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Abstract

In Chapter 1, we first introduce basic concepts of curvature. Then we summa-
rize the most important results of the theory of coverings. Then we describe
manifolds of constant curvature. Chapter 2 is about methods of variational
calculus of curves. With these methods, we prove the Bonnet-Myers theorem,
which gives a fundamental property of complete Riemannian manifolds whose
sectional curvature is bounded from below by a positive constant. In Chapter 3,
we first introduce Jacobi fields and conjugate points. The rest of the Chapter is
spent, devoted to the Theorem of Rauch and some of its important conclusions.
Rauch’s theorem describes the behavior of Jacobi fields depending on the sec-
tional curvature. As a conclusion, we obtain, among other things, the Theorem
of Cartan-Hadamard which is a fundamental result about the structure of com-
plete Riemannian-manifolds of nonpositive sectional curvature. In Chapter 4,
we prove the Morse Index theorem which states that the index of the Index form
along a geodesic v equals the number of conjugate points along -y, each counted
with its multiplicity. Chapter 5 provides the foundations of Morse theory, which
are needed in the proof of the Sphere theorem. The Sphere theorem is proven
in Chapter 6.

Zusammenfassung

Im ersten Kapitel fithren wir zundchst Grundkonzepte der Kriimmung ein. Da-
nach fassen wir die wichtigsten Resultate aus der Uberlagerungstheorie zu-
sammen. Zuletzt beschreiben wir Mannigfaltigkeiten konstanter Kriimmung. In
Kapitel 2 geht es um Techniken der Variationsrechnung. Mit diesen Metho-
den beweisen wir das Theorem von Bonnet-Myers, eine fundamentale Aussage
iber vollstindige Riemann-Mannigfaltigkeiten, deren Schnittkrimmung durch
eine positive Konstante nach unten beschriankt ist. In Kapitel 3 fithren wir zu-
néchst Jacobi-Feldern und konjugierte Punkte ein. Der Rest des Kapitels ist
dem Theorem von Rauch und einigen wichtigen Folgerungen gewidmet. Rauch’s
Theorem beschreibt das Verhalten von Jacobi-Feldern in Abhingigkeit von der
Schnittkriimmung. Als Folgerung erhidlt man unter anderem das Theorem von
Cartan-Hadamard, eine fundamentale Aussage iiber die Struktur vollstédndiger
Riemann-Mannigfaltigkeiten nichtpositiver Schnittkriimmung. In Kapitel 4 be-
weisen wir das Morse-Index Theorem, das aussagt, dass der Index der Index-
Form entlang einer Geodite v die konjugierten Punkte entlang v mit ihrer Viel-
fachheit zahlt. Kapitel 5 ist den Grundlagen der Morse Theorie gewidmet, die
fiir den Beweis des Sphérentheorems benotigt werden. Das Sphirentheorem wird
in Kapitel 6 bewiesen.
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Preface

Riemannian geometry is the branch of differential geometry that studies Rie-
mannian manifolds, smooth manifolds with a Riemannian metric, i.e. with an
inner product on the tangent space at each point which varies smoothly from
point to point. This gives, in particular, local notions of angle, length of curves,
surface area, and volume. Riemannian geometry originated with the vision of
Bernhard Riemann expressed in his lecture "Uber die Hypothesen, welche der
Geometrie zu Grunde liegen" in 1854. During the next hundred years, Rieman-
nian geometry grew steadily but inconspicuously as a branch of mathematics.
Inspired by work of H. Rauch and M. Berger, this field of mathematics has
exploded with activity in the last fifty years of the twentieth century.

My interest on Riemannian geometry grew during a lecture course about
Global Semi-Riemannian geometry which was given by M. Kunzinger in the
summer term 2009. There, we studied the even more complicated structure of
Semi-Riemannian manifolds which are (in dimension four and with index one)
the main objects of the theory of general relativity.

The main subject of this thesis are results of Global Riemannian geometry.
In all of these theorems we assume some local property of the space (usually
formulated using curvature assumption) to derive some information about the
global structure of the space, including some information on the topological
type of the manifold. We will now describe some important results which we
are going to prove in this thesis.

A classical result is known as the Bonnet-Myers theorem, which gives im-
portant information about manifolds of positive sectional curvature. We are
going to prove the following version of the theorem: If the sectional curvature
of a complete Riemannian manifold M is bounded from below by a positive
constant, then M is compact and its fundamental group is finite. Moreover, we
get an explicit estimate for the diameter of M. There exists a stronger form of
the theorem (where the assumption on the sectional curvature is replaced by an
assumption on the Ricci curvature) which was proven in 1941 by S. B. Myers
[Mye41]. The proof uses techniques of variational calculus.

A fundamental result in Riemannian geometry was proven in 1951 by H.
Rauch [RaubI] and is known as the Rauch comparison theorem. Rauch’s theo-
rem describes the behavior of Jacobi fields depending on the sectional curvature.
It is an essential tool to study Riemannian manifolds on which certain bounds
on the sectional curvature are given.

From Rauch’s theorem, we are going to derive the theorem of Cartan-
Hadamard, which states the following: If the sectional curve of a complete
Riemannian manifold M is nonpositive, then R™ is the universal covering of
M via the exponential map exp, : T,M — M. In particular, if M is simply-



connected, this map is a diffeomorphism.

Another interesting question is whether a compact manifold whose sectional
curvature varies in a sufficiently small interval is topologically a sphere. The
answer was given satisfactorily around 1960 by M. Berger and W. Klingenberg
who proved the following: If the sectional curvature of a compact Riemannian
manifold M lies in the interval (},1] (we say that the sectional curvature is
1/4-pinched) then M is homeomorphic to a sphere. This result is known as the
Topological Sphere theorem. A far reaching generalization of this theorem was
recently obtained by S. Brendle and R. Schoen, who classified all Riemannian
manifolds, which are pointwise 1/4-pinched (i.e. for each p € M, the sectional
curvature K, lies in the interval (i, 1]), up to diffeomorphism. This is known
as the Differentiable Sphere theorem.

A crucial step in the proof of the Topological Sphere theorem is to get an
estimate of the injectivity radius of the manifold M. The proof of this estimate
needs some elements of Morse theory, which we are going to develop in Chapter
5. Another essential tool is the concept of the cut locus which describes when
a geodesic, starting from a fixed point, is not minimizing anymore if it passes a
certain point.

This thesis is mostly based on the book Riemannian geometry by do Carmo
[Car92]. The section about the Cartan-Hadamard theorem is based on [Lee97].
The Chapter about Morse theory is based on a book of Milnor [Mil63].



Chapter 1

Curvature

1.1 Concepts of curvature

In this section, we introduce some basic notions of in a Riemannian manifold
and state basic properties. The proofs can be found in many books, e.g. in
Chapter 4 of [Car92]. Throughout, we assume all manifolds to be of class C*®
and the manifold topology should be hausdorff and satisfy the second countable
axiom.

Definition 1.1.1. Let M be a Riemannian manifold. The Riemannian curva-
ture tensor is the map R : X(M) x X(M) x X(M) — X(M), defined by

R(X, Y)Z =VyVxZ-VxVyZ+ V[X’y}Z,
where V denotes the Levi-Civita connection in M.

Remark 1.1.2. Various definitions of the Riemannian curvature tensor may differ
by a sign. The definition used here is also used in [Car92] and [O’N&3].

Proposition 1.1.3. The map R is C°°(M) multilinear, hence a (1,3)-tensor
field and satisfies
R(X,Y)Z =—-R(X,Y)Z,

RX,YNZ+R(Y,Z)X + R(Z,X)Y =0.
The second equation is called the First Bianchi Identity.

We want to give a local expression of R. Let (¢ = (z!,...,2"),U) be a local

coordinate system of M. We write 9; = 8‘;. Let the functions g;; and Ffj on

U be defined by

9ij :g(aiaaj); V@.aj :erjak
k

The coefficients g;; are called the local expression of the Riemannian metric.
The Ffj are called the Christoffel symbols of the Levi-Civita connection of M.
Using the properties of the Levi-Civita connection, it is not hard to see that

1 (g | Ogus  Ogij
ngjglk:< Jik | Ok gf), (1.1)
l

2 \ Ozt oxi Ok
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cf. [Car92] p. 55]. Let
R(8;,0;)0) = ZR”ka,

’[The ]]%l]k are the components of R in the coordinate system (p,U). Since
0;,0;] =0,

R(0;,0;)0k = V,Vo,0k — Vo,Vo,00 = Vo, (O _Th) — Vo, (> Th,00),
I l

which by a direct calculation yields
S £ a a ]
ijh = Zrzkrjl Z IR T a0 i~ IR L (1.2)

Remark 1.1.4. If M is 1-dimensional, then R = 0: Let X,Y,Z € X(M) and let
{E} be a local frame field. Then we can locally write X = f-E, Y =g - E for
smooth functions f and g and therefore,

R(X,)Y)Z=R(f-E,g-E)Z = fg-R(E,E)Z = 0.
Consider the expression
XY, Z,W) »(R(X,Y)Z, W), XY, Z,W e X(M).

By Proposition [1.1.3] it is a (0, 4)-tensor field. It satisfies the following symme-
tries:

Proposition 1.1.5. For all X,Y,Z,W € X(M), we have

(R(X,Y)Z, W) + (R(Y, Z)X,W) + (R(Z, X)Y,W) = 0
(R(X,Y)Z,W) = —(R(Y,X)Z,W)
(R(X,Y)Z,W) = —(R(X,Y)W, Z)

(R(X,Y)Z,W) = (R(Z,W)X,Y)

Definition 1.1.6. Let M™ n > 2 be a Riemannian manifold, p € M and
o C T,M be a two-dimensional subspace of T, M. The sectional curvature of o

is defined as
(Rp(x)y)xay>p
() p(y, y)p — (z,9)3

K,(o) :=

where {z,y} is a basis of 0.

By straightforward calculation, it is shown, that K,(o) is well defined, i.e.
it is independent of the particular choice of the basis {z,y}. We write K,(o) or
K,(z,y) for a basis {z,y} of 0.

Lemma 1.1.7. Let M be a Riemannian manifold. If the sectional curvature K
of M is constant for all p € M and all two dimensional subspaces 0 C T, M,
then

(R(X,Y)Z,W) = K[(X, Z)(Y,W) — (Y, Z{X,W)]  VX,Y,Z,W € X(M)
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Lemma 1.1.8. Let (M,g) be a Riemannian manifold, A\ > 0 and g = X - g.
Let K, K be the sectional curvature with respect to the metric g, g, respectively.

Then 1
K = -K.
A

Proof. Let p € M and (¢ = (z',...,2"),U) local coordinates around p. We
will distinguish the various objects corresponding to g,g by a bar. By (L.1),
I‘fj = I'¥, and therefore, by 1) Réjk = Réjk. It follows that the curvature

1] ) _
tensors R and R are equal. Thus, for z,y € T, M linearly independent,

_ B Gp(Ry(z,y)z,Y)
Kp(m’y) = gp(l_’x)gp(y,y) — gp(a:,y)2

. A gp(Rp(z,y)7,Y) _1 x

= X5 D)5 w:0) — g0~ XY

1.2 Covering spaces

Next we recall some basics of the theory of covering spaces. For more details,
see e.g [Hal09] and [Hat02].

Definition 1.2.1. Let X be a topological space. A covering of X is a continuous
map 7 : X — X such that for each = € X there exists an open neighborhood U
with the following properties: There exists an index set A and disjoint open sets
Ux C X, X € Asuch that 7= (U) = Uxea Uy and for each \ € A, g, - Uy —=U
is a homeomorphism. We say that U is evenly covered.

In this regard, we call X the basis, X the covering space and 7 the covering
map. For z € X, the discrete set 7! (z) C X is called the fiber over .

Definition 1.2.2. Two coverings 7y : X, = X and m : Xy — X are called
isomorphic if there exists a homeomorphism ¢ : X'l — Xz such that o0 = .
If Xl = X’z and m = ma, ¢ is called a covering transformation. The covering
transformations of X form a subgroup of the homeomorphism group of X, which

we denote by C(X).

Example 1.2.3. The map 7 : R — S!, defined by 7(t) = €*™ is a covering
map. For each k € Z, ¢, : t — t + k is a covering transformation.

Proposition 1.2.4 (Lifting property). Let ¢ : X — X be a covering and
Y be locally path-connected and simply-connected. Fix a point y € Y and let
f:Y — X be continuous. Then for each ¥ € 7=1(f(y)), there exists a unique
continuous map f:Y — X such that 7o f = f and f(y) = Z.

Proof. See [Hat02], Proposition 1.33 and Proposition 1.34 O

Such a map f is called a lift of f over m. In particular, if o : [0,a] - X
is a path in X and a point pz € 7~ (a(0)) is fixed, there exists a unique path
@ : [0,a] = X such that 7 o @ = @ and &(0) = pz.

Definition 1.2.5. A covering 7 : X — X is called a universal covering if X is
simply connected.
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Remark 1.2.6. A universal covering 7 : X — X is the largest covering of X in the
following sense: If X is connected and locally path-connected and 71 : X; — X
is another covering with X, connected, there exists a covering g : X = X
such that m; o mg = m. (cf. [Hal09], Proposition II.6.5)

A universal covering is uniquely determined up to isomorphy: Let 7 : X, -
X and 7y : X3 — X be two universal coverings. Fix z € X and #; € 7, ' (2),
i = 1,2. By Proposition there exists a map ¢ : X; — X, such that
myo@ =m and @(&1) = &5 and a map 1 : Xy — X, satisfying m o) = s and
¥(Z2) = Z;. By uniqueness in Proposition Yop=idg and porp =idg, .

In particular, if X is simply connected, each universal covering of X is iso-
morphic to the trivial covering id : X — X.

A universal covering does not always exist. Some connectedness conditions
are required:

Theorem 1.2.7. If X is connected, locally path-connected and semilocally simply-
connected, there exists a universal covering of X.

Proof. See [Hal09], Satz 11.6.9. O

Proposition 1.2.8. Let X satisfy the conditions of Theorem [I.2.7 and let = :
X — X be the universal covering of X. Then

(i) The group C(X) is isomorphic to the fundamental group m (X).

(ii) For each x € X, C(X) is acting sharply transitive_on w~'(x), i.e. for
T1,T9 € ™ 1(x), there exists a unique element ¢ € C(X) such that p(%;) =
Za.

Proof. For a proof of (i), see [Hal09], Korollar 11.4.12. By Proposition m
there exist unique maps ¢, : X — X satisfying ¢(&1) = &, 1(&2) = #; and
mo@ =moy = m. By uniqueness in Proposition [1.2.4] p oy = oy =1idy, so
@, € C(X) which proves (ii). O

Example 1.2.9. Let RP™, n > 2 be the real projective space, obtained from
identifying the antipodal points of S™. Then the canonical projection = : S™ —
RP™ is the universal covering of RP™ and the covering transformation group
C(S™) consists precisely of the maps +id : p — £p. By Proposition (i),
the fundamental group 71 (RP™) is isomorphic to Z,.

If M is a manifold and 7 : M — M is a covering, then there exists a
unique smooth structure on M such that 7 is a local diffcomorphism. Then
all covering transformations are diffeomorphisms on M. Since M is locally
diffeomorphic to R™, there exists an universal covering of M if M is connected.
If two smooth maps ; : M; — M, i = 1,2 are universal coverings, there exists
a diffeomorphism ¢ : M; — M, such that 7 o p =m.-

Let (M, g) be a connected Riemannian manifold and 7 : M — M be the
universal covering of M. Then we define a Riemannian metric § on M by
g=7"g,ie gs(v,w) := gr(z)(Tpm(v), Tpm(w)). This metric on M is called the
covering metric. It is the unique metric on M such that = : M — M is a local
isometry.
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Proposition 1.2.10. Let M be a connected Riemannian manifold and 7 : M —
M the universal covering of M with the covering metric. To each vector field
X € X(M) we associate a vector field 7*(X) € X(M), defined by n*(X); =
(T5m) ™ (Xr(5)). Then we have:

(i) V2. 7 (Y) = V&Y for all X,Y € X(M)
(ii) If v is a geodesic in M, then each lift of v over 7 is a geodesic in M.
(iii) RI(n*(X),m*(Y))7*(Z) = R9(X,Y)Z for all X,Y,Z € X(M)

(iv) Kg(a) = Kfr(ﬁ) (Tym(0)) for any p € M and any two-dimensional subspace
o C Tp"M

(v) If M is complete (cf. Deﬁm’tion below), M is also complete.

Proof. Properties (i)-(iv) are general properties of local isometries. To show
completeness of M, let 5o be a geodesic in M, starting at p. By completeness
of M, the geodesic g = ™04y can be extended to a geodesic v, which is defined
for all time. Its lift starting at p is an extension of 4y which is defined for all
time. This proves (v). O

1.3 Space forms

We now want to describe manifolds of constant sectional curvature K. We may
assume, by similarity, that the sectional curvature K = —1,0,1, c¢f. Lemma
Let R™ be equipped with the usual metric, that is g;; = d;; in the natural
coordinate system. By and , it is easy to see that R = 0 and therefore
K = 0. In Chapter 6 of [Car92|, Example 2.8, it is shown that the unit sphere
S™ C R™*! with the usual metric has constant sectional curvature K = 1. Both
spaces are complete (cf. Definition below) and simply connected.

We also want to give an example of a complete and simply connected man-
ifold with constant sectional curvature KX = —1. Consider the half-space of R™
given by

H" ={(z1,...,2,)|zs > 0}

and introduce on H™ the metric
1
9z (v, 0) = —(Vwy + ... + Vawy).
m’ﬂ
The space H™ together with this metric is called the Poincaré half-plane model.

Clearly, H™ is simply connected.

Proposition 1.3.1. The Riemannian manifold H™ is complete and its sectional
curvature K satisfies K = —1.

Proof. See [Car92), p. 160-162]. O

Theorem 1.3.2. Let M™ be a complete Riemannian manifold with constant
sectional curvature K. Then the universal covering M of M is isometric to:

(i) H", if K = —1,
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(i) R*, if K =0,
(iii) S, if K =1,

In particular, if M is simply-connected, it is itself isometric to one of the spaces
above.

Proof. See Chapter 8 of [Car92], Theorem 4.1. O

Remark 1.3.3. Let M™ as above and |K| # 1. From Lemma [1.1.8) we obtain
the following

(i) If K > 0, then M is isometric to S™(K), the sphere with radius \/17

(i) If K < 0, M is isometric to H™(K), the half-space of R” with the metric

(0,0) = (1w + ... + V)
g\, w _K-x2 V1w VnpWy ).

n

Definition 1.3.4. The complete simply-connected Riemannian manifolds with
constant sectional curvature are called space forms.



Chapter 2

Calculus of variation

2.1 Variation of arc length and energy

In this section we define for a given curve « the arc length and energy of «
and investigate their behavior under small perturbations of a. The assertions
concerning the length of a curve are taken from [Car92], Chapter 9. Those
concerning the energy are taken from [O’N83|, Chapter 10.

Definition 2.1.1. Let a : [0,a] — M be a piecewise smooth curve in a Rie-
mannian manifold M. We define the arc length of a by

L(a) = /0 o (t)|dt

and the energy of a by
Ba) = / o (1) 2dt.
0

Remark 2.1.2. The arc length is invariant under a monotonic and orientation
preserving reparametrization of a curve. In fact, let ¢ : [0,a] = R so that
¢ > 0. Set » = L. Then @ : [p(0),¢(a)] = M, a(t') = ao(t), is a
monotonic and orientation preserving reparametrization of a. For the length of
@, we have

v(a) ¢(a) a
L(a) = / ) O = / ) @O = | e = L)

which proves the claim. In contrast, the energy of a curve is not invariant under
reparametrizations. Choose e.g. ¢(t) = 2t and a curve a : [0,a] = M with unit
speed, i.e. |a/(t)| = 1. Then

B@ = [ e pal = [ lwweyPeera =3 [Caopa -

but

E(a) = /Oa |’ (t)|?dt = a.
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Lemma 2.1.3. Let a :[0,a] = M be a piecewise smooth curve in M. Then
L()? < aB(a)

and equality occurs if and only if the velocity of « is constant.

Proof. By the Cauchy-Schwarz inequality,

L(a)? = </0 1. |a’(t)|dt>

and equality occurs if and only if |a/(¢)| is constant. O

2

g/oa 1dt-/0a|a’(t)|2dt:aE(a)

Definition 2.1.4. Let a : [0,a] — M be a piecewise smooth curve and 0 = ¢y <
... <ty = a be a subdivision of [0, a] such that « is smooth on each subinterval
[ti—1,t;]. A piecewise smooth variation of o is a map z : (—¢€,¢€) x [0,a] — M,
such that z(0,t) = a(t) for t € [0,a] and such that x is smooth on (—¢,€) x
[ti—1,t;] for i = 1,... k. For each s € (—¢,€), the map z(s,.) : t — z(s,t) is
called a longitudinal curve of the variation. For a fixed t € [0,a], s — z(s,t) is
called a transversal curve of the variation.

The piecewise smooth V along a, given by V(t) = £ (s,t)|s=0 = Ty(0,1)(0s) is
called the variational vector field of the variation z. Each V (¢) is the velocity
of the transversal curve s — x(s,t) at s = 0. A variation is called proper, if it
keeps the endpoints fixed, i.e. z(s,0) = «(0) and z(s, a) = a(a).

Proposition 2.1.5. Let V(t) be a piecewise smooth vector field along a piece-
wise smooth curve « : [0,a] — M. Then, there exists a variation x : (—¢,€) X
[0,a] = M of a, such that V is the variational vector field of x. In addition, if
[V(0)] =|V(a)| =0, it is possible to choose x as a proper variation.

Proof. See Chapter 9 of [Car92], Proposition 2.2. O

For a given variation z, we define two real-valued functions L,, E, : (—¢,€) —
R by

Lm(s)=L(:v(s,.)):/Oa|;x(s,t)|dt, Ew(s):E(m(s,.)):/Oa|aatw(s,t)|2dt.

In Remark 2:.1.2] we have seen that the arc length of a curve is independent of
the parametrization. Therefore, if we investigate the arc length of a variation
of the curve a, we may assume that the velocity of « is constant. Throughout
this section, we will fix a decomposition 0 =ty < ...t = a of [0, a] and assume
that @ and V' are smooth on each subinterval [¢;_1,;].

Proposition 2.1.6 (Formula for the first variation). Let a : [0,a] = M be a
piecewise smooth curve and let x : (—e, €) x[0,a] = M be a variation of a. Then

EL(0) =~ 2 /O V1), o (0)dt
- (2.1)
23V (1), A (1)) — 20V(0),/(0)) + 2(V (@), ()
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where V (t) is the variational vector field of x and

Ad'(t;) = tli\nt; a(t) — tli/ntl' a'(t).

If in addition, a has constant velocity ¢ > 0 then we have the following formula
for the first variation of arc length:

Lo =-: [ o
e 1 1 (22)
I3 ), A @) — V(0,0 0) + V(@) 0’ (@)

Proof. For a proof of (2.1),see Chapter 9 of [Car92|, Proposition 2.4. A proof
of (2.2) is given in [O’N83|, Proposition 10.2. O

The following results show that the critical points of arc length and energy
are precisely the unbroken geodesics.

Proposition 2.1.7. Let o : [0,a] = M be a piecewise smooth curve. Then, «
is an unbroken geodesic if and only if E!,(0) = 0 for each proper variation x of
a. If a has constant velocity ¢ > 0, then a is an unbroken geodesic if and only
if L'.(0) = 0 for each proper variation x of .

Proof. A proof of the fist statement is given in Chapter 9 of [Car92], Proposition
2.5. For a proof of the second statement, see [O’N83]|, Corollary 10.3. O

Every vector field V' along a smooth curve a splits into a component which
is parallel to o' and a component, which is orthogonal to a'. We denote these
components by tanV and nor V. They are given by

tanV = (V,a)a’, norV =V —(V,a' )/ .
If a is a geodesic, we have, since |a”| = 0,
(tan V) = (V,a)a") =(V',a')a' = tan(V")

and
(nor V) = (V —tanV) = V' — tan(V') = nor(V"’).

In this case, we just write tan V' and nor V', respectively.

