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Kurzfassung

Die vorliegende Arbeit befasst sich mit emergenten Phänomenen in Zusammenhang mit bio-
logischen Systemen mittels Modellierung, formaler Herleitungen und numerischer Simulationen
multiskaliger Dynamiken. Eine zentrale Herausforderung in der Entwicklung der Modelle besteht
darin, nicht nur die mikroskopischen Teilcheninteraktionen realistisch zu erfassen, sondern gleich-
zeitig auch auf meso- und makroskopischer Ebene mathematisch und numerisch handhabbar zu
bleiben. Hierzu wenden wir Methoden der kinetischen Theorie, des Coarse-Grainings sowie der
Numerik in drei komplementären Projekten an.

Zunächst führen wir ein teilchenbasiertes Modell ein, welches die Exklusionsinteraktionen
anisotroper Teilchen aufgrund ihres Volumens mithilfe eines gaußschen Repulsionspotentials
beschreibt. Mittels Mean-Field- und hydrodynamischer Grenzwerte leiten wir formal die zuge-
hörigen kinetischen und makroskopischen Gleichungen her und zeigen, dass dieses Potential
auf natürliche Weise nematische Ausrichtung sowie nichttriviale räumliche Effekte induziert.
Ergänzend lösen wir das teilchenbasierte System numerisch, um Parameterbereiche zu iden-
tifizieren, in denen die makroskopische Beschreibung des Systems gültig ist. Der hydrody-
namische Grenzwert führt zu einem nichtlinearen Diffusionsterm für die Teilchendichte, der von
der Anisotropie der Teilchen beeinflusst wird, sowie zu einer gekoppelten Transport-Diffusions-
Gleichung für die mittlere Orientierung der Teilchen.

Des Weiteren präsentieren und analysieren wir eine FFT (Fast Fourier Transformation)-
basierte Spektralmethode zur Simulation eines makroskopischen Modells unter periodischen
Randbedingungen, das die Bildung biologischer Netzwerke erfasst. Diese Methode ist verglichen
zu impliziten Verfahren einfacher zu implementieren und ermöglicht effiziente Berechnungen.
Wir reproduzieren den in der Literatur beschriebenen Einfluss der Aktivierungs- und Diffusion-
sparameter sowie des metabolischen Exponenten auf die Netzwerkmorphologie und analysieren
das Konvergenzverhalten in Bezug auf die Gitterverfeinerung.

Abschließend betrachten wir ein Modell zur Fasernetzwerkbildung. In diesem Modell können
Fasern Bindungen miteinander eingehen, die sich auch spontan wieder lösen. Wir erweitern
dieses Modell um ein Repulsionspotential und leiten die entsprechende kinetische Gleichung
formal her. Im Zuge dessen identifizieren wir zwei Annahmen, die für den rigorosen Mean-
Field-Beweis entscheidend sind. Somit verdeutlicht diese Herleitung wesentliche analytische
Herausforderungen, deren Bewältigung für zukünftige rigorose Beweise zentral sein wird.
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Abstract

This thesis investigates emergent phenomena associated with biological systems through the
modelling, derivation, analysis, and simulation of multiscale dynamics. A central challenge is
to develop models that both capture microscopic particle interactions and remain mathemati-
cally and computationally tractable at larger scales. To address this, we employ kinetic theory,
coarse-graining and numerical simulations by investigation of three complementary projects.

First, we introduce a particle model for anisotropic particles interacting via a Gaussian-type
repulsive potential that encodes volume exclusion. We formally derive the corresponding kinetic
and macroscopic equations via the mean-field and hydrodynamic limits and demonstrate that
this repulsion naturally induces nematic alignment and non-trivial spatial effects. Moreover, we
perform numerical simulations of the particle system to identify parameter regimes supporting
the continuum description. The macroscopic derivation reveals a nonlinear diffusion of the par-
ticle density, modulated by particle anisotropy, and a coupled transport–diffusion dynamics for
the mean orientation of the particles.

Next, we propose and study an FFT (Fast Fourier Transformation)-based spectral method to
simulate a continuum model of biological network formation under periodic boundary conditions.
The method is simpler to implement than implicit schemes and enables efficient computations.
We reproduce the previously documented influence of the activation, diffusion and metabolic
exponent parameters on the network morphology and report grid-convergence results.

Lastly, we extend a fiber network model with linking and unlinking dynamics by incorporating
a repulsive potential. We provide a formal derivation of the corresponding kinetic equation and
identify two assumptions that are critical for establishing a rigorous mean-field limit. Hence,
this derivation clarifies key analytical challenges for future rigorous proofs.
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1 Introduction

Many real-life systems exhibit complex phenomena or large-scale structures that arise from the
underlying interactions between the individual particles of the system. Examples of such emer-
gent phenomena include collective dynamics such as schooling of fish, flocking of birds, pedestrian
dynamics, traffic flow, network formation (e.g., leaf venation, fiber networks in tissues, capil-
lary formation, or ant trails), opinion dynamics, weather patterns, tumour growth, and tissue
development. These large-scale structures are not directly encoded in the interaction rules be-
tween individuals but rather emerge from the collective interplay of many interacting particles.
Predicting how such emergent behaviours develop from the underlying particle dynamics is gen-
erally not straightforward. In this thesis, we will employ kinetic theory to investigate emergent
phenomena within specific systems. To facilitate this analysis, kinetic theory distinguishes
between three levels of description: microscopic, mesoscopic, and macroscopic.

At the microscopic level, the system is described with detailed information about each
particle or individual. This level provides a comprehensive description of the system, including
the position and velocity of every molecule in a gas or the specific characteristics and locations
of all cells in a tissue.

The next scale is the mesoscopic level, which refers to an intermediate level of description.
Here, the system is characterised by the proportions of particles in various states. For instance,
this could involve describing the proportion of gas molecules at specific positions and velocities
or the fraction of cells located in specific areas with defined properties. At the mesoscopic level,
less information is retained compared to the microscopic level.

Finally, the macroscopic level focuses on observable quantities that describe collective be-
haviours of the system at larger scales, such as the average velocity of particles in a given area.
At this level, one typically captures pattern formation and emergent behaviour. Compared to
the mesoscopic scale, the macroscopic description contains less information, as it results from
an averaging process that reduces the detailed structure of the mesoscopic description.

In mathematical terms, at the microscopic level, the dynamics of individual particles or agents
are modelled explicitly through interaction rules. Here, the evolution in time of particle i repre-
sented by, for example, its position Xi ∈ Rd and velocity vi ∈ Rd is described by deterministic
or stochastic processes.
At the mesoscopic level, the focus shifts to statistical descriptions in terms of distribution func-
tions f = f(t, x, v), as provided by kinetic theory. Kinetic theory was originally developed in
the context of gas dynamics in mathematical physics. One of the most prominent kinetic equa-
tions is the Boltzmann equation [23, 32]. The distribution f = f(t, x, v) does not contain the
information of each individual particle, but rather f(t, x, v) dx dv gives the average number of
particles in position x with velocity v at time t in the volume dx dv. Thus, compared to an
individual-based model, we lose the information on the individual particles. Therefore, kinetic
equations for f = f(t, x, v) give the evolution of the average behaviour of the system over time.
Finally, at the macroscopic level, the collective behaviour of the system is captured by continuum
equations for quantities like the density ρ(t, x) and the mean velocity v̄(t, x) of the particles,
which depend only on time and space.

As mentioned, understanding the principles of emergence is essential for explaining the oc-
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currence of observable phenomena. The general goal is to link the different levels of description
using mathematical methods. In doing so, we gain insight into the mechanisms of emergence,
so that these three levels form a natural hierarchy of models, each reducing complexity while
retaining essential features of the system.

However, deriving effective kinetic and macroscopic models from particle interactions, while
retaining essential features of the underlying microscopic system, remains a central challenge.
A key concept in this context is the method of coarse-graining, i.e., the process of reducing the
complexity of the microscopic model in order to obtain effective descriptions at larger scales.
Here, we will focus on the method of the mean-field limit, i.e., letting the numbers of particles
N go to infinity, to go from microscopic to mesoscopic scales and the hydrodynamic limit, i.e.,
rescaling the system by a small parameter ε and let ε go to zero, in order to derive according
macroscopic equations from the mesoscopic description of a system. Figure 1.1 provides a
short graphical overview of the connection of the different levels of description. Examples of
microscopic systems include particle interaction models, which might involve Newton dynamics
(but not necessarily), such as e.g., [37,83,84,99]. As already mentioned, one of the most famous
kinetic equations is the Boltzmann equation [23,32]. Note, that it is not obtained as a mean-field
limit from the underlying Newton dynamics [50,61]. Other prominent types of kinetic equations
obtained as mean-field limits are Vlasov-type [81] or Fokker-Planck-type equations [93]. At
the macroscopic level, we are considering hydrodynamic equations, which also include Euler-
type equations [13, 14, 95]. Nowadays, the applications of kinetic theory and coarse-graining
are extended far beyond the classical context of gases to for example liquid crystals (see e.g.,
[28,41,59]), swarm dynamics (see e.g., [30,31,42,44]), opinion formation (see e.g., [4, 5, 52–54]),
pedestrian dynamics (see e.g., [1, 38,57,75] ) and biological systems (see e.g., [7, 34,39,74,91]).

microscopic

(Xi, ui)
N
i=1

(particle dynamics)

mesoscopic

f(t, x, u)
(kinetic equations)

macroscopic

ρ(t, x),Ω(t, x)
(continuum PDEs)

e.g., Newton equations e.g., Vlasov-type or
Fokker–Planck-type equations

e.g., Euler-type or
Hydrodynamic equations

mean-field limit
N → ∞

hydrodynamic limit
ε→ 0

Figure 1.1: Schematic illustration of the connection between microscopic, mesoscopic, and
macroscopic model descriptions with representative examples. The curved arrows
indicate the mathematical tools, i.e., the mean-field limit (N → ∞) and the hydro-
dynamic limit (ε → 0), in order to link the levels. A detailed example is given in
Section 1.1.

To gain full insight into models across different scales of description, numerical simulations
play a crucial role, as many systems are too complex to be fully understood solely analyti-
cally. Hence, numerical experiments are vitally important for exploring emergent behaviour and
for investigating the model dynamics beyond the reach of theory. Especially in the context of
coarse-graining, numerical simulations are a fundamental tool to assess whether mesoscopic and
macroscopic descriptions of a system capture the behaviour observed at the microscopic level.
They also help to determine the influence of the system’s parameters on the emerging dynamics.
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Therefore, developing appropriate numerical methods is essential for gaining insight into the
equations and understanding the connection between different scales.

This PhD thesis addresses several challenges and complements current research in the areas
outlined above. In Chapter 2, we derive not only the kinetic equation but also the macroscopic
description for a discrete system of non-overlapping ellipsoidal particles, and we support the
analysis with numerical simulations of the underlying particle system. Chapter 3 introduces a
new numerical method for a continuum model that captures the emergence and evolution of
biological networks. Finally, Chapter 4 is devoted to the derivation of a kinetic equation for a
system of fibers undergoing dynamic linking and unlinking processes.

In the following, we complement this conceptual overview with a short introduction to the
formal derivation of kinetic and macroscopic models from the underlying microscopic system.

1.1 Bridging Microscopic, Mesoscopic, and Macroscopic Models:
A Formal Overview and Example

The purpose of this section is to provide a short formal overview of the coarse-graining process
depicted in Figure 1.1, which forms the theoretical foundation for the models developed in
Chapters 2 and 4. We briefly outline the connection between microscopic particle models and
their mesoscopic and macroscopic descriptions. This illustrates that kinetic theory serves as an
intermediate bridge between the microscopic dynamics and the macroscopic description. The
following sections are based on [33,49,96,100].

1.1.1 Microscopic Description

In the following, we will exemplarily consider an interacting particle system of N particles with
positions Xi ∈ Rd and velocities Vi ∈ Rd for all particles i ∈ {1, . . . , N} and where d is the
dimension of the considered space. The motion of each particle over time is described by a
system of ordinary or stochastic differential equations (ODEs or SDEs), depending on whether
random fluctuations are included. A general formulation of such a system reads

dXi(t) = Vi(t) dt

dVi(t) = Fi(t,X1(t), . . . , XN (t), V1(t), . . . , VN (t)) dt+
√
2D dBt

i

for all i ∈ {1, . . . , N} and where Fi denotes the sum of all deterministic forces acting on particle
i (e.g., nematic alignment, repulsion, attraction, or external forces from the surrounding tissue).
Furthermore, (Bt

i)i=1,...,N are independent Brownian motions, also known as the Wiener process,
which model stochastic perturbations acting on particle i at time t. The constant D > 0 denotes
the noise intensity. The trajectory of each particle is thus governed by the combined effects of
deterministic particle interactions and random motion.

In the following, we will state the discrete Vicsek model as one of many examples of such
particle interaction models. We will also present its corresponding mesoscopic and macroscopic
descriptions in the subsequent sections.

The discrete Vicsek model. The original Couzin-Vicsek model [36,99] was first introduced
as a time-discrete algorithm, and it describes the particles’ interactions for animal societies such
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as fish schools or bird flocks. A particle is described by its position Xi ∈ R3 and its orientation
ωi ∈ S2, where S2 is the 2-dimensional unit sphere, for all i = 1, . . . , N , with N being the total
number of particles. A particle is moving with constant speed c > 0 with orientation ωi, and
it modifies its orientation over time to adopt the mean orientation ω̄i of its neighbours, up to
some noise. Hence, particle i aligns its orientation with the mean orientation of its surrounding
particles. In [49], Degond and Motsch reformulated this model in terms of a time continuous
dynamical system, which reads

dXi(t) = cωi(t) dt,

dωi(t) = Pω⊥
i
◦
Ä
νω̄i(t) dt+

√
2D dBt

i

ä
,

with ω̄i(t) =
Ji(t)

|Ji(t)|
, Ji(t) =

∑
j,|Xj−Xi|≤R

ωj

for all particles i ∈ {1, . . . , N}. Here, Pω⊥
i

denotes the orthogonal projection onto the subspace
orthogonal to ωi and (Bt

i)i=1,...,N represents independent Brownian motions. The equation de-
scribing the orientation’s evolution must be understood in the Stratonovich sense, which is
indicated by ‘◦’. This guarantees that ωi stays on the sphere S2 for all times. The parameter
ν > 0 gives the strength of alignment, and the parameter R > 0 gives the radius of interaction
of the particles.

1.1.2 Mesoscopic Description

As the number of particles N for the microscopic dynamics increases, it becomes infeasible and
computationally expensive to track the individual trajectories of all the particles. Moreover,
since the process (Xi(t), Vi(t))

N
i=1 evolves in a space of dimension 2dN , taking the limit N → ∞

will be challenging. Hence, it becomes both unnecessary and inefficient to retain full microscopic
details. To obtain a reduced statistical description of the model, we assume that the evolution
of each particle depends only on its current state (Markov property) and that all particles are
indistinguishable. Furthermore, we introduce the empirical measure fN (t, x, v) ∈ P(Rd × Rd),
defined by

fN (t, x, v) :=
1

N

N∑
i=1

δ(Xi(t),Vi(t))(x, v).

Here, δ(Xi(t),Vi(t))(x, v) = δXi(t)(x)δVi(t)(v) represents the Dirac delta distribution on Rd × Rd

located at (Xi(t), Vi(t)) at time t. Although fN is a random measure, it belongs to the common
space of probability measures P(Rd × Rd) for all N .

As already mentioned, we want to compute the limitN → ∞, i.e., the mean-field limit, in order
to coarse-grain the microscopic system and obtain an averaged statistical model, namely, the
kinetic equation. In terms of the empirical random measure fN , this corresponds to determining
its limit, provided it exists. Therefore, we consider a sequence of deterministic initial empirical
measures fN0 = fN (0, x, v) such that fN0 → f0 as N → ∞ for some deterministic probability
density f0 = f(0, x, v). Then, the mean-field limit for this sequence holds true if and only if for
almost all t > 0

fN (t, x, v) → f(t, x, v) as N → ∞,

where f = f(t, x, v) denotes the solution of the corresponding kinetic equation with initial
condition f0. The function f(t, x, v) dx dv gives the proportion of particles located at the space
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element dx dv at time t.
To formally derive the corresponding kinetic equation, one considers an arbitrary test function,

which is smooth with compact support, i.e., φ(x, v) ∈ C∞
c (Rd × Rd), and computes

d

dt
⟨φ, fNt ⟩, where ⟨φ, fN ⟩ :=

ˆ
R2d

φ(x, v) dfN .

Then, by applying Itô’s formula to the microscopic system, substituting dXi, dVi and reformu-
lating the resulting expression in weak form, one obtains a closed equation for fN . Eventually,
passing formally to the limit N → ∞ leads to the desired kinetic equation of the mesoscopic
system. A concrete example of such a kinetic equation is given by

∂tf(t, x, v) +∇x · (F (t, x, v)f(t, x, v)) +∇v · (F (t, x, v)f(t, x, v)) = D∆vf(t, x, v).

Hereinafter, we provide the mesoscopic description of the Vicsek model.

Vicsek model - kinetic formulation. In [49], Degond and Motsch not only formulated the
Couzin-Vicsek algorithm in terms of a time continuous SDE but also derived a mesoscopic de-
scription. The corresponding kinetic equation for the particle distribution function f = f(t, x, ω)
reads

∂tf + cω · ∇xf = D∆ωf −∇ω · (Ff),

where F and ω̄ are defined as

F (t, x, ω) = ν(cos θ̄)Pω⊥ω̄(t, x, ω), cos θ̄ = ω · ω̄,

ω̄(t, x, ω) =
J(t, x)

|J(t, x)|
, J(t, x) =

ˆ
y∈R3,v∈S2

K(|x− y|)vf(t, y, v) dy dv.

The operator ∇ω· is the divergence on the 2-dimensional unit sphere S2 and ∆ω the Laplace
operator on S2. Moreover, K(|x|) is the observation kernel typically given by the indicator
function of a ball centred at the origin with radius R.

Additionally, we state that the second term on the left side of the mean-field limit represents
a transport term and thus accounts for free motion in direction ω with constant speed c. The
right-hand side of the equation describes changes in the orientation ω. More precisely, the di-
vergence term containing F features the alignment interactions, and the diffusion term with
diffusion constant D arises from the Brownian motion and thus accounts for random motion.

1.1.3 Macroscopic Description

By passing from the microscopic description of the particle system to the mesoscopic kinetic
formulation, we have already reduced the level of detail contained in the model. We seek to
further coarse-grain the model, as we want to describe macroscopic observables, i.e., averaged
quantities such as the particle density ρt = ρ(t, x) and the mean velocity v̄t = v̄(t, x), cap-
turing emergent phenomena at large scales. These macroscopic quantities are moments of the
distribution function f = f(t, x, y)

ρ(t, x) =

ˆ
Rd

f(t, x, v) dv, ρ(t, x)v̄(t, x) =

ˆ
Rd

vf(t, x) dv.
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To derive their evolution equations, we will focus on a formal derivation from the kinetic equa-
tion via dimensional scaling, performing the hydrodynamic limit ε → 0 and moment-closure
methods. First, we perform a dimensional analysis to obtain a dimensionless form of the ki-
netic equation. Thus, we introduce some microscopic reference length x0 and time t0 such that
x̃ = x

x0
, t̃ = t

t0
, where x̃ and t̃ denote the dimensionless microscopic variables for space and time,

and all other variables, parameters and functions become dimensionless as well.
Next, we scale either space and time or some modelling parameters by some ε > 0 in order to
carry out the hydrodynamic limit. This procedure can lead, for instance, to hydrodynamic-type
equations or diffusion limits, depending on the form of the kinetic operator and the scaling
regime under consideration. In particular, considering a hyperbolic scaling for space and time,
the dimensionless kinetic equation is rewritten in terms of the new macroscopic variables x̂ := εx̃
and t̂ := εt̃. This means that a small change in space or time at the macroscopic level will be-
come a large change in space or time at the microscopic level. Hence, such a scaling can also be
interpreted as zooming out of space and speeding up time in order to capture the macroscopic
behaviour of the system compared to its microscopic dynamics.

Considering a hyperbolic scaling in space and time for the generic dimensionless kinetic equa-
tion stated in the paragraph on the mesoscopic description can then be expressed, for example,
as

∂t̂f
ε + v̂ · ∇x̂f

ε =
1

ε
Q(f ε),

with f ε := f̂(t̂, x̂, v̂) and where Q(f ε) = D̂∆v̂f
ε − ∇v̂ · (F̂ (t̂, x̂, v̂)f ε) is the so called collision

operator, which carries the information on the changes in the velocity v̂. As we formally perform
the hydrodynamic limit, i.e., ε → 0 and thus Q(f ε) = 0, we assume that f ε → f0 ∈ kerQ.
Hence, the characterisation of the local equilibrium f0 is essential to derive the macroscopic
equations. For a general Fokker-Planck-type collision operator (as given above), the elements of
the kernel and thus the equilibria are given by f0 = ρ(t̂, x̂)M(v̂, v̄). Here, M(v̂, v̄) is a normalised
distribution and its particular shape (such as a Maxwellian or von Mises-Fisher distribution)
depends on the collision operator and thus the microscopic interactions.

As mentioned in the beginning, these macroscopic observables ρ(t̂, x̂) and v̄(t̂, x̂) are defined
via the first and second moments of f . The corresponding evolution equations for these quan-
tities are derived by integrating the kinetic equation with respect to v̂. Hence, multiplying the
kinetic equation by 1 and v̂, integrating with respect to v̂ and applying suitable moment-closure
techniques (e.g., standard conservation laws or the method of Generalised Collision Invariants)
gives rise to the mass and momentum balance equations.

Especially in the case of collective motion or alignment-based models, standard conservation
laws might be insufficient and hence, e.g., mass but not momentum will be conserved by the
collision operator Q, i.e.,

´
R2 v̂ Q(f0) dv̂ ̸= 0. To overcome this, Degond and Motsch [49] intro-

duced the concept of Generalised Collision Invariants (GCI), which we will employ in Section 2.
By this concept, the classical notion of collision invariants is extended to be applied to particular
models of collective dynamics.

To close this section, we state the macroscopic description of the Vicsek model.

The Vicsek model - continuum model. The formal derivation of the hydrodynamic limit
and thus the large-scale system, often referred to as the Self-Organised Hydrodynamics (SOH)
system, from the kinetic equations has been obtained via the method of the Generalised Collision
Invariant by Degond and Motsch in [49]. The limit f0 is given by f0 = ρMΩ with ρ(t, x) ≥ 0 and
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MΩ(ω) being the according von Mises-Fisher distribution. We have that the particle density
ρ is given by ρ =

´
S2 f0(t, x, ω) dω as well as the mean orientation Ω by Ω(t, x) = J/|J | with

J =
´
S2 ωf0(t, x, ω) dω. Thus, the continuum model reads

∂tρ+∇x · (c1ρΩ) = 0,

ρ (∂tΩ+ c2(Ω · ∇x)Ω) + λPΩ⊥∇xρ = 0,

where c1, c2 and λ are constants determined in the course of the derivation. The first equation
ensures mass conservation, and the flux term describes how the density ρ flows along the mean
orientation Ω with constant speed c1. The second equation expresses the evolution of the mean
orientation Ω over time. The material derivative, i.e., the first two terms of the equation, de-
scribes the alignment process moving along the flow. The last term of the equation indicates
the influence with intensity λ of the density gradient on the reorientation of the collective flow.
Here, PΩ⊥ again ensures that Ω stays on the unit sphere, that is |Ω| = 1.
These macroscopic equations capture well the emergence of collective behaviour, such as the
flocking of birds or schooling of fish, which arises from the interplay of the particles at the mi-
croscopic level. In Figure 1.2, we give a visual overview of the three different levels of description
of the Vicsek model.

microscopic

particle dynamics

mesoscopic

(kinetic equations)

macroscopic

(continuum PDEs)

dxi = cωi dt,

dωi(t) = Pω⊥
i
◦
Ä
νω̄i(t) dt+

√
2D dBt

i

ä
∂tf + cω · ∇xf = D∆ωf −∇ω · (Ff)

∂tρ+∇x ·(c1ρΩ) = 0,

ρ(∂tΩ+ c2(Ω·∇x)Ω) + λPΩ⊥∇xρ = 0

mean-field limit
N → ∞

hydrodynamic limit
ε→ 0

Figure 1.2: Illustration of the relation of the different levels of descriptions and their correspond-
ing equations for the Vicsek model. The curved arrows indicate the mean-field limit
(N → ∞) and the hydrodynamic limit (ε → 0), which link the levels and provide
the mathematical tools for deriving the corresponding equations.

1.2 Outline and Contribution of the Thesis

A central challenge in the study of emergent phenomena is to construct models that both capture
the essential features of the underlying microscopic dynamics and remain mathematically and
computationally tractable at large scales. On the one hand, deriving mesoscopic and macroscopic
equations from individual-based dynamics is not straightforward and often involves approxima-
tions whose appropriateness must be carefully assessed. On the other hand, efficient simulation
of such models, particularly when involving complex network structures or non-linear interac-
tions, poses significant numerical difficulties. This thesis addresses these challenges through three
distinct projects. In Chapter 2, we model a system of particles that interact through volume
exclusion interactions. Specifically, we study anisotropic particles interacting via a Gaussian-
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type repulsive potential. We not only perform numerical simulations on this discrete system but
also derive the corresponding mesoscopic and macroscopic equations formally. In Chapter 3, we
consider a model for network formation, such as blood vessels or leaf venation, and propose a
novel simulation strategy based on the fast Fourier transform (FFT) for solving the governing
PDE. In Chapter 4, we revisit the kinetic model of fiber networks, based on the continuum model
of Degond et al. [39], and provide a modified formal derivation that incorporates fiber repulsion
to account for volume exclusion effects. Together, these projects advance the understanding
of multiscale modelling by combining numerics, extensions of existing kinetic frameworks, and
new derivations that connect microscopic rules to macroscopic behaviour. Hereinafter, we will
provide a brief overview of each of these topics and state how they complement current research.

1.2.1 A Repulsive Potential Model to Account for Volume Exclusion Interactions

Volume exclusion interactions play a crucial role in a wide range of physical and biological
systems and are essential to the emergence of collective behaviour such as swarming [103] and
the spontaneous alignment of anisotropic particles [51], including, for example rice corns [88],
liquid crystals [97] or certain types of cells [73]. Nevertheless, many models of collective dynamics
forgo explicit volume exclusion interactions and instead prescribe alignment forces directly, see
e.g., [45, 46, 49]. As a consequence, these models neglect the influence of volume exclusion
interactions on particle positions and treat alignment as an imposed mechanism rather than an
emergent effect.

In Chapter 2, we adopt a more direct approach. We investigate how a Gaussian-type repulsive
potential, which encodes volume exclusion interactions at the microscopic level, affects not only
the directional but also the spatial evolution of anisotropic particles across different modelling
scales (from microscopic to macroscopic). This framework enables us to study alignment that
naturally emerges from volume exclusion interactions, rather than as an externally prescribed
rule. Our goal is to especially explore the influence of the repulsion potential on the particle
density at the macroscopic level, since in classical models, the alignment potential affects only
the orientations and does not modify the particle positions.

Because steric interactions, such as volume exclusion interactions, strongly depend on parti-
cle shape, we introduce a model for anisotropic particles whose geometry explicitly enters the
interaction potential. In dimension two, the particles are represented as ellipses with ℓ and d
defining the lengths of the major and minor axes, while in dimension three, we consider either
oblate or prolate spheroids. A schematic illustration of the two-dimensional particle shape is
shown in Figure 1.3.

ℓ

d
X1

u1 ℓ

d

X2

u2R

Figure 1.3: Two anisotropic particles (ellipses) with their centres X1, X2, the distance between
the centres R := X2 − X1 and their directions given by the principal axes u1, u2
respectively.

We define the following first-order dynamics for N identical particles with centres Xi ∈ R2
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and directions of their main axis u ∈ Sn−1, where Sn−1 is the (n − 1)-dimensional unit sphere,
for all i ∈ {1, . . . N}

dXi = −µ 1

N

N∑
j=1

∇XiV (ui, uj , Xj −Xi) dt+
√

2Dx dB
t
i ,

dui = −λ 1

N

N∑
j=1

∇uiV (ui, uj , Xj −Xi) dt+ Pu⊥
i
◦
√
2Du dB̃

t
i , (1.2.1a)

where ∇ui is the gradient on Sn−1 and P⊥
ui

the orthonormal projection onto the orthonormal space
to ui ∈ Sn−1. Note that equation (1.2.1a) must be understood in the Stratonovich sense, which
is indicated by ‘◦’. This guarantees that ui ∈ Sn−1 for all times within the existence interval
of the solution. Moreover, the constants µ, λ,Dx, Du are positive and Bt

i , B̃
t
i are independent

Brownian motions acting on the position and direction of particle i ∈ 1, . . . N . The weighted
Gaussian repulsive potential V takes the form

V (u1, u2, R) := (4π)−n/2det(Σ)1/2 exp
Ä
−RTΣ−1R

ä
,

with Σ = γ1 + γ2 and γi = (ℓ2 − d2)ui ⊗ ui + d2Id, i ∈ {1, 2}. Here, ℓ > 0 and d > 0 denote the
length of the minor and major axes of a particle, Id is the (n× n)-dimensional identity matrix,
and u ⊗ u := (umuk)m,k∈{1,...,n}. The repulsive potential V acts on the distance between two
particles Xj −Xi and their directions ui, uj .

We not only perform the mean-field limit N → ∞ but also the hydrodynamic limit ε → 0 of
the system and analyse the emergent effects of the anisotropic repulsive potential on the particle
density and the particles’ mean direction. Not only at the macroscopic level, but also already
in the kinetic equation, we can observe the effects of nematic alignment on the system arising
from the weighted Gaussian potential. By applying the formalism presented in Section 1.1 for
the coarse-graining process, in the simplest setup, we obtain the following complex system of
macroscopic equations for the particle density ρ = ρ(t, x) and the mean direction Ω = Ω(t, x)

∂tρ = Dx∆xρ+ µ∇x · (K(η(ρ))ρ∇xρ) ,

∂tΩ+ µΠ2(ρ)(∇xρ · ∇x)Ω + µ

Å
Du

λ
− Dx

µ

ã
PΩ⊥∆xΩ = 0, (1.2.2a)

where K is the non-linear diffusion term for the density equation. Note that the equation for
the particle density ρ does not depend on the mean direction Ω of the particles, but on their
anisotropy via the factor K. The term η = η(ρ) is a function given implicitly. The presence of
K results in a slowdown of the non-linear diffusion for increasing anisotropy of the particles.

The key concept in deriving the evolution equation for Ω builds upon recent advancements in
the field of Generalised Collision Invariants by Degond et al. [41]. We eventually obtain dynam-
ics for the mean direction that involve complex transport and diffusion processes, which are also
influenced by the particles’ positions. Hence, the second term of equation (1.2.2a) represents
the transport of Ω in the direction of ∇xρ. Note that Π2 arises from the anisotropic repulsive
potential acting on the positions and would vanish if µ = 0. Furthermore, the third term is the
diffusion in the direction Ω. Note, that PΩ⊥ ensures Ω to stay on the sphere. Moreover, we
observe that in the case of µ = 0, i.e., the repulsive potential is not acting on the positions at the
discrete level, the diffusion of Ω only arises from the Brownian motion acting on the particles’
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positions. Thus, µDu/λ establishes an anti-diffusion effect.

Alongside these analytical results, we additionally investigate the microscopic particle dynam-
ics numerically. We not only obtain numerical boundaries for the non-linear diffusion constant
K for the equation of ρ, but also investigate the effects of different interaction potentials (e.g.,
the normalised Gaussian potential or the Berne-Pechukas potential [19]) on the system. Further-
more, we study the influence of the anisotropy on the evolution of the particles’ positions and
directions, as well as how different values of the diffusion constants Dx and Du affect the system.

A key conclusion that we draw from this chapter is that a purely anisotropic repulsive poten-
tial — motivated by volume exclusion interactions of elongated particles — can naturally lead
to nematic alignment and a non-trivial spatial organisation of the particles influenced by the
shape of the particles. In particular we observe that for two different particle shapes (oblate
and prolate) different behaviour emerges and, interestingly, the well-posedness of the equation
constraints the possible values of the parameters.

Future work of this project will include the investigation of other types of anisotropic repul-
sive potentials, e.g., the Lennard-Jones potential [82], as well as compactly supported volume
exclusion potentials. Additionally, we will perform numerical experiments on the presented
macroscopic system.

