repeated computation of dot prod-
ucts, as illustrated below.

C = AB  



b1,1 . . . b1,n
...

. . .
...

bn,1 . . . bn,n






a1,1 . . . a1,n
...

. . .
...

an,1 . . . an,n






c1,1 . . . c1,n
...

. . .
...

cn,1 . . . cn,n




 



b1,1 . . . b1,n
...

. . .
...

bn,1 . . . bn,n






a1,1 . . . a1,n
...

. . .
...

an,1 . . . an,n






c1,1 . . . c1,n
...

. . .
...

cn,1 . . . cn,n




. . . b1,n
. . .

...
. . . bn,n

. . . c1,n
. . .

...
. . . cn,n

 



b1,1 . . . b1,n
...

. . .
...

bn,1 . . . bn,n






a1,1 . . . a1,n
...

. . .
...

an,1 . . . an,n






c1,1 . . . c1,n
...

. . .
...

cn,1 . . . cn,n




. . . b1,n
. . .

...
. . . bn,n

. . . c1,n
. . .

...
. . . cn,n

...
. . .

...
an,1 . . . an,n



 ...
cn,1

Therefore, comprehensive linear algebra functionality can be in principle provided
whenever vector operations are available. However, in order to achieve maximal per-
formance, dedicated higher level routines are required in general.

From a practical point of view, one key contribution of this thesis is the development
of provably robust vector operations, which require substantially weaker assumptions
on (the reliability of) the environment than existing methods do. Following the con-
siderations above, this is the crucial step in order to enable numerical linear algebra
functionality under conditions where existing approaches are not applicable or fail.

1



1. Introduction

In parallel computing one usually distinguishes shared memory and distributed mem-
ory systems. In a shared memory system the (possibly many) processing units can all
access the entire memory. Opposed to that, a distributed memory system consists of
(many) nodes which all host one or more processing units and a local memory. Hence,
in order to perform a (non-trivial) parallel computation on a distributed memory sys-
tem, (physical) communication between the nodes is required.

In the remainder of this thesis we mostly consider distributed systems , which we
strictly distinguish from distributed memory (parallel) systems (see Section 2.1). For
short, in case of parallel systems we assume that all system properties can be accessed
and modified via appropriate programming techniques. In particular, we assume the
availability of global control mechanisms, e. g., for (global) node synchronization. In
contrast to that, we speak about a distributed system, whenever the nodes within
the system act autonomously without having access to global information and control
mechanisms. Moreover, we additionally consider distributed systems to be unreliable,
in contrast to parallel systems (e. g., the communication between nodes may fail).
Altogether, our assumptions rule out standard (parallel) approaches towards providing
numerical linear algebra functionality on a distributed system, due to the lack of
(global) control and the unreliability of certain operations.

We sketched above how numerical linear algebra breaks down to elementary vector
operations (by sacrificing peak performance). In particular, these considerations ex-
tend to the case, where the data is distributed among the nodes. Consequently, the
crucial operation for providing comprehensive numerical linear algebra functionality
on a distributed system is the (distributed) computation of a dot product. With re-
spect to our assumptions on a distributed system, this kind of computations involve
several non-trivial problems which are not solved so far. When building complex func-
tionality based on very simple operations, one of course hopes that advances (e. g.,
fault tolerance properties) of the low level operations translate up to higher levels.
The fact that the (beneficial) properties of the robust low level operations we develop
in this thesis indeed can be extended to higher level (matrix) operations has been
extensively investigated before (see Straková [2013] and the references therein).

Besides our actual aim to enable numerical linear algebra functionality under con-
ditions where existing approaches cannot be applied or fail, we also investigate in this
thesis how the developed methods can be employed in other contexts, such as load
balancing. In particular, our results on fault tolerance can be partially carried over to
related problems for which fault tolerance aspects of the kind presented in this thesis
have not been considered yet.

1.1. From Sensor Networks to Exascale Computing

No matter how a computer system looks, its primary purpose is to solve suitable
computational problems. Depending on the particular capabilities and dimensions
of a system, the tractable problems differ widely. In our investigations we target

2



1.1. From Sensor Networks to Exascale Computing

distributed systems which do not provide global control mechanisms and in which
the reliability of, for instance, the communication cannot be guaranteed. In order to
successfully cope with the unreliability and decentralized nature of such systems, we
develop throughout this thesis novel algorithmic approaches for fundamental problems
such as the robust distributed computation of aggregates.

Among others, sensor networks are an important representative of the low-end of
the computing landscape. In sensor networks it is often assumed that the individ-
ual sensors are very limited in their capabilities and that they can only exchange
information within their immediate neighborhood , e. g., the nodes within their radio
transmission range. Commonly, the overall objective consists of computing a network-
wide quantity based on local measurements, local computations and local information
exchanges (within the neighborhood). Such an objective can be as simple as track-
ing the average temperature within a large building. On the other hand, also more
subtle tasks such as reconstructing a (physical) field based on local measurements are
of interest. While the quest for computing functionality on sensor networks received
a lot of attention, we depict later the insufficiency of existing approaches (given our
assumptions and requirements). Subsequently, we also develop novel methods which
meet the challenging conditions we pose.

Opposed to the low-end, we see today’s fastest high performance computers at
the high-end of the computing landscape. Currently, the—with respect to the Lin-
pack benchmark [Dongarra, Luszczek, et al., 2003]—fastest computers in the world1

deliver a sustained performance of several to tens of PFlop/s, where one PFlop/s
is tantamount to executing 1015 (peta) floating-point operations per second. High-
end machines of this scale are complex systems which require sophisticated methods
throughout the whole software stack in order to achieve a significant percentage of
the theoretical peak performance. Much efforts of current fundamental high perfor-
mance computing research are devoted to the objective of building a so-called exascale
computer , which reaches a sustained performance of 1018 (exa) Flop/s.

At first glance, there is seemingly not much what would relate sensor networks and
a future exascale computer which can perform 1018 floating operations per second.
Yet, a closer look reveals that the opposite is true. In contrast to earlier milestones in
high performance computing, the transition to exascale is expected to be disruptive
[Dongarra, Beckman, et al., 2011] in the sense that a major redesign of the hardware as
well as the corresponding software stack is believed to be required. This development
is mostly due to the target power consumption of about 20 megawatt2 and (physical)
limitations in circuit design. Especially the target power consumption is crucial, as it
is witnessed by the Top 500 list of supercomputers. In particular, the currently fastest
computer in the world, Tianhe-2 , requires already now about 18 megawatt.

1See http://www.top500.org/list/2013/06/, Top 500 list of supercomputers, edition November 2013.
2This challenging power consumption target is primarily pushed by the US Department of Energy

and the institutions it funds. Clearly, exascale efforts in countries such as China or India may not
adhere to this restriction in their quest for building the first exascale system in the world. See
Tolentino and Cameron [2012] for a discussion of this issue.
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Mostly due to the harsh energy restrictions, a slight shift from traditional tightly
coupled high performance systems towards decentralized distributed systems may be
required in the future. Among others, the sheer scale and anticipated technology
used to build an exascale computer will most likely lead to a substantially increased
failure frequency compared to nowadays systems [Dongarra, Beckman, et al., 2011].
Hence, the robust distributed methods we develop in this thesis (primarily for low-
end distributed systems) are potentially also of interest in the context of future high
performance systems. Fault tolerance, in particular also at the algorithmic level, has
been a central pillar of exascale computing research from the very beginning [Cap-
pello et al., 2009]. The necessity of substantially improved fault tolerance techniques
throughout all levels was also manifested in widely considered exascale roadmaps [Don-
garra, Beckman, et al., 2011]. Recent parallel computing research already reflects this
trend towards the commonly expected higher robustness requirements of future high
performance systems. A detailed overview on this subject follows in Section 4.1.3.

We have previously seen that, at least conceptually, providing comprehensive nu-
merical linear algebra functionality for an unreliable decentralized system solely relies
on providing an appropriate distributed dot product, which is nothing else than a
distributed weighted summation. For various reasons (discussed later), existing meth-
ods which address this problem cannot (to the best of our knowledge) cope with the
challenges raised by the setup considered throughout this thesis.

As a building block for our developments we consider (existing) epidemic-style ag-
gregation algorithms because of the high degree of flexibility they provide. Our con-
tributions consist of exploiting this flexibility algorithmically in order to eventually
obtain robust methods which meet all our requirements. In the course of that, we
also cope with several practical subtleties, e. g., how to determine locally at a node,
whether or not a prescribed target accuracy has been reached.

1.2. Spreading and Aggregating Information

In a distributed computation usually every node provides a piece of initial informa-
tion which contributes to the overall result. Many non-trivial computations, e. g., a
distributed summation, require that all nodes exchange their initial information in
order to obtain the correct result (at every node). The challenge with respect to this
requirement is that in distributed systems of the kind we consider, the nodes can
only communicate with their immediate neighbors and that they do not have any
information about the nodes outside of their neighborhood.

A popular problem in (theoretical) computer science is that a single node aims
at spreading its local information to all other nodes in the network. This problem,
commonly known as rumor spreading , attracted a lot of interest over the last two
decades and has been analyzed into great detail (see Section 2.3.1 for an overview).
Very simple epidemic-style processes turned out to be very successful in providing
robust solutions which—for particular network topologies—can even attain theoretical
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1.2. Spreading and Aggregating Information

lower bounds with respect to time and communication complexity. The natural “dual”
of spreading information is the aggregation of information. Suppose that the nodes in
a rumor spreading process save the neighboring node who informed them first about
the rumor to be spread over the network. This additional relationship leads to a
tree rooted at the node who initially knows about the rumor, because all other nodes
keep exactly one node who informed them first about the rumor. Furthermore, the
communication pattern this tree describes can be used to aggregate local data of all
nodes at the root (i. e., the node who initially kept the rumor). Figure 1.1 depicts this
relationship between rumor spreading and aggregation visually.
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Figure 1.1.: We consider a (ring-)network of five nodes (top left). The remainder
of the first row illustrates how the rumor (filled nodes) is spread from
node one to all other nodes. Dashed arrows indicate which node is called
and the direction of an arrow indicates if the rumor is pushed or pulled
(cf. Section 2.3.1). Solid arrows point to the node which informed a par-
ticular node first about the rumor. In the second row we depict that by
reverting the order of communications in the rumor spreading process, we
obtain an aggregation—here a summation of the node identifiers.

Even though rumor spreading and aggregation are closely related problems, they
are—at least from a theoretical point of view—not equally difficult. In particular,
aggregation is provably more difficult than rumor spreading [Chen and Pandurangan,
2012]. While this distinction is by itself not crucial for our results, we elaborate in
Section 2.3.2 on this topic in order to work out the subtleties behind the problem of
aggregation, especially in the presence of failures.
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In a distributed setting, aggregation in the spirit as we depicted it so far in this
section fails, due to the lack of global control. Moreover, we are usually interested
in so-called all-to-all aggregations where not only one, but all of the nodes obtain
the target aggregate. At first glance, problems of this kind seem to be substantially
more difficult than simple rumor spreading. In contrast to that, it turns out that
efficient all-to-all aggregation algorithms can be built upon the skeleton of certain
epidemic-style rumor spreading processes enriched by some local logic for the aggregate
computation. The simplicity and flexibility in the design of such algorithms allow us
to develop a rich fault tolerance methodology on top of methods which neglect the
possibility of failures in the system. Moreover, the close connection between spreading
and aggregating information also motivates the rule of thumb that networks where
rumors spread quickly also allow for efficient computation of aggregates.

1.3. A Guide for Readers

In the following we provide a concise overview of the structure and key contributions of
this thesis. Concretely, we depict the organization of this thesis, outline the individual
chapters together with the key contributions developed therein, and give an overview
of the (previously appeared) peer-reviewed publications this thesis builds upon.

1.3.1. Thesis Organization

This thesis is partitioned into the main text (Chapters 1–5), containing novel contri-
butions regarding distributed computing problems, a “bonus chapter” (Chapter 6),
which depicts parallel computing research complementing the main thread of this the-
sis, a concise summary of the entire text (Chapter 7), and a comprehensive exposition
of the mathematical background (Appendix A) required for this thesis.

While the upcoming Chapter 2 does not yet contain novel technical contributions, its
value lies in setting up the thesis in terms of motivation, focus, and objectives. More-
over, in Chapter 2 we shed light on various aspects which are commonly neglected
in the literature. Our technical contributions together with a detailed discussion and
distinction from existing work follow in Chapters 3–5 as well as in Chapter 6. Ad-
ditionally to the actual content, all but the current chapter also end with a concise
summary of the main developments and insights gained within the respective chap-
ter. At the end, Chapter 7 concludes the entire thesis and outlines open questions for
future research. The mathematical background in Appendix A is added as a source
of reference, in order to allow for a self-contained exposition. Familiarity with these
standard notions and basic results is assumed, which can—as needed—be obtained by
reading (parts of) Appendix A.

For the sake of convenience, complete lists of figures, tables, and algorithms, as well
as a comprehensive index of technical terms and symbols can be found at the end of
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this thesis. Moreover, the appended bibliography contains additionally to standard
bibliographic data also back references to the actual citations within the text.

1.3.2. Overview and Contributions

In Chapter 2 we first discuss how we strictly distinguish between the terms “paral-
lel” and “distributed” computing throughout this text. This is of high importance,
since especially the usage of the term “distributed computing” in different scientific
communities causes severe ambiguities. Based on the aforementioned differentiation
between parallel and distributed computing, we show how the step from parallel to
distributed computing can conceptually be accomplished, which possibilities this step
offers, and which challenges it causes. Hence, we investigate how basic parallel com-
puting functionality can be provided on truly distributed systems. In order to be
able to provide basic vector operations in a distributed way, we consider utilizing
epidemic-style algorithms which require substantially fewer assumptions on the (reli-
ability of the) environment. In the course of that, we identify two central questions
we subsequently investigate in this thesis:

1. Up to which extent can the flexibility of epidemic algorithms be exploited, e. g.,
in order to obtain high fault tolerance at the algorithmic level?

2. How can we decide locally when to terminate an epidemic-style iterative algo-
rithm, i. e., how can a node autonomously deduce when its local result meets a
predefined target accuracy?

Accordingly, the key contributions of this thesis are centered around these two ques-
tions. In particular, Chapter 3 and Chapter 4 provide novel contributions regarding
the first question, whereas Chapter 5 is devoted to approaches coping with the second
question.

In Chapter 3 we focus on the (convergence) analyses of certain classes of distributed
aggregation algorithms. Our contributions in this context are twofold. First, we review
existing algorithms and their analyses in order to point out the practical limitations
which commonly made assumptions cause. In particular, we depict that even in case of
a failure-free environment, most existing methods suffer from too strong assumptions
on the environment. Consequently, as a second step, we present a convergence theory
for a class of distributed aggregation algorithms assuming only properties which we
can also guarantee in practical distributed environments. Moreover, we discuss the
generic applicability of convergence acceleration techniques and how to systematically
build higher level operations based on simple aggregations.

While the aforementioned convergence theory is of high importance by its own, it
is also crucial for the fault tolerance techniques we develop and analyze in Chapter 4.
Succeeding an exposition of current fault tolerance techniques, we generically show how
to derive fault tolerant variants of all algorithms contained in the class of distributed
algorithms considered in Chapter 3. In the course of that, we employ two different fault
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tolerance approaches with slightly different properties and analyze them. Especially
our analysis of the derived fault tolerant algorithms in an unreliable environment
substantially improves prior related results. We further elaborate on aspects regarding
the transition from theory to computational practice. In this context we discover
several subtleties, e. g., caused by floating-point arithmetic, and show how handle
(most of) them.

All (iterative) distributed algorithms which are considered in this thesis produce a
(converging) sequence of estimates of the target value locally at each node. Naturally,
we assume that neither of the nodes knows the correct result and therefore, the nodes
also cannot directly judge the quality of their local estimates. In Chapter 5 we develop
methods which allow a node to locally predict the accuracy it achieved so far. Despite
the widespread application of iterative distributed algorithms this problem received
surprisingly little attention in the existing literature. We present two conceptually
different approaches and evaluate their strengths and weaknesses.

Complementary to the main thread of this thesis, we depict in Chapter 6 recent high
performance computing research with the sole objective to increase the performance
and tractable problem dimensions in case of an application problem from biochemistry.
It is particularly interesting to observe that we employ in this context several of the
formal results and tools which we also utilize before in a more theoretical context.

1.3.3. Prior Peer-Reviewed Publications

This thesis comprises a conglomerate of prior peer-reviewed publications enriched by
plenty of supplementary material and novel insights into existing work. Concretely,
this dissertation project has already led to the following peer-reviewed publications.

Gansterer, W. N., Niederbrucker, G., Straková, H., and Schulze Grotthoff, S. (2011).
“Robust Distributed Orthogonalization Based on Randomized Aggregation”. In:
Proceedings of the Second Workshop on Scalable Algorithms for Large-Scale Sys-
tems. ScalA 2011, pp. 7–10 (see pp. 52, 55, 57).
doi: 10.1145/2133173.2133177

Gansterer, W. N., Niederbrucker, G., Straková, H., and Schulze Grotthoff, S. (2013).
“Scalable and Fault Tolerant Orthogonalization Based on Randomized Distributed
Data Aggregation”. In: Journal of Computational Science 4(6), pp. 480–488 (see
pp. 46, 51, 52, 55, 57).
doi: 10.1016/j.jocs.2013.01.006

Niederbrucker, G. and Gansterer, W. N. (2014). Robust Distributed Aggregation. (under
revision, IEEE Transactions on Signal Processing) (see pp. 40, 51, 55, 58).

Niederbrucker, G. and Gansterer, W. N. (2011a). “A Fast Solver for Modeling the
Evolution of Virus Populations”. In: Proceedings of 2011 International Conference
for High Performance Computing, Networking, Storage and Analysis. SC 2011,
74:1–74:11 (see pp. 111, 124, 132, 137).
doi: 10.1145/2063384.2063483
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Niederbrucker, G. and Gansterer, W. N. (2011). “Efficient Solution of Evolution Mod-
els for Virus Populations”. In: Procedia Computer Science 4. Proceedings of the
International Conference on Computational Science, ICCS 2011, pp. 126–135 (see
pp. 116, 126, 137).
doi: 10.1016/j.procs.2011.04.014

Niederbrucker, G. and Gansterer, W. N. (2013). “Robust Gossip-Based Aggregation:
A Practical Point of View”. In: Proceedings of the 2013 Meeting on Algorithm
Engineering & Experiments. ALENEX 2013, pp. 133–147 (see pp. 50, 76, 84).
url: http://knowledgecenter.siam.org/0238-000028/

Niederbrucker, G., Straková, H., and Gansterer, W. N. (2012). “Improving Fault Tol-
reance and Accuracy of Distributed Reduction Algorithms”. In: Proceedings of
the Third Workshop on Scalable algorithms for Large-Scale Systems. ScalA 2012,
pp. 7–10 (see pp. 53, 76, 79, 81).
doi: 10.1109/SC.Companion.2012.89

Straková, H., Niederbrucker, G., and Gansterer, W. N. (2013). “Fault Tolerance Prop-
erties of Gossip-Based Distributed Orthogonal Iteration Methods”. In: Procedia
Computer Science 18, pp. 189–198 (see p. 46).
doi: 10.1016/j.procs.2013.05.182

Moreover, throughout this thesis we also utilize several results and especially sup-
plementary material from the thesis

Niederbrucker, G. (2013). “Structured Preconditioners for Matrix-free Iterative Meth-
ods”. Master’s Thesis. Vienna University of Technologoy, Faculty of Mathematics
and Geoinformation, Institute of Analysis and Scientific Computing (see pp. 111,
123, 128, 130, 131, 133, 137, 145, 146, 154).
url: http://permalink.obvsg.at/AC11105284

Self-citation policy. Henceforth, whenever an entire (sub-)section originates
in—and thus strongly overlaps with—a previously published text, its title
is accompanied by an appropriate reference to the respective published text
(cf. Section 3.4 for the first section of this kind).
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2 | Parallel vs. Distributed Computing

What it is (not) about

In this chapter, we first elaborate on a clear differentiation between the notions of
parallel and distributed systems/algorithms. Thereafter, we look at the fundamental
problem of data aggregation from a parallel computing as well as from a distributed
computing point of view. We depict (i) the conceptual similarities between parallel
and distributed approaches, (ii) which challenges the transition from the parallel to the
distributed regime causes, and (iii) which opportunities this transition enables in terms
of algorithm design. We complement these insights by a discussion of the (beneficial)
properties of epidemic processes and argue about the commonly undervalued difficulty
of distributed aggregation (in practice). Together, all these considerations motivate
our technical contributions we develop in the upcoming Chapters 3–5.

2.1. Definitions and Differentiation

Nowadays various kinds of parallel computer architectures are employed which differ in
the way of supporting parallelism at the hardware level. In any case, from a high level
point of view a parallel computer is nothing else than a computer which can execute
several instructions at the same time. In contrast to parallel systems, the notion of
distributed systems is very fuzzy due to its use in many scientific communities and
contexts. Therefore, in our differentiation between these two notions, we cannot and
do not aim at “ultimate correctness”, but rather at a definition what we mean by a
distributed system throughout this thesis.

2.1.1. Overview

In comparisons between parallel and distributed systems, we basically think of (large-
scale) parallel systems without a globally shared memory. Such so-called distributed
memory parallel systems comprise of (potentially many) independent processing units
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which are interconnected with each other. In programming this kind of parallel sys-
tems, MPI (Message Passing Interface, see Snir et al. [1998])1 constitutes the de-facto
standard for the communication between the processing units. The utilization of MPI
allows to develop scalable codes where the number of concurrently executed processes
can be specified at runtime, e. g., based on the available resources. No matter whether
two processes are executed on the same physical unit, they can exclusively communi-
cate by MPI primitives. In particular, each process can communicate with each other
process, independently of the topology of the underlying physical network. Besides ba-
sic point-to-point communication functionality, MPI also provides so-called collective
operations , which can involve many or even all processes. In particular, MPI provides
functionality for the global dissemination and aggregation of data.

For the sake of an easy comparison to distributed systems, we look at parallel
systems from an MPI perspective. This means that whenever we talk about a parallel
system we identify individual MPI processes as separate units of the system (which
communicate with each other via MPI)2. This means we neglect the ability of real
systems to host several MPI processes on a single physical unit. In such cases MPI
implementations internally switch between different routines depending if physical
communication is required or not. We also neglect in our simplified treatment of
parallel systems any form of parallelism below the level of MPI.

In contrast to parallel systems, we assume distributed systems to be much less
tightly coupled. Frequently considered examples of distributed systems are (wireless)
sensor networks, peer-to-peer networks or (mobile) ad-hoc networks. The individual
units in such distributed systems act for the most part autonomously and do not have
access to global control mechanisms. Another crucial limitation is that we expect that
only physically connected nodes can communicate with each other, i. e., we do not rely
on routing capabilities or other kinds of multi-hop communication. For instance, in
a wireless sensor network the communication capabilities can be limited by the range
of the radio communication. Abstractly, we model the topology of the underlying
communication network as an undirected or directed graph G = (V , E), where the
nodes i ∈ V represent the individual units in the system and the existence of an edge
(i, j) ∈ E ⊆ V × V indicates that node i can communicate with node j. We call the set
Ni := {j ∈ V | (i, j) ∈ E} the neighborhood of node i and a node j ∈ Ni its neighbor .
Of course, we can also model a parallel system in this way, which always results in a
complete graph by our consideration above. Hence, we also use the term node instead
of process in the case of parallel systems.

2.1.2. Similarities and Differences

Below, we distinguish in detail between the notions of parallel and distributed systems.
Table 2.1 concisely summarizes the substantial differences in our differentiation.

1An up-to-date version of the MPI standard is available at http://www.mpi-forum.org.
2From this point of view, we can also compare shared memory parallel systems with distributed

systems.
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Parallel systems Distributed systems
Topology fixed, regular and opti-

mized for high performance
arbitrary and potentially dy-
namically changing

Local knowledge
(at each node)

every node can query in-
formation about the entire
system

every node solely knows about
its neighboring nodes

Communication reliable communication be-
tween all (pairs of) nodes

unreliable communication be-
tween neighboring nodes only

Global control available for all nodes at
every time

none of the nodes can access
global control mechanisms

Table 2.1.: Summary of our assumptions on parallel and distributed systems.

Topology. In general, the nodes in modern parallel systems are statically inter-
connected in a very regular way, most commonly via some kind of torus network (see,
e. g., Ajima et al. [2009] and the references therein). As a consequence, customized
(vendor-specific) middleware (e. g., MPI implementations [Adachi et al., 2013]) are
usually provided in order to fully exploit the respective hardware. In the case of
distributed systems we cannot rely on any regularity assumptions and can in prin-
ciple face any kind of (connected) topology. Moreover, we do not insist on a static
topology but also allow for dynamic changes. In fact, the algorithms we develop even
work for topologies which are not strictly connected as long as they are “connected in
expectation connected”. What this exactly means is discussed in Section 3.3.4.

Local knowledge. The knowledge about the entire system available locally at each
node is another crucial difference between parallel and distributed systems. In the case
of parallel systems there are no limitations, i. e., every node can get, or a priori has,
all (global) information it requires. In strong contrast to that, we assume the local
knowledge in a distributed system to be very limited. More concretely, the nodes only
know about their neighborhoods Ni and how to communicate with the neighbors. A
somewhat crucial question is whether the nodes also know about the total number of
nodes the entire system consist of (e. g., the nodes in an ad-hoc network do usually not
know how many nodes form the system). Unless otherwise stated we always assume
that the nodes do not have this knowledge.

Communication. In a parallel system the communication is (on the application
level) assumed to be fully reliable. Beyond that there are in general also no limitations
in terms of communication between the nodes, independently of the underlying phys-
ical network which interconnects the nodes. We consider distributed systems where
communication capabilities are restricted to neighboring nodes. This means a node i
can only communicate with its (physical) neighbors Ni and there are no mechanisms
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(overlay networks, routing, etc.) which would allow for communication beyond the
scope of the neighborhoods (i. e., there is no routing or other kinds of multi-hop com-
munication). Moreover, we assume that the communication between two nodes can
fail silently, i. e., messages can get dropped and neither the sender nor the intended
receiver are informed about the loss.

Global control. In a parallel system global control mechanisms are available and
also frequently used, e. g., barriers for the synchronization of (all) nodes. Due to the
limited communication capabilities and the local focus of the nodes, we also assume
that there are no global control mechanisms available within a distributed system.
This means there are no mechanisms, e. g., for synchronization, which would enable
some coordination between the actions of the nodes, i. e., the nodes in a distributed
system are for the most part expected to act autonomously.

So far, we did not explicitly incorporate assumptions on the (un)reliability of the
individual nodes in our differentiation because the unreliability of nodes is also a widely
considered problem in the area of parallel computing (cf. Section 4.1.3). Consequently,
we address in our investigations the problem that the nodes themselves are unreliable,
e. g., that a node can crash in the course of a computation.

Altogether, our assumptions on distributed systems clearly rule out the direct uti-
lization of parallel algorithms on distributed systems. However, the upcoming Sec-
tion 2.2 illustrates that—at least for the problem of aggregation—distributed methods
can be obtained as a generalization of their parallel counterparts.

2.2. From Parallel Towards Distributed Computing

The dissemination of information and the computation of aggregate information are
fundamental operations for both parallel and distributed computing. We consider in
this section so-called all-to-all aggregations as particularly important representatives
of collective operations. In an all-to-all aggregation every node i provides a piece of
data ai (e. g., ai ∈ R) and the objectives are to compute an aggregate function

ϕ(a1, a2, . . . , an) = a1 � a2 � · · · � an, (2.1)

and to deliver its value to all nodes. Here, the operation � can be any associative and
commutative binary operation (e. g., a � b = a + b). In the MPI standard also the
aggregation with non-commutative operators is specified. However, we always assume
commutativity, because non-commutative aggregation is not feasible in a distributed
setting, due to the lack of global control.

In a classical long-term field study, Rabenseifner [1999] profiled all executed MPI
jobs on a production system and analyzed in which MPI routines these applications
spent (most of) their time. A noteworthy result of this profiling study in the context
of this thesis is that about forty percent of the overall runtime was spent in the
execution of all-to-all operations. The profiling study of Rabenseifner [1999] more
generally illustrated that almost all executed MPI jobs made extensive use of collective
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operations. However, the importance of well-performing collective operations is not
an artifact of past times. On the contrary, the design and implementation of collective
operations seems even more crucial on nowadays and future extreme-scale systems
[Adachi et al., 2013; Pješivac-Grbović et al., 2007].

Straightforwardly, an all-to-all aggregation can be composed of a simple (tree-based)
aggregation, where a single node obtains the result, and a subsequent broadcast of the
result to all other nodes. Among conceptual drawbacks such as the introduction of a
single point of failure, this simple approach is also inefficient (in practice) [Thakur et
al., 2005]. In the following, we illustrate how to efficiently approach all-to-all aggrega-
tions from a parallel computing point of view as well as from a distributed computing
point of view. In doing so, we especially emphasize that (in some sense) the distributed
approach naturally evolves out of the parallel approach by weakening the assumptions
on the capabilities of the environment.

2.2.1. Parallel All-To-All Aggregation

The choice of a particular all-to-all algorithm in practice (e. g., within an MPI imple-
mentation) depends on many factors including the physically available topology and
the required message size [Thakur et al., 2005]. Especially the physical topology of
a parallel system needs to be taken into account in order to achieve high sustained
performance [Sanders et al., 2009]. For instance, the algorithm we present below has
superior theoretical properties but may suffer from problems such as high contention
at certain physical communication links.

For the sake of a concise presentation, we assume a system with n = 2d nodes
which are consecutively numbered from 0, . . . , n − 1. This special case allows for a
particularly elegant treatment of collective operations [Johnsson and Ho, 1989]. The
case where n 6= 2d can be handled similarly and does not cause substantially more
effort. Since n = 2d, the nodes in the system can be identified with the nodes of
the d-dimensional hypercube, i. e., we can restrict3 the neighborhood of node i to
Ni =

{
i⊕ 2k | 0 ≤ k < d

}
, where the operator ⊕ denotes the binary XOR operator.

Johnsson and Ho [1989] first observed that it suffices to communicate exactly once
along each edge of the hypercube in order to implement an all-to-all aggregation.
Algorithm 2.1 depicts the basic structure of the resulting algorithm. Implicitly, this
algorithm is tantamount to n simultaneous tree aggregations rooted at the individual
nodes. Clearly, Algorithm 2.1 shows the basic structure of a general all-to-all reduction.
The logic required for a particular aggregate function has to be plugged into the step
in line 5 of Algorithm 2.1. For instance, ai ← ai+aj or ai ← max(ai, aj) for computing
the sum or maximum over all ak, respectively.

Algorithm 2.1 also neatly illustrates common properties of parallel algorithms. For
instance, we see that the communication schedule is fixed and very regular, i. e., each

3Since in a parallel system all nodes can communicate with each other, we can consider an arbitrary
“logical” communication network at the algorithmic level.
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Algorithm 2.1 Skeleton of a parallel all-to-all aggregation (for n = 2d)

1: ai ← initial contribution from node i
2: for k = 0 to d− 1 do
3: send ri to node i⊕ 2k

4: wait for receiving aj from node i⊕ 2k

5: ai ← combine ai, aj according to the target aggregate function, cf. (2.1).
6: end for

node picks its communication partners according to a single global strategy. Moreover,
the algorithm terminates by construction after d = log2 n steps with the correct result.
Of course, such a parallel approach has the drawback that a single failure may cause
a globally wrong result. Depending on the point of time when a failure occurs, one,
many, or even all nodes may compute a wrong result.

2.2.2. Distributed All-To-All Aggregation

In Algorithm 2.1 we restricted the communication between the nodes according to
the neighborhood structure of the d-dimensional hypercube. Hence, it is apparent to
ask for algorithms which can cope with arbitrary neighborhoods (graphs). Since all
algorithms we consider in the following chapters are of an iterative nature, we have to
measure the quality of the locally computed estimates for the target aggregate.

Definition 2.1 (ε-accurate). Let α denote the target aggregate and ai a local estimate
of it. Then we say that ai is ε-accurate if |ai − α|/|α| ≤ ε. //

Following the considerations above, we base our quest for more flexible algorithms
on Algorithm 2.1. An exemplary distributed counterpart of Algorithm 2.1 which has
much weaker requirements on the communication capabilities of the underlying system
is given by Algorithm 2.2. More precisely, instead of a fixed communication schedule a

Algorithm 2.2 Skeleton of a distributed aggregation

1: ai ← initial contribution from node i
2: while not ε-accurate do
3: pick a node k ∈ Ni and send ai to node k
4: wait for a message aj from a node j ∈ Ni
5: ai ← combine ai, aj according to the target aggregate function, cf. (2.1).
6: end while

flexible scheme is employed. In terms of sending information (line 3), this means that
the nodes can employ some (autonomous) local strategy for picking communication
partners (e. g., random choices). Consequently, this implies that in terms of receiving
information (line 4) the nodes have to listen for a message from any neighbor, since
they do not know about a potentially upcoming transmission of a specific neighbor.
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Of course, in this case it is less straightforward how to combine the results of different
nodes in order to obtain correct results (line 5). The increased flexibility in the choice
of communication partners comes for the price that we cannot expect anymore a direct
algorithm4 as a result. Instead of that, we get an iterative algorithm, where we can
only hope for convergence towards the correct result locally at each node. Needless
to say, any kind of direct algorithm is doomed to failure under our assumptions on
distributed environments (e. g., due to the unreliable communication). On the other
hand, iterative algorithms offer enough flexibility to cope with the challenges posed
by distributed systems.

Moreover, iterative algorithms in the spirit of Algorithm 2.2 can still be very ef-
ficient. For instance, by employing the Push-Sum algorithm [Kempe, Dobra, et al.,
2003] (where the nodes pick their communication partners uniformly at random), a dis-
tributed all-to-all aggregation requires (on well-connected topologies, see Section A.4)
only O(log n + log ε−1) iterations [Boyd et al., 2006], where ε denotes the target ac-
curacy. This bound emphasizes that the increased flexibility comes with (reasonable)
additional costs which depend on the target accuracy ε, whereas the scaling with the
number of nodes n is still logarithmic as in the case of parallel approaches. Figure 2.1
depicts for the case of hypercubes how the number of iterations required to finish an
accurate all-to-all scale with increasing system size. We see that both the parallel and
the distributed approach scale logarithmically with the number of nodes, whereas the
distributed approach has the expected (additive) overhead.

At this point it is crucial to recall our objective to employ all-to-all aggregations
within accurate distributed matrix computations (cf. Chapter 1). Therefore, we com-
monly fix ε with respect to the limitations of floating-point arithmetic to either single
precision ε ≈ 10−8 or double precision ε ≈ 10−16. Consequently, in an analysis, ε
must not be treated as a constant in the context of this thesis, since ε−1 is always
of a significant order of magnitude and the dependency of the convergence speed of
algorithms on ε is very crucial.

2.2.3. Challenges

Algorithm 2.1 and Algorithm 2.2 illustrate the structure and properties of classical par-
allel and distributed aggregation algorithms. The principle structure of Algorithm 2.2
allows for deriving many concrete algorithms, which is witnessed by numerous com-
plying distributed aggregation approaches in the literature (cf. Section 3.1). However,
in most of the cases, algorithmic flexibility is misleadingly equated with robustness
and/or fault tolerance (see, e. g., Kempe, Dobra, et al. [2003]). More specifically, a
flexible communication schedule alone by no means guarantees a resilient aggregate
computation, especially with respect to our challenging assumption on a distributed
environment. Another important (but commonly neglected) issue is how to decide

4We borrow here the terminology of direct vs. iterative methods from numerical linear algebra
[Trefethen and Bau, 1997, parts IV and VI]
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Figure 2.1.: Iterations required to compute a fully accurate (ε ≈ 10−16) all-to-all aggre-
gation on a hypercube. We observe a logarithmic scaling for both Push-
Sum (cf. Algorithm 2.2) and the parallel approach (cf. Algorithm 2.1).

locally when to terminate an iterative algorithm in the spirit of Algorithm 2.2. Con-
sequently, the following two questions are apparent:

1. How can we exploit the flexibility of (certain) distributed aggregation algorithms,
e. g., in order to really obtain high fault tolerance at the algorithmic level?

2. How can we decide locally when to terminate a distributed aggregation algo-
rithm, i. e., how can a node autonomously deduce when its local result meets a
predefined target accuracy ε?

Most of the technical contributions in the following chapters are centered around these
two questions: In Chapters 3 and 4 we generically develop and analyze fault tolerance
mechanisms for a large class of distributed aggregation algorithms and in Chapter 5
we develop local convergence criteria for distributed iterative processes.

2.3. Epidemic Algorithms: Merits and Challenges

In most of the aggregation algorithms which we consider in this thesis the nodes pick
their communication partners randomly within their neighborhoods. As a baseline
on how efficiently such epidemic algorithms can spread information within distributed
networks, we look at the problem of rumor spreading.

From real life we know that, for instance, viral infections can spread very quickly
over populations and hence, can cause epidemics. Such a fast spread of a virus can
still be observed when (a certain fraction of) the population takes actions against the

18



2.3. Epidemic Algorithms: Merits and Challenges

dissemination. From the virus’ point of view, this property can be seen as some kind
of “robustness”. In computer science, we can turn this “efficiency” and “robustness”
of infectious diseases into something positive—by imitating them in order to obtain
efficient distributed algorithms.

In the remainder of this section, we review important instances of epidemic algo-
rithms for the problems of rumor spreading and distributed aggregation. The purpose
of this review is twofold: (i) we want to give an overview on how well simple epidemic
algorithms can cope with certain distributed computing problems, and (ii) we provide
a clear distinction between the problems of rumor spreading and distributed aggre-
gation. More specifically, we complement our review of (recent) theoretical results
regarding (the efficiency of) rumor spreading protocols by a clear intuition why dis-
tributed aggregation is substantially more difficult than rumor spreading, especially
with respect to fault tolerance aspects.

2.3.1. Notes on Rumor Spreading

Throughout this section, we consider the problem of spreading a piece of information
(“the rumor”) in a distributed system with n nodes: Initially a single node knows
the rumor and the objective is to spread it to all other nodes. We consider this
problem, because the deep analytical results regarding the efficiency of simple rumor
spreading algorithms deliver a good intuition, when we can also expect distributed
aggregation algorithms to be efficient. Our presentation is restricted to the line of
research which concerns methods in the spirit of Algorithm 2.2. In particular, we
exclude results where the message size is not constant (see, e. g., Haeupler [2013]) and
more generally, results which are not applicable under our assumptions on a distributed
environment (cf. Table 2.1). Another big advantage of the kind of rumor spreading
methods we consider is that their analysis usually yields strong robustness guarantees
as a byproduct. In particular, often a substantial amount of nodes (picked by an
adversary) can crash without effecting the overall performance significantly.

First, we review some standard terminology in the context of rumor spreading,
which originates in the seminal works of Demers et al. [1987] and Karp et al. [2000].
A well-established model for the communication between the nodes is the so-called
random phone call model . This model is round-based and at every round each node
calls a neighbor, which is determined by a local strategy. We distinguish between two
kinds of communication: push and pull . In the case that the calling node knows the
rumor, it can push the rumor to the called node. If the called node knows the rumor
and the calling node does not, then the calling node can pull the rumor from the called
node.

Besides the communication model also the (global) knowledge available locally at
each node is restricted. An algorithm is called address-oblivious , whenever the deci-
sion of a node if and what to communicate with a particular neighbor in a certain
round does not depend on the neighbor’s address [Karp et al., 2000]. The notion of
address-oblivious algorithms supports our distinction between parallel and distributed
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algorithms, since non-trivial parallel algorithms are never address-oblivious, because
they rely on specific communication patterns where the identification via (unique)
addresses is essential. In particular, recall Algorithm 2.1 as an example of a parallel
all-to-all aggregation. There, each parallel process picked its communication part-
ners in a very specific way. On the other hand, algorithms where nodes pick their
communications partners uniformly at random are naturally address-oblivious.

Unless otherwise stated all algorithms in the following literature review are address-
oblivious. Moreover, all bounds we refer to hold with high probability . Depending on
the respective authors and contexts there are minor differences in the formal definition
of this notion. Common definitions are that a bound holds with high probability if it
holds at least with probability 1 −O(n−c) for an arbitrary constant c > 0, or that it
holds at least with probability 1−o(1) (if g(n) ≥ 0 for almost all n, then f(n) = o(g(n))
means limn→∞ f(n)/g(n) = 0).

For many graph topologies even the most basic strategy, where all nodes who know
the rumor push it to a randomly chosen neighbor, is very efficient. For instance, a
Θ(log n) bound on the number of iterations required to inform all nodes is known
for complete graphs [Pittel, 1987], hypercubes [Feige et al., 1990] and (certain) Erdős-
Réyni graphs [Frieze and Molloy, 1994]. Moreover, there is a symmetry between proto-
cols using only push or only pull operations [Doerr, Friedrich, et al., 2009], i. e., graphs
for which push protocols are efficient, pull protocols are also efficient. Nevertheless,
the example of preferential attachments graphs [Barabási and Albert, 1999]—a com-
mon model for social networks—reveals that simple push (pull) protocols can be sub-
stantially less efficient than a combined push-pull protocol [Chierichetti et al., 2011].
Already Karp et al. [2000] observed the superiority of combined push-pull schemes,
where each node calls a random neighbor and pushes or pulls the rumor according to
its status. More precisely, Karp et al. [2000] showed for complete graphs that push-
pull spreads a rumor in O(log n) rounds using only O(n log log n) messages5. Roughly
speaking, push is superior over pull “at the beginning”, until about half of the nodes
is informed, whereas pull is superior over push thereafter [Karp et al., 2000]. Hence,
by a employing a push-pull scheme one aims at combining the benefits of both worlds
in order to improve the time and number of messages required to inform all nodes.

We consider rumor spreading as a benchmark on the efficiency of epidemic pro-
cesses. Therefore, it is very natural to ask whether the efficiency of rumor spreading
protocols can be generically expressed in terms of graph connectivity measures such
as conductance and vertex expansion (cf. Section A.4). Today this question is entirely
settled (see the given references for more background on the historical developments):
Giakkoupis [2011] proved that for every graph with conductance at least φ ∈ (0, 1],
an upper bound of O(log(n)/φ) rounds holds. This bound is tight, because there

5In the light of standard communication models which account for latency, such as LogGP [Alexan-
drov et al., 1995], practitioners may disagree with the stated bound on the message complexity,
because each node calls a node in each of the O(log n) iterations. Hence, the O(n log log n) bound
on the communication complexity can only be observed in practice, when transmitting the rumor
is substantially more expensive than the process of calling a node.
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exist graphs with diameter Ω(log(n)/φ) [Chierichetti et al., 2010]. Very recently, Gi-
akkoupis [2014] also proved a O(log2(n)/χ) bound on the number of rounds required
to spread a rumor in any graph with vertex expansion at least χ ∈ (0, 1]. This bound
is tight as well, since the corresponding lower bound Ω(log2(n)/α) is also known [Gi-
akkoupis and Sauerwald, 2012].

