


Abstract

We introduce a new cohomological method to compute new global sections of a complete intersec-

tion in aprojective variety. This ismoredirect thanpreviousmethods andyields equationsdefining these

new sections in the Cox ring. As examples, we show that general codimension c � 1 complete intersec-

tions in P1 Æ Pn, subject to some numerical conditions on n and the degrees of the defining equations,

are Mori Dream Spaces, computing the Cox ring in full. We do the same for codimension c complete in-

tersections in Pc Æ Pn. We display families of Calabi-Yau varieties that further support Morrison’s cone

conjecture. We provide also new examples of general type Mori Dream Spaces. In a separate example,

we show how our method may be used to translate between two models of a degree one del Pezzo sur-

face admitting a conic bundle structure – namely onemodel as a hypersurface in a rational scroll and its

second anticanonical model in projective space.

Zusammenfassung

Wir führen eine neue kohomologische Methode zur Berechnung neuer globaler Sektionen eines voll-

ständigen Schnitts in einer projektiven Varietät ein. Diese Methode ist direkter als bisherige Methoden

und liefert Gleichungen, die diese Sektionen im Cox-Ring definieren. Als Beispiel zeigen wir, indem wir

den Cox-Ring berechnen, dass allgemeine vollständige Schnitte der Kodimension c � 1 in P1 ÆPn unter

gewissen numerischen Bedingungen an n und die Grade der definierenden Gleichungen Mori-Dream-

Spaces sind. Dasselbe gilt für vollständige Schnitte der Kodimension c in Pc Æ Pn. Wir konstruieren

Familien von Calabi–Yau-Varietäten, die Morrisons Kegel-Vermutung stützen, und geben neue Beispiele

von Varietäten allgemeinen Typs, dieMori-Dream-Spaces sind. In einemweiteren Beispiel zeigenwir, wie

unsereMethode eineÜbersetzung zwischen zweiModellen einer del-Pezzo-Fläche vomGrad 1mit konis-

cher Bündelstruktur ermöglicht – nämlich ihrem Modell als Hyperfläche in einem rationalen Scroll und

ihrem antikanonischen Modell im projektiven Raum.

1



Acknowledgements

Themost sincere recognitionmust first be given tomyMum, Jane. In being homeschooled from 12-15 years

old, Mum’s role would extend from the familial to the academic. With little resources, she took on the role

of teacher with no formal teaching qualifications or higher education. Before this I had no plans to go to

university, and this journey culminates now in this academic work. It wouldn’t feel correct to not give her

story some light. Thus the achievement of this PhD is at least to be shared with Mum andmy brother Peter,

and I am proud of the three of us for where we have reached today as a collective.

Many thanks are also due tomy supervisor, Balazs, who tookme on first as a PhD student in Oxford, and

supportedme in following him to Vienna. The opportunities I have had access to in these years would have

been inconceivable growing up and I recognise his principal role in their possibility. I feel very fortunate for

his patience during the COVID years in Oxford, and his guidance to this research project.

In my times at Warwick, Oxford and Vienna, I have met a range of stunning people, many of whom I still

maintain very close and loving relationships with. In relation to my time in Vienna, I would like to thank

Lena for the partnership we shared and for the wonderful friendship we still share today. Her and my close

friend (and colleague) Lukas have been incredible people over my entire time in Vienna – their support in

helping me learn German, which has allowed me a very enriching and integrated time living in Austria, is

in particular not to be forgotten. I am also very grateful to Laura for her support and company during the

writing phase. There are many others, for whose time I have been very grateful over the last years; I know

they knowwho they are, which is perhaps most important.

As a final acknowledgement, I also mention my hometown Grimsby, which I am sure I will always hold

dearly inmy identity. It isnot themost fashionableplace (quiteunjustly), andmaynotbe themostopportunity-

rich, but it will always be home and I hope to represent it in a positive light wherever I am.

2



Contents

1 Introduction 6

2 Statement of main results 9

2.1 On Cox rings of nef complete intersections in P1 Æ Pn . . . . . . . . . . . . . . . . . . . . . 9

2.2 On kernels of banded Toeplitz matrices with polynomial entries . . . . . . . . . . . . . . . 11

2.3 On Cox rings of codimension c nef complete intersections in Pc Æ Pn . . . . . . . . . . . . . 13

2.3.1 The case pd1, d2, . . . , dcq < p1, 1, . . . , 1q . . . . . . . . . . . . . . . . . . . . . . . . 13

2.3.2 The case pd1, d2, . . . , dcq < p2, 1, . . . , 1q . . . . . . . . . . . . . . . . . . . . . . . . 14

2.4 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3 Amethod to find Cox ring sections on subvarieties 17

3.1 Cox rings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.1.1 Basic definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.1.2 Finite generation and Mori Dream Spaces . . . . . . . . . . . . . . . . . . . . . . . 17

3.2 Cohomology and Cox rings of a hypersurface . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.2.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.2.2 Čech cohomology considerations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.3 Themethod on a complete intersection - case 1 . . . . . . . . . . . . . . . . . . . . . . . . 21

3.4 Themethod on a complete intersection - case 2 . . . . . . . . . . . . . . . . . . . . . . . . 24

3.5 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4 On Cox rings of nef complete intersections in P1 Æ Pn 27

4.1 Finding sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4.1.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

4.1.2 Describing the maps on first cohomology . . . . . . . . . . . . . . . . . . . . . . . 28

4.1.3 Describing the kernel ofBc . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

4.1.4 Li�ing elements ofK to the Cox ring . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.2 The ring structure ofRpZq . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.2.1 The Cox ring in higher degrees . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.2.2 Multiplying sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

