
Titel | Title

Loss Purification in Linear-Optical Quantum Circuits with 
Measurement-Induced Nonlinearity

verfasst von | submitted by 

Michael Hans Hüttenbrenner BSc

angestrebter akademischer Grad | in partial fulfilment of the requirements for the degree of 

Master of Science (MSc)

2026Wien | Vienna, 

MASTERARBEIT | MASTER'S THESIS 

Studienkennzahl lt. Studienblatt | Degree 
programme code as it appears on the 
student record sheet:

UA 066 876

Studienrichtung lt. Studienblatt | Degree 
programme as it appears on the student 
record sheet:

Masterstudium Physics

Betreut von | Supervisor: Assoz. Prof. Mag. Dr. Borivoje Dakic





Acknowledgments

This thesis and project would not exist without the exceptional commitment of its
initiator, Patrik Sund. Most of the directions we explored began with his ideas, and I’m
very grateful for his guidance and expertise throughout. I especially appreciated his
enthusiasm for physics, his intuition for quantum optics, and his ability to continuously
generate and pursue new ideas alongside his work as an experimental researcher.

I would also like to thank my supervisor, Borivoje Dakić, for bringing me into this
project and for his time, feedback, patience, and trust in our progress. I learned a
great deal from him, and I particularly appreciate his way of approaching the abstract
mathematics behind quantum information and quantum optics.

When I came to Vienna for my master’s degree, I didn’t know anyone at the University,
and I’m very thankful to Markus Arndt for the time and support he gave me. Beyond
his guidance and teaching, he also welcomed me into his group for an internship, which
made this experience genuinely special. I’m excited to keep following the work of his
group.

Finally, I want to thank my mother for her constant support. Without her, I would not
have been able to pursue my studies in this way.

- ii -





Abstract

Photonic quantum information processing is impaired by photon loss and partial
distinguishability, and many practical on-demand sources (e.g., quantum dots) emit
photons whose coupling into circuits cannot be reliably heralded and is susceptible
to loss. This thesis investigates purification schemes that aim to suppress vacuum
components and improve effective state quality using linear optics, ancilla photons, and
measurement-induced nonlinearities. We show numerically that a KLM-style CNOT
circuit does not act as a loss or indistinguishability purifier. We then prove a general no-
go theorem for state-agnostic loss-purification: within this resource model, the heralded
presence probability cannot be improved beyond what is achievable by simply using the
lowest-loss photon resource available. For state-preserving purification, we present a
dual-rail qubit loss-purification scheme based on entangled resources and compare it to
a protocol relying only on two separable ancilla photons. Finally, we study two-photon
indistinguishability purification and show that, for two-photon linear-optical circuits
with no-click heralding, the attainable improvement is bounded and is saturated by a
balanced beam splitter (Hadamard) operation.
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Zusammenfassung

Die photonische Quanteninformationsverarbeitung wird durch Photonenverluste und
partielle Unterscheidbarkeit beeinträchtigt, und viele On-Demand-Quellen wie Quan-
tenpunkte emittieren Photonen, die nur unter möglichen Verlusten in Schaltungen
eingespeist werden können. Diese Arbeit beschäftigt sich mit Purifikationsschemata,
die darauf abzielen Vakuumanteile zu unterdrücken und die effektive Qualität der
Zustände zu erhöhen. Dabei stehen Quantenschaltungen basierend auf linearer Optik,
Ancilla-Photonen, und messungsinduzierter Nichtlinearität zur Verfügung. Es wird
durch numerische Analyse gezeigt, dass eine KLM CNOT-basierte Schaltung nicht zu
diesem Zweck verwendet werden kann, da sie weder gegen Verluste wirkt noch signifikant
die Ununterscheidbarkeit der Photonen verbessert. Daraufhin wird ein allgemeines
No-Go-Theorem für zustandsagnostische Purifikation der Photonenpräsenz bewiesen:
Innerhalb des genannten Ressourcenmodells kann die Anwesenheitswahrscheinlichkeit
eines Photons nicht über das hinaus verbessert werden, was bereits durch die Verwendung
der jeweils verlustärmsten verfügbaren Photonenressource erreichbar ist. Für zustandser-
haltende Verlustreduktion wird ein Protokoll, welches verschränkte Ressourcen benötigt,
vorgestellt, und mit einem Protokoll, das lediglich zwei separable Ancilla-Photonen
verwendet verglichen. Abschließend wird die Purifikation der Ununterscheidbarkeit
zweier Photonen untersucht, mit dem Resultat, dass ein symmetrischer Strahlteiler
(Hadamard-Gatter) die gefundene Schranke erfüllt, und somit von keiner Schaltung
die auf linearer Optik und dem Ausbleiben von Detektor-Klicks (No-Click-Heralding)
beruht übertroffen werden kann.
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1 Introduction and summary

This thesis began as an investigation into ways to improve single-photon sources.
Quantum dots (QDs) can emit photons on demand, but sometimes these photons will
not make it to the circuit where they are needed due to the challenges involved in
coupling the output of a QD into a circuit [1]. Another common source architecture is
a heralded source, such as SPDC. Such sources emit multiple photons upon successful
operation, and one of them can be used to herald the presence of the others. SPDC
crystals can be placed such that photon delivery into the circuit can often be made
highly reliable. Upon successful heralding, a photon can be assumed to have entered the
circuit. The drawback of SPDC is that it is not on demand: it operates probabilistically
[2]. QD-based sources exist within lossy platforms. Therefore, it would be of high
relevance if the successful delivery of photons from on-demand sources into a circuit
could be heralded.

The original motivation of this work was to combine several on-demand sources (such
as quantum dots) and feed their photons into a linear-optical circuit. At the end of the
circuit, detectors are placed, and upon observing a specific click pattern (potentially
assuming perfect photon-number-resolving detection) one would like to be certain that
all sources fired as expected, the coupling of these photons into the circuit worked,
and that a photon leaves the circuit. Crucially, if any photon did not make it into the
circuit, the heralding pattern should never occur. Throughout this thesis, we often use
“loss” and “absence of a photon at the beginning of a protocol” interchangeably; the
on-demand source setting is the reason for this identification. Furthermore, sometimes
we speak of ancilla photons, although all involved photons are treated symmetrically in
the same context. The reason for this is that the on-demand sources we always have
in the back of our minds are interchangeable, but formally the concept of an ancilla
photon is well established and known to enhance the range of possible operations in
quantum information processing [3]. Since our desired protocol destroys all but one
photon by detecting them, we can effectively think of the non-surviving photons as
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1 Introduction and summary

used-up ancillae.

Achieving the functionality above would effectively implement a source that is both
on-demand and heralded with respect to successful coupling. Motivated by the inner
workings of the CNOT gate proposed by Knill, Laflamme, and Milburn [4], we initially
believed that it might be a viable candidate for this task. We therefore begin by
numerically investigating its behavior.

Besides photon absence, partial distinguishability of photons is also undesirable [5].
For this reason, we also study whether the same CNOT scheme can be used for
indistinguishability purification.

Our numerical results show that this CNOT scheme cannot be used for either task. As
we will expand on later, it is perhaps surprising that the CNOT does not help with
photon-presence purification, and we therefore explored modifications and alternative
circuits. After all attempts failed, we turned to the theoretical backbone of the problem
and proved a no-go result: the desired circuit functionality is incompatible with the
laws of physics within our model. In other words, the task cannot be achieved in the
way we initially aimed for.

With a general theorem in hand, we then connect our findings to related work in
the literature. In particular, we consider the closely related task of heralded state
amplification, where one aims to herald the presence of a photon that is in a coherent
superposition while preserving that superposition. Here, the involved photons are no
longer fully interchangeable, because there will be one special incoming photon in a
superposition, in contrast to the set of ancilla photons one prepares. We show that
the loss of the involved ancilla photons determines how effective such protocols can
be. Furthermore, we present our own protocol based on entangled resources, which
implements a teleportation-style operation to achieve state amplification. We also
discuss a scheme that has been proposed previously [6], which in principle does not rely
on an entangled resource, in order to provide a comparison.

Finally, since the CNOT did not significantly improve photon indistinguishability, we
investigate a general approach to indistinguishability purification for two photons. We
find that a well-known Hadamard-based scheme [5] cannot be surpassed by adding
additional modes and detectors that herald on the absence of a click.
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2 Theory

With the advent of quantum mechanics, it became apparent that the electromagnetic
field must consist of quantum particles [7], which are known as photons today. Photonic
quantum states can be used in a multitude of applications for information processing,
many of which have the potential to surpass non-quantum solutions in various metrics
[8, 9]. These protocols, however, all require sources that can produce the required
photonic quantum states reliably [1], or they are susceptible to imperfections of the
involved quantum states [10]. This thesis investigates a set of schemes to improve the
usefulness of photonic signals by purifying them. In this section, a brief overview of
quantum optics and quantum information is given, such that the results of the thesis
can be discussed in a self-contained manner.

2.1 Quantization of the EM field

The proper mathematical formulation that is used today in quantum optics was developed
over many years, starting with canonical quantization [11, 12] and advancing to second
quantization introduced by Dirac [13]. In second quantization the mathematical objects
used to describe the behavior of a quantum state are no longer vectors, but operators.
These can be associated with excitations in a quantum field. The time evolution or
any transformation of a system is then determined by a transformation acting on the
aforementioned operators. Let us investigate the quantization procedure for photonic
quantum states, which will be the center of this thesis. A more detailed derivation can
be found in many textbooks, the argument that is briefly presented here is taken from
[14].

To extend a classical theory to a quantum theory, one needs to express the Hamiltonian
function H of the system in terms of a set of conjugate variables {qi}, {pi}. These
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2 Theory

determine the dynamics through Hamilton’s equations of motion.

q̇i = ∂H

∂pi
, ṗi = − ∂H

∂qi
(2.1)

One then promotes these variables to operators, which fulfill the canonical commutation
relation

[q̂i, p̂j] = iℏ δij, (2.2)

and can be used to form the Hamiltonian operator Ĥ in analogy to the classical case.
The Hamiltonian may be interpreted as the total energy of a system. There are a
multitude of caveats to this approach, but we will focus on the most striking: The stated
objective is to find a quantum theory of light, but starting from Maxwell’s equations

∇ · E = ρ

ε0
, ∇ · B = 0, ∇ × E = − ∂B

∂t
, ∇ × B = µ0J + µ0ε0

∂E
∂t

(2.3)

it is not so obvious how one could arrive at a Hamiltonian function, or which canonical
variables one must choose. We start by considering the energy stored in the free classical
EM field, expressed as the integral over an energy density.

HR = ε0

2

∫
V
d3r

[
E2(r, t) + c2B2(r, t)

]
. (2.4)

This expression gives the total energy, so we assume it must be equal to the Hamiltonian
function of the system. It is common in this quantization approach to limit the fields to
a box of volume L3, which can be chosen arbitrarily large. This has the advantage that
Fourier expansion can be used to express the fields.

E(r, t) =
∑
ℓ

ϵℓ E (1)
ℓ

[
i αℓ(t)eikℓ·r − i α∗

ℓ(t)e−ikℓ·r
]

(2.5)

B(r, t) =
∑
ℓ

ϵ′
ℓ

E (1)
ℓ

c

[
i αℓ(t)eikℓ·r − i α∗

ℓ(t)e−ikℓ·r
]

(2.6)

This expansion might seem cumbersome, but the individual constituents have simple
interpretations. The index

ℓ = (nx, ny, nz; s) = (n; s), (2.7)

specifies the direction and polarization of a field component. It is used to label the mode
of radiation, as these numbers differentiate the individual components of the fields. It
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2.1 Quantization of the EM field

is important to point out that ni are integer numbers and thus this encompasses all
frequencies of light compatible with the boundary conditions, because

(kn)x = nx
2π
L
, (kn)y = ny

2π
L
, (kn)z = nz

2π
L
. (2.8)

Since the fields are transverse, any component can be specified by two basis vectors ϵn,s

orthogonal to the wave vector

ϵn,s · kn = 0; s = 1, 2. (2.9)

Notice that we denote the wave vector kℓ also by index ℓ, although it is only associated
with a direction n but no polarization s. The coefficients αℓ(t) and their complex
conjugate are introduced ad hoc because the aim is to decouple the differential equations
that govern the dynamics of electric and magnetic fields which one can obtain from
manipulating Maxwell’s equations. E (1)

ℓ is a constant, which can later be associated
with the energy of a single photon with frequency ωℓ.

