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Abstract

We introduce a new cohomological method to compute new global sections of a complete intersec-
tionin a projective variety. This is more direct than previous methods and yields equations defining these
new sections in the Cox ring. As examples, we show that general codimension ¢ > 1 complete intersec-
tionsin P! x P", subject to some numerical conditions on n and the degrees of the defining equations,
are Mori Dream Spaces, computing the Cox ring in full. We do the same for codimension ¢ complete in-
tersections in P¢ x P". We display families of Calabi-Yau varieties that further support Morrison’s cone
conjecture. We provide also new examples of general type Mori Dream Spaces. In a separate example,
we show how our method may be used to translate between two models of a degree one del Pezzo sur-
face admitting a conic bundle structure - namely one model as a hypersurface in a rational scroll and its
second anticanonical model in projective space.

Zusammenfassung

Wir fiihren eine neue kohomologische Methode zur Berechnung neuer globaler Sektionen eines voll-
standigen Schnitts in einer projektiven Varietat ein. Diese Methode ist direkter als bisherige Methoden
und liefert Gleichungen, die diese Sektionen im Cox-Ring definieren. Als Beispiel zeigen wir, indem wir
den Cox-Ring berechnen, dass allgemeine vollstindige Schnitte der Kodimension ¢ > 1in P! x P" unter
gewissen numerischen Bedingungen an n und die Grade der definierenden Gleichungen Mori-Dream-
Spaces sind. Dasselbe gilt fir vollstandige Schnitte der Kodimension ¢ in P¢ x P™. Wir konstruieren
Familien von Calabi-Yau-Varietaten, die Morrisons Kegel-Vermutung stiitzen, und geben neue Beispiele
von Varietaten allgemeinen Typs, die Mori-Dream-Spaces sind. In einem weiteren Beispiel zeigen wir, wie
unsere Methode eine Ubersetzung zwischen zwei Modellen einer del-Pezzo-Flache vom Grad 1 mit konis-
cher Biindelstruktur ermoglicht - namlich ihrem Modell als Hyperflache in einem rationalen Scroll und
ihrem antikanonischen Modell im projektiven Raum.
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1 Introduction

Throughout this thesis we work with varieties over C, although many arguments generalise to other fields,
particularly those algebraically closed fields of characteristic 0. Our general setting will be that of a smooth
complete intersection Z embedded in a smooth projective ambient space X, whose Cox ring is finitely gen-
erated - that is to say that X is a Mori Dream Space. Each section of the Cox ring of X restricts to a section
on Z. There may, however, be Cox ring sections on Z that are not the restriction of any section on X.

Cox rings were first introduced for toric varieties in [12] as a generalisation of the homogeneous coordi-
nate ring of projective space. They appeared earlier as universal torsors in number theory, for example as
seen in [10]. Our general reference for Cox rings is [2]. The application we shall focus most on appears in bi-
rational geometry; the notion of Mori Dream Spaces is introduced in [21]. One can apply the minimal model
program (see [22]) to Mori Dream Spaces. Being a Mori Dream Space is equivalent to having finitely gener-
ated Cox ring under certain usual assumptions on the projective variety (for example Q-factoriality). Having
a presentation of the Cox ring of a smooth projective variety X thus allows one to describe its birational
geometry combinatorially.

The principal achievement of this thesis is to introduce a new method, using Cech cohomology, to com-
pute spaces of sections on Z that are not restrictions of those on X. In some examples we also use this to
compute the Cox rings of the given Z. We see that elements of higher degree sheaf cohomology groups on
X allow for sections on complete intersection subvarieties in X. Whether such an element of acohomology
group on X can provide us with a new section on Z, canonical up to the restriction of a section on X, is de-
termined by linear algebra conditions on the induced maps of cohomology given by the defining equations
of Z.

With this method, we strengthen a result of Ottem in [28], who computes the Cox rings of general degree
(d,e) hypersurfaces Z in P! x P* withd,e > 1and n > 3. Not only can we give the exact conditions for
which the Cox ring here takes the general presentation asin [28, Theorem 1.1], we can generalise to the case
of Z = P! xP" where Z is a complete intersection of dimension at least 3 under certain open conditions and
bounds on the sum of first components of the degrees of the defining equations. Allowing for degenerate
cases, where some polynomial coefficients of the defining equations are zero, we compute the Cox rings
of a class of general type varieties, containing examples of arbitrary codimension and arbitrarily positive
canonical class, showing that these are Mori Dream Spaces.

We also apply our method to codimension ¢ > 2 complete intersections Z < P°¢ x P, wheren > c.
We are able to find new sections on Z, and in the simplest two cases - that where each defining equation
is linear in the coordinates on P¢ and that where all but one defining equation is linear in the coordinates
of P¢ and the remaining is quadratic - we can compute the Cox rings in the general setting, stating exactly
when this general picture occurs. In particular, we show that these varieties are Mori Dream Spaces. The
latter case includes the Calabi-Yau setting.

It is already known that Fano varieties have finitely generated Cox ring [6]. Calabi-Yau varieties are not
necessarily Mori Dream Spaces, as shown in an example of Kawamata in [24]. Morrison’s cone conjecture
states that the moveable cone of a Calabi-Yau variety will decompose into rational polyhedral cones, each
giving a minimal model, and that the group of birational automorphisms acts on the moveable cone with
rational polyhedral fundamental domain [27]. Our results for Calabi-Yau complete intersections in products
of projective spaces support this conjecture.

Calabi-Yau varieties are of interest to physicists active in string theory. In string theory, six further spa-



tial dimensions are required in addition to our usual three (with a further time dimension giving a full ten),
and Calabi-Yau threefolds over C are a candidate for providing these. We refer to [20] for the mathematics
and physics of this correspondence. As explained in [7, 8], one wishes in particular to compute the vector
bundle cohomology of Calabi-Yau threefolds. Our results and examples provide answers for the zeroth de-
gree line bundle cohomologies on classes of Calabi-Yau varieties, including some of those considered in the
afforementioned articles.

We are also able to provide new families of general type varieties that are Mori Dream Spaces, computing
their Cox rings in full.

Our method is particularly suited to understanding where Cox ring behaviour, including size of the effec-
tive and moveable cones, changes in degenerate cases. We are able to compute Cox rings of a degenerate
case in the examples of Z < P! x P* and Z — P°¢ x P" above. The structure of the Cox ring is closely
linked to the structure of syzygy modules defined by the polynomial coefficients of the defining equations
viewed in the coordinates of P¢. This partially answers questions posed in [7, 8] on how degenerations of
the polynomial coefficients lead to changes in the effective and moveable cones.

Structure of thesis and originality

In Chapter 2, we state our main results.

In Chapter 3, we give the necessary introduction and definitions of Cox rings and Mori Dream Spaces.
Then we introduce the method allowing us to find new Cox ring sections of a subvariety Z embedded in a
variety X, whose Cox ring we understand, under certain conditions. Furthermore, these conditions ensure
that we may obtain all Cox ring sections of Z up to some linear algebra calculations; these are in practice
difficult to solve. We also explain how our method continues to give sections and information under weaker
assumptions. The work developing this method is my own, though we rely on standard theory of Cox rings.

Chapter 4 treats the case of complete intersections Z of dimension at least 3 in P! x P". For hypersur-
faces, the material here is found in [29], published on the Arxiv in collaboration with Ito and Szendréi. All
the work of Chapter 4 not featured in this paper, including the interpretation of the sections w;, j, in Sec-
tion4.4.1,is my own.

The method utilised to find the results of Chapter 4 reduces the question of finite generation to a lin-
ear algebra problem, solving the kernel of matrices that are constant along diagonals, so-called Toeplitz
matrices in the literature. Chapter 5 is dedicated to this linear algebra problem, solving independently the
statement used in the proofs of Chapter 4. The work here is also my own, and generalises over integral rings,
thus warranting its own Chapter. We see how algebraic geometry and Cox ring computations may allow us
to solve systems of polynomial equations.

We split the work on codimension ¢ > 2 complete intersections Z < P¢ x P into two Chapters, both
of which are entirely my work. For ¢ = 2, much of the method can still be computed by hand, and we can
provide detail in each step. This allows us not only to give Cox ring presentations for the two simplest cases
of Z, but also allows us to compute Cox rings of a degenerate example in the second case. This makes up
Chapter 6. In Chapter 7, we take inspiration from our findings in the ¢ = 2 case explored in Chapter 6 to give
analogous results for arbitrary ¢ > 2.

Chapter 8 shows an example where our method provides information where some of the assumptions
don’t hold. We can find sections of a degree one del Pezzo surface Z embedded in a rational scroll F(0, 1, 1),
which allows us to translate this model into its anticanonical embedding in weighted projective space. Sec-



tion 8.1 is my own work, whereas Section 8.2 is joint work with Szendr®i.

We conclude in Chapter 9 with remarks and comments how one may progress. Thisincludes generalising
the results of Chapters 6-7 to higher degrees, as well as exploring subvarieties Z in (P°)* x P™. In particular,
we can show the latter generally gives non-Mori Dream Spaces even in our degree 2 setting - the ¢ = 1 case
was already proven in [34], following the work of [24]. Using the method of this thesis, we give a conjecture
for the Cox ring of these varieties, even though they are not finitely generated. Once more, the work of this
Chapter is my own.



2 Statement of main results

Here we lay out the main results of the thesis.

2.1 On Coxrings of nef complete intersections in P! x P"

The following results will be the main results in Chapter 4.
Fixc > landn > c+2andfix X = P! x P" overC. Let x¢, x1, respectively yo, . . . , ¥, be homogeneous
coordinates on P!, respectively P". If 71, 7o are the projection maps to the respective factors P!, P", then

Pic X =~ PicP! @ PicP" ~ 72,
generated by the pullbacks 75 Op1 (1) and 75 Opn (1) respectively. The Cox ring of X is
R(X) = Clzo, 21,90, - - -, Ynl,
with the Z2-grading given by deg(z;) = (1,0) and deg(y;) = (0, 1). Thering
R =R(P") = Clyo, - - -, yn]

is naturally a Z2-graded subring of R(X), giving R(X) the structure of a Z2-graded R-module.
We define our primary varieties of interest.

Definition 2.1. Fixd > Oande > 1. Let V be anirreducible and normal hypersurface
V= {gox% + gwﬁ‘lxl + ...+ gd:L‘il = 0} c P! x P (1)

defined by a set of homogeneous degree e elements gy, . .., g4 € R.

(i) Anindex sequence of length 7, where 0 < 7 < d, is a sequence of indices 0 = iy < - -+ < iy = d. By
convention, 7 = O ifand only if d = 0. We say V admits the index sequence {iy, ..., i} of length 7 if
g; # 0ifandonlyifi € {ig,...,i,}; we call the set of indices {io, ..., i} the index sequence of V.

(i) We call V' regular with index sequence {ig, . ..,i.}, if it is non-singular, admits the index sequence
{io,...,1:}, and the homogeneous polynomials g,,, . . ., g;, form a regular sequence in R.

Definition 2.2. Forgivenc > landn > ¢ + 2, the variety Z < X = P! x P" will be said to have form ()
with respect to hypersurfaces Vi, ..., V. if Z = ), _; Vin, and the following conditions are met.

(i) Foreachm =1,...,¢,the hypersurface V,,, ¢ X isirreducible and normal, defined by an equation
J— d"’L dm_l
Tm = 9m,0%qy" + gm,1Tq 1+ ...+ GmdTy",

with d,, > 0, e, > 1, and V},, admits an index sequence {iy, 0, ..., im,7, } of length 7, with 0 <
Tm < d,y, as in Definition 2.1.

(i) Thesequencery,...,r.isregularin R(X) and the intermediary complete intersections
m
Zn = (] Viw
m/=1

(o)



arenon-singularform =1,...,c.

(iii) The sequence

91,05+ --591,dys - .- »9c,05 -+ -y Yc,d.

is regular in R. In particular, we have the numerical condition

c+2dm<n+1. (2)

We note that, so long as the numerical condition (2) holds, the conditions in parts (ii) and (iii) are open
with respect to the data of part (i) in Definition 2.2.

Main Theorem 2.3. Letc > landn > c + 2and set X = P! x P". Suppose Z — X satisfies conditions (i)
and (ii) from Definition 2.2 with respect to hypersurfaces Vi, ..., V..

(i) Suppose that Z has form (x) with respect to V1, ..., V.. or equivalently, that condition (iii) in Defini-
tion 2.2 is also satisfied. Then there is an isomorphism of Z2-graded algebras

R(Z) = R(X)[le, ey Wy e ,wchc]/I, (3)

where degt = deggx)tfort € R(X) and deg(wp, k) = (im k-1 — imk,em) foreachl < m < ¢,
1 < k < 7y, and I is the homogeneous ideal generated by the equations

7;’m,k+l_irn,lc im,k_im,k—l
xl wm,k+1 + gim’k - 330 wm,ka 1 <m

I
o

-
N
ol
N
g

S

with variables of undefined index set to zero. In particular, Z is a Mori Dream Space.

(ii) Conversely, suppose that there exists an isomorphism of the form (3), with degrees and ideal I as given.
Then the sequence

91,07"'7gl,d17 """ 796‘,07"'790,6[6

is reqular in R and thus Z has the form (=) with respectto Vi, ..., V..

The method used to prove Main Theorem 2.3 gives information in more general settings. We give one
such setting in the following remark, postponing further comments to the end of this Chapter, for they apply
also to the results in Section 2.3

Remark 2.4. The only properties we use of P" to prove Theorem 2.3 is that it has dimension at least ¢ + 2
and that its cohomology on all line bundles vanishes in degrees i with 1 < ¢ < c¢. In particular, we may
replace P™ with a product W of say s > 2 projective spaces, each having dimension at least ¢ + 1, so long
asdim W > ¢ + 2. Instead of a Z2-grading we have a Z @ Z* grading, and the degrees ¢,, of Definition 2.1
are taken in Z° and assumed positive in each component.

In Sections 4.3 and 4.4 we apply Theorem 2.3 to a variety of examples of general interest. We give just
one result here for ¢ = 1, applying to families of Calabi-Yau hypersurfacesin P! x P3.

10



Theorem 2.5. Choose three general polynomials gg, g1, 92 € Clyo, y1,y2,ys] of degree e = 4, forming a
regular sequence. Consider the family of varieties q: Z — A} defined by

Z= {gox% + tgrTozy + gott = 0} < P! x P? x A}
Fort # 0, the Z-graded Cox ring R(Z;) of the Calabi-Yau hypersurface Z; = P* x P3 can be presented as
R(Zy) = Clzo, x1,Y0, Y1, Y2, Y3, 21, 22 /{T121 + g0, T122 + g1 — ToZ1, g2 — T022),
with variables of bidegrees (1,0), (0,1) and (—1, 4) respectively. Fort = 0, we have
R(Zo) = Clxo, 1,0, Y1, Y2, Y3, w]/{zTw + go, g2 — xgw),

with variables of bidegrees (1,0), (0,1) and (—2,4) respectively. In particular, every member of the family is
a Mori dream space, with a complete intersection Cox ring, but the effective cone and Cox ring jump discontin-
uously in the family.

2.2 On kernels of banded Toeplitz matrices with polynomial entries

The following results are the main results in Chapter 5.

Definition 2.6. Let Sbearinganda > 1,d > 0. The banded Toeplitz matrix of degree a associated to a
sequence go, ..., gq € Sisthe (a — 1) x (a + d — 1) matrix () wheree,; = g; ift — s = iand e, is zero
otherwise. By convention, the degree 1 matrix is the zero matrix. If

r = gow + - + gax{ € S[xo, 1]

is a general homogeneous degree d polynomial in xg, z1 with coefficients in S, then we define, fora > 1,

the matrix A, , to be the degree a banded Toeplitz matrix associated to the sequence gy, ..., gq € S:
g 91 92 - ga 0 0 ---e-. o0 0 --- 0 0
0 go g1 - Qa1 Gg O ---v-- 0o 0 0 --- 0 0
Aa7r — . . . . E .
0 0 O 0 0O 0 - 0 g0 9 ga O
0O o0 0 --- 0 0 0 ----- 0 0 go - Qa1 Gd
We will be interested in the case that S = Clyo, - .., yn], S0 that an irreducible and normal subvariety

V < P! x P"is defined by an equation r € S[xzg,z1]. To prove Main Theorem 2.3 for hypersurfaces, we
compute the kernel of A, , in each degree a > 1. For codimension c complete intersections, we need a
slightly more general matrix in each degree.

Definition 2.7. Fixc > 1,n > c+2and S = Clyo, ..., yn]. Suppose foreachm = 1,...,¢c, we have an

equation

de d'm
Tm = gm,o0Zy™ + -+ gm,cx]™ € S[xo, 1],

where d,,, = 0and g, 0, . - - , gm.c is @ sequence of homogeneous polynomials of degree e,,, > 1in S. Define

11



to this data the matrix

Ay = (Aam| T |Aa,rc)

foreach a > 1, which may be viewed as a map of free S-modules

Sa+d171 X% Saerc*l N Safl.

Define the trivial spaces n, < ker A, to be generated by columns of the matrices

AL (manry = (0] [0 4; 0] -+ [0] — 4]

m/,a+dm m,a+d,,

0] -+ 10)"

foreach1 < m < m’ < c. Thenset K, = (ker A,)/n, and K = @ a1 Ka» which may be viewed as a

graded S-module.

Theorem 2.8. Suppose that we have the data as in Definition 2.7.

(1)

(1)

(iii)

There are natural truncation operators &g, &1 : K,11 — K, foreach a > 1. Furthermore, let U’ be the
free graded S-algebra

/
U =S[Z171,...Z1dc, ...... ,Zc’l,...,zadc],

with each z,, i, in degree one. There is a graded homomorphism of S-modules ¢’ : U’ — K.

Suppose that foreachm = 1,...,c, the equation r,, corresponds to a hypersurface (not necessarily
irreducible and normal) V- < P* x P" admitting an index sequence of length 7, as in Definition 2.1 and
use the same notation. If U is the free graded S-algebra

U=5[wii, . ..,Wir,-.---. JWels- s Wer, |,

with each wyy, i, in degree i,, j, — iy, —1, then there isamap + : U — K of graded S-modules. If
Tm = dpy foreachm =1,...,c,wehave U = U' and v = 1)/,

Suppose in addition to the assumptions of part (ii), that the sequence

91,07-- . ,gl’q—l, ...... >gc,17- . .,gc’q—e

is regular in R. Then all elements of K may be realised by applying the truncation operators %y, 1 to
an element in the image of 1. If also 1,,, = d,,, foreachm = 1,. .. ¢, then ) is already surjective, giving
K the structure of a finitely generated S-algebra. In this case, the kernel of 1) is generated in degrees
one and two.

As in the previous Section, the above Definitions are tailored to our applications and we add the follow-

ing remarks.

Remark 2.9. In the data in Definition 2.7, we may allow .S to be any finitely generated algebra graded by a

free abelian group; if S is the Cox ring of a Mori Dream space W and foreachm = 1,..., c the polynomials

gm,0; - - -

, 9m,c are sections of an ample line bundle on W, then there is an analogous version of Theorem 2.8

in this setting. This has applications in the case of Z = P! x I as remarked in Remark 2.20.
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Remark 2.10. Since we apply this algebraic result to varieties in complex projective space, we have defined
S to be a C-algebra. All of the constructions work over any field and even any integral ring. The only state-
ment from Theorem 2.8 that we can’t deduce over a general integral ring is the final statement of part (iii)
concerning the kernel of .

2.3 On Coxrings of codimension c nef complete intersections in P x P"

The following results will be proven in Chapters 6-7.
Fixc > 2andn > candfix X = P°xP" overC. Letxy, .. ., ., respectively yo, . . . , yn, be homogeneous
coordinates on P!, respectively P". If 71, 7o are the projection maps to the respective factors P¢, P?, then

Pic X =~ PicP° @ PicP" ~ 72,
generated by the pullbacks 75 Opc (1) and 75 Opn (1) respectively. The Cox ring of X is
R(X) =Clzo, ... X, Y0,---sYnl,
with the Z2-grading given by deg(z;) = (1,0) and deg(y;) = (0, 1). Thering
R =R(P") = Clyo, - -, Yn]

is naturally a Z2-graded subring of R(X), giving R(X) the structure of a Z2-graded R-module.
We define a form our subvarieties of interest will take.

Definition 2.11. Foreachm = 1,...,¢, let V},, be an irreducible and normal hypersurface defined by a
degree (d,,, e,) €quation r,, € R(X) for some d,,, e,, = 1. The variety Z < X = P¢ x P" will be said to
have form (f) with respect to the hypersurfaces V1, ..., V. if the following hold.

(i) Wehave Z =, _; Vin-

(i) Thesequencery,...,rcisregularin R(X) and the intermediary complete intersections
m
Zn =[] Viw
m/=1
arenon-singularform =1,...,c.

2.3.1 Thecase (di,ds,...,d.) = (1,1,...,1)

Supposethatc > 1,n > 2and Z < P¢ x P has form (1) with respect to hypersurfaces Vi, . . ., V. of degree
[Vin] = (1,e,,) € Pic X foreachm = 1,...,cand some e, > 1. There are then degree ¢,, polynomials
Jm,0s -+, fm.csuchthatV,, is defined by

'm = fm,OxO + ... fm,c$c

foreachm=1,...,c.
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Definition 2.12. Define to the data above the ¢ x (¢ + 1) matrix

fio 0 fie
M=
fc,O e fc,c
with entries in R. One notes that the (m, i) entry of this matrix is %TT"L Foreachi = 0,...,¢, lety; be the

maximal minor of M obtained ignoring the i" column, which is a degfee ¢ =30 _ emelementof R.

Theorem 2.13. Suppose thatc > 1,n > 2and Z < X = P° x P™ has form (}) with respect to hypersur-
faces Vi, ..., V., where V,,, = (1,e,,) foreachm = 1,...,cand some e,, > 1. Define the matrix M and
polynomials v; € R of degree €’ as in Definition 2.12. Then Z is isomorphic to the blow-up of P" with centre
the codimension 2 subvariety defined by the maximal minors v; of M. There is a section v € R(Z) in degree
(—1, €, which is not the restriction of a global section on X satisfying the equations

v — (=)' =0, 0<i<c,
whose vanishing locus corresponds to the exceptional divisor. The Cox ring of Z admits the presentation
R(Z) = Clxo, ...y Tey Yoy -« - 5 Yn, v]/{0x0 — 10, . . ., 0T — (—1) V).

In particular, Z is a Mori Dream Space.

We note that in Theorem 2.13, the description of Z as a blow-up does not give us information as to
whether itis a Mori Dream Space. See [17] for an example of a blow-up of a Mori Dream Space in a codimen-
sion two locus that is itself not a Mori Dream Space.

2.3.2 Thecase (di,ds,...,d.) =(2,1,...,1)

We now consider a class of varieties that include the Calabi-Yau case. Suppose thatc¢ > 1,n > 2 and
Z < P¢ x P has form (f) with respect to hypersurfaces V1, ..., V., where [Vi] = (2,e1) and [Vi,,] = (1, em)
in Pic X foreachm = 2,...,cand someey,...,e. > 1. There are degree e¢; polynomials f;; € R for each
0 <i<j<candforeachm =2,..., cdegreee,, polynomials g, 0, - - ., gm,e, such that V; is defined by

ri= Y, fijz,

0<i<j<e

and V,, is defined by

Tm = Gm,020 + - - . Gm,cTc
form=2,...,c

Definition 2.14. To this data we define the (¢ — 1) x (¢ + 1) matrix
92,0 "0 G2c
geo " YGerc
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with entriesin R, with (m, i) entry equal to %’"TT. Foreach 0 < i < j < cdefine ji;; to be the maximal minor

of M obtained ignoring the i and 5™ columns. We define also wij = —pj; fori > j. Define further the
augmented ¢ x (¢ + 1) matrix
dio  dhe
M- 92,0 " 92c
gec0 ° YGec
where 9/1,z' = %(‘% foreachi = 0,...,c. Foreachi = 0,...,c, let v; be the maximal minor of M’ obtained

ignoring the it" column, which has degree ¢’ — e1 in R, wheree’ = 3¢ _, €.

Lemma2.15. Foreach0 < i < j < ¢, wemay multiply r1 by u;; and use the equationsra, . .., . to eliminate
all zy, with k + i, j to obtain a quadratic equation in R|x;, x;] which vanishes on Z. More precisely, we obtain
degree 2¢’ — ey polynomials F; foreachi = 0, ...,cand G;j foreach0 < i < j < c¢so that

ijg + Gijxixj + inL‘? =0
onZforall0 < i < j < c. Furthermore, the subvariety Y < P" defined by the F;, G;; has codimension at
most 3.

Proposition 2.16. Suppose thatc > 1,n > 2and Z < P¢ x P™ has form (}) with respect to hypersurfaces
Vi,..., Ve, where [Vi] = (2,e1) and [V;] = (1,€y,) inPic X foreachm = 2, ..., candsomeey, ... e, > 1.
With notation as in Definition 2.14 and Lemma 2.15, there are sections u € R(Z) in degree (0, ¢’), sections
20,---,%¢c € R(Z)indegree (—1,2¢’ — e1), and a degree 2¢’ polynomial w in R satisfying on Z the equations
.’L‘Z'ZZ‘—F(), iIO,...,C
zizj — (—1) " piju+ 3Go1, 0<i,j<c, i#]
riu— (=D, zu+ (1), i=0,...,¢
U’ — w,

Main Theorem 2.17. Suppose Z < IP¢ x P™ is as in Proposition 2.16, with all notation as in Definition 2.14,
Lemma 2.15.

(i) IfY < P™ has codimension 3, then there is a presentation of the Cox ring R(Z) of Z given by
R(Z) = Clxoy .-y Tey Y05 -« s Yny 205 - - -5 2esu] /1, (6)

where I is the homogeneous ideal generated by the ry,(z;,y;), rm(2i, y;) and the equations (5). In par-
ticular, Z is a Mori Dream Space. It admits a unique flop to a second minimal model, itself isomorphic to
Z, interchanging the two points of a general fibre over P™.

(ii) Conversely, suppose that there exists a presentation of the form (6). Then Y < P™ has codimension 3.

Remark 2.18. Main Theorem 2.17 may not hold if we allow e,,, = 0 forsomem = 0,...,c. For example, if
c=2,X =P2xPrand[V;] = (3,0),then Zis ahypersurface of C x P"*, where C'is an elliptic curve, and the
Picard group of Z is uncountable. If, however, ¢ > 3, then we may allow some ¢,, to be equal zero, as long
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as the Lefschetz hyperplane theorem guarantees isomorphisms of Picard groups between the intermediary
inclusions Z,,. If (d., e.) = (0, 1), then we may assume that r. = z. and Z can be viewed as a codimension
¢ — 1 complete intersection in P~ x P™. We will use this observation in a trick to confirm the equations in

X, 2k, u given in (5).

2.4 Comments

In more general settings than those assumed in Subsections 2.1, 2.3, we may still utilise our method to find
information on sections (and thus, for example, the birational geometry of 7).

Remark 2.19. The non-singularity conditionsin Definition 2.2(ii) and Definition 2.11 may be weakened with-
out changing the statements in Main Theorems 2.3, 2.17. In particular, it suffices that, foreachm = 1,... ¢,
the intermediary intersection Z,, is Q-factorial, and that the inclusions Z,,,_1 — Z,, induce isomorphisms
of Picard groups, where Zy = X by convention.

Remark 2.20. Suppose X = P¢ x T, where ¢ = 1 in the setting of Section 2.1 and ¢ > 2 in the setting of
Section 2.3, where T'is an arbitrary Mori Dream Space. We can consider irreducible and normal subvarieties
Z < X of the forms analogous to () and (}) accordingly. Whilst we may not have the isomorphisms of
Pic X-graded algebras as given in the respective Main Theorems, we do obtain the equivalent sections in
the same degrees, satisfying the same equations in the Cox ring. In each case, we find a graded subalgebra
of the Cox ring. We can apply this for example with X = (P¢)* x P" for arbitrary k > 1and n > ¢, where we
get a collection of sections as in the Main Theorem statements for each copy of P¢ in the product.
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3 A method to find Cox ring sections on subvarieties

We develop the method used to established those results given in Chapter 2. A reference for the standard
theory on Cox rings is given by [2].

3.1 Coxrings
3.1.1 Basic definitions

Let X be a smooth projective variety over C with free abelian Picard group Pic X =~ Z*. Fix a subgroup H of
the free abelian group of Weil divisors on X mappingisomorphically to Pic X. ForeachV € H,let D = [V]
denote its class in Pic X and define the vector space

R(V)p = R(X) ) = HY (X, 0x(V)).
Definition 3.1. The Cox ring of X is the Pic X-graded C-algebra

R(X) = D R(X) vy,
VeH

where multiplication is given by the canonical maps
HY(X,0x (V)R H(X,0x(V')) > H'(X,0x(V + V).
Different choices of H yield isomorphic Cox rings. It is thus standard to fixa H and write, slightly loosely,

R(X)= @ RX)p= @ H(X,0x(D)).
DePic X DePic X

We follow this convention throughout. For X smooth and projective, the Cox ring is integral and normal.

Suppose that Z — X is a morphism of smooth projective varieties. There is an induced morphism of
Picard groups Pic X — Pic Z and an induced morphism R(X) — R(Z) of Cox rings. In the case that
t: Z — X isaninclusion, the induced map +* on Cox rings is simply restriction of sections. These maps are
first studied in [1, 15], finding conditions under which ¢ * is surjective for a hypersurface Z < X defined by a
homogeneous equation r € R(X).

In this thesis, we consider complete intersections Z < X, where X is a product of projective spaces. We
compute the Cox rings of various such Z for which the inclusion does not induce a surjection of Cox rings.
We follow from and generalise greatly the results of Ottem in [28].

3.1.2 Finite generation and Mori Dream Spaces

A key application of Cox rings lies in birational geometry.

Definition 3.2. We say that a Q-factorial projective variety X over C is a Mori Dream Space if R(X) is a
finitely generated C-algebra.

