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Abstract (German)

Diese Arbeit etabliert einen prazisen mathematischen Rahmen fiir Lévy-
weiles Rauschen, das als verallgemeinertes Zufallsfeld mit Werten im Raum
der temperierten Distributionen S’ behandelt wird. Wir rezensieren die
Ergebnisse von Biermé, Durieu und Wang [6], liefern eine detailliertere Darstel-
lung und korrigieren kleinere Ungenauigkeiten in der bestehenden Literatur.
Durch die Verwendung einer Multi-Sequenz-Darstellung des Schwartz-Raums
S auf Basis von Hermite-Funktionen schliagt diese Arbeit eine Briicke zwis-
chen der klassischen Wahrscheinlichkeitstheorie und der Untersuchung von
Maflen auf unendlichdimensionalen Raumen. Diese Methodik liefert einen
in sich geschlossenen Beweis des Satzes von Minlos-Bochner; orientiert an
der Arbeit von Unser und Fageot [11, 13] nutzen wir diesen Satz als zen-
trales Existenzresultat, um Lévy-weiles Rauschen auf &’ mittels unendlich
teilbarer Verteilungen zu definieren. Des Weiteren bietet die Arbeit eine
vereinheitlichte Darstellung, indem sie den konstruktiven Ansatz — die Def-
inition von Lévy-weilem Rauschen als Distributionsableitung eines Lévy-
Prozesses — mit dem formalen funktionalanalytischen Rahmen verkniipft.
Letztlich ermoglicht diese Formulierung eine rein distributionelle Behandlung
stochastischer Differentialgleichungen (SDEs) und liefert eine in der Opera-
tortheorie verwurzelte Losungstheorie.



Abstract

This thesis establishes a rigorous mathematical framework for Lévy white
noise, treated as a generalized random field with values in the space of tem-
pered distributions §’. We review the results of Biermé, Durieu, and Wang
[6], provide a more detailed exposition and address minor inaccuracies in
the existing literature. By utilizing a multi-sequence representation of the
Schwartz space & based on Hermite functions, this work bridges the gap
between classical probability theory and the study of measures on infinite-
dimensional spaces. This methodology yields a self-contained proof of the
Minlos-Bochner theorem; guided by the work of Unser and Fageot [11, 13],
we utilize this theorem as the primary existence result for defining Lévy
white noise on &’ via infinitely divisible distributions. Furthermore, the the-
sis provides a unified presentation by connecting the constructive approach—
defining Lévy white noise as the distributional derivative of a Lévy process—
with the formal functional framework. Ultimately, this formulation enables
a purely distributional treatment of stochastic differential equations (SDEs),
providing a solution theory rooted in operator theory.
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1 Introduction

In many areas of applied mathematics such as signal processing, mathemat-
ical finance and other areas where random fluctuation occurs, the concept of
white noise is central to model random background noises ([21], [22]). Infor-
mally, it is regarded as a centered Gaussian Process, which is independent
at different times and has infinite variance. That is, the density over all
frequencies in the Fourier domain, the so called spectral density, is constant.
This gives it the name ”white”, resembling white light where all colors are
present in the spectral decomposition. We can also think of it as the deriva-
tive of Brownian motion ([22],[26]). However, since this is not well-defined
in the classical sense, we have the need for an expanded framework of so
called Generalized Random Fields for a mathematically rigorous treatment.
It originates from the idea of a generalized stochastic process, where instead
of a one dimensional time variable, the index set is some infinite dimen-
sional function space ([24]). We can think of these functions as ”observation
windows” by which we can observe the modeled object through some noisy
measurement. They are also of use in quantum field theory ([9], [29]) and
stochastic partial differential equations ([24]). This approach was first taken
by Hida in the 70s to formally introduce white noise as a generalized func-
tion on an infinite dimensional function space ([20]) and and to provide the
framework for white noise analysis ([25]). Motivated by this, the first part of
this thesis is concerned with the formal introduction of generalized random
fields. We will view them as a generalization of random variables which take
values in the space of tempered distributions. However, in general, infinite-
dimensional measures on topological vector spaces are very difficult objects
to handle ([44], [28]). So to deal with this difficulty we use a multi-sequence
representation of S and S’ as sequence spaces which allows us to transfer clas-
sical results in R? to infinite-dimensional distributions. In [6] this approach
is taken by Biermé, Durieu and Wang to give a self contained proof for two
central results characterizing the distributions of generalized random fields.
A Bochner-type theorem (Minlos-Bochner theorem) characterizing the dis-
tribution of generalized random fields by their characteristic functional and
a Lévy-type continuity theorem concerning the notion of convergence. We
will revisit their work, but also provide more details and address gaps in the
paper where we think things are left unclear.

The formal construction of white noise in [20] is based on the Minlos-Bochner
theorem via the characteristic function of the Gaussian distribution. Nonethe-
less, many phenomena require modeling jumps and heavy tails, which leads
us to the more general class of Lévy processes. Therefore, guided by the
works of [11] and [42], we will apply the Minlos-Bochner theorem not only



to Gaussian distributions, but to any infinitely divisible distribution. In this
way we will be able to introduce the more general concept of Lévy white noise.
Thus, we can identify Gaussian white noise as a special case of Lévy white
noise. Furthermore, we are able to connect the two important approaches
to white noise. We show that under a simplified integrability condition the
definition of Lévy white noise via Minlos-Bochner theorem coincides with the
constructive approach of Lévy white noise as the distributional derivative of a
Lévy process. Additionally, this framework allows for an easy distributional
formulation of generalized stochastic differential equations driven by Lévy
white noise. These have proven to be a useful tool to model sparse stochastic
signals ([41]). We will work out a basic existence result for solutions and a
characterization of their distributions.

The thesis is organized as follows. In section 1-4 we will introduce the
Multi-sequence representation of the Schwartz space and its dual. This allows
us in section 5 to define generalized random fields and present the two main
results, Minlos-Bochner theorem and Lévy’s continuity theorem. In section
6 we will review some useful results of Lévy process and infinitely divisible
distributions which we need to introduce Lévy white noise. Lastly, in section
7, we will set up Lévy white noise on the space of tempered distributions via
the Lévy-Schwartz condition and give a thorough analysis of its properties
and applications in generalized SDEs.



2 The Hermite Functions

The first part of this thesis concerns the formal introduction of generalized
random fields. That is, random variables which take values in the space
of tempered distributions. However, to be able to define distributions on
the Schwartz space or its dual, we first have to introduce some measurabil-
ity structure. And we have to choose this structure in a way that it aligns
with the topological properties of these spaces. The key will be to represent
Schwartz functions as multi-dimensional sequences. For this we will decom-
pose the Schwartz space S into a sequence of decreasing Hilbert spaces by
using an L2-representation based on Hermite functions. The Hermite func-
tions were first studied in the early 19th century and then properly introduced
by Charles Hermite in 1864 ([19]). They are relevant in many fields of math-
ematics such as numerical analysis and mathematical physics (see [30],[47]).
In the first section we will introduce them and show that they form an or-
thonormal basis of L2. We use [47], [24] and [39] as our main references.

The family of Hermite functions {h, }nen, on R is defined as

2

hp(x) == (=1)" (2“nl\/_)*%e% <%)ne$2, n € Np,z € R, (1)

and we set h,, := 0 for n < 0.
Additionally, we define the Hermite polynomials as

d

Hy(x) = (~1)"e” (_

n
d> 6_”7:2, n € Ny, x € R.
x

m?
and again H, := 0 for n < 0. Thus, we have h,(z) = (2"nly/7) "2 H,(z)e™ 7 .
The following properties of the Hermite polynomials will be useful to us.
Lemma 2.1. For the Hermite polynomials H,, the following holds:
(i) Hy(x) =2xH, 1(x) — H (), forn>1

)

(1) H!(x) —2zH) (x) + 2nH,(z) =0
) =
) B

(1ii) H (x _1(z).
Proof. (i) By the definition of H,, we get
d (d\"" 2d (o
Hy(z) = (=1)"e” — [ — =" (e H,_
nl@) = (1) dx (da:) ‘ ¢ o (e " 1($)>

=2xH, 1(x) — H, ().

7



(ii) Equality trivially holds for n = 0 since Hy = 1. Now suppose that it
holds for n — 1, by (i) when then get

H, () = 2Hy 1 (x) + 20H, ,(z) — H, ()
=2H, 1(z) +2zH] () —2zH (x)+2(n—1)H,_ ()
=2nH, ().

Thus, H(z) = 2nH],_,(z) and therefore
H/(z) — 2xH] (x) + 2nH, ()
=2nH, |(z) —4anH, 1(z) + 4nzH, 1(x) — 2nH]_,(z) = 0.
(iii) If we replace n by n — 1 in (i) and use (i), we get
H)(z) =2zH, ,(x)+2H, 1(x) — H,_,(z) = 2nH,_(z).
[l

By (i) we inductively see that H,(z) is a polynomial with highest order
term (2z)".
With this at hand, we can now prove the following Theorem in one dimension.

Theorem 2.1. The family of Hermite functions {hn}nen, s a countable
orthonormal basis of L*(R).

Proof. First, we show that {h,}.en, are orthonormal and then that they
indeed form a complete system. Let w.o.l.g. n > m, then

(i ) 125 = / o () hon (2)

R

— (=)™ (2" lm!) /
= (—1)" (2"+mn!m!)1/27
e[ (3]

Where for the last equality we used integration by parts. Any boundary

terms vanish since (%)ke_"“"2 = pk(ac)e_x2 for some polynomial p, and the



exponential decay of e~**. Note that H,, is a polynomial of degree m, there-

fore, for n > m we have (hy,, hy,) r2®) = 0.
If n =m, then

(sl 20 = 557~ / ((di)fu)) e dr

2"nle™" =1.

%M/

To show that {h, }nen, forms a basis, we show that if for f € L*(R),

(f,hn) =0Vn € Ny, then f =0.

To do so we first claim span{H,}nen, = span{z™,n =0,1,...}:

Obviously, span{H,}nen, C span{z™,n = 0,1,...}. For the other inclusion
we argue inductively. For n = 0 both sets agree and for n > 0 we can write

n 1
Xz = ﬁHn+1(.’L’) — P(IE),

where P is some polynomial of degree n and thus, the claim follows from
induction.
So now it suffices to prove

/f(x):v"er/z de =0 VneNy, = f=0.

Let us assume ff(m)m”e*ﬁ/z dr =0 Vn e N and let F(z) = f(z)e /2

R
By Cauchy-Schwarz F € L'(R) and hence F(F) is well defined. Here F
denotes the Fourier transform. We can compute

F(F)(w) = / e f(z)e ™2 da

:/ zwx F@)e 222 g,
r "=0

=0

n

/ flx)e ™ 2 dz = 0.

R

3

In the last equality we used the Dominated Convergence Theorem to ex-
change sum and integral. We have

Z (—iw:zc)"f(x)e_wz/2

] < elorle=a/2 f ().
n=0 ’




and the right hand side is integrable again by Cauchy Schwarz.
By injectivity of the Fourier transform it follows that /' = 0 a.e. and therefore
f =0 almost everywhere.

[]

We now aim to extend this result to R? for d > 1. For this we define the
Hermite functions {h,},cng by

d
ho(x) := Hhm(xz), n=(ni,..,ng) €ENLx=(21,....,04) ERL (2

=1

Note that h, € S(R?), Vn € NZ&. Analogously to Theorem 2.1 we have the
following.

Theorem 2.2. The family of Hermite functions {hn}yena on R? is an or-
thonormal basis of L*(R%).

Proof. The orthonormality follows directly from the one dimensional case.
To show completeness we again assume (f, h,)r2ge) = 0, Vn € NI and
f € L*(R%). Hence,

x

d—1
/ ({R flxe, o, za) | | n, (x:) doy.odzg—q | ho(2g) dzg = 0
R d

i=1

Vn € No, (nl, ...,nd_l) S Ng_l.

Since {h, }nen, is a basis of L?(R) we obtain

/f Ty, Hhm ;) day..dzg_; = 0

for all (nq,...,n4_1) € Ng’l and almost every x4 € R. Iterating this argument
shows f(z1,...,2q4) = 0 for almost every (1, ...,z4) € R%.
O

This allows us to write any function f € L*(R?) as

f= (fiha)h

nGNg

where we abbreviate the L*(R?) inner product (-,-)z2r) just by (-,-). We
want to use this representation in the particular case of Schwartz functions,

10



i.e. smooth functions of rapid decay. Therefore, as in[6], we introduce now
an additional structure of increasing norms on L%*(RY). For p € Ny and
f e L*(R), let

LAIZ = > (L4 n)*(f, ), (3)
nENg
where we use the notation

d
(1+n)!= H(l +n;)?,  for g € Z,n = (ny,...,ng) € NI.

i=1

Accordingly, for every p € Ny we define the space of finite || - ||,-norm
Sp = Sp(RY) = {f € L*RI)| ||/l < oo}. (4)
Since || - ||, is the norm corresponding to the inner product
(f9)p =D (A +n)"{f hn) (g, hn),
neNd

every S, is a separable Hilbert space with countable orthonormal basis

{h,(lp) = (n + 1)"Ph,|n € N&}. We can see that this defines a sequence
of decreasing Hilbert spaces such that Sy = L?(R?) and for each p € Ny,
Spr1 C S, with || - ||, < || - |l41- So we have

ﬂSpc.,.cSlcsosz.

p=>0

Furthermore, we can equip ﬂpZO S, with the topology induced by the family
of semi-norms {|| - ||, | p > 0}.

3 Schwartz Space § and the Space of Tem-
pered Distributions S’

The Schwartz space S = S(RY) is the linear vector space consisting of in-
finitely differentiable functions that are rapidly decreasing. That is, for all
a, 3 € N&,

[ fllas := sup |20 f ()] < o0,
z€R4

11



Here 0° f(x) = % f(x) denotes the partial derivative of order 8 and
xl J)d

z® = z{'..xy’. S is naturally equipped with the topology induced by the
family of semi-norms {||-||a5 | @, 8 € N@}. This family is total, i.e., || f|ja.s = 0
for all o, 8 € N¢ if and only if f = 0 and hence, S is a locally convex space.
Furthermore, its topology is generated by countably many semi-norms and so
it is metrizable ([7, Proposition 2.1]). We can even show that it is complete.

«

Proposition 3.1. The Schwartz space S is as a complete metric space.

Proof. Let (pn)nen be a Cauchy sequence in S, i.e.
Va,3 €N |lon — @mllas — 0 as n,m — co.

Since the space of continuous bounded functions on R%, Cy(R9) is complete

with respect to the supremum norm, for every a, 3 € N¢ there exists ¢, 5 €
CZURd)Si.

sup |3:°‘0’3<,0n(1') — ap(z)] >0 (n— o0).
z€eR

Let ¢ := g then ¢, — ¢ uniformly and hence also point-wise. To conclude
the proof we have to show that ¢ € C*(R?) and ¢, s(z) = 0% p(x).

Let e; be the i-th unit vector in R?, then by the Fundamental Theorem of
Calculus we have

t
on(z +te;) — pn(x) = /8e"g0n(x +se;)ds Vn € N.

By uniform convergence if we take n — oo we obtain

t

o(x +te;) —p(z) = /gpo,ei (x + se;) ds.

o

Hence, again by the Fundamental Theorem of Calculus, ¢ € C'(R?) and
O%p = @g.,. By induction over || we then get p € C®(R?Y) and 9%p =

¢0¢%\V6 - N%.
To finish let ¢ > 0 and N > 0 s.t. Vn,m > N:

sup |z (0% pu(x) — 0’ngm(1))| < €.
zER?

Thus, point-wise it holds

Vn,m> N,z € R?: |z (0% pu(x) — aﬁgom@)){ < €.

12



Here we can let m — oo and therefore have Vn > N,z € R%

B (0%pn(x) — aﬁgp(x))‘ < e.
Since this holds for every z € R? we have for n > N:

[on = @llas <€
Therefore, p € S and ¢, — ¢ in S.

3.1 S as a Sequence of decreasing Hilbert Spaces

Schwartz functions are defined by two main properties, smoothness and rapid
decay. This makes the || - || g-norms difficult to work with, since it involves
any arbitrary derivative. For our purpose it is convenient to characterize the
Schwartz space S in a different way. For this we will use the structure of
decreasing Hilbert spaces we identified on L? via the Hermite basis. In the
following part we will show that

S=S
p=>0
and that both topologies induced by the family of semi-norms {||-|las| @, 8 €
N¢} and {|| - ||, | p € No} coincide. The following Lemmas show that we can
bound both families of semi-norms against each other. Our approach is along
the lines of [24, Section 1.3].

Lemma 3.1. Let p € Ny. Then 3y € Nd, C > 0 s.t.

<C max VfesS.
£y <C o max  fllas. ¥

Proof. We first show the statement for d = 1 in detail. Since the proof for
arbitrary d > 1 is not more complicated but simply heavy in notation, we
will present it afterwards without much explanation.
d=1:

'c2
Remember that hy,(z) = (2"nly/7) "2 H,(z)e~= and by Lemma 2.1 (iii)
H!(x) =2nH,_1(z). We use this to compute

(f. ) = (2°nly/m) /2 / f(@)e ™2, () de

n —1/2 1 —x2/2 17/
= @A) g [ @) R @) e

= @) s [ (F@)e ) Hyal@) do

2(n+1)

13



For the last equality we used integration by parts. Any boundary terms
vanish by the exponential decay of e /2 and as fesS, fH,1 is bounded.
Repeating this k-times for any k£ € N we obtain

(fiha) = (2 nlv/m) ™ cy” ) /R (f(x)ex2/2>““) Hiyoi() da.