This expansion allows us to explicitly solve the integral from Eq. 2.4 obtaining

HR = 2ε0L
3∑

ℓ

[
E (1)
ℓ

]2
|αℓ|2. (2.10)

Furthermore, considering only one mode of radiation ℓ, the dynamics of the time-
dependent components αℓ(t) and α∗

ℓ(t) can be used to identify a set of equations that
resembles Hamilton’s equations of motion in their abstract structure

dQℓ

dt
= ∂Hℓ

∂Pℓ
,

dPℓ
dt

= − ∂Hℓ

∂Qℓ

, (2.11)

where
Hℓ = 2ε0L

3
∣∣∣E (1)
ℓ

∣∣∣2 |αℓ|2. (2.12)

For this, one introduces the canonical variables

Qℓ =
√

4ε0L3

ωℓ
E (1)
ℓ ℜ{αℓ}, Pℓ =

√
4ε0L3

ωℓ
E (1)
ℓ ℑ{αℓ}. (2.13)

These are now promoted to operators with the canonical commutation relation

[
Q̂ℓ, P̂ℓ′

]
= iℏ δℓℓ′ ,

[
Q̂ℓ, Q̂ℓ′

]
=
[
P̂ℓ, P̂ℓ′

]
= 0. (2.14)
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2 Theory

In analogy to the quantum harmonic oscillator, αℓ(t) and α∗
ℓ(t) can also be promoted

to operators. These are called creation and annihilation operators or simply ladder
operators, and by choosing

E (1)
ℓ =

√
ℏωℓ

2ε0L3 , (2.15)

they fulfill the commutation relations

[
âℓ, â

†
ℓ′

]
= δℓℓ′ , [âℓ, âℓ′ ] = 0 (2.16)

and relate to the field quadratures Q̂ℓ and P̂ℓ via

âℓ = 1√
2ℏ

(
Q̂ℓ + iP̂ℓ

)
, â†

ℓ = 1√
2ℏ

(
Q̂ℓ − iP̂ℓ

)
. (2.17)

In much of the literature and parts of this thesis â, â† are denoted without the operator
symbol, just as a, a†.

The total Hamiltonian for the quantized EM field is then given by

ĤR =
∑
ℓ

ωℓ
2
(
Q̂2
ℓ + P̂ 2

ℓ

)
=
∑
ℓ

ℏωℓ
(
â†
ℓâℓ + 1

2

)
. (2.18)

Additionally, one defines the number operator N̂ℓ, which, for a given photonic state,
returns the total number of photons. It can be expressed via

N̂ℓ = â†
ℓâℓ. (2.19)

The names of â†
ℓ, âℓ and N̂ℓ stem from their action on photonic states, which can be

derived by using their respective behavior in commutators.

N̂ℓ |nℓ⟩ = nℓ |nℓ⟩, with nℓ = 0, 1, 2, . . . (2.20)

âℓ|nℓ⟩ = √
nℓ |nℓ − 1⟩ if nℓ > 0, âℓ|0ℓ⟩ = 0, â†

ℓ|nℓ⟩ =
√
nℓ + 1 |nℓ + 1⟩ (2.21)

The formalism used to describe a general photon state across arbitrary modes is called
Fock-space formalism. It makes use of an infinite-dimensional product space, where
each mode corresponds to an individual Hilbert space, while multiple photons across
multiple modes are expressed as tensor product states [15]. The tensor product between
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2.2 Transformation of multi-photon quantum states

any two states between modes a and b is abbreviated as

|na⟩a ⊗ |nb⟩b ≡ |na, nb⟩a,b. (2.22)

For the quantized EM field, a general state will thus be of the form

|ψ⟩ =
+∞∑
n1=0

+∞∑
n2=0

· · ·
+∞∑
nℓ=0

· · · Cn1n2···nℓ··· |n1, n2, · · · , nℓ, · · · ⟩, (2.23)

where normalization demands |⟨ψ |ψ⟩|2 = 1, and Cn1n2···nℓ··· will be complex numbers.
The special state |0, . . . , 0, . . .⟩ ≡ |0⟩ which has no photons in any mode, is referred
to as vacuum. In general, if any mode is empty, we say it contains vacuum, which is
represented as |0⟩ℓ. Notice that this is not the zero vector of the underlying space, as
⟨0 | 0⟩ = 1. The actual zero vector is never used in these considerations, but would be
denoted differently, often just as 0.

2.2 Transformation of multi-photon quantum states

From now on, we restrict ourselves to indistinguishable photons of identical polarization
and frequency that are confined to distinct spatial modes. The formalism remains the
same, with the only required label specifying which spatial mode the photon is in. This
approach is used, for example, for photons that go through a circuit of optical fibres
connected by different optical elements.

The space considered is infinite-dimensional, because it is always possible (mathemat-
ically) to create additional photons in mode i by applying the creation operator a†

i .
However, if we only consider states of a fixed photon number, the space will be contained
in CD, where D can be obtained via the Bose-Einstein statistics [16] as

D = ΩB(N,M) =
(
N +M − 1

N

)
= (N +M − 1)!

N ! (M − 1)! . (2.24)

As a simple example, for two photons across two modes, we have the three possible
states

|2, 0⟩1,2, |0, 2⟩1,2, |1, 1⟩1,2, (2.25)

which we can identify with the standard C3 basis-vectors. Furthermore, instead of
denoting a state by the number of photons ni in each mode i, it is in principle possible
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2 Theory

to denote it by the mode m(γj) that each photon γj is in.

|n1, n2, n3, . . . , nM⟩1,2,3,...,M ≡ [m(γ1),m(γ2), . . . ,m(γN)] (2.26)

Since the photons are indistinguishable, one chooses by convention that the mode index
must increase or stay the same when traversing the array from left to right. This
way of denoting states is referred to as index notation, and is particularly helpful in
applications that require explicit transition-amplitude calculation and involve coding,
as will be shown in this section. To provide an example, the states from Eq. 2.25 are
given in index notation as

[1, 1], [2, 2], [1, 2]. (2.27)

Since photonic states are described by vectors, we expect that a transformation that
leaves the photon number untouched but maps the input Fock vector onto a new one is
described by a matrix. In fact, as long as the photon number is preserved, we speak of
linear optics [17], although it is important to point out that there exist photon-number-
preserving transformations that cannot be realized with linear optics alone. [18]. The
laws of quantum physics demand that this matrix must be a unitary matrix, in order
to preserve the normalization of the state [14]. These transformations are realized by
quantum circuits, which will be described in more detail later. Here, we only want
to put emphasis on the following: Transforming a large Fock vector into a new one is
mathematically convoluted because the space has, in general, such a high number D of
dimensions as Eq. 2.24 suggests. For this reason the matrix that does



a11 a12 a13 · · · a1D

a21 a22 a23 · · · a2D

a31 a32 a33 · · · a3D
... ... ... . . . ...
aD1 aD2 aD3 · · · aDD


Circuit



x1

x2

x3
...
xD


Input

=



y1

y2

y3
...
yD


Output

, (2.28)

is usually not calculated explicitly.

So how does one go about solving the problem depicted in Fig. 2.1?

- 8 -



2.2 Transformation of multi-photon quantum states

Figure 2.1: A general linear quantum optics circuit C with M modes transforms the
N photon input state |n⟩ to an output-state |m⟩, while photon number is
preserved. In practice, input and output can be superpositions.

The aim is to find the output state |m⟩ that is obtained by sending the input state |n⟩
into the circuit C with M modes. We know that there will be some unitary operation
Û that encodes the action of this circuit on the input state. Notice, that input and
output will in general be superpositions of basis states, but due to linearity finding the
transition amplitude between two basis states suffices.

Consider a simpler problem: If just a single photon is incoming to the circuit, using
linear algebra and vector-matrix products is the optimal approach, as the number
of dimensions is limited to the number of modes M . The single-photon state |x⟩ is
described by a column vector

x =


x1

x2
...
xM

 , ⟨0, . . . , 0, 1, 0, . . . , 0 | x⟩1,...,m,...,M = xm, ∥x∥2 =
M∑
m=1

|xm|2 = 1, (2.29)

where each entry specifies the amplitude of the photon being in the corresponding
mode. The matrix that transforms such single-photon states is referred to as single-
photon or mode transfer matrix. This unitary matrix will be called U in the following
considerations. It encodes the behavior of a quantum gate or circuit and is either already
known or easy to calculate, as will be explained in Sec. 2.3. The transformation of |x⟩
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2 Theory

by the circuit to yield the output state |y⟩ is thus simply given by a matrix product [19]

|y⟩ = Û |x⟩ → y = Ux. (2.30)

Now, we could also rewrite this by using creation operators acting upon vacuum to
describe the single-photon state.

Û |x⟩ = |y⟩ = Û
M∑
m=1

xma
†
m|0⟩ =

M∑
m=1

xmÛa
†
mÛ

†|0⟩ (2.31)

Here we made use of the linear nature of Û and the fact that no linear-optics transfor-
mation will alter the vacuum state, so |0⟩ = Û †|0⟩. What this hints at is that instead of
transforming single-photon states as vectors, one can think of transforming the creation
operators a†

m instead, via some transformation D(U). Indeed, doing a comparison of
coefficients, one can show from here that the creation operators transform as row vectors
with the same matrix U that transforms single-photon states [17].

(ã†
1, . . . , ã

†
M) = (a†

1, . . . , a
†
M)


u11 u12 · · · u1M

u21 u22 · · · u2M
... ... . . . ...

uM1 uM2 · · · uMM

 (2.32)

The operators ã†
m will be comprised of a linear combination of the original operators

a†
m, where the weights of the individual summands are given by the elements of column
m taken from the mode transfer matrix U . One can now think of the unitary that
does the mode transformation in the following way: The elements of the matrix yield
the final amplitudes of the resulting superposition for an incoming photon. If we just
consider a single photon incoming in mode m, we have to multiply the row vector of
creation operators with column m of U . The result will in general be a sum over creation
operators, and the photon will exit the circuit in a superposition. The coefficients in
that superposition are given by the matrix elements uim. Here m is the input mode,
and the row index i corresponds to an output mode where we might find the photon
now after the circuit.

This tangent into the abstract allows us to formulate the expression for the transition
amplitude between general multi-photon Fock-basis states, which is used to determine
the behavior of complex quantum circuits in practice. Since any state can be expanded
as a superposition of basis states, our aim of finding a way to calculate how a circuit
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2.2 Transformation of multi-photon quantum states

transforms a general input reduces to finding the amplitude

⟨m|Û |n⟩ = ⟨m1, . . . ,mM |Û |n1, . . . , nM⟩ (2.33)

for two Fock-space basis states |n⟩, |m⟩. Since multi-photon states can also be expressed
via creation operators, we can consider transforming a general multi-photon Fock-basis
state with Û .

Û |n1, . . . , nM⟩ = Û
M∏
i=1

1√
ni!

(a†
i )ni |0⟩ (2.34)

Since it is an N photon basis state, it will be specified by a product of N creation
operators, where each mode can appear multiple times. Inserting the identity operator
1̂, making use of unitarity 1̂ = Û Û † and using once more the immutability of |0⟩, one
finds

Û |n1, . . . , nM⟩ =
M∏
i=1

1√
ni!

(Ûa†
i Û

†)ni |0⟩. (2.35)

This means that, to transform any multi-photon quantum state, one only needs to
consider how individual creation operators transform, which is precisely what Eq. 2.32
already tells us.

Now, if such a multi-photon state is transformed, the result will be a polynomial of
creation operators which comes from combining the results of Eq. 2.32 and Eq. 2.35. If
we are interested in the transition amplitude, we have to evaluate

⟨m1, . . . ,mM |
M∏
i=1

1√
ni!

(Ûa†
i Û

†)ni |0⟩ = ⟨m1, . . . ,mM |
M∏
i=1

1√
ni!

(
M∑
j=1

ujia
†
j)ni |0⟩. (2.36)

There exists a way to reduce complexity in this equation [17]. The photon distribution
of |n⟩ decides which columns of the single-photon transfer matrix U will be picked,
and how many times (ni) the resulting weighted sum of creation operators will be
multiplied with itself. On the other hand, notice how applying ⟨m| from the left will,
by orthogonality of the Fock basis, remove all states with combinations of creation
operators not matching the photon distribution of |m⟩. The remaining parts are terms
with permutations of creation operators that match the output state |m⟩ and have
coefficients determined by the input state |n⟩ and the matrix U . Finally, the expression
can be simplified using the multinomial theorem. The transition amplitude between
two Fock-basis states |n⟩, |m⟩ of photon number N for an M mode circuit described by
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Û is given by

⟨m | Û |n⟩ = perm(U [m|n])√√√√M∏
i=1

ni!
M∏
j=1

mj!
. (2.37)

The permanent is calculated from a modified version of the single-photon transfer
matrix U . The notation U [m|n] specifies which rows and columns of U are used to
make this altered matrix. To be formally correct, for the states |n1, n2, . . . , nM⟩ and
|m1,m2, . . . ,mM⟩, the matrix is obtained via

U [Ω′|Ω] (2.38)

Ω = (1n1 , 2n2 , . . . ,MnM )

Ω′ = (1m1 , 2m2 , . . . ,MmM )

where Ω specifies which columns to use and Ω′ which rows. The photon numbers ni,mi

specify the multiplicity of a column/row. In other words, kni/kmi means that the
corresponding column/row k will be stacked ni/mi times [17].

U [Ω′|Ω] =



n1︷ ︸︸ ︷
U1,1 · · · U1,1

n2︷ ︸︸ ︷
U1,2 · · · U1,2 · · ·

nM︷ ︸︸ ︷
U1,M · · · U1,M m1

... ... ...

U1,1 · · · U1,1 U1,2 · · · U1,2 · · · U1,M · · · U1,M
... ... ...
... ... ...

Ux,1 · · · Ux,1 Ux,2 · · · Ux,2 · · · Ux,M · · · Ux,M mi
... ... ...

