Lniversitat
wien

DIPLOMARBEIT

Titel der Diplomarbeit

“Fundamental Mathematical Concepts
for Problems Arising in Robotics”

Verfasserin

Bettina Ponleitner

angestrebter akademischer Grad

Magistra der Naturwissenschaften (Mag.rer.nat)

Wien, im April 2013

Studienkennzahl It. Studienblatt: A 405
Studienrichtung It. Studienblatt:  Mathematik
Betreuer: ao. Univ.-Prof. Dipl.-Ing. Dr. Hermann Schichl



i




Acknowledgements

First and foremost, my heartfelt and deepest thanks go to my family: to my par-
ents Alice Stohl and Ulrich Ponleitner, who were throughout my studies always
encouraging and supporting me, and in particular, to my sister Nathalie Ponleit-
ner, who provided me with invaluable advice and motivation, and always found
time for talking with me—sometimes literally at night and day. Their absolute
and on-going belief in me and my abilities always have been and still are of great
significance to me. Further, I sincerely thank Tina Schrutka for her friendship, for
always listening to me, and if needed, for cheering me up. And, last but not least,
I express my deep gratitude to my advisor Hermann Schichl, for his great support,
patient guidance and enthusiastic inspiration.

iii



v




Abstract

Robotics summarizes the aspects of designing, building and analyzing robots. It
poses a large number of challenging highly nonlinear, often algebraic problems in
a moderate number of variables. Due to the nonlinearities the relevant (systems
of) equations usually have multiple solutions. Further, safety considerations or
the demand for a complete analysis require a worst case analysis of the possible
scenarios. Additionally, uncertainties like manufacturing tolerances on the me-
chanical structure, sensor measurement errors, or numerical round-off errors have
to be taken into account.

A large number of research results is available in the field of robotics. This the-
sis gives a survey of recent results concerning several geometrical and kinematic
problems (in particular for parallel robots), with emphasis on the mathematical
tools used for solving them. Due to the high interdisciplinary character of this re-
search area, a wide variety of mathematical methods is used for solving the posed
problems, which cannot be covered here in total. Therefore, the mathematical
part of the thesis is restricted to giving an overview of several methods for solving
systems of nonlinear equations, and to outline main concepts of interval analysis.



vi




Zusammenfassung

Das Forschungsfeld der Robotik umfasst simtliche Aspekte, die die Entwicklung,
Konstruktion und Analyse von Robotern betreffen. Es wirft eine Vielzahl von
anspruchsvollen Problemstellungen auf, die im Allgemeinen hochgradig nichtline-
ar mit einer iiberschaubaren Anzahl von Variablen sind. Aufgrund ihres nichtli-
nearen Charakters haben die relevanten Gleichungen bzw. Gleichungssysteme im
Normalfall mehrere Losungen. In vielen Fillen ist eine ,, worst case“-Untersuchung
samtlicher moglicher Szenarien erforderlich, zum Beispiel wenn Sicherheitsaspekte
gepriift oder eine komplette Analyse des Problems durchgefiihrt werden sollen. Da
es im realen Leben keinen idealen ,perfekten“ Roboter gibt, miissen zusétzlich
noch diverse Unsicherheitsfaktoren beriicksichtigt werden, wie zum Beispiel Ferti-
gungstoleranzen an der mechanischen Struktur eines Roboters, Sensor-Messfehler
oder numerische Rundungsfehler.

Es gibt eine grofle Anzahl von Forschungspublikationen, die sich mit verschie-
densten Fragestellungen der Robotik beschiftigen. Die vorliegende Arbeit gibt
einen Uberblick iiber Forschungsergebnisse der jiingeren Vergangenheit, die sich
auf verschiedene kinematische und Modellierungs-Problemstellungen beziehen, ins-
besondere fiir parallele Roboter. Dabei liegt der Fokus auf den mathematischen
Methoden, die zur Losung herangezogen werden. Aufgrund des starken interdiszi-
plindren Charakters der Robotik sind die verwendeten mathematischen Techniken
sehr breit gefdchert. Nachdem eine detaillierte Beschreibung sdmtlicher Methoden
mehrere Biicher fiillen wiirde, beschrinkt sich diese Arbeit darauf, einen Uberblick
iiber verschiedene Methoden zum Losen nichtlinearer Gleichungssysteme zu geben,
und dariiber hinaus wesentliche Konzepte der Intervall Analysis zu présentieren.
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Introduction

Robotics summarizes the aspects of designing, building and analyzing robots. It
poses a large number of challenging highly nonlinear, often algebraic problems in
a moderate number of variables. Due to the nonlinearities the relevant (systems
of) equations usually have multiple solutions. Further, safety considerations or
the demand for a complete analysis require a worst case analysis of the possible
scenarios. Therefore, the problems may be formulated as constraint satisfaction
problems or global optimization problems. Additionally, uncertainties like man-
ufacturing tolerances on the mechanical structure, sensor measurement errors, or
numerical round-off errors have to be taken into account.

A large number of research resultd]| is available in the field of robotics. When we
restrict our focus on the mechanical architecture of robots rather than on the ar-
tificial intelligence aspect (therefore see, e.g., RUSSELL & NORVIG [267]), we can
identify two main classes of mechanical architectures: serial and parallel robots.
This thesis gives a survey of recent results concerning geometrical and kinematic
problems arising in robotics. As parallel manipulators have become more and more
popular in the last two decades, and have taken the center stage in research, the
focus is laid on problems related to parallel robots. Since parallel robots may be
designed in various different ways with specific properties, preferably results with
general character are presented here; in particular, so-called Gough-type manipu-
lators are outlined, since these probably pose the most demanding problems in the
field. Thereby, the problems are looked at from a “mathematical” point of view,
i.e., emphasis is placed on the formulation of the problems and the mathematical
methods used for solving them. Robotics is a field with high interdisciplinary char-
acter, and therefore, a wide variety of mathematical methods is used for solving
the posed problems. Due to lack of space, only a few methods are outlined.

The goal of the thesis is to present several problems arising in robotics in such
a way, that they are accessible to a mathematician without specific engineering
knowledge, and further, to provide an overview of the major computational chal-
lenges in the field, with the intention to pave the way for further research.

The thesis is organized as follows. Basically, it is divided in two main parts: Part I
covers fundamental mathematical concepts necessary for solving certain problems

! An extensive robotics bibliography library can be found at http://www-sop.inria.fr/
members/Jean-Pierre.Merlet/references_robotique.html.
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2 Introduction

arising in robotics; Part II then provides the contents particularly concerning
robotics.

In general, the kinematic analysis of robots relies on solving systems of nonlinear,
and frequently algebraic equations. In Chapter (1| three different approaches are
presented, in particular polynomial continuation, Grobner bases and elimination,
in order to provide a sufficient background on methods for achieving a solution of
such a system.

The methods discussed in the previous chapter may be insufficient, in particular,
if all solutions of a certain problem are searched for, in the presence of uncer-
tainties (such as round-off errors or measurement errors) or, if certified results
are demanded. Therefore, in Chapter [2| main concepts of interval analysis are
outlined. Due to the specific structure of the field, the theory is introduced more
thoroughly than the methods before.

In Chapter (3| the general structure of robot mechanisms is described, and basic
definitions are given. Further, Denavit—-Hartenberg parameters and screw displace-
ments for the description of open-loop kinematic chains are introduced.

Chapter [4] deals with the geometry of robot manipulators. The notion of the
equation of state is introduced and several sets and maps are defined, which are
convenient for formulating the main types of geometrical problems. Additionally,
generalized coordinates are introduced and a parametrization in terms of quater-
nions is presented. Finally, a description of several types of the workspace of a
robot is given, as well as results concerning their determination.

A significant part of the kinematic analysis of a robot consists of deriving the
solution(s) of the forward and inverse kinematics problem, i.e., calculating the
state of a robot from measurements or poses. Therefore, Chapter |5| provides
main results about obtaining solutions to these problems.

Another main task of the kinematic analysis of a robot is to study the changes
of geometry and the resulting translational and angular velocities and accelera-
tions. Velocity, acceleration and the crucial notion of the kinematic Jacobian are
discussed in Chapter [6]

For applications it is important to know about the flexibility and accuracy with
which the end-effector of a robot is placed in a given pose. Several methods have
been proposed to quantify these features. So, in Chapter [7| an approach for the
modeling of the accuracy of a pose, as well as a critical review of several dexterity
indices are given. Additionally, the relationship between positioning errors and
(global) optimization problems is summarized.

Finally, the singularity analysis of parallel robots is addressed in Chapter [8] The
concept of singular configurations is considered briefly from different points of
view, and a summary of results concerning the determination of singularities is
given.



Part 1

Mathematical Methods






Chapter 1

Solving Systems of Nonlinear
Equations

1.1 Introduction

The kinematic analysis of a robotic manipulator usually depends on the solution of
sets of nonlinear equations. In Chapter [5| two basic problems where such systems
of nonlinear equations typically occur, the inverse kinematics problem for serial
manipulators and the forward kinematics problem of parallel manipulators, are
described. Furthermore, results concerning the number of (real) solutions and the
specific solutions are presented. There is a variety of both numerical and algebraic
techniques available to solve such systems of equations and to give bounds on
the number of solutions. This chapter provides a summary of three often used
techniques for solving algebraic systems, i.e., systems of polynomial equations

fl(l'l, e ,Im)
f(z) = : =0, (1.1)
falze, .. zm)
where f: C™ — C". The techniques presented are polynomial continuation,

Grobner bases, and dialytic elimination. To begin with, some notation and re-
marks about polynomials and the number of solutions are given.
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1.2 Preleminaries

1.2.1 Polynomials

A polynomial f in variables z1, ..., z, with coefficients a, € K is a finite linear
combination of monomials, i.e.,

f: Z aar?,

la|<m
where oo = (v, . .., ) is @ multiindex with a; > 0 for all i = 1,...,m and
A R S A
The set of all polynomials in 1, ..., x, and coefficients in a field K together with
pointwise addition and multiplication is an integral domain, called the ring of
polynomials, denoted by K|zy,...,z,]. The degree of each monomial is the
sum of its exponents, i.e., |a| := Y. a;. For example, for f = 52% + 3123 + 22— 3

the degrees of the monomials x2, x123, and x5 are 2, 3, and 1, respectively. The
degree of the polynomial is equal to the degree of its highest degree term, which
is the so-called leading term, denoted by LT(f). The coefficient of the leading
term of the polynomial is called the leading coefficient, denoted by LC(f). The
expression power product refers to the monomials in a polynomial, e.g., for
379 + 42223 + 223 + 1 = 0 the power products are x3zo, z3x3, x3, and 1. The
leading power product, denoted by LP(f), is the power product of the leading
term of a polynomial; in the previous example, LP = z3x,.

The total degree of a system as in (l.1)) is the product of the degrees of its
individual polynomial equations [253].

Definition 1.2.1 (Affine variety). Let f1,..., fs be polynomials in Klxy, ..., x,].
Then

V(fi,-., fs) ={(a1,...,a,) € K" | filar,...,a,) =0 V1 <i<n}
is called the affine variety defined by fi,..., fs.
For example, f = 22 + 22 — 22 describes the cone, which is an affine variety given

by Vo :=V(f) = {(z1,22,23) € C" | 23 + 23 — 22 = 0}. In particular, the set of
polynomials in (1.1)) defines an affine variety.

Definition 1.2.2 (Ideal). A subset T C Kz, ..., z,] is an ideal if it satisfies

(i) 0 € Z,
(ii) if f,g €L, then f+g €L,
(iii) if f € Z and h € K[zy,..., 2], then h- f € T.
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E.g., for f = 2?2 +x3 — x3 the set Z. = {f}, consisting of all polynomials vanishing
on V, is an ideal in the ring of polynomials C|z,y, z]. It can be shown that for
fl?"'>fs € K[:El;"'axm]?

<f17-"7fn> = {Zle hzfz | hl,...,hn - K[ZL’l,..‘,ZL‘m]}

is an ideal; (fi,..., fn) is said to be generated by fi,..., f,. For further informa-
tion on varieties and ideals see, e.g., [56].

Definition 1.2.3 (Multiplicity [285]). The multiplicity p(f, z*) of an an isolated
solution x* of is defined as the dimension of the finite dimensional vector
space

O(C”,a:* /Iz* ;

where Ocn 4+ is the ring of convergent power series centered at x*, and L,- denotes
the ideal of Ocn 5+ generated by the polynomials f1, ..., fn.

A solution z* being an isolated solution means that there are no other solutions
in the vicinity, i.e., the solution point z* does not belong to a higher dimensional
solution set (such as a curve or a surface). For n = m = 1 this definition agrees
with the commonly used notion of multiplicity, i.e., given p(z) € Clz], a not
identically zero polynomial in one variable, the multiplicity of a point z* € V(p)
is the integer p > 0 such that p(x) = (z — 2*)#q(z) for a polynomial ¢(z) with
q(z*) # 0. In the case n = m > 1, u has a simple geometrical interpretation. If
x* is an isolated solution of (with n =m > 1) and v € C" is a generic vector
sufficiently near 0, then the system f(z) = v has exactly p nonsingular isolated
solutions z7j,...,z;, near z*. Thereby, nonsingular means that the Jacobian of
the system is invertible at each z7,...x;. However, for n # m, the meaning of
multiplicity is not so closely connected to geometric intuition (see SOMMESE &

WAMPLER [285]).

1.2.2 Number of Solutions

Systems of nonlinear polynomial equations generally have multiple solutions, in
contrast to systems of linear equations. In a kinematic problem, the unknowns
in such a system of equations represent information such as the joint angles or
spatial displacements of a robot manipulator or platform. Thus, multiple solutions
of the system represent different possible poses of the mechanism under the stated
constraints. Bezout’s Theorem [301] states that the number of solutions of
is equal to the total degree of the system, if the multiplicity of each solution is
counted properly. Therefore, in general, two algebraic curves of degrees m and n
intersect in m - n points and cannot meet in more than m - n points, unless they
have a common component (see, e.g., [56, Ch. 8]). The number stated by Bezout
is called the Bezout number or Bezout bound. It contains both the finite
solutions as well as the so-called solutions at infinity and is a loose upper bound
on the number of solutions of a polynomial system of equations.
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A useful alternative to the total-degree Bezout number is the so-called multi-
homogeneous (m-homogeneous) Bezout number. MORGAN & SOMMESE
[210] introduced the use of multi-homogeneous structures (see also, e.g., L1 [164]).
It is based on a partition on the set of unknowns, where m equals the number
of sets in the partition. Consider a system of n polynomial equations into n un-

knowns. The unknowns are divided in m groups, Si, ..., S, where S; contains
n; elements, such that n = n; +ny + -+ + n,,. The degree of f; (i =1,...,n) as
a polynomial in only the variables in S; is denoted by d;; for j = 1,...,m. Then

the m-homogeneous Bezout number is the coefficient of the monomial H;”:l a?j
in the polynomial [[_, (3_7", dijer;). It gives an upper bound on the number of
geometrically isolated solutions of in a product of projective spaces xI  P™
[212]. Note, that the value of the m-homogeneous Bezout number depends on the
grouping of the variables [253]. The following example illustrates the computation
of the m-homogeneous Bezout number.

Example 1.2.4 (Bezout number [253]). Consider the system of equations

fiianxixs + a19r1 +a13 =0

f22 A21T1T2 + Q201 + a3 =— 0.

The (total-degree) Bezout number of 18 4, because both fi and fs are contain-
ing the term x1xo and therefore are of degree two. For grouping the variables, there
are only two possibilities, either leading to one group {xy,x2} or to two groups,
{z1},{x2}. If x1 and x4 are assigned to two separate groups, n; = ny = 1 and
m = 2. The degrees dy; and doy of fi in the variable of group one and group
two, respectively, are clearly one; as are the degrees dis and day of fo. Thus,
[T, Q20 dijay) = (1 + ag)(an + az) and the 2-homogeneous Bezout number is
the coefficient of atad in this product, which is equal to 2.

(1.2)

The use of multi-homogeneous variables may reduce the number of solutions at
infinity in various situations and provides a good bound on the number of fi-
nite solutions [253]. Especially for polynomial continuation approaches, the m-
homogeneous Bezout number has shown to be a useful tool, as it equals the num-
ber of solution paths used to compute all geometrically isolated solutions of a
system using multi-homogeneous continuation [210], 285, 309] . WAMPLER [309]
has given an algorithm for an efficient computation of Bezout numbers. How-
ever, MALAJOVICH & MEER [I75] proved that the computation of the optimal
m-homogeneous Bezout number is an N P-hard problem. An alternative for com-
puting bounds on the number of solutions is the so-called BKK bound, according
to BERNSTEIN, KHOVANSKIT and KUSHNIRENKO. For details see, e.g., RAGHA-
VAN & ROTH [253], where a summary and further references are given.

1.3 Polynomial Continuation

The polynomial continuation method, also called homotopy method, is a numerical
process for solving ([1.1). In particular, isolated roots of the system are determined.
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Polynomial continuation uses the fact that small changes in the parameters of the
system of equations result in small changes in the numerical values of the solutions.
Thus, the basic concept of polynomial continuation is to start with a suitable
system of equations which is similar to the given one and of which the solutions
are known, and track the solution paths as the coefficients of the start system
are continuously transformed to the ones of the target system. A continuation
algorithm has three essential components [64]:

(i) a homotopy defining a collection of algebraic curves,
(ii) a set of start points on these curves, and

(iii) a prescription for how to advance along the curves from the start points to
a set of endpoints.

Since the early 1990s, the polynomial continuation method developed into a conve-
nient, reliable tool for solving problems in kinematics [283]. For example, RAGHA-
VAN [251] uses polynomial continuation for showing that the forward kinematics
problem for a Stewart platform of general geometry (see Chapter [5)) has 40 dis-
tinct solutions. According to SOMMESE et al. [283], the continuation approach has
first been applied to kinematics problems by ROTH & FREUDENSTEIN| [82 264]
in 1963 as a heuristic. A modern approach with solid mathematical background
has been given by TsA1 & MORGAN [299] in 1985. The modern approach makes
essential use of complex numbers for avoiding singularities and other degeneracies
and is presented in, e.g., [209] for engineering and kinematic problems.

Continuation is naturally applied to square systems, i.e., where the number of
equations equals the number of unknowns. But especially in the past two decades,
advances in the non-square case, i.e., when n # m in , have been made, see,
e.g., WAMPLER & SOMMESE [313, Ch. 7] or SOMMESE & WAMPLER [285]. A
particularly important case for non-square systems in robotics is that of overcon-
strained mechanisms, which have more degrees of freedom of movement (cf. Chap-
ter [3)) than expected from the usual mobility calculation (for details on mobility
indices see, e.g., GOGU [86]). These mechanisms may have a mixture of isolated
solutions and motion curves of various dimensions [283]. SOMMESE et al. [283]
introduced some advances in solving such problems and presented examples of
mechanisms as well. In polynomial equations derived from kinematics problems
often extraneous or degenerate (positive dimensional) solutions appear, which usu-
ally do not have physical meanings [293]. One method to identify such positive
dimensional solutions is the so-called regeneration method, introduced by HAUEN-
STEIN et al. [I01], and further developed [102]. Another approach, the constrained
homotopy method, is presented by TARI et al. [203]. Here, the basic idea is to
augment the original system by additional constraint polynomials and map the
unwanted solutions to solutions at infinity in the augmented system.

In the following, the basics of the continuation method for finding isolated roots of
a square system of polynomial equations are briefly discussed. The explications are
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based on the work of WAMPLER & SOMMESE [313]; for a more detailed description
see, e.g., [164, 285 313]. For information about solving non-square systems see,
e.g., [284, 285] 313]. There the main idea is to reduce the non-square system to a
square one using a probabilistic method, which then allows to compute much of
the information contained in the original system.

Definition 1.3.1 (Homotopy). A homotopy for is a system of polynomials

hi(z,t)
h(z,t) = : ,
hn(x,t)

with h: C" — C", (x,t) € C**' and h(z,0) = f(z).

According to WAMPLER & SOMMESE [313], one of the most classical homotopies
is the total-degree homotopy which is defined by

Definition 1.3.2 (Total-degree homotopy).
W, t) == (1 =) f(x) +tg(x), (1.3)

with g(x) = (q1(2),...,g.(x))T, where g; (fori = 1,...,n) is a polynomial of
degree deg(g;) = deg(f;) = d;, whose solutions are known.

Here, for ¢ = 0 the original system (1.1 is obtained while ¢ = 1 produces the
simplified system g(z) = 0. Note, that in several publications the parameters in
(1.3) are chosen the opposite way, e.g., in [195] 253].

Bezout’s Theorem states that the solution set of the system g(x) = 0 of general
polynomials g; with deg(g;) = d; consists of [[}"_, d; nonsingular isolated solutions.
The most general polynomials of degree d; may have a large number of terms.
But this level of complexity can be avoided. According to RAGHAVAN & ROTH
[253], the polynomials g; may be defined as g; = p?ixfi — qfi, where p; and ¢;
are random (non-zero) numbers. MORGAN & SOMMESE [211] states the y-trickf]
which justifies the use of the very simple start system defined as

gi(x)=2% -1 fori=1,... n.

For computing the solution set of the system h(x,0) = f(x) = 0, consider there is
a function z(t): (0,1] — C" such that

IThe y—trick states that with probability one, the homotopy

h(z,t) i= (1 =) f(z) +~tg(x)
with f(z),g(z) as in (1.3) and v a random complex number satisfies:

(1) {(z,t) |t € (0,1],z € C", h(z,t) =0)} = Ugj'j:1 x(t), where z;(t) is a good path starting

at the solutions of h(z,1) =0 and D := [, d;, and

(ii) the set of limits lim;_,o ;(¢) that are finite include all the isolated solutions of h(x,0) =
F(z) =0 [B13).
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(i) x(1) = y*, with y* is an isolated solution of h(x,1) =0,
(ii) h(x(t),t) =0, and
(iii) the Jacobian J,h(z,t) of h(x,t) with respect to the variables x is of maximal
rank at (z(t),t) for t € (0,1].

Then the path x(t) satisfies the Davidenko differential equation

Z Oh(x,t) dx] t) N Oh(x,t)

=0. 14
Ox; ot 0 (1.4)

Definition 1.3.3 (Good path). A path z(t): (0,1] — C" satisfying conditions
(i)—(1ii) stated above and is called a good path starting at y*.

Given the initial condition x(1) = y*, the differential equation can be solved
numerically. This is typically done using a pathtracking procedure: an appro-
priate predictor step in the variable ¢ is done and then Newton’s method is used
on h(z,t) =0 in the variables z1, ..., z, to compute a correction step (for details
about pathtracking see, e.g., [2]). A solution x* of can then be computed as

"= lim A(z (1), 1),

t—0

or, in case of a diverging path, it can be concluded that the limit does not exist.

Different branches may be followed on a different node of a computer cluster, thus
leading to parallel algorithms. A classical result is that a total-degree homotopy
starting at a system g(x), with the g; being sufficiently general polynomials of
degree deg(g;) = d;, has good paths for the D := [[;_, d; nonsingular isolated
solutions of g(x) = 0 [209]. Furthermore, the finite limits lim; o h(x(t),t) of the
D paths contain all the isolated solutions of , though they often contain some
points lying on positive-dimensional components of the solution set of f = 0 as
well. The determination of the exact set of isolated solutions is a highly non-trivial
task; an algorithm for doing so was first presented by SOMMESE et al. [282].

The selection of homotopy can make quite a difference in the number of paths; con-
sider, e.g., a 3-RPR planar parallel manipulator (see Chapter [3)) and the forward
kinematics problem (see Chapter |5)): a total-degree homotopy has 12 paths, while
a 2-homogeneous homotopy has only 6 paths, which is the same as the generic
number of solutions [313]. The m-homogeneous form often eliminates solutions
at infinity [253]. Thus, if the m-homogeneous Bezout number for a given system
f(z) is smaller than the general Bezout number, it is wanted to construct a start
system g(z) with the same m-homogeneous Bezout number. This leads to fewer
paths which have to be tracked than by using the general Bezout number [253].
In this context the notion of good homotopies h(zx,t) of an isolated solution z*
of h(x,0) = f(x) = 0 shall be mentioned.

Definition 1.3.4 (Good homotopy). A good homotopy is a homotopy with the
properties that
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(i) there is at least one good path z(t) with x* = lim;_oh(x(t),t), and

(i) every path x(t): (0,1] — C™ with z* = lim;_,oh(x(t),t) is a good path.

In the end of the 20th century it was an important research topic to construct
good homotopies where the number of paths is not too different from the number
of isolated solutions of (see [285]). If h(z,t) is a good homotopy for a solution
x* of h(x,0) = 0, it can be shown that the number of paths ending in z* equals
the multiplicity of z* as a solution of h(z,0) = 0 (see [285] B13]).

Continuation has been used to solve a variety of problems arising from kinematic
analysis and synthesis of robot manipulators. Its earliest known appliance is the
so-called Bootstrap Method developed by RoTH & FREUDENSTEIN [264] in the
1960s. Two highly important examples of a successful application of polynomial
continuation are the numerical proof that the inverse kinematics problem of a
general 6R serial manipulator has 16 solutions [299] (see Chapters [3] [5)), and the
proof that the direct kinematics problem of a generalized Stewart-platform has 40
solutions [251] (see Chapter [f). For the relatively new homotopy method for the
non-square case, SOMMESE et al. [283] report a few applications for solving overde-
termined polynomial systems in kinematics, e.g., an overconstrained planar mech-
anism or Griffis-Duffy examples of Stewart-Gough platform structures. For the
planar seven-bar mechanism the results of the non-square homotopy method are
consistent with known theory, while for the Griffis-Duffy II platform (see Fig. a
sixth-degree component was found by continuation which was not reported before.

But although the achieved results are highly valuable, a few difficulties arise when
using polynomial continuation for kinematics problems. According to MERLET
[198], the main drawback of the continuation method is that the auxiliary system
g(x) should have at least the same number of possible complex solutions as the
final system f(x), which is usually very large. Therefore, the number of branches
followed will be large (e.g., 960 in the algorithm of RAGHAVAN [251]), which has
strong influence on computation time. However, research has shifted towards
lowering the number of tracks that must be followed [293].

Another problem is the difficulty of ensuring numerical robustness of the method
if a singularity, i.e., a point (2’,¢') at which the Jacobian of is singular, is
encountered. Singular solutions are difficult to handle numerically. With fixed
precision, numerical methods as homotopy will fail in the proximity of a singu-
larity, due to the ill-conditioning of the Jacobian [I1]; the convergence properties
of Newton’s method are destroyed near the singular point due to the vanishing
derivatives. Therefore, tracking paths to z* from a good homotopy for z* is com-
putationally expensive and often impossible in double precision [313]. Methods for
dealing with singular points effectively are endgames, adaptive precision and de-
flation (see, e.g., [313]). BATES et al. [I1] provide the first known set of heuristics
for applying adaptive precision methods in the setting of higher-order predictor
methods.

Finally, a well-known disadvantage of numerical methods for computing approxi-
mate solutions to systems of polynomials is that the output is not certified [103].
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However, recently BELTRAN & LEYKIN [I3] have shown how to certify path-
tracking by using Smale’s a-theory (see, e.g., [19, [103]), and hence, the output
of numerical homotopy algorithms [I03]. Another algorithm (alphaCertified)
has been proposed recently by HAUENSTEIN & SOTTILE [103], which implements
elements of a-theory to certify numerical solutions of systems of polynomial equa-
tions (i.e., the output of a numerical computation) using both exact rational and
arbitrary precision floating point arithmetic.

There are several software packages available for computing isolated solutions of
polynomial systems, e.g., Bertini [12], HOM4PS-2.0 [159, [165], Hompack90 [290),
320, [329] and PHCpack [303] [304] (see [313] for more details).

1.4 Grobner Bases

The Grobner basis approach gives a method for reformulating a system of algebraic
equations with finitely many solutions into a system g¢(z) which has the
same roots, but is in triangular form. The concept of Grobner bases together
with the characterization theorem were introduced by BUCHBERGER) in 1965 [32],
33]. It has become an important field of computer algebra, is implemented in
every software system which does symbolic computation, and is applied to a large
number of different seemingly unrelated problems [35]. To begin with, a few
algebraic definitions are given.

