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Abstract

Generative Flow Network (GFN) is a powerful model for generating diverse, high-reward
samples in a sequential construction process. GFN has shown promising results in various
domains, including molecule design and combinatorial optimisation. However, its architec-
ture relies on a Deep Learning backbone, making its sampling policy difficult to interpret,
potentially limiting its adoption in real-world and high-stakes applications.

This thesis aims to improve the interpretability of GFN. For this purpose, it introduces
a dedicated regularisation mechanism to steer the GFN sampling policy toward human-
understandable heuristics without modifying the GFN loss function. The method extends
the training process by injecting a fraction of heuristic-generated trajectories into the
training data and boosting their rewards. The regularisation strength is adjustable by two
hyperparameters: the fraction of trajectories to inject and the reward boost factor.

To evaluate the method’s impact and effectiveness, two task-agnostic metrics are pro-
posed: the Regularisation Ratio (action agreement with the heuristic) and Solution Inter-
section (terminal solution overlap). Experiments conducted on three NP-hard graph prob-
lems (Maximum Independent Set, Minimum Dominating Set, and Maximum Cut) with a
GFN based on a Graph Isomorphism Network reveal systematic patterns that enhance in-
terpretability: high agreement with the heuristic in early stages, followed by mid-trajectory
exploration, and frequent late-stage re-alignment.

The regularised GFN can generate solutions that are not only more interpretable, but
also occasionally exceed the performance of the canonical GFN on individual instances.
Overall, the proposed method provides a way to control the trade-off between agreement
with the heuristic and exploration, enhancing the transparency and interpretability of the
generation process, while maintaining the GFN’s original training objective.
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Kurzfassung

Das Generative Flow Network (GFN) ist ein leistungsstarkes Modell zur sequenziellen
Erzeugung vielfaltiger, hochwertiger Stichproben. GFN hat in verschiedenen Bereichen
vielversprechende Ergebnisse gezeigt, darunter Molekiildesign und kombinatorische Opti-
mierung. Seine Architektur basiert jedoch auf einem Deep-Learning-Backbone, wodurch
seine Sampling-Strategie schwer zu interpretieren ist, was ihre Anwendung in realen und
sicherheitskritischen Szenarien potenziell einschrinken kann.

Diese Arbeit zielt darauf ab, die Interpretierbarkeit von GFN zu verbessern. Zu diesem
Zweck wird ein spezieller Regularisierungsmechanismus eingefiihrt, der die GFN-Sampling-
Strategie in Richtung menschlich nachvollziehbarer Heuristiken lenkt, ohne die Verlustfunk-
tion des GFN zu verdndern. Die Methode erweitert den Trainingsprozess, indem ein Teil
heuristikgenerierter Trajektorien in die Trainingsdaten eingespeist und ihre Belohnungen
verstiarkt werden. Die Stirke der Regularisierung ist durch zwei Hyperparameter einstell-
bar: den Anteil der einzuspeisenden Trajektorien und den Verstirkungsfaktor der Be-
lohnung.

Zur Bewertung der Wirkung und Effektivitat der Methode werden zwei aufgabenneutrale
Metriken vorgeschlagen: das Regularisierungsverhiltnis (Ubereinstimmung der Aktionen
mit der Heuristik) und die Lésungsiiberschneidung (Uberlappung der Endlésungen). Ex-
perimente an drei NP-schweren Graphproblemen (Maximum Independent Set, Minimum
Dominating Set und Maximum Cut) mit einem auf einem Graph-Isomorphism-Network
basierenden GFN zeigen systematische Muster, die die Interpretierbarkeit verbessern: hohe
Ubereinstimmung mit der Heuristik in friihen Phasen, gefolgt von Erkundung in mittleren
Trajektorienabschnitten und haufige Riickkehr zur Heuristik in spdten Phasen.

Das regularisierte GFN kann Losungen erzeugen, die nicht nur besser interpretierbar
sind, sondern in einzelnen Instanzen auch gelegentlich die Leistung des urspriinglichen
GFNs iibertreffen. Insgesamt bietet die vorgeschlagene Methode eine Moglichkeit, den
Kompromiss zwischen Ubereinstimmung mit der Heuristik und Exploration zu steuern,
wodurch die Transparenz und Interpretierbarkeit des Generationsprozesses verbessert wer-
den, wihrend das urspriingliche Trainingsziel des GFNs erhalten bleibt.
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1. Introduction

1.1. Background

Artificial Intelligence (Al) is currently a rapidly developing field of science, with powerful
solutions to problems in various domains. The main idea that laid the foundations for
future growth was to create algorithms that can solve problems by learning from data,
without explicit rule-based instructions provided by humans. Multi-layer neural networks
with a large number of trainable parameters became state-of-the-art solutions for many
tasks and created a new sub-field named Deep Learning. Intuitively, these models create
an inner representation of the input data, which replaces manually defined feature engineer-
ing and preprocessing techniques. Recurrent Neural Networks, such as Long Short-Term
Memory [HS97| networks, revolutionised modelling of sequential data, such as text, by en-
abling the neural networks to incorporate information about the parts of the sequences and
relationships between them. The recent prominent advances were initiated by leveraging
the power of the Attention mechanism and Transformer architecture [VSP*17]. Attention
itself overcomes performance issues of the recurrent models by parameterised learning of
the structural relationships from full sequences, without recurrent processing. Based on
the Transformer architecture, models like BERT [DCLT19| were invented and trained to
learn a generalised domain data representation, in this case, natural language in textual
format. Later on, they can be additionally fine-tuned to solve a particular task.

Deep Generative Models explore the generative capabilities of Deep Learning models.
One of the initial breakthroughs in this field was the Variational Autoencoder [KW*19]
neural network. The core concept of this model is to generate new observations from the so-
called latent space, which is the internal embedding of the input data. A different approach,
Generative Adversarial Networks [GPAM™20], train two neural networks simultaneously:
Generator and Discriminator, allowing them to compete in the form of a zero-sum game.
The Generator tries to output samples indistinguishable from the input data distribution,
while the Discriminator, in opposition, learns to spot the artificially generated observations.
The previously mentioned techniques are well-suited to tasks such as image generation, but
in some domains, it’s more intuitive to treat the generation task as a sequential process
of decisions with a background in Markov Chain Decision Processes. With such definition,
the problem can be solved with Reinforcement Learning solutions. The agent, based on
the current state of the object and the reward function, chooses the next action to take, for
example, in a molecule generation task it can be adding a new atom or bond to the current
object. From the Transformer architecture mentioned in the previous section, a family
of models called Generative Pre-trained Transformers, with the milestone-setting GPT-3
[BMR*20], evolved in the field of Natural Language Processing. These models sample the
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next sequence token based on the previously generated output and the contextual input.
Another innovative approach to generative modelling is Generative Flow Network (GFN)
[BJK*21]. This model combines methods from Reinforcement Learning, Deep Learning,
and Energy-Based Models. The core functionality of GFN is to learn a sampling policy,
which generates samples in a sequential process with a probability proportional to the
reward distribution. This policy can be used to sample a diverse set of high-reward obser-
vations. The GFN has several positive characteristics. The sampling policy approximates
the distribution of the entire reward space, rather than optimising only towards the most
rewarding solution. This solves a common problem of collapsing into sampling distribu-
tion modes, where only a limited set of high-reward but not diverse samples is produced.
Moreover, the GFN framework enables approximated computation of various probabilistic
quantities, such as the normalising constant, often intractable in other methods. The ob-
tained sampler is also computationally efficient, as the main cost is the network training
time, while the generation happens in a single forward pass of a sequence of actions. The
sequential construction process naturally adapts to various domains, including graph data,
molecular design, and decision-making processes. Furthermore, it allows modelling prob-
lems where various trajectories can lead to obtaining the same terminal state. Enhancing
the understanding of GFNs generation process is the primary goal of this research work.

1.2. Problem Statement

The previously introduced complex Generative Models, among them GFNs, come with
challenges such as scalability, efficiency, or interpretability. The core building block of
GFNs is a deep neural network trained to learn the sampling policy, which is based on an
architecture suitable to the task domain, for example, Graph, Recurrent, or Transformer
neural networks. These models themselves are complex in terms of the number of paramet-
ers, layer design, or objective and activation functions. On top of that, the GFN framework
adds the Flow-Network concept and the reward-based objective function, which will be in-
troduced in more detail in the next Chapter 2. Although a layperson can relatively easily
understand the sequential generation process of GFNs, the whole architecture places them
in a "black-box" category. The lack of interpretability is a major barrier to wide adoption
of GFNs in real-world applications.

All methods belonging to the Artificial Intelligence domain should progress towards
interpretability of the models [GBY 18], also known under the term Explainable Artificial
Intelligence (XAI), because when applied in real-world scenarios they contribute to decision-
making processes and might operate in high-impact scenarios, such as medical diagnosis.
Deep learning models are currently among the most complex and, at the same time, the
hardest to explain. One of the key goals of XAI is to improve understanding of the
algorithms and the trust in their solutions. Despite the measurable quality of the models’
output, explaining the reasoning behind it is crucial in many applications and desirable in
any of them. Taking the medical or banking domain as an example, the prediction should
be supported with factors that led to it, such as significant input variables that directed
the model towards a particular output. Without interpretations of the predictions, the
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usage of Al models might be unsafe and non-compliant with the latest legal regulations.
XAT helps to detect possible problems with the models like bias, unfairness, or harmful
content generation. Because Machine Learning (ML) is based on historical data, in various
cases models might reflect biases and inequalities embedded in the data. Interpreting the
model gives more control and understanding to its user and can be used to improve and
correct it when not behaving according to expectations.