(n+1)...(n+k
Now, by the Leibniz rule

(f(x)e—x2/2>(’f) _ '°° Cc) 00 () (e_mz /2> m'

J=0

()
Clearly, we can write <e””2/ 2)" = pj(x)e*"/2, where p; is a polynomial of

order j inductively defined by py = 1 and p;(z) = pj_,(z) — xp;_1(x). Now,
for 7 > 0 let

Then

(I lloe—s + F ll+10—5)

L N T
E (ot e

14 |z

J
k, 67:1:2/2
(.)D max || fllos.

71 + |2 0<a,p<kr1

With this at hand we can estimate
A 2
k
()n)
o ]

1 2

ho)? < (2"nl/7) 4
[(f; ha)|? < (2"n!y/7) <2k(n+1)...(n+k)) (F
9 6—:(:2/2 2

Ogo%éig)i+1|’f||a7ﬂ /[Rl+’.l"Hn+k($) dx

k k’ 2

< . 2 -2

< (Z ()Da) s 1 [ (4 e 2o

(2nlvm)™ (Qk(n n 1)1...(n n k)>2 /R <€_$2/2H”+k($>>2 de.

14




, 2
We can identify <e‘z /QHnJrk(x)) = h2 . (2)(2"(n + k)!y/T). Further, we

2
3 k
set C:=4 (Z (';)D]> Jo (1 +|z])~?dz. Since (hyik, hnir) = 1, we have

Jj=0

0<a ,8<k:+1

, (n+k)! 1 ’
[(F ) < € max | flI5,52"— <2k(n+1)...(n+k))

¢ 1112 1
—  max
2k 0<a,d<k+1 P (n 4 1) (n + k)

&
o 12 G+ 1)

[\

Now choose k s.t. 2p — k < —1 and set C? := 2% S (n+1)%7% < 0o. Then
n>0

we arrive at

C
1A= D+ 0P ) < o max FIR D (4 1)
n>0 n>0
<C* max |f[3
0<a,B<k+1

d>1:
d

For n,y € N2 we use the notation (14 n)” = [[(1 4+ n;)” and H,(z) =
i=1

d
[T H,,(z;) for x € R%. Analogously to d = 1 we compute

(o) = [[@ntvm) / fa He HPH, (x) do

=1

d
Hznm /)12

N d

/ / [[eHu(a, / F()e™ 2 Hy (1) di...dg
R =2 R

15



/ a,, ( f(m)efx%m) mﬂmﬂ(m) dz:...dzg.

For v € N¢ we repeat this argument to obtain

d d 1

L § e e e A | e T ey

/87 (f(x)e_‘x|2/2> H, () de.

By Leibniz rule,

o (fa)e ) = 3 @ 0 fa)dPe P2,

B<y

and
d
g2 g2 PP
e l=17/2 — | |p5i(37¢)6 lz[%/2 _. Py(x)e |z*/2
i=1

Note that Pj is a polynomial of order |3|. Let

_ (1 + J]) a

16



where 1 = (1,...,1) € N¢. Thus,

Y —|z|? v 1—i_|$ } o~ —|z|?
0<f(x)e|/2>‘§ﬂz§;(ﬁ)1)ﬂ<l+“ 078 f ()| o2

olal?/2

< 2 () P o+ Wl

o-lal?/2
<9
= 1+ 1+ [z Z ( ) ? 0<lal, |5|<M+d“f“ o

Let C := <2 > (3)D ) [ (1 + |z|)~* dz, then

B<y R4

d n; —1o—2]y - ! 2
H (2"in;!/m) 12 | |<E (ni—i-l)"'(n"—i_%))

2
~
(2; (5)D6> 0<|a |‘B|<|V|+d” ||
e_‘33|2/2 2
/ A (@) d

d
<C F12,5 [ @ naty/m)~t2720]
i=1

0<|a \Iﬁ\<|7|+d

d 9 2
<H (ni + 1)1(nZ + %)> / (e—\x|2/2Hn+ﬂ/(x)> do.

Rd

2 d
We have <e*‘x|2/2Hn+7(a:)) ha o (x) TT (2%%% (n; + v:)!y/m) and therefore

=1

[(fha)P <C  max [|f|[2 52 ‘”‘H

0<lal B2y |+d (ni +7)

IN

C271 max o n—i—l
os\amsmud”f” s )

If we choose v s.t. 2p —v; < —1 Vi=1,...,d and set

17



_ d
C?:= (027 S TT(1 +ny)?»% < oo then,

neNg i=1

Il =D A+ (f ha)? < C*  max |f]2,

0<lal,|8|<|y|+d

nGNg
O
To estimate the || - ||, against the || - ||, norm we first need some further
properties of the hermite functions.
Lemma 3.2. Let h, be a hermite function with n > 0, then
(Z) h/ \/_hn 1 nT—th+1($)
(1) xhy(x) = \/5hn_1( b ().
Proof. Using (i) and (7i7) of Lemma 2.1 we get
by, (x) = (2"nly/m) " e 2 (H) (x) — o Hy(2))
2 1
= (2"nly/m) " 2em /2 (Hg(g;) — 5 (Hupa(2) + H,g(x))>
1
= (2"ly/m) 2T (20 Hy o (2) = Hisa (7))
n n+1
= _hn n
Yo \W e
and
zhy(z) = (2"n)/7) " 2e P2 H, (x)
1
= (2"nly/m) e 5 (Hnia () + Hy ()
n In + 1
= \/;hn 1 n+1
O

Lemma 3.3. Let o, 3 € N&. Then there exists M > 0, p € Ny s.t.

1 fllas < M| fll,, VfES.

18



Proof. To show this estimate we first claim that it is enough to prove the
inequality

1()*07F ()l gy < M [|flly,  for some M > 0,p € No. (5)

To see this, let k > d/4. Then for f € S, by using the Fourier transform and
Cauchy-Schwarz inequality we can estimate

|Uﬂm:s<mow2/1fq»um
]Rd

:<%o-W2/11+wm%ﬂfe»u1+wm%—k@)

R4

1/2
< (2m) " /u+mm*%m Q!u+p%%fwﬂwa

d

1/2

1/2

Now let K := (2m)~ %2 (f(l + |p[?) % dp) and C' > 0 s.t.
Rd

(1+[p)™ < C*(1 + [p|**). Then

1/2

|l < KC /u+mwwﬂmﬁm

d

< KC (I fllz + 11 PFOl ) = KC (1l + 1AF 1)
For the last equality we used Parseval’s Identity and the fact that
|- PRFC) = (=DFF (AR,
If we exchange f(z) with 229° f(x) for a, 8 € N4, we obtain
1 llas < KC (1C)*0°F )z + 1A" ()£ () [l12) -

Since A* ((2)*9°f(x)) is a finite linear combination of terms z® 9% f(z) for
some o, 3 € N¢ and since || - || < || - ||, for p’ > p the claim follows.

To show (5) we proceed as in the proof to Lemma 3.1. First, we give a
detailed proof for d = 1. Since the case d > 1 works analogously to d = 1 we

present the full proof thereafter without much detail.
d=1:
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Since the hermite functions {h, }nen, are an orthonormal basis of L?(R¢) we
can expand x*9” f(z) with respect to this basis. For this we have to compute
the coefficients :

«VWNNW=/ﬁWNw( e = ( /& 0? () da.

Here we once again used integration by parts where the boundary terms
vanish by the same argument as in the proof of Lemma 3.1. By the previous
Lemma 3.2 we can express

a+

O (am(@) = Y Cinaphurs(@),

j=—a-p

for some C},, 4,3 With

a+p
2
‘Cj’n7a7ﬁ‘§\/n+1‘..n+a+5§(n+a+5)

2 2 2
Remember that h,, = 0 for n < 0. Therefore we get

o+p
2°9° f(x) :Z(—l)ﬁ( > Cinasll hn+j>> ()

n>0 j=—a—p
a+f
j=—a—0 n>0

By orthogonality of the h,, we then have for j € {—a — f,...,a + 5}
1Y Cinaslfs i) hallze = Y Choa slifs i)

n>0 n>0

<D 2 a8 hy)

n>0

— 273 — 4 a+ B (S, )

n=j

<27 3 (04 2(a+ B)) I, )

n>0

Now choose Ko, > 0 such that (n+2(« + 8))*™ < K2 5(n+ 1)*9) then

2
| 3 Cimasts s |, < K252 3 12D £ )
n>0

n>0
= K232 |12,
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Thus, we can estimate

REICIIEDS | Cimas . hns) ()|

j=—a—B  nz0

_otB
<272 (a+ B)Kagl fllass-

L2

d>1:
For a, B € N¢, by integration by parts we have

()P F (), hn) = (f, (=)0 ((-)* ().
Asford=1

0% (2°hn(x)) = [ [ %5 o, (7)

i=1

d a;+Bi
= H ( Z C] ni,4,0; nz+.7 ('IZ)>
=1

Jj=—ai—B;

a1+p61 aqg+Bq d

- Z Z H O’i»ni,ai,ﬁi hnri—j ($Z)

Ji=—a1—B1  jg=—ag—Bq i=1

= Z C’y,n,a,ﬁ thr’y (.CC),

—a—f<y<a+P

U

d 1B
Where C’y,n,a,/)’ — 1_[ C'i,ni,ai,ﬁi Wlth ‘C'y7n’a7ﬁ‘ H (nz+0é1+61 ) (Oéz"l‘ﬁl)/?' Hence’
i=1 i=1

xaaﬁf(x) = Z (_1>|ﬁ| Z Cyna{ S, ety o

neNd —a—f<y<a+pB

== Y Y Craaslfs huha

—a—f<y<a+B neNg

Furthermore we can compute

H Z C’yna,@ f7 n+’y

Z na6| f7 n+’7>‘2

neNd neNd
d
< 21N (i + s+ B)™ T |(f )
neng i=1
d
= 271N T (s — i+ 0+ B) ™ |(f, ) 2.
neNg i=1
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For —a — <~ < a+ [ we have
(ni — i + o + B) ™0 < (g + 2(0 + 8;)* P < (ng + |+ B,
If we choose K, 5 > 0 s.t.

d d
H(m +la+ gt < K2, H(nz + 1)t

im1 i=1
then we can estimate

2
| S G s, < g2 S (4 121, )

neNg neNg
- Ka,ﬂ2_‘a+ﬁ|||f|||2a+ﬂ\

and hence we have

1007 Ol < > | Gl i

~a—B<y<atB  neNg

< Ca,ﬁ”f”\a-l—ﬁlv

L2

for some C, g > 0 depending on «, f5.

With these two estimates we can now finally prove

Theorem 3.1. Let S, be as defined in (4), then

S=S

p=0

Furthermore, on S the topologies generated by the family of semi-norms
- Nlasla, B8 €N} and {|| - ||, |p € No} coincide.

Proof. Let f € S, then by Lemma 3.1, for all p > 0 there is v € N&, C' > 0
such that

<C max o8-
Il <O max [l
Hence, S C (1,5 Sp-
For the converse let f € (S, C L? and let f™) := > (f, h,)h, where

p>0 nel
'y = {0,..N}% Note that f™ € S. Then f&™) — f with respect to any
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| ||, and thus {f™}y is Cauchy in Np>0 Sp- Now by Lemma 3.3 it is also

Cauchy in §. By Proposition 3.1, § is complete and hence there is f €S,
such that f™) — fin S. Again by Lemma 3.1 f®™) — f with respect to any
| - ||, and therefore f = f € 8. The equivalence of both topologies follows
immediately by Lemma 3.1 and Lemma 3.3.

m

This characterization replaces the properties smoothness and rapid decay
of Schwartz function with the finiteness of all || - ||,-semi-norms. In this
way the factor p characterizes smoothness, it forces the coefficients with
respect to the Hermite expansion of higher order to decay rapidly. It has the
big advantage of a simpler topological structure. As the semi-norms || - ||,
are decreasing, it makes it easier to characterize neighborhood systems. A
neighborhood basis of any f € S can now be given by

By(f,€) :={g€SIIf —gllp <r}, p=0,e>0,

instead of the intersection of finitely many sets of this form.

3.2 Tempered Distributions

Before we use Theorem 3.1 to characterize the dual space of S, we briefly
want to introduce some relevant distribution theory, since this will be useful
for some parts of this thesis. For this we use [38] and [40] as a reference and
refer to those books for details.

The space of test functions D := D(R?) := C°(R?) is defined as the space
of infinitely differentiable functions with compact support. Clearly D C S
and it can furthermore be shown that it is dense. It is equipped with the
following topology. A sequence (p,) C D converges to ¢ € D iff the sup-
ports of the ¢, are contained in a common compact set and if 9%¢,, — 0%p
uniformly as n — oo for all multi-indices o € Ng.
Now, the space of distributions D’ is defined as the dual space of the test
functions, that is the set of all complex valued linear and continuous function-
als F': D — C. For ¢ € D and F € D' we use the notation (F,¢) = F(y).
A distribution is sometimes also called a generalized function by the follow-
ing observation. If f € L], then it can be viewed as a distribution by the
following identification,

(fip) = /f(x)go(x) dr, Yo €D.

23



Thus, in this case it coincides with the usual L?-pairing. If two locally inte-
grable functions determine the same distributions we say they are equal in
the sense of distributions. By integrating, we can also identify Borel measures
which are finite on compact sets of R? as distributions. The most important
example is the Dirac delta distribution defined by d(¢) = ¢(0) for all ¢ € D.
A key property of distributions is that we can differentiate them arbitrarily
many times. For a € N¢ and F' € D the derivative 9*F is the distribution
defined by

(0“F, ) = (—1)|a‘<F, %), VpeD.

This generalizes the classical derivative in the sense that if F' is given by a
(weakly) differentiable function, then by integration by parts, 0*F' coincides
with the (weak) derivative. By the same duality principle we can make sense
of LF for any linear and continuous operator L : D — D. In particular we
have (LF, ) = (F,L*p) for all ¢ € D. An important example is that of a
translation, we write (F(- +7),¢) = (F,¢(- — 7)) for all p € D and 7 € R%

As D C &, we can identify the dual of S as a subspace of distributions
S’ C D', in the sense that every element of S’ restricted to D is a linear
and continuous functional. These are referred to as tempered distributions.
To determine if a distribution given by some locally integrable function is
tempered, we have the following useful condition. If f € L}, and for some
N > 0 we have

/KJﬂ@hm:ong as N — oo, (6)

then the corresponding distribution is tempered. Concerning the topological
structure on &’ it is natural to consider two different topologies. Firstly the
strong topology T generated by the family of semi-norms

qp(F) =sup|(F, f)|, B C S bounded.

feB

A subset B of a topological vector space is called bounded if for all neigh-
borhoods V' of 0, there exists A > 0 such that AB C V. Secondly the weak-*
topology o(S',S) inherited by the dual structure. It is induced by the family
of semi-norms

Po(F) =K F, )|, ¢€S8.

Note that in [6] this topology is referred to as weak topology. Since every
singleton is bounded it is clear that the strong topology is finer than the

24



weak-* one.

Now let us get back to our characterization of S = (1 5, S, as the intersection
of decreasing spaces Sp. If we denote the dual of §, by &, then we can
decompose the space of tempered distributions accordingly into

s=Js,

p>0

As each S, is a Hilbert space, we can consider the dual norm given by

IF], = sup [(F,f)]. V€S,

If1lp<1

4 Multi-sequence Representation of S and &’

In the previous chapters we have set up the characterization of S and S’ by
the sequences of spaces S, and their duals. In this chapter we will see why
this will be so powerful to us. First we set up an equivalent structure in the
multi-dimensional sequence space RN, which will allow us to view S and &’
as subspaces of RNG. For one, this gives us a simpler and concrete description
of these spaces and more importantly this enables us to transfer results from
R? to this infinite dimensional setting. This will be the key to prove Minlos-
Bochner Theorem later. The multi-sequence representation was introduced
by Reed and Simon [33] and as in [6], we will follow this approach closely.

We will think of RY as the space of real valued sequences indexed by the
multidimensional index set N¢. For two multi-sequences a = (@n)nend: b =

(On)nena € RS such that ZneNg lanb,| < oo we define the pairing
(a,b) =Y anby. (7)
neNd

In the same way as before, we can introduce the multi-sequence analogue of
the spaces S,. For a = (a5),eng € RS and p € Z we define the | - ||,-norm
as

lall} = (1+n)*a;

neNg

and we denote the set of multi-sequence with finite || - ||,-norm as

S, ={ac RNS l|all, < oo}, forpe Z.
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Clearly, S, equipped with the norm || - ||, is a Hilbert space with respect
to the inner product (a,b), = >, ya(1 + n)*a,b,. Again the spaces are
decreasing, i.e., Sp41 C S, for p > 0. Jo it is natural to define

S = ﬂSp.

p=>0

The space S is then given the topology generated by the family of Hilbert
norms {]|- [, : p > 0},

We can make the following easy observation. Let a € S, p € Z, then there
exists C}, > 0 such that

la,| < Cp(1+n)"P, V¥ne N (8)

With this we can see that the multi-sequences in S have "rapid decay”, i.e.
property (8) is satisfied for every p > 0.

Lemma 4.1. Let a = (an)neNg € RY. ThenaeS if and only if for all
p € Ny there is some C, > 0 such that for all n € Nd, |a,| < C,(1+n)7?.

Proof. 1f a € S, then for p € Ny we have for all n € Nd
|an|(1 +n)" < lal|, < oo.

