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Abstract

Micromagnetics as the transition between classical continuum theory and quantum me-
chanical frameworks provides an important tool for analyzing static magnetic energy
equations. This thesis addresses the computational aspects of micromagnetics, espe-
cially the minimization of the total Gibbs free energy in three dimensions with respect
to a magnetization under a nonlinear unit norm constraint within the magnetic domain.
Focus is on the optimization through classical numerical approaches based on mesh-
dependent discretization methods, in particular the Finite Element Method (FEM). A
central aspect is the replacement of parts of the total energy, the magnetostatic stray
field energy, by an upper bound proposed by Brown, to simplify the optimization by
reducing non-locality. This reformulation introduces an independent vector potential,
resulting in an objective function depending on two three-dimensional variables.
In this thesis, a detailed overview of the P1-FEM is given, including the discretization of
the energy terms and the upper bound with respect to both the magnetization and the
vector potential. The resulting linear systems are solved with micromagnetic adaptions
of the penalty method, the augmented Lagrangian method and projected conjugate gra-
dient methods. Particular emphasis is placed on the novel approach of comparing a joint
minimization of the objective with respect to both variables with an alternating opti-
mization procedure. The performance of these methods is tested on various benchmark
problems as well as on a variation of the NIST µMAG standard problem #3.
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Zusammenfassung

Mikromagnetismus, als eine Brücke zwischen klassischer Kontinuumstheorie und quan-
tenmechanischen Ansätzen, stellt ein wichtiges Werkzeug zur Analyse statischer mag-
netischer Energiegleichungen dar. Diese Arbeit befasst sich mit den rechnerischen As-
pekten des Mikromagnetismus, vor allem mit der Minimierung der Gibbs’schen freien
Energie in drei Dimensionen bezüglich der Magnetisierung unter Berücksichtigung einer
nicht-linearen Einheitsnormbedingung innerhalb des magnetischen Gebiets.
Der Fokus dieser Arbeit liegt auf der Optimierung mittels klassischer numerischer Ver-
fahren, insbesondere auf gitterbasierten Diskretisierungsmethoden, wie der Finite Ele-
mente Methode (FEM). Ein zentraler Aspekt besteht darin, Teile der totalen Energie, die
sogenannte magnetostatische Streufeldenergie, durch eine von Brown eingeführte obere
Schranke zu ersetzen, wodurch nichtlokale Effekte reduziert werden und die Optimierung
vereinfacht wird. Diese Formulierung führt ein unabhängiges Vektorpotential ein, sodass
die Zielfunktion von zwei dreidimensionalen Variablen abhängt.
Eine detaillierte Darstellung der P1-FEMwird gegeben, einschließlich der Diskretisierung
der Energieterme und der oberen Schranke sowohl in Bezug auf die Magnetisierung als
auch auf das Vektorpotential. Die daraus resultierenden linearen Gleichungssysteme
werden mit Varianten von Penalty-Verfahren, Augmented-Lagrange-Methoden und pro-
jizierten Konjugierte Gradienten Verfahren gelöst.
Ein besonderer Schwerpunkt liegt auf dem Vergleich zwischen einer alternierenden Op-
timierungsstrategie und dem Ansatz, das Zielfunktional simultan bezüglich beider Vari-
ablen zu minimieren. Beide Methoden werden anhand von Benchmark-Problemen sowie
einer Variante des NIST µMAG Standardproblem #3 getestet.
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1 Introduction

Magnetism plays a central role in modern technology. The construction of electric mo-
tors, wind turbines, storage systems and different kinds of generators has increased
interest in modeling magnetic structures over the last decades. In particular, technologi-
cal advances such as renewable energy, smartphones, air conditioning systems or electric
cars and bikes further intensified the need for high performance permanent magnets. In
this context, high performance refers to magnets which can create a strong magnetic field
as well as have a high resistance to external, opposing magnetic fields. These properties
are fulfilled by a variety of rare-earth permanent magnets, such as neodymium-iron-bor
(NdFeB) or samarium-cobalt (SmCo) compounds, leading to them dominating the global
market [2]. Especially, the demand for NdFeB-magnets grows rapidly as the predicted
annual growth rates between 2019 and 2022, depicted in Figure 1.1, show. In particular,

Figure 1.1: Annual growth rate of the demand for NdFeB magnets worldwide (in percent)
in the years 2019-2022 (the values from 2020-2022 are based on a forecast)
[3].

the automotive and the wind energy sector are the main driving forces for this trend as
Figure 1.2 highlights. It shows a comparison of the demand for rare earth permanent
magnets in tons in the years 2010 and 2015 with a forecast for 2025. Whereas the need
for permanent magnets in wind turbines was expected to triple over the last ten years,
the demand in the automotive industry was even predicted to be five times higher than

1



1 Introduction

Figure 1.2: Comparison of the global demand for rare-earth permanent magnets in the
years 2010, 2015 and 2025 in different economic sectors. The values for 2025
are based on a forecast [4], [5], [6].

in 2015. However, rare-earth elements are highly toxic, and their mining and extraction
pose significant risks to both ecosystems and human health. In addition, China supplies
over 80% of the global rare-earth market, which introduces potential geopolitical vul-
nerabilities [7]. This motivates the search for rare-earth reduced or even rare-earth free
high performing magnets. To do so, a framework is needed to measure and observe the
stability of magnets of a given structure and material. This is provided by the theory of
micromagnetism.

Micromagnetism combines classical continuum theory with a quantum mechanical ap-
proach and is therefore a useful tool for modeling magnetic fields and the behavior of
the magnetization within materials [8]. In micromagnetism one observes magnets on a
scale of nanometers to micrometers. This has several advantages. On the one hand,
it is a large enough scale to neglect discrete atom spins within the magnet and replace
them with continuous functions. As a result, it is ensured, that the numerical com-
putations can be done in reasonable time. On the other hand, macromagnetic scales
governed by Maxwell’s equations neglect interactions within the magnet, which are of
quantum mechanical nature. These effects are taken into account with a length scale
small enough, as in the case of micromagnetics [9]. A part of micromagnetics is the field
of magnetostatics which covers the study of magnetic fields with steady currents. Here,
the magnetic state of a ferromagnet is described by a classical magnetization vector field
[10]. Consequently, it is possible to model the magnetization dynamics by analytical
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1 Introduction

expressions.
For example, the stable/metastable state of a magnet is described as the minimum of
the total Gibbs free energy

E(m) = Ed(m) + Ea(m) + Eex(m) + Ezee(m) (1.1)

under the constraint ∥m∥ = 1 [11]. This total energy will be observed in more detail in
the course of this thesis, but in general E(m) depends on the shape and the material of
the magnet. Thus, minimizing E makes it possible to predict the behavior of this given
magnet, making it an effective tool in the search of high performing magnets.

One challenge in minimizing (1.1) arises from the so-called magnetostatic (stray field)
energy Ed. This energy exhibits a highly nonlocal behavior [12]. Therefore, in [13], W.F.
Brown proposed sharp lower and upper bounds for the magnetostatic energy, which
reduce the non-locality to purely local interactions by introducing new field variables
[14]. While the lower bound depends on a scalar potential which generates the stray
field, the upper bound involves a vector potential generating the magnetic induction
and is of greater interest to this thesis.
Whereas it is an already established method to use the scalar potential for optimization,
the key aspect of this work is observing the performance of the upper bound replacing
the magnetostatic energy during the minimization process, leading to a min-min problem
in both the magnetization and the vector potential. An additional focus of this thesis is
on comparing an alternating minimization approach with a joint optimization strategy
for this problem.

In recent years, data-driven methods, such as unsupervised Physics-Informed Neural Net-
works (PINNs) [15] have been used to minimize expression (1.1). These methods have
the advantage of being flexible during the training process and are efficient in terms of
conditional parameters [16]. However, classical numerical schemes remain highly rele-
vant, both as robust, interpretable baselines and as a tool for benchmarking modern
algorithms. Therefore, this work adopts a more traditional perspective, based on using
Finite Element Methods (FEM). Hereby, the quality of such computations strongly de-
pends on the right discretization of the domain as well as on efficient methods to solve
the resulting linear systems. To this end, this thesis also covers iterative algebraic solvers
specifically tailored to the aims of micromagnetics. The main objective of this paper is
to demonstrate that this classical approach provides an efficient and reliable foundation
for more modern algorithms.

The thesis is structured as follows:
In Chapter 2 the theoretical foundations of micromagnetics are explained and the es-
sential energy equations are derived. In Chapter 3 the mathematical background of the
FEM is elaborated. This includes handling variational formulations and developing dis-
crete function spaces on a meshed domain. Chapter 4 deals with the application of the
previously described theory as the discretization of the domain and the different energy
terms is explained. Methods for solving the established linear systems are discussed in

3



1 Introduction

Chapter 5 as well as various ways to deal with the nonlinear constraint occurring in
the problem. Finally, in Chapter 6 these methods are evaluated by performing energy
minimization in the context of different subproblems. The results of these calculations
are presented in this section. In the Appendix explicit computations of analytical exam-
ples and a description of the used Python libraries including the most important code
snippets can be found.

4



2 Theoretical Foundations of
Micromagnetism

Micromagnetism as the attempt to connect the macroscopic Maxwell theory of electro-
magnetic fields with microscopic quantum mechanical models made its first appearance
in the 1930s with the works of Landau and Lifshitz [17], who derived continuum expres-
sions of various energy terms [18].
The numerical study of micromagnetism has begun in the 1950s when W. F. Brown for-
malized this concept in his works [19], followed by papers of Kittel, Stoner–Wohlfarth,
Néel, Aharoni, Strikman and Treves [18]. Their theory describes magnetic structures
with a continuum approach, assigning magnetization vectors to different materials [20].
A key benefit of micromagnetism is that it operates on a length scale exceeding the
range of nanometers. Thus, it is possible to omit the use of discrete spins to describe the
ferromagnetic state. Instead, one can use continuous vector fields. This approach, which
typically is in the range of nanometers to micrometers, ensures that the length scale is
sufficiently large to keep the computations in reasonable time but also small enough to
model core physical concepts from quantum mechanics [9].
The primary assumption is to describe the state of a magnetic material by a continu-
ous vector field M : Ω → R3, the magnetization. Here, Ω ⊂ R3 denotes the magnetic
domain. The output of the function is given in SI-units [M] = Am−1 and the length
of the magnetization is constant at a given temperature, |M| = Ms > 0, the so-called
saturation magnetization [21]. For the remainder of this work we will always assume a
constant temperature, so a change of length of M is not permitted. This allows us to
consider the normalized magnetization

m(x) :=
M(x)

Ms
.

This relation only holds inside of Ω, outside the magnetic domain we set m ≡ 0 [14].

2.1 The Gibbs Free Energy

A key concept in static micromagnetic simulations is the total Gibbs free energy of a
magnetic domain given by [11]:

E(m) = Ed(m) + Ezee(m) + Ea(m) + Eex(m). (2.1)

5



2 Theoretical Foundations of Micromagnetism

The Gibbs free energy describes the dependence of the magnetization on the material
and is given in SI-units [E] = J. It consists of four fundamental energy terms, the
magnetostatic self-energy or stray field energy Ed, which quantifies the energy stored in
the magnetic field with respect to the material’s magnetization, the Zeeman energy Ezee

modeling the interaction of the magnet with an external field, the magnetocrystalline
anisotropy energy Ea describing the work to magnetize in certain directions and the
exchange energy Eex which is a quantum mechanical measure to describe the relations
between particles [9]. A more thorough description of the energy terms is given in the
following sections. For numerical computations one uses the reduced form of the energy
e = 1

M2
sµ0

E with µ0 = 4π10−7 Tm/A being the vacuum permeability [15]. The reduced

energy is given in units of [e] = m3.
The main objective of the numerical computations in this work is finding a minimum
of this reduced energy in terms of the magnetization, which leads to an equilibrium
configuration for m. One can model the evolution of the magnetic state and also create
hysteresis loops by starting at an initial magnetization and carry out the minimization
process [11]. By minimizing different energy configurations arising from various material
compositions, one can model the stability of the corresponding magnet, which delivers
important theoretical insight in the search for high performing magnets.
Hereby, a significant challenge is the nonlinear unit norm constraint

∥m∥2 = 1 in Ω,

which has to be considered during optimization.
In the following sections, we will describe the contributing energy terms in more details.
For this we refer to [9] and [15].

2.2 The Exchange Energy

We start by deriving the exchange energy, which originates from quantum mechanical
laws. It is based on the Pauli exclusion principle which states that two electrons must
have different spins to be at the same place. However, in the context of ferromagnets two
particles with parallel spin tend to spatially separate, thereby lowering the electrostatic
energy leads to the parallel state being the preferred one. The following computations
can be found in more detail in [9].
Let Ω ⊂ R3 be the domain of interest and let i and j represent two neighboring atoms
within Ω. Then, the quantum mechanical formulation of the exchange energy between
the two spins Si and Sj can be expressed by a modification of the Heisenberg exchange
Hamiltonian [22]

Eex(i, j) = −2JijSi · Sj ,

where Jij denotes the exchange integral between the atoms i and j. For highly symmetric
crystal structures such as cubic lattices, all nearest-neighbor interactions are equivalent,
and thus Jij can be replaced by a constant J. In the micromagnetic setting this model is
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2 Theoretical Foundations of Micromagnetism

simplified by replacing the spins with classical vectors, in particular with the unit vector
of the magnetic moment mi, which is the unit vector in the direction −Si.
To generalize further, we introduce the continuous magnetization m : Ω → R3, which
fulfills at every position xi of an atom i, that

m(xi) = −Si.

After expanding m in a Taylor series around such a point xi and summing over all atoms
within a unit cell around i, one obtains in the limit the integral formulation of the total
exchange energy

Eex(m) =

∫︂
Ω
Aex[∥∇mx∥2 + ∥∇my∥2 + ∥∇mz∥2] dx =

∫︂
Ω
Aex∥∇m∥2F dx.

Here, m = (mx,my,mz)
T and Aex is the exchange constant, fulfilling

Aex =
JS2

a
n,

with a being the interatomic distance, n the number of atoms per unit cell and S =
|Si| the spin quantum number, which is determined by the electronic structure of the
ferromagnetic material.
By scaling with a reference element we arrive at the reduced exchange energy [15]

eex(m) =

∫︂
Ω
Ãex∥∇m∥2F dx, (2.2)

with Ãex := Aex/µ0M
2
s . This approach reduces the complexity of the model to a great

extent, while retaining its essential characteristics. Nonetheless, it has its limitations.
The formulation is often too simple, because it assumes a homogeneous and continuous
medium, which is sometimes not true. Especially when the interactions happen on an
atomic level the underlying structure cannot be described accurately enough [23]. De-
spite these simplifications, this model will be sufficiently accurate for our calculations.

2.3 The Magnetocrystalline Anisotropy Energy

Next, we describe the magnetocrystalline anisotropy energy, an intrinsic property of the
material of Ω. This energy arises from the crystal-like structure of the magnet, which
determines the arrangement of the electronic orbits. The spin-orbital interactions force
the spins to align with certain axes - the so-called easy axes [24]. This phenomenon
propagates to the magnetization and the energy gets larger, the further away the direc-
tion of the vector m is from the easy axes. Consequently, to minimize the anisotropy
energy, one likes to align the magnetization with the one of these preferred directions.
In cubic systems, the anisotropy energy is influenced by the directional cosines of the

7



2 Theoretical Foundations of Micromagnetism

normalized magnetization with respect to the Cartesian axes of the lattice. Let ux,uy,uz

denote the unit vectors along these axes and define

αi := m · ui i = x, y, z

as the directional cosines. Then the anisotropy energy is given by [24]

Ea(m) = K0 +K1(α
2
xα

2
y + α2

yα
2
z + α2

xα
2
z) +K2α

2
xα

2
yα

2
z.

The values K0,K1 and K2 are the magnetocrystalline anisotropy constants and depend
in general on temperature [9]; however, under the assumption of constant temperature,
they are treated as constants.
In this work only a special case of the energy above is considered, namely the uniaxial
anisotropy. Here, there is only one single easy axis and we consider the angle θ between
the magnetization and this axis. Without loss of generality, we choose the z-axis as the
easy axis and can write the energy as [9]

Ea(m) = K0 +K1 sin
2(θ) +K2 sin

4(θ).

We can simplify this expression by using sin2(θ) = 1− (m · uz)
2, omitting the constant

K0, truncating the sum earlier and integrating over the whole domain to arrive at

Ea(m) =

∫︂
Ω
K1(1− (m · uz)

2) dx.

Finally, in dimensionless form the uniaxial anisotropy energy can be written as

ea(m) =

∫︂
Ω
Q(1− (m · uz)

2) dx, (2.3)

with Q = K1/µ0M
2
s being the reduced anisotropy constant.

2.4 The Zeeman Energy

The Zeeman energy describes the behavior of the magnet when an external magnetic
field Hext is applied. It is stated as [25]

Ezee(M) = −µ0
∫︂
Ω
M ·Hext dx.

It follows that

Ezee(m) = −µ0M2
s

∫︂
Ω
m · hext dx =: −µ0M2

s ezee(m),

with a dimensionless external energy hext = Hext/Ms.
The Zeeman energy is minimized when the magnetization aligns with the external field,
which means this energy is in contrast to the other energy terms and is therefore respon-
sible for multiple complex dynamics [23]. However, in the calculations of this work the
external field will almost always be neglected which further simplifies the model.

8



2 Theoretical Foundations of Micromagnetism

2.5 The Magnetostatic Self-Energy

The magnetostatic self-energy or demagnetizing energy is formed from a stray field Hd

which is generated by the magnetization itself [23]. Hd is therefore a function of M
and also scale invariant. However, for the sake of a simpler notation we will still write
Hd = Hd(M). The field is measured in units of A/m. The associated energy depends on
material properties like the shape or the magnetic configuration of the magnetic object.
It is given by the interaction of each local magnetic moment µi at every position xi with
the stray field [9]:

Ed(M) = −µ0
2

∑︂
i

µi ·Hd(M(xi)).

Since pairs of atoms are considered, a factor 1/2 is needed to avoid double-counting. The
magnetization can be expressed as the integral over all local magnetic moments [26]

M =

∫︂
Ω
µi dx,

so in the limit the magnetostatic self-energy is

Ed(M) = −µ0
2

∫︂
Ω
M ·Hd dx. (2.4)

In dimensionless form the stray field can be written as

hd =
Hd

Ms
, (2.5)

so from (2.4) it follows

Ed(m) = −M
2
s µ0
2

∫︂
Ω
m · hd dx =:

M2
s µ0
2

ed(m), (2.6)

with

ed(m) :=

∫︂
Ω
−m · hd dx.

Combining all the energies calculated above, the Gibbs free energy in dimensionless form
reads as

e(m) =
1

2

∫︂
Ω
−m · hd dx+

∫︂
Ω
−m · hext dx

+

∫︂
Ω
Q(1− (m · uz)

2) dx+

∫︂
Ω
Ãex∥∇m∥2F dx.

(2.7)

9



2 Theoretical Foundations of Micromagnetism

2.6 Calculation of the Stray Field

One of the most important and challenging numerical tasks in micromagnetics is the
computation of the stray field hd. Thus, in this section the physical derivation of this
vector field is examined, following the discussions in [15] and [27].
We start with the electrostatic Maxwell’s equations, assuming vanishing currents:

∇ · bd = 0, (2.8)

∇× hd = 0. (2.9)

Here bd = Bd/µ0Ms is the dimensionless magnetic induction, which depends linearly on
m and satisfies the relation

bd = m+ hd (2.10)

and the L2 orthogonality condition∫︂
R3

hd · bd dx = 0. (2.11)

This allows for reformulations of the magnetostatic self-energy in terms of the magnetic
induction.

Lemma 2.6.1. [15]: The following formulations are equivalent descriptions of the
magnetostatic self-energy:

ed(m) =

∫︂
R3

∥hd∥2 dx,

ed(m) =

∫︂
Ω
∥m∥2 −m · bd dx,

ed(m) =

∫︂
Ω
∥m∥2 dx−

∫︂
R3

∥bd∥2 dx.

Proof. The proof of this Lemma follows from the definition of the dimensionless stray
field energy and the relations (2.10)-(2.11).

Since the curl of the stray field vanishes according to (2.9), the vector field has to be the
gradient of some scalar-valued function ϕd : R3 → R, the so-called scalar potential. This
reduces the problem to solving a Poisson equation for ϕd :

∆ϕd = ∇ ·m, (2.12)

hd = −∇ϕd. (2.13)

On the other hand, from (2.8) it follows that the magnetic induction bd is the curl of a
vector field Ad : R3 → R3, namely:

bd = ∇×Ad.

10



2 Theoretical Foundations of Micromagnetism

Ad is called the vector potential. Therefore, (2.9) yields:

∇× (∇×Ad) = ∇× bd = ∇×m. (2.14)

Since for an arbitrary scalar-valued function ψ the curl of its gradient is zero, we can
add its gradient field without changing the magnetic induction bd = ∇ × (Ad + ∇ψ).
This is called freedom of gauge. A common choice is the Coulomb gauge

∇ ·Ad = 0.

With this, (2.14) simplifies to

∆Ad = −∇×m, (2.15)

bd = ∇×Ad, (2.16)

which is a Poisson equation for the vector potential.
Numerical solutions of (2.12)-(2.13) and (2.15)-(2.16) can be obtained in various ways.
However, the computation of hd and bd remains highly nontrivial, because of their non-
local nature. The most common approach in literature is to calculate the stray field via
the scalar potential. An analytical solution of (2.12) is given by [27]

ϕd(x) =
1

4π

(︃
−
∫︂
Ω

∇m(x′)

|x− x′|
dx′ +

∫︂
∂Ω

n′ ·m(x′)

|x− x′|
dS

)︃
. (2.17)

There are different ways to tackle these problems. Naive solvers which directly evaluate
the integrals in (2.17) numerically tend to be very slow and costly, leading to computa-
tional costs of O(N2), where N is the number of grid points in the discretization [10].
Several improvements can be made to this first approach. Finding the solution of (2.15)
with the Finite Element Method in combination with multigrid preconditioning is capa-
ble of a complexity of O(N), but only if the boundary conditions are given, which they
are normally not [28]. Therefore, one can apply a coupling between FEM and Boundary
Element Methods, but they introduce an additional complexity of O(M2), where M is
the number of boundary nodes [29]. A linear rate of O(N logN) is achieved by the means
of Fast Fourier Transforms [30], whereas more complex approaches such as Nonuniform
Grid Methods [31] or Fast Multipole Methods [32] are O(N). More modern techniques
even reach sublinear complexity such as Tensor Grid Methods [33] with a computational
effort of up to O(N2/3).

However, this work follows a different path and tries to replace the non-local stray field
and the magnetic induction by simpler expressions and solve them instead. To this end,
we use the upper and lower bounds for the demagnetizing energy proposed by W. F.
Brown in [13].

2.7 Brown’s Energy Bounds for the Demagnetizing Energy

The goal of this section is to derive bounds for the demagnetizing energy ed which only
use variables independent of the magnetization m. More details can be found in the

11



2 Theoretical Foundations of Micromagnetism

works of Brown [19], [13], the computations in this chapter follow the derivations in [14].
Let h ∈ L2(R3)3 be an arbitrary irrotational field, which means ∇ × h = 0, and b ∈
L2(R3)3 an arbitrary solenoidal field, i.e. ∇·b = 0. Then the following upper and lower
bounds for ed hold:∫︂

Ω
∥m∥2 dx−

∫︂
R3

∥h+m∥2 dx ≤ ed(m) ≤
∫︂
R3

∥b−m∥2 dx.

We begin by proving the upper bound. Define

U(m,b) := ed(m) +

∫︂
R3

∥b− bd∥2 dx.

This functional attains its minimum at (m∗,b∗) if m∗ is the minimum point of ed and
the magnetic induction generated by m∗ is b∗ = bd. In this case, it holds

ed(m
∗) = U(m∗,b∗). (2.18)

In order to rewrite U we use the alternative formulations for the demagnetizing energy
from Lemma 2.6.1 and expand the norm ∥b− bd∥2 to get:

U(m,b) =

∫︂
Ω
∥m∥2 dx−

∫︂
R3

∥bd∥2 dx

+

∫︂
R3

∥b∥2 dx− 2

∫︂
R3

b · bd dx+

∫︂
R3

∥bd∥2 dx.