Generative Flow Networks are a relatively new research direction in the early stages of
development. Because of that, the subject of interpretability has not yet been significantly
explored in the case of GFNs. Importantly, as stated in previous sections, GFN is a
highly complex model which would benefit from research towards its explainability. The
interdisciplinary design of GFN makes it more difficult to use any of the existing XAl
frameworks. The popular methods, for example LIME, are designed to explain predictions
of classical supervised learning models and typically analyse output change in response
to perturbation of the input. In contrast, GFN does not make a prediction on a static
input, but rather through a sequence of dependent actions, which shifts the challenge to
interpreting the entire generation process. As this model was already showcased to be
capable of solving problems in domains requiring high safety of the decisions, e.g., drug
discovery, the lack of clear understanding of the factors decisive for the shape of sampling
trajectories is an obstacle to wide adoption in real-world applications.

1.3. Research Objective

The research objective of this master thesis is to improve interpretability of the GFN
model and its generative process. An overview of the research methodology consists of the
following steps:

1. Comparing similarity of GFN solutions to baseline algorithms. This point
aims at developing a task-agnostic method for comparing the similarity of the solu-
tion generation process between the GFN and reference algorithms (e.g., heuristic
methods).

2. Regularising GFN. The motivation for this step is to steer the GFN sampling
policy with heuristic algorithms guidance in order to increase the similarity of the
generation process to the human-understandable heuristics. With that assumption,
regularising GFN is intended to make its solution more interpretable while possibly
allowing for weaker performance, as a natural outcome of regularisation.

3. Evaluating regularisation effectiveness and its outcome on GFN solutions.
In this step, the goal is to assess the impact of the regularisation on the solution
trajectories. An expected outcome is a change of the GFN sampling patterns, which
could replicate characteristics of the baseline algorithms.

4. Analysing the impact of the regularisation on the GFN interpretability.
The goal of this step is to assess the contribution of the regularisation toward the
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GFN interpretability. The expected outcome is a set of empirical observations and
conclusions about directions of further research.

The remainder of this thesis is organized as follows: Chapter 2 reviews the current
state of research in the field of GFN. Following this, Chapter 3 describes the proposed
methodology and the methods designed to achieve the research objectives. Chapter 4
details the model training procedure, parameter selection, and intermediate results, while
Chapter 5 presents the final results within the context of the research objectives. Chapter
6 discusses the impact of the proposed methods on GFNs interpretability, and finally,
Chapter 7 concludes the thesis by summarizing the research and its findings.



2. Related Work

This chapter describes research in the field of GFNs related to this thesis, beginning with
the initial model invention, its further development and improvements. Next, I describe
current applications of GFNs in theoretical and real-world scenarios. Then I continue with
the interpretability and Explainable AI (XAI) fields, describing the state of the research
for the relevant domains of Deep Learning and Generative Models. Finally, I introduce the
research opportunities in XAl for GFNs.

2.1. Generative Flow Network

2.1.1. Model Introduction

GFN was first proposed in [BJK*21|. The authors introduced the model’s definition and
proved its validity. The GFN was tested on a simple hyper-grid optimisation problem and a
more complex real-world application of molecule generation task. [BJK21] confirmed the
advantages of GFN over methods like MCMC, stated current limitations, and in general,
opened a new research field of GFNs development.

GFNs generate samples in a sequential construction process. Starting from an initial
state sg, they take a sequence of actions that modify the sample. Each state corresponds
to an intermediate state of the sample being generated. The next action is sampled from a
set of allowed actions A = {ag, a1, ..., an } by a forward-sampling policy Pp(s¢+1]s¢), that is
optimised during the training process. A practical example follows below. The GFN model
also enables learning a backwards-sampling policy Pp(s¢|s¢—1), that, based on the current
state of an object, can output plausible actions that led to it. The consecutive object states
resulting from GFN actions form a trajectory 7 = (so, $1, S2, ...). Because of the stochastic
nature of this process, many trajectories might lead to the same object at the final, so-
called terminal state sp. The construction process ends when GFNs sample a dedicated
terminal action or reach a predefined stopping criterion, such as a maximum trajectory
length. The final output sp is scored with a non-negative reward function R(sy). The
reward function can be defined and implemented depending on the application of GFNs.
The key aim of GFNg’ training process is to obtain a policy Pr that samples objects with
a probability proportional to R(sr), i.e. Pyop.(x) < R(x).

An example of a GFN setting in a particular task of generating drug molecules, using
the introduced terminology, is the following. A set of actions may contain additions and
removals of atoms and bonds, and the reward function may be a molecule binding affinity
score approximated by an external model. The consecutive states in a trajectory would
correspond to a partially built molecule.
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GFNs use a neural network as their backbone to optimise the stochastic policy Pp.
Depending on the task, the sampled object structure (e.g. number of nodes in a graph)
differs at each step of the trajectory, hence a suitable neural network must handle inputs
of varying shape. Possible choices are, e.g. Graph Neural Networks (GNNs) [SGT*09]
or Transformers. The key difference in this aspect from the previously described Deep
Generative Models is the fact that GFNs are trained to learn the sampling policy Pr
proportional to R and not to optimise the rewards on a finite dataset. This highlights a
key difference: while typical Deep Learning models risk overfitting, GFN models may suffer
from undertraining. The more iterations of the training process that lead to evaluating
various trajectories with R and the more complex network architecture, should lead to
more accurate sampling policy estimation. However, typically computational resource
constraints and time constraints require a trade-off with a risk of underfitting.

2.1.2. Flow Network and Objective Functions

The novel part of the GFN is a Flow Network-based model of the generation process
trajectories. A Flow Network is a graph with sources, sinks and intermediate nodes con-
nected with edges which weights correspond to the amount of flow between nodes. The
flow-matching constraint states, that the sum of the flow entering a node must equal the
sum of the outgoing flow. The intuitive interpretation of a pipe network that carries water
flow is an appropriate analogy for this model. In the GFN context, the Flow Network
consists of a single source node (state sg) and multiple sinks (terminal states). Import-
antly, the amount of flow reaching each sink equals the value of R(sy) calculated on the
corresponding output object. Defining the flow function from state s to s as F(s — &),
the forward policy can be defined as Pp(s'|s) = 257;7&

Naturally for most tasks building an entire Flow Network is not feasible because of its
often exponential size resulting from the size of objects and actions space. Hence, various
objective functions approximating the original problem were proposed. One of the initial
objectives used in [BJK21] is the Flow-Matching loss of a trajectory 7:

Lo (1) = Z log e+ Z exp Fy(s,a)
s'eT#so s,a:T(s,a)=s’
2

—log e+ R(s') + Z exp Fy(s',a’)
a’€A(s")

where T'(s,a) = s’ denotes a transition from state s to s’ and A(s") a set of valid actions
in a given state. For the stability of neural network training, the model Fy with set of
parameters 6 outputs the logarithm of the flow function Fy(s,a) = log(F(s|s)) instead
of the policy itself. The epsilon terms € solve numerical issues of logarithms of near-zero
values.

The objective function evolved over time. Firstly [BLD23| introduced the Detailed
Balance loss, which avoids one of the summations and indirectly yields the flow-matching
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condition by operating on sampling policies, instead of flows. The Detailed Balance loss
for a single transition is:

Lo(s,s') = (log F(s)Pr(s'ls) )2
F(s") Pp(s]s")
Related works introduced other improvements like Trajectory Balance loss [MJB*22| or
Subtrajectory loss [MRBK'23]. The main goals were to achieve better convergence, a
broader diversity of generated samples and improved learning from long trajectories or in
large action spaces. Those challenges were also addressed in [MRBK 23|, where a sub-
trajectory balance objective was formulated. It enables optimising the model on partial
sequences from the trajectories and tries to solve the trade-off between a local and global fo-
cus of the optimisation process. Another development was made towards enabling learning
not only from the terminal states’ rewards but also from intermediate states’ evaluations.
In [PZCT22] a variation named Generative Augmented Flow Network introduced intrinsic
motivation to enable learning from an augmented, intermediate state- and edge-based re-
wards to avoid stucking in single modes of the reward distribution. This solution enables
better exploration of a sparse space which results in more diverse sample generation, bet-
ter convergence and performance. Further advances were made in [PMZB23| where GFN
was adapted to utilise explicit intermediate rewards computations in cases such as an
additive reward function. This setup allows training even on incomplete trajectories, im-
proves localised optimisation and speeds up convergence. The solution used in [ZDM*23]
is a transition-based training, originally proposed in [DGE™22|. In this approach a buffer

B = {(s, si+1)k}£ﬂl is sampled from full-length trajectories. It serves as training batch
supplier, under an intermediate learning signals loss [PMZB23].

2.1.3. Extensions and Applications

A further contribution from [BLD 23| introduced multiple concepts building on the previ-
ously set foundations, such as conditional GFN, continuous action space and more, which
extended the framework and properties of the model. The conditional GFN allows condi-
tioning the sampling policy on internal information, e.g. current state of the molecule being
generated, or external information, like a target binding for the protein that is constructed
by GFN.

To better control GFN training process and balance the exploration and exploitation
trade-off, a temperature-conditional version of the model was introduced in [KKZ'23].
This method directly scales the sampling policy’s logits and simultaneously learns a family
of models that correspond to reward functions raised to different powers. In this way,
flexible control of generative policy is enabled by adjusting the temperature parameter.
Another extension of GFN presented in [JRHG23] was a multi-objective version of the
model, which according to the authors is particularly useful in tasks like drug discovery or
material design, where often the solutions are evaluated by multiple, sometimes conflicting
objectives. They showed the effectiveness of the method in generating diverse Pareto-
optimal candidates on various tasks like molecule or protein design. This concept was
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further developed in [RBPB23|, where authors steered the generation of molecules, such
that they are placed in their region of interest on multi-objective reward space. This
approach again aims to increase the diversity of generated samples and exploration of the
Pareto front.