1.2.2 A Spectral-Based Method for Network-Formation PDEs

Understanding the formation and adaptation of biological transport networks is a fundamental
problem in mathematical biology. Examples of such biological networks are leaf venation in
plants [35, 85] or blood circulation in mammalians [94]. Since these networks are critical for
the survival and functionality of living organisms, it is vitally important to gain an in-depth
understanding of these networks. One approach to do so are mathematical models and their
numerical simulations, and it still remains a challenge to accurately simulate the dynamics of
such models describing network formation. Hence, Chapter 3 is dedicated to the numerical
investigation of a continuum model for biological network formation in porous media, which
has been explored in a series of papers (e.g., [2, 3, 9, 66, 67]) and is based on the discrete model
for biological transport networks introduced by Hu and Cai [78]. The PDE model describes
the evolution of the hydraulic conductivity m = m(t, x, y) ∈ R2 via an activation term, a
reaction term, and a diffusive term. The parabolic equation for m is further constrained by
an elliptic Poisson equation for the fluid pressure p = p(t, x, y) ∈ R, which describes the local
mass conservation. Hence, considering time t ∈ [0,∞) and the space variables x, y ∈ R, the
continuum model is given by the following system of equations

−∇ · [((m⊗m) + rId)∇p] = S, (1.2.3)

∂tm−D2∆m− c2(m · ∇p)∇p+ |m|2(γ−1)m = 0. (1.2.4)

Note, that we define the tensor product ⊗ as m ⊗m := (mimj)i,j∈{1,2} and Id is the (2 × 2)-
identity matrix. Moreover, r(x, y) ≥ r0 > 0 is the isotropic background permeability of the
medium, γ ∈ R the exponent of the metabolic term, D > 0 the diffusive constant and c > 0
the activation parameter. Furthermore, the source and sinks in the medium are represented by
S = S(x, y). Compared to previous studies, we consider the system to be defined with periodic
boundary conditions (before homogeneous Neumann and Dirichlet boundary conditions were
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investigated) on a bounded rectangular domain Ω ∈ R2 with smooth initial condition for m.
In Chapter 3 we propose a new numerical method for (1.2.3)-(1.2.4) that exploits the advan-

tages of the fast Fourier transform (FFT) not only to solve the elliptic Poisson equation for p
via the Conjugate Gradient (CG) method but also to compute the derivatives of m and p in
the splitting method for the evolution equation of m. Note that in the right setting, the FFT is
much faster compared to other methods with a reduced computational cost of just O(N logN)
for N grid points. In particular, compared to existing methods (mostly based on finite elements
and implicit methods), this method is simple – it avoids the assembly/inversion of large sparse
matrices –, delivers high accuracy, and is scalable to three dimensions, which is the dimension
relevant for many applications, such as vascularisation.

To showcase our method, we illustrate its efficiency by capturing the characteristic branching
and adaptation behaviour of the network. We recover previous results on the influence of the
critical modelling parameters of the system: the diffusive constant D, the activation parameter c
and the exponent of the metabolic cost term γ. Specifically, the experiments demonstrate that an
increase in c enhances branching and increases the density of the network. Smoother and simpler
networks result from larger D and smaller values of γ, which induce tree-like branching patterns.
Additionally, we study the effects of different initial conditions for m as well as different setups
for the source and sink term S, which lead to the evolution of diverse network morphologies.

Overall, the proposed numerical method successfully captures the complex dynamics of the
investigated biological network formation model. Notably, the convergence results we provide in
this work suggest a high order of convergence, attributed to the application of FFT. However,
some challenges remain open: the method is not unconditionally energy-stable and retains a time
step restriction due to stiffness, some of which could be improved with better preconditioners
for the CG method or using an adaptive time step.

1.2.3 Derivation of a Kinetic Equation for a Fiber Network

Understanding the emergence and evolution of fiber networks in the extracellular matrix (ECM)
is essential for explaining tissue mechanics and function, particularly in fibrous tissues such as
adipose tissue, where fiber–cell interactions can shape tissue development [90]. Chapter 4 is
dedicated to the formal derivation of the kinetic equation for a fiber network model introduced
by Degond et al. in [39], in which fibers are considered to be built out of fiber unit elements
of fixed length. The fiber elements are subject to a linking and unlinking process. By the
linking process, longer fibers are created; by unlinking, longer fibers break down into smaller
ones. The linking and unlinking process models the remodelling of the fiber network. Moreover,
when fibers link, they tend to align – this models the fiber networks’ resistance to bending. In
a nutshell, the fiber network captures the following features: variation in length, branching off,
breakage of fibers, resistance to bending and random movement in position and orientation of
the fiber elements.

Importantly, the interactions among the fibers are not based on their relative distance but on
an evolving network of links. This makes the mean-field limit difficult. Our goal is to recast
the proof presented in [39], where the derivation is based on heuristic counting and conditional-
probability arguments. In our proof, we aim to use solely empirical objects: the empirical fiber
distribution and the empirical link measure. This viewpoint clarifies the structure of the limit
and the assumptions needed to make it rigorous.

We will now briefly state the discrete system for the evolution of the fiber network. Let us
consider N rod-like fiber elements of fixed length L characterised by their centres Xi ∈ R2 and
orientations θi ∈ [−π, π) for all i ∈ {1, . . . N}, for a cartoon of the fibers see Figure 1.4. Then

11



Xi

θiL
Xi Xj

Xij = Xji

ℓij ℓji

Figure 1.4: Left: a fiber unit element with centre Xi, orientation θi and length L. Right: Two
linked fibers i, j with centres Xi, Xj , linking point Xij = Xji and the distances from
their centres to the linking point ℓij and ℓji.

the motion of the fibers is described by the second-order system of the following SDEs

dXi = −µ∇Xi (Wlinks +Walign +Wrep) dt+
√
2Dx dB

t
i ,

dθi = −λ∂θi (Wlinks +Walign +Wrep) dt+
√
2Dθ dB̃

t
i .

These dynamics correspond to a gradient flow that drives the system toward minimising the
total potential energy given by the sum of Wlinks, Walign, Wrep. Wlinks corresponds to the
linking force while Walign denotes the nematic alignment force between linked fibers and Wrep

represents a repulsive potential. Moreover, the strength of the potentials is parameterised by
the positive coefficients µ, λ > 0. Furthermore, (Bt

i)i=1,...,N and (B̃t
i)i=1,...,N denote independent

Brownian motions and Dx ≥ 0, Dθ ≥ 0 represent their diffusive constants.
In addition to this system of evolution equations for the fibers’ position and orientation, we

consider a linking and unlinking process, each given by a Poisson process with according linking
and unlinking rates. The rate for link creation depends on the capability to form a link, i.e., the
closeness, of two fibers.

We formally compute the mean-field limit for the deterministic part of the dynamics, based
on the formalism presented in Section 1.1.2. Therefore, we obtain, considering the diffusions Dx

and Dθ to be zero, i.e., Dx = Dθ = 0, and a time interval during that no linking and unlinking
of fibers takes place, for the fiber’s probability density f = f(t, x, θ) and the linking measure
g = g(t, x, θx, ℓx, y, θy, ℓy) the following system of kinetic equations

∂tf −∇x · F1 − ∂θF2 + µ∇x · (∇xψ
R ∗ f) + λ∂θ(∂θψ

R ∗ f) = 0,

where ‘*’ denotes a convolution and

dg

dt
−
Å
∇x ·

( g

f(t, x, θx)
F1(t, x, θx)

)
+ µ∇x ·

Ä
g(∇xψ

R ∗ f)(t, x, θx)
ä

+∇y ·
( g

f(t, y, θy)
F1(t, y, θy)

)
+ µ∇y ·

Ä
g(∇yψ

R ∗ f)(t, y, θy)
ä

−
Å
∂θx
( g

f(t, x, θx)
F2(t, x, θx)

)
+ λ∂θx ·

Ä
g(∂θxψ

R ∗ f)(t, x, θx)
ä

+ ∂θy
( g

f(t, y, θy)
F2(t, y, θy)

)
+ λ∂θy ·

Ä
g(∂θyψ

R ∗ f)(t, y, θy)
ä
= 0.

We denote g/f(x,θx) = 0 if f(x, θx) = 0. Here, F1 arises from the linking potential acting on the
position and F2 from the linking and alignment potentials acting on the orientations of the fibers.
Moreover, ψR represents the repulsive potential. The linking measure g = g(t, x, θx, ℓx, y, θy, ℓy)
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is proportional to the probability of finding a link between (x, θx, ℓx) and (y, θy, ℓy) at time t.
A key outcome of deriving the kinetic equation by solely employing the empirical fiber dis-

tribution and the empirical link measure is the clear identification of assumptions which are
critical for the rigorous mean-field limit, such as the existence of a bijection between labels and
fiber positions (heuristically supported by repulsion). In future work, we will investigate ways
to establish a rigorous proof of this result and its connection to the theory of graphons.
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2 Macroscopic Effects of an Anisotropic
Gaussian-Type Repulsive Potential:
Nematic Alignment and Spatial Effects

This chapter has been published as Macroscopic effects of an anisotropic gaussian-type repulsive
potential: Nematic alignment and spatial effects, S. Merino-Aceituno, S. Plunder, C. Wytrzens,
H. Yoldaş, Mathematical Models and Methods in Applied Sciences, 35(10):2129–2179, 2025. and
is reprinted with permission from the publisher.
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Abstract

Elongated particles in dense systems often exhibit alignment due to volume exclusion inter-
actions, leading to packing configurations. Traditional models of collective dynamics typically
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impose this alignment phenomenologically, neglecting the influence of volume exclusion on parti-
cle positions. In this paper, we derive nematic alignment from an anisotropic repulsive potential,
focusing on a Gaussian-type potential and first-order dynamics for the particles. By analyzing
larger particle systems and performing a hydrodynamic limit, we uncover the effects of anisotropy
on both particle density and direction. Our findings reveal that while particle density evolves
independently of direction, anisotropy slows down nonlinear diffusion. The direction dynamics
are affected by the particles’ position and involve complex transport and diffusion processes,
with different behaviors for oblate and prolate particles. The key to obtaining these results lies
in recent advancements in Generalized Collision Invariants offered by Degond, Frouvelle and Liu
(KRM 2022) in [41].

2.1 Introduction

Volume exclusion interactions play a central role in many physical and biological systems. In
particular, they are fundamental in explaining emergent patterns like swarming [103], and spon-
taneous alignment of anisotropic particles [51]. The latter is called nematic alignment. The
term nematic indicates that the alignment takes place in a given direction (not necessarily in
a given orientation): if u1, u2 ∈ Rn are such that |u1| = |u2| = 1, we say that the two vectors
are nematically aligned if u1 = ±u2. Nematic alignment is sometimes referred to as apolar
alignment since it is in contrast to polar alignment which requires u1 = u2. Some examples of
nematic alignment can be found in suspensions of rod-like particles in high-densities [17], and
biological systems like myxobacteria [46].

2.1.1 Volume Exclusion and Nematic Alignment

Various volume exclusion models have been proposed to investigate cell dynamics, such as the
vertex model [6, 58, 76] and other packing systems [40]. However, most agent-based models
consider the agents as point-particles and impose phenomenological behavior that is assumed to
be caused by volume exclusion interactions. Particularly, in most of these mathematical models
for collective dynamics, the particle alignment is imposed via a force term without dealing with
the contact interactions directly, see, e.g., [45, 46,49].

Typical models for collective dynamics with nematic alignment take the following shape:
agents move at a constant speed and try to align their direction of motion with one of their
neighbors up to some noise. Specifically, we consider N agents who are identified by their
positions Xi ∈ Rn, n ∈ {2, 3} and their directions ui ∈ Sn−1 on the n − 1-dimensional sphere.
Then their dynamics are governed by

dXi = v0ui dt, (2.1.1a)

dui =
1

N

N∑
j=1

K(|Xi −Xj |)∇uiVnem(ui, uj) dt+ Pu⊥
i
◦
√
2Du dBi, (2.1.1b)

Vnem(ui, uj) := λ(ui · uj)2, (2.1.1c)

where ∇ui is the gradient on the sphere, Vnem(ui, uj) is the potential producing nematic align-
ment, Pu⊥

i
is the orthonormal projection onto the orthonormal space to ui ∈ Sn−1, and

(Bi)i=1,...,N are independent Brownian motions for i = 1, . . . , N . The stochastic differential
equation (2.1.1b) must be understood in the Stratonovich sense. This is indicated with the sym-
bol ‘◦’ and it ensures that ui remains on the sphere for all times where the solution is defined.
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The constant v0 in (2.1.1a) is the speed of the particles and Du > 0 in (2.1.1b) is the diffusion
constant of the directions. Moreover, the function K ≥ 0 is an interaction kernel measuring the
influence of the potential force depending on the distance between particles. The constant λ > 0
describes the strength of the alignment force, which is expressed as the gradient flow dynamics
of the potential Vnem = Vnem(ui, uj). One can easily check that, indeed, the maximizer of this
potential corresponds to ui = ±uj , i.e., when two particles are nematically aligned. In this
regard, we say that the model (2.1.1a)-(2.1.1c) imposes alignment for the particles. We refer the
reader to, e.g., [42, 45–47,72,89], for models that use this approach or a similar one.

In the present work, we follow a different approach. We do not wish to impose alignment
directly, but to investigate how it might emerge naturally from volume exclusion interactions.
In particular, we study how volume exclusion interactions affect both the directions and the
positions of the particles.

However, deriving continuum equations from agent-based models that undergo contact inter-
actions is mathematically extremely challenging, see, e.g., [25,26]. This is why up-to-date there
is no rigorous coarse-graining for excluded volume dynamics starting from the first principles.
Even in the widely-studied Boltzmann equation, the derivation from discrete dynamics (a par-
ticle system undergoing elastic collisions) is still unknown for large times [21]. For this reason,
contact interactions are often approximated by using soft interaction potentials, like repulsive
potentials, that produce active forces when two agents get closer than a given distance [22,29,48].

In this article, we focus on a particular repulsive potential that is used for simulating the
interactions of anisotropic particles: the Gaussian repulsive potential [19] for elliptic (dimension
n = 2) or spheroidal (dimension n = 3) particles, see Figure 2.1. For related works in the
biophysics literature see, e.g., [17, 18].

Our goal is to investigate for which shape of the Gaussian potential we obtain an alignment
force for the continuum equation, and what is the effect of this force on the positions of the
particles. The reason for the last point is that in classical models for nematic alignment, the
potential only modifies the direction of motion of the agents, but not their positions. One can
expect that, from interaction forces, agents may push each other modifying their positions. The
question of interest here is what effect this pushing has on the positions of the particles.

ℓ

d ui

Xi

ui

d
d

ℓ

x

y

z

d

d

ℓ

x

y

z

(a) Ellipse d < ℓ (n = 2) (b) Prolate spheroid, d < ℓ (n = 3) (c) Oblate spheroid, d > ℓ (n = 3)

Figure 2.1: Spheroids are obtained by rotating an ellipse, shown in (a), around one of its principal axes.
If the revolution is around the major axis, the spheroid is called prolate (b); if it is around
the minor axis, it is called oblate (c).
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2.1.2 A Discrete Model for Anisotropic Particles

In this article, we study particles with either elliptic shape in the case of dimension n = 2 or
spheroidal shape for dimension n = 3 (see Figure 2.1). In both cases, the particles are identical
and are identified by their center X ∈ Rn, the direction of one of the axes specified by a unit
vector u ∈ Sn−1, and the lengths of the major and minor axes. In dimension n = 2, u denotes
the direction of the major axis whose length is ℓ ≥ 0 and the length of the minor axis is denoted
by d ≥ 0. In dimension n = 2, the main axis is the principal axis, i.e., the axis with longer
length; whereas in dimension n = 3, the main axis is the axis of rotation.

We define the constant χ to characterize the shape of ellipses and spheroids,

χ :=
ℓ2 − d2

ℓ2 + d2
, (2.1.2)

which measures the anisotropy of particles. In dimension n = 2, we have that χ ∈ [0, 1]. In
this case, χ = 0 and χ = 1 correspond to circular and rod-shaped particles, respectively. In
dimension n = 3, we have χ ∈ [−1, 1]. In this case, the negative values of χ correspond to oblate
particles (rotation around the minor axis), and the positive values of χ correspond to prolate
particles (rotation around the major axis); see Figure 2.1. In particular, χ = 0 corresponds to
spheres; χ = −1 to infinitely flat disks; and χ = 1 to infinitely thin rods.

We consider N identical particles identified by their centers Xi ∈ Rn and the direction of their
main axes ui ∈ Sn−1 (notice that this is not uniquely defined as ui and −ui prescribe the same
direction) for i = 1, . . . , N . Two particles (Xi, ui), (Xj , uj) are said to be (nematically) aligned
when ui = ±uj . For simplicity, here we consider only inert particles, i.e, v0 = 0. However, this
could be easily extended.

We assume that the repulsive potential Vb acts on the distance between the centers of two
particles Xj−Xi and the directions of their main axes ui, uj , i.e., Vb(ui, uj , Xj−Xi). The model
follows the steepest gradient descent of the potential Vb together with some noise both in the
positions of the centers and in the directions of the main axes and it is given by

dXi = −µ 1

N

N∑
j=1

∇XiVb(ui, uj , Xj −Xi) dt+
√
2Dx dBi, (2.1.3a)

dui = −λ 1

N

N∑
j=1

∇uiVb(ui, uj , Xj −Xi) dt+ Pu⊥
i
◦
√
2Du dB̃i, (2.1.3b)

where ∇ui and Pu⊥
i

are the same as before, Bi, B̃i are independent Brownian motions for i =
1, . . . , N ; and µ, λ,Dx, Du are positive constants. The potential Vb corresponds to an anisotropic
repulsive potential. In [24], the authors propose a model to describe the motion of spheroidal
particles that are suspended in an incompressible fluid. The system (2.1.3a)-(2.1.3b) can be seen
as the overdamped regime for these equations when there is no fluid.

In particular, notice that the potential Vb acts also on the distance between the centers of the
particles. This effect does not appear in the classical nematic-alignment model (2.1.1a)-(2.1.1c).
Our goal is to investigate how this potential affects the mean-nematic direction and the positions
of the particles. To carry this out, we derive a kinetic equation (see Section 2.1.3) for system
(2.1.3a)-(2.1.3b) as a first step and subsequently we obtain continuum equations from the kinetic
equation (see Section 2.2).

Let us have a closer look at the interaction potential. We describe the binary interactions
between identical particles (ellipses for n = 2, or spheroids for n = 3, see Figures 2.1 and 2.2)
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via an anisotropic Gaussian-type potential Vb of the form

Vb(u1, u2, R) = (4π)−n/2b(u1, u2) exp
Ä
−RTΣ−1R

ä
, (2.1.4)

where b(u1, u2) ≥ 0 is a scaling factor, R = X2 − X1 is the vector between the centers of two
particles, and the over index ‘T’ denotes the vector transpose. The matrix Σ is given by

Σ = γ1 + γ2,

where
γi = (ℓ2 − d2)ui ⊗ ui + d2Id, i ∈ {1, 2}.

Our particular choice of the scaling factor b is given by

bWG(u1, u2) :=
(
1− χ2(u1 · u2)2

)1/2
= det (Σ)1/2 . (2.1.5)

Using the scaling factor (2.1.5), the weighted Gaussian potential (2.1.4) takes the following form:

VbWG(u1, u2, R) := (4π)−n/2det(Σ)1/2 exp
Ä
−RTΣ−1R

ä
. (2.1.6)

We dedicate Section 2.3.1 to a detailed explanation of repulsive potentials and some numerical
simulations to show their effect on the dynamics of interacting particles. This section also
includes a more detailed motivation for our particular choice of the scaling factor (2.1.5). Before
we explain the kinetic equation arising from the particle dynamics, we make the following remark:

Remark 2.1.1. In [19], Berne and Pechukas considered the potential U for a single spheroid
with its center x and direction of its main axis u:

U(x) := exp(−xTγ−1x),

where γ = (ℓ2 − d2)u⊗ u+ d2Id. Using the potential U = U(x), they introduced the anisotropic
Gaussian-type potential (2.1.4) to describe the binary repulsive interactions. The level sets where
U is constant correspond to ellipsoids of revolution about the axis u, i.e., spheroids concentric to
the original (x, u)-spheroid, and they remain so even if the potential U is multiplied by a factor
that could potentially depend on u. For this reason, introducing the scaling factor b = b(u1, u2)
does not change the intrinsic properties of the potential. On the other hand, this offers some
simplifications for mathematical analysis, see Section 2.3.1 for more details.
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2.1.3 Kinetic Equation and Macroscopic Quantities

In this section, we write the mean-field equation (or large-particle limit) of the particle system
(2.1.3a)-(2.1.3b). We consider a system of N ≥ 0 identical particles in Rn for n ∈ {2, 3},
identified by the positions of their centers and the directions of their main axes (Xi, ui)i=1,...,N

that follow the dynamics given by the system (2.1.3a) -(2.1.3b). As N → ∞, the particle system
is described by the probability distribution function f = f(t, x, u) of particles at position x
with the main axis in direction u at time t. Obtaining the equation for f , at least formally,
uses standard tools from kinetic theory, which we will not detail here but refer the reader to,
e.g., [100].

We start with defining an empirical measure fN of the particles given by

fN (t, x, u) =
1

N

N∑
i=1

δ(Xi(t),ui(t))(x, u), (2.1.7)

where δ(Xi(t),ui(t))(x, u) is the Dirac delta distribution at (Xi(t), ui(t)). The formal mean-field
limit of the kinetic equation for the empirical distribution under the assumption that fN → f
as N → ∞ solves

∂tf − µ∇x · ((∇xVf ) f)− λ∇u · ((∇uVf ) f)−Dx∆xf −Du∆uf = 0, (2.1.8)

where

Vf (t, x1, u1) :=

ˆ
Sn−1

ˆ
Rn

Vb(u1, u2, x2 − x1)f(t, x2, u2) dx2 du2.

Next, we define the macroscopic quantities associated to f = f(t, x, u), namely the spatial (or
mass) density of the particles ρf (t, x) and the mean-nematic direction Ωf (t, x) at time t ≥ 0 at
position x ∈ Rn. Our goal is to derive equations for ρf (t, x) and Ωf (t, x) from f = f(t, x, u).

The mass density ρf (t, x) is defined by

ρf (t, x) :=

ˆ
Sn−1

f(t, x, u) du.

To define Ωf (t, x), we need to consider the following:

(ρfQf )(t, x) :=

ˆ
Sn−1

Å
u2 ⊗ u2 −

1

n
Id
ã
f(t, x, u2) du2. (2.1.9)

where Qf (t, x) is a matrix associated to the distribution f = f(t, x, u) and it is called Q-tensor
in the literature of liquid crystals see, e.g., [11, 101]. Note that Qf is a symmetric, trace-free
matrix satisfying Qf ≥ − 1

n Id.
The principal eigenvector of Qf (t, x) gives the direction that corresponds to the mean-nematic

direction of the particles located at x ∈ Rn at time t ≥ 0 (see, e.g., page 15 of [43] for an
explanation). We denote the principal eigenvector by Ωf (t, x) ∈ Sn−1 as long as it is unique
(up to a change of sign). We have, in particular, that Ωf = Ωf (t, x) maximizes over Sn−1 the
quantity (see page 37 of [43]),

u 7→ u · (ρfQf )u =

ˆ
Sn−1

Å
(u · u2)2 −

1

n

ã
f(t, x, u2) du2.
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This can also be seen as a consequence of the Courant-Fisher theorem, or the min-max theorem,
see, e.g., [98]. Indeed, notice that if f = fN is the empirical measure (2.1.7), the previous
expression implies that Ωf maximizes

u 7→ 1

N

N∑
j=1

(u · uj)2,

which is analogous to maximizing

1

N

N∑
j=1

Vnem(u, uj),

where Vnem is the potential given in Equation (2.1.1c). Thus, Ωf defined in this way is indeed
the mean-nematic direction.

In this article, we derive equations for the spatial density ρ = ρf (t, x) of particles and their
mean-nematic direction Ω = Ωf (t, x). Before delving into the details in the next section, we end
this introductory part with some comments on the continuum equations. For the density ρ, we
obtain an equation of the form

∂tρ = Dx∆xρ+ µ∇x · (K(ρ)ρ∇xρ) ,

where K is a functional that depends on ρ. Notice that the particle density does not depend
on the mean-nematic direction Ω. However, the effect of the repulsive potential is present
through the functional K, which depends, particularly, on the anisotropy parameter χ2 (defined
in (2.1.2)).

The equation for Ω is a combination of transport and diffusion, with a cross-diffusion term
in ρ. Intriguingly, the well-posedness of the equation imposes a constraint on the parameters.
Particularly, we require that

Dx

µ
>
Du

λ
. (2.1.10)

However, this constraint is not required at the particle level. We discuss in detail possible
explanations for this constraint in Section 2.2.3. Our main result is given in Theorem 2.2.10 and
its interpretation is given in Section 2.2.3.

Structure of the paper. In Section 2.2, we state our main result, Theorem 2.2.10, after
some preliminary definitions and results. Theorem 2.2.10 is followed by an extensive interpreta-
tion section, Section 2.2.3, where we comment on each component of our continuum equations.
In Section 2.3.1, we motivate our choice of the Gaussian-type repulsive potential (2.1.6) by com-
paring it with similar interaction potentials used in the literature. Section 2.3.2 is dedicated
to numerical simulations of the stochastic particle system (2.1.3a)-(2.1.3b). Here, we conduct a
detailed parameter study and a numerical comparison of the effect of different repulsive poten-
tials on the global alignment of the particles. We dedicate Section 2.4 to the proof of Theorem
2.2.10. Finally, the paper is complemented with some concluding remarks and perspectives in
Section 2.5, followed by appendices.
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2.2 Continuum Equations

In this section, we derive continuum equations, namely the equations for the mass density ρf (t, x)
and the mean-nematic direction Ωf (t, x) from the kinetic equation (2.1.8). We start with non-
dimensionalizing the kinetic equation (2.1.8). To this end, we introduce a scaling parameter
0 < ε≪ 1 and denote by f ε the solution of the scaled kinetic equation.

Non-dimensionalization. Introducing the units of space x0 and time t0, we define the
dimensionless variables,

x̃ =
x

x0
, t̃ =

t

t0
, f̃ = fxn0 ,

and the dimensionless parameters,

µ̃ = µ
t0
x20
, λ̃ = t0λ, D̃u = t0Du, D̃x =

Dxt0
x20

, ℓ̃ =
ℓ

x0
, d̃ =

d

x0
.

We remark that the anisotropy factor χ and the potential Vb are already dimensionless. Thus,
we have

χ̃ = χ, Ṽb = Vb, Ṽf = Vf .

Using these dimensionless quantities, dropping the tildes for the sake of simplicity, we obtain
exactly the same equation as before, i.e., we end up with Equation (2.1.8). But now all the
variables and parameters are without units.

Scaling. Considering a scaling parameter 0 < ε ≪ 1, we introduce the primed variables
below,

ℓ = εℓ′, d = εd′, µ = ε−nµ′, λ = ε−(n+a)λ′, Du = ε−aD′
u,

where a ∈ (0, 2] is a constant. Notice that the scaling in ℓ and d combined with the scaling
of the potential by εnV ε

f = Vf produces a localization in space of the potential Vf (for details,
see Lemma 2.2.1). The choice of a has an influence on the resulting macroscopic equation (see
Remark 2.2.1). Notice also that the diffusion constant Dx stays of order 1. We obtain the
following rescaled kinetic equation (skipping the primes for simplicity):

∂tf
ε − µ∇x · ((∇xV

ε
fε)f ε)−Dx∆xf

ε =
1

εa
(
λ∇u · ((∇uV

ε
fε)f ε) +Du∆uf

ε
)
.

Next, we further expand the potential Vf .

Lemma 2.2.1 (Expansion of the potential). Considering ℓ = εℓ′ and d = εd′ we have the
following expansion V ε

f of the scaled weighted Gaussian potential Vf (defined by using (2.1.6)):

V ε
f (t, x1, u1) :=

1

εn
Vf (t, x1, u1)

=

ˆ
Sn−1

(
1− χ2(u1 · u2)2

)
f(t, x1, u2) du2

+
ε2

4

ˆ
Sn−1

(
1− χ2(u1 · u2)2

)
Σ(u1, u2) : D

2
xf(t, x1, u2) du2 +O(ε3)

=Wf (t, x1, u1) + ε2Bf (t, x1, u1) +O(ε3), (2.2.1)
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where D2
x is the Hessian, i.e., a n×n-matrix with components (D2

x)ij = ∂xi∂xj , ‘:’ denotes the
double contraction, i.e., A : B :=

∑
i,j AijBij, Wf and Bf are defined as

Wf (t, x1, u1) :=

ˆ
Sn−1

(
1− χ2(u1 · u2)2

)
f(t, x1, u2) du2, (2.2.2)

Bf (t, x1, u1) :=
1

4

ˆ
Sn−1

(
1− χ2(u1 · u2)2

)
Σ(u1, u2) : D

2
xf(t, x1, u2) du2. (2.2.3)

Proof. The proof can be found in Appendix 2.6.1.

Nematic alignment potentials analogous to Wf appear in the literature of collective dynamics,
e.g., in a model for nematic alignment of fibers [39], in a model for body attitude coordination
[43], and in a model of pure nematic alignment [47].

Finally, using the expansion for the scaled weighted Gaussian potential V ε
f in Lemma 2.2.1

we obtain:

∂tf
ε−µ∇x·((∇xWfε)f ε)−Dx∆xf

ε−ε2−aλ∇u·((∇uBfε)f ε) =
Du

εa
C(f ε)+O(min(ε2, ε3−a)),

(2.2.4)

with a ∈ (0, 2] and where

C(f) :=
λ

Du
∇u · ((∇uWf )f) + ∆uf.

Remark 2.2.1 (Motivation for the scaling factor a). The scaled kinetic equation with a = 2 can
also be equivalently obtained by just scaling space and time by x′ =

√
εx and t′ = εt, which is a

more natural scaling choice. However, we also consider an alternative scaling where the term Bf

vanishes in the macroscopic limit. The term Bf is specific to the Gaussian repulsive potential,
and it acts as a correction to the primary nematic alignment potential Wf . As we will see, the
term Bf is unique in the sense that it gives different behavior for prolate and oblate particles
(see term Π3 in the macroscopic limit (2.2.21)). In the specific case where a ∈ (0, 2), the term
Bf disappears in the limit. The two scaling factors that we consider highlight the differences in
the dynamics with and without the term Bf . Thus, a = 2 can be viewed as a diffusive scaling,
while a ∈ (0, 2) represents a generalized scaling law distinct from hyperbolic scaling.

Our goal is to derive equations for the time evolution of the mass density ρf = ρf (t, x) and
the mean-nematic direction Ωf = Ωf (t, x). For this reason, we rewrite the kinetic equation in
terms of the Q-tensor Qf . First, using that (u · v)2 = uT (v ⊗ v)u and that ρf =

´
Sn−1 f du, we

rewrite Wf in (2.2.2) as follows:

Wf (t, x1, u1) = −χ2uT1 (ρfQf )u1 −
Å
χ2

n
− 1

ã
ρf . (2.2.5)

With this new expression for Wf and using that ∇uρf = 0, the kinetic equation (2.2.4) becomes

∂tf
ε + µχ2∇x · (∇x(u

T (ρfεQfε)u )f ε) + µ

Å
χ2

n
− 1

ã
∇x · ((∇xρfε)f ε)

− λε2−a∇u · ((∇uBf )f
ε)−Dx∆xf

ε =
Du

εa
C(f ε) +O(min(ε2, ε3−a)), (2.2.6)
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where

C(f) = ∇u ·
Å
∇uf − λ

Du
f∇u

Ä
χ2uT (ρfQf )u

äã
. (2.2.7)

In the next section, we give some preliminary definitions and concepts to analyze the operator
C in detail.

2.2.1 Properties of the Operator C

From Equation (2.2.6), we can already observe that, at least formally, if f ε converges to some
function f0 as ε → 0, then it must hold that f0 belongs to the kernel of the operator C, i.e.,
C(f0) = 0. Fortunately, the equilibria for C have already been studied in [41] and in this section
we summarize the results presented there. Therefore, this section mainly follows some results
of [41] omitting their proofs.

In particular, we are interested in stable equilibria of the operator C (for an exact notion of
stability see [41]). The key result, containing the characterization of the stable equilibria of C,
is given in Lemma 2.2.7, which can be found at the end of this section.

Remark 2.2.2. The operator C defined in (2.2.7) is equivalent to the one presented in Equation
(39) in [41] for

α :=
χ2λ

Du
. (2.2.8)

Next, we introduce some preliminaries.

Definition 2.2.2 (Uniaxial tensor). Given Ω ∈ Sn−1, the normalized, uniaxial, trace-free tensor
AΩ in the direction of Ω is defined by

AΩ = Ω⊗ Ω− 1

n
Id. (2.2.9)

The tensor AΩ is symmetric with principal eigenvalue n−1
n . It is called uniaxial since it has

only two eigenvalues and one of them is simple. The normalized eigenvectors associated to the
simple eigenvalue are ±Ω.

Next, we define the Gibbs distributions of uniaxial tensors.

