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Vorwort

Die vorliegende Arbeit beschäftigt sich mit homogenen Räumen und deren Geometrie.
In dem ersten Kapitel wiederholen wir grundlegende Resultate aus der Differentialge-
ometrie, die wir im Weiteren benötigen werden. Insbesondere geben wir einen Überblick
über die Theorie der Lie-Gruppen, Gruppenwirkungen auf Mannigfaltigkeiten und ver-
schiedene Arten von Bündeln: Faserbündel, Vektorbündel und Hauptfaserbündel. Für
viele Resultate wird ein Beweis gegeben. Bei aufwendigeren Beweisen wird auf die de-
mentsprechende Literatur verwiesen.
Das zweite Kapitel folgt großteils bestehender Literatur, im speziellen [CS09]. In diesem
Kapitel führen wir den für diese Arbeit grundlegenden Begriff des homogenen Bündels
ein. Darunter versteht man Bündel über einem homogenen Raum G/H dessen To-
talraum mit einer G-Wirkung ausgestattet ist, die mit der Bündelstruktur verträglich
ist. Mit Hilfe der Wirkung auf dem Totalraum und der Konstruktion des assozierten
Bündels, können wir homogene Bündel klassifizieren. Genauer, wir zeigen dass homogene
Bündel aus der Faser über eH und der Einschränkung der G-Wirkung auf dem Total-
raum auf eine H-Wirkung auf der Faser über eH rekonstruiert werden können. Dadurch
erhalten wir eine Bijektion zwischen homogenen Bündel und Mannigfaltigkeiten auf de-
nen H wirkt. Weiters zeigen wir dass G-invariante Schnitte eines homogenen Bündels
H-invarianten Elementen in der Faser über eH entsprechen. Dies ist ein Spezialfall
der Frobenius-Reziprozität. Im Fall von homogenen Vektorbündel erhalten wir eine
Korrespondenz zwischen G-invarianten Schnitten und H-invarianten Elementen in der
Darstellung von H die das gegebene Vektorbündel induziert. Da diese Bijektion mit
Tensorprodukten verträglich ist und punktweise Symmetrien erhält, können Fragen über
G-invariante Tensorfelder auf G/H, die gewisse Symmetrien aufweisen, auf Fragen der
endlichdimensionalen Darstellungstheorie reduziert werden.
Danach wenden wir uns G-invarianten Konnexionen auf homogenen Vektorbündel zu.
Hier ist unsere Darstellung analog zu der Theorie der Traktorkonnexionen die in [AC02]
entwickelt wurde und vermeidet dadurch den Umweg über G-invariante Konnexionen auf
Haupfaserbündeln. Das Hauptresultat dieses Abschnitts ist, dassG-invariante Konnexio-
nen auf einem gegebenen homogenen Vektorbündel durch H-äquivariante lineare Abbil-
dungen zwischen Vektorräumen beschrieben werden können. Unter Verwendung dieser
Charakterisierung beschreiben wir den Krümmungstensor und die Torsion von homoge-
nen linearen Konnexionen und geben Formeln für die kovariante Ableitung von Schnit-
ten von homogenen Vektorbündel an. Weiters charakterisieren wir homogene metrische
Konnexionen und die Levi-Civita Konnexion auf dem Tangentialbündel des homoge-
nen Raumes G/H, die in diesem Bild gewissen H-äquivarianten linearen Abbildungen
entsprechen. Wir beschließen dieses Kapitel mit einer Beschreibung von kanonischen
Konnexionen auf homogenen Vektorbündel über reduktiven Klein-Geometrien und ho-
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Vorwort

mogenen Vektorbündeln die von G-Darstellungen induziert werden.
In dem dritten Kapitel geben wir Beispiele der Anwendung der Theorie die im zweiten
Kapitel entwickelt wurde. Wir betrachten S2n−1 ⊂ Cn als homogenen Raum ausgestattet
mit einer U(n)- beziehungsweise SU(n)-Wirkung und berechnen U(n)- beziehungsweise
SU(n)-invariante Objekte. Ähnlich, fassen wir S4n−1 ⊂ Hn als homogenen Raum
mit Sp(n)-Wirkung auf. Es sollte bemerkt werden, dass diese Bespiele nicht einmal
ännähernd das volle Potential der Theorie ausschöpfen.
Das letzte Kapitel beschreitet die ersten Schritte einer möglichen Verallgemeinerung der
Theorie aus dem zweiten Kapitel auf allgemeinere Basisräume. Wir betrachen homogene
Bündel über G×HM und beweisen die Frobenius Reziprozität in diesem Fall. Es ist zu
erwarten, dass diese Verallgemeinerung, im Falle dass M nur wenige G-Orbits besitzt,
interessante Anwendungen besitzt. Aufgrund von Zeitmangel konnte diese Theorie im
Rahmen dieser Arbeit nicht weiterentwickelt werden.
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Preface

The present text is concerned with homogeneous spaces and their geometry. In the first
chapter we recall basic facts from differential geometry that we will need in the following
parts. In particular we give an overview of Lie-group theory, group actions on manifolds
and various types of bundles, namely: fiber bundles, vector bundles and principal bun-
dles. For many results a proof is given, but more involved proofs are omited.
The second chapter follows mostly existing literature, especially [CS09]. In this chapter
we introduce the crucial notion of this thesis: homogeneous bundles. These are bun-
dles over a homogeneous space G/H with an G-action on their total space, which is
compatible with the bundle structure. With the aid of the action on the total space
and the associated bundle construction, we can classify homogeneous bundles. More
precicely, we prove that homogeneous bundles can be reconstructed from their fiber over
eH and the restriction of the G-action on the total space to an H-action on the fiber
over eH. This yields to a bijective correspondence of homogeneous bundles and mani-
folds endowed with an H-action. Furthermore, we will see that G-invariant sections of
a homogeneous bundle correspond to H-invariant elements in the fiber over eH. In the
special case of homogeneous vector bundles, we get a correspondence of homogeneous
vector bundles and H-representations and in this picture G-invariant sections of homo-
geneous vector bundles are just H-invariant elements in the representation that induces
the homogeneous vector bundle. Since this bijection is compatible with tensor products
and preserves pointwise symmetries, question concerning G-invariant sections of tensor
bundles on G/H that have certain symmetries can be completly reduced to questions in
finite dimesional representation theory.
Then we turn to G-invariant connections on homogeneous vector bundles. Here our
exposition is analog to the theory of tractor connections developed in [AC02] and there-
fore avoids the detour on G-invariant connection on principal bundles. The main result
of this section is, that G-invariant connections on a given homogeneous vector bundle
can be described by H-equivariant linear maps between certain vector spaces. Using this
characterization, we can describe the curvature and the torsion of a homogenenous linear
connection in terms of H-equivariant linear maps and give nice formulas for the covariant
derivative of sections of homogeneous vector bundles. Furthermore, homogeneous met-
ric connections and the Levi-Civita connection on the tangent bundle of a homogeneous
space can be related to certain H-equivariant linear maps. We conclude this chapter by
investigating canonical connections on homogeneous vector bundles of reductive Klein-
geometries and homogeneous vector bundles that are induced by G-representations.
The third Chapter is dedicated to applications of the theory developed in the second
chapter. We consider S2n−1 ⊂ Cn as a homogeneous space with U(n) respectively SU(n)
acting on it and compute basic U(n)- respectively SU(n)-invariant objects. Similary,
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Preface

we view S4n−1 ⊂ Hn as homogeneous space endowed with a Sp(n)-action. It should be
noted that these examples nowhere exploit the full potential of the theory.
In the final chapter we pursue the first steps of a generalisation of the theory from chap-
ter 2 to more general base spaces. We consider homogeneous bundles over G×HM and
prove Frobenius reciprocity in this setting. Interesting applications are to be expected
in cases where there are only few G-orbits in M . Due lack of time this theory could not
be developed further in this thesis.
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1 Background from differential geometry

In this section we will review some constructions and definitions from differential geome-
try that are fundamental for the concepts we will introduce later. Results with involved
proofs are just stated and a reference, where a proof can be found, is given. In the fol-
lowing all occuring manifolds are assumed to be C∞ and all vector spaces, if not stated
otherwise, finite dimensional.

1.1 Lie-Groups

Definition 1.1.1 (Lie-group). A Lie-group G is a group that carries a smooth manifold
structure which is compatible with group multiplication, i.e. the group multiplication
µ : G×G→ G is smooth in respect to the manifold structure.
Let G and H be Lie-groups. A smooth group homomorphism f : G → H is called Lie-
group homomorphism. If f is only locally defined on a neighborhood U ∈ U(e) such
that f(gh) = f(g)f(h) for all g, h ∈ U with gh ∈ U we speak of a local Lie-group
homomorphism.

Remark. Smoothness of multiplication already implies that the inversion inv : g 7→ g−1

is also smooth. To see this consider the implict equation µ(g, h) = e. Obviously we
have µ(g, inv(g)) = e and since ∂2µ(g, g−1) : Tg−1G → TeG is a linear isomorphism, we
conclude with the aid of the implicit function theorem that inv is smooth.

Lets look at a few examples of Lie-Groups:

Example 1.1.2. The group GLR(n) of invertible linear operators on Rn form an open
subset of Rn2

. Euipped with the standard smooth structure of Rn2
multiplication in

GLR(n) is obviously smooth. So GLR(n) is a Lie-group.

To establish that certain subgroups of GLR(n) are Lie-groups themself the general
result from Lie-group theory, that closed subgroups of Lie-groups are Lie-subgroups, is
handy. See [Kri11, Satz 5.5]. Using this result shows that groups one encounters in
courses on linear algebra like SLR(n) and O(n) are Lie-subgroups of GLR(n).
Another way to construct interesting Lie-groups that are subgroups of GLR(n) is the
following. Take a bilinear form b : Rn × Rn → R and consider the group of invertible
linear operators that leave b invariant, i.e.

Ob(Rn) := {A ∈ GLR(n) | b(Ax,Ay) = b(x, y)∀x, y ∈ Rn}

Since Ob(Rn) is obviously a closed subgroup of GLR(n), it forms a Lie-group.
The same construction can be applied to GLC(n) and bilinear forms b on Cn. Just view
complex linear operators on Cn as real linear operators on R2n and split the form b
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1 Background from differential geometry

into real and imaginary part b±. Let Ub± be the Lie-group of operators that leave b±
invariant, then clearly Ub+ ∩ Ub− leaves b invariant and conversely if a linear operator
leaves b invariant it lies in Ub+ ∩ Ub− . Since Ub± ⊂ GLR(2n) are closed Lie-groups,
Ub+ ∩ Ub− is closed in Ub+ and this implies that Ub+ ∩ Ub− is a Lie-group.
It even turns out that given a connected Riemannian manifold M with Riemannian
metric γ that the group of isometries of M forms a Lie-group.

After we have seen that Lie-groups are interesting mathematical objects, let’s turn
to their general theory and look at the crucial ingredient for their development: The
Lie-algebra of a Lie-group.

Definition 1.1.3. Let G be a Lie-group, then the set of left-invariant vector fields on G

g = {ξ ∈ X(G) | l∗gξ = ξ ∀g ∈ G}

where lg denotes left multiplication in G, i.e. lg : h 7→ gh, is called the Lie-algebra of G.

First, observe that the set of left-invariant vector fields on G is closed under the Lie-
bracket, because left-invariance of ξ just means that ξ is lg related to itself for all g ∈ G
and therefore given two left-invariant vector fields ξ, η ∈ g, [ξ, η] is also lg related to itself
and this implies [ξ, η] ∈ g.
Next, since left-invariant vector fields are completely determined by their value at e ∈ G
we can identify TeG with g via X 7→ LX(g) := Telg · X. This map has the evaluation
map at e ∈ G as thier inverse. Using this linear isomorphism we define a Lie-bracket
on TeG and we can view elements in g either as left invariant vector fields or as tangent
vectors at e ∈ G. This isomorphism also shows that dim g = dimG.
Lets turn to the flow of left invariant vector fields. It can be shown they are complete
vector fields. See [Kri11, 3.4, 3.5]. Using completness we define:

Definition 1.1.4. Let G be a Lie-group, then we define the map exp : g→ G

exp(X) := FlX1 (e)

The global flow of X ∈ g can be expressed as follows: FlXt (g) = g · exp(tX). Further-
more we have Te exp = id. See [Kri11, 3.5, 3.7]
Next we show how an local Lie-group homomorphism f : G→ H induces an Lie-algebra
homomorphism f : g→ h between their Lie-algebras:

Proposition 1.1.5. Let G, H be Lie-groups and f : G → H an local Lie-group ho-
momorphism. Then f induces an Lie-algebra homomorphism f : g → h. It is defined
as

(f · ξ)h := Telh(Tef · ξ(e))

for ξ ∈ g.

2



1.1 Lie-Groups

Moreover the following diagram commutes

g
f //

expG

��

h

expH

��
G

f
// H

Remark. Identifying TeG respectively TeH with left invariant vector fields on G respec-
tively H, f is just the tangent map of f at e ∈ G, i.e. Tef . At times we will write f ′

instead of f.

Proof. Let f : G→ H be a local Lie-group homomorphism and let f : g→ h be defined
as in the proposition. By definition f maps left-invariant vector fields to left-invariant
vector fields. So it remains to show that it is a Lie-algebra homomorphism. Using the
equation f ◦ lg = lf(g) ◦ f it is easy to show that ξ is f related to f · ξ, indeed we get

(f · ξ)f(g) = Telf(g)(Tef · ξ(e)) = Tgf(Telg · ξe) = Tgf · ξg
So we conclude that [ξ, η] is f related to [f · ξ, f · η]. But since [ξ, η] is also f related to
f·[ξ, η] and both vector fields [f·ξ, f·η], f·[ξ, η] are left-invariant we get f·[ξ, η] = [f·ξ, f·η],
i.e. f : g→ h is a Lie-algebra homomorphism.
Let turn to commutativity of the diagram. Let ξ ∈ g, then we know that d : t 7→ expH(tf·
ξ) is an integral curve through e ∈ G for the left invariant vector field corresponding to
f · ξ. On the other hand side c : t 7→ f(expG(tξ)) solves the differential equation as well

c′(t) =
d

dt |t
f(expG(tξ)) = TexpG(tξ)f ·

d

dt |t
expG(tξ) = TexpG(tξ)f · TelexpG(tξ)ξ(e) =

=Te(f ◦ lexpG(tξ)) · ξ(e) = Te(lf(expG(tξ)) ◦ f) · ξ(e) =

=Tf(e)lf(expG(tξ)) · (f · ξ)(e) = (f · ξ)(f(expG(tξ))) =

=(f · ξ)(c(t))

But since c(0) = e = d(0) we conclude that c(t) = d(t) for all t ∈ R and so for t = 1 we
get f(expG(ξ)) = expH(f · ξ).

Every Lie-group G has a canonical representation on its Lie-algebra g, the adjoint
representation, that will be useful in many situations.

Proposition 1.1.6 (Adjoint-representation). Let G be a Lie-group and let conjg be the
conjugation with g ∈ G, i.e. conjg : g′ 7→ gg′g−1. We define maps Ad : G→ GL(g) and
ad : g→ L(g) as

Ad(g) := Te conjg

ad(X)(Y ) := [X,Y ]

Then, Ad is a Lie-group homomorphism, ad is an Lie-algebra homomorphism and the
induced Lie-algebra homomorphism of Ad is ad.

3



1 Background from differential geometry

Proof. Clearly, Ad : G→ GL(g) is a group-homomorphism. To prove that it is smooth,

notice that smoothness of Ad is equivalent to smoothness of Âd : G × g → g, with
Âd(g,X) := Ad(g)(X). Now consider the map φ : G × G → G defined as φ(g, g′) :=
conjg(g

′). Restricting the tangent map Tφ : T (G × G) → TG to the submanifold

G× g ↪→ TG× TG ∼= T (G×G) shows smoothness of Âd.
To see that ad : g→ L(g) is a Lie-algebra homomorphism, we compute using the Jacobi-
identity:

ad([X,Y ])(Z) =[[X,Y ], Z] = −[[Y, Z], X]− [[Z,X], Y ] =

=[X, ad(Y )(Z)]− [Y, ad(X)(Z)] =

= ad(X)(ad(Y )(Z)− ad(Y )(ad(X)(Z)) =

=[ad(X), ad(Y )](Z)

And so ad([X,Y ]) = [ad(X), ad(Y )] as claimed.
A proof of the last statement can be found in [Kri11, Proposition 6.16].

Definition 1.1.7 (Maurer-Cartan form). Let G be a Lie-group. The 1-form ωG ∈
Ω1(G, g) defined as:

ωG(g)(ξ) := Tglg−1 · ξ

for ξ ∈ TgG is called the Maurer-Cartan form of G.

Next we observe that every Lie-group is parallelizable, i.e. its tangent bundle is trivial:

G× g
ψ //

pr1 ""

TG

π
}}

G

where ψ : G × g → TG is the fiberwise linear diffeomorphism given by ψ(g, ξ) :=
Telg · ξ. Using the Maurer-Cartan form its inverse can be written nicely as ψ−1(ξ) :=
(π(ξ), ωG(ξ)).

Proposition 1.1.8 (Properties of the Maurer-Cartan form). Let G be a Lie-group and
ωG ∈ Ω1(G, g) the Maurer-Cartan form on G, then

(i) (lg)
∗ωG = ωG for all g ∈ G

(ii) ωG(LX) = X for all X ∈ g

(iii) (rg)∗ωG = Ad(g−1) ◦ ωG for all g ∈ G

(iv) dωG(ξ, η) + [ωG(ξ), ωG(η)] = 0 for all ξ, η ∈ TgG

Remark. The equation in (iv) is called Maurer-Cartan equation.

4



1.1 Lie-Groups

Proof. (i), (ii) directly follow from the definition of the Maurer-Cartan form. The next
claim can be seen easily:

((rg)∗ωG)(g′)(ξ) =ωG(g′g)(Tg′r
g · ξ) = Tg′gl(g′g)−1(Tg′r

g · ξ) =

=Te(lg−1 ◦ rg)(Tg′ lg′−1 · ξ) = Ad(g−1)(ωG(g′)(ξ))

which proves the claim.
Finally, let X,Y ∈ g. Then by definition of the exterior derivative we get

dωG(LX , LY ) =LX · ωG(LY )− LY · ωG(LX)− ωG([LX , LY ]) =

=− ωG([LX , LY ]) = −[X,Y ] =

=− [ωG(LX), ωG(LY )]

and since every ξ ∈ TgG can be written as ξ = LX(g) for an unique X ∈ g we conclude
(iv).

Lets turn to integration on Lie-groups. Let G be a connected Lie-group and f ∈
C∞c (G) a real valued function with compact support. We would like to define an left-
invariant integral on G, i.e. ∫

G
f =

∫
G
f ◦ lg

should hold for all g ∈ G. To define such a integral, choose a non-vanishing alternating
n-linear form α on TeG and use it to define an n-form α̃ ∈ Ωn(G) by

α̃g(ξ1, . . . , ξn) := α(ωG(ξ1), . . . , ωG(ξn))

The form α̃ is by definition left-invariant and a short calculation shows that integration
of f ∈ C∞c (G) defined by

f 7→
∫
G
fα̃

is left-invariant. For details of this construction see [Kri11, 4.17]
We conclude this section with a few general results about Lie-groups, that show the tight
connection between a Lie-group G and its Lie-algebra g. Surprisingly the Lie-algebra g
of the Lie-group G carries all local information of G around e ∈ G and if G is simply
connected it determines it completely. More precisely:

Theorem 1.1.9. The category of Lie-groups with local Lie-group homomorphisms as
morphisms is equivalent to the category of finite dimensional Lie-algebras with Lie-
algebra homomorphisms as morphisms.
If we consider at the category of simply connected Lie-groups we can replace local Lie-
group homomorphisms by Lie-group homomorphisms in the statement above.

Proof. A proof can be found in [Kri11, 4.14].

5



1 Background from differential geometry

Therefore many statements about Lie-groups can be reformulated as statements about
their Lie-algebra. To illustrate this strong correspondence more explicitly, we have to
give two more definitions:

Definition 1.1.10. Let G be Lie-group. A subgroup H of G equipped with a smooth
structure is called Lie-subgroup of G if inclH : H → G is smooth.

Remark. If H is a Lie-subgroup of G, then inclH is an immersion. Suppose that for
X ∈ g we have Te inclH ·X = 0. Since inclH is a Lie-group homomorphism we compute

inclH(expH(tX)) = expG(Te inclH ·tX) = e

Since inclH ◦ expH is injective in a neighbourhood U ∈ U(0) ⊂ h, X has to vanish. So we
see that the Lie-algebra h of a Lie-subgroup H of G can be viewed as a Lie-subalgebra
of g

Definition 1.1.11. Let g be a Lie-algebra and h a Lie-subalgebra of g. Then h is called
an ideal in g if [g, h] ⊂ h. We write hC g if h is an ideal in g.

Concerning the relation of Lie-subgroups respectively normal Lie-subgroups of G to
Lie-subalgebras respectively ideals of g, one can prove the following:

Proposition 1.1.12. Let G be a Lie-group and g its Lie-algebra.

(i) There is a bijective correspondence between connected Lie-subgroups of G and Lie-
subalgebras of g.

(ii) If G and H are connected, then H is a normal Lie-subgroup of G if and only if h
is an ideal in g

Proof. See [Kri11, Satz 4.11] and [Kri11, Proposition 7.10]

The last theorem we want to mention states that locally around e ∈ G group multi-
plication in G can be computed from the Lie-bracket of the Lie-algebra g of G. So it is
locally around e ∈ G completely determined by g.

Theorem 1.1.13 (Baker-Campbell-Hausdorff formula). Let G be a Lie-group with Lie-
algebra g. Then there exists an open neigbourhood U of 0 ∈ g, such that

exp(X) · exp(Y ) = exp(X + Y +
1

2
[X,Y ] +

1

12
([X, [X,Y ]] + [Y, [Y,X]] + . . . )

for all X,Y ∈ U . The remaining terms of the infinte series on the right hand side are
given by iterated Lie-brackets of X and Y .

Remark. In general there is no closed expresssion for the terms on the right hand side, if
it is expressed through Lie-brackets and X,Y ∈ g. But there do exist integral formulas.