For the converse direction, let p € Ny and (an)neNg € RV such that 8 holds
for all p’ > 0. Choose p’ = p+ 1, then

lalZ = 7 (14 n)Pa2 < G2 3 (1+n) 2 < oo

neNg neNg

and so a € S.
O

This Lemma gives us a description of S similar to the Schwartz space S.
It exactly contains those multi-sequences which have a faster decay than any
polynomial.
To describe its dual space we proceed similar. We denote by S, the dual
space of S, and it is given the dual norm

|E|l, = sup |[(F,a)|, for F €S, and Va€S§,.

llall,<1
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Here we use the notation (-,-) : S, x S, — C for the bilinear dual pairing,
since we used the angled brackets (-,-) to define the pairing 7. However, we
will see that they actually agree. The dual space of S is then given as

s =Js,

p=>0

In [6, Lemma 3.1] it is shown that we can identify the spaces S, and S_,. In
particular, the map b ~— (b, -) is an isometry from S_,, to §). By this we have

S =Js-, cRY.

p=20
From (8) we get that for b € S there exists C' > 0, N € N s.t.
b,| < C(14+n)Y, V¥ne NI (9)

Analogously to Lemma 4.1 we get the description of S’ of those sequences of
at most polynomial growth.

Lemma 4.2 ([6, Lemma 3.2]). Let b = (bp),ene € RN, Then b € S if

and only if there exists p € N and some C > 0 such that for all n € Ng,
b,| < C(1+n)P.

By (8) and (9) the pairing (b, a) is always well defined for a € S, b € §
and by the identification of S}, with S_, it coincides with the duality bracket
(b,a). In aslight abuse of notation, we will from now on use the angle bracket
notation (-, -) for the pairing &’ xS — C as well as for the pairing §' xS — C.
The spaces S and S were constructed in analogous fashion. It is therefore rea-
sonable to assume their equivalence. In [6, Proposition 3.3 and 3.4] Biermé,
Durieu and Wang show that they are actually topological isomorphic. We
state their results as

Proposition 4.1 ([6, Proposition 3.3]). The map

®:S—S
[ ((, hn>)n€Ng

1$ a topological isomorphism, i.e. a linear isomorphism and a homeomor-
phism.

and for the dual spaces we have
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Proposition 4.2 ([6, Proposition 3.4]). The map

.S —¥¢
F— ((F, hn))neNg

s a linear isomorphism.

Next we want to introduce a strong and a weak-* topology on S’ anal-
ogously to those on &’ to turn this identification into a topological isomor-
phism. We follow the approach of [6] but provide more details to make this
rigorous. It is easy to see that W preserves the dual pairing.

Lemma 4.3. Let F € S, f € S, then

(Ff) = (U(F), () = Y U(F)®(f)n

nENg
where W and ® denote the maps from Proposition 4.1 and 4.2.

Proof. By continuity of F' and expansion of f with respect to the ONB of
hermitian functions we get

(U(F), &) = > (frha)(Ehn) = F [ > (f ha)hn | = (F, f).

neNg neNd
O

On §" we introduce the strong topology m, generated by the family of
semi-norms

qg(-) =sup|(-,a)|, B bounded in S.

a€EB

We already know that S and S are topologically isomorphic, in particular
bounded sets in S correspond to bounded sets in S. By Lemma 4.3 it is then
clear that these semi-norms correspond to those which generate the strong
topology 7s on S and hence ¥ : (§',75) — (S, 75) is a topological isomor-
phism.

Again by duality we introduce the weak-* topology m, on S’ generated by the
semi-norms |(-,a)|, a € S. By Lemma 4.3 it is clear that (S§’,0(S’,S)) and
(S, m,) are topologically isomorphic too. In the sequel the strong topology
will always be considered on S’ if not mentioned otherwise.
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The main advantage of this multi-sequence representation is the following.
Classically, the Schwartz space is described by two properties, smoothness
and rapid decay. In the multi-sequence space S however, these two properties
are now replaced by the single rapid decay property (Lemma 4.1). Further-
more we can view S and S’ as subspaces of RY6. The objects in these spaces
are much easier to handle. For example it can easily be seen that S,S’ (see
[6, Proposition 3.5]) are separable. Therefore the same must be true for S
and &’. This idea captures the spirit to show Minlos-Bochner and Lévy’s
continuity theorem. We establish a result in the multi-sequence formulation

and then use the topological isomorphism ® and ¥ to transfer it to S and
S’

4.1 Borel and Cylinder o-Algebras

To define random variables with values in S’ (S’ respectively) we need some
measurability structure on S’ and S. For this we follow [6, Section 3.3] and
give more details to appropriate parts.

Since S and §' are subspaces of RN, we start with RNo. The Borel o-algebra
associated to the product topology is denoted by B (RNg). From basic measure
theory ([23, Lemma 1.2]) we have

BR") = &) B(R).
nENg

By definition this coincides with the o-algebra generated by the sets

{a € R™ : (a;);ier C B} for all finite subsets I’ of N¢ and all Borel sets
B € B(R#).

On S we introduce the cylinder o-algebra C(S) as the o-algebra generated by
the cylinder sets

{a €S: ({by,a),..., (by,a)) € B}

for m > 1, by,....,0,, € S and B € B(R™). We can make the following
observation

Lemma 4.4. C(S) is the o-algebra induced by B(RY) on S, i.e.
C(S)={SNA:AcBRY}.

Proof. For a general set X, a subset S C X and a family of subsets G we
have

oS NG)=5nNna(G).
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Hence, if we denote the g-algebra induced by B (RNg) on S by A, we see that
A is the o-algebra generated by the sets {a € S : (a;);er C B} for all finite
subsets ' of N¢ and all Borel sets B € B(R#T).

For I' C N¢ finite, B € B(R#*") and i € T let b; = (0i,j)jeng - Then

{a €S (a)ier € B} ={a€S: ((bi,a))ier € B} €C(S)

and therefore A C C(S).
For the other inclusion we have to show that for b € S’ the function

(b,-): (S, A) — R
a— (b,a)

is measurable. So let m € N and define ™ € §' by

g [t €T = {0, m}?
)0, else '

By (9) there is C > 0, N € N s.t.
b,| < C(14+n)Y, V¥ne NI

Now let py € N such that Y, (1 +n)¥ "7 converges. Then for a € S there
is Cp, > 0 s.t.

bpan| < CCpy(1+n)N"P0 ¥n € Ni.

and therefore for the sum ZneNg a,b, is absolutely converging and by domi-
nated convergence we get

(b,a) = Z anb, = ngnoo Z a,b = lim (b™, a).

m—00
nENg nENg

Thus, the function (b,-) is the point-wise limit of ((b"™,-))men and so it is
enough to prove that (b,-) is measurable, where b has only finitely many
nonzero entries. But for b = (0;;);ena for some i € Ng, (b,-) is measurable
since

(b, ) " (B)y={a€S:({ba)e B}={a€S:a,€B} €A

for any B € B(R). And since (b,-) is linear in b and the finite sum of
measurable functions is again measurable, we are done. O
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On §' the cylinder o-algebra C(S') is generated by the cylinder sets
e (ba), .. (b.an)) € B}

form > 1, a,...,a,, € S and B € B(R™). Again we have the following
identification.

Lemma 4.5. C(S') is the o-algebra induced by B(RYS) on S

Proof. The proof works identically to the proof of Lemma 4.4.
O

For the topologies on & and S we denote the corresponding Borel o-
algebras as B(S) and B(S). Further for the duals &', S’ equipped with the
strong topology 7, s respectively, the Borel o-algebras are denoted by B(S’)
and B(S'). With the topological isomorphism ® and ¥ form Proposition 1
and 2 we have

o~1(B(S)) = B(S) and U(B(S)) = B(S)).

Furthermore in [6, Proposition 3.7 and 3.8] it is shown, that these Borel o-
algebras corresponding to the strong topologies actually coincide with the
cylinder o-algebras, i.e.

C(S) =B(S) and C(S') = B(S).
Moreover we can relate the cylinder o-algebra C(S’) with the weak-* topology.

Lemma 4.6. The cylinder o-algebra C(S') coincides with the Borel o-algebra
corresponding to the weak-* topology m, on S'.

Proof. To see that C(S') is contained in the Borel o-algebra corresponding
to m,, we have to show that the functions

(;a) : (S, my) — R
br— (b,a)
for a € S are measurable. But they are clearly continuous by definition of
the weak-* topology .

To show the opposite inclusion we use the fact that C(S') = B(S'). By
definition of the topologies we have

Ty C s C B(S') =C(S).

Since 7, is stable under finite intersections we get ([23, Theorem 1.1]) that
the Borel o-algebra generated by m, is contained in C(S').
0

31



This shows that while on S’ (and therefore also S’) the weak-* and the

strong topologies may be different, the corresponding Borel o-algebras agree
(see also [6, Corollary 3.9]).
The importance of this result will become clear when we define generalized
random fields. The o-algebra on S’ should capture its topological structure,
hence we are interested in the Borel o-algebra. However, since C(S) = B(S)
we can also describe measurable sets by duality on finite-dimensional projec-
tions.

4.2 Montel Property

In [6] it is shown that S’ (and therefore S’) is a Montel space, that is strongly
closed and strongly bounded subsets are strongly compact. This result is
important to show Lévy’s continuity theorem. However, for this thesis it is
not relevant. Still, we want to provide more details to [6, Proposition 6.2]
and [6, Lemma 6.3]. For the later we present a slightly different and more
rigorous proof. The result follows from a couple of steps.

The first step shows that S (and so S) is a Montel space.

Proposition 4.3 ([6, Proposition 6.2] ). In S (and hence in'S), the bounded
subsets are relatively compact.

The main tool for this proof is Arzela-Ascoli’s Theorem:

Theorem 4.1 (Arzela-Ascoli, [34]). Let X be a compact Hausdorff space
and

F C C(X). Then F is relatively compact if and only if F is point-wise
bounded (i.e. Yo € X : supscp |f(7)] < 00) and equicontinuous (i.e. Vo € X
and € > 0 there exists a neighborhood U, of x s.t. Yy € U, f € F: |f(x) —

f)l <e).

Proof of Proposition 4.3. As S is metrizable, it suffices to show sequential
compactness. To apply Arzela-Ascoli’s theorem we need to restrict the func-
tions to compact sets. So let (f,)nen € S be bounded and (K;)eny be a
sequence of compact subsets of R? such that K; C K;,; and Uien K1 = R4,

We can choose K; = B;(0).

Since (fy,)nen is bounded in S, it is bounded with respect to each semi-norm
| “lla8, for o, 8 € N&, uniformly in n. Hence, for fixed a, 8 € N¢ the functions
x> 2°0° f,(z), n € N, are uniformly bounded and therefore point-wise too.
Next we show that x — 2%9°f,(x), n € N, is equicontinuous. Let x € R% and
e > 0. We denote A} 5(x) := 2*0° f(x). Then by the mean value theorem
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there exists A € [0, 1] such that for all y € R?

\hgy (@) = Ry g ()] = VR 5(1 = Nz + Ay)(z — y)|
< [Vhg 5((1 =Nz + Ay)| |z =y
< Caplr — 9

where C, 3 > 0 is a constant which, by boundedness of (f,,)nen, can be cho-
sen independently of n. So for y € R? such that |z — y| < €/C, 3 we have
e s(2) — he g(y)] <e.

If we restrict (h7 5)nen to K1 we can apply Arzela-Ascoli to extract a subse-
quence that converges uniformly on K;. We can do this for every o, 8 € N
By a diagonal extraction we can then find a subsequence ( fy(n))nen for which
(:)*0” fon)(+) converges uniformly on K; for all a, 8 € N{. Repeating this
procedure for K;, | € N, and then once again by another diagonal extraction
we find a subsequence (fy(n))nen such that (-)*0° fyum(-) converges for all
a,f € Nd and K;, | € N. Now we claim that this subsequence converges
with respect to each semi-norm || - ||,,3 and therefore in S. To see this let
a, 8 € N¢ and ny € N, then

1 o) = foemllap < sup [2*0°(fum) = Foem)]

wEKnO

+ |z

+ sup |x“85(f ) — fomm)]
peri\Kny 1+ [7°] vl et

< sup [2°0° (fym) — foom)

:cEKnO

1
+ sup
($€Rd\Kn0 ]_ + |x0¢| )

([ fomyllas + | foem las + | fomll2as + | fomm)ll2a.s)-

The last term is bounded independently of n, m by the boundedness of ( fy(n))
in §. We can then choose ng such that sup,ega\ g, 1/(1+ |2%[) is arbitrary
small. The first term goes to zero as n,m — oo by the properties of the
extracted subsequences (fy(m))-

]

Now we turn our attention to [6, Lemma 6.3]. We will state it and then
give an adjusted proof.

Lemma 4.7 ([6, Lemma 6.3]). If H C S' is closed and bounded in the weak-*
topology T, then it is compact with respect to .
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Proof. Let us consider the map
d: (S, 7,) — R®
b— ((b, @))aes

where we assume the product topology on RS. Then & is clearly injective.
Furthermore it is a homeomorphism onto its image since

V' — b in (S, 7)< (V" a) — (ba) Va €S <= &) — d(b) in RS

Thus, for H C §' weak-* closed and bounded, it suffices to show that ®(H)
is compact in the product topology.
By the boundedness of H in m,, for all a € S there is A, > 0 such that

|(b,a)| < A\, Vb€ H.
We then have

O(H) = {((b.0))ucs | b€ H} € [[{(0.0) [0 H} € []I=Aa: )

a€eS a€S

By Tychonoff’s Theorem we know that [],.s[—Aa, Aa) is compact in R®. Here
we use the fact that the product topology of the subspace topology is the
subspace topology of the product topology. Therefore, as a closed subset of
a compact set, we conclude that ®(H) is compact itself. O

With this it is now not very difficult to show that S" is Montel space [6,
Proposition 6.1].

5 Generalized Random Fields

The concept of general random fields was originally introduced as a way of
generalizing the notion of a stochastic process. It can be seen as a collection
of real random variables X = (X (f)) ek, indexed by some topological vector
space of real-valued functions C. It is required to be linear in the sense that
forallm > 1,a4,...,a, € R, f1,..., fn € K,

n n
X (Z az‘fi) = Z a; X (f3), (10)
i=1 i=1
and continuous in the sense that if f,, — f in K then X(f,) — X (f) in dis-
tribution. Usually, the space of the test functions D is used as the underlying
function space (see[18]) or, in our case, the larger Schwartz space S. The
motivation behind this idea is that a generalized stochastic process does not
have a point-wise representation as a random variable in time, but instead
as a (noisy) measurement through some ”observation window” ¢ € K.
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5.1 Generalized Random Fields on &’

We follow the approach of [6] to define generalized random fields. One can
also view this object as a random element in the corresponding dual space.
This leads to the following definition.

Definition 5.1. Let (2, A, P) be a probability space. A generalized random
field on 8" is a random variable defined on (Q, A, P) with values in (S', B(S")),
i.e. a measurable map X : (2, A) = (8, B(S")).

Since a generalized random field X is a random element of &’ we can

form the pairing X (f) = (X, f), which is a real-valued random variable for
all f € S. However, if we fix some w € 2, the map f € S — (X, f)(w) is a
linear and continuous functional and thus an element of S’.
Furthermore, by duality, we can define the derivative of a generalized random
field in a distributional sense. So for a € N4, the partial derivative of order
a of X is defined by (0°X, f) = (X, (=1)l*92f) for all f € S. The same
concept obviously applies to any linear operator on &, such as the Fourier
transform or a translation. More generally, let L : & — S be a linear
operator, then we can make sense of LX as

(LX,f) = (X,L'f) VfeS. (11)

However, we will only use this concept when we define generalized stochastic
differential equations and there only the case of a linear differential operator
is of interest to us.

Our main interest lies in the law of generalized random fields. So the prob-
ability measure Px =P o X! on (&, B(S’)) induced by X:

Py(B) =P({X € B}) =P({w € Q| (X,)(w) € B}), VB e B(S).

The central tool we use to determine its law is the so-called characteristic
functional. We want to motivate this by giving the analog to the real-valued
case. Let Y be a Ri-valued random variable on (Q, A, P). It is uniquely
determined by its characteristic function Ly : R¢ — C given by

Ly(z) = B[] = /ei<x’y> dP(y), xR
Q

It is continuous, normalized (Ly (0) = 1) and positive definite, i.e. for all n >
landalley,...,c, € C, 2q,..., 2, € R?, szzl ¢iC; Ly (x;—x;) > 0. Conversely,
by Bochner’s theorem [36, Proposition 2.5], if £ : R? — C is positive-definite,
continuous at zero and normalized, then it is the characteristic function of
some R?valued random variable. The aim in the following is to translate
this result to generalized random fields.
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Definition 5.2. Let X be a generalized random field on 8" with law Px. Its
characteristic functional Lx : S — C is defined by

Lx(f) :=E[e"XN] = / B APy (F), f€S. (12)

S/
The characteristic functional of a generalized random field X is useful,
because it contains the information of all finite-dimensional laws of the col-

lection ((X, f))ses. To see this let fi,..., f, € S, then the characteristic
function of the random vector Y = ((X, f1), ..., (X, f»)) is given by

_ E[ei((x,x1f1+.,.+znfn>)] = Lx(x1fi + oo+ Tofn).

Thus, we can also see why (12) is the natural analog to the characteristic
function in the classical sense. We say a functional £ : § — C is positive-
definite if for all n > 1, ¢y, ...,c, € C and fy, ..., f, € S we have that

> e L(fi—f;) = 0. (13)

2,j=1

In the following Proposition we summarize the main properties of the char-
acteristic functional.

Proposition 5.1. The characteristic functional Lx of a generalized random
field X is normalized (Lx(0) = 1), continuous and positive-definite.

Proof. That Lx is normalized is clear by definition. To show continuity, let
fo — fin S. Then (X, f,) — (X, f) a.s. and so by a simple application
of Dominated Convergence Theorem, Lx(f,) — Lx(f). Lastly, let n >
1,¢1,.0,¢, € Cand fi,..., f, €S, then

Z i Lx(fi—f;)) =E Z ciciexp (X, fi — fj>)]

i,j=1 Li,j=1

=FE (ZcieXp(i<X,fi>)> cheXp(i(X,fj))>

i=1 j=1

2

—E ‘(Zciexp(MX, fi))> > 0.
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We also want to talk about convergence of generalized random field or
rather of their respective laws. For this, we introduce the notion of conver-
gence in distribution analogously to the real-valued case.