Let K[zy,...,z,] be the set of polynomials in x1,...,z,, with coefficients in K.
A key ingredient for the triangularization of a set fi,..., f, of polynomials is the
notion of ordering of terms in polynomials. A monomial z* =[] 2" can be
reconstructed from the n-tuple of exponents a = (ay, ..., ) € Z%,. Therefore,
any ordering established on ZY, gives an ordering on monomials_(for a formal
definition see [56, §2]). An important example for a monomial ordering is the
lexicographic order, which states that

TS a <pep a2l

if the leftmost nonzero entry in the difference of the exponent-vectors, i.e.,

[, g, 00] = [Brs By -, Bl

is negative. The lexicographic order works analogously to the alphabetical ordering
in dictionaries. For example, z{x31} >, xix323 since a — 8 = [0,2,—4]. Other
examples for monomial orderings are the graded lexicographic order or the graded
reverse lexicographic order (see [50]). For further discussion, it will be assumed
that one particular monomial ordering has been selected; leading terms, etc., are
computed relatively to that order.

If a monomial ordering is chosen, each f € K[zy,...,x,,] has a unique leading
term LT(f). Thus, an ideal of leading terms can be defined for any ideal Z # 0
as (LT(Z)), the ideal generated by the elements of

LT(Z) := {ca® | 3f € T with L1(f) = ca®}.
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Note, that for a finite generating set for Z = (fy, ..., fs) theideals (LT(f1),...,LT(fs))
and (LT(Z)) may be different; in particular,

(Lr(f1),...,Lr(fs)) € (LT(2)). (1.5)

But it can be shown that there are ¢1,...,9; € Z such that

(Lr(D)) = (Lr(g1), ... 17(g)).

This leads to the following important result

Theorem 1.4.1 (Hilbert basis theorem). Let T C Klxy,...,x,] be an arbitrary
ideal. Then there ezist g1,...,9: € I such that T = {(g1,...,g:), i.e., every ideal
T C Klzy, ...,z has a finite generating set.

Proof. See [50, Ch. 2,85, Thm. 4] ]

The basis {g1,...,¢:} from Theorem has the special property that equality
holds in (1.5)). Therefore, these bases are given a name:

Definition 1.4.2 (Grébner basis I). A finite subset G = {g1,...,9:} of an ideal
T is said to be a Grobner basis if

(Lr(gr), .., 11(g)) = (LT(T)).

A more informal way of formulating the definition above is, that G C 7 is a
Grobner basis of Z if and only if the leading term of any element of Z is divisible
by a LT(g;) for i € {1,...,t}. Alternatively, the following property is given for
defining a Grobner basis:

Definition 1.4.3 (Grobuer basis II). Let T C Klzy, ..., 2], f € Klzy, ..., 2]
and G = {q1,...,q1} CZ. Then G is called a Grobner basis if the following
property holds:

f €L < the normal form of f modulo G s zero.

The normal form of f modulo G is introduced as follows [7), 56]:

Definition 1.4.4 (Reduction modulo and normal form modulo G). f is said to
be reducible modulo G, iff there exists g; € G such that LP(g;) divides LP(f).
Otherwise, f 1is irreducible modulo G and is said to be in normal form modulo
G, denoted by €. If f is reducible modulo g; and

Lo(f)
LT(f) =t LT(g;) —==,
() =trate)iee
for a suitable power product t, then f is said to be reduced modulo G to
Le(f)

F=1=t gy
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Consider for example [253]

f= 31‘%1’2 + 5x1x§ + 2x1 + 8,
g = T3 + 4x9 + 14.

f may be reduced modulo g as follows:

3 12
ff=1rf- 59329 = 535193%—1-2361 — 79@% — 6x5 + 8.

As a consequence of Theorem [1.4.1] it can be shown that every ideal Z # 0 has a
Grobner basis. To decide wether a given basis of an ideal Z is a Grobner basis, the
following key result was proved by BUCHBERGER [32] [33]. The presented version
of computing the s-pair is taken from [253].

Theorem 1.4.5 (Buchberger’s criterion). A basis G = {g1,...,q:} for a polyno-
mial ideal I is a Grébner basis for L if and only if for all pairsi # j € {1,...,t} the
normal form WG of s(gi, g;) modulo G is zero. The S-polynomial (g1, g2)
of two nonzero polynomials gy, g2 1s defined as

b LC(g1) b
we(g) " Lolg) 1e(g)

8(91,92) = 92,

where LP(g;) is the leading power product of g;, LC(g;) is the leading coefficient of
g; and b is the least common multiple of (LP(g1),LP(g2)).

Proof. See [50, Ch. 2, §6, Thm. 6]. O

The above S-pair criterion leads to an algorithm for computing Grébner bases [34].
The main idea of the algorithm is to extend an arbitrary basis B of an ideal Z

to a Grobner basis. Therefore remainders s( f;, fj)B # 0 are added successively to
B. Let F' = [f1,..., fa] be a given set of polynomials and assume that the terms
of F' are arranged due to a monomial monomial ordering and decreasing from left
to right. Then BUCHBERGER’s algorithm for computing a Grobner basis of F
proceeds as follows [253]:

Step 1. G :=F.

Step 2. Construct a set B of all pairs of polynomials in G, i.e.,
B=A{(fi,fi) | fi. f; € G, fi # f;}-

Step 3. While B # {}, perform the following steps

(3a) Pick an element (f;, f;) of B.

(3b) Remove this element from B, i.e., B = B\{(fi, f;)}

(3c) Compute S(f;, f;)-
)

(3d) Compute s(f;, fj)G.
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(3e) If s(f;, fj)G # 0, perform

() G=Gu{s(h )}
(ii) Update B, i.e., B=BU {(g,S(fi,fj)G) | g € G}.

Finding a Grobner basis for a given system f(z) of polynomial equations simplifies
the form of the equations considerably. In particular, equations are obtained
where the variables are eliminated successively, therefore resulting in a system
of equations in triangular form in some sort. The last equation is a univariate
polynomial, and each subsequent equation adds at most one new variable [222].
Such a system is easy to solve by applying one-variable techniques and substituting
back and solve for the other variables. An example is given below [253]:

Example 1.4.6. Consider the system of equations

22+ 22 — 10z
flay, xa) = ( fc%;% B 161> = 0. (1.6)

Now, a Grobner basis for the system @ is computed. Consider G = {f1, f2},
B =A{(f1, f2)}

To begin with, consider the pair (f1, f2). B — B\{(f1, f2)} = {} and
S(fi, f2) = fi — fo = —10z; + 16,

which is in normal form modulo G, i.e., S(fl,fQ)G = S(f1, fo) =t f3. Then, G and
B are updated G — {f17f27f3}7 B — {(f17f3)7 (f27f3)}'

Next, considering the pair (f1, f3) leads to B — B\{(f1, f3)} = {(f2, f3)} and

3 16 , 4 -
S(f1, fs) = 21 f1 — Efg = 1—01’2 + 2] — 1027 =: fy,

which may be further reduced modulo the elements of G:

16 x?
fa— Efl + 1—(1)f3 — a1 f3=0.

Now, the remaining pair of B, (fa, f3) shall be examined. B — B\{(f2, f3)} = {},
and

a3 16 , 3 2
S(f2, f3) = x1fo+ = fs = —a5 + 27 — 1627 = f,
10 10
which may be reduced modulo G':
16 3
f5 — Efl + Ef?; =0.
Therefore, the normal forms of the s-polynomials of (f1, f3) and (fs, f3) are zero.

Since B is empty, the algorithm terminates and G = {fi, fa, f3} is a Grobner
basis.
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Therefore, the system @ can be solved by calculating the roots of

23+ 22 — 101,
Gz, m9) = | 23+23-16 | =0,

leading to x1 = 1.6, xo = £3.67. Thus, the solutions of (1.6) are (1.6, £3.67).

The calculation time of Grobner bases heavily depends on the size of the system
of equations, i.e., the number of equations and their degree. Thus, to improve the
efficiency of the algorithm, several improvements on Buchberger’s algorithm have
been made; some of these are discussed in [56], but it is still an active area of
research. Also, the computation of a Grébner basis may consume a huge amount
of storage space. The algorithm may produce quite large intermediate polyno-
mials before converging to the Grobner basis; MAYR & MEYER [179] construct
a Grobner basis for an ideal generated by polynomials of degree less or equal to
some d where polynomials of degree of the order 22" are involved.

Another drawback is that the calculation with floating point numbers is numeri-
cally unstable. To fix this problem, initial floating point coefficients of the starting
system may be converted to rational numbers, so Grobner calculations are done
over integers; but then the coefficients of the Grobner basis may become huge
[198]. Nevertheless, the technique has been proven quite useful in kinematic anal-
ysis; notable applications of the Grobner basis approach to mechanism analysis
have been done, e.g., by [213]. [FAUGERE et al.| [74] [75] [78, [80] have provided
several algorithms (e.g., F4, Fs, FGb) for the calculation of Grobner bases. Further,
recent developments of the Grobner basis method have been conducted, e.g., by
MOURRAIN & TREBUCHET| 214, 215]. A method is presented for computing bor-
der bases of a zero-dimensional ideal; the given algorithm weakens the monomial
ordering requirement for Grobner basis computations.

See Chapter [5| for further discussion of recent applications of Grobner bases to
kinematic problems.

1.5 Elimination

In the following, the basic idea for solving systems of polynomial equations as
in by Sylvester’s dialytic elimination procedure is described. Consider an
algebraic system of n equations in the n unknowns {xy,...,z,} (m =n in (1.1))),
where each equation is a sum of monomials. The main idea of the elimination
method is to first suppress one variable (1), so the system is recast in polynomials
in {zy,...,x,} with coefficients depending on z; [198, B12]. (Since the unknowns
may be renumbered at will, there is no loss of generality by assuming x; as hidden
variable.) In the next step, new polynomials are formed by algebraically combining
the original polynomials, until a square system of K equations in K unknown
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monomials is obtained. The augmented system of equations may be written in
matrix form as linear system

[Alay)m = 0, (L.7)

where m is a column vector of the monomials (including the constant monomial
1). For this system to have a nontrivial solution, m # 0, it is necessary that

det A(z;) = 0. (1.8)

If the equations of are linearly independent, the solutions of contain
the solutions of the original system. In general, some extraneous solutions may be
contained as well. After solving the univariate polynomial , a backtracking
procedure is used to determine all x;. The elimination procedure is illustrated by
a simple example [222].

Example 1.5.1. Consider the system

3v3x + 21, +9=0
6.%'11'2 +x1 + 8=0 (19)

Now the system is rewritten with one variable “hidden” in the coefficient field. So,
by suppressing xs, becomes

(323)2% + (2)z, + (9)1 =0
(6xy + 1)x1 + (8)1 =0, (1.10)

where the coefficients are in parentheses, and the constant 1 is treated as an un-
known. The system in is now linear in the unknowns {x? 1,1}, so there are
two equations in three unknowns (note that the monomials % and x, are treated as
separate linear variables). Thus, one more equation is needed to properly constrain
the system; it may be obtained by multiplying the second equation by x1. Rewriting
the set of equations in matriz form yields a system which is homogeneous in the
three “linear” unknowns:

3x3 2 9\ [a? 0
6y + 1 8 0 1 0

Thus, for solutions to exist, the determinant of the coefficient matrix, must vanish.
Finding the zeros of the determinant yields all values of x4 for which a solution of
the original system exists. The determinant of the coefficient matriz for s

g(wy) = —51623 — 1229 + 7,

with zeros xy, = —0.12868 and z9, = 0.10542. The values for xy can be ob-
tained from by omitting the last equation and treating the 1 as coeffi-
cient. Thus, the solutions of (@ are (xq1,,xs,) = (—0.12868,—35.100), and
(215, T2,) = (0.10542, —4.9003).
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For two equations it is straightforward to specify the multiplying terms for the
elimination procedure. The result is the classical Sylvester resultant of two binary
forms [222]; an example for three polynomials in three variables and an extension of
the procedure for solving the inverse kinematics of a 6 d.o.f. serial manipulator (see
Chapter [3)) is given in [216] p. 108f]. RAGHAVAN & ROTH) [252] 253] introduced
a modification of Sylvester’s Dialytic Elimination procedure for solving a set of
nonlinear equations. It consists of six basic steps [253]:

Step 1. Rewrite all equations with one variable suppressed (w.l.o.g. 7).

Step 2. Define the new power products of remaining variables as new ”linear”
unknowns.

Step 3. Generate as many new linearly independent equations as number of linear
unknowns from the original equations, i.e., a K x K system is obtained.

Step 4. Set the determinant of the coefficient matrix to zero. A polynomial in
the suppressed variable is obtained.

Step 5. Determine the roots of the characteristic polynomial or the eigenvalues
of the matrix. As a result all possible values for the suppressed variable x;
are derived.

Step 6. Substitute one of the roots (or eigenvalues) for x; into the original system
of equations and solve the linear system for the remaining unknowns. Repeat
the procedure for each value of z;.

In principle, the described procedure will always work if enough new equations can
be determined in Step 1. Note, that it is important that the value of K, i.e., the size
of the new system of polynomials, is as small as possible. In kinematic analysis
one possible approach for generating a minimal K is to use the trigonometric
relations that exist among the coefficients of the governing equations [253] (see,
e.g., [158, 252]).

The computation of the determinant of A in Step 4 usually is quite challenging.
In general, gathering an analytical form of the determinant is difficult, and as
a rule of thumb it cannot be obtained for K > 5 [I98]. Additionally, round-off
errors may affect the coefficients of the characteristic polynomial. Here, rationals
can be used instead of floating point numbers but this will lead to large integers,
and using software which allows multiple precision is necessary. One way to avoid
this drawback of the elimination method is to compute the determinant of A
numerically for random values of z1; for a polynomial of degree m it is sufficient
to compute the determinant at m + 1 random values for x; to get a system of
m + 1 linear equations in the m + 1 coefficients of the polynomial. These are
solved numerically to get the coefficients. However, the resulting Vandermonde
system is extremely ill-conditioned. So this approach is very sensitive to round-off
errors and hence far from being numerically robust [19§].
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The procedure of expanding the determinant of the coefficient matrix (Step 4 ) can
be omitted if the problem is solved as eigenvalue problem [253]. The final matrix
equation of Step 3 may be written as

[Apz" + Ap 2" P4 4 Aglm = 0, (1.12)

where x is the suppressed variable, and m is a vector of unsuppressed power
products including 1. All values of x for which the determinant of the matrix in
(1.12]) vanishes can be found by solving the generalized eigenvalue problem

Gz—2Hz =0, (1.13)
where
I 0 0
0 1 0
H=| 0 0o I |
An—l An—Z An—S U AO
z = (2" 'm, 2" 2m,...,m)T, and x is the suppressed variable [222]. If H is

invertible, (1.13)) is a regular eigenvalue problem, i.e.,
H'Gz —z2=0,

otherwise may be solved using the QZ-algorithm. Note, that the corre-
sponding eigenvectors contain the values for all power products. Thus, there are
two ways for deriving the values of x after performing Steps 1-3; either expand the
determinant of an K x K matrix which contains the suppressed variable of degree
n, or solve a generalized eigenvalue problem of size Kn. According to NIELSEN
& ROTH [222], the eigenvalue routine is much easier to implement. Additionally,
robust eigenvalue routines are available. The eigenvalue approach is illustrated for
a polynomial system in two variables in [253 p. 73|. Further, e.g., WAMPLER [312]
proposes a modified elimination method using standard eigenvalue procedures for
solving the loop equations of the displacement analysis of spherical mechanisms
(see Chapter |3|) for up to three loops.

The most crucial step of the dialytic elimination process is Step 3, where the
linear equations are generated, usually by multiplying the original equations by
powers of one ore more of the variables. A more structured and rigorous way to
construct the determinantal polynomial equation in one variable might be taken
by using an entity known as resultant. Results about resultants may be found
in GELFAND et al. [85]. Algorithms for constructing a resultant have been pro-
posed, e.g., by PEDERSEN & STURMFELS [234] or CANNY & EMIRIS [37]. An
overview of uni- and multivariate resultants is availably in WEE & GOLDMAN
[322, 323]. Resultants proceed to construct the determinantal equation similarly
to the dialytic process, but the power products used as multipliers to generate new
equations are selected in a systematic manner. This approach ensures that the
final determinantal equation in one variable contains no extraneous solutions.
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The main disadvantage of Sylvester’s dialytic elimination method is the challenge
of finding an appropriate multivariate eliminant for a particular problem. For more
than two equations there are various ways to produce the matrix A, which leads
to different polynomials with different degrees. Theoretically, Sylvester’s dialytic
elimination method will reduce any system of multivariate polynomial equations
to a single polynomial in one unknown. But practically it only is applicable to
small sets of polynomial equations, because the resulting polynomial may explode
exponentially with number and degree of equations, and may produce a large
number of extraneous solutions [298].

The strength of elimination-based solution methods is computation time. If such
a method can be found for a particular problem, it is normally much faster than
polynomial continuation or methods based on Grébner bases [222]. RAGHAVAN
& RoTH [253] indicates that particularly dialytic procedures in combination with
eigenvalue routines often produce computationally fast algorithms. Besides, the
elimination method gives greater insight into a problem than purely numerical
solution methods by permitting studies of the solution space as a function of the
structural parameters of a linkage [253].

Sylvester’s dialytic elimination method is widely used in kinematics. In particular,
the application to serial mechanisms is quite successful, because certain functions
of the equations are a composition of the same power products as the original
equations. Thus, the extra equations are obtained without introducing new power
products and so the eliminant calculation becomes feasible [222]. An example for
an important application of elimination theory to kinematics is the solution of the
inverse kinematics problem for serial manipulators by RAGHAVAN & ROTH [252]
in 1991 (see also Chapters[3| [5). According to RAGHAVAN & RoOTH [253], dialytic
elimination methods are very useful for small problems with up to 6 variables,
while polynomial continuation is more appropriate for large problems with many
solutions. Combinations of these methods are recommended as well, e.g., using
polynomial continuation for determining the number of finite solutions of a larger
problem and then, if this number is not too large, constructing a solution using
dialytic elimination. More applications of the various methods are given in Chapter
5]
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Chapter 2

Interval Analysis

2.1 Introduction

The basic idea of interval analysis is to enclose numbers in intervals, and vectors
and matrices in boxes. Then, classical arithmetic and analysis are extended to
or replaced by corresponding interval concepts. Intervals and ranges of functions
arise naturally in several applications. For example, measured variables (e.g., a
joint angle between two adjacent links of a robot arm) are only known approxi-
mately. Hence, it is a realistic description, that the variable lies in a certain range,
i.e., in an interval, whose width depends on the accuracy of the measurement.
Further, in machine computations, numbers are represented with a finite number
of digits (finite precision arithmetic). This implies the presence of roundoff errors
for the input data, the computations and, for mathematical constants. For ex-
ample, with five significant digits, 7 ~ 3.1416. But a sharper representation is to
give the tightest representable lower and upper bounds. So, with five significant
decimal digits, 7 € [3.1415,3.1416] [2I8]. Thus, interval arithmetical tools and
methods are useful for solving problems in the presence of uncertainties in certain
parameters and finite precision computer arithmetic. As uncertainties are (due
to, e.g., measurement errors) omnipresent in robotics and computations are done
with finite precision arithmetic, interval analysis methods are quite useful for this
field of applications (see, e.g., [100] 149, 157, 195], 196, 203, 334])

Another aspect in the use of interval analysis is the certification of a derived result.
For several applications in robotics for which safety is a crucial issue, e.g., medi-
cal or space robotics, it is indispensable to ensure rigorous bounds on a solution
(see [200, 201]). Interval algorithms provide rigorous and reliable enclosures for
the solution of numerical problems, even in the presence of round-off errors and
measurement uncertainties.

In the following, basic properties of interval arithmetic as well as an overview
of several tools essential for solving linear and nonlinear systems of equations is
given. The considerations are based on the book of NEUMAIER [218], where more
detailed explanations can be found.

23
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2.2 Basic Properties of Interval Arithmetic

2.2.1 Intervals

A (real) interval is a set
a = [Q:a]a
with a <a € R:=RU{—00,00},ie,a={a€R|a<a<a}. Theset of real

intervals is denoted by IR and the set of nonempty bounded real intervals
by IR.

An unknown number may be represented by an approximation plus/minus an error
bound. Therefore, the midpoint @ of an interval a is introduced as

5. lata)

and the radius of a is given by

rad(a) := =

With these definitions the membership relation can now be expressed as
a€a < |a—al <rad(a),

€4 a = [a —rad(a),a + rad(a)].

For the extension of the absolute value of a real number, several interval extensions
are possible. Two useful extensions are the magnitude

la] := max{|a| | a € a},

and the mignitude
(a) := min{|a| | a € a}

of an interval a. Usually, the terms “magnitude” and “absolute value” are used
synonymously.

For an nonempty bounded subset S € R we denote by
0OS := [inf (S), sup (9)]
the hull of S, i.e., the tightest interval enclosing S.

To define elementary operations, i.e., o € Q = {4+, — %, /" }, on the set of
intervals, let a,b € IR. Then

aob:=0{aob|aca,beband (ab) € D]},
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where D[o] denotes the domain of definition, in particular D[/] = IR x (IR \ {0})
and D[] = IR, x IR, where IR, = {a € IR |a > 0}.

The extension of elementary functions ¢: R — R to ¢ : IR — IR is defined as

p(a) ==0{p(a) | a€a,ae€ D(p)}.

We will only use this form of extending univariate functions for a fixed set ® of
elementary functions

® = {log, exp, sin, cos, sinh, cosh, " (n € N), {/e(n € N), arctan, abs}.

In most cases, the lower and upper bounds of the resulting intervals can be com-
puted by using the endpoints of the given intervals. For example, the addition of
two intervals is given by a +b = [a + b,@ + b]. For multiplication and division,
the result depends on the signs of a and b, and for division the result additionally
depends on whether 0 € a and/or 0 € b. A detailed description is given in [218],
Ch. 1.2].

2.2.2 Rounded interval arithmetic

When interval arithmetic is realized on a computer, intervals in general have
to be rounded. This is because there is only a finite set M € R of machine-
representable numbers (in most cases the floating point numbers). Therefore,
the optimal directed rounding operations are defined as

Vri=sup{z, €M |z, <r}, V:R—M, and
Ar:=inf{r, e M|z, >r}, A:R—M

for rounding downwards and for rounding upwards, respectively. With this
notations, the optimal outward rounding is given by

o IR — IM
la, @] — [Va, Ad,

where IM denotes the subset of IR such that a € IM if and only if a,@ € M. So,
all arithmetic operations o € () and elementary functions ¢ € ® on a computer
are defined by

aob:=9¢(aob),

p(a) == op(a).

Note, that it implicitly is assumed that o0 € M, 0 € M and so, rounding upwards
and downwards, respectively, always exists.
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2.2.3 Boxes, interval vectors, and interval matrices

To cover expressions in several variables, some notation for interval vectors and
interval matrices is introduced. Let IR" be the space of interval vectors, i.e.,
the space of column vectors of intervals, also called boxes. Then x € IR" is given
by

x=[z,7]|={7e€R" |z<7 <7}

withz,7 € R". In a similar way, interval matrices are defined. An m X n interval
matrix is a rectangular array of intervals A;; € IR. Let IR “™ be the set of all
m X n interval matrices, then

A=[AA={AcR™ | A< A<A}

with A, A € R™ ™. If & is a bounded set of real m x n matrices, then its hull is
defined as
O := [inf(X2), sup(2)],

which is the tightest interval matrix enclosing ..

An important abstract tool for the study of iterative methods for the solution of
linear and nonlinear systems of equations is the notion of sublinear mappings,
which are mappings S: IR" — IR" which satisfy the axioms

(S1) x Cy = Sx C Sy (inclusion isotonicity),

(S2) « e R = S(ax) = a(Sx) (homogeneity), and

(S3) S(x+y) € Sx+ Sy (subadditivity)

for all x,y € IR". If equality holds in (S3), the mapping is called linear. Two
important tools for analyzing sublinear mappings are the absolute value of S,

defined as
S| = S[-1, 1]},

and the core of S, given by
cor(S) := S1 = (Sey,...,Sea).
Theorem 2.2.1. Let S: IR" — IR™ be sublinear. Then

| cor(5)] < 151,
Sx Ccor(S)z + |S|(x — &) Vx e IR". (2.1)

If S s linear, then equality holds in . In particular, a linear mapping 1is
uniquely determined by its core and its absolute value.

Proof. See NEUMAIER [218, Thm. 3.5.4]. O
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A linear interval equation
Ax=Db

with coefficient matrix A € IR”™*" and right-hand side b € IR™ is defined as the
family of linear equations

Ai=b withAe Abeb. (2.2)
We are interested in enclosing its solution set, given by
Y(A,b) = {i € R" | Az = b for some A € A,b € b}. (2.3)

In general, (A, b) is not an interval vector and may have a very complicated
structure. In order to guarantee its boundedness, A is required to be regular,
i.e., that rank(A) = n for all A € A. Thus, if A € IR™" the hull of the solution
set

Afb:=0O%(A,b)

is defined and, in particular, defines a mapping Af: IR" — IR", the so-called
hull inverse of A. For rectangular matrices A € IR™*" (and m > n, because
otherwise Y(A,b) is either empty or unbounded and thus, A®b is not defined),
it makes sense to consider instead of the least squares solution set

Srs(Ab) :={ATh| Ae A beb},

where AT = (ATA)~1AT is the pseudo-inverse of A, and the least squares hull
of A and b, given by
Alb = 0O%5(A,b).

Clearly,
A"b C A"p.
The solution set (A, b) of (2.2)) has the following neat characterization

Theorem 2.2.2 (Beeck). Let A € IR™*", b € IR™. Then

Y(A,b)={2eR"|AzNb#0} ={z €R" |0 € Az — b}.
Proof. See NEUMAIER [218, Thm. 3.4.3]. O

The matrix inverse of a regular, square interval matrix A € IR"*" can be defined
as

AN =0{A ' |Ac AL

An inverse positive matrix is a regular square interval matrix with nonnegative
inverse. The most important subclass of these consists of so-called M-matrices,
which play a distinguished role in the context of interval calculations, as they
behave particularly well in algorithms for the solution of linear interval equations.
An M-matrix is a square matrix A € IR™ " such that A;, < 0 for all i # k, and
Awu > 0 for some positive vector u € R". Every M-matrix is regular. Furthermore,



28 Chapter 2. Interval Analysis

for inverse positive matrices the inverse A~' and the hull inverse A”b can be
computed explicitly (see [218, Ch. 3.6]).

A generalization of M-matrices, the so-called H-matrices, are obtained by lifting
the restrictive sign condition in the definition of an M-matrix. Therefore, the
comparison matrix (A) with entries

) Ag) ifi=k
A= {—\Aikr if i # k

is introduced for an arbitrary square matrix A € IR"*". The comparison matrix
always fullfills the sign-condition of an M-matrix. Now, an H-matrix is a square
matrix A € IR"™" such that its comparison matrix (A) is an M-matrix; equiva-
lently, A is an H-matrix if and only if (A)u > 0 for some u > 0. In particular,
every H-matrix is regular and 0 ¢ A;; for alli =1,... n.

Every M-matrix is an H-matrix. In the special case u = (1,...,1)T, a matrix
A satisfying (A)u > 0 is called a strictly diagonally dominant matrix. It is
an important fact, that a matrix which is sufficiently close to the identity matrix,
is strictly diagonally dominant, and therefore an H-matrix. For example, every
regular (lower or upper) triangular matrix A € TR™*" is an H-matrix.

2.2.4 Interval extensions of arithmetic expressions

If DC Rn, then ID is written foihe set of intervals x € TR" with x C D. An
interval function f: ID C IR" — IR is called inclusion isotone if,

aCbhb = f(a)C f(b) Va,belD.

Further, an interval function f: IR" — IR " is said to be an interval extension
of the real function fy: D C R" — R™ if

f(&) = fo() Ve D, (2.42)
fo(@) € f(x) VrexelD, (2.4Db)
f(x) =NaN for x ¢ 1D, (2.4¢)

where the symbol NaN stands for “not a number”, which may be thought of as
“undefined” or “unspecific value”. If only and are satisfied, f is called
a weak interval extension or an interval enclosure of f;. A large class of in-
clusion isotone interval extensions of real functions can be defined through arith-
metic expressions. An arithmetic expression in the formal variables &, ..., &,

is a member of the set A = A(,...,&,) defined by

(i) R e A,
(i) e Afori=1,...,n,
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(i) g he A = (goh) e Aforall o €
(iv) g€ A = ¢(g) € A for all elementary functions ¢ € ®,

(v) among the sets which satisfy [(i)H(iv)| .A is minimal with respect to inclusion.