Definition 2.2.3 (Gibbs distribution of an uniaxial tensor). Given η > 0 and the tensor AΩ,
the Gibbs distribution GηAΩ

associated to ηAΩ is defined as

GηAΩ
(u) =

1

Zη
eη(u·Ω)2 , where Zη =

ˆ
Sn−1

eη(u·Ω)2 du. (2.2.10)

Finally, the order parameter associated to a Gibbs distribution is defined as follows.

Definition 2.2.4 (Order parameter). The order parameter associated to GηAΩ
is denoted by

S2 = S2(η) and given by

S2(η) :=
n

n− 1
ΩTQGηAΩ

Ω =
n

n− 1

ˆ
Sn−1

Å
(u · Ω)2 − 1

n

ã
GηAΩ

du, (2.2.11)

where QGηAΩ
is the Q-tensor associated to GηAΩ

.
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Remark 2.2.3. Using the change of variables (2.4.1), the order parameter S2(η) can be written
as

S2(η) =
n

n− 1

ˆ π

0

Å
cos2 θ − 1

n

ã
gη(θ) sin

n−2 θ dθ. (2.2.12)

where the function gη is given in (2.4.2).

Notice that S2(η) is actually independent of Ω and it satisfies the following:

Lemma 2.2.5 (Proposition 2 in [41]). It holds that

QGηAΩ
= S2(η)AΩ.

Moreover, S2 : (0,∞) → (0, 1) is non-decreasing with S2 → 0 as η → 0 and S2 → 1 as η → ∞.

Next, we define the function η = η(ρ) implicitly through the following equation:

Proposition 2.2.6 (Implicit definition of η = η(ρ), Proposition 3 in [41]). The equation

η

αρ
= S2(η) (2.2.13)

has at least a root η if and only if ρ ∈ (ρ∗,+∞), ρ∗ > 0. Moreover, (2.2.13) has at most two
roots. Choosing the largest root, we can define a smooth, non-decreasing function (ρ∗,+∞) →
(η∗,+∞),
ρ 7→ η(ρ), where η∗ = limρ→ρ∗ η(ρ) ≥ 0.

Finally, with all the definitions above, we can state the main result regarding the equilibria
of C:

Lemma 2.2.7 (Stable equilibria of C, Lemma 4.4 in [41]). Let n ∈ {2, 3}. For ρ∗ given in
Proposition 2.2.6 the following holds:

(i). If ρ < ρ∗, then f = ρ (the uniform equilibrium) is the only stable equilibrium of the operator
C.

(ii). If ρ > ρ∗, then the only stable equilibria of the operator C are of the form

f = ρGη(ρ)AΩ
.

In particular, we have

Qf = S2(η(ρ))AΩ, (2.2.14)

where S2 and η = η(ρ) are defined in (2.2.11) and (2.2.13) respectively. Equation (2.2.14)
is referred to as “consistency relation” and can be written, using (2.2.13), equivalently as

αρQGη(ρ)AΩ
= η(ρ)AΩ. (2.2.15)

Remark 2.2.4. The operator C is analogous to the operator that appears for models of nematic
alignment where the nematic alignment is imposed, see, e.g., [47]. However, in [47] the potential
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is written in a so-called, ‘mean-field force’ form rather than a binary force. Here, we have the
term

φ1(u) := uTρfQfu =

ˆ
Sn−1

Å
(u · u2)2 −

1

n

ã
f(t, x, u2) du2,

while in [47] this operator is replaced by

φ2(u) := uTAΩf
u = (u · Ωf )

2 − 1

n
,

where Ωf corresponds to the mean-nematic direction (that is why it is called ‘mean-field force’).
We expect that both cases lead to nematic alignment. Already in the case φ2 we see that u = ±Ωf

is the maximizer. In the first case, we also know that Ωf corresponds to the principal eigenvector
of Qf , gives the mean-nematic direction and maximizes φ1. However, it is not guaranteed that
the principal eigenvalue has only multiplicity 1. This adds an extra degree of difficulty to the
analysis. Lemma 2.2.7 demonstrates that this leads to phase transitions in the macroscopic limit,
with spatial regions of disordered dynamics, i.e., the dynamics where a well-defined principal
eigenvector does not exist, and thus, particles do not align. This takes place in the regions of
low density, i.e., ρ < ρ∗.

Remark 2.2.5. Given the matrix Qf , suppose that Ωf ∈ Sn−1 is the principal eigenvector
(assumed to be unique up to a change in sign). Then, it holds that AΩf

also has a principal
eigenvector Ωf . So, both Qf and AΩf

give the same mean-nematic direction. However, Qf ̸=
AΩf

in general. In particular, the principal eigenvalue of AΩf
is always n−1

n , while for Qf the
eigenvalues have n−1

n as an upper bound (see [47]). In particular (see [41]), to measure the degree
of nematic alignment one considers the following order parameter γf :

γf =
n

n− 1
βf ∈ (0, 1], (2.2.16)

where βf is the largest eigenvalue of Qf . If f is uniformly distributed on the sphere (particles
are fully misaligned), then γf is close to 0. On the contrary, if f is close to 1

2(δΩ + δ−Ω), i.e.,
particles are fully aligned and Qf = AΩf

, then γf = 1. So the case Qf = AΩf
is an extreme

case that corresponds to having all particles nematically aligned in the direction Ωf .
In fact, the function S2 = S2(η) is the order parameter of GηAΩ

.

Remark 2.2.6. As η → 0, GηAΩ
converges to the uniform probability distribution on Sn−1 and

S2 converges to 0. As η → ∞, GηAΩ
converges to two Dirac delta distributions 1

2(δΩ + δ−Ω)
which accounts for fully aligned distribution in the direction of Ω and thus also S2 converges to 1.
Therefore, as η increases, S2 increases too (see also Figure 2.10b), and GηAΩ

shows increasing
order of alignment.

Now, we are ready to state our main result in the next section.

2.2.2 The Macroscopic Limit

Assumption 2.2.8. We assume throughout that all the functions are as smooth as needed so
that all the limits exist and the convergences are as strong as needed.

Next, we introduce the following definition which we will use in the theorem below.
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Definition 2.2.9. Let A be a 5-tensor and B a 4-tensor in Rn, then we define the following
operation between tensors:

([A : B][2,3,4,5:1,2,3,4])p :=
n∑

j,k,l,m=1

ApjklmBjklm, p = 1, . . . , n,

The contraction with the subscript [2, 3 : 1, 2] is analogously defined.

We give our main result in the following theorem:

Theorem 2.2.10. Let n ∈ {2, 3}, a ∈ (0, 2], and f ε = f ε(t, x, u) be the solution to the kinetic
equation (2.2.6). Suppose that Assumption 2.2.8 holds and that f ε(t, x, u) → f0(t, x, u) as ε→ 0.
Consider (t, x) such that

´
Sn−1 f

0du > ρ∗ (where ρ∗ is given in Proposition 2.2.6). Then, in this
domain, it holds that f0 = ρ(t, x)Gη(ρ)AΩ

with ρ(t, x) =
´
Sn−1 f

0du > ρ∗, where AΩ, Gη(ρ)AΩ
, η(ρ)

are given in (2.2.9), (2.2.10) and (2.2.13) respectively. Moreover, the mass density ρ(t, x) and
the mean-nematic direction of the particles Ω(t, x) satisfy the following system of equations

∂tρ = Dx∆xρ+ µ∇x · (K(η(ρ))ρ∇xρ) , (2.2.17a)
∂tΩ+ µΠ2(ρ)(∇xρ · ∇x)Ω + µ (σ − ν)PΩ⊥∆xΩ = 1a=2λΠ3(Ω, ρ). (2.2.17b)

where

K(η(ρ)) := 1− χ2

n
− σ

n− 1

n
S2(η(ρ))η

′(ρ), (2.2.18)

and
σ :=

Du

λ
, ν :=

Dx

µ
.

Moreover, Π2 is given by

Π2(ρ) =
σ − 2ν

ρ
+
χ2

n
− 1 + 2

η′(ρ)

η(ρ)
(σ − ν) + η′(ρ)

Å
2 (σ − ν)

c3,2(ρ)

c1,2(ρ)
− d2,0(ρ) (σ − 2ν)− σ

n

ã
,

where, for k, p ∈ N ∪ {0}, ck,p = ck,p(ρ) and dk,p = dk,p(ρ) are given by

ck,p(ρ) :=

ˆ π

0
cosk θgη(ρ)(θ)hη(ρ)(cos θ) sin

n−2+p θ dθ, (2.2.19)

dk,p(ρ) :=

ˆ π

0
cosk θgη(ρ)(θ) sin

n−2+p θ dθ, (2.2.20)

where the function hη is defined in Proposition 2.4.5 and the function gη is given in (2.4.2). It
holds that c3,2

c1,2
≥ 0 and d2,0 ≥ 0.

In the case of a = 2, the right hand side of (2.2.17b) does not vanish and Π3 is given by

8c1,2(ρ)η(ρ)

(n− 1)
Π3(Ω, ρ) = (ℓ2 − d2)[(Hr

2 : (D2
xρ))][2,3:1,2] − 2χ2d2[Hr

2 : ∆x(ρH2)][2,3:1,2]

− χ2(ℓ2 − d2)
(
[Hr

4 : (D2
x ⊗ (ρH2))][2,3,4,5:1,2,3,4] + [Hr

2 ⊗D2
x : (ρH4)][2,3,4,5:1,2,3,4]

)
(2.2.21)
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where in the case of dimension n = 2 we have that

H2 = d2,0(Ω⊗ Ω) + d0,2(Ω
⊥ ⊗ Ω⊥), (2.2.22)

Hr
2 = d2,2Ω

⊥ ⊗
Ä
(Ω⊥ ⊗ Ω) + (Ω⊗ Ω⊥)

ä
, (2.2.23)

H4 = d4,0(Ω⊗ Ω⊗ Ω⊗ Ω) + d2,2S2Ω,2Ω⊥(Ω,Ω⊥) + d0,4(Ω
⊥ ⊗ Ω⊥ ⊗ Ω⊥ ⊗ Ω⊥), (2.2.24)

Hr
4 = Ω⊥ ⊗

Ä
d4,2S3Ω,Ω⊥(Ω,Ω⊥) + d2,4SΩ,3Ω⊥(Ω,Ω⊥)

ä
, (2.2.25)

with

S2Ω,2Ω⊥(Ω,Ω⊥) := (Ω⊗ Ω⊥ +Ω⊥ ⊗ Ω)⊗ (Ω⊗ Ω⊥ +Ω⊥ ⊗ Ω)

+ Ω⊗ Ω⊗ Ω⊥ ⊗ Ω⊥ +Ω⊥ ⊗ Ω⊥ ⊗ Ω⊗ Ω,

and

S3Ω,Ω⊥(Ω,Ω⊥) := (Ω⊗ Ω)⊗ (Ω⊗ Ω⊥ +Ω⊥ ⊗ Ω) + (Ω⊗ Ω⊥ +Ω⊥ ⊗ Ω)⊗ (Ω⊗ Ω)

and SΩ,3Ω⊥ is defined analogously as S3Ω,Ω⊥ (by exchanging the values of Ω and Ω⊥).
In dimension n ≥ 3, the values of H2, Hr

2 , H4, Hr
4 are more complex and are given in

Proposition 2.2.11 below.

Proposition 2.2.11 (Dimension n ≥ 3). For n ≥ 3 the functions H2, Hr
2 , H4, Hr

4 are given by

H2(η,Ω,Ω
⊥) = d2,0(Ω⊗ Ω) +

d0,2
n− 1

PΩ⊥ (2.2.26)

Hr
2(η,Ω,Ω

⊥) =
d2,2
n− 1

(PΩ⊥ ⊗ Ω+ [PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:24) (2.2.27)

H4(η,Ω,Ω
⊥) = d4,0(Ω⊗ Ω⊗ Ω⊗ Ω) +

d0,4
(n− 1)(n+ 1)

Γ

+
d2,2
n− 1

(
PΩ⊥ ⊗ Ω⊗ Ω+ Ω⊗ PΩ⊥ ⊗ Ω+ Ω⊗ Ω⊗ PΩ⊥

+ [PΩ⊥ ⊗ Ω⊗ PΩ⊥ ⊗ Ω]:24 + [PΩ⊥ ⊗ Ω⊗ Ω⊗ PΩ⊥ ]:25

+ [Ω⊗ PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:35

)
Hr

4(η,Ω,Ω
⊥) =

d2,4
(n− 1)(n+ 1)

T +
d4,2
n− 1

(
PΩ⊥ ⊗ Ω⊗ Ω⊗ Ω+ [PΩ⊥ ⊗ Ω⊗ PΩ⊥ ⊗ Ω⊗ Ω]:24

+ [PΩ⊥ ⊗ Ω⊗ Ω⊗ PΩ⊥ ⊗ Ω]:25 + [PΩ⊥ ⊗ Ω⊗ Ω⊗ Ω⊗ PΩ⊥ ]:26

)
,

Where Γ is symmetric order-4 tensor defined by

Γ = 3Sym(PΩ⊥ ⊗ PΩ⊥). (2.2.28)

In Cartesian coordinates Γ is given by

Γijkl = (PΩ⊥)ij(PΩ⊥)kl + (PΩ⊥)ik(PΩ⊥)jl + (PΩ⊥)il(PΩ⊥)jk.

Also, T is a 5-tensor with components

Tijklp = S̃ijklΩp + S̃ijkpΩl + S̃ijplΩk + S̃ipklΩj (2.2.29)
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where

S̃iiii = 3Γiiii, S̃iijj = Γiijj , S̃ijij = Γijij , S̃ijji = Γijji,

for i, j ∈ {1, ..., n} such that i ̸= j, otherwise S̃ijkl is zero. Above we used the notation

[PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:24

to denote a 3-tensor whose (i, j, k) component is given by

(
[PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:24

)
ijk

=

n∑
p=1

(PΩ⊥)ipΩj(PΩ⊥)pk,

i.e., in this case we contract the full tensor PΩ⊥ ⊗ Ω ⊗ PΩ⊥, which is a 5-tensor, by summing
over the second and the forth indices (that is why we have the sub-index notation : 24). One
defines the other contractions analogously.

The proof of the Proposition 2.2.11 is given in Section 2.4.4.
Moreover, from Theorem 2.2.10 we can deduce the following:

Corollary 2.2.12 (Isotropic regime). Let n ∈ {2, 3} and a ∈ (0, 2]. Suppose that f ε → ρ as
ε→ 0, then it holds that

∂tρ−Dx∆xρ+ µ

Å
χ2

n
− 1

ã
∇x · (ρ∇xρ) = 0. (2.2.30)

Proof. The proof of the corollary directly follows the steps of the proof of Theorem 2.2.10 to
obtain the equation for ρ. The proof of Theorem 2.2.10 is postponed to Section 2.4. Next, we

comment on Theorem 2.2.10, particularly on Equations (2.2.17a) and (2.2.17b).

2.2.3 Comments on the Continuum Equations

In this section we discuss the macroscopic equations for the mass density and the mean-nematic
direction (2.2.17a) and (2.2.17b), respectively.

The Equation for the Mass Density

Equation (2.2.17a) is a diffusion-type equation in divergence form and hence the total mass´
Rn ρdx is preserved over time. The equation is formed by the sum of a linear diffusion and a

non-linear diffusion term. The purely diffusive term with the diffusion constant Dx arises from
the Brownian motion at the particle level. The second term on the right-hand-side resembles
a porous medium equation, but with a diffusion coefficient K that depends also on the density
ρ. Numerical experiments indicate that K(η(ρ)), as given in Equation (2.2.18), is non-negative,
see Remark 2.2.7.

Effect of particle anisotropy. Interestingly, the equation for the mass density is inde-
pendent of the mean-nematic direction Ω. However, the anisotropy of the particles modifies
Equation (2.2.17a). To understand the effect of particle anisotropy, characterised by χ and
defined in (2.1.2), we first consider spherical particles. For spherical particles, χ = 0, and the
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potential Vb becomes isotropic, i.e.,

Vb(x2 − x1) = (4π)−n/2 exp

Å
−|x2 − x1|2

2d2

ã
.

In this case, particles’ positions and directions are completely decoupled in the discrete system
(2.1.3) since ∇uVb = 0 and ∇xVb is independent of u. Moreover, one straightforwardly obtains
the following equation for ρ (by directly integrating equation (2.2.4) and noting that Wf = ρ in
this case):

∂tρ = Dx∆xρ+ µ∇x · (ρ∇xρ) , for χ = 0,

which is the porous medium equation with linear diffusion. Notice that it corresponds to Equa-
tion (2.2.30), where we assumed that f ε → ρ as ε → 0. Therefore, the difference between
the isotropic and the anisotropic cases is encapsulated in the non-linear diffusion coefficient
K(η) ̸= 1.

Now, notice that

K(η) ≤ 1− χ2

n
,

since S2(η) ∈ (0, 1) and η is non-decreasing (see also Figure 2.10).

Remark 2.2.7 (Non-negativity of the diffusion coefficient K). Even though, we do not have an
analytical guarantee that K is non-negative, numerical simulations suggest that K actually has a
lower bound 1−χ2 ≥ 0. Figure 2.3a shows the evolution of K as η ≥ 0 varies for different values
of χ. The dashed lines in matching colors represent the numerical lower bound for K and the
dotted lines display the upper bound 1− χ2

n for K. Moreover, in Figure 2.3b, the gray area shows
the range of K values with respect to χ when other parameters, i.e. σ, also vary. Here, we can
numerically further confirm that the lower bound for observed K values is 1−χ2, denoted by the
blue dashed line. Note also that, in dimension n = 3, χ can take negative values, i.e., χ ∈ [−1, 1].
However, this does not change the value of K since only χ2 is involved in the computation of
K. That is why we only display χ ∈ [0, 1] in Figure 2.3b and naturally it would be symmetric
for χ ∈ [−1, 0]. Moreover, our numerical experiments include how K changes with respect to ρ
for various χ ∈ (0, 1) values, see Figure 2.10c, where, again, K remains non-negative.

Assuming that K ≥ 0, the particle anisotropy contributes to a slowdown in the non-linear
diffusion. In dimension n = 3, when the particles are rods (χ = 1) or flat disks (χ = −1) we
have that K(η) ≤ 2/3; thus, the original speed of diffusion µ is reduced to at least two-thirds of
the anisotropic case. One may hypothesize that this effect is due to anisotropic particles being
able to pack and occupy less volume when aligned, so they produce less diffusion. Indeed, our
numerical investigations regarding the effect of particle anisotropy on the global alingment also
confirm that particles with higher anisotropy reach total global alignment faster. We observe
that the particles which are closer to perfect circle in shape (χ ≈ 0) and low in density do not
reach alignment by the end of the simulation time, whereas particles which are more elongated
ellipses (χ ≈ 1) with higher densities align globally in a shorter time frame, see, e.g., Figure 2.7.
We refer to Section 2.3.2 for a detailed discussion.
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Figure 2.3: (a) Time evolution of the diffusion coefficient K(η) with respect to η with different χ
values. The dotted lines and the dashed lines correspond to 1− χ2/n (upper bound
for K) and 1−χ2 (lower bound for K), respectively, for the matching color χ values.
(b) The range of K(η) for χ ∈ (0, 1) and σ ∈ [2−8, 28]. The dotted and the dashed
lines show the upper and the (numerical) lower bound for K, respectively.

The Equation for the Mean-nematic Direction

First, we remark that the equation for the mean-nematic direction Ω, Equation (2.2.17b), is
non-conservative. It can be verified that |Ω|(t) remains constant over time, as all the terms lie
within the space spanned by Ω⊥. Consequently, Ω stays on the sphere at all times.

The term Π2 corresponds to transport of Ω in the direction ∇xρ. However, the sign of Π2(ρ)
is not immediately clear, or it is uncertain if it changes sign during the dynamics. Notably, Π2

would vanish if µ = 0, indicating that this term arises from the repulsive potential acting on
particle positions.

The last term on the left-hand side of (2.2.17b) corresponds to diffusion in the direction Ω.
The projection term PΩ⊥ ensures that Ω remains on the sphere. One can check that when
particles are spherical, there is no equation for Ω, which is expected since the direction Ω does
not influence the dynamics in this case. If µ = 0, the diffusion constant reduces to Dx, meaning
that, in this case, the diffusion originates only from the Brownian motion of the positions of the
particles. Intriguingly, the constant µσ introduces an anti-diffusion effect.

The case a ∈ (0, 2). When a ∈ (0, 2), the right-hand side of (2.2.17b) vanishes. In this case,
the dynamics for ρ and Ω are identical for prolate and oblate particles with the same values of
χ2. Consequently, at the macroscopic level, the equations do not differentiate between these two
types of particles.

The Case a = 2

When a = 2, the term Π3, given by Equation (2.2.21), does not vanish. This term gives the
effect of the repulsive potential on the directionality of the particles. Specifically, from Lemma
2.2.1, the potential V ε

f expands as

V ε
f =Wf + ε2Bf +O(ε3),
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where Wf is a nematic-alignment force, and the term Bf - which generates Π3 - arises from the
specific form of the repulsive potential Vb considered. The term Π3 involves either second-order
differential operators or products of first-order differential operators.

Interpreting Π3 is not straightforward, but it is clearly distinct from the other terms in Equa-
tion (2.2.17b). Notably, Π3 is the only term where the distinction between oblate (ℓ < d) and
prolate (ℓ > d) particles matter. Specifically, oblate and prolate particles exhibit opposite signs
for the first and last two terms of Π3. If the diffusion constants are positive for prolate particles,
they will be negative for oblate particles, and vice versa. As a result, the qualitative behavior
of oblate and prolate particles will differ significantly.

Notice that the second term in Π3 is solely influenced by the length d. If d = 0 (i.e., if the
particles are rod-shaped), this term disappears.

To simplify the interpretation of Π3, in the next two paragraphs we focus only on dimension
n = 2.

Anisotropic equilibrium (d2,0 ̸= d0,2). One can expand the contractions in Π3 further
considering expressions (2.2.22)-(2.2.25). For example, for the second term in (2.2.21) we have
that:

[Hr
2 : (∆x(ρH2))][2,3:1,2] = 2d2,2d2,0Ω

⊥
Ä
ρ(Ω⊥ ·∆xΩ) + 2Ω⊥ · [(∇xρ · ∇x)Ω]

ä
+ 2d2,2d0,2Ω

⊥
Ä
ρ(Ω ·∆xΩ

⊥) + 2Ω · [(∇xρ · ∇x)Ω
⊥]
ä
.

For these equations, it is critical that d2,0 ̸= d0,2, since, if they were the same, then H2 would
be equal to the identity and this would imply that

[Hr
2 : (∆ρId)][2,3:1,2] = 0,

since (Ω⊗Ω⊥) : Id = Ω ·Ω⊥ = 0. Moreover, if d2,0 = d0,2, then the third term of (2.2.21) would
become:

[Hr
4 : D2

x ⊗ ρId][2,3,4,5:1,2,3,4] = d2,0(d2,4 + d4,2)Ω
⊥[(Ω⊗ Ω⊥ +Ω⊥ ⊗ Ω) : (D2

xρ)].

Therefore, the fact that d2,0 ̸= d0,2 creates an anisotropy that produces derivatives in Ω and
Ω⊥. If Gη(ρ)AΩ

was the uniform distribution (i.e., if ℓ = d), then we would have that d2,0 = d0,2.
Thus, this effect is linked to the anisotropy of the particles.

Cross-diffusion term. The term of Π3 containing the second derivatives of ρ is

b(ρ)ρΩ⊥[(Ω⊗ Ω⊥ +Ω⊥ ⊗ Ω) : D2
xρ],

where

b(ρ) :=
n− 1

8η(ρ)c1,2
(ℓ2 − d2)

(
d2,2 − χ2(d4,2d2,0 + d2,4d0,2)− 2χ2d22,2

)
.

This term makes the system (2.2.17a)-(2.2.17b) of a cross-diffusion type. In dimension n = 3,
it is clear that if the diffusion coefficient b(ρ) is positive for prolate particles then it is negative
for oblate particles (and vice versa). This will particularly complicate the study of the well-
posedness of the equations, which we leave for future work.
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2.2.4 Parameter Regime for the Validity of the Continuum Equations

It remains an open question to determine for which parameter regime the macroscopic equations
(2.2.17a)-(2.2.17b) are well-posed. In particular, the consistency relation (2.2.14) imposes a
major constraint on the dynamics. Particularly, when ρ < ρ∗, the macroscopic equations lose
their validity. In this section, we illustrate this effect with a couple of examples.

Diffusion term in Ω. For the well-posedness of the equations, we require the diffusion
constant in Ω, given by µ(ν − σ), (see the left-hand side of (2.2.17b)), to be positive. This is
equivalent to the condition:

µ

Dx
<

λ

Du
.

This condition establishes a balance between the noise intensities Dx, Du and the intensity of
the alignment interactions µ, λ. If µ = λ, then we must have Du < Dx (i.e., the noise intensity
in the directions must be smaller than in the positions). If Dx = Du, then µ < λ must hold
(i.e., the intensity of the potential must be stronger for the directions than for the positions).
Additionally, for well-posedness, it is required that Dx > 0. These parameter constraints suggest
that there are certain aspects of the microscopic dynamics that the macroscopic equations fail
to capture. Moreover, in Section 2.3.2, we present some numerical tests on this condition at the
microscopic level, simulating the stochastic particle system (2.1.3). The results indicate that
when the continuum equations are ill-posed, i.e., when σ ≥ ν, the particles do not reach any
type of alignment. This can be observed particularly in Figures 2.4 and 2.5. For further details,
we refer the reader to Section 2.3.2.

The critical case ν = σ. Let us consider the critical case where ν = σ. In this case the
diffusive term in Ω vanishes. We explore this scenario in more detail.
Notice that we can rewrite the kinetic equation (2.2.6) (for a ∈ (0, 2)) as:

∂tf
ε −Dx∇x ·

Å
∇xf

ε − χ2µ

Dx
f ε∇x

Ä
uT (ρfQf )u

äã
+ µ

Å
χ2

n
− 1

ã
∇x · ((∇xρfε)f ε)

=
Du

ε
C(f ε) +O(ε2), (2.2.31)

where, we recall,

C(f) = ∇u ·
Å
∇uf − χ2λ

Du
f∇u

Ä
uT (ρfQf )u

äã
.

Notice that the second term in (2.2.31) has the same shape as the operator C except that the
derivatives are in x and the parameter values differ.

If ν = σ, i.e., Dx
µ = Du

λ , the second term in (2.2.31) can be rewritten as

−Dx∇x ·
Ç
GαρfQf

∇x

Ç
f ε

GαρfQf

åå
, with α =

χ2

σ
. (2.2.32)

By Lemma 2.2.7, when f ε → ρGη(ρ)AΩ
, we have that GαρfQf

→ Gη(ρ)AΩ
and in the limit (2.2.32)

becomes

−Dx∇x ·
(
Gη(ρ)AΩ

∇xρ)
)
.
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Integrating (2.2.31), and using the fact that
´
Gη(ρ)AΩ

du = 1, we obtain Equation (2.2.30),
which is the equation obtained in the isotropic regime corresponding to f ε → ρ as ε → 0. A
possible explanation for this is that when µ = σ the density ρ declines rapidly below the critical
density ρ∗ due to the diffusive processes involved.

In conclusion, we emphasize two main takeaways on the validity of the continuum equations.
Firstly, the macroscopic limit does not hold for arbitrary parameter values. Secondly, the macro-
scopic equation ceases to be valid when ρ < ρ∗ (at the points where Equation (2.2.30) holds and
we enter the isotropic regime). However, we have no prior information on the specific points in
space or the times at which this may occur.

We finish with a remark concerning the validity of the continuum equations for higher dimen-
sions.

Remark 2.2.8 (Higher dimensions). The macroscopic limit presented in this paper only holds for
n ∈ {2, 3} since in Lemma 2.2.7 we only obtain stable equilibria for these dimensions. Existence
of stable equilibria for n ≥ 4 is an open problem. However, if Lemma 2.2.7 holds for n ≥ 4, we
could conjecture that Theorem 2.2.10 would also hold for n ≥ 4.

2.3 Repulsive Potentials and Particle Simulations

In this section, we comment on the different Gaussian-type repulsive potentials, motivate our
choice (2.1.6) and present numerical simulations for particles following the dynamics (2.1.3a)-
(2.1.3b).

2.3.1 Gaussian-Type Anisotropic Repulsive Potentials

Earlier, we described the binary interactions between identical particles via an anisotropic po-
tential Vb given by Equation (2.1.4). We comment on two particular choices of the scaling factor
b ≥ 0 in (2.1.4).

The Berne-Pechukas potential. One of the first soft anisotropic potentials that appeared
in the literature is that of a soft repulsive potential between two spheroids using the Gaussian
potential. It was first introduced by Berne and Pechukas in [19]. In [19], the scaling factor
b(u1, u2) is given by

bBP(u1, u2) := (1− χ2(u1 · u2)2)−1/2 = det(Σ)−1/2, (2.3.1)

where χ is defined by (2.1.2). This is a very natural choice for the scaling factor b, as it guarantees
that Vb is a multivariate Gaussian distribution in the variable R with a covariance matrix given
by Σ/2.

The non-scaled Gaussian potential. Berne and Pechukas in [19] considered a scaling
factor b such that the potential (2.1.4) is normalized, i.e.,

´
Rd VbBP(u1, u2, R) dR = 1. However,

one could choose to work directly with the potential without normalization, i.e., consider the
scaling factor

bNR(u1, u2) := (4π)n/2. (2.3.2)

Notice that both, the potential VbBP and the potential without normalization VbNR , have the
same level sets in space (up to scaling). The level sets in directions, however, are different and
this has important consequences.
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Motivation for the Interaction Potential

We focus on the non-scaled Gaussian potential for two reasons. Firstly, the Berne-Pechukas
potential does not produce nematic alignment at first order, see below item (ii). Secondly, we
want to avoid the modification in the directions introduced by the scaling. However, considering
a system interacting via this potential is mathematically challenging to study, and, therefore, we
consider a modified version of the non-scaled Gaussian potential, retaining the similar properties,
this was explained in Remark 2.1.1. Instead of (2.3.2), we work with (2.1.6), as introduced
earlier. This simplification resembles to the simplification done when considering the Maier-
Saupe potential bMS(u, u

′) := (u · u′)2 instead of the Onsager potential bO(u, u′) := |u · u′|,
see, [102]. Both potentials have the same minimizer, but bMS is easier to study mathematically.

Moreover, using (2.1.6), we then observe that the leading term of the expansion (2.2.1) is
given by

Wf (t, x1, u1) :=

ˆ
Sn−1

(
1− χ2(u1 · u2)2

)
f(t, x1, u2) du2.

The function inside the integrand φ(u1, u2) :=
(
1− χ2(u1 · u2)2

)
resembles that of the Maier-

Saupe potential [102] and motivates our choice for the rescaling factor b. In particular,

(i). if we consider b ≡ 1 (i.e., without scaling of the potential), we obtain

W̃f (t, x1, u1) :=

ˆ
Sn−1

(
1− χ2(u1 · u2)2

)1/2
f(t, x1, u2) du2,

with φ̃(u1, u2) :=
(
1− χ2(u1 · u2)2

)1/2. Even though the potential with φ and the potential
with φ̃ have the same minimizers in terms of u1, u2, Wf is more straightforward to analyze
since we can rewrite it as

Wf (t, x1, u1) = uT1

Åˆ
Sn−1

(Id− χ2(u2 ⊗ u2))f(t, x1, u2) du2

ã
u1,

i.e., we can decouple the variables u1 and u2 and recast Wf in terms of Qf (see Equations
(2.1.9) and (2.2.5)). As previously mentioned, a similar simplification is done when, instead
of considering the Onsager potential bO(u1, u2) = |u1 · u2|, one considers the Maier-Saupe
potential bMS(u1, u2) = (u1 · u2)2, see [102] for more details.

(ii). If we consider the Berne-Pechukas scaling bBP in (2.3.1), then the corresponding potential
takes the form

WBP
f (t, x1) =

ˆ
Sn−1

f(t, x1, u2) du2 = ρ(t, x1). (2.3.3)

Since the total integral of VbBP is one, we do not obtain a nematic alignment potential at
the leading order.

In Section 2.3.2, we provide a numerical comparison of stochastic particle systems interacting via
these different potentials. Indeed, we observe that particles interacting via the Berne-Pechukas
potential do not align, see Figure 2.9.
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2.3.2 Numerical Simulations

This section is dedicated to the numerical simulations of the stochastic particle system (2.1.3),
particularly to compare the particle-level dynamics at longer times with our analytical predic-
tions on the macroscopic dynamics.

We start with the study of how the central assumption for well-posedness (2.1.10) at the
macroscopic level affects the particle dynamics. Subsequently, we investigate the impact of the
anisotropy of the particles (measured by χ defined in (2.1.2)) and the particle density on the
particle interaction dynamics. We finish the numerical simulations section with a comparison
between the different types of interaction potentials mentioned in Section 2.3.1.

