Lniversitat
wien

DIPLOMARBEIT

Titel der Diplomarbeit

The Frobenius group 77
as a symmetry in the lepton sector

Verfasser

Ulrike Regner BSc

angestrebter akademischer Grad

Magistra der Naturwissenschaften (Mag. rer. nat.)

Wien, 2011

Studenkennzahlt 1t. Studienblatt: A 411
Studienrichtung 1t. Studienblatt:  Diplomstudium Physik
Betreuer: Ao. Univ.-Prof. Dr. Walter Grimus



Danksagung

Ich mochte an dieser Stelle allen Personen Dank aussprechen, die mit ihrer Unterstiitzung
maBgeblich zur Entstehung dieser Arbeit beigetragen haben.

Ganz besonderer Dank gebiihrt meinem Betreuer Walter Grimus, der mich in allen Phasen
der Arbeit exzellent begleitet und unterstiitzt hat. Seine hervorragende Betreuung zeich-
nete sich nicht nur dadurch aus, dass er jederzeit fiir fachliche Diskussionen, inhaltliche
Hilfestellungen und organisatorische Fragen zur Verfiigung stand, sondern ganz beson-
ders auch durch seine Geduld und seine freundliche, ermunternde Art, die mir die Arbeit
wesentlich erleichtert hat.

Weiters mochte ich meinem Kollegen Patrick Ludl danken, mit dem ich mir wahrend eines
groflen Teils der Arbeitszeit ein Biiro teilen durfte. Er ist mir stets mit seiner Erfahrung
und mit wertvollen Tipps zur Seite gestanden, was sich als ausgesprochen hilfreich er-
wiesen hat.

Groflen Dank mochte ich auch meiner Familie aussprechen, deren finanzielle Unterstiitzung
mir eine unbeschwerte Studienzeit ermoglicht hat. Ich bin sehr dankbar dafiir, dass mir
meine Eltern die volle Freiheit gegeben haben, meine Ausbildung nach meinen Wiinschen
zu verfolgen und dass ich dabei immer mit der Unterstiitzung meiner gesamten Familie
rechnen konnte.

Fiir fachliche Diskussionen sowie personliche Unterstiitzung in vielfaltiger Art und Weise
danke ich meinen Freunden und Kollegen und insbesondere meinem Freund Christian
Schiitzenhofer.

Auch meinen Professoren, die mir iiber das reine Fachwissen hinaus auch Freude an der
Physik vermittelt haben, gebiihrt grofler Dank. Speziell erwdhnen mochte ich dabei
auch meine Physiklehrerin am Gymnasium, Frau Mag. Dr. Gerda Huf, ohne deren
Begeisterung und Engagement ich mich wahrscheinlich nie fiir das Studium der Physik
entschieden hatte.



Contents

Introduction

Neutrino experiments

2.1 Solar neutrino experiments . . . . . .. .. ..o
2.1.1 Homestake . . . . . . . . ..
2.1.2 GALLEX/GNO . . . ...
2.1.3 SAGE . . . .
2.1.4 Kamiokande . . . . . .. ..o Lo
2.1.5  Super-Kamiokande . . . . ... .. ... ... 0.
2.6 SNO . . . .
2.2 Atmospheric neutrino experiments . . . . . ... ...
2.2.1 Kamiokande . . . . . . . ...
222 IMB . .o
2.2.3 Super-Kamiokande . . . . . .. .. ... ... L.
224 Soudan 2 . . ...
2.3 Terrestrial neutrino experiments . . . . . . . . ... ...
2.3.1 KamLAND . . . . . . .
232 K2K . .o
233 T2K . .
2.3.4 MINOS . . . .
2.3.5 OPERA . . . .
2.4 Other neutrino experiments . . . . . . . . . .. ...
24.1 TceCube . . . . . . .
242 KATRIN . . . . . e
The discrete symmetry group 7%
3.1 Propertiesof T7 . . . . . . ..
3.2 TrasakFrobenius group . . . . . . ... Lo

Yukawa terms and mass matrices for a 77 model

4.1 Particle content and transformation behaviour . . . . . . . ... ... ...
4.2  Charged lepton mass matrix . . . . . . . . ...
4.3 Neutrino mass matrix . . . . . . . . o o v

Vacuum misalignment and the resulting neutrino mixing matrix
5.1 The seesaw mass matrix . . . . . . . . . .. ...
5.2 The neutrino mixing matrix . . . . . . .. . ..o

Interactions in the 77 model

6.1 Yukawa couplings . . . . . . . ...
6.2 Allowed decays of the charged leptons . . . . . . . . . ... ... ... ...
6.3 Decays of 7* implied by the Z3 symmetry . . . . . ... ... ... ....

6.4 Decay of the Z/ gauge boson . . . . . . . . ... ... L.

16
16
24

28
28
29
31

36
36
38



7 The scalar potential of & and its consequences
7.1 The T; invariant Higgs potential . . . . . . . . .. ... .. ... ...
7.2 Mass matrices for the charged and the neutral scalars . . . . . . . ... ..
7.3 The existence of massless Goldstone bosons in this model . . . . . . . . ..

Qo

Conclusions
Conventions
Translation of the Yukawa terms to supersymmetric notation

Seesaw mechanism of type 1

o a w »

B — L extension of the Standard Model
List of Tables
List of Figures

Bibliography

53
53
95
o8

64

65

66

69

72

74

75

76



1 Introduction

In 1930, Wolfgang Pauli wrote a letter to colleagues in which he first mentioned a particle
that he referred to as “neutron” at that time. He postulated this new particle in order to
explain the continuous spectrum of the radioactive beta decay without giving up energy
conservation. Back then, Pauli was certain that the experimental search for this new
particle would be a difficult task, and indeed even today, some eight decades later, there
are many unsolved questions concerning this particle.

The name “neutrino” that is used today is Italian for “small neutron” and was given
to this particle by Enrico Fermi some years after the first prediction in order to avoid
confusion with the particle that we know as the “neutron” today.

The first experimental confirmation of the neutrino, more precisely of the electron
antineutrino, succeeded in 1956 - more than 20 years after Pauli’s prediction. A few years
later, also the muon neutrino was experimentally found, but it was not until the year 2000
when finally the tau neutrino was also confirmed in an experiment.

Even today, neutrinos are amongst the most puzzling topics in modern particle physics.
First of all, their experimentally found properties, i.e. the nonzero mass differences, are
not contained in the Standard Model! and cannot be included without introducing right-
handed neutrinos.

Also, the experimentally found values of the neutrino mixing angles cannot be ex-
plained. One of them is vanishingly small, the other two are large.

Neutrinos are in general extremely difficult to measure and it takes an enormous effort
to perform measurements. Despite the impressive development that neutrino experiments
have made over the last decades, it is still very challenging to provide experimental results
for neutrino properties.

This is one of the reasons why we do not know the absolute masses of the neutrinos
yet. For the heaviest of the three known neutrinos, we know that

0.056eV Sm, S 0.5V, (1.1)

where the lower limit is the result of the measurement of the mass squared differences
and the upper limit is valid because

3
> my, SleV. (1.2)
=1

This limit follows from cosmological considerations, see for example [1.14].

So we only have limits for the absolute neutrino masses, but even those are another
puzzle: There is no satisfactory explanation for the extreme smallness of the neutrino
masses. A similar problem is found in the mass spectrum of the other type of fermions,
the quarks: The ratio of the heaviest mass, the top quark mass, and the lightest mass,
which is the up quark mass, is

Myop 100 GeV
Moy T 1MeV

= 10°. (1.3)

LA comprehensive introduction to quantum field theory and the Standard Model of particle physics is
given in the book of Peskin and Schroeder, see [1.12].



This large ratio cannot be explained, but the situation gets even more extreme if charged
lepton masses and neutrino masses are considered:

me- 1 MeV

~ = 10°. 1.4
m, leV (1.4)

The neutrino mass spectrum remains poorly understood: There are two scenarios that
are equally plausible; and we still do not know whether one of the masses is zero or all
three of them are nonvanishing.

Neutrinos might be their own antiparticles, which would make them Majorana parti-
cles. But it could also be the case that neutrinos are of Dirac nature.

Among all these open questions, the areas that we will investigate are neutrino masses
and mixing?. The form of the mixing matrix that is favoured at the moment is called
tribimaximal (see [5.4] and [5.5]):

2 1 0
T L

Upmns = BRI (1.5)
V6 VB V2

If one allows for errors that are due to radiative corrections, it is in good agreement with
experimental data. The idea behind this matrix is that the flavour eigenstates v,, v, and
v, are composed of the mass eigenstates vy, 15, and v in the following way:

2 . 1
Ve = =<V —l9,
3737
1 1 1
vy = 61/1 + gl/g + §V3, (16)
1
v = 61/1 + §V2 + §V3.

The symmetry of the tribimaximal mixing matrix suggests that an underlying family
symmetry exists. A family symmetry, also referred to as horizontal symmetry or flavour
symmetry, is a symmetry that connects the three different families of particles. Candidates
are usually discrete subgroups of SU(3), and among them specifically those which have
an irreducible three-dimensional representation in order to accommodate particle families
as triplets®. The smallest group that fulfills this is also the one that has been investigated
the most in this context (see for example [1.4] or [1.10]): The group of even permutations
of four objects, A4. It has 12 elements and can be pictured as the group that contains all
the possible rotations of a tetrahedron.

If one wants to accommodate a more complex particle content, namely a second triplet
that is inequivalent to the first triplet, one needs to find a group that has two inequivalent
irreducible three-dimensional representations. The smallest group that has this feature is
called T and it is the one that we will investigate here. It consists of 21 elements and
has an irreducible three-dimensional representation that is inequivalent to its complex

2See [1.3] for a thorough review of the theory of neutrino masses and mixing.
3For reviews of nonabelian discrete symmetries in particle physics and some flavour models, see [1.8]
and [1.9].



conjugate representation. 77 was suggested as a family symmetry in 2007, see [1.2], and
investigated further by Cao, Khalil, Ma, and Okada in 2011. The model that we will
investigate here was proposed by these authors, see [1.1].

Also in [1.5], T% is used as a flavour symmetry. Here, a partial cancellation of the Dirac
mass hierarchy in SO(10) grand unified theories (GUTSs) is achieved by introducing this
additional symmetry.

There are of course many other symmetry groups that can be used for model building.
Quite recently, a computer-assisted systematic search for such groups and models was
performed, see [1.13]. Many models are based on symmetries that are broken to a Z3
symmetry, which is often referred to as “flavour triality”, see [1.11].

Horizontal symmetries can also be tested, see [1.7] for details on such tests.

Having given this short introduction, we will now start by reviewing some of the most
important neutrino experiments in chapter 2. In chapter 3, we will take a closer look at
T and its properties. Subsequently, in chapter 4, we will introduce the particle content
and transformation behaviour in this 7% model and identify the invariant Yukawa terms,
which will then give us mass matrices. By choosing a suitable vacuum misalignment,
these will lead to the neutrino mixing matrix in chapter 5. We will then in chapter 6
investigate some implications on interactions and show that this model could in principle
be experimentally tested. In chapter 7 however we will investigate the scalar potential of
the Higgs doublets and find that it necessarily leads to the existence of massless particles
that do not exist in nature. We will therefore conclude that this model, although showing
promise at first, does not describe what is realized in nature.

It is nevertheless worth studying because it does include many interesting features and
it does succeed in explaining several different aspects of neutrino masses and mixing.



2 Neutrino experiments

The crucial test of any theory is whether its predictions are confirmed by observations or
not. Therefore, the following chapter will provide a short overview over some neutrino
experiments that have confirmed certain predictions of the current theory of neutrinos.
More details on a selection of neutrino experiments can be found in [2.01].

Due to the fact that neutrinos have no electric charge and only interact via the weak
force, the cross sections for neutrino reactions are extremely small. It is therefore espe-
cially challenging to measure them. In neutrino experiments, the detectors are specifically
designed to measure such reactions. They are typically very massive and large and usually
located underground, for example in mines, to minimize cosmic ray background.

A common way of classifying neutrino experiments is by the origin of the neutrinos:
solar neutrino experiments measure neutrinos produced in the Sun, atmospheric neutrino
experiments those created by interactions in the atmosphere and terrestrial neutrino ex-
periments measure neutrinos produced on Earth, namely in reactors and accelerators. In
the following sections, examples for each of these classes will be discussed. More recent
types of neutrino experiments aim to measure absolute neutrino masses or investigate
neutrinos from the cosmic background radiation. The last section of this chapter is about
those experiments.

2.1 Solar neutrino experiments

The Sun is an extremely powerful source of neutrinos. Thermonuclear fusion processes
taking place in the solar core produce electron neutrinos, most of which travel through
the Sun and out into space without taking part in any interaction due to the extremely
low cross section. The solar neutrino flux on Earth is about 6-10° cm=2s~!, but the small
interaction cross sections make the detection of solar neutrinos very difficult even though
the flux is so large.

About 2.3% of the Sun’s energy is released in the form of neutrinos. The solar produc-
tion of neutrinos is part of a fusion process, in which helium is produced from hydrogen.
The net reaction is

4pT +2e~ — ‘He+ 2, + Q, (2.1)

where the energy release Q = 26.731 MeV is due to the mass difference of the particles
before and after the process. This energy is released in the form of photons and as the
kinetic energy of the neutrinos.

The reaction occurs in two cycles: The pp cycle, which is responsible for about 98% of
the released energy, and the CNO cycle, which delivers the remaining 2% of the energy.
A description of both cycles can be found in [2.01]. Here, we will concentrate on the
reactions that play a role for solar neutrino experiments. There are five reactions in the
pp cycle and three in the CNO cycle in which neutrinos are produced. Obviously, all



produced neutrinos are electron neutrinos. The relevant reactions are

p+p — *H4+e" 4, (2.2)
pte +p — *H+u, (2.3)
‘He+p — *He+et +u,, (2.4)
Be+e — Lit+u, (2.5)
B — ®*Be+et 41, (2.6)
in the pp cycle and
BN — BC+et +u,, (2.7)
PO — BN+et 4, (2.8)
"F = "O+et +u, (2.9)

in the CNO cycle. The most important reactions for solar neutrino experiments are (2.2),
(2.5) and (2.6). Table 1 summarizes the average energy, the maximum energy and the
flux for these three reactions. Note that the neutrino energy is of specific importance
for measurements because the energy thresholds for most experiments do not allow the
detection of solar neutrinos from all reactions. For the "Be reaction, two channels exist,
but only the dominant one is listed in Table 1.

name reaction average energy [MeV] | maximum energy [MeV] | flux [cm™2s71]
pp | p+p— H+et +u, 0.2668 0.423 5.95 x 1010
™Be | Bet+e — "Li+ . 0.8631 0.8631 4.77 x 10°
B | ®B— ®Be+e +r. 6.735 ~ 15 5.05 x 10°

Table 1: Energy and flux for important solar neutrino production reactions, see [2.01].

The first experiment to measure solar neutrinos was Homestake in 1970. Over the fol-
lowing decades, many other solar neutrino experiments were constructed and produced
many interesting results. Some of these experiments are briefly discussed in the following
sections. Among those experiments that are not described here is Borexino, a liquid scin-
tillator detector located in the Laboratori Nazionali del Gran Sasso in Italy. For details
on Borexino, see [2.14].

2.1.1 Homestake

The Homestake experiment was located 1478 m below the surface in the Homestake gold
mine at Lead, South Dakota, USA. It was proposed in 1964 and operated continuously
from the late 1960s until 1994.

The detection method was radiochemical, using the following process:

Ve +37Cl = 3Ar 4 ¢~ (2.10)

This reaction is called Pontecorvo-Alvarez inverse (-decay and has a neutrino energy
threshold of E" = 0.814MeV. Therefore, neutrinos produced in the ®B reaction were
dominant in this experiment.



The tank of the Homestake experiment had a volume of 6 - 10°1 and was filled with
133 tons of 3"Cl in the form of 615 tons of tetrachloroethylene, C,Cly. The overburden
between the Earth’s surface and the tank provided enough shielding from cosmic rays
that an intensity of cosmic ray muons of only four muons per square meter per day was
expected. This background had to be taken into account.

The extraction of the radioactive 3"Ar was done through chemical methods, and it
was counted by measuring the Auger electron produced in the electron capture of the
37TAr nuclei. The lifetime of 37Ar is about 35 days. The extraction was carried out every
two months because after this amount of time, the decay rate of 37Ar was equal to its
production rate and therefore, the amount of 3’Ar in the tank would stay approximately
constant. After 60 days, about 16 atoms were measured. Taking into account the decay
probability, this corresponds to about 0.5 atoms per day produced by solar neutrinos.

In 1968, the first data of Homestake showed that the measured solar neutrino flux was
well below the expected value. However, artificially produced argon was fully recovered.
This test showed that the detector was working properly. The results remained close to
one third of the value of the solar neutrino rate predicted in the solar standard model.
This was not only the first time the solar neutrino flux was measured at all, but also the
first time the solar neutrino deficit was detected. A detailed review of the Homestake
experiment is given in [2.22].

2.1.2 GALLEX/GNO

GALLEX (short for GALLium EXperiment) was also a radiochemical neutrino experi-
ment. Gallium experiments use the reaction

v+ "Ga— "Ge+e . (2.11)

The neutrino energy threshold E* = 0.233MeV is very low and allows to detect solar
neutrinos from all possible reactions. The " Ge atoms produced by solar neutrinos were
extracted by chemical methods and counted by observing their decay back to ' Ga.

GALLEX was located in the Laboratori Nazionali del Gran Sasso in Italy, inside the
Gran Sasso mountain. It was in operation from May 1991 to January 1997, when it was
updated to GNO (Gallium Neutrino Observatory). GNO used the same detector, but
improved extraction techniques and ran from May 1998 to April 2003.

