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Abstract

This thesis consists of two independent parts. The first part, treated in Chapters
2 and 3, deals with the asymptotics of semi-relativistic Schréodinger equations in
the semi-classical regime. To this end, we first study, in Chapter 2, a free evolution
equation as a simple motivating model. We aim to describe the asymptotics of
the highly oscillating solutions propagated by the semi-relativistic Schrodinger
operator. We employ the method of stationary phase - which can be regarded as
a generalization of WKB methods - to deal with such kind of oscillations in their
asymptotic description.

Then the third chapter is devoted to the classical limit of the three-dimension-
al semi-relativistic Hartree model for fast quantum mechanical particles moving
in a self-consistent field. We give new interpolation estimates (Lieb-Thirring
type inequalities) to obtain uniform bounds in terms of the relativistic energy.
The main result of the third chapter is given in Section 4: Under appropriate
assumptions on the initial density matrix as a (fully) mixed quantum state we
prove, using Wigner transformation techniques, that its classical limit yields the
well known relativistic Vlasov-Poisson system. The result holds for the case of
attractive and repulsive mean-field interaction, with an additional size constraint
on the initial data in the attractive case.

In part two, we consider the non-relativistic Hartree model with temperature
and attractive Coulomb interactions. We prove that steady states of the system
are achieved as the minimizers of a free energy functional under a mass constraint
provided that the temperature of the system is below a certain threshold. The
maximal temperature (or a limit mass, equivalently) arises as a result of the
competition between the Hartree energy and the entropy term involved in the
free energy. We also investigate whether those ground states are mixed or pure
states and characterize a critical temperature above which mixed states appear.



Kurzfassung

Die vorliegende Arbeit besteht aus zwei unabhéangigen Teilen. Der erste Teil, der
die Kapitel 2 und 3 beinhaltet, beschiftigt sich mit der Asymptotik von semi-
relativistischen Schrodinger-Gleichungen im semi-klassischen Regime. Zu Beginn,
in Kapitel 2, analysieren wir eine freie Evolutionsgleichung als einfaches Motiva-
tionsmodell. Unser Ziel ist es, die Asymptotik von stark oszillierenden Losungen,
die durch den semi-relativistischen Schrodinger-Operator fortbewegt werden, zu
beschreiben. Fiir eine asymptotische Beschreibung dieser Art von Oszillationen
verwenden wir die Methode der stationdren Phase, die als Verallgemeinerung der
WKB-Methoden betrachtet werden kann.

Im dritten Kapitel beschaftigen wir uns mit dem klassischen Limes des drei-
dimensionalen semi-relativistischen Hartree-Modells fiir schnelle quantenmecha-
nische Teilchen, die sich in einem selbstkonsistenten Feld bewegen. Neue Interpo-
lationsabschétzungen (von Lieb-Thirring Art) fithren zu gleichméfigen Schranken
beziiglich der relativistischen Energie. Das Hauptresultat von Kapitel 3 wird in
Abschnitt 4 angefiihrt: Unter geeigneten Annahmen an die anféngliche Dichtem-
atrix als (vollstidndig) gemischter Quantenzustand beweisen wir unter der Ver-
wendung der Wigner-Transformation, dass der klassische Limes zum wohlbekan-
nten relativistischen Vlasov-Poisson System fiihrt. Dieses Ergebnis gilt sowohl
fiir anziehende als auch fiir abstofende Mean-Field Wechselwirkungen, mit einer
zusidtzlichen Einschréankung fiir die Grofe der Anfangsdaten im anziehenden Fall.

Im zweiten Teil betrachten wir das nicht-relativistische Hartree-Modell mit
Temperatur- und anziehenden Coulomb-Wechselwirkungen. Wir zeigen, dass sta-
tiondre Zustinde des Systems durch Minimierung des freien Energie-Funktionals
unter einer Bedingung an die Masse erreicht werden, vorausgesetzt, dass sich
die Temperatur des Systems unterhalb eines gewissen Grenzwertes befindet. Die
maximale Temperatur (oder, dquivalent dazu, eine Grenzmasse) enstehen durch
die Konkurrenz der Hartree-Energie und des Entropieterms involviert in der freien
Energie. Wir untersuchen weiters, ob diese Grundzustinde von gemischtem oder
reinem Typ sind und beschreiben eine kritische Temperatur, iiber welcher gemis-
chte Zustdnde auftreten.
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Chapter 1

Introduction

This thesis deals with the mathematical analysis of mean-field equations, involv-
ing self-consistent potentials of Hartree type. Such models are known (see, e.g.,
12, 3, 4, 5, 6]) to provide a valuable description of many body quantum system.
To this end, the state of a quantum system is represented by a wavefunction,
or more generally (in the case of statistically mixed states) by a density matriz
operator. The dynamics of the system is described by Schrodinger type equa-
tions (including self-consistent potentials). In the first part of the thesis we con-
sider semi-relativistic Schrodinger equations in the semi-classical regime. The
non-local semi-relativistic operator is a scalar pseudo-differential operator, i.e.
vV/—A + 1, conveniently replacing the full (matrix-valued) Dirac operator which
is compatible with special relativity.

Chapter 2 in Part I, is devoted to the simple model of a free evolving semi-
relativistic particle in the semi-classical regime. This comprises a highly oscil-
latory problem, since the wave function oscillates with frequency 1/e, where &
is the small semi-classical parameter (i.e. the scaled Planck’s constant). The
analysis given in Chapter 2 is restricted to give an asymptotic description for the
semi-classical scaled model in the sense of WKB-asymptotics, cf. |7]. The semi-
classical regime refers to the situation in which the wavefunction of the system
is approximately peaked around the solution of the corresponding classical equa-
tions of motion. Roughly speaking, the semi-classical regime can be regarded as
a zoom out in time and space for a passage from quantum to classical theory. In
leading order (or in the semi-classical limit) WKB-asymptotics give information
on the evolution of the macroscopic quantities like the energy density, etc.

In this small chapter we consider an initial value problem for linear dispersive
PDEs subject to highly oscillatory initial data. Since the oscillations (which
propagate in the time) inhibit the solution from converging strongly in a suitable
sense, the asymptotic description is by no means straightforward, in particular for



physical observables in which we are interested. The traditional way to deal with
this problem is introducing the WKB-ansatz. However, the non-local kinetic
operator v/—A + 1 does not allow the classical use of the WKB-ansatz (as it
is done in the non-relativistic version). For that reason Chapter 2 focuses on
expanding the highly oscillating integral which represents the pseudo-relativistic
operator and then obtaining the lowest order equations corresponding to the
phase-function and the amplitude which compose the wavefunction. In this sense
the method of stationary phase can be regarded as a generalization of the WKB
methods. The stationary phase method relies on the idea that locally the main
contribution to the oscillating integral originates from the stationary points of the
phase. This fact follows from the cancellation of sinusoids with rapidly varying
phase.

In general (involving nonlinearities as well) WKB methods produce, in leading
order, a Hamilton-Jacobi type equation for the phase and a conservation law for
the energy density. These equations do not have global-in-time solutions, i.e.,
the system develops singularities in some finite time due to the characteristics of
Hamilton-Jacobi equations. However, the use of Wigner functions, cf. [8], in the
semi-classical limit of Schrodinger equations has been an alternative approach
with increasing interest in recent decades. The real-valued Wigner transform of
a quantum state describes the state of a particle ensemble in position-velocity
phase space. Wigner functions are approved tools to deal with the semi-classical
limits of observables.

The core part of Chapter 3 involves the semi-classical limit of the mean field
dynamics of a self-interacting particle ensemble under consideration of relativis-
tic effects, i.e., semi-relativistic Hartree systems (or semi-relativistic Schrodinger-
Poisson system). Hartree systems emerge as a consequence of the coupling of the
potential of the system with the density via the Poisson equation. The sign in
front of the density eventually determines the attractive or repulsive nature of
the system. We will present the mathematical setting of the model in the in-
troduction of Chapter 3 as well as a brief description of the Wigner functions
and their properties. Since the Wigner function is real-valued it can be seen as a
quantum mechanical analogue of a classical phase space distribution. Hence, it
satisfies a kinetic-like evolution equation. However, Wigner functions in general
take negative values and do not allow for a probabilistic interpretation. Neverthe-
less, the Wigner transform of a semi-classical scaled quantum state has positive
accumulation points in a suitable topology when this small parameter tends to
zero such that the limiting measures can be identified as a distributional solution
of the corresponding limiting evolutionary system. In our case it is shown to be
a solution of the relativistic Vlasov-Poisson system.
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The novelty of this study lies in the fact that new suitable interpolation es-
timates are needed to be established based on the relativistic kinetic energy in
order to pass to the limit in the non-linear potential. To our knowledge, inter-
polation estimates (also referred to as Lieb-Thirring type inequalities) have been
given only in the non-relativistic framework. Eventually, these type of estimates
lead to (uniform) bounds in terms of the kinetic energy which are needed for
compactness arguments in the limit procedure.

In Part II, Chapter 4, we discuss the ground states of attractive Hartree sys-
tems with temperature in non-relativistic framework. Throughout Chapter 4
we will mostly adopt the density matrix operator setting. The ground states of
attractive Hartree systems, which are obtained as minimizers of Hartree energy
under a mass constraint, are known to be pure states, i.e., rank one density matri-
ces. Mixed states only appear as minimizers when the Hartree energy is modified
by an entropy term with a temperature parameter in front. This additional term
is also referred to as Casimir functionals (from classical mechanics), cf. [1] which
are conserved quantities along the evolution, and in a quantum set-up they al-
low us to relate the eigenvalues of the Schrédinger operator with the occupation
numbers. This approach also leads to an orbital (dynamical) stability result for
steady states. Because of its interpretation in physics we call the energy-Casimir
functional as the free energy.

For the minimization of the free energy we employ a variational approach
under a mass constraint. Our existence analysis relies on the concentration-
compactness method. This method allows us to deal with the lack of convex-
ity due to the gravitational interaction among the particles which is the stellar
dynamic case and in sharp contrast with the repulsive case, in turn, inducing
weakly-lower-semicontinuous (free) energy functional. On the other hand, the
competition between the Hartree energy and the entropy term gives rise to a
mazimal temperature or equivalently mazimal mass. This has to be distinguished
from the Chandrasekhar limit mass for white dwarfs which emerges in the semi-
relativistic framework. We also identify the minimizers as a certain class of
stationary solutions to the time-dependent Hartree system.

Apart from the existence of minimizers, we also introduce a critical temper-
ature below which the ground state is a pure state and above which the ground
state is a mixed state, if it exists. We shall prove that this critical temperature
is positive, and always well-defined.

Each chapter is essentially self-contained with its own introduction in more
detail and introduces its own notation according to its problem under considera-
tion, although the main definitions throughout the thesis are consistent.
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Part 1

Semi-classical asymptotics in
semi-relativistic regime






Chapter 2

A generalized WKB-method for
semi-relativistic Schrodinger equations

2.1 Introduction

Semi-relativistic equations have interesting applications in quantum theory, for
instance, as an effective description of relativistic white dwarfs and neutron stars,
see e.g. |1, 2, 3, 4, 5|. The aim of this chapter is to consider the simplest model in
this framework and to give an asymptotic description for the model in the sense
of WKB-asymptotics (Wentzel-Kramers-Brillouin, see [8]) in the semi-classical
regime. Hence, we consider the free semi-relativistic Schréodinger equation

cOF + i (\/—gm n 1) V=0 zeR"teR, (2.1.1)

where the small parameter ¢ (widely called the semi-classical parameter in the
literature) is the dimensionless scaled Planck constant, and the wavefunction
® = )°(z,t) is a complex-valued function. Here, semi-classical regime refers to
the situation in which the wavefunction of the system is approximately peaked
around the solution of the corresponding classical equations of motion. Roughly
speaking, the semi-classical regime can be regarded as a zoom out in time and

space for a passage from quantum to classical theory, e.g. t — é, r — L. The

-
action of the scalar pseudo-relativistic operator can be given as follows

VEERTLfa) = [ VAR foear
= } / VIEEFT f(g/e)em<lmae
N ﬁ / / VIR +1 fy)e ™V dyde (2.1.2)
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where we used the Fourier transform in the following form

£ 1 —iy-&/e
fe/9) = G / f(y)e v eedy,

Unless the other way is indicated throughout this chapter all the integrals extend
over R".

In order to get an insight into the problem let us consider the plane-wave
initial datum for the equation (2.1.1):

UF(x,0) = e*ore, (2.1.3)
The solution to the initial value problem (2.1.1) — (2.1.3) is explicitly given by
we(x’ t) _ ei(k-x/e—\/ |k[2+1 t/e) (214)

and hence we observe that the equation (2.1.1) propagates oscillations with O(¢)-
wavelength in space and time. This class of problems is called highly oscillatory
problems and is of interest in itself. In the framework of this study we employ a
technique called the stationary phase method to deal with this kind of oscillations
in their asymptotic description.

For this purpose, we consider the Cauchy problem

O + i (x/—gm n 1) =0 zeR"teR,

| (2.1.5)
VE(x,0) = ar(x)e’?r@/E,

Since the oscillations created inhibit the solution ¢°(z, t) from converging strongly
in a suitable sense the asymptotic description (¢ — 0) is by no means straightfor-
ward. The traditional way to deal with this problem is the WKB approach where
one seeks an asymptotic description for the solution ¢°(z, t) in the following form:

U (x,t) = a(x,t)exp (ip(x,t)/e), (2.1.6)

and assuming that the real-valued phase-function ¢(x,t) and the real-valued am-
plitude a(z,t) are sufficiently smooth for z € R" and t € R,. As easily can be
noted, even in formal level, plugging the ansatz (2.1.6) and obtaining the lowest
order equations (as it is done in the non-relativistic case) is not possible due to the
nonlocal kinetic operator. For that reason the scope of this work is restricted to
obtain a rigorous expansion for the highly oscillating integral which represents the
pseudo-relativistic operator and then obtaining the lowest order equations corre-
sponding to the phase-function ¢(x,t) and the amplitude a(x,t). In this sense
the method of stationary phase can be regarded as a generalization of the WKB

10



methods. This method has been also used to obtain the multi-valued solutions
to the linear non-relativistic Schrodinger equations regarding the superpositions
of WKB-modes (or “rays” in geometric optics), see [6] and references therein.