The birational geometry of a Mori Dream Space can be understood combinatorically via its Cox ring. This
correspondence is given by the following theorem, which is a main result in [21].
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Theorem 3.3. Suppose that a smooth projective variety X is a Mori Dream Space. Then there are finitely many
minimal models of X. The moveable cone of X decomposes into a finite set of Mori chambers, one of which is
the ample cone of X. Each Mori chamber gives a Q-factorial variety X, birational to X, whose ample cone
is the closure of its chamber. The birational map X --+ X corresponds to that given by a variation of GIT on
the action of the torus Spec Pic X on X = Spec R(X).

3.2 Cohomology and Cox rings of a hypersurface

We can now introduce the new method of this thesis, starting with hypersurfaces Z < X.

3.2.1 Basics

Let X be a smooth projective variety with free abelian Picard group Pic X. Let: : Z — X be a smooth
hypersurface with class E = [Z] € Pic X inducing an isomorphism of Picard groups Pic X =~ Pic Z. We
denote by Pic the identification of Pic X and Pic Z via this isomorphism.

The Coxrings R(X) and R(Z) are both Pic-graded algebras

R(X)= @ R(X)p, R(Z)= @ R(Z)p,
DePic DePic

connected by the graded homomorphism ¢*: R(X) — R(Z). The interesting case for us is when the inclu-
sion t*R(X) — R(Z) is not surjective.
The hypersurface Z is given by a sectionr € R(X)g. For D € Pic, consider the standard exact sequence

0 — Ox(D — E) -5 Ox(D) -~ Oz(D) — 0. (7)
The associated long exact sequence yields the short exact sequence of vector spaces
0 — *R(X)p — R(Z)p —> Np — 0, (8)

where *R(X)p = R(X)p/r-R(X)p—pg,and Np = kerrp, is the kernel of the induced map on first sheaf
cohomology
rps : HY(X,0x (D — E)) — H'(X,0x(D)). (9)

It will sometimes be natural to put all these maps together, to get the map

r«: (@ HY(X,0x(D-E))— P H'(X,0x(D)).
DePic DePic

We have .*R(X) = R(Z) if and only if the map r, is injective.

3.2.2 Cech cohomology considerations

Fix a totally ordered affine coverid = {U;}c; of X. From (7), we get the short exact sequence of complexes:
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0 0

I l

0 —— HOX(D—E)(Ui) — [[ox(D - B) Ui n Uj) —

0 —— [Tox(D)w) —*— [JoxD)U:i n 1) —— ... (10)

J-

0—>H(’)ZD( i)—>HOZD)(UmU)
0

Lemma 3.4. Consider Cech 0-cochains (v;) € [, Ox(D)(U;) on X. Call a 0-cochain (v;) compatible (with
respectto Z) if for each i < j there exists q; j € Ox (D — E)(U; n Uj) such that vi|u,~u; — vilu,nu; = i
Call compatible 0-cochains (v;), (v}) equivalent, if for each i, there exists ¢; € Ox (D — E)(U;) such that

S —

/
U, — U = ;T

(i) Elementsv € R(Z)p are naturally in bijection with equivalence classes of compatible 0-cochains
(vi) e [ JOx(D)(U,

Under this equivalence, the restriction of a section g € R(X ) p corresponds to the Cech 0-cocycle (g|u,) €
[ Ox(D)(Us).

(i) Multiplication in the algebra R(Z) is compatible with multiplication of cochains: if D, D’ € Pic and
v € R(Z)p,v' € R(Z)pr are represented by compatible 0-cochains (v;), (v}) respectively, then vv’ €
R(Z)p+p is represented by the compatible 0-cochain (v;vy).

Proof. These statements follow from considering the first column of (10), recalling that the global section
functor on sheaves is exact over affine schemes. Note that a 0-cochain (v;) restricts to a 0-cocycle on Z if
and only if it is compatible. O]

We are interested in cases where there are equivalence classes of compatible 0-cochains (v;) that do not
come from the restriction of a section g € R(X), so that (v;) is not a 0-cocycle on X. For D € Pic, in order to
find a complementary vector space to t:*R(X)p in R(Z) p, we need to complete the first three steps below.

1. Give an explicit description of the first sheaf cohomologies of O x (D — E) and Ox (D) and of the map

rp+ Of (9).
2. Describe the kernel Np = ker rp, as a subspace of H'(X,Ox (D — E)).

3. Choose arightinverse e: Np — R(Z)p of 6 that lifts elements of N, to sectionson Z.
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4. Study the ring structure of the direct sum of the resulting spaces to reconstruct the whole structure
of R(Z).

Steps (1) and (2) have to be completed in particular cases of interest by explicit calculation. Findinga map ¢
in step (3) comes down to untangling the connecting homomorphism é. Given s € Np for some D € Pic, let

(sij) € | [Ox(D = E)(U; n Uj)

1<j

be a representative 1-cocycle. Then (r - s; ;) is cohomologically trivial, thus the image of a 0-cochain
(vi) e [ Jox (D) (),

which is compatible since v;|v, ~u; —vj|v;~u; = sij7 foreachi < j. This compatible O-cochain corresponds
viaLemma 3.4(i) to an element v € R(Z) p that satisfies dv = s. Note that the element v is only well-defined
up to an elementin :*R(X) p, since (v;) is well-defined only up to an element of ker d° = R(X)p. For each
s in a chosen basis of Np, we may find a v with §v in this way and set es = v. Extending linearly we obtain a
well-defined lifting map

e: Np > R(Z)p,

arightinverse to 6. To complete step (4), further arguments are needed that will be based on Lemma 3.4(ii).
We note that, in practice, we may only need to perform Step (2) and Step (3) for a subset of all line bundles
to find generators for the full Cox ring.

The following Lemma, concerning commutativity of the map § with maps on first cohomology induced
by multiplication by a section, is used multiple times in this thesis.

Lemma 3.5. Let g be a degree E € Pic element of 1*R(X) < R(Z), with induced maps g.. on first cohomol-
ogy. Then g..0 = §g, as maps
R(Z) - @ H'(X,0x(D - E))
DePic
Proof. Applying 6 to a cocycle on Z amounts to lifting this cocycle to X, applying the Cech differential d°,
before dividing each element by r. Each of these steps are compatible with g,, which is component-wise
multiplication by g. O

To conclude the general discussion, we make one further remark. Suppose that v € R(Z)p is repre-
sented by a compatible 0-cochain (v;) via Lemma 3.4(i). For fixed i € I, we have v; € Ox(U;)(D), and thus
v; = Z— for some regular functions h;, g; on X with g; not vanishing on U;. Identifying h; and g; with their
restrictions on Z, the section g;v; — h; is zero on Z n U;, which is open and dense in Z. For each i, we thus
obtain an equation

giv —h; =0

in R(Z). This explains the relevance of localisations of R(X) for the problem, which is the basis of the
approach taken in [19].
Having established a process for hypersurfaces, we turn to subvarieties in X of higher codimension.
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3.3 The method on a complete intersection - case 1

Suppose more generally that . : Z — X is a smooth codimension ¢ > 1 intersection of irreducible and

normal hypersurfaces Vi, ..., V. € X, defined respectively by equations r,,, € R(X)g, ,where E,,, = [V,,].
Foreachm =1, ..., ¢, denote by Z,, the intermediary intersection
m
Zn = () Zw
m/=1
By convention set Z; = X. Suppose that foreachm = 1, ..., ¢, the hypersurface inclusion Z,,, 1 — Z,,

defined by r,, satisfies the conditions in Section 3.2.1, so that we may iteratively apply the procedure in Sec-
tion 3.2.2. Let Pic denote the identified Picard groups of each Z,,,. We will also assume that H* (X, Ox (D)) =
0 foreach D € Picand 2 < i < ¢, noting that this condition is empty in the case ¢ = 1.

The induced homomorphism R(X) — R(Z) factors via

R(X) =R(Zy) > R(Z1) = -+ = R(Z.) = R(Z).
Foreachm = 1,..., ¢, theinclusion Z,,_1 — Z,, gives us short exact sequences,
0 — *R(Zm-1)p —> R(Zm)p 2 Npp.p — 0, (11)

for each D € Pic asin (8), where which inclusion meant by ¢ is clear in context. We can work over the direct
sums, and thus denote by IV,,, the direct sum @ j.p;. Nim,p. Denote by €,,, the isomorphism of vector spaces

€m : N = R(Zp) /" R(Z—1)

induced by any right inverse of ¢,,.
Lemma3.6. Foreachl < m < cwehave H(Z,,—1,0z,, (D)) = Oforall D € Picand2 < i < c—(m—1).

Proof. The result is true for m = 1 by assumption. For m > 1 we use induction, utilising the long exact
sequence of cohomology associated to the short exact sequence (7) for the inclusion Z,,,_1 — Z,,. O

Corollary 3.7. Foreachl < m < ¢— 1 and D € Pic, we have a natural isomorphism
Hl(ZTm OZm (D)) = Hl(Zm—h OZm—l (D))/ijp* ’ Hl(Zm—lv OZm,—l (D - Em))

Proof. This follows once more via induction in m along the long exact sequences of cohomology, using that
H?*(Zy—1,0z, (D)) = 0foreach D € Picand 1 < m < ¢ — 2 from Lemma 3.6. O
Definition 3.8. Foreachm =1,..., ¢, define
Tm=| P H' (X,0x(D-E)) |® @ | P H'(X,0x(D— Ep))
DePic DePic

and

T'= P H'(X,0x(D)).
DePic
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Note that 7,,, = P!",_, T'(—E,,). Denote by B,,, the map

m/=1

By, T, — T
(fla"'7fm) = rl’*fl—i--'-—f—?“m’*fm’

and let n,,, be the subspace of of T},, generated by all elements of the form
0,...,0,7p%q,0,...,0, =1y 4q,0,...,0), 1< m’ <m' <m,
noting that ,, < ker B,,.
Foreachm =1, ..., ¢, there are natural maps

Typnoa — T

(fi,o s fm=1) —  (fi,- -5 fm—=1,0),

where Ty = 0 by convention. These induce maps
Ym + (ker Byn—1)/Mm—1 — (ker By) /1m.
Iterating the result of Corollary 3.7, we see that
N = ker (rps : T'(—Ep) = T7) J(imry s + -+ + Im 71 4).

The natural map T,,, — T'(—E,,) given by projection the the final component thus induces a well defined
map
Bm : (ker Bp)/Mm — N,

The following Proposition is key.

Proposition 3.9. Foreachm = 0,1,... ¢, there is an isomorphism

am : (ker Bp)/Nm — R(Zp) /" R(X),

such that the following diagram commutes foreachm =1, ... c.

SOm—1
(ker B 1)/Mm—1 — (ker B 1)/mm—1 —2— (ker Bu)/nm ——"— @y N ———— 0

R(Zon-1)/t*R(X) 2% R(Zyn-1)/t* R(X) 2 R(Zn)/FR(X) —% R(Zn)/1*R(Zm-1) — O

Proof. We first define the maps a,,. The map «y is the zero isomorphism between zero vector spaces. Now
letl <m <candf = (f1,...,fm) € ker By,. Choose for each 1 < m’ < m a representative 1-cocycle

(Sm’7ij) € HOX(D — Em/)(UZ M Uj)

1<j
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of frw € HY(X,0x(D — E,)). That
riafi o T fn = 0€ H'Y(X, Ox(D))
is the statement that the 1-cocycle

(7’18171‘]‘ + -+ Tmsmﬂ‘j) € HOX(D)(Uz N Uj)
1<j
is cohomologically trivial, thus the image of a 0-cocycle (v;) € [ [, Ox (D)(U;) in the associated Cech com-
plex. By construction, (v;) restricts to a Z,,-compatible 0-cochain on Z,,_1, defining, via Lemma 3.4(i), a
section v € R(Z,,) with d,,v = fp, € N,,. Since the choice of (v;) is unique up to an element of R(X), we
have a well-defined map @,, : ker B, — R(Zy,)/*R(X). If f € ny, then the (s, ;;) may be chosen so
that (r1s1,i + - -+ + rmsm,j) = 0asacochain, thus n,, c ker @,, and we obtain the induced map a,.

By construction, the diagrams (12) commute. The bottom row in each diagram is exact via the long exact
sequence of cohomology associated with the inclusion Z,,,_1 < Z,,. If we can show that the top rows are
exact, we can conclude that each a,, is an isomorphism using the five lemma with induction.

To show that 3, is surjective, let f,,, € N,,, which is an element of the kernel of

Tt T (—Ep)/(im 7y s +imrm_14) = T7/(imry s + imrp,_1 ).

This implies the existence of (f1,..., fm—1) € Tm_1 such that B, (f1,..., fm) = 0. Then (f1,..., fm) €
(ker By,)/Mm maps to fp, under Sy,.

It is immediate that im v,,, < ker 3,,. Suppose for the converse that f = (fi,..., fm) € ker 5, then
Bf = fm € (imry .+ -+ imr,_14), and thus we can find f’ € n,, such that f — f” has final component
equal 0. Then f — f/, which is equal f in (ker B,,)/nm, is in the image of ~,,,.

Lastly, we check kerv,,, = im(rp« @ -+ @ 7). Suppose f = (fi1,..., fm—1) € ker~, so that
(fis---y fm—1,0) € n,. Replacing f with a suitable representative modulo 7,,_1, we conclude that

(fiseooy fme1) €IM(T x B - - D T xe)-
Conversely, suppose f = (f1,..., fm—1) € (ker By—1)/Mm—1. Consider
Ym (7“7(7-9;2_1) f = (Tm,*fb cee 77“m,*fm717 0) = (07 cee 701 _Tl,*fl — = rmfl,*fmfl) = 07

where the middle equality is modulo 7,,, and the last follows from f € ker B,,,_1. We are done. O

We are now able to give the 4-step procedure to compute Cox rings in our higher codimension setting,
which we will apply to prove Theorem 2.3.

1. Give an explicit description of the first sheaf cohomology of X and define the vectors spaces T;,,, T”,
Nm and maps B, as in Definition 3.8.

2. Describe the space K = (ker B.)/n.

3. Choosealifta: K — R(Zy,) of e : K = R(Z)/t*R(X), the latter obtained as in Proposition 3.9.
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4. Study the ring structure of R(Z) = *R(X) @ K to reconstruct the whole structure of R(Z2).

Remark 3.10. Our 4-step procedure generalises the one given at the end of Section 3.2.2; if ¢ = 1, then we
notice that ker B; = N; and the maps (51 and 7; are the identity maps. Then « is just a left inverse of §;.

3.4 The method on a complete intersection - case 2

Suppose once more that . : Z — X is a smooth codimension ¢ > 1 intersection of irreducible and normal
hypersurfaces V1, ..., V. € X, defined respectively by equations r,,, € R(X)g,,, where E,,, = [V},,]. Once
more denote by Z,,, the intermediary intersections

m
Zn = () Zuw
m/=1
and set Z; = X. Suppose that foreach m = 1,..., ¢, the hypersurface inclusion Z,,,_1 — Z,, defined by

r., Satisfies the conditions in Section 3.2.1, so that we may iteratively apply the procedure in Section 3.2.2.
Let Pic denote the identified Picard groups of each Z,,,. This time we assume that H*(X, Ox (D)) = 0 for
each D € Picand1 < i < ¢ — 1, noting that this condition is empty in the case ¢ = 1. The vanishing
cohomology condition is one degree lower than in Section 3.3.

Once more the homomorphism R(X) — R(Z) factors through each R(Z,,) and we have short exact
sequences as in (11) and we use the same notation for N,, and §,,. The following are the analogues of
Lemma 3.6 and Corollary 3.7.

Lemma3.11. Foreachl < m < cwehave H (Z,,_1,0z, (D)) = 0forall D € Picand1 <i < c—m.

Proof. Exactlyasinthe proofof Lemma 3.6, we useinductioninm alongthe longexact sequences associated
to theinclusions Z,,,_1 — Z,,. O

Definition 3.12. Foreachm = 1,...¢, let F},, € Picdenote thesum >, _, E,, and define

T, = @ HYX,0x(D —Fp)).
DePic

Define also

DePic DePic

T, = ( @D Hl(X,OX(D—Fm+E1))> DD ( &, Hl(XaOX(D_Fm+Em))>7

noting that 7, = @, _; Trn(Ey,). Denote by B,,, the map

B, : T, — T,
o= (riefi, o rmsfm)-

Proposition 3.13. Foreachm =1,...,¢c— 1the map

d10 00y H""™(Zy,0Ox (D)) — ker By,
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is an isomorphism. We also have an isomorphism
810 00,.1068:R(Z)/1*R(X) — ker B,

which we denote by .

Proof. We use induction in m, beginning from m = 0, where we have By equal the zero map by convention.
Suppose 1 < m < c¢ — 1 and that we have established the result for m — 1. By Lemma 3.11 we have
isomorphisms

Sm t H ™ (Zm, Ox (D)) = ker (rmy : H ™ (Zyy21,0x(D — Ep)) — H (2,21, 0x(D))) .

Thus §; o - -+ 0, is an isomorphism onto its image, which is shown to be ker B,,,_1 by induction.

Now let s = (siy..i,_,,) be an element of H"™(Z,,, Ox(D)). Then dpps = s = (sj, ;. . )isan

element of ker 7,4, so that r,.8" = (1) is cohomologically trivial. By induction, this is if and

10~~-ic7m+1)
onlyif 1 o - -+ 8,,,_17ms5s’ is equal zero. By Lemma 3.5, §,,,, commutes with r,,., so we have

7,’m*(gl O--- 5m5 = rm*(sl 0:--0 5m—15/ = 51 0:--0 5m—1rm*5/ = 07

S0 01 0---00,,5 € ker B,.
If m = ¢, then §; is not an isomorphism, for it vanishes on *R(X). Factoring this out, we can extend
the above proof by induction to m = ¢ and we are done. O

We once more obtain a 4-step procedure to compute the Cox ring R(Z).

1. Give an explicit description of the sheaf cohomology groups H¢(X, Ox (D)) on X and define the vec-
tor spaces T,,, T, and maps B,, as in Definition 3.12.

2. Describe the space K = ker B..
3. Chooseallift a : K — R(Z) of the isomorphism §~—1, as obtained in Proposition 3.13.

4. Study the ring structure of R(Z) =~ *R(X) @ K to reconstruct the whole structure of R(Z2).

3.5 Comments

Remark 3.14. InSection3.2.1, we made the assumption that theinclusion Z — X inducesanisomorphism
of Picard groups. Weakening to an injection of Picard groups, we can still apply the cohomological method.
In this case we compute only sections of the Veronese subring

P R(Z)p=R(2).

De* Pic X
One may still recover information from such a Veronese subring. We will use this in Chapter 8.

Remark 3.15. The cohomology vanishing conditions on X in Sections 3.3 and 3.4 are strict, but do include
products of projective spaces and, for example, Grassmannian varities. These conditions are only necessary
to find all new sections on R(Z) with our method. Dropping the vanishing cohomology conditions in either
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case, we may still define the spaces and kernels in Definitions 3.8 and 3.12. The lifts given by « are no longer
isomorphisms, but injections. The method may then be useful in more general settings, such as complete
intersections in more general trivial P°-bundles.
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4 On Coxrings of nef complete intersections in P! x P”

In this Chapter we apply the programme developed in Section 3.3 to non-singular codimension ¢ > 1 com-
plete intersections Z in X = P! x P", wheren > ¢ 4+ 2. We will prove Main Theorem 2.3.

For ¢ = 1, which is the hypersurface case, this has first been published in [29], Szendrdi and Ito as col-
laborators, following on from work of Ottem.

As stated in the Structure and Originality Section of the introduction, | have generalised the result on
hypersurfaces to complete intersections, so to general ¢ > 1. These results are to appear in a second paper
of my own, which is still in preparation.

4.1 Finding sections

4.1.1 Basics

We recall the set-up as at the beginning of Section 2.1. Fixc > 1,7 > ¢ + 2and let X = P! x P", with ho-
mogeneous coordinates g, 21 and o, . . . , ¥, on the respective factors. Then Pic X =~ Z?2, with generators
corresponding the the pullback of hyperplane sections on each factor in X. The Coxring is

R(X) = (C[x(]?xhy(]v cee 7yn]

with its usual Z2-grading and it contains R = R(P") = C[yo, . . .,yn] as a graded subring, making R(X) a
graded R-module.
We recall the Definitions of some subvarieties of X from Section 2.1.

Definition 4.1. Fixd > O0ande > 1. Let V be anirreducible and normal hypersurface
V= {goxg + glq:gflxl + ...+ gd:z:‘li = 0} c P! x P" (13)

defined by a set of homogeneous degree e elements gy, . .., g4 € R.

(i) Anindex sequence of length 7, where 0 < 7 < d, is a sequence of indices 0 = iy < --- < iy = d. By
convention, 7 = O ifand only if d = 0. We say V' admits the index sequence {ig, ..., i.} of length 7 if
g; # Oifand onlyifi € {ig, ..., i }; we call the set of indices {iy, ..., i,} the index sequence of V.

(i) We call V' regular with index sequence {io, . ..,i.}, if it is non-singular, admits the index sequence
{io,...,i;}, and the homogeneous polynomials g;,, . . ., g;, form aregular sequence in the R.

Definition 4.2. Forgivenc > landn > ¢ + 2, the variety Z < X = P! x P" will be said to have form ()

with respect to hypersurfaces Vi, ..., V. if Z = ) _; Vin, and the following conditions are met.
(i) Foreachm =1,...,c,the hypersurface V,, c X isirreducible and normal, defined by an equation
dm—

dm
= 9m 0-730 + gm, 1% xl + .ot Gmar",

with d,, > 0, e, > 1, and V;,, admits an index sequence {i,, 0, ..., %m,, } of length 7, with 0 <
m < d,, as in Definition 4.1.
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(i) Thesequencery,...,r.isregularin R(X) and the intermediary complete intersections

arenon-singularform =1,... ¢

(iii) The sequence

91,05+ -5 91,dys v »9c,05++ -y de,de

isregularin R. In particular, we have the numerical condition

ct Y dm<n+l (14)

By the Kiinneth formula, we have H* (X, Ox (D)) = 0forall2 < i < cand D € Pic X. We assume that
condition (ii) of Definition 4.2 holds, then the conditions presumed in the method of Section 3.3 are met
- the isomorphisms of Picard groups implied by the Lefschetz hyperplane theorem. For an ordered open
cover Wof X, letU = {Uy, U1}, where U; = {z; # 0} fori = 0, 1 be the standard open cover of P! and let
V = {W,...,Va}, where V; = {y; # 0} is the standard open cover of P". Then let W = {Wj;}; ; be the
open cover of X given by W;; = U; x V; for each i, j, with lexicographic ordering. If ij < ki, then denote
Wij o Wi by Wij .

4.1.2 Describing the maps on first cohomology

We begin with Step (1) of our procedure laid out at the end of Section 3.3. Since we assume throughout that
Z < X is a subvariety satisfying condition (ii) of Definition 4.2, the inclusion induces an isomorphism of
Picard groups Pic X =~ Pic Z and we denote their common identification by Pic =~ Z?2.

Lemma4.3. (i) There are natural Z2-graded vector space isomorphisms

@ H'(X,0x(a,b)) =
(a,b)eZ?

Rlzg, 27" = Slag ', 217 '/L, (15)
Tox1

where L is the vector subspace of S|z L xl‘l] generated by all terms in which xq or x1 appear with
non-negative exponent.

(i) Foreachm =1,...,c the map

Pmet @ HYX,0x(a—dm,b—en)) — @ H'(X,0x(a,b))
(a,b)ePic DePic

can be identified with the map

Pt Sleg L e l/L —  S[zgt,27t]/L
f — Tm f mod L

that multiplies an element f € S[zy ', 27 ')/L = —L-R[xy*,z "] by ryn, and ignores those terms in

rox1
which xg or x1 occur with non-negative exponent.
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Proof. This first isomorphism in (15) is clear from the Kiinneth formula. This identifies an element f €

molml Rz ?, xfl](a,b) with class of the 1-cocycle (s;; 1) representing an element of H' (X, Ox (a, b)), where
sijr = fifi # kand s;;5; = 0ifi = k. The second isomorphism in (15) is immediate. The description in

(ii) is also clear from the explicit cocycle description. O

Note that the isomorphisms (15) are also isomorphisms of graded R-modules, which we will use.

Definition 4.4. Foreachm = 1,..., ¢, we define the spaces
m m
Tm,(a,b) = @ HI(X, OX(CL — dm/, b— em/)), Tm = @ Tm,(a,b)
m/=1 (a,b)ePic
and the space
T'= P H'Y(X,0x(a,b)).
(a,b)ePic
Let n,,, < T}, be the subspace generated by elements of the form
(0,...,0, 74,0, ..., 0, =Ty 4q,0,...,0), 1<m" <m'<m,

and define B,, : T;,, — T’ to be the map
B, : T, — T
(fla"'vfm) = Tl,*fl+"'+rm,*fma

with By, (,4) denoting this map restricted to T}, (, ) for each (a, b) € Pic. We denote by K, ;) the kernel of
B (—ap) Set Ko = @iy K(ap) and K = ker B, = D,;, Ka, noting the sign switching convention on a in
the grading.

With this we have completed Step (1) of the programme.

4.1.3 Describing the kernel of B,

We move onto Step (2). Since H'(X, Ox(a, b)) is only non-zero for a < 0, we will use the index —a rather
than a. For fixed a > 0, there are R-module isomorphisms

1
Rafl -~ R -1 -1 3
D rom [z, 27 ]( a,b)
a—1 fk (16)
(flw")f(l—l) g f: a— .
;1 Zo kmlf

We will use the following Lemma often.

Lemma4.5. Letd > 0,e > landr = goxd + - - - + gax{ € R(X)(4,)- The map

r@ @ HY X, 0x(—a—d,b—e)) — P H'(X,0x(—a,b))
beZ beZ
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is given by the (a — 1) x (a + d — 1) matrix

G G G2 - gg 0 0 - 00 0
0 g 91 -+ gi-1 ga 0 ------ 0 0 0

Aoy = : g : RPN . :

0 0 - 0 0 0 «vov-e 0 go g1 -+ gga O

0 0 -+ 0 0 0 +vovns 0 0 go Qa1 Ga

under the identifications of Lemma 4.3 and (16).
Proof. This follows from the description of r,(k“) given by Lemma 4.3(ii). O
Proposition 4.6. For (—a,b) € Pic, the space K, can only be non-zero if —a < max,, d,, — 2.

(i) For—1 < —a < max,, d,, — 2, we have a graded isomorphism
K, ~ R4~ 1e ] x .. x R*e1e, ],

where by convention R* = 0 ifa’ < 0 and [¢'] denotes a shift in grading.

(i) For —a < —1, we have a graded isomorphism

@ K(—a,b) ~ ker Aa,
beZ

where A, is the R-module homomorphism
Aa . Ra+d1—1[61] N, Ra+dc—1[ec] N Ra—l

given by the matrix of the same name A, = (Aary |-+ |Aar.)-

Proof. We note that R**41~1[e;] x --- x R*"d~1[¢.] corresponds to P, T.. (_qp) in (15) and that by
Lemma 4.5, the matrix A, is the matrix given by the map ®,c;, Bc, (—a.b)- O

4.1.4 Lifting elements of K to the Coxring

In Step (3) we choose amap « : K — R(Z) inducing an isomorphism o, : K — R(Z)//*R(X) fitting into
the setting of Proposition 3.9.

Suppose that f = (f1;...; fc) € K, homogeneous of degree (—a, b) € Pic. By (16), we may identify f,,
with an element

(fintse s fnardp—1) € RTFO7

foreachl < m < c¢,sothat (fi;...; f.) € ker A,. Each (fi 1, ..., fm,a+d,,—1) isin turn identified with

a+dm—1 f
m,k 1 -1 -1
Um = 2 a+dm—k, .k € 0T R[.’L’O 7$1 ]
k=1 Yo ‘g 041

The element B.f is then identified via Lemma 4.3 with w = rju; + - -+ + rcue. Since f € ker Be, this is
cohomologically trivial on X, thus each term contains at least one of xy or z; with non-negative exponent.
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Write
u=u® +u® 4y

where each term of u(?), respectively u(1), has x¢, respectively z:; occuring with negative exponent, and u(?)
consists of the remaining terms of u. Note that

u® € Ox(—a,b)(W;;)forall jandi =0, 1,
U(2) € S(—a,b)'

The 0-cochain (v;;) on X given by

u(® + %u(z) ifi =0, a7
Uij = 17
—u) — %u@) ifi =1,

restricts to a section v € R(Z). Thisinducesamap a : K — R(Z). In summary we obtain the following.

Proposition 4.7. Letn = n.. Themap & : K — R(Z) defined above induces the isomorphism
ac: K/n— R(Z)/I*R(X)

as in Proposition 3.9. Furthermore, « is a map of R-modules and isomorphic over degrees (—a, b) € Pic with
—a < —1.

Proof. The construction above is compared with the proof of Proposition 3.9. The final statement follows
since R(X)(_qp) = 0if —a < —1. O
4.2 Theringstructure of R(7)

4.2,1 The Coxringin higher degrees

In this Section, we evaluate « in degrees (—1,b), where b € Z, which will produce sections in R(Z) that,
along with those sections restricted from X, generate the Cox ring R(Z) in degrees (—a,b) € Pic with
—a = 1.

Proposition 4.8. Let Z — X be a subvariety satisfying condition (ii) in Definition 4.2.

(i) Foreachl < m < cand1 < k < d,,, there are sections z, ), € R(Z), with deg 2, 1, = (—1,em)
satisfying the equations

T1Zmk+1 T Gmk — T0Zmk =0, 1 <m <c,0<k <dp, (18)

where variables of undefined index are set equal zero.