Proposition 2.1.8 (Formula for the second variation of arc length). Let v :
[0,a] = M be a geodesic with constant velocity ¢ > 0 and let x be a proper
variation of v with variational vector field V. Then

L0 = [ [nor VVonor V)~ (ROVOV. AN, (23)
BLO) =2 [ UV V) = (V)W (2.4

Proof. For a proof of (2.2)), see [O’N83|, Theorem 10.4. A proof of ([2.4) is given
in Chapter 9 of [Car92], Proposition 2.8. O
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Remark 2.1.9. Using integration by parts leads to the following:

L0)=—- i/oa[(nor V" — R(nor V,¥")Y', nor V)]dt (2.5)
k-1
- %Z(Anor V' nor V) (t)
a k—1
B0 = =2 [ (V- R V-2 AV )0 (26)

For calculations of the formulas (2.5) and (2.6, see [O’N83], Corollary 10.8 and
Chapter 9 of[Car92|, Remark 2.9, respectively.

2.2 The Bonnet-Myers Theorem
Let M be a Riemannian manifold. Consider the map d: M x M — R, given by
d(p,q) = inf {L(a)|a : [0,1] = M piecewise smooth, a(0) = p, a(l) = ¢} .

The map d defines a metric on M, called the Riemannian distance function.
The diameter of M is defined by diam(M) = sup {d(p, q)|p,q € M }.

Theorem 2.2.1 (Hopf-Rinow). Let M be a connected Riemannian manifold.
Then the following assertions are equivalent:

(i) The metric space (M,d) is complete.
(i) There exists a point p € M such that exp,, is defined for all v € Ty M.

(i) For all p € M, exp, is defined for all v € T,M. (M is geodesically
complete)

(iv) All closed and bounded subsets of M are compact.

These statements imply the following: For any p,q € M, there exists a geodesic
v joining p to q such that L(v) = d(p,q), i.e. v is minimizing.

Proof. See [O’N83|, Proposition 5.21 and Proposition 5.22. O

Definition 2.2.2. A Riemannian manifold satisfying the assertions of Theorem
[2:2.]is called complete.

Remark 2.2.3. Let M be a complete Riemannian manifold and let diam(M) be
finite. Then M itself is a closed and bounded subset of M, hence by Theorem

[2:2.3] M is compact.

The following theorem states that a complete Riemannian manifold M is
compact if the sectional curvature of M is bounded below by a positive constant.
Moreover, we get an explicit estimate for the diameter. The proof is taken from
[Lee97], Theorem 11.7.
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Theorem 2.2.4 (Bonnet-Myers). Let M be a complete Riemannian manifold
whose sectional curvature K satisfies

K>6>0

for a real number 6. Then M is compact and its diameter satisfies diam(M) <
%. Moreover, the fundamental group m (M) is finite.

Proof. We first prove that diam(M) < % Suppose the contrary: then there

exist p,¢ € M such that d(p,q) > J=. By Theorem there exists a min-
imizing geodesic v joining p to q. After a reparametrization, we may assume
that 7 is normalized, i.e. |y/| = 1. Then, v is defined on the interval [0, L],
where L = L(y) = d(p,q). Let W be a parallel unit vector field along + such

that (WW,~') = 0 and let

i

V(t) = sin <L> W(t).

Observe that V' vanishes at ¢ = 0 and ¢ = L and that V = nor V. By straight-
forward calculation, we get

t 2 t
V/(t) = 7 cos <7;> W, V'()=-(7) sin (2) W ().
By Proposition [2.1.5] we can choose a proper variation x of v such that V is
the variational vector field of z. Since 7 is a geodesic, L!,(0) = 0 by Proposition
By the formula for the second variation of arc length (2.5)),

L
L'(0) = — / (V" = R(V,»)y, V)t

Ljn? t t t
/ <7£2 <sin 72) W+ <szn7;> R(W,v")9, (sin 7;) W> dt
0

_ /OL (sin2 72) <Zi(W, Wy — <R(W,7’)W,7’)> dt
_ /OL (Sin2 th) <Zi _ K(W,y')) dt
g/OL (sin27TLt> <Zi—6> dt < 0.

Therefore, if s # 0 is small enough, L(z(s,.)) = L(s) < L,(0) = L(y), so
z(s,.) is a curve of shorter length than v which joins p to ¢. This contradicts
the assumption that L(v) = d(p,q). Hence, the diameter of M is at most %.
By Remark 2.2.3] M is compact.

To show finiteness of the fundamental group 7y (M), let 7 : M — M be the
universal covering of M with the covering metric. Then by Proposition [1.2.10}
M is a complete manifold whose sectional curvature K also satisfies K > § > 0,
so M is compact by the argument above. By Proposition there exists a
one-to-one correspondence between the fiber 7! (p) over each point p € M and
the fundamental group m(M). Since m!(p) is a discrete set in the compact
manifold M, 7= (p) is finite. Thus, 7 (M) is also finite. O
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Remark 2.2.5. The existence of a § > 0 satisfying K > 6 > 0 is essential.
Consider the paraboloid in R?, given by

M ={(z,y,2) € R*|z* + y* = 2}

with the metric induced from the standard Euclidean metric of R?. The sectional
curvature of M satisfies K > 0 but M is not compact.



Chapter 3

The Rauch comparison
theorem

3.1 Jacobi fields

Definition 3.1.1. Let v:[0,a] = M be a geodesic. A Jacobi field along = is a
vector field J € X(vy) which satisfies

J"=R(J,7)y (3.1)
This differential equation is called the Jacobi equation.

Definition 3.1.2. A variation of the geodesic 7 is called a geodesic variation if
all longitudinal curves of the variation are geodesic.

The following proposition states that the variational vector fields of geodesic
variations of v are precisely the Jacobi fields of ~.

Proposition 3.1.3. If z is a geodesic variation of vy, then the variational vector
field J of x is a Jacobi field. Conversely, if J is a Jacobi field along vy, there
exists a geodesic variation of v with variational vector field J.

Proof. See [O’N83|, Lemma 8.3 and [Bar06], Proposition 3.4.2. O

Proposition 3.1.4. Each Jacobi field is smooth. For arbitrary v,w € T,M,
there ewxists a unique Jacobi field J such that J(0) = v and J'(0) = w. Thus,
the set of all Jacobi fields along v forms a vector space of dimension 2n, where
n = dim(M).

Proof. See [O’N83|, Lemma 8.5. O

Lemma 3.1.5. Let~y :[0,a] = M be a geodesic and let J be a Jacobi field along
. Then,

(1,7) () = (J'(0),7(0)) - t + (J(0),7(0)).

Proof. We obtain from the Jacobi equation
(L)' =" 9) = (R(J,7),7) =0,

15
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hence the function f : [0,a] = R, f(t) = (J,7')(¢) is linear. Therefore,

f@) = £(0) - t+ £(0) = (J'(0),'(0))t + (J(0),7'(0))-
O

For a fixed geodesic v, we denote the space of Jacobi fields along v by J. The
subspaces of J containing the Jacobi fields which are parallel and orthogonal
to +' are denoted by tanJ and mor.J, respectively.

Proposition 3.1.6. A wvector field J € X(v) is a Jacobi field if and only if
tanJ and norJ are Jacobi fields. We obtain a splitting of J into a direct sum

J =tanJ ® norJ.

Proof. By linearity, J = tanJ + norJ is a Jacobi field, if tanJ and norJ are.
Conversely, suppose that J is a Jacobi field. We first show that tanJ satisfies
the Jacobi equation. By Lemma |3.1.5]

(tanJ)" = (J,¥")'y' =0 -+ = R((J,¥)V', 7' )Y = R(tanJ,~")",

hence tanJ is a Jacobi field. By linearity, norJ = J —tanJ is also a Jacobi field.
It follows that the map ¢ : J — tanJ @ norJ, defined by ¢(J) = (tanJ, norJ),
is well defined. It is a linear isomorphism, since its inverse is given by % :
tanJ ® norJ — J, Y(J1,J2) = J1 + Js- O

Proposition 3.1.7 (Properties of tangential and orthogonal Jacobi fields).

(i) The elements of tanJ are precisely those of the form

J(t) = (c1 +cat)y  ci,c0 €R.

(i) A Jacobi field J is parallel to ', if and only if J(0) and J'(0) are parallel
to v'(0). Similarly, J is orthogonal to ~' if and only if J(0) and J'(0) are
orthogonal to +'(0).

(i4i) The dimension of tanJ equals 2 and the dimension of norJ equals 2n—2.

Proof. If J € tanJ, then J = (J,~')y. With ¢; = (J(0),~7'(0)) and ¢y =
(J'(0),~'(0)), the expression J(t) = (c1 + cot)y’ follows from Lemma
Conversely, it is easy to check that each vector field of this form is a Jacobi
field. This proves (i).

If J is parallel to 7/, it is of the form J(t) = (c1 + c2t)7', so J(0) = ¢17'(0)
and J'(0) = c27/(0) are parallel to 7/(0). Conversely, let v, w € T, M be parallel
to 7(0), i.e. v = ¢17'(0) and w = ¢29'(0). Then J(t) = (c1 + cat)y’ is the
unique Jacobi field which satisfies J(0) = ¢17/(0) and J'(0) = ¢29'(0) and by
(i), J is parallel to . The analogous statement for J € norJ is an immediate
consequence of Lemma [3.1.5

At last, we prove (iii). By (i), dim(¢tanJ) = 2 and by Proposition
dim(norJ) = dim(J) — dim(tanJ) = 2n — 2. O

Proposition 3.1.8 (Jacobi fields on manifolds with constant curvature). Let
M be a Riemannian manifold with constant sectional curvature K and let 7y :
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[0,a] = M be a normalized geodesic. Let J be a Jacobi field along v which
satisfies J(0) = 0 and (J,v'y = 0. Then

sSnVED prrr) f K > 0,

VK
J(t) = tW (t) if K =0,
sinh(v/[K]t) .
—Y W (t K <0,
\/ﬁ ( ) if

where W denotes the parallel vector field along v with W (0) = J'(0).

%. This is possible since by Proposition (ii), J'(0) is orthogonal to 7'(0).

Then we can write

Proof. Let {E,...,E,} be a frame field along « such that £y =+’ and Es =
2|

J(t) = Zfi(t)Ei(t)-
i=1
Note that f; is given by (J, E;). Since (J,7') = 0, fi = 0. For i > 2, the
functions f; satisfy

i” = <J”7Ei> = (R(J= VI)’YlaEi)
= (RO HE52 0 B = Y S (B(E; ) ) .

LT kST BB A B — (VAN Ey, B = K f;

=2

Now we want to calculate the initial conditions of (3.2). Since |J(0)] = 0,
fi(0) =0 for i > 2. Since

7' (0)|E(0) = [W(0)|E2(0) = W(0) = J'(0) = Zfé(O)Ez(O),

f4(0) = |J'(0)] and f/(0) = 0 for ¢ > 3. Therefore, f; = 0 for ¢ > 3. Thus, J is

Biven by £() £()
= D= e W

where f> is the unique solution of the initial value problem
2 =—Kf:,  £(00=0,  £5(0)=1J(0).

Solving this differential equation finishes the proof. O

J(t) = fo(t)Ex(t)

3.2 Conjugate points

Definition 3.2.1. Let v : [0,a] = M be a geodesic. Two points (1), v(t2),
t; # ty are called conjugate along +, if there exists a Jacobi field J # 0 along
such that |J(¢1)| = 0 and |J(t2)| = 0.

Remark 3.2.2. Such a Jacobi field is orthogonal to 4": By Lemma [3.1.5 ¢ —
(J,7')(t) is a linear function and (J,7')(t1) = (J,7')(t2) = 0. Therefore,
(J,7v)(t) =0 for all ¢ € [0, qa].
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Mostly, we will fix one of the two points at t; = 0. Let [J; be the space of
Jacobi fields along 4" which vanish at v(0) and ~(¢). Note that J; # {0} if and
only if v(0) and ~(¢) are conjugate along 7.

Definition 3.2.3. The dimension of the vector space J; is called the multiplicity
of the conjugate point y(t).

By Remark 3:2.2] J; C norJ. Hence, an element J € 7; is uniquely de-
termined by the vector J'(0), which is orthogonal to 4'(0) by Proposition
(ii). Therefore, the multiplicity of a conjugate point y(¢) can be at most n — 1.

Example 3.2.4 (Conjugate points on manifolds with constant curvature). Let
M be a manifold of constant sectional curvature K and 7 : [0,a] — M be a
normalized geodesic.

e If K > 0, each point 7(#m), m € N is conjugate to v(0) with multiplicity
n—1 and all conjugate points are of this form: By Remark [3.2.2it suffices
to consider all J € norJ with J(0) = 0. By Proposition J(t) =
sin(v/Kt)W (t) for a parallel vector field W, so J vanishes exactly at the
points \/”—Fm.

e If K < 0, no conjugate points occur on y. By Proposition J is of
the form J(t) = tW(t) or J(t) = sinh(y/|K|t)W(t) for a parallel vector
field W. In both cases, |J(t)| > 0 for all ¢t > 0.

Proposition 3.2.5. Let v : [0,a] = M be a geodesic and p = ~(0). The
following assertions are equivalent:

(i) The point v(t) is conjugate to v(0) along .

(i) The exponential map exp, is singular at t'(0), i.e. there exists a vector
v € Ty (0)(Tp M) such that Ty oyexp,(v) = 0.

(i1i) There exists a nontrivial geodesic variation x of vy, such that z(s,0) = v(0)
for all s and %w(o,t) = 0. In this regard, nontrivial means that not all
longitudinal curves of x equal .

Proof. See [O’N83|, Proposition 10.10. O

Corollary 3.2.6. Letp e M and U C T, M be a neighborhood of 0 € T, M such
that exp, : U — M s a local diffeomorphism at each v € U. Let vy : [0,a] —
exp,(U) be a geodesic with v(0) = p. Then, no point of v is conjugate to v(0)
along ~y.

Proof. This follows from the implicit function theorem and Proposition [3.2.5
O

Remark 3.2.7. If the geodesic v : [0,a] — M is sufficiently short, there do not
exist conjugate points. Indeed, if v([0, a]) is contained in a normal neighborhood
of p, then by Corollary no point y(t) is conjugate to v(0) along .

Lemma 3.2.8. Let v : [0,a] = M be a geodesic, t1 # tz2, v € T )M and
w € Ty yM. If y(t1) and y(t2) are not conjugate along vy, there exists a unique
Jacobi field J along v such that J(t1) =v and J(t2) = w.

Proof. Consider the linear map ¢ : J — Ty, )M @© Ty ,) M, given by ¢(J) =
(J(t1), J(t2)). By definition of conjugate points, ¢ is injective. Since J and
TyyM & T, (4,)M are both vector spaces of dimension 2n, ¢ is surjective. [
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3.3 The Rauch Comparison Theorem

In Proposition [3.1.3] we have seen that Jacobi fields describe the difference
between a geodesic and an infinitesimally close geodesic. Based on this in-
terpretation, Rauch’s theorem relates the sectional curvature of a Riemannian
manifold to the rate at which its geodesics spread apart.

In dimension two, Rauch’s theorem is an easy consequence of the classical
theorem of Sturm on ordinary differential equations, cf. [Car92, p. 211]. In
dimension higher than two, the proof is much less simple. A presentation of the
theorem was given for the first time in 1951 by H. Rauch [Rau51].

Lemma 3.3.1.

(i) Let f : [0,a] = R be a piecewise smooth function with f(0) = 0. Then there
exists a piecewise smooth function g : [0,a] — R, such that g(0) = f'(0)
and f(t) =t-g(t) on[0,al.

(i) Let M be a Riemannian manifold, v : [0,a] = M be a geodesic and V be
a piecewise smooth vector field along v with |V (0)| = 0. Then, there exists
a piecewise smooth vector field A with A(0) = V'(0) and A(t) =1t -V (t)
on [0, a].

Proof. We have f(t) = f(t) — f(0) = fot fl(s)yds=t- fol f'(ts)ds. The function
g :[0,a] = R, defined by g(t) := fol f'(ts)ds satisfies the conditions of (i).

To prove (ii), let V' be as above. By choosing a frame field {E;,..., E,}
along ~, we can write

V(t) = Z fi(t) Ei(t)

0 for 1 <i < n. By (i),

for piecewise smooth functions f;. Clearly, f;(0) =
=t- fi(t) and g;(0) = f;(0). The

there exist piecewise smooth g; such that g;(t)
vector field A, defined by

At) = Zgi(t)Ei(t)

complies with the requirements of (ii). O

Let now 7 : [0,a] = M be a fixed geodesic and V' be a piecewise smooth
vector field along 7. For tq € [0, a], we call

1, (V.V) = / VLV — RV V) d (3.3)

the index form of V' along 7.

Lemma 3.3.2 (Index-Lemma). Let vy : [0,a] = M be a geodesic without con-
Jugate points to v(0) along v on (0,a]. Let V be a piecewise smooth vector field
along v and let J be a Jacobi field along v with (V,~') = 0. Furthermore, let
[J(0)] = |V(0)] =0 and J(to) = V(to) for a to in [0,a]. Then,

Ito (Ja J) < Ito (V> V)

and equality occurs if and only if J =V on [0, ).
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Proof. Let J+ be the vector space of Jacobi fields along v with J(0) = 0
and (J,7') = 0. By Proposition the dimension of J1 equals n — 1 where
n = dim(M). Let Jy, ..., J,_1 be abasis of 7*. Then we can write J =, a;J;
for constants a;, 1 <14 < n. Furthermore, we denote the orthogonal complement
of ¥'(t) in Ty M by T. (t)M Since there are no conjugate points to (0) on
v, Ji(t) # 0 for (0,a] and the same holds for every nontrivial linear combination
of the J;. Therefore, the vectors J (t), ..., J,—1(t) are linearly independent for
t € (0,a] and they form a basis of Ty(t)Ml. For t # 0 we can write

V()= fi(t) it

Since the Jacobi fields J; are smooth by Proposition the functions f; are
piecewise smooth functions on (0, a]. Next, we want to extend the f; to piecewise
smooth functions on [0, a].

By Lemma (ii), J;(t) = tA;(t) for smooth vector fields A;. It is clear
that J/(0) # 0, otherwise J; = 0. The same holds for every nontrivial linear
combination of the vectors J;(0), so the vectors A4;(0) = J/(0) form a basis of

T,0)M=*. Since J;(t) = tA;(t) and the J;(t) are a basis of 10,y M+, the A;(t)
also form a basis of T,y M= for t € (0,a]. Therefore we can write

= Zgi(t)A t

for piecewise smooth functions g; on [0, al.

Since V(0) = 0, g;(0) = 0 for i € {1,...,n—1}. By Lemma [3.3.1] (i),
9i(t) =t - h;(t) for piecewise smooth functions h; on [0, a]. We have

=D FH0Ti(t) =D gi(t)As Zt hi( Zh
and therefore f;(t) = h;(t) for ¢ # 0, which proves the claim.
Let now 0 = sp < $1 < ... < 8§ = to be a subdivision of [0, #y] so that the

fi are smooth on each subinterval [s;_1,s;], 1 <1 < k. We show that on these
subintervals

(V' V) = (R(Y, V)Y,V Zf JZ,ZfJ + = Zm,zf] (3.4)
By the Jacobi equation, we have
R(Y,V Zfz V—Zfz (O Ty = = D fili

Consider the left hand side of (3.4):
<VI VI) - (R('yla V)’Ylv V)

ZfJ +Zfz ZfJ +Zf] (R(Y', V)Y, V)
= <Z f;Ji,Zf;J Zf Jz,Zf] + O AT 1)
i 7 1 7
+ ORI 5T+ ZfiJ;',ij ;)
i j i j
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Expansion of the right hand side leads to:

03 )

ZfJ+Zf¢ ijj Zfsz,Zf, +Zf]J"
=<§ijfiJi,2jjf” Zfz Zj:fjj
+<ZfiJi,ijJ;'>+<ZfiJi,Zf;-J;>

Therefore, is eqjuivalent to l j
Zfz ij = QO fiis 3 £57))- (3.5)
i ;

To show , we write
h(t) = (J;, Jj) = (Ji, Jj)-
Since h(0) =0 and
W' (t) = (Ji's I + (i, i) = (i, Jj) = (i Jf)

:_<R(77Ji)’77‘]j> <JivR(’77Jj) )ZO

we conclude h = 0. Using bilinearity yields (3.5]), which proves (3.4).
Now we can apply (3.4) to V and we obtain

k s1
Lv,V)=Y" / (V' VY — (R V) Ve
l;1 ) d
=Y [ WS g+ G A I (3
=1 Y 8i-1 i 7 i j

to
= [ R X fidd+ (5 £ Y 130
oy j i j
For J(t) =Y, a;J;(t), we obtain from
Iy (J, ) Zan,Zaj ) (to)

Since J(tg) = V(tg), we have f;(to) = «; and therefore
L, (V,V) =TI, (J,J) + / |ZfJ|dt (3.7)
0

It follows from that I, (V,V) > I, (J, J), which proves the first part of the
proposition.

If I,,(V, V) = I, (J, J), then by (3.7), 3=, f;.J; = 0 on each interval (s;_1, s;).
Since the J;(t) are linearly independent for ¢ # 0, f/(t) = 0 on (s;_1, s;). There-
fore, the f; are piecewise constant and continuous, hence constant on [0, Zo].
Since fi(to) = a;, we have f;(t) = «; and therefore V' = J on [0,%o], as
claimed. O
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We are now in a position to prove Rauch’s theorem. We denote by M™ a
manifold of dimension n.

Theorem 3.3.3 (Rauch). Lety:[0,a] = M"™ and 7 :[0,a] — Mk k>0 be

two geodesics in M and M, respectively, with |y (t)| = |3'(t)|. Let J and J be
Jacobi fields along v and 7, respectively, which satisfy

[7(0)] = 17(0)| =0, |T'O) =1J'(0)], (J'(0),7'(0)) = {J'(0),5(0)). (3.8)

Suppose that i does not contain points which are conjugate to (0) along 7 and
for allt € [0,a], v € T,y M and & € T5;) M, we have

K’y(t) (i.aﬁ/l(t)) > K’y(t) (:I’,‘,’yl(t)), (39)

if defined. (By K,(x,y) and K;(Z,7), we denote the sectional curvature of M
and M at points p € M and p € M, respectively.) Then,

Tl < 10 Veelod) (3.10)
In addition, if there exits to € (0,a) such that |.J(to)| = |J(to)|, then
Es(J(1),7' (1) = Ky (J(£),7' (1)) ¥t € (0,1o], (3.11)
if defined.
Proof. From Lemma and , we obtain

[tan | = [{(J,7')7| = [(J'(0),7' ()|t = |{J'(0), 5" (0)|¢ = (], 7)¥| = [tan|.
Therefore, to prove |J(t)| < |J(t)], it suffices to show that |nor J(t)| < |norJ(t)).
By Proposition|3.1.6, norJ and norJ are Jacobi fields. So to prove the theorem,
it suffices to prove the theorem for all Jacobi fields orthogonal to +' and 7/,
respectively. Thus, we suppose that

(J,7"y=(J,7") =0.

If |.J'(0)| = |.J'(0)| = 0, then |J| = |J| = 0 and the inequality |.J(¢)| < |J(t)] is
satisfied trivially. Otherwise, we define two real-valued functions v(t) = |J )
and 9(t) = |J(¢)]?. Since no point of 7 is conjugate to 7(0) along 7, #(t) # 0 for
t # 0 and the expression Zgg is well defined on (0, a]. We have v(0) = 0 = ©(0).
A straightforward calculation shows

v'(0)=9'(0)=0,  0"(0)=2(J'(0),J'(0)),  ©"(0) =2(J'(0),J'(0)).
From L’Hospitals rule,

H
lim ?(t) = lim 13 ( = —
t—0 U(t)  t—0 0''(¢) |.J'(0)]2

O _OP @,

To show |J(t)| < |J(t)], it therefore suffices to prove %(gég) > 0 for t € (0,qa].
By the quotient rule, this is equivalent to proving

V' (t)o(t) > v(t)d'(t). (3.12)
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Let to € (0,a]. If v(to) = 0, then
v'(to) = 2(J'(to), J(t0)) =0,

and (3.12) is satisfied trivially. Suppose, therefore, that v(tg) # 0. We already
know that @(tp) # 0. Define

1 ~ 1

U(t) = J(t),  Ut)= J(1),
(t) o) (t) (t) ) (t)
and observe that |U(to))| = |U(to)| = 1. Then by the Jacobi equation,
vlto) _ 210 MU0 g 0(10), Ut = (WU (1)

o(to) — (J(to), J(to

to to
/ ou)y'dt=2 [ [U',U")+U",U)dt
0 0

_ /00[<U’,U’)—(R(7’,U)7’,U)] dt = 2I,, (U, U).