Generative Flow Network is a relatively new model, therefore most of the work has
focused on extending and improving the core model formulation and proposing its new
variations. However, certain practical applications of GFNs were tested and the perform-
ance was compared to the existing state-of-the-art solutions. A vast number of publications
come from the biological domain, where tasks such as protein or drug design are naturally
suitable to solve with GFN’s sequential generative process. In [JBHGT22] several biolo-
gical sequences design tasks were solved in an active learning setting where GFN played the
role of candidates generator. The experiments showed greater diversity and scores of the
produced samples than in previously existing approaches. GFN conditioned on external
information was used in [SPE23|, in the drug design task, where the target binding protein
structure was used as the conditional information. The authors concluded that applying
GFN outperformed other methods in terms of protein pocket docking score (related to
conditional information), but also the novelty of the molecules design and generation time.
In other domains, GFN was applied to the maximum likelihood estimation in discrete
compositional Latent Variable Model [HMJ*23]. The GFN was used as an approximated
sampler of intractable E-step of the Expectation Maximisation framework in grammar in-
duction and image representation tasks. Another usage was proposed in [LJD23|, where
GFN served as a dropout mask generator under the assumption of treating the dropout as
a latent variable and GFN as the approximation over the posterior distribution of dropout
magks. The experiments showed an advantage of GFN over related methods and improved
performance on downstream tasks.

The Combinatorial Optimisation domain, consisting of often NP-hard problems, is a
good candidate for applying GFN. One of the research works [ZDM*23| approached CO
problems with the design of Markov decision processes and training the GFN to sample
from the solution space. The NP-hard problems on graphs approached in this paper were:
maximum independent set, maximum clique, minimum dominating set, and maximum cut.
The state space corresponds to a set of graph vertices and a single action is the addition of a
new vertex to it. Because of the use-case-specific long trajectories, authors used a version of
transition-based objective, where learning happens on randomly sampled single transitions
without knowing full trajectories. They also used the intermediate reward signal method
from [PMZB23] mentioned above. The empirical experiments confirmed the advantage of
GFN over related learning-based methods, with a specific benefit of diversity of generated
solutions.



2.2. Interpretability and Explainability
2.2. Interpretability and Explainability

The next topic highly related to the content of this master thesis is interpretability and
explainability of ML models in general and more specifically in the domain of generative
models. It is becoming constantly more significant and widely used [GBY'18]. One of
the reasons is the growth of models’ size and complexity, which leads to more ambiguous
and less traceable internal representations of problems, especially in Deep Learning. The
models’ outputs become difficult to trace back to particular input characteristics, which
is why they are commonly referred to as black boxes. This poses a significant challenge,
particularly in real-world applications where explanations for Al decisions are highly de-
manded and in some cases might be required by legal means. To begin with, there is a
group of ML models considered to be natively interpretable, such as linear and logistic
regression or decision trees [CPC19|. We assume so, because the model’s prediction can be
supported by an exact link between input data and the model’s prediction function. For
example, the coeflicients of a linear model correspond to the influence of particular input
variables. This property has been used to develop a proxy model approach, in which a sim-
pler model is developed to approximate a black box and project the hidden representation
of the problem onto an interpretable one. One of the most popular of this kind of method
is the LIME framework [RSG16]. It approximates a complex model by building a local
linear proxy around the data point of our interest. This allows for finding out about the
most significant input variables that influence the prediction’s outcome for the observation.
The method is also model-agnostic; it can be used for any model because it does not rely
on any of its characteristics. In a similar approach decision tree proxies can be used. They
provide a meaningful interpretation by the decision splits defined in tree nodes. However,
as decision trees can grow significantly in depth the method has limitations in scalability.

The Deep Learning models have their distinguishing characteristic of multiple layer-
based architectures. Therefore some interpretability techniques were designed especially
for this setting. One of them is called Salience Mapping and relies on repetitive testing
of a neural network with partially modified input data to find out which part of the
input has an actual influence on the network’s output. This method was the most rapidly
adapted for Convolutional Neural Networks, where the importance of particular pixels of
the image could be examined. The computations are usually based on the changes of values
in gradients [STY17| or activation functions [SGK17] concerning the input perturbations.
Some of the networks’ architectures like attention-based ones, by design, provide a good
level of interpretability. The attention weights can be studied to determine which parts of
the input had the largest influence on output, in other words, what the network attends
to. This is widely used in Natural Language Processing, where attention maps are created
to look for the most decisive input tokens, but it can also be applied in Image Processing
tasks. Finally, the goal of an explainable prediction can be directly formulated as a training
objective for neural networks. In work on image classification [HART16], the model was
trained to support its prediction with a natural language explanation.

The quick development of Large Language Models enhanced new studies on interpretab-
ility methods for those models gathered in [ZCY123]. Several of them rely on the concept
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mentioned previously, such as inner attention mechanism analysis. Adversarial attacks,
which by slight input perturbations look for a drastic change in model output. Counter-
factual explanations similarly look for a change of input that leads to a prediction of the
opposite class, but in this case, the degree of input change should be noticeable to humans.
In the domain of Deep Learning for drug design, again the same tools like counterfactuals or
gradient-based explanations were adapted by adjusting them to graph environments. Some
works tried to implement explainability into training procedures by focusing on certain sub-
structures that lead to highly rewarded molecules [GS23|. In the domain of reinforcement
learning, most of the XAl methods were developed more use-case specific and in the tasks
of robotic or games agents [HCDR21]. One class of the method is named State Represent-
ational Learning, where a meaningful, lower-dimensional state representation is computed
to investigate which features of the environment are important for an agent when making
actions. Another approach is Hierarchical Reinforcement Learning, where a task is divided
into a few sub-agents with specific sub-goals and a main agent that bases its actions on
the optimal ones for the sub-agents. This forms a specific form of human-interpretable
environment representation. One more idea is a reward function decomposition into sev-
eral summing-up components with meaningful definitions. In summary, the reinforcement
learning domain has not yet developed a model-agnostic XAI method.

In the domain of GFNs, explainability has not been directly addressed yet. Some inter-
mediate results were presented in [JRHGT23] or [RBPB23|, but they focused rather on very
specific aspects of GFNs, for example, the goal-conditioned GFN might show us some in-
sights into the model’s behaviour when changing the point of interest in reward-space. The
observations in those papers are mostly relevant for scientific purpose or for domain experts
that can derive deep insights useful for the model’s usage or adaptation to a specific task.
They also do not provide a full picture approach to GFNs interpretability, but are limited
to specific parts of the model’s behaviour. There is a significant place for improvement
in methods that could introduce human understandable interpretations of GFNs solutions
concerning the problem domain. The possible directions are incorporating already existing
methods to particular parts of GFNs framework or finding novel approaches that would
be capable of capturing all nuances of the GFNs mechanics.
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This chapter presents the methodology used in this thesis. The methodology was designed
to provide a comprehensive analysis of the GFN model in the context of combinatorial
optimisation tasks. The main goal was to understand how the regularisation of the GFN
model can affect its performance and how much it can benefit the model’s interpretability.
The methodology is presented in chronological order of the steps taken to achieve the
research objectives. The following sections will explain them in detail.

1. Section 3.1: Reproduction of an unregularised GFN (canonical GFN) solution on the
subset of CO problems.

2. Section 3.2: Computation of reference solutions from selected heuristic algorithms
for the chosen CO problems.

3. Section 3.3: Regularisation of the GFN to steer its generative process to be more
similar to the baseline algorithms.

4. Section 3.4: Comparative study of the canonical and regularised GFN, and the heur-
istic solutions.

5. Section 3.5: Empirical analysis of the impact of the regularisation on the GFN’s
interpretability.

3.1. Canonical GFNs on Graph Combinatorial Optimisation
Tasks

In the first step, the canonical GFNs solutions were reproduced on the CO problems
presented in [ZDM'23]. This research validated the quality and correctness of the GFNs
application for these types of tasks. The reproduction ensured that the experimental set-
ting, training process and intermediate solutions were a valid basis for the key experiments
of this thesis.

The chosen graph CO problems are examples of NP-hard problems. Typically, they are
defined as optimisation problems to find an optimal solution to a given graph and objective
function. The considered graphs are undirected and unweighted, as in [ZDM*23]. Using
the notation of a graph G = (V, E), where V is a set of vertices and E a set of edges, the
problems can be defined as follows:

11



3. Methodology

1. Maximum Independent Set (MIS): The task is to find a subset of vertices V! C V
such that no two vertices in V' are adjacent. The objective is to maximise the size
of V.

rlnca&dl\ subject to  VYu,v € I, (u,v) ¢ E

2. Minimum Dominating Set (MDS): The task is to find a subset of vertices V/ C V
such that every vertex in V is either in V' or adjacent to a vertex in V’. The objective
is to minimise the size of V.

IDnclI‘}_ |D| subject to Vv eV \ D,3u € D such that (u,v) € £

3. Maximum Cut (MC): The task is to find a partition of the vertices V into two
disjoint sets S and V' \ S such that the number of edges between S and V' \ S is
maximised.

glg&lE(S,V\S)I

The datasets for the problems were generated using the RB Model [ XBHL07] for graph
generation, a random graph model that creates graphs with controlled structural proper-
ties. This model was selected because it produces graphs with varying degrees of complexity
while maintaining realistic structural characteristics that are representative of real-world
combinatorial optimisation problems. The RB Model generates graphs by randomly con-
necting vertices with a specified probability, creating instances that are neither too trivial
nor impossibly complex to solve by algorithmic methods.

Following the same procedure as in [ZDM™23|, the training dataset consisted of 4000
graph instances with vertex counts varying between 200-300. This range was chosen to
provide sufficient problem complexity while remaining computationally tractable for GFNs
training. The test set consisted of 500 additional graphs generated using the same para-
meters. The evaluation results across all three combinatorial optimisation problems are
presented in Chapter 5.