Using that b is solenoidal and therefore its L2-orthogonality with hd, we simplify this
to:

U(m,b) =

∫︂
Ω
∥m∥2 dx− 2

∫︂
R3

b ·m dx+

∫︂
R3

∥b∥2 dx

=

∫︂
R3

∥b−m∥2 dx.

Hence, from (2.18) it follows that
∫︁
R3 ∥b −m∥2 dx is an upper bound for ed(m) under

the constraints

∇ · b = 0, ∥m∥ =

{︄
1 in Ω,

0 outside.

However, the solenoidal condition can be enforced by the use of a vector potential that
generates the magnetic induction, i.e. b = ∇×A, for some vector field A : R3 → R3.
Expanding the norm gives the upper bound as a function depending on the magnetization
and the vector field:

eA(m,A) :=

∫︂
Ω
∥m∥2 dx+

∫︂
R3

∥∇A∥2 dx− 2

∫︂
Ω
m · (∇×A) dx. (2.19)

12



2 Theoretical Foundations of Micromagnetism

Here ∥∇A∥2 = ∇A : ∇A, where

∇A : ∇A = Tr[∇(A)T∇A]

is the double contraction.
Next, we derive the lower bound in a similar manner. Analogously to the calculations
above, define

L(m,h) := ed(m)−
∫︂
R3

∥h− hd∥2 dx.

The tuple (m∗,h∗) is the maximum point of L if m∗ maximizes ed and the stray field
induced by m∗ is h∗ = hd. Thus,

ed(m
∗) = L(m∗,h∗). (2.20)

By expanding the norm, using Lemma 2.6.1 and the irrotational form of h we find

L(m,h) =

∫︂
R3

∥h+m∥2 dx+

∫︂
Ω
∥m∥2 dx.

This definition, together with (2.20), gives again the statement about the lower bound
under the constraints that h has to be generated by a scalar potential and the unit norm
constraint of the magnetization on the magnetic domain. The lower bound functional
reads as:

eϕ(m, ϕ) :=

∫︂
R3

∥∇ϕ∥2 dx+ 2

∫︂
Ω
∇ϕ ·m dx.

Instead of directly computing ed, one may now maximize the lower bound or minimize
the upper bound with respect to m and an independent scalar or vector potential.

The aim of this thesis is now to minimize the Gibbs free energy using Brown’s upper
bound, in particular

min
m,A

[︃
1

2
eA(m,A) + ezee(m) + ea(m) + eex(m)

]︃
, (2.21)

with respect to the unit norm constraint

∥m∥ =

{︄
1 in Ω,

0 outside.
(2.22)

By replacing the stray field energy with expression (2.19), which involves only local dif-
ferential operators, the Finite Element discretization will lead to sparse system matrices,
reducing the involved matrix-vector products to scaling linear with the number of grid
points.
In this work the upper bound is chosen over the lower bound because of two properties
of problem (2.21): on the one hand, the use of the lower bound would lead to a min-max
problem, which corresponds to a saddle point problem in optimization theory. These are

13



2 Theoretical Foundations of Micromagnetism

known to be significantly more challenging than pure minimization problems. In par-
ticular, min–max problems often require nested optimization procedures and specialized
algorithms, leading to increased computational cost and reduced numerical stability [34].
On the other hand, the min-min formulation allows for a coupling of the involved vari-
ables and therefore for a joint minimization procedure, which will be a central concept
of this thesis.

2.8 The NIST µMAG standard problem #3

However, for the remainder of this thesis, we will not work with the full problem (2.21),
but instead consider the framework of the NIST µMAG standard problem #3 [35],
which allows for direct comparison with previously published results and simplifies some
calculations. The main objective of problem #3 is to determine the single domain limit
(SDL) of a soft ferromagnetic cube, i.e. the length of the cube L in which the energies
of two characteristic magnetic configurations, the so-called flower and vortex states are
equal [36].
The flower state represents a quasi-homogeneous magnetization distribution. However, a
perfectly uniform state cannot be an equilibrium state, since the stray field energy favors
non-uniform magnetization near the boundaries. Consequently, the magnetization tilts
outward near the surface of the cube [37].
The exact profile of the state depends on the material and the geometry of the magnet,
so an a priori analytical expression cannot be given. Therefore, we proceed as in [38],
where the authors used polynomial expansions to describe the state. As a consequence,
it is sufficient for this work to depict the flower state as the normalized version of

mf (x, y, z) =

(︃
1

a
xz,

1

c
yz +

1

b3
y3z3, 1

)︃T

(2.23)

for given parameters a, b, c ∈ R+.
The vortex state evolves from the flower state with increasing size of the cube. By
contrast, it has a twisted magnetization configuration around an axis. The spins at the
center are aligned with this axis, whereas the others rotate clockwise or counterclockwise
in circles, creating a symmetric magnetization pattern. Again we adopt a normalized
approximation of an analytic ansatz from [10]:

mv(x, y, z) =

(︃
−y
r

√︄
1− exp

(︃
− 4

r2

r2c

)︃
,
x

r

√︄
1− exp

(︃
− 4

r2

r2c

)︃
, exp

(︃
−2r

2

r2c

)︃)︃T

, (2.24)

with r =
√︁
x2 + y2 and rc = 0.14. The corresponding magnetization dynamics of both

variants are depicted in Figure 2.1.

The length L is expressed in units of an intrinsic length lex =
√︁
Aex/Km to be indepen-

dent of the material of the cube. Here, Km := µ0M
2
s is the magnetic energy density. In

14



2 Theoretical Foundations of Micromagnetism

Figure 2.1: Flower state (left) and vortex state (right) of a magnetized cube.

the following, all the energy terms are given in units of Km. In this setting, the total
Gibbs free energy (with Brown’s upper bound replacing the stray field energy) reads

eNIST (m,A) =
1

2

(︃∫︂
Ω
∥m∥2 dx+

∫︂
R3

∇A : ∇A dx− 2

∫︂
Ω
m · (∇×A) dx

)︃
+

∫︂
Ω
Q(1− (m · a)2) dx+

∫︂
Ω
Ãex∥∇m∥2F dx.

(2.25)

A key aspect of working in this framework is the neglect of the Zeeman energy, as we
only consider magnetic states with zero external field. The dimensionless parameters of
the remaining energy terms are given through the problem specifications. The reduced
uniaxial anisotropy constant Q := K1

Km
is given as Q = 0.1 and the easy axis a should

be parallel to the z-axis, therefore we take a = (0, 0, 1)T . The reduced exchange stiffness
constant Ãex := Aex

Km
can be computed from the length of the cube via Ãex = 1

L2 after
scaling the domain to a unit cube [39].
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3 The Finite Element Method

Finding solutions of problem (2.21) usually results in solving Partial Differential Equa-
tions (PDEs). The Finite Element Method (FEM) is a widely used approach to solve
PDEs numerically, especially in physics, engineering and applied mathematics [40]. Un-
like other variational methods, it uses a partition of the computational domain in finitely
many, but simpler subdomains, called finite elements [41]. On each of these elements
the functions occurring in the problem are expressed by a local basis. This gives rise to
a system of linear equations that can be solved numerically.
A main advantage of the FEM over other approaches like Finite Difference Methods is
the accurate description of the boundary behavior of complex geometries. Moreover,
the FEM is based on variational formulations which is backed by a rigorous functional
analytical theory, leading to well-defined discrete models.
In the following sections this theory is outlined, as well as the construction of a finite
element space and the specific choice of basis functions employed in this work.

3.1 Variational Formulations

The essential idea of variational methods is to reformulate a PDE such that suitable
approximations can be derived by the FEM in a flexible manner. The so-called weak
formulation of the PDE is obtained by integrating the equations after multiplying with
certain test functions. This relaxes the requirements on the smoothness of the solution
and transforms the problem into an integral formulation, which makes it easier to handle
when assembling a global system of equations from the discretizations in every element.
By choosing appropriate function spaces the formulation guarantees that the solution
possesses the right integrability conditions needed. In the context of the FEM one typi-
cally uses Sobolev spaces extending the concept of Lp spaces. We will briefly discuss the
theoretical concepts in the next chapters for scalar-valued functions and then generalize
for vector fields used in the applications. The main theory explained in this section
originates from [42], [43] and [44].

We start with the notion of weak derivatives. Let Ω ∈ Rn be the domain of interest and
denote by C∞

0 (Ω) the space of infinitely differentiable, real valued functions with compact
support. Consider 1 ≤ p ≤ ∞ and f ∈ Lp(Ω) a real-valued, measurable function. For a
multi-index α = (α1, . . . , αn) ∈ Nn with length |α| = α1 + · · ·+ αn we use the following
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3 The Finite Element Method

notation [44]

Dα :=
∂α

∂α1 x1 · · · ∂αnxn
.

Then, a function v ∈ Lp(Ω) is called the |α|-th weak derivative of f if∫︂
Ω
Dαφf dx = (−1)|α|

∫︂
Ω
φv dx

holds for all φ ∈ C∞
0 (Ω) [42]. In this case we identify Dαf := v.

Now, we can define Sobolev spaces of scalar-valued functions.

Definition 3.1.1. [42]: Let 1 ≤ p ≤ ∞, Ω ⊂ Rn an open subset and m be a nonnegative
integer. We define the Sobolev space Wm,p(Ω) as

Wm,p(Ω) = {f ∈ Lp(Ω) |Dαf ∈ Lp(Ω) ∀α ∈ Nn, |α| ≤ m}.

It is equipped with the norm

∥f∥Wm,p(Ω) :=

(︃ ∑︂
|α|≤m

∥Dαf∥pLp(Ω)

)︃1/p

.

Similar to Lp-spaces, the case p = 2 requires special attention.
We define Hm(Ω) := Wm,2(Ω). The Sobolev space Hm(Ω) is a Hilbert space equipped
with the inner product [44]

(u, v)m :=
∑︂

|α|≤m

∫︂
Ω
(Dαu)(Dαv) dx.

Consequently, we get the following norm on Hm(Ω) :

∥u∥Hm(Ω) =
√︁
(u, u)m =

⌜⃓⃓⎷ ∑︂
|α|≤m

∫︂
Ω
(Dαu)2 dx,

and the Hm-seminorm

|u|Hm(Ω) =

⌜⃓⃓⎷ ∑︂
|α|=m

∫︂
Ω
(Dαu)2 dx.

For a bounded domain Ω we additionally define the closure of C∞
0 (Ω) in Hm(Ω).

Definition 3.1.2. [44]: Let Ω ⊂ Rn be a an open subset and m ∈ N. Then:

Hm
0 (Ω) := C∞

0 (Ω)
∥·∥Hm(Ω)

.

Equivalently,

Hm
0 (Ω) = {u ∈ Hm(Ω) | ∃(φj)j∈N ⊂ C∞

0 (Ω) : lim
j→∞

∥u− φj∥Hm(Ω) = 0}.
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3 The Finite Element Method

Another topic which has to be addressed is the treatment of boundary conditions. Since
functions in Hm(Ω) are in general not continuous nor defined on subsets of measure zero,
it is not trivial which value a function u ∈ Hm(Ω) takes at the boundary of a domain
Ω. Therefore, the concept of trace operators is needed. The following Lemma is stated
for m = 1, but it can be extended to higher order (see [43]).

Lemma 3.1.1. [42, Thm. 5.5.1]: Let Ω ⊂ Rn be a bounded domain with a C1-smooth
boundary ∂Ω.
Then, there exists a continuous, linear operator

T : H1(Ω)→ L2(∂Ω)

with
Tu = u|∂Ω ∀u ∈ H1(Ω) ∩ C(Ω̄).

We call Tu the trace of u and write Tu = u|∂Ω.

Proof. A constructive proof of this result can be found in [42].

We now derive the weak formulation for a prototypical elliptic boundary-value problem
of second order. Other types are treated in a similar manner, but are not considered in
the course of this thesis. See [42] for further reading.
Let Ω ⊂ Rn be open and bounded. We consider

Lu = f in Ω, (3.1)

u = 0 on ∂Ω , (3.2)

where f ∈ L2(Ω) is given, u = u(x) ∈ C2(Ω)∩C(Ω̄) is the unknown function and L is a
second-order, elliptic differential operator of the following form

Lu := −∇ · (A∇u) + b · ∇u+ cu.

Here, A = (aij)
n
i,j=1 ∈ (L∞(Ω))n×n, b = (b1, . . . , bn)

T ∈ (L∞(Ω))n and c ∈ L∞(Ω) are
given coefficient functions. Additionally, A should fulfill uniform ellipticity: there exists
a constant θ > 0 such that

n∑︂
i,j=1

aij(x)ξiξj ≥ θ|ξ|2,

for all x ∈ Ω and ξ ∈ Rn [42]. We consider homogeneous Dirichlet boundary conditions
(3.2), since these are the only type of boundary conditions needed in this thesis.
Let now φ ∈ C∞

0 (Ω) be an arbitrary test function. Multiplying equation (3.1) with φ
and integrating partially yields∫︂

Ω
(A∇u) · ∇φdx +

∫︂
Ω
(b · ∇u)φdx +

∫︂
Ω
cuφ dx =

∫︂
Ω
fφ dx. (3.3)
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Here, the boundary integrals vanish, since φ has compact support. Equation (3.3) is
called the weak formulation of the PDE, because the smoothness assumptions on u are
significantly weakened. Now it is only necessary that u ∈ H1

0 (Ω).
By extending the test space to H1

0 (Ω) and defining the bilinear operator

B : H1
0 (Ω)×H1

0 (Ω)→ R,

B(u, v) =

∫︂
Ω
(A∇u) · ∇v dx +

∫︂
Ω
(b · ∇u)v dx +

∫︂
Ω
cuv dx,

(3.4)

equation (3.3) can be reformulated as:
find u ∈ H1

0 (Ω) such that:

B(u, φ) = (f, φ)L2(Ω) ∀φ ∈ H1
0 (Ω). (3.5)

This expression is called variational formulation of the PDE and a function u ∈ H1
0 (Ω)

satisfying (3.5) is called weak solution. Existence and uniqueness of such weak solutions
follow from standard functional-analytic arguments. For a thorough analysis of this
topic, we refer to [44, Chapter 3.4.1] and [45, Chapter 2.1.6]. Here, we only state the
central proposition in a setting of a general Hilbert space.

Lemma 3.1.2. (Lax-Milgram) [44, Lem. 3.1, Def. 2.2]: Let H be a Hilbert space and
B : H ×H → R a bilinear form, satisfying the following conditions:

• B is continuous, i.e. there exists a constant M > 0 such that

|B(u, v)| ≤M∥u∥H∥v∥H ∀u, v ∈ H.

• B is coercive, i.e. there exists a constant α > 0 such that

B(v, v) ≥ α∥v∥2H . ∀v ∈ H.

Additionally, let f : H → R be a linear and continuous functional. Then there exists a
unique solution to the problem:
find u ∈ H such that:

B(u, v) = f(v) ∀v ∈ H. (3.6)

Moreover, the norm estimate

∥u∥H ≤
1

α
∥f∥H′

holds. Here, H ′ is the dual space of H.

Proof. The following proof repeatedly makes use of Riesz’ Representation Theorem [42],
which states that for a linear and continuous functional f ∈ H ′, there exists a unique
function u ∈ H, such that

(u, v)H = f(v) ∀v ∈ H.
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Let now T, T ′ : H → H be two linear operators defined by

(Tu, v)H = B(u, v) ∀v ∈ H,

(T ′u, v)H = B(v, u) ∀v ∈ H.

By Riesz’ Representation Theorem both Tu and T ′u exist and are uniquely defined. It
holds,

(Tu, v)H = B(u, v) = (T ′v, u)H = (u, T ′v)H ,

and therefore T ′ is the adjoint operator of T. Furthermore, for all u ∈ H,

∥Tu∥2H = (Tu, Tu)H = B(u, Tu) ≤M∥u∥H∥Tu∥H

and thus, T is continuous. The same holds for T ′ as well.
Now, define the bilinear form B̂ : H ×H → R as

B̂(u, v) = (TT ′u, v)H = (T ′u, T ′v)H ∀u, v ∈ H.

By construction, B̂ is symmetric and also coercive and continuous, since

α2∥v∥4H ≤ (B(v, v))2 = ((T ′v, v)H)2

≤ ∥v∥2H∥T ′v∥2H = ∥v∥2H(T ′v, T ′v)H = ∥v∥2HB̂(v, v)

and
|B̂(u, v)| = |(T ′u, T ′v)H | ≤ ∥T ′u∥H∥T ′v∥H ≤M2∥u∥H∥v∥H .

Therefore, B̂(·, ·) defines an inner product in H. Using Riesz’ Representation Theorem
for this inner product concludes that ∃!w ∈ H, such that

B̂(w, v) = f(v) ∀v ∈ H.

Let u := T ′w. Then,

B(u, v) = B(T ′w, v) = (TT ′w, v)H = B̂(w, v) = f(v) ∀v ∈ H.

Thus, the existence of a solution of (3.6) follows. Moreover, assume that there exist two
solutions u1 and u2. Then,

B(u1 − u2, v) = 0 ∀v ∈ H ⇒ 0 = B(u1 − u2, u1 − u2) ≥ α∥u1 − u2∥2 ⇒ u1 = u2.

The norm estimate holds, since

∥u∥2H ≤
1

α
B(u, u) =

1

α
f(u) ≤ 1

α
∥f∥H′∥u∥H .
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3.2 Galerkin Methods

The weak formulation (3.3) is defined on a subspace of the infinite-dimensional space
H1(Ω). However, for numerical methods it is necessary to approximate this continuous
formulation using discrete functions. Therefore, the aim of this section is to develop
finite-dimensional subspaces of H1(Ω) suitable for this purpose. The following descrip-
tions are based on [41] and [44].
We start with a general formulation of the problem derived in the previous section. Let
n ≥ 1 and Ω ⊆ Rn be a domain. Moreover, let V be an appropriate subspace of H1(Ω).
Then, the elliptic boundary value problem (3.2) can be written in weak form as

find u ∈ V : B(u, v) = (f, v)L2(Ω) ∀v ∈ V, (3.7)

where B(·, ·) denotes the bilinear form defined in (3.4).
Now, assume there exist finite-dimensional subspaces Vh ⊂ V with dimVh = Nh < ∞,
depending on a parameter h > 0. The approximate problem reads as:

find uh ∈ Vh : B(uh, vh) = (f, vh)L2(Ω) ∀vh ∈ Vh. (3.8)

Since Vh is finite-dimensional, there exists a basis (φj)
Nh
j=1 ⊂ Vh and uh can be expressed

as

uh(x) =

Nh∑︂
j=1

cjφj(x),

where cj ∈ R, j = 1, . . . , Nh are unknown coefficients.
Substituting this expression into (3.8) yields

find cj ∈ R :

Nh∑︂
j=1

cjB(φj , vh) = (f, vh)L2(Ω) ∀vh ∈ Vh.

Testing against the basis functions leads to

find cj ∈ R :

Nh∑︂
j=1

cjB(φj , φi) = (f, φi)L2(Ω) ∀i = 1, . . . , Nh. (3.9)

This is called Galerkin formulation.
Equation (3.9) can now be written as the linear system

Ac = b, (3.10)

where the stiffness matrix A ∈ RNh×Nh and the load vector b = (b1, . . . , bNh
)T ∈ RNh

are defined by
Aij = B(φj , φi), bi = (f, φi)L2(Ω).

We now give some general properties of the stiffness matrix, but it has to be noted that
additional characteristics of A and b such as sparsity or the condition number depend
on the choice of the subspace Vh and its basis (φj)

Nh
j=1.
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Proposition 3.2.1. [44, Thm. 4.1, Property 4.1]: Let A ∈ RNh×Nh be the stiffness
matrix defined in (3.9).

• A is symmetric if and only if the bilinear form B(·, ·) is symmetric.

• If B(·, ·) is coercive, then A is positive definite.

Proof. The symmetry follows directly from the definition of the entries of A, since

Aij = B(φj , φi) = B(φi, φj) = Aji.

For positive definiteness let v ∈ RNh be an arbitrary vector. From the bilinearity of
B(·, ·) it follows

vTAv =

Nh∑︂
j=1

Nh∑︂
i=1

vjAijvi

=

Nh∑︂
j=1

Nh∑︂
i=1

vjB(φj , φi)vi

= B(

Nh∑︂
j=1

vjφj ,

Nh∑︂
i=1

viφi)

= B(vh, vh).

Here, vh ∈ Vh is the vector spanned by the basis functions (φj)
Nh
j=1 and the coefficients

vi ∈ R i = 1, . . . , Nh. Furthermore, coercivity of the bilinear form induces, that there
exists a constant α > 0 such that

B(vh, vh) ≥ α∥vh∥2 ≥ 0.

Moreover, B(vh, vh) = 0 ⇔ ∥vh∥2 = 0 ⇔ vh = 0 ⇔ v = 0. Hence, positive definiteness
of A follows.

The properties of the bilinear form also provide convergence results.

Lemma 3.2.2. [44, Lem. 4.1]: Let u ∈ V be the solution of

B(u, v) = f(v) ∀v ∈ V (3.11)

and uh ∈ Vh the solution of the respective Galerkin problem. Then the orthogonality
relation

B(u− uh, vh) = 0 ∀vh ∈ Vh
holds.
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3 The Finite Element Method

Proof. Since Vh ⊂ V the exact solution u also satisfies

B(u, vh) = f(vh) ∀vh ∈ Vh.

Therefore,

B(u− uh, vh) = B(u, vh)−B(uh, vh) = f(vh)− f(vh) = 0.

This relations leads to an a priori error estimate for the Galerkin solution.

Theorem 3.2.3. (Céa Lemma) [44]: Let u be the solution of the exact problem (3.11)
and uh the solution of the corresponding Galerkin problem. Additionally, let M > 0 and
α > 0 the continuity and coercivity constants of B(·, ·). Then, it holds

∥u− uh∥V ≤
M

α
inf

vh∈Vh

∥u− vh∥V .

Proof. By using the coercivity, the continuity of B(·, ·) and the orthogonality property
from Lemma 3.2.2 twice, the result is obtained directly by:

α∥u− uh∥2V ≤ B(u− uh, u− uh) = B(u− uh, u− vh)
≤M∥u− uh∥V ∥u− vh∥V ,

for all vh ∈ Vh.

If additionally a certain ‘density’ of Vh is assumed, we obtain a result in the limit.

Corollary 3.2.4. [44]: If Vh fulfills the approximation property

lim
Nh→∞

inf
vh∈Vh

∥u− vh∥V = 0,

then
lim

Nh→∞
∥u− uh∥V = 0.
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3.3 Approximation by Piecewise Polynomial Functions

We proceed by constructing concrete spaces for the problems we face in our applications.
Before that, we discuss how to mesh the domain. For the content of this section we refer
to [44], [45] and [46]. Even though this thesis only deals with problems in R3, the
theoretical concepts of this section are also explained in two dimensions for the sake of
comprehensibility. Therefore, let Ω ⊆ Rn with n ∈ {2, 3} denote the domain of interest.
The essential concept of the FEM is the partitioning of Ω into simpler subdomains. We
employ triangles in two dimensions and tetrahedra in three dimensions to build them.

Definition 3.3.1. [44],[45]: A subset T ⊂ R2 is called a triangle if there exist points
x1, x2, x3 ∈ R2 such that T = conv{x1, x2, x3} and |T | > 0.
Similarly, a subset T ⊂ R3 is called tetrahedron if there exist points y1, y2, y3, y4 ∈ R3

such that T = conv{y1, y2, y3, y4} and |T | > 0.
The diameter of a triangle or a tetrahedron T is expressed as

hT := diam(T ),

where diam(T ) = maxx,y∈T |x− y|.
Moreover, we denote with the sphericity ρT the diameter of its inscribed circle or sphere.