Proof. See [Kri11, Theorem 7.4]

Of course we could not even scratch the surface of Lie-group theory. For a more
in-depth exposition on the subject see for example [Kri11] or [HN91].
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1.2 Group actions and homogeneous spaces

1.2 Group actions and homogeneous spaces

Definition 1.2.1. Let G be a Lie-group and M a manifold.
A left G-action is a smooth map λ : G×M →M , that satisfies:

(i) λ(e, x) = x for all x ∈M

(ii) λ(g′, λ(g, x)) = λ(g′g, x) for all x ∈M , g ∈ G

For x ∈M the set G · x := {λ(g, x) | g ∈ G} ⊂M is called the orbit of x.

If there is no risk of confusion, we will write g · x respectively gx instead of λ(g, x) for
the G-action.
Similar, we can define right G-actions λ : M×G→M of a Lie-group on G on a manifold
M , where condition (ii) is replaced by (x · g) · g′ = x · (gg′).
A right G-action on M induces a left G-action on M : Given a right G-action on M , let
g · x := x · g−1. It is a straight forward calculation to see that this indeed defines a left
G-action on M :

·(g′g · x) = x · (gg′)−1 = (x · g′−1) · g−1 = (g′ · x) · g−1 = g · (g′ · x)

Analogous left G-actions on M induce right G-actions on M .
For fixed g ∈ G the map λg : M → M , λg(x) := g · x is a diffeomorphism with inverse
λg−1 . On the other hand, if we fix x ∈M the map evx : G→M , evx(g) := g ·x is called
an evaluation map of the G-action.
Next we give a few important definitions concerning actions, which we only formulate
for left G-actions since the corresponding definitions for right G-actions are obvious:

Definition 1.2.2. Let M be a manifold and G a Lie-group that acts from the left on
M . The action is called

(i) transitive, if for all x, y ∈M there exists an g ∈ G, such that g · x = y.

(ii) free, if g · x = x for one x ∈M implies g = e.

(iii) effective, if g · x = x for all x ∈M implies g = e.

Remark. Clearly, a G-action is transitive if and only if there exists only one orbit.

A question that arises naturally: Given a left G-action on a manifold M , is there
smooth structure on the set of orbits M/G such that the projection π : M → M/G
becomes a submersion?
In general this is not true, but for free actions we have a nice characterisation:

Theorem 1.2.3 (Manifold of Orbits). Let M be a manifold and G a Lie-group that acts
freely from the left on M , then the following are equivalent:

(i) There exists a smooth structure on M/G such that π : M → M/G becomes a
submersion, which is then uniquely determined.

7



1 Background from differential geometry

(ii) The map G×M →M ×M given by (g, x) 7→ (g · x, x) is a topological embedding.

Proof. A proof can be found in [Kri11, Satz 6.14].

Next we consider the special case of a subgroup H of G acting from the right on G:
Let G be Lie-group and H a closed subgroup of G. Then by [Kri11, Satz 5.5] H is a
Lie-group itself. The right H-action on G given by (g, h) 7→ gh is smooth and the orbits
are just the cosets gH. In this situation we have the following Theorem:

Theorem 1.2.4 (Homogeneous spaces). Let G be a Lie-group and H a closed subgroup.
Then there exists an unique smooth manifold structure on G/H, such that the map
π : G→ G/H becomes a submersion.

Proof. See [Kri11, Satz 6.9]

Remark. If H C G, i.e. H is a normal subgroup of G, then G/H is a Lie-group and
π : G→ G/H is a Lie-group homomorphism.

Definition 1.2.5. Let G be Lie-group and H a closed subgroup of G. Then the manifold
G/H with the smooth structure from the theorem 1.2.4 is called homogeneous space.

A source for homogeneous spaces are manifolds M equipped with a transitive G-action:

Proposition 1.2.6. Let M be a manifold, λ : G × M → M a left G-action that is
transitive on M . For x ∈ M the map ẽvx : G/Gx → M given by gGx 7→ g · x is an
G-equivariant diffeomorphism.

Proof. Fix x ∈ M . The evaluation map evx : G → M , evx(g) = g · x factors over
π : G→ G/Gx to a map ẽvx : G/Gx →M :

G

π
��

evx //M

G/Gx

ẽvx

<<

given by ẽvx(gGx) = g · x. It is bijective: surjective, because the G-action is transitive.
To see that it is also injective, let g · x = g′ · x. Then g′−1g · x = x, which implies
g′−1g ∈ Gx and therefore g′Gx = gGx. Furthermore ẽvx is smooth by the universal
property of submersions and is obviously G-equivariant.
Next, we will show that ẽvx is an immersion. Oberserve, that it suffices to prove that
the tangent map of ẽvx is injective at Gx, since ẽvx = λg ◦ ẽvx ◦ lg−1 implies TgGx ẽvx =
Txλg ◦ TGx ẽvx ◦ TgGx lg−1 and therefore TgGx ẽvx is injective if TGx ẽvx is, because λg and
lg−1 are diffeomorphisms. Let ξ ∈ TeG with Teevx · ξ = 0, we compute:

d

dt |t
(exp(tξ) · x) =

d

ds |s=0
(exp((t+ s)ξ) · x =

d

ds |s=0
(exp(tξ) · exp(sξ) · x) =

=Txλexp(tξ)(
d

ds |s=0
(exp(sξ) · x)) = Txλexp(tξ)(Teevx · ξ) = 0

8



1.3 Fiber bundles, vector bundles and principal bundles

So, the map t 7→ exp(tξ)·x is constant and since it equals x at t = 0, we get exp(tξ)·x = x
for all t, i.e. exp(tξ) ∈ Gx for all t and therefore ξ ∈ TeGx. But this already proves
the claim, because if ξ̃ ∈ TGx(G/Gx) with TGx ẽvx · ξ̃ = 0 choose ξ ∈ TeG such that
Teπ · ξ = ξ̃, then

Teevx · ξ = Te(ẽvx ◦ π)(ξ) = TGx ẽvx · ξ̃ = 0

and so ξ ∈ TeGx as we have seen before and this implies ξ̃ = 0, since the kernel of Teπ
is exactly TeGx.
But ẽvx is also submersive. To see this suppose dim(G/Gx) < dim(M). Since ẽvx is
an immersion, we conclude with the aid of the constant rank theorem, that for every
gGx ∈ G/Gx there exists a open neighbourhood UgGx ∈ U(gGx), such that ẽvx(UgGx)
is nowhere dense in M . So, we can choose a countable cover {Uα}α of G/Gx such that
ẽvx(Uα) is nowhere dense for all α. But since M =

⋃
α ẽvx(Uα) this is a contradiction

since M is a Baire-space.
This proves the claim, because a bijective local diffeomorphisms is a diffeomorphism.

Example 1.2.7. As the most basic example consider the Lie-group Eucn(R) of rigid
motions acting on Rn. It is given by

Eucn(R) :=

{(
1 0
v A

)
| v ∈ Rn, A ∈ O(n)

}
and acts on x ∈ Rn by (

1 0
v A

)
· x = Ax+ v

This clearly defines an action on Rn and one directly sees that the isotropy group of
the point 0 ∈ Rn is

Eucn(R)0 =

(
1 0
0 A

)
| v ∈ Rn, A ∈ O(n)}

So we have Rn ∼= EucR(n)/O(n) as Eucn(R)-spaces.

1.3 Fiber bundles, vector bundles and principal bundles

Definition 1.3.1 (Fiber bundle). Let Y ,M and S be smooth manifolds. p : Y → M is
called fiber bundle with typical fiber S, if for all x ∈M there exists an open neigbourhood
U ∈ U(x) and a diffeomorphism φ : p−1(U) → U × S, such that the following diagram
commutes:

p−1(U)
φ //

p
##

U × S

pr1||
U

9



1 Background from differential geometry

where pr1 : U × S → U denotes the projection on the first factor.
Y is called the total space and M the base space of the fiber bundle. The diffeomorphism
φ : p−1(U)→ U × S is called a fiber bundle chart for the fiber bundle p : Y →M .

As custom in mathematics, we have a notion of structure preserving maps between
two fiber bundles and a notion when we regard two fiber bundles the same:

Definition 1.3.2. Let p : Y → M and p′ : Y ′ → M ′ be two fiber bundles with typical
fiber S repectively S′. A fiber bundle morphism is a smooth map φ : Y → Y ′ that covers
a smooth map φ0 : M →M ′, i.e.

Y

p

��

φ // Y ′

p′

��
M

φ0
//M ′

commutes.
A fiber bundle morphism φ : Y → Y ′, φ0 : M → M ′ is a fiber bundle isomorphism, if φ
and φ0 are diffeomorphism. Then φ−1 obviously covers φ−1

0 .
If we are dealing with fiber bundles over a fixed base space M , fiber bundle morphism are
defined as fiber bundle morphisms over idM .

Let p : Y → M be a fiber bundle with typical fiber S. A fiber bundles altlas A of
p : Y → M is a family {(Uα, φα)}α of fiber bundle charts, such that {Uα} covers M .
For two fiber bundle charts (Uα, φα), (Uβ, φβ), let Uαβ := Uα ∩ Uβ, then the change of
corrdinates φα ◦ φ−1

β : Uαβ × S → Uαβ × S is given by φα(φ−1
β (x, s)) = (x, φαβ(x, s)) for

a smooth function φαβ : Uαβ × S → S, which is called transitions function between the
charts (Uβ, φβ), (Uα, φα).
When viewed as mappings φαβ : Uαβ → Diff(S) the family of transistion functions
{φαβ}α,β induced by an atlas A satisfy the following properties:

(i) φαα(x) = idS for all x ∈M

(ii) φγβ(x) ◦ φβα(x) = φγα(x) for all x ∈ Uα ∩ Uβ ∩ Uγ

The condition (ii) is known as the cocycle condition. Conversely we get:

Proposition 1.3.3. Let M , S be smooth manifolds, {Uα}α an open covering of M and
{φαβ}α,β a family of smooth functions φαβ : (Uα∩Uβ)×S → S that satisfy the conditions
(i) and (ii), then there exists a unique (up to isomorphism) fiber bundle p : Y → M ,
such that the transitions functions of p : Y →M are {φαβ}α,β.

Proof. We will give only a sketch of the proof. Consider
⊔

(Uα×S) with the equivalence
relation (xα, sα) ∼ (xβ, sβ) if and only if xα = xβ and φαβ(xβ, sβ) = sα. Properties (i)
and (ii) ensure that this indeed defines an equivalence relation on

⊔
(Uα×S). Obviously

the projection pr1 :
⊔

(Uα×S)→M factors to a map p :
⊔

(Uα×S)/∼ →M . The maps
φα : p−1(Uα) → Uα × S defined as φα([xα, s]) := (xα, s) are well defined bijections and

10



1.3 Fiber bundles, vector bundles and principal bundles

since (φβ ◦ φ−1
α )(xα, s) = (xα, φβα(xα, s)) is smooth, p :

⊔
(Uα × S)/∼ → M becomes

a smooth fiber bundle with typical fiber S, fiber bundle atlas {φα}α and transition
functions {φαβ}α,β.
To prove uniqueness let p′ : Y ′ → M be fiber bundle with fiber bundle atlas {φα}α
whose transistions functions are {φαβ}α,β. Then let Ψ :

⊔
(Uα×S)→ Y ′ be Ψ(xα, s) :=

φ−1
α (xα, s). Ψ factors by construction to an isomorphism Ψ̃ :

⊔
(Uα×S)/∼ → Y ′ of fiber

bundles.

As a corollary we get:

Corollary 1.3.4. Let p : Y →M be a fiber bundle with typical fiber S and {(φα, Uα)}α
a fiber bundle atlas. Then the fiber bundle Y can be reconstructed from the transistions
functions {φαβ}α,β of its atlas.

Proof. The preceding proposition showed that Y ∼=
⊔
α(Uα×S)/∼ as fiber bundles.

Next we look at fiber bundles that carry an additional structure, namely a Lie-group
acting on the typical fiber of the bundle.

Definition 1.3.5 (G-bundle). Let p : Y → M be a fiber bundle with typical fiber S,
G a Lie-group acting from the left on S. An fiber bundle atlas A of Y is called G-
atlas if for every pair of charts (Uα, φα),(Uβ, φβ) ∈ A there exists a smooth function
φαβ ∈ C∞(Uαβ, G), such that the cordinate change is given by

(φα ◦ φ−1
β )(x, s) = (x, φαβ(x) · s)

Two G-atlases A, A′ of p : Y → M are said to be equivalent, if their union A ∪ A′ is
again a G-atlas for p : Y →M .
A G-structure on p : Y → M is an equivalence class of G-atlases and p : Y → M with
a G-structure is called G-bundle.

Similar as in the case of fiber bundles, an open cover {Uα}α of a manifold M , a family
{φαβ}α,β of smooth functions φαβ ∈ C∞(Uαβ, G) that satisfy φαα(x) = e for all x ∈ Uα
and φγβ(x) · φβα(x) = φγα(x) for all x ∈ Uα ∩ Uβ ∩ Uγ and a G-action on a manifold S
induces an unique G-bundle p : Y →M with typical fiber S whose transition functions
are {φαβ}α,β. Like in the case of fiber bundles, G-bundles are completely determined by
their transition functions.
Vector bundles can be thought as GL(V )-bundles with fiber V . First recall the definition
of a vector bundle as it is presented in introductionary courses on differential geometry:

Definition 1.3.6 (Vector bundle). Let E, M be smooth manifolds. p : E →M is called
real respectively complex vector bundle, if

(i) Ex := p−1({x}) carries a real respectively complex vector space structure for all
x ∈M

11



1 Background from differential geometry

(ii) For every x ∈ M exists an open neigbourhood U ∈ U(x), a finite dimensional
vector space V and a fiberwise linear diffeomorphism φ : p−1(U) → U × V such
that

p−1(U)
φ //

p
##

U × V

pr1
||

U

commutes.

Clearly, coordinate changes of a vector bundle are given by (x, v) 7→ (x, φαβ(x)(v)) for
a φαβ ∈ C∞(Uαβ, GL(V )). Therefore vector bundles are GL(V )-bundles.
Conversely, let p : E →M be a GL(V )-bundle with GL(V )-atlas A = {(Uα, φα)}α. For
v,w ∈ Ex and λ ∈ R we choose a chart (Uα, φα) ∈ A such that x ∈ Uα and use it to
define a vector space structur on Ex by

v + λw := φ−1
α (φα(v) + λφα(w))

Note that we suppressed the first coordinate in the map φα. This definition does not
depend on the choice of the chart, because for another chart (Uβ, φβ) we compute:

φβ(v + λw) =φβα(x) · (φα(v) + λφα(w)) =

=φβα(x) · (φα(φ−1
β (φβ(v))) + λφα(φ−1

β (φβ(w))) =

=φβα(x) · (φαβ(x) · φβ(v) + λφαβ(x) · φβ(w)) =

=φβα(x) · (φαβ(x) · (φβ(v) + λφβ(w))) = φβ(v) + λφβ(w)

which proves the claim.
Another important class of G-bundles is the class of fiber bundles with a Lie-group G as
typical fiber and charts whose transition functions are given by left multiplication with
elements from G. This leads to the notion of a G-principal bundle:

Definition 1.3.7 (Principal bundle). Let G be a Lie-group, p : P → M a fiber bundle
with typcial fiber G and let G act on itself by left multiplication. p : P → M together
with a G-structure is called principal G-bundle.

In contrast to GL(V )-bundles where we can use the GL(V )-action to define a linear
structure on the fibers, the fibers of a principal G-bundle do not inherit a group structure
from their typical fiber G. To see this let p : P →M be a G-principal bundle and x ∈M .
Suppose we can define, independend from charts, a group structure on Px such that for
every prinicpal bundle chart (Uα, φα) the restriction φα|Px : Px → G × {x} is a group
isomorphism. Then choosing another chart (Uβ, φβ) we conclude that g 7→ φαβ(x)g has
to be a group isomorphism as well, but this reads as

φαβ(x)g1g2 = φαβ(x)g1φαβ(x)g2

Which immediately yields to φαβ(x) = e and so P →M has be isomorphic to the trivial
G-principal bundle M ×G.

12



1.3 Fiber bundles, vector bundles and principal bundles

Even though the fibers of a G-principal bundle P →M do not carry a group structure,
we have a free right G-action on the total space P , that leaves the fibers invariant and
act transitivly on them. For x ∈M choose a chart (Uα, φα) such that x ∈ Uα. We define
the right action of g ∈ G on u ∈ Px as u · g := φ−1

α (φα(u) · g). This is well defined since
left multiplication in G commutes with right multiplication. Choosing another chart
(Uβ, φβ) we get

φβ(u · g) =φβ(φ−1
α (φα(u) · g)) = φβα(x) · (φα(u) · g) =

=(φβα(x) · φα(u)) · g = φβ(u) · g

and therefore the right G-action on P is well defined. That the action leaves the fibers
invariant and acts transitive and free on them is clear by definition of the action.

Conversely, the following holds

Proposition 1.3.8. Let p : P →M be a fibered manifold, i.e. a surjective submersion,
and λ : P ×G→ P a free right G-action on P that leaves the fibers invariant and acts
transitivly on them. Then p : P →M is a G-principal bundle.

Proof. Let p : P → M be a surjective submersion and λ a free right G-action which
is transitive on the fibers of P . Let P ×M P := {(u1, u2) ∈ P × P | p(u1) = p(u2)}.
Since p is submersive P ×M P is a smooth submanifold of P × P and because G acts
freely and transitivly on the fibers one can show, using the implicit function theorem,
that there exists a smooth function τ : P ×M P → G such that τ solves the implicit
equation u1 · τ(u1, u2) = u2 for all (u1, u2) ∈ P ×M P . Now let x ∈ M and choose a
local section σ : Uσ → P , i.e. p ◦ σ = idUσ on some neighbourhood Uσ of x. Then
φσ : p−1(Uσ) → Uσ × G given by φσ(u) := (p(u), τ(σ(p(u)), u)) is a fiber preserving
diffeomorphism with inverse φ−1

σ (x, g) = σ(x) · g. Choosing sections whose domains
cover M , we get a fiber bundle atlas A := {(Uσ, φσ)}σ for p : P →M . Moreover for the
coordinate changes we get

φσ(φ−1
σ̃ (x, g)) =φσ(σ̃(x) · g) = (p(σ̃(x) · g), τ(σ(p(σ̃(x) · g)), σ̃(x) · g)) =

=(x, τ(σ(x), σ̃(x) · g)) = (x, τ(σ(x), σ̃(x)) · g))

so A is a G-atlas.

The last proposition could serve as an alternative definition of G-principal bundles.
We just have to check that these two constructions are inverse to each other. More
precisly: Fix a smooth map p : P → M . If p : P → M is a G-principal bundle with
G-atlas A it induces a right G-action on P and this action induces another G-atlas Ã
of P → M . We have to check that Ã defines the same G-structure as A, i.e. Ã ∪ A is
a G-atlas. Conversely, if p : P →M is a surjective submersion with a right G-action on
P with the properties from the proposition it induces a G-atlas and this atlas induces
a right G-action. We have to check that this action is the same action as the one we
started with. After we have shown this it does not matter which of the both definition
we choose to define G-principal bundles since we have a bijection between G-structures
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on P →M and transitiv and free actions on P which leave the fibers invariant. So let’s
show that these correspondence is a bijection.
Starting with a surjective submersion p : Y →M , then the constructed G-atlas consists
of G-equivariant diffeomorphisms, so the right action on the induced G-bundle is the
same as the one we started with. Conversely, the constructed G-bundle charts (Uσ, φσ)
are of the form

φ−1
σ (x, g) = σ(x) · g = φ−1

α (φα(σ(x)) · g)

for a section σ and a chart (Uα, φα) of the G-atlas we started with. Taking another chart
(Uβ, φβ) of this G-atlas, we get

φβ(φ−1
σ (x, g)) =φβ(φ−1

α (φα(σ(x)) · g)) = φβα(x) · (φα(σ(x)) · g) =

=(φβα(x) · φα(σ(x))) · g

Whence the transition function between the charts (Uα, φα) and (Uβ, φβ) is given by the
smooth map x 7→ φβα(x) · φα(σ(x)) and therefore the induced G-atlas is equivalent to
the atlas we started with.

Example 1.3.9. Let G be a Lie-group, H a closed subgroup of G, then we have already
seen, that H is Lie-subgroup of G and there exists an unique smooth structure on G/H,
such that the canonical projection π : G→ G/H becomes a submersion. Clearly, H acts
freely and transitivly on the fibers of π : G→ G/H and leaves them invariant, so it is a
H principal bundle.

The last construction we will review in this section is the associated bundle construc-
tion. As we will see in the next section, it will be in particular useful for classifying
homogeneous bundles.

Proposition 1.3.10 (Associated bundle). Let p : P → M be a principal G-bundle and
S a manifold endowed with a left G-action λ : G× S → S. Then (u, s) · g := (ug, g−1s)
defines a right G-action on P × S and we denoted by P ×G S the orbits space of this
action and by [u, s] ∈ P ×G S the orbit that contains (u, s) ∈ P × S. Then the following
holds:

(i) There exists an unique smooth manifold structure on P ×G S, such that the pro-
jection q : P × S → P ×G S is a submersion.

(ii) The projection q : P × S → P ×G S is a principal G-bundle.

(iii) p̃ : P ×G S → M is a G-bundle, where p̃ is the map we get by factoring p ◦ pr1 :
P × S →M over q, i.e. it makes

P × S
q

��

pr1 // P

p

��
P ×G S p̃

//M
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commutative.
If {(Uα, φα)}α is a G-atlas for p : P →M with transistion functions {φαβ}α,β, then
the induced G-atlas for q : P × S → P ×G S has transistion functions {φαβ}α,β as
well.

The bundle p̃ : P ×G S → M is called the bundle associated to the principal G-bundle
p : P → M and to the left G-action λ : G × S → S. If there is no danger of confusion
we just speak of the associated bundle.

