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Abstract

In this diploma thesis in the class of inverse semigroups four particular types of
semigroups are considered. Their consideration is motivated first by particular
restrictions of the natural partial order of the inverse semigroups and also by the
existence of certain representations of them. These four classes are the following:

1. Primitive inverse semigroups (any two non-zero idempotents are incompa-
rable — orthogonal sums of Brandt semigroups)

2. Simple or bisimple inverse w-semigroups (idempotents are order isomorphic
to the set of natural numbers in the dual order — Bruck-Reilly semigroups)

3. E-unitary inverse semigroups (every element greater than an idempotent
is again idempotent — McAlister’s P-semigroups)

4. F-inverse semigroups (each class of the least group congruence contains a
maximum element — P-semigroups over semilattices containing a particular
order ideal, that is, particular E-unitary inverse semigroups)

In addition, several connections between these classes are established, for ex-
ample: Simple or bisimple w-semigroups versus E-unitary inverse semigroups
respectively F-inverse semigroups; primitive inverse semigroups versus E-unitary
inverse semigroups respectively F-inverse semigroups.
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Zusammenfassung

In dieser Diplomarbeit wahlen wir aus der Klasse der inversen Halbgruppen vier
spezielle Unterklassen aus. Die Auswahl erfolgt einerseits aufgrund bestimmter
Forderungen, die wir an die natiirliche partielle Ordnung der inversen Halbgrup-
pen stellen, andererseits existiert fiir jede der vier Klassen eine gewisse explizite
Darstellung. Die vier Klassen sind die Folgenden:

1. Primitive inverse Halbgruppen (je zwei Idempotente ungleich Null sind
unvergleichbar - orthogonale Summen von Brandt Halbgruppen)

2. Einfache oder bisimple inverse w-Halbgruppen (Idempotente sind ordnungs-
isomorph zur Menge der natiirlichen Zahlen mit der dualen Ordnung —
Bruck-Reilly-Halbgruppen)

3. E-unitére inverse Halbgruppen (jedes Element grofier als ein Idempotentes
ist selbst idempotent — McAlisters P-Halbgruppen)

4. F-inverse Halbgruppen (jede Klasse der minimalen Gruppenkongruenz be-
sitzt ein Maximum — P-Halbgruppen iiber Halbverbdnden mit speziellem
Ordnungsideal, also insbesondere E-unitér)

Dariiber hinaus stellen wir Beziehungen zwischen diesen Klassen her, etwa zwi-
schen einfachen oder bisimplen w-Halbgruppen und E-unitédren inversen Halb-
gruppen bzw. F-inversen Halbgruppen, sowie zwischen primitiven inversen Halb-
gruppen und E-unitdaren inversen Halbgruppen bzw. F-inversen Halbgruppen.
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1 Introduction

The subject of this diploma thesis is inverse semigroups or more precisely, spe-
cial classes of them. Inverse semigroups emerged in the 1950s, when Wagner and
Preston independently started to study them. In both cases the origin being the
study of semigroups of partial one-one mappings of a set. Inverse semigroups
are particularly useful when it comes to partial symmetries, i.e. symmetries be-
tween parts of a structure, much like the link between groups and symmetries.
They have applications in many branches of mathematics including: algebra,
differential geometry, C*-algebras, tilings, quasicrystals and solid-state physics,
combinatorial group theory, model theory and linear logic. The theory of in-
verse semigroups is a vast and steadily growing field. For this reason we confine
ourselves to four special classes of inverse semigroups. The selection has been
made in view of the so-called natural partial order which can be defined for every
inverse semigroup. Each class is restricted by a particular form or condition of
the natural partial order. Moreover, we are able to present a general method of
construction for each of our classes. This is something that cannot be taken for
granted in general.

The core of the thesis consists of the chapters 4 to 7 where we investigate the
special classes. In the preliminaries we provide basic concepts of semigroup the-
ory that will be needed later on. Many of the presented concepts will be familiar
to the reader. A special focus lies on the Rees theorem which characterises
completely 0-simple semigroups. The result is required in section 4.1 when we
describe Brandt semigroups as Rees matrix semigroups of a particular easy form.
The third chapter introduces inverse semigroups. Although they do have many
idempotents in general they can be seen as generalised groups. Every element
in an inverse semigroup possesses a uniquely determined generalised inverse.
We establish several equivalent definitions for inverse semigroups. In particular
we describe them in terms of regularity and Green’s relations. Idempotents
are of great importance. In the case of an inverse semigroup they do form
a semilattice and we often speak of the ‘semilattice of idempotents’. Section
3.1 presents important examples, including the symmetric inverse monoid, the
bicyclic semigroup and Clifford semigroups. In section 3.2 we define the natural
partial order relation that can be defined on each inverse semigroup. It extends
the partial order of idempotents in an arbitrary semigroup. The natural partial
order is compatible with multiplication and taking inverses. Section 3.3 presents
the Wagner-Preston representation theorem 3.3.1 which states that any inverse
semigroup can be embedded in a symmetric inverse monoid. The remaining two
sections in chapter 3 deal with the compatibility relation, the minimum group
congruence and the maximum idempotent-separating congruence.

The first special class that we cover in this thesis are primitive inverse semigroups.
They resemble groups insofar as the natural partial order relation is equality when
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restricted to non-zero elements. Brandt semigroups are defined as completely
0-simple inverse semigroups. In 4.0.13 we prove that they are primitive. In
4.0.15 we show that every primitive inverse semigroup is an orthogonal sum of
Brandt semigroups, which is why we focus on the study of Brandt semigroups
in the remainder of the chapter. The Rees theorem states that every completely
0-simple semigroup is isomorphic to some Rees matrix semigroup M°[G; I, A; P].
Since a Brandt semigroup is also inverse we obtain an easy characterisation of
Brandt semigroups. To establish another characterisation of Brandt semigroups
we define a particular semigroup obeying two axioms and then show that the
semigroups constructed in this way are exactly the Brandt semigroups.

For primitive inverse semigroups all non-zero idempotents are incomparable.
With inverse w-semigroups we consider the other extreme in chapter 5. Here the
idempotents do form a particular chain. The aim of the chapter is to present con-
struction methods for simple and bisimple w-inverse semigroups. In both cases
so called Bruck-Reilly extensions play an important part. These semigroups help
us to tackle the non-fundamental cases wherein the result for bisimple inverse
w-semigroups is easier to obtain.

Chapter 6 is devoted to E-unitary inverse semigroups. For every inverse semi-
group the semilattice of idempotents E is a lower ideal with respect to the natural
partial order. E-unitary semigroups have the property that E is an upper ideal
as well, i.e. every element greater than an idempotent is itself an idempotent.
This is only one of many definitions we present throughout the chapter. McAl-
ister’s covering theorem gives a first hint of why E-unitary inverse semigroups
are important. It states that every inverse semigroup is a particular morphic
image of an E-unitary inverse semigroup. Another reason for the importance of
E-unitary inverse semigroups is that many ‘naturally’ occuring semigroups are
E-unitary. In section 6.1 we list various examples such as the bicyclic semigroup,
free semigroups and semidirect products of semilattices by groups. We also ex-
amine when a bisimple inverse w-semigroup is E-unitary. The same is done for
simple inverse w-semigroups and Clifford semigroups. In section 6.2 we develop
a construction due to McAlister which yields all E-unitary inverse semigroups.
The final chapter deals with F-inverse semigroups. These are E-unitary inverse
semigroups in which each o-class has a maximum element. Every E-unitary in-
verse semigroup can be embedded in an F-inverse semigroup. This shows that
F-inverse semigroups are in a sense as big as E-unitary inverse ones. In the first
part of the chapter we present examples and characterise for familiar semigroups
when they are F-inverse. Perhaps surprisingly we can show that bisimple as well
as simple E-unitary inverse w-semigroups are always F-inverse. We also mention
a modification of the McAlister covering theorem in 7.1.6. In section 7.2 we
set about establishing a result analogous to 6.2.5. The particular structure of
F-inverse semigroups admits considerable simplification in its McAlister repre-
sentation. In order to achieve this we need to introduce R-inverse semigroups. A
construction method is given in 7.2.7 and we prove in 7.2.12 that every R-inverse
semigroup is obtained in such a way. This enables us to give a construction
method for any F-inverse semigroups in 7.2.16.
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This chapter serves as a collection of basic concepts that will be used throughout
the thesis. The intention is to create a manual that can be used to look up the
respective definitions when they do occur later on in the main text. In particular
we present regular semigroups and (0-)simple ones. A reader familiar with the
fundamentals of semigroup theory might want to skip this chapter for the time
being and come back to it if necessary. An exception of this is section 2.7 in
which we prove Rees’ theorem.

Definition 2.0.1 A semigroup is a non-empty set .S equipped with an associative
binary operation -.

Definition 2.0.2 Let (S,-) be a semigroup. A subset A of S is a subsemigroup
if A is itself a semigroup with respect to -.

A special case occurs if the subsemigroup of S is also a group. We then call A a
subgroup of S. A semigroup S might or might not contain an identity element.
In the latter case we can make S into a semigroup having an identity element by
formally adding an element 1 with the properties

1-1=1,
VseS:1-s=s5=s-1.

We thus get a new semigroup denoted by S*. If the semigroup S had an identity
element in the first place we put S' = S.

A similar thing can be done for a semigroup without a zero element. We define
SY = S U {0}, where 0 denotes a formal element such that

VseS:0-s=5-0=0-0=0.
For a semigroup with zero we put S = S.
Definition 2.0.3 Let G be a group. We call the semigroup G° a 0-group.
Definition 2.0.4 A semigroup with an identity element is called a monoid.

Definition 2.0.5 Let S be a monoid. An element u is called unit if there exists
an element v’ such that uu' =1 = v'u.

It is easy to see that the set of all units forms a subgroup, the so-called group of
units of S.
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Definition 2.0.6 A semigroup S with zero is called null semigroup if S* = {0},
i.e. if Va,b€ S:ab=0.

Definition 2.0.7 Let (S,-) and (T,®) be semigroups. A mapping ¢: S — T is
called a (semigroup) morphism if

Va,b e S: ¢(a-b) = ¢(a) ® o(b).

Definition 2.0.8 Let S be a semigroup. An idempotent is an element e of S
such that €2 = e. We denote the set of all idempotents of S by Es.

Definition 2.0.9 Let S be a semigroup. An equivalence relation p on S is called
a congruence relation if a pb and cpd implies ac p bd.

It is called a left congruence if a pb implies ca pcb for all ¢ € S. Right congru-
ences are defined analogously.

Remark 2.0.10 [t is not difficult to check that an equivalence relation is a con-
gruence relation if and only if it is both a left and a right congruence.

A congruence p on a semigroup S partitions the semigroup in its equivalence
classes. We denote the set of equivalence classes by S/p and define a multiplica-
tion ® on it by

pla) @ p(b) = p(ab).

The following proposition is well known and we will therefore omit the proof.

Proposition 2.0.11 The set S/p equipped with the multiplication ® is a semi-
group, the so-called factor semigroup (or quotient semigroup) of S modulo p.

In particular the resulting class p(ab) does not depend on the chosen represen-
tatives a and b.

Definition 2.0.12 Let S be a semigroup with zero and let there be given a system
of subsemigroups {Sa}taca such that So N Ssg = S5 = 0 if a # [ and S =
Uaea Sa- In such a case, S is called an orthogonal sum’ of semigroups S, to be
denoted by S =3 .4 Sa.

2.1 Partially ordered sets and semilattices

A partially ordered set (or poset) is a set P endowed with an order relation <.
The order relation satisfies the following axioms:
Ya,b,c € P:

(01) a<a
(02) a<bb<a=—a=0b

(03) a<bb<c=a<c

'In the literature orthogonal sums are often called 0O-direct unions
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We will write (P, <) for the poset or—if no misunderstandings are to be expected—
merely P.

Proposition 2.1.1 Let S be a semigroup. Then the relation
epf < ef =fe=ce (2.1.1)

is an order relation on Eg.

Proof (0O1) and (02) are obvious. To show transitivity suppose that ep f, f pg.
Then eg = (ef)g =e(fg) = ef = e and ge = g(fe) = (9f)e = fe =e.

O

After we have shown that p is an order relation we prefer to write < instead of
p as usual.

If I <a,b for some [,a,b € P we call [ a lower bound of a and b. If in addition
[ = max{z € P: x is a lower bound of @ and b} we say that [ is the greatest lower
bound of @ and b. Notice that the greatest lower bound of two elements does not
necessarily exist. For example the set {a, b, ¢, d} together with the order relation
< determined by a < ¢,d and b < ¢, d is a poset. Both a and b are lower bounds
of ¢ and d. But a and b are not comparable with respect to < and so there is no
greatest lower bound of ¢ and d. If there exists a greatest lower bound however
it is unique.

We are now ready to introduce semilattices. We will see that one can think of
them as particular posets or as particular semigroups.

We start with an order theoretical definition:

Definition 2.1.2 We call a poset (P, <) semilattice if for each pair (a,b) the
greatest lower bound of a and b exists.

Now we characterise semilattices in algebraic terms.

Proposition 2.1.3 Let (P, <) be a semilattice. Define a binary operation N\ on
P by the rule that a \'b is the greatest lower bound of a and b. Then (P,\) is a
commutative idempotent semigroup.

Proof The following properties for a, b, ¢ in P are easily verified:
(A) (anb)ANc=aAN (bAc),
(I) aNa=a,
(C) aNb=1DbAa.

Property (A) states that A is associative. By (1) all elements of P are idempo-
tents and by (C) the binary relation is commutative. Hence (P, A) is a commu-
tative idempotent semigroup.
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The converse of 2.1.3 is also true. This is the content of the following proposition.

Proposition 2.1.4 Let (S,-) be a commutative idempotent semigroup. Define a
relation < on S by the rule

a<b << a=ua-b. (2.1.2)

Then < is an order relation and (S, <) is a semilattice.

Proof We will use juxtaposition. All elements in S are idempotents. Thus a = aa
and so a < a. This is (O1). Suppose that a < b,b < a. Hence a = ab =ba =b
since S is commutative. This is (02). Finally suppose that a < b,b < ¢. Then
ac = (ab)e = a(bc) = ab = a and so a < ¢. This is (0O3). We have proved that
(S,-) is a poset. It remains to show that for each pair (a,b) the greatest lower
bound of a and b exists. We claim that ab is this greatest lower bound. Certainly
ab < a,b since S is commutative. Now assume that ¢ < a,b for some ¢. Then
ca = ¢ = ¢b by assumption. Hence c(ab) = (ca)b = ¢b = ¢ and so ¢ < ab.

Remark 2.1.5 We have seen that semilattices and commutative idempotent semi-
groups are essentially the same thing. Thus we shall not distinguish rigorously
between the ‘semilattices’ (P, <) and (P,N\). If we emphasise on the algebraic
aspect we often call a \'b the meet of a and b and say that (P,N\) is a meet
semilattice.

Remark 2.1.6 We defined a semilattice via greatest lower bounds. This defi-
nition 1s somewhat arbitrary. We could have used least upper bounds as well in
which case we would have gotten the same algebraic structure.

We explained earlier how a congruence partitions a semigroup into its congruence
classes. A special case occurs when the congruence classes are subsemigroups and
the resulting factor semigroup S/p is a semilattice.

Definition 2.1.7 Let S be a semigroup and let p be a congruence such that S/p
(regarded as a set) consists of subsemigroups of S and such that the resulting
factor semigroup is a semilattice. We then say that the semigroup S is the semi-
lattice of its subsemigroups. We may likewise define semilattices of subgroups.

We conclude this section with a lemma.
Lemma 2.1.8 Let X be a semilattice and let v,y € X. Then
Lz Ayl = =] 0yl

where |s] ={t € X:t <s}.

Proof This follows directly from the definition of the greatest lower bound.



2.2 Ideals

2.2 Ideals

Definition 2.2.1 Let S be a semigroup. A non-empty subset A is called a left
ideal of S if sA C A for all s € S. It is called a right ideal if As C A for all
s € S. The subset A is called an ideal if it is both a left and a right ideal.

An ideal is thus a subsemigroup of S which is also closed under multiplication
of elements in S. Of particular interest are those ideals which are generated by
a single element. The proof of the following lemma is straightforward.

Lemma 2.2.2 Let S be a semigroup and let a € S. Then S'a is the smallest left
ideal, aS' is the smallest right ideal and S'aS?! is the smallest ideal containing a.

Definition 2.2.3 We call the ideals appearing in the previous lemma the prin-
cipal left, principal right and principal ideal of a respectively.

The following definition will be needed in chapter 7.

Definition 2.2.4 Let A be a subsemigroup of a semigroup S. We call A a
retract of S if there exists a morphism from S onto A which lets elements in A
fized. If in addition to that, A is an ideal of S, then A is a retract ideal of S.

2.3 Green’s relations

Definition 2.3.1 Let S be a semigroup. We call two elements a and b
L-equivalent if Sta = S'b, that is if they constitute the same principal left ide-
als. We call them R-equivalent if they constitute the same principal right ideals
and we call them J-equivalent if they constitute the same principal (two-sided)
ideals. Moreover we say that a and b are H-equivalent if they are both L- and
R-equivalent. Finally a and b are said to be D-equivalent if there exists some
x € S such that a Lx and xRb. The relations L, R, T, H,D are called Green’s
relations.

Remark 2.3.2 (i) It is more or less easy to see that all Green’s relations are

equivalences”.

(ii) D is defined such that it is the smallest equivalence containing L and R.
(i1i) If we regard relations as subsets of S x S we have the inclusions
HCLRCDCJ.

The last inclusion follows from (ii) and the fact that L, R C J.

2A proof of this can be found for example in [3]
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In contrast to other relations we write for example £, instead of £(a) to denote
the L-class containing the element a. We do this because we want to reserve the
notation £(a) for the set S'a. While it is true that a Lb <= L(a) = L(D) it is
important to note that in general we only have £, C £(a). The notation L(a)
enables us to define a partial order < for L-classes:

L, <Ly < L(a) C L(b)

By L, < L, we shall mean that £(a) C £(b). Analogously we define R(a), J(a),
D(a),H(a) and < for the other Green’s relations.

Green’s relations are very important in semigroup theory as we will soon see.
The following results all belong to the requisite know-how of semigroup theory
and we will therefore omit the proofs. The next proposition is usually known as
Green’s Lemma.

Proposition 2.3.3 (/9], Lemma 2.2.1) Let a,b be elements of a semigroup S
such that aRb and let s,5 € S' be such that a = bs,b = as5. Then the right
translations © +— xs and y — ys are mutually inverse R-class preserving bijec-
tions from L, onto Ly and from Ly, onto L, respectively.

There is an obvious counterpart of the previous lemma given by

Proposition 2.3.4 ([7], Lemma 2.2.2) Let a,b be elements of a semigroup S
such that a Lb and let 5,5 € S be such that a = sb,b = 3a. Then the left
translations are mutually inverse L-class preserving bijections from R, onto R,
and from Ry onto R, respectively.

Proposition 2.3.5 ([7], Lemma 2.3.7) Let a,b be elements in a D-class D.
Then ab € R, N Ly, <= L, N Ry contains an idempotent.

The following result is usually called Green’s Theorem.

Theorem 2.3.6 (/7/, Theorem 2.2.5) Let S be a semigroup and H be an
H-class. Then either H* N H = () or H?> = H and H is a subgroup of S.

Corollary 2.3.7 ([3], Corollary 2.2.6) Every H-class containing an idempotent
1S a group.
2.4 Group actions on partially ordered sets

In this section our main goal is to define group actions on partially ordered sets.
This is basically what we need in chapters 6 and 7. If not said otherwise, X shall
denote a poset in the following.

Definition 2.4.1 We shall say that a bijection a: X — X is an order automor-
phism if, for all a,b in X, a <b <= a(a) < a(b).

The set of all order automorphisms of X can easily be seen to form a group under
composition of functions. We shall denote this group by Aut(X).
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Definition 2.4.2 Let G be a group and (X, <) be a poset. We shall say that G
acts on X by order automorphisms if there exists a group morphism 6 from G

to Aut(X).

For reasons of convenience we shall always write gz (¢ € G,a € X) instead of
0(g)(x) and think of G itself as acting on X (on the left). The fact that it does
so by means of order automorphisms is expressed by saying that

gr=gy <= v=y (ge€CG xyecX),
Vge GVye X dre X: gr =y,
<y <<= gr<gy (geGxyecX). (2.4.1)

The first line states that the action of g on X is one-one, the second tells us that
it is also onto and the third describes the order morphism property.

To avoid any misconceptions we point out that for instance by ghx we mean in
fact 6(g) (0(h)(x)). To get a feeling for group actions we prove two lemmas.

Lemma 2.4.3 Let G act on (X, <) by order automorphisms. Fiz some g € G
and suppose that x Ay exists. Then gz A gy also exists and gz N gy = g(x A y).

Proof Clearly g(x Ay) < gx and g(z Ay) < gy. Let z < gz, gy for some z € X.
Now ¢g7'z < g lgr = 1o = x and similarly ¢g7'z < y. Hence g2 < z Ay and
consequently z < g(x Ay). This means that g(z Ay) is indeed the greatest lower
bound of gz and gy.

For A C X we define gA := {gz: xz € A}.

Lemma 2.4.4 Let G act on (X, <) by order automorphisms. Then

Vge GVr € X: glz| = |gz].

Proof Let y € |gz], ie. y < gr. Hence g-'y < x or to put it differently
g 'y € |z|. Consequently y = 1y = g9~ 'y € g|x].

Conversely, suppose that y € g|lz|. Then y = gz for some z < z. But z < x
implies gz < gz and so y € |gx| as required.

O

Group actions are not restricted to posets. If we have more structure we usually
want the group action to respect this additional structure.
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2.5 Direct and semidirect products

Direct products are a common concept throughout mathematics. They serve as
a means of building new structures from given building blocks.

Let (S,-) and (T, ®) be semigroups. We define a new semigroup S x 7" by the rule
(s,t)(s',t') = (s-,t®t'). It is immediate from the properties of the semigroups
S and T that S x T is also a semigroup.

Definition 2.5.1 For given semigroups S and T we call the semigroup S x T
as defined above the direct product of S and T'.

Direct products can be seen as a special case of what are called semidirect prod-
ucts. We confine ourselves to the case where one factor is a group and one is a
semilattice.

Let G be a group and (E, A) be a semilattice. Further, let G act on E by group
automorphisms. Consider the set E x GG equipped with the multiplication

We must show that this multiplication is associative:

(e, 9)(f; h)) (i, k) =(e A gf, gh)(i, k) = (e A gf A(gh)i, ghk) =
(e Ag(f A hi), ghk) = (e, g)(f A hi,hk) = (e, g) ((f, h)(i, k).

Definition 2.5.2 The semigroup defined above is called the semidirect product
of E by G and denoted by E x G.

2.6 Regular semigroups

Regular semigroups are of course interesting on their own account. We need a
little more than the definition to fulfil our later requirements.

Definition 2.6.1 Let S be a semigroup and let a € S. We say that a is a regular
element if there exists an element x in S such that ara = a. S is called regular
if all elements in S are reqular.

Proposition 2.6.2 (/9], Proposition 2.3.1) Let S be a semigroup and D be a
D-class. If D contains a reqular element, then all elements of D are reqular.

Proof We are first going to prove that the statement is true for L-classes and
R-classes. Having achieved this the assertion becomes trivial. Let a be a reg-
ular element and let b € £,. By assumption dx: axa = a. Since a and b are
L-equivalent there exist s,¢ in S* such that a = sb,b = ta. Now

b=ta= (ta)ra = bra = b(xs)b

and so b is regular. A similar argument can be applied to the R-class case.

10



2.7 The Rees theorem

Combining both cases completes the proof.

We shall therefore call a D-class regular if it contains a regular element.

Proposition 2.6.3 ([7], Proposition 2.3.2) Let S be a semigroup. Every L- and
every R-class lying in a regular D-class contains an idempotent.

Proof Let D, be a regular D-class, then a is a regular element and so dr €
S:axa = a. In effect za € Es and a L xa. Hence L, contains an idempotent.
A similar argument shows that R, also contains an idempotent. Since a was
arbitrarily chosen, this completes the proof.

2.7 The Rees theorem

In this section we define simple and 0-simple semigroups. Very soon we focus
on completely 0-simple semigroups which admit an elegant characterisation due
to Rees. The corresponding result is known as the Rees theorem. The Rees
theorem is crucial in one of our characterisations of Brandt semigroups featuring
in section 4.1. This justifies the considerable amount of work we have to put in
the proof of it.

Definition 2.7.1 A semigroup without zero is called simple if it has no proper
ideals. A semigroup S with zero is called O-simple if

(1) S and {0} are its only ideals,
(i1) S* # {0}.

The second condition serves only to exclude the two-element null semigroup,
since any larger null semigroup fails to qualify on the grounds of having proper
ideals (every set A with {0} C A C S is an ideal).

Lemma 2.7.2 (i) S is simple if and only if J =S x S.

(ii) S is 0-simple if and only if S* # {0} and {0}, S\{0} are the only J -classes.
Proof
(i): First assume that S is simple. Let a,b € S. Both S'aS"! and S'bS" are ideals

and so we have S1aS! = S = S'bS! by assumption. Since a,b were arbitrary if
follows a J b and consequently J = S x S.

11



2 Preliminaries

To show the converse suppose now that A C S is a proper ideal. Then b #
StaS' C Aforae Ajbe S\ A. Thus S'aS! # S'0S* which means that a and
b lie in different J-classes.
The proof of (ii) is similar.

O

A simple semigroup can be made into a 0-simple one by adjoining a zero, that is
by considering S instead of S. The converse is not true in general. More pre-
cisely, a 0-simple semigroup becomes a simple semigroup by removing the zero
element if S\ {0} is still a semigroup. This might not be the case since there
might be a,b # 0: ab = 0. We have seen that not all 0-simple semigroups can
be derived from simple ones. It is always possible however to deduce a theorem
about simple semigroups from one about 0-simple semigroups by specialising to
the case where the semigroup has no proper zero-divisors. The next proposition
and the subsequent corollary provide an example for such a strategy. They give
an important alternative characterisation for simplicity and 0-simplicity respec-
tively.

Remark 2.7.3 Notice that in contrast to group or ring theory, a simple semi-
group can have proper morphic images. This is because not every congruence on
a semigroup is associated with an ideal.

Proposition 2.7.4 ([3], Proposition 3.1.1) A semigroup S with zero is 0-simple
iof and only if
Va #0: SaS =S and S # {0}.

Proof Suppose first that S is O-simple. Then, by definition, S% # {0} and thus
S? = S since S? is an ideal. Consequently S # {0} and S® = S25 = SS = S.
Letting a # 0, SaS clearly is an ideal and hence either SaS = {0} or SaS = S
by assumption. Assume, by way of contradiction, that SaS = {0}. It follows
easily that the subset {x: SzS = {0}} is then an ideal which equals S since
it contains by construction the non-zero element a. This implies S® = {0} in
contrast to our observation at the beginning. We have shown that SaS = S for
every a # 0, as required.

Conversely, suppose that SaS = S for every a # 0. For S = {0} this holds
trivially but then S? = {0} and S is not O-simple which is why we have to
exclude this case. In our situation it is clear that S* # {0}. Assume that
A # {0} is an ideal of S. We can find an element 0 # a € A and it follows

S =5aS CSAS C A

Hence S does not contain proper ideals apart from {0} and so S is indeed
0-simple.