Besides the most basic algorithms where the nodes pick their communication uni-
formly at random, also slightly more complex algorithms for rumor spreading have
been investigated. For instance, the exclusion of the most recently contacted neigh-
bor(s) from the selection of the next communication partner proved to be useful. For
instance, such slightly more clever algorithms were shown to improve the message
complexity [Elsässer and Sauerwald, 2008] as well as the runtime [Doerr, Fouz, et al.,
2011] of rumor spreading processes on certain graph structures. The results of Doerr,
Fouz, et al. [2011] also illustrate that rumors can even spread in sub-logarithmic time.
More recently, Avin and Elsässer [2013] showed, under the assumption of a slight ex-
tension to the random phone call model, an O(

√
log n) bound on the number of rounds

required to spread a rumor in a complete graph. While this improved efficiency comes
for the price of a slightly increased communication complexity, it is particularly note-
worthy that the algorithm of Avin and Elsässer [2013] is still robust, e. g., with respect
to crashing nodes.

2.3.2. From Rumor Spreading to Aggregation

Protocols for quickly spreading a rumor and protocols for aggregating information
share many similarities. Moreover, the efficiency of either of the approaches relies
similarly on the underlying graph properties. On the other hand, the problem of
aggregation is provably more complex than the problem of spreading a rumor. In
particular, Chen and Pandurangan [2012] showed a lower bound of Ω(n log n) on the
message complexity for any address-oblivious aggregation algorithm, as opposed to the
O(n log log n) bound on the message complexity for address-oblivious rumor spread-
ing in the complete graph [Karp et al., 2000]. Besides efficiency, we also concern fault
tolerance properties. While the efficient rumor spreading protocols we discussed in
Section 2.3.1 are naturally robust, we argue below that this does not hold for dis-
tributed aggregation algorithms, i. e., fault tolerance does not come for free in this
case. We refrain from giving technical details on the formal differentiation between
rumor spreading and distributed aggregation of Chen and Pandurangan [2012]. In-
stead, we shed light on this subject from a more practical point view and reveal that
their result appears very naturally (at least on an informal level).

In a nutshell, computing aggregates is less efficient than spreading a rumor, be-
cause the nodes cannot judge whether the information they hold is relevant for their
neighbors. Hence, they always have to communicate (“just in case”). Moreover, the
robustness gets lost in certain aggregations due to the lack of natural redundancy in
the course of the computation. As it is common in the literature, Chen and Panduran-
gan [2012] treat all kinds of aggregations the same. In contrast to that, we distinguish
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Rumor Spreading
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Figure 2.2.: Gradual differentiation between rumor spreading and aggregation. The
inapplicability of push-pull causes the inefficiency of (discrete) aggregation
and the missing redundancy causes the lack of fault tolerance in case of
continuous aggregates

two kinds of aggregations. With respect to our definition of an aggregation in (2.1),
we talk about a discrete aggregation if ϕ fulfills ϕ(a1, . . . , an) = ai, for some 1 ≤ i ≤ n.
For instance, the computation of a minimum is an example of a discrete aggrega-
tion. Furthermore, we call all other forms of aggregations, such as sum and average,
continuous aggregations .

Our distinction between discrete and continuous aggregation is especially motivated
by the fact that it illustrates the gradually increasing difficulty of the problem of
aggregation over the problem of rumor spreading, which is summarized in Figure 2.2.
The efficiency of rumor spreading algorithms heavily relies on the utilization of both
push and pull communication. More precisely, the fact that the nodes can decide
when a push or pull operation yields an information gain is crucial. In case of an
aggregation this ability gets entirely lost, because the nodes can not judge whether
their local information is the target aggregate.

Recall the classical result of Karp et al. [2000] that by using a push-pull scheme,
a rumor can be spread in a complete graph in O(log n) rounds using O(n log log n)
messages. The missing ability to decide whether a communication yields to an im-
provement implies that all nodes “have to” communicate in each round in order to
allow for an efficient computation of the target aggregate. Therefore, the lower bound
of Ω(n log n) on the message complexity of address-oblivious aggregation due to Chen
and Pandurangan [2012] appears very naturally.
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Fault tolerant computations are almost always coupled to some form of redundancy6.
In the case of rumor spreading or discrete aggregation, we observe that a natural
redundancy appears because (i) at the beginning (at least) one node knows the result,
and (ii) the result spreads (exponentially fast) over the network. Hence, in the course
of the computation more and more nodes learn about the result, which leads (together
with the independence from a specific communication schedule) to an extraordinary
high degree of natural robustness.

The situation drastically changes in the case of a continuous aggregate such as a
sum, where the input of all nodes is required for computing the correct result. In
other words, none of the nodes holds initially the correct result and therefore, there
is also no redundancy which could be exploited. Hence, even a single failure (e. g., a
lost message or a crashed node) immediately leads to wrong results at (potentially)
all nodes. Concerning this issues, in the following chapters we develop and analyze
purely algorithmic fault tolerance mechanisms for the computation of continuous ag-
gregates, which can provably cope with several kinds of failures. Opposed to our efforts
which are based on diffusion-based iterative algorithms in the spirit of Algorithm 2.2,
Mosk-Aoyama and Shah [2006] showed how to compute (among others) continuous
aggregates solely via the computation of minima. While this approach yields a high
degree of natural robustness, it also comes with the severe drawback of a very bad
scaling with the target accuracy ε (cf. Section 3.1), which is crucial with respect to
our high accuracy demands.

6This fact will become more explicit in Section 4.1.3 when we review existing fault tolerance mech-
anisms (at the algorithmic level).
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Lessons Learned: Parallel vs. Distributed Computing

In this thesis, we strictly distinguish between the notions of parallel and distributed
computing. In particular, we do not call a distributed memory parallel system a
distributed system. In the course of our differentiation between parallel and distributed
systems we pointed out substantial differences in terms of the topology, communication
capabilities, global control mechanisms and local knowledge (cf. Table 2.1). While
distributed algorithms can be executed on parallel systems, the converse does not
hold, because parallel algorithms impose many requirements on the environment which
distributed systems cannot fulfill (according to our definition).

All-to-all aggregations are fundamental for both parallel and distributed computing.
In the course of such an operation, a global aggregate (e. g., a sum) involving contri-
butions from all nodes is computed and its value is delivered to all nodes. On parallel
systems, all-to-all aggregation is a classical problem and many efficient algorithms are
known. In particular, dedicated all-to-all aggregation algorithms are superior to the
combination of a tree-based aggregation and a subsequent broadcast. In the spirit of
dedicated parallel all-to-all aggregation algorithms we sketched how to compute an
all-to-all aggregation within a distributed environment. Despite the fact that such
distributed approaches are always very flexible, they can very efficient. However, the
change from direct methods (parallel algorithms) to iterative methods raises addi-
tional challenges. With respect to our quest for reliable and practically applicable
distributed all-to-all aggregation algorithms, we identified the following two central
questions which we address in the following chapters:

1. How can we exploit the flexibility of (certain) distributed aggregation algorithms,
e. g., in order to obtain high fault tolerance at the algorithmic level?

2. How can we decide locally when to terminate, i. e., how can a node autonomously
deduce when its local result meets a predefined target accuracy ε?

Also recall that the target accuracy ε is a crucial parameter in our considerations
which can (due to its scale) never be treated as a constant in an analysis.

Most of the distributed algorithms we investigate in this thesis are based on random
communication schedules. As a baseline on how well such epidemic algorithms can
work in practice we reviewed recent theoretical results concerning the efficiency of
rumor spreading. Moreover, the deep insights on how the efficiency of rumor spreading
relates to common graph connectivity measures gives a good outline for which network
structures we can expect efficient aggregation. We completed this chapter by several
insights on how and why the (somewhat similar) problems of rumor spreading and
aggregation differ in their complexity. Especially the requirement of explicit fault
tolerance mechanisms in the case of (continuous) aggregations further motivates our
technical contributions in the following chapters.
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Assumptions and Implications

By an appropriate discretization of time, distributed all-to-all aggregation algorithms
in the spirit of Algorithm 2.2 can be precisely analyzed by means of simple mathemat-
ical models. In particular, many distributed algorithms can be analytically expressed1

in terms of a linear iteration

x(t) = C(t)x(t− 1), x(t) ∈ Rn, C(t) ∈ Rn×n. (3.1)

Roughly speaking, the elements of the vectors x(t) represent the local information of
the n individual nodes at time t and the matrices C(t) describe the communication
which happens between the nodes at time t. The simple mathematical model (3.1)
immediately gives rise to many questions concerning theoretical as well as practical
issues. Needless to say, the convergence analysis of this kind of iterations is a central
theme and due to the widespread appearance of iterations of the form (3.1) in the lit-
erature, a large body of analytical results is available. However, common assumptions
made on the (distribution of the) matrices C(t) prevent the practical application of the
respective algorithms, as we argue later in Section 3.3. Besides a thorough discussion
about practical problems caused by particular assumptions, our central contribution
in this chapter (cf. Section 3.4) is a convergence analysis for iterations of the form (3.1)
with particularly weak (“realistic”) assumptions on the shape of the matrices C(t).
Our analysis is not only a valuable generalization of existing convergence results, but
it is also a central pillar of our work on fault tolerance algorithms in Chapter 4. More
specifically, our fault tolerance results cannot be built upon existing convergence anal-
yses and strictly require (at least) the more general theory we develop in this chapter.

1From a practical point of view this step is in most cases not loss-free, i. e., there is a gap between
the algorithm as it is executed in practice and its formal analysis. Concerning this issue we
distinguish in this thesis thoroughly between algorithms and their formal analysis in order to
derive theoretical results which also cover the practical execution of the respective algorithms.
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3.1. Background and Related Problems

In all our investigations and in the related work we refer to, the matrices C(t) in (3.1)
are assumed to be drawn independently from a fixed distribution C, i. e., the matri-
ces C(t) are i.i.d. (independent and identically distributed) random variables. There-
fore, whenever an algorithm is analyzed in terms of a linear iteration of the form (3.1),
the algorithm together with the assumed environment determines the properties of
the distribution C. Consequently, there is a natural quest for proving that certain
distribution properties (determined by particular algorithms and assumptions on the
environment) guarantee the desired convergence. The other way round, the fewer
assumptions a convergence theory requires on a potential distribution, the wider is
the range of applications of the corresponding algorithms. For instance, simple ap-
proaches may require that the nodes exchange messages in well defined rounds, whereas
more subtle theories may guarantee convergence even for less regular communication
patterns. In this chapter we focus on providing generic convergence results under
“minimal” assumptions, i. e., we do not strive for optimality with respect to specific
scenarios and algorithms.

3.1.1. Linear Iterations and Beyond

The in-network computation of aggregate information, in particular the distributed
computation of averages, is a well-studied problem whose investigation goes back as
far as to DeGroot [1974] and Tsitsiklis [1984]. Due to the widespread appearance of
problems of this kind, relevant contributions have been made in several scientific fields,
especially in signal processing and in (theoretical) computer science. Frequently used
terms for distributed aggregation algorithms are consensus algorithms [Olfati-Saber
et al., 2007] and gossip algorithms [Dimakis, Kar, et al., 2010]. Furthermore, the prob-
lem of computing an average in a distributed manner is known as average consensus
problem [Olfati-Saber et al., 2007]. The notion of consensus algorithms refers to the
fact that all nodes eventually “agree on” the same aggregate, i. e., they reach a consen-
sus on the result. Opposed to that, the notion of gossip algorithms points towards the
epidemic nature and dynamic communication schedules which characterize algorithms
of this kind. Due to the importance of the topic, several thorough review articles on
the subject have appeared, covering theory [Olfati-Saber et al., 2007; Dimakis, Kar,
et al., 2010] as well as applications [Kar and Moura, 2013].

Existing work regarding the analysis of linear iterations can be put into two groups.
First, there exist specific results where a particular algorithm and potentially also
specific network topologies are studied in detail (cf. Section 4.1.3). Second, there
exist generic results which guarantee convergence for entire classes of algorithms and
arbitrary2 topologies [Boyd et al., 2006; Benezit, Blondel, et al., 2010]. In this chapter,

2Arbitrary means here that the topology is not specified. However, nonrestrictive (implicit) assump-
tions regarding the connectivity have to be made (cf. Section 3.3).
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we focus on providing the latter kind of analysis, which naturally may be in certain
cases less tight than a specific analysis of a particular setup of algorithm and topology.
However, the generality of our analysis is crucial for the derivation and analysis of the
novel fault tolerant algorithms we derive in Chapter 4.

Especially in signal processing authors commonly do not distinguish between an
algorithm and its formal analysis (cf. Section 3.3). In such cases, the considered linear
iteration is supposed to define the respective algorithm. The other way round, there
are also algorithms which can be analyzed in terms of liner iterations but whose original
analysis required a custom approach. For instance, a complete linear iteration-based
convergence proof of the Push-Sum algorithm [Kempe, Dobra, et al., 2003] was for
a long time beyond the reach of generic convergence results due to (too) restrictive
assumptions made therein. More recently, much of this gap was closed by Benezit,
Blondel, et al. [2010]. However, for our purposes the assumptions of Benezit, Blondel,
et al. [2010] are still too restrictive (and we provide a more general convergence theory
in Section 3.4).

Of course, not all distributed aggregation algorithms in the literature can be ex-
pressed and analyzed in terms of linear iterations. For instance, Mosk-Aoyama and
Shah [2006] introduced a method for the distributed computation of separable func-
tions which relies on properties of exponentially distributed random variables3. Since
this method builds upon the computation of minima, it is also naturally robust
(cf. Section 2.3.2). Moreover, for certain topologies it can provide rough estimates of
a target function substantially faster than methods based on linear iterations [Mosk-
Aoyama and Shah, 2006, § 5]. However, all complexity results of Mosk-Aoyama and
Shah [2006] for computing ε-accurate results include an ε−2 factor, i. e., they show
bounds of the form O(ε−2f(·)) for a function f(·) depending on certain parameters.
This implies that accurate computations (e. g., in single or double precision) require a
tremendous amount of time and are thus not feasible with this approach.

Another common approach towards distributed aggregation are optimization-based
methods. Such methods are especially employed in the context of the average consen-
sus problem because the average α =

∑n
i=1 xi/n of scalars xi minimizes the value of

the particularly simple functional F (y) =
∑n

i=1(xi − y)2, since

F ′(y) = 0 ⇔ −2
n∑

i=1

(xi − y) = 0 ⇔
n∑

i=1

xi − ny = 0 ⇔ y =
n∑

i=1

xi/n,

and F ′′(y) = 2n. Recently, optimization-based aggregation algorithms have been fre-
quently considered (see, e. g., Rabbat and Nowak [2004]; Erseghe et al. [2011]; Mota
et al. [2012]; Sayed [2013]). Even though the concept of optimization-based computa-
tions is interesting, such methods require assumptions on the environment which go far
beyond what we consider to be possible in a distributed environment (cf. Table 2.1).

3Let X1, X2, . . . , Xm be independent random variables and let Xi be exponentially distributed with
parameter λi. Then the random variable Y = min(X1, X2, . . . , Xm) is exponentially distributed
with parameter

∑m
i=1 λi
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For instance, all of the aforementioned methods require a synchronization between
(certain subsets of) the nodes in the system.

3.1.2. Related Problems

In the existing literature, the matrices C(t) in iteration (3.1) are commonly assumed
to be nonnegative. Moreover, they are assumed to be column, row, or even doubly
stochastic, depending on the respective context. Therefore, there is a close connection
to discrete Markov chains and their steady state analysis (see also Section A.3 for
examples). In the context of Markov chains, one does not speak about nodes but
about states, and the elements of the matrices C(t) are interpreted as probabilities
for a state transition from one state to the other. Therefore, the initial vector x(0)
determines the initial distribution (i. e., the probabilities that the Markov chain is
initially in a particular state) and the overall objective is to compute the stationary
distribution of the Markov chain.

Another way of reinterpreting a distributed averaging process described by a linear
iteration appears in the context of load balancing . In load balancing the goal is to
distribute the initial load of the nodes within the network such that all nodes have
(roughly) the same load. Conceptually, there is a distinction whether the loads are as-
sumed to be divisible (“continuous load balancing”) or not (“discrete load balancing”).
With respect to distributed aggregate computations, especially results regarding con-
tinuous load balancing are relevant. Even though the analysis of the discrete case is
more subtle, it turned out over the last years that the discrete case is not much harder
than the continuous case (see, e. g., Elsässer and Sauerwald [2010]; Friedrich et al.
[2012]; Sauerwald and Sun [2012]).

Due to the close relationship between the aforementioned problems and distributed
aggregation, results regarding either of the problems can often be employed in the other
world as well. For instance, the fault tolerance results we develop in Chapter 4 on top of
our convergence results from this chapter (see Section 3.4), as well as our convergence
results themselves directly apply also to continuous load balancing schemes. On the
other hand, it is less straightforward how to interpret failures (and their recovery) or
negative elements in C(t) in the world of Markov chains. However, in Section 4.2 an
interesting interpretation of these results appears.

3.2. Two Faces of the Power Iteration

The analysis of time-heterogeneous iterations of the form x(t) = C(t)x(t − 1) (see
(3.1)) builds upon simpler time-homogenous iterations of the form x(t) = Cx(t− 1).
For a square matrix C ∈ Rn×n and an initial vector x(0) ∈ Rn, the power iteration is
defined for all t > 0 by

x(t) =
Cx(t− 1)

‖Cx(t− 1)‖ =
Ctx(0)

‖Ctx(0)‖ , (3.2)
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where the norm ‖ · ‖ can be chosen arbitrarily. In the following, we depict how the
power iteration can be employed as an algorithm for computing the extremal eigenpair
and how it appears as an ingredient in the analysis of distributed algorithms. Unless
otherwise stated, in this section we always assume matrices whose eigenvalues fulfill
|λ1| > |λ2| ≥ |λ3| ≥ · · · ≥ |λn|. Hence, it is valid to call λ1 the dominating eigenvalue
without causing ambiguities. However, whenever we employ the power iteration later
on, we have to verify/guarantee that |λ1| > |λ2| indeed holds. For nonnegative matrices
the separation of the dominating eigenvalue can be often conveniently verified by
utilizing results from Perron-Frobenius theory (cf. Section A.3).

3.2.1. Power Iteration as Eigenvalue Solver

In many areas, partial spectral information such as knowledge of the dominating eigen-
pair is a key information with important applications. A particularly famous appli-
cation of this kind is Google’s PageRank (see Brin and Page [1998] and references
therein). Up to a moderate scale, the computation of (partial) spectral information of
a matrix does not cause any difficulties by using today’s tools and hardware. However,
things get more subtle whenever the required matrix dimension prevents the utiliza-
tion of standard tools. At this point it is important to note that the power iteration
can be implemented in a matrix-free fashion, which means that only a routine for
evaluating x 7→ Cx is required, but not the matrix C itself. Hence, by employing (de-
veloping) structure-aware special purpose algorithms, the computationally tractable
matrix dimension can be huge in certain applications. For instance, in Chapter 6 we
utilize the power iteration together for specifically structured dense matrices up to a
dimension of 225.

In the power iteration nothing else than the repeated evaluation of a matrix vector
product takes place (which itself may be sophisticated routine). Simply tracking the
executed operations yields the following convergence proof: For the sake of simplicity
we assume4 that C has n linearly independent eigenvectors v1, . . . , vn with correspond-
ing eigenvalues λ1, . . . , λn. Furthermore, we assume without loss of generality that
all eigenvectors vi are normalized, i. e., ‖vi‖ = 1. Then, we can write the iteration
x(t) = Ctx(0)/‖Ctx(0)‖ as follows.

x(t) · ‖Ctx(0)‖ = Ctx(0)

= Ct(d1v1 + d2v2 + · · ·+ dnvn)

= λt1d1v1 + λt2d2v2 + · · ·+ λtndnvn

= λt1d1 (v1 +
λt2d2

λt1d1

v2 + · · ·+ λt2dn
λt1d1

vn)

︸ ︷︷ ︸
→ v1 for t→∞

(3.3)

4In a general proof one has to work with the Jordan canonical form of C, but otherwise analogously
to the proof we give here [Saad, 2003, §1.8.4].
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Altogether, we see that the eigenvector approximation x(t) converges linearly with
rate |λ2/λ1|, i. e., ‖x(t)± v1‖ = O(|λ2/λ1|t) whenever the choice of x(0) ensures that
d1 6= 0 in (3.3). In other words, x(0) must not be orthogonal to v1. In the course of the
power iteration, an approximation λ(t) of the dominating eigenvalue can be computed
by computing the so-called Rayleigh quotient

λ(t) =
x(t)TCx(t)

x(t)Tx(t)
.

While the eigenvector approximation converges linearly, the eigenvalue approxima-
tion converges (with the same rate) quadratically, i. e., ‖λ(t) ± λ1‖ = O(|λ2/λ1|2t)
[Trefethen and Bau, 1997, Theorem 27.1]. In its basic form, the success of the power
iteration heavily relies on the ratio |λ2/λ1| (i. e., the gap between λ1 and λ2). However,
convergence acceleration schemes which cause only low additional costs can be applied
in order to lower the number of iterations required for convergence (cf. Section 3.5).

In Chapter 6, we investigate a concrete application problem from biochemistry where
the efficient computation of the dominating eigenpair of extreme-scale matrices is the
computational bottleneck. In particular, we design novel structure-aware algorithms
which yield a fast and accurate power iteration-based solver. Moreover, we also provide
implementations of our methods on current parallel hardware.

Notes on Orthogonality and Floating-Point Arithmetic

Since the convergence of the power iteration relies on an orthogonality condition we
shall also point out the non-trivial relationship between orthogonality and floating-
point arithmetic. The concept of orthogonality in mathematics is an elegant an ex-
tremely fruitful notion which represents an integral part of numerous fundamental
results in linear algebra, functional analysis and many other (mathematical) disci-
plines. However, it is crucial to observe that the theoretical beauty of orthogonality
turns into subtle pitfalls at the transition from “pen and paper” to nowadays digital
computers and the floating-point arithmetic implemented therein.

For the sake of simplicity, in the following we consider the power iteration for the
exemplary 2× 2 matrix

M =

(
0.7 0.4
0.4 1.3

)
(3.4)

whose eigenvalues are λ1 = 1.5 and λ2 = 0.5 with corresponding eigenvectors v1 =
(1, 2)T and v2 = (−2, 1)T. From a theoretical point of view, we have seen so far that
the power iteration converges whenever the initial vector x(0) is not orthogonal to the
dominating eigenvector. In the concrete case at hand this means that the convergence
of the power iteration is guaranteed whenever x(0) is not a multiple of (−2, 1)T. Hence,
one expects that choosing x(0) = (−2, 1)T as a start vector in (3.2) precludes the
convergence of the power iteration to the dominating eigenvector. Figure 3.1 depicts
results from a simple Matlab experiment which shows that this expectation is not
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Figure 3.1.: Floating-point implementation of the power iteration with the matrix M
from (3.4) and start vector x(0) = (−2, 1)T. On the left, we de-
pict the eigenvector residual R(x(t)) of the approximation x(t), where
R(x) = ‖Mx− (xTMx)x/(xTx)‖. On the right, the approximation errors
‖x(t)− v1‖ and ‖x(t)− v2‖ are shown.

fulfilled in practice and that the power iteration converges also to the dominating
eigenvector in this case. The reason for this behavior is that due to the floating-point
arithmetic, the vector Mv2 is not a multiple of v2 (as in exact arithmetic) but a linear
combination of v1 and v2. Hence, over the course of many iterations the contribution
of v1 in M tv2 increases and eventually the approximation x(t) converges to v1—even
though the start vector was chosen as x(0) = v2.

At a first glance, the message of this toy example is an entirely positive one: The
power iteration converges in practice also when the start vector is ill chosen, i. e.,
when the choice of the start vector precludes convergence in exact arithmetic. On the
other hand, from a theoretical point of view this means that proofs which rely on the
fact that the convergence to the dominating eigenvector can be prevented by choosing
a specific start vector may break down in practice. Such proofs commonly appear
in the analysis of distributed algorithms and also our convergence results contain an
argument of this kind (see the proof of Theorem 3.7). However, in our work and the
work we refer to, no substantial problems occur and that the algorithms behave as
predicted in theory because λ1 ≤ 1 holds. Therefore, the inaccuracies introduced by
floating-point arithmetic do not build up significantly.

Another particularly widely known field where the interplay of floating-point arith-
metic and orthogonality is critical are Krylov subspace methods of the Lanczos type
[Saad, 2003, §§ 6, 7]. In exact arithmetic such methods implicitly produce (i. e., with-
out explicit orthogonalization) an orthogonal basis of the respective Krylov subspace.
However, in practice the basis computed by standard methods deviates the further
from being an orthogonal basis the higher the dimension gets. Accordingly, the quest
for accurate and efficient Lanczos type methods received a lot of attention over the
last decades (see, e. g., Cullum and Willoughby [2002] and references therein).
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3.2.2. Power Iteration as Analytical Tool

Many distributed aggregation algorithms analytically boil down to (some form of) the
power iteration, where the vector x(t) contains the local data of the nodes and the
respective matrix encodes the communication between the nodes. More specifically, in
an iteration step x(t) = Cx(t− 1) a nonzero element cj,i of C means that node i sends
Cj,i · x(t − 1)i to node j at time t (and node j receives it). Later, we consider flexi-
ble time-dependent communication schedules which yield iterations of the form (3.1).
However, in the following illustration of how simple iterative processes can be utilized
to compute meaningful functions (in a distributed way), we consider—for the sake of
simplicity—the time-homogenous case.

To shed light on computational aspects appearing behind the scenes of the power
iteration, we give another proof of its convergence. Under the assumption that the
matrix C has n linearly independent eigenvectors v1, . . . , vn, the eigendecomposition
C = V ΛV −1 exists. More specifically, the columns of V are given by the eigenvectors
of C, i. e., V (:, i) = vi. Now we additionally assume λ1 = 1 and by employing the
eigendecomposition of C we see that

lim
t→∞

Ct = lim
t→∞

(V ΛV −1)t = lim
t→∞

V ΛtV −1 = lim
t→∞

V diag(1, λt2, . . . , λ
t
n)V −1 = v1u

T
1 ,

where uT
1 = V −1(1, :) denotes the left eigenvector of C which corresponds to λ1. Hence,

we observe that the power iteration with start vector x(0) yields

lim
t→∞

Ctx(0) = (v1u
T
1 )x(0) = v1(uT

1 x(0)) = v1α, α ∈ R. (3.5)

We see that the scalar α is a linear combination of the local initial values collected in
the vector x(0). Hence, assume that α is the target aggregate which all nodes want to
compute. In order to make the result independent of the communication which takes
place, we have to enforce that uT

1 is a multiple of 1T which means that α is a multiple
of
∑n

i=1 x(0)i. Unless v1 is a multiple of 1 (which is unwanted from a practical point
of view, cf. Section 3.3), every node ends up with a different value, in contrast to the
objectives of an all-to-all aggregation. Concerning this issue, we consider so-called
sum-weight schemes , which are characterized by two simultaneous iterations with the
same matrix. This means, besides an iteration s(t) = C(t)s(t − 1) there is a second
iteration w(t) = C(t)w(t− 1) and the vector of local estimates of the target aggregate
x(t) is elementwise defined by x(t)i = s(t)i/w(t)i. In a sum-weight scheme every node
i picks initially its data s(0)i and a corresponding weight w(0)i (which determines the
type of function which gets computed). More specifically, by (3.5) we obtain for every
node i that

lim
t→∞

x(t)i = lim
t→∞

s(t)i
w(t)i

= lim
t→∞

[Cts(0)]i
[Ctw(0)]i

=

∑n
i=1 s(0)i∑n
i=1w(0)i

.

This shows that for each node i the local quantity s(t)i/w(t)i converges to an aggre-
gate of the initial values of all nodes which can be determined by the choice of the
weights. For instance, an average is computed for all initial weights w(0) which satisfy∑n

i=1 w(0)i = n, e. g., w(0)i = 1 for all nodes i.
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3.3. (Un)Realistic Assumptions and Their Implications

Especially in the context of consensus algorithms in signal processing in most cases
no distinction is made between a linear iteration as analytical tool and the distributed
algorithm which it is intended to model (see, e. g., Olfati-Saber et al. [2007] and the
references therein). As we argue below, this approach implies several (crucial) simplifi-
cations which may cause problems at the transition from theory to practice. Moreover,
we have already seen that the distribution of the matrices C(t) (which is determined
by the assumed environment and algorithm) plays a central role in the analysis of
linear iterations. Accordingly, in this section we elaborate in detail up to which extent
assumptions which are commonly made in existing theoretical results are in compli-
ance with the assumptions on distributed systems, which we made in Chapter 2 (see
Table 2.1 for a concise summary), and where more general results are necessary.

3.3.1. Algorithm vs. Analysis

As mentioned above, in signal processing it is common practice to specify (distributed)
algorithms in terms of linear iterations (see, e. g., Boyd et al. [2006]; Olfati-Saber et al.
[2007]; Dimakis, Kar, et al. [2010]; Hadjicostis et al. [2012] and references therein).
Conceptually, this approach has the apparent drawback that the linear iteration point
of view is inherently global whereas for the practical application a local formulation
(for each node) is needed. Of course, it is not difficult to derive an algorithm for each
node which corresponds to a particularly structured linear iteration. However, in doing
so one encounters several subtleties. For the matter of concreteness, Algorithm 3.1
shows the generic (distributed) algorithm corresponding to iterations of the form (3.1).
In order to make this algorithm work, certain assumptions on the matrices C(t) are
commonly made in the literature. In the following section, we elaborate in detail which
of these assumptions are in compliance with our definition of distributed systems and
which are not. In the remainder of this section we investigate up to which extent
not distinguishing between an algorithm and its analysis causes practical limitations.
Roughly speaking, Algorithm 3.1 consists of the following three parts:

1. The outer while-loop (lines 1–11), which states that we keep computing until the
local estimate xi reaches the target accuracy ε (see Chapter 5 for a discussion of
purely local convergence criteria)

2. The discrete time t (line 2), where “at time t” means within “time slot t” (the
size of the time slots can vary arbitrarily). Within a time slot t it is crucial that
exactly the actions described by the matrix C(t) happen. However, it is not
crucial when and in which order these actions happen. In Section 3.3.2 we discuss
common assumptions on the matrices C(t) and their (practical) implications.

3. The actual communication (line 3–10), where the respective message exchange
is determined by the actual algorithm.
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Algorithm 3.1 Generic linear iteration-based algorithm

Local variables: xi
Initial values: xi ← x(0)i

1: while not ε-accurate do
2: . . . at time t do . . .
3: for all C(t)j,i 6= 0 do
4: Send C(t)j,i · xi to j
5: end for
6: xi ← C(t)i,i · xi
7: for all C(t)i,j 6= 0 do
8: receive C(t)i,j · xj from j
9: xi ← xi + C(t)i,j · xj

10: end for
11: end while

The latter two parts are not in compliance with our assumptions on distributed
systems. First, the utilization of discrete time slots means in a real system that
(global) synchronization between the nodes is required in order to guarantee that all
nodes are within the same time slot. Second, regarding the communication we have
to distinguish between the send (line 3–6) and receive (line 7–10) part (see also the
upcoming Section 3.3.2). On the one hand, a node can always decide locally how and
with whom it shares its local data (send part). On the other hand, it is strictly against
our assumptions on distributed systems that a node knows that it gets contacted by a
certain neighbor (receive part). More specifically, the only receive operation which is in
compliance with our assumptions is to “listen” for potential messages from neighboring
nodes (cf. Algorithms 3.2 and 3.3).

In general, we propose a distinction between an algorithm and its analysis. In
contrast to deriving an algorithm out of an analysis, we aim at covering the real
execution of the distributed algorithms by our theoretical results. This means, we
provide results based on assumptions which are insofar “realistic enough” that there
always exists such a discretization of time that the real execution trace is in compliance
with the theoretical assumptions on the structure of potential traces. In particular,
the existence of such discretizations can be guaranteed whenever the assumptions are
of a purely local nature, i. e., assumptions which only restrict (independent) local
decisions of the individual nodes. How such “realistic” assumptions on the potential
communication patterns can look like is subject of the upcoming section.

3.3.2. Communication

As we have seen in Section 3.2.2, the matrices C(t) describe the communication be-
tween neighboring nodes from a bird’s eye of view. Therefore, every constraint on
the matrices C(t) restricts how potential communication patterns can look in prac-
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tice in order to be covered by theoretical results. Of course, theory and practice are
antagonists in this case, i. e., the more convenient assumptions are for a theoretical
analysis the less they cover real environments. In the literature three kinds of con-
straints appear, namely constraints regarding the elements, columns, and rows of the
matrices C(t).

Recall the interpretation of an element C(t)j,i that node i sends C(t)j,i · x(t− 1)i at
time t to node j ∈ Ni, i. e., node i “shares” a fraction of its local data with its neigh-
bor j. In order to comply with this view, the elements C(t)i,j are commonly assumed
to be chosen from the unit interval [0, 1]. The technical benefit of assuming that the
matrices C(t) are nonnegative lies in the regularity of the resulting convergence. More
specifically, the nonnegativity of the matrices C(t) implies that the vector of local
approximation errors (x(t) − α1) converges, if it converges, monotonously in ‖ · ‖∞
(see, e. g., Kempe, Dobra, et al. [2003]). This is easy to see, since a (convex) combina-
tion of local estimates always lies between the smallest and the largest local estimate
across all nodes. Consequently, the worst local estimate can only improve. On the
other hand, all but the worst estimate can also worsen in the course of an iteration.
Therefore, the monotonicity of the convergence implied by the nonnegativity of the
matrices C(t) is a purely global property. That the local convergence is not monotone
is also one of the reasons why the purely local convergence detection is a non-trivial
task (see Chapter 5 for an elaboration on this subject).

Even though the utilization of nonnegative matrices C(t) is natural and tech-
nically convenient, certain circumstances may require to weaken this assumption.
For instance, cleverly chosen negative elements may enhance the convergence speed
(cf. Section 3.5). In our convergence result in Section 3.4 we allow “infrequently” oc-
curring negative elements in the matrices C(t) in the sense that we do not constrain
the elements of the matrices C(t), but instead we require that E[C(t)] is nonnegative.
The possibility of coping with negative elements in the matrices C(t) is not only in-
teresting from a theoretical point of view, but also occurs in Chapter 4 as a necessary
requirement for our fault tolerance results.

Constraints on the rows and columns of the matrices C(t) restrict the possible
communication patterns for each node. First and foremost, it is crucial to note that
constraints on the rows of the matrices C(t) restrict the actions of the nodes as receivers
whereas constraints on the columns of the matrices C(t) restrict the actions of the
nodes as senders. With respect to our assumptions on distributed environments it
is particularly crucial to note that the nodes have no global knowledge. Thus, they
can only influence what (and to whom) they send but not what (and from whom)
they receive. For instance, the most fundamental constraint on the columns is that
1TC(t) = 1T. This constraint is known as mass conservation since it guarantees
that in the course of the computation the initial data is preserved in the sense that∑

i∈V x(t)i =
∑

i∈V x(0)i. Needless to say, mass conservation can be easily ensured by
local means, since every node can decide how and with whom it shares its local data.

In strong contrast to mass conservation, constraints on the rows of the matrices
C(t) are unrealistic from a practical point of view, because a node cannot decide
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Algorithm 3.2 Push-Sum [Kempe, Dobra, et al., 2003].

Local variables: si, wi
Initial values: (si, wi)← (s(0)i, w(0)i)

1: while not ε-accurate do
2: . . . at time t do . . .
3: k ← choose a neighbor from Ni uniformly at random
4: Send (si, wi)/2 to k
5: (si, wi)← (si, wi)/2
6: for all received pairs r do
7: (si, wi)← (si, wi) + r
8: end for
9: end while

locally what it will receive from which neighbors at a certain point of time. The
second standard assumption in classical results regarding consensus algorithms is that
C(t)1 = 1. This constraint means that all nodes receive a convex combination of
local estimates of their neighbors in each time slot, which certainly requires a lot of
coordination between the nodes. Such a coordination is often unrealistic in practice
and it severely restricts the applicability of the resulting methods. Nevertheless, the
constraint C(t)1 = 1 is omnipresent in the literature concerning linear iteration-based
methods and only recently, avoiding this constraint was emphasized to be important
from a practical point of view [Benezit, Blondel, et al., 2010; Tsianos et al., 2012].

In order to exemplify an algorithm which solely requires mass conservation and
where the nodes do not impose constraints on what they receive, we depict the Push-
Sum algorithm [Kempe, Dobra, et al., 2003] in Algorithm 3.2. Analogously to Al-
gorithm 3.1 the algorithm is round-based and hence, its corresponding analytical ex-
pression in terms of a linear iteration (sum-weight scheme) can be derived straightfor-
wardly. However, the original analysis of Kempe, Dobra, et al. [2003] is not carried
out in terms of linear iterations. Furthermore, it is noteworthy that the analysis of
Kempe, Dobra, et al. [2003] is restricted to a round-based execution on a complete
graph, whereas the algorithm works under much weaker assumptions on the environ-
ment as, e. g., our results also rigorously prove.

3.3.3. Asynchronicity

In the context of distributed (aggregation) algorithms, asynchronicity is a frequently
recurring term. However, only some of the various sources of asynchronicity within
distributed systems are considered in the existing literature. Most commonly, asyn-
chronicity is considered in terms of differently scheduled activities of the nodes, i. e.,
instead of proceeding in (globally synchronized) rounds, the nodes are assumed to
be (in)active independently of each other. Nowadays, there exists a great bunch of
literature considering this kind of asynchronicity and well-understood formal models
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are available. The standard model in this context is that each node has a clock which
ticks at the times of a Poisson process. Boyd et al. [2006] analyzed a class of averaging
algorithms for this asynchronous time model and also illustrated that the formal treat-
ment of this kind of asynchronicity does not cause technical difficulties (compared to
a synchronous, round-based execution). Analogously, many other round-based results
can be lifted to this more realistic setup where the actions of the nodes are independent
of each other.

It is important to note that there exist also further sources of asynchronicity, which
received little attention so far. A simplification which can be incorporated fairly easily
in existing results is to consider the time local computations take. In contrast to that,
it is less clear how to cope with the crucial simplification that the transmission of
data is by definition assumed to take no time. Recall that an element C(t)j,i not only
specifies that node i sends C(t)j,i · x(t − 1)i at time t to node j, but also that node
j receives C(t)j,i · x(t − 1)i at time t.5 In reality, the communication between nodes
takes substantial amounts of time and a sender of a message can potentially proceed
with its local computations long time before the indented communication partner
received the message at the algorithmic level. Moreover, message exchanges between
nodes can overlap, i. e., two nodes can (“at the same time”) send each other messages
before either of the nodes received the message of the other node. While it seems
to be fairly natural that the kind of aggregation algorithms we consider should also
work under more realistic assumptions on message transmission, rigorous proofs are
missing in the literature. In Section 4.3 we close this gap for certain models. Recently,
Georgiou et al. [2013] investigated the problem of rumor spreading (among others)
for the case that message transmission takes finite amount of time. Our results also
include a model of asynchronicity similar to the one of Georgiou et al. [2013]. While
our generic results are of an existential nature, Georgiou et al. [2013] derive explicit
(tight) bounds in their setting. Analogous to the rumor spreading results we referred
to in Section 2.3.1, these bounds heavily rely on the simplicity of the rumor spreading
problem and do not extend to aggregation problems.

Being able to cope with asynchronicity at the level of analytical results is impor-
tant but not sufficient in practice. For a practical application we also need truly
asynchronous algorithms which are (e. g., in contrast to Algorithm 3.2) not inherently
round-based, but consist solely of local commands. In order to illustrate how such
algorithms can look, we further refine Algorithm 3.2 to Algorithm 3.3 which consti-
tutes a truly asynchronous variant of Algorithm 3.2. Instead of rounds Algorithm 3.3
uses a “blocking” receive command (line 5) to coordinate when a particular node is
(in)active. Care is needed at this place since now a message has to be sent for each
received message in order to preserve the invariant that n messages (i. e., one for each
node) are floating in the system. Otherwise, the number of messages floating in the

5Again, “at time t” means “in time slot t”, i. e., there can be some time between a send and its
corresponding receive operation. However, in general one cannot expect that there always exists
a discretization of time such that a send and its corresponding receive operation lie within the
same time slot
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Algorithm 3.3 An implementable truly asynchronous variant of Algorithm 3.2.

Local variables: si, wi
Initial values: (si, wi)← (s(0)i, w(0)i)

1: while not ε-accurate do
2: k ← choose a neighbor from Ni uniformly at random
3: Send (si, wi)/2 to k
4: (si, wi)← (si, wi)/2
5: wait until pair r received from a neighboring node
6: (si, wi)← (si, wi) + r
7: end while

system might steadily decrease until a deadlock is reached. In the round-based formu-
lation this invariant is preserved differently, namely by the fact that in every round
each node sends exactly one message, no matter how many messages were received.

3.3.4. Topology

Independently of the algorithm used, an all-to-all aggregation can only be computed
when the topology of the underlying communication network fulfills certain connec-
tivity properties. In principle, the fundamental property required for an all-to-all
aggregation is that local information from each node can reach every other node in
the system. In the language of graph theory this property is known as strong con-
nectivity6. Consequently, strong connectivity is—one way or another—an inevitable
assumption on the topology in the context of all-to-all aggregations.

Due to the interpretation of the elements of the matrices C(t) it is clear that their
nonzero elements reflect the underlying communication network in so far that an el-
ement C(t)j,i can only be nonzero if there is an edge between the nodes i and j.
However, expecting that the elements of the matrices C(t) entirely capture the un-
derlying topology implies that in every time slot all edges are used. Even though
this assumption is very restrictive, it frequently occurs in the literature, especially in
cases where wireless communication is assumed (see, e. g., Olfati-Saber et al. [2007];
Hadjicostis et al. [2012] and references therein)7. While it is very restrictive to assume
that the entire topology is exploited at every point of time, it is reasonable to assume
that the existing communication links are utilized in the course of the computation.
Among others, our convergence analysis in Section 3.4 depicts that it suffices to as-
sume connectivity properties in terms of E[C(t)], instead of the individual matrices

6We call a directed graph strongly connected if there exists (in each direction) a path between every
pair of nodes.

7The modeling of wireless communication via linear iterations is somewhat troublesome, since it
models the wireless communication in terms of concurrent point-to-point communications. This
approach has drawbacks from a practical point of view. See Section 7.2 for a discussion of this
issue and related open questions for future research.
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C(t). In particular, whenever available links are not excluded algorithmically, the
matrix E[C(t)] entirely reflects the effective topology of the communication network
by its pattern of nonzero elements. Thus, the topology induced by E[C(t)] has to be
strongly connected. However, strictly speaking this assumption is still insufficient for
guaranteeing convergence, e. g., the matrix

C = E[C(t)] =

(
0 1
1 0

)
,

induces a strongly connected topology but limt→∞ E[C]t x(0) does not exist. From
Perron-Frobenius theory (cf. Section A.3) it is known that so-called primitive matrices
(Definition A.10) induce strongly connected topologies and at the same time guarantee
convergence. It is important to observe that considering primitive matrices is by
no means a restriction. For instance, a matrix is primitive if it induces a strongly
connected topology and it has at least one nonzero diagonal element (Lemma A.13).
In our context this means that whenever at least one node does not at all times push
all of its local data to its neighbors, convergence can be guaranteed. To the best
of our knowledge, this property is straightforwardly fulfilled by all meaningful linear
iteration-based algorithms in the literature.