An important example is the so-called reference element

Tr =

{︄
conv{(0, 0), (0, 1), (1, 0)} in R2,

conv{(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1)} in R3.
(3.12)

We call the family of subdomains T = {T1, . . . , TM ; M ∈ N} a triangulation or mesh
of Ω and the individual triangles/tetrahedrons Tk the elements of the mesh. Denoting
their diameters as hk, the global mesh size is defined by

h := max
k∈{1,...,M}

hk.

To ensure a well-structured discretization, we induce the following regularity properties.

Definition 3.3.2. [44]: A triangulation T = {T1, . . . , TM} is called admissible if:

• T̊k ̸= ∅ ∀k ∈ {1, . . . ,M},

• T̊k ∩ T̊l = ∅ ∀k, l ∈ {1, . . . ,M}, k ̸= l,

•
⋃︁n

i=1 Ti = Ω̄,

• For any F = Tk ∩ Tl with k ̸= l, one of the following holds:

24



3 The Finite Element Method

1. F = ∅,

2. F is an entire edge (or face) shared by Tk and Tl or,

3. F is a single vertex shared by Tk and Ti.

Moreover, a triangulation is called (shape) regular if there exists a constant δ > 0 such
that

hT
ρT
≤ δ ∀T ∈ T ,

where hT and ρT denote the diameter and the sphericity of an element T respectively.

Shape regularity of a mesh ensures that ill-shaped elements are excluded, meaning the
inner angles of any triangle or tetrahedron cannot be too wide or too narrow. An example
of a two-dimensional admissible and regular mesh can be seen in Figure 3.1.

Figure 3.1: Admissible and regular triangulation of a two-dimensional domain.

In the following we will always assume that we work with admissible and regular meshes.
It is also sometimes useful to impose the additional property of quasi-uniformity to the
mesh:

Definition 3.3.3. [47, Def. 6.3.1]: A triangulation T with global mesh size h > 0 is
called quasi-uniform if there exists a τ > 0 such that

min
Tk∈T

hk > τh.

In practice one chooses finite element spaces as subspaces of H1(Ω). To this end, we
show first that continuity but not necessarily differentiability of functions is sufficient.
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3 The Finite Element Method

Theorem 3.3.1. [46, Thm. 5.2]: Let k ∈ N, n ∈ {2, 3}, Ω ⊂ Rn bounded and T be a
mesh of Ω. Moreover, let v : Ω̄ → R be infinitely differentiable on every element of T .
Then,

v ∈ Hk(Ω)⇔ v ∈ Ck−1(Ω̄).

Proof. We will prove both directions only for k = 1. The case of higher regularity follows
from induction.
Let k = 1 and v ∈ C(Ω̄) be infinitely often differentiable on every element of T =
{Tj}Mj=1. For i = 1, . . . , n define the piecewise function wi : Ω → R, such that for every
j = 1, . . . ,M it holds

wi|Tj
:= ∂xiv|Tj .

On the edges of the elements wi takes one of the limiting values.
Furthermore, let φ ∈ C∞

0 (Ω) be a test function. Then,∫︂
Ω
φwi dx =

M∑︂
j=1

∫︂
Tj

φ(∂xiv) dx =
M∑︂
j=1

[︃
−
∫︂
Tj

(∂xiφ)v dx+

∫︂
∂Tj

φv ν
(j)
i dS

]︃
,

where ν(j) = (ν
(j)
1 , . . . , ν

(j)
n ) denotes the outward pointing unit normal vector on Tj .

Since φ has compact support the boundary integral vanishes and by continuity of v we
have ∫︂

Ω
φwi dx = −

∫︂
Ω
(∂xiφ)v dx,

so wi is the weak derivative of v with respect to xi. Furthermore, v is piecewise smooth
on a bounded domain and therefore its classical derivatives are bounded on each element
Tj , hence wi ∈ L2(Ω). From this it follows that v ∈ H1(Ω).
For the converse direction assume v ∈ H1(Ω). We have v|Tj ∈ C∞(T̄j) for j = 1, . . . ,M,
but it is still possible that there is a jump between two neighboring elements T+ and
T− in the interior of Ω. Denote that jump by

[v](x) := v|T+(x)− v|T−(x) ∀x ∈ T+ ∩ T−.

We show that [v] = 0 almost everywhere on every interior interface and thus v ∈ C(Ω̄).
Let T+ and T− be two arbitrary neighboring elements and Σ := T+ ∩ T−. Choose
φ ∈ C∞

0 (U) on a neighborhood U of Σ such that U intersects with no other intersections
between elements or the boundary. Since v ∈ H1(Ω), we have for all i = 1, . . . , n, that∫︂

Ω
v(∂xiφ) dx = −

∫︂
Ω
(∂xiv)φdx. (3.13)

On the other hand, on the intersection T± ∩ U we can perform classical integration by
parts to get ∫︂

T±∩U
v(∂xiφ) dx = −

∫︂
T±∩U

(∂xiv)φdx+

∫︂
Σ∩U

v|T± φν±i dS,
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3 The Finite Element Method

where ν± are the outward unit normal vectors of T±.
Summing the identities for T+, respectively T− gives∫︂

U
v(∂xiφ) dx = −

∫︂
U
(∂xiv)φdx+

∫︂
Σ∩U

(v|T+ν+i + v|T−ν−i )φdS

= −
∫︂
U
(∂xiv)φdx+

∫︂
Σ∩U

[v] ν+i φdS.

The last inequality follows from ν+ = −ν−.
Using (3.13), we get∫︂

Σ∩U
[v] ν+i φdS = 0 ∀φ ∈ C∞

0 (U) ∀i = 1, . . . , n,

which proves the claim.

Another important property is that locally regular functions on a mesh are globally
well-defined.

Theorem 3.3.2. [44, Property 4.2]: Let v : Ω→ R and T = {Tj}Mj=1 be a mesh on Ω.
Then, the following statements are equivalent:

1. v ∈ H1(Ω).

2. v|T̊j
∈ H1(T̊j) ∀j = 1, . . . ,M and on F := Tl ∩ Tk, l ̸= k, both v|Tk

and v|Tl
have

the same trace on F.

Proof. The proof of this theorem follows a similar approach as the proof of Theorem
3.3.1, so we do not include it here. For a detailed explanation we refer to [47].

Now, we construct explicit function spaces for the Galerkin approximation.

Definition 3.3.4. [44]: Let n ∈ N and Ω ⊂ Rn. For d ≥ 1 the space of polynomials of
degree ≤ d is defined as

Pd(Ω) :=
{︃
p(x) =

∑︂
0≤α1,...,αn

α1+···+αn≤d

cα1,...,αnx
α1
1 . . . xαn

n , cα1,...,αn ∈ R
}︃
.

Remark. The dimension of Pd is given by

Nd := dimPd =

(︃
d+ n

d

)︃
.

Based on this, we construct the finite-dimensional subspace of piecewise polynomials on
a mesh T .
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3 The Finite Element Method

Definition 3.3.5. [48]: Let Th be a mesh of Ω with mesh size h and d ≥ 1. Define

V d
h := {v ∈ C(Ω) | v|T ∈ Pd(T ) ∀T ∈ Th}.

Moreover,
V̊ d
h := {v ∈ V h

d | v|∂Ω = 0}.

Here, the condition on the boundary is understood in the sense of Lemma 3.1.1.

By Theorems 3.3.1 and 3.3.2, the subspace relations V d
h ⊂ H1(Ω) and V̊ d

h ⊂ H1
0 (Ω) are

well-defined.
In order to construct a basis, we note that an element p ∈ Pd is well-defined, whenever
its value on Nd chosen points is known. This holds also for functions v ∈ V d

h . Therefore,
we fix Nd points on every element of the mesh to determine the basis functions. These
points are called degrees of freedom.
Figure 3.2 illustrates these degrees of freedom for d = 1 and d = 2.

Figure 3.2: Degrees of freedom on a single element in two and three dimensions for P1
and P2 polynomials, respectively.

Let {z1, . . . , zNd
} denote these nodes. Then we define the nodal basis of V d

h by the set
of the characteristic Lagrangian functions [44]

B = {φi}Nd
i=1, φi(zj) = δij =

{︄
0 i ̸= j

1 i = j
i, j = 1, . . . , Nd.

Every function vh ∈ V d
h can be expressed as a linear combination of the basis elements

by

vh(x) =

Nd∑︂
i=1

ciφi(x),
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3 The Finite Element Method

with ci = vh(zi).
Coming back to problem (3.8) we obtain the Galerkin formulation by expressing the
unknown function uh ∈ V d

h through the nodal basis,

uh(x) =

Nd∑︂
i=1

uiφi(x).

Setting u := (u1, . . . , uNd
)T , this leads again to a linear system

Au = b,

with stiffness matrix A ∈ RNd×Nd and load vector b ∈ RNd as defined in (3.10). However,
by the explicit choice of the basis, we can say something about the sparsity of A.
A is indeed a sparse matrix, since a basis function φi ∈ B is compactly supported on the
elements of the mesh that have the node zi in common. In particular, Aij = B(φj , φi) ̸=
0 if and only if zi and zj are nodes of the same element. Exploiting this structure is one
of the key computational advantages of the FEM.

3.4 Error Analysis

The aim of this section is to derive an estimate for the approximation error ∥u− uh∥H1

in the energy norm and establish a convergence rate of the Pd-FEM for d ≥ 1. We follow
the approach of [44] and [47]. We start by estimating the interpolation error.

Definition 3.4.1. [44]: The operator Πd
h : C0(Ω̄)→ V d

h defined by

Πd
hv =

Nd∑︂
i=1

v(zi)φi

is called the (global) interpolation operator.
For an element Tk ∈ T the associated local interpolation operator is defined as

Πd
Tk
v =

Nk∑︂
i=1

v(zi,k)φi|Tk

where Nk is the number of degrees of freedom of Tk and zi,k are its nodal points.

We now introduce an affine transformation between the reference element (3.12) and any
other element T ∈ T :

FT : Tr → T,

FT (x̂) = BT x̂+ bT
(3.14)
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3 The Finite Element Method

with BT ∈ Rn×n and bT ∈ Rn.
The strategy for the following derivations is to map to the reference element, estimate
the relevant norms there, and then map back to T. In fact, it holds,

(Πd
T v) ◦ FT = Πd

Tr
v̂,

where v̂ = v ◦ FT .
We begin by estimating the H1-seminorms. The proof of the next statement can be
found in [47].

Proposition 3.4.1. [47, Prop. 3.4.1, 3.4.2] Let T ∈ T and v ∈ H1(T ). Set v̂ := v ◦FT .
Then v̂ ∈ H1(Tr). Moreover, there exists a constant C > 0 such that

|v̂|H1(Tr) ≤ C∥BT ∥|detBT |−
1
2 |v|H1(T )

and
|v|H1(T ) ≤ C∥B−1

T ∥|detBT |
1
2 |v̂|H1(Tr)

with ∥ · ∥ being the matrix norm associated to the Euclidean norm in Rn. Furthermore,
these norms can be estimated by

∥BT ∥ ≤
hT
ρTr

, ∥B−1
T ∥ ≤

hTr

ρT

where hT , ρT and hTr , ρTr are the diameter and the sphericity of T and Tr.

The next two Lemmas provide the final step for first error measurements:

Lemma 3.4.2. (Bramble-Hilbert) [44, Lem. 4.4] Let d ≥ 0 and let l̂ : Hd+1(Tr) →
H1(Tr) be a linear, continuous operator which is polynomial preserving, i.e.

l̂(p̂) = p̂ ∀p̂ ∈ Pd(Tr).

Then, there exists a C > 0 such that

∥v̂ − l̂(v̂)∥H1(Tr) ≤ C inf
p̂∈Pd(Tr)

∥v̂ − p̂∥Hd+1(Tr) ∀v̂ ∈ Hd+1(Tr).

Proof. Let v̂ ∈ Hd+1(Tr). Then, for any p̂ ∈ Pd(Tr) it holds

∥v̂ − l̂(v̂)∥H1(Tr) = ∥v̂ − p̂− l̂(v̂) + l̂(p̂)∥H1(Tr)

= ∥(id− l̂)(v̂ − p̂)∥H1(Tr)

≤ ∥id− l̂∥L(Hd+1(Tr);H1(Tr))∥v̂ − p̂∥Hd+1(Tr).

Here, L(Hd+1(Tr);H
1(Tr)) is the space of linear and continuous transformations, map-

ping from Hd+1(Tr) to H
1(Tr).

From this the claim follows.
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Lemma 3.4.3. (Deny-Lions) [44, Lem. 4.5] Let d ≥ 0. Then, there exists a constant
C > 0, depending on d and Tr, such that

inf
p̂∈Pd(Tr)

∥v̂ − p̂∥Hd+1(Tr) ≤ C|v̂|Hd+1(Tr) ∀v̂ ∈ Hd+1(Tr).

Proof. For a detailed proof of this Lemma, see [47, Prop. 3.4.4].

Combining Lemma 3.4.2 and Lemma 3.4.3, together with Proposition 3.4.1 gives a local
interpolation result:

Theorem 3.4.4. [44, Thm. 4.4] Let d ≥ 1. Then there exists a constant C > 0,
depending on d and Tr, such that for all T ∈ T it holds,

|v −Πd
T v|H1(T ) ≤ C

hd+1
T

ρT
|v|Hd+1(T ) ∀v ∈ Hd+1(T ).

Proof. Let v ∈ Hd+1. For d ≥ 1, the relation Hd+1(T ) ⊂ C0(T ) is fulfilled (see [43]),
therefore the interpolation operator realizes the assumptions of Lemma 3.4.2. Conse-
quently, it holds for all T ∈ T ,

|v −Πd
T v|H1(T ) ≤ C∥B−1

T ∥|detBT |
1
2 |v̂ −Πd

Tr
v̂|H1(Tr)

≤ C 1

ρT
|detBT |

1
2 |v̂ −Πd

Tr
v̂|H1(Tr)

≤ C 1

ρT
|detBT |

1
2 |v̂|H1(Tr)

C
1

ρT
∥BT ∥d+1|v|H1(T )

≤ C
hd+1
T

ρT
|v|Hd+1(T ).

Globalizing this result yields:

Theorem 3.4.5. [44, Thm. 4.5] Let d ≥ 1 and {Th} be a family of regular meshes of
Ω with respective mesh size h > 0. Then there exists a constant C > 0, independent of
h, such that

|v −Πd
hv|H1(Ω) ≤ Chd|v|Hd+1(Ω) ∀v ∈ Hd+1(Ω).
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Proof. Let v ∈ Hd+1(Ω). Then,

|v −Πd
hv|2H1(Ω) =

∑︂
T∈Th

|v −Πd
T v|2H1(T )

≤ C
∑︂
T∈Th

(︃
hd+1
T

ρT

)︃2

|v|2Hd+1(T )

≤ C
∑︂
T∈Th

δ2h2dT |v|2Hd+1(T )

≤ Ch2d|v|2Hd+1(Ω).

Here, δ denotes the shape-regularity constant of the mesh. From this, the claim follows.

From Theorem 3.2.3 (Céa Lemma) and Theorem 3.4.5 the final statement follows:

Corollary 3.4.6. [44, Thm. 4.6] Let u ∈ V be the solution of the variational problem
(3.7) and uh its finite element approximation using a subspace consisting of element-wise
Pd functions for d ≥ 1. If, in addition, u ∈ Hd+1(Ω), there exists a constant C > 0 such
that

∥u− uh∥H1(Ω) ≤
M

α
Chd|u|Hd+1(Ω)

with M and α denoting the continuity and coercivity constants of the bilinear form
associated to the problem.

Remark. Note, that in Corollary 3.4.6 it has to be assumed that u ∈ Hd+1(Ω). It is
possible to reduce this assumption to u ∈ H1(Ω) if one defines other interpolation
operators by averaging the nodal values over a local region of the mesh. One example is
the operator of Scott and Zhang [49].

Another consequence of Proposition 3.4.1 is a statement about the condition number of
the stiffness matrix A.

Theorem 3.4.7. [47] Let A be the stiffness matrix generated by the FEM and h > 0 the
global mesh size of a quasi-uniform triangulation T of Ω. Then, there exists a constant
C > 0, independent of h, such that

κ2(A) ≤ Ch−2.

Proof. The proof of this result uses inverse estimates for piecewise-polynomial functions
of a quasi-uniform mesh and is rather technical, so it is omitted here. More details can
be found in [47, Prop. 6.3.2.].
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3.5 Generalization to Vector Fields

Up to this point, all statements and theorems have been formulated for scalar valued
functions u ∈ H1(Ω;R) or u ∈ H1

0 (Ω;R). The aim of this section is to adapt these
concepts for vector fields u : R3 → R3. The Sobolev theory introduced in Chapter 3.1
carries over naturally by assuming that each component of u(x) = (u1(x), u2(x), u3(x))
satisfies ui ∈ H1(Ω) or ui ∈ H1

0 (Ω). As a consequence, we can write u ∈ (H1(Ω))3 or
u ∈ (H1

0 (Ω))
3.

Of greater importance is the discretization of the subspaces V. For this, let Th be a mesh
of Ω with global mesh size h > 0. Then, we define the space of vector-valued Th-piecewise
affine and globally continuous polynomials of degree d as [50]

Vd
h := {vh ∈ C(Ω;R3) | vh|T ∈ (Pd(T ))3 ∀T ∈ Th}. (3.15)

Analogously,
V̊d

h := {vh ∈ Vd
h | vh,i|∂Ω = 0 ∀i = 1, 2, 3}. (3.16)

Let againN = {z1, . . . , zNd
} be the nodes of the mesh and B = {φi}Nd

i=1 the corresponding
scalar-valued nodal basis. We define the vector-valued nodal basis as [51]

Bv := {ϕα
i : Ω→ R3 | ϕα

i = φieα, i = 1, . . . , Nd; α = 1, 2, 3}.

Here, eα denote the canonical unit vectors in R3. For simplicity, we often write Bv =
{ϕi}Di=1 with D = 3Nd and a coordinate-wise ordering. A vector field can then be
represented in Vd

h as

u(x) =
D∑︂
i=1

ciϕi(x)

with scalar coefficients ci. Alternatively, a representation through the scalar-valued basis
is also possible:

u =

(︃ Nd∑︂
i=1

ci,1φi,

Nd∑︂
i=1

ci,2φi,

Nd∑︂
i=1

ci,3φi

)︃T

.

Using this ansatz for solving PDEs with the FEM we usually obtain an unknown coef-
ficient vector

c = (c1,1, . . . , cNd,1, c1,2, . . . , cNd,2, c1,3, . . . , cNd,3)
T ∈ RD

and a D×D stiffness matrix, which has a block diagonal form with three Nd×Nd sparse
and symmetric blocks on the diagonal. Figure 3.3 illustrates the sparsity pattern of such
a matrix.
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Figure 3.3: Sparsity pattern of a 61941×61941 stiffness matrix of a vector valued Poisson
problem. The symmetric, coordinate-wise block structure is clearly visible.

3.6 Remark on the Applicability of classical FEM Theory

The results presented in this chapter provide the standard theoretical framework for
finite element discretizations of linear elliptic boundary value problems. In particular,
the Galerkin formulation, together with the Lax–Milgram lemma and Céa’s Lemma,
ensures well-posedness and applicability of the approximation properties presented in
Section 3.4 in a Hilbert space setting.

However, the micromagnetic energy minimization problem considered in this work does
not fit directly into this framework. The total energy functional is nonlinear, vector-
valued, and subject to a pointwise non-convex constraint. Moreover, the coupling be-
tween the magnetization and the vector potential introduces nonlinear terms, which
leads to a variational problem that cannot be formulated as a coercive bilinear form on
a linear space. In particular, the admissible set is not convex, and standard arguments
based on Lax–Milgram theory are not applicable to the full problem.

From a mathematical point of view, this results in a regularity gap compared to classical
elliptic problems. Existence of minimizers, the analysis of uniqueness, regularity and
convergence of the finite element approximations are significantly more involved. Rig-
orous convergence results for such problems rely on advanced techniques and have been
studied, for example, in the context of harmonic maps [52], [53].

Therefore, the theory presented in this chapter should be understood as a foundational
tool for the construction and approximation properties of the discrete spaces, rather than
as a complete convergence theory for the full micromagnetic minimization problem.
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4 Finite Element Discretization

As seen in Chapter 3, the FEM reduces finding solutions of PDEs to solving linear
systems by forming appropriate function spaces and expanding with their corresponding
basis. The aim of this section is to use this to discretize the total Gibbs energy in the
setting of the NIST µMAG standard problem #3, i.e. the energy terms involved in
(2.25).
Therefore, we employ a joint discretization scheme, in which both the magnetization
and the vector potential are expressed by their finite element ansatz simultaneously.
Conversely, in the second part of this chapter alternating minimization methods are
tested.
The following computations are largely based on the derivations in [11].

4.1 Joint Minimization

Let Ω ⊂ R3 be the magnetic domain. A significant challenge for the numerical compu-
tation arises from the integration over the whole space R3 in (2.25), since the FEM can
only handle finite domains. To overcome this obstacle, we approximate R3 by a finite
cube K in which Ω is embedded [36]. This region is assumed to have zero magnetization,
and homogeneous Dirichlet boundary conditions are imposed on the outer faces of K.
We denote the inner boundary of K by ΓI and the outer facets by ΓD. If K is sufficiently
large, it is a reasonable representation of the whole space R3. However, this method also
increases the computational effort, since the vector potential has to be computed on the
surrounding region as well, which raises the number of degrees of freedom.
We introduce a triangulation Th on both the magnetic domain Ω and on K with global
mesh size h > 0. The mesh does not need to be uniform; in fact, it is coarsened progres-
sively with increasing distance to Ω. A detailed description of the mesh is provided in
Section 6.1.4.
For the finite element subspace we use the space of piecewise affine, vector-valued P1-
polynomials defined in (3.15), including the Dirichlet boundary conditions:

V̊1
h = {vh ∈ C(Ω̄∪K;R3) | vh|T ∈ (P1(T )), ∀T ∈ Th; vh,i|ΓD

= 0, ∀i = 1, 2, 3}. (4.1)

Let Nh := {z1, . . . , zNd
} be the nodes of the mesh and Bv = {ϕi}Di=1 the corresponding

vector-valued nodal basis. Here again D = 3Nd.
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4 Finite Element Discretization

The magnetization and the vector potential can now be represented as a linear combi-
nation of these basis elements by

m(x) =
D∑︂
i=1

αiϕi(x)

and

A(x) =

D∑︂
i=1

βiϕi(x),

with αi, βi ∈ R, ∀i. It will be useful to express the components of the vector fields through
the scalar-valued basis B = {φi}Nd

i=1 as well, so we also write, as in Section 3.5,

m(x) =

(︃ Nd∑︂
i=1

αi,1φi(x),

Nd∑︂
i=1

αi,2φi(x),

Nd∑︂
i=1

αi,3φi(x)

)︃T

(4.2)

and

A(x) =

(︃ Nd∑︂
i=1

βi,1φi(x),

Nd∑︂
i=1

βi,2φi(x),

Nd∑︂
i=1

βi,3φi(x)

)︃T

. (4.3)

Plugging this into equation (2.25), we can formulate algebraic systems in terms of the
coefficient vectors

cm := (α1,1, . . . , αNd,1, α1,2, . . . , αNd,2, α1,3, . . . , αNd,3)
T ∈ RD

and
cA := (β1,1, . . . , βNd,1, β1,2, . . . , βNd,2, β1,3, . . . , βNd,3)

T ∈ RD.

4.1.1 Discretization of the Exchange Energy

We start with the discretization of the exchange energy,

eex(m) =

∫︂
Ω
Ãex∥∇m∥2F dx =

∫︂
Ω
Ãex

3∑︂
i=1

|∇mi|2 dx.