12



2.7 The Rees theorem

Corollary 2.7.5 ([3], Corollary 3.1.2) A semigroup S without zero is simple if
and only if

YVa€eS: 5a5=2S5.

Proof Suppose that S is simple. Then S° is 0-simple and hence S%.S° = S° for
all @ in S\ {0} = S by 2.7.4. Tt follows that SaS = S for all a € S.
Conversely, suppose that Va € S: SaS = S. Then S C S° # {0} and S%S° = S°
for all @ in S°\ {0} = S. We conclude from 2.7.4 that S° is O-simple. Hence S
is simple since the removal of the zero-element does not destroy the semigroup
structure.

O

We now want to prove Rees’ theorem. It gives a characterisation of completely
0-simple semigroups in terms of so-called Rees matrix semigroups. We will need
this result urgently in chapter 4 where we investigate Brandt semigroups, i.e.
particular primitive inverse semigroups.

not only primitive inverse semigroups but also Brandt semigroups.

Definition 2.7.6 A non-zero idempotent in a semigroup with zero is said to be
primitive if it is minimal in Es \ {0} with respect to (2.1.1).

Thus a primitive idempotent f has the property that
ce=eef=fe=e#£0=cec=f.

Definition 2.7.7 A semigroup S is said to be completely O-simple if it is
0-stmple and has a primitive idempotent.

Rees gives a fairly easy method for constructing such semigroups:

Construction 2.7.8 Let G be a group with identity element e and let I, A be
non-empty sets. Let P = (py;) be a A x [-Matrix with entries in the 0-group G°
which is regular in the sense that each column and each row contains at least
one element # 0. Define an operation on S = (I x G x A) U {0} as follows

. apaib 20
(7;7 a, )\> (], b, /‘i) = <Z7 apx;o, KJ) Py 7é
0 prj =0

0(i,a,\) = (i,a,A)0 =0-0 = 0. (2.7.1)
With the above definition we have

Proposition 2.7.9 (/9], Lemma 3.2.2) S is a completely 0-simple semigroup.

13



2 Preliminaries

Proof First we have to show that the multiplication defined in (2.7.1) is asso-
ciative. To do this we establish a bijection between the set S\ {0} and the set
of I x A-matrices (a);» (a € G), where (a);, denotes the I X A-matrix with entry
a in the position (7, \) and zeros elsewhere, in the obvious way. Since (0); is
independent of ¢ and A\, the correspondence can be extended to one between S
and the set

T:={(a)in:a€G" i€, N€A}.

A simple calculation shows that
(@)ixP(b)jx = (apx;b)in,

where the juxtaposition on the left denotes matrix multiplication. Bearing in
mind that we are calculation in a O-group rather than a ring, the appearance of
sums should not bother us, since owing to the high density of zero entries we
have in fact only one summand. The composition (2.7.1) corresponds in T to
the composition o given by

(a)iro (b)jx = (a)ixP(b)ux,

which is apparently associative.

Next we show that S is 0-simple. Using 2.7.4 what we have to show is that for
any two non-zero elements (i,a, A) and (j,b, k) there are elements z,y € S such
that x(i,a,\)y = (j,b, k) holds. The regulariy of P allows us to find non-zero
elements p,; and p;, and it is easily shown that

(ja a_lp;i17 M) <Z7 a, >‘) (Va p)_\ylbv ’i) = (.]7 ba H)'

Hence S is 0-simple. To complete the proof we have to detect a primitive idem-
potent. We are going to prove a bit more. In fact every idempotent is primitive.
To see this we must first identify the idempotents. The equation

(1,a, ) = (1,a, \)(i,a,\) = (i, apria, A)

yields that py; = a~!. If we now take two non-zero idempotents e = (4, py;, \)

and [ = (j,p;jl, k) then

e<f = ef=fe=e < (i,pyPrilx; 5) = (J. 0 Prilri s A) = (6035 A)
= 1=j,A=K <<= e=f.

In total we have shown that S is a completely 0-simple semigroup.

Definition 2.7.10 We call the semigroup constructed above the I x A Rees ma-
trix semigroup over the O-group G® with the regular sandwich matrix P and

denote it by M°[G; I, A; P].

14



2.7 The Rees theorem

Lemma 2.7.11 For (i,a,)), (j,b,k) € M°[G; I, A; PI\{0} we have the following
equivalency:

(1,a,\) L(J,b,k) <= X =K.

Proof Suppose first that (i,a,\) £ (j,b, k). Then either (i,a,\) = (j,b, k), in
which case there is nothing to prove, or there exists some element (k,c, u) such
that (4,0, k) = (k,c, p)(i,a, ) = (k, cpuia, A). Particularly we have k = .

To show the converse suppose that k = A. The regularity of P ensures that we
can find elements yu(i) € A: puay 7# 0 and pu(j) € A: pugy; # 0. Now a simple
computation yields

(j7 ba'_lp;(li)iv M(”)(% CL, )‘) = (]7 b7 /\)

and
(ia abilp;(lj)jv ﬂ(]))(tﬁ b7 )\) = (7’7 Cl, )‘)
Hence (i,a,\) L (j,b, k), as required.

O

The construction given in 2.7.8 is of great importance since the converse of 2.7.9
also holds. Before we can prove this we need some preparation. In the following,
S shall always denote a completely 0-simple semigroup.

Lemma 2.7.12 ([3], Lemma 3.2.}) Let e € S be a primitive idempotent. Then
R.=eS\ {0}.

Proof The inclusion R. C eS'\ {0} is evident by the definition of the R-relation
and the fact that zero forms an R-class of its own. To show the other inclusion
let @ = es be a non-zero element in eS. By the 0-simplicity of S there exist u, v
in S such that e = uav. Notice that

(eue)a(ve) = eu _ea ve = euave = e(uav)e = eee = e
-~

—€es

so that we may use @ = eue and v = ve instead of v and v. Clearly we have
et = ue = u,ve = v. Put f = avu and observe that it is an idempotent:

f? = ad @ad @ = avu = f.

=€

The equations
ef =eavu = avu = f and fe = avue = avu = f

tell us that f < e. Moreover by

2 (av)av = G fav

e=€ =

I~g1

we see that f # 0 since we know by assumption that e # 0. We conclude that

15



2 Preliminaries

e = f = a(vu) and so e € aS. Together with a = es we have proved the desired
aRe.

O

The next lemma shows that the assertion is in fact also true for arbitrary a in

S\ {0}.

Lemma 2.7.13 ([7/, Lemma 3.2.5) Let a be any element in S\ {0}. Then
R, =aS \ {0}.

Proof It is immediate that R, C aS \ {0}. Conversely, suppose that b is a non-
zero element in aS. Fix some primitive element e. The O-simplicity of S yields
elements u and v such that a = uev. Combined with the assumption we get
b = uew for some w € S. By virtue of the previous lemma we deduce ev R ew
and therefore zey, R uew, since R is apparently a left congruence. Hence we

a b
have also shown that aS\ {0} C R,.

O

Of course the right-handed nature of the previous lemmas is only apparent and
we have the dual version as well:

Lemma 2.7.14 ([7], Lemma 3.2.6) Let a be any element in S \ {0}. Then
L, = Sa\ {0}.

Proposition 2.7.15 ([9], Lemma 3.2.7) S is regular and consists of just two
D-classes, namely {0} and S\ {0}. If a,b are non-zero elements, then either
ab =0 or ab € R, N Ly, where the latter happens exactly when L, N'Ry contains
an idempotent.

Proof Let a,b € S\ {0}. By 2.7.4 then SaS = S = SbS. We claim that aSb
contains a non-zero element. Suppose, by way of contradiction, that a.Sb = {0}.
Then S% = (SaS)(SbS) C S(aSbh)S = {0}. This is a contradiction to the
definition of 0-simplicity. Hence there exists some element u such that aub = ¢ #
0. By the previous two lemmas it follows that ¢ € (a.S\{0})N(Sb\{0}) = R.NLs.
Thus aDb and so D := S\ {0} is a D-class. It is straightforward to confirm
that {0} forms a D-class of its own. In particular, the J- and the D-relations
are equal for completely O-simple semigroups.

Next we show regularity. We know that D contains a primitive idempotent, so
in particular, it contains a regular element. As a consequence of 2.6.2, every
element of D is then regular and since 0 is also regular S is a regular semigroup.
Let finally a,b # 0 such that ab = ¢ # 0. Then ¢ € aS \ {0} = R, and
c € Sb\ {0} = L, by 2.7.13 and 2.7.14. Proposition 2.3.5 deals with the rest.
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2.7 The Rees theorem

Now we have assembled all the ingredients necessary to shape S into the form of
a Rees matrix semigroup.

Let a,b € H, where H C D is an H-class and D is defined as in the proof of
2.7.15. Then either ab = 0 or ab € R, N L, = H. Thus, in the latter case,
H? N H # (). Using Green’s theorem 2.3.6 we deduce that H is a group. Since
the elements a,b € H were arbitrarily chosen we have H> = {0}, where H is
not a group. We shall subsequently distinguish between group H-classes and
zero H-classes. The non-zero L£- and R-classes will play an important part in
our endeavours to establish a Rees-like structure. We shall denote the set of
non-zero R-classes by I and the set of non-zero £L-classes by A but treat them as
index sets rather than sets of classes. That is to say we will write the R-classes as
R; (i € I) and the L-classes as Ly (A € A) respectively by means of convenience.
Accordingly, by H;\, we mean R; N L.

By 2.6.3 and 2.3.7, for every L-class £, there exists some ¢ in I such that H;, is
a group and analogously for every R-class R; there exists 1 € A such that H;,
is a group. Without loss of generality we suppose that there exists an element
I 51 € A such that Hy; is a group with identity element e. This group H; will
feature as the group G in our construction of the Rees matrix semigroup.

For each i € I and each A € A we choose in an arbitrary way an element r; € H;;
and an element s, € Hyy. In view of r; Le and sy, R e we have r,e = r; for all
1€ I and esy = sy for all A € A since e € Eg. Hence Green’s Lemmas 2.3.4 and
2.3.3 imply that x +— r;z maps Hy; onto H;1, that y — ys) maps H;; onto H;y
and that the mappings are one-one. Notice that

D=|J{Hin:iel, Xe A},

where D is again as in the proof of 2.7.15 and the union is disjoint. Together
with the preceding considerations we have successfully established a bijection

¢: (I xHyy x A)u{0} — S

given by
¢(ri7 a, 5)\) = r;asy, ¢(O) =0.

It remains to set up a multiplication which makes (I x Hi; x A) U {0} into a
regular Rees matrix semigroup. The equation

(riasy)(r;bs,) = ri(as\rjb)s,

encourages us to define the sandwich matrix P as py;, = syr; (1 € I, A € A). At
this point, 2.7.15 tells us that

Pyi € R, NL,, = Hn
if and only if the H-class
Ly, MRy, =LAxNR; = Hia

contains an idempotent. But an H-class contains an idempotent if and only if
it is a group H-class. If H,;) is not a group however, then p,; = 0. Thus the
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sandwich matrix P as defined above has indeed entries in H?, and it is moreover
regular by virtue of 2.6.3. To prove that ¢ is an isomorphism from the Rees
matrix semigroup M°[H;y; I, A; P] onto S is entirely straightforward.
Eventually we have proved the prominent Rees theorem which will figure in one
of our characterisations of Brandt semigroups.

Theorem 2.7.16 ([7], Theorem 3.2.3) Let G° be a O-group, let I, A be non-
empty sets and let P = (py;) be a A x I matriz with entries in G°. Suppose that
P is reqular. Let S = (I x G x A) U {0} and define a multiplication on S by
(2.7.1). Then S is a completely 0-simple semigroup.

Conversely, every completely 0-simple semigroup is isomorphic to one constructed
in this way.

To conclude this section we establish an isomorphism theorem for Rees matrix
semigroups which tells us more about the relationship between a completely
0-simple semigroup and a representation of it as a Rees matrix semigroup. In-
deed, our construction of such a representation given a completely 0-simple semi-
group has been fairly arbitrary. Our choice of an H-class group was arbitrary
and so was our choice of elements r; and s). These choices amount in differ-
ent sandwich matrices and so it is natural to ask when two regular Rees matrix
semigroups are essentially the same, i.e. isomorphic. The next theorem answers
this question. We will revert to it in section 4.1.

Theorem 2.7.17 ([3], Theorem 3.4.1) Two reqular Rees matriz semigroups
S = MG, I,A;P] and T = M [K; J, M; Q)

are isomorphic if and only if there exist an isomorphism 6: G — K, bijections
VI — J, x: A— M and elements u; (i € I), vy (A € A) € K such that

0(Pri) = Un@x(n)w(i) Ui (2.7.2)

whenever py; # 0.

Proof Our needs only require us to prove the direct half. Suppose that we are
given 0,1, x, {u;: 1 € I}, {vy: XA € A} with the properties stated in the theorem.
Consider the mapping

¢: 8 =T, ¢(i,a,A) = (¥(i), wi(a)vx, x(A)).

Certainly, it is well-defined. The morphism property follows from the assumption
as do injectivity and surjectivity. Hence ¢ is indeed the isomorphism we are
looking for.
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As pointed out in the introduction, the aim of this thesis is to investigate four
special classes of inverse semigroups. Before we can do that however, we need
to prepare ourselves by covering the fundamental concepts of general inverse
semigroups. These include the natural partial ordering which can be defined
for any inverse semigroup and the Wagner-Preston representation. Green’s re-
lations admit an easier characterisation for inverse semigroups. We also deal
with the compatibility relation as well as the minimum group congruence and
the maximum idempotent-separating congruence.

Definition 3.0.18 Let S be a semigroup and let a in S. We call an element o
an inverse of a if ad’'a = a and d'aad’ = d'.

In an arbitrary semigroup there might exist no or more than one inverse for an
element. Consider (N,+) as an example for the former case. For the latter,
consider a left-zero semigroup, i.e. a semigroup such that Va,b € S: ab =a. We
have however

Remark 3.0.19 FEvery reqular element of a semigroup possesses an inverse.

Proof Let a denote the regular element and let x be such that axa = a. Consider
the element xax. Then

a(zax)a = (axa)ra = axa = a

and
(zax)a(xax) = x(azxa)zaxr = z(axa)r = ra.

Hence zax is an inverse of a.

Definition 3.0.20 We call a semigroup S an inverse semigroup if every element
of S has a unique inverse.

Examples of inverse semigroups will follow soon. We first give alternative char-
acterisations of inverse semigroups.

Theorem 3.0.21 (/7], Theorem 5.1.1) Let S be a semigroup. Then the following
statements are equivalent:

(i) S is an inverse semigroup.
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3 Basics of inverse semigroups

(ii) For every element a in S there is a uniquely determined element a™' such
that (a™1)™' = a and aa™'a = a and the following equation holds for all
x,y €8S:

rrTlyy Tt =gy teaT (3.0.1)

(111) S is reqular and its idempotents commute.

(iv) Every L-class and every R-class contains exactly one idempotent.

Proof

(i) = (i1): Denote the unique inverse of x by z~'. This element z~! obviously
satisfies the first conditions in (i7). We merely have to prove that (3.0.1) holds
for all z,y € S. If we write e for zz™1, f for yy~! and define z to be the unique
inverse of ef we get

1

(ef)(fze)(ef) = ef?ze’f = efzef =ef

and
(fze)(ef)(fze) = flzefz)e = fze,

so that fze is an inverse of ef as well. By uniqueness it follows that z = fze. In
particular this yields that z is an idempotent since

22 = (fze)(fze) = f(zefz)e = fze = 2.

But then z = ef since every idempotent is self-inverse. Furthermore, fe is also
an idempotent by a similar argument. Since we now have

(ef)(fe)ef) = (ef)(ef) = ef and (fe)(ef)(fe) = (fe)(fe) = fe,
both fe and ef are inverses of ef. Hence, by uniqueness, ef = fe, i.e.
(we™) (wy™") = (yy) (227").

(71) = (i4i): Regularity follows from the assumption. We show that every idem-
potent in S can be expressed in the form zx~! for some x € S. Accordingly, let
e € Eg. By assumption there is an element e~ such that ee *e = e and (e7!)~1.
Hence

et = () et = etee = e M ee)e !t = (e7te) (o) =
(e ™) (e = () (e (e)7) = (ee ) (7).
It then follows that
e=cele=c(ee™) (e7e) e = () (e7e?) = (™) (e7le) =7
and therefore e = ee = ee~!. The same is true for any f € Eg and so we have
ef = (™) (F£7) = (£177) (ee™') = fe

by assumption.
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(14i) = (iv): Suppose that S is a regular semigroup in which idempotents com-
mute and let L denote an L-class. Now L contains at least one idempotent, since
for an arbitrary a € L regularity gives us an element x such that a(za) = a.
Apparently xa L a and za € Fg. Next we show that there cannot be more than
one idempotent in a single £-class. Assume that e, f are idempotents, both lying
in L. Because e and f are L-equivalent, e can be written as af for some a € S
and hence ef = (af)f = a(ff) = af = e. Similarly we get fe = f and since by
assumption idempotents commute this yields e = f. Thus each L-class contains
exactly one idempotent and the same goes for R-classes as can be seen by a dual
argument.

(iv) = (i): We start by showing that every element in S has at least one inverse.
D-classes consist of L-classes. Every such L-class contains an idempotent, i.e. a
regular element. Hence, by 2.6.2, all D-classes are regular and so also is S. But
then there exist inverses for all elements due to 3.0.19.

Next we show that for every element there is at most one inverse. Let  and &
denote inverses of x. Clearly xz and xZ are idempotents R-equivalent to x and
thus 2 = xx by assumption. Just as easily we can show Zz = Zx using the fact
that L-classes also contain exactly one idempotent. Now

T=2TT =3TT =TT =7T
and so every element in S has a unique inverse.

O

Trying to decide whether a given semigroup is inverse the best way usually is to
show (ii1).

The idempotents of an inverse semigroup are of great importance. The following
corollary gives a first hint why.

Corollary 3.0.22 Let Es denote the set of idempotents of S. Then Eg is a
semilattice with respect to the operation inherited from S.

Proof Clearly Ejs is closed under multiplication since idempotents commute in
inverse semigroups as we have seen in 3.0.21. Hence (FEg,-) is a commutative
idempotent semigroup and thus a semilattice by 2.1.4.

The following proposition lists some basic properties of inverse semigroups.

Proposition 3.0.23 (/7], Proposition 5.1.2) Let S be an inverse semigroup.
Then

(i) Va € S: aa™', a~'a € Fs.
(ii)) e € Es = e =¢"".

(iii) Ya,b € S: (ab)™' =b"ta™l.
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Proof

(i): (aa™') (aa™') = (aa"ta)a™ = aa! and similarly for a'a.
(ii): See the proof of 3.0.21.

(i13): Notice that by (i) both bb~! and a~'a are idempotents and recall that
idempotents commute in inverse semigroups. Thus

(ab) (b'a™") (ab) = a (bb7") (e 'a) b=a(a""a) (bb~") b= (aa"'a) (bb~'b) = ab
and
(b"a™") (ab) (07 'a™') =b7" (aa) (b ) a ™t =07 (007Y) (ara) ot =
(b_lbb_l) (a_laa_l) =bta!

We have shown that b~'a™! is the unique inverse of ab.

By induction property (iii) generalises in an obvious way:

Corollary 3.0.24 ([3], Corollary 5.1.3) Let S be an inverse semigroup and let
ay,...,a, € S. Then

(ay ... ap) P =a,t . cat

In particular we have (a®)"" = (a=")" for all @ in S and so the notation a~" can
be used unambiguously. It is however important to realise that the index law
aPa? = aP*4 cannot be assumed for all p, ¢ in Z.

The next proposition states that a morphism on an inverse semigroup is auto-
matically an ‘inverse semigroup morphism’. The preceding preparatory lemma
remains true for just a regular semigroup S and is sometimes referred to as
Lallement’s Lemma.

Lemma 3.0.25 ! Let S be an inverse semigroup, let T be a semigroup and let
¢ be a morphism from S onto T. If f is an idempotent in T then there exists an
idempotent e in S such that ¢(e) = f.

Proof Since ¢ is surjective, f may be expressed as ¢(s) for some (not necessarily
idempotent) s in S. By assumption

d(s)=f=f=(s)?=0¢(s).

Now S is inverse and so there exists z in S such that s2xs? = s? and zs%z = z.
Clearly then sxs € Es and using the above,

d(srs) = d(s)p(2)(s) = ¢ (s*) d(2)¢ () = ¢ (s’ws”) = ¢ (s7) = ¢(s) = .

LCompare to ([3], Lemma 2.4.4)
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Proposition 3.0.26 (/3], Theorem 5.1.4) Let S be an inverse semigroup, let T
be a semigroup and let ¢ be a morphism from S onto T'. Then T is an inverse
semigroup and we have

VseS:p(s) =9 (s). (3.0.2)

Proof Every element ¢ in T is (not necessarily uniquely) expressible as ¢(s) for
some s in S. Then

and

o (s7)d(s)d (s7) = (s ss7') =@ (s7).
Hence ¢ (s7!) is an inverse of t = ¢(s) and T is thus regular. Now suppose that g
and h are idempotents of T'. By virtue of 3.0.25 there exist idempotents e, f € S

such that ¢(e) = g, ¢(f) = h. Since in the inverse semigroup S idempotents
commute, by

gh = ¢(e)o(f) = ¢(ef) = ¢(fe) = ¢(f)p(e) = hy,
they do as well in T'. Hence T' is an inverse semigroup.

O

Corollary 3.0.27 Let p be a congruence on an inverse semigroup S. Then S/p
is also inverse and p (s™') = p(s)~L.

Proof Consider the natural morphism f which maps S onto S/p by the rule

s+ p(s).

Now it is clear from the previous proposition that the factor semigroup is inverse.
In addition to that (3.0.2) translates into p(s™1) = p(s)~ 1.

O

The next few lemmas supply further properties of inverse semigroups that are
easy to prove.

Lemma 3.0.28 (/7], Lemma 5.1.6) Let S be an inverse semigroup. Let e, f €
Eg,a € S. Then

(i) eSN fS =efS.

(ii) aS = aa™'S.
Proof
(i): Suppose that a € eS N fS. Then there are elements s,¢ in S such that
es =a = ft. Now a = es = e(es) = ea = eft and hence a € efS. Conversely,

suppose that a € efS. Then a € efS C eS and a € efS = feS C fS since
idempotents commute.
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3 Basics of inverse semigroups

(i1): Clearly we have aa™'S C aS. The reverse inclusion is just as easy:

aS = aa"'aS C aa"'S.

We could have also proved the analogue for principal left ideals:
SenSf = Sef and Sa = Sa'a.

Fairly often we want an idempotent to ‘switch sides’ with an element. The next
lemma tells us how to do it.

Lemma 3.0.29 ([5], Lemma 1.4.2) Let S be an inverse semigroup. Consider
x =ae with e € Es and a € S. Then x = fa for some idempotent f.

Proof It is straightforward to check that f = aea™! is an idempotent. Hence

ae =aga ae (aea ) a= fa.
€Eg

O

We are already familiar with Green’s relations from section 2.3. They are easier to
handle for inverse semigroups. First of all, principal ideals are of easier form here.
Exemplarily consider the principal left ideal £, generated by a. We found earlier
that it equals S'a. In an inverse semigroup (aa~!)a = a and thus Sa = S'a = L,,.
Analogously, we do not need S* for right or two-sided ideals either.

Proposition 3.0.30 (/7], Proposition 5.1.2) Let S be an inverse semigroup.
Then

(i) alb <= a ta=0""b.
(ii)) aRb <= aa™t =bb~L.

(iii) For idempotents e, f we have eD f <= Ja € S:aa™' =¢ and a™'a = f.

Proof

(i): Suppose that a Lb, i.e. Sa = Sb. Then a = xb and b = ya for some x,y € S.
Now a~ta = (zb)~'(xb) = b=' (x7'x) b < b~'b. We may show analogously that
b~1b < a~'a which establishes equality.

Conversely, suppose that a='a = b~'b. Then a = aa"'a = ab~'b and thus
Sa = (Sab=')b C Sb. Similarly, Sb C Sa and hence a Lb.

The proof of (i) is similar.

(iii): Suppose that e, f € Eg. Using (i) and (ii) we have

eDf « Fa:eRa,alf — e=ecc ' =aa ', f=f"'f=0a"'a.
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3.1 Important examples

3.1 Important examples

Of course groups are inverse semigroups having only one idempotent, namely
the identity element. Groups are certainly important but it is hardly surprising
that they appear in our list of inverse semigroups. Less trivial is that inverse
semigroups having only one idempotent are in fact groups. This is why we
referred to inverse semigroups as generalised groups in the introduction.

Proposition 3.1.1 (/5], Proposition 1.4.4) Groups are precisely the inverse semi-
groups with exactly one idempotent.

Proof Obviously a group is an inverse semigroup which contains exactly one
idempotent.

Conversely, suppose that .S is an inverse semigroup containing exactly one idem-
potent e. Then for every s in S we have

ssT'=e=s"'sand es = (ss’l) §=s5,8¢=35 (5’15) = s.

Hence S is a group with identity e.

O

Semilattices are also inverse semigroups. They are commutative and consist
entirely of idempotents. Moreover, they are regular since aaa = a for all a. By
3.0.21 we deduce that semilattices are inverse semigroups. The next examples
are more interesting and deserve to be dealt with in subsections.

The symmetric inverse monoid

Let X be a set. A partial bijection f of X is a bijection from some A C X
onto some B C X. The set A is called the domain of f and denoted by dom(f),
whereas B is called the image of f and denoted by im(f).

The composite g o f of f and g is defined as the partial bijection given by

go f: f~ (im(f) Ndom(g)) — g (im(f) N dom(g))
z =g (f(v)).

This means that g o f is the familiar functional composition whenever defined,
but we are not as restrictive as usual. This way we can define a composite for
each pair of partial bijections regardless of the respective domains and images. It
is usually the case that the composite is not defined on the whole domain of the
first partial bijection. It might even be the case that we get in effect the ‘empty
mapping’, i.e. the ‘mapping’ which maps the empty set on the empty set.

Proposition 3.1.2 ([7], Theorem 5.1.5) For a set X let Ix denote the set of

all partial bijections of X. Then Ix is an inverse monoid with respect to the
composite o as defined above.
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3 Basics of inverse semigroups

Proof We shall show associativity first. It is convenient in this case to write
the mappings as relations. For example we write (z,y) € f instead of f(x) = v.
With this notation we have

(r,y) € (hog)of < Jz€ X: (v,2) € f,(2,y) Ehog <—
z,ue X: (x,2) € f,(z,u) € g,(u,y) € h <~
Jue X: (z,u) €gof,(u,y) €h <= (z,y) €ho(gof).

Hence o is associative and thus [y is a semigroup.
Next we show that [y is inverse. Each f in Ix is a bijection from dom(f) onto
im(f) and so there is an inverse map f~!, also an element of Iy, such that

dom (f~') = im(f), im (f~') = dom(f),
f_l of = iddloﬂl(f)? fo f_l = idim(f)

Certainly then fo f~'of = fand f~'o fo f~' = f~! and thus Ix is regular.
If we are able to verify that idempotents commute, then the proof is finished by
virtue of 3.0.21. Of course we must first identify the idempotents. If f is an
idempotent then

f7 (dom(f) nim(f)) = dom (f?) = dom(f) = f~"(im(f)).