4.2.3 Proof of Main Theorem 2.3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.3 Geometry of hypersurfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4.3.1 The degeneracy locus of the second projection . . . . . . . . . . . . . . . . . . . . 38

4.3.2 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.4 Geometry in the general case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4.4.1 Geometric interpretation of the sections . . . . . . . . . . . . . . . . . . . . . . . . 43

4.4.2 The space SpecRpZq . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

4.4.3 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.5 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47

3



5 On kernels of Toeplitz style matrices with polynomial entries 49

5.1 Universal case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.1.1 The set-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5.1.2 Operators onK . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

5.2 The case c < 1with full index sequence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.2.1 Commutativity using just algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

5.3 Proof of Main Theorem 2.8 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.3.1 Universal case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.3.2 General case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5.4 The negative graded algebra for c < 1 and Ä < d . . . . . . . . . . . . . . . . . . . . . . . . 59

5.5 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

6 On Cox rings of codimension 2 complete intersections in P2 Æ Pn 61

6.1 Finding sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

6.1.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

6.1.2 Describing the maps on cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . 61

6.1.3 Describing the kernels of the mapsBa . . . . . . . . . . . . . . . . . . . . . . . . . 62

6.1.4 Li�ing elements ofK to the Cox ring . . . . . . . . . . . . . . . . . . . . . . . . . . 64

6.1.5 Multiplication by x0, x1, x2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

6.2 The case pd1, d2q < p1, 1q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

6.2.1 Basic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

6.2.2 A first new section . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

6.2.3 Computing the spaceK . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69

6.2.4 Proof of Theorem 2.13 for c < 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

6.3 The case pd1, d2q < p2, 1q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6.3.1 Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

6.3.2 The spaceK0 and its li� toRpZq . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

6.3.3 The spaceK1 and its li� toRpZq . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

6.3.4 The spaceK2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6.3.5 Proof of Main Theorem 2.17 for c < 2 . . . . . . . . . . . . . . . . . . . . . . . . . . 79

6.3.6 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

6.4 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

7 On Cox rings of codimension c complete intersections in Pc Æ Pn 84

7.1 Finding sections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

7.1.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

7.1.2 Describing the maps on cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . 84

7.1.3 Describing the kernels of the mapsBa . . . . . . . . . . . . . . . . . . . . . . . . . 85

7.1.4 Problems defining ³ andmultiplication by the xi . . . . . . . . . . . . . . . . . . . 87

7.2 The case pd1, . . . , dcq < p1, . . . , 1q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

7.2.1 Basic geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

7.2.2 Proof of Theorem 2.13 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

7.3 The case pd1, d2, . . . , dcq < p2, 1, . . . , 1q . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

4



7.3.1 Geometry and algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

7.3.2 The spaceK0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

7.3.3 Equations in the u and zi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

7.3.4 Proof of Main Theorem 2.17 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

7.4 Comments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

8 On two hypersurfacemodels of degree one del Pezzo surfaces with conic bundle 98

8.1 Applying the method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

8.1.1 Basics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

8.1.2 Maps on first cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

8.1.3 Li�ing elements ofK to the Cox ring . . . . . . . . . . . . . . . . . . . . . . . . . . 100

8.1.4 Finding sectionsw and z . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

8.2 Translating between the twomodels ofZ . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

8.2.1 Computing the anticanonical ring . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

8.2.2 Macaulay2 Code . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

9 Final comments 105

9.1 Calabi-Yau complete intersections in pPcqk Æ T . . . . . . . . . . . . . . . . . . . . . . . . 105

9.2 More complete intersections in Pc Æ Pn . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5



1 Introduction

Throughout this thesis we work with varieties overC, although many arguments generalise to other fields,

particularly those algebraically closed fields of characteristic 0. Our general setting will be that of a smooth

complete intersectionZ embedded in a smooth projective ambient spaceX , whose Cox ring is finitely gen-

erated – that is to say thatX is a Mori Dream Space. Each section of the Cox ring ofX restricts to a section

onZ. There may, however, be Cox ring sections onZ that are not the restriction of any section onX .

Cox rings were first introduced for toric varieties in [12] as a generalisation of the homogeneous coordi-

nate ring of projective space. They appeared earlier as universal torsors in number theory, for example as

seen in [10]. Our general reference for Cox rings is [2]. The application we shall focus most on appears in bi-

rational geometry; the notion of Mori Dream Spaces is introduced in [21]. One can apply theminimalmodel

program (see [22]) to Mori Dream Spaces. Being a Mori Dream Space is equivalent to having finitely gener-

ated Cox ring under certain usual assumptions on the projective variety (for exampleQ-factoriality). Having

a presentation of the Cox ring of a smooth projective variety X thus allows one to describe its birational

geometry combinatorially.

The principal achievement of this thesis is to introduce a newmethod, using Čech cohomology, to com-

pute spaces of sections on Z that are not restrictions of those onX . In some examples we also use this to

compute the Cox rings of the given Z. We see that elements of higher degree sheaf cohomology groups on

X allow for sections on complete intersection subvarieties inX . Whether such an element of a cohomology

group onX can provide us with a new section onZ, canonical up to the restriction of a section onX , is de-

termined by linear algebra conditions on the inducedmaps of cohomology given by the defining equations

ofZ.