Definition 5.3. Let X, (X,,)n>1 be generalized random fields with respective
laws Px and (Px, )n>1. We say X, converges in distribution to X with respect
to the strong topology T4 if

lim | o(F)dPy, (F) = / o(F)dPx(F), Vi< Cy(S',m),

n—oo
s s
where Cy(S’, 75) denotes the space of continuous and bounded functions on S’
with respect to the strong topology.

The classical Lévy’s continuity theorem connects the convergence of ran-
dom variables in distribution with the convergence of their respective charac-
teristic functions. The second main objective of [6] is to formulate this result
for generalized random fields.

5.2 Generalized Random Fields on S

The crucial part to show the Minlos-Bochner Theorem for generalized random
fields in [6] is to use the multi-sequence representation of S. This allows us
to restrict the functional to finite dimensions and use the classical Bochner’s
Theorem. To do so, we have to extend the notion of generalized random fields
to have values in (S', B(S")). However, with the topological isomorphism W
from Proposition 4.2 this is now easy. Recall that

U (S 1) = (S, 7)
F= ((F o)) neng

is a topological isomorphism and hence ¥~1(B(S')) = B(S') and B(S') =
U(B(S')). So for a random variable X with values in (S, B(S')), ¥~ }(X)
is a generalized random field with values in (&', B(S’)) and conversely for a
generalized random field with values in (8, B(S’)), X = ¥(Y) is a random
variable with values in (S', B(S'). Thus, we also call X a generalized random
field on S'. By equivalence, we can translate the concepts and observations
from section 5.1.

For all w € Q, X(w) € § and for any a € S, (X,a) : w — (X(w),a) is a
real-valued random variable. To study the law of a generalized random field
X on S’ we define its characteristic functional by

Lx(a) = E[!X9] = /ei<X’a> dP, Va€S.

Q

37



As before, it determines the finite-dimensional distributions of the collection
((X,a))aes. More generally, for a probability measure z on (RNS, B(RY)) we
define its characteristic functional as

Lula) = [ €9 dufo),

d
RY0

for all & € R such that (b,a) is finite for p-almost every b € RN, In
particular, it is defined for multi-sequences with only finitely many non-zero
entries.

Proposition 5.2. Let X be a generalized random field on S with law p =
Po X1 then we have Lx = L.

Proof. The statement seems trivial, nonetheless we have to check that the
domains of definition of the two functionals coincide. To do so we observe
that  is a probability measure on (RY, B(R)) supported on (S, B(S')).
This follows from Lemma 4.5 and from the identity C(S') = B(S'). So we
need to show that if for a multi-sequence a € RN, the pairing (b, a) is finite
for all b € S, then @ € S. For this, let p > 0 and define b € RY by
b, = sign(a,)(1 + n)P. Obviously, we have b € ' and so

lanl(L+n)” <> anl(L+n)? = > anb, = (b,a) < oo, Vn €N

neNd neNd

Thus, by Lemma 4.1 a € S.
O

As before we can introduce the notion of convergence by referring to the
weak convergences of the corresponding measures. Let (fi,)n>1, 1t be Borel
probability measures on (S, B(S")). We say pu, converges weakly to p with
respect to the strong topology 7, if

tim [ o(b) dyin(b) = / o) du(b), Vi € Co(S'm).

n—00
S’ N

And a sequence of generalized random fields (X,),>1 on S’ converges to
some generalized random field X in distribution with respect to 7, if the
corresponding laws converge weakly.
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5.3 Minlos-Bochner Theorem

Now we are able to present the main result of [6] which will be of central
use to us. We will not restate the proof as it was given in the paper, but
instead give more details to some parts and address gaps where we think this
is necessary.

Theorem 5.1 (Minlos-Bochner, [6, Theorem 4.1]). If a functional L : S — C
is positive-definite, continuous at 0, and L(0) = 1, then it is the characteristic
functional of a generalized random field on S'.

The key idea is to restrict the functional to finite dimensions and use
the well known Bochner’s theorem [36, Proposition 2.5]: If f : R? — C is
positive-definite, continuous at 0 and f(0) = 1, then there exists a unique
probability measure ;1 on R? with characteristic functional f, i.e.

o) = [ ) dus),

R4

To then extend these measures to RN we will make use of Kolmogorov’s
extension theorem ([23, Theorem 5.16]) which we will introduce now. Let T
be an arbitrary index set and consider a family of spaces S; with o-algebras
S;forteT. ForI C T let S; = Htel S; and Sy denote the product o-algebra
®,c; St If & is a random variable with values in S; we write {; = (&;)er for
the restriction of the process to I.

Moreover, let T' be the class of finite subsets of T and py, I € T be a family
of probability measures on (S7,Sy). It is called projective if

y(-x Spg) = pr, for I'cJ inT.

Theorem 5.2 (Kolmogorov extension, [23, Theorem 5.16]). For any collec-
tion of Borel spaces Sy, t € T, consider a projective family of probability
measures py on Sy, I € T. Then there exist some random variables & in Sy,
t € T, defined on a common probability space such that & has distribution
wr for every I € T.

Now we are able to prove Theorem 5.1.

Proof of Theorem 5.1. Let L : S — C be positive-definite, continuous at 0
and £(0) = 1. For ' C N¢ finite let L be the restriction of £ to R'. Here
we can consider RI' ¢ RNS by completing the multi-sequence by zeros and so

clearly RY' C S. Lr is obviously positive-definite and £r(0) = 1. To see that
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it is continuous at 0 let (a"),ey € RY with ™ — 0. Then a? — 0 for every
1 € I' and so for each p > 0

la”ll; =D (1 +)*(af)* =0 (n— o0).
1€l

Thus, Lr(a™) = L(a™) — 0.
By Bochner’s theorem there exists a unique probability measure pur on the
product o-algebra of R such that for all a« € R"

L(a) = Lr(a) = /ei<b’“> dur(b).

Let 7 denote the class of finite subsets of RN6. Now we will show that the
family of probability measures ur, I' € T is projective. So let I', " € T with
[' C I" and let 7pp - R™ — R be the canonical projection. We have to
show furs o mp = pur.

For this define fip := pr o 7' and for a € R define o’ € R by

’ a;, ifiel
CLZ — .
0, else

Then 7p r(a’) = a and we have

Lri(a") = L(d) = L(a) = Lr(a) = /ei<b’“> dur(b).

But on the other hand,
Erl(a/) = /ei<b7a’> d,ul—‘/(b) = /ei<WF/,F(b)7a> d/lzl"’(b) — /€i<c,a) d/:Ll"(C)
RY RIY o

Hence, by uniqueness of the measure ur we obtain
_m —1
Hr = Hr = Hr7 © Ty p.

Theorem 5.2 gives us now the existence of a random variable X : (2, A, P) —
(RN, B(RN9)) for some probability space (€2, A,P) with law p = Po X~
such that Xt has distribution pr, i.e. pomp' = pp for all T € 7. Here
71 : RN — R denotes the canonical projection.

In [6, proof of Theorem 4.1] it is shown that ;(S’) = 1. Hence we can consider
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X as arandom variable in (S, C(S')), as by Lemma 4.5, C(S') is the o-algebra
induced by B(RY) on §'. But we have seen that C(S') = B(S') and hence,
X is a generalized random field on §'.

To show that X has characteristic functional £, let @ € S and a™ = 71, (a) €
R~ where I',, = {0, ..., n}¢. The functional £ is continuous at 0 and positive
definite and hence continuous ([44, Section IV.1.2, Proposition 1.1]). Then
a™ — a in S and so by continuity of £ and dominated convergence we get

L(a) = lim £(a") = lim Lp, (a™) = lim [ ") dup (b)

n—00 n—00 n—o0
RIn
= lim [ & ®9" qu(h) = lim [ e® du(b)
n—oo n—oo
R RYG
= lim Lx(a") = Lx(a)
n—oo

and this completes the proof.
O

With the identification of S and the multi-sequence space S, we can trans-
late this result to generalized random fields on Schwartz space.

Theorem 5.3. Let L : § — C be a positive-definite, continuous at 0, and
L(0) = 1, then there exists a generalized random field X on S’ such that
Lx=0L.

Theorem 5.3 allows us to compare our definition of generalized random
fields with that given in the beginning of this section. If X is a general-
ized random field on S, than it determines a collection of random variables
((X, f))fes which is linear in the sense of (10) and continuous in the sense
that if f, — f in S, then (X, f,) — (X, f) a.s. and hence also in distribu-
tion. However, for a given collection of random variables (X ) fes which is
linear and continuous in the sense above, it is not clear that it is determined
by a generalized random field. Theorem 5.3 gives us a useful requirement
when this is the case.

Corollary 5.1. Let (Xf)fes be a collection of random wvariables which is
linear in the sense of (10) and continuous in the sense that if f, — f in S
then X, — X, in distribution. If the functional f Ele™X1] is continuous
at 0 on S, then there exists a generalized random field X on S, such that
(X, f))es and (X[)fes have the same finite dimensional distributions.
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Proof. The result follows directly from Minlos-Bochner Theorem 5.3 by ob-
serving that the functional f — E[e™] is positive-definite by linearity of
(X)res-

L]

Note that the generalized random field X in the above corollary might
not necessarily be defined on the same probability space as the collection

(Xf)es-

5.4 Lévy’s Continuity Theorem

The second important result we present for generalized random fields is the
generalized version of Lévy’s continuity theorem. In the classical case it
states that a sequence of random variables converges in distribution if and
only if their characteristic functions converge point-wise (see [23, Theorem
4.3]). Biermé, Durieu and Wang show in [6] that this result translates to
generalized random fields.

Theorem 5.4 ([6, Theorem 2.3]). Let (X,,)n>1 be a sequence of generalized
random fields on S'. If (Lx, )n>1 converges pointwise to a functional L : S —
C which 1s continuous at 0, then there exists a generalized random field X
such that Lx = L and (X,)n>1 converges in distribution to X with respect
to the strong topology.

With this it is now easy to prove the following characterization of con-
vergence in distributions of generalized random fields.

Corollary 5.2 ([6, Corollary 2.4]). Let (X, )n>1, X be generalized random
fields on §'. Then the following are equivalent:

(i) X, converges in distribution to X with respect to the strong topology Ts

(i1) X, converges in distribution to X with respect to the weak-* topology

o(S8',S)
(111) lim, oo Lx, (f) = Lx(f) forall f €S
(iv) (X,, f) converges in distribution to (X, f) for all f € S

Proof. Since Cy(S',0(S',S)) C Cp(S’, 75) the implication (i) = (i7) follows
immediately. To show (ii) == (iii) we see that the function ¢ :S" — C,
0;(F) = ) is clearly an element of Cy(S’,0(S’,S)). The implication
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(14i) = (i) is a consequence of Theorem 5.4 and the equivalence of (ii7)
and (iv) follows from the classical Lévy’s continuity theorem and the relation

Lix,.p(2) = Lx,(2f) = Lx(2f) = Lix.p)(2)

for all f € S and z € R.
O

Remark. Theorem 5.4 is shown in [6] by showing the result in S'. Tt is quite
detailed and we don’t feel it is necessary to add anything. The key is to show
that the sequence of the corresponding Borel measures on §' is tight, to then
infer relative sequential compactness. This is done by showing that the real
part of the characteristic functionals is equicontinuous.

6 Lévy processes

Before we apply the Minlos-Bochner Theorem to define, what will be called,
Lévy White noise we first introduce the concept of Lévy Processes. They
were introduced by Paul Lévy in the 1930’s and constitute a fundamental
class of stochastic processes. The content of this section is taken from [36]
and [2] and we will state the relevant results without proof.

Stochastic processes are a mathematical object that model the time evolution
of a random observation. Formally, a stochastic processes is a family {X; :
t > 0} of random variables on R? defined on a common probability space
(2, A,P). We usually denote it by (X¢)¢>o. For w € Q the function t — X;(w)
is called a sample path of (X;):>o. The most basic processes are Brownian
motion and Poisson processes. Both belong to the family of Lévy processes.

Definition 6.1. A stochastic process (X;);>0 on R is called a Lévy process

(1) (Xi)i>0 has independent increments, i.e., Vn > 1,0 < {5 < ... < tp:
Xig, Xty — Xigy ovey Xt,, — Xy,,_, are independent

(ZZ) X(] =0 a.s.

(111) (Xi)i>0 has stationary increments, i.e., the distribution of Xy — X
does not depend on s.

(iv) (Xi)i>0 is continuous in probability, i.e., ¥Vt > 0, € >0 :

ImP(| X5 — Xi| >¢€) =0.
s—t
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It can be shown ([36, Theorem 11.5]) that a Lévy process (X;):>o has a
modification (Y;):>o such that it has a.s. right continuous paths for t > 0
and left limits for ¢t > 0, i.e. it has a.s. cadlag paths. A modification (Y;):>o
of (X})i>0 is a stochastic process such that

P(X,=Y)=1 Vt>0.

6.1 Infinite Divisibility

Let p,v € P(R?) be two probability measures on R? then we define its
convolution as:

(4% v)(A) == / / 14z + y) du(x)dv(y), YA € BRY).

Rd R4

It’s easy to see that the convolution of two probability measures is again
a probability measure. For the corresponding characteristic functions we
obtain the familiar relation (£, * £,) = £,L£,. Also, note that if X and Y
are two independent random variables with law py and py, then the law of
X +Y is given by px * py.

Definition 6.2. A probability measure p € P(R?) on R is called infinitely
divisible if Vn € N, there exists a probability measure p,, € P(R?) such that

o= " = ¥ s
where the convolution is taken n times.

Equivalently, 1 € P(R?) is infinitely divisible if Vn € N its characteristic
function £, has a n-th root E}/ " which again is the characteristic function of
a probability measure. Furthermore, we call a random variable X infinitely
divisible if its law is or equivalently, if Vn € N there exists a i.i.d random
variables an), ., X! such that X and Xl(n) T+ X are equal in distri-
bution.

The following Theorem establishes the important connection to Lévy pro-
cesses.

Theorem 6.1. ([36, Theorem 7.10]) Let (X;)i>o be a Lévy process on R,
then

(i) X is infinitely divisible for all t > 0

(i) if p € PR?) is an infinitely divisible probability measure then there
exists a Lévy process (Xi)i>o such that X has law p
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(111) if (X¢)e>0, (Yi)eso are two Lévy processes such that X, and Yy have the
same law, then (X;)i>o and (Yy)i>o are identical in law.

This means that we have a one to one correspondence between Lévy pro-
cesses and infinitely divisible distributions. We will see that this underlying
distribution already contains all the information of the whole process.

6.2 The Lévy—Khintchine representation

In the following we will present the Lévy—Khintchine formula. It gives us the
central characterization of infinitely divisible probability measures and hence
of Lévy processes through their characteristic functions.

A measure v on R?\ {0} is called a Lévy measure if

/ min{1, |2} dv(z) < 0.

R\{0}

Theorem 6.2. ([36, Theorem 8.1],[2, Theorem 1.2.14] Let p € P(R?) be
infinitely divisible, then there exists v € R?, a symmetric positive-definite
d x d matrix A and a Lévy measure v such that its characteristic function
admits the following representation

Lu(2) = eap(f(2)), =€ R (14)

where f : R — C is given by

f(z)=1i(y,2) — %(z, Az) + / (ei<2,m> —1—i(z, )L 3<1) dv(z).  (15)
R4\ {0}

This representation by v, A and v is unique.

Conversely, for any v € R?, A € R™ symmetric positive-definite and a
Lévy measure v there exists a infinitely divisible distribution on R? whose
characteristic function is given by (14) and (15).

The function f which occurs in (14) is usually referred to as Lévy exponent
or characteristic exponent. The triplet (v, A, v) is called the Lévy triplet or
the characteristics of p.

Now let (X;)i>o be a Lévy process, then by Theorem 6.1 X; is infinitely
divisible for all £ > 0. Hence, we can characterize X; by its Lévy-Khintchine
representation. Let p by the law of X; with Lévy exponent f and Lévy
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triplet (v, A,v). Then, by [2, Theorem 1.3.3] the characteristic function of
X; for t > 0 is given by

Lx,(2)=e® vz e R

Thus, X; has Lévy exponent ¢f and characteristics (tv,tA,tv). Therefore,
we will define the Lévy exponent and Lévy triplet of a Lévy process (X;)i>o
as those of the random variable X;. It becomes clear that the measure p
describes the whole distribution of the process. So in a way the study of
Lévy processes reduces to the study of infinitely divisible distributions.

6.3 Examples of Lévy processes
6.3.1 Gaussian distribution and Brownian motion

Let v € R? and A be a positive-definite, symmetric d x d matrix, we say
p € P(RY) is a (nondegenerate) Gaussian distribution with mean vector
and covariance matrix A if it has the density

fulo) = (maet() P exp (<307 47w =) ), e R

with respect to the Lebesgue measure. If a random variable X has distribu-
tion p, we write X ~ N(v, A). Its characteristic function is given by

L,(z) =exp (1(7, z) — %(z,Az)) , zeRL

Thus, we can clearly see that it is infinitely divisible with Lévy triplet
(7,A,0). By Theorem 6.1 there exists a Lévy process (X;)i>o with Gaus-
sian distribution X; ~ N(tv,tA).

A Brownian motion is a Lévy process (B;);>o such that it has Gaussian dis-
tribution B; ~ N(0,¢I) and it has almost surely continuous sample paths (see
Figure 1). Tt’s characteristic function is given by Lp,(z) = exp(—1/2t|z|?).
It is a very important stochastic process, see for example [23] for a proof of
its existence and its properties.

6.3.2 Poisson

Let d =1 and A > 0. The Poisson distribution p with mean A > 0 is given
by
A"y

p({n}) = He_ , VneN
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and p(B) = 0 for every B € B(R) that does not contain nonnegative integers.
It describes the number of random events occurring with mean rate \ in a
fixed time interval. Its characteristic function is given by

L,(2) =exp(\(e” —1)), z€R.