3.2. Baseline Heuristic Algorithms

For each of the graph problems, a respective heuristic algorithm was selected as a reference
solution. The selected algorithms preferably should be:

e Intuitive: The algorithms should represent a human intuitive approach to solving
the problem, which will benefit the derived interpretability.

e Deterministic: Heuristic algorithms often use some form of random search strategy
to find an approximated solution. In the context of the comparison to stochastic
GFNs, the deterministic nature of the heuristic algorithms is needed for reproduction
and meaningful insights. Randomised strategies will not enhance the interpretability.

e Step-wise: The algorithms should follow a step-wise procedure, as GFNs do.

12
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e Efficient: The heuristics will be used during the training process, therefore they
should be relatively fast to compute and implementable in GPU-based Deep Learning
frameworks.

Based on the above criteria, the following greedy algorithms were chosen:
1. MIS: Greedy Maximum Independent Set, Algorithm 1

2. MDS: Greedy Minimum Dominating Set, Algorithm 2

3. MC: Greedy Max-Cut, Algorithm 3

The selected algorithms were chosen as arguably the simplest of available heuristic al-
gorithms for the given problems. In all cases, most of the algorithms present in the literat-
ure are more complex, for example using randomised strategies, in order to guarantee solu-
tions closer to the optimal one. However, for the given methodology and above-mentioned
criteria, the basic greedy algorithms are a better fit.

Input: Graph G = (V, E)
Output: Independent Set I CV
I+ 0;
G+ G;
while G’ is not empty do
Select v € G', such that v = arg min, ¢ degree(v);
I+ TU{v}
Remove v and all its neighbours from G;
end
return /;
Algorithm 1: Greedy Maximum Independent Set (MIS GREEDY)

Input: Graph G = (V, E)
Output: Dominating Set D C V
D + 0;
G' + G;
while G’ is not empty do
Select v € G’ with the maximum number of uncovered neighbours in G’;
D + D U {v};
Remove v and all its neighbours from G;
end
return D;
Algorithm 2: Greedy Minimum Dominating Set (MDS GREEDY)

13
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Input: Graph G = (V, E), indexed vertices vy, vo, ..., v,
Output: Partition (S,S")

S« 0

S« 0;

Place the vertex vy in S;

for i =2 ton do

// Place v; in the set that maximises the cut
if |E(S,S"U{v;})| > |E(SU{v},S)| then
‘ S+ Su {Uz‘};
end
else
‘ S+ S'U {'Ui};
end

end
return (S, 5);
Algorithm 3: Greedy Max-Cut Algorithm (MC GREEDY)

3.3. Regularisation of GFNs

This section describes the details of the regularisation process applied to the GFN model.
The regularisation aim is to make the GFN model generation process more similar to the
heuristics. This means, for example, making the same actions given a particular state
of the graph or deriving similar solutions. The purpose of regularised GFNs is to obtain
models which incorporate heuristic behaviour, that can be further used to derive solutions
for interpretability enhancement. The regularisation is designed based on the observation
that the GFN is primarily trained to learn the optimal policy Pr that is built on top of
the flow network and reinforced by the reward function. In my approach, I did not want
to negatively affect the desired properties of the GFN model, for example the relation
between the flow network and the sampling policy. This could happen by, for example,
modifying the loss function to include a penalisation term for the policy divergence from
the heuristic algorithms. Instead, I introduced a positive reinforcement mechanism into the
training process. The GFN is trained on-policy, generating new trajectories by sampling.
The regularisation was added by including the trajectories sampled from the heuristics
with a boosted reward. The goal of this method was to shift the policy distribution from
the GFN’s native policy to the heuristic policy, while preserving GFN model properties.
The process is described in the regularisation step Algorithm 4.

The training methodology follows an on-policy approach where new trajectories are
continuously sampled from the currently trained policy version. The trajectory sampling
step of Algorithm 4 is based on the GFN model M generating new trajectories from its
current forward policy Pr, while the heuristic model H provides reference trajectories from
the implemented greedy algorithm. Next, the rewards for the trajectories are computed.
The heuristic trajectories are boosted by a factor b, while the GFN trajectories are left
unchanged. To ensure that the boosted heuristic trajectories are used as the training data,
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a batch is created by randomly sampling the heuristic trajectories, which is then blended
with the GFN trajectories in a ratio f. The buffer operation relates to the transition-based
training process, see Section 2.1.2, where the buffer of transitions is used as a training batch
supplier. In the algorithm, it is updated by the blended training data. The training step
is performed by the model M on the updated buffer. The canonical GFN training process
is presented in Algorithm 5 for reference.

Notation :Heuristic trajectories Ty, regularised GFN trajectories Tory,
heuristic trajectories rewards Ry, GFN trajectories rewards Roprn

Input: GFN model M, heuristic algorithm H, reward function R, transitions
buffer B, training step over batch train

Output: Regularised GFN model M,

Parameters: Heuristic sample fraction f, reward boost factor b

foreach epoch do

foreach batch do

// Sample trajectories

Ty <+ H(batch);

TaorN M(batch);

// Compute rewards

RH — R(TH) : b;

Rern — R(TGgrN);

// Create training data (trajectory, reward)

Dy {(Tulil, Ruli]) | i € [0, Thr| — 1]};

Dgrn + {(Tarn(il, Rernli]) | i € [0, |Tern| — 1]};

// Blend heuristic and GFN trajectories

Indices < sample({0,1},size = |Dgl,p = [f,1 — f]);

D «+ {Dgli] it Indices[i] = 0 else Dgpnli] | i € [0,|Du|)};

// Update buffer

B+ BUD;

// Train step

M <+ train(M, B);

end

end
Mreg A M;
return M,g;
Algorithm 4: Regularisation of GFN

During the development of the algorithm, I initially experimented only with the ratio
parameter f. But the early results indicated that the GFN might need an additional
signal to learn from the heuristic trajectories. The reward boost factor b was introduced
to encourage the GFN to incorporate the information from the heuristic solutions. More
details on the evaluation of the parameters are presented in Chapter 4.

The proposed algorithm was selected for further implementation after considering other
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3. Methodology

Notation: GFN trajectories Tgrpn, GFN trajectories rewards Rgpn

Input: GFN model M, reward function R, transitions buffer B, training step over
batch train

Output: trained GFN model M gined

foreach epoch do

foreach batch do

// Sample trajectories

Torn — M(batch);

// Compute rewards

Rern — R(TgrN);

// Create training data (trajectory, reward)

Dern < {(Tarnlil, Rarnli]) | i € [0, [Tarn| — 1]}

// Update buffer

B < BU Dgrpn;

// Train step

M <« train(M, B);

end

end
Mtrained «— M;
return Myqined;
Algorithm 5: Canonical GFN

designs for the regularisation. One of the alternatives was introducing a penalty term to the
GFN loss function. However, the GFN objective functions are related to the flow network,
therefore connecting the penalty with the heuristic solutions trajectories or actions would
not have been straightforward. Early tests of a KL divergence penalty term did not yield
satisfactory results. Other methods could involve distillation or adversarial training; those
more complex methods were not considered as the taken approach was successful.

3.4. Comparative Study of Solutions

The comparative study of the solutions was designed to derive insights into similarities
between the GFN and the heuristics, the effectiveness of the regularisation method and
the impact of the regularisation on the GFN’s generative process.

Optimality of the Solutions For each of the graph CO problems, there exists an objective
function, which is the ultimate benchmark of the solution. Each of the solutions was com-
pared under the objective function value, based on the terminal states of their trajectories.
The objective functions were defined in Equation 1, Equation 2 and Equation 3.

Similarity to Canonical GFNs To quantify the similarity of the reference solution to
the GEFN, access to the GFN’s forward sampling policy Pr will be used. Because the
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GFN model satisfies the Markovian assumption, the likelihood of a particular trajectory
T = (80,81, ..., 8n) can be computed as a product of the conditional probabilities:

n—1
P(T) = H Prp(sit1]si)
1=0

Now a likelihood of a reference solution (regularised or heuristic) P(7}) can be compared
to a canonical GFN likelihood P(Tgrn), which naturally is the highest for the GFN itself.
The relative ratio of the likelihoods can be used as a measure of similarity between the
solutions.

Regularisation Effectiveness The regularised GFNs can be compared to the canonical
version of the model using the likelihood defined in the previous section. In order to further
evaluate the regularisation influence on the generative process by comparing it to heuristic
algorithms, the following methods were proposed and considered:

1. Regularisation Ratio (RR): In a given batch of one-step transitions (related to the
transition-based training process, see Section 2.1.2), the ratio of the GFN’s actions,
which are the same as the heuristic actions.

|BI

where ag)FN and ag) are the GFN and heuristic actions for the i-th transition in the

batch.

2. Solution Intersection: For the given final solution, the intersection of the graph
nodes belonging to the regularised GFN and heuristic solutions.

_ |Sarn N Sh|

SI
| SH|

where Sqpn and Sy are the sets of nodes in the GFN and heuristic solutions.

3.5. Empirical Analysis of Regularisation Impact

The quantitative comparative study is complemented by an empirical analysis of the reg-
ularisation impact on the interpretability of the GFN. The goal is to showcase emerging
patterns in the GFN’s generative process, which could lead to better interpretability. The
empirical analysis will be conducted on selected graph instances from the test set, where
the regularised GFN outperformed the canonical version, either in terms of solution qual-
ity or in enhanced human-understandable decision patterns. The analysis is conducted
through manual comparison of the GFN and heuristic trajectories. The trajectories are
compared side by side in tabular form, with additional columns for important properties,
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3. Methodology

such as the degree of the sampled node. The canonical GFN solution trajectories will be
presented for reference. The expected outcome is to find a set of graphs on which the regu-
larised GFN achieves high-reward solutions and preserves decision patterns of the heuristic
algorithms. A decision pattern in this context is a sequence of actions taken by the model
in a particular order. The discovered patterns will be judged for their potential to enhance
the interpretability. This empirical analysis is presented in the Chapter 6.
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4. Model Architecture and Training

This chapter details the model training procedure, including parameters selection, evalu-
ation metrics, and model architecture. It also includes some intermediate results used to
tune the models.