Various tests using artificially produced neutrinos proved that the detector was operat-
ing correctly. Again, the measured solar neutrino flux was well below the value predicted
in the solar standard model. The solar neutrino deficit detected by Homestake was there-
fore confirmed by GALLEX/GNO. For the complete results of GNO, see [2.23].

2.1.3 SAGE

The other important Gallium experiment is SAGE (short for Soviet-American Gallium Ex-
periment), which is located in the Baksan Neutrino Observatory of the Russian Academy
of Sciences in the northern Caucasus, about 2000 m under the top of a mountain. The
detection method is the same that was used for GALLEX/GNO. Also for this experiment,
several tests were performed to ensure that the detector works properly. SAGE began to



take data in 1990 and is still in operation. Up to now, all results are in agreement with
the GALLEX/GNO results. More details on the experiment and results can be found in
[2.16].

2.1.4 Kamiokande

Kamiokande, short for Kamioka Nucleon Decay Experiment (it had originally been built
for this purpose) was a water Cherenkov detector located about 1000 m under the ground
in the Kamioka mine in Japan.

Water Cherenkov detectors measure the Cherenkov light emitted by ultrarelativistic
charged leptons produced in neutrino interactions. In general, Cherenkov light is emitted
in a cone around the direction of motion when the velocity of a charged particle in a
medium is higher than the velocity of light in this medium, which is the inverse of the
refraction index of this medium. These photons are detected by photomultipliers covering
large parts of the enclosing surface of the tank. The advantage of this detection method is
that it allows to determine the neutrino interaction point, the track and the energy of the
produced charged lepton. The direction of the track helps distinguishing solar neutrino
events from the background. Also, the data are collected in real time. The reaction that
was used in Kamiokande is the elastic scattering process

Vo t+e —vste, (2.12)

where o can be e, pu or 7. However the cross section for this reaction for v, is about six
times larger than for v, and v;.

Kamiokande was in operation in three different phases. In the first phase, from 1983 to
1986, it searched for nuclear decays. For the second phase, it had to be further shielded by
water between the tank and the cave walls to reduce the background. This was necessary
in order to lower the energy threshold and make the detection of solar neutrinos possible.
The inner volume of the tank contained 2142 tons of purified water and was equipped
with 948 photomultipliers. This corresponds to a 20% surface coverage. From 1987 to
1990, Kamiokande was operating in this configuration, measuring solar neutrinos with a
recoil electron energy threshold of Et" = 9.3MeV. This corresponds to a neutrino energy
threshold of E* = 9.0 MeV. In 1990, after the replacement of all defective photomultipli-
ers, the third phase started. It lasted until 1996, when the experiment stopped operation.
During this phase, the electron energy threshold was further lowered to E'" = 7.0 MeV.
This corresponds to a neutrino energy threshold of EY* = 6.7 MeV. Without taking neu-
trino oscillations into account, the measured flux was much lower than the flux predicted
in the solar standard model, in good agreement with earlier results from Homestake. A
further result of Kamiokande was that there is no correlation between solar neutrino flux
and sunspot activity. Details on the results can be found in [2.24].

2.1.5 Super-Kamiokande

Super-Kamiokande is also located in the Kamioka mine, about 500 m from the cavity that
contained the Kamiokande experiment. The method of neutrino detection is the same that
has been used in Kamokande: Neutrinos are measured by detecting the Cherenkov light
emitted by the electron produced in reaction (2.12).
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Super-Kamokande consists of two cylindrical, concentric tanks, each equipped with
photomultipliers. This configuration helps to distinguish cosmic ray muons that can
travel through both detectors from particles which are only seen in the inner detector and
therefore have to be electrons that have been produced inside the detector. The outer
tank has a height of 42m and a diameter of 39.3m, and the inner tank has a height of
36.2m and a diameter of 33.8 m. Overall, the experiment containes 50000 tons of purified
water. The neutrino energy threshold decreased from E* = 6.2MeV to EY* = 4.7 MeV
over the duration of the experiment.

The first phase of this experiment started in 1996 and lasted until 2001. In November
2001, during maintenance work, the accidental implosion of a photomultiplier triggered
a chain reaction in which about half of the photomultipliers were destroyed. The second
phase, from 2003 to 2004, had to be accomplished with the remaining photomultipliers,
which provided a surface coverage of about 19%. From 2006 to 2008, there was a third
phase of the experiment. The Super-Kamiokande detector is still in operation.

The main results of Super-Kamiokande were the following: Not considering neutrino
oscillations, the measured flux was again much smaller than predicted in the solar standard
model, confirming earlier measurements. The distribution of the angle between the recoil
electron direction and the direction of the incoming solar neutrino showed a clear peak
in the direction of the Sun due to the fact that the differential cross section is strongly
peaked in the forward direction for the elastic scattering process (2.12) that was used for
neutrino detection. Super-Kamiokande also produced data concerning the dependence of
the solar neutrino flux on the solar zenith angle, which is interesting as day and night
fluxes could be different due to matter effects of the Earth. The measured flux was in fact
slightly higher during the night, but with errors that allowed for a null asymmetry. There
was however a seasonal variation of the solar neutrino flux. This was in good agreement
with the expected variation caused by the eccentricity of the Earth’s orbit. For further
details on the results of the first phase of the experiment, see [2.02].

2.1.6 SNO

The Sudbury Neutrino Observatory, SNO, was a heavy water Cherenkov detector. It was
located 2092 m underground in the Creighton mine near Sudbury in Canada. Instead
of water, this experiment used 1000 tons of Deuterium monoxide D50, which is also
called heavy water. The tank of SNO was spherical, had a diameter of 12m and was
surrounded by water to provide additional shielding. The different neutrino reactions
that were measured at SNO are the following;:

Ve+d—p+p+e, (2.13)

which is a charged current (CC) reaction and has a neutrino energy threshold of E¢¢ =
6.9 MeV. Note that this reaction is only sensitive to electron neutrinos.
The neutral current (NC) reaction

Vo +d—=p+n+u, (2.14)

is equally sensitive to all three types of neutrinos and can therefore be used to measure
the total solar neutrino flux.



The elastic scattering (ES) reaction
Vot € —Uste (2.15)

is the same as the reaction used in water Cherenkov detectors. The neutrino energy
threshold for this reaction is E{"55 = 5.7 MeV.

The operation of SNO was divided into three phases. During the first phase, the so
called D,O phase, the final neutron in the NC reaction was detected through the reaction

n+d— *H+v(6.25MeV). (2.16)

This phase started in November 1999 and ended in May 2001.

The next phase was called salt phase or NaCl phase because about two tons of NaCl
were added to the D5O. This made it possible to detect the final neutron in the NC
reaction through the reaction

n + *°Cl — %Cl + several v (8.57 MeV). (2.17)

This improved the detection in several ways and SNO was in operation in this configura-
tion from July 2001 to August 2003.

In the third phase, from January 2005 to November 2006, 3He was used to detect the
final neutron, which further improved the measurement.

The results of SNO confirmed the solar neutrino deficit previously observed. Fur-
thermore, the comparison of the CC flux result and the NC flux result showed that the
values are very different and hence solar neutrinos cannot arrive at the Earth unchanged.
About two out of three solar neutrinos change their flavour on the way from the Sun to
the Earth. This result confirmed the neutrino oscillation theory to be the solution to the
solar neutrino problem.

Details on the experiment are given in [2.03] and results are presented in [2.04].

2.2 Atmospheric neutrino experiments

Atmospheric neutrino experiments search for neutrinos produced in cosmic ray interac-
tions in the atmosphere. The primary cosmic rays are mainly protons and a small fraction
of heavier nuclei and electrons. Secondary cosmic rays are particles created in interaction
processes of the primary cosmic ray particles with the nuclei in the atmosphere. Among
the interaction products are pions, which decay into muons and muon neutrinos:

=+, (2.18)
and
T =+ 7 (2.19)
The muons can decay further before hitting the Earth:
pt=et+u. 4, (2.20)
and
poo—= e + e+, (2.21)

9



Those of the final state neutrinos that have an energy between about 100 MeV and about
100 GeV can be detected in atmospheric neutrino experiments through scattering on nu-
clei.

In atmospheric neutrino experiments, the events are classified according to the location
of the interaction with respect to the detector. “Contained events” are those in which
the neutrino-matter-interaction occurs inside the detector and also the trajectories of all
generated particles are contained in the detector. In some cases, a further classification
into “fully contained events” and “partly contained events” is made. Fully contained
means contained in the inner detector, and partly contained means that the interaction
takes place in the inner detector, but some of the generated particles exit the inner detector
and stop in the outer detector. Interactions that take place in the rock outside the detector
can either be “stopping muon events” in the case that muons enter the detector and stop
inside, or “through-going muons” if they exit the detector without interacting.

The following sections describe some of these experiments and their results. One of the
atmospheric neutrino experiments that is not explained in detail but worth mentioning is
the large-area scintillator detector MACRO at the Laboratori Nazionali del Gran Sasso
in Italy, see [2.28].

2.2.1 Kamiokande

As Kamiokande was also very important for solar neutrino research, the setup of this
experiment is described in section 2.1.4 in the context of solar neutrino experiments.

In 1988, the Kamiokande collaboration published an interesting result [2.17]: The
observed number of atmospheric muon neutrino interactions was significantly smaller than
the predicted one. More precisely, the observed ratio of muon neutrino events to electron
neutrino events was about two thirds of the expected value, while the total number of
observed electron neutrino events was in good agreement with predictions. This was the
first time this deficit, the atmospheric neutrino anomaly, was discovered.

2.2.2 IMB

The Irvine-Michigan-Brookhaven (IMB) experiment was in operation from 1982 to 1991
in the Morton Thiokol salt mine near Cleveland, Ohio (USA). It consisted of a tank
filled with about 8000 tons of water and equipped with photomultipliers, located 610 m
underground. The experiment was divided into three phases, which differ mainly in the
number and size of the photomultipliers used.

The atmospheric neutrino anomaly observed by Kamiokande was confirmed by IMB,
but only for contained events with an energy below 1.5 GeV. For a summary of the results,
see [2.25].

2.2.3 Super-Kamiokande

Super-Kamiokande, the follow-up experiment of Kamiokande, was also explained in the
previous section, see 2.1.5, as a solar neutrino experiment.

With data from Super-Kamiokande, the atmospheric neutrino anomaly could be ex-
plained by neutrino oscillations from muon to tau neutrinos. This could be inferred from

10



the observation of an up-down* asymmetry of high energy events generated by atmospheric
muon neutrinos. Without oscillations, the upward-going flux and the downward-going flux
of each neutrino flavour at any point are equal. This is because the production of high
energy neutrinos (above a few GeV) is uniform around the globe. However, a significant
asymmetry in the muon neutrino flux was measured at Super-Kamiokande in 1998, see
[2.18]. This asymmetry is in agreement with neutrino oscillations, as atmospheric neu-
trinos going downwards have only travelled some tens of kilometers, whereas those going
upwards have been produced in the atmosphere at the other side of the globe and trav-
elled several thousands of kilometers through the Earth. This long distance allows for
oscillations and changes the upwards flux of neutrinos of a specific flavour. As there was
no asymmetry in the flux of electron neutrinos, the relevant oscillation had to be from
muon to tau neutrinos.

In addition, the region of neutrino oscillation parameters could be restricted by Super-
Kamiokande. Details on the results of the first phase of Super-Kamiokande can be found
in [2.02].

2.2.4 Soudan 2

In the Soudan underground Mine State Park in Minnesota (USA), at a depth of 710 m,
the Soudan 2 experiment was operating from 1989 to 2001. The main detector of this
experiment was an iron tracking calorimeter, which was surrounded by an active shield
of aluminium proportional tubes.

The results of Soudan 2 confirmed the earlier results of Kamiokande, IMB and Super-
Kamiokande. This confirmation was very valuable, as the detection method used in
Soudan 2 was completely different from the water Cherenkov detection that was used in
the other experiments. For details on Soudan 2, see [2.26].

2.3 Terrestrial neutrino experiments

Neutrinos produced in reactors and accelerators are called terrestrial neutrinos. Experi-
ments that measure such neutrinos have the advantage that important parameters that
are fixed by nature in solar and atmospheric neutrino experiments can be changed if arti-
ficial neutrino sources are used. These parameters are the distance from the source to the
detector, the energy of the neutrinos and the power of the source. Therefore, terrestrial
neutrino experiments are a good possibility to confirm the results of other experiments
under more controllable conditions.

Terrestrial neutrino experiments started in the late 70s and for a long time, they did not
find any neutrino oscillations. Instead, they constrained the oscillation parameters by not
finding oscillations within their area of sensitivity. Several short-baseline (10 m to 100 m
distance from the source to the detector) and long-baseline (about 1000 m distance from
the source to the detector) reactor experiments such as CHOOZ, see [2.20], or Palo Verde,
see [2.21], were carried out without finding neutrino oscillations. These experiments will
not be described here in detail. In 2004, however, the KamLAND collaboration published
that neutrino oscillations had been measured, see [2.19]. More details on KamLAND and

4Here, “up” and “down” are meant in the usual way, with respect to the center of the Earth.
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some other terrestrial neutrino experiments are given in the following sections. Other
examples for terrestrial neutrino experiments that are not covered here are the liquid
scintillator neutrino detector LSND, see [2.27], at the Los Alamos Neutron Science Center
and MiniBooNE; see [2.13], which was built to further investigate the signal that had been
measured at LSND.

2.3.1 KamLAND

KamLAND, short for Kamioka Liquid scintillator AntiNeutrino Detector, is a terres-
trial neutrino experiment designed to measure electron antineutrinos produced by nuclear
power reactors. It is located in the Kamioka mine in Japan, occupying the cavity that
had been used for Kamiokande.

The detector consists of an inner sphere with a diameter of 13 m, filled with 1200 m?
of liquid scintillator, and a concentrical outer sphere with a diameter of 18 m. The space
between the two spheres is filled with mineral oil that serves as shielding from external
radiation. Photomultipliers are used to pick up the scintillation light. The cavity is
filled with water that surrounds the outer sphere, this makes it possible to measure the
background of cosmic ray muons by detecting their Cherenkov light.

The interaction that is used to measure the antineutrinos is the inverse neutron decay,

v.+p—n+et. (2.22)

Only about 25% of the reactor antineutrinos are above the threshold for this reaction,
which is about 1.8 MeV. Regular shutdowns of the reactors can be used to measure the
background.

Almost all neutrinos that are detected in KamLAND are produced in Japan’s reactors,
53 at the time when the KamLAND experiment started, but there is a small contribution
from reactors in Korea and the rest of the world. The distance from the reactors to the
detector vary in a wide range, but about 80% of the observed neutrinos come from reactors
at distances between 140 km and 215km. The average distance of these reactors is about
180 km, which makes KamLAND a so called very-long-baseline (VLBL) experiment.

KamLAND started taking data in 2002 and published in 2004 that neutrino oscillations
had been measured, see [2.19]. Details on the results concerning the oscillation parameters,
including results of measurements of geoneutrinos, can be found in [2.06].

2.3.2 K2K

K2K was a long-baseline accelerator neutrino experiment and its name stands for “KEK
to Kamioka”, which means that the accelerator that served as neutrino source was at
the KEK laboratory in Japan and the detector was the Super-Kamiokande detector in
Kamioka which is described in the context of solar neutrino experiments in section 2.1.5.
The distance from the source to the detector was about 250 km.

The first phase of K2K was from June 1999 to July 2001. After the 2001 accident
in Super-Kamiokande, see above, the second phase of K2K started in January 2003 and
lasted until February 2004.
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The main goal of K2K was to perform a laboratory check of atmospheric neutrino
oscillations. The neutrino beam from the KEK proton-synchrotron was a pulsed beam
consisting almost exclusively of muon neutrinos with only about 1% muon antineutrinos
and about 1% electron neutrinos. The relevant reaction was the decay of positive pions
that are produced in collisions of the protons with an aluminium target into antimuons
and muon neutrinos. In order to monitor the beam, there was a muon counter very close
to the accelerator and at a distance of about 70 m, shielded by earth, there was a neutrino
detector system which was used to calibrate the neutrino beam. The selection of events
for the K2K experiment was done with the help of the Global Positioning System GPS
by synchronisation with the events in the KEK proton-synchrotron.

K2K measured a disappearance of muon neutrinos in good agreement with the ex-
planation by oscillations. In addition, K2K could confirm other experimental results
concerning the oscillation parameters. Details on the results of K2K can be found in
[2.07] and [2.08].

2.3.3 T2K

“T2K” is short for “Tokai to Kamioka”. The neutrino source for this experiment is a
proton beam at the Japan Proton Accelerator Research Complex (JPARC) and the far
neutrino detector is Super-Kamiokande, see section 2.1.5, at a distance of 295 km. There
are several near detectors monitoring the beam at different distances. The main advantage
of T2K in comparison to K2K is the beam intensity, which is much greater, and the fact
that it is off-axis, which means that the direction to the detector is 2° to 3° off the
direction of the beam. This results in a lower intensity, but has the advantage that the
mean neutrino energy is lower, i.e. the high-energy neutrinos are strongly suppressed. This
increases the oscillation probability and makes it easier to detect the neutrino oscillations.
This is explained in detail in [2.07], where a general description of the experiment is given.
Details on the near neutrino detector are provided in [2.09].

The main goal of T2K is the precise measurement of the neutrino oscillation parame-
ters. The latest results of T2K were published in 2011 in [2.33].