With thismethod, we strengthen a result of Ottem in [28], who computes the Cox rings of general degree

pd, eq hypersurfaces Z in P1 Æ Pn with d, e � 1 and n � 3. Not only can we give the exact conditions for

which the Cox ring here takes the general presentation as in [28, Theorem1.1], we can generalise to the case

ofZ � P1ÆPnwhereZ is a complete intersectionof dimension at least 3under certain open conditions and

bounds on the sum of first components of the degrees of the defining equations. Allowing for degenerate

cases, where some polynomial coe�icients of the defining equations are zero, we compute the Cox rings

of a class of general type varieties, containing examples of arbitrary codimension and arbitrarily positive

canonical class, showing that these are Mori Dream Spaces.

We also apply our method to codimension c � 2 complete intersections Z � Pc Æ Pn, where n � c.

We are able to find new sections on Z, and in the simplest two cases – that where each defining equation

is linear in the coordinates on Pc and that where all but one defining equation is linear in the coordinates

of Pc and the remaining is quadratic – we can compute the Cox rings in the general setting, stating exactly

when this general picture occurs. In particular, we show that these varieties are Mori Dream Spaces. The

latter case includes the Calabi-Yau setting.

It is already known that Fano varieties have finitely generated Cox ring [6]. Calabi-Yau varieties are not

necessarily Mori Dream Spaces, as shown in an example of Kawamata in [24]. Morrison’s cone conjecture

states that the moveable cone of a Calabi-Yau variety will decompose into rational polyhedral cones, each

giving a minimal model, and that the group of birational automorphisms acts on the moveable cone with

rational polyhedral fundamental domain [27]. Our results for Calabi-Yau complete intersections in products

of projective spaces support this conjecture.

Calabi-Yau varieties are of interest to physicists active in string theory. In string theory, six further spa-
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tial dimensions are required in addition to our usual three (with a further time dimension giving a full ten),

and Calabi-Yau threefolds over C are a candidate for providing these. We refer to [20] for the mathematics

and physics of this correspondence. As explained in [7, 8], one wishes in particular to compute the vector

bundle cohomology of Calabi-Yau threefolds. Our results and examples provide answers for the zeroth de-

gree line bundle cohomologies on classes of Calabi-Yau varieties, including some of those considered in the

a�orementioned articles.

Weare also able to provide new families of general type varieties that areMori DreamSpaces, computing

their Cox rings in full.

Ourmethod is particularly suited to understandingwhere Cox ring behaviour, including size of the e�ec-

tive and moveable cones, changes in degenerate cases. We are able to compute Cox rings of a degenerate

case in the examples of Z � P1 Æ Pn and Z � Pc Æ Pn above. The structure of the Cox ring is closely

linked to the structure of syzygy modules defined by the polynomial coe�icients of the defining equations

viewed in the coordinates of Pc. This partially answers questions posed in [7, 8] on how degenerations of

the polynomial coe�icients lead to changes in the e�ective andmoveable cones.

Structure of thesis and originality

In Chapter 2, we state our main results.

In Chapter 3, we give the necessary introduction and definitions of Cox rings and Mori Dream Spaces.

Then we introduce the method allowing us to find new Cox ring sections of a subvariety Z embedded in a

varietyX , whose Cox ring we understand, under certain conditions. Furthermore, these conditions ensure

that we may obtain all Cox ring sections of Z up to some linear algebra calculations; these are in practice

di�icult to solve. We also explain how ourmethod continues to give sections and information under weaker

assumptions. The work developing this method is my own, though we rely on standard theory of Cox rings.

Chapter 4 treats the case of complete intersections Z of dimension at least 3 in P1 Æ Pn. For hypersur-

faces, the material here is found in [29], published on the Arxiv in collaboration with Ito and Szendrői. All

the work of Chapter 4 not featured in this paper, including the interpretation of the sections wm,k in Sec-

tion 4.4.1, is my own.

The method utilised to find the results of Chapter 4 reduces the question of finite generation to a lin-

ear algebra problem, solving the kernel of matrices that are constant along diagonals, so-called Toeplitz

matrices in the literature. Chapter 5 is dedicated to this linear algebra problem, solving independently the

statement used in the proofs of Chapter 4. Thework here is alsomy own, and generalises over integral rings,

thus warranting its own Chapter. We see how algebraic geometry and Cox ring computations may allow us

to solve systems of polynomial equations.

We split the work on codimension c � 2 complete intersections Z � Pc Æ Pn into two Chapters, both

of which are entirely my work. For c < 2, much of the method can still be computed by hand, and we can

provide detail in each step. This allows us not only to give Cox ring presentations for the two simplest cases

of Z, but also allows us to compute Cox rings of a degenerate example in the second case. This makes up

Chapter 6. In Chapter 7, we take inspiration from our findings in the c < 2 case explored in Chapter 6 to give

analogous results for arbitrary c � 2.

Chapter 8 shows an example where our method provides information where some of the assumptions

don’t hold. We can find sections of a degree one del Pezzo surfaceZ embedded in a rational scrollFp0, 1, 1q,

which allows us to translate this model into its anticanonical embedding in weighted projective space. Sec-
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tion 8.1 is my own work, whereas Section 8.2 is joint work with Szendrői.

Weconclude inChapter 9with remarksandcommentshowonemayprogress. This includesgeneralising

the results of Chapters 6–7 to higher degrees, as well as exploring subvarietiesZ in pPcqk ÆPn. In particular,

we can show the latter generally gives non-Mori Dream Spaces even in our degree 2 setting - the c < 1 case

was already proven in [34], following the work of [24]. Using the method of this thesis, we give a conjecture

for the Cox ring of these varieties, even though they are not finitely generated. Once more, the work of this

Chapter is my own.
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2 Statement of main results

Here we lay out the main results of the thesis.

2.1 On Cox rings of nef complete intersections in P1
ˆ Pn

The following results will be the main results in Chapter 4.