The source code for the particle simulations is provided at

https://github.com/cwytrzens/anisotropic_particles.

Numerical Implementation

We simulate the discrete particle dynamics in dimension n = 2, governed by the stochastic
differential equations (2.1.3a) and (2.1.3b) on a periodic domain. The simulations use an explicit
Runge-Kutta Milstein method of strong order 1 with adaptive time stepping. This numerical
method is part of the Julia package StochasticDiffEq.jl, see [92]. Since we want to study
a wide range of model parameters, it is crucial to use an adaptive time-stepping method, as
the stiffness of the system strongly depends on the model parameters and differs across the
parameter range that we investigate. We use default tolerance parameters reltol = 10−2 and
abstol = 10−2. Moreover, in order to allow faster numerical evaluations of the interaction forces,
we truncate the potential Vb as defined in Equation (2.1.4) for R = |Xj −Xi| ≥ 8max(ℓ, d).

For the particle simulations, we consider a square domain of size [0, Lx] × [0, Ly] with Lx =
Ly = 100 and fix the number of particles at N = 105. The initial positions Xi and directions ui
of the particles are taken uniform and random for i = 1, ..., N . Moreover, we set tend = 1.5×105,
the time at which the simulations stop.

We perform an extensive parameter study for each remaining parameter pair, namely, the
diffusion constants in space Dx and direction Du; the strength factors of the repulsive force, µ
and λ; the anisotropy parameter χ, and the particle density ρ̄ which we define as

ρ̄ :=
πℓdN

LxLy
, (2.3.4)

and it represents the ratio of the total volume of all particles to the domain size. The parameters
χ and ρ̄ determine d and ℓ uniquely (by solving (2.1.2) and (2.3.4) for d and ℓ).

Parameter Study

For the parameter study, we focus on capturing the regime of parameter values at which the
global alignment is reached versus those at which the particles fail to align globally. As the
dynamics depend on many parameters and the balance between them, capturing all interesting
parameter combinations is very challenging; thus, out of the scope of this numerical study. To
measure alignment, we compute the order parameter γf which is given in (2.2.16). If not stated
otherwise, all the simulations use the default parameters given in Table 2.1.

To capture the transition to alignment, we typically vary one or two parameters while keeping
the others fixed. This approach allows for a direct comparison between our numerical results
and the theoretical prediction that the condition σ < ν is necessary for well-posedness of the
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Parameter Value

χ 0.9
ρ 1
Dx 2−4

Du 2−11

λ 28

µ 213

N 105

Lx, Ly 100
tend 1.5× 105

Table 2.1: Default model parameters for the simulations of the particle system.

continuum equations, see (2.1.10). Recalling that σ = Du
λ and ν = Dx

µ , we study the trajectories
of the order parameter γf by varying Du relative to Dx, and λ relative to µ, while keeping the
remaining parameters constant.

Another primary feature of our particle system is the global alignment induced by the aniso-
tropy of the particles. To investigate this feature, we conduct a parameter study of χ versus ρ̄.
Specifically, we study the impact of the anisotropy parameter χ on global alignment by defining
the parameters ℓ and d implicitly in terms of χ and ρ̄.

For each parameter pair (Dx, Du), (λ, µ), and (χ, ρ̄), we present three plots:

(a) The expected trajectories of the mean global alignment γf , obtained by varying one pa-
rameter while keeping the others constant.

(b) A similar plot for the second parameter of the pair.

(c) A heatmap of the mean order parameter γf at the final simulation time tend, obtained
by varying both parameters simultaneously. The heatmap highlights the transition to
alignment with the transition front (σ = ν) marked by a red line.

For each parameter combination, we collect 8 simulation samples to estimate the trajectory
of the mean global alignment, where the matching color bands show the standard deviation.

Simulation Results

In this section, we present the results of our numerical experiments.
We start with the study of our first parameter pair, diffusion constants Dx and Du, presented

in Figure 2.4. Figure 2.4a displays the trajectories of the order parameter γf over time for
different values of Dx = 2−k for k = 2, . . . , 7 and Du fixed at 0. Hence, there is no noise
present in the particle directions u. We observe that the smaller the value of Dx, the slower the
emergence of the global alignment. We fix Dx = 2−4 as the default value and look at various
Du values in Figure 2.4b.

We observe an opposite effect for Du. In Figure 2.4b, varying Du shows that less angular noise
leads to quicker alignment and too large noise might prevent reaching alignment all-together.

Finally, in Figure 2.4c, we display the order parameter γf at the final simulation time tend as
a heatmap of varying Dx versus Du. Here, we observe the parameter range leading to alignment
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(c) Heatmap of γf : Dx vs. Du.

Figure 2.4: Parameter study for (Dx, Du). Trajectories of the order parameter γf are plotted
for fixed Du = 0 and varying Dx in Figure 2.4a; for fixed Dx = 2−4 and varying Du

in Figure 2.4b. Figure 2.4c displays a heatmap of γf at time tend = 1.5× 105 while
both Du and Dx vary simultaneously. The red line depicts where ν = σ.

and a transition along level sets of Dx versus Du. At the particle level, the heatmap can be
interpreted as follows. Increasing the positional noise facilitates interactions among a greater
variety of particles, as neighboring particles change quickly, which contributes to reaching global
alignment. On the contrary, increasing the directional noise drives the system away from global
alignment, which is, in particular, critical if particles only interact with their nearest neighbors.
Consequently, we observe a lack of alignment in the top left corner of the heatmap, where
positional noise is low and directional noise is high.

Note that the red line displays where ν = Dx
µ = Du

λ = σ. This indicates the interface at which
the macroscopic equation (2.2.17b) for the mean-nematic direction Ωf becomes ill-posed, see
the discussion on well-posedness in Section 2.2.4. Crucially, the right-hand side of this red line
is the parameter regime (σ < ν) where the macroscopic equations remain well-posed, and it is
exactly in this parameter regime that we observe the onset of particle alignment.

In Figure 2.5, we investigate how the forces acting on positions Xi and directions ui affect
the alignment of particles. The strength factors of these forces are determined by the positive
constants µ and λ in front of the interaction terms in Equations (2.1.3a) and (2.1.3b).
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(c) Heatmap of γf : λ vs. µ.

Figure 2.5: Parameter study for (λ, µ). Trajectories of the order parameter γf are plotted for
fixed µ = 213 and varying λ in Figure 2.5a; for λ = 28 and varying µ in Figure 2.6a.
Figure 2.5c displays the heatmap of γf at time tend = 1.5× 105 while both λ and µ
vary simultaneously. The red line depicts where ν = σ.
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Figure 2.5a shows the trajectories of the order parameter γf over time for fixed µ = 213 and
varying values of λ from 25 to 210. We observe that for λ ≤ 26, the system is in total chaos, with
γf close to 0, indicating that the force acting on the particles’ directions is not strong enough
to drive the system towards alignment. Additionally, we deduce that as λ increases, γf appears
to increase accordingly.

Next, we fix λ = 28 and vary µ from 0 to 216 to study how the strength of the potential Vb
affects the alignment through the force acting on the particles’ positions. In Figure 2.5b, we
observe that µ must be sufficiently large to have a significant impact on the particle dynamics.
As µ increases, the particles lose their alignment, see, e.g., when µ = 216, γf is very close to 0.

Lastly, we present a heatmap of the order parameter γf in Figure 2.5c, similar to Figure 2.4c,
but for λ versus µ. Similarly, the red line displays the interface of the analytical well-posedness
condition ν = σ, see Equation (2.1.10). Again, we observe that global alignment only occurs
inside the parameter range where the macroscopic equations are well-posed (σ < ν), located on
the right-hand side of the red line.

As for our last parameter pair, in Figure 2.6 we study the effects of the anisotropy χ and
the density of particles ρ̄ on the global alignment. In Figure 2.6a, we present a plot of the
trajectories of γf when ρ̄ = 1 and the anisotropy parameter χ is varying from 0.6 to 1. We
can clearly deduce that a certain degree of anisotropy is required for particles to reach global
alignment.
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(c) Heatmap of γf : χ vs. ρ̄.

Figure 2.6: Parameter study for (χ, ρ̄). Trajectories of the order parameter γf are plotted for
fixed ρ̄ = 1 and varying χ in Figure 2.6a; for fixed χ = 0.9 and varying ρ̄ in Figure
2.6b. Figure 2.6 displays the heatmap of γf at time tend = 1.5 × 105 while both χ
and ρ̄ vary simultaneously.

In Figure 2.6b, we fix χ = 0.9 and vary ρ̄ from 0.5 to 2 (recall that ρ̄ is computed using (2.3.4))
and plot the trajectories of γf . We observe that the particle density must also be sufficiently
high for particles to align, otherwise, if the particles are too far apart, the repulsive potential is
not strong enough to induce alignment. Figure 2.6c presents a heatmap illustrating the effect of
both χ and ρ̄ on the transition towards a higher-order alignment. Here, we also observe a clear
linear progression, moving from a chaotic state, where γf is close to 0, to a well-ordered system,
characterized by global alignment with γf ≈ 1.

Moreover, to further investigate the effect of the shape of the particles on the global alignment
of the system, we present in Figure 2.7 another heatmap of γf with the same dataset as in Figure
2.6c. However, in Figure 2.7 we compare the effect of varying the lengths of the major and the
minor axes of the ellipses, i.e., ℓ and d, on global alignment rather than with respect to χ and
ρ̄. Notice that depending on ℓ and d, both χ and ρ̄ vary across the heatmap accordingly. The
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Figure 2.7: Heatmap of γf : χ versus ρ̄.

The dashed red lines display
the anisotropy parameter χ
for the corresponding lenghts
of the major and minor axes
of the ellipses, ℓ and d re-
spectively. Ellipses with cor-
responding χ are pictured in
gray. The dashed blue lines are
the constant density curves ρ̄
corresponding to ℓ and d, com-
puted using (2.3.4).

red dashed lines display the constant χ curves, and similarly the blue dashed lines represent the
constant ρ̄ curves. This figure also confirms that the larger the particle anisotropy, the easier
global alignment is achieved.

We remark that these numerical findings are in total agreement with our analytical conclusions.
More precisely, at the macroscopic level, this behavior is also evident since the repulsive potential
Vb ultimately gives rise to the nematic alignment potential with the factor 1 − χ2(u · u2)2 in
Equation (2.2.2). Consequently, when particles are circular (χ = 0), no alignment is observed
at the macroscopic level. Also the effect of the potential is less for smaller values of χ.

We end this section with several snapshots of a particle simulation. In Figure 2.8, we start
with a completely random state on the upper left figure and run the simulation using the default
parameters in Table 2.1. Above each snapshot, we display the time at which the snapshot was
captured with together with the value of the order parameter γf of the system at that time.
The colors represent the nematic direction of the particles.

The particles start to align over time and hence, the also the order parameter γf increases in
time. Finally, the bottom right snapshot in Figure 2.8 shows that the system reaches a globally
aligned state with γf = 0.92, displayed in uniform colors, at the final simulation time tend.

Numerical Comparison of the Potentials

Another prediction we draw from our mathematical analysis in Section 2.3.1 is the lack of align-
ment in the case of the Berne-Pechukas potential (2.3.3). To test this hypothesis numerically,
we consider an interpolation between the weighted Gaussian potential and the Berne-Pechukas
potential,

Vξ(u1, u2, R) := (4π)−n/2 det(Σ)
1
2
−ξ exp(−RTΣ−1R),

where ξ ∈ [0, 1] and recalling that det(Σ) = 1− χ2(u1 · u2)2. Notice that Vξ corresponds to

• the weighted Gaussian potential, given by VbWG (2.1.6), when ξ = 0,

• the non-scaled Gaussian potential VbNR , obtained by using the scaling factor (2.3.2), when
ξ = 1

2 ,

• the Berne-Pechuckas potential VbBP , obtained by using the scaling factor (2.3.3), when
ξ = 1.
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Figure 2.8: Snapshots of a particle simulation at different times using the default parameters
given in Table 2.1. Different colors represent the different nematic directions of the
particles. For the corresponding movie and movies for other cases see link https:
//doi.org/10.6084/m9.figshare.27117136.v1.

We remark that with increasing ξ, the scale of the potential might change, since we have

Vξ
VbWG

=
(1− χ2(u1 · u2)2)

1
2
−ξ

(1− χ2(u1 · u2)2)
1
2

≤ 1

(1− χ2)ξ
.

In Section 2.3.2, we observed (see Figure 2.5) that increasing λ increases the order parameter
γf ; thus, has a positive effect on the global alignment. Therefore, we consider the scaling
λ = ((1 − χ2)2ξ)λ′ so that increasing ξ increases λ′ and speeds up the alignment. Notice that
here we chose the exponent 2ξ instead of just ξ to promote even stronger alignment for larger ξ
values. For the simulations we use the default parameters listed in Table 2.1.

Figure 2.9 displays the trajectories of the order parameter γf for different values of ξ. We
clearly observe a sharp transition from higher ordered states to a disordered state (where γf
is nearly 0) as we increase ξ = 0 (the weighted Gaussian potential) to ξ = 1 (the Berne-
Pechukas potential). Moreover, we also obtain global alignment for ξ = 1

2 (the non-scaled
Gaussian potential). Thus, our numerical study of the potentials strongly supports our analytical
predictions in Section 2.3.1.

Summary of the numerical studies.
In this section, we conducted comprehensive numerical parameter studies on various param-

eter pairs: (Dx, Du), (λ, µ), and (χ, ρ̄). We also compared different interaction potentials by
simulating the stochastic particle system (2.1.3). Given the complex dynamics governed by
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Figure 2.9: Trajectories of the order pa-
rameter γf are plotted for
varying ξ and the remaining
parameters are fixed at their
default values given in Table
2.1. For ξ = 0, ξ = 1/2
and ξ = 1, Vξ corresponds
to the weighted Gaussian po-
tential VbWG , the non-scaled
Gaussian potential VbNR and
the Berne-Pechuckas potential
VbBP , respectively.

(2.1.3), it is numerically very challenging to determine all the interesting parameter regimes.
Hence, we focused on the transitional ranges where global alignment breaks down. While the
observed trends can be intuitively explained at the particle level, they are closely linked to our
analytical results in the following ways:

• Global alignment fails to emerge for parameters where the macroscopic equation for the
mean-nematic alignment Ω is ill-posed, as characterized by the well-posedness condition
(2.1.10). This effect is evident in Figures 2.4c and 2.5c.

• Particle shape and density significantly influence the phase transition towards global align-
ment. As predicted by the macroscopic equations, spherical particles and low densities
result in slower rates of alignment or a complete lack thereof.

• Our numerical tests confirm that the Berne-Pechukas potential does not lead to global
alignment at the particle level, which aligns with the macroscopic perspective presented
in Section 2.3.1.

2.4 Proof of Theorem 2.2.10

This section is dedicated to the proof of our main result, Theorem 2.2.10. First we give some
preliminary tools that will be used later in the proof.

2.4.1 Preliminaries

Change of variables. In the sequel, we apply repeatedly the following change of variables
u 7→ (θ, v) where u ∈ Sn−1 \ {±Ω} and (θ, v) ∈ (0, π)× Sn−2 defined by

u = (u · Ω)Ω + PΩ⊥(u) = cos θΩ+ sin θv, (2.4.1)

du = sinn−2 θ dθ dv,

where Sn−2 is identified as Sn−1 ∩ Ω⊥. For simplicity, we assume that the measure du is such
that the total mass of the sphere is 1, i.e.,

´
Sn−1 du = 1. In the course of the proof, we will also

apply this change of variables to the Gibbs distribution Gη(ρ)AΩ
as stated in (2.2.10). Hence, we
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define

gη(θ) :=
eη(ρ) cos

2 θ

Zη
, where Zη =

ˆ π

0
eη(ρ) cos

2 θ′ dθ′. (2.4.2)

as the transformed Gibbs distribution. Indeed, notice that the value of the normalizing factor Zη

does not depend on Ω, but it depends on η = η(ρ). For more details on this change of variables
see [47].

Derivatives and integrals. Since we will use various derivatives of Gη(ρ)AΩ
, we collect

them below in the following Lemma:

Lemma 2.4.1. Let Gη(ρ)AΩ
be the Gibbs distribution defined in (2.2.10). Then the following

holds,

∂Gη(ρ)AΩ

Gη(ρ)AΩ

= η′(ρ)(∂ρ)
(
(u · Ω)2 − d2,0(ρ)

)
+ 2η(ρ)(u · Ω)(u · ∂Ω),

∇xGη(ρ)AΩ

Gη(ρ)AΩ

= η′(ρ)(∇xρ)
(
(u · Ω)2 − d2,0(ρ)

)
+ 2η(ρ)(u · Ω)(u · ∇xΩ), (2.4.3)

∂2Gη(ρ)AΩ

Gη(ρ)AΩ

= ∂2η
(
(u · Ω)2 − d2,0(ρ)

)
+ ∂η (4(u · Ω)(u · ∂Ω)− ∂d2,0(ρ))

+ 2η(u · ∂Ω)2 + 2η(u · Ω)(u · ∂2Ω) +
(
∂η((u · Ω)2 − d2,0(ρ)) + 2η(u · Ω)(u · ∂Ω)

)2
,

where ∂ denotes the partial derivative with respect to time or with respect to one of the spatial
components, i.e., ∂ = ∂t, or ∂ = ∂xi , i = 1, . . . , n; ∇xΩ is a matrix such that (∇xΩ)ij = ∂xjΩi

and thus (u · ∇xΩ)i = u · ∂xiΩ and (∂2Ω)i = ∂2Ωi.

Proof. The proof follows directly from straightforward computations.

Lemma 2.4.2. Let hη be any odd function, w ∈ Rn, and k ∈ N ∪ 0. Then the following holds
for ψ(u) := hη(u · Ω)PΩ⊥u:

ˆ
Sn−1

(u · Ω)kGη(ρ)AΩ
ψ(u) du = 0, (2.4.4)

ˆ
Sn−1

(u · w)(u · Ω)kGη(ρ)AΩ
ψ(u) du =

ck,2
n− 1

PΩ⊥w, (2.4.5)
ˆ
Sn−1

(u · Ω)k ∂Gη(ρ)AΩ
ψ(u) du = η(ρ)

2ck+1,2

n− 1
∂Ω, (2.4.6)

ˆ
Sn−1

(u · w)(u · Ω)k ∂Gη(ρ)AΩ
ψ(u) du =

η′(ρ)(∂ρ)(ck+2,2 − d2,0ck,2)
1

n− 1
w for w ⊥ Ω, (2.4.7)

ˆ
Sn−1

(u · Ω)2k(u · w)2Gη(ρ)AΩ
ψ(u) du = 0 for w ⊥ Ω, (2.4.8)

ˆ
Sn−1

∂2Gη(ρ)AΩ
ψ(u) du =

4

n− 1
(c1,2 + η(ρ)(c3,2 − d2,0c1,2)) ∂η∂Ω

+
2c1,2
n− 1

η(ρ)PΩ⊥∂2Ω, (2.4.9)
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where the partial derivatives are with respect to time or space, i.e., ∂ = ∂t, ∂xi with xi being the
i-th component of x and the coefficients ck,p, dk,p are given in (2.2.19) and (2.2.20). Moreover,
it also holds that

dk,p = 0 for k odd and ck,p = 0 for k even.

Proof. The proof of this lemma can be found in Appendix 2.6.2.

Finally, notice that

∂Ω ⊥ Ω

for ∂ = ∂t, ∂xi (since Ω · ∂Ω = ∂|Ω|2/2 = 0). Therefore, it holds that

PΩ⊥∂Ω = ∂Ω. (2.4.10)

Next, we consider the following integrals with respect to v ∈ Sn−2.

Lemma 2.4.3 (Lemma 4.1 in [47]). Let n ≥ 2 and v ∈ Sn−2. Then, we have
ˆ
Sn−2

v⊗(2k+1) dv = 0, ∀k ∈ N, (2.4.11)
ˆ
Sn−2

v ⊗ v dv =
1

n− 1
PΩ⊥ , (2.4.12)

ˆ
Sn−2

v ⊗ v ⊗ v ⊗ v dv =
1

(n− 1)(n+ 1)
Γ, (2.4.13)

where Γ is given in (2.2.28).

The proof of Lemma 2.4.3 can be found in Lemma 4.1 of [47]. Thus, we skip it here.

Now, with these preliminary results, we first present the limit of f ε as ε→ 0.

2.4.2 Limit for f ε

Lemma 2.4.4 (Limit of f ε and ρfεQfε). Let f ε be the solution of Equation (2.2.4). Under
Assumption 2.2.8, we have that

f ε(t, x, u) → ρ(t, x)Gη(ρ)AΩ
(t, x) as ε→ 0,

for any (t, x) such that ρ(t, x) > ρ∗, for ρ∗ as given in Proposition 2.2.6. Moreover, in this same
regime of (t, x), it also holds that

ρfεQfε → η(ρ)

α
AΩ, as ε→ 0, (2.4.14)

where α is given in (2.2.8), η = η(ρ) is given in (2.2.13), and AΩ is given in (2.2.9).

Proof. By Assumption 2.2.8, f ε converges to some function f0 as ε → 0. At the same time,
from Equation (2.2.6) we have that C(f ε) = O(εa) with a ∈ (0, 2] and thus, taking the limit,
C(f0) = 0 as ε→ 0. Therefore, the limit f0 must belong to the kernel of the operator C, which
was characterized in Lemma 2.2.7. Therefore, we conclude that f0 = ρ(t, x)Gη(ρ)AΩ

(t, x) for

44



any (t, x) such that ρ(t, x) > ρ∗ and for some Ω ∈ Sn−1. Finally, the limit (2.4.14) is a direct
consequence of (2.2.15) in Lemma 2.2.7.

2.4.3 Derivation of Equation (2.2.17a)

Integrating the kinetic equation (2.2.6) with respect to u, and using Lemma 2.4.4 in the limit
ε→ 0, we obtain

∂tρ+
µχ2

α
∇x ·

Å
ρ

ˆ
Sn−1

(
∇x (u · (η(ρ)AΩ)u)Gη(ρ)AΩ

)
du

ã
+µ

Å
χ2

n
− 1

ã
∇x · (ρ∇xρ)−Dx∆xρ = 0. (2.4.15)

Notice that, above, we used the facts that the term in Bf vanishes and
´
Sn−1 C(f

ε)du = 0 for
all ε > 0, both thanks to the divergence theorem.

Next, we compute the integral in the second term of (2.4.15),
ˆ
Sn−1

∇x (η(ρ)u ·AΩu)Gη(ρ)AΩ
du

=

ˆ
Sn−1

∇x

Å
η(ρ)

ï
(u · Ω)2 − 1

n

òã
Gη(ρ)AΩ

du

=

ˆ
Sn−1

∇xη(ρ)

Å
(u · Ω)2 − 1

n

ã
Gη(ρ)AΩ

du+

ˆ
Sn−1

2η(ρ)(u · Ω)(u · ∇xΩ)Gη(ρ)AΩ
du

=
n− 1

n
S2(η)∇xη(ρ),

where in the last equality we used the fact that the second integral is zero. This can be computed
similarly as for the integral in Equation (2.4.5) for k = 1 and w = ∂Ω with ∂Ω ⊥ Ω (remembering
that the matrix ∇xΩ is such that component-wise it corresponds to (∇xΩ)ij = ∂xjΩi).

Finally, substituting this last expression into (2.4.15) and using that ∇xη(ρ) = η′(ρ)∇xρ, we
can combine the terms and obtain Equation (2.2.17a) for the mass density ρ.

2.4.4 Derivation of Equation (2.2.17b).

Classically, to obtain macroscopic equations from kinetic equations, one needs to find functions
ψ = ψ(u) that are collision invariant for the operator C, i.e., functions ψ such that, for all f ,
the following holds:

ˆ
Sn−1

C(f)ψ(u) du = 0.

The collision invariants correspond to conserved quantities. Typically, the number of macro-
scopic equations we obtain is the same as the number of collision invariants. For example, in
our case, if ψ is a constant, then ψ is a collision invariant, which is related to the conservation of
mass. Therefore, to obtain an equation of the mean-nematic direction Ω, we would like to find its
associated collision invariant(s). However, Ω does not have any associated conserved quantity,
i.e., one can check that the only collision invariants for our operator C, given in (2.2.7), are the
constants [41].
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To overcome this difficulty, the concept of Generalized Collision Invariant (GCI) was intro-
duced in [49] for a model of collective dynamics where the momentum is not preserved. This
idea, then, has been applied to other models of collective dynamics, see, e.g., [43, 47]. More-
over, the GCI for the operator C was already computed in [41]. Next, we state the main result
regarding the GCI that we will be using in the sequel. The original source [41] contains a full
proof of it.

Proposition 2.4.5 (Generalized Collision Invariant defined in [41] and Proposition 9 in [41]).
Let
f : Sn−1 → R be twice continuously differentiable such that Qf ̸= 0 and Qf is the Q-tensor.
Since Qf is a symmetric matrix, all its eigenvalues are real. Suppose that the largest eigenvalue
of Qf is unique and denote Ωf as the associated normalized eigenvector (which is unique up to
sign). Then it holds that

ˆ
Sn−1

C(f)ψηf ,Ωf
du = 0, for ψηf ,Ωf

:= hηf (u · Ωf )PΩ⊥
f
u,

where hη is the unique solution of

−(1− r2)
n−1
2 eηr

2
(2η r2 + n− 1)hη +

d

dr

ï
(1− r2)

n+1
2 eηr

2 dh

dr

ò
= r(1− r2)

n−1
2 eηr

2
,

in the functional space

H =

®
h : (−1, 1) → R

∣∣∣ ˆ 1

−1
(1− r2)

n−1
2 |h(r)|2 dr <∞,

ˆ 1

−1
(1− r2)

n+1
2

∣∣h′(r)∣∣2 dr <∞
´
.

Moreover, hη is an odd function with hη(r) ≤ 0 for r ≥ 0.

A characterization of the GCI is given by the following definition and can be found in [41]:

Definition 2.4.6. Let (η,Λ) ∈ (0,∞)×U0
n. Then, we define the function ψηΛ : Sn−1 → Rn as

the unique solution (inH1(Sn−1) =
{
k ∈ H(Sn−1)|

´
Sn−1 k(u) du = 0

}
) of the following equation:

∇u · (GηΛ(u)∇uψηΛ) = (u · ΩΛ)PΩ⊥
Λ
uGηΛ(u) ∀u ∈ Sn−1,

where U0
n is the set of symmetric trace-free n×n-matrices whose principal eigenvalue is equal to

n−1
n and is simple.

Thanks to the GCI for the collision operator C we can now derive an equation for the mean-
nematic direction Ω. Therefore, we multiply the kinetic equation given in (2.2.4) by ψηΩf

and
integrate with respect to u. Then, the term in C vanishes by the previous proposition. Therefore,
we state the following result:

Proposition 2.4.7. Under the assumptions of Theorem 2.2.10, it holds that
ˆ
Sn−1

Fu(ρGη(ρ)AΩ
)ψ(u) du = 0, for ψ(u) = hη(ρ)(u · Ω)PΩ⊥u, (2.4.16)

where η = η(ρ) is given by (2.2.13), hη = hη(ρ))(u ·Ω) is defined in Proposition 2.4.5 and Fu(f)
is defined as
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Fu(f) = ∂tf + µχ2∇x · (∇x(u
TρfQfu)f)

+ µ

Å
χ2

n
− 1

ã
∇x · ((∇xρf )f)− λ1a=2∇u · ((∇uBf )f)−Dx∆xf.

Proof. The proof is a direct consequence of Assumption 2.2.8, Lemma 2.4.4 and Proposition
2.4.5.

Limit of the Terms not Involving Bf

Now, we have all the ingredients to derive the macroscopic equation for Ω in a straightforward
way. We apply Lemma 2.4.4 in the limit as ε→ 0 and rewrite Equation (2.4.16) as

I1 + µσI2 + µ

Å
χ2

n
− 1

ã
I3 − λ1a=2I4 −DxI5 = 0, (2.4.17)

where

I1 =

ˆ
Sn−1

∂t
(
ρGη(ρ)AΩ

)
ψ(u) du,

I2 =

ˆ
Sn−1

∇x ·
(
∇x (u · η(ρ)AΩu) ρGη(ρ)AΩ

)
ψ(u) du,

I3 =

ˆ
Sn−1

∇x ·
(
(∇xρ) ρGη(ρ)AΩ

)
ψ(u) du,

I4 =

ˆ
Sn−1

∇u ·
Ä
∇u

Ä
BρGη(ρ)AΩ

ä
ρGη(ρ)AΩ

ä
ψ(u) du,

I5 =

ˆ
Sn−1

∆x

(
ρGη(ρ)AΩ

)
ψ(u) du.

Notice that while writing I2 we used (2.2.15). In this section, we will focus only on the terms
I1, I2, I3 and I5 since the term I4 appears exclusively if we choose a = 2. We will compute I4 in
the next section.

Lemma 2.4.8. The following equalities hold:

I1 =
2η(ρ)c1,2
n− 1

ρ ∂tΩ,

I2 =
2η(ρ)c1,2
n− 1

Å
2
η′(ρ)

η(ρ)
ρ+ 1 + ρη′(ρ)

Å
2
c3,2
c1,2

− 1

n
− d2,0

ãã
(∇xρ · ∇x)Ω +

2η(ρ)c1,2
n− 1

ρPΩ⊥∆xΩ,

I3 =
2η(ρ)c1,2
n− 1

ρ(∇xρ · ∇x)Ω,

I5 =
2η(ρ)c1,2
n− 1

ρPΩ⊥∆xΩ+
2η(ρ)c1,2
n− 1

2

Å
ρη′
Å

1

η(ρ)
+
c3,2
c1,2

− d2,0)

ã
+ 1

ã
(∇xρ · ∇x)Ω.

Proof. We start with computing I1,

I1 =

ˆ
Sn−1

∂t(ρGη(ρ)AΩ
)ψ(u) du = ∂tρ

ˆ
Sn−1

Gη(ρ)AΩ
ψ(u) du+ ρ

ˆ
Sn−1

∂tGη(ρ)AΩ
ψ(u) du.

The first integral above on the last part of the equality is of the form (2.4.4) for k = 0, so it is
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zero. The second integral is of the form (2.4.6) for k = 0 and so I1 becomes

I1 =
2η(ρ)c1,2(ρ)

n− 1
ρ ∂tΩ.

Next, we compute I2,

I2 =

ˆ
Sn−1

∇x ·
(
∇x (u · η(ρ)AΩu) ρGη(ρ)AΩ

)
ψ(u) du

=

ˆ
Sn−1

∆x (u · η(ρ)AΩu) ρGη(ρ)AΩ
ψ(u) du+

ˆ
Sn−1

∇x (u · η(ρ)AΩu) · ∇xρ Gη(ρ)AΩ
ψ(u) du

+ ρ

ˆ
Sn−1

∇x (u · η(ρ)AΩu) · ∇xGη(ρ)AΩ
ψ(u) du =: I12 + I22 + I32 .

Proceeding further, we compute each Ii2, i ∈ {1, 2, 3} separately. Using (2.2.9), we have

u · η(ρ)AΩu = η(ρ)

Å
(u · Ω)2 − 1

n

ã
.

The Laplacian of this expression reads

∆x(u · η(ρ)AΩu) =∆xη(ρ)

Å
(u · Ω)2 − 1

n

ã
+ 4∇xη(ρ) · (u · Ω)(u · ∇xΩ)

+ 2η(ρ)(u · ∇xΩ)
2 + 2η(ρ)(u · Ω)(u ·∆xΩ).

Subsequently, using this, we obtain

I12 =

ˆ
Sn−1

∆x (u · η(ρ)AΩu) ρGη(ρ)AΩ
ψ(u) du

= ρ∆xη(ρ)

ˆ
Sn−1

Å
(u · Ω)2 − 1

n

ã
Gη(ρ)AΩ

ψ(u) du

+ 4η′(ρ)ρ

n∑
i=1

∂xiρ

Åˆ
Sn−1

(u · Ω)(u · ∂xiΩ)Gη(ρ)AΩ
ψ(u) du

ã
+ 2η(ρ)ρ

ˆ
Sn−1

(u · ∇xΩ)
2Gη(ρ)AΩ

ψ(u) du+ 2η(ρ)ρ

ˆ
Sn−1

(u · Ω)(u ·∆xΩ)Gη(ρ)AΩ
ψ(u) du.