2.3.4 MINOS

The long baseline accelerator neutrino experiment MINOS, short for Main Injector Neu-
trino Oscillation Search, is located at the Fermilab near Chicago in the US state Illinois.
It consists of a neutrino source, the NuMI (short for “Neutrinos at the Main Injector”)
facility at Fermilab, and two detectors. The near detector has a weight of 980 tons and its
purpose is the monitoring of the neutrino beam. Therefore, it is located just 1km from
the source at the Fermilab site. It is a segmented, magnetized iron tracking calorime-
ter, consisting of 2.5 cm layers of steel alternating with 1 cm layers of plastic scintillators.
Photomultipliers detect the scintillation light.

The far detector, located at a distance of 735km in the Soudan Underground Labo-
ratory in northern Minnesota, is constructed in the same way, but has a weight of 5400
tons.

The beam is a pure muon neutrino beam that can be configured to produce different
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v, energy spectra. The relevant reaction for the detection of muon neutrinos is
v,+Fe—=p + X, (2.23)

where X can be anything.

MINOS started taking data in 2005 and is currently still running. It has several differ-
ent goals: The precise measurement of the disappearance probability of muon neutrinos
as a function of energy, the search for sterile neutrinos by comparing the rate of neutral
current interactions in the far detector and in the near detector, and the observation of
the subdominant v, — v, oscillation channel.

A more detailed description of MINOS can be found in [2.10] and recent results were
published in [2.11].

2.3.5 OPERA

OPERA, short for “Oscillation Project with Emulsion tRacking Apparatus”, is an ac-
celerator neutrino experiment using a beam from CERN called CNGS, which is short
for “CERN neutrinos to Gran Sasso”. The OPERA detector is located at a distance of
730km in the Gran Sasso underground laboratory in Italy. The construction has been
finished in spring 2008 and the experiment is currently running and taking data.

The aim of OPERA is the detection of tau neutrinos in a pure muon neutrino beam.
Note that the appearance of neutrinos through oscillation is directly verified in this ex-
periment, in contrast to the confirmation of disappearance in many other experiments.

The detector consists of bricks of photographic emulsion and layers of lead as target,
interleaved with plastic scintillators to detect the tau leptons produced in tau neutrino
interactions. In between, magnetic spectrometers measure the momentum and the charge
of penetrating particles. This setup allows to measure neutrino interactions in real time by
the scintillators and the spectrometers, which also provide information about the location
of the interaction within the detector. Therefore, the respective bricks can be removed in
order to develop the film and scan for tau decays.

For more information on the experiment, see [2.12] and the official OPERA website,
[2.31]. First results, in particular the observation of a candidate for a tau neutrino event,
were published in 2010, see [2.32].

2.4 Other neutrino experiments
2.4.1 IceCube

IceCube is a large, kilometer-scale neutrino observatory at the South Pole. The detector
consists of 1km?® of deep and ultratransparent Antarctic ice that is equipped with about
5200 optical sensors which measure the Cherenkov light emitted by charged particles that
are produced when neutrinos interact with the nuclei of the ice. The information obtained
from the Cherenkov light includes the flavour of the neutrino, the direction of flight and
its energy. Therefore, neutrino astronomy beyond the Sun is possible at IceCube, where
neutrinos of much higher energy than those produced in accelerators will be measured.
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IceCube was finished in 2010 after several years of construction and is the follow-
up experiment of AMANDA, which was shut down in 2009. Details on AMANDA are
provided in [2.34].

Neutrinos are very promising probes for exploring the high energy universe because
they hardly interact with anything on their way through space until they hit the Earth.

The goals of this experiment cover different research areas such as the observation of
galactic supernova explosions, the search for sources of cosmic rays and for dark matter,
but also the study of the neutrinos themselves. Completely new physics might be discov-
ered and exotic theories could be confirmed or falsified, but even if this is not going to
happen, IceCube’s contributions will be a powerful test of our present understanding of
the universe. The various scientific goals and possibilities are explained in detail in [2.29].

More information about the experiment and first results can be found in [2.05] and
[2.30], more recent results were published in [2.35]. For a comprehensive review of the
entire project, see [2.29].

2.4.2 KATRIN

The goal of the “KArlsruhe TRItium Neutrino Experiment” KATRIN is to measure the
absolute neutrino mass® from the beta decay of tritium. This experiment is currently
being built and tested in Germany at the Karlsruhe Institute of Technology. It will start
taking data in 2012. After three years of measurement, KATRIN will reach a sensitivity
of 0.2eV, which means that the current experimental mass limit of

m(v) < 2.2eV (at 95% confidence level) (2.24)

will be improved by one order of magnitude. The beta decay of tritium is the following
reaction:
H—*He+ e + 7. (2.25)

The produced electron and neutrino together carry a total energy of 18.6 keV. The events
that are interesting to determine the mass of the neutrino are those in which as much
energy as possible is carried by the electron.

Therefore, the produced electrons will be guided magnetically from the gaseous tritium
source, which will be 10 m long, through a potential which stops the electrons with too
low energy. Only electrons with an energy of just a few electron volts lower than the total
energy pass this filter and reach the silicon counter. This will only happen in one of about
a trillion decays.

This technique has been used before in several experiments, but with a much lower
sensitivity. The results of KATRIN are expected to give new hints about the theoretical
model realized in nature and to help us understanding the role of the neutrino in the
universe. For details on KATRIN, see [2.15].

SNote that the three different neutrino masses are degenerate at this level of sensitivity.
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3 The discrete symmetry group 7%

In this chapter, we will give a purely mathematical description of the group 7% and its
properties. Some of those properties will be crucial for the physical model that we will
develop in the next chapters, while others are less relevant for this application of the
group. From a mathematical point of view, all the group theoretical properties that will
be mentioned are of course very important characteristics of a specific group.

The group 1% belongs to a class of groups called T;,,, where m € N is chosen such that
it is a product of primes of the form 3n+ 1, n € N. For n =2, 3n + 1 = 7 and the group
is called T7. For n = 3, 3n + 1 = 10 and therefore not prime, but for n =4, 3n+1 =13
and the group is called T13. This group has also been investigated as a family symmetry,
see [1.6].

3.1 Properties of 7%

T is a finite subgroup of SU(3) and consists of 21 elements. It is generated by the following
two elements:

0 0 0
p? 0 Jand b= 0
0 100

: (3.1)

S
I
oo

where p is the seventh root of unity: p = exp (2’7”), and therefore p” = 1. Multiplication
by the matrix b from either side corresponds to a rotation, i.e. it permutes the entries
of the matrix it is multiplied with. The following properties can easily be checked by

performing the matrix multiplications:
a’ =e, b* =e, ba = a’b. (3.2)

Many other identities follow from these relations, e.g. b~'ab = a*. Using all these rela-
tions, one can easily convince oneself that all possible combinations give no more than 21
distinct elements. These elements are listed in Table 2.

The reason why 7% is so interesting for our purpose is the number and dimensions of
its irreducible representations. Therefore, our next goal will be to find all inequivalent
irreducible representations of T;. There are several different algorithms to find all irre-
ducible representations, or irreps, of a given group, see for example [3.1]. In our case,
however, it is quite simple to find them. We can use the fact that the sum of the squares
of the dimensions of the inequivalent irreducible representations equals the order of the

group:
> & =|Gl. (3.3)

We start with the defining three-dimensional matrix representation that we call 3. At first,
we check if the complex conjugate representation 3* is equivalent to 3. The generating
elements of 3" are the complex conjugates of the generating elements of 3:

P50 0 010
at-=at=| 0 p° 0 |, b¥=b=]0 01 (3.4)
0 0 p° 100
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1 00 010 0 0 1
e=1 010 b=10 0 1 b? = 1 00
0 01 1 00 010
p 0 0 0 p O 0 0 p
a=1| 0 p*> 0 ab=1| 0 0 p? ab>=1| p* 0 0
0 0 p* pt 0 0 0 p* 0
P2 0 0 0 p* 0 0 0 p?
a?=1 0 pt 0 a’b=10 0 p a’> =1 p* 0 0
0 0 p p 0 0 0 p O
P20 0 0 p* 0 0 0 p
ad=1 0 p° 0 atb=1| 0 0 p° ath’ =1 p® 0 0
0 0 p° P> 0 0 0 p° 0
pt 0 0 0 p* 0 0 0 p*
at=1 0 p 0 atb=| 0 0 »p att*=1p 0 0
0 0 p? P2 0 0 0 p* 0
P> 0 0 0 p° 0 0 0 p°
A=\ 0 p> 0 ab=| 0 0 p? =1 p> 0 0
0 0 p° PP 0 0 0 p® 0
P 0 0 0 p% 0 0 0 pf
aS=| 0 p° 0 abb=1 0 0 p° a?> =1 p> 0 0
0o 0 p? p2 0 0 0 p* 0

Table 2: List of all elements of T7.

We see that b = b*, but a # a*. If 3 and 3* were equivalent, the matrices a and a* would
need to be similar, which would mean that there exists an invertible matrix S such that
S71aS = a~!. This is not possible because similar matrices have the same eigenvalues,
but as a and @' are diagonal, the eigenvalues can be read off the diagonal entries. These
are obviously not the same for a and a=!. Therefore, 3 and 3* cannot be equivalent.
Including the trivial one-dimensional representation 1,, which maps every element of the
group to 1, and the two inequivalent three-dimensional representations, we get

32+32+12=19 (3.5)

as sum of the squares of the dimensions. The missing representations have to make up

the difference to the group order, which is 21. There is only one possible way to construct
2 out of a sum of integer squares:

1> +12 =2. (3.6)

We are thus looking for two more inequivalent one-dimensional irreducible representations.
In general, a one-dimensional representation is a map a — « and b — 3. The relations
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B2 =a” =1 and S~ 'aB = a* need to be fulfilled. However, 37 'af = «, as a and [ are
numbers and therefore commute. From a* = « it follows that a® = 1, but also o = 1,
which means that & = 1. Also, we have 5% = 1, which leaves three possibilities for S,
namely the three third roots of unity. The case § = 1 is the trivial representation 1,. The
other cases, 8 = w and 8 = w?, where w = exp (2’{), are the two missing inequivalent
one-dimensional irreducible representations 1, and 15. We have now found all irreducible
representations of T;. Table 3 provides an overview of the representations and the way

they act on objects.

dim. | name a b
1 1, 1 1
1 1, 1 w
1 1, 1 w?
p 0 010
3 3 0 p* 0 0 01
0 0 p* 1 00
o 0 0 010
3 3" 0 p° 0 001
0 0 p? 1 00

Table 3: Irreducible representations of 77.

Next, we look at the tensor products of the representations. We find that

1,323 (3.7)
and
1,®3 >3 (3.8)
for p = 1,2,3. This can be proven by finding an invertible matrix S such that
S7hwP S =b (3.9)
and
S~taS = a. (3.10)
The matrix
1 0 0
S=10 b 0 (3.11)
0 0 Wbt
satisfies this:
1 0 0 010 1 0 0 010
0 w21 0 WP 0 01 0 w?r-b 0 =100 1
0 0 w1 100 0 0wt 100
(3.12)
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1 0 0 p 0 0 1 0 0 p 0 0

0 w21 0 0 p*> 0 0 w1 0 = 0 p* 0

0 0 w1 0 0 p 0 0 wpt 0 0 pt
(3.13)

This shows that (3.7) is true. For the complex conjugate three-dimensional representation
(3.8), the same calculation holds as b has only real entries and does not change under
complex conjugation and the condition for a* is fulfilled in a completely analogous way
as in the calculation shown. Of course, these tensor products could also be calculated in
the manner used in the following cases.

The remaining tensor products are 3 ® 3, 3 ® 3* and 3* ® 3*.
In the following calculations, e; are cartesian unit vectors. At first, we calculate 3 ® 3:

61®61—b>63®63g62®62—b>61®61 (314)
and
e1®e — PQ€1®617
LN

p8e3 ® es, (315>
€s X o _a) p4€2 X es.

€3®€3

As p® = p, we see that {e3 ® e3,¢1 @ €1, 63 @ e} yields 3. Similarly,

61®€2—b)63®€1—b)62®€3—b)61®62 (316)
and
e1®ey — 0361 X e,
e3®er — ples® e, (3.17)
ey X eg _a) p6€2 X es.

So we see that {e; ® e3,e3 ® e1,€; ® ey} yields 3*. The remaining tensor products of the
cartesian unit vectors are the following:

61®€3—b>63®€2—b>62®€1—b>61®€3 (318)
and
e1®es BN p5€1 ® es,
€3 X es i) p6€3 & €9, (319)
er®er = pley@ey.

Also, {e3® e, e1 R e3, e ®eq} yields 3*. As the dimension of 3® 3 is nine, we are already
done:
3®3

[l
9%

@3 3" (3.20)
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For 3* ® 3*, the calculation is completely analogous:

61®61—b>63®63$62®62—b>61®61 (321)
and
€1 X €1 _a) p5€1 X €1,
es®e; — ples @ es, (3.22)

a
€2 ey — p3€2®€2.

In this case, {ex ® eg, 61 ® €1, e3 ® ez} yields 3*. Next, we look at

61®62—b>63®61g62®63—b>61®62 (323)
and
€1 X €9 _a) p4€1 X €9,
e3®@e; > ples® ey, (3.24)

Qa

€2 @es — per X es.

So {ex ® e3,e3 @ 1,61 @ eg} yields 3. Again, the last remaining tensor products of the
cartesian unit vectors are

61®€3—b>€3®€2—b>62®61—b>€1®63 (3.25)
and
e1®e3 — P2€1 X es,
es @ e i) PE3 (059 €9, (326)

Qa

4
e2®er — peer.

We see that {e3 ® e, €1 ® e3,e2 ® €1} also yields 3. For the same reason as before, we can
now state

3FRI=IF63D3. (3.27)
The only tensor product yet to determine is 3 ® 3*:

€1®€2—b>63®61—b>62®63—b>61®62 (328)
and
e1 ® ey N pGel X e,
es®er — ples @ e, (3.29)

a
e2Re3 — ,05@2@63;

so {e1 ® ey, €3 ® €1, 3 ® e} yields 3*. Next, consider
61®€3—b)63®62—b)62®61—b)61®63 (330)
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and

0461 ® es,
ples @ ey, (3.31)
s X ey _a) Joe) X e;.

61®€3 i)
e3Rey —

Again, {es ® €1, €3 ® €9, 61 ® e3} yields 3. Also, we consider

61®€1—b>63®€3—b>62®€2—b>61®€1 (332)
and
e1®er — ppler®er =e ®e,
e3®e; — plples@es =e;® es, (3.33)

Qa

€@ ey — p6,0_662 R ey = ey X eg.
Here, {e1®e1, ea®e, e3®e3} yields 1. So far, we only have 1,, 3 and 3*. Their dimensions

add up to seven, so the obvious guess is that 1, and 15 are missing. This can be verified
by looking at linear combinations of e; ® e;:

1061 +wes®es+wesDes - e3@estwer e +wes®es = wler®er +wes®@es+wesRes),
(3.34)
which yields 1,, and

e1®e1+wles@egtwesRes = e3@eztwie,@e; Fwea®ey = w?(e1®e; +w?eyRextwes®es),
(3.35)
which yields 15. All together, we now have

3 =I®301, 0L, a1, (3.36)

For completeness, also note that the tensor product of two one-dimensional representa-
tions is 1, ® 1, = 1,4 ymod(3), Where p,q € {1,2,3}. This is obvious, as a acts trivially
in all cases and b acts as multiplication by wP~! in 1,. We have thus found all tensor
products of the irreducible representations. They are listed in Table 4.

(p+q)mod(3)

Table 4: Tensor products of irreducible representations of 7.
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In order to obtain the character table of T, we now determine the conjugacy classes: To
find them, we simply look at how the generator a and its powers behave under conjugation
with the powers of b and vice versa.

We first note that b=! = b%. We will use this fact to compute bab™! and b?ab™2. The
first conjugacy class is always C; = {e}, as conjugation of e with any element will always
yield e again. For Cy, we conjugate a with b and b?:

bab~! = a*
b2ab_2 — a4 (337>
To get (3, we do the same with the next highest power of a that is not contained in Cj,
which is a®:

badb! = a®

b2a3b—2 — CL5

With that, we have covered all powers of a. We proceed with conjugations of b to get Cy:

aba™t = a®b
a’ba"? = a®b
a*ba? = a*b

a*ba* = ab (3.38)
a’ba=® = a%b
aba=% = ab
The only element that we have left is b%:
ab*a=! = atv?
a’b*a=? = ab?
B2a—3 = B2
a462a_4 — a2b2 (339>
Bb2a5 — aSp2

abb2a—6 = ¢3b2

This gives C's. We have covered all 21 elements of 17 in five conjugacy classes which are
listed in Table 5.

name | # elements | elements
(&R 1 e
) 3 a, a?, a*
Oy 3 a3, a®, a®
Cy 7 b, ab, ab, a®b, a*b, a®b, a®b
Cs 7 b2, ab?, a®V?, ab?, a*b?, a®b?, a®b?

Table 5: Conjugacy classes of T7.
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The character table of T, is now easy to obtain. For the one-dimensional representations,
the characters are just the numbers that the elements of the conjugacy class are mapped
to. In both three-dimensional cases, the traces and therefore the characters of b and b?
vanish. For the conjugacy classes represented by a and a®, we calculate the traces in
both three-dimensional representations. One way to do this is by means of the following
identity:

L+p+p2+p+p'+p"+p° =0. (3.40)

The traces we are interested in are
tr(a) = p+p* +p' (3.41)

and
tr(a®) = p* + p° + p°, (3.42)

so that equation (3.40) can be written as
1+ tr(a) + tr(a®) = 0. (3.43)
Note that tr(a)* = tr(a®). Now, we square tr(a):

(tr(a))? = (p+ p* + p*)?

=p? +pt P+ 20% + 207 + 2" (3.44)
=p+p" 0" +200° + 0"+ p°)
= tr(a) + 2tr(a®).