The Poisson distribution is infinitely divisible with Lévy triplet (1,0, \d;)
where 0; denotes the Dirac measure at 1.

The Poisson process with rate A\ > 0 is a Lévy process such that for every
t > 0 it has Poisson distribution with mean tA. See [36] for an explicit
construction.

6.3.3 Compound Poisson

Let A > 0 and N be a Poisson random variable with rate A > 0. Furthermore,
let (Z,)nen be a sequence of i.i.d. R?valued random variables with law
o € P(R?) and independent to N. Then the compound Poisson random
variable X is defined by

We can view X as a random walk with a random number of steps and a ran-
dom step size determined by the underlying distribution o. Its characteristic
function is given by

Ly () = exp ( /R (e -1 Ada(x)) — exp(A(5(2) — 1)).

Alternatively, we can the define the compound Poisson distribution directly
via its characteristic function. It is infinitely divisible with Lévy triplet

(fmq xdo(z),0, Aa). In dimension d = 1 and ¢ = ¢§;, we obtain the classi-

cal Poisson distribution.
In the same setting let (/V;);>0 be a Poisson process with rate A > 0, then
the compound Poisson process (Y;)i>o is given by

Ny
Y, = Z 7.
=1

It is a Lévy process such that for each t > 0 it has Compound Poisson
distribution associated with A\ and underlying distribution to.
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Brownian Motion Compound Poisson
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00 03 06 09

Figure 1: Simulation of the sample paths of a Brownian motion (top left),
a Compound Poisson process (top right) with rate A = 5 and underlying
standard normal distribution and a Sa.S process (bottom) with a = 0.5 and
o=1.

6.3.4 Stable Distributions

The following part is taken out of [35, Chapter 1] and [2, Chapter 1]. For
simplicity we assume d = 1. A random variable X on R is said to be stable
if for every A, B > 0 there exists some C' > 0 and D € R such that

AX, 4+ BX, £ CX + D, (16)

where X; and X, are independent copies of X. It is called strictly stable if
(16) holds with D = 0. Furthermore for any stable X there is an 0 < o < 2
such that the constant C' in (16) satisfies

Co = A° + B

The parameter « is referred to as the index of stability and X is said to be
a-stable.

It is easy to see that stable random variables are infinitely divisible. For
a = 2, we obtain the Gaussian distribution from above. Of special interest
are stable distributions that are also symmetric. This is because of their self-
similarity. This means that a change of time scale is equivalent to a change
in spatial scale (see [36, Chapter 3] for more details). It is usually denoted
by X ~ SaS and its characteristic function is given by

Lx(z) = exp(=0”|z]*).
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The importance of stable distributions is in their tail behavior. For o = 2 it is
well known that the Gaussian distribution shows exponential decay. However
for v < 2 these distributions exhibit a slower polynomial decay. Because of
these heavy tails they are often used to model phenomena with long range
dependencies.

A Lévy process (X;)i>o is called stable if X} is, for all ¢ > 0. In the case of
the Sa.S distributions its Lévy exponent is given by

f(z) =—0%z]*, 0<a<20>0.

7 Lévy White Noise

In section 5 we introduced the concept of a generalized random field as a
generalization of a stochastic process. Now we want to identify an important
subclass of generalized random fields by transferring the notion of a Lévy
process to this more general concept. The resulting generalized random field
will be called Lévy white noise.

The construction of Lévy white noise goes back to I.M. Gel’fand and N.Y.
Vilenkin in [18]. It is originally defined as a random variable with values in
the space of distributions D’(R?), where D’'(R?) is equipped with a cylindrical
o-Algebra structure analogously to §’. As we have seen, this approach allows
us to characterize its distribution by the characteristic functional. Let f :
R — C be continuous and consider the functional

L(p) = exp (m/f(SO(S))dS , Vo € D(RY). (17)

Gel’fand and Vilenkin give necessary and sufficient conditions on f for this
to define the characteristic functional of a random variable with values in D’.

Theorem 7.1 (Gel’'fand-Vilenkin [18, Chapter III]). Let f be a continuous
function from R to C and L be the functional defined by (17). Then, the

following are equivalent:

(i) L is a positive-definite, normalized (L(0) = 1) and continuous func-
tional on D

(ii) There erists v € R, 02 > 0 and a Lévy measure v, such that f is a
valid Lévy exponent with characteristics (v, 0%, v) given by (15).

If f defines a valid Lévy exponent, then the Minlos-Bochner Theorem
in its full generality ([18, Chapter II, Theorem 3]) ensures the existence of
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a distribution on D’ with characteristic functional (17). The corresponding
random variable is referred to as Lévy white noise. Before we explore Lévy
white noise as a generalized random field on &’ we want to justify why the
functional (17) should correspond to the generalization of a Lévy process.
So far, we have only properly defined generalized random fields with values
in (8',B(S)), so this should merely be seen as motivation. Let X be a D’-
valued random variable with characteristic function (17) where f is a Lévy
exponent. If it can even be extended to a generalized random field on &’ is
not clear up to this point. To observe X, we have to "measure” it through
some observation window ¢ € S. In [13] a thorough analysis of the domain of
definition of Lévy white noise can be found (see [27] for a similar approach).
It is shown, that it is possible to extend its domain to make sense of a
random variable (X, g) where ¢ is not necessarily an element of S or even D.
In particular, by approximation ([13, Proposition 3.1, Proposition 3.7]), one
can identify the random variable (X, 1jo,)) with characteristic function

Lix15.,)(2) = Lx(21p04) = exp(tf(2)),

which clearly is the characteristic function of an infinitely divisible distribu-
tion. Hence, ((X, 1jo4)))i>0 is a Lévy process as a special realization of the
more general object X.

7.1 Tempered Lévy White Noise

Since D < S is dense, we can identify the space of tempered distributions S’
as a subspace of D', in the sense that every tempered distribution restricted
to D is a linear and continuous functional over the space of test functions D.
This raises the question of when a Lévy white noise can actually be extended
to the space of tempered distributions. Or differently put, we can define
Lévy white noise on the space of tempered distributions by (17) and use the
Minlos-Bochner Theorem 5.3 to characterize it by its Lévy exponent f. For
this we have to show that (17) defines a positive-definite, continuous (at 0)
and normalized (£(0) = 1) functional on S. We see that this comes down to
a more restrictive property on the Lévy measure v.

Theorem 7.2 ([11, Theorem 3],[42, Theorem 4.8]). Let f be a Lévy exponent
with Lévy triplet (y,0%,v) and L : S — C be the functional defined by (17).
If there exists an € > 0 such that

/ 2| di(z) < oo, (18)

lz|>1
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then there exists a generalized random field X on S’ with characteristic func-
tional Ly = L.

We call a Lévy measure v € P(R\ {0}) a Lévy-Schwartz measure if there
exists some € > 0 such that (18) holds.
To prove the above result we first need two technical Lemmas.

Lemma 7.1. Let a € R and b < 1,then
(i) e — 1] < 2'7%/al®
(ii) e — 1 —ia| < |al?
Proof. The Lemma follows from a simple use of Taylor’s formula. For (i) we

have |¢!® — 1| < 2 so if |a| < 2 then by the explicit expression of the rest term
in the Taylor expansion we obtain

a

e — 1] = /eit(a—t)odt <ol

0

and thus |€!? — 1] < min{2, |a|} < 2min{1, |a|/2}® < 2!7°|al’. For (ii) by the
formula for the rest term we get

it
€% — 1 — ja| < /%(a—t)dt < laf2.
/ 2

]

Lemma 7.2. Let f be a Lévy exponent with Lévy triplet (v,0?,v), where
there exists some € > 0 such that (18) holds and let L : S — C be the
functional defined by (17), i.e. L(p) = exp (f]Rd f(gp(s))ds) for all p € S.
Then for all ¢ € S we have

0-2 — € (6%
I£ o gl <Pl + il +27 ([ 1ol aote) ) el

z|>1

+(LﬁJﬂ%wm0Hm@. 19)

o1



and for all p,p € S

2
g
Ifow=Fouvlu < hlle— vl + Slle — vl

+21—a —'{7[) . ( “d )
le =1z /x|>1 2| du ()
+/|<1 z|* dv(z) (I — ¥l|7> + o — ®ll2ll¥l2)

(20)
where a = min{1, €}.
Proof. Let ¢ € S, then
o? 5
[iscnias<il [ e@las+ S [ lepds
R Ré
R4
+ / / (eiW(S) — 1 —izp(s)l{z<1y) dv(z)ds
4 R\{0}
02 2 ixp(s)
< el + S llellz + |7 — 1] dv(x)ds
R4 |z|>1
—I—/ / |€7¢() — 1 —izep(s)| dv(z)ds.
R |z|<1
Let a := min{1,e} < 1,then by the previous Lemma we can estimate for

lz| > 1
610 1] < 2170 aip(8)]" < 212l ()|
and for |z| <1
€79() — 1 —izp(s)| < |zo(s)]2

Therefore,

0-2 — € (6%
I ol < lellr + Fholis +27 ([ falravlo) Il

|z|>1
T ( / |x|2du<x>) ol
o<1
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To show the second inequality, let ¢, € S, then

2

[ et = £066)) ds| < e = s + Gl - vl

+/ / |el@e(s) — eV dy (1) ds

Rd |z]>1

—i—/ / |2l — elt() g (o(s) — ap(s))|dv(x)ds.

Rd |z|<1
Furthermore, by the previous Lemma,

/ / |elels) — 2| dy()ds = / / |2V | dy(x)ds

Rd |z|>1 RY |z[>1

<2 [ [ fot) = (o) el ()

Rd |z]>1

S 21—04 - 1/} oza < €d )
E— /| ol @)

and for |z] <1

29 — ) — iz (p(s) — y(s))|

= [V (PO 1 —da(p(s) — U(s))) +iz(p(s) = U(s) (€7 — 1))
< e PO — 1 —ia(p(s) — v(s)| + |a(p(s) — e(s)(€) — 1))

< lie(s) = V() Pl + (e (s) — v(s))lla(s)],

SO

| — ) —ia(p(s) — o (s))|dv(x)ds

R |z|<1

< /||<1 |z dv(z) (Il — ¥l172 + o — ©ll2l1¥]lz2) -
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where for the last inequality we used Cauchy-Schwartz. In total we obtain

/ F((3)) — F(s) ds

0-2 —Q (0%
<l =l + o = i + 2o - vl |

|z|>1

ERZE)

n / 22 dv(a) (o — 012 + o — Gzl ]1c2)
lz]<1

With this at hand we are able to prove Theorem 7.2.

Proof of Theorem 7.2. We will show that (17) defines a continuous at 0, pos-
itive definite and normalized functional on §. The Minlos-Bochner theo-
rem then gives us the existence of such a generalized random field X. For
this we will first show that (17) is actually well defined on S i.e., that
fop e LY(RY) Vo € S, then continuity and finally positive-definiteness.
That (17) is normalized is clear.

So let f be a Lévy exponent with Levy triplet (v, 02, v) and £ the functional
given by (17). To see that fop € L', we use (19) of Lemma 7.2 and the fact
that S C L?, Vp > 0.

To show continuity of £ we proceed similar. For this let ¢, € &, then,
since S C L%, we have [[¢| 2 < oo. Furthermore convergence in S implies
convergence in LP for p > 0. To see this let ¢, — ¢ (n — o) in S and
BeNdst. (L+]|(-)°]) € L'. Then

lon =l = [ lontz) = p()P do
[ Wit~ el
N (R

<@ +1OD e (len = @lloo + llen = ¢llso) = 0, (n— o0).

Thus, the continuity of £ follows from inequality (20) of Lemma 7.2.

Whats left to show is positive definiteness of £. This follows from Theorem
7.1 and a density argument. So let m > 1, ¢, ...,¢,, € C and fi, ..., fn € S.
Since D is dense in S, there are (f*)reny C D such that kh_}r& k= f, for all

n=1,...,m. By Theorem 7.1 we know that L is positive definite over D and
so using the continuity of £ over § we get

mciéﬁj}—f»:lim mciaﬁf.’f—k >0
> gL 7) HO(Z JL(f; J)>

1,j=1 3,j=1

dx
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]

Theorem 7.2 ensures us that the following definition of Lévy white noise

is well-defined on S”.

Definition 7.1. We call a generalized random field X on S’ a Lévy white
noise if its characteristic functional is given by

L (p) = exp (m/f(w(S))ds , VpeS,

where f is a Lévy exponent, i.e., of the form
o? :
f(z) =iyz — 722 + / (€™ =1 —dzal|g<1) dv(z).
R\{0}

Here v € R,0% > 0 and v is a Lévy-Schwartz measure.

Remark. If we are given a Lévy exponent f, then the functional (17) always
defines the characteristic functional of a random variable with values in D’.
Theorem 7.2 gives us a necessary condition for this random variable to be
tempered: If the corresponding Lévy measure satisfies condition (18), then
it is almost surely tempered. Thus, it defines a generalized random field
on &’. It can be shown that this condition is not only necessary, but even
sufficient. The functional (17) defines a generalized random field on &’ if and
only if the corresponding Lévy measure satisfies the Lévy-Schwartz condition
(18) ([11, Theorem 4], [10, Theorem 2]). Furthermore, [10, Theorem 2] gives
a full equivalent characterization of this condition. It is also important to
note that it is nontrivial, that is, there are Lévy measures that violate the
Lévy-Schwartz condition. [45] deals with a family of Lévy processes and its
properties without support in S’.

7.2 Examples of Lévy White Noise

Let us now apply Theorem 7.2 to actually construct examples of Lévy white
noise on the space of tempered distributions &’. For this we will use the ex-
amples of infinitely divisible distributions we discussed in section 5. Namely
the Gaussian, the Poisson, the Compound Poisson and the Sa.S distributions
discussed in section 6.3. With the Lévy-Khintchine representation at hand
(see Table 1), all we have to do is check condition (18) for the corresponding
Lévy measures.
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The Lévy exponent for the Gaussian distribution is given by
1
f(z) =iyz — 502|z]2, 0> >0,7€R

with corresponding Lévy triplet (v, 02,0). Thus, condition (18) is triv-
ially fulfilled for all e > 0. So by Theorem 7.2 there exists a Lévy white
noise on 8’ whose characteristic function is determined by the Gaussian
distribution, i.e.

. 1
ole) =exp [ [olo)ds = 3oRlel ) Voes. @

Rd

For the Poisson distribution we have the Lévy triplet (1,0, \d;) with
A > 0. As before condition (18) trivially holds for all € > 0. Hence, we
have a Lévy white noise with characteristic function

L(p) = exp A/(ei“’(s) —1)ds |, Vpes.

R4

In case of the Compound Poisson distribution the Lévy measure is
of the form Ao where A\ > 0 and ¢ is a probability measure on R¢.
In this full generality the Lévy-Schwarz condition is not guaranteed.
Condition (18) only holds if o is a Lévy-Schwartz measure itself, i.e., it
satisfies condition (18). If so, then the Compound Poisson distribution
determines a Lévy white noise with characteristic function

L(p) =exp A/(&(gp(s)) —1)ds|, VpesS. (22)

R4

Lastly the symmetric and stable Sa.S distributions with 0 < o < 2 are
generated by the Lévy exponent f(z) = —o%|2z|* with ¢ > 0 and Lévy
measure

Ca,a

= |z Fe

dv(z)

dz, Cus > 0.

To check condition (18) we compute

/ |z dv(z) = Ch s / 2|+ dg < 0o

|z|>1 |z[>1
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which holds for € < a. Thus, Theorem 7.2 applies and gives us the
existence of a Lévy white noise with characteristic function

L(p) =exp(—c”[lolla), Ve €S.

Gaussian ) B o
U2>0,’Y€R (7)0-’0) f(Z)—l’}/Z—§0‘ |z|
Poisson ,
A> 0 (1,0, Ad) F(2) = A€l — 1)

Compound Poisson R
e ey U 7do().0.00) () = A(z) = 1)
SaS

Ca,a _ o
a€(0,2),0 >0 (0,0, grs=dr) f(z) = —0°|2|

Table 1: Infinitely divisible distributions with Lévy triplet and exponent

7.3 Lévy White Noise as a distributional Derivative
7.3.1 Gaussian White Noise

We have seen that the distribution of generalized random fields are deter-
mined by their finite dimensional projections. In general we call a general-
ized random field X Gaussian if for any 1, ..., ¢, the collection (X, ¢1), ...,
(X, pn) has joint Gaussian distribution. Similarly to a Gaussian Process it
is determined by the mean functional m(y) = E[(X, ¢)] and the covariance
functional Cov(p, ) = E[((X, ) — m(¢))((X,¥) — m(¢)))]. The classical
Gaussian white noise, or often just called white noise, is given by mean func-
tional m(yp) = 0 and covariance functional Cov(yp, 1) = [ @y ([22], [18]). We
have seen above that it is a Lévy white noise with characteristic functional
L(p) = exp(—1/2||¢||3). Tt is a central tool to model random background
noises ([26]). In the following we aim to give an explicit construction of Gaus-
sian white noise as the distributional derivative of Brownian motion. It is a
well known fact and can for example be found in [22], however we provide a
rigouors treatment for our framework of generalized random fields.