(i) The subalgebra R(Z).,, , of R(Z) generated by the x;,y;, zm  for the relevant i, j,m, k, contains
R(Z)(—ap) forall —a > —-1,be Z

Proof. By Proposition 4.6 we have
K; =~ RU[ey] x -+ x R%[e,] (19)
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Forl < m < ¢, 1 <k < dp, let hy, ; be the k' standard basis vector of R%[e,,] in (19). This is identi-

fied with xdm_iﬂx,ﬂ € wolml Rlzgt, x7']. Setting 2, 1 = ahy i gives us R-linearly independent sections in
0 1

Pz R(Z)(-1,)- By the definition of o, each section z,, ;. is given by the following 0-cochain (2, 1 i;) on X.

l—k

X or .
Zl—kzo gm,lixl—lkﬁ—l ifi =0,
0
Zmkij = P (20)
— 2 k<0 Iml = =T~ ifi =1.
1

Since for any choice of i, j, m, k we have £12p, k41,ij + 9mk — T0Zm ki = 0, we conclude that
T1Zmk+1 + Gmk — T0Zmk = 0

foreachl < m < ¢,0 < k < d,,,, where undefined variables are set to be zero. This concludes part (i).

For part (ii), note that part (i) shows that @, R(Z) (1) © R(Z).,, .- It suffices to show that a K, =
R(Z).,, , foreach (—a,b) € Pic with —a > 0. By Proposition 4.6(ii), an Z-module basis of K, is given by all
h_gmirwithl <m <0< —-a<d,—2,0<k<a+d,—1,whereh_g,,,isthe kth standard basis vector
of Re+dm=1[e, ], which is a direct summand of K,. This is identified with xg+d"l‘_kx’f e L Rlxyt 211

ToT1

Settingv_q m k. = ah_q m i, We find for example the equations

1
l1—a —a—l+k, -k
V—a,m,k = Zm,kLq -3 Z Im 1T HATE
0<l—k<—a

Eachv_g 1 isin R(Z).,, , and we are done. O

Remark4.9. Part (i) of Proposition 4.8 can be proven just applying the method of Section 3.3 in codimension
one. The section z,, ;. is the restriction of a section given by the inclusion V,,, — X. Similarly, each v_g ,,, 1
in the proof of Proposition 4.8 are restrictions of sections on V,,,.

Corollary 4.10. Let
S =C[X0,X1,Y0, - s Yo, Z11s ooy Z1dyyeve e - - s Lndon |

be the Pic-graded C-algebra with generators having degrees deg X; = (1,0), deg; = (0,1), deg Z,,, ), =
(—1,em). Let I <1 S’ be the ideal generated by the equations

X1Zm,k+1 + gm,k(ij) - XOZm,k;a 1 < m < CaO < k < dm7
with variables of undefined index set to zero. The algebra homomorphism
¢: 58 —>R(2Z)

defined by X; — x4, Y; — yj, Zm i, — 2m.k has kernel containing I, inducing isomorphisms (S’/I)(a’b) ~
R(Z)(ap) whenevera > —1.

Proof. By Proposition 4.8, the ideal I is contained in N = ker ¢. To prove the corollary, it suffices to show
that (N /1) (44 = 0fora > —1. Firstly, let r},, = 7,,(X;,Y}), which maps via ¢ onto the defining equation
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rm Of Vi, sothatr] € N. Since

Ty =X (X1 Zim + gmo(Y))) + X0 ' X1 (X1 Zmp + gma1 (Y)) = X0Zma) +
e X XN (X Zo a1+ Gmd1 (Y3) = X0Zma) + X (g4, (Y5) — X0Zm.d,,)

we haver), € I. Let f = f(X;,Y}, Zy k) € N be homogeneous of degree (a,b), with a > —1. We prove
that the image f of f in N /I is zero by considering cases in a. Note that any term in f is a monomial in the
Y; multiplied by a monomial M = X{)\(’X{\lZ{fll’l - Zy e such that Ao + AL — g — -+ — fmd,, = G-

If a > max,, d,, — 2, the generating equations of I allow us to rewrite such an M purely as a polynomial
in the X; and Y; modulo I. Without changing the class f, we replace f with a polynomial f(X;,Y;) inde-
pendent of the Z,, i.. Since R(Z) 4 ) = R[x0,21]/{71,...,7c) by Proposition 4.6, that f € N implies that
f(ziyy;) € {r1,...,re), thus f € Tand f = 0.

If -1 < a < d. — 2, the procedure is similar. The generating equations of I allow us to rewrite M as a
C[Yj]-linear combination of XgHZM, .. ,Xg“Zmdm,a,l, with monomials containing undefined index
ignored, plus a polynomial independent of the Z,,, ;. modulo I. We can thus replace f, without changing f,
with a polynomial of the form

F(Xi Y5, Zonge) = FIY)DXGH 200 + -+ fama 1 (V) XGT Zin a1+ D(X3, V7).
Following the proof of Proposition 4.8, we have

¢(f) = fl,l(yj)va,l,l + o+ fm,dm—a—l(yj)va,m,dm—a—l =+ Q(:Eh yj)

for some g € R[zo, 71](ap) = t*R(X)(ap)- BUt q,va,1,1; - - Vam,dyn—a—1 are R-linearly independent, and
so¢(f) = Oimplies fi1 = = fimd,—a—1 = 0,andinturng = p = 0. Then f = 0 as required. O

Remark 4.11. Proposition 4.6 implies that any Cox ring generators except the z;, y;, 2, 1, exist only in de-
grees (—a, b) with —a < —2. Corollary 4.10 implies that any relations as yet unfound between generators
also occurin degrees (—a, b) with —a < —2.

4.2.2 Multiplying sections

As explained in Remark 4.11, we only need to explore R(Z) in degrees (—a, b) with —a < —1. By Proposi-
tion 4.6(ii), this can be reduced to computing the kernels of the maps A, fora > 1. The map A; is the zero
map, and the corresponding sections are understood in Proposition 4.8(i). To find elements of ker A, for
a > 2 we use the map a, which is an isomorphism in these degrees, to interpret the maps correspond-
ing to multiplication by the x; and the z,, .. More precisely, let @ > 1 and consider the isomorphism
a: Ko/n= @Dz R(Z)(—a,p)- We get maps

T; = a_l('xi)a : Ka+1/77 - Ka/777 2m,k = a_l('zm,k)a : Ka/n - Ka+1/77

Before describing these maps explicitly, we give an explicit description of a on K, /n fora > 1.

Lemma 4.12. Suppose that

f=0s50) = flardi—15 - - s fmds o fmsatdm—1) € Ka/n.

33



Then a.f is given by the O-cocycle (v;;) on Z defined by

dy—1
fl,lgl,dl% + A+ (g o+ fl,dlgl,dl)%
0
T ifi =0,
de—1

fc,lgc,dcxfiﬁ +-+ (fc,lgc,l + -+ fc,dcgc,dc)%
0

Vij = A (21)
1 et
—(frag10 + -+ fravai191a-1) 5z =~ fratdi—1910 ata=T
1
. ifi =1.
1 afe !
_(fc,agc,O + -+ fC,a*i’dc*lgC,dc*l)E - fc,a+dcflgc,0W

Proof. This follows immediately from the definition of o, remembering that

fragi0+ -+ frisdi 910+ + feiGeo + -+ feivd.91,d. = 0

foreachl=1,...,a — 1since f € K,. O

Proposition 4.13. Leta > 1. The operators o, x1 : Kq+1/n — K,/ are defined as follows. Suppose that

w= (i () € Ko,
then
fou = (RO e ) 0 v = (0 i)

That is, Zq, respectively 1, is truncation of each tuple in each of the ¢ components of u by one entry on the
right, respectively left.

Proof. Using Proposition 4.12, we see that zoau and azgu agree as rational sections on Wy; n Z, and thus
must be the same section. Similarly x10u and az1u agree on each W7 ;. One may also use Lemma3.5. [J

Proposition 4.14. Leta > 1,1 < m < ¢, 1 < k < d,,. The operator Z,, j, : Ko/n — Kq11/n is defined as
follows. Suppose that

w= (A it ™) € K.

Then Z,, ju is given by

dm \ €
((f;n’,l)?:l )m’:l’
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where

fm/,lgm,k+"'+fm',l+dmfk'gm,dm if 1 gmlgcv 1 <lga"i_d’m’ _dm+k_17
—f10-k91,0 = - — flatd1—191,dy +athk—1—1 — "
!
fmr = —fmi—kGmo — - — fmi-1gmk—1 — - if m'=m, a+k<Il<a+dn,
—fei—kGe,0 = — fe,atde—19c,de+atk—1—1
fm’,lgm,k + -+ fm’,dm+l—k—lgm,dm71 if ml # m, a+ dm’ - dm + k < l <a+ dm’~

Proof. We fix m and use reverse induction in k. If & = d,,, then we notice that

oo (5m,dmu) = (foim,dmu) = a(gqu) = gaau = Z0Zm,d,, OU,

where we have used Proposition 4.13 and the equation g, 4,, —Z02m,4,, = 0inR(Z) from Proposition 4.8(i).
Since the Cox ring is an integral domain, multiplication by x is injective and the result is true for k = d,,.
Suppose now that 1 < k < d,,. One checks from the definition of z,, ; that for any v’ € K, we have

ioénhk(u@ =:gn%ku’+—£12nhk+1(uﬂ.

As such we have

200 (Zm k) = A(ToZmpt) = A((Gmk + T12mk+1)0) = (Gmk + T12m k1) QU = T0Zm (OU,

where the last two equalities invoke the induction hypothesis and the equations in Proposition 4.8 respec-
tively. Once more, as g is not a zero divisor, we establish the result for k. O

Remark 4.15. Suppose we have a new generator of the Cox ringt € R(Z) of degree (—a,b) € Pic, with
—a < —2. Then tis identified with an element

(Aot i)

Using Proposition 4.13 we obtain equations

a—j j—1
zy “xy t=figzgt e+ frasigd oo + fejzer + 0+ fedetiZed.

foreach 1 < j < a. It follows that multiplication by any section can be understood via multiplication by the
sections zy,, , and the R-module structure on R(Z2).

4.2.3 Proof of Main Theorem 2.3

We are now able to prove Main Theorem 2.3. The following Theorem is part (i).

Theorem 4.16. Fixc > landn > c + 2. Let X = P! x P" and suppose Z = X has form (x) with
respect to irreducible hypersurfaces V1, ... V., with all notation as in Definition 4.2. Then there are sections

Wi,k € R(Z)(; wem) foreachl <m < cand0 < k < 7, satisfying the equations

m,kfl_im

Z.'m,k+1_im,,k 7;'m.,k_'L"m,k—l
z Wi k+1 F Gipyp — Lo Win ks (22)
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where variables of undefined index are set to zero. Furthermore, these sections, along with the sections x, x1,
Yo, - - - , Yn restricted from X, generate the Cox ring R(Z). The ideal of relations among these generators is
generated by the equations (22). More precisely, let

U =C[Xo, X1,Y0, ..., Yo, Wity oo, Wigys oo Wer]

be the free Z-graded algebra with deg X; = (1,0), deg Y; = (0,1)and deg W, 1 = (4 k—1 — ks €m) fOr
relevant i, j, m, k, and J <1 U the homogeneous ideal generated by the equations

T k+1—%m.k Tk —bm k—
le,k+l m,ka7k+1 _|_gzm,k(}/"7) _Xom,k m,k IWme 1 < m < C,O < k' < Tm-

Then there is a surjective map ¢ : U — R(Z), inducing an isomorphism R(Z) = U/J. In particular, Z is a
Mori Dream Space.

Proof. The sections
dm_im,k dm_im,k
_ gm7im,kx0 + e + gmyim,lm$1

dmfim,kfl
Lo

(23)
mvi'm,kfl . ichfl
_ Ymyim,0%0 tot Omig 1 T
Z‘m,l»c

1

€ R(Z)(im,k—l_im,kaem)’
defined foreach1 < m < cand 1 < k < 7,,,, are defined globally on Z and satisfy the equations (22). One
checks that

ailwm,k = ((fl,l);l;ﬁ T §(fm,l);1;nl> € (ker Aim,k—im,k—1)/77a

where fy; = 1if (m/,1) = (m, i) and all other f,,/; are equal zero. We have a well-defined map © :
U — R(Z) sending X;,Y;, Wy, i, to the sections x;, y;, wy, , respectively.
The sections z,, j» € R(Z) found in Proposition 4.8(i) are in the image of 4); namely, foreach1 < m < ¢,

1<k<typandeachl < j <ipk — imi—1,0ne computes that
. —1 i'm,kfinL,kfl*j
Zipopr+i = U (Zip o y4g) With Z 1 = X377 X, W k- (24)

Soim ) contains R(Z)(_q ) forall —a < —1 by Proposition 4.8(ii). Furthermore, the equations (18) become
exactly the equations (22) and any degree (a, b) monomial of U with a > —1 can be rewritten as a monomial
inthe X;, Y}, Z,, i». Thus, by Corollary 4.10, we only need to consider R(Z) in degrees (—a, b) with —a <
—2. Since we can apply the method developed in Section 1, surjectivity of 1) in degrees (—a, b) with —a < —1
isimplied by Proposition 4.6(ii) and Theorem 5.17, proven algebraically in Chapter 5. It remains to show that
Y isinjective.

Since 1 is surjective, Z is a Mori Dream Space, and thus dimR(Z) = dimZ + p(Z) = n — ¢ + 3 by
[21, Proposition 2.9]. If we can show that R = U/J is normal and integral of dimension n — ¢ + 3 then we
are done. To conclude the proof of the theorem, it therefore suffices to show that the algebra R = U/J is
normal and integral of dimension n — ¢ + 3. The following argument generalises a method of Ito in [29].
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Localising R at X, foreachm = 1, ..., c we have the equations

im,2_im,1
W, — Gmyy (Y}) W, o Xl Wm,Q + Gim,1 (1/])
mk = ik~ tm,k—1 " m,1 = 'im,lfim,o
Xkt X,

in Rx,, implying the surjectivity of

C[X0>X1a Yo, ... 7Yn]X0 - RXO-

Substituting the above equations into Xf?;”blfim’OWm,l + i, ,(Yj) = 0in Rx, we obtain <= =0 and
’ ’ 0

thus

RX(] = ((C[XOa le }/05 e ,Yn]/<7’]_ (XZ7 }/])a e 7TC(Xi) }/J)>)XO . (25)
Similarly one obtains

RXl = ((C[Xo, Xl, YQ, . ,Yn]/<’l“1(Xi, Yv]), . ,T‘C(Xi, }/J)>)X1 . (26)
On the other hand, we see

R/{ X0, X1) =C[Yo, ..., Yn, Wi,...... sWer /K910 (Y5)s oo s Gere(Y5))- (27)

Let T3 = Spec(R/{Xo, X1)) and Ty = Spec(R/{Yy,...,Yn)). Since r1,...,r. form a regular sequence in
R(X),therings R x,, Rx, areintegral domains of dimension n—c+3 by (25), (26) respectively. Additionally,
since

forms aregular sequencein R, we have dim 7} = n — ¢+ 1 by (27). One sees that dim(75 n Spec Rx,) = 2
via
Ty n Spec Rx, = Spec(C[Xo, X1,Y0, ..., Yalx,/{rm(Xi,Y}), Yo, ..., Ys)) = Spec C[Xo, X1]x,-
In the same way, dim(75 n Spec Rx, ) = 2. Since
Ty = (T1 n Ts) U (Spec Rx, N T2) U (Spec Rx, N Ty),
we conclude that dim 75 < max{dim 71,2} = n — ¢ + 1. We may now consider the morphism
Spec R\(Th v Ts) — Z,

which is a (C*)2-bundle. This implies that Spec R\(T} U T3) is smooth and irreducible with dimension
n—c+ 3.

ButJ < Uisgenerated by > _, 7, + c elements, and thus each irreducible component of Spec R has
dimension at least n — ¢ + 3. Since dim(7} U T3) = n — ¢ + 1, it cannot be its own irreducible component,
and thus Spec R is irreducible of dimension n — ¢ + 3. It follows that .J is a complete intersection ideal and
that Spec R is smooth in codimension one, indeed it is smooth away from 77 U Ts. Since J is a complete
intersection ideal and Spec R smooth in codimension one, it follows that R is normal and integral, and we
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are done. O
We now prove Main Theorem 2.3(ii).

Proposition 4.17. Letc > landn > c + 2. Let X = P! x P" and suppose Z — X satisfies conditions (i), (ii)
in Definition 4.2 and adopt the corresponding notation. Let

U =C[Xo,X1,Y0,..., Y0, Wi, ...... Wer]

be the Z*-graded algebra with deg X; = (1,0), degY; = (0,1) and deg Wy, k. = (im.k—1 — im.k, €m) for the
relevant i, j, m, k, and J <1 U the homogeneous ideal generated by the equations

ket 1 —m A S
X W kit Gi (V) — X T Wk, 1<m <60 < k< T
If there is an isomorphism R(Z) ~ R, where R = U/ J, then the sequence
gl,il,oa s .gl,il,f1 PRI 7gc,ic,17 cee ’gC,’ic,OC

is reqularin Clyo, . .., yn]. In other words, Z is of the form ().

Proof. Again, it is an argument of Ito allowing us to prove this statement in its strongest form. By degree
considerations, the isomorphism R =~ R(Z) sends the C-span of X, X; to the C-span of z¢, z1. By [21,
Proposition 2.7], we conclude Xy, X7 is a regular sequence in R, and thus

dimR/{(Xp, X1) =dimR -2 =dimR(Z) —2=n—c+ 1,

where again the final equality uses Z being a Mori Dream Space. Using (27) as found in the proof of the
previous Theorem, we conclude that

dim C[Yp, . .., Y]/ g1,i6(Yj)s - - - .- oo (YV5)) =1 — > Tm —c+ 1,

implyingthat g1, 5, ... s 9esic., 1S regularin Clyo, . .., yn], as claimed. O

4.3 Geometry of hypersurfaces

In this Section we apply the techniques developed to some geometric examples with ¢ = 1.

4.3.1 The degeneracy locus of the second projection

Consider the projection ps: X — P™ restricted to Z. This is generically a d-to-one cover, but it has a degen-
eracy locus
Y={g=91=-=ga=0} P

over which the fibres are isomorphic to P!, Let

Iy = {90, 91,---94) <R =Clyo, ..., yn]
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be the corresponding ideal. The quotient R/Iy has a finite free R-module resolution of the form
— RS RPE R A R LRIy —0, (28)

where we suppressed degrees, with A = (go, g1, - - -, g4), and B, C matrices of homogeneous elements of
the appropriate sizes and degrees.

Of particular interest to us is the case where Z is regular with index sequence {ig, ..., ;}. Itis easy to
check that there are always such choices with Z = X nonsingular. Then (28) is the sum of the standard
Koszul complex for {g;,, ..., ¢;} and a trivial complex. The locus Y < P" is a complete intersection of
codimension [ + 1, and the inverse image E = p, ' (Y)) c X has codimension / in Z. In the extreme case,
wherel = 1andr = gozd + gq2¢, the variety E is a divisor ruled over Y.

4.3.2 Examples

Example 4.18. Letn = 3,d = 2 and choose three general polynomials go, g1, 92 € Clyo,y1,y2,ys3] of
degree e = 4, forming a regular sequence. Consider the family of varieties ¢: Z — A} defined by

zZ = {9015(2) + tg1xors + 9233% = 0} c P! x P? x A%.

For every t € Al, the hypersurface fibre Z, = P! x P3 of the family ¢: X — A} is a smooth Calabi-Yau

threefold. Let Z; iR Z; 2% P3 be the Stein factorization of the second projection py. The map g : Z; — P?

is a double cover in all cases, ramified over the divisor

Dy = {t?g? — 4gogo = 0} c P?
thatis singular along the degeneracy locus

Y: = {go = tg1 = g2 = 0} c P°.

Fort # 0,Y; — P3is a set of 64 points, and the map f;: Z, — Z, is a small contraction, contracting a set
of 64 rational curves to nodes. Fort = 0 on the other hand, the map Z, — Z; is a divisorial contraction,
contracting a divisor E — Zj to a genus-33 curve C' — Z; isomorphic to Y, — P3. As already observed
by [7], see in particular [11, 3.3.2-3.3.2], for numbers of global sections, the Cox ring detects this change in
birational behaviour.

Theorem 4.19. Fort # 0, the Z?-graded Cox ring R(Z;) of the Calabi-Yau hypersurface Z; — P! x P3 can
be presented as

R(Zy) = k[0, 21, Y0, Y1, Y2, Y3, 21, 22] [{T121 + g0, T122 + g1 — X021, g2 — To22),
with variables of bidegrees (1,0), (0, 1) and (—1,4) respectively. Fort = 0, we have
R(Zo) = Clzo, w1, Yo, Y1, Y2, y3, w]/{xTw + go, g2 — Tqw),

with variables of bidegrees (1,0), (0,1) and (—2,4) respectively. In particular, every member of the family is
a Mori dream space, with a complete intersection Cox ring, but the effective cone and Cox ring jump discontin-
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uously in the family.

Proof. By the assumptions, fort # 0, the hypesurface Z; is regular with full index sequence {0, 1, 2}. On the
other hand, the hypersurface Z is regular, admitting index sequence {0, 2}. Hence the statements follow
from Theorem 4.16. O

Antonio Laface has informed us that the Cox rings in these examples can also be computed using the
method of [19].

Example 4.20. Letn > 3and d,e > 1 with d < n. Choose general polynomials go, ..., 94 € Clyo, .- ., yn]

of degree e, forming a regular sequence. Then by Theorem 2.3 we have

R(Z) = Clzo, 1,Y0, - - - » Yns 21, - - - Zd] /{T121 + Go, X122 + g1 — X021, - -+, §d — T0Zd)-

Let S+ bethe subalgebra of R(Z) generated by o, - . ., Yn, 21, - - - , 24- By Proposition 5.19, proved in Chap-
ter 5, we have an isomorphism

Sy =Clyoy ., Yn,21---,24]/T,

where .J' is the ideal generated by the equations

gk (zr 12k — 21 2ri1) — G (Zra1 2k — 2e2rr41) + G (Zee12 — 2621 41), (29)
for0 < k <k < k" < d.Thering S+, defined by the equations (29), is the homogeneous coordinate ring
of a birational model Z* < ]P’Zk X ]P’Zj of Z; compare [28, Section 2].

We introduce one further, singular, member of this deformation family of varieties with interesting be-
haviour.

Example 4.21. Choose general linear, respectively cubic polynomials ag, a1,a2 € R; and by, b1,b2 € Rs.
Consider the determinantal hypersurface

Z=<21bp by by|=0;p= {goajg + g1xoT] + goxs = 0} c P! x P3|

x% ToT1 x%

with gg = a1bs — agb1, g1 = asby — agba, g2 = apby — a1bg. Then the degeneracy locus is the curve

Y =<rk 4o ar a2 <1pcP?
bg b1 b9
asmooth space curve of genus 21 and degree 13. Itsideal Iy < R has a resolution (28) in Hilbert-Burch form

0—R25 R A4 R R/Iy —0. (30)
t
apg aip az
bp b1 b
along the locus given by the 2 x 2 minors of its defining matrix, which gives the locus

Here, B = ,and A = /\QB = (90,91, 92)". As a determinantal hypersurface, Z is singular

Sing Z = {go =01 =¢2 = a% — apas = Toa1 + r1a9 = Toas + r101 = 0} c P! x ]P’?’,
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asetof26isolated ordinary double pointsall lyingon the ruled surface £ = Z. Blowing up this ruled surface,
a Weil divisor through each of the ODP’s, gives a small resolution 7 — Z,a smooth Calabi-Yau model.

Since Z ¢ X = P! x P3 has isolated nodal singularities, the restriction map Pic(X) — Pic(Z) is still
an isomorphism. However, Z is not Q-Cartier, so the ring R(Z) as defined above only contains sections of
Cartier divisors.

By Proposition 4.6(ii), the columns of B give us elements f; € N_y5) and fo € N(_y 7) that together
generate the R-module @y, N(_ayp). Letu = af) € R(Z)(_25 and w = afz € R(Z)(_a,7) be the lifts of
these module generators to elements of the Cox ring. By Proposition 4.13, these satisfy equations

ToU = @121 + agz2, T1U = ag221 + azza,

row = b1z1 + bozo, xiw = bozy + b32o.
Furthermore, by comparing 6(u), 6(w), §(2%), 6(2122), §(23) we have
z% + bou — aow = 2129 — biu + aqw = z% + bou — agw = 0.
Consider the free Z2-graded k-algebra
T = C[Xo, X1,Y0,...,Yn, Z1, 25, U, W]
with generators in degrees (1,0), (0,1), (—1,4), (—=2,5) and (—2, 7) respectively. Let I <1 T be the ideal
I =(Xa1Z1+ 90(Ys), X1Zy+ i(Yi) — XoZ1,  g2(Yi) — XoZo,
XoU — a1(Yi)Z1 — ag(Yi)Z2, XU — aa(Yi)Z1 — a3(Yi)Z2,
XoW —b1(Yi) Z1 + ba(Yi) Z2,  XaW — ba(Y3) Z1 — b3(Y3) Za,
73 + bo(Y)U — aa(Yo)W,  Z1Z9 — by (Y))U + a1 (Y)W,  Z3 + bo(Y)U — ao(Y;)W).
Then our observations so far prove the existence of an algebra homomorphism
¢:T/T —R(Z),

to the (Cartier) Cox ring R(Z) of Z that induces isomorphisms (7'/1) 4 1) = R(Z) (4,5) Whenevera > —2.

We sketch an argument provided to us by Antonio Laface that proves that for a general determinantal
hypersurface Z, the map ¢ is anisomorphism. By [19, Thm.1], the Coxring R(Z) is the intersection of certain
localizations of quotients of R(P! x P3). This intersection can be computed using the ideas of [19, Cor.2.4],
which gives the result that ¢ is surjective under certain dimension and saturation conditions. The latter can
be checked for general a;, b; using computer algebra.

Example 4.22. Consider the hypersurface
Z = {yoxp + (—Aoyo — My1 — Aayz — Asys)aiwr + yiage + yawor] + ysai = 0} < P! x PP

of bidegree (d,e) = (4, 1) with non-zero scalars \; € C, noting that a general degree (4, 1) hypersurface in
P! x P3 has this form after a coordinate transformation. As the five linear forms are linearly dependent, by
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Theorem 4.17, the Cox ring is not of the form given in (4.16), contrary to the statement [28, Thm.1.1(iv)]. We
investigate the Cox ring of this particular family in this example.

The kernel of A, as defined in Proposition 4.6 contains (Ao, 1, A1, A2, A3), defining a section w € R(Z)
of degree (—2, 1), which satisfies the equations

Tow = Aozl + 22 + A123 + Aozg, x1w = 21 + A2 + Aozg + A324. (31)

These equationsimply that for general choices of A j, the subalgebra R’ of R(Z) generated by x¢, z1, w, 23, 24
contains z1, zo. Note also that the relations

121+ Y0 =0, x123+y1 —x022 =0, @124+ y2—2023 =0, y3—m2o2z4=0

hold in R(Z). Hence the subalgebra R’ contains yo, y1, y2, y3 as well. In fact, we can show that R(Z) = R/,
which is a polynomial ring as follows.

Proposition 4.23. For general constants \; € C, the Z*-graded Cox ring R(Z) of the hypersurface Z <
P! x P3 is isomorphic to the polynomial ring C[xg, z1,w, 23, 24]-

Proof. Letr € HO(Op1,ps(4,1)) = H°(Op1(4)) @ H°(Ops (1)) be the section which defines Z. Then r
induces an exact sequence

0— Op1(—4) 5 HY(Ops(1) @ Op1 — € -0

on P! and we have Z = Ppi(€) = P! x P3. We note that € is locally free of rank 3 since r is general. Let
E >~ Op1(a)®O0p1(b)POp1 (c) witha+b+c = 4. Since £ isa quotient of a trivial bundle, we have a, b, ¢ > 0.
Ifa = 0, thenr must be contained in H(Op1 (4))®@ V' for V! = ker H?(Ops (1)) — H°(Op1(a)) = C, which
contradicts the generality of . Hence a, b,c > 1and € ~ Op1 (1) @ Op1 (1) ® Op1(2).

Since the embedding Z = Ppi(€) = P! x P3 over P! is induced by H%(Ops(1)) ® Op1 — &, the
tautological line bundle Og(1) on Pp1(€) is identified with O (0,1), where Oz(a,b) = Opiyps(a,b)|z.
Since £(—1) ~ Op1 @ Op1 @ Op1(1), the morphism

p:Z =Pp(E(—1)) - P =PH(Oz(-1,1)) = P?
induced by |Oz(—1,1)| is the blow-up along a line [. We note that P is different from the second factor of
P! x P3,
Let

Di=(2:=0), Dj=(2=0), E=(w=0)

be divisors on Z. Since w is a non-zero section of H*(Oz(—2,1)) = H°(£(-2)) ~ C, E is the exceptional
divisor of the blow-up p.

Since z1, 29, 23, 24 are linearly independent over R by Proposition 4.8, so are over C. Hence z1, 23, 23, 24
form a basis of H?(Oz(—1,1)) = HY(£(—1)) ~ C*. By (31), zow, 71w, 23, 24 also form a basis of

H(Oz(-1,1)) = H(P,O(1)).
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We regard P = IP3 as a toric variety by this basis. Let H; = (z;w = 0) < P be the torus invariant planes for
i = 0,1. Since u*H; = D; + E, thelinel = p(F)is Hy n Hy, which is torus invariant. Hence p is a toric
morphism and Z is a toric variety as well. Then torus invariant prime divisors of Z are Dy, D1, E, D, D).
Since the Cox ring of a smooth projective toric variety is a polynomial ring whose variables correspond to
torus invariants prime divisors, we conclude that R(Z) ~ C[zg, z1, w, 23, 24]. O

4.4 Geometryinthe general case

In this Section we explore the geometry of various complete intersections Z < X of the form (). We focus
generally on those with each constitutive hypersurface having full index sequence {0, 1, ..., d,,}. We start
by interpreting the sections z,, ;. from Proposition 4.8(i) geometrically.