A subexpression of an arithmetic expression f is an expression occurring in the
recursive definition of f, formally, k is a subexpression of f if either

(i) f=k, or
(ii) f =goh and k is a subexpression of g or h, or

(iii) f = ¢(g) and k is a subexpression of g.

If f = f(§ is an arithmetic expression in n variables, the value f(x) of f at
x € [R" is obtained by substituting the intervals x; for the corresponding formal
parameters §; (interval evaluation). On a computer the interval evaluation is
simulated by a rounded evaluation, the outward rounded value of f is denoted

by f(x).

2.2.5 Enclosures for the range of a function

Useful general results about the interval evaluation of arithmetic functions can be
obtained, if the evaluation at intervals are avoided, in which the expressions are
not sufficiently smooth. Therefore, Lipschitz properties for interval functions and
arithmetic expressions are introduced.

An interval function f: IR"™ — IR is called Lipschitz continuous in x° € IR",
if x" C D and there exists [ € R™ such that

g(f(x'), f(x*) <17 q(x",x*) ¥ x',x* Cx,

where ¢(a,b) := |a — b| + | rad(a) — rad(b)] is the distance function, which is used
component-wise on vectors. An arithmetic expression f in n variables is called
Lipschitz at x° € TR" if for all subexpressions g, h of f, the relation ¢ = h®
for 0 < a < 1 implies h(x") > 0, and the relation g = ¢(h) for ¢ € ® implies
that ¢ is defined and Lipschitz continuous in a neighborhood of h(x%). f is called
locally Lipschitz in x° € IR" if f is Lipschitz at every & € x°. For the standard
elementary functions the property of being Lipschitz only is marginally stronger
than the property of being defined.
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The mean value form and other centered forms

The interval evaluation f(x) of an arithmetic expression f in n variables at an
interval x € IR" is an enclosure for the range

frx) = {f(@) [ ex}.

However, the overestimation may be large. Therefore, methods are needed to
enclose the range f*(x) in such a way that the overestimation remains small for
sufficiently narrow boxes x. A very useful approach to bound the range is to
consider the deviation of f(Z) from a fixed center Z € x. Thus, the resulting
formulae are called centered forms. The simplest one is the mean value form

fn(x) = f(2) + ['(x)(x — ). (2.5)

Note that different expressions for the derivative f’ may change the value of
(sometimes quite drastically), while different expressions f for the same real func-
tion do not affect the value of (2.5). The mean value form can be shown to be
inclusion isotone. Further, it satisfies the important quadratic approximation
property

0 < rad(fn(x)) — rad(f*(x)) < 2rad(f'(x)) rad(x),

which expresses the overestimation of the range by a product of two radii. In

particular, for narrow intervals the mean value form in general gives a much better
enclosure for the range than the interval evaluation.

To derive more general centered forms, the notion of slopes shall be introduced.
For a Lipschitz continuous function f: R™ — R one can always write

f(@) = f(2) + flz2l(z — 2)

for any two points z and z with a suitable vector f[z,z] € R", called a slope
vector for f at (z,z). In the univariate case (n = 1)

(@) i,
floa)=q = 07
f'(z) if v = z,

hence f[z,z] is uniquely determined. In the multivariate case, however, the slope
flz, x] is no longer unique while f|z,z] = V f(z), i.e., the gradient of f. As slopes
obey a similar chain rule as derivatives, recursive procedures to calculate f|z, x]
given = and z can be developed (see, e.g., KRAWCZYK & NEUMAIER [150]). If we
have a slope f[Z,Z] for all # € x and f[(,¢] is an arithmetic expression in ¢ and &,
then the range f*(x) can also be enclosed by the slope form with center Z € x,
defined as

faz(x) = f(2) + fI2,x](x = 2). (2.6)

The slope form is inclusion isotone as well. More generally, formulae f(Z)+s? (2—2)
(s € IR™), for which f(z) = f(2) + 87 (2 — 2) holds for all # € x and some 3 € s,
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are called centered form for f with center Z. All centered forms satisfy the
overestimation bound

q(f(2) + s (x = 2), [*(x)) < 2rad(s)|x — 2],

but need not to be inclusion isotone. However, for fixed centers inclusion isotonic-
ity is a trivial consequence of (2.6)).

A further improvement for the enclosure for the range is obtained by taking two
different centers Z and @ intersecting the two corresponding slope forms and get
so-called bicentered forms

fo(x) = [i2(3) N foa(x).

If the slope vector f[z,z| itself is Lipschitz continuous, it can be written as

flz, 2] = flz,w] + (z — w) flw, 2, 2] (2.7)

for arbitrary z,w,z € R", with a second order (bicentered) slope matrix
flw, z,z] € R™™ [273]. Using this the second order slope for f at z and w, a range
estimate for f can be computed using the second order slope form, given by

Fosza(x) = f(2) + (FIZ, @] + (x —@)" fw, 2, x]) (x — 2).

These estimates in general are tighter than analogous ones computed by interval
derivatives. All second order centered forms have a cubic approximation property.
Slopes of arbitrary order can be derived by defining a slope of order k£ in the same
way as in as a slope of slopes of order k — 1 [273].

2.3 Solving Linear Systems of Equations

For solving linear systems of equations, the class of strongly regular matrices (see
below) is an important feature. It can be shown, that for linear interval equations
with a strongly regular coefficient matrix the solution set can be enclosed by the
solution set of a related, preconditioned system whose coefficient matrix is an
H-matrix. If = is a solution of the system

Ai=0b for A € A regular,b € b, (2.8)

and rad(A) is sufficiently small, then A ~ A, and x = A'b ~ A'b. The error
made can be analyzed by multiplying . ) by A~'.Thus, & is the solution of a
system with coefficient matrix A*A ~ 1 and right-hand side A~'b. Hence,

FeN(ATTA A7D) C (ATTA)H(AMD)

if A='A is regular. The transformation above is called preconditioning by the
midpoint inverse, and A~ is called the preconditioner or midpoint precon-
ditioner. A matrix A € IR™" is called strongly regular if A~'A is regular.
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In particular, A being strongly regular is equivalent to A~'A being an H-matrix.
However, a useful preconditioning does not depend on A~ as preconditioner. In-
stead, A can be multiplied by any matrix C' € R™"™ and further, it can also be
post-multiplied by some matrix C' € R™", as long as the resulting matrix is
regular.

In the following, two methods for solving linear interval systems of equations are
outlined, namely Krawczyk iteration and interval Gauss-Seidel iteration.

Krawczyk iteration

Krawczyk’s iteration method provides computable bounds for the overestimation
of an enclosure of A¥b as well as enclosures which have the quadratic approxima-
tion property. It can be shown that for a square system of linear equations with
a strongly regular coefficient matrix, a (rather crude) enclosure for the hull A#b
of the solution set is given by

A"b C ||Cbl|,[~u, ], (2.9)

if u > 0, and (CA)u > v > 0. A better enclosure might be derived from ({2.9)),
if an approximation ¥ to a particular solution is found first and then added to
an enclosure for the residual correction A (b — A%) (obtained using (2.9). In
particular, Ab C 7 + A (b — AZ). If b— AZ is of order O(¢), this causes that

A" C i+ ||C(b — AR)||[—u, u] (2.10)

has an overestimation of O(e) and thus, it is an enclosure for A”b with linear
approximation order. A method with quadratic approximation order can be real-
ized by improving the initial enclosure (2.10) iteratively. Therefore, consider the
relation

A =Ch— (CA-1)(A"') € Cb — (CA — 1)x,
where x is an enclosure for A#b. This holds for all A € A and b € b, implying
A"b Cx = A"bC (Cb— (CA—1)x)Nx.

This relation is the input to the so-called Krawczyk iteration

Z0 =X

= (Cb — (CA —1)z')nZ.

The z' form a nested sequence of interval vectors, and by construction A#b C x
implies A#b C 7! for all [ > 0. It can be shown (see [2I8, Ch. 4.2]), that for
interval input whose radii are small enough the Krawczyk iteration has quadratic
approximation order, i.e., if the enclosure is used as an initial enclosure for
the iteration the Krawczyk iterates z! with [ > 1 enclose the hull A#b of the
solution set X (A, b) with quadratic approximation order. For C'A close to the
identity, in the limit the Krawczyk iteration produces enclosures of A¥b which
have a bounded radius overestimation factor independent of the right-hand side.
Therefore, after sufficiently many iterations, reliable enclosures are also obtained
for wide right-hand sides b (see [218, Thm. 4.2.4]).
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Interval Gauss-Seidel iteration

Krawczyk’s iteration is a reliable method for deriving realistic enclosures of the
solution set of linear equations whose coefficients are narrow intervals. However,
there is a superior method, the so-called interval Gauss-Seidel iteration. For M-
matrices A, Gauss-Seidel iteration converges for every b € IR" to the hull A”b
of the solution set (see [218, Thm. 4.4.8]). If Gauss-Seidel iteration is applied to a
preconditioned system, it always yields at least at tight intervals as the Krawczyk
iteration (see [218, Thm. 4.3.5]).

For arbitrary x € TR", good enclosures for the truncated solution set
(A, b) :=%(A,b)Nx = {F €x| Ai = b for some A € A,b € b}

shall be found. Note, that Yy is bounded, even if A is singular. Gauss-Seidel
iteration is based on writing the system AZ = b explicitly in components as

k=1

and, assuming that A; # 0, the 7th equation is solved for the ith variable. Hence,

_ 1 - < 1
xi:A~_ii<bi_ZAikxk)g A

- (b; — ZAika) Nx; =: X, (2.11)
ki t ki

If A;; # 0 for all 4, relation (2.11)) can be applied for all ¢ and thereby, a new
enclosure x’' for Z can be computed from a known interval vector x containing
Z. However, the available information can be used in an improved way. In the
ith step, an enclosure for Z; and improved enclosures for ;,...,%; 1 are already
available and can be used to obtain an improved enclosure of the right-hand side
of to get an improved enclosure for #;. Thus, # is contained in the vector y
given by

1 )
yi = A—u(bz - ZAikYk - ZAik'Xk‘) Nnx; (i=1,...,n).

k<i k>

For intervals a, b, x € TR we define

I'(a,b,x) = 0{# € x | az = b for some @ € a,b € b}.

Then
b/anx if 0 ¢ a,
O(x\ ]2, %) ifb>0¢€a,
[(a,b,x) = -
Ox\]2,%) ifb<0€a,
X otherwise.

In extension of the notation we define the (interval) Gauss-Seidel operator
['(A, b, x) with entries

T(A,b,x); :=T(Aub; — Y Auyr— Y Auxpx)) (i=1,...,n).

k<i k>1i
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If I'(A, b, x) ;Cé x, we can hope to further improve the enclosure of A¥b by reap-
plying I'. Thus, the interval Gauss-Seidel iteration is defined by

XO =X

x=T(A,b,x") forl=0,1,2,...,

and the preconditioned Gauss-Seidel iteration for C' € R™*" can be defined
similarly with x'*! := T'(CA, Cb,x'). We then have ¥, (A,b) C ¥, (CA,Cb) C x!
for all { > 0.

2.4 Solving Nonlinear Systems of Equations

Now we consider the problem to determine whether a continuous function £': Dy C
R™ — R™ has a zero z* in a given subset D C Dy and when such a zero is unique.
Therefore, the Newton operator, the Krawczyk operator and the Hansen-Sengupta
operator are introduced, which provide simple computational tests for (unique)
existence and nonexistence of a zero in a given box. To obtain uniqueness results,
a form of Lipschitz continuity is assumed, while the existence problem can be
treated assuming only that F'is continuous.

A subset A C R™*" is called a Lipschitz set for F' on D C D if it is convex,
compact, and

F(i)— F(j) = A(# —§) for some A€ A

holds for every Z,y € D. If additionally A € IR™*", it is called a Lipschitz
matrix. In particular, for every interval extension of the derivative F’ on D the
matrix A = F’(x) is a Lipschitz-matrix, if F' is continuously differentiable in D,
x € ID and A € IR™ ™. A Lipschitz set A of matrices A € R™*" is called regular
if all A € A are nonsingular.

Theorem 2.4.1 (Moore, Nickel). Let F': Dy C R"™ — R" be Lipschitz continuous
on D C Dy, and let A be a reqular Lipschitz matriz on D. If T € x € 1D then
every x' € IR"™ satisfying

N(x,%) =7 — A"F(3) C X
has the following three properties:
(i) Every zero x* € x of F satisfies v* € x'.

(it) If X' Nx =0 then F has no zeros in x.

(i1i) If & € int(x) and x' C x then F contains a unique zero in x (and hence in

x').

Proof. See NEUMAIER [21I8, Thm. 5.1.7]. O
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Note, that the condition Z € int(x) in can be replaced by the more practical
requirement x’ C int(x). N(x, Z) is called the (interval) Newton operator and
can be interpreted as a verified version of the Newton iterate, which yields enclo-
sures for the zero of F' (which is unique under the present assumptions). Further-
more, N(x,Z) provides a nonexistence test (Theorem [2.4.1{(i1))) and an existence
and uniqueness test (Theorem , which are not available in the classical
Newton iteration. However, the Newton operator requires A to be regular.

There are two more operators, which basically have the same properties as the
Newton operator, but can be defined for a Lipschitz-matrix A and thus are more
widely applicable. These are the Krawczyk operator, which is given by

K(x,2) =2 —-CF(Z) — (CA—-1)(x— ),
and the Hansen-Sengupta operator, which is defined as
H(x,Z) =2+ T(CA,-CF(z, (x — I)).

Those are nonlinear variants of the Krawczyk iteration and the interval Gauss-
Seidel iteration. Note, that both operators involve a preconditioning matrix C.
The inclusion

H(x,7) C K(x, 7) (2.12)

holds for all # € x C x". Hence, the Hansen-Sengupta operator gives at least as
good enclosures for a zero of F' as the formally simpler Krawczyk operator. A
result similar to Thm. holds with H(x,Z) and K(x, ), but with a weaker

existence test than with N(x, Z).

Let P(x, Z) be any of N(x, ), K(x,Z) and H(x, Z). Then an iteration for improving
interval enclosures of a zero x* of a function F by repeated application of P(x, 7)
is defined as

0

X' =X
xT =P nxt (1>0, 7 exh). (2.13)
By construction,
xcxlc...cx’=x, (2.14)
and we know
¥ € x with F(2*) =0 = 2" ex' VI > 0. (2.15)
In particular, the limit
x> = lim %'

l—o00

exists, and if the starting box x contains a zero x* of F' then z* € x*°. Note that in
finite precision arithmetic the expression F'(Z) in the operator P(x, Z) needs to be
evaluated with outward rounding. Otherwise the solution may suddenly disappear
(x*1 = () due to rounding errors. Under suitable conditions it can be shown that
the following alternative holds:
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(SC) Fither F has a unique zero z* € x and x> = z*,

or F has no zero in x and x! = () for some [ > 0.

In particular, if (SC) holds, the iteration is capable of deciding whether there
is a zero of F' in x or not, and, assuming sufficiently accurate arithmetic, the
zero can be enclosed with arbitrary accuracy. A sequence x' (I = 0,1,2,...)
satisfying and is called strongly convergent, if (SC) holds. For
the Krawczyk iteration (P(x,Z) = K(x,Z) in (2.13))) strong convergence can be
proven for the choice &' = &' and, under strengthened assumptions, for other
choices of = as well. Since always holds, these results immediately extend
to the Hansen-Sengupta iteration (P(x,Z) = H(x,Z) in (2.13))). In that case, much
weaker assumptions are sufficient to prove strong convergence. However, results
about convergence rates have not been obtained under these weaker conditions.

In order to consider convergence conditions for the Newton-iteration, we con-
sider the general preconditioned Newton-iteration, i.c., P(x,%) = N(x, %)
in (2.13) with the general Newton operator

N;(x,3) =& — (CA)(CF (%)),

where C' € R™" is a preconditioning matrix and (CA)! denotes an inverse of
(CA), i.e., a sublinear mapping with (CA)#b C (CA)'b for all b € IR". If
(CA)! is regular, the general Newton iteration is strongly convergent for every
choice ! € x!. Moreover, for all [ > 0,

either 7' ¢ x'™ or x'™ = #' and F(x') = 0. (2.16)

Relation (2.16]) implies a volume-reducing property of the Newton iteration. More
specifically, the general Newton iteration with &' = #' satisfies

volxt1 <

Lvolx!, (2.17)
where volx := (T; — 21)(To — 25) - ... - (T, — z,,) denotes the volume of a box
x € IR". Further, if CA is an M-matrix or |1 — CA|| < i, then the optimal
Newton iteration, i.e., the general Newton iteration (P(x,Z) = N;(x,Z))with

C =1 and AT = A is strongly convergent for every choice of 7! € x!, and ([2.16))
and (2.17)) hold.

Summarizing the results, Hansen-Sengupta iteration strongly converges under the
mildest assumptions, but it may have a slow convergence rate, and not even a
good approximation to the zero can accelerate the iteration. Newton iteration, on
the other hand, considerably speeds up using good approximations to the zero.
However, when the hull inverse is replaced by an easier computable inverse, the
iteration may stop prematurely. But a combination of both methods, given by

XO =X

xT2 = Ny (x, i) N x!

S H(Xl+1/27g~nl)7
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where 7! € x! for all [ > 0, CA is an H-matrix, and (CA)! is an inverse of CA,
preserves the advantages and avoids the disadvantages of both methods. With this
combination an algorithm can be produced, which decides whether a zero z* of F
is contained in a given box x € IR" and if affirmative, finds a good enclosure of
x*. The relation x'*! C x! and finite precision arithmetic imply finite termination
of the iteration.

For finding zeros of continuous parameter-dependent functions which are not nec-
essarily Lipschitz continuous, general existence results can be derived. However,
due to the weaker assumptions, uniqueness results can no longer be proved. In a
similar way as the centered forms are sharpened when slopes are used instead of
derivatives, the use of slopes in place of Lipschitz sets improves the enclosure and
iteration methods for deriving zeros (for details see NEUMAIER [218, Ch. 5.4].)

Finally, we have discuss methods for computing narrow enclosures for all solutions
x* € D of F(z*) = 0 with F': Dy CR"™ — R" continuous. The methods considered
so far were constructive only in the case when D was a box and the Lipschitz matrix
of F' at this box was regular. If these assumptions are dropped, on the one hand,
the problem has to be reduced to one with bounded domain. This can be handled
using a priori bounds or suitable problem transformations. On the other hand,
the existence of several solutions may be possible. Therefore bisection is used.
Assume that zeros are sought in a box x € IR". If this box is narrow enough,
one of the above described methods can be applied. In the case that x° is too
wide, bisection methods must replenish the former methods. The basic principle
of bisection is to split boxes repeatedly, until they can be further reduced by
means of interval iteration. Therefore, a list of currently unprocessed boxes are
stored in a so-called stack or queue. If there are several isolated solutions in the
initial box x°, they will be isolated by bisection.

Interval analysis based algorithms are frequently used in global optimization,
where the absolute minimum of the objective function F' is sought. Therefore,
branch & bound-algorithms are used (see, e.g., MOORE et al. [208]). How-
ever, these methods frequently have the difficulty that subboxes containing no
solution cannot be eliminated easily if they are close to the global minimum.
Thus, the so-called cluster effect occurs. That means, many small boxes are
created near each global minimum (and, in the process of solving the problem also
near the currently best found local minimum) by repeated splitting, and often the
processing of these boxes dominates the total work spent on the global search.
The cluster effect can be reduced by defining exclusion regions around each local
minimum found. It is guaranteed, that exclusion regions do not contain other lo-
cal minima, and can therefore safely be discarded. Recently, SCHICHL et al. [274]
discussed exclusion regions, which are constructed using uniqueness tests based on
the Krawczyk operator.
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Chapter 3

Architecture

3.1 Introduction

The architecture of a robotic mechanism is concerned with the defining topology,
the basic connectivity pattern of a robotic system. For both serial and parallel
robots, many different architectures are possible (see Figures , , ,
5.4, b.3 and, e.g., [57, 198, 286]). For a quantitative treatment, realistic models of
mechanisms are needed. Therefore, in the following the basic structural elements
of robot mechanisms are described. Further, two commonly used descriptions
of open-loop kinematic chains using Denavit-Hartenberg parameters and screw
displacements, respectively, are given. Finally, the notion of separable in terms of
robot manipulators is introduced.

3.2 General structure of robot mechanisms

A robotic system is composed of various interrelated subsystems, namely a me-
chanical subsystem, a sensing subsystem, an actuation subsystem, a controlling
subsystem and an information processing subsystem [6]. In the following, only
the first one, the mechanical subsystem, will be considered. Hence, a simplified
model of a manipulator consists of a system of mechanical links and joints. These
are designed in such a way that one or more end-effectors (e.g., grippers, fingers,
drills) can perform certain tasks. To move the robot, some of the joints are actu-
ated, so they can be moved within certain limits. The actual joint coordinates are
measured by various kinds of sensors and fed into a controller. The controller uses
information provided by the information processing system and sends appropriate
orders about the forces and torques needed to move the joints toward the desired
position, to the actuators.

A frequently used idealization of a manipulator consists of a number of rigid bodies
called links; sometimes several links are assumed as deformable, e.g., cable-links,
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which complicate the analysis of the manipulator. In the following, only mecha-
nisms with rigid links are considered. Usually, a manipulator is fixed to an initial
link, the base; the final link is called the end-effector. Links are coupled by
joints to so-called kinematic pairs. There are two basic types of joints (see

Figure [3.1)):

Prismatic pairs (P) are links joined by a sliding prism with a definite direction.
The motions possible are extension and retraction.

Revolute joints (R) are links connected by a joint with a definite rotation axis.

Revolute Prismatic

w| 5 | =

Figure 3.1. Symbolic representation of
revolute and prismatic joints [286) p. 13].

The following joint types are commonly used as well. However, these types can be
replaced by a concatenation of prismatic or revolute pairs.

Spherical joints (or ball-and-socket joints) are joints where three rotational
axes intersect. They are equivalent to three revolute joints (RRR) whose
axes have a common center.

Universal joints are equivalent to two revolute joints (RR) whose axes intersect.

Cylindrical joints are equivalent to one revolute and one prismatic pair with a
common axis.

Kinematic types can also be distinguished by the type of contact between the two
links. T'wo rigid bodies form an upper kinematic pair, when contact takes place
along a line or at a point, e.g., in cam-and-follower mechanisms or gear trains [0].
In a lower kinematic pair contact takes place along a common surface between
the two bodies. According to ANGELES [0], six different forms of lower kinematic
pairs can be distinguished (see Fig. .

If a kinematic pair can be moved by a motor (actuator), it is called actuated
joint. An actuated kinematic pair is called a linear (P) or rotary (R) actuator.
Pairs which are not actuated adjust themselves to forces imposed by loads and
actuators, i.e., these pairs perform only passive motion and therefore are called
passive. The motion of actuated joints is restricted by certain limits according
to the actual construction of the robot.
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Serew Spherical

Figure 3.2. The six lower
kinematic pairs [57, p. 63].

A rigid body in space can move in various ways by rotation or translation. These
are called degrees of freedom (d.o.f.). The total number of d.o.f. of a rigid
body in 3-dimensional space is at most six (see Fig. |3.3). Each revolute and
prismatic joint, respectively, in a kinematic chain is a 1-d.o.f. joint. In the former
case the degree of freedom is given by the angle of rotation, in the latter case by
the amount of linear displacement. Hence, the total number of degrees of freedom
of a robot is the number of independent position variables needed to specify the
spatial pose (i.e., position and orientation) of the end-effector (see also Chapter [4).
For many applications, less than 6 d.o.f. are needed. Thus, the number of d.o.f.
should match the number required by the desired task, at least for serial robots
[57]. For parallel robots, MERLET [198, p. 19f] takes a critical point of view of
the usual claim, that machines having only the necessary d.o.f. will be less costly
than the usual 6 d.o.f. parallel manipulator. He states that various factors may
increase the operating cost of a less than 6 d.o.f. robot, e.g., higher maintenance
and fabrication cost because of different actuators/sensors involved in the chains,
or exhibition of parasitic motion (i.e., motion that is not wanted) which affects
the robots performance.

To view joints from an algebraic point of view, we need the special Euclidean

grou
! SEB3) ={(c,Q) | c€R? Q€ SO3)} =R* x SO(3),

with
SOB3)={QeR™ | QTQ=QQ" =1, detQ =1}

denoting the special orthogonal group, i.e., the group of rotations in R3. Then,
joints are surfaces of contact between links that constrain the motion of the robot
mechanism to a subset of SE(3)"!: without the joints, each link could move with
6 d.o.f. anywhere in SE(3). Typically, the locations of the links are measured
relatively to the base; thus, a concatenation of n links ‘lives’ in SE(3)"1. A
joint which constrains a mechanism to an algebraic subset of SFE(3)""! is called
algebraic joint. Five of the six lower-order pairs in Figure [3.2] are algebraic.
The only exception is the screw (or helical) joint, whose transformation matrix
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consists of an angle a as well as sina and cos a, which make the motion truly
trigonometric, hence non-algebraic [313].

Figure 3.3. 6 degrees of freedom: 3 components
of translation, 3 components of rotation
[www.dovermotion. com|.

An open kinematic chain is a chain of links, where each but the first and
the last link is coupled to exactly two other links. For a quantitative treatment,
it is helpful to characterize open- and closed-loop kinematic chains, respectively,
by the degree of connectivity (or connection degree) of each link [88]. It
is defined as the number of rigid bodies directly attached to a certain link by
kinematic pairs. Therefore, in a simple kinematic chain each member possess
a connection degree of at most 2. An open kinematic chain is defined as a simple
kinematic chain, where exactly two links (the base and the end-effector) have
connectivity 1. A closed-loop kinematic chain is obtained when the connection
degree of one of the links (not the base) is at least 3 [198].

ELBOW
EXTENSION

SHOULDER
SWIVEL

Figure 3.4. A serial manipulator with 6 d.o.f. (T3) [152].

A robot consisting of a single open kinematic chain is called a serial robot or
serial manipulator. It is best visualized as a movable mechanical arm. A robot
whose only end-effector (the platform) with n d.o.f. is connected to a fixed base
by at least two independent open kinematic chains (the legs) is called parallel
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robot or parallel manipulator [198]. It is actuated by n simple actuators. A
manipulator containing at least one closed-loop kinematic chain is called hybrid;
see, e.g., [50, 292]. An important class of parallel architectures is the one of fully
parallel robots, where the number of kinematic chains is strictly equal to the
number of d.o.f. of the platform [8§]. For example, a 6 d.o.f. fully parallel robot
consists of arbitrarily shaped base and platform connected by six legs. Each leg
contains six kinematic pairs, of which one is linearly or rotary actuated, and the
other five are passive joints. There exist various parallelism indices to characterize
(fully) parallel robots; see, e.g., GOSSELIN [88], RA0 [255].

Both in serial and parallel mechanisms, the type of the arm and each leg, respec-
tively, usually is denoted by the sequence of its joint-types, with the actuated
one underlined. For example, an ideal leg (which is described in more detail in

Section has type RRPS, where S denotes a spherical joint (of type RRR).

A substantial example for a parallel manipulator is the so-called Gough platform
(or Gough-Stewart platform). It consists of two rigid bodies, a fixed base and
a moving platform, joined by six legs of adjustable length (see Fig. 3.11]).
The basic principles of this platform were first established by GouGH [93] in 1947
for a machine for testing tire wear and tear; the first prototype was built in 1955
[198]. Sometimes, the Gough platform is also referred to as Stewart platform.
But the “true” Stewart platform is a mechanism consisting of a triangular mobile
plate connected to the base by three identical legs and was designed to be used as
a flight simulator (see [I56] for further details). According to the six actuated legs,
there are 6 d.o.f. in a Gough platform for the pose (i.e., position and orientation)
of the end-effector. For some applications architectures with additional redundant
actuators are considered, that give the platform additional flexibility. An exten-
sive description of various parallel architectures of robot mechanisms is given by
MERLET [198, Ch. 2]. (Stewart-)Gough-type parallel manipulators are often re-
ferred to as m—n-platforms, e.g., general 66 Stewart platform. Here, m refers
to the number of attaching centers of S-joints in the base, and n to the number
of attaching centers of S-joints in the mobile platform [115]; e.g., an exhaustive
enumeration of Stewart-type manipulators can be found in [128].