Ux,1 · · · Ux,1 Ux,2 · · · Ux,2 · · · Ux,M · · · Ux,M
... ... ...



(2.39)

In Eq. 2.37, the index notation introduced in the beginning of this section is used
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for [n], [m], since it already conveys what one needs to do in practice. Each mode
index appearing just specifies a row/column to pick (see Eq. 2.39). If an index appears
multiple times in sequence inside [n] or [m], the corresponding row / column will be
used multiple times accordingly. If a certain mode is missing from the index state, the
matching row/column is skipped. This method of indexing is similar to how advanced
indexing and slicing of arrays works in many programming languages, including Python
[20].

2.3 Optical quantum circuits and quantum information

Quantum information has developed as a wide and versatile field over the last decades. In
principle, a plethora of physical mechanisms can be used to process quantum information
[21, 22]. Even for photons, one can for example encode the information in modes that
correspond to physical wires in a circuit, or via the photons’ polarization. An in-depth
introduction to the concepts in quantum information can be found in [23]. Here only
the necessary basics are introduced.

Regardless of the underlying physical system, in quantum information one attempts to
implement states referred to as qubits. A single qubit

|ψ⟩ = α |0⟩ + β |1⟩, with |α|2 + |β|2 = 1 and α, β ∈ C (2.40)

can be seen as being in a superposition between the logical states |0⟩ and |1⟩. Since the
coefficients are arbitrary complex numbers that satisfy the normalization constraints of
quantum physics, a qubit has the same degrees of freedom as the surface of a sphere [24].
This continuous freedom together with entanglement and interference allows quantum
information procedures to surpass their classical counterparts in theory, with prominent
examples ranging from the efficient factorization of prime numbers [25] to theoretically
secure communication [26]. Similar to how classical information is represented in strings
of bits, in practice multiple qubits are used together to process information. Generating
and preserving a set of logical qubits is one of the primary challenges in modern quantum
information science [27].

Similar to classical information processing, logic gates can be used to manipulate
information. Quantum gates are described by matrices, which act upon the states to
transform them. There exist a plethora of gates with one of the most important gates
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being the Hadamard gate H

H = 1√
2

1 1
1 −1

 . (2.41)

The Hadamard gate H acts on the computational basis state |0⟩ as follows:

H|0⟩ = |0⟩ + |1⟩√
2

(2.42)

This means the state is put in an even superposition between |0⟩ and |1⟩. In our
considerations, a qubit is implemented by a photon that is in a superposition between
two modes a and b

α|1, 0⟩a,b + β|0, 1⟩a,b ≡ α|0⟩ + β|1⟩. (2.43)

This encoding of photonic quantum information is named dual-rail encoding. Quantum
circuits usually consist of multiple gates. One can multiply together the matrices
corresponding to individual quantum gates to obtain the single-photon transfer matrix
of the circuit they comprise. Of course, these matrices will have to be expanded to
match the total dimensionality of the circuit given by the number of modes. But this
can easily be done by inserting 1s on the diagonal and 0s elsewhere in the correct spots,
such that the matrix extends to the correct dimensionality.

In addition to regular quantum information processing, photons offer additional ways
of manipulating quantum states with logic gates. The Hadamard gate is usually
implemented with a beam splitter. If two indistinguishable photons are incident from
the two input arms of a beam splitter |1, 1⟩a,b, they will exhibit non-classical behavior
called the Hong-Ou-Mandel effect [28]. Due to their indistinguishability, interference can
take place, which only yields the two bunched states after the beam splitter, assuming
perfect indistinguishability.

|ψin⟩ = a†b†|0, 0⟩ H−→ |ψout⟩ = 1
2

(
(a† + b†)(a† − b†)

)
|0, 0⟩ (2.44)

= 1√
2

(
(a†)2 − (b†)2

)
|0, 0⟩

= 1√
2
(
|2, 0⟩ − |0, 2⟩

)

The anti-bunched state |1, 1⟩a,b one would also expect classically will not be present.
This illustrates that the nature of boson sampling [16] is quite different from what one
would expect from classical particles.
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2.4 Mixed states, entanglement and measurement

Quantum physics is inherently probabilistic. Quantum states are capable of non-classical
interference which can influence the probability amplitude associated with a certain
measurement outcome [28]. There exists, however, the possibility that, in addition to
the quantum nature of a system, a classical statistical mixture has to be considered.
To provide an example, consider a circuit that expects a certain two-photon state |ψ2⟩.
Due to imperfect photon sources, sometimes the circuit will, however, receive only one
photon or none. It is clear that these instances should not interfere in a quantum sense,
yet they must be described mathematically with some probabilistic nature attached to
them.

To describe such situations, one must move from state vectors to density operators. For
a pure state |ψ⟩, the corresponding density operator ρ̂pure is

ρ̂pure = |ψ⟩⟨ψ|. (2.45)

Now consider a probabilistic source that selects states from a set {|ϕi⟩}i, emitting |ϕi⟩
with probability pi. In general, the resulting state cannot be expressed as |ϕ′⟩⟨ϕ′| with
some |ϕ′⟩. Instead, it must be described as a mixed state [29],

ρ̂mix =
∑
i

pi|ϕi⟩⟨ϕi|, where Tr
[
ρ̂mix

] != 1. (2.46)

The unit-trace condition ensures normalization. Because pure states are orthogonal
projections, one can define the following measure of the purity of a quantum state ρ̂
[30]:

P = Tr
[
ρ̂2
]

(2.47)

with P = 1 for pure states and 1/d ≤ P < 1 for mixed states in a d-dimensional Hilbert
space. This criterion therefore allows one to determine whether a given state is pure.

In a finite-dimensional vector space, any density operator can be represented by a
density matrix with the elements ρij = ⟨i|ρ̂|j⟩ [29]. Due to the linearity of quantum
mechanics, one can apply any transformation on each part of the mixture separately
and collect the terms afterwards [31].

We have touched upon earlier that mathematically, two systems |ϕ⟩ and |ψ⟩ can be
combined by taking their tensor product |ϕ⟩ ⊗ |ψ⟩. Consider, however, for example the
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two-qubit state
|Φ+⟩ = 1√

2
(
|00⟩ + |11⟩

)
(2.48)

This state cannot be factorized into two distinct single-qubit states of the form |ϕ⟩ ⊗ |ψ⟩.
More interestingly, the state exhibits a perfect correlation between the two qubits, as
observing |0⟩ or |1⟩ for one constituent would necessarily also produce the same outcome
for the other. States that are not factorizable in this way are called entangled states [23,
Ch. 2]. Quantum entanglement is a distinctive resource of quantum information with
no identical classical counterpart. The collapse of the wave function of entangled states
leads to peculiar philosophical questions about the nature of reality, which was famously
pointed out by Einstein, Podolsky, and Rosen [32], and later further investigated by Bell
[33]. For our purpose, it is important to point out that entanglement is a key resource
in quantum information processing [34]. In photonic architectures, passive linear optics
alone is insufficient for deterministic entangling gates; scalable schemes rely on ancillary
photons and measurement-induced nonlinearities. The possible transformations of
entangled states also go beyond the boson-sampling expression shown in Sec. 2.2; Eq.
2.37 gives Fock-to-Fock transition amplitudes. For general entangled/superposed input
states, output amplitudes become coherent sums of these Fock basis amplitudes. We
will investigate some schemes that make use of entanglement in the next sections. The
generation of entangled photonic states requires nonlinearities and can, for example,
be achieved using special crystals and a process called spontaneous parametric down-
conversion (SPDC) [2].

In addition to entanglement, another feature of quantum physics that distinguishes it
from classical physics is the special role of observation. Quantum measurement theory
provides the mathematical tools to evaluate expected outcomes and probabilities for
experiments. As an introduction, a qubit α|0⟩ + β|1⟩ is in a superposition between
either |0⟩ or |1⟩. If one measures in the correct basis, one can implement a projective
measurement with the projectors |0⟩⟨0| and |1⟩⟨1| which are orthogonal projections.
They have the effect of projecting the qubit onto either computational basis state, by
collapsing the wave function, yielding the outcomes with probabilities |α|2 and |β|2 [23,
Ch. 2].

In general, the expectation value of an observable Â which can be decomposed into
projective constituents P̂m via the spectral theorem

Â =
∑
m

amP̂m, (2.49)
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is given by
⟨ψ|Â|ψ⟩ (2.50)

for pure states and
Tr
[
Âρ̂
]

(2.51)

for mixed states [23, Ch. 2]. Post-measurement, the state will furthermore be left in
one of the possible outcomes

|ψm⟩ = P̂m|ψ⟩√
⟨ψ|P̂m|ψ⟩

or ρ̂m = P̂mρ̂P̂m

Tr
[
P̂mρ̂

] (2.52)

Assume now, for example, that instead of measuring the state |ψ⟩ one interacts the state
in a unitary way with a number of ancilla photons and then measures only the ancillae.
It can be shown that in this case measurements on the state |ψ⟩ that go beyond simple
projective measurements can be implemented [3]. In general, measurements only have
to correspond to a set of Kraus operators {M̂m} [31] that fulfill

∑
m

M̂ †
mM̂m = 1̂ (2.53)

and will leave the state post-measurement in

|ψm⟩ = M̂m|ψ⟩√
⟨ψ|M̂ †

mM̂m|ψ⟩
or ρ̂m = M̂mρ̂M̂

†
m

Tr
[
M̂ †

mM̂mρ̂
] (2.54)

The probability of a general measurement outcome can be written formally as

p(m) = ⟨ψ|Êm|ψ⟩ or p(m) = Tr
[
Êmρ̂

]
(2.55)

and thus a set of operators that satisfies

Êm ⪰ 0 and
∑
m

Êm = 1̂ (2.56)

suffices. These are called POVM elements [23, Ch. 2].
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2.5 Circuits with measurement-induced nonlinearity

In the previous section, Sec. 2.4, it was shown that measurement can be used to influence
quantum states in a non-trivial way. There are many schemes in quantum information
processing that rely on measurement for this reason. The type of circuit that is central
to this thesis uses a set of detectors placed at the end of certain modes, and only those
outcomes are considered where a well-defined pattern of detector clicks and no-clicks
appears. Such a pattern is called a heralding pattern. This procedure allows one
to perform a measurement without destroying the relevant state, in contrast to true
post-selection. Of course, that means the scheme only succeeds probabilistically, as
there will exist cases where the desired heralding pattern does not show.

The first circuit we shall consider, which is actually often summarized as a single gate,
is a type of Bell-state measurement. As a gate, this circuit is called a Type-II fusion
gate and can be used to implement teleportation [35] or entanglement swapping [36]; it
is used in many areas of photonic quantum information [37, 35, 36]. The gate itself is
depicted in Fig. 2.2.

Figure 2.2: A Type-II fusion gate for dual-rail encoded qubits. The gate uses four
Hadamards and a SWAP operation between modes 2 and 4 to implement
a partial Bell-state measurement on two incoming dual-rail encoded qubits
[38]. In the process, all photons entering the gate will be destroyed via
measurement.
(Qubit encoding: modes 1 & 2 and 3 & 4.)

It acts on four modes, and uses four Hadamard gates and a SWAP / Pauli X operation
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between modes 2 and 4. The SWAP operation simply forces a photon to change modes.

X =
0 1

1 0

 . (2.57)

If the gate is implemented in the way Fig. 2.2 suggests, it expects dual-rail encoded
qubits. Furthermore, by observing the detector click pattern, one can distinguish two
out of the four entangled Bell states

|Φ±⟩ = 1√
2

(|1, 0⟩1,2|1, 0⟩3,4 ± |0, 1⟩1,2|0, 1⟩3,4) , (2.58)

|Ψ±⟩ = 1√
2

(|1, 0⟩1,2|0, 1⟩3,4 ± |0, 1⟩1,2|1, 0⟩3,4) . (2.59)

This succeeds with a probability of 50 % [39]. There are four possible heralding patterns
that consist of exactly one click between mode 1 and 2, and exactly one click between
mode 3 and 4 [38].

- 19 -



2 Theory

Since a variation of the protocol will be presented later in this thesis, let us next consider
quantum teleportation via the use of a Type-II fusion gate. To that end, consider the
setup depicted in Fig. 2.3.

Figure 2.3: Quantum teleportation implemented with a Bell state measurement (BSM)
and a feedforward correction (C) to boost the success probability. The
circuit moves an unknown dual-rail encoded qubit |ψ⟩1,2 to different output
modes, while preserving the superposition |ψ⟩5,6. The required resource
is a Bell state, for example the maximally entangled two-photon state
|Φ+⟩3,4,5,6. The different colors are used to showcase that the three photons
involved in the protocol enter in superpositions across two modes each.