Analogously, one shows that

il

(o) e
=2, (U,U).
’lj(to) to ( ) )
Therefore, to prove (3.12)), it suffices to show I, (U,0) < I,(U,U).
Let {Ey,...,E,} and {E1,..., E, 1} be frame fields along v and 4, respec-
tively, such that

Y@ ) —
El(t) - |’Yl(t)|’ Ez(to) U(to)
NN A S e\ T
Bi(t) = T By(to) = Ulto).

We map each vector field V(t) = ), fi(t)E;(t) along v to a vector field
@V (t) along 7, given by

The map ¢ satisfies
@V, 0V) =Y f7=(V,V),

@V, V') =D (f)> =V, V"),

(Vi) = AlY'| = A7 = 6V, 7).
With the inequality (8.9), we obtain
Ito (¢(U)v ¢(U))

= [ [tev. o = U@ WO R @U©. 7 0)] d (313)

;}'/
< [7 [0 = 0P K OF Ko@) @)] dt = 1, @.0)
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The vector fields U: and U along 7 are orthogonal to §" and satisfy |U(0)] =
|oU(0)] = 0 and U(tg) = ¢U(tp). Since U is a Jacobi field, we obtain from

Lemma that
Ito (67 U) < Ito (¢U7 ¢>U) < Ito (U7 U)7 (314)

so we have proven and therefore the inequality (3.10) in the theorem.

Suppose that |J(t0)| = |J(to)| for some t, € (0, a] Then, [tanJ (tg)| =
|tanJ (ts)| by the calculation at the beginning of the proof and therefore, |norJ(tg)| =
|norJ(ty)|. Note that

Koy )(J(1),7' (1) = Ky (nor J(t),7' (1))

Ksy(J (1), (t)) = K1) (nor J (t), (1))

and the expressions are only defined if [norJ|, |norJ| # 0. Thus, it suffices to
prove 1} for J, J which satisfy

(J,7) = (J,7) =0, J, J#0.

By assumption, 50) = (o) We have already shown that - vE ; > 0 for all
€ (0,a]. Therefore, & (g =

V' (4)0(t) = v(t)D' (t), t € (0,to].

Since Z((t;’)) =2I,,(U,U) and & ((t")) 21, (U, U), equality occurs in l , SO

, dt 7 0 for ¢ € (0, o] which is equivalent to

I,(U,U) = I,(¢U, ¢U) = I, (U, U).

From the first equality, it follows from Lemma/3.3.2} that U = ¢(U) on [0, to)].
By the second equality, the integrands of (3.13)) are equal, hence for ¢ € (0, to]

Ky (J(t),7' (1) = Kyy (U(t), 7' (1))
= K5 (0U(#),7' (1) = K5 (U1),7(8) = K50y (J (1), 7' (t)),

so we have proven Rauch’s theorem. O

3.4 Conclusions from Rauch’s Theorem

Proposition 3.4.1. Let M be a Riemannian manifold whose sectional curva-
ture K satisfies
0<L<K<H

for constants L and H. Let vy : [0,a] — M be a normalized geodesic. Let y(to)
be the first point (with respect to the parameter t) which is conjugate to ~(0)
along v. Then ty satisfies

<to <

=
<

Proof. First we show tg > % We compare M with a sphere of the same

dimension and constant curvature H, which we denote by M. Let J be a Jacobi
field along «y with |J(0)| = |J(to)] = 0. By Remark [3.2.2) (J,7') = 0. Let 7; :
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[0,a] = M be a normalized geodesic in My and J;(0) be a Jacobi field along
1 which satisfies J3 (0) = 0, |J7(0)] = |//(0)] and (1 (0), % (0)) = {J'(0),'(0)).
We know from Example [3.2:4] that ’y does not contain conjugate points in the
interval (0, ). With Theorem it follows that |J(t)| > |Ji(t)] > 0 for
t € (0, ﬁ), so tg > \/—ﬁ and the ﬁrst 1nequahty of the proposition is proven.

To show tg < we compare M with a sphere of the same dimension and

constant curvatur\eFL denoted by My. Let now Js be a Jacobi field along a
normalized geodesic 2 : [0,a] — M, satisfying |J2(0)| = 0, |J5(0)] = |.J'(0)]
and (J5(0),74(0)) = (J'(0),~'(0)). By Proposition [3.1.7](iii), (J2,74) = 0. Since
~ does not contain conjugate points on (0, ), we can apply Theorem and

we obtain |Jo(t)| > |J(t)| > 0 for ¢t € (0,t9). By Example , |JQ(%)| =0
y

from which tg < % follows. This proves the second inequality. O

Lemma 3.4.2. Let « : [0,a] = M be a smooth curve and V be a vector field
along a. If a(t) = p for all t € [0,a], then

0

Py = T

o 5.V (),

where 2 o denotes the covariant derivative along the curve a and = 15 the usual
derivative in the vector space T, M.

Proof. Observe first that if a(t) = p for all ¢, then V(¢) is a curve in T, M,
so the derivative %V(t) makes sense. Let U be a neighborhood of p and
(p = (x,...,2™),U) be local coordinates around p. In these coordinates, the
covariant derivative can be written as

] o a) .
"(t) = rt, xf Vit
V(1) ; Z 5r OV () ) lag
cf. [O’N83| p. 66]. In the case a(t) = p, the terms %(t) vanish, so
8Vk 0

V()= V(1) = Ok = V0

which finishes the proof. O

Proposition 3.4.3. Let M™ and M™ be Riemannian manifolds with sectional
curvature K, K, respectively. Suppose that inf K > supK. Letpe M, pe M
and fix a linear isometry i : T,M — T} M. Letr > 0 such that exp,, is defined
on B.(0) C T,M and the restriction exp; |BT(0) is a local diffeomorphism. Let
a: [0,a] = exp,(Br(0)) C M be a piecewise smooth curve which can be lifted to
a curve in T, M, i.e. there exists a piecewise smooth curve a in T,M such that
erxppod = . Let & :[0,a] — expﬁ(Br(O)) C M be given by

a(s) = exp;oi o a(s), s € ]0,a).

Then, L(a) > L(&).
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Proof. Since we can apply this Proposition to each smooth segment of «a, we
may assume « and & to be smooth. Consider the geodesic variation

f:[0,1] x [0,a] — M, f(t,s) = exp,(ta(s)).

We set v,(t) = f(t,s). By Proposition , the vector field %(t, s) = Js(t) is
a Jacobi field along the geodesic 7, which satisfies

0
Js(o) - 67'(:(0,8) = Ttd(s) epr(tC_tl(S))|t:0 = 0
and o7 5
bt 9 _
10 =20,9="Ta@) =als)
Furthermore,
vy DOF o _DOF Do D mm
J,(0) = 7 Ds (0,s) = 7 ot (0,s) = dsTO exp,(a(s)) = dsa(s) = asa(s).

We now define a geodesic variation in M by

fe0,1] x[0,a] = M, f(t,s) = expy(t - i(a(s))).

Let 44(t) = f(t,s) and consider the Jacobi field J,(t) = g—f(t,s) along the
geodesic 4,. As above, one shows that

IO =0,  J(1)=d'(s),  Jy(0) =i(a@(s)).
Because i is an isometry,
[T5(0)] = |a'(s)] = |i(a'(s))| = [T(0)]
and
(J5(0),7;(0)) = (i(a'(5)),i(75(0))) = (@'(5),74(0)) = (J5(0), 74 (0)),

so the conditions of Theorem are satisfied. Since exp; |B,(0) is a local
diffeomorphism, the geodesics 45 do not contain conjugate points on (0, 1] by
Corollary Since inf K > sup K, condition is satisfied. Moreover,
observe that |y.| = |#%], since

75 (0)] = [T exp, (a(s))] = |a(s)| = |i(a(s))] = [To exp;(i(a(s)))| = [75(0)].

Therefore, we can apply Theorem and we obtain |J,(t)| < |Js(t)| for all
t € [0,1]. In particular,

&' (s)] = [Js(D] < [Ts(1)] = [ (3)].

By this inequality,

L(a) = /0“ |’ (s)|ds > /Oa |’ (s)|ds = L(a&).
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A far reaching global generalization of Rauch’s Theorem is the Theorem of
Toponogov, which states the following;:

Theorem 3.4.4 (Toponogov). Let M be a complete Riemannian manifold
whose sectional curvature K satisfies K > H for a real number H. Let v, :
[0,L1] = M and 72 : [0,Ls] — M be normalized geodesics in M with v,(0) =
v2(0). Assume that v, is minimizing and, if H > 0, Ly < ﬁ Let M% be the
space form of dimension 2 and constant sectional curvature H and let 41 and
¥2 be two mormalized geodesics in M3 such that 1(0) = 72(0), L(%;) = L(vi),
i = 1,2 and £(3(0),55(0)) = £(7}(0). 74(0)). Then

d(71(L1),72(L2)) < d(%; (L), 75 (L2)).

Proof. A proof using Rauch’s theorem is given in [CET75]. A different approach,
using the Hessian of the Riemannian distance function, is given in [Mey89] and
[Pet06]. O

Toponogov’s theorem turned out to be an extremely powerful tool in Rie-
mannian geometry. Some of its applications can be found in [Mey89].

3.5 Manifolds of nonpositive curvature

In this section, we prove the Theorem of Cartan-Hadamard, which gives an
important property of complete manifolds of nonpositive sectional curvature.
The proofs are taken from Chapter 11 of [Lee97|. For simplicity, all geodesics
in this section are assumed to be normalized.

Lemma 3.5.1. Suppose M and M are connected Riemannian manifolds, with
M complete and w: M — M a local isometry. Then M is complete and 7 is a
covering map.

Proof. We first show that M is complete. Let p be in the image of 7 and v be
a geodesic with initial point p and initial velocity v € T,M. Choose p in 7 *(p)
and let o = (Tpm) 1 (v). Let 4 be the geodesic with initial point p and initial
velocity . Because M is complete, 7 is defined for all time. Since = is a local
isometry, o4 is a geodesic and since by construction 7 (p) = p and Tpn(9) = v,
we have m o 4 = . Thus 7 is defined for all time, so M is complete. For the
rest of the proof, we call a geodesic 4, constructed as above, a lift of ~.

Next we show that 7 is surjective. Choose p € M, let p = 7(p) and let
q € M be arbitrary. Because M is connected and complete, there exists a
geodesic v joining p to q. Let 4 be a lift of v starting at p and r = d(p, q), then
w(Y(r)) = v(r) = ¢, so q is in the image of =.

To show that 7 is a covering map, we need to show that each point of
M has a neighborhood U which is evenly covered. Let p € M and € > 0 so
that exp, : B.(0) = Bc(p) is a diffecomorphism. We show that U := B.(p) is
evenly covered. Let 7 (p) = {Pr},c, and Ux = B.(p»). The first step is to
show that the various sets Uy are disjoint. For any A\ # pu, there exists, by
completeness of M, a minimizing geodesic 4 joining py to p,. The projected
curve v := m o4 is a geodesic from p to p. Since U is a normal neighborhood
of p, v must leave U and re-enter it, and thus must have length at least 2e.
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Therefore, d(px,p,) = L(¥) = L(y) > 2¢ and from the triangle inequality, it
follows that Uy N U, = 0.

The next step is to show that 7=1(U) = (J,, Uy. Since 7 is an isometry,
it maps each Uy into U. Thus we need only to show that 7= 1(U) C Uy, Ux-
Let ¢ € 7 1(U). This means that q := 7(§) € U so there is a minimizing
geodesic v in U from ¢ to p and r = d(p,q) = L(y) < e. Let 4 be the lift of 7
starting at ¢, then 7((r)) = ~(r) = p, so ¥(r) = px for some A € A. Therefore,
d(q@,px) < L(7) =r <€, 50 q € Ux.

It remains only to show that 7 : Uy — U is a diffeomorphism for each \. Tt
is certainly a local diffeomorphism (because = is). It is bijective since its inverse
can be constructed explicitly: it is the map sending each radial geodesic starting
at p to its lift starting at py. This completes the proof. O

Theorem 3.5.2 (Cartan-Hadamard). Let M™ be a complete Riemannian man-
ifold whose sectional curvature K satisfies K < 0. Then, for each p € M,
exp, : T, M — M is a covering map. In particular, the universal covering
space of M is diffeomorphic to R™. If M is simply connected, then M itself is
diffeomorphic to R™.

Proof. We first show that for each p € M, exp, : T,M — M is a local diffeo-
morphism. Let v be a geodesic starting from p. Since K < % for all n € N,
no conjugate points occur on v, since by Proposition such a point (o)
should satisfy m/n <ty for all n € N, which is not possible. (One should note
that in the proof of Proposition [3.4.1] we only used the condition K < H to
show = < to.) Therefore, by Proposition exp,, is a local diffeomorphism
at each v € T, M.

Thus, we can define a Riemannian metric g on T,M as § = exp, g, so
exp, : (I,M,§) — (M, g) is a local isometry. Each straight line 7 : ¢ = tv,
t € R, v € T,M is a geodesic in (T, M, g), since exp,, o7 is a geodesic in (M, g).
Therefore, (T, M, ) is complete, since the geodesics starting from the origin are
defined for all time. From Lemma it follows that exp,, is a covering map.
The remaining statements of the theorem follow immediately from uniqueness
of the universal covering space. O

Definition 3.5.3. A complete, simply-connected Riemannian manifold with
nonpositive sectional curvature is called a Cartan-Hadamard manifold.

Theorem [3.5.2] shows that there are topological restrictions on which mani-
folds can carry metrics such that the sectional curvature is nonpositive. It shows
for example that the sectional curvature of each metric on the unit sphere S™
is positive somewhere. Similarly, the same holds for the real projective space
RP™, since S™ is the universal covering space of RP™.

Remark 3.5.4. With some more algebraic topology, it is possible to prove Preiss-
man’s theorem, which states the following: If the sectional curvature of a com-
pact Riemannian manifold satisfies K < 0, then each nontrivial abelian sub-
group of the fundamental group 71 (M) is infinite cyclic. This shows, for exam-
ple, that the torus, whose fundamental group is Z X Z, can not carry a metric
of negative curvature. More generally, if two compact manifolds M; and M,
have nontrivial abelian fundamental groups, then each metric on the product
manifold M; x M gives a sectional curvature which is nonnegative somewhere.
For more details, see Chapter 12 of [Car92].



Chapter 4

The Morse index theorem

In this chapter, we define for any geodesic v a symmetric bilinear form, which
is closely related to the formula for the second variation of energy of v. The
Index Theorem states that the index of this form is equal to the number of
conjugate points along 7, each counted with its multiplicity. We follow Chapter
11 of [Car92].

4.1 Properties of the Index Form

Let v : [0,a] = M be a geodesic. We denote by V(0,a) = V the space of all
piecewise smooth vector fields along + that vanish at the endpoints of ~, i.e.
V()| = V(a)| = 0.

The index form of = is the quadratic form associated to the symmetric bi-
linear form I,, defined by

IL(V,W) = / (VI,W'y —(R(', V), W)dt, V,W eV,
0

c.f. (3.3).
Remark 4.1.1. By Equation (2.4)), we have
E;(0) = 21,(V,V)

for each proper variation z of v with variational vector field V.

Before we start to prove properties of the bilinear form I,, we recall some
basic definitions concerning symmetric bilinear forms. Let B : V x V' — R be
a symmetric bilinear form, defined on the real vector space V. The form B is
called positive definite if B(v,v) > 0 for all v € V, v # 0. Analogously, B is
negative definite if B(v,v) < 0 for all v € V, v # 0. The index of B is defined
as

ind(B) := max {dim(U)|U subspace of V' and B|y negative definite} .

If B(v,w) = 0 for all w € V implies v = 0, then B is called non-degenerate.
Otherwise, B is degenerate. We call the vector space NV, defined as

N :={veV|Bv,w)=0forallw eV},
the null space of B. The dimension of N is called the nullity of B.

29
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Proposition 4.1.2. A vector field V € V belongs to the null space of I, if and
only if V is a Jacobi field along .

Proof. Let V,W € V and 0 =ty < ... < t;, = a be such that Vy,_, 4, is
smooth. By integration by parts, we obtain the following expression for I,:

a k-1
LOV,W) == [ V" + RO V)Y Wit = Y@V, W), (@)
0 =1
cf. [Car92|, Chapter 9, Proposition 2.8. If V' is a Jacobi field, it is unbroken
and both terms of vanish, so I,(V,W) = 0 for all W € V. Suppose now
that V' belongs to the null space of I, so I,(V,W) = 0 for all W € V. Let
f:[0,a] = R be a smooth function such that f(t) > 0 for ¢t # ¢; and f(¢;) =0,
i=1,...,k. Define W €V by

W(t) =fO(V" + R, V)Y).

Then u
0=L(V,W) = — / FOIV" + Ry, V) .
0

Therefore, the integrand is zero, hence V|, _, ;1 is a Jacobi field fori = 1,.. . k.
Now we show that AV'(t;) =0. Let U € V be such that U(t;) = AV'(#;). Then

k—1
0=I,(V,U) ==Y |AV'(t;)],

i=1

which proves the claim. Since V" = R(V,~')v' on all points where V' is smooth
and by continuity of the right hand side, this equation is valid for all ¢ € [0, a].
Therefore, V' is a Jacobi field. O

Corollary 4.1.3. The form I, is degenerate if and only if v(0) and v(a) are
conjugate along . In this case, the nullity of I, equals the multiplicity of vy(a)
as a conjugate point.

Proof. By Proposition [£.1.2] the null space of I, consists of the Jacobi fields
which vanish in 7(0) and (a). Then the assertions follow by definition. O

Recall that a neighborhood U C M is called totally normal if it is a normal
neighborhood of each of its points, that is, for any points p,q € U, there exists
a unique minimizing geodesic joining p and ¢. In [Car92|, it is shown that each
point p € M has a totally normal neighborhood.

Since ([0, a]) is compact we can choose a subdivision 0 =ty < t; < --- <
ty, = a of [0, a] such that each segment |;;,_, ;) is contained in a totally normal
neighborhood. Therefore, by Remark Yiti_1,¢;) is minimizing and does
not contain conjugate points. We call such a subdivision normal and we will fix
such a subdivision for the rest of this section.

We denote by V™ (0,a) = V™ the subspace of the fields V such that V|, _, ;]
is a Jacobi field for i = 1,..., k. Since y(t;_1) and 7(¢;) are not conjugate along
~ it follows from Lemma that V|y,_, 4, is uniquely determined by the
values V (t;—1) and V(¢;). Therefore, the map

YV = T‘Y(tl)M G- T’Y(tk—l)M7

(4.2)
V= (V(tl), cey V(tkfl))
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is a linear isomorphism. In particular, V™ is finite dimensional. Let V1 (0,a) =
VT be the subspace of V consisting of the vector fields W such that |W(t;)| =
... = |W(ty_1)| = 0. Observe that VT NV~ = {0}.

Proposition 4.1.4. The space V is a direct sum V = V¥ & V™. The subspaces
VTt and V™~ are orthogonal with respect to I,. In addition, I,|y+ is positive
definite.

Proof. Let V € V. We choose a vector field W € V™, which is given by W (t;) =
V(t;), i = 1,...k. By the isomorphism in , W is uniquely determined.
Then V —W € VT and therefore V = VT +V~. Since VT NV~ = {0}, it follows
that ¥V = VT @ V. In addition, if X € V™ and Y € V', we have

k—1

LGY) = =[O0 4 RO X V)= SAX 1), Y (1)
o E-1
=~ [0 - T ax),0 =0,

which shows that VYt and V~ are orthogonal with respect to I,.

It remains to show that I,|y+ is positive definite. Let V € V*. Let x :
(—€,€) x [0,a] = M be a variation of v with variational vector field V. Since
[V (t;)| = 0, it is possible, by Proposition to choose x in such a way that it
fixes the points y(¢;). We know that each segment % := v [ti_1,¢;] 18 Minimizing.
Therefore, by Lemma 2i(s,.) == x(s,.) [ti_1,t;) Satisfies

(1 — tie) B (5,.)) > Lia'(s, ) 2 L(y')? = (i — tim)) E(Y),

which yields
Bla(s,)) = 3" E(a'(s,)) 2 Y B() = E().

Thus we obtain I,(V,V) = 2E/(0) > 0. Suppose now that I,(V,V) = 0 for a
vector field V € V. We are going to show that V =0. W € V=, I,(V, W) =0
by orthogonality . If W € V', consider the inequality

0 < I,(V+W,V4+cW) =2cI,(V,W) + I, (W, W),

valid for all ¢ € R. This says that there exist real numbers A > 0 and B such
that Ac? + 2Bc > 0 for all ¢ € R. This is only possible if B = 0. Therefore,
I,(V,W) =0 for all W € V*. Thus, since V = VT & V=, V belongs to the null
space of I,. By Proposition V' is a Jacobi field, hence V' € V. Therefore,
Vevtny ={0} O

Corollary 4.1.5. The index of I, equals the index of I, restricted to V. In
particular, the index of I, is finite. The same is true for the nullity of I,.

Proof. By Propositionl4.1.4) ind(l,) = ind(I,|y+)+ind(I,|y-) and ind (I, |y+) =
0. By Proposition [4.1.2] the null space of I, is a subspace of ¥V~ which proves
the assertion about the nullity of I,. O
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4.2 The proof of the Index theorem

Theorem 4.2.1 (Morse index theorem). indexMorse Index theoremThe index
of 1, is finite and equals the number of points y(t), 0 < t < a, conjugate to v(0)
along vy, each counted with its multiplicity.

Proof. We introduce the following notation. For ¢ € [0,a] we denote by v! the
restriction of 7 to the interval [0,¢]. We denote the corresponding index form,
defined on V(0,t), by I;. The index of I; is denoted by i(t). So we have defined
a function i : [0, a] = N, whose behavior we wish to study. Recall that we have
chosen a subdivision such that fy|[tj717tj} is a minimizing geodesic. In particular,
for t < t1, each proper variation z* : (—€,€) x [0,t] = M of 4! satisfies L(z%) >
L(»?) for all s € (—¢,¢€) and € sufficiently small. Let V' € V(0,t) be arbitrary and
z! be a variation of ¢ with variational vector field V. Then, by Lemma [2.1.3
tE(zt) > L(2%)? > L(y")? = tE(v!), which shows that I,(V,V) = 2E”(0) > 0.

From this we conclude that i(¢#) = 0 for small ¢. The function i(¢) is mono-
tonically increasing. By definition of i(t), there exists a subspace U C V(0,t) of
dimension i(t) such that I; is negative definite on U. For t > ¢, we can extend
every element V € U to an element V € V(0,f) by defining V = 0 on [t,].
Clearly, I;(V,V) = I;(V,V). From the definition of the index, it follows that
i(t) > i(t).

Now we are going to explore other properties of i(¢). First, observe that
i(t) does not depend on the choice of normal subdivision of [0,a]. Thus, we
can choose the subdivision in such a way that for a parameter ¢ € (0, a) fixed,
te(tj_1,t;) foraj € {1,...,n}. By Corollary [4.1.3] i(t) equals the index of I,
restricted to V7 (0,t). We denote this restriction again by I;. By Lemma
the map

’g[)t : V_(O,t) — T’Y(h)M BB T’Y(tj—l)M =: Sj
Ve (V(t1)7 AR V(tjfl))

is an isomorphism for each t € (t;_1,t;), since y(¢;,_1) and ~(¢;) are not con-
jugate along v, 1 < i < j — 1. Therefore, we may consider the forms I; as a
family of symmetric bilinear forms on a fixed space S;: For V,W € §; fixed, let

L(V,W) = Ly, (V), ¢, (W)). By (4.1), we have
j-1
L(V,W) =3 Qg (V) (), w7 (W) (t).-
i=1
Varying t € (t;_1,t;) leaves the vectors Ay, (V) (;) fixed fori € {1,...,5 — 2}.
Since ;! (V)[;_1,¢ 1s the solution of a second order ordinary differential equa-

tion, it depends differentiable on the boundary conditions. Therefore, A, (V) (t;_1)
depends continuously on ¢, so I, considered as a bilinear form on S;, depends
continuously on t.