Fix c � 1 andn � c`2 and fixX < P1 ÆPn overC. Letx0, x1, respectively y0, . . . , yn, be homogeneous

coordinates on P1, respectively Pn. If Ã1, Ã2 are the projection maps to the respective factors P1,Pn, then

PicX 3 PicP1 8 PicPn 3 Z2,

generated by the pullbacks ÃÚ
1OP1p1q and ÃÚ

2OPnp1q respectively. The Cox ring ofX is

RpXq < Crx0, x1, y0, . . . , yns,

with the Z2-grading given by degpxiq < p1, 0q and degpyjq < p0, 1q. The ring

R < RpPnq < Cry0, . . . , yns

is naturally a Z2-graded subring ofRpXq, givingRpXq the structure of a Z2-gradedR-module.

We define our primary varieties of interest.

Definition 2.1. Fix d � 0 and e � 1. Let V be an irreducible and normal hypersurface

V <
!
g0x

d
0 ` g1x

d´1

0
x1 ` . . .` gdx

d
1 < 0

)
� P1 Æ Pn (1)

defined by a set of homogeneous degree e elements g0, . . . , gd P R.

(i) An index sequence of length Ä , where 0 � Ä � d, is a sequence of indices 0 < i0 � ¨ ¨ ¨ � iτ < d. By

convention, Ä < 0 if and only if d < 0. We say V admits the index sequence ti0, . . . , iτu of length Ä if

gi 0 0 if and only if i P ti0, . . . , iτu; we call the set of indices ti0, . . . , iτu the index sequence of V .

(ii) We call V regular with index sequence ti0, . . . , iτu, if it is non-singular, admits the index sequence

ti0, . . . , iτu, and the homogeneous polynomials gi0 , . . . , giÄ form a regular sequence inR.

Definition 2.2. For given c � 1 and n � c ` 2, the variety Z � X < P1 Æ Pn will be said to have form pÚq

with respect to hypersurfaces V1, . . . , Vc ifZ <
_c

m<1
Vm, and the following conditions are met.

(i) For eachm < 1, . . . , c, the hypersurface Vm � X is irreducible and normal, defined by an equation

rm < gm,0x
dm
0

` gm,1x
dm´1

0
x1 ` . . .` gm,dx

dm
1
,

with dm � 0, em � 1, and Vm admits an index sequence tim,0, . . . , im,τmu of length Äm, with 0 �

Äm � dm as in Definition 2.1.

(ii) The sequence r1, . . . , rc is regular inRpXq and the intermediary complete intersections

Zm <
m


m1<1

Vm1
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are non-singular form < 1, . . . , c.

(iii) The sequence

g1,0, . . . , g1,d1 , . . . . . . , gc,0, . . . , gc,dc

is regular inR. In particular, we have the numerical condition

c`
cÿ

m<1

dm � n` 1. (2)

We note that, so long as the numerical condition (2) holds, the conditions in parts (ii) and (iii) are open

with respect to the data of part (i) in Definition 2.2.

Main Theorem 2.3. Let c � 1 and n � c ` 2 and setX < P1 Æ Pn. Suppose Z � X satisfies conditions (i)

and (ii) from Definition 2.2 with respect to hypersurfaces V1, . . . , Vc.

(i) Suppose that Z has form pÚq with respect to V1, . . . , Vc. or equivalently, that condition (iii) in Defini-

tion 2.2 is also satisfied. Then there is an isomorphism of Z2-graded algebras

RpZq 3 RpXqrw1,1, . . . , w1,τ1 , . . . . . . , wc,τcs{I, (3)

where deg t < degRpXq t for t P RpXq and degpwm,kq < pim,k´1 ´ im,k, emq for each 1 � m � c,

1 � k � Äm, and I is the homogeneous ideal generated by the equations

x
im,k`1´im,k

1
wm,k`1 ` gim,k

´ x
im,k´im,k´1

0
wm,k, 1 � m � c, 1 � k � Äm, (4)

with variables of undefined index set to zero. In particular,Z is a Mori Dream Space.

(ii) Conversely, suppose that there exists an isomorphism of the form (3), with degrees and ideal I as given.

Then the sequence

g1,0, . . . , g1,d1 , . . . . . . , gc,0, . . . , gc,dc

is regular inR and thusZ has the form pÚqwith respect to V1, . . . , Vc.

The method used to prove Main Theorem 2.3 gives information in more general settings. We give one

such setting in the following remark, postponing further comments to the end of this Chapter, for they apply

also to the results in Section 2.3

Remark 2.4. The only properties we use of Pn to prove Theorem 2.3 is that it has dimension at least c ` 2

and that its cohomology on all line bundles vanishes in degrees i with 1 � i � c. In particular, we may

replace Pn with a productW of say s � 2 projective spaces, each having dimension at least c ` 1, so long

as dimW � c ` 2. Instead of a Z2-grading we have a Z
À

Zs grading, and the degrees em of Definition 2.1

are taken in Zs and assumed positive in each component.

In Sections 4.3 and 4.4 we apply Theorem 2.3 to a variety of examples of general interest. We give just

one result here for c < 1, applying to families of Calabi-Yau hypersurfaces in P1 Æ P3.

10



Theorem 2.5. Choose three general polynomials g0, g1, g2 P Cry0, y1, y2, y3s of degree e < 4, forming a

regular sequence. Consider the family of varieties q : Z Ñ A1
t defined by

Z <
'
g0x

2
0 ` tg1x0x1 ` g2x

2
1 < 0

(
� P1 Æ P3 Æ A1

t .