4.1. Model Architecture

The GFN model architecture is based on the one proposed by [ZDM123|. For the purpose
of this research, it is built upon the Graph Isomorphism Network (GIN), which is a specific
type of GNN. The GFN model consists of two separate GIN networks: one modelling the
flow function and the other modelling the forward policy. The training process follows an
on-policy exploration method with intermediate rewards, generating new trajectories for
each batch. The training batches consist of randomly sampled single transitions from these
trajectories. The transition-based training was described in the context of the GFN model
in Section 2.1.2. The key parameters of the GFN model are presented in Table 4.1. The
complete configuration can be found in the code repository [Fic25]. The GFN and GIN
model hyperparameters were set based on [ZDM™123].

Table 4.1.: GFN model parameters

Parameter ‘ Value
GIN Hidden Layers )
GIN Hidden Units 256
Dropout 0
Graph Batch Size 64
Transitions Batch Size 30
Transition Buffer Size 106
Number of Epochs 10
Optimizer Adam
Learning Rate 1073

4.2. Training Procedure

The main goals of the model training were to achieve a similar level of performance meas-
ured by the solutions’ rewards compared to the original results from [ZDM'23], and to
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tune the regularisation mechanism. The latter depends on two introduced hyperparameters
from Section 3.3:

1. Heuristic Sample Fraction f, which determines the fraction of the trajectories in
the batch that are generated by the heuristic policy.

2. Reward Boost b, which scales the rewards of the heuristic samples.

Training was conducted on a single T4 GPU with 16GB of memory. The implementation
was developed in PyTorch [PGM™19], with significant use of DGL [WZY 19| for the graph
operations. The code is available in the code repository |Fic25]. Computation time was a
significant limiting factor. The training of a single model on a given task varied from ~3h
on MIS, through ~7h on MC, to ~12h on MDS. The MIS task was chosen as a starting
point to approximate optimal hyperparameter selection.

4.3. Hyperparameters Selection

The grid search was conducted over the following values: f € {0.05,0.1,0.25,0.5} and
b € {5,10,50,100,1000}. Including the canonical GFN (f = 0 and b = 1), a total of
21 models were trained. The training process for each model candidate from the grid
search was monitored by evaluating it on a validation set. The reward was used as the
evaluation metric. The training converged after the initial 1-2 epochs depending on the
task and fluctuated around the optimal value in the following epochs. The convergence
plots from the validation dataset are presented together for all tasks in Figure 4.1. It gives
an initial insight into performance with respect to hyperparameter selection. We observe
that some of the hyperparameter combinations lead to performance on a similar level to
the canonical GFN. The grid search results on the MIS task are presented in Table 4.2
for the Regularisation Ratio, see metric 1, and in Table 4.3 for the Intersection metric,
see metric 2. Both metrics were summarised with a set of basic statistics: mean, median,
standard deviation, minimum and maximum, computed on the validation dataset after the
last epoch of training.
From the experiments on the MIS task, I concluded that:

e The regularisation hyperparameter choice has a significant impact on the regularisa-
tion outcome. Depending on the parameter values, the regularisation effect can be
either weak (e.g. f = 0.05 or f = 0.10) or strong (e.g. f = 0.5 and b = 50). This
observation is supported by the values of the regularisation metrics.

e The heuristic sample fraction f has a crucial impact on the regularisation effect-
iveness. By examining the metrics values for a given f, one can notice that the
regularisation strength is not significantly different depending on the boost factor b
value, which has less impact.

e The higher values of both f and b lead to stronger regularisation, as expected.
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Table 4.2.: Regularization ratio statistics on the MIS validation set.

f b mean median std min max

0.50 50 0.68 0.69 0.09 0.17 0.92
0.25 1000 | 0.68 0.69 0.09 0.16 0.94
0.25 50 0.67 0.67 0.09 0.11 091
0.50 1000 | 0.67 0.67 0.09 017 091
0.25 100 | 0.66 0.66 0.09 0.12 091
0.50 10 0.65 0.66 0.09 012 0.89
0.50 100 | 0.65 0.66 0.09 014 091
0.25 10 0.65 0.66 0.09 0.08 0.89
0.25 5 0.64 0.66 0.09 016 0091
0.50 5 0.64 0.64 0.09 0.16 0091
0.00 1 0.60 0.60 0.08 013 0.86
0.10 10 0.26 0.27 0.07  0.03 0.56
0.10 50 0.26 0.25 0.07 0.02 0.0
0.05 10 0.26 0.25 0.07 0.05 0.53
0.05 50 0.25 0.25 0.07 0.05 0.9
0.05 5 0.25 0.25 0.07  0.03 0.53
0.06 100 | 0.24 0.25 0.06 0.03 047
0.10 100 | 0.24 0.25 0.07 0.05 0.56
0.05 1000 | 0.24 0.23 0.07 0.03 048
0.10 1000 | 0.23 0.23 0.06 0.03 047
0.10 5 0.23 0.22 0.07  0.03 0.53
0.00 1 0.21 0.21 0.06 0.06 044
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Table 4.3.: Intersection metric statistics on the MIS validation set.

f b mean median std min  max
0.50 10 0.71 0.74 0.21 0.00 1.00
0.50 50 | 0.71 0.74 0.21 0.00 1.00
0.25 1000 | 0.71 0.73 0.21 0.00 1.00
0.25 10 0.71 0.74 0.22 0.00 1.00
0.25 50 | 0.71 0.73 0.22 0.00 1.00
0.50 100 | 0.70 0.73 0.21 0.00 1.00
0.25 100 | 0.70 0.72 0.22 0.00 1.00
0.50 1000 | 0.69 0.72 0.21 0.00 1.00
0.25 5 0.69 0.71 0.21 0.00 1.00
0.50 5 0.68 0.71 0.21 0.00 1.00
0.10 50 0.44 0.44 0.18 0.00 1.00
0.05 50 0.43 0.44 0.18 0.00 1.00
0.05 100 | 0.43 0.44 0.18 0.00 1.00
0.00 1 0.43 0.44 0.17 0.00 1.00
0.05 5 0.42 0.41 0.17 0.00 1.00
0.05 1000 | 0.42 0.41 0.18 0.00 1.00
0.10 1000 | 0.41 0.41 0.18 0.00 1.00
0.10 100 0.41 0.41 0.18 0.00 1.00
0.10 5 0.41 0.41 0.19 0.00 1.00
0.05 10 0.40 0.40 0.18 0.00 1.00
0.10 10 0.40 0.39 0.18 0.00 1.00




4.3. Hyperparameters Selection

The models for the MDS and MC tasks were trained with the following hyperparameters,
because of the discovered sensitivity of the regularisation mechanism and computational
limitations:

o fe{0.05,0.1,0.25,0.5}
e be {50}

The results of these experiments are presented in Appendix A and are consistent with the
observations for the MIS task.

Based on the conclusions from the intermediate results, the final experiments aiming
to further interpret the regularisation mechanism and its impact on the GFN model were
conducted on the following models for each task:

1. Canonical GEN (f =0 and b=1)
2. Regularised GFN (f = 0.5 and b = 50)

The restriction to the above models was made to simplify the analysis and to focus on the
most promising regularisation settings. The final results are presented in the next chapter.
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MIS: average reward over training process
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Figure 4.1.: Average rewards during the training process on the validation dataset.
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5. Results

This chapter presents the final results of the conducted experiments. It is divided into
sections dedicated to the quality of the solutions, the trajectory likelihoods and the regu-
larisation effectiveness. Finally, a cross task comparison is presented.

5.1. Quality of the Solutions

The graph datasets used for training, validation and testing consisted of randomly gen-
erated examples. Therefore, the exact optimal solutions are unknown. Research by
[ZDM™23| suggests that the canonical GFN performs comparably to the SOTA baselines
after comparing the performance to a broad range of models including operations research
solvers, reinforcement and supervised learning models or heuristics. A key focus point
of this section is analysing the distribution of rewards (scores) achieved by the canonical
GFN, regularised GFN and greedy heuristics.

Maximal Independent Set Table 5.1 shows that the performance of all three competing
methods on the MIS problem was comparable, considering the mean and median scores.
While all three models achieved the same maximum score, the regularised GFN and heur-
istic are distinguished by lower minimum scores. The histograms and boxplots (Figure 5.1)
for the MIS problem indicate that the canonical GFN algorithm achieves the highest re-
ward values on average. The mode of the reward distribution for the regularised GFN shifts
towards the mode of the heuristic reward distribution and shows comparable performance.

Table 5.1.: Scores summary on the MIS problem.

Algorithm ‘median mean std min  max

Canonical GFN 18.00 18.00 1.63 14.00 23.00
Regularized GFN | 17.00 17.02 1.72 12.00 23.00
MIS GREEDY 17.00 17.01 1.72 12.00 23.00

Minimal Dominating Set In this task, the goal, from an optimisation perspective, is to
minimise the objective function. Therefore, the scores are the negative of the number of
nodes in the Minimal Dominating Set. The results are summarised in Table 5.2. The charts
(Figure 5.2) show more significant differences between the models than in the MIS problem.
The ranking of model performance remains the same under both mean and median score
criteria.
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Figure 5.1.: Models scores on the MIS problem.

Table 5.2.: Scores summary on the MDS problem.

Algorithm ‘ median mean std  min max
Canonical GFN -13.00 -12.80 1.64 -18.00 -8.00
Regularized GFN | -14.00 -14.18 1.87 -20.00 -9.00
MDS GREEDY -16.00 -15.85 1.92 -23.00 -11.00

Maximum Cut Table 5.3 presents the results of the Maximum Cut problem. The obser-
vations remain the same as in the previous tasks. The scale of the differences between the
models is smaller, but can be clearly seen on the charts (Figure 5.3).

Table 5.3.: Scores summary on the Max Cut problem.