From the following two lemmas, we obtain the required information about

i(1).

Lemma 4.2.2. If ¢ > 0 is sufficiently small, i(t — €) = i(t)

Proof of Lemma[{.2.2, Since i(t) is monotonically increasing, i(t —€) < i(t).
On the other hand, let S C S; be a subspace with dim S = i(t) such that I; is
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negative definite on S. We claim the following: I, . is still negative definite on
S if € is small enough. By bilinearity, it suffices to prove this for all v € S with
|v| = 1. Let E be the unit sphere in S and

A+ = max {I;(v,v)|v € E}.

The maximum exists, since F is compact. Clearly, A; < 0. By continuity of I;
in ¢, Ay—e < 0 for € > 0 small enough. This proves that I;_. is negative definite
on S. Therefore i(t — €) > i(t), which proves the Lemma. O

Let now d(t) be the nullity of I;. By Corollary d(t) > 0 if and only if
~(t) is conjugate to v(0) along ~.

Lemma 4.2.3. If € > 0 is sufficiently small, i(t + €) = i(t) + d(¢).

Proof of Lemma[{.2.3. We first show that i(t +€) < i(¢) + d(t). Since dim S; =
n(j — 1), the form I, is positive definite on a subspace of dimension n(j — 1) —
i(t) — d(t). By continuity, I;. is positive definite on this subspace for ¢ small
enough. This follows from an analogous argument as in the proof of Lemma

Therefore,
i(t+e) <n(—1)—[n(G —1) —i(t) —d(t)] = i(t) +d(t)

Now we are going to prove the reverse inequality. Let S be as in the proof of
Lemma @ Since I; is negative definite on S, I;.. is also negative definite on
S for € small. This follows again from the argument used in the proof of Lemma
We want to prove the following claim: If I;(V,V) = 0 for an element
Ve Sj, Vv 7é 0, then I{ €(V,V) < 0.

By Proposition , the corresponding vector field v~ Y(V) is an unbroken
Jacobi field on [0,7]. By Remark (¥:71(V),y") = 0. Let to € (tj_1,t;) and
Vto = @ZJE)I(V)-

We are going to show that (V4,,7') = 0. Observe that the segments Vy,|j0.+,_,]
and Vi, i, _, 4] are Jacobi fields. The vector field V3, does not vanish at #; ;
since otherwise |Vi,(tj_1)| = |Vi,(to)] = 0. In this case, ;' (V) = 0, since
v(t;—1) and 7(to) are not conjugate along y. By Lemma (3.1.5}

(V;an')/)(t) = <V;5,0 (0))')/,(0))75 + <V;50 (0))71(0»7 te [Ovtj—l]

and

Vi, YY) = (Vi (t-1), 7' (tj—a) ) (= t51) +{Vip (£j=1), Y (tj-1)), t € [tj—1,t0]-

Therefore, the function f : [0,t9] — R, f(t) = (V4,7 )(t) is a piecewise linear
function with ¢;_; as its only breaking point. Since V;, vanishes at its endpoints,
f(0) = f(to) = 0. Since @ngl(V) is orthogonal to 7', f(tj—1) = (V4,7 )(tj-1) =
(1/}51(V),'y’)(tj,1) = 0 and therefore, (V4,,7') = f = 0.

To prove the claim, it suffices to show that

Ito (V;‘/o ) Wo) > It0+e(v;50+e: WoJre):

where Vi 4e = 1/);(#5(‘/)- By definition, V;, and V;,. correspond to the same
vector V € S;. We define a vector field Wy, along 7|jg )+ by

Wto (t) = V}/o (t)’ te [O,to],
Wto(t) =0, t e [to,t0+6].
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Since V4, is orthogonal to 7', the same holds for W;,. By the same argument as
used for V;,, one shows that V;, . is also orthogonal to 7.

We define a geodesic 7 : [0,t0 + € — t;_1] = M by 4(t) = y(to + € — t) and
denote by I; the index form corresponding to Aljo,q) for t € [0,20 + € —1;_1]. To
each vector field U along -y, we associate a vector field U along 7, which is given

by U(t) =Ul(to +e—t), t €[0,t0 + € —t;_1]. For U € V(0,ty + €), we have
t0+€
L U.0) = [0 = (RO U
0

to+e
O+ [ O = RGO U

ket N
=1, ,(UU)+ /0 (U",U"y —(R(¥',U)7',U)dt
=1, ,(UU) + Ligser, (U, 0).
Since Viy+. and Wy, coincide on [0,t;_1],
I, (Vigtes Vigwe) = It; s (Wiy, W)

We have IZL/OJre(O) = Wto (0) = 0, IZ‘,OJre(tO +€— tjfl) = th (to +e€— tjfl) and
Vie+e # Wy,. Since the restriction of V4. onto [t;j_1,to + €] is a Jacobi field
along ~, f/}ﬁe is a Jacobi field along 4. Moreover, Vtﬁe and Wto are orthogonal
to 7', since Vi,4c and Wy, are orthogonal to v'. It follows from Lemma [3.3.2]
that

it0+€*tj—1 (‘2504-6’ ‘;Yto-i-e) < ft0+6*tj71 (Wto ) Wto)'

Together with the equalities above, we obtain
I, (Viwv}/o) = It0+€(Wt07Wto) > ItoJrE(WoJre; W0+e),

which proves the claim.

We obtain the following: if I, is negative definite on a subspace S C S;,
then Iy, is negative definite on the direct sum of S with the null space of I:
Let Sy be the null space of I; and let v = vg +v; € So @ S, v # 0. Then
Li(v,v) = I(v1,v1) <0 (<, if vy #£0). If vg # 0, Iye(v,v) < 0 by continuity.
If vy = 0, Iiye(v,v) = Ipe(vo,v0) < 0 by our claim. Since Sy @ S is finite
dimensional, we can choose € independent of all v € Sy @ S. This follows from
the same argument as used in the proof of Lemma Therefore,

i(t+¢€) >i(t) +d(t),
which proves the lemma. O]

From Lemmas and we can describe the function i(t) as follows:
It equals zero in a neighborhood of 0, it is continuous from the left and it has
a jump discontinuity at each point ~y(¢) which is conjugate to v(0) along 7. By
Proposition [4.1.2] and Corollary the step size equals the multiplicity of
~(t) as a conjugate point.

Let v be extended to an open interval U D [0,a]. By Lemma and
Lemma there exists for each ¢ € [0,a] an open interval U; C U such that
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i(t) = i(f) for t € Uz, t < t and i(t) = i(t) + d(t) for t € U;, t > £. Choose
values t1,...,%; € [0,a] such that U C U;zl U; for the corresponding intervals
U;. Then indl, = i(a) = > d(t;) which shows that the index of I, is finite.

=1
This finishes the proof of thé Index theorem. O

Corollary 4.2.4. The set of points y(t) which are conjugate to v(0) along 7y is
discrete.

Corollary 4.2.5. A geodesic v is not minimizing after its first conjugate point.

Proof. By Theorem indI, > 0 if there occurs at least one point which is
conjugate to v(0) along . Choose a vector field V' € V such that I,(V,V) < 0
and a proper variation z : (—¢,€) X [0,a] = M of v with variational vector field
V. Since 7 is a geodesic, E,(0) = 0 by Propositionm By the formula for the
second variation of energy (2.4), EZ(0) = 2I,(V,V) < 0. Therefore by Lemma

.13,
L(2(s,.))* < aE(z(s,.)) = aE,(s) < aE,(0) = aE(y) = L(y)?

for s # 0 small enough, hence ~ is not minimizing. O
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Chapter 5

Morse theory

In this chapter we establish some elementary results concerning the theory of
smooth real-valued functions on a manifold M. We well apply these results in
the next chapter. For more details, see [Mil63] and [Mat02]. For an elaboration
of the topics in Sections 5.1 and 5.2, see [Hag03].

5.1 Non degenerate critical points

In what follows, we will extend the definitions of critical points and the Hessian
of functions f € C*°(R™) to functions on manifolds. By the Morse lemma, we
will see that the form of functions f € C°°(M) near non degenerate critical
points of f is very simple. This section mainly follows §2 of [Mil63].

Definition 5.1.1. Let M be a manifold and f : M — R a smooth function. A
point p € M is called a critical point of f if T},f = 0. A real number c is called
a critical value of f if there exists a critical point in f~'(c). We denote the set
of all critical points of f in M by Cy. If p € M \ Cy, we call p a regular point
of f.

Remark 5.1.2. Let (¢ = (2!,...,2"),U) be a chart of M around p. Then p is
a critical point of f if and only if

of v _ _0of . _
5P = =50 ) =0

and if and only if for all smooth curves a : (—¢,e) — M with a(0) = p,
(f o a)(0) =0.

Definition 5.1.3. Let f and M be as above and let p be a critical point of f.
The Hessian of f at p is defined as

HET,M x T,M - R, (v,w) = b,(@(f)),

where 0 and @ are local extensions of v and w to vector fields, respectively, so
¥p = v and W, = w.

We check that H% is well defined. By definition, this form is independent of
the chosen extension of v. Since p is a critical point of f,

tp(0(f)) = wy(0(f)) + [0, @], (f) = wp(0(f)),

37



38 CHAPTER 5. MORSE THEORY

which shows that H? does not depend on the chosen extension of w either. It
also follows that ’H’JZ is symmetric. Hence we obtain:

Lemma 5.1.4. The Hessian of f at p is a symmetric bilinear form on T, M.

Lemma 5.1.5. Let = (2',...,2™),U) be a chart of M around p. With
4
0 |p} of T,M, the Hessian of f at p is represented by the

. 82
matrizc (Wafwi (p)).

Proof. Let v = 52|, and w = 52 |,. The vector fields & = 52; and & = 52
are local extensions of v and w, respectively and we have
8 8 0 of 0% f
p n = — _—) = .
O

Lemma 5.1.6. Let a: (—€,€) = M be a smooth curve such that a(0) = p.
Then (f o a)"(0) = (0/(0 ,@/(0)).

Proof. Let (p = (z',...,2"),U) be a chart of M around p. Then o/(t) =

Zn (z'oq) @
i=1 dt Oxt"

of
ozt

(z' 0 )
dt

(fea)(t)=(fop  opoa)(t) =)

i=

()55 (a(t).

Since p is crltlcal, BT (p) = 0. By differentiating once again and substituting
t =0, we get

(foa)"(0) = (foyp™ opoa)'(0)

=y o)) ) O ) T a(0),0'(0))

2,j=1

which proves the Lemma. O

Definition 5.1.7. A critical point p of f is called non-degenerate if the Hessian
of f at p is non-degenerate. Otherwise we call p degenerate. If p is a non-
degenerate critical-point, we denote by ind(p) the index of the bilinear form
H' and call it the index of f at p.

Definition 5.1.8. A smooth function f : M — R is called a Morse function if
all critical points of f are non-degenerate.

The proof of the following theorem ist taken from [MT97]|, Theorem 12.6.

Theorem 5.1.9 (Morse-Lemma). Let f € C°(M) and p € M be a non-
degenerate critical point of f with inds(p) = A. Then there exists a local coor-
dinate system (x = (u',...,u™), W) around p with x(p) = 0, such that

Foxtw)=f(p) — (u')’ — ... = () + ()2 .+ (w2
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Proof. After replacing f by f — f(p), we may assume that f(p) = 0. We choose
local coordinates (¢ = (z',...,2"),U) such that p(p) = 0 and ¢(U) is a convex
neighborhood of 0 in R™. Consider the function f := fo ™t € C®(p(U)). We

know that f(0) = f(p) = 0. We calculate
" _ 1 a ~ B 1 n Zaf B n . 1 af':
f(:z:)_/o o (t-m)dt_/o ;xami(t-x)dt_;x/o o7 (- @)t

Therefore, we can write f in the form

flz) = vaigi(l‘), gi(z) = /0 g;; (t - x)dt.

Since g;(0) = gfi (0) = 0 we may repeat this calculation to get

! 0g;
0 al']

gi(z) = ijgij(x)a gij(z) = (t-x)dt.

Summing up, we can write f in the form f(z) = Z?Fl z'29 g;;(z) where

gi; is smooth on ¢(U). By introducing h;; = 3(gi; + gji), (hij) becomes a
symmetric matrix of smooth functions on ¢(U), and

fl@)="Y" wixjhi;(x). (5.1)

i,j=1

By differentiating (5.1)) twice and substituting 0, we get

*f
OxtOxd
In particular, since p is non-degenerate, the matrix (h;;(0)) is invertible.
Now we want to transform this expression into diagonal form. Suppose
inductively that there exists a chart (¢ = (x!,...,2™),U) such that f can be
written as

(0) = 2h4;(0).

k—1 n
foo Hz)=> &)+ Y a'alhy(x), & =+1 (5.2)
=1

t,j=k

for smooth functions h;;. The matrix (h;;(0)) is of the form

(¢ &)

where D is a k x k matrix of the form diag(+1,...,+£1), and E a symmetric
(n—k+1) x (n—k+1) matrix of smooth functions, which is invertible.

Before we proceed with the next step, we have to make sure that hy(0) # 0.
If hyr(0) = 0, we perform a linear change of variables in z*, ..., " by a matrix
A and denote the new variables by #*, ..., #". Then transforms to

k—1 n
foeTtoBTN(@) =) b))+ Y ##hi(), i+l (5.3)

i=1 ii=k
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for smooth functions izij where

 fidge 0
s (5 3)
and & = (z',...,z%, &% ... #"). Consider the matrix (h;;). Comparing (5.2)

and ., we get

hij(#) = (A™1)'hy (B~ (2)) A"

By Sylvesters Law of inertia, we can choose A in such a way that ;ka(O) #0.

After such a linear transformation, we may assume that hge(0) # 0 and
after restricting ¢(U), if necessary, we may assume that hy has constant sign
0 = £1 on ¢(U). Set

q=|he| € C=(p(U),R)
and introduce new coordinates:

yk: <x+2xhkk( ),

i=k+1
yl =2/ for j #k, 1<i<n.

The Jacobi determinant for y as a function of x at x = 0 is easily seen to be

k
%(0) = ¢(0) # 0. The change of coordinates thus defines a local diffeomor-
phism 1 around 0. Consider the new coordinates (¢ o ¢ = (y!,...,y"),V) for

a suitable subset V' C U. Then we have for y = ¢ (z):

(foy™ °¢_1)( )= (foyp™)(2)

_25 hkk( )+2.Z’k Z xjhjk($)+ 2 .’Elmjh”(.’lf)
j=k+1 i j=hk+1
i x
_Zé )2 + By (2 <a: + Z hkkl'>
i=k+1
" h,k(x j
_hkk()<z hkkﬂ?)-i_ Z QT.Thz]
i=k+1 i,j=k+1
k—1 y n
=D 0 +hu(@) ()P + Y w'alhi(@)
=1 q(l') ,Jj=k+1
k 4 n o
=36+ D Yy h(w (),
i=1 i j=hk+1

where h;; € C®(¥(¢(V))). Repeating this procedure a finite number of times,
we obtain a diagonal form:

(fox ")(u) = Z&(u‘)i 5; = +1.
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Permutating coordinates leads to
foxt(u)=—(u")? —...— (W) + (W) + ... + (u™)?

for an integer pu. Consider the matrix %(0) = diag(—2,...,—-2,2...,2).
Since by Lemma this matrix is a representation of the bilinear form ’H?,
we get that p equals the index of ’H?, so 4 = A and we have finished the
proof. O

Corollary 5.1.10. Let f € C*(M) be a Morse function. Then the set Cy of
all critical points of f is discrete in M.

Proof. Let p be a critical point of f. By definition, p is non-degenerate. By
Theorem [5.1.9] there exists a chart (x = (u!,...,u™), W) around p with x(p) =
0 such that f takes the form

Fox7Hu)=f(p) = (u')” — .= ()2 + (M) 4+ (u™).
We obtain éiﬂ (q) = £2u(q). Since q is a critical point if and only if 881{1' (99 =0
for all i, we obtain that x~!(0) = p is the only critical point of f in W. Hence,
p is isolated in C. O

Corollary 5.1.11. Let M be a compact Riemannian manifold and f € C*°(M)
be a Morse function. Then Cy is finite.

Proof. This follows immediately from Corollary [5.1.10 O

5.2 Homotopy type and critical values

In this section we study subsets of a manifold M of the following form: For a
smooth function f: M — R, a,b € R and a < b, let

M§=ft(—c0,a, M= fa,b.

If it is clear which function we consider, we write M* = M¢ and M e8] = pf }“’b].

Remark 5.2.1. If a is not a critical value of f, then M® is a smooth manifold
with boundary and the boundary is given by f~!(a).

We are going to investigate the behavior of M while varying a. It will turn
out that the behavior of M? for b near a critical value a is closely related to the
indexes of f at the critical points in f~'(a). We follow §3 of [Mil63].

Recall the definition of the flow of a smooth vector field. Let X € ¥(M) and
consider the initial value problem

XoF(ip) = 2F(Lp)  FO.p)=p
For each (t,p) € R x M, there exists a unique solution of this initial value prob-
lem, defined on an open neighborhood U of (¢,p) in R x M. The corresponding
map is called the flow of X. We write FI;X (p) = FI*(t,p). For a fixed p € M,
t — FI;*(p) is defined on a maximal open interval (t”,t%). A smooth vector
field X is called complete if for each p € M, t +— FIX(p) is defined on R.
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Lemma 5.2.2. Let X € X(M) and supp(X) be compact. Then X is complete.

Proof. Suppose that X is not complete. Then there exists a p € M such that
the curve ¢, : t — FI;*(p) is not globally defined, so (t”,#) C R. We may
assume that 4 < oo, the other case works analogously. Consider a sequence
tn < &, converging to ¢} . We know that the sequence c,(t,) leaves every
compact subset of M, in particular supp(X). (cf. [Kun08§], 2.5.17 (ii)) Consider
the smallest ny € N, such that c,(t,,) ¢ supp(X). Then, X o c¢,(t,,) = 0,
therefore the curve ¢, stays at c,(ty,) for all t > t. Thus, the sequence c,(t,)
is contained in the compact set supp(X) U ¢p(tn,) which is a contradiction to
the fact stated above. O

Definition 5.2.3. Let X be a topological space. A subspace A of X is a
deformation retract of X if there exists a continuous map r : [0,1] x X — X
such that

Tozidx, Tt|A:idA Vit € [0,1], ’I“l(X) QA,

where 7¢(z) = r(t,z). Such a map is called a deformation retraction of X onto
A.

Example 5.2.4. The unit sphere S"~! is a deformation retract of R™ \ {0}. A
deformation retraction is given by

x
rit,z) =(1—t)z+t—.
||

Remark 5.2.5. If A is a deformation retract of X, then A and X are of the same
homotopy type (cf. [Hal09], Definition 1.3.5 and Definition 1.3.10). This shows
that A inherits many properties of X; e.g., the fundamental groups 7 (A, r1(z))
and 7 (X, z) are isomorphic for each z € X (cf. [Hal09], Satz 1.3.27).

Theorem 5.2.6. Let f € C®(M) and a < b such that M*" is compact
and does not contain critical points of f. Then M® is diffeomorphic to MP.
Furthermore, M® is a deformation retract of M?.

Proof. Choose a Riemannian metric on M. Then there exist a unique vector
field grad(f), called the gradient of f, such that (X,grad(f)) = X(f). It van-
ishes exactly at the critical points of f. Let p: M — R, p > 0 be smooth such
that
_ 1
Plarte = e (), grad () M

and supp(p) is compact. Since M [¢:8] does not contain any critical points such
a p exists. Then the vector field X := p - grad(f) is smooth and has compact
support. By Lemma X is complete. Consider the map FIX : Rx M — M
and, for a fixed point ¢ € M, the real-valued function t — f(F1;X(q)). We have

0 .
5 o FI;*(q)) = X (f) pix (g = (X, grad(f)) pix () = plerad(f)*> > 0.
Moreover, if FI(g) € M, we obtain 2 (fo FI;¥(q)) = 1. Thus, the function

t — f(FIX(q)) is monotonically i 1ncreasmg For ¢ € M ), we have FI;X(q) €
M (@) for small values of t. It follows that 2- 2 (foFlj(q)) = 1 for small ¢ which
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yields f(FI¥(¢q)) = f(q) +t for small t. Both sides coincide as long as f(q)+t €
[a,b]. If f(q) = aor f(q) = b, we have, by monotonicity, (f(FI;*(q))) = f(q) +t
for small ¢ > 0 or t < 0, respectively. Again, this equation is valid as long as
f(g) +t € [a,b]. In summary, we have shown that, if ¢ € M!®?],

FELE @) a—r() - 11 = (F@) + Dltas(a) 0—£a)]-
Thus, if a < f(q) < b, then

FFE_ (@) < FFl_ (@) = fla) +a— f(a) = a. (5.4)

If f(g) < a,

FFI L (9) < F(FIG () = f(g) < a. (5.5)
Combining and , we conclude FIX ,(M®) C M®. Analogously, we
obtain FI;* (M®) C M°. Since (FI;* )~! = FIX ,, M® is diffeomorphic to M?
and we have proven the first assertion.

To prove that M® is a deformation retract of M?", consider the map r :
[0,1] x M® — M?®, defined as

req) = 19 fl@<a,
Fliy_sqn(@ a<fl@) <.

We show that r is a deformation retraction. This map is well defined in the case
f(q@) = a and obviously continuous in both variables. It is clear that ro = id e
and 7y« = idpe. It remains to show that ry(M°) C Me. Let ¢ € M®. If
f(q@) < a, this is clear, if a < f(g) < b, this follows from . Hence we have
finished the proof. O

Theorem 5.2.7. Let f € C®°(M) and p € M be a critical point of f with
inds(p) = A. Assume there exists € > 0 such that MU W =ef®rte s compact and
contains no critical points except p. Then there exists a subset e* C M contain-
ing p, which is diffeomorphic to a A-dimensional disk, such that MT®)—¢ner =
de* and MT®)=<U e is a deformation retract of MTP)Te,

Proof. By Theorem [5.1.9] there exist local coordinates (x = (u!,...,u"), W)
around p with x(p) = 0, such that f takes the form

Fox7'(w =fp) = (u')” —... = (@) + (1) + .+ (u")”.
Now we choose an € > 0 that satisfies the following conditions:
(1) MU@=<fP)+ is compact and M P=a/ @)+ (Cp\ {p}) = ;
(1) B C x(U) C BY, where B g = {(ul, -+ ,u")| Y0, (u)? < 2¢}.
Let e* C M be defined as

A
et = {q e U| Z:(M((I))2 <eANul(g)=...=u"(¢) = O} . (5.6)

By definition, p € e* and e* is diffeomorphic to a A-dimensional disk. We want
to show that M/P)—¢ne* = ge*. Consider the expression

fl@)=fp) — W)’ —... = (w@)* + @ (@)> + ... + (u"(q))*.
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It is not hard to see that a point ¢ € e* satisfies f(q) < f(p) — € if and only if
q € de*. Now we deform f to a smooth function F' : M — R. First, consider a
smooth function p : R — R, satisfying the following conditions:

u(0) > €
u(r)y=20 if r > 2e (5.7)
—1<py/(r)<0 forallreR

Note that these conditions are compatible, i.e. such a function exists. Then we
define the function F': M — R as

f(@), ifge M\U
Flg) = A ()2 n i(q))2 .
@) = (S W (@) + 25 (0(@)?), ifgel.
By condition (IT) and , supp(f — F) C X’l(B\/Z) C U, so F' is smooth on
M. Furthermore, F' < f on M.
By defining two functions £,7: U — R on U as
&@) = (u' (@) + ... + (uM9))?,
n(g) = ((9)” + ... + (W (@)*

we can express f and F on U in the following way
f=Fp)—&+n
F=f(p)—&+n—pn&+2n).

After these preparations, we can perform the proof in six steps.

Step (A) | The sets M{P* and M]f(p)+6 are equal.

(5.8)

Proof of Step (A). Since F < f, the inclusion M}c(p)"_e C Mlé(p)"_e is trivial.