4.4.1 Geometricinterpretation of the sections

Recall that Z — X, of the form (%), is defined by degree (d,,, e, ) equations

d m
'm = gm,[)w()m +oe 4+ Im,dmT1

form =1,...c. Let1 < o < cbesuchthatd,, = 0ifand only if m > o. Then Z is a subvariety of P! x Y’
where Y < P" is given by

Y = {g0+170 = - :gc,O = 0} Cpn.

Suppose that a point
(tvy) = ([to : tl]’ [yOa s 7yn]) €Z

is given. Foreachm = 1,...,0 such that g, 0, ..., gm 4, don’tallvanish on y, we have thatt is a root of
rm evaluated at y, which is a homogenous degree d,,, polynomialin r,,(y) = C[zg, z1]. For such an m, the
sections z,, , as found in Proposition 4.8 do not all vanish. The equations satisfied by the z,, ;. imply that

rm(y) = (_tle + toxl)(zm,lxgm_l + ot Zmd w(lim_l) € C[$07$1]a (32)

yUm

where the sections z,, j, are evaluated at (¢, y). The sections z,, ;, thus define the coefficients of the polyno-
mial r,,, evaluated at y divided by the linear form determined by the chosen root ¢ of r,,, over y. If m = 2
then the factorisation is

rm(y) = (—tizo + tox1)(2m12T0 + 2m,221)

and [zm,,2 : —2m,1] is simply the other root of r,,(y). One recovers the matrices given at the start of [28].
Indeed over the locus where not all g,,, ;; vanish, [ty : ¢1] is only a root of ,, if such a factorisation (32) exists,
which is if and only if the kernel of

T
4 to 0 0
0 1 0
0 0 —t to
Imo(¥) 9m1®¥) - Imdm-1Y) Im.d. (Y)
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is one dimensional, which is if and only if its determinant vanishes. But the factorisation also exists if and
only if the matrix

T
Zm,1 Zm,2 cot Zm,dm 0
0 Zm,1 ce Zm,dm—1 Zm,dm, (33)
9mo(¥) 9m1®¥) - Imdm—-1Y)  Imdn (Y)

has one dimensional kernel, which is if and only if its 3 x 3 minors vanish.

4.4.2 The space SpecR(Z)

We remain in the case that Z < X has form (%) with respect to hypersurfaces each with full index set. Once
more suppose that d,, > Oifandonlyifm < o. Foreach1l < m < m’ < o let res(ry,, r,) be the
determinant of the matrix

Foragiveny € P, thereis a pointx € P! x P" over y satisfying r,,, = r,,y = Oifand only ifres(r,,, 7,,/) = 0.
Since Z is a Mori Dream space, we have an affine variety Z = Spec R(Z), which is a closed subvariety
of the Toric variety

T = SpecClzo, T1,Y0, - - - s Yny 21,15+« - - - s Zod, |-

Fix 1 < m < m’ < 0. Set theoretically, Z is defined by the all of the following equations:
(i) Theresultantres(ry,, /) and the equations g,+1,0, - -, gc,0-
(i) The 3 x 3 minors of the matrices (33) associated with r,,, and 7.
(iii) The equations in Proposition 4.8.

Example 4.24. Letn > 3and d, e > 1. Choose general polynomials go, . . ., gn € Clyo, . .., yn| of degree e,
forming a regular sequence. Then

R(Z) = Clxo, 1,40, - - - 1 Yns 21, - - - » Za) [{x121 + G0, T122 + g1 — T0Z1, - - -, §d — T0Zd)-

Let S+ bethe subalgebra of R(Z) generated by o, . . ., Yn, 21, - - - , 24- By Proposition 5.19, proved in Chap-
ter 5, we have an isomorphism

SZ+ = C[yoa" <y Yn, 21 - ..,Zd]/J,,

where J' is the ideal generated by the equations

9k (Zhr 4126 — 22k 1) — 9k (Ze12kr — 2e2kr41) + Gk (Zh12k — 26200 4+1),

for0 < k < k¥ < k” < d. Thering S+ is the homogeneous coordinate ring of a birational model Z* <
IP’;lk x Py of Z; compare [28, Section 2].
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4.4.3 Examples

Example 4.25. Letc > 2andn = c+2. Take X’ = P"and X = P! x X', with Picard group Pic X =~ Z? and
Coxring R(X) = C[xzg, 1, Y0, - - - , Yn] With its usual Z2-grading. For 1 < m < ¢, let (d,,, e) € Pic X € 72
withd,, = 0, e, = 1. Let

d

dm m—1 dm
T'm = m,0%g + Im,1Z ry+ -+ Im,dnT1 € R(X)(dm,em)

define the irreducible hypersurface V,,, ¢ X. Suppose that Z has form () with respect to V4, ..., V.. Sup-
pose further that

(i) e1r+---+e=c+3.
(i) di =ds =1, d,, =0form > 2.

We can assume none of the (d,,, e,,) are equal (0, 1). There are such choices of (d,, €,,,) for2 < ¢ < 5. The
variety Z is a Calabi-Yau threefold.
The map Z — P" given by the second projection factors through

Y = {g10921 — 911920 = g30 = - - - = geo = 0} < P".

Let Z — Z — Y be the Stein factorisation of this map. The map Z — Z is a small contraction, collapsing
the P! fibres defined over those efe3es - - - e. points in Y where g1o = g11 = g20 = g1 = 0. The map
7 — P" is a degree one cover, singular on the collapsed P! fibres. By Theorem 4.16, the Cox ring of Z is

R(Z) = Clzo, 21,90, - - - Yn, w1, w2]/(x1w1 + 10, 911 — ToW1, T1W2 + G20, g21 — TOW2, G30, - - - » Je0)-

If e; = eg then the moveable and effective cones of Z coincide, generated by (—1, 1) and (1,0). If e; # e2
we may assume that e; < es. The effective cone of Z is generated by (—1, e1), (1, 0) and the moveable cone
by (—1,e2), (1,0). In both cases, we can consider the variety

Z" = {gaow1 — growa = ga1wi — gnwa = gzo = -+ = geo = 0} < Py, x Py

The map Z — Z™* determined by the sections w1, ws is birational, giving the second model of Z corre-
sponding to the cone generated by the y; and wy,. If e; < e3 then theimmoveable divisor defined by wy = 0
is the preimage of the locus g10 = g11 = 0inY.

Example 4.26. We take the same setting as in Example 4.25, except with numerical conditions
(i) e1+--+e.=c+3.
(ii) dp =2, dn=0form> 1.

Assuming no (d,, e,) = (0, 1), there are such choices for 1 < ¢ < 4 defining a Calabi-Yau threefold Z —
P! x P",
The map Z — P" given by the second projection factors through

Y ={g20="-=g0 =0} cP"
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First assume that V3 has full index sequence {0, 1,2}, so that g1; # 0. Let Z — Z — Y be the Stein

factorisation of this map. Themap Z — Z is a small contraction, collapsing the P! fibres defined over those
3

eleq - - - e, pointsin Y where g19 = g11 = g12 = 0. The map Z — P" is a 2-to-1 cover, ramified over the
divisor

{9%1 —4g10912 =0} Y
and singular on the points corresponding to the collapsed P! fibres in Z. By Theorem 4.16, the Cox ring of Z
is given by

R(Z) = (C[xov Z1,Y0y -3 Yn, whwg]/(.%'l’l,Ul + g10, T1W2 + gi1 — oW1, g12 — ToW2, g30, - - - 7960)'

The moveable and effective cones of Z coincide, generated by (—1,e;) and (1,0). We may consider the
variety

Z* = {g1ow} — gniwiws + giowi = gao = -+ = geo = 0} < P}, x Py,

which is isomorphic to Z. The map Z — Z™* determined by the sections w1, ws is birational but not an
isomorphism, giving the second model of Z corresponding to the Mori chamber generated by the (—1, ¢),
(0,1).

If we allow the coefficient g1; to deform to zero, so that V; has index sequence {0, 2}, then the resulting
variety Zy < P! x P" is still a Mori Dream Space; its Cox ring is given by Theorem 4.16 as

R(ZO) = C[$0, Z1,Y05- -5 Yn, ?U]/(.’I?%’IU + 910, 912 — x(Q)w79207 T 7900)'

The moveable cone of Zj is smaller, generated by (0,1), (1, 0). The effective cone is larger; it is generated
by (_27 61)7 (17 0)

Example 4.27. Letc > landn > ¢ + 2. Take X’ = P™ x ... x P"s, where s > 2and eachn; > c+ 1and
ni+---ns=nand X =P x X'. Forl < m < ¢, let (dp, en) € PicX = 7Z x Z*, with d,,, > 0 and e,,
ample (or non-zero semi-ample, as long as we can apply Lefschetz on the subproduct of projective spaces
where ¢,,, isample) and let

dm dm—1 dm
Tm = gm,0%g" + Gm 12" 21+ F Gndn 1" € R(X) (4, em)

define the irreducible hypersurface V;,, = X, each with full index sequence {0, 1, ..., d,,}. Suppose that Z
has form (*) with respect to V7, ..., V.. Suppose further that

(i) 3<dy +...d..
(i) e1+---+e.—(n1+1,...,ns + 1) is positive in each component.

This produces infinitely many classes of general type varieties Z with ample canonical bundle, each a Mori
Dream Space by Theorem 4.16.

Example 4.28. Letc = 2and X = P! x P5. Then Pic X =~ Z? and R(X) = C[zo,*1,%0, - .., ys]. Define
irreducible hypersurfaces

Vin = {T"m = GmoT2 + gm12021 + gmars = 0}
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of degree (2, e,,) admitting full index sequence {0, 1, 2} form = 1, 2. Suppose e2 > e; and that Z has form
(%) with respect to V1, V5.
The second projection map Z — P factors through Y — P° defined by the equation

s = (912920 — 910922)° — (911922 — G12921) (910921 — 911920)-

Indeed, vanishing of this equation implies that 1, 5 share a root. The map Z — Y is 1-to-1 except over the
divisor Y~ c Y defined by the vanishing of the 2 x 2 minors of

gio 911 912 7 (34)
920 921 g22
where the map is 2-to-1 since here the roots of 1, 7o agree. By Theorem 4.16, Z has Cox ring

1wl + gio, T1wi2 + gi1 — ToWil, g12 — ToWi2
R(Z) = R(X)[wn,wu,wm’wm]/ .
T1w21 + G20, T1W22 + g21 — ToW21, 22 — ToW22

Define, form = 1,2, the variety Z;;, c P,,  x P} by the equations

&
_ 2 2 0
S = gm0oWp2 — Im1lWm1Wm2 + gm2Wy,1 = U,

and define Z --+ Z by

Ty = __9mo — —9Im1Wm2+gm2Wm1
Wm1 Wy o
)
T — gm?2 — Im1Wml —gGm0Wm?2
1 Wm?2 w

i
defined away from the locus where g,,,0, gim1, gm2 all vanish. This map has birationalinverse Z --» Z given
by the sections w1, w2, defined once more away from the locus g0 = gm1 = gme = 0. These birational
maps can interpreted geometrically; they simply swap the roots [zg, z1] and [w2 : —w,1] Of 7.
Thevariety Z; gives the birational model of Z corresponding to the Mori chamber generated by (—1, e2),
(1,0). If e = ey then the birational map Z;" --» ZJ is the isomorphism transposing the roots of r; and
ro that are not shared. If e; < eg, then Zfr gives a third minimal model corresponding to the Mori chamber
generated by (—1,e1), (—1, e2); indeed we may consider the image of Z;* < PL  x PP}, under a suitable

Wik

Segre embedding.

4.5 Comments

Remark 4.29. All arguments in this Chapter work in the following more general setting. Letc¢ > 1 and
X = P! x T, where T is a Mori Dream Space of dimensionn > ¢ + 2. Assume further that 7" has free abelian
Picard group and that H*(T, Or(D)) = Oforalllinebundles D € PicT andi = 1,.. ., c. Definitions 4.1-4.2
can be generalised to this setting: we let e, e,,, be ample line bundles in Pic T and the g; are homogeneous
sections of the corresponding line bundles. All proofs remain the same. In particular, the Main Theorem
holds with the P" factor of X replaced with various products of projective spaces or Grassmannians.

Remark 4.30. Let Z — P! x T be of the form () (with the generalised definition as explained in the previous
Remark), where T'is a Mori Dream Space with free abelian Picard group. If H'(T, Or(e)) does not vanish for
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all line bundles e € PicT and 1 < i < ¢, then H (X, Ox(d, e)) may not vanish for all (d, e) € Pic X and
alli = 2,...,c. As explained in Remark 3.15, we no longer obtain the full Cox ring, rather a subalgebra. In
Chapter 9 we revisit this setting for the ambient space (P')* x P with k > 2.
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5 On kernels of Toeplitz style matrices with polynomial entries

The purpose of this Chapter is to prove the remaining algebraic statement that shows the map v in Theo-
rem 4.16 is surjective. This is done via a systematic solving of the kernels of the matrices in each degree a
that appear.

We recall the definitions first mentioned in Section 2.2.

Definition 5.1. Let Sbearinganda > 1,d > 0. The banded Toeplitz matrix of degree a associated to a
sequence gy, ..., gq € Sisthe (a — 1) x (a +d — 1) matrix (¢5¢) sothates; = g;ift —s = iand e is zero
otherwise. By convention the degree 1 matrix is the zero matrix. If

r=goxd + - + gax{ € S[wo, 1]

is a general homogeneous degree d polynomial in xg, z1 with coefficients in S, then we define, fora > 1,

the matrix A, , to be the degree a banded Toeplitz matrix associated to the sequence gy, ..., gq € S:
g 91 92 -+ g« 0 0 -----. o0 0 --- 0 0
0 g0 91 -+ 9ga-1 Ga 0 ------ 00 0 --- 0 0
Aar = L : S . :
O 0 0 --- 0 0 0 «--nn- 0 go 1 -+ ga O
o 0 0 --- 0 0 O «oonn- 0 0 go - Qa1 G

We will be interested in the case that S = C|ypo, .. ., yn], the Cox ring of P", and the kernels of banded
Toeplitz matrices associated with an equation

r=goxd + - + ggrd € S[xo, 1] = R(P' x P"),

defining an normal irreducible hypersurface in P! x P" for some d > 0, where the g; are homogeneous
polynomials in S of some common degree e > 1. In fact, we consider a more general form of matrix.

Definition 5.2. Let S = Clyo,...,yn]andc > 1,dy,...,d. = 0.Foreachm =1,...,¢,let
_ dm dm
T'm = gm,0%g + -+ gmex" € S[$0,$1],

where g,,.0, - .., gm,c are homogeneous polynomials in S of some degree e,,, > 1. Define to this data the
matrix
Aa = (Ag |- |Aas.)

foreach a = 1, which may be viewed as a map of free S-modules
Sa+d1—1 VR Sa+dc—1 N Sa—l‘
Define the trivial spaces n, < ker A, to be generated by columns of the matrices
A manry = (O] 01 ALy 4 q,, 101+ (0] = A7 g, 10]-- - [0)f

foreach1 < m < m' < c. Thenset K, = (ker A,)/n, and K = @,- K4, which may be viewed as a
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graded S-module.

5.1 Universal case
5.1.1 Theset-up

Fixc > 1. Foreach1 < m < ¢, letd,, > 0 and fix an index sequence {iy, 0, ..., im r, } Of length 7,,,, with
0 < 7in < dyp. Recall that by our conventions, 7,,, = 0if and only if d,,, = 0. We associate further this data
to an element of the set

K={(cdi,...,d.):c=1,dy,...,d. =0},

which we equip with the lexicographic ordering <.
We define the free C-algebra

S = C[Y}LO, .. ’Yil,n yoeey Yiggseos Y;WC].
Foreachm = 1,...,cand a > 1, define a map of free S-modules

A _Sa+dm—1 N Sa—l
m,a *

by the (a — 1) x (a + dp, — 1) matrix with (s, ) entry equalto Y;  , ift — s = i, and 0 otherwise. Then
define
Ay = (Al,a| e |Am,a) : Sa+d1_1 X oo X Sa+dm_1 — Sa_l.

Foreachl < m < m' < ¢, let 9, be the submodule of S2+@—1 x ... x §atdm—1 generated by the
(a + dp + dyy — 1) columns of the matrix

AG = (0] -+ 0] A7y 44,0+ 0] = Ay 4q 101+ ]0)".

a’(m7ml)
Letn = .1 crnems<c Tmm’ D€ the sum of these submodules. The calculations

%
m!,a+dm >’

!/

*
Am7aAm/7a+dm/ — Am/ﬂ I1<m<m < C,

imply that n < ker A,.
Foreacha > 1,weset K, = (ker A,)/nand K = @,., K,, which we consider as a graded S-module.
We note that A; is the zero map since S = 0 by convention. In particular

K; =~ 8% x ... x 8,

Example 5.3. Suppose that ¢ = 2, d; = 5 with index sequence {0, 3, 5}, and d2 = 1 with index sequence
{0,1}. Then Az is given by

YI,O 0 0 Y1’3 0 Y1,5 0 YQ’O Y2,1 0
0 Y0 0 0 Yig 0 Yis 0 Yy Yau)

To describe the structure of K we mostly employ algebraic methods. The following auxiliary variety will
however be useful in some steps.
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Definition 5.4. Associated to the data (c; dy,...,d.) € K and index sequences {iy, 0, ..., im0} Of dp, for
eachm =1,...,cisthevariety Z' c ]P’}Ci X IP’{YZ, . defined by the ¢ equations

P =Y :Bgm+'--+Y; x’fm, l<m<e.

m,0 m,dm

Following the arguments of Chapter 4, the Cox ring of Z’ contains sections wy, ;, satisfying equations
as in Theorem 4.16. By the equations (24), the Cox ring R(Z’) also contains the sections z,, i/ as given in
Proposition 4.8(i). We also have an isomorphism

K>~ @ @OREZ)ap (35)

—a<—1 beZ
as graded S-modules via Lemma 4.5 and Proposition 4.6(ii), where the degree of each Y; , in the Coxring
isequalto (0, 1).
5.1.2 Operatorson K

We define operators on the space K, which we will see correspond to multiplication by sections in the Cox
ring of Z'.

Definition 5.5. Fixa > 1.

(i) Definethe operators Zg, 21 : Kqo11 — K, as follows. Suppose that

w=(f1;...;f.) = ((fl,z)?Ifh; o (fc,z)?iflc) € Koi1,

then

fou = (0P it ™) B = (A0 (e
That is, Zg, respectively &1, is truncation of each of fi,..., f. by one entry on the right, respectively
left.

(ii) Foreachl <m < cand1 < k' < d,,, wedefine z,, v : K, — K41 as follows. Suppose that f € K,.
Then Z,, i f is given by f € K,41, where

fm’,k”Ym,k” 4+ - 4 fm/,k”ermfk’Ym,dm if 1< m’ <ec, 1< k" <a-+ dm/ — dm + | 17
—frer—wY1,0 = = fratdi -1 Y1,d) fark —k7—1 ~ -
f'r/n’,k// = _fm,k”fk’ymyo_"'_fm,k”flym,k’fl e i m'=m, a+k <K' <a+dm,
—Senr—kYe,0 = = fearde—1Ye,detat b — k7 —1
fm’,k”ym,k’ + -+ fm’,dm+k”—k’—1Ym,dm7 if m' # m, a-+d,, —dm+ E<k"<a+ dyts

where Y variables of undefined index are set to be zero.
(iii) Foreachl <m < cand1 <k < 7, we define iy, 1. : Ko — Katiy, o~ ., DY Stipulating that

~j—1 ~im,k_im,k—1_j ~ _ = .
Ty Tp Wi,k = Zip g—1+]

foreachl < j <imp — tmi—1-
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Proposition 5.6. The operators Z;, Z,, Wy : K — K in Definition 5.5 are well defined.

Proof. Consider the auxiliary variety Z’ in Definition 5.4. The operators in Definition 5.5 correspond to mul-
tiplication by the corresponding sections x;, 2y, i/, W, 1 € R(Z’) by Propositions 4.13-4.14 under the iden-
tification (35), and are thus well defined. O

Let
U=5[Xo, X1, Wii,...,Wis,...... e, s Wer]

be the free graded S-algebra with deg(X;) = 1 and deg(W,, k) = %m k-1 — im for relevant i, m, k. For
a general graded S-module U’, we denote by UL _, the graded submodule @,__, Uj,. Itis also useful to
define the elements

Ty g = XL XTI, e UL, (36)

forl<m<cl<k<tpandl <j<ipg—ink_1-
Proposition 5.7. There is a map of S-modules

W:Ucqg > K

defined as follows. Foreachl < m < cand1 < k < 7y, set (W, ) = f € K;
if (m/,1) = (m, i) and all other f,,,; equal 0. The grading on U implies that any monomial M in U<_,
divides by Wy, i, for some m, k. If M = X§° X1 H(m’k) Wi”}g’“ with say By > 0, then we set

where fp; =1

m,k " tm k-1’

~ ~ ~ 3 , B /) r—1 B, ;
(M) = xg‘ox?lwlfll o me,k;]’C .. .wm’tld‘jnmw(zl’k).

Furthermore, the elements )(Z,, ;) € K1, for1 < m < cand1 < k' < d,,, give the standard basis of
Ky~ 8% x ... x S,

Proof. To argue that ¢ is well defined, we need only argue the operators ; and w,,, j all commute with each
other, as well as establish that w,,, (W k1) = Wyy 10 (Win i) for each pair (m, k), (m/, k).

As above, the operators correspond to multiplication of sections in the Cox ring R(Z’) of the auxiliary
hypersurface Z’. Since multiplication of these sections is commutative, all of the operators must commute
with each other, and the extra property W, x0(Wyy i) = Wy 10 (Wiy, 1) for each pair (m, k), (m/, k') also
holds.

The final statement is easily verified. O

5.2 Thecasec = 1 with fullindex sequence

We briefly focus on the case ¢ = 1 with full index sequence. Thatisletd; = 71 = d > 0. We may write
Y, =Yy foreachk =0,...,dandthus

Z' = {Yozd + - + Yz = 0} < P! x P4

5.2.1 Commutativity using just algebra

In this case, we can show that the operators Z;, commute directly from the formula, offering an alternative
proof to Proposition 5.9. Whilst this argument is lengthier, it avoids using Cox rings, and thus works over any
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ring.

Example 5.8. One explicitly checks the formula
Zr(z) = (Yesr—1 Yerr—2o - Yimaxteip O -5 0, —Yininey—15 - -+ » —Yesi—d» —Yiri—d—1) € Ko, (37)

foreach 1 < k,l < d; variables of undefined indices are set to be zero. This formula is symmetric in (£, 1),
thus Zx(z;) = Z;(zx) € K. We can identify this element of K5 with the degree 2 monomial z;z;. Under this
identification, these (d'gl) degree two monomials in the z;, give us a set of S-generators of K.

Fora > 1,theexplicit expressions forthese elements are getting more complicated. Forexample, ford =

3 the entries of 2121 (22), 2122(23), Z222(22) are given respectively by the columns of the following matrix:

ViYs —YyYs  YaYs 2Y,Y3
~YYy 0 Y2 - V1Y
0 -YoY;  —YoY3 -YiYs
Y02 0 —Y,Ys + Yf
0 YoY: 2Y Y4

Proposition 5.9. Suppose thatl < k,l < danda > 1. Then
ZrZ = 22k

Whilst elementary in formulation, proving Proposition 5.9 from the definition is not easy. We start with
some preliminary lemmas.

Lemma 5.10. /fw = ( fm)%ff L e K,, then w is uniquely determined by any d consecutive entries. More

precisely, if w' = (f!,)%9"V is also in K,, and there exists m with 1 < m < asuch that f!, ... = fmin for

n=0,1,...,d —1,thenw = w'.
Proof. Thisisimmediate using the equations defined by w beingin K,,. O
We will prove Proposition 5.9 by induction on d. The following notations will be helpful.

Definition 5.11. Assumed > 1. Let

Ay R[Yy, ..., Yy_1]*"2 S R[Yp, ..., Yy q]% !

be the R-module maps as defined above, but for the case of d variables rather than d + 1 variables. Denote
K, = ker A,. Define the operators (;: K, — Ky.1forl = 1,...,d — 1 as in Definition 5.5 with parameter
d—1.

Lemma 5.12. Suppose d > 1 and consider the element z;, - - - Z;, z1, € K41, where no l; is equal d. Set-
ting Yy = 0 in the resulting element of S+ and discarding the final component gives us an element of
R[Yp, ..., Yy 1]%"9=L. This coincides with {;, - - - (, Gty € Kay1. Similarly, consider an element 7y, - - - 7, z, €
Kq11, where no l; is equal 1. Setting Yy = 0 in the corresponding element of S**¢ and discarding the first
component gives us an element of R[Y1,...,Yy]*"%~1. Reducing the index of each Y variable by one, we
obtain precisely ¢, 1 -y ~1Co—1 € Kar1.
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Proof. These statements follow immediately from the definitions. O

Proof of Proposition 5.9. We use induction in d. If d = 1, then there is only one operator and the result is
trivial. Let d > 1, then in the notation introduced in Definition 5.11, the induction hypothesis is that the
corresponding result holds for the operators (. Leta > 1 and define an R-module map () Kg — K3
sending an element w to ~w, obtained by discarding all but the first d entries. Note thatforanyl = 1,...,d,
the formula for the first d entries of Z(w) depend only on the entries of ~w and thus

“(Gw) =Z(w), weKyl=1,...,d.
By Lemma 5.10, to prove the Proposition it suffices to show that
(&7 (a(z) =7 (B (Er(zn))) (38)
forall 1 < k,1,n < d. Note that ~(-) o z4 is multiplication by Yy, thus
T (20~ (B(z0)) = Ya~ (Alzn) = ~ (2(Yaza)) =~ (27 (Za(zn))) -

In a similar fashion, by using the map ()~ : K, — K taking an element to its last d entries and noticing
that (1)~ o z; is multiplication by —Y{, we get

T (BT ) =7 (B (Bi=).

We are left only needing to show (38)istruefor2 < k,l,n < d—1,soassumewehave2 < k,I,n < d—1.
We now use the ¢; operators. By induction hypothesis the (d + 1)-tuple

CeCiGn = Gkl € R[Y0, ..., Ya1]*"!
is equal to zero and by Lemma 5.12 it is obtained from
Zkélzn — Zlékzn

by discarding the last entry and setting Y; = 0. Thus the first d + 1 entries of 2.2z, — 22,2, divide by Y.
Similarly, we obtain

Ch1G-1Gn-1 — G1G1Cn1

is equal to zero and can be obtained from
ZkZi%n — Z1Zk%n

by discarding the first entry, setting Yy = 0, and decreasing the index of each variable by one. The lastd + 1
terms of ZZ;z,, — Z1Zp 2, are thus divisible by Yj. We conclude that

ZkZi2n — 22k = (oYa, MYoYq, ..., AaYoYa, 1 Y0),

where for degree reasons the \; are scalars and the y; are linear forms in the Y;. As this is an element of K3,
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we get
po = —AY1 — - — A\g¥g.

If we can show pg = 0,then Ay = --- = Ay = 0. Then the first d entries of Z.Z;z, — Z;Z,2, are zero, and
we would be done. Therefore we have reduced proving Proposition 5.9 to proving that the first entries of
ZrZ12n and Z; 2z, agree foreach 2 < k,l,n < d — 1. This can be shown with direct calculation, which we
now perform.

Firstly, if 1 < k <1 < n < d,then using (37), the first component of Z;.Z; z, is equal to

ki1 dtk—1
2 Yition—1-3Y; — Z Yitirn—1-5Yj-
j=k j=k+n

Note that £ + n > k + [ — 1 so there are no identical terms across these two sums. The first component of
Z1Zk 2y is equal to

E+l—1 d+i—1
Z Yiti4n—1-5Y, Z Yititn—1-5Y;.
Jj=l j=l4+n
Since Yj is not defined and thus zero for j > d + [ and thesumsoverj = k,...,l —1landj = n +
k,...,n + 1 — 1 cancel, we see that the above two expressions are equal. It remains to show that z,,Z; 2

has first entry also equal to this expression, which can be checked similarly. We do not need to check the
remaining permutations, as we know Zz; = Z;z;, already. ]

5.3 Proof of Main Theorem 2.8

To prove Main Theorem 2.8, we first proveitin the universal case, where the non-zero polynomial coefficients
9i,, , are degree one formal variables Y; .

5.3.1 Universal case
Theorem 5.13. Let J <1 U be the homogeneous ideal generated by the equations
XTI+ Y — X T W 1<m < 6,0 < < T

Then ) : U<_1 — K is surjective with kernel kerv) = J<_1. In particular there is an isomorphism of S-
modules K =~ (U/J)<-1

We prove this by induction in the data (¢; dy, . . ., d.) under the ordering < on K. The base case is with
(1;0) € KC, where the result is trivial since then U<_; = 0 = K.

Definition 5.14. Suppose first that d. > 1. Then we let
S = C[Ylﬂ'l,ov st 7Y17i1;1 P YC7ic,o7 s 7}/;7ic,rc—1]‘
Ifinstead d. = 0, let

S = (C[Yl 11,00 ° Yl RIRSEREER 71/6—1,1'671,07 s 7}/;3_1,%71,7—0_1]'

)
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In either case let
A, : Setdi—l o Gotde=2 _, Ga—l

be the S-module maps analogous to A,, noting that the last factor in the domain is to be set to zero if d.. is
equal zero. Let 77 be analogous ton, K, = ker A,/fjand K = @), _; K,. Define the operators {,,, .: K, —
Kartiy, j—im s, s in Definition 5.5. Finally define the ring U = S[Xo, X1, (1], the ideal J <1 U and the
map ¢ : U — K analogously to U, J and ).