Here, we write m = (m1,m2,m3)
T . Following the approach from [11], we start with

assembling the stiffness matrix for a single tetrahedron of the mesh and then build a
global one with the use of connectivity matrices. Fix an element Tk ∈ Th and use the
ansatz (4.2) to get

m
(k)
i (x) =

4∑︂
s=1

αs,iφs(x), (4.4)
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where (φs)
4
s=1 are the shape functions associated with the four local nodes of Tk. Note

that there are four degrees of freedom per element due to the use of P1-finite element
spaces. Furthermore, the squared gradients can be expressed as

|∇m(k)
i |

2 =

(︃ 4∑︂
s=1

αs,i∇φs

)︃
·
(︃ 4∑︂

t=1

αt,i∇φt

)︃
=

4∑︂
s,t=1

αs,iαt,i∇φs · ∇φt,

for i = 1, 2, 3. Therefore, the exchange energy can locally be described by

e(k)ex =
1

2

3∑︂
i,j=1

4∑︂
s,t=1

αs,i(F
(k)
ex )si,tjαt,j ,

with the local 12× 12 stiffness matrix F
(k)
ex with entries:

(F (k)
ex )si,tj = 2Ãex

(︃∫︂
Tk

∇φs · ∇φt dx

)︃
δij .

Here δij denotes the Kronecker Delta. Thus, F
(k)
ex is a block diagonal matrix with three

4× 4 diagonal blocks:

F (k)
ex = 2Ãex

⎡⎣S(k) 0 0

0 S(k) 0

0 0 S(k)

⎤⎦
with S(k) ∈ R4×4 and entries (S(k))st =

∫︁
Tk
∇φs · ∇φt dx, s, t = 1, . . . , 4.

To globally extend this stiffness matrix, we multiply with connectivity matrices C(k) ∈
RNd×4 with entries

C
(k)
ls =

{︄
1 if the global node l corresponds to a local node s on the element Tk,

0 else

in the following way

Smn =
E∑︂

k=1

4∑︂
s,t=1

C(k)
msS

(k)
st C

(k)
nt .

Consequently, the entries of S reflect the topology of the mesh, since Smn is nonzero
only when the nodes m and n share an edge of a mesh element.
The resulting global stiffness matrix is

Fex = 2Ãex

⎡⎣S 0 0
0 S 0
0 0 S

⎤⎦ ∈ RD×D

and the discretized energy becomes

ẽex(cm) =
1

2
cTmFexcm.
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4.1.2 Discretization of the Anisotropy Energy

Next, we discretize the magnetocrystalline anisotropy energy

ea(m) =

∫︂
Ω
Q(1− (m · a)2) dx.

In the minimization process the first, constant term can be neglected, thus, we only
consider

min
m

[︃
−Q

∫︂
Ω
(m · a)2 dx

]︃
.

We proceed analogously to the discretization of the exchange energy. Fixing a single
mesh element Tk and plugging in the local ansatz for the magnetization leads to

e(k)a =
1

2

3∑︂
i,j=1

4∑︂
s,t=1

αs,i(F
(k)
a )si,tjαt,j

with the 12× 12 stiffness matrix F
(k)
a consisting of

(F (k)
a )si,tj = −2Qaiaj

∫︂
Tk

φsφt dx.

Since the easy axis a = (a1, a2, a3)
T is parallel to the z-axis, we choose a = (0, 0, 1)T and

the block diagonal form of F
(k)
a reduces to

F (k)
a = −2Q

⎡⎣0 0 0
0 0 0

0 0 M (k)

⎤⎦ ,
with M (k) ∈ R4×4 and entries (M (k))st =

∫︁
Tk
φsφt dx s, t = 1, . . . , 4.

Again, we globalize the results by multiplying with connectivity matrices, i.e.

Mmn =
E∑︂

k=1

4∑︂
s,t=1

C(k)
msM

(k)
st C

(k)
nt . (4.5)

We arrive at a global stiffness matrix

Fa = −2Q

⎡⎣0 0 0
0 0 0
0 0 M

⎤⎦ ∈ RD×D

and the corresponding reduced discrete energy functional

ẽa(cm) =
1

2
cTmFacm

which differs from the full discrete anisotropy energy only by an additive constant.
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4.1.3 Discretization of the Stray Field Energy

Next, we deal with the upper bound for the stray field energy

eA(m) =

∫︂
Ω
∥m∥2dx+

∫︂
K
∥∇A∥2 dx− 2

∫︂
Ω
m · (∇×A) dx, (4.6)

where we already reduced the integral over the whole space to the model cube K. The
reformulation of the first two terms, which are isolated inm andA respectively, is similar
to the sections before. For the quadratic term in m we use again the local ansatz (4.4)
on an element Tk and get

∥m(k)∥2 = (m
(k)
1 )2 + (m

(k)
2 )2 + (m

(k)
3 )2 =

3∑︂
i=1

4∑︂
s,t=1

αs,iαt,iφsφt.

It follows that∫︂
Tk

∥m∥2 dx =
3∑︂

i=1

4∑︂
s,t=1

αs,iαt,i

∫︂
Tk

φsφt dx =
3∑︂

i,j=1

4∑︂
s,t=1

αs,i(F
(k)
d )si,tjαt,j ,

with the local stiffness matrix F
(k)
d ∈ R12×12 having entries

(F
(k)
d )si,tj =

(︃∫︂
Tk

φsφt dx

)︃
δij .

Again F
(k)
d is a block diagonal matrix of the form

F
(k)
d =

⎡⎣M (k) 0 0

0 M (k) 0

0 0 M (k)

⎤⎦ , (4.7)

with M (k) defined as before through (M (k))st =
∫︁
Tk
φsφt dx, s, t = 1, . . . , 4.

On the other hand, using a local ansatz

A
(k)
i (x) =

4∑︂
s=1

βs,iφs(x) (4.8)

on an element Tk ∈ Th yields∫︂
Tk

∇A : ∇A dx =

3∑︂
i=1

4∑︂
s,t=1

βs,iβt,i

∫︂
Tk

∇φs · ∇φt dx =

3∑︂
i,j=1

4∑︂
s,t=1

βs,i(F
(k)
A )si,tjβt,j .

As before, F
(k)
A is a 12× 12 block diagonal matrix of the form

F
(k)
A =

⎡⎣B(k) 0 0

0 B(k) 0

0 0 B(k)

⎤⎦ ,
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with B ∈ R4×4 and entries

B
(k)
st =

∫︂
Tk

∇φs · ∇φt dx.

Next, we look at the ‘mixed’ term

−2
∫︂
Ω
m · (∇×A) dx.

Using both local formulations (4.4) and (4.8) and the definition of the curl of a vector
field F := (F1, F2, F3)

T ,

∇× F = (∂yF3 − ∂zF2, ∂zF1 − ∂xF3, ∂xF2 − ∂yF1)
T ,

we get ∫︂
Tk

m · (∇×A) dx =

4∑︂
s,t=1

∫︂
Tk

αs,1φs(βt,3∂yφj − βt,2∂zφj) dx

+

4∑︂
s,t=1

∫︂
Tk

αs,2φs(βt,1∂zφj − βt,3∂xφj) dx

+
4∑︂

s,t=1

∫︂
Tk

αs,3φs(βt,2∂xφj − βt,1∂yφj) dx

=
3∑︂

i,j=1

4∑︂
s,t=1

αs,i(K
(k))si,tjβt,j .

Here,

K(k) =

⎡⎣ 0 −Z(k) Y (k)

Z(k) 0 −X(k)

−Y (k) X(k) 0

⎤⎦ ∈ R12×12,

with sub-matrices X(k), Y (k), Z(k) ∈ R4×4 with entries

X
(k)
ij =

∫︂
Tk

φi∂xφj dx,

Y
(k)
ij =

∫︂
Tk

φi∂yφj dx,

Z
(k)
ij =

∫︂
Tk

φi∂zφj dx,

for i, j = 1, . . . , 4. After globalization of all the involved matrices like in the sections
before, we end up with a discretized upper bound of the stray field energy

ẽA(cm, cA) = cTmFdcm + cTAFAcA − 2cTmKcA.
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4.1.4 The discretized Total Gibbs Free Energy

Combining the derived energy terms leads to a fully discretized formulation

ẽNIST (cm, cA) =
1

2
cTmHcm +

1

2
cTAFAcA − cTm2KcA. (4.9)

Here, the matrix H = Fd + Fa + Fex ∈ RD×D represents the summed entries for the
isolated magnetization terms. This can be further simplified by defining c := (cm, cA) ∈
R2D and

H̃ :=

[︃
H 0
0 0

]︃
, F̃ :=

[︃
0 0
0 FA

]︃
, K̃ :=

1

2

[︃
0 K
KT 0

]︃
∈ R2D×2D.

Let now I := {1, . . . , Nd} be the set of indices corresponding to the degrees of freedom
of the mesh and assume N ≤ Nd nodes are part of the magnetic region Ω. Without loss
of generality, denote by IΩ := {1, . . . , N} the set of the node indices inside of Ω.
The full discretized joint minimization problem reads now as

minG(c) :=
1

2
cT (H̃ + F̃ − 2K̃)c (4.10)

subject to

c = (cm, cA) ∈ R2D,

{︄
∥cm,i∥ =

√︂
α2
i,1 + α2

i,2 + α2
i,3 = 1 for i ∈ IΩ

cm,j = 0 else.
(4.11)

4.2 Alternating Minimization

In contrast to the simultaneous minimization, we now consider a novel alternating min-
imization approach in order to simplify the occurring energy terms. To calculate the
minimum of (2.25) we can start with a fixed magnetization and minimize the upper
bound of the stray field energy eA (4.6) with respect to the vector potential alone. Then
the optimization problem for the total energy (2.25) is solved for a new magnetization
using the previously calculated vector potential as a parameter. This process is repeated
until a total minimum for both the magnetization and the vector potential is reached.
Algorithm 1 depicts this alternating scheme. In this setting, the discretization and the
resulting algebraic systems change as well.

4.2.1 Discretization for fixed Magnetization

Let Ω ⊂ R3 be the magnetic domain and let m : R3 → R3 be a fixed magnetization such
that m = 0 in R3\Ω. In order to minimize the Gibbs free energy functional (2.25), it is
now only necessary to consider the problem

min
A

1

2

(︃∫︂
K
∥∇A∥2 dx− 2

∫︂
Ω
m · (∇×A) dx

)︃
.
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Algorithm 1 Alternating Minimization Scheme

Task: minimize total energy eNIST (m,A) depicted in (2.25), subject to ∥m∥ = 1 in the
magnetic domain Ω.

1: Choose initial magnetization m0.

2: for k = 0, 1, 2, . . . do:

3: Ak ← argminA
1
2eA(mk,A)

4: mk+1 ← argminm eNIST (m,Ak), s.t. ∥m∥ = 1 in Ω

5: k ← k + 1

6: end for

Again, the full space integral is replaced by a finite cube K, modeling R3. Analogous to
the simultaneous minimization, the vector potential is written in terms of scalar basis
functions of the finite element space as in (4.3) and the discretization of the quadratic
term leads to ∫︂

K
∥∇A∥2 dx = cTAFAcA,

with FA as in Section 4.1.3. The remaining term∫︂
Ω
m · (∇×A) dx

is now linear in A and therefore, plugging in the ansatz yields

m · (∇×A) =

Nd∑︂
j=1

m1(βj,3∂yφj − βj,2∂zφj)

+

Nd∑︂
j=1

m2(βj,1∂zφj − βj,3∂xφj)

+

Nd∑︂
j=1

m3(βj,2∂xφj − βj,1∂yφj).

This leads to ∫︂
Ω
m · (∇×A) dx = fT cA,

with
f = (f (1), f (2), f (3))T ∈ RD,
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with entries

f
(1)
i =

∫︂
Ω
m2∂zφi −m3∂yφi dx,

f
(2)
i =

∫︂
Ω
m3∂xφi −m1∂zφi dx,

f
(3)
i =

∫︂
Ω
m1∂yφi −m2∂xφi dx

for i = 1, . . . , Nd.
The final quadratic problem reads

min
cA∈RD

1

2
cTAFAcA − fT cA. (4.12)

4.2.2 Discretization for fixed Vector Potential

For a fixed vector potential the discretization of the stray field energy reduces to refor-
mulating ∫︂

Ω
∥m∥2dx− 2

∫︂
Ω
m · (∇×A) dx.

Again, the quadratic term is derived as in the sections before, so we only consider the
linear part.
Thus, we obtain∫︂

Ω
m · (∇×A) dx =

∫︂
Ω
m1(∇×A)1 +m2(∇×A)2 +m3(∇×A)3 dx

=

∫︂
Ω

3∑︂
i=1

(︃ Nd∑︂
s=1

αs,iφs

)︃
(∇×A)i dx.

This expression can be written as an inner product

gT cm

with a load vector
g = (g(1),g(2),g(3))T ∈ RD,

with entries

g
(i)
j =

∫︂
Ω
φj(∇×Ai) dx.

For the exchange and anisotropy energy, the calculations remain the same as in Sections
4.1.1 and 4.1.2. To conclude, the final constraint problem reads:

min
cm∈RD

1

2
cm

THcm − gT cm (4.13)
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subject to {︄
∥cm,i∥ =

√︂
α2
i,1 + α2

i,2 + α2
i,3 = 1 for i ∈ IΩ

cm,j = 0 else.
(4.14)

Here again,
H = Fd + Fa + Fex

is the combined stiffness matrix and IΩ denotes the set of node indices within the
magnetic domain.
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Minimization

The aim of this chapter is to provide the mathematical background for the optimization
techniques used in the numerical computations. The focus is on establishing variants
of the quadratic penalty method, the augmented Lagrangian method and conjugate
gradient method for solving large linear systems with a nonlinear unit norm constraint
efficiently.

5.1 Penalty Methods

In the course of this thesis, different methods of solving the constraint problem (4.10)-
(4.11) will be observed. As a starting point serves the classical scheme of penalty meth-
ods. The mathematical theory of this section can be found in [54], whereas [39] deals
with the micromagnetic adaptions.
The main motivation to use penalty type methods is to transform a constraint optimiza-
tion problem into an unconstrained one by introducing additional terms to the objective
function in order to penalize violations of the constraints. More specifically, consider the
problem

min
c∈X

G(c) s.t. hi(c) = 0 ∀i ∈ I. (5.1)

Here, I = {1, . . . ,m} and h(c) := (h1(c), . . . , hm(c))T represents the nonlinear con-
straints. In the context of problem (4.10) we have X = R2D,

G(c) = G(cm, cA) =
1

2
cT (H̃ + F̃ − 2K̃)c

and

hi(c) =

⎧⎨⎩
1
2(∥cm,i∥2 − 1) ∀i ∈ IΩ,
1
2∥cm,i∥2 else,

(5.2)

with IΩ being the node indices inside the magnet, so the unit norm constraints only act
on the coefficients of the magnetization.
Since we are solely dealing with equality constraints, it will be sufficient to consider
problem (5.1), but in general it is also possible to treat inequality conditions with a
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penalty scheme. See [54] for further reading on this topic.
The (quadratic) penalty function associated with problem (5.1) is defined by

Q(c;µ) := G(c) +
µ

2

∑︂
i∈I

hi(c)
2.

Here, µ > 0 is the penalty parameter which determines the violation of the constraints.
In the micromagnetic framework, we get

Q(c;µ) :=
1

2
cT (H̃ + F̃ − 2K̃)c+

µ

2

∑︂
i∈IΩ

(︃
1

2
(∥cm,i∥2 − 1)

)︃2

+
µ

2

∑︂
i∈I\IΩ

(︃
1

2
∥cm,i∥2

)︃2

.

The benefit of introducing this formulation is that by driving µ to infinity and suc-
cessively minimizing the corresponding penalty function, the iterates of the resulting
scheme approach the solution of problem (5.1) from the infeasible region of the solution
space. This means, instead of solving a constraint problem, a sequence of unconstrained
problems can be solved.
One has to be careful in choosing the penalty parameter µ. In general, one starts at
a relatively small µ0 and generates a sequence of increasing parameters, solving a sub-
problem for every one of them. As the sequence tends to infinity, the constraints get
penalized more heavily, forcing the optimal value to fulfill them. However, a too large
penalty parameter results in an ill-conditioned Hessian of the objective function (see the
discussion below). Therefore, there are several ways to choose a new penalty parameter
µk+1 adaptively by taking into account the complexity of the minimization subproblem.
If the optimization step was expensive, the new penalty parameter should be chosen not
much larger than the current one, if not, a more ambitious step can be made in order
to improve the global convergence speed. In the view of problem (4.10), we measure the
difference in constraint violations compared with the previous step. If the improvement
was not good enough, µ is multiplied by a scaling constant M = 5, otherwise the pa-
rameter is preserved for the next step. A general algorithmic framework is depicted in
Algorithm 2. Convergence of the method is shown in the following theorem.

Theorem 5.1.1. [54, Thm. 17.2], [39, Thm. 1]: Assume a framework as in Algorithm
2 with {τk}k∈N → 0 and {µk}k∈N →∞. Then, for the limit c∗ of the generated sequence
{ck}k∈N it holds:

i) If c∗ is infeasible (h(c∗) ̸= 0), c∗ is a stationary point of the function c ↦→ ∥h(c)∥2.

ii) If c∗ is feasible and ∇hi(c∗) are linearly independent for all i ∈ I, c∗ is a KKT
point of problem (4.10).

Remark. [55] The limit point c∗ being a Karush-Kuhn-Tucker (KKT) point of problem
(4.10) means that there exists a λ∗ ∈ RNd such that the Lagrangian function

L(c;λ) := G(c)− λTh(c),
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Algorithm 2 Quadr. Penalty method, adapted from [54, Framework 17.1], [39, Alg. 4]

1: Choose initial c0 ∈ R2D, µ0 > 0, γ ∈ [0, 1), a tolerance ε > 0 and a sequence
{τk}k∈N → 0, set k = 0.

2: while ∥∇cQ(ck;µk)∥ > ε do:

3: x∗ ← argmincQ(c;µk), starting at ck and minimizing until ∥∇cQ(x∗;µk)∥ ≤ τk
4: if ∥h(x∗)∥ ≤ γ∥h(ck)∥ :
5: µk+1 ← µk

6: else :

7: µk+1 ← 5µk

8: ck+1 ← x∗

9: k ← k + 1

10: end while

with λ ∈ RD being the vector of Lagrange multipliers, fulfills

∇cL(c∗,λ∗) = 0, (5.3)

∇λL(c∗,λ∗) = 0. (5.4)

Proof. Let k > 0. It holds:

∇cQ(ck;µk) = ∇G(ck) + µk
∑︂
i∈I

hi(ck)∇hi(ck), (5.5)

and therefore, ⃦⃦⃦⃦
∇G(ck) + µk

∑︂
i∈I

hi(ck)∇hi(ck)
⃦⃦⃦⃦
≤ τk.

This is equivalent to ⃦⃦⃦⃦∑︂
i∈I

hi(ck)∇hi(ck)
⃦⃦⃦⃦
≤ 1

µk
(τk + ∥∇G(ck)∥).

Taking the limit on both sides of this inequality leads, up to a subsequence, to∑︂
i∈I

hi(c
∗)∇hi(c∗) = 0,

since µk →∞ as k →∞.
If hi(c

∗) ̸= 0 for at least one i ∈ I, this is equivalent to c∗ being a stationary point of
the function ∥h(·)∥2.
Otherwise, if h(c∗) = 0, then condition (5.4) is fulfilled by definition. Furthermore, if
∇hi(c∗) are linearly independent for all i ∈ I, the matrix

D(c∗) := [∇hi(c∗)]i∈I
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has full rank.
Define

λ
(k)
i := −µkhi(ck).

From (5.5) we get
∇cQ(ck;µk) = ∇G(ck)−D(ck)

Tλ(k). (5.6)

Since ∥∇cQ(ck;µk)∥ is bounded by τk, we find a finite limit limk→∞ λ(k) = λ∗ < ∞.
Equation (5.6) can be restated as

λ(k) = [D(ck)D(ck)
T ]−1D(ck)(∇G(ck)−∇cQ(ck;µk)),

and in the limit this becomes

λ∗ = [D(c∗)D(c∗)T ]−1D(c∗)∇G(c∗).

Therefore,
∇G(c∗)−D(c∗)Tλ∗ = 0

and condition (5.3) is satisfied as well.

Theorem 5.1.1 hints that additionally to the global stopping criterion, one has to break
the iterative loop earlier, if a stationary point of ∥h(·)∥2 is approached. To this end, the
matrix D(c) := [∇h1(c), . . . ,∇hNd

(c)] ∈ RD×Nd from the proof of Theorem 5.1.1 has to
be observed in the context of micromagnetism. This matrix has the form

D(c) =

⎡⎢⎣cm,1

. . .

cm,Nd

⎤⎥⎦
and the condition of linear inequality of the gradients holds if and only if D(c∗) has full
rank. A feasible c always fulfills this condition; thus, feasibility of c∗ is sufficient to get
a KKT-point.
On the other hand, infeasibility of c∗ means that h(c∗) ∈ ker(D(c∗)) which is equivalent
to

hi(c
∗)cm

∗
,i = 0 ∀i ∈ IΩ.

Therefore, Algorithm 2 will be safeguarded by restarting the iterations if a point ck
fulfills

max
i
hi(ck)(ck)m,i < tol,

for a given tolerance tol > 0 [39].
Nevertheless, the quadratic penalty method can lead to solving problems where the
involved matrices have large condition numbers. Note that in every step of Algorithm 2,
the previously calculated solution is used as a starting point for the current minimization.
This and a small initial choice of µ0 resolves some of the ill-conditioning issues, but for
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larger penalty parameters, problems may occur. Taking a closer look at the Hessian of
the penalty function,

∇2
ccQ(c;µ) = ∇2G(c) +

∑︂
i∈I

µhi(c)∇2hi(c) + µD(c)TD(c),

reveals that for all c near a feasible minimizer it holds

∇2
ccQ(c;µ) ≈ ∇2L(c;λ∗) + µD(c)TD(c).

In this case, the Hessian consists of two parts - one with eigenvalues independent of µ
and another with eigenvalues of order µ. Thus, pushing µ to infinity leads to an increase
of the condition number of ∇2

ccQ by the same factor [54].
Despite this drawback, the method is still useful for our calculations. However, this
motivates the construction of programs which tend to increase the penalty parameter
more moderately, for example the augmented Lagrangian method.

5.2 The Augmented Lagrangian Method

In order to deal with the problem of gradual ill-conditioning, the quadratic penalty
method suffers from, we desire more options to achieve convergence to a minimizer
other than increasing the penalty parameter. One option is considering a Lagrangian-
type formulation of the problem.
Therefore, we take a closer look at Theorem 5.1.1 and observe the following:

Lemma 5.2.1. [54, Thm. 17.2] Assume a framework as in Algorithm 2 with {τk}k∈N →
0 and {µk}k∈N →∞. If a limit point c∗ of the generated sequence {ck} is a KKT-point
of problem (4.10), then for any sequence {ck}k∈N such that ck → c∗ it holds, up to a
subsequence, that

lim
k→∞

−µkhi(ck) = λ∗i ∀i ∈ I,

with λ∗ = (λ1, . . . , λNd
)T being the respective vector of Lagrange multipliers.

Proof. This statement follows from the proof of Theorem 5.1.1.

This means that ∀i ∈ I,
hi(ck) ≈ −

λ∗i
µk
,

so the current iterate does not fulfill the constraints precisely, even though in the limit
it holds hi(ck) → 0 as k → ∞. To avoid this behavior, consider now a combination of
the Lagrangian and the penalty function:

LA(c;µ,λ) := Q(c;µ)−
∑︂
i∈I

λihi(c).
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In the algorithmic framework the task is now to update µk and λk and find

ck = argmin
c
LA(c, µk,λk).

For this minimum, the optimality condition

0 ≈ ∇cLA(ck;µk,λk) = ∇cG(c)−
∑︂
i∈I

(︁
λki − µkhi(ck)

)︁
∇hi(ck)

holds. Comparing this to the first KKT-condition (5.3) of problem (4.10), we get that

λ∗i ≈ λki − µkhi(ck)

for a vector of Lagrange multipliers λ∗, or equivalently

hi(ck) ≈ −
1

µk
(λ∗i − λki ).

Thus, in order to achieve feasibility, we can take λki closer to λ
∗
i in every step by upgrading

λk+1
i = λki − µkhi(ck). Algorithm 3 depicts this scheme. The update pattern for µk and

λk follows the approach from [56]. Note that µk is still updated, but it is not necessary
to do this by a large factor and at every step. Most importantly, for convergence it is
not needed to push µk to infinity as the following theorem suggests.