Proof. First note that p ◦ pr1 factors to p̃, since p ◦ pr1 is constant on the fibers of
q : P ×S → P ×GS. To construct a G-atlas for p̃ : P ×GS →M , let A = {(Uα, φα)}α be
a G-atlas for p : P →M with transistion functions {φαβ}α,β and for (Uα, φα) ∈ A define
ψ−1
α : Uα × S → p̃−1(Uα) as ψ−1

α (x, s) := [φ−1
α (x, e), s]. Then ψ−1

α is fiber preserving,
because φα respects the fiber. Moreover it is bijective. Let (x, s), (x′, s′) ∈ Uα × S such
that ψ−1

α (x, s) = ψ−1
α (x′, s′), i.e. [φ−1

α (x, e), s] = [φ−1
α (x′, e), s′]. Then by definition there

exists a g ∈ G such that

φ−1
α (x, e) · g =φ−1

α (x′, e)

g−1 · s =s′

But since p(φ−1
α (x, e)) = x and g ∈ G leaves the fibers of p : P → M invariant, the

first equation implies x = x′. So h = e and therfore s = s′. This proves injectivity. To
see bijectivity let [u, s] ∈ p̃−1(Uα) with u ∈ p−1(x) and observe that:

[u, s] = [φ−1
α (x, e) · τ(φ−1(x, e), u), s] = [φ−1

α (x, e), τ(φ−1
α (x, e), u) · s]

and therefore ψ−1
α (x, τ(φ−1

α (x, e), u) · s) = [u, s].
If (Uα, φα), (Uβ, φβ) ∈ A, then we compute for the induced maps ψα, ψβ:

(ψα ◦ ψ−1
β )(x, s) =ψα([φ−1

β (x, e), s]) = ψα([φ−1
α (x, φαβ(x) · e), s]) =

=(x, τ(φ−1
α (x, e), φ−1

α (x, φαβ(x))) · s) =

=(x, τ(φ−1
α (x, e), φ−1

α (x, e)φαβ(x)) · s) =

=(x, φαβ(x) · s)

So {(Uα, ψα)}α defines a G-atlas for p̃ : P ×G S → M which has the same transisition
functions as the the G-atlas of p : P →M which induced it.
The claims (i) and (ii) follow now easily: Choosing a chart (Uα, φα) ∈ A and let (Uα, ψα)
be the induced chart for p̃ : P ×G S → M , then q : P × S → P ×G S looks locally like
the map ((x, g), s) 7→ (x, g · s), which is obviously submersive. Uniqueness of the smooth
manifold structure, follows by an general argument for surjective submersion. This
proves (i) and (ii) is clear by the alternative definition of the principal G-bundles.

Next, we consider the bundle associated to a to a representation ρ : G → GL(V ) of
G.
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Proposition 1.3.11. Let p : P → M be a principal G-bundle and ρ : G → GL(V ) a
representation of G. Then the associated bundle P ×G V is canonically a vector bundle.

Proof. If we are given a representation ρ : G→ GL(V ) we know by 1.3.10 that P ×G V
is a fiber bundle with typical fiber V . So, it remains to show, that we have a vector
space structure on the fibers of P ×G V that is compatible with the bundle charts. Let
x ∈ M and fix an u ∈ P which lies in the fiber over x ∈ M , then every element in the
fiber over x can be written uniquely as [u, v]. Therefore we define the linear structure
on the fiber over x as

[u, v] + λ[u,w] := [u, v + λw]

for v, w ∈ V and λ ∈ R. This definition does not depend on the chosen element u in the
fiber over x, since the linear structure given by an other element u′ in the fiber over x is
isomorphic via φ([u, v]) := [u′, v].
Local sections σ of the principal bundle p : P →M induce charts φσ, whose inverse are
explicitly given by φ−1

σ (u, v) = [σ(u), v]. Obviously these maps are fiberwise linear with
respect to the linear structure defined above, so P ×G V is a vector bundle.
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2 Homogeneous bundles

This chapter follows mainly [CS09]. Bundles E over G/H equipped with a left G-action
on E that is compatible with the G-action on the base space G/H lead to the next
notion:

Definition 2.0.12 (Homogeneous bundles). Let G be a Lie-group and H a closed sub-
group.

(i) A homogeneous bundle is a fiber bundle p : E → G/H with a smooth left G-action
on E such that p is equivariant, i.e. p ◦ l̃g = lg ◦ p, where l̃ denotes the G-action
on E and l the canonical G-action on G/H.

(ii) A homogeneous K-principal bundle is a K-principal bundle that is also a homoge-
neous bundle such that each l̃g acts as a principal bundle homomorphism over lg,
i.e. is a bundle homomorphism that is equivariant for the principal right action.

(iii) A homogeneous vector bundle is a vector bundle that is also a homogeneous bundle
such that each l̃g is a vector bundle homomorphism over lg.

(iv) With FibG(G/H) respectively V ectG(G/H) we denote the categories of homoge-
neous fiber bundles respectively homogeneous vector bundles, where the morphisms
in these categories are G-equivariant bundle homomorphisms over idG/H .

Example 2.0.13. The most basic example of a homogeneous principal bundle is the canon-
ical H-principal bundle π : G→ G/H, with the obvious G and H-actions.
As an example for a homogeneous vector bundle consider the vector bundle p : T (G/H)→
G/H. Here G acts by T lg : T (G/H)→ T (G/H) on T (G/H) and since the map is fiber-
wise linear and the canonical projection is G-equivariant with respect to this action,
p : T (G/H)→ G/H is a homogeneous vector bundle.

2.1 Basic constructions

Using the associated bundle construction gives rise to a lot of examples of homogeneous
bundles. In fact, as we will see in the next section, every homogeneous bundle is isomor-
phic to a bundle associated to the canonical H-principal bundle p : G→ G/H. First we
show that every bundle associated to a homogeneous H-principal bundle is homogeneous
itself.

Proposition 2.1.1. Let p : P → G/H be a homogeneous H-principal bundle. Then:
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2 Homogeneous bundles

(i) If S is a manifold endowed with a H-left action, then the associated bundle P ×H
S → G/H is canonically a homogeneous fiber bundle.

(ii) If ρ : H → GL(V ) is a representation of H on a vector space V , then P ×H V →
G/H is canonically a homogeneous vector bundle.

Proof. As we have seen in 1.3.10, π : P ×H S → G/H is a fiber bundle with typical fiber
S, therefore is remains to define a smooth G-action on P ×H S such that π : P ×H S →
G/H is G-equivariant. The map G × P × S → P ×H S, given by (g, u, s) 7→ [g · u, s]
factors to a map G × (P ×H S) → P ×H S. This map is smooth since idG × q, where
q : P×S → P×HS is defined as (u, s) 7→ [u, s], is a submersion. Since p is a homogeneous
bundle, π : P ×H S → G/H is G-equivariant and therefore P ×H S is a homogeneous
bundle.
To prove (ii) recall that we know from 1.3.11 that P ×H V is a vector bundle. So, it
remains to show that lg is a vector bundle homomorphism for all g ∈ G. But the map
lg : [u, v] 7→ [g ·u, v] is clearly fiberwise linear, so P ×H V is a homogeneous vector bundle
as desired.

2.2 Classification of homogeneous bundles

We next show that every homogeneous bundle p : E → G/H is isomorphic to an associ-
ated bundle, more precisely the data needed for reconstructing the homogeneous bundle
is the fiber over eH, i.e. p−1(eH) plus the action of H on p−1(eH).

Theorem 2.2.1. (i) The category FibG(G/H) is equivalent to the category of mani-
folds endowed with a left H-action and H-equivariant maps between them. Explic-
itly the mapping is given by E → E0 and f 7→ f|E0

, where E0 is the fiber of E over
eH.

(ii) In the special case of homogeneous vector bundles we get: The category V ectG(G/H)
is equivalent to the category of finite dimensional representations of H, with the
same mapping as above.

Proof. First observe that for h ∈ H and x ∈ E0 := p−1(eH) we have p(h · x) = h ·
p(x) = eH. So, E0 is a manifold equipped with a left H-action. Clearly, restricting a
homomorphism of homogeneous bundles f : E → F to E0 gives an H-equivariant map
f|E0

: E0 → F0. Therefore the mapping defined in the proposition is indeed a functor
between FibG(G/H) and the category of manifolds endowed with a left H-action and
H-equivariant maps.
For a homogeneous bundle E → G/H , we claim that E ∼= G ×H E0 as homogeneous
bundles. Consider φ : G ×H E0 → E defined as φ([g, x]) := g · x. The map φ is a
well defined, smooth, homogeneous bundle homomorphism. To see that it is infact an
isomorphism of homogeneous bundles, we construct the inverse as follows. For x ∈ E
we look in which fiber it is contained, i.e. p(x) = gH for a g ∈ G. Then g−1 · x ∈ E0
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2.2 Classification of homogeneous bundles

and therefore a candidate for an inverse would be x 7→ [g, g−1 · x]. This mapping is well
defined, because choosing an other representative gh of the class gH, we compute

[gh, (gh)−1 · x] = [gh, h−1g−1 · x] = [g, g−1 · x]

So we define ψ : E → G ×H E0 as ψ(x) := [g, g−1 · x]. ψ is clearly inverse to φ. To see
that it is smooth let x ∈ E, choose a local section σ : G/H ⊃ U → G, with p(x) ∈ U .
Then we have locally ψ(x′) = [σ(p(x′)), σ(p(x′))−1 · x′], which proves smoothness and
therefore E ∼= G×H E0 as homogeneous bundles.
Let f : M →M ′ an H-equivariant map between the H-manifolds M ,M ′. φ : G×HM →
G ×H M ′ defined as φ([g, x]) := [g, f(x)] is a well defined morphism of homogeneous
bundles.
Using an argument from category theory proves the claim in (i). For (ii) just note that
all constructed maps are linear, if E is an vector bundle.

For homogeneous vector bundles this construction is nicely compatible with Whitney-
sums, tensor products and dualizing.

Proposition 2.2.2. Let E → G/H and F → G/H be homogeneous vector bundles, then
E ⊕ F , E ⊗ F and E∗ are homogeneous vector bundles and the following holds:

(i) E ⊕ F ∼= (G×H E0)⊕ (G×H F0) ∼= G×H (E0 ⊕ F0)

(ii) E ⊗ F ∼= (G×H E0)⊗ (G×H F0) ∼= G×H (E0 ⊗ F0).

(iii) E∗ ∼= (G×H E0)∗ ∼= G×H E∗0

Proof. To see that E ⊕ F respectively E ⊗ F are homogeneous bundles again, observe
that we have the canonical G-action Elg⊕F lg respectively Elg⊗F lg on E⊕F respectively
E⊗F . The G-action on E∗ is given by (lg−1)∗. Smoothness is seen easily using that the
G-actions on E respectively F are smooth.
To prove (i),(ii) and (iii) just note that the fiber of (G ×H E0) ⊕ (G ×H F0) → G/H
over eH is E0 ⊕ F0 and the H-action on E0 ⊕ F0 is just the H-action induced on the
sum by the H-actions on E0 and F0. The same argument applies to the tensor product
and to the dual of a homogeneous bundle.

Example 2.2.3. Let us apply the preceding theorem to the homogeneous vector bundle
p : T (G/H) → G/H. Since π : G → G/H is a submersion and ker(Teπ) = h, we have
p−1(eH) = TeH(G/H) ∼= g/h. Because Ad(h) leaves h invariant, it factors to a map

Ãd(h) : g/h → g/h. To see how the G-action on TeH(G/H) looks like on g/h consider
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2 Homogeneous bundles

the following diagram:

g/h

φ∼=

��

Ãd(h) // g/h

∼=φ

��

g

OO

Ad(h) //

��

g

OO

��
TeH(G/H)

TeH lh
// TeH(G/H)

The upper square commutes by definition of Ãd and the lower squares commutes, since

Tp(Ad(h)(X)) = (Tep ◦ Te conjh)(X) = (TeH lh ◦ Tep)(X)

Let φ : g/h → TeH(G/H) the linear isomorphism from above, an easy diagram chase

shows that φ ◦ Ãd(h) = TeH lh ◦ φ and since the map g → g/h is surjective the outer

diagram commutes, i.e. the G-action on g/h is given by Ãd(h).

2.3 Sections of homogeneous bundles

Since we have an action on the base and on the total space of a homogeneous bundle,
we can use these actions to define an action on the space of sections.

Definition 2.3.1. Let p : E → G/H be a homogeneous bundle. The space of section is
denoted by Γ(E) := {σ : G/H → E | p ◦ σ = idG/H}.
Using the left G-actions on the base space G/H and the total space E, we define a
G-action on Γ(E) by (g · σ)(x) := g · σ(g−1 · x).

Remark. If E is a homogeneous vector bundle, then Γ(E) is a vector space. It is even a
module over C∞(G/H) and the G-action on Γ(E) is clearly linear.

Recall that a section σ ∈ Γ(
⊗n

r=1E
∗
r ) of the tensor bundle

⊗n
r=1E

∗
r can be interpreted

as a C∞(G/H)-multilinear map

Γ(E1)× · · · × Γ(En)→ C∞(G/H)

and a section σ ∈ Γ (
⊗n

r=1E
∗
r ⊗ F ) can be interpreted as a C∞(G/H)-multilinear map

Γ(E1)× · · · × Γ(En)→ Γ(F )

The next proposition shows how the G-action on Γ(E∗1 ⊗E∗2) respectively Γ(E∗ ⊗ F )
looks in the picture of bilinear maps, i.e. Γ(E1) × Γ(E2) → C∞(G/H) respectively
Γ(E1)× Γ(E2)→ Γ(F ).

Proposition 2.3.2. Let E → G/H, F → G/H be homogeneous vector bundles. Then
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2.3 Sections of homogeneous bundles

(i) Let σ ∈ Γ(E∗ ⊗ F ∗), s1 ∈ Γ(E), s2 ∈ Γ(F ) and g ∈ G. Then

(g · σ)
(
g′H

) (
s1

(
g′H

)
, s2

(
g′H

))
= σ

(
g−1g′H

) (
g−1 · s1

(
g′H

)
, g−1 · s2

(
g′H

))
or differently phrased

(g · σ)(s1, s2) = σ(g−1 · s1, g
−1 · s2) ◦ lg−1

(ii) Let σ ∈ Γ(E∗ ⊗ F ), s ∈ Γ(E), g ∈ G and φ : Γ(E) → Γ(F ) the C∞(G/H)-linear
map corresponding to σ, then

(g · φ)
(
g′H

) (
s
(
g′H

))
= g · φ

(
g−1g′H

) (
g−1 · s

(
g′H

))
or differently phrased

(g · φ)(s) = g · φ(g−1 · s)

Proof. Let g−1g′H ∈ G/H. Without loss of generality we assume σ(g−1g′H) = e⊗f for
e⊗ f ∈ E∗g−1g′H ⊗ F

∗
g−1g′H . For s1 ∈ Γ(E) and s2 ∈ Γ(F ) we compute:

(g · σ)
(
g′H

) (
s1

(
g′H

)
, s2

(
g′H

))
=
(
g · σ

(
g−1g′H

)) (
s1

(
g′H

)
, s2

(
g′H

))
=

=g · (e⊗ f)
(
s1

(
g′H

)
, s2

(
g′H

))
=

=g−1∗(e)⊗ g−1∗(f)(s1(g′H), s2(g′H)) =

=g−1∗(e)(s1(g′H))g−1∗(f)(s2(g′H)) =

=e(
(
g−1 · s1

(
g′H

))
)f(
(
g−1 · s2

(
g′H

))
) =

=σ
(
g−1g′

) (
g−1 · s1

(
g′H

)
, g−1 · s2

(
g′H

))
and the second equation follows immediately from the first one

(g · σ) (s1, s2)
(
g′H

)
= (g · σ)

(
g′H

) (
s1

(
g′H

)
, s2

(
g′H

))
=

=σ
(
g−1g′H

) (
g−1 · s1

(
g′H

)
, g−1 · s2

(
g′H

))
=

=σ
(
g−1g′H

) ((
g−1 · s1

) (
g−1g′H

)
,
(
g−1 · s2

) (
g−1g′H

))
=

=σ
(
g−1 · s1, g

−1 · s2

) (
g−1g′H

)
=

=
(
σ
(
g−1 · s1, g

−1 · s2

)
◦ lg−1

) (
g′H

)
Hence (i) holds.
Now let’s turn to (ii). Let Ψ : Γ(E∗⊗F )→ LC∞(G/H)(Γ(E),Γ(F )) be the isomorphism
between sections of E∗⊗F and the module of C∞(G/H)-linear maps from Γ(E) to Γ(F ).
We know that Ψ(σ)(s)(x) only depends on s(x) see [Hal11, II.1.26]. Let g′H ∈ G/H,
{b1, . . . , bn} be a basis of Eg′H , {e1, . . . , en} the dual basis and {b̃1, . . . , b̃m} be a basis of
Fg′H with dual basis {ẽ1, . . . , ẽn} , then for a section σ ∈ Γ(E∗⊗F ) and g′H ∈ G/H let

σ(g′H) =
∑

ci,jei ⊗ b̃j
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2 Homogeneous bundles

Ψ(σ)(x) : Ex → Fx is the linear map

w 7→
∑

ci,jei(w)b̃j

To give an expression for the inverse, let φ ∈ LC∞(G/H)(Γ(E),Γ(F )), g′H ∈ G/H. Then
the section σ ∈ Γ(E∗ ⊗ F ) at g′H ∈ G/H is given by

σ(g′H) =
∑
i,j

ẽj
(
φ
(
g′H

)
(bi)
)
ei ⊗ b̃j

Now let φ ∈ LC∞(G/H)(Γ(E),Γ(F )) and using the isomorphisms from above we compute
g · φ. For g′H ∈ G/H we just have seen that the linear map φ(g′H) : Eg′H → Fg′H
corresponds to the element in E∗g′H ⊗ Fg′H∑

i,j

ẽj
(
φ
(
g′H

)
(bi)
)
ei ⊗ b̃j

Applying the G-action for g ∈ G, gives∑
i,j

ẽj
(
φ
(
g′H

)
(bi)
)

(g · ei)⊗
(
g · b̃j

)
=

=
∑
i,j

ẽj
(
φ
(
g′H

)
(bi)
) (
g−1∗(ei)

)
⊗
(
g · b̃j

)
and this expression corresponds to the linear map Egg′H → Fgg′H given by

w 7→
∑
i,j

ẽj
(
φ
(
g′H

)
(bi)
)
ei
(
g−1 · w

) (
g · b̃j

)
=

=g ·
∑
i,j

ẽj
(
φ
(
g′H

)
(bi)
)
ei
(
g−1 · w

)
b̃j

and so
(g · φ)

(
gg′H

)
(w) = g · φ(g′H)

(
g−1 · w

)
Since w ∈ Egg′H was arbitrary, setting g′ = g−1g′ and w = s(g′H) proves the claim.
Using the (i), we get

(g · φ) (s)
(
g′H

)
= (g · φ) (g′H)(s(g′H)) = g · φ(g−1g′H)(g−1 · s(g′H)) =

=g · φ(g−1g′H)((g−1 · s)(g−1g′H)) =

=g · (φ(g−1 · s)(g−1g′H)) = (g · (φ(g−1 · s)))(g′H)

which proves (ii).

Remark. The proof of the general case is completely analogous.

We already have seen that every homogeneous bundle E is isomorphic to an associated
bundle, i.e. E ∼= G×H E0 where E0 denotes the fiber over eH. So, Γ(E) ∼= Γ(G×H E0).
The space Γ(G×H E0) can be interpreted as a space of H-equivariant functions:
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2.3 Sections of homogeneous bundles

Proposition 2.3.3. Let p : P →M be a principal H-bundle and S a manifold endowed
with a left H-action. Then, there is a bijective correspondence between the set of sections
of the associated bundle Γ(P ×H S) and the set of smooth H-equivariant functions φ :
P → S, i.e. φ satisfies φ(u · h) = h−1 · φ(u). We will write C∞(P, S)H for the space of
H-equivariant maps φ : P → S.
This correspondence is characterized by the equation [u, φ(u)] = σ(p(u)).

Proof. Let σ ∈ Γ(E ×H S) be a section, u ∈ P . Then σ(p(u)) lies in the fiber over p(u)
and so there is an unique s ∈ S, which we denote by φ(u), such that σ(p(u)) = [u, φ(u)].
To establish H-equivariancy of φ, we calculate:

[u, φ(u)] = σ(p(u)) = σ(p(u · h)) = [u · h, φ(u · h)]

So, we have φ(u) = h · φ(u · h), which proves that φ is H-equivariant. To see that
φ : P → S is smooth around u ∈ P , choose a local section σ̃ : M ⊃ U → P of the
principal bundle P →M , such that p(u) ∈ U . σ̃ induces a trivialisation ψ of the bundle
P ×H S, whose inverse is ψ−1(x, s) = [σ̃(x), s]. Locally the map ψ ◦ σ ◦ p is given by
ψ(σ(p(u))) = (f1(u), f2(u)) for smooth functions f1 : P ⊃ V → M , f2 : P ⊃ V → S
defined on an open neighbourhood V of u ∈ P . So from

σ (p (u)) =ψ−1(f1(u), f2(u)) = [σ̃(f1(u)), f2(u)] = [u · τ(u, σ̃(f1(u)), f2(u)] =

=[u, τ(u, σ̃(f1(u)) · f2(u)]

we conclude φ(u) = τ(u, σ̃(f1(u))) · f2(u). Therefore φ is smooth.
Conversely, given an H-equivariant function φ, define a section of P ×H S as σ(p(u)) :=
[u, φ(u)]. This is a well defined section, since φ is H-equivarant. Choosing a section σ̃
of p : P →M , we get σ(x) = [σ̃(x), φ(σ̃(x))]. So, σ is smooth.
That these two constructions are inverse to each other follows immediately from the fact
that they are both derived from the equation [u, φ(u)] = σ(p(u)).

Remark. If p : G ×H S → G/H is the homogeneous bundle associated to the principal
bundle p : G→ G/H, the characterizing formula reads as: σ(gH) = g ·φ(g) respectively
φ(g) = g−1 · σ(gH), where we have used the identification p−1(eH) ∼= S in the last
equation.