While generic convergence results require only rudimentary connectivity properties,
the specific shape of the considered topology plays a particularly important role in
terms of the actual achievable convergence speed. In general, the convergence speed
of a distributed aggregation algorithm is for the most part determined by the un-
derlying topology. In particular, distributed algorithms cannot overcome bottlenecks
by clever methods due to the lack of global knowledge and control. As we argued
in Section 2.3.1, the performance and dependence on connectivity measures of rumor
spreading protocols can be seen as a rough estimate on how well distributed aggrega-
tion routines can perform. Moreover, the efficiency of our fault tolerance techniques we
develop in Chapter 4 depends also to some extent on the size of the neighborhoods Ni.

3.3.5. Convergence Behavior

A meaningful analysis of a distributed algorithm requires results regarding its conver-
gence to the intended target value. Care is needed at this place in the comparison of
different approaches, due to the many notions of convergence in mathematical proofs.
In particular, also different sorts of convergence results for distributed algorithms ap-
pear in the literature. At their heart the algorithms we consider are very flexible and
allow for various kinds of random or deterministic communication schedules. However,
with respect to the application of distributed matrix computations, our objective is
that every node obtains an ε-accurate result of the target aggregate α in finite amount
of time for (up to the limitations of floating-point arithmetic) arbitrary ε > 0.

In the time-homogenous case—where all C(t) are equal—one expects that the limit
limt→∞ x(t) = α1 exists at least point-wise, or preferably uniformly. In the time-
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inhomogeneous case x(t) is a random variable whose distribution depends on the dis-
tribution of the communication matrices C(t) and thus, on the respective algorithm
and assumptions on the environment. For our purposes, second moment convergence
results are most common and well-suited. This means, if x(t) denotes the approx-
imate solution at time t and α the exact solution, then limt→∞ E[x(t)] = α1 and
limt→∞ E[‖x(t)− α1‖2

2] = 0. Another notion of convergence which leads to accurate re-
sults is almost sure convergence, i. e., Pr(limt→∞ ‖x(t)− α1‖ = 0) = 1. Note that both
second moment convergence and almost sure convergence imply convergence in prob-
ability , which means that for all ε > 0 it holds that limt→∞Pr(‖x(t)− α1‖ ≥ ε) = 0.
However, in general neither of second moment convergence and almost sure conver-
gence implies the other [Elstrodt, 2011, Chapter VI, § 4].

In the analysis of distributed aggregation algorithms a frequently occurring (see,
e. g., Aysal et al. [2009]) notion of convergence which is not sufficient for our purposes
is convergence in expectation, which means that limt→∞ E[x(t)] = α1. Results dealing
with convergence in expectation commonly do not (and cannot) include insights into
how the second moment behaves. Hence, in general the variance is nonzero and there-
fore, the computed result is in general not the target value (the expectation E[x(t)])
but it deviates from it.

3.4. Convergence Under Realistic Assumptions
[Niederbrucker and Gansterer, 2014, § 2]

In this section we generically analyze the convergence of sum-weight schemes on “ar-
bitrary” (cf. Section 3.3.4) topologies G = (V , E), where n = |V|. More specifically, for
arbitrary input vectors s(0) and w(0) we consider the sum-weight scheme

s(t) = C(t)s(t− 1), w(t) = C(t)w(t− 1), (3.6)

where the matrices C(t) are drawn i. i. d. from a fixed distribution C over the n × n
matrices. In compliance with our discussion regarding “realistic” assumptions on the
communication matrices C(t), we assume that C is a so-called push-distribution.

Definition 3.1 (Push-distribution). We call C a push-distribution if

1. every matrix C(t) drawn from C satisfies 1TC(t) = 1T , and C(t)j,i = 0 for all
(i, j) /∈ E ,

2. E[C(t)] is a primitive matrix and E[C(t)]i,j > 0 for all edges (i, j) ∈ E .
//

Push-distributions generalize the distributions Benezit, Blondel, et al. [2010] analyze
in their closely related work with respect to two properties concerning the (individual)
matrices C(t). More specifically, Definition 3.1 does not impose that the matrices C(t)
are nonnegative and it does not impose that the matrices C(t) have positive diagonal
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elements. Both of these additional assumptions are crucial for the convergence result
of Benezit, Blondel, et al. [2010]. In analogy to less general existing results concerning
the convergence of sum-weight schemes, we prove in the remainder of this section the
following assertion.

Theorem 3.1. If the matrices C(t) in (3.6) are i. i. d. drawn from a push-distribution,
then limt→∞ E[‖s(t)− αw(t)‖2

2] = 0, with α = (
∑

i∈V s(0)i)/(
∑

i∈V w(0)i). In particu-
lar, it holds for all i ∈ V that limt→∞ E[(s(t)i/w(t)i − α)2] = 0.

Note that our proof of Theorem 3.1 is a generalization of a result of Boyd et al.
[2006], who analyzed the case when the matrices C(t) are doubly-stochastic. We
obtain this generalization by employing Perron-Frobenius theory (cf. Section A.3) at
various places in the proof. Henceforth, we denote by C := E[C(t)] the expectation of
the matrices C(t). As a prerequisite, note the following immediate consequence of the
Perron-Frobenius theorem (Theorem A.10).

Corollary 3.2. For the matrix C it holds that ρ(C) = 1, where ρ(C) denotes the
spectral radius of C.

Proof. By Definition 3.1 all matrices C(t) fulfill 1TC(t) = 1T. Hence, also C fulfills
1TC = 1T. Therefore, it immediately follows that 1T is an eigenvector of C corre-
sponding to the eigenvalue one. By Theorem A.10 we know that there exists exactly
one left eigenvector of C without negative entries and that this eigenvector corresponds
to the largest eigenvalue in magnitude of C. Thus, since C is primitive, 1T > 0 and
1TC = 1T, the claim ρ(C) = 1 is proved.

Let ϕ(t) denote the product C(t) · C(t − 1) · . . . · C(0), then s(t) is related to its
initial value by s(t) = ϕ(t)s(0). Hence, to study the convergence of s(t), it suffices to
study the convergence of the matrix product ϕ(t).

Theorem 3.3. Let v be the stochastic dominating eigenvector of the matrix E[C(t)],
i. e., E[C(t)] v = v and ‖v‖1 = 1. Then the product of matrices ϕ(t) converges in
expectation to v1T, i. e., limt→∞ E[ϕ(t)] = v1T.

Proof. First, since the matrices C(t) are drawn i.i.d., we can conclude that

E[ϕ(t)] = E

[
t∏

i=0

C(i)

]
=

t∏

i=0

E[C(i)] = Ct.

Thus, we have to study the convergence of limt→∞Ct. By Definition 3.1 the matrix C
is primitive and by Corollary 3.2 we know that the dominating eigenvalue is one with
corresponding left eigenvector 1T. Thus, as an immediate consequence of the Perron-
Frobenius theorem we conclude that limt→∞ E[ϕ(t)] = limt→∞Ct = v1T.

Corollary 3.4. It holds that limt→∞ E[s(t)− αw(t)] = 0, i. e., the sum-weight scheme
(3.6) converges in expectation.
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Proof. By Theorem 3.3, we know that limt→∞ E[s(t)] = v · ∑i∈V s(0)i, as well as
that limt→∞ E[w(t)] = v ·∑i∈V w(0)i. Hence, by linearity of expectation we obtain
limt→∞ E[s(t)− αw(t)] = 0.

In the following we show the second moment convergence result we posed in The-
orem 3.1. For this purpose we define the error residual y(t) at time t as y(t) =
s(t)− αw(t). Thus, y(t) also evolves according to C(t) because of

y(t+ 1) = s(t+ 1)− αw(t+ 1)

= C(t+ 1)s(t)− αC(t+ 1)w(t)

= C(t+ 1)(s(t)− αw(t))

= C(t+ 1)y(t).

In order to guarantee the desired second moment convergence of the error resid-
ual y(t), we prove that limt→∞ E[‖y(t)‖2

2] = 0, where ‖y(t)‖2
2 = y(t)Ty(t). Boyd et al.

[2006, p.2512] showed that E
[
y(t)Ty(t)

]
→ 0 if and only if E

[
y(t)y(t)T

]
→ 0. For

proving the convergence of E
[
y(t)y(t)T

]
, we require two auxiliary results regarding

Kronecker products.

Lemma 3.5. Let A and B be primitive matrices. Then the Kronecker product A⊗B
is also a primitive matrix.

Proof. Due to our assumptions, there exists a k ∈ N such that Ak > 0 and Bk > 0. By
the generalized mixed product property of the Kronecker product (cf. Corollary A.7),
(A ⊗ B)k = Ak ⊗ Bk. This is a positive matrix, since both Ak and Bk are positive
matrices. Hence, A⊗B is a primitive matrix.

Lemma 3.6. Let C(t) ∈ Rn×n be a random matrix drawn from a push-distribution.
Then E[C(t)⊗ C(t)] is a primitive matrix.

Proof. By definition of the expectation of a matrix, E[C(t)⊗ C(t)] reads as

E[C(t)⊗ C(t)] =




E[C(t)1,1C(t)] · · · E[C(t)1,nC(t)]
...

. . .
...

E[C(t)n,1C(t)] · · · E[C(t)n,nC(t)]


 .

The expectation of a Kronecker product is in general not a Kronecker product. But
note that since C(t)i,j is either zero for all t or a random variable with positive expec-
tation, E[C(t)⊗ C(t)] and E[C(t)]⊗E[C(t)] have the same pattern of non-zero entries,
i. e., [E[C(t)]⊗ E[C(t)]]i,j 6= 0 if and only if E[C(t)⊗ C(t)]i,j 6= 0 for all 1 ≤ i, j ≤ n2.
Since the property of a matrix to be primitive solely relies on the pattern of non-
zero entries, E[C(t)⊗ C(t)] is primitive if E[C(t)]⊗ E[C(t)] is primitive. By applying
Lemma 3.5 we can conclude that E[C(t)] ⊗ E[C(t)] is primitive which completes the
proof.

42



3.4. Convergence Under Realistic Assumptions

It is a well known result in the theory of the Kronecker product that the matrix
equation Y = AXBT is equivalent to the linear system vec(Y ) = (B ⊗ A)vec(X), as
long as the product AXBT exists (cf. Example A.5). By definition of the error residual
y(t) we see that

y(t+ 1)y(t+ 1)T = C(t+ 1)y(t)y(t)TC(t+ 1)T.

By Y (t) := y(t)y(t)T we get the matrix iteration Y (t+ 1) = C(t+ 1)Y (t)C(t+ 1)T.
Then, by vectorization ỹ(t) := vec(Y (t)), we get the vector iteration

ỹ(t+ 1) = (C(t+ 1)⊗ C(t+ 1))ỹ(t).

Let C̃ := E[C(t)⊗ C(t)] denote the expected value of the matrices C(t)⊗C(t). Then,

by E[ỹ(t+ 1) | ỹ(t)] = C̃ỹ(t) repeated conditioning results in the linear iteration

E[ỹ(t+ 1)] = C̃t+1ỹ(0). (3.7)

Theorem 3.7. The error residual ỹ(t) converges to zero, i. e., limt→∞ E[ỹ(t)] = 0

and the rate of convergence is governed by ρ(C̃ − ṽ1T) where ṽ denotes the stochastic

dominating right eigenvector of C̃, i. e., C̃ṽ = ṽ and ‖v‖1 = 1.

Proof. First note that for all t the error residual y(t) is orthogonal to 1. To see this,
observe that ∑

i∈V
s(t)i =

∑

i∈V
s(0)i,

∑

i∈V
w(t)i =

∑

i∈V
w(0)i

holds for all t because all C(t) are assumed to be column stochastic. Thus, we get

∑

i∈V
s(t)i − αw(t)i =

∑

i∈V
s(t)i − α

∑

i∈V
w(t)i

=
∑

i∈V
s(0)i −

∑

i∈V
s(0)i = 0.

Moreover, from y(t)⊥1 with 1 ∈ Rn, we can also conclude ỹ(t)⊥1 with 1 ∈ Rn2
,

because
n2∑

i=1

ỹ(t)i =
∑

i∈V

(
y(t)i ·

∑

j∈V
y(t)j

)
=
∑

i∈V
y(t)i · 0 = 0.

Since all C(t) are column stochastic, also all C(t) ⊗ C(t) are column stochastic and

moreover, C̃ is column stochastic. By Lemma 3.6 we can also apply the Perron-
Frobenius theorem to C̃ and thus, we can conclude that the dominating eigenvalue of C̃
is one with strictly positive left eigenvector 1T and strictly positive right eigenvector ṽ.
In particular, 1Tṽ > 0 and one is a simple eigenvalue. Thus, the vector iteration of the
form (3.7) converges to the eigenvector corresponding to the largest eigenvalue of the
respective matrix unless the input vector is orthogonal to this eigenvector. Since for all

43



3. Vector Iterations vs. Distributed Algorithms

vectors ỹ(t), it holds that ỹ(t)⊥1 we see that ỹ(t) cannot converge to the dominating
eigenvector ṽ, since ṽ1T > 0. The Perron-Frobenius theorem further delivers that
ρ(C̃) < 1 and therefore, we see that the error residual ỹ(t) converges to zero, with a

rate governed by ρ(C̃ − ṽ1T).

Summarizing, the considerations above constitute a proof Theorem 3.1, because the
assertion of Theorem 3.1 is a combination of Corollary 3.4 and Theorem 3.7.

3.5. Notes on Convergence Acceleration

A traditional thread of numerical mathematics is concerned with the convergence
acceleration of iterative processes. For certain iterative processes simply the clever
combination of the results of previous iterations can yield a faster convergence. Even
though we considered time-dependent vector iterations of the form x(t) = C(t)x(t− 1),
we have seen that the actual convergence analysis was mostly carried out with constant
matrices, e. g., with C = E[C(t)]. Consequently, we outline methods which can be used
to increase the convergence speed of the power iteration and closely related methods.
These convergence acceleration schemes guarantee improvements with respect to the
constant matrix which they get as an input, thus it is a priori not clear how much of
this improvement can also be observed when the matrix is time-dependent. However,
by appropriate parameter choices one can achieve improvements of the convergence
speed also in the time-dependent case.

As we have seen, the efficiency of the power iteration for a matrix C relies on the
ratio |λ2/λ1|, where λ1, λ2 denote the two largest (in magnitude) eigenvalues of C. In
sequential and parallel computing this issue is commonly tackled by appropriate shifts
(i. e., C−µI) as well as by more subtle shift-and-invert methods which iterate with the
matrix (C−µI)−1 (cf. Section 6.2.4 for more details). However, this type of acceleration
approach is not suitable for yielding faster distributed aggregation algorithms due to
the lack of global knowledge and control of the nodes.

The power iteration is closely related to stationary iterative methods for solving
linear systems Cx = b. Such methods are based on a linear iteration of the form
x(t + 1) = Mx(t) + Nb, where the matrices M,N have to be carefully chosen with
respect to C. The exact solution in these schemes is the stationary point of the
iteration. Well-known methods of this type are, e. g., the Jacobi and Gauss-Seidl
method as well as SOR [Saad, 2003, § 4.1]. A stationary iterative method constitutes
usually not only an iterative algorithm for solving a linear system but it also directly
implies a more general convergence acceleration scheme for other iterative processes
such as the ones we consider. Roughly speaking, such methods provide in each step t
a polynomial pt(C) of degree t such that pt(C)x(0) converges faster than Ctx(0) (e. g.,
with respect to some norm ‖ · ‖). Note that the polynomial pt(C) is not explicitly
computed and it only appears in the formal analysis via recurrence relationships.

Because we consider a distributed environment where the nodes act autonomously,
also the choice of potential recurrences is limited. More specifically, by our assumptions
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on a distributed environment, the nodes can only keep old local values and employ
them to improve the convergence speed. A suitable acceleration scheme which is in
compliance with this restriction is the second-order Richardson method [Golub and
Varga, 1961]:

x(1) = Cx(0), x(t) = βCx(t− 1) + (1− β)x(t− 2), t > 1. (3.8)

In load balancing this scheme is known as second-order scheme [Muthukrishnan et
al., 1998] whereas the basic iteration (3.1) is known as first-order scheme. Naturally,
this nomenclature is motivated by the respective convergence rates which are achieved
[Muthukrishnan et al., 1998]. In principle, the iteration (3.8) converges whenever β
is chosen from the open interval (0, 2). However, fastest convergence is achieved by
fixing β to

β =
2

1 +
√

1− γ2
, γ = max

λ∈σ(A)\ρ(A)
|λ|.

Further—but not substantial—improvements of the convergence speed can be achieved
by using time-dependent scalars β(t) instead of a fixed factor β. As often in polynomial
approximation, the optimal solution is related to the theory of Chebyshev polynomials
[Golub and Varga, 1961]. In particular, the optimal (with respect to ‖·‖2 convergence)
choice for the scalars β(t) is given by

β(1) = 1, β(2) =
2

2− γ2
, β(t) =

4

4− γ2β(t− 1)
.

Iterations of the form (3.8) can also be conveniently expressed in terms of a simple
vector iteration by observing

x(1) = Cx(0),

(
x(t)

x(t− 1)

)
=

(
β(t)C (1− β(t))I
I 0

)

︸ ︷︷ ︸
=:C̃

(
x(t− 1)
x(t− 2)

)
. (3.9)

It is noteworthy that in (3.9) the matrix C̃ does not (fully) inherit the structure of the

matrix C. In particular, if 1TC = 1T, then 1TC̃ 6= 1T. Even though this property is
crucial in the analysis of linear iterations such as (3.1), it is not required in the context
of convergence acceleration schemes.

Faster Convergence by Less Restrictive Assumptions

Besides classical generic convergence acceleration schemes (from numerical analysis),
faster convergence can also be obtained via additional assumptions on the distributed
environment and methods which exploit these assumptions. Several conceptually dif-
ferent approaches towards the optimization of the convergence speed of linear iteration-
based algorithms have been employed. For instance, one can optimize the communi-
cation patterns described by the matrices C(t) with respect to a fixed topology [Boyd
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et al., 2006] or optimize the topology itself [Kar and Moura, 2008]. Moreover, by
assuming that the nodes have additional knowledge about the topology of the sys-
tem, substantial improvements can be achieved by exploiting this additional (global)
knowledge algorithmically [Dimakis, Sarwate, et al., 2008; Benezit, Dimakis, et al.,
2010]. However, such methods rely (among other aspects) on multi-hop communica-
tion, which is not feasible under our assumptions on distributed environments (e. g.,
due to the unreliable communication, cf. Table 2.1).

3.6. Beyond Computing Simple Aggregates

While this thesis almost exclusively deals with problems regarding simple aggregate
computations, real world computations involve also more complex operations which
can be built on top of the simple aggregations we investigate. Straková [2013] inves-
tigated in detail how the methods we develop in this thesis can be employed in dis-
tributed matrix computations and showed among others that the improved robustness
of our methods carries over to higher level operations such as matrix factorizations.
For the sake of completeness, in the following we outline how to transfer frequently
occurring patterns in parallel matrix computations to the distributed regime.

3.6.1. Repeated Aggregations

Frequently, matrix computations boil down to series of consecutive distributed ag-
gregate computations (between the nodes) interleaved by local computations. For
instance, the (modified) Gram-Schmidt orthogonalization procedure is a particularly
simple computation of this kind [Straková, Gansterer, et al., 2011; Gansterer et al.,
2013]. Algorithm 3.4 schematically depicts how such algorithms look (see Straková,
Gansterer, et al. [2011] for an explicit illustration). In a straightforward implementa-

Algorithm 3.4 Schema of an aggregation-based distributed computation

1: for i← 1, 2, . . . do
2: perform local computations
3: compute (distributed) global aggregate (e. g., a dot product)
4: perform local computations

...
...

5: end for

tion one can simply employ the methods in this thesis whenever an aggregate compu-
tation is required. Already with such a simple approach, the higher level computation
inherits beneficial properties from the employed aggregation algorithms [Straková,
Niederbrucker, et al., 2013].

To improve the overall performance one has to incorporate more flexibility, e. g., by
allowing some degree of asynchronicity in the higher level operation. For instance, a
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node which obtained already an accurate result in its current aggregation can move
on to its local computations and can initiate the next aggregation. In the course of
that, it is important that the nodes insure that the result of a particular aggregation
spreads to all of the contributing nodes.

3.6.2. Broadcasting-based Algorithms

Especially block matrix computations often involve broadcasts of matrix blocks. A
well-known algorithm of this kind is the parallel matrix-matrix multiplication algo-
rithm SUMMA [Van De Geijn and Watts, 1997]. Solely for the sake of simplicity we
assume that the nodes are numbered according to a p × p grid and that each node
holds a block of the (square) input matrices as well as of the output matrix. Then, the
most basic form of the SUMMA algorithm is depicted in Algorithm 3.5. As we can

Algorithm 3.5 SUMMA for computing C = AB at node (i, j)

Input: Blocks Ai,j = A(k(i− 1) :ki, k(j − 1) :kj), Bi,j of A and B
Output: Block Ci,j of C = AB

1: Ci,j ← 0
2: for r ← 1 to p do
3: if r = i broadcast block Ai,r to all nodes (i, k) with 1 ≤ k ≤ p
4: if r = j broadcast block Br,j to all nodes (k, j) with 1 ≤ k ≤ p
5: Ci,j ← Ci,j + Ai,rBr,j

6: end for

see, the entire computation is done locally and only broadcasts of certain blocks are
required in terms of communication between the nodes of a row/column in the grid.
This utilization of broadcasts is a common pattern which can be found in parallel
matrix computations. Hence, it is important to provide this functionality also in a
distributed way.

Of course, every broadcast can be straightforwardly implemented in terms of an
aggregation, e. g., in terms of a summation where the initiator of the broadcast con-
tributes the respective data as input and all other nodes set their contribution to zero.
However, in light of the resulting communication complexity and additional com-
putations (over a parallel broadcast) this approach appears to be inappropriate. A
better approach to reliably implement a broadcast is the utilization of rumor spread-
ing schemes which are very efficient and naturally robust at the same time. More
precisely, an aggregation-based implementation of a broadcast of a k-dimensional vec-
tor requires Θ(kn) floating-point operations per iteration, whereas rumor spreading
schemes do not involve any. Moreover, aggregation-based approaches are in any case
inferior in terms of communication complexity (cf. Section 2.3.2).
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Lessons Learned: Algorithm, Iteration, Analysis

Distributed (aggregation) algorithms are commonly described at the node level. This
means that every node runs locally the same algorithm which yields in total the desired
result, e. g., the computation of an all-to-all aggregation. The precise mathematical
analysis of such distributed algorithms requires an idealization of the runtime envi-
ronment. Hence, it is crucial to question every assumption made in theoretical results
regarding their practical consequences. Needless to say, properties which are conve-
nient for a theoretical analysis often severely restrict the practical applicability of the
respective method.

The analysis of distributed aggregation algorithms which are suited for our purposes
is typically carried out in terms of linear iterations. More specifically, we pointed out
that realistic environments require the usage of sum-weight schemes of the form

s(t) = C(t)s(t− 1), w(t) = C(t)w(t− 1),

where the matrices C(t) are drawn independently from a fixed distribution C. The
properties of C are determined by the respective algorithm and assumptions on the
environment. In compliance with our correctness and accuracy requirements, we have
seen that in sum-weight schemes the local estimates s(t)i/w(t)i converge to the target
aggregate α in the sense that for all nodes i ∈ V

lim
t→∞

x(t)i = lim
t→∞

s(t)i
w(t)i

=

∑
k∈Ni s(0)k∑
k∈Ni w(0)k

= α.

Hence, the particular aggregate function (sum, average, . . . ) which gets computed by
the nodes is determined by the initial choice of the weights w(0).

Regarding technical contributions, we substantially generalized the generic conver-
gence theory of Boyd et al. [2006] and eliminated all (from a practical point of view)
problematic assumptions made therein, e. g., that C(t)1 = 1. Our only assumption on
the individual matrices C(t) was that 1TC(t) = 1T which is known to be necessary. In
contrast to the closely related work of Benezit, Dimakis, et al. [2010], we allow nega-
tive elements in the matrices C(t) and do not impose assumptions on their diagonals.
These generalizations are not only interesting from a theoretical point of view, but we
also exploit them within our fault tolerance results in Chapter 4. Our second premise
was that E[C(t)] is primitive, which guarantees a minimal degree of connectivity of
the network.

We have seen that—at its heart—the analysis of linear iterations boils down to the
power iteration, which enables the utilization of well-established convergence accelera-
tion techniques. Some of these methods cause only additional local operations and can
therefore also be directly applied in practice. Last, but not least, we also outlined how
basic aggregation routines can be employed in a more general context as integral part
of distributed matrix computations. For an extensive study on how the fault-tolerant
algorithms we develop in the upcoming Chapter 4 can be employed as building block
of reliable distributed matrix computations see Straková [2013].
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Theory, Algorithms & Practice

Definition 4.1 (Push-based aggregation algorithm). We call an aggregation algorithm
push-based if it can be modeled by a sum-weight scheme (3.6) with matrices C(t) drawn
from a push-distribution (cf. Definition 3.1). //

If the matrices C(t) in (3.6) are drawn from a push-distribution, then 1TC(t) = 1T

holds by definition. This fundamental constraint directly implies the validity of the
so-called mass conservation property over time

∑

i∈V
(s(t)i, w(t)i) =

∑

i∈V
(s(0)i, w(0)i). (4.1)

Note that the target aggregate is given by α = (
∑

i∈V s(0)i)/(
∑

i∈V w(0)i), whereas
push-based algorithms approach the aggregate determined by the current overall mass
α̃ = (

∑
i∈V s(t)i)/(

∑
i∈V w(t)i). This means, whenever mass conservation is hurt, a

perturbed result is computed by the nodes1. In particular, we consider a range of
failures which all lead (implicitly) to a change of mass. The difficulty of preserving
mass conservation in the presence of failures is that it is a global property and that
we can only employ local mechanisms in a distributed environment. Moreover, we
assume failures (cf. Table 4.1) where the nodes do not know that (and by how much)
the mass changed.

Our main contributions in this chapter are a fault tolerance mechanism, which is in-
spired by the graph theoretical flow concept, and its rigorous analysis (cf. Section 4.2).
While also other fault tolerance mechanisms which can cope with changes of mass are
known (cf. Section 4.1.2), only very little theoretical insights have been provided so
far. Hence, we use our analytical techniques also to analyze existing fault tolerance
mechanisms which have not been (fully) analyzed before. Moreover, in Section 4.3 we
present formal results concerning the commonly neglected issue of truly asynchronous
communication. In Section 4.4 we reveal some practical issues shared by the considered
fault tolerance mechanisms and show how to (partially) overcome them.

1For the sake of simplicity, we ignore the special case that the mass at time t is proportional to the
initial mass. In this case the target aggregate is clearly not affected by the change of mass.
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4.1. Fault Tolerance in Theory and Practice

As a prerequisite for our technical contributions concerning fault tolerance at the
algorithmic level, we first discuss what we mean by fault tolerance and which kinds
of failures we target with our methods. Moreover, we review existing fault tolerance
approaches used in parallel and distributed computing.

4.1.1. Fault Tolerance: Notions & Requirements
[Niederbrucker and Gansterer, 2013, § 2.2]

What it means for a certain method to be fault tolerant depends on the respective
application and user requirements. Hence, there exist many notions of fault toler-
ance which are employed in different contexts. For instance, one can define that an
algorithm A tolerates a failure F if one of the properties (T1)–(T5) holds.

(T1) The computation does not crash in an uncontrolled way and information about
the occurrence of the failure is available (after termination).

(T2) The computation terminates successfully, but the computed result is not neces-
sarily correct.

(T3) The correct result is computed with a, possibly failure-dependent, a priori un-
known overhead. Concretely, handling a failure may be in some situations less
efficient than starting over the computation.

(T4) The correct result is computed with a bounded, reasonably small, overhead. By
reasonably small we mean that the process of recovering from a failure takes
(much) less effort than restarting the computation.

(T5) The correct result is computed without noticeable overhead.

The nature of push-based algorithms guarantees fault tolerance at least in the sense
of (T2). In contrast to discrete aggregates, the requirement (T5) is out of reach for
continuous aggregates (cf. Section 2.3.2). Hence, the interesting question is up to
which extent we can tolerate failures within a continuous aggregation in practice, i. e.,
if we have to pay an arbitrarily high price for a correct result (cf. (T3)), or if we can
efficiently compute correct results despite failures occurring during the computation
(cf. (T4)).

In Table 4.1 we describe the types of failures we target with the fault tolerance
mechanisms which we investigate in this chapter. More specifically, we develop tech-
niques which can handle these types of failures in the sense of (T4). Note that in
case of permanent node failures we exclude the initial contribution of the failed nodes
from the result. This means, we expect that the delivered result is the target ag-
gregate function computed over all nodes which did not permanently fail throughout
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Failure Description
Message loss between
nodes i and j

A message from node i to node j gets silently lost and
neither of the nodes takes notice of it. This means,
node i believes in the successful transmission of its mes-
sage and node j does not know that node i intended to
communicate with it.

Temporary failure of
node i ∈ V

From time tf to tr node i does not operate. Conse-
quently, all messages sent to node i get silently lost,
i. e., we assume that the neighbors of node i do not know
about its temporary failure.

Permanent failure of
link (i, j) ∈ E

From time tf on the communication link (i, j) does not
work anymore and from time tk ≥ tf on both involved
nodes know about the (permanent) failure.

Permanent failure of
node i ∈ V

From time tf on node i does not operate anymore and
from time tk ≥ tf on all nodes j ∈ Ni know about the
(permanent) failure.

Table 4.1.: Description of failures we aim to handle at the algorithmic level.

the computation. The failure descriptions in Table 4.1 imply that if we can handle
message loss and a permanent link failure, then we can also handle temporary and
permanent node failures, respectively. Besides the failures described in Table 4.1, we
show also some experimental results regarding the handling of silently occurring bit
flips in Section 4.4.3.

4.1.2. Robust Distributed Aggregation Algorithms
[Gansterer et al., 2013, § 2] [Niederbrucker and Gansterer, 2014, § 1]

Out of the types of failures listed in Table 4.1, silent message loss is the most chal-
lenging one (from the algorithmic point of view), because the nodes have to recover
without any knowledge about the occurring failures. This is also reflected by the
methods we discuss below, which are (i) designed for tolerating silently lost messages,
and (ii) able to tolerate other types of failures as a byproduct of the techniques used
to overcome lost messages. In a failure-prone environment push-based aggregation
algorithms suffer from directly communicating “mass” (cf. Algorithm 3.1). Hence, if
a message is lost, mass conservation is hurt and cannot be recovered, because neither
of the nodes knows about the failure and the (amount of) lost mass.

In compliance with the considerations above, fault tolerant aggregation methods
avoid in one way or the other the direct communication of mass. The commonly
applied strategy to preserve mass conservation in a failure-prone environment is to
keep extra information for each communication link in order to preserve the mass
communicated locally for each link. This means, every node i ∈ V keeps for each
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of its neighbors j ∈ Ni certain extra information in order to be able to recover from
failures. Note that the failure recovery itself takes place implicitly whenever a message
is successfully communicated.

Eyal et al. [2011] and Hadjicostis et al. [2012] independently used (for different
aggregation algorithms) the idea of keeping cumulative information (histories) about
the data sent and received across each link. By always sending the full history, the
receiver of a message can easily tolerate previously lost messages by comparing its local
history of received data with the transmitted history of sent data. Obviously, this kind
of recovery from lost messages is one-sided , i. e., if a message from node i to node j
was lost, it can only be recovered by a successfully transmitted message from node i
to node j. An apparent problem of history-based algorithms is keeping the steadily
growing histories reasonably small in order to avoid (severe) numerical inaccuracies.
Concerning this issue, Eyal et al. [2011] propose a bidirectional cancellation operation,
whereas Hadjicostis et al. [2012] leave this problem open. On the other hand, Eyal
et al. [2011] only prove the convergence of their algorithm to the target aggregate in
the case that from some point on no messages are lost. In contrast to that Hadjicostis
et al. [2012] analyze their method without this constraint.

A competing approach to history-based algorithms is inspired by the flow concept
from graph theory. Flow-based algorithms have been considered by Jesus et al. [2009,
2010] and Gansterer et al. [2013, 2011]. In principle, the underlying idea of flow-based
algorithms is that the nodes keep their initial values local and share only flows with
their neighbors. For each communication link, both attached nodes maintain a flow
variable which represents the overall balance of communicated local values along this
link. For communicating local values along a link, the sender does not transmit the
local values directly, but instead adds them to the corresponding flow variable which
is then sent. The receiver updates its own flow variable by the negated received flow
in order to ensure the skew-symmetry of flows. By ensuring skew-symmetry flow-
based algorithms do not only recover from failures but also preserve the initial mass.
Moreover note that this kind of recovery of lost messages is also two-sided , i. e., if a
message from node i to node j was lost, it cannot be recovered only by a successfully
transmitted message from node i to node j but also by a message sent from node j to
node i.

It is important to note that the usage of flows within the Flow Updating algorithm
due to Jesus et al. [2009, 2010] crucially differs from the way we use flows [Gansterer
et al., 2013, 2011] (cf. Section 4.2.1). In particular, in Flow Updating not only flows
are communicated, but also local estimates. This is necessary, since in Flow Updating
the nodes obtain their local estimates of the target aggregate by averaging the (most
recently received) estimates of their neighbors. It is easy to see that this kind of aver-
aging leads to an inferior convergence speed [Gansterer et al., 2013]. Moreover, neither
in the original work [Jesus et al., 2009] nor in later studies [Jesus et al., 2010; Almeida
et al., 2011], Flow Updating has been formally shown to converge to the target aggre-
gate in the presence of message loss. Hence, our analytical results (cf. Section 4.2.2)
are the first theoretical results regarding the capabilities of flow-based aggregation
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algorithms in the presence of failures. In general, flow-based algorithms are harder
to analyze than history-based algorithms due to their capability of two-sided failure
recovery. Our proof techniques are similar in spirit to the approach used by Hadji-
costis et al. [2012] in the context of a history-based algorithm. Consequently, we also
provide (as a byproduct) generic convergence results for history-based algorithms. In
Section 4.2.5 we present the first analytical results which quantify the intuition that
the two-sided recovery of flow-based algorithms is more efficient than the one-sided
recovery of history-based algorithms.

Chen, Tron, et al. [2010] consider a mechanism for keeping extra information which
is similar to flow-based approaches. However, the severe drawback of their corrective
consensus algorithm is that a failure recovery has to be explicitly initiated (e. g., peri-
odically) in terms of “corrective iterations”. Therefore, one either recovers infrequently
from failures, or a large overhead is caused by many corrective iterations. Moreover,
it is questionable how to initiate (global) “corrective iterations” in a distributed envi-
ronment.

Even though the aggregation algorithm proposed by Mosk-Aoyama and Shah [2006]
(cf. Section 3.1) does not contain explicit fault tolerance mechanisms, it can tolerate
many types of failures, since it is based solely on discrete aggregations which are very
robust by definition (cf. Section 2.3.2). However, recall that this method comes with
an inferior convergence speed (for accurate computations). Furthermore, there exist
many results where failures lead to a non-zero second moment (see, e. g., Kar and
Moura [2009, 2010]). Hence, such methods always compute a (bounded) perturbation
of the target aggregate and therefore, they are not in compliance with our requirement
of computing the exact result (despite failures).

In the large body of literature concerning distributed aggregation algorithms there
are still further algorithms which are considered to be (in some sense) fault tolerant
(see, e. g., Olfati-Saber et al. [2007]; Dimakis, Kar, et al. [2010] and references therein).
However, to the best of our knowledge, there are no further (reasonably efficient)
methods which can cope with the assumptions on the environment (cf. Table 2.1) and
failures (cf. Table 4.1) we consider in this thesis.

4.1.3. Fault Tolerance Methods in Parallel Computing
[Niederbrucker, Straková, et al., 2012, § 1]

Fault tolerant methods for large scale computer systems have a long tradition. Solution
approaches span a wide range from entirely hardware based solutions to methods
working exclusively at the algorithmic level. The two main types of failures which
are investigated in parallel computing are node crashes and so-called soft-errors (i. e.,
failures which do not affect the execution but the correctness of the result) like silently
occuring bit flips. For future large scale systems, especially soft-errors are anticipated
to become a crucial issue (see, e. g., Dongarra, Beckman, et al. [2011]; Cappello et al.
[2009]).
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A classical generic, entirely hardware-based approach is TMR (triple modular re-
dundancy) [Dhillon, 1987, § 5.3], where three identical systems are run in parallel and
the results are determined by a two-out-of-three voting. Due to resource and energy
constraints this approach is not suitable for nowadays parallel computers and cannot
cope with the challenges raised by future extreme scale systems. Contrary to TMR,
more recent approaches incorporate redundancy at the message passing level, i. e., in
MPI libraries, resulting in much more efficient solutions [Fiala et al., 2012]. However,
such approaches focus only on communication correctness, i. e., the correctness of the
messages sent over MPI.

A widely used fault tolerance paradigm is checkpoint/restart (C/R), where the
system state is—either automatically or by a user request—written to stable storage,
such that the application can be continued from a previously stored checkpoint. The
major drawback shared by all flavors of C/R approaches is the overhead introduced
by the expensive disk I/O. To avoid this bottleneck and to reduce the overhead of
C/R in the absence of system failures, diskless checkpointing was introduced (see,
e. g., Plank et al. [1998]). Another property shared by C/R methods is that they
require information about occurring failures such that the recovery procedures can be
launched. Consequently, silently occurring soft errors like bit-flips are out of scope
of purely C/R-based solutions and require a more sophisticated logic, e. g., at the
algorithmic level.

Due to the ever shrinking integrated circuit technology, soft errors are expected to
become the rule rather than the exception. Even though hardware solutions for soft
error resilience (like ECC memory) are available, they are very expensive and limited
to a small number of soft errors due to the overhead they introduce. Therefore, fault
tolerance already at the algorithmic level is a necessity in order to meet the fault
tolerance challenges which are anticipated for the future.

A classical technique which targets the emerging need of soft error resilience in the
context of matrix operations is ABFT (algorithm-based fault tolerance) [Huang and
Abraham, 1984]. In ABFT, soft error resilience is achieved by extending the input
matrices by checksums and by adapting the algorithms such that these checksums are
updated correctly. Consequently, the checksums are used for detecting and recovering
from soft errors. The original ABFT work of Huang and Abraham [1984] was restricted
to a single soft error and matrix-matrix multiplication. Later work extended the
principle ABFT concept to handle several (simultaneous) failures [Anfinson and Luk,
1988] and to integrate it with matrix factorizations [Luk and Park, 1988]. Moreover,
in the last years the ABFT concept was extended to so-called fail-stop failures [Chen
and Dongarra, 2008], where a failed process cannot be continued and all its data is
lost.

The utilization of naturally available redundancy in iterative solvers for increasing
fault tolerance was recently investigated by Chen [2011, 2013]. In contrast to classical
ABFT work where failures are detected and corrected in the final result, recent ABFT-
based approaches focus on detecting soft errors as early as possible to avoid their
propagation [Wu et al., 2011; Davies and Chen, 2013]. Furthermore, ABFT-based
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factorization algorithms were shown to perform well on hybrid (CPU—GPU) [Du,
Luszczek, Tomov, et al., 2011] as well as on large-scale [Du, Luszczek, and Dongarra,
2012] systems.

While ABFT is a promising approach within the context of matrix computations,
this concept is not attractive for operations as simple as aggregations due to the miss-
ing structure, the low complexity and the resulting high relative overhead of checksum
strategies in this kind of computation. On the other hand, other fault tolerance ap-
proaches known in parallel computing are even less suitable due to the low complexity
and atomicity of an aggregation. Consequently, the fault tolerant computation of ag-
gregations in a distributed environment requires naturally fault tolerant, self-healing
algorithms.

Since ABFT-based methods operate at the matrix level and they are directly en-
coded into the respective algorithms, the corresponding algorithmic modifications
needed for achieving fault tolerance are very specific for each matrix operation. In
contrast to ABFT, by building matrix operations on top of fault tolerant aggregation
algorithms (cf. Section 3.6), the fault tolerance achieved on the aggregation level di-
rectly translates to the higher (matrix) level [Straková, 2013]. Of course, ABFT-based
methods could still be used on top of this approach to provide an additional layer of
fault tolerance.

4.2. Fault Tolerant Algorithms: Derivation & Analysis

In this section, we show how to generically derive and analyze fault tolerant variants of
push-based algorithms (cf. Definition 4.1). First, we analyze the flow-based technique
which was introduced together with the Push-Flow algorithm [Gansterer et al., 2013,
2011]. Furthermore, we apply our analytical techniques to the generic analysis of
history-based algorithms as they were (independently) considered by Eyal et al. [2011]
and Hadjicostis et al. [2012]. Last but not least, in Section 4.2.5 we investigate the
failure recovery overhead of flow-based and history-based algorithms theoretically as
well as empirically.

4.2.1. Derivation of Flow-based Algorithms
[Niederbrucker and Gansterer, 2014, § 3]

Recall the flow concept from graph theory where a flow function assigns a flow fi,j
to each edge (i, j) ∈ E . Among other properties, flows are enforced to be skew-
symmetric, i. e., fi,j = −fj,i for all connected nodes i, j. Observe that the (local)
skew-symmetry of flows directly implies the global property

∑
i∈V
∑

j∈Ni fi,j = 0,
known as flow conservation. In the same spirit, we show how to derive a locally
preservable property which implies global mass conservation (4.1).
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Inspired by graph theoretical flows, assume that we can represent the local data of
node i at time t in the form

(s(t)i, w(t)i) = (s(0)i, w(0)i) +
∑

j∈Ni
f(t)i,j

with the intended meaning that the current data of node i is its initial data combined
with the data which “flows” at time t from/to its neighbors. In particular, a negative
flow variable f(t)i,j < 0 indicates that data is flowing from node i to node j (the local
data of node i decreases). Accordingly, a positive flow variable f(t)i,j indicates that
data is flowing from node j to node i (the local data of node i increases). If we further
assume that the flows are skew-symmetric, i. e., f(t)i,j = −f(t)j,i, we observe (by flow
conservation) that

∑

i∈V
(s(t)i, w(t)i) =

∑

i∈V

(
(s(0)i, w(0)i) +

∑

j∈Ni
f(t)i,j

)
=
∑

i∈V
(si(0), wi(0)). (4.2)

Therefore, the simple local property of skew-symmetry implies global mass conserva-
tion which push-based aggregation algorithms require for producing correct results.
Moreover, if we assume that the nodes solely communicate their local flows f(t)i,j,
skew-symmetry can also be easily (re-)established in case it was violated due to a fail-
ure in the system. Concretely, once node i receives a flow f(t)j,i from its neighbor j,
it sets f(t)i,j = −f(t)j,i to (re-)establish skew-symmetry.