Algorithm median  mean std min max

Canonical GFN 2429.50 2449.79 662.49 825.00 3912.00
Regularized GFN | 2355.00 2366.75 652.52 791.00 3798.00
MC GREEDY 2342.50 2347.71 654.12 791.00 3808.00

Summary Across all three graph problems the canonical GFN consistently achieved the
highest reward values on average, proving superior problem-solving capabilities compared
to both the regularised GFN and greedy heuristic approaches. The regularised GFN showed
intermediate performance, with its reward distribution shifting towards the heuristic one.
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5.1. Quality of the Solutions
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Figure 5.2.: Models scores on the MDS problem.
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Figure 5.3.: Models scores on the Max Cut problem.

The greedy heuristic consistently achieved the lowest scores on average, but the scale of
the differences varied between tasks, with Minimal Dominating Set showing the largest
gaps between models. Consistently the maximum scores were the highest for the canonical
GFN.
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5. Results

5.2. Trajectory Likelihoods

For this experiment, the three models were used to generate their solution trajectories.
Next, the trajectory likelihoods were computed under the canonical GFN policy, see Sec-
tion 3.4. The goal of this analysis is to investigate the similarity of the regularised GFN
and heuristic trajectories to the canonical GFN trajectories and what is the impact of the
regularisation in that context. The canonical GFN trajectory likelihoods serve as a refer-
ence for the other models, as they are expected to achieve the highest likelihood values
under their own sampling policy.

Maximal Independent Set The likelihoods of the trajectories on the MIS problem are
summarised in Table 5.4. They confirm the intuitive expectation that the regularised GFN
trajectories have higher likelihood values than greedy heuristics under the canonical GFN
policy. The details are presented in histograms and boxplots in Figure 5.4.

Table 5.4.: Likelihoods summary on MIS task.

Algorithm median  mean std min max

Canonical GFN 1647.02 1636.56 639.20 253.37 3214.87
Regularized GFN | 1597.04 1568.23 639.06 41.29  3222.52
MIS GREEDY 1585.88 1565.22 638.55 -203.06 3222.52
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Figure 5.4.: Models likelihoods on the MIS problem.

28



5.2. Trajectory Likelihoods

Minimal Dominating Set The MDS problem is more complex in terms of number of
required steps to reach the optimal solution than the first presented MIS problem. This
can be a reason for a larger variance in the likelihood distributions between the models.
The pattern is similar and we can observe that the regularised GFN has lower likelihoods
under the canonical GFN policy, but higher than the greedy heuristic. The results are
summarised in Table 5.5. The charts are presented in Figure 5.5.

Table 5.5.: Likelihoods summary on MDS task.

Algorithm median mean std min max

Canonical GFN 40681.16 41341.17 3765.43 33112.72 49591.42
Regularized GFN | 40239.59 40827.58 3821.28 32976.93 49341.59
MDS GREEDY 3947177  39903.76  3852.78 32034.88 48174.67
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Figure 5.5.: Likelihoods summary on the MDS problem.

Maximum Cut For the Maximum Cut problem, the difference in likelihoods is significant,
as presented in Table 5.6. Both the regularised GFN and the greedy algorithm have much
lower likelihoods than the canonical GFN for itself. The charts are presented in Figure 5.6.

Summary The results show a consistent pattern across the problems. The regularised
GFN reveals an interesting and desired behaviour, as its mode of the likelihood distribution
lies between the canonical GFN and the greedy heuristic. The greedy heuristic achieves the
lowest likelihoods, reflecting its fundamentally different approach to solution construction.
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5. Results

Table 5.6.: Likelihoods summary on Max Cut task.

Algorithm median mean std min max

Canonical GFN -10283.86 -102299.22 185463.38 -1156001.40 12887.45
Regularized GFN | -44042.24 -141491.65 227248.75 -1597107.84 6160.01
MC GREEDY -49289.95 -145877.80 227919.57 -1597090.13  4766.86
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Figure 5.6.: Likelihoods summary on the Max Cut problem.

5.3. Regularisation Effectiveness

This section focuses on analysing the performance of the regularisation mechanism. The
regularisation effectiveness is different across the three graph problems. The results are
based on the Intersection metric 2, which focuses on the similarity of the final solutions,
and Regularisation Ratio metric 1, which focuses on the similarity of the trajectories.

Maximal Independent Set On the MIS problem, a significant influence of the regularisa-
tion mechanism can be observed. In terms of the Intersection metric 2, the regularised GFN
algorithm yielded much more similar solutions to the greedy heuristic than the canonical
GFN. The detailed results are shown in Figure 5.7.

The new behaviour can also be observed in the Regularisation Ratio metric 1. The
regularised GFN, for a higher number of actions, follows the same path as the greedy
heuristic in the early and middle stages of the trajectory. The detailed results are shown
in Figure 5.8.
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Figure 5.7.: Intersection metrics of the regularised and canonical GFNs solutions on the
MIS problem.
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Figure 5.8.: Regularisation Ratio metric on the MIS problem.
Minimal Dominating Set The MDS task is characterised by having the longest traject-
ories among the three problems and the largest number of nodes in the average solutions.

This complexity can be a reason for the regularised GFN to follow the heuristic less strictly
and achieve low scores of the considered metrics. The possibility of various trajectories
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5. Results

leading to similar solutions might have a negative impact on accommodating the regular-
isation mechanism by the GFN model. In Figure 5.9 the Intersection metric scores are
slightly higher for the regularised than for the canonical GFN. However, in comparison to
the other two tasks, the difference is not as significant.

Moreover, the Regularisation Ratio metric indicates that the regularised GFN algorithm
may follow the greedy heuristic even less than the canonical GFN. The details can be seen
in Figure 5.10. In the case of trajectories longer than those of the greedy heuristic, the
metric value is set to 0, as there are no reference actions to compare to. This can be seen
as flat parts of the metric curves on the charts.
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Figure 5.9.: Intersection metrics of the regularised and canonical GFNs solutions on the
MDS problem.

Maximum Cut The differences in scores and likelihoods for the Maximum Cut problem
did not seem as large as in the other two tasks. On the other hand, the regularisation
made the GFN model follow the greedy heuristic very closely. The gain in the Intersection
metric is presented in Figure 5.11. This suggests that the regularisation mechanism is
particularly effective when the problem has multiple competitive solutions and the GFN
can prioritise the consistency with the heuristic.

The Regularisation Ratio metric for the Maximum Cut problem resembles the one from
the MIS task. The regularised GFN algorithm follows the greedy heuristic in the early
steps, decreases through the middle stages, and then rapidly bounces back and increases
at the end. The detailed results are presented in Figure 5.12.
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Figure 5.10.: Regularisation Ratio metric on the MDS problem.
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Figure 5.11.: Intersection metrics of the regularised and canonical GFNs solutions on the
Max Cut problem.

Summary The Intersection metric reveals that the regularised GFN solutions are system-
atically more similar to the greedy heuristic than the canonical GFN. The Regularisation
Ratio metric analysis indicates that the regularised GFN follows the greedy heuristic more
than the canonical GFN as expected. Interestingly, the similarity is higher in the early
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Figure 5.12.: Regularisation Ratio metric on the Max Cut problem.

stages of trajectory construction than in the middle and last phases. The MDS problem
shows limited regularisation effectiveness, likely due to the aforementioned task character-
istics.

5.4. Cross Task Comparison

This section focuses on relative model comparisons across tasks. To ensure meaningful
conclusions, previously defined metrics were normalised with respect to the baseline. The
normalised difference is defined as follows:

Metric — Baseline Metric

Normalised Metric =
|Baseline Metric|

In the case of Score and Likelihood, the baseline was the canonical GFN. For the Regu-
larisation metrics, the baseline was the greedy heuristic. Table 5.7 shows that the discrep-
ancies between the tasks are large. This might be due to the variety of graph problems
characteristics and the choice of greedy heuristics. For example, in the MDS task, longer
trajectories might have reduced the impact of the regularisation. The relative effectiveness
of the regularisation is presented in Table 5.8 and supports similar conclusions. Under-
standing these differences and their reasons could help in further refinement and tuning of
the regularisation mechanism.
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5.4. Cross Task Comparison

Table 5.7.: Relative difference of Likelihood and Scores compared to the canonical GFN.

Metric Task Algorithm ‘ median mean  std min  max
Likelihood MDS MDSGreedy -0.03  -0.04 0.02 -0.08 0.00
MDS Regularized GFN | -0.01  -0.01 0.01  -0.06 0.04
MIS MISGreedy -0.05  -0.05 0.17 -1.48 0.59

MIS Regularized GFN | -0.04  -0.04 0.16 -0.90  0.69
Max Cut MaxCutGreedy -1.57 =572 26.62 -446.62 0.60
Max Cut Regularized GFN | -1.36 -4.34 17.15 -311.09 0.84

Score MDS MDSGreedy -0.25 -0.25 0.17 -0.78  0.22
MDS Regularized GFN | -0.08 -0.12  0.17 -1.00  0.36
MIS MISGreedy -0.06  -0.05 0.06 -0.24  0.12

MIS Regularized GFN | -0.06  -0.05 0.06 -0.24  0.12
Max Cut MaxCutGreedy -0.11 -0.11  0.07 -0.34  0.08
Max Cut Regularized GFN | -0.11  -0.12  0.07 -0.35  0.07

Table 5.8.: Relative difference of Intersection metric values compared to the greedy heur-
istic.

Metric Task Algorithm ‘median mean std min  max

Intersection MDS Canonical GFN -1.00 -0.98 0.04 -1.00 -0.79
MDS Regularized GFN | -1.00 -0.96 0.05 -1.00 -0.71

MIS Canonical GFN -0.56 -0.55 0.16 -1.00 -0.06

MIS Regularized GFN | -0.24  -0.26 0.19 -0.82 0.00

Max Cut  Canonical GFN -0.63 -0.60 0.14 -0.86 -0.18

Max Cut Regularized GFN | -0.10 -0.12 0.08 -0.44 0.00
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6. Discussion

In this chapter, I discuss the proposed regularisation method using selected examples.
The goal is to illustrate the regularised GFN model behaviour to provide insights into
the method’s impact on the GFN’s interpretability. I also present the limitations and
observations important for future improvements and practical applications of the method.
For the discussion, I chose to focus on the MIS problem, because of the relatively short
trajectories and the simple greedy heuristics, which helps to examine the sampling process
empirically.