Let us specialize to the case of homogeneous vector bundles. The space C∞(G,V )H

becomes a C∞(G/H)-module by setting λφ := (λ ◦ π)φ for λ ∈ C∞(G/H) and φ ∈
C∞(G,V )H . Furthermore, we define a left G-action on C∞(G,V )H by g · φ := φ ◦ lg−1 .
In this situation we get

Proposition 2.3.4. Let G×H V be a homogeneous vector bundle, then we have

Γ (G×H V ) ∼= C∞(G,V )H

as C∞(G/H)-modules. Furthermore the isomorphism is G-equivariant.
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2 Homogeneous bundles

Proof. Let Φ : Γ(G ×H V ) → C∞(G,V )H be the map from the preceding proposition
and σ1, σ2 ∈ Γ(G ×H V ) with corresponding φ1, φ2 ∈ C∞(G,V )H , i.e. Ψ(σi) = φi and
λ ∈ C∞(G/H). Then

(σ1 + λσ2) (gH) =σ1(gH) + λ(gH)σ2(gH) = [g, φ1(g)] + λ(gH)[g, φ2(g)] =

=[g, φ1(g) + λ(gH)φ2(g)] = [g, (φ1 + λφ2) (g)]

Hence the section σ1 + λσ2 is mapped to the H-equivariant function φ1 + λφ2 and Φ
is a homomorphism of C∞(G/H) modules. Conversely, the above equation also shows
that φ1 + λφ2 is mapped to the section σ1 + λσ2 and so Ψ−1 is a homomorphism of
C∞(G/H)-modules. Therefore Ψ is an module isomorphism.
It remains to show the statement about G-equivariancy of Ψ. Let σ ∈ Γ(G×H V ) with
corresponding φ ∈ C∞(G,V )H , then

(g · σ)
(
g′H

)
= g · σ(g−1g′H) = g[g−1g′, φ

(
g−1g′

)
] = [g′, φ

(
g−1g′

)
]

implies Ψ(g · σ) = φ ◦ lg−1 = g · φ = g ·Ψ(σ).

We conclude this section with Frobenius’ reciprocity theorem, which states in a special
case that questions about G-invariant sections of a homogeneous bundle p : E → G/H
can be reduced to questions about H-invariant elements in E0 := p−1(eH).

Theorem 2.3.5 (Geometric Frobenius reciprocity). Let X be a manifold endowed with
a G-action and p : E → G/H a homogeneous bundle. Then there is a bijection between
the set of G-equivariant maps X → Γ(E) and the set of H-invariant maps X → E0.
The bijection is given by evaluating at eH, i.e. a G-equivariant map σ : X → Γ(E),
x 7→ σx is mapped to x 7→ σx(eH).

Proof. Let σ : X → Γ(E) be a G-equivariant map, which we write as x 7→ σx. Evaluating
at eH gives an H-invariant map X → E0:

h · σx(eH) = h · σx(h−1eH) = (h · σx)(eH) = σh·x(eH)

Conversely, if f : X → E0 is H-equivariant and x ∈ X, we define σx ∈ Γ(E) as
σx(gH) := g · f(g−1 · x). This is well defined since f is H-equivariant and furthermore
the map x 7→ σx is G-equivariant:

(g · σx)(g′H) =g · σx(g−1g′H) = g · (g−1g′ · f(g′−1g · x)) = g′f(g′−1g · x)

=σg·x(g′H)

It remains to show that these maps are inverse to each other. Starting from a H-
equivariant map X 7→ E0, extending it to a G-equivariant map X 7→ Γ(E) and finally
restricting it again, gives clearly the identity. For the converse direction let σ : X → Γ(E)
be a G-invariant map. It is mapped to the H-invariant function f : X → E0 given by
f(x) = σx(eH). But now observe that

σx(gH) = gg−1σx(gH) = g · ((g−1 · σx)(eH)) = g · (σg−1·x(eH))

and so by construction f is mapped back to σ again.
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2.4 Homogeneous connections

Corollary 2.3.6. Let p : E → G/H be a homogeneous bundle. Then there is a bijection
between Γ(E)G the space of G-invariant sections of E and the set (E0)H of H-invariant
elments in the fiber over eH.

Proof. Apply the preceding theorem to the space X = {pt} with the trivial G-action.

Remark. Let E → G/H be a homogeneous vector bundle and A ∈ E∗eH ⊗ E∗eH be
symmetric and H-invariant, then the induced G-invariant section σ ∈ Γ(G×H (E∗⊗E∗))
is given by σ(gH) = g · A. We claim that σ is a symmetric tensor field on G/H. By
definition we get for ξ, η ∈ EgH

σ(gH)(ξ, η) = (g ·A)(ξ, η) = A(g−1 · ξ, g−1 · η)

So we see that A induces a symmetric tensor field σ. Clearly, conversely the restriction
of a symmetric tensor to the fiber over eH is a symmetric and H-invariant element
in E∗eH ⊗ E∗eH . The same argument holds also for non-degeneracy. So we see that G-
invariant Riemannian metrics on G/H are in bijective correspondence to non-degenerate
H-invariant bilinear forms on g/h. Using this correspondence the existence ofG-invariant
Riemannnian metrics on G/H can be nicely characterized:

Proposition 2.3.7. A homogeneous space G/H admits a G-invariant Riemannian metric

if and only if Ãd(H) ⊂ GL(g/h) is relatively compact.

Proof. See [CS09, Corollary 1.4.4].

Using the same arguments as above we see that for tensor bundles the bijective cor-
respondence given in 2.3.6 respects pointwise symmetries, i.e. G-invariant sections of
a tensor bundle

⊗
E∗l ⊗

⊗
F ∗k that have certain symmetries correspond bijectively to

H-invariant elements in the fiber over eH which have the same symmetries.

2.4 Homogeneous connections

In this section we give a description of homogeneous connections, i.e. connections on
homogeneous vector bundles that are compatible with the left G-action. Lets start with
a basic definition:

Definition 2.4.1. Let E → M be a vector bundle. A connection ∇ on E is a bilinear
operator ∇ : X(M) × Γ(E) → Γ(E) that satifies the following two properties for all
f ∈ C∞(M), ξ ∈ X(M), σ ∈ Γ(E):

(i) ∇fξσ = f∇ξσ

(ii) ∇ξ(fσ) = ξ · f + f∇ξσ

Let E → G/H be a homogeneous vector bundle. A connection on E is called homogeneous
connection, if

∇g·ξg · σ = g · ∇ξσ

for all ξ ∈ X(M), σ ∈ Γ(E) and g ∈ G.
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2 Homogeneous bundles

Example 2.4.2. Let E →M be a trivial vector bundle, i.e. E ∼= M×V as vector bundles
for some vector space V , then there exists a canonical connection can∇ on E. A section
σ ∈ Γ(M × V ) can be identified with a function ψ ∈ C∞(M,V ) via σ 7→ pr2 ◦σ and
inverse ψ 7→ (x 7→ (x, ψ (x))). Since these maps are obviously linear over C∞(M), we
get Γ(M × V ) ∼= C∞(M,V ) as C∞(M)-modules. Using this identification we define the
covariant derivative of σ ∈ Γ(M × V ) with corresponding ψ ∈ C∞(M,V ) in direction
ξ ∈ X(M) as:

can∇ξσ(x) := (x, (ξ · ψ)(x))

An easy calculation shows that this indeed defines a connection on E.

Definition 2.4.3. Let G be a Lie-group, H a closed subgroup of G and π : G → G/H
the canonical projection. Then, we define

X(G)H := {ξ ∈ X(G) | (rh)∗ξ = ξ ∀h ∈ H}.

Setting
λξ := (λ ◦ π) ξ

for λ ∈ C∞(G/H) and ξ ∈ X(G)H makes X(G)H into a C∞(G/H)-modul.

Lemma 2.4.4. Let G be a Lie-group, H a closed Lie-subgroup of G and X(G)H the
C∞(G/H)-module of H-right invariant vector fields on G, then

X(G)H ∼= C∞(G, g)H ∼= Γ(G×H g)

as C∞(G/H)-modules. Moreover, these isomorphisms are G-equivariant.

Proof. We have already seen that C∞(G, g)H ∼= Γ(G×H g) as C∞(G/H)-modules, so it
remains to show X(G)H ∼= C∞(G, g)H . Let ωG ∈ Ω(G, g) be the Maurer-Cartan form
on G. For ξ ∈ X(G)H , set φ(g) := ωG(ξ)(g). We compute then:

φ(gh) =ωG(ξ)(gh) = ωG(gh)(Trh · ξ(g)) = ((rh)∗ωG)(ξ)(g) =

= Ad(h−1)(ωG(ξ)(g)) = Ad(h−1)(φ(g))

So, φ ∈ C∞(G, g)H .
Conversely, given φ ∈ C∞(G, g)H , define ξ(g) := Lφ(g)(g). Clearly, ξ is a smooth vector
field on G and it is H-invariant:

Tghr
h−1 · ξ(gh) =Te(r

h−1 ◦ lgh)(φ(gh)) = Telg(Ad(h)(φ(gh))) =

=Telg · φ(ghh−1) = ξ(g)

These maps are inverse to each other since ωG(g)(Lφ(g)(g)) = φ(g) and LωG(ξ)(g)(g) =

ξ(g). Linearity over C∞(G/H) is obvious by the definition of the maps, so X(G)H ∼=
C∞(G, g)H as C∞(G/H)-modules.
For the proof of G-equivariance recall that g ∈ G acts on an element φ ∈ C∞(G, g)H by
g · φ = φ ◦ lg−1 and so if φ is mapped to the vector field ξ then g · φ is mapped to the
vector field
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2.4 Homogeneous connections

ξ̃(g′) =Lφ(g−1g′)(g
′) = Telg′ · φ(g−1g′) = Te(lg ◦ lg−1g′) · φ(g−1g′) =

=Tg−1g′ lg · Telg−1g′ · φ(g−1g′) = Tg−1g′ lg · ξ(g−1g′) =

=(g · ξ)(g′)

which proves that the map C∞(G, g)H → X(G)H is G-equivariant.

Definition 2.4.5. Let G×H V be a homogeneous vector bundle. Then the operator

D : X(G)H × C∞(G,V )H → C∞(G,V )H

defined as

Dξψ := ξ · ψ

is called the fundamental derivative.
Using the identification from the preceding Lemma and the isomorphism Γ(G ×H V ) ∼=
C∞(G,V )H , we define

D̃ : Γ(G×H g)× Γ(G×H V )→ Γ(G×H V )

as the operator which makes the following diagram commutative

X(G)H × C∞(G,V )H
D //

∼=

��

C∞(G,V )H

∼=

��
Γ(G×H g)× Γ(G×H V )

D̃

// Γ(G×H V )

Remark. Abusing notation, we will also write D for the operator D̃.

We have to show that D maps indeed into C∞(G,V )H , but this is quickly checked.
Let ξ ∈ X(G)H and ψ ∈ C∞(G,V )H , then

(Dξ ψ)(gh) =ξ(gh) · ψ = Tghψ · ξ(gh) = Tghψ · Tgrh · ξ (g) =

=Tg

(
ψ ◦ rh

)
· ξ (g) = Tg (lh−1 ◦ ψ) · ξ (g) =

=Tψ(g)lh−1 · Tgψ · ξ (g) = Tψ(g)lh−1 ·Dξ ψ(g) =

=h−1 ·Dξ ψ(g)

Note that the last equality holds because G acts linearly on V .

To prove basic properties of the operator D, we need another definition.
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2 Homogeneous bundles

Definition 2.4.6. Let G be a Lie-group and H a closed subgroup of G. Let

π̂ : Γ(G×H g)→ X(G/H)

be the operator defined via the following diagram

G×H g
[g,X] 7→[g,X+h] // G×H g/h

[g,X+h] 7→[g,Tπ·X]// G×H TeH(G/H)
[g,X]7→TeH lg ·X // T (G/H)

G/H

s

gg

π̂(s)

66

for s ∈ Γ (G×H g).

Remark. If there is no chance of confusion, we will denote the composition of the hori-
zontal maps G×H g→ T (G/H) in the above diagram also with π̂.

Remark. Given a section s ∈ Γ (G×H g) and let ξ ∈ X(G)H be the H-invariant vector
field to corresponds to s as in 2.4.4. Then we claim that ξ ∈ X(G)H is π : G → G/H
related to π̂(s) ∈ X(G/H) in the usual sense.
By 2.4.4 the vector field ξ ∈ X(G)H corresponds to the section s : gH 7→ [g, ωG(ξ̃)(g)] =
[g, Tglg−1 · ξ̃(g)]. Applying the horizontal maps of the diagram above to the section s, we
see that π̂(s)(gH) = TeH lg · Teπ · Tglg−1 · ξ(g). But since π : G→ G/H is G-equivariant,
we have T lg ◦ Tπ = Tπ ◦ T lg and this implies π̂(s)(gH) = Tgπ · ξ(g). So, ξ is π related
to π̂(s) as claimed.

Proposition 2.4.7. Let G×H V be a homogeneous vector bundle and

D : Γ(G×H g)× Γ(G×H V )→ Γ(G×H V )

the operator defined in 2.4.5.
Moreover let s1, s2, s ∈ Γ(G ×H g), σ ∈ Γ(G ×H V ) and λ ∈ C∞(G/H). Then the
following holds:

(i) D is an G-invariant operator.

(ii) Dλs1+s2 σ = λDs1 σ + Ds2 σ

(iii) Ds λσ = (π̂(s) · λ)σ + λDs σ
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2.4 Homogeneous connections

Proof. Since the C∞(G/H)-module isomorphisms Γ(G×Hg) ∼= X(G)H and Γ(G×HV ) ∼=
C∞(G,V )H are G-equivariant it suffice to prove (i) in the picture of H-equivariant
functions and H-invariant vector fields on G. So, let ξ ∈ X(G)H and ψ ∈ C∞(G,V )H ,
then we have to show that for all g ∈ G

Dg·ξ g · ψ = g · (Dξ ψ)

holds. G-invariance of D can be seen as follows:

Dg·ξ(g · ψ)
(
g′
)

=(g · ξ)
(
g′
)
· (g · ψ) = Tg′

(
ψ ◦ lg−1

)
· Tg−1g′ lg · ξ

(
g−1g′

)
=

=Tg−1g′ψ · ξ
(
g−1g′

)
= (ξ · ψ)

(
g−1g′

)
=

= (g · (ξ · ψ))
(
g′
)

= (g ·Dξ ψ)(g′)

(ii) is clear, since it obviously holds for H-equivariant functions and H-right invariant
vector fields and so using the module isomorphisms proves the claim.
To prove (iii), observe that

Dξ (λ ◦ π)φ = (ξ · (λ ◦ π))φ+ (λ ◦ π) Dξ φ

for ξ ∈ X(G)H and φ ∈ C∞(G,V )H . Let Ψ : Γ(G ×H g) → X(G)H , Φ : Γ(G ×H V ) →
C∞(G,V )Hand ξ ∈ X(G)H the vector field corresponding to s ∈ Γ(G×Hg), i.e. Ψ(s) = ξ.
Then we get

Ds λσ =Φ−1
(
DΨ(s) Φ (λσ)

)
= Φ−1 (Dξ (λ ◦ π) Φ (σ)) =

=Φ−1 (ξ · (λ ◦ π) Φ (σ) + (λ ◦ π) Dξ Φ (σ)) =

=Φ−1 ((Tλ · Tπ · ξ) Φ(σ) + (λ ◦ π) Dξ Φ (σ)) =

=Φ−1 ((Tλ · π̂(s)) Φ(σ) + (λ ◦ π) Dξ Φ (σ)) =

=Φ−1 ((π̂(s) · λ) Φ(σ) + (λ ◦ π) Dξ Φ (σ)) =

= (π̂(s) · λ)σ + λDs σ

which proves (iii).

After these preparations we can relate a homogeneous connection ∇ on a homogeneous
vector bundle G ×H V with the aid of the operator D to a G-invariant tensor field on
G/H.

Proposition 2.4.8. Let G×H V be a homogeneous bundle and ∇ a homogeneous con-
nection on G×H V . We define a map

A : Γ (G×H g)× Γ (G×H V )→ Γ (G×H V )

as
A(s, σ) := ∇π̂(s)σ −Ds σ.

Then A is tensorial, i.e bilinear over C∞(G/H) and G-invariant. Therefore A is a
G-invariant section of the homogeneous bundle G×H (g∗ ⊗ V ∗ ⊗ V )
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2 Homogeneous bundles

Proof. We already know that D is G-invariant. Using G-equivariancy of π̂ : G ×H g →
T (G/H), we compute for a section s ∈ Γ (G×H g)

π̂
(
(g · s)

(
g′H

))
=π̂
(
g · s

(
g−1g′H

))
= g · π̂

(
s
(
g−1g′H

))
=

= (g · (π̂ ◦ s))
(
g′H

)
which just means π̂(g · s) = g · π̂(s). Using this and the G-invariance of D and ∇ we

get

A (g · s, g · σ) =∇π̂(g·s)g · σ −Dg·s g · σ = ∇g·π̂(s)g · σ −Dg·s g · σ =

=g ·
(
∇π̂(s)σ −Dsσ

)
= g ·A(s, σ)

Which proves G-invariance of A.
Linearity over C∞(G/H) of A in s is clear, since D and ∇ are linear over C∞(G/H) and
π̂ is a vector bundle homomorphism. To see that A is C∞(G/H)-linear in the second
variable as well, recall that by 2.4.7 (iii) we have

Ds λσ = (π̂(s) · λ)σ + λDs σ

and since ∇ is a connection

∇π̂(s)λσ = (π̂(s) · λ)σ + λ∇π̂(s)σ

which immediately proves the claim. Therefore A is a section of the homogeneous
bundle

(G×H g∗)⊗ (G×H V ∗)⊗ (G×H V ) ∼= G×H (g∗ ⊗ V ∗ ⊗ V )

Since A ∈ Γ (G×H (g∗ ⊗ V ∗ ⊗ V )) is an G-invariant section of a homogeneous bundle,
it is, by Frobenius’ reciprocity, completely determined by its value at eH ∈ G/H, i.e. by
a H-equivariant map α : g→ L(V, V ). In fact, as we shall soon see, we have a bijection
between homogeneous connections on a homogeneous vector bundle G×H V and certain
H-invariant maps α : g → L(V, V ). Before we can proceed to the theorem we need a
lemma about local lifts of vector fields ξ ∈ X(G/H):

Lemma 2.4.9. Let G be a Lie-group, H a closed subgroup of G and π : G→ G/H the
canonical projection. For ξ ∈ X(G/H), gH ∈ G/H there exists an open neighbourhood

U ∈ U(gH) and a H-right invariant vector field ξ̃ ∈ X
(
π−1 (U)

)H
such that ξ̃ is a local

lift of ξ, i.e. Tπ ◦ ξ̃ = ξ ◦ π or as a commutative diagram:

TG|π−1(U)
Tπ // T (G/H)

π−1(U)

ξ̃

OO

π
// G/H

ξ

OO
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2.4 Homogeneous connections

Remark. Using the operator π̂ : Γ(G ×H g) → X(G/H) from 2.4.6, the lemma proves
that given a vector field ξ ∈ X(G/H) and gH ∈ G/H, there exists a neighbourhood
U ∈ U(gH) and a section s ∈ Γ((G×H g)|U ) such that π̂(s) = ξ|U .

Proof. The idea is the following: Given a vector field ξ ∈ X(G/H) and a point gH ∈
G/H. Choose a local section σ : U → G defined on a neighbourhood U of gH, map the
tangent vectors ξ(g′H), g′H ∈ U with the tangent map Tg′Hσ to Tσ(g′H)G and use the
tangent map of the right H-action on G to define a local vector field on π−1(U). More
precisely, we define ξ̃ ∈ X

(
π−1(U)

)
as

ξ̃ (g) := Tσ(gH)r
τ(σ(gH),g) · TgHσ · ξ(gH) (2.1)

where τ : G×G/HG→ H is the smooth map that solves the implicit equation gτ(g, g′) =
g′ for all g, g′ ∈ G which lie in the same fiber over π : G → G/H, i.e. gH = g′H. This
and since the right hand side of (2.1) depends smoothly on g ∈ π−1(U) , shows that ξ̃
is a vector field on π−1(U). It is a lift of ξ ∈ X(U):

Tgπ · ξ̃(g) =Tgπ · Tσ(gH)r
τ(σ(gH),g) · TgHσ · ξ(gH) =

=Tσ(gH)π · TgHσ · ξ(gH) = ξ(gH)

and it is H-right invariant:

(rh)∗(ξ̃)(g) =Tghr
h−1 · ξ̃(gh) = Tghr

h−1 · Tσ(gH)r
τ(σ(gH),gh) · TgHσ · ξ(gH) =

=Tσ(gH)r
τ(σ(gH),gh)h−1 · TgHσ · ξ(gH) = Tσ(gH)r

τ(σ(gH),g) · TgHσ · ξ(gH) =

=ξ̃(g)

Remark. More generally this proof shows, that given a H-principal bundle p : P → M ,
a vector field ξ ∈ X(M) and x ∈ M then there exists a neighbourhood U ∈ U(x) and a
local H-invariant lift ξ̃ of ξ|U .