A dual-rail encoded qubit is incoming in modes 1 and 2

|ψ⟩1,2 = α|1, 0⟩1,2 + β|0, 1⟩1,2. (2.60)

As a resource, one uses the Bell state |Φ+⟩, encoded between modes 3, 4, 5 and 6

|Φ+⟩3,4,5,6 = 1√
2

(|1, 0⟩3,4|1, 0⟩5,6 + |0, 1⟩3,4|0, 1⟩5,6) . (2.61)

The initial state will be a tensor product of the two. It is easy to show that after the
fusion gate, and discarding all outcomes that did not yield the heralding pattern [click,
no click, click, no click]1,2,3,4 there will now be the same qubit encoded between modes 5
and 6

|ψ⟩1,2 ⊗ |Φ+⟩3,4,5,6
teleportation−→ |ψ⟩5,6. (2.62)

Notice that it is necessarily comprised of a different photon that might even have a
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spacelike separation from the original qubit photon. Yet, the qubit is moved onto
new modes, while completely preserving the, in general, unknown coefficients α and
β. For this reason, the described protocol is called quantum teleportation [40]. It is
important to point out that since one needs to select on receiving a certain heralding
pattern, this cannot be used to transmit information faster than light. Furthermore, the
original state is destroyed, which is in line with the no-cloning theorem [41, 42], which
says that quantum information cannot be copied. Finally, there exist four possible
heralding patterns that have the potential to implement teleportation, but three require
a feedforward correction operation on the output. The overall success probability will
then be 50 % [37].

The concept of quantum teleportation requires entangled photons, which can only
be made by overcoming a plethora of challenges. If we take a step back and assume
that we only have standard single-photon sources and linear-optical elements, non-
trivial operations are still possible by using ancillary modes and heralded measurement.
A central example introduced by Knill, Laflamme, and Milburn (KLM) [4] is the
nonlinear-sign (NS) gate, which implements

α|0⟩ + β|1⟩ + γ|2⟩ NS−→ α|0⟩ + β|1⟩ − γ|2⟩. (2.63)

Thus, it applies a π phase shift only to the two-photon component. The gate is
probabilistic and works by interfering the signal mode with ancilla modes prepared
using single photons (and vacuum) and conditioning on a specific photon-counting
outcome (heralding). Using NS gates as building blocks, one can construct probabilistic
two-qubit entangling gates such as controlled-phase (CZ) and hence CNOT. This forms
the basis for the first circuit investigated in this thesis (see Sec. 3 for details). More
broadly, KLM showed that universal quantum computation is possible using only linear
optics, single-photon sources, photon counting, and feedforward, with overhead that
can be made polynomial in the problem size [43].

2.6 Loss and indistinguishability of photons

The technical implementation of any quantum information device will run into the
challenge of imperfections in the underlying information carriers [39]. In the context of
photons, one such issue is the potential loss of any photon. There are multiple reasons
for photon loss, from imperfect sources, where a photon will not be produced in the
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first place, to simple imperfections in the signal chain. In this thesis, loss-purification is
investigated as a way to mitigate any of these cases. The emphasis of this consideration
will be on protocols that use ancilla photons and measurement-induced nonlinearities.
Unless explicitly mentioned otherwise, the detectors are assumed to be photon-number-
resolving. Although the modeling of imperfect detectors is an important issue, where
both false positives and false negatives can play a significant role in worsening the
outcome of a given protocol [44, 45], we will focus mainly on the theoretical implications
and limitations given by the quantum circuits themselves while assuming flawless
detection.

The umbrella term of loss-purification is used to label distinct applications. Usually, the
main interest lies in the purification of quantum states [6]. Existing schemes can also
be found under the label of state amplification [6, 46]. Formally, this means that the
state one wishes to purify will be a mixed state, which in the case of a qubit is given by

ρ̂in = (1 − Psignal loss)ρ̂qubit + Psignal loss|0⟩⟨0| (2.64)

Here ρ̂qubit is the term describing the case where the photon is present, and the
information is encoded correctly. On the other hand, |0⟩⟨0| is a contribution where the
photon used to encode the information is lost. What one tries to achieve in this context
is to either suppress or remove |0⟩⟨0| from the mixed state that will be the output of
the protocol.

One could also consider the possibility of making the state robust against loss in the first
place. Any such measures are, however, not the focus of this work. We refer to various
schemes of error-correction and similar protocols that ensure that the information is
robust against loss [47, 48]. For our consideration, we assume that the loss has already
taken place.

In addition to state purification, one can also consider the task of purifying the simple
presence of a photon against loss [49]. This is primarily relevant for photonic sources.
The idea is similar to before, but will just be a single-photon state in a single mode.
At first glance, one might point out that state purification completely encompasses
this state-agnostic purification, because of this observation. There is however a crucial
difference between the two when one considers the requirements for the resources: The
schemes we consider will make use of ancilla photons, as they expand the range of
theoretical possibilities. Since state-agnostic purification only purifies the presence of a
photon, there would be no use in sacrificing lossless ancillae, as these could just be used
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as signal photons in the first place. So any scheme that aims to achieve this (we will
show that this is actually physically impossible) must also be robust against ancilla-loss.
For state purification, this is not the case. Although it is definitely desirable to have
a protocol that is robust against the loss of internal ancillae, there is still merit in a
scheme that relies on lossless ancillae, as the aim is more than just the mere presence of
a photon [6]. It is important to point out that by loss of ancilla photons we primarily
mean that the photons are missing at the very start of the protocol. Although it is
worthwhile to consider the effects of losing a photon during the protocol, we are mostly
interested in the protocol’s robustness against the full absence of any involved photon.

In addition to loss, another factor that determines the behavior of photons in an optical
quantum circuit is their indistinguishability [5]. For fundamental particles to show
any type of interference of their wave function, it is presupposed that they exhibit
indistinguishability in any internal degree of freedom [50]. One can, even classically,
demonstrate that photons of orthogonal polarization will not show interference fringes
in a Michelson interferometer [51]. In addition to polarization, the indistinguishability
of photons depends for example on their relative frequency and time of arrival at a
certain optical element [52]. If one varies the relative time of arrival of two incoming
photons, one can illustrate the Hong–Ou–Mandel dip, which stems from the fact that the
anti-bunched terms only destructively interfere fully in the perfectly indistinguishable
case. Photons with different times of arrival will not fully show this behavior [28].

To quantify indistinguishability independently of the degrees of freedom from which
any distinguishability may arise, one constructs the distinguishability matrix S which is
defined as the wave function overlap between any two photons in the mode assignment
list [d1, d2, . . . , dN ]1,2,...,N , which specifies each photon’s mode:

Sij = ⟨ψdi
|ψdj

⟩ (2.65)

Heuristically, this can be understood by considering that ⟨ψi |ψj⟩ = 0 if the two
photons with indices i and j were perfectly distinguishable. In the case of a set of
only distinguishable photons, S reduces to the identity matrix. In contrast, for fully
indistinguishable photons, Sij = 1 ∀i, j. Numbers in between 0 and 1 quantify partial
distinguishability between any two photons. It is important to note that not any such
S will be physical; it needs to be Hermitian, positive-semidefinite with ones on the
diagonal [53, 54]. The introduction of S serves a computational purpose. The transition
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amplitude from Eq. 2.37 can be generalized by using a tensor permanent [53]:

perm(W ) =
∑

σ,ρ∈SN

N∏
j=1

Wσj ,ρj ,j (2.66)

Here, W is given by
Wk,l,j = BkjB

∗
ljSlk (2.67)

and B is simply the matrix obtained from the mode transfer matrix U by choosing rows
and columns corresponding to the input and output state, as specified in Sec. 2.2

B = U [m|n] (2.68)

One then obtains the transition probability for partially distinguishable photons by
taking

P(m|n) = perm(W )
M∏
i=1

ni!
M∏
j=1

mj!
. (2.69)

The quantity that is obtained by Eq. 2.69 is not a complex transition amplitude anymore.
It is a regular probability, because it encodes any combination of photons for the output
state. In other words, although the photons have a fundamental distinguishability, it is
assumed here implicitly in the formalism that we cannot distinguish between different
configurations of them for practical reasons. There is no reason to assume that we
care about distinguishing the photons at the output of the circuit. Distinguishability is
something to be avoided, as we wish to purify against it. In successful indistinguishability
purification, outcomes with the heralding pattern have an increased probability to
correspond to indistinguishable photons. This can, for example, be done by making use
of the HOM effect and using a cascade of Hadamard gates [5].

Finally, it should be pointed out exactly how indistinguishability affects the outcome
statistics in boson sampling. The mere fact that the particles are indistinguishable
means that terms containing creation operators can be combined beyond what is possible
if each photon has a clear index [55, Ch. 2].
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2.7 Existing purification schemes to mitigate photon loss

In this section, an overview of existing protocols is given that aims at clarifying terms
and describing the similarities and differences between schemes that use ancilla photons
and heralding to reduce the lossy component of an incoming mixed quantum state. In
this context, loss is modeled as the absence of a photon prior to the protocol, which
means it was already lost or never produced in the first place.

2.7.1 Loss-purification

The aim of perfect loss-purification is that for N incoming photons, a certain heralding
pattern is observed, where a single photon is left in an output mode and can now be
assumed to be present for sure. For this reason, the term photon presence purification is
used synonymously in this thesis. Loss-purification does not prefer any photon involved
in the protocol. The heralding pattern must (in the case of perfect loss-purification) show
if and only if all photons are present. This will be shown to be impossible. Imperfect
loss-purification would just reduce the probability that the output photon is lossy. For
this to be meaningful, it must be reduced below the value for the lowest-loss-photon
present in the protocol, as otherwise we could just use said photon. The aim of true
loss-purification is to use a set of lossy incoming photons to create a single photon that
is either for sure present, if the flag given by the heralding pattern is shown, or at least
present with truly improved probability. Since this essentially implements a heralded
photonic source, it is of high interest for source architectures like quantum dots [56, 57].
The investigation of such schemes is the main focus of this thesis.

2.7.2 Quantum non-demolition measurement / detection

Quantum non-demolition measurement (QND) is, in general, used to obtain information
about a quantum system without destroying some of the information that is stored
in the system [6]. It can be used to signal the presence of a photon with the help of
ancillae and a heralding pattern, without destroying the photon [49]. We will name
these schemes state-agnostic QND protocols. These QND protocols are designed for
specific photons entering the circuit in a certain mode, where a mixed state with loss is
expected. All ancilla photons, however, are usually considered to be perfectly free of
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loss in the literature when presenting how the protocol works in theory, although the
impact of such lossy ancilla photons is sometimes also investigated.

Any practical implementation will suffer from ancilla loss, because ancilla loss can never
be mitigated fully [49]. It is worth adding that some QND protocols also aim to remove
higher photon-number states; this functionality is called quantum scissors [58].

2.7.3 Heralded state amplification / purification

Heralded state amplification (HA) or purification uses again ancilla photons and a
heralding pattern to purify a state against loss [6]. The state, however, is now not just
the |1⟩⟨1| component of a mixed state, but rather a qubit state. If this state is encoded
in single-rail, like in some proposed schemes, there is a natural limit coming from the
fact that perfectly removing |0⟩⟨0| from the incoming mixed state would destroy the
qubit, since the logical 0 is encoded in the vacuum [59].

Usually, dual-rail qubits are considered where the presence of a photon in mode A
encodes the logical 0, and the presence of a photon in mode B encodes the logical 1,
such that

α|0⟩ + β|1⟩ ≡ α|1, 0⟩A,B + β|0, 1⟩A,B. (2.70)

It is possible to build a state amplifier from two identical QND devices, if the QND
device does not have ancilla leakage into the output mode in the absence of a heralding
pattern. To achieve this, one must remove the which-path information of the two QNDs
by introducing connections between the two. This has been proposed already, and
shown to be possible with only two auxiliary photons [6].

State amplification treats the photons involved in the protocol asymmetrically. The
incoming qubit photon is permitted to have a lossy component, while any auxiliary
photons are assumed to be perfectly free of loss when presenting how the protocol works
in principle. It is possible to make a perfect state purifier (i.e. one that completely
removes the vacuum component from a dual-rail encoded single-qubit state part of a
mixed state) with only two ancilla photons [6], assuming those are free of loss.

It is worth pointing out that QND and state amplification, if hypothetically achieved
despite lossy ancillae, would mean that true loss-purification was possible. This is
obvious for QND as the only difference is that the ancillae are allowed to be lossy in
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QND, in contrast to general loss-purification. For state purification, the input qubit
state |1, 0⟩A,B with β = 0 and α = 1 corresponds to just a single photon in a mode that
is purified against loss. Obviously, in this case heralded state amplification will become
QND, and if done perfectly despite lossy ancillae, will imply true loss-purification. It
thus follows by contraposition that if true loss-purification is impossible, the same is
true for QND and heralded state amplification with lossy ancillae.

2.8 Numerical methods for optical quantum circuits

The problem of boson sampling is computationally expensive. If one aims to predict the
workings of any linear-optics quantum circuit, one needs to calculate matrix permanents
efficiently. Boson sampling is believed to be classically hard because its output probabil-
ities are proportional to | perm(A)|2, and computing the permanent exactly is #P-hard.
Aaronson and Arkhipov showed that if a classical computer could sample exactly from
the boson sampling distribution in polynomial time, then the polynomial hierarchy
would collapse to a low level, which is considered extremely unlikely. The polynomial
hierarchy is a layered family of complexity classes that generalizes P, NP, and coNP
by allowing polynomial-time algorithms to make a bounded number of alternations of
existential and universal quantifiers (equivalently, access to NP oracles at increasing
levels) [16].

