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Abstract

The Levy gauge was first introduced in Amann, Leeb and Steinberger 2025 as a useful
tool for the proofs of statistical guarantees for methods of uncertainty quantification,
such as the Jackknife and the Jackknife+, with a focus on providing asymptotically
valid prediction intervals conditional on the training data. Despite its connection to the
well-known Levy metric and the Kolmogorov distance between two cumulative distribution
functions, the Levy gauge itself is not a metric. Nevertheless, it possesses a broad range of
properties - some related to the Levy metric and others specific to the Levy gauge - which
provide it with sufficient flexibility. In this sense, the Levy gauge can be applied to the
framework of distorted prediction intervals, and, under mild assumptions, be related to the
classical concept of convergence in probability. The latter is used to derive the asymptotic
conditional conservativeness of prediction intervals obtained via the Jackknife and the
Jackknife+. This Master’s thesis considers all these concepts in detail, providing rigorous
proofs, illustrative examples, and clarifications and extensions of ideas and connections
implicitly mentioned in the original paper.
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Kurzfassung

Das Levy Gauge wurde erstmals im Paper von Amann, Leeb and Steinberger [2025| als
niitzliches Beweiszeug zur statistischen Garantien der Methoden fiir Unsicherheitsquanti-
fizierung, wie Jackknife und Jackknife+-, eingefiihrt, mit dem Fokus auf die Bereitstellung
asymptotisch giiltiger Vorhersageintervallen, gegeben die Trainingsdaten. Trotz seiner
Verbindung zur bekannten Levy-Metrik und der Kolmogorovschen Distanz zwischen zwei
Verteilungsfunktionen, ist das Levy Gauge selbst keine Metrik. Dennoch besitzt dies eine
Vielzahl von Eigenschaften, sowohl welche, die mit der Levy-Metrik verbunden sind, als
auch spezifische, die ihm ausreichende Flexibilitat verleihen. In diesem Sinne kann man
das Levy Gauge zur Einstellung von verzerrten Vorhersageintervallen anwenden, und,
unter milden Annahmen, mit dem klassischen Konzept der Konvergenz in Wahrscheinlich-
keit verbinden. Letzteres wird verwendet, um die asymptotische bedingte Konservativitét
von Vorhersageintervallen abzuleiten, die durch Jackknife und Jackknife+ erhalten wer-
den. Diese Masterarbeit untersucht alle diese Konzepte eingehend; sie liefert detailierte
Beweise, anschauliche Besipiele sowie Klarstellung und Erweiterungen von Ideen und
Zusammenhéngen, die im Originalpaper implizit erwéhnt wurden.
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1 Introduction

Given two cumulative distribution functions, one may be interested in measuring the
distance between them in a given sense. Useful and well-known tools in this direction are
the Levy metric and the Kolmogorov distance. However, they are not flexible enough
to provide the statistician with sufficient information in the framework of a prediction
interval for a future outcome, based on some known training data. For example, if we
consider the distribution function F' of the prediction error conditional on the training
data, as well as some estimator F, the Kolmogorov distance between F' and F may
become large if F' has points of discontinuity that are not well-estimated, as discussed in
Amann 2023l

A solution to this problem turns out to be the Levy gauge, which can be considered as
a modification of the Levy metric. It is not a metric itself; however, it possesses a lot of
useful properties, some preserved from the original object, others entirely new. Thus, the
desired flexibility is guaranteed, especially if one aims to distort the prediction intervals
in a plausible way to derive asymptotically valid results for methods of uncertainty
quantification, such as the Jackknife and the Jackknife+-.

One of the goals of this Master’s thesis is to provide a deeper understanding to the
Levy gauge, also by extending some ideas from Amann, Leeb and Steinberger [2025]. It
is important to point out that this thesis does build mostly on the concepts from the
original paper. In particular, some of the presented results here have already occurred in
the latter, as long as this coincides with the above-mentioned goal. To sum it up, some of
the definitions and properties here may have already been stated and proved (or at least,
sketched) in Amann, Leeb and Steinberger 2025, but this thesis extends the sketches by
clarifying the steps of the proofs; in addition, it provides approachable examples and
optimizes the proof techniques, where necessary.

The thesis is structured as follows. Chapter 2 introduces the Levy gauge and is divided
into three sections. Section 2.1. defines the Levy gauge and shows its connection to the
well-known Levy metric based on both their common properties and explicit differences.
Section 2.2. gives more information about the relation between the Levy gauge and the
convergence in distribution of given probability measures. Section 2.3. concentrates on
the modification of the Levy metric that was made to obtain the Levy gauge and examines
more precisely its influence on the latter. Chapter 3 directs the attention to the setting
of prediction intervals and the respective general application of the Levy gauge there.
Chapter 4 builds on the theoretical foundations of Chapter 3 and applies them to the
Jackknife and Jackknife+ methods, in such a way providing the connection to Amann,
Leeb and Steinberger [2025]



1 Introduction

1.1 Notation

We introduce here some of the general notation which is repeatedly used throughout the
Master’s thesis. The specific notation is given in the beginning of the respective chapters
or sections.

If we have some sequence, we denote by T convergence from below and by | convergence
from above. If this convergence occurs in a specific setting, then the condition is stated
under the arrow, otherwise it is assumed to hold when n — oo. The empty set is denoted
by 0. For a function f: R — R we will write || f||s for its supremum in absolute values,
i.e., || flloo :=supser |f(t)]. The indicator functions are denoted by 14(t) = 1{t € A}, for
t € R and some set A. We prefer the first version mostly when A is a real-valued interval.
We always write R for the extended real line [—o00, +00]. We use [n] as a shorthand for
the set of all natural numbers between 1 and n, i.e., [n] = {1,2,...,n}. The ceiling and
floor functions are denoted by [-] and |-|, respectively.

If we have a cumulative distribution function F', we will denote by F(t—) the limit
from the left. That is, for some deterministic sequence (t,)nen, with ¢, 1 ¢, we have
F(tn) T4t F(t—). Furthermore, if we have a sequence of random variables X,, that

converges in probability to a random variable X, we will write X,, — X. The abbreviation
X, = 0p(t,) would mean that the sequence (X,t, 1) en converges to 0 in probability.



2 The Levy Gauge

2.1 Definitions and important properties

Definition 2.1 (Levy metric). Let F,G be cumulative distribution functions. Then the
Levy metric is defined as

L(F,G) :=inf7(F,Q),

where

T(F,G):={e>0:VteR: F(t—¢)—e<G(t) < F(t+¢e)+¢e}.

Definition 2.2 (Levy gauge). Let F,G be cumulative distribution functions and § > 0.
Then the Levy gauge is defined as

Ls(F,G) :=inf 175(F, G),

where
T5(F,G):={e>0:VteR: F(t—9) —ec <G(t) < F(t+9) + ¢}
From that point on, if the cumulative distribution functions are clear from the context,
we will write only £ and 7, or £5 and 75, respectively.

Remark 2.3. The sets 7 and 75 are non-empty for any choice of cumulative distribution
functions, since 1 € 7 and 1 € 75. It follows now from Definitions and that
L €10,1] and L4 € [0,1]. Furthermore, if some £* € 75, then for any £ > £* it holds that
e € 15 (or 7, respectively). Thus, 75 and 7 are non-empty intervals bounded on the left
by 0 and unbounded on the right.

Lemma 2.4 (Symmetry of the Levy gauge). For any cumulative distribution functions
F,G and 0 > 0 we have
Ls(F,G) = Ls(G, F).

Proof. Let € > 0 such that

Q) G
VteR: F(t—0)—c < G(t) < F(t+6) +e.

In addition, fix tp € R and consider the following:
Set t = to+ ¢ and note that F'(ty) < G(tg+6)+¢ in view of (i). Similarly, set ¢ = t9— 4,
implying G(to — 9) — e < F(tp) by (ii).
Since this holds true for any choice of tg € R, we have
Vto GR:G(to—(S)—E < F(to) < G<t0+5)+6.

This shows that 75(F, G) C 75(G, F'). Exchanging F' and G gives now 75(G, F') C 75(F, G)
and the claim follows. 0
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Corollary 2.5 (Symmetry of the Levy metric). The Levy metric is symmetric in the
sense that L(F,G) = L(G, F) for any cumulative distribution functions F' and G.

Proof. Repeat the proof of Lemma 2.4 with d replaced by € and 75 by 7, respectively. [

Remark 2.6. The proofs of Lemma[2.4 and Corollary 2.5 give alternative representations
of 7(F,G) and 75(F, G):

T(F,G)={e>0:Vte R:G(t) (t+e)+e F(t)
t+

<F G(t+e)+el,
5(F,G)={e>0:Vt cR:F(t) < G(t+6)+¢,G(t) < F(t+

<
< F(t+96)+e}.