The rest of the chapter is organized as follows: In the following section we
introduce a rigorous expansion for the oscillatory integrals, then in Section 2.3
we expose the corresponding WKB-system as an asymptotic description. The
detailed computation are given in the last section as an appendix.

2.2 Stationary phase method for oscillatory inte-
grals

This section is devoted to an approximation for the oscillatory integral that has
been obtained after plugging the WKB-ansatz (2.1.6) to the pseudo-differential
operator (2.1.2):

V—e2A +1¢Y(t,z) ~ //\/|§|2 1 a(t,y)e' ¢t -=2r9/sqedy
//\/|§|2 1 a(t,y + x)e' vt vd/eqedy,
27r5

(2.2.1)

The idea of using the stationary phase method for the oscillatory integrals comes
from the fact that locally the main contribution to the oscillating integral stems
from the stationary points of the phase with respect to y and &, i.e. the points y =
0 and £ = V,¢. This fact follows from the simple observation of the cancellation
of sinusoids with rapidly-varying phase. Thus, the following theorem from |7]
(Ch. 7, Theorem 7.7.7) gives the exact statement of the method:

Theorem 1. Let ¢ be a real valued function in C°(R™™™). If K is a compact
subset of R*™™™ and f € C°(K), k > n, then

' / / F(y, €, 2)e 00/ e gy e

k—n

id(z n 1 v o[ ir
—e 9 )/6(271'8) Z J < ZgDyv DE > (6 z(y)/ef(y’ £, x))y=07 §=Vyo(x)
v=0

< Celktn)/2 Z sup | Dy e f(y,6,2) | .

la|<2k ¥

Here r,(y) = ¢(y + x) — ¢(x)— < Vyo(z),y > vanishes of second order when
y=0.

11



In the analysis of stationary points of the phase we are not interested in
time dependence and hence we discard it for this section. Also without loss of
generality we assume that the amplitude is compactly supported, more precisely
a € Cg°(R™™). Nevertheless, to be able to impose Theorem 1 we need to handle
the non-compactness of supp(f(z, &, y)) with respect to & € R"™ where f(z,&,y) =
V€2 + 1 a(z+y). In order to over come this problem we introduce the infinitely
many differentiable cut-off function x (&) which satisfies

I, mW3¢=V,0
x(&§) =0, inR"\ W, WccW ccR™

Thus, we rewrite the integral (2.2.1) by splitting into two parts as follows:

// 1€]2 + 1 aly + z)el@Wta)—v9/eqedy

/ / (1= V(E)WEE T aly + 2)eiCu+a-vo/2dedy
// |§|2 +1a(y+x)e i(¢(y+a)—y-£) /Edfdy
= A+ B.

We deal with A and B separately. First, using the integration by parts, we are
able to show that part A is "sufficiently small" (at least O(¢2")), and then proceed
with the stationary phase method for the part B by employing Theorem 1.

To avoid unnecessary complications, first we do it in n = 1 and n = 2. We hope
the idea will be clear for higher dimensions.

(1) case n = 1:
Observing the identity (keeping in mind that & # J,¢ on R\ W)

. € .
ezS/e — ayezS/s’
1Sy

where S = ¢(y +2) —y- & and S, = 0,¢ — £, we have

/ / aly + x)—a e dyde,
R\W S

where we denote g(&) := (1—x(£))/|¢|? + 1. Now we observe that every integra-
tion by parts will gain us a power of £ in the denominator (which will guarantee
the convergence of the integral over £) as well as a power of €. Applying this
three times we obtain the following structure:

oo o0 (e e o

12




where fi for k£ = 1,2, 3 are functions of a(z+y) and ¢(x+y) and their derivatives
with respect to y. We can easily deduce that

R VEE Ve
A dédy.
"<25//R\W<f1”|¢y o+ o g+ Sl £I5> b

Observe that the integral above is finite on both supp(a(z +y)) and R\ W, and
note that the power of ¢ in |A| is more than sufficient to compensate the "big"
constant in front of the integral (2.2.1) (in case of n = 1).

(17) case n = 2:
Similarly, in this case we use

) € )
625/6 _ ._8%6@5/67 ,] _ 1’27

where again S = ¢(y +x) —y-§ and S, = 9,,¢ — &, for j = 1,2, and then

/ / (&1,&2) alyr + 1, Y2 + 2) - S - 0y, €'/ dy, dyadé; dés.
R2\W Y1

After three times integration by parts with respect to y; we obtain:

S B ECC (v R v

f3(7,y)
(¢y1 - 51)5

where as before f;, for k = 1,2, 3 are functions of the amplitude a and the phase ¢

+ ) /e dy, dy,dé,dé,,

and their derivatives with respect to y;. Since the integrand is well-behaved with
respect to the variable &, now we are to handle the convergence with respect to
& (of the integral) by using the integration by parts over yo. In order to keep the
notation as plain as possible we use the shorthand notation h(zx,y,&;) instead of
the inside of the parenthesis in the integral above. Then again after three times
integration by parts with respect to y» we obtain,

- hl z,Y, él) h’2('r7y7£1>
= [ Joee (B2ep+ B2
h3(l’,y,£1)
(¢y2 - 52)5

where now hy for k£ = 1,2,3 are functions of the amplitude a, phase ¢, their
derivatives with respect to y; and y, and of 1/(¢,, — &1). As we deduce in the

) eis/adyldyzdfldfza

13



n = 1 case we obtain that |A| ~ O(%). From here it is not hard to conclude that
in the n-dimension case we will obtain

Al ~ O(e™),
which concludes that the contribution to the oscillating integral (2.2.1) from the

part A is "small", more precisely of order O(g").

For the part B we employ Theorem 1 which provides an expansion for the integral
(2.2.1) of order O(g). We obtain

// |§|2 +1 a(y—i—x) i((y+z)—y-€) /€dyd§

1
~ e @/ (2me)n Z— <ieD,, D¢ > < rW/E /€2 + 1 a(y—l—x))

v!
v=0

0,
Vyo(z)

Yy
3 y9(
(2.2.2)

where r,(y) = ¢(y +2) — ¢(x) — Vyo(x) -y, and it is clear that if we expand until
v = k—mn = 3, then the difference between the two sides of (2.2.2) is bounded by

Ce"2 N " sup | D eu(y, &, ) | -

loj<2k ¥

This will ensure that the oscillatory integral (2.2.1) will be approximated with an
error of order O(¢g). For the convenience of the reader we give the computations
explicitly (see appendix 2.A). Eventually, what we get from the expansion (2.2.2)
is as follows

// €12+ 1 a(y + ) CWrD v/ dyqe
~ e (2me) [a Vol +1

V,6-Vya Ly, (Vo - (Vye), )

|vy¢| + 1 \Vy¢| +1  j=1 ‘vy(b‘ +1)
2
— 9@/ ey |y |V, 0 + 1 —iediv | 0@ ) L

with an error of order O(e) as we aimed to obtain.
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2.3 The WKB-system

In order to obtain the corresponding system, we plug the ansatz (2.1.6) into the
evolution equation (2.1.1) and use the expansion given by Theorem 1 in Section
2.2 for the oscillatory integral, and then we obtain

vV 1
edva +iady¢ +iar/ |V 0> + 1 + ediv % 5 = O(e).
Vyol” +1

In leading order terms if we split the real and imaginary parts, then this yields
a system of equations written in terms of the density n(x,t) = (a(z,t))? and the
phase function ¢(x,t) in an asymptotic description:

nV,¢

VIVl +1
o+ \/IVy°+1 = 0.

Here the first equation is a conservation law written for the density n(z,t) (or a
transport equation for the amplitude a(z,t)) and the latter one is a Hamilton-
Jacobi equation for the phase ¢(x,t). As a last remark we point out that the
solutions to this system are only local-in-time because of the characteristics of
the Hamilton-Jacobi equation.

8{” + div 0,

2.A Computations in the expansion (2.2.2)
First we note that since the cut-off function x(§) satisfies the following:

(i) x(§) =1

(it) X'(§) =0
on W > y = V,¢ it has no effect to the following computations. Thus we
discard y in the calculations. Now, let us compute the terms in the expansion
corresponding each case of v =0, 1,2, 3:

v=0: ?@/¢Q2re)n (ei”(y)/ev €2+ 1 a(y + x))

y=0,
&= Vyo(x)

= (2me)"e @/ (1) |Vy¢(1’)|2 +1.
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And since D, D¢ € R" then < ieD,, D¢ >= —ie Y 7| 0,,0¢. So,

v=1:

— i(2me)"e?®/ee Z 0y, 0, <ei”(y)/€\/ €12+ 1 a(y + a:)) ‘

Y
J=1 3

Let us calculate the derivatives:

o By OVea(y + ) EETT = en-0ea(y + 7)—

VIEE+T
* 0y, 0, W a(y + 2)\/|€]2 + 1

0y, (e™Wea(y + )

\/W (éa@/ + )0y, 12 (y) + ay; (y + x)) cirz()/e

where 0,7, (y) = ¢y, (y + v) — ¢,,(x) and equals to zero at y = 0. If we rewrite
(2.A.1) then,

v=1:

— i(2me) e 0@ =)/ Z \/W <é e (Y)aly +x) + ay, (y + x))

mee

—z'(27r5)"ei¢(x)/55 @, (2) ay, ()
IV, o(2)° + 1

(27‘(‘6)” ip(x) y¢( ) (I)
[Vyo(x )I2

Next we compute the contributions from the third term. The explicit form of
< ieD,, D¢ >? is given by

<i€Dy,D§ >2 = —52<Z(ayj8£j)2+z Z 8yja§j8yka§k)
j=1 =l k=1
JFk

= —52<ZD1 + ZZDg) (2.A.2)
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Then D, acts as

Dy afy +2)/IEP + 1

= 851_8523_6"”(3/)/5&(?/ +2)V/[E2+1

_ (‘5‘2 + 1) 5]5) oirz(v)/e . . . N .
= e [ L0, raly + ) + a0 +.)) 0,700

_i_g (%jyj (y + z)a(y + x) + 0y, 12 (y)ay, (y + x)) Py, (Y + x)} '
since

0,0 €W a(y + 2) /€ + 1

= 04— [ (0 0) = 0, 0) o+ 9) 4+ )
2+1
— (‘5(‘|€|72L+)1)3§;£’ eire)/e L@ym(y)a(y + ) 4 ay, (y + x)}

and

a;jagjeim(y)/fa(y +2)V/]E2 + 1

N (|£(|\§;i)1)3§g£jayj ( ira(y)/= { (6y,(y + 7) — ¢y, () aly + z) +ayj(y+x)D .

And for the part Dy in (2.A.2) we have to evaluate

0. 0y, O, P aly + ) /1€ + 1

5] ezrz(y)/€ anirw(y)a(y + x) + ay; (y + I)}

= O,
VIR +

=a§f§%ﬁﬁﬂw L0,y + )+ (0+5)

and

Do W a(y + a)\/|E[? + 1 = 0,,06,0,,0¢,¢" " aly + 2)\/[€]2 + 1

— ﬁ@/kém(y)/ [g (y + l’)ayj Ty(:L') + ay, (y + I)}

- ﬁe%(y)/e E (ga(y + )0y, 12 (y) + ay, (y + x)) Dy 1y ()

1 1
a4 2108, (0) + L, 0+ 0,1, (0) + 40+ )|
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where 02 ry(z) = ¢y,y,. Consequently, the third term gives

YrYj Ty
v=2:
"1
(2me) /e S - < ieDy, De > (0 IEFF Taly +2)) |, =
j=1 § = Vyo(x)

2

. "Vyzl_y-y"
e[S i

. - ¢yg¢yk a .
]Z; ; |vy¢| _'_1)/ ( ( )¢yky3( )_'_ yjyk( ))]

J#k

since 7,(0) = 0 and 9,,7,(y) |,—o= 0. If we arrange it considering the order, we
obtain

n ip(x)/e ’i&
A o [_ <(|Vy¢| +1) 1/2 Z YjYj
e 5 o)
i
+0(H|. (2.A.3)

It is clear that

Dyjy; Py Py; T Gy, Z Dyry; Py = Py Z Dyry; Py, = Py <vy¢ ‘ (vy¢)yj)
k=1

s
and consequently,
v=2:
(Vuo- (V40),,)
— (2me)r| — ie—20) < yy—]<y yj)+02].
27) [ zE(|V ¢| +1) 2 G (IVyol* +1) )

It only remains to compute the derivatives from the term (icD,, Dxi>3 but since
there will be no contribution from this term of order O(e) (which can be realized
post facto) we omit this computation. Eventually, we can deduce from what we

18



obtained above that

[ [ VT aly-+ mescmravrayag
~ eid)(m)/e(zﬂ-g)" |fL |vy¢|2 +1

V¢ - Vya alo " ¢y, (Vo (Vyo), )
—1€ + _ .
\/|Vy¢>|2 +1 \/|Vy¢|2 +1 = (Vyel +1)

2
. 1
= @/ (2me) |a\/ |V, o + 1 — iediv _ AV %
VIVyol?+1) <4

with an error of order O(e) as we aimed to obtain.
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Chapter 3

Classical limit for semi-relativistic Hartree
systems *

3.1 Introduction

3.1.1 Mathematical setting of the model

We consider the semi-relativistic Hartree system (or Schrodinger-Poisson system )
in the semi-classical regime, i.e.

d
ieapa(t) =[H*p°(t)], v€R* teRy,

—kAVE =n(t,x), k==1,

(3.1.1)

subject to an initial data p®(0) = pf, where the reason for choosing K = +1
respectively will be explained below and the Hamiltonian operator H*® is given
by

He :=vV—-2A+1+Ve(t, x).