Let g e M I{:(p *e To prove the other inclusion it suffices to consider the case
where f(q) # F(q). By definition of F, this can only happen if ¢ € U and
&(q) + 2n(q) < 2e¢. In this case, we obtain

F(q) < f(g) = f(p) = &(g) +n(g) < f(p) + %é(q) +n(q) < f(p) +e

so we have proven the step. O

Step (B) ’The functions F' and f have the same critical points. ‘

Proof of Step (B). Since f = F on M \ U, it suffices to show that U N Cp =
UnNCy ={p}. On U, we can conclude from (5.7) and (5.8)) that

OF
(642
G w(€+2n) <0
OF

12 (e +2m) > 1.
an w (€ +2n) >

Since

OF _OF o¢  OF on _ 25Fu’ i <A
out O dut  On Out 2%—1;1/ i>\
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the partial derivatives 55 =0foralli€ {1,---,n} if and only if u! = 0 for all
i. Therefore, p is the only critical point of F' in U. O

Step (C)| The set Ml[wf(p)_e’f(p)"_e] is compact and Mg(p)_e’f(p)"_d NCr = 0.

Proof of Step (C). From (A) and the inequality F' < f, it follows that

Ml[f(p)*é,f(pﬂ-f] C Mj[cf(p)*e,f(p)ﬁ]‘

By assumption, M J[cf (P)=ef®)+e ig compact, which implies the compactness of

Ml[}c(p)_e’f(p)+€]. Since by (B), Cr = C and the assumption that p is the only

(p)—e,f(p)+e]

critical point of f in M J[cf , we obtain

Ml[:"f(p)7€7f(p)+d N CF C M}f(p)ff’f(p)“"e] N Cf — {p} i

Therefore, it suffices to show that Ml[wf(p)_e’f(p)"'e] N{p} = 0. Since

F5) = 1(9) =€) +1(0) ~ () + 206)) = 1)~ (0) < S) — e (59)
=0 =0 =0

we conclude that p ¢ Mg(p)_e’f(p)+€} which proves Step (C). O

Step (D) | The set MI];(p)_E is a deformation retract of le(pHE.

Proof of Step (D). By (C), Mg(p)fe’f(p)“} is compact and does not contain
critical points of F'. From Theorem it follows that M I];(p )= is a deformation

retract of M};(”)“ A Mj{(p)Jre_ .

Now we introduce the set H C M, given by

H =M=\ mD.

By (6.9), F(p) < f(p) — €, so p € H. In particular, H is not empty.
Step (E) | The set H satisfies ML ¢ = MJJ:(p%6 UH ande* C H CU.

Proof of Step (E). First, we prove MI{:(I’)f€ = M]Jf(p%E U H. Obviously,

MIJ;(P)*E C M]{(P)*E U Mif?(P)*E \ M;(p)ie — MJ{(P)*E UH.

On the other hand, since M};(p)_e is closed, we have

]M'JJ:(P)—6 UH C MJJ:(P)—G U M}Jj(P)—f \ M]J:(P)—€ — MIJ;(P)—G — M}J;(P)—€‘

Now we are going to show that e* C H. Let ¢ € e*. Then, by definition of e*,
0 =&(p) < &(g) < e and n(q) =0 =1n(p). Since 2L <0,

) 5
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(P)—e Furthermore,

flg) = f(p) = &(@) +n(g) > f(p) — e
paliin-y

soqEMIé

If f(q) > f(p) — ¢, then g € Mf;(p)*é \ MJ{(IDF6 C H. If f(q) = ¢, then q € de*
and there exists a sequence {g,} of points in the interior of e* converging to gq.
Since f(qn) > f(p) — €, g, € H and, by closedness of H, g € H.

It remains to show that H C U. By definition of F, we know that F(q) #
f(q), only if ¢ € U and &(q) + 21(g) < 2e. Therefore, g € Mﬁ(p)fe \ M]{(p)fe
only if £(¢) +2n(q) < 2¢, and by closedness of this set, the same holds for ¢ € H.
So, H is contained in this set and in particular, H C U. O

Step (F) | The set M]{(p)_e U e’ is a deformation retract of M]{(p)_e UH.

Proof of Step (F). We construct a deformation retract as follows. Let r : [0, 1] x
M= UH — M{")™° U H be defined as

r(g)=q, ifge MV "
If ¢ € H, we have to distinguish three cases: If £(q) <,
re(g) = x " (u! (@), u (@), (L= ) (g), .., (1 = t)u"(q)) -
If e <&(q) <nlq) +e¢,

ri(g) = x "t (u'(q), ..., u (q), ssu T

q)ast v ’un(q)) )

where s; is given by

St:{(l—wm/ﬁiﬁgq;, if 7(q) #0,

0, if n(q) =

We check that the function (¢, q) = s;u’(q) is continuous for A < i < n. Suppose

that n(q) — 0, then u’(q) — 0. Since 0 < % < 1, s; is bounded for all £.

Thus, s;ui(g) — 0, which proves continuity.
If and only if n(q) + € < &(q), we have

f(q) = f(p) = &(q) +nlqg) < f(p) — ¢, (5.10)

so g € M{®~¢_ Therefore, we have to set r+(q) = q. Note that r; is well defined
in the cases £(q) = € and £(¢) = n(q) + €. Thus, r is well defined and continuous

in both variables. It is easy to see that ro = id|Mf(p)_euH and, by definition of
¥

6>‘, ’f‘t|e/\ = id|ex.
It remains to show that 1“1(M]]:(p)_6 UH) C M;(p)_e Ue*. For n(q) +e€ <

&(q), this is clear by (5.10). If &(g) <€, £(ri(q)) = &(g) and 7(ri(g)) = 0, so
r1(q) € e*. For € < £(q) < n(q) +¢ and n(q) = 0, then £(q) = € and the previous

case applies. Finally, if n(q) + ¢ < &(q) and 1(q) # 0, we have £(r1(q)) = &(q)

and
£(g) — €

n(ri(q) = n(

n(q) = &(q) — ¢,
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f(ri(q) = f(p) = &(r1(q)) +n(ri(q)) = f(p) — e

Hence we have proven step (F). O

To finish the proof, we just have to combine the last three steps. By (D),
Mlé(p)fe is a deformation retract of Mj{(p)Jre and by (F), M;(p)fe Uet is a

deformation retract of M{ ")~ U H. By (E), M]J:(p)f6 U H equals ML® ™. We
obtain from Lemma below that M ]{ (p)=e Ue* is a deformation retract of
M;(P)Jrf. O

Lemma 5.2.8. Let X be a topological space and A, B be subspaces of X with
B C A. If A is a deformation retract of X and B is a deformation retract of
A, then B is a deformation retract of X.

Proof. Let 71 : [0,1] x X — X be a deformation retraction from X onto A and
ro : [0,1] x A — A be a deformation retraction from A onto B. Then the map
r:[0,1] x X = X, defined by

r(t, ) = r1(2t,x), iftG[O,%],
T (2t - 1,m (7)), ifte (L],

is a deformation retraction from X onto B. O

Now we state the general version of Theorem [5.2.7}

Theorem 5.2.9. Let f € C*®°, c € R and p1,...,p, € f~(c) be non-degenerate
critical points of f with indg(p;) = A; for 1 < i < 1. Assume that there exists
an € > 0 such that M=t s compact and contains no critical points except
Pi,...,p;. Then for 1 < i < 1, there exist pairwise disjoint subsets e C M
containing p;, each diffeomorphic to a \;-dimensional disk, such that M° ¢ N
eMi = 0eM and M UeM U...UeMN is a deformation retract of M¢te,

Sketch of proof. Choose pairwise disjoint neighborhoods U; of p;, 1 <+¢ <[ such
that f can be written in the form

(fowr ) (ue) = flpi) — (ui)? — ... = (u})? + (u} )2+ .+ (u])?,

for local coordinates (U;,¢; = (ul,...,u?)) around p;, 1 < i <. To do this

R Rt

proof, one has to generalize the construction of the proof of Theorem O

Remark 5.2.10 (Cell Decomposition). Theorem shows that M€ is of the
same homotopy type as M° ¢ with the A;-cells e*, 1 < i < [ attached. For
more details concerning cell decomposition, see [Mat02].

Lemma 5.2.11. Let X be a topological space and A be a deformation retract
of X. Let a: [0,1] = X be a path in X, i.e. a continuous map from [0, 1] into
X. If a(0),a(l) € A, then a is homotopic, keeping endpoints fized, to a curve
in A.
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Proof. Let r : [0,1] x X — X be a deformation retraction from X onto A.
Consider the map H : [0,1] x [0,1] — X, given by

H(s) = r¢(a(s)).

Then Hy(a) = «, Hy(a) C A and Hi(a(0)) = a(0), Hi(a(l)) = a(l), since
a(0),a(1) € Afor all t € [0, 1]. Therefore, H is a homotopy from a to the curve
H;(a) in A which leaves the endpoints fixed. O

The following corollary is stated in [Car92], Chapter 13, Lemma 3.3. It will
play an important role later. The proof consists in repeatedly applying the
previous results.

Corollary 5.2.12. Let f € C*(M) be a Morse function, p,q € M and « :
[0,1] = M be a path with a(0) = p and a(l) = q. Let a = max{f(p), f(¢)},
b = maxc(o,1)(f o a(t)) and let c be the largest critical value in [a,b] such that
there exists a critical point in f~1(c) of index zero or one. If such a value does
not exist, we set ¢ = a. Assume that there exists € > 0 such that M®b+e g

compact. Then for all § > 0, a is homotopic, keeping endpoints fized, to a curve
B such that 3([0,1]) C M<+°.

Proof. Note that a < ¢ < b. Suppose that b > a, otherwise, there is nothing to
prove. Since MY is compact (being a subset of the compact set M[a’ber) and
(' is discrete, there exist only a finite number of critical points in Mlebl Let
¢1 > ... > ¢, be the critical values of f in MI®!\ f='(c) and p;; € f~'(ci),
1 <i <k, 1<j<I; bethe corresponding critical points. By definition of ¢,
Aij :=indy(p;;) > 2. By choosing a smaller € > 0, if necessary, we may assume
that ¢; is the only critical value in [¢; —€,¢; + €] for i € {1,...,k}.

Assume that b is not a critical value of f, so b > ¢;. Then Mlertebtel g
compact and does not contain any critical points of f. By Theorem Mete
is a deformation retract of M'*¢. By Lemma there exists a homotopy
between a and a new curve @ with @([0,1]) € M°**¢, which keeps the endpoints
fixed. If b = ¢y, we define @ = a.

The set Mler—ec1tel ig compact and does not contain critical points except
p1j, 1 £ <li. Therefore, we can apply Theorem So, M“1~¢Uer1U...U
eMi is a deformation retract of M€ for pairwise disjoint sets e’ which are
diffeomorphic to A1 ;-dimensional disks and satisfy M1 ~¢Neri = JePi. Again
by Lemma/5.2.11] @ is homotopic to a path & in M —<Ue1U. . .Uen . Since
dim(e*19) > 2, each path passing through e* can be deformed to a path which
lies only in de*, but not in the interior of e*1s. Note that the endpoints p and
q are contained in M ~¢ since a = max {f(p), f(¢)} < ¢1 — €. Therefore, by
Theorem p and ¢ are not contained in the interior of any e*. Thus, we
can deform & to a curve qq in M€1—< U dert U...Udert = Me—¢,

Since Mleteci—el is compact and does not contain critical points of f, we
obtain from Theorem [5.2.6] and Lemma [5.2.71] a homotopy between oy and a
curve @ in Me2te,

We repeat this procedure a finite number of times, obtaining a sequence
of curves «a; with «;([0,1]) € M%~¢ which are homotopic to each other by
an endpoint-fixing homotopy. Consider the curve «y, in M ¢, constructed as
above. Since Mletdcx—¢l is compact and does not contain critical points of f,
we can again deform, by Theorem [5.2.6] and Lemma [5.2.11] aj to a new curve
in M9l which we call 3. This finishes the proof O
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5.3 The path space

In this section, the object of our interest is the space of curves joining two fixed
points in a Riemannian manifold. We will construct an approximation of this
set, which itself is a finite dimensional manifold. We follow §16 of [Mil63].

Let M be a complete and connected Riemannian manifold and p,q € M.
We denote by €, ,(M) the set of all piecewise smooth curves « : [0,1] — M
with «(0) = p and «(1) = ¢. For the rest of this section, we assume p, ¢ and M
to be fixed, so we write Q = Q,, ,(M). To equip Q with a topology, we introduce
a metric on this set. For a, 8 € 2, we define a distance function D : 2 x Q@ —» R
as follows:

D(a, B) := max d(a(t), 5(t)) + \//0 (J! (1) = B (£)])* dt,

telo,1]

where d : M x M — R denotes the Riemannian distance function on M. It is
not hard to see that D really defines a metric on ). This metric induces the
required topology on M. The Energy function E : Q@ — R is defined as

Ba) = /0 o/ (B dt.

With respect to the metric on (2, the Energy function is continuous, since

1

IB(0) - B(§)| = \ [ o - IB’(t)I2)dt‘

1
2

[NE

<|[ twor-wopal | [ )]+ 18 @) ]

1
2

< D(a, B) [ [ - 15 op+ 2@ dt}

< D(a, B) ([/ (O] - 190 2 [/ 7 0P é)
< D(a, B)(D(a, §) + 2E(8)).

Therefore, E(a) — E(f), whenever a — 8 with respect to D.
We introduce some further notation. For ¢ > 0, we set Q¢ = E~1([0,¢)) C Q.
Let 0 =tg < ... <ty =1 be a subdivision of the unit interval. Then we define

Q(to, - .-, tr) = {a € Qa|y, , 4, is an unbroken geodesic for 1 < i < k} .

Moreover, we set
Q(to . ,tk)c - Qc n Q(to, B atk)

Proposition 5.3.1. Let M be a complete Riemannian manifold, p,q € M
and ¢ > 0 such that Q¢ #£ 0. If the subdivision 0 = tg < ... < tp = 1 is
sufficiently fine, the set Q(tg...,t)¢ can be given the structure of a smooth
finite dimensional manifold.
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Proof. The idea is to identify an element a € Q(g...,t;)¢ with the tuple
(a(ty),...,atg_1)) € M x ... x M. In this way, we can associate Q(tg ..., )¢
with a certain subset V C M x ... x M and adapt the manifold structure of
the product. To associate each tuple (r1,...,rg—1) € V with a unique element
inaeQty...,t)°, we need to make sure that r; is in a normal neighborhood
of r;_1 for 1 < i < k. For this reason, we have to choose the subdivision fine
enough.

Consider the compact set K := B ;(p) = {r € M|d(p, r) < \/c} C M. For
a € Q¢ we have a([0,1]) C K, since by Lemma L(a)? < E(a) <
¢. We know that the map Ex : TM — M x M, deﬁned by Ex(r,v) =
(r,exp,(v)), is a diffeomorphism from a neighborhood W of the zero section
TMy = {(z,0)|]z € M} C TM onto a neighborhood of the diagonal Ay =
{(z, )|z € M}
C M x M(cf. [Kun09], TH 2.4.6). Thus, for each r € M, there exists a neigh-
borhood U, of r in M and a number ¢, > 0 such that the set

{(z,v) e TM|z € Uy, |v| < &} C W.

Choosery,...,rysuch that K C U := U,,U...UU,, andlet e = min{e,,,..., €, }.
Then, Ex is a diffeomorphism on the set

{(z,v) e TM|z € U, |v| < ¢} C W.

In particular, for each r € K, exp, is a diffeomorphism on B.(0) C T,.M.
Therefore, there exists a unique minimizing geodesic joining two points ri,ry €
K, whenever d(ry,r;) < €.

Now we choose a sgbdivision 0=ty < ... <ty =1 of the unit interval
such that t; — ;-1 < < for all i € {1,...,k}. Then for each broken geodesic
a € Qty ..., )¢, we obtain from Lemma [2.1.3]

d(a(ti—r),a(t:)® < L(aly,_, 1)
= ( —ti— 1) (a [ti—lati])
( ) (a) < (tZ — ti—l)c < 62.

Therefore, aly,_, ¢ is the unique minimizing geodesic joining a(t; 1) to a(t;).
We now define a map

:Qtg...,tg) > Mx...xM

aw (aty),...,a(tg—1)). (5.11)

We want to show that ¢ is a homeomorphism onto its image. By the remark
above, ¢ is injective. To prove continuity of ¢, let {ay,} be a sequence in
Qg ..., tx)° converging to a € Q(tg ..., t,)° From D(ay,,a) — 0, it follows in
particular that (ay,(t1),...,an(tx=1)) = (a(t1),...,a(tg—1)), which proves our
claim. We denote by V the set o(Qto...,tx)¢) C M x ... x M. By Lemma
the energy of a curve a € Q(tg ..., ;)¢ is given by

Ba) =Y d(a(t:), alti-1))"

ti — 11
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It follows, that V is given explicitly by

k
d iy 1 i—
V:{(rl,...,rkl)eMx XM|Z (r i 1 C},

tz_tz 1

in which we set 1o = p and r, = ¢q. Therefore, V' is an open set in M x ... x M,
hence itself a manifold. It remains to show that the inverse of ¢ is continuous.
Let {(rn,,---,Tny_,)} be a sequence in V, converging to (ri,...,r5_1) € V,
and denote the corresponding curves by a,, «, respectively. Then

t—1;1
t; —ti 1

an|[ti,1,ti](t) = eXp’r‘ni71 < (exprni71 Be(O))l(rni)>

Be(o))_l(n)> = ity 1(0):

t—1t;,_
— exp,._, <’ ! (exp,._,

n—oo t; —ti1

SO ay, converges pointwise to . Since [0, 1] is compact, a,, converges uniformly
to a, i.e. max;ep,1](an(t), a(t)) — 0. It remains to estimate the integral term.
By the proof of Lemma [2.1.3] again,

1 k TnisTng_1) — AT, Ti—1 ’
\/ / (o, ()] — |’ (H))* dt = Z(d( }i)_tl.df ! e

Together, D(ay,,a) — 0, so ¢! is continuous. Hence, Q(tg ..., ;)¢ is homeo-
morphic to the manifold V. This homeomorphism induces a smooth structure
on Qtg ..., 1)<, such that ¢ : Q(tg ..., )¢ — V is a diffeomorphism. O

Theorem 5.3.2. The topological space Q(tg ..., tx)¢ is a deformation retract of
Qe.

Proof. We show that a deformation retraction is given by = : [0,1] x Q¢ — Q°,
which is, for s € [t;—1,1;], defined as
s () |1e;_1.25) min. geod. joining a(t;—1) to a(t;), j <,
re(@) = qrs(a)

7s(Q)|1s,1] = @[s,1]-

[t 5] min. geod. joining a(t;_1) to a(s),

To begin with, note that r, is well defined: There exist unique minimizing
geodesics joining a(t;—1) to a(t;) for j < i and a(t;—1) to a(s). Next, we
prove that E(rs(a)) is monotonically decreasing in s, so if a € Q°, rs(a) € Q€
for all s € [0, 1] It suffices to prove this for each subinterval [t;_1,%;], so let
s1 < 89 € [t;—1,t;]. Since 7y, () and 74, () coincide on [0,%; 1] and [s2, 1] it is
enough to prove this for the restriction of the curves to the interval [t;—1, s2].
By Lemma [2.1.3] we have

(52 —tie1)E(rs, (@)

T81 (a)
T'sy (a) [tiz 1,82])2
S2 — i 1)E(T52 (a)

[ti71,82]) [ti71,82])2

[ti—1752])7

since 74, (@)

[ti_1,s5] 18 @ minimizing geodesic. This proves our claim.
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We clearly have ro = id|qe, Tslawg...t0)e = 1dloto...¢0)e for s € [0,1] and
r1(Q¢) C Qtg ..., t)¢. Now we show that r is continuous in both variables. Tt
suffices to prove continuity on each subset [t; 1,t;] x Q°.

Let {sm} C [ti—1,ti], {an} C Q° be sequences converging to s and a,
respectively. We want to show that D(r,  (ap),rs(a)) = 0. By the

triangle inequality it suffices to show that D(rs, (ap),rs,, (a)) — 0 and
n—oo

D(rs, (a),rs(a)) — 0. Tt is clear that (a,(t1),...,an(ti—1), @n(Sm)) —
m—oo n—00
(a(t1),...,a(t;—1),a(sy)) and by a similar argument as in the proof of Theorem

5.3.1} we obtain that the sequence of broken geodesics 7, (an)|[o,s,,] cOnverges
uniformly to r,  (a)lo,s,.] and

\/ |7 e @1 - o @y @) a = 0

n—o0

Since 75, (@n)l(s,,1] = Unlis,,1) and 7 (@), 1] = alfs,,.15, it follows that
rs, (@) converges uniformly to r; (a) and

\/ | 1, @)y 0] = [ @)@ dt 0

n—oo

Therefore, D(rs,, (an),7s,, (@)) = 0. Now we show D(r;,  (a),rs(c)) el 0.

It is clear that rs () converges pointwise to 7¢(a). To estimate the integral,
we assume that s,, < s for all m € N. The case s,;, > s works similarly. Then

[ 0w @ @) = [ty )2
[ (Hatematia) d(a(s>,a<tu>)>2 u

Sm — ti1 §—ti_1
+ [ (1w @rol- d(““_‘j“”)dt 0,

which proves that D(rs, («),rs(a)) — 0,s07r :[0,1]x Q¢ — Q¢ is continuous.
m— o0
This proves that Q(tg...,t;)¢ is a deformation retract of Q2°. O

Now consider 2¢ as an infinite dimensional manifold. For o € ¢, we denote
by V, the set of all piecewise smooth vector fields along « which vanish at the
endpoints of a. Let = : (—e,€) x [0,1] = M of a be a proper variation of a.
Such a variation can be viewed as a smooth (in the sense that all transversal
curves of z are smooth) curve Z : (—e, ) — Q¢ and #'(0) corresponds to the
variational vector field of . Since this variation is proper, the variational vector
field vanishes at the endpoints of «, so Z'(0) can be viewed as an element in V,.
On the other hand, by Proposition [2.1.5] every element V' € V), is the variational
vector field of a proper variation of a. Hence, V, is the tangent space of Q¢ at
a.

We say that an element o € Q° is a critical point of E if (E o #)'(0) = 0
for all smooth curves & : (—e,€) = Q° with Z(0) = a. These points are, by
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Proposition [2.1.7] precisely the unbroken geodesics in Q°. Recall the definition
of the index form of an unbroken geodesic a:

1
LV, W) = / (VWY — (RO, V)Y, WYdt, VW € Va
0

Since (E o )"(0) = 21,(V, V) for each proper variation = of @ with variational
vector field V', we may view 2/, as the Hessian of E in a.

For a broken geodesic a € Q(ty...,t;)¢, let V. be the subspace of all
V € V, which are Jacobi fields on each subinterval [t;_;,¢;]. By similar ar-
guments as above, we see that V is the tangent space of « in the submanifold
Q(to . ,tk)c c Q°.

Lemma 5.3.3. Let a € Qtg...,tx)¢. Then a is an unbroken geodesic if and
only if E.(0) = 0 for all proper variations = : (—€,€) x [0,1] = M whose
longitudinal curves lie in Q(tg ..., tx)°.

Proof. If o is a geodesic, then, by Proposition E'(0) = 0 for all proper
variations z of a. Let now o € Q(tg .. .,tx)° and suppose that E!(0) = 0 for all
proper variations  : (—e,€) x [0,1] — M whose corresponding curve Z lies in
Qtg...,tg)°. Then by the formula for the first variation ,

ko1
0=FE.(0) = -2 Z(V(ti);AO/(ti))

where V' is the variational vector field of . We have V € V_ . By the con-
struction of the subdivision 0 = to < ...t = 1 at the beginning of the proof
of Proposition a(t;) is contained in a normal neighborhood of a(t;_1).
By Remark [3.2.7, a(t;) and a(t;_;) are not conjugate along aly,_, ;1. There-
fore, by Lemma [3.2.8) we can choose V € V_ such that V(t;) = Aa/(t;) for
1<i<k-—1. Then

k—1
0=E,(0)=-2>_ |Ad(t;)],
=1

which proves that |Aa/(¢;)] = 0 for all 4, so a is an unbroken geodesic. O

The next proposition shows why Q(tg...,#;)¢ is a good approximation of
Q¢. This is because the energy function, restricted to Q(tg . ..,tx)¢, is smooth
and preserves many properties of the energy function on the full path space 2°.