For t 0 0, the Z2-graded Cox ringRpZtq of the Calabi–Yau hypersurfaceZt � P1 Æ P3 can be presented as

RpZtq 3 Crx0, x1, y0, y1, y2, y3, z1, z2s{xx1z1 ` g0, x1z2 ` g1 ´ x0z1, g2 ´ x0z2y,

with variables of bidegrees p1, 0q, p0, 1q and p´1, 4q respectively. For t < 0, we have

RpZ0q 3 Crx0, x1, y0, y1, y2, y3, ws{xx21w ` g0, g2 ´ x20wy,

with variables of bidegrees p1, 0q, p0, 1q and p´2, 4q respectively. In particular, every member of the family is

a Mori dream space, with a complete intersection Cox ring, but the e�ective cone and Cox ring jump discontin-

uously in the family.

2.2 On kernels of banded Toeplitz matrices with polynomial entries

The following results are the main results in Chapter 5.

Definition 2.6. Let S be a ring and a � 1, d � 0. The banded Toeplitz matrix of degree a associated to a

sequence g0, . . . , gd P S is the pa´ 1q Æ pa` d´ 1qmatrix p·s,tqwhere ·s,t < gi if t´ s < i and ·s,t is zero

otherwise. By convention, the degree 1matrix is the zero matrix. If

r < g0x
d
0 ` ¨ ¨ ¨ ` gdx

d
1 P Srx0, x1s

is a general homogeneous degree d polynomial in x0, x1 with coe�icients in S, then we define, for a � 1,

the matrixAa,r to be the degree a banded Toeplitz matrix associated to the sequence g0, . . . , gd P S:

Aa,r <

¨
ÚÚÚÚÚÚÚß

g0 g1 g2 ¨ ¨ ¨ gd 0 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ 0 0

0 g0 g1 ¨ ¨ ¨ gd´1 gd 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ 0 0
...

. . .
...

. . .
...

. . .
...

0 0 0 ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 g0 g1 ¨ ¨ ¨ gd 0

0 0 0 ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 0 g0 ¨ ¨ ¨ gd´1 gd

Û
9999999:

.

We will be interested in the case that S < Cry0, . . . , yns, so that an irreducible and normal subvariety

V � P1 Æ Pn is defined by an equation r P Srx0, x1s. To prove Main Theorem 2.3 for hypersurfaces, we

compute the kernel of Aa,r in each degree a � 1. For codimension c complete intersections, we need a

slightly more general matrix in each degree.

Definition 2.7. Fix c � 1, n � c ` 2 and S < Cry0, . . . , yns. Suppose for eachm < 1, . . . , c, we have an

equation

rm < gm,0x
dm
0

` ¨ ¨ ¨ ` gm,cx
dm
1

P Srx0, x1s,

where dm � 0 and gm,0, . . . , gm,c is a sequence of homogeneous polynomials of degree em � 1 inS. Define
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to this data the matrix

Aa < pAa,r1 | ¨ ¨ ¨ |Aa,rcq

for each a � 1, which may be viewed as a map of free S-modules

Sa`d1´1 Æ ¨ ¨ ¨ Æ Sa`dc´1 Ñ Sa´1.

Define the trivial spaces ¸a � kerAa to be generated by columns of the matrices

AÚ
a,pm,m1q < p0| ¨ ¨ ¨ |0|At

m1,a`dm
|0| ¨ ¨ ¨ |0| ´At

m,a`dm1
|0| ¨ ¨ ¨ |0qt

for each 1 � m � m1 � c. Then set Ka < pkerAaq{¸a and K <
À

a�1
Ka, which may be viewed as a

graded S-module.

Theorem 2.8. Suppose that we have the data as in Definition 2.7.

(i) There are natural truncation operators x̃0, x̃1 : Ka`1 Ñ Ka for each a � 1. Furthermore, let U 1 be the

free graded S-algebra

U 1 < Srz1,1, . . . z1,dc , . . . . . . , zc,1, . . . , zc,dcs,

with each zm,k in degree one. There is a graded homomorphism of S-modules È1 : U 1 Ñ K.

(ii) Suppose that for eachm < 1, . . . , c, the equation rm corresponds to a hypersurface (not necessarily

irreducible and normal) V � P1 ÆPn admitting an index sequence of length Äm as in Definition 2.1 and

use the same notation. IfU is the free graded S-algebra

U < Srw1,1, . . . , w1,τ1 , . . . . . . , wc,1, . . . , wc,τcs,

with each wm,k in degree im,k ´ im,k´1, then there is a map È : U Ñ K of graded S-modules. If

Äm < dm for eachm < 1, . . . , c, we haveU < U 1 and È < È1.

(iii) Suppose in addition to the assumptions of part (ii), that the sequence

g1,0, . . . , g1,τ1 , . . . . . . , gc,1, . . . , gc,τc

is regular in R. Then all elements ofK may be realised by applying the truncation operators x̃0, x̃1 to

an element in the image ofÈ. If also Äm < dm for eachm < 1, . . . , c, thenÈ is already surjective, giving

K the structure of a finitely generated S-algebra. In this case, the kernel of È is generated in degrees

one and two.

As in the previous Section, the above Definitions are tailored to our applications and we add the follow-

ing remarks.

Remark 2.9. In the data in Definition 2.7, we may allow S to be any finitely generated algebra graded by a

free abelian group; if S is the Cox ring of a Mori Dream spaceW and for eachm < 1, . . . , c the polynomials

gm,0, . . . , gm,c are sections of an ample line bundle onW , then there is an analogous version of Theorem2.8

in this setting. This has applications in the case ofZ � P1 ÆW as remarked in Remark 2.20.
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Remark 2.10. Sincewe apply this algebraic result to varieties in complex projective space, we have defined

S to be aC-algebra. All of the constructions work over any field and even any integral ring. The only state-

ment from Theorem 2.8 that we can’t deduce over a general integral ring is the final statement of part (iii)

concerning the kernel of È.