The approach chosen in this thesis, which is considered among the fastest approaches
[60], uses Ryser’s algorithm implemented with Gray code ordering. Ryser’s algorithm is
used for permanent calculation of an n× n matrix A. It is based on inclusion–exclusion,
where one calculates the product of sums of rows, where certain columns are deleted,
specified by a set of indices S that labels the columns which are kept

perm(A) = (−1)n
∑

S⊆{1,...,n}
(−1)|S|

n∏
i=1

∑
j∈S

aij. (2.71)

One then sums over these possible subsets of {1, . . . , n} while giving the terms a prefactor
of 1 or -1, depending on the parity of the cardinality of S [61]. If the sets S are processed
in an order where the difference between two consecutive sets can be specified by only
one bit, the algorithm can be sped up further. This method of ordering binary numbers
is referred to as Gray code [62]. The just presented version of the algorithm will take
O(2nn) operations to calculate the permanent perm(A) [63, 60].
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In this work, we will arrive at a general theorem about loss-purification. To introduce the
topic, the numerical results that motivated said theorem will be presented in this section.
To perform the calculations, an object-oriented simulation package for Python was
developed. Within this framework, one can test arbitrary circuits by passing matrices
corresponding to the gates involved in the scheme and specifying the connections. Then,
input/output states and post-selection conditions can be specified and the transition
amplitudes will be calculated. The package can also be used to work with mixed states
or partial distinguishability. The code alongside a more detailed description of its
inner workings is available at [64]. It is based on an optimized permanent calculation
with Ryser’s algorithm and Gray-code ordering, as introduced in Sec. 2.8. To improve
computational performance, a many functions are compiled directly in C using the
numba framework [65, 66].

3.1 Investigation of a CNOT-based purification scheme

The initial hypothesis was that the circuit depicted in Fig. 3.1 might be potentially
useful for loss or indistinguishability purification.

The circuit itself presents a possibility to implement a CNOT gate in the context of the
KLM approach to quantum optical information processing. Here, measurement is used
to herald a successful operation of the gate. Outcomes that do not include the desired
heralding pattern are discarded. At the heart of this circuit are two nonlinear-sign gates
(NS gates) each of which facilitates an operation that flips the sign of a two-photon
state, while leaving the 0- and 1-photon state untouched.

α|0⟩ + β|1⟩ + γ|2⟩ NS−→ α|0⟩ + β|1⟩ − γ|2⟩ (3.1)
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Figure 3.1: A KLM CNOT gate made using two NS gates [4]. All beam splitters
are assumed to function as Hadamard gates. The circuit uses two ancilla
photons in addition to a control and a target qubit photon. The target
photon’s logical states are encoded through its presence in either mode
0 or 1. For the control qubit, mode 4 corresponds to the logical 1 state.
The control qubit’s logical 0 state is the absence of the control photon,
which can be modeled by moving it to an additional mode with mode
label 7 (not shown in this illustration). The heralding pattern is given by
the expected number of detector clicks, denoted by either |0⟩ or |1⟩. The
detector at the end of mode 1 is not used in the CNOT gate, but will be
used for the proposed purifier.

The NS gate does this by the use of ancilla photons and heralding [4].

To see why one might have hopes to use this setup for purification, it is instructive
to consider how it implements a CNOT gate in the first place. For this, take the NS
gates as black-box operations to obtain the result from Eq. 3.1. If the target and
control photon are in their corresponding logical states 0 and 1 (modes 0 and 4), the
Hadamard gates (simple beam splitters) will first put the target qubit in a superposition
between modes 0 and 1, and the control qubit between modes 1 and 4. Now, due to the
Hong–Ou–Mandel effect these photons bunch at the Hadamard gate right before the
NS gates. The NS gates now invert the sign of the bunched states’ phase. Because of
this, the Hadamard following the NS gates does not conclude an identity operation, but
rather a phase of −1 is left on this part of the superposition.

Now, since the target qubit is first put into a superposition where only a part goes to
the NS gates, upon recombining these two parts, a photon will now be present in mode
1 and not the initial mode 0, because of the added phase. Thus, the target is moved to
the logical state 1. If the target starts out in mode 1, a photon will end up in mode
0, by the same argument if the control is present. Now, if the control is not present /
in it’s logical 0 state, the NS gates will not impose a phase shift, and thus the lower

- 29 -



3 Initial numerical considerations

part of the circuit will become an identity operation. From this it immediately follows
that the target qubit will just remain in whatever mode / logical state it was before the
circuit. This is precisely what a CNOT gate does.

Next, we will move to purification: Consider the effect of adding a detector to mode 1,
and only ever sending in target and control in modes 0 and 4. Assume the target and
control qubit are potentially lossy, but the NS gates function perfectly as a black-box
operation. If either target or control qubit was missing in the input, the detector in
mode 1 would never click. This is because only if both photons are present at the same
time, can they experience the phase shift that allows the superposition to recombine in
such a way at the final Hadamard that a photon goes to the detector mode. Since the
proper workings of the circuit require the HOM effect, one might find it desirable to
investigate if this could be used for indistinguishability purification. Distinguishable
photons will necessarily produce the anti-bunched outcome at the beam splitters, as
they do not interfere with each other.

All this relies on the major assumption that the NS gates will not fail, neither if ancillae
are lost nor if they have a degree of distinguishability to them. Notice however, that
only a very specific type of failure would render this scheme undesirable: If an ancilla is
lost, one of the photons must find a way into the ancilla detector, while at the same
time another photon makes it to the detector in mode 1. A simulation of the circuit
showed, however, that precisely this will indeed happen.

At first, the CNOT property of the circuit was probed. It showed the expected
transmission amplitudes, which are depicted in Tab. 3.1.

|0, 1⟩ |0, 0⟩ |1, 1⟩ |1, 0⟩
|0, 1⟩ 0 0 0.25 0
|0, 0⟩ 0 0.25 0 0
|1, 1⟩ 0.25 0 0 0
|1, 0⟩ 0 0 0 0.25

Table 3.1: Computationally obtained transition amplitudes of a KLM CNOT circuit
for the four logical states spanned by the target and control qubit. The
first bit is the target qubit, the second the control qubit.

Notice that we post-select on states that come with the correct heralding pattern at the
NS gates’ detectors.

Now, loss can be introduced by simply removing one photon after the other from the
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calculation. Since the heralding pattern contains three clicks now (the detector in mode
1 is added for this attempt), the only possible states that could physically trigger the
heralding pattern are those with either all four photons present, or any three of them.
We are thus interested in the amplitudes ⟨heralding pattern | one photon missing⟩.

The obtained transition amplitudes are listed in Tab. 3.2. Some of the lossy states (the
states where an ancilla photon, which are used for the NS gates, is missing) do indeed
trigger the heralding pattern. This means that the circuit is not a viable candidate for
(perfect) loss-purification.

|heralding pattern⟩
|target missing⟩ 0

|ancilla 1 missing⟩ -0.21
|control missing⟩ 0
|ancilla 2 missing⟩ 0.21

Table 3.2: Computationally obtained transition amplitudes for a KLM CNOT based
loss-purification circuit. The heralding pattern consists of three clicks and
two no-clicks. The original input state contains four photons, and for this
calculation the results are obtained by leaving out either of those four.

Additionally, the circuits capabilities with respect to indistinguishability purification were
probed. Numerically, one needs to resort to the formalism described in Sec. 2.6, with a
generalized tensor permanent, in order to accurately represent (partial) distinguishability.
One then obtains true probabilities instead of transition amplitudes.

If the matrix S that quantifies how distinguishable any pair of photons are, is chosen to
be the identity, it means that all photons are perfectly distinguishable. For this, one
obtains the transition probabilities listed in Tab. 3.3.

A comparison between the values in Tab. 3.1 (taking the absolute value squared) and Tab.
3.3 shows that the circuit actually produces the heralding pattern with similar likelihood
if the photons are distinguishable. Most importantly, the relevant element, we need
for purification [0, 1] −→ [1, 1] = 0.055, while |⟨1, 1 | 0, 1⟩|2 = 0.0625 is only marginally
larger. We can thus conclude that the circuit also fails as an indistinguishability purifier.
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[0, 1] [0, 0] [1, 1] [1, 0]
[0, 1] 0.025 0 0.055 0
[0, 0] 0 0.021 0 0.047
[1, 1] 0.055 0 0.025 0
[1, 0] 0 0.047 0 0.021

Table 3.3: Computationally obtained transition probabilities of a KLM CNOT circuit
for perfectly distinguishable photons. Inputs and outputs are the four
logical states spanned by the target and control qubit. The first bit is
the target qubit, the second the control qubit. While the photons are
distinguishable fundamentally and will not interfere, we do not differentiate
them when considering the outputs. Hence the numbers given in this table
will be probabilities that encapsulate all arrangements of photons for a
given output state and not complex valued amplitudes.

3.2 Additional attempts

Since the failure of the CNOT-based circuit as loss-purifier can be reduced to an issue
with lossy ancillae, a plethora of enhancements and additional circuits were tested to
mitigate this issue. None showed the desired behavior. It is not of any value to go
deeper into the considerations regarding these additional circuits. There is, however, one
peculiar property that always emerged, which is closely related to the general theorem
we will derive in the next section and already hints at why such a circuit can never be
constructed.

Many of these circuits featured tunable beam splitters, for which the settings to
destructively interfere the problematic lossy state(s) away from at least one detector
mode were analytically calculated. Curiously, at the exact settings where no lossy
photonic state could trigger the heralding pattern, the heralding pattern would also
disappear for the desired full photon state. This strongly hints at the fact that the
transition amplitude of the full state’s heralding pattern can be expressed as a weighted
sum over something that is proportional to the lossy states’ transition amplitudes. If
all of these need to be 0, then so will the full, desired transition amplitude. In the
next section, it will be shown that precisely this is the reason why all circuits that were
considered had to fail.
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loss-purification

In state-agnostic loss-purification, the goal is to use a resource of lossy photons to
obtain one photon in a heralded way. This photon must then either be present with
certainty (perfect case) or with improved probability (imperfect case). In this section,
it will be shown that both versions are impossible. We model loss as the absence of a
photon before entering the circuit, and we assume all detectors to work flawlessly and
are photon-number-resolving if necessary. We will show that even with these perfect
resources such a circuit cannot be built.

4.1 Special case

To build up to a general theorem, let us consider a special case inspired by the circuit
described in Sec. 3. In this special case, both input and heralding pattern consist of
exactly one photon per mode. This allows us to illustrate both why such an attempt must
fail, and also provides insights into how the boson-sampling amplitudes are calculated.
Let us consider a formalized version of the circuit that was investigated numerically,
which is depicted in Fig. 4.1.

This is described by U , a unitary (m+ n) × (m+ n) matrix. The relevant part with
photon detection and photon input occurs in the upper m modes. In the lower n modes
heralding on |0⟩ may take place for any mode. The photons may have paths that lead
through the lower n modes, but no photons are directly input into these. The upper
part of the circuit will be represented by a, in general, non-unitary m×m matrix M ,
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Figure 4.1: Loss-purification setup with a heralding pattern consisting of m−1 detector
clicks, and a single signal photon exiting mode m. There are a total of m
photons used as input, and if all detectors click, there must be a photon
in mode m. Conversely, if any photon goes missing, the heralding pattern
must never show.

which must be a contraction on Cm, such that it can be extended to a unitary [67, 68].

M =


m11 · · · m1m

... . . . ...
mm1 · · · mmm

 (4.1)

If the circuit uses any measurement-induced nonlinearities, the measurements are moved
to the end of the circuit and part of the m − 1 detectors that signal the heralding
pattern.

Let us consider ways in which a circuit might differ. One can always reorder the modes
such that the click-modes are on top like in the setup we want to use, given that each
input mode has a detector at the end. If, however, a photon would end up in a mode
that does not have a detector, we can always deflect the photon with a Pauli X operation
such that it goes from the original end position to the desired end position with detector.
Modes without clicks or |0⟩-detection can just be moved towards the bottom and are
not relevant. Additionally, one can always place the mode that will contain the signal
photon and no detector at position m. Finally, this allows us to only consider the upper
m×m matrix that connects the input photons to the detectors.
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This circuit can be thought of as providing the means to connect m non-heralded sources
to one heralded source by feeding them into a linear-optics circuit and using up m− 1
photons for heralding. Furthermore, one could think of it as a conditioned demultiplexer
that demultiplexes m photons to a single photon, but only signals success if all photons
were present.

Claim: It is impossible to make the circuit from Fig. 4.1.

With the setup established, we can ask the question of what loss-purification should do.
We arrive at two statements that we will use in this proof:

1) If any of the m photons went missing, the heralding pattern must be missing at
least one detector click. This is equivalent to saying that if any photon is missing,
you cannot have a photon in each of the m− 1 upper modes in the end.

2) If all photons are present, it should be possible that all m− 1 detectors click, and
a photon must be in the lowest mode, mode m, if they do so. This is equivalent
to saying that if all photons are present, there exists a possible outcome where
one photon ends up in each of the m modes.

The goal is now to express statements 1) and 2) in terms of the matrix M and show that
they cannot possibly be true at the same time. We will start by considering statement
1).