Here the pseudo-differential operator for the kinetic energy is simply defined via
multiplication in Fourier space with the symbol /|€£|? + 1 which has been given
explicitly in the previous chapter, for the semi-classical parameter 0 < ¢ < 1, a
dimensionless scaled Planck’s constant (all other physical constants are rescaled
to be equal to 1). This scalar pseudo-differential operator is frequently used in
relativistic quantum mechanical models as a convenient replacement of the full
(matrix-valued) Dirac operator. In (3.1.1) we denote by p°(t) € &;(L?*(R?))
the density matrix operator of the system, i.e. a positive self-adjoint trace class
operator acting on L?(R3). The particle density n°(t,-) € L*(IR3) is then obtained

*This chapter is an enlarged version of a joint work with Peter A. Markowich and Christof
Sparber and appears in J. Math. Phys. 49 (2008), no. 10, 102110.
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by evaluating the corresponding kernel p°(t, x,y), which, by abuse of notation is
denoted by the same symbol as the density operator, on its diagonal [30], i.e.
né(t,x) = p°(t,x,xz). The system (3.1.1) describes the mean field dynamics of
(semi-relativistic) quantum mechanical particles in a mized state which are the
statistical mixture of pure states. In the system (3.1.1) operators (observables)
evolve in time where states of the system are constants. That means for a system
in a fixed state one can make measurements on the observables (like momentum
or position). This representation is called Heisenberg picture. Since p(t) is a
self-adjoint and compact operator it has a discrete spectrum, i.e. denoting by
{45 }jen a complete orthonormal basis of L?(R3) we can decompose the kernel of
pe(t) € &1(L*(R?)) via
“(t,x,y) Z)\E Vst )5 (t,y),
JjEN

with (constant in time) A; € £*, \; > 0 ]30]. Using this representation, we arrive
at an equivalent system of countable many nonlinear Schrodinger-type equations

{ i20)S = V=N + 1 95 + VE(t, xS

(3.1.2)
—kAVE =n(t, ),

where the density is now given by
)= Xlwi(t )
jEN
This approach which is a system written for the time-dependent states that pro-
duce the same result of a fixed observable (i.e. an observable has a fixed value in

the system) is called Schridinger picture. The system (3.1.2) can be interpreted
as the time-dependent model associated to the semi-relativistic Hartree energy

Ea(t) = EGa(t) + E5ei(t)

_ c 2 1/4, e (t,y)
= XA+ 0, + o [ gy,

JEN

where for the second line we have used the three dimensional Green’s function
representation of the potential, i.e.

Ve(t,x) = n(t, x).

47|z

For future references we recall that the kinetic and the self-consistent potential-
energy can also be shortly written in terms of density matrices as

En(t) = tr(V=e2A +1 p°(1)), Eui(l) = gtr(VE(t,év)Pa(t))-
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In the case kK = —1, the coupling to the Poisson equation comprises an attractive
nonlinearity for the Schrédinger-type equations (3.1.2) and hence, global well-
posedness for general initial data does not hold, cf. |6, 11]. In this case, the system
(3.1.2) is a generalization (for mixed states) of the semi-relativistic Hartree model
derived in 3] as the mean field limit for large systems of Bosons with gravitational
self-interaction. This model has been extensively studied in recent years as it
is considered to describe the dynamics of so-called Boson stars |5, 6, 7, 11].
In the case k = 1, the Poisson interaction is repulsive and typically models
electron-electron self-interactions (in the Hartree-approximation). The system
(3.1.2) therefore allows to study relativistic corrections to the usual Hartree model
of many-body electron system as it is needed for example in the case of heavy
atoms, cf. [14].

Throughout this chapter, we shall use the following definition for the Fourier
transform

(Fepdl) = [ o(ends

Moreover we denote by S the Schwartz space of rapidly decaying functions.

In the following subsection we give a brief introduction to the Wigner trans-
form and Wigner measures, see [28|, which will turn out to be very useful tool
for the semi-classical limit we want to carry.

3.1.2 Wigner measures

As we have stated before, in this chapter of the thesis, we are interested in
rigorously establishing the classical limit of (3.1.2) as ¢ — 0 which is nontrivial
since the limits are weak limits due to the oscillations (as we have seen in the
previous chapter) and concentrations. In particular, we want to investigate the
convergence behavior in the limit ¢ — 0 of quadratic quantities, i.e. position
densities etc. To understand it let us take a sequence of wavefunctions (¢°(x))
that is uniformly bounded in L?(R?®). By compactness theorem, we can extract
a weak-x (i.e. weakly, in L?(R?)) convergent subsequence with the limit ¢°(x).
For a moment let us assume that we consider the system (3.1.1) in a pure state
where the quadratic quantity (density) is given by n°(z) = [v°(z)[*.
n®(x) is also uniformly bounded in LP(R?) for some p > 1 and converges weak-*
to some n°(z) = lim._q [¢)°(x)[®. Intrinsically, "the square of the weak limit is
not the weak limit of the square": n°(x) # [¢/°(z)|. A similar obstacle also arises
for the nonlinear term involving V¢(¢,x) in establishing a limiting point in an

Clearly,

appropriate sense.
As a convenient mathematical tool to deal with the weak convergence of the
quadratic quantities, we shall heavily rely on the Wigner transformed picture of
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quantum mechanics [28|. The Wigner measure can be seen as a tool that measures
the lack of compactness that inhibits the sequence ¢°(z) from converging strongly
in L?(R?). Thus, as in [11], we define the (e-scaled) Wigner transform, for g, h €
S'(R?),

(g, h)(z,&) = (271T)3 /R3 g (x + %y) h (x — %y) e %Y dy.

For fixed ¢, this clearly defines a continuous bilinear mapping from &'(R?) x §’(R?)
to S'(R* x R?). In the sequel of this section we will give a brief introduction to
the Wigner transformation by following [11], Section 1. We start with one of the
crucial properties:

Proposition 3.1.1 (see [11]). If g and h lie in a bounded subset of L*(R3), then
f(g, h) lie in a bounded subset of S'(R3 x RY). More precisely, we have for the
respective Fourier transforms

(Fe—of(g,h)) (@, v) € Co(Ry; LY(RY)),
(Fomcf (9, 1))(C,€) € Co(RE LH(RY))

with the respective norms bounded by |g| 2 |h] -
Further, we have the following estimate for a,b € S(R3 x R3)

(F0.m.ab) = [ (@l D)) B DI 47 (313)

where |re| < eC(a,b) gl [l -

The estimate (3.1.3) holds analogously for the Weyl operators " (x,eD,),
W(x,eD,) instead of a(x,eD,), b(x,eD,) on the right-hand side. By Cy we
denote zero-at-infinity continuous functions.

Remark 3.1.2. Basic properties of the Wigner transform are

5 f(g, h)d¢ = g(z)h(z)

[ ramar= o (2) i (6):

The duality in x and £ can be expressed, for example, as

PO = (gt (2 g () ) €01 G1)
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In general, one can define for g, h in §'(R*)" an n x n “Wigner matrix” by

Lo+ ) o=

where ® denotes the tensor product of vectors.
As a special case, let (¢°) be a bounded family in L?(R3)". Then we denote
by F¢[¢°] the n x n matrix whose elements are given by

Fe(g,h)(z,&) ==

alol = (95, 95)-

Also, we denote by f¢[¢°] = tr F'°[¢°] the scalar Wigner transform of ¢°.

By (3.1.4), F*¢[¢°] is self-adjoint, and by Proposition 2.1. there exists a subse-
quence that is convergent in S’. Let F° be that limit. It can be proven that F°
is a nonnegative matrix-valued measure; that is, for any z € C", we have

>0 e ) flnz >0 (3.1.5)
2

as a measure. Since for every nonnegative function a € C§° there exists some
sequence (b,) in C§° such that, a is the limit of |b,|?, it is sufficient to prove

ST P2z >0 be O
,J
This fact can be observed by using (3.1.3) in Proposition 2.1.:

Z(fa(gf,gj),zi2j|b|2> :/

. 3
1, R

2
dz + O(e).

Z 2ib(z,eD)g;

By passing to the limit, (3.1.5) is proved.

Remark 3.1.3. Some other proofs for the positivity of the limiting Wigner mea-
sures can be found in [10, 19, 20, 21| where a Gaussian regularization (Husimi
function)

1 :
falg] = Pl G2 G G(e) = e

is used, which is a pointwise nonnegative function. Since the accumulation points
of f¢[g°] are also accumulation points of f§[¢°], one concludes that f° is a non-
negative measure.

In order to investigate the relationship between the Wigner measure and the
weak limits of quadratic forms of g%, we need two definitions.
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Definition 3.1.4. A bounded family (¢°) in L? is said to be e-oscillatory as € goes
to 0 if the following property holds for every continuous, compactly supported
function ¢ on R3:

lim o (E)2dE — 0 as R goes to + oco.
=0 Jjglz R/

This heuristically means that the wavelength of oscillations of ¢° is at least of
order €. Note that the condition

Jdk >0 such that &"D"g°uniformly bounded in L2 (3.1.6)

loc

is sufficient for a function to be e-oscillatory.
A bounded family (¢¢) in L? is said to be compact at infinity as € goes to 0 if

lim 1g°(z)[Pdz — 0 as R goes to + oo.
=0 Jjglz R/

Now we can state the following result from [11]:

Proposition 3.1.5. Let (¢°) be a bounded family in L?(R3) with a Wigner mea-
sure f°. Then we have

fO(R?® x R?) = 3 Oz, &)dzde < E/}RB g% (x)|2dz (3.1.7)

with equality if and only if (¢°) is e-oscillatory and compact at infinity. In this
case lim can be replaced by lim in the right-hand side of (3.1.7).

Here we note that same results also have been obtained in several papers, for
instance see [19], Theorem II1.2., |20|, Lemma 3.1.

Eventually, we denote the Wigner function of a given density matrix kernel
p°(t,x,y) as in |20, 19|

el ()] = fo(t,2,€) =

19 15 .
RS

1
(2m)?
From this definition we easily infer

||f6(ta K )Hiz(Ring) = (27T€)_3||pa(t> K )||2LQ(]R§><R?3!) (318)

Since f2(t,x,&) is real-valued it can be seen as a quantum mechanical analog of
a classical phase space distribution. Hence, the Wigner function f¢ satisfies the
following kinetic-like evolution equation:

atf€+1“6f6+@€[v€]f€ — O’
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in the distributional sense. Here, I'* and ©°[V¢] are pseudo-differential operators,
corresponding to the Wigner transformed kinetic and potential energy terms.
Explicitly, I'* f¢ is given by

P8 = (227)3 //RSXRS eV Ty Ay, ©) f2(t,m, &) dy dn,

where

2
- U2 : U2 €R’
VIEFeIP+14 /€ —eZP+1
On the other hand, the nonlinear potential V*(¢,x) enters via the well known
operator, cf. [19, 20|

Y (y,6) :

l

WV (€)= s [[ | eMEOF (n (e z) dnd

whose symbol is given by

1 1/2
(Va(t,a:%—eg) Vet —gﬁ)) —n- | V.VE(tx+esn)ds.

5€(t> x, 77) =
5 2 —1/2

The Wigner function in general also takes negative values and therefore does
not allow for a probabilistic interpretation. Nevertheless, Wigner functions have
proved to be a highly successful tool in the rigorous mathematical derivation of
classical limits, see, e.g. [1, 9, 11, 19, 20, 24, 26| for various analytical results
and [22| for a numerical study. In particular, under appropriate uniform bounds
on p° (see Theorem 1, in Section 3.3), it is known that f° has accumulation
points f = fO(t,2,£) as € — 0 (in a suitable topology), which are positive Borel
measures on the phase space. The limiting measures can then be identified as a
distributional solution of the corresponding limiting evolutionary system. In our
case we expect it to be a solution of the relativistic Viasov-Poisson system, i.e.

§
Ohf+——= -V.f—V.,V -Vf =0,
f+ G f ef (3.1.9)
— KAV =n(t, ),

where the limiting particle density n(¢, z) is obtained as

n(t,x) = g f(t,z, &) dE.

The system (3.1.9) is in itself an intensively studied model, in particular in the
gravitational case k = —1, see e.g. [12, 13, 14| and the references given therein.
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The present work thus provides a rigorous connection between the quantum me-
chanical model (3.1.1), or equivalently (3.1.2), and its classical analog (3.1.9).
The novelty of the work lies in the fact that we have to establish suitable esti-
mates based on the relativistic kinetic energy (instead of the usual one —%A) in
order to be able to pass to the limit in the nonlinear potential Ve(t, z).

The rest of this chapter is now organized as follows: In Section 3.2 we collect
some preliminary results (a priori uniform energy bounds, existence, compactness,
etc.) needed for the proof of our main theorem which is stated and proven in
Section 3.3. We then discuss some possible generalizations concerning the self-
consistent potential term and close the Section 3.4 with a final remark.

3.2 Preliminary results

In this section, as well as we establish new interpolation estimates (or Lieb-
Thirring type inequalities) which will allow us to access (uniform) bounds in
terms of the semi-relativistic kinetic energy, we will give a complete proof of the
well-posedness of the Hartree system (3.1.1) for the sake of the completeness
of the arguments used. In this concept we also give an explicit compactness
argument to be used in the limit procedure pursued in the next section.

3.2.1 Interpolation estimates

Let us start with a technical lemma, that nevertheless turns out to be crucial for
the proof of the main Theorem.