We further simplify each integral above. The first and the third integrals are equal to zero as
they are of the forms (2.4.4) for k = 2 and k = 0 and (2.4.8) for k = 2, respectively. The second
and the forth integrals are of the form (2.4.5) with k = 1 (and recall (2.4.10)). Combining these
we obtain

I12 = 4η′(ρ)ρ
c1,2
n− 1

(∇xρ · ∇x)Ω + 2η(ρ)ρ
c1,2
n− 1

PΩ⊥∆xΩ.
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Next, for I22 we have

I22 = ∇xρ ·
ˆ
Sn−1

∇x (u · η(ρ)AΩu) Gη(ρ)AΩ
ψ(u) du

= |∇xρ|2η′(ρ)
ˆ
Sn−1

Å
(u · Ω)2 − 1

n

ã
Gη(ρ)AΩ

ψ(u) du

+ 2η(ρ)
n∑

i=1

∂xiρ

Åˆ
Sn−1

(u · Ω)(u · ∂xiΩ) Gη(ρ)AΩ
ψ(u) du

ã
.

Noticing that the first integral above is of the form (2.4.4) with k = 2 and k = 0 and the second
integral is of the form (2.4.5) with k = 1 and recalling (2.4.10), we conclude

I22 = 2η(ρ)
c1,2
n− 1

(∇xρ · ∇x) Ω.

Similarly, we obtain (here we additionally use (2.4.3) for ∇xGη(ρ)AΩ
)

I32 = ρ

ˆ
Sn−1

∇x (u · η(ρ)AΩu) · ∇xGη(ρ)AΩ
ψ(u) du

= ρη′(ρ)
n∑

i=1

∂xiρ

ˆ
Sn−1

Å
(u · Ω)2 − 1

n

ã
∂xiGη(ρ)AΩ

ψ(u) du

+ 2η(ρ)ρ

ˆ
Sn−1

(u · Ω)
(
(u · ∇xΩ) · ∇xGη(ρ)AΩ

)
ψ(u) du.

The first integral above is of the form (2.4.6) for k = 2 and k = 0 (for the terms (u · Ω)2 and
1/n), respectively; and the second integral is of the form (2.4.7) for k = 1, therefore, we have
that

I32 = 2ρη(ρ)η′(ρ)

Å
2c3,2 − c1,2/n− d2,0c1,2

n− 1

ã
(∇xρ · ∇x) Ω.

Combining these we compute I3 analogously to obtain

I3 =

ˆ
Sn−1

∇x ·
(
(∇xρ) ρGη(ρ)AΩ

)
ψ(u) du = 2ρη(ρ)

c1,2
n− 1

(∇xρ · ∇x)Ω.

Finally, for I5 we have

I5 =

ˆ
Sn−1

∆x

(
ρGη(ρ)AΩ

)
ψ(u) du

=∆xρ

ˆ
Sn−1

Gη(ρ)AΩ
ψ(u) du+ 2

n∑
j=1

∂xd
ρ

ˆ
Sn−1

∂xd
Gη(ρ)AΩ

ψ(u) du

+ ρ

ˆ
Sn−1

∆xGη(ρ)AΩ
ψ(u) du.

The first integral above is of the form (2.4.4) for k = 0, so it is zero; the second integral is of
the form (2.4.6) for k = 0; for the third integral we use (2.4.9) and that ∂η = η′(ρ)∂(ρ). Hence,
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we conclude

I5 =
2c1,2
n− 1

η(ρ) ρPΩ⊥∆xΩ+
4

n− 1

(
ρη′[c1,2 + η(c3,2 − d2,0c1,2)] + η(ρ)c1,2

)
(∇xρ · ∇x)Ω.

This completes the proof.

Limit of the Term with Bf

In this section, we compute the remaining integral I4 in Equation (2.4.17), which includes the
term Bf . First, we prove the following lemma:

Lemma 2.4.9. Let Bf be given by (2.2.3) with f = ρGη(ρ)AΩ
. Then the following holds

ˆ
Sn−1

∇u · (∇uBρGη(ρ)AΩ
ρGηAΩ

) hη(u · Ω)PΩ⊥udu

= ρ

ˆ
Sn−1

BρGη(ρ)AΩ
(u) (u · Ω)PΩ⊥u GηAΩ

du.

Proof. Applying integration by parts twice, we rewrite the integral as
ˆ
Sn−1

∇u · (∇uBρGη(ρ)AΩ
ρGηAΩ

)hη(u · Ω)PΩ⊥udu

= −
ˆ
Sn−1

(∇uBρGη(ρ)AΩ
ρGηAΩ

) · ∇u [hη(u · Ω)PΩ⊥u] du

= ρ

ˆ
Sn−1

BρGη(ρ)AΩ
∇u · (GηAΩ

∇u[hη(u · Ω)PΩ⊥u]) du.

We conclude the result since the GCI ψ = hη(u · Ω)PΩ⊥u satisfies

∇u · (GηAΩ
∇uψ) = (u · Ω) PΩ⊥uGηAΩ

by Definition 2.4.6.

Now, we go back to Equation (2.4.17) to rewrite I4 using Lemma 2.4.9,

I4 = ρ

ˆ
Sn−1

BρGη(ρ)AΩ
(u)(u · Ω)PΩ⊥uGηAΩ

du. (2.4.18)

First, we recast BρGη(ρ)AΩ
= [B] + [B]even, as stated in Equation (2.2.3), by expanding

Σ(u, u2) = (ℓ2 − d2)(u⊗ u) + (ℓ2 − d2)(u2 ⊗ u2) + 2d2Id

and the factor (1− χ2(u · u2)2). Hence, we obtain

[B] :=
(ℓ2 − d2)

4
((u⊗ u) : D2

x)ρ−
χ2

4
(ℓ2 − d2)

ˆ
Sn−1

(u · u2)2((u⊗ u) : D2
x)(ρGη(ρ)AΩ

(u2)) du2

− χ2

4
(ℓ2 − d2)

ˆ
Sn−1

(u · u2)2 ((u2 ⊗ u2) : D
2
x)(ρGη(ρ)AΩ

(u2)) du2

− χ2

2
d2
ˆ
Sn−1

(u · u2)2∆x(ρGη(ρ)AΩ
(u2)) du2.
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and

[B]even :=
(ℓ2 − d2)

4

ˆ
Sn−1

(
(u2 ⊗ u2) : D

2
x

)
(ρGη(ρ)AΩ

(u2)) du2 +
d2

2
∆xρ.

Now, using the change of variables (2.4.1) in (2.4.18), we have that

I4 = ρ

ˆ
Sn−2

v

ˆ π

0
BρGη(ρ)AΩ

(u(θ)) cos θ sin θ gη(θ) sind−2 θ dθ dv.

Notice that the terms in [B]even are independent of u, so they have zero contribution to I4 (since
they give an integrand odd in v). Now, we rewrite I4 using [B] and the tensor product:

I4 = ρ
(ℓ2 − d2)

4
[(Hr

2 : D2
x)][2,3:1,2]ρ− ρ

χ2

4
(ℓ2 − d2)[Hr

4 : (D2
x ⊗ (ρH2)][2,3,4,5:1,2,3,4]

− ρ
χ2

4
(ℓ2 − d2)[Hr

2 ⊗D2
x : (ρH4)][2,3,4,5:1,2,3,4] − ρ

χ2

2
d2[Hr

2 : ∆x(ρH2)][2,3:1,2],

where in the second term above, the s-th component of the contraction is defined as(
[Hr

4 : (Dx ⊗ (ρH2)][2,3,4,5:1,2,3,4]
)
s
=
∑
i,j,k,p

(Hr
4)sijkp∂xi∂xj (ρ(H2)kp)

and analogously for the other contractions; and where

H2 = H2(η,Ω,Ω
⊥) =

ˆ
Sn−1

(u⊗ u)GηAΩ
du,

Hr
2 = Hr

2(η,Ω,Ω
⊥) =

ˆ
Sn−1

PΩ⊥u⊗ (u⊗ u)(u · Ω)GηAΩ
du,

H4 = H4(η,Ω,Ω
⊥) =

ˆ
Sn−1

(u⊗ u⊗ u⊗ u)GηAΩ
du,

Hr
4 = Hr

4(η,Ω,Ω
⊥) =

ˆ
Sn−1

PΩ⊥u⊗ (u⊗ u⊗ u⊗ u)(u · Ω)GηAΩ
du.

We can now rewrite these terms in such a way that they only depend on Ω, Ω⊥ and η.

Lemma 2.4.10 (Dimension n = 2). In case of only n = 2, we have that H2, H
r
2 , H4, H

r
4

correspond to expressions (2.2.22), (2.2.23), (2.2.24) and (2.2.25), respectively.

The proof of this lemma is based on the change of variables (2.4.1) for n = 2, i.e., u =
cos θΩ+sin θΩ⊥, and the same type of argument as in the proof of Lemma 2.4.2. Thus, we skip
it here.

We conclude this section by computing the values of H2, H
r
2 , H4, H

r
4 in dimension n ≥ 3:

Proof of Proposition 2.2.11. For this proof, we consider the decomposition of u ∈ Sn−1 into

u = u∥ + u⊥, u∥ := PΩu = (u · Ω)Ω, u⊥ := PΩ⊥u,

and the change of variables given in (2.4.1) where we have that

(u · Ω) = cos θ, PΩ⊥u = sin θv.
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Then, the proof of this lemma closely the proof of Lemma 4.1 in [47]. There, the authors
prove that,

Aij :=

ˆ
Sn−1

ϕ(u · Ω)(u⊥)i(u⊥)j du =
1

n− 1

Åˆ
Sn−1

ϕ(u · Ω)(1− (u · Ω)2) du
ã
(PΩ⊥)ij(2.4.19)

where ϕ = ϕ(u · Ω) is a given function. The authors also consider

Sijkl :=

ˆ
Sn−1

ϕ(u · Ω)(u⊥)i(u⊥)j(u⊥)k(u⊥)l du.

and we additionally define

CS :=
1

(n− 1)(n+ 1)

ˆ
Sn−1

ϕ(u · Ω)(1− (u · Ω)2)2 du.

Notice that the only non-zero terms correspond to

Siiii = 3CSΓiiii, Siijj = CSΓiijj , Sijij = CSΓijij , Sijji = CSΓijji,

where Γ is given in (2.2.28) and i, j ∈ {1, ..., n} such that i ̸= j. With this we are ready to carry
out the proof.

The equality for H2 in (2.2.26) is obtained by proceeding similarly as in the proof of Lemma
2.4.2 and using (2.4.12).

Next, we look at Hr
2 to prove (2.2.27). We have that

Hr
2 =

ˆ
Sn−1

u⊥ ⊗ (u⊥ ⊗ u∥)(u · Ω)Gη(ρ)AΩ
du+

ˆ
Sn−1

u⊥ ⊗ (u∥ ⊗ u⊥)(u · Ω)Gη(ρ)AΩ
du

=
d2,2
n− 1

PΩ⊥Ω+Rr
2.

with d2,2 given in Equation (2.2.20).
In the first equality above, the integrands that are odd in u⊥ vanish (analogously to what

happens when performing the change of variables (2.4.1): the terms that are odd in v vanish).
In the second equality, for the first integral we used (2.4.12) and for the second integral we define

(Rr
2)ijk =

ˆ
Sn−1

(u⊥)i(u∥)j(u⊥)k(u · Ω)Gη(ρ)AΩ
du = Ωj

ˆ
(u⊥)i(u⊥)k(u · Ω)2Gη(ρ)AΩ

du

= ΩjAik = Ωj
d2,2
n− 1

(PΩ⊥)ik,

where in the definition of A we used ϕ(u · Ω) = (u · Ω)2Gη(ρ)AΩ
.

Now consider

([PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:24)ijk =
n∑

p=1

(PΩ⊥)ipΩj(PΩ⊥)pk = Ωj(PΩ⊥)ik,

where the second equality is a straightforward computation. Therefore, we conclude that

Rr
2 =

d2,2
n− 1

[PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:24.
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We proceed by focusing on H4 and expanding it:

H4 =

ˆ
Sn−1

(u⊥ ⊗ u⊥ ⊗ u⊥ ⊗ u⊥)Gη(ρ)AΩ
du+

ˆ
Sn−1

(u⊥ ⊗ u⊥ ⊗ u∥ ⊗ u∥)Gη(ρ)AΩ
du

+

ˆ
Sn−1

(u∥ ⊗ u∥ ⊗ u⊥ ⊗ u⊥)Gη(ρ)AΩ
du+

ˆ
Sn−1

(u∥ ⊗ u⊥ ⊗ u⊥ ⊗ u∥)Gη(ρ)AΩ
du

+

ˆ
Sn−1

(u⊥ ⊗ u∥ ⊗ u⊥ ⊗ u∥)Gη(ρ)AΩ
du+

ˆ
Sn−1

(u⊥ ⊗ u∥ ⊗ u∥ ⊗ u⊥)Gη(ρ)AΩ
du

+

ˆ
Sn−1

(u∥ ⊗ u⊥ ⊗ u∥ ⊗ u⊥)Gη(ρ)AΩ
du+

ˆ
Sn−1

(u∥ ⊗ u∥ ⊗ u∥ ⊗ u∥)Gη(ρ)AΩ
du

=: D1 +D2 +D3 + . . .+D8,

where all the terms odd in u⊥ vanished. Considering the change of variables (2.4.1), we deduce
from (2.4.13) that

D1 = d0,4
1

(n− 1)(n+ 1)
Γ.

From (2.4.12), (2.4.19) and proceeding as before, we have that

D2 =
d2,2
n− 1

PΩ⊥ ⊗ Ω⊗ Ω, D3 =
d2,2
n− 1

Ω⊗ Ω⊗ PΩ⊥ , D4 =
d2,2
n− 1

Ω⊗ PΩ⊥ ⊗ Ω.

Furthermore, proceeding as in the computation for Rr
2 we obtain

D5 =
d2,2
n− 1

[PΩ⊥ ⊗ Ω⊗ PΩ⊥ ⊗ Ω]:24, D6 =
d2,2
n− 1

[PΩ⊥ ⊗ Ω⊗ Ω⊗ PΩ⊥ ]:25,

D7 =
d2,2
n− 1

[Ω⊗ PΩ⊥ ⊗ Ω⊗ PΩ⊥ ]:35.

By applying the change of variables (2.4.1) to the last term we directly have that

D8 = d4,0Ω⊗ Ω⊗ Ω⊗ Ω

Finally, we split Hr
4 into

Hr
4 = D9 +D10,

with

D9 =

ˆ
Sn−1

(
u⊥ ⊗ (u⊥ ⊗ u⊥ ⊗ u⊥ ⊗ u∥)(u · Ω) + u⊥ ⊗ (u⊥ ⊗ u⊥ ⊗ u∥ ⊗ u⊥)(u · Ω)

)
Gη(ρ)AΩ

du

+

ˆ
Sn−1

(
u⊥ ⊗ (u⊥ ⊗ u∥ ⊗ u⊥ ⊗ u⊥)(u · Ω) + u⊥ ⊗ (u∥ ⊗ u⊥ ⊗ u⊥ ⊗ u⊥)(u · Ω)

)
Gη(ρ)AΩ

du,

and

D10 =

ˆ
Sn−1

(
u⊥ ⊗ (u⊥ ⊗ u∥ ⊗ u∥ ⊗ u∥)(u · Ω) + u⊥ ⊗ (u∥ ⊗ u⊥ ⊗ u∥ ⊗ u∥)(u · Ω)

)
Gη(ρ)AΩ

du

+

ˆ
Sn−1

(
u⊥ ⊗ (u∥ ⊗ u∥ ⊗ u⊥ ⊗ u∥)(u · Ω) + u⊥ ⊗ (u∥ ⊗ u∥ ⊗ u∥ ⊗ u⊥)(u · Ω)

)
Gη(ρ)AΩ

du,
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where the terms odd in u⊥ vanished. Proceeding as in the computation of Rr
2 we have that

D10 =
d4,2
n− 1

(
PΩ⊥ ⊗ Ω⊗ Ω⊗ Ω+ [PΩ⊥ ⊗ Ω⊗ PΩ⊥ ⊗ Ω⊗ Ω]:24

+ [PΩ⊥ ⊗ Ω⊗ Ω⊗ PΩ⊥ ⊗ Ω]:25 + [PΩ⊥ ⊗ Ω⊗ Ω⊗ Ω⊗ PΩ⊥ ]:26

)
.

To compute D9, we consider the second component in the first integral as an example. This
integral is a 5-tensor. We apply u∥ = (u · Ω)Ω and look at the components i, j, k, l,mÅˆ

Sn−1

u⊥ ⊗ (u⊥ ⊗ u⊥ ⊗ Ω⊗ u⊥)(u · Ω)2Gη(ρ)AΩ
du

ã
ijklm

=

ˆ
Sn−1

(u⊥)i(u⊥)j(u⊥)kΩl(u⊥)m(u · Ω)2Gη(ρ)AΩ
du = ΩlSijkm,

where in the definition of Sijkm we have ϕ(u · Ω) = (u · Ω)2Gη(ρ)AΩ
, which in this case means

that CS = d2,4. Putting all the terms of D9 together and by considering all the combinations of
indices we have that

D9 =
d2,4

(n− 1)(n+ 1)
T,

with T given in (2.2.29). This completes the proof.

2.5 Conclusions

In this article, we have explored the effects of an anisotropic repulsive potential on inert particles.
We derived both kinetic (2.2.4) and macroscopic equations (2.2.17a)-(2.2.17b) and discussed
potential interpretations of the latter. The equation for the particle density ρ is independent of
the particles’ mean-nematic direction Ω. However, the anisotropy of the particles slows down the
non-linear diffusion of the particle density ρ. In contrast, the equation for Ω is more complex
and challenging to interpret. It consists of transport and diffusion terms, resulting from the
effect of the repulsive potential on the particles’ position. Additionally, the repulsive potential
acting on the particles’ direction creates a complex, diffusive-type operator with different signs
for oblate and prolate particles.

Many models for collective dynamics impose an alignment force directly on particle directions.
Our main goal in this article was to observe the nematic alignment and the spatial effects of
the anisotropic Gaussian-type repulsive potential on the particle dynamics without imposing the
alignment directly.

However, when we derived this effect directly from an anisotropic repulsive potential, we
observed intriguing phenomena. For instance, we can understand how particle anisotropy influ-
ences the evolution of particle density, how particle positions affect their directions, and what
the impact of the specific interaction potential considered on the directions is (through the term
Bf ).

The well-posedness of these equations will be the object of future studies, along with the
consideration of other types of anisotropic repulsive potentials, such as generalizations of the
Lennard-Jones potential. Another interesting aspect for future research is the study of compactly
supported potentials, which may better represent contact interactions.
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2.6 Appendix

2.6.1 Proof of Lemma 2.2.1

Proof. Considering the scaling ℓ = εℓ′ and d = εd′ and a change of variable z = x2−x1
ε , so

εn dz = dx2, we obtain

Vf (t, x1, u1) =

ˆ
Sn−1

ˆ
Rn

VbWG

(
u1, u2,

x2 − x1
ε

)
f ε(t, x2, u2) dx2 du2

= εn
ˆ
Sn−1

ˆ
Rn

VbWG (u1, u2, z) f
ε(t, x1 + εz, u2) dz du2.

Now, we perform a Taylor expansion of f ε(t, ·, u2) at x1 to obtain

f ε(t, x1 + εz, u2) = f ε(t, x1, u2) + εz · ∇xf
ε(t, x1, u2) +

1

2
ε2zT D2

xf
ε(t, x1, u2) · z +O(ε3).

Since, we consider the weighted Gaussian potential VbWG , as defined in Equation (2.1.6), we use´
Rn zVbWG(u1, u2, z) dz = 0, and thus for the potential Vf (t, x1, u1), we have that

Vf (t, x1, u1) = εn
ˆ
Sn−1

Åˆ
Rn

VbWG (u1, u2, z) dz

ã
f ε(t, x1, u2) du2

+
εn+2

2

ˆ
Sn−1

ˆ
Rn

VbWG(u1, u2, z)z
T D2

xf
ε(t, x1, u2) · z dz du2 +O(εn+3).

Notice that with the scaling factor (2.1.5) we have for the potential VbWG ,
ˆ
Rn

VbWG(u1, u2, z) dz = b2WG(u1, u2),ˆ
Rn

(z ⊗ z)VbWG(u1, u2, z) dz =
1

2
b2WG(u1, u2)Σ.

(2.6.1)

55

https://doi.org/10.55776/F65


Using (2.6.1), we obtain

Vf (t, x1, u1) = εn
ˆ
Sn−1

(
1− χ2(u1 · u2)2

)
f(t, x1, u2) du2

+
εn+2

4

ˆ
Sn−1

(
1− χ2(u1 · u2)2

)
Σ(u1, u2) : D

2
xf(t, x1, u2) du2 +O(εn+3).

Then,

V ε
f (t, x1, u1) =

1

εn
Vf (t, x1, u1) =Wf (t, x1, u1) + ε2Bf (t, x1, u1) +O(ε3).

where Wf and Bf are Equations (2.2.2) and (2.2.3) in the lemma.

2.6.2 Proof of Lemma 2.4.2

Proof. We will consider the change of variables given in (2.4.1) throughout the following proof
and thus we can recast

ψ(u) = hη(cos θ) sin θ v,

Gη(ρ)AΩ
(u) = gη(θ),

where gη(θ) is given in (2.4.2).

To begin with, doing the change of variables (2.4.1), the integral (2.4.4) corresponds to
ˆ
Sn−1

(u · Ω)kGη(ρ)AΩ
ψ(u) du = ck,1

Åˆ
Sn−2

v dv

ã
.

The integral in v is zero since the integrand is odd. Moreover, the function ck,p is defined in
(2.2.19).

Proceeding similarly, we consider (2.4.12) and transform (2.4.5) into
ˆ
Sn−1

(u · w)(u · Ω)kGη(ρ)AΩ
ψ(u) du = ck,2

Åˆ
Sn−2

v ⊗ v dv

ã
w =

ck,2
n− 1

PΩ⊥w.

Now, the integral (2.4.6) is computed analogously, since we know the value of ∂Gη(ρ)AΩ
from

Lemma 2.4.1 and using that PΩ⊥∂Ω = ∂Ω.
Integral (2.4.7) is also computed analogously using relation (2.4.11).
Moreover, considering (2.4.11) we recast integral (2.4.8) as

ˆ
Sn−1

(u · Ω)2k(u · w)2Gη(ρ)AΩ
ψ(u) du = 2(Ω · w)c2k+1,1

Åˆ
Sn−2

v ⊗ v dv

ã
w,

and since w ⊥ Ω the integral vanishes.
Finally, the integral (2.4.9) is computed in the same way as above using the corresponding

expression for ∂2Gη(ρ)AΩ
provided in Lemma 2.4.1.
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2.6.3 Numerical Approximation of K(η) and Additional Figures

In the following, we outline the method we use to approximate the diffusion parameter K(η) in
Figures 2.3 and 2.10c. One can approximate S2(η) via applying numerical quadrature such as
the adaptive Gauss–Kronrod quadrature to (2.2.12), we refer to this approximation as S̃2. Next,
the function η(ρ) can be interpolated by computing S̃2(ηj) at equidistant points ηj =

C(1−χ2)j
m

for 1 ≤ j ≤ m where m is the number of interpolation points and C > 0 is a large enough
constant. Using these points, one can define η̃ as the Akima interpolation of

(
ηj

αS̃2(ηj)
, ηj

)
. The

regularization effect of the Akima interpolation is useful to counter numerical instabilities for
small values of η close to the unknown η∗. Finally, to approximate K, we evaluate

K̃(ρ) := 1− χ2

n
− σ

n− 1

n
S̃2(η̃(ρ))η̃

′(ρ)

where the derivative η̃′ is the derivative of the Akima interpolant.
We finish the appendices with some additional figures from our numerical experiments.
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Figure 2.10: (a) Plots of η(ρ) with respect to ρ, for different χ values corresponding to different
colors. Notice that η is non-decreasing with respect to ρ. (b) A plot of S2(η) versus
η. (c) Evolution of the diffusion coefficient K with respect to the particle density
ρ. Different colors correspond to different χ values.
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3 A Spectral-Based Method for
Network-Formation PDEs

This chapter contains a manuscript in preparation for submission of results of an ongoing
collaboration with Pedro Aceves Sanchez, Pierre Degond and Sara Merino Aceituno.
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Abstract

We propose and study a simple and scalable Fourier-based spectral method for a continuum
model of network formation under periodic boundary conditions. The model provides the evo-
lution of the pressure p and the conductivity m over time. The evolution of p is given by an
anisotropic Poisson equation, while the equation for m contains three terms corresponding to a
diffusion and an activation term of the network – that depends on the gradient of the pressure
– as well as a relaxation term that acts as a decaying term. This system arises as a formal
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L2-gradient flow of a non-convex energy functional. Our algorithm combines two ingredients:
(i) a splitting method for the equation for m, where the activation and relaxation parts are
solved analytically, and the diffusion part is solved via Fast Fourier Transform (FFT), and (ii)
an FFT combined with the Conjugate Gradient (CG) method applied to the equation for the
pressure. This makes the scheme easy to implement compared to implicit schemes and naturally
extensible to three dimensions on uniform periodic grids. To showcase the method, we recover
the previously documented influence of the activation strength c, the diffusion coefficient D, and
the metabolic exponent γ on the morphology of emergent networks, and report grid convergence
results.

3.1 Introduction

3.1.1 PDE System for Network Formation

Biological transportation networks are characterised by their ability to efficiently balance cost,
efficiency and resilience [16, 35]. Such networks are fundamental processes and occur in various
contexts, such as leaf venation in plants [35, 85], blood circulation in mammals [94], and the
transport of electric charge in neural networks [55, 87]. Therefore, understanding these net-
works and the underlying mechanisms of their evolution is of great interest. Consequently, the
aim of comprehending the emergence, formation, and adaptation of such networks has inspired
many mathematical approaches to model these phenomena, ranging from discrete graph-based
descriptions [12,16,78] to continuum models based on partial differential equations (PDEs) [79].

In this paper, we focus on a PDE model describing network formation in porous media first
introduced in [77]. Particularly, we will propose a numerical method that is simpler compared
to those proposed previously in the literature and that has the potential to be extended to three
dimensions. The model describes the change of pressure p = p(t, x, y) ∈ R and conductivity
m = m(t, x, y) ∈ R2 over the space variables x, y ∈ R and time t ∈ [0,∞). We have

−∇ · [((m⊗m) + rId)∇p] = S, (3.1.1a)

∂tm−D2∆m− c2(m · ∇p)∇p+ |m|2(γ−1)m = 0, (3.1.1b)

where the tensor product ⊗ is defined as m ⊗ m := (mimj)i,j∈{1,2}, r(x, y) ≥ r0 > 0 is the
isotropic background permeability of the medium, γ ∈ R is the metabolic exponent, D > 0
is the diffusive constant and c > 0 is the activation parameter. Furthermore, Id denotes the
(2 × 2)- identity matrix and S represents the sources and sinks in the medium. In the sequel,
we assume periodic boundary conditions for p and m and time-independent S = S(x, y), with´
R2 S(x, y) dx dy = 0 where the integral is in the whole domain, since it is a solvability condition

for (3.1.1a).
Note that for the following numerical experiments in Section 3.5, we will consider the model

to be described on a rectangular domain Ω with periodic boundary conditions.

Meaning of the equations. In the elliptic equation for the pressure p (3.1.1a), the term
(m ⊗m + rId) gives a permeability tensor depending on space (x, y) and time t. This elliptic
equation actually arises by combining the quasi-incompressibility of the fluid with Darcy’s law.
Darcy’s law links the velocity u and the pressure p of a fluid in a porous medium in the form

u(t, x, y) = −K(t, x, y)∇p(t, x, y), (3.1.2)
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where K(t, x, y) is the conductivity of the medium, in our case K(t, x, y) = (m⊗m+rId). Now,
assuming the quasi-incompressibility of the fluid and the conservation of mass, we have

∇ · u(t, x, y) = S(x, y). (3.1.3)

Substituting Darcy’s law (3.1.2) into relation (3.1.3) leads to the equation for the pressure
(3.1.1a).

Additionally, note that the principal directions of the conductivity tensor (m⊗m+ rId) are
given by m/|m| and m⊥ with corresponding eigenvalues r(x)+ |m|2 and r(x), respectively. This
can also be interpreted as an increase of the principal permeability by |m|2 in the direction of
the conductivity m while the flow only ‘feels’ the background permeability r(x) in the direction
of m⊥.

Furthermore, equation (3.1.1b) is a parabolic reaction-diffusion equation which governs the
evolution of the network conductivity m. It consists of the diffusive term D2∆m that accounts
for random effects in the network; the activation term c2(m · ∇p)∇p that acts as a pumping
term and thus the driving force to extend the network in the direction of the pressure gradient
∇p; lastly, the algebraic relaxation term |m|2(γ−1)m acts as a decaying term and represents the
functional derivative of the metabolic cost required to sustain the network.

The system for the pressure p and the conductivity m (3.1.1a)–(3.1.1b) is coupled, non-local,
and it can be interpreted as the formal L2-gradient flow induced by the energy functional E [m],
given by

E [m] :=
1

2

ˆ
Ω

Å
D2|∇m|2 + |m|2γ

γ
+ c2(m · ∇p[m])2 + c2r(x)|∇p[m]|2

ã
dx, (3.1.4)

which is highly non-convex [67, 68]. Here, p[m] ∈ H1(Ω) denotes the unique solution of the
Poisson equation (3.1.1a) corresponding to a given conductivity m, under periodic boundary
conditions. The first and second terms in (3.1.4) represent the diffusion and relaxation energies,
respectively, while the last two terms describe the energy associated with the interaction between
the network and the fluid flow. In [67], the authors proved that the energy functional is non-
increasing along smooth solutions and that for weak solutions, the following energy dissipation
inequality holds:

E [m(t)] ≤ E [m(0)] for all t ≥ 0.

The system (3.1.1a)-(3.1.1b) was derived from a discrete-graph model introduced by Hu and
Cai [78], which describes the evolution of conductivities on graphs subject to Kirchhoff’s law
and energy minimisation principles. Both approaches, the discrete (e.g., [64, 69, 78]) and the
continuous (e.g., [2,3,9,67,79]) one, as well as connections between these (e.g., [27,65,66]), have
been extensively studied resulting in a variety of analytical results on e.g., existence of solutions,
stability and steady states, a rigorous continuum limit of the discrete model as well as numerical
investigations illustrating arising network patterns.

3.1.2 Contributions and Scope

We propose a Fourier-based spectral algorithm for system (3.1.1) on periodic domains that is: (i)
simple to implement (no assembly or inversion of large sparse matrices), (ii) high-order accurate
in space, and (iii) naturally extensible to 3D uniform grids. The third point is particularly
important when it comes to applications, as many biological networks, such as vascularisation,
occur in three dimensions.
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Across the literature, system (3.1.1) has been discretised using mixed/standard finite elements
and finite differences, paired with time integrators tailored to stiffness: mixed finite elements in
space with an implicit–explicit first-order Euler scheme and adaptive time stepping (and Dirich-
let/Neumann boundary conditions) in [68]; finite elements with Crank–Nicolson for diffusion,
explicit treatment of the remaining terms, and very small time steps to ensure energy decay
in [2]; operator splitting for the conductivity equation combining explicit Euler (activation), im-
plicit Euler with bisection (relaxation), and exact diffusion, plus a preconditioned GMRES solver
for the pressure in [3]; fully implicit second-order and semi-implicit first-order energy-decaying
schemes with a Conjugate Gradient solver for the Poisson equation in [56]; ADI (alternating di-
rection implicit method) and symmetric ADI schemes on uniform Cartesian grids for the tensor
model in [9, 10]; and low-order finite elements with semi-implicit backward Euler time stepping
and Richardson extrapolation with accuracy assessment in [8]. We expand on this literature in
Section 3.3.

This extensive and varied literature is due to the challenges in simulating system (3.1.1): the
non-linear nature of the system; the degeneracy for D = 0; the stiffness and ill-conditioning
issues – for larger values of the background conductivity r the stiffness increases, but as r → 0
the problem becomes ill-conditioned (particularly, for fully implicit 2D solvers). Moreover, it
has been reported that the solutions are very sensitive to the parameters γ,D, r and spatial
mesh sizes. Our method is not unconditionally energy-stable and inherits a time-step restriction
from the activation subdynamics. Nonetheless, in the periodic setting, it delivers accurate and
scalable simulations using FFTs, providing a practical computational tool that can complement
implicit and energy-decaying schemes.

3.1.3 Structure of this Paper

In Section 3.2, we review recent advances for system (3.1.1) and related models. Next, we
focus on the literature on numerical methods for system (3.1.1) in Section 3.3. Details of the
proposed numerical method are given in Section 3.4. Section 3.5 presents numerical experiments
and parameter studies, and Section 3.6 reports grid convergence results. Section 3.7 provides
conclusions and outlines directions for future work.

3.2 Background and Related Work

3.2.1 Analytical Results on the Network System

The system of equations (3.1.1) presented above has been extensively studied analytically and
numerically in a wide range of works [2, 3, 8–10, 56, 65–70, 79]. In the following, we provide a
concise overview of the main analytic results.