=0
in (M) and discarding the components indexed by (c,1) withic,.—1 < | < i, gives us an element of K.
This coincides with 1) (M), where M = X§° X [T Bk

m,k

Lemma 5.15. Suppose that M = Xg° X" [ ], r) Wk in U<y is such that Be,r. = 0. Setting Y,

m, le,Te

Proof. This follows immediately from the definitions. O

Lemma 5.16. Suppose thatd. > 1 and

F= (i f) = (PR s (i) e K,

fora = 1. Ifa > icr, —icr.—1 then fisdetermined by f1,..., fe—1 and the firsta + i;,_1 — 1 entries of f.. If
a < ir, —i;,—1then fisdetermined by f1,..., f.—1 and the firsta + i,,_1 — 1 entries of f. up to free choices
ofthe entries feavi, 15+ s feir. Ifdc =0, thenan f € K is determined by f1, ..., fe—1.

Proof. Suppose d. > 1and fi,..., f.—1 along with the firsta + i.,.—1 — 1 entries of f. of an f € K,
are known. Ifa > ., — icr.—1, then the first i, .. — i.-.—1 rows of A, give equations determining the
remaining entries. If a < i¢ ;. — icr.—1, thenthe rows of A, determine each of the last a — 1 entriesin f and
thea + icr.—1,...,ir columns of A, are zero columns, giving the remaining free choices. If d. = 0, then
each row of of A, gives an equation determining each entry of f. from f1,...  f._1. O

Proof of Theorem 5.13. We perform induction in KC, where the result is established for (1;0) € K. Suppose
that (¢;d1,...,d:) > (1;0) in K and that f € K, is given.
Assume first that d. > 1, so that the problem with S as defined in Definition 5.14 has data

(C; dl, cey dcfl,ic,rcfl) < (C; dl, R ,dc),

where we may use the inductive hypothesis. Setting .. = 0in each entry of f and discarding the last

Le,Te

ic,r, — te,r.—1 €ntries of f. we obtain an element f € K,. By the induction hypothesis, we may find

(X0, X1,C11y oy Cliryyennn e Coroa1) € U<y
with 1)(p) = f. By Lemma 5.15, the element
u=f—9Y{PXo, X1,Wi1,.... Wir,...... Wer.—1)) € K,
has the form
(F¥iens 5 foc1Yeionss Fo1Yeiems - o foation, y Yedemes Faiere 1o+ s Farde—1)
for some f/, € S®*4m~1and F, € S. Write f/, = (f,n1)/2 1™ " as usual.
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Ifa <icr, —icr.—1,consider the element

v=Y(fi1Z10+ A+ fla g F ot fé,a+iC,TC,1—1Zc,a+ic,7—c_1—l) € K.

By considering the definition of 7., -, we establish that
/ ~7;c,7'c_ic,7'c—1 ~ / a+d -1, . / a+de.—1
u' = u— I We,r, (V) = ((ul,l)lzl P (e )iy ) ,

where u;ml =0ifl<m<c—landl <l <dporifm=candl <! <a+ 1,1 — 1. Furthermore, for
l<m<c—1landd, <l <a+d,—1wehavethatY,;, . divides “;n,l' Sincea < icr, — icr.—1, WeECAN
add an element of , thus not changing «’ in K, and assume further that u,,,; = Oforall1 < m < c¢—1and
1<!l<a-+d,— 1. Sinced isintheimage of ¢ if and only if f is, we can replace f with v/. Now f € K,
has the form

p=1(0;---50;0,...,0, fe.aticrp1s-- s fardo—1)

By Lemma 5.16, we have f.; = Ofori. .1 <l < a+ d. — 1. Then we have

7 —lere—1—0 7 —lere—1—0
f = 17[} ((fcya“"ic,Tc—lecch eret + T + fC»iC,TC XOCJC eret )ch‘rc> )

in the image of v.

Now suppose thata > i, ,, — %7, —1.Since Y, . isnot azero divisorin S, we have

le,T

a—ic,re Fic,re—1+d1—1 a—fc,re+ic,re—1+dec—1
= ((fl,l)l:f’TC CTeT T (feg )y e e )eKafiC,Tcﬂ'c,TCfl.

By induction in a, we can find p’ € U<_; such that ¢)(p’) = f’. Again, checking the definition of w, ., we
have

~ di— de—
W= = e () = () ),

where u;n,l =0forl<m<candl <l <a—ricr +%r.—1+dn—1,and furthermore that Yei,.., divides
ulm,l forl<m<c—1andl>a—icr, +icr.—1 + dm. As before, without changing the class of " modulo
7, we can assume that u;n,l = ( except possibly where m = cand ! > a + i ,.—1. Except these final entries
are uniquely determined as in Lemma 5.16, and thus are also all zero.

It remains only to deal with the case where ¢ > 1 and d. = 0, where the problem for S has data (¢ —
1;dy,...,de.—1) € K, so that we may apply induction. Suppose that f € K, is given. By setting Y. o = Oin
each entry of f and discarding f., we obtain f € K,. Using induction we find

p(Xo, Xl, 6171, . 7517017 ...... 567177-6_1) € Ug—1
with )(p) = f. By Lemma 5.15, we have
u = f — 1/J(p(X0, X1, W171, RN WLTN ...... Wc—l,Tc_1)) € Ka

which has the form
(f1Ye0; 5 fe1Yeo; Fe).

forsome f/ € ST9m—1and F,. € S~!. Adding a suitable element of 5, we can assume that f/, = 0 for each
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1 < m < c— 1. Thattheresulting f liesin ker A, is that Y. - 1d,—1(F) = 0, which implies that F. = 0. We
are done. ]

5.3.2 General case

We are now able to describe the kernels (ker A,)/n defined in Proposition 4.6(ii).

Theorem 5.17. Fix (c;dy,...,d.) € K and take an index sequence {ip, 0, ..., im, s, } of each d,,. Let S be a
quotient of the Z-graded ring C[yo, . . . , yn| by Some homogeneous ideal, with S having projective dimension
K=Y, _1Tm+c— 1 Supposeer,...,e. = 1and that

gl,hyoa .. 7gl,i1,717 """ )gC,ic,Tc

forms a regular sequence in S, with each g, ;. having degree e,,. Let a > 1 and foreachm =1, ..., c, define
a map of free S-modules A, o : S4T4m=1 — S9=1 pythe (a—1) x (a+ dm — 1) matrix with (s, t) entry equal
t0 gm,iy, i ift — s = im . and 0 otherwise. Then define

Ay = (Al,a‘ T |Am,a) D Qatdi—l L gatde=l _, ga—l

Foreachl < m < m' < ¢, let 1, be the submodule of S¥t4=1 x ... x Satdm=1 generated by the
(a + dp + dpy — 1) columns of the matrix

AG = (0] -+ |o]4; 0]+ 10] = A7 0]+ -10)".

a,(m,m’) m/,a+dm m,a+d,./

Let n = i <memi<e Tm,m be the sum of these submodules. Then n < ker A, and we may set K, =
(ker A,)/mand K = @ >, K,. Let

be the free Z2-graded S-algebra withdeg y; = (0,1), deg(X;) = (1,0) and deg(Wy ) = (imk—1—imk,€m)
for relevant j, i, m, k. Then there is a surjective map

Y:Uci= @ DUiap — K,

—a<—10beZ

whose kernel contains J<_1, where J < U is the homogeneous ideal generated by the equations
b k1 —im b k=i
X W ket + Gi — X" T Wing, 1<m <60 <k < 7.

Proof. If S = C[Y1,4,.----. YeiorJand gmi,, . = Ymi,,, foreach1 <m < cand 0 < k < 7, then the
statement is that of Theorem 5.13 with refined degrees. All of the proofs of Section 5.3.1 can be modified
to the more general setting of this Theorem. The operators in Definition 5.5 are defined in the same way
with the Y, ; . replaced by the g, ;,, - Proposition 5.7 holds as we symbolically only replace the Yy, ;, . ,
with g, ., preserving commutativity. In Definition 5.14, we set S = 5/(gc.,.,. ), Which has projective
dimension x — 1. Note that for this induction step the Theorem statement must allow for S to be a quotient.

ForLemma 5.15, rather than setting Y. = 0, wereduce modulo g. ;. ... Lemma5.16 holds with regularity

Le, e

of the sequence g1i, 4, - - - - - s 9esicr, INS.
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We use induction in the triples (k, A, a) with lexicographic ordering, where A\ = (¢;dy,...,d.) € K. If
k = 0then A = (1;0) where the result is trivially true. If x = 1 and A\ = (1;0), again the result is trivially
true. If x > 1, A > (1;0) and u € K,, then reducing u modulo g.;, .. and discarding the last i, — im -1
terms of u.. puts us in a setting with parameters (x — 1, X', a), where we may use induction, using the same
method as in the proof of Theorem 5.13. This gives us the surjectivity of 1. That J<_1 < ker ¢ follows from
it being true in the universal setting of Theorem 5.13. O]

5.4 The negative graded algebraforc = 1landr =d

Following on from Section 5.2, we assume again that ¢ = 1 and that the single index sequence is full, so that
di =1 =d > 0. Wewrite Z}, = Z; , and W}, = Wy, for each k and note that W}, = Zj, in this case. The
following result is used in Example 4.20.

Proposition 5.18. Suppose that we are in the setting of Theorem 5.13 withc = landdy = 7 = d = 0.
LetU' = S|Z,...,Z,] be the S-subalgebra of U generated by 7, . .., Z,. Let J' < U’ be the homogeneous
ideal generated by the equations

Yie(Zir 11 2kn — Zyr Zir 1) — Yir(Zki1 Zyn — ZZir 1) + Yer (Zgv1 Zi — ZiZir 1)

for0 < k < k' < k" < d. Then the naturalmap ¢ : UL_, — (U/J)<_1 Is surjective and has kernel J'.

Proof. The equations correspond exactly to the images of the standard basis vectors in the degree 3 map of
the Koszul complex of the sequence Yy, Y1, ..., Yy in S, and thus are contained in J. Alternatively, that J' <
J can be checked explicitly by writing the generators of J’ explicitly as S-combinations of the generators of
J.

We use induction in d. If d = 0 the result is immediate, so suppose that d > 1. Let U’ and .J be the
respective analogues of U’ and J’ with parameters d — 1. The equations in J imply that any element in
(U/J)<-1 can be written as a polynomial in the Y}, Z, thus ¢ is surjective. Notice next that (U/J)_1 =
S4 ~ (U'/J")_1. Suppose that p(Y}, Z) € ker ¢ has degree —a < —2. Then p(Y}, Z) is also inker ) = J.
As in the proof of Theorem 5.13, we can assume all terms of p divide by Yy, Z,. The equations of J’ can then
be used to replace p with a polynomial dividing by Z4, so that p = ¢Z,. Since Z; is an injective operator, we
conclude that g € ker ¢. Using induction in the degree a, we have g € J" and thusp € J'. O

Proposition 5.19. Suppose that we are in the setting of Theorem 5.17 withc = 1anddy = 71 = d = 0. Let
U' = S[Zy,...,Z4] be the subalgebra of U generated by Z1, . .., Zy. Let J' < U’ be the homogeneous ideal
generated by the equations

96 (Yi)(Zw 41 Zir — Zi Zyr 1) — g (Vi) (Zis1 Zir — ZkZgr 1) + Gor (Vi) (Zi1 Z — ZiZpr+1)
for0 < k < k' < k" < d. Then the naturalmap ¢ : UL_,; — (U/J)<—1 is surjective and has kernel J'.

Proof. The proofisidentical to that of Proposition 5.19, with U being defined as an algebra over the quotient
S = S/(ga(Y;)) for the induction step in d. O
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5.5 Comments

Remark 5.20. The large majority of statements of this Chapter work for fields, and even commutative rings,
other than C. Where we used the auxiliary variety Z’ of Definition 5.4 to prove Proposition 5.7, we need still
tojustify this correspondence over rings other than C. One can instead prove commutativity of the operators
directly from the definition, as is done for the case ¢ = 1 in Section 5.2.

Remark 5.21. The statement of Theorem 5.17 can be generalised to the setting where S is the quotient of
the Cox ring of a Mori Dream Space T" with free abelian Picard group. We require that the degrees ey, . .., e,
correspond to ample line bundles on T"and that the g,, i, . . . , gm,i,,, are sections of the corresponding line
bundle e,,. Indeed, each proof of this Chapter can be modified to this setting. This generalisation can be
made to justify the statements made in Remarks 2.20 and 3.15.
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6 On Cox rings of codimension 2 complete intersections in P? x P"

In this Chapter, we apply the programme developed in Section 3.4 to codimension two complete intersec-
tionsin the ambient space X = P? x P". In the simplest two cases, which will include the Calabi-Yau setting,
we are able to give a full Cox ring in the general case. We are able to do most of the steps of Section 3.4 by
hand in these cases and do so. If ¢ > 2, the map « of Proposition becomes too complex to work with. The
¢ > 2 case is thus postponed to the next Chapter, where we can use our observations in the ¢ = 2 case to
derive results.

6.1 Finding sections
6.1.1 Basics

We recall the set-up as described in Section 2.3, where we take ¢ = 2. Fixn > 3 and let X = P2 x P, homo-
geneous coordinates xg, z1, x2 and yg, . . ., ¥, on the respective factors. The Picard group of X is isomor-
phic to Z2, generated by the pullbacks of a hyperplane section on each factor of X. Writing R = R(P") =
Clyo, - - -, Yn], the Coxring of X is

S =R(X) = R(P*) @ R(P") = R|[zo, z1, z2].

The graded subring R gives R(X) the structure of a graded R-module.

Definition 6.1. Letd;,ds, e1,e2 = 1 and suppose we have equations
11 € R(X)(dy,e1)s T2 € R(X)(dy,e0)s

definingirreducible and normal hypersurfaces V1, V5 respectively. We say that Z = V; n V5 has the form (¥)
with respect to V7, V5 if the sequence r1, r2 is regular in R(X) and the varieties V; and Z are non-singular.

All varieties Z < P? x P" in this section are of the form () with respect to hypersurfaces V4, V5 as
in Definition 6.1. For such a Z, the chain of inclusions Z — V; — X induces a chain of isomorphisms
Pic X =~ Pic Vi =~ Pic Z of Picard groups by the Lefschetz hyperplane theorem, and we denote their com-
mon identification by Pic. We are in a setting to utilise the method developed in Section 3.4.

We require still an ordered affine cover of X. Let W = {W;;}; ; be the standard affine cover, where ;; is
the locus on which z;, y; are non-zero, and set the lexicographic ordering on W. As usual, if ij < k[, denote
by Wi; 11 the intersection W;; n Wy.

6.1.2 Describing the maps on cohomology

We begin with Step (1) of the programme laid out in Section 3.4.
Lemma6.2. (i) There are natural Z2-graded vector space isomorphisms

1
ToT1T2

@ H*(X,0x(a,b)) =
(a,b)ez?

Rlagt ot 23" = S[zgt 27t 25t/ L, (39)

1

where L is the vector subspace of S|z L Ty, Ty 1] generated by all terms in which xq, x1 or xo appear

with non-negative exponent.
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(i) Form = 1,2, the map

T @ H2(X, Ox(a—dmn,b—en)) — @ HZ(X, Ox(a,b))
(a,b)ePic DePic

can be identified with the map

rmj*:S[xal,xfl,xgl]/L — S[xalumflvxgl]/l’
f = rm-f modlL

1

-1 —1 . —1 :
woam; Blzo 21,2y | by rm, and ignores

that multiplies an element f € S[zy',z7t 25 1]/L =

those terms in which xq, x1 or x5 occur with non-negative exponent.
Proof. This follows directly from the Kiinneth formula. The details are the same as in Lemma 4.3. O
We note that the isomorphisms (39) are isomorphisms of R-modules, which we will use.

Definition 6.3. Define, for each (a, b) € Z2, the vector spaces

T(a,b) = IT[2 (X, OX (CL - d1 - dg,b — €1 — €2>) ’ Ta = @T(a,b)’
beZ

along with the spaces

T(/a,b) = H2 (X, OX (a — dg,b — 62)) @HQ (X, OX (CL — dl,b— 61)), T(i = @T(a,b)~
beZ

For each a € Z define B, : T, — T, to be the map

By:T, — T!
h [ (Tl’*h/, T27*h).

Where necessary we denote by By, ;) the map B, restricted to the corresponding graded pieces of 7;, and
T;. Finally, we write K_, = ker B, (note the flip of signina) foreacha e Zand K = P, K.

This concludes Step (1) of our programme. By the method of Section 3.4, there is a graded isomorphism
of vector spaces R(Z)/.*R(X) = K, where the sign of the grading is flipped. To understand this isomor-

phism we continue with our programme

6.1.3 Describing the kernels of the maps B,

In Step (2) we wish to describe the space K. We begin by setting up a correspondence between T, and a free
R-module for each a € Z.

Definition 6.4. Foreach a € Z, define the discrete 2-simplex
Ag(a—3)={(i,j,k)€Zsp:i+j+k=a—3} cR3

consisting of (“;1) points in R?, where we set (“,') = 0ifa < 3, corresponding As(a — 3) = . For ease
of notation, we write ijk for an element (i, j, k) in Ay(a — 3). If ijk € Az(a — 3) and i'j'k’ € Ay(d) then we
canwriteijk +i'j'k = (i+ 7, j+ j',k + k') € Ag(a+ d — 3),wherea,d € Z.

62



Since H?(X,0x/(a,b)) = 0fora > —3, we use the index —a rather than a. Let —a < —3. If we give
R(“2") a standard basis indexed by As(a — 3), there are R-module isomorphisms

a— ~ 1
R( 2) . R[xgl,xl_l,mgl](_a,b)
beZ, 0r1T2
hiji (40)
(hijk)ijkeAg(a—S) —  h= Z Tl g+ k1

ijkeAy(a—3) Yo L1 T2
The following Lemma describes the maps on second cohomology induced by the multiplication by a

global section on X.

Lemma 6.5. Letd > Oande > 1. Ageneral polynomial r € R(X)q4.) is given by a collection of degree e

polynomials (gijk)ijrens (d) Via
(gijk)ijkeAg(d) = Z gijkfféf’?{xg
ijkeAa(d)
If —a € Z, then the map

r @ H(X,0x(a—d,b—e)) — P H*(X,0x(a,b))
beZ beZ

is identified via the isomorphisms in Lemma 6.2 and (40) with the map

(a+d—1

2 ) 5 p(2)
(hijk)ijkens(ard—3) > (Rijp)ijkens(a—3):

where for each ijk € As(a — 3), ki is given by

/
ijk = Z Pijktir i G e -
i k'€ Ay (d)

Proof. This follows by construction from the description of rgfl) given by Lemma 6.2(ii). O

The maps in Lemma 6.5 can be visualised as in the following example.

Example 6.6. Suppose thata = d = 2 and that

2 2 2
T = g200%y + 9110T0T1 + g101ZToT2 + go20T1 + Go11T1T2 + Goo2%>

is a global section on X. The element r and a general element (h;jk)ijrens (a+d—3) € R(Hgfl) can be repre-

sented by the respective triangles (or more formally, discrete 2-simplexes labelled by polynomials)

hoso

9020
hi20  ho21

g110 go11
haio  hitr  hoi2

9200 gio1 goo2
h3oo  h2o1  hio2  hoos
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There are three ways the triangle on the left can be translated (without rotation) over the triangle on the
right, so that each g,/ ;/;» lines up with a h;;;. Where we may do this we may take the scalar product of the
overlapping polynomials. These give the three entries of r (A1 ).

Proposition 6.7. Foreach —a € Z, the space K, = ker B, may only be non-zero if —a < —3 + di + do.

(i) For =3 + max{d;,ds} < —a < —3 + dy + da, we have a graded isomorphism

(a+d1+d271

K,~R 2 )[€1+62].

(i) For —a < —3 + max{dy, d2}, we have graded isomorphisms
K, = ker rgi) N ker réi).

Proof. The firsttwo statements follow since T,, = 0if —a > —3+d; +dsand T/, = 0 for —3+max{d;,ds} <

—a < —3 + dy + ds. The isomorphism of part (ii) is immediate from the definition of B,. O

We note that the dimensions of the spaces T;, and T/, increase quadratically in a, making these kernels
more complex than those explored in Chapter 4. In particular, representing the maps as matrices becomes
unworkable outside perhaps the first few non-trivial cases. We move onto the procedure of Step (3), which
is also much more complex than the analogous Step in Chapter 4.

6.1.4 Lifting elements of K to the Coxring

We recall the theory behind Step (3) of the programme. For a fixed (—a, b) € Z? there is a map

0 R(Z)(—a,b) i HQ(X, OX(*CL - d1 - dz,b — €1 — 62)),

where § is the composition é; o d2 of connecting homomorphisms 41, d2 in the long exact sequence of sheaf
cohomology associated with the subschemes V1, V5 in X. That s, Jis the composition

R(Z)(—ap) 2> H'(Vi,Ov; (—a — da, b — d2)) 2 HX(X,0x(~a — di — da,b— 1 — 3)).
By Proposition 3.13, the map & induces an isomorphism
6: (R(Z)/R(Z))(~ap) = kerp_,,) -

As usual, we may take the direct sum over (—a, b) € Z? and we denote all these maps by 6. We wish to find
amap a : K — R(Z) which induces an inverse isomorphism @ to 4.

Suppose that h is a homogeneous element of K, in the sense it is identified via (40) with a homogeneous
xoxllm R[acgl, :Ul_l, x;l] of some degree (—a, b) € Z2. Formally, h is identified, via the Kiinneth

isomorphism, with the degree (—a, b) Cech 2-cochain (tijki,0p) ON X with

element of

- ) h if (1,k,0) = (0,1,2),
wkLop 0 else.

64



Since h € K, we know that ri.h = (71 - ;5 k1,0p) is cohomologically trivial. By Lemma 6.2, this implies each
term of r; - h contains at least one of z¢, 1, 22 with non-negative exponent. Therefore, we may write

(01)

rih = w40 412 4@ 4 (W) 4y @) 4 9)]

where u(¥7) consists only of terms where ;, 2 have negative exponent foreach 0 < i < j < 2, u( consists
only of terms where z; is the only z variable appearing with negative exponent for eachi = 0, 1,2 and (9
is a global section on X. Consider the 1-cochain (s;; ;) on X given by

uOV + 200 4+ Ly@ 4 Iyl if (4, k) = (0,1),
—u(02) — %u(o) - %u@) - %u(g) if (i, k) = (0, 2),
u + 2o 4 L@ 4 Iyl i (4, k) = (1,2),
0 else.

Sijkl = (41)

By construction, this maps to 71,k under the first degree Cech complex map d' on X. It also restricts to a
1-cocycle on V;. The cohomology class s of (s;;1;) on Vi is the the unique element

se HY(V1, Oy, (—a — dg, b — e3))

with 018 = h. As shown in the proof of Proposition 3.13, that i € ker ro, implies that the 1-cocycle son V7 is
alsointhe kernel of 5, viewed as a map on the first cohomology on V;. Thatis, the 1-coycle (r2-s;;,11) on V1 is
cohomologically trivial, thus the image of a 0-cochain (v;;) on V;. Since no entry of a cochain has depended
on the indices j or [, we can choose (v;;) so that v;; = v; isindependent of the index j fori = 0,1, 2. Since
R(V1) = R(X)/(r1), each v; may be taken in R(X)[z; !]. We obtain equations

12855101 = Vi — Ui € Oyy (—a, b)(Wij ) = R(X)[:Ifl, $,;1]/(7“1).

()

We are thus able to find ¢;; € R(X)[z; !, ;'] foreach0 < i < k < 2 such that
Vi — Vi = 7284kl + T14ik, 0<i<jg<2

This equation implies that (v;;) is a 0-cocycle when considered on Z, which was expected by the construc-
tion. The corresponding section v, defined by v; over the locus z; # 0 foreachi = 0, 1, 2, satisfies dv=nh
by construction. The choice of v is not unique; it is however unique up to an element of :*R (X).

Todefinea : K — R(Z),welethy, ..., h;beasetof minimal (andin particular C-linearly independent)
R-module generators of K and find vy, ..., v; as above so that each Svy = hy. Set ahy = vy for each
t' =1,...,tand extend R-linearly.

In practice, we don’t need to worry much about the non-uniqueness of o, since @7, t*R(X) (—q,5) = 0
for nearly all —a € Z for which K, # 0. In our examples, we will only go through the steps of defining
a in degrees (—a,b) with —a € {—1,0}; we will show that the new sections found in these degrees are
enough along with restrictions of sections on X to generate the Cox ring R(Z) in the cases (d;, d2) = (1,1)
and (dy,ds2) = (2,1) with general defining equations. Before restricting to these cases, we interpret how
multiplication by the sections x¢, 21, x2 acts on K.
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6.1.5 Multiplication by x(, 21, 25

Let —a € Z and consider the isomorphisma : K — R(Z)/.*R(X) with inverse §. For eachi = 0,1, 2,,
consider the map
T; = 5(%1)5 K-> K,

mapping each K, to K,,.

Lemma 6.8. Let —a € Z. The maps g, T1, T2 : K,41 — K, are given respectively by
Toh = (Mijk)ijkens(a—3)> ik = his1jk,
T1h = (hijr)ijkens(a—3)s Pijr = Pig+ik
Toh = (Wijk)ijkens(a—3)> Dijk = Pijhs1-

Proof. By Lemma 3.5, we have §(-r) = r,d forany r € R(X). Forany r € R(X) we thus have7 = d(-r)a =
ry«da = 1. By Lemma 6.2, the maps x4, 1., T2+« have exactly the descriptions given in the Lemma. ]

Remark 6.9. Asin Example 6.6, we may view the coefficients of a h € K, in a discrete 2-simplex labelled by
the polynomial coefficients. In this pictorial representation, multiplication by xg corresponds to discarding
the upper right edge of the triangle:

hos3o
hi20
hi2o0  ho21
o — h210  hi11

haio hiir  hoi2
hzoo ha2o1  hio2

haoo  h2o1  hio2  hoos

Similarly, z; corresponds to discarding the bottom edge of the triangle and Z, corresponds to discarding
the upper left edge. This can be compared directly with the truncation maps of Proposition 4.13.

With this, we end our comments on the general setting, and compute Cox rings in the general cases with
(di,d2) = (1,1) and (d1,d2) = (2,1).

6.2 Thecase (di,dy) = (1,1)

Recall that Z < X = P? x P" is a non-singular complete intersection of irreducible normal hypersurfaces
V1, Vo, with V4 also non-singular, defined by equations 1,7, € R(Z) of degrees (d1, e1), (dz, e2), where
di,ds,e1,eo = 1, respectively. In this Section, we treat the case dy = ds = 1. There are homogeneous
degree e, respectively degree es, polynomials f1, fo, f3, respectively g1, g2, g3, such that

r1 = fizo + fox1 + faxe, 12 = g170 + g2x1 + g3T2.
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We will see that Z is a blow-up of P2 x P in a codimension 2 ideal. Such blow-ups need not be Mori Dream
Spaces, but we will be able to compute the Cox ring of Z and show that Z is a Mori Dream Space with unique
minimal model.

6.2.1 Basic geometry

Let Z — P™ be projection to the second factor. This map is generically one-to-one, thus defining a birational
map. The fibres are controlled by the rank of the matrix

M= i 2 fs .
g1 92 93

Since Z has codimension 2, the matrix M has full rank over a general fibre. On the locus in P where M has
full rank, the fibre is a point. On the locus in P" where M has rank 1, given by the vanishing of the 2 x 2
minors minus the locus where all 6 coefficient polynomials vanish, the fibre is a line in P2. Over the locus in
which M = 0 we get P? fibres. In conclusion, we see that Z — X is defined by the equations

zo(f193 — f3g1) + z1(f293 — f392),

zo(f192 — fag) — 2(f293 — f392), (42)

z1(f192 — fa01) + z2(f193 — f391),
which can be obtained initially by eliminating one of the xg, x1, 2 from the equations r1, 7.

Proposition 6.10. The variety Z is isomorphic to the blow-up of P™ in the codimension 2 subvariety defined
by the 2 x 2 minors of M.

Proof. LetY c— P" be defined by the 2 x 2 minors of M. There are three defining equations with one syzygy
and Y is thus a codimension 2 ideal. The equations of the blow up in P? x P" are

zo(f193 — f3g1) — 21(f293 — f392),

wo(f192 — feg1) — w2(f293 — f392),

r1(f192 — fag1) — 22(f193 — f391)-

Replacing the coordinate x of P2 with —z1, we get precisely the equations (42). O

We will go through the procedure of Section 3.4, and show that R(Z) is generated by the restrictions of
sections in R(X') along with one new section in degree (—1, e; + e2), which vanishes along the exceptional
divisor of Z viewed as a blow-up via Proposition 6.10.
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6.2.2 Afirst new section

The spaces T_,, 1" ,, as defined in Definition 6.3, are given by

T-o=@H(X,0x(-a—2,b—e1 — e2))
beZ

T , =@ (H*(X,0x(—a—1,b—e)) ® H*(X,Ox(—a—1,b—e1))),
beZ

for each —a € Z. The maps B_, are given by (7., r2.) with kernel K,. By Proposition 6.7 we have that

K_, #0ifandonly if —a < —1 and
K=~ R[el + 62],

with the standard module generator correspondingto h = s—L— e ——L_—R[z; "2} 'z, "] under the iso-

morphisms in Lemma 6.2. We apply « to h explicitly, noting that the choice is unique since R(X ) (1) = 0
for each b € Z. We follow closely the procedure given in Section 6.1.4.

Ifh = —L  then

ToT1T2

_ N N fo N f3'
T1T2 ToT2 T1T2

The 1-cochain (s;; ;) on X defined by

(B if (i k) = (0,1)
—2if (k) = (0,2)

s < ToIT2
ig,kl = L
L i (i k) = (1,2)
L 0 else,

maps to r1,h under the Cech differential, and restricts to a 1-cocycle on Vj. The 1-cochain s (Sij 1) =
(r254.%1), Which can be viewed on X or V3, is then given by

([ [ [ e _
s L B (i) = (0,1
f e _
g K =02
T2*(5ij,kl)ij,kl =) figizo | figs | fi192 s
W‘FT‘FTQ |f(Z7k):(172)
L 0 else.