Lemma 3.2.1. Let p(x,y) be the kernel of a positive self-adjoint trace class
operator p € &1(L*(R?)) and n(x) = p(x,z) the corresponding density. Then for
p € [1,00) the following estimate holds

0 _
||n||Lq(R3) <G ||p||6p(L2(]R3)) (tr [V]p)'=7, (3.2.1)

where

4p — 3 0 — D

3p—2’ C4p—3°

Proof. For the proof we proceed analogously to [19]. Since the case p = 1 is

q:

immediate we consider only p > 1. We start by considering the operator |V|—
where § > 0 and « > 0 are some constants to be chosen later on. Let py < g <

. be the negative eigenvalues of the operator |V| — n® and let {yx}ren be
a finite or countable collection of the corresponding ortho-normed eigenvectors.
We consequently obtain

tr (V] = B8n%)p =Y (V] = Bn)por,or) = D Ipiel 1,

keN j,keN
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where pjp =[5 ¥;@;. Since pup = —|pil, V E € N, we can rearrange this inequality
in the following form

tr 3np = ﬂ/ nde < | Vip+ > il A
R? j,keN

Now, using Holder’s inequality, and the fact that Zj Pl = 1, as well as
> Ipikl* < 1, we obtain

1/p
B g n e < |V + [ ple, 2@ (Z\Mﬂp,)

JEN
e 1/p'
< w9l + Dol e G ([ (50007 as)

Here the second inequality is obtained from Theorem 2.1 in [4], which states that
for all 6 >0

S wsl® < Cia /Rd W ()% de,

Jj=1
where f1; are the negative eigenvalues of the operator |V| — W. Now with the
choice a = (p —1)/(3p — 2), setting o + 1 = ¢ and

B = < (fRa nqu)l/p )1’?'/37
)

2C | pl Sp(L2(R3)

it is easy to conclude

1/q
6 _
([ ae) " < Gl e 1910
U

Remark 3.2.2. The proof can easily be generalized to the d-dimensional case,
where one finds

g=P=)TP p—__ P
dip—1)+1’ dip—1)+p
3.2.2 Local/Global-in-time existence

Before we state existence results for the Hartree system (3.1.2), we need to make
appropriate uniform boundedness assumptions on the initial data. Within this
work we will assume that

1
sup (trpé + = tr(p5)” + tr vV—e2A + 1 ,08) < 00. (A)

e€(0,e0]
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In the gravitational case kK = —1 we additionally assume

C.
trpf’

1 2
L) < (B)
where C, > 0 is a fixed, e-independent constant to be computed in the proof of

Lemma 3.2.4. To get more insight on Assumption (A) we again use the decom-

position
ph= > N ()Y (y),
JEN
to obtain
trph =Y A5, tr(p)’=>_ ()%
jEN jEN

We remark that tr pf is the total charge or mass of the particle system. Thus
Assumption (A) implies a uniform (in €) bound on the total charge/mass and
simultaneously requires . (A5)* =~ €%, as ¢ — 0. (For a construction of a
density matrix p5, which satisfies this requirements for ¢; € H'(R?) we refer to
[20].) This condition is to be expected from earlier papers |19, 20| and prevents us
from establishing our result in the case of pure initial states, i.e. p§ = @Z)j(x)w_j(y),
or even finite combinations of pure states. Roughly speaking, the requirement of
a totally mixed initial state is needed to ensure that the limiting particle density
n(t,x) is not too singular (bounded in LP(R?) for some p > 1) and thus can be
successfully convolved with the Poisson kernel oc 1/|x|, see (3.2.11) and (3.3.2).
This is not clear a-priori as the limiting f(¢,x,£), and thus also the limiting
density n(t,x), in general is only a measure which does not guarantee the non-
singularity with respect to Lebesgue measure. In the case of a fully mixed state
though we gain a bit more regularity, which is needed in passing to the limit
e — 0. Note that for any Hilbert-Schmidt p® € Sy(L?*(R?)), it holds

) 2
l0° N ez2@ay = ()" = 1p°C, M 2@axps) < 00

cf. [30]. Having in mind the scaling property (3.1.8), Assumption (A) therefore
implies for the initial Wigner function || f¢(0,-,)||;= < oo, uniformly in . This
property is shown to be conserved by the time-evolution below and thus, yields
an important uniform bound on fe(¢,z,£). Assumption (B), needed in the grav-
itational case, then additionally requires that the L2-norm of the initial Wigner
function or the total charge/mass is sufficiently small (and not only bounded),
cf. Remark 3.2.5 below.

Note that the conservation laws (3.2.2) together with Assumption (A) directly
imply that, for all £ € (0, g¢], it holds

||n8(t)||L1(]R3) - ”nE(O)”Ll(W) < %0,
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and
||f6(t)||L2(]R§><R§) = ||f€(0)||L2(Rngg) < 09,
for all t € [0,7).

Now we can state the existence results:

Lemma 3.2.3. Let p§ be such that Assumption (A) holds. Then there exists a
T > 0 and unique mild solution p* € C([0,T); &1(L*(R?)) to (3.1.1), or equiva-
lently ¢ € C°([0,T); HY2(R3)NC([0,T); H-*(R3)) to (3.1.2), which satisfies
the following conservation laws:

tpt(t) = trph tr(p (1) = tr(p;)’. (3.22)

Here the c-scaled energy space H§/2(]R3) s the Sobolev space equipped with the
norm

1912 172y = 1981 aqa) + ()40 o) (3.2.3)

Proof. For the existence of a unique solution we will follow the lines of [11]| (where
the pure state is treated) and of [6] (where a proof for density matrices with finite
rank is sketched). To prove local-in-time existence we first fix € and denote the
vector W& = (15,95, ...), and likewise, ®°. Then the initial-value problem for
(3.1.2) can be written in a vector form as follows:

{ 0, 0° =/ —2A + 1 U° + xF(T°)

3.2.4
Te(0) =0 € HY?, 0<t<T, (3:2.4)

with the nonlinearity F = (F}, F5,...) given as

€ 1 El,E|2
Fp,(V°) = — (m *N\Ifs> Uk,  Nye = ;A]‘Wj‘

Here
HY? = (H2°(8)

is the oo-fold cartesian product of the e-scaled energy space Hgl/z, equipped with
the norm

2 2
19120 = N 101300,
k

We consider the integral equation
t
wi(t) _ e—it\/—azA-i—laSi _ Z/ 6_i(t_s)\/_52A+1Fk(\IIE(S))CIS.
0

We are to prove that ¢f(¢) belongs to the Banach space C’O([O,T);Hglﬂ) with
some T" > 0 and norm supcjo 7 [|¥5]12. The proof is now organized in two
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steps as follows:
Step 1. F(V¢) is locally Lipschitz continuous from H;/2 into itself:

This is the main point of the local-in-time existence argument. In the end we
are to show that, for all U¢, ¢ € Hi/Q,

[F(0°) = F(0%) 32 < o1 3 + 19 52)® 195 — @

Y2 S

For the convenience of the notation we introduce
DY? .= (=2 A4,
And by (3.2.3) it is sufficient to estimate the quantities
L= [F(U) = F(@)[3: 1= |[DYA(F(U) = F(@7))] 0.

In both cases, I and I, we will use the identity

R0 = (@) =3 ( (3 # (e = o)) 6+ 00)

(g * om0 ) - 60 ).

which leads, for the term I,

2

17 8) = @) < | e = o)) 0+ 0)

47|z

L2
1 2
(o7 o+ 00 ) 05— 60
mlal I (3.2.5)
1 ) 2 2.
<|-—— e — Nge Lt ok
B Rt IR
1 2
€ €2
+ e (nws + nge) N |k — drlz--

Above and in the rest of the proof we use the (generalized) Minkowski and
Holder’s inequalities several times tacitly. Observing that |z|~! € L3 holds, the
first term on the right-hand side of (3.2.5) can be bounded due to the generalized
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(or weak) Young inequality as follows

2 2

1
47 |x|

1
47 |x|

| (nwe — nq>s)||2Le/5
L3,
2
< C( 22 I3 =165 )
2
< (s + 65l a s — 9512
J

<O TN s + 5. DA e — 6l
j l

* (nq;s — ’)’l@s)

L6

(3.2.6)

£ £ £ 2 IS5 15 £
SO N5+ 650 DN I — 517
J 1
< W92 pare + 1920 ) [0 — @7

where we use the Sobolev inequality |u| ;s < C' |u] 1> and the fact that |u| 1. <
% ||u||H61/2. By abuse of notation, only in this proof, we denote all the constants
that might appear, the same, namely C'. Although it would not make a difference
for it is fixed, here and in the sequel of this proof we emphasize the € dependence
of the constants by a subscript just to distinguish it from the uniform bounds
which we will commonly use afterwards.

The second term in (3.2.5) can be estimated using the operator inequality
|z —y[™h < Z(—=Au_y)'/? (see, e.g., [15]) and translational invariance, i.e., we use
that A,_, = A, holds for all y € R%:

PN uil
—Z i 5 T
i

yeR3 3 |LL’—y‘

<N N s < € DDA DR
J J

[e.9]

(3.2.7)

A similar estimate holds for the term with ngs. Now combining (3.2.6) and (3.2.7)
we find that

T<Y X F(T9) — Fi(@)]7
k
< G0 + 1971200202 Y0 X [k + ul 97 — @73
k
- C(IW 2 s+ 197120002 3 N (8 — )2
k
< O + 197 2p002) 1WF — 2o
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Now, it remains to estimate 7. To this end, we appeal to the generalized (or
fractional) Leibniz rule (see, e.g., [11| and references therein) which leads

2

(e —nar)) G+ 60

L2

- HDg/2 ((4;':6‘ % (nye + nqk)) (1 — ¢k))

1
< D1/2 D E — £
—H 6 <4w|a:|*(”‘P o ))

1 2 2
+ njz| * (nge — Nge) N HDF}/Q(% + ¢k)HLz

1
D/? . .
|22 (g e ne)

2

2

L2

2
|k + kel
L6

2

[V — il 75
6

L
1

47| x|

| DX (s, — 1) -
(3.2.8)

+ * (n\ps + 7’Lq>s)

[e.9]

Before we proceed, we recall some facts from [27|, Section V.3.1. For 0 < a < 3,
the potential operator D=® = (—A)~%/2 corresponds to f +— Gy * f, with f €
S(R?), and we have that

Ca

= e L¥C=9w(R3) for 0<a<3.

Gao(T)

Thus regarding the equality D2f = %le x f, the first term on the right-hand
side of (3.2.8) is found to be

2
L6

S CE HD_3/2(’)’L\115 — 7’L<ps)

L6
2

S CE HG3/2 k (n\ps — 7’L<ps) 6

< C. HG3/2H;U Inwe = nae |72

o O [ PV (e
j 1
<O X w5+ 650 DA 1 — 6l
j 1
< Ce |0 + @[3 |07 — @7
Here we employ same arguments as in (3.2.6). Now the oco-norm occurring in the
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second term in (3.2.8) can be estimated by using the (3.2.7) once more:
€12 €12
‘ (Z* [l
. yERS R3 ‘J} - y|
2
(ZAE sup |05 + 65, - |w ¢>€>|)

(S0 05 = -85, )

<C.|V* + cpa”H;/Q |we — q>a||i¢/2 )

1

m * (Nge — Noe)

(3.2.9)

The remaining terms in (3.2.8) deserve no further comment since they can be
estimated in a similar fashion to all estimates obtained so far. Thus, for each
fixed ¢ we conclude that

[F(0°) = F(0%) 5 < Co(1 3 + 19 52)* 195 — @72

and the proof of the claim of the Step 1 is complete.

Step 2. Conclusion:
Returning to the proof of Lemma 3.2.3, we note that +/—e2A + 1 gives rise to a
self-adjoint operator and generates C°-semigroup acting on Hgl/z, ie.,

{e—it\/—62A+1} : H;/2—>HE_1/2.

teR

Local-wellposedness follows by standard methods for evolution equations with
locally Lipschitz nonlinearities. That is, existence and uniqueness of a solution
e € O([0,T); H?) is deduced by a fixed point argument, for T' > 0 sufficiently
small, as well as the blow up alternative (see [23] for general theory on semilinear
evolution equations). Finally, note that ¢f € C'([0,T); H-""?) follows by the
equation (3.1.2) itself.

To be able to accomplish the proof of Lemma 3.2.3, it only remained to prove
the conservation laws (3.2.2). Conservation of charge/mass can easily be obtained
by multiplying (3.1.2) by z)\jw_j and integrating over R? after summation on j € N.
The real part gives the conservation law. Or in the Heisenberg picture, one can
simply take the trace of the equation (3.1.1) which leads conservation law:

d
dttrp =0
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For the conservation of the Hilbert-Schmidt norm, we multiply the equation
(3.1.1) by p? then take the trace by recalling the fact from [2| that, for A, B € G,
i.e., Hilbert-Schmidt operator, we have

trAB:/ a(z, 2)b(z, x)dzdz
R6

where a and b are the corresponding kernels of the operators A and B, respec-
tively. After simple calculation, one obtains

1d
S tr(p)? =0

This completes the proof. O

Lemma 3.2.4. The solution stated above exists globally in-time, i.e. T = o0,
and we additionally have conservation of energy: E5(t) = E;(0), provided that
one of the following conditions is satisfied:

i) k=1,
ii) Kk = —1 and Assumption (B) is satisfied.
In particular we have the following uniform bound

E.(H) < C, Vtelo,00). (3.2.10)

Proof. Formally, for the conservation of energy we multiply (3.1.2) by )\iw_j €

HZ*"* then sum over j € N and integrate over R3:

d 1
ngx/ Y5 Pde = Zx/ TG0 —e? A + 1)V 45 da

s [ () d 1
— —(=n°(t,x))dyd
47r rs | — Y dt(2n(’x)) e

dt 2 Z M= A+ 1) 495 2 e

d n [ ni(ty)n°(t )
— dydz.
+dt167r/ |z —y| yer

Real part on the right-hand side gives the desired conservation law. This com-
putation is formal since the pairing of two elements of H. 172 i not well-defined.
However, by introducing a regularization procedure as in [11] the proof of the
energy conservation can be made rigorous. This is out of the scope of the present
work.
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In order to obtain the uniform a-priori bound (3.2.10) we shall use (3.2.1), with
p = 2, which yields

0= (8)]] s < Collp™ (k- P2 (b [ V] 07 ()5 (3.2.11)
—-3/5 2/5 3/5
<Coe Yt (0, (e V=PAFT (1)

due to the second conservation law in (3.2.2) and the fact that ¢|V| < /—£2A + 1,
as can be seen on the level of the Fourier-symbols. On the other hand, recalling
the Sobolev inequality

€ t, 5 t, .
JI Y qay < o)
R3 xR3

|z =yl
and interpolating the density via ||n°(t)] o5 < ||7’L‘3(15)||1L/16 ||n€(t)||igj4, we obtain
6 ~
// ) gy < Gei (1), Vi€ [0,00),
R3xR3 |1' — |

where C' = C’SCS/g(trpg)l/gﬂfa(O, “ )||i/23 is e-independent by Assumption (A).
On the one hand, this shows that the initial energy is indeed well defined and
uniformly bounded in € for both kK = 1. Moreover, we immediately conclude the
uniform boundedness of the kinetic energy in the case x = 1 and hence, global-
in-time existence of solutions. In the case k = —1 we only get, from energy
conservation, that

. x)n(t, y) C ..
>1—-— . .
gH( ) gkln 87T //ﬂ‘Q?’xRS |$ _ y| dx dy el {7 gkm(t)

Uniform boundedness of £, (¢), and hence, global-in-time existence, can therefore
be concluded if C' < 8, which holds true under Assumption (B). O

Remark 3.2.5. In comparison to the proof given in [11] we needed to invoke
slightly different arguments in order to obtain the uniform (w.r.t. ¢) bound

(3.2.10). The requirement C' < 87 directly leads to Assumption (B) with C, =
(8m)?
C3CS-

the condition C' < 87 by the solution of the corresponding single-state ground
state problem as it is done in [11].