With equation (3.43), we get
(tr(a))? = tr(a) + 2(—1 — tr(a)) = =2 — tr(a). (3.45)

This is a quadratic equation for tr(a) and has the solutions tr(a) = —% + zg The
expression with the positive imaginary part is the solution for tr(a), the one with the
negative imaginary part is tr(a®). This becomes clear by looking at the corresponding
vectors in the complex plane (see Figure 1). The trace of a is the sum p + p* + p?, which
lies in the upper half plane and therefore has a positive imaginary part. The analogous
calculation for tr(a®) yields the same solutions, but the sum of the vectors p + p° + p°
lies in the lower half of the complex plane and therefore has a negative imaginary part.
We denote —% + zg by n and w = exp (QZT’T) as before. Table 6 shows the characters, the
number of elements in each conjugacy class, n, and ord(g), the order of the elements in

each conjugacy class.
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Figure 1: Vector addition illustrating the computation of tr(a).

Ci | Cy | C3 | Cy| Cs

n 133 | 7|7
ord(g) | 1 | 7| 7| 3] 3

1L 11111
1a 1 1 1 | w|w?
13 1 1 1 |w?| w
3 3| mn|n|0]0
3 3in | n|0]0

Table 6: Character table of T7, n = —% + 14 and w = exp (Z’T’r)

3.2 T% as a Frobenius group

Frobenius groups are named after the German mathematician Ferdinand Georg Frobenius
(1849 - 1917). T7 is one example for a Frobenius group, another one is S3, the symmetric
group of third degree. It is the group of all permutations of three objects and has six
elements.

The formal definition of a Frobenius group is the following:

Definition 1. Let G be a finite group that contains a nontrivial subgroup H with the
property that H N HY = {e}, where e is the neutral element of G and Vg € G\H, HY is
defined as HY9 :== {g~*hglh € H}. Then G is a Frobenius group and the subgroup H is
called a Frobenius complement of G.
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Furthermore, we define the Frobenius kernel K:

Definition 2. K = (G\ U,co H9> U {e} is called the Frobenius kernel of G with
respect to H.

The Theorem of Frobenius states that K is a subgroup of G:

Theorem 3. Theorem of Frobenius
K <@G.

It is quite obvious that K is a normal subset of GG, so even K< G holds. But to prove that K
is a subgroup of G it is necessary to invoke representation theory (see [3.2] for the proof).
It is of interest in pure mathematics to find a proof that only relies on group theory,
for partial results and various other properties of Frobenius groups see [3.2]. Another
important result on Frobenius groups is the following:

Theorem 4. G = K x H as a semidirect product.
The semidirect product is defined as follows:

Definition 5. The semidirect product K x H of two groups K and H is the set K x H with
the multiplication law (ky, hy)(k2, ho) = (k1gn, (k2), hihs) Yki, ke € K and Vhy,hy € H,
where ¢ is a group homomorphism from H — Aut(K).

The following theorem holds in a more general context:

Theorem 6. G =2 K x H if K<G, H <G, HNK = {e} and every element g € G can
be written as g = kh with k € K and h € H. In that case, pp(k) = hkh™', which is an
automorphism of K because K is normal in G. The multiplication law takes the following

form:
(kvhy)(koho) = (kihikohi M) (hihs). (3.46)

Proof. The decomposition g = kh Vg € G with h € H and k € K can be shown to be
unique, as from kh = k'l it follows that &'~'k = h’h~! and therefore, as only {e} lies in
the intersection of H and K, h = h’ and k = k/. The isomorphism from G — K x H is
given by

9192 = kihikaho = ki(hikahi " )hihy — (ki(hikehi), hihs) = (ki, hi)(ka, ho).  (3.47)
]

Theorem 4 is a direct application of this general result. In our case, the Frobenius group
of interest is T7. Due to the fact that the order of every subgroup must divide the order
of the original group, which is 21 for 77, we can only find nontrivial subgroups of order 3
or 7. Looking at the generators of 77 and the required properties of H, it suggests itself
to try the subgroup generated by
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which is H = {e, b,b*}. In order to find HYVg € T;\ H, we need to know how the elements
in 77\ H look like. Looking at Table 2, we find that there are three possibilities:

1. a? Vp € {1,2,3,4,5,6}

2. a"bVre{l1,2,3,4,5,6}

3. ab? Vs € {1,2,3,4,5,6}

Now let us look at HY for these three cases:

1. H9 = {a"Pha”|h € {e,b,b*}, p € {1,2,3,4,5,6},
so HY = {e,a PbaP, a Pb*aP}

2. HY ={b"'a "ha"b|lh € {e,b,0?}, r € {1,2,3,4,5,6},
so H9 = {e,b=1a™"ba"b, b~ a""b*a"b}

3. HY = {b2a"*ha*V?|h € {e,b,b%}, s € {1,2,3,4,5,6},
so H9 = {e, b 2a*ba*b?, b 2a*b*a’V?}

What remains to be shown is that b and b are not contained in H9 Vg € T\ H. For case
1, all elements in HY (except for e, which is excluded anyway) have the following form:

)P0 0 010\ /0 0
a Pba? = 0 P~ 0 0 01 0 p** 0
0 0 p P 1 00 0 0 p*
0 70 # 0 0
— (o o = 0 % 0
o0 0 0 0 pw
0 # 0
— (o o o |en, (3.48)
00
or, analogously, for b2
)P0 0 00 1 # 0 0
a Pb’a? = 0 p %0 1 00 0 p* 0 (3.49)
0 0 pP 010 0 0 p*
0 0 P3P
= p P 0 0 ¢ H. (3.50)
0 > 0

It is obvious that an element of either one of these forms, for p € {1,2,3,4,5,6}, cannot
be equal to any element of H as the absolute value of the nonzero entries will not equal 1
as it is the case for all elements of H. The same holds for cases 2 and 3, as multiplications
from both sides by b or b* will not make any difference to that fact. Therefore, the
candidate H = {e, b,b*} fulfills all requirements to be a Frobenius complement of 7.
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The Frobenius kernel of 17 with respect to H is

K= (Ty\ | H) U{e}. (3.51)

geTr

Note that here, all elements of 7% are used to construct the respective HYs, not only those
in T;\H as before. Therefore, also g = e needs to be considered, which means that also
H¢ = H is in the union that is taken away from 77 in order to get K. The only elements
in T% that do not have the form ¢g='hg for any h € H are a and all powers of a:

K ={e,a,a* da* a* a’, a’}. (3.52)

K has seven elements, which is the second nontrivial factor of 21. One can easily check
that the conditions for theorem 6 are fulfilled in this case: Every element g € T can be
written as kh. The requirement that H U K = {e} is fulfilled by definition, so theorem 6
can be applied and 77 = K x H.
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4 Yukawa terms and mass matrices for a 7> model

Of all the properties of T7 that we have investigated in the previous chapter, the crucial
features are the irreducible representations and their tensor products. We will use those
findings in the following sections to find the invariant Yukawa terms and construct mass
matrices.

4.1 Particle content and transformation behaviour

In addition to the fields that are present in the Standard Model, we will introduce several
new fields and fix their transformation behaviour.
In the Standard Model, the electroweak gauge symmetry is

Gew = SU(Q)L X U(l)y (41)

The left-handed leptons transform as doublets

under SU(2).

The right-handed charged leptons transform as singlets
ER,’L; (43>

but no right-handed neutrinos exist. For this model, we will introduce them as gauge
singlets:
VR- (44)

In this notation, the subscripts R and L refer to right- and left-handed fields, respectively.
The charged leptons are denoted by ¢ and the neutrinos by v. The index ¢ = 1,2, 3 takes
into account that there are three different families® of leptons.

Instead of one Higgs field in the Standard Model, we have three Higgs fields

B, — < ‘%’; ) (4.5)

that transform as doublets under the gauge symmetry. Therefore,
= s [0 = . [ ¥
@i—lTQ@i—Z(i 0 >(I)i_(_(1)i_> (4.6)

are also gauge doublets.
In addition, we introduce two different sets of Higgs singlets, x; and 7;.

6Technically, the term “family” refers to the three flavour eigenstates v, v,, and v,, whereas here,
the index 7 only distinguishes the three different mass eigenstates v, vo, and vs.
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Under the family symmetry 7%, the fields transform as follows: Lj; transform as 3,
(i transform like 1;,. The Higgs fields ®; transform like 3, therefore ®, have to transform
like 3*. Also vg, transform like 3. The additional Higgs singlets transform as follows
under T7: y; like 3, and n; like 3*. This is summarized in Table 7.

Note that z' means complex conjugation (denoted by z*) and transposition (denoted

by 27), and Z = x'yy, where 7y is the (4 x 4) Dirac matrix.

field | Lp; | lri | vri | @ ;| x| mi
SU2)L| 2 | 1|1 |2 |2]|1|1
Y -1 | +2] 0 [ 4+1(-1]0 |0

17 3L | 3|3 |3](3]3
Ye_1 -1 1 -1 0 01]-2|-2

Table 7: Multiplets under the gauge symmetry and under 7%.

In the last line of Table 7, the so called B — L charge is given for each field. The idea of
B — L gauging is explained in Appendix D. Note however that in this model, the Higgs
sector is much more extensive than in the original B — L gauging model, see [D.1], where
only one SU(2), doublet and one SU(2), singlet Higgs field are present. Nevertheless
the roles of the doublets and the singlets in this model are the same as in the original
proposal.

These multiplets allow to build invariant Yukawa terms generating mass matrices for
the leptons. Note that in order to maintain Lorentz invariance, all Yukawa terms need to
have either the structure 911, or the structure 17 C~'4)5, where 1); are leptons and C' is
the charge conjugation matrix. In the first case, only terms with one right-handed and
one left-handed field can appear, whereas in the latter case, both fields are required to
have the same chirality.

4.2 Charged lepton mass matrix

The invariant Yukawa term for the charged leptons is
L ®lg, (4.7)

and its hermitian conjugate is

(rOTLy. (4.8)

The weak hypercharge Y, also shown in Table 7, adds up to zero as required for the
Yukawa terms L;®¢p and (r®TL;:

+14+1-2=0. (4.9)

The hermitian conjugate has the same Y-values, but with an overall minus sign.
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The general charged lepton mass term is of the form
(M, (4.10)

where M, is the mass matrix for the charged leptons. The hermitian conjugate has the
form B
CrM[0y,. (4.11)

In order to check invariance under 7%, we only need to calculate the transformation under
the generating element b. This is because a acts trivially in the one-dimensional repre-
sentation case and the contributions of the transformations of 3 and 3* exactly cancel
each other. Recall that the action of b on an object that transforms under any three-
dimensional representation just changes the order of the components:

010 L, Lis
Ly — bLL = 0 01 LL72 = LL73 . (412)
100 Lps Lpa

Therefore, we need to construct the mass matrix in a way such that the linear combi-
nations of I)L,i and ®; transform under one-dimensional representations and cancel the
contribution of the transformation of /5 ;. Looking back at the calculation of the tensor
products of the representations in chapter 3, we consider the following expression:

fi(Lp1®1 + Ly o®y + Ly 3®3)0p 1+
fo(Lp1®y + WLy o®s + WLy 3®3) R o+ (4.13)
f3(Lp1®1+wlp o ®s + WQLL,:sCDs)fR,:s-

The coupling constants f; are specific for every ¢, and can therefore be written in front
of the brackets. The sums inside the brackets now transform as one-dimensional repre-
sentations:

(Lpi®y + Lpo®s + L 3®P3) ~ 15,
(EL,ch)l + w2[_/L72q)2 + U.)EL73(I)3) ~ 12, (414)
(Lpa®y + wLpo®y + w’ Ly 3®3) ~ 1.

This can easily be checked: For the first line, invariance under b is obvious as the order
of the terms in the sum does not play any role and also {p; transforms trivially. The
bracket in the second line transforms under b as follows:

(I_/L,lq)l + WQEL,Z(I)Q + WEL,S(I)S) 2 (4.15)
(Lpo®s + W2LL,3(I)3 +wlp1®1) =w(Lp1P1 + WQLL,Z(I)Q +wlp3P3),

which is exactly the transformation as 1,. Similarly, for the third line,

(EL,1CI>1 + WI_/L,2(D2 + WQEL,z‘I)z) 2 (4.16)
(I/L72®2 —+ wEL,;;CI)g + WQELJ@l) = (,UQ([_/L’lq)l + WI/LQ@g + (A)QI/L73®3).
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This is the transformation as 1. Combined with the transformation of the ¢z, outside
of the brackets (recall that py ~ 1,, fgo ~ 13, {g3 ~ 1,), each of the three terms is
individually invariant under b and therefore, the entire expression is invariant under the
group 1%7. For the hermitian conjugate, the equivalent expression is

il (@ Ly + 5Ly + ®5Lp )+
Filpo (DT Ly +wdI Ly o + W?®LL, 5)+ (4.17)
Filra(®ILp 1 + W BS Ly o + wBL Ly )

and again, the terms inside the brackets combined with the £, outside the brackets are

invariant. Rewriting the charged lepton part of (4.13) as a product of matrices of the form
lp Mylr, we can read off the following expression for the charged lepton mass matrix:

fivr favy f3v1
My= | fiva fow?vy fawvs |, (4.18)

f1v3 fzwv?, f3w2v3

where v; are the vacuum expectation values of ®. The hermitian conjugate is

* 0k * * * 0k
; 101 1 Vg 123
_ * )k * * * *
M, = SUT fawvy  fowtuy | . (4.19)

* ) % *, 2, %

* *
307 fiwvy  fiwus

4.3 Neutrino mass matrix
For the neutrinos, the Yukawa term is
—R®TLy, (4.20)

and its hermitian conjugate reads o
—LLCDVR. (421)

Again, the weak hypercharge vanishes for both terms:
0+1—-1=0. (4.22)
The Dirac mass term’ for neutrinos is
vrMpuy, (4.23)

and the hermitian conjugate is
LM vg. (4.24)

Now we consider the linear combination
—fhoPr2® Liy — [ sPrs®SLrs — £ 7R il s, (4.25)

"Note that this expression should not be confused with the notion of Dirac or Majorana neutrinos.
We assume Majorana neutrinos, which has nothing to do with the name “Dirac mass” for this mass term.
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with the hermitian conjugate

_fD,ZI_JL,l(i)lyRQ - fD,gI_/L,QCBQVR,g — fD71EL73<531/R71. (4'26)

Again, fp; are the coupling constants for each vg;; the subscript D indicates that we are
now constructing the Dirac mass matrix for neutrinos.

In this case, the invariance under both generators a and b has to be checked. Let us
look at b first: It acts on all objects in the same way, so that it interchanges entire terms.
Consequently, all coupling constants need to be equal, as the following calculation shows:

*  — T *  — T *  — ¥ b
— [haPr2® Ly — fhsPrs®iLrs — [ 7Rl s = (4.27)
- fE,QﬂR,?,(I)gLL,Q - fB,gDR,ﬁI);LL,s - fl*),lﬂR,zq)J{LL,l-
Invariance is only possible if ff ;= f, = fh3 = [

Next, we check for invariance under the other generating element. Recall how a acts
on vg as an example for 3 and on Ui as an example for 3*:

p 0 0 VR,1
vp —wavg=| 0 p? 0 vra |, (4.28)
0 0 p4 VR3
P 0 0
Vp — ﬂRa* = ( VR, DR,Q) VRj3 ) 0 p5 0 . (429)
0 0 p?

To see that this expression is indeed invariant under 77, let us check how a acts on the
individual terms:

—fhPRa® Ly 2 — 5 UR2p®lpLiy = p'(— fHPR2®]LL1) = —fhPRa® Lpy,

_fz)DR,:Sci);LL,Q = _f;)png,szci)Ep2LL,2 = p7(_f;)DR,3<i)£LL,2) = —fEDR,a‘i)gLL,za

—[HPRa®S Ly < =[5 PR1p " ®hp' Lis = p" (= [HPR1®S L s) = — [iPRa S L s.
(4.30)

Each term is individually invariant under the action of a. The same is true for the
hermitian conjugate:

—fDEL,1(i)1VR,2 = —fD/JGEL,lpG(iHPQVR,z = /914(—fDEL,1(i)1VR,2) = _fDEL,l(iDIVR,Qa
_fDEL,Zci)ZVR,?; = _po5EL,2p5(i)2P4VR,3 = P14(_fDI/L,2(i)2VR,3) = _fDI/L,2(i)2VR,37

—fDIfL,s‘i’:z,VRJ 5 —fD,Ogl_/L,3P3‘§3PVR,1 = p7(_fDI/L,3<i)3VR,1) = —fDI/L,3‘i3VR,1- (4.31)

Rewriting the neutrino part of the invariant linear combination (4.25) as matrix product
of the form vrMpry leads to the Dirac neutrino mass matrix

0 0 (O8]
MD == fB U1 0 0 y (432)
0 V2 0
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and its hermitian conjugate

0 27 0
Mi=f| 0 0 w |. (4.33)
vi 0 0

There are two more invariant Yukawa terms that can be formed out of the fields in Table 7:
X'vEC vk and n'vEC~lvg and their hermitian conjugates VI%CVEX and V};CV}*%??. The
weak hypercharge Y vanishes for every single field in this case, so the sum is zero, as
required.

Note that the additional B — L quantum number introduced in Table 7 is crucial here,
as it guarantees that y and n are completely independent fields and cannot be each other’s
antifields.

Again, we need to check if these terms are indeed invariant under 77. Just as in the
previous case, the group generator b acts in the same way on all components and therefore
only interchanges entire terms. This means that the coupling constants have to be equal,
just as for the neutrino Dirac mass matrix. The only group element that remains to be
checked for invariance is a. As all objects in x'v5C~ vy and n'vEC~'vg and their her-
mitian conjugates I/};OV};X and VLCUE?] transform as three-dimensional representations,
we have to use the transformations (4.28) and (4.29), respectively.