We can add the 1-cochain on X or V] given by

—p i (k) = (0,1),
211 if (i, k) = (0,2),
k

/ _ rox2
Qijkl = . )
K ——5;2 r if (4, k) = (1,2),

0 else.

without changing the 1-cochain on V;. Defining

g3 g2
qgor = ——— Qo2 = y  q12 = — ,
ToT1 ToT2 122
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we get an equality

f3g2—f293 + fagi—=figs if (l, ) = (07 1)7

fsgsmfags | frgpmf ’
392m0 293 + 1!]2:E2 291 if (17 k‘) — (0’ 2)’
f193—f3g1 + Nig2—fao1 4 (i, k) _ (172)

1 T2

(r2Sij ki + T1Gik)ij Kl =

0 else,

of 1-cochains on X. If we define

_ J392— fag3 _— f193 — fag1 o — f291 — f192
70 ) 1 I ) 2 To )

Vo

then the equations

Vi — Vj = T28i5kl + T1Gik

are satisfied for each 0 < i < j < 2, and we must have ah = v, where v is given by the 0-cocycle (v;) on Z

defined by
f392—f295 4 — 0,

Zo

v; = f193$—1f391 ifi =1,

foi—hg ;=9

2

The section v satisfies the equations
vz + (f2g3 — f392) = vr1 — (figs — fsg1) = vra + (fige — faq1) = 0.

We note finally that the existence of this section is clear from the equations describing Z as a blow-up.

6.2.3 Computing the space K

For these Z we can perform Step (2) of our procedure explicitly.

Proposition 6.11. For each —a < —1, the space K, = ker B_, is isomorphic to the R-module R[a(e; +
e2)], that is, generated by a single element in degree (—a,a(e1 + e2)). In particular, ®_ < ez R(Z) =
@ _,<_1 Bla(er + e2)] as an R-module.
Proof. Recalling the notation of Section 6.1.3, an element of K, for some —a < —1, is identified with a
a+1
h = (hijk)ijkers(a—1) € R(":)
such that the equations
Jihiv1 i + fohijy1 ke + f3hijee1 = 0, @3

g1hiv1jk + g2hiji1k + 93hijre1 = 0,

aresatisfied foreachijk € As(a—2). Ifa = 1this gives an empty condition and we recover theisomorphism
K1 = R[e; + ez] seen in the previous section. If a > 2 these conditions are non-empty. For a fixed ijk €
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As(a — 2), the equations (43) imply that

hiv1,56(f193 — f391) — hi j+1,6(f392 — f293) = 0,
hitv1,jk(fa91 — f192) — hijr+1(f392 — fags) = 0, (44)

hi i1k (fa91 — f192) — hijr+1(fi93 — fzg1) = 0.

Indeed any element in the kernel of M satisfies these equations. Now the 2 x 2 minors share nocommon
factor, for otherwise the section v divides by this common factor to yield a global section of degree (0, b)
with b < e; + eg, contradicting our known description of K. The equations (44) then imply that there is a
homogeneous polynomial p € R so that

hijk = D (f392 — f293)" (f193 — f391) (f2g1 — f192)%,  ijk € Ao(a —1).

In particular, K, is a rank 1 free R-module. Its generator h has entries in degree (a — 1)(e; + e2), thus
corresponds to adegree (—a, a(e1 +e2)) element of K. The last statement follows since D)., R(Z) (—ap) =
K, foreach —a < —1.

6.2.4 Proof of Theorem 2.13 forc = 2

We are now able to prove Theorem 2.13 in the case ¢ = 2.

Theorem 6.12. Suppose that Z < P? x P", withn > 2, has form (}) with respect to irreducible and normal
hypersurfaces

Vi = {fizo + for1 + faxza =0}, Vo= {fizo+ fox1 + faxe = 0}.

M:<f1 f2 fz)
gr g2 g3

define a codimension 2 subvariety of P"™ and Z is isomorphic to the blow-up of P™ in this locus. Further-

Then the 2 x 2 minors of the matrix

more, ifU = C[Xq, X1, X2, Y0, ..., Yy, V] s the free Z*-graded C algebra with generators having degrees
(1,0),(0,1), (=1, e1 + e2) respectively, then there is a surjective map of graded C-algebras ¢ : U — R(Z)
sending X; — x;, Y; — y;, V — v, where x;, y; are the restrictions of sections on X and v is the section of Z
found in Section 6.2.2. The kernel of 1 is given by the ideal J generated by the equations

J1(Y5)Xo + fo(Y5) X1 + f3(Y;) X3, 91(Y;)Xo + 92(Y;) X1 + g3(Y;) X3,
VXo+ (fogs — f3g2)(Yj), VXi—(figs— f391)(Y;), VXo+ (fig2 — fa01)(Y))

generated in degree (0, e1 + e2).

Proof. Suppose that the minors of M generate a codimension 1 subvariety of P”, then they share acommon
factor ¢. This leads to the existence of a global section ¢ in a degree (0,b) with b < €1 + ez, contradicting
that K1 =~ R[e; + e3]. We conclude that such Z must be singular.

For surjectivity, we note that for each a > 1, the section v* is a non-zero section in degree (—a, a(e; +
e2)). By Proposition 6.11, v generates (D, R(Z) (—a,) as an R-module and ¢/ is surjective. The equations
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in J certainly lie in the kernel of ¢). Suppose pis a degree (—a, b) elementof U /J.

If —a > 0, the equations in J allow us to write p as a polynomial independent of the V. Then ¢(p) €
L*R(X) is zeroifand only if it is contained in (ry, ro), implying that p € (r{(X;,Y}), r2(X;,Y5)) < J.

If —a < —1, then the equations in .J allow us to write p as an element of R times V¢, and we know that
v® is R-linearly independent. There are hence no further relations and ker ) = J as claimed, proving the
Theorem. O

Remark 6.13. Since each K, for —a < —1 was free of rank one, we didn’t need to interpret the map
v=0(v)a: K-> K

to prove the Theorem. Using Lemma 6.8 and the equations for vz, vz1, vrs we obtain the following. If
h = (hijk)ijkers(a—1) € Ko With —a < —1issow = ah, then as in the proof of Proposition 6.11, we can
find p € Rsothat

hijk = D (f392 — f293)" (f193 — f391) (fag1 — f192)%,  ijk € Ao(a —1).

Then since dvwxg is equal to the triangle representing vw with its upper right edge discarded, and also
equal to (f3go — fags)w. Similarly, vw with its lower edge, respectively upper left edge, removed is equal
(f193 — f3g1)w, respectively (fag1 — f1g92)w. We find that oh = b/ = (h;jk)ijkeAQ(a) where

hij = p(f392 — fag3)' (f9s — f391) (fag1 — f192)",  ijk € Do(a).

6.3 Thecase (di,ds) = (2,1)

Once more, we recall that Z < P? x P" is a non-singular complete intersection of irreducible normal hy-
persurfaces V7, Vs, with V; non-singular, defined by equations 1,7, € R(X) of degrees (d1, e1), (dz, €2)
respectively, where dy,ds,e1,e5 = 1. With the case d; = do = 1 considered in the previous Section, we
now turn to (dy,dz) = (2,1). There are degree e; polynomials f1,..., f¢ € R, respectively degree e, poly-
nomials g1, g2, g3 € R, so that

r1 = fixd + fowors + favors + faxt + fsxima + fex3, To = g130 + g2y + g3T2.

We will show that in the general case, Z is a Mori Dream Space with Cox ring of a certain form. We will also
describe exactly when this general case occurs in terms of the polynomial coefficients fi, ..., g3 of r; and

9.

6.3.1 Geometry

Let Z — P be the projection to the second factor. The general fibre is two points (with multiplicity) in P2.
The behaviour of remaining fibres is more complicated, we may obtain lines, degenerate conics or the entire
IP? over loci determined by the polynomial coefficients fi, ..., gs.

In Chapter 4, we considered (a general) degree (d, e) hypersurface in P! x P". In the case with d = 2, we
constructed a birational map exchanging the two points of a general fibre. We take inspiration from this to
define a birational map from our Z, a subvariety of P2 x P", to itself.
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Foreachi = 0, 1, 2, we may eliminate the variable x; from the equations r1, 2. For example, multiplying
71 by g3 we may eliminate z:

0 = fig3a5 + fagzmoxt + fagszo(—g120 — g21) + fag327 + fogsz1(—g120 — g2x1) + fo(—g120 — go1)?
(f195 — f39195 + fog7)xg + (f205 — f39293 — f59195 + 2f69192)T0x1 + (f193 — f59295 + feg3)x7.
This equation holds for any pointin Z. Similarly, we obtain

(f195 — fo9192 + f107)xd + (f29293 — f395 — 2f19195 + f59192)T0z2 + (f195 — f59293 + feg3)75
2
Zg

—0
(f195 — f29192 + fagD)x} + (fog193 + f39192 — [591 — 2f19293) 122 + (f193 — f39193 + gegi)ws = O

Each of these equationsis of the form Fji’%“‘GijfEOZCl +FZ-:1:? = 0Oforpolynomials Fy, F1, b, Go1, Go2, G12 €
R of degree e + 2e5. We set thus once and for all

Fo = f195 — f59293 + fe93,

Fy = f195 — fs9193 + fegi,

Fy = f195 — fag192 + fagi,
Go1 = fag3 — f39293 — [59193 + 2f69192,
Goz = f29293 — f395 — 2f19193 + f59192,
G2 = f20193 + f39192 — f597 — 2f19293.

These polynomials feature throughout this section and in the description of the Cox ring.

Proposition 6.14. There are sections zg, z1, 22 € R(Z) of degree (—1, e1 + 2e2) satisfying the equations

zoz0 = Fo, r121 = Fy, Tozy = Fy, (46)
x021 + 2120 = —Go1, Toze + 2220 = —Go2, 122 + 2221 = —Gh2,

in R(Z). Moreover, there is a birational map ¢ : Z --+ Z defined by
¢ ([zo: @@l [yo - tyn]) = ([20 021 22)s [yo - 2 ym]) s

which is reqular away from the locus over Y — P™ defined by the ideal Iy = {Fy, F1, F5, Go1, Goz, G12). Over
the general fibre, this interchanges the two points.

Proof. We have established above that

Fja? + Gijaiz; + Fm? =0
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foreach 0 < i < j < 2. The sections 2y, 21, 22, defined by

Fy Fizg + Gor1 Forg + Goaxo
0= —=— ) = - 9 )
o xy x5

Goi1xo + Fox1 Fy Fori + Giaxo

= ===
o I x5

Goaxo + Foxo Giax1 + Fras Fy

29 = — 5 = — 3 = —

g x] T9

are then seen to be globally defined on Z, in the degrees and satisfying the equations given in the Propo-
sition statement. The vanishing locus of zg, z1, 2o is precisely Y. If y € P™ is so that all three equations
Fjl’? + Gijrir + F’x? do not vanish, then its fibre consists of two points and the equations (46) imply that
[2; : zj] is the second root OfFj.f? + Gijxiwy + lef foreach0 < i < j < 2. Inparticular, [zg : 21 : 2] is
the other point on 7, and ¢ is birational, interchanging the two points of a general fibre. O

In the general case, which will be when the locus Y < P™ has codimension 3, we will see that Z is a Mori
Dream Space. In this case, the effective cone decomposes into two full dimensional Mori chambers, whose
models are each isomorphic to Z, related by the flop ¢ defined in Proposition 6.14. We can already prove
this, without computing the full Cox ring. We will use our method to compute the Cox ring. As usual, our
method gives us much more information on what happens in special cases. If Y has codimension less than
three, then ¢ is not anisomorphism in codimension one and the Cox ring differs from the form of the general
case. This will be formalised in the rest of this Section.

6.3.2 The space K andits liftto R(2)

As in Definition 6.3 we have spaces T, T, for each —a < Z defined by

T o=@ H*(X,0x(—a—3,b—e1 — e2))
beZ

T . =P (H*(X,0x(—a—1,b—e)) ® H*(X,Ox(—a —2,b—e1))) ,
beZ

and maps B_, = (r1x,724) : T—q — T", with kernels K,,. By Proposition 6.7, we have K_, # 0if and only

1
ToT1T2

ifa < 0andthat Ky =~ R[e; + es], with standard module generator corresponding to h = . We can
perform ah explicitly.

We have . F F F
x x x
_hwo f fs fam  fs | fera
ToT12 12 €2 x1 ToT2 Zo ZToT1

Tlh =T

The 1-cochain (s;; ;) on X defined by

(e 1f 1f if (¢ =
wor: tam Tam (LR =(0,1),
) 1 e
_%_5%_5% if (i, k) = (0,2),
Sijkl = Y fizo L 1fs L 1fo ey,
nzs T 3m Tam (k) =(1,2),
0 else,
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maps to r1,h under the Cech differential, and restricts to a 1-cocycle on V;. The 1-cochain s (Sij 1) =
(1254 %1), Which can be viewed on X or V3, is then given by

fegsed | fsg2@1+3 fsgzzatfegan 3 f3g120+ 5 fagzzat+feaz 1 1 e
izi? 5 f59221 2905032 69222 | 3f391%0 2;132 612+§f392+§f591 if (i, k) = (0,1)
2 1 1, 1 1 e
_fizzz-;cl _ f493I1+2f5Zi11+2fgg3I2 _ 2f291$0+2/;2292$1+f49111 _ %f293 _ %fsg1 if (Z,k’) _ (072)’
(r2s8)ijkl =
fro1x? f1gzzo+3 fagrzo+3 fagsao 19220+ 3 fagrzo+3 fagoxy 1 1 e
;1;20 + 2 T : + . To : + §f2-g3 + §f392 If(7'7k) = (172)’
0 else.
Define now
_ 93 _ 42 - g1
1 = ——— 402 = y 412 = — .
Tox1 ToT2 T1T2

We can add to (72455 1) the 1-cochain 71 (gik, k1), where

(g1 if (i, k) = (0,1),
qo2 if (i, k) = (0,2),
q2 if(i,k) = (1,2),

0 else.

Qijkl = A

Then rasij ki + 171G,k = u; — ujforeach 0 <@ < j < 2, where

— fagsz1+ 3 fsgaw1— % f593T2+ fogama

1 1 . .
= + 5f293 — 3f392 ifi =0,
- frgszo— 3 fagrzo+1 fagsro—fegraa 1 1 Yy
U = 2 . —5fig95 + 5f392  ifi=1,
—f19220+2 fog120— 2 fogaz1+ fag121 1 1 Y
{ 2T + 5f195 — 5f293 ifi=2.

By construction, (u;) restricts to a 0-cocycle on Z, defining a section on R(Z) in degree (0, e; + e2), which
we set to be —u, to make our final Cox ring compatible with the result in Chapter 7. That is, we take u = —ah
represented by the 0-coycle (—u;) on Z defined above.

Remark 6.15. Whilst we have illustrated how to construct « in this case, we could have skipped this step
using the work in Section 6.2.2. First, we rewrite the defining equation r; as

r1 = fizo + fox1 + faxa,

where

1 1
f1 = fizo+ §f2$1 + §f35627

1 1
fo = §f2330 + fax1 + §f5x27

1 1
f3 = §f3xo + §f5331 + fexa.
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A point (z, y) € P2 x P" satisfies r; = ro = 0ifand only if z lies in the kernel of

o (f 5
g1 92 93
a matrix depending on z and y. Let i;, fori = 0,1, 2, denote the 2 x 2 minor of M’ obtained by deleting

the it column. Now applying « to h can be performed exactly as in Section 6.2.2, with f1, f2, f3 replaced by
11, 15, f5. As there, we get the section

o 141 1)
ah:_u:_iziz_i,
Zo x1 X2

which is exactly our —u obtained above.

6.3.3 Thespace K andits liftto R(2)

The space T_; is a free R-module of rank 3, so we equip it with a standard basis given by —-L L

xir1Te’ TOTT
moxllxz. By Lemma 6.5,a h = (hy, ho,hs3) € T_qisin Ky ifand only if g1h1 + gaho + gshs = 0. In degrees
2
(—a,b) with —a = —1,themapa : K, — @y, R(Z)(—a,p) isanisomorphism, so we need not worry about
choices for a. If h € K7 we can apply the procedure of Section 6.1.4 to obtain ah = zj, where zy, is given by
the 0-cocycle (z3,i;) on Z given by

T3’

—hifagsm1+5h1fsgax1—Sh1fsgaza+h fegazo —h1fagz+hi1fsga—hafagz+3hifsg1+hafs92+hsfeg2

p= + o ifi =0,
_ hafi1g3wo—Shafsgizo+ghafsgsra—hafegiza h1figs+hafags—h1fzg1—3hafsga—hafsgi—hsfegr ifq
Zhyij = 22 + . ifi =1,
1

—h3fig20+ 3 hafagizo—Shafagemi+hafagiz + —h1f1g2—hafaga—Shafags—hsfaga+hafagi+hsfsgr ifi =2
2 T - 4
fl)2 )

By considering xozp,0; and hiug; for any j we spot the equation

1 1 1
Tozp = —hiu — §h1f293 + §h1f392 — hafigz + §h1f591 + ha fs92 + h3 feg2

in R(Z). Similarly we obtain the equations

1 1 1
12, = —hou + hy f193 + §h2f293 — h1f391 — §h2f392 — §h2f591 — h3 feg1,

1 1 1
x2zp = —hau — h1fig2 — hafag2 — §h3f293 - §h3f392 + ha fag1 + §h3f591-

Itis worth noting that the way these equations are written formally in terms of the variables hy, ho, h3 is not
unique, since we have the relation h1g1 + hogs + hsgs = 0.
Consider now the Koszul generators

h(o) = (07 _93792)7 h(l) = (93)0) _gl)a h(2) = (_92a9170>'

We see that z; as defined in Proposition 6.14 is equal to ah(®) for each i = 0, 1, 2. We see the already known
relation g1 z0 + g221 + g3z2 = 0 again.
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Proposition 6.16. The sections z, z1, 22, u, on R(Z) satisfy the equations

1 1
zozo = Fo, 120 = gsu — 5Go1, w220 = —go2u — 5Go1,
1 1
Toz1 = —gsu — 53Go1, T120 = F1, x221 = g1u — 5Gho,
1 1
Toz2 = gou — 5Go2, x120 = —q1u — 53G12, 220 = Ih.

These equations imply those found in Proposition 6.14. Furthermore, u?> = w in R(Z), where

G, — AR Fy  Giy—ARyFy,  Gi, — AR\ F

493 493 497

in R <« R(Z). In particular, u vanishes on those points of Z where the fibre consists of a double point.

Proof. These equations can be seen by comparing their defining 0-cocycles, which are defined explicitly
above. From these equations, we can find the corresponding expressions for u2, which must therefore be
equal. For example

1 1 1
FoFy = zozo7121 = <93U - 2G01> <—93U - 2G01> =—g;+ ZG(%D

which rearranges to the given result. Thatw € R can be checked explicitly. From the three equal expressions
for w, we see that u? and thus u, vanishes when the discriminants of the quadratics Fj2? + Gjjzz; + lef
vanish, which includes those fibres that are double points. O

Corollary 6.17. Suppose that g1, g2, g3 form a regular sequence in R. Then @y R(Z)(_1p) is isomorphic
as an R-module to the quotient of R3[ey + 2e2], with generators corresponding to zg, 21, 2o, by the submodule
generated by the degree e, + 3es element corresponding to g1zg + goz1 + g32o.

Proof. If g1, g2, g3 is regular in R then B_; is the first map of the Koszul complex for the sequence g1, g2, g3
and the result follows. O

Remark 6.18. Thereisanother way one may see thatu? is contained in R. The equationsin Proposition 6.16
imply that zgz1 — x120 = 2g3u. Lety € P" be so that g3(y) # 0 and the fibre of Z over Y is 0-dimensional.
Let z, 2’ be the points (possibly equal) over y. Then the sections g, x1, 22 are the coordinate functions and
the sections zg, z1, 22 are the coordinate functions for the other point over y. Evaluating u at both of these
points we thus obtain

2g3u(z,y) = (zoz1 — 120) (2, y) = 2ox| — 2120 = — (2021 — T120)(2',y) = —2g3u(z’, ).

In particular, u takes opposite sign on the two points over a general fibre (which once again shows that «
vanishes along the double point fibres). This implies that u? is independent of = and thus the pullback of a
function on P™. This function is unique since Z is surjective onto P".

Corollary 6.19. Recall the degree (1,e; + e2) sections pu, ju1, pu2 defined in Remark 6.15. Let puy, 1t} , pity, be
the same polynomials except with each x; replaced with z;, thus giving degree (—1, 2e; + 3ez) sections. Then
we also have , , ,
Y R L R
U=——=—=——".
20 Z1 Z9
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In particular, we obtain equations
/! / /
uzo + Mo, UZ1 — M1, W22 + g

in degree (—1,2e;1 + 3e2) on R(Z).

Proof. Since the sections zg, z1, 22 define a rational map from Z to itself, we have
f128 + fazoz1 + faz022 + fazi + fozize + fo23 = g120 + g2z1 + g3z2 = 0,

and thus by symmetrical arguments as for the z,, we conclude the existence of a section

/

N

u

20 B 21 B 22
We just need to show that «/ = —u. To this end, let y € P™ be so its fibre consists of two points z, 2’ in P2
We can evaluate v’ at (z, y). By Remark 6.18, we have

po(z,y) _ po(a’,y)

u (xvy) = > ) = xo(ﬂc’,y) = U(.%’ ay) = —u(x,y).

Since v/ = —u on a dense open subset, it is true everywhere. O

6.3.4 The space K,

We have seen that K is simply a free R-module of rank 1, and that K7 can be expressed using a resolution
of R/(g1, g2, 93). Itis first with K = ker B_5 that we have both defining equations giving conditions on
coefficients. An element

h = (h1, hg, h3, ha, hs, he) = (h2o0, R110, R101, ho20, ho11, hoo1) € T—2
liesin K9 when

hig1 + haga + h3gs = 0, hag1 + haga + hsgz = 0, h3g1 + hsga + hegs = 0,
hifi + hafa + h3fz 4+ hafs + hsfs + hefe = 0,

are all satisfied. The matrix of By : RS — R* s thus given by

fi o fs fa 5 fs
g1 92 g3 0 0 O
0 g1 0 g2 g3 O
0 0 g1 0 g2 g3

By =

Proposition 6.20. View By : R® — R* by its matrix given above. Let &;; be the 4 x 4 minor of By obtained
ignoring the i and j columns for 1 < i < j < 6 and introduce the standard sign conventions &;; = —¢&;; for
i > jand&; = 0foreachi. There is an R-module complex
BT
0 — R* 2 RS L, RS B2, R4 (47)
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where P is the skew symmetric matrix ((—1)*7¢;;). Furthermore, the columns of P, which are thus elements
of K5, map under « to the sections 2(2], 20721, 2022, z%, 2129, z% The relations given by the columns of BQT are
then those obtained from the equations ri(z;) = ra(z;) = 0.

Proof. The complex (47)isthe Buchsbaum-Rim complex of Bs, thusacomplex -see[13, §A.2.6.1] for details.
We only need to show that the columns of P correspond to the degree 2 monomials in the z;. We use the
following Lemma.

Lemma 6.21. Let Z; : K — K denote the maps 6(-z;)a foreachi = 0,1, 2. Suppose w € R(Z) has degree
(—1,b) for some b € Z and

ho
(5w=h=(h1,h2,h3)= EKl.
hi  hs
Foreachi=0,1,2andj =1,... ,6Ieth;j be so that
hia
,%h = h;2 h;5

/ / /
h‘il hi3 hi6

Then we have

hoy = Foha, hoo = Foha, hog = Fohs

oa = —F1h1 — Go1ha, hig = —F>h1 — Gozhs

hys = f19293h1 + f2g293he — f3g192h1 — f3g3ha — fag1g3he — fegrg2hs

hiy = Fiha, hiy = Fihs, his = Fihs

h/11 = _F0h2 - G01h17 h/16 = —thg — G12h3

hi3 = —f19293h1 + fag193h1 + f1g193ha — f592h1 — fsg192h2 — feg192hs,

hys = Fahy, hbs = Faho, hbg = Fahs

51 = —Fohsz — Goahy, hby = —F1hs — Gi2hs

!/

ho = —f19293h1 + f3g192h1 — f1g193he — fsgiha — f59193hs + fegrg2hs.

Proof. The equations z;z; = F; in R(Z) imply that Z;Z;h = F;h. Since the maps Z; have the description as
in Lemma 6.8, we obtain the equations for

/ ! ! / / / ! / /
01>h027h03a 12519145 10155 23ah257 26
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Similarly, we have (%;Z; + ;Z;)h = —G;h foreachi # j, which along with the already known £;; allow us
to deduce the equations for

/ / l / / /
045 %065 "“11> 165 1°21> 1924+

The equations for A5, h) 5, hb, can then be deduced from the others using z;h € K for each i. O

Returning to the proof of Proposition 6.20, we can use this Lemma to compute dz;z; foreach 0 < i <
j < 2,and we see that these give precisely the columns of P. O

Corollary 6.22. RecallthatY < P"isthe vanishing locus of the ideal generated by Fy, F1, Fa, Go1, Goz, G1o.
If the codimension of Y is 3, then the complex (47) is exact and gives a resolution of Ko, in particular Ko ~
RO[2e; + 4ey]/im BY. If the codimension of Y is less than 3, then the complex (47) is not exact, and K is not
isomorphic to R[2e; + 4e5]/im BY.

Proof. By [13, Theorem A.2.10], the complex (47) is exact if and only if the ideal generated by the maximal
minors &;; of By has depth 3. Lemma 6.21 implies that these maximal minors vanish on Y and the statement
follows. O

6.3.5 Proof of Main Theorem 2.17 forc = 2

We conclude by proving Main Theorem 2.17 in the case ¢ = 2. We recall our set-up. We define Z < P? x P"
to be the complete intersection of two irreducible hypersurfaces V1, V5 defined respectively by equations

r1 = fixd + fovory + fswowe + faxl + fsxime + fex3, To = g130 + G271 + G372,

where f1, ..., f, respectively g1, g2, g3, are polynomialsin R = Clyo, . . ., y,] of degree e; > 1, respectively
eo = 1. We assume that V; and Z are non-singular so that the inclusions Z — V; — P2 x P™ induce
isomorphisms on Picard groups. We define the polynomials Fy, F1, F», Go1, Goz, G12 € R asin (45). Let
Y < P" be the vanishing locus of the ideal generated by Fy, F1, F», Go1, G2, G12. Since Y contains the
locus on which g1 = g2 = g3 = 0 we have codimY < 3.

Theorem 6.23. Let Z — P? x P" be as above. Let A be the free Z>-graded algebra
A =C[Xo, X1,X2,Y0,..., Y0, 20, 21,22, U],
with degrees
deg X; = (1,0), degY; = (0,1), degZ; = (—1,e1 +2e2), degU = (0,e1 + e2),

for relevant i, j. There is a morphism of graded algebras ) : A — R(Z) sending X; — x;, Y; — y;, Z;i — zi,
U — u, where zy, 21, 22, u are the sections defined in Proposition 6.14 and Section 6.3.2. Let J <1 A be the
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homogeneous ideal generated by the equations

r(Xi,Yj), ra(XeY;), m(ZsY;), ra(ZiY),
XoZo — Fo(Y)), X1Zo—g3(Y;)U + 3G (Y;), X2Zo+ 92(Y)U + £Goa(Yj),
XoZ1+ g3(Y))U + 3G (Y;), XiZi— F1(Y;), XoZi— 1(Y)U + 3Gra(Y)),
X0Zo — 2(Y;)U + 3G2(Y;), X1Zo + 1(Y))U + 3G12(Y;), XoZs — Fo(Y)),
XoU — (X3, Y;), XU +ni(X,,Y)), XoU —1na(X5,Y;),
ZoU +v0(Z;,Y;), Z1Uwvi(Z,Y5), ZU —wa(Z;,Y5),
U? +w(Yj),

where the v;(z;,y;) are defined in Remark 6.15 and w(yj;) is defined in Proposition 6.16. Then J < ker ).

(i) Suppose the space W < P™ has codimension 3. Then v induces an isomorphism of graded algebras
R(Z) = A/J. The space Z is a Mori Dream Space with two maximal Mori chambers, each giving min-
imal models isomorphic to Z, related by a flop which exchanges the two points of a general fibre over
P,

(i) Suppose there is a presentation of graded rings of the form R(Z) = A/J. Then codim W = 3.

Proof. By Proposition 6.14, Remark 6.15, Proposition 6.16, Corollary 6.19, the map v is well defined and its
kernel contains K.

Suppose that codim W = 3. By Proposition 6.14, we have a birational map ¢ of order two from Z to
itself:

O([zo w1 @2l [yo -+ tyn]) = ([20 0 21t 22], [0 -+ 2 y)-

Moreover ¢ is regular away from W, thus an isomorphism in codimension one. Since ¢ is also a map over
P, any contracted fibre is in P2, thus has trivial intersection with the canonical divisor Kz, which has class
(0,e1 + e2 —n —1)on Z. It follows that ¢ is a flop from Z to itself, inducing an isomorphism ¢* : R(Z) —
R(Z) of Cox rings.

Surjectivity of ¢ now follows since u, zg, 21, ¥2, o, - - - , yn generate the algebra®,, ¢ jez R(Z) (a,p), aSit
isisomorphicto t:*R(X)® Ky and ¢* interchanges @a>0,bez R(Z)(aﬁb) and ®—a>0,beZ R(Z)(a,b+a(el+262))’
so the latter ring is generated by u, 29, 21, 22, Yo, - - - , Yn-

The equations in J ensure that any degree (a,b) element in R/J with a > 0 may be written as a poly-
nomialin u, xo, 1, T2, Yo, - - . , Y and that A/J maps injectively into R(Z) in these degrees. Since the ideal
J is symmetrical with respect to swapping Xg, X1, Xo, U with Zy, Z1, Z5, —U respectively, we can use the
symmetry of the Cox ringinduced by ¢* to conclude the isomorphisms R(Z) =~ A/J in degrees (—a, b) with
—a < 0. This concludes part (i).