2.3 On Cox rings of codimension c nef complete intersections in Pc
ˆ Pn

The following results will be proven in Chapters 6–7.

Fix c � 2 andn � c andfixX < PcÆPn overC. Letx0, . . . , xc, respectively y0, . . . , yn, be homogeneous

coordinates on P1, respectively Pn. If Ã1, Ã2 are the projection maps to the respective factors Pc,Pn, then

PicX 3 PicPc 8 PicPn 3 Z2,

generated by the pullbacks ÃÚ
1OPcp1q and ÃÚ

2OPnp1q respectively. The Cox ring ofX is

RpXq < Crx0, . . . , xc, y0, . . . , yns,

with the Z2-grading given by degpxiq < p1, 0q and degpyjq < p0, 1q. The ring

R < RpPnq < Cry0, . . . , yns

is naturally a Z2-graded subring ofRpXq, givingRpXq the structure of a Z2-gradedR-module.

We define a form our subvarieties of interest will take.

Definition 2.11. For each m < 1, . . . , c, let Vm be an irreducible and normal hypersurface defined by a

degree pdm, emq equation rm P RpXq for some dm, em � 1. The variety Z � X < Pc Æ Pn will be said to

have form p:qwith respect to the hypersurfaces V1, . . . , Vc if the following hold.

(i) We haveZ <
_c

m<1
Vm.

(ii) The sequence r1, . . . , rc is regular inRpXq and the intermediary complete intersections

Zm <
m


m1<1

Vm1

are non-singular form < 1, . . . , c.

2.3.1 The case pd1, d2, . . . , dcq < p1, 1, . . . , 1q

Suppose that c � 1, n � 2 andZ � Pc ÆPn has form p:qwith respect to hypersurfaces V1, . . . , Vc of degree

rVms < p1, emq P PicX for eachm < 1, . . . , c and some em � 1. There are then degree em polynomials

fm,0, . . . , fm,c such that Vm is defined by

rm < fm,0x0 ` . . . fm,cxc

for eachm < 1, . . . , c.

13



Definition 2.12. Define to the data above the cÆ pc` 1qmatrix

M <

¨
ÚÚß

f1,0 ¨ ¨ ¨ f1,c
...

. . .
...

fc,0 ¨ ¨ ¨ fc,c

Û
99:

with entries in R. One notes that the pm, iq entry of this matrix is Brm
Bxi

. For each i < 0, . . . , c, let ¿i be the

maximal minor ofM obtained ignoring the ith column, which is a degree e1 <
Yc

m<1
em element ofR.

Theorem 2.13. Suppose that c � 1, n � 2 and Z � X < Pc Æ Pn has form p:q with respect to hypersur-

faces V1, . . . , Vc, where Vm < p1, emq for eachm < 1, . . . , c and some em � 1. Define the matrixM and

polynomials ¿i P R of degree e1 as in Definition 2.12. Then Z is isomorphic to the blow-up of Pn with centre

the codimension 2 subvariety defined by the maximal minors ¿i ofM . There is a section v P RpZq in degree

p´1, e1q, which is not the restriction of a global section onX satisfying the equations

vxi ´ p´1qi¿i < 0, 0 � i � c,

whose vanishing locus corresponds to the exceptional divisor. The Cox ring ofZ admits the presentation

RpZq 3 Crx0, . . . , xc, y0, . . . , yn, vs{xvx0 ´ ¿0, . . . , vxc ´ p´1qc¿cy.

In particular,Z is a Mori Dream Space.

We note that in Theorem 2.13, the description of Z as a blow-up does not give us information as to

whether it is a Mori Dream Space. See [17] for an example of a blow-up of a Mori Dream Space in a codimen-

sion two locus that is itself not a Mori Dream Space.

2.3.2 The case pd1, d2, . . . , dcq < p2, 1, . . . , 1q

We now consider a class of varieties that include the Calabi-Yau case. Suppose that c � 1, n � 2 and

Z � Pc ÆPn has form p:qwith respect to hypersurfacesV1, . . . , Vc, where rV1s < p2, e1q and rVms < p1, emq

in PicX for eachm < 2, . . . , c and some e1, . . . , ec � 1. There are degree e1 polynomials fij P R for each

0 � i � j � c and for eachm < 2, . . . , c degree em polynomials gm,0, . . . , gm,c, such that V1 is defined by

r1 <
ÿ

0�i�j�c

fijxixj

and Vm is defined by

rm < gm,0x0 ` . . . gm,cxc

form < 2, . . . , c.

Definition 2.14. To this data we define the pc´ 1q Æ pc` 1qmatrix

M <

¨
ÚÚß

g2,0 ¨ ¨ ¨ g2,c
...

. . .
...

gc,0 ¨ ¨ ¨ gc,c

Û
99:
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with entries inR, with pm, iq entry equal to Brm
Bxi

. For each 0 � i � j � c define µij to be themaximal minor

ofM obtained ignoring the ith and jth columns. We define also µij < ´µji for i � j. Define further the

augmented cÆ pc` 1qmatrix

M 1 <

¨
ÚÚÚÚß

g1
1,0 ¨ ¨ ¨ g1

1,c

g2,0 ¨ ¨ ¨ g2,c
...