Let us start with the Yukawa term x'v5C~1vg. Consider the expression

hxgu£7lC’1VR71 + hxgz/}gQC’lyRQ + hxiygng’lz/Ryg. (4.34)
The single terms of (4.34) transform under a as follows:

hxXwi, C ' vry = hp"Xovi O pvry = hp” (Xbvk C ' vra) = hxdvi O vga,

WXk 2C  rs 5 hp*Xp? vk ,C 7 pPrRa = hp" (Xhvh 2C 7 Vr2) = hx{vh ,C s,
hxvhsC ' vrs = hp®Xip' v sC 7 o vrs = hp™ (v sC ' vrg) = hxivhsC ' vrs.

(4.35)

Let us also check the hermitian conjugate VLCV;}X. The linear combination under con-
sideration is
h*VL,ICVE’IXQ + h*VE’QCVRQXg + h*VLBCVEBXl. (4.36)

The single terms of (4.36) transform under a as follows:

h*’/;%,lcﬁ-‘c,lm = h*P6V}L%,1CPGV}k%,1PQX2 = h*PM(V;%,lCVE,le)

= W'vh v xe, (4.37)

h*VL,20VE,2X3 = h*P5VL,2CP5V1§,2P4X3 = h*pM(VLQOV;mXB)
= W'V} ,CVa X, (4.38)

h*’/lT%,?)CVE,?)Xl = h*P3VL,3OP3V;z,3PX1 = h*P7(V1T%,3CV}k%,3X1)
= h*l/;ri?)CV}%?)Xl. (4.39)

This shows that (4.34) and its hermitian conjugate (4.36) are indeed invariant under a
and therefore under the group 77. In order to obtain the Majorana mass matrix M, that
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arises through coupling of the vg; to X;, we rewrite (4.34) as matrix product vEC~ M, v
and read off the mass matrix:

uy, 0 0
My=h| 0 u3; 0 |. (4.40)
0 0

Here, u; are the vacuum expectation values of x; and h is the coupling constant of vg;.
Analogously, rewriting (4.36) yields

U9 0 0
Mi=h"| 0 ug 0 |. (4.41)
0 0 U1l

In complete analogy, the second Yukawa term n'vEC~'vg and its hermitian conjugate
C’VRn lead to mass matrices M, and Mg . The invariant linear combination is now

h'??ﬁ(Vﬁ 10_1’/12,2 + Vg,QC_lVR,l)‘i‘
Wb (i, C wrs + v sC vpa )+ (4.42)

h'n (VR 2O ups + VR, EaC uRy),
and the hermitian conjugate is

h,*’/;r% 1 C(VRans + Vg sm2)+

)

h” VR 2C(WRanms + vV sm)+ (4.43)
VR 5C (VR + VRam).

We have called the coupling constant h’, it needs to be the same for all terms in order
to conserve invariance under b as in the previous case. Invariance under a can easily
be seen in this case, as all objects transform under 3* for (4.42) and under 3 for (4.43),
respectively. In both expressions, each term contains a one-component, a two-component
and a three-component. This means that under transformation, each term will either get
a factor of p®p°p® = p!* = 1, or a factor of pp?p* = p” = 1. Therefore, all terms are

invariant. Rewriting (4.42) as v,C~' M, vy yields the Majorana mass matrix
M,=n"| 5 0 W7 |, (4.44)

and its hermitian conjugate

0 Ulg U/g
ME=n"( us 0 oy |. (4.45)
Ulg Ull 0

Here, u/; are the vacuum expectation values of n;. There is no physical reason why
one of the Higgs singlets x; and n; should have a significantly smaller or larger vacuum
expectation value than the other one, therefore we make the assumption that u; ~ u.
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Note that both M, and M, are symmetric; this follows already from the symmetry of

the original Yukawa terms x'v5C~vg and nTviC~tug.

The sum of M, and M, is the heavy Majorana mass matrix Mj:

usy 0 0 0
My=M,+M,=h| 0 uf 0 | +n | uj
0 0 u} u's
and its hermitian conjugate is
U9 0 0 0
My =MI+Mi=r( 0 ug 0 |+0"| us
0 0 u UIQ
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U3
0

1%

Ulg
0

Ull

1k
Uy
1k
Uy

0

U2
U1

0

(4.46)
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5 Vacuum misalignment and the resulting neutrino
mixing matrix

In the following sections, we will use the mass matrices that we have found in the previous
chapter to construct a seesaw mass matrix for the light neutrinos and the neutrino mixing
matrix.

5.1 The seesaw mass matrix

We will use a seesaw mechanism of type I to explain the orders of magnitude of the
masses. A general review of the seesaw mechanism can be found in Appendix C and in
the literature quoted therein.

The seesaw neutrino mass matrix is

Mg = —MHM5z" Mp, (5.1)

where Mrp = M;. We will now make several assumptions that will simplify the mass
matrix until it depends on two complex parameters only and has an especially simple
form. As one phase can be absorbed into the phase of the second parameter, this amounts
to three independent real parameters.
First of all, we assume that the three vacuum expectation values of y have the same
value:
U= U = Uy = ug, (5.2)

so that we can define A := h*u, where h* is the complex conjugate of the coupling constant
introduced in (4.40). This means that x breaks in the (1,1,1) direction, as all vacuum
expectation values are equal and nonzero. For the vacuum expectation values of 7, we
assume that ) = uf), = 0, but uj # 0, so that n breaks in the (0,0, 1) direction. This
situation is referred to as Zs — Z, misalignment®, as (uy,us,u3) is invariant under the
exchange of any components and therefore under Z3, but (uf,u),u}) is only invariant
under the exchange of two specific components, which corresponds to invariance under
Zs.
Setting B := h'*uj, we can write Mp as

h*u W uy 0 A B 0
Mg = h’*ug h*u 0 = B A 0 (5.3)
0 0 h*u 0 0 A
The inverse My ! then becomes
Asfj‘B2 _AsilfBz 0 1 A2 —AB 0
Myl =| - AB A2 0 =—— | —4aB A2 0
R A36AB2 A3—OAB2 g A3 — ARB2 0 0 R
A3B_AB?2
(5.4)

8Note that Z3 is a subgroup of Tr, but Z, is not.
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Now we can calculate the matrix product —MLM;' Mp:

0 U1 0 1 A2 —AB 0 0 0 Vs
ol 0 0w | ———| -aB a 0 ol v oo o0 |=
v, 0 0 ) A—AB 0 0 A2-DB? 0 vy 0
A2 0  —AB
(fE)QUQ 2 2
_AB 0 A2

Additionally, we have set v; = vy = v3 =: v. So, with all these assumptions, the final
result for the light neutrino mass matrix is

A? 0 —AB

*\2,,2

Miight = _A(?’JCD—);B? 0 A*-B* 0 . (5.6)
B —AB 0 A?

Note that the necessary assumption on the scales, see Appendix C, is already made in
the context of B — L gauging, which is explained in Appendix D:

Looking at the entries of the matrices, we find that Mp ~ v and M ~ u or Mg ~ uj.
As the two different vacuum expectation values u and uj are assumed to be of the same
order of magnitude, u ~ u}, we are free to choose the case Mg ~ u.

The vacuum expectation value of the neutral part of the SU(2), doublet Higgs ®; is v,
which is assumed to be much smaller than the vacuum expectation values of the SU(2),
singlet Higgs x (and n), which is w (or uj, respectively). Therefore, the condition that
the scale of Mp is much smaller than the scale of My is naturally implemented.

To show that Mz depends on two independent parameters only, we define C' :=

*2v2. The two parameters are now p? := Mcl—’fm and p3 := Agci—ffBQ. The light neutrino
mass matrix can now be written as
—pi 0 P12
Mgt = 0 —pi+p; O : (5.7)
D1P2 0 —p3

This formulation still contains four real parameters, as p; and py are complex parameters.
Rewriting p; = e'!|p;| yields

| ~[p|? 0 e pa|p2
Mgy = € 0 —|p1|* 4+ e F 3 0 : (5.8)
e py|p2 0 —Im?

As €% is an overall phase, it makes no difference. We are left with the three real
parameters |p;|, Im(e " py) and Re(e "' ps).
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5.2 The neutrino mixing matrix

To calculate the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) neutrino mixing matrix, we
will use the original expression (5.6) for Mj; p:.

In general, the mixing matrix V' is given by V' = U? U,. Here, U} is the unitary matrix
that appears in the bidiagonalization of the charged lepton mass matrix M,:

UL MU = M. (5.9)

Note that £, = Ufl, and £ = Uiy, where ¢, and ¢} are the physical leptons.
The matrix U, is the matrix used to diagonalize® Miighs:

UYL MiigniUy, = Miighe. (5.10)
Let us first determine Uf: From the previous chapter, we know that

flv1 f2U1 f3U1
My= | fiva fow?vy fawvs |, (5.11)
f1113 fngg f3w2113

and by the assumption v; = vy = w3 =: v, which we have already used for the Dirac
neutrino mass matrix in (5.5), we can easily bidiagonalize the charged lepton mass matrix:

1 1 1 1 fi 0 0
My=— |1 w w |V3u]| 0 f, 0 ]. (5.12)
V3 1 w w? 0 0 fs
The factors \/Lg and /3 are introduced to achieve that
1 1 1 1
Ub=—11 w w (5.13)
\/3 1 w w?

11 1
Ulh=— |1 w ?|. (5.14)
1

Note that U is only a phase matrix in this case.

9Here, diagonalization is meant in the sense of Schur, where UT MU = M is a diagonal matrix, see
[5.1], [5.2] and [5.3].
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For the neutrino sector, the matrix

0

1 0 , (5.15)
0

where r := \%, diagonalizes Mj;gn: in the sense of Schur as explained above:

Miigni = UF MyignsU,,
A? 0 —-AB

¥\2. 2 r 0 r r 0 —r
:—% 0 10 0 A2-B 0 01 0
N —r 0 r —AB 0 A2 r 0 r
A? — AB 0 0
*\2,,2
_— % 0  A2-B> 0 . (5.16)
N 0 0 A%+ AB
We have thus found the matrix U,, up to a phase:
U, =U,e?, (5.17)
where .
. et 0 0
ef=1 0 e 0 (5.18)
0 0 b
is a phase matrix.
Note that the entries of
R w0 0
Mgt = 0 p2 0 (5.19)
0 0 pus
are the compleQX neutrino masses. They can be simplified to p; = —Ai—QB, o = —%2
and p3 = —-C, where C? := (f},)*v®. To guarantee that they are finite, we require

A # 0 and A # £B. This means that neither the coupling constant hA* nor the vacuum
expectation value u can vanish, and h*u # +h""uj.

Both of the two possible mass hierarchy scenarios, see Figure 2, can be realized in
this model, depending on the values of the parameters. The special case of A, B € R,
however, is only compatible with the normal mass hierarchy. This is the case because
from my < msg, it follows for real A and B that B < 0, but m3 < ma, as it is the case in
the inverted mass hierarchy, requires B > 0. Therefore, this case can be excluded. For
the general case of complex A and B, no such conclusion can be drawn.
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Figure 2: The normal (left) and inverted (right) mass hierarchy.

Now, we have everything at hand that we need to calculate the neutrino mixing matrix

1 1 1 1 r 0 —r ef 0 0
V=UU=—[1 w w? 01 0 0 e* 0 |=
V3 1 w? w r 0 0 0 e
PR 0 N (e 00
— | e = 0 €% 0 |. (5.20)
\/5 Lo 2 =lHw 0 0 e
V2 V2
In order to simplify the entries of the first column of this matrix, we use the relation
1 +w 4+ w? = 0. For the entries of the third column, we insert w = #, which leads
to —\1/4;; = — %w2. The remaining entry, %*2“2, is just the complex conjugate of this

expression. After that is done, we can take out a phase matrix containing w and w?:

10 0 % 5 0 ef 00
1 1 1 7
V = 0 w 02 _176 731 ?5 0 b2 % . (5.21)
_ 103
00 —w % TV Ve 0 0 e

Up to the phases on both sides, which do not make any difference in this context, this
is exactly the tribimaximal mixing that we wanted to achieve. This specific form of the
PMNS neutrino mixing matrix V' was proposed under this name in [5.4], but appeared
already in an earlier paper [5.5] by the same authors. It is very popular at the moment,
as it is consistent with experiments, in contrast to the other forms considered earlier.

To make this result comparable with experimental data, we define

2 1 0
- oo
V6 VB V2

This is the mixing matrix without the phases.
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The general form of the matrix V is given by

0

C13C12 C13512 S13€
~ 5 "
V= —(C23512 — $23513C12€" C23C12 — S23513512€" 523C13 , (5'23)
) 1)
593512 — C23513C12€" —593C12 — C23513512€" C23C13

where s;; is short for sin(f;;) and ¢;; is short for cos(#;;). The only parameters are the
three mixing angles 0;; and one phase, d. A recent review of the data from all experiments
is given in [5.6], which is the source of the values in Table 8. An overview over some
of the neutrino experiments that have contributed to these data is given in chapter 2.
The tribimaximal mixing matrix can therefore be realized, but not exactly. Radiative

parameter +lo +20 +30
sin(f12) | 0.296 — 0.329 | 0.280 — 0.347 | 0.265 — 0.364
sin®(fy3) 0.39 — 0.50 0.36 — 0.60 0.34 — 0.64
sin?(f13) | 0.018 —0.032 | 0.012 — 0.041 | 0.005 — 0.050

Table 8: Summary of best fits from experimental data.

corrections have to be taken into account to explain the experimental data.
Note that we had to make several assumptions to achieve this tribimaximal mixing
matrix:

1. All three vacuum expectation values of x; have the same value: u := u; = us = us,
this means that y; breaks into the (1,1, 1) direction.

2. Two of the vacuum expectation values of 7; vanish: v’y = u'y = 0, this means that
n; breaks into the (0,0, 1) direction.

3. All three vacuum expectation values of <I>? have the same value: v := v = vy = v3.
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6 Interactions in the 77 model

The model that we have constructed in the previous chapters has several implications
on the interactions of the particles. The new symmetry predicts new decays, and the
new gauge boson Z' that arises through the new gauge symmetry U(1)p_p is of course
unstable and will decay into different states. In the next section, we will analyse these
new interactions in more detail.

6.1 Yukawa couplings

The set of the three Higgs doublets ®; that we have introduced transforms as 3 under 7%,
see Table 7. To obtain three mass eigenstates ¢; that transform under b according to the
three one-dimensional representations of Ty, we rotate ®; by Uy

(111 d, bo
Uid=—| 1 o® w Dy | = o1 |. (6.1)
\/§ 1 w w2 (I)g ¢2

Note that i = 1,2,3, but j = 0,1,2. The physical Higgs doublets now have the following
form:

by = %@1 + ®y + P3), (6.2)
o1 = %(@1 + WPy + wds), (6.3)
b2 = L(qh + w®y + w?Py). (6.4)

P

To see that they indeed transform as 1;, we look at their behaviour under the transfor-
mation b:

Po = %(@1+@2+@3) E %(¢2+@3+@1) = %o, (6:5)

so ¢ ~ 1;. Similarly, for the remaining Higgs doublets:

(Cbl + w2<I>2 + w<1>3) —b> ((I)Q + W2CI)3 + w@l) = W (CI)l -+ w2<1>2 + Cd(I)3> = w¢1,

(6.6)

¢1 =

5

1 1
V3 V3

and

(@1 4+ wdy +w?P3) = wWeo,
(6.7)

1
(252 = —((I)l —|—w<I>2—i-w2<I>3) —b>

V3

so we get ¢1 ~ 1, and ¢ ~ 1.

(Py +wdsz +w?dy) = w?

Sl

1
V3
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In order to get the Yukawa couplings of these new, physical Higgs doublets, we take
expression (4.13) for charged leptons and, as a first step, rearrange for ®9:

F1(lp @) + 01 2@ + 01, 399) R 1

(Cr 1P + w2 @5 + wlp, 3P9) R 2

(Cp 1D + wly, 2@ + Wl 35l 5
(filpalra + folpalra + f3lp1lR3)PY

( 1571:,253,1 + f2WQZL,2€R72 + f3ng,2€R,3)q)g
(

+ fa
+ /3

+
+ (filpslry + fowlp 3lpa + f3w®lr 30k 3)PY
3
=) 1,Grlp®, (6.8)
k=1
) R CRr1
where (; = ( by lra fr3 )7 lr=| (r2 | and
lRr3
i o /3 0 0 0 0 0 0
G = 0 0 0 , Gh= fi W wfs |, Gs= 0 0 0
0 0 0 0 0 0 fi wh w’fs

Now, we insert ¢, = UL} and ®° = UL 40

3 3
> 0Gua®) = Y UL Gl (Uff6") =3
k=1 k=1 j

2
Jj=0

3
Z _/LUiTGkgRUﬁkj(b?- (6.9)
k=1
This is the expression we are going to use to calculate the Yukawa couplings for each gbg

We start with j = 0: The entries of UiTkO are \/Lg for k = 0,1,2, so we can take that
constant out of the sum. The remaining sum contains the matrix product

rem (6.10)
which we need to calculate for k£ = 0,1, 2:

(UL LN (B b (kb

— 1 w w 0O 0 O = —\| L f2 f35 ],

\/§ 1 w? w 0O 0 0 \/g fi fo f3
AR 0 0 0 ] fi Wife wfs
= 1 w w? fi W2f2 wf3 = —F= wfi fo W2f3 ) (6-11)
V3 1 w? w 0 0 0 V3 Wi wfy  fs
AR 0 0 0 ] fi  wfe Wifs
— 1 w w? 0 0 0 = — | W fo wfs
\/§ 1 w? w fi who w2f3 \/§ wfi w2f2 f3

Adding these three matrices, which corresponds to carrying out the sum over k, we find
that all off-diagonal entries vanish due to the relation 1 + w + w? = 0. In the diagonal,
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we get (3f1,3f2,3f3). The factor 3 cancels the factor \/ig together with the second factor
\/Lg that we have taken out of the sum. What remains is

B f1 0 0 3 i
G 0 fo 0 |tr=> Cpfelns, (6.12)
0 0 f3 k=1

the Yukawa coupling of ¢). For j = 1,2, the calculations are similar, but slightly more
complicated as (U] ) and (U] )z, take the values \/Lg, 5 or w—;, depending on k. This
results in the three matrices (6.11) being multiplied by the factor 1, w or w?
Summing the modified matrices yields

respectively.