If any photon is missing, the output state with one photon in each of the upper m− 1
modes must have a zero amplitude prior to detection. Otherwise the circuit can fail.
Let us determine the amplitude of that state. The state itself is given by the sum of all
products of creation operators where each mode is mentioned exactly once, because it
must be equal to the heralding pattern up to a factor.

|out⟩ = c |heralding pattern⟩ = c

(
m−1∏
i=1

a†
i

)
|0⟩ (4.2)

Let us determine the coefficient c, which can be used to obtain the transition amplitude
as |c|2. The circuit acts upon the input in a linear way and transforms the creation
operators as row vectors under M . The column j of M determines what happens to a
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single photon / creation operator in mode j.

(
a†

1, a
†
2, . . . , a

†
m

)
M−→

(
a†

1, a
†
2, . . . , a

†
m

)
m11 · · · m1m

... . . . ...
mm1 · · · mmm

 = (4.3)

=
(
m11a

†
1 +m21a

†
2 + · · · +mm1a

†
m, . . . , m1ma

†
1 +m2ma

†
2 + · · · +mmma

†
m

)
Since one of the photons is missing and we are interested in the amplitude of the state
where all detectors would click, we can omit the last row of the matrix, because this
row is responsible for sending photons to the lowest mode of M (mode m) where no
detector sits / where the signal should come out in the full input state case. If a photon
is missing, it is impossible to have m− 1 clicks and also a photon in this mode, as we
only have m− 1 photons in total.

We are thus left with an (m− 1) ×m matrix, without said last row. We will call that
matrix M ′. If photon k is missing, it means that the corresponding input mode starts
out empty. Hence, we can also ignore column k, which describes what happens to a
photon as input in mode k. This leaves us with a square (m− 1) × (m− 1) matrix M ′

−k,
which written in terms of M ’s original elements mij looks like this:

M ′
−k =


m11 · · · m1,k−1 m1,k+1 · · · m1m

m21 · · · m2,k−1 m2,k+1 · · · m2m
... . . . ... ... . . . ...

mm−1,1 · · · mm−1,k−1 mm−1,k+1 · · · mm−1,m

 ≡ (hij)i,j∈{1, ...,m−1} (4.4)

Then, the amplitude of the unwanted pattern-compatible state is given by the sum
of all products of creation operators, where each operator appears exactly once. The
coefficients will be the products of matrix elements: Since each operator appears exactly
once, we can only pick one number from each matrix column as we go down the rows.
Example: if M is 4 × 4, the reduced matrix M ′

−k ≡ (hij) will be 3 × 3, and the element
product h12h21h33 would be a valid choice for the coefficient of one of the summands
that lead to the final amplitude of the heralding pattern-state. h12h21h32 would not be,
because it contains the same column index, index 2, twice. Since these are permutations
of the column index, the general expression is

|out⟩ = c

(
m−1∏
i=1

a†
i

)
|0⟩, where c =

∑
σ∈Sm−1

m−1∏
i=1

hi,σ(i) = perm(M ′
−k) (4.5)
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The sum runs over the elements of the symmetric group Sm−1, to account for all
permutations [69]. Notice that this is by definition perm(M ′

−k). If the amplitude to
obtain the heralding pattern-state must be zero, then so must this permanent. One
should mention that this is exactly what Eq. 2.37 yields, but motivated explicitly for
the example we are currently considering. Our findings can be expressed more concisely:

Theorem 1 For loss-purification to be possible with the given m-photon setup described
by the matrix M , the permanent perm(M ′

−k) must equal 0, regardless of which column
k is removed from M ′. M ′ is obtained from M by removing the final row and M ′

−k is
obtained from M ′ by removing column k.

Now we can move on to statement 2), which focuses on a loss-free input. In order to
get each detector to click with a photon in the signal mode m, the output state with
one photon in each of the m modes must have a nonzero amplitude. Again, this is the
sum of all products of creation operators where each mode appears exactly once. This
time, we use the full matrix, as all photons are present and all modes must be reached.
Now we want the amplitude to be nonzero to get the heralding pattern and the signal
photon. In complete analogy to before, we find:

Theorem 2 For loss-purification to be possible with the given m-photon setup described
by the matrix M , the permanent perm(M) must be nonzero.

We will now show that Theorem 1 can never be fulfilled if Theorem 2 is fulfilled and
vice versa. To that end, consider the Laplace expansion rule for permanent calculation
[70]:

Theorem 3 (Laplace expansion) Let M ≡ (mij)i,j∈{1,...,m} be an m × m matrix.
perm(M) can be calculated by expanding via any row i:

perm(M) =
m∑
j=1

mij perm(M−i,−j) (4.6)

Here M−i,−j is the matrix obtained from M by removing row i and column j.

This means that we can expand perm(M) via the last row m of M , where we need to
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use the submatrices M ′
−k which miss the final row and column k.

perm(M) =
m∑
k=1

mmk perm(M ′
−k) (4.7)

The permanent of M must not be zero (Theorem 2), but the permanent of each of
these submatrices M ′

−k must be zero (Theorem 1). It is impossible to have both at the
same time, and thus loss-purification with 100% success probability is impossible for
any circuit equivalent to the one depicted in Fig. 4.1.

□

4.2 General no-go theorem

The main objection to the previous result is that the heralding pattern could include
some bunching. This would mean that at one or more of the detectors, multiple photons
are incident, while at some other detector(s) no photons are present. Notice that
this would still be a viable heralding pattern, and satisfy all criteria for a working
loss-purification circuit. The outcome would be of the form represented in Fig. 4.2.

Figure 4.2: Illustration of a loss-purification circuit that produces a heralding pattern
with bunching in mode x and no photons in mode y. All other detector
modes have a single photon in them. This is the simplest version of a
circuit that has a possible heralding pattern that differs from the anti-
bunched state. Bunching in more than one mode with more than two
photons is also a possibility.
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With the state being of the form

|ψherald⟩ = |1, · · · , 2, · · · , 0, · · · , 1⟩1,··· ,x,··· ,y,··· ,m. (4.8)

Here, horizontal dots represent single-photon states for the remaining detectors. This
state has a non-zero amplitude if it is indeed a possible outcome. It is important to
add that this might not be the only possible heralding pattern. There could be a
superposition of outcomes that would all be a viable heralding pattern. In this case, we
just focus on one part of the superposition. We do not need to consider superpositions
as ancillary inputs separately, because any superposition that is made with linear optics
and measurement can be thought of as being made during the circuit operation.

Feedforward operations can be thought of as a larger circuit with many sub-circuits,
where the particular sub-circuit that corresponds to the correct feedforward for a given
measurement is chosen via post-selection [4]. In that sense, the argument presented
here also covers such schemes.

Finally, it should be reiterated that the considerations in this section focus on all
opportunities offered by linear optics and measurement-induced nonlinearities with
ancilla photons, when we have a single state that might include some bunching in certain
modes as input.

We will now build on the previous argument to obtain a general theorem that accounts
for all feasible input states and heralding patterns. In general, the heralding pattern
|h⟩ may include any ordering of photons, with multiple photons in one mode and none
in others. The same holds for the loss-free input state |n⟩. The state |h⟩ specifies the
heralding pattern and one special mode where the signal photon is expected to exit the
circuit.

Now, the transition amplitude that should be non-vanishing is given by

⟨h | Û |n⟩ = perm(B)√√√√ m∏
i=1

hi!
m∏
j=1

nj!
= N(h, n) perm(B)

!
̸= 0 (4.9)

where B is obtained by choosing certain rows and columns from the mode transfer
matrix M , according to Eq. 2.37. This expression is nonzero if and only if the permanent
is nonzero.
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If the photon l is lost, the input state |n′
l⟩ and the matrix will be modified. The heralding

pattern |h′⟩ is still the same, but now there can no longer be a photon in the output
mode. This means that the corresponding row can be removed from B, yielding B′.
Additionally, if photon l is missing, the number of times the corresponding column is
selected to form B decreases by one. We are thus left with a new matrix B′

−l, which also
misses the column l corresponding to the lost photon. The expression for the transition
amplitude changes to

⟨h′ | Û |n′
l⟩ = perm(B′

−l)√√√√ m∏
i=1

h′
i!

m∏
j=1

n′
j!

= N ′(h′, n′
l) perm(B′

−l)
!= 0, ∀l. (4.10)

As a reminder, this must be zero to ensure the heralding pattern cannot show if any
photon was missing. Since the normalization factor will always be greater than zero,
this is zero if and only if perm(B′

−l) = 0, ∀l. However, using Laplace expansion one
obtains again

perm(B) =
m∑
l=1

bm,l perm(B′
−l) (4.11)

Here, the individual permanents perm(B′
−l)

!= 0, ∀l, while perm(B)
!

̸= 0. These
conditions cannot be fulfilled at the same time, and hence perfect loss-purification with
linear optics, ancilla photons, and measurement-induced nonlinearities is impossible.

□

4.3 Bound

In the previous section, it was established that perfect loss-purification by means of linear
optics, ancilla photons, and measurement-induced nonlinearities cannot be achieved. To
gauge the potential usefulness of imperfect or partial loss-purification, a bound must be
found that specifies how much a lossy mixed state could be purified in principle by using
these resources. If it were possible for a circuit that achieves imperfect loss-purification
to exist, there would still be merit in attempting to design one.

To that end, consider the following problem: An imperfect photon source S produces
the mixed state

ρ̂S = Psuccess|1⟩⟨1| + Pfail|0⟩⟨0|, (4.12)
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4.3 Bound

where a photon is either provided or not. The absence of the photon can be traced back
to either the source never producing it, or the photon being lost before it arrived at the
point where it was needed. We summarize these events by assigning the probability
Pfail = Ploss to the state |0⟩⟨0|. Due to normalization of mixed states, the ratio of
successful photon provision to failed provision is given by

Psuccess

Pfail
= 1 − Ploss

Ploss
= 1
Ploss

− 1. (4.13)

If imperfect loss-purification was possible, there must be a way to improve this ratio.
Assume we have access to a total of m identical sources Si, which share the failure
probability specified by Eq. 4.12 and 4.13. Is it possible to use these, in addition to a
linear-optics setup with measurement-induced nonlinearities, to obtain a single photon,
conditioned on a heralding pattern, such that the posterior odds that the output photon
is present given heralding are truly improved?

FOM = P ′
success
P ′

fail

?
≥ 1
Ploss

− 1 ? (4.14)

To that end, let us consider the figure of merit (FOM) for loss-purification of a single
signal photon, and ignore no-loss false heralds as well as detector imperfections, as we
can assume that the existence of those would only make the FOM worse. For simplicity,
we assume that we add m− 1 extra sources (ancillae), and m− 1 detector clicks are
used for the heralding pattern in the end. So there will be a total of m photons. One
of these photons is obtained as signal and should have an improved probability to be
present. The updated figure of merit arises from the consideration of a mixed state
that has a lossy part and a full photon part. The lossy part can be split up into m

contributions with exactly one photon missing (can potentially trigger the heralding
pattern) and higher order (HO)-loss (physically impossible to trigger heralding pattern).

ρ̂total = Pfullρ̂full + Plossyρ̂lossy + PHO−lossρ̂HO−loss (4.15)

Initially the probabilities are (ignoring higher order loss terms and normalization) given
by

Pfull = (1 − Ploss)m; Plossy = Ploss · (1 − Ploss)m−1. (4.16)

After the circuit and disregarding all instances where the heralding pattern did not
show, the state is

ρ̂out = P ′
success|1⟩⟨1| + P ′

fail|0⟩⟨0| (4.17)
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where
P ′

success ∝ P (heralding pattern| full input) · (1 − Ploss)m (4.18)

and

P ′
fail ∝ P (heralding pattern| any lossy input) · Ploss · (1 − Ploss)m−1. (4.19)

The ratio of these can again be used to express the figure of merit, which should be
maximized:

FOM = P ′
success
P ′

fail
(4.20)

Notice how building this ratio gets rid of any global factors of renormalization.

Consider what happens if the input state and the heralding pattern consist of general,
in some modes bunched, input states. We will have to work with the matrix B from
Sec. 4.2. Furthermore, we still assume that the signal photon will exit the final mode
alone, so it only contributes a factor of 1 in the normalization of Eq. 2.37. The inputs,
however, can yield a different normalization factor depending on which photon is lost.
This factor will be proportional to the loss-free case. In general

⟨h | Û |n⟩ = perm(B)√√√√ m∏
i=1

hi!
m∏
j=1

nj!
= N(h, n) perm(B) (4.21)

If any input photon from a bunched mode is missing, the normalization factor N(h, n)
changes to N ′(h, n′) = N(h, n)

√
n

(max)
l where n(max)

l is the original occupation number
of the mode with loss. The FOM can then be investigated by using again Laplace
expansion of the permanent:

FOM = P ′
success
P ′

fail
= P (heralding pattern| full input) · (1 − Ploss)m
P (heralding pattern| any lossy input) · Ploss · (1 − Ploss)m−1 (4.22)

= |N(h, n) perm(B)|2 · (1 − Ploss)m∑
k∈H

∣∣∣N ′(h, n−k) perm(B′
−k)

∣∣∣2 · Ploss · (1 − Ploss)m−1
=

=

∣∣∣∑m
k=1 mmk(n(max)

k )− 1
2N ′(h, n−k) perm(B′

−k)
∣∣∣2∑m

k=1

∣∣∣N ′(h, n−k) perm(B′
−k)

∣∣∣2 ·
( 1
Ploss

− 1
)

Here H is the set of all lossy outcomes that can trigger the heralding pattern. If a certain
lossy outcome cannot lead to the heralding pattern, the corresponding permanent will
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be zero. However, since adding 0 to a sum does not change it, we can include these
permanents to obtain the full sum over all k. Furthermore, we expanded the original
normalization factor to write it via the N ′(h, n−k) from the lossy cases.