The next two results regard the attainment of the infimum both for the Levy metric
and the Levy gauge.

Lemma 2.7. The infimum in the Levy gauge Ls5(F,G) = inf 75(F, G) is attained.

Proof. Let (en)nen be a sequence converging from above to the Levy gauge, i.e., , | Ls.
Now we have:

ViEER:F(t—90)—¢e, <G(t) < F(t+0)+ep,
— ——
TE(t—6)—Ls LE(t46)+Ls

proving the claim. O

Lemma 2.8. The infimum in the Levy metric L(F,G) = inf 7(F, G) is attained.

Proof. Let (e,)nen be a sequence such that e, | £. Use the alternative representation
from Remark and the right continuity of the cumulative distribution functions F' and
G to obtain

VieR:F(t) <G(t+ep)+e, and VE€R:G(t) < F(t+ep,) +en.
e — D e —
1G(t+L)+L LF(t+L)+£

This proves the claim. ]

Together with Remark 2.3} we thus have 75(F, G) = [£5(F,G), +o0) and 7(F,G) =
[L(F,G),+00).

We can now formulate an alternative definition of the Levy gauge which turns out to
be more useful in certain settings.

Lemma 2.9 (Alternative definition of the Levy gauge). For given § > 0 and cumulative
distribution functions F' and G it holds that

Ls(F,G) = igﬂgmaX{F(t) —G(t+9),Gt)—F(t+9)}.
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Proof. Tt follows from Remarks 2.3] 2.6] and Lemma 2.7] that
5(F,G)={e>0:Vt e R: F(t) < G(t+0)+¢,G(t) < F(t+0) +¢}
={e>0:VteR:max{F(t) - G(t+9),G(t)— F(t+9)} <e}

={e>0: Su]gmax{F(t) —G(t+9),Gt)—F(t+0)} <e}

_ [m {o,squaX{F(t) ~ Gt +9),G(t) — Ft+0)} } ’*oo) ‘

teR

Note that for t — oo we have F(t) — G(t 4 ¢) = 0, implying that
—00

supmax{F(t) — G(t+¢),G(t) — F(t+0)} > 0.

teR
Hence,
5(F,G) = [sup max{F(t) — F(t+6),G(t) — F(t+6)}, —l—oo) ,
teR
and since the Levy gauge is the attained infimum of 75(F, G), the claim follows. O

Remark 2.10. For any fixed ¢ it holds that max{F(t) — G(t + 0),G(t) — F(t + )} is
right-continuous in ¢ € R. In addition, Q is dense in R, which means that we can take
in Lemma the supremum over Q, in other words, over a set consisting of countably
many elements.

Up to now only similar properties of the Levy metric and the Levy gauge have been
considered. For the purposes of the further comparison between the two objects, it is
essential to explore the explicit connection between them.

Lemma 2.11. Let £L(F,G) and L5(F,G) be defined as in Definitions [2.1 and[2.4 Then
the following statement holds:

min{d, Ls} < L < max{d, Ls}. (2.1)
In particular, if 6 > L, then L5 < L.
Proof. In the sense of Lemmata 2.7 and the infimum is attained, that is,

VieR:F(t—0)—Ls <G(t) < F(t+0) + Ly, (2.2)
VieR:F(t—L)-L<G({t)<F(t+XL)+ L.

We will first prove the statement £ < max{d, Ls}. To do this, set £ = max{d, Ls}. Since
F and G are monotonically non-decreasing, we have

VieR:F(t—e)—e<F{t—0)—Ls<Gt)<F{t+0)+Ls<F(t+e)+e, (24)
implying that € € 7. Now it follows that

L=infr<e= maX{(S,ﬁé},
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which yields the result.
The first inequality in (2.1)), i.e., min{d, L5} < £, holds trivially in the case § < £. Now
assume that § > £. We can use an argumentation similar to ([2.4]) to conclude that

VEER:F(t—0)—L<Ft—-L)—L<Gt)<F{t+L)+L<F({t+0)+ L.
Then £ € 75, meaning that L5 < £. This finishes the proof. O

Lemma [2.11] allows us to derive an alternative representation of the Levy metric, based
primarily on the Levy gauge.

Corollary 2.12. For arbitrary cumulative distribution functions F' and G it holds that
L(F,G)=nf{6 >0:0 > Ls(F,G)}.

Proof. In view of Remark [2.3] it holds £1 <1 for any choice of F' and G, implying that
{6>0:6>Ls(F,G)} # 0. In addition, this set is also bounded from below by 0.
It is clear that the condition § > Ly is equivalent to max{d, L5} = J. Now use the second

inequality from (2.1]) to get
L<S, Vo>0:0> Ly

This yields £ < inf{d > 0:6 > Ls}.
It remains to prove that £ > inf{d > 0:d > Ls}. To see this, note that the additional
result of Lemma [2.11] gives £ < £. Hence,

56{520:5255},
which proves the claim. ]

Remark 2.13. Corollary gives another interpretation of the Levy metric in view of
fixed point equations. In general, the existence of a solution of the fixed point equation
0 = L5(F,G) is not guaranteed. However, under the assumption that there exist some
solutions, it holds that the Levy metric £(F, Q) is the smallest among them. More details
to this topic are given in Section 2.3.

Corollary shows that the Levy metric £(F,G) can be easily computed if we have
the information about the Levy gauge. Furthermore, it turns out that based on L5(F,G),
we can also derive the Kolmogorov distance between F' and G.

Definition 2.14 (Kolmogorov distance). The Kolmogorov distance between two cumulative
distribution functions F and G is defined as

IF' = Glloo := sup |[F(t) — G(t)].
teR

Lemma 2.15. Ly(F,G) = ||F — G||co-



2.1 Definitions and important properties

Proof. Use Definitions 2.2] and 214 to get
Lo(F,G)=inf{e >0:VteR: F(t) —e < G(t) < F(t) + ¢}
=inf{e >0:VteR:|F(t) - G(t)| <&}
=inf{e > 0:sup|F(t) — G(t)| < e}
teR
= [[F = Glfoo-
O

Example 2.16. Let F'(t) = L o0 (t) and F(t) = L 4 oo) (t), where 0 is some estimator

for 0, such that for some & > 0 it holds almost surely that 0 < |é — 0| < e. In other words,
0 is a "good" estimator for 6 but does not obtain it exactly (a.s.). Then it holds that

|F = Flloo = sup |F(t) — F(t)| = 1.
teR
Thus, the Kolmogorov distance can be large even if the point of discontinuity of F s
relatively well estimated.

It has already been pointed out that the Levy gauge is a modification of the Levy
metric. In this context, fixing the argument shift to be some non-negative ¢ results in
the violating of one of the conditions for a metric, more precisely the triangle inequality.
However, we can find a relaxed version of the triangle inequality. These observations are
demonstrated below.

Lemma 2.17 (Relaxed triangle inequality). For given d1,02 > 0 and cumulative distribu-
tion functions F,G and H, the following inequality is satisfied:

551+52(F, G) < ﬁgl(F, H) +552(H, G).

Proof. Recall that the infimum is attained in view of Lemma 2.7} Fix ¢ € R and use
the alternative representation of 75, given in Remark at t and ¢ 4 1, respectively, to
conclude

F(t)<H(@t+61)+ L5, (H,F) and H(t+01) < G(t+ 61+ 2) + L6, (G, H).
Applying the symmetry of the Levy gauge (Lemma yields
F(t) <H(@t+61)+ L5, (F,H) <G(t+ 61+ 02) + L, (F,H) + L5,(H,G). (2.5)
With the same arguments as in , we obtain
G(t) < H(t+62) + Ls5,(H,G) < F(t+ 02+ 61) + L5, (F,H) + L, (H, G). (2.6)
It remains to combine and to see that
L5 (F H)+ Ls,(H,G) € 15,45, (F, G).

This proves the statement. O
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Remark 2.18. Note that for any § > 0 it holds
525(F7 G) < '[-‘15(F’ H) + L(S(H’ G)

Moreover, the inequality given in Lemma [2.17]is sharp in the sense that there does not
exist & > 0, such that o < §; + d2 and

Lo(F,G) < Ls(F,H)+ Ls,(H,G),
for any F,G and H.

We can illustrate this in a simple setting provided by the example below.

Example 2.19. Let F(t) = 1jg 400)(t), H(t) = F(t + 01) = 1|5, 1o0)(t), and G(t) =
H(t+62) = 1|_5,_5,,400)(t), for some 61,62 > 0. It follows from the alternative definition
of the Levy gauge given in Lemma that L5, (F,H) =0 and Ls,(H,G) = 0.