3.3 Description of open-loop kinematic chains

Robotic manipulation implies a need for representing position and orientation of
parts of the robot, the end-effector and the robot itself. DENAVIT & HARTEN-
BERG [59] introduced a way to uniquely describe the architecture of an open-loop
kinematic chain. The DH-convention uses a minimal parameter representation
of the kinematic chain. Another approach is the screw-based method, which is
less known, but has become more and more popular in recent research. It is
a more complex method, but has some advantages over the DH-method, espe-
cially considering differential kinematics (see ROCHA et al. [257]). However, in the
following the screw-based method will only be discussed very briefly to introduce
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(a) 1954 o (b) 2000

Figure 3.5. The original Gough platform (or octahedral hexapod) [24].

some fundamental terms; for a more detailed description see, e.g., DAVIDSON et al.

[58], HunT [118].

3.3.1 Denavit-Hartenberg parameters

The architecture of an open-loop kinematic chain may be described uniquely by the
relative location and orientation of the neighboring pair axes. Therefore, several
coordinate systems, so-called frames, are defined. First, a reference frame is
specified, i.e., a universal coordinate system to which everything is referenced to;
secondly, a frame F is attached to each link of the open-loop kinematic chain. The
links are numbered from 0 to n, the joints from 1 to n. Thereby the ¢th pair is
coupling the (i — 1)st and the ith link. Thus, a manipulator is composed of n + 1
links and n pairs, each one either revolute or prismatic, with link 0 denoting the
fixed base and link n the end-effector of the manipulator. In the convention used
by ANGELES [0], frame F; with origin O; and axes X;,Y;, Z; is attached to the
(¢ — 1)st link (¢ = 1,...,mn+ 1) (see Fig. [3.6). For further details about how to
choose the axes see [6, Ch. 4].

A point with coordinates p; € R? in the coordinate system of link ¢ > 0 has
coordinates

Pi-1 = Qipi+c, i=1,...n, (3.1)

where ¢; € R? is a translation vector of special structure and @; € SO(3). The
orthogonal matrix (); represents the matrix rotating frame JF;,; in an orientation
coincident with that of F;; the vector ¢; describes the origin of F;,; in coordinates
of F;. Transformations as in are called rigid motions [286] or Euclidean
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Figure 3.6. Coordinate frames of a Puma robot [0, p. 133].

motions [I53] (see also, e.g., [I80]). They completely determine the relative
position of a link with respect to the former link. If homogeneous coordinates are
introduced, then (3.1) may be written as

Di— o Di . Qi ¢
() -n(1) 7= )

where the vector (p;_1,1)T is called homogeneous representation of p;. The

matrix 7; is the homogeneous transformation matrix with @Q; € SO(3).
Hence, the pose of the end-effector with respect to the base can be written as

(]?[0) :T(1n>7 pOZQpn+C>

where the product

T:Tl---Tn:<Cg i) (3.2)
and its inverse o or
-1 __ — C
= (6 )

determine the coordinate transformation. Expanding (3.2]) we get more explicitly

Q=01 Qn, c=c1+Qica+ - +Q1 QniCy,
in particular, () is again a rotation.

In the following the matrices (); and T;, respectively, are specified using Denavit-
Hartenberg parameters. The homogeneous transformation matrices 7T; can be
written as a product of four basic transformations, two rotations about the axis
Z; and two translations along the axis X;. In particular,
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T; = Rot g, Transz,q4, Transx,,, Rotx,q,

¢ —s; 00 1 00 0 1 0 0 a 1 0 0 0
~|si ¢ 00 010 0 01 0 0 0 coy —Sa; O (3.3)
{0 0 1 0 001 d||O0OO0OT1 O 0 Sq; Cay O '
0O 0 01 00 0 1 0 0 0 1 0 O 0 1
Ci —8iCo;  SiSa;  QiCi
| s cica,  —CiSa, azsZ
I cal
0 0
where ¢; = cosf;, s; = sinf; and ¢,, = cosqy, S,, = sincq;. Thus, denoting

the upper left 3 x 3-matrix of the rotational matrices in (3.3) by Qz and Qx;,
respectively,

Qi = Qz,(0:)Qx, () (3.4)
¢ = Qz(0:) Oi : (3.5)
di

The axis Z; is chosen to be the axis of actuation for joint ¢, i.e., the axis of
revolution and the axis of translation, respectively, for the corresponding kinematic
pairs. The Xj-axis is the common perpendicular to Z;_; and Z;, directed from the
former to the latter; axis Y; is chosen to complete the coordinate system to be a
right hand frame.

The used parameters «;, 0;,d;, and a; have a natural geometric meaning and are
called the Denavit-Hartenberg parameters (short DH parameters) of a kine-

matic pair [6] (see Fig. [3.7)).

a; is defined as the distance between the axes Z; and Z;,. Therefore, it is non-
negative and called link length.

d; is defined as the Z;-coordinate of the intersection of Z; with X, . Its absolute
value is the distance between the axes X; and X;,; and is called the link
offset.

a; is defined as the angle between Z; and Z;,; measured about the positive direc-
tion of X;,1. It is called the twist angle between successive pair axes.

0; is defined as the angle between X; and X;,; measured about the positive di-
rection of Z;. This item is known as the joint angle.

If the ith pair is revolute, the joint angle 6; is variable, whereas a;,d; and «; are
constants. The former is termed joint variable (or joint coordinate, articular
coordinate) of the ith pair, in the following denoted by ©;; the constants are
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Figure 3.7. Denavit-Hartenberg parameters
(mod. from [257]).

known as joint parameters, design parameters or structural parameters.
For a prismatic pair the link offset d; is the joint variable. The joint coordinate
describes the degree of freedom in positioning the ith pair. An n-axis manipula-
tor has n joint variables and 3n constant parameters. The former determine the
configuration or the posture of the manipulator while the latter describe its archi-
tecture. The joint space of a robot consists of all possible joint configurations
O, where © denotes a vector containing all joint variables of the mechanism. The
parameter space of a manipulator is the set of joint parameter-vectors. For ex-
ample, for a serial 3R planar robot as shown in Figure the joint space consists
of all possible joint angles © = (61, 65, 03), which is in absence of joint limits the
three-torus 7°. The parameter space for the family of 3R planar manipulators
consists of all link-length triplets (ay, az,as), and thus is R? [313].

(a) (b)

Figure 3.8. A 3R planar robot arm (a) and
its kinematic skeleton (b) [313 p. 7]
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For a prismatic pair in the variable linear position ©; one has

a;
Qi:QZi(O‘i), G, = 0 )
O;

following from (3.4) and (3.5) with §; = 0. For a revolute joint in the variable
angle position 0;, @; and ¢; are derived directly from (3.3) by setting 6; = ©;.

Note that for prismatic pairs the matrix (); is constant, while for revolute joints

a;
C; = Q?Cz = dl sin a; (36)
d; cos q;

is a constant vector. The detailed conventions of DH parameters might differ
slightly from the above by different authors, depending on the choice of the ref-
erence axes and the way the angles and signs are defined. For further details see,
e.g., [6, 57, 286].

3.3.2 Screw displacements

Another approach for the kinematic modeling of robot manipulators is to use suc-
cessive screw displacements. In contrast to the Denavit-Hartenberg convention,
the screw-based method uses a non-minimal parameter representation of the kine-
matic chain. The method will not be discussed in detail, but a few notions are
introduced at this point, including the Pliicker coordinates of a line. A compara-
tive analysis of the kinematic modeling using Denavit-Hartenberg parameters and
the screw-based method is given by ROCHA et al. [257].

A screw is a geometric entity representing both rotational and translational quan-
tities. As stated in Chasle’s Theorem [0], a general spatial displacement of a rigid
body can be attained by a combination of a translation along an axis and a sub-
sequent rotation about the same axis. The axis of action is called screw axis L.
The axis combined with a scalar pitch, which relates translation and rotation is
called a screw.

A convenient way to define any line in three-dimensional space is by using the
Pliicker coordinates of a line [6, Ch. 3].

Definition 3.3.1 (Pliicker coordinates). Let x1 and xo denote the position vectors
of two points Xy and Xy lying on a line L. Then the Pliucker coordinates of L
are the entries of the 6-dimensional array ., given by

Ve = (:m 52(;2?1;1))‘ (3.7)

By setting
e::u, n:=ux Xe,
|2 — 2]
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equation (3.7) can be written in ; i ; as
t 3 b tt normalized Pliicker coordinates

e =lea -l (). (33)

n

where e determines the direction of L and n its location.

The vector n can be interpreted as the moment of a unit force parallel to e and
of line of action £. The six components of the Pliicker array, the Pliicker coor-
dinates are not independent, since

ee=1, en=0

hence, any line £ has only four independent Pliicker coordinates. Note further,
that the Pliicker coordinates are homogeneous coordinates (see, e.g., [275, Ch. 6]
for details).

A rigid-body motion may now be described by 8 scalars, of which six parameters
are independent. These are the four independent components of the Pliicker coor-
dinates defining the screw axis, the amount of linear translation along the axis and
the rotation angle about the axis (amplitude). A motion described by these six
parameters is called screw displacement. Thus, a general screw displacement
for a rigid body may be given by Rodrigues’s formula

Ty = R(qb)!lfl + d(do),

where z; = (24, Tiy, Ti)", Q(¢) is the rotation matrix corresponding to the ro-
tation ¢ about the screw axis and d(dp) is a displacement vector corresponding
to the translational distance dy along the screw axis [96] (see Fig. [3.9). Thus, a
screw given by the screw parameters ¢ and dy, can be used to describe the pose
of a rigid body relative to a referential system [257].

An instantaneous rigid-body motion relative to a referential system is called an
instantaneous screw (or twist). It is defined by the instant screw axis L',
a pitch p’ and an amplitude ||w||, which represents the magnitude of the angular
velocity. The instantaneous screw may alternatively be defined by six independent
scalars, the three components of its angular velocity w and the three components
of the velocity v of an arbitrary point X;. If the pitch equals zero, the twist is a
pure rotation, whereas the twist is a pure translation for a pitch equal to infinity.
(for further details see, e.g., [6]). So, screw theory associates physical meaning
to a geometric entity by expressing (linear and angular) velocities as twists and
forces/torques as wrenches [257]. Further discussion of instantaneous motion is
presented in Chapter [6]

3.4 Separable (parallel) robots

An important class of serial manipulators are so-called decoupled manipulators
(see Fig. [3.10)). In a decoupled manipulator the last three joints have intersecting
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\ 4
=

Figure 3.9. Screw displacement (mod. from [96]): A
Point P is displaced from position P; to P> by a rota-
tion ¢ about the screw axis followed by a translation
of dy along the same axis. [ denotes a unit vector along
the direction of the screw axis L.

axes and therefore constitute the wrist of the manipulator. If the point C of
intersection is kept fixed, all points of the wrist move on spheres around C. Thus
the wrist is called spherical [0]. Considering a general 6R manipulator, decoupled
in terms of DH parameters means, that ays = a5 = d5 = 0, so the origins of frames
Fs5 and Fg are coincident. All other DH parameters can assume arbitrary values

[6].

A
TR % =
G\\

P(zy.z)

4

Figure 3.10. A general 6R manipulator with decou-
pled architecture [6, p. 142].

A more general notion is that of so-called separable legs [219]. Consider a leg with
six kinematic pairs. Such a leg is called separable if the translation vector c¢5 = 0
(see ) In terms of DH parameters, separable means that a5 = ds = 0. In
particular, a decoupled (serial) manipulator also is separable. Important examples
for separable legs are the ones coupled to the platform by a spherical joint [219].
For separable legs we define the vector

Ac:=c—Qcg— 1 = Qi1 + Q1Qac3 + Q1Q2Q3¢4, (3.9)
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~.

a; d; «; type

1 a¢ di o1 R
2 0 0 (e%)) R
3 0 65 0 P
4 0 b4 iy R
5 0 0 a5 R
6 Qg 66 Qg R

Table 3.1. DH parameters of an ideal leg [219]

which describes the position of the center of the forth joint relative to the center
of the first joint. Given the pose (Q,c) of the end-effector, Ac is known and
defines three equations for the joint variables ©1, ©,, ©3. Considering ©; as
an actuated joint coordinate, the other two can be algebraically eliminated from

(3.9) and an implicit equation
HZ(@Z, AC) =0

can be derived. Note that the analysis of robots with separable legs can be re-
stricted to the actuated joint coordinates if the properties of the passive joints are
not significant or can be studied separately [219]. Consider for example an ideal
leg of type RRPS with DH parameters given in Table 3.1} and where the actuated
pair is prismatic and the others are revolute. There one has

o =c5=0 and Q3 =1.
Thus, the ideal leg is separable and (3.9)) can be applied; taking norms gives

|Ac|| = |Q1Q2(c3 + ca)|| = ||cs + cal| = [O3 + da,

SO

where usually only the positive sign is physical. TAKANO (see [0, 219]) showed
that for a general separable leg, (3.10)) is a polynomial of degree < 4 in ©; for a
linear actuator, and in tan(%) for a rotary actuator.

Motivated by the above analysis a separable parallel robot can be defined as
a parallel robot with six legs, where the pose (¢, @) of the end-effector is related
to the actuated joint coordinates ©; by six independent scalar equations

Hy(d,0;,c+Qdl —d2) =0 (i=1,...,6). (3.11)

The local coordinates of the endpoints of leg ¢ on the base and the platform are
denoted by d° and d?, respectively, while d¢ is a vector of coefficients determining
the details of H; [219]. Similar to the expression ¢ + QdY — d? codes the
position of a reference point on the platform (e.g., the center of the platform-
frame) relative to the center of the base-frame; see also Section . In general,
the function H; must be an algebraic function of the variables. KEMPE [142] and
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FREUDENSTEIN & ROTH [82] showed, that every algebraic curve can be realized
by a closed kinematic chain with a single degree of freedom. Therefore, it is
conceivable that, in principle, any set of algebraic functions H; can be realized in
this way by a sufficiently complex leg.

Depending on the considered class of robots, (3.11]) can be formulated more specif-
ically [219]. A Gough platform (see Fig. [3.11) with six ideal legs of type RRPS
can be characterized by the relation

le+ Qd — &|* — (1 + ©:)* = 0, (3.12)

where [; denotes the parts of the ith leg of fixed length (see also Ex.[5.3.1)). Note,
that in a general Gough platform neither the base nor the platform need to be
planar (see Fig. [3.5)).

e Sjoint

W U joint

Figure 3.11. Scheme of a Gough platform (mod. from [196]).

Separable parallel robots with legs of type PRRS are called active wrist or
hexaglide [IT1] and satisfy equations of the form
e+ QdP — db — Ouu|* — 12 = 0. (3.13)
Similarly, so-called Hexa robots [243], i.e., separable parallel robots with legs of
type RRRS, satisfy equations of the form
e+ QdP — d? — (cos ©;)u — (sin ©;)v||* — 12 = 0. (3.14)

Summarizing, we can say that a large, practically relevant class of parallel robots

can be completely described by (3.11]) (and the special cases (3.12)), (3.13), and
(3.14), respectively), together with the six equations
1 ifi=Fk,

. (3.15)
0 otherwise,

Q" Q)i = b, = {

and the orientation constraint
det @ = 1. (3.16)



Chapter 4

Geometry

4.1 Introduction

The geometry of a robot mechanism treats questions about numerical dimensions
of the robot parts, limits on lengths and angles, interferences between legs (in
parallel manipulators) or the accessible workspace. For coding the pose (i.e.,
position and orientation) of the end-effector of a robot, generalized coordinates
s are used. The equation of state

F(s,0)=0 (4.1)

relates the pose to the joint configuration (or posture) ©, which describes the
combined positions and orientations of all links and the end-effector (or mobile
platform) [219]. The pairs (s, ©) satisfying are called states. A measure-
ment vector y contains the values obtained by internal sensor measurements and
is related to the joint configuration © by the measurement equation

y=Po, (4.2)

where P is a matrix with exactly one 1 per row and zeros elsewhere, which rep-
resents the projection to the vector of measured joint variables. The equation of
state contains all information about the geometry of the measured joints and the
end-effector. For finding limits of ranges on joint variables, global size constraints
for a robot, or inequality constraints for ensuring the absence of interferences be-
tween different legs, however, more detailed information is necessary about how the
robot is built; the equation of state does not cover these items. In the generic case,
i.e., if the implicit function theorem is applicable, it is ensured by the dimensional
constraint

dimy < dim s + dim © — dim F, (4.3)

that the measurements contain enough information to determine a local change of
pose [219)].
If equality holds in (4.3)), the robot is called minimally instrumented robot

[219]. Typically, this is the case if the actuators are instrumented and the passive

%)
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joint variables are eliminated explicitly from the mathematical model, i.e., when
O is reduced to the n actuated joint variables. Thus, in the case of independent
generalized coordinates, y = © and dim F' = dim s. For a minimally instrumented
serial robot, the equation of state may be written explicitly as

s = F(©), (4.4)

and is obtained by writing relation (3.2)) in terms of the generalized coordinates.
For a minimally instrumented separable parallel robot, the equation of state is
given by equation (3.11)). In particular, for a Gough platform, (4.1)) has the explicit
form

O = F(s). (4.5)
It is obtained by writing (3.12)) in terms of the generalized coordinates.

4.2 Sets and Maps

For the main types of geometric problems that typically arise in kinematics it is
convenient to define several sets and the corresponding maps, which are shown
in the following commutative diagram. The descriptions are given according to
WAMPLER & SOMMESE [313].

O

J K
Y M
st TM

| N
Y xP—sP<~—0

T2 T3

T4

P

X —

The sets are described as follows:

Y denotes the input or joint space of the mechanism. Its coordinates are the
joint variables © (or y = PO) (which are typically controlled by actuators).

O denotes the output or operational space of the mechanism. Its coordinates
are the poses s of the end-effector.

P denotes the parameter space of a family of mechanisms (e.g., the set of all 6R
serial robots). It is the set of parameters necessary to describe the geometry
of the joints in each link. Thus, each point in P corresponds to a specific
mechanism with specified link lengths, etc.

M denotes the mechanism space, M C Z x P, where Z = SE(3)"! (or, for
a planar mechanism family, Z = SE(2)"!) is the link space for an n link
mechanism. M describes all possible configurations of a mechanism for all
possible parameters. So, each point (z,p) € M represents a specific mech-
anism p € P in one of its assembly configurations z € Z. The mechanism
space M of a mechanism family is the subset of Z x P that satisfies the joint
constraints. Thus, M characterizes a family of mechanisms, e.g., the family
of spatial 6R serial robots.
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Further, the following three maps are defined on M:

The input map J: M — Y extracts the input values from M.
The output map K: M — O extracts the output values from M.

The projection m,;: M — P extracts the parameters from M. It is the natural
projection operator on Z x P restricted to M, given by my: (z,p) — p.

The above diagram is completed by defining J = (J,mar) and K = (K, my) and
the associated natural projections m; for 7 = 1,...,4. Further, it is useful to define
the inverses of the input/output maps,

J N y) ={(z,p) e M | J(z,p) = y}
K™Y (s)={(2,p) € M | K(z,p) = s},

which apply to a whole mechanism family, as p € P is not fixed. If one wants to
address only one specific mechanism, the inverses of J and K have to be considered.
In analysis problems, typically a specific mechanism p* € P is given and the
basic problems may be formulated using the above definitions. For example, the
forward kinematics problem (see Chapter [5)) is to find output (i.e., pose(s))
s € O of a manipulator which corresponds to a given input-vector of joint variables
y* €Y for a given mechanism p* € P,

FKP(y",p") = K(J ' (y",p")). (4.6)

The inverse kinematics problem goes from output to input and is to find the
vector(s) of joint variables y € Y that correspond to a given pose s* € O for a
given mechanism p* € P,

A

IKP(s*,p*) = J(K(s*,p")). (4.7)

For a more detailed discussion of geometric problems arising in kinematics see

[313, Ch. 4.

4.3 Generalized coordinates

The generalized coordinates code the pose of the end-effector relative to the
base. E.g., for a (serial) robot manipulator consisting of N rigid bodies, 6N
coordinates are required to specify the position and orientation of all the bodies
relative to a coordinate frame. But, because some of the links are joined together,
there is a number of constraint equations which establish relationships between
some coordinates. Therefore, the 6N coordinates can be expressed as functions
of a smaller set s of coordinates, that are all independent. The coordinates of
s are known as generalized coordinates; the joint variables © form a set of
generalized coordinates [280].
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There are multiple ways of choosing the set of generalized coordinates; in principle,
their choice is a matter of convenience. The displacement vector is usually given
in Cartesian form, although other parameterizations, e.g., the dual quaternion
parameterization of STUDY [288] (see, e.g., [123]) are discussed in the literature
(e.g., [122] 124 235, 250}, 310]). For a definite description, the vector of generalized
coordinates s is defined as
= (o)
c

where c is the position of a specific point of the end-effector relative to the base,
and r encodes the rotation @Q = Q[r] in such a way, that and hold
for all admissible . The rotation may be written in terms of a convenient param-
eterization. A common used one for three-dimensional rotations is the so-called
Euler angles parameterization. According to Euler’s rotation theorem, every
rotation may be described using three angles, frequently denoted by ¢, 8,1. The
rotation () may be achieved by composing three elemental rotations about cer-
tain axes of the coordinate frame. There are many significantly different ways of
defining the FEuler angles, depending on the posed problem. One highly used rep-
resentation is pitch-roll-yaw (see, e.g., [132] [133], 289]); for further information on
Euler angles and other Euler angles set conventions see, e.g., [57), 216], 286]. Other
ways for parameterizing the rotation ()[r] are the quaternion parameterization,
or more redundant parameterizations involving components of ) and additional
orthogonality constraints relating these. Taking for r simply the components of
Q (restricted by (3.15) and (3.16)) produces the simplest but most redundant
parameterization [219].

Using a trigonometric parameterization in terms of angles (e.g., Euler angles),
its interpretation depends on a fixed coordinate system. Further, additional sin-
gularities for certain angle combinations are introduced. Therefore, the quater-
nion parameterization is a numerically more convenient and singularity-free
parameterization of rotations. Most of the following statements about quaternion
representation, further explanations, and proofs can be found in NEUMAIER [220)].

Theorem 4.3.1 (Quaternion parameterization). Let r € R3 with rTr < 1 and
ro = V1—1rTr, and let X € R3*3 be a skew-symmetric matriz of the form

O —T3 T2
X(ry=1rs 0 —r
—T9 T 0
Then the matriz
Q[r] :== 1+ 2ro X (r) + 2X(r)?, (4.8)

is a rotation. Conversely, every rotation Q has the form Q = Qlr] for some r € R?
with rTr < 1.

Proof. See NEUMAIER [220]. O

Using the fact that
X(r)? =r? —rTrl,
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(4.8) can be expanded to

—r2 — 712 rirg —rer3 Tir3 4+ T
Q[T] =1+2-R, R:=[rira+rors —7’% - 7”% ror3 — ro”1 | - (49)
TiT3 — ToTy Tors+Tery  —Ti—1T3

Relation (4.9) can be written in homogeneous form by

2
Q[TQ,T] :1+WR’ (410)
with ry € R, r € R? not both zero. Further, (4.10) reflects the fact that SO(3)

has the structure of a projective 3-space (see, e.g., [I78]). Since Q[ro, ] satisfies

Q[T07T] = Q[/\r(b /\T’], A # 07

i.e., scaling ro and r by the same nonzero factor does not change the rotation
matrix, (ro,7) may be normalized to

10 >0, 1o+7r°=¢e (e>0 fixed).

Thus, the quaternion parameterization of rotations given in (4.8)) may be written
as Q = Q.[r] with
2
Qrl=1+2 R, (1)
e

where 7 € R3, 72 < e and 1o = (/e — 3.0, r2. For e = 2, the factor 2 can be
deleted and @Qs[r]| can be computed with only 15 additions, 9 multiplications and
a square root. However, the standard scaling in the literature has e = 1, which
makes the computation of more expensive, but saves the factor e~/? in the
multiplication rule below. Different normalization conventions may be used
as well, such as, e.g., ro = 1 or r2 + r* = 2rj, which work well for rotations by a

limited angle [219].

For r? = e, we get ro = 0 and Q.[r] = Q.[—r]; thus, antipodal vectors r of

length /e are identified in the quaternion parameterization. This reflects the non-
Euclidean structure of SO(3) and has to be taken into account when constructing
smooth motions joining two poses involving a small o but nearly opposite r [219]
(see, e.g., [10, 254, 279, 342]). Geometrically, QQ[r] describes a rotation around the
vector 1 by the angle & = arcsin(%).

Independent of the parameterization, the product of rotations again is a rotation.
This fact implies the existence of a product formula

Qe[r]Qe[s] = Qr & s], (4.12)

where & denotes a parameterization dependent, non-commutative but associative
binary operation @. One elegant way to derive (4.12)) is using quaternions. A
quaternion is a 4 x 4 matrix of the form

()

for ro € R, r € R3. Quaternions are used for proving the following theorem, which
provides the product formula for the quaternion parameterization (4.11)).
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Theorem 4.3.2 (Product formula for rotations in quaternion parameterization).
Let r? < e,s® < e. Then there exists a product formula , where

r@si=+e V2 (sor +ros+17 X 5), (4.13)

forrog = ve—12 59 =+ve—s? and the sign chosen such that £(roso —r-s) > 0.
Further,
Qelr] ™ = Qcr]" = Qc[-r], r®(-r)=0.

Proof. See NEUMAIER [220]. O

Applications for the quaternion representation are given in, e.g., [258, 312], where
it is used for the forward displacement analysis of spherical parallel manipulators.
WaMPLER [310] used Study’s soma coordinates, which are, except for a factor
of 1/2 identical to dual quaternions, for the forward displacement analysis of a
general 6-SPS Stewart platform.

4.4 Workspace

Generally, the workspace of a mechanism is a region of points that can be reached
by a reference point on the manipulator extremity [44]. The end-effector cannot
reach every pose, due to its mechanical architecture (e.g., link-lengths) or tech-
nological constraints, such as limits on the joint motions. For both serial and
parallel manipulators, the motions can be restricted by limits on the passive joints
or limitation due to the actuators. For parallel robots, there are perhaps bounds
on the angles between legs and platforms, which are chosen such that the legs do
not interfere with each other within these limits. All these restrictions are taken
into account in the modeling process. In the most general case, the constraints
are defined by a vector of constraint inequalities,

C(s,0) € C, (4.14)

where C is a simple set, defined by lower and/or upper bounds on the components
only [219]. The set of states (s, ©) satisfying the equation of state and
is a manifold. If the dimension of this manifold is d, then the robot is said to
have d degrees of freedom [219]. The manifold can be connected or disconnected;
in the latter case, the workspace is split into separate components, which means
that the robot can be assembled in different, equivalent ways. Here, only the
component S containing the nominal assembling position is of interest. The six
dimensional manifold S is called the state space of the mechanism [219]. The set
of all attainable poses of the end-effector is called complete workspace. In case
of a 6 d.o.f. manipulator it is the 6D-workspace W C SF(3), which is described
by the projection
W={s|(s,0)eS}
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of the state space to the space of possible poses. Recall that s consists of a vector
¢, representing the coordinates of a specific point on the end-effector, and of a
vector r, whose components define the end-effector’s orientation. Thus, VW can
also be written as

W= {(c,r) | ce W.CR}rcR*s.t. Q[r] € W, C SO(3)},

where W. and W, denote the maximal three-dimensional reachable position and
orientation workspaces, respectively. Thus, W,(r) is the position workspace un-
der constant orientation Q[r], and W, (p) the orientation workspace under
constant position c [134].

The 6D-workspace contains all poses of the end-effector which are realizable by
the actuators within given constraints. The visualization of six dimensions is lim-
ited, hence workspace problems generally only involve some projection of the 6D-
workspace; but note, that planning problems may involve the full 6D-workspace.
Problems which consist of finding the extremal values of one of the pose parameters
are known as one-parameter problems, while three-parameter problems as-
sume nominal constraints on three of the joint variables; e.g., they may have a
fixed value or must lie within given ranges. For one-parameter problems, a worst
case analysis is required, therefore these are global optimization problems. These
have never been fully investigated [219).