Since f~! is one-one it follows that dom(f) Nim(f) = im(f). In particular we
have im(f) C dom(f). Similarly we can show

f (dom(f) Nim(f)) = im (f*) = im(f) = f(dom(f)),

which yields dom(f) C im(f). Hence dom(f) = im(f) = A C X (say) and
f(f(z)) = fA(x) = f(x) for all z in A by assumption that f is an idempotent.
Since f is one-one this implies f(x) = x for all z in A and thus f = id4. It is
obvious that conversely, id4 is an idempotent for every subset A of X. It is easy
to see that idp o idy = idynp for all A, B C X. We deduce that idempotents
commute and therefore [y is an inverse semigroup. It is also a monoid with
identity idy. Hence Ix is an inverse monoid, as required.

Definition 3.1.3 The inverse semigroup Ix s called the symmetric inverse
monoid.

As said at the beginning of this chapter, inverse semigroups were first investi-
gated in connection with partial bijections, i.e. mathematicians like Wagner and
Preston studied the symmetric inverse monoid Ix. The significance of this par-
ticular semigroup rests with an important embedding theorem for inverse semi-
groups, which we are going to prove in 3.3.1. It is called the ‘Wagner-Preston
representation theorem’ in honour of the two previous mentioned.
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The bicyclic semigroup

This subsection revolves around the bicyclic semigroup that will appear several
times in this thesis. For example it serves us as an example for an E-unitary
inverse semigroup. In a wider scale the bicyclic semigroup has important appli-
cations in ring theory, formal languages and A-calculus. We will not cover this
here and refer the interested reader to [5].

Proposition 3.1.4 Let B be the set N X N equipped with a binary operation
given by

(m,n)(p,q) := (m —n + max(n,p),q — p+ max(n,p)) . (3.1.1)

Then B forms an inverse monoid.

Proof We ought to show that the operation defined on B is associative but will
postpone the proof of this for the moment and refer to 5.1.3 instead. The as-
sociativity will come naturally, whereas here the verification of it requires not
particular difficult but tedious work. Let us thus assume we already know that
B is a semigroup. We claim that it is also inverse. Indeed, it is certainly regular
since for every a,b € N one easily finds (a,b)(b,a)(a,b) = (a,b). It is straight-
forward to check that the idempotents are precisely the elements of the form
(a,a). We have yet to show that idempotents commute. In view of that let
(a,a),(b,b) € B and suppose without loss of generality that a < b. Then

(a,a)(b,b) = (b,b) = (b,b)(a,a).

Finally notice that (0,0)(a,b) = (a,b) = (a,b)(0,0) for each element (a,b) € B.
Thus B is an inverse monoid with identity (0, 0).

Definition 3.1.5 The semigroup B appearing above is called the bicyclic semi-
group.

It is usually referred to as simply a semigroup although we have seen that it is
in fact a monoid.

Clifford semigroups

Clifford semigroups can be defined in various ways. A taste of this is given
in 3.1.11. We choose an approach that makes it easy to recognise Clifford semi-
groups as particular inverse semigroups. We will come across Clifford semigroups
once more in sections 5.3 and 6.1.

Definition 3.1.6 An element a of a semigroup S is called central if ax = za
for all x in S.
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3 Basics of inverse semigroups

Definition 3.1.7 We shall call a semigroup a Clifford semigroup if it is regular
and its idempotents are central.

Obviously, a Clifford semigroup is inverse, since in particular its idempotents
commute. We will shortly see that a Clifford semigroup is always a semilattice
of groups?. Therefore we need the following construction:

Construction 3.1.8 Let E be a semilattice and let {G.: e € E} be a family of
disjoint groups indexed by the elements of E. We denote the identity element of
G. by 1.. For each pair e, f € F such that e > f let ¢. s: G. — G be a group
morphism such that the following two axioms hold:

(C1) ¢e. is the identity morphism on G,

(C2) If e > f > g then ¢ 40 ¢ef = Pey
We endow the set |,z Ge with a product ® defined by

TRY = eer(T)Prer(y) (x€ G,y Gy). (3.1.2)

Proposition 3.1.9 (/5/, Proposition 5.2.11)
With the above notation, (UeeE G., ®) is a Clifford semigroup.

Proof The multiplication ® is well-defined, since ef <e, f. Let v € G,y € Gy
and z € G, and put ¢ = efg. By (3.1.2) we have

(2 ®Y) ® 2 = epi (Geef(X)Prer(y)) dgi(2) =
Geti (Peref () Geri (Prer(y)) dgi(2) ) Gei(T)01i(y)Dgi(2)-

A similar argument shows that * ® (y ® 2) also reduces to the right-hand side of
the above equation. Hence ® is associative and (S, ®) is a semigroup.
Now let z,y denote elements lying in the same group G,.. Then

Q@ Yy = (be,ee(x)(be,ee(y) = ¢e,e(x)¢e,e<y) =Ty

due to (C1). Consequently the inverse z=! of z in G, is also an inverse with
respect to ® since we are only calculating within the group Ge:

r=rr ',z = '@ra "t
In particular we have demonstrated that S is a regular semigroup. Next we
consider the idempotents of S. These are just the identity elements of the groups
in which they are contained. Finally, let 1. be any idempotent and z € Gy an
arbitrary element of S. Then 1, ® © = ¢ecr(le)dfer(z). The right-hand side is
equal to ¢r.r(x) because a group morphism maps the identity element of one
group to the identity element of the other. We have in effect:

le ®@x = ¢pef(z) =2 ® 1.

2For a definition see 2.1.7
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Hence, idempotents are central and together with the regularity we have proved
that S is indeed a Clifford semigroup.

Definition 3.1.10 The semigroup constructed above is called a strong semilat-
tice of groups and is denoted by S (E; Ge; ¢e ).

The notion ‘strong semilattice of groups’ indicates that S (E; G; ¢, r) is a par-
ticular semilattice of groups. This is indeed the case. The next theorem also
demonstrates that the converse of 3.1.9 is true as well, i.e. each Clifford semi-
group can be interpreted as a strong semilattice of groups.

Theorem 3.1.11 ? For an inverse semigroup S the following statements are
equivalent:

(i) S is a Clifford semigroup.
(ii) Every H-class is a group.
(111) S is a semilattice of groups.
(iv) S is a strong semilattice of groups.

Proof
(i) = (i1): Let H be an H-class and let « € H. We claim that aH a® By
3.0.30,

shows that a R a® and the verification of a £a? is similar. Hence H N H?* # ()
and H is therefore a group due to 2.3.6.

(i) = (iii): We are going to show that H is a congruence. To this end let a H b
and c¢H d. Notice that hh=! = h=th for every h € S, since we are calculating in
the group Hj,. Also notice that a='a = b='b and e := cc™! = dd~! because a, b
and ¢, d do lie in the same respective groups by assumption. Hence

1 1

(ac) (ac) " =acc™'a™! = aea™! = aeea™! = (ae) (ae)”" = (ae) " (ae) =

ca tae = ceala = cata = eb b = eeb b = eb 'be =

(be)~" (be) = (be) (be) ™" = beeb™ = beb™* = bdd~*b~* = (bd) (bd) "
(3.1.3)

and so ac R bd. The verification of ac £ bd is similar and H is thus a congruence
in which the congruence classes are groups. It remains to show that the factor
semigroup is a semilattice. First it is idempotent since we have a H a? for every
a € S because H, is a group by assumption. It is also commutative. To see this

3Compare to ([5], Theorem 5.2.12) and ([3], Theorem 4.2.1)
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3 Basics of inverse semigroups

let a,b € S. Certainly bb~' and aa~! are idempotents and using twice the same
trick as in (3.1.3) we get

(ab) (ab) ™" =a (o) a = (07" (a7 'a) = (b7'D) (aa™") =
(aa™") (b7'0) =b(aa™') b~ = (ba) (ba) "

Hence ab’R ba. In a similar way we obtain ab L ba and so abH ba, i.e. Hap = Hpa.
(iii) = (iv): By assumption there exists a congruence p such that S/p is a
semilattice and such that the congruence classes are groups. For p(a) > p(b), i.e.

p(a)p(b) = p(b) = p(b)p(a), we define a mapping

Gap: pla) = p(b)
T — 1z,

where 1, denotes the identity element of p(b). It is easy to see that this is a
morphism, since

Gap(2)Pap(y) = &f/lby = Lyxy = dap(ry) (2,9 € pla)),
€p(b)

where zy € p(a) because S/p is idempotent. Property (C1)in 3.1.8 is immediate.
Suppose now that p(a) > p(b) > p(c). Then, for every x € p(a),

(¢b,c o ¢a,b) (ZL’) - 1011).%' - ¢b,c(1b)x - 1CI - ¢a,c(x)-

This is (C2). We have used here that a group morphism maps the identity of
one group to the identity of the other.
We are going to show that S = S (S/p; p(a); ¢pap). The only thing left to do is to
verify that

Ya,be€ S: ab= ¢a7ab(a)¢b7ab(b).

The following calculation does the job.

¢a,ab(a)¢b,ab(b) - 1aba 1abb = 1ab . ab , — ab.
p(ab €p(ab)

m

=

(iv) = (i): See 3.1.9.

3.2 The natural partial order relation

In this section we define a far-reaching concept for inverse semigroups: the nat-
ural partial order relation. As mentioned before the idempotents of an inverse
semigroup are of great importance. We have already seen that they form a semi-
lattice in 3.0.22. From 2.1.4 we know that the ‘natural’ order relation for them
is (2.1.2). To spell it out:

e f < e=ef.

Although it is not yet clear this motivates
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3.2 The natural partial order relation

Definition 3.2.1 Let S be an inverse semigroup. The natural parial order <

on S is defined as follows:
s<t < s=te

for some idempotent e.

Before showing that this does indeed define a partial order on S we prove a useful
lemma. It provides alternative definitions for the natural partial order and will
be used extensively in further discussions.

Lemma 3.2.2 ([5), Lemma 1.4.6) Let S be an inverse semigroup. Then the
following statements are equivalent:

(i) s <t.

(i) s = ft for some idempotent f.

(iii) s+ <t

(iv) s = ss~1t.

(v) s =ts1s.
Proof
(i) = (ii): This follows directly from 3.0.29.
(it) = (#ii): By assumption s = ft with f € Fs. Hence s™! = (ft)"' =t71f,
that is s7! < ¢!,

(ii) = (iv): By assumption we have s~! = t~!e for some idempotent e. Taking
inverses yields s = et. Then es = eet = et = s and thus

ssTit=(es)s 't =e(ss )t =s5""(et) =ss's=s.

(iv) = (v): Let s = ss~!t. By using 3.0.29 we get s = te for some idempotent
e. Hence
ts~'s = t(te) " (te) = tet 'te = tt 'tee = te = s.

(v) = (i): This is immediate since s™'s is an idempotent.

O

Note that by (ii), the side on which the idempotent appears in the definition is
irrelevant. Notice also that by (iii), taking inverses does not reverse the relation.
We are now ready to prove

Proposition 3.2.3 (/5], Proposition 1.4.7) Let S be an inverse semigroup. The
relation < defines a partial order on S.

Proof Since s = s(s™'s) for every s in S the relation is reflexive. Let s < ¢ and
t < s. Then s = ts's and t = st~'t. The following chain of equalities shows
that < is antisymmetric:

= (st™'t) s ls=ss"st Tt =5t =1

Finally, suppose that s < t and ¢ < u. Then s = te and t = uf for some
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3 Basics of inverse semigroups
idempotents e and f. Hence s = te = (uf)e = u(fe) and thus s < u and < is
transitive since fe is an idempotent.

O

The next proposition is a simple consequence of the definition of the natural
partial order.

Proposition 3.2.4 (/5], Proposition 1.4.7) Let S be an inverse semigroup and
let < denote the natural partial order.

(1) For idempotents e, f € S we have that e < f if and only if e = ef = fe.
(1) If s <t and u < v then su < tv.
(iii) If s <t then ss™' < tt7! and s7's < t71t.

Proof
(i): Suppose that e < f. Then e = gf = fh for some idempotents g, h. Then

ef =(9f)f=9f=e fe=[f(fh)=fh=e.

The converse is immediate.
(ii): Suppose that s = te and u = vf, where e, f € Eg. Then

su=tevf =tevv lvf =tvv levf
———

€Eg

and hence su < tv, as required.
(i3t): This is a simple consequence of (i) and 3.2.2(%ii).

O

Observe that property (%) tells us that < is compatible with multiplication. This
is a strong indication that our definition of < is a ‘good’ one.

Remark 3.2.5 The natural order relation is called ‘natural’ because it extends
the natural order relation (2.1.2) defined only on its semilattice of idempotents.
The term ‘natural’ is justified there by 2.1.4.

Proposition 3.2.6 (/5], Proposition 1.4.10) Let S be an inverse semigroup.
Then the natural partial order is the equality relation if and only if S is a group.

Proof Suppose that the natural order is the equality relation and let e, f be
idempotents. Then ef < e, f. But the natural order is the equality relation and
so e = ef = f. We have shown that S is an inverse semigroup having exactly
one idempotent. Hence S is a group by 3.1.1. The converse is clear.
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3.3 The Wagner-Preston representation theorem

3.3 The Wagner-Preston representation
theorem

In section 3.1 we encountered the symmetric inverse monoid /x. Now we are
going to prove a classic result known as the Wagner-Preston representation the-
orem. It states that every inverse semigroup S can be interpreted as a subsemi-
group of some symmetric inverse monoid. The Wagner-Preston representation
theorem should be seen as an analogue of Cayley’s theorem in group theory. A
similar theorem states that every semigroup is isomorphic to a subsemigroup of
a full transformation semigroup.

Theorem 3.3.1 (/5], Theorem 1.5.1) Let S be an inverse semigroup. Then there
exists an injective morphism 6: S — Ig such that

a<b <= 0(a) is a restriction of 0(b). (3.3.1)

Proof For each element a € S define a mapping
0,: a taS — aa”tS
T ax.

This map is well-defined since for z = a 'az’ € a 'aS we have ax = aa~'(az’) €

aa~'S. Consider 0,-1: aa='S — a='aS. Then
Oa-1 (0a(2)) = 0,-1 (Bu(a ' az’)) = 0,1 (aa"'az’) = a 'aa’ =

and
00 (001 (y)) = 0u (a1 (aa™'y)) = Ou(a 'aa™y) = aa™ 'y = y.

Thus 6, is a bijection for every a € S with 6, " = 6,-1.
Define 6: S — I(S) by 6(a) = 6,. We show the morphism property 0, 06, = 0,:

dom(f,) Nim(fy) = a*aSNbb~'S = a 'abb™'S,
where the last equality holds due to 3.0.28. Hence,
dom(f, 0 6y) = Oy-1 (a"'abb™'S) =b"rarabbT'S =
3.0.28(ii)

btatab(b™'b)S = b~ 'a"'abS = (ab)'abS = dom(f,).

Thus dom (0, 0 6,) = dom(f,). It is obvious that 6, and 6, o §, have the same
effect on elements and so # is a morphism.

Suppose now that a < b. This is equivalent to ba~'a = a by 3.2.2. We also have
a~ta < b7'b by 3.2.4 and so a 'a = b~ lbe for an idempotent e. It follows that
a'aS =b"1beS C b~ 'bS. For z € a—'aS we then have

Op(z) = bx =b(a " az’) =b(a " aa " az’) = (ba™'a) z = az = 0,().

Hence 6, is a restriction of 6y,.
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3 Basics of inverse semigroups

Conversely, suppose that 6, is a restriction of 6,. By assumption then a=taS C
b~1bS. Clearly, a=! = a 'aa™! € a'aS and therefore ™' € dom(f,),dom(6;).
Again by assumption we have aa™! = 0,(a™!) = 0,(a™') = ba~!. Multiplying on
the right with a yields a = ba~ta, i.e. a < b by 3.2.2.

In particular, (3.3.1) implies that 6 is one-one and 6 is therefore an embedding
of S into Ig.

3.4 The compatibility relation

Definition 3.4.1 Let S be an inverse semigroup. For all s,t € S the compati-
bility relation is defined by

s~ = st s e By,

It is clear that ~ is reflexive and symmetric. It is generally not transitive however.
We will characterise those inverse semigroups having a transitive compatibility
relation in chapter 6. The proof of the following remark is straightforward.

Remark 3.4.2 The notion ‘compatibility relation’ stems from the fact that the
relation ~ 1s compatible with multiplication in the sense that

VYee S:a~b= ac~ bc, ca ~ cb.
The definition of the compatibility relation leads naturally to the following

Definition 3.4.3 We call a non-empty subset A of an inverse semigroup S com-
patible if every two elements of A are compatible, that is if Va,b € A: a ~ b.

Definition 3.4.4 We call a non-empty subset A of an inverse semigroup S an
order ideal if it satisfies the following property:

ac€As<a=— seA.

Take for example the set of idempotents of an inverse semigroup. The idem-
potents do not only form a semilattice, they are an order ideal as well. This
is immediate by the definition of the natural partial order and the fact that
idempotents commute.

The next definition combines the previous ones.

Definition 3.4.5 A subset A of an inverse semigroup S is said to be permissible
if it is a compatible order ideal. The set of all permissible subsets of S is denoted

C(S).
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Proposition 3.4.6 (/5], Theorem 1.4.28) For an inverse semigroup S, the set
C(S) is an inverse semigroup under multiplication of subsets of S. The mapping

LS — C(9)
s+ |s]

s an injective morphism.

Proof Let A,B € C(S). To show closure we have to verify that AB =
{ab: a € A,b € B} isacompatible order ideal. Let x < abfor somea € A,b € B.
By 3.2.2, x = a (b~ 'x). But B is an order ideal and so bx~'z = b € B. Hence
z =ab € AB and AB is an order ideal. To show that AB is a compatible subset
of S let ab,cd € AB. Then (ab)~'ed = b~ (a7'c)d. By assumption, a ~ ¢ and
thus a~'c is an idempotent. This implies that b~! (a7'c)d < b~'d. But b~'d is
an idempotent and so b~ (a~c)d = (ab)~'ed is itself an idempotent. We may
similarly show that ab(cd)™! is an idempotent and so ab ~ cd. Hence AB is
indeed a compatible subset of S and thus AB € C(S5).

To show that C(S) is inverse we verify that it is regular and that its idempotents
commute. First note that for a permissible subset A, the set A™' = {a™': a € A}
is also permissible. This set turns out to be the inverse of A. Indeed, it is
immediate that A C AA~'A. To prove the reverse inclusion consider ab~!c,
where a,b,c € A. As a first step we want to write ab™! as vu~! for some u € A.
Consider u = ab~'b. This element is certainly smaller than a and thus in A since
A is an order ideal. Notice also that ab~! is an idempotent since a and b are
compatible. We obtain

wu™ = (ab™'b) (ab™0) " = ab b ba "t = ab~tba Tt = ab ! (ab7!) T = ab!

and may thus write ab~'c = uu='c < c¢. But A is an order ideal and so ab~'c € A.
Hence A = AA™'A and C(S) is regular.

Next we show that idempotents commute. To this end we must first locate
them. Suppose that A%2 = A for a permissible subset A. Then for every a € A
there exist elements b,c € A such that a = bc. Now a ~ ¢ and b ~ a and by
a=aa'a=a(bc) ™ a = (ac™) (b~'a) we have in effect A C Eg. Conversely, let
A € C(S) such that A C Es. Then clearly A C A? but also A? C A since A is
an order ideal. We have shown that the idempotents of C'(S) are precisely the
order ideals of Eg. It is immediate that they commute. Hence C'(S) is an inverse
semigroup.

It remains to demonstrate that ¢ is an injective morphism. For all s € S the set
|s] is a permissible subset. Indeed, it is obviously an order ideal. To see that
it is also compatible let a,b < s. Then a = se,b = sf for some idempotents
e, f € Es. Clearly,

a b= (se) ' (sf) =es 'sf € Eg

and
ab™t = sefs™! € Eg.

It is easy to see that |s]| - [¢t] = [st]| holds for all s,¢ € S, which means that ¢
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3 Basics of inverse semigroups

is a morphism. It is also one-one, since |s| = |t] yields in particular s < ¢t and
t < s from which we deduce s =t by antisymmetry.

3.5 Minimum group congruence and maximum
idempotent-separating congruence

In this section we define two special congruences that play a prominent role in
the theory of inverse semigroups, namely the minimum group congruence and
the maximum idempotent-separating congruence. The key idea of the minimum
group congruence is to relate an inverse semigroup S to a group via factor semi-
groups. The minimum group congruence appears in one of our characterisations
of so-called E-unitary inverse semigroups in chapter 6.

Definition 3.5.1 Let S be an inverse semigroup and let a,b € S. We define a
relation o by
acb < dr e S:x <a,b.

The next theorem tells us amongst other things that o is the smallest congruence
such that S/o is a group.

Theorem 3.5.2 ([7], Theorem 2.4.1) Let S be an inverse semigroup.
(i) o is the smallest congruence on S containing the compatibility relation ~.
(1) S/o is a group.

(111) If p is any congruence on S such that S/p is a group then o C p.

Proof

(i): We start by showing that o is an equivalence relation. Reflexity and sym-
metry are immediate. To show that o is transitive suppose that ao b and bo c,
where a,b,c € S. Then there are elements u,v € S such that v < a,b and
v < b,c. In particular we have u,v < b or to put it differently u,v € |b]. We
already know from the proof of 3.4.6 that |b] is a compatible subset of S and
therefore u ~ v. Consider the element uu~1v. It is certainly smaller than v but
also smaller than u because u~'v is an idempotent. This implies uu='v < a,c
and thus a ~ ¢. That o is a congruence follows from 2.0.10 and the fact that the
natural partial order is compatible with multiplication:

acb= dv:x <a,b= Vc: xc < ac,bc and Vc: cx < ca, cb.

Next we verify that ~C o holds. Let a ~ b. Hence in particular a='b € Eg.
Then aa='b < a,b and thus acb. Now we show that o is the smallest such
congruence. Let p be any congruence such that ~C p and let acb. Then
u < a,b for some u. From the definition of the natural partial order it follows
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easily that u ~ a,b which yields a pu and u pb by assumption. But p, being a
congruence, is transitive and thus a pb. We have proved that o C p, as required.
(it): Consider the natural morphism §: S — S/o,s — o(s). By 3.0.27 we
conclude that S/o is an inverse semigroup. Let o(a) € S/o be an idempotent.
Then o(a) = o(a)o(a)™ = o(a)o (a™') = o (aa™'). Hence every idempotent
o(a) in S/o can be represented as o(e) for an idempotent e. For every pair
e,f € Es we have ef < e, f and so all idempotents are contained in a single
o-class (possibly together with non-idempotent elements). Thus S/ is an inverse
semigroup with a single idempotent and hence a group by 3.1.1.

(iii): Let p be any congruence such that S/p is a group and let acb. Then
u < a,b for some v in S and there exist idempotents e, f such that ae = u = bf.
Hence p(u) = plae) = p(a)p(e) and p(u) = p(bf) = p(b)p(f), where p(e) and p(f)
are idempotents in S/p. But S/p, being a group, contains only one idempotent,
namely the identity element. It follows that p(a) = p(u) = p(b) and thus a pb.

O
The following remark is a simple consequence of the preceding proof.

Remark 3.5.3 All idempotents of S are contained in the same o-class, namely
the identity element of S/o.

Sometimes it is convenient to have the definition of the o-relation in the following
form:

Lemma 3.5.4 Let S be an inverse semigroup. Then acb if and only if there
exists an idempotent i such that ai = bi.

Proof Suppose that acb. Then ae = x = bf for some idempotents e and f.
Multiplying on the right with ef yields

alef) = aclef) = bf(ef) = blef).
Consequently, e f is the element we are looking for. The converse is trivial.

O

We now turn to the other important congruence mentioned at the beginning of
this section, the maximum idempotent-separating congruence .

Definition 3.5.5 Let S be an inverse semigroup. A congruence p is called
idempotent-separating if distinct idempotents lie in different congruence classes,
that s if

ple) =p(f) =e=[ (e f€Es)

Apparently, the larger a congruence is, the more difficult to be idempotent-
separating it will be. We are thus interested in the maximum idempotent-
separating congruence which we shall call . Notice that the situation is contrary
to the one for group congruences. There, we were interested in the smallest con-
gruence such that the factor semigroup is a group.
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3 Basics of inverse semigroups

Proposition 3.5.6 For an inverse semigroup S the mazimum idempotent-
separating congruence [ is given by

(a,b) € <= Ve € Es: a 'ea = b 'eb. (3.5.1)

Proof We first demonstrate that p is an idempotent-separating congruence.
Routine verification shows that it is an equivalence. To show the congruence
property let a b and cpd and let e denote any idempotent. Then, by assump-
tion,

(ac) 'e(ac) = (a7 'ea) c=d ' (a ea) d =d~" (b~"eb) d = (bd)'e(bd).
The second equality holds since a~'ea is an idempotent. It follows that u is a
congruence. To see that it is also idempotent-separating assume that e u f for
idempotents e and f. Choosing e and f respectively in (3.5.1) we get

e=clee=fTlef=ef =efe=fTff =],

where we have used that idempotents commute in inverse semigroups. Hence
i is indeed an idempotent-separating congruence. The next step is to show
that it is also the largest such congruence. Let p be an idempotent-separating
congruence and let e € Eg. For (a,b) € p, 3.0.27 implies that a=! pb~! too and
thus a=tea pb~leb since p is a congruence. But p is idempotent-separating and
so a 'ea = b~ 'eb. It follows (a,b) € p and therefore p C p.

O

For later purposes we prove that p is always contained in the Green’s relation
H. In fact we have even more:

Proposition 3.5.7 ([7], Proposition 5.3.7) Let S be an inverse semigroup. Then
15 the largest congruence contained in H.

Proof We start by showing that i C H. Suppose that a b, i.e. Ve € Eg: a lea =
b~leb. In particular ¢~ (bb~ ) a = b1 (bb71)b = b~'b and thus ba~'bb~la =
bb='b = b. Hence b € Sa. Interchanging the roles of a and b we also get a € Sb
and therefore a £Lb. We may similarly show that a R b and therefore a H b. Con-
sider now a congruence p with p C H and let apb. Then by 3.0.27 we also
have a=! pb~! and hence a tea pb~'eb for every idempotent e. Now a~'ea and
b~ leb are both idempotents and they do lie in the same H-class. But an H-class
can contain at most one idempotent by 2.3.7. It follows that a 'ea = b leb
which implies a ;1 b since e was arbitrary. We have shown that p C u for every
congruence p contained in H.

O

The maximum idempotent-separating congruence p can be used to define a prop-
erty of inverse semigroups which will feature in chapter 5.
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3.5 Minimum group congruence and maximum idempotent-separating congruence

Definition 3.5.8 An inverse semigroup is said to be fundamental if p is the
equality relation.

Every inverse semigroup can be made into a fundamental one by building the
factor semigroup with respect to u. The semilattice of idempotents is not affected
by this composition.

Proposition 3.5.9 ([7], Proposition 5.3.8) Let S be an inverse semigroup and
let p be the mazximum idempotent-separating congruence on S. Then S/ is
fundamental and has semilattice of idempotents isomorphic to Es.