Note however, that in our mixed-state case we can no longer characterize

3.2.3 Compactness argument

We close this section by giving the appropriate compactness argument that is
going to be used in the following section in which the convergence results are
shown. The following lemma is an adaptation of Lemma C.1 in [18] that has
been stated and proven in [1]. Nevertheless, we state it with its proof.
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Lemma 3.2.6. Let X be a separable Banach space, X' the dual space and X' —wx
the dual equipped with the weak-+ topology. If (fn)nen C C([0,7]; X' — wx) is a
sequence of functions such that

(i) (uniform boundedness) 3C >0 such that sup,ey | fu(t)| 1o (0, < C

(ii) (time equicontinuity) V¢ € X, the sequence of functions t — (f,.(t), )1y x
is uniformly continuous in t € [0, 7], uniformly in n € N.

Then (fn)nen is relatively compact in C([0,7]; X' — wx), i.e. there exists f €
C([0,7]; X" — wx) and a subsequence satisfying

Voe X,  (fult),d) — (f(t),0)  for n— oo

Lemma 3.2.6 has been applied in Section 3.3 to the pair (X', X) = (§',S)
and (X', X) = (M, Cy).

Proof. Banach—Alaoglu theorem asserts that the closed unit ball of the dual
space of a separable normed vector space is sequentially compact in the weak-x
topology. In fact, the weak-x topology on the closed unit ball of the dual of a
separable space is metrizable. To see this, let Bg be the closed unit ball in X'.
Since X is separable, let (¢x)r>1 be a countable dense subset in X. Then the
following defines a metric for f,g € Bg

[ {(f = 9, Pr) xrex |
ok X/xX
; L+ [(f =0 00) xux |

Thus compactness and sequential compactness are equivalent. Hence, for each ¢
fixed, the sequence f,(t) is relatively and sequentially compact in X’ —w=+. Since
we have the uniform boundedness of the sequence f,(t) from (i), to be able to
apply Arzela-Ascoli lemma, it remains to show the equicontinuity, that is

sup d(fn(t), fu(s)) — 0 as |t—s|—0, t,sel0,7].

neN
For fixed h > 0, we have
1
d(fa(t), fa(s)) < sup sup[{fa(t) = gu(t), or)xrxx [+ 55

1<k<h neN
The first term on the right-hand side goes to the zero as t — s which is exactly

what the hypothesis (i) says:

SUIND\ (falt) = gn(t), Gk)xrix | — 0 as |t —s| = 0.
ne

This concludes the proof by observing that the second term is arbitrarily small
as h — 0o. O
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3.3 Classical limit

The main result of this chapter is as follows:

Theorem 2. Let eg < 1 and assume that the initial data pf € S1(L*(R?)) is a
density matriz operator, such that (A) holds. In the gravitational case k = —1
we additionally assume (B) holds true where Cy > 0 is a fized e-independent
constant computed in the Lemma 3.2.4.

Then there exists a unique mild solution p° € C([0, 00); &1(L*(R?)) of the rela-
tivistic Hartree system (3.1.1) and its Wigner transform f¢[p°] € C(]0, 00); L*(R3 x
RZ’)) converges, up to extraction of sub-sequences,

Il =2 F in €((0,7); 8" (RS x RY) — wx),

for any T < oo, where f € C([0, 7]; M* (RS x RE)) N L>([0, 7]; L' N L*(R3 x RY))
is a distributional solution of the relativistic Vlasov-Poisson system (3.1.9). Here
M is the space of positive bounded Borel measures on phase-space, equipped with
the weak-x topology.

The above given theorem shows that distributional solutions to (3.1.9) can
indeed be interpreted as the classical limit (on any compact time-interval) of
solutions to (3.1.2), or equivalently (3.1.1).

In the sequel, we will use the following shorthand notation for the Fourier
transform with respect to &:

@(n) = (Fe—n)(0)

Proof. The proof of the Theorem 2 consists of three steps:

Step 1. We first note that due to Assumption (A) and the conservation laws
(3.2.2), the Wigner function f¢(¢) is uniformly bounded in L*(R} x R}) and
in §'(R3 x RY), where the later follows from Proposition 3.1.1 in Section 3.1.2.
Thus, for every fixed ¢ € [0,00), it holds (up to extraction of sub-sequences):
fet) = f(t), as € = 0, in S'(R} x RY) — w+ and in L*(R} x Rf) — w. Moreover
it has been shown in Section 2 that the limit f € M*(R} x R), i.e. a positive
phase-space measure.

Step 2. Next we shall prove the time-equicontinuity of f<(¢,x,£). To this
end, we have to show that J,f° is bounded in L>((0,7), (R} x R})), for any
T < oo0. We consequently consider the (phase space) weak formulation of the
Wigner transformed evolution equation, i.e.

—(0:f%, 0) = (T°f%, 0) + (O°[VF] f%, 9), (3.3.1)
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where ¢ € S(R? x R?) and we write ( -, - ) for the corresponding duality bracket
on §. Here we recall that I'° f¢ is given by

P ) = o [ e O ) dud

where
2 5

€ R3,
EregP+ i+ JE—caP+1

and the nonlinear potential Ve(t, x) enters via the well known operator, cf. |19, 20|

Y (y, &) =

O°[VEfe(t, x, &) = e O (¢, ) fE(t, x, 2) dn d.
R3 xR3
whose symbol is given by
1 1/2
(t,x,m) = — (V‘f(t,x + 59) —Ve(t,x — aﬂ)) =7n- / V. VE(t, v 4 esn)ds.
g 2 2 ~1/2

In order to estimate the first term on the r.h.s. of (3.3.1), we use an inverse
Fourier transform w.r.t.  and Plancherel’s theorem to obtain

o =] [[ ([ @, .00 76 dy) £t ]

<Ol ([ 100 0F bl aya)
< £ OVl o

where the second inequality follows from the fact that || < 1, for all € € (0, g¢).
Since f¢(t,x,€) is uniformly bounded in L*(R} x RY) for all ¢ € [0,00), due to
(3.2.2) and Assumption (A), we obtain the desired uniform bound for [(I'® f¢, ¢)|.
Next, we consider the nonlinear term on the r.h.s. of (3.3.1). After a Fourier
transform w.r.t. £, we need to estimate

(O VEISS, @)l

= ’/R6¢ 1) / " n - vae(t,x+5sn)ds)( F L, 5) (¢ 2, n)dz dn|.

1/2

Using the generalized Young inequality we have

V2V ()l ey < O||Valel ™|

3/2(R3)||n5(t)||L6/5(R3), (332)

and by interpolation between L'(R3) and L>*(R?), one obtains
€ 1/6 15 6 & 1/3 15
(@)l oss < =@ = @150 < tr(of (D) E £ - )15 (G ()2,
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Due to the conservation laws (3.2.2) and the uniform bound on the kinetic energy
(3.2.10) we therefore find that ||V,V?(t)| 2 is uniformly bounded as ¢ — 0, for
all t € [0,00). Thus, we can estimate

(O VEISS, @)l

<t f[ eatior] [ vveies o
1/2
< IOl TV @l ([ sup loty — =5n,m)Plnfn)

R3 yeR3

<N 2 IV V@O 12 |l sup |6y m)In |22 < oo,
ye

)1/2

uniformly in €. Thus, 9, f is bounded in L>((0, 7),S'(R3 x R?)), uniformly in €,
and we conclude that (again up to extraction of sub-sequences)

FFESF in O((0,7); S'(RE x RY) — w),
and in  L®((0,7); L*(R} x RE)) —w .
Together with the results of Step I this implies (by the virtue of the Lemma 3.2.6)
feC(0,7); MH(RS x RE) —wsx) N L=((0,7); L' N L*(R} x RY)).

Step 3. It remains to identify the limiting f(¢, z, &), by passing to the limit in
the (full) weak formulation of the Wigner transformed evolution equation, i.e.

/ //R — do(t)(x,&) — a()T¢(x,8)) f°(t, x, &) dw dE dt

v [ [ oot ot orer gardsar= [ o0iotrfite. )

(3.3.3)

where 0 € C3°(R;") and ¢ € S(R} xRE). Throughout this step (where we identify
the limit point), we will use the test functions ¢ € S(R? x R?) such that o(x,n)
is compactly supported. First it is easily seen that

§
lim sup |[(f*,I°¢) = (f, Voo - ———
=0 ¢ef0,7] VIEP+1
since f© — f in L>((0,7]; L*(R} x R})) — wx, as shown in Step 2, and the
convergence of the rest of the duality bracket is strong in C([0,7]; L*(R3 x R?)).
Concerning the nonlinear term, we have to show

) =0,

lim sup |(f%,0°[V?]) — (f, V.V - V)| = 0. (3.3.4)

e=04ci0,7]
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Similarly to what is done above, after invoking a Fourier transform w.r.t. &, it is
sufficient to prove that

1/2 .

i (o) [ - VeV, 4 mds) = oo - ViV i),

in C([0,7]; L*(R3 x RY)) strongly. In order to do so we denote the compact
support ofqis by 2 :C Q, x Q, and write

1/2 R 1/2
[ ([ 1o,V + esn) - 9.1 Pdodn) s
- Q

1/2

A 1/2
< sup \qb(:c,n)|n||// <//Q\va€(t,x—|—asn)—VIV(t,ijasn)dedn
—1/2

z,meS)

1/2
+// |VxV(t,x+esn)—VxV(t,x)|2d:cdn) ds
Q

. 1/2
—: sup |(z, )l / s as
—1/2

x,meN

First, we consider the term J°: Using Plancherel’s Theorem we can write

J° = // V.V (t,x+esn) — V.V (tx)Pdrdny
0

= / / (Fosu Vo V(¢ 2)? | €957 — 1[2dz di,
Q

from which we conclude that J* — 0, as ¢ — 0, by dominant convergence. In
order to treat the term /¢ we take into account that V¢ solves the Poisson equation

—kAVE = n(t,z), k==l

with n®(t) € L3*(R3) N L'(R?), uniformly in . Due to the regularizing property
of the Poisson equation we have V,V*¢ € W'lif/ 4(R3) uniformly in e, which is
compactly embedded in L (R3). We therefore infer that, for all ¢ € [0, 7], it
holds

V.Ve(t) =2V, V() in LAO), (3.3.5)

where O = {z 1= z4esn € R?| (z,71) € (2} xQ)}. We finally recall the result of
Proposition 3.1.5 from Section 3.1.2 (and similar results obtained in [19], Theorem
[11.2, and in [20], Lemma 3.1) which (up to extraction of subsequences) states
that, as ¢ — 0,

n®(t,x) = n(t,z) = g f(t,x, &)dE, (3.3.6)
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in C([0, 7]; MT(R3) —wx). We therefore conclude I¢ — 0, as € — 0, which conse-
quently implies (3.3.4). In summary we have shown that the Wigner transformed
evolution equation (3.3.3) converges weakly to

///R — G0 (t)d(x,€) — ﬁ x¢($>€)a(t)>f(t,x,§)d:vdgdt

/ //R VLV - Vep(z, ) f(t,,§) dzdfdl = //R $(x,€) folx, &) dz dg,

i.e. the relativistic Vlasov-Poisson system (in distributional sense). This finishes
the proof. O

3.4 More general self-consistent potentials

It is straightforward to generalize the results discussed here for Yukawa-type in-

teractions, i.e.
e_Mw‘

Ve(t,z) =k n(t,x), A>0,

47 |x|
which are used in, e.g. [11]. Indeed it is possible to prove our main result for an
even more general class of self-consistent interaction potentials V¢ = G * n®, if
the kernel G = G(z) satisfies the following regularity conditions:

G~ e L*(R3) + L= (R?)
1 3.4.1
VG € LYT(R?) + LP(R%)  with 70 <p< oo (341)

where G~ is the negative part of G = GT — G~. We write

Egu(t) = 5 (G %) (1)) — 5 (G %) (1)

As we will explain in the sequel, the former assumption is required for the uniform
a-priori bound of the kinetic energy (obviously, that is why the positive part G+
does not require additional assumption) and the latter one is needed to carry the
classical limit in the nonlinear term. If G= € L>(R?) then

(G *n)p* () < Ctrpf

and then the boundedness of the kinetic energy follows from the energy conser-
vation immediately on each compact time interval [0,7]. But if G= ¢ L*(R3),
we need to find a uniform bound of the negative part of the potential energy in
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terms of the kinetic energy considering the similar arguments discussed in the
proof of Lemma 3.2.4. Recalling the Sobolev inequality

2
e Ol PP

/ G (z —y)n°(t,2)n°(t,y)dady < Cy |G~
R6
) 2 1
with -+ -=2, 1<q,r <o0.
q T
Together with the interpolation estimates obtained in Lemma 3.2.1 desired bound
is obtained with limit values (r,q) = (5/2,5/4).
Now we should recover the time equicontinuity (for the compactness argu-
ment) only for the nonlinear term, that is

(O VA= o)l < [F5 ()l 2 [V VE@) | 2 | Sup By, m)lInl |2 < oo,
yER3

which holds true under the assumptions (3.4.1) since

IVaVE@) |2 = VG 7 ()] 2 < Cfln™(2)

[5/4-

It remains to carry the limit to identify the cluster point. In the present
situation we cannot use the regularizing property of the Poisson equation since
we don’t have it anymore. Instead we follow what is done in [19, 1]. Using the
same notation after splitting the nonlinear term,

JE = // VG % n(t,r +esn) — VG xn(t,r)|*dedny — 0
Q
can be shown as above in the Section 3.3. So we need to show now that

[5:// VG * nf(t,x + esn) — VG x n(t, x + esn)|*de dy — 0.
0

Since z := x + esn € O (a compact of R3) it suffices if we show that VG x n® —
VG *nin C([0,7]; L2 .(R%))3. By (3.4.1) we have VG = G + Gy € L'/7(R3)% +
LP(R3)3. Then let g, € C.(R3)? be a vector sequence such that g, — G in
L'Y/7(R?)3 for n — oo and with €, a compact subset of R3. For j = 1,2,3 we
consider
=M?*® + N°.