Now, we can give a description of homogeneous connections on a homogeneous vector
bundles in terms of certain H-equivariant linear maps:

Theorem 2.4.10. Let G ×H V be a homogeneous vector bundle, the H-action on V
given by the representation ρ : H → GL(V ). Then we have a bijective correspondence
between homogeneous connections on G ×H V and linear maps α : g → L(V, V ) that
satisfy:

(i) α|h = ρ′

(ii) α (Ad (h) (X)) = ρ(h) ◦ α(X) ◦ ρ(h−1) for all h ∈ H,X ∈ g
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2 Homogeneous bundles

Proof. Given a homogeneous connection ∇ on G×H V , define α(X)(v) := A(eH)(X, v)
where A is the G-invariant section defined in 2.4.8.
Let X ∈ h and v ∈ V . In order to prove (i) choose sections s ∈ Γ(G×Hg), σ ∈ Γ(G×HV )
with corresponding functions φ ∈ C∞(G, g)H , ψ ∈ C∞(G,V )H such that s(eH) = X ∈ h
and σ(eH) = v. By definition of A, we have:

α(X)(v) =
(
∇π̂(s)σ

)
(eH)−Dsσ(eH)

Because π̂(s(eH)) = 0 the first term vanishes and for the second term we compute using
the H-equivarancy of φ:

Dsσ(eH) =Teφ ·X =
d

dt |0
φ(exp(tX)) =

d

dt |0
ρ(exp(−tX))(φ(e)) =

=− ρ′(X)(v)

Which proves the claim. Property (ii), follows from H-invariance of A:

α(Ad(h)(X))(v) =A(eH)(Ad(h)(X), v) = A(eH)(Ad(h)(X), ρ(h)(ρ(h−1)(v))) =

=ρ(h)(A(eH)(X, ρ(h−1)(v))) = ρ(h)(α(X)(ρ(h−1)(v))) =

=
(
ρ(h) ◦ α(X) ◦ ρ(h)−1

)
(v)

Conversely, suppose we have given a α : g → L(V, V ) which satisfies properties (i)
and (ii). From Frobenius’ reciprocity and (ii), we conclude that α induces a G-invariant
section A ∈ Γ(G×H (g∗⊗V ∗⊗V )), such that A(eH) = α. For ξ ∈ X(G/H), gH ∈ G/H
choose a local lift ξ̃ ∈ X(U)H defined on an open neighbourhood U ∈ U(g) in G, i.e.
ξ ◦ π = Tπ · ξ̃ and let s : U → (G ×H g) be the corresponding section and φ : U → g
the corresponding function. The covariant derivative of a section σ ∈ Γ(G ×H V ) with
corresponding function ψ ∈ C∞(G,V )H can now be defined as:

(∇ξσ)(gH) := A(gH)(s(gH), σ(gH)) + Ds σ(gH) (2.2)

Note, that this definition does not depend on the chosen lift. If
˜̃
ξ ∈ X(U) is another lift,

then we compute for the functions φ̃,
˜̃
φ corresponding to ξ̃,

˜̃
ξ

Telg · Teπ ·
(
φ̃(g)− ˜̃

φ(g)
)

=Tgπ · Telg
(
φ̃(g)− ˜̃

φ(g)
)

=

=Tgπ ·
(
ξ̃(g)− ˜̃

ξ(g)
)

= 0

and so φ̃(g)− ˜̃
φ(g) ∈ ker(Teπ) = h for g ∈ U . Let X = φ̃(g)− ˜̃

φ(g), then

D
ξ̃− ˜̃
ξ
ψ(g) =Tgψ · (ξ̃ − ˜̃

ξ)(g) = Tgψ · Telg ·
(
φ̃(g)− ˜̃

φ(g)
)

=

=
d

dt |0
ψ(g · exp(tX)) =

d

dt |0
ρ(exp(−tX))(ψ(g)) = −ρ′(X)(ψ(g))
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2.4 Homogeneous connections

from which we conclude

Ds σ(gH) = g ·
(
−ρ′(X)(ψ(g))

)
Where s ∈ Γ(G×H g) denotes the section corresponding to φ̃(g)− ˜̃

φ(g) ∈ C∞(G, g).
By property (i) and G-invariance of A we get

A(gH)(s(gH), σ(gH)) =g · (A(eH)(g−1 · s(gH), g−1 · σ(gH)) =

=g · (α
(
(φ̃− ˜̃

φ)(g)
)(
ψ(g)

)
) =

=g · (ρ′(X)(ψ(g)))

and therefore (∇ξσ) is well defined. (2.2) is obviously C∞(G/H) linear in s and an
easy calculation shows that it satisfies the Leibniz rule in σ, so (2.2) indeed defines a
connection on G×H V .
So it remains to show that (2.2) defines a homogeneous connection, but A is G-invariant
by construction and we have already seen that D is an G-invariant operator. Thus the
connection is homogeneous.

Knowing one homogeneous connection ∇ on G×H V , every other homogeneous con-
nection on G×H V can be described by an H-equivariant map β : g/h→ L(V, V ). To see
this fix a linear map α : g→ L(V, V ) that satisfies the two properties of the last theorem,
i.e. α is H-invariant and its restriction to h is the derivative of the representation ρ as-
sociated to the vector bundle G×H V . Let α̃ be another linear map that have these two
properties, then α̃ − α vanishs on h and therefore factors to a map β : g/h → L(V, V ).
As we have already seen, the restriction of adjoint action to H factors to an H-action
on g/h given by Ad(h)(X + h) = Ad(h)(X) + h. β is H-equivariant in respect to this
action on g/h and the action on L(V, V ) given by conjugating with ρ(h):

β (Ad(h)(X + h)) =β(Ad(h)(X) + h) = (α̃− α) (Ad (h) (X)) =

=α̃ (Ad (h) (X))− α (Ad (h) (X)) =

=ρ(h) ◦ α̃ (X) ◦ ρ (h)−1 − ρ(h) ◦ α (X) ◦ ρ (h)−1 =

=ρ(h) ◦ β (X + h) ◦ ρ (h)−1

Conversely, given α and a H-equivariant map β : g/h → L(V, V ), define α̃(X) :=
β(X + h) +α(X), then α̃ clearly satisfies the two properties of the theorem. Since these
two constructions are inverse to each other we get:

Proposition 2.4.11. Let G×HV be a homogeneous vector bundle and ∇ a homogeneous
connection on G ×H V induced by the linear map α : g → L(V, V ). Then we haven a
bijection between the set of homogeneous connections on G ×H V and the vector space
HomH(g/h, L(V, V )).
More precisly: Every homogeneous connection on G ×H V is induced by X 7→ α(X) +
β(X + h) for an unique β ∈ HomH(g/h, L(V, V )).
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2 Homogeneous bundles

Remark. In general homogeneous vector bundles do not have to admit a homogeneous
connection. On the tangent bundle of the projective sphere there does not exist a
SLR(n− 1)-invariant connection. See [CS09, Example 1.4.8].

Let ξ ∈ X(G/H) and σ ∈ Γ(G ×H V ). The next proposition gives us an description
of the map ξ 7→ ∇ξσ and of the section ∇ξσ in terms of the local lift ξ̃ ∈ X(G|U )H of ξ

and the function ψ ∈ C∞(G,V )H corresponding to σ.

Proposition 2.4.12. Let G ×H V , ρ : H → GL(V ) be a homogeneous vector bundle,
∇ a homogeneous connection on G×H V given by α : g→ L(V, V ) and σ ∈ Γ(G×H V )
with corresponding function ψ : G→ V . Then

(i) the function Ψ : G→ L(g/h, V ) corresponding to ∇σ is given by

Ψ(g)(X + h) = (LX · ψ)(g) + α(X)(ψ(g))

(ii) for a lift ξ̃ ∈ X(G) of ξ ∈ X(G/H), the function corresponding to ∇ξσ is given by

g 7→ (ξ̃ · ψ)(g) + α(ωG(g)(ξ̃(g)))(ψ(g))

Proof. First observe that for fixed σ ∈ Γ(G×H V ) the map

∇σ : Γ(T (G/H))→ Γ(G×H V )

can be viewed as a section of the bundle G×H ((g/h)∗ ⊗ V ): ∇σ is a C∞(G/H)-linear
map and therefore an vector bundle homomorphism T (G/H) → G ×H V . This vector
bundle homomorphism is an element of

Γ(T ∗(G/H)⊗ (G×H V )) ∼=Γ((G×H T ∗eHG/H)⊗ (G×H V )) ∼= Γ(G×H ((g/h)∗ ⊗ V )) ∼=
∼=Γ(G×H (L(g/h, V )))

We know that a section of the space in the last line corresponds to a H-equivariant map
Ψ : G → L(g/h). We claim that for g ∈ G the linear map Ψ(g) : g/h → V corresponds
to the map X + h 7→ g−1 · ∇Tgπ·Telg ·Xσ. To see this let g ∈ G, {f1, . . . , fn} a basis
of T ∗gHG/H and {b1, . . . , bm} a basis of V . The linear map ξ 7→ ∇ξσ mapping from
T ∗gHG/H to (G×H V )gH can then be written as∑

i,j

ci,jfi ⊗ [g, bj ]

for ci,j ∈ R. Applying the isomorphisms

Γ(T ∗(G/H)⊗ (G×H V )) ∼= Γ(G×H T ∗eHG/H)⊗ (G×H V )) ∼= Γ(G×H (g/h)∗ ⊗ V ))

restricted to the fiber over gH maps
∑

i,j ci,jfi ⊗ [g, bj ] to

[g,
∑
i,j

ci,j(fi ◦ Telg ◦ π̃)⊗ bj ]
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2.5 Curvature of homogeneous linear connections

where π̃ is the map π : g→ TeHG/H factored over g→ g/h. The element
∑

i,j ci,j(fi ◦
lg ◦ π̃)⊗ bj corresponds under the isomorphism (g/h)∗ ⊗ V ∼= L(g/h, V ) to the map

X + h 7→
∑
i,j

ci,jfi(Telg(π̃(X + h)))bi = g−1 ·
∑
i,j

ci,jfi(Telg( ˜π(X + h))[g, bi] =

=g−1 ·
∑
i,j

ci,jfi(Telg(π(X)))[g, bi] = g−1 ·
∑
i,j

ci,jfi(Tgπ · Telg ·X)[g, bi] =

=g−1 · ∇Tgπ·Telg ·Xσ

as claimed. To compute g−1 · ∇Tgπ·Telg ·Xσ let ψ ∈ C∞(G,V )H be the function corre-
sponding to the section σ ∈ Γ(G ×H V ). Since Telg · X ∈ TgG is obviously a lift of
Tgπ · Telg ·X ∈ TgHG/H we compute using the formula for ∇:

Ψ(g)(X + h) =(Telg ·X) · ψ + g−1 ·A(gH)(g ·X,σ(gH)) =

=(LX · ψ)(g)) + g−1 ·A(gH)(g ·X, g · ψ(g)]) =

=(LX · ψ)(g)) +A(eH)(X,ψ(g)) =

=(LX · ψ)(g) + α(X)(ψ(g))

This proves (i).
To prove (ii), let ξ̃ ∈ X(G|U ) be a local lift of ξ ∈ X(G/H). From (i) we know that
Ψ(g)(X + h) = g−1 · ∇Tgπ·Telg ·Xσ. Since

Tgπ · Telg · ωG(ξ̃)(g) =Tgπ · Telg · Tglg−1 · ξ̃(g) =

=Tgπ · ξ̃(g) = ξ(g)

we calculate

∇ξσ(gH) =Ψ(g)(ωG(ξ̃)(g) + h) = (LωG(ξ̃)(g) · ψ)(g) + α(ωG(ξ̃)(g))(ψ(g)) =

=(ξ̃ · ψ)(g) + α(ωG(ξ̃)(g))(ψ(g))

which establishes the desired result.

2.5 Curvature of homogeneous linear connections

Recall that the curvature tensor R : X(M)×X(M)×Γ(E)→ Γ(E) of a linear connection
∇ on a vector bundle E →M is defined as

R(ξ, η)(σ) := ∇ξ∇ησ −∇η∇ξσ −∇[ξ,η]σ

When we are dealing with homogeneous vector bundles G×H V → G/H equipped with a
homogeneous, i.e. G-invariant connection ∇, the curvature tensor is an invariant section
of the bundle G×H (Λ2(g/h)∗⊗V ∗⊗V ) and, as we have already seen, can be viewed as
an H-invariant element in Λ2(g/h)∗⊗V ∗⊗V , i.e. an H-invariant skew-symetric bilinear
form on g/h with values in L(V, V ).
The next proposition gives a nice description of this form in terms of the function
α : g→ L(V, V ), which corresponds the homogeneous connection ∇.
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Proposition 2.5.1. Let G×H V be a homogeneous vector, ∇ a homogeneous connection
on G×H V corresponding to α : g→ L(V, V ), then the curvature tensor R is induced by
the skew symetric map

(X + h, Y + h) 7→ α(X) ◦ α(Y )− α(Y ) ◦ α(X)− α([X,Y ])

Proof. Choose ξ1, ξ2 ∈ X(G/H) such that ξ1(eH) = X + h, ξ2(eH) = Y + h with
H-invariant lifts ξ̃1, ξ̃2 ∈ X(G)H such that ξ̃1(e) = X, ξ̃2(e) = Y and a section σ ∈
Γ(G×H V ) with corresponding ψ : G→ V . Using the formula from 2.4.12 we know that
g 7→ ∇ξ2σ(g) corresponds to the function

g 7→ (ξ̃2 · ψ)(g) + α
(
ωG(ξ̃2(g))

)(
ψ(g)

)
Applying 2.4.12 again to differentiate in direction ξ1 we see that g 7→ ∇ξ1∇ξ2σ corre-
sponds to

g 7→(ξ̃1 · (ξ̃2 · ψ))(g) + ξ̃1(g)(g 7→ α
(
ωG(ξ̃2)(g)

)(
ψ(g)

)
)+

+α
(
ωG(ξ̃1)(g)

)(
(ξ̃2 · ψ)(g)

)
+ α

(
ωG(ξ̃1)(g)

)(
α
(
ωG(ξ̃2(g))

)(
ψ(g)

))
=

=((ξ̃1 · (ξ̃2 · ψ))(g) + α
(
ωG(ξ̃2)(g)

)(
(ξ̃1 · ψ)(g)

)
+ α

(
ξ̃1(g) · ωG(ξ̃2)

)(
ψ(g)

)
+

+α
(
ωG(ξ̃1)(g)

)(
(ξ̃2 · ψ)(g)

)
+ α

(
ωG(ξ̃1)(g)

)(
α
(
ωG(ξ̃2(g))

)(
ψ(g)

))
=

Summing up and reordering the terms, the function corresponding to g → R(ξ1, ξ2)(σ)(g)
is given by

g 7→(ξ̃1 · (ξ̃2 · ψ))(g)− (ξ̃2 · (ξ̃1 · ψ))(g)− ([ξ, η] · ψ)(g)+

+α
(
ξ̃1(g) · ωG(ξ̃2)

)(
ψ(g)

)
− α

(
ξ̃2(g) · ωG(ξ̃1)

)(
ψ(g)

)
− α

(
ωG([ξ̃1, ξ̃2](g))

)(
ψ(g)

)
+

+α
(
ωG(ξ̃1)(g)

)(
α
(
ωG(ξ̃2(g))

)(
ψ(g)

))
− α

(
ωG(ξ̃2)(g)

)(
α
(
ωG(ξ̃1(g))

)(
ψ(g)

))
Now note that the first three terms vanish by the definition of the Lie-bracket and using
the Maurer-Cartan equation on the next three terms we get

g 7→α
(
ωG(ξ̃1)(g)

)(
α
(
ωG(ξ̃2(g))

)(
ψ(g)

))
− α

(
ωG(ξ̃2)(g)

)(
α
(
ωG(ξ̃1(g))

)(
ψ(g)

))
−

−α
(
[ωG(ξ), ωG(η)](g)

)(
ψ(g)

)
evaluating at g = e proves the claim of the proposition.

2.6 Torsion of a homogeneous connection on T (G/H)

Now we specialize to the case of homogeneous connections on the tangent bundle T (G/H)
and describe the torsion of a homogeneous connection. Recall that T (G/H) ∼= G×H g/h

and the H-action on g/h is given by Ãd : H → GL(g/h), i.e. for h ∈ H the map Ãd(h) is

just the adjoint action Ad(h) factored through g→ g/h, i.e. Ãd is given by the following
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commutative diagram:

g

π

��

Ad(h) // g

π

��
g/h

Ãd(h)

// g/h

By 2.4.10 we know that homogeneous connections on T (G/H) ∼= G ×H g/h are in
bijective correspondence with linear maps α : g→ L(g/h, g/h) that satisfy:

(i) α|h = Ãd
′

(ii) α(Ad(h)(X)) = Ãd(h) ◦ α(X) ◦ Ãd(h)−1 for all h ∈ H.

Since the derivative of Ãd at e ∈ H occurs in this characterisation let us compute this
map. Consider the following subgroup of GL(g)

Nh(GL(g)) := {A ∈ GL(g) | A(h) ⊂ h}

Clearly, Nh(GL(g)) is a closed subgroup of GL(g) and therefore a Lie-subgroup of GL(g).
Moreover, Nh(GL(g)) contains exactly those A ∈ GL(g) that factor to linear maps

Ã ∈ GL(g/h). Now, consider the Lie-group homomorphism p : Nh(GL(g)) → GL(g/h)

which maps A ∈ GL(g) to the factored map Ã ∈ GL(g/h). Since, Ad(H) ⊂ Nh(GL(g))
and by the definition of p the following diagram commutes:

H
Ad //

Ãd

""

Nh(GL(g))

p

��
GL(g/h)

Hence, we conclude Ãd
′
= p′ ◦Ad′ = p′ ◦ad. To compute p′ : L(Nh(GL(g)))→ L(g/h),

where L(Nh(GL(g))) denotes the Lie-algebra of Nh(GL(g)), let A ∈ L(Nh(GL(g))) and
Y + h ∈ g/h. Then

p′(A)(Y + h) =
( d
dt |t=0

p(exp(tA)
)
(Y + h) =

=
d

dt |t=0
p(exp(tA)

)
(Y + h) =

=
d

dt |t=0
exp(tA)(Y ) + h =

=
( d
dt |t=0

exp(tA)
)
(Y ) + h =

=A(Y ) + h
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2 Homogeneous bundles

And so we get for X ∈ h and Y + h ∈ g/h:

Ãd
′
(X)(Y + h) =(p′ ◦ ad)(X)(Y + h) =

=p′(ad(X))(Y + h) =

= ad(X)(Y ) + h

Therefore we see that the restriction to h of the H-equivariant linear map α : g →
L(g/h, g/h) describing a homogeneous connection ∇ on the tangent bundle T (G/H) is
given by

α(X)(Y + h) = [X,Y ] + h (2.3)

for X ∈ h and Y + h ∈ g/h.
After these preparations we turn to the torsion of a homogeneous connection. First,
recall the definition of the torsion of a connection ∇ on the tangent bundle TM of a
manifold M :

Definition 2.6.1. Let M be a manifold and ∇ a connection on TM , the torsion of ∇
is the skew-symmetric map τ : X(M)× X(M)→ X(M) defined as

τ(ξ, η) := ∇ξη −∇ηξ − [ξ, η]

for ξ, η ∈ X(M).
A connection ∇ on M is called torsion-free if τ vanishes.

It is straightfoward to see that τ is a skew-symmetric tensor field on M . If we consider
the torsion of a homogeneous connection on G/H it immdiately follows by definition of
the torsion that τ is a G-invariant tensor field on G/H. From Frobenius’ theorem we
know that the section τ ∈ Γ

(
G×H

(
Λ2 (g/h)∗ ⊗ g/h

))
corresponds to an H-invariant

skew-symmetric bilinear map τ : g/h × g/h → g/h, which we will also call τ . The next
proposition gives a description of the torsion of a homogeneous connection ∇ in terms
of the map α that describes ∇.

Proposition 2.6.2. Let ∇ be a homogeneous connection on the tangent bundle T (G/H)
induced by the linear map α : g→ L(g/h, g/h). Then the torsion of ∇ is induced by the
H-invariant skew-symmteric bilinear map τ : g/h× g/h→ g/h given by

τ (X + h, Y + h) = α(X)(Y + h)− α(Y )(X + h)− [X,Y ] + h

for X + h, Y + h ∈ g/h.

Proof. Let ξ, η ∈ X(G/H) with ξ(eH) = X + h, η (eH) = Y + h and ξ̃, η̃ local H-
invariant lifts defined on a neighbourhood U ∈ U(e) of e ∈ G. Observe that the function
φξ ∈ C∞ (G, g/h) can be expressed through the lift ξ̃ with the aid of the Maurer-Cartan
form

φξ (g) =TgH lg−1 · ξ (gH) = TgH lg−1 · Tgπ · ξ̃ (g) = Teπ · Tglg−1 · ξ̃(g) =

=Teπ · ωG(ξ̃) (g) = ωG(ξ̃)(g) + h
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Further note that [ξ̃, η̃] is a lift of [ξ, η] and so the function corresponding to [ξ, η] is
ωG([ξ̃, η̃]) + h. We have already seen in 2.5.1 that the function for ∇ξη is given by

g 7→ ξ̃(g) · φη + α(ωG(ξ̃)(g))(φη(g))

So we see using ωG to express φξ, φη and φ[ξ,η] that ∇ξη −∇ηξ − [ξ, η] corresponds to

ξ̃ · (ωG(η̃) + h)+α(ωG(ξ̃))(ωG(η̃) + h)− η̃ · (ωG(ξ̃) + h)− α(ωG(η̃))(ωG(ξ̃) + h)−
−ωG([ξ̃, η̃]) + h

=ξ̃ · ωG(η̃)− η̃ · ωG(ξ̃)− ωG([ξ̃, η̃]) + h + α(ωG(ξ̃))(ωG(η̃) + h)−
−α(ωG(η̃))(ωG(ξ̃) + h)

Applying the Maurer-Cartan-equation dωG(ξ̃, η̃) + [ωG(ξ̃), ωG(η̃)] = 0 simplifies the for-
mula to

α(ωG(ξ̃))(ωG(η̃) + h)− α(ωG(η̃))(ωG(ξ̃) + h)− [ωG(ξ), ωG(η)] + h

and evaluating at g = e gives

α(X)(Y + h)− α(Y )(X + h)− [X,Y ] + h

as claimed.

Remark. That the map τ : g/h× g/h→ g/h from 2.6.2 is well defined, can be also seen
directly as follows. Consider the map τ̃ : g× g→ g/h, given by:

τ̃(X,Y ) := α(X)(Y + h)− α(Y )(X + h)− [X,Y ] + h

For X,Y ∈ g, Z,Z ′ ∈ h we compute using the formula from (2.3):

τ̃(X + Z, Y + Z ′) =α(X + Z)(Y + h)− α(Y + Z ′)(X + h)− [X + Z, Y + Z ′] + h =

=α(X)(Y + h)− α(Y )(X + h)− [X,Y ] + h+

+α(Z)(Y + h)− α(Z ′)(X + h)− [X,Z ′]− [Z, Y ] + h =

=α(X)(Y + h)− α(Y )(X + h)− [X,Y ] + h+

+[Z, Y ]− [Z ′, X]− [X,Z ′]− [Z, Y ] + h =

=α(X)(Y + h)− α(Y )(X + h)− [X,Y ] + h =

=τ̃(X,Y )

Therefore τ̃ factors through g× g→ g/h× g/h to τ and so τ is well defined.
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2.7 Homogeneous metric connections on T (G/H)

Next, we are interested in homogeneous connections ∇ that are compatible with a G-
invariant metric on G/H. These connections can again be characterized with the aid
of linear algebra. Lets start with the general definition of metric connections on a
Riemannian manifold and then specializing to homogeneous metric connections.