To formulate constraints on the pose, the positioning and orientational part of s (¢
and r, respectively), are treated separately. The robot has to work in an environ-
ment of given size. Thus, constraints on the position ¢ are generally simple bounds
resulting from this need. Constraints on the orientation r are usually expressed
by constraints on the values of some angles. However, quaternion parameters can
easily be used to encode geometric constraints. Consider the parameterization
Q = Qc[r], given by (4.11)). According to NEUMAIER [219], the constraints

r? < E(1 — cos ),
2
and equivalently,
e
re > 5(1 — cos )

limit the rotation to an angle |#| < a around its axis. Further, the constraints
i+ 13 < 7"32, tan® a,

and equivalently,
2

2 3
rg + >1
0" cos?ar T
limit the rotation axis to a circular cone with half opening angle o around the
Z-axis. In the same way,

ritan®a < 73 473,

and equivalently,
2
2 "
rg + >1
O o T
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keep the rotation axis away from a circular cone with half opening angle o around
the X-axis, without restricting it in the XY -plane. General homogeneous quadratic
inequalities do the same for other preferred or avoided orientations.

Due to the six dimensions of the workspace, a graphical illustration of the robot
workspace is difficult to provide. In contrast to serial manipulators, for parallel
robots having more than 3 d.o.f. there exists no such graphical representation.
Consider for example a serial manipulator with 6 d.o.f. with a concurrent axis
wrist. It may be represented by the 3D-volume reachable by the center of the
wrist, which illustrates the translations. Two of the rotational degrees of freedom
may then be represented by the surface that may be reached by the extremity of
the end-effector [I98]. The graphical representation of the workspace of a parallel
robot is possible only for robots with at most 3 d.o.f. Workspace representation
for robots with n > 3 d.o.f. will only be possible, if n — 3 pose parameters are
fixed. This assumption can be taken, because in many situations the platform
either operates with a fixed orientation or rotates about a fixed point. MACHO
et al. [I74] provide a new software tool which computes and visualizes different
workspace-types of parallel manipulators, depending on the user chosen variables,
onto which the workspace shall be projected. Depending on the choice of the pose
parameters and the constraints imposed on these, different types of workspace will
be obtained and impose certain types of three-parameter problems; for example,
for a general Stewart platform, a total of twenty different slices of the 6D workspace
can be obtained [21].

The typically relevant types of workspace are ([198]):

constant orientation workspace or translation workspace: all possible po-
sitions of a fixed point C at the robot that can be reached with a given
orientation,

orientation workspace: all possible orientations that can be reached given that
C'is in a fixed location,

total orientation workspace: all the locations of C' that may be reached with
all the orientations among a set defined by ranges on the orientation angles,

dextrous workspace: important special case of the total orientation workspace,
which contains all locations of C' for which all orientations are possible,

maximal workspace or reachable workspace: all the locations of C' that may
be reached with at least one orientation of the end-effector.

But other specific workspace definitions may be useful for certain tasks; e.g.,
BONEV & GOSSELIN [25] give a fast algorithm for the so-called constant-torsion
workspace of symmetrical spherical parallel mechanisms and presents a methodol-
ogy for the analytical determination and representation of the workspace bound-
aries.
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The corresponding three-parameter problems to the above described workspace
types are listed below in increasing order of complexity [219].

Constant orientation workspace: Find the set of positions ¢ such that s € W
for a given orientation r.

Orientation workspace: Find the set of orientations r such that s € W for a
given position c.

Total orientation workspace: Find the set of positions ¢ such that s € W for
all » € r for a given set of r of desired orientations.

Dextrous workspace: Find the set of positions ¢ such that s € W for all » € r,
where r consists of all meaningful choices of orientations (in particular, for

Euler angles r is the range [0, 27]* X [0, 7], and for quaternions it is the unit
ball).

Maximal workspace: Find the set of positions ¢ for which there exists at least
one orientation r such that s € W.

4.4.1 Workspace for parallel robots
Constant orientation workspace

Three-parameter problems are constraint satisfaction problems of the covering
type, and therefore usually expensive to solve. But if only limits on the actuated
joints are considered, the computational effort can be significantly reduced. For
example, the constant orientation workspace for separable parallel robots is the
intersection of six circular rings and the workspace boundaries are given by circular
arcs, and may be computed in a few milliseconds by an algorithm provided by
GOSSELIN [89]. In the presence of constraints on joint limits in the passive joints,
or possible leg interference, the problem becomes more complex [I86]. The interior
of the constant orientation workspace of a Gough-type platform was computed
with interval methods by MERLET [193].

An alternative approach for accurate and computationally effective calculation
of the constant orientation workspace of a constrained parallel manipulator was
given by SHAH et al. [276], using CAD modeling software. The used geometric
programming methods (constraint analysis and Boolean volumetric operations),
could potentially be much more insightful, efficient and accurate compared to
conventional parameter sweep methods.

Orientation workspace

The computation and visualization of the orientation workspace turn out to be
more difficult, due to more complex equations and the difficulty of representing
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orientations intuitively [21]. A possibility is to hold the orientation angles fixed
[188], or to let the three angles vary [236]. But all methods rely on some sort of
discretization and therefore, produce incomplete or less accurate output in some
situations [21]. JIANG & GOSSELIN [133] gave a fast method providing appealing
visualizations of the orientation workspace of a Gough-Stewart platform, but me-
chanical limits in the passive joints are neglected; thus, the computed workspace
is an overestimation of the true workspace. Further, some methods only compute
the connected component of the workspace which is achievable from a pre-defined
initial assembly configuration [296].

CAO et al. [38] present a discretization method based on half-angle transformation
and the inverse kinematics solution for computing the orientation workspace of a
Gough-Stewart platform with similar semi-symmetrical hexagon base and plat-
form. The method also takes limitations of active and passive joints and link
interference into account.

Another numerical approach was given by YANG & CHEN [336] for the orientation
workspace analysis of a 3 d.o.f. spherical manipulator, using a novel partition
scheme for dividing the sphere D? to which SO(3) can be mapped, into finite
elements with equal volume.

According to BOHIGAS et al. [21], a proposed method for workspace computation
should ideally be complete, accurate and as general as possible. The property of
being complete refers to the ability of finding all connected components of the
workspace, rather than obtaining just one achievable from a recent configuration.
Further, a precise representation of the workspace volume and of any motion bar-
riers in the interior of the volume is required with high accuracy. Finally, every
possible workspace slice that can be obtained by fixing three of the pose parame-
ters, should be determined. A unified method satisfying the previous requirements
was given in [21], valid for Stewart platforms consisting of base and platform of
arbitrary geometry, connected by six legs of type UPS. First, a system of equations
is formulated, defining the boundary 0V of the workspace WW. Then, an iterative
procedure based on linear relaxations is used to isolate slices of such boundary
exhaustively at the required solution. In particular, a system of 33 equations in
39 variables represents the general 6D-workspace, using the joint variables and
constraints introduced by the mechanical limits on all joints. The boundary W
is then obtained by adding an additional equation, representing the property that
a point lies on OV, whenever any of the active or passive joints reaches a mechan-
ical limit. Thus, the OW has one dimension less then mathcalWW itself. However,
it is still hard to compute the boundary exhaustively; but by setting three vari-
ables to a constant value, arbitrary two-dimensional slices of the boundary can be
obtained. The algorithm for solving the system of equations numerically is based
on a linear relaxation paradigm (described by PORTA et al. [247]), starting with
algebraizing the equations into a canonical form. An initial box containing all the
solutions is computed, and then all boundary points at the desired resolution are
isolated using a branch-and-prune method. Results with computations times of
about one minute for computing the constant position and the constant orientation
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workspace are provided. However, possible leg interferences are not taken into ac-
count. The proposed method shows potential of being able to cope with additional
constraints, like singularity-avoidance or leg-leg collisions, but further work seems
required to provide a formulation ensuring an acceptable computational effort.

Maximal workspace

The most difficult task is the calculation of the mazimal workspace, which may
take hours of computation time for manipulators with large ranges for certain joint
variables [191].

A complete analysis of the reachable workspace of spatial Gough-Stewart platforms
with planar base and platform was given for the first time in 2006 by PERNKOPF
& Husty [236].

JIN et al. [I34] 135] found optimal dimensions for the maximal 6D-workspace of
a 3RPPS parallel manipulator, using an approach of finite-partitioning of SFE(3)
(based on [336]). The workspace optimization presented there is valid, but com-
putational expensive, due to the large number of sampling features.

An algorithm for computing the reachable workspace of symmetric spatial parallel
manipulators was proposed by ZHAO et al. [346, [347], who investigated the anal-
ogous symmetry properties between the workspace and the mechanism structure.
It has been proven, that the symmetry group (which for a polygon V' in the plane
consists of all motions ¢ for which ¢(V') = V') of the kinematic chain structure of
the end-effector must be a subgroup of that of the end-effector. The computational
effort may be reduced significantly, because only a reduced part of the workspace
needs to be investigated; in particular, if the order of the symmetry group of the
mechanism structure is n, then the search area can be reduced to % of the initial
one.

Further results

An analytic solution for the reachable workspace of axially symmetric hexapods
was given by AGHELI & NESTINGER [1], based on a decomposition of the mecha-
nism into three intersecting modified four-bar mechanisms. The method is exten-
sible to other types of workspaces and manipulator geometries.

An overview of workspace determination for several types of parallel manipula-
tors, e.g., for planar manipulators, 3-UPU-manipulators, and the general 6-UPS
manipulator, are given by MERLET [198]. For other types of parallel manipu-
lators, specific research has been done; for example CERVANTES-SANCHEZ et al.
[46] present a methodology for the determination of the workspace for 5R spherical
symmetric manipulators or HAY & SNYMAN [105] a numerical multilevel optimiza-
tion method for determining the dextrous workspace of a 3 d.o.f. planar parallel
manipulator.
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KOTLARSKI et al. [T48] present a method to enlarge the useable workspace, i.e., the
singularity-free workspace, guaranteeing a certain achievable accuracy for a given
actuator resolution. The method is based on interval analysis and is operational
for planar parallel manipulators with kinematic redundancy, realized by adding at
least one actuated (prismatic) joint to one kinematic chain. Results show, that an
additional (prismatic) actuator significantly increases the useable workspace.

As mentioned before, a constraint which enforces limitation on the workspace is a
possible self-collision, i.e., the collision between the legs of the robot, and, even-
tually with the base or the platform. Collision detection may be formulated as a
constrained optimization problem in which distance between the legs is minimized.
But there is no need to compute an exact value of the minimum, it is enough to
show whether it is lower or greater than a given value. MERLET & DANEY
[204] present an algorithm based on interval analysis, which exhibits an efficient
leg interference check for 6 d.o.f. Gough-platforms, where the legs are modeled
as finite cylindrical elements. The algorithm allows to detect an interference in
a given workspace volume. Remaining problems are to determine the maximal
interference-free workspace or the design parameters so that a given workspace
will be interference free [204].

4.4.2 Workspace for serial manipulators

The determination of the workspace volume for serial manipulators is easier than
the computation for parallel mechanisms. Consider for example a 3R planar ma-
nipulator. There, the reachable workspace problem is to find the boundaries of
the real working volume of the given robot with design parameters p* € P, which
can be accomplished by computing the singularity surface

S; = {@ € Tgs | rankc?@KgR(@,p*) < 3},

where T3 denotes the set of real joint angles, i.e., the joint space consisting of
all possible (real) joint angles © = (0, 0,,03); in absence of joint limits, 77
is the three-torus. K3g(©,p*) denotes the forward kinematics map (cf. Section
restricted to the set of parameters for given parameters p* for the robot.
Then 0g K3r denotes the 3 x 3 Jacobian of K3g with respect to the joint angles.
The boundaries of the reachable workspace are contained in the image of the
singularities [313]. GUO et al. [07] present a complete classification and workspace
composition of 3R planar manipulators based on the characteristics chart method.

For serial manipulators, the robot manipulator structure can be divided into two
separate groups. The regional structure consists of the arm moving the end-effector
in a desired position; the orientation structure contains the link(s) rotating the
end-effector to a desired orientation. Therefore, the positioning and orientation
problem can be discussed separately. GUPTA & ROTH [08] have presented some
valuable concepts regarding the workspace of manipulators. Different solution
approaches for workspace calculations are possible, e.g., algebraic and geometric
approaches [42] [43], 300], continuation [136], heuristic methods [335], or single- and
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multi-objective optimization [16], 45, 226]. In particular, for 3R manipulators a
great number of publications can be found, due to their importance in industrial
applications. So ZEIN et al. [343] present a classification of 3R manipulators with
at least one DH parameter equal to zero, based on the topology of the workspace.
A characterization of the workspace boundary of 3R manipulators can be found in
[272]. OTTAVIANO et al. [225] characterize workspace topologies of 3R industrial
manipulators by a level-set reconstruction; the proposed algebraic expressions are
useful to classify industrial 3R manipulators. Further, conditions for avoiding sin-
gularities in the workspace are identified. Recently, a fast algorithm for numerical
computation of the workspace has been presented by SHI et al. [277]. Tt is based
upon the singularity analysis of a manipulator. The algorithm is operational for
serial manipulators with up to six revolute joints.

Since workspace quality and quantity have become most important performance
indices [135], the workspace of a robot manipulator is an important criterion for the
optimal design of the mechanism. Further, the property of being singularity-free
is a crucial aspect of workspace analysis (see Chapter .

4.4.3 Related problems

An associated problem to workspace determination is to define a geometrical ob-
ject (e.g., a cube or a sphere) and determine the largest such object enclosed in the
workspace of the robot (see also section . For the Gough-Stewart platform
of type MSSM (Maximal Simplified Symmetric Manipulator, see [198]), JIANG
& GOSSELIN [132] provided an iterative algorithm for determining the maximal
singularity-free sphere in the orientation workspace (see Fig. . The problem is
to find the point on the singularity surface which is closest to a reference orien-
tation; the distance of this point to the reference orientation then is taken as the
radius of the maximal singularity-free sphere.

CHABLAT et al. [5I] present an interval-analysis based algorithm for 3 d.o.f.
parallel manipulators to determine the largest cube (or, with some parameter-
modifications the largest sphere or other regular shaped object) enclosed in the
dexterous workspace. [52] present the square workspaces of two specific 3 d.o.f.
manipulators. An algorithm which is able to verify (very quickly) whether an
arbitrary trajectory (or surface or volume) lies entirely within the workspace was
proposed by MERLET [194]. The algorithm is based on interval arithmetic and
therefore provides the validity of a trajectory (surface/volume) in a guaranteed
matter. Further details about the singularity-free workspace are presented in

Chapter

Another problem is to verify the reachability of a planned workspace; in
particular, to decide if a specific planned workspace W, is contained in the full 6D
workspace W. Let the boundary of C in be denoted by dC; it consists of
all vectors in which at least one bound defining C is attained. The reachability
verification-problem then can be solved in two steps:
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(a) The MSSM architecure (top view). (b) Singularity  surface, maximal

singularity-free orientation workspace
and maximal singularity-free sphere of
the MSSM

Figure 4.1. A Gough-Stewart platform of type MSSM (Maximal Simplified Symmetric
Manipulator) and its maximal singularity-free orientation workspace [132]

(i) Verify the existence xg € W,. Such a point can frequently be found by local
methods; a global search is only needed in hard cases.

(ii) Show that
F(5,0)=0 forseW,, C(s,0)¢cdC, (4.15)

has no solution.

The boundary-freeness condition in is a global constraint satisfaction
problem and therefore hard. If the two steps of the reachability verification-
problem are solved successfully, continuity implies reachability [219]. (For more
on boundary-freeness see, e.g., NEUMAIER [218], ZANGWILL & GARCIA [340)].)



Chapter 5

Geometric Kinematics: Forward
and Inverse Kinematics

5.1 Introduction

Kinematics studies the motion of points or rigid bodies without reference to mass
or forces. Motion is described by the trajectories of points, lines or other geometric
objects. Furthermore, their differential properties like velocity and acceleration are
also discussed. Geometric kinematics is an important part of the analysis of
a robot mechanism. It is about solving the equation of state for the states
(s,0), given partial information. In addition, geometric kinematics is concerned
with determining the accuracy with which the states can be assessed from noisy
measurements. This topic is addressed in Chapter [} Differential kinematics
studies the relationship between the rate of change of pose and joint configurations
of a robot performing a known motion (see Chapter @

The direct or forward kinematics problem (FKP) is to find the coordinates
of the pose of the end-effector for given actuated joint coordinates. In particular,
given are measurements y = PO for the sensed part PO of the joint config-
uration ©. Then the problem is to find the set of possible states (s,©) for the
measurement-vector y, and it is to be determined which of these states corresponds
to the actual pose of the robot.

For the inverse kinematics problem (IKP), on the other hand, the pose of the
end-effector is known while the actuated joint coordinates are wanted. Therefore,
the task is to find the set of possible states (s, ©) for given generalized coordinates
s, and to determine which one corresponds to the actual joint configuration of the
manipulator.

Thus, for a robot in which all modeled joint variables are sensed, the FKP means
to derive s from © while the IKP means to get © from s [219].

69
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5.2 Serial Manipulators

For serial manipulators the pose of the end-effector is uniquely determined by the
joint configuration. Therefore solving the direct kinematic problem for serial ma-
nipulators is straightforward, evaluating the kinematic displacement (or loop
closure) equations (3.2

T=T T,

where the homogeneous transformation matrix 7' contains the pose of the end-
effector with respect to the base, and T} (i = 1,...,n) denote the transformation
matrices, which write the coordinates of frame JF; with respect to frame F;_;.

Example 5.2.1 (FKP: 3R planar manipulator [313]). Consider a planar robot
with two revolute joints, as shown in Figure [5.1 Without loss of generality the
point of origin O = (0,0). The relative rotation angles 01,605,053 are given, and
the lengths a1, as,asg of the three links are known. Now, the coordinates of the tip,
R = (ry,1y) and the absolute orientation angle ¢3 of the last link shall be computed.
Since link offset and twist angle are zero for each link, the transformation matrices

T; derived from are

¢ —s; 0 aic

S; C; 0 a;S;
Ii= o o 1 0 |’

0 0 0 1

where ¢; = cos; and s; = sin ;. After converting the relative angles 6; to absolute

ones (¢;) as
(¢1, P2, 03) = (01,61 + 02,01 + 02 + 03),

the position of the tip is
(Tw) _ <a1 COS @1 + ag €oS ¢o + ag cos (;53)

Ty ay sin @1 + as sin ¢ + as sin ¢3

which has a unique solution.

(a) (b)
Figure 5.1. A 3R planar robot arm (a), and its kinematic skeleton (b), (c) [313), p. 7].
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However, the inverse kinematics problem for serial manipulators might be difficult
to solve. The IKP leads to a system of multivariate non-linear polynomials (i.e.,
n polynomials in n unknowns) which has multiple solutions, depending on the
number of joints, the link parameters and the allowable ranges of motion of the
joints [57]. A basic approach for solving the IKP of general (non-redundant) serial
manipulators is to disassemble the kinematic chain of the robot at two joints to
obtain two subchains or subloops [6]; the procedure is described by, e.g., ANGELES
[6, Ch. 9].

Example 5.2.2 (IKP: 3R planar manipulator [313]). Consider a 3R planar ma-
nipulator as in Example [5.2.1. Now, the absolute rotation angle ¢3 of the last
link and the position of the tip, R = (r1,r3) are given. Thus, the position of the
intermediate point () can be easily derived as

_ (49z\ _ [Tz — G3COS ¢3
Q= <qy) - (ry — as sind)g) '

However, to find the remaining angles ¢1, ¢2 a system of trigonometric equations,

given by
Gz a1 COS @1 + Qg COS o
= . . (5.1)
Qy a1 8in @1 + as sin ¢o
has to be solved. There are several ways for doing this. One way is to convert
into a system of polynomial equations. This may be done by introducing
the variables x; = cos ¢; and y; = sin¢; and the trigonometric identity cos® ¢; +
sin?¢; = 1 fori = 1,2, and substituting the variables in . Another possibility

18 to use the tangent half-angle relation for rationally parameterizing a circle. Here,
the substitutions made are

2t; 1— ¢

7 o ¢2
1+t?7 OS¢Z_1+t?7

for t; = tan —.

sin ¢; = 5

An alternative way is to concentrate first on finding the intermediate point P =
(pzy py) which can lie at either of the intersection points of two circles, centered at
O with radius a1 and centered at () with radius as, respectively. This leads to a
system of two quadratic polynomials in the variables p, and p,,

(p:c - %c)z + (py - Qy)2 - CL%

By substracting the first from the second polynomial, a system of one quadratic
and one linear equation in the unknowns (ps,p,) is obtained. Hence, the IKP of
the 3R planar manipulator has at most two isolated solutions.

In the end of the 1980s and at the beginning of the 1990s, the IKP of a general
6R manipulator was considered to be the most difficult among all problems in
kinematics. PIEPER [242] provided the earliest results and derived a closed-form
solution for manipulators with special geometry. The primary upper bound of 32
solutions [265] was reduced to 16 in the end of the 1980s [I58| 249, 299]. RAGHA-
VAN & RoOTH [252] presented a solution procedure based on dialytic elimination
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which results in a 16th degree polynomial in the tangent of the half-angle of one of
the joint variables; e.g., MANOCHA & CANNY [I76] expressed the polynomial as
matrix determinant and computed its roots by reducing the problem to an eigen-
value problem. An exhaustive description of the IKP for decoupled manipulators
is given by ANGELES [0, Ch. 4]; further, in [6, Ch. 9] solution methods for the IKP
of general (non-redundant) 6R serial manipulators are discussed in detail.

More recently, SELIG [275] gave a simple but abstract proof based on intersection
theory and a cell decomposition of the Study quadric, which is an elegant rep-
resentation of SE(3). D1 Rocco et al. [64] turned Selig’s proof into a concrete
homotopy method for numerically solving the IKP. In the final topology, there
are 16 paths used to find the 16 solutions. |PFURNER & HusTy| [124] 240, 241]
provided a new and efficient algorithm for the general 6R manipulator, where for
the first time the geometric structure of the problem is revealed. The Study model
of Euclidean displacements (also denoted as kinematic image) is used, which iden-
tifies a displacement with a point on a six dimensional quadric Sz. The 6R—chain
is decomposed to two 3R—chains, of which the kinematic image turns out to be
a Segre manifold consisting of a one parameter set of 3-spaces. The intersection
of two of these manifolds and S? gives 16 points, which are the kinematic images
representing the 16 solutions of the IKP. By algebraic means, there are a system
of seven linear equations and a resultant to solve in order to derive the univariate
16th degree polynomial. There, the algorithm gives two out of the six joint angles
and calculates the remaining by solving the IKP of two 2R—chains.

Another approach is presented by QIAO et al. [250], which uses double quaternions
and a new elimination procedure based on Dixon resultants. The double quater-
nion formulation of the spatial displacements simplifies the solution procedure,
compared to the traditional homogeneous matrix method [250].

For 6 d.o.f. manipulators of specific architectures, various research has been done
(e.g., [110], 113, 221]. For example, HO et al. [I10] provide a fast and reliable
closed-form solution for a mechanism which is similar to the human arm structure,
which is fast enough for real-time control. NIE & HUANG [221] use the method of
sequential retrieval for deriving an analytic solution for a specific arm—structure,
for which the IKP has not been solved analytically before.

Additionally to geometric, algebraic or iterative approaches, optimization meth-
ods for solving the IKP have been published (e.g., [61), 8], 87, 162 167, B331]).
Due to the higher complexity of the IKP of redundant manipulators, the usage of
artificial neural networks has become more important [147]. For example, KOKER
[147] proposed a method using neural networks combined with a genetic algo-
rithm to minimize the error at the end-effector of a 6 d.o.f. Stanford manipulator;
micrometer levels of accuracy are produced.
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5.3 Parallel manipulators

In contrast to serial manipulators, solving the inverse kinematics problem for par-
allel mechanisms proves itself to be quite simple, while the solution of the direct
kinematics problem is usually quite difficult and may possess several solutions.

5.3.1 Inverse kinematics of parallel manipulators

Solving the IKP for parallel robots is essential for position control of parallel
robots. The general approach for solving the IKP can be either analytical or
geometrical, as described by MERLET [198]. The analytic method uses the vector
between the endpoints A and B where the chains are fixed to the base and the
moving platform as fundamental data for solving the IKP. On the one hand, the
coordinates of A are by construction known in a fixed reference frame, while the
coordinates of B may be derived from the pose (¢, Q) of the end-effector. If s
represents the pose of the moving platform in generalized coordinates,

AB = Hy(s) (5.2)

gives the positions of the extreme points of all the chains for which the joint
coordinates are to be calculated. On the other hand, the chain from A to B can
be determined by the chain joint coordinates © and, if needed, the pose of the
moving platform. So, the vector AB can be written in terms of © and s as

AB = Hy(s,0),
and solution of the IKP can be found by solving the system of equations
H(s) = Hy(s,0), (5.3)

which may be written for separable robots as a system of univariate equations
as in equation (using similar notation as in Example [5.3.1). In general,
the calculation for each chain involves the generalized coordinates of the moving
platform and the joint coordinates of the actual leg, but not those of the other
chains. Therefore the solution can be done in parallel for each of the chains (as long
as the chains do not share an actuated joint variable). The number of unknowns in
is 3p, if p is the number of chains; for planar robots, the number of unknowns
is 2p. The advantage of this analytic approach is that it can be fully automatized.

Example 5.3.1 (IKP: 6-UPS manipulator). Considering a 6 d.o.f. separable par-
allel robot (i.e., a 6 UPS) manipulator, see Fig. , the IKP s to determine the

length ©; of A;B;, being given the generalized coordinates s of the platform, i.e.,
the vector O(% and a set r of parameters defining the orientation of the platform.
Hence, the components of A;B; can be completely determined by writing as
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where the vectors m, Cﬁ are known, and R denotes the rotation matriz between
the moving frame and the reference frame. Furthermore, B; can be considered as
the extreme point of an RRP chain. Let ~; = (qu,, au,) be the vector of the two
rotation angles around the R joints. Then the unit vector n; that defines the
direction of the leg, may be calculated as a function of 7;, so

A;B; = (li + ©;)n; = Hy, (74, 0;), (5.5)

where [; denotes the part of the ith leg of fixed length. Thus, by combining equations
and , for each leg a system of 3 equations in the unknowns ©;, ay,, ay,
1s derived. To solve this system one may notice, that the norm szﬁ n equation
is ©2, and that the norm may be calculated directly from equation .
Therefore, by writing A0 = —d?, OC = c, RCY—B; = Qd?, the joint coordinates ©;
can be derived from , which s

le +Qd — di||* — (i + ©;)* = 0.

Figure 5.2. Fundamental vectors for establishing the
inverse kinematics of a 6-UPS platform [198, p. 99].

A geometrical approach for solving the IKP is to consider that the endpoints
A and B of each chain have a known position in three-dimensional space [198].
Then, each leg is cut at a cutting point M. So the chains between A and M,
respectively M and B, constitute two different mechanisms M, and Mp. Under
the assumption that the mechanisms have only classical lower pairs (i.e., revolute
or prismatic joints, see Chapter , the point M is as a member of M, considered
to lie on an algebraic variety V4; analogously, M considered as a member of Mp
lies on an algebraic variety V. An algebraic variety with dimension d in three-
dimensional space is defined through a set of (3 — d) independent equations. So,
the varieties V4 and Vg with dimensions dim V4 and dim Vp are defined through
(3—dim V) and (3 —dim V) equations, respectively. The solution of the IKP lies
on the intersection of the two varieties. An advantage of this method is the fact
that the intersection of algebraic varieties in two- and three-dimensional space is
a well-studied topic. Therefore, e.g., bounds on the number of intersection points
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may be determined without computing. The freedom of the choice of the cutting
point is advantage and disadvantage at the same time. The advantage is, that it
gives some freedom of the final system of equations and so is responsible for the
complexity of the resulting equations. The drawback is that automation of this
method is quite difficult [198].

Example 5.3.2 (IKP: 3-RRR planar manipulator - geometric approach [19§]).
Consider a 3-RRR type planar robot with 3 d.o.f. as shown in Figure 5.5 For
solving the IKP using the geometrical approach, the point M; is chosen as cutting
point. So, the mechanisms A;M; and B;M; impose the constraints, that on the
one hand M; must lie on a circle centered in A; with radius £, and on the other
hand on a circle with center B; and radius l5. Thus, M; lies at the intersection of
two circles, which produces either 2 solutions or none for each leg. So in total, the
IKP has at most 23 = 8 solutions.

y e B3

Figure 5.3. The 3-RRR type planar
parallel manipulator [I98, p. 98].

In summary it may be said, that solving the IKP for parallel manipulators is
usually quite simple, as long as the geometry of each leg is simple enough.