Proposition 5.3.4 (The energy function on the manifold Q(¢g...,%)).
(i) The energy function E = Elage...tr)e + Qto - - -, tr)¢ — R is smooth

(ii) The critical points of E in Qto - .., tx)¢ are the same as the critical points
of E in Q°, namely the unbroken geodesics.

(iii) A critical point vy of E is degenerate if and only if p and q are conjugate
along 7.

(iv) The index of E at~ in Qty ..., t;)¢ equals the index of E at v in Q.
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Proof. To prove (i), recall the map ¢ : Q(to...,t,)¢ = M % ... x M, defined
in (5.11). By Proposition  is a diffeomorphism onto its image, which we
denote by V. On V, the energy function is given by

D o d(r )2
Eow_l(rl’...,Tk_l):Z%,

= ti—tim1

with ro = p, r, = q. This expression is smooth on V' (cf. [Bur09|, Theorem
4.2.11). Therefore E is smooth on Q(tg ..., 1;)°.

Assertion (ii) is precisely the statement of Lemma [5.3.3]

Before we prove (iii) and (iv), we investigate the correlation between the
form I, and the Hessian of F at . Let V € V7 and T : (—€,€) = Qto - .-, 11)°
be a variation of the geodesic v = #(0) such that #'(0) = V. Using the formula
for the second variation , it follows that (Eo#)"(0) = 2I,(V,V). By Lemma

By Proposition (4.1.4} I, is degenerate if its restriction to V. is. By Corollary
4.1.3] this is exactly the case if p and ¢ are conjugate along 7. This proves (iii).

Assertion (iv) follows directly from Corollary O



Chapter 6

The Sphere theorem

6.1 Introduction

The aim of this chapter is to prove the sphere theorem, which states the follow-
ing:

Theorem 6.1.1. Let M™ be a complete and simply connected Riemannian man-
ifold, whose sectional curvature satisfies

0 < hKpmaz < Kmin < K < Kpas. (6.1)

If h = i, then M is homeomorphic to a sphere.

The number h is called the pinching of M. Multiplying the metric with a
constant (cf. Lemma, we can suppose that K,,,, = 1 and condition ({6.1]
can be replaced by

Remark 6.1.2. In the case of even dimension, the theorem is false, if we replace
(6.2) by
1
0<ZSK§1' (6.3)

The complex projective space CP™, n > 1, with the so-called Fubini Study met-
ric (see [Car92|, Exercise 12 of Chapter 8), is a complete and simply connected
Riemannian manifold of real dimension 2n. Its sectional curvature satisfies
but CP™ is not homeomorphic to the 2n-dimensional sphere. However, M.
Berger proved that each complete and simply connected Riemannian manifold
satisfying is either homeomorphic to a sphere or isometric to a symmetric
space. This result is known as Berger’s Rigidity theorem (see [CET7H]).

In the odd dimensional case, it is known that the sphere theorem is still
true if we replace by , but it is not known whether the result can be
improved in the sense that it is possible to choose h < %.

We are going to prove the sphere theorem for dimension n > 3. For n = 2,3
the result is even true for any h > 0. For n = 2, this follows from the Gauss-
Bonnet theorem (See [Lee97|, Theorem 9.7 and Corollary 9.9). For n = 3, it
follows from a Theorem of R. Hamilton [Ham82].

35
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The Sphere theorem has a long history, going back to the 1920s. At that
time, H. Hopf first posed the question of whether a compact, simply connected
manifold with suitably pinched curvature is homeomorphic to a sphere. In 1951,
H. Rauch [Rau51] proved the Sphere theorem for h = %. Furthermore, he posed
the question what the optimal pinching constant would be. This question was
answered around 1960 by M. Berger [Ber60] and W. Klingenberg [KIi61] who

proved Theorem [6.1.1

6.2 The cut locus

In this section, M always denotes a complete Riemannian manifold. Further-
more, all geodesics are assumed to be normalized. We follow Section 13.2 of
[Car92].

Let p € M and let v : [0,00) — M be a geodesic with v(0) = p. We know
that for small ¢ > 0, v realizes the distance between (0) and ~(t), that is,
d(v(0),7(t)) = t. Moreover, the set T := {t € [0, 00)|d(7(0),v(t)) =t} is closed,
since it is defined by a continuous equation.

On the other side, if ¢; ¢ T, that is, if d(7(0),v(¢t1)) < t1, then for every
to > t1, to ¢ T either, since

d(7(0),7(t2)) < d(7(0),7(t1)) + d(v(t1),7(2)) < t1 + (b2 — t1) = to.
Together we have that T is of the form [0, #] or [0, 00).

Definition 6.2.1. If T, defined as above, is of the form [0, o], we call y(t5) the
cut point of p along . If the case [0, 00) occurs, we say that a cut point does
not exist. We define the cut locus, denoted by C,,(p), as the union of the cut
points along all normalized geodesics starting from p.

Example 6.2.2. (i) If M = R"”, there do not exist cut points, since each
geodesic is minimizing. Therefore, C,, (p) = 0 for all p € R™.

(ii) If M is a sphere S™, then the cut locus of each point p consists of its
antipodal point —p.

(iii) If M is the real projective space RP™, then the cut locus of [p, —p] € RP"
is the subset RP™ ! C RP", obtained by identifying the antipodal points
of the equator of p in S™.

(iv) If M is a product manifold M; x Ms, then the cut locus of (p,q) is given
by Cyn(p) x MsUM; x Cy,(q), where C,y,(p) is the cut locus of p in M; and
Cm(q) is the cut locus of ¢ in Ms. This shows, together with the examples
above, that the cut locus of a point (p,t) on the cylinder S* x R is given
by {—p} x R. On the torus, considered as S! x S1, the cut locus of a point

(p,q) is given by {—p} x S' U S" x {—g}.

Proposition 6.2.3. Let v be a geodesic in M. Suppose that vy(to) is the cut
point of p = v(0) along y. Then either

(a) v(tg) is the first conjugate point of v(0) along v, or

(b) there exists a geodesic o # v from p to ~y(to) such that o(to) = v(to)-
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Conversely, if (a) or (b) is satisfied, then there exists t in (0,to] such that y(f)
is the cut point of p along 7.

Proof. Let ty satisfy the condition asserted and let {t¢; +¢€;}, €; > 0 be a se-
quence converging to tg. Consider a sequence of minimizing geodesics o; :
[0,L;] = M joining p to y(to + €;) and let {¢}(0)} € S"~' C T,M be its cor-
responding sequence of tangent vectors at p. Note that L; = d(p,v(to + €;)).
Since S™~! is compact, there exists a convergent subsequence, which we will
again denote by {0}(0)} such that {¢}(0)} — v for a v € T,M with |v| = 1. We
have
exp,, (d(p, (to + €:))o;(0)) = y(to + €;)

and, by continuity,

exp, (d(p, y(to))v) = 7(to). (6.4)

Consider the geodesic o : [0,00) — M, defined by o(t) := exp,(tv). By ,
o(to) = vy(to). If ¢ # v, assertion (b) is verified. If ¢ = v, we are going to
show that (a) holds. We show that exp, is singular at t37/(0), which is, by
Proposition equivalent to the claim that y(#g) is conjugate to v(0) along
.

Suppose now that exp,, is not singular at t57'(0). Then, exp,, is a diffeomor-
phism from a neighborhood U C T, M of t37'(0) onto a neighborhood V- C M
of ¥(to). Since o; is minimizing between p and (¢ + ¢;) and +y is not, we have
Y(to + €;) = oi(to + €;) for some €] satisfying € < ¢; for every i. Then,

exp,((to + €)' (0)) = v(to + &) = 0i(to + €;) = exp,((to + €;)7;(0)).

For ¢; small enough, v(to + €;) € V and we have (to + €;)v'(0) = (to + €})o}(0).
Since to +¢; > 0 and to +¢€; > 0 and |7'(0)| = |o}(0)] = 1, we have 7'(0) = ¢}(0)
and therefore ¢; = €]. This contradicts our assumption €¢; > €, and proves
that v(0) is conjugate to y(tg) along . Since « is minimizing up to v(tg), by
Corollary no conjugate point occurs before y(ty).

Now we suppose that (a) holds. We know by Corollary [£.2.5] that a geodesic
does not minimize distance after its first conjugate point, so d(0,7(t)) < ¢ for
all t > tq. By definition, the cut point of p along v occurs at y(f), £ < to.

If (b) holds, choose ¢ > 0 small enough so that o(tg — €) and y(tg + €) are
both contained in a totally normal neighborhood of o(ty) = v(to). We have

d(a(to —€),7(to + €)) < d(o(to = €),0(to)) + d(v(to),7(to + €)) = 2e.

If equality occurs, the curve that joins o (tg —€) to o (to) via o and o (to) = v(to)
to y(to + €) via 7y, is minimizing, hence an unbroken geodesic. This implies
a'(to) = 7' (to), which contradicts o # . Therefore, d(o(tg — €),v(to + €)) < 2¢
which leads to

d(~(0),v(to+¢€)) < d(a(0),0(to—¢))+d(o(to—¢€),v(to+€)) < to—e+2€ = to+e.

Hence, the cut point of p along vy occurs at (%), £ < to. O

Corollary 6.2.4. Let v be a geodesic. If ¢ = y(to) is the cut point of p = v(0)
along v, then p is the cut point of q along the geodesic 7, which is defined as
A(t) := v(to — t). In particular, ¢ € Cp(p) if and only if p € Cp,(q).
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Proof. By Proposition either 7 (#o) is the first conjugate point of (0) along
v, or there exists a geodesic o # 7 from p to y(t) such that o(tg) = v(to). If
the first case occurs, we have a nontrivial Jacobi field V' along 7, which vanishes
at (0) and ~(to). Then, V() := V(ty — t) is a Jacobi field along the geodesic
A(t) = y(to—1t), which vanishes at 4(0) = ¢ and 4(¢o) = p, that is, p is conjugate
to q along 4. If the other case occurs, we have two geodesics 4 # & joining ¢ to
p such that Y(to) = 6(tp) = q.

From both cases, it follows, by Proposition that there exists ¢ € (0, to]
such that (%) is the cut point of ¢ along 4. Since + is minimizing between p
and ¢, the same holds for 7, so we have £ = t;. O

Corollary 6.2.5. Let p € M. If ¢ € M \ Cp,(p), then there exists a unique
minimizing geodesic joining p to q.

Proof. Since M is complete, there exists at least one minimizing geodesic y
joining p to ¢ = (o). If there is another minimizing geodesics o # 7 joining
p to q, we conclude from Proposition that there exists a £ € (0,%], such
that ~() is the cut point of p along 7. If t < tg, v is not minimizing between p
and q, if £ = t9, ¢ = y(to) € C,,,(p). Both cases lead to a contradiction. O

For the next Corollary, we denote by B,(0) the open ball of radius r > 0 in
TpM, centered at zero.

Corollary 6.2.6. The map exp, : B.(0) — M is injective if and only if r <
d(p, Cra(p))

Proof. We set B,(p) := exp,(B;(0)). First, we assume r < d(p, Cy,(p)). For an
arbitrary ¢ € B, (p), we have d(p,q) < r < d(p,Cp,(p)) and therefore ¢ ¢ Cy, (p).
Hence, B, (p) N Cp(p) = 0 and the injectivity follows from Corollarym

If r > d(p,Cpn(p)), there exists ¢ € Cp(p) with d(p,q) < r. Consider a
geodesic 7 : [0,00) — M, starting from p whose cut point is ¢ = v(tp). We
know that to = d(p,q) < r. Let € > 0 such that t; + € < r. Then 7 is not
minimizing between p = v(0) and v(to + €). Let 0 # 7 be the minimizing
geodesic joining p to y(to + €). It follows that o(tg +€') = y(to + €) with € <.
We obtain exp,,((to+¢')o’(0)) = exp,((to+€)7'(0)), that is, exp,, is not injective
on B.(0). O

Definition 6.2.7. We call

i(M) = nf d(p,Crm(p))

the injectivity radius of M. By Corollary [6.2.6] it is the largest number r, such
that exp,, is injective on B,.(0) for all p € M.

Now we want to prove that the distance of p to its cut point along v depends
continuously on the initial direction of . Consider the unit tangent bundle 77 M
of M, which is defined as

TM = | px (S,

peEM
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where (S"1),, denotes the unit sphere in T, M. We define a function f : Ty M —
R U {oc} by :
to, if y(%o) is the cut point of p along (t) = exp,,(tv),
flp,v) = . : .
0o, if there is no cut point along ~.

To prove continuity of f, we introduce a topology on R U co. Remember that
the set of all open intervals of R form a base of the Euclidean topology on R.
We define a base of our topology on R U co by adding all subsets of the form
(a,00] = (a,00) U oo to the open intervals of R. Observe that the set [a, c0]
is compact in this topology, and a sequence t, — oo in this topology when
lim,,_, o t, = 00 in the usual sense.

Proposition 6.2.8. The function f, defined above, is continuous.

Proof. Let {(p;,v;)} be a sequence in Ty M, converging to (p,v). We denote
the geodesics with initial points p;,p and initial velocities v;,v by ~; and v,
respectively. Let y(t§) and (o) be the cut points of 7;(0) and «(0) along ~;
and v, respectively, where t§,ty € R U co. First, we prove that limsup ¢} < t,.
If £y = oo, there is nothing to prove. Let ty < oo and € > 0. Assume that there
exist infinitely many indices j such that ¢y + € < t}. Consider the subsequence
corresponding to these indices. Then

d(v;(0),7;(to +€) =to + €

and by continuity of d,

d(7(0),7(to + €)) = d(p, exp,((to + €)v))
= lim d(p;, exp,,; ((to + €)vj))
=limd(;(0),7;(to + €)) =to +¢,
which contradicts the fact that (o) is a cut point of v(0) along ~. Therefore,

limsup t§ < to + €. Since € was arbitrary, we have proven the claim.
Now let ¢t = liminf #}. Since

t =liminf ) < limsupt} < to, (6.5)

it suffices to show that ¢ > tg to complete the proof. If £ = oo, again, nothing
needs to be proven. Suppose that ¢ < oo and consider a subsequence of the
sequence t}, denoted by t}, which converges to . Then, by Proposition
for each j € N either

(a) 7;(t}) is conjugate to ;(0) along 7;, or
(b) there exists a geodesic o; # 7;, starting from p; such that aj(tg) = Vj(té).

We are going to show that v satisfies (a) or (b) with (). By Proposition [6.2.3]
the cut point () of 7(0) along ~y satisfies ¢ty < , so the proof will be finished.

We consider two cases: First, assume that there exist infinitely many indices
j that satisfy (a). Consider a subsequence, consisting of these indices, again
denoted by ;. By Proposition(3.2.5} exp,, is singular at t{ﬁ} (0), so Ttg,Y; (0) €XPyp;

is not an isomorphism. We have

v(t) = exp,,(tv) = limexp,, (thv;) = lim~;(t). (6.6)
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and by continuity, T%, (o) exp,, is not an isomorphism either. Again by Proposi-
tion ~() is conjugate to v(0) along ~, so (a) is satisfied.
If the first case does not occur, then (b) is satisfied for infinitely many
j. By passing to a subsequence, we may assume that (b) is satisfied for all
J € N. Consider geodesics o; and the corresponding sequence of tangent vectors
{0(0)} € Ty M. Since all initial points o;(0) are contained in a compact subset
K of M,
{o0j(0)} C LK :=T1 M| := | ¢ x (S"7),
qgeEK

and T1 K is obviously compact. Therefore, there exists a subsequence, again

denoted by {0%(0)}, converging to a unit vector w in T, M. The geodesic o :
[0,00) = M, o(t) = exp,(tw) joins p to (), since

— . ; . i . i\ (6.6)
o(7) = exp, (fw) = limexp,, (0}(0)) = limo; (&) = lim ;(¢]) & 7(7)

If 0 # 7, (b) is satisfied.

If 0 = 7, we are going to show that ~(f) is conjugate to (0) along ~.
Consider the map Ex : TM — M x M, Ex(q,u) = (g,exp,(u)). The tangent
map

T(q,u)EX : T(q,u) (TM) = TqM D Tu(TqM) — TqM S5 Tequ(u)M

is given by

_ (idy,m 0
Ttgbx = < * T, equ> )

Suppose now that (%) is not conjugate to y(0) along . Then, by Proposition
@ Ty, exp,, is an isomorphism. By the above, it follows that T{, 7,)Ex is an
isomorphism. Choose open neighborhoods U of (p, tv) in TM and V of (p,v(?))
in M x M, such that Ex : U — V is a diffeomorphism. We have

Ex(p;, t405(0)) = (pj,05(t)) = (pj,7;(t])) = Ex(p;, t§7}(0)). (6.7)

For j large enough, (pj, th; (0)) and (pj, té'y}(O)) are in U, since both sequences
converge to (p,tv). This shows, by applying Ex|(}1 to |D that 0% (0) = v;(0),
which contradicts o; # 7;. Therefore, v(t) is conjugate to v(0) along . O

Lemma 6.2.9. Let p € M and f be defined as above. Then
(i) M\ Cr(p) = {exp,(tv)[t < f(p,v),v € S"' C T,M}
(i) Cn(p) = {expp(tv)|t = f(p,v),ve S™ 1 C TpM} ,

(iii) M = {exp,(tv)|t < f(p,v),v € S"" P CT,M}.

Proof. First, we prove (i). If ¢ € M \ C,,(p), then by Corollary there
exists a unique minimizing geodesic 7 : [0,00) — M with y(#) = ¢. Since v
is minimizing, we have t < f(p,7'(0)) and, since ¢ ¢ C,,(p), it follows that
t < f(p,7'(0)). Conversely, if a point q = expp(fv) =:4(t), t < f(p,v) is given,
then ¢ is not the cut point of p along . Furthermore, +y is the unique minimizing

geodesic joining p to ¢ = y(t): if there is a geodesic o joining p to ¢ = o(t),
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then by Proposition [6.2.3) £ > f(p,¥'(0)), which is a contradiction. Therefore,

q ¢ Crn(p)-

Next, we prove (ii). If ¢ € C,,(p), there exists a geodesic v, such that ¢ =
v(to) is the cut point of p along . By definition, to = f(p,+'(0)). Conversely,
if v is starting from p, the point v(f(p,~'(0))) is the cut point of p along ~.

The proof of (iii) follows immediately from (i) and (ii). O

Remark 6.2.10. For all p € M, the set M \ C,,(p) is homeomorphic to an open
ball of Euclidean space. From the representation of M \ Cy,(p) in Lemmal[6.2.9)
(i), we construct such a homeomorphism explicitly. It is not hard to see that
the map

¢ : TyM D By1(0) = M\ Cn(p)
tv = exp,,(tan(arctan(f(p,v))t)v),

where ¢ € [0,1), |v| = 1 and arctan(oco) := 7, is a homeomorphism. In this

sense, the topology of M is contained in its cut locus.
Corollary 6.2.11. For allp € M, Cp,(p) is closed.
Proof. By Lemma (ii), we have

Cnm(p) = {expp(tv)|t = f(p,v),v e S" ! C TpM} ,

where f is the function from Proposition[6.2.8] Therefore, if ¢ is an accumulation
point of Cy,(p), there exists a sequence of geodesics 7;, such that v; (t(])») = q,
where t? = f(p, 7;(0)) Passing to a subsequence, if necessary, the sequence
7;(0) converges to a unit vector v € T, M. Let v be the geodesic with 7(0) = p,
~'(0) = v. Then, since f is continuous,

g = lim (1) = lim (£ (p, 7}(0))) = lim exp, (£ (p, 7, (0))7.(0))
= exp, (f(p,7'(0))7'(0)) = v(f(»,7'(0))) € Cru(p),

which shows that C,,(p) is closed. O
Corollary 6.2.12. The following are equivalent:

(i) M is compact

(i) For allp € M, Cy,(p) is compact.

(iii) There exists a point p € M such that C,,(p) is compact.

(iv) Each geodesic 7y : [0,00) — M has a cut point.
Proof. We know from Corollary [6.2.11] that Cy, (p) is closed for every p € M. If
(i) is satisfied, C),(p) is a closed subset of a compact set, hence also compact,
which proves (ii). From (ii), (iii) follows trivially. If (iii) holds,

Con(p) ”) {expp(tv)|t = f(p,v),v € 8" C TpM}

is bounded, so f(p,v) < oo for all v € S~ C T, M. Therefore,

MEZZ (o ()]t < f(p,v),v € SL € T,M )
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is bounded and (i) follows from the Hopf-Rinow theorem. To finish the proof,
we show that (i) and (iv) are equivalent. If M is compact, then d is bounded, so
the equality d((0),~(t)) =t can not be valid for all ¢ > 0. Thus, there exists a
cut point on each geodesic in M. Conversely, if (iv) holds, then f is bounded.
As above, one shows that M is bounded and therefore compact. O

Proposition 6.2.13. Let p € M. Suppose that there exists a point q € Cy,(p)
that realizes the distance from p to Cy,(p). Then either

(a) there exists a minimizing geodesic v from p to q along which q is conjugate
to p, or

(b) there exist exactly two minimizing geodesics v and o from p to q; in addi-
tiO’fL, ’YI(L) = _UI(L)) L= d(pa q)

Proof. Let v be a minimizing geodesic joining p to q. By Proposition [6.2.3
either ¢ is conjugate to p along v and (a) holds or there exists another minimizing
geodesic o # 7, joining p to ¢ with o(L) = ¢ = «y(L). Suppose then that ¢ is
not conjugate to p along v and o, and that v'(L) # —o'(L), from which we are
going to derive a contradiction. In particular, this shows that there can only be
two such geodesics.

Since +'(L) # —o'(L), there exists w € T, M such that

(w,7'(L)) <0,  (w,0'(L)) <O.

Let 7 : (—e,¢) — M be a curve with 7(0) = ¢ and 7/(0) = w. Since ¢ is
not conjugate to p along 7, it follows from Proposition that T (oyexpp :
Trqr0)(TpyM) — TyM is an isomorphism. Choose a neighborhood U C T, M
of Lv'(0) where exp, is a diffeomorphism. We may assume that 7((—e¢,€)) C
exp, (U).

Let 7 : (—€,€) — U be the curve such that exp,(7(s)) = 7(s), s € (—¢,¢),
and let z : (—e,€) x [0, L] — M be the variation z(s,t) = exp,(£7(s)) of 4.
Observe that vs(L) = 7(s) and that the variational vector field V' of z along ~
satisfies V(0) = 0 and V(L) = 7'(0) = w. Let v4(t) = z(s,t). By the formula
for the first variation of arc length ,

d

25 L0 )ls=0 = (w,7'(L)) < 0.

Because ¢ is not conjugate to p along o, we obtain in an analogous manner a
variation of o such that

A (03)]ezo = (w, 0" (L)) <0,

ds
os(L) = 7(s),

where the geodesics o are the longitudinal curves of the variation.
Assume that the geodesics v5,05 are normalized. If s > 0 is sufficiently
small,

L(vs) < L(y) =d(p.q) = dp.Cm(p)) = | _inf | f(p,v) < f(p, 7:(0))

and analogously,
L(os) < f(p,04(0)).
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It follows that the geodesics s and o are both minimizing between p and
7(s), hence L(v;) = L(os) = d(p,7(s)). On the other hand, by the above,
d(p,7(s)) < L(vs) < d(p,Cp(p)), so 7(s) ¢ Cp(p). Observe that for small
s > 0, v # 04 since 7y, is a variation of 7, o, is a variation of o and v # 0. By
Corollary there can be only one minimizing geodesic between p and (s
so we have deduced a contradiction.

~

)

= U

Definition 6.2.14. A curve « : [0,a] — M is called closed, if a(0) = a(a).
geodesic 7y : [0, a] — M which is closed is called a closed geodesic if 4/ (0) = +v'(a

~—

Proposition 6.2.15. If the sectional curvature K of a complete Riemannian
manifold M satisfies
0< Kmin S K S Kmaz:

then either
(a) i(M) > 5", or

(b) there exists a closed geodesic 7y in M, whose length is less then any other
closed geodesic in M, and which s such that

i) = 51(3).

Proof. By the theorem of Bonnet-Myers (Theorem , M is compact. By
Corollary [6.2.12) C,,,(r) is nonempty and compact for all points r € M. Since
M is compact, Ty M is compact and by Proposition [6.2.8] there exists a point
p € M such that

d(p,C = inf d(r,C = inf .