Definition 2.7.1. Let (M,γ) be a Riemannian manifold. A connection ∇ on M is
called metric connection if

ξ · γ(η, ν) = γ(∇ξη, ν) + γ(η,∇ξν)

for all ξ, η, ν ∈ X(M).

Remark. Note that using the covariant derivative of tensor fields the condition can be
written in more compact form as ∇γ = 0.

Turning to homogeneous spaces consider a G-invariant Riemannian metric γ on G/H
and ∇ a homogeneous connection on the tangent bundle T (G/H). Let B : X(G/H) ×
X(G/H)× X(G/H)→ X(G/H) given by

B(ξ, η, ν) := γ(∇ξη, ν) + γ(η,∇ξν)− ξ · γ(η, ν)

Then B ∈ Γ (G×H ((g/h)∗ ⊗ (g/h)∗ ⊗ (g/h)∗ ⊗ g/h)) is a G-invariant section and
therefore we can use B to characterize those homogeneouse connections that are ho-
mogeneous metric connections by means of the map α that induces the connection.

Proposition 2.7.2. Let G/H be a homogeneous space, γ a G-invariant Riemannian
metric on G/H. A homogeneous connection ∇ on T (G/H) induced by α : g→ L(g/h, g/h)
is a homogeneous metric connection if and only if the linear operators α(X) are skew-
symmetric in respect to the bilinear form γeH : g/h× g/h→ R.

Proof. Let ξ, η, ν ∈ X(G/H) with ξ(eH) = X + h, η(eH) = Y + h, ν(eH) = Z + h
and ξ̃, η̃, ν̃ local lifts defined on a neighbourhood U ∈ U(e). The term γ(∇ξη, ν) at
eH ∈ G/H is

γeH(∇ξη(eH), ν(eH)) =γeH(X̃ · (ωG(η̃) + h) + α(ωG(ξ̃)(eH))(ωG(η̃)(eH) + h)), Z + h)) =

=γeH(X̃ · (ωG(η̃) + h) + α(X)(Y + h), Z + h)

It remains to compute the term ξ · γ(η, ν). First observe that G-invariance yields to

γgH(η(gH), ν(gH)) =γgH(g · (ωG(η̃)(g) + h), g · (ωG(ν̃)(g) + h)) =

=γeH(ωG(η̃)(g) + h, ωG(ν̃)(g) + h)

To differentiate in direction X ∈ TeH(G/H), let c : (−ε, ε) → G/H be defined as
c(t) = π(exp(tX̃)) = exp(tX̃)H, then c′(0) = Teπ · X̃ = X by definition of the lift and
we compute
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X · γgH(η(gH), ν(gH)) =
d

dt |0
γπ(exp(tX̃))(η(π(exp(tX̃))H), ν(π(exp(tX̃))H)) =

=
d

dt |0
γeH(ωG(η̃)(exp(tX̃)) + h, ωG(ν̃)(exp(tX̃)) + h) =

=γeH(X̃ · (ωG(η̃) + h), Z + h) + γeH(Y + h, X̃ · (ωG(ν̃) + h))

Summing all terms up we get for tensor field B at eH ∈ G/H

B(X + h, Y + h, Z + h) = γeH(α(X)(Y + h), Z + h) + γeH(Y + h, α(X)(Z + h))

Clearly, a homogeneous connection is a homogeneous metric connection if and only if
this term vanishes for all X+h, Y +h, Z+h ∈ g/h. But this precisely means that α(X) ∈
L(g/h, g/h) is skew-symmetric in respect to the bilinear form γeH for all X ∈ g.

2.8 The Levi-Civita connection and homogeneous spaces

In this section we give a description of the Levi-Civita-connection on a homogeneous
space equipped with a G-invariant Riemannian metric. First, let us recall the definition
of the Levi-Civita connection on a Riemannian-manifold (M,γ).

Theorem 2.8.1. Let (M,γ) be a Riemannian-manifold. Then there exists an unique
torsion-free metric connection on (M,γ).
This connection is called the Levi-Civita connection of (M,γ).

Proof. For a proof of this fact see [Lee97, Theorem 5.4]. The proof also shows that
the Levi-Civita connection on (M,γ) can be implictly described by the so called Koszul
formula:

γ(∇XY,Z) =
1

2

(
X · γ(Y,Z) + Y · γ(Z, Y )− Z · γ(Y,X)−

− γ(Y, [X,Z])− γ(Z, [Y,X]) + γ(X, [Z, Y ])
)

for all X,Y, Z ∈ X(M).

Let us turn to homogeneous spaces equipped with a G-invariant Riemannian-metric
γ. Using the description of the torsion of homogeneous connections from 2.6.2 and the
characterisation of homogeneous metric connections from 2.7.2, we get:

Proposition 2.8.2. Let G/H be a homogeneous space equipped with a G-invariant Rie-
mannian metric γ. Then the Levi-Civita connection ∇ of (G/H, γ) is a homogeneous
connection and the correspondig H-equivariant linear map α : g → L(g/h, g/h) is im-
plicitly given by:

γeH(α(X)(Y + h), Z + h) =
1

2

(
γeH(X + h, [Z, Y ] + h)− γeH(Z + h, [Y,X] + h)−

−γeH(Y + h, [X,Z] + h)
)
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Proof. That the Levi-Civita connection ∇ is homogeneous can be seen as follows. Con-
sider the pullback of∇ via lg, i.e. (l∗g∇)XY = (lg−1)∗(∇(lg)∗X(lg)

∗Y ) forX,Y ∈ X(G/H).
We get for the torsion of (lg)

∗∇:

τ (lg)∗∇(X,Y ) =((lg)
∗∇)XY − ((lg)

∗∇)YX − [X,Y ] =

=(lg−1)∗(∇(lg)∗X(lg)
∗Y )− (lg−1)∗(∇(lg)∗Y (lg)

∗X)− [X,Y ] =

=(lg−1)∗(∇(lg)∗X(lg)
∗Y )− (lg−1)∗(∇(lg)∗Y (lg)

∗X)− (lg−1)∗[(lg)
∗X, (lg)

∗Y ] =

=(lg−1)∗τ∇((lg)
∗X, (lg)

∗Y ) = 0

and so (lg)
∗∇ is torsion-free as well. It is also a metric connection:

γ(((lg)
∗∇)XY,Z) + γ(Y, ((lg)

∗∇)XZ) =γ((lg−1)∗∇(lg)∗X(lg)
∗Y, (lg−1)∗((lg)

∗(Z)))+

+γ((lg−1)∗((lg)
∗(Y )), (lg−1)∗∇(lg)∗X(lg)

∗Z) =

=γ(∇(lg)∗X(lg)
∗Y, (lg)

∗(Z)) ◦ lg−1+

+γ((lg)
∗(Y ),∇(lg)∗X(lg)

∗Z) ◦ lg−1 =

=
(
((lg)

∗X) · γ((lg)
∗Y, (lg)

∗Z)
)
◦ lg−1 =

=
(
((lg)

∗X) · (γ(Y, Z) ◦ lg)
)
◦ lg−1 =

=X · γ(Y,Z)

Since (lg)
∗∇ is also a torsion-free metric connection on T (G/H), we conclude by the

uniqueness of the Levi-Civita connection that (lg)
∗∇ = ∇ for all g ∈ G, i.e. ∇ is a

homogeneous connection.
To prove the formula given in the proposition, let α : g → L(g/h, g/h) be the map
corresponding to the Levi-Civita connection. Using the formula for the torsion from
2.6.2 and that α(X) is skew-symmetric for all X ∈ g with respect to the bilinear form
γeH we get

γeH(α(X)(Y + h), Z + h) =− γeH(Y + h, α(X)(Z + h)) =

=− γeH(Y + h, α(Z)(X + h))− γeH(Y + h, [X,Z] + h)

From which we conclude

γeH(α(X)(Y + h), Z + h)+γeH(α(Y )(Z + h), X + h)− γeH(α(Z)(X + h), Y + h) =

=− γeH(Y + h, α(Z)(X + h))− γeH(Y + h, [X,Z] + h)−
−γeH(Z + h, α(X)(Y + h))− γeH(Z + h, [Y,X] + h)+

+γeH(X + h, α(Y )(Z + h)) + γeH(X + h, [Z, Y ] + h)

which yields to

2γeH(α(X)(Y + h), Z + h) =− γeH(Y + h, [X,Z] + h)− γeH(Z + h, [Y,X] + h)+

+γeH(X + h, [Z, Y ] + h)

which proves the claim.
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2.9 Reductive Klein-geometries

In this section consider reductive Klein-geometries (G,H), which we will define in a
moment. On reductive Klein-geometries we have a canonical homogeneous connection
∇ on every homogeneous vector bundle G×H V and the formulas for the curvature and
the torsion of ∇ simplify to a great extend.

Definition 2.9.1. Let G be a Lie-group and H a closed subgroup of G. Then the pair
(G,H) is called Klein-geometry.
A Klein-geometry is called reductive, if there exists a subspace n ⊂ g such that g = n⊕ h
as H-modules.

If H is a compact Lie-group, then the Klein-geometry (G,H) is always reductive:

Proposition 2.9.2. Let G be a Lie-group and H a compact Lie-subgroup of G. Then
the Klein-geometry (G,H) is reductive.

Proof. Let b be a positive definite bilinear on g. then we define

b̃(X,Y ) :=

∫
H
b(Ad(h−1)(X),Ad(h−1)(Y ))dµ(h)

where µ denotes the left-invariant Haar-measure on H. Now observe that b̃ is H-
invariant:

b̃(Ad(h′)(X),Ad(h′)(Y )) =

∫
H
b(Ad(h−1h′)(X),Ad(h−1h′)(Y ))dµ(h) =

=

∫
H
b(Ad((h′−1h)−1)(X),Ad((h′−1h)−1)(Y ))dµ(h) =

=

∫
H
b(Ad(h−1)(X),Ad(h−1)(Y ))dµ(h) =

=b̃(X,Y )

Let n = h⊥, then for X ∈ n, Y ∈ h and h ∈ H we get:

b̃(Ad(h)(X), Y ) =b̃(Ad(h)(X),Ad(h)(Ad(h−1)(Y ))) =

=b̃(X,Ad(h−1)(Y )) = 0

Whence we see that n is H-invariant as well and therefore g = n ⊕ h as H-modules as
claimed.

The following propositions shows the existence of homogeneous connections n
ρ∇ on

every homogeneous vector bundle G×H V if the Klein-geometries is reductive and gives
us simpler formulas for the torsion and the curvature of n

ρ∇.
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Proposition 2.9.3. Let (G,H) be a reductive Klein-geometry, i.e. g = n⊕h and G×HV
a homogeneous vector bundle. Moreover let πh respectively πn be the projection onto h
respectively n and n ∼= g/h the canonical identification induced by the splitting g = n⊕h.
Then

(i) The map α = ρ′(e) ◦ πh induces a homogeneous connection n
ρ∇ on G×H V .

(ii) The curvature of n
ρ∇ is induced by the map n× n→ L(V, V )

(X,Y ) 7→ −ρ′(e)(πh[X,Y ])

(iii) The torsion of n
ρ∇ is induced by the map n× n→ n given by

(X,Y ) 7→ −πn([X,Y ])

Proof. Let G ×H V be the homogeneous vector bundle induced by the representation
ρ : H → GL(V ) and α = ρ′(e) ◦πh. To prove that α induces a homogeneous connection,
We have to check that α|h = ρ′, which is obvious by definition of α and the α is H-
invariant. To see H-invariance let X = X1 +X2 ∈ n⊕ h. We compute

α (Ad (h) (X)) =α (Ad(h) (X1) + Ad(h) (X2)) = ρ′ (Ad (h) (X2)) =

=Te (ρ ◦ conjh) (X2) =
(
Tid conjρ(h) ◦Teρ

)
(X2) =

=Tid conjρ(h) ·α(X1 +X2) = ρ(h) ◦ α(X) ◦ ρ(h)−1

This shows H-invariance of α and so A gives rise to an homogeneous connection on
G×H V , which we will denote by n

ρ∇.
Turning to (ii) recall that in general the curvature of the connection ∇ induced by a
map α is given by

(X + h, Y + h) 7→ α(X) ◦ α(Y )− α(Y ) ◦ α(X)− α([X,Y ])

Identifying n ∼= g/h via X 7→ X + h and noting that α(X) = 0 for X ∈ n proves (ii).
For (iii) recall that in general the torsion is induced by

(X + h, Y + h) 7→ α(X)(Y + h)− α(Y )(X + h)− [X,Y ] + h

which immediately implies (iii).

2.10 Homogeneous bundles induced by G-representations

Another special case we want to consider is the homogeneous vector bundle G ×H V ,
where the H-action on V is given by the restriction of a representation ρ : G→ GL(V )
of G. On such homogeneous bundles we have a canonical homogeneous connection:

Proposition 2.10.1. Let ρ : G→ GL(V ) be a representation of G on V and G×H V →
G/H the homogeneous vector bundle induced by the restriction of ρ to H. Then
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(i) G ×H V ∼= (G/H) × V as homogeneous vector bundles, where the G-action on
G/H × V is given by g′ · (gH, v) = (g′gH, g · v).

(ii) can∇ from 2.4.2 is a homogeneous connection on (G/H)× V

(iii) The pullback of the homogeneous connection can∇ is a homogeneous connection on
G×H V that is induced by ρ′ : g→ L(V, V )

Proof. Let Ψ : G×H V → (G/H)×V be defined as Ψ([g, v]) := (gH, g · v). Clearly, Ψ is
well defined homomorphism of homogeneous vector bundles. An easy calculation shows
that its inverse is given by Ψ−1((gH, v)) = [g, g−1 ·v]. Therefore these two homogeneous
vector bundles are isomorphic.
To see that can∇ is a homogeneous connection on (G/H) × V , let ξ ∈ X(G/H) and
σ ∈ Γ((G/H)× V ). As already noted σ can be identified with a map ψ ∈ C∞(G/H, V )
and using this identification the covariant derivative in direction ξ ∈ X(G/H) is given by
∇ξσ(x) = (x, (ξ ·ψ)(x)). In the following we supress the base point, i.e. write ∇ξσ(x) =
(ξ · ψ)(x). Moreover observe, that under the isomorphism Γ(G/H × V ) ∼= C∞(G/H, V )
the G-action on ψ ∈ C∞(G/H, V ) is just g · ψ = lg ◦ ψ ◦ lg−1 and so we compute

can∇g·ξg · σ
(
g′H

)
= ((g · ξ) · (g · ψ))

(
g′H

)
=
(
Tg−1g′H lg · ξ(g−1g′H)

)
·
(
lg ◦ ψ ◦ lg−1

)
=

=Tg′H
(
lg ◦ ψ ◦ lg−1

)
· Tg−1g′H lg · ξ(g−1g′H) =

=Tg′H lg · Tg−1g′Hψ · ξ
(
g−1g′H

)
= Tg′H lg · (ξ · ψ) (g−1g′H) =

=Tg′H lg · can∇ξσ(g−1g′H) = (g · can∇ξσ)(g′H)

Since, as we have just seen, the connection can∇ is a homogeneous connection on
(G/H) × V the connection Ψ∗(can∇) is homogeneous as well and therefore induced by
a map α : g → L(V, V ). To compute α, let X̃ ∈ TeG be a lift of X ∈ TeHG/H,
σ ∈ Γ(G×HV ) with corresponding ψ ∈ C∞(G,V )H . By definition we have (Ψ◦σ)(gH) =
(gH, g · ψ(g)) and so:

((Ψ∗(can∇))Xσ)(eH) =((can∇XΨ ◦ σ)(eH) = X · (gH 7→ g · ψ(g)) =

=Teπ(X̃) · (gH 7→ g · ψ(g)) = X̃ · (g 7→ g · ψ(g)) =

=ρ′(X̃)(ψ(e)) + X̃ · ψ

For v ∈ V , choose σ ∈ Γ(G ×H V ) with corresponding ψ ∈ C∞(G,V )H such that
σ(eH) = v. Then ψ(e) = v and by definition of α : g→ L(V, V ):

α(X̃)(v) = ((Ψ∗(can∇))Xσ)(eH)− X̃ · ψ = ρ′(X̃)(v)

Therefore the connection Ψ∗(can∇) on G×H V is induced by ρ′ : g→ L(V, V ).
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In this chapter we consider Lie-groups G that act transitively on manifolds M and cal-
culate objects that are invariant under these actions. The main tool will be Frobenius’
reciprocity: Since G acts transitively on M , we know by 1.2.6 that M is a homogeneous
space, i.e. M ∼= G/Gx for x ∈ M . With the aid of the corollary 2.3.6 to Frobenius’
reciproctiy theorem we conclude that G-invariant sections of tensor bundles of the ho-
mogeneous space G/Gx are in bijective correspondence with H-invariant elements in the
representation corresponding to the tensor bundle. So in order to determine G-invariant
tensor fields on M ∼= G/Gx, it suffices to determine invariant elements in their corre-
sponding representation.
The Lie-groups we will consider in this chapter are matrix groups with complex respec-
tively quaternonic entries. Using the isomorphism φ : Cn → R2n defined as

φ(z1, . . . , zn) := (Re(z1), . . . , Re(zn), Im(z1), . . . , Im(zn))

we can identify complex linear operators T ∈ LC(n) with real linear operators TR ∈
LR(2n) of the form

S =

(
A −B
B A

)
where A respectively B is the real respectively imaginary part of T , i.e. T = A + iB.
The determinant of T and the determinant of the corresponding real linear operators TR
are related as follows:

det R(TR) = |det C(T )|2

Similary, quateronic linear operators T ∈ LH(n) can be identified with complex linear
operators TC ∈ LC(2n) and real linear operators TR ∈ LR(4n). Note, that there is
no analogous formula for the determinant in this case, since det H can not be defined
because multiplication in H is not commutative. For details of this identification see
[Kri11, 1.21].

3.1 U(n)-invariant objects on S2n−1

As we will see U(n) acts transitive on S2n−1 ⊂ Cn, therefore S2n−1 is a homogeneous
space and we can apply the theory developed in the second chapter. First, we will show
that U(n) is indeed a Lie-group, calculate its dimension and its Lie-algebra u(n). Then,
we give a description of U(n)-invariant vector fields and 1-forms on S2n−1.
Lets recall the definition of the unitary group from linear algebra:

U(n) := {A ∈ GLC(n) | 〈Az,Aw〉C = 〈z, w〉C∀z, w ∈ Cn}
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where 〈., .〉C denotes the standard hermitian form on Cn.

Remark. We define the standard hermitian form to be sesqui-linear in the first component
and linear in the second component, i.e.

〈z, w〉C :=
n∑
k=1

z̄kwk

for z, w ∈ Cn.

From linear algebra we also know that elements of U(n) can be characterised as follows.

Proposition 3.1.1. Let A ∈ GLC(n), then the following are equivalent:

(i) A ∈ U(n)

(ii) A maps one orthonormal basis of Cn to an orthonormal basis of Cn.

(iii) A maps every orthonormal basis of Cn to an orthonormal basis of Cn.

(iv) A∗ = A−1

Proof. A proof of this fact should be contained in every introductionary text on linear
algebra.

Remark. Using the identification of elements of U(n) with real linear operators and
splitting the standard hermitian form into real and imaginary part, U(n) can be written
as the intersection of Lie-groups respectively as certain subgroups of Lie-groups:

U(n) = O(2n) ∩ SpR(2n) = O(2n) ∩ LC(n) = SpR(2n) ∩ LC(n)

Details can be found in [Kri11, 1.18].

Proposition 3.1.2. U(n) is a n2-dimensional Lie-group and its Lie-algebra u(n) is

u(n) = {X ∈ LC(n) | X∗ = −X}

Proof. To prove that U(n) is a Lie-group, we use (iv) of the characterisation given 3.1.1.
We define a map

f : GLC(n)→ {T ∈ LC | T ∗ = T}

as

f(S) := S∗S − In

Then by definition of f the group U(n) is a level set of f , i.e. U(n) = f−1(0). In order
to show that U(n) is a regular submanifold of the open set GLC(n) ⊂ LC(n), it suffice to
prove that f is a submersion. Differentiating f at S ∈ GLC(n) in direction T ∈ LC(n)
we get:

f ′(S)(T ) = S∗T + T ∗S
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Now, let R ∈ {T ∈ LC(n) | T ∗ = T}. We have to show that there exists a T ∈ LC(n)
such that f ′(S)(T ) = R. Setting T := 1

2(S∗)−1R, we compute:

f ′(S)(T ) =
1

2
S∗(S∗)−1R+

1

2
R∗S−1S = R

So, f is submersive and therefore U(n) is a regular submanifold of GLC(n). Mul-
tiplication in U(n) is clearly smooth, since it is just matrix multiplication in GLC(n)
restricted to a regular submanifold U(n) of GLC(n). Using the formula for the dimension
of submanifold, that is a level set of a submersion, we compute the dimension of U(n)
as follows:

dimU(n) = dimGLC(n)− dim({T ∈ LC | T ∗ = T}) =

=2n2 − (2
n2 − n

2
+ n) = n2

Since for S ∈ U(n) the tangent space at S in U(n) is given by

TSU(n) =ker{f ′(S) : LC(n)→ {T ∈ LC | T ∗ = T}} =

={T ∈ LC(n) | S∗T + T ∗S = 0}

we get in particular for the Lie-algebra u(n) of U(n):

u(n) = {X ∈ LC(n) | X∗ = −X}

Next, we show that U(n) acts transitively on S2n−1:

Proposition 3.1.3. Let U(n)× Cn → Cn be the standard action of U(n) on Cn, i.e.

(A, z) 7→ Az

for A ∈ U(n) and z ∈ Cn. This action restrics to an action on

S2n−1 ∼= {z ∈ Cn | |z| = 1}

and we have S2n−1 ∼= U(n)/U(n− 1) as U(n)-spaces.