Proof Consider the natural morphism f which maps S onto S/u. Due to 3.0.25
every idempotent in S/u can be written as u(e), where e is an idempotent in S.
Conversely, it is clear that u(e) is an idempotent in S/u for every e € Eg. Using
an obvious notation, suppose that p(a) s/, p1(b). Then

p(atea) =p () ple)ula) = n(a)" p(e)u(a) psju p(b) ™" u(e)p(b) =
p(b71) ple)pu(b) = pu (b~"eb) .

But jug/, is idempotent-separating and hence p (a™'ea) =y (b~'eb). By the same
argument applied to pu we eventually get the property

Ve € Eg: a tea = b lteb

and hence p(a) = p(b).
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4 Primitive inverse semigroups
and Brandt semigroups

This chapter deals with primitive inverse semigroups and Brandt semigroups.
Immediately after an initial definition we see that primitive inverse semigroups
resemble groups insofar as their natural partial order is equality when restricted
to non-zero elements. In particular the idempotents are all incomparable ex-
cept for the zero. Brandt semigroups are introduced as completely 0-simple in-
verse semigroups and are revealed to be the building blocks of primitive inverse
semigroups. Another two characterisations are presented, in particular using
O-minimal ideals. The result motivates to focus on Brandt semigroups rather
than primitive inverse semigroups. Using the Rees theorem we find a representa-
tion of Brandt semigroups as Rees matrix semigroups of a special form. At this
point we turn to investigate a seemingly unrelated semigroup which obeys two
axioms. This semigroup arises from Brandt’s original approach. The chapter is
concluded by the proof that the arising semigroups are in fact exactly the Brandt
semigroups.

Definition 4.0.10 An inverse semigroup S with zero is said to be primitive if
every non-zero idempotent is primitive in the sense of 2.7.6.

In the case of an inverse semigroup S without zero, a primitive idempotent is just
a minimal idempotent and we could define S to be primitive if every idempotent
is minimal. But then the proof of 3.2.6 tells us that such a semigroup is in fact a
group. As our concern is with semigroups, we are merely interested in primitive
inverse semigroups as defined above. The zero is always the smallest element of
the semigroup with respect to the natural partial order. Thus if we required the
order to be equality then the semigroup would consist of just a zero. We have,
however, the following proposition which should be compared to 3.2.6.

Proposition 4.0.11 (/5], Proposition 3.5.1) Let S be an inverse semigroup with
zero. Then the natural partial order is equality when restricted to S\ {0} if and
only if S is primitive.

Proof If the natural partial order is equality when restricted to S\ {0} then it is
immediate that every non-zero idempotent is primitive. To prove the converse,
suppose that every non-zero idempotent is minimal in Eg\ {0}. Let s <t¢. Then
s7ts < t7t. By assumption either s7!'s = 0 or s7!s = t~!t. In the former case
we have that s = s(s7's) = 0 whereas in the latter we get s = ts™'s = tt 71t = ¢.

O
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4 Primitive inverse semigroups and Brandt semigroups

In the following definition we encounter the so-called Brandt semigroups which
will turn out to be the building blocks of primitive inverse semigroups.

Definition 4.0.12 A Brandt semigroup is a completely 0-simple inverse semi-
group.

Proposition 4.0.13 (/7], Lemma I1.3.2) Let S be a Brandt semigroup.

(1) If e is a primitive idempotent of S and x,y € S are such that
f =xey € Eg\ {0}, then e = eyfxe. In particular, every non-zero idem-
potent contained in the principal ideal generated by a primitive idempotent
e is J-equivalent to e.

(i1) All non-zero idempotents of S are primitive.

Proof
(i): We first demonstrate that ey fxe is an idempotent:

(eyfxe)? = eyf zey fre = eyfue.
=f

This implies ey fre = (eyfze)e < e. By
x(eyfre)y = (vey)f(wey) = fff=f#0

we conclude that eyfze # 0. Using this and the fact that e is primitive this
entails e = ey fxe.

(ii): Assume that 0 # f < g for non-zero idempotents f,g. Fix a primitive
idempotent e. Since S is O-simple there exist z,y € S: xey = g. By (i) we have
e = eygre. Now f = fg = fxey and therefore e = ey f fre = eyfre again by
(i). Multiplying eygxre = e = eyfre with = on the left and with y on the right
and using f < g provides f = g.

O

We have shown that Brandt semigroups are particular primitive inverse semi-
groups. The converse is not true in general as the next theorem tells us. It
uses orthogonal sums! to make the relationship between Brandt semigroups and
primitive inverse semigroups precise.

Lemma 4.0.14 (/7], Lemma I1.4.1) Let S be an inverse semigroup and let a,b €
S such that J, < Jy. Then, for every idempotent f € [J,, there exists an
idempotent e € J, with e < f.

Proof By assumption we have J, < 7, i.e. SaS C SbS. Due to b J f this
yields a = zfy for some z,y € S. Putting e = z 'z fyy~! we clearly have
e < f and e? = e. Furthermore, by the definition of e we have e = x 'ay~! and
vey = xx 'z fyy 'y = vfy = a. Hencea Je. If nowe = f,thena Je= f J b—

1For a definition see 2.0.12
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a contradiction to the assumption. Thus e < f, as required.

Theorem 4.0.15 ([7], Theorem I1.4.3) A semigroup S is a primitive inverse
semagroup if and only if it is an orthogonal sum of Brandt semigroups.

Proof First let S be a primitive inverse semigroup. Let a,b € S: J, < J,. The
J-class J, contains an idempotent f = bb~!. By virtue of 4.0.14 e < f for some
idempotent e € J,. Since f is a primitive idempotent we conclude that e = 0
and therefore 7, = {0}. Let now a # 0 be any element and suppose there exists
some ¢ in J(a) such that a and ¢ are not J-equivalent. Then J. < J, and hence
J. = {0} by the same argument as before. Consequently, J(a) = J,U{0}. Now
let J, # Jp for a,b € S\ {0}. Because T < J,, Tp we get, say, Jup < Jo and so
ab = 0. This shows that S is an orthogonal sum of its non-zero principal ideals,
each of which is a Brandt semigroup by 2.7.4: S =3" (7 (a).

The converse is a simple consequence of 4.0.13(%i) and the way in which orthog-
onal sums are defined.

O

Now it becomes apparent that a primitive inverse semigroup S is a Brandt semi-
group if and only if there is only one summand in the representation of S as an
orthogonal sum of Brandt semigroups.

Definition 4.0.16 For a semigroup with zero a O-minimal right ideal is a right
tdeal which is minimal in the set of non-zero right ideals.

The following proposition is an extension of 4.0.15. It presents another two
equivalent conditions. The proof is omitted since conditions (C) and (D) play
no further role in this thesis. See [10] for the equivalence of (A), (B) and (C)
and [3] as well as [9] for the equivalence of (4), (B) and (D).

Proposition 4.0.17 ([2], Ezercise 6.5.6) The following conditions on a semi-
group S with zero are equivalent.

(A) S is a primitive inverse semigroup.
(B) S is an orthogonal sum of Brandt semigroups.
(C) If a € S\ {0}, then there exists a unique element x of S such that axa = a.

(D) S is an inverse semigroup which is the union of its 0-minimal right ideals.

Theorem 4.0.15 entitles us to confine our investigations to Brandt semigroups
henceforth.
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4.1 A structure theorem for Brandt semigroups

Since we defined Brandt semigroups to be completely O-simple inverse semigroups
it seems reasonable to base our discussion of them on the Rees theorem and adapt
it for inverse semigroups. In particular, a Brandt semigroup B is a completely
0-simple semigroup and therefore of the form MY[G; I, A; P] for some group G,
non-empty sets I and A and a regular sandwich matrix P. We know from 3.0.21
that in an inverse semigroup each L-class and each R-class contains exactly one
idempotent. This causes P to contain in each row and each column exactly one
non-zero entry:

Proof Suppose, by way of contradiction, that py; # 0 # py;, where ¢ # j. Then
(i,py;, \) and (4, p;jl,)\) are (distinct) idempotents, lying in the same L-class
by 2.7.11 a contradiction to 3.0.21. Hence every row of P contains exactly one
non-zero entry. An analogous argument applies to columns.

O

Thus, there is a bijection mapping I onto A by the rule that ¢ — X if and only
if py; # 0. Since we interpreted I and A as index sets there is really no need to
distinguish between the two of them and we can safely put A = I which makes
P a ‘square’ matrix. Using our new notion we can go even further and assume
without loss of generality that p;; # 0 <= ¢ = j. We thus obtain a ‘diagonal’
matrix. Again we do not need to stop here. A diagonal matrix is nice but even
nicer would be the ‘identity matrix’ over G° by which we mean a diagonal matrix
whose non-zero entries consist entirely of the identity element e € GG. To spell it
out we define the I x I matrix

A = (5@‘),

where 6 denotes the ‘Kronecker-symbol’, i.e.

e 1=]
5ii =
! {0 i
We are going to prove that this makes no essential difference, since the resulting
Rees matrix semigroup is isomorphic to the original one:

Proof For all i,5 € I there exist u;,v;, namely p; and e, such that v;d;u;
ed;jpii = pij- Thus the preconditions of 2.7.17 are satisfied and therefore §
MO[G; T, I; Al

e 1l

O

The converse is also true. In total we have

Theorem 4.1.1 (/9], Theorem 5.1.8)

A semigroup is both completely 0-simple and an inverse semigroup, i.e. a Brandt
semigroup, if and only if S = MO[G;I,I;A] for some group G and some index
set I.

44



4.2 Another structure theorem

Proof We have already proved the difficult half of the assertion but have yet to
show that MP°[G; I, I; A] is an inverse semigroup. It is certainly regular by 2.7.15.
It remains to point out that idempotents commute. Within M[G; I, I; A], the
idempotents are easily detected. They are the elements of the form (i, e, ), where
i is any element in /. By the definition of ¢;; it follows that

<z',e,z'><j7e,j>=<j,e,j><z',e,z'>:{O. A
(i,€,1) i=

O

By means of 4.1.1 a Brandt semigroup is, up to isomorphism, uniquely deter-
mined by a group G and an index set I which is why we occasionally denote it as
B(G,I). Note that it is not possible for two index sets I,J with |[I| # |J|
to appear in isomorphic Brandt semigroup representations M°(G;I,I;A) =
MO(H; J, J; A) since 2.7.11 would amount in the two Brandt semigroups having
a different number of L-classes.

In the special case of a Brandt semigroup, the multiplication introduced in (2.7.1)
simplifies to

(9.1)(h. ) = {(gh’i) Y

0 i F ]
0(g,7) = (g,1)0=0-0=0, (4.1.1)
where we have used the abbreviation (g,7) := (i,g,7). For reasons that will

become clear soon, we present the following lemma before we go on and head for
another characterisation of Brandt semigroups. The proof is omitted since it is
a simple consequence of (4.1.1).

Lemma 4.1.2 Let B(G,I) be a Brandt semigroup. Then, for every non-zero
element a € B(G,I), there exist unique elements e, f,a’ € B(G,I), such that
ea =a=af andda=f.

4.2 Another structure theorem

In the last section we described Brandt semigroups as Rees matrix semigroups
of particularly easy form. In this section we choose an alternative approach
and account for the name Brandt semigroup. Historically the name stems from
the german mathematician H. Brandt who in 1927 introduced so-called Brandt
groupoids. These are binary systems in which products are not always defined
and which obey a fairly restrictive set of rules. If we adjoin an element 0 and
define the undefined products to be 0, then we get a semigroup which turns out
to be what we called a Brandt semigroup. We will, however, not bother about
Brandt groupoids and define instead

Definition 4.2.1 A Br-semigroup is a semigroup S with zero satisfying the fol-
lowing azxioms:
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(A1) To each element a # 0 of S there correspond a unique element e of S such
that ea = a, a unique element f of S such that af = a and a unique
element a' of S such that a'a = f.

(A2) If e and f are non-zero idempotents of S, then eSf # {0}.
We will account for the suggestive notation after a short lemma.

Lemma 4.2.2 With the preceding notation we have
(Z) e>f € ES

(ii) aad' = e

Proof

(i): €’a = e(ea) = ea = a together with the uniqueness of the left identity
implies e? = e. Similarly we can show f2 = f.

(ii): a = af = a(d'a) = (ad')a and a = ea together with the uniqueness of the
left identity implies aa’ = e.

Now we are able to prove

Proposition 4.2.3 Br-semigroups are Brandt-semigroups.

Proof We need to show that S is a completely O-simple inverse semigroup. We
begin with 0-simplicity. By 2.7.4 it suffices to confirm that

Va,be S\ {0} Jx,y € S: zay = 0.

Let e denote the unique left identity of a and let f denote the unique right
identity of b denoted in (A1). By (A2) there exists a non-zero element ¢ € eSf.
Applying (A1) to this ¢ we get an element ¢’ such that ’c is the unique right
identity element of ¢. Because of the particular form of ¢ we have ¢’c = f. Again
by the particular form of ¢ we know ec = ¢ and we arrive finally at

_ _ / _ / _ / / _ / /
b=>bf =b(c'c) = bl (ec) 3 bc'(aa")e = b a d'c.
=z =y

Axiom (A1) assures the existence of non-zero idempotents. To prove that S
contains primitive idempotents, let e and f be idempotents such that 0 < e < f.
It follows that ef = fe = e = ee. The uniqueness of the right identity gives us
e = f. Consequently S is a completely 0-simple semigroup. Notice that we do
not yet know that S is an inverse semigroup and so < denotes the order relation
(2.1.1), which is defined on Eg for every semigroup.

We still have to demonstrate that S is inverse. Let R be a (non-zero) R-class
containing idempotents e and f. Hence e is a left identity of R and in particular
of f which yields ef = f = ff. From (A1) it follows that e = f and so
every R-class contains merely one idempotent. An analogous statement holds for
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L-classes and by virtue of 3.0.21 we have proved that S is a completely 0-simple
inverse semigroup.

O

Collecting all the pieces 4.2.3, 4.1.1 and 4.1.2 we have finally established the
instructive

Theorem 4.2.4 ([1], Theorem 3.9) The following three conditions on a semi-
group S with zero are equivalent.

(i) S is a Br-semigroup.
(i1) S is a Brandt semigroup.

(iii) S is isomorphic to a (reqular) Rees I x I matriz semigroup MO|G; I, I;A]
over a 0-group G° and with the I x I identity matriz A as sandwich matriz.
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5 Inverse w-semigroups

This chapter is concerned with inverse w-semigroups. These are inverse semi-
groups whose idempotents form a chain with respect to the natural partial or-
der. Our goal is to present a universal construction method for them but we
confine ourselves to the cases of bisimple and simple semigroups. We start off by
introducing Munn semigroups, which are particularly significant inverse semi-
groups that can be constructed from arbitrary semilattices. What sets them
apart is that for any inverse semigroup there exists a morphism into the related
Munn semigroup, having the maximum idempotent-separating congruence p as
its kernel. For fundamental inverse semigroups this morphism even constitutes
an embedding, enabling us to show that there is only one fundamental bisimple
inverse w-semigroup, namely the bicyclic semigroup. We then describe a method
due to Bruck and Reilly for constructing a new and interesting semigroup from a
given monoid. This so-called Bruck-Reilly extension makes it possible to deter-
mine all bisimple inverse w-semigroups. Things get more complicated for simple
inverse w-semigroups and we have to work considerably to adapt our methods
from the bisimple case. In the end we also obtain a nice characterisation again
using Bruck-Reilly extensions.

5.1 The Munn semigroup

Definition 5.1.1 Let (E,-) be a semilattice. The uniformity relation U on E is
given by

U={(e,f) e ExXE: |e|] =|f]}, (5.1.1)
where = denotes an isomorphism between (sub)semilattices, that is an isomor-
phism between the respective commutative idempotent semigroups.
For each (e, f) € U we define T, s to be the set of all isomorphisms from |e| onto

| f]. Let
Tp = J{T.s: (e. ) €U} (5.1.2)

We call Ty the Munn semigroup of the semilattice E.

To justify our notation we have to furnish Tx with an associative operation.
First note that Ty C Zg, where Zg is the symmetric inverse monoid. We shall
show that T is in fact an inverse subsemigroup of Zg. Let a: |e| — | f]| and
B:lg] — |h] be elements of Tx. The product f o a of o and 5 in Zr maps

a”t(Lf]nlg)) = a7 (Lfg)) onto B(Lf] N lg)) = B (Lfg]). If we write ™ (fg)
as ¢ and 5 (fg) as j we see that

zea (fg]) = alx) € [fg] <= alz) < fg =
r<al(fg) &= z¢€li
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5 Inverse w-semigroups

and similarly 5 (| fg]) = |j]. Thus

dom(Boa) = |i]

and

im(foa) = j].
It is easy to see that o «v is an isomorphism and so o « € Tr. Moreover, for
every a: |e] — | f| in T, the inverse a=': | f] — |e] is also in Tx. Consider
the semilattice of idempotents of Tz. A typical idempotent of Tk is the identical
map idLeJ and since idl_fj o idl_eJ = idLeJﬂij = idLefj; the map € +» idLeJ is an
isomorphism. We have established

Proposition 5.1.2 ([9], Proposition 5.4.1) For every semilattice E, the Munn
semigroup Tg is an inverse semigroup whose semilattice of idempotents is iso-
morphic to E.

The above result allows us to identify id|.| with e and to think of T as an inverse
semigroup having E as its semilattice of idempotents.

Next we describe for T the Green’s relations £ and R. Let a: |e] — | f] € Tg.
Then aloa = id|¢) and a o a~l = id|y). The fact that functional composition
reads from right to left, implies

aRf <= dom(a)= dom(p)

and
alf << im(a) =im(p) (5.1.3)

in TE
We shall illustrate this concept with an example.

Example 5.1.3 ([3], Example 5.4.3) Let £ = C,, = {ey, €1, €2, . . .} be a semilat-
tice with eg > e; > ey > ... Then |e,| = {€n, €nt1,€nt2,...}. An isomorphism
is in particular order-preserving. It follows that there is only one isomorphism
Qy,n, Which maps |e,, | onto |e,|. This isomorphism is given by

Oém,n(ek> = €k—m+n (m < k)

If v, and ay, 4 are elements of T, then their product a0, , maps o, (|e,]N
lep]) = apl(len Aep]) onto aq(len] Nley]) = apgllen Aey)). If we write
t = max(n,p) we can say that o, o q,, maps |€_pim| onto |er_piq]. By
uniqueness this yields

Qpg © U = O—ptt g—ptt- (5.1.4)
We can thus identify the Munn semigroup of the semilattice C, with the bicyclic
semigroup already encountered in 3.1.4.

Remark 5.1.4 In particular, the operation defined in (3.1.1) is indeed associa-

tive and the name bicyclic ‘semigroup’ is therefore justified. This closes the gap
in the proof of 3.1.4.
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5.1 The Munn semigroup

The previous example features an inverse semigroup having C, as its semilattice
of idempotents. These semigroups are the topic of our current chapter and so
we give them a name.

Definition 5.1.5 An inverse semigroup with semilattice of idempotents isomor-
phic to C,, 1s called an inverse w-semigroup.

In the literature such semigroups are often called w-regular semigroups (for ex-
ample in [7]). We prefer to call them inverse w-semigroups, since a regular
semigroup S, whose idempotents form a semilattice isomorphic to C,, with re-
spect to the partial order (2.1.1), is necessarily inverse. To see this let e, f be
arbitrarily chosen idempotents in S. Without loss of generality e < f and hence
ef = e = fe. Thus idempotents commute and S is inverse by 3.0.21.

Example 5.1.3 motivates yet another definition.

Definition 5.1.6 If a semilattice E has the property that U = E x E we call it
uniform.

The Munn semigroup plays a prominent role in the theory of inverse semigroups
and it is second only to the symmetric inverse monoid in its importance. In
the case of the symmetric inverse monoid we have proved that every inverse
semigroup can be embedded in such a semigroup. Here we may also formulate a
significant representation theorem.

Definition 5.1.7 Let ¢: X — Y be a map. The kernel of ¢ is defined to be the
equivalence relation on X given by (a,b) € ker(¢) <= ¢(a) = ¢(b).

Theorem 5.1.8 ([3/, Theorem 5.4.4) For every inverse semigroup S with semi-
lattice of idempotents E there is a morphism ¢: S — Tg whose kernel is u, the
mazximum idempotent-separating congruence on S.

Proof Let a € S. We define a map «a,: [aa™!| — |a'a] by the rule that
aq(r) = a 'za.

The image is contained in |a"'a] since a™'ea = (a7 'ea) ata. A straightforward
calculation shows that the map «,-1 is a two-sided inverse of «, and so «, is a
bijection. It is even an isomorphism. We have to verify the morphic property:

Ve.s € B+ (a (ca) ) (o (faa) @) =a~taa™ (eaa™ faa) a =
a ' (eaa™" faa™") a.
We have shown that a, € Ty for all a € S. Now we define a map

¢S—>TE

a— Q.

Let a,b € S. If we write i := a,-1 (e tabb™) = aa tabb™ta™! = (ab)(ab)™! and
j=ay(atabb™!) = b~ tatabb~'b = (ab)~'(ab) then, by the multiplication rule
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5 Inverse w-semigroups

in Tg, the product a; o o, is an isomorphism from [i] onto |j|. Moreover, for
every z € |i],
ap (aq () = b a  zab = (ab) 'z (ab),

and so ay 0 a, = . This shows that ¢ is a morphism.
We have still to prove that the kernel of ¢ is p. Let (a,b) € p, then (a,b) € H
as demonstrated in 3.5.7. We deduce that

dom(a,) = |aa™'| = [bb™!] = dom(ay)

and
im(a,) = @ 'a] = [b7'b] = im(ay).

Also, for all z = eaa™" € |aa™!| = dom(a,) we get
() =a " (eaa ) a=alea=b""eb=0""(ebb™')b=0b"" (eaa™") b= ay(x)

¢(b). Hence pu C ker(¢).

by the definition of p and so ¢(a) =
= ¢(b), i.e. oy = ap. Since the domains and

Conversely, suppose that ¢(a)
images must agree we have

laa™!] = dom(ag,) = dom(ay) = |[bb7 "]
and thus aa=! = bb~!. For all e € E5 then
atea =at! (eaa_l) a=q (eaa‘l) = (ebb‘l) =pt (ebb_l) b=1>b"‘teb
and so (a,b) € p.
O

In contrast to the Wagner-Preston embedding 3.3.1, the morphism ¢ is not nec-
essarily one-one. In fact it is one-one if and only if S is fundamental®.

Definition 5.1.9 Let S be an inverse semigroup. An inverse subsemigroup of
S is called full if it contains all idempotents of S.

This notion allows us to obtain a useful alternative description of fundamental
inverse semigroups.

Theorem 5.1.10 (/79], Theorem 5.4.5) An inverse semigroup with semilattice
of idempotents E is fundamental if and only if it is isomorphic to a full inverse
subsemigroup of Tg.

Proof Let S be a fundamental inverse semigroup with semilattice of idempo-
tents E. By 5.1.8 and the remark following the proof of it, ¢(S) is an inverse
subsemigroup of Tg. Now consider for e € F the map

$le) = ae: [ee™'| = |e] = [e7"e| = [e],

1For a definition see 3.5.8
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5.1 The Munn semigroup

where ¢ is as in the proof of 5.1.8. It maps x € |e] to e 'ze = x. We see that

¢(e) = id|¢| for every e € E and so ¢(S) is a full inverse subsemigroup of Ty as
required.

Conversely, suppose that S is a full inverse subsemigroup of Tx. In an obvious
notation let (o, 5) € ug. Hence, using (5.1.3) and 3.5.7, dom(«) = dom(3) = |e|
and im(a) = im(5) = | f] (say). Also, for every z € E,

aoid|,| ocal=po0 id || o7,

since S is full and p is idempotent-separating by definition. In particular the
domains agree and therefore

la(ex) ] = [Blex))

for all x € E. Hence a(ex) = B(ex) for all ex € |e] and so o = .

This entails a corollary.

Corollary 5.1.11 (/3], Corollary 5.4.6) The Munn semigroup Tg is fundamen-
tal for every semilattice E.

The next proposition is designed to provide an example of a concrete Munn
semigroup. It demonstrates that in a sense, Munn semigroups are ‘big enough’
to comprise all inverse semigroups.

Proposition 5.1.12 (/7], Exercise 5.23) Let X be a set and let £ = 2% be the
semilattice (under intersection) of all subsets of X. Then Tg is isomorphic to
Ix.

Proof First note that within the semilattice (£,N) the corresponding order re-
lation < coincides with C. Thus, for each A C X, the order ideal | A] consists of
all the subsets of A. Now consider an element ¢ € Tg. It maps {U € X: U C A}
onto {V € X:V C B} (say). We shall assign to ¢ a partial bijection of X
which maps A onto B. In order to do that consider the singleton sets {z}, where
x € A. Such a singleton subset of A is mapped to a singleton subset of B. To
see this, suppose that the image ¢({z}) is not a singleton. Then there exists
a set D such that ) € D C ¢({z}). Because ¢ is an (order-)isomorphism the
inverse image ¢! (D) must be a strict subset of {z} but it cannot be ), since the
empty set is mapped to the empty set by ¢—a contradiction. Conversely, con-
sider the inverse image ¢~({b}), where b € B. Suppose that ¢~*({b}) is not a
singleton. Then there exists a set C' such that ) € C' C ¢~({b}). Consequently,
0 =o(0) Cd(C)Cd(d ' ({b})) = {b} which is a contradiction. This reasoning
prompts us to define a partial mapping «, from A to B by

ag(a) =b <= o({a}) = ({b}).
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5 Inverse w-semigroups

We have already shown that it is well-defined, one-one and onto. Hence ay is a
partial bijection for every ¢ € Te. We claim that

¢l—>04¢

defines an isomorphism ® from T¢ onto Zx. An element ¢ in T is uniquely
determined by the images of the singleton sets, since it is easy to see that for
every U C A we have
o(U) = |J o(a).
acU

It follows that ® is both one-one and onto. The morphism property is a con-
sequence of the way in which partial mappings are composed in the symmetric
inverse monoid.

Using 5.1.11 this gives us

Corollary 5.1.13 The symmetric inverse monoid Lx is fundamental for every
set X.

5.2 Bisimple inverse w-semigroups

Let S be an inverse semigroup with semilattice of idempotents E. By 3.0.30 (%ii)
two idempotents e, f € S are D-equivalent if and only if there exists an element
a € S such that aa™! = e and ¢ 'a = f. In such a case it is easy to verify that
the map

¢: le] = L]

T a ‘za

is an isomorphism with inverse map y — aya~!. Accordingly we have
DN(ExE)CU. (5.2.1)

In the special case of a Munn semigroup Tr we can say more. By definition,
eU f implies the existence of an isomorphism « € Tp, which maps |e| onto
|f]. Clearly then a ' o« =1id|.| and oo o' = id|f). If we decide to identify
the idempotents id|.| with e as suggested by 5.1.2, this yields e D f. We have
therefore a stronger version of (5.2.1) for Munn semigroups:

DN(Ex E)=U. (5.2.2)

In this chapter we deal with bisimple inverse semigroups, i.e. inverse semigroups
in which every two elements are D-equivalent?. In particular every two idempo-
tents are D-equivalent and so we deduce that £ is uniform for every bisimple in-
verse semigroup by virtue of (5.2.1). The converse is not true in general; not every

2Compare this to the the corresponding definition of simplicity in 2.7.2 (i)
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5.2 Bisimple inverse w-semigroups

inverse semigroup having a uniform semilattice as its semilattice of idempotents
is bisimple. Take for example a uniform semilattice F' (that contains more than
one element) and consider it as an inverse semigroup (having itself as its semilat-
tice of idempotents). Then it is certainly not bisimple, since from e D f it follows
by 3.0.30(%ii) that e = f. In the Munn semigroup Tr however we benefit from
(5.2.2), which yields that every two idempotents are D-equivalent in T when E is
uniform. Consequently, every two elements are D-equivalent, since every element
is

D-equivalent (even L-equivalent) to an idempotent and the Green’s relations
are transitive. Thus for a uniform semilattice E there is at least one bisimple in-
verse semigroup having E as its semilattice of idempotents. We may summarise
these observations in

Proposition 5.2.1 9 A semilattice E can be the semilattice of idempotents of a
bisimple inverse semigroup if and only if it is uniform.