(P, Ci(p)) £w(n7dﬂ)(m£nMﬂnw

Because C,,(p) is compact, there exists a point ¢ € M such that ¢ realizes the
distance from p to Cy,(p). Let o be a minimizing geodesic joining p and g.

Now we apply Proposition If q is the first conjugate point to p along
o, it follows from Proposition that

. _ _ S ‘
(M) = fnf d(r,Cou(r) = d(p.) = ——
If ¢ is not conjugate to p along o, there exists another minimizing geodesic
u from p to ¢ such that o(L) = p(L) = ¢, where L = d(p,q) = i(M). By
Proposition [6.2.13] we have ¢'(L) = —p'(L). Furthermore,

d(q,Cn(q)) 2 inf d(r,Cin(r)) = d(p,q). (6.8)
Since g € C,,(p), it follows from Corollary that p € C),(q) and therefore
equality in occurs. Thus, p realizes the distance from ¢ to Cy,(q). We
apply Proposition [6.2.13] again. Since ¢ is not conjugate to p along o, then p is
not conjugate to g along & either, where 6(t) = o(L —t). The geodesic fi, given
by fi(t) = u(L—t) is another minimizing geodesic joining ¢ to p. By Proposition
¢'(L) = —p'(L). We obtain a curve v : [0,2L] — M, defined by

o(t), ifo<t<L,
V() =4 .
at—L), ifL<t<2L.
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Observe that v is well defined and closed. From o'(L) = —p'(L) = i#'(0) and
i (L) = —pu'(0) = ¢'(0), it follows that v is a closed geodesic with length
L(7) = 2L = 2i(M).

Suppose now that there exists a closed geodesic 4 with L(5) < L(vy). Let

p = 7(0). Then the cut point of p along ¥ occurs at ¢ < L(j): Y is clearly
not minimizing after § = 4( (2 )- S
U L
46,09 << 20 Q = i(M) = inf d(r, Cn(r),

2 reM

which is not possible. Thus, -y is the closed geodesic of shortest length in M. [

6.3 The estimate of the injectivity radius

In what follows, we are going to improve, under stronger conditions on the
curvature, the last result from the previous section. We will show that if the
sectional curvature K of a complete Riemannian manifold satisfies i < Kpin <
K < 1, then case (a) of Proposition F occurs. The proof uses results of
Morse Theory we obtained in Chapter [5| We follow Section 13.3 of [Car92].

Lemma 6.3.1. Let M" and M™ be two Riemannian manifolds of the same
dimension such that their sectional curvatures K and K, respectively, satisfy
sup K < inf K. Let~ :[0,a] = M and 7 : [0,a] — M be two geodesics of the
same length. Then indl, > indly where I, I5; denote the Index forms of the
geodesics 7y, v, respectively.

Proof. We denote by V and V the set of all piecewise smooth vector fields
on v and 7, respectively, which vanish at the endpoints. Choose frame fields
{Ey,...,E,} and {E,,...,E,} along v and 7, respectively, such that F (t) =
gﬁ% and Ey(t) = lgﬁggl. Let W(t) = Y20, fi(t)Ei(t) € V. We map W to
W €V, given by W (t) = 31, fi(t)E;(t). Obviously, the map ¢ : V — V is
bijective and satisfies

(W,y') =il (O] = £ 15 ()] = (W, 7),
Zfz = (W, W),

Zf = (¢W',¢W").

We want to show that

(RO, W)Y . W)(t) > (R(T . oW)F',oW)(8) WVt €[0,a] (6.9)

Note that W (t) and +'(¢) are linearly dependent if and only if W (¢) and ()
are linearly dependent. In this case, both sides of vanish and the inequality
is satisfied trivially. In the other case, since sup K < inf K,

(RO, W)Y, W)(t) = (W' PIW P = (v, W)?) K(+',W)(t)
> (A PloW)? — (7, ¢W)?) K(7', oW ()
= R(¥,oW)7, 0W) (1),
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which proves . It follows that
LOVW) = [0 = (RO W) W)
0

< / GW, Gy — (R, 6N, W)}t
= I3 (oW, oW).

Therefore, if I is negative definite on a subspace WCV, L, is negative definite
on W := ¢ (W) C V, which proves the lemma. O

Let a, B : [0,1] = M be piecewise smooth curves such that a(1) = 3(0). For
the next Lemma, we introduce the following notation:

1
o~ () =a(l—1), axp(l)= {O‘(Qt) tefo sl
pt—-1) tel;,1].
Lemma 6.3.2 (Klingenberg). Let M be a complete Riemannian manifold whose
sectional curvature satisfies K < Ky, where Ky is a positive constant. Let
P, q € M and vy # v1 be two geodesics joining p and q. Assume that there exists
a homotopy as, s € [0,1] with v90 = ag and v = ay such that as is piecewise
smooth for all s € [0,1] and the homotopy fizes the endpoints p and q. Then
there exists s € [0,1] such that L(vp) + L(ay,) > =X

VKo :
Proof. We may assume that L(7yg) < ﬁ, otherwise we set so = 0 and the

proof is finished. Furthermore, we assume g to be defined on the unit interval
and, without loss of generality, we may assume that vo(f) # ¢ for any < 1.
Otherwise, we can apply the lemma to the restricted curve 70|[07t-] and the proof
is again finished. Let o : [0,a] = M be a normalized geodesic with o(0) = p.
By Proposition a value to, where o(ty) is conjugate to p along o, satisfies
to > \/LKT (Note that in the proof of this proposition, we have only used the
estimate K < H to show = < ty.) Therefore by Proposition exp, is

™

regular at each v € T,M which satisfies |v| < TR It follows that exp, :
B_z_(0) - B_z_(p) C M is alocal diffeomorphism.

VKo VEo
We assume also 7; to be defined on the unit interval. We denote the ho-
motopy between vy and y; by H, so the map H : [0,1] x [0,1] — M satisfies
as(t) = H(s,t) and H(s,0) = p, H(s,1) = ¢ for all s € [0,1]. The image of the
map g : t = ¢ - v,(0) lies in B\/LKT(O) and satisfies exp, o7y = 0. We want to

show that for small values of s, H can be lifted to a homotopy H on T, M.

Choose open sets Uy, ... U, C T,M such that ¥([0,1]) C U := U, U...UU,
and exp,, : U, - expp(ﬁi) is a diffeomorphism for i € {1,...,n}. We have
7%([0,1]) C U := expp(ﬁ) and by continuity there exists § > 0, such that
H([0,0] x [0,1]) € U. We know that 7o([0,1]) Nexp,*(¢) = {7,(0)}, since
Y0(t) # ¢ for any t < 1. Therefore, it is possible to restrict U in such a way that
U nexp, (@) = {(0)}. i

Define H : [0,6] x [0,1] = T, M by H|;, = (exp,, |g,)~" o H. The map is well
defined and satisfies exp,, oH = Hjo,51x[0,1] and H(s,0) = 0 for all s € [0, 4].
Since expp(ﬁ(s, 1)) = H(s,1) = ¢ for all s € [0,6], we have H([0,d] x {1}) C
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0ﬂexp;1(q) = {~4(0)}. Therefore, we have H(s,1) = ~4(0) for all s € [0, 4], so
the homotopy H fixes the endpoints 0 and v6(0) in T, M.

Let S C [0,1] be the maximal interval containing 0 such that there exists a
homotopy H in T, M with exp, oH = H 5x[0,1] Which fixes the endpoints 0 and
75(0). We have [0,6] C S and S is open in [0,1]: If [0,s1] C S, we consider the
curve &, = H(s1,.) in T,M. In a manner analogous to the above, one shows
that for s near si, a, can be lifted to a path &, in T, M in such a way that
@, depends continuously on s. In other words, there exists d; > 0 such that
[0,81 + 51] CS.

Now we claim the following: For all € > 0, there exist s, € S such that

Y

maxyeo,1] |@s, (t)] > T € Suppose the contrary. Let {s,} C S, n € N

be a sequence converging to s € [0,1]. Then the corresponding curves &, are
contained in the compact set BLK,G(O). There exists a subsequence, which
0

we again denote by {s,}, such that the sequence {a;, } converges uniformly to
a curve @& . By continuity,

xp, (@5(1)) = expy (lim_d, (1)) = lim_exp, (@, (1) = lim ay, (1) = a, (1),
which shows that &, is a lift of the curve a,. Therefore, s € S, so S is closed.
Since S is also open we have S = [0,1]. Thus, for all s € [0,1], we have that
the corresponding curves é; are in particular contained in B_=_(0), in other

- VEo
ds, H([0,1 0,1 B_=_(0).
words, H([0,1] x [0,1]) C m()

Since exp,, oH = H, we have that expp(I:I(l, t)) = H(1,t) = v (t). Consider
the straight line 4, : ¢ +— ¢ -;(0) in T, M. Obviously, we have exp,(91(t)) =
exp,(H(1,t)) for all t € [0,1]. Since exp, is a diffeomorphism around 0 and
H(1,0) = 0, we have 4, (t) = H(1,t) for small values of ¢. Since H ({1} x[0,1]) C

B\/;TO (0) and exp,, is a local diffeomorphism on B\/}rTO(O)’ this equality is even

true for all ¢ € [0,1]. Therefore, 74(0) = H(0,1) = H(1,1) = ,(0). This
contradicts the assumption that vy # 1. Hence we have proven the claim.
Next we show that

2w

VKo

Lvo) + Lla,) > —= - 2e. (6.10)

Consider the curve f = a;,_ * v, . It is clear that § is a loop, i.e. 5(0) =
B(1) = p and that L(8) = L(7) + L(as.). The curve 3 = d,, * 7, satisfies
exp,, 0/5’ = . Now consider Mk,, the sphere of constant sectional curvature Kg
and dim(Mg,) = dim(M). Fix a point p € Mk,, a linear isometry i : T,M —
T3 Mg, and consider the curve B = expi,(i(B)). Note that exp; |, (0) is a

Ko
diffeomorphism. Since K < Ky, we obtain from Proposition that

L(B) = L(B). (6.11)

Let t, € [0,1] such that d(p, B(t.)) = max,c(o1) d(B, B(t)). Then

~

L(B) > d(B(0), B(t.)) + d(B(t.), B(1)) = 2d(p, B(t.)). (6.12)



6.3. THE ESTIMATE OF THE INJECTIVITY RADIUS 67

Since exp; [B_, (o) is a diffeomorphism,

v
d(p, B(te)) = s d(p, B(t))
= maxc [i(5(1))] (6.13)
~ s
= > o > —— —e
Jmax 1B(t)] > s |as, ()] = N ol

Putting the things above together, we obtain

5) 2" 15 S 2 B T 2

.13))
L(v) + L =L B(t)) > — 2,
(70) (aSg) p - \/FO €

which proves (6.10]).

Now choose a sequence {¢,}, €, > 0, n € N converging to 0 and let {s., }
be a sequence in [0, 1] such that the curve a,, —satisfies (6.10) with € = ¢,. By
taking a subsequence of {s., } which converges to a value sy € [0, 1], we obtain

that
2

VK’

which concludes the proof. O

L(v0) + L(as,) >

Theorem 6.3.3. Let M™, n > 3 be a simply connected Riemannian manifold
whose sectional curvature K satisfies i < Kpin < K <1. Then i(M) > .

Proof. By the Theorem of Bonnet-Myers (Theorem 2.2.4), M is compact. Sup-
pose that (M) < w. Then, by Proposition there exists a closed geodesic
v of length L = L(y) < 2w. Consider «y to be normalized. By Corollary
the set of points which are conjugate to p = v(0) along -y is discrete. Choose an
€ > 0, satisfying the following conditions:

(i) v(L — €) is not conjugate to p along =y
(il) 3e < 2 — =, where K =K.

Vi
(iii) 3¢ < 27 — L
(iv) be < L

By (i) and Proposition (L —€)7'(0) € T, M is a regular value of exp,,.
Hence, there exists €; > 0 such that exp, : B, ((L —€)7'(0)) — M is a dif-
feomorphism onto its image. We choose €; so small that ¢; < e. Consider the
set X of points v in T, M where T}, exp, is singular. By Sard’s theorem (cf.
[BG8S], Theorem 4.3.1), exp,(X) C M has Lebesgue measure 0. Therefore,
there exists a regular value ¢ € exp, (B, ((L —€)7'(0))) with d(y(L —€),q) <e.
Let w € B, ((L — €)7'(0)) such that exp,(w) = q. Then,

lw] < fw = (L=e)y(0)]+1(L-€)y(0)| <er+L—-e<L
and by (iv),

8¢ < L—2¢ = (L — 7(0)] ¢ < (L~ )7'(0) — wl+|w|—¢ < e +[w|—¢ < [u].
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We obtain a geodesic 7y, : [0,1] = M, 71 (t) := exp,(tw) whose length L(vy;) =
|w]| satisfies 3¢ < L(vy) < L = L(y). Let 7o : [0,1] = M be a minimizing
geodesic joining p to g. Its length satisfies

L(v) = d(p,q) < d(p,v(L —€)) + d(v(L —€),q)
=d(y(L),v(L —¢€)) +d(v(L —€),q) < 2,

hence Yo ;é Y1-

Recall from Section the set of all curves in M which join p to ¢, denoted
by , , = Q. Since M is simply connected, there exists a homotopy é&s, s € [0, 1]
such that &y = 79 and &3 = 71 which fixes the endpoints p and ¢. Since 7
and 7, are smooth, we may assume the homotopy to be piecewise smooth (c.f.
[KN63, p. 284] and [MT97|, Lemma 6.6). Therefore, the map s — &, can be
considered as a curve in 2. Then for ¢ € R large enough, a; € Q¢ for all
s € [0,1]. By Proposition we can choose a decomposition 0 =ty < ... <
try = 1 of [0,1], such that Q(to,...,%;)° can be given the structure of a finite
dimensional manifold. We denote V' = Q(tq,...,t;)¢. By Proposition v
is a deformation retract of Q°. Thus, by Lemma [5.2.11] & can be deformed
by a homotopy to a curve a, in V', such that the homotopy fixes the endpoints
Y%,7 € V.

Consider the Energy function E : V' — R. By Proposition (i), E €
C*°(V). Since ¢ is a regular value of exp,,, exp,, is regular at each v € exp;l(q).
By Proposition q is not conjugate to p on any geodesic which joins p to gq.
Therefore by Proposition [5.3.4] (iii), all critical points of E are non-degenerate,
hence E is a Morse function. We now want to apply Corollary to the
curve «g . Let

a = max {E(y0), E(71)} 222 E(m),

= Jnax, {E(as)},

o
|

and let @ be the largest critical value in [a,b] such that there exists a critical
point of E~1(a) of index zero or one. If such a value does not exist, we set
a = a. Even in this case, a is a critical point of F, since the unbroken geodesic
71 is, by Proposition [5.3.4] (i), a critical point satisfying E(y,) = a = a.

Let €5 > 0 so small that b + €2 < ¢. We claim that V[@b+e] jg o compact
subset of V. Tt is equivalent to show that o(VI®b*<]) is a compact subset of
@(V) where ¢ : V= (V) C M x ... x M denotes the homeomorphism from
the proof of Proposition In fact, we can express o(V[*?*€l) explicitly as

k
d(ri, i
@(V[“7b+ﬁ]):{(r1,...,rk1)€M><...><M|a§2 ri;Ti-1) <b+e}

i=1 z_tz 1

where p = rg, g = 1. Clearly, this set is bounded and closed, hence a compact
subset of M x ... x M and p(VI®t+d) ¢ (V) . Therefore, p(VI®ttel) is a
compact subset of ¢ (V) which proves the claim.

Now we can use Corollary For every § > 0, we can deform a, to
a curve [y which satisfies F(8;) < a+ 6 for all s € [0,1]. Let 0 € V be a
critical point of E with E(o) = @. By (i), o is an unbroken geodesic. For
s € [0,1], we have, by Lemma [2.1.3]

L(B)? <EB,) <a+0=E(0)+0=L(6)>+6
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and therefore,
L(Bs) < L(o) + (6.14)

for a & > 0 satisfying 2L(c)d + 62 = 8. Choose § > 0 so small that § < e.
We have already seen that L(yy) < 2¢ and 3¢ < L(y1) < L. To estimate L(o),
we first consider the case where @ = a. Then, E(o) = E(v1), and since both
geodesics are defined on the interval [0, 1], we obtain that

L(o) I2:::3:|L(')/1) <L (zg) 27 — 3e.

Ifa > a,indp(0) < 2 and we compare o with a curve ¢ of the same length on the
sphere M of constant curvature K = K, > + and dim(Mg) = n = dim(M).
Then,

B3 iv
indl, < indZ, 22 ind (o) < 2. (6.15)

If L(c) > ﬁ, o contains, by Example |3.2.4] points which are conjugate to

p = 6(0) along &, and each conjugate point is of multiplicity n — 1. It follows
from the Morse Index theorem (Theorem [4.2.1) that indl; > n — 1 > 2 which
contradicts (6.15]).

Therefore by condition (ii), L(o) < —Z= < 27 — 3e. Summing up, in both

B

cases, we obtain

L) =2 L

(0) 4+ <2m —3e+06 <21 —2¢ (6.16)
for all s € [0,1]. On the other hand, by the Lemma of Klingenberg (Lemma
6.3.2)), there exists a so € [0,1] such that L(vg) + L(Bs,) > 2. Therefore,

L(fBsy) > 2m — L) > 27 — 2e. (6.17)

Since (6.16]) and (6.17) are inconsistent, the existence of such a closed geodesic
v, which we deduced at the beginning of the proof, is not possible. Hence we
have finished the proof of Theorem [6.3.3 O

6.4 The proof of the Sphere theorem

In this section, we will establish a sequence of lemmas before we are going to
prove the Sphere theorem itself. In the proof, we will construct a homeomor-
phism explicitly. Throughout, all geodesics are assumed to be normalized. We
follow Section 13.4 of [Car92].

Lemma 6.4.1. Let M be a Riemannian manifold, p € M and r > 0 such that
exp, : B,(0) — B.(p) is a diffeomorphism. Let a : (—€,€) — M be a smooth
curve in B, (p) such that a(0) # p. Then

d

S d(p,a(3))]=o = (a/(0),7/ (L),

where v : [0, L] = M is the unique minimizing geodesic joining p to a(0).
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Proof. Let a = exp;1 oa and consider the variation of y given by z : (—¢,€) X
[0,L] - M, x(s,t) = exp,(+a(s)). All longitudinal curves z(s,.) are mini-
mizing geodesics joining p to «a(s). The variational vector field V' of x along vy
satisfies V(0) = 0 and V(L) = £2(0,L) = &/(0). Thus, by the formula for the
first variation (2.2),

d

d%d(p,a(S))ls:o = 5 L(s,))ls=0 = L3 (0) = (V(L),7(L)) = (a’(0),7(L))-

O

Lemma 6.4.2 (Berger). Let M be a compact Riemannian manifold and p,q €
M such that d(p,q) = diam(M). Then for all w € T,M, there exists a mini-
mizing geodesic y joining p = v(0) to q such that (7' (0),w) > 0.

Proof. Let A(t) := exp,(tw) and let v : [0, L] — M be a minimizing geodesic
joining A(t) = %(0) to ¢ = v(Lt). We claim that for all n € N, there exists a
tn € [0, 1] such that (y; (0),X(t,)) > 0.

Suppose to the contrary that there exists an n € N such that for all ¢ € [0, %],
(7:(0), A'(t)) < 0. Let ¢ # A(t) be a point of v such that A(#) is contained
in a totally normal neighborhood of ¢;. Then there exists € > 0, such that
exp,, : Bc(0) = Bc(q:) is a diffeomorphism and A(t) € Be(p).

Since ¢ = (a) for a number a € [0, L;], the geodesic 4 : [0,a] — M,
A(r) = v(a — r) is the unique minimizing geodesic joining ¢; to A(t). By
Lemma [6.4.1]

d%d(A(S),qt)ls:t = (7' (a), X' (1)) = = (7;(0), (1)) > 0.

Therefore, there exists ¢, > 0 such that for s € (t—e€;,t), d(qs, A(s)) < d(qe, A(t))
holds, hence

d(q, \(s)) < d(q,q:) +d(g, A(s)) < d(q,q) + d(qi, A(t)) = d(q, A(t)).

This shows that the function s — d(g, A(s)), s € (t — &, 1] is strictly monoton-
ically increasing for every t € [0, 1], so s — d(q, A(s)) is strictly monotonically
increasing on [0, +]. In particular, we have d(q,p) = d(g,7(0)) < d(q,~(s)) for
any s € (0, 2] which contradicts the assumption that d(p, ¢) = diam(}). Hence
we have proven the claim.

Consider the sequence of tangent vectors ; (0) € Ty, )M satisfying ¢,, €
[0, 2] and (v, (0), X (t,)) > 0. Since the geodesics 7, are normalized, {v; (0)}
is contained in the compact set Ute[o,”(sn_l))\(t) C TM, where (5" 1)\
denotes the unit sphere in T;) M. By passing to a subsequence, we may assume
that {7, (0)} converges to a vector v € (S"7'), C T,M. Set L = d(p,q). The
geodesic 7y : [0, L] — M, defined by 7(t) = exp,(tv), satisfies

V(L) = exp,(d(p, q)v) = lim expy, ) (d(A(tn), 97, (0) = lim 7y, (Le,) = g,
So 7 is a minimizing geodesic joining p to q. Moreover,
(7/(0),w) = lim (37, (0), N'(t)) > 0,

which finishes the proof. O
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Lemma 6.4.3 (Spherical law of cosines). Let Mg be a sphere of constant cur-
vature K > 0 and o; : [0,L;] = Mg, i = 1,2,3 be minimizing geodesics such
that

01(0) =03(L3),  02(0) =01(L1),  03(0) = 02(L2),
i-e. the geodesics form a triangle in Mg, which we denote by T. Let a = L,
b= Lo, ¢c = L3 be the side lengths of T and

a = 4(-0y(La),05(0)), B =4L(-05(L3),01(0)), v =4£(=01(L1),05(0))
be the interior angles of T. Then
cos(VKc) = cos(VKa) cos(VED) + sin(vVKc) sin(vVEe) cos(y). (6.18)

Remark 6.4.4. If M is of constant curvature K = 0, K < 0, then the analogous

expressions of (6.18]) are

¢ =a®+b* — 2abcos(v),
cosh(v/|K|c) = cosh(y/|K|a) cosh(y/|K|b) + sinh(y/|K|c) sinh(y/]K|c) cos(7).

Proof. We prove for K = 1, the general case follows from multiplying the
metric with a positive constant. Consider M; as the unit sphere in R**! with
the usual metric. Let u = 03(0), v = 01(0) and w = 02(0) be the vertices of the
triangle. Note that oy is a segment of the unit circle in a plane which contains
v and w. Since o7 joins the unit vectors v and w and a = L(o7), we obtain
cos(a) = (v, w). Analogously,

cos(b) = (u, w) cos(c) = (u,v).
Now we are going to show that
sin(b)ob(0) = u — w cos(b). (6.19)

If u and w are linearly dependent, then v = +w and b = 0 or b = w. In both
cases, is satisfied trivially. Now we suppose that u and w are linearly
independent. Then the tangent vector ¢4(0) at w is the unit vector perpendic-
ular to w in the u — w plane whose direction is given by the component of u
perpendicular to w. Thus,

b u—w(u,w)  u—wcos(b)  u—wcos(b)
72(0) = lu — wlu,w)| /1 — cos (D)2 ~ sin(b)
Similarly,
sin(a)(—oy(L1)) = v — wcos(a). (6.20)

It follows that

sin(a) sin(b) cos(7y) = sin(a) sin(b){—0c} (L1 ), 05(0))

= (v — wcos(a),u — w cos(b)) = cos(c) — cos(a) cos(b),

which finishes the proof. O
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Lemma 6.4.5. Let M™ (n > 3) be a simply connected Riemannian manifold
whose sectional curvature K satisfies

1
- <K<I1
1< d< K<
and let p,q € M be such that d(p,q) = diam(M). Then for any p with 75 <
p<m,

M = B,(p) U By(q)

and B,(p), B,(q) are both diffeomorphic to a Euclidean ball.