Theorem 5.2.2. [54, Thm. 17.5] Let c∗ ∈ R2D be a solution of (5.1) such that ∇hi(c∗)
are linearly independent for all i ∈ I and let λ∗ ∈ RNd be the corresponding vector
of Lagrange multipliers. Let (c∗,λ∗) fulfill the second-order optimality condition (see
Remark below). Then, there exists a µ̃ > 0 such that

c∗ = argmin
c
LA(c;µ,λ∗) ∀µ ≥ µ̃.

Remark. [54, Thm. 12.6] A tuple (c∗,λ∗) ∈ R2D × RNd fulfilling the second-order
optimality condition means that

ξT∇2
ccL(c∗;λ∗)ξ > 0,

for all ξ ∈ {x ∈ R2D | ∇hi(c∗)Tx = 0 ∀i ∈ I; x ̸= 0}.

Proof. For reasons of simplicity the proof of this theorem is not stated here, but can be
found in [54].
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Algorithm 3 Augmented Lagrangian method [54, Framework 17.3], [56, Alg. 1]

1: Choose initial c0 ∈ R2D,λ0 ∈ RNd , µ0 > 0, global tolerances ε, η > 0 and local
tolerance parameters ρ0, τ0 > 0, set k = 0.

2: while ∥∇cLA(ck;µk,λk)∥ > ε and ∥h(ck)∥ > η do:

3: x∗ ← argminc LA(c;µk,λk) by starting at ck and minimizing until

∥∇cLA(x∗;µk,λ
k)∥ ≤ τk

4: if ∥h(x∗)∥ < ρk :

5: λk+1 ← λk − µkh(x∗)

6: µk+1 ← µk

7: τk+1 ← τk/µk+1

8: ρk+1 ← ρk/
√
µk+1

9: else :

10: λk+1 ← λk

11: µk+1 ← 5µk

12: τk+1 ← 1/µk+1

13: ρk+1 ← 1/
√
µk+1

14: ck+1 ← x∗

15: k ← k + 1

16: end while

5.3 The Conjugate Gradient Method

As we have seen in Chapter 4, the finite element discretization results in minimization
problems of the following form:

min
x
ψ(x) :=

1

2
xTAx− bTx (5.7)

with suitable (nonlinear) unit norm constraints. In the micromagnetic setting x ∈ Rn

represents the coefficient vector, A ∈ Rn×n the stiffness matrix and bT ∈ Rn possible
linear terms if we fix the magnetization or the vector potential. The joint minimiza-
tion setting can be interpreted as a special case of this formulation with b = 0. This
optimization task is equivalent to solving a linear system, since its gradient satisfies

∇ψ(x) = Ax− b.

A common method to solve such tasks is the (nonlinear) conjugate gradient method (CG-
method), which will be derived in the following sections. We start with the linear CG-
method, but in order to include the nonlinear unit-norm constraint, we also implement
a projected CG-scheme.
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5.3.1 The Linear Conjugate Gradient Method

Before addressing the nonlinear case, the linear CG-method will be reviewed. The
content of this section largely follows [54], [55] and [57].
For linear methods it is assumed that the matrix A in (5.7) is not only symmetric but
also positive definite (SPD). In this case, problem (5.7) becomes convex. The idea of
using conjugate directions was first proposed by Hestenes and Stiefel in the 1950s [58]
and is well-suited for large and/or sparse matrices since it comes with little storing effort
and a fast convergence rate.
We start by defining what conjugate directions are.

Definition 5.3.1. [54]: A set of nonzero vectors {p0, . . . ,pk−1} is called conjugate with
respect to the matrix A if

pT
i Apj = 0 ∀i, j ∈ {0, . . . , k − 1}, i ̸= j. (5.8)

Remark. From being conjugate with respect to A it follows that {p0, . . . ,pk−1} is also a
set of linearly independent vectors. Indeed, if we assume 0 =

∑︁k−1
i=0 λipi, it holds after

multiplication with pT
l A, 0 ≤ l ≤ k − 1 that

0 = pT
l A

k−1∑︂
i=0

λipi = λlp
T
l Apl.

Since A is SPD, we have λl = 0.

In the following we will call

r(x) := ∇ψ(x) = Ax− b

the residual at a point x. Starting from an initial x0, the CG-method generates a sequence
of iterates by

xk+1 = xk + αkpk (5.9)

until a minimizer x∗ is reached, fulfilling r(x∗) ≈ 0. Here, αk denotes a step size which
has to be determined during the optimization routine. If we choose the step size as

αk = argmin
α

ψ(xk + αpk) (5.10)

the following convergence result holds:

Theorem 5.3.1. [55, Thm. 6.3.2]: Let ψ : Rn → R be defined as in (5.7) with A ∈
Rn×n SPD and b ∈ Rn. Furthermore, let {p0, . . . ,pk−1} be a set of nonzero conjugate
vectors with respect to A. Any sequence {xk}k∈N generated by xk+1 = xk + αkpk with
αk as in (5.10) converges to the solution x∗ of

min
x
ψ(x)
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in at most n steps.
Furthermore, for rk := r(xk) the explicit form of the step size is

αk = −
rTk pk

pT
kApk

.

Proof. We start by explicitly stating the step size. For k = 0, . . . , n− 1 let

Φ(α) := ψ(xk + αpk) =
1

2
α2pT

kApk + α(Axk − b)Tpk +
1

2
xT
kAxk − bTxk

and
Φ′(α) = αpT

kApk + rTk pk.

In order to satisfy the first order optimality condition Φ′(α) = 0, we get

α = −
rTk pk

pT
kApk

.

For the proof of the convergence statement we observe that the vectors {p0, . . . ,pn−1} are
linearly independent and therefore span the whole space Rn. We can write the difference
between the starting point of the iteration x0 and x∗ as

x∗ − x0 =
n−1∑︂
i=0

λipi

for some scalar coefficients λi ∈ R. For all k = 0, . . . , n − 1 we multiply this difference
by pT

kA and get by the conjugacy property

λk =
pT
kA(x

∗ − x0)

pT
kApk

.

We show that λk = αk for all k = 0, . . . , n− 1. Then the result follows.
Let xk be generated by (5.9). Then

xk = x0 + α0p0 + · · ·+ αk−1pk−1.

We again multiply by pT
kA and get

pT
kA(xk − x0) = 0

and therefore

pT
kA(x

∗ − x0) = pT
kA(x

∗ − xk) = pT
k (b−Axk) = −pT

k rk.

This proves the claim.
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To generate the set of conjugate directions one can in general use the set of eigenvectors
of A or a modified Gram-Schmidt procedure to calculate them. However, there is a much
more efficient method. For this, we need some preliminary results for the gradients which
form the residual.

Proposition 5.3.2. [54, Thm. 5.2]: Let the setting be the same as in Theorem 5.3.1.
Then the sequence of residuals {rk}k∈N fulfills

i) rk+1 = rk + αkApk,

ii) rTk pi = 0 ∀i = 0, . . . , k − 1.

Proof.

i) We have
rk+1 = Axk+1 − b = A(xk + αkpk)− b = rk + αkApk.

ii) We prove the second statement by induction over k. Start with k = 1 and observe
by (i) and the definition of αk that

rT1 p0 = rT0 p0 + α0(Ap0)
Tp0 = 0.

Assume now rTk−1pi = 0, ∀i = 0, . . . , k − 2. Again, conclude

rTk pk−1 = rTk−1pk−1 + αk−1(Apk−1)
Tpk−1 = 0.

For the other vectors pi, i = 0, . . . , k − 2 we have

rTk pi = rTk−1pi + αk−1(Apk−1)
Tpi = 0,

since the first summand is zero by the induction hypothesis and the second by the
conjugacy property.

This leads to a method to recursively generate p0, . . . ,pn−1 while running the iterations.
Here, the key aspect is that the current vector can be computed only with the previous
iterate. The conjugacy to the other iterates will follow automatically.
Let x0 ∈ Rn be given. Choose p0 := −∇ψ(x0) = −r0. Assume that for l ∈ {0, . . . , n−2}
we have already constructed vectors p0, . . . ,pl ∈ Rn\{0} with

pT
i Apj = 0 ∀i ̸= j.

Because of Theorem 5.3.1 and Proposition 5.3.2 we have for 0 ≤ k ≤ l

αk = −
rTk pk

pT
kApk

and rTk+1pj = 0 for j = 0, . . . , k.
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Assume that rl+1 ̸= 0. In other words, xl+1 is not a solution of (5.7). Take the ansatz

pl+1 := −rl+1 +

l∑︂
i=0

βlipi. (5.11)

We want the new iterate to fulfill the conjugacy with respect to A, so

pT
l+1Apj = 0⇔

rTl+1Apj = βljp
T
j Apj ⇔

βlj =
rTl+1Apj

pT
j Apj

j = 0, . . . , l.

We can simplify this approach by using

rTl+1rj = rTl+1

(︃
− pj +

j−1∑︂
i=0

βj−1
i pi

)︃
= 0 j = 1, . . . , l

and
rTl+1r0 = rTl+1(−p0) = 0.

Therefore,
rTl+1rj = 0 j = 0, . . . , l.

This implies

rj+1 − rj = Axj+1 −Axj = αjApj ⇒ Apj =
1

αj
(rj+1 − rj).

Here we can assume αj > 0, since −rTj pj = rTk rk > 0 because of the choice of the ansatz
(5.11).
Finally,

rTl+1Apj =
1

αj
(rTl+1rj+1 − rTl+1rj) = 0 j = 0, . . . , l − 1.

This means, βlj = 0 for all j = 0, . . . , l − 1 and therefore

pl+1 = −rl+1 + βl+1pl

with

βl :=
rTl+1Apl

pT
l Apl

=
rTl+1rl+1

rTl rl
.

The last equality follows again from Proposition 5.3.2. This update coefficient was
originally proposed by Fletcher and Reeves in [59]. Using it in the iterative process,
we obtain the linear CG-method which is depicted in Algorithm 4. Note that as a
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Algorithm 4 Linear CG-method [54, Alg. 5.2]

1: Choose initial x0; set r0 = ∇ψ(x0) and p0 = −r0, choose tolerance parameter
ε > 0.

2: for k = 0, 1, 2, . . . do:

3: if ∥rk∥/∥r0∥ < ε :

4: stop and return xk

5: αk ←
rTk rk

pT
k Apk

6: xk+1 ← xk + αkpk

7: rk+1 ← rk + αkApk

8: βk+1 ←
rTk+1rk+1

rTk rk

9: pk+1 ← −rk+1 + βk+1pk

10: end for

convergence criterion we used the relative norm of the residual, i.e.

∥rk∥
∥r0∥

< ε, (5.12)

for a chosen parameter ε > 0. In the following we will briefly state a convergence property,
showing that the structure of the matrix A can be used to reach faster termination of
the algorithm.
By defining the energy norm of A by

∥x∥2A := xTAx,

the condition number of A can be linked to the convergence rate:

Theorem 5.3.3. [60, Theorem 10.2.6]: Let εk := x∗−xk be the error in the k-th iteration
of Algorithm 4. Then it holds

∥εk∥A ≤ 2

(︃√︁
κ2(A)− 1√︁
κ2(A) + 1

)︃k

∥ε0∥A.

Proof. A proof of this result can be found in [61].

Heuristically, this means that the CG-method converges fast, if κ2(A) ≈ 1. This moti-
vates the use of preconditioners to improve the condition number of A.
The idea behind preconditioning is to apply the CG-method to a system

Ãx̃ = b̃
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with Ã = C−TAC−1, x̃ = Cx and b̃ = C−Tb where C ∈ Rn×n is a non-singular SPD
matrix chosen in a way that Ã has a smaller condition number than A.
In practice one does not perform the full computation of Ã, but instead uses P := CTC
as the so-called preconditioner which results in the preconditioned CG-method stated in
Algorithm 5.
Different choices of preconditioners are tested in the applications in Chapter 6.

Algorithm 5 Preconditioned linear CG-method [54, Alg. 5.3]

1: Choose a tolerance parameter ε > 0, an initial x0 and preconditioner P ; set r0 =
∇ψ(x0);
solve Py0 = r0;
set the initial search direction p0 = −y0.

2: for k = 0, 1, 2, . . . do:

3: if (5.12) holds:

4: stop and return xk

5: αk ←
rTk yk

pT
k Apk

6: xk+1 ← xk + αkpk

7: rk+1 ← rk + αkApk

8: solve Pyk+1 = rk+1

9: βk+1 ←
rTk+1yk+1

rTk yk

10: pk+1 ← −yk+1 + βk+1pk

11: end for

5.3.2 The Nonlinear Preconditioned Conjugate Gradient Method

We now aim to generalize the CG-algorithm to nonlinear problems of the form

min
x
f(x),

for f : Rn → R being a general nonlinear function. Originally, Fletcher and Reeves [59]
proposed this extension by replacing the residual rk with the gradient of f at the point
xk. The resulting (preconditioned) nonlinear CG-method is depicted in Algorithm 6. At
this point, an important note has to be made about the construction of the step size
αk. Until now an exact method to find the minimizer in line 3 of Algorithm 6 was used.
However, in the nonlinear case such an approach often results in computationally costly
optimization problems, so in practice one uses inexact line search methods instead. This
introduces additional challenges. To illustrate this, consider the simplified update rule
of the conjugate directions without preconditioning:

pk+1 = −gk+1 + βk+1pk+1

57



5 Numerical Methods for Energy Minimization

Algorithm 6 Preconditioned nonlinear CG-Method [12, Alg. 3]

1: Choose a tolerance parameter ε > 0, an initial x0 and preconditioner P ; compute
g0 = ∇f(x0);
solve Py0 = g0;
set the initial search direction p0 = −y0.

2: for k = 0, 1, 2, . . . do:

3: if ∥gk∥/∥g0∥ < ε :

4: stop and return xk

5: αk ← argminα f(xk−1 + αpk−1)

6: xk+1 ← xk + αkpk

7: gk+1 ← ∇f(xk+1)

8: solve Pyk+1 = gk+1

9: compute βk+1

10: pk+1 ← −yk+1 + βk+1pk

11: end for

and take the inner product with gk+1 to get

gT
k+1pk+1 = −∥gk+1∥2 + βk+1g

T
k+1pk+1.

If the line search for αk is exact, we have gT
k+1pk+1 = 0 and the newly calculated pk+1

is an actual descent direction. On the other hand, if the line search is not exact, it can
happen that gT

k+1pk+1 > 0 and pk+1 would be an ascent direction, thus breaking the
convergence. Therefore, one has to impose additional conditions on αk. These will be
addressed in section 5.3.3.
Moreover, in the nonlinear case, several methods to compute the parameter βk exist.
The original proposal by Fletcher and Reeves uses a similar construction as in the linear
case:

βFR
k+1 =

gT
k+1yk+1

gT
k yk

.

An improved version was presented by Polak and Ribiere [62] and Polyak [63], given
by:

βPRP
k+1 =

(gk+1 − gk)
Tyk+1

gT
k yk

.

In the context of micromagnetics the construction by Hestenes and Stiefel [58] turns out
to be the most efficient:

βHS
k+1 =

(gk+1 − gk)
Tyk+1

(gk+1 − gk)Tpk
. (5.13)

For this choice the updated search directions fulfill an additional conjugacy condition,
namely

(gk+1 − gk)
Tpk+1 = 0.
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5.3.3 Line Search Methods

In this section a general concept for inexact line search methods to find the step length
αk is presented. The following results are based on [54].
As already discussed in Section 5.3.2 for inexact line search methods it is not necessarily
guaranteed that the updated search direction pk is a descent direction. To prevent this
issue, we want to establish additional conditions on αk. Specifically, we require the new
step size to fulfill two properties:

• The function value of f should decrease significantly at the new point xk.

• The slope of α ↦→ f(xk + αpk) should be reduced sufficiently.

These properties are formalized by the Wolfe-conditions:

Definition 5.3.2. [54]: Let c1 ∈ (0, 1/2) and c2 ∈ (c1, 1/2). A step length α is said to
satisfy the Wolfe-conditions if

i) f(xk + αpk) ≤ f(xk) + c1αg
T
k pk.

ii) |gT
k+1pk+1| ≥ c2|gT

k pk|.

Condition i) is known as the Armijo-condition [64], while condition ii) is referred to as
the curvature condition.

In order to generate a step size that approximately satisfies these conditions, usually
backtracking algorithms are employed. A general variant is illustrated in Algorithm
7. Note that the algorithm only enforces the Armijo-condition as a stopping criterion.

Algorithm 7 Backtracking line search [54, Alg. 3.1]

1: Choose α0 > 0, τ ∈ (0, 1), c1 ∈ (0, 1/2).
Set α← α0.

2: while f(xk + αpk) > f(xk) + c1αg
T
k pk :

α← τα

end while.

Nevertheless, this is an admissible strategy because the backtracking procedure ensures
the sufficient decrease of the objective function [54].
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5.3.4 The Projected Nonlinear CG-method

In order to solve the micromagnetic optimization problem (4.10) - (4.11) we adapt the
nonlinear CG-method. The theory in this chapter follows the work of [12].
In the following, we project the coefficient vector c to the unit sphere in order to satisfy
the optimality conditions. Firstly, we restate the definition of the Lagrangian associated
with the problem:

L(c;λ) := G(c)− λTh(c),

where λ ∈ RNd denotes the vector of Lagrange multipliers and h : R2D → RNd describes
the unit norm constraints as stated in (5.2). The Karush-Kuhn-Tucker (KKT) optimality
conditions (5.3) - (5.4) require

∇cL(c;λ) = 0,

and since
(∇cL(c;λ))i = (∇G(c))i − λicm,i ∀i ∈ IΩ, (5.14)

it follows that
λi = cm

T
,i (∇G(c))i ∀i ∈ IΩ.

Here, IΩ again denotes the node indices inside the magnetic domain. Using this in (5.14)
leads to

∇cL(c;λ) = Πc⊥(∇G(c))

with the orthogonal projection defined at each node by

(Πc⊥v)i :=

{︄
vi − (vT

i cm,i)cm,i ∀i ∈ IΩ,
vi else.

Therefore, the KKT conditions reduce to

Πc⊥(∇G(c)) = 0. (5.15)

However, instead of solving (5.15), we compute

min
c∈R2D

G̃(c) := G(Nc)

with

(Nc)i :=

⎧⎨⎩
cm,i

∥cm,i∥ ∀i ∈ IΩ,

cA,i else.

This is a justified approach, since

(∇G̃(c))i =
1

∥cm,i∥

(︃
(∇G(Nc))i −

cm
T
,i (∇G(Nc))i

∥cm,i∥2
cm,i

)︃
∀i ∈ IΩ

and thus minimizing G̃ is equivalent to solving (5.15). Using an adapted version of the
nonlinear preconditioned CG-method from Algorithm 6, we obtain a program to solve
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Algorithm 8 Normalized preconditioned nonlinear CG-Method [12, Alg. 4]

1: Choose a tolerance parameter τF , an initial c0 ∈ R2D with ∥(c0)m,i∥2 = 1 and
preconditioner P0; compute g0 = Πc⊥0

(∇G(c0));
solve P0y0 = g0;
set the initial search direction p0 = −y0.

2: for k = 0, 1, 2, . . . do:

3: if (5.16) holds:

4: stop and return ck

5: αk ← argminαG(N (ck−1 + αpk−1))

6: ck+1 ← N (ck + αkpk)

7: gk+1 ← Πc⊥k+1
(∇G(ck+1))

8: compute Pk+1

9: solve Pk+1yk+1 = gk+1

10: compute βk+1

11: pk+1 ← −yk+1 + βk+1pk

12: end for

the constraint problem. This is summarized in Algorithm 8. In order to determine the
step size αk we use the backtracking method depicted in Algorithm 7.
For the parameter βk we choose the variant of Hestenes-Stiefel (5.13) but we restart the
computations under the following conditions on the gradient

βk+1 =

⎧⎨⎩
(gk+1−gk)

Tyk+1

(gk+1−gk)Tpk
if yT

k+1gk+1 > yT
k+1gk,

0 else.

This ensures that the update satisfies the Wolfe conditions and pk+1 is indeed a descent
direction [65].
To implement a stopping criterion we use the one stated in [66]. Given a tolerance pa-
rameter τF = 10−a with a > 0, the algorithm terminates if all of the following conditions
are satisfied:

i)G(ck)−G(ck+1) < τF (1 + |G(ck+1)|),

ii) ∥ck − ck+1∥∞ <
√
τF (1 + ∥ck+1∥∞),

iii) ∥gk+1∥∞ < 3
√
τF (1 + |G(ck+1|).

(5.16)
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In this chapter the discretization schemes and algorithms derived in the previous sections
are tested and validated in various ways. Firstly, we perform a number of benchmark
tests, where problems are solved for which an analytical solution is already known.
Finally, a variation of the NIST µMAG standard problem #3 serves as a test for the joint
minimization approach as well as a comparison to the classical alternating minimization
schemes. All computations are done in Python and especially for the mesh generation
and the finite element discretization the open-source library Netgen/NGsolve is used
[67], [68]. Details of the mechanics of Netgen/NGsolve are provided in Appendix B.

6.1 Benchmark Tests

In order to check the accuracy of the minimization of the stray field energy, a series
of benchmark tests has been implemented. There exists specific geometries where the
solutions of magnetostatic equations can be expressed analytically. They serve as testing
problems to compare the numerically calculated magnetizations and energies to the
analytic solutions. The focus of this chapter lies on the numerical results and error
measurements. However, the detailed computations of the involved scalar and vector
potentials can be found in Appendix A.
All tests are performed in three dimensions and as the magnetic domain serves a sphere
with center at the origin and radius R > 0,

Ω = {(x, y, z) ∈ R3 | x2 + y2 + z2 < R2}.

For numerical treatment, the sphere is enclosed by a cube to model the full space inte-
grals, as discussed in Section 4.1. As the accuracy of the results is also sensitive to the
size of the outer region, the choice of the diameter of the enclosing cube requires careful
consideration. In [69] it was proposed, that the distance between the outer boundary
and the particle should be at least five times the size of the magnetic domain, so for
all following computations we chose the outer cube to be six times as large as Ω. Tests
with larger outer domains only lead to an increase in the computational complexity but
hardly influenced the accuracy of the solutions.
The meshing on both the inner and outer domain is performed by the internal mesher
of Netgen (an extract of the code can be found in Appendix B). The mesh is refined
on the magnetic domain and gradually gets coarser towards the outer boundary of the
surrounding cube. This structure can be observed in Figure 6.1.
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Figure 6.1: A spherical magnet embedded in an exterior cubic domain. Both domains
are meshed with tetrahedrons, with a finer triangulation on the sphere. The
second figure shows the gradual coarsening of the mesh size towards the outer
boundary. For visualization purposes a larger mesh size has been chosen.

6.1.1 Fixed Magnetization in a Sphere

Example 1

We begin by calculating the vector potential from a fixed magnetization. As shown in
[30] (for explicit computations see Appendix A), for a scaled magnetization

m(x) =

⎧⎨⎩
x

∥x∥ in Ω

0 else,
(6.1)

the scalar potential for the sphere can be expressed as

ϕint(x) = ∥x∥ −R,
ϕext(x) = 0.

Here, ϕ = (ϕint, ϕext) ∈ H1(Ω) ×H1
loc(Ω̄

c) is split into a part inside and outside of the
magnetic domain respectively. The vector potential can also be computed analytically.
From the calculations in Appendix A we get

Aint(x) = Aext(x) = 0, (6.2)

and thus,
bint(x) = bext(x) = 0. (6.3)
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To measure the distance between this analytical solution and the numerically com-
puted vector potential Ã and magnetic induction b̃, we observe the L2(D;R3)-norm,
the H1(D;R3)-semi-norm and the H1(D;R3)-norm of the difference between algebraic
and numerical field. Here, D ∈ {Ω, Ω̄c}, so the errors are monitored separately inside
and outside of the magnetic domain.
The corresponding value for the stray field energy can also be computed analytically.
From

ed =

∫︂
Ω
∥m∥2 −m · b dx

it follows that
ed = VΩ,

where VΩ denotes the volume of the sphere.
The problem is solved for a radius of R = 0.2. Therefore, the analytical value of the
stray field energy is 4π/375 ≈ 0.0335 [12µ0M

2
s ].