Let B = (B)i>0 be a Brownian motion. As t — B; is almost surely
continuous, we can consider B;(w) € D'(Rx() for almost every w € € by the
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identification
(B.)w) = (B)p) = [ B@e®dt, Yo cDRs). (23

Note that by this (B, ) is only defined on some subset A C 2 of measure
one. If we set (B, ) equal to zero on 2\ A for all ¢ € D(Rs), then it
is a well-defined random variable. Furthermore, one can show ([37]) that
B;/t — 0 a.s. and thus, Brownian motion B, satisfies condition (6) on a set
of measure one and is therefore almost surely tempered. So we can define
(23) also for ¢ € S(R>p). As a distribution, we can form the distributional
derivative of a Brownian motion as

(B'.0) = —(B,¢) = — / Bug/(t)dt, ¥ € S(Rso). (24)

We want to show that B’ is a generalized random field in the sense of defini-
tion 5.1 and that it coincides with the Lévy white noise determined by the
Gaussian distribution with v = 0, 02 = 1. Before we do so we want to extend
this definition from Rsg to the whole real line. For this let (B;);>¢ be another
Brownian motion independent to (B;);>o. We define for ¢ € S(R) = S,

And accordingly for the derivative we obtain
B0 =~ [ B+ [ By(-v (25)
0 0

Let us first show that these are generalized random fields according to our
definition.

Lemma 7.3. Brownian motion B and its derivative B’ are generalized ran-
dom fields on S'.
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Proof. Since B' is defined by duality it is enough to show that B :w € 2 —
(B( ))ier € S', where B, =B, fort >0and B, = —B_, fort <0, is a
measurable map (2, 4) — (S’ B(S’)). Let ¥ : (§',75) — (S',7;) be the
topological Isomorphism from Proposition 4.2, then B(S') = U~!(B(S')) and
also B(S') = C(S'). Hence, B(S’) is generated by the cylindrical sets

{F eS| ((F 1), ... (F ¢n)) € B}

for some 1, ..., 0, € S and B € B(R"). So let ¢4, ..., p, € S and B € B(R"),
then

T{F eSS ((F o), (F.0n)) € BY)
={w e Q| (B, ¢1)(w), .. (B,pn)(w)) € B}.

But (B, ) are measurable for any ¢ € S and hence, the above set is mea-
surable as well. Since the cylindrical sets generate the whole o-algebra B(S’)
we can conclude the measurability of B.

]

To characterize B’ we compute its characteristic functional. For this we
study how B’ acts on §. We will do this in a couple of steps. To start, we need
a basic property of Brownian motion. Let (B;):>o be a Brownian motion, then
it is a Gaussian process, i.e. for every ty,...,t, > 0 the collection By,, ..., By,
has a jointly normal distribution and correlation E[B,B;] = min{t, s} for all
t,s >0 ([37]).

Lemma 7.4. Let (By;)i>o be a Brownian motion and ¢ € S(R), then
fo Byp(t) dt is normally distributed with mean 0 and for 1» € S(R) we have
the correlation formula

E 7 Bup(t) dt 7 B.u(s) / / min{t, s}p(t)p(s) deds.

Proof. First, let ¢ € D(R) and T" > 0, such that supp(y) € [-T,T]. By
continuity of B; and ¢ we can approximate the integral by a sequence of
finite Riemann sums. We have

) kn

T
/ Byp(t) dt = / Big(t)dt = lim 3~ Boe(t”) (65 —#7),  (20)
0 =0

0

)

where for every n > 1, 0 = t(n < .. < t,(;:) = T is a partition of [0, 7]

such that sup (tgi)l — ") 5 0 for n — oco. Note that the limit holds

]
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almost surely. Since (B;);>o is a Gaussian process, the sums in (26) are
normally distributed. As the almost sure limit of normal distributed random
variables is again normal distributed, we conclude the normal distribution of
J5° Bup(t)dt for ¢ € D(R). To extend this to Schwartz functions, we use
density of D C S. So let ¢ € S(R) and (¢y)n>1 € D(R) such that ¢, — ¢
in S(R).

Since By ~ N(0,1), it follows that E[|B;|] = \/2t/7. Hence,

/]E[%} dt:\/j/tl/zdt<oo
t s
1

1

and so by Fubini-Tonelli E[ [ |B,|/t?dt] < oo and thus [ |By|/t*dt < oo
almost surely. Now we can estimate

/ Bugp(t) dt — / Bupu(t) di| < / Billo(t) — gu(t)| dt

" / Bullo(t) — oult)] dt

e}
B
< sup |Bllle = eulle + [ 5t = ullao
1

By convergence of ¢, — ¢ in S, it therefore follows that

o0

/Btgon(t) dt — /Btcp(t) dt (n — o0) a.s.

0 0

and we can conclude that [~ Byp(t) dt is normal distributed for all ¢ € S(R).
By Fubini-Tonelli we then get

o0

E / Buslt)dt| = / E [B)] o(t) dt = 0

0

and
E 7Btgo(t)dt738¢(s)ds :77E[BtBS]go(t)¢(s)dtds

/ min{t, s} (t)i(s) dtds.



]

With the help of this Lemma it is now easy to determine the characteristic
functional of B’. Firstly, for ¢, € § we compute

E/ / Ba/(s) //mm{ts}som (s) dtds
- [ [ dsm//w
:/w'(t) (1) t it - 7 A

ZO/M s) dsdt = 07¢ ]Ogo dtds

S

= [ vt ds
0
From Lemma 7.4 it follows that [~ By/(t)dt ~ N(0, [;° ¢*(t) dt) and by
the same computation
00 [e'¢) 0
E /Btgp’(—t) dt/BS@D’(—s) ds| = /ap(s)@b(s) ds,
0 0 —00

so in particular we have [ By (—s)ds ~ N(0, f ©%(s)ds) for all p € S.

Since (By)i>0 and (B,),>0 are independent we have E[B, B,] = E[B,|E[Bs] = 0
for all t,s > 0. Hence for all ¢,1 € § we have by Fubini-Tonelli

o0 o0

/ B, (t) dt / B (—s)ds| = 77 B,]dsdt = 0

0

and so the two integrals in (25) are uncorrelated and therefore independent.
Hence, we conclude that (B, o) ~ N(0,]|¢||3) for all ¢ € S. We have proven
the following.
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Proposition 7.1. The characteristic functional of B’ as a generalized ran-
dom field on 8’ is given by

- 1
L) =B [9] = eap (~ 16l ) . o€ S,

In particular, (B', o) ~ N(0,]|¢||3) for all p € S.

We can see that this coincides exactly with the Lévy white noise char-
acterized by the Gaussian distribution with v = 0,0% = 1 (21), which we
constructed using the Minlos-Bochner theorem. However, this approach al-
lows us to make an important observation. By the independence of the two
integrals in (25) and the above computation, we get for all p,9 € S the
correlation formula,

E[(B', o)(B', )] = / SE)(t) dt.

R

So, it is clear that when ¢ and @ have disjoint support, then (B’ @) and
(B',1) are uncorrelated and hence independent. We can therefore view gaus-
sian white noise as the (distributional) derivative of Brownian motion.

Remark. We can also approach equation (25) by the means of Ito-integration
theory. Since we do not introduce this theory in this thesis, we just want to
make this remark. The advantage this approach has, is that we can identify
the action of Brownian motion on the Schwartz space (25) as integration
with respect to Brownian motion. However, this extends to all L? functions,
that is we can define (B’, f) for all f € L. In particular it is then easy to
see that (B',1y) = B;. In this way we can recover the Brownian motion
(By)i>0 as a special realization of the random functional B’.

7.3.2 Compound Poisson White Noise

Similarly, we want to express the Compound Poisson Lévy white noise as the
distributional derivative of a Compound Poisson process X = (X¢);>0. By
definition we have

Ny
X =Y %,
=1

where (Z;);>1 are i.i.d random variables with common law o € P(R) and
N, is a Poisson process with rate A > 0 independent to (Z;);>1, i.e. N; is a
Poisson random variable with parameter A\t. We can view N; as the number
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of random events (z;);>; which happen in the time interval (0, ¢]. The events
(x;)i>0 are independent and identically distributed and happen with rate A,
i.e. the waiting times s; = x1, 8o = x2 — 71, ... are independent and have a
exponential(\) distribution. Furthermore, if we condition on N; = n, then
0 <z <..<ux, <t are independent and uniformly distributed in (0,].
Also, (Z;)i>1 and (x;);>1 are independent by assumption. Thus, we can also
express X; as

X = Z Zi1(0,4(:)

i>1

for t > 0 and X, = 0. Since we don’t have any regularity assumption on the
sample paths of a compound Poisson process, as we have for the Brownian
motion, it is not clear if wether we can make sense of X; as a distribution.
However, we know that every Lévy process has a modification which almost
surely has right continuous paths for ¢ > 0 and left limits for ¢ > 0. So
let us assume that this is true for (X;)¢>o. Then it is almost surely locally
integrable and can therefore by considered as a distribution by

(X, ) = / Xop(t)dt, Vi € D(Rsp).

Again, (X, @) is only defined on a set of measure one, so we extend to € by
setting (X, ¢) = 0 on the corresponding complement. The question if wether
it is also tempered is a more difficult one. One easy condition is that if o
has finite first moment, then E[|X;|] < oo and then by [36, Theorem 36.5]
tllglo X/t = E[X;] almost surely. In this case X; almost surely satisfies (6) and

is therefore tempered. The question in general is answered in [8, Corollary
2.6]. The compound Poisson process (X;);>o is almost surely tempered if
and only if X, has some positive absolute moment, which by [36, Theorem
25.3] is equivalent to the Lévy-Schwartz condition (18) for the Lévy measure
o of (Xt)i>0. This shows that this approach is consistent with our previous
results. However, our interest does not lie in this question of regularity, but
we hope to gain some useful inside by expressing the Compound Poisson
Lévy white noise as a derivative of a Compound Poisson process. First, let
us compute the distributional derivative of X. Let ¢ € D(R>o) and 7" > 0
such that supp(y) C [0,77], then

(X, ) = — / N ZL o () (8) dt.
0 >1
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Since for all ¢ € [0, 7]

ZZJ]-Ot xz

we can exchange summation and integration and obtain

ZZ/ ZZ/

<Z|Z|Il (0,17 (; ) sup @' (t)| < oo a.s.

i>1 te[0,T7]

i>1 i>1
= Z Zip(x;) = <Z Zi6 (- >
i>1 i>1

where ¢ denotes the delta distribution defined by d(¢) = ¢(0) for all ¢ €
D(R>p). Hence, in the sense of distributions we have

= Z Zl(S( — l‘z) c D/(RZ())’
i>1

We can view this as a random measure (see Figure 2) in the sense that for
A € B(R>) we have

i>1 i1

The action of X’ on a test-function can be understood as integration with
respect to this random measure. .
To extend this from Rx( to R, let (X¢):>0 be a Compound Poisson process

ﬂis l l { Tl

0.0 02 04 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 10

Figure 2: Sample path of a Compound Poisson Process (left) and a visual-
ization of its derivative (right). Every jump of the process corresponds to an
"impulse”, i.e. a delta distribution with amplitude determined by the jump
height.
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identically distributed but independent to (X;);>o. That is X, is given by

X = Z ZiLoy (%),
i>1
where (z;);>1 and (Z;);>1 as well as (Z;);>1 and (Z;);>1 are independent and
identically distributed. Then we can define X almost surely as a an element
of D'(R) by

0

(X, o) = / Xop(t) dt + / (—X_0)plt) dt

— 00
o0

= 7th0(t) dt + /(—Xt)cp(—t) dt,

0

for all ¢ € D(R). Analogously to the above computation we can compute its
derivative to obtain (in the sense of distributions)

i>1 i>1

By the same proof to Lemma 7.3 we see that X and thus X’ are generalized
random fields. Next, we want to show that X’ and the Lévy white noise
generated by the underlying compound Poisson distribution coincide. To do
so we compute the characteristic functional of X".

Let ¢ € D(R) and T > 0 such that supp(p) C [-T,T]. Furthermore, let
N, be the number of events x; which occur in (0,77, i.e. z; < T for all i =
1,...,Ng,and x; > T for i > N,. It has a Poisson distribution with parameter
AT. Analogously, let ]\730 be the number of events 71, Ty, € (0,7]. By
(27) we then have

(X', ) = Z Zisp(w;) + Z Zjp(—i;).

To simplify notation let us denote the first sum as (X’ ,¢) and the second
by (X', ). Then, by independence we have

E[eX" 9] = B[eX4 9| E[e!X59)].
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Using the properties of the conditional expectation we obtain for the first

term
E [61<X’+7¢>] —E []E [e X4 | o (N, ” Helzzsa #) | o )”
HE 1Z1‘:9(731 | U HE IZ1<P ] ,

where x ~ Uniform(0,T]. Let My, , := E [¢/#2¢(*)]  then

E [ei(Xjr,@} - ) [le ;ri| ZMZI w%
k>0

)\TM
—\T Z Z1 :E
k>0
=exp (AT (Mz, . —1)).

Furthermore,

Mz, . =E[E [¢7%% | 6(Z))]] =E
T
/ iZip(z
0
T
= l//eiz“"("”) do(z)dx
T
0 R

and so in total we have

E [¢0%0)] = exp [ A /T / i260) _ 1) do(2)dz | = exp | A /T (G(o(x)) — 1) do

And by the same computation

E [eiw(w)}

T
/E 1Z1g0(m
0

z:Z1]

N[ =
'ﬂl'—‘

b

E [e“XLW] = exp A/(&(gp(w)) —1)dx
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and so

L) =B [659] —exp | A [ (0lo(@) ~ 1) d

—exp [ A / (6(p(z) — ) de | | (25)

R

where for the last equality we used the fact that 6(0) = 1, hence we can
extend the integration domain from supp(p) to the whole real line. For now
this expression only holds for ¢ € D(R). However, if we assume o to be
a Lévy-Schwartz measure, i.e. condition (18) holds, then by [8, Corollary
2.6] X' is almost surely tempered and we can extend (28) to S(R) by using
Lemma 7.2 and the fact that D C § is dense. We summarize our results in
the following Proposition.

Proposition 7.2. Let (X;)i>o be a Compound Poisson process with underly-
ing distribution o and rate A > 0. Let o be a Lévy-Schwartz measure. Then
the distributional derivative X' (27) of the process is a generalized random
field on 8" with characteristic functional

Lx(p) = eap | A / (6(p@) — )de |, Vpes.

R

Again we observe that the characteristic functional of X’ is the same as
the one of Lévy white noise (22) that we constructed of the Compound Pois-
son distribution by using the Minlos-Bochner theorem. We can also make
two similar remarks to those we made for the Brwonian motion. We have
seen that the action of the derivative of Brownian motion on a Schwartz func-
tion gives us again a centered Gaussian random variable, where the variance
depends on the ”size” of the function. A similar result holds in this case
too. For ¢ € S we see that (X', ¢) has a Compound Poisson distribution by
computing its characteristic function:

Lix)(2)=E [e“xl’zw} = exp )\//(eiw(s)x —1)dv(x)ds
R R
= exp )\/(eizy — 1) dv,(y)
R

67



where the measure v, is given by

voA) = [ (mao)r)ds, vaEBR)
supp()

and (my(s))«v denotes the push-forward of v by the multiplication map with
@(s), i.e. My 1z = p(s)x.

Furthermore, by the expression of X’ as a random measure (27) we can let
X’ act on indicator functions. In particular, we have

X'((0,8]) = (X', L) = > Zilo(a:) = X

i>1

So, as for the Brownian motion, we can realize the Compound Poisson pro-
cess X; by acting on indicator functions of the form 1 g .

In the example of Brownian motion and a Compound Poisson process
we have seen that we can give an explicit construction of Lévy white noise
by taking the distributional derivative of the Lévy process and that both
approaches are equivalent. But even more, we could identify the Lévy process
itself as a special realization of this more general random functional. This
works not only for these two examples, but for any Lévy process.

Let (Xi)i>0 be a one dimensional Lévy process with characteristic triplet
(7,02, v). We can express the characteristic exponent as

1 .
f(z) =iyz— 50222 - / (€ =1 —izzljy<1) dv(x)

R\{0}
1 : .
=iyz — 50222 + / (e —1)dv(x) + / (e — 1 —ixz) dv(x).
R\[-1,1] (=1, D\{0}

This leads to the following decomposition of X; corresponding to the four
terms above:

Xt:'yt‘i‘O-Bt_’_}/t‘i_Zt

That is a linear drift term, a Brownian motion B;, a Compound Poisson
process Y; with rate A; := v(R \ [-1,1]) and underlying distribution p :=
1/)\1V]R\[,1,1] and another jump process Z; corresponding to I/‘(,Ll)\{g} (see
[2, section 2.4] for a detailed description).

In the case when v has finite first moment, i.e. fR\{O} |z| dv(z) < oo, we can
reduce the general case to that of the Brownian motion and the Compound
Poisson process.
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Theorem 7.3. Let (X;)i>0 be a one dimensional Lévy process with Lévy
exponent | and characteristic triplet (v, 0%, v) such that fR\{O} |z| dv(z) < 0.

Then by the above identification it defines a generalized random field on S’
and its derivative X' has characteristic functional

Lxo(p) = eap / f(s)ds |, Yoes.

In particular, X' defines a Lévy white noise.

Proof. The idea of the proof is to decompose (X¢)¢>o as above and then by
linearity treat each term separately. By assumption we have
fR\{O} |z| dv(z) < oo and so we can write f as

2
f(z) =iyz — %zQ + / (" =1 —ixzljy<1) dv(x)
R\{0}

i 7—/xdu(x) z—%222+ /(ei“—l)dz/(:r;).

lz|<1 R\{0}

=5

We can identify the characteristic function of a linear drift term, a Brownian
motion and a Compound Poisson process. By the Lévy-Ito decomposition
([2, Theorem 2.4.16]) we can decompose X; accordingly

Xy =t + 0B+,

where B; is a Brownian motion and Y; is a Compound Poisson process with
rate A := (R \ {0}) and underlying distribution ;v. The key of the Lévy-
Ito decomposition is that B; and Y; can be chosen to be independent. This
allows us to treat each term separately. The linear term clearly is a tempered
distribution with derivative 7, by Proposition 7.1 the Brownian motion is a
generalized random field and we already computed its derivative. Since v
has finite first moment, it is a Lévy-Schwartz measure and Proposition 7.2
applies for Y;. In total we see that the Process (X;):;>o and its distributional
derivative X’ define generalized random fields on &’. By independence, we
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can compute the characteristic functional as

Lxi(p) =E [ei((%@>+0<3/,w>+<Y’AP))} —E [ E [eiaw'm] E [ewm]

R R
exp )\/ / (i) 1)Xd1/(:c)ds
R R\{0}

for all ¢ € §. This concludes the proof.
O

In the general case where v might not have finite first moment, the simpli-
fication to decompose the Process in these three terms might not be possible.
Instead, one has to deal with a fourth term, which is another jump process,
similar to that of the Compound Poisson process. However, for a proof of
the statement in full generality we refer to [8]. In this work one identifies the
action of the derivative of a Lévy process as integrating with respect to the
process itself. This involves some technical stochastic integration theory and
we just want to mention this as a remark.