When ¢ — 0 we have n°(t,x) — n(t,x) in C([0,7]; MT(R3) — wx) as in (3.3.6).
This implies

M® <[] sup g} * (n° —n)(t,x)] — 0.
(t,2)€[0,7] X Qx
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Now noting that, up to subsequences, n° — n in L>([0,7]; L*(R?)) — w*, we
have (by Young inequality)

Ne <Gy — 9%||L10/7(R3) [n® — "||Lo<>([o,T];L5/4(R3))
< CHIGT = gl pror sy

where the last term is arbitrarily small for n — +o0o and independent of time.
Thus we have proven that Gy *n® — Gp*nin C([0,7]; L*(£2,))?. For the term
G5 xn®, one proceeds in a similar fashion what is done above to end up with the
desired convergence for VG * n®.

Remark 3.4.1. Finally, we remark that one can also treat the case of semi-
relativistic Hartree-Fock systems, cf. [6], by combining straightforwardly the re-
sults present here with those given in [8] for non-relativistic Hartree-Fock systems.
To this end, one should note that the so-called exchange-term vanishes as ¢ — 0.
Hence, one again recovers the relativistic Vlasov-Poisson system (3.1.9) in the
limit.
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Chapter 4

Stable ground states of gravitational
Hartree systems with temperature *

4.1 Introduction

4.1.1 Physical motivation and relations to other works

In this chapter we shall investigate the gravitational Hartree system with tem-
perature. This model can be seen as a mean-field description for a system of
self-gravitating quantum particles in non-relativistic regime. Applications arise
mainly in astrophysics, for example in the description of so-called Boson stars. In
particular, we shall be interested in thermal effects, arising for quantum systems
at non-zero temperatures.

To this end, a physical state of the system will be represented by a density
matrix operator p € &1(L?(R?)), i.e. a positive self-adjoint trace class operator
acting on L?(R3;C). The (kernel of the) integral operator p can be decomposed
as

p=Y_ Al (] (4.1.1)

jeN
where the non-negative eigenvalues \; € £*, \; > 0, describe the occupation prob-
abilities within the set of eigenfunction (¢;),en, forming a complete orthonormal

basis of L?(R?), cf. [30]. By evaluating the kernel p(z,y) on its diagonal, we
obtain the corresponding particle density i.e.

np(x) =Y Nley(a)]® € LL(R?).

jeN

*This chapter is a joint work with Jean Dolbeault and Christof Sparber.
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In the following we shall assume that

/ n,(z)de = M, (4.1.2)

for a given total mass M > 0. In the case of purely gravitational interactions,
the Hartree energy of the system is given by

Enlp] = Eunlp] — Epuli] = tr(~20) = 3 1x(Vy),

where V, denotes the self-consistent potential V, = n, * ﬁ Using the decompo-
sition (4.1.1) the Hartree energy can be written as

= onIvuEE - ff @8] g gy,
SN R3 xR3 |93—?J|

In the following we shall consider an associated free energy functional given by
Frlpl == Eulp] — TS|p), (4.1.3)

with 7" > 0 denoting the temperature and S[p| the entropy functional

Slp] = —tr B(p),

Here ((s) € R, is an entropy generating function, assumed to be convex (plus
some additional properties to be prescribed later on, cf. Section 1.2).

The purpose of the present work is to investigate the existence and qualitative
properties of minimizers for Fr[p|] with temperature 7 > 0. These minimizers,
usually referred to as ground states, can be interpreted as stationary states for
the corresponding time-dependent system

d
S p(t) = Uy, 0] p(0) = i (1.1.4)
where [-,-] denotes the usual commutator and H, the mean-field Hamiltonian
operator i.e.
1
H, =—-A—n,*— (4.1.5)

Using again the decomposition (4.1.1) for py, € &, this can equivalently be
rewritten as a system of countable many Schrodinger equation, coupled via the
mean field potential V,, i.e.

Oy + Ay + V(E,x); =0, jeN,

— AV = 4r Y Ml (t ) (4.1.6)

jEN
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This system is generalization of the gravitational Hartree equation (also known
as Schrodinger-Newton model |6]) to the case of mixed states.

Establishing the existence of stationary solutions to nonlinear Schrodinger
models such as (4.1.6) by means of a variational method, is a classical approach
in mathematical physics, cf. [15]. A particular advantage of it, is that very often
one can directly infer from it orbital stability of the stationary state the dynamics
of (4.1.4), or, equivalently (4.1.6). In the case of repulsive self-consistent inter-
actions, describing e.g. electrons, such an approach has been successfully carried
out in |7, 8, 9, 24]. In addition, existence of stationary solutions for the repulsive
case has been obtained in e.g. [23, 25, 26, 27|, using convexity properties of the
corresponding energy functional.

In sharp contrast to the repulsive case, the considered gravitational Hartree
system of stellar dynamics, does not admit a convex energy and thus a more
detailed study of minimizing sequences is required. To this end, we first note
that at zero temperature 7" = 0, the free energy Fr[p| reduces to the classi-
cal gravitational Hartree energy. For this model, existence and uniqueness of
the corresponding (zero temperature) ground states has been studied in [14] by
using radially symmetric decreasing rearrangements. More recently in [6] the
zero temperature problem, but in lower dimensions, has been studied by em-
ploying shooting methods. More interestingly in |17, 19| relying on the so-called
concentration-compactness method introduced by Lions [18] has been employed to
prove existence of minimizers of the Hartree energy. In particular, it is known that
minima of the Hartree energy are achieved by pure states, i.e. rank one density
matrices pg = M|¢g)(1ho|. We further note that the concentration compactness
method has recently been adapted to the setting of density matrix operators in
[13|, where the authors study a semi-relativistic model of Hartree-Fock type.

In view of these references, the goals of this chapter can be summarized as
follows: First, we want to study the existence of minimizers for Fr[p], and thus
extending the results of |14, 17, 19, 6| to the case of non-zero temperature. It turns
out that in general we have to expect a threshold in temperature, as a consequence
of the competition between the Hartree energy and the entropy term. In other
words, we find that minimizers of Fr[p] in general only exist below a certain
maximal temperature T* > 0, depending on the specific form of the entropy
generating function 3(s). To this end, one should note that, by using the scaling
properties of the system, the notion of a maximal temperature (for a given mass
M > 0) can then be rephrased into a corresponding threshold for the mass at a
given (fixed) temperature 7T". The latter however, has to be clearly distinguished
from the well-known Chandrasekhar mass threshold appearing in semi-relativistic
models, such as |16, 11, 13|. Moreover, depending on the choice of 3, it can be
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that 7™ = +o00, i.e. situations in which the temperature can be taken arbitrarily
large for the minimizers of Fr[p] to still exist. Once the existence of minimizers
has been established, a second goal of our work will be the study of qualitative
properties of these ground states with respect to the temperature 7" € [0, 7). In
particular, we shall find that there exists a certain critical temperature T, > 0
above which minimizers correspond to mixed quantum states, i.e. density matrix
operators with rank higher than one.

We finally want to remark that there is a well-known analogue of our approach
within the classical kinetic theory of self-gravitating systems. In this context, a
variational approach based on so-called Casimir functionals, cf. [4], is employed
to prove existence and stability of stationary states for (relativistic and non-
relativistic) Vlasov-Poisson models, cf. |28, 29, 31, 32, 33| for more details. These
functionals can be regarded as the classical counterpart of Fr|p|, and we also refer
to [24] for a closely related application in quantum mechanical application.

4.1.2 Mathematical setting and main result

In order to have a well-defined mathematical set-up, we first introduce the fol-
lowing Banach space of operators

9= {,0 AR — LAR?) : pf=p>0, pe Sy, V-ApV/-Ac 61}
equipped with the norm
lolg = trp+tr (V=ApV-A) .

The space $ can be interpreted as the space of density matrix operators with finite
energy. Note that, by using the decomposition (4.1.1), we obtain from p € § that
Y; € H'(R?), for all j € N. By taking into account the mass constraint (4.1.2)
we arise at the physical state space under consideration, i.e.

Sy ={peH : trp=M}.
For p € 9, we denote the infimum of the free energy functional Fr[p| defined

in (4.1.3) by

PENNM
As we shall see in the next section, iy, < 0, if it exists. The latter however, can
only be guaranteed below a certain maximal temperature 7% = T*(M), i.e.

T*(M) :=sup{T >0 : iyr <0}, (4.1.8)

to be studied in more detail in Proposition 4.2.3 below. In particular, 7™ will
depend on the choice of the entropy generating function (3, for which we assume:
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(B1) [ is strictly convex and of class C'' on its domain: 371([0, 00)).
(82) f is nonnegative with 3(0) = 4'(0) =0
Remark 4.1.1. A typical example for the function § reads
B(s)=s", 1<p<3. (4.1.9)

Such power law distributions are of common use in the classical kinetic theory of
self-gravitating systems, since they explain the existence and stability of so-called
polytropic galaries and in addition give rise to stationary states with compact
support, cf. |10, 28, 29, 31, 32, 33]. One should also note that the common choice
B(s) = slns yields a free energy functional which is unbounded from below [21].

We are now in the position to state our main mathematical result.

Theorem 3. Let M > 0 and T* =T*(M) > 0 be the, possibly infinite, mazimal
temperature defined in (4.1.8). Then it holds:

(i) For all T < T*, there exists an operator p in $Hp such that Frlp] =iy r-

(i1) The set of all minimizers My, C Har is orbitally stable under the dynamics
of (4.1.4), see Corollary 4.5.1 for more details.

(iii) Minimizer p € My, are pure states, i.e. density matriz operators of rank
one, if and only if T € [0,T.], where T, > 0 is a well-defined critical tem-
perature.

The proof of this theorem will be a consequence of several results established
in the upcoming sections. To this end, we shall rely on the concentration com-
pactness method (in density matrix framework) similarly to [13]. In comparison
to the latter, several adaptations have to be made in order to deal with the case
of non-zero temperatures.

Remark 4.1.2. So far, we do not know about uniqueness of minimizers p € 9,,,
except for the case of zero temperature 7" = 0, where uniqueness has been proved
in |[14]. See also [12| for an analogous result in the semi-relativistic case.

The chapter is organized as follows: In Section 4.2 we collect several basic
properties of the free energy. In particular we shall exhibit the existence of a
maximal temperature 7. In Section 4.3 we state two important a-priori estimates
for the minimizers which will be used in the existence proof given in Section 4.4.
After establishing the existence of minimizers we shall study their properties in
more detail in Section 4.5 including the question of whether minimizers are pure
or mixed states.
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4.2 Basic properties of the free energy

4.2.1 Boundedness from below and splitting property

As a preliminary step for the existence of minimizers we have to guarantee that
the functional Fr[p| is well defined and iy 7 > —o0.

Lemma 4.2.1. The free energy Fr introduced in (4.1.3) is well-defined and
bounded from below for all p € 9. If Frlp| is finite, then \/n, is bounded
in H'(R3).

Proof. In order to establish a bound from below we shall first show that the
potential energy &,ot[p] can be bounded in terms of the kinetic energy. To this
end, note that for every p € $ we have

3/2 1/2
Epat[P] < C I35 o35

by the Hardy-Littlewood-Sobolev inequality. Next, by Sobolev’s embedding, we
know that |n,|,s is controlled by HV,/aniz which, using the decomposition
(4.1.1), is bounded by tr(—Ap). Hence we can conclude that

Enorlp] < O, | 202 tr(—Ap) '/ (4.2.1)

for some (generic) positive constant C. By conservation of mass, the free energy
is therefore bounded from below on $,, according to

Folg] > tr(=Ap) — CM3? tr(—Ap)? > —i C2M5,

For the entropy term S[p] = —tr 3(p) we note that, since 3 is convex and 5(0) =
0, it holds 0 < B(p) < B(1)pforall p € $Hand B(p) € G4, provided p € &;. Hence,
all quantities involved in the definition of F7 are well-defined and bounded on

N O

Throughout this work, we shall frequently use the following smooth cut-off
functions: Let 0 < xy < 1 be a fixed smooth function on R3, such that y = 1 for
|| <1 and x =0 for |z| > 2. For any R > 0, the we consequently define cut-off
functions xr and &g via

Xr(z) = x(z/R)  &r(r) = /1= x(x/R)* (4.2.2)

The motivation for introducing these cut-off functions, is that for any function
u € HY(R?), we have

/|U|2d95:/ |XRU|2d9:+/ |€rul? dz,
R3 R3 R3
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and the IMS truncation identity,

/ IV(xru |2dzv+/ |V (Eru) |2dzv—/ |Vul? do— / |u|2 VXR—I—VSR)
aSR—>oo
(4.2.3)

A first application of this truncation method is given by the following lemma.

Lemma 4.2.2. For p € $); we define pg) = XrpPXr and pg) =&rp&r. Then,
it holds:

Slow 1+ = Slol  and  Enlp1+Enlp] < Enlpl+O(R™?),  as R — +oo.
As a consequence, we obtain
FrlpW) + Fr[pP] < Frlp) + O(R™?), as R — +oc.