Proof. Since elements of U(n) leave the standard hermitian form 〈., .〉C on Cn invariant,
the standard action of U(n) on S2n−1 descends to an action on S2n−1 ⊂ Cn.
Moreover, U(n) acts transitively on S2n−1: Let z1, z2 ∈ S2n−1 and extend {zi} to a basis
Bi of Cn. Applying Gram-Schmidt orthonormalisation to Bi gives us orthonormalbases
B′i = {zi, . . . } of Cn. The linear operator A : Cn → Cn that maps B′1 to B′2, satisfies
by definition Az1 = z2 and since it maps the orthonormal basis B′1 to the orthonormal
basis B̃2, we conclude by 3.1.1 (ii) that A ∈ U(n) and so U(n) acts transitive on S2n−1.
Let ej = (0, . . . , 1, . . . , 0) ∈ Cn the j-th standard basis vector. Since U(n) acts transitive
on S2n−1, we know by 1.2.6 that S2n−1 ∼= U(n)/U(n)e1 . To complete the proof of the
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proposition we will show that U(n)e1
∼= U(n − 1). Let A ∈ U(n) such that Ae1 = e1,

then we claim that A leaves also {e1}⊥ invariant. Indeed, for ej with j 6= 1 we compute:

〈Aej , e1〉 = 〈Aej , Ae1〉 = 〈ej , e1〉 = 0

and so the linear operator A is of the form:

A =

(
1 0
0 B

)
for a B ∈ GLC(n − 1). But since A ∈ U(n) the columns of A form an orthonormal
basis of Cn and so the columns of B have to form an orthonormal basis of Cn−1 as well,
hence B ∈ U(n− 1). Therefore we can identify the isotropy group of the point e1 with
U(n− 1), i.e. U(n)e1

∼= U(n− 1) as claimed.

In order to compute G-invariant vector fields on S2n−1 ∼= U(n)/U(n−1), which are just
G-invariant sections of the tangent bundle T (U(n)/U(n−1)) ∼= G×U(n−1)(u(n)/u(n−1)),
we have to describe the action

Ãd : U(n− 1)→ GL(u(n)/u(n− 1))

where Ãd is the map obtained by factoring the restriction of the adjoint action Ad :
U(n)→ GL(u(n)) to U(n− 1).

Proposition 3.1.4. The following holds:

(i) iR⊕ Cn−1 ∼= u(n)/u(n− 1) as vector spaces

(ii) Under the isomorphism from (i) the action Ãd : U(n− 1)→ GL(u(n)/u(n− 1)) is
given by

A · (iλ, z) = (iλ,Az)

for A ∈ U(n− 1), z ∈ Cn−1 and λ ∈ R.

Proof. By definition elements in u(n) = {X ∈ LC(n) | X∗ = −X} are of the formiλ1 −Y ∗
. . .

Y iλn


for λj ∈ R and strict lower triangular matrices Y with complex entries. Identifiying
U(n− 1) as a Lie-subgroup of U(n) via the inclusion

B 7→
(

1 0
0 B

)
we see that elements X ∈ u(n− 1) are identifiyed with elements from u(n) via

X 7→
(

0 0
0 X

)
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Therefore we conclude that X ∈ u(n)/u(n−1) can be represented by a matrix as follows

X =

[(
iλ −z∗
z 0

)]
for λ ∈ R and z ∈ Cn−1. Cleary, the representative of the above form is unique. This
proves (i).
Since U(n) is a matrix group Ad : U(n) → GL(g) is just given by conjugation, i.e.
Ad(A)(X) = AXA−1 = AXA∗. So we get for the U(n− 1)-action on u(n)/u(n− 1):

A ·
[(
iλ −z∗
z 0

)]
=

[
A ·
(
iλ −z∗
z 0

)]
=

[(
1 0
0 A

)(
iλ −z∗
z 0

)(
1 0
0 A∗

)]
=

=

[(
iλ −z∗
Az 0

)(
1 0
0 A∗

)]
=

[(
iλ −z∗A∗
Az 0

)]
=

=

[(
iλ −(Az)∗

Az 0

)]
Therefore (ii) holds.

After these preparation we can describe U(n)-invariant vector fields on S2n−1:

Proposition 3.1.5. The U(n)-invariant vector fields on S2n−1 form an 1-dimensional
subspace of X(S2n−1) that is spanned by the vector field ξ ∈ X(S2n−1), given by

ξ(z) = iz

for z ∈ S2n−1 ⊂ Cn.

Proof. Taking in account that U(n − 1) acts transitive on spheres, we conclude with
the aid of 3.1.4 that the U(n − 1)-invariant elements in u(n)/u(n − 1) are of the form
(iλ, 0) ∈ iR⊕Cn ∼= u(n)/u(n− 1) with λ ∈ R and from this we conclude that the space
of U(n)-invariant vector fields on S2n−1 is 1-dimensional.
To compute an explicit formula for the U(n)-invariant vector field on S2n−1, we observe
first that by Frobenius’ reciprocity the U(n)-invariant vector field η ∈ X(U(n)/U(n−1))
corresponding to (i, 0) ∈ iR⊕ Cn is given by

η(AU(n− 1)) = TU(n−1)lA · ψ
([(

i 0
0 0

)])
for A ∈ U(n) and ψ : u(n)/u(n − 1) → TU(n−1)(U(n)/U(n − 1)) is the linear isomor-

phism that identifies u(n)/u(n− 1) ∼= TU(n−1)(U(n)/U(n− 1)). Since we are interested
what the U(n)-invariant vector fields look like on S2n−1, we use the U(n)-equivariant
diffeomorphism ẽve1 : U(n)/U(n − 1) → S2n−1, defined as ẽve1(AU(n − 1)) = Ae1. By
definition of ẽve1 we have

U(n)

π

��

eve1 // S2n−1

U(n)/U(n− 1)

ẽve1

77
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looking at the tangent map at e respectively U(n − 1) ∈ U(n)/U(n − 1) and using
the linear isomorphism u(n)/u(n − 1) ∼= TU(n−1)(U(n)/U(n − 1)), we get the following
commutative diagram:

TeU(n)

}}

Teπ

$$

Teeve1 // Te1S
2n−1

u(n)/u(n− 1)
ψ

// TU(n−1)(U(n)/U(n− 1))

TU(n−1)ẽve1

::

Whence,

TU(n−1)ẽve1

(
ψ

([(
i 0
0 0

)]))
= Teeve1 ·

(
i 0
0 0

)
and so the value of the U(n)-invariant vector field ξ ∈ S2n−1 corresponding to the
U(n)-invariant vector field η ∈ X(U(n)/U(n− 1)) at e1 ∈ S2n−1 is

Teeve1 ·
(
i 0
0 0

)
but since eve1 is the restriction of a linear map to a manifold, we get

Teeve1 ·
(
i 0
0 0

)
=

(
iλ 0
0 0

)
· e1 =

(
iλ
0

)
For z ∈ S2n−1, choose a A ∈ U(n) such that z = Ae1. Using the invariance of

ξ ∈ X(S2n−1), we compute:

ξ(z) = Te1 lA(ξ(e1)) = A ·
(
i
0

)
= iz

In order to describe U(n)-invariant 1-forms on S2n−1, we will take the same route as
in the case of vector fields: U(n)-invariant 1-forms ω ∈ Ω1(U(n)/U(n − 1)) correspond
to U(n − 1)-invariant functionals on u(n)/u(n − 1). So, we compute the latter and
then use the U(n)-equivariant diffeomorphism U(n)/U(n − 1) ∼= S2n−1 to determine
U(n)-invariant 1-forms on S2n−1.

Proposition 3.1.6. The U(n)-invariant 1-forms form an one dimensional subspace of
Ω1(S2n−1), that is spanned by the 1-form ω ∈ Ω1(S2n−1) given by

ω(z)(ξ) = Im(〈z, ξ〉C)

for z ∈ S2n−1, ξ ∈ TzS2n−1 and where 〈., .〉C denotes the standard hermitian form on
Cn.
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Proof. Let (i, z) ∈ u(n)/u(n−1) and η : u(n)/u(n−1)→ R be a linear functional. Then
U(n− 1) invariance implies, that

η((0, z)) = η((0, Az))

for all A ∈ U(n− 1). But from this we conclude

η((0, (A− In−1)z) = 0

and choosing A = iIn−1 we have detC(A− In−1) 6= 0 and so

η((0, y)) = 0

for all y ∈ Cn−1 since z ∈ Cn−1 was arbitrary. Therefore U(n − 1)-invariancy implies
that η : u(n)/u(n− 1)→ R has to be of the form

η((iλ, z)) = cλ

for some c ∈ R. Conversely, clearly every linear functional of this form is U(n − 1)-
invariant. Therefore the space of linear functionals on u(n)/u(n − 1) is spanned by the
functional

η((iλ, z)) = λ

Since the tangent vector (iλ, z) ∈ u(n)/u(n− 1) ∼= TU(n−1)(U(n)/U(n− 1)) corresponds
to (iλ, z) ∈ Te1S

2n−1 via the tangent map of ẽve1 : U(n)/U(n − 1) → S2n−1, the
corresponding U(n)-invariant form ω ∈ Ω1(S2n−1) at e1 ∈ S2n−1 is given by

ω(e1)(iλ, z) = λ

Because ω is U(n)-invariant it is completely determined by its value at e1 ∈ S2n−1.
Therfore we choose for z ∈ S2n−1 a A ∈ U(n) such that z = Ae1, i.e. the first column of
A is z and compute for ξ ∈ TzS2n−1:

ω(z)(ξ) = ω(e1)(A∗ξ) = Im(〈z, ξ〉C)

Observe that the imaginary part of the standard hermitian form on Cn is the standard
symplectic form on R2n ∼= Cn, under the isomorphism φ : Cn → R2n we defined in the
beginning of this chapter. Using this fact it can be directly seen, that ω is U(n)-invariant,
since, as already noted, U(n) = O(2n) ∩ Sp(2n).

3.2 SU(n)-invariant objects on S2n−1

The group SU(n) is defined as

SU(n) = {A ∈ U(n) | det C = 1}

As in the case of U(n) we first show that SU(n) is a Lie-group, calculate its dimension and
its Lie-algebra su(n). Then we prove that S2n−1 ∼= SU(n)/SU(n − 1) as SU(n)-spaces
and use Frobenius’ reciprocity to compute SU(n)-invariant vector fields and 1-forms on
S2n−1. We will start with proving basic properties of SU(n).
To show that SU(n) is a Lie-group we need the following proposition.
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Proposition 3.2.1. Let det C : GLC(n)→ C. Then we have

det′C(A)(B) = detC(A)tr(A−1B)

for A ∈ GLC(n) and B ∈ LC(n). Moreover,

(det C)|U(n) : U(n)→ S1

is surjective submersion.

Proof. To prove the formula let A ∈ GLC(n) and B ∈ LC(n). We compute:

det′C(A)(B) =
d

dt
|0(detC(A+ tB)) =

d

dt
|0(detC(tA)detC(

1

t
+A−1B)) =

=
d

dt
|0(tndetC(A)(

1

tn
+

1

tn−1
tr(A−1B) + · · ·+ det(A−1B))) =

=detC(A)tr(A−1B)

For the second statement observe that

1 = detC(AA∗) = detC(A)detC(A) = |detC(A)|2

and therefore (det C)|U(n) takes values in S1 ⊂ C. Now, we set for A ∈ U(n)

B := A

(
i 0
0 0

)
Then B ∈ TAU(n), since A∗B +B∗A = 0 and

det′C(A)(B) = detC(A) · i 6= 0

shows that detC : U(n)→ S1 is a submersion, as claimed.

Proposition 3.2.2. SU(n) is a (n2 − 1)-dimensional Lie-group and its Lie-algebra is

su(n) = {X ∈ LC(n) | X∗ = X, tr(X) = 0}

Proof. By definition of SU(n) we have SU(n) = (detC)−1
|U(n)(1). Since detC : U(n)→ S1

is a submersion, SU(n) is a regular submanifold of U(n) and it is a Lie-group since
restricting matrix multiplication, which is smooth, to a regular submanifold is smooth
aswell. Moreover, we conclude

dimSU(n) = dimU(n)− 1 = n2 − 1

and the Lie-algebra su(n) of SU(n) consists of elements of X ∈ u(n) which satisfy

0 = det′C(In)(X) = tr(X)

which proves the statement about su(n).
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Remark. U(n) can be written as a semidirect product of the Lie-groups SU(n) and S1.
To see this, consider the following short exact sequence:

1 // SU(n)
incl // U(n)

detC // S1 // 1

As a section of detC we choose φ : S1 → U(n) defined as:

ψ(z) :=

(
z 0
0 1

)
Since ψ is a group homomorphism, we get U(n) ∼= SU(n) n S1 as Lie-groups. For
(A1, z1), (A2, z2) ∈ SU(n) n S1 multiplication is given by:

(A1, z1) · (A2, z2) =

(
A1 ·

(
z1 0
0 1

)
·A2 ·

(
z−1

1 0
0 1

)
, z1z2

)
Furthermore, we get the following formula for the group isomorphism ψ : U(n) →

SU(n) n S1

ψ(A) =

(
A ·
(
detC(A)−1 0

0 1

)
, detC(A)

)
and for the inverse

ψ−1(A, z) = A ·
(
z 0
0 1

)
Proposition 3.2.3. Let n ≥ 2 and SU(n)×Cn → Cn be the standard action of SU(n)
on S2n−1. Then we have

S2n−1 ∼= SU(n)/SU(n− 1)

as SU(n)-spaces.

Proof. In contrast to the case of U(n) we have to assume that n ≥ 2, because SU(1) =
{1} and therefore it can not act transitive on S1. But the rest of the proof of is completely
analogous to the U(n) case:
To see transitivity, let z ∈ S2n−1, complement z to a basis of Cn and apply Gram-
Schmidt to this basis to get an orthonormal basis B of Cn. Let A ∈ GLC(n) be the
linear transformation that maps the standard basis of Cn to B, then A ∈ U(n). Now
multiply the second column of A with detC(A)−1, then the resulting matrix Ã satisfies
detC(Ã) = 1, i.e. Ã ∈ SU(n) and Ãe1 = z by construction. This proves transitivity.
Let e1 ∈ Cn, then for A ∈ SU(n)e1 we get, with the same arguments as in the U(n)
case, that

A =

(
1 0
0 B

)
for a B ∈ SU(n− 1).

Remark. We will assume n ≥ 2 in the following part without explicitly stating it.
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In order to determine the SU(n)-invariant vector fields on S2n−1, we have to compute
the action of SU(n− 1) on su(n)/su(n− 1).

Proposition 3.2.4. The following holds:

(i) iR⊕ Cn−1 ∼= su(n)/su(n− 1) as vector spaces

(ii) Under the isomorphism from (i) the action

Ãd : SU(n− 1)→ GL(su(n)/su(n− 1))

is given by

A · (iλ, z) = (iλ,Az)

for A ∈ SU(n− 1), z ∈ Cn−1 and λ ∈ R.

Proof. As we have seen in 3.2.2, elements X ∈ su(n) are of the form

X =

iλ1 −Y ∗
. . .

Y iλn


for an strict lower triangular matrix Y with complex entries and λj ∈ R such that∑

j λj = 0.
For a moment let’s assume that n ≥ 3 and let X ∈ su(n) be of the above form with
diagonal entries iλj , λj ∈ R and triangular matrix Y . We choose an X ′ ∈ su(n−1) with
diagonal entries −

∑n
j=3 iλj , iλ3, . . . , iλn and as strict lower triangular matrix we choose

Y with the first column, which we denote by z ∈ Cn−1, removed. Then we compute:

[X] =
[
X −X ′

]
=



iλ1 −z∗

iλ2 +
∑n

j=3 iλj

z
. . .

0


 =

=

iλ −z∗
−iλ 0

z 0 0


Clearly, the constructed representative for [X] ∈ su(n)/su(n− 1) of this form is unique.
This holds also trivially for su(2) and so we see that iR ⊕ Cn−1 ∼= su(n)/su(n − 1) as
vector spaces for all n ≥ 2.
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3.2 SU(n)-invariant objects on S2n−1

To prove (ii) let A ∈ SU(n− 1) and [X] ∈ su(n)/su(n− 1). We compute:

A ·X =

(1 0
0 A

)iλ −z∗
−iλ 0

z 0 0

(1 0
0 A∗

)

=




iλ −z∗

−iλa1,1 0 . . . 0
Az −iλa2,1 0 . . . 0

... 0 . . . 0
−iλan−1,1 0 . . . 0


(

1 0
0 A∗

)


=



iλ −z∗A∗

−iλa1,1a11 . . . −iλa11an−1,1

Az
... . . .

...
−iλan−1,1a11 . . . −iλan−1,1an−1,1




=



iλ −z∗A∗

−iλa11a11 0 . . . 0

Az 0
. . .

0 . . . −iλan−1,1an−1,1




=


 iλ −Azt

−iλ
∑n−1

j=1 aj,1aj,1 0

Az 0 0

 =


 iλ −Azt

−iλ 0
Az 0 0


Applying the isomorphism from (i) gives A · (iλ, z) = (iλ,Az) as claimed.

We just saw that A ∈ SU(n − 1) acts on su(n)/su(n − 1) by A · (iλ, z) = (iλ,Az).
Completely analogous as in the case of U(n)-invariant elements in u(n)/u(n − 1), we
conclude that SU(n− 1)-invariant elements in su(n)/su(n− 1) are of the form (iλ, 0) ∈
iR× Cn−1.
Using the exact same arguments as in the U(n)-case we get:

Proposition 3.2.5. The SU(n)-invariant vector fields on S2n−1 form an 1-dimensional
subspace of X(S2n−1) that is spanned by the vector field ξ ∈ X(S2n−1), given by

ξ(z) = iz

for z ∈ S2n−1 ⊂ Cn.

and for 1-forms we get:

Proposition 3.2.6. The SU(n)-invariant 1-forms form an one dimensional subspace
of Ω1(S2n−1), that is spanned by the 1-form ω ∈ Ω1(S2n−1) given by

ω(z)(ξ) = Im(〈z, ξ〉C)

for z ∈ S2n−1, ξ ∈ TzS2n−1 and where 〈., .〉C denotes the standard hermitian form on
Cn.
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3.3 Sp(n)-invariant objects on S4n−1

Let H be the division ring of quaternions. H-linear operators that leave the standard
bilinear form on Hn, which we will define below, invariant form a Lie-group, which is
called Sp(n). It acts transitive on S4n−1 and we will show that S4n−1 ∼= Sp(n)/Sp(n−1)
as Sp(n)-spaces. We then apply the theory developed in the second chapter to describe
Sp(n)-invariant objects on S4n−1.
First, let’s recall some facts about quaternions. The division ring H can be thought of
formal real linear combinations of {1, i, j, k}, i.e. every p ∈ H can be uniquely written
as p = a+ ib+ jc+ kd for a, b, c, d ∈ R. Multiplication in H is just formal multiplication
obeying the following rules:

i2 =j2 = k2 = −1

ij =k = −ji
jk =i = −kj
ki =j = −ik

Identifying H with R4, addition in H is just componentwise addition in R4 and for
(t, x), (s, y) ∈ R× R3 an easy calculation shows that multiplication becomes

(t, x) · (s, y) = (ts− 〈x, y〉R, ty + sx+ x× y)

For (t, x) ∈ H we define conjugation as (t, x) := (t,−x), respectively

a+ ib+ jc+ kd = a− ib− jc− kd

Then the following holds:

Proposition 3.3.1. Let p1, p2, p, q ∈ H, then:

(i) p1 · p2 = p2 · p1

(ii) p · p ∈ R+ and so we set |p| := (p · p)1/2.

(iii) q−1 = q
|q|2

Proof. Let p1 = (t, x), p2 = (s, y) ∈ H, then

p2 · p1 =(st− 〈y, x〉R,−sx− ty + y × x) =

=(ts− 〈x, y〉R,−(ty + sx+ x× y)) = p1 · p2

For p = a+ ib+ jc+ kd we get

pp =(a2 + b2 + c2 + d2,−

abac
ad

+

abac
ad

+ 0) =

=a2 + b2 + c2 + d2

which proves (ii) and (iii) follows then by (ii).
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3.3 Sp(n)-invariant objects on S4n−1

Next, we define the space LH(n) of H-linear maps φ : Hn → Hn. Because we want to
identify H-linear operators with (n×n) matrices Aφ with quaternionic entries such that
φ(z) = Aφz for all z ∈ Hn, we can not view Hn as a quaternionic left vector space, since
H is not commutative and so in general Aφ(pz) 6= pAφz. Therefore we have to view Hn

as a quaternionic right vector space and define

LH(n) := {A ∈ LR(4n) | A(zi) = (Az)i, A(zj) = (Az)j, A(zk) = (Az)k}

Like in linear algebra, where R- respectively C-linear operators are identified with real
respectively complex matrices, one can show now thatLH(n) can be identified with (n×
n) matrices with quaternionic entries. Using this, we conduct our computations with
quaternionic matrices. Since the space of invertible H-linear operators GLH(n) can be
written as

GLH(n) = {A ∈ LH(n) | detR(A) 6= 0}

we see that it forms an open subset of LH(n).

Definition 3.3.2. The form q : Hn ×Hn → H defined as

q(z, w) :=

n∑
i=1

ziwi

is called the quaternionic standard form on Hn. It is non degenerate, H-linear in the
second component and conjugated symmetric, i.e. q(w, z) = q(z, w).

As in the case of U(n), where the hermitian standard form on Cn is used to define
U(n), we can now consider invertible H-linear operators which leave the form q invariant.
This leads to the next definition:

Sp(n) := {A ∈ GLH(n) | q(Az,Aw) = q(z, w)∀z, w ∈ Hn}

We call a basis B = {b1, . . . , bn} of Hn an orthonormal basis of Hn if q(bi, bj) = δi,j .
Maps in Sp(n) can be characterised as follows:

Proposition 3.3.3. Let A ∈ GLH(n), then the following are equivalent:

(i) A ∈ Sp(n)

(ii) A maps one orthonormal basis of Hn to an orthonormal basis of Hn.