Part (ii) follows immediately from Corollary 6.22. O

6.3.6 Examples

We provide the Cox rings of some examples Z = X = P? x P" of the form (}) of Definition 6.1.
The first example remarks that codimY = 3, where Y is as defined in Proposition 6.14, occurs in the
general case for a Calabi-Yau threefold Z of form () in P? x P3. We can expect it to then be the general case
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in all choices of parameters n, ey, es.
For the second example, recall that

r1 = fixd + fawory + favore + faxt + fsxima + fex3, To = g1m0 + got1 + g3 T2,

are the defining equations of Z, we compute the Cox ring for a degenerate case, where f5, f3, f5, g2 are all
zero.

Example 6.24. Letn = 3s0 X = P2 x P? and choose

(617 62) € {(17 3)7 (27 2)7 (3, 1>}

In Macaulay2, one verifies that for suitably random choices of degree e; polynomials f1, . .., fs and degree e,
polynomials g1, g2, g3 in R, thatcodim Y = 3. By Theorem 6.23, we conclude that a general ample complete
intersection Calabi-Yau threefold is a Mori Dream Space, admitting one flop of order two to itself.

As we saw in Chapter 4, our method has particular strength in understanding degenerate cases, and how
the Cox ring changes form.

Example 6.25. Assumethat fo = f3 = f5 = go = 0, so we have

r = flxg + f4x% + fﬁxg, ro = g1T0 + g3Ta.

We temporarily treat the non-zero coefficients as formal symbols. Note that G;; = Oforeach0 <7 < j < 2.
The space K is the kernel of the map of R-modules

D

R~—M 4, R

whichis a free R-module of rank 2, generated by R-linearly indepentent generators (g3, 0, —g1) and (0, 1, 0).
Using the work of Section 6.3.3, we have sections w = «(0,1,0) and z = «a(gs, 0, —g1) satisfying equations

Tow = fiag3, TI1W =u, Tow = —faq1,

Tz = —g3u, w1z = F1, ToZ = g1U.

We notice that w is no longer needed as a generator.
The space K5 is the kernel of the matrix

i 0 0 fi O fe
g1 0 g3 0 0 O
0 g1 0 0 gs 0
0 0 g1 0 O g3

)

which is also a free rank 2 R-module, generated by the linearly independent elements

h = (079370707 _9170)7 h, = (f4g§70a _f4glg37 _fﬁg% - flggaov f4g?2>)
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This gives us sections v = ah and t = al/'. Since, using Remark 6.9,

0
0
T1h = 11 93 9 = ,
g3 -0
0 0 0
we have z1v = z, and z is not needed as a generator. Using the equations xow = fig3, xvow = — f191, we
can calculate t = zjvw. For example
0 0
TowW 93 —91 = Towh = fig3h = f4g§ —f19193
0 0 0 0 0 0

gives the lower left 6 entries of vw, and the lower right entries of vw are computed similarly.

Theorem 6.26. Let
A= (C[X()a X1>X2a va cee 7Yn7 W7 V]

be the free Z2-graded algebra with degrees deg X; = (1,0),deg Y; = (0,1),deg W = (—1,e1+ez),degV =
(=2, e1 + 2e3). There is a well defined map of graded algebras 1) : U — R(Z) mapping X; — x;, Y; — y;,
W +— w, V' +— v. The kernel of 1 contains the ideal J generated by the equations
Tl(Xh}/j)u TQ(XE}GL
XoW — fu(Y)g3(Y;), XiW + f1(¥5)gs(Y;) Xo — f6(Y;) o1 (Y)) Xa,  XoW + fa(Y))g1(Y)),
XoV —gs(Y))W, X7V —Fi, XoV + g (Y)W,
W2 — f4(Y;)V.

Suppose that g1, g3 are coprime and that f4 does not divide Fy. Then 1) induces an isomorphism of graded
algebras R(Z) = U/ J.

Proof. The previous discussion gives the existence of ¢ : A — R(Z) and implies J < ker 9.
We now suppose that g1, g3 is regular in R and that f, does not divide F3. It suffices to show that K, is
a free R-module of rank 2 for each a > 1, with module generators

) (vagl:m) , 0 (wv%l) if a odd
1) (wv%xl) , 0 (U%> if a even.

The assumptions on f4, g1, g3 imply this is true fora = 1, 2.
If a > 3, then consider an element (k) jkens(a) € Ka- Since g1, gs is regular, the defining equations

g1hiv1jk + g3hijre1 =0
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of K, imply that foreach j = 0,...,awe have
(ha—jgos -+ hoga—g) = hi(g5 7, —g1g5 7 (=1)* g1 ).
The equations

Jihivo ji + fahijiok + fehijri2 =0

become
(=1)*gig¥(h;Fy + fihji2) = 0.

Since f4 does not divide F7, it follows that h is completely determined by the entries h, 00 and hq—1.10,

[ J [%71 a—l‘

ha00 =P1fi%' 9%, ha—11,0 = Dp2f] Jgg

which are of the form

Indeed, h, 0,0 determines all h;;. with j even and h,_1 1,0 determines all h; 3, with 5 odd. This corresponds
exactly to two independent R-module generators of K,, which must correspond to the afforementioned
sections up to scalars. Indeed, they are in the same degrees and these sections are R-linearly independent.
One may also verify inductively that these module generators are given by the sections as above using the
known equations in R(Z). O

6.4 Comments

Analagously to the Remarks in Section 4.5, Theorem 6.23 generalises to codimension 2 complete intersec-
tions in ambient spaces X — P? x T with T'a Mori Dream Space. We spare repeating the details.
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7 On Coxrings of codimension c complete intersections in P° x P”

We now treat the case of a sufficiently non-singular codimension ¢ > 2 complete intersections in the ambi-
ent space X = P¢ x P" withn > c. We will see that Step (2) and Step (3) become too complex to manage
by hand in general. We will take inspiration from the ¢ = 2 case explored in Chapter 6 to give results for
the case with each definining equation being linear in the first factor, and the case with all but one equation
linear and the remaining quadratic in the first factor. The results of this Chapter can be seen to generalise
those of Chapter 6 (and even Chapter 4).

7.1 Finding sections
7.1.1 Basics

Fix X = P° x P" withn > ¢ > 1. Take homogeneous coordinates xg, ..., z. on P¢and y, ..., y, on P".
There is an isomorphism of Picard groups Pic X = 72, generated by the pullbacks of a hyperplane section
of each factor defining X. Writing R = R(P") = C[yo, - . ., Yn], the Cox ring of X is

S = R(X) = R(P°) @ R(P") = Rlxo, .. ., 2]

The graded subring R gives R(X) the structure of a graded R-module. We recall Definition 2.11.

Definition 7.1. Foreachm = 1,...,¢,letV,, beanirreducible and normal hypersurface defined by a degree
(dm, em) equation r,,, € R(X) for some d,,, e, = 1. Thevariety Z ¢ X = P¢ = P will be said to have
form (f) with respect to the hypersurfaces V1, ..., V. if the following hold.

(i) Wehave Z =, _; Vin-

(i) Thesequencery,...,r.isregularin R(X) and the intermediary complete intersections

arenon-singularform =1,... ¢

All varieties Z < P¢ x P™ in this section are of the form () with respect to hypersurfaces V1,..., V.
as in Definition 7.1. Each inclusion Z,,,_1 — Z,,, where by convention Z; = X, induces an isomorphism
of Picard groups by the Lefschetz hyperplane theorem. We denote the common identification of all Picard
groups Pic Z,,, by Pic. We are in a setting to utilise the method developed in Section 3.4.

As an ordered affine cover we take the set )W = {W;}, where WW;; is the affine open of X where z;, y;
are non-zero, as usual with lexicographic order. Forij < ki we denote by W;; i; the intersection W;; n W.

7.1.2 Describing the maps on cohomology
Step (1) is as straightforward as in Chapters 4 and 6.

Lemma7.2. (i) Thereare natural Z2-graded vector space isomorphisms

D HX.Ox(a,b) = — R[zy",....2; "]

T Slxgt, ... 2. /L, (48)
(a,b)eZ? Lo Le

re

lle
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where L is the vector subspace of S[x Lo, x, 1] generated by all terms in which an x; appears with
non-negative exponent.

(i) Foranr e R(X)(4.), the map

ro @D HYX,Ox(a—db—e) — @ HYX,0x(a,b))
(a,b)ePic DePic

can be identified with the map

re: S[xgt, . o7 /L — S[xgt, ... 2 Y/L

rre

f — 7r-f modlL

that multiplies an element f € S[xy?,..., 27 /L = —L—R[zy",..., 2] by r, and ignores those

T Te e

terms in which an x; occurs with non-negative exponent.
Proof. The argument is the same as in Lemma 6.2, using the Kiinneth formula. O
Once more, we remark that the isomorphisms in Lemma 7.2 are of R-modules.

Definition 7.3. Setd = d; +--- +d.ande’ = ey + - - - + e.. Define, for each (a, b) € Z2, the vector spaces

Tiop = H° (X,0x (a—d,b—¢)), T,= (—DTW,),
beZ

along with the spaces

Top) = @IHC (X,0x (a—d +dm,b—€¢ +en)), T, :SBZT(GJ)).
m= S

For each a € Z define B, : T, — T}, to be the map

B,:T, — T
h —> (7“17*h, .. .rc,*h).

We write K_, = ker B, noting as usual the flip of signin a, foreacha € Zand K = P, K,.

We have finished Step (1) of the programme. We know that we have isomorphisms of vector spaces
K =~ R(Z)/*R(Z), from which K inherits a grading.

7.1.3 Describing the kernels of the maps B,
We begin with Step (2) by identifying each T, with a free R-module.

Definition 7.4. For each a € Z, define the discrete c-simplex
Ac(a—c—l) = {(io,...,ic)eZ>0:io—l—---+i0:a—c—1} CRC+1,

consisting of (“_ ) pointsin R*+!, where we set (“_') = 0ifa < ¢+ 1, correspondingto Ac(a—c—1) = &
in this range. For ease of future notation, we write i . . . i. for an element (i, ...,i.) in Ac(a — ¢ — 1). If
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i0...ic € Ac(a —c—1)andigp,. .., i, € A.(d) thenwe canwriteig...ic+ 1) ... i, = (o +1i(,...,lc+1iL.) €
Ag(a+d—c—1),wherea,d e Z.

Since H(X,Ox (a,b)) = 0fora > —c, we use the index —a rather than a. Let —a < —c¢ — 1. If we give
R("<") the standard basis indexed by Ac(a — ¢ — 1) then there are R-module isomorphisms

a—1 ~ 1 _ —
r(:H =~ C—B R[xol,...,:zc 1](,(1’1,)
bEZ xo .. :'U2
(hio...ic)io...iceAc(a—c—l) —  h= Z o+l ietl”

i0mic€A(a—c—1) TO T Te

The following Lemma describes the maps on second cohomology induced by the multiplication by a
global section described with these bases.

Lemma?7.5. Letd, e > 0. Ageneral polynomialr € R(X)(q.) is given by a collection of degree e polynomials
(Gio-ic)io...iceAc(a) ViT
(Gio.ic)io...iceAe(d) ™ Z Gio e - T
10...1cEA(d)
If —a € Z, then the map

r? @ HYX, Ox(a — d,b— ¢)) — @ H(X, Ox(a,b))
beZ beZ

is identified via the isomorphisms in Lemma 7.2 and (49) with the map

(a+d—1 a—1

e r(Y
(hio~--ic)io...iCEAc(a+d—c—1) = (h{io...ic)io...iceAc(a—c—l)a

where foreachig . ..i. € A(a —c— 1), bl

10...0c

is given by

/
ig..ie = Z hio...ic+i’0...i’cgi6...i/c-
ig...ih€Ac(d)

Proof. This follows from the description of rfka) given by Lemma 7.2(ii). O

Similarly to in Example 6.6, the element r € R(X) and h € T, viewed as discrete ¢ simplices labelled

with their polynomial coefficients, and the map ria) is seen as a collection of scalar products according to

each way the simplex associated to r maps rigidly, without rotation, onto the simplex associated to h.
Proposition 7.6. Foreach —a € Z, the space K, = ker B_, may only be non-zero if —a < —c — 1+ d.
(i) For —c +d' — min,, d,, < —a < —c — 1 + d’, we have a graded isomorphism

a+d —1

K, =R [¢].
(i) For—a < —c — 1 + d’ — min,, d,,, we have graded isomorphisms
( (a)
%

K(_qp) = ker Tli) NN kerrey
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Proof. The first two statements follow since T,, = 0if —a > —c—1+d'and T, = 0for —c+d' —min,, d,,, <
—a < —c— 1+ d'. Theisomorphism of part (ii) isimmediate from the definition of B,,. O

Since the dimensions of the spaces T;, and T, increase with order ¢, it is not feasible to try and compute
the K, directly, outside of perhaps the simplest cases.
7.1.4 Problems defining o and multiplication by the z;

For larger ¢, defining arightinverse a : K — R(Z), unique on those K, with a > 1, explicitly is much more
complex. In Section 6.1.4, we saw the situation with ¢ = 2, where we must work in the polynomial rings
R(X)[z; ", z;,']/(r1). For general c we have computationsin therings R(X)[z; ', ...,z '1/(r1, ..., Te—m)

19 » Y im
foreachm =1,...,cand 0 < ig < --- < iy, < ¢. We will be able to derive results without completing this
step explicitly. We can understand the maps on K induced by multiplication by zy, . . ., z.

Let —a € Z and consider theisomorphisma : K — R(Z)/.*R(X) withinverse 6. Foreachi =0, ...,¢,
we have a map
T; = (5(1’1)5 K - K,

mapping each K, to K,. Even though we have no explicit description for @, the maps Z; have a simple
description. The following Lemma generalises Lemma 6.8 to general ¢ > 2.

Lemma7.7. Let —a € Z. Foreachk = 0,...,c,themap Ty : K,+1 — K, is given by

Trh = (B i )io.iceno(atd—c—1)s P i = Pig.oig+1..ic
foreach h = (hiO-uic)io...iCEAc(a+d/—C) € Kqt1.
Proof. As forthe ¢ = 2 case, this follows from Lemma 3.5 and Lemma 7.2. O

If we view an element h = (hig..i, )ig...ice A, (a+d'—c—1) Of Ko as the discrete c-simplex Ac(a +d' —c—1)
with its points labelled by the polynomial entries, then the map #j, corresponds to discarding the face of this
c-simplex defined by i, = 0.

We have enough tools in the general case, that we may move our focus onto the cases with (di, ..., d.) =
(1,...,1)and (dy,...,d.) = (2,1,...,1), where the geometry is accessible enough for us to derive com-
plete results in the general case.

7.2 Thecase (dy,...,d.) =(1,...,1)

Recallthat Z ¢ X = P x P", withn > ¢, is of the form (1) with respect to irreducible normal hypersurfaces
Vi,...,V.definedbyequationsry,...,r. € R(Z)ofdegrees (di,e1),...,(de e.),wheredy, ... dc,e1,...,ec =
1, respectively. In this Section, we treat thecased; = --- = d. = 1. Foreachm = 1,...,¢, There are ho-
mogeneous degree e,,, polynomials f, 0, - ., fm.c € R = C[yo, ..., yn] such that

T'm = fm,ol’o +oe 4+ fm,cxc‘
We will see that Z is a blow up of P¢ x P™ in a codimension 2 ideal. We will compute its Cox ring and show

that Z is a Mori Dream Space with unique minimal model.
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7.2.1 Basic geometry

Let Z — IP" be projection to the second factor. This map is generally one-to-one, defining a birational map.
The fibres are controlled by the rank of the matrix

fl,O fl,c
M=| oo
fc,O fc,c

The fibre over a point y € P™ is isomorphic to P“~", where r is the rank of M at yy. Note once more that M
has full rank over the general fibre, since Z has codimension cin P¢ x P". Fori = 0,...,c, let u; € R be the
minor of M corresponding to deleting the i column, so deg 11; = ¢’ in R. The following equations are then
satisfied by any pointon Z foreach0 <i < j <ec.

(—1)' s — (=1)! pij = 0. (50)

To see this, suppose M : S¢T! — S¢is a linear map over aring S. Then we obtain a map

/C\Moi/c\sc+1—>/c\scgs

The module A° S¢*!isisomorphic to S¢*! with basis given by {eg A .%. Ae.};. Under this basis, the matrix
of A\ My is the row vector (i, . .., ui.), where 1. is the ¢ x ¢ minor of M) obtained by discarding the it"
row. Now z = (zo,...,z.) € ker My implies thatz A ega 7 ne.is in the kernel of A M, for each
0 <i<j<ec Butfori < jwehave

€i,€j €,€5

é;
TAeyn -0 Nee = (xie; +xje;) Aeg -

NEc = (_1)i$i60/\ Tt A€ — (—1)j$jeo/\ S N

which maps to (fl)i,u;-xi — (—=1)7 phazj under A“~ My. Applying this to our M over the projective coordi-
nate ring of Z we get the equations (50)

Proposition 7.8. The variety Z is isomorphic to the blow-up of P" in the codimension 2 subvariety defined by
the 2 x 2 minors of M.

Proof. LetY — P" be defined by the ¢ x ¢minors pug, . .., u. of M, which define a codimension 2 ideal. The
equations of the blow up in P¢ x P" are

wir; — piry, 0<i<j<ec
Replacing the coordinate z; of P° with (—1)x;, we get precisely the equations (50). O

As for the ¢ = 2 case in Section 6.2, we will see that the Cox ring of 7 is generated by restrictions of sec-
tions on X and one new section in degree (—1, ¢’), which vanishes along the exceptional divisor in viewing
Z as a blow-up via Proposition 7.8.
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7.2.2 Proof of Theorem 2.13

Define, as in Definition 7.3, the spaces

T o=@ H(X,0x(—a—cb—¢))
beZ

T, = (—B C—D (HC(X, Ox(—a—c+1,b—¢ + em))) ,
m=1 beZ

foreach —a € Z. The maps B_, are given by (714, . . ., 7cx ) With kernel K,. We can now prove Theorem 2.13.

Theorem 7.9. Supposethatc = 2,n > ¢,and Z < X = P° x P" is of the form (1) with respect to irreducible
normal hypersurfaces Vy,, with [V;,,] = (dm, em) € Pic X = 72, defined by equations

'm = fm,OxO +oeee fm,cxc =0

form =1,...,¢c sothateach f,,;is homogeneous of degree e,. If M is the ¢ x (c + 1) matrix
fio o fie
fc,O e fc,c
then let y; be the maximal minor of M obtained by discarding the i column fori = 0, ..., c. These maximal

minors define a codimension 2 subvariety Y < P", and Z is isomorphic to the blow-up of P* in Y. If
U =C[Xo,...,X¢, Y0,..., Y, V]

is the free 72-graded C-algebra with generators having degrees (1,0), (0, 1), (—1, ¢') respectively, then there
is a surjective map of graded C-algebras ¢ : U — R(Z) sending X; — z;, Y; — y;, V. — v, where
v € R(Z) (-1, Is a section satisfying the equations

v + (=1) ', i=0,...,c
The kernel of 1 is generated by the equations
fm,O(Yj)X0++fm7c(Y])Xc, m = 1,...,67
VXi+ (1) 'w(Y;), i=0,...,c

In particular, Z is a Mori Dream space, with unique minimal model isomorphic to P¢ x P™ given by the blow-
down of the exceptional divisor on Z defined by the vanishing of the section v.

Proof. The equations (50) imply the existence of a section

U:_@f...:(_l)c&7

Zo Te

globally defined in degree (—1, ¢’), satisfying the equations as given in the Theorem. This section is the
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image of V in the map .

By Proposition 3.13, we have R(X) = *R(X) @ K. We have that R(X) (s = 0fora < —1and by
Proposition 7.6, we have K, = 0 fora > 0 (remembering the sign flip convention on the grading of K).

It is clear that ¢ is surjective in degrees (a, b) with a > 0. Fixing a > 0, the equations in .J allow any
degree (a,b) elementpof U witha > 0tobewrittenintermsofonly X;, Y;. Since the defining equations of Z
are also contained in i(.J), we see that ¢ induces isomorphisms R(Z) 4,5y = (U/J)(a) foralla = 0,b € Z.

We now look at the pieces graded by (—a, b) with —a < —1. Fix —a < —1. The equations in J allow us
to write any polynomial of a degree (—a, b) in terms of just the Y; and V. To prove the theorem, it suffices
then to show that K, =~ R[ae’], since then V' maps onto the non-zero element v in under ¢ which must
correspond to a generator of K.

Suppose h = (hiq..i.)ig...iceAe(a—1) € Ka- By Lemma 7.5, for each ig . . . i. € Ac(a — 2), we have

fmohio+1.ic + -+ fmchig...ic+1 =0

foreachm = 1,...,c. In other words, we have (hjy+1. 4., -, Riy. i.+1) € ker M, where M is viewed as a
map of free R-modules, foreach iy ...i. € A.(a — 2). But then

(_1)jﬂkhio...ij+1.‘.ic — (=) puihig ipr1. i

foreachig...i. € Ac(a — 2). Since the u; share no common factor, we conclude that there is a polynomial
p € R such that

hig..ic = DG -+ HEF
foreachig...i. € A.(a — 1). Inparticular, K, =~ R[ae'] as a graded R-module as required. O
7.3 Thecase (di,ds,...,d.) =(2,1,...,1)

For this section, we take our generalsetup of Z ¢ X = P¢x P" of the form () with respect to hypersurfaces

Vi,...,V.of degrees (di,€e1),...,(d. e.) and we assumed; = 2anddy = --- = d. = 1. Once more we set
e =e1 + -+ e, and we remark thate’ = n + 1 gives the Calabi-Yau case.
We can write
ry = Z Jijwix;
0<i<j<c

for some homogeneous degree e; polynomials f;; in R. Foreachm = 2,..., ¢, we can write

Tm = gm,0T0 T + Gm,cTc
for some homogeneous degree e,,, polynomials gy, 0, - - ., gm,c in R.

7.3.1 Geometry and algebra

If Z — P™is the projection map, then the general fibre consists of 2 points (with multiplicity). Taking inspi-
ration from the ¢ = 2 case, explored in Section 6.3, we seek to construct a birational map from Z to itself
interchanging the two points of a general fibre. Non-general fibres may be lines, smooth conic curves in P2,
degenerate conics in P? or the entire P?.
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Definethe (¢ — 1) x (¢ + 1) matrix

g20 ' 92c

geco " YGerc

and let y;;, foreach 0 < i < j < ¢,denote the (c— 1) x (¢ — 1) minor of M obtained by discarding the i and
j columns of M. Each such p;; has degree e —erin R.Ifi > j weset pij = —pj; and we also set 15 = 0.

If (x,y) € Z,then z is in the kernel of M viewed as a map of free modules on the projective coordinate
ring of Z embedded in P¢ x P™. This implies that

(1) wjpzi — (=1 iy + (=1)*pijay, = 0 (51)

foreach0 < i < j < k < 0. Indeed, suppose M, : S*1 — S°~1isamap of free S-modules for a ring S.
Then x € ker My implies that

c—1 c—1

JUEPU c—1
€i,€5,€k _
T AEQA - /\eceker</\M0:/\SC+1—>/\Sc125),

€i,€5,€k

and theimage of z A ey A necunder A\ My is (—1) s — (1) ply vy + (= 1) pif g, where pif;

is the maximal minor of M taken ignoring the i and j columns foreach0 < i < j < ec.
Forany i # j, we may use the equations in (51) to eliminate all variables z; with k ¢ {7, j} from the
equation 47,71 = 0. We obtain

0 = pfj fuwd + ui; figwiny + 3, fi507
g Dnggigy Jikwi(— (1) g + (=1)7 F i)
g Dgigy Fie(— (1) gy + (1) i)

+ Dpsegigy T (= (=D g + (1T P pgg) (= (1) s + (=1)7  pgy).

Grouping the quadratic terms in z;, ; we obtain
F.ox? e 2
i + Gigrivj + Hijzg =0,
where

Fij = pdifi — pig > (0 faepin + D0 (D" faupinm,
k#i,5 k,l¢{i,5}

Gij = 13 fij + mij Y, ((_1)j+kfiknuik: - (—1)i+kfjkujk) — > (=0T e (ki + ki)
oy k.l i.g)}

Hij = p3ifi5+ pig Y, (O fppae + Y (D frapipar
k#i,j kg (i)
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Recalling our sign conventions, we notice that for each size three subset {i, j, k} we have F}; = H;, = F;
where

Fy= >0 (=D fapnp.
ey

We also notice that
Gij = —Z(—l)iﬂ%”sz (Mjrpir + Hakfej) -
k,l

Proposition 7.10. There are degree 2¢’ — ey polynomials Fy, ..., F.,Gor, . .., Gc_1in R, defining a locus
W of codimension at most 3 in P™, and sections zy, ..., z. € R(Z), of degree (—1,2¢’ — e1), satisfying the
equations

szz:Fz, 0<Z<07
xizj+szi:_Gij’ 0<i1<j<eg,

in R(Z). Moreover, there is a birational map ¢ : Z --+ Z defined by

¢:([wo:-rxelfyo: - tym]) > ([0 vzl [yo s+t ) s
which is reqular away from W. Over the general fibre, this interchanges the two points.

Proof. The F;, G;; are as given above. The codimension of the variety W < P" defining them is at most 3,
since they vanish when all maximal minors of the (¢ — 1) x (¢ + 1) matrix M vanish. We have established
above that

Fja? + Gijaim; + FZ:L? =0

foreach0 < i < j < c. Foreach 0 < i < ¢, the section z;, defined by

zi:J:_JZ 2”]7 JF

ZT; T

J
is globally defined on Z in degree (—1,2¢’ — e1). These z; satisfy the equations given in the Proposition
statement. Thevanishinglocus of z, . . ., z. is precisely W. If y € P" isso thatall equations F;z7 +Gx;x; +
Fﬂ? do not vanish, then its fibre consists of two points and the equations (52) imply that [z; : z;] is the
second root of ij? + Gijxixj + FZ.I‘JZ foreach0 < i < j < c.Inparticular, [2g : - - - : 2] is the other point
on Z overy. Thus ¢ is birational from Z to itself, interchanging the two points of a general fibre. O

We are already able to prove that Z is a Mori Dream Space if codim W = 3, with two minimal models
isomorphic to Z related by ¢, which is in this case a flop. This exploits the induced symmetry on R(Z) by
the flop ¢. We wait until we have more information to give a stronger result, giving also a presentation of
the Cox ring of such a 7.

7.3.2 The space K
The defining equation

T = Z Jijwix;

O<igj<c
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of V1 may also be written as

/ /
1= g10%0 T+ g1 e,

where

1 1 1
gy = §f01330 + §f01$1 +o o fuxp o+ iflcwc-

We may consider the ¢ x (¢ + 1) matrix M’, with entries in the projective coordinate ring of Z < X,
obtained by augmenting M with a new first row with entries ¢/ , . .. g1 .. as follows.

910 7 Yie
M- 92,0 " G2e
9e0 - JGec
Foreachi = 0,...,c, lety; be the ¢ x ¢ minor of M’ obtained by removing the ith column, which are each

degree (1, ¢) sections in t*R(X). We can assume that no v; is equal 0, otherwise z; = 0 on Z and we can
assume Z < P°~! x P".If (z,y) € Z then x € ker M'(y), and by considering A\ M’(y), we have that

(—1)i1/jwi — (—1)jl/ixj = 0.

are satisfied. We obtain a section

globally defined on Z in degree (0, ¢/).

Proposition 7.11. The R-module @, , R(Z) o) is isomorphic to R® Rl[e'], with basis given by 1 in degree
(0,0) and the section w in degree (0, ') defined above, which satisfies the equations

uz; — (—1)'v; =0
inR(Z)foreachi =0,...,c

Proof. We know that

D R(Z)0p) = D *R(X)(0.5) ® Ko-
beZ beZ

Now @Dye t*R(X) (0, is the restriction of R = R(P") to Z, which is just R since the projection to P
is surjective. By Proposition 7.6, we have Ky =~ R[e’]. Since u is a section not contained in (*R(X), we
conclude that the section u above must generate this second summand of @, t*R(X) ). Clearly u
satisfies the given equations. O

Remark 7.12. We can show that ju € K is given by

cle— 1
u = (—1)“5

20...Te
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To see this, we consider the f;; and g,,; as formal symbols. By considering the process of applying « to
h = Tlxc’ we see that the term

fccg2,c—1 <. 021
Zo

appears with coefficient +1int, where (t;) isthe 0-cocycle on Z representing ah. Since theterm fecg2.c—1 ... 921
s cle=1) . . . . e(c=1) . .
appears with sign (—1) i vy, We obtain the claim. To not have the sign (—1) =2 : present in our final
. . cle=1) . . .
Cox ring presentation, we take u to be a(—1) 2 1. It is this reason that we chose u = a(—h) in Sec-

tion 6.3.2

7.3.3 Equationsinthe v and z;

Recall thatin Proposition 7.10 we found sections zy, . . ., z., in degree (—1, 2¢’ —e; ), which generally give the
coordinates of the second point of a fibre over P". From Proposition 7.11 we also have a section u € (0, ¢’).
We now attempt to refine the equations in Proposition 7.10 with the section u. The equations

;2 + xjr; = —Gyj
imply that, foreach0 < i < j <¢,

1
Tiz; + EGZ] = —Tj2; — iGU = V45

for some degree (0,2¢’ — e;) section v;; in R(Z). Then

1 1 1
—FiFj = —TiZjT% = (Uij — 2Gij> (Uij + 2Gij> = U?j — ZG?j’
andthusv? = 1G2 — F;F;. Thisis the discriminant (up to scalar) of the quadratic equation F;z2 4+ G;;xiz i +
i ] J I J J

— 1
Lemma 7.13. Foreachi # j, we have v;; = (—1)7~"p;ju. In particular, the equations
rizi— F; =0, 0<1<c,
j—i 1 . .
TiZ5 — (—1) Hiju + iGij’ 1),
refine those equations in Proposition 7.10.