0 3fs O
0 0 3fs (6.13)
3fi 0 0
for 7 =1 and
0 0 3fs
3fi 0 0 (6.14)
0 3fs O

for j = 2. The factor 3 will be cancelled in the same way as before. The Yukawa coupling
of ¢? therefore is

0 f, 0
ol 0 0 f3 | tr="0p3filra+ L, falra+ 0p 5 falRa, (6.15)
fi 00

and the resulting Yukawa coupling of ¢9 is

0 0 f3
Ol A 0 0 | tr=0ofilry+ 0 folra+ 0, falrs (6.16)
0 f» O

We can express the coupling constants f; in terms of the charged lepton masses, see (5.12):

mi = V3o, (6.17)

SO
m;

-

Note that this relation implies that the product v f; has to be real and positive, which can
be achieved by absorbing the complex phase of the product, and a minus sign if necessary;,
into the phase matrix Uf. Also, the relation

fi

(6.18)

2 3
miy, = Jw va (6.19)



holds. Here, my, is the mass of the W-Boson. As all v; = v, the sum results in an
additional factor of 3: )
3
miy, = %U? (6.20)
Note, however, that v is the vacuum expectation value of ®?. For ¢J, the vacuum expec-
tation value is v/3v, as ¢y = \%(@1 + @y + @3). For ¢f and ¢, the coefficients add up to
zero and therefore the vacuum expectation values vanish.

Resolving the above expression for v, we get

2
v= )2 TW (6.21)
3 gw

Inserting (6.21) into (6.18), we get

migw |2 migw

" VBmw V3 Vomy

Inserting this in the expressions for the Yukawa couplings and replacing ¢, by their names
y =e, th =pand 05 =7, we get

i (6.22)

\/gg (ELmeer + frmyjtg + TL M TR) (6.23)
w

as the coupling of ¢). Note that this can be identified with the neutral part of the Higgs
doublet contained in the Standard Model. For ¢9, the result is

aw

\/imw

(Trmeer + epmypr + fAm,Tg) (6.24)

and, similarly, for ¢9

aw

\/§mW

From these expressions it becomes obvious that flavour-changing interactions are realized
in this model, but the additional Z3; symmetry'? constrains the interactions. This sym-
metry is an effective symmetry in the Yukawa couplings of the charged leptons. This will
be analysed in full detail in the next section.

(Armeer + Trmufir + ELMTR). (6.25)

6.2 Allowed decays of the charged leptons

In order to find all allowed decays of charged leptons, we recall how they are constructed
and hence how they transform. Starting from the three nonphysical states ¢;, we have

1 1 1 1 61 1 81 + 62 + 63 €
— |1 ? w by | =—=| Oi+wy+wly | = pn |. (6.26)
V3 1 w w? ls V3 0 + wly + Wil T

10Tn the charged lepton sector, T4 is broken to Z3 because all three VEVs are equal.
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We know the transformation behaviour of ¢; from Table 7: ¢; ~ 1, {5 ~ w? and f5 ~ w.
Therefore,

1 y 1
e=—=1 +ly+103) = —=ly + U5+ 11) = e, 6.27
\/§( 1+ o + l3) 3( o+ U3+ (1) (6.27)
p= i(51 + w2y + whs) B i(ég + w?ls + wly) = Wi, (6.28)
V3 V3
and )
T = —(61 + QJKQ + w2€3) —b> —(62 + w€3 -+ w2€1) = WT. (629)

V3 V3

We can summarize e ~ 1, yu ~ w? and 7 ~ w. This transformation behaviour needs to be
conserved in interactions.

As a first step, we would like to find all possible decays of the charged (anti)leptons
into other charged (anti)leptons only. Considering only charge conservation and the Z3
symmetry, two decay modes are allowed for each charged (anti)lepton. Table 9 summarizes
these decays and shows that considering these constraints only would lead to interactions
that again clearly show the symmetry imposed on the three different charged leptons.
However, the decays of the e* as well as those of u* are of course not possible because of
mass constraints. The only new observable decays predicted in this model are therefore
those of 7%. We will investigate these decays in more depth in the next section.

Note that in all transitions listed in Table 9, the charged leptons decay via Higgs
bosons, which transform under the one-dimensional representations of T7.

+

e = U uT

1 - wXlw =1

e” =7 1 ut

1l s www?2=1

ww
et — ptutre

2

1w 2w 2w=1

et = rtrtu”

1wl tw?=1

o — T T et

w? > ww-1=w?

o —ee 7t

1

Ww=ollwl=w

2

pt = rtrte

-1, ,—-1

w 2

w2 w l=w"

pt —etetr

w?s1-1l-w=w"

2

T = u et

w— W l=w

TT e e ut

2

w—1-1-w*“=w

T ptuten
2

1

wl s w?2w? 1=w"

Tt —etetu™

wlo1-1-w=w"

1

Table 9: Allowed transitions of the charged
(anti)leptons (taking into account Z3 and

charge conservation only).

We now briefly consider further possible decays of e*, u* and 7, where other particles
in the final state are also allowed.
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Decays such as ¢; — £y, where ¢ # k, could in principle be possible via Higgs bosons.
But in fact, such decays are forbidden by the Z3 symmetry, as charged leptons of different
flavour transform differently and the photon transforms trivially. The same holds for all
other decays of that form in which the photon is replaced by any nonleptonic particle that
transforms trivially under Z3.

Note however that charged current interactions are not affected by these symmetry
constraints. Therefore, the standard muon and tau decays such as

Lo = e e, (6.30)

or
T — W Vulr, (6.31)

in which the leptons decay via a W~ boson, see Figure 3 and Figure 4, are in no way
forbidden. For the same reason, the charged current decay channel of ¢; — (v, where
1 # k, is allowed. It is however strongly suppressed and well below the region that is
accessible by measurements.

Also hadronic decays of the tau lepton are charged current interactions and therefore
not affected by the Z3 symmetry.

Figure 4: Standard charged current decay of the tau.

We can summarize that this model is in no contradiction with any of the known decay
modes of the charged leptons. The new predicted decays will be discussed in more detail
in the next section.
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6.3 Decays of 7* implied by the Z; symmetry

The only interesting new decays predicted in this model are those for 77,

T = p et (6.32)
and

T e e ut, (6.33)
and those for 77,

= utute (6.34)
and

= etetu. (6.35)

We will therefore take a closer look at these interactions and their implications.

Before we can picture these interactions in Feynman diagrams, we need to study the
neutral physical Higgs particles ¢! and ¢9 in more detail. As we know already, see (6.6)
and (6.7), they transform in the following way:

A ~w, P~

)~ B~ w. (6.36)

Therefore, neither ¢ nor ¢Y can be a mass eigenstate (see [1.10] and [1.11]). Instead, the
linear combinations

0 = %wff ) (6.37)

and

0 _ i 0_ 70
Wy = \/é(cbl ) (6.38)

are mass eigenstates with different masses m; of ¥{ and my of ¥9.
Their transformation behaviour under b is the following:

W ~w, U~ W (6.39)

V) ~w, UY~ w2

Therefore, only W9 and ¥Y, or U9 and U9 respectively, can appear in interaction dia-
grams and we need to reformulate the relevant parts of the flavour changing interaction
Lagrangian, expressions (6.24) and (6.25), in terms of ¢ and ¥9:

gw

W (mei‘LeR + mMéLuR + mTﬂLTR + meuLéR + m'uTLﬂR + mTeLfR)\I/(l) + (640)
w

(MeTrLer + MueLpr + MeALTR — MeflL€r — MuTLAR — mrepr) ¥} + H.C.

Figures 5 and 6 show the Feynman diagrams of the relevant 7% decays.
Note that these flavour-changing interactions are suppressed by the lepton masses
occurring as vertex factors in each diagram.
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\I/g\ N e
-
5.c First 7~ decay via 9. 5.d Second 7~ decay via U3.

Figure 5: Additional predicted decays of 7~ via U9 and ¥9.

w et
7—+ / 7'+ /
N \ N
- X
\1;(]1 ~ e \I,[l) ~ H
ur et

6.c First 71 decay via U). 6.d Second 7T decay via W).

Figure 6: Additional predicted decays of 77 via U9 and ¥9.

49



The current experimental upper limit for the branching ratio of reaction (6.34), depicted
in subfigures a and c of Figure 6, is

B(rt = ptute™) <23 x 1078, (6.41)
The branching ratio for the well known standard decay channel
™ = uty,o, (6.42)
was calculated in [6.1] to be
B(tt = pty,w,.) = 0.1736. (6.43)
As the decay rate of 7+ — ptuTe™ is proportional to

mmg (mi + m3)?

; 6.44
mimj (6.44)
which can be derived from the interaction Lagrangian (6.40), it can be shown (see [1.1] and
[1.11]) that the branching ratios of these two interactions are connected in the following
way:

Im2m?(m7 + m3)?

44
mymy

B(tt — pftute) = B(tt — utv,,). (6.45)
Therefore, a lower limit for the following expression involving the masses m; and ms can
be given:

T2 > 39GeV. (6.46)

m2 +m3

In the special case that m; = my =: m, this reduces to

m > 55.15 GeV. (6.47)

6.4 Decay of the 7’ gauge boson

Many successful models building on different nonabelian discrete symmetries have been
proposed in order to explain the tribimaximal neutrino mixing matrix'!. In contrast to
most of them, an experimental test of this theory is surprisingly simple. This is due to
the U(1)p_1 symmetry, see Appendix D.

The principle of the testability is the observation of the decay products of the new
B — L gauge boson Z’. These decay products can be quarks and leptons or scalars such
as \11(1),2 and \I/?’Q, which further decay into pairs of charged leptons. An example for a
final state resulting from the decay of a Z’ is 7= 7 uTe™. In the following section, we will
discuss this in more detail.

The following terms in the Lagrangian describe the interactions of Z’ with the Standard
Model fermions, see [D.2] and [D.4]:

S Vi s 2L S (6.48)
f

HSee [1.9] for a recent review.
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Therefore, the partial decay rates of Z’ to the different possible fermions ¢, v and ¢ are
the following:

Ty =3 (—1)%- gé%:”' (6.49)
for charged leptons,
T, =3 (—1)?. % - 9129%?2' (6.50)
for neutrinos, and )
Fq:6-(%) -3-9%%:” (6.51)

for quarks. Here, the first factor is the number of different particles, and the second factor
is (Yp_r)? for each particle. In the case of the quarks, the additional factor 3 accounts
for the three different colours. The factor % in the case of the neutrinos occurs due to the
fact that only left-handed neutrinos are relevant for this decay.

However, the Z’'-decay that we are interested in is

Z' — 0,07, (6.52)
For this interaction, the decay rate is

2
L gg_pmzy

p— o | — 20'4 . —_—
Iy =2-(=2)°-sin”(0) 1 o

(6.53)
where the first factor is again the number of different particles, the second factor is (Yz_,)?
and the additional factors account for the mixing of ¥9 and W3, see [1.1].

Each of the scalar particles in the final state of this decay will further decay into pairs
of leptons. Looking at the interaction Lagrangian (6.40), we find that the strongest decay
channels are those having m., as vertex factor. These are

U, =t (6.54)
and

vy, —» et (6.55)
for ¥, and

U, —» 7t (6.56)
and

U, = 7re” (6.57)
for W9 ,.
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The predicted final states from a Z’-decay are therefore the following:

1. 70 pt

2. thrtuTe”
3. 7 ptet
4. 7orrete”

These are the interesting states that would have to be searched for in order to test this
theory.

In addition, six lepton final states could exist if the right-handed neutrinos are light
enough. In this case, they could also be produced by Z’-decays and consequently decay
further into leptons. The final states of such interactions would consist of six leptons. For
details of this possibility, see [1.1] and [D.3].
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7 The scalar potential of ® and its consequences

In this chapter, we will discuss the Higgs potential of this 77 model. The complete
potential can be split into a part that contains only ®;-terms and parts consisting of y-
and n-terms, respectively. This is possible if the model is supersymmetrized, as suggested
in [1.1]. Note however that the supersymmetrization of this model is not consistent with
the Yukawa terms introduced in chapter 4. More precisely, the terms L; ®¢ and —p®TL,
cannot both exist in the same supersymmetric model, see [B.1] for an explanation.

We will nevertheless investigate the scalar potential consisting of only ®; in the next
section.

7.1 The T; invariant Higgs potential

In order to respect the T, symmetry, the potential can only consist of 7% singlets. We
will therefore use the results obtained in chapter 3 to find all invariant terms. Table 7
tells us that ®; transform as 3, whereas <I>ZT transform as 3*. We also need to know how
the various representations act on the fields, see Table 3, and the tensor products of the
representations, which are given in Table 4.

In principle, we need to consider all quadratic and quartic terms that can be con-
structed out of ®; and ®!. We will start with the quadratic terms:

The only possibility to achieve invariance under a is multiplying each ®; with the
corresponding <I>;-r and vice versa. This guarantees that the powers of the factors p arising
from the action of 3 and 3* on ®; and @j add up to seven, so that the factors are all equal
to one and therefore irrelevant.

The sum of such terms ®!®; is of course also invariant under the action of b, which
amounts to the interchange of the single terms. This is the only possibility to construct
T7 invariant quadratic terms. The contribution to the potential therefore is

3
> oo, (7.1)
i=1

Now we will consider the quartic terms, for which the situation is slightly more compli-

cated. The tensor product

Be3)eo@Bed)=LeLoeLe3ed)olel,dl;e3®3")  (7.2)
is given in Table 4. The only singlets that appear in this product are the following:
1L L,®
2. Lol =Ll
3.3@3"=3"®3

The 1, ® 1, - singlet corresponds to the term

(i @I@i) : (7.3)
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If the square is carried out, this expression becomes a sum of terms of the form
DI, (7.4)

Such terms are of course invariant under a and the sum is also invariant under b, as all
possible combinations of ¢ and j appear once.
The second singlet, 1, ® 154, corresponds to the term

(DI Dy + wDI Dy + WOLDS) - (BB + W2 BLD, + WD Ds). (7.5)
The first bracket transforms like 1,, as
W(BIDy + WBLDs + WD D)) = (BT Dy 4+ WD, + WD D), (7.6)
and the second transforms like 15:
W (DI Dy 4+ W2 DLDs + WD) = (B D) + W2 DI Dy + WDLDs). (7.7)

The apparently distinguished position of ®;, which has no factors w or w?, turns out not to
be distinguished once the product has been carried out and all factors have become either
+1 or —1. Note that this is required, as the entire expression (7.5) has to be invariant
under b, and therefore under the exchange of the ;.

The product is again a sum of terms of the form

o], (7.8)

but now only the terms with ¢ = j have +1 as factor, those with ¢ # j appear with a
factor —3 .12

For the third possibility, 3 ® 3*, the corresponding term in the potential is
]P0l (7.9)

with ¢ # j. The first pair transforms as 3 and the second pair as 3* or vice versa, depending
on whether ¢ < j or ¢ > j, so that the whole expression transforms trivially as required.

We have thus found all possible terms that can contribute to the Higgs potential of
@if

3
Vo = p> oo
=1

+ A (Z@I@Z) (7.10)

i=1

T+ M(PID) + wdld, + W2BLDS) - (BT Dy 4+ WP DIy + WD D)

3
+ A Y olojole;

i,j=1,i#]

12The factor —% arises because the (equal) terms @I@i@; ®; and <I>;r- D, <I>I<I>i with ¢ # j have been added
and their coefficients have added up to —1. In order to maintain the symmetry in the notation, we would
like each combination of 7 and j with ¢ # j to appear in the sum. Therefore, we have to assign —% to
each possible combination.
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This is similar to the Higgs potential of ®; in an A4 model (see [1.10] and [7.1]), which
contains the same terms but also some additional terms that are not invariant under 7%.

If all equal contributions from the different terms are summarized, the potential takes
the following form:

3
Vo = p*> ol
1=1

+ (At ) ) (D],)? (7.11)

i=1

3
A2 t.o!
+ -5 Y oleale,

ij=1,i#j
3
+ A Y olojole;

i, j=1,i]

As the vacuum expectation values of all three @) are the same, vy = vy, = v3 = v, the
minimum of the potential is

Vomin = 31°0% + 3(3\1 + 2X3)v?, (7.12)

and therefore the minimization condition on v is

_MQ
I e 1
R VS VS (7.13)

The mass that a gauge field will acquire through interaction with the Higgs field & is
proportional to this expression.

Note that 42 is real and negative, which is the condition for spontaneous symmetry
breaking to occur. The potential is required to be hermitian, therefore also \;, Ay and A3
have to be real because each of the respective ®;-terms is individually hermitian. There is
also a lower bound on each \; that arises from the physical requirement that the potential
itself is bounded from below. These lower bounds guarantee that the expression under
the square in (7.13) will be positive and therefore, v will be real and positive.

7.2 Mass matrices for the charged and the neutral scalars

In [7.2], a generalization of our case to the most general case is considered. In the following
section, we will use this general formalism to find the mass matrices for the charged and
the neutral scalars!3.