The factor on the right-hand side is a constant independent of the photon number m,
only depending on the loss probability. We will ignore it for now. The permanents
multiplied by N ′(h, n−k) will be some complex numbers hk. The same holds for the
elements mmk(n(max)

k )−1/2 that appear as weights wk in this equation. We can make
this a lot simpler:

Suppose we consider

R(h) =

∣∣∣∑m
i=1 wi hi

∣∣∣2∑m
i=1 |hi|2

, (4.23)

with fixed weights w = (w1, . . . , wm) ∈ Cm. This is the special case of a well-studied
mathematical expression referred to as Rayleigh quotient [71].

Using the Cauchy–Schwarz inequality [72] (with the standard inner product ⟨x, y⟩ =∑
i xiyi), we obtain

∣∣∣∣ m∑
i=1

wihi

∣∣∣∣ =
∣∣∣⟨h, w⟩

∣∣∣ ≤ ∥h∥2 ∥w∥2 =
( m∑
i=1

|hi|2
)1/2( m∑

i=1
|wi|2

)1/2
. (4.24)

Squaring both sides and dividing by ∑m
i=1 |hi|2 gives

R(h) ≤
m∑
i=1

|wi|2. (4.25)

Therefore, the maximum is
max
h̸=0

R(h) =
m∑
i=1

|wi|2. (4.26)

Equality is attained precisely when h is proportional to w [72], i.e.

hi = λwi, λ ∈ C. (4.27)

We know that the vector h cannot be zero as we require at least one hi to be nonzero
for the heralding pattern to show up in the lossless case (for this reason we are allowed
to take the maximum over h ̸= 0). If the matrix M were required to be unitary, then

max
h̸=0

R(h) =
m∑
i=1

|wi|2 ≤ 1 (4.28)
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Because the wi are the elements of the matrix’ last row multiplied by factors (n(max)
k )−1/2 ≤

1, and the sum of absolute value squares of the elements in any given row must be 1
for unitary matrices. But M must merely be a contraction on Cm. To show that this
does not change anything, let A ∈ Cm×m be a contraction on Cm, i.e. its operator norm
satisfies [73]

∥A∥2 ≤ 1, (4.29)

where the operator norm is defined as

∥A∥2 := sup
x̸=0

∥Ax∥2

∥x∥2
. (4.30)

Denote the j-th row of A by

r⊺j = (aj1, . . . , ajm). (4.31)

For any x ∈ Cm with ∥x∥2 = 1, we have by definition of the operator norm

|rjx| = |
∑
k

ajkxk| = |(Ax)j| ≤ ∥Ax∥2 ≤ ∥A∥2 ∥x∥2 ≤ 1. (4.32)

Taking the supremum over all such x gives

∥rj∥2 = sup
∥x∥2=1

|rjx| ≤ 1. (4.33)

Hence the squared ℓ2-norm of the j-th row satisfies (by using again the Cauchy–Schwarz
inequality)

m∑
k=1

|ajk|2 = ∥rj∥2
2 ≤ 1. (4.34)

Therefore, the maximum possible value of the sum of squared absolute values in a row
of a contraction matrix is

max
j

m∑
k=1

|ajk|2 ≤ 1. (4.35)

From this it follows that the expression from Eq. 4.23 is bounded from above by 1.
Finally, this means that the best possible loss-purification protocol can achieve a figure
of merit independent of photon number of

FOMmax = 1
Ploss

− 1 (4.36)
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This is equivalent to the initial ratio for just one imperfect source. It is thus shown that
loss-purification, even done imperfectly, is not useful, as it cannot beat just leaving the
photon alone. If the ancillae had a different (lower) probability Ploss ancilla of being lost,
the outcome would, by the same argument, be bounded by a new, better ratio obtained
from ancillae with lower loss.

FOMancillae different
max = 1

Ploss ancilla
− 1 (4.37)

But in such a case, one could just use the lowest-loss ancilla photon and not bother
building a proper circuit.

4.4 Situating existing work on QND

In the literature, there exist proposals for circuits which perform state-agnostic QND
using ancilla photons [49, 74]. Within the resource model considered here (linear
optics & heralding, no state preservation required), a state-agnostic photonic QND
does not increase the confidence of photon presence beyond what can be achieved by
straightforward detect-and-reprepare using the same quality sources. If the ancillae
are lossy with Ploss ancilla, one can be at best as sure about the photon being present
upon successful herald, as one would be when just forwarding one of these ancillae upon
registering a click associated incoming photon. However, it is important to point out
that the preservation of coherence between multi-photon states [74], for example, could
be of interest, making these protocols potentially relevant for different applications.
Furthermore, under certain conditions (see Sec. 2.7.3) even true state-agnostic QND
devices without additional functionality can be extended to perform state amplification
[6].

Finally, the weakness of these schemes with respect to lossy ancilla photons can be
mitigated by using an entangled resource. Kok, Lee, and Dowling pointed this out
already, and proposed that using SPDC to generate ancilla photons will vastly improve
the robustness of the protocol [49]. The reason for this is that the physical conservation
laws underpinning SPDC forbid the source from only creating one out of two ancilla
photons [2]. In the next section, we will provide a circuit that makes use of this exact
property to achieve heralded state-amplification.
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5 State amplification

Since the aim of state amplification is to purify a qubit state against loss, the theoretical
conclusions about the state-agnostic protocols, which were the main focus of this work,
do not fully carry over. The main difference is that even lossy ancillae can be of use, as
long as they increase the relative contribution of the qubit against |0⟩⟨0| in the mixed
state. We begin this consideration by investigating the best possible improvement that
state amplification with lossy ancilla photons can bring. In order not to violate the
bound from Sec. 4.3, the purification can only improve the state up to the level of
ancilla loss:

ρ̂in = (1 − Psignal loss)ρ̂qubit + Psignal loss|0⟩⟨0| (5.1)
purify−→ (1 − Pancilla loss)ρ̂qubit + Pancilla loss|0⟩⟨0| = ρ̂out

This will lift the loss to the level of the ancilla loss, so it can be potentially useful in
practice if one can make low-loss ancillae and the qubit comes through lossy channels.
In that sense, the main use of the schemes we investigated would be to restore a state
that is passed through a lossy channel with the help of low-loss ancilla photons. It is
possible to design a circuit that uses two ancillae to achieve purification [6]. A numerical
analysis of this circuit, replicating the findings from the aforementioned paper, will be
given in Sec. 5.2.

5.1 State amplification with entangled resources

If one is not restricted to separable ancilla photons and can use entangled resource states,
it is indeed possible to make a perfect purifier that is not susceptible to missing ancillae.
This assumes, however, that the modes for the ancillae do not add loss, a real constraint
that can never be fully removed. It is easy to see that quantum teleportation / Type-II
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5.1 State amplification with entangled resources

fusion/ a Bell-state measurement (BSM) can be used to build a purifier. Assuming the
resource |Φ+⟩ = 1√

2(|0, 0⟩ + |1, 1⟩) is available, one can do a BSM on the first particle
and the incoming state one wishes to purify against loss. Upon successful heralding, the
remaining half of the EPR pair will be left in the original state by quantum teleportation.
If the original photon is lost, an idealized BSM / fusion operation with perfect detectors
fails, since it requires two clicks, and thus the heralding pattern can only ever show if
all photons are present. The protocol can be considered robust against events where
an ancilla is missing at the source, because physical conservation laws restrict photon
generation to cases where both parts of the Bell pair (or higher order terms) are created
[44]. The sole presence of only one part of the ancilla-pair is not compatible with
conservation of energy and momentum. It is, however, important to reiterate that
this assumes loss-free channels for the Bell-state resource and ideal coupling to the
entangled-photon source. It should also be mentioned that this allows for additional
flexibility that would not be possible in the linear-optics case: The output photon and
the incoming photon can be spacelike separated as well as distinguishable (they can have
a different frequency), since this is possible in quantum teleportation under appropriate
resources [75].

Building upon this, one can design a state-purifier that is in principle robust against
any mechanism that would lead to incorrect heralding. The entirety of the scheme is
depicted in Fig. 5.1, and photon-number-resolving detectors are assumed.
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Figure 5.1: A state purifier which is in theory robust against any design-induced failure
mechanism. The state is teleported from modes 1 & 2 to modes 8 & 9, by
using two BSMs implemented via Type-II fusion gates. The sources S1
and S2 produce the Bell-state |Φ+⟩. The construction with two BSMs and
a phase shift in mode 3 ensures that a potential double pair generation
can never trigger the heralding pattern. As a consequence a corrective
phase shift is applied in mode 9. Potential feedforward operations to boost
teleportation success are ignored.

Although this is in principle robust against the initial loss of the two ancilla photons
that are used to make the resource state (two Bell pairs via SPDC [76]), it is important
to note that there exists an additional way in which photon sources can behave in
an undesired manner. If SPDC is used to generate a photon pair from either ancilla,
there will be a non-zero probability that instead of two photons per ancilla, four will be
created [77].

|double pair⟩ = 1
2([2, 2, 4, 4] + [3, 3, 5, 5] + 2[2, 3, 4, 5]) (5.2)

These cases need to be considered since they may lead to incorrect heralding. Consider,
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for example, that source 1 produces two pairs instead of one, while source 2 does not
produce anything. The first BSM can be triggered by two of the photons, while the
second BSM can be triggered by the other two. In this case, neither an initial state
nor an output are present upon receiving the correct heralding pattern. To remove this
failure mechanism, a π

2 phase shifter is added in mode 3. In the aforementioned case of
source 1 generating a double pair, it will be left in the state

|double pair⟩ BSM 1−→ 1√
2

([2, 2] − [3, 3])
π
2 phase shift

−→ 1√
2

([2, 2] + [3, 3]) (5.3)

after the initial BSM and the phase shifter. This state is now an eigenstate of the
Hadamard gate. Because of this, it cannot trigger the heralding pattern in the second
fusion gate, since both photons will either be swapped or none. The fusion gate requires
exactly one photon in each half of the gate for one of the correct click patterns to
occur (see Sec. 2.5). In order to correct the output state, a −π

2 phase shifter is added
in mode 9. If source 2 were to produce the faulty two-pair state, it is not possible to
get the heralding pattern. BSM 1 requires exactly two clicks, so source 1 cannot yield
photons in this case. But then BSM 2 will be missing at least one click, as only the
input state could be present. Thus, this protocol can be used to perform theoretically
perfect state amplification against loss. The entanglement swapping stage BSM 1 can
be implemented in a multiplexed fashion [78]. For the previously discussed reason,
sometimes the heralding pattern will be triggered by a double-pair event. To obtain an
estimate for the success probability of the entire protocol, consider that a single SPDC
source approximately generates the state

|SPDC⟩ = Z|0, 0⟩ + p|1, 1⟩ + p2|2, 2⟩ + O(p3), (5.4)

under perturbative expansion [79], where p < 1 and Z can be obtained from normaliza-
tion and the geometric series as

Z = 2p− 1
p− 1 . (5.5)

Notice that we switch back to Fock-space formalism here, and only consider that there
are two possible modes the newly generated photons can go to. When implementing
this circuit, however, the setup must be chosen such that the photon-number state
|1, 1⟩ produced by one of the sources is actually the Bell state we wish to use as a
resource. There exist ways to achieve this [76]. As a consequence, one will find that
the higher-order terms in Eq. 5.4 will also be in a superposition. For example, if the
state associated with |2, 2⟩ were produced by source S1, it would actually be given by
the state |double pair⟩ we presented using index notation in Eq. 5.2. Yet, to obtain the
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success probability of the first BSM, it is sufficient to only consider photon number.

Assuming no coherence between the two sources and different photon-number states,
the sources S1 and S2 will produce states of the form ρ̂N1,N2 , where Ni specifies the
number of photons obtained from source Si. The total state will thus be given by

ρ̂S1,S2 = Z2ρ̂0,0 + Zp(ρ̂0,2 + ρ̂2,0) + p2(ρ̂4,0 + ρ̂0,4 + ρ̂2,2) + O(p3). (5.6)

Notice that only terms belonging to p2 can trigger the heralding pattern, as two photons
have to enter the fusion gate to trigger the pattern, and because of the design of
the circuit only half of the photons associated with a single source will enter the
gate. This means that upon receiving the heralding pattern from stage BSM 1, there
is a 33.3 % probability that the sources produced the correct state. The other two
cases will be removed by the second BSM stage. There exist four possible heralding
patterns for the second fusion measurement with a success probability of 50 % (assuming
phase correction) [80]. Together, this yields the maximal total success probability of
Psucc = 16.6 % for the entire protocol. This bound can be approached by actively
multiplexing the first BSM stage.