Firstly, the minimization problem was established according to the calculations from
Section 4.2.1. The corresponding quadratic form in (4.12) was solved by the precon-
ditioned CG-method from Algorithm 5. As an initial guess the coefficient vector of a
perturbation of the analytical solution was used, i.e. the constant vector field

Aint
0 (x) = Aext

0 (x) = (ε, ε, ε)T ,

where ε is drawn uniformly from the interval [−10−3, 10−3] ⊂ R.
In the course of this test problem, we consider the performance of two preconditioners
for the CG-method. A simple diagonal (Jacobi) preconditioner of the stiffness matrix
FA of the form

P = diag(FA),

is compared with a multigrid preconditioner with a Gauss-Seidl smoother [70]. Table
6.1 shows a comparison of runtime and number of CG-iterations needed for different
mesh sizes for these two preconditioners. It can be observed that even though the

#elements tpJ (s) tpm (s) tCG
J (s) tCG

m (s) itJ itm
2326 0.03 0.06 0.01 0.03 50 2
11964 0.11 0.21 0.02 0.03 84 2
65598 0.51 2.61 0.07 0.07 145 2
451714 4.87 154.41 1.57 1.62 250 2

Table 6.1: Performance of the CG method with Jacobi and multigrid preconditioners
(Gauss–Seidel smoothing) for varying numbers of elements. Runtimes (in
seconds) are split into setup time (tpJ , t

p
m) and CG solve time (tCG

J , tCG
m ). The

corresponding iteration counts are denoted by itJ and itm.

multigrid approach needs less iterations even for larger mesh sizes, the Jacobi method is
superior in terms of runtime as the problems get larger. This is due to the fast setup of
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the preconditioned system for diagonal methods. Additionally, the CG-steps are more
expensive in the multigrid setup, resulting into similar CG solving times as the diagonal
method, even though less iterations are needed. Therefore, the Jacobi preconditioner is
used in all following tests.
Table 6.2 shows the norm errors of the computed vector potential Ã and its corresponding
magnetic induction b̃ with their respective analytical solutions (6.2) and (6.3) inside the
magnetic domain for different numbers of mesh elements, whereas Table 6.3 depicts the
behavior in the enclosed cube. It can be observed that the method is already very
accurate even for relatively large mesh sizes.

#elementsΩ ∥Ã−A∥L2(Ω;R3) |Ã−A|H1(Ω;R3) ∥Ã−A∥H1(Ω;R3) ∥b̃− b∥L2(Ω;R3)

644 7.8e− 06 8.9e− 05 9.0e− 05 1.1e− 04
1994 3.1e− 06 1.5e− 04 1.5e− 04 9.8e− 05
29863 4.3e− 07 4.3e− 05 4.3e− 05 2.9e− 05
244537 4.7e− 08 1.1e− 05 1.1e− 05 6.7e− 06

Table 6.2: Norm difference of analytical and numerical vector potential and magnetic
induction for a fixed scaled magnetization m(x) = x/∥x∥ inside a sphere
with radius R = 0.2.

#elementsΩ̄c ∥Ã−A∥L2(Ω̄c;R3) |Ã−A|H1(Ω̄c;R3) ∥Ã−A∥H1(Ω̄c;R3) ∥b̃− b∥L2(Ω̄c;R3)

1682 1.2e− 05 1.4e− 04 1.4e− 04 9.0e− 05
9970 1.2e− 06 1.0e− 05 1.0e− 05 7.3e− 06
35735 1.1e− 07 8.9e− 07 8.9e− 07 6.2e− 07
207177 8.3e− 09 6.3e− 08 6.3e− 08 4.3e− 08

Table 6.3: Norm difference of analytical and numerical vector potential and magnetic
induction for a fixed scaled magnetization m(x) = x/∥x∥ in the cube sur-
rounding the sphere.

The computed energy is ẽd ≈ 0.0335 [12µ0M
2
s ] for all observed mesh sizes and matches

the analytical value even for the coarsest mesh, consisting of 2326 total elements, with
an absolute error of approximately 10−8.

Example 2

As a second example we consider a uniform magnetization

m(x) =

{︄
(0, 0, 1)T in Ω,

0 else.
(6.4)
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Again, Ω is a sphere with radius R = 0.2. In this case, the exact scalar potential is given
by [30]

ϕint(x) =
x3
3
,

ϕext(x) = R3 x3
3∥x∥3

,

whereas the analytic vector potential is described by

Aint(x) =
1

3
(−x2, x1, 0)T ,

Aext(x) =
R3

3∥x∥3
(−x2, x1, 0)T .

From this the magnetic induction can be deduced as

bint(x) = ∇×Aint(x) = (0, 0, 2/3)T ,

bext(x) = ∇×Aext(x) =
R3

∥x∥5
(︁
x1x3, x2x3, (−x21 − x22 + 2x23)/3

)︁T
.

Again, see Appendix A for the computation of the scalar and vector potential.
Using this for calculating the stray field energy, we get an exact energy value of 1/3VΩ ≈
0.0117[12µ0M

2
s ]. Again, problem (4.12) is solved by the preconditioned CG-method and

as a starting vector the coefficients of a constant perturbation of the analytical solution
are used, i.e.

Aint
0 (x) = Aint(x+ ε1)

Aext
0 (x) = Aext(x+ ε1),

with ε ∈ [−10−3, 10−3] drawn uniformly. Table 6.4 and Table 6.5 depict the norm
differences inside and outside the sphere.

#elementsΩ̄c ∥Ã−A∥L2(Ω;R3) |Ã−A|H1(Ω;R3) ∥Ã−A∥H1(Ω;R3) ∥b̃− b∥L2(Ω;R3)

644 1.4e− 03 1.6e− 02 1.7e− 02 4.9e− 02
1994 5.2e− 04 6.8e− 03 6.8e− 03 3.2e− 02
29863 2.5e− 04 3.2e− 03 3.2e− 03 2.2e− 02
244537 1.4e− 04 1.7e− 03 1.7e− 03 1.6e− 02

Table 6.4: Norm difference of analytical and numerical vector potential and magnetic
induction for a fixed uniform magnetization m(x) = (0, 0, 1)T inside a sphere
with radius R = 0.2.

In Table 6.6 the evolution of the calculated stray field energy is shown for an increasing
number of total mesh elements. Figure 6.2 shows the numerical vector potential in
comparison with its analytical expression. In Figure 6.3 the absolute error is portrayed.
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#elementsΩ̄c ∥Ã−A∥L2(Ω̄c;R3) |Ã−A|H1(Ω̄c;R3) ∥Ã−A∥H1(Ω̄c;R3) ∥b̃− b∥L2(Ω̄c;R3)

1682 5.3e− 03 5.6e− 02 5.6e− 02 5.2e− 02
9970 3.6e− 03 3.8e− 02 3.8e− 02 3.3e− 02
35735 2.5e− 03 2.7e− 02 2.7e− 02 2.2e− 02
207177 1.8e− 03 2.0e− 02 2.0e− 02 1.6e− 02

Table 6.5: Norm difference of analytical and numerical vector potential and magnetic
induction for a fixed uniform magnetization m(x) = (0, 0, 1)T in the cube
surrounding the sphere.

#elements ẽd[
1
2µ0M

2
s ]

2326 0.0162
11964 0.0133
65598 0.0122
451714 0.0117

Table 6.6: Calculated stray field energy for a fixed uniform magnetization m(x) =
(0, 0, 1)T in a sphere with radius R = 0.2. The reference energy is ed =
0.0117[12µ0M

2
s ].

Figure 6.2: Comparison of the numerically computed vector potential Ã (left) and the
analytic expression A (right) for a uniform magnetization in a sphere with
radius R = 0.2 embedded in a cube.
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Figure 6.3: Absolute error of the analytical and the numerically computed vector poten-
tial for a uniform magnetization in a sphere with radius R = 0.2 embedded
in a cube.

6.1.2 Fixed Vector Potential in a Sphere

Next, we want to calculate the minimal upper bound for the stray field energy and
therefore an optimal magnetization for a fixed vector potential. This means, we aim to
solve the problem

min
m

eA(m,A) s.t.∥m∥ = 1 in Ω, (6.5)

with eA being the upper bound for the stray field energy described in (2.19). To this
end, we reuse the setting of a sphere with a fixed radius of R = 0.2. The construction of
the corresponding stiffness matrix follows from the computations in Section 4.2.2. The
resulting system is of the form:

1

2
cmFdcm − gT cm,

subject to the discretized unit norm constraints (4.14). Here, cm is the coefficient vector
of m and Fd the stiffness matrix for the upper bound, i.e. the globalized version of (4.7).
Different methods are tested to satisfy the unit norm constraint, namely the quadratic
penalty method (Algorithm 2), the augmented Lagrangian method (Algorithm 3) and
the projected CG-method (Algorithm 8).

Example 1

To begin with, we consider again the case of a scaled magnetization on the sphere (6.1),
but this time we fix the associated vector potential (6.2). As a starting configuration we
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choose a small perturbation of m, i.e the constant vector field

m0(x) =

⎧⎨⎩
(x1+ε,x2+ε,x3+ε)T

∥x+ε1∥ in Ω,

0 else,
(6.6)

with ε drawn uniformly from the interval [−10−3, 10−3].
Similar to the last section, we measure the L2-norm, the H1-semi-norm and the H1-
norm of the absolute differences between the numerical and the analytical magnetization
separately inside and outside the sphere. The norm differences for the three methods
as well as the computed energies and the maximal violation of the norm constraint are
depicted in Tables 6.7, 6.8 and 6.9.

method ∥m̃−m∥L2(Ω;R3) |m̃−m|H1(Ω;R3) ∥m̃−m∥H1(Ω;R3)

qpm 1.9e− 03 2.2113 2.2113
aLm 9.6e− 04 2.2108 2.2108
pCG 1.7e− 03 2.2113 2.2113

Table 6.7: Norm difference of analytical and numerical magnetization for the fixed vector
potential associated with m(x) = x/∥x∥ inside a sphere with radius R = 0.2.
The methods were tested on a mesh with 244537 elements inside the sphere.

method ∥m̃−m∥L2(Ω̄c;R3) |m̃−m|H1(Ω̄c;R3) ∥m̃−m∥H1(Ω̄c;R3)

qpm 0.0433 7.2024 7.2025
aLm 0.0433 7.2024 7.2025
pCG 0.0433 7.2024 7.2025

Table 6.8: Norm difference of analytical and numerical magnetization for the fixed vector
potential associated with m(x) = x/∥x∥ outside the sphere with 207177 mesh
elements in the outside region.

Method ẽd err∞
qpm 0.0334 8.9e− 07
aLm 0.0334 2.6e− 10
pCG 0.0334 2.2e− 16

Table 6.9: Calculated stray field energy values and maximal constraint violations for the
methods tested for a fixed vector potential associated with a magnetization
m(x) = x/∥x∥. The analytical stray field energy is ed = 0.0335 [12µ0M

2
s ].

One observes that the difference in the norms is large compared to the previous results.
Taking a closer look at the L2-norm of the absolute error in Figure 6.4 it can be seen
that the inconsistencies lay mainly at the boundary of the sphere. Figure 6.5 depicts
the Ngsolve implementation of the Euclidean norm of the initial magnetization ∥m0∥.
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Figure 6.4: Absolute difference of the scaled magnetization (6.1) and the computed so-
lution of a nonlinear CG method.

Figure 6.5: Euclidean norm of the initial configuration (6.6). The norm deviates at the
boundary of the sphere from the expected values.
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It shows, apart from a singularity at the origin, in the vicinity of the boundary of the
sphere, the values already deviate from 1 and 0 in the respective domains. This happens
because the finite element space V̊1

h ⊂ (H1(Ω ∪ Ω̄c))3 in (4.1) is globally defined over
both the inner and the outer domain and therefore enforces continuity of the involved
functions. As a result, the program tries to smoothen the magnetization and ignores the
jump at the boundary of Ω, resulting in the measured errors. One suggested fix of this
problem could be the use of two separate but coupled finite element spaces for the inner
and outer domain. This approach is discussed in the following Section 6.1.3.

Example 2

For the sake of completeness, the calculations for a fixed vector potential have also
been carried out in the case of a uniform magnetization (6.4) on a global finite element
space. Again, the constant vector field of a random perturbation of the solution acts as
a starting configuration:

m0(x) =

{︄
(ε, ε, 1 + ε)T in Ω

0 else,
(6.7)

with ε ∈ [−10−3, 10−3]. Tables 6.10 and 6.11 depict the resulting norm errors, whereas
Table 6.12 shows the calculated energies for the different methods. Again, the inaccu-
racies originate from ignoring the jump at the boundary of the sphere.

method ∥m̃−m∥L2(Ω;R3) |m̃−m|H1(Ω;R3) ∥m̃−m∥H1(Ω;R3)

qpm 2.4e− 04 1.3e− 07 2.4e− 04
aLm 1.2e− 05 7.6e− 09 1.2e− 05
pCG 2.3e− 04 2.6e− 15 2.3e− 04

Table 6.10: Norm difference of analytical and numerical magnetization for the fixed vec-
tor potential associated with m(x) = (0, 0, 1)T inside a sphere with radius
R = 0.2. The methods were tested on a mesh with 244537 elements inside
the sphere.

method ∥m̃−m∥L2(Ω̄c;R3) |m̃−m|H1(Ω̄c;R3) ∥m̃−m∥H1(Ω̄c;R3)

qpm 0.0433 7.1920 7.1922
aLm 0.0433 7.1920 7.1922
pCG 0.0433 7.1920 7.1922

Table 6.11: Norm difference of analytical and numerical magnetization for the fixed
vector potential associated with m(x) = (0, 0, 1)T outside the sphere with
207177 mesh elements in the outside region.
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Method ẽd err∞
qpm 0.0116 3.2e− 09
aLm 0.0116 2.0e− 10
pCG 0.0116 1.7e− 16

Table 6.12: Calculated stray field energy values and maximal constraint violations for
the methods tested for a fixed vector potential associated with a uniform
magnetization m(x) = (0, 0, 1)T . The analytical stray field energy is ed =
0.0117 [12µ0M

2
s ].

6.1.3 Separation of Finite Element Spaces

As suggested in Section 6.1.2 a possible root for errors at the boundary of domains is
the use of a globally defined finite element space V̊1

h ⊂ (H1(Ω∪ Ω̄c))3. Therefore, for the
following computations, we introduce two separate function spaces

V̊1
h(Ω) := {vh ∈ C(Ω;R3) | vh|T ∈ (P1(T )) ∀T ∈ Th} ⊆ (H1(Ω))3

and

V̊1
h(Ω̄

c) := {vh ∈ C(Ω̄c;R3) | vh|T ∈ (P1(T )), ∀T ∈ Th; vh,i|ΓD
= 0, ∀i = 1, 2, 3}

⊆ (H1(Ω̄c))3

for a given triangulation Th with mesh size h > 0. Then, for the computations of the
finite element matrices and load vectors the compound space

V̊1
h := V̊1

h(Ω)× V̊1
h(Ω̄

c) (6.8)

is used.
Again, the schemes are tested for a scaled and a uniform magnetization in a sphere.

Example 1

As in the previous section we start with the scaled magnetization (6.1) in a sphere with
radius R = 0.2. Table 6.13 shows the norm differences inside the sphere. They have
been reduced drastically due to the splitting of the FE-spaces. Outside the sphere the
methods are now able to keep m(x) = 0, ∀x ∈ Ω̄c. As a consequence, the norm errors
outside the magnetic domain are exactly 0. Moreover, in Figure 6.6 it can be noticed
that the errors inside the sphere result solely from the singularity at the origin and the
inaccuracies at the boundary have been eliminated completely.
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method ∥m̃−m∥L2(Ω;R3) |m̃−m|H1(Ω;R3) ∥m̃−m∥H1(Ω;R3)

qpm 8.3e− 04 0.0835 0.0835
aLm 8.0e− 04 0.0871 0.0871
pCG 7.0e− 04 0.0780 0.0780

ini 4.8e− 03 0.0358 0.0358

Table 6.13: Norm difference of analytical and numerical magnetization for the fixed vec-
tor potential associated with m(x) = x/∥x∥ inside a sphere with radius
R = 0.2. A compound FE-space consisting of two separated function spaces
for inside and outside the magnetic domain was used. Additionally, the ini-
tial error of the difference m0 −m is shown for reference.

Figure 6.6: Absolute difference of the analytical and numerical magnetization for a fixed
vector potential associated to the scaled magnetization m(x) = x/∥x∥ in
the case of two separated FE-spaces. The inaccuracies only occur at the
singularity at the origin.
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Example 2

The splitting approach has also been tested for a uniform magnetization (6.4). Again,
Table 6.14 depicts the results inside the sphere for the different methods, whereas outside
the magnetic domain the errors are exactly zero as before.

method ∥m̃−m∥L2(Ω;R3) |m̃−m|H1(Ω;R3) ∥m̃−m∥H1(Ω;R3)

qpm 1.1e− 03 2.1e− 09 1.1e− 03
aLm 1.5e− 04 1.1e− 08 1.5e− 04
pCG 4.0e− 05 6.7e− 15 4.0e− 05

ini 3.2e− 03 1.5e− 14 3.2e− 03

Table 6.14: Norm difference of analytical and numerical magnetization for the fixed vec-
tor potential associated with m(x) = (0, 0, 1)T inside a sphere with radius
R = 0.2 for an approach with two separated FE-spaces. Additionally, the
initial error of the difference m0 −m is shown for reference.

Both examples show that splitting the finite element domains increases the accuracy of
the stray field computations immensely. Compared to the initial error the L2-norm of the
difference to the calculated magnetization improved by a factor of 10 for the scaled and
by a factor of 102 for the uniform magnetization, at least in the case of the CG-method.
This is sufficient for our purposes.

6.1.4 Discretization Accuracy of Exchange and Anisotropy Energy

After successfully solving analytical benchmark problems for the stray field energy it is
now necessary to verify the accuracy of the discretizations of the remaining energy terms.
We will not solve isolated minimization problems but use magnetization configurations
where the analytical solution of the corresponding energies is known and compare them
with the results of the linear systems established in Sections 4.1.1 and 4.1.2. Since we
eventually want to work in the setting of the NIST µMAG Standard Problem #3, the
magnetic domain Ω is now the unit cube enveloped in a larger outer cube K modeling
the whole space R3. We implement a non-uniform mesh on both Ω and K. It is refined
on the magnetic domain and gradually gets coarser towards ΓD, the outer boundary of
K. Additionally, the mesh density is increased near the corners of Ω to overcome the
continuity issues at the sharp edges. The resulting domain and mesh structure can be
observed in Figure 6.7.
Again, the finite element spaces are separated for the inner and the outer domain. The
following tests were established in [36].
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Figure 6.7: The magnetic domain Ω as a unit cube (red) embedded in the surrounding
outer body K. For better visibility the tetrahedrons in the interior region of
K have been removed. The right panel shows the non-uniform mesh on the
facets of Ω.

Anisotropy energy

To check the accuracy of the linear system for the anisotropy energy a homogeneous
magnetization tilted along the easy axis is chosen [36], i.e.

m = (sin θ, 0, cos θ)T in Ω,

and m = 0 outside for a fixed angle θ ∈ (0, π/2). Therefore, the analytical energy is

ea(m) = Q

∫︂
Ω
1− (m · a)2 dx = Q

∫︂
Ω
(sin θ)2 dx = Q(sin θ)2V ol(Ω) = Q(sin θ)2,

since the easy axis is chosen as a = (0, 0, 1)T .
Deriving the stiffness matrix Fa from Section 4.1.2 and solving

ẽa(m) = Fam,

we can compare these energies for a uniformly chosen tilt θ ∈ (0, π/2). The obtained
absolute error is

|ẽa − ea| ≈ 10−15,

so around machine precision for all tested tilts and different mesh sizes ranging from a
number of 3× 104 to 106 elements. This coincides with the observations in [36].

Exchange Energy

For the exchange energy the analysis has to be more precise and the number of elements of
the mesh indeed is an issue. The proposed magnetization for testing the discretization in
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[36] is an inhomogeneous 180◦ wall, so the magnetization changes sign inside the magnet,
i.e.

m(x) = (0, sin(2πx1/L), cos(2πx1/L))
T in Ω,

and constant zero outside. Here, L denotes the reduced length of the cube. As a
consequence, the reduced exchange energy is

eex(m) = Ãex

∫︂
Ω
∥∇m∥2F dx

= Ãex

∫︂
Ω

4π2

L2
∥(0, cos(2x1π/L), sin(2x1π/L)T ∥2 dx

= 4Ãex
π2

L2
V ol(Ω).

For a cube with length L = 1 we get

eex = 4π2.

Again we calculate the energy with the linear system derived in 4.1.1 by

ẽex = Fexm.

We tested the discretization for different mesh sizes and computed the ratio between the
analytical and numerical energy. The results can be seen in Figure 6.8. The outcome
gets better, the more elements occur in the mesh, especially inside the magnet. Again,
a high precision in the discretization can be achieved, but only for suitable mesh sizes.

6.2 Total Energy Minimization

In contrast to the isolated tests in the previous sections, this chapter deals with the
minimization of the total energy in the setting of the NIST µMAG standard problem
#3 [35]. As introduced in Section 6.1.4 the magnetic domain Ω is the unit cube enclosed
in an outer cube K.
As a starting configuration of the magnetization, we use the flower state mf and the
vortex state mv depicted in Chapter 2.8. For the parameters of the flower state we
always chose a = c = 1 and b = 2. Tests with other configurations yielded similar results
as the chosen values.
The aim of this test is to compute the minimum of the total energy (2.25) for both
initial states in the single domain limit (SDL), the length of the cube, where flower and
vortex state result in the same energy configuration. In [23] a SDL of L = 8.4729 [lex]
was computed. This value is used for the calculation of the dimensionless exchange
parameter Ãex, as shown in Section 2.8. Again, a split in the finite element spaces for
inner and outer domains has been performed.
Note that all energy terms in the reference [23] are in units of [12µ0M

2
s ], so an additional

factor 2 has to be added to the reduced energy formulations in equation (2.25).

76



6 Results and Discussion

Figure 6.8: Ratio between analytical and numerical value of the exchange energy for a
rotating magnetization inside a unit cube as a function of the number of
elements of the mesh.

6.2.1 Alternating Minimization

Before testing simultaneous minimization, we implement alternating optimization meth-
ods as described in Algorithm 1. Consequently, we solve the minimization task for a
fixed magnetization (4.12) and the corresponding problem for a fixed vector potential
(4.13) - (4.14) alternately.
Again, we are comparing quadratic penalty- (Algorithm 2), augmented Lagrangian- (Al-
gorithm 3) and projected CG-methods (Algorithm 8). Tables 6.15 and 6.16 show the
results compared to the reference solution, whereas Figure 6.9 illustrates the evolution
of the energy terms over the iterations of Algorithm 1.