6.1. Trajectories Analysis

Regularisation Effectiveness in Examples The previous chapter presented the regular-
isation effectiveness with various metrics on the MIS task. The observations showed that
also within the particular task, the regularisation can have different effectiveness. To better
understand why this is the case, I focused on examining such examples by analysing the
sampling process of the regularised GFN model. First, I want to present a graph for which
the Intersection and Regularisation Ratio metrics are in the low range for the MIS task.

Table 6.1 presents a sampled trajectory of the regularised GFN model on the graph
number 129 from the test set. This graph was chosen because of a low value of the
Intersection metric of approximately (.18, although the GFN regularisation was configured
with the highest considered regularisation strength. The table includes the node sampled
by the regularised GFN in each step, the corresponding degree of the sampled node and
additionally the reference information on what the greedy heuristic would select. As a
reminder, the heuristic greedily selects the node with the lowest degree. The immediate
observation is the presence of ties with regard to the heuristic criterion. The regularised
GFN model selects different nodes than the greedy heuristic, but with the same degree
value. From the GFN perspective, the nodes are equally good, but the greedy heuristic
has a deterministic tie-breaking strategy, which was probably not learnt by the GFN model.
For comparison, the same data is shown for the canonical GFN in Table 6.2. The scores
of both model versions are the same but the trajectories differ. The canonical GFN takes
different actions especially in the second half of the trajectory, where it does not sample
low-degree nodes. To sum up, the regularisation in this case was actually active, but
because of the revealed common ties it could not get high scores of considered metrics. The
metrics are defined to distinguish each individual graph node, corresponding to the action
of the model, hence selecting a node with the same degree but different node identifier is
considered misaligned with the heuristic.

On the contrary, Table 6.3 presents a trajectory with nearly perfect regularisation (Inter-

37



6. Discussion

Table 6.1.: Regularized GFN (f=0.5, b=50) on graph 129 (aligned actions in bold).

Step ‘ Sampled Node Id Node Degree ‘ Greedy Node Id Minimal Node Degree

1 93 18 0 18
2 154 18 0 18
3 149 18 0 18
4 174 18 0 18
5 132 18 0 18
6 22 18 0 18
7 163 18 0 18
8 7 18 0 18
9 15 18 10 18
10 33 36 33 36
11 60 36 60 36
12 185 36 74 36
13 75 36 74 36
14 120 36 120 36
15 48 56 40 56
16 196 56 112 56
17 112 56 112 56

Table 6.2.: canonical GFN on graph 129.

Step | Sampled Node Id Node Degree | Greedy Node Id Minimal Node Degree

1 168 18 0 18
2 150 18 0 18
3 146 18 0 18
4 174 18 0 18
5 18 18 0 18
6 94 18 0 18
7 20 18 0 18
8 131 18 0 18
9 2 18 0 18
10 33 36 33 36
11 ol 56 60 36
12 120 36 60 36
13 88 56 60 36
14 6] 36 60 36
15 112 56 60 36
16 69 38 60 36
17 183 36 183 36
18 197 56 197 56
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6.1. Trajectories Analysis

Table 6.3.: Regularized GFN (f=0.5, b=>50) on graph 271.
Step ‘ Sampled Node Id Node Degree ‘ Greedy Node Id Minimal Node Degree

1 236 30 236 30
2 24 32 24 32
3 92 42 0 42
4 0 42 0 42
5 41 44 41 44
6 84 46 84 46
7 207 52 207 52
8 17 56 17 56
9 159 58 159 58
10 127 60 39 60
11 39 60 39 60
12 74 74 74 74
13 227 78 187 78
14 187 78 187 78
15 56 80 56 80
16 67 84 67 84
17 218 90 165 90
18 165 90 165 90
19 139 102 139 102

section metric of 1.0) that follows the greedy algorithm almost in every step. This graph
structure is very different from the previous one, because the ties rarely occur. For the
canonical GFN, the sampling process deviates from the heuristic and follows its unique
path shown in Table 6.4. These selected examples indicate one of the major factors that
influenced the regularisation results. In the chosen domain of graph CO problems, the
graph structure could cause ties with respect to the heuristic criteria. On the practical
side, this will not be a serious limitation and could be resolved by, for example, randomised
tie-breaking. One could also modify the regularisation metrics to consider any tie-breaking
choice as aligned with the heuristic.
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6. Discussion

Table 6.4.: canonical GFN on graph 271.

Step | Sampled Node Id Node Degree | Greedy Node Id Minimal Node Degree

1 24 32 236 30
2 236 30 236 30
3 0 42 0 42
4 84 46 92 42
5 124 58 92 42
6 95 44 92 42
7 16 62 41 44
8 39 60 41 44
9 41 44 41 44
10 159 o8 207 52
11 207 52 207 52
12 77 66 77 66
13 227 78 163 76
14 60 78 163 76
15 179 96 163 76
16 187 78 163 76
17 o7 84 163 76
18 163 76 163 76
19 105 94 105 94
20 199 94 199 94
21 136 106 136 106
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6.1. Trajectories Analysis

Patterns Enhancing Interpretability The introduction of the regularisation to the GFN
model was motivated by taking a step towards enhancing the interpretability of the model.
By regularising it, we gain control over the sampling process. The previous examples in
Section 6.1 and quantitative results in Section 5.3 showed that the proposed method indeed
works and makes the GFN’s generation process more similar to the greedy heuristic. The
ultimate goal would be to obtain a model which is moderately regularised, hence preserving
the performance of the canonical GFN, but with a more interpretable sampling process.
In this section, I will present a set of examples where the regularised GFN solutions yield
higher task objective values than the canonical GFN and reveal a common pattern from
the regularisation. Such a scenario occurred for the regularisation parameter setting, which
implied less strict regularisation. The examples come from evaluation of the model with
parameters f = 0.1 and b = 50.

The first example is presented in Table 6.5 from the graph number 392. The score of
the regularised GFN solution is 19, while the canonical GFN achieves a score of 17. This
example illustrates well a pattern of the initial steps of the generation process following
closely the greedy heuristic. From the middle section of the trajectory, the model starts
to deviate and take different actions. This relates to the observations from Regularisation
Ratio metric on aggregated results in Section 5.3.

The next example is presented in Table 6.6 from the graph number 274. The objective
score of the regularised GFN is 20, which is 2 higher than the canonical GFN. This tra-
jectory also reveals a pattern of similar first steps, but additionally the model follows the
heuristic even tighter at the end of the trajectory.

The last example is presented in Table 6.7 from the graph number 184. The regularised
GFN solution score is 21, compared to 19 of the canonical GFN. This trajectory example
lies between the previous two and confirms the observations of regularisation impact on
the early and late stages of the trajectory.

The observed regularisation patterns contribute to GFNs interpretability by establishing
a systematic view on analysing GFNs decision-making processes. The consistent temporal
patterns of alignment with greedy heuristics and exploration phases could be formalised
as follows:

e Phase 1: Greedy Initialisation - the model strongly follows the greedy heuristic.
e Phase 2: Exploration - the model deviates from the greedy heuristic.

e Phase 3: Heuristic Re-alignment - the model aligns with the greedy heuristic for the
last steps.

This structured behaviour enables decomposition of the model’s decision sequence into
interpretable phases, where Phases 1 and 2 are fully interpretable, due to their deterministic
definition. The Exploration phase stays in the black-box category, but is restricted to a
certain part of the construction process, and one can expect and trace how the model
gets there. The examples provide empirical evidence that regularised models can achieve
superior performance while maintaining this interpretable structure, for certain graphs. A
possible explanation is that the heuristic algorithm is well suited for these graphs’ structure,

41



6. Discussion

Table 6.5.: Regularized GFN (f=0.1, b=>50) on graph 392.

Step ‘ Sampled Node Id Node Degree ‘ Greedy Node Id Minimal Node Degree

1 143 32 143 32
2 113 34 113 34
3 4 46 4 46
4 175 52 173 52
5 136 54 136 54
6 211 60 211 60
7 234 68 68 64
8 68 64 68 64
9 38 70 38 70
10 14 98 223 80
11 63 94 223 80
12 109 88 223 80
13 80 92 223 80
14 162 94 223 80
15 258 82 223 80
16 97 102 223 80
17 193 138 52 82
18 46 90 02 82
19 181 134 181 134
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6.1. Trajectories Analysis

Table 6.6.: Regularized GFN (f=0.1, b=>50) on graph 274.

Step ‘ Sampled Node Id Node Degree ‘ Greedy Node Id Minimal Node Degree

1 28 30 28 30
2 188 46 68 42
3 152 o8 68 42
4 68 42 68 42
5 36 44 36 44
6 234 62 110 44
7 178 58 110 44
8 110 44 110 44
9 161 64 47 48
10 o6 76 47 48
11 50 48 47 48
12 221 98 207 o6
13 16 80 207 56
14 96 76 207 56
15 244 60 244 60
16 134 80 202 62
17 202 62 202 62
18 102 84 102 84
19 213 98 213 98
20 166 100 166 100
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Table 6.7.: Regularized GFN (f=0.1, b=50) on graph 184.