Proof. By the estimate of the injectivity radius (Theorem [6.3.3), p < i(M). By
Corollary the map exp, : B,(0) — B,(r) is a bijection for each r € M.
By Proposition none of the points 71 € B,(r) is conjugate to r along the
minimizing geodesic joining r to r1. Therefore, by Proposition [3.2.5] each point
v € B,(0) C T, M is a regular point of exp,., so exp,. is a local diffeomorphism at
v. This shows that exp, : B,(0) — B,(r) is a diffeomorphism for each r € M,
in particular for p and ¢. It is at this point that the estimate i(M) > 7 enters,
in a crucial manner, in the Sphere theorem.

Suppose there exists a point r € M such that d(p,r)
We may assume that d(p,r) > d(q,r). Let py : [0,L1] —
geodesic joining ¢ = u1(0) to r. Then for ¢' = ui(p) € 9
otherwise,

> p and d(q,7) > p.
M be a minimizing
By(q), d(p,q') > p,

d(g,r) =d(q,q') +d(q’,r) = p+d(q',r) > d(p,q') + d(¢',7) = d(p,7),

which contradicts the assumption that d(p,r) > d(g,r). On the other hand, by
the Theorem of Bonnet-Myers (Theorem [2.2.4), M is compact and diam(M) <
% < 2p. Let ps : [0, Ls] — M be a minimizing geodesic joining g = p2(0) to p
and ¢" = ps(p) € 0B,(q), then

d(p,q") = d(p.q) — d(g.q") <2p—p=p.

Since B,(g) is homeomorphic to a Euclidean ball, 0B,(¢) is path-connected.
We have found points ¢',¢" € 0B,(q) satistying d(p,q’) > p and d(p,q") < p.
By continuity, there exists a point 1o € 0B,(q) such that

d(p,ro) = p = d(g, 7o)

Consider a minimizing geodesic A joining p to ro. By Lemma[6.4.2] there exists
a minimizing geodesic v joining p to ¢ such that {('(0),\'(0)) > 0. We denote
by s the point on v such that d(p, s) = p.

We now want to estimate the distance between g and s. It would be possible
to compare the triangle, spanned by A and v, with a triangle on MZ, the sphere
of dimension 2 and constant curvature §. By the Spherical law of cosines, we
would obtain an estimate of the distances on M7 and by Toponogov’s theorem
(Theorem , we would get an upper bound for d(s,rg). However, since we
have not proven Toponogov’s theorem in this thesis, we give a different approach
here, using Proposition [3.4.3

Consider the sphere of constant curvature d and dimension n, denoted by
M. Choose a point p € M; and fix a linear isometry ¢ : T, M — T;M;s. Choose
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€ > 0 so small that p + e < 7 < i(M). Then, like in the first part of the proof,
one shows that exp, : B, ((0) = B,(p) is a diffeomorphism. Let

Fo = exp; oi o (exp,, |BP+€(0))_1(7‘0),
5 = exp; i o (exp, |BP+6(O))71(8)7
7o =0 (expy |g,,.(0) " (r0),
s=1io(exp,|p,,.00) " (s),

0 = (7o, 5) = £(N'(0),7(0)) <

N3

We will give an explicit construction of curves «, & in M, M;, respectively, to
which we can apply Proposition [3.4.3]

It is clear that 5,7 € 0B,(0) C T3Ms. Let now a be the shortest curve
in 0B,(0) joining 7o to 5. Then & is a segment of the circle of radius p in
the plane generated by s and ry. We assume @ to be parameterized by angle,
so a: [0,0] - 0B,(0) and |a'(u)| = p for all uw € [0,6]. Consider the curve
& = exp; oa joining 7o and 5 and the geodesic variation z : [0,6] x [0, p] — M,
defined as z(u,t) = expﬁ(%d(u)). Let A, = z(u,.) and J,(t) = 22 (u,t). By
Proposition Jy is a Jacobi field along A, for all u € [0,6]. We calculate

ox t

Ju(0) = o (1, )le=0 = Tt a(u) expﬁ(;d'(u))h:o =0
and
f DO o Dor D a) D ez 0 6
Ju(0) = dt 8u(u’0) " du Ot (u,0) = duTO exp( p )= du p ~ Ou p
Furthermore, we have

Tu) = Zau,p) = ()
u p - 8“/ ’p -
and, by Lemma [6.4.1]
d } } . - -
0= —-d(p.a(u)) = (@' (), Xy () = (Julp); Xy (p))-

Since also (J.(0), X(0) = 0, it, follows from Lemma that .J, is orthogonal
to A, for each u € [0, p]. Since each geodesic A, is normalized, we obtain from
Proposition [3.1.8

Lmzﬁfﬁmwuw

where T, is the parallel vector field along X, such that W,(0) = .J’.(0). There-
fore,
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Now let @ = exp, 0i" ' o @. Since exp,, : By;(0) = Byi(p) is in particular a

local diffeomorphism, we can apply Proposition to get

d(rg,s) <L <L
(ro,5) < L{e) < L(a) < o f
which gives the estimate we wanted.
Let so € v be a point such that d(ro, s0) = minsejo, () d(ro,7(t)). Then we
have

d(To,So) S d(’l"o,s) S < P,

m
2V
50 y(to) = sp for atg € (0,L()) and sp is in the image of the diffeomorphic map
exp,, : B,(0) = B,(ro). The unique minimizing geodesic oy : [0, L(o1)] = M
joining 01(0) = so to 01(L(01)) = rg is orthogonal to 7 at sg since by Lemma

6.4.1 ;

0= —Zd(ro, 7(t)li=to = (=01(0),7'(t))-

Since d(p,q) < %, we have either d(p,sg) < ﬁ or d(q,sg) < QﬂW' In

either of the two cases, we obtain the desired contradiction. Consider the case
d(p, so) < 55> the other case works analogously. Let oy : [0, L(o2)] = M be
defined as o2(t) = y(to — t), then o2(0) = y(to) = so, 02(L(02)) = ¥(0) = p and
o1 and oy are orthogonal at sg.

We now proceed in a similar manner as before to estimate the distance
between p and ry. Let My be as above. Fix a point §3 € My, a linear isometry
i:TgoM — Ts,Ms and let

7o = expg, i o (exp,, |p,(0)) " (ro),
5 expp i o exp,, 1, o) (),
G1 = expg, o1 0 (expy, |B,(0)) " © 01,
Gy = exp, oi o (expy, |, () ' 0 02,

0 = £(51(0),55(0)) = £(0(0),05(0)) = 5

It is clear that 61,02 are minimizing geodesics joining §g to 7o, p, respectively.
Let & be a minimizing geodesic joining 7 to p and let a = L(51) = L(o7) < 575
b = L(&z) = L(oz) < 55 and ¢ = L(&). By the Spherical law of cosines
(Lemma [6.4.3),

cos(Vée) = cos(Vda) cos(v/6b) + sin(Vda) sin(v/b) cos(6)
= cos(V/da) cos(vV6b) > 0

by the estimates of a and b. This shows that L(&) = ¢ < 55 We claim
that & C B,(p). Let 8, be a minimizing geodesic joining 5y to &(t). Then &4,
@l[o,g) and fB; form a geodesic triangle, whose side lengths are given by a, ¢ and

= L(B;). Again by Lemma [6.4.3
cos(Véb;) = cos(Vda) cos(vV/ét) + sin(vda) sin(V/t) cos(1)

where 1) = £(—0}(a),& (0)). Thus, f : [0,¢] = R, f(t) = cos(v/db;) is, by the
form of the right hand side, equal to zero or of the form d; cos(v/t+dy) for some
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constants dy,dy. Therefore, since f(0) = cos(vda) > 0, f(c) = cos(v/db) > 0
and ¢ = L(a) < 575 it follows that f(¢) > 0 for all ¢ € [0,c] and b; = L(5;) =
d(3¢,a(t)) < 55 < P- This proves the claim.

Again we compare & with a curve a in M, defined by

o = exp, oi lo (expj |B,) " oa.

By Proposition |3.4.3]
™
d(p,ro) < L(a) < L(a) < —= <
(p.10) < Lle) S L@ < 5 < p
which contradicts the fact that ro € 9B, (p). O

Remark 6.4.6. In what follows, we do not use the assumptions on the curvature
anymore. In fact, if it is possible to cover a manifold M by two balls, like we
did in the previous lemma, then M is homeomorphic to a sphere.

Lemma 6.4.7. Under the assumptions of Lemma on each geodesic of
length p starting from p there exists a unique point m € v((0, p)) such that

d(p,m) = d(q,m) < p.

Similarly, on each geodesic o of length p, starting from q, there exists a unique
point of o, which is equidistant from p and q.

Proof. Let v : [0, p] = M be a geodesic with v(0) = p. Consider the continuous
function

I+ (s) = d(q,7(s)) — d(p,7(s)).

Since by Theorem (M) > m > p, v is minimizing, i.e. d(p,y(p)) = p. By
Lemma [6.4.5, v(p) € B,(q), so d(g,7(p)) < p. Together we have

f+(0) =d(q,p) >0,  fy(p) = d(q,7(p)) —d(p,7(p)) <0

and by continuity, there exists an sg € (0,p) such that f(sg) = 0. Thus,
m = ~y(so) satisfies d(p, m) = d(q,m). By Lemma [6.4.5] it is clear that m €
By,(p) N B,(q).

To show uniqueness of such a point, we follow a slightly different approach
than [Car92]. For m = ~(so) € B,(p) N B,(q), let o : [0, L] — M be the unique
minimizing geodesic joining ¢ to m = o(L). By Lemma

L 40,75 lmso = (7 (50). (1)) < 1, (6.21)

since |y'(so)| = |0'(L)| = 1. We are going to show that (y'(s¢),o'(L)) < 1, so
(6.21) is even satisfied with strict inequality.

We have equality in if and only if 7/(s¢) = o'(L). In this case, o(L +
s) = v(so + s) which shows that the three points p, ¢ and m all lie on the same
minimizing geodesic. Suppose that L < sg, then

d(p,q) = d(~(0),0(0)) = d(7(0),7(so — L))
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which contradicts the fact that d(p, q) = diam(M). If L > sq, one shows in an
analogous manner that d(p,q) < d(m, q), which again leads to a contradiction.

Therefore, by (6.21)),
d d d
Ol = (G016 = S )
= (o (30), 0%, (L)) ~1 < 0.

It follows that f, is strictly monotonically decreasing around s, whenever ~y(s)
lies in B,(p) N B,(q). This proves the uniqueness of a zero point sy of f,, since
7Y(s0) € B,(p) N By(q). O

We now define a function hy : (S*~1), — M, which associates to each unit
vector v € T, M the point m € M along the geodesic with initial value p and
initial velocity v, which is equidistant from p and q. By Lemma[6.4.7] h; is well
defined. Analogously, we define a function hs : (S" 1), — M.

Lemma 6.4.8. The maps hy : (S" 1), = M and hy : (S" 1), = M are
homeomorphisms onto their images. In addition, their images are equal, i.e.

hi((S"71)p) = ha((S"71)g)-
Proof. Consider the function g : M — R, given by g(r) = d(q,r) — d(p,r). Note
that ¢ is smooth on B,(p) N B,(q). We are going to show that
N =g7'(0) = {r € Mld(p,r) = d(q, )}

is an n — 1 dimensional compact submanifold of M. By Lemma N C
B,(p)NB,(q). We show that g is regular on B,(p)NB,(q). Let r € B,(p)NB,(q)
and let v be the unique minimizing geodesic joining p to 7 = y(sg). Then

(6.22)

Trg(+'(s0)) = (g°7) (s0) = f}(s0) 0

where f, denotes the function of Lemma Therefore, T,g has the maximal
rank 1, so g is regular at r. It follows that IV is a closed submanifold of M with
dim(N) = n — 1. Since M is compact, N is also compact. Now we show that

hi((8"71)p) = ha((S"71)) = N.

It clear that hy ((S™'),) C N, hao((S"1),) C N. Conversely, if r € N, there
exist unique minimizing geodesics v, o joining p and ¢ to 7, respectively. Clearly,
hi1(7'(0)) = r = hy(o'(0)). Therefore hy : (S*1), = N and hy : (S" 1), = N
are bijective. It remains to show that they are homeomorphisms.

We prove this for hy, for hs the proof is completely analogous. Consider the

compact submanifold N = (exp,, | BP(O))_I(N ) C T, M and the continuous map
hy : N — (S™1),, given by hy(v) = ror- We show that hi o (exp, |5) 1 =hy '
Let r € N. As above, let v be the unique minimizing geodesic joining p to

r = v(sp). Then
hy o (exp, |x) 7' (r) = ha(507'(0)) = 7'(0) = hy ' (r).

This shows that h; = h' o exp, |5 : N — (S"~1), is a continuous bijection.
Since N and (S™~1), both are compact, hi is a homeomorphism. Therefore,
hy =exp, |x © hfl is also a homeomorphism, which finishes the proof. O
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Remark 6.4.9. With some more work, one could show that the functions h; and
hs are even diffeomorphisms but we do not need this fact.

Theorem 6.4.10 (Sphere theorem). Let M™, n > 3 be a simply connected,
complete Riemannian manifold, whose sectional curvature K satisfies

1
J<9<K<L

Then M is homeomorphic to a sphere.

Proof. Let the functions g, h; and hy, be as above. Consider the closed sets
Dy = g71([0,0)) and Dy = g=*((—00,0]). It is clear that D; U Dy = M and
DiN Dy =N =g 10). We claim that

Dy = {exp,(tv)|v € (S"1)4,0 < t < d(q, ha(v))} . (6.24)

Dy = {exp,(tv)jv € (S"1),,0 <t < d(p, hi(v))}, (6.23)

We show the first equality, the other one works analogously. Let r € Dy,
so d(p,r) < d(q,7). By Lemma r € B,(p) and there exists a unique
minimizing geodesic v joining p to r = 7(sg). Consider the function f, of
Lemma which is, by continuity, strictly positive before its unique zero
point and strictly negative after its zero point. The zero point of f, is given by
d(p, by (w)), where w = +'(0), since

fd(p, ha(w))) = g(y(d(p, h1(w)))) = g(h1(w)) = 0.

Since r = y(so) € D1, fy(s0) > 0, so so < d(p, h1(w)) which proves that r
is contained in the right hand side of . Conversely, let 7 = ~(sg) be
a point of the geodesic y(s) = exp,(sw) such that so < d(p,hi(w)). Then
g(r) = f,(so) > 0, since f, is strictly positive before its zero point d(p, hy (w)).
This shows that r» € D;.

Now we give an explicit construction of the homeomorphism ¢ : S™ — M.
Fix a point p in S™ and a linear isometry ¢ : T35™ — T,M. We denote the
antipodal point of p by §. Recall that the sphere consists of all minimizing
geodesics joining p to ¢, which are all of length 7. Therefore, we have

5™ = {exp;(tv)|v € (S H50<t<m}.

Let S; be northern hemisphere of S™, relative to p, Sy be the southern hemi-
sphere of S™ and E be the equator of S™. These sets are given by

Si = {expﬁ(tv)h) €(S";0<t < g} : (6.25)
Sy = {expﬁ(tv)h) € (S"—l),;,g <t< 71'} : (6.26)
E= {expﬁ(tv)h} € (S" V)t = g} . (6.27)

Note that for 7 € S, 7 # §, there exists a unique vector v € (S"71); and a
unique value ¢ € [0, 7), such that 7 = exp;(tv). If 7 = ¢, then for all v € (S 15,
exp;(mv) = ¢. We define ¢ by

exp, (t2d(p, hi(i(v)))i(v))
exp, (2 = 2)d(q, ha(i(v))hy " (h(i(v))))

t

s
DRI
t <.

p(exp;(tv)) = {

vy ©
IA A

<
<
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Step (A) ’ @ is well deﬁned‘

Since a point exp;(tv) is uniquely determined by ¢, v unless ¢ = 0 or ¢t = 7, we
have to show that ¢ is well defined in these cases. In fact, ¢(p) = ¢(exp;(0v)) =
exp,(0) = p and ¢(§) = @(exp;(7v)) = exp,(0) = ¢ for all v € (S"');. Next,
we show that the two definitions of ¢ coincide if ¢+ = Z. Let v € (S™1); be
arbitrary and ¢ = 5. Then

w(expﬁ(gv)) = exp, (d(q, h1 (i(v)))hy " (ha(i(v))))

— exp, (d(g, hs o by o b (i(v))hy " (R (i(0))))
= hy o hy" o hu (i(v))
— h(i(v)) = exp, (d(p, by (i(0)))i(v))

so the proof of Step (A) is finished.
Step (B) ’<p|51 :S) — Dy is bijective and =1 (D;) = 5. ‘

Note that ¢~ '(p) = {p} C Si. From the expressions (6.23) and (6.25),
it is clear that ¢(S;) C D;. Let r = exp,(tv) € D; \ {p}, so 0 < t <
d(p, hi(v)). By Lemma D, C B,(p) and the minimizing geodesic join-
ing p to r is unique. Therefore, ¢ and v are uniquely determined by r. Then
F= expﬁ(mgi_l(v)) € S1\ {p} and ¢(7) = r, so ¢|s, : S1 — D is
surjective. By uniqueness of ¢t and v, 7 € S; is the only point in ¢ !(r), hence
¢|s, is injective and p~'(D;) = S;.

Step (C) ’<p|52 : Sy — Dy is bijective and ¢ 1(Dy) = Ss. ‘

By (6.24) and @, ©(S2) C Dy. Let p(exp;(tv)) = g, then t = 7, which
shows that exp;(tv) = §. Therefore, p='(¢) = {G} C S2. Let r € D3\ {q}.
There exists a unique minimizing geodesic o joining ¢ to r. Then r = exp, (tv)
where v = ¢/(0) and, by (6.24), 0 < ¢t < d(g, h2(v)). Note that v and ¢ are again
unique (since Dy C B,(q)). Let w € (S"'); be given by i~ o hT' 0 hy(v) and
s=m(1l- m). Consider the point # = exp;(sw). Since § < s < T,
7 C So \ {¢} and ¢(F) = p(expz(sw)) = exp,(tv) = r, so ¢|s, : So — D2 is
surjective. By uniqueness of v and ¢, 7 € Ss is the unique point in ¢ ~!(r), which
shows injectivity of ¢|s, and that ¢~ (Dy) = Ss.

Step (D) ’(p : 8™ = M is a homeomorphism. ‘

By its definition, the function ¢ is continuous. Since @(S™) = (S;) U
¢(S2) = Dy UDs = M, ¢ is surjective. Let r € M, then r is contained in D; or
in Dy. If r € Dy, then by (B) there exists a unique point 7 € ¢~ 1(r) and 7 € S;.
Analogously, if » € D5, then by (C) there exists a unique point # € ¢ ~!(r) and
7 € S5. This shows that ¢ is injective. Therefore, ¢ : S — M is a continuous
bijection. Since S™ and M both are compact, ¢ is a homeomorphism. O

Remark 6.4.11. Together with Remark [6.4.9] one sees that the homeomorphism
¢ maps S; diffeomorphically onto D; and Sy diffeomorphically onto Ds. So it
is only at the equator of S™ that ¢ fails to be diffeomorphic.

6.5 Further developments

The result we proved above is known as the Topological Sphere theorem. It
gives rise to a large number of questions. We will present some results which
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have been obtained since the 1960’s. Because of lack of space and time, it
is impossible to mention all important developments that are related to the
Topological Sphere theorem. For a more detailed overview, see e.g. [AM97] and
[BS09a].

First, we consider some theorems where the conditions on the curvature are
replaced or completemented by conditions on the diameter. The following result
was shown by S. Y. Cheng [CheT75]:

Theorem 6.5.1 (Maximal Diameter theorem). Let M be a complete Rieman-
nian manifold such that its sectional curvature K satisfies K > H > 0 for
yis

constant H and suppose that diam(M) = Vi Then M™ is isometric to M,
the sphere of constant curvature H.

Proof. See [CET75], Theorem 6.5. O

Note that this is a stronger version of the Theorem of Bonnet-Myers (The-
orem [2.2.4).

Berger’s Rigidity theorem shows that a complete simply-connected Rieman-
nian manifold whose sectional curvature K satisfies 1 > K > i > 0 is either
homeomorphic to a sphere or isometric to a symmetric space. M. Berger showed
that the diameter of M is a distinguishing factor.

Theorem 6.5.2 (Minimal Diameter theorem). Let M be a complete simply-
connected Riemannian manifold such that its sectional curvature K satisfies
1>K>1>0.

(i) If diam(M) > n, M is homeomorphic to S™.
(ii) If diam(M) = 7, M is isometric to a symmetric space.
Proof. See [CET75|, Theorem 6.6. O

In 1977, K. Grove and K. Shiohama [GS77| proved the following generaliza-
tion of the Sphere theorem, where the upper bound on the curvature is replaced
by a lower bound on the diameter:

Theorem 6.5.3. Let M™ be a compact Riemannian manifold with sectional
curvature greater than 1. If diam(M) > 7, M is homeomorphic to S™.

The next natural question is whether it is possible to replace, under stronger
conditions, homeomorphic by diffeomorphic in the statement of Theorem [6.1.1
Observe that the homeomorphism ¢ of the Sphere theorem is obtained by gluing
two discs along their boundaries, so in general ¢ might not be a diffeomorphism.
In fact, there exist manifolds which are homeomorphic, but not diffeomorphic
to a sphere. Such manifolds are called exotic spheres. In 1956, Milnor [Mil56]
proved that there exist at least seven smooth structures on S”.

In 1966, D. Gromoll [Gro66] showed that any complete and simply-connected
Riemannian manifold M™ whose sectional curvature K satisfies the inequality
0(n) < K <1 is diffeomorphic to S™. The constant d(n) depends only on the
dimension of M and converges to 1 as n — oo.

This result was improved in the following years. In 1971, M. Sugimoto, K.
Shiohama, and H. Karcher [SSK7I] proved the Differentiable Sphere theorem
with a pinching constant ¢ independent of n (§ = 0.87). The pinching constant
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was subsequently improved by E. Ruh [Ruh73| (§ = 0.80) and by K. Grove, H.
Karcher, and E. Ruh [GKR74] (6 = 0.76).

In 1982, R. Hamilton [Ham82| introduced new ideas to study this prob-
lem. Given a compact Riemannian manifold (M, go), he studied the following
geometric evolution equation for the Riemannian metric:

ag(t) = _QRng(t); 9(0) = go (6.28)
The solution of this initial value problem is called the Ricci flow. Hamilton
proved that for any given metric gg, there exists a 7' > 0 such that the solution
of is defined on the interval [0, 7).

Hamilton’s idea was to define a kind of nonlinear diffusion equation which
would tend to smooth out irregularities in the metric. In fact, he showed that
in dimension 3, the Ricci flow deforms metrics with positive Ricci curvature to
constant curvature metrics.

The Ricci flow turned out to be a powerful tool for studying Riemannian
manifolds. Ricci flow techniques are an essential ingredient in the proof of the
Poincaré Conjecture by G. Perelman. It is also a useful tool to study 1/4-pinched
manifolds. In recent years, S. Brendle and R. Schoen achieved fundamental
results. By using the Ricci flow, they classified all manifolds of 1/4-pinched
curvature up to diffeomorphism:

Theorem 6.5.4 (S. Brendle, R. Schoen [BS09b]). Let M be a compact Rie-
mannian manifold of dimension n > 4 such that for all p € M, the sectional
curvature satisfies

0< Kp(O'l) < 4Kp(02)

for all two-dimensional planes 01,00 C T,M. Then M admits a metric of
constant scalar curvature and therefore is diffeomorphic to a spherical space
form.

Note that the conditions of Theorem are even weaker than in Theorem
6.1.1) since the inequality 0 < % < K <1 is only satisfied at each point but
not necessarily globally. In this regard, we say that M is pointwise 1/4-pinched.
The result above is known as the Differentiable sphere theorem. Moreover, S.
Brendle and R. Schoen also classified those manifolds whose curvature is only
weakly pointwise 1/4-pinched (i.e. the sectional curvature at each point lies in
the closed interval [1,1]):

Theorem 6.5.5 (S. Brendle, R. Schoen [BS08|). Let M be a compact Rie-
mannian manifold of dimension n > 4 such that for all p € M, the sectional
curvature satisfies

0 < Ky(o1) < 4Ky (02)

for all two-dimensional planes 01,09 C T,M. Then M is either locally symmet-
ric or diffeomorphic to a spherical space form.
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