13We will maintain the notation used in [7.2] when we refer to the general case, in particular we will
use ¢; for the Higgs doublets instead of the name ®; that we have introduced and that we will continue
using for our specific case. Also, the components of the doublets will be referred to as gpj/ /% in the
(I);f‘/—/o

general case, and as in the specific case of our potential.
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The general form of the potential for ny different Higgs doublets ¢; is given in [7.2]:

V= i psdle; + i Aijki (@T%‘) <¢L¢l> : (7.14)
ij=1 ik l=1

In our case, ny = 3 and by symmetry constraints, most of the coefficients vanish. For the
first sum, p7; is only nonzero if ¢ = j. In this case, uj; = p* for i = 1,2,3. For the second
sum, there are three kinds of nonvanishing coefficients:

e i = j =k =1, which results in \y;; = (A + o)
e i = j # k =1, which results in Ay = (A — %)
o | = 7&] = ]{Z, which results in )\ijji = /\3

The general mass matrix of the charged scalars gbj;t can be derived from the potential
(7.14):

M3, = pg; + A, (7.15)
where A;; is the matrix given by
ny
Aij = Z )\ijklv,’:vl. (716)
k=1

Note that in [7.2], the vacuum expectation values of ¢{ are defined to be \”/—% Here, the

vacuum expectation values of ®9 are just v. They have the same value for all k£ and this
value is real. Therefore, vjv; in equation (7.16) will become 2v? for this model.
The first matrix, ,ufj, is diagonal in our case:

pr 0 0
p=1 0 @ 0 |. (7.17)
0 0 pu?
The second matrix, A;;, becomes
3A1 A3 A3
Aij = 2U2 )\3 3)\1 )\3 . (718)
A3 A3 3\

Adding these two matrices, the mass matrix is found to be

6)\1112 + /LZ 2)\3212 2)\31)2
M3, = 220302 6A U F 2 20502 . (7.19)
2302 22302 60+ p?

If expression (7.13) is inserted for v, we get

12 2 -1 -1
2 3

o=t -1 2 -1 |. 7.20
T 3N 4+ 20 1 1 o (7.20)
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For the neutral scalars ¢!, the mass matrix is given in [7.2] as

A C
Mg = ( o7 B ) , (7.21)
where
Bij = Re(u?j + Aij + K{J) - RG(KZ‘]‘), (723)
Ciy = —Im(uj; + Ayj + K;) — Im(K;) (7.24)

and the matrices Kj; and K, are defined as

nH
K, = Z )\ijklvjvl (7-25>
gl=1
and
nH
Kz{l = Z )\ijklvjv,j. (726)
g k=1

In our case,

M+X A =24 A — 24X
K =20 [ M =24+ A1+ A M= 2+ (7.27)
M=+ M—2+X 0 M+

and
AL+ A2+ 2X3 Ay — 22 A — 2
Ky = 2v* M=% N+t h+2 N -2 . (7.28)
A — 2 M =22 AL+ A+ 2)

As \;, p? and also v are real in this model, we can immediately see from equation (7.24)
that the matrix C' is vanishing. The matrix A can be computed to be

9 —2)1 — 2\ —2M + Ay —4A3 —2A] + Ay — 43
A= ﬁ O F A=A 20— 2% 20+ h—4N |, (7.29)
P20\ a4 he —4hy 20+ de— 4Ny 2 — 2),

and B turns out to vanish as well.

To obtain Mg, we only need to arrange A and the null matrices B, C and C* according
to (7.21).

The mass matrices M? and Mg fulfill the following eigenvalue equations, see [7.2]:

Mia=mia, (7.30)

()= (4 $)(B8)-ri(28).
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where a and b are (3 x 1) complex vectors and m, and m; are the respective masses.
Using equations (7.22), (7.23) and (7.24), we can write (7.31) as

(,u?- + Ayj + ng)bj + Kijb; = mibi. (7.32)

J

This will be needed in the next section to find massless Goldstone bosons, i.e. eigenvectors
with vanishing eigenvalue. The general expressions for the physical (i.e. mass eigenstate)
charged and neutral scalars are given in [7.2]:

ng
SE=> are/, (7.33)
i=1

and

nH
Sy =V2> Re(bj(£))), (7.34)
i—1
where (V) = (p?) — v such that the vacuum expectation value of (p?)" is zero.

7.3 The existence of massless Goldstone bosons in this model

The potential (7.11) is invariant under O(4), which can be seen as follows: Each Higgs
doublet ®; can be written as

Re(®7) + i Im (&)
‘I”':( Re(®?) + i Im(®?) ) (7.35)

so it has four real parameters. In the expression
O, = (Re(®;)? + Im(®;)? + Re(®Y)? + Im(9)?) (7.36)
the four parameters can be interchanged without changing the whole expression. This

also holds for
> ol (7.37)
,J

and therefore also for the potential (7.11). This is an O(4) symmetry, but it is sufficient
for us to consider SO(4), as discrete symmetries are not relevant here. SO(4) has six
parameters, but we will see in the following paragraph that the potential has an additional
symmetry that has to be taken into account.

Each term in the potential (7.11) that contains ®; also contains <I>;-r and vice versa,
which has to be the case as this is the only way to construct 75 invariant terms. This
however means that the potential is invariant under all phase transformations: each factor
e’ will be cancelled by a factor e~**. More precisely, if

O, — e, (7.38)
where a1, as and ag can be chosen independently, then

V(®;) = V(). (7.39)
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The potential V(®;) is therefore invariant under three independent U(1) transformations
that we call U;(1) for ¢ = 1,2,3. The respective symmetry group of V is therefore
Ui(1) ® Us(1) ® Us(1).

Instead of ,
e 0 0
0 | oeter | 0 , (7.40)
0 0 elas

which are the transformations described above, we could also use the three independent

transformations

102 103

—e e
(1% (1% Q3
” e ) e . (7.41)
ezal 0 _621(13

In this case, the first transformation, where all three ®; are multiplied by the same phase,
corresponds to the weak hypercharge that is known from the Standard Model where there
is only one Higgs doublet that can be multiplied with a phase. In this form, one can see
that the first transformation is already contained in the SO(4) symmetry under which
the potential is also invariant. This is the case because an overall phase transformation
corresponds to a rotation. The absolute number of independent parameters, i.e. group
generators, under which the potential V' is invariant is therefore eight: Six parameters
from SO(4) and two more from the additional phase transformations.

Three of these symmetry generators are spontaneously broken by the three nonvanish-
ing vacuum expectation values v, i.e. the ground state is not invariant under the full
symmetry group of the potential. Instead, the respective transformations shift the original
ground state to a different ground state, which is possible as the vacuum is degenerate
and the ground state is not unique.

This is exactly the situation in which the Goldstone Theorem can be applied, see for
example [1.12]. Tt states the physical implications of spontaneous symmetry breaking,
i.e. that massless scalar particles exist in a model with spontaneously broken symmetries.
According to the Goldstone Theorem, the number of massless Goldstone bosons in this
model is 8 — 3 = 5.

Before we calculate them explicitly, we take a look at the visualization of the potential.
The actual potential (7.11) depends on six real parameters and is therefore difficult to
visualize. However if several simplifications are made to obtain a potential that can be
plotted, it still shows the elevation in the middle that is characteristic for spontaneous
symmetry breaking. Figure 7 shows such a simplified potential. In this specific case, we
only consider the neutral part of the potential. We have set @9 to a fixed value that is
real but otherwise arbitrary. Additionally, the imaginary parts of ®9 and ®) have been
set to zero. We are left with the real parts of ®) and ®) to be represented on the x- and
y-axis. The potential is of course plotted on the z-axis.

For the coefficients p? and )\;, arbitrary real values have been chosen. Therefore, the
potential shown in Figure 7 is only loosely related to the actual potential (7.11). Its
only purpose is to give an idea of the characteristics of the potential and to see how this
potential can spontaneously break a symmetry.
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Figure 7: Schematic visualization of a simplified potential.

In the following section, we will explicitly calculate the massless Goldstone bosons. In
addition to the two pseudo Goldstone bosons ay and by that are present in the Standard
Model and required in order to create the masses of the Z and the W bosons, we will find
two actual Goldstone bosons that are left over as additional massless particles. These
would correspond to forces with an infinite range that cannot exist, and therefore this
model cannot describe a physical reality, as we will discuss in more detail at the end of
this section.

The Goldstone bosons corresponding to the longitudinal modes of the W and Z vector

bosons are, see [7.2],
1

a [
1% /30

1
by — —
z /30

What we need to show is that their masses are indeed zero.
At first, we look at ay. We use the fact that v is a minimum of the potential and
therefore, the first derivative of (7.12) with respect to v must vanish:

(v,v,v)" (7.42)

and
(v,v,v)". (7.43)

d
d_Vq)’min = 4/1211 + 12(3)\1 -+ 2)\3)'1]3 = O, (744)
()

which can be simplified to
(1% + (61 + 4)xs)vH)v = 0. (7.45)

Inserting M3 and aw into the eigenvalue equation (7.30) gives

6)\1 2/\3 2)\3 IMQ 0 0 1 (% 1 v
203 6A; 2X3 | P+ 0 2 0O — | v | =ml, — | v | (746)
2% 2\3 6\ 0 0 6v \ 4 Voo \
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Each line on the left hand side of equation (7.46) is equal:

——(6A10% + g 4 20307 + 20307 )0 = —— (p® 4+ (6A; + 4X3)v?)v = 0, (7.47)

Jh Jb

where the last equal sign follows from equation (7.45). Therefore, m? = 0 and ay is
massless.

For by, we use equation (7.32) and insert all the matrices and by. The left hand side
becomes

o M4 A =24 N -2+ v

2— | M =2+ A+t A -2+ v | -

V6 M—24X M—2+X 0 At v

I M4 A =24 A — 2+ v

PRLEY S W S VD N VR v S W 1 T B (T
V6 /\1—%4—/\3 )\1—%%—)\3 AL+ Ao v

so that also mgz = 0 and by is massless.
We can calculate the physical charged and neutral scalars by using equation (7.33)

and (7.34):
= % > o, (7.49)
and , :
Sy, = % ;Im ((29)). (7.50)

These two massless particles are the pseudo Goldstone bosons that are used to create the
masses of the W and Z bosons.

In order to find the other massless Goldstone bosons predicted by the Goldstone
Theorem, we need to find additional eigenvectors of the mass matrices with eigenvalue
zero. For M2, it can easily be checked that no such eigenvectors leading to fields different
from S} = can exist. The eigenvalue zero can be computed to have an algebraic multiplicity
of one, therefore the geometric multiplicity has to be < 1. This means the eigenspace
has one complex dimension, but the imaginary zero-eigenvector iay, differs from ay only
by a phase and therefore leads to the same physical field S . Also, a straight forward
computation yields the same result: If one solves the equation Mz = 0, the only result
is that x1 = x5 = w3, which is a vector proportional to a linear combination of ay, and
tay . Thus, the additional massless Goldstone bosons that we are looking for are not in
the charged sector.

The situation is however quite different for Mg, which was found to be

Mg_(’g 8) (7.51)

where the (3 x 3) matrix A is given in equation (7.29). Here we have an infinite set of
eigenvectors that have eigenvalue zero because each vector that has zeros in the upper
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three entries will become zero upon multiplication with this matrix, regardless of the
value of the lower three entries. We are of course only interested in linearly independent
eigenvectors, so all we have to do is choose an orthonormal basis for the three-dimensional
complex space that includes the vector by that we have found already.

Note that these eigenvectors correspond to purely imaginary vectors b, as the real
parts are written in the upper three entries of the (6 x 1) vector and the lower three
entries are occupied by the imaginary parts, see equation (7.31).

We choose the vectors

2

V2
i
\/év
and together with b, we have a complete orthonormal basis. A simple check confirms
that they are indeed massless Goldstone bosons: Inserting b; and by into equation (7.48)

shows that mj, = 0, and mj, = 0 respectively.
The physical neutral scalars can be calculated from the general expression (7.34):

by = (—v,v,0)T (7.52)

and

by = (v,v, —2v)7, (7.53)

Sy = —Im ((®})") + Im ((®9)') (7.54)

and
0 _ 1 m 0y/ m NY — 2Tm 0y/
Sy, = \/3(1 ((®9)) + Im ((93)) — 2Im ((®3)")) - (7.55)

We have thus found two additional massless Goldstone bosons.

To convince ourselves that we have not missed any of the massless Goldstone bosons,
we have to check that A does not have any eigenvectors with eigenvalue zero, i.e. that A
is nonsingular. The eigenvalues of A are

12

2 = (4N —3Ng) .
mal ( 3 3 2)3)\1+2)\37 (7 56)
2 - 7.57
= (4X3 —3\y)——— )
Moy, = (e = 3he) 5o o (7.57)
2
0
mig = —2(4/\3 + 3)\1)m (758)

In general, these are nonzero. Only in the fine-tuned special case of 3\s = 43 or 3\; =
—4 )3, additional massless particles would exist.

Let us summarize our results: In the charged sector, we have found one charged
complex massless Goldstone boson. The remaining two charged complex particles are
massive Higgs bosons, with masses depending on p? and );. In the neutral sector, we
have three massless real Goldstone bosons and three massive real Higgs bosons.

While the first two massless Goldstone bosons that we have found, ay and by, are
used to create the masses of the W and the Z boson, the additional massless Goldstone
bosons b; and by remain massless particles that exist in this model. There are no other
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bosons present in this model that could use up these additional degrees of freedom'*. As
massless bosons correspond to forces with an infinite range, this model has to include two
such forces.

The existence of such forces has been investigated experimentally, see for example
[7.3], [7.4] and [7.5]. In various experiments such as measurements of the Casimir force,
gravitation experiments of both the Eotvos and the Cavendish type and several other
experiments, upper limits for the constants characterizing the potentials of such forces
are given. Depending on the form of the potential, the limits for the coupling constants
have been pushed further and further over the last decades. In [7.4], the upper limit for
AP of a power law potential of the form

21 T n—1
An(22) (T) , (7.59)
where z is the number of protons in the atom studied in the respective experiment,
ro = 1fm = 107 m, r is the distance and ), is the dimensionless coupling constant, is
given as 10747 for n = 1. This is the % case. A simple estimate of orders of magnitude of
the coupling constants involved in this model shows that the existence of the predicted
forces can be excluded.

The potential of the two predicted forces is of the form %, just like the one mentioned
above. The relevant coupling constants f; can be estimated as follows: From (6.21) the
value of v can be calculated to be almost exactly 100 GeV. The values of the coupling
constants f; that appear in the charged lepton mass matrix (5.12) are fixed by the value
of v and the masses of the charged leptons:

fi=107°, (7.60)
fo 1074 (7.61)
fs~ 1072 (7.62)

Thus, the coupling constants turn out to be many orders of magnitude larger than the
values in the experimentally allowed region.

Note that we have only considered a tree-level approximation and that the massless
Goldstone bosons will get small but nonzero masses through higher order corrections.
But these masses will still be very small and the corresponding forces will have a similar
potential. By this argument, this model is excluded as describing a physical reality.

This T7 model is therefore ruled out as explanation of the symmetry in the lepton sector.

14The additional massive boson Z’ that arises in the context of B — L gauging, see 6.4, cannot take
this role because only the Higgs singlets y and 1 have a nonzero B — L charge and therefore Z’ does not
appear in the context of this potential that includes only the Higgs doublets ®;.

15The name \,, for the coupling constant has been chosen in the original literature and is therefore also
used here. It should not be confused with the coefficients in the potential V.
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8 Conclusions

We have discussed the Frobenius group 77 as a family symmetry in the leptonic sector.
This symmetry group allows to construct a model that has many interesting features.

Let us briefly summarize how the model was constructed: The crucial property that is
new compared to the most popular family symmetry group Ay is the fact that T has two
inequivalent three-dimensional irreducible representations. This allows to accommodate
a more complex particle content. In particular, we have introduced three right-handed
neutrino singlets, two more Higgs doublets and two different sets of Higgs singlets on top
of the usual fields present in the Standard Model. The additional B — L gauge symmetry
guarantees that the two different Higgs singlets x and 7 are independent fields and not
each other’s antifields. Having fixed these fields and their transformation behaviour,
the mass matrices arise from the invariant Yukawa terms. By building a seesaw mass
matrix for the neutrinos, calculating the diagonalized mass matrices and subsequently
the neutrino mixing matrix, we arrive at the tribimaximal mixing matrix that we have
wanted to achieve.

We have also investigated implications of this model on decays and found that new
decays of the 7* are predicted. Also, the new B — L gauge symmetry gives rise to a new
gauge boson Z’. The decay of this boson could in principle be observed.

However in the last chapter we have found that this 7% model has some flaws. One
aspect is that the necessary supersymmetrization is in contradiction to the Yukawa terms,
but we have not investigated this issue further. Instead, we have taken a closer look at the
scalar potential of ®; and have found that it leads to two massless Goldstone bosons that
remain new massless particles in this model. These massless bosonic particles correspond
to forces with infinite range and such forces are experimentally excluded if the couplings
are of the order of magnitude of the couplings in this model.

By these arguments, it is excluded that this model describes a physical reality. This
T7 symmetry model is therefore ruled out as explanation of the symmetry in the lepton
sector.

This does however not imply that 7% is generally ruled out as a family symmetry. It is
still possible that this group with a different particle content with different transformation
behaviour will yield a model that does not have these difficulties. This possibility as well
as other, maybe similar groups as family symmetries are interesting topics for further
research in this field.
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A Conventions

For the Minkowski metric, we use the convention

1 0 0 0
(o -1 0 o
=109 0 -1 o0
00 0 -1

For the Dirac matrices +*, the following anticommutation relation holds:

{7y =20,

The matrix v° is defined as the product ~° = i79y1y243.

The charge conjugation matrix C' is defined by the relation
CipC = —44T,

We use the Weyl basis, in which it takes the following form:

. —io? 0
02_27270:( 0 Z.O'Q)’

where o2 is the second Pauli matrix.