For the sake of clarity, we discuss a concrete algorithm in order to exemplify the
differences between push-based algorithms and their flow-based counterparts. In par-
ticular, we consider Push-Sum (Algorithm 3.2) and its flow-based variant Push-Flow
(Algorithm 4.1). Obviously, Push-Flow and Push-Sum share the same principle struc-
ture and mechanisms. Moreover, we identify the three principles of flow-based algo-
rithms we discussed previously.

1. The local data at node i at time t is expressed in terms of the flows to the
neighboring nodes (line 5 in Algorithm 4.1)

(s(t), w(t)) = (s(0)i, w(0)i) +
∑

j∈Ni
f(t)i,j.

2. The nodes only communicate flows (line 6 in Algorithm 4.1).

3. Receivers (re-)establish skew-symmetry (line 2 in Algorithm 4.1).

It is crucial to observe that the fault tolerant Push-Flow sends messages of the same
size as its non-fault-tolerant counterpart Push-Sum, i. e., the introduced fault tolerance
mechanisms do not lead to a communication overhead in a failure-free environment.
Of course, in order to reduce the local computations, the local summation of flows
(line 5 in Algorithm 4.1) can be avoided by introducing an additional variable which
is updated accordingly (cf. Section 4.4.2).
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Algorithm 4.1 Push-Flow [Gansterer et al., 2013, 2011], a flow-based variant of
Push-Sum (see Algorithm 3.2).

Local variables: fi,j = (f si,j, f
w
i,j) ∈ R2

Initial values: fi,j ← (0, 0)

. . . at time t . . .
1: for all received pairs fj,i do
2: fi,j ← −fj,i
3: end for
4: k ← choose a neighbor from Ni uniformly at random

5: fi,k ← fi,k −((s(0)i, w(0)i) +
∑

j∈Ni
fi,j

︸ ︷︷ ︸
=(s(t),w(t))

)/2

6: send fi,k to k

. . . handling of known permanent failures . . .
7: if link (i, j) ∈ E or node j ∈ Ni failed forever then
8: fi,j ← 0
9: Ni ← Ni\{j}

10: end if

Interpretation and capabilities of flows

Before we dip into the rigorous convergence analysis of flow-based algorithms in faulty
environments, we give an overview on how to interpret the introduced flow variables
and how they enable fault tolerance at the algorithmic level. First, we exemplify how
flows are used to algorithmically overcome silent message loss.

Consider two connected nodes i and j. This means, node i holds a flow variable fi,j
and node j holds a flow variable fj,i which are both initially zero. Now, assume that at a
certain point of time node i wants to send some data δ to j and that this communication
is successful, i. e., prior to communication, i and j hold the flow variables fi,j and fj,i,

respectively and after the communication the local skew-symmetry property f̃i,j =

−f̃j,i is (re-)established. The following three cases can occur:

• fi,j = −fj,i: Local skew-symmetry holds prior to communication and therefore,
the previous communication between nodes i and j was successful. Hence, node i
sends f̃i,j = fi,j−δ to node j. Moreover, node j sets f̃j,i = −f̃i,j, i. e., fj,i−f̃j,i = δ,
which means that δ is now included into node j’s local data.

• fi,j −∆i = −fj,i, ∆i 6= 0: In this case previous messages from node i to node j

got lost. Thus, node i sends f̃i,j = fi,j − ∆i − δ to node j and node j sets

f̃j,i = −f̃i,j, i. e., fj,i − f̃j,i = ∆i + δ. Therefore, the current data δ and the sum
of all previously lost messages ∆i are communicated from node i to node j.
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• fi,j −∆i = −fj,i −∆j with ∆i 6= 0,∆j 6= 0: In this case previous messages from
node i to node j as well as messages from node j to node i got lost. Again node i
sends f̃i,j = fi,j−∆i−δ and node j sets f̃j,i = −f̃i,j, i. e., fj,i− f̃j,i = ∆j +∆i+δ.
This means that node j receives δ and the sum of all messages ∆j which node i
did not receive as well as all messages ∆i from node i it did not receive so far.

Summarizing, whenever in a flow-based algorithm a message from node i to node j
is successfully transmitted, all unsuccessful earlier communications since the last suc-
cessfully transmitted message are recovered. In particular, node j implicitly receives
all messages it intended to send to node i and all messages node i intended to send to
node j.

Besides silent message loss and temporary failures which can be interpreted as mes-
sage loss (cf. Table 4.1) we also consider known permanent failures. As we can see in
Algorithm 4.2 a permanent failure of a neighboring node or a communication link is
handled by setting the corresponding flow variables to zero. The correctness of this
operation follows immediately, since it does not affect mass conservation (4.1). How-
ever, one should note that this kind of failure handling is essentially equivalent to a
restart of the computation (cf. Section 4.4.1).

4.2.2. Analysis of Flow-based Algorithms [Niederbrucker and Gansterer, 2014, § 3]

Having the Push-Flow algorithm at hand, it is straightforward to apply the same
ideas to the generic aggregation algorithm depicted in Algorithm 3.1. The resulting
generic flow-based algorithm is shown in Algorithm 4.2. In this section we prove that
Algorithm 4.2 converges to the target aggregate α despite arbitrarily high message loss.
More precisely, we assume that (at any time) a message from node i to node j gets
lost with probability 0 ≤ pi,j < 1, where the probabilities pi,j can be chosen arbitrarily
from the interval [0, 1). Formally, we use Bernoulli distributed2 random variables to
indicate whether a message gets lost or not. This means for each potential message
(i. e., C(t)j,i 6= 0), we draw a random variable L(t)i,j from a Bernoulli distribution
with parameter pi,j. To indicate a potential communication, we use random variables
S(t)i,j defined by

S(t)i,j =

{
1 C(t)j,i 6= 0

0 C(t)j,i = 0

Hence, the random variables S(t)i,j ∈ {0, 1} follow a Bernoulli distribution with pa-
rameter πi,j, where πi,j is the (algorithm dependent) probability that node i picks
node j at at time t as a communication partner.

Our generic convergence theory in Section 3.4 assumed a perfect environment with-
out any failures. In order to utilize this existing convergence result in the presence
of failures, we proceed as follows: (i) we show how to theoretically model the execu-
tion of flow-based algorithms in the presence of message loss by an extended graph

2If L follows a Bernoulli distribution with parameter p, then Pr(L = 1) = p and Pr(L = 0) = 1−p.
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Algorithm 4.2 Generic shape of the flow-based variant of a push-based algorithm
(cf. Algorithm 3.1). See Algorithm 4.1 for the specific flow-based algorithm Push-Flow.

Local variables: fi,j = (f si,j, f
w
i,j) ∈ R2

Initial values: fi,j ← (0, 0)

. . . at time t do . . .
1: for all C(t)i,j 6= 0 do
2: fi,j ← −fj,i
3: end for

4: (s(t), w(t))← (s(0)i, w(0)i) +
∑

j∈Ni fi,j
5: for all C(t)j,i 6= 0 do
6: fi,j ← fi,j −C(t)j,i · (s(t), w(t))
7: send fi,j to j
8: end for

. . . handling of known permanent failures . . .
9: if link (i, j) ∈ E or node j ∈ Ni failed forever then

10: fi,j ← 0
11: Ni ← Ni\{j}
12: end if

structure which describes a failure-free system, and (ii) we prove that this failure-free
model satisfies all necessary conditions such that the convergence theory presented in
Section 3.4 applies. Together, these two steps lead to a rigorous convergence analysis
of flow-based algorithms in an unreliable environment.

Flow-Recovery Graphs

We discussed in Section 4.2.1 that the principle source of fault tolerance in flow-based
aggregation algorithms is that every successful communication recovers all previously
failed communications by re-establishing local skew-symmetry of the respective flows.
In other words, this means that information (mass) which is temporarily lost is prop-
agated back into the system. In the following, we define a graph model based on this
simple idea. In particular, we extend the given graph (based on the communication
network) for every pair of connected nodes i and j by two nodes li,j and lj,i. A silently
lost message from node i to node j is modeled by a successfully transmitted message
from node i to node li,j. Moreover, by appropriately correlating the actions of the
nodes li,j with the actions of the nodes i and j, the recovery mechanisms inherent in
the flow concept can be modeled formally.

Definition 4.2. Let G = (V , E) be an arbitrary connected network graph. Then we
define its flow-recovery graph Gf = (Vf , Ef ) as follows:

1. Vf := V ∪ {li,j | (i, j) ∈ E}, i. e., Gf contains all nodes which G contains and
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additionally it contains for each edge in G an auxiliary node called keeper . In
particular we call li,j the j-keeper of i, since li,j “keeps” the messages node i
intended to send to node j.

2. Ef := E ∪ {(i, li,j), (li,j, i), (li,j, li,j), (li,j, j) | (i, j) ∈ E}, i. e., node i can send to
its j-keeper li,j and li,j can send to itself as well as to node j.

3. Moreover, κ := |E|, i. e., |Vf | = |V|+ |E| = n+ κ.

An example for the flow-recovery graph of a single connected pair of nodes is shown
in Figure 4.1. //

We aim at simulating the aggregate computation in G by an aggregate computation
in Gf . The principle idea is that the original nodes V behave identically in G and Gf ,
whereas the keeper nodes simulate the fault tolerance mechanisms inherent in the flow
concept. More specifically, we obtain the following extended iteration matrices.

i j

lj,i

li,j
message loss
from i to j

message loss
from j to i

successful communication
from j to i

successful communication
from i to j

auxiliary nodes which
catch lost messages (keeper)

Figure 4.1.: Recovery graph for two connected nodes i and j (annotated with the
intended meaning of the edges). Dependent edges (actions) are character-
ized by having the same target node and they are depicted in the same
color.

Definition 4.3. Let C(t) be drawn from a push-distribution and for each C(t)j,i 6= 0
let L(t)i,j be drawn from a Bernoulli distribution with parameter pi,j. Then we define

Cf (t) =

(
C̃(t) P (t)
R(t) K(t)

)
∈ R(n+κ)×(n+κ), (4.3)
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where the matrices R(t) ∈ Rκ×n, P (t) ∈ Rn×κ, and K(t) ∈ Rκ×κ are defined as

C̃(t)j,i =





C(t)i,i +
∑

k∈Ni L(t)i,k(1− L(t)k,i)S(t)k,iC(t)k,i i = j

C(t)j,i C(t)j,i 6= 0 ∧
L(t)i,j = 0

0 otherwise

(4.4)

R(t)li,j ,k =

{
C(t)j,i k = i ∧ C(t)j,i 6= 0 ∧ L(t)i,j = 1 ∧ (S(t)j,i = 0 ∨ L(t)j,i = 1)

0 otherwise

(4.5)

P (t)k,li,j =

{
1 (k = i ∧ C(t)i,j 6= 0) ∨ (k = j ∧ C(t)j,i 6= 0)

0 otherwise
(4.6)

K(t)li,j ,li′,j′ =





1 i = i′ ∧ j = j′ ∧ (C(t)i,j = 0 ∨ (C(t)i,j 6= 0 ∧ L(t)i,j = 1)) ∧
(C(t)j,i = 0 ∨ (C(t)j,i 6= 0 ∧ L(t)j,i = 1))

−1 i = i′ ∧ j = j′ ∧ C(t)i,j 6= 0 ∧ L(t)i,j = 0 ∧
C(t)j,i 6= 0 ∧ L(t)j,i = 0

0 otherwise

(4.7)

//

It is easy to verify that the matrices Cf (t) model the execution of flow-based al-

gorithms in the presence of message loss: First, the matrices C̃(t) originate in the
matrices C(t) and non-zero elements of C(t) are only modified if messages are lost.

The matrices R(t) ∈ Rκ×n, represent the “redirection” of lost messages, i. e., if a
message from node i to node j is lost in the original network G, it is redirected to the
keeper li,j in the extended network Gf . The only case where a lost message from node
i to node j is not redirected to the keeper li,j is when at the same time node j sends
successfully to node i. In this case the “lost” message is immediately recovered (see

C̃(t)).
The matrices P (t) ∈ Rn×κ, represent the back-propagation of lost messages, i. e.,

they reflect the recovery of all previously lost messages by a successful communication.
More precisely, the local data of the keeper node li,j consists of all lost messages from
node i to node j (in G) and hence, if li,j sends all its data to node i or node j the lost
messages are recovered.

Finally, the diagonal matrices K(t) ∈ Rκ×κ reflect the fact that the keeper nodes li,j
keep all their data whenever no back-propagation takes place. Moreover, in case two
nodes successfully send each other a message at the same time, the respective keeper
send themselves their negated local data. It is clear that this behavior is required
for ensuring 1T = Cf (t)1

T, however, its interpretation is somewhat subtle: Note
that in case of a successful bidirectional communication local skew symmetry does
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not hold (except of rare constellations). This means that after the next unidirectional
communication, one of the two successful transmissions is undone. Hence, the behavior
of the keeper is due to the fact that eventually one of the two successful transmissions
is undone.

For being able to apply our convergence results we have to investigate the expecta-
tion of the matrices Cf (t) obtained in (4.3).

Lemma 4.1. Let Cf (t) be the matrices defined in (4.3), then their expectation E[Cf (t)]
is given by

E[Cf (t)] =

(
E[C̃(t)] E[P (t)]
E[R(t)] E[K(t)]

)
∈ R(n+κ)×(n+κ), (4.8)

where the matrices E[R(t)] ∈ Rκ×n, E[P (t)] ∈ Rn×κ, and E[K(t)] ∈ Rκ×κ satisfy

E[C̃(t)]j,i =





E[C(t)]i,i +
∑

k∈Ni E[C(t)]k,i pi,kπk,i(1− pk,i) i = j

E[C(t)]j,i (1− pi,j) i 6= j ∧
E[C(t)]j,i 6= 0

0 otherwise

E[R(t)]li,j ,k =

{
E[C(t)]j,i pi,j(1− πj,i(1− pj,i)) k = i

0 otherwise

E[P (t)]k,li,j =





(1− pj,i)πj,i k = i

(1− pi,j)πi,j k = j

0 otherwise

E[K(t)]li,j ,li′,j′ =

{
1− πi,j(1− pi,j)− πj,i(1− pj,i) i = i′ ∧ j = j′

0 otherwise

Proof. We simply take expectations in (4.3), where the random variables L(t)i,j and
S(t)i,j are Bernoulli distributed with parameters pi,j and πi,j, respectively. Moreover,
for the matrix E[K(t)] note that

E[K(t)]li,j ,li,j = (1− πi,j + πi,jpi,j)(1− πj,i + πj,ipj,i)− πi,j(1− pi,j)πj,i(1− pj,i)
= (1− πi,j(1− pi,j))(1− πj,i(1− pj,i))− πi,j(1− pi,j)πj,i(1− pj,i)
= 1− πi,j(1− pi,j)− πj,i(1− pj,i).

As a last technical ingredient for our analysis we have to confirm that the matrices
Cf (t) based on flow-recovery graphs are drawn from a push-distribution whenever the
matrices C(t) are drawn from a push-distribution.
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Lemma 4.2. Let the matrices C(t) be drawn from a push-distribution such that the
probabilities for a communication along link (i, j) ∈ E satisfy3 0 < πi,j ≤ 1/2. More-
over, let 0 ≤ pi,j < 1 be the message loss probabilities for each link. Then the matrices
Cf (t) are also distributed according to a push-distribution.

Proof. We have to verify the properties of push-distributions (cf. Definition 3.1). We
verify the property 1TCf (t) = 1T in two steps. For the first n columns observe that
the non-zero elements are exactly the non-zero elements of the respective column of
the matrix C(t). Thus, the first n columns of Cf (t) sum up to one, since each of
the columns of C(t) sums up to one. For the remaining κ columns observe that in
column li,j only the elements K(t)li,j ,li,j , P (t)j,li,j , P (t)i,li,j can be different from zero.
The sum over these three elements is always one, because by definition either one
of these elements is one while the others are zero or P (t)j,li,j = P (t)i,li,j = 1 and
K(t)li,j ,li,j = −1. Therefore, also the sum over the entire column li,j of Cf (t) is one
and hence, 1TCf (t) = 1T holds.

The primitivity of E[Cf (t)] can be seen as follows: First note that for each edge
(u, v) ∈ Ef the corresponding element E[Cf (t)]u,v > 0 (cf. Lemma 4.1). Moreover,
the flow-recovery graph Gf is strongly connected because all keeper nodes have a
connection to and from a node in the original graph G (cf. Figure 4.1). Therefore,
since E[C(t)] is primitive also E[Cf (t)] is primitive.

Together Lemma 4.2 and Theorem 3.1 show that flow-based algorithms converge in
second moment to the target aggregate despite arbitrarily high message loss. Note
that the dependency of the keeper nodes (of certain elements of Cf (t)) does not in-
troduce any technical complications, because we did not make any restrictions on the
(in)dependence of the nodes in Theorem 3.1.

4.2.3. Derivation of History-based Algorithms

In contrast to flow-based algorithms in history-based algorithms the nodes keep two
additional variables per neighbor. More specifically, node i stores for each of its neigh-
bors j ∈ Ni the overall data it sent to (hs(t)i,j) and received from (hr(t)j,i) this
particular neighbor, i. e.,

hs(t)i,j =
t∑

τ=1

C(τ)j,i(s(τ)i, w(τ)i), hr(t)j,i =
t∑

τ=1

C(τ)i,j(s(τ)j, w(τj)).

Hence, the history-based representation of the local data of node i is given by

(s(t)i, w(t)i) = (s(0)i, w(0)i) +
∑

j∈Ni
hs(t)i,j − hr(t)j,i.

3This is a purely technical restriction which guarantees that the bidirectional communication at the
same time (which cannot be handled by the flow concept) does not dominate. In reality, one does
not have to fear this issue, since bidirectional communications of this kind are very rare, due to
the several sources of asynchronicity.
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In fact, the quantities hs(t)i,j − hr(t)j,i correspond to the flow variables f(t)i,j we
used before. However, substantial differences between flow-based and history-based
algorithms arise in terms of the way how the recovery of lost messages happens. If
node i intends to send a value v to node j, it first adds v to hsi,j and thereafter
transmits hsi,j (instead of v). Consequently, if node j receives hsi,j it computes the
difference hsi,j − hri,j as new information and updates hri,j accordingly. Therefore, in
contrast to flow-based methods which allow for a two-sided failure recovery, history-
based approaches are characterized by an one-sided failure recovery. Applying this
concept to Algorithm 3.1 leads to Algorithm 4.3, which constitutes a generic history-
based algorithm. Moreover, Algorithm 4.4 shows the history-based Push-Sum variant
which was called LiMoSense by Eyal et al. [2011].

Algorithm 4.3 Generic shape of a history-based algorithm. See Algorithm 3.1 for
the generic shape of a distributed algorithm based on a linear iteration.

Local variables: hsi,j, h
r
j,i ∈ R2

Initial values: hsi,j, h
r
j,i ← (0, 0)

. . . at time t do . . .
1: for all C(t)i,j 6= 0 do
2: hrj,i ← hsi,j
3: end for

4: (s(t), w(t))← (s(0)i, w(0)i) +
∑

j∈Ni h
s
i,j − hrj,i

5: for all C(t)j,i 6= 0 do
6: hsi,j ← hsi,j +C(t)j,i · (s(t), w(t))
7: send hsi,j to j
8: end for

. . . handling of known permanent failures . . .
9: if link (i, j) ∈ E or node j ∈ Ni failed forever then

10: hsi,j, h
r
j,i ← 0

11: Ni ← Ni\{j}
12: end if

The counterpart to the skew-symmetry of flows is that hs(t)i,j = hr(t)j,i holds (is
preserved) for histories, i. e., the overall data node i sent to node j equals the overall
data node j received from node i. Therefore, we observe analogously to (4.2)

∑

i∈V
(s(t)i, w(t)i) =

∑

i∈V
((s(0)i, w(0)i) +

∑

j∈Ni
(hs(t)i,j − hr(t)j,i)) =

∑

i∈V
(si(0), wi(0)).

Interpretation and Capabilities of Histories

Consider again two connected nodes i and j. This means, node i holds history variables
hsi,j, h

r
j,i and node j holds history variables hsj,i, h

r
i,j which are all initially zero. Now,
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Algorithm 4.4 LiMoSense [Eyal et al., 2011], a history-based variant of Push-Sum
(see Algorithm 3.2).

Local variables: hsi,j, h
r
j,i ∈ R2

Initial values: hsi,j, h
r
j,i ← (0, 0)

. . . at time t . . .
1: for all received pairs hsj,i do
2: hrj,i ← hsj,i
3: end for
4: k ← choose a neighbor from Ni uniformly at random

5: hsi,k ← hsi,k +((s(0)i, w(0)i) +
∑

j∈Ni
hsi,j − hrj,i

︸ ︷︷ ︸
=(s(t),w(t))

)/2

6: send hsi,k to k

. . . handling of permanent failures . . .
7: if link (i, j) ∈ E or node j ∈ Ni failed forever then
8: hsi,j, h

r
j,i ← 0

9: Ni ← Ni\{j}
10: end if

assume that at a certain point of time node i wants to send some data δ to j and that
this communication is successful. In other words, prior to communication, i and j
hold the history variables hsi,j, h

r
j,i and hsj,i, h

r
i,j and after the communication the local

property hsi,j = hri,j is (re-)established. The following three cases can occur:

• hsi,j = hri,j: In this case the previous communication between nodes i and j was

successful. Hence, node i sends h̃si,j = hsi,j + δ to node j. Moreover, node j sets

h̃ri,j = h̃si,j, i. e., h̃ri,j − hri,j = δ, which means that δ is now included into node j’s
local data.

• hsi,j + ∆i = hri,j, ∆i 6= 0: In this case previous messages from node i to node j

got lost. Thus, node i sends h̃si,j = hsi,j + ∆i + δ to node j and node j sets

h̃ri,j = h̃si,j, i. e., h̃ri,j − hri,j = ∆i + δ. Therefore, the current data δ and the sum
of all previously lost messages ∆i are communicated from node i to node j.

Summarizing, whenever a message from node i to node j is successfully transmitted,
all unsuccessful earlier communications since the last successfully transmitted message
are recovered in a history-based algorithm. In particular, node j implicitly receives
all messages which node i intended to send to it (before). However, note that the
recovery capability provided by histories is strictly one-sided.

Just as flow-based algorithms, history-based algorithms can recover from known
permanent failures (cf. Table 4.1) by setting the respective histories to zero. Again,
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this way of handling permanent failures is valid, since (eventually) the initial mass is
preserved.

4.2.4. Analysis of History-based Algorithms

In this section, we prove the correctness of Algorithm 4.3 in the presence of arbitrarily
high message loss. Conceptually, we proceed analogously to the analysis of flow-based
algorithms which we carried out in Section 4.2.2. However, since histories provide
only one-sided recovery, several technical details are simpler than in the case of flows.
Note that our generic results imply the correctness of the history-based Push-Sum
variant called LiMoSense (see Algorithm 4.4) which was introduced by Eyal et al.
[2011] without a comprehensive analysis in failure-prone systems. In particular, Eyal
et al. [2011] prove the convergence of LiMoSense only for the case that from some point
on no messages are lost. Moreover, our results constitute an alternative analysis for
the correctness of the history-based (consensus) algorithm considered by Hadjicostis
et al. [2012].

History-Recovery Graphs

Similar to flow-recovery graphs, we define history-recovery graphs. The only difference
is that in history-recovery graphs a keeper node li,j does not have an edge back to
node i.

Definition 4.4. Let G = (V , E) be an arbitrary connected network graph. Then we
define its history-recovery graph Gh = (Vh, Eh) as follows:

1. Vh := V ∪ {li,j | (i, j) ∈ E}, i. e., Gh contains all nodes which G contains and
additionally it contains for each edge in G an auxiliary node called keeper . In
particular, we call li,j the j-keeper of i, since li,j “keeps” the messages node i
intended to send to node j.

2. Eh := E ∪ {(i, li,j), (li,j, li,j), (li,j, j) | (i, j) ∈ E}, i. e., node i can send to its
j-keeper li,j and li,j can send to itself as well as to node j.

3. Moreover, κ := |E|, i. e., |Vh| = |V|+ |E| = n+ κ.

An example for the history-recovery graph of a single connected pair of nodes is shown
in Figure 4.2. //

With the same notational conventions as in Section 4.2.2 we define extended iter-
ation matrices Ch(t) which model the execution of history-based algorithms in the
presence of message loss.
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i j

lj,i

li,j
message loss
from i to j

message loss
from j to i

successful communication
from j to i

successful communication
from i to j

auxiliary nodes which
catch lost messages (keeper)

Figure 4.2.: History-recovery graph for two connected nodes i and j (annotated with
the intended meaning of the edges). Dependent edges (actions) are char-
acterized by having the same target node and they are depicted in the
same color (cf. Figure 4.1).

Definition 4.5. Let C(t) be drawn from a push-distribution and for each C(t)j,i 6= 0
let L(t)i,j be drawn from a Bernoulli distribution with parameter pi,j. Then we define

Ch(t) :=

(
C̃(t) P (t)
R(t) K(t)

)
∈ R(n+κ)×(n+κ), (4.9)

where the matrices R(t) ∈ Rκ×n, P (t) ∈ Rn×κ, and K(t) ∈ Rκ×κ are defined as

C̃(t)j,i =





C(t)i,i i = j

C(t)j,i C(t)j,i 6= 0 ∧ L(t)i,j = 0

0 otherwise

(4.10)

R(t)li,j ,k =

{
C(t)j,i k = i ∧ C(t)j,i 6= 0 ∧ L(t)i,j = 1

0 otherwise
(4.11)

P (t)k,li,j =

{
1 k = j ∧ C(t)k,i 6= 0 ∧ L(t)i,j = 0

0 otherwise
(4.12)

K(t)li,j ,li′,j′ =

{
1 i = i′ ∧ j = j′ ∧ (C(t)j,i = 0 ∨ (C(t)j,i 6= 0 ∧ L(t)i,j = 1))

0 otherwise
(4.13)

//
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In contrast to flow-based algorithms, we see that history-based algorithms can be
modeled straightforwardly. In particular, if a message between node i and node j is
lost, it is any case “redirected” to the respective keeper li,j (by definition of R(t)).
Moreover, also the recovery is very simple, since li,j is only active if node i communi-
cates successfully with node j (see P (t) and K(t)).

Lemma 4.3. Let Ch(t) be the matrices defined in (4.9), then their expectation E[Ch(t)]
is given by

E[Ch(t)] =

(
E[C̃(t)] E[P (t)]
E[R(t)] E[K(t)]

)
∈ R(n+κ)×(n+κ), (4.14)

where the matrices E[R(t)] ∈ Rκ×n, E[P (t)] ∈ Rn×κ, and E[K(t)] ∈ Rκ×κ satisfy

E[C̃(t)]j,i =





E[C(t)]i,i i = j

E[C(t)]j,i (1− pi,j) E[C(t)]j,i 6= 0

0 otherwise

E[R(t)]li,j ,k =

{
E[C(t)]j,i pi,j k = i

0 otherwise

E[P (t)]k,li,j =

{
πi,j(1− pi,j) k = j

0 otherwise

E[K(t)]li,j ,li′,j′ =

{
1− πi,j(1− pi,j) i = i′ ∧ j = j′

0 otherwise

Proof. We simply take expectations in (4.9), where the random variables L(t)i,j and
S(t)i,j are Bernoulli distributed with parameters pi,j and πi,j, respectively.

Analogously to Lemma 4.4 we can prove that the matrices Ch(t) are distributed ac-
cording to a push-distribution and hence, history-based algorithms converge by The-
orem 3.1 in second moment to the target aggregate despite arbitrarily high message
loss.

Lemma 4.4. Let the matrices C(t) be drawn from a push-distribution and let 0 ≤
pi,j < 1 be the message loss probabilities for link (i, j) ∈ E. Then the matrices Ch(t)
are also distributed according to a push-distribution.

Proof. We have to verify the properties of a push-distribution (cf. Definition 3.1). We
verify the property 1TCh(t) = 1T in two steps. For the first n columns of Ch(t) observe
that the non-zero elements are exactly the non-zero elements of the respective column
of the matrix C(t). Thus, the first n columns of Ch(t) sum up to one, since each of
the columns of C(t) sums up to one. For the remaining κ columns observe that in
column li,j only the elements K(t)li,j ,li,j , P (t)j,li,j can be different from zero and that
always either K(t)li,j ,li,j or P (t)j,li,j is one, while the other is zero. Therefore, also the
sum over the entire column li,j of Ch(t) is one and hence, 1TCh(t) = 1T holds.
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The primitivity of E[Ch(t)] can be seen as follows: First note that for each edge
(u, v) ∈ Eh the corresponding element E[Ch(t)]u,v > 0 (cf. Lemma 4.3). Moreover, Gh
is strongly connected because all keeper nodes have a connection to and from a node
in G (cf. Figure 4.2). Therefore, since E[C(t)] is primitive also E[Ch(t)] is primitive.

4.2.5. Recovery Overhead: Insights and Bounds

As we have seen in the previous sections, flow-based as well as history-based algorithms
recover from lost messages by subsequent successful transmissions. Hence, one would
expect that the overhead caused by message loss depends mainly on the message loss
probabilities pi,j and the probabilities for transmissions πi,j.

In this section, we show that this intuition can be confirmed in theory and observed
in practice. For the sake of a concise presentation we assume throughout this sec-
tion that the underlying graph is regular with node degree d and that the message
loss probability p = pi,j is equal for all edges (i, j) ∈ E . Moreover, we consider the
Push-Sum (Algorithm 3.2) variants Push-Flow (Algorithm 4.1) and LiMoSense (Al-
gorithm 4.4) as exemplary algorithms, i. e., πi,j = 1/d. This means, in this section we
denote by C(t), Cf (t) and Ch(t) the matrices corresponding to an execution of Push-
Sum, Push-Flow and LiMoSense, respectively. Since we consider always expectations,
we use abbreviations of the form Cf = E[Cf (t)].

Theoretical Insights

The convergence speed of sum-weight schemes is determined by spectral properties of
the matrix C = E[C(t)]. In particular, the second largest eigenvalue (in magnitude)
of C determines the convergence speed (see Sections 3.4 and A.4). Hence, in order
to quantify the overhead caused by message loss we aim at a characterization of the
spectra σ(Cf ), σ(Ch) of the extended matrices Cf , Ch in terms of the spectrum σ(C)
of C and the parameters p and d.

It is well known that for 2× 2 block matrices the determinant can be computed by
(see e. g., Silvester [2000, § 5])

det(

(
A1,1 A1,2

A2,1 A2,2

)
) = det(A2,2)det(A1,1 − A1,2A

−1
2,2A2,1), (4.15)

whenever A−1
2,2 exists. With the identity (4.15) we obtain (cf. (4.3))

det(Cf − µI) = det(K − µI) det(C̃ − µI − P (K − µI)−1R).

For both flow-based and history-based algorithms it holds that K = ckI for a certain
constant ck (see Lemmas 4.1 and 4.3). Therefore, we see that

det(Cf − µI) = det((ck − µ)I) det(C̃ − µI − (ck − µI)−1PR)

= (ck − µ)κ−n det((ck − µ)(C̃ − µI)− PR)

69



4. Computing in Unreliable Environments

Hence, because κ > n, µ ∈ C is an eigenvalue of Cf if and only if either µ = ck
holds or det((ck − µ)(C̃ − µI)− PR) = 0.

Lemma 4.5. Let λf2 and λh2 denote the second largest eigenvalues of the matrices
Cf = E[Cf (t)] and Ch = E[Ch(t)], respectively. Then it holds that

|λf2 | ≥ 1− 2
1− p
d

, |λh2 | ≥ 1− 1− p
d

.

Proof. We know that the dominating eigenvalue of the matrix Cf is one (and simple).
Hence, all other eigenvalues can serve as lower bound for the magnitude of the second
largest eigenvalue λf2 . Under the assumptions we make throughout this section, the
matrix K = (1− 2(1− p)/d)I (see Lemma 4.1). Hence, by the considerations abvove
det(Cf −µI) = 0 for µ = 1− 2(1− p)/d. The bound for |λh2 | follows analogously from
Lemma 4.3.

Under the assumptions we made in this section, Lemma 4.1 implies for Cf that
the respective non-zero elements of its sub-matrices R, P , K are equal. The same
holds for Ch as well, due to Lemma 4.3. For the sake of a concise notation, we denote
these (for Cf and Ch different) elements by cr, cp and ck, respectively. Moreover, note

that diag(C̃) = cdI and that all non-zero off-diagonal elements are equal to a certain
constant cc. As we have seen before, it holds that

det(C̃ − µI − P (K − µI)−1R) = det(C̃ − µI − (ck − µ)−1PR).

By assigning the node li,j the row/column index n + (i − 1)d + j (in Cf , Ch), it is

straightforward to verify that PR = cpr(C̃ − cdI) holds. As an example, consider for
the case of histories (cf. Definition 4.5) a complete graph with four nodes

PR = cp




0 0 0 1 0 0 1 0 0 1 0 0
1 0 0 0 0 0 0 1 0 0 1 0
0 1 0 0 1 0 0 0 0 0 0 1
0 0 1 0 0 1 0 0 1 0 0 0


 cr




1 0 0 0
1 0 0 0
1 0 0 0
0 1 0 0
0 1 0 0
0 1 0 0
0 0 1 0
0 0 1 0
0 0 1 0
0 0 0 1
0 0 0 1
0 0 0 1




=




0 1 1 1
1 0 1 1
1 1 0 1
1 1 1 0


 = cpr(C̃ − cdI) =

cpcr
cc

(C̃ − cdI).
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By the identity PR = cpr(C̃ − cdI), we observe

0 = det(K − µI) det(C̃ − µI − P (K − µI)−1R)

= (ck − µ)κ det(C̃ − µI − (ck − µ)−1PR)

= (ck − µ)κ det(C̃ − µI − (ck − µ)−1cpr(C̃ − cdI))

= (ck − µ)κ−n det((ck − µ)(C̃ − µI)− cpr(C̃ − cdI))

= (ck − µ)κ−n det((ck − µ− cpr)C̃ − ((ck − µ)µ− cprcd)I).

Hence, a general characterization of the spectra σ(Cf ) and σ(Ch) is given by

σ(C{f,h}) = {ck}∪{µ ∈ C | (ck−µ)µ−cprcd = λ(ck−µ−cpr), with λ ∈ σ(C)}. (4.16)

Note that σ(Cf ) and σ(Ch) are different, since the matrices Cf and Ch lead to different
constants ck, cpr, and cd.

Interpretation of Bounds

For algorithms whose convergence speed can be characterized by the spectral gap
1 − λ2 (cf. Section A.4), Lemma 4.5 yields factors on the overhead compared to a
failure-free scenario. For instance, Boyd et al. [2006] consider a certain kind of push-

based algorithms which need O( logn+log ε−1

1−λ2 ) iterations to deliver an ε-accurate result
at each node. Hence, flow-based and history-based variants of these algorithms require
at least O( d

1−p(log n + log ε−1)) iterations to converge on d-regular graphs, where in
case of histories the constant is larger by a factor of two. Note that this is the first
bound of its sort, because in the existing literature regarding link-based fault tolerance
mechanisms (cf. Section 4.1.2) no analytical results concerning the overhead caused by
silent message loss are available.

In general, the bounds in Lemma 4.5 indicate that the influence of the message loss
probability p is relatively small compared to the node degree d (except of the unreal-
istic case that p is close to one). This intuition is also witnessed by the experiments
we present below (see Figure 4.3). The matrices K(t) encode the frequency of (im-
plicit) recovery operations. Hence, the bounds obtained in Lemma 4.5 are topology-
independent, since they take only this frequency of local recovery operations into
account. Consequently, the higher the message loss probability, the more important
is the frequency of the failure recovery and thus, the tighter are the bounds obtained
in Lemma 4.5. If the failure recovery does not dominate (e. g., due to a low message
loss probability), the topology determines (mostly) the convergence speed (cf. (4.16)).

Observed Overhead

In the following, we exemplify that the overhead caused by message loss indeed behaves
(on the whole) as indicated by the bounds on the spectral gap we derived before.
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Figure 4.3.: Slow-down caused by silent message loss with uniform probability p is
depicted for several topologies (cf. Table 4.2). As expected, the recovery
of Push-Flow is the faster the smaller the neighborhoods of the nodes are.

First, in Figure 4.3 we depict the ratio (slow-down) between the number of iterations
required in the presence of message loss with uniform probability p (with Push-Flow)
and the respective number of iterations required to reach an accuracy of ε = 10−8 in
a failure-free environment (with Push-Sum). As a baseline, we consider a slow-down
of 1/(1− p), because if the message loss probability is p, then m/(1− p) messages are
required to successfully transmit m messages.

We see that even for extremely high rates of silent message loss the flow-based al-
gorithms compute accurate results efficiently. Moreover, Figure 4.3 highlights that
the slow-down is influenced by the purely local property of a large node degree
(cf. Table 4.2) rather than by global properties like the diameter which are known
to strongly influence the convergence speed of distributed aggregation algorithms.
Altogether, the slow-downs depicted in Figure 4.3 fully comply with our theoretical
expectations.

As a second scenario we compare LiMoSense and Push-Flow in order to exemplify
the different recovery performance of history-based and flow-based algorithms. In
particular, Figure 4.4 illustrates the increase in the number of iterations required by
LiMoSense and Push-Flow with increasing message loss. We see that Push-Flow indeed
requires substantially fewer iterations for convergence than LiMoSense even though
they are equivalent if no failures occur. However, the difference is (significantly)
smaller than the factor of two, which we observed in our idealized bounds on the
respective spectral gaps (cf. Lemma 4.5).
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Figure 4.4.: Recovery overhead and scalability of LiMoSense and Push-Flow for aver-
aging on hypercube topologies relative to a failure-free execution.

Graph #Edges
#Nodes

Node degree distribution
Diameter

Mean± std Min Max
G(256, 0.2) 14.59 29.18± 8.47 5 44 8
G(64, 0.3) 7.00 14.00± 5.14 4 25 6
ER(256, 0.025) 3.16 6.32± 2.32 1 12 6
L(256) 1.88 3.75± 0.47 2 4 30
L(64) 1.75 3.50± 0.62 2 4 14
ER(64, 0.05) 1.58 3.16± 1.62 1 7 8

Table 4.2.: Parameters of the graphs used in the experiments (cf. Figure 4.3).

4.3. Coping with Asynchronicity

As we pointed out before in Section 3.3.3, existing analytical results regarding linear
iteration-based methods do not take into account that sending messages takes sig-
nificant amount of time (cf. Section 3.4). In the simple model x(t) = C(t)x(t − 1),
a nonzero element C(t)i,j indicates a send as well as receive operation at the same
time. Hence, the assumption of negligible transmission time is inherent to this model.
However, by proceeding analogously to our fault tolerance results in Sections 4.2.2
and 4.2.4, we can construct an extended graph structure which can be used to model
the effects of asynchronous communication.

In the following, we analyze an exemplary model of asynchronous communication
closely related to the one considered by Georgiou et al. [2013] in the context of rumor
spreading. Later, we assume that the transmission of a message from node i to node j
takes τ(t)i,j iterations, where τ(t)i,j is chosen randomly from the set {τmin, τmin +
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1, . . . , τmax} (according to an arbitrary distribution). This means, if node i sends at
time t a message to node j, then node j receives the message at time t + τ(t)i,j.
Henceforth, we assume that we are given for each element C(t)j,i 6= 0 (i. e., for each
message sent) a transmission time τmin ≤ τi,j(t) ≤ τmax for the respective message to
be delivered. Furthermore, we assume that all τi,j(t) are independently drawn. In
particular, we do not require that the messages are delivered in the order they were
sent.

Analogously to our fault tolerance results, we imitate asynchronous communication
by an appropriately extended graph structure.

Definition 4.6. Let G = (V , E) be an arbitrary connected network graph. Then we
define its asynchronicity graph Ga = (Va, Ea) as follows:

1. Va := V ∪ {lτ,pi,j | (i, j) ∈ E , τmin ≤ τ ≤ τmax, 1 ≤ p ≤ τ}

2. Ea := {(i, lτ,1i,j ), (lτ,pi,j , l
τ,p+1
i,j ), (lτ,τi,j , j) | (i, j) ∈ E , τmin ≤ τ ≤ τmax, 1 ≤ p < τ}.

Moreover, we define κ := |Va/V|, i. e., |Va| = n + κ. See Figure 4.5 for an illustration
of the principle structure of Ga. //

i j

l
1,1
i,j

l
2,1
i,j l

2,2
i,j

l
3,1
i,j l

3,2
i,j l

3,3
i,j

l
4,1
i,j l

4,2
i,j l

4,3
i,j l

4,4
i,j

transmitting a message takes τ(t)i,j iterations

Figure 4.5.: Extension of edge (i, j) ∈ E in an asynchronicity graph (Va, Ea) with trans-
mission times ranging from τmin = 1 to τmax = 4.

Definition 4.7. Let the matrices C(t) be drawn from a push-distribution and τ(t)i,j
be the respective message transmission times for all C(t)j,i 6= 0. Then we define an
iteration

Ca(t) :=

(
diag(C(t)) P (t)

R(t) K(t)

)
∈ R(n+κ)×(n+κ), (4.17)

74



4.3. Coping with Asynchronicity

where the matrices R(t) ∈ Rκ×n, P (t) ∈ Rn×κ, and K(t) ∈ Rκ×κ are defined as

R(t)lτ,pi,j ,k :=

{
C(t)j,i k = i ∧ C(t)j,i 6= 0 ∧ τ = τ(t)i,j ∧ p = 1

0 otherwise
,

P (t)k,lτ,pi,j :=

{
1 k = j ∧ p = τ

0 otherwise
,

K(t)
lτ,pi,j ,l

τ ′,p′
i′,j′

:=

{
1 p+ 1 = p′ ∧ i = i′ ∧ j = j′ ∧ τ = τ ′

0 otherwise
.

//

It is straightforward to see that a sum-weight scheme with the matrices Ca(t) de-
scribes the model of asynchronous communication we introduced before: First, for

each element C(t)j,i 6= 0 we see that the respective message is sent to node l
τ(t)i,j ,1
i,j .

Thereafter, the nodes l
τ(t)i,j ,p
i,j propagate the message τ(t)i,j steps until it reaches the

intended receiver j. Moreover, a message can indeed “overtake” a previously sent
message by construction of Ga (cf. Figure 4.5).

Lemma 4.6. Let the matrices C(t) be drawn from a push-distribution and let τ(t)i,j
be the corresponding message transmission times. Then the matrices Ca(t) are also
distributed according to a push-distribution.