. . .
...

gc,0 ¨ ¨ ¨ gc,c

Û
9999:
,

where g1
1,i < 1

2

Br1
Bxi

for each i < 0, . . . , c. For each i < 0, . . . , c, let ¿i be the maximal minor ofM 1 obtained

ignoring the ith column, which has degree e1 ´ e1 inR, where e1 <
Yc

m<1
em.

Lemma2.15. For each 0 � i � j � c, wemaymultiply r1 byµij anduse the equations r2, . . . , rc to eliminate

all xk with k 0 i, j to obtain a quadratic equation inRrxi, xjswhich vanishes onZ. More precisely, we obtain

degree 2e1 ´ e1 polynomials Fi for each i < 0, . . . , c andGij for each 0 � i � j � c so that

Fjx
2
i `Gijxixj ` Fix

2
j < 0

on Z for all 0 � i � j � c. Furthermore, the subvariety Y � Pn defined by the Fi, Gij has codimension at

most 3.

Proposition 2.16. Suppose that c � 1, n � 2 and Z � Pc Æ Pn has form p:q with respect to hypersurfaces

V1, . . . , Vc, where rV1s < p2, e1q and rVms < p1, emq inPicX for eachm < 2, . . . , c and some e1, . . . , ec � 1.

With notation as in Definition 2.14 and Lemma 2.15, there are sections u P RpZq in degree p0, e1q, sections

z0, . . . , zc P RpZq in degree p´1, 2e1 ´ e1q, and a degree 2e1 polynomial É inR satisfying onZ the equations

xizi ´ F0, i < 0, . . . , c

xizj ´ p´1qj´iµiju` 1

2
G01, 0 � i, j � c, i 0 j

xiu´ p´1qi¿i, ziu` p´1qi¿i, i < 0, . . . , c,

u2 ´ É,

(5)

Main Theorem 2.17. Suppose Z � Pc Æ Pn is as in Proposition 2.16, with all notation as in Definition 2.14,

Lemma 2.15.

(i) If Y � Pn has codimension 3, then there is a presentation of the Cox ringRpZq ofZ given by

RpZq 3 Crx0, . . . , xc, y0, . . . , yn, z0, . . . , zc, us{I, (6)

where I is the homogeneous ideal generated by the rmpxi, yjq, rmpzi, yjq and the equations (5). In par-

ticular,Z is a Mori Dream Space. It admits a unique flop to a secondminimal model, itself isomorphic to

Z, interchanging the two points of a general fibre over Pn.

(ii) Conversely, suppose that there exists a presentation of the form (6). Then Y � Pn has codimension 3.

Remark 2.18. Main Theorem 2.17 may not hold if we allow em < 0 for somem < 0, . . . , c. For example, if

c < 2,X < P2ÆPn and rV1s < p3, 0q, thenZ is a hypersurfaceofCÆPn, whereC is anelliptic curve, and the

Picard group of Z is uncountable. If, however, c � 3, then we may allow some em to be equal zero, as long
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as the Lefschetz hyperplane theorem guarantees isomorphisms of Picard groups between the intermediary

inclusionsZm. If pdc, ecq < p0, 1q, then wemay assume that rc < xc andZ can be viewed as a codimension

c´ 1 complete intersection in Pc´1 Æ Pn. We will use this observation in a trick to confirm the equations in

xi, zk, u given in (5).

2.4 Comments

In more general settings than those assumed in Subsections 2.1, 2.3, wemay still utilise our method to find

information on sections (and thus, for example, the birational geometry ofZ).

Remark2.19. Thenon-singularity conditions inDefinition2.2(ii) andDefinition2.11maybeweakenedwith-

out changing the statements inMain Theorems 2.3, 2.17. In particular, it su�ices that, for eachm < 1, . . . , c,

the intermediary intersectionZm isQ-factorial, and that the inclusionsZm´1 ãÑ Zm induce isomorphisms

of Picard groups, whereZ0 < X by convention.

Remark 2.20. SupposeX < Pc Æ T , where c < 1 in the setting of Section 2.1 and c � 2 in the setting of

Section 2.3, whereT is an arbitrary Mori DreamSpace. We can consider irreducible and normal subvarieties

Z � X of the forms analogous to pÚq and p:q accordingly. Whilst we may not have the isomorphisms of

PicX-graded algebras as given in the respective Main Theorems, we do obtain the equivalent sections in

the same degrees, satisfying the same equations in the Cox ring. In each case, we find a graded subalgebra

of the Cox ring. We can apply this for example withX < pPcqk ÆPn for arbitrary k � 1 and n � c, where we

get a collection of sections as in the Main Theorem statements for each copy of Pc in the product.
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3 Amethod to find Cox ring sections on subvarieties

We develop the method used to established those results given in Chapter 2. A reference for the standard

theory on Cox rings is given by [2].

3.1 Cox rings

3.1.1 Basic definitions

LetX be a smooth projective variety overCwith free abelian Picard groupPicX 3 Zρ. Fix a subgroupH of

the free abelian group ofWeil divisors onX mapping isomorphically toPicX . For eachV P H , letD < rV s

denote its class inPicX and define the vector space

RpV qD < RpXqrV s < H0pX,OXpV qq.

Definition 3.1. The Cox ring ofX is thePicX-gradedC-algebra

RpXq <
à

V PH

RpXqrV s,

where multiplication is given by the canonical maps

H0pX,OXpV qq
â

H0pX,OXpV 1qq Ñ H0pX,OXpV ` V 1qq.

Di�erent choices ofH yield isomorphic Cox rings. It is thus standard to fix aH andwrite, slightly loosely,

RpXq <
à

DPPicX

RpXqD <
à

DPPicX

H0pX,OXpDqq.