5.3.2 Direct kinematics of parallel manipulators

Solving the direct kinematics problem for a parallel manipulator is, contrary to
serial manipulators, usually quite difficult. But it is essential for the control of
the pose of the platform, and also for the velocity control of the end-effector. A
detailed discussion of the topic and results for several architectures are given by
MERLET [198].

Special architectures of parallel manipulators may have a unique solution to the
FKP (e.g., a 3-PRP planar parallel manipulator proposed by ZARKANDI [341]),
but in general, the solution of the FKP of parallel manipulators is not unique; for
example the FKP for a Gough-type parallel manipulator (a general 6-UPS plat-
form) may posses up to 40 solutions. This was first proven by RoNGA & VusT



76 Chapter 5. Geometric Kinematics: Forward and Inverse Kinematics

[263], who gave an abstract proof for the existence of 40 complex or real solutions.
This result was confirmed by RAGHAVAN [251] using polynomial continuation,
LAZARD et al. [I55] using Grobner bases, MOURRAIN [213] using an approach
based on elimination and resultants, and WAMPLER [310] and HusTy [120], who
both used parameterization based on dual quaternions. WAMPLER| uses the princi-
ples of parameter continuation and 2-homogeneous Bezout numbers, while HusTy
derived a univariate polynomial of degree 40 using an elimination process, which
requires intuition and thus cannot easily be automatized. DIETMAIER [66] gave
the first proof of the existence of a 6-UPS manipulator with 40 real assembly
modes. HAUENSTEIN & SOTTILE [103] used a modification] of Dietmaier’s for-
mulation and verify that the 40 points correspond to distinct real solutions, using
the algorithm alphaCertified, and hence give a rigorous mathematical proof of
Dietmaier’s result.

In addition to the lack of uniqueness of the FKP-solution, mostly there is no ana-
lytic expression of the generalized coordinates of the platform as functions of the
actuated joint coordinates. There are (algebraic) methods (which are summarized
below) for finding all the solutions, which may be regarded for singularity and
workspace analysis in particular. These methods require a computation time too
large to be used in real-time context; the computation times range between a few
second and a minute, depending on the geometry of the mechanism [200]. But in
real-time applications the the most important point may not be to determine all
possible solutions but the one related to the current pose of the platform, i.e., when
its joint configuration was measured. Algorithms which may eventually calculate
the current pose are based on numerical methods and require a-priori information
on this pose. If information about the possible pose for the end-effector is avail-
able, the problem is said to be local. For example, in a real-time controller, the
current pose is computed every sampling time and in each control-cycle a solution
close to the previous one is needed. For tasks where such information may not
be available, for example when starting the robot, the problem is global and a
solution method is required that does not need this information. One possibility
is to compute all possible solutions but there is no known algorithm which allows
the determination of the current pose among the solution set.

Example 5.3.3 (Direct kinematics of the Gough platform [219]). Given numerical
values for the d°,dP,1;, the equations

le+Qdl —d|> = (I, +©;,)>=0 (i=1,...,6)
need to be solved for the pose (c,Q). W.lo.g. the base and platform origins may
be chosen such that
& =d} =0.
By introducing the constants
1
ai = (1 +©:)” = [ d7|* = [ld7]*),
a;=dl —dj, b=d+d,

'WERSCHELDE: Polynomial formulation and solutions of Stewart-Gough platform with 40 real
positions, available at http://www.math.uic.edu/~jan/Demo/stewgoud0.html
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and the vectors ) )
r= 3@ te), y=5(@c—0),

we get
c=zr—y, Qle=z+y, (5.6)
vy =3Il = Qe =0, 5.7
voxty-y=lz+yl* =l =2, (5.8)
ai-r+bi-y+(d) Qdf =a; —a; (i=2,...,6). (5.9)

If the quaternion parameterization Q = Q.[r] (see Section is used for the
rotation, then equation (@ implies

r X T = ToY, (5.10)

where
ro+ri=e, 1o >0. (5.11)

So, f are 11 quadratic equations for the 10 wvariables in ro,r, x, y.
Therefore, one of the equations is redundant; if ro = 0, then one of the three

equations making up is redundant, since r X x = 0 only forces x to be
parallel to r; and if ro # 0, then is a consequence of .

Finding all solutions: The initial position problem.

For solving the FKP, consider the inverse kinematic equations ; these form a
non-linear system of equations, which may posses several solutions, corresponding
to several possible poses of the platform for given joint variables. These different
configurations of a manipulator for given joint coordinates are called assembly
modes. If all assembly modes are computed, the so-called initial position prob-
lem is solved [239]. When using algebraic elimination methods to reduce the prob-
lem to finding the roots of a univariate problem, it is necessary to determine an
upper bound for the number of assembly modes beforehand. This bound will then

be used to guide the elimination process to find a polynomial of lowest possible
degree (see Section [1.2.2)).

Main advantages and disadvantages of the currently known methods for determin-
ing all the solutions of the FKP are summarized below, as well as important and
recent research results. For details on the methods see Chapter [1| and Chapter
2 Note, that the use of elimination, polynomial continuation, and Grébner bases
requires algebraic functions for the inverse kinematics.

Elimination. The method may be fast, but it is not easy to get the final polyno-
mial of minimal degree. The main drawback of the method is that it is numerically
unstable and needs multi-precision arithmetic to produce reliable results. Hence,
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it does not provide certified solutions [198]. As mentioned before, HusTy [120] was
the first one to derive a 40th degree polynomial for the general 6-UPS platform us-
ing an elimination procedure. |LEE & SHIM| [160, [161] used a dialytic elimination
procedure and proposed an improved algorithm, which derives the 40th degree
polynomial from a final 15 x 15 Sylvester matrix. INNOCENTI [126] presents an
elimination based algorithm, which is suitable for implementation in a standard
floating-point computation environment. For a 6-6 Stewart platform with special
properties, polynomials of degree less than 40 may be obtained. For example,
HUANG et al. [I17] present an algorithm for a manipulator with planar base and
platform which derives a 20th degree polynomial, leading to all solutions of the
FKP; and HUANG et al. [I16] derive a univariate polynomial of degree at most
14 for a symmetrical 6-6 Stewart platform whose base and platform are hexagons
and the joint centers satisfy certain conditions.

Elimination based approaches are also used for other specific parallel architec-
tures. For example, WAMPLER [312] presents a modified Sylvester’s elimination
method for solving the FKP of spherical multi-loop structures, where the rotation
is formulated either in rotation matrices or in quaternions. The numerical calcu-
lation is done using standard eigenvalue routines. Another example is given by
ENFERADI & TOOTOONCHI, who study a spherical star triangle manipulator [70]
and a double-triangle spherical manipulator [71], and derive a minimal polyno-
mial of degree 8 for the FKP using Bezout’s elimination method. RODRIGUEZ &
Rucaru [258] solve the forward displacement problem of several spherical parallel
manipulators, which is to find the orientation of the moving platform for a given
set of actuated joint variable values, using the Dixon determinant procedure. The
Dixon determinant is a method for finding the eliminant of a system of polyno-
mial equations which was adapted by NIELSEN & ROTH [223] to handle initial
trigonometric equations [311].

Homotopy /polynomial continuation. This methods produce certified solu-
tions, but are usually slow [198]. There is a possibly large number of branches
which have to be followed; for example, RAGHAVAN's method, needed 960 branches
to derive 40 complex solutions of a general 6 d.o.f. Stewart platform [251]. How-
ever, more recent results show, that the FKP of a general Stewart-Gough plat-
form may be solved in a few seconds up to about a minute of computation time,
depending on the computer applied to the task [313]: according to WAMPLER &
SOMMESE [313], solving the FKP of general Stewart-Gough platforms is equivalent
to solving a system of seven quadrics in P7 (where P* denotes the n-dimensional
projective space). The solution of seven quadrics requires to track 27 homotopy
paths. Furthermore, once the first general example has been solved to find just
40 solutions, all subsequent examples may be solved by tracking only 40 homo-
topy paths [313]. WAMPLER [310] presents a specific valid 40-path homotopy with
which all non-singular solutions to the FKP of a general Gough-Stewart platform
can be obtained.

Another problem of Polynomial Continuation methods was, that they were lim-
ited to finding isolated roots. In particular, overconstrained mechanisms which
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have more d.o.f. than expected from usual mobility calculations may have a mix-
ture of isolated solutions and motion curves of various dimensions, and therefore
are difficult to solve. But, indicated by resent results and software proposed by
SOMMESE et al.| [282] 283, 285] B303], B13], this problem has been overcome. In
[283] applications of new methods to a seven-bar structure and to a special form
of the Stewart-Gough platform, the so-called Griffis-Duffy platform (Fig. |5.4]) are
given. These mechanisms have triangular base and platform and ball joints at each
vertex and along each side. In both cases, the method provides an irreducible de-
composition of the solution set; for the seven-bar mechanism the derived results
are consistent with the known theory. For the Griffis-Duffy platform on the other
hand, some differences to the results published by HusTy & KARGER [122] are
found, e.g., for the Griffis-Duffy II platform an additional sixth-degree component
was found.

Figure 5.4. A Griffis-Duffy platform. Both base
and platform are equilateral triangles with ball
joints at each vertex and along each side [283].

VAREDI et al. [302] use the homotopy method for solving the FKP of an offset 3-
UPU translational parallel manipulator. There a combined Newton-Homotopy ap-
proach (as studied by Wu [330] [332]) is used, i.e., to start the system of equations
with an auxiliary homotopy function and then solve it by the Newton-Raphson
method. The proposed algorithm leads to all 16 real solutions and converges even
with bad initial guesses.

Grobner Bases. These need exact rational arithmetic and provide narrow ra-
tional bounds on the solutions. In particular, if the coefficients of the inverse kine-
matics equations are rational numbers, this method provides certified solutions
[198]. It was used by MOURRAIN [2I3] for confirming the number of solutions
for general Stewart-Gough platforms, by LAZARD| [154] [155] for solving the FKP
of Stewart platforms, and by ROLLAND [262] for several generic 6-6 architectures.
FAUGERE & LAZARD [79] use a Grobner basis approach to predict an upper bound
on the generic number of solutions for special architectures. According to MERLET
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[198], the Grobner basis method using the FGb-algorithms of [FAUGERE| [76}, [77] and
ROUILLIER [266], is one of the fastest methods available to solve the FKP in a
guaranteed manner, if the coefficients of the equations are rational. However, the
implementation involves the use of large integers.

DHINGRA et al. [63] use Grobner bases for the closed-form displacement analysis
of planar multi-loop mechanisms [63] and proposed a Grébner-Sylvester hybrid
method [62], which provides a systematic approach for generating (additional)
equations for constructing Sylvester’s matrix. First, a system of equations is
transformed into its reduced Grobner basis G using degree lexicographic order-
ing. Then, either using the entire set of generators in G or a subset, the Sylvester
matrix is assembled. The hybrid approach directly yields the 40th degree polyno-
mial, unlike [HUSTYs derivation, where intermediate polynomials of degree up to
320 are generated [120]. The method is applied to a general 6-6 Stewart mecha-
nism. On this basis, GAN et al. [84] derive a 40th degree polynomial for a general
6-6 Stewart mechanism from a constructed 13 x 13 Sylvester matrix using Grobner
bases, and HUANG & HE [115] derive a 20th degree univariate polynomial from the
determinant of the 10 x 10 Sylvester matrix for a general planar Stewart platform.

Interval analysis. Methods based on interval analysis are numerically robust
and do not necessarily need the inverse kinematic equations to be algebraic, but the
unknowns have to be bounded (which usually is the case for kinematic problems).
The interval analysis approach provides solutions in a fully reliable way, and as
an additional advantage, inequalities restricting the possible poses (e.g., due to
the limited speed of robot motion) and uncertainties in the model of the robot
or in the measurements of leg lengths, can be taken into account. However, it
is inconvenient that an estimation of the computation time is difficult to provide

[198].

An interval analysis based method was applied, e.g., by DIDRIT et al. [65] to
solve the FKP of a general 6 d.o.f. Stewart-type platform, implementing Hansen’s
algorithm. A more recent result was given by MERLET [195] for a general 6-UPS
manipulator. The algorithm finds all solutions and is one of the fastest available
methods [198]. It is not intended to be used in real-time context for determining
the current pose, and yet it is competitive in terms of computation time to the
normally used Newton-Schemes (see below), but safer. If only one solution is found
by MERLETs algorithm, this solution is (in contrast to the Newton-Schemes)
guaranteed to be the current pose; if more than one solution is determined, for
example, if the manipulator is close to a singularity (see Chapter , the robot
will immediately be stopped, as it is not known for sure, what the current pose
is. Further, the proposed method can be adapted to take physical constraints into
account, which may have an decreasing effect on the computation time. However,
the efficiency of the method relies heavily on a set of filtering methods [195].

Ad-hoc methods. Here, the FKP is first transformed into another simpler prob-
lem, which then is solved by applying one of the above methods, or an optimization
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procedure [198]. For example, INNOCENTI & PARENTI-CASTELLI [127] use the
solution for a 5-5 parallel manipulator (i.e., a Gough-type manipulator with 6
legs, which are fixed to base and platform by 5 joints) to reduce the problem of
a 6 d.o.f. fully parallel mechanism to finding the roots of an univariate function.
Ad-hoc methods may be quite fast, but they are bound to a specific architecture
and cannot be extended easily to other problems.

Another example for an ad-hoc method is the systematic approach for special
cases of UPS mechanisms proposed by NAIR & MADDOCKS [217]. He shows that
the inverse kinematics equations may be separated into a set of linear equations
and a set of nonlinear constraint equations. For, e.g., a 6-UPS mechanisms with
planar base and platform, INAIR & MADDOCKS| derived interesting results, for
other types however, the approach may lead to highly complex equations and
non-optimal results or, even no result at all [198]. Rojas & THoMAS [26]1] use
a method based on bilateration to derive the characteristic polynomials of all
catalogued Baranov trusses (a special class of planar linkages) without relying on
variable eliminations or trigonometric substitutions. The bilateration problem
consists of finding the feasible locations of a point P, given its distance to two other
points P, and P,, whose locations are known (for details see, e.g., [259] 260]).

ZHANG [345] presents a forward kinematic analysis of a planar generalized Stewart
platform (planar GSP). The planar GSP can be considered as the most general
form of planar manipulators with 3 d.o.f.; it consists of a fixed base and a moving
platform connected by three distance or/and angular constraints between three
pairs of points and/or lines on the base and platform [345]. |ZHANG classifies the
forward kinematics of planar GSPs using Wu-Ritt’s characteristic set method (see,
e.g., MisurA [207], Wu [333]) to derive a triangular form of the FK-equations.
Further, conditions are obtained to derive real solutions for the remaining triangu-
lar forms by a method described in [337]. |ZHANG| also obtains explicit conditions
on the parameters to have a given number of real solutions for each of the sixteen
forms of planar GSPs.

Computing the current pose: the finite displacement problem.

Computing all the solutions of to the forward kinematics is only part of the solution
of the FKP. In many applications, the real FKP [198] or finite displacement
problem [239] has to be solved. That means, that the current pose of the platform
has to be determined, i.e., the pose when the joint variables are measured. For the
solution of the finite displacement problem, a-priori information is needed, but may
not be available, e.g., when starting the robot. One possibility is to compute all
solutions and select the current pose among these. However, no known algorithm
for determining the current pose from the solution set exists [198]. Especially,
designing an algorithm which provides a complete verification is difficult and still
a challenging problem in kinematics. A possible approach is to transform the
problem into a path-planning problem and assume that the pose s;,; when the
robot is initially assembled, is known. A solution s may be considered feasible
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for the current pose, if there is a singularity-free path from s;,;; to s such that
all joint variables lie within their limits on the whole path, and legs, base, and
platform do not interfere [I98]. However, the singularity-freeness condition alone is
not sufficient, as was shown by INNOCENTI & PARENTI-CASTELLI [129] or HUNT
& MCAREE [119], who proved that two different solutions may be connected
through a singularity-free path. It is not known, whether the proposed approach
will always lead to the solution, but it may work as long as the constraints are
strong enough and the path-planning problem can be solved. Proving that it will
lead to a unique solution is still an open problem [198].

Newton schemes. A common approach to find a new pose close to the former
one is to solve the FKP using iterative numerical (Newton-type) algorithms. As-
sume that the generalized coordinates s of the platform are related to the joint
configuration © by

O = G(s),

and that sy is an estimate of the solution. Then the standard iterative Newton-
scheme is of the form

Sk+1 = Sk + A(@ — G(Sk)), (512)

which stops when ||© — G(s;)|| < € for a fixed threshold e. According to the choice
of the matrix A in ((5.12)), the scheme is called ([198])

Newton-Raphson scheme if A =J = %(sk), where J denotes the Jacobian
of the robot,
k9G~1

Damped-Newton scheme if A = « (sx) with a gain factor of, and

00

Quasi-Newton scheme if, w.l.o.g., A = 1 at sy, and is then updated in each
iteration by rank-1-updates (BROYDEN et al. [31]) or rank-2-updates (OREN
& LUENBERGER [224]).

Newton-type schemes have been fully studied (see, e.g., [141], [60]), highlighting
the quadratic convergence of the Newton-method in the solution neighborhood.
However, the algorithm may not converge at all, or not to the solution closest
to the initial guess. Generally, the Jacobian J may not be available (see Section
6.3) and has to be computed numerically by inverting J~! (which can be easily
calculated) numerically in each iteration. This, on the one hand, increases the
computation time, and on the other hand may cause additional convergence prob-
lems if J~!(sy,) is close to being singular. An orientation-representation via angles
may then produce additional singularities. Hence, there are important reliability
problems to be considered when dealing with Newton schemes, especially if they
are used for control purposes (for further details see, e.g., [198, Ch. 4]).

A crucial ingredient for the Newton-iteration is a good initial value sg. Thus,
PARIKH & LawM [230] propose a neural-network-based hybrid strategy that solves
the FKP of a Stewart-Gough platform, where a neural-network concept achieves a
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starting point approximation for a standard Newton-Raphson iterative procedure.
Results show that the hybrid concept outperformes the Newton-Raphson method
by saving about 0.01s and two iterations, which is a significant improvement for
real-time control. A similar approach is given by WANG & WAN [315], who trans-
form the FKP of a 6 d.o.f. Stewart platform into an optimization problem, i.e.,
to minimize the difference between the given and the computed lengths of links,
given a pose sg. The optimal solution is gathered by an immune evolutionary algo-
rithm based on information entropy, and then used as initialization for a numerical
iterative scheme to improve the precision of the solution.

Other approaches. WANG [319] proposes a numerical method for general Gough-
Stewart platforms which derives a linear relationship between small changes in the
joint variables and the resulting small motion of the platform. The unique solution
is then achieved through a series of small changes in joint variables. VERTECHY
& PARENTI-CASTELLI [306] present an real-time algorithm which relies on the
measurement of the location of three body points and minimizes the influence of
measurement errors on the estimate. In comparison to other methods for cer-
tain manipulators, the method shows better performance in terms of estimation
accuracy and computation time. Further different approaches to the finite dis-
placement problem are for example a self-tuning iterative calculation method for
the Stewart-Gough platform presented by REN et al. [256], a fast online-offline
data look-up paradigm proposed by TAROKH [294], or a concept based on the
determination of basic regions (see, e.g., WENGER et al. [324]) given by KAMALI
& AKBARZADEH [138], KAMALI & T0oOTOONCHI [139].

Another way of gathering the current solution of the FKP of parallel manipula-
tors is to use optimization metaheuristics. For example, WANG et al. [318] use
differential evolution (DE) to obtain a globally optimal solution to the FKP of a
6-SPS parallel manipulator, which is transformed into an optimization problem
with objective function

6
min g [SEECHE
i=1

where ©4 denotes the given length of the ith leg and ©; the computed length of
the ith link obtained from the solution of the inverse kinematics under the con-
dition that the position and orientation of the upper platform are given by the
DE-algorithm. The DE algorithm is sensitive to the choice of mutation factor: a
smaller mutation factor speeds up convergence but the algorithm may end up in
a local minimum, while a larger mutation factor helps to avoid a local solution
but decreases the speed of convergence. CHANDRA & ROLLAND [53] use hybrid
metaheuristics, in particular a combination of genetic algorithms and simulated
annealing to solve the FKP of a 3-RPR parallel manipulator. The discussed meth-
ods give robust and high quality solutions without facing convergence problems.
However, the average optimization time is 3-4s, which is not feasible for real-time
applications. Further results are presented, e.g., by SADJADIAN & TAGHIRAD
[269], 270], or by ZHANG & LEI [344] for a 3 d.o.f. redundant robot.
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PETUYA et al. [239] state a main drawback of numerical techniques involving neu-
ral networks: training, testing, and validation for each specific platform demand
enormous information from the workspace. Thus, they present a new general pro-
cedure to solve the non-linear equations arising in the FKP for spatial mechanisms
of any topology. The geometrical-iterative method (GIM) gives a systematic pro-
cedure for mechanism modeling and obtainment of the position equation system
on the one hand, and a specific numerical procedure for solving the system of
equations on the other hand (see also [107, 108]). Any mechanism is modeled as
a set of nodes and distance and angular constraints. A search algorithm produces
an ordered sequence of constraint equations, which is the system to be solved, and
throughout the procedure redundant mechanism constraints are eliminated [238].
The system obtained is an ordered sequence of constraint equations, called “itera-
tive constraint sequence”, which has 3N equations in 3N unknown quantities (for
N mechanism nodes) of the form

{fé(xjayjazj)} = {O} V] = 17 <+« Npode, (513>

where a is the label of the constraint equation, 7 the node unknown in this con-
straint, (x;,y;, 2;) the node coordinates and n,.q. the number of nodes involved
in every constraint [239]. The solution algorithm starts with substituting initial
values (27,37, 2)) (not necessarily close to the solution value) for each mechanism

node in system ([5.13)) and obtains
{fala§y5, 29} = {ra}-

Here, {r’} is a set of residuals, which appear because the initial values generally
do not correspond to the correct coordinates of the pairs in the new position of the
mechanism. The constraint equations are applied sequentially in a predetermined
order, and each time a new position of node i is obtained, which is used to update
the system of constraint equations . One iteration is finished, when the last
geometrical constraint has been used, and thereby the last of the residuals has
been converted to zero. This means, that the last constraint applied is accurately
verified and all mechanism nodes are closer to the solution. Successive iterations
are applied until all residuals are below a given threshold. Then the solution
of the finite displacement problem is obtained, where the residuals are used as
an indicator of the convergence error. GIM converges globally to the solution and
shows competitive results to the Newton-method (used in the multibody approach)
with low computation times [239].

Extra sensors. Another possibility is to add sensors, i.e., to have more than n
sensors for an n d.o.f. robot. This may allow to compute the current pose much
faster, but the hardware is more complex. Additional sensors can be placed either
on the passive joints of the manipulator, or on extra passive chains (or between
existing chains, respectively). The former positioning may lead to drawbacks for
accuracy, the latter risks a reduction of the workspace because of higher risk of
leg interference [198].
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The correct form of the direct kinematics problem then is to find all local mini-
mizers of

min [|[PO — y||
s.t. F(O,5) =0, [|[PO—y| <e,

where € is an accuracy threshold [219]. Suitable additional measurements may en-
sure that the FKP has a unique solution; see, e.g., [26] 27, 55, [72], 187, 229] 237].
An exhaustive literature overview of extra-sensor based methods for the FKP of
6 d.o.f. UPS parallel manipulators has been given by VERTECHY & PARENTI-
CasteLLI [307]. However, additional sensors may induce some non-trivial prob-
lems. So, there is the question about types, locations, and minimal number of
sensors required to grant uniqueness of the solution. Furthermore, the compati-
bility of the accuracy of the computed pose and the desired accuracy for the robot
has to be considered, given the measurement errors of the extra sensors [I198]. An
overview of the maximal number of sensors and the relationship between sensor
and pose accuracy for 6-UPS robots are presented in [198].

As a key result for the 6-UPS platforms it was shown by PARENTI-CASTELLI &
D1 GREGORIO [227] that the determination of the current pose of the platform
is possible with only one additional angular sensor, if base and platform are both
planar. Unfortunately, the method cannot be used for real-time purposes due to
the complexity of the involved calculations. But for the two-sensor case the same
authors give a real-time algorithm [228]. In addition, VERTECHY & PARENTI-
CAsTELLI [305] present an algorithm for the real-time evaluation of the current
end-effector orientation of general parallel spherical wrists. HESSELBACH et al.
[T09] present an approach for the HEXA-robot (see, e.g., [350]) to calculate all
sensor configurations which are shown to lead towards analytical solutions of the
FKP. More recently, VERTECHY & PARENTI-CASTELLI [307] proposed a novel
extra-sensor-based method for the FKP-solution of 6 d.o.f. UPS parallel mech-
anisms of general geometry, based on the algorithms developed in [8, @]. The
method is robust, fast, and accurate since it always provides the actual platform
pose in real-time, and the redundant extra-sensor information is used to reduce the
influence of the measurement errors on the errors affecting the computed platform
pose. The problem can be described as a constrained least-squares problem, for
which an acceptable minimizer can be obtained by evaluating the orthogonal polar
factor of the solution of the corresponding unconstrained least-squares problem.
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Chapter 6

Differential kinematics

6.1 Introduction

While geometric kinematics is concerned with solving the equation of state for
either given the state s or joint configuration ©, differential kinematics studies the
relationship between the rate of change of pose and joint configuration of a robot
performing a known motion. For mapping the actuator rates in the joint space to
the generalized velocity of the platform in the operational space, a linear map is
defined, usually termed the (inverse) Jacobian of the manipulator. The Jacobian,
velocity, and acceleration, are discussed in the following sections.

6.2 Velocity

Consider that the pose moves along a path

s(t) = (ZE;;) (6.1)

in generalized coordinate space, and let 2P denote the relative position of a fixed
point on the moving platform (in the platform coordinate system). Then P moves
with respect to the base along a curve

2(1) = Q)" + () (6.2)
in Cartesian space (in the base coordinate system). The parametric form of
Q(t) = Qr(t)]

depends on the parameterization used for the pose. Differentiation of (6.2)) with
respect to time gives the velocity of point z?,

it = Qa” + ¢,
87
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and with substituting 2 = Q(z° — ¢),

i =QQTxb + ¢ — QQe. (6.3)

Differentiation of QQT = 1 gives

QQ" +QQ" =0,
so that the angular velocity matrix

Qt) = QMQM)" (6.4)
is a skew-symmetric matrix, i.e., Q(t)T = —Q(¢) [6]. Thus, there exists a vector
w(t) such that (in three dimensions)

Q(t)2® = w(t) x 2. (6.5)

The vector w(t) is called angular velocity vector of a rigid body motion. Now
the platform velocity v is defined by

vi= — (6.6)
where
Dx(t)
Dt

denotes the covariant derivative of a curve z(t) in Cartesian 3-space [219].
Hence, the velocity (6.3)) can be written as

= i(t) — w(t) x z(t) (6.7)

b

i’ =wx 2’ 4. (6.8)

The relation

;. W
D=

2
defines the pitch of the instantaneous spatial displacement, and

lw]] = Viw?

is the magnitude of the angular velocity, i.e., the rotation speed. Note, that both
w and v are independent of the platform coordinate system. Furthermore, the
inner products w? and w - v are invariant under a change of the base coordinate
system, while v? is invariant only if w = 0 [219)].

The twist or generalized velocity

(0

of the end-effector is composed of its translational and angular velocities. Note
that the twist depends on the choice of the operating point, i.e., a specific point
of the end-effector of which the Cartesian velocity v is computed [198]. For a
robot with at least 2 rotational d.o.f. the twist is not the time-derivative of the
generalized coordinates s, as there is no representation of the orientation whose
derivatives correspond to the angular velocities [197]. But there usually is a matrix
B(s) of rank 6 (and its pseudo-inverse B(s)") depending on the parameterization
such that

w = B(s)$, § = B(s)"w. (6.9)
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6.3 Jacobian and inverse Jacobian matrix

If the pose moves along a path (6.1]), the motion is accompanied by a motion of
the joint variables along a path ©(t) in configuration space. Differentiating the
equation of state (4.1]) leads to

F,6+ Fo© =0,

where Fy, = Fi(s,0) and Fg(s,©) denote the matrices of partial derivatives with
respect to s and O, respectively, and © the vector of joint rates or articular
velocities ©;. With |m} the basic relation

F.(5,0)B(s)tw + Fo(5,0)0 =0 (6.10)

is derived. If rank F,B* = 6, equation (6.10) can be solved for the generalized
velocity in terms of the joint velocities and gives

w=J(s,0)0.