Proof. We show 1TC(t) = 1T in two steps: For the first n columns note that the non-
zero elements within the columns of C(t) and the first n columns of Ca are identical
by definition of the matrix R(t) in Definition 4.7. For the remaining columns, this
property follows immediately by the fact that all nodes lτ,pi,j have a single outgoing
edge, which they use in each iteration according to the definition of the matrices
K(t), P (t) in Definition 4.7. The remaining properties of a push-distribution follow
analogously to the proof of Lemma 4.2.

Lemma 4.6 and Theorem 3.1 together show that push-based algorithms can cope
with truly asynchronous message transfer. In the light of (positive) empirical results
in asynchronous environments (see, e. g., Straková [2013, § 8]) this result does not sur-
prise. On the other hand, a formal justification that push-based algorithms converge
to the correct result in the presence of asynchronous communication is clearly valu-
able, since the existing (theoretical) literature neglects this aspect. A further more
precise analysis of the impact of asynchronicity on the convergence speed appears to be
delicate. In particular, the structure of the matrix Ca(t) precludes a spectral analysis
in the spirit of Section 4.2.5. Needless to say, there are further interesting models of
asynchronous communication for which one can verify the convergence of push-based
algorithms analogously to the results we presented in this section.
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4.4. From Theory to Practice

Complementary to our (mostly) theoretical investigations, in this section we elaborate
on practical aspects concerning the fault tolerant aggregation algorithms we analyzed
before. In particular, we identify subtleties due to floating-point arithmetic and the
recovery from permanent failures. For the special case of the Push-Flow algorithm, we
show how to (partially) overcome these problems by a refined flow-based mechanism.
However, note that our results apply straightforwardly to any other flow-based algo-
rithm as well. As before, all our experimental results stem from round-based Matlab
implementations of the respective algorithms. Unless otherwise stated, all results are
averages over 100 independent runs and the initial data is for each run (indepen-
dently) drawn from a standard uniform distribution4. Since the individual deviations
from the average are in neither of the experiments substantial (cf. Niederbrucker and
Gansterer [2013]), we refrain from presenting them (visually) for the sake of a concise
presentation.

4.4.1. Weaknesses of Existing Methods [Niederbrucker, Straková, et al., 2012, § 2]

In the following, we reveal that in practice link-based fault tolerance mechanisms such
as flows and histories share two common problems. On the one hand, we illustrate
that both mechanisms lead to severe accuracy problem in floating-point arithmetic.
On the other hand, we show that in both cases the handling of permanent failures
is very inefficient since it is roughly equivalent to restarting the entire computation.
From a practical point of view, we exemplify our investigations in terms of Push-
Sum, its flow-based variant Push-Flow, and its history-based variant LiMoSense. In
the presentation of experimental results we denote by PS, PF, LMS the algorithms
Push-Sum, Push-Flow, and LiMoSense, respectively.

Numerical Inaccuracy

A central need for reliable scientific algorithms is to provide a pre-determined level of
accuracy in the results. Therefore, we expect from a robust distributed aggregation
algorithm that the local estimates x(t)i of the target aggregate α (can) satisfy at some
time t the bound ‖x(t) − α1‖∞/|α| ≤ c(n)εmach, where the quantity c(n) grows only
modestly with the number of nodes n.

Existing analyses of distributed reduction algorithms are commonly of a purely
theoretical nature and they neglect the effects of floating-point arithmetic. Moreover,
both flow-based and history-based algorithms contain operations which potentially
lead to cancellation. In the following, we exemplify the accuracy problems of link-
based fault tolerance mechanisms in terms of a simple case study.

4See Niederbrucker and Gansterer [2013] for other choices of the initial data distribution (which
eventually lead to very similar results).
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Case Study—Bus Network Consider a system consisting of n nodes, connected via
a bus-style network which only allows for communication with neighboring nodes. I. e.,
for 1 < i < n, node i can only communicate with its neighbors i − 1 and i + 1, node
1 can only communicate with node 2 and node n can only communicate with node
n − 1. We assume that every node hosts a single scalar value si and that these local
values are initialized as s1 = n+1 and si = 1 for all 1 < i ≤ n. Based on the described
environment we consider that the nodes employ Push-Flow for computing the average
over all si. The according initial states of the nodes are illustrated in the upper part
of Figure 4.6. For the sake of simplicity, in this case study we omit the weights used
in Push-Flow and assume them to be constantly one due to a regular, synchronous
communication schedule (cf. Section 3.2.2). Moreover, note that the flow variables fi,j
hosted by a node i are visually identified as outgoing arcs.

If Push-Flow is used to compute the global average (at each node) in the problem
setup we described above and if the effects of floating-point arithmetic are ignored,
the nodes reach the states depicted in the lower part of Figure 4.6. More specifically,
convergence is reached after the flow variables approached5 the values fi−1,i = −n+i−1
and fi,i−1 = n − i + 1 for all 1 < i ≤ n. Note that for a growing number of nodes
n, the target aggregate remains two in this case study, whereas the values of the
local flows grow linearly with n. Consequently, several nodes certainly experience
cancellation and accuracy problems in floating-point arithmetic, because the average
(and therefore also the local sum of flows

∑
j∈Ni fi,j) is constant, whereas the individual

flows grow linearly and cancel each other out. Even if the sum of flows is stored in a
single variable (for efficiency reasons), the updates of this variable would still lead to
inaccurate results due to the (linear) growth of the flow variables.

It is clear that the illustrated problems are not specific for Push-Flow but they are
shared by all flow-based algorithms. In history-based algorithms even more crucial
cancellation effects have to be expected, since after each successful communication the
difference hsi,j − hrj,i is computed, where neither hsi,j nor hrj,i are bounded. In case of
flows, we at least know that the local flows are bounded (e. g., by the sum over the
initial data).

The case study discussed above illustrates that various system parameters may in-
fluence the final accuracy of the results of the Push-Flow algorithm. More specifically,
the achievable accuracy depends on (i) the number of nodes, (ii) the network topology,
(iii) the initial data distribution, and (iv) the type of target aggregate. In Figure 4.7
we present experimental results which verify the aforementioned concerns about the
achievable numerical accuracy. It is apparent that the resulting accuracy of LiMoSense
and Push-Flow gets rapidly worse with increasing scale whereas Push-Sum provides
accurate results also with increasing scale. Moreover, we see that also the type of
aggregation appears to affect the achievable accuracy.

5Only because of the simplicity of the considered bus network and communication pattern, there
exists a unique limit for the flow variables. In general, the flow variables approach (depending on
the communication schedule) different values in different runs.

77



4. Computing in Unreliable Environments

1

n+ 1
. . . i

1
. . . n

1

f1,2 = 0

f2,1 = 0

fi−1,i = 0

fi,i−1 = 0

fi,i+1 = 0

fi+1,i = 0

fn−1,n = 0

fn,n−1 = 0

1

2
. . . i

2
. . . n

2

f1,2 = 1− n

f2,1 = n− 1

fi−1,i = −i

fi,i−1 = i

fi,i+1 = −i+ 1

fi+1,i = i− 1

fn−1,n = 1

fn,n−1 = −1

Figure 4.6.: Schematic representation of a bus network before (top) and after (bot-
tom) running the Push-Flow algorithm for averaging the local initial data.
Nodes are consecutively numbered from 1 to n from left to right and rep-
resented by circles. Each circle contains the index (upper part) and the
current local data (lower part) of the corresponding node i which is com-
puted as si +

∑
j∈Ni fi,j.

Restart Implied by Failure Handling

In Section 4.2 we saw how system failures can be handled in two ways via link-based
fault tolerance mechanisms. First, algorithms using these techniques recover from
(silently) lost messages just by following the steps in the algorithm. Second, perma-
nently failed components are excluded from the computation by setting the correspond-
ing flows (histories) to zero: e. g., if the link between nodes i and j fails permanently,

fi,j and fj,i (h
{s,r}
i,j and h

{r,s}
i,j ) are set to zero. In the following, we restrict our attention

(without loss of generality, see Table 4.1) to handling a single permanent link failure.

After an algorithm equipped with a link-based fault tolerance mechanism converged,
an equilibrium state is reached in which the flows (histories) describe a data flow which
guarantees that every node can locally compute the global target aggregate. Moreover,
we saw that the flows (histories) are not directly connected to the aggregate values and
they might even differ from those by orders of magnitude. Hence, if we “artificially”
set flows (histories) to zero, e. g., as a reaction to a failure in the system, the local
values of the corresponding nodes may change arbitrarily within the range of the initial
data. Therefore, this kind of recovery is roughly equivalent to a restart of aggregation.
In Figure 4.8 we show the impact of handling a permanent link failure at different
stages of the convergence. We see that the later the failure recovery takes place the
higher are the recovery costs. In particular, we observe that Push-Flow as well as
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Figure 4.7.: On the left, we compare the accuracy achieved by Push-Sum (PS) and
its fault-tolerant variants Push-Flow (PF) and LiMoSense (LMS). On the
right, we depict the difference between average and sum computations
with Push-Flow. Topology: hypercube, target accuracy ε = 10−15.

LiMoSense cause almost identical overheads. This does not surprise, since in both
cases the same “restarting” effect takes place. To exemplify this restarting behavior
we also depict the result of a single run of Push-Flow where a failure handling takes
place at iteration 75.

The basic problem of handling permanent failures in flow-based (history-based)
algorithms is that—in contrast to the local estimates, which converge to the target
aggregate—the flows (histories) converge to arbitrary values which depend on the
respective communication schedules. Thus, if we set a flow (history) to zero, we have
no control over the impact of this action on the local approximates of the target
aggregate and we observe virtually a restart of the computation. Obviously, this
behavior is not in compliance with our objective of efficient failure handling in the
sense of requirement (T4) from Section 4.1.1.

4.4.2. Improving Fault Tolerance and Accuracy
[Niederbrucker, Straková, et al., 2012, § 3]

In the previous section, we identified major issues in the failure handling and accuracy
of link-based fault tolerance mechanisms in general and of the Push-Flow algorithm
in particular. The key issue in flow-based algorithms is that the flow variables do not
converge to the target aggregate but to some value which depends on the respective
communication pattern. In the following, we introduce the Push-Cancel-Flow algo-
rithm which operates similarly to the Push-Flow algorithm with the advantageous
property that all flow variables converge to the target aggregate. Moreover, the fault
tolerance properties of Push-Flow are preserved.
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Figure 4.8.: On the left we show the relative overhead caused by handling a sin-
gle permanent link failure. The recovery takes place after the local ac-
curacy of node one reaches for the first time a threshold εf = 10−x,
x ∈ {4, 6, 8, 10, 12}. On the right, we show the impact of handling a single
permanent link failure (at iteration 75) in a single experiment. Topology:
hypercube with n = 26 nodes, target accuracy ε = 10−13.

Push-Cancel-Flow (PCF)

In order to preserve the fault tolerance properties of Push-Flow we have to stick with
the concept of exchanging flows, i. e., whatever data the nodes communicate has to be
exchanged via flows. This restriction guarantees that the resulting algorithm has the
same fault tolerance properties as the Push-Flow algorithm since its fault tolerance is
based solely on utilizing the flow concept. In the following, we describe step by step
how to derive Push-Cancel-Flow (Algorithm 4.5) from Push-Flow (Algorithm 4.1).

First of all, a local flow variable ϕi is introduced to store the sum over all local flows
of a node i. Therefore, ϕi =

∑
j∈Ni fi,j and the current local data is computed simply

as (si, wi) + ϕi. The basic idea behind the Push-Cancel-Flow algorithm is that if flow
conservation holds, i. e., fi,j = −fj,i, the flows should be added to the sums ϕi, ϕj and
afterwards, the flows should be set to zero. Proceeding this way, we ensure that the
flow variables converge to the target aggregate because they only get updated by the
current estimates of neighboring nodes (cf. Algorithm 4.1, line 10 and Algorithm 4.5,
line 31) which converge to the target aggregate per definition.

To solve this problem, in Push-Cancel-Flow we use two flow variables fi,j,1 and fi,j,2
instead of a single flow variable fi,j. At each point of time these two flows serve a
different purpose. We speak about an active flow for exchanging current data, i. e.,
for imitating Push-Flow, and a passive flow where we want to achieve (local) skew-
symmetry fi,j,· = −fj,i,· = 0. Hence, if both passive flows are zero, active and passive
flows change their roles. This procedure is continuously repeated. Moreover, control
variables ci,j ∈ {1, 2} and ri,j ∈ N are introduced. The current active flow between i
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Algorithm 4.5 Push-Cancel-Flow [Niederbrucker, Straková, et al., 2012]

Local variables: si, wi, ϕ, fi,j,1, fi,j,2, ci,j, ri,j
Initial values: ϕi ← (0, 0), {fi,j,1, fi,j,2} ← (0, 0), {ci,j, ri,j} ← 1

. . . at time t do . . .
1: for all received tuples 〈fj,i,1, fj,i,2, cj,i, rj,i〉 do
2: if ci,j 6= cj,i and ri,j = rj,i then
3: ci,j ← cj,i
4: end if
5: if ci,j = cj,i then
6: ϕi ← ϕi − (fi,j,ci,j + fj,i,ci,j)
7: fi,j,ci,j ← −fj,i,ci,j
8: if (fj,i,cci,j = −fi,j,cci,j and ri,j = rj,i) then
9: fi,j,cci,j ← 0

10: ri,j ← ri,j + 1
11: else
12: if (fj,i,cci,j = 0 and ri,j + 1 = rj,i) then
13: ci,j ← cci,j
14: fi,j,cci,j ← 0
15: ri,j ← ri,j + 1
16: else
17: if ri,j ≤ rj,i then
18: ϕi ← ϕi − (fi,j,cci,j + fj,i,cci,j)
19: fi,j,cci,j ← −fj,i,cci,j
20: end if
21: end if
22: end if
23: end if
24: end for

25: k ← choose a neighbor uniformly at random
26: fi,k,ci,k ← fi,k,ci,k + ((si, wi) + ϕi)/2
27: ϕi ← ϕi − ((si, wi) + ϕi)/2
28: send (fi,k,1, fi,k,2, ci,k, ri,k) to k

. . . handling of known permanent failures . . .
29: if link (i, j) ∈ E or node j ∈ Ni failed forever then
30: fi,j ← 0
31: Ni ← Ni\{j}
32: end if
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Figure 4.9.: The accuracy experiments shown in Figure 4.7 are repeated with Push-
Cancel-Flow. In all cases we observe substantial improvements of the
accuracy achieved.

and j is stored in ci,j and ri,j counts how often active and passive flows changed their
roles. We use the notation cci,j for denoting the complementary value of ci,j in the
sense that cci,j = 2 for ci,j = 1 and vice versa.

The additional logic for achieving the desired convergence properties of Push-Cancel-
Flow affects only the handling of received messages (lines 6–29) whereas the initial-
ization part (lines 1–5) and sending messages (lines 30–32) are completely analogous
to Push-Flow. For a received message we distinguish two cases: In the first case (lines
7–9), the receiving node gets informed about a change of active and passive flow and
updates its local values accordingly. In the second case (lines 10-29), the active flow
is included into ϕi analogously to the Push-Flow algorithm and afterwards the pas-
sive flows are processed. In the handling of the passive flows we have to distinguish
the following three cases: (i) lines 13–16: local skew-symmetry was achieved and the
process of setting the passive flows to zero is started, (ii) lines 17–21: the process of
setting the passive flows to zero was successful and the active/passive flows change
their roles, and (iii) lines 22–25: local skew-symmetry does not hold for the passive
flows and the passive flows are treated like the active flows.

Correctness and Convergence

By the fact that for the active flows nothing else than the Push-Flow algorithm is
executed it is clear that the Push-Cancel-Flow algorithm and the Push-Flow algorithm
are equivalent and produce (theoretically) identical results. Hence, the correctness and
convergence of Push-Cancel-Flow follows immediately from the respective properties
of Push-Flow. Moreover, since the aggregate data is only exchanged via flows, Push-
Cancel-Flow directly inherits all fault tolerance properties from Push-Flow.
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Figure 4.10.: The fault tolerance experiments shown in Figure 4.8 are repeated with
Push-Cancel-Flow. On the right, from the point on where the results
differ, i. e., the iteration where the failure handling takes place, the results
for Push-Flow (depicted in Figure 4.8, right) are indicated in light colors.

Summarizing, the Push-Cancel-Flow algorithm is equivalent to the Push-Flow al-
gorithm and provides the additional property that all flow variables converge to the
target aggregate which yields a better numerical behavior and a more efficient han-
dling of permanent failures. This is achieved by overlapping the actual computation
(active flows) with incorporating conserved flows in a locally stored overall sum of
flows (passive flows).

Experimental Results

To illustrate the superior fault tolerance and accuracy properties of the Push-Cancel-
Flow algorithm over the Push-Flow algorithm (and LiMoSense) we repeat the experi-
ments carried out before in Section 4.4.1.

First, in Figure 4.9 we study how the techniques introduced in Push-Cancel-Flow
influence the resulting accuracy. We see that the error increase with growing network
size is much slower than for Push-Flow and LiMoSense (cf. Figure 4.7). The second
problem which we discussed is the inefficient failure handling of the Push-Flow algo-
rithm, which leads to major fall-backs in the convergence. In Figure 4.10 the superior
fault tolerance properties of Push-Cancel-Flow are depicted by a direct comparison to
the results achieved by Push-Flow and LiMoSense. For the individual experiments in
Figures 4.8 and 4.10 (right) we used the same initial random seed, i. e., the simulated
random communication schedules are the same. Hence, since Push-Flow and Push-
Cancel-Flow behave identically for the same communication schedules and initial data
(if no failures occur), we see no difference between the two algorithms until the first
failure occurs. After the failure handling, we see that Push-Cancel-Flow tolerates the
failure without any fall-back in the convergence in strong contrast to Push-Flow.
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Figure 4.11.: A single bit b gets flipped in the flow variable of a fixed node i after
its local error was ≤ 10−8 (top) and ≤ 10−4 (bottom) for the first time.
Topology: hypercube n = 28 nodes, target accuracy ε = 10−13.

4.4.3. An Excursion to Silent Data Corruption
[Niederbrucker and Gansterer, 2013, § 4.3]

The principle of flow-based aggregation algorithms (in contrast to history-based ap-
proaches) allows also to recover from silently occurring data corruptions as long as the
original input data is not affected. That means, flow-based approaches can in princi-
ple tolerate bit flips in the flow variables fi,j but not in the initial data (s(0)i, w(0)i).
In Figure 4.11 we see for the case of Push-Flow how the position of a single injected
bit flip as well as the point of time when the failure was injected influences the con-
vergence speed. Concretely, we observe that many bit flips can be handled without
any overhead whereas certain bit flips lead to high overheads and even convergence
problems6. The positions where no overhead occurs can be explained by the fact that
in the Push-Flow algorithm (without failures) the maximal local approximation error

6Whenever the target accuracy ε = 10−13 was not achieved in one or more runs, we leave out the
respective data point in Figure 4.11. The reason for these problems is that mass conservation is
(substantially) hurt due to cancellation effects.
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‖x(t)−α1‖∞ is monotonously decreasing, i. e., we have at each point of time a certain
range of values (cf. Section 3.3.2). Consequently, whenever a bit flip does not affect
this range, it is naturally tolerated. Clearly, the later a bit flip happens, the smaller
the maximal local approximation error is and thus, the more bit flips potentially lead
to an overhead (cf. Figure 4.11). Moreover, this argumentation also shows that not
the amount of bit flips but the precise location and time of occurrence determines the
resulting overhead.

To understand better why certain bit flips even preclude the computation of correct
results we briefly recapitulate how real numbers are represented as (double precision)
floating point numbers. A real number x in double precision is usually represented as

x = (−1)s · (1 +m · 2−52) · 2e−1023

with the sign s ∈ {0, 1}, the mantissa 0 ≤ m < 252 and the exponent 0 < e < 211 − 1.
Obviously, flips in the most significant bits of the exponent can have tremendous
impact, especially if the exponent is around the bias value 1023.

In Figure 4.11 we observe for the earlier occurring bit flip only problems with the
flip of the most significant exponent bit, whereas the later occurring bit flip leads to
problems with several of the most significant bits. This observation can be explained
by the nature of flow-based algorithms where we know that the flows gently develop
(e. g., grow) over time to reach a stable equilibrium. In the case of an early bit flip, we
observe in our experiment always an exponent smaller than the bias value of 1023 (due
to the choice of the initial data). Therefore, only a change of the most significant bit
leads to a (in absolute values) huge change of the respective floating-point variable.
On the other hand, for the case of the later bit flip, we observe that the exponent
sometimes exceeds the bias and thus also flipping the next few bits has a big impact
in certain test cases.

Summarizing, we see a very diverse behavior in the handling of bit flips (depending
on several parameters) which ranges from no overhead to a convergence to wrong
results. Hence, a fully reliable protection against arbitrary bit flips can not be provided
by flow-based methods. On the other hand, it is interesting to see how and up to which
extent such an easy mechanism at the algorithmic level can cope with the problem of
silent data corruption due to bit flips.
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Lessons Learned: Provable Robustness on Detours

In this chapter we introduced and analyzed fault tolerance mechanisms for push-based
distributed aggregation algorithms (see Definition 4.1). The analysis (correctness) of
this kind of algorithms relies on the the so-called mass conservation property

∑

i∈V
(s(t)i, w(t)i) =

∑

i∈V
(s(0)i, w(0)i).

We considered a range of important failures (cf. Table 4.1) which hurt mass conserva-
tion and therefore, they lead to incorrect results. In particular, if mass conservation
is once hurt in a push-based algorithm, it can not be reestablished, because the nodes
do not have mechanisms for undoing a change of mass. In general, the difficulty in
preserving mass conservation over time originates from the fact that it is a global
constraint, whereas (in a distributed context) only local mechanisms can be used.

Our approach for coping with this problem is inspired by the flow concept from
graph theory (cf. Section 4.2.1). We proposed that every node i keeps for each of its
neighbors j ∈ Ni a flow variable f(t)i,j which describes the overall (i. e., until time t)
balance of data communicated between the nodes i and j. We showed that based on
a local data representation of

(s(t)i, w(t)i) = (s(0)i, w(0)i) +
∑

j∈Ni
fi,j(t),

it suffices for the nodes to communicate their local flow variables f(t)i,j. When receiv-
ing data, it is crucial to ensure (local) skew-symmetry by setting f(t)j,i = −f(t)i,j,
which yields the desired mass conservation. Hence, it is (indirectly) also responsible
for the ability to recover from failures. However, in this way mass conservation is
(in general) not strictly preserved globally, because it depends on all local recoveries
which (in general) do not take place at the same point of time. Therefore, it is a priori
by no means clear that this technique succeeds at providing fault tolerance at the
algorithmic level. In Section 4.2.2 we proved the correctness of flow-based algorithms
in the presence of failures by introducing so-called recovery graphs which we used to
represent the execution of flow-based algorithms in the presence of failures in a (the-
oretical) failure-free environment. Analogously, we applied this analytical approach
to also analyze history-based algorithms, which have not been fully analyzed before.
Moreover, we also derived (the first known) bounds for the overhead silent message loss
causes when using either of the aforementioned fault tolerance techniques. Similarly
to our fault tolerance results, in Section 4.3 we also analyzed an exemplary model of
asynchronous communication by means of an appropriately extended graph structure.

Last but not least, our empirical investigations in Section 4.4 revealed several prac-
tical subtleties which are common to link-based fault tolerance mechanisms. In par-
ticular, we experienced severe inaccuracies and large overheads in the handling of per-
manent failures. For flow-based algorithms, we showed how to (partially) overcome
these issues by introducing a refined variant of the flow concept.
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When to stop a computation (locally)?

So far our results concerned the convergence of distributed aggregation algorithms
(Chapter 3) as well as the development of fault tolerance mechanisms at the algo-
rithmic level (Chapter 4). Throughout the previous chapters we left open how to
terminate (in practice) the algorithms we investigated. For the sake of concreteness,
recall Algorithm 2.2 which we introduced as a prototypical skeleton of the kind of
distributed aggregation algorithms we elaborate on in this thesis.

1: ai ← initial contribution from node i
2: while not ε-accurate do
3: pick a node k ∈ Ni and send ai to node k
4: wait for a message aj from a node j ∈ Ni
5: ai ← combine ai, aj according to the target aggregate function
6: end while

Even though local convergence criteria for distributed algorithms of an iterative
nature are obviously necessary and crucial for real-world applications, the need for
such criteria is—to the best of our knowledge—almost entirely neglected in the existing
literature. According to our definition of the problem (cf. Section 5.1), the only method
for local convergence detection we are aware of is due to Kempe and McSherry [2004].
However, their approach is not in compliance with our assumptions on distributed
environments, because among others it itself involves particular aggregations where
the problem of convergence detection is left open (again). Moreover, existing work
concerning the convergence detection of asynchronous parallel iterative algorithms
(see, e. g,. Bertsekas and Tsitsiklis [1989]; Savari and Bertsekas [1996]; Bahi et al.
[2005]; Charr et al. [2010]) does not apply in our context.

Implicitly formulated convergence criteria are by no means unique to the analysis of
distributed (aggregation) algorithms and frequently appear—most commonly for the
sake of convenience—in algorithm descriptions in numerical analysis. However, in case
of (parallel) numerical algorithms, often explicit and easily computable convergence
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criteria can be straightforwardly found. For instance, the evaluation of an appropriate
residual leads in many cases to a meaningful convergence criterion (see Section 6.2.3
for an example).

In this chapter, we address the problem of deciding locally at a node whether its
local estimate is ε-accurate (see Definition 2.1). Needless to say, the effort for esti-
mating the currently achieved accuracy should not dominate the overall complexity.
This means that we are restricted to methods with a constant time (per iteration) and
space complexity, due to the simplicity of the distributed aggregation algorithms we
consider. In a truly distributed environment, the only information which a node can
exploit is its local data. In particular, we assume that the nodes do not have any global
information, e. g., about the (entire) topology or the initial data. Hence, by definition
it appears impossible to provide generic methods which provably provide always the
right decision. Consequently, we aim at developing well-performing heuristics based on
a solid theoretical background (see Section 5.3). Moreover, we complement our theo-
retical results by a comprehensive set of experiments which illustrate the performance
of the methods we propose (see Section 5.4). Our considerations build upon our generic
convergence results (cf. Section 3.4), which provide essential a priori information on
the convergence behavior of the distributed algorithms we address.

5.1. Objectives and Prerequisites

As we have seen in the previous chapters, the distributed aggregation algorithms we
consider in this thesis produce locally at each node a sequence of estimates of the
target aggregate α. For the sake of a concise representation we restrict our attention
in this chapter to a fixed node without referring explicitly to it. This means, instead
of a sequence of local estimates (x(0)i, x(1)i, . . . ) for an arbitrary but fixed node i,
throughout this chapter we simply consider a sequence of local estimates (xm) =
(x0, x1, . . . ), which converges to the target aggregate α. Moreover, we assume without
loss of generality that xi 6= xi+1 for all i, i. e., we ignore iterations where a node
does not change its local estimate. Our objective is to provide an estimate ε̃ for the
accuracy of xi, i. e., ε = ‖xi − α‖/‖α‖, solely based on the respective local knowledge
{x0, x1, . . . , xi}. Recall that we can only effort constant additional time and space.
Therefore, we can never have the entire set {x0, x1, . . . , xi} at hand, but only a fixed
number of (its most recent) elements. From a practical point of view, the computed
estimate ε̃ has to be judged with respect to two criteria (cf. Section 5.4): correctness
(ε̃ ≥ ε) and quality (ε̃ ≈ ε). Note that the correctness requirement implies that
we do not want to terminate too early (without having reached the target accuracy),
whereas the quality requirement implies that we want to keep the number of additional
(“unnecessary”) iterations as low as possible. Moreover, in an application context we
have to expect not only scalar aggregations, but most commonly vector aggregations1.

1We did not explicitly investigate vector aggregations so far, because in the context of the previous
chapters a vector aggregation is simply a simultaneous execution of (many) scalar aggregations.
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Figure 5.1.: We depict the maximum and the median over all local approximation
errors for a single run of Push-Sum on a hypercube (left) and a square
lattice (right), both with n = 1024 nodes.

Therefore, we assume that (xm) is a sequence of k-dimensional vectors, i. e., xi ∈ Rk

for all i ∈ N. Regarding the convergence of the sequence (xm), we know from our
convergence results (cf. Section 3.4) that there exist constants c ∈ (0,∞) and r ∈ (0, 1)
such that

‖xi − α‖ ≤ cri. (5.1)

See Figure 5.1 for exemplary illustrations of the convergence behavior of the Push-Sum
algorithm (cf. Algorithm 3.2). Beyond this upper bound on the convergence speed, our
convergence results do not provide further insights which could be exploited locally.
Note that the bound (5.1) does not only hold in the failure-free case, because we
proved the convergence of our fault tolerant algorithms by the convergence results for
the failure-free case (cf.Section 4.2).

In our formal treatment, we do not refer to a specific norm in (5.1). However, we
only consider norms which fulfill for vectors x, y (besides the usual axioms) that x ≤ y
(elementwise) implies ‖x‖ ≤ ‖y‖. This holds, for instance, for the Euclidean norm ‖·‖2

and the uniform norm ‖ · ‖∞. Hence, for the sake of simplicity, we can (in theoretical
results) always assume c = 1, since ‖ · ‖c = ‖ · ‖/c is for any norm ‖ · ‖ a norm as well.
Nevertheless, we have to (approximately) determine this constant within our methods.
The upcoming Section 5.2 contains an elaboration on this subject.

Since we know that the convergence rate of the algorithms we target is bounded by r,
it is important to understand how to approximate this quantity by local information
only. As a first step, we show in the following lemma how to bound r from below.
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Lemma 5.1. Given a sequence (xm) of local estimates, then for all indices i < j it
holds for the convergence rate r that

r ≥
(‖xi − xj‖

2

) 1
i

Proof. By the triangle inequality we obtain

‖xi − xj‖ = ‖(xi − α)− (xj − α)‖
≤ ‖xi − α‖+ ‖xj − α‖
≤ ri + rj = ri(1 + rj−i)

≤ 2ri.

Moreover, by taking logarithms we get

log

(‖xi − xj‖
2

)
≤ i log(r)

1

i
log

(‖xi − xj‖
2

)
≤ log(r)

(‖xi − xj‖
2

) 1
i

≤ r.

Lemma 5.1 shows that we easily get a lower bound of r by comparing the results
of subsequent iterations, i. e., by measuring ‖xi − xi+1‖. However, so far we have
no information about the quality of this bound. As the following lemma shows, the
influence of an observed distance ‖xi − xj‖ in the lower bound for r we obtained in
Lemma 5.1 decreases fast with an increasing number of iterations.

Lemma 5.2. In the setting of Lemma 5.1, let ‖xi− xj‖ = δ2ri with δ ∈ (0, 1). Then,
the convergence rate r is given by

r =

(‖xi − xj‖
2

) 1
i

δ
1
i .

Proof. Use the proof of Lemma 5.1 with ‖xi−xj‖ = δ2ri instead of ‖xi−xj‖ ≤ 2ri.

From Lemma 5.2 we can see the regulating effect of an increased number of itera-
tions, because even if the (observed) quantity ‖xi − xj‖ is far away from the theoreti-
cally assumed maximal value, we get a bound of high quality due to limi→∞ δ1/i = 1
for 0 < δ < 1.
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5.2. Cooperative Parameter Estimation

As a prerequisite, we consider the problem of estimating the parameters c and r
in the bound ε = ‖xi − α‖ ≤ cri (cf. (5.1)). As always in this chapter, we only
permit a constant (additional) effort per processing a local estimate xi. Besides local
computations, we can also exploit that the nodes run a distributed aggregation. In
particular, we can append small amounts of data to the messages used within the
aggregation without increasing the overall complexity significantly. More specifically,
we consider appending data to be appropriate as long as the appended data does not
depend on the dimension of the data to be aggregated.

5.2.1. Estimation of c

Obviously, the constant c is fully determined by the initial data, since ‖x0−α‖ ≤ c. In
case of a scalar aggregation, a bound for the constant c can be determined straightfor-
wardly by computing the minimum xmin and maximum xmax over the initial data of all
nodes. As mentioned before, these discrete aggregations can be done simultaneously to
the actual continuous aggregation by appending data to the messages. It is easy to see
that discrete aggregations converge much faster than continuous aggregations, when-
ever the same communication schedule (and topology) is used. Therefore, the nodes
will always obtain the correct value for xmin, xmax in reasonable amount of time. How-
ever, a node never knows whether the obtained values represent the global extrema.
Having the extremal values xmin, xmax at hand, it is clear that c ≤ xmax−xmin. In case
of vector aggregations, the nodes can first find the extremal values within their initial
vector (locally) and subsequently proceed analogously to the case of scalar aggrega-
tions. Depending on the intended norm to be used, it can be required to account for
the dimension of the aggregation in the local estimation of c. For instance, if xi ∈ Rk,
it holds that c ≤ xmax−xmin with respect to ‖ · ‖∞, whereas c ≤

√
k(xmax−xmin) with

respect to the Euclidean norm ‖ · ‖2.

5.2.2. Estimation of r

In principle, we can estimate the convergence rate r in the same spirit as the constant c.
By Lemma 5.1 we can compute for each newly computed local estimate xi+1 an upper
bound for r by measuring ‖xi+1 − xi‖. Since we obtain in each step an upper bound
for r, it makes sense to keep the maximum over all these bounds as the approximation
to be used. This involves two steps: First, whenever a node computes a new bound r̃
for r, it keeps the maximum of r̃ and the (best) bound it obtained so far. Second, the
nodes append their (currently) best bound of r to the exchanged messages in order to
provide all nodes with the best known bound for r. Since r is a scalar, this additional
computation comes in any case for minor additional costs. Due to the fact that the
bounds we can compute for r by Lemma 5.1 tend to improve over time (cf. Lemma 5.2),
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this aggregation is unlikely to converge in a strict sense, but nevertheless it provides
the nodes with better and better bounds over time.

5.2.3. A Minimalist Approach for Accuracy Estimation

Basically, the ability of being able to estimate the parameters c and r already yields
a simplistic way of convergence detection, since one can easily deliver c̃r̃i as an es-
timate for accuracy at iteration i, whenever c̃, r̃ are (reasonably) good estimates of
c, r. Of course, this approach considers inherently the worst case, because it bounds
the entire range of potential local estimates. Therefore, the computed bounds can
be seen as global rather than local bounds (even though they are computed locally).
This means that this simplistic approach emphasizes correctness (ε ≤ ε̃) rather than
quality (ε ≈ ε̃). On the other hand, since receiving once a “bad” value can substan-
tially worsen a local estimate which was “good” before, such a worst case strategy
is by no means inappropriate. The only drawback of the approach is that it heavily
relies on the quality of the estimation of r which improves with increasing number of
iterations (cf. Lemma 5.2). Therefore, this approach works the better the slower the
aggregation converges (i. e., the larger r is). In Section 5.4 we illustrate this intuition
by experiments on various network topologies (which lead to different convergence
rates).

5.3. Keeping Means: Bound and Float

On top of the parameter estimation from the previous section, in this section we
propose a refined method for accuracy estimation which exploits several properties of
means. Given a sequence of local estimates (xm) with limit α, the sample mean for its
initial subsequence {x1, . . . , xm} is defined as x̄m =

∑m
i=1 xi/m. In the context of this

chapter we have never the entire sequence (xi) at hand. Therefore, it is important to
see that the sample mean can be computed “online” via the identity

x̄m+1 = x̄m + (xm+1 − x̄m)/(m+ 1). (5.2)

As one can see from (5.2), the online computation of a sample mean involves only
a cheap update operation. Therefore, we do not have to keep (a range of) previous
estimates when we consider means.

5.3.1. Overview

With our assumptions on the convergence of sequences of local estimates (xi) it is
easy to see that also limm→∞ x̄m = α. The apparent drawback of means in our setting
is, that the sequence (x̄i) converges slowly compared to the sequence (xi) (O(1/m)
vs. O(rm)). On the other hand, this slow convergence leads (from some iteration on) to
a monotone convergence (in ‖ · ‖). Among others, the utilization of this monotonicity
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plays an important role in our considerations below. In order to bypass the inherent
problem of slow convergence of means, we consider the following kind of sequences of
means.

Definition 5.1. Given a sequence of local estimates (xi), we call a sequence (x̄i) a
k-corresponding sequence of means if for all i ≥ k the elements x̄i are given by (5.2). //

Analogously to the sample mean, one can easily show that every k-corresponding
sequence of means converges to the target aggregate α. In a nutshell, the method
we introduce in the following sections aims at exploiting the beneficial properties of
means and at overcoming their weaknesses by keeping four means. Two for getting
accuracy bounds (bounding means) and two for improving the convergence speed (float-
ing means). The two bounding means can be imagined as monotonically converging
“upper” and “lower” bounds for the limit α. In contrast to that, the floating means
are intended to be close to the most recently seen local estimates xi. Hence, they
are (first) neither expected to be bounds for α nor to converge monotonically. The
acceleration property of the floating means comes from the effect that the floating
means eventually also turn into bounds (due to the slow convergence of the mean).
Thereafter, they can serve as improved bounding means and new floating means have
to be appropriately chosen for a further improvement of the bounding means.

5.3.2. Auxiliary Results

In the following, we study which conditions are necessary to guarantee monotonic
convergence of a k-corresponding sequence of means to the limit α. Afterwards we
show how to derive estimates for α with corresponding accuracy bounds using such
monotonically converging means. First, consider the following elementary assertion
regarding the convergence behavior of means.

Lemma 5.3. Let (xm) be a sequence of local estimates and (x̄m) a k-corresponding
sequence of means. Then, for all i ≥ k, ‖x̄i−α‖ ≥ r(i+1) implies ‖x̄i+1−α‖ ≤ ‖x̄i−α‖.

Proof. By the definition of x̄i we see that

‖x̄i+1 − α‖ =

∥∥∥∥
ix̄i + xi+1

i+ 1
− α

∥∥∥∥

=
1

i+ 1
‖i(x̄i − α) + (xi+1 − α)‖

≤ 1

i+ 1
(i‖x̄i − α‖+ ‖xi+1 − α‖)

≤ 1

i+ 1
(i‖x̄i − α‖+ r(i+1))

≤ ‖x̄i − α‖.
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5. while (not ε-accurate) do . . .

Lemma 5.3 gives a sufficient condition that x̄i+1 cannot be worse than x̄i (as es-
timate for α). As a logical next step we investigate which (additional) assumptions
guarantee that a k-corresponding sequence of means converges monotonously to the
target aggregate α.

Lemma 5.4. Let (xm) be a sequence of local estimates and (x̄m) a k-corresponding
sequence of means. If i ≥ k, i ≥ − log(r)−1 and

‖x̄i − g‖ ≥ r(i+1)

(
1 +

1

i(1− r)

)
,

then ‖x̄j − α‖ ≥ ‖x̄j+1 − α‖ holds for all j ≥ i.

Proof. According to Lemma 5.3 we just have to show that ‖x̄j −α‖ ≥ r(j+1) holds for
all j ≥ i ≥ − log(r)−1. First observe that by the reverse triangle inequality we get

‖x̄j − α‖ = ‖1

j

(
ix̄i +

j∑

k=i+1

xk

)
− α‖ =

1

j
‖i(x̄i − α) +

((
j∑

k=i+1

xk

)
− (j − i)α

)
‖

=
1

j
‖i(x̄i − α)−

j∑

k=i+1

(α− xk)‖

≥ 1

j

∣∣∣∣∣‖i(x̄i − α)‖ − ‖
j∑

k=i+1

(α− xk)‖
∣∣∣∣∣ .

Again by the triangle inequality we see that

‖
j∑

k=i+1

(α− xk)‖ ≤
j∑

k=i+1

‖(α− xk)‖ ≤
j∑

k=i+1

rk =

j∑

k=i+1

rk

By applying the formulas for the (finite) geometric series (recall that r < 1) we get

j∑

k=i+1

rk =

(
j∑

k=0

rk −
i∑

k=0

rk

)
=

(1− r(j+1))− (1− (r(i+1)))

1− r

=
r(i+1) − r(j+1)

1− r ≤ r(i+1)

1− r .

By our assumptions on ‖x̄i − α‖ we get that

1

j

∣∣∣∣∣i‖x̄i − α‖ − ‖
j∑

k=i+1

(α− xk)‖
∣∣∣∣∣ ≥

1

j

(
ir(i+1)

(
1 +

1

i(1− r)

)
− r(i+1)

1− r

)

=
1

j
(ir(i+1)) ≥ r(j+1).
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5.3. Keeping Means: Bound and Float

To show in the last step that ir(i+1) ≥ jr(j+1), we used that the function ϕ(x) :=
xr(x+1) is monotonously decreasing for x ≥ − log(r)−1 since x = − log(r)−1 is the
single extremal value of ϕ.

Obviously, it holds that limi→∞(1+(i(1−r))−1) = 1. Therefore, the simple require-
ment in Lemma 5.3 asymptotically leads to monotonic convergence. This highlights
how slow and regular k-corresponding sequences of means converge. In the following,
we additionally derive a similarly shaped requirement on the monotonic convergence
which is already fulfilled after a finite number of iterations.

Corollary 5.5. Let (xm) be a sequence of local estimates and (x̄m) a k-corresponding
sequence of means. Then there exists an i ≥ k such that for all j ≥ i, ‖x̄j − α‖ ≥ rj

implies the monotonic convergence of (xm).

Proof. According to Lemma 5.4 we have to find an i such that r(1 + (i(1− r))−1) ≤ 1.
For r ∈ (0, 1) we get

ri(1− r) + r ≤ i(1− r)

i− ir + 1 ≤ ir−1 − i
i−1 ≤ r−1 − 2 + r.

Since r−1 − 2 + r = r−1(1− r)2 > 0, we can always choose i = d(r−1 + r − 2)−1e.
While monotonic convergence is the property which we exploit with the bounding

means (valid bounds only get better over time), we also need criteria for deciding
whether the floating means already turned into bounds or not. Therefore, in the
following lemma we derive conditions which are sufficient to gain bounds for the limit
α in terms of two means.

Lemma 5.6. Let (xm) be a sequence of local estimates and (v̄m), (w̄m) k-corresponding
sequences of means with v̄i ≤ w̄i. If v̄i ≤ xi ≤ w̄i and ‖xi − v̄i‖, ‖w̄i − xi‖ > ri, then
v̄i ≤ α ≤ w̄i holds.

Proof. We know that ‖xi − α‖ ≤ ri. Assume that v̄i ≤ α ≤ w̄i does not hold, then
either α < v̄i ≤ xi or xi ≤ w̄i < α holds. For α < v̄i ≤ xi we get a contradiction, since

ri < ‖xi − v̄i‖ ≤ ‖xi − α‖ ≤ ri.

Analogously, we get for xi ≤ w̄i < α the contradiction

ri < ‖w̄i − xi‖ ≤ ‖α− xi‖ ≤ ri.

Note that Corollary 5.5 implies for the bounds deduced by Lemma 5.6 that (for a
sufficiently late iteration i) at least one of the means converges monotonously to α. By
the ability to bound α in terms of two means x̄i, ȳi, we can also provide estimates for
the limit α, e. g., (x̄i + ȳi)/2 with corresponding accuracy bound ‖(x̄i + ȳi)/2− α‖ ≤
‖(ȳi − x̄i)/2‖.
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5. while (not ε-accurate) do . . .