Taking the Munn semigroup of uniform semilattices gives us a useful recipe for
constructing bisimple inverse semigroups but it is certainly no universal recipe,
since 5.1.11 states that Munn semigroups are always fundamental and we can
easily produce non-fundamental bisimple inverse semigroups. Simply take the
direct product of some Munn semigroup (having a uniform semilattice) and a
non-trivial group.

Let us for the moment focus on fundamental bisimple inverse semigroups. Recall
that by 5.1.10, a fundamental inverse semigroup is isomorphic to a full inverse
subsemigroup of the corresponding Munn semigroup. Using the additional prop-
erty of bisimplicity we can specify this further. If the full inverse subsemigroup
S" = ¢(9) is to be bisimple, then for every e, f € E there is bound to be an
element o € S” with the property that dom(«) = |e] and im(«) = [ f] (we are
using (5.1.3) here). This leads to the following

Definition 5.2.2 Let E be a semilattice. An inverse subsemigroup S' of Tk is
called transitive if

Ve,f € E: S'NT.; #0. (5.2.3)

We have shown that a fundamental bisimple inverse semigroup regarded as a
full inverse subsemigroup of the according Munn semigroup is transitive. On the
other hand it is easy to see that a transitive subsemigroup of T is bisimple,
which makes transitivity a necessary and sufficient condition for bisimplicity.
Finally note that a transitive subsemigroup S’ is always full as it contains an
isomorphism « from |e] onto | f| for all e, f € E and hence

Ve € E:id| =aloacd.
Combining 5.1.10 with 5.2.1 we thus obtain

Theorem 5.2.3 ([3/, Theorem 5.6.2) An inverse semigroup S with semilattice
of idempotents E is fundamental and bisimple if and only if E is uniform and S
is isomorphic to a transitive inverse subsemigroup of Tg.

3Compare to ([3], Proposition 5.6.1)
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5 Inverse w-semigroups

Now consider the uniform semilattice C,. We already know that
Ve,f € C, a e Te,: le] = |f] (5.2.4)
and so the condition (5.2.3) can be satisfied only if
Ve,f € E: S'NT, =T,

that is if 8" = T¢,. In 5.1.3 we have identified T, with the bicyclic semigroup.
We thus have

Corollary 5.2.4 ([3], Corollary 5.6.3) Up to isomorphism, the only fundamen-
tal bisimple inverse w-semigroup is the bicyclic semigroup.

At this point we turn to investigate the relationship between the maximum
idempotent-separating congruence i and the Green’s relation H in an inverse
w-semigroup. In 3.5.7 we have seen that in an inverse semigroup, u is the
largest congruence contained in H. Now we are going to show that for inverse
w-semigroups we have in fact equality.

Proposition 5.2.5 ([9], Theorem 5.6.5) In an inverse w-semigroup we have

H = p.

Proof We have already dealt with 4 C H in 3.5.7. To show that H C u suppose
that (a,b) € H. Then aa™! = bb~!,a *a = b~1'b and so, following the notation
of 5.1.8,

dom(a,) = |aa™"] = |bb™'| = dom(ay),

im(a,) = @ 'a] = [b7'b] = im(ay).
By (5.2.4) it follows that o, = a3 and so a b again by 5.1.8.

Corollary 5.2.6 In an inverse w-semigroup the equivalence relation H is even
a congruence.

The Bruck-Reilly extension

Construction 5.2.7 Let T' be a monoid with identity 1 and let H; be the group
of units of T'. Let 6 be a morphism from 7" into H;. Then we can make Nx 7T x N
into a semigroup S by defining

(m,a,n)-(p,b,q) = (m —n+t,07"(a)0"P(b),q —p+ t) , (5.2.5)

where t := max(n,p) and where #° is interpreted as the identity map of T.
To justify this assertion we have to check that - is associative. Let there-
fore (m,a,n), (p,b,q), (r,c,s) € S and compute ((m,a,n) - (p,b,q)) - (r,¢c,s) and
(m,a,n)-((p,b,q) - (r,c,s)) respectively. Putting

u := max(q — p + max(n, p),r)
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5.2 Bisimple inverse w-semigroups

and
w := max(n,p — ¢ + max(q,r)),

the former computes to
(m—n—gq+p+u,0""(@)" 1(b)0" "(c),s —r+ u)
whereas the latter results in
(m —n+w, 0" " (a)0"P(L)I TP (), s —r —p+q+ w) :

Observe that the outer coordinates combine exactly as in the bicyclic semigroup
which we know to be associative. Hence m —n — ¢+ p +uv = m — n + w, which
yields w = u+ p — ¢. From this we easily obtain that the middle coordinates are
also equal and we have thus shown that - is associative.

Definition 5.2.8 Let T, 0 be as above. We denote the semigroup (S, -) by BR(T,0)
and call it the Bruck-Reilly extension of T determined by 6.

Remark 5.2.9 One ought to think of the Bruck-Reilly extension as a generali-
sation of the bicyclic semigroup B. Indeed, if we choose the trivial group G = {e}
and consider the Bruck-Reilly extension of it, then we obtain B.

For reasons of convenience we shall omit - and use juxtaposition instead at all
times. The next lemma lists some basic properties of BR(T,#) in view of later
purposes.

Lemma 5.2.10 (/3/, Proposition 5.6.6) Let S = BR(T,0) be the Bruck-Reilly

extension for some monoid T and some morphism 6. Then we have
(i) S is a simple semigroup with identity (0,1,0).
(ii) (m,a,n)Ds(p,b,q) <= aDrb.

(i1i) The element (m,a,n) is an idempotent in S if and only if m =n and a is
an tdempotent in T.

(iv) The Bruck-Reilly extension S is inverse if and only if T is inverse.

(v) (m,a,n) > (p,b,q) if and only if m+t=p, n+t=q for somet €N and
0" (a)e = b for some e € Er.

Proof
(i): For arbitrary elements (m,a,n),(p,b,q) € S a straightforward calculation
shows that

(p,H(a)_l,m + 1) (m,a,n)(n+1,b,q) = (p,b,q).

Therefore S is simple due to 2.7.5.
(ii): As in the assertion we shall use subscripts to distinguish between the
Green’s relations in 7" and those in S. We start by considering the Green’s
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5 Inverse w-semigroups

relation Rg. Assume that (m,a,n) Rs (p,b,q). Then there exists (r,c,s) € S

such that (m,a,n)(r,c,s) = (p,b,q). Thus
(m=—n+t60""(a)0""(c),s—r+t) = (p,bq), (5.2.6)

where ¢ := max(n,r). This implies m < p. For symmetry reasons we also have
p < m and thus m = p. Now, from m —n + ¢t = m we deduce that n =t and by
equating the middle coordinates in (5.2.6) we get a0™~" (¢) = b. Hence R, < R,.
A dual argument shows that we also have R, < R,.

Conversely, suppose that a Ry b. Then ax = b and bz’ = a for some x,2’ € T.
As a result

(m,a,n)(n,z,q) = (m,b,q) and (m, b, q)(q,z',n) = (m,a,n).
We have shown that
(m,a,n)Rs (p,b,q) <= m=p,aRrb. (5.2.7)
It is evident that the dual statement also holds:
(m,a,n)Ls(p,b,q) < n=q,alrbh. (5.2.8)
Eventually we are able to deal with the D-relations. Suppose that
(m,a,n)Ds (p,b,q).

This implies the existence of an element (r, ¢, s) such that (m,a,n) Rg (r,c,s)
and (r,¢,s) Ls (p,b,q). Alook at (5.2.7) and (5.2.8) makes it instantly clear that
aRrcLyb,ie aDrb.

If on the other hand a Dr b, then a Ry c Ly b for some ¢ € T'. Then

(m7 a, n) RS (m> C, Q) [’S (p7 b7 Q)

and hence (m,a,n) Dg (p, b, q), regardless of the choice of m,n,p,q. In total we
have (m,a,n) Dg (p,b,q) <= aDrb. This is (ii).

(iii): An element of the form (m,e, m), where e is an idempotent, is obviously
idempotent. Conversely, assume that (m,a,n) is an idempotent in S. Then

(m,a,n) = (m,a,n)(m,a,n) = (m —n+t,07"(a)0""™ (a) ,n — m+t) ,

where ¢ denotes the maximum of n and m. From comparing left and right-hand
sides it follows that m = n and consequently a? = a, as required.

(iv): Suppose that S is an inverse semigroup and (m,a,n) € S. Let (p,b,q)
denote the unique inverse element of (m,a,n). Then

(m,a,n)(p,b,q) = (m—n+1t,0""(a)0" " (b),q—p+1)

is an idempotent Rg-equivalent to (m,a,n) and Lg-equivalent to (p, b, q). From
(5.2.7) and (5.2.8) it follows that n = p. We get m —n+t =q —n -+t by (i)
and thus m = ¢. Since (m,a,n)™" = (p,b,q) = (n,b,m) we have (m,aba,n) =
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(m,a,n) and so aba = a. We have shown that T is regular. Now let e, f be arbi-
trary idempotents in 7. We know that in the inverse semigroup S idempotents
commute. Thus (0,ef,0) = (0,¢e,0)(0, f,0) = (0, f,0)(0,e,0) = (0, fe,0) and so
ef = fe. In effect T' is a regular semigroup in which idempotents commute, i.e.
an inverse semigroup.

Conversely, suppose that T is an inverse semigroup. Fix an element (m,a,n) in
S. Tt is easy to see that (n,a™!,m) is an inverse of (m,a,n) which makes S a
regular semigroup. Let (m, e, m), (n, f,n) be idempotents in S. Without loss of
generality let m < n. Then

(m7 €, m) (n7 [ TL) = (n7 g (6) /s n) )
(n, f,n)(m,e,m) = (n, fO"7 (e) ,n) . (5.2.9)

Using that morphisms map idempotents to idempotents we obtain 0"~ (e)f =
f0" ™ (e) since T is inverse. As a result of (5.2.9) S is then inverse as well.
(v): Using (%ii) we have by definition,

(m,a,n) > (p,b,q) <= Ik €NJe € Er: (m,a,n)(k,e, k)= (p,b,q).

If n > k then the left-hand side multiplies to (m,a,n) because idempotents are
mapped to the identity element by 6. If on the other hand n < k, then, putting
t := k —n, we have

(m,a,n)(k,e,k) = (m+t,6 (a)e,n+1).

If, conversely, the conditions on the right-hand side of (v) are satisfied, it is
clear that (m,a,n) > (m+t,60"(a)e,n+t), since (m,a,n)(n + t,e,n +t) =
(m+t,60" (a)e,n+1).

Consider the special case of a Bruck-Reilly extension where T is a group (with
identity e). By (i) and (iv) BR(T, 6) then becomes a bisimple inverse semigroup
with identity (0, e,0) and 6 an endomorphism of 7.

A look at (v) shows that

(0,e,0) > (1,e,1) > (2,¢,2) > ...

since a group morphism maps the identity element to the identity element. Hence
BR(T,0) is a bicyclic inverse w-semigroup. Perhaps more surprisingly the con-
verse also holds.

Theorem 5.2.11 ([3], Theorem 5.6.7) Let G be a group and let 6 be an endo-
morphism of G. Let S = BR(G, ) be the Bruck-Reilly extension of G determined
by 6. Then S is a bisimple inverse w-semigroup. Conversely, every bisimple in-
verse w-semigroup is isomorphic to some BR(G, ).

Proof It remains to establish the converse. Let S be a bisimple inverse semigroup
with semilattice of idempotents (isomorphic to) C,. We discussed the Munn

99



5 Inverse w-semigroups

semigroup T¢, in example 5.1.3 and found it to be isomorphic to the bicyclic
semigroup B. Recall that

Tc, = {@mn: m,n € N},
where ,, , is the unique isomorphism from |e,, | onto |e,| given by

AUm.n <€k> = €k—m+n (k > m)

By 5.1.8 there exists a morphism ¢: S — B, whose kernel is p. In fact we may
apply 5.2.5, which supplies

o(s) = o(t) < sHL. (5.2.10)
Accordingly, consider an H-class of S. It is of the form
Hy = {a €S:aat=e,,ala= en} ) (5.2.11)

Every element a € H,,, maps to an element o, € Tr, with domain |aa™!] =
les ] and codomain [a~'a] = |e,]. There is only one such element, namely o, ,.

We thus have
¢ (Hinn) = {mn}

and apparently also
Hypro = ¢ (nn) - (5.2.12)

Let now a € H,,,, and b € H,,. Then
¢ (ab) = @(b) 0 P(a) = pq © Ampn = Om—nttg—p+e  (t :=max(n,p)).
Hence, using (5.2.12), ab € Hy,—pitg—p++ and therefore
HpypnHpq C Hyynt g—ptt- (5.2.13)

Let us denote Hypp by G. As suggested by our notation, G is a group, since
it contains the idempotent e (see 2.3.7). Choose and fix an element a € Hy ;.
Then a? € Hyo by (5.2.13) and a™ € H,, for every n € N by induction (we put
a’ := eg). Additionally, a look at (5.2.11) tells us that a=! € H; and further
a™" € H, o by the same line of reasoning as before.

Notice that a"a™ is an idempotent in Hyy = G for every n € N and thus
equal to eg. Similarly, a™"a" = e,. Furthermore eya” = a"a™"a"™ = a" and
a meg =a""a™a”™ = a~ ™. This yields ey R a™ and ey L a~™ respectively.

We may apply Green’s Lemmas 2.3.3, 2.3.4 and conclude that the maps

—me

G = Hyo — Hyp, g+ ga”

and
m

Hypn — Hpppy, v—a "x
are bijections. Combining these we get a bijection ¢: G — H,,, given by

gr—a "ga"
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5.2 Bisimple inverse w-semigroups

with inverse mapping x +— a™xa™". Since n,m € N were arbitrarily chosen,

every element in S can thus be written as a™™ga™ in a unique way. We have
thus established a bijection

$: S - NxGExN
a "ga" — (m,g,n).

In the end we want to show that ® is a morphism from S to BR(G,6) for
some #. Due to formula (5.2.13), ag € Hy,. Hence we may express ag as
a’g'a’ = egg’'a = g'a for exactly one ¢ € G. Implicitly, this defines a map
0: G — G via

ag = 6(g)a. (5.2.14)
We claim that 6 is an endomorphism of G. To verify this, let g1, g, € G. Then

0(g192)a = a(g192) = (ag1)g2 = 0(g1)(agz2) = 0(g1) (0(g2)a) = (0(g1)0(g2)) a-

1 1

Multiplying both sides with a~
element of G we thus get

and recalling that aa™ = e is the identity

0(g192) = 0(g1)6(g2)- (5.2.15)
We may extend (5.2.14) as follows:
Vg € G: a*g = alag) = a(6(g)a) = (ab(g)) a = (*(g)a) a = 6(g)a*.
Using induction we further get
Vg e GVneN:a"g=0"g)a". (5.2.16)

Here, as always, 6° is interpreted as the identity map on G. Also from (5.2.14)
we deduce

VgeG:glat = (ag) "t = (Blg)a) " =aTM0(9) " =aM0(g7).
If we substitute g=! by g and perform induction again we get
ga " =a""0"(g). (5.2.17)

Eventually we are able to prove that ® is a morphism:
Let s,t € S. Then s = a™"ga™ and t = a Pha? for certain m,n,p,q € N, g, h €
G. We have to distinguish between two cases. Suppose first that n > p. Then
-m_ n a0\ =M, D DD D —m _An—p n—p,q _
(a ga ) (a ha ) a "ga" P a’a”? ha 65516 a "gd" P(h)a" Pa
=eg
a "g0" P (h)a"PT.

If on the other hand n < p, then

(a_mga") (a_phaq) —a ™ga"a " a" P hal - 2:17) a "a" PO (g) hat =
=€

o~ (mtp—n)gp—n (g)hal.
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5 Inverse w-semigroups

These two formulae combine to the one formula
(G_mga”> (G—Pha‘I) — a—(m—n+t) Qt—n (g)@t_p(h)aq_l"‘rt?

where ¢ :
hence S

max(n,p) as usual. We have finally shown that ® is a morphism and
BR(G,0).

[t

O

5.3 Simple inverse w-semigroups

In this section we are aiming for a theorem analogous to 5.2.11, i.e. we want
to establish a structure theorem for simple inverse w-semigroups. The theory is
developed in a similar way as in the previous section and it is worth comparing
the corresponding interim results. We shall add however, that the situation for
simple inverse w-semigroups is slightly more complicated than in the bisimple
case.

We first describe simple inverse semigroups in terms of the natural partial order
relation and the Green’s relation D, which constitutes the property of bisimplicity
when there is only one D-class.

Lemma 5.3.1 (/9], Lemma 5.7.1) Let S be an inverse semigroup with semilat-
tice of idempotents E£. Then S is simple if and only if

Ve,fe Edge E: g< f and eDg. (5.3.1)

Proof Suppose first that S is a simple inverse semigroup. Let e, f € E. Then
e = xfy for some x,y € S by 2.7.5. Put g := fyex. Now

(fyex)2 = fyexfyer = fyex
~~
shows that ¢ is an idempotent. By
fg=Jf yex =g
=f

it is also clear that g < f. It remains to show that e D g. Accordingly, we must
find an element u € S such that e Lu and uR g. Consider u := z~'e. Then

ru=zxr ‘e = (xx’lx) fu=xfy=e

and so e L u. Furthermore,

ur =1 ler = 27 e’y = 27 'w(fyex) = v 'wg = gr 7w = fyexa'w = fyex =g
and
gx’l :gx’lxx’1 = x’lxgafl =z ! rfy exr ' =z texat = a e e =
~~

=e
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That is uR g. Hence eD g, as required.
Conversely, suppose that we have property (5.3.1) for an inverse semigroup S.
It follows that

\.7e:|.7g§\.7f

Interchanging the roles of e and f we also obtain
Jr < Te.

Hence J. = Jy and so all idempotents in S are J-equivalent. But then all
elements in S are J-equivalent, since J is transitive and for every element a € S
we have a J aa™! (even aRaail). This means that there is only one [J-class,
i.e. S is simple.

O

We defined a semilattice / to be uniform if the uniformity relation ¢/ is max-
imal, i.e. Y = E x E. Taking 5.3.1 as a model we now define a weaker prop-
erty that is better suited for establishing a structure theorem for simple inverse
w-semigroups.

Definition 5.3.2 A semilattice E is said to be subuniform if
Ve, fe Edge E: g<f, |e] =|g]. (5.3.2)

The name suggests that a uniform semilattice is also subuniform. This is indeed
the case and easy to see: just put g = f in (5.3.2).
In 5.2.1 we saw that a semilattice can be the semilattice of idempotents of a
bisimple inverse semigroup if and only if it is uniform. The next proposition
shows that subuniformity is a suitable counterpart to uniformity if we deal with
simple inverse semigroups instead of bisimple ones.

Proposition 5.3.3 ([7], Proposition 5.7.2) A semilattice E can be the semilat-
tice of idempotents of a simple inverse semigroup if and only if it is subuniform.

Proof Let S be a simple inverse semigroup with semilattice of idempotents F.
We have already seen in (5.2.1) that for e, g € E, e D g implies |e]| = |g|. Hence,
using 5.3.1, we have established half of the proposition.

To show the converse, suppose that F is a subuniform semilattice. Consider the
Munn semigroup Tg. Here we have the benefits of (5.2.2) available. If e, f € E
then |e] & |g] for some g < f. In the Munn semigroup T this is equivalent to
eDg. Thus Tg is simple by 5.3.1.

U
For a semilattice F we defined in 5.2.2 an inverse subsemigroup S of T to be
transitive if SNT, ¢ # 0 for all e, f € E. In other words S is said to be transitive

if
Ve, f € Eda € S: dom(a) = |e],im(a) = [ f].

As in the case of subuniformity we now formulate a weaker version of transitivity
that matches our purposes for simple inverse semigroups.
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5 Inverse w-semigroups

Definition 5.3.4 Let E be a semilattice. An inverse subsemigroup S of Tg is
called subtransitive if

Ve,f € Eda € S: dom(a) = |e],im(a) C | f]. (5.3.3)

It is apparent that a transitive subsemigroup is also subtransitive. Hardly less
apparent is the fact that a subtransitive subsemigroup S of Tg is necessarily
full. To see this, let e € E. By definition we find an element a € S such that
dom(o) = |e]. Consequently o' oo = id|; € S and so S is a full inverse
subsemigroup of Tx. By 5.1.10 we know now that S is a fundamental inverse
semigroup with semilattice of idempotents isomorphic to E. If E is a subuniform
semilattice, then S is simple:

Let e, f € E. Subuniformity guarantees the existence of an element o € S such
that dom(a) = |e] and im(v) = |g| C | f]. Clearly, g < f and by o 'oor = id |
and o o' =id|, it follows that eD g in S. Lemma 5.3.1 now implies that S
is simple.

The converse is also true. Suppose that S is a fundamental simple inverse semi-
group. Using again 5.1.10 we have that S = 5" where S’ is a full inverse sub-
semigroup of Tg. Now S’ is simple because S is, and so, by 5.3.1, for e, f €
there exists an element g € E such that

idj Did . (5.3.4)

We are operating in a subsemigroup of the Munn semigroup 7Tk and may thus
use (5.2.2). Hence (5.3.4) translates to

dom(a) = |e], im(ev) = |g| C | f]

for some o € S’. In other words, S’ is subtransitive.
We have established

Theorem 5.3.5 (/9], Theorem 5.7.3) If E is a subuniform semilattice, then
every subtransitive inverse subsemigroup of Tk is a fundamental simple inverse
semagroup with semilattice of idempotents isomorphic to E. Conversely, if S is a
fundamental simple inverse semigroup with (necessarily subuniform) semilattice
of idempotents E, then S is isomorphic to a subtransitive inverse subsemigroup

Of TE

Recall that, up to isomorphism, the only fundamental bisimple inverse w-semigroup
is the bicyclic semigroup B (see 5.2.4). We want to achieve a similar result for
simple inverse w-semigroups.

For d =1,2,3,... consider By, the restriction of the bicyclic semigroup B to

{(m,n) € N x N: m =n mod d}. (5.3.5)

It is straightforward to check that it is an inverse subsemigroup of B. The inverse
semigroup By is a full subsemigroup of B, since for every idempotent (m,m) € By
we have the trivial m = m mod d. We claim that B, is simple. Before we can
prove that, we have to describe the Green’s relations R and £ on Bj.
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Lemma 5.3.6 (/9], Lemma 5.7.4) Let d € N\ {0} and (m,n), (p,q) € Bs. Then

(m,n) R (p,q) < m=p,
(m,n) L (p.q) < n=gq. (5.3.6)

Proof We only prove the first assertion. The proof of the second is similar. Let
(m,n) R (p,q). By 3.0.30 this is equivalent to (m,n)(m,n)"' = (p,q)(p,q)".
The left-hand side multiplies to (m,m) and the right-hand side to (p,p). Hence
(m,n) R (p,q) <= m = p, as required.

O

Now we can go on to investigate the D-classes of By. Let (m,m) and (n,n) be
idempotents of B;. By definition,

(m,m)D (n,n) < 3(r,s) € By: (m,m)R(r,s) L (n,n).

According to (5.3.6) this element (r,s) could only be (m,n). But (m,n) does
not necessarily lie in By. Indeed, by definition we have

(m,n) € By <= m =nmod d.

It follows that B, consists of exactly d D-classes, which we denote as
D0,0y, D11y, D2,2), - -+ s D(a—1,a-1)-

We can now formulate the analogue of 5.2.4.

Proposition 5.3.7 ([9], Theorem 5.7.5) Up to isomorphism, the only funda-
mental simple inverse w - semigroups are the semigroups By (d =1,2,3,...).

Proof By virtue of 5.3.5, what we have to show is that the semigroups
B = {ay,: m =nmod d}
are the only subtransitive inverse subsemigroups of the bicyclic semigroup
Te, = {amn: m,n € N}
First we show that B} is subtransitive. Consider e,,, e, € C,, and let
p>n:m=pmod d.
Then certainly ay,, € B) and
dom(amyp) = [em], im(amp) = [€p] C [en].

We have shown that B} is a subtransitive inverse subsemigroup of Tt for every
d € N\ {0}. To demonstrate that these are the only ones suppose that S is a
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subtransitive inverse subsemigroup of T,. Choosing eg,e; € C, and using the
subtransitivity property we get

Ja € S: dom(a) = |eg],im(a) C |eq],

where im(«) = |eq] for some d > 1. Since a4 is the only element in T, having
domain |ep| and image |eq|, we deduce that S contains g 4. Suppose that d
is the least positive integer for which this holds. Using the multiplication rule
(5.1.4) we get of ; = agaq € S and more generally af ; = agra € S for k > 1.
Now, since S is a subtransitive inverse subsemigroup of T, it is necessarily full
(as we have already seen in the proof of 5.3.5) and so ay,, € S for all m € N.
Hence,

Q0 kd © Umm = OUmmakd € S. (537)
Owing to equation (5.3.7) we can conclude that B, C S. To show that this is
in fact an equality, suppose, by way of contradiction, that there exists ay,, € S

such that m # n mod d. Writing n as m+kd+r, with 0 < r < d, by the division
algorithm, we deduce that S contains

Om+kd,m © Omm+kd+r = Om m4r-

If m = 0, we have obtained a contradiction since r < d and d was defined to be
the least positive integer such that apq € S. If on the other hand m > 0 then
we observe next that

Om—14+d,m—1 © U m+r © Om—1.m—1+d = Om—1,m—1+r

and we can descend further and further until the contradiction oy, € S arises.
Hence S = B, for some d and S is indeed of the form (5.3.5).

O

In 5.2.11 we observed that the Bruck-Reilly extension BR(T',0) of a group T is a
bisimple inverse w-semigroup. In our effort to find a structure theorem for simple
w-semigroups it proves wise to examine Bruck-Reilly extensions of a particular
type of Clifford semigroups instead.