The matrix J(s,©) denotes the kinematic Jacobian of the manipulator, which
represents (together with its inverse and its transpose) the mapping of both veloc-
ities and forces between the actuators and the end-effector [287]. It must be noted
that the Jacobian of a robot is despite of the name not a true Jacobian, i.e., it is
not the derivative of a vector function.

If (6.10]) is solved for the joint rates,
0 = J s, O)w, (6.11)

then J~1(s,0) is called the inverse kinematic Jacobian of the manipulator. Tt
is named in analogy to the Jacobian, but is not necessarily invertible. For most
parallel robots it is usually easy to establish an analytical form for J—! while it is
often impossible to obtain J analytically, or at least related to high computational
effort and insufficient precision of the numerical evaluation. Thus, it is more
convenient to rely on a numerical inversion method, which will be faster and less
sensitive to round-off errors [19§].

According to [219], the Jacobian of a serial manipulator with equation of state

(4.4) is given by
J(s,0) = B(s)F(©),

and for a minimally instrumented separable parallel robot with equation of state
(4.5), the inverse Jacobian is given by

J(s) = F'(s)B*(s).

For manipulators with n < 6 d.o.f. it may seem sufficient to determine only the n x
n inverse Jacobian, but as MERLET [198] pointed out, a Jacobian that involves the
actuated joint velocities © and the full twist of the end-effector may be essential for
singularity analysis (see Ch. ; such a Jacobian is called full inverse kinematic
Jacobian [198].



90 Chapter 6. Differential kinematics

6.3.1 Formulation of the (inverse) Jacobian of parallel robots

The (inverse) Jacobian of a manipulator is conventionally defined as the linear
map between actuator rates in the joint space and generalized velocity in the
operation space. However, the formulation of the Jacobian is not unique, since
the generalized velocity of the end-effector depends on the parameterization of
the rotation. Furthermore, for manipulators having coupled translational and
rotational d.o.f. the Jacobian is composed of non-homogeneous physical units.
Thus, the algebraic characteristics such as condition number or singular values of
the Jacobian depend on the scaling of the Jacobian. This may cause a serious
problem if these characteristics are used for kinematic performance evaluation
(see Ch. . So, mainly two methods to formulate dimensionally homogeneous
Jacobians have been developed, either normalizing all translational elements (e.g.,
[5, 6, 291]), or by using a point-based method linking the actuator rates with
the linear velocities at several points on the end-effector (e.g., [3, 00, 146, 170,
244]). For example, GOSSELIN [90] derives a Jacobian for serial manipulators
that transforms actuator velocities into the linear velocities of two or three points
on the end-effector and shows that this Jacobian is invariant under scaling of the
manipulator. Another example is the concept of a “characteristic length” proposed
by TANDIRCI et al. [291], to normalize all translational elements in the Jacobian.

In the following, two examples of formulating the inverse Jacobian for parallel
manipulators shall be given. For examples of Jacobians of serial manipulators see,
e.g., [6l 216]. Note, that the use of the terms “inverse Jacobian” and “Jacobian”
varies in publications; here, “inverse Jacobian” refers to the matrix relating the
actuator velocites © to the generalized velocity of the end-effector # in the form

O =J"1.

Example 6.3.1 (Inverse Jacobian of a Gough platform [196], 287].). Consider a
Gough-type platform as shown in Figure[0.1]

Let x¥ denote the position of the center of the spherical joint connecting leg i to
the platform with respect to the moving frame, then the position of x¥ with respect
to reference (base) frame is given by

b__ AP
z; = Qx; +c,

where Q) is a rotation matriz expressing the orientation of the moving frame relative
to the base frame, and c is a translation describing the position of the moving frame
relative to the base frame. The vector w; describing leg v is given by

wi = (li + ©i)e; = ¢ + Qaf — af, (6.12)
(I; + ©;) denotes the length of leg i (with fixed length l; and variable length ©;),
e; = is a unit vector in direction of leg i and a® denotes the position of the

o ]

center of the U-joint connecting leg i to the base. Using f, differentiation
of with respect to time yields
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Figure 6.1. A Gough platform with base frame
(O;z,y,2z) and moving frame (C;xr,yr, 2r)
(mod. from [196]).

Since e; is a unit vector, el -e; = 1, and el - é; = 0. So, taking the inner product

with e; on both sides of gives

O, =v-e+ (20 x¢) w
_ (T b AT (Y
= (e (2)xe) >(w)

Thus, the inverse Jacobian of a Gough platform is constituted of the normalized
Pliicker vectors of the line associated to each leg:

-1 _  (w)T b w; \T
7= (nwin (@7 X i) )
Note that the first three columns of J~' are dimensionless while the last three
columns have units of length. As shown by HAO & MCcCARTHY [99/, the Pliicker
vector of the link connecting the end-effector to the remainder of the leg appears

in the inverse Jacobian of a large class of spatial and planar parallel manipulators
[198].

Example 6.3.2 (Dimensionally homogeneous Jacobian formulation by three end—
effector points [146, 244] 245].). Kim & Ryu [T/6] propose a formulation for a
dimensionally homogeneous (inverse) Jacobian of a parallel manipulator by using
three points of the end-effector, which can be applied to very general mechanisms
with more than 3 d.o.f., as long as the same type of actuator is used for each leg.
Consider for example a Gough-type (6-6) platform as shown in Figure with pla-
nar mobile platform. The pose of the platform with respect to the base coordinate
system (O; x,y, z) can be described by the motion of three distinct and non-collinear
points T; with coordinates O?J =t; = (zj,y5,2)" [90]. Let ¢ = (t7 1 tI)T the
vector defined by the three points. The coordinates of the centers of the joints on
the end-effector (x?) can be expressed as linear combinations of the three points
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as ¥ = 22:1 kijt; with Z;’Zl ki; = 1 for dimensionless constants k;;. Now, the
vector w; describing leg i is given by

3
wi = (li + ©;)e; = Z kijt; — ap, (6.14)

J=1

where 1;, ©;, ¢; and a? are described analogously to . Differentiating eq.
and multiplying with el yields

3
: o
@i = E k:ijei tj,
Jj=1
which can be represented in matrix form as

0 = Ng, (6.15)

where N = J~!' is a dimensionless 6 X 9 matriz with Jif = (kijel), and ¢ =

(tllT,tizT,t'gT)T 15 the vector of generalized end-effector velocities. Note, that this
wmverse Jacobian is an actual Jacobian as it is a matriz of partial derivatives of
Cartesian coordinates with respect to the joint variables.

For other parallel mechanisms with n d.o.f. (n < 6), a similar procedure can be
applied, which leads to a general (n x 9) inverse Jacobian J~! = M~'N, where
M is a diagonal matrix and N is a matrix of the form as in (6.15)). However,
since for an n d.o.f. manipulator (n < 6) at most only n terms are independent
and so dependent motions are included, the physical significance of the singular
values (which are relevant for dexterity analysis, see Ch. E[) of such a Jacobian is
not evident [146]. POND & CARRETERO [244] further the proposed approach and
obtain an m x n dimensionally homogeneous Jacobian, mapping the m actuator
velocities ©; to n independent end-effector velocities. If the number of actuators
equals the desired degrees of mobility, i.e., m = n (as in most cases), the pro-
posed inverse Jacobian matrix is square. The inverse Jacobian proposed in [244]
is derived as J~' = J'P where J' is the m x 9 inverse Jacobian of [146] and P a
9 x n constraining matrix, which is derived from differentiating relations between
n selected independent terms and the dependent terms of the end-effector with
respect to the independent terms. This matrix relates the actuator velocities to
the n x 1 vector of independent end-effector velocities. This formulation of the
Jacobian may be used reliably for calculating dextrous regions of the workspace,
or several dexterity indices as the condition number or singular values (see Ch.
(244, 245).

ALTUZARRA et al. [3] develop a method for deriving a point-based, dimensionless,
and comprehensive inverse Jacobian by presenting a novel numerical formulation
of the velocity equation, which is to be compiled by general-purpose software and
includes all kinematic variables of the mechanism. The method uses a set of
kinematic restrictions applied to characteristic points of the mechanism and can
be applied to spatial mechanisms of any topology. Recently, HUANG et al. [114]
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proposed a “generalized Jacobian”, which makes it possible to integrate velocity,
accuracy, and stiffness modeling of lower mobility serial and parallel manipula-
tors with n < 6 d.o.f. into a unified mathematical framework. The method uses
screw theory and the orthogonal and dual properties of wrench/twist subspaces
and is used for a standardized and computational effective method for deriving a
dimensionally homogeneous n x n Jacobian of parallel manipulators [T70].

6.3.2 Tasks

In analogy to the FKP and IKP, the forward instantaneous kinematic prob-
lem (FIKP) is defined as determining the twist (and the passive joint velocities)
as functions of the active joint velocities; the inverse instantaneous kinematic
problem (ITKP) then is to determine the active (and passive) joint velocities as
functions of the twist. As the twist depends on the choice of the operating point,
any relation involved in FIKP and ITKP will as well be affected by the location of
this point [198]. As the inverse Jacobian may usually be determined analyt-
ically, the actuated joint velocities can be computed directly. For calculating the
twist, one can use for example a numerical inversion algorithm or a linear equa-
tions solver to get the twist from (|6.11)); another method is to use a quasi-Newton

Scheme
(U’““) - <”’“) +Jy (@ _ gt ("”“)) (6.16)
Wi+1 Wk Wk

where Jy is the kinematic Jacobian calculated for a given pose [19§].

The FIKP was solved, e.g., by SHI & FENTON [278], based on the velocities on
three non-collinear points of the end-effector. More recently, Lu & Hu [173]
presented a uni- and simplified approach for the forward /inverse velocity and ac-
celeration analysis of (limited) n d.o.f. parallel manipulators with linear actuators.

If the whole workspace is considered to find the worst case bounds on either
generalized velocity or joint rates, the FIKP and IIKP can be formulated as global
optimization problems as ([219])

FIKP j0q: Given bounds on the joint rates, find worst case bounds on the gen-
eralized velocity over a given type of workspace.

ITKP 0pq: Given bounds on the generalized velocity, find worst case bounds on
the joint rates over a given type of workspace.

The solution of FIKP j,4 provides the range of velocities that the robot can reach,
while the solution of IIKP 4, allows the determination of the needed actuators
for performing the task in the designing process [219]. The FIKP is also important
for robot position control and trajectory generation.

HuyNH & ARAI [125] analyze the maximum velocity of a general 6 d.o.f. manip-
ulator in operational space using a (graphical) method based on the intersection
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of hyperplanes which are defined by the algebraic inequalities describing the con-
straints on the kinematic model, and assuming that all articular velocities are
bounded by the same limit, i.e., |©;] < p for all ¢ € {1,...,6}.

In the late 1990s, MERLET, presented several algorithms which deal with certain
problems related to the FIKP and ITKP (see also [198], Ch. 5]). In [189] he described
an algorithm, which finds all possible parallel geometries such that the end-effector
may perform a given translational velocity for any location of the end-effector in
a given workspace, with the constraint that the actuator velocities are always
lower than given bound. Another algorithm for efficiently computing the articular
velocities necessary to perform a given translation/orientation velocity of the end-
effector in the translational workspace is presented in [190]; and furthermore, in
[192] [IMERLET| proposes an efficient algorithm, which takes as assumption that
the orientation of a parallel manipulator is constant over a given volume. It then
computes, with a guaranteed error, the maximal and minimal articular velocities
so that whatever the location of the end-effector is in the volume, it may perform
a motion in a given Cartesian/angular velocity. The proposed algorithm is much
faster and safer than the classical discretization method [192]. However, solving
the general case is still an open problem [I98]. More recently, an interval analysis-
based algorithm was presented in [203], which allows the calculation of the maximal
and minimal full independent velocity X} and X! with

Xi=> |yl
j=1

for all poses over an (almost) arbitrary workspace up to a given accuracy. How-
ever, the algorithm is computer-intensive and an efficient calculation of X7, XM
is still an open problem [19§]. In a comparative study of two 3 d.o.f. parallel
manipulators done by CHABLAT et al. [52], a method is described which allows
to prove formally whether the velocity amplification factors in a subpart of of the
Cartesian workspace remain within a predefined range or not.

6.4 Acceleration

To obtain similar relations for the joint and platform accelerations, the obtained
equations from the velocity-analysis must be again differentiated. The acceleration
of point z° is given by differentiating with respect to time to get

b

z :wxxb+w><xb+a,

where

Dv
Dt
is the platform acceleration and w denotes the angular acceleration and is
the axial vector of the angular acceleration matrix A = QO+ 02 ie.,

a: =C—wXc—wX°c

Qr =w X z.
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Differentiation of |D yields relations between the joint acceleration © and

the generalized acceleration or twist rate (Z) In particular, for parallel

6 =J! <Z) + (fj) (6.17)

may be obtained directly by differentiating (6.11)). In [6] and [198] a few examples
for the acceleration analysis of serial and parallel manipulators, respectively, are
given.

manipulators the relation

Example 6.4.1 (Acceleration analysis of a Gough platform). In Ezample
the joint rates © of a Gough platform are given by

3 — (e (2t xe)T) (Y
O = (el (2fxe)T) (w) :
Thus, the joint acceleration 6 given by (6.17) are
3, = (e o) (Y T (b xe)T) (¢
&= (e al) (w) (T (@t x e)T) (w) |
where 1; = 1% X e; + 22 X é;.

For the generalized acceleration, similar tasks as for the generalized velocity can
be posed [219].
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Chapter 7

Dexterity and Error Bounds

7.1 Introduction

The term dexterity[]| refers to the ability of the manipulator to arbitrarily change
its position and orientation, or apply forces and torques in arbitrary directions
[287]. In other words, dexterity summarizes the flexibility and accuracy with
which the end-effector is placed in a given pose. The flexibility is quantified by
the dexterous workspace (see Section . The positioning accuracy of a manipu-
lator depends on various factors, as sensor errors, manufacturing errors or thermal
errors. A short summary of several results concerning geometrical and thermal
errors may be found in [196], [198]; most recently, a review of error sources and er-
ror compensation methods for serial and parallel manipulators was given by [181].
Usually, joint sensor errors are the largest source of error [196]. To quantify the
accuracy, dexterity indices may be defined in numerous ways. These are widely
used for the design of manipulators (e.g., [88] 90} [143] 205l 268]), but there are
some concerns about the reliability of certain indices [197], due to the impossibility
to define a single invariant metric for the special Euclidean group [268] (see Section
below). In this chapter, the modeling of the accuracy of a pose is discussed
as well as several ways of measuring dexterity and tasks concerning accuracy and
error bounds.

The joint configuration © is given by more or less accurate measurements y ~ PO.
Since it is based on these measurements, the pose of the robot, as estimated by
the forward kinematics, is inaccurate. Thus, the manipulator accuracy As (or
the error on the positioning of the robot) is induced by errors A© on the sensor
measurements (and joint sensor errors are usually the largest source of positioning
errors [196]). These errors are approximately (in first order) linearly related by a
relation of the form

A(s,©)AO = B(s,0)As, (7.1)

'Note, that in several publications the term dexterity is synonymously used for the relative
error amplification described by the condition number of the Jacobian.

97
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with A, B matrices depending on the state of the robot. For a serial manipulator

has the form
As = J(s,0)A0, (7.2)

where J denotes the state-dependent kinematic Jacobian of the robot; for a Gough
platform ([7.1) is given by

AO = J(s,0)As, (7.3)

where J 71 is the pose-dependent inverse Jacobian matrix of the robot. The deter-
mination of the (inverse) Jacobian is addressed in Section [6.3]

7.2 Modelling the accuracy of a pose

The pose of a robot depends on the chosen coordinate system for base and platform
and the representation chosen for the rotation. Thus, the way of modelling the
accuracy of a pose shall be discussed more detailed. The geometric pose error

is given by A
r
As = (Ac) ; (7.4)

any single or aggregated error measure can be expressed as a function €(As), de-
pending on . The geometric pose errors may be expressed in terms of the error
characteristics of the measurements. In robotics, a commonly used representation
of sensor accuracies is by worst case error bounds. Therefore, the measurement
equation (4.2)) is replaced by an inclusion

y=PAO+ Ay, Ayed, (7.5)

where d = [—d,d] is a tiny box consisting of all measurement errors Ay with
ly;| < d; for all i. The equation of state F(s,©) = 0 is satisfied by the true pose s
and joint configuration ©. But the measured joint configuration O and the pose §,
which is calculated by direct kinematics from the measured data, satisfy instead

F(5,0)=0, PO =y,
which can be written in linearized form as

0= F(3,0)
~ F(s,0) + F,(s5,0)(5 — s) + Fo(s,0)(6 — 0), (7.6)

where F(s,0) and Fg(s, ©) denote the matrices of partial derivatives with respect
to s and O, respectively. The pose § derived from inaccurate sensor measurements
consists of a displacement part ¢ and an orientation part 7. These may be ex-
pressed in the chosen parameterization for the rotation. In the following, a few
details of modelling pose errors using the quaternion parameterization shall be
given (for details see [219]). Note that similar formulas can be derived for other
representations.
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Let Q[r] be the rotation of the platform as described in Section |4.3] and QI[r| the
rotation derived from inexact sensor readings with 7 close to but different from r.
The multiplication of Q[r]” and Q[r] again gives a rotation, which has the form
Q[Ar] for some vector Ar. To derive a formula for 7, the equation

Q" Q] = QlAr]
is multiplied by Q[r], which results in
Q[r] = Q[r]Q[Ar]. (7.7)

Using the product formula (4.12) and ([7.7)), orientation errors can be represented
by
T=1®Ar. (7.8)

Thus, it can be seen from the nonstandard addition formula, that rotations in
three dimensions usually do not commute (unlike in two dimensions, where angles
simply add). The displacement error Ac can be written as

Ac = Q[r]* (¢ — c).
Multiplying again by Q|r|, ¢ can be expressed in terms of ¢ and Ac as
¢ =c+ Q[r]Ac. (7.9)

For the analysis of small errors only, higher order terms may be dropped and (7.8])
and ([7.9) may be written in linearized form as

r+ e’%(roAfr’ +7r x Ar)
c+ Q[r]Ac. (7.10)

Q

7
c

Q

(7.10) may then be written in the form

. _(E[r] 0
S~ s+ E(s)As, E(s)= ( 0 Q[r]) : (7.11)
where
1 To —Ts3 T2
Elrj]=—1 73 ro —nri

—Tr2 To

Using 1) and © = © + AO, 1} can be written as

Fi(s,0)E(s)As + Fg(s,0)A0 =~ 0.

Note that PA® = PO — PO = Ay € d. Thus, the errors satisfy (in the linear
approximation) the constraints

DF(s,0)As + Fo(s,0)A0 = 0, PAO € d, (7.12)

where
DF(s,0) = Fy(s,0)FE(s). (7.13)
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Equation is the basic (linearized) formula for the quaternion representation
relating known measurement errors A© to pose errors As. It also holds in other
representations, if the expressions in are replaced by the corresponding
expressions for the chosen representation. As an artifact of the normalization
used for the quaternion representation, equation ([7.12) is ill-defined at ro = 0
and numerically unstable at small values of ry: on the one hand, due to the
square root in the computation of ry the quaternion representation has a gradient
singularity at ro = 0; on the other hand, the matrix E(s) is singular at ry = 0,
since det E(s) = det E[r] = ro(3.>_,7?) = roe. This problem can be solved by
treating ry as an additional parameter constrained by r2 + 72 = e. By writing
7 =r + Ar, it follows from equation that

=2 =2
To=€e—T

_1
~e—r?—2 2ryr- Ar

_1
T8 —2e 2ror - Ar

~ (ro — e o - Ar)?,

SO, )
7:0 Rrg—e 2r- Ar. (714)

Equation ((7.14]) now can be written in the form

7:0 ~Trg— E(](S)T . AS, Eo(S) = (GOQT) .

Concluding, by writing the equation of state (4.1) more carefully as
F(ro,s,0) =0,

the constraints ([7.12)) are obtained by replacing ([7.13]) with the numerically stable
expression

DF(s,0) = Fy(rg,s,0) — F,,(r0, s, @)EO(S)T.

Again, these formulas also hold for other representations, if the expression for
Ey(s) is replaced by corresponding expression for these representations [219].

7.3 Dexterity indices

As mentioned before, for applications several performance indices may be com-
puted to measure the dexterity of a manipulator. Most discussed are “classical”
dexterity indices: the condition number (of the Jacobian) [271] and the so-called
manipulability index [338]. Due to their suffering from certain drawbacks and
missing reliability for parallel robots in particular [197] (see below), other ways
for measuring the accuracy are searched. It was shown that, especially for paral-
lel manipulators, extremal positioning errors are more reliable than the condition
number; however, to compare two different designs in terms of accuracy, mean
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value and variance will also be needed [196]. Just recently, kinematic sensitivity
indices for rotation and translational displacement [39] or the power manipulability
[I77] have been introduced.

The dexterity indices discussed in the following sections evaluate (in a more or less
reliable way) the sensitivity of a robots performance to variations in its actuated
joints, but they are not suitable for other types of uncertainties, such as variations
in geometric parameters. Thus, appropriate sensitivity measures were proposed
by CARO et al. [40, 41] to evaluate the sensitivity of the pose of the end-effector
of a Orthoglide 3-axis manipulator to variations in its design parameters and to
compare planar parallel manipulators of the same architecture (3-RPR). Recently,
BINAUD et al. [I7] introduced a methodology for 3 d.o.f. planar parallel manipu-
lators to obtain the sensitivity coefficients of the pose of the moving platform to
variations in their geometric parameters and actuated variables to compare ma-
nipulators of different architecture. Additionally, two aggregate sensitivity indices
have been determined, one related to the orientation and the other one to the po-
sition of the moving platform. The described method is able to take the sensitivity
to joint clearances and flexibility in the revolute joints into account [17].

7.3.1 Error bounds depending on the norm

In practice, it is assumed that the measurement errors are bounded, which con-
sequently poses a bound on the positioning errors. Without loss of generality,
usually a boundary value of 1 is chosen, so

|AB] <1, (7.15)

which yields
AsT T TJAs < 1. (7.16)

The geometrical interpretation of differs depending on the choice of the
norm (see Figure for the 2D case). By choosing the Euclidean norm, ([7.15))
represents a hyper-sphere in the joint error space which is mapped into the so-called
manipulability ellipsoid. If the infinity norm is chosen, the absolute values of
the joint errors are independently bounded by one and thus are restricted to lie in a
hyper-cube within the joint error space, which is mapped into a convex polyhedron,
the so-called kinematic polyhedron [197]. As MERLET pointed out, the infinity
norm provides a more appropriate and realistic mapping due to the independency
of the joint error bounds and additionally, computations involving a polyhedron
can be done more easily than involving ellipsoids [197, [19§].

The two indices described in the following paragraphs are used for both serial and
parallel manipulators. For simplification of the notation, their definition will be
introduced using the Jacobian J only.
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26, .

Figure 7.1. The mapping between the joint error
space and the generalized coordinates error space
induced by J~T.J~! according to the Euclidean
norm (on top) and the infinity norm (on bottom)
for the 2D case [197].

7.3.2 The manipulability index

Manipulability is defined as

w=vVdetJTJ

for a square, non-singular matrix J by YOsHIKAWA [338] for serial manipulators
and has been adopted as a dexterity measure for parallel robots as well. It is a
local performance measure, since the Jacobian is pose dependent. Geometrically,
the manipulability is (up to a proportionality constant) the volume of the ellipsoid
described above. The only use of the manipulability as dexterity index may cause
problems in automatic synthesis, as it may lead to manipulators with distorted
geometries [39]. Further, a limitation of this index may be that it is independent
from the position of the operating point on the end-effector, and thus cannot
distinguish between a large and a small end-effector [39, 143]. Nevertheless, it is
used for the dexterity analysis of several manipulators, e.g., in [166] for a 3-PRS
parallel manipulator.

7.3.3 The condition number as error amplification factor

The error amplification factor in a system (7.3]), or (7.2)), expresses how a relative
error in the joint coordinates © gets multiplied and yields a relative error in the
pose s [197]. SALISBURY & CRAIG [271] proposed the condition number

k=T,

as a local performance index, where J~! denotes either the inverse of the Jacobian
or a pseudo-inverse (e.g., Moore-Penrose generalized inverse) [39]. The condition
number gives an upper and a lower bound for the relative error amplification ([39]),

1jA6] _ As] _ [|a6]

— K .

rOl = sl = el
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Thus, a minimization of x should minimize the maximum relative error ampli-
fication, but as a decreasing k increases the lower bound on [|As||/|s]|, it does
not provide the overall relative error amplification. The condition number is de-
pendent on the choice of the matrix norm; the most used norms are the 2-norm
and the Frobenius-norm [197]. In the former case, the condition number of the
Jacobian is given by

Uma:v )‘mazt
k(J) = =
( ) Omin )\mz’n’
where 0,42, Omin denote the largest and smallest singular value of J, respectively,
and Apaz, Amin the largest and smallest eigenvalue of JJ, respectively. If the

Frobenius-norm is used, the condition number is given by

_ 2N

where ); are the eigenvalues of J7J [197].

MERLET [197] critically evaluated the efficiency of the condition number for ac-
curacy evaluation for a Gough platform. He concluded for various choices of the
matrix-norm, that none of the tested condition numbers exhibits a completely co-
herent behavior with respect to the accuracy of the robot. Thus, the use of the
condition number must be carefully considered. However, it is used in various pub-
lications for describing the dexterity and/or optimizing the design of a robot (see,
e.g., [172], 245, 246]). For serial manipulators, Kucuk & BINGUL [I51] proposed a
combined performance index, which is a combination of the manipulability index
and the condition number; it is used for workspace optimization via sequential
quadratic programming for spherical 3-link manipulators.

A pose of a robot with x = 1 is defined as isotropic pose, and a robot which has
only isotropic poses is called an isotropic robot [197, 198]. Designing a parallel
manipulator that is isotropic in a pose or over its full workspace is often considered
as a design objective [73| 144], 297, 341].

7.3.4 Sensitivity indices

As discussed by several authors (e.g., [69,[169]), the described indices do not apply
to Jacobians involving both translational and rotational velocities. Thus, several
attempts have been made to formulate a dimensionally homogeneous Jacobian
by using either multiple end-effector velocities [3], 0, 114], 146l 170, 244-246], or
a normalization procedure of different kinds [143] [168] 338]. However, CARDOU
et al. [39] pointed out, that both approaches require some kind of arbitrariness
or uncertainty (e.g., in choosing points or weighting factors), which in particular
makes any comparison between different robotic manipulators difficult. Thus,
the authors recently proposed two distinct indices for the rotation and the point-
displacement sensitivity. The considered problem is stated as finding the actuator
displacements As that generate actuator displacements of a fixed magnitude ||0||,,
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while yielding global extrema of ||Ar|| and ||Ap|| [39]. The maximum solutions of
this problem ,

Orq *= %Eﬁx [Arg, (7.17)
o = | Acl, (718)

give tight upper bounds on the amplitudes of rotations and operating-point dis-
placements, and are defined as the maximum rotation sensitivity and point-
displacement sensitivity, respectively. If for example ¢ = oo, i.e., the infinity-
norm is chosen in and , the sensitivity-indices for a parallel manipu-
lator may be found by solving the optimization problem

max | A * || o (7.19)
$.t. [0l = [T AS]|0e = 1,

where x = r or x = p, respectively, and under the assumption that all actuated
joint assemblies are the same. Geometrically, the constraint forms the envelope of
a polytope

Pe(J 1) = {z e RY|||J 2| = 1}.

Finding the supporting hyperplanes of a polytope may be cast into a linear pro-
gram. Hence, as the objective function varies only along three independent direc-
tions, computing the solution of amounts to finding the solution of three
linear programs each, and choosing the maximal objective-function value among
them [39].

The proposed sensitivity indices are “nothing but another method” [39], but have
some characteristics not present in other indices. So they have a clear and definite
physical meaning, rely on the Jacobian only, are unit-consistent, depend on the
choice of the operating point (contrary to the manipulability), and apply to any
uniformly actuated manipulator, regardless if redundantly actuated or not [39].
SAADATZI et al. [268] use these sensitivity indices for the optimization of 3-RPR
planar parallel mechanisms.