Let now o < 61 + d2. Consider

Lo(F,G) =supmax{F(t) — G(t+ «a),G(t) — F(t+ o)}

teR

=supmax{F(t) — F(t+d + 02+ ), F(t+ 1+ 02) — F(t + )}
teR

=sup{F(t+ 61 + d2) — F(t + a)},
teR

due to the monotonicity of F'. Choosing some t* € (=01 — 2, —at) gives
F(t*+51+(52) —F(t*+a) =1,

entailing Lo(F,G) = 1. Since Lo(F,G) > Ls (F,H) + L5,(H,G) for an arbitrary
a < 81 + 82, the result aligns with Remark[2.18

We will examine further the Levy gauge in the sense of some properties related to the
choice of the cumulative distribution functions.

Lemma 2.20 (Scaling invariance). The Levy gauge is scaling invariant, that is,
85(F,G) = £ (F(-a),G(-0)

for given a > 0,9 > 0 and cumulative distribution functions F' and G.

Proof. First, we will show that for o > 0 it holds

Ls(F(a),G(a)) < L5(F(),G()).

Note that F(t£0) = F (2(t+6)) = F ((£ £2)a) and G(t) = G (La). Set t = L for
any t € R. In view of we conclude

VieR:F <<z_ i) a> _£5(F.G) < G(ia) < F <(E+ i) a) + £5(F.G).
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Hence,

or, equivalently,

L5 (F(a),G(-a)) < Ls(F(),G())-

Qo

The result above holds for the functions F(-), G(-), and a scale factor a > 0. Consider
instead the functions F(-a), G(-a) and the scale factor 2 > 0. Setting 6 = % > 0 yields

ts <F <a;> Ne <a;>) < £5(F(-a),C())
Ls(F(),G() < L5 (F(a),G(a)),

and the statement follows. O

It remains to see what happens when we do not take two arbitrary cumulative distri-
bution functions F' and G but observe a more general structure. That raises questions
regarding convexity, which are summarized in the following.

Lemma 2.21 (Convexity). The Levy gauge Ls(-,-),0 > 0 is convex.

Proof. Consider the pairs of distribution functions (F;, G;),i = 1,2, as well as the convex
combination

a(F1,G1) + (1= 0)(F3, G2) = (aFi + (1 = ) Fp,aGy + (1 - 0)Gz) @ € 0,1].
We have to show

Cs(aFi + (1= a)Fp,aGy + (1 - 0)Gz) < als(Fy, G) + (1 - a)Ls(Fy, Ga).

In view of (2.2) we get

VteR: F1<t — (5) — Lg(Fl, Gl) < Gl(t) < Fl(t + 5) + Lg(Fl,Gl) (2.7)
VteR: FQ(t — (5) — Lg(FQ, Gg) < Gg(t) < Fg(t + 5) + L(S(FQ,GQ). (2.8)

Consider the expression a- (2.7) + (1 — a)- (2.8). Preserving all sides of the inequalities
yields

VteR: OéFl(t — (5) + (1 — Oé)FQ(t — (5) — [a . Lg(Fl,Gﬂ + (1 — a)Lé(F27G2)}
<aGq (t) + (1 — Oé)GQ(t)
SOéFl(t + (5) + (1 — Oé)FQ(t + (5) + [Oz . Lg(Fl, Gl) + (1 — Oz)L(;(Fg, Gg)}

We then have
als(F1,G1) + (1 — a)Ls(Fa, Ga) € 1s(aF1 + (1 — a)Fy, aG1 + (1 — a)Ga).

This gives the claim. O
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Corollary 2.22. Consider balls of the type
B(F,r) = {G: L5(F,G) <1},

with 0 > 0, radius 7 > 0, and cumulative distribution functions F and G. Then B(F,r)
1S CONVET.

Proof. Consider the pairs of cumulative distribution functions (F,G;) and (F, G2), with
G1,Go € B(F,r). Applying Lemma yields

[J(;(F, aGi + (1 - Oé)Gg) < aLg(F, Gl) + (1 — Oz)Lg(F, GQ), a € [0, 1]. (2.9)
Since G1,Gy € B(F,r), it follows that Ls(F,G1) < r and Ls5(F,Gs) < r. Use to get
Ls(F,aGi+(1—a)Ge) <ar+(1—a)r=r, ac]l0,1]

or, equivalently,
aG1+ (1 —a)Ge € B(F,r), «a€]0,1],

which proves the claim. ]

2.2 Relation of the Levy gauge to convergence concepts

Until now, only the right continuity property and the boundedness of F' and G have been
used. However, they are not arbitrarily chosen functions but cumulative distribution ones.
In this context, it is essential to explore the meaning of the Levy metric and the Levy
gauge with respect to major concepts of probability theory.

Definition 2.23 (Convergence in distribution). Consider a sequence of random variables
(Xn)nen with corresponding cumulative distribution functions (Fy,)nen and another random
variable X with the cumulative distribution function F. In addition, let C' C R be the set
of continuity points of F'. One says that X,, converge in distribution to X if it holds that

Vte O lim Fy(t) = F(t).

n—o0

We will denote this by X, — X.

First, we will show the relation of the Levy metric to the convergence in distribution
and we will use this result to prove the similar statement for the Levy gauge.

Theorem 2.24. Let (X,)nen, (Fn)nen, X, F and C' be as in Definition . Then we
have the following equivalence:

L(F,,F) — 0 +—= X, >X.

n—0o0

10
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Proof. Clearly, the Levy metric of the functions F;, and F' depends on n. For the sake of
readability, in the current proof we will denote £L(F,,, F') = L(F, F},,) only by L.
[ Let t be a point of continuity of F' (i.e., t € C C R). Since L — 0 by assumption,

n—oo
it is clear that ¢t + £ v t. In view of 1) we obtain
VieC:Ft—£L)— L <F,t)<F{t+L)+ L
—_—
e RO e SACRIEEE
In other words, lim,,_,~ F},(t) = F(t) for any point of continuity ¢, which yields the first
direction of the statement. -
[<] Let ¢ > 0 and extend the domain of F;, and F' to R under the conventions
F(—o00) = F(—00) = 0 and F(00) = Fy,(c0) = 1.
Choose real-valued points fo, ... %5, k < oo, such that

—00 = %0 <t << %k = 400, with F(%p—) —F(%p_l) < -,Vpe [k]

=1 M

The points #, are defined iteratively as follows:
Assume we have chosen j — 1 points such that F(t,—) — F({,—1) < 5,Vp € [j — 1]. Let

1~fj I= sup {t > %j—l : F(t—) — F(%j_l) < Z} .
Note that ij is well-defined, since

F(t—) — F(%j_l) = ]P’(%j_l <X < t) 1 ]P’(X € Q)) =0.
tltj—1

If %j = o0, then we are done. Otherwise, we continue with the iterations.

It is not clear from the approach above that the procedure ends in finitely many steps,
i.e., k < oo. To prove this, we will consider the following

Claim: For ¢; < oo it holds that F(t;) — F(t;—1) > £.

The claim can be derived by contradiction. Assume that F(t;) — F(t;—1) < §, for {; < oc.
By the right continuity of F' we have

Jt>1: Ft)— Fi_y) < Z and F(t—) — F(i_1) < Z
Now we conclude
%j <t < sup {t > ij_l : F(t—) — F(ij_l) < Z} = gj,

which is a contradiction.
Note further that fp,Vp € [k] are not necessarily continuity points of F. Due to the
separability of R (C' is a dense subset of R), we can consider a new partition, as follows:

® iy = Zo,tk = %k

11



2 The Levy Gauge

o Ift, € C,pelk—1],set t, =1,
e If ¢, ¢ C, choose t, > 1, such that t, € C and F(t,) — F(tp—1) < 5.

Moreover, this construction guarantees that

- ~ ~ € €
F(tpq1) — F(tp) < F(tp+1) — F(tp) < 1 < 7
Thus, we have a new partition tg,...,t;, k < oo, such that
t,e C,VpeOUk] and F(t,) — F(ty_1) < g

In addition, it holds that the finite number of points k depends on ¢, for instance, k < L%J .
Let now = € R, meaning that there exists ¢;, j € [k], such that « € [t;_1,¢;). In other
words,

Fo(tj—1) < Fp(x) < Fu(t;) and  F(tj—1) < F(x) < F(t;). (2.10)
Furthermore, the assumption of convergence in distribution implies that

and Fn(tjfl) — F(tjfl) > —%.