7.4 Properties of Lévy White Noise

In the following, we want to work out some properties of Lévy white noise.
We have seen that we could identify the classical (Gaussian) white noise as a
special case of Lévy white noise. The following properties will make it clear
why Lévy white noise can be considered as an appropriate generalization of
white noise. Remember, we have identified white noise as a generalized ran-
dom field, whose action on a Schwartz function determines a centered gaus-
sian random variable whose variance depends on its L?-norm. Furthermore,
these random variables are independent if the L?-inner product of the corre-
sponding function vanishes. This happens, for example, if they have disjoint
support. In [18] and [11] Lévy white noise is motivated by two important
properties. It has independent values at every point and is stationary.

Definition 7.2. Let X be a generalized random field on §. We say X has
independent values at every point if for every ¢, € S such that ¢ and Y have
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disjoint support, the random variables (X, ) and (X, 1) are independent.
We call X stationary if the shifted version X (- — 7) for T € RY, defined by
(X(-—=7),0) =(X,0(- + 7)), ¢ €S is equal in distribution to X.

Since both properties concern the distribution of X, we can translate
this definition again to the characteristic functional. It is clear that X has
independent values at every point if and only if

Lx(p+1)=Lx(p)Lx(¥) (29)

for all p,9 € § with disjoint support. To see this, let ¢, € S with disjoint
support. Then (X, ¢) and (X, ) are independent if and only if the random
vector ((X, ), (X, 1)) satisfies

L(x.0), %00 (t 8) = Lix.o) () Lix ) (8)-

By linearity of (X, -) this is equivalent to

Lx(to+s) = Lx(tp)Lx(s¥)

and we can see that this is equivalent to (29) by choosing t = s = 1 and
conversely considering ty(-) and si(-). Remember, that the interpretation
here is that, if you measure X through two disjoint observation windows,
you get two independent random variables. Furthermore, X is stationary if
and only if

Lx(o(-+7))=Lx(p), VpeS8,7eR: (30)

With the specific form of the characteristic functional of a Lévy white noise,
both properties are easy to show.

Lemma 7.5. Let X be a Lévy white noise, then it has independent values at
every point and is stationary.

Proof. To show that X has independent values at every point, we prove (29).
So let p,9 € § have disjoint support and let f be the Lévy exponent of X.
Since f(0) = 0 we have

/f s) + (s ds—/f ds+/f

and s0 Ly (¢ +v¥) = Ly(p)Ly(¥). That X is stationary follows from a
simple change of variables in the integral.

[]
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These two properties justify the name "noise” in the following sense. If
we would discretize a Lévy white noise by testing it against shifted and non-
overlapping ”observation windows”, we would get a sequence of i.i.d. random
variables for every instance of the discretization.

In section 5 we introduced the concept of how a linear operator acts on
a generalized random field (see equation 11). Nevertheless, if some operator
acts on a Lévy white noise, it is not guaranteed that the resulting generalized
random field is still a Lévy white noise. However, we can identify a linear
structure.
We call two generalized random fields X; and X5 independent if their finite-
dimensional distributions are, i.e. for any n > 1,¢4,...,¢, € S the collec-
tions ((X1,¥i))i=1,..n and ((X2, ¢;))i=1,..n are independent. Since these are
described by the characteristic functional, this property translates to

Lx+x,(p) = ]E[ei<X1+Xz,sa>] - E[€i<X1,s@>€i<Xz,sa>]
= B[R] = L, (0)Lx,(9), YpeS.  (31)
We have the following.
Proposition 7.3. Let X be a Lévy white noise, then

(i) the scaled generalized random field X(-/b), forb# 0, defined by
(X(-/b), o) = (X, b%p(b-)) for all ¢ € S, is again a Lévy white noise,

(i1) for a # 0 the generalized random field aX is a Lévy white noise,

(111) if Y is a Lévy white noise independent to X, then X +Y is also a Lévy
white noise.

Proof. Let f be the Lévy exponent to X with Lévy triplet (v, o2, v). To show
that a generalized random field is a Lévy white noise we have to show that
its characteristic functional is of the form (17) with a valid Lévy exponent.
Furthermore, to show that it is well defined on S, we have to check that the
Lévy-Schwartz condition (18) holds for the corresponding Lévy measure.
To show (i) we identify the characteristic functional of X (-/b) as

L () = Ele¥0N] = oxp (R/ J (0o bs)) ds

— exp (m/ bld Fo@)de |, pes.
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So let f(z) := 27 (b%z). To check that f admits a Lévy-Khintchine repre-
sentation and that the Lévy-Schwartz condition holds, we need an explicit
form of the corresponding Lévy measure. Hence, we make the following
computation to determine the Lévy triplet of f.

x 1 , o? 1 . _
f(z) = bdf(bd z) =1iyz — 7bdz2 + / ﬁ(e“’bdz — 1 — Ly <iizd?2) dv(z)
R\{0}
; o d_ 2 1 izb?z < ad
=iyz — 76 ¢+ ﬁ(e — 1 = Npay<,izd®z) dv(z)

R\{0}

J/

—an(2)

) 1
tiz [ fi(luns — e dv(e),
R\{0}

=8

where the last equality only holds if both terms a,(z) and , are finite.
Let 7 = bid(mbd)*u, where (mya).v denotes the push-forward of v by the
multiplication map my, : © — b%. Clearly, ¥ is a Lévy-Schwartz measure too
and by Lemma 7.1 we have

lay(2)] = / (€% — 1 — w2l cy) dif(a)

\{0}
<22 / 2 di(z) + 21~ min{ed}| y minte1} / |z|“dP(z) < oo Vz €R,
|z|<1 |z|>1

where 7 satisfies the Lévy-Schwartz condition (18) with € > 0. For the second
term we compute, if [b%] < 1 then

1
18s] < @ / |z| dv(w / |bd|2

1<\x|<ﬁ |z|>1
bd| /m1n{|x| 1} du(z) <
R\{0}

If |b¢] > 1, then

1 1
< g [ lddv) < g [P an) < .
<|z|<1

1

L lel<1

73



Let ¥ = v + ap and 62 = ¢2b%. Then f admits a Lévy-Khintchine represen-
tation with triplet (7,32, 7).

The proof to (ii) works identically to that of (7).

Let fy be the Lévy exponent of Y with triplet (Vys 032-/, vy ), then by (31) we
have

Li(0) = exp / (f + fy)(o(s)) ds |

d

where f + fyis a Lévy exponent with triplet (v + 7y, 0% + 0}2-,, v+ vy ). The
measure v + vy is clearly a Lévy measure and the Lévy-Schwartz condition
holds. Thus, X 4+ Y is a Lévy white noise.

m

As we have seen before, the evaluation of a Lévy white noise X with
characteristic exponent f at some ¢ € S gives us a real-valued random
variable (X, ¢) with characteristic function

Lix p(2) = E[e=F9)] = exp (m/ f(zp(s)) ds

This raises the question if any properties of the underlying distribution of X
can be transferred to the distribution of (X, ). For the Gaussian and the
Compound Poisson white noise, we have seen that the evaluation at some
Schwartz function has again a Gaussian, respectively Compound Poisson
distribution. Also for the SaS white noise, by observing its characteristic
functional, it is easy to see that its action on a Schwartz function again
determines a SaS' distribution.

Theorem 7.4 (compare with [42, Theorem 9.1],[1, Theorem 3]). Let X be a
Lévy white noise with Lévy triplet (v,02,v) and p € S. Then the real-valued
random variable (X, ) is infinitely divisible with Lévy triplet (7@,05,%),
where

7/%0<5) ds + / / (ﬂ\w(sngl — ]1|z\§1) xdv(x)ds,

Yo =
Rd supp(p) R\{0}
a2 = a*llell3
Vy = / (My(s))wv ds,
supp(p)
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here (my(s))«v denotes the push-forward of v by the multiplication with ¢(s).
In particular, v, is a Lévy-Schwartz measure.

Proof. Let X be a Lévy white noise with Lévy exponent f determined by
the triplet (v, 02, v) and let p € S. As mentioned above we can identify the
characteristic function of (X, ¢) as L, (2) = ef¢(*) where f, is given by

fo(z) = / f(zp(s)) ds.

By Lemma 7.2 it is well defined. We want to show that it admits a Lévy-
Khintchine representation and determine its characteristic triplet. This is
pretty straightforward by using the explicit form of f, but lengthy in tech-
nicality. We have,

2
fole) =i [ ol ds + Gl

Rd
+ / / (€7 1 — iw2(8) 1 jp<1) dv(z)ds

R4 R\{0}

S/

— AL (2)
And furthermore,

Ay(z) = / / (%97 — 1 — iz(8)2 L p(s)a<1) dv(z)ds

S\llpp(so) R\{0}

—ap(2)

+ iz / / (]l‘gw(sﬂgl — ]l|x\§1) JJdV(:E)dS,

sllpp(w) R\{0}

=:by

where this equality holds if we can show that both terms are finite. Let v,
be the measure defined by

voA) = [ (maohr()ds, VA€ BR)

supp(y)

where (my(s))«v denotes the push-forward of v by the multiplication with
©(s). We will show that it is a Lévy-Schwartz measure. Let v satisfy the
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Lévy-Schwartz condition (18) with € > 0. We can compute

[ 1o dvta) / [ P avgowyds= [ [ laPloto dvie) ds

lz|<1 supp(p) |z|<1 supp(p) |z|<1
< [l [ P ave)ds+ / [ el s
————r
0<|tp|<1 ‘:)3|<1 0<|(p‘<1 1<|£E|<| ©l _|£E‘ ‘@(S)|mln{2 €}

s [ meeP s

ol >1 e (s)|<1

min{e,2
<2l [ lofdvta) + lelmica) [ lolf dvie) < o0

|z|<1 |z|>1
and
[l = [ [ et viayas
|z|>1 supp(¢p) |zp(s)[>1
= / / ]xgo(s)\ﬁdl/(x)ds—i-/ / lzp(s)| dv(z)ds
0<|p|<1 |zp(s)[> 1<lep| [zp(s)|>
/ /|$<p )€ dv(x ds+/ / lzp(s)|©  dv(x)ds
——
0<|p|<1 |z[>1 I<lel 1> |2]> iy <lalleo(s)|mexi2.el
+/ /|x<p(s)|€du(a:)ds
1<|e| |z|>1
<2l [ folavta) + ot [ o avta) < .
|z|>1 |z|<1

Furthermore, we see that

o) = [ (€ = 1= im0
R\{0}
and hence the finiteness follows from Lemma 7.1 and the fact that v, is
a Lévy-Schwartz measure. Since f,, is well defined, i.e. it is finite for all
z € RY, the term b, must also be finite. Hence. f, admits a Lévy-Khintchine
representation with triplet (7., ai, v,,) where

%:fy/go(s)ds—i-b@

R4
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and o2 = 0®||¢||3. In particular it is infinitely divisible.
[

We have actually showed more than just the infinite divisibility of (X, ¢,
in fact, we exactly determined its distribution. This is the key for any statis-
tical simulations. By testing a Lévy white noise against shifted ”observation
windows” with non-overlapping support, we get a sequence of i.i.d. random
variables whose distribution is determined by Theorem 7.4 (see Figure 3 for
a visualization of 2-dimensional Lévy white noise on a 100 x 100 gird of the
square [0,1] x [0,1]). Furthermore, Theorem 7.4 gives us a direct tool to
transfer distributional properties of a Lévy white noise X to its observations.
For example by the specific form of v, it is easy to see if X has a positive
absolute moment, i.e. [ |2|*dv(z) < oo for some a > 0, then so has (X, ).
We refer to [1] and [42, Chapter 9.1] for a detailed exploration of this ap-
proach.

Lastly, we want to further reinforce the connection of Lévy processes and
Lévy white noise. We have seen that in a way both objects are described by
the same distribution. So it is reasonable to assume that results for infinitely
divisible distribution can be translated to Lévy white noise. We will show a
version of the following result for infinitely divisible distributions.

Proposition 7.4 ([36, Corollary 8.8],[2, Theorem 1.2.18]). Let p be an in-
finitely divisible probability measure, then there exists a series of Compound
Poisson distributions which converge weakly to p.

We will not state the proof but rather give the main idea. We define the
functions

£0(2) = exp(n(iin(z) — 1)) = exp(n(LY" () — 1)) = exp(n(e!/™©) 1)),

where p1,, is such that ;o = " and f is the Lévy exponent of . It is clear that
this defines the characteristic function of a Compound Poisson distribution.
Now, one can show that L, converges pointwise to £, and therefore the
result follows by Lévy’s continuity theorem. Since Theorem 5.4 gives us a
generalization of Lévy’s continuity theorem for generalized random fields,
we can translate this proof to the general setting. However, we can only
define Lévy white noise if the Lévy measure in the characteristic triplet of
the underlying distribution fulfills the Lévy-Schwartz condition. So to make
this proof work we always have to make sure that we do not violate this
restriction. For this we need the following Lemma.

Lemma 7.6 ([36, Theorem 25.3 and Corollary 25.8]). Let p be an infinitely
divisible probability measure with Lévy measure v and let o« > 0. Then we
have [ |z|*dp(x) < oo if and only if [, ., x| dv(z) < oo.
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Figure 3: Simulation of 2-dimensional Lévy white noise on the square [0, 1] x
[0,1]: Gaussian noise (3a), Compound Poisson noise (3b) with rate A = 1
and jump height determined by a uniform distribution on {—2,—1,0,1,2}
and the heavy-tailed Sa.S noise with ov = 1.5 (3c). For more details and the
code see the appendix 9.

Now we are able to prove the following result for Lévy white noises.

Theorem 7.5. Let X be a Lévy white noise, then there exists a sequence
(Xpn)n of Compound Poisson white noises which converge to X in distribution.

Proof. Let f be the Lévy exponent of X with triplet (v,02 v) such that
the Lévy-Schwartz condition (18) holds for v with € > 0. And let u be the
infinitely divisible probability measure with exponent f. Analogously to the
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proof in the classical case we define the functional for ¢ € S

La(@) : = exp \R/ n(jin(o(s) ~ 1) ds | = exp (R/ n (L (=) — 1) ds

— exp /n (e%f«a(s)) N 1) ds |

d

where (1, is the probability measure such that p = ", So if u, is a Lévy-
Schwartz measure, £,, is the characteristic functional of a Compound Poisson
white noise X,, with rate n and underlying distribution p,. It is clear that
ly, is infinitely divisible with triplet 1/n(v,02%,v) and so by Lemma 7.6 it
follows that [, _, x| dun(z) < oo iff [, [2]dv(z) < oo which is true by
assumption. So whats left to show is that lim, ., £,(¢) = Lx(¢) for all
¢ € 8. The convergence in distribution of the generalized random fields
follows then from the generalized Lévy’s continuity Theorem 5.4. To show
convergence we use the Dominated Convergence Theorem. First we note
that for ¢ € S by Lemma 7.1 we have

N < hllel)] + Gl +2 o) | [ 1ol dvtz)

= al(s)] + ble(s)* + clp(s)|, Vs € RY,

for some a,b,c > 0. Furthermore, since ¢ € § there is some Cy,, > 0 such
that

Cq
< 0¥
N < ey
Now we have
. > k 1
) _ | < Z | f((s))] < Ca Vs € R%.
nle = p Py |x|d+1’ o<

79



and since n(exp(L f(¢(s)) — 1) = f(@(s)) as n — oo we conclude that

lim £,(p) =exp | lim [ n (e%‘p(s) - 1> ds

n—oo n—oo

= exp \R/ () ds | = Lx(g). Ve eS.

This result is also mentioned in [42] but without a rigorous proof.

7.5 Generalized Stochastic Differential Equations

In the classical theory for stochastic processes the concept of stochastic dif-
ferential equations is introduced to model certain random behavior over time.
We now want to introduce the same for generalized random fields. By their
distributional character, this is relatively easy and does not involve any in-
tegration theory as it does in the classical case. We have already seen that
we can define derivatives of generalized random fields and so we can consider
the following generalized stochastic (partial) differential equation

Ls=X, (32)

where X is a given Lévy white noise and L is a linear (differential) operator.
In general, the solution s is a generalized random field on &’. These gener-
alized SDE’s are a central approach to model sparse stochastic signals ([42],
[41], [43]). Here the Lévy white noise X is seen as the driving force of the
signal s and the operator L is referred to as whitening operator. The aim of
the theory is to characterize the distribution of the solution s.

Equation (32) is understood in a distributional sense, i.e.

<L57()0>:<57L*()0>:<X790>, VQOES

So if we assume the suitable invertibility of L, respectively its adjoint L*,
this translates to

(s,0) = (L7'X, ) = (X, (L") '), Ve€S.