7.3.5 Global dexterity

If the dexterity of a robot over a given workspace WV shall be evaluated, generally
a global conditioning index (GCI) is used as proposed by GOSSELIN [8§]:

1
Gor = huzdW
JwdW

where x denotes the condition number (see also GOSSELIN & ANGELES [92]). The
GCI can be used for the optimal design of a robot [I72], but a main problem is
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its calculation. Usually, the workspace is sampled using a regular grid, 1/x; is
computed at each node N;, and the GCI is approximated by

i

n

GCIapprox =

The computational effort increases exponentially with respect to the number of
d.o.f. of the robot and additionally, this method does not provide a bound on
| GCI — GClapproz | [197]. Another evaluation method of the GCI may be using
(quasi) Monte-Carlo integration. But a certified evaluation of the GCI is an open
problem and will probably be computer intensive [197].

7.4 Errors and Global Optimization

As mentioned, most dexterity indices are not very adequate for parallel manipula-
tors [196], or provide at least not a precise knowledge of the extremal pose errors
[30]. A better way is the determination of the maximal positioning (and orienta-
tion) errors over a prescribed workspace (and further its mean value and variance
[196]), or at a given configuration with known joint-sensor errors [30] [196]. Several
tasks concerning the maximal pose error and the accuracy of a robot can now be
formulated [219]:

e Find the maximal pose error over a specified workspace given bounds ([7.5))
on the sensor accuracy for one ore more error measures €(As).

e Find the sensor accuracy needed, to guarantee a specified maximal pose error
over a given workspace.

e Find the state (s,0) with the smallest maximal pose error.
e Find the set of states in which As lies within a specified region.

e Find the average value (and the variance) of the maximal pose error over
the workspace, given a probability measure on the workspace (e.g. uniform).

The resulting optimization problems shall be discussed more detailed, following
[219]. Consider the restricted case that all joint variables are measured, i.e., P =1
and dim F' > dim s = 6. In the generic case, i.e., if rank DF(s,0) = 6, can
be solved for As:

As~ —DF(s,0)" Fo(s,0)A0, (7.20)

where DF* denotes a pseudo-inverse of DF. So, in a fixed state, the geomet-
ric pose errors are proportional to the measurement errors. However, since a
pseudo-inverse is expensive to compute, it is preferable to solve instead of ([7.20))
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an optimization problem for one or more error measures €(As). For a robot in a
fixed state these are given by

max  €(As)
s.t. DF(s,0)As + Fo(s,0)A0 =~ 0, (7.21)
AO €d,

or, if nonlinear corrections are significant,

max  €(As)
s.t. F(5,0+A0)—F(s,0)=0 (7.22)

= (1o

Both and are global optimization problems, since worst case errors are
required. If the worst case accuracy over some workspace shall be computed, the
formulations of (7.21]) and (7.22)) still hold; the constraints defining the workspace
have to be added and s and © have to be treated as additional variables. However,
the size of the search space is much bigger, so the difficulty increases [219].

Kim & Cuor [145] provided methods for the forward and inverse error bound
analyses (FEBA and IEBA)of the Stewart platform. Given the error bounds of the
joints, the FEBA is used to find the error-bound on the position of the platform.
The IEBA, on the other hand, determines the error bounds on the joints for a
given error bound on the end-effector pose. The latter provides a designer with
a way to calculate tolerance limits of the joints and is therefore important. [Kim
& CHOI derived two eigenvalue problems corresponding to the FEBA and TEBA,
where the eigenvalues from both analyses are reciprocal to each other.

WANG & EHMANN [317] present an error analysis for the Stewart platform, tak-
ing location errors and imperfect motion in the ball-joints as well as errors in the
actuated joints, i.e., in the leg lengths, into account. They propose a first and sec-
ond error model and provide a software package (written in Mathematica) which
allows, for a given orientation of the platform, the determination of the workspace
regions where the positioning error is larger than a given threshold. JELENKOVIC
& BuUDIN [I31] present an online error analysis too]E] based on on the model pre-
sented by PATEL & EHMANN [232], which computes the worst case accuracy for
6-UPS and 6-PUS hexapods. PoTT & HILLER [248] give an approach to estimate
the first-order influence of geometric errors on target quantities by considering the
force transmission of the manipulator.

As pointed out by MERLET & DANEY [203], several authors treated the problem
of finding positioning errors of a given robot at some specific location within the
workspace (e.g., [145]; for further references see [203] p. 942]). Thus, in [203] not
only specific poses are considered but the whole workspace and further, the error
synthesis problem is addressed, i.e., finding the geometries of a robot that have at

Zavailable at http://hexapod.zemris.fer.hr/engleski/Online_en.htm)
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least a required accuracy [203]. As a by-product variant of the interval analysis-
based algorithm it is possible to compute the maximal positioning errors of a given
(6 d.o.f.) robot in a specified workspace up to a predefined accuracy. However, the
algorithm has a large computation time. MERLET [196] addresses a verification
problem. Given the geometry of a robot (possibly with uncertainties), bounds on
the sensor errors, and a prescribed workspace, the proposed algorithm checks if the
maximum of the positioning errors does not exceed some threshold. As a result, the
workspace is identified as safe, if for any pose within the workspace the positioning
error will be lower than the threshold, or unsafe, if there is at least one pose with a
positioning error exceeding the threshold (or, in some cases, the algorithm is unable
to decide). Here, the main objective is not to calculate maximal positioning errors
per se but to verify that they stay below some threshold. However, this method is
relatively difficult to implement and gives no information on the evolution of the
accuracy of the manipulator within the workspace [29]. Moreover, MERLET [190]
points out, that in addition to the maximal pose errors it may be important to
compute their mean value and the variance; but it is a challenging task to define
an algorithm to compute those, at least approximately with a guaranteed error.

A geometric approach is given in [30] 339] to compute the exact value of the pose
error of a 3 d.o.f. planar parallel manipulator at a given nominal position. YU et al.
[339] introduce the method for 3-PRP planar parallel manipulators, replacing the
existing dexterity maps by maximum position/orientation error maps. BRIOT &
BoNEV [30] generalize this work for all fully-parallel 3 d.o.f. planar parallel manip-
ulators and prove that, when sufficiently far from singularities, the local maximum
orientation/position errors can occur only when at least two active joint inputs suf-
fer a maximal error. WANG et al. [314] recommend an exact error bound contrary

Workspace

= Exact error boun

Maximal error circle

Figure 7.2. Comparison of the exact output error
X, to the maximal error X,,,, evaluation: along
the operating direction d with allowed maximal
output error X,, the accuracy performance satis-
fies the required operating precision for X4(< X,.),
but for X, (> X,) not [314].
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to a maximal error bound, which represents the extremal value of the maximal
output errors in each direction, and thus may be limited to evaluate the accuracy
performance in some case (see Fig. . The forward error bound analysis for an n
d.o.f. manipulator at a given nominal configuration sq is stated as constraint opti-
mization problem and then the exact output error bound, which can be indicated
by a closed curve or surface, is computed using the level set method by tracking
the propagation of the output error interface under the constraints of the active
joints’ input errors. The algorithm is quite easy to implement as it only requires
the inverse kinematic functions of the manipulator. The proposed method not
only provides a prediction of the exact error bound but also the best/worst error
transformation direction and the output accuracy information along an arbitrary
direction. Thus, it has been proven, that a manipulator may admit completely
different accuracy properties along different directions. The method can also be
applied to compute the exact error bound over a given trajectory or part of the
workspace. For example, the exact error surface of a Delta parallel manipulator
was computed, needing 15 iterations and about 226.5 seconds (see Fig. [7.3)).
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Figure 7.3. Propagation of the output error surface of the
Delta manipulator for ¢t = 1,3, 8,15 iterations [314]

A (so far) open problem is to locate a priori the poses with the worst positioning
accuracy [198]: according to MERLET [198] it was shown by HAY & SNYMAN [104]
that for planar robots the worst values of the condition number are obtained for
poses on the boundary of the workspace. However, this result relies on numerical
calculation and it is an open problem to determine if this is also true for spatial
robots, and for the worst positioning error as well.

Another aspect that has to be considered is the influence of joint clearance on the
position accuracy of robotic manipulators (see, e.g., [295]). Joint clearance, i.e., the
distance between the mating surfaces of a joint, leads to uncertain flawed motions
at an arbitrary pose of the mechanism and its effects are highly non-repeatable.
For example, MENG et al. [I83] [184] propose an efficient error evaluation method
for parallel mechanisms which can be used to predict the global maximum pose
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errors of a clearance-affected mechanism in a prescribed workspace, by formu-
lating the problem as a standard convex optimization problem. CHEBBI et al.
[54] develop an analytical predictive model for quantifying the pose error of a 3-
UPU parallel manipulator as a function of the magnitude of the joint clearance,
the external load acting on the platform, and the configuration of the manipu-
lator. Furthermore, an algorithm is given which maps the pose error within the
workspace of the robot, and thus allows a determination of the distribution of the
error within the workspace, which may have a discontinuity due to the change of
the configuration of the robot. More recently, FRISOLI et al. [83] present a screw
theory based method which computes the worst position accuracy for spatial par-
allel manipulators with revolute joint clearances and performs a maximization of
the pose error function in a mixed analytical-numerical approach, converging to
the exact maximum pose error.

Finally, a noteworthy comparison between serial and parallel manipulators regard-
ing the accuracy done by BRIOT et al. [29] shall be mentioned. It is often claimed
that parallel manipulators have a higher accuracy than serial ones (e.g., [54]) be-
cause their errors are averaged instead of cumulatively added [29]. A comparison
of serial and parallel 2 d.o.f. manipulators seems to indicate that parallel mech-
anisms are less sensitive to input errors, but the study is too limited to state a
general assumption. Furthermore, the authors state that a meaningful comparison
between other pairs of serial and parallel mechanisms is virtually impossible.
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Chapter 8

Singularities

8.1 Introduction

In this chapter, the notion of singularitied] shall be defined and described in more
detail. Singularities are particular poses of the end-effector in which either the
forward or the inverse instantaneous kinematic problem becomes undeterminate,
and thus, the properties of the mechanism change dramatically. In a singular
configuration, the pose of the end-effector is no longer controllable, and forces,
imposed on several links, may become very large, which may cause a breakdown
of the robot. Therefore, singularity analysis is an important field of study in
robotics, it plays a significant role in the design and control of robot mechanisms.

8.2 Singular configurations

The relationship between input (joint variables) and output (end-effector position)
coordinates of any manipulator is given by the equation of state (4.1)

F(s,0) =0,

where s is a set of parameters coding the pose of the end-effector and © describes
the joint configuration (including active and passive joint parameters). It allows
to formulate a relation of the type (cf. (7.1)))

A(s,©)AO = B(s,0)As,

where A©O denotes the error of the vector of joint positions, As the error in the
pose of the end-effector, and A = A(s,0) and B = B(s,©0) are both configura-
tion dependent n x n matrices (for a n d.o.f. non-redundant manipulator). For
a non-redundant parallel robot with n actuated joints (and n d.o.f.) for a total

L An extensive database of publications about singularities in robot kinematics can be found
at http://homepages.mcs.vuw.ac.nz/~donelan/cgi-bin/rs/main.
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of N joints, the equation of state (4.1]) consists of a set of N equations in N + n
unknowns. A kinematic singularity exists if the rank of the kinematic Jacobian
of the system is less than N, or equivalently, if there are less than N independent
equations. Considering , that means that one of the matrices A or B be-
comes singular, i.e., det(A) = 0 or det(B) = 0. Thus, in principle three types of
singularities may be distinguished [91]:

(1) A is singular (called serial or type 1 singularity).
(2) B is singular (called parallel or type 2 singularity).

(3) A and B both are singular (called type 3 singularity).

In principle, at a serial singularity a robot loses degree(s) of freedom, while at
a parallel singularity degree(s) of freedom are gained, i.e., the manipulator can
move while the actuators are locked. As for many serial manipulators B = 1,
a singularity only happens if det(A) = 0. A parallel singularity lies within the
workspace and happens in particular for parallel manipulators.

The general description of singularities by GOSSELIN & ANGELES [91] is based
on the input and output velocities. PARK & Kim [231] applied methods from
differential geometry and introduced three basic singularity types. The singularity-
taxonomy is independent of the local coordinates used to describe the kinematics,
and includes mechanisms that have more actuators than d.o.f. A more general
classification was proposed by ZLATANOV et al. [348], where not only the input
and output velocities, but also the passive-joint velocities are included explicitly. A
general manipulator model, in terms of differentiable mappings between manifolds,
allows a rigorous mathematical definition of kinematic singularity. Input, output
and configuration-space singularities are identified as the three basic types, but
also a finer classification using six types is given, depending on the cause of the
degeneracy.

There are different ways to introduce singular configurations, i.e. by studying the
relation of input and output velocities, by studying the mechanical equilibrium or
by studying the uniqueness of the solution to the FKP around a given solution
[198]. In the following, we restrict our considerations to parallel manipulators; for
results about serial manipulators see, e.g., [140}, 316].

8.2.1 Singularities and velocities

Differentiating the equation of state (4.1]) with respect to time gives the relation
A© 4+ Bw =0 (8.1)

between the actuated joint velocities © and the twist w of the end-effector. A se-
rial singularity means that a zero twist of the end-effector is obtained for non-zero
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actuated joint velocities. In that case the IIKP (cf. Chapter @ is not solvable.
For a robot having revolute joints between the attachment points of the legs it
can be shown that a pose on the boundary of the workspace causes a serial sin-
gularity [198]. However, the converse is not true; a counter-example has been
given by BONEV et al. [28]. A parallel singularity means that a non-zero twist
w of the end-effector is obtained although the actuators are locked. Locally (in
the neighborhood of such a configuration), the end-effector is able to accomplish
infinitesimal motion. As in the case of locked actuators the mobility of the end-
effector should be zero, it is said that the robot gains some d.o.f. Thus, certain
degrees of freedom of the robot cannot be controlled. In other words, kinematic
singularities are configurations in which there is a change in the expected or typ-
ical number of instantaneous degrees of freedom [68]. A configuration is defined
as non-singular when both the FIKP and the ITKP have unique solutions for any
input or output [23].

8.2.2 Singularities and forces

A robot is in a mechanical equilibrium if the joint forces/torques 7 balance the
wrench F acting on the end-effector. The fundamental relation

= J(s)'F,

where J(s) denotes the kinematic Jacobian, is valid for serial as well as parallel
manipulators. In a singular configuration the joint forces may go to infinity as
they are obtained by solving the linear system

F=JTr

Hence, there is a significant risk of a breakdown of the robot (as reported in [198]).
Therefore, it is important to be able to find such singularities.

8.2.3 Singularities and kinematics

For fixed actuated joint variables © the inverse kinematics equation of a robot
may be written as

F(s) =0. (8.2)

Singularities may now be introduced by studying the uniqueness of solutions of
the FKP around a given solution. If the Jacobian is non-singular, there is only
one solution in a neighborhood while for a singular Jacobian multiple solutions
are obtained, i.e., the platform will be movable although the actuators are locked.
Singularities are related to the study of kinematic branches. For a given set
©; of actuated joint variables, a finite set of solutions of is derived. If the
actuated joint variables © vary continuously to another set ©2, then the solutions
of also vary continuously: the poses of the end-effector follow different tra-
jectories, the kinematic branches. A singularity occurs if two branches collapse,
or if a branch goes to infinity [198§].
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8.3 Singularity Analysis

Singularity analysis is an important element in the process of designing and devel-
oping a robot and has been intensively studied in the past two decades. As pointed
out by MERLET [199] the search of singular configurations of parallel robots de-
pends on the study of the singularities of the full (6 x 6) inverse kinematic Jacobian
J~1(cf. Section , even for robots with less than 6 degrees of freedom. The full
inverse Jacobian is usually derived through a velocity analysis or through an anal-
ysis of the mechanical equilibrium, as described above. The main problem is that
although an analytical form of J~! may be known, the expansion of the deter-
minant leads to huge expressions. A closed form for the determinant can usually
be calculated for planar or spherical robots with 3 d.o.f. but will be more compli-
cated for a larger number of d.o.f. [198]. A number of authors have sought to apply
methods of mathematical singularity theory to the examination of singularities (a
survey can be found in [67]). Another approach (following [I85]) uses Grassmann
geometry [198, 326] and Grassmann—Cayley algebra [4, [14] [15] 326] to determine
simpler singular conditions. But calculating the determinant is only the first stage
of the singularity analysis; the second stage then is to find poses that cancel the
determinant, which is an even more difficult task.

8.3.1 Determination of the singularity-free workspace

Ideally, the regularity of the inverse Jacobian should be checked for all poses of
the useful workspace, i.e., the part of a robots workspace in which the end-effector
will be most commonly located [199], or for any pose along a given trajectory.
Furthermore, a suitable algorithm should be able to take uncertainties in the
robot modeling and control into account and the singularity detection should be
certified, i.e., the algorithm should provide safe answers even in the presence of
numerical round-off errors. The singularity-detection problem has been addressed
by MERLET [199], MERLET & DANEY [202], where symbolic computation was
used to derive an analytical form of the determinant of J~! and its sign at a
particular pose sO. Then, an interval analysis-based algorithm was applied, which
permits to determine if the motion variety, i.e. a variety defined by the end-user
within which the robot is constrained to move, includes a set of poses in which
the determinant has a sign opposite to the one in sg. However, in particular
if uncertainties (e.g., in the geometrical parameters of the robot) are added as
additional unknowns in the components of J~!, obtaining a closed-form of the
determinant is no longer possible. Thus, a numerical method may be applied
to evaluate the determinant based on the interval form of the inverse Jacobian.
However, such a numerical evaluation will lead to large overestimation of the true
range of the determinant and hence, to large computation times for the singularity
detection scheme. Therefore, it is necessary to develop methods that check the
regularity of the set of matrices defined by an interval matrix without calculating
its determinant, and thereby take into account, that the inverse Jacobian is a
parametric matrix, i.e., that its components are not independent. MERLET &
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DONELAN [2006] adress this problem and propose several methods to facilitate the
regularity check. The algorithm given in [199] uses these methods and provides
robust in-workspace detection of singularities for any type of robot and with almost
any type of motion variety in acceptable computation time; additionally it is able
to manage uncertainties in the control and the modeling of the robot.

For planar parallel manipulators KOTLARSKI et al. [I49] present an improved
method to obtain the guaranteed singularity-free workspace. In order to avoid
the inconvenient interval form of the determinant of J~! a geometrical-based
solver is proposed. The method achieves significant improvements compared to
a (preconditioned) interval evaluation of the det(J™!) in terms of the guaran-
teed singularity-free zones in the workspace and the number of bisections used in
the branch-and-bound algorithm. However, the algorithm is restricted to special
manipulator-geometries.

Recently, BOHIGAS et al. [23] presented a practical method to compute all types of
singularities of non-redundant manipulators with no-helical lower pairs and desig-
nated instantaneous input and output speeds. A system of quadratic polynomial
equations for each singularity-type described by ZLATANOV et al. [349] is defined
that encodes all singular configurations, and of which all solutions are initially
bounded in a box B. The algorithm for solving the system numerically recursively
applies a box shrinking and splitting procedure, where the box shrinking is based
on solving two linear programs. The method is applicable to manipulators with
arbitrary geometry and will isolate singular configurations with a desired accuracy.
In order to complete the task of exhaustive classification of the singularity set of
a given mechanism, BOHIGAS et al. [22] give an efficient method to compute such
a classification by means of a hierarchy of singularity tests.

It may be of interest to define a geometrical object such as a sphere or a cube
and determine the largest such object that is singularity free and enclosed entirely
in the workspace (see also Chapter . Algorithms to accomplish this task are
given, e.g., by L1 et al. [163] or JIANG & GOSSELIN [132].

8.3.2 Singularity index

Often one wants to define a “distance” to measure how “far” a given non-singular
pose is from a singularity. The definition of such a distance in a mathematical
sense of a metric only is possible if the degrees of freedom are either translational
or rotational. In the presence of mixed d.o.f. only a weaker concept of singular-
ity indices may be defined. VOGLEWEDE & EBERT-UPHOFF [308] state a few
conditions a singularity index should fulfill and define various such indices in the
velocity domain as well as in the force domain. The generic form of a singularity
index in the velocity domain is formulated (using the joint velocities © and the
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twist w) as constrained optimization problem

min ©TU6
s.t. ©=J'w
w! Vw=1.

Various (somewhat arbitrary) choices of the matrices U, V are proposed such
that ©TUO and w”Vw have a physical meaning. The calculation of the index is
equivalent to solving a generalized eigenvalue problem. Liu et al. [I71] propose
several indices to measure closeness to a singularity by taking motion/force trans-
missibility into account. HONG [112] presents an index which provides a unique
invariant measure of closeness to a singular configuration for non-redundant serial
and parallel manipulators, based on the screw-based Jacobian.

However, a major drawback of singularity indices is that they usually do not have
a closed form. The indices may be computed numerically for a given robot and
pose, but minimum, average value, and standard deviation over a given workspace
or trajectory are difficult to acertain (but may be important in practice) [19§].

8.3.3 FKP and path planning

Singularities may also be useful in some cases, e.g., to sort the solutions of the
FKP. As we have seen in Chapter [f, there are methods available to determine all
solutions of the problem, but the determination of the solution corresponding to
the current pose still poses a challenging problem. The workspace of the robot
may be separated into different regions that are singularity-free and separated by
singularity varieties. WENGER et al. [324] introduce these so-called aspects for
parallel manipulators (see also [48] [325]). Usually a manipulator operates within
the aspect which includes the initial assembly mode. Thus, a forward kinematic
solution will be a candidate to be the current pose only if it can be reached from an
initial assembly mode by a singularity-free trajectory. However, it is a non-trivial
task to determine the existence of such a trajectory. For a symmetrical planar
parallel manipulator with equilateral base and platform triangle the existence of
such a non-singular assembly-mode changing trajectory was shown by CHABLAT
& WENGER [49]. Husty [121I] then proved for general planar 3-RPR parallel
manipulators the ability to pass from one solution of the FKP to another with-
out crossing a singularity, and gave a technique how to construct singularity-free
trajectories that join all assembly modes of one connected component (see also
CHABLAT et al. [47]).

Just recently, BOHIGAS et al. [20] present a singularity-free path planning al-
gorithm that attempts to connect two given non-singular configurations of any
non-redundant closed-chain manipulator. The method relies on defining a system
of equations whose solution manifold corresponds to the singularity-free subset of
the configuration space. This manifold then is explored systematically by a higher-
dimensional continuation strategy (as given in [130]), until a path joining the two
configurations is found (or the non-existence of such a path is determined).
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The science of robotics is a field with high interdisciplinary character. It poses
a large number of complex and challenging problems—interesting not only from a
mechanical but also from a mathematical point of view.

In the last two decades parallel manipulators have become more and more popular,
especially for applications demanding high load carrying capacity or precise posi-
tioning. Further advantages of parallel manipulators over their serial counterparts
for certain applications are low inertia, higher structural stiffness, and reduced
sensitivity to certain errors. Parallel robots are intrinsically more accurate than
serial robots as their errors are averaged instead of added cumulatively. How-
ever, in terms of size of the (dexterous) workspace or with respect to the suffering
from singularities, the performance of parallel robots is poor compared to serial
manipulators.

The application area of parallel robots in particular is a broad field; for exam-
ple, they are used for industrial tasks (e.g., tyre testing, GOUGH & WHITEHALL
[94]), space applications (e.g., the Canterbury satellite tracker, JONES & DuUNLOP
[137]), or in medical science, SIMA’AN et al. [281] (e.g., for prostheses with parallel
topology, MENDOZA-VAZQUEZ et al. [I82], or a micro-manipulator for ophthalmic
surgery, GRACE et al. [95]); see also, e.g., PATEL et al. [233], WECK & STAIMER
[321]. Due to the higher level of complexity problems concerning parallel manip-
ulators are more difficult to solve than problems for their serial counterparts. In
principle, the problems become more ambitious for an increasing number of degrees
of freedom. Over the past years the number of publications has been growing for
parallel manipulators. The benchmark for books concerning parallel manipulators
is the one written by [198].

Since a various number of (parallel) architectures and geometries is possible with
mostly quite distinct properties, each class of manipulators poses its own spe-
cific problem formulations, and proposed solution methods and algorithms are
restricted to the special robot type. However, recent publications (e.g., BOHIGAS
et al. [21], 22 23], CARDOU et al. [39], Liv et al. [I70], MERLET [199], PETUYA
et al. [239], WANG et al. [314]) aim to constitute unifying frameworks for several
problems whose application spectra are as general as possible.

The problems surveyed in this thesis only cover a small amount of fundamental
questions related to robotics. Further topics are concerned with, e.g., trajectory
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planning, dynamical aspects, statics and forces, synthesis and design of robots.
The distinct areas often heavily depend on each other, so it is usually quite difficult
to treat one single problem without dealing with others at the same time. The
probably most challenging problems are concerned with designing a robot that
provides certain properties specified by the tasks it shall accomplish. During the
design process from the initial stages of the conceptual definition of the robot to
the real prototype, most of the tasks presented in the previous chapters (and some
additional ones) have to be taken into account. Due to lack of writing space,
the design-aspect was not discussed here. HERNANDEZ et al. [I06], MERLET &
DANEY [205] give a design methodology for parallel manipulators.

Considering the mathematical aspects in robotics, the highly interdisciplinary
character can be seen as well. The set of displacements which represent the mo-
tion of rigid bodies, has the special structure of a group and is directly related to
the special Euclidean group SFE(3), which is a differentiable manifold, a so-called
Lie group. Thus, algebraic and differential geometry as well as the concept of
Lie group theory plays an important role for the analysis and formulation of the
problems (see e.g., SELIG [275]). Most of the problems arising in robotics heavily
depend on the solution of highly non-linear and often algebraic (systems of) equa-
tions. Several solution methods, i.e., homotopy, elimination, Grobner bases, and
interval analysis, were outlined in previous chapters, and their main advantages
and disadvantages explained. In recent research certain algorithms have been de-
veloped which improve the performance of Grobner basis- and homotopy-methods
in particular. Furthermore, interval analysis methods are getting more popular
due to improved computer performance, which provides decreasing computation
times. Due to the non-linearity, there are multiple solutions to the problems, and
hence, methods for selecting the right solution have to be found. Up to now, this
problem has not been solved in a satisfactory way, and hence, may be addressed
in future work.

In many cases it is computational expensive or not possible to derive closed-form
formulations of the equations. In either case, or, if uncertainties such as measure-
ment errors or manufacturing tolerances have to be taken into account, numerical
methods are required. To derive certified and reliable results even in the presence
of uncertainties and round-off errors, methods of rigorous computing are needed,
e.g., round-off error analysis (WILKINSON [327, [32§]), interval arithmetical tools
(MOORE et al. [208], NEUMAIER [21§]), or automatic differentiation (BLIEK et al.
[18], BUCKER et al. [36], ScHICHL & MARKOT [273]). However, the aspect of
deriving rigorous solutions often is ignored, and thus, future work may address
this problem.

For several applications, a worst-case analysis is required, and thus, global prob-
lems have to be solved. Hence, (global) optimization problems need to be con-
sidered. In the past few years, global optimization methods have been improved
quite significantly. However, to my best knowledge, up to now rigorous global
optimization methods are used quite rarely in robotics. Therefore, this opens a
wide field for future research. For solving global optimization problems, various
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relaxation methods, techniques for constraint propagation and higher order con-
straint propagation, need to be utilized. In addition, inclusion/exclusion regions
are required for reducing the so-called cluster effect (SCHICHL et al. [274]) which
causes big performance problems when solving systems of equations. For robotics
problems it is a necessity to use various equivalent mathematical formulations of
the same problem (Lie group, trigonometric functions, polynomial systems) since
some solution techniques work better on some of the formulations than on others.
It may be essentially important to improve the methods for rigorous computation
in Lie groups, using a generalization of interval arithmetic to Lie groups.

From a personal point of view, robotics is a quite fascinating topic, in particu-
lar because it interfaces multiple disciplines. Additionally, robotics is a field of
research which yields practical results that may have a positive impact and ben-
efit on society. The work on this thesis was a challenging task for me. On the
one hand, because I have no engineering background, and thus, it took quite a
while to understand and interrelate the research results; especially the apparently
countless number of different manipulator types got confusing for me at times.
Furthermore, due to different interpretations and varying use of the same terms
and notation, it sometimes was a non-trivial task to draw contextual conclusions.
On the other hand, the work on this thesis required the study and combination of
several mathematical methods, which I never have studied in detail up to now, or
only in a theoretical context. However, this thesis provides only a starting point
for me and I intend to do further research in this area.
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