5.3.3. Bound-and-Float Algorithm

Algorithm 5.1 Bound-and-Float algorithm for a k-dimensional aggregation

Local variables: x̄, ȳ, v̄, w̄ ∈ Rk, r̃, c̃ ∈ R

1: x̄, ȳ, v̄, w̄ ← pick initial means (e. g., x̄← 1
2
x0, ȳ ← 7

8
x0, v̄ ← 9

8
x0, w̄ ← 3

2
x0)

2: for each local estimate xi do
3: update estimates r̃, c̃ of r and c (cf. Section 5.2)
4: update x̄, ȳ, v̄, w̄ according to (5.2) by xi
5: for j ← 1 to k do
6: if [xi]j < v̄j then
7: ūj ← 2[xi]j − v̄j, x̄j ← min(x̄j, v̄j)
8: end if
9: if [xi]j > w̄j then

10: v̄j = 2[xi]j − w̄j, ȳj ← max(w̄j, ȳj)
11: end if
12: end for
13: if ‖ū− xi‖ > c̃r̃i and ‖v̄ − xi‖ > c̃r̃i then
14: x̄← ū, ȳ ← v̄
15: ū← (x̄+ ȳ)/2− (ȳ − x̄)/100
16: v̄ ← (x̄+ ȳ)/2 + (ȳ − x̄)/100
17: end if
18: deliver α̃ = (x̄+ ȳ)/2 as estimate for α
19: deliver ε̃ = ‖x̄− ȳ‖/‖x̄+ ȳ‖ as estimate for ‖α− α̃‖/‖α‖
20: end for

In this section, we put together the insights which we previously obtained in order
to derive a method for the local accuracy estimation. More concretely, Algorithm 5.1
is an implementation of the idea of bounding and floating means (cf. Section 5.3.1).
As mentioned earlier, we keep four means, the bounding means (x̄, ȳ) and the float-
ing means (v̄, w̄). Moreover, we employ our parameter estimation techniques from
Section 5.2 to obtain estimates for the constants r and c.

Initially, all four means have to be determined using only the initial local estimate x0.
We propose to chose the four means symmetrically around x0 (line 1). Subsequently,
it is necessary to algorithmically ensure x̄ ≤ v̄ ≤ w̄ ≤ ȳ according to our objective and
the interpretation of the different means. This can be easily done for each new local
estimate xi (lines 4–9). The decision whether the floating means turn into bounds
(line 11) is based on Lemma 5.6. Therefore, this decision relies on a good estimates
of r and c (cf. Section 5.2). Due to the inaccuracies in the estimation of r and c, this
decision can be (slightly) wrong for some iterations. However, the slow convergence
of means leads over time to monotonic convergence and consequently to valid bounds.
Therefore, it can happen that wrong conclusions are drawn temporarily, but these
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5.4. Experimental Results

mistakes get corrected quickly by the slow convergence of the (bounding) means. In
case the floating means turn into bounding means, new floating means have to be
determined. Analogously to our initial choices for the means, we propose to choose
ū, v̄ symmetrically around the arithmetic mean (x̄+ ȳ)/2 of the bounding means x̄, ȳ.

In general, both the initial choice of the means and the update of the floating
means can be done in many ways, which certainly impacts the performance of the
predictions. Our parameter choices in Algorithm 5.1 are made such that we obtain
good results on various topologies rather than excellent results on a particular topology
(cf. Section 5.4). Finally, note that Algorithm 5.1 indeed introduces only a constant
additional time and space complexity (per iteration) as we required previously.

5.4. Experimental Results

In this section, we evaluate empirically how well the methods which we proposed
in the previous sections work in practice. In particular, we investigate the influ-
ence of the topology as well as the difference between scalar and vector aggregation
on the quality of the accuracy estimation. As extreme cases we include complete
graphs and (square) lattices, since these topologies lead to a very fast and very slow
convergence, respectively. Following a description of the methodology behind our
experiments (Section 5.4.1), we depict results concerning both the simple parameter
estimation approach (Section 5.2.3) and the bound-and-float algorithm (Section 5.3.3).
Furthermore, in Section 5.4.4 we give an interpretation of our empirical observations.

5.4.1. Methodology

Our objective was to provide methods which deliver (locally at each node) an esti-
mate ε̃ of the current local accuracy ε. As mentioned earlier in Section 5.1, we judge
our methods for accuracy estimation (convergence detection) with respect to two cri-
teria: correctness (ε̃ ≥ ε) and quality (ε̃ ≈ ε). In order to evaluate these criteria we
focus in our experiments on the ratio χ = ε/ε̃. This means that the requirements of
correctness and quality translate to χ ≤ 1 and χ ≈ 1, respectively. We consider the
following experimental setup:

Algorithm: As a concrete aggregation algorithm satisfying the model assumption re-
garding the convergence ‖xi − α‖ ≤ cri (cf. (5.1)), we employ in all our results
the Push-Sum algorithm (see Algorithm 3.2). We expect that the utilization
of this particular algorithm does not bias the results (qualitatively), since the
employed algorithm only influences the convergence rate r, which can be equally
well varied by considering different topologies.

Topology: We consider a selection of topologies which substantially differ in their na-
ture. In Table 5.1 we summarize the most important parameters of the topologies
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5. while (not ε-accurate) do . . .

we employ in our experiments. In particular, one can observe that there are huge
differences in the achievable convergence speed (rate r).

nodes degree diameter iterations to reach ε = 10−14

G(64, 0.4)1 64 20.46± 1.82 4 299.25± 81.94
G(256, 0.3) 256 54.98± 2.46 5 484.24± 65.64
G(1024, 0.2) 1024 106.44± 0.66 8 1093.64± 61.50

Hypercube
64 6 6 152.22± 12.24
256 8 8 178.40± 9.20
1024 10 10 185.25± 8.45

Complete graph
64 63 1 92.17± 2.54
256 255 1 97.14± 1.61
1024 1023 1 99.31± 1.20

Square lattice
64 3.50± 0.62 14 1303.60± 27.64
256 3.75± 0.47 30 5589.20± 87.74
1024 3.88± 0.34 62 22880.20± 494.34

Table 5.1.: Graphs (and their properties) we use in our experiments. The rightmost
column depicts mean and standard deviation over 100 independent runs
with target accuracy ε = 10−14.

Initial data: We consider scalar, as well as vector aggregations. In all cases the input
data is drawn from the uniform distribution over [0, 1]k. Again, we expect that
this particular choice of the initial data does not bias the results significantly.

Results: For each experiment, we fix a topology, the dimension k of the aggregation,
as well as the method for accuracy estimation. Based on this setup, we run a
(round-based) implementation of the Push-Sum algorithm until all nodes reach
a target accuracy of ε = 10−14 and store the ratio χ(i)j = ε(i)j/ε̃(i)j for all
nodes j and all iterations i.

In order to illustrate up to which extent we can meet our correctness and quality
requirements, we depict for each iteration i two quantities: the maximum (cor-
rectness) and the median (quality) of all local estimation ratios χ(i)j. Moreover,
we do not present results from a single experiment but instead repeat all exper-
iments 100 times3, in order to account for the randomness in the experiments.
As an overall result, the illustrated data points in our plots are computed as
statistics over all 100 experiments. In particular, we show the maximum of all
maxima and the median of all medians.

2G(n, d) denotes a random geometric graph with n nodes and radius d (cf. Section A.4).
3In case of random geometric graphs, we consider ten independently generated graphs and repeat

each experiment ten times, in order to account for the randomness in the construction of random
geometric graphs.
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5.4. Experimental Results

Note that in our experiments we do not tune parameters with respect to specific
topologies. This means that we run our accuracy estimation methods in all our ex-
periments with the standard parameters. Consequently, by well-chosen parameters
one can further improve the presented results. Up to which extent the search for such
parameters is feasible in practice depends on the respective application.
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5. while (not ε-accurate) do . . .

5.4.2. Experiments: Simple Parameter Estimation
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Figure 5.2.: Convergence detection based on simple parameter estimation, network
topology: random geometric graph G(n, d), n ∈ {64, 256, 1024} nodes,
communication range d ∈ {0.4, 0.3, 0.2}, and aggregate dimension k ∈
{1, 16}.
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Figure 5.3.: Convergence detection based on simple parameter estimation, network
topology: hypercube, n ∈ {64, 256, 1024} nodes, and aggregate dimension
k ∈ {1, 16}.
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Figure 5.4.: Convergence detection based on simple parameter estimation, network
topology: square lattice, n ∈ {64, 256, 1024} nodes, and aggregate dimen-
sion k ∈ {1, 16}.
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Figure 5.5.: Convergence detection based on simple parameter estimation, network
topology: fully connected, n ∈ {64, 256, 1024} nodes, and aggregate di-
mension k ∈ {1, 16}.
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5. while (not ε-accurate) do . . .

5.4.3. Experiments: Bound-and-Float Algorithm
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Figure 5.6.: Convergence detection based on bound-and-float algorithm, network
topology: random geometric graph G(n, d), n ∈ {64, 256, 1024} nodes,
communication range d ∈ {0.4, 0.3, 0.2}, and aggregate dimension k ∈
{1, 16}.
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Figure 5.7.: Convergence detection based on bound-and-float algorithm, network
topology: hypercube, n ∈ {64, 256, 1024} nodes, and aggregate dimen-
sion k ∈ {1, 16}.
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Figure 5.8.: Convergence detection based on bound-and-float algorithm, network
topology: square lattice, n ∈ {64, 256, 1024} nodes, and aggregate di-
mension k ∈ {1, 16}.
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Figure 5.9.: Convergence detection based on bound-and-float algorithm, network
topology: fully connected, n ∈ {64, 256, 1024} nodes, and aggregate di-
mension k ∈ {1, 16}.
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5. while (not ε-accurate) do . . .

5.4.4. Interpretation of Results

In all of the experiments we show in Figures 5.2–5.9 it is apparent that there exists
an initial period where the maximal ratios χ(i)jmax can be very big, i. e., the worst
accuracy estimation is very incorrect. This behavior has to be expected, because it
takes a while until all nodes obtain good local estimates for the (global) constants c
and r in the bound (5.1), which are crucial for deriving good estimates for the local
accuracy.

Both of the methods we developed in this chapter for accuracy estimation can be
seen as methods for estimating the worst local accuracy (in the entire system) locally
at each node. Therefore, there a gap between the maximal ratios χ(i)jmax and the
median ratios χ(i)jmed

is inevitable. Exactly as one would expect with respect to
Figure 5.1, we see that this gap is (nearly) constant in all our experiments.

Regarding the four different topologies we utilized in our experiments, we observe a
tremendous difference between the results obtained for complete graphs (Figures 5.5
and 5.9) and all other topologies. In particular, we see that the local accuracy esti-
mates are in principle correct, whereas their quality decreases rapidly with an increas-
ing number of iterations. On complete graphs we face (with respect to convergence
detection) two problematic aspects. On the one hand, the convergence is very fast and
on the other hand, all nodes can communicate with each other. This implies that there
is no “locality” and hence, the local estimates for the target aggregate α can change
quickly. Therefore, our accuracy estimation methods cannot cope with the high speed
of convergence we observe in complete graphs.

In general, we can see that the bound-and-float algorithm delivers (slightly) better
results than the simple parameter estimation. Our results reveal two different kinds
of weaknesses within both of these methods. First, in certain situations the ratios
χ(i)j show a wrong trend (see, e. g., Figures 5.2 and 5.6). This wrong trend is due
to the error-prone approximation of the convergence rate r and can be (partially)
corrected by an appropriately parametrized estimation of r, i. e., either by employing
Lemma 5.2 or by scaling the obtained values for r by a suitable factor. In particular,
such a parametrized estimation of r is important for the case of complete graphs.
In case the ratios χ(i)j show the right trend (i. e., they are constant) one can still
face the problem of a permanently biased estimation of the local accuracy (see, e. g.,
Figures 5.4 and 5.8). However, one can easily cope with this issue by scaling the
accuracy estimations by a (topology-dependent) constant factor.

Altogether, we can conclude that the presented methods can estimate the local
accuracy achieved so far reasonably well. This holds especially for topologies which
lead to a reasonably slow convergence. Moreover, if additional topology-dependent
parameters are available one can even expect (substantially) better results. Needless to
say, the availability of such parameters depends on the particular application context.
In particular in the context of distributed computing it is highly questionable whether
appropriate parameters can be found. Hence, we refrained from giving detailed results
for parametrized cases.
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Lessons Learned: (In)Sufficiency of Local Methods

All distributed aggregation algorithms we investigate in this thesis are of an iterative
nature (cf. Algorithm 2.2). More concretely, each node computes locally a sequence
(xm) which converges to the target aggregate α. In the existing literature, the problem
of convergence detection (for the algorithms we consider) is almost entirely neglected,
i. e., it is common practice to assume that a computation aborts as soon as the local
error ε = ‖xi − α‖/‖α‖ reaches a predefined threshold. In this chapter, we developed
methods for providing an estimate ε̃ of ε, which can be used to detect convergence in
practice. With the application of convergence detection in mind, we judge estimates
ε̃ of ε according to correctness (ε̃ ≥ ε) and quality (ε̃ ≈ ε). Due to the simplicity of
the aggregation algorithms we target, our restriction to methods with constant space
and time (per processing a local estimate xi) complexity is self-evident. More complex
methods for convergence detection would dominate the complexity of the overall ag-
gregation, which is certainly unwanted from a practical point of view. Since we assume
a distributed environment where the nodes are limited to their local knowledge, it ap-
pears impossible to provide generic methods which provably provide always correct
estimates (of high quality). However, we have seen that theoretically well-founded
heuristics can achieve good results in practice.

The starting point for our investigations was the a priori bound of ‖xi − α‖ ≤ cri

on the convergence of the respective sequence of local estimates (for the target ag-
gregate α), where c ∈ (0,∞) and r ∈ (0, 1). Consequently, in Section 5.2 we first
investigated up to which extent we can find (good) estimates c̃, r̃ for the constants c
and r, locally at each node. Having such estimates at hand, a straightforward accuracy
estimate of ε̃ = c̃r̃i (at iteration i) can be made. We have seen theoretically as well
as empirically that this estimation gets more accurate with an increasing number of
iterations. Hence, the slower the respective algorithm converges (i. e., the larger r is),
the better becomes the estimation with respect to a fixed target accuracy. In order to
provide better estimates we introduced the bound-and-float algorithm (cf. Section 5.3),
which also employs the aforementioned parameter estimation. In the bound-and-float
algorithm we utilize (sample) means in order to provide good accuracy estimates ε̃. In
particular, we keep four means: two (bounding means) for obtaining correct bounds
and two (floating means) for ensuring a high quality of the estimation. The inter-
play of these four means allows to exploit the slow convergence of means regarding
correctness (ε̃ ≥ ε) and to overcome the same regarding quality (ε̃ ≈ ε).

Our experiments (see Section 5.4) illustrate that especially the bound-and-float algo-
rithms provides (on various topologies) good accuracy estimates for reasonable costs.
In particular, we have seen a high quality of the results without choosing determining
topology-dependent parameters. Hence, further improvements can be easily achieved
by more specific choices of the available parameters. By doing so, we can expect even
good results for very specific topologies such as the complete graph.
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6 | The Power Iteration in HPC.

A case study from biochemistry

In this chapter, we employ the power iteration in a parallel computing context and
exemplify parallel computing research in terms of a large scale structured eigenvalue
problem stemming from biochemistry. In particular, the motivation behind the pre-
sented results is to substantially increase the computationally tractable problem di-
mensions by a tandem of novel structure-aware algorithms together with their respec-
tive implementations on modern hardware.

6.1. The Quasispecies Model [Niederbrucker and Gansterer, 2011a, § 1]
[Niederbrucker, 2013, § 1.3]

Solving Eigen’s quasispecies model [Eigen, 1971] for the evolution of virus populations
involves the computation of the dominant eigenvector of a matrix whose dimension
grows exponentially with the chain length of the virus to be modeled. Most of the
biologically interesting chain lengths are well beyond the reach of general purpose
solvers. Consequently, in order to raise the tractable chain lengths to a meaningful
scale, specific solvers which adequately exploit certain problem properties are required.

6.1.1. Overview

Under some assumptions on the environment, the evolution and the long-term behavior
of a virus population can be modeled by the quasispecies model [Eigen, 1971]. In this
model, each virus is represented by an RNA molecule and each RNA molecule is
represented as a string over a finite alphabet with a fixed length ν, the so-called chain
length. Unless otherwise stated, we consider a binary alphabet, i. e., RNA molecules
are represented as binary strings of length ν. Commonly, the probability of a single
point mutation in an RNA sequence is modeled by a (uniform) error rate p satisfying
0 < p ≤ 1/2. Given a fixed chain length ν, all N := 2ν possible RNA sequences have
to be considered, since any RNA molecule can potentially mutate into any other one
(although the overall probability for some of these mutations may be very low).
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Given that initially a single species exists, the goal is to study how this initial pop-
ulation evolves over time by tracking the relative concentration of each species with
respect to the entire population. In the limit, the population converges to an equi-
librium which means that a stationary distribution of the relative concentrations is
reached. This stationary distribution which is obtained by taking the limit over time is
the so-called quasispecies [Eigen and Schuster, 1977]. The name “quasispecies” is mo-
tivated by the fact that the quasispecies is not a particular species but an equilibrium
distribution which is reached in the model with respect to the employed model param-
eters. Our overall goal is to numerically compute the relative concentrations of the
quasispecies which describes a stationary distribution in the model. More specifically,
the computation of these relative concentrations is tantamount to the numerical com-
putation of the eigenvector corresponding to the largest eigenvalue of a nonnegative
matrix W ∈ RN×N , which describes the constitution and the mutation probabilities of
the N different RNA molecules with chain length ν (see Section 6.1.2). This eigenvec-
tor contains the information about the relative concentrations within the quasispecies.
Since the dimension N of this eigenvalue problem grows exponentially with the chain
length ν of the RNA molecules to be modeled, numerical solutions of the model based
on general purpose methods are restricted to very small chain lengths.Hence, more
specific algorithmic approaches are required in order to utilize the problem structure
such that the range of computationally

6.1.2. Model Definition and Biochemical Background

In the following, we review the quasispecies model which leads to the large scale
eigenvalue problem we investigate in this chapter. For more details regarding the
chemical background we refer to survey articles [Schuster, 2006, 2008, 2011].

As stated above, each RNA molecule is formally represented by a string over a
binary alphabet. In particular, by Xi with 1 ≤ i ≤ N we denote the RNA molecule
and the corresponding species which is represented by the ν-digit binary encoding
(b1, . . . , bν) of the integer i− 1. Moreover, the error-free sequence X1 associated with
the integer 0 is called the master sequence. As a distance measure between species
Xi and Xj we use the Hamming distance dH(Xi, Xj) which represents the minimal
number of elementwise mutations required to transform Xi into Xj (see Section 6.4.1
for a rigorous definition of dH(·, ·)). When the meaning is clear from the context, we
henceforth also use just i instead of Xi for denoting the binary string corresponding
to the integer i. Due to Eigen [1971] the non-linear system of ODEs

dxi
dt

=
N∑

j=1

fj · qi,j · xj(t)− xi(t) · Φ(t),

Φ(t) =
N∑

j=1

fj · xj(t),
N∑

j=1

xj(t) = 1,

(6.1)
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6.1. The Quasispecies Model

with i = 1, . . . , N , models the evolution of RNA molecules. In this model the vari-
ables xi(t) denote the relative concentration of the molecular species Xi at time t.
Initially, only the master sequence exists, i. e., x1(0) = 1 and xi(0) = 0 for i 6= 1. The
positive fitness value fi describes the constitution of the molecular species Xi and the
(i, j)-th entry qi,j of the mutation matrix Q ∈ RN×N represents the probability that
sequence Xj mutates into sequence Xi.

In order to explicitly determine the mutation probabilities qi,j, the so-called uniform
error model [Eigen, 1971] is commonly applied, which leads to

qi,j := pdH(Xi,Xj) · (1− p)ν−dH(Xi,Xj). (6.2)

By definition, the mutation probabilities qi,j depend only on dH(Xi, Xj) and there-
fore, the entire matrix Q contains only ν + 1 different values. It should be pointed
out that this standard model assumes that p is an average error rate over all possible
mutations since it does not depend on the position or on the overall number of the mu-
tations. More realistic models are believed to substantially increase the computational
complexity and are therefore rarely considered in the literature [Schuster, 2011]. In
contrast to that, we show in Section 6.4.2 how to handle more general models without
scarifying performance.

According to Thompson and McBride [1974], the ODE system (6.1) can be straight-
forwardly transformed into a linear system with constant coefficients ż = Wz by a
suitable change of variables. More specifically, the matrix W is given in terms of a
factorization W = QF , where Q is defined by (6.2) and F , the so-called fitness land-
scape, is a diagonal matrix with the fitness values fi > 0 along its diagonal. The
problem of searching the quasispecies then reduces to the computation of the eigen-
vector corresponding to the dominating eigenvalue of W [Schuster, 2008]. In fact,
several mathematically equivalent formulations of the problem with slightly differing
structure can be obtained via similarity transformations (see Definition A.3). In par-

ticular, by similarity transforms with F
1
2 (i. e., the elementwise square root of F ) and

F we obtain

QFxR = λxR, F
1
2QF

1
2xS = λxS, FQxL = λxL. (6.3)

Since F is diagonal, the solutions of these problems can easily be transformed into
each other:

xR = F−
1
2xS, xS = F−

1
2xL, xR = F−1xL.

Note that in the special case where all values in F are equal, the problem reduces
to the computation of the dominating eigenvector of a bistochastic matrix, which is
trivial and leads to an eigenvector where all entries are equal. This is not surprising,
since for equally fit sequences we expect the uniform distribution as result. Because
the variables xi(t) in (6.1) represent relative concentrations, we are only interested
in solutions where all components of the computed eigenvector are nonnegative (neg-
ative concentrations do not have a physically meaningful interpretation). Since the
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matrix W is by definition a positive matrix, it satisfies the conditions of the Perron-
Frobenius theorem (cf. Section A.3) and therefore, the aforementioned nonnegativity
property is guaranteed.

In the quasispecies model not only the concentrations of individual species are stud-
ied, but also cumulative concentrations of so-called error classes . The error class Γk,i
contains all sequences j, which have a certain Hamming distance k from the fixed
sequence i:

Γk,i := {j | 1 ≤ j ≤ N ∧ dH(Xi, Xj) = k} (6.4)

Since the error classes with respect to the master sequence are particularly rele-
vant, we define Γk := Γk,1. By definition the error class Γk contains

(
ν
k

)
sequences

(cf. Lemma 6.2). In the style of the definition of the error classes Γk we denote the
ν + 1 different values of Q by QΓk , i. e., QΓk := pk · (1− p)ν−k for 0 ≤ k ≤ ν. After
the dominating eigenvector x of W has been computed, the cumulative concentrations
[Γk] :=

∑
j∈Γk

xj of the error classes Γk in the stationary distribution are obtained.
Plotting these cumulative concentrations for different error rates p leads to curves as
the ones shown in Figure 6.1.
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Figure 6.1.: A visualization of the error threshold phenomenon is shown on the left for
ν = 20, in case of a single peak fitness landscape with f1 = 2, fi = 1 for
all 1 < i ≤ N . An ordered stationary distribution results up to pmax ≈
0.035, and for p > pmax a sudden change to the uniform distribution of
all sequences occurs. Equally large error classes (i. e., Γk and Γν−k) are
depicted in the same color. This implies that the curves of equally large
error classes meet when the uniform distribution is reached at the error
threshold. The right plot depicts the behavior for ν = 20 in case of the
so-called linear landscape, which is defined as fi = f1−(f1−fν)·dH(i, 1)/ν
for all 1 ≤ i ≤ N with f1 = 2 and fν = 1. For this landscape a smooth
transition into the uniform distribution is observed and the error threshold
phenomenon does not occur.
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6.1. The Quasispecies Model

Such figures can be used to get a better understanding of how a certain fitness
landscape influences the evolution of the virus population. Similar plots at the level
of single sequences would be even more interesting, but such investigations appear
rarely in the literature, due to the limitations in chain lengths which can be handled
computationally.

Depending on the concrete fitness values, the error threshold phenomenon may occur
or not. If it occurs, there is a non-uniform stationary distribution of the concentra-
tions up to a critical value pmax for the error rate p, where certain error classes clearly
dominate, whereas others do not appear at all due to low cumulative concentrations.
For p > pmax, the structure of the population changes suddenly into a uniform sta-
tionary distribution where all sequences occur in the same concentration, which is
equivalent to random replication. Note that in Figure 6.1 cumulative concentrations
are shown for the error classes. This implies that although all sequences have the
same concentration for p > pmax, the cumulative concentrations of the error classes
differ because their cardinality differ, i. e., |Γk| =

(
ν
k

)
. Typical values for pmax on

certain fitness landscapes are in the range 0.01–0.1 [Schuster, 2008, 2011], depending
on the concrete fitness values and the chain length. Such small values for pmax are
quite surprising since random replication as exact solution of the ODE system (6.1)
is obtained only for p = 0.5 [Schuster, 2008]. This sudden change from an ordered
distribution to random replication is of potential interest as a building block for new
antiviral strategies [Eigen, 2002] because the error rates of RNA viruses are usually
close to this critical value [Drake, 1993] and an increase of the error rate p is possible
by the use of pharmaceutical drugs.

6.1.3. Existing Approaches vs. Contributions

Traditionally, computational investigations in the large body of literature about the
quasispecies model were limited to the case where the fitness landscape F is defined
via the Hamming distance fi,i := ϕ(dH(i, 1)) for some function ϕ : {0, . . . , ν} → R
[Schuster, 2011]. Practically, this means that all sequences with the same distance
to the master sequence are equally fit, which is often a rather unrealistic assumption.
With this simplifying assumption one expects that the problem reduces from anN ×N
to a (ν + 1)× (ν + 1) problem, since all sequences in the same error class Γk are
considered equivalent. For this special setup efficient approximation methods have
been developed [Swetina and Schuster, 1982; Nowak and Schuster, 1989]. Therefore,
also studies of the error threshold phenomenon have been restricted to this simplified
problem formulation.

In contrast to these approximation methods, our objective in this work is to deal
with the general form of the problem without any special assumptions, where no fast
solvers are available [Schuster, 2011]. For the general problem without assumptions
on the structure of the fitness landscape we employ a power iteration-based approach
and introduce several novel fast matrix vector multiplication routines for the occur-
ring matrices. In particular, all matrix vector routines we consider are of a matrix-
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free (implicit) nature in order to enable a substantial increase of the computationally
tractable chain lengths ν. Moreover, we also show how to generalize the computation-
ally tractable model assumptions and how to exploit specifically structured instances.

6.2. Theoretical Insights and Fast Algorithms

Most important algorithms for computing the extreme eigenpair of a (large scale)
matrix A require solely a routine for evaluating the matrix vector product v 7→ Av. In
particular, large data-sparse problems like the problem at hand require to evaluate v 7→
Av in a matrix-free fashion without storing the elements of A explicitly. Consequently,
we derive in this section efficient implicit matrix vector products with W = QF , which
fully exploit the underlying problem structure. Since F is diagonal, it suffices to focus
on a matrix vector product with the mutation matrix Q.

6.2.1. Structured Implicit Sparsification [Niederbrucker and Gansterer, 2011b, § 3]

A straightforward approach towards an efficient matrix vector routine for W = QF is
to sparsify the problem. Since Q is defined via powers of p and the practically relevant
choices for p are usually not significantly larger than 10−2 [Swetina and Schuster,
1982] we see that there are many elements below machine precision which we can
eliminate already for small ν. Due to the problem structure, we refrain from specifying
a numerical bound on the elements of W we want to keep. Instead, we use a bound
dmax
H for the maximal Hamming distance we take into account in (6.2). This restriction

can easily be applied on the matrix Q, since the (i, j)-th element of Q is defined via
the Hamming distance between the sequences corresponding to i and j, respectively.
In total, by multiplying the sparsified version of Q by F , we get a sparse version of W
since F is diagonal.

In the quasispecies model, this approach corresponds to restricting the possible mu-
tants of an RNA molecule to near relatives. A byproduct of this sparsification strategy
is that the requirements for Perron-Frobenius theorem remain satisfied. In particular,
the sparsified matrix W is indeed primitive even for dmax

H = 1 because in this mini-
mal case the non-zero values of Q correspond to the non-zero values of the adjacency
matrix of the ν-dimensional hypercube. Therefore, there exists a mutation path be-
tween any two sequences Xi and Xj which guarantees the condition for primitivity,
namely that there exists a value of m such that Wm contains only positive elements.
The border case dmax

H = 0 is meaningless, since in this case no mutations are possible
and therefore, we have to compute the dominating eigenvector of a diagonal matrix,
which is trivial. Concretely, it gives us the expected result that only the master se-
quence (more precisely, the sequence with the dominating fitness value) appears in the
stationary distribution.

The fact that the entries of F are not considered in the sparsification is not a
problem, since they usually do not vary as much as the entries of Q do. Thus, our
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simple strategy of restricting the maximal Hamming distance which is considered in
(6.2) delivers almost the same results as specifying a numerical threshold for the entries
of W . Obviously, this sparsification technique implies a certain loss of accuracy in the
eigenvector computed. More precisely, the sparsification error is at least of the order
of the largest (in magnitude) element of W we set to zero [Bai et al., 2004].

So far we only dealt with the structured sparsification of the matrix W . As a next
step, we design an implicit matrix vector product with W which does not require
the elements of W to be stored in memory. Recall that we did not specify a specific
numerical bound for the elements of Q but instead we used a bound dmax

H for the
maximal Hamming distance we want to take into account in (6.2). In order to obtain
an implicit matrix vector product with W , we only have to appropriately reorder the
operations of the standard matrix vector product. Usually, we traverse the rows of W
from left to right. Instead, we traverse the elements (r, i) of row r sorted according
to dH(Xi, Xr). In the notation of Section 6.1.2 this means that we run through the
different error classes (cf. (6.4)) of the row index. More specifically, for computing
y = Wx we get

yi =
N∑

j=1

qi,j · fj,j · xj =
ν∑

k=0

∑

j∈Γk,i

qi,j · fj,j · xj =
ν∑

k=0

QΓk ·


∑

j∈Γk,i

fj,j · xj


 .

Again, we obtain a “sparse” matrix vector product by replacing ν as upper bound
for the sum by some limit dmax

H for the Hamming distance we want to consider. The
sorting according to dH has to happen implicitly during the multiplication, otherwise
we would end up with a significant increase of the time complexity.

In general, the crucial problem is to sort the sequences Xi according to dH(Xi, Xr),
where Xr denotes a fixed sequence. For simplicity we first use the element X1 =
(0, . . . , 0), because computing the Hamming distance to X1 just means counting bits.
We also know in advance the number of elements with a certain Hamming distance.
Therefore, we can use a bucket sort-like procedure [Cormen et al., 2001, §8.4] to create
the sorted sequence with respect to dH(·, X1) in linear time without any additional
memory needed.

Up to now we have a properly sorted sequence for one base element X1 = (0, . . . , 0)
but we need such a sequence for every possible base element Xi. Computing these
sequences separately is highly inefficient. Thus, we use the single sequence with base
(0, . . . , 0) and transform this sequence into the one we actually need during the mul-
tiplication. For this purpose recall the truth table of the binary XOR ⊕:

⊕ 0 1
0 0 1
1 1 0

An informal interpretation of A⊕B is that the bit A gets flipped if and only if the bit
B is true. As we know, the extension of ⊕ : {0, 1} 7→ {0, 1} for bit vectors to a bitwise
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XOR ⊕ : {0, 1}ν 7→ {0, 1}ν is one of the commonly available operations for basic data
types like integers on today’s digital computers. By our informal interpretation of ⊕
we can conclude that for two binary sequences Xi and Xj it holds that

dH(Xi, Xi ⊕Xj) = dH(Xj, X1) (6.5)

Now we have all what we need for an efficient (implicit) matrix vector product: We
can compute the sorted sequence with base element (0, . . . , 0) efficiently once as a
preprocessing step and the ⊕ operator lets us transform this sequence to the sorted
sequence for an arbitrary base element during the multiplication. Using (6.5) we get

yi =
ν∑

k=0

QΓk ·


∑

j∈Γk,i

fj,j · xj


 =

ν∑

k=0

QΓk ·
(∑

j∈Γk

fi⊕j · xi⊕j
)

(6.6)

as new formula for computing the elements of the output vector y.
Putting everything together leads to Algorithm 6.1 as an efficient procedure for

computing y = Wx using a specific sparsification parameter dmax
H . It is easily verified

Algorithm 6.1 Sparse matrix vector multiplication y = Wx (Xmvp(dmax
H ))

Input: x ∈ RN , QΓ ∈ Rν+1, F ∈ RN , S ∈ NN (sorted according dH to (0, . . . , 0))
Output: y = Wx ∈ RN (according to (6.6))

1: for all i ∈ {1, . . . , N} do
2: y(i)← 0, j ← 1
3: for k ← 0 to dmax

H do
4: sum← 0
5: for l← 1 to

(
ν
k

)
do

6: sum← sum + F (i⊕ S(j)) · x(i⊕ S(j))
7: j ← j + 1
8: end for
9: y(i)← y(i) +QΓ(k) · sum

10: end for
11: end for

that Algorithm 6.1 is an algorithmic encoding of (6.6). The occurring fixed values
S(k),

(
ν
k

)
and QΓk should be precomputed once before starting the power iteration.

In the following we always refer to the (sparse) matrix vector product developed in
this section by Xmvp(dmax

H ), where 0 < dmax
H ≤ ν controls the degree of sparsification.

Hence, Xmvp(ν) can be seen as an implicit variant of the standard matrix vector
multiplication which we later refer to by Smvp.

A natural question arising now is how this newly defined sparse matrix vector prod-
uct Xmvp(dmax

H ) compares to standard methods for different dmax
H . The maximum
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possible degree of sparsification in Xmvp(dmax
H ) is achieved by setting dmax

H = 1 (con-
sider only the “neighboring” sequences with Hamming distance one). This leads to a
time complexity of Θ(N · (ν+ 1)) = Θ(N log2N +N) for evaluating the matrix vector
product. This means, we can provide efficient (implicit) matrix vector products with
W , by trading off accuracy for complexity. At this point one must not forget that the
intended sparsification leads to an error in the computed eigenvector of the order of the
largest element of W which becomes zero [Bai et al., 2004]. Summarizing, Figure 6.2
illustrates how Xmvp(dmax

H ) scales with the chain length ν for different choices of the
sparsification parameter dmax

H .
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Figure 6.2.: Runtimes for computing y = Wx by employing Xmvp(dmax
H ) with random

input vector x, using different levels of sparsification dmax
H . The depicted

times are averages over ten individual runs on a Intel I5 750 @ 2.67Ghz
processor with 4Gb memory.

6.2.2. Fast Mutation Matrix Product

In contrast to the previous section, where we traded off accuracy for efficiency, we
develop in the following an exact matrix vector product for W , which requires only an
effort of Θ(N log2N) floating-point operations. This means that we derive an algo-
rithm which outperforms even the coarsest approximation Xmvp(1), while computing
fully accurate results.

According to the definition of Q in (6.2), mutation is modeled in the quasispecies
model by independent coin flips (with heads up probability p) for each position in
the sequence. Each entry qi,j is the result of the product of ν independent stochastic
processes (coin flips). This property allows for using a Kronecker product representa-
tion which avoids the use of the Hamming distance and combines the ν independent
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stochastic single point mutation processes implicitly [Dress and Rumschitzki, 1988].
In particular,

Q(ν) =
ν⊗

i=1

(
(1− p) p

p (1− p)

)
. (6.7)

This representation can also be described recursively

Q(0) := 1

Q(ν) :=

(
(1− p) ·Q(ν − 1) p ·Q(ν − 1)

p ·Q(ν − 1) (1− p) ·Q(ν − 1)

)
. (6.8)

Rumschitzki [1987] noted that as an immediate consequence of the Kronecker product-
based representation (6.7) the eigenvalues Λ(ν) and corresponding eigenvectors V (ν)
of Q(ν) can be directly computed as

Λ(ν) :=
ν⊗

i=1

(
1 0
0 1− 2p

)

V (ν) := 2−
ν
2 ·

ν⊗

i=1

(
1 1
1 −1

)
.

The symmetry of the matrix of eigenvectors V (ν) leads to a simplified eigendecompo-
sition Q(ν) = V (ν)Λ(ν)V (ν). This implicit description of the eigendecomposition can
be transformed back into a componentwise representation

(Λ(ν))i,i = (1− 2p)dH(i,0)

(V (ν))i,j = 2−
ν
2 · (−1)1/2·(dH(i,0)+dH(j,0)−dH(i,j)).

One can conclude that Q(ν) has the eigenvalues (1−2p)k for 0 ≤ k ≤ ν with multiplic-
ities

(
ν
k

)
. For p < 1/2 this implies that the mutation matrices Q are always positive

definite. By (F
1
2x)TQ(F

1
2x) > 0 for any landscape F and vector x, we also see that

the eigenvalue problems from (6.3) involve positive definite matrices, and therefore
all eigenvalues of W are positive real numbers. Moreover, the eigendecomposition of
Q(ν) also indicates that we may expect an efficient matrix vector product with Q(ν),
since multiplication with the eigenvector matrix V (ν) can be performed by the well
known fast Walsh-Hadamard transform (Fwht) with Θ(N log2N) operations (see
Section A.2.2 for further details). Similar to the Fwht, we derive an efficient matrix
vector product with W in the following.

Fast transformations (matrix vector products) usually appear hand in hand with a
Kronecker product representation of the underlying matrix [Van Loan, 2000]. Based
on (6.8), the N ×N matrix vector product

Q(ν)v =

(
(1− p) ·Q(ν − 1) p ·Q(ν − 1)

p ·Q(ν − 1) (1− p) ·Q(ν − 1)

)
·
(
v1

v2

)
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can be computed in two ways. We can either first compute the two N/2×N/2 matrix
vector products v̄1 := Q(ν − 1) · v1 and v̄2 := Q(ν − 1) · v2 and then

Q(ν)v =

(
(1− p)v̄1 + pv̄2

pv̄1 + (1− p)v̄2

)
, (6.9)

or we directly compute

Q(ν)v =

(
Q(ν − 1) · ((1− p)v1 + pv2)
Q(ν − 1) · (pv1 + (1− p)v2)

)
. (6.10)

Lemma 6.1. Computing the matrix vector product Q(ν)v using (6.9) or (6.10) recur-
sively has a runtime complexity Θ(N log2N).

Proof. The complexity result can be easily deduced by the Master Theorem [Cor-
men et al., 2001, p.73]. Setting a = b = 2 and f(n) ∈ Θ(nlogb(a)) in the recurrence
T (n) = aT (n/b) + f(n) (f(n) describes the cost for combining the solutions of the re-
cursively solved subproblems) and applying the theorem leads to a runtime complexity
Θ(N log2N).

Due to the Kronecker product representation of Q we also observe that both matrix
vector products (6.9) and (6.10) work in situ without requiring additional storage,
as it is common for such transformations. Since F is diagonal, the matrix vector
products with the matrices QF , F

1
2QF

1
2 and FQ (cf. (6.3)) also have a complexity of

Θ(N log2N). Henceforth, we refer to the fast matrix vector product based on (6.9)
or (6.10)) as fast mutation matrix product (Fmmp). The efficient implementation of
Fmmp on GPUs is discussed in Section 6.3.

6.2.3. Computing the Quasispecies

Up to now we derived efficient algorithms for computing y = Wx, but we did not yet
address the problem of computing the desired extremal eigenvector. Recall that we
are free to choose any of the problem formulations shown in (6.3). In particular, this
implies that without loss of generality we may restrict our investigation to a symmetric
eigenproblem with real eigenvalues.

As already noted, at this point we are considering problems without any specific
assumptions on the fitness landscape beyond diagonality. The matrix F is therefore
a general diagonal matrix and all its N values have to be stored. An unstructured
landscape F also implies an unstructured resulting extremal eigenvector with N = 2ν

values to be stored. Due to this exponential growth with ν it is crucial to consider
methods with minimum additional storage requirements beyond the unavoidable pa-
rameters, i. e., the fitness landscape F , the elements of Q, and an approximation of
the dominating eigenvector of W = QF .

Potentially relevant methods for computing an extremal eigenvector on the basis
of an (implicitly available) matrix vector product are the basic power iteration or
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Lanczos/Arnoldi iterations [Trefethen and Bau, 1997, parts V and VI]. The latter
require storing more intermediate vectors than the simpler power iteration and are
thus less attractive for very large scale instances of the problem considered here. A
completely different approach to the problem of computing the extremal eigenvector
of a matrix is to use randomized (Monte Carlo) methods [Mascagni and Karaivanova,
2002; Drineas et al., 2003]. Although such approaches allow for a strong reduction
of the problem dimension, this reduction tends to strongly reduce the accuracy of
the result. In the problem at hand, increasing ν not only leads to growing storage
requirements, but also to growing accuracy requirements since the eigenvector to be
computed contains relative concentrations. Consequently, randomized methods are
not the first choice in this context.

In the following, we focus on the investigation of a power iteration (Pi) approach,
which provides the best balance between storage requirements and accuracy. The
particular matrix vector product used is stated as an argument in the notation, e. g.,
Pi(Fmmp) denotes the power iterations on the basis of the fast Fmmp matrix vector
product introduced in Section 6.2.2. Since W is positive definite and the Perron-
Frobenius theorem is applicable, it is assured that the eigenvalues of W satisfy

λ1 > λ2 ≥ λ3 ≥ · · · ≥ λN > 0.

Therefore, convergence of the power iteration is guaranteed in practice (cf. Section 3.2).
As starting vector s for the power iteration we use the fitness landscape itself s =

diag(F )/‖diag(F )‖1, since we can expect the extremal eigenvector of W = QF to
be of a similar shape (remember that the extremal eigenvector of Q is a multiple of
(1, 1, . . . , 1)T . As stopping criterion we monitor the residual R(λ̃, x̃) = ‖Wx̃− λ̃x̃‖2.