6.2.2 Joint Minimization

Finally, the total energy is minimized simultaneously with respect to the magnetization
and the vector potential. Therefore the system matrix is set up as seen in Section 4.1
and problem (4.10) - (4.11) has to be solved. Again, the domain is split in an inner and
outer region and finite element spaces are built accordingly. As in the previous sections,
the results of quadratic penalty, augmented Lagrangian and projected CG-methods are
compared with the reference solution.
Once more, the algorithms are initialized by the coefficient vectors of the normalized
flower and vortex states depicted in (2.23) - (2.24). This was done as follows:
Let cm,0 be this initial coefficient vector. In order to obtain a starting configuration for
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6 Results and Discussion

Figure 6.9: Comparison of the evolution of the individual energy terms for different mini-
mization methods. The dotted, red line describes the corresponding reference
solution from [23].
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qpm aLm pCG ref

ea 0.0067 0.0074 0.0073 0.0058
eex 0.0211 0.0236 0.0233 0.0177
ed 0.2790 0.2763 0.2766 0.2804

< m1 > 0.0017 0.0023 0.0018 −0.0008
< m2 > −0.0002 −0.0003 −0.0003 −0.0034
< m3 > 0.9579 0.9529 0.9536 0.9700

e 0.3069 0.3073 0.3072 0.3038

Table 6.15: Results of the alternating minimization of the total energy with an initial
flower state. The individual energy terms in units of [12µ0M

2
s ] as well as the

mean magnetizations are compared to the reference solution from [23].

qpm aLm pCG ref

ea 0.0544 0.0562 0.0561 0.0520
eex 0.1804 0.1668 0.1676 0.1738
ed 0.0697 0.0812 0.0805 0.0781

< m1 > 0.0179 0.0155 0.0165 −0.0005
< m2 > 0.2761 0.3520 0.3480 0.3464
< m3 > −0.0147 −0.0008 −0.0045 −0.0068

e 0.3044 0.3042 0.3041 0.3038

Table 6.16: Results of the alternating minimization of the total energy with an initial
vortex state. The individual energy terms in units of [12µ0M

2
s ] as well as the

mean magnetizations are compared to the reference solution from [23].

the vector potential we solve the minimization problem for a fixed magnetization once,
i.e.

cA,0 = argmin
c∈RD

1

2
cTFAc− fT c,

with the system matrix FA ∈ RD×D and the load vector f ∈ RD established in Section
4.2.1. This is attempted to be solved by the linear CG-method (Algorithm 4). Note that
it is not necessary to fully run the algorithm until it terminates at an exact solution, but
already truncate the iterative process after a few steps. The full starting vector then
reads as

c0 = (cm,0, cA,0)
T ∈ R2D.

For this setup, the initial energy configurations are given in Table 6.17.

Another remark has to be made on the projected CG-method. Until now, it was sufficient
to use the diagonal preconditioner

P = diag(A)
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e
(0)
a e

(0)
ex e

(0)
d e(0)

flower 0.0013 0.0045 0.3096 0.6251
vortex 0.0508 0.2855 0.0441 0.4245

Table 6.17: Initial energy configurations for the starting values used in the joint min-
imization approach for a magnetization in a flower and vortex state. All
energy terms are in units of [1/2µ0M

2
s ].

for the respective system matrix A. This no longer works in the joint setting, since the
system matrix is of the form

A = H̃ + F̃ − 2K̃ ∈ R2D×2D

(see (4.10)) and taking only the diagonal neglects too much of the structure of the
individual matrix terms. Therefore, we found that an incomplete LU factorization yields
a more satisfactory outcome [70].
The results of the computations can be found in Tables 6.18 and 6.19.

qpm aLm pCG ref

ea 0.0018 0.0029 0.0068 0.0058
eex 0.0054 0.0088 0.0209 0.0177
ed 0.3062 0.2983 0.2774 0.2804

< m1 > 0.0006 0.0007 −0.0001 −0.0008
< m2 > −0.0001 −0.0001 −0.0010 −0.0034
< m3 > 0.9892 0.9829 0.9618 0.9700

e 0.3134 0.3100 0.3051 0.3038

Table 6.18: Results of the joint minimization of the total energy with an initial flower
state. The individual energy terms in units of [12µ0M

2
s ] as well as the mean

magnetizations are compared to the reference solution from [23].

6.3 Discussion

In this section we analyze and compare the results of alternating and the simultaneous
optimization procedure. We focus on the accuracy of the methods with respect to the
reference solution as well as on stability depending on the initial configuration and on
an interpretation from a mathematical point of view.

From the comparison of Tables 6.15 - 6.16 and Tables 6.18 - 6.19 it can be observed
that both approaches are capable of approximating the reference solution, but show
differences in robustness and consistency. In the alternating scheme all methods yield
total energies which are close to the reference value for both initial flower and vortex
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qpm aLm pCG ref

ea 0.0511 0.0516 0.0556 0.0520
eex 0.2545 0.2270 0.1739 0.1738
ed 0.0560 0.0587 0.0810 0.0781

< m1 > 0.0229 0.0224 0.0123 −0.0005
< m2 > 0.0429 0.0848 0.3172 0.3464
< m3 > −0.0192 −0.0185 −0.0159 −0.0068

e 0.3616 0.3374 0.3105 0.3038

Table 6.19: Results of the joint minimization of the total energy with an initial vortex
state. The individual energy terms in units of [12µ0M

2
s ] as well as the mean

magnetizations are compared to the reference solution from [23].

state. This is in accordance with the definition of the single domain limit, where both
states should converge to the same energy configuration.
On the other hand, the joint minimization yields comparable results only for an initial
flower state and only with the projected CG-method as an iterative solver. For an initial
vortex state, the deviations from the reference value are larger, but still the pCG-method
delivers the best results compared to the penalty-type schemes.
Overall, treating the total energy as the single object of comparison, the alternating
method is more robust and less sensitive to the initialization, whereas the joint approach
demands a more careful choice of solver to achieve comparable results.

Influence of the Optimization Method

In the alternating framework all three methods yield similar results. This indicates
that the decoupled subproblems are sufficiently well conditioned and can be handled
efficiently.
In contrast, the joint minimization shows strong dependence on the choice of the solver.
Quadratic penalty methods perform the worst, indicating that ill conditioning effects for
large penalty parameters, as discussed in Section 5.1, occur. Indeed, for simultaneous
optimization we obtain parameters µ ≈ O(109), whereas µ never exceeds 105 in the
alternating scheme. In alignment with the theory, the augmented Lagrangian method
produces more stable and balanced outcomes. Notably, the projected CG-method shows
the best results in both optimization schemes and even in the joint setting it is an
appropriate choice provided a suitable preconditioner.

Computational Aspects

From a computational perspective, the alternating scheme benefits from splitting the
problem into smaller and simpler subproblems, whereas the joint program possesses
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more complexity due to the form and size of its system matrix

A = H̃ + F̃ − 2K̃.

Especially the pattern in K̃ introduces a coupling between the involved variables and
imposes a certain density. In Figure 6.10 the difference in complexity is depicted by com-
paring the number of nonzero elements in the respective system matrices for different
numbers of degrees of freedom. However, the simultaneous minimization approach has

Figure 6.10: Comparison of the nonzero elements in the system matrices for alternating
and joint minimization schemes for different numbers of degrees of freedom.

also advantages in terms of computational scaling. Comparing only the projected CG-
methods for both schemes yields a noticeable decrease in the number of CG-iterations
needed and thus also in the runtime. Table 6.20 shows the results of this comparison for
a minimization with an initial flower state and fixed global mesh size h and tolerance
parameter τF for the stopping criterion in (5.16). To be comparable, both methods use
the same preconditioner, namely the incomplete LU factorization.
It can be observed that setting up the preconditioner for the joint method takes sig-
nificantly longer than in the alternating scheme due to the larger size of the system
matrices. However, the number of CG-iterations can be reduced drastically by doing so.

To summarize, the alternating method describes a robust and reliable optimization
scheme, which delivers accurate results independent of the initial configuration and opti-
mization method. The joint approach is more challenging numerically, but also capable
of achieving comparable accuracy when combined with a suitable solver. In particular,
the projected CG-method significantly outperforms the penalty and the augmented La-
grange method. Additionally, the reduced computational complexity is a promising sign
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total runtime time precond. No. CG-iter.

alt. 140 s 0.01 s 1660
joint 101 s 45 s 546

Table 6.20: Comparison of the alternating and the joint minimization principle in terms
of computational complexity. Both methods used an initial flower state and
the same meshing of the domain with 86934 total nodes. As a stopping
parameter τF = 10−6 is used in the convergence criterion (5.16). For both
methods an incomplete LU factorization functions as a preconditioner.

for future development. Therefore, while the alternating program remains the method of
choice, the joint approach represents a viable and potentially more powerful alternative,
although further optimization will be needed in future work.
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7 Conclusion

In this work one of the most prominent static energy equations, the total Gibbs free
energy, was minimized with respect to the magnetization obeying a nonlinear unit norm
constraint inside the magnetic domain. In particular, the magnetostatic self-energy was
approximated by an upper bound proposed by Brown, eliminating the non-local nature of
the former. As a result, the upper bound also depends on a vector potential, making the
objective a function in two three-dimensional variables. Moreover, the vector potential is
defined on the whole space, which posed an additional challenge in the discretization.

This results in the computational domain being the magnet of spherical or cubic shape
embedded in an outer cube of relatively large size, modeling the whole space. This
domain was partitioned in a mesh of tetrahedrons and for the discretization of the
energy terms a finite element ansatz was employed. More specifically, a P1-finite element
subspace was constructed to model the magnetization and the vector potential. This
transforms the analytic energy equation into a sparse algebraic system.

In a next step, different methods for solving these systems and handling the nonlinear
unit norm constraint were introduced, namely the quadratic penalty method, the aug-
mented Lagrangian method and the projected CG-method. The main idea is to simulta-
neously minimize the energy function in both the vector potential and the magnetization.
Additionally, an alternating optimization method was implemented as well.

First benchmark test with solutions which can be computed analytically showed that
the discretization lacked sufficient accuracy. It was observed that the inaccuracies ap-
peared mainly at the boundary of the magnetic domain, suggesting that one global finite
element space results in interpolation phenomena in this area. Therefore, an important
improvement was the splitting of the domain into an inner and an outer finite element
space, reducing the computational errors drastically.

Finally, the total energy was minimized and the joint optimization scheme was compared
with the alternating methods. To this end, a modification of the NIST µMAG standard
problem #3 was observed by statically computing the energy states at a given single
domain limit. The calculations showed that although the alternating approach is still the
more robust and viable method, the joint minimization procedure shows promising signs
to be a serious contender especially in terms of computational complexity. Therefore,
this approach represents a potential direction for additional research and merits further
investigation in the future.
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Analytical computations

In this section the calculations of the scalar and the vector potential are displayed in
settings where an analytical solution is computable. Two variants of a magnetization in
three dimensions will be observed, whereas the domain of interest will stay the same for
both, Ω ⊂ R3 is a sphere with radius R > 0, i.e.

Ω = {(x, y, z) ∈ R3 | x2 + y2 + z2 < R2}.

Example 1

We start with the example of a scaled magnetization

m(x) =

⎧⎨⎩
x

∥x∥ in Ω

0 else.
(7.1)

Firstly, we aim to compute the scalar potential ϕ : R3 → R for this given magnetization.
Using the magnetostatic equations for the stray field, as well as the splitting Ansatz
of Garćıa-Cervera and Roma, yields the following transmission problem [30], [71]: Split
ϕ = ϕ1 + ϕ2 with ϕ1 = (ϕint1 , ϕext1 ) ∈ H1(Ω)×H1

loc(Ω̄
c) fulfilling

−∆ϕint1 = −∇ ·m in Ω,

ϕint1 = 0 on ∂Ω,
(7.2)

and ϕext1 = 0 in Ω̄c. For ϕ2 = (ϕint2 , ϕext2 ) ∈ H1(Ω)×H1
loc(Ω̄

c) it holds

−∆ϕint2 = 0 in Ω,

−∆ϕext2 = 0 in Ω̄c,

[ϕ2] = 0 on ∂Ω,[︃
∂ϕ2
∂n

]︃
= −m · n+

∂ϕint1

∂n
on ∂Ω,

ϕext2 = O
(︃

1

∥x∥

)︃
as ∥x∥ → ∞.

(7.3)

85



Appendix A

Here, the jump conditions [·] describe the differences in the behaviors at the boundary
of Ω by

[ϕ2] := (ϕext2 − ϕint2 )
⃓⃓
∂Ω[︃

∂ϕ2
∂n

]︃
:=

(︃
∂ϕext2

∂n
− ∂ϕint2

∂n

)︃⃓⃓⃓⃓
∂Ω

.

For the specific choice of the magnetization it holds,

∇ ·m =
2

∥x∥
in Ω.

So for ϕ1 one needs to solve

−∆ϕint1 = − 2

∥x∥
in Ω,

ϕint1 = 0 on ∂Ω,

ϕext1 = 0 in Ω̄c.

Write r = ∥x∥ and assume that ϕint1 can be described by a radial function:

ϕint1 (x) = f(r).

Then, in three dimensions the Laplacian for radial functions is

∆f(r) =
2

r
f ′(r) + f ′′(r).

Therefore, we solve

−
(︃
f ′′ +

2

r
f ′
)︃

= −2

r
.

This is equivalent to
−(r2f ′)′ = −2r,

and consequently
r2f ′ = r2 + C

for a constant C ∈ R. However, regularity at r = 0 forces C = 0, hence

f(r) = r +D,

for D ∈ R and together with the boundary condition f(R) = 0 we get

ϕint1 (x) = ∥x∥ −R. (7.4)

On the other hand, the outward normal vector on a sphere with radius R is described
by

n(x) =
x

R
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and therefore on ∂Ω it holds

∂ϕint1

∂n
= ∇ϕint1 · n = 1.

This yields [︃
∂ϕ2
∂n

]︃
= −m · n+ 1 = −∥x∥

R
+ 1 = 0.

Together with the other requirements in (7.3) we get

ϕint2 (x) = ϕext2 (x) = 0. (7.5)

Combining (7.4) and (7.5) leaves us with the final analytic solution

ϕint(x) = ∥x∥ −R,
ϕext(x) = 0.

A similar computation can be done for the vector potential

A = A1 +A2

with
∆Aint

1 = −∇×m in Ω,

Aint
1 = 0 on ∂Ω,

Aext
1 = 0 in Ω̄c

(7.6)

and
∆Aint

2 = 0 in Ω,

∆Aext
2 = 0 in Ω̄c,

[A2] = 0 on ∂Ω,[︃
∂A2

∂n

]︃
= −m× n+

∂Aint
1

∂n
on ∂Ω,

(Aext
2 )j = O

(︃
1

∥x∥

)︃
as ∥x∥ → ∞ for j = 1, 2, 3.

(7.7)

For the specific choice of m as in (7.1) it holds

∇×m = 0.

Therefore,
∆Aint

1 = 0 in Ω

and Aint
1 = Aext

1 = 0 is a solution of (7.6).
Furthermore, ∂Aint

1 /∂n = 0 and hence[︃
∂A2

∂n

]︃
= −m× n =

x

∥x∥
× x

R
= 0.
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This yields,
Aint

2 = Aext
2 = 0

and accordingly,
Aint = Aext = 0

is an analytically solution of (7.6) and (7.7). As a result, the magnetic induction is

b = ∇×A = 0 in Ω ∪ Ω̄c.

Example 2

Next we consider a uniform magnetization

m(x) =

{︄
(0, 0, 1)T in Ω,

0 else.
(7.8)

For the calculation of the scalar potential we use again the splitting Ansatz depicted in
(7.2) and (7.3). For a uniform magnetization we have

∇ ·m = 0

and therefore the computations reduce to solving

−∆ϕint1 = 0 in Ω,

ϕint1 = 0 on ∂Ω,

the Laplace equation with homogeneous Dirichlet boundary conditions which has the
trivial solution

ϕint1 = 0.

We proceed by solving for ϕ2. Firstly, we consider the jump condition on ∂Ω,[︃
∂ϕ2
∂n

]︃
= −m · n = −x3

R
. (7.9)

Problem (7.3) is linear in x3 which motivates the Ansatz

ϕint2 (x) = Bx3.

In the exterior the decay condition has to be fulfilled, so

ϕext2 (x) = C
x3
∥x∥3

.

Here B,C ∈ R are constants which have to be determined. Enforcing the continuity of
ϕ2 at ∥x∥ = R gives

Bx3 = C
x3
R
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and thus C = BR3. Moreover, on ∂Ω the normal derivatives are

∂ϕint2

∂n
= (0, 0, B)T · x

R
= B

x3
R
,

and

∂ϕext2

∂n
= C

(︃
− 3x1x3

R5
,−3x2x3

R5
,
x21 + x22 − 2x23

R5

)︃T

· x
R

= −C 2x3
R4

= −B 2x3
R
.

Combined with estimate (7.9), it follows that

−x3
R

=

[︃
∂ϕ2
∂n

]︃
=
∂ϕext2

∂n
− ∂ϕint2

∂n
= −3Bx3

R
,

and consequently,

B =
1

3
, C =

R3

3
.

The analytic solution for the scalar potential for a uniform magnetization is therefore,

ϕint(x) =
x3
3
,

ϕext(x) = R3 x3
3∥x∥3

.

Similar to before, the vector potential is computed using equations (7.6) and (7.7). We
start by observing that for a uniform magnetization

∇×m = 0

holds. Thus, like in Example 1 Aint
1 = Aext

1 = 0. For A2 we again consider the jump
condition on the boundary[︃

∂A2

∂n

]︃
= −m× n = − 1

R
(−x2, x1, 0)T .

We proceed by forming the Ansatz for Aint
2 by

Aint
2 (x) = B(−x2, x1, 0)T

and for Aext
2 by taking into account the decay conditions from (7.7):

Aext
2 (x) =

C

∥x∥3
(−x2, x1, 0)T ,

for constants B,C ∈ R. Ensuring [A2] = 0 on ∂Ω leads to

B(−x2, x1, 0)T =
C

R3
(−x2, x1, 0)T ⇒ C = R3B.
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Moreover,

∂Aint
2

∂n
=
B

R
(−x2, x1, 0)T ,

∂Aext
2

∂n
=

2C

R5
(x2,−x1, 0)T = −2B

R2
(−x2, x1, 0)T .

This yields,

− 1

R
(−x2, x1, 0)T =

[︃
∂A2

∂n

]︃
=
∂Aext

2

∂n
− ∂Aint

2

∂n
= −2B −BR

R2
.

As a result,

B =
1

3R2
, C =

R

3
.

After rescaling with R2 we finally get

Aint(x) =
1

3
(−x2, x1, 0)T ,

Aext(x) =
R3

3∥x∥3
(−x2, x1, 0)T .

Hence, the b-field is denoted by

bint(x) = ∇×Aint(x) = (0, 0, 2/3)T ,

bext(x) = ∇×Aext(x) =
R3

∥x∥5
(︁
x1x3, x2x3, (−x21 − x22 + 2x23)/3

)︁T
.
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Netgen/NGSolve

The aim of this chapter is to examine the structure of the open-source library Net-
gen/NGsolve and to showcase the most important parts of the code used for the calcu-
lations in this work.
In general, Netgen and NGsolve are two separate packages, the former is used for mesh
generation, the latter is the actual finite element solver. The core computations of Net-
gen/NGsolve are programmed in C++ but wrapped within a Python interface, which
will be observed in the following sections. Further explanations to the contents of this
section can be found in the documentation of Netgen/NGsolve [72], as well as in [73] for
more details on mesh generation and [74] for NGsolves internal C++ framework.

Mesh generation

We start by showing a prototype case of a mesh generation process with Netgen. Firstly,
a geometry has to be set up. This is done with the implemented library open cascade
technology (OCCT) [75]. This package provides models of geometric objects together
with their properties, i.e. edges, vertices and boundaries. Additionally, interaction
between multiple objects, such as intersections or unions, is performed by OCCT as
well. The following code generates the unit cube, embedded in another larger cubic
domain, like in the setup of the NIST µMAG standard problem #3:

1 from netgen.occ import *

2

3 # inner cube

4 magnet = Box((-0.5,-0.5,-0.5) ,(0.5 ,0.5 ,0.5))

5

6 # outer cube

7 pp = 2* bricksize

8 brick = Box((-pp,-pp,-pp),(pp ,pp ,pp))

9 air = brick - magnet

10

11 geo = Glue([air , magnet ])

12 occgeo = OCCGeometry(geo)

Subsequently, Netgen generates a mesh using the so-called advancing front technique
[73] This means that firstly a 2D boundary mesh is set up on the facets of the domain.
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Therefore, the program detects ‘special points’, intersection points of multiple facets or
points with maximal or minimal coordinates, by solving nonlinear optimization problems.
Then, edges are defined as the line segments between those special points. For curves,
a predictor-corrector method is used, where, starting at an initial point, a small step
along the corresponding tangential vector is made, followed by a projection back onto
the curve. These edges are then subdivided according to a given maximal mesh size.
Finally, a surface mesh is established for every facet, following a set of abstract rules
that guarantee well-shaped, equilateral triangles. For more detailed descriptions of these
rules, see [73]. To conclude this for 3D geometries, a mesh of tetrahedrons is built inwards
from the surface. The following code summarizes the result:

1 magnet.mat(’magnet ’).maxh=h

2 magnet.faces.name=’inner_bound ’

3 brick.faces.name=’outer’

4 air.mat(’brick ’)

5 mesh = Mesh(occgeo.GenerateMesh(maxh=2, grading =0.3))

Here, ‘maxh’ gives the maximal mesh size and ‘grading’ determines a mesh refinement
towards the outer boundary. Additionally, we introduced names for the different domains
and boundaries.

Finite Element Method with NGSolve

The first step for applying a finite element scheme in NGSolve is to define a finite element
space. As we are always working in 3D and with polynomial functions of degree d = 1
we implement:

1 fes_mag = VectorH1(mesh , order=1, definedon=’magnet ’)

2 fes_air = VectorH1(mesh , order=1, definedon=’brick’, dirichlet=’outer’)

3 fes = FESpace ([fes_mag , fes_air ])

Here, the approach of two separated finite element spaces for inner and outer domain as
introduced in section 6.1.3 is shown. Note, that we defined Dirichlet boundary conditions
on the outer boundary. The expression ‘VectorH1’ defines a subspace of the vector valued
(H1(Ω))3 space.
To define functions on those space one uses the concept of coefficient functions. These are
functions stored as expression trees of coordinates and binary operations. For example
the function

f(x) = x(2 + x)

is stored as [72]

coef binary operation ’*’, real

coef coordinate x, real

coef binary operation ’+’, real

coef 2, real

coef coordinate x, real.
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Coefficient functions can also be defined discontinuous and domain-wise, for example in
the case of an initial flower state, we write

1 m=mesh.MaterialCF ({’magnet ’ : (x*z,y*z+1/8*y**3*z**3,1),

2 ’brick’: (0,0,0)})

The following code shows the assembly of the element matrix for the discretized stray
field energy. For simplicity, the case of a fixed vector potential is depicted:

1 def stiff_stray2(fes):

2 (u_mag ,_), (v_mag ,_) = fes.TnT()

3

4 a = BilinearForm(fes)

5 a += InnerProduct(u_mag , v_mag)*dx(definedon=’magnet ’)

6 a.Assemble ()

7 return a

Here, ‘umag’ and ‘vmag’ describe trial and test functions, which will be combined in a
symbolic bilinear form, only defined on the magnetic domain. In ‘a.Assemble()’ this
symbolic form is evaluated element-wise in the local basis elements. On each element
a local matrix is calculated and afterwards assembled into a global matrix by global
degree of freedom numbering. Multiple local computations are possible in parallel due
to coloring. For calculation of the gradients, automatic differentiation is used as well
as an integration rule object for evaluating integrals numerically. More specifically, the
integration rule provides an integration point which contains the corresponding coor-
dinates on the reference element (see (3.12)) as well as quadrature weights. Then the
quadrature is applied to the mapping onto the physical element, i.e. to evaluate the
integral of a function f : Rn → R on a mesh element T,∫︂

T
f dx,

the integration rule computes

Nq∑︂
i=1

wif(FT (x̂i))|detJT (x̂i)|.

Here,
x = FT (x̂)

is the transformation from the reference element onto the physical element (see (3.14))
and JT its Jacobian, again computed by automatic differentiation [74].
The matrix ‘a’ is then stored in an NGsolve internal sparse matrix format, but with the
following line of code it can be converted into a SciPy sparse matrix:

1 M = csr_matrix(a.mat.CSR())

The resulting matrix is block diagonal with three blocks each corresponding to one co-
ordinate, as depicted in Figure 3.3. Assembling load vectors follows the same scheme:
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1 def load_vector(fes , b_mag):

2 (v_mag ,_) = fes.TestFunction ()

3 f = LinearForm(fes)

4 f += InnerProduct(b_mag , v_mag)*dx(definedon=’magnet ’)

5 f.Assemble ()

6 return f.vec.FV().NumPy()

From here, one can work within NumPy’s and SciPy’s well known framework to establish
the iterative techniques presented in this thesis.

Matrix Assembling

In this section the code of the specific element matrices established in Chapter 4 is
displayed. Only the joint minimization procedure is shown, as the matrices for the
iterative methods follow directly from the presented code.