(2.11)

Ing =no(j,e) eN:Vn>ng:  Fu(tj;) — F(t;) <

| ™

Combining all these results, we conclude

Vn>ng: Fy(z) — F(z+¢) < Fy(z) — F(z) < Fu(t;) — F(tj_1)

Proceeding in a similar way, we can show that Vn > ng : Fj,(z) — F(z —¢) > —e. To sum
it up, we conclude

Vn>ng: Flx—¢) —e < Fp(x) < F(z +¢).
Since k < oo, we can choose an appropriate ng(j,¢) for any j € [k] and take

N = maxng(j,¢).
jek

Then we have
Ve e RVn>N:F(x—e)—e< Fp(z) < F(x+¢)+e¢,

giving that Yn > N : € € 7(F,,, F), or L(F,,, F') < e. This gives limsup,, , .  L(F,, F) <e¢
Letting € | 0 proves the claim. ]

12



2.3 Influence of § on the Levy Gauge Ls

Lemma 2.25. Let (X,,)nen, (Fn)nen, F and X and C be as in Deﬁm’tion. Then X,

converges to X in distribution (i.e., X, — X ) if and only if Ls(F,, F) — 0 for any
n oo

0> 0.

Proof. With Theorem [2:24] it is enough to prove the following statement:

L(F,,F) — 0 <= Y0>0:LsF,, F) — 0.

n—oo n—o0

[=] By the first inequality of Lemma [2.11] we have
0 < min{0, L5(Fp, F)} < L(F,, F).
Hence,

0 < limsup min{d, L5(Fy, F)} < limsup L(Fy, F) = lim L(F,, F) =0.

n—00 n—+00 n—0oo

This holds true for any § > 0, yielding the claim.
[<] For the reverse direction, use the second inequality of Lemma and take lim sup
on both sides to conclude

0 < limsup L(F,, F) < limsup max{d, L5(F},, F)} = 6.

n—oo n—o0

This holds for all 6 > 0 and under the assumption that L5(F),, F') — 0. This finishes

n—0o0

the proof. O

2.3 Influence of § on the Levy Gauge {;

The results in this section are related to the influence of the shift 6 on L5(F, G). In other
words, here we consider the map ¢ — Ls5(F,G) for arbitrary cumulative distribution
functions F' and G.

Lemma 2.26 (Monotonicity of the Levy gauge). The map 6 — Ls(F,G) is monotonically
non-increasing. That is, for some nonnegative shifts 0 < § < ¢ it holds true that

[’5/(F7G) < Lé(F7G)

Proof. Recalling the fact that the infimum is attained (in view of Lemma and (2.2))
and with the right continuity of F' we conclude

VEER:F(t—0)—Ls < F(t—0)—Ls <G(t) < F(t+0)+ Ls < F(t+6") + Ls.
Thus, L5 € 74, proving the statement. [

The properties of the map 6 — L5(F,G) can be further examined regarding continuity.
It turns out that right continuity always occurs, as illustrated by the following.

Lemma 2.27. It holds that L5(F,G) = limg, |5 L5, (F,G), for any 6 > 0 and a sequence
(0n)nen, such that oy ] 9.

13



2 The Levy Gauge

Proof. lims, |5 L5, exists because of the monotonicity of the Levy gauge (Lemma
and together with the boundedness, given in Remark
Let A = limg,, |5 L5, with A < L5, due to Lemma It remains to show that £5 < A.
We use the symmetry of L5 (Lemma and get

VneN,VteR: G(t) < F(t+0,)+ Ls,(F,G) and F(t) < G(t+ on) + L5, (F, G).
Letting n — oo and using the right continuity of F' and G now yield

VieR:G(t) < F(t+6)+ A and F(t) < G(t+6)+ A
Thus, we have A € 75, or L5 < A, proving the statement. ]

Remark 2.28. Provided that the solution of the fixed point equation 6 = Ls(F, G) exists

(in view of Remark , and together with Lemmata and it is easy to see
that this solution is unique. Examples and illustrate both cases (existence and

non-existence of the solution, respectively) for given cumulative distribution functions F
and G.

Until now, we have seen that the map § — Ls(F,G) is non-increasing and right-
continuous. However, it is not left-continuous in general.

Example 2.29. Let F(t) = 1}y 4o0)(t) and G(t) = %IL[_%’ o) () F %ﬂ[i too) (1) We will

consider two cases.

e Case 1: § € [0, i) For e > 0 we have € € 75 if and only if the inequalities from

Table 2.1: Values to compare (Case 1)

t —00 —i =y o % +00
F(t—9)—c¢ —& —€| —¢ |1—¢| 1—¢
G(®) 2| 2 | 5 | 1
F(t+06)+¢ € e |1+e|l4+e| 1+4¢

Definition [2.9 are satisfied. The yellow cells in Table [2.1] indicate the places where
they do not follow directly. Hence, the Levy gauge is the smallest € > 0, such
that % < gVt € [—i, —6) and 1 —¢e < %,Vt € [5, i) In other words, we obtain
Ls(F,G)=1.

o (ase 2: § € [%, +oo). We proceed in a similar way as in Case 1.
Since all inequalities are satisfied for any choice of € > 0 (Table , it follows
Ls(F,G) =0.

Combining both cases gives the following expression for the Levy gauge:

<

Wl

190
Ls(F,G) = 3 5

)

IV IA
= O
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2.3 Influence of § on the Levy Gauge Ls

Table 2.2: Values to compare (Case 2)

t —0 -5 —1 1 0 +4oo
F(t—9)—c¢ —€ —€ —€ —€ 1-¢
G(t) 0 0 3 1 1
F(t+0)+e € l4e|l+e|l+e| 1+¢

To sum it up, we have a map § — Ls(F,G), which is non-increasing and right-continuous
(in the sense of Lemmata cmd but not left-continuous. Moreover, the fized
point equation 6 = Ls(F,G) does not have a solution, as one can see from the graphical
representation, given in Figure [21}

Ls

B[

=

Figure 2.1: Visualisation of the map § — L4 (in red)

However, the Levy metric L(F,G) is well-defined. To see this, use the representation
of the Levy metric from Corollary[2.19 to get

L(F,G) = inf{5 >0:6 > Ls(F,G)} = i

Example raises the question whether we can find some mild assumptions which
are necessary to guarantee the continuity of the map 6 — Ls5(F, G). Moreover, in view
of Remarks and [2:2§ this would also guarantee the existence of the solution of the
fixed point equation 6 = L5(F, Q).

One possible assumption is the continuity of at least one of the distribution functions F
and G. The exact choice of the function does not play a role due to the symmetry of the
Levy gauge. We will summarize this in the following result.

Lemma 2.30. Consider L5(F,G), where 6 > 0 and F' is continuous. Show that the map
d— Ls(F,G) is also continuous.

Proof. First, we will show that for any sequence (d,,)nen, With dy, — 0,0 € R it holds

sup |F(t + 6,) — F(t 4 8)] —» 0. (2.12)

teR n—oo

15



2 The Levy Gauge

We will further use the convention that F(—oo) =0, F(+00) = 1.
We will prove the claim by contradiction. Assume that there exist a sequence (t,)nen, a
subsequence of indices (ng)gen, and a constant ¢ > 0, such that

|F(tn, + 6n,) — F(tn, +9)] >¢, Vnp>N,N eN.
Under the assumption that (¢, )ren converges in R, we can distinguish between two cases.

o Case 1: t,, k—) t,t € R. Then we get
—00
|[E(tny, + Ony) = Etny, +0)| — [F(t+0) = F(t+9)| =0,
—00

which is a contradiction to the assumption.

o Case 2: t,, k—> +00. Then we have
—00

|F(tn, + 0n,) — F(tn, +9)] — |F(+oo) — F(£o00)| =0,

k—o00

which is again a contradiction.

Note that (5, )ken does not necessarily converge. However, R is compact and there exists
a converging subsequence (t,, )ien (Bolzano-Weierstrass setting). Therefore, we can refer
to the cases above by taking 2"1«1 instead of ¢,, .

It is now enough to prove the left continuity of the map 6 — L5(F,G). Let (9, )nen be a
sequence that converges from below to 4, i.e., §,, 1. In addition, fix some ¢ > 0. Since
holds for any § € R, we can derive the following two statements.

dng e N:Vn>ny,, VteR: F(t+)9)
Ing eNVn>nf, VteR: F(t—90)

F(t+46,)+e¢ (2.13)

<
> F(t—6,)—c. (2.14)

Take now N = max{ng,ng }. Combining all results leads to the following:

(2.14) 2.2)

Vn>N, VteR:F({t—6,)—(Ls+e) < Ft—268) —Ls < G(t)
S Ft+0)+Ls < F(t+0n) + (L5 +e).

Hence, Vn > N : L5 +¢ € 75-. Together with the monotonicity of the map (Lemma ,
we obtain
Vn> N :[Ls- —Ls| <e.

Since € was arbitrarily chosen, the result follows. O

Remark 2.31. In Lemma [2.30] we proved that if we have a continuous cumulative
distribution function F', then follows. Note further that the other direction holds
trivially: if a function satisfies , then it is continuous. In other words, continuity of
a cumulative distribution function F' is equivalent to condition ([2.12]).