• Existence and uniqueness of solutions. The existence of global weak solutions in
the energy space of system (3.1.1) with r = 1 has been studied for γ ≥ 1 in [67], with
r = r(x) > r0 > 0 for 1

2 ≤ γ < 1 in [68] and additionally for γ ≥ 1
2 in [3]. Moreover, the

existence and uniqueness of local (global for the one-dimensional case) in time mild solu-
tions of system (3.1.1a)-(3.1.1) has been proven in [67] for r = 1 and γ ≥ 1 and extended
for general r = r(x) > r0 > 0 and 1

2 < γ < 1 in [68] and for γ > 1
2 in [3]. Furthermore,

Albi et al. [2] explored the possible existence of singular limit solutions with respect to the
parameters of the model.
Additionally, for the corresponding PDE model, where only non-negative diagonal tensor
fields c(x) ∈ Rd for the conductivity instead of the vector-valued conductivities m were
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taken into account, its global existence of weak solutions was investigated by [66]. Fur-
thermore, in [70] the authors were considering a more general tensor PDE model, which
was not only restricted to rank-one tensors but rather to tensors C ∈ Rd×d with d ≤ 3.
This model also considered a more general metabolic cost function for the relaxation term.
For this system, the authors proved under certain assumptions on the metabolic cost func-
tional (resulting in a convex energy functional) the existence and uniqueness of global weak
solutions.

• Steady states and stability. For the above presented system (3.1.1), the long-term
behaviour of solutions and thus their stability with respect to the diffusivity constant D
have been studied in [67] for r = 1 and in [68] for r = r(x) > r0 > 0. In this context,
Haskovec et al. [67] have shown that for a large diffusivity constant D, the zero-steady
state is stable. Conversely, for small D, the zero-steady state is Turing unstable, and thus
network patterns occur. Moreover, they performed a non-linear stability analysis of the
system forD = 0 in the one-dimensional setting first only for γ ≥ 1 and r = 1 and Haskovec
et al. [68] and Albi et al. [3] later extended it to γ ≥ 1

2 and r = r(x) > r0 > 0. In the
multi-dimensional setting, Haskovec et al. [67] achieved constructing pointwise stationary
solutions in the case of γ > 1 and D = 0, which was extended to 1

2 ≤ γ ≤ 1 and D = 0
in [68].
For the tensor PDE model, the steady states of the system were analysed for the one-
and multi-dimensional settings in [70]. For D > 0, the authors prove the existence (for a
non-negative and continuous metabolic cost functional) and even uniqueness (for a strictly
convex energy functional) of steady states. In the case of D = 0, they obtain the existence
and uniqueness of a weak solution for γ > 1. For the one-dimensional case with D = 0
and γ ∈ (0, 1), a more detailed analysis of the steady states and their stability has been
discussed.

• Other analytical results: In [67], it has been proven that the energy functional (3.1.4)
is non-increasing along smooth solutions. Moreover, the (non)-convexity properties of it
have been analysed in [2]. For various versions of the continuum model similar to system
(3.1.1) with and without diffusion terms an analogue to the discrete Murray’s law has been
formally proven in [69].
Regarding the already mentioned tensor PDE, in [70] Haskovec et al. have proven that if
the non-decreasing metabolic cost functional is (strictly) convex, also the according energy
functional of the system is (strictly) convex.
In [9] the authors compared two different but very similar systems of PDEs describing
network formation, i.e., considering a vector-valued conductivity m (as stated in equations
(3.1.1a)-(3.1.1b)) and a conductivity tensor C (as stated in [70] and first introduced in [79]),
respectively. They also derived the vector-valued system with respect to m from the tensor
system by C := m⊗m, ignoring the diffusive term for the derivation and re-introducing it
later again. The two systems not only differ in the activation term, which is cubic for the
vector-valued system and quadratic as well as only depending on C via p for the tensor-C
system, but also in terms of the metabolic cost term, which becomes singular at C = 0 if
γ < 1 for the tensor-C system and at m = 0 if γ < 1

2 for the vector-valued system.

3.2.2 Origins of the Network System: the Hu-Cai Discrete-Graph Model

An important feature of the PDE system (3.1.1) is that it was derived from a discrete-graph
model introduced by [78]. This justifies the shape of the PDE system in the sense that its
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features are inherited from an underlying network. In the following, we will briefly describe
this discrete-graph model. We consider G := (V,E) to be an undirected graph. Here, V is
given as the finite set of vertices and E the finite set of edges, while n = |V | is the number of
vertices. It holds that a vertex is not connected to itself by an edge and that two vertices can
be connected by at most one edge. So, edge (i, j) ∈ E connects vertices i ∈ V and j ∈ V . Since
G is an undirected graph, we have that (i, j) and (j, i) represent the same edge. The parameter
of the length of an edge is fixed and given by Lij > 0 for all edges (i, j) ∈ E. Moreover, the
conductivity of an edge Cij ≥ 0 is subject to the energy optimisation and adaptation process.
Initially, it is assumed to be strictly positive for all edges, i.e., Cij > 0 at time t = 0. The
pressure in vertex i ∈ V is given by Pi and the according pressure drop between vertices i ∈ V
and j ∈ V follows

(∆P )ij := Pj − Pi.

On the other hand, the oriented flux Qij from vertex i ∈ V to vertex j ∈ V can be written in
terms of the conductivities of the edges as

Qij := Cij
Pj − Pi

Lij
, ∀(i, j) ∈ E.

Moreover, we consider the Kirchhoff law to ensure local mass conservation at each vertex. Hence,
we have

−
∑

j∈N (i)

Cij
Pj − Pi

Lij
= Si, ∀i ∈ V, (3.2.1)

where N (i) is the set of vertices connected to vertex i ∈ V via an edge and Si represents the
prescribed source (if Si > 0) or sink (if Si < 0) strength of the flow at vertex i. We also assume
the global conservation of mass ∑

i∈V
Si = 0

as solvability condition of the system. Moreover, Hu and Cai [78] propose a discrete energy
functional consisting of a pumping power term and a metabolic cost term, i.e.,

Ē [C] :=
∑

(i,j)∈E

Ç
Qij [C]

2

C2
ij

+ c0C
γ
ij

å
Lij (3.2.2)

where c0 is a metabolic coefficient and γ is an intrinsic constant of the network. Based on
this energy functional, such that the dynamics satisfy dE/dt ≤ 0 and the requirement that the
dynamics should be equivalent to the diameter-adaptation model for blood vessels [80], Hu and
Cai [78] introduce

dCij

dt
=

(
Qij [C]

2

Cγ+1
ij

− c0γ

)
CijLij , (3.2.3)

as the dynamics for the conductivity constrained by the Kirchhoff law (3.2.1). It describes the
driving stimulus of flow (Qij [C]2/Cγ+1

ij ) and the intrinsic decreasing stimulus (c0γ).

Various studies have also addressed the corresponding microscopic system [3,27,62–66,69,78].
We comment on them next and defer the explanation of the connection between the discrete
model presented above and the PDE system (3.1.1) for later.
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In [64], the authors adapted the microscopic model proposed by Hu and Cai [78] in order to
model auxin transportation in plant leaves. To account for auxin production and reduction in
cells, Haskovec et al. [64] adapted the discrete graph-based model proposed in [78], additionally
by introducing source terms and decay rates.

• Existence of solutions. The global existence of solutions for the coupled ODE-algebraic
system proposed by Hu and Cai [78] was studied by Haskovec et al. in [66]. For the
discrete auxin-transportation model, in [64], the authors proved the global existence and
non-negativity of solutions.

• Steady states. For the steady states of the discrete auxin transportation model, Haskovec
et al. [64] showed that they satisfy a generalised Murray’s law, i.e., a scaling relation for
branch conductivities in a transportation network.

• Topological properties. Topological properties of the discrete model introduced in [78]
were studied analytically in [27], specifically, the question of loop formation in global
minimisers of the energy functional. Hence, the authors proved that for 0 < γ < 1 the
energy minimiser does not contain loops. But for γ > 1 the energy minimiser may contain
loops and their presence or absence depends on the initial data, such as the symmetry
of the data, the configuration of the source and sink terms and the length of the edges.
The result on loop-free graphs for 0 < γ < 1 has been extended in [63] to its complement.
Hence, in [63] the authors show that for γ < 1 every tree (or loop-free graph) represents
a local minimiser of the energy with a concave metabolic cost term. Moreover, for γ = 1
they prove that every (local) minimiser is either a tree or that there exists a conductivity
matrix with the same energy that corresponds to a loop-free graph. Additionally, in
order to account for the robustness of the network, they adapt the energy functional by
subtracting a multiple of the Fiedler number. The Fiedler number measures how robust
a network is against the removal of edges. For γ = 1 the adapted energy functional is
bounded from below, coercive and convex.

• Other analytical results. In [69], the validity of a generalisation of Murray’s law for
general transportation networks with multiple branches modelled via the discrete model
stated in (3.2.1) and (3.2.2) has been shown. Murray’s law is a physical principle that
predicts the thickness or conductivity of branches in transportation networks.

For the numerical investigation of the discrete model, given in (3.2.1) and (3.2.2), a first
attempt by Hu and Cai in [78] illustrates a phase transition at γ = 1 for the optimal network in
the case of a geometry with fixed sinks composing the whole domain. For γ < 1, they obtain a
treelike structure and for γ > 1 a uniform sheet. These results have been reassured by Albi et
al. in [3]. They considered a diamond-shaped geometry and solved the Kirchhoff law via least
square minimisation while solving (3.2.3) via implicit Euler. They obtained characteristic loops
for γ = 1.5, loop-less structures for γ = 0.5 and an ‘in-between’ state for γ = 1 and thus a phase
transition behaviour for the metabolic exponent γ. The numerical scheme proposed in this paper
was adapted by Haskovec et al. in [66]. There, the authors again considered a planar graph in
which the vertices and edges form a diamond-shaped geometry. The results demonstrate that the
steady states strongly depend on the initial datum and the model parameters. In particular, the
system remains stable under small perturbations of the initial data; however, larger perturbations
may lead to convergence to a different steady state, indicating non-uniqueness of equilibria.
Additionally, the choice of the time-step size is crucial, as convergence becomes extremely slow
near the minimiser if the time-step size is too small.
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In [63], the authors adapted the microscopic energy functional to account for the robustness
of the network via the Fiedler number. They perform numerical experiments on this modified
model using the projected subgradient method to find global minimisers. They searched for the
optimal transportation network in two different settings: a complete graph with seven nodes
and a leaf-shaped graph with 122 nodes and 323 edges. Among others, they obtain that for
increasing µ > 0, where µ is the strength factor of the Fiedler number in the adapted model, the
graph becomes denser and the number of active edges increases monotonically for the complete
graph. On the other hand, the number of active edges does not increase monotonically as µ
increases for the leaf-shaped graph.

In [62] Haskovec simulates the discrete model (3.2.1) and (3.2.2) by minimising these equations
using a discrete descent algorithm. This algorithm searches the discrete set of local minimisers
by repeatedly exchanging a randomly selected edge of the spanning tree with another edge of
the underlying graph such that the resulting graph has a lower energy value. This minimi-
sation scheme is combined with a Monte-Carlo approach, such that the tree with the lowest
energy value is the final output. Moreover, they investigate the discrete model in the set of a
leaf-shaped graph with 122 nodes and 323 edges numerically for the global reaching centrality
(GRC) of the (local) minimiser in dependence on the metabolic cost exponent γ ∈ (0, 1]. The
GRC is a measure of the hierarchical organisation of the transport network, and they observe
that with increasing γ, the GRC and thus the degree of hierarchy increase monotonically.

For the auxin transportation model studied in [64], various numerical simulations have been
performed. Since the examined system is a stiff problem, implicit formulas are necessary, and
thus, the authors considered a multi-step solver for their numerical experiments. They studied
the influence of various geometries, specifically diamond-shaped, round, and oval grids, on the
strength of the source and sink terms, as well as on small perturbations of the initial data.
Hence, they observe that the model is robust to variations of the underlying grid and that
the resulting network is stable under small perturbations of the initial data. Moreover, they
conclude that the choice of the strength of the source and sink terms is vital for the resulting
patterns. Additionally, not only a single source term but multiple sources and sinks within the
domain were considered, which led to similar networks to those observed in leaves. Overall, the
numerical results demonstrate that the model can effectively connect an auxin source-sink pair
with a mid-vein and also produce branching vein patterns.

3.2.3 Continuum Limit

Limits via Mesoscopic Models

Finally, there are also mesoscopic models connecting the discrete and PDE models. In [27], a
mesoscopic model is introduced that connects the discrete and continuum models for network
formation from [78] and [79]. This mesoscopic model avoids explicit pressure terms in the energy.
Instead, it takes the form of a Wasserstein-type gradient flow constrained by a Poisson equation.
It characterises the evolution of a probability measure, indicating the directional presence of
conductive edges at a specific point in space and time. The authors also conclude that solutions
of the discrete network, realised as connected graphs with a finite number of edges and nodes,
are special stationary states of the mesoscopic model.

A more general mesoscopic model has been established in [71], where the network is modelled
via a probability measure µ representing the joint probability of the tensor-valued conductivity
C at spatial location x. Hence, this framework generalises the model in [27], which is restricted
to rank-one tensor-valued conductivities C. Haskovec et al. [71] derive the gradient flow of
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the corresponding energy functional with respect to the 2-Wasserstein topology in the space of
probability measures. They prove that the energy functional is convex and semi-continuous.
Notably, this convexity holds for all γ > 0 in contrast to the discrete and macroscopic models,
where convexity is restricted to γ > 1. Moreover, a reduced Wasserstein gradient flow with
respect to the conductivity variable alone is formulated. These two derivations lead to transport
equations coupled to the Poisson equation, modelling dynamic changes in the transportation
network. A further gradient flow with respect to the Fisher-Rao metric is derived, resulting in
reaction-type partial differential equations, for which equilibrium states are also characterised.
The authors conclude that not only the model presented in [27] but also the macroscopic models
in [3, 67,68,70] can be obtained as reductions or special cases from their unified model.

Direct Limits from Discrete to Continuum Models

A specific case of the discrete system (3.2.1) and (3.2.2), involving a diagonal permeability
tensor C, was formally derived in [66] from the discrete network formation model introduced
in [78]. This system arises as the formal L2-gradient flow of the continuum energy functional,
which itself results from the limiting process of a sequence of discrete problems under network
refinement, with the geometry restricted to two-dimensional rectangular grids. The derivation
was later made rigorous in [65], where the continuum functional was shown to be the Γ-limit
of a sequence of discrete energy functionals with respect to the strong L2-topology. Moreover,
in [70], the formal derivation of the continuum energy functional was extended to the limit of a
sequence of unstructured triangulations on a bounded domain. Additionally, the derivation of
the resulting tensor PDE model was not only restricted to rank-one tensors but rather to tensors
C ∈ Rd×d with d ≤ 3 and considering a more general metabolic cost-function M .

In [64], the authors derived the formal macroscopic limit of the discrete auxin transportation
model, which differs from other discrete formulations by the inclusion of additional sink and
source terms. The derivation of the macroscopic limit was carried out for discrete graphs given
by rectangular equidistant grids. For a suitable parameter range, the existence of weak solutions
of the obtained continuum limit and of its steady states has been proven. Building on the
mesoscopic model introduced in [27], the authors of [64] employ a monokinetic ansatz to derive
a corresponding evolution equation for the conductivities.

3.3 Existing Numerical Methods for the Network System

The qualitative properties of the evolved network structures when performing numerical simu-
lations on system (3.1.1) were first studied in [2,3,68]. Haskovec et al. in [68] used mixed finite
elements for spatial approximations and an implicit-explicit first-order Euler scheme with adap-
tive time stepping to approximate time. Moreover, a diamond-shaped two-dimensional domain
with one edge cut and Dirichlet (p) and homogeneous Neumann (m) boundary conditions was
considered. Their numerical experiments focused on varying the parameters for the metabolic
cost term γ and the diffusion term D and demonstrated a strong sensitivity to the mesh for
certain parameter values. They observe that γ < 1

2 leads to an extinction in finite time of the
solution, which is consistent with their analytical results. On the other hand, for D = 0 and
1
2 ≤ γ < 1, their numerical results indicate instability of stationary solutions in two dimensions,
which complements their analytical result in one dimension. Furthermore, varying D led to the
conclusion that for D too large, no interesting patterns in the stationary network solution occur.
For D = 0, the conductivity cannot grow, and hence, D > 0 is essential for a growing net-
work. In [2], these results were further extended by investigating the impact of different values
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of the diffusion constant D, background permeability parameter r and the parameter for the
metabolic cost term γ with respect to the intensity of the source and sink term S. In this paper,
the authors used finite elements for spatial discretisation and a uniform time discretisation. The
diffusive term was solved via a Crank-Nicolson method, and the remaining terms were treated
explicitly. They considered a very small time step (∆t = 10−5) to ensure energy decay. Again,
homogeneous Neumann boundary conditions for m and Dirichlet boundary conditions for p on
a two-dimensional polygonal domain were considered. In line with [67], they also observed that
for small D, a network emerges, but for large D, the network structure is destroyed. Further-
more, they reported that lower permeability values r are associated with finer, more spatially
distributed network structures and a faster formation process. Additionally, they monitored that
for an increasing magnitude of the source and sink term S, the network tends to spread more
throughout the domain. Regarding the influence of γ on the network structure, they concluded
that decreasing values of γ show thinner and sparser network structures.

Albi et al. [3] focused on the qualitative behaviour of emerging network structures for differing
values of D and γ. In order to solve problem (3.1.1) numerically, they employed finite elements.
For equation (3.1.1b), they applied a splitting method as long as the energy is decreasing and
switched to a forward-backward splitting if the energy is increasing, but the steady states have
not been reached yet. For the splitting method, they compute the activation term via the explicit
Euler method, the relaxation term is obtained via the implicit Euler method and bisection, and
the diffusion is calculated exactly. Equation (3.1.1a) is solved by a preconditioned generalized
minimal residual method (GMRES). The authors consider two different setups for their numer-
ical experiments. On the one hand, they examine a rectangular domain with one source and
two sinks for various values of γ. On the other hand, they investigate the qualitative behaviour
of the network for various values of γ and D of a diamond-shaped domain with one edge cut,
where the source is located, and the rest of the domain acts as a sink. For the first case, they
obtain that branching appears for γ = 0.5, whereas for γ = 0.75 and γ = 1, two straight lines
connect the source with the sinks. In the second case, i.e., the diamond-shaped geometry, they
show that network sparsity increases as γ approaches 0.5. They observe the same behaviour for
a decreasing diffusion coefficient. Hence, larger diffusion constants lead to stronger smoothing
effects on the network structures.

In [56], Fang et al. especially investigate the stiffness of model (3.1.1), considering homo-
geneous Neumann boundary conditions for p and Dirichlet boundary conditions for m, and
introduce efficient implicit and semi-implicit numerical schemes. They propose a fully implicit
scheme for the one- and two-dimensional model, which is of second order in time. They prove
that the scheme preserves energy decay and its unconditional stability, i.e., no restriction is
placed on the size of the time step. For the two-dimensional case, the fully implicit scheme re-
sults in non-linear algebraic equations, which are hard to solve. Thus, the authors also develop
a semi-implicit scheme for the one- and two-dimensional model. They prove that the energy
decays for this scheme as well, but under a certain stability condition for the time step, which is
independent of the mesh size. Moreover, to solve the Poisson equation, they exploit the Conju-
gate Gradient method. Through their numerical experiments, they show that the semi-implicit
scheme is of first order and the fully implicit scheme of second order in time. Moreover, for
the one-dimensional case, they recover the extinction of solutions for γ ∈ [1/2, 1] as analytically
obtained in [68]. They also investigate the effect of the diffusion coefficient D on the evolving
network and found that for decreasing D, the network tends to form finer structural details and
reaches equilibrium faster.

Hu and Cai [79] also performed numerical simulations on their proposed model as given in
equations (3.1.1) with Dirichlet boundary condition for p and homogeneous Neumann boundary
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condition for m. Moreover, they investigate the dependence of emerging treelike or loopy struc-
tures on the metabolic function and the source terms via numerical simulations. They observe
that for concave metabolic cost functions and for in time and space fixed source and sink terms,
treelike structures emerge as optimal transportation networks, while for a convex metabolic cost
function, uniform sheets evolve. On the other hand, considering fluctuating source and sink
terms, the loop density increases with increasing γ.

In [9], the authors compared the vector-valued system as stated in (3.1.1) and the correspond-
ing tensor-valued system as introduced in [70], not only analytically but also numerically. Thus,
for the numerical experiments, they considered only a spatially two-dimensional setting and em-
ployed a finite difference scheme on a uniform Cartesian grid with a spatial step h = ∆x = ∆y.
The considered systems are stiff in all their components, and computation time is a crucial factor.
Thus, the authors make use of the ADI (alternating direction implicit) method and introduce a
small regularisation parameter for the reaction term of the tensor-C system. First, they carried
out an accuracy test for the adopted numerical schemes. They furthermore performed various
experiments in order to compare the behaviour of the two systems. Hence, the influence of the
parameters for the diffusion D and the reaction γ, as well as the regularisation parameter ε, on
the system has been investigated. Overall, they observed that the shape of the two networks is
very different (Y-shaped for the vector-valued system (m) and V-shaped for the tensor-valued
system (C)) and, with increasing time, move apart from each other. Hence, even after only a
few time steps, the solutions of the two systems are very different, which suggests that they
intrinsically behave very differently. For the vector-valued model m and D = 0, the numerical
simulations support the analytical results in [67], i.e., that the steady-states for γ > 1 are unique,
and suggest that for γ < 1 the steady-states might not be unique.

As a continuation of [9], Astuto et al. in [10] further investigated the numerical simulations
of the tensor-valued PDE model. In these experiments, the authors now used a symmetric
ADI-scheme regarding the discretisation in time. Their main goal is to investigate the loss of
symmetry and its dependence on the model parameters of the network during its evolution,
especially its dependence on the background permeability r. They conclude that the condition
number for the elliptic operator and thus the asymmetry of the network is increasing as r is
decreasing, and that already for r = 10−3 the symmetry of the network is completely lost.
Moreover, they investigate convergence with respect to the Wasserstein distance, which leads to
better results than considering the L2-norm as provided in [9].

In [8] the authors propose for solving the tensor-valued model and for catching steady state
solutions a low order finite element method for space discretisation coupled with a semi-implicit
time advancing scheme based on backward Euler. Compared to [9], the authors choose homo-
geneous Neumann boundary conditions for the pressure p as well as the conductivity tensor
C in [10]. For the simulations they consider a uniform partition of the time interval, uniform
triangulations of the domain Ω and again as in [9, 10] add a regularisation parameter for the
metabolic term of the conductivity tensor C. They perform an accuracy study, i.e., comput-
ing the relative L2-norm between two solutions with different ∆x or δt in space and time, by
considering the Richardson extrapolation and confirm first order accuracy. Moreover, they per-
form numerical experiments with varying values of the diffusion constant D, the background
permeability r and the strength factor α of the metabolic cost term. The results show that for
r = 10−3, more detailed patterns appear, and for r → 0, some oscillations appear in the energy
plots while approaching the steady state. Furthermore, as D decreases, the ramifications of the
network become thinner and again the energy shows some oscillations while approaching the
steady state. On the contrary, for increasing α, more ramifications are observed.
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3.4 Fourier–Based Spectral Numerical Method

3.4.1 Key Idea and Motivation

Our algorithm, similar to the one presented in [3], uses a splitting method for the time dis-
cretisation of equation (3.1.1b). Specifically, at each time step we compute the conductivity m
by updating separately the values for the activation, relaxation and the diffusion terms. The
key of our method, however, is in the resolution of the equation for p (3.1.1a). The goal is
to use for this a Fourier-based spectral method – implemented via the Fast Fourier Transform
(FFT). This is motivated by computational and theoretical considerations. Since we formulate
the model with periodic boundary conditions, implementation via FFT is a rather natural choice
as it provides an efficient way to compute the spatial derivatives for p and m and to solve the
elliptic Poisson equation for the pressure p, which reduces the computational cost from O(N2)
to O(N logN) for N grid points. Hence, a huge advantage of applying FFT compared to Finite
Element Methods (FEM) is that the differential operators can be encoded in Fourier space –
leading to multiplications in this space – and thus avoids the assembly and inversion of large
sparse matrices as in FEM. Moreover, spectral methods such as FFT achieve higher accuracy
for smooth enough solutions on coarser meshes compared to FEM. Furthermore, in the setup
of uniform meshes and periodic boundary conditions, an extension to higher dimensions will be
less complex and thus easier via FFT than via FEM.

3.4.2 Discretisations and Notations

Let (tk)nk=0 with n ≥ 1 and 0 ≤ t0 < ... < tk < tk+1 < ... < tn ≥ T be a discretisation of the
time interval [0, T ], with ∆tk = tk+1 − tk.

Given a bounded rectangular domain Ω = [0, Lx] × [0, Ly], for Lx, Ly > 0, we discretise
the domain via a uniform rectangular mesh Th with h = (hx, hy) ∈ R2 and hx, hy > 0 being
the mesh sizes in x and y direction. Thus, we define the associated set of vertices to the
given mesh Th as {(xi, yj) : 0 ≤ i ≤ Nx, 0 ≤ j ≤ Ny}, where Nx + 1 and Ny + 1 denotes
the number of elements along the x-axis and y-axis respectively. If we consider given mesh
sizes hx and hy of the partition Th, we have hx = ∆x = Lx

Nx
and hy = ∆y =

Ly

Ny
, we obtain

0 = x0 < x1 < ... < xi < ... < xNx = Lx with xi+1 = xi + ∆x as partition of [0, Lx] and
analogously yj+1 = yj +∆y with y0 = 0 and yNy = Ly as partition of [0, Ly].

We denote by pkh the time and space discretised solution of (3.1.1a) and by mk
h the time and

space discretised solution of (3.1.1b). We denote by pkij the approximated discretised solution
of the pressure p at node (xi, yj) at time tk, i.e., pkij ≈ p(tk, xi, yj) and analogously for the
conductivity m, i.e., mk

ij ≈ m(tk, xi, yj).

3.4.3 Splitting for the Conductivity Equation

We split (3.1.1b) into activation, relaxation, and diffusion substeps.

Activation Term

The activation part of the parabolic equation of m (3.1.1b) is given by

∂tm = c2 (m · ∇p)∇p = c2 (∇p⊗∇p)m.
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For |∇p(t, x, y)| ≠ 0 the exact solution reads

m(t, x, y) =
1

|∇p|2
îÄ
(∇p)⊥ ⊗ (∇p)⊥

ä
+ (∇p⊗∇p) exp(c2|∇p|2t)

ó
m0(x, y), (3.4.1)

with m0(x, y) = m(0, x, y). If |∇p(t, x, y)| = 0, then ∂tm(t, x, y) = 0 and in this case m(t, x, y) =
m0(x, y).

The time and space discretised version of (3.4.1) reads

mk+1
ij =

mk
ij if |∇pkij |2 = 0,
mk

ij

|∇pkij |2

(Ä
∇pkij

ä⊥
⊗
Ä
∇pkij

ä⊥
+
Ä
∇pkij ⊗∇pkij

ä
exp
Ä
c2|∇pkij |2∆tk

ä)
else,

(3.4.2)
where mk

ij = m(tk, xi, yj) and pkij = p(tk, xi, yj) are the numerical approximations of m and p at
time tk at node (xi, yj) as described in the beginning of the section.

Remark 3.4.1. The term exp(c2|∇p|2∆t) in expression (3.4.1) creates stiffness, which restricts
the admissible time-step size ∆t. In particular, ∆t must be chosen sufficiently small so that this
term remains bounded and can be computed reliably in numerical simulations.

Relaxation Term

The metabolic cost term for the evolution of the conductivity m is given by the equation

∂tm = −|m|2(γ−1)m,

whose solution is

m(t, x, y) =


m0(x, y) exp(−t) if γ = 1,

m0(x, y) else if |m0| = 0,

1
|m0(x,y)|

Ä
|m0(x, y)|2(1−γ) − 2(1− γ)t

ä1/2(1−γ)

m0(x, y) otherwise.

We consider the following time and space discretisation for this solution:

mk+1
ij =


mk

ij exp(−∆tk) if γ = 1,

mk
ij else if |mk

ij | = 0,

akij1bkij≥0 otherwise,
(3.4.3)

where

akij :=
mk

ij

|mk
ij |

Ä
|mk

ij |2(1−γ) − 2(1− γ)∆tk
ä 1

2(1−γ) ,

bkij := |mk
ij |2(1−γ) − 2(1− γ)∆tk,

and 1 is the indicator function.
The indicator function in the last case of (3.4.3) ensures that the solution stays real, as

negative values for bkij might lead to complex solutions, depending on the value of γ ∈ [0, 1).
This approximation is necessary since, if we wanted to stop the computation at the time when
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the solution hits zero, this would put the following constraint on the time step

∆t ≤ |m0(x)|2(1−γ)

2(1− γ)
,

which, for γ ∈ [0, 1), leads to very restrictive time steps.

Diffusion Term

The diffusive term is given by
∂tm = D2∆m. (3.4.6)

Since we consider periodic boundary conditions, we can apply the Fourier transform F . We
denote the Fourier-space variables by ξx ∈ R and ξy ∈ R. With these variables, the Laplacian ∆
in Euclidean space transforms into −[ξ2x + ξ2y ] in Fourier space. Hence, we are able to transform
equation (3.4.6) into

d

dt
F(m) = D2

[
−ξ2x − ξ2y

]
F(m).

These equations can be solved explicitly, and thus we obtain as solution for m

m(t) = F−1

Å
eD

2[−ξ2x−ξ2y]t F(m)(t0)

eD
2[−ξ2x−ξ2y]t0

ã
, (3.4.7)

where F−1 denotes the inverse Fourier transform and t0 is the initial time.
Next, to approximate this solution for m numerically, we will use the Fast Fourier Transform

(FFT) as approximation of the Fourier transform. Thus, we will consider the space and time
discretised version of equation (3.4.7) in the following. Remember that we consider the space
[0, T ] × Ω where Ω = [0, Lx] × [0, Ly]. We denote the discrete version of the Fourier transform
as F̂ and its inverse by F̂−1. Moreover, we define the discretised Fourier-space variables ξ̂x and
ξ̂y such that ξ̂x(ℓ) for 0 ≤ ℓ < Nx is given by

ξ̂x(ℓ) :=

®
2πℓ
Lx

for 0 ≤ ℓ ≤ Nx
2 ,

2π(ℓ−Nx)
Lx

for Nx
2 < ℓ < Nx

where Nx is the number of nodes used for the FFT (i.e., in our case Nx = Lx/∆x and analogously
for ξ̂y(j) as 0 ≤ j < Ny. Thus, the time and space discretised solution mk

ℓj to the diffusion
equation (3.4.6) reads

mk+1
ℓj = F̂−1

(
eD

2[−ξx(ℓ)2−ξy(j)2]∆tkF(mk
ℓj)
)
. (3.4.8)

For the implementation of the approximation of the diffusion term via FFT, we use the FFTW
library developed by Frigo and Johnson [60] and apply it in two dimensions. For further details
on the FFTW and its implementation, see [60]

3.4.4 Equation for the Pressure p: FFT+CG

The method we use to compute the equation for the pressure p (3.1.1a) combines the Fourier
transformation and the Conjugate Gradient (CG) method.
As for the diffusive part of the equation for m, i.e., (3.4.6), we apply the FFT to transform
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equation (3.1.1a) into

−F−1

ï
i

Å
ξx
ξy

ã
· F
Å
(m⊗m+ rId)F−1

ï
i

Å
ξx
ξy

ã
F(p)

òãò
= S,

where F is the continuous Fourier transformation, F−1 the inverse Fourier transformation, i is
the imaginary unit, and ξx and ξy are the Fourier-space variables.

Setting F̂ and F̂−1 as the discrete (inverse) Fourier transformation, the time and space dis-
cretised version of the above equation reads

−F̂−1

ñ
i

Ç
ξ̂x(ℓ)

ξ̂y(j)

å
· F̂
ÇÄ

mk
ℓj ⊗mk

ℓj + rId
ä
F̂−1

ñ
i

Ç
ξ̂x(ℓ)

ξ̂y(j)

å
F̂
Ä
pk+1
ℓj

äôåô
= Sℓj . (3.4.9)

Here, Sℓj is the numerical approximation of the source-and sink terms, i.e., Sℓj ≈ S(xℓ, xj).

Now, in order to compute pk+1
ℓj , we will apply the CG method to equation (3.4.9) with pkℓj

as initial data for the iterative method. In general, the CG method solves symmetric, positive
definite linear systems of the form Ax = b with an iterative procedure, where A ∈ Rn×n and
x, b ∈ Rn [20]. Note that for the numerical computation of the CG method, it is not necessary
that the matrix A is explicitly available, since only the matrix-vector product will be used, and
moreover, the CG algorithm terminates if the residual error is smaller than a given threshold [20].
We apply the CG method as described in Algorithm 10.1 in [20]. For further details on the CG
method, we refer to Chapter 10.4 and, in particular, Algorithm 10.1 in [20].