Proof. The assertion for the Hartree energy Ey[p] is a straightforward conse-
quence of (4.2.3). For the entropy term, we can use the celebrated Brown-Kosaki
inequality, in the same way as in |7, Lemma 3.4] to obtain

trB(py)) + tr B(ply)) < tr Bp).
Since, by definition, Fr|p| = Exlp] + T tr B(p), with T' > 0, the lemma is proved.
U

4.2.2 Sub-additivity and maximal temperature

In order to proceed further, we need to study the properties of i5; 1 with respect
to its parameters M and T'. In particular, we shall establish the occurrence of a
maximal temperature 7*(M) as defined in (4.1.8). To this end, we have to take
into account the translation invariance of the model and denote by, for a given
y € R3 the (unitary) translation operator 7, : L*(R?*) — L*(R?) by

(rf)=f(—y), [feL®).

Proposition 4.2.3. Let iy be given by (4.1.7). Then, the following properties
hold:

(i) As a function of M, iy r is non-positive and sub-additive. In addition, for
any M >0, m € (0, M) and T > 0, we have

LT < AM—m,T T+ T -
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(i) The function iy is a decreasing function of M and an increasing function
of T and, for any T' < T™, we have iy p < 0.

(iii) For any M >0, T*(M) > 0 is positive, maybe even infinite. As a function
of M it is increasing and satisfies

m3
T (M) > ngngM —ﬁ(m) li1,0] -
As a consequence, we know that T*(M) > 0, and T*(M) = 400 for any
M >0, if limy_g, 5(s)/s* = 0.

Proof. We start with the proof of the sub-additivity inequality. To this end,
consider two states p € 9y, and o € 9y, such that Frlp] < ipyomr + € and
Frlo] <imr + e. By density of finite rank operators in $ and of C5° in L?, we
can assume that

J
p=> Nlo) s,
j=1

with smooth eigenfunctions (¢;)7_; having compact support in a ball B(0, R) C
R3. After approximating o analogously, we define o, := 75,,073r,, Where v €
S? ¢ R? is a fixed unit vector and 7 is the translation operator defined above.
Note that we have po, = o,p = 0, hence p+ o, € 9y and trf(p + 0,) =
tr 3(p) + tr B(o,). Thus we have

iM,T S fT[p—i— O'] = fT[p] —|—fT[O'] + O(l/R) S iM—m,T + im,T + 2&?,

where the O(1/R) term is in fact negative sign hence we can drop it. Taking the
limit € — 0 yields the desired inequality.

Next, consider the minimizer py of £y, subject to trp = M. (It is given by
the an appropriately re-scaling of the pure state obtained in [14].) Given A € Ry,
let (Uxf)(z) := A32f(Az), and observe that py = UxpoU\* € ). Computing
%EH[p,\] = 0, we infer that A\ = &yt /(2Ekin), and thus

1 ggot [Po]

ZM70 = (S.H[p()] = —Zm .

As a consequence, we have iy = M3 i1 since for temperature 7' = 0 the
minimal energy is homogeneous. Moreover, we have
M3

W\z’uﬂ) > i (4.2.4)

Frlp) = inso + TH(M) = B(M) (T _

and thus iy, 7 < 0 for 7" small enough.
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Next, M +— iy 7 is a decreasing function of M as a consequence of the sub-
additivity property and 7" + i is an increasing function of 7' because, by
assumption, 3 takes positive values on (0,00). As a consequence, T*(M) is an
increasing function of M, such that

T*(M) > lim T*(M).

M—04

By the sub-additivity inequality and (4.2.4), we obtain

M3 M3
ina < ningmr <nB ()T — el li1,0] = ng (1) (T — W(—M) |i1,o|> ;

for any n € N. Since lim,_,, 5(s)/s = 0, we find that iy, < 0, by passing to
the limit n — oco. In the particular case lim, o, 3(s)/s* = 0, we conclude that
T*(M) = +oo for any M > 0. Similarly, using again the sub-additivity inequality
and (4.2.4), we infer

. . m3
i < imr < B(m) (T — —|21,0|) ;

B(m)
which provides the lower bound on T*(M) in assertion (iii). By definition of
T*(M), we also know that iy, 7 is negative for any 7" < T%(M). O

Remark 4.2.4. If equality holds in Lemma 4.2.3 part (ii7) for some M and m,
then there exists a minimizing sequence for iy;7 that is not relatively compact
in  up to translations. This can be seen by taking two minimizing sequences
pn (for i, r) and pf, (for ip/_p, ) of finite rank operators with decomposition
in smooth functions, compactly supported in centered balls of radius R, as in
the proof of sub-additivity property. Then we translate one of them and obtain
a minimizing sequence p, + T3r,cf),Tag, . for iarr which fails to be relatively
compact in §,7, even up to translations, as n tends to infinity. In the language
of the concentration-compactness method, dichotomy occurs.

Remark 4.2.5. By choosing 5 as in (4.1.9) numerical computations for 7% are
currently being carried out for different values of p, see the upcoming work [1].
The numerical codes are thereby adapted from methods in quantum chemistry.

4.3 A-priori estimates for minimizers

In this section we shall establish two important a-priori estimates for minimizers
p € 9 of Frlp|, assuming that they exist.
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4.3.1 A decay property of the spatial density
As a first step we shall establish a result which is the analog of [13, Lemma 5.2].

Proposition 4.3.1. Let p € 9y be a minimizer for Frlp]. Then there exists a
constant C' > 0 such that

C
/x>R n,y(z) de < o (4.3.1)

for all R > 0 sufficiently large.

Proof. We follow the proof given in [13]: Let p < 0 be the Lagrange multiplier
obtained in Proposition 4.5.3 and consider on $ the linear functional

v tr[(H, —p+ T8 (p) ] = Lu[y] -

We claim that the minimizer p € $), for 45,7 also minimizes the linear functional
L,[v] on §. To see this, consider the following minimization problem

by = inf Ly], Ly =tr(H,+T5(p))7

YENM

It will become clear from the results given in Section 4.5.2 that L{p] = inf,cq,, L[7].
Next, we observe that the map M — [y, i.e. try +— [y, is convex (since L is
linear) which yields

lw > Iy + p(m — M), forall m >0, (4.3.2)

whenever p € [l3,,13;], where I3, and [}, denote the left and right derivatives of
I, respectively. Since M +— Iy, is convex and nonincreasing (see Lemma 4.2.3)
i < 0 holds. Then we conclude from (4.3.2) the following estimate

inf t[(H,+T6(p) —p)7] = mf tr[(H,+TF (p) —ph] = Llp] —utrp = Ly[p].

YENmM

Thus we obtain inf,cq L,[y] = L,[p]. Hence p minimizes L,[y] on §.
Next we introduce pr = xrpxr where we recall (4.2.2) for the definition of
cutoff functions. We claim that

Lulor) < Lylp) = (= Aéaptn) + (n+ (1) [ o (o) do+ 15 (433

holds as R > 0 sufficiently large. On the other hand we have that L, [pr] > L,[p],
since p is the minimizer for L,[vy]. Thus, having in mind that @ < 0), we can
deduce the following inequality (provided (4.3.3) holds true)

tr((—A)ErpEr) + /f?%(x)np(:v) dz < % for R > Ry.
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for some sufficiently large constant Ry > 0, which implies the desired estimate
(4.3.1).

[t remains to prove (4.3.3): For the kinetic energy we employ IMS localization
formula (4.2.3) and deduce

C

tr(—Ap) > tr(=Apr) + tr(—A&rpér) — ok

And for the entropy term we use Brown-Kosaki’s inequality to infer (see e.g. |7])

tr 3(p) > tr B(pr) + tr B(ErPER) -

Now, we rewrite the potential energy as follows:

Epotlp // n,(z | | n,(y) du dy + // X?{/4(x)7l|p(x)§12~|z(y)np(y) dz dy
T —y T —y
// Eh)a(2) |x ) y|(y)np(y) d dy.

To treat the second integral we use the fact that |z — y| > 3£ whereas for the
third term on the r.h.s. we use

1/3 2/3

HfR/4" * 1/‘33|HL00 <C HfR/z; H HgR HLs/o < Cftr(— AprfR))1/2
< O(ix([-A, o)) + (ir(Ea(~Dp)en) " < 5+ o(1)

In summary this yields

byl < 5o+ (5 +0(1)) [ omlonas

Combining this with the already established estimates for the kinetic energy and
the entropy finishes the proof of (4.3.3). O

4.3.2 Binding inequalities

As a consequence of Proposition 4.3.1, we can prove the following strict sub-
additivity property of iy, 7, usually called binding inequality, see e.g. [13].

Corollary 4.3.2. Let MY > 0 and M® > 0. If there are minimizers for iy ¢
and L@ 7 then

iM(l)-i-M(z),T < iM(l),T + iM(z),T . (434)
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Proof. We consider two minimizers p(') and p® for i v and iy p, respec-
tively. First, we claim that

, C
Frixr P X&) > iner + T and (=1,2, (4.3.5)

for any R > 0 sufficiently large, where yg is the cutoff function given in (4.2.2),
as well as g for future reference.

We shall only give the proof for ¢ = 1, since the case ¢ = 2 is similar. As
before, for the kinetic energy we employ the localization formula to obtain

C
ﬁ .

and by the Brown-Kosaki inequality, we also have that

tr(=ApW) > tr(=AxrpVxr) -

tr 8(pM) > tr B(xrpVxr) -

It remains to treat the potential energies. Using the fact that y% + &% = 1 and
the symmetry w.r.t. z and y, we can estimate

|Epot[P] = Eporxrp M xR]| < / /R - e XR(z)fﬁ;y)_)Z‘”m(x)n”@ W) 4 dy

<9 / / o (@) (y) dy.
{|z|>R}xR3 |z — |

for R > 0 large enough. Since

1
np(l) * ﬁ
and having in mind the decay estimate for the minimizer p(") as given Lemma,
4.3.1, we obtain

< C(tr(=ApM))12,

L= (R?)

‘gpot [p(l)] - gpot [XR/)(I)XRH S C np(l) (LU) dx S —

This concludes the proof of (4.3.5).
Next, we prove (4.3.4). To this end (as in [13]) we start with a test state

pr = Uxrp"xeU" + T5mV xrp® X RV TR,

for some unit vector v € S* and some rotations U,V € SO(3) which will be
useful in the use of Newton’s theorem. As xr and 75z.x g have disjoint supports
pr € 9. Moreover, we have

trpr = tr xppVxgr + tréppMép < MW + M@
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And we note that the free energy is rotation and translation invariant, i.e. Fr[p] =
Frlr,UpU*r;] for all y € R® and U € SO(3). Newton’s theorem says, for radial

functions,
/ f(x) dngfdx'

|z =yl |z]

Having in mind that the map M — 1), is decreasing, one can obtain the following
estimate, cf. [13]:

(VOB VIR // Frlpr| dUAV
SO(3)xS0O(3)

< Frixepxr] + Frixep® xz] - w
: : c  MOMO
< iy tiye e+ = R -
which yields the desired result for R sufficiently large. O

4.4 Existence of minimizers below 7™

In this section the basic existence result for ground states with temperature will be
given. To this end, we shall need the following important property for minimizing

sequences (pg)en € N

4.4.1 Conservation of mass implies compactness

As a final preliminary step, we shall recall the following convergence result for
minimizing sequences to be used later on.

Lemma 4.4.1. Let (pg)oen € Har be a minimizing sequence for Frlpl|, such that,
as { — oo: pp — p weak—x in 9 and n,, — n, almost everywhere. Then py — p
strongly in $ if and only if trp = M.

Proof. This result is classical, see e.g. [13, Corollary 4.1]. The proof relies on
a characterization of the compactness due to Brezis and Lieb, see [2| and |15,
Theorem 1.9], from which it follows that

lim </ N, dx—/ |np—npe|dx) :/ n, dz
£—00 R3 R3 R3

and likewise

l—00

lim <tr(—Ap) —tr(—A(p— pg))) = tr(—Ap) .
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By semi-continuity of Fr and compactness of the quadratic term in £g, we con-
clude that lim,_ . tr(—A(p — p¢)) = 0. O

4.4.2 Existence of minimizers

Consider a minimizing sequence (p,,)nen for Fr[p] and recall that (p;,)nen is said
to be relatively compact up to translations if there is a sequence (a,)nen of points
in R? such that, up to extraction of subsequences, To PnTa, Strongly converges as
n — oo. Clearly, the sub-additivity inequality for Fr[p] given in Lemma 4.2.3 (i),
is not sufficient to prove the compactness up to translations for (p,)nen. More
precisely, if equality holds, then, as in the proof of Lemma 4.2.3, one can construct
a minimizing sequence that is not relatively compact in § up to translations.
This obstruction is usually referred to as dichotomy, cf. [18|. To overcome this
difficulty, we shall rely on the strict sub-additivity of Corollary 4.3.2. To this
end, the main issue will be to prove the convergence of two subsequences towards
minimizers of mass smaller than M.

Proposition 4.4.2. Let M > 0 and consider T* = T*(M) defined by (4.1.8).
For all T < T*, there exists an operator p in $p such that Frlp] = iy r. More-
over, every minimizing sequence (pn)nen for iarr is relatively compact in $ up to
translations.

Proof. The proof is based on the concentration-compactness method as in [13].
Compared to previous results (see for instance |20, 21, 22, 13|), the main difficulty
arises in the splitting case, as we shall see below.

Step 1: Non-vanishing. We split

pot pn // npn npn ) dz d’y
R6 |z =y

into three integrals 1, I and I3 corresponding respectively to the domains |z —
y| <1/R,1/R < |z —y| < R and |z — y| > R, for some R > 1 to be fixed later.
Since n,, is bounded in L'(R3) N L3 C L7°(R®) by Lemma 4.2.1, by Young’s
inequality we can estimate [y by

1
|- |

and directly get bounds on I and I3 by computing

BR[| wp @, @) dedy < RM sup [ n (o) do.
|lz—y|<R +Bgr

y€ER3
1 M®
Y| RO INOEE
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Keeping in mind that ;7 < 0, we have
27TfT[pn] > 27T7;M,T > -1 — Iy — ]3

for any n large enough, which proves the non-vanishing property:

1 M® C
do > —— (—2mippy — = — —= ) >0
ww [ ez g (<2 - S - )

for R big enough and for some sequence (a,)nen of points in R3. Replacing p, by
T_a, PnTa, and denoting by p() the weak limit of (p,)nen (up to the extraction
of a subsequence), we have proved that M® = [L,n ) dz > 0.