16



2.3 Influence of § on the Levy Gauge Ls

Remark 2.32. The assumption that at least one of the underlying cumulative distribution
functions is continuous is only necessary but not sufficient. We can find examples where
two cumulative distribution functions F' and G with different points of discontinuity may
still produce a continuous map ¢ — L5(F, G).

0, t<0
Example 2.33. Let F(t) = ]l[§ +OO)(t) and G(t) =<t, 0<t<
47
t>1

A

L,
We will consider three cases, as follows:

e Case 1: § € [0, 2—10) As in Example we will summarize the values in a table.

Table 2.3: Values to compare (Case 1)

3 3 3 4
t —oo 0 1—6 1 Z+5 5 +00
F(t—46)—c¢ —€ —€ —€ — |1l—¢| 1—¢
G(t) 0 t t t ¢ 1
F(t+9)+e¢ € € l+e|1l4+e|l4e| 14¢

Recall that the Levy gauge is the smallest € > 0, such that all inequalities, derived
from the columns of Table[2-3, are satisfied. This can be reduced to the following
cases (in yellow):

t<eVte [0, % — 5), giving the candidate €1 = % — 9.

1—e<t,Vte [% + 9, %) Setting t* =1 —t gives now € > t*,Vt* € (%, % — 6],
giving the candidate e9 = % -4

Since €1 > €9 and both yellow cases must be satisfied, we obtain

Lg(F,G) =&1 = 2 — 4.
e (Case 2: § € [2%,%).

Table 2.4: Values to compare (Case 2)

3 3 4 3
F(t—9)—c¢ —€ —€ —€ —€ —€ 1—¢
G(t) 0 t t t 1 1
F(t+9d)+e € € l+e|l+e|l4e| 1+4¢

In a similar fashion, note that all inequalities in Table always hold, up to the
yellow case t < e,Vt € [0, % —9). In other words, in this case we obtain

Lo(F,G) = Z )

17



2 The Levy Gauge
e (Case 3: § € [%,-ﬁ-oo).

Table 2.5: Values to compare (Case 3)

t —00 39§ 0 3 22445 400
F(t—0)—c¢ —e —e —e —e —e 1—¢
G(t) 0 0 t t 1 1
Ft+d)+e 5 l+e|l14e|l+e|l4e| 1+4¢

Since all inequalities in Table[2.] are satisfied for any choice of €, it follows that

L5(F,G) = 0.

We can now summarize the map 6 — Ls(F,G), as follows:

3 3
-0, 0<d<y
0, §>3

£o(F, ) = {

The graphical representation is provided in Figure[2.9 Moreover, the fized point equation
§ = Ls(F,G) has a unique solution, so we obtain that L(F,G) = 3.

Ls

[SY]

oolw

ool
EN[M]

=

Figure 2.2: Visualisation of the map § — Ls (in red)
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3 The Levy Gauge in the Setting of
Prediction Intervals

This chapter considers the relation of the Levy gauge to prediction intervals. In doing so,
it is essential to introduce some definitions and specific notations.

Definition 3.1 (Quantile). Consider a cumulative distribution function F' and some
a € R. Then the quantile of F is defined as

QY .=inf{t e R: F(t) > a}.
The quantile QF takes values in the extended real line R.

Remark 3.2. For convenience, we will use the conventions F((—oc0)—) = F(—o0) =0
and F(4o00) = 1. In addition, we will always take inf ) = +oo0.

In addition, we need some results that clarify the connection between « and the
corresponding quantile.

Lemma 3.3. Consider the setting of Definition|3.1. Then the following claims hold true:
o Ifa <0, then QF = —c0.
o Ifa>1, then QF = +o0.
o Ifac0,1], then F(QF—) < a < F(QF).
Proof. We will consider the three cases separately.
e o < 0: Since F(t) > «,Vt € R, the claim follows directly from the definition.
e a > 1: Since F(t) < a,Vt € R, it holds Qf = inf ) = +occ.

e a € [0,1]: Note that o = 0 is the only possibility to obtain QX = —occ. In view of
Remark we have F((—c0)—) =0 = a = F(—oc0). In addition, QX = +o0o can
be achieved if and only if & = 1 and the claim follows directly.

Now assume that QX € R and consider some sequence (¢ ),en, such that ;7 | QL.
That is,
QY <tf ' ¥neN and F(tf)>a,VneN.

The right continuity of F' now yields

a < lim F(t]) = F(QL).

n—o0

19



3 The Levy Gauge in the Setting of Prediction Intervals

Similarly, take some sequence (£, )nen that converges to QX from below, i.e., t- + QF.
Therefore,

F(t;)<a,VneN and F(QE-)= lim F(t;) < a.

n—oo

Combining both results gives the statement.
O

Corollary 3.4. If a1 >0 and az < 1, we have F(QL)) — F(QL =) > as — ay. Similarly,
Jor ay <1 and iy > 0, we have F(QL,—) — F(QL,) < o — 1.

Proof. Consider the case a; > 0, g < 1. We have to apply Lemma [3.3] treating oy and
o separately:

e If g €[0,1], we have F(Qf —) < ay < F(QL)), therefore,
—F( 51*) > —aq. (3.1)
For a; > 1 it is easy to see that
F(Qa,—) < F(Qq,) = F(+00) =1 < oy
and follows immediately.

o If as € [0, 1], we obtain
F(Qr,) > as. (3.2)
For ag < 0 we have Q§2 = —o0 and 1) follows.

Adding (3.1) and (3.2)) to one another gives the statement.
To obtain the second statement of the corollary, apply the first result with exchanged oy
and ao, that is,

F(Qq,) — F( F—)>a1—ao.

a2

Multiplying both sides by —1 finishes the proof. O

Until now we discussed the set 75(F,G) from the perspective of the underlying cu-
mulative distribution functions. Moreover, it was further noticed that 75(F,G) =
[Ls(F,G),+00). In this sense, it seems natural to find an alternative representation
which is based on the quantiles.

Lemma 3.5. It holds that

5(F,G)={e>0:YaeR: QL . —6<QF <QF . +4}.

20



Proof. Let E={e>0:VaeR: QL _—6<Q§ <QL,. +4}.
Let € > 0. Assume first that ¢ € 75(F, G). Note that for any ¢ € R with G(¢) > a,a € R
we get

F(t+4+0)>G({t)—e>a—c¢,

in view of Remark 2.8l We can rewrite this as events:
{teR:Gt) >a} C{teR:F(t+0)>a—c}.
Taking infimum on both sides and Definition [3.1] yield

QS >inf{tcR: F(t+0)>a—c}=inf{tcR: Ft)>a—c}—-0=QL _ -4

a—e
Swapping F' and G gives now

VaeR: QL > Q. -
Obviously, this is equivalent to

Va e R: Qa < Qa+5

ie,e€e b.
Assume now that € ¢ 75(F, G). This may hold true when at least one of the conditions in
75(F, G) is violated, that is,

It €R:GUY) > F(t* +8) +e or F(t*) > G(t* +6) +e. (3.3)

We will prove only the first case, since the second one is Completely analogous.

Set o = G(t*), which implies that Q%. < t*. In addition, (3.3 gives F(t* +6) < a* — ¢,
meaning that t*+§ < QF.__. Hence, there exists a* € R, buch that Q%. <t* < QF.__—9,
therefore, ¢ ¢ E.

a*—eg* a*—e¢

O]

Corollary 3.6. Let ag, a2 € R. Fiz ( to be either [ or (, and ) to be either | or ). For
e € 75(F,G), we then have

< oq+e +5 Qag e > <Qa17Q52> g < o —€ 6 Qanga > (34)

Proof. Since ¢ € 75, we can apply Lemma [3.5] to the upper end points and conclude

ag 5_5<Q Qa2+a

Similarly, for the lower end points, we obtain

Q§1+5+5ZQ Qal s_

Combining both results gives the claim. O
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3 The Levy Gauge in the Setting of Prediction Intervals

Remark 3.7. As stated in Amann, Leeb and Steinberger [2025] the result from Corollary
"allows us to sandwich the coverage probability of a prediction interval based on a
distribution function G by the coverage probabilities of prediction intervals, based on
another distribution function F". This turns out to be useful for the results below.

Before we proceed to the main result in this chapter, we need additional notation for
certain prediction intervals. Let a1, a9, € R and F be some cumulative distribution
function. Then we will denote by

o F
011[52(6) = [ 51 - 67 Qgg +6]7 041‘[042(5) = ( 51 - 57 Q§2 + 5)

the corresponding distorted prediciton intervals.

If 6 > 0, we are talking about J-inflated (or just inflated) prediction intervals. If § < 0,

then the corresponding prediction interval is said to be J-shrunken. If § = 0, we will

o F

simply write allolj; and o, [,,,, respectively. Furthermore, if le -6 > Q§2 + 9, we will

set the interval to be the empty set ().