Step | Sampled Node Id Node Degree ‘ Greedy Node Id Minimal Node Degree

1 181 32 181 32
2 120 42 120 42
3 115 44 115 44
4 18 50 10 48
5 203 74 25 60
6 228 74 25 60
7 76 64 25 60
8 231 76 25 60
9 29 60 25 60
10 156 70 151 70
11 218 84 172 70
12 32 78 172 70
13 56 74 172 70
14 172 70 172 70
15 6 84 6 84
16 61 92 162 84
17 169 90 162 84
18 43 108 107 90
19 191 98 107 90
20 107 90 107 90
21 139 116 139 116
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6.1. Trajectories Analysis

but not all cases from the test set. A certain level of performance degradation might be
acceptable for the gain of interpretability. The control of the GFN in the first phase enables
a predictable start of the generation process. The three-phase pattern is supported by the
Regularisation Ratio metric plots for the whole test set, see Section 5.3. The balance
between exploration and heuristic-driven steps can be controlled by the hyperparameters
(f and b). The regularisation strength can be fine-tuned for the particular example, to
achieve the desired consistency in following the heuristic. The bounded Exploration phase
is a meaningful step towards the interpretability of the GFN model. In the future, this part
could be further analysed to bridge the gap to full interpretability. Overall, the established
interpretability structure follows a common pattern for Explainable Al, where the model
is interpretable via heuristic-proxy in Phases 1 and 2, and incorporates canonical GFN
variance in the Exploration phase.
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6. Discussion

6.2. Related Work on Partially Explainable Models

The goal of the master thesis is to enhance the interpretability of the GFN model. The
results and empirical analysis indicate that the introduced regularisation mechanism leads
to a partially interpretable GFN, in which segments of the generation process exhibit in-
terpretable behaviour. To situate this result in the broader context of research on partially
explainable models, I will present several related works. [Fit25| describes a similar ar-
chitecture called the Symbolic Wrapper in the domain of Symbolic Al. The architecture
integrates a symbolic model with a neural network, where the symbolic model is used in
the input and output phases, while the neural network performs data-driven learning in the
middle phase. The design is motivated by combining the neural network’s problem-solving
capabilities with the symbolic model’s interpretability. The architecture closely resembles
the three-phase pattern of the regularised GFN model. Another approach, called the Hy-
brid Predictive Model, is presented in [WL21]. The framework is based on an objective
function that combines the model’s predictive performance with transparency, defined as
the percentage of data processed by the interpretable model. The goal of the method is
to substitute the black-box model for those data points where using it is not justified by
the gained performance and the simpler model is sufficient. The evaluated hybrid models
combined association rules or linear models with black-box models. The paper similarly
mentions the trade-off between performance and interpretability and shows that the hybrid
models can be an effective solution. Another approach combining human knowledge and
predictive modelling is presented in [MS20]. The framework introduces a model that can
decide to defer a decision to an expert. The objective function uses cost-sensitive learning
with an additional class for the deferred action. The authors similarly mention the trade-
off between deferred decisions and prediction accuracy. The notion of deferred decisions
reflects the heuristic-driven phases of the regularised GFN model. A key observation is
that the approaches cited above explicitly try to combine interpretable or human-based
predictions with an autonomous model’s decisions. On the contrary, the regularised GFN
exhibited such behaviour by itself, while allowing for trade-off control through its hyper-
parameters.

6.3. Future Work and Practical Applications

Application of the introduced regularisation method can create a partially interpretable
and significantly more controllable GFN model. The benefits come with a trade-off of
weaker performance in most cases. The regularisation approach is particularly useful when
the task demands control of the sampling process, but can allow some parts of the process
not to be fully explainable, due to the exploration phase. This direction could be further
explored in practical applications, where certain patterns are highly desired or required,
given the current state of the environment. Potentially, the heuristic-driven initialisation
could be used to speed up the optimisation process for highly complex tasks, where human
experts can sketch plausible initial steps.

Future work could focus on reducing the trade-off and finding ways to obtain inter-
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6.3. Future Work and Practical Applications

pretable GFN models directly from the canonical model to avoid sampling policy change
by heuristic-driven regularisation. Possibly, the black-box GFN policy could be projec-
ted onto an interpretable policy space, which would allow us to obtain a simpler model
with similar performance. The regularisation method could support it by evaluating the
receptivity of the GFN to the projection policy design.

The proposed regularisation mechanism can be used in various scenarios. In particular,
when trust in the black-box model is not sufficient, or allowed by regulatory requirements.
The first example that illustrates such a case could be an application of the GFN in
engineering design. Assuming that the task is to allocate wireless network retransmitters,
a plausible heuristic could be to place them in the nodes of the network with a low degree to
obtain placement close to the Minimal Dominating Set. The model regularised according to
the introduced methodology will be more explainable according to the three-phase pattern
from Section 6.1. A dedicated study could verify if such behaviour would increase trust
and satisfaction of the engineers. The human experts, who are end users of the model
predictions, are often hesitant to trust the black-box models. The model that follows the
domain knowledge up to a desired level can be more acceptable.

Another example could lie in the field of drug discovery. The GFN model was already
used to generate new molecules. With the regularisation method, the model could be
used to follow certain patterns, sequences of actions, or chemical properties set by human
experts. The laboratory experiments are often expensive and time-consuming, therefore a
controlled model might be preferred to reduce risk of failure for the generated molecules.
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7. Conclusions

Summarising the study, the main goals of this work were to enhance the interpretability of
the Generative Flow Networks, while proposing a regularisation method and approaches
to compare and analyse trajectories of step-wise generative algorithms.

The introduced regularisation method was based on the heuristic algorithms guided aug-
mentation of the GFN model training process. The method aimed to make the GFN’s
sampling policy more similar to the actions of the heuristics. The conducted set of experi-
ments showed that the regularisation can be implemented successfully with the introduced
approach. The regularisation mechanism made the sampling trajectories of the regularised
GFN more aligned with the trajectories of heuristic algorithms. The proposed metrics
of the regularisation impact, namely Regularisation Ratio and Intersections, provided ne-
cessary insights to judge the effectiveness of the regularisation on the selected tasks and
graphs. The regularisation mechanism, on a higher level, allowed us to gain a better un-
derstanding of the GFN model’s actions. The empirical analysis of the regularised GFN
model showed a systematic three-phase pattern of the sampling process, which combines
interpretable and black-box parts. The method, after further tuning and improvements,
could be used to control the GFN’s behaviour, with the adjustable trade-off between per-
formance and interpretability, thanks to the hyperparameters of the regularisation method.
The regularisation mechanism showed its limitations, especially on the MDS task. The
regularised GFN did not follow the heuristic trajectories. This indicated that the method
might not be suitable for all types of problems, or algorithms used as a reference trajectory
supplier. Further study is required to comprehensively evaluate the method with various
problems and heuristics.

The methods and conclusions drawn from the study represent valuable steps towards the
enhancement of the Generative Flow Networks interpretability. The regularised model’s
trajectories could be further analysed to bridge the interpretability gap between heuristic-
driven and exploratory actions. Some possible approaches could be using a decision tree or
linear ML models to project the GFN sampling policy onto simpler classifiers. The model
features could correspond to the problem description relevant for the heuristic used as the
baseline. Moreover, the hidden knowledge from GFN could be extracted from the neural
networks, if they used, e.g., attention mechanisms.

In conclusion, Generative Flow Networks are a promising approach to combinatorial
optimisation problems. The regularisation method proposed in this work is a step towards
interpretability and user control over the model. The method could be further developed
and evaluated to provide better results and robustness.
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A. Appendix

A.1. Training Results for MDS and MC tasks

Table A.1.: Scores statistics on MDS validation set.

f b ‘ mean median  std min max

0.05 50| -12.87 -12.78 0.31 -16.75 -12.63
0.10 50 | -12.92 -1286 0.32 -17.62 -12.62
0.00 1 | -13.10 -13.04 0.22 -14.38 -12.89
0.25 50 | -13.15 -13.11 046 -17.75 -12.65
0.50 50 | -14.81 -14.77 030 -16.12 -14.41

Table A.2.: Intersection metric statistics on MDS validation set.

f b | mean median std min  max

0.50 50| 0.05 0.05 0.06 0.00 0.40
0.00 1 | 0.04 0.00 0.05 0.00 0.36
0.05 50 | 0.04 0.00 0.05 0.00 0.36
0.10 50 | 0.04 0.00 0.056 0.00 043
0.25 50 | 0.02 0.00 0.04 0.00 0.36

Table A.3.: Regularization ratio statistics on MDS validation set.

f b | mean median std min max

0.50 50| 0.05 0.05 0.04 0.00 0.23
0.25 50 | 0.02 0.02 0.02 0.00 0.16
0.00 1 | 0.02 0.02 0.02 0.00 0.34
0.05 50 | 0.02 0.02 0.02 0.00 0.25
0.10 50 | 0.02 0.02 0.02 0.00 0.28




A. Appendix

Table A.4.: Scores statistics on Max Cut validation set.

f b mean median std min max

0.00 1 | 2407.09 2412.43 41.40 1544.62 2440.64
0.10 50 | 2407.00  2418.59 38.63 1571.38  2434.77
0.06 50| 2401.88 2402.46 38.24 1591.88  2441.73
0.25 50 | 2353.17 2353.58 20.76  1683.50  2375.93
0.50 50 | 2351.83 2352.54 16.84 1832.38  2374.59

Table A.5.: Intersection metric statistics on Max Cut validation set.

f b | mean median std min max

0.25 50| 0.88 0.90 0.08 0.48 1.00
0.50 50| 0.88 0.90 0.08 0.50 1.00
0.05 50 | 0.54 0.55 0.17 011 0.95
0.10 50 | 0.51 0.50 0.16 0.11 0.93
0.00 1 | 047 0.45 0.17 0.10 094

Table A.6.: Regularization ratio statistics on Max Cut validation set.

f b | mean median std min  max

0.25 50| 0.47 0.47 0.08 0.02 0.72
0.50 50 | 0.45 0.45 0.08 0.08 0.72
0.05 50 | 0.04 0.04 0.02 0.00 0.20
0.10 50 | 0.04 0.03 0.03 0.00 0.19
0.00 1 | 0.03 0.03 0.03 0.00 0.17
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