Proof. We first show that each v;; vanishes where u vanishes. Since vl?j is the determinant of the quadratic
equation Fja? + Gjjzizj + szi = 0 satisfied by any point on Z, we have that v;; vanishes on double point
fibres of Z over P". We argue that u must vanish here also. Note that u vanishes exactly when the ¢ x ¢ matrix
M’ vanishes, and M’ is the Jacobian matrix of Z with first row halved. In particular, over a fixed y € P, the
maximal minors of this matrix vanish where the fibre is singular, which includes where the fibre is a double
point. We conclude that the divisor defined by w is the closure of the fibres consisting of one point. Since
each v;; vanishes where u vanishes we have v;; € (u) for each ij. By considering degrees we have v;; = g;ju
for some degree (0, ¢’ — 1) section ¢;; in R.
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Now we have
0= ((_1)iﬂjkxi — (1) i + (_1)k,uij55k) 2,

. . ] 1
= ((=1)"wjrgix — (1) pingj) u + ((—1)126% — (—1)35ij: + (—1)ka) :
which implies that (—1)iujkqik — (—l)juikqjk = (Qforeach0 < i < j < k < ¢, where we have used that
vand 1 are R-linearly independent. In the general case (where the g,,,; are formal symbols), the minors 1;;
are irreducible and we obtain

gij = (=1)7" Ay

for some scalar A. Since the non-general case has the same computations, this result holds in general. We
need only to show A = 1. For ¢ > 2 this can be seen from the equations in 6.16. We now suppose ¢ > 3.

Once more, we only need to show that A = 1 forone example Z c P¢xP", since any exampleis obtained
from the universal setting (where we treat the polynomial coefficients as formal variables) by substituting
symbols. In particular, the degrees ¢,,, are unimportant.

We suppose that (d.,e.) = (0,1) and that r. = x.. Throughout, we have required that e. > 1, but
everything works with e, = 0 except possibly the isomorphism of Picard groups, which is still okay if d. = 1.
Then Z c PS 1, x P* < P¢ x P™. If, foreach0 < i < j < c— 1, p;; isthe ¢ — 2 x ¢ — 2 minor of the matrix

=

92,0 - Gg2c-1

9e,0 " Ye—l,e—1

which is obtained from M by removing the last row and the last column, then we have Mij = Hij- Similarly,

let
/ .. ,
91,0 91,c—1
M- - 920 - g2c-1
ge—1,0 - YGe—1,c—1

be the matrix obtained by M’ by removing the last row and column, then if v;", for0 < i < ¢ — 1, is the
maximal minor of M’'~ discarding the ith column then v, = v;. Usinginduction in ¢, we now conclude that
for0 <i,j < c¢— 1withi # j we have

o 1 P .
(—1)] ’)\,uiju = TijZj + §G” = (—1)] ’uiju = (—1)] ’uiju,

where 1~ is the section obtained in applying the method for Z < P¢~! x P", noting u~ = wu since each

v, = v;. Since at least one such p;; is non-zero, we get A = 1 as required. O

Corollary 7.14. We have the equations
uz; + (=), =0

foreachi = 0,...,c, where v, is obtained from v; by replacing each x; with z;. Furthermore, v satisfies the
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equation u* = win R(Z), where
G? — AF;F;
W = Uizlj cR
4,uij
for any choiceof 0 < i < j < c.

Proof. Since x;z; —x;z; = 2(—1)j_iﬂiju, we conclude u takes opposite signs on the two points of a general
fibre over P". If (z,y) and (2/, y) are the two points of a general fibre and 0 < ¢ < ¢, then

(w2 + (=1)'v)) (2, y) = (—uz; + (=1)'v;) (2, y) = 0
since uz; — (—1)'v; = 0on Z. It follows that uz; + (—1)'v) = 0. The equation for u? follows from (x;2; —
;zi)? = 4u3;u®, which follows from the previous Lemma, O
7.3.4 Proof of Main Theorem 2.17

The following generalises Theorem 6.23 to all ¢ > 2.

Theorem 7.15. Let Z — P¢ x P" as above. Let A be the free Z?-graded algebra
A=C[Xo,....,Xe, Y0,..., Y0, Zo,..., Zc, U],
with degrees
deg X; = (1,0), degY; =(0,1), degZ; = (—1,2¢' —e1), degU = (0,¢'),

for relevant i, j. There is a morphism of graded algebras ) : A — R(Z) sending X; — x4, Y; — y;, Z;i — zi,
U — u, where zg, . . ., z., u are the sections defined in Proposition 7.10 and .... Let J <1 A be the homogeneous
ideal generated by the equations
rm(XiaY})> Tm(Ziv}/})7 m = 17"'67
XZZZ—F()(Y}), iZO,...,C
X;Zj — (—1) 7 (Y)U + 3G (Y;), 0<i,j<c,
XiU — (-1)'ui(Xp,Y;),  ZU + (-1)'wi(Z,Y;), i=0,....c,
U2 — w(Y;),

where the v;(z;, ;) are defined in Proposition 7.11 and w(y; ) is defined in Corollary 7.14.Then J  ker 1.

(i) Suppose the space W < P™ has codimension 3. Then ) induces an isomorphism of graded algebras
R(Z) =~ A/J. The space Z is a Mori Dream Space with two maximal Mori chambers, each giving min-
imal models isomorphic to Z, related by a flop which exchanges the two points of a general fibre over
P™.

(i) Suppose there is a presentation of the Cox ring of Z of the form R(Z) = A/J. Then codim W = 3.

Proof. By Proposition 7.10, Proposition 7.11, Lemma 7.13, Corollary 7.14, the map 1 is well defined and its
kernel contains J.

96



Suppose that codim W = 3. By Proposition 7.10, we have a birational map ¢ of order two from Z to
itself:
d([zo:-rzelyo:tynl) = ([20: - 2], [Wo -+ 2 ynl)-

Moreover, ¢ is regular away from W, thus an isomorphism in codimension one. Since ¢ is also a map over
P, any contracted fibre is in IP¢, thus has trivial intersection with the canonical divisor K7, which has class
(0,¢’ —n —1). It follows that ¢ is a flop from Z to itself, inducing an isomorphism ¢* of Cox rings.

Surjectivity of ¢ follows since x, ..., Z¢, Yo, - - ., Yn, u generated the subalgebra of R(Z) correspond-
ing to degrees (a,b) witha > 0,b € Z. Furthermore, since B~ ez R(Z) = *R(X) & Ky, it is read-
ily checked that J, 3) is the kernel of 4 in degrees with @ > 0. Now ¢* interchanges D, jez R(Z) =
*R(X) & Ky and @a@’bez R(Z) = 1*R(X) @ Ky, sending the sections zg, ..., z¢, Yo, - - -, Ye, u respec-
tively to zo, ..., 2¢, %0, - - -, Yn, —u. The equations in J are compatible with this symmetry and it follows
A/J — R(Z) is anisomorphismin all degrees.

For (ii), such a presentation of the Cox ring implies that Z is a Mori Dream Space and that ¢ : Z --» Z
defined by the sections z;, y; is a flop from Z to itself, thus a isomorphism in codimension one. But the z;
sections all vanish on IV, and if the codimension of W in P™ is less than three, then the preimage of Win Z is
a divisor on which ¢ cannot be defined. It follows that if such a presentation exists, then codim W = 3. 0O

7.4 Comments

Analagously to the Remarks in Section 4.5, Theorem 7.15 generalises to codimension ¢ complete intersec-
tions in ambient spaces X < P¢ x T with 7" a Mori Dream Space. In Chapter 9, we apply this to codimension
c complete intersections in (P¢)* x P™,
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8 On two hypersurface models of degree one del Pezzo surfaces with conic
bundle

In this Chapter, we study two models of certain degree one del Pezzo surfaces. As in the rest of this thesis,
we are working over C, though this may be replaced with any perfect field with characteristic not equal 2.

Suppose that Z is a del Pezzo surface of degree one admitting a morphism 7 : Z — P!, which equips
it with the structure of a conic bundle. We will see that Z can be embedded as an ample hypersurface in
the rational scroll X = F(0,1,1). For details on rational scrolls we refer to [30]. We will use the method
of Section 3.3 with ¢ = 1 - the hypersurface case - to find sections on Z that may be taken as coordinate
sections for the anticanonical embedding of Z into the weighted projective space P(1, 1, 2, 3). Our method
gives us Cox ring equations for these new sections which we can use, with the help of Macaulay2, to trans-
late between the defining equations of Z in X and Z in IP(1, 1,2, 3). This answers a question asked twice
independently in mathoverflow [31, 35].

8.1 Applying the method

8.1.1 Basics

Let X be the rational scroll F(0, 1, 1). This can be viewed as a quotient of (A2\0) x (A3\0) by the algebraic
torus G2,. Giving A2 coordinates g, t; and A® coordinates g, 21, x5 the action is defined by

A (to, t1; 20, v1,72) = (Mo, M1; 20, A Py, A aa), A€ Gy,

There is a natural map 7 : X — P! given by the coordinates ¢(, ¢;. The Picard group of X is isomorphic to
7.2, with generators given by a fibre of  and the class of the coordinate section z. The Cox ring of X is then
given by

R(X) = Clto, t1, xo, x1, x2],

with the generators having degrees
deg(to) = deg(t1) = (1,0), deg(zo) = (0,1), deg(z1) = deg(w2) = (—1,1).

Now suppose that Z is a degree one del Pezzo surface admitting a conic bundle structure Z — P'. By The-
orem 5.6 in [14], we can embed Z into X as a hypersurface such that the conic bundle structure is induced
by the restriction of 7 to Z. We denote by 7 also this restriction.

More precisely, Z is a degree (1, 2) hypersurface in X, defined by an element

r = A(to,tl)x% + B(to,tl)moxl + C(to,tl)xomz + D(to,tl)l’% + E(to,tl)ﬂql’z + F(to, t1)x%

in R(X)(l,z), where A, B, C, D, E, F are homogeneous forms in ¢y, t; of degrees 1, 2, 2, 3, 3, 3 respectively.
We will write

A(to, tl) = agtg + a1y, B(to, tl) = bgt% + bitot1 + bgt%, C(to,tl) = Cgt% + c1tot1 + Cgt%,
D(to, tl) = dot% + dlt%tl + dgtot% + dgt:%, E(to, tl) = eot% + €1t%t1 + €2t0t% + egt?,

F(to,t1) = fotd + fitdts + fotot? + fat3.
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The bundle structure 7 : Z — P! is given by the coordinates t, ;.
On the other hand, as for all del Pezzo surfaces of degree 1, the anticanonical ring

R(Z) K2 = P H(Z,—1Ky)

=0

of Z is generated by four elements of respective degrees 1, 1, 2 and 3, giving the anticanonical embedding
Z ~ProjR(Z) %7z < P(1,1,2,3).

Thisrealises Z < P(1,1, 2, 3) as a hypersurface of degree 6, given by a Weierstrass-like equation.

By the Lefschetz hyperplane theorem, the restriction homomorphism Pic X — Pic Z is injective, and
we identify Pic X =~ Z2 with itsimage in Pic Z. The canonical class of X is given by (0, —3) in Z?; by adjunc-
tion, the canonical class of Z isthus Kz = (1, —1). We conclude that x4, x5 restrict to linearly independent
anticanonical sections of Z, giving a basis of the degree one part of the anticanonical ring R(Z)~%2. As
mentioned above, the anticanonical ring also needs generators w, z of degrees 2, 3. As the restriction map

H°(X,0x(a,b)) — H*(Z,Oz(a,b))

is not surjective in the relevant degrees, these generators cannot be expressed as polynomials in the ¢; and
xj variables.

Using the method of Section 3.2, we can find the sections w, z and give relations for them in terms of
the t;, z; in the Cox ring of Z. For defining an ordered open cover of X, we define for eachi = 0,1 and
J = 0,1,2the affine open W;; of X defined by t; # 0 and z; # 0. Then our ordered open cover is set to be
W = {W;;}i,; with lexicographic order.

8.1.2 Maps on first cohomology

Step (1) of our procedure involves describing the first sheaf cohomology of X and describing the maps in-
duced by multiplication by the defining equation r of Z. We can do this over all line bundles in Pic X.

Lemma8.1. (i) There are natural Z>-graded vector space isomorphisms

1
P H'(X,0x(ab) = tOTIC[tSlatflwo,xl,m] =~ R(X)[ty "t 1/L, (53)
(a,b)ez2

where L is the vector subspace of R(X)[t, L tl’l] generated by all terms in which tq or t1 appear with
non-negative exponent.

(i) Foreachm =1,...,c the map

Pme: B HYX,0x(a—1,0—-2)) — @ H'(X,0x(a,b))
(a,b)ePic DePic

can be identified with the map

rme s RO 67/L — ROO[t " 471/L
f - r-f modlL
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that multiplies an element f € R(X)[ty ", t;1]/L = —L-R[ty ", t; ] by r, and ignores those terms in

Tox1
which tq or t1 occur with non-negative exponent.

Proof. For the first part, we can consider the Cech complexes as direct sums over each monomial in the ¢;
and ;. These complexes are identical to the case that X = P! x P2 The cohomology thus takes the same
description; it is only the Z2-grading that changes. The second part then follows as usual. O

Definition 8.2. For each (a,b) € Z2, define the vector spaces
Tapy = H'(X,Ox(a—1,b-2)), T, = H'(X,0x(a,b)).

Let K, ) denote the kernel of r : T\, ;) — T(’a pand K = Dapezz Kap):

We have completed Step (1) of the method in Section 3.2. We will perform Step (2) only in the degrees
(2,—2) and (3, —3), which is where we find the sections w and z on Z respectively.

8.1.3 Lifting elements of K to the Cox ring

Suppose that we have completed Step (2). In Step (3) we chooseamap a : K — R(Z) inducing an isomor-
phisma; : K — R(Z)//*R(X) as in the setting of Proposition 3.9.
Suppose that f € K, homogeneous of degree (—a, b) in Z2. By Lemma 8.1, we may writeu = r, f asa
sum
w=u0 £ ® 4@

where each term of u(?), respectively u(!), has tg, respectively t; occuring with negative exponent, and u(?)
consists of the remaining terms of u. Note that

u € Ox(—a,b)(W;;)forall jandi = 0,1,
u(2) € R(X)(—a,b)'

The 0-cochain (v;;) on X given by

u©) + %u(z) ifi =0, (54
Uij = 54
—u) — %u@) ifi =1,

restricts to a section v € R(Z). Thisinducesamap o : K — R(Z). In summary we obtain the following.

Proposition 8.3. The map o : K — R(Z) defined in the notation above by sending f € K tov € R(Z) is
compatible with Proposition 3.9.

Proof. The construction of « is compared with the proof of Proposition 3.9. O

8.1.4 Finding sections w and =

We now perform Step (2) of the method of Section 3.2 in degree (—2, 2), where we find a suitable section
w € R(Z)(—2,2), and degree (—3, 3), where we find a suitable section z € R(Z)_3 3). By suitable we mean
that the sections xg, 1, which are restrictions of those sections on X, along with w, z give generators of
R(Z)7 K-,
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By Lemma 8.1(i), an element of T _, 5) = H(X,0x(—3,0)) may be written as

f= Ao A1
3t1  tot3

for some scalars Ao, A\; € C. Recalling the form of r given in the introduction to this Chapter, we have

apAo + a1\ /

u = T*f = 7t0t1 € (—2,2)"

Since we are assuming that r is general, we see that f € K if and only if it is given by a scalar multiple of

a ao

B0 W

We define the section w to be given by «(g). By considering the 0-cocycles defined on Wy; and 17y for any
j, we obtain the equations

2t(2)w — aldltga?% + aodgtg.f% — 2a1d2t0t1x% + 2a0d3t0t1w%
2.2 2 2
— 2a1d3t1x1 — aleltoxlxg + a0€2t0x1$2 — 2a162t0t1x1x2
2 2,2 2,2 2
+ 2&063750751561.7}2 - 2a1€3t1$1l‘2 — alfltol‘g + a0f2t0x2 - 2a1f2t0t1x2
+ 2a0f3t0tla;§ — 2a1f3t%w% — 2(11[)1150.7301’1 + 2a0b2t0$0x1
— 2(11[)27513}0331 — 2a101t0x0x2 + 2(1002750.7}0.%2 — 2a102t1x0$2 — 2&%33‘(2),
Qt%w — 2agd0t%x% + 2a1d0t0t1$% — 2a0d1t0t1x% + aldlt%x%
— aodgt%:ﬂ% — 2&060%1’1(132 + 2a160t0t11‘1$2 — 2aoelt0t1x1x2
2 2 2.2 2
+ a1€1t11}1$2 — (Igegtl.rll‘g — anfotol‘g + 2a1f0t0t1x2
2 2,2 2,2
— 2ap frtot123 + a1 fit1zs — ao fat{ry — 2apbotozox + 2a1bot1 0w
— 2agb1t1x0m1 — 2a060t0x01’2 + 2a160t1$0$2 — 2a061t13}0$2 — 26%.%’%,

inR(Z).

We now wish to find h € K(_3 3) so that we may define z = ah to be the remaining generator of the
anticanonical ring of Z. An element of T(_3 5 is an element of H*(X, Ox(—1,4)), which has the form

f= tg;la:o + t%\tl%xo + é)\%a:o + t/g;wl + t/;tl%xl + tggl:rz + tii%m'

forsomescalars Ao, A1, A2, o, 11, B0, 61. We know that the dimension of R(Z)_s3k, is equal 7, and that four
of these dimensions are accounted for by the sections 3, 239, 2123, 23, and two more are accounted for
by 1w and zow. By Lemma 3.5, we see that dz1w has only g, 11 not equal zero when written as above,
and dxow has only 0y, 61 not equal zero. We conclude that any i € K _3 3) written as above with Ag, A1, Az
not all zero can be used to define z = ah, completing the sections 23, z3x9, 2123, 3, 21w, z2w to a basis of
R(Z) Kz,
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Up to scalar, the most symmetric choice of h € K (_3 3) is given by

2apa} 2a3a? 2a3a;
=m0 T e T g
0“1 0“1 041
ajbo — apatby + alaiby apa?by — adaiby + adbs
- 2 1= 2 21
a‘?co — aoa%cl + a%alcg aoa%co — a%alq + a%cz
- 2 Tro — 3 xI9.

We define z = ah accordingly. Considering 0-cocycles, we can find polynomials qo(t;, z;), q1(t:, zj) €
R(X)(0,3) such that

toz = qo(ti, ;)

t:fz = ql(ti, xj)

inR(Z).

8.2 Translating between the two models of 7/
8.2.1 Computing the anticanonicalring

We recall from the introduction to this Chapter, that there is a natural map of Z2-graded algebras
¢ : (C[t(]atl; o, T1, W, Z] - R(Z)a

which is surjective onto the anticanonical ring R(Z) %7 of Z. There are already 5 known elements of the
kernel of v, namely the defining equation r of Z in X, the equations of (55), which we label in order hg, h1,
and the equations of (56), which we label in order gg, g1.

Define the homogeneous ideal

J = <7", h07 h17907gl> < (C[t(]atlv xo,T1,T2, W, Z],

generated by the five aforementioned known elements of ker ¢). This ideal is not prime, for in its primary
decomposition will be the ideal generated by ¢y, t1, z¢. Discarding this gives us a prime ideal

Jo < Clto, t1, zo, 71, 22, w, 2],

which describes the ideal of relations between the generators defining Z inside a rank two toric variety.
From Jy, we may eliminate the variables ¢y, 1 using computer algebra. This yields a principal ideal I <
Clzo, 71, 22, w, 2], generated by a single polynomial p(z1, z2,w, 2) of degree 6 in R(Z)~%2. This polyno-
mial p is the one defining the anticanonical model of Z in the weighted projected space P(1, 1, 2, 3).

We are currently unable to run this process parametrically in Macaulay2, with coefficients ag, . .., f3 as
variable inputs. However, with every concrete input vector of coefficients, primary decomposition and elim-
ination terminate, returning the Weierstrass cubic equation p in a few seconds. For example, suppose that
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A, B,C, D, E, F are given by

A=ty+t, B=t3+tot1 +t3, C=ti—tot1 — 13

D=1+, E=t}—tit, —tot? +13, F =tit; —tot?.

Then J has two minimal ideals, one of which is (g, t1, zp). Our desired equation must lie in the second
minimalideal Jy; eliminating ¢y and ¢; gives us a principal ideal generated by the Weierstrass-like polynomial

p(z1, 20, w,2) = 2%+ dwowz + (4adxy + 62123 — 223)2
—dw® + (323 + 62172 — 23)w?
+(8xf + 22033y + 162223 + 22123 + 423w

+(428 + 16252y + 232722 + 182323 + 122325 + 2125 + 25).

We give the full Macaulay2 code for computing p from given r in the following Section.

8.2.2 Macaulay2 Code

We give below the Macaulay2 script. TheringRgen is the polynomial ring on coefficients of  and the sections
t;, x;, w, z with their degrees. The computed elements hgen0O, hgenl, ggenO, ggenli give the equations
of (55), (56) multiplied by 2 and Jgen gives the ideal generated by the five known kernel elements of 1).

We then take a specific example, giving explicit choices for the coefficients ay, . . ., f3 in the matrix subs.
The code below has the example

A=ty+t, B=td+tot1 +t3, C=ti—tot1 —13

D=1+, E=t}—ti, —tot? +13, F =tit; —tot?.

The ring R is now the domain of ¢ and the remaining code gives the ideal J, discards the ideal (¢, t1, z¢),
eliminates the variables representing ¢, ¢; from the remaining primary component, and outputs the desired
equation.

Rgen = QQ[a0,al,b0,bl,b2,c0,cl,c2,d0,d1,d2,d3,e0,el,e2,e3,£0,f1,£2,£3,
t0,t1,x0,x1,x2,w,z,Degrees=>{20:{0,0},2:{1,0},1:{0,1},2:{-1,1},1:{-2,2},1:{-3,3}}];
rgen = (a0*xtO+al*t1)*x0°2 + (bO*t0~2+b1*t0*t1+b24t1°2)*x0*x1 +
(cO*t0~2+c1*t0*t1+c2*t172) *x0*x2 +
(d0*t0~3+d1*t0~2xt1+d2*t0*t1~2+d3*t1~3) *x1°2 +
(e0*t0"3+el1*t0"2xt1+e2*t0*t1~2+e3*t1"3) *x1*x2 +
(fO*t0~3+f1*t0"2xt 1+£ 2%t 0*t 1~ 2+£3%t173) *x272;

rawh=(al*t1-a0*t0)*rgen;

hparti=sub(rawh, t0=>0);

hpart2=sub(diff (t0,rawh), t0=>0)*t0;
hpart3=sub(rawh, t1=>0);

hpart4=sub(diff (tl,rawh), t1=>0)*t1;
hpartb=rawh - hpartl - hpart2 - hpart3 - hparté4;
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1ift(2*t0~2%w - (2*hpartl + 2*hpart2 + hpart5)/t1°2,Rgen);
lift(2*xt1~2*w + (2*hpart3 + 2*hpart4 + hpart5)/t0~2,Rgen);

hgenO

hgenl

s = 2*xa0*al~3xt172%xx0 - 2*%a072%al~2xt0*t1*x0 + 2*%a0~3*alxt0~2*x0-
(a1~3%b0 - alO*al~2*bl + a0~2*alxb2)*tOxt1~2*x1l -
(a0%al~2%b0 - a0~2*al*bl + a0~3xb2)*t0~2xtl*xl -
(a173%c0 - al0%al~2*cl + a0~2*al*c2)*t0*t1~2*x2 -
(a0*al1~2*xcO0 - a0~2*al*cl + a0~3*%c2)*t0"2%t1%x2;
rawg = s*rgen;
gpartl = sub(rawg, t0=>0);
gpart2 = sub(diff (t0,rawg), t0=>0)*t0;
gpart3 = sub(diff(t0,diff(t0,rawg)), t0=>0)*t0"2/2;
gpart4 = sub(rawg, t1=>0);
sub(diff (tl,rawg), tl1=>0)*t1;
sub(diff (t1,diff(t1,rawg)), t1=>0)*t1°2/2;
rawg - gpartl - gpart2 - gpart3 - gpart4 - gpartb5 - gpart6;
1ift (2*%t0~3*z - (2*gpartl + 2*gpart2 + 2xgpart3 + gpart7)/t1~3,Rgen);

gpartbh

gpart6

gpart7

ggenO
ggenl

1ift (2%t1~3*z + (2*gpartd + 2*gpartb + 2%gpart6 + gpart7)/t0~3,Rgen);

Jgen = ideal(rgen,hgen0O,hgenl,ggenO,ggenl);

R=QQ[T0,T1,X0,X1,X2,W,Z,Degrees=>{2:{1,0},1:{0,1},2:{-1,1},1:{-2,2},1:{-3,3}}];
subs=matrix{{1,1,1,1,1,1,-1,-1,1,0,0,1,1,-1,-1,1,0,1,-1,0,T0,T1,X0,X1,X2,W,Z}};
f=map(R, Rgen, subs);

J=f (Jgen) ;

listJ=minimalPrimes J;

K=1listJ#1;

I=eliminate(K, {TO,T1});

p=(gens I)_(0,0)
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9 Final comments

In this final Chapter we give some work on the Cox rings of a general codimension ¢ complete intersection
Calabi-Yau variety Z in the ambient space (IP°)* x P, wherec¢ > 1,n > ¢+ 1 and k > 2. This uses our work
in combination with [34], which originally generalised the result of [9].

We then close with ideas for further results we expect, focusing primarily on the case of extending the
work in Chapters 7 beyond the two most simple cases explored.

9.1 Calabi-Yau complete intersectionsin (P°)X x T

Letc > 1, k > 2 and consider the ambient space X = (P°)* x T, where T is a product of projective spaces
each havingdimension at least c+ 1. Let Z be a general Calabi-Yau complete intersection. Since Z is general,
the Lefschetz hyperplane theorem gives us an isomorphism of Picard groups Pic X =~ Pic Z ~ ZF @ Pic T.
Let 7 denote the It factor of X foreach! = 1,. .., k. Denote by 7} the subproduct

T, = (H IP’C> x T
£l
of X and let w; : X — T} be the natural projection map.

Proposition 9.1. Foreachl = 1,... k, thereisanordertwo flop ¢; : Z --+ Z, interchanging the two points
of a general fibre of m; restricted to Z.

Proof. We can apply thework of Chapters 4,7 accordingly to obtain sections z; o, . . ., 2 ., foreachl = 1,.. . ¢,
defining a flop ¢; as in the Proposition statement. O

Lemma 9.2. The flops ¢; generate the birational automorphism group of Z, which is isomorphic to the free
product of k copies of 7./27.

Proof. Thisis the main result of [34]. O

Proposition 9.3. Foreachl = 1,...,k, there is a section u;, whose degree in Z* @ Pic T has 0 in each of the
first k entries except the 1N entry.

Proof. Foreachl = 1,...,k, we canview Z as a subvariety of P¢ x T; and the section v; is the section of
R(Z)\t*R(X) obtained as in Proposition 4.6(i) if c = 1 and Proposition 7.11 if ¢ > 2. O

Conjecture 9.4. The Cox ring of Z is generated by the generators of R(T'), and the union of images of the

sections

LQyeees Loy ULy oy Uk,
under the action of the birational automorphism group of Z. If ¢ = 1, then the uq, ..., u; are redundant
generators.

For work towards a proof of this conjecture, we first see that by the methods of Chapter 3, we have

P RDunz= P FRX)an®Kio®: @ K,

at,...,ax=0 at,...,ap=0
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where K  is the kernel space K from the method when viewing Z as a subvariety of P¢ x T;.

The birational automorphism group is generated by flops, and by considering the induced symmetry,
we conclude that the conjectured generators generate all sections with image in the moving cone of Z. It
requires only to show that any element of R(Z) defines a divisor in the interior of the moving cone of Z.

9.2 More complete intersectionsin P x P"

Supposethatc > 2,n > cand X = P xP". Consider asubvariety Z — X ofthe form () with respect to hy-

persurfaces Vi, ..., V. defined by respective equations i, . .., 7. of respective degrees (dj, e1), . . ., (de, ec),
witheachd,,, e,, = 1. We have given Coxringsin the general case when (dy, ds, . . ., d.) iseither (1,1,...,1)
or (2,1...,1). We now speculate on the case where di, ..., d. are general. This follows the observations

seenin Chapter 7.

For each choice of 0 < i < j < ¢, we should be able to eliminate all variables except z;, z; from the
equationsry, ..., 7., giving a degreed’ = d; - - - d. equation in these two variables.

In the case that d’ = 2 seen in Section 7.3, we could do this in a way such that there existed polynomials
Gij € R(P™) foreach 0 < i < j < ¢, such that each point of Z satisfied

ija:? + Gijl‘il‘j + G“l'? = 0.

From these equations, one deduced the existence of Cox ring sections z, ..., z.on Z.
In the general case d’ > 2 we conjecture a similar situation; there will be polynomials G;;; such that

d d’
Gmoxi + -+ Gz’j,d’l'j ,

and these polynomials occur naturally in the equations in the Cox ring of Z. The polynomials G;;,; cutout a
subvariety Y < P", which will have an expected codimension. If Y has this expected codimension then we
conjecture that Z will be a Mori Dream Space, with sections corresponding to data recording the coefficients
of the above polynomials divided by the linear factor according to the values of z;, z; at a point of Z.

Thiswould be analogous to the situation we observed in Chapter 4 with ¢ = 1. In Chapter 4, we only have
two variables x¢, x1 and the expected codimension of Y is simply the number of polynomial coefficients of
the defining equation r, namely d + 1. If Y has codimension d + 1 then the polynomial coefficients form a
regular sequence and the Cox ring is finitely generated of a standard by Main Theorem 2.3. If n > dthen Y
cannot have the expected codimension, and as is proved in [28], Z is not a Mori Dream Space.

We ask further whether this latter occurence generalises to the case of Chapter 7. Namely, if the expected
codimension of Y is greater than n + 1, then Z will fail to be a Mori Dream Space.
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