Lemma 3.8. Let F' and G be cumulative distribution functions, and let U be a random
variable. In addition, let € > 0,6 > 0. If Ls(F,G) < e (or, equivalently, € € 75(F,G)),
then

jnf {{P(U € 0, I5(6)) —P (U € ay4If, )} >0 and (3.5)
sup {P(U € 0I5 (=0)) =P (U € oI )} <0. (3.6)
o102

Proof. Let € € 75(F, G). Replace F, G, a; and ay in Corollary B.6] with G, F, a1 + ¢ and
ag — €, respectively. Then the second part of 1} entails o, 4¢ C o, IS (9), therefore,

F
IO(Q—E = a1~ a9

P(U € 0, 15,(8) =P (U € ay415,_.) >0,

a1t g ag—¢&

for any ay < ag, implying (3.5)).
In a similar fashion, use Corollary B.6] with G, F,a; — ¢ and a9 + €, respectively, and
obtain by the first part of (3.4) that o, IS, (—6) C a,—cIL ... This entails

P (U € 0,15,(=0)) =P (U € ay—cIL,

ag+e

) <0,

for any a1 < ag, implying (3.6). Note that replacing [ with (, and | with ) gives the same
results in view of Corollary 3.6
O

We can now proceed to the main result in this chapter.

Proposition 3.9. Let U be a random wvariable, F and G be cumulative distribution
functions, with F(t) =P(U <t). Then it holds that

Ogafgﬁl {P(U € 0, IS (6)) — (a2 — 1)} > —2L4(F,G) and (3.7)
sup {]P’ (U € alfi(—é)) — (g — al)} < 2L5(F,G). (3.8)
0<a;<az<l1
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Proof. Since a; + L5 > 0 and ag — L5 < 1, for any 0 < ag < ay < 1, Corollary [3.4] yields
P (U € ayeslay—c,) = F(Qh,—c,)—F(QF 10,—) = (aa—Ls)—(a1+L5) = ag—a1—2L5.
Hence,

P (U € 0,I5,(0)) — (2 — a1 — 2L6) 2 P (U € o, IS, (8)) =P (U € ay40,IL, ;) =0,

a1-ag a1 tag

due to (3.5). Since this holds for any 0 < a; < ag < 1, we obtain (3.7)).
Similarly, recall that as + L5 > 0 and a3 — L5 < 1 and apply Corollary to conclude

°

F
P (U € 041—[/5]a2+[,5) = F( §2+L5_) - F( 104:‘1—@5) Sax—oar+ 2’55

It remains to apply (3.6) to finish the proof. O

Remark 3.10. Based on Proposition [3.9) it is easy to see that for any € > L it holds

: G
ocal ) {P(U € a,15,(0)) — (g —a1)} = —2L5(F,G) > —2¢ and
. (-3
sup {]P’ (U c alli(—d)) ~(as — al)} < 205(F,G) < 2.
0<ar<az<1

Moreover, if we take some 0* > 4, then [P (U € al.ofi(—é)) > P (U € o, IS (—6%)), which
yields
sup  {P(U e alloci(—é*)) — (g — o)} < 2e.
0<a1<az<1

The last statement from Remark provides a result for the supremum case, which
holds true for closed shrunken prediction intervals. The "price" for that is the tiny
enlargement of § to some §*, which is strictly positive. Since in the following chapter we
will need the results in the other direction, we will take the negations of all results from
Remark [3.10] and formulate this more precisely in the following.

Corollary 3.11. Let § > 0,6 > 0, F and G be cumulative distribution functions and U
be a random variable such that F(t) = P(U <t). Then the following claims hold true:

e Ifinfoca,<as<t {P (U € 0,15,(0)) — (a2 — o) } < —2¢, then L5(F,G) > e.
e
o If SUpg<a, <as<1 {IP’ (U € a1]a2(—5)) — (a2 — al)} > 2¢, then Ls(F,G) > €.

o Let 0 < § < 6*. If SuPpcq, <ap<1 {P (U € 018 (=6%)) — (a2 — 1)} > 2e, then
Ls(F,G) > e.
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4 Application of the Levy Gauge in the
Jackknife and Jackknife4+ Methods

The Levy gauge was introduced as an object of independent interest in the paper of
Amann, Leeb and Steinberger 2025, Its relation to distorted prediction intervals, as seen
in the previous chapter, makes it a useful tool if one aims to derive asymptotic results for
methods of uncertainty quantification, such as the Jackknife and the Jackknife4. The
current chapter mostly follows the ideas, concepts and notation covered in Amann, Leeb
and Steinberger 2025, but explores more precisely the exact usage of the Levy gauge. It
turns out that under mild assumptions, the Levy gauge converges in probability, which
can be applied in some of the proofs formulated in the original paper.

Before we proceed with the above-mentioned methods of uncertainty quantification, we
need to specify the details regarding the data. In this chapter, we will mostly follow the
notation given in Amann, Leeb and Steinberger 2025, Thus, consider the training data
Ty, = (yi, ;)7 , consisting of n independent and identically distributed (i.i.d.) response-
feature pairs (y;,x;), with y; € R,z; € RP,Vi € [n], each of them being distributed
according to some Borel measure P, on the space R x RP. The dimension of the feature
vector may grow with the sample size, i.e., p = p(n). We will use 7, ,}Z as a shorthand for
the training data, consisting of all response-feature pairs without the i-th one, that is,
To' = (yi, z1);, for j € [n)\i.

In addition, let (yp41,Tn+1) ~ Pn be a new response-feature pair, which is independent
of the training data 7T,. We will denote by #,,, a predictor for the new response
Yn+1, given the training data 7, and the new feature vector x,4;. In other words,
Upy1 = Apn(Tns1,Tyn), where Ap, is the Borel-measurable function describing the

underlying prediction algorithm. Similarly, g}>f+1 would be the predictor, given T,Y and
Tn+41-

4.1 Jackknife method

The Jackknife method can be considered as a special case of the cross validation (CV),
where the number of folds equals the number of observations n. It was firstly introduced
in 1950s (Quenouille [1956, Tukey 1958)) as "a technique for reducing the bias of a serial
correlation estimator based on splitting the sample", as stated in Miller [1974l A short
review of the approach is given by Miller [1974] which investigates the role of the Jackknife
in bias reduction and in robust interval estimation.

In this thesis, we are primarily interested in the application of the Jackknife method to
the asymptotics of prediction intervals. A recent result in this direction is Steinberger and
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4 Application of the Levy Gauge in the Jackknife and Jackknife+ Methods

Leeb 2023 which proves the asymptotic conditional validity of the prediction intervals,
that is, their actual coverage probability given the observations in the training sample
converges to the corresponding nominal level. This includes the high-dimensional cases,
under certain assumptions. The paper of Amann, Leeb and Steinberger [2025] extends
these results and focuses on the asymptotic conditional conservativeness of the prediction
intervals based on the Jackknife (and more generally, the CV), under mild assumptions.
This means that "the probability of the actual coverage probability, conditional on the
training data, undershooting its nominal level vanishes asymptotically."

Taking this into consideration, we need to introduce some notation. Denote by F, ()
the distribution function of the prediction error given the training data T, i.e,

Fn(t) = P(yn+1 - @n+1 < t||Tn)'

It is clear that we need some estimator for F),. In the case of the Jackknife method,
this is the empirical distribution function of the leave-one-out residuals r; = y; — g}z\z, ie.,

n

~ 1
Fu(t) =~ Z 1{r; <t}.
=1
Having defined F',, and in view of Lemma we can rewrite the definition of the
quantile of F'y,, as follows:

A —00, a<0
Qfm =inf{t e R: Fp(t) > a} = { r(fan]), @ € (0,1] (4.1)
+00, a>1,

where r(;) denotes the i-th ordered leave-one-out residual. Therefore, the quantile can
obtain countably many values, which will be important for the results which are to be
introduced in this chapter.

As already stated, we are interested in a prediction interval based on the training data
T,, and the new feature vector x,4+1. Denote by

PI 0 (0) = Gy + Q= 6,Q87 + 0] = Gy + 0 L1517 (0) (4.2)

the d-distorted prediction interval for the unknown new response 4,11, based on the
predictor §,,, 1 and the Jackknife method. This interval has a nominal coverage probability
of g — a1. Note further that the second representation above refers to the well-known
notation from Chapter 3. We will switch between them depending on the context. For
the sake of readability, we will write PI7 ,, instead of PIJ . (0).

To proceed further, we need two more assumptions, which we will use for the rest of
the current thesis.