Convergence Acceleration

As we have seen in Section 3.2.1, the eigenvector approximation of the power iteration
converges linearly with convergence rate λ2/λ1. In the following we derive a generally
applicable shift µ, in order to enhance the convergence rate to (λ2 − µ)/(λ1 − µ). Of
course, the shift µ has to be chosen such that λ1−µ remains the largest (in magnitude)
eigenvalue of W − µI. For deriving a generally applicable shift µ, we again examine
the Kronecker product representation of Q(ν) in (6.7). By exploiting the property
(A⊗B)−1 = A−1 ⊗B−1 we can represent the inverse Q(ν)−1 as

Q(ν)−1 = (1− 2p)−ν
ν⊗

i=1

(
(1− p) −p
−p (1− p)

)
. (6.11)

According to (6.11), the absolute row and column sums of Q(ν)−1 are all (1− 2p)−ν .
With this knowledge we can compute ‖ · ‖1 of the matrices W = Q · F and W−1 =
F−1Q−1 in order to derive bounds for the largest eigenvalue λ1 as well as for the
smallest eigenvalue λN of W :

λ1 ≤ ‖W‖1 ≤ ‖Q‖1 · ‖F‖1 = fmax :=
N

max
i=1

Fi,i
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and

λ−1
N ≤ ‖W−1‖1 ≤ ‖F−1‖1 · ‖Q−1‖1

= f−1
min · (1− 2p)−ν ,

where fmin := minNi=1 Fi,i. Since fmin > 0 and p < 1/2, we can conclude that λN ≥
(1− 2p)νfmin. Therefore. applying the shift µ := (1− 2p)νfmin is in any case possible,
because λ1 − µ remains the largest eigenvalue and hence, the shifted power iteration
still converges to the desired eigenvector. Although this choice of the shift µ is very
conservative, it results in a clearly measurable reduction of the number of iterations of
about ten percent and more for the random landscapes we considered. Additionally, in
many cases efficient shifts which exploit the structure of a particular landscape F can
be derived via the Gershgorin circle theorem [Golub and Van Loan, 1996, Theorem
7.2.1].

6.2.4. Limitations of Power-Iteration Approaches [Niederbrucker, 2013, § 1.3.4]

The aforementioned power iteration-based approaches are very simple and efficient in
cases the dominating eigenvalue of the matrix W is sufficiently well separated from the
other eigenvalues, since the power iteration converges linearly of the order O(λ2/λ1)
where λ1, λ2 denote the two largest (in magnitude) eigenvalues of W [Trefethen and
Bau, 1997, Theorem 27.1]. In cases of a bad separation the power iteration suffers from
a very slow convergence. In our case, the Perron-Frobenius theory (cf. Section A.3)
solely guarantees that λ1 > λ2. and thus, a well-behaved spectrum (with respect
to the power iteration) can not be guaranteed in practice. As we have seen in Sec-
tion 6.2.3, applying a shift µ to the power iteration can lead to better convergence
properties. The drawback of the simple power iteration is that the choice of this shift
is limited by the constraint that the dominating eigenvalue must remain the largest
eigenvalue in magnitude. Otherwise the dominating eigenvector—our objective we
want to compute—changes.

In contrast to the simple power iteration, shift-and-invert methods such as the
inverse iteration or the Rayleigh quotient iteration [Trefethen and Bau, 1997, Algo-
rithms 27.2 and 27.3] allow (conceptually) for an “arbitrary good” shift. This is due
to the fact that such iterations run a power iteration on a shifted and inverted vari-
ant of the input matrix. This means that such algorithms proceed by solving linear
systems of the form (A− µI)xk+1 = xk in each iteration. Thus, since the eigenvalues
of the inverse of a matrix A are the reciprocals of the eigenvalues of A, the shift µ
has to be chosen such that λ1 − µ is the smallest eigenvalue of A − µI, in order that
(λ1 − µ)−1 is the largest eigenvalue of (A − µI)−1. For a more detailed treatment of
the utilization and limitations of shift-and-invert approaches for the problem at hand
see Niederbrucker [2013].
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6.3. Parallel Quasispecies Computations
[Niederbrucker and Gansterer, 2011a, § 4]

In this section, parallel implementations of the power iteration based on Fmmp and
based on Xmvp(dmax

H ) are compared. We illustrate that the new Fmmp-based approach
is well suited for exploiting the potential of state-of-the-art GPU hardware. For the
sake of portability. we implemented our algorithms using OpenCL2. This implies that
our codes can also make use of modern multi-core CPUs besides GPUs.

6.3.1. Implementation

Note that the implementation presented below uses only straightforward techniques
and is not intended to compete with (auto-)tuned codes produced by program gener-
ators such as Spiral [Püschel et al., 2005] (see Section A.2.2 for some more details on
this subject). Nevertheless, in view of the exponential growth of the problem at hand,
the pivotal aspect is the algorithmic improvement. Relatively speaking, the improve-
ments achievable by further code optimizations do not result in a noteworthy increase
of the tractable problem dimensions. Our implementation of the fast matrix vector
product Fmmp shown in Algorithm 6.2 is an iterative formulation of the algorithm
given in (6.9). The corresponding algorithm for (6.10) can be obtained by reversing the
index sequence in the outermost i-loop. Algorithm 6.2 is—up to multiplications with

Algorithm 6.2 Fmmp based on (6.9)

Input: v ∈ RN

Output: Q(ν)v

1: for i← 1 to N/2 by 2 · i do
2: for j ← 0 to N − 1 by 2 · i do
3: for k ← 0 to i− 1 do
4: t1 ← v[j + k], t2 ← v[j + k + i]
5: v[j + k]← (1− p) · t1 + p · t2
6: v[j + k + i]← p · t1 + (1− p) · t2
7: end for
8: end for
9: end for

constants—identical with basic implementations of the Fwht and could therefore be
optimized analogously.

For execution on a GPU or, more general, for the computations with OpenCL we
need to provide a so-called kernel function where the current thread id is queried for

2Open Computing Language, Khronos group, see http://www.khronos.org/opencl/

124

http://www.khronos.org/opencl/


6.3. Parallel Quasispecies Computations

deciding which computations have to be executed. A corresponding formulation is
shown in Algorithm 6.3, where ID denotes the thread id and “&” denotes the bitwise
AND operation. Like Algorithm 6.2, Algorithm 6.3 performs exactly log2N iterations

Algorithm 6.3 GPU/OpenCL ready implementation of (6.9)

Input: v ∈ RN

Output: Q(ν) · v

1: for i← 1 to N/2 by 2 · i do
2: for ID← 0 to N/2− 1 by 1 do
3: j ← 2 · ID− (ID & (i− 1))
4: t1 ← v[j]
5: t2 ← v[j + i]
6: v[j]← (1− p) · t1 + p · t2
7: v[j + i]← p · t1 + (1− p) · t2
8: end for
9: end for

of the outer i-loop, but in contrast to Algorithm 6.2 the ID-loop has a constant range of
N/2. However, we see that these N/2 iterations of the ID-loop are entirely independent
of each other and therefore a very high degree of parallelism is available. The index
computation in line 3 can be easily verified starting from the usual formula for this
task

2 · i · bID/ic+ ID mod i

= 2 · (ID− (ID mod i)) + ID mod i

= 2 · ID− ID mod i

= 2 · ID− (ID & (i− 1)).

The last step exploits that i is always a power of two and that in this case the modulo
computation can be performed via the cheaper bitwise AND operation. When using
Algorithm 6.3 as base for an OpenCL implementation, the i-loop runs at the host.
In each iteration of the i-loop, the host invokes the kernel with N/2 threads, which
itself is given by lines 3–7. In a real implementation, ID is determined by the proper
OpenCL command.

This implementation of the fast matrix vector product Fmmp scales nicely with the
parallelization potential of the underlying hardware. Since there is a relatively high
number of memory operations compared to floating-point operations, one can expect
that the memory bandwidth of the hardware has an important influence on the overall
performance. This can be observed in the experiments, since the performance achieved
on the GPU exactly corresponds to its memory bandwidth.

Beyond the matrix vector product, the power iteration only needs a fast procedure
for the summation of the components of a vector for computing norms and the residual
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after each iteration. Since summing the components of a vector can be relatively well
parallelized [Breshears, 2009, § 6], this part of the power iteration method has almost
no influence on the overall execution time.

6.3.2. Experimental Results

For our experiments, we do not make any special assumptions on the values of the
(diagonal) fitness landscape F , and use (similar to Schuster [2011]) landscapes of the
form

f0 = c, fi = σ · (ηrnd(i) + 0.5), (6.12)

where c > 0, σ ∈ (0, c/2) and ηrnd(i) is a call to a uniform random number generator
on the interval [0, 1].

For evaluating the methodical improvement provided by our fast matrix vector prod-
uct we compare Pi(Fmmp) with Pi(Xmvp(ν)) and Pi(Xmvp(5)). The choice dmax

H = ν
in the approximate (sparse) matrix vector product Xmvp(dmax

H ) illustrates how Fmmp
compares to the standard matrix vector product Smvp ≡ Xmvp(ν). The choice
dmax
H = 5 in Xmvp(dmax

H ) has been shown to yield an approximation error around
10−10, whereas the accuracy achieved with smaller values for dmax

H is usually too low
[Niederbrucker and Gansterer, 2011b]. Consequently, these values are not considered
here. Choices of dmax

H > 5 lead to a smaller error, for the price of a higher complexity.
Recall that Fmmp is faster than Xmvp(dmax

H ) even for the lowest possible accuracy
with dmax

H = 1.
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Figure 6.3.: Overall execution times on a single Nvidia Tesla C2050 GPU for find-
ing the dominating eigenvector of W = QF (p = 0.01) on a random
landscape (6.12) with c = 5 and σ = 1 for increasing chain length ν.
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Figure 6.3 shows the improvement Fmmp delivers when used as the building block
of the power iteration. In all cases p = 0.01 was chosen and the iteration was stopped
when the residual R(λ̃, x̃) for the approximated eigenpair (λ̃, x̃) was less than an
appropriate threshold τ (τ = 10−10 for dmax

H = 5 and τ = 10−15 otherwise). All
computations were performed on an Nvidia Tesla C2050 with 3Gb memory. The
runtimes shown are overall execution times which include the data transfer from and
to the GPU.

In order to better differentiate the influence of different algorithms from the influence
of different hardware platforms, we depict the speedups for solving the quasispecies
model for various combinations of algorithms and hardware in Figure 6.4. As reference
value for evaluating the speedup we use the execution times of Pi(Xmvp(ν)) running
on a CPU (Intel I5 750 @ 2.67Ghz with 4Gb memory), which achieves the same
accuracy as Pi(Fmmp). For ν ≥ 22 the execution times for Pi(Xmvp(ν)) are so
long that they had to be extrapolated based on the curves in Figures 6.2 and 6.3 for
estimating the speedup values.
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Figure 6.4.: Speedup factors for solving the quasispecies model based on various com-
binations of algorithms and hardware over the power iteration based on
Xmvp(ν) running on a single CPU core. For a given algorithm, different
hardware platforms lead to (asymptotically) parallel speedup curves with
the same slope, whereas the curves for different algorithms have different
slopes.

Figure 6.4 constitutes a concise summary of the results obtained. For different
algorithms on the same hardware we always observe a different slope of the speedup
curve as we would expect from theory. This means that our algorithms scale well
with the underlying hardware. We also see that the speedup delivered by Fmmp over
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O(N2) algorithms is of the expected order of magnitude. The speedup values of Fmmp
on the CPU are partly above the theoretically expected value of N2/(N log2N), which
is caused by the computational overhead in Xmvp(ν). For the same algorithms on
different hardware we observe parallel shifted speedup curves and great performance
benefit from exploiting the potential of GPUs. One should keep in mind that the
reference computation and the fastest combination, Pi(Fmmp) on the GPU, deliver the
same results (up to the limitations of floating-point arithmetic). The observed speedup
factor of about 2 · 107 for ν = 25 underlines the combined benefits of algorithmic
improvements and efficient implementation which exploits the potential of GPUs.

6.4. More General vs. More Structured Models

Throughout the previous sections, we always considered a mutation matrix Q given
by the uniform error model (6.2) and an unconstrained fitness landscape F (i. e., the
matrix F is diagonal and positive, but otherwise arbitrary). With respect to these
assumption the contributions depicted in this section are twofold: (i) we generalize
the computationally tractable mutation models without sacrificing performance, and
(ii) we investigate how additional structure in the fitness landscape can be utilized to
reduce the overall complexity.

6.4.1. Hamming Distance-based Matrices [Niederbrucker, 2013, § 4.1]

In the following we give a coarse overview of the theory of Hamming distance-based
matrices which was recently developed by Niederbrucker [2013, § 4]. Subsequently,
we exemplify in Section 6.4.2 how these results can be utilized in order to enable the
efficient treatment of mutation models beyond the simple uniform error rate model.

Definition 6.1. Let A1, A2, . . . , An be non-empty sets and x, y ∈ A1×A2× · · · ×An,
i. e., x = (x1, x2, . . . , xn) and y = (y1, y2, . . . , yn) with xi, yi ∈ Ai. Then, we define by

dH(x, y) =
n∑

i=1

δ(xi, yi), δ(u, v) =

{
1 u = v

0 u 6= v

the Hamming distance on the set A1 × A2 × · · · × An. //

Note that the Hamming distance dH(·, ·) is a metric on A1 × A2 × · · · × An [cf.
Hamming, 1950, § 5]. This follows directly from the definition, since the Hamming
distance is an extension of the discrete metric (δ(·, ·) in Definition 6.1) to multi-
dimensional sets. If A is an arbitrary finite set with |A| elements, we can always
identify A with the set Z|A| = {0, 1, . . . , |A| − 1} by a natural bijection between A and
Z|A|. Therefore, we consider henceforth without loss of generality only signatures of
the form Ω = Zb1 × Zb2 × · · · × Zbn with bi ∈ N and call dim(Ω) = n their respective
dimension. It is well-known how to convert numbers from an arbitrary mixed radix
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numeral system to integers. Concretely, for Ω = Zb1 × Zb2 × · · · × Zbn this is done by
the mapping.

ιΩ : Ω→ Z|Ω|, (z1, z2, . . . , zn) 7→ zn +
n−1∑

i=1

(
zn−i ·

n∏

j=n−i+1

bj

)

Let A be a matrix of dimension n and let n = b1 · b2 · . . . · bk be a factorization of n.
Then, since ιΩ is a bijection, we can interpret by ι−1(i−1) each row and column index
of A as a string over Zb1 × Zb2 × · · · × Zbn . Accordingly, we use in the following for a
fixed signature Ω and indices 1 ≤ i, j ≤ |Ω|, the abbreviation dH(i, j) := dH(ι−1

Ω (i −
1), ι−1

Ω (j−1)). Thus, we interpret dH(·, ·) as a function dH : {1, 2, . . . , |Ω|}2 → Zdim(Ω)+1

instead of a function dH : Ω× Ω→ Zdim(Ω)+1.

Definition 6.2 (Hamming distance-based matrices). For an arbitrary finite signa-
ture Ω, we define the set of Hamming distance-based (dH-based) matrices over Ω by

H(Ω) :=
{
H ∈ R|Ω|×|Ω| | ∃ϕ : Zdim(Ω)+1 → R with hi,j = ϕ(dH(i, j))

}
.

Therefore, H(Ω) contains all matrices whose (i, j)-th entry solely depends on the
Hamming distance between i and j, i. e., it solely depends on the Hamming distance
between the strings ι−1

Ω (i − 1) and ι−1
Ω (j − 1). For a matrix H ∈ H(Ω) we call the

function ϕ which determines the entries of H its associated function. Furthermore, we
define H(∅) := R. //

Example 6.1. Consider arbitrary matrices H ∈ H(Z2) and G ∈ H(Z2
2). Then we

observe the following generic structure in the matrices H and G:

H =

(
a b
b a

)
 

0 1
0 a b
1 b a

, G =




c d d e
d c e d
d e c d
e d d c


 

00 01 10 11
00 c d d e
01 d c e d
10 d e c d
11 e d d c

.

Moreover, we can observe how the ordering of the integers determines the rich structure
of the matrices H and G. //

Definition 6.3 (Hamming distance-based vector). For an arbitrary finite signature
Ω, we say that a vector x ∈ R|Ω| is dH-based, if there exists a matrix H ∈ H(Ω)
such that x is the first column of H, i. e., x = H(:, 1). In particular, it holds that
xi = ϕ(dH(i, 1)) where ϕ denotes the associated function of H. //

First, we state an auxiliary result which we previously referred to. It deals with the
number of elements with a fixed Hamming distance in dH-based vectors, for the case
of signatures Ω = Znc .
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Lemma 6.2 (see Niederbrucker [2013, Lemma 4.1]). Consider natural numbers c, n ∈
N with c > 1 and let x ∈ R|Ω| be a dH-based vector over Ω = Znc with associated
function ϕx. Then, for 0 ≤ k ≤ c, the value ϕx(k) appears

(
n
k

)
(c− 1)k times in x. In

particular, this implies that |{i | 1 ≤ i ≤ cn ∧ dH(i, 1) = k}| =
(
n
k

)
(c− 1)k.

At first glance, it seems difficult to analytically cope with dH-based matrices, due
their definition via the Hamming distance. It turns out that the opposite holds,
since the class of dH-based matrices can be well analyzed in-depth. In particular,
the existing theory of dH-based matrices [Niederbrucker, 2013, § 4] is comprehensive
in the sense that it considers the treatment of these matrices from a theoretical as
well as from a computational (practical) point of view. Concretely, it contains a
complete characterization of the structure of these matrices and generically shows, e. g.,
how the eigenvalues and the elements of dH-based matrices are related to each other.
Most importantly, there exists a fast (subquadratic) matrix vector product with dH-
based matrices with complexity Θ(|Ω| dim(Ω)) [Niederbrucker, 2013, Theorem 4.30].
Besides that, the algebraic structure of the set of all dH-based matrices as well as the
analytical solution of several approximation problems involving dH-based matrices has
been investigated [Niederbrucker, 2013, § 4].

6.4.2. More General Mutation Processes

The assumption of a uniform error rate is a well known shortcoming of existing studies
of the quasispecies model [Schuster, 2011]. With respect to this assumption, mutations
in different positions of a sequence are entirely independent and they happen with the
same probability p, which leads only to a coarse approximation of realistic mutation
processes. In contrast to that, the ODE formulation of the model (6.1) requires only
that Q is column stochastic [Schuster, 2008]. In the following, we discuss how to apply
our fast algorithms in a more general setting, with more realistic assumptions on the
structure of Q.

Hamming Distance-Based Mutation Models [Niederbrucker, 2013, § 5.1]

There is a huge gap between the requirements of the ODE model (6.1), namely that Q
is column stochastic, and the special case that Q is given by the uniform error model
(6.2). As a substantial generalization, we can assume that the mutation matrix Q is an
arbitrary dH-based matrix, which leads to a fairly general modeling of the mutation
process. The available theory of dH-based matrices depicts that dH-based matrices
do (despite their generality) not cause an increase of the computational complexity
(compared to Kronecker product representations of Q) [Niederbrucker, 2013]. In the
following example we consider an exemplary mutation model beyond the uniform error
rate model.

Example 6.2. We consider two potential mutation matrices Q1 and Q2 for a chain
length of ν = 2. The matrix Q1 is based on the uniform error rate model with p = 0.01
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and Q2 ∈ H(Z2
2) is a particular example of a dH-based matrix which does not allow

for a simple Kronecker product representation.

Q1 =




0.81 0.09 0.09 0.01
0.09 0.81 0.01 0.09
0.09 0.01 0.81 0.09
0.01 0.09 0.09 0.81


 =

2⊗

i=1

(
0.9 0.1
0.1 0.9

)

Q2 =




0.90 0.04 0.04 0.01
0.04 0.90 0.01 0.04
0.04 0.01 0.90 0.04
0.01 0.04 0.04 0.90


 6=

2⊗

i=1

(
1− p p
p 1− p

)

Another example of a mutation model which can be expressed in terms of dH-based
matrices is to choose the mutation error rate exponentially decaying, i. e., choosing
the associated function of Q as ϕQ(d) = e−d/c where c is a normalization constant. //

It can be easily seen from the structure of dH-based matrices that they have con-
stant column sums. This means any Hamming distance-based matrix, i. e., any model
function of the form ϕ(dH(i, j)), can be used within the quasispecies model (up to
normalization). Hence, it is useful to approximate a given (realistic) mutation matrix
with a dH-based matrix.

Example 6.3. Assume we are given an arbitrary column stochastic mutation matrixQ
obtained, e. g., by practical observations or expert knowledge. Then we can efficiently
find the dH-based matrix Q̃ which approximatesQ best, i. e., which minimizes ‖Q̃−Q‖F

[Niederbrucker, 2013, Theorem 4.16]. The utilization of the approximation Q̃ enables
the investigation of (an approximation) of Q within the quasispecies model.

Q =




0.460 0.210 0.263 0.112
0.214 0.362 0.082 0.241
0.256 0.159 0.416 0.303
0.070 0.270 0.240 0.344


 , Q̃ =




0.3955 0.2496 0.2496 0.1058
0.2496 0.3955 0.1058 0.2496
0.2496 0.1058 0.3955 0.2496
0.1058 0.2496 0.2496 0.3955




Note that the best-approximating dH-based matrix of an arbitrary column stochastic
matrix is by definition also a column stochastic matrix [Niederbrucker, 2013, Theorem
4.16]. //

Another aspect which the known theory of dH-based matrices allows to generalize
is that we can also consider larger alphabets, e. g., the usual four letter RNA alpha-
bet [Schuster, 2011], besides binary alphabets. Even more generally, we can consider
specifically constrained sequences where different elements of the sequences are taken
from different alphabets. This might be of interest whenever additional a priori knowl-
edge is available for certain positions in the RNA sequence.

Summarizing, we can cover substantially more general model scenarios by applying
dH-based matrices for relatively low costs compared to the more specific existing meth-
ods. This holds in terms of the mutation model as well as in terms of the manageable
alphabets.
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Kronecker Product-based Mutation Models [Niederbrucker and Gansterer, 2011a, § 5]

In the Kronecker product representation of Q in (6.7) there is actually no need for
the single point mutations to have the same properties. Moreover, the ODE model
(6.1) by itself solely requires that Q is column stochastic. As it is easily verified,
the Kronecker product of two column stochastic matrices is column stochastic as well.
Consequently, for arbitrary diagonal fitness landscapes F , a fast matrix vector product
with W = QF can be constructed as long as the mutation process is modeled as the
composition of ν independent processes, one for each position in the RNA sequence.
For such generalizations, Q may lose some properties such as symmetry, but this does
not affect the performance of our approach since it just relies on the Kronecker product
based definition of Q. Even the restriction to 2× 2 column stochastic matrices can be
relaxed when needed for modeling more general situations.

In principle, our approach allows for efficiently handling mutation matrices Q of the
more general structure

Q =

g⊗

i=1

QGi , QGi ∈ R2gi×2gi ,

g∑

i=1

gi = ν, (6.13)

which models 1 ≤ g ≤ ν groups of independent mutation processes, where each group
contains gi single point mutations, which are dependent on each other. Again, the
single requirement is that the matrices QGi are column stochastic such that the model
is valid. Clearly, the integers gi influence the complexity of the resulting algorithms,
but as long as the maximal gi is not too large, we still get efficient methods also for
this more general setting. More specifically, this approach is the more efficient the
smaller dimension the QGi have.

6.4.3. Utilizing Structured Fitness Landscapes
[Niederbrucker and Gansterer, 2011a, § 5]

The methods presented so far are designed for the most general formulation in terms of
fitness landscapes F without any assumptions beyond diagonality. We already made
the observation that the mutation matrix Q may be defined as a dH-based matrix or
as a Kronecker product. In case the fitness landscape also has such a representation,
one can expect that the matrices Q and F in some sense “fit together” and that
their structure translates to the product W = QF . This additional structure of the
matrix W can subsequently be used to derive further enhancements to the methods
presented so far. In fact, the structure of F does not only translate into the matrix
W , it even translates into the dominating eigenvector, which emphasizes that such
structure should also translate into our algorithms and their complexity, respectively.
The resulting structure in the dominating eigenvector reflects the loss of generality
in the results since the usually N degrees of freedom in the fitness landscape F are
drastically reduced by further assumptions on the structure of F . How well such
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specially structured landscapes agree with observations in nature has to be clarified
with application experts.

Hamming Distance-Based Landscapes

The existing quasispecies literature deals almost exclusively with dH-based landscapes,
due to the unavailability of efficient solvers for general landscapes and especially be-
cause of the availability of good approximation methods for dH-based landscapes
[Swetina and Schuster, 1982; Nowak and Schuster, 1989]. In this section we show
that given a fitness landscape F , where diag(F ) is a dH-based vector, it is sufficient to
solve a (ν + 1)× (ν + 1) eigenproblem to get the exact eigenvector of the full N ×N
eigenproblem. Therefore, approximation methods are not really needed in this case.
One should note that this dimensionality reduction also occurs in the extremal eigen-
vector which corresponds to a reduction from N to ν + 1 degrees of freedom in the
structure of the eigenvector.

The usual way to treat dH-based landscapes (see, e. g., Schuster [2008]) is by defin-
ing a reduced mutation matrix Q. This reduction is based on the observation that
mutations do not longer have to be considered on the granularity of single molecules,
but instead, as mutations from some fixed element of an error class Γd to any element
of another error class Γk. For 0 ≤ d, k ≤ ν the reduced mutation matrix is defined as

[QΓ]d,k :=

min(k,d)∑

j=k+d−ν

(
ν − d
k − j

)(
d

j

)
pk+d−2j

(1− p)(k+d−2j)−ν , (6.14)

which can be derived by explicitly computing the probability that a fixed molecule from
error class Γd mutates into a molecule from error class Γk. Based on this definition,
approximation methods for computing the quasispecies are available [Swetina and
Schuster, 1982; Nowak and Schuster, 1989].

In order to develop a better understanding of this problem reduction, we present a
more computationally oriented perspective. We start by considering the power iter-
ation for the full N × N problem as we did so far for the general case, and then we
simplify it step by step. At the end, we basically obtain the same problem reduction
but with the advantage of a clear interpretation and understanding of the structures
arising. This knowledge can then be used to efficiently compute the desired eigen-
vector. The following lemma shows that in case both Q and (the diagonal of) F are
dH-based, their product maps dH-based vectors to dH-based vectors.

Lemma 6.3 (Niederbrucker [2013, Lemma 4.21]). Let c, n ∈ N be arbitrary, Ω = Znc ,
H ∈ H(Ω) a dH-based matrix and x ∈ R|Ω| a dH-based vector (with respect to Ω).
Then y = Hx is also a dH-based vector.

Using Lemma 6.3 we can conclude that if diag(F ) is a dH-based vector, then the
dominating eigenvector of W = QF is a dH-based vector as well. This follows by using
an arbitrary positive dH-based vector as starting vector for the power iteration, since
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(i) the product of F with a dH-based vector is (as an elementwise product of dH-based
vectors) a dH-based vector, and (ii) the product of a dH-based vector with Q is by
Lemma 6.3 a dH-based vector. We also know now that all intermediate vectors in
the power iteration are dH-based vectors. Consequently, we should not compute the
resulting value for all vector components during an iteration, but instead of that, it is
more efficient to compute the resulting value only for an arbitrary representative index
from each error class. The natural and most obvious choices of such representatives is
given by the set {2k | 0 ≤ k ≤ ν}.

So far, our insights reduced the original N ×N problem

v̄i =
N−1∑

j=0

qi,j · Fj,j · vj

to a (ν + 1)×N problem

v̄Γd =
ν∑

k=0

FΓk · vΓk ·
∑

j∈Γk

q2dj.

We defined QΓd,k in (6.14) as the probability that a fixed element from Γd mutates
into an element of Γk. Observe that this is exactly what the last sum in the previous
equation computes and therefore we obtain the (ν + 1)× (ν + 1) problem

v̄Γd =
ν∑

k=0

QΓd,k · FΓk · vΓk .

Thus, efficiently computing the eigenvector of the original problem by the power it-
eration shows that the desired eigenvector can be computed out of the eigenvector
of the reduced (ν + 1) × (ν + 1) matrix. But note that when v denotes the original
and vΓ the eigenvector of the reduced problem we do not get [Γk] = vΓk =

∑
j∈Γk

vj,
because the reduced matrix itself does not correspond to a change of variables from
single molecules to error classes. As we have seen in the course of this section, it cor-
responds to a change from single molecules to representatives of classes. In summary,
this means that given vΓ, the dominating eigenvector of the reduced problem, we can
compute the cumulative concentrations for the original problem by

[Γk] =

(
ν

k

)
vΓk∑ν

j=0

(
ν
j

)
vΓj

.

This rescaling emphasizes that the eigenvector of the reduced problem contains the
concentrations of some representatives of the error classes Γk.

Besides its low computational complexity, the main advantage of this exact problem
reduction is that we do not have to worry about approximation aspects or about the
details of the perturbation theory used. It is sufficient to set up the needed matrices
by the well known formulas and to use a standard solver for computing the extremal
eigenvector of a small (ν + 1) × (ν + 1) matrix. However, this low computational
complexity comes for the price of very simple (unrealistic) model assumptions.
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Kronecker Product-Based Landscapes

In Section 6.2.2 we considered using a Kronecker product-based definition of the muta-
tion matrix Q which also resulted in a significant increase in the generality of Q without
causing higher computational cost. Analogously, if we have a Kronecker product rep-
resentation of the fitness landscape F , we can derive more efficient solution methods
than the ones for arbitrary landscapes.

The Kronecker product representation of Q in Section 6.2.2 resulted in a great
reduction of the complexity in the matrix vector product with Q. The product of Q
with a diagonal matrix F is inherently fast, but a Kronecker product representation
of F has additional benefits: on the one hand, it leads to a reduction of the memory
requirements, on the other hand, it allows for splitting up the problem into independent
subproblems which can be solved in parallel.

Following the same scheme as for Q in (6.13), we define a Kronecker product-based
landscape F via the Kronecker product of matrices FGi of dimension 2gi × 2gi by

F =

g⊗

i=1

FGi , FGi ∈ R2gi×2gi ,

g∑

i=1

gi = ν. (6.15)

The big advantage of a Kronecker product representation is that it decouples the
problem entirely into independent subproblems, which leads to an implicit description
of the solution of the entire problem. In terms of complexity this means that the usual
multiplicative connection becomes an additive one. More concretely, if all integers
gi are equal, we can reduce the problem for chain length ν to g subproblems of size
2ν/g and solve them independently, instead of solving one problem of size 2ν . For
example, the quasispecies model for chain length ν = 100 (which occurs in existing
viruses of interest) is by far out of reach of any of the currently available computational
technology. However, for a Kronecker fitness landscape with g = 4 it could be reduced
to four subproblems of dimension 225, which can be solved fast with the methods
introduced in this chapter.

We also observe that Kronecker product-based landscapes have a much richer struc-
ture than the ones based on Hamming distances, since they have

∑g
i=1 2gi degrees of

freedom compared to only ν + 1 in the case of Hamming distance based landscapes.
If both Q and F have a Kronecker product representation and if these representa-

tions are also compatible (the simplest case would be that Q and F have the same gi
in (6.13) and (6.15)), then it is not even needed to compute the entire eigenvector. By
results from Kronecker product theory, we get an implicit description of the desired
eigenvector, since the eigenvalues and eigenvectors of a matrix M =

⊗g
i=1 Mi can

be computed out of the eigenvalues and eigenvectors of the component matrices Mi

(cf. Theorem A.8).
Up to which extent the matricesQ and F “fit together” is limited by the applicability

of the so-called mixed product formula (cf. (A.1)). This is exactly the point where we
can see a possible increase in the joint group sizes of Q and F when considering
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W = QF . But since our new solvers easily handle chain lengths of ν ≈ 25 within a
few seconds, one can still expect efficient computations for fairly complex structures.

Based on an implicit description of the eigenvalues and eigenvectors of the compo-
nent matrices one could also develop algorithms for retrieving (partial) information
about the desired eigenvector of the full matrix W . More specifically, it is quite simple
to compute the extremal eigenvalue and relevant parts of its corresponding eigenvector
efficiently. For example, one could compute the minimum and maximum concentration
for each error class which should provide sufficient information for investigating the
question whether the error threshold phenomenon occurs or not. So far, we did not
investigate such methods in great detail because the biological relevance of Kronecker
product-based fitness landscapes is not yet clear. From a computational point of view
they obviously have many interesting properties and together with efficient methods
for extracting information out of the implicit eigenvector description it would be possi-
ble to model chain lengths far beyond what is possible today, easily including complex
viruses with long RNA chains. Moreover, for Kronecker product-based landscapes it
is relatively easy to extend the quasispecies model beyond a binary alphabet to the
full four element RNA alphabet.
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Lessons Learned: Quasispecies Model Meets HPC

Throughout this chapter we considered—as an HPC case study—the problem of solv-
ing the extreme scale eigenvalue problem occurring in the quasispecies model. More
concretely, the objective was to compute the dominating eigenvector of extremely large
dense but structured matrices. The treatment of the intended huge problem dimen-
sions was only possible because the involved matrices are “data-sparse”. We depicted
a tandem of fast algorithms and their respective implementations on modern (parallel)
platforms which enables, among others, a substantial increase of the computationally
tractable problem dimension (compared to existing work).

A crucial step in our considerations was the development of a deep understanding
of the structure inherent in the eigenvalue problem stemming from the quasispecies
model. In order to exploit the special structure and properties of the eigenvalue prob-
lem, we developed two fast matrix vector products Xmvp(dmax

H ) [Niederbrucker and
Gansterer, 2011b] and Fmmp [Niederbrucker and Gansterer, 2011a], where the latter
allows for a reduction of the arithmetic complexity from Θ(N2) to Θ(N log2N). In
contrast to the sparsification-based approach based on Xmvp(dmax

H ) and earlier ap-
proximation approaches [Swetina and Schuster, 1982; Nowak and Schuster, 1989], our
solver based on Fmmp produces results as accurate as possible within the limitations
of floating-point arithmetic. With an efficient parallel implementation of a power iter-
ation approach based on Fmmp and by utilizing modern GPU hardware we achieved
enormous speedups up to 2 · 107 (for a chain length ν = 25) over equivalent standard
solvers.

We also showed how to efficiently handle mutation models beyond the ones con-
sidered in the existing quasispecies literature by: (i) considering Kronecker product
representations with heterogeneous factors, and (ii) by employing the rich theory of
Hamming distance-based matrices [Niederbrucker, 2013, § 5]. Moreover, beyond the
improvements for general fitness landscapes in the quasispecies model, we also outlined
how to reduce the computational cost even further for structured fitness landscapes,
leading to further substantial reductions of the space and runtime complexity as well
as to an even higher parallelization potential.

Given the new solvers presented in this chapter, the main limiting factor in com-
putationally solving the quasispecies model is not any more (only) the runtime, but
(rather) the space complexity.
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Throughout this thesis, we strictly distinguished between the notions of parallel and
distributed computing. In the course of our differentiation between parallel and dis-
tributed systems we pointed out substantial differences in terms of the topology, com-
munication capabilities, global control mechanisms and local knowledge of the indi-
vidual nodes (cf. Table 2.1). While distributed algorithms can be executed on parallel
systems, the converse does not hold, because parallel algorithms impose many require-
ments on the environment which distributed systems do not fulfill (according to our
definition). In particular, computations which can be easily performed on a parallel
system are in most cases hard (or even impossible) to perform on a distributed system.

Our high level motivation was to provide numerical linear algebra functionality
under conditions where existing approaches cannot be applied or fail. We saw that
such distributed matrix computations require robust and flexible all-to-all aggregation
routines as a building block. Hence, in this thesis we focused on the development
and analysis of powerful variants of these fundamental low-level operations. For a
detailed elaboration on how the methods we developed can be employed as building
block for distributed matrix computations see Straková [2013] and references therein.
In particular, the results of Straková [2013] illustrate that the (beneficial) properties
of the methods we developed in this thesis are carried over to higher level matrix
computations, e. g., to a distributed QR factorization and an orthogonal iteration-
based eigensolver.

In our considerations we constantly aimed at taking theoretical as well as practi-
cal points of view into account. In doing so, we did not only reveal several issues
concerning the practical applicability of existing methods and their analyses, but also
developed results which partially closed the identified gaps between theory and prac-
tice. In particular, we based our theoretical investigations solely on assumptions which
we believe to be applicable in real distributed systems. While these assumptions are
(technically) less convenient than commonly employed assumptions, we could still pro-
vide all required (convergence) results. However, due to their generality, our results
are mostly of an existential nature and do not provide tight bounds.

Summarizing, the results in this thesis cover a wide range of aspects ranging from
theory to practice. Concretely, we introduced generic techniques for deriving prov-
ably robust (distributed) aggregation algorithms which can cope with the challenges
imposed by real distributed systems.
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7.1. Contributions

It is important to point out that all our contributions concerning distributed aggrega-
tion algorithms (Chapters 2–5) are of a generic nature. In particular, we never derived
results for specific algorithms or environments (topology, etc.) and all our results can
be applied to a large class of distributed aggregation algorithms which covers many
well-known methods. Algorithms belonging to this class can be modeled in terms of a
linear iteration x(t) = C(t)x(t− 1), where the matrices C(t) are drawn independently
from a fixed distribution C. We have seen that algorithms which can cope with realistic
environments require the usage of so-called sum-weight schemes

s(t) = C(t)s(t− 1), w(t) = C(t)w(t− 1),

where for all nodes i the ratio x(t)i = s(t)i/w(t)i converges to the target aggregate α.
The properties of the distribution C are determined by the respective algorithm and

assumptions on the concrete environment. In Section 3.3 saw that properties which
are convenient for a theoretical analysis often severely restrict the practical applica-
bility of the respective distributed method. Therefore, we aimed at deriving a generic
convergence theory for sum-weight schemes which requires as little assumptions as
possible. Accordingly, in Section 3.4 we substantially generalized the generic conver-
gence theory of Boyd et al. [2006] and eliminated all (from a practical point of view)
problematic assumptions made therein. Moreover, in contrast to the closely related
work of Benezit, Dimakis, et al. [2010], we allow negative elements in the matrices C(t)
and we do not impose assumptions on their diagonals. These generalizations are not
only interesting from a theoretical point of view, but primarily they are fundamental
for our analyses of fault tolerance mechanisms (cf. Section 4.2). We have also seen
that—at its heart—the analysis of linear iterations boils down to the power iteration,
which enables the utilization of well-established convergence acceleration techniques
(cf. Section 3.5). Several of these methods cause only additional local operations and
therefore, they can also be directly applied in practice.

In Chapter 4 we presented our core results regarding fault tolerance mechanisms
for distributed aggregation algorithms. In order to guarantee convergence to the tar-
get aggregate α, it is necessary to preserve (globally) the so-called mass conservation
property over time, i. e.,

∑
i∈V(s(t)i, w(t)i) =

∑
i∈V(s(0)i, w(0)i). The difficulty in

preserving mass conservation over time originates from the fact that it is a global con-
straint, whereas (in a distributed context) only local mechanisms can be used. Our
approach for coping with this problem was inspired by the flow concept from graph
theory. We proposed that every node i keeps for each of its neighbors j ∈ Ni a flow
variable f(t)i,j which describes the overall (i. e., until time t) balance of data commu-
nicated between the nodes i and j. We showed that by an appropriate representation
of the local data the nodes can communicate solely their local flow variables f(t)i,j.
When receiving data, it is crucial to always ensure (local) skew-symmetry by setting
f(t)j,i = −f(t)i,j, which yields the desired mass conservation. Hence, it is (indirectly)
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also responsible for the ability to recover from failures. However, in this way mass
conservation is (in general) not strictly preserved globally, because it depends on all
local recoveries which (in general) do not take place at the same point of time. There-
fore, it is a priori by no means clear that this technique succeeds at providing fault
tolerance at the algorithmic level. We rigorously proved the correctness of our flow-
based method in the presence of failures by introducing a model which represents the
execution of flow-based algorithms in the presence of failures in a (theoretical) failure-
free environment. Analogously, we applied this analytical approach also to another
fault tolerance mechanism [Eyal et al., 2011], which has not been fully analyzed be-
fore. Moreover, we also derived first bounds for the overhead (arbitrary high) message
loss cause when using either of the aforementioned fault tolerance techniques. Last
but not least, our empirical investigations revealed several subtleties of (existing) fault
tolerant distributed aggregation algorithms. For flow-based algorithms, we are able to
overcome most of these by introducing a refined variant of the flow concept.

In an algorithm from the class of distributed aggregation algorithms which we in-
vestigated in this thesis, each node computes locally a sequence (xm) converging to
the target aggregate α. However, the problem of convergence detection (for the class
of algorithms we consider) is almost entirely neglected in the existing literature, i. e.,
it is common practice to assume that a computation aborts as soon as the local error
ε = ‖xi − α‖/‖α‖ reaches a predefined threshold. In Chapter 5, we developed meth-
ods for providing locally at each node an estimate ε̃ of ε, which can be used to detect
convergence in practice. Since we assumed a distributed environment where the nodes
are limited to their local knowledge, it appears impossible to provide generic methods
which provably provide always correct estimates (of high quality). However, we have
seen that theoretically well-founded heuristics can achieve good results in practice.

In Chapter 6 we elaborated (in addition to the main thread of this thesis) on solvers
for the extreme scale eigenvalue problem occurring in the quasispecies model. More
concretely, our objective was to compute the dominating eigenvector of extremely large
dense but structured matrices whose dimension N grows exponentially with the prac-
tically important model parameter. In order to exploit the specific problem structure,
we developed two fast structure-aware matrix vector products Xmvp(dmax

H ) and Fmmp,
where the latter allows for a reduction of the arithmetic complexity from Θ(N2) to
Θ(N log2N). In contrast to the sparsification-based approach based on Xmvp(dmax

H )
and existing approximation approaches, our solver utilizing Fmmp produces fully accu-
rate results (within the limitations of floating-point arithmetic). Besides the develop-
ment of structure-aware algorithms we also considered their (parallel) implementation
on modern hardware. Furthermore, we investigated whether the currently employed
model assumptions can be generalized without sacrificing performance. In particular,
we introduced efficient methods for mutation models beyond the ones considered in
the existing quasispecies literature. Moreover, we also outlined how to reduce the com-
putational cost even further for structured fitness landscapes. Altogether, our results
yield a substantial raise of the computationally tractable problem dimensions and a
generalization of the applicable model assumptions.
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7.2. Open Problems and Future Work

In this thesis, we covered many topics and introduced several new concepts. Hence,
there are also many interesting questions left open for future work. In the following,
we highlight those we believe to be the most important.

First of all, it is somewhat unpleasant that our convergence results are based on
indirect proofs and thus, we gained only relatively little insights into the methods
covered by these convergence results. In particular, we gave indirect proofs in the
analysis of our fault tolerance techniques which did not reveal background information
about how these techniques work and which overhead potential failures cause. Even
though we obtained some bounds concerning the overhead of message loss, a more
precise analysis is highly desirable. However, such results most likely require direct
convergence proofs and a deep understanding of the underlying processes.

Besides the analysis of the overhead caused by failures, it would also be of high
interest to extend the range of failures which can be handled (efficiently) at the algo-
rithmic level. This desire especially includes various kinds of permanent failures such
as (silently) crashing nodes.

In Chapter 5 we discussed the problem of convergence detection within distributed
aggregation algorithms and introduced reasonably efficient heuristics for this task. In
this context, it is an interesting question whether one can find theoretical models where
provably correct and efficient convergence detection (accuracy estimation) algorithms
can be developed. Moreover, it is also a highly non-trivial issue how to safely terminate
entire distributed algorithms (based on local decisions to terminate) in practice.