1 from ngsolve import *

2 import numpy as np

3 from scipy.linalg import *

4 from scipy.sparse import bmat

5

6 #Stray Field Energy (fixed magnetization)

7 def stiff_stray(fes):

8 (u_mag ,_), (v_mag ,_) = fes.TnT()

9 a = BilinearForm(fes)

10 a += InnerProduct(u_mag , v_mag) * dx(definedon=’magnet ’)

11 with TaskManager ():

12 a.Assemble ()

13

14 return a

15

16 #Anisotropy Energy

17 def stiff_an(fes , Q):

18

19 (u_mag ,_), (v_mag , _) = fes.TnT()

20 a = BilinearForm(fes)

21

22 a += 2 * Q * InnerProduct(u_mag , v_mag) * dx(definedon=’magnet ’)

23 with TaskManager ():

24 a.Assemble ()

25

26 # Get block diagonal form

27 # DOF blocks:

28 # magnet_x: 0: n_block

29 # magnet_y: n_block :2* n_block

30 # magnet_z: 2* n_block :3* n_block

31 # air_x: 3* n_block :4* n_block

32 # air_y: 4* n_block :5* n_block

33 # air_z: 5* n_block :6* n_block

34 # Keep only x,y components -> equivalent to keeping the z-component

35 # with negative sign as in Chapter 4
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36

37 spmat = csr_matrix(a.mat.CSR(),shape=(fes.ndof , fes.ndof))

38 n = spmat.shape [0]

39 n_block = n // 6

40

41 cols_to_keep = (list(range(0, 2* n_block)) +

42 list(range (3* n_block , 5* n_block)))

43

44 def zero_columns(spmat , cols_to_keep):

45 # Zero out all columns not in cols_to_keep

46

47 _,n_cols = spmat.shape

48 mask = np.zeros(n_cols , dtype=spmat.dtype)

49 mask[cols_to_keep] = 1.0

50 return spmat.multiply(mask)

51

52

53 spmat_filtered = zero_columns(spmat , cols_to_keep)

54 return spmat_filtered

55

56 #Exchange Energy

57 def stiff_ex(fes , A_ex):

58 (u_mag ,_), (v_mag ,_) = fes.TnT()

59 a = BilinearForm(fes)

60 a += 2 * A_ex * InnerProduct(Grad(u_mag), Grad(v_mag)) * dx(definedon

=’magnet ’)

61 with TaskManager ():

62 a.Assemble ()

63

64 return a

65

66 # Magnetization assembling

67 def mat_m(fes , A_ex , Q):

68 M=stiff_stray(fes)

69 M_sp=csr_matrix(M.mat.CSR(),shape=(fes.ndof , fes.ndof))

70 E= stiff_ex(fes , A_ex)

71 E_sp=csr_matrix(E.mat.CSR(),shape=(fes.ndof , fes.ndof))

72 A_sp= stiff_an(fes , Q)

73 H= M_sp +E_sp+ A_sp

74

75 n=H.shape [0]

76 zero = csr_matrix ((n, n))

77 return bmat ([[H, zero],[zero , zero]], format=’csr’)

78

79 # Vector Potential assembling

80 def mat_A(fes , alpha =1000):

81 (u_mag , u_air), (v_mag , v_air) = fes.TnT()

82 a = BilinearForm(fes)

83 a+= InnerProduct(Grad(u_mag), Grad(v_mag))*dx(’magnet ’)

84 a+= InnerProduct(Grad(u_air), Grad(v_air))*dx(’brick’)

85

86 # Coupling for the boundary terms

87 h = specialcf.mesh_size #minimal mesh size
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88 a += alpha/h * InnerProduct(u_mag - u_air , v_mag - v_air) * ds(’

inner_bound ’)

89 with TaskManager ():

90 a.Assemble ()

91

92 F=csr_matrix(a.mat.CSR(),shape=(fes.ndof , fes.ndof))

93 n=F.shape [0]

94 zero = csr_matrix ((n, n))

95 return bmat ([[zero , zero],[zero , F]], format="csr")

96

97 # Mixed term assembling

98 def mat_mix(fes):

99 (u_mag ,_) ,(v_mag ,_) = fes.TnT()

100 a = BilinearForm(fes , symmetric=False) #matrix is antisymmetric

101 a += 0.5* InnerProduct(v_mag , curl_func(u_mag))*dx(definedon=’magnet ’)

102 with TaskManager ():

103 a.Assemble ()

104

105 K = csr_matrix(a.mat.CSR(),shape=(fes.ndof , fes.ndof))

106 n=K.shape [0]

107 zero = csr_matrix ((n, n))

108 return bmat ([[zero , K],[K.T,zero]], format="csr")

109

110

111 #Final matrix

112 def mat_sum(fes , A_ex , Q):

113 H= mat_m(fes , A_ex , Q)

114 F= mat_A(fes)

115 K=mat_mix(fes)

116 return H+F-2*K

Iterative Methods - Code

In this section the code for the algebraic methods used in this work is presented.

Quadratic Penalty Method

1 import numpy as np

2 from scipy.linalg import *

3 from scipy.optimize import minimize

4

5 # objective function & gradient

6 def Func(x, H):

7 return 0.5 * x @ (H @ x)

8

9 def grad_Func(x, H):

10 return H @ x

11

12 # penalty term
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13 def P_split(m, mu, idx_mag , idx_air):

14 # m = coefficient vector of magnetization

15 # idx_mag , idx_air = indices of nodes inside/outside the magnet

16

17 # magnet block

18 m_mag = m[idx_mag]

19 m_mag2 = m_mag **2

20 N_mag = len(m_mag2) // 3

21 mag_nodes = [

22 m_mag2 [:N_mag],

23 m_mag2[N_mag :2* N_mag],

24 m_mag2 [2* N_mag :]

25 ]

26 norms_mag = np.sum(mag_nodes , axis =0)

27 P_mag = np.sum ((0.5*( norms_mag - 1))**2)

28

29 # air block

30 m_air = m[idx_air]

31 m_air2 = m_air **2

32 N_air = len(m_air2) // 3

33

34 air_nodes = [

35 m_air2 [:N_air],

36 m_air2[N_air :2* N_air],

37 m_air2 [2* N_air :]

38 ]

39 norms_air = np.sum(air_nodes , axis =0)

40 P_air = np.sum ((0.5* norms_air)**2)

41

42 return mu/2 * (P_mag + P_air)

43

44 # joint coupling

45 def P_simul(x, mu, shift , idx_mag , idx_air):

46 # x = (c_m , c_A)

47 # shift = last index of the magnetization vector

48 m=x[:shift]

49 pen= P_split(m, mu, idx_mag , idx_air)

50 return pen

51

52 # gradient of penalty term

53 def grad_P_split(m, mu , idx_mag , idx_air):

54 grad = np.zeros_like(m)

55

56 # magnet block

57 m_mag = m[idx_mag]

58 N_mag = len(m_mag) // 3

59

60 mx = m_mag [:N_mag]

61 my = m_mag[N_mag :2* N_mag]

62 mz = m_mag [2* N_mag :]

63

64 norms_mag = mx**2 + my**2 + mz**2

65 factor_mag = (norms_mag - 1.0)
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66

67 grad_mag = np.concatenate ([

68 mx * factor_mag ,

69 my * factor_mag ,

70 mz * factor_mag

71 ])

72

73 grad[idx_mag] = mu/2 * grad_mag

74

75 # air block

76 m_air = m[idx_air]

77 N_air = len(m_air) // 3

78

79 ax = m_air [:N_air]

80 ay = m_air[N_air :2* N_air]

81 az = m_air [2* N_air :]

82

83 norms_air = ax**2 + ay**2 + az**2

84 factor_air = norms_air

85

86 grad_air = np.concatenate ([

87 ax * factor_air ,

88 ay * factor_air ,

89 az * factor_air

90 ])

91

92 grad[idx_air] = mu/2 * grad_air

93

94 return grad

95

96 # gradient coupling

97 def grad_P_simul(x, mu , shift , idx_mag , idx_air):

98 grad = np.zeros_like(x)

99 m=x[:shift]

100 grad_m = grad_P_split(m, mu , idx_in_m , idx_out_m)

101 grad[:shift] = grad_m

102 return grad

103

104

105 # Penalty function

106 def Q(x_np , H, mu, shift , idx_mag , idx_air):

107 return Func(x_np , H) + P_simul(x_np , mu , shift , idx_mag , idx_air)

108

109 def Q_grad(x_np , H, mu, shift , idx_mag , idx_air):

110 return grad_Func(x_np , H) + grad_P_simul(x_np , mu , shift , idx_mag ,

idx_air)

111

112 #minimzer from SciPy

113 def scipy_minimize(x_np , mu, shift , idx_mag , idx_air , H):

114 def f_wrapped(x):

115 return Q(x,H, mu, shift , idx_mag , idx_air)

116 def fprime_wrapped(x):

117 return Q_grad(x, H, mu , shift , idx_mag , idx_air)
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118

119 res= minimize(f_wrapped , x_np , jac= fprime_wrapped ,

120 method=’L-BFGS -B’)

121 return res.x

122

123 #constraint vector

124 def constraint_mag(m_mag):

125 N = len(m_mag) // 3

126 norms = (m_mag [:N]**2 +

127 m_mag[N:2*N]**2 +

128 m_mag [2*N:]**2)

129 return 0.5 * (norms - 1.0)

130

131 def constraint_air(m_air):

132 N = len(m_air) // 3

133 norms = (m_air [:N]**2 +

134 m_air[N:2*N]**2 +

135 m_air [2*N:]**2)

136 return 0.5 * norms

137

138 #returns max_j |h_j(m)m_j| for stopping criterion

139 def feasibility_split(m, idx_mag , idx_air):

140 # magnet

141 m_mag = m[idx_mag]

142 c_mag = constraint_mag(m_mag)

143 m_mag_int = interleave_block(m_mag)

144 prod_mag = c_mag.reshape (-1,1) * m_mag_int

145 feas_mag = np.max(np.linalg.norm(prod_mag , axis =1))

146

147 # air

148 m_air = m[idx_air]

149 c_air = constraint_air(m_air)

150 m_air_int = interleave_block(m_air)

151 prod_air = c_air.reshape (-1,1) * m_air_int

152 feas_air = np.max(np.linalg.norm(prod_air , axis =1))

153

154 return max(feas_mag , feas_air)

155

156

157 #full penalty method

158 def qpm(mu0 , x_np , H, shift , idx_mag , idx_air , tau= 1e-02,

159 max_iter =30, tol_c =1e-06, tol_grad =1e-08, tol_2 = 1e-08,

160 stagnation_tol= 1e-10,

161 gamma= 0.5):

162

163 v_prev =1e-10

164 mu=mu0

165 for k in range(max_iter):

166 print(’begin minimization ’)

167 x_np= scipy_minimize(x_np , mu , shift , idx_mag , idx_air , H)

168 print(’minimization ended’)

169 m_np = x_np[:shift]

170 m_mag=m_np[idx_mag]
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171 m_air=m_np[idx_air]

172 ck_mag= constraint_mag(m_mag)

173 ck_air=constraint_air(m_air)

174 ck= np.concatenate ((ck_mag ,ck_air), axis=None)

175 vk= np.linalg.norm(ck)

176 print(f’\nPenalty method iteration {k+1}: Constraint violation: {

vk}\n’)

177

178 grad = Q_grad(x_np , H, mu , shift , idx_mag , idx_air)

179 norm_grad= np.linalg.norm(grad)

180 delta = feasibility_split(m_np , idx_mag , idx_air)

181

182 if norm_grad < tol_grad and vk < tol_c:

183 print(’Stopping tolerance reached. Return KKT point.’)

184 return x_np

185

186 if delta < tol_2 and abs(vk - v_prev)< stagnation_tol:

187 print(’Stopping tolerance reached. Return infeasible point.’)

188 return x_np

189

190 if vk <= gamma * v_prev:

191 print(’Infeasibility reduced sufficiently , keep mu.’)

192 Mk=1

193 else:

194 print(’Update mu’)

195 Mk=5

196

197 mu= Mk*mu

198 print(’New mu:’, mu)

199 if math.isnan(mu) == True:

200 mu=mu0

201 v_prev=vk

202 tau=max(tau / np.sqrt(mu), 1e-12)

203

204 print(’Maximal iterations reached. Return x.’)

205 return x_np

Augmented Lagrangian Method

1 # helper for norm at nodes

2 def node_norms(m_block):

3 N = len(m_block) // 3

4 mx = m_block [:N]

5 my = m_block[N:2*N]

6 mz = m_block [2*N:]

7 return mx**2 + my**2 + mz**2

8

9 # Lagrangian part

10 def L_split(m, lam , idx_mag , idx_air):

11 # m = [m_mag | m_air]

12 # lam = [lam_mag | lam_air]
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13 m_mag = m[idx_mag]

14 m_air = m[idx_air]

15 lam_mag = lam[:len(m_mag)//3]

16 lam_air = lam[len(m_mag)//3:]

17

18 # magnet constraint |m|^2 - 1

19 norms_mag = node_norms(m_mag)

20 L_mag = np.sum(lam_mag * (norms_mag - 1.0))

21

22 # air constraint |m|^2

23 norms_air = node_norms(m_air)

24 L_air = np.sum(lam_air * norms_air)

25

26 return 0.5 * (L_mag + L_air)

27

28 # gradient of Lagrangian

29 def grad_L_split(m, lam , idx_mag , idx_air):

30

31 m_mag = m[idx_mag]

32 m_air = m[idx_air]

33

34 N_mag = len(m_mag) // 3

35

36 lam_mag = lam[:N_mag]

37 lam_air = lam[N_mag :]

38

39 # expand multipliers per component

40 lam_mag_all = np.tile(lam_mag , 3)

41 lam_air_all = np.tile(lam_air , 3)

42

43 # block gradients

44 grad_mag = m_mag * lam_mag_all

45 grad_air = m_air * lam_air_all

46

47 # assemble global gradient

48 grad = np.zeros_like(m)

49 grad[idx_mag] = grad_mag

50 grad[idx_air] = grad_air

51

52 return grad

53

54

55 def L_simul(x, lam , shift , idx_mag , idx_air):

56 m= x[:shift]

57 return L_split(m, lam , idx_mag , idx_air)

58

59 def grad_L_simul(x, lam , shift , idx_mag , idx_air):

60 grad = np.zeros_like(x)

61 m=x[:shift]

62 grad_m = grad_L_split(m, lam , idx_mag , idx_air)

63 grad[:shift] = grad_m

64 return grad

65
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66

67 # new objective function & gradient

68 def Lagrangian_value(x_np ,H, mu , lam , shift , idx_mag , idx_air):

69 return (Func(x_np , H) + P_simul(x_np , mu , shift ,idx_mag , idx_air)+

70 L_simul(x_np , lam , shift ,idx_mag , idx_air))

71

72 def Lagrangian_grad(x_np ,H, mu , lam , shift ,idx_mag , idx_air):

73 return (grad_Func(x_np , H) + grad_P_simul(x_np , mu , shift ,idx_mag ,

idx_air)+

74 grad_L_simul(x_np , lam , shift ,idx_mag , idx_air))

75

76

77 def scipy_minimize(x_np , mu, lam , shift ,idx_mag , idx_air , H):

78

79 def f_wrapped(x):

80 return Lagrangian_value(x,H, mu , lam , shift , idx_mag , idx_air)

81 def fprime_wrapped(x):

82 return Lagrangian_grad(x, H, mu , lam , shift , idx_mag , idx_air)

83

84 res= minimize(f_wrapped , x_np , jac= fprime_wrapped , method=’L-BFGS -B’

)

85

86 return res.x

87

88 # full aLm framework

89 def aLm(mu0 , lam0 , x_np , H, shift , idx_mag , idx_air , max_iter =200,

90 tol_c =1e-06, tol_grad =1e-06, tol_2 = 1e-08,

91 stagnation_tol= 1e-10, gamma= 0.5):

92 v_prev =1e-10

93 mu=mu0

94 lam=lam0

95 eps=1e-05

96 nu=1e-05

97 for k in range(max_iter):

98 print(’begin minimization ’)

99 x_np= scipy_minimize(x_np , mu , lam , shift , idx_mag , idx_air , H)

100 m_np=x_np[:shift]

101 m_mag=m_np[idx_mag]

102 m_air=m_np[idx_air]

103 ck_mag= constraint_mag(m_mag)

104 ck_air=constraint_air(m_air)

105 ck= np.concatenate ((ck_mag ,ck_air), axis=None)

106 vk= np.linalg.norm(ck)

107 print(f’’’\nAugmented Lagr. method iteration {k+1}:

108 Constraint violation: {vk}\n’’’)

109

110 grad = Lagrangian_grad(x_np , H, mu , lam , shift , idx_mag , idx_air)

111 norm_grad= np.linalg.norm(grad)

112 delta = feasibility_split(m_np , idx_mag , idx_air)

113 print(’Norm of grad:’,norm_grad)

114

115 if norm_grad < tol_grad and vk < tol_c:

116 print(’Stopping tolerance reached. Return KKT point.’)
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117 return x_np

118

119 if delta < tol_2 and abs(vk - v_prev)< stagnation_tol:

120 print(’Stopping tolerance reached. Return infeasible point.’)

121 return x_np

122

123 #Update scheme

124 if vk < eps:

125 print(’Update lambda ’)

126 lam = lam + mu*ck

127 nu=nu/mu

128 eps= eps/mu **(1/2)

129 else:

130 print(’Update mu’)

131 mu= mu*5

132 nu= 1/mu

133 eps= 1/mu **(1/2)

134

135

136 print(f’New mu: {mu}.’)

137 if math.isnan(mu) == True:

138 mu=mu0

139 v_prev=vk

140

141 return x_np

Projected CG-method

1 from scipy.sparse.linalg import spilu , LinearOperator

2 from scipy.sparse import eye

3

4 # helper functions for changing order of coeff. vector

5 # NGsolve saves vectors coordinatewise and not nodewise

6 def interleave_block(m_block):

7 N = len(m_block) // 3

8 return np.vstack ((

9 m_block [:N],

10 m_block[N:2*N],

11 m_block [2*N:]

12 )).T

13

14 def deinterleave_block(m_inter):

15 return np.concatenate ((

16 m_inter [:,0],

17 m_inter [:,1],

18 m_inter [:,2]

19 ))

20

21 # project gradient

22 def project_gradient(x, grad , shift , idx_mag , idx_air):

23 m = x[:shift]
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24 grad_proj = grad.copy()

25

26 m_mag = m[idx_mag]

27 g_mag = grad[idx_mag]

28

29 m_int = interleave_block(m_mag)

30 g_int = interleave_block(g_mag)

31

32 dot = np.sum(g_int * m_int , axis=1, keepdims=True)

33 g_proj_int = g_int - dot * m_int

34

35 grad_proj[idx_mag] = deinterleave_block(g_proj_int)

36

37 # Air block of m (no projection)

38 grad_proj[idx_air] = grad[idx_air]

39

40 return grad_proj

41

42 # normalize iterates (only the magnetization)

43 def normalize_split(m, idx_mag , idx_air):

44

45 m_new = np.zeros_like(m)

46

47 # magnet block

48 m_mag = m[idx_mag]

49 m_int = interleave_block(m_mag)

50

51 norms = np.linalg.norm(m_int , axis=1, keepdims=True)

52 norms_safe = np.where(norms == 0, 1, norms)

53

54 m_mag_norm = m_int / norms_safe

55 m_new[idx_mag] = deinterleave_block(m_mag_norm)

56

57

58 return m_new

59

60 def normalize_full(x, shift , idx_mag , idx_air):

61 m = x[:shift]

62 A = x[shift :]

63

64 m = normalize_split(m, idx_mag , idx_air)

65 return np.concatenate ([m, A])

66

67 # backtracking line search

68 def wolfe_line_search(x, d, H, grad , idx_mag , idx_air , shift ,

69 alpha0 =1.0, tau=0.5,

70 c1=0.1,

71 maxiter =30):

72 Fm = Func(x,H)

73 slope0 = np.dot(grad , d)

74

75 alpha = alpha0

76 for j in range(maxiter):
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77

78 x_trial = normalize_full(x+alpha*d, shift , idx_mag , idx_air)

79 F_trial = Func(x_trial , H)

80

81 if F_trial > Fm + c1 * alpha * slope0:

82 alpha *= tau

83 continue

84

85

86 print(f’Wolfe line search accepted alpha={ alpha} after {j}

backtracks ’)

87 return alpha

88

89 print(’Wolfe line search did not converge , fallback alpha=’, alpha)

90 return alpha

91

92

93 # incomplete LU precon

94 def precon(H, delta = 1e-08):

95 # regularize system matrix

96 H_reg = H + delta * eye(H.shape[0], format="csc")

97

98 ilu = spilu(

99 H_reg.tocsc (),

100 drop_tol =1e-2,

101 fill_factor =5,

102 permc_spec=’MMD_AT_PLUS_A ’

103 )

104

105 H_prec = LinearOperator(H.shape , matvec=ilu.solve)

106 return H_prec

107

108 # full pCG framework

109 def pCG_simul(x0, H, idx_mag , idx_air , H_prec , shift , max_iter =2000 ,

110 tol=1e-6):

111 x = normalize_full(x0, shift , idx_mag , idx_air)

112 grad = grad_Func(x, H)

113 grad_proj = project_gradient(x, grad , shift , idx_mag , idx_air)

114 y = H_prec(grad_proj)

115 d = -y

116 alpha =1

117 for j in range(max_iter):

118 alpha = wolfe_line_search(x, d, H, grad , idx_mag ,

119 idx_air , shift , alpha0=alpha)

120 x_new= normalize_full(x+ alpha*d, shift , idx_mag , idx_air)

121 grad_new = grad_Func(x_new , H)

122 grad_proj_new = project_gradient(x_new , grad_new , shift ,

123 idx_mag , idx_air)

124

125 y_new=H_prec(grad_proj_new)

126

127 delta_g=grad_proj_new -grad_proj

128 num=np.dot(delta_g ,y_new)
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129 den=np.dot(delta_g ,d)

130 beta=num/den if den!=0 else 0.0

131

132 # restart condition

133 if np.dot(y_new ,grad_proj_new) <= np.dot(y_new , grad_proj):

134 beta = 0.0

135

136 d_new = -y_new + beta * d

137

138 print(f’Iteration {j+1}: Norm of Gradient:’,

139 np.linalg.norm(grad_proj_new))

140

141 if np.linalg.norm(grad_proj_new) < tol:

142 print(f’Converged at iteration {j}’)

143 break

144

145 x=x_new

146 grad = grad_new

147 grad_proj = grad_proj_new

148 y = y_new

149 d= d_new

150

151 return x
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[74] J. Schöberl. “C++ 11 implementation of finite elements in NGSolve”. In: Institute
for analysis and scientific computing, Vienna University of Technology 30 (2014).

[75] Open CASCADE Technology — Collaborative development portal. url: https:
//dev.opencascade.org/ (visited on 03/09/2026).

113

https://dev.opencascade.org/
https://dev.opencascade.org/


List of Figures

1.1 Annual growth rate of the demand for NdFeB magnets worldwide (in
percent) in the years 2019-2022 (the values from 2020-2022 are based on
a forecast) [3]. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Comparison of the global demand for rare-earth permanent magnets in
the years 2010, 2015 and 2025 in different economic sectors. The values
for 2025 are based on a forecast [4], [5], [6]. . . . . . . . . . . . . . . . . . 2

2.1 Flower state (left) and vortex state (right) of a magnetized cube. . . . . . 15

3.1 Admissible and regular triangulation of a two-dimensional domain. . . . . 25
3.2 Degrees of freedom on a single element in two and three dimensions for

P1 and P2 polynomials, respectively. . . . . . . . . . . . . . . . . . . . . . 28
3.3 Sparsity pattern of a 61941×61941 stiffness matrix of a vector valued Pois-

son problem. The symmetric, coordinate-wise block structure is clearly
visible. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

6.1 A spherical magnet embedded in an exterior cubic domain. Both domains
are meshed with tetrahedrons, with a finer triangulation on the sphere.
The second figure shows the gradual coarsening of the mesh size towards
the outer boundary. For visualization purposes a larger mesh size has
been chosen. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

6.2 Comparison of the numerically computed vector potential Ã (left) and
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