Construction 5.3.8 Let Y = {0,1,...,d — 1} be a chain with the reversed
usual order. To simplify the notation we shall use the convention to denote by
< the usual order of the natural numbers, whereas by A we refer to the order
of the chain, for example 4 < 5 but 4 A5 = 5. For every ¢« € Y let GG; denote
a group such that all the groups G; are disjoint. Put T := U¢:0,1,...,d—1 G;. For
every 0 < ¢ < d — 2 choose and fix a morphism ~;: G; = G,;+1. Moreover, we
define for 0 <i < j < d — 1 a new morphism «; ;: G; — G; by the rule

Qg = Yj—107j—20...0%.
Putting «;; = idg, we thus have

O{Lk o Oéi’j = Oé@k (’l S j S k’)
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By virtue of 3.1.9 we conclude that the strong semilattice of groups (T, ®) is
a Clifford semigroup. In fact the semilattice is even a chain isomorphic to Y.
The idempotents of T are the identity elements of the groups G; denoted by
€o,€1,...,64_1. Recall that identity elements are mapped to identity elements
by group morphisms and notice that e is the identity element of the monoid 7"

\V/Z VI’ - Gl €l = Oéo’g/\i(eo)()éi,o/\i(l') = OZO’Z'(60> Oéi’z'(l') = €;r = T.
i and
A similar argument shows that xzeq = x for all x € T. Furthermore, a straight-
forward calculation yields ey > e; > ... > e4_1.
We shall refer to T" as a finite chain of groups of length d.

Let T be a finite chain of groups of length d. Notice that the group of units
of T" is Gg because a product in which an element x € G; is involved does
necessarily lie in G; for some j > i. Accordingly, let S = BR(T,0), where 6
is a morphism from 7" to Gy. By 5.2.10, S is a simple inverse semigroup since
T is inverse. Note that because of 5.2.10(7i) the D-classes of S are the subsets
Nx G xN(i=0,1,...,d —1). We shall show that S is an w-semigroup. Let
(m, e;,m), (n,e;,n) be two idempotents. We assume without loss of generality
that m > n and distinguish between two cases:

For m = n we have

(m,e;,m) < (m,e;,m) <= (m,e;,m)(m,e;,m) = (m,e;,m).

Bearing in mind that (m,e;, m)(m,e;,m) = (m, e;e;, m), this is the case if and

only if ¢; <e; in T', i.e. if and only if ¢ A j = 1.
For m > n we have 0™ "(e;) = ey, the identity of 7. Hence

(m, e;,m)(n, e;,n) = (m, ;0™ "(e;),m) = (m, e;,m)

and so (m,e;,m) < (n,e;,n) regardless of the values of ¢ and j. In effect, the
idempotents of S form a chain

(0,e9,0) > (0,€1,0) > ... > (0,e4-1,0) >
(1,60,1) > (1,61, 1) > 00> (1,€d,1, 1) >

(d—l,eo,d—l) > (d—l,el,d—l) > 00> (d—l,ed,l,d—l).

Thus S = BR(T,0) is a simple inverse w-semigroup. Remarkably, as with 5.2.11,
the converse also holds. We sum this up in a theorem:

Theorem 5.3.9 ([7/, Theorem 5.7.6) Let T be a finite chain of groups of length
d (>1). If 0 is a morphism from T into the group of units of T, then the Bruck-
Reilly extension BR(T,0) of T' determined by 0 is a simple inverse w-semigroup
with d D-classes. Conversely, every simple inverse w-semigroup is isomorphic to
one of this type.
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Proof It remains to prove the converse half. Let S be a simple inverse semigroup
whose semilattice of idempotents is C,, = { fo, f1, fo, - . .}. Following the notation
of the proof of 5.1.8, there is a morphism ¢: S — T, with kernel u, mapping a
in S to the element

g laa™'| — [aal,
T — a lza.

Since S is an inverse w-semigroup, by 5.2.5, the maximum idempotent-separating
congruence p coincides with the Green’s relation H and so the kernel of ¢ equals
H. The image of S in T, is an inverse subsemigroup according to 3.0.26. It
is also subtransitive. To see this let e, f € C,. We may apply 5.3.1 since S
is simple and are thus given an element g € C,,, such that eDg and g < f.
Now eD g amounts in the existence of an element a € S such that aa™! =
e,a 'a = g. Moreover, it is easy to see that g < f translates into |g] C |f].
Hence, ¢(a) € ¢(S) maps |aa™t| = |e| onto |[a™ta] = |g] C |f], i.e. #(95) is
subtransitive. Because ¢(S5) is an w-semigroup there are strong restrictions on
the subtransitive subsemigroups of T¢,. Indeed, as shown in the proof of 5.3.7,
¢(S) is isomorphic to By for some d > 1. We regard ¢(S) and By as equal and
write as a reminder:

#(S) = {amn: m,n € N;m = n mod d},

Amn [ fm] = [ fnl, fo = fommen (K >m).
Also recall that
Qp.g O Qo = Qpttg—pt+t (¢ 1= max(n,p)).
As in the bisimple case we define
Hyni={a€S:aat = fp,ala=f,},

where H,,, is an H-class or the empty set. Other than in the bisimple case the
latter can occur here. In fact we can say precisely when H,,, is an H-class for
if Hy,p # 0, then ¢(Hpppn) = @mn € ¢(S) = By and hence

Hpn #0 <= m =nmodd.

We would like to use 5.2.11. To this end we investigate which H-classes build up
to D-classes. Let a € Hy,,, and b € H,, (say). In particular, the respective sets
are to be non-empty and so m = n mod d and p = ¢ mod d. Then

aa ' = fp,ata= foand bb = £, b = £,

Now suppose that aDb, ie. 3¢ € S: aRecLb. Then cct = aa™' = f,, and
cle = b7 = f,. This means that ¢ would need to be in H,,,. Such a ¢ can
only be found if H,,, # 0, ie. if m = ¢mod d. Conversely, every two such
elements are D-equivalent. Summarising, we have

aDb < n=m=qg=pmodd.
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In effect, S consists of the d D-classes
D° D' ... D&Y
where
D' = U{Hm,ni m=n=imodd} = U{de_t'_i’qd_l,_z‘: p,q € N}
These D-classes are worth a lemma:

Lemma 5.3.10 ([7], Lemma 5.7.7) For i = 0,1,...,d — 1, the D-class D" is a
bisimple inverse w-semigroup with identity element f;.

Proof Since ¢(H,, ) = @y for m = n mod d, the multiplication formula (5.1.4)
yields that
HoynHpy C Hynitg—pre  (t:=max(n,p)). (5.3.8)

Let Hypn, Hyy € D', ie. let m =n =p=q=imodd. Then certainly
m—-n+t=q—p+t=t=imodd

and therefore H,,,H,, C D'. Hence D' is a semigroup. The inverse of an
element a € H,,,, is of course contained in H, ,, and since it is clear that H,,,, C
D' <= H,,, C D', it is also an inverse semigroup. Next we are going to show
that D is an w-semigroup. Accordingly we must locate the idempotents first.
Let g denote an idempotent in Hpg4j gd+i Di. We have

foari =99 =9=9"9= fesi

The only idempotents in D? are thus the elements fpd+i 0 Hpqyipayi- We know
that they form a chain

fi > favi > foari > ...

and so D' is an inverse w-semigroup.

Next we verify that D° is bisimple. This might appear trivial, since D’ is a
D-class after all but it is a D-class in S, which means that the connecting element
might lie in S\ D’ It suffices to demonstrate that all the idempotents in D°
are D-equivalent. This is easily done. Just notice that for all elements a €
Hpavigari C D' we have aa™ = fpari,a  a = fyar; and thus fpay; and fiqy,; are
D-equivalent by 3.0.30 (41).

The only thing left to show is that f; is the identity element of D*. Accordingly,
let @ € Hpgrigari € D'. We wish to establish the identity f;a = a. By uniqueness
of inverses it suffices to show that a=! is the inverse of f;a:

(fia)a " (fia) = fifpavifia = fifpiria = fiaa™'a = fia,
a '(fia)a = a  fifpari = a  frai = a taa” = a7l

Hence f; is the identity element of D'

69



5 Inverse w-semigroups

All in all, D? is a bisimple inverse w-semigroup with identity element f;.

O

We return now to the proof of 5.3.9. As a straightforward consequence of (5.3.8)
we observe that the group of units of D? is H; ;, which we shall denote by G;.

Let
d—1
1=0

We are going to demonstrate that 7" is a finite chain of groups (of length d). For
this purpose we show that 7' agrees with the construction given in 5.3.8. For
0<i<j<d—1let ¢;;: Gi = G; be defined by the rule

x — fT.

A look at (5.3.8) reveals that this is well-defined. In particular, for i = j we have
¢ii(z) = fix = x, since f; is the identity of G; and so ¢;; is the identity map on
G;. The map ¢; ; is a morphism:

0ij(x)dii(y) = (f;2)(fiy) = fiz fiy = filvy) = ¢ij(vy).
g

Next, suppose that 0 <i < j <k <d—1. For all x € GG; we have

Gjk (0ij () = frlfiz) = (fufj)r = frx = dix(z)

and so ¢, 0 ¢; j = ¢; 1. Finally we verify that the operation ® defined in (3.1.2)
agrees with the multiplication on 7" inherited from S. Let x € G;,y € G; and
assume first that ¢+ < 5. Then

TR Y = Giinj(1)0jini(y) = bij(2)d5;(y) = (fim)y = f; 2y, =y
e

If on the other hand ¢ > 7, then similar
T ® Y = Giini (2)4ini (v) = ¢ii(2)954(y) = 2(fiy) = 2 fiy = zy.

Hence T is a strong semilattice of groups and consequently a Clifford semigroup
by 3.1.9. It is even a finite chain (of length d) as can be seen easily by considering
formula (5.3.8). At this point it is worth observing that fy is the identity element
of T. Let x € G; C T (say), then

rfo=2® fo= <Z5i,m0($)¢0,mo(fo) = ¢i,z’($)¢o,i(f0) = $(fifo) =xfi=x

and
Jox = ¢0,0Ai(f0)¢z‘,om($) = ¢o,z’(f0)¢z,i($) = (fz'fo)l’ = firx = x.

We should mention as well that the group of units of 7" is Gy. This follows from
(5.3.8) and the fact that Gg is a group containing the identity fo.

70



5.3 Simple inverse w-semigroups

Lemma 5.3.10 suggests that we should apply 5.2.11 to each D-class D?. This is
almost what we do. In the proof of 5.2.11 we chose an a € Hy; and expressed
each element of H,,, uniquely as a ™ga™ (¢ € G). Analogously, we would
choose for each ¢ an element a; in H; 44, and then express each element of D' as
a; "gial € Hyarindayi, with m,n € N, g; € G;. It makes things easier however
to make the elements a; depend on an arbitrarily chosen element ay = a in Hy 4.
We immediately have a=! € Hgpo and by definition of Hy 4,

aat = fy, ata = f4.
Moreover, for i € {0,1,...,d — 1}, we have
fia € Hi;Hyq C H; g4

Since f; is the identity of D? it follows that (f;a)f; = fia and thus (fia)? = fia®.
This generalises to

(fia)" = fia" (n € N\ {0}).

Taking inverses yields

(fia) ™" =a™"fi (n e N\{0}).

Using f;a as a; in the way indicated above, we express each element of D uniquely
as

(fia) "gi(fia)" = a” " figifia" = a”""g;a™  (m,n € N\ {0}, ¢9; € G;). (5.3.9)

The last equality stems from the fact that f; is the identity of G;. The element
a~"g;a" belongs to the H-class H,,q4inati- If we agree to formally interpret a®
as 1 we may extend the validity of (5.3.9) by allowing m,n € N. We have thus
established a bijection ¥: S — N x T' x N defined by

U(a "g;a") = (m,gi,n).

In order to make ¥ an isomorphism we ought to find a suitable morphism 6 which
maps 7' into its group of units Gy. Again we are trying to imitate the proof of
5.2.11. Note that forallg; € G; (i =0,1,...,d—1) we have ag; € Hy4H;; C Ho 4.
Further, we know from the proof of 5.2.11 that ag; is uniquely expressible as gya
with gy € Gy. This implicitly defines a map ¢; from G; to Go by

agi = ¢i(9:)a.

Since the groups Gy, Gq,...,G4_1 are disjoint we can piece together a map
0:T — Gy:

This map 6 will turn out to be the morphism we are looking for. To show the
morphic property, consider, without loss of generality x € G,y € G with @ < j.
Then zy € G; and so by (5.3.10),

a(ry) = ¢j(ry)a = 0(xy)a.
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5 Inverse w-semigroups

On the other hand

a(zy) = (ax)y = ¢i(x)(ay) = ¢i(x)p;(y)a = (0(x)0(y)) a.

Hence 0(xy)a = (0(x)0(y)) a. Multiplying both sides with a~! on the right we
get

Oy g = (020 e
=fo =fo

and thus the desired 0(xy) = (0(2)0(y)), since fy is the identity element of T
Exactly as in the proof of 5.2.11 we deduce for every x € T and every k € N that

a*z = 0%(x)a” and za™" = a7*0" (1),

where a” is interpreted as fy and 6°(z) as z.

Now we have prepared all ingredients to finish off the proof:

Let x,y € T and let m,n,p,q € N. We have to distinguish between the two cases
n > pand n <p.

Remembering that fy is the identity element of T', suppose first that n > p. Then

(a’mxa”) (a’pyaq) =a "xa"? (aa’l) ya! = a "xad" P(foy)a?! = a "xa" Pya? =

a "x0" P(y)a" Pat = a """ P (y)at P,
If on the other hand n < p, then

(a_mxa") (a_pyaq) —a"™(zfo)a” P Mya? = a "xa” P Vya! =

a_ma_(p_")ep_"(m)yaq — g (m—n+p)gp—n (a:)yaq.

Writing ¢ := max(n,p) as usual, we can combine these two statements into a
single one:

(a"™za")(a Pya?) = o~ (2)00 P (y)ad P,
It is now clear that W is an isomorphism from S onto BR(T,6).

O

We have successfully characterised both bisimple and simple inverse w-semigroups.
For a more general approach on inverse w-semigroups see for example [5].
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6 E-unitary inverse semigroups

This chapter revolves around E-unitary inverse semigroups, which indisputably
form one of the most important classes in inverse semigroup theory. One of the
reasons for this is McAlister’s covering theorem which is presented briefly. In
addition to that, E-unitary inverse semigroups tend to pop up in many ‘prac-
tical’ contexts, but we do not cover these applications in this thesis. E-unitary
inverse semigroups are distinguished among inverse semigroups by having the
property that every element greater than an idempotent (with respect to the
natural partial order) is itself idempotent. In general inverse semigroups we can
merely presuppose that elements smaller than idempotent are idempotents. In
the course of the chapter we gather several further (equivalent) conditions, involv-
ing in particular the compatibility relation ~ and the minimum group congruence
o, which might as well serve as a defining property for an inverse semigroup to
be E-unitary. Some examples of E-unitary inverse semigroups are assembled
in an own section, many of which should be familiar from earlier parts of the
thesis. In particular we investigate Clifford semigroups and Bruck-Reilly exten-
sions and determine exactly when they are E-unitary. This allows us in turn
to give nice characterisations of E-unitary bisimple inverse w-semigroups and
E-unitary simple inverse w-semigroups respectively. The final section is dedi-
cated to P-semigroups, a special type of E-unitary inverse semigroups arising
from a slightly sophisticated construction due to McAlister. The main result
states that every E-unitary inverse semigroup is isomorphic to one of this kind.
Eventually, some easy verified properties of P-semigroups are proven.

Definition 6.0.11 A subset A of an inverse semigroup S is said to be left [right]
unitary if a € A,s € S and as € A [sa € A] imply s € A.

Proposition 6.0.12 ! Let S be an inverse semigroup and let o be the minimum
group congruence on S. The following statements are equivalent:

(i) Es is left unitary.
(ii) Es is right unitary.
(1ii) If e is an idempotent and e < s, then s is an idempotent.

(iv) LN o is the identity relation.

Proof
(i) = (ii): Suppose first that Eg is left unitary and that e and se are both in
Es. By 3.0.29, se = fs for some f € Eg. Hence s € Es by assumption.

LCompare to ([3], Theorem 5.9.1) and ([5], Theorem 2.4.3)
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6 L-unitary inverse semigroups

(i) = (#ii): Suppose that g is right unitary and that e < s for an idempotent
e. Then se = e € Eg and thus s € Eg as required.

(iii) = (iv): Suppose that every element greater than an idempotent is an
idempotent and let a,b in S such that a £Lb, acb. Then a 'a = b~'b because a
and b are L-equivalent. Since a o b, there exists an element ¢ € S so that ¢ < a, b.
Consequently ea = ¢ = fb for certain idempotents e, f. Now we have

Es2cc ' =ea(fb) " =e(ab™") f<ab™.
Hence ab~! € Eg. It follows that
a=aala=ab"'b=(ab~")" (ab ") b=b(ata) b b=0b(b""b) b b =0.

(iv) = (i): Suppose that e,es € Eg. Note that s £s™'s. Let ¢ be any idempo-
tent. Clearly, (es)i < i and (es)i < si < s. Hence Vi € Eg: soi. In particular
we have so s~'s. Combining both considerations gives (s,s7's) € LN o. By
assumption this yields s = s~!s and thus s € Eg.

Definition 6.0.13 We call an inverse semigroup E-unitary if it satisfies one
(and thus all) of the properties in 6.0.12.

An interesting feature of E-unitary inverse semigroups is that their compatibility
relations are congruences. More specifically we have

Theorem 6.0.14 (/5], Theorem 2.4.4) Let S be an inverse semigroup. Then
the compatibility relation is transitive if and only if S is E-unitary.

Proof Suppose that ~ is transitive and that e < s for an idempotent e and some
s € S. Clearly, se™! = se = e € Eg. Moreover we have s~!e < s71s and so also
s7le in Fg. Hence s ~ e. On the other hand we have e ~ s™'s since both e and
s~ 1s are idempotents. Thus s ~ s~1s by our assumption that ~ is transitive. It
follows that S is E-unitary, since s = ss~'s = s(s7's)™! € Es.

Suppose conversely that S is E-unitary and that s ~ ¢t and ¢t ~ u. By assumption
s~ and t~'u are idempotents and therefore (s~'t) (t71u) is one as well. Now,

(3_125) (t_lu) =gt (tt_l) u < sty

and similarly
Eq > (stil) (tufl) < su~ %

But we assumed S to be E-unitary and so both s~!u and su~! are idempotents.
Hence s ~ u and ~ is transitive.

Corollary 6.0.15 Let S be an E-unitary inverse semigroup. Then the compat-
wility relation ~ 1s a congruence.
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Proof The compatibility relation is apparently reflexive and symmetric. By
virtue of 6.0.14 it is also transitive. In addition to that, it is compatible with
multiplication by 3.4.2 and thus a congruence.

Definition 6.0.16 Let S and T denote inverse semigroups. We say that S is a
cover of T if there exists a surjective morphism from S onto T.

Definition 6.0.17 Let S and T be inverse semigroups. A morphism 0: S — T
is said to be idempotent-separating if ker(0) is idempotent-separating (in the
sense of 3.5.5).

The theorem below is known as the McAlister covering theorem. It states that
every inverse semigroup has an E-unitary cover. More precisely we have

Theorem 6.0.18 (/5]/, Theorem 2.2.4) For every (finite) inverse semigroup S
there is a (finite) E-unitary inverse semigroup P and a surjective, idempotent-
separating morphism € from P onto S.

The McAlister covering theorem gives a first insight into the importance of
E-unitary semigroups. Their class is large enough to comprise all inverse semi-
groups as idempotent-separating morphic images. A related result is mentioned
in chapter 7. The proof is omitted.

Definition 6.0.19 A congruence p on an inverse semigroup S is said to be
idempotent-pure if e € Eg, (e, 8) € p = s € Eg.

Lemma 6.0.20 (/5/, Proposition 2.4.5) Let S be an inverse semigroup. Then a
congruence p is idempotent-pure if and only if p C~.

Proof Suppose that p is an idempotent-pure congruence and consider a,b € S
so that a pb. Then also ab=! pbb~! and ab~! is an idempotent, since bb~! is one.
We may similarly show that a='b is an idempotent and so a ~ b. Hence p C~.
Conversely, suppose that p C~ for a congruence p. Suppose further that e ps,
where ¢ is an idempotent. Then by 3.0.27, e7! ps~! and thus e = e teps!s.
Now p is in particular transitive and we have therefore s ps~'s. By assumption
p C~ and thus s ~ s~'s. But then s = ss7's = s (s7's)"' € Eg. As a result p
is idempotent-pure.

O

The next theorem provides quite a few alternative characterisations of E-unitary
inverse semigroups. Properties (v) and (vi) are needed in chapter 7.

Theorem 6.0.21 ° Let S be an inverse semigroup. Then the following condi-
tions are equivalent:

2Compare to ([5], Theorem 2.4.6)
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6 L-unitary inverse semigroups
(i) S is E-unitary.
(ii) ~=o.
(111) o is idempotent-pure.
(iv) Ye € Eg: o(e) = Es.
(v) HH™' is an ideal of Eg for every o-class H.

(vi) HeH™" is an ideal of Es for every e € Es and every o-class H.

Proof
(i) = (it): By 3.5.2(i) we already know that ~C o. For the other inclusion let
acb,ie dreS:x<a,b Hence ea = x = fb for some idempotents e, f and

Es2zax ' =ea(fb) " =e(ab”') f<ab™'

But S is E-unitary and so ab~! € Eg. We may similarly show that a='b € Eg
and thus a ~ b.

(i) = (#ii): This follows immediately from 6.0.20.

(iit) = (iv): By the definition of an idempotent-pure congruence the o-class
o(e) consists of idempotents only. On the other hand it contains all of them
since idempotents are always o-equivalent. We conclude that o(e) = FEg for
every e € Fg.

(iv) = (v): Let acb. Then ab™' o bb~'. Tt follows that ab™! is an idempotent
by assumption. Thus HH~! C Fg. Let e € Eg. Then

eab™t =able=a(eb) ' € HH ',

since bo eb. Hence HH ! is indeed an ideal of Fs.
(v) = (vi): Let s,t € H and e € Eg. Then by the hypothesis st™' € Eg and
thus, using 3.0.29,

set ' =st7le € Eg.

It follows that HeH ' C FEg. For all idempotents f we have f(set™!) =
(fs)et™t € HeH ! since fso s. Hence HeH ! is an ideal of Eg for every e € Eg.
(vi) = (i): Let ae,e € Eg. Clearly we have aoae. Also by ae = (ae)e we
have ae < e and thus aeoe. Hence ace and so ace = e leoca ta. Putting
H = o(a) we get

a=a(a"a) (a_la)_l €o(a)(a'a) (o(a)) ' =H (a7'a) H C Eg

by assumption. It follows that S is E-unitary.
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6.1 Examples of E-unitary inverse semigroups

6.1 Examples of E-unitary inverse semigroups

Example 6.1.1 Consider the bicyclic semigroup B already encountered in 3.1.4.
We are going to show that it is an E-unitary semigroup. Before we do that we
have to locate the idempotents and describe the natural partial order on B.
Accordingly, suppose that (m,n) is an idempotent in B. Then

(m,n) = (m,n)(m,n) = (m —n + max(m,n),n —m + max(m,n)).

Comparing left and right coordinates of the respective left and right-hand sides
yields m = max(m,n) = n. Conversely it is immediate that every element
(m,m) € B is an idempotent of B. Hence Ep = {(m, m): m € N}.

Next we describe the natural partial order. Suppose that (m,n) < (p,q) with
(m,n), (p,q) € B. By definition (m,n) = (p,q)(s, s) for some s € N. The right-
hand side mulitiplies to (p —¢+max(q, s), max(q, s)). Thus m = p—q+max(q, s)
and n = max(q, s). The latter implies in particular that n > ¢. Substituting n for
max(q, s) in the former equation gives m = p — g+ n or to express it differently,
m —n = p—q. We conclude that m —n = p — ¢ and n > ¢ are necessary
conditions for (m,n) < (p,q). This conditions are also sufficient. Suppose that
m—n=p—qand n > q. Then

(p,q)(n,n) = (p — ¢+ max(q,n), max(q,n)) = (p — ¢ +n,n) = (m,n)

and therefore (m,n) < (p, q).

Now we can show that B is E-unitary. Let (s,s) < (m,n). Then by the above we
have in particular s—s = m—n and hence m = n. Consequently, (m,n) = (m,m)
is an idempotent and B is E-unitary.

Corollary 6.1.2 Recall By, the inverse semigroup we already encountered in
(5.3.5). We have seen there that it is an inverse subsemigroup of the E-unitary
inverse semigroup B. As such it is E-unitary too.

Our next example features semidirect products of semilattices by groups?®.

Proposition 6.1.3 4 Let the group G act on the semilattice E by order au-
tomorphisms. Then the semidirect product of E by G is an E-unitary inverse
SEMIGTOUP.

Proof We start by showing that the semidirect product is inverse. Note that

Vee EVg e G: (e,9)(g e,97)(e, 9) = (e,9).

Hence E x G is regular. It is straightforward to check that the idempotents are
the elements of the form (e, 1), where 1 is the identity element of G and e is any
element of F. By

(e, D(f,1) =(enf, 1) =(fre 1) =(f,1)(e1),

3For a definition of these see 2.5.2
4Compare to ([5], Theorem 7.1.1)
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6 L-unitary inverse semigroups

idempotents do commute.
Suppose now that (e, 1) < (f,g). Then by 3.2.2(iv),

(e, 1) = (e, 1)(f, 9)-

The right-hand side multiplies to (e A f,g) which yields g = 1. Hence (f,g) =
(f,1) is an idempotent and F x G is indeed E-unitary.

Corollary 6.1.4 A direct product of a semilattice and a group is E-unitary.

Proof Just notice that a direct product of a group and a semilattice can be
interpreted as a special case of a semidirect product of a semilattice by a group
by assuming that each group element acts as the identity mapping.

Remark 6.1.5 Inverse subsemigroups of semidirect products of semilattices by
groups are also E-unitary. We omit the proof of this and refer the reader to [5].

In fact one can say exactly which E-unitary inverse semigroups are semidirect
products of semilattices by groups:

Proposition 6.1.6 (/5], Theorem 7.1.2) Let S be an inverse semigroup. Then
S is isomorphic to a semidirect product of a semilattice by a group if and only if
S is E-unitary and for each a € S,e € Eg there exists b € S such that a ~ b and
b=lb =e.

Definition 6.1.7 Let X be a non-empty set. An inverse semigroup FIS(X),
equipped with a function v: X — FIS(X), is said to be a free inverse semigroup
on X if for every inverse semigroup S and function k: X — S there exists a
unique morphism 0: FIS(X) — S such that 0 o1 = k. We may likewise define
free inverse monoids.

Free inverse semigroups are prominent examples of E-unitary semigroups. A
proof of a stronger version of the following proposition can be found in
([5], Theorem 6.3.3).

Proposition 6.1.8 Free inverse semigroups are E-unitary. Furthermore, each
non-idempotent o-class contains a maximum element.

We discussed primitive inverse semigroups in chapter 4. It is an easy task to de-
termine which of these are E-unitary. An E-unitary primitive inverse semigroup
S has a zero element by definition and we know that a zero element is always
the smallest element of an inverse semigroup with respect to the natural partial
order. This implies that S consists only of idempotents because S is E-unitary.
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6.1 Examples of E-unitary inverse semigroups

It is thus a semilattice such that e A f = 0 whenever e # f. Conversely, it is
obvious that all such semilattices are E-unitary primitive inverse semigroups.
Recall the Bruck-Reilly extension® BR(T, ), where T is a monoid and 6 is a
morphism from 7' into its group of units. The next proposition establishes a
connection between E-unitariness of 7" and BR(T, 6).