Note that C' is antisymmetric,
ct =-C,

and, with this convention, unitary:
—C=C"1t=C"

The generators of SU(2), are called 7; for i = 1,2, 3. They have the form

(01 (0 =i /1 0
n={10/) 27\ o0 )2 o -1 )"
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B Translation of the Yukawa terms to supersymmet-
ric notation

This T7 model was proposed in [1.1], but in supersymmetric notation, using two-component
Weyl spinors instead of the familiar four-component Dirac spinors. The translation is a
bit tricky and will therefore be explained here. For an introduction to supersymmetry in
general and a detailed explanation of the notation, see [B.1].

A Dirac spinor 1p consists of two Weyl spinors:

tz(g>. (B.1)

In this description, both the components x and ¢ are two-component objects again. They
are called left- and right-handed Weyl spinors, as

xr =: Pryp = < g ) , (B.2)
and
0
¢R=1PR¢D=<¢—))- (B.3)
Here, P, and Pg are the projection operators defined as
P=5"=(00): (B4)
and "
I+ (00
Pt (00 ®9

The hermitian conjugate of a left-handed Weyl spinor is a right-handed Weyl spinor
and vice versa.
A multiplication of two such spinors is to be interpreted in the following way:

X0 = Xa€"dp = X1.C b1 (B.6)

The reason for the expression in the middle of this equation is that the indices of Weyl
spinors are raised and lowered using the e-tensor

e—<_01 é) (B.7)

The superscript ¢ is a reminder that the field corresponds to a right-handed field in the
Standard Model:

()= Cy X", (B.8)

where the (4 x 4)-Dirac matrix 7y, is written in the Weyl basis as

w=(1 o) (B.9)
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and

0O -1 0 O

0.2 —op 0y |1 0 0 0
C=iy~y = ( 0 02>— 00 0 1 (B.10)

0O 0 -1 0

C= ( 6; S ) . (B.11)

The following identities will be useful:

X = x"o, (B.12)
which follows from
x=-0)"C™ (B.13)
and
et = 0. (B.14)
The terms that appear in [1.1] and need to be translated are the following:
o LI°D
o Lvd
o Uy
o U

For the first term, we start by calculating the product L{¢, which is the same as ¢°L. This
is due to the fact that the minus sign from interchanging the order of two anticommutating
spinors is cancelled by the minus sign that arises from the antisymmetry of the e-tensor.
Therefore, we can calculate

(°L = (5e® Ly, = (FC 'Ly, (B.15)

Here, € can be replaced by C~!, as € is the entry of the matrix C~! that is relevant for
left-handed spinors. Now, we want to rewrite

(1O = [Crg (65) 17O = (L) T CT O™ = —(lL)° = —L. (B.16)

The first step follows from relation (B.8), ¢5 = CI ¢;. Putting everything together, we
get B
‘L =—{lgLy. (B.17)

Next, we need to calculate the product L®:

L® = Lye®®y = Ly d? = —L, 07 = —dTL, (B.18)
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as ity = € and €%’ = —1%¢. Now, the term under consideration can be rewritten as
LID = —(RLye™dy, = (rPTL. (B.19)

For the second term, Lv°®, the translation is similar. Just as in (B.15), we can rewrite
the product v°L:
VL = e Ly =viC Ly, (B.20)

By exactly the same calculation as for the above case, (B.16),

viC™t = —vp. (B.21)
This time, we need the product L®:
LD = Loe®™®y = Ly(e®})* = L, d% = OIL. (B.22)
For the entire term Lv°®, we get
Lv*®d = —TpL,e®®, = —Trd L. (B.23)

For the remaining two terms, v°v®y and v°v°n, the translation works in exactly the same
way:

v VX = (WR)e € Wh)ox = (O Vi) € (O Vi)ox = Vig 10CT € Crg vigx = vpCrix.
(B.24)
For v°vn, we get VLCV}}?] through exactly the same calculation. Table 10 summarizes
the translations:

SUSY notation | Dirac spinor notation
Ltcd (r®TL
Lv*® —vp®iL
127 % I/LCV}%X
veven V%Cl/}%?]

Table 10: Translation of SUSY notation to Dirac spinor notation.
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C Seesaw mechanism of type 1

The seesaw mechanism is the most common explanation for the fact that neutrinos have
such small masses compared to the masses of charged leptons. For more detailed treatment
of the seesaw mechanism of type I, which we use here, and also of type II, see [C.1] - [C.T].

The crucial assumption is that the scales of the mass matrices obtained in chapter
4 differ from each other by many orders of magnitude. More precisely, we assume that
mp < my, where mp is the scale of the Dirac mass matrix Mp and my, is the scale of
the heavy Majorana mass matrix M),.

In the following calculations, we will often use the identities

(V) = C"ygy;‘%, (C.1)

and
VR = —(I/R)CTcil. (C2>

Let us see which of the obtained Yukawa mass terms in the Lagrangian contribute to the
neutrino mass:

1
—vrMpuy, + §V§C*1MWR + h.c. (C.3)
We want to rewrite this as
1 T T -1 < vy )
Y ) e Mseesaw c 5 C4
2 (VL <VR) ) (VR> ( )

where Meesaw 18 the seesaw neutrino matrix. For a general (6 x 6) matrix

(M, M,
MS@ESCIU} - ( M3 M4 ) )

where M; are (3 x 3) matrices, expression (C.4) has the following form:

1
2

1
5 (ViCT'Myvp + ()5 C " Msvy, + v C ™ Ma(vg)© + (vg) " C ™ My(vg)°) . (C.6)

The first term in (C.3) can be split into

(VfC"lMluL + VI%’YQCTC_lMgI/L + VfC"lMgC"yOTV}% + VLVOCTC_1M4C’%TV;}> =

1 1

ERMDVL = EﬂRMDVL — §VEMSZ7;13: =
1
5 (—(I/R)CTC_IMDVL - VgMgc_l(VR)C) . (C?)
Note that the minus sign of the second term of this expression arises from interchanging
the two fermion fields vy, and 7. The overall minus sign is compensated by the minus
sign in (C.3). Instead of the second term in (C.3), we consider its hermitian conjugate,
which is also part of the expression:

((VR)CTO_IM;;(I/R)C) . (CS)

1 L) _ ] oA
3 (V}L%M}]:CVR> =5 (VLMhC’VR> =5

69



Note that M,i = My as M), is symmetric.
Comparing (C.7) and (C.8) to (C.6), we can read off the entries M; to My and therefore
determine

(0 M
Mseesaw - ( MD M;: > . (Cg)

We rename M} =: Mp because this is going to be the mass matrix for the heavy neutrinos
in the first order approximation.

The next step is to find the mass matrices for the light neutrinos v; and the heavy
neutrinos v,. We can express vy, and (vg)¢ as linear combinations of them:

( (V”;)C > =W ( V”i ) . (C.10)

Here, W is a (6 x 6) unitary matrix. The mass matrix for ( i’ ) is

Up,
0 ML
WT(MD MZ)W, (C.11)
because
v T 0 ML v u \" 0 ML 17
L -1 D L 1 T -1 D 1
C = waC %4 .
Comr ) @ o ) (e )= ) e G 3 )w ()
(C.12)
By block diagonalizing
wr( O Moy C.13
MD MR ) ( . )

we achieve the desired expression

T
Yy —1 [ Muight 0 7
() e (M, ) () 01

For the matrix W, we make the following ansatz:

w_ (VI-BB B
- —B"  V1I—BfB )’

where B is a (3 x 3) matrix that can only depend on Mp and Mpg. The expressions
V1 — BBTf and v/1 — BB are understood in terms of a power series:

1 1
V1—-BBt =1- 5BBT - gBBTBBT - (C.16)

and analogously for v1 — BfB. By computing the matrix product W7 M,eesanW, we
obtain conditions for B:

V1— B*BT —B* 0 M} v1— BBt B _
BT V1— BTB* Mp Mg —Bf V1-BiB )

Miigny 0
) o
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The vanishing of the off-diagonal block matrices is equivalent to

V1= BTB*Mp\/1 — BBt — BPMLBf — \/1 — BTB*MzB' = 0. (C.18)

Note that we only get one condition, as the second off-diagonal element is the transposed
of the first. If one assumes that B is a power series in mih (where my, is the scale of M), as
introduced above, and therefore also of Mg), then the following equations can be derived
from condition (C.18):

Bl = Mz'Mp (C.19)

and

1
Bf = =5 My Mp MMy My' Mp — My My " MMM Mp, (C.20)

where By and Bj are the first and third term of the expansion of B and are proportional
to mih and %, respectively. It turns out that all terms of even order vanish.
h

The diagonal elements of (C.17) are the light neutrino mass matrix

Mygn = —B*Mp+/1 — BBt — /1 — B*BT M} B! + B*MyB! (C.21)

and the heavy neutrino mass matrix

Mheavy =v1- BTB*MDB + \/1 - BTB*MR\/]. — BTB. <C22)
Inserting condition (C.19), we get
Mg = —MH Mz Mp (C.23)

and
Mheavy = M. (C.24)

These expressions are the leading order results only and are valid up to corrections of
oder m% for Miign: and of order m% for Mhpeavy. This result shows that the light mass is
h 3

very small if the heavy mass is large. This is exactly the idea of the seesaw mechanism.

To get an idea of the orders of magnitude of the scales involved, let us look at the
following example: For a typical neutrino mass of ~ 10~2eV and mp ~ 10! eV, which
is around the electroweak scale, the heavy neutrino mass scale is ~ 10** eV = 10'° GeV.
However, this is only one possible scenario. Another possibility would be to assume mp ~
108 eV, which is about the mass scale of the muon. In this case, m; ~ 10® eV = 10° GeV.
It is unknown at the moment which scenario is closest to what is realized in nature.
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D B — L extension of the Standard Model

Due to the experimental fact that neutrino oscillations exist and therefore neutrinos can-
not be massless, it is clear that the Standard Model of particle physics has to be extended.
One possibility to construct such an extension is the gauging of the B — L symmetry that
is present in the Standard Model as global symmetry. “B — L” refers to the difference
of the baryon number B and the lepton number L, which is conserved in the Standard
Model. A theory based on this extension has been proposed in [D.1].

The Standard Model gauge group

is extended to

GBfL = SU(S)C X SU(2)L X U(l)y X U(l)B,L (D2)

in this theory. This gives rise to a new gauge boson Z’ as well as to a new coupling
constant gg_r and to the B — L charge Yg_;. This charge is summarized for leptons
and Higgs bosons in Table 11. Note that there exists an additional Higgs particle in
this theory, a scalar denoted by x, which is a singlet under SU(2);. This particle is
responsible for the breaking of the U(1)p_; symmetry, whereas the SU(2); doublet ¢
breaks SU(2)r x U(1)y down to U(1)em, as it is the case in the Standard Model.

In addition, this model gives rise to three new singlet fermions, the three right-handed
neutrinos.

particle | Yg_p,
14 -1
eRr -1
VR -1
q 5
) 0
X 2

Table 11: B — L charge of leptons and Higgs.

The scalar Higgs fields consist of one complex SU(2); doublet and one complex scalar
singlet, which result in six scalar degrees of freedom. Two of them remain after the
breaking of both the electroweak and the B — L symmetry, when four degrees of freedom
are used to create the masses of W*, Z and Z’. Those two remaining degrees of freedom
take the form of two scalar bosons, the Higgs bosons ¢ and x. The vacuum expectation
values of y and ¢° are the following:

100 = 7 (D.3)
and v



where v’ is not fixed, but v' >> v is assumed.
After the B — L gauge symmetry breaking, the gauge boson Z’ will have a mass that
depends on the coupling constant gp_; and on the vacuum expectation value v':

M3, = 4gp v"”. (D.5)
Experimental results (i.e. the fact that the Z’ has not been found yet) provide the limit
My

9B-L

> 6TeV, (D.6)

from which it can be concluded that v" must be of order TeV.

This theory provides a natural way to implement the seesaw mechanism, see Appendix
C. The scale of the heavy mass matrix my, is proportional to v/, whereas the scale of the
Dirac mass matrix mp is proportional to v, which is much smaller. Although the value
of v' is not determined by the theory and therefore also my, is still arbitrary, it is often
assumed to be ~ 10 GeV in order to explain neutrino data. Also note that the B — L
gauge symmetry breaks at about 1 TeV and therefore the breaking scale can be identified
with the seesaw scale.

A comprehensive description of this model and its implications is given in [D.1]. More
details about the possibility to perform experimental tests can be found in [D.2] and [D.3].
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Abstract

The tribimaximal neutrino mixing matrix

2 1 0
V6 V3
U - | - L 1 1
PMNS 1‘/6 \/gl \{g
V6 VB V2

suggests the existence of an underlying family symmetry. Many models have been inves-
tigated, and most of them are based on the group A4. However other discrete subgroups
of SU(3) are also possible candidates.

This thesis investigates a model that was proposed by Cao, Khalil, Ma, and Okada
in 2011. It is based on the smallest group that has two inequivalent irreducible three-
dimensional representations, which allows for a more complex particle content. This group
is called 7% and has 21 elements. Its group theoretical properties are investigated and
subsequently used to construct invariant Yukawa terms. Through these, mass matrices
for neutrinos and charged leptons arise. We use a seesaw mechanism of type I to explain
the smallness of the neutrino masses. By choosing a suitable vacuum misalignment, the
desired tribimaximal mixing matrix is achieved.

Additional fields that we introduce in this model are three right-handed neutrinos, two
additional Higgs doublets and two different sets of Higgs singlets. By gauging the B — L
symmetry that is present in the Standard Model as a global symmetry, a new massive
gauge boson arises.

We also take a look at the implications of this model on interactions and find that it is
in principle experimentally testable. New decays of 7& are predicted, and also the decay
of the new B — L gauge boson could be observed.

The investigation of the scalar potential of the Higgs doublets ®; however shows that
it necessarily leads to the existence of massless particles that do not exist in nature. We
therefore conclude that this model, although showing promise at first, does not describe
what is realized in nature.

It is nevertheless worth studying because it does include many interesting features and
it does succeed in explaining several different aspects of neutrino masses and mixing.

Our findings do not imply that 7% is generally ruled out as a family symmetry. It is
still possible that this group with a different particle content will yield a model that does
not have this difficulty. This possibility as well as other groups as family symmetries are
interesting topics for further research in this field.
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Zusammenfassung

Die tribimaximale Neutrino-Mischungsmatrix

2 1 0
V6 V3
U - | - L 1 1
PMNS 1‘/6 \/31 \{g
V6 VB V2

legt die Existenz einer horizontalen Symmetrie nahe. Von den zahlreichen Modellen, die
bereits untersucht wurden, basieren die meisten auf der Gruppe A,. Aber auch andere
diskrete Untergruppen von SU(3) sind mogliche Kandidaten.

Diese Diplomarbeit beschéftigt sich mit einem Modell, das 2011 von Cao, Khalil, Ma
und Okada vorgeschlagen wurde. Es basiert auf der kleinsten moglichen Gruppe, welche
zwei nicht-aquivalente dreidimensionale irreduzible Darstellungen hat. Dadurch wird
ein komplexeres Teilchenspektrum ermoglicht. Diese Gruppe heifit 17 und besteht aus
21 Elementen. Die gruppentheoretischen Eigenschaften von T, werden untersucht und
die Ergebnisse in weiterer Folge dazu verwendet, invariante Yukawa-Terme zu konstru-
ieren. Aus diesen folgen Massenmatrizen fiir die Neutrinos und die geladenen Leptonen.
Wir verwenden einen Typ I Seesaw-Mechanismus, um die Kleinheit der Neutrinomassen
zu erklaren. Die gewiinschte tribimaximale Mischungsmatrix wird erreicht, indem ein
passendes Vakuum-Misalignment gewahlt wird.

Die zusatzlichen Felder, die in diesem Modell eingefiithrt werden, sind drei rechtshéndige
Neutrinos, zwei zusatzliche Higgs-Dubletts und zwei Sets unterschiedlicher Higgs-Singletts.
Auflerdem wird die B — L -Symmetrie geeicht, die im Standardmodell der Teilchenphysik
als globale Symmetrie vorhanden ist, was zu einem neuen massiven Eichboson fiihrt.
Wir betrachten weiters die Implikationen, welche das Modell auf die Wechselwirkungen der
Teilchen hat. Wir stellen dabei fest, dass das Modell im Prinzip experimentell tiberpriift
werden kann: Erstens werden neue Zerfille von 7% vorausgesagt, und zweitens kénnten
die Zerfille des neuen B — L -Eichbosons beobachtet werden.

Allerdings ergibt die Untersuchung des skalaren Potentials der Higgs-Dubletts ®;, dass
dieses unumganglich zur Existenz masseloser Teilchen fiihrt. Diese entsprechen neuen
Kraften mit unendlicher Reichweite, und solche sind in der Natur nicht verwirklicht. Wir
schlieen daher, dass dieses Modell nicht dafiir geeignet ist das zu beschreiben, was in der
Natur verwirklicht ist.

Die Auseinandersetzung mit diesem T -Modell ist aber trotzdem sinnvoll, da es viele
interessante FKigenschaften hat und zahlreiche Aspekte der Neutrinomassen und Neutrino-
mischung erfolgreich erklart.

Unsere Ergebnisse implizieren allerdings nicht, dass 77 generell als horizontale Symmetrie
auszuschlieffen ist. Es ist durchaus moglich, dass es ein 17 -Modell mit anderen Feldern
gibt, welches die gefundene Schwierigkeit umgeht.

Diese Moglichkeit und auch andere Gruppen als horizontale Symmetrien im Leptonsektor
sind interessante Themen fiir weitere Forschungsarbeiten auf diesem Gebiet.
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