(iii) A maps every orthonormal basis of Hn to an orthonormal basis of Hn.

(iv) A∗ = A−1

Proof. As for U(n), since no commutativity is needed in the proof of the proposistion
3.1.1.

Before we show that Sp(n) is a Lie-group, we prove a general result about maps
q : Hn × Hn → H, that are H-linear in the second variable and conjugate (skew)-
symmetric:
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Proposition 3.3.4. Let q : Hn × Hn → H be H-linear in the second variable and
conjugate (skew)-symetric and let s(z, w) := Re(q(z, w)), then s is (skew)-symmetric
and we have:

q(z, w) = s(z, w) + is(zi, w) + js(zj, w) + ks(zk, w)

for all z, w ∈ Hn.

Proof. By definition we have

s(z, w) =
q(z, w) + q(z, w)

2
=
q(z, w)± q(w, z)

2

and therefore s is (skew)-symmetric. Now, note that:

iq(zi, w) = ±iq(w, z)i = ±i(−i)q(w, z) = q(z, w)

Analogous for jq(zj, w) and kq(zk, w). Using this we compute:

s(z, w)+is(zi, w) + js(zj, w) + ks(zk, w) =

=
1

2
(q(z, w) + iq(zi, w) + jq(zj, w) + kq(zk, w)±

±(q(w, z) + iq(w, zi) + jq(w, zj) + kq(w, zk)) =

=
1

2
(4q(z, w)± (q(w, z) + iq(w, z)i+ jq(w, z)j + kq(w, z)k)) =

=
1

2
(4q(z, w)∓ 2q(w, z)) =

=q(z, w)

To see that the second last equation holds let q(w, z) =: a+ ib+ jc+ kd and expand the
terms.

Corollary 3.3.5. Sp(n) = O(4n) ∩ LH(n)

Proof. Let q be the quaternionic standard form on Hn. Under the isomorphism φ :
R4n → Hn given by

φ(a1, . . . , an, b1, . . . bn, c1, . . . , cn, d1, . . . dn) := (a1+ib1+jc1+kd1, . . . , an+ibn+jcn+kdn)

the form s : Hn ×Hn → R is just the standard scalar product on R4n.
Let A ∈ Sp(n), then clearly s(Az,Aw) = s(z, w) for all z, w ∈ R4n and so A ∈ O(4n).
Conversely let A ∈ O(4n) ∩ LH(n) then s(Az,Aw) = s(z, w) and s((Az)l, Aw) =
s(A(zl), Aw) = s(zl, w) for l ∈ {i, j, k} and therefore A ∈ Sp(n).

To see that Sp(n) is a Lie-group we proceed exactly as we did for U(n). Let

f : GLH(n)→ {X ∈ LH(n) | X∗ = X}

be defined as f(S) := S∗S − In. Then Sp(n) = f−1(0) and we see with the same
argument, as in the U(n)-case, that f is submersive. Here it is important to note, that
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3.3 Sp(n)-invariant objects on S4n−1

even though H is not commutative, we still have (AB)∗ = B∗A∗ for quateronic matrices
A and B and therefore the proof goes through. So, we get

dimSp(n) = 4n2 − (
4n2 − 4n

2
+ n) = 2n2 + n

and

sp(n) = {X ∈ LH(n) | X∗ = −X}

Moreover, Sp(n) acts transitive on the level set {z ∈ Hn | q(z, z) = 1} ∼= S4n−1 and
for e1 ∈ Hn we have Sp(n)e1 = Sp(n − 1) and therefore S4n−1 ∼= Sp(n)/Sp(n − 1) as
Sp(n)-spaces.
To compute the Sp(n−1)-action on sp(n)/sp(n−1) obeserve that [X] ∈ sp(n)/sp(n−1)
can be represented by

[X] =

iλ+ jµ+ kν −z∗
0

z 0


for λ, µ, ν ∈ R and z ∈ Hn−1. The same calculations as in 3.1.4 show that A ∈ Sp(n−1)
acts on [X] ∈ sp(n)/sp(n− 1) by

A ·

iλ+ jµ+ kν −z∗
0

z 0

 =

iλ+ jµ+ kν −(Az)∗

0
Az 0


Identifiying sp(n)/sp(n − 1) with in (iR ⊕ jR ⊕ kR) ⊕ Hn−1, we see that Sp(n − 1)-
invariant elements in sp(n)/sp(n − 1) are spanned by {(i, 0), (j, 0), (k, 0)} and these
elements correspond to {(i, 0), (j, 0), (k, 0)} ∈ Te1S

4n−1 via the tangent map of ẽve1 :
Sp(n)/Sp(n− 1)→ S4n−1 at Sp(n− 1).
For z ∈ S4n−1 choose an A ∈ Sp(n) such that z = Ae1, then the Sp(n)-invariant vector
field ξ ∈ X(S4n−1) with ξ(e1) = (i, 0) is given by

ξ(z) = ξ(Ae1) = Aξ(e1) = zi

Analogous for the Sp(n)-invariant vector fields on S4n−1 induced by (j, 0), (k, 0) ∈
Te1S

4n−1. So, we have proven:

Proposition 3.3.6. The Sp(n)-invariant vector fields on S4n−1 form a 3-dimensional
subspace of X(S4n−1), that is spanned by the vector fields

ξi(z) =zi

ξj(z) =zj

ξk(z) =zk

for z ∈ S4n−1.
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To describe the Sp(n)-invariant 1-forms on S4n−1, we have to determine the Sp(n−1)-
invariant functionals on sp(n)/sp(n−1). Let (0, z) ∈ sp(n)/sp(n−1) and η : sp(n)/sp(n−
1)→ R an Sp(n− 1)-invariant functional, then Sp(n− 1)-invariance yields to

η((0, (A− In)z)) = 0

for all A ∈ Sp(n− 1). Choosing an A ∈ Sp(n− 1) such that A− In is invertible shows

η((0, y)) = 0

for all y ∈ Hn. Therefore the Sp(n − 1)-invariant linear functionals on sp(n)/sp(n − 1)
are spanned by

ηi(iλ+ jµ+ kν, z) = λ

and the analogous definied ηj , ηk.
Let z ∈ S4n−1, A ∈ Sp(n) such that z = Ae1 and ξ ∈ TzS4n−1, then the Sp(n)-invariant
1-form ωi ∈ Ω1(S4n−1) corresponding to ηi ∈ Ω1(q(n)/q(n− 1)) is given by:

ωi(z)(ξ) = ωi(Ae1)(ξ) = ωi(e1)(A∗ξ) = Imq(z, ξ)

Analogous for ωj and ωk. Let q be the standard quaternonic form on Hn and s(z, w) :=
Re(q(z, w)). Recall that we have shown in 3.3.4 that

q(z, w) = s(z, w) + is(zi, w) + js(zj, w) + ks(zk, w)

Using this formula we get:

Proposition 3.3.7. The Sp(n)-invariant 1-forms on S4n−1 form a 3-dimensional sub-
space of Ω1(S4n−1), that is spanned by

ωi(z)(ξ) =s(zi, ξ)

ωj(z)(ξ) =s(zj, ξ)

ωk(z)(ξ) =s(zk, ξ)

for z ∈ S4n−1, ξ ∈ TzS4n−1 and s(z, w) := Re(q(z, w)).
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4 Generalized homogeneous bundles

In this chapter we generalize the notion of homogeneous bundles. Lets start with the
basic definition:

Definition 4.0.8 (Generalized homogeneous bundles). Let G be a Lie-group, H a closed
subgroup of G and M a manifold endowed with a left H-action.

(i) A generalized homogeneous bundle over G ×H M is a fiber bundle p : P → G ×H
Mwith a left G-action on P such that p is G-equivariant, i.e. p ◦ l̃g = lg ◦ p, where
l̃ denotes the G-action on P and l the canonical action G×H M .

(ii) A generalized homogeneous vector bundle over G×H M is a vector bundle that is
also a generalized homogeneous bundle over G×HM , such that each l̃g is a vector
bundle homomorphism over lg.

Remark. If there is no risk of confusion, we will speak of generalized homogeneous
bundles without mentioning the base space explicitly.

Remark. Choosing M = {pt} and H acting trivially on M , the notion of generalized
homogeneous bundles coincide with the notion of homogeneous bundles.

Example 4.0.9. The most basic example of a generalized homogeneous vector bundle is
the tangent bundle p : T (G ×H M) → G ×H M , with T lg acting on T (G ×H M). We
will examine it more closely in 4.2.

4.1 Classification of generalized homogeneous bundles

Similar to 2.2 we will use the G-action on the base and on the total space to classify
generalized homogeneous bundles. First, we observe that restricting a generalized ho-
mogeneous bundle over G×HM to M gives us a bundle over M such that the projection
p|P|M is an H-invariant map:

Proposition 4.1.1. Let p : P → G ×H M be a generalized homogeneous bundle over
G×H M , then the restriction P|M of P to M is bundle over M that is compatible with
the H-action on P|M .
WHere we have identified M with {e}×HM ⊂ G×HM via the embedding ι : z 7→ [e, z].

Proof. Let x ∈ P|M be in the fiber over [e, z] ∈ G×H M and h ∈ H, then

p(h · x) = h · [e, z] = [h, z] = [e, h · z]

hence h · x P|M and so the G-action on P restricts to a H-action on P|M and since M is
a regular submanifold of G×HM , so is P|M of P and therefore the action is smooth.
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4 Generalized homogeneous bundles

Our next goal is to show that generalized homogeneous bundle can be reconstructed
from their restriction to M . We start by proving to following proposition.

Proposition 4.1.2. Let q : Q→M be a bundle over M with typical fiber F . Moreover
we have a H-action on M and Q such that q is H-equivariant in respect to these actions.
Then the following holds:

(i) p : G ×H Q → G ×H M is a generalized homogeneous bundle over G ×H M with
typical fiber F , where p is the map (g, x) 7→ [g, q(x)] factored through πQ : G×Q→
G×H Q, i.e. p([g, x]) = [g, q(x)]. Otherwise put, the diagram

G×Q

πQ

��

idG×q // G×M

πM

��
G×H Q p

// G×H M

commutes.

(ii) If Q is a vector bundle over M , then G×H Q is a vector bundle over G×HM and
this construction is compatible with tensor products and Withney sums.

(iii) If f : Q1 → Q2 is an H-equivariant map, it can be extended in a canonical way
to an G-equivariant bundle map f̃ : G ×H Q1 → G ×H Q2, i.e. an morphism of
generalized homogeneous bundles.

Proof. First, observe that p is well defined, because q is H-equivariant. To prove (i),
we choose for [g, z] ∈ G ×H M an open neighborhood V of z ∈ M that trivializes the
bundle Q. Let φ be the bundle chart corresponding to this trivialisation. Furthermore
we choose a section σ : U → G of the bundle π : G → G/H. Now let ψQ respectively
ψM be the bundle charts for G ×H Q respectively G ×H M over G/H induced by the
section σ.
We claim that σ(U)×H V trivializes p : G×H Q→ G×H M . This set is an open set in
G×H M , because it is the image of the open set U × V of the inverse the bundle chart
ψM . A calculation shows that p−1(σ(U)×H V ) = σ(U)×H q−1(V ). Now note that

σ(U)×H q−1(V )
ψQ //

p

��

U × q−1(V )
id×φ //

id×q
��

U × V × F
ψ−1
M ×id//

prU×V

��

(σ(U)×H V )× F
prσ(U)×HV

��
σ(U)×H V

ψM
// U × V

idU×V
// U × V

ψ−1
M

// σ(U)×H V
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commutes. To see that the leftmost square commutes, recall that the charts ψM respec-
tively ψQ induced by σ satisfy ψM ([σ(x), z]) = (x, z) respectively ψQ([σ(x), z]) = (x, z).
Since the composition of the morphisms in the bottom row is the identity and the right
most arrow the projection on σ(U)×H V , the composition of the diffeomorphisms in the
top row give the desired chart.
The canonical G-actions on G×H Q respectively G×HM are smooth and p is obviously
equivariant with respect to this actions. So p : G ×H Q → G ×H M is a generalized
homogeneous G-bundle, as claimed.
For an H-equivariant map f : Q1 → Q2, we define f̃([g, x]) := [g, f(x)]. f̃ is well de-
fined bundle map, because f is H-equivariant and it is G-equivariant by definition. This
proves claim (ii).
If Q is a vector bundle over M , we can define a vector space structure on the fiber over
[g, z] ∈ G×H M such that the charts, constructed above, are fiberwise linear:
Recall that every element in the fiber over [g, z] ∈ G×HM can be uniquely represented
by a [g, v] ∈ G ×H Q, so we define: λ[g, v] + [g, v′] := [g, λv + v′]. By construction the
charts are fiberwise linear in respect to this vector space structure. Compatibility with
⊗ and ⊕ is easy to see.

Definition 4.1.3. Let M be a smooth manifold endowed with a left H-action. By
FibH(M) we denote the category of fiber bundles over M endowed with an left H-action
on the total space P , such that the projection p : P → M is H-equivariant. The mor-
phisms in this category are H-equivariant bundle maps over idM .

Merging the results from the two preceding propositions, we can now classify general-
ized homogeneous bundles.

Proposition 4.1.4. The category of generalized homogeneous bundles over G×H M is
equivalent to the category FibH(M).

Proof. Consider the functor that maps fiber bundles and morpisms in FibH(M) to gen-
eralized homogeneous bundles and their morphisms as constructed in 4.1.2. To prove
the proposition it suffice to show, by a result from category theory, that this functor
dense, full and faithful in order to show that it is an equivalence of categories.
That the functor is faithful, that means it is injective on the set of morphism between
two fixed objects, is obvious.
To see that it is dense, let P be an generalized homogeneous bundle. We claim that P ∼=
G×H P|M as a generalized homogeneous bundles. The isomorphism φ : G×H P|M → P
is given by φ([g, x]) := g ·x, which is smooth, fiber preserving and G-equivariant. To see
that it is an isomorphism, we construct an inverse: For x ∈ P , choose g ∈ G, such that
g · p(x) ∈ P|M . Then ψ(x) := [g−1, g · x], is well defined, because if g′ ∈ G also statisfies
g′ · p(x) ∈ P|M , then we have gg′−1p(g′ ·x) = p(g ·x). Assuming that p(g ·x) = [e, z] and
p(g′ · x) = [e, z′], yields to gg′−1 ∈ H and therefore

[g−1, g · x] = [g−1gg′−1, g′g−1g · x] = [g′−1, g′ · x]

So the map is well defined and inverse to φ. It is fiber preserving and equivariant because
it is a bijection and φ has these properties.
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4 Generalized homogeneous bundles

To show fullness, just note that extending the restriction of a morphism gives the mor-
phism again.

4.2 The tangent bundle of G×H M

After we have established the correspondence between generalized homogeneous bundles
and their restricted bundles over M , we use this description to examine the vector bundle
p : T (G×H M)→ G×H M .
We need another definition before we can proceed.

Definition 4.2.1 (Fundamental vector fields). Suppose that λ : G ×M → M is a left
G-action and X ∈ g, then the vector field ζX(z) = Teevz(X) is called fundamental vector
field induced by the action λ.

Proposition 4.2.2 (Properties of fundamental vector fields). Let λ : G ×M → M be
left G-action on M , then the following holds:

(i) (λg)
∗ζX = ζAd(g−1)(X)

(ii) Let RX ∈ X(G) denote the right invariant vector field with RX(e) = X on G , then
RX × 0M is λ related to ζX

(iii) [ζX , ζY ] = −ζ[X,Y ]

Proof. To see (i), we compute:

((λg)
∗ζX)(z) =Tzλg−1(ζX(g · z)) = Tzλg−1(Teevg·z(X)) = Te(λg−1 ◦ evg·z)(X) =

=Te(evz ◦ conjg−1)(X) = Teevz(Ad(g)−1)(X)) =

=ζAd(g−1)(X)(z)

For (ii) observe, that λ ◦ (id× λg) = λ ◦ (rg × id) and so we get

ζX(gz) =Teevgz(X) = T(e,gz)λ(X, 0gz) =
(
T(e,gz)λ ◦ T(e,z) (id× λg)

)
(X, 0z) =

=
(
T(g,z)λ ◦ T(e,z) (rg × id)

)
(X, 0z) = T(g,z)λ(RX(g), 0z)

which proofs (ii).
Now we see that, since RX × 0M , RY × 0M are λ-related to ζX , ζY that [RX × 0M , RY ×
0M ] = [RX , RY ]× 0M = −R[X,Y ] is λ-related to [ζX , ζY ]. But −R[X,Y ] is also λ-related
to −ζ[X,Y ] by (ii) again. Surjectivity of λ finishs the proof of (iii).

Proposition 4.2.3. Let p : T (G ×H M) → G ×H M be the generalized homogeneous
bundle with T lg acting on the total space. Then we have

T (G×H M)|M ∼= (g× TM)/Q

Where Q = {(X,−ζX(z)|X ∈ h, z ∈M} is a subbundle of g× TM and the H-action on
(g× TM)/Q is given by Ad(h)× Tλh factored over Tπ : T (G×M)→ T (G×H M).
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Proof. Tπ : T (G ×M) → T (G ×H M) is a submersion, the restriction Tπ|TeG×TM :
TeG × TM → T (G ×H M)|M is a vector bundle homomorphism of bundles over M ,
where TeG × TM is a bundle over M via πM ◦ prTM . Using that this map is fiberwise
surjective and the fact that every vector bundle homomorphism φ : E → F , induces an
isomorphism E/ kerφ ∼= img φ, see [Hal11, II.1.10.], the claim (g × TM)/Q ∼= T (G ×H
M)|M follows by proving that Q = ker(Tπ|TeG×TM ).
So let’s compute the kernel of T(e,z)π : TeG × TzM → T[e,z]G ×H M . Suppose that
X ∈ TeH ∼= h, and choose γ : I → H with γ(0) = e and γ′(0) = X. Then

T(e,z)π(X, 0) =
d

dt |t=0
(π(γ(t), z)) =

d

dt |t=0
(π(e, γ(t) · z) =

=T(e,z)π(0, Teevz(X)) = T(e,z)π(0, ζX(z))

Therefore the dim(h)-dimensional vector space {(X,−ζX(z)) | X ∈ h} lies in ker(T(e,z)π)
and since the kernel has dimension dim(h) equality holds.

To get a description of the action on the bundle, we look at it fiberwise:

TeG× TzM
T conjh×Tλh //

T(e,z)π

��

TeG× Th·zM

T(e,h·z)π

��
T[e,z](G×H M)

T lh // T[e,h·z](G×H M)

The diagram is commutative, since conjh×λh factors over G×H M to lh.
Since

(Ad(h)× Tλh)(X,−ζX(z)) =(Ad(h)(X),−Tλh · ζX(z)) =

=(Ad(h)(X),−ζAd(h)(X)(h · z))

the action leaves Q invariant and so it factors over the quotient.

Using the last proposition, we can describe (T (G×H M)|M )∗:

Proposition 4.2.4. (T (G ×H M)|M )∗ ∼= Q◦, where Q◦ is the annihilator of Q in (g ×
TM)∗

Proof. Dualizing the diagram from the last proposition, we get:

(g× TM)∗ (g× TM)∗
(Ad(h)×Tλh)∗

oo

(T (G×H M)|M )∗

(Tπ)∗

OO

(T (G×H M)|M )∗
(T lh)∗

oo

(Tπ)∗

OO
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4 Generalized homogeneous bundles

But since img((Tπ)∗) = (ker(Tπ))◦ = Q◦ and ker((Tπ)∗) = (img(Tπ))◦ = {0}, the claim
follows immediately.

4.3 Sections of generalized homogeneous bundles

Finally, we prove Frobenius reciprocity for generalized homogeneous bundles. As in
the case of homogeneous bundles, we can define a G-action on the space of sections of
generalized homogeneous bundles:

Definition 4.3.1. Let p : P → G ×H M be a generalized homogeneous bundle and
σ ∈ Γ(P ). For g ∈ G and x ∈ G×H M let

(g · σ)(x) := g · σ(g−1 · x)

This defines a G-action on the space of sections Γ(E).

Remark. If P is a generalized homogeneous vector bundle, then Γ(P ) is a vector space.
It is even a module over C∞(G×H M) and the G-action on Γ(P ) is clearly linear.

Proposition 4.3.2 (Generalized geometric Frobenius reciprocity). Let X be a manifold
endowed with a left G-action and p : P → G ×H M a generalized homogeneous bundle.
Then there is a bijective correspondence between the set of G-equivariant maps X → Γ(P )
and the set of H-equivariant maps X → Γ(P|M )

Proof. Let σ : X → Γ(P ) be a G-equivariant map, which we write as x 7→ σx. It induces
an H-equivariant map σM : X → Γ(P|M ) given by x 7→ (σx)|M . To see H-equivariance
of σM , let x ∈ X and h ∈ H. Then

σM (h · x) =(σh·x)|M = (h · σx)|M = h · (σx)|M = hσM (x)

Conversely, suppose x 7→ τx is an H-equivariant map X → Γ(E|M ), then we define

σx([g, z]) := g · (τg−1·x([e, z])) (4.1)

This is well defined, because:

gh · (τh−1g−1·x([e, h−1 · z])) =g · (h · τh−1g−1·x([h−1, z])) =

=g · (h · τh−1g−1·x)([e, z]) =

=g · (τg−1·x([e, z]))

To see that it is G-equivariant, let g′ ∈ G. Then for [g, z] ∈ G×H M we get

(g′ · σx)([g, z]) =g′ · (σx([g′−1g, z]) =

=g′ · (g′−1g · (τg−1g′·x([e, z])) =

=g · (τg−1g′·x([e, z])) =

=σg′·x([g, z])
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4.3 Sections of generalized homogeneous bundles

and therefore g′ · σx = σg′·x.
It remains to show that these two constructions are inverse to each other. One direction
is obivious. For the other direction let σ : X → Γ(P ) be an G-equivariant map. Now
note that

σx([g, z]) = g · (g−1σx([g, z])) = g · (σg−1·x([e, z]))

But this shows that σx can be reconstructed by the values of σg·x on M and since this
formula coincides with 4.1, we proved the claim.

Remark. Choosing X = {pt}, shows that Γ(P )G is in bijective correspondence with
Γ(P|M )H .
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