Finally, if the original state is part of a mixture with a two-photon-component [58],
additional ways that would break the scheme exist, because it can also trigger the BSM
on its own. Furthermore, photons might be lost at any stage of the circuit, which
could be investigated further to gauge the robustness of this scheme against realistic
loss mechanisms. Any two photons that are expected to enter a fusion gate together
must be indistinguishable, otherwise teleportation will not work because the polynomial
of creation operators does not simplify. Nevertheless, using entangled photons can
potentially be more promising than regular single-photon sources due to the increased
flexibility that comes with teleportation, and the heralded source behavior that mitigates
the inevitable susceptibility to a missing ancilla photon.

5.2 State amplification without an entangled resource

In this section, a brief numerical investigation of a promising scheme to purify a photonic
dual-rail qubit state against loss is given. Pitkanen et al. presented a circuit that uses
two ancilla photons as well as an analysis of its performance [6]. Here, we repeated the
analysis to replicate their findings and confirm the results numerically. The circuit is
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depicted in Fig. 5.2.

Figure 5.2: Heralded state amplification circuit proposed by Pitkanen et al. [6]. The
circuit requires two ancilla photons in order to purify a dual-rail qubit
against loss. It features two adjustable beam splitters with transmissivity
t, and four beam spitters that are set to resemble a Hadamard gate. There
exist four possible heralding patterns, three of which would require a
feedforward correction to restore the state.

There are four heralding patterns which can be combined to give a total success
probability of 25 % when the two tunable beam splitters are assumed to function as
Hadamard gates. This assumes that one can perform the required phase correction on
the output state. Furthermore, the circuit will remove HOM-type input states, but can
fail for the anti-bunched two-photon input |1, 1⟩1,2. This state can be asymptotically
damped by tuning the beam splitters, at the cost of a vanishing success probability. Loss
of either ancilla photon cannot be excluded by the heralding pattern. This circuit is a
resource-efficient representative for loss-purification with linear optics, ancilla photons
and measurement-induced nonlinearities. The two ancilla photons can be obtained from
a simple single-photon source. Their states are simply |1⟩. Ultimately, it is sensitive
to ancilla loss. Pitkanen et al. propose, however, using SPDC sources in order to
generate ancilla photons in a heralded way. This results in advantages similar to the
ones described in Sec. 5.1.
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two photons

It was experimentally demonstrated by Faurby et al. that a Hadamard gate can be
used to purify the indistinguishability of two photons [5]. To that end, consider the
following ratio of probabilities to obtain distinguishable / indistinguishable photons by
post-selecting on events where both photons exit the same mode:

P (ψdist)
P (ψindist)

= P (|1, 0⟩γ1 |1, 0⟩γ2)
P (|2, 0⟩) =

1
4
1
2

= 0.5 (6.1)

A lower ratio would improve the scheme. Here, a brief analytical investigation of any
circuit that uses two photons and potentially |0⟩-detection is given, and it will be shown
that one cannot improve beyond this.

6.1 Ratio for bunched states without post-selection

Consider any setup described by an n × n unitary transfer matrix U . We will only
consider the effects on the first two modes, as the scheme for indistinguishability
purification would send one photon into each of these input modes, and then also
consider these as output modes. For that reason, the matrix M acting on this reduced
2 × 2 subspace does not have to be unitary. It is only important that it can be extended
to a unitary matrix by adding more dimensions. This is in general only possible if M is
a contraction on C2 [67]. Let M be given by

M =
 k l

m n

 , k, l,m, n ∈ C. (6.2)
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We will look at the ratio P (ψdist)
P (ψindist) which refers to the ratio of probabilities for a chosen

output of indistinguishable photons and fully distinguishable photons. Concretely, the
possible output states for a two-photon input after any two-mode interferometer are

|Φindist⟩ = x1|2, 0⟩ + y1|1, 1⟩ + z1|0, 2⟩ (6.3)

for the indistinguishable case, and

|Φdist⟩ = x2|1, 0⟩γ1 |1, 0⟩γ2 + y21|1, 0⟩γ1 |0, 1⟩γ2 + y22|0, 1⟩γ1 |1, 0⟩γ2 + z2|0, 1⟩γ1 |0, 1⟩γ2 (6.4)

for the perfectly distinguishable case with photons γ1 and γ2. Let us, without loss of
generality, choose the state where both photons bunch in the upper mode to cover the
case of bunching:

P (ψdist)
P (ψindist)

=
∣∣∣∣x2

x1

∣∣∣∣2 (6.5)

The matrix M transforms the modes as row vectors:

(a†
0, a

†
1)

M−→ (ka†
0 +ma†

1, la
†
0 + na†

1) (6.6)

The input states will thus be transformed according to

|1, 1⟩ = a†
0a

†
1|0⟩ M−→ (ka†

0 +ma†
1)(la†

0 + na†
1)|0⟩ (6.7)

|1, 0⟩γ1 |0, 1⟩γ2 = a†
0b

†
1|0⟩ M−→ (ka†

0 +ma†
1)(lb†

0 + nb†
1)|0⟩. (6.8)

This means
x1|2, 0⟩ = kl(a†

0)2|0⟩ =
√

2kl|2, 0⟩ (6.9)

and
x2|1, 0⟩γ1 |1, 0⟩γ2 = kla†

0b
†
0|0⟩ = kl|1, 0⟩γ1 |1, 0⟩γ2 . (6.10)

If M is properly chosen, the full state will be normalized correctly when considering the
full unitary U and all additional modes. This allows us to not consider normalization
at this point, because it is implicit in a proper choice of M as contraction on C2, and
we neglect any post-selection in this first section. So crucially,

P (ψdist)
P (ψindist)

=
∣∣∣∣x2

x1

∣∣∣∣2 =
∣∣∣∣∣ 1√

2

∣∣∣∣∣
2

= 1
2 , (6.11)

because the only difference between x1 and x2 is that in the indistinguishable case the

- 53 -



6 Indistinguishability purification with two photons

same creation operator a†
0 appears for both photons, leading to an additional factor of

√
2, which does not appear in the distinguishable case. But since all other coefficients

are exactly equal, this ratio will never depend on the matrix elements / beam-splitter
settings.

6.2 Ratio for anti-bunched states without post-selection

The state with one photon in either mode is more interesting at first glance, because it
holds for complex numbers [72] that

|kn+ml|2 = |kn|2 + |ml|2 + 2ℜ{kn ·ml}. (6.12)

If we cannot distinguish between |1, 0⟩γ1 |0, 1⟩γ2 and |0, 1⟩γ1 |1, 0⟩γ2 , the ratio for this
state will be

P (ψdist)
P (ψindist)

= |y21|2 + |y22|2

|y1|2
= |kn|2 + |ml|2

|kn+ml|2
= |kn|2 + |ml|2

|kn|2 + |ml|2 + 2ℜ{kn ·ml}
. (6.13)

This expression is minimized when the real part in the denominator is maximized. For
this reason, the problem can be restated as

min
a,b∈R

{ a
2 + b2

(a+ b)2 } =
a̸=0
min
a,k∈R

{ a
2 + (ka)2

(a+ (ka))2 } (6.14)

=
a̸=0
min
a,k∈R

{a
2(1 + k2)
a2(1 + k)2 }

= min
k∈R

{(1 + k2)
(1 + k)2 } = 1

2 .

Thus we can conclude that using the anti-bunched state also cannot improve upon a
simple Hadamard gate and bunched states.

6.3 With post-selection

Post-selection breaks one crucial step in the argument above. If we renormalize the
states from Eq. 6.7, the distinguishable and indistinguishable case will get a different
overall factor. This is due to the fact that we again have |kn|2 + |ml|2 vs |kn +ml|2,
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6.3 With post-selection

and also that parts of the indistinguishable probabilities get a factor of 2. So, the
natural question to ask is whether this can be used to gain an advantage. In this
context, post-selection means that we can use any linear-optics circuit and |0⟩-detection
(heralding on no-click events) such that the equivalence class of the two-photon quantum
state is altered [18]. We investigate the ratio

P (ψdist)
P (ψindist)

=
P (|x,y⟩γ1 |y,x⟩γ2 )

N ′2

P (|a,b⟩)
N2

; x, y ∈ {0, 1}, x+ y = 1 and a, b ∈ {0, 1, 2}, a+ b = 2

(6.15)
Here, the probabilities P (|x, y⟩γ1 |y, x⟩γ2) and P (|a, b⟩) are taken from the transformed
state without post-selection and renormalization. The normalization factors are thus
obtained by ignoring the additional modes from the larger unitary U and focusing on
the M subspace:

N =
√

2|kl|2 + |kn+ml|2 + 2|mn|2 (6.16)

and
N ′ =

√
|kl|2 + |kn|2 + |ml|2 + |mn|2 (6.17)

The factor of 2 comes from the square of the creation operator. The question of whether
post-selection can improve the ratios is then restated as whether

(
N

N ′

)2
= 2|kl|2 + |kn|2 + |ml|2 + 2|mn|2 + 2ℜ{kn ·ml}

|kl|2 + |kn|2 + |ml|2 + |mn|2
< 1 (6.18)

is possible. This can, however, never be achieved for any k, l,m, n ∈ C . Recall

N2 = 2|kl|2 + |kn+ml|2 + 2|mn|2, N ′2 = |kl|2 + |kn|2 + |ml|2 + |mn|2. (6.19)

Consider the difference

N2 −N ′2 = |kl|2 + |mn|2 +
(
|kn+ml|2 − |kn|2 − |ml|2

)
(6.20)

= |kl|2 + |mn|2 + 2ℜ
{
knml

}
.

Using ℜ{z} ≥ −|z| for any z ∈ C, we obtain

N2 −N ′2 ≥ |kl|2 + |mn|2 − 2|kn| |ml| (6.21)

= |k|2|l|2 + |m|2|n|2 − 2|k||l||m||n|

=
(
|k||l| − |m||n|

)2
≥ 0.
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6 Indistinguishability purification with two photons

Therefore N 2 ≥ N ′2, i.e. N ≥ N ′, and consequently

(
N

N ′

)2
≥ 1. (6.22)

Hence post-selecting on no clicks will only worsen the ratio in general. Generating
random complex matrices and probing the ratios with the established numerical frame-
work provides confirmation: Without post-selection, the bunched states’ ratios are
always 0.5. With post-selection, 0.5 is the lower bound. We can thus conclude that a
simple Hadamard gate already saturates the bound for two-photon indistinguishability
purification with the given resources.
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7 Discussion and outlook

The theorem we found during this work provides a satisfying conclusion as to why it was
impossible for us to design a circuit for photon presence purification with the considered
resources. Nevertheless, real-world constraints can often go beyond the underlying
assumptions of a model. In particular, we model loss as the absence of a photon at
the start of the protocol. The effects of loss of any photon during operation might,
however, also be of interest and could be investigated further, both in theory and for
the circuits we considered. Furthermore, there exist many additional challenges when
implementing quantum circuits. Detectors and optical elements have been assumed
to function perfectly in these theoretical considerations, but one should also model
imperfections of these technological components when fully evaluating the performance
of a quantum circuit. It is, however, important to point out that any of these additional
imperfections would only make the performance of a general loss-purifier we considered
in Sec. 4 worse, and thus our theorem about the impossibility of constructing such a
circuit is not weakened by real-world challenges. We were able to show that even in the
ideal case there is no merit in building such a device.

The initial CNOT-based circuit was proposed in the context of quantum dots, for which
it can be difficult to successfully feed photons into a circuit without loss, unlike SPDC.
Therefore, throughout this work, we placed an emphasis on the problem of potentially
lossy ancilla photons, which are not present at the very start of the protocol. It was
proposed in multiple papers [49, 6] that the loss of ancilla photons can be mitigated
by using SPDC to generate the ancilla photons. These sources can be advantageous
when combating loss, since the absence of ancilla photons can be kept under better
control, and we were able to show that this is the limiting factor in such protocols. It
is crucial to point out that sources like quantum dots operate quasi-deterministically
and on demand, which may appear similar to a heralded mode of operation at first
glance. However, it is difficult to guarantee reliable photon delivery to the actual input
of the circuit with these sources. This is often easier with SPDC, since one can place
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7 Discussion and outlook

the crystal such that failed coupling can be largely ruled out when heralding succeeds.
This is precisely what is proposed in existing purification schemes that rely on ancilla
photons [49, 6]. SPDC, however, brings its own drawbacks: It operates probabilistically
and can generate higher-order terms, which we needed to deal with when designing the
state-amplification protocol we proposed.

When presenting an estimate for the success probability of the proposed entanglement-
based state amplifier, we relied upon a set of assumptions and approximations. First,
we assumed that a single SPDC source approximately generates the state

|SPDC⟩ = Z|0, 0⟩ + p|1, 1⟩ + p2|2, 2⟩ + O(p3). (7.1)

Then, we assumed that the two sources are not driven coherently and there is no
coherence between the different photon-number states, such that a mixed state can be
used to express the joint state of the two sources. In practice, however, the sources can
be driven coherently, for example by using the same laser as a pump for both crystals.
If one aims to implement this protocol, there might be merit in repeating the analysis
once a source architecture is specified. It might even be the case that modifications can
be made to optimize the scheme for a given type of Bell-state source.

Finally, we provided a brief theoretical discussion about indistinguishability purification
for two photons. One could build upon these considerations and establish a framework
to arrive at general statements that situate potential circuits for indistinguishability
purification.
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