Definition 4.1 (Asymptotic out-of-sample stability). We will say that the predictor 4,, 1
is asymptotic-out-of sample stable (or just stable, if not stated otherwise), if

n

.1 . \i
Ve>0: lim — ;P(’yn—kl — a1l =€) =0.
1=
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4.1 Jackknife method

This is Definition 3.1 from Amann, Leeb and Steinberger [2025]

Definition 4.2 (CC-Assumption). The Continuous case assumption consists of two
components.

o Let PT be the marginal distribution of x1. Then for all n € N and P%-almost every
x, it holds that the conditional distribution of yi|x1 = x is absolutely continuous.
Furthermore, the supremum norm of the density is finite, i.e., || fy, |z, =2llo0 < 00.

e The sequence of random variables (|| fy, |z |loc)nen is stochastically bounded.

This is Definition 2.1 from Amann, Leeb and Steinberger 2025
We will now state a result regarding the convergence in probability of the Levy gauge.

Lemma 4.3 (Convergence in probability). Suppose that the prediction error yni1 — ¥y, 41
is stochastically bounded and the predictor i, 1 is stable in the sense of Definition .
Then the Levy gauge between F,, and F, converges to 0 in probability, i.e.,
Ls(Fn, Fy) 50, V6> 0.
n—oo

Proof. Let € > 0, := 250 | P(|§,11 — @7\111‘ > ¢) — 0 in view of the asymptotic
stability of the predictor. In addition, let (Ly)nen be a sequence, satisfying

1\ !
lim L, =+oc0 and L, =o, <<77n,s + > ) .
n—00 n

Lemma D.4 from Amann, Leeb and Steinberger 2025| gives the following upper bound for
w=0,L =L, and k, = n:

2P(|Yyn+1 — Unp1l > Ln) 8Ly + 126
+
€ nde?

+ 200 D) S B 2L + 36, ey — V)] (43)
=1

P(Ls(Fp, F,) > €)

IN

The first two terms in (4.3]) vanish asymptotically due to the stochastic boundedness of
the prediction error. It remains to consider the third term, containing the expectation.

By setting Z; :== min{2L,, + 30, |§,41 — @7\;1\} we get
E[Zi) = E[Zil{|jn11 — Gnal > €} + Zil{lns — Goa] <€)

<E [(2Ln +30) 1{|0nsr — D1l > €} + [Tnrs — Gt 1{I0nis — Goer] < €}
<e

< (2L + 38)P([ 1 — Il > €) +e. (4.4)
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4 Application of the Levy Gauge in the Jackknife and Jackknife+ Methods

Take now limsup,,_,, of the third term in (4.3)) to conclude

4(5n 4+ 1)
li E[Z.
im sup —— Z

(= 4(5n +1) I~ . \i
< hﬁa—i&pw (2Ln + 35); ;Pﬂyml — Gyl > ) e

< const - <lim sup(2Ly, + 30)1nc + 6) = const - €,

n—oo

due to the way we defined L,, and 7, .. Since ¢ > 0 has been chosen arbitrarily, the claim
follows. O

Theorem 4.4 (Asymptotically conservative/valid prediction intervals with the Jackknife).
Suppose that the prediction error yn 1 — .1 1s stochastically bounded and the predictor
Upna1 18 stable. Then the following statements hold true.

1. General case: For every 6 > 0 the d-inflated Jackknife prediction intervals are

asymptotically uniformly conditionally conservative, that is,

lim P [ inf  {P(yn41 € PIJ ., (O)|Tp) — (a2 — an)} > —5] =1,Ve > 0.

n— 00 0<a1 <<l a1,02
Additionally, the conditional coverage probability of d-shrunken prediction intervals

uniformly does not overshoot its nominal level asymptotically, that is,

lim P sup  {P(yn41 € PI  (=0)||T,) — (o — o)} < E:| =1,Ve > 0.

ai,a
n—oo [Oém <ap<l1

2. Continuous case: Assume further that the CC-Assumption (see Definition
satisfied. Then the non-distorted prediction interval (in other words, the case § =0)
s asymptotically uniformly conditionally valid, that is,

lim E [ sup  |P(yni1 € PIZ anan [ Tn) = (02 — 0‘1)‘] =0.
n—00 0<a1<az<1

This is Theorem 3.2 in Amann, Leeb and Steinberger 2025, The proof of the general
case is based on the results that have already been presented in this thesis. The proof of
the continuous case follows the paper of Amann, Leeb and Steinberger 2025 but together
with some necessary additional clarifications.

Proof. Consider first the general case. Use Corollary and take
U:yn+1 _@n-l—laF:FnaG:Fn-

Note further that the infimum and the supremum are measurable, since they can be
restricted to infimum and supremum over a finite set, respectively. To see this, recall from
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4.1 Jackknife method

1} that the quantiles of F,, can take countably many values. The Levy gauge is also
measurable for any cumulative distribution function due to Remark This leads to

€

. . P <
Pyttt {POnir = i € I ONIT) - (02— an)} < —¢| <P (s(FnF) 2 5).

which tends to 0 as n — oo due to Lemma The first claim from the general case
follows directly.

We can proceed in a similar way towards the supremum claim in the general case. Since
d > 0, we can always find some positive ¢’ < 4. Corollary and Lemma }.3| now yield

- F - €
P [ sup {]P’(ynH — Yny1 € al]@”(—&)HTn) — (a2 — al)} > 6:| <P (Lal(Fn,Fn) > 5) ,
0<a1<as<1

which tends to 0 for n — oo and the claim follows.
Now we proceed with the continuous case. Let € > 0 be arbitrary. We will first prove
that there exists some fixed J. = d(e), such that it holds almost surely that

IP(yns1 € PI]

1,02

(5€)||Tn) - ]P)(yn+1 S PIJ

aq,02

(_5€)||Tn)| <e. (4.5)

Recall that the predictor 4, is based on the training data 7T}, and the new feature vector
ZTp+1- In view of the CC-Assumption (Deﬁnition and for an arbitrary a € [0,1],6 > 0,
it holds almost surely

P(Ynt1 € fnyr + Q5" — 6, Q5™ + 0]||T)
= ]E[P(ynJrl € @n—i—l + [an - 5a an + 5] HTna $n+1)]

interval of length 2§
< E[min{17 26nyn+1|:pn+1 HOO}]

Now it is easy to see that

B(ynt1 € PL, 0y (OIT0) = P(yns1 € PIY, 0, (—0)||T)]

al,09 a1,02
SPYnt1 € Ppgr + QST — 6, Q57 + ) T0) + P(Ynt1 € Gy + [Q] — 6, Q57 + 01|ITn)
< 2E[min{1, 25|[ £y, . 1jensr lloo] @8- (4.6)

Note that is a general result, i.e., holding for an arbitrary § > 0. We will derive the
existence of the fixed d. from the stochastic boundedness of |[f,, .|z, |[oc. It implies the
existence of a positive M > 0, such that

. (4.7)

e o

SupP(||fyn+1|ﬂcn+1||oo > M) <
neN

Choose d. = g7 and denote Z := min{1, 26.||fy, . |w,+1 |lco }- Applying the same approach
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4 Application of the Levy Gauge in the Jackknife and Jackknife+ Methods

as in yields
e 3
E[Z] = E | Z1 {201y sfoniilloo > =} + 21 {2001 fyp0irpon oo < 7]

g
< E 111 {||fyn+1$n+1”00 8(5 }+26 nyn+1|$n+1||00 {255||fyn+1\$n+1”00 < Z}

<e/4

£

To sum up, (4.6]), and (4.8]) together yield

P(yn+1 € PIY, 0y (02)|T0) = P(yns1 € PI3, 0y (=0:)IIT0)]
G

B 3

neN

2supP(nyn+1|:tn+1HOO > M)

m@

|

€ a.s.

This proves ({.5). We can now write the following chain of inequalities:

P(yYnt1 € PI7, 0, (6:)[|T0) — € < P(yny1 € PIm as (=0 Th)
S P(yn+1 6 P aq, a2||T )
< P(yny1 € Pqu Oég( E)HTn)
< P(yn+1 € PIJ o, (—00)||Th) + € as. (4.9)

Observe further that for any choice of aq, ag, such that 0 < a3 < as < 1 it holds almost
surely

{P(yn+1 € P al,ongT = (a2 — a1)| = 2¢}
_{P(yn+l EP ag, agHT ) ( 2—0{1) 22€}U{P(yn+1 GP ag, agHT ) ( 2_a1) S_QE}

‘%{ sup  {Blynsr € PL. o (=0 >mm—«m—m»25}

0<a1<az<l

. J
0] pealt PO € P, 0, OIIT) — (02 = )} < ¢}

Recalling the fact that the supremum over 0 < a1 < ag < 1 is attained by construction
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4.2 Jackknife+ method

as a maximum of a finite set (see ({4.1])), we can apply the general case to conclude

P [ sup  |P(yn+1 € PI&ILQQHT,Z) —(ag —ay)| > 25]

0<ai<az<1

<P| _sw (Pl € P (-00IIT) ~ (r - an)} 2 ]

0<a;<az<1
"2
. J n—0o
_ _ < _ )
+P [ogaigaﬁl{mynﬂ € PIahaz((Sg)HTn) (g — )} < E:| =0
%0

Since this holds for an arbitrary € > 0, the convergence in probability follows. Now we
can apply the Dominated convergence theorem due to the boundedness of the supremum
to derive the convergence in Lq. This finishes the proof.