Step 2: Dichotomy. Either MM = M and p, strongly converges to p in $ by
Lemma 4.4.1, or M € (0, M). Let us choose R, such that Jrs n de = MM
where pg) ‘= XR,, Pn XR,- Let pg) = &g, pn&r,. Since pt) has a non-compact
support, lim,, .., R, = oo. By Step 1, we know that ps)

pW. By Identity (4.2.3) and Lemma 4.2.2, we find that

strongly converges to

- 1 n o@)n e y)
Falpa) = Frlol) + Frlo?) + O — o [ A gy,

thus showing that

ingr = lim Frlpa) = Frlp®] + lim Fr[p?)].

n—oo
By step 1, limy, oo [ps n e dr = M — MW, By sub-additivity (Lemma 4.2.3, (i)),
oW is a minimizer for i 0 1) s (p,(f))neN is a minimizing sequence for i,, ;1) r and
M = Z'M(lhT + iM—M(l),T .

Either iy, 50 7 = 0 and then iy, = iy ps0) 1, which contradicts Lemma 4.2.3,

(ii), and the assumption 7" < T™, or iy, p0) 7 < 0. In this case, we can reapply

the previous analysis to (p,(f))neN and get that for some M® > 0, (pﬁf))neN

converges up to a translation to a minimizer p® for iy p and

i = by iy@ g+ o) @) -

From Lemmata 4.3.2 and 4.2.3, (i), we get respectively iyq) 4y 7 < iy +
iy 7 and It iy r < iur, a contradiction. O

4.5 Ground state properties

Having established the existence of minimizers p € ) of Fr[p|, we shall now
study their properties in more detail.
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4.5.1 Orbital Stability

A direct consequence of our variational approach is the orbital stability of the set
of minimizers My, C Hyr under the dynamics of (4.1.4). To this end, we denote

diston,, (p(t), p) = inf fp(t) —pl-
where p(t) solved (4.1.4).

Corollary 4.5.1. For given M > 0 let T'< T*(M). Then for any € > 0, there
exists § > 0 such that, for all p, € Hrr and p € My, with diston,, (pin, p) < § it
holds:

sup diston,, (p(t)’ P) <€,
teRy

where p(t) is the solution of (4.1.4) with the initial data py,.

Remark 4.5.2. The same result is established in [24| for the case of repulsive
Coulomb interactions.

Proof. As in [5] the result is a direct consequence of the conservation of the free
energy along the flow and the compactness of all minimizing sequences. O

4.5.2 Euler-Lagrange equations

Since Frp| is conserved along the Hartree dynamics, its minimizers p € 9y,
form stationary states of (4.1.4), i.e. they satisfy [H,, p] = 0. In order to get
more insight on their structure we can use the decomposition (4.1.1) and rewrite
the stationary Hartree model in terms of countable many (nonlinear) eigenvalue

problem
A+ Vipj+pi; =0, jEN,
jEN

where (11;)ren € R_ denote the energy eigenvalues of the Hamiltonian H, defined
in (4.1.5). To this end, we have used the fact that one can diagonalize the
eigenvalue matrix of (p;¢);een by a unitary transformation (i.e. a rotation).
We further note that the system (4.5.1) has to be understood for (¢;);en €
H'(R?), i.e. in the weak sense. As in [7, 24], we can characterize the sequence of
occupation numbers (\;);en in terms of the eigenvalues (u;)ren and vice versa.

Proposition 4.5.3. Let M > 0, T < T*(M) and consider a density matriz
operator p € $Hyr which minimizes Frlp]. Then p satisfies the self-consistent
equation

p=(8)"(7 (n—Hy)),
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where p < 0 denotes the Lagrange multiplier associated to the mass constraint.
Ezxplicitly, it is given by

p= 7 (e H+TH ) p).
The Lagrange multiplier p is usually referred to as the chemical potential.

Proof. We will follow a classical approach to compute Euler-Lagrange equations
of the free energy functional:

Frlp] = tr (~2p) — 5 0r(Vlplp) + Tt 3(p)

under the constraint
Glp| :==trp= M.

As a first step we introduce, for v to be a trace class operator,
g(s, 1) :=G(p+sp+17),

and then evaluate

and observe that,
959(0,0) # 0

and by the implicit function theorem the map r — s(r) is C' such that s(0) =0
and for all sufficiently small » we have

and this implies
which leads to
s'(0) = ——" (4.5.2)
As a second step, we set
e(r) :==Frlp+ s(r)p+ rv]

=tr(=A(p + s3p+ 1) = 5 0(VIp+ s(r)p+ 7)o+ 50+ 7))
+TtrB(p+ sp+1r7)

67



and e(r) attains its minimum at r = 0 which implies ¢/(0) = 0:
1
¢'(0) = tr(=A('(0)p +7)) — 5 (VIpl(s'(0)p +7))

Vip+s(r)p+rv] =0 p) + T tr(8(p)(s'(0)p + 7)) (4.5.3)

Now we define U := SV [p + s(r)p + 77| |,=o then we have

d

dr
AU(z) = §'(0)p(z, z) + Az.

where Az = w(z, x) which leads to U = §'(0)V[p] + z. Now we rewrite (4.5.3):

¢'(0) =s'(0) tr(=Ap) + tr(=Ay) = 5'(0) tr(V[p](p))
— tr(Vply) + tr(zp) + ' (0)T tx(3'(p)p) + T tr(5'(p)7)
—0.

Now we claim that tr(V[p]y) = tr(zp), and postpone the proof of this claim to
the end in order to keep the coherence. Thus we arrange what we have above

0=s(0)tr(Hpp +TH (p)p) + tr(Hyy + TH (p)v),  Hy=—-A—=V]g].
Using (4.5.2) we obtain
0= —ptry+tr(Hyy +TH(p)y), (4.5.4)

where
_ te(Hyp + T (p)p)

trp
We point out that since G’ is convex, then (3'(p)vx,vx) = B'(Ax), where (-, -)
denotes the inner product in L*(R3). This yields 3'(p)r = B'(Ax)r. Then we
obtain from (4.5.4)

S Hyy ) = 3 (0 — T8 () v ) (4.5.5)

keN keN

Now, we choose 7 = Py, which is the L?-projection operator on the eigenstate

Vg, i.e. for K fixed,
[ Yk if k=K
PKW‘{O if k4K

This implies, for every K,
Hypx = (n = TH'(Ax)) ¥k, (4.5.6)
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which proves that minimizers p of the free energy (4.1.3) are the steady states of
the time-dependent system.

It remains to show that p < 0. To this end, we note that since the entropy
term is convex, p is a minimizer not only for Fr[p] but also for the functional
v tr((H, +TB(p))y) on Hy. Since the essential spectrum of H, is [0, 00), p
cannot be positive.

Now we close the gap, namely the equality tr(V[pJw) = tr(zp), where the act
of the trace class operator w can be written as

wf =Y oty (f, ) -

keN

Now let us compute the trace keeping in mind that w(z,z) = Az

tr(Viplw) = Z (Viplwy, ¥x)

keN

S ALDIRE

keN

AVMAMx

AV p|zdz

—

p(x, x)zdr = tr(zp).

This finishes the proof.
U

The stationary equation (4.5.6) means that the energy eigenvalues are written
in terms of the occupation probabilities, i.e.

pj=p—TF'(N;) provided p; < p. (4.5.7)

From this, we obviously get that p; = p in the case of zero temperature 7" = 0.

4.5.3 Critical Temperature for mixed states

In this subsection, we shall deduce the existence a critical temperature 7, €
(0, 7*), depending on the entropy function 3, above which minimizers p € 9%y,
become mixed states. To this end, we introduce the following notation: Let
po = M|io) (1| be the (appropriately scaled) minimizer for 7 = 0 obtained in
[14]. Denote by X

HN:—A—Wﬁ*Ly

(4.5.8)
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the corresponding Hamiltonian operator. From the results given in |14] it is
clear that (the linear operator) Hy admits countably many (negative) eigenvalues
(149)jen, accumulating at zero.

Assertion (iii) of Theorem 3 is then proved in several steps.

Lemma 4.5.4. For all T > 0 the map T' — iy is non-decreasing and concave.

Proof. Since [ is nonnegative function, the map 7" +— Fr[p] is increasing. By tak-
ing the infimum over all admissible p € $;7, we infer that i5, 7 is non-decreasing.
Next, fix some Ty > 0 and write

Frlpl = Frylp] + (T = To)|S]p]|
Denoting by pr, the minimizer for Fr,[p] we obtain

ivr < ivm + (T —T0)|S[pn|

which means that |S[pg,]| lies in the tangent cone and iy, 7 lies below it: 7"+ iy 1
1s concave. O

Remark 4.5.5. A direct consequence of the concavity of iy, w.r.t. T' gives rise
that as T' — T™ limp_ 7+ iy = 0 assuming 7™ < +o00. To see this let pp denote
the minimizer at Ty < T, with Fp[pn,] = —0 for some 6 > 0. Then we observe

ivr < (T =T0) Y BN) + Frlon] < (T —To)B(M) -6 <0,

jeN
for all T such that: T'—Ty < §/F(M), which is in contradiction with the definition
of T* given in (4.1.8).

Lemma 4.5.6. There exists a T, > 0 such that iyyr = ino + TB(M) for T €
0,T.].

Proof. Consider a sequence (T},)neny € Ry such that lim, . T}, = 0. Let p(™ €
H denote the associated sequence of minimizers with occupation probabilities,

cf. (4.5.7):
(n) _ ,, )
n _ lu lu .
N =(8) 1(7% : ) jeN.

where for any given n € N: (ME"))jeN denotes the sequence of eigenvalues corre-

sponding to H,, and ™ < 0 the associated chemical potentials. Since p™ is a

minimizing sequence for Fr_g, we know that

Pl 0 <0
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where (117)jen are the energy eigenvalues associated to Hy as given in (4.5.8). We
shall argue by contradiction and thus assume that

liminf A\{" =€ > 0.

n—oo

By (4.5.7) and the fact that 3’ is increasing, this implies: p™ > p{™ "= 1,0,
y 1 1

Then

(n) _ ™ 0o_ ()
M = 25" > lim A" = Tim ()7 (u) > lim (3) " (u)

= +o0.

This proves that there exists an interval [0,7,] with 7. > 0 such that, for any
T, € [0,T], it holds p™ < u&"), and, as a consequence, p(™ is of rank one. From
[14], we know that this minimizer is unique and given by pg, in which case

iner =t — T'Slpo] = i+ TH[M].
We henceforth define
T, :=max{T >0: iyr=ino+76(M) V7€ (0,T]}
and the assertion is proved. O

As an immediate consequence of those two results we obtain the following
corollary.

Corollary 4.5.7. There is a pure state minimizer of mass M if and only if
T e€[0,7,].

Proof. A pure state satisfies ip; 7 = i570+76(M) and from the concavity property
stated in Lemma 4.5.4 we conclude iy r < ipro + TH(M) for all T > T,. ]

We finally give an upper bound for 7..

Proposition 4.5.8. For M > 0 the critical temperature satisfies

) — o
T, < SGD (4.5.9)

where pd < u are the two lowest eigenvalues of Hy defined in (4.5.8).
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Proof. For T' < T, there exists a unique pure state minimizer py. For such a pure
state, the Lagrange multiplier associated to the mass constraint trpy, = M is
given by p = p(T). Tt has to be adjusted, such that T3 (M) + pJ — p(T) = 0 for
any T' < T, (as long as the minimizer is of rank one). This uniquely determines
w(T). On the other hand, from the Euler-Lagrange equations given in Section
4.5.2 we know

_,,0 o_ ,0
o;AAl:(ﬂ’)‘l(w) ifT>/g,(]\;>°.

This yields a contradiction and thus 7" < %(})(_]\Z‘)q O
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Sep 2006 —

Faculty of Science and Letters, Istanbul Technical
University, B.Sc. in Applied Mathematics
"The Eigenvalues of 3rd Order Chebyshev Collo-
cation Differentiation Matrices"

Advisor: Prof. Husnu Ata Erbay

Inst. of Science and Technology, Istanbul Techni-
cal University, M.Sc. in Applied Mathematics
"Nonlinearly Elastic Membrane Tubes: Varia-
tional Formulation, Acceleration Waves"

Advisor: Prof. Husnu Ata Erbay

Inst. of Science and Technology, Istanbul Techni-
cal University, Ph.D. study (suspended)

DEASE/Wissenschaftskolleg, University of Vi-
enna, Ph.D. student in Differential Equa-
tions "Analysis of Hartree systems: semi-classical

asymptotics and ground states with temperature"
Advisor: Prof. Peter Markowich,

)



PROFESSIONAL ACTIVITIES

e 2007, Feb 21-23: Minicourse on "Computational High Frequency Waves"
by Shi Jin, WPI, Vienna, Austria

e 2007, Jul 9-14: DEASE Summerschool and Annual Meeting, WPI, Vienna,
Austria

e 2007, Jul 22 - 27: Summer School "Topics in Nonlinear PDEs", CIM /UC
Coimbra, Portugal

e 2008, April 7-11: Summer School "Topics and PDE’s and applications
2008", FisyMat Granada, Spain

e 2008, May 5-9: Short course "Multi-scale problems and models in traffic
flow", WPI, University of Vienna, Austria

e 2008, June 9-14: Summer School "Methods and Models of kinetic theory",
Porto Ercole, Italy

e 2008, Sept 18-20: DEASE Summerschool and Annual Meeting, Hamburg
Uni, Hamburg, Germany

e 2008, Sept 24-27: Workshop "The Gross-Pitaevskii equation and its appli-
cation for BEC in optical lattices", WPI, Vienna, Austria
Talk: "Classical limit for semi-relativistic Hartree systems"

e 2009, March 9- June 12: Supported (by IPAM) research stay at scientific
program "Quantum and kinetic transport: Analysis, computations, and
new applications", IPAM, UCLA, USA

26 May, Vienna
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