The algorithms we considered in thesis are often proposed to be suitable for wireless
sensor networks. Due to the wireless communication in such systems, broadcasting is
the natural (and most efficient) way of communication. This means in case a node
sends a message, it does not determine a particular receiver, but all nodes within its
communication range are intended to receive the message. For failure-free environ-
ments many broadcasting-based methods are known. However, especially in wireless
sensor networks messages (broadcasts) often do not reach all potential receivers (e. g.,
due to interference). The problem at this point with our fault tolerance techniques is
that they heavily rely on point-to-point communication between pairs of nodes. Hence,
it would be very interesting to find similarly-suited efficient fault tolerance techniques
which can naturally1 cope with a broadcasting environment. Moreover, it is question-
able whether the assumption that the nodes know about their neighborhoods, which
is commonly made in the respective existing literature, is applicable in (potentially
dynamic) wireless networks. If this assumption is dropped, only methods based on
computing extrema can be used, which converge impracticably slow (cf. Section 3.1).
Therefore, there is a high demand for robust and efficient broadcasting-based aggre-
gation methods.

1Our flow-based methods can be applied in a broadcasting environment, but at the cost of large
messages, since each message would have to contain the flows for all neighbors of its sender.
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A.1. Notation and Fundamentals

A.1.1. Linear Algebra

In the following we explicitly state notations, definitions and facts from linear algebra
which we employ throughout the thesis (cf. Golub and Van Loan [1996, §§ 1.1, 7.1]).

Notation A.1 (Matrices). For a matrix A ∈ Rm×n we denote its entries by ai,j, i. e.,

A =




a1,1 · · · a1,n
...

. . .
...

am,1 · · · am,n


 , ai,j ∈ R.

Moreover, we also use [A]i,j = ai,j to index the (i, j)-th entry of A. By tr(A), rank(A)
and det(A), we denote the trace, rank and determinant of A, respectively. Moreover,
in case A is a block matrix , we denote by Ai,j its blocks, i. e.,

A =




A1,1 · · · A1,n
...

. . .
...

Am,1 · · · Am,n


 , Ai,j ∈ Rmi×nj .

The transpose of a matrix A ∈ Rm×n is denoted by AT ∈ Rn×m. //

Notation A.2 (Diagonal Matrices). Let A ∈ Rn×n be a square matrix, then diag(A)
denotes the vector formed by the entries on the main diagonal of A, i. e., diag(A) =
(a1,1, a2,2, . . . , an,n). Conversely, if v ∈ Rn is a column or row vector, then

diag(v) = diag(v1, v2, . . . , vn) =




v1 0 · · · 0

0 v2 0
...

...
. . . . . . 0

0 · · · 0 vn


 .

Moreover, if Bi ∈ Rmi×ni are matrices, then diag(B1, B2, . . . , Bn) denotes the block
diagonal matrix with the blocks Bi on its diagonal. By In ∈ Rn×n we denote the
identity matrix in Rn×n, i. e., In = diag(1, 1, . . . , 1). //
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Notation A.3 (Submatrix Specification). For a matrix A ∈ Rm×n and index sets
u ⊆ {1, . . . ,m} and v ⊆ {1, . . . , n}, we denote by A(u, v) the submatrix of A formed
by picking the rows u and columns v of A, e. g.,

A =




a1,1 a1,2 a1,3 a1,4

a2,1 a2,2 a2,3 a2,4

a3,1 a3,2 a3,3 a3,4

a4,1 a4,2 a4,3 a4,4


 ∈ R4×4, A({1, 4}, {2, 3}) =

(
a1,2 a1,3

a4,2 a4,3

)
∈ R2×2.

We further use the colon notation to abbreviate index sets with consecutive indices.
Concretely, for integers i and j, we denote by i :j the set {i, i+ 1, . . . , j − 1, j}. More
generally, i :k :j denotes the set {i, i + k, . . . , j − k, j}. To select all rows or columns
from a matrix A we use A(:, v) and A(u, :), respectively. //

Notation A.4 (Matrices vs. Vectors). Let A be an arbitrary m× n matrix, then the
vectorization of A is the column vector obtained by concatenating the columns of A.

vec(A) =




A(:, 1)
A(:, 2)

...
A(:, n)




The natural inverse to the vectorization of a matrix is to construct a matrix out of
a vector. Given a vector x ∈ Rrc we will denote by xr×c the matrix

xr×c =




x1 xr+1 · · · x(c−1)r+1
...

...
. . .

...
xr x2r · · · xcr




//

Definition A.1 (Spectrum, spectral radius). Let A ∈ Rn×n be a matrix then we call
σ(A) = {λ ∈ C | ∃v 6= 0 with Av = λv} the spectrum of A. Moreover, we call ρ(A) :=
maxλ∈σ(A) |λ| the spectral radius of A. (This definition is sound since |σ(A)| ≤ n.) //

Definition A.2 (Eigenvalues, eigenvectors). A scalar λ ∈ σ(A) is called an eigenvalue
of a matrix A ∈ Rn×n and its associated vector v ∈ Rn, satisfying Av = λv, is called
(right) eigenvector . Moreover, σ(A) = σ(AT) and for each λ ∈ σ(A) there exists also
a left eigenvector w associated with it, which satisfies wTA = λwT. Consequently, in
case of symmetric matrices, left and right eigenvectors coincide. //

By definition, a scalar multiple of an eigenvector v associated with eigenvalue λ
is an eigenvector associated with λ as well, i. e., eigenvectors are only unique up to
normalization. Moreover, many important properties of a (square) matrix A can be
expressed in terms of its eigenvalues. For instance, tr(A) =

∑
i λi and det(A) =

∏
i λi.

Hence, a regular matrix A cannot have an eigenvalue λi = 0, since it satisfies detA 6= 0.
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Definition A.3 (Similarity). Let A,B ∈ Rn×n such that B = P−1AP for a regular
matrix P . Then the matrices A and B are called similar and the matrix P is called
a similarity transformation //

A particularly important property of similar matrices is that they share the same
set of eigenvalues and consequently, also all other properties which can be expressed
in terms of the eigenvalues, such as the rank or the determinant.

Theorem A.1 (Eigendecomposition, Golub and Van Loan [1996, § 7.1.1]). Assume a
matrix A ∈ Cn×n has n linearly independent eigenvectors vi ∈ Cn and let V ∈ Cn×n

denote the matrix (v1, v2, . . . vn). Then V diagonalizes A, where Λ = V −1AV is the
diagonal matrix with the eigenvalues of A on its diagonal. In particular, A = V ΛV −1

is called the eigendecomposition of A.

From a computational point of view, having the eigendecomposition of a matrix A
at hand has the advantage that subsequently many (a priori expensive) functions of
A, such as A−1 or Ak, can be computed efficiently.

A.1.2. Miscellaneous

Notation A.5 (Asymptotic bounds). Let f(n) and g(n) be arbitrary functions in
n ∈ N. Then we define the following asymptotic notations.

1. Upper bound : f(n) = O(g(n)), i. e., there exists a constant c > 0 such that there
exists an n0 ≥ 0 such that |f(n)| ≤ c|g(n)| for all n ≥ n0.

2. Lower bound : f(n) = Ω(g(n)), i. e., g(n) = O(f(n)).

3. Tight bound : f(n) = Θ(g(n)), i. e., f(n) = O(g(n)) and g(n) = O(f(n)).

//

A.2. The Kronecker Product [Niederbrucker, 2013, § 3]

Definition A.4. For matrices A ∈ Rm1×n1 and B ∈ Rm2×n2 we define the Kronecker
product (or tensor product) of A and B as the m1m2 × n1n2 block matrix

A⊗B :=




a1,1B · · · a1,n1B
...

. . .
...

am1,1B · · · am1,n1B


 .

//
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In this section we review the most important properties of the Kronecker product
and show how to utilize it as a “language” for describing and manipulating efficient al-
gorithms on an abstract level. Moreover, we discuss how to approximate given matrices
by Kronecker products of matrices and show up relations to low rank approximation
problems and the singular value decomposition. For proofs see Niederbrucker [2013,
§ 3] and the references therein.

A.2.1. Basic Properties

Proposition A.2. Let A ∈ Rm1×n1, B ∈ Rm2×n2 and C ∈ Rm3×n3 be arbitrary real
matrices and α ∈ R a real constant. Then the following properties hold.

1. Im ⊗ In = Imn

2. (αA)⊗B = α(A⊗B) = A⊗ (αB)

3. (A⊗B)T = AT ⊗BT

4. A⊗ (B ⊗ C) = (A⊗B)⊗ C
Since the Kronecker product is associative the expression A1 ⊗ A2 ⊗ . . . ⊗ An is

unambiguous. Thus, we will henceforth use
⊗n

i=1Ai as abbreviation for A1 ⊗ A2 ⊗
. . . ⊗ An. Due to its inherently asymmetric definition, it is not surprising that the
Kronecker product is not commutative as the following example confirms.

Example A.1.

(
1 2
3 4

)
⊗ I3 =




1 0 0 2 0 0
0 1 0 0 2 0
0 0 1 0 0 2
3 0 0 4 0 0
0 3 0 0 4 0
0 0 3 0 0 4



6=




1 2 0 0 0 0
3 4 0 0 0 0
0 0 1 2 0 0
0 0 3 4 0 0
0 0 0 0 1 2
0 0 0 0 3 4




= I3 ⊗
(

1 2
3 4

)

Nevertheless, this counterexample gives already some evidence that A⊗B and B⊗A
are closely related. Indeed, we will see that A⊗B = P (B⊗A)Q for certain permutation
matrices P and Q. //

Definition A.5 (Perfect Shuffle). For positive integers p, q and n = pq, we define the
perfect shuffle matrix Sp,q ∈ Rn×n as block matrix1

Sp,q :=




In(1 :q :n, :)
In(2 :q :n, :)

...
In(q :q :n, :)


 ,

consisting of q blocks In(i :q :n, :) ∈ Rp×n. //

1We use colon notation for submatrix specification (cf. Notation A.3)
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Since Sp,q contains exactly one entry 1 in each row and column, perfect shuffles are
permutation matrices. Therefore, all matrices Sp,q are orthogonal, i. e., Sp,qST

p,q = In.
Moreover, the transpose of a perfect shuffle is a perfect shuffle as well.

Example A.2. Let p = 3 and q = 2, then Sp,q and Sq,p are each others transpose.

S3,2 =




1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1




=




1 0 0 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 0 0 1




T

= ST
2,3

//

Lemma A.3. Let p, q ∈ N be arbitrary integers. Then the identity Sp,q = ST
q,p holds.

The name perfect shuffle is motivated by the operation of Sp,q on vectors. Suppose
we are given a deck of n = pq cards represented by an n-dimensional vector x, then
y = Sp,qx can be imagined as follows. The deck of n cards is first split up into p piles
of height q and then we successively take one card from each pile to obtain y. The
matrix vector multiplication yT = xTSp,q can be interpreted analogously.

Example A.3. Consider the perfect shuffle S3,2 and an arbitrary vector x ∈ R6.
Then,

y = S3,2x =




1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1







x1

x2

x3

x4

x5

x6




“split”
=⇒ x1 x3 x5

x2 x4 x6

‘take”
=⇒ y =




x1

x3

x5

x2

x4

x6



.

//

Perfect shuffle permutations allow to relate the columnwise vectorization vec(A) of
a matrix A with the vectorization of its transpose as well as A⊗B to B ⊗ A.

Proposition A.4. Let A ∈ Rm1×n1 and B ∈ Rm2×n2

1. vec(A) = Sm1,n1 · vec(AT)

2. A⊗B = ST
m1,m2

· (B ⊗ A) · Sn1,n2
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Example A.4. Let A be an arbitrary 3 × 2 matrix. Then one can directly confirm
that

vec(A) =




a1,1

a2,1

a3,1

a1,2

a2,2

a3,2




=




1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1







a1,1

a1,2

a2,1

a2,2

a3,1

a3,2




= S3,2 · vec(AT).

Moreover, recall the counterexample for the commutativity of the Kronecker product
given in Example A.1. According to Proposition A.4 these two matrices are related in
the form (

1 2
3 4

)
⊗ I3 = S3,2 ·

[
I3 ⊗

(
1 2
3 4

)]
· S2,3.

This claim is verified by the following step-by-step computation2.



1 2 0 0 0 0
3 4 0 0 0 0
0 0 1 2 0 0
0 0 3 4 0 0
0 0 0 0 1 2
0 0 0 0 3 4







1 0 0 0 0 0
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0
0 0 0 0 0 1







1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 1







1 2 0 0 0 0
0 0 1 2 0 0
0 0 0 0 1 2
3 4 0 0 0 0
0 0 3 4 0 0
0 0 0 0 3 4







1 0 0 2 0 0
0 1 0 0 2 0
0 0 1 0 0 2
3 0 0 4 0 0
0 3 0 0 4 0
0 0 3 0 0 4




In the following we give a proof for the general assertions given in Proposition A.4. //

A key property of the Kronecker product is that the product A⊗B inherits most of
the structure of its factors A and B. Concretely, if A and B have the property X then
usually also A ⊗ B has the property X. In particular, if A and B are nonnegative,
symmetric, triangular , orthogonal , stochastic or diagonal matrices, their product A⊗B
inherits the respective properties.

Theorem A.5 (Mixed Product Property). Let A,B,C and D be arbitrary matrices
such that AC and BD are defined, then

(A⊗B)(C ⊗D) = AC ⊗BD. (A.1)

2 In order to explicitly compute the matrix product P = A ·B · C we utilize the scheme

P = A ·B · C =
B C

A A ·B A ·B · C
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In fact, the mixed product property states that for many computations it suffices
to perform the respective computations on the individual factors instead of the entire
Kronecker product. The following corollary states several useful properties of this
kind.

Corollary A.6. Computations on Kronecker products usually require only indepen-
dent computations on its factors. For example the following properties hold.

1. Let A and B be regular matrices, then (A⊗B)−1 = A−1 ⊗B−1.

2. Let A = QARA and B = QBRB be the QR decompositions of A and B, re-
spectively. Then A ⊗ B = (QA ⊗ QB)(RA ⊗ RB) is the QR decomposition of
A⊗B.

3. Let A = LAUA and B = LBUB be the LU decompositions of A and B, respec-
tively. Then A⊗B = (LA ⊗ LB)(UA ⊗ UB) is the LU decomposition of A⊗B.

4. Let A = UAΣAV
T
A and B = UBΣBV

T
B be the SVDs of A and B, respectively.

Then A⊗B = (UA ⊗ UB)(ΣA ⊗ ΣB)(V T
A ⊗ V T

B ) is the SVD of A⊗B.

Example A.5. Given matrices B, C and X such that CXBT is defined. Then
the matrix equation Y = CXBT is equivalent to the linear system vec(Y ) = (B ⊗
C)vec(X). Consider the case B ∈ R2×2, C ∈ R2×3 and X ∈ R3×2. Moreover, let
x1 and x2 denote the first and second column of X, respectively, i. e., x1 = X(:, 1),
x2 = X(:, 2) and X = (x1, x2). For this case, the stated equivalence is verified as
follows.

Y = CXBT = C · (x1, x2) ·BT = (Cx1, Cx2) ·
(
b1,1 b2,1

b1,2 b2,2

)

= (C(b1,1x1 + b1,2x2), C(b2,1x1 + b2,2x2))

(B ⊗ C)vec(X) =

(
b1,1C b1,2C
b2,1C b2,2C

)(
x1

x2

)
=

(
C(b1,1x1 + b1,2x2)
C(b2,1x1 + b2,2x2)

)
= vec(Y )

Assume that B and C are square matrices of dimension n. In case we ignore the
structure of B ⊗ C ∈ Rn2×n2

, solving the n2-dimensional linear system vec(Y ) =
(B ⊗ C)vec(X) is tantamount to O(n6) arithmetic operations. Contrary to that,
by computing the LU decompositions of B and C independently to obtain a LU
decomposition of B ⊗ C (cf. Corollary A.6), this system can be solved by O(n3)
arithmetic operations only. //

Corollary A.7. The mixed property allows for the following two natural generaliza-
tions.

1. Let Ai, Bi be matrices such that the products AiBi are defined, then
(

n⊗

i=1

Ai

)
·
(

n⊗

i=1

Bi

)
=

n⊗

i=1

(AiBi)
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2. Let Ai, Bi be matrices such that the products
∏n

i=1Ai and
∏n

i=1Bi are defined,
then

n∏

i=1

(Ai ⊗Bi) =

(
n∏

i=1

Ai

)
⊗
(

n∏

i=1

Bi

)

Example A.6. In order to illustrate the two generalizations of the mixed product
property from Corollary A.7, consider matrices Ai, Bi with 1 ≤ i ≤ 3. First, assume
that all products AiBi exist. Then, by the mixed product property and associativity
of ⊗,

(A1 ⊗ A2 ⊗ A3)(B1 ⊗B2 ⊗B3) = ((A1 ⊗ A2)⊗ A3)((B1 ⊗B2)⊗B3)

= ((A1 ⊗ A2)(B1 ⊗B2))⊗ (A3B3)

= (A1B1)⊗ (A2B2)⊗ (A3B3)

Similarly, by assuming that all products
∏3

i=1Ai and
∏3

i=1Bi exist, we see that

(A1⊗B1)⊗ (A2⊗B2)⊗ (A3⊗B3) = (A1A2⊗B1B2)(A3B3) = (A1A2A3)⊗ (B1B2B3).

//

Clearly, the definition of the Kronecker product covers also vectors. Assume we are
given matrices A1, . . . , An and vectors xi such that Aixi is defined for all 1 ≤ i ≤ n.
Then we get by Corollary A.7 that y = (

⊗n
i=1Ai)(

⊗n
i=1 xi) =

⊗n
i=1(Aixi).

Theorem A.8. Let A,B ∈ Rn×n be square matrices and let (λi, vi) and (µj, wj) be
the eigenpairs of A and B, respectively. Then the eigenpairs of A ⊗ B are given by
(λiµj, vi ⊗ wj) for all 1 ≤ i, j ≤ n. Analogous results also hold for the singular values
and vectors of A⊗B. Moreover, all results extend accordingly to products of the form⊗k

i=1Ai.

Corollary A.9. Let Ai ∈ Rni×ni be square matrices and Bi arbitrary matrices, then

1. tr(
⊗k

i=1Ai) =
∏k

i=1 tr(Ai)

2. det(
⊗k

i=1 Ai) =
∏k

i=1 det(Ai)
ni

3. rank(
⊗k

i=1Bi) =
∏k

i=1 rank(Bi)

A.2.2. Kronecker Products and Fast Algorithms

In general, computing a matrix vector product y = Ax for a dense square matrix
A ∈ Rn×n requires Θ(n2) floating point operations. However, for certain specially
structured matrices it is possible to break this barrier and to provide, e. g., algorithms
requiring only Θ(n log n) floating point operations. Matrix vector products with a
subquadratic complexity are often called fast transforms. For instance, Cooley and
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Tukey [1965] showed in their seminal paper that the computation of the discrete Fourier
transformation of a signal of length n = 2k requires only Θ(n log2 n) instead of Θ(n2)
arithmetic operations. Today, we are aware of many fast transforms and almost all of
them are closely related to the Kronecker product [Van Loan, 2000].

Modern computing architecture became highly complex and diverse, since every
single processor provides several levels of parallelism. While it gets more and more
difficult to produce a hand-written code which fully utilizes the theoretical potential
of the computing hardware, automated program generators such as Fftw [Frigo and
Johnson, 2005] or Spiral [Püschel et al., 2005] proved to be successful in producing
highly efficient code for computing fast transforms on given target platforms. A main
ingredient in the automated search for efficient codes in systems like Spiral is the
Kronecker product formalism. The appropriate representation of algorithms in terms
of Kronecker products allows to discover many theoretically equivalent variants of
an algorithm in order to search for the most efficient implementation on a certain
platform.

Traditional concepts for speeding up computations are vectorization and threading .
By vectorization we mean that a single instruction is performed on a vector of operands
instead of a single operand. On the contrary, threading means performing several
instructions independently in parallel. Both of these concepts can be found in the
Kronecker product formalism as well as the following definitions show.

Definition A.6 (Parallel Kronecker Product). Let A ∈ Rm×n be an arbitrary matrix.
Then,

Ik ⊗ A = diag(A,A, . . . , A︸ ︷︷ ︸
k times

),

is called the parallel Kronecker product . //

Definition A.7 (Vector Kronecker Product). Let A ∈ Rm×n be an arbitrary matrix.
Then,

A⊗ Ik =




a1,1Ik . . . a1,nIk
...

. . .
...

am,1Ik . . . am,nIk




is called the vector Kronecker product . //

These terms can be motivated by investigating the matrix vector product with the
parallel and vector Kronecker product, respectively. In case of a parallel Kronecker
Product y = (Ik ⊗A)x, the input vector x is split up into k parts where each of those
parts gets independently (“in parallel”) multiplied. In case of the vector Kronecker
product, the computation of y = (A ⊗ Ik)x is tantamount to computing the matrix
vector product with A in vectorized form, i. e., with k-dimensional variables instead of
scalars. Moreover, the parallel and the vector Kronecker product can be interpreted
as “hidden” matrix-matrix multiplications. Consider a matrix A ∈ Rn×n with n = rc
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and a vector x ∈ Rn. Then we observe the equivalences

y = (Ic ⊗ A)x ≡ yr×c = Axr×c

y = (A⊗ Ir)x ≡ yr×c = xr×cA
T

The following example illustrates these representations as matrix products more con-
cretely.

Example A.7. Let the matrix A ∈ R2×2 and the vector x ∈ R6 be arbitrary. Then,

y = (I3 ⊗ A)x =




A 0 0
0 A 0
0 0 A






x(1 :2)
x(3 :4)
x(5 :6)


 =




Ax(1 :2)
Ax(3 :4)
Ax(5 :6)


 ,

and moreover, as a matrix matrix product we get

y2×3 = (Ax(1 :2), Ax(3 :4), Ax(5 :6)) = A (x(1 :2), x(3 :4), x(5 :6)) = Ax2×3.

Analogously, we observe for

y = (A⊗ I3)x =

(
a1,1I3 a1,2I3

a2,1I3 a2,2I3

)(
x(1 :3)
x(4 :6)

)
=

(
a1,1x(1 :3) + a1,2x(4 :6)
a2,1x(1 :3) + a2,2x(4 :6)

)

the matrix matrix product

y3×2 = (a1,1x(1 :3) + a1,2x(4 :6), a2,1x(1 :3) + a2,2x(4 :6))

= (x(1 :3), x(4 :6))

(
a1,1 a2,1

a1,2 a2,2

)
= x3×2A

T.

//

In order to see the expressiveness of the Kronecker product formalism we investigate
in the following a simply structured linear transform.

Definition A.8. Consider the following recursively defined matrices H2k ,

H2 =

(
1 1
1 −1

)
, H2k =

(
H2k−1 H2k−1

H2k−1 −H2k−1

)
= H2 ⊗H2k−1 =

k⊗

i=1

H2,

The matrices H2k are called Walsh matrices and are a special form of Hadamard
matrices . In general, a matrix Hn ∈ {1,−1}n×n is called Hadamard matrix if its
columns are pairwise orthogonal. //

Example A.8. The linear transform y = H2kx based on the Walsh matrices is called
Fast Walsh-Hadamard Transform (Fwht) . The Fwht can be efficiently computed
in subquadratic time, e. g., in the following two ways:
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1. Recursive computation of H2kx:

H2kx =

(
H2k−1 H2k−1

H2k−1 −H2k−1

)(
x1

x2

)
=

(
x̄1 + x̄2

x̄1 − x̄2

)
,

x̄1 = H2k−1 · x1

x̄2 = H2k−1 · x2
(A.2)

2. Iterative computation of H2kx:

H2kx =

(
H2k−1 H2k−1

H2k−1 −H2k−1

)(
x1

x2

)
=

(
H2k−1(x1 + x2)
H2k−1(x1 − x2)

)
(A.3)

Note that here “recursive computation” and “iterative computation” are supposed
to be interpreted from a programmers point of view. In other words, the algorithm
defined in (A.2) allows for a natural recursive implementation whereas the algorithm
defined by (A.3) allows for a natural iterative implementation using two nested loops.
Both of these computations require only Θ(k2k) arithmetic operations as an immediate
consequence of the Master theorem [Cormen et al., 2001, p. 73].

//

While Example A.8 outlines how the matrix vector product with a Kronecker prod-
uct of matrices can be computed efficiently, it does not yet reveal the full potential of
the Kronecker product formalism as a “language” for describing algorithms. Observe,
that by the mixed product property the matrix H2k can also be factorized as

H2k = (H2 ⊗ I2k−1)(I2 ⊗H2k−1). (A.4)

Thus, by the interpretation of the parallel and vector Kronecker product the compu-
tation of (H2 ⊗ I2k−1)(I2 ⊗ H2k−1)x reads as follows. First, we compute the parallel
Kronecker product (x̄1, x̄2)T = (I2 ⊗ H2k−1)(x1, x2)T, i. e., we compute x̄1 = H2k−1x1

and x̄2 = H2k−1x2 independently in parallel. Second, we compute the vector Kronecker
product (H2⊗I2k−1)(x̄1, x̄2)T, i. e., we compute the matrix vector product with H2 with
2k−1-dimensional vectors instead of scalars. Therefore, we observe that (A.4) is a “de-
scription” of the recursion (A.2) in the Kronecker product formalism. Moreover, by
the generalized mixed product property, we obtain the factorization

H2k =
k∏

i=1

(I2i−1 ⊗H2 ⊗ I2k−i) . (A.5)

The validity of this factorization can be immediately verified by

I2i−1 ⊗H2 ⊗ I2k−i = I2 ⊗ I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸
i−1 times

⊗H2 ⊗ I2 ⊗ I2 ⊗ · · · ⊗ I2︸ ︷︷ ︸
k−i times

As it can be easily seem, (A.5) “describes” the iterative algorithm (A.3): The first
part, H2 ⊗ I2k−i means that H2 is applied to vectors of length 2k−i and overall, this
vector operation gets applied to 2i−1 vectors in parallel.
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In general, for k = k1 + k2 + · · ·+ kp we obtain the factorization

H2k =

p∏

i=1

(I2k1+k2+...ki−1 ⊗H2ki ⊗ I2ki+1+···+kp ) , (A.6)

which is, analogously to the previous factorization, verified by representing the re-
spective identity matrices as Kronecker products of smaller identity matrices. The
factorization (A.6) clearly subsumes the previous two special cases. By considering
p = 2, k1 = 1 and k2 = k − 1 we get (A.4) and by p = k and ki = 1 for all i we get
(A.5). Thus, the factorization (A.6) leads to a wide variety of—in terms of the result—
equivalent potential implementations of the matrix vector product H2kx. For a more
comprehensive discussion on how to find the best performing of these implementations
see Johnson and Püschel [2000].

For the sake of simplicity we considered the Fwht as an introductory example
to the way how the Kronecker product formalism is applied in the context of high
performance computing. In more complicated fast transforms like the Fast Fourier
Transform (Fft) also additional permutation matrices are needed in order to describe
the different variants of a certain algorithm. However, the fruitful relationship between
the Kronecker product formalism and fast linear transforms was not utilized for a long
time. In particular Cooley and Tukey [1965] did not expose this framework in their
seminal work. While early work [Drubin, 1971] outlined the connection between the
Kronecker product formalism and the Fft, many seemingly independent algorithms
for computing the Fft were developed. For instance, Van Loan [1992] elaborated
in detail how the Kronecker product formalism can be used to unify the manifold of
known approaches towards computing the Fft.

A.3. Perron-Frobenius Theory [Niederbrucker, 2013, Appendix B]

Definition A.9. We call a real matrix A positive (A > 0), if ai,j > 0 for all i, j.
Likewise, we call A nonnegative (A ≥ 0) if ai,j ≥ 0 for all i, j. The same notation
applies to vectors as well. //

The Perron-Frobenius theory is a particularly elegant piece of linear algebra which
reveals, e. g., how the nonnegativity (positivity) of a matrix is reflected in its eigen-
values and eigenvectors. To indicate how well the Perron-Frobenius theory can be
utilized in application contexts, we employ the convergence analysis of finite Markov
chains as a running example throughout this appendix.

Example A.9 (Markov chain). A finite discrete-time Markov chain is a mathematical
model consisting of a finite amount of states, where the current state can change at
each discrete point of time. In particular, we consider so-called homogenous Markov
chains, where at each point of time the probability for a state transition from state i to
state j is given by 0 ≤ pj,i ≤ 1. Thus, the transition probabilities can be conveniently
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represented by a square matrix P . In order to obtain a sound model, the transition
matrix P has to be column stochastic, i. e., each column of P sums up to one (is
a stochastic vector). In particular, this means that for every node the sum over its
(outgoing) transition probabilities equals to one.

Consider we are given a stochastic vector s whose elements si represent the proba-
bility that the Markov chain is initially in state i. Then the probability distribution of
being in a certain state after k time steps is given by the vector P ks, since a column-
stochastic matrix times a stochastic vector is a stochastic vector. The following three
question are of tremendous interest: Does the Markov chain converge, i. e., does a
stationary distribution π = limk→∞ P ks exist? How does the stationary distribution π
look? Does π depend on the initial distribution s or not? As we will see, these ques-
tions can easily be answered by utilizing results from the Perron-Frobenius theory. //

Historically, the Perron-Frobenius theory originates in investigations from positive
matrices [Perron, 1907; Frobenius, 1908], which were later extended to nonnegative
matrices [Frobenius, 1912]. In the following, we give a brief overview of the most
fundamental notions and results of the Perron-Frobenius theory. A more detailed
exposition can be found, e. g., in the textbook of Meyer [2000, § 8].

The core of the Perron-Frobenius theory is what is today commonly known as
Perron-Frobenius theorem. Several versions of this theorem exist which slightly differ
in their assumptions and conclusions. First, we consider the Perron-Frobenius theorem
for positive matrices.

Theorem A.10 (Perron-Frobenius [Meyer, 2000, p. 667]). Let A ∈ Rn×n be a positive
matrix, then the following assertions hold.

1. There exists a positive real eigenvalue λ of A such that λ > |µ| for all other
eigenvalues µ 6= λ of A.

2. The eigenvalue λ is a simple root of the characteristic polynomial of A.

3. There is a strictly positive left eigenvector u > 0 with uTA = λuT and a strictly
positive right eigenvector v with Av = λv associated with λ.

4. Except for u and v all other eigenvectors of A contain at least one negative entry.

5. Let u and v be normalized such that uTv = 1, then

lim
k→∞

Ak/λk = vuT. (A.7)

Example A.10 (Markov chain, continued). In case we assume a positive transition
matrix P (which means that any state change can happen with a certain probabil-
ity), Theorem A.10 straightforwardly delivers answers to all questions we raised in
Example A.9. Concretely, since P is column stochastic, its left eigenvector is given by
the constant vector 1 with corresponding eigenvalue one. Thus, the spectral radius
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of P is one and limk→∞Ak = v1T, i. e., the Markov chain converges. Moreover, since
v1Ts = v for all stochastic vectors s, we see that the stationary distribution π = v
and that π is independent of the initial distribution.

In the following we will investigate up to which extent Theorem A.10 can be gen-
eralized to nonnegative matrices. To illustrate the differences between matrices of a
particular structure, we consider the following four nonnegative transition matrices
P1–P4.

P1 P2 P3 P4

Matrix

(
1/2 1/2
1/2 1/2

) (
0 1/2
1 1/2

) (
0 1
1 0

) (
1 1/2
0 1/2

)

Induced graph

Eigenvalues {1, 0} {1,−1/2} {1,−1} {1, 1/2}

Eigenvectors

(
1
1

)
,

(
−1
1

) (
1/2
1

)
,

(
−1
1

) (
1
1

)
,

(
−1
1

) (
1
0

)
,

(
−1
1

)

We can see that (some of) the conclusion of Theorem A.10 do not hold in case of P3

and P4. //

Nonnegative matrices can be represented as limits of positive matrices. Thus, for a
nonnegative matrix A ∈ Rn×n with spectral radius ρ(A) ≥ 0, the real value λ = ρ(A)
is an eigenvalue of A and its corresponding eigenvector is nonnegative [Meyer, 2000,
p. 670]. Moreover, a variational characterization of the spectral radius ρ(A) of a square
matrix A ≥ 0 is given by the so-called Collatz-Wielandt formula [Meyer, 2000, pp. 669–
670]

ρ(A) = max
x≥0
x 6=0

min
1≤i≤n
xi 6=0

[Ax]i
xi

= min
x>0

max
1≤i≤n

[Ax]i
xi

.

From an application point of view, it seems to be reasonable that Theorem A.10 can be
extended to certain classes of nonnegative matrices. Consider, e. g., a Markov chain
with nonnegative transition matrix (cf. Example A.10). In case that it is possible
to reach from each state (after a finite amount of transitions) every other state, one
would expect that the stationary distribution should show a nonzero (potentially small)
probability for every state. In the following, we make these considerations precise,
which leads to the notion of irreducible matrices . Interestingly, it is indeed only the
pattern of nonzero values what matters in order to generalize the Perron-Frobenius
theorem to nonnegative matrices and not the overall number of nonzero entries or
their concrete values (cf. Example A.10).

In the following we give two equivalent characterizations of irreducible matrices. A
matrix A ∈ Rn×n is called reducible, if there exists a permutation matrix P such that

PTAP =

(
B C
0 D

)
,
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with square matrices B and D. Consequently, a matrix is called irreducible if it is not
reducible. A more insightful characterization can be given by utilizing notions from
graph theory. Recall that a (directed) graph G = (V , E) with n = |V| nodes is fully
determined by its adjacency matrix A ∈ {0, 1}n×n, i. e., Ai,j = 1, if and only if there
is a directed edge between node i and node j. Therefore, given a matrix A ∈ Rn×n,
we can define its induced graph by the adjacency matrix AG with AGi,j = 1, if and

only if Ai,j 6= 0 and AGi,j = 0 otherwise. Now a matrix A ∈ Rn×n is irreducible, if
and only if its induced graph is strongly connected [Meyer, 2000, p. 671], i. e., there
exists a directed path from every node to any other node. For nonnegative irreducible
matrices Theorem A.10 can be generalized as follows.

Theorem A.11 (Perron-Frobenius [Meyer, 2000, p. 673]). Let A ∈ Rn×n be a nonneg-
ative irreducible matrix and let λ = ρ(A) denote its spectral radius. Then the following
assertions hold.

1. The spectral radius λ > 0 and λ is an eigenvalue of A.

2. The eigenvalue λ is a simple root of the characteristic polynomial of A.

3. There is a strictly positive left eigenvector u > 0 with uTA = λuT and a strictly
positive right eigenvector v with Av = λv associated with λ.

4. Except for u and v all other eigenvectors of A contain at least one negative entry.

5. If A has h eigenvalues on its spectral circle, then they are for 1 ≤ i ≤ h given by
λi = λω(i−1), where ω = e2πi/h is a h-th root of unity.

Thus, we observe two major difference between Theorem A.10 and Theorem A.11.
First, there can exist several eigenvalues on the spectral circle in case of an irreducible
matrix which are structured according to the last assertion in Theorem A.11. More-
over, the convergence property (A.7) in Theorem A.10 is missing, which can indeed
not be generalized to irreducible matrices, as the following example illustrates.

Example A.11 (Markov chain, continued). Consider the matrix P3 from Exam-
ple A.10. The graph induced by P3 is obviously strongly connected. Thus, P3 is
irreducible. On the other hand, the limit limk→∞ P k

3 does not exist, since for j ∈ N
we see that P 2j

3 = P3 and P 2j+1
3 = I2. Therefore, even though irreducible matrices

preserve almost all properties of positive matrices, e. g., the positive eigenpair, they
are not suited for deriving a convergence result of the kind we require for the analysis
of Markov chains. //

As the previous example illustrates, the notion of irreducibility is not yet fully
satisfactory in certain application contexts. The notion of primitive matrices plays an
important role in the generalization of Theorem A.10 in its entirety to nonnegative
matrices.
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Definition A.10. We call a square nonnegative matrix A ∈ Rn×n primitive, if there
exists a constant k ∈ N such that Ak is a primitive matrix, i. e., Ak > 0. //

Corollary A.12 (see Meyer [2000, p. 674]). Theorem A.10 holds also in case we
assume A to be primitive instead of strictly positive.

It is noteworthy that this generalization which is very important for applications was
already stated in the pioneering work of Perron [1907, p. 262]. The question which is
left open is how the notions of irreducibility and primitivity are related to each other.
We refrain here from a detailed discussion and instead, we give a very simple criterion
to detect the primitivity of an irreducible matrix.

Lemma A.13 (see Meyer [2000, p. 678]). Let A be a nonnegative irreducible matrix
with at least one positive diagonal element, then A is primitive.

Example A.12 (Markov chain, continued). By the considerations above, the tran-
sition matrices given in Example A.10 can be easily categorized (and analyzed). In
particular, P1 is positive, P2 is primitive, P3 is irreducible and P4 is (only) nonnegative.
Accordingly, either Theorem A.10 (P1, P2) or Theorem A.11 (P3) or neither of them
(P4) applies. //

Summarizing, we have seen that the Perron-Frobenius theorem provides several
insights into the structure of the eigenvalues and eigenvectors of positive and nonneg-
ative matrices. A particularly interesting variant of the theorem is the one for primitive
matrices (cf. Corollary A.12), which allows for the same conclusion as the variant for
positive matrices. The generalization of the Perron-Frobenius theorem to classes of
nonnegative matrices requires assumptions on the pattern of nonzero entries, which
lead to the notion of irreducible matrices. In many applications this property, i. e., the
strong connectivity of the induced graph, is given in a natural way and its verification
is fairly straightforward. Moreover, the primitivity of an irreducible matrix is simply
verified by the existence of a nonzero diagonal element.

A.4. Graph Structures: Definitions and Properties

The technical contributions in this thesis are mostly of a generic (“existential”) nature
and consequently, they are not affected by the properties of particular graph struc-
tures. Hence, we always considered network graphs (V , E) which are reasonably well
connected such that the computation of an all-to-all aggregation is in principle possible
(cf. Section 3.3.4). However, in practice the particular properties of the structure of
the communication network heavily influence the convergence speed of the respective
algorithm.
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A.4.1. Connectivity Measures

Due to their simplicity and local scope, the distributed algorithms we consider in this
thesis converge the faster the better the underlying graph structure is connected. In
the following, we review some connectivity measures which can be used to quantify
up to which extent a certain graph is well-connected.

In Section A.3 we used the convergence analysis of Markov chains as a straightfor-
ward application of the Perron-Frobenius theorem. It is well known that there is a
natural correspondence between Markov chains and (certain) average computations.
In particular, Boyd et al. [2006] showed for a class of aggregation algorithms that

it takes O( logn+log ε−1

1−λ2 ) iterations until all local estimates are ε-accurate. The same
bound is known in the theory of Markov chains for the so-called ε-mixing time, i. e.,
the time until all states are—up to ε—equally likely. The quantity 1 − λ2 is called
spectral gap, where λ2 denotes the second largest eigenvalue (in magnitude) of the re-
spective iteration matrix. For instance, we saw in Section A.3 for convergent Markov
chains that the dominating eigenvalue λ1 = 1 and λ1 > λ2. However, 1− λ2 can still
be arbitrary small. In particular, the worse a graph is connected the smaller is its
spectral gap. Besides the spectral gap, the following two graph connectivity measures
are commonly considered.

Definition A.11 (Vertex expansion). Let G = (V , E) be an arbitrary graph and
let ∂S = {i ∈ V\S | Ni ∩ S 6= ∅} be the so-called boundary of S. Then the vertex
expansion χ of G is defined as

χ = min
S⊆V, 0<|S|≤n/2

|∂S|
|S| ∈ (0, 1].

//

Definition A.12 (Conductance). Let G = (V , E) be an arbitrary graph, E(S,V\S) =
{(i, j) ∈ E | i ∈ S, j ∈ V\S}, and vol(S) =

∑
i∈S |Ni| be the volume of a set S. Then

the conductance φ of G is defined as

φ = min
S⊆V, 0<vol(S)<vol(V)/2

|E(S,V\S)|
vol(S)

∈ (0, 1].

//

Note that there is a simple relationship between the vertex expansion and the con-
ductance of a graph (see, e. g., Giakkoupis and Sauerwald [2012])

(δ/∆)φ ≤ χ ≤ ∆φ, δ = min
i∈V
|Ni|, ∆ = max

i∈V
|Ni|.

Therefore, for regular graphs vertex expansion and conductance are qualitatively the
same. However, for general graphs there are substantial difference between these two

159



A. Mathematical Background

notions. Moreover, the conductance of a regular graph is related to its spectral gap
by the so-called Cheeger inequality [Hoory et al., 2006]

1− λ2

2
≤ φ ≤

√
2(1− λ2).

Obviously, for all defined measures (1−λ2, φ, χ) it holds that a bad connectivity is
indicated by values close to zero. Hence, we call a graph well-connected with respect
to one of these connectivity measures if the respective measures can be bounded away
from zero. If such a bound can be found, then it is reasonable to treat, e. g., the
spectral gap as a constant in complexity bounds.

Vertex expansion, conductance, and at a large scale also the spectral gap are dif-
ficult to compute in practice. As a rule of thumb whether a graph is well-connected
(i. e., whether epidemic processes converge quickly) one can consider the diameter as
a simple connectivity measure, which is defined as the maximal shortest distance be-
tween any two nodes. However, there exist graphs with short diameter but otherwise
bad connectivity properties, e. g., so-called dumbbell graphs which are defined as two
complete graphs connected by a single edge.

A.4.2. Graph Structures

In the following, we define and discuss the graph structures we use in our experiments.

Complete Graph C(n): As “perfectly” connected graph, complete graphs are par-
ticularly interesting as a benchmark. Obviously, the superior connectivity of
complete graphs is also reflected in the aforementioned connectivity measures.
However, the large node degree also leads to inefficiencies in link-based fault
tolerance mechanisms (cf. Section 4.2).

Hypercube HC(d): A d-dimensional hypercube has n = 2d nodes and the neighbor-
hoods are defined as Ni =

{
i⊕ 2k | 0 ≤ k < d

}
, where the operator ⊕ denotes

the binary XOR operator. The particularly interesting property of hypercubes
in our context is that they have small node degrees as well as a small diameter
(both d = log2 n).

Erdős-Réyni ER(n, p): In an Erdős-Réyni graph ER(n, p) each edge exists with prob-
ability p. This means, an Erdős-Réyni graph is created by flipping a coin for
each node with probabilities {p, 1−p}, in order to decide whether the particular
edge exists.

Random geometric G(n, d): A random geometric graph G(n, d) is created by first
picking coordinates from the unit square (uniformly at random) for each node.
Thereafter, there exists an edge between two nodes if and only if the Euclidean
distance between the coordinates of the nodes is smaller than d.
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Square Lattice L(n): As an example for a topology with a bad connectivity we con-
sider square lattices with n = m2 nodes. Hence, each node is assigned coordinates
(x, y) and its neighbors have coordinates (x± 1, y) and (x, y± 1) (if these nodes
exist). The inferior connectivity can be easily seen from its large diameter of
2(
√
n− 1).
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