Proposition 6.1.9 ([7], Exercise 5.20) Let T' be an inverse monoid and let 0 be
an endomorphism into the group of units of T'. Then the Bruck-Reilly extension
S = BR(T,0) is E-unitary if and only if T is E-unitary and o = ker(0).

Proof Suppose first that BR(T,0) is E-unitary. From 5.2.10(4ii) we know that
the idempotents of S are the elements of the form (m, e, m), where e is an idem-
potent in 7.

Let e,ae € Ep. Then (0,¢,0) and (0, ae, 0) are idempotents in S. But (0, ae,0) =
(0,a,0)(0,e,0) < (0,a,0) and so (0,a,0) € Eg by assumption. This implies in
particular that a € Ep. Hence T' is E-unitary.

Let a,b € T such that acb. Then ae = bf for certain e, f € Ep. Since idempo-
tents are mapped to idempotents and since the only idempotent in the group of
units is the identity element, we get

0(a) = 0(a)f(e) = O(ae) = O(bf) = 6(b)0(f) = 0(b).

Hence o C ker(6).
To show the reverse inclusion let a,b € ker(6), i.e. 9( ) =6(b). Then

(1,1,1)(0,a,0) (0,b=",0) (1,1,1) =(1,6(a (1 o(b"),1) =
(1,6(a)0(b)~", 1) = (1,1,1).

Hence, since BR(T, ) is E-unitary, (0,ab™!,0) = (0, a,0)(0,b71,0) is an idempo-
tent. This implies that ab~! € Ep. We may similarly show that a=!b is also an
idempotent and we thus have a ~ b. But T is E-unitary and thus, by 6.0.21 (%),
aocb. As a result, ker(d) = o.

Conversely, suppose that 7" is an E-unitary inverse semigroup and ker() = o.
Let (p,a,q) > (m,e,m). We have to show that (p,a,q) is idempotent. By
assumption we have

(m,e,m) = (p,a,q)(m,e,m) = (p —q+t, et_q(a)et_m(e)> t) )

where ¢ := max(q, m). By comparing left and right-hand sides we obtain p = ¢
and e = 0'79(a)f*"™(e). Now 0" ™(e) is an idempotent since idempotents are
mapped to idempotents by morphisms. Hence 67%(a) is an idempotent because
T was assumed to be E-unitary. If m < ¢ then #*~%(a) = a and we are finished.
If on the other hand m > ¢, then we have

0'"a) = ™ (a) = ™ (a)* = ™1 (a2) ,
where m — ¢ is a positive integer. By assumption we conclude that

g1 a) o o1t (a2) =™ (a)?

5For a definition see 5.2.8
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This implies that
o) = 0 a),

since in an E-unitary inverse semigroup we have

Lemma 6.1.10 zo2? — = = 2.

Proof The assumption is equivalent to x ~ 2. In particular, z7'2? = (z7'z) z <
x is an idempotent and thus z is one too. Hence z = 22.

O

We may repeat the argument and get 0™ 972(a) o 0™ 772 (a?) from which we
deduce ™~ 972(a) = ™ 972(a)? using the lemma. Descending further and further

we finally arrive at @ = a?. Combined with p = ¢ from above this implies that
BR(T,0) is indeed E-unitary.

O

As an application of the previous proposition we can easily characterise E-unitary
bisimple inverse w-semigroups. Remember that we have proved in 5.2.11 that
every bisimple inverse w-semigroup is isomorphic to some BR(T, ) for a group
T.

Theorem 6.1.11 A bisimple inverse w-semigroup is E-unitary if and only if 0
1S one-one.

Proof We merely have to check the conditions in 6.1.9. This is quickly done:
Every group is E-unitary with the o-relation being the equality relation due to
3.2.6.

O

Our next goal is to characterise the E-unitary simple inverse w-semigroups. In
5.3.9 we proved that each simple inverse w-semigroup is isomorphic to some
Bruck-Reilly extension BR(T',0), where T is a finite chain of groups of length d
and 6 is a morphism from 7" into its group of units. Within 7" the multiplication
is defined via morphism v;: G; — Gi41 (1 =0,...,d —2). With the help of 6.1.9
we can say exactly when BR(T,0) is E-unitary, namely when T is E-unitary
and or = ker(f). In order to obtain a more elegant criterion we formulate a
proposition that tells us when a Clifford semigroup is E-unitary—which is also
of independent interest—and investigate the o-relation on finite chains of groups.
Recall that each Clifford semigroup is (up to isomorphism) a strong semilattice
of groups (see 3.1.11).

Theorem 6.1.12 (/7], Exercise 5.20) Let S = S (E;G¢; ¢e5) be a strong semi-
lattice of groups, i.e. a Clifford semigroup.

(1) S is E-unitary if and only if the connecting morphisms ¢. s (e, f € E,
e > f) are all one-one.
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(1) ach <= 3l € E: ¢ 1(a) = ¢s1(b) (a € Ge,be Gy).

Proof

(i): First notice that the idempotents of S are the group identities, since for
a,b in the same group, a ® b = ab, where juxtaposition on the right denotes
multiplication in the group. Let a > b for a € G.,b € G¢. Then, by definition,

b= all = ¢e,el(a>¢l,el(1l) (611)

for some [ € F with 1; the identity element of ;. The right-hand side simplifies
to ¢ee(a), since identities are mapped to identities by group morphisms and

decr(a) € Ge. The codomain of ¢, is G whereas b € Gy. Thus f = el and
consequently e > f. As a result, (6.1.1) becomes

b= ¢ s(a). (6.1.2)

On the other hand it is easy to see that (6.1.2) implies a > b. We summarise
a>b <<= e>f, ¢.p(a)=b (a€G.beGy). (6.1.3)

Suppose now that S is E-unitary and fix elements e, f € E such that e > f. By
(6.1.3) we get in this case

a > 1f <~ (be,f(a) = 1f. (6.1.4)

By assumption a € G, is idempotent and therefore a = 1.. We have shown that
the only element in G, which is mapped to 1 by ¢. s is 1., i.e. ker(¢e ) = {1.}
(here of course ker means the notion for groups). Hence ¢, ; is one-one.
Conversely, suppose that ¢, s is one-one for every pair e, f € E such that e > f.
Let a > 1 for an idempotent 1; with a € G, (say). By (6.1.4) this is equivalent
to ¢er(a) = 1y. But ¢ s(le) = 1y and ¢, s is one-one by assumption. We
conclude that a = 1.. Hence a is an idempotent and S is E-unitary, as required.
(i3): Suppose that aob for a € G.,b € Gy. Then there exists x € S such
that @ > x and b > z for some = € G;. By (6.1.3) this yields e, f > [ and
Gei(a) = dpa(b).

If on the other hand there exists an element | € E such that ¢.;(a) = ¢,(b),
then clearly al; = b1; and hence a o b.

Theorem 6.1.13 With the notation used in 5.3.8, a simple inverse w-semigroup
BR(T, 0) is E-unitary if and only if ; is one-one for all i € {0,...,d — 2} and
0(a) =0(b) <= aji(a) =0 (a€Gj,be Gy, j<k).

Proof By 6.1.9 S = BR(T,0) is E-unitary if and only if 7" is E-unitary and
ker(0) = op. From 6.1.12 it follows that this is the case exactly when all con-
necting morphisms are one-one and #(a) = 6(b) <= 3l > j k: aj(a) =
aii(b) (a € Gj,be Gg). But S = BR(T,0) is not just any Clifford semigroup.
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6 L-unitary inverse semigroups

It is a finite chain of groups. By our definition of the connecting morphisms «, the
first condition is satisfied if ; is one-one for ¢ € {0,...,d — 2}. The second con-
dition simplifies as well. Suppose without loss of generality that a € G;,b € Gy,
with j < k. Then o;;(a) = oy, (b). Since the morphisms are one-one this implies
aji—1(a) = agy—1(b) from which it follows that o;;_2(a) = ai;—2(b) and so on
until we get o (a) = ay,(b) = b. This completes the proof.

O
The next proposition gives a further example for an E-unitary inverse semigroup.

Proposition 6.1.14 (/5], Proposition 7.1.3) Let S be an inverse semigroup in
which each o-class contains a mazimum element. Then S is an E-unitary inverse
monoid.

Proof Let e be any idempotent of S. Then
o(e) =o(ee) =o(e)o(e)

and so o(e) is the identity element of the group S/o. Hence Eg C o(e). By
assumption o(e) contains a maximum element denoted by i. We have seen that ¢
is larger than every idempotent and we shall show that it is an idempotent itself.
Clearly i~'io e le = e and therefore i71i < i since 4 is the maximum element.
Multiplying on the left with ¢ yields 7 < 2. On the other hand i* o ee = e and
so 12 <. It follows that 7 = 7. As a result all elements of o(e) are idempotents
since ¢ is the maximum element. Combining this with the observation above we
obtain o(e) = Eg. Thus S is E-unitary by 6.0.21.

At last we show that i is the identity element of S. For every s € S we have

and

-1

si=s(s1s)i = s(s's) = s.

To sum it up, S is an E-unitary inverse monoid, as required.

This motivates the following

Definition 6.1.15 An F-inverse semigroup is an inverse semigroup in which
every o-class has a greatest element.

Keep in mind that an F-inverse semigroup is always a monoid. We will embark
on F-inverse semigroups in detail in chapter 7.

82



6.2 The P-theorem

6.2 The P-theorem

We now present a recipe due to McAllister for constructing E-unitary inverse
semigroups. The strong point of the seemingly arbitrary construction becomes
apparent when we show that the E-unitary inverse semigroups constructed in
such a way constitute in fact all of them.

Construction 6.2.1 Let X be a poset and let )V be a subset of X. Let G be

a group which acts on X by order automorphisms®. Suppose that the triple

(G, X,Y) satisfies the following properties:
(P1) Y is a semilattice with respect to <.
(P2) Y is an order ideal, i.e.

Ae YV X <A=— X e).

(P3) GY = X,ie. VX eX3geG AcY: gA=X.
(P}) g € G = gYNY #(, where g denotes the set {gY: Y € Y}.

Definition 6.2.2 A triple (G, X,Y) having the properties (P1)-(P4) is called a
McAlister triple.

We can use McAlister triples to define a particularly interesting semigroup:
Proposition 6.2.3 Let (G, X,)) be a McAlister triple. Then the set

S=PG,X,Y)={(A g €eYxG:g'Ac Y} (6.2.1)
becomes an E-unitary inverse semigroup under the multiplication rule

(A, g)(B,h) = (A A gB, gh). (6.2.2)

Proof We start by showing that the multiplication is well-defined. Note first
that g7'A A B exists since both g7 A and B are elements of the semilattice ).
Applying 2.4.3 yields that A A gB = g(g~'A A B) also exists. It is in ) since
ANgB <A€Y and ) is an order ideal. Also using 2.4.3 we get

(gh) " (AANgB)=h"'g " (ANgB)=h"'g "ANR'B<h'Be)

and thus (gh) (A A gB) € Y, since Y is an order ideal. We have shown that
(A, g)(B,h) is indeed in S = P(G, X,)).

Next we show that the multiplication is associative. Accordingly, let (A4, g), (B, h),
(C,i) € S. It suffices to verify that the first coordinates of the products
((A,9)(B,h))(C,i) and (A, g) ((B,h)(C,17)) agree. The left-hand side of the first
term computes to (AAgB)AghC, whereas the left-hand side of the second comes
down to AA g (B A hC). This is of course equal and S is therefore a semigroup.

SFor a definition see 2.4.2
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6 L-unitary inverse semigroups

It is also inverse. To this end we check that it is regular and that idempotents
commute. By definition, (A,g) € S <= (¢g7'A,97') € S. Now by

(Ag) (97'A,971) (A, g) = (AN Q:A, 1)(A,9) = (AN1A,1g) = (A, g)

=1

and

(97'4, 97 (A9 (A9 ) =(97'41) (g TA g7 ) = (94 g7")

we see that S is regular. To show that idempotents commute we must first
identify them:
(A,9)=(A,9)* = (ANgA,g°) = g =1.

Conversely, every element of the form (A, 1) is idempotent. It follows that
(A, 1)(B,1) = (AN1B,1) = (AAB,1) = (BAA 1) = (B, 1)(4,1)

and thus idempotents do indeed commute. We have shown that S is an inverse
semigroup.

It remains to show that S is E-unitary. In view of that suppose that
(A,1) < (B, g) which means that there exists an idempotent (C, 1) such that
(A1) = (B,g)(C,1). But (B,g¢)(C,1) = (B A gC,g) and we have in particular
g = 1. In effect (B, g) = (B, 1) is an idempotent and S is indeed E-unitary.

Definition 6.2.4 Semigroups of the form P(G, X,Y), where (G, X,Y) is a McAl-
iwster triple, are called P-semigroups.

We have proved that the semigroup S as defined above is an E-unitary inverse
semigroup. This provides some justification for the expensive and seemingly
arbitrary construction of S. The next theorem however does even more so:

Theorem 6.2.5 (/79], Theorem 5.9.2) Let (G, X,Y) be a McAlister triple. Then
P(G,X,Y) is an E-unitary inverse semigroup. Conversely, every E-unitary in-
verse semigroup 1S isomorphic to a P-semigroup.

Proof We have already proved the easy half. The converse requires consider-
ably more effort. Let S be an E-unitary inverse semigroup. We have to find a
McAlister triple (G, X,)) such that S = P(G,X,Y). Put G := S/o and for
each s € S define s” in Eg x G by

If T is a subset of S, then by T° we mean {t°: ¢ € T'}. Notice that by virtue of
6.0.12(iv),
=t = s=t (6.2.3)
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6.2 The P-theorem

Recall that a principal right ideal of S is a set of the form aS for some a € S.
By the very definition of the Green’s relation R we have aS = bS <= aRb.
By 3.0.21(4v) every principal right ideal can thus be uniquely written as eS with
e € Es. As a result the set SR of all principal right ideals of S is in one-one
correspondence with Fg and so is

Y:={A": AcRr)

by (6.2.3). The correspondence is even a semilattice isomorphism between Es and
(¥,N), since for e, f € Eg we have (efS)? = (eS)°N(f9)" < efS=eSN[S
by (6.2.3), where the right-hand side holds because of 3.0.28.

We define an action of G on Fg x G by

g(e, h) := (e, gh). (6.2.4)
More generally by gA° (g € G, A° € V) we mean {g(e,h): (e,h) € A°}. This
enables us to define
X:=GY={gA" g G A"}

Both Y and X are sets of subsets of E' x G and partially ordered by set inclusion.
Moreover we have Y C X.
Next, using (6.2.4), we define a group action of G on X’ by

g (hA%) = (gh)A° (g€ G,hA” € X). (6.2.5)

Of course we have to check that this definition is well-defined and does not
depend on the particular representation of the element in X'. In view of that let
hA® = kB° with h,k € G, A°, B € Y. Then within ) we have

A’ = (h'k) B = ((gh)~'(gk)) B

and therefore (gh)A° = (gk)B°.

Now it is easy to verify the conditions in (2.4.1) and it follows that (6.2.5)
defines a group action on X. We have already shown that (G,X,)) satisfies
(P1) and (P3). Next we take care of (P2). We have to prove that ) is an order
ideal of X. Accordingly, let g(eS)? be a typical element of X and suppose that
g(eS)? C (fS)° for some f in E. Among the elements of (e5)° is the element
(ee)? =€ = (e,0(e)) = (e,1), where 1 denotes the identity element of G. The
last equality holds due to 3.5.3. Hence

(e,9) = g(e,1) =u’ = (u’lu,a(u))

for some u in fS. Comparinig left- and right-hand sides we get ¢ = o(u) and
e = u tu. This yields

g(e9)" = o (u) (u_luS)O = J(u){(u_lus)o cse St =

o(u) {(sutus, o (uus)) s € S} ={((us) tus,o(uu "y s)): s € S} = (uS)".

=u
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6 L-unitary inverse semigroups

Hence g(eS)? € Y and Y is an order ideal of X'. This is (P2).
Eventually we deal with (P4). Let g € G and choose s € S such that o(s)™! = g.
Then

9(s5)? =o(s) " {((st)""(st),o(st)) : t € S} ={((st)"(st),o (s7'st)) : t € S} =
{((sflst)_l (s7'st) o (sflst)) te S} = (37155)0 ey

Hence g NY # 0, i.e. (P4). Summarising, (G, X',Y) is a McAlister triple.
It remains to show that S = P(G,X,)). Accordingly, we define a map by

¢:S— PG, XY,
s ((s9),a(s)).

It is well-defined as can be seen from the verification of (P4). We claim that
¢ is the isomorphism we are looking for. First of all it is one-one, since for all
s,t €S,

o(s) = ¢(t) = (s9)" = (t9)%,s0t => sS =t5,5s0t => (s5,t) € 0NR = s = 1.

The last implication follows from 6.0.12(iv) (the appearance of R instead of £
makes no difference). It is also onto:

Suppose that ((sS)% g) € P(G,X,Y). By definition, this is equivalent to
g '(sS)? € Y. Hence there exists t € FEg such that ¢7'(s5)" = (¢5)°. In
particular,

(ss_l,g_l) T (ss_l,g_la (88_1)) =g ! (33_1)0 =0 = (u_lu, a(u))

for some u € tS. Comparing left- and right-hand sides we see that s Ru~! and
g~' = o(u). Using 3.0.27 and our first definition of the Green’s relation R this

implies
((s5)°,9) = ((u9) o (™)) = ().

Hence ¢ is onto. The only thing left to show is the morphism property of ¢. In
P(G,X,Y) we have

((58)°,0(5) ((t5)°, 0(1)) = ((s5)° 1 (o())(£S)°, o (st))
and it suffices therefore to show that
(59)° N (0(s))(tS)° = (stS)".
Suppose first that (e, g) € (sS)° N (¢(s))(£S)°. Then
(e,9) = (su)’ = a(s)(tv)°
for some u,v € S. Applying o(s)~", this yields o(s) ™! (su)? = (tv)° and thus
(t0)° =o(s)™" ((su) s, o(sw)) = ((su) Lsu, 0 (s71) or(su)) =

((s‘lsu)f1 s lsu, o (s_lsu)> = (s_lsu)o.
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6.2 The P-theorem

By (6.2.3) we thus get tv = s~ !su and consequently stv = ss~!su = su. It
follows that (e, g) = (stv)? € (stS)° as required.

Conversely, suppose that (e, g) € (stS)°. Obviously (e, g) € (s5)° and (e, g) =
(stu)® for some u in S. Put v := (st)"'(st)u. A straightforward calculation
shows that (tv)~(tv) = (stu)~!(stu). Since (st)~!(st)u < u we also have uo v
and therefore stu o stv. Hence

(e,9) =(stu)’ = ((stu) ' (stu), o(stw)) = ((tv) ' (tv), o(s)o(tv)) =
o(s) ((tv) " (tv),o(tv)) € a(s)(tS)°.

Thus (e, g) is indeed in (55)° N (0(5))(tS)° and ¢ is the desired isomorphism:
S=PG.X,Y)

O

In 6.1.12(3) we characterised those Clifford semigroups which are also E-unitary
taking a general strong semilattice of groups as our starting point. One can also
do it the other way round and begin with a P-semigroup:

Proposition 6.2.6 (/7], Proposition VII.5.18) An E-unitary inverse semigroup
S =P(G,X,Y) is a Clifford semigroup if and only if the action of G on Y is
trivial, in the sense that gA = A for every g in G and A in ).

Remark 6.2.7 In fact, the E-unitary P-semigroup appearing in the proposition
above is the direct product of G and Y. This can be seen from the definition of
the set P(G,X,)) in (6.2.1) and the fact that

AglAcY <= AcYngy=YynNYy=Y

m our case.

We conclude this chapter with a lemma that provides basic properties of the

P-semigroup P(G, X,)).

Proposition 6.2.8 7 Let S = P(G, X,Y) be a P-semigroup and let (A, g), (B, h) €
S. Then we have the following basic properties:

(i) Bs =
(ii) (A,g) < (B.h) <= A< B.g=h
(iii) (A,g)o (B,h) <= g=nh

(iv) Sjo =G

(v) (A, 9)7 = (g7"A,97")

"Compare to ([3], Proposition 5.9.4) and ([5], Theorem 7.1.1)
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6 L-unitary inverse semigroups

Proof

(i): Let (A,g) be an idempotent in S. Then (A,g) = (4,9)* = (AA gA, g%).
Hence it is necessary for an idempotent to have the identity 1 as its group co-
ordinate. Conversely, it is clear that each such element in P(G,X,)) is an
idempotent. Since the multiplication in Eg concerns therefore only the first co-
ordinate we thus have an isomorphism from Eg onto ) via (A4, 1) — A.

(ii): Suppose that (A, g) < (B,h). Then (A,¢9) = (C,1)(B,h) = (C A B, h) for
some C'in Y. Hence A < B and g = h. If conversely A < B and g = h, then
A= AN B and thus (4, 9) = (A,1)(B,g). That is (4, 9) < (B,g) = (B, h).
(iii): Suppose that (A, g)o (B,h). Then (C, k) < (A, g),(B,h) for some (C, k)
in S. By (i) this implies g = k = h.

To establish the converse note that (AAB, g) < (A, g), (B, g), also by (ii). Hence
(A, g) o (B, g) for every pair (A, g),(B,g) € S.

(iv): We have shown in (7ii) that there is a one-one correspondence between o-
classes in S and elements in the group G. Since the multiplication in the second
coordinate coincides with the one in G, the mapping {(4, g) € P(G,X,))} — ¢
is the isomorphism we are looking for.

(v): Straightforward calculation shows that both (A, g)(¢g7'A, g7 1) (A, g) = (A, g)
and (¢g7'A, g7 (A, 9)(g7 A, g71) = (974, ¢g7") hold. We know further that S is
an inverse semigroup. Hence (¢7'A, g!) is the unique inverse of (A, g).
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This chapter is about F-inverse semigroups. We have already defined them in
6.1.15 and know that they are particular E-unitary inverse semigroups. Ul-
timately, we wish to establish a result analogous to 6.2.5 for F-inverse semi-
groups making use of the P-theorem and the fact that the semigroup is actually
F-inverse. Before we embark on this task, we give criteria of F-inversibility for
many of the semigroups featuring earlier in this thesis, including bisimple and
simple inverse w-semigroups and we list some F-inverse semigroups such as the
bicyclic semigroup.

Theorem 7.0.9 ([5], Proposition 7.1.4) Every E-unitary inverse semigroup S
can be embedded in an F-inverse semigroup T such that T /ot is isomorphic to

S/Us.

Proof Recall that for an inverse semigroup S we defined C(S) to be the in-
verse semigroup consisting of all permissible subsets® of S. Recall also that the
idempotents of C'(S) are the order ideals of Eg. By virtue of 3.4.6 we have an
embedding ¢ of S in C(S) with «(s) = |s]. We are going to show that C(S) is
in fact the F-inverse monoid we are looking for.

We first characterise the natural partial order in C'(S). Let A, B € C(S). By
322, A< B <= A= AA'B. From the proof of 3.4.6 we know that
AA™ = {aa': a € A} consists entirely of idempotents. Hence every element of
A is less or equal than an element in B. It follows that A C B since B is an order
ideal. Conversely, suppose that A C B. Then clearly A = AA'A C AA~'B. To
prove that the reverse inclusion also holds let aa='b € AA~'B. By assumption a
and b are both elements of the compatible subset B and thus a~'b € Fg. Hence
a(a™'b) < a and so aa™'b € A, since A is an order ideal. We have shown that in
C(S) the natural parial order coincides with subset inclusion.

Now we are able to show that C(S) is F-inverse. We will use subscripts to avoid
any ambiguity regarding the respective o-relations. Let s € S. Then the o-class
o(s), regarded as a set, is compatible, since for the E-unitary inverse semigroup S
we have that o =~. It is also an order ideal. To see this let ¢ € o(s) and u < t.
Clearly wot, which together with to s and the transitivity of o yields wos.
Hence u € o(s) and o(s) is an order ideal. We prove that o(s) is the maximum
element of its o¢(g)-class. Let A € C(S5) such that Aogs)o(s). Then B C
A, o(s) for some permissible subset B. An element b € B is compatible both with
every element in A and in o(s). But S is E-unitary and thus the compatibility
relation is transitive. It follows that every element in A is compatible with s.
In an E-unitary inverse semigroup we have ~= ¢ which yields A C o(s). Hence

IFor a definition see 3.4.5
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o(s) is indeed the maximum element of its o¢(s)-class. On the other hand it is
casy to see that every o¢(g)-class contains an element of the form o(s) for some
s € S. Thus C(S) is F-inverse.

It remains to verify that S/o is isomorphic to C(S)/o¢(s). We define a map 6
by

0: Sjoc— C(5)/ocs)
a(s) = ocs) (a(s)) -

By the considerations above 6 is both one-one and onto. To show the morphism
property let o(s),o(t) € S/o. Then

0(0(s)) 0 (a(t) =o0(s) (0(s)) oo(s) (0(t) = oos) (a(s)a(t) = aes) (o(st) =
6 (o(st)) .

Thus 0 is indeed an isomorphism and the proof is completed.

O

The theorem states in a sense that the class of F-inverse semigroups, although
strictly smaller than the class of E-unitary ones, is essentially as ‘big’.

7.1 Examples of F-inverse semigroups

Groups are of course F-inverse, since for them the o-relation is the identity re-
lation due to 3.2.6. Primitive inverse semigroups on the other hand are almost
never F-inverse; the only primitive F-inverse semigroup is the two-element semi-
group ({0, 1},-). To see this assume that there exist distinct non-zero elements a
and b. Obviously, a and b do lie in the same o-class, since 0 < a,b. The natural
partial order is equality when restricted to non-zero elements due to 4.0.11 and
so there is no maximum element in this o-class (not even an upper bound for
a and b). This means that if a primitive inverse semigroup S is to be F-inverse
there can only be one non-zero element. This element must be the primitive
idempotent and thus S = ({0, 1},-).

Clifford semigroups are not F-inverse in general, even if they are assumed to
be E-unitary and therefore have injective morphisms when regarded as a strong
semilattice of groups S (E; Ge; ¢e f) (see 6.1.12(3)). Just consider the semilattice
(N, <) with copies of the trivial group {e} attached to each element. Then, all
elements are o-equivalent, but there is no maximum.

In 6.1.12(7i) we saw that in a Clifford semigroup S = S (E; G; ¢ 5),

achb <— dl e E: qbe,l(a) = gbf,l(b) (CL € G, be Gf)
For an E-unitary Clifford semigroup, by 6.1.12(%), this translates to

acb <= Geens(a) = drens(b).

Hence S is F-inverse if, for every a € S, there exists an element ¢ € G; with
1 > e, such that
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(Z) ¢i,e<i) =a (a € Ge)7
(“) ¢zmm($) = ¢mAx(Z) = ¢zm(l) = (x € Gw)-

In the special case of a finite chain of groups T'=|J,_,; ,_; G:i we only need to
demand that the connecting morphisms are one-one. The reason is that we can
only descend finitely many times in the natural partial order and the injective
nature of the morphisms guarantees that our ‘way up’ (with respect to the order
in T') is uniquely determined. The o-classes are in fact chains. For g € Gy the
corresponding o-class is

g>911 >g12>...>gld_1.
By 6.1.12(i) and 6.1.14 this yields

Corollary 7.1.1 A finite chain of groups is F-inverse if and only if it is
E-unitary.