O

Remark 4.5. Without the two assumptions in Lemma [£.3] we can only say that if there
exists §* > 0, such that £« (F ns Fn) 2,0, then the convergence in probability of the Levy
gauge continues to hold for any d > §*. This follows directly from the monotonicity of
the Levy gauge stated in Lemma [2:26] Nevertheless, Lemma provides a statement
for any § > 0, allowing us to derive results for any J-distorted prediction interval. This
justifies the distortion of prediction intervals, including its application to the proof of the
continuous case in Theorem 4

4.2 Jackknife4+ method

A common characteristics of the Jackknife prediction intervals (either distorted or not) is
the fact that they are centered around the predictor 4,,,, see . Foygel Barber et al.
2021 modifies this approach and uses instead all leave-one-out analogues of the predictor,
ie., @7\;1,@7\111, e @7\111 Thus, Foygel Barber et al. 2021 justifies the interpretation of
the Jackknife+ prediction intervals as intervals around the median prediction based on
Iy, Vi € [n].

The theoretical foundations of the Jackknife+ method demand certain modifications of
the objects from the previous section, which allow us to use the leave-one-out analogues

of the predictor §,, ;. Denote by
Gn(t) = ]P)(yn—H < tHTn)
the cumulative distribution function of y,+1, given the training data 7). It is easy to

see that G, is nothing else than the function F,, shifted by the predictor ¢,,,, i.e.,
Gn(t) = Fu(t — 9,41).- Therefore, it makes sense to define the corresponding shifted
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4 Application of the Levy Gauge in the Jackknife and Jackknife+ Methods

empirical distribution function

n

Gnt) = Fult — Gsa) = = > 1w < 1},

=1

where u; = y; — @Z\l + U1

Note that all results for the Levy gauge Lg(l:" n, Fy) still hold true if we use the corres-
ponding shifted functions and observe instead Lg(@n, Gy). Furthermore, in view of Gn
we can rewrite the prediction interval, based on the Jackknife estimator, that is,

PI 0, (0) = [y + Q1 — 6,841 + Qh7 + 6] = [QS — 6,Q5r + 0] = 0, IS (9).

The definition of G, allows us to derive its equivalent in the Jackknife+ setting, i.e.,

n

At 1
Gr(t) = > 1w < th
=1
with v; = y; — @l\z + @7\111, and, in such a way, the quantile
—00, a<0
Gt e
Qa" = 1nf{t eR: Gn (t) > Oé} =94 Y(an]): @€ (0, 1]

400, a>1,

meaning that the latter can obtain finitely many values. In addition, denote by

PIT* (8) i= 0, IS0 (6),

aq,002 1o

the Jackknife+ distorted prediction interval. We will write again only P1I ;1]1"”” instead of
PIJ*,.(0).

Our goal now is to find some relations between G,, G, and G: based on the Levy
gauge. To do this, we first need an auxiliary result for the Levy gauge between functions

with specific structure.

Lemma 4.6. Let n € N. Consider two n-dimensional vectors a = (a;)1'_1,b = (bi)]~, as
well as a vector of weghts p = (p;)_y, i.e., p; € [0,1],Vi € [n] and Y, pi = 1. Define
further

Fo(t) =) pil{a; <t}, Fy(t) =) pil{b; <t}.
i=1 =1

Then the corresponding Levy gauge Ls(Fy, Fy) has an upper bound in the sense that

V6 > 0: Ls(Fa, Fy) <Y pil{la; — bi| > 6}.
=1
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4.2 Jackknife+ method

Proof. Since Fy, and Fy, are weighted distribution functions, the Levy gauge is well-defined.
By Lemma 2.9 we have

Ls(Fy, Fy) = igﬂg max{F,(t) — Fy(t +9), Fp(t) — Fo(t +9)}.

We can derive the following result, which holds true for all ¢t € R:
Fo(t) = Fy(t+06) = pi(1{a; <t} — 1{b; — 6 < t})
i=1

< Zpi]l{ai <t<b — 5}
=1

< Zpiﬂ{5 < b; —ai}
i=1

< zn:pillﬂai —b;| > 6}
i=1
In a similar way we obtain
Fy(t) — Fa(t+96) < ipi]lﬂai —b;| >0}, vt e R.

i=1

To sum up, we conclude
Ls(Fy, Fp) < Zn:pi]lﬂai —bi| > ¢}
i=1
O]

We can now proceed to the equivalence result regarding the behaviour of the Levy
gauge in the Jackknife and the Jackknife+ setting, respectively.

Lemma 4.7. The following two statements are equivalent.
1.6 > 0: Ls(Gn, Gn) 2 0.
2. %5 > 0: L5(G,G) B 0.

Proof. We will first derive an upper bound for Lg(@n, G: ) which holds almost surely.
To see this, apply Lemma by taking p; = %, a; = u;, by = v;, Vi € [n], with u; and v;
defined as above, and obtain

n
5 At

1 . \i
£5(GG) < =" Wligr — Gl > ). (4.10)
=1
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4 Application of the Levy Gauge in the Jackknife and Jackknife+ Methods

The Markov inequality and the stability assumption of the predictor ,,,, (in the sense of

Definition gives the convergence in probability of Lg(é’n, G: ). More precisely, for all
e > 0 it holds

J ~ 4+ 1 A ~+ 1 ~ N ~\1 n—oo
B(L5(Cn G) 2 ©) < ZELs(Gn G)] S — D Bllinga — ] > 0) 0.
i=1

Assume that £5(Gyp, Gr) %, 0,¥6 > 0. We can use the relaxed triangle inequality given
in Lemma .17 to conclude

0< Ls(Gr G < z:%(@:,én) + L5 (G, Ga) B0, V3> 0, (4.11)
2o 25

The reverse direction can be proven analogously. Assume that Lg(G: ,Gn) 50,6 >0
and swap (,, and CAJ;F in 1’ to finish the proof. O]

This allows us to formulate a corollary with a similar statement as Theorem [4.4] but this
time for the Jackknife+ method. This is Corollary 4.2 in Amann, Leeb and Steinberger
20251

Corollary 4.8 (Asymptotically conservative/valid prediction intervals with the Jack-
knife+). Suppose that the prediction error yny1 — 41 s stochastically bounded and the
predictor §,, 1 is stable. Then the following statements hold true.

1. General case: For every 6 > 0 the d-inflated Jackknife+ prediction intervals are
asymptotically uniformly conditionally conservative, that is,

lim P inf  {P(yps1 € PIZF, (6| T0) — (a2 — ar)} > _5] =1,Ve > 0.

n—00 |:0<a1<a2<1 1,02

Additionally, the conditional coverage probability of d-shrunken prediction intervals
uniformly does not overshoot its nominal level asymptotically, that is,

lim P [ sup {P(yn+1 € PI7* (=6)||T},) — (az — o)} < 5] =1,Ve > 0.

al,002
n=00  |0<a<as<l ’

2. Continuous case: Assume further that the CC-Assumption (see Definition is
satisfied. Then the non-distorted prediction interval (in other words, the case § =0)
18 asymptotically uniformly conditionally valid, that is,

lim E { sup ‘P(yn+1 € P/ 1T5) — (a2 — 041)‘] =0.

n=20  |0<ar<an<l e
Proof. Proceeding similarly to the proof of Theorem [I.4] take

U:yn-l—l?F:GnvG:G:a
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4.2 Jackknife+ method

as well as 0 < ¢’ < ¢ and use Corollary to conclude

P [ inf {P(yn+1 € 0 IS (O)|IT) — (a2 — al)} < —e] <P (Lg(Gn,G:) > g)

0<a1<az<1

/\+ ~ 5
P [ sup {P(ynH € o ISr (=0)||Ty) — (a2 — ozl)} > 5] <P <L5/(Gn,G:) > 7) .
0<ar<an<l 2

In view of Lemma Lg(Gn,G:) L0 = Lg(Gn,Gn> 25 0. It remains to apply
Lemma to derive the statements in the general case.

The proof of the continuous case is the same as in Theorem [4.4] we just have to consider
the Jackknife+ prediction intervals instead of the Jackknife prediction intervals. The
application of the general case finishes the proof. O
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