This obviously only makes sense if the action of (L*)™! is well defined over

S. Since the characteristic functional of a generalized random field uniquely
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determines its distribution we can translate this formulation to
Lo =exp | [ F(@) s ds | (33)
d

However, we don’t know if the right hand side of (33) actually defines a
characteristic functional of a generalized random field. But since those are
characterized by the Milnos-Bochner Theorem, this gives us a powerful tool
to identify the existence of solutions to (33). Our computation in the proof
of Theorem 7.2 already gives us the following result.

Theorem 7.6 ([11, Theorem 5]). Let f be a Lévy exponent with Lévy triplet
(v,02,v) and let v satisfy the Lévy-Schwartz condition (18) for e > 0. Let
p1 = min{l, e} and py = max{2,¢e} and T : & — LP* N LP*> be a linear and
continuous operator. Then there exists a generalized random field on S with
characteristic functional

£() = exp (‘R/ f(To(s))ds | (34)

Proof. The existence is ensured by the Minlos-Bochner Theorem. For this
we have to show that £ defined by (34) is continuous at 0, positive definite
and normalized. That £(0) = 1 follows from linearity of 7. To show L is
well defined we use inequality (19) of Lemma 7.2. We obtain for ¢ € S

0-2 —Q € «
I7 0 Teln < Tl + GATols+ 27 ([ Jat doto)) 1Tl
x|>

o /| } P (o)) [Tl

Remember o« = min{1, e} = p;. For A € (0,1) we note that by the convexity
of x — a” for a > 0 we have

AR < (1= )| fI + A fI, YF € PP AL (35)

And so || T, [T

e, |T¢llz2 < oo. Hence, foTy € L* for every ¢ € S.
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For the continuity of £ we can use inequality (20) to obtain for p,9 € S
[ 1ot - srots)ds
Rd

0-2 —Q «
< BT = Tl + ST = ol + 27T ol [

|z|>1

ERZE)

+/|<1 2> dv(z) (| T — T[22 + || Tp — TP 2| T 2) -

From this inequality the continuity of £ follows now by the continuity of T’
and (35).
Positive definiteness follows from linearity of 7" and a similar density argu-
ment as before. For ¢ € & we know in particular Ty € L? and S C L?
is dense. Now since T is linear and by Theorem 7.2 the functional (34) is
positive definite over S, we can apply the same argument as in the proof of
Theorem 7.2 by the already proven continuity.

O

Let us again consider equation (32) and let assume the invertebility of L

and that (L*)~! fulfills the conditions of Theorem 7.6. Then the theorem not
only guarantees us the existence of a solution s but also fully characterizes
its distribution.
The proof is based on the two inequality (19) and (20). It can easily be
seen that those can be improved. This results in a broader class of allowed
operators T. 1In [11, Theorem 5| a more delicate approach connects the
integrability of v at zero and infinity with the range of the operator 7. A
similar result in a slightly more general setting is proven in [13, Proposition
5.3]. A different approach is taken in [41]. Here T is taken to be a linear
and continuous map from S to LP where the Lévy exponent is assumed to
be p-admissible, i.e. |f(z)| + |z||f'(z)] < Clz|P for all z € R and some
1 <p<oo, C>0. However, differentiability of f has to be assumed.

7.5.1 The Derivative Operator

We now want to apply Theorem 7.6 to a basic example where L is the deriva-
tive operator. For this let dimension d =1 and D : S — S, ¢ — ¢ be the
derivative operator on S. We have the following generalized SDE

Ds = X, (36)

where X is a one dimensional Lévy white noise with Lévy exponent f and the
solution s is a generalized random field on §’. By Theorem 7.3 we already
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know the solution of this equation. In fact, it is the corresponding Lévy
process identified as a generalized random field. However, the developed
theory will give us the characteristic functional of the Lévy process (as a
generalized random field). We will follow [42, Section 7.4] for an investigation
of this problem. To apply the theory established in Section 7.5 we have to
find a suitable integral operator I. Since its adjoint I* needs to have the
right decay property we define I as

T

I9)a) = [ w()ds, Ve S®),

0

Note that [ fulfills the boundary condition I(¢)(0) = 0. We can easily see
that I is a right inverse of D.

Proposition 7.5. The adjoint of I is a continuous and linear map

I*: S — ﬂ LP
I(¢) (x) = / (5 (Lo (5 — 2) — Loy () ds
704,0(3) ds, if x>0
N —_f o(s)ds, ifz <0 '

Proof. To show that I and [* are adjoint we compute for p, v € S

0

//SSO(I)dxl/J(S)ds://Stﬂ(x)dm/z(s)—/go(x)dxw(s)ds

—00

%\ %\%
=

P(0) [ (L&) = L (@) () dsda

— [ 0@) [ (Lo (s = )~ Lwala))(s) dsda.

R

Linearity of I* is clear. Let us now compute the LP? norm. For this we first
observe

—ﬂ(_oovx)(s), if x S 0

H(ZE, S) = ]1[0700)(8 — ZE) - IL(—0070]<J:) = {1[ )(S) ifx >0
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We then obtain for p € §

/|[* |d93<//|H:Bs s)|dsdx
//|S0 (8)|L(—s0 ) dsder//lcp )| Lf,00) () ds dx
i

—oo R

— [1e=stemas) ds + [ o650 () ds

:/|g0(3)3|ds < .

For p > 1, let p(z) := with C' = ||[1/(1 + (-)?)||z:. Then by Jensen’s

inequality we have

/|1* z) [P dx < //|H z,5)(s) (14 s*)OPp(s) ds dx

1
(14z2)C

v / / (H(x, 5) () [P(1+ 2P ds
-t / lo(s)|P(1 4 s*)Ptsds < .

In the last equality we have used the result of the computation for p = 1.
Both integrals are finite by the decay property of ¢ € §. Continuity of I*
follows from a similar argument.

]

With this result we can apply Theorem 7.6 to obtain solutions to (36).
If the Lévy exponent f of X satisfies the Lévy-Schwartz condition for ¢ > 1,
Theorem 7.6 gives us the existence of a generalized random field s with
characteristic functional

o) = exp / f(Io(s))ds | | (37)

Since I* is a left inverse to D*, a solution to (36) is therefore given by s = Tw
since for all ¢ € § we have

<DS790> = <S>D*90> = <[X’D*SD> = <X’]*D*‘p> = <X790>'
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Let us apply this to the examples of infinitely divisible distributions from be-
fore (see Table 1). Again it all comes down to checking if the Lévy-Schwartz
condition (18) holds for the corresponding Lévy measures for € > 1. For the
Gaussian and the Poisson distribution this is obviously true. For the Com-
pound Poisson distribution we have to assume this on the underlying measure
o € P(RY). Lastly for the Sa.S distribution we computed that condition (18)
holds for € < a.. Thus, Theorem 7.6 is only applicable for ¢ > 1. In general
we can observe if f is a Lévy exponent with Lévy measure v such that v has
finite first moment, then Theorem 7.3 is applicable and we know the solution
s of (36) is the corresponding Lévy process identified as a generalized random
field. Furthermore, the assumptions of Theorem 7.6 are also satisfied (since
I* satisfies the Lévy-Schwartz condition with € = 1). In this case we can use
the specific Lévy exponents in (37) to obtain the characteristic functional of
the solution s. Hence, (37) gives us the characteristic function of the cor-
responding Lévy process identified as a generalized random field. However,
the explicit form of the functionals is not very handy and hard to identify.

Remark. Nonetheless, we can make the following observation . To identify
s with a stochastic process we have to "observe” s at some discrete points
in time. However, we can only measure s through some observation window
¢ € 8. An evaluation at a single point 7 would correspond to applying a
delta function §(- — 7), which obviously is not an element of S or even a
well defined function. Nevertheless, we can view [*§(- — 7) as a tempered
distribution. By duality it is defined by

I'6(-=7)(p) = 6(- — 7)) = Ip(7)
/¢ (Looe) (7 = 8) = L—ou)(5)) ds.

R

Thus, in the sense of distributions we have

1[07), ifTZO
POl —7) = Tigey (7 — ) — Lo .
(- =7) = L) (T =) = Lo () = {—ll(r,o}, $r <0

So it reasonable to assume that a observation of s at some positive time ¢
is given by ”observing” X through the observation window Ljo,). Generally,
this is not well defined. However we have seen that in some cases we can
make sense of the expression (X, Ljo4) (in generality this is shown in [13,
Proposition 3.1]) and we can recover the underlying Lévy process. This
shows the consistency of this approach with the one explored in section 7.3.
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8 Conclusion and Summary of own Work

In this thesis, we review and systemize the work of Biermé, Durieu, and
Wang in [6]. It introduces generalized random fields as a notion of a gener-
alized random variable with values in the space of tempered distributions to
bridge the gap between classical stochastic processes and infinite-dimensional
probability theory. This allows us to provide a rigorous mathematical foun-
dation of Lévy white noise as a generalization of the classical Gaussian white
noise moving beyond any heuristic description of ”derivative of stochastic
processes”. The key to handle these infinite-dimensional distributions is to
represent S and S’ as multi-dimensional sequence spaces. In [6] this is the
central tool to transfer classical results from finite-dimensional probability
theory to infinite dimensions. We revisit this paper, provide more details
and address gaps to present this theory. Firstly, in section 2, we provide
a detailed proof that the Hermite functions form an orthonormal basis for
L*(R?) (Theorem 2.1, Theorem 2.2). While this is a classical result, a de-
tailed proof is often missing. Furthermore, it is the core idea behind the
representation of S as a sequence of decreasing Hilbert spaces. In Lemma
3.1, 3.3 and Theorem 3.1 we then prove that this representation is topo-
logically equivalent. In section 4, we introduce the sequence spaces S and
S’ analogously to [6], however we add some more details (Lemma 4.1, 4.3).
Especially, we expand on the construction of the cylinder sigma algebras
(Lemma 4.4, 4.5, 4.6) and the proof of the Montel property (Proposition 4.3,
4.7). Lemma 4.7 restates [6, Lemma 6.3], but in our opinion it is not clear
why the sets H,, are closed in the proof given in [6]. Therefore, we provide a
modified proof to address this issue. This cylindrical sigma-algebra structure
allows us to introduce generalized random fields and describe them by their
finite-dimensional projections. We again aim to give more details (Proposi-
tion 5.1, 5.2). The Minlos-Bochner theorem is shown in [6] by extending the
classical Bochner’s theorem to the sequence space S'. This is based on Kol-
mogorov’s extension theorem and we provide a more complete justification of
its use (Theorem 5.1). It is the crucial existence result that allows us to de-
fine generalized random fields on S’ by their characteristic functionals. This
is the method we then use to introduce Lévy white noise via the Lévy expo-
nent of an infinitely divisible distribution. However not all infinitely divisible
distributions define a Lévy white noise on &’. In Theorem 7.2 we carefully
work out the Lévy-Schwartz condition, as it is given in [11, 42]. It separates
tempered noises from non-tempered ones. An infinitely divisible distribution
defines a Lévy white noise on &’ if the corresponding Lévy measure v satisfies
f|m|>1 |z|€ dv(z) < oo for some € > 0. We show this by using the idea of [11]
adjusted to our framework. Although it is a non-trivial restriction, impor-
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tant Lévy processes such as Gaussian, Compound Poisson and symmetric
a-stable processes satisfy this condition. Following this, we unify the two
perspectives of looking at white noise. We show that Lévy white noise con-
structed via the Minlos-Bochner theorem coincides with the distributional
derivative of a classical Lévy process. Firstly, we do this explicitly for the
Brownian motion (Lemma 7.3, 7.4 and Proposition 7.1) and the Compound
Poisson process (Proposition 7.2). Under a simplified integrability condition
we then show that we can reduce the general case to those two with the
help of the Lévy-Ito decomposition (Theorem 7.3). This provides a different
approach without using any stochastic integration theory, as it is done in [8].
This also confirms that generalized random fields are a suitable mathemati-
cal setting to discuss the ”derivative” of non-differentiable processes like the
Brownian motion or Compound Poisson processes. Thereafter, we focus on
properties of Lévy white noise. We work out stationary and independence
results which highlight their use to model noise (Lemma 7.5, Proposition 7.3)
and show how the distribution behaves under finite dimensional projections
(Theorem 7.4). This is especially relevant to determine any statistical sim-
ulations. Furthermore, we show that we can approximate any Lévy white
noise by a sequence of Compound Poisson white noises as a direct transla-
tion of the classical result for infinitely divisible distributions (Theorem 7.5).
Lastly, we formulate the notion of a generalized SDE driven by Lévy white
noise. Contrary to the classical SDE theory which is based on stochastic inte-
gration theory ([46]), the approach we present is purely distributional. This
allows for a solution theory based on operator theory and the characteristic
functional. Our previous results give us an immediate existence result for
solutions as well as a characterization of their distributions (Theorem 7.6).
By this idea, solving a generalized SDE comes down to finding a suitable
inverse operator. This method has found a lot of application in the field of
sparse stochastic signal modeling ([42], [14], [43]). We specifically apply this
result to the derivative operator (Proposition 7.5) closing the loop between
a process and its noise.

An alternative framework to generalize the notion of Lévy processes is the
one of Cylindrical Lévy processes suggested in [3]. While our approach treats
noise as a random element in a topological vector space (S'), the cylindrical
approach views it as a time-evolving process on a Banach space. It is closely
related to the theory discussed in this thesis in the sense that the distribu-
tions of cylindrical processes are determined by finite dimensional projections
by elements in the dual space. So in a similar way, this allows to transfer dis-
tributional results from finite dimensions to an infinite dimensional setting.
However, the key difference is the following. In our approach we view Lévy

87



white noise as a single random element characterized entirely by its char-
acteristic functional. That is, we don’t distinguish between space and time
and we only access it by testing it against smooth observation windows. In
the cylindrical approach however, time is explicit and in this way it extends
the classical idea of a stochastic process. This allows for a stochastic inte-
gration theory as a tool to solve SDE’s ([31]) contrary to our way of treating
derivatives purely by duality. In this way they are ideal for evolution equa-
tions where time dynamics are central. Future work could rigorously bridge
these two distinct mathematical constructions. We also want to mention [5]
which focuses on the development of a stochastic integration theory for a-
stable noises, which are important to model heavy-tailed phenomena where
extreme events and sudden jumps can occur.

Finally, we want to touch on the question of regularity. In [15] the reg-
ularity of periodic Lévy white noises defined on the d-dimensional torus are
studied by characterizing them in terms of Besov spaces. These are shown to
be measurable subspaces of §’. These regularity results are also applied to
solutions to generalized SDE’s in [16]. Analogously to classical PDE theory,
it is shown that the regularity of a solution s of Ls = X, where X is a Lévy
white noise, increases by the order of the differential operator L. Recently,
this approach was expanded to globally defined Lévy white noises by using
weighted Besov spaces in [12] and refined in [4]. The core of all these works
is based on a wavelet expansion to characterize local regularity. In that way
the question of regularity is reduced to decay properties of the wavelet coef-
ficients. The framework of Hermite-Besov spaces introduced in [32] (see also
[17] for a recent exposition using the spectral decomposition of the Harmonic
oscillator) might provide a useful tool for a similar regularity analysis. This
could especially be relevant to this thesis since it might allow for a simi-
lar methodology as in [15] but in the framework of the multi-sequence spaces
based on the Hermite expansion. To our knowledge, this would provide a new
approach to this question of regularity and therefore might be of interest in
any future extensions.
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9 Appendix

Below, we want to give some details on how to simulate two-dimensional Lévy
white noise on the square [0,1] x [0,1]. For this we test the noise X gen-
erated by a Gaussian, a Compound Poisson and a Sa.S distribution against
smooth observation windows to generate random values on a 100 x 100 grid
on the square. In particular, we can choose a test function ¢ € D with
support in [0,1/100] x [0,1/100] and consider the random variable (X, ).
Its distribution is determined by Theorem 7.4. Shifting ¢ to each cell of the
grid results in a translation in X and hence, by Lemma 7.5, we get a finite
number of independent and identically distributed random variables associ-
ated with each cell. By the discussion in section 7.3 it makes sense to choose
¢ as an approximation of the indicator function 1jg1/100)x[0,1/100]- Note that
while (X, L0.1/100)x[0.1/100]) is not well-defined, the Lévy triplet determined
in Theorem 7.4 is for any indicator function and coincides (up to a factor)
with the original distribution of X. Thus, for a good enough approximation
@ it is reasonable to simply generate a 100 x 100 array with random values
generated by a Gaussian, a Compound Poisson and a Sa.S distribution. All
simulations were performed using Python (v3.13) with the NumPy (v2.3.5),
Matplotlib (v3.10.7) and SciPy (v1.17.0) libraries. See the code below.

#simulations of Levy-white noise
import numpy as np

import matplotlib.pyplot as plt
from scipy.stats import levy_stable

N = 100
rng = np.random.default_rng()

#1. Gaussian (standard normal)
noise_vals_gaussian = rng.standard_normal (size= (N,N))

plot_gauss = plt.imshow(noise_vals_gaussian, extent=[0, 1, 0, 1], origin=’lower’, cmap=’
— viridis’)

plt.colorbar(plot_gauss)

plt.show()

#2. Compound Poisson (\lambda = 1, random integer in {-2,-1,0,1,2})

n_jumps = rng.poisson(l, size=(N,N))
noise_vals_cp = np.zeros((N,N))
for i in range(N):
for j in range(N):
noise_vals_cp[i,j] = np.sum(rng.integers(-2,3,size= n_jumps([i,j]))

plot_cp = plt.imshow(noise_vals_cp, extent=[0, 1, 0, 1], origin=’lower’, cmap=’viridis’)
plt.colorbar(plot_cp)
plt.show()

#3. S\alpha S
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alpha = 1.5
sas_array = levy_stable.rvs(alpha, 0.0, loc=0, scale=1.0, size=(N, N))
plot_sas = plt.imshow(sas_array, extent=[0, 1, O, 1], origin=’lower’, cmap=’viridis’)

plt.colorbar(plot_sas)
plt.show()
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