Next we want to find out which bisimple inverse w-semigroups are F-inverse.

Theorem 7.1.2 A bisimple inverse w-semigroup S is F-inverse if and only if it
18 E-unitary.

Proof Thanks to 6.1.14 we only need to establish the converse half. Suppose
that S = BR(G,0) is E-unitary, where G is a group and 6 is an endomorphism of
G. By 6.1.9 this is equivalent to # being one-one, since the o-relation coincides
with the identity relation for a group. Let (m,a,n)o (p,b,q). Without loss of
generality we deduce from 5.2.10(v) that m+t = p, n+t = ¢ and 0*"(a) = 6%(b)
for certain k,t € N. But 6 is one-one and so 6*(a) = b. Hence

(m,a,n)(n+t,1,n+1t) = (p,b,q),

ie. (mya,n) > (p,b,q). In effect the o-classes are actually chains and these
chains must terminate because an infinite regression is not possible in N. Thus
BR(G, 0) is F-inverse.

The following corollary deals with the already familiar bicyclic semigroup.

Corollary 7.1.3 The bicyclic semigroup B is F-inverse.

Proof Consider the trivial group G = {e}. Then BR({e}, ) = B, where—most
trivially—# is not only uniquely determined but also one-one. As shown in the
preceding proof, BR({e},0) is then E-unitary and thus F-inverse.

O
Encouraged by the easy characterisation of F-inverse bisimple inverse w-semigroups

we investigate simple inverse w-semigroups next. Although slightly more com-
plicated to prove, the result is essentially the same for them:
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Theorem 7.1.4 A simple inverse w-semigroup S is F-inverse if and only if it
15 E-unitary.

Proof As for the bisimple case we need of course only to prove the converse half.
is a finite chain of groups and 6 is a morphism from 7" into its group of units Gh.
As in the previous theorem we may use 6.1.9 to obtain more information. From
this it follows that 7" is E-unitary and so the morphisms c;; are all one-one.
Moreover, we know the kernel of 6 to be or.

We are now ready to investigate the o-relation on S (we identify S with BR(T', 9)).
Suppose that (m,a,n)og (p,b,q), where m < p, a € G;,b € G;. Then 5.2.10(v)
yields that m —n = p — ¢ and 0**(a)e = O(b)f, where t :== p—m, k € N
and e, f € Ep. Multiplying on the right with ef and using that idempotents
commute we get

05 (a)ef = 0 (b)ef.

The idempotent ef is a group identity for some group Gj, hence ef = 1,. We
assume without loss of generality that k& > 0. Thus 6*™(a),0%(b) € Gy. In effect,
the above equation translates to

g (071 (a)) = g, (07(D)) .

But aq; is one-one and so 0**(a) = 6*(b). Now we make use of the fact that
ker (0) = or and conclude 0*71(a) o 0*~1(b). We may repeat the above argu-
ment until we get

0'(a) o b. (7.1.1)
If t > 0, then 0*(a) € Gy (and b € G;). From (7.1.1) we deduce
Qg j (Qt(a)) = Qt(a)lj = b,

using again that the connecting morphisms are one-one. Hence (m,a,n) >

(p,b,q) by 5.2.10(v).
If on the other hand ¢ = 0, then m = p and n = ¢ and we may assume without
loss of generality that ¢ A j = j. We get in this case

(m7 a, n) (nv 1]’? n) = (m> Q5 (CL) ,TL) = (mv b, n) = (p7 b, Q)

and thus (m, a,n) > (p,b,q). We have shown that for simple inverse w-semigroups
we also have that the o-classes are chains. We can even write them down. There
exist |Go| o-classes. For g € Gy the corresponding o-class is

(0,4,0) > (0,¢141,0) > (0,915,0) > ... > (0,914-1,0) > (1,0(g9),1) >
(1,0(g)11,1) > ... > (1,0(9)14-1,1) > (2,6%(9),2) > ... > (2,6*(9)14-1,2) > ...

In particular, we see that each o-class has a maximum.
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7.2 A McAlister-like construction

In 6.1.8 we saw that any free inverse semigroup is ‘almost’ F-inverse. The only
thing that might prevent the semigroup from being F-inverse is the absence of
an identity element. Indeed, if there is an identity element, it is plainly the
maximum element of the o-class of idempotents. We thus have

Proposition 7.1.5 Free inverse monoids are F-inverse.

Using the above result Lawson proved a modification of McAlister’s covering
theorem.

Theorem 7.1.6 (/5], Theorem 7.5.7) Every inverse semigroup has an F-inverse
cover.

Notice that in contrast to 6.0.18 we did not claim that there exists an idempotent-
separating covering morphism.

7.2 A McAlister-like construction

We might hope that the construction in 6.2.1 allows some simplification for
F-inverse semigroups. We shall determine the consequences of the additional
structure of an F-inverse semigroup compared to an E-unitary inverse one on the
sets X and ) featuring in the McAlister triple.

We start with a lemma:

Lemma 7.2.1 (7], Lemma VIL.5.2) In an E-unitary inverse semigroup S we
have for every o-class H and every e € Eg:

(i) HeH ' = {heh™: h € H}.
(ii) HH=' = {hh™': h € H}.
Proof
Obviously it suffices to prove that HeH ! C {heh™: h € H} and that HH~' C
{hh=': h € H} respectively.
(i): Let a,b € H. Then ab~!,b7'a € Eg, since in a E-unitary inverse semigroup

the compatibility relation and the o-relation coincide due to 6.0.21(%). This
implies that aeb™! is an idempotent as well. Because of a o ab™!'b it follows that

aeb™! = (aeb’l) (aelfl)_1 = aeb tbea™! = aeb b tbea ! =

ab~'beeb'bat = (ab~'b) e (ab~'0) " € {heh™': h € HY}.
The proof of (ii) is similar.

O

The next lemma is more or less a consequence of 7.2.1. It tells us more about
the behaviour of o-classes in a P-semigroup.
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7 F-inverse semigroups

Lemma 7.2.2 ([7], Lemma VIL.5.3) Let S = P(G, X,Y) be a P-semigroup and
let e = (a,1) be an idempotent in S. Furthermore let g € G and denote by H
the corresponding o-class of S. Then

(i) H={(8,9): g7'B €Y},

(i) HH™' ={(8,1): g7 'B €Y},

(iii) HeH™' = {(B,1): B € |ga| NY}.
Proof

(i): This is the content of 6.2.8 ().
(i3): From (i), 6.2.8(v) and 7.2.1(i1) we get

HH ' ={(8,9)(¢7'8,97") g BeY}={(B1):g'BeY}.
(i3t): By 7.2.1(i) and 6.2.8(v) it follows that

HeH™ = {(v,9)(a,1) (¢7"v,97") g7y €Y} ={(vAga,1): g7y €Y},

Letting 8 := v A ga we obtain € |ga] NY since v € Y and Y an order
ideal. Hence {(y Aga,1): g7y €Y} C {(B,1): B € |ga| NY}. Conversely, if
B € |ga]NY, we must find v € Y such that g7'v € Y and 8 = v A ga. Tt turns
out that g itself does the job:

By assumption $ < ga. On the one hand this yields § = 8 A ga. On the other
hand we get ¢~ < a. Hence g~ € Y since Y is an order ideal and o € Y. Tt
follows that HeH ' = {(8,1): |ga] NY}, as required.

The following lemma will prove useful in our subsequent investigations.

Lemma 7.2.3 Let (X, A) be a semilattice and let Y C X.
(i) If Y is a principal ideal of X then it is also a retract ideal® of X.

(11) Y is a retract ideal of X if and only if Y N |x| is a principal ideal of X for
all z in X.

Proof

(i): By assumption Y = |y] for some y in X. We need to show that Y is also
a retract. Consider the mapping ¢: X — Y, x — x Ay for this y. This is
well-defined since y € Y and Y is an ideal. It is immediate that ¢(z) = « for all
x €Y. Also,

dlanz)=azhzANy=(xAy)A(zAy)=0¢x)ANd(z) (x,z€ X).

Hence Y is a retract ideal.

2For a definition see 2.2.4
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7.2 A McAlister-like construction

(ii): Suppose first that Y is a retract ideal of X with endomorphism ¢: X — Y
such that Vy € Y: ¢(y) = y. Let x in X. We claim that Y N [z] = |¢(x)]. Let
r>yeY. Then

y=0o(y) =y ANz)=9y) ANo(z) < ¢(x).

Hence Y N [z] C |¢(z)]. Using that YV is an ideal and that ¢ fixes the elements
of Y we get

¢(x) Ar = ¢ (d(z) Ax) = ¢*(2) Ad(z) = d(2).
~~ ——
ey —4(x)

This implies [¢(z)| C Y N |z|. We have shown that Y N |z] is a principal ideal
for all z € X.
Conversely, suppose that Y N |x| = |z ] is a principal ideal of X for every z € X.
Let y € Y,z € X. Trivially, y is contained in the ideal Y N |y| and thus also
yAz €Y N|y]. In particular y Az € Y for every x € X and so Y is an ideal. It
remains to demonstrate that it is a retract as well. By assumption YN |z| = [ 2]
for an element Z in Y. This defines a mapping

p: X =Y

T = 2.
Using the fact that Y is an ideal we have for x € Y that Y N |z] = |z] which
implies x = % in this case. Consequently, the mapping ¢ lets the elements of YV
fixed. Next we verify that ¢ is a morphism. We need to show 2 Ay =z Ay. Let
x,y € X. Obviously we havea < b= a <bforalla,b € X. Hencez Ay < 2,y
and thus x Ay < & A . To show the reverse direction suppose that z < z, ¢ for
some z. It follows that z € Y N [z] and z € Y N |y]. We conclude that z < z, y

and thus z < z Ay with z € Y. But m is the largest element in Y such that
r ANy <xAy. It follows that z < x A y. This completes the proof.

Proposition 7.2.4 ([7], Proposition VII.5.5) The following conditions on a
P-semigroup S = P(G,X,Y) are equivalent:

(i) HH™' is a retract ideal of Es for all o-classes H.
(i) gY NY is a retract ideal of Y for all g € G.

(iii) Let H be a o-class and let e = (o, 1) € Eg. Then HeH™' is a principal
1deal of Egs.

(iv) |a] NY is a principal ideal of Y for all « € X.

(v) X is a semilattice and Y is a retract ideal of X.
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7 F-inverse semigroups

Proof
(i) <= (ii): Recall that by 7.2.2(ii),
HH'={(B,1): peY,g7'peY}={(8,1): BegY NY}.

The equivalence of (i) and (7i) then follows from 6.2.8(3).

(iit) = (tv): Let o € X. Since GY = X there exist g in G and k € Y such
that gk = a. Denote by H the o-class corresponding to g and let e = (k,1). By
assumption HeH ! is a principal ideal of Eg and hence, using 6.2.8 (ii),

HeH™ = {(8,1): B € |gr|nY}={(8,1): B € lanY} = {(B,1): B <~}

7.2.2(iid)
for some v € Y. We deduce that |a] NY is a principal ideal of Y.
(iv) = (11): Let g € Gand a € Y. Put e := (¢ ', 1) € Eg. Let further H be
the o-class corresponding to g. Then by 7.2.2(%ii) we get

HeH ™' ={(8,1): B€ |gg ] NY}={(B,1): B€ o] NY}.

But |a] NY = |v] by assumption for some v € Y. Hence

HeH ' ={(B8,1): B<v} = [(7,1)].

(ii) = (iv): Since GY = X it suffices to show that |[ga| NY is a principal ideal
of Y for all g € G,a € Y. In view of the fact that Y is an order ideal we have
la] NY = |a]. Using 7.2.3 we thus get

g7YNle)= ('Y NY)Nla) = 4]

for some [ € Y since the expression in the brackets is a retract ideal by assump-
tion. Applying 2.4.4 two times we get

lga] NY =gla]NY =g (la]Nng™'Y) =g[B] = L9B],

where g8 € Y. Thus |ga] NY is indeed a principal ideal of Y.
(iv) = (v): We start by showing that X is a semilattice. By GY = X it suffices
to verify that ga A hf exists for all g,h € G, a, 8 € Y. By assumption

[h ™ ga] ﬂ@z (L 'ga] NY) N [8] = [v] N 8]

for some v € Y. But v and 3 are both elements of the semilattice ¥ and thus
7] N [B] = |y A B by 2.1.8. Consequently v A /3 is the greatest lower bound of
h~lga and B. Since h acts on X as an order autormorphism this implies

h(y A B) = h(h_lga/\ﬁ) =ga Ahp

and thus X is a semilattice.

By assumption |« |NY is a principal ideal of Y and thus also of X for all a« € X.
By 7.2.3(i1) we deduce that Y is a retract ideal of X.

(v) = (ii): Suppose that X is a semilattice and Y is a retract ideal of X. Let
a €Y, g€ G. As above, |a] NY = |a]. Using 7.2.3 we have by assumption,

laln(gY NY)=la|ngY = g(lg'a] NY) =gl8] = lga].
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7.2 A McAlister-like construction

for some g € Y. Again by 7.2.3 we deduce that gY NY is a retract ideal of Y.

O
The previous proposition gives rise to a definition.

Definition 7.2.5 An R-inverse semigroup is an inverse semigroup in which
HH™' is a retract ideal of Es for every o-class H.

Remark 7.2.6 In particular for an R-inverse semigroup S, HH™' is an ideal.
This is equivalent to S being an E-unitary semigroup by 6.0.21. Hence S can
be represented as a P-semigroup. As a consequence R-inverse semigroups are
precisely those appearing in 7.2.4. In naming these semigroups R-inverse we
follow [7]. The ‘R’ most likely stems from ‘retract ideal’. We use R-inverse
semigroups to tackle F-inverse semigroups.

Next we give a construction method for R-inverse semigroups.

Construction 7.2.7 ([7], Construction VIL.5.7) Let G be a group and Y a semi-
lattice. Let (g, ) — ¢ -« be a mapping from G x Y to Y. For reasons of conve-
nience we shall write ga instead of g-« if no misunderstandings are to be expected.
Assume that the following axioms are satisfied for all g,h € G,a, 5 € Y.

(R1) la = a,
(R2) g(a A B) = ga g,
(R3) |g(ha)] = [(gh)a) NgY.

Let
S:={(,9) €Y xG: a€gY}

with multiplication given by

(. 9)(B,h) = (A gB, gh). (7.2.1)
We shall denote this structure by R(G,Y).

Remark 7.2.8 (1) A little sloppy we call a mapping obeying azioms (R1) to
(R3) a ‘group action of G on Y’ although it is none in the sense of our
earlier definition (compare to 2.4.2).

(ii) The first and the second axiom seem very reasonable. The latter demands
that the action of G on'Y respects the additional structure that the semi-
lattice Y carries compared to the set Y. However, at this point the third
axiom probably comes as a surprise. It is ‘to blame’ that we lack a group
action in the rigid sense.

(iii) One might have expected g 'a € Y instead of a € gY in the definition of
S as has been the case in (6.2.1). There, this is equivalent to the condition
a € gY which means that we are not doing something completely new here.
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7 F-inverse semigroups

As promised above the semigroups thus built are indeed R-inverse. This is the
content of the next proposition. First we need two lemmas.

Lemma 7.2.9 Let S = R(G,Y). Then gY is an order ideal of Y for all g in G.

Proof Let g € G, a € Y. Using (R1) and (R3) we have

lga] = [g(1a)| = [(g1)a] NgY = |[ga| NgY.

Hence all elements less than an element in gY are in gY which is therefore an
order ideal.

O

Lemma 2.4.4 remains true for a group action in the sense of 7.2.7. This is the
content of the next lemma.

Lemma 7.2.10 In R(G,Y) we have the formula
Vg e GVEEY: gl8] = gB). (7.2.2)
Proof Let a € g|8]. Then a = g7 for some v < 5. Hence, by (R2),
a=gy=9(yAB)=9yNgB < gp
and thus g|3] C 98-
Conversely, let « € |gf|. Then a = g for some v € Y since, as we saw in 7.2.9,

98] C gY. Hence, by (R2),

a=gy=gBNgy=9BA) € glBl]

Proposition 7.2.11 (/7], Lemma VII.5.8) The structure R(G,Y") is an R-inverse
SeMigroup.

Proof Let S = R(G,Y). We begin by showing that S is closed under the
operation defined in (7.2.1). Let (o, g),(8,h) € S. Then o € YNgY, 5 € YNAY.
Thus 8 = h~y for some v € Y. We have to show that a A g5 € Y N (gh)Y. This
is established by the following chain of equalities where we use (R3) and the fact
that (gh)Y is an order ideal.

langsl = lalnlg(h)] = lalnl(gh)y]ngY € [a]nl(gh)y] €Y N(gh)Y.
Next we verify associativity. On the one hand

((a,9)(B, 1)) (7, k) = (a A gB, gh)(7, k) = (A gB A (gh)y, ghk),
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7.2 A McAlister-like construction

whereas on the other hand

(o, 9) (B, h) (7, k) =(a, g)(B A hy,hk) = (a A g(B A hy), ghk) =
(A gBAg(hy)), ghk).

Therefore, we have proved associativity if we can show a A gB8 A (gh)y =
a A gB A g(hy)). Now (7.2.2) enters the scene enabling us to obtain the de-
sired

La] N [gB] N [(gh)y] = la] NglB] NgY N [(gh)y] =
La) N [gB] N [g(hy)]| = [a A gB A g(hy)].

laAgB A (gh)y] =,

Hence S is a semigroup. We would like to show that it is also inverse and do this
by showing that it is regular and that idempotents commute. Let (a,g) € S.
By definition a € Y and consequently ¢~ 'a € ¢7'Y. Hence (¢ 'a, g7 ') € S.
Then (o, g) (7', g71) (@, g) computes to (o A g (g7 ), g), where we would like
to cancel out but are not allowed to. We straighten this out with

lang(gla)] =lalnlg (9 ')l =la)n (g ") alNgY = |a], (7.2.3)

where a € gY by the definition of S. It follows that S is regular. The idempotents
in S are easily found:

(8,9) = (8,9)(B,9) = (BAgB.g°)

yields that ¢ = 1 and conversely every such element is an idempotent by (R1).
Thus

Es={(a,1): a« € Y}.
Obviously then
(@, 1)(8,1) = (aAB,1) = (BAa1) =(5,1)(a,1).

It is also not difficult to see that S is E-unitary since (a,1) < (5

' 9
(a,1) = (v, 1)(B,9) = (v A B,g) for some v € Y and thus (8,9) = (8,1) is an
idempotent. Moreover, it is straightforward to check that

(a,9) <(B,h) <= g=ha<p (7.2.4)

and this entails
(,g)o (B,h) < g=h, (7.2.5)

exactly like for P-semigroups.
Finally we can show that S = R(G,Y) is R-inverse. Let H be the o-class
corresponding to g € G. Then by 7.2.1(%i) and (7.2.3) we obtain

HI = {(09) (57" .g™) -0 € gV} = {0 Ag (5710) 1 a € g} =
{(a,1): a € gY}.
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7 F-inverse semigroups

In order to show that HH ™! is a retract ideal, by 7.2.3 it suffices to check that
HH™' N [(y,1)] is a primitive ideal for all idempotents (y,1). Now, due to
(7.2.4), we have

HHE O (v, )] ={(e.1): e € [y]ngY} ={(,1): a € [(997 ) 7| NV} =

{(a;))raefg(g V)J}—[(g(g )]

and so S is an R-inverse semigroup.

O

The construction in 7.2.7 would be merely a nice example lest there was some-
thing more to it. Indeed, as with the Rees theorem, the converse is true here as
well.

Theorem 7.2.12 ([7], Lemma VII.5.10) Let a group G act on a semilattice Y
in the sense of 7.2.7. Then R(Y,G) is an R-inverse semigroup. Conversely,
every R-inverse semigroup is isomorphic to some R(Y, Q).

Proof We have already established the direct half of the assertion. Conversely,
let S be an R-inverse semigroup. It is then an E-unitary inverse semigroup as
remarked in 7.2.6. Hence S is isomorphic to some P-semigroup P(G, X,Y). We
are going to show that P(G, X,Y) = R(G,Y), where the action - of G on the
semilattice Y is given by

lg- o) = lga] NY.

We distinguish here g - « from ga. As always, juxtaposition denotes the action
of G on X stemming from the P-semigroup P(G, X,Y). By 7.2.4(v) we have
that X is a semilattice and Y is a retract ideal of X. Hence the definition of - is
well-defined by virtue of 7.2.3. We now verify the axioms (R1) to (R3). First

1-al = [laJNY =a].

since a € Y and Y is an order ideal. This implies 1 -a = « for all a € Y, i.e.

(R1).

Secondly,

Lg- (@nB)] =lg(a AB)]NY = [gangB|NY = [ga]N[gB]NY =
(lgalnY)N (g8l NY) = lg-aln|g-B]=|g-ang 8]

It follows that g- (a AB)=¢g-aANg-Sforall g€ G, a,5 €Y. Thisis (R2).
Finally we have for all g,h € G, a € Y,

Lg-(h-a)] =[g(h-a)]NY = glh-a]NY =g(lha|NY)NY =
glhal ngY NY = (lg(ha) | NY) N (Y NY) =
(Lgh)a] NY) N (gY NY) = [(gh) -a]Ng-Y.

This is (R3).
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7.2 A McAlister-like construction

Moreover,
(,9) €S <= ac€Y,glac€Y < acYNgY < acg Y

and thus S = R(G,Y) as sets. It remains to show that they have the same
multiplication as well:

langB] =la] N {gf] = (la]nY) N [gB] = la] N (lgp] NY) =
el nlg- Bl = lang-B].

Finally we can move on to F-inverse semigroups.

Proposition 7.2.13 ([7], Proposition VII.5.11) The following conditions on
S =P(G,X,Y) are equivalent:

(i) HH=' is a principal ideal of Es for all o-classes H.
(i) gY NY is a principal ideal of Y for all g € G.

(i1i) X is a semilattice and Y is a principal ideal of X .

Proof
(i) <= (%i): The proof of this is similar to the one in 7.2.4. We repeat the
essential part: by 7.2.2(i1) we have

HH ' ={(,1): BeY,g'BeY}={(B,1): BeYNgY}

The equivalence then follows from 6.2.8(%).

(ii) = (4i1): From the assumption it follows by 7.2.3(i) that gY NY is a retract
ideal of Y. We deduce from 7.2.4 that X is a semilattice. For ¢ = 1 we obtain
that Y = 1Y NY is a principal ideal of Y and hence also of X since Y is an order
ideal.

(iii) = (ii): By hypothesis Y has a greatest element . In a semilattice this
means that € is the identity element. For g € G we get

gY NY =gle] nle] = ge] Nle] = lge Nel.
Hence gY NY is a principal ideal of Y for all g € G.

O

The conditions in the previous proposition will turn out to be necessary and
sufficient for a semigroup to be F-inverse. As for R-inverse semigroups we will
give a constructive method for building all such semigroups soon.

Proposition 7.2.14 ([7], Proposition VII.5.14) F-inverse semigroups are pre-
cisely those appearing in 7.2.15.
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7 F-inverse semigroups

Proof Let S be an F-inverse semigroup. We already know from 6.1.14 that S
is E-unitary and thus isomorphic to some P-semigroup P(G, X,Y). Let H be a
o-class. By definition H has a greatest element, h say. Then

HH™ ' =|h]|h] ™" = (Esh) (Esh)™' = (Esh) (h"'Es) = Es (hh™') Eg =
EsEshh™' = Eshh™' = |hh™!]

which means that HH ! is a principal ideal of Eg. This is 7.2.13(37).

For the converse let S = P(G, X,Y) be a P-semigroup and let H be a o-class.
Suppose that condition 7.2.13(7) is satisfied, i.e. HH™! = |e] for some e € Es.
We have H 'H C Eg as can be shown analogously to 7.2.1(77) and so for every
a € H: h'a € H'H C Es. Also by 7.2.1(#) we can find an element h € H
such that e = hh~!. Thus, by assumption, aa~! < e = hh~!. It follows

a= (aa_l) a < (hh_l) a=hhta<h.
——
€Es

Hence h is the greatest element of H and S is F-inverse.

Remark 7.2.15 By virtue of 7.2.13(i) and 7.2.1(ii) the set {tt™': t € o(s)}
contains a mazximum element for every s in an F-inverse semigroup S. We have
here a special case of a so-called Billhardt congruence, that is a congruence p on
an inverse semigroup S such that for each s € S the set {tt=": t € p(s)} contains
a maximum element. Billhardt congruences can be used to build a more general
theory of w-inverse semigroups than we have done in chapter 5. The key idea is
the bicyclic semigroup.

After we have established several equivalent characterisations of F-inverse semi-
groups we give a general construction method for them.

Construction 7.2.16 ([7], Construction VIL.5.15) Let Y in 7.2.7 have an iden-
tity element e. Clearly then |e] =Y and so |ge| = g|e] = gY by (7.2.2). This
yields

Vg, h € GVa cY: [g(ha)] = [(gh)a] N [ge] = |(gh)a A ge]
and we may thus rewrite (R3) as
(F3) g(ha) = (gh)a Nge (g9,h € G,a€Y).

Axioms (R1) and (R2) remain unchanged apart from the new names (¥1) and
(F2) we want to give them in this context. We denote the semigroup R(G,Y)
by F(G,Y) in this case.

Proposition 7.2.17 F(G,Y) as defined above is an F-inverse semigroup.

102



7.2 A McAlister-like construction

Proof By construction F'(G,Y) is an R-inverse semigroup. From (7.2.5) we
know that there is a one-one correspondence between group elements in G and
o-classes in F(G,Y). Let H be the o-class corresponding to g € G. Using
7.2.1(i1) we get

HH' ={(8,9) (gflﬂ,gfl) :feYnNgY} (7?3) {(B,1): BeY NgY}.
Now, Y NgY = |e] Ngle] = |e] N |ge| = |e A ge|. Hence HH ! is a principal
ideal of Es = {(3,1): § € Y'}. This implies that F/(G,Y") is F-inverse by 7.2.14.

O

At last we have put together everything necessary for a quick proof of

Theorem 7.2.18 ([7], Lemma VII.5.16) Let a group G act on a semilattice Y
obeying the axioms (F1), (F2) and (F3). Then F(G,Y) is an F-inverse semi-
group. Conversely, every F-inverse semigroup is isomorphic to some F(G,Y).

Proof We have just shown the direct part. For the converse let S be an F-
inverse semigroup. By 7.2.14, S satisfies the conditions of 7.2.13. In particular
the semilattice Y has an identity element €. Comparing this with 7.2.4 and using
7.2.3(i) we deduce that S is R-inverse. Hence S is isomorphic to some R(G,Y).
The observations in 7.2.16 complete the proof.
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Name
Geburtsdatum
Wohnort

Eltern

Schulausbildung

Zivildienst
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02. Juli 1985 in Wien
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Karl Ried, Tischlermeister
Irene Ried, geb. Schneider, Biiroangestellte

Volksschule Leobendorf September 1991 bis Juni 1995
Gymnasium Stockerau September 1995 bis Juni 2003

Oktober 2004 bis September 2005

Mathematik Psychologie/Philosophie-Lehramt, Universitét
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