3.4.5 Stopping Criteria and Energy Evaluation

We impose two stopping criteria. One is based on the relative change of the conductivity m:

∆mk
h :=

||mk
h −mk−1

h ||2
∆tk||mk−1

h ||2
,

here ∥·∥2 is the discrete L2−norm. We use this stopping criterion as a signal that the simulation
is close to a stationary solution. The second stopping criterion terminates the algorithm if the
discrete energy increases, that is, if Ek

h ≥ Ek−1
h , with

Ek
h(m

k
h) :=

D2

2
∥∇mk

h∥22 +
rc2

2
∥∇pkh∥22 +

c2

2
∥mk

h · ∇pkh∥22 +
1

2γ
∥|mk

h|γ∥22.

3.4.6 Pseudocode

Table 1 gives the pseudocode to simulate system (3.1.1).

3.5 Numerical Experiments

3.5.1 Numerical Setup

To showcase the numerical method presented in Section 3.4, we will consider two types of
experiments on Ω = [0, 1]2 with periodic boundary conditions inspired by previously considered
setups in the literature. Unless stated otherwise, we use r = 0.1, c = 200, a fixed time step
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Algorithm 1: FFT+CCG splitting algorithm for (3.1.1)
Input: Ω = [0, Lx]× [0, Ly], r, c,D, γ, ∆x,∆y, ∆t, initial m0, source S with´

Ω S dx dy = 0, periodic BCs
Output: pkh,m

k
h

1 while ∆mk
h :=

||mk
h−mk−1

h ||2
∆tk||mk−1

h ||2
> ε and Eh

Ä
mk+1

h

ä
< Eh

(
mk

h

)
2 Step 1 (solve equation (3.1.1a)): Compute pk+1

h with S,mk
h and r via solving

3

−∇ · [(rI +mk
h ⊗mk

h)∇pk+1
h ] = S

with FFT+CG as described in Section 3.4.4;
4

Step 2 (solve eq.(3.1.1b) via splitting algorithm):
5 Activation: (use explicit solution)
6 compute gradient of p via FFT
7 compute solution of m of activation term as stated in equation (3.4.2)

8 Relaxation: (use explicit solution)
9 update mk+1

h according to equation (3.4.3)

10 Diffusion: (solved via FFT)
11 compute mk+1

h via FFT and the inverse FFT as stated in equation (3.4.8)
12 return solutions pk+1

h ,mk+1
h

∆t = 0.005 conforming to Remark 3.4.1, and a CG residual threshold ∥resk∥ ≤ 10−7. For the
stopping criteria of the algorithm, we pick ∆mk

h ≤ 10−4.

We also consider three different initial conditions for the conductivity vector m:

mA
ini =

(
exp(−104(y − 0.5)2 − 50(x− 0.5)2), 0

)
, (3.5.1)

mB
ini =

(
exp(−50(y − 0.5)2 − 50(x− 0.5)2), 0

)
, (3.5.2)

mconst
ini = (1, 1). (3.5.3)

Note that all these initial conditions for the conductivity are periodic in the considered domain
Ω. Here mconst

ini is isotropic, while mA
ini is anisotropic. The initial condition mB

ini is isotropic but
not equal in its components. The maximum value of mA

ini,1 and mB
ini,1 in Ω is reached at the

centre of the domain Ω at (0.5,0.5), and then it decays exponentially. However mA
ini,1 decays

faster along the y axis. The initial data mA
ini, m

B
ini and mconst

ini are inspired from the ones used
in previous literature [3, 9].

Inspired also from previous literature, we will consider two setups for the source S in (3.1.1a).
In Section 3.5.2, we investigate experiments where we examine a squared domain with one source
and four sinks. In Section 3.5.3 we study the case where the whole domain acts as a sink.
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3.5.2 One Source and Four Sinks

In this setup, we consider one source and four sinks so that S = S4(x, y) reads

S4(x, y) = Ssource(x, y)−
4∑

i=1

Ssinki ,

with
Ssource(x, y) = exp(−1000((y − 0.5)2 + (x− 0.5)2)),

and

Ssinki =
1

4
exp(−1000((y − yi)

2 + (x− xi)
2)) for i ≤ 4.

Notice that indeed
´
Ω S(x, y)dxdy = 0 holds. Here, the source Ssource is centred at (0.5, 0.5)

and decays rapidly (exponentially) in an isotropic way. The sinks are located at different points,
they also decay exponentially and are isotropic. Specifically, the sinks are located at (x1, y1) =
(0.2, 0.2), (x2, y2) = (0.2, 0.8), (x3, y3) = (0.8, 0.2) and (x4, y4) = (0.8, 0.8), which results in a
periodic setup, which is symmetric along the axes. For the simulations, we consider c = 200 and
D = 0.0025 since these are values for which a clear network emerges and an initial conductivity
given by mA

ini in (3.5.1). This initial data will make the network want to develop towards the
right and the left.

Figure 3.1 depicts this initial setup for these simulations as well as the time evolution of the
discretised energy Ek

h for γ = 1.
In Figure 3.2 and 3.3, the corresponding simulation results for γ ∈ {0.5, 0.7, 0.75, 0.8, 0.9, 1}

for log10 |m|2 and for |∇p|2 are presented. Note that we set tend = 150 and all simulations except
for γ = 0.5 stopped due to reaching tend. For these simulations, the different energy evolutions
over time look similar to the one depicted in Figure 3.1 for γ = 1, and thus we assume that
the results for tend = 150 are close to the steady states. For γ = 0.5, the simulation broke at
tk = 20.545 due to energy increase. This is the reason why we do not observe a network between
the source and the sinks. We remind the reader that for general r, the existence of solutions has
been proven only for γ ≥ 1

2 . We observe that for γ ∈ {0.9, 1} at the steady states, there are no
branches but rather straight lines from the source to the sinks, and as γ increases, the network is
getting thicker. Regarding γ ∈ {0.7, 0.75, 0.8}, we notice that as γ increases, the branching point
of the network moves closer to the source in the centre. In general, we see that as γ increases,
the steady state becomes more diagonally symmetric, which means that the anisotropic effect of
the initial conductivity mA

ini is lost. The case γ = 1 is a critical case. We see that in this case,
the branches are significantly wider, indicating that diffusion becomes more dominant.

For completeness, we also added the figures for the |∇p|2 in this setup in Figure 3.3.

3.5.3 Internal Sink

For this section, we only consider an internal sink term, which means that the sink is constantly
spread over the whole domain such that the total integral of the source and sink term is 0, i.e.,´
Ω S(x, y) dx dy = 0. In the following the source and sink term S = Sint(x, y) is given by

Sint(x, y) = exp(−1000((y − 0.5)2 + (x− 0.5)2))− π

1000
.

Figure 3.4 shows the time evolution of the formation of the network for c = 200,
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Figure 3.1: Left: Source and sink term S4(x, y) and initial conductivity mA
ini. Right: Evolution

of the discrete energy Ek
h for c = 200, D = 0.0025 and γ = 1.

(a) γ = 0.5 (b) γ = 0.7 (c) γ = 0.75

(d) γ = 0.8 (e) γ = 0.9 (f) γ = 1

Figure 3.2: Steady states of log10 |m|2 for c = 200, D = 0.0025, mA
ini, S4 (one source, four sinks)

and varying metabolic exponent γ ∈ {0.5, 0.7, 0.75, 0.8, 0.9, 1}. We observe more
symmetric networks and branches moving closer to the source as γ increases.

D = 0.0025, γ = 0.75 starting from the constant initial condition mconst
ini as stated in (3.5.3). We

observe that branches are evolving, but they vanish over time as the energy decreases, and only
a few main branches remain at later times (t = 50, t = 200), indicating a transition toward a
simpler, energetically favourable structure.

The corresponding evolution of the discretised energy Ek
h as well as the evolution of the relative
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(a) γ = 0.5 (b) γ = 0.7 (c) γ = 0.75

(d) γ = 0.8 (e) γ = 0.9 (f) γ = 1

Figure 3.3: Steady states of |∇p|2 for c = 200, D = 0.0025, mA
ini, S4 (one source, four sinks) and

varying metabolic exponent γ ∈ {0.5, 0.7, 0.75, 0.8, 0.9, 1}.

error of the conductivity vector m, i.e., ∥∆mk
h∥2, over time are shown in Figure 3.5. We observe

a monotonic decrease in energy and its eventual stabilisation, accompanied by a decrease in the
relative change of m. Although the breaking condition for the conductivity m is not yet satisfied
at tend = 200, the results suggest that the system is already very close to equilibrium.

(3.5.2)
Figure 3.6 shows a comparison of the final states of the network at tend = 200 for different

initial conditions, i.e., for mA
ini as stated in (3.5.1) (left column of the figure), mB

ini as defined
in (3.5.2) (middle column of the figure) and mconst

ini given in (3.5.3) (right column of the figure).
It not only depicts the norm of the conductivity vector |m| but also the norm of the pressure
gradient |∇p| at the final state. Moreover, the different values of the relative error of the
conductivity m for the breaking condition are given by ∥∆mconst∥2 = 6.06 ·10−3 for the constant
initial value of m and by ∥∆mA∥2 = 2.67 · 10−3 and ∥∆mB∥2 = 3.54 · 10−3 at tend = 200. Since
the energy changes only marginally in all three cases at tend, we assume to be close to the steady
state in all scenarios. However, the final states for m and p behave very differently depending on
the initial conditions. We observe that for the constant initial condition mconst

ini , the branches are
curvier, located at different points in space and less clear compared to the results for mA

ini and
mB

ini. Hence, we conclude that different initial conditions might lead to different steady states,
which is in coherence with numerical results by [9] and the fact that the energy is non-convex.

Next, we investigate the influence of the activation parameter c on the network. Therefore,
we consider the values c = 200 and c = 100 for two different setups. In both scenarios, we
use γ = 0.75 as the value for the exponent of the metabolic cost term. On the other hand, we
consider D = 0.0025 and D = 0.0075 as the diffusion constant. The numerical results for the
logarithm of the Euclidean norm of the conductivity m(t, x, y) are depicted in Figure 3.7. The
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(a) t = 0.0 (b) t = 3.0 (c) t = 14.0

(d) t = 20.0 (e) t = 50.0 (f) t = 200.0

Figure 3.4: Time evolution of log10 |m| for c = 200, D = 0.0025 and γ = 0.75, mconst
ini and Sint

(internal sink). At times t = 3 and t = 14 a dense branching network is formed. But
as time evolves, smaller branches vanish, and the structure simplifies such that only
a few main branches remain at tend = 200.

(a) Energy evolution over time (b) Evolution of ∥∆m∥2 over time

Figure 3.5: Time evolution of the discrete energy Ek
h and the relative error of the conductivity

vector ∥∆mk
h∥2 for c = 200, D = 0.0025, γ = 0.75, mconst

ini and Sint (internal sink).
The energy decreases monotonically and stabilises, indicating that the system is close
to equilibrium, while the relative change in m is decreasing accordingly.

right column of the figure shows the results for c = 100, and the left column shows c = 200.
The first row corresponds to D = 0.0025, and the second row corresponds to D = 0.0075.
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(a) log10 |m(t, x, y)| with mA
ini

as initial condition
(b) log10 |m(t, x, y)| with mB

ini

as initial condition
(c) log10 |m(t, x, y)| with

mconst
ini as initial condition

(d) |∇p(t, x, y)| with mA
ini as

initial condition
(e) |∇p(t, x, y)| with mB

ini as
initial condition

(f) |∇p(t, x, y)| with mconst
ini as

initial condition

Figure 3.6: Comparison of numerical results for the conductivity m(t, x, y) and the pressure
gradient |∇p(t, x, y)|2 close to steady state (tend = 200) for different initial conditions
mini. The modelling parameters chosen are c = 200, γ = 0.75, r = 0.1, D = 0.0025,
∆tk = 0.005, Sint (internal sink). First column: results for mA

ini. Middle column:
results for mB

ini. Last column: results for mconst
ini . We conclude that different initial

conditions lead to different steady states for γ = 0.75.

We observe that for c = 200 the network forms thicker and more pronounced branches, which
also reach further into the domain than for c = 100. On the other hand, smaller activation
(c = 100) leads to sparser networks, and in the presented cases, the networks even collapse
to a simple cross (for D = 0.0025) or star-shaped configuration (for D = 0.0075). Moreover,
we conclude that for smaller diffusion parameters, as depicted in the top row for D = 0.0025,
the networks are finer and more detailed with thin filaments extending outward, while larger
diffusion (D = 0.0075, bottom row) leads to smoother and more compact networks with fewer
but thicker branches. Hence, the combined effects indicate that activation has to dominate the
diffusion part for the emergence of complex networks, while increased diffusion or reduced acti-
vation suppresses branching and the system tends to converge to simpler steady states.

In Figure 3.8 we study the influence of the diffusion parameterD and the metabolic exponent γ
on the evolution of the network. We consider c = 200 as the activation constant. The initial con-
dition for the conductivity m(t, x, y) is given by mA

ini as stated in (3.5.1). The numerical results
for log10 |m| of the conductivity m are depicted in that figure, where γ varies in {0.5, 0.75, 0.8, 1}
(top to bottom row of the figure) and D ∈ {0.001, 0.0025, 0.005, 0.0075, 0.01} (left to right col-
umn of the figure). We observe that for small values of diffusion, finer and highly branched
networks evolve. On the other hand, increasing D leads to thicker and smoother structures,
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(a) log10 |m| at tend = 200 for c = 200,
D = 0.0025

(b) log10 |m| at tend = 200 for c = 100,
D = 0.0025

(c) log10 |m| at tend = 150 for c = 200,
D = 0.0075

(d) log10 |m| at tend = 150 for c = 100,
D = 0.0075

Figure 3.7: Comparison of numerical results for the conductivity m close to steady state for dif-
ferent values of the activation parameter c. The parameters chosen are γ = 0.75, r =
0.1,∆tk = 0.005, mA

ini and the internal sink Sint. Left column: c = 200. Right col-
umn: c = 100. Top row: D = 0.0025. Bottom row: D = 0.0075. Larger activation
parameters result in thicker, more branched structures that extend further into the
domain.

suppressing the fine details of the network. Hence, smaller diffusion constants form rich branch-
ing patterns, while larger diffusion enforces global uniformity. Moreover, we conclude from the
figure that the exponent of the metabolic cost term γ controls the density of the network, that
is, small values of γ give rise to sparse and tree-like patterns since the system minimises total
metabolic cost, while increasing the value of γ leads to denser and more space-filling networks,
and thus to broader regions of active flow. Overall, we deduce from these simulation results
that complex networks emerge when gamma has a moderate value (i.e., γ = 0.75) and small
values for the diffusion coefficient D. Large diffusion (i.e., D = 0.01) and large γ lead to nearly
homogeneous steady states.
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Figure 3.8: Value log10 |m| for c = 200, mA
ini, and Sint (internal sink). From top to

row γ varies in {0.5, 0.75, 0.8, 1} and from left to right columns D varies in
{0.001, 0.0025, 0.005, 0.0075, 0.01}. The network shown is the one at time tend = 200
or when the algorithm broke due to an increase in energy or reaching the steady
state.

3.6 Grid Convergence

To investigate whether the simulation outcomes depend on the chosen grid, as observed in [68],
we perform a grid convergence test. For this, we will take values of c corresponding to 100 and
50 to reduce the computational time. We compute the order of convergence for the pressure p
via the following formula

qp ≈
ln

Å ∥p∆x−p∆x
2

∥2
∥p∆x

2
−p∆x

4
∥2

ã
ln 2

,

where p∆x denotes the solution for p on a regular grid with grid size ∆x. We define analogously
q∥m∥ and q∥∇p∥.

We consider Ω = [0, 1]2, Nx = Ny ∈ {50, 100, 200, 400}, r = 0.1, and S = Sint. Table 3.1
corresponds to the setup with c = 100, γ = 0.75, D = 0.01, ∆t = 0.05 and mA

ini and reports the
rate q at increasing times (the coarsest run terminates at t ≈ 91 due to reaching steady state).
Table 3.2 considers the case c = 50, γ = 1, D = 0.0025 and mconst

ini . Table 3.3 considers the case
with mA

ini with factor 1000 instead of 104 in the exponential, c = 50, γ = 1, D = 0.0025. Missing
numbers are either due to the simulations still running (i.e., Table 3.1) or that they terminated
at an earlier time (i.e., Table 3.2 for N = 50, 100, 200 and t = 35 and t = 40 as well as t = 40
for N = 100, 200, 400).

The numerical method proposed utilises the FFT, the CG method, and the splitting method.
The splitting method has order 1, whereas in the CG method, we can choose the desired accuracy.
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N = 50, 100, 200 N = 100, 200, 400 N = 200, 400, 800

time t q∥m∥ q∥∇p∥ qp q∥m∥ q∥∇p∥ qp q∥m∥ q∥∇p∥ qp

5 6.6747 5.0983 5.6516 3.9922 3.8377 3.2919 3.4010 4.5286 5.6811
10 6.9849 5.0677 5.6942 3.7730 3.9284 3.4008 — — —
50 7.9296 6.3999 7.8724 3.6918 3.6324 2.8776 — — —
91 7.8778 6.3763 7.6062 4.2736 4.1772 4.0374 — — —

Table 3.1: Observed orders q for c = 100, γ = 0.75, D = 0.01, ∆t = 0.05, mA
ini, Sint, N = Nx =

Ny.

N = 50, 100, 200 N = 100, 200, 400 N = 200, 400, 800

time t[s] q∥m∥ q∥∇p∥ qp q∥m∥ q∥∇p∥ qp q∥m∥ q∥∇p∥ qp

15 2.5533 2.209 2.7430 4.6220 3.7932 4.4483 8.2958 6.2632 6.8885
35 — — — 4.7246 3.7308 4.5646 8.3799 6.4396 6.9787
40 — — — — — — 8.3838 6.4438 6.9735

Table 3.2: Observed orders q for c = 100, γ = 1, D = 0.0025, ∆t = 0.5, mconst
ini , Sint, N = Nx =

Ny.

N = 50, 100, 200 N = 100, 200, 400 N = 200, 400, 800

time t[s] q∥m∥ q∥∇p∥ qp q∥m∥ q∥∇p∥ qp q∥m∥ q∥∇p∥ qp

45 4.8019 2.5699 3.773 2.5099 2.7235 2.3999 6.6369 3.9876 5.5382
55 4.8009 2.5625 3.7567 2.5115 2.7251 2.3969 6.639 3.987 5.5368

Table 3.3: Observed orders q for c = 100, γ = 1, D = 0.0025, ∆t = 0.05 with mA
ini with factor

1000 instead of 104, Sint, N = Nx = Ny.

Spectral methods have an exponential order of convergence. Due to this mixture of accuracies,
it is not obvious to predict which should be the expected order of convergence of the method.
However, so far, the numerical evidence shows that the method has a high order of convergence.
It is in particular noticeable that no observable aliasing effects appear in the simulations.

3.7 Conclusions and Perspectives

In this paper, we considered the elliptic-parabolic model (3.1.1) to study the formation of bio-
logical networks. The model was derived as a continuum limit of the discrete Hu-Cai model and
formulated as an L2-gradient flow of a non-convex energy functional. In Section 3.2, we provided
a detailed literature review on results and related models at the micro-, meso- and macroscopic
scale.

We introduced a Fourier-based spectral splitting method for the network formation PDE
(3.1.1) under periodic boundary conditions. The algorithm is built from (1) a splitting method
for the conductivity m with (i) exact-in-time substeps for activation and relaxation, (ii) an
exact diffusion step implemented with FFT, and (2) a CG method to solve the equation for the
pressure p based on using FFT.

This combination yields a simple-to-implement solver with high spatial accuracy and scala-
bility to 3D uniform grids. Our parameter studies recover qualitative features reported in the
literature: diffusion D smooths and thickens networks, activation c enhances branching, and the
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metabolic exponent γ tunes the sparsity/density of steady patterns. Grid convergence results
support the accuracy of our approach.

Limitations and future directions of this work include:

- Time-step restriction due to the activation update (Remark 3.4.1); adaptive time-stepping
strategies may be used in practice.

- The scheme is not unconditionally energy-stable; energy-decaying variants (e.g., semi-
implicit or implicit substeps) could be hybridised with the current framework.

- Preconditioners beyond the constant-coefficient could further reduce CG iterations.

- Extension to 3D, which would benefit from improving the current computational time
(either with adaptive time-steps or improved preconditioners as mentioned in the previous
points).

Despite its limitations, the proposed method fills a practical niche among existing solvers: it
is concise, fast, and robust enough for both qualitative and quantitative studies, and is easily
extensible to 3D problems where network formation is particularly relevant for applications such
as vascularisation.
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4 Mean-Field Limit for a Network of Fibers

This chapter consists of results of an ongoing collaboration with Sara Merino-Aceituno.
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Abstract

We provide a short, self-contained derivation of the kinetic equation for link-mediated fiber
networks, recasting the proof in [15, 39] entirely in terms of empirical measures. The model
features two-dimensional rod-like fibers with a repulsive potential, where fiber-fiber interactions
happen through a network of linked fibers. With our formal derivation solely based on the
empirical fiber distribution and the empirical link measure, we highlight the main assumptions
that need to be proven to make the mean-field limit rigorous.

4.1 Introduction

This chapter revisits the model introduced by Degond et al. in [39] for the formation of fiber
networks, designed to describe the fibrous component of the extracellular matrix in biological
tissues, as in [90]. Understanding how fiber networks form and evolve is crucial for explaining
tissue mechanics and function. The model we consider features two-dimensional, identical fiber
elements of fixed length that can dynamically link and unlink; when linked, fibers tend to align
with one another.

Our primary objective is to provide a formal, self-contained rederivation of the kinetic equa-
tion governing the system of interacting fiber elements by recasting the arguments of [15, 39].
Whereas the original derivation combines counting arguments, conditional probabilities, and
interpretative reasoning to compute key expressions, our approach relies exclusively on the cal-
culus of empirical measures. This shift in methodology clarifies the structure of the argument
and clearly identifies the assumptions required to pass to the mean-field limit, and thereby rep-
resents a first step toward a complete mathematical justification. In particular, we highlight
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the necessity of a bijection between the labels of the fibers and their positions. To justify this
bijection when there is a finite number of fiber elements, we incorporate a short-range repulsive
potential that accounts for volume exclusion between fiber elements. This prevents two fibers
from occupying the same position.

The mean-field regime addressed in this work is nonstandard, since interactions do not arise
from metric proximity but are mediated exclusively through dynamically created links between
fibers. This induces an evolving network structure for which classical metric mean-field limits are
not directly applicable. While there is a substantial literature on mean-field limits for interacting
systems on graphs – most notably via graphon techniques – our framework is different as we do
not consider a graphon in the limit of large number of fibers.

4.1.1 Structure of the Paper

The results presented in the following account only for the deterministic dynamics of the fiber
system. However, for completeness, we present the full model as introduced in [39] in Sec-
tion 4.2. The mean-field limit for the deterministic system is derived in Section 4.3. The key
objects entering the limit – the empirical distribution of fibers and the empirical measure of
links – are introduced in Section 4.3.1. Our main resultTheorem 4.3.3 is stated and discussed
in Section 4.3.4. Finally, in Section 4.4 we give some concluding remarks and perspectives on
future work.

4.2 Discrete Model for Fibers

As mentioned in the introduction, we consider only the fibrous elements of the extracellular ma-
trix of a biological tissue. We assume that a fiber in the extracellular matrix is built out of many
fiber elements, which link together to form a fiber. Therefore, to model the evolution of such a
fiber network, we describe and extend a discrete model for the fiber elements first introduced by
Degond et al [39]. In this model, we assume that fiber elements repel each other via a repulsive
potential, accounting for volume exclusion interactions, and their position and orientation are
subject to fluctuations or noise. Moreover, fibers can randomly link, when they are close enough,
or unlink. When fibers link, they try to align with each other. In the context of the extracellular
matrix, the linking and alignment account for the formation of larger fiber elements. By linking,
fibers build up a network. Fiber unlinking accounts for breakage in the network. Therefore, the
fiber network of the extracellular matrix is remodelled via this linking/unlinking process.

Xi

θiL

Figure 4.1: Fiber element with centre Xi ∈ R2, orientation θi ∈ [−π, π) and length L.

Hence, we consider a model of N > 0 fiber elements, represented as identical rods of length L.
Each fiber element i, for i = 1, . . . , N , is characterised by by the position of its centre Xi ∈ R2

and its orientation, given by an angle θi ∈ [−π, π), see also Figure 4.1. The microscopic model
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for the evolution of the positions (Xi)i=1,...,N and the orientations (θi)i=1,...,N over time is given
by a second-order system of stochastic differential equations:

dXi = −µ∇Xi (Wlinks +Walign +Wrep) dt+
√
2Dx dB

t
i ,

dθi = −λ∂θi (Wlinks +Walign +Wrep) dt+
√
2Dθ dB̃

t
i ,

where ∇Xi denotes the gradient with respect to Xi and ∂θi the derivative with respect to θi. The
terms involving ∇Xi and ∂θi correspond to gradient flow dynamics whose effect is to generate
dynamics that minimise the sum of the potentials Wlinks, Walign, Wrep. The potential Wlinks

describes the spring-like linking force between linked fibers; the potential Walign imposes that
linked fibers align; the potential Wrep corresponds to a repulsive potential between fibers. In
course of this work, we consider a general repulsive potential. Taking particular shapes for this
potential into account will be part of future work. The positive coefficients µ, λ > 0 parametrise
the strength of the potentials. Finally, (Bt

i)i=1,...,N and (B̃t
i)i=1,...,N correspond to independent

Brownian motions that account for random effects or fluctuations, and Dx ≥ 0, Dθ ≥ 0 are their
diffusive constants.

We note that the discrete system (4.2.1) can be seen as the limit of a fourth-order system
in the overdamped or inertialess regime. This is typical for many cellular systems since inertia
effects in small-scale dynamics on a fluid tend to be negligible. We also note that the difference
with respect to the model presented in [39] is that we are introducing a repulsive potential.

The dynamics given by (4.2.1) are, however, not complete. We also need to describe the
stochastic process by which fibers link and unlink.

Creation and destruction of links between fibers. We consider a functional

Γ : R2 × [−π, π)× R2 × [−π, π) → R+

acting on two fibers, such that Γ(Xi, θi, Xj , θj) = Γ(Xj , θj , Xi, θi) and

Γ(Xi, θi, Xj , θj) > 0,

if and only if two fibers are ‘close’ to each other. The definition of the closeness of fibers is a
modelling assumption, a simple example could be the indicator function on the set |Xi−Xj | < R
for some radius R > 0.

This functional Γ can be interpreted as a ‘switch’ that activates if two specific fibers are
capable of forming a link. Specifically, a pair of fibers (Xi, θi) and (Xj , θj) link at a rate

ν̃ℓ :=
νℓ
N

Γ(Xi, θi, Xj , θj), νℓ > 0.

At the same time, existing links disappear at a given rate νd > 0. These linking and unlinking
processes follow independent Poisson processes with the given rates ν̃l and νd, respectively.

Linking potential Wlinks. We define η(t) as the number of links at time t. Moreover,
let p ∈ {1, . . . , η(t)}, then p indicates the p-th link (ip, jp) ∈ {1, . . . , N}2 where the indices ip
and jp denote the labels of the corresponding distinctive linked fibers (Xip , θip) and (Xjp , θjp).
Note that we assume that only a single link between the fibers i and j can be formed. So, the
unique points Xp

ip
and Xp

jp
of the intersection of the linked fiber pair (Xip , θip) and (Xjp , θjp),
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as depicted in Figure 4.2, is determined by

Xp
ip
= Xip + ℓipωip , Xp

jp
= Xjp + ℓjpωjp ,

where ωi = ω(θi) := (cos θi, sin θi) is defined as the unit vector in the orientation of fiber i and
ℓip , ℓjp ∈ [−L/2, L/2] to ensure that the linking point is located along the fiber. The quantities
ℓip and ℓjp are determined by

ℓip = ℓ̄(Xip , ωip , Xjp , ωjp), ℓjp = ℓ̄(Xjp , ωjp , Xip , ωip),

with

ℓ̄(Xip , ωip , Xjp , ωjp) :=

∣∣(Xjp −Xip

)
× ωjp

∣∣∣∣ωip × ωjp

∣∣ ,

at the time of the link’s creation and stay constant throughout the lifetime of the link, i.e.,
d
dtℓip = d

dtℓjp = 0 during this time interval. Here, × denotes the cross product between two
vectors a = (a1, a2) and b = (b1, b2) and thus is given by a× b = a1b2 − a2b1.

Throughout the lifetime of the link a spring-like restoring force is exerted at the attachment
points Xp

ip
and Xp

jp
, causing them to attract each other whenever they are displaced. The

potential V acting on fibers (X1, θ1), (X2, θ2) which is imposed by the spring-like restoring force
is thus given by V : R2 × [−π, π)× [−L/2, L/2]× R2 × [−π, π)× [−L/2, L/2] → R+

0 with

V (X1, θ1, ℓ1, X2, θ2, ℓ2) :=
κ

2
|X1 + ℓ1ω(θ1)− (X2 + ℓ2ω(θ2)) |2.

Note, that V is symmetric in the sense that V (Xi, θi, li, Xj , θj , lj) = V (Xj , θj , lj , Xi, θi, li) and
that the linking potential of a fiber i to itself is zero by definition, i.e., V (Xi, θi, li, Xi, θi, li) = 0.
The constant κ is a measure of the strength of the restoring force. Hence, the larger κ, the
stronger the link is maintained.

Next, we formulate the linking potential of the system Wlinks as the sum over all existing links
of the potential V,

Wlinks =
1

2

η(t)∑
p=1

V (Xip , θip , ℓip , Xjp , θjp , ℓjp).

As mentioned in the beginning, η = η(t) is the number of links at time t. The factor 1/2 prevents
double counting of links, since each link appears twice – as (i, j) and (j, i).

Xip
Xjp

Xp
ip
= Xp

jp

ℓip ℓjp

Xip

Xp
ip

Xjp

Xp
jp

ℓip ℓjp
V

Figure 4.2: Left: two linked fiber elements with centres Xip , Xjp , linking point Xp
ip

= Xp
jp

and
the distances from their centres to the linking point ℓip and ℓjp .
Right: as the two linked fibers align, the spring-like restoring potential V pulls the
displaced attachment points Xp

ip
and Xp

jp
back together.
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Alignment potential Walign. Linked fiber elements are subject to an alignment force. This
alignment models the fibers’ resistance to bending. The binary alignment potential
b : [−π, π)2 → R+

0 between two linked fiber elements only depends on the angles θ1 and θ2
and thus reads

b(θ1, θ2) = α| sin(θ1 − θ2)|β,

where β > 0 is a modelling parameter and α > 0 can be interpreted as a flexural modulus.
Thus, it represents the stiffness of the fibers to bending.

Since this potential is only acting on linked fiber pairs, the total alignment potential Walign

is therefore given by the sum of the alignment potential over all linked fiber pairs, i.e.,

Walign =
1

2

η(t)∑
p=1

b(θip , θjp).

Again, as for the linking potential, the factor 1/2 is required since each link is counted twice.

Repulsive potential Wrep. Biologically, fibers, or rather fiber elements, possess a cer-
tain volume. Consequently, in the discrete setting, it actually is not possible for two fibers to
occupy the same space at the same time. To model this, we introduce a repulsive potential
ψR(Xi, θi, Xj , θj) : R2 × [−π, π) × R2 × [−π, π) → R between two fibers, (Xi, θi) and (Xj , θj),
acting on their positions and orientations. In the simplest case, one could consider a potential
that depends only on the distance between the centres of the fibers and is non-zero in the region
|Xi −Xj | < R, for some radius R > 0. However, this sort of radial potential does not capture
the anisotropy of the particles. For this reason, anisotropic potentials like the Berne-Pechukas
potential [19] or an anisotropic repulsive potential of Gaussian type as introduced in Chapter 2
and [86] are more appropriate.

Generally, we assume that ψR is non-negative and symmetric, i.e., ψR(Xi, θi, Xj , θj) =
ψR(Xj , θj , Xi, θi) ≥ 0, with R > 0 giving a typical interaction distance. Hence, the posi-
tion Xi of the corresponding fiber element i is unique for all i ∈ {1, . . . , N}. We also assume the
repulsive potential acting on fiber element i itself is zero, i.e., ψR(Xi, θi, Xi, θi) = 0.

The repulsive potential of the whole system Wrep is thus defined as

Wrep =
1

N

N∑
i,j=1

ψR(Xi, θi, Xj , θj).

A comment on the random movement (noise). Fibers are part of physiological tissues.
To be able to account for random movement of this tissue, we include random positional and
orientational motion of the fiber elements, i.e., Brownian motions Bt

i and B̃t
i acting on positions

Xi and orientations θi with diffusion constants Dx and Dθ, respectively.

Final equations. With the previous notations, we recast system (4.2.1) to describe the
dynamics within any time interval between two linking and unlinking processes of fibers, which
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implies that η(t), ℓip and ℓjp are constant within the considered time interval:

dXi = −µ
2
∇Xi

(
η∑

p=1
ip=i

V
(
Xip , θip , ℓip , Xjp , θjp , ℓjp

)

+

η∑
p=1
jp=i

V
(
Xip , θip , ℓip , Xjp , θjp , ℓjp

))
dt

− µ

N

N∑
j=1

∇Xiψ
R(Xi, θi, Xj , θj) dt+

√
2Dx dB

t
i ,

dθi = −λ
2
∂θi

(
η∑

p=1
ip=i

(V + b)
(
Xip , θip , ℓip , Xjp , θjp , ℓjp

)

+

η∑
p=1
jp=i

(V + b)
(
Xip , θip , ℓip , Xjp , θjp , ℓjp

))
dt

− λ

N

N∑
j=1

∂θiψ
R(Xi, θi, Xj , θj) dt+

√
2Dθ dB̃

t
i .

4.3 Mean-Field Limit for the Deterministic Dynamics

In this section, we will state and prove our main result, Theorem 4.3.3. Throughout this section,
we will solely focus on the deterministic terms of the discrete system. Therefore, we consider
a time interval with no link creation or destruction taking place, and thus neglect the Poisson
linking and unlinking process. Moreover, we assume no random noise or fluctuation and set the
diffusion constants Dx = Dθ = 0.

4.3.1 Empirical Measures Associated to the Discrete System

In the following, we define empirical measures that enable the particle system to be reformulated
in a manner that simplifies the mean-field derivation.

Empirical distribution of fiber elments. The empirical distribution of the fiber elements
fN = fN (t, x, θ) for t ≥ 0, x ∈ R2 and θ ∈ [−π, π) is given by

fN (t, x, θ) =
1

N

N∑
i=1

δ(Xi(t),θi(t))(x, θ),

where δ(Xi(t),θi(t))(x, θ) = δXi(t)(x)δθi(t)(θ) represents the Dirac delta distribution on Rd×[−π, π)
located at (Xi(t), θi(t)) at time t.

Empirical measure for the links. Next, for t ≥ 0, x, y ∈ R2, θx, θy ∈ [−π, π),
ℓx, ℓy ∈ [−L/2, L/2] we define the empirical measure gK,N = gK,N (t, x, θx, ℓx, y, θy, ℓy) for the
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links of fiber elements by

gK,N (t, x, θx, ℓx, y, θy, ℓy) :=
1

2K

η(t)∑
p=1

δ[(Xip (t),θip ,ℓip );(Xjp (t),θjp ,ℓjp )]
(x, θx, ℓx, y, θy, ℓy),

where η(t) is the number of links at time t and K is the initial number of links at time t = 0,
i.e., K = η(0). Instead of taking the average regarding to the current number of links η(t), we
rather consider averaging via the factor 1/K, which sets the number of links at time t in relation
to the initial number of links. Notice, in particular, that gK,N is an empirical measure, but not
an empirical distribution. Moreover,

δ[(x,θx,ℓx);(y,θy ,ℓy)](z, θz, ℓz, u, θu, ℓu) :=

δ(x,θx,ℓx,y,θy ,ℓy)(z, θz, ℓz, u, θu, ℓu) + δ(y,θy ,ℓy ,x,θx,ℓx)(z, θz, ℓz, u, θu, ℓu).

Recall that p denotes the p-th link at time t, with ip and jp denoting the labels of the two
distinctive fiber elements forming this link. Since the link relation is symmetric – (ip, jp) and
(jp, ip) represent the same link – we include the factor 1/2 to avoid double counting. Also, with
this definition, gK,N is symmetric, i.e.,

gK,N (t, x, θx, ℓx, y, θy, ℓy) = gK,N (t, y, θy, ℓy, x, θx, ℓx).

In the sequel, we will focus only on the deterministic dynamics. However, one can formally
add the stochastic terms arising from the linking and unlinking process. For completeness, we
explain the effect of these jump processes on gK,N in the appendix.

In this section, we will formally compute the mean-field limit as K,N → ∞. The goal is
to derive equations for the probability density f = f(t, x, θx) of particles at position x with
orientation θx at time t for the fiber particles and for the measure g = g(t, x, θx, ℓx, y, θy, ℓy) of
the links between fibers at states (x, θx) and (y, θy) with linking distances ℓx and ℓy respectively
at time t. To do this, we first introduce some convenient notation in the next section and explain
the relation between fN and gK,N in the subsequent section.

4.3.2 Compact Notations

To make the proofs and statements easier to read, we introduce some convenient notation in
this section. We consider the following integration domains:

H := R2 × [−π, π)× [−L/2, L/2]× R2 × [−π, π)× [−L/2, L/2], (4.3.1)

Hf := R2 × [−π, π), (4.3.2)

H1 := [−L/2, L/2]× [−L/2, L/2]× [−π, π)× R2. (4.3.3)

In addition, we introduce the compact variable Zi = (Xi, θi). This allows us to express
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equations (4.2.2) with Dx = Dθ = 0 in a more concise form as

dZi =
1

2
∇Zi

Ü
η∑

p=1
ip=i

W
(
Zip , ℓip , Zjp , ℓjp

)
+

η∑
p=1
jp=i

W
(
Zip , ℓip , Zjp , ℓjp

)ê
dt

− 1

N

N∑
j=1

∇Ziψ
R (Zi, Zj) dt, (4.3.4)

with
W (Zi, ℓi, Zj , ℓj) = − (V (Zi, ℓi, Zj , ℓj) + b (θi, θj)) ,

and ∇Zi = (µ∇Xi , λ∂θi).

4.3.3 Relation between fN and gK,N

In the following, we investigate the relation between the empirical distribution of the fibers fN

and the empirical measure of the links gK,N . For this, we define

h̃N : R+
0 × {1, . . . , N} × {1, . . . , N} × [−L/2, L/2]× [−L/2, L/2] → D ([−L/2, L/2]× [−L/2, L/2]) ,

where D denotes the space of distributions, such that

h̃N (t, i, j, ·, ⋆) =


0 if i and j are not linked,
η(t)∑
p=1
ip=i
jp=j

δℓip (t)(·)δℓjp (t)(⋆) otherwise.

Assumption 1. There exists a bijection between labels and the values (i.e., the positions) that
the fibers take.

This assumption is reasonable for finite N as we expect the repulsive potential to impede that
two fibers occupy the same position. Thus, different labels i, j map to different positions Xi and
Xj and vice versa.

Under Assumption 1 we define hN : R+
0 ×H → D ([−L/2, L/2]× [−L/2, L/2]) such that

hN (t, Zi, ℓ1, Zj , ℓ2) = h̃N (t, i, j, ℓ1, ℓ2) .

Notice that hN is symmetric in its variables, i.e,

hN (t, Zi, ℓ1, Zj , ℓ2) = hN (t, Zj , ℓ2, Zi, ℓ1) .

Next, via hN , we will set the empirical link measure gK,N in relation to the empirical fiber
distribution fN .

Lemma 4.3.1. Assume 1. In the space of continuous and compactly supported test functions
φ ∈ C∞

c (H) that are symmetric (φ (z, ℓz, w, ℓw) = φ (w, ℓw, z, ℓz)) it holds, in distribution sense:

NhN (t, z, ℓz, w, ℓw) f
N (t, z)fN (t, w) =

K

N
gK,N (t, z, ℓz, w, ℓw) .
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Proof. On the one hand, it holds that

A :=
N∑
i=1

N∑
j=1

ˆ
[−L/2,L/2]2

φ (Zi, ℓ1, Zj , ℓ2)h
N (Zi, ℓ1, Zj , ℓ2) dℓ1 dℓ2

=
N∑
i=1

N∑
j=1

η∑
p=1
ip=i
jp=j

ˆ
[−L/2,L/2]2

φ (Zi, ℓ1, Zj , ℓ2) δℓip (ℓ1)δℓjp (ℓ2) dℓ1 dℓ2

=
N∑
i=1

N∑
j=1

η∑
p=1
ip=i
jp=j

φ (Zi, ℓi, Zj , ℓj)

=
1

2

N∑
i=1

N∑
j=1

η∑
p=1
ip=i
jp=j

[φ (Zi, ℓi, Zj , ℓj) + φ (Zj , ℓj , Zi, ℓi)]

=
1

2

η∑
p=1

N∑
i=1

N∑
j=1

δ̃ip=iδ̃jp=j [φ (Zi, ℓi, Zj , ℓj) + φ (Zj , ℓj , Zi, ℓi)]

=
1

2

η∑
p=1

[
φ
(
Zip , ℓip , Zjp , ℓjp

)
+ φ

(
Zjp , ℓjp , Zip , ℓip

)]
= K

ˆ
H
φ (z, ℓz, w, ℓw) g

K,N (t, z, ℓz, w, ℓw) dz dℓz dw dℓw,

where δ̃ is the Kronecker delta. In the fourth equality we used the symmetry of φ.
On the other hand, using the definition of fN for expression A, we also have

A = N2

ˆ
H
φ (z, ℓz, w, ℓw)h

N (z, ℓz, w, ℓw) f
N (t, z)fN (t, w) dz dℓz dw dℓw.

By combining the two expressions, we obtain the result.

In the sequel, we will assume the following:

Assumption 2. Suppose thatK/N → ξ for ξ ∈ (0,∞) asK,N → ∞. Moreover, as K,N → ∞,
we assume that the limits fN → f and gK,N → g hold for some regular functions f, g (‘regular’
in the sense that we can define their derivatives) and that the limits are strong enough so that
they can be exchanged with integrals. Additionally, we assume that NhN → h as N → ∞.

Corollary 4.3.2. Suppose that Assumptions 1 and 2 hold. In the space of compactly supported
continuous test functions φ ∈ C∞

c (H) that are symmetric (φ (z, ℓz, w, ℓw) = φ (w, ℓw, z, ℓz)) it
holds, in distribution sense:

h (z, ℓz, w, ℓw) f(t, z)f(t, w) = ξg (t, z, ℓz, w, ℓw) ,

in the limit N,K → ∞.

The result is a direct application of Lem. 4.3.1.
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4.3.4 Main Result

In the following, we will state and prove our main result, Theorem 4.3.3, which gives the kinetic
equations for the probability distribution f of the fibers and link measure g. As mentioned,
we will only focus on the deterministic terms in the sequel and thus not only assume that the
diffusion constants Dx = Dθ = 0 for the stochastic terms of the discrete system but also neglect
the Poisson processes of linking and unlinking of fiber elements as we suppose to only consider
a time interval where no creation or destruction of links take place.

Theorem 4.3.3 (Mean-field limit). Suppose that Assumptions 1 and 2 hold. Moreover, assume
that Dx = Dθ = 0 and that we consider a time interval during which no creation or destruction
of links take place, and hence η(t), ℓx and ℓy are constant. Then, f = f(t, x, θx) and g =
g(t, x, θx, ℓx, y, θy, ℓy) satisfy the following equations:

∂tf −∇x · F1 − ∂θF2 − µ∇x · (∇xψ
R ∗ f)− λ∂θ(∂θψ

R ∗ f) = 0, (4.3.5)

where ‘*’ denotes a convolution and

dg

dt
−
Å
∇x ·

( g

f(t, x, θx)
F1(t, x, θx)

)
+ µ∇x ·

Ä
g(∇xψ

R ∗ f)(t, x, θx)
ä

+∇y ·
( g

f(t, y, θy)
F1(t, y, θy)

)
+ µ∇y ·

Ä
g(∇yψ

R ∗ f)(t, y, θy)
ä

−
Å
∂θx
( g

f(t, x, θx)
F2(t, x, θx)

)
+ λ∂θx

Ä
g(∂θxψ

R ∗ f)(t, x, θx)
ä

+ ∂θy
( g

f(t, y, θy)
F2(t, y, θy)

)
+ λ∂θy

Ä
g(∂θyψ

R ∗ f)(t, y, θy)
ä
= 0, (4.3.6)

with 
F1(t, x, θx) = µξ

ˆ
H1

(g∇xV )(t, x, θx, ℓx, y, θy, ℓy) dℓx dℓy dθy dy,

F2(t, x, θx) = λξ

ˆ
H1

(
g(∂θxV + ∂θxb)

)
(t, x, θx, ℓx, y, θy, ℓy) dℓx dℓy dθy dy,

where H1 is given in (4.3.3). Notice that we define g/f(t, x, θx) = 0 if f(t, x, θx) = 0.

Remark 4.3.1 (Comparison with the equations from Reference [39]). We obtain the same
equations as stated in reference [39] with the extra terms in ψR since we also consider a repulsive
potential between fiber elements acting on their positions and orientations.

In order to prove Theorem 4.3.3, we will use various lemmas:

Lemma 4.3.4. Suppose Assumption 1 holds. Let φ ∈ C∞
c (Hf ) with φ = φ(z) be a com-

pactly supported continuous test function with Hf defined in (4.3.2), and let U ∈ C1(H), U =
U(z, ℓz, w, ℓw) with H given in (4.3.1) be a continuous function such that U is symmetric in the
sense that U(z, ℓz, w, ℓw) = U(w, ℓw, z, ℓz), then
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1

2

1

N

N∑
i=1

∇Ziφ(Zi) · ∇Zi

Ü
η∑

p=1
ip=i

U(Zip , ℓip , Zjp , ℓjp) +

η∑
p=1
jp=i

U(Zip , ℓip , Zjp , ℓjp)

ê
(4.3.7)

=
K

N

ˆ
H
∇zφ(z) · ∇zU(z, ℓz, w, ℓw)g

K,N (t, z, ℓz, w, ℓw) dz dℓz dw dℓw.

Lemma 4.3.5. Suppose Assumption 1 holds and, for simplification, that ψR ≡ 0. Then, for
all continuous and compactly supported test functions φ̃ = φ̃ (z, lz, w, lw) , φ̃ ∈ C∞

c (H) which are
symmetric (φ̃ (z, ℓz, w, ℓw) = φ̃ (w, ℓw, z, ℓz)), it holds that

1

K

η∑
p=1

Å
∇Zip

φ̃
(
Zip , ℓip , Zjp , ℓjp

)
·
dZip(t)

dt
+∇Zjp

φ̃
(
Zip , ℓip , Zjp , ℓjp

)
·
dZjp(t)

dt

ã
=

ˆ
H
gK,N (t, z, ℓz, w, ℓw)∇zφ̃ (z, ℓz, w, ℓw)

·
Å
∇z

ˆ
H1

W (z, ℓ1, u, ℓ2) Nh
N (z, ℓ1, u, ℓ2) f

N (t, u)dℓ1dℓ2du

ã
dzdℓzdwdℓw

+

ˆ
H
gK,N (t, z, ℓz, w, ℓw)∇wφ̃ (z, ℓz, w, ℓw) dzdℓzdwdℓw

·
Å
∇w

ˆ
H1

W (u, ℓ1, w, ℓ2) Nh
N (u, ℓ1, w, ℓ2) f

N (t, u)dℓ1dℓ2du

ã
dzdℓzdwdℓw

Proof of Theorem 4.3.3. First, we compute the mean-field limit for fN as N,K → ∞. We
consider φ ∈ C∞

c (Hf ) to be a compactly supported continuous test function, then

d

dt

ˆ
Hf

φ(z)fN (t, z) dz =
d

dt

(
1

N

N∑
i=1

φ(Zi(t))

)
=

1

N

N∑
i=1

∇Ziφ(Zi(t)) ·
dZi(t)

dt
,

Inserting expression (4.3.4) for dZi(t)/dt and noting that η is constant during the considered time
interval yields

d

dt

ˆ
Hf

φ(z)fN (t, z) dz =
1

2N

N∑
i=1

∇Ziφ(Zi) · ∇Zi

Ü
η∑

p=1
ip=i

W
(
Zip , ℓip , Zjp , ℓjp

)ê
+

1

2N

N∑
i=1

∇Ziφ(Zi) · ∇Zi

Ü
η∑

p=1
jp=i

W
(
Zip , ℓip , Zjp , ℓjp

)ê
− 1

N

N∑
i=1

∇Ziφ(Zi) ·

Ñ
1

N

N∑
j=1

∇Ziψ
R(Zi, Zj)

é
.
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Applying Lemma 4.3.4 and the definition of fN leads to

d

dt

ˆ
Hf

φ(z)fN (t, z) dz =
K

N

ˆ
H
∇zφ(z) · ∇zW (z, ℓz, w, ℓw) g

K,N (t, z, ℓz, w, ℓw) dz dℓz dw dℓw

−
ˆ
Hf

∇zφ(z) ·
Çˆ

Hf

∇zψ
R(z, w)fN (t, w) dw

å
fN (t, z) dz.

Now, taking the limit N,K → ∞, and using the assumption that K/N → ξ, fN → f ,
gK,N → g, we obtain, after integration by parts:
ˆ
Hf

φ(z)∂tf(t, z) dz =− ξ

ˆ
H
φ(z)∇z · (∇zW (z, ℓz, w, ℓw) g (t, z, ℓz, w, ℓw)) dz dℓz dw dℓw

+

ˆ
Hf

φ(z)∇z ·
Çˆ

Hf

Ä
∇zψ

R(z, w)f(t, w) dw
ä
f(t, z)

å
dz.

Considering that W = −(V + b) and rewriting ∇Z and Z back to the original variables, the
previous equation corresponds to the kinetic equation for f = f(t, x, θ) in (4.3.5) in weak form.

Next, we derive the kinetic equation for the link measure g = g(t, z, ℓz, w, ℓw). Analogously
as done for fN , we consider a continuous compactly supported test function φ̃ ∈ C∞

c (H), which
is symmetric such that φ̃(z, ℓz, w, ℓw) = φ̃(w, ℓw, z, ℓz). Then, taking the symmetry of φ̃ into
account, we have that

ˆ
H
φ̃(z, ℓz, w, ℓw)g

K,N (t, z, ℓz, w, ℓw) dz dℓz dw dℓw

=
1

2K

Ñ
η∑

p=1

φ̃
(
Zip , ℓip , Zjp , ℓjp

)
+

η∑
p=1

φ̃
(
Zjp , ℓjp , Zip , ℓip

)é
=

1

K

η∑
p=1

φ̃
(
Zip , ℓip , Zjp , ℓjp

)
.

As a next step, we differentiate the integral above with respect to time t, refer to dℓi(t)
dt = 0 in

the here considered time interval and apply Lemma 4.3.5. Hence, we obtain

d

dt

ˆ
H
φ̃(z, ℓz, w, ℓw)g

K,N (t, z, ℓz, w, ℓw) dz dℓz dw dℓw

=
1

K

d

dt

Ñ
η∑

p=1

φ̃
(
Zip , ℓip , Zjp , ℓjp

)é
=

1

K

 η∑
p=1

∇Zip
φ̃
(
Zip , ℓip , Zjp , ℓjp

)
·
dZip(t)

dt

+

η∑
p=1

∇Zjp
φ̃
(
Zip , ℓip , Zjp , ℓjp

)
·
dZjp(t)

dt


=

ˆ
H
gK,N (t, z, ℓz, w, ℓw)∇zφ̃ (z, ℓz, w, ℓw)
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·
Åˆ

H1

∇zW (z, ℓ1, u, ℓ2)Nh
N (z, ℓ1, u, ℓ2)f

N (t, u) dℓ1 dℓ2 du

ã
dz dℓz dw dℓw

−
ˆ
H
gK,N (t, z, ℓz, w, ℓw)∇zφ̃ (z, ℓz, w, ℓw) ·

Çˆ
Hf

∇zψ
R(z, u)fN (t, u) du

å
dz dℓz dw dℓw

+

ˆ
H
gK,N (t, z, ℓz, w, ℓw)∇wφ̃ (t, z, ℓz, w, ℓw)

·
Åˆ

H1

∇wW (u, ℓ1, w, ℓ2)Nh
N (u, ℓ1, w, ℓ2)f

N (t, u) dℓ1 dℓ2 du

ã
dz dℓz dw dℓw

−
ˆ
H
gK,N (t, z, ℓz, w, ℓw)∇wφ̃ (z, ℓz, w, ℓw) ·

Çˆ
Hf

∇wψ
R(u,w)fN (t, u) du

å
dz dℓz dw dℓw.

Now, taking the limit N,K → ∞, gK,N → g, fN → f by Assumption 2 and applying Corollary
4.3.2 we have that

(NhN )(u, ℓ1, w, ℓ2) → ξ
g (u, ℓ1, w, ℓ2)

f(u)f(w)
.

We eventually obtain, after integration by parts, that
ˆ
H
φ̃(z, ℓz, w, ℓw)∂tg(t, z, ℓz, w, ℓw) dz dℓz dw dℓw

= −ξ
ˆ
H
φ̃ (z, ℓz, w, ℓw)∇z ·

(
g (t, z, ℓz, w, ℓw)Åˆ

H1

∇zW (z, ℓ1, u, ℓ2)
g(t, z, ℓ1, u, ℓ2)

f(t, z)
dℓ1 dℓ2 du

ãã
dz dℓz dw dℓw

+

ˆ
H
φ̃ (z, ℓz, w, ℓw)∇z ·

Ç
g (t, z, ℓz, w, ℓw)

Çˆ
Hf

∇zψ
R(z, u)f(t, u) du

åå
dz dℓz dw dℓw

− ξ

ˆ
H
φ̃ (z, ℓz, w, ℓw)∇w ·

(
g (t, z, ℓz, w, ℓw)Åˆ

H1

∇wW (u, ℓ1, w, ℓ2)
g(t, u, ℓ1, w, ℓ2)

f(t, w)
dℓ1 dℓ2 du

ãã
dz dℓz dw dℓw

+

ˆ
H
φ̃ (z, ℓz, w, ℓw)∇w ·

Ç
g (t, z, lz, w, lw)

Çˆ
Hf

∇zψ
R(u,w)f(t, u) du

åå
dz dℓz dw dℓw.

This equation represents the weak form of the kinetic equation for g in (4.3.6), after inserting
the relation W = −(V + b) and changing back to the original variables x, θ.

Proof of Lemma 4.3.4. First, we only consider the expression of the sum with respect to ip = i
and rewrite it with the help of the according Dirac Delta distributions as follows

B1 :=
1

N

N∑
i=1

∇Ziφ (Zi) ·

Ü
η∑

p=1
ip=i

∇Zip
U
(
Zip , ℓip , Zjp , ℓjp

)ê
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=

ˆ
Hf

ˆ
H
∇uφ(u) · ∇zU(z, ℓz, w, ℓw)Ñ
1

N

N∑
i=1

δZi(u)

 η∑
p=1

δ̃ip=i δZip
(z)δℓip (ℓz)δZjp

(w)δℓjp (ℓw)

é dz dℓz dw dℓw du,

where δ̃ip=i denotes the Kronecker delta.
Now, it holds that

1

N

N∑
i=1

δZi(u)

 η∑
p=1

δ̃ip=i δZip
(z)δℓip (ℓz)δZjp

(w)δℓjp (ℓw)


=

η∑
p=1

(
1

N

N∑
i=1

δZi(u)δ̃ip=i

)
δZip

(z)δℓip (ℓz)δZjp
(w)δℓjp (ℓw)

=

η∑
p=1

(
1

N

N∑
i=1

δ̃ip=i

)
δZip

(u)δZip
(z)δℓip (ℓz)δZjp

(w)δℓjp (ℓw).

Moreover, since 1
N

∑N
i=1 δ̃ip=i =

1
N and for any φ, U it holds

ˆ
Hf

ˆ
Hf

φ(u)U(z, ℓz, w, ℓw)δZip
(u)δZip

(z) dudz =

ˆ
Hf

φ(z)U(z, ℓz, w, ℓw)δZip
(z) dz,

we conclude that

B1 =
1

N

ˆ
H
∇zφ(z) · ∇zU(z, ℓz, w, ℓw)

Ñ
η∑

p=1

δZip
(z)δℓip (ℓz)δZjp

(w)δℓjp (ℓw)

é
dz dℓz dw dℓw.

Similarly, we have for the second term of the sum in equation (4.3.7) that

B2 :=
1

N

N∑
i=1

∇Ziφ (Zi) ·

Ü
η∑

p=1
jp=i

∇Zjp
U
(
Zip , ℓip , Zjp , ℓjp

)ê
=

1

N

ˆ
H
∇wφ(w) · ∇wU(z, ℓz, w, ℓw)

Ñ
η∑

p=1

δZip
(z)δℓip (ℓz)δZjp

(w)δℓjp (ℓw)

é
dz dℓz dw dℓw

=
1

N

ˆ
H
∇zφ(z) · ∇zU(w, ℓw, z, ℓz)

Ñ
η∑

p=1

δZip
(w)δℓip (ℓw)δZjp

(z)δℓjp (ℓz)

é
dz dℓz dw dℓw

=
1

N

ˆ
H
∇zφ(z) · ∇zU(z, ℓz, w, ℓw)

Ñ
η∑

p=1

δZp(1)(w)δℓip (ℓw)δZjp
(z)δℓjp (ℓz)

é
dz dℓz dw dℓw,
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where we exchanged z and w and ℓz, ℓw accordingly in the integral and used the symmetry
of U , i.e., that U(w, lw, z, lz) = U(z, lz, w, lw). Finally, summing the terms B1 and B2 as well as
using the definition of gK,N leads to

1

2
(B1 +B2) =

K

N

ˆ
H
∇zφ(z) · ∇zU(z, ℓz, w, ℓw)g

K,N (z, ℓz, w, ℓw) dz dℓz dw dℓw,

with which we conclude the result.

Proof of Lemma 4.3.5. First, by the definition of hN , we notice that

η∑
k=1
ik=ip

∇Zip
W (Zik , ℓik , Zjk , ℓjk) =

=

N∑
j=1

ˆ
[−L

2
,L
2
]2
∇Zip

W
(
Zip , ℓ1, Zj , ℓ2

)
hN
(
Zip , ℓ1, Zj , ℓ2

)
dℓ1 dℓ2

= N

ˆ
H1

∇Zip
W
(
Zip , ℓ1, u, ℓ2

)
hN
(
Zip , ℓ1, u, ℓ2

)
fN (t, u) dℓ1 dℓ2 du,

(4.3.12)

with H1 defined in (4.3.3). Second, we compute (recall that for simplicity we assume that
ψR ≡ 0):

η∑
p=1

∇Zip
φ̃
(
Zip , ℓip , Zjp , ℓjp

)
·
dZip(t)

dt

=

η∑
p=1

∇Zip
φ̃
(
Zip , ℓip , Zjp , ℓjp

)
·

(
1

2
∇Zip

η∑
k=1
ik=ip

W (Zik , ℓik , Zjk , ℓjk) +
1

2
∇Zip

η∑
k=1
jk=ip

W (Zik , ℓik , Zjk , ℓjk)

)

=

η∑
p=1

∇Zip
φ̃
(
Zip , ℓip , Zjp , ℓjp

)
·

(
1

2

ˆ
H1

∇Zip
W
(
Zip , ℓ1, u, ℓ2

)
NhN

(
Zip , ℓ1, u, ℓ2

)
fN (t, u)dℓ1dℓ2du

+
1

2

ˆ
H1

∇Zip
W
(
u, ℓ1, Zip , ℓ2

)
NhN

(
u, ℓ1, Zip , ℓ2

)
fN (t, u)dℓ1dℓ2du

)

=

η∑
p=1

∇Zip
φ̃
(
Zip , ℓip , Zjp , ℓjp

)
·
Åˆ

H1

∇Zip
W
(
Zip , ℓ1, u, ℓ2

)
NhN

(
Zip , ℓ1, u, ℓ2

)
fN (t, u)dℓ1dℓ2du

ã
(4.3.13)
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where we used (4.3.12) in the second equality and in the last equality the symmetry of W and
hN – with the changes of variables ℓ1 ↔ ℓ2.

With this, we can show that

S :=
1

K

η∑
p=1

Å
∇Zip

φ̃
(
Zip , ℓip , Zjp , ℓjp

)
·
dZip(t)

dt
+∇Zjp

φ̃
(
Zip , ℓip , Zjp , ℓjp

)
·
dZjp(t)

dt

ã
=

ˆ
H
gK,N (t, z, ℓz, w, ℓw)∇zφ̃ (z, ℓz, w, ℓw)

·
Åˆ

H1

∇zW (z, ℓ1, u, ℓ2) Nh
N (z, ℓ1, u, ℓ2) f

N (t, u)dℓ1dℓ2du

ã
dzdℓzdwdℓw

+

ˆ
H
gK,N (t, z, ℓz, w, ℓw)∇wφ̃ (z, ℓz, w, ℓw)

·
Åˆ

H1

∇wW (u, ℓ1, w, ℓ2) Nh
N (u, ℓ1, w, ℓ2) f

N (t, u)dℓ1dℓ2du

ã
dzdℓzdwdℓw

=: S1 + S2.

Indeed, we compute S1, which is the first summand of the last expression:

S1 =

ˆ
H
gK,N (t, z, ℓz, w, ℓw)∇zφ̃ (z, ℓz, w, ℓw)

·
Åˆ

H1

∇zW (z, ℓ1, u, ℓ2) Nh
N (z, ℓ1, u, ℓ2) f

N (t, u)dℓ1dℓ2du

ã
dzdℓzdwdℓw

=
1

2K

η∑
p=1

∇Zip
φ̃(Zip , ℓip , Zjp , ℓjp)

·
Åˆ

H1

∇Zip
W
(
Zip , ℓ1, u, ℓ2

)
NhN

(
Zip , ℓ1, u, ℓ2

)
fN (t, u)dℓ1dℓ2du

ã
+

1

2K

η∑
p=1

∇Zjp
φ̃(Zjp , ℓjp , Zip , ℓip)

·
Åˆ

H1

∇Zjp
W
(
Zjp , ℓ1, u, ℓ2

)
NhN

(
Zjp , ℓ1, u, ℓ2

)
fN (t, u)dℓ1dℓ2du

ã
=

1

2
S,

where the first equality follows from the definition of gK,N and the last equality follows from
(4.3.13) and the symmetry of φ̃, W and h.

Since for S2 we have the symmetric expression, we obtain that S1 = S2. Therefore, S1+S2 = S,
from which we conclude the result.

4.4 Conclusions and Future Works

Our goal was to provide a clear and self-contained derivation of the kinetic equation for link-
mediated fiber interactions, starting from the microscopic dynamics and relying exclusively on
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empirical measures. In doing so, we have recast the heuristic arguments of [15, 39] – based on
counting and conditional probabilities – into a measure-theoretic framework that makes explicit
the structural assumptions required for a mean-field passage.

With this derivation, we have highlighted the two factors that are key to rigorously proving
the mean-field limit in Theorem 4.3.3, namely, Assumptions 1 and 2. The first assumption has
to do with having a bijection between fiber labels and the values that they take. We justified
this for discrete N since the repulsive potential should impede particles with different labels
from taking the same position. However, it is unclear if this property would hold in the limit
N → ∞. Regarding the second assumption, it is key to have that NhN converges, where here
hN can be interpreted as the connectivity matrix. This function connects with the theory of
graphons that will be explored in the future to make these results rigorous.

Still, many other open questions remain, to just name a few: establishing tightness and prop-
agation of chaos results for the pair of empirical objects (fiber distribution and link measure);
proving well-posedness and regularity for the limiting kinetic equation; and exploring stochas-
tic variants (e.g., noisy alignment and random link dynamics) within the same measure-based
methodology.

4.5 Appendix: Effect of the Linking and Unlinking on gK,N

We describe the stochastic linking and unlinking dynamics of the fibers via a jump process. In
this process, the link measure gK,N = gK,N (t, x, θx, ℓx, y, θy, ℓy) undergoes the following jumps:

Creation of a link.When a link between two fibers at positions (x, θx) and (y, θy) is created,
the link measure gK,N jumps as

gK,N 7→ gK,N +
1

2K
δ[(x,θx,ℓx);(y,θy ,ℓy)],

at rate
νl
N

Γ(x, θx, y, θy)Nf
N (t, x, θx)Nf

N (t, y, θy),

where NfN (t, x, θx) gives the number of fibers at position (x, θx).

Destruction of a link. When an existing link between two fibers at states (x, θx) and (y, θy)
is destroyed, the link measure gK,N jumps as

gK,N 7→ gK,N − 1

K
δ[(x,θx,ℓx);(y,θy ,ℓy)],

at rate
νdK gK,N (t, x, θx, ℓx, y, θy, ℓy),

where KgK,N (t, x, θx, ℓx, y, θy, ℓy) represents the number of linked fibers at positions (x, θx, ℓx)
and (y, θy, ℓy) at time t.
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