We follow this convention throughout. ForX smooth and projective, the Cox ring is integral and normal.

Suppose that Z Ñ X is a morphism of smooth projective varieties. There is an induced morphism of

Picard groups PicX Ñ PicZ and an induced morphism RpXq Ñ RpZq of Cox rings. In the case that

º : Z ãÑ X is an inclusion, the inducedmap ºÚ on Cox rings is simply restriction of sections. Thesemaps are

first studied in [1, 15], finding conditions under which ºÚ is surjective for a hypersurfaceZ � X defined by a

homogeneous equation r P RpXq.

In this thesis, we consider complete intersectionsZ � X , whereX is a product of projective spaces. We

compute the Cox rings of various such Z for which the inclusion does not induce a surjection of Cox rings.

We follow from and generalise greatly the results of Ottem in [28].

3.1.2 Finite generation and Mori Dream Spaces

A key application of Cox rings lies in birational geometry.

Definition 3.2. We say that a Q-factorial projective variety X over C is a Mori Dream Space if RpXq is a

finitely generatedC-algebra.

The birational geometry of aMori DreamSpace can be understood combinatorically via its Cox ring. This

correspondence is given by the following theorem, which is a main result in [21].
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Theorem3.3. Suppose that a smoothprojective varietyX is aMori DreamSpace. Then therearefinitelymany

minimal models ofX . The moveable cone ofX decomposes into a finite set of Mori chambers, one of which is

the ample cone ofX . Each Mori chamber gives aQ-factorial varietyX`, birational toX , whose ample cone

is the closure of its chamber. The birational mapX 99K X` corresponds to that given by a variation of GIT on

the action of the torus SpecPicX on X̄ < SpecRpXq.

3.2 Cohomology and Cox rings of a hypersurface

We can now introduce the newmethod of this thesis, starting with hypersurfacesZ � X .

3.2.1 Basics

Let X be a smooth projective variety with free abelian Picard group PicX . Let º : Z ãÑ X be a smooth

hypersurface with class E < rZs P PicX inducing an isomorphism of Picard groups PicX 3 PicZ. We

denote byPic the identification ofPicX andPicZ via this isomorphism.

The Cox ringsRpXq andRpZq are bothPic-graded algebras

RpXq <
à

DPPic

RpXqD, RpZq <
à

DPPic

RpZqD,

connected by the graded homomorphism ºÚ : RpXq Ñ RpZq. The interesting case for us is when the inclu-

sion ºÚRpXq ãÑ RpZq is not surjective.

The hypersurfaceZ is given by a section r P RpXqE . ForD P Pic, consider the standard exact sequence

0 ÝÑ OXpD ´ Eq
¨r

ÝÑ OXpDq
ι˚

ÝÑ OZpDq ÝÑ 0. (7)

The associated long exact sequence yields the short exact sequence of vector spaces

0 ÝÑ ºÚRpXqD ÝÑ RpZqD
δ

ÝÑ ND ÝÑ 0, (8)

where ºÚRpXqD 3 RpXqD{r ¨RpXqD´E , andND < ker rDÚ is the kernel of the inducedmap on first sheaf

cohomology

rDÚ : H1pX,OXpD ´ Eqq ÝÑ H1pX,OXpDqq. (9)

It will sometimes be natural to put all these maps together, to get the map

rÚ :
à

DPPic

H1pX,OXpD ´ Eqq ÝÑ
à

DPPic

H1pX,OXpDqq.

We have ºÚRpXq < RpZq if and only if the map rÚ is injective.

3.2.2 Čech cohomology considerations

Fix a totally ordered a�ine cover U < tUiuiPI ofX . From (7), we get the short exact sequence of complexes:

18



0 0

0
{

i

OXpD ´ EqpUiq
{

i�j

OXpD ´ EqpUi X Ujq . . .

0
{

i

OXpDqpUiq
{

i�j

OXpDqpUi X Ujq . . .

0
{

i

OZpDqpUiq
{

i�j

OZpDqpUi X Ujq . . .

0 0

¨r ¨r

d0

ι˚ ι˚

(10)

Lemma 3.4. Consider Čech 0-cochains pviq P
[

iOXpDqpUiq onX . Call a 0-cochain pviq compatible (with

respect toZ) if for each i � j there exists qi,j P OXpD ´EqpUi X Ujq such that vi|UiXUj
´ vj |UiXUj

< qi,jr.

Call compatible 0-cochains pviq, pv
1
iq equivalent, if for each i, there exists qi P OXpD ´ EqpUiq such that

v1
i ´ vi < qir.

(i) Elements v P RpZqD are naturally in bijection with equivalence classes of compatible 0-cochains

pviq P
{

i

OXpDqpUiq.

Under this equivalence, the restrictionofa sectiong P RpXqD corresponds to theČech0-cocycle pg|Ui
q P

[
iOXpDqpUiq.

(ii) Multiplication in the algebra RpZq is compatible with multiplication of cochains: if D,D1 P Pic and

v P RpZqD, v1 P RpZqD1 are represented by compatible 0-cochains pviq, pv
1
iq respectively, then vv

1 P

RpZqD`D1 is represented by the compatible 0-cochain pviv
1
iq.

Proof. These statements follow from considering the first column of (10), recalling that the global section

functor on sheaves is exact over a�ine schemes. Note that a 0-cochain pviq restricts to a 0-cocycle on Z if

and only if it is compatible.

We are interested in caseswhere there are equivalence classes of compatible 0-cochains pviq that do not

come from the restriction of a section g P RpXq, so that pviq is not a 0-cocycle onX . ForD P Pic, in order to

find a complementary vector space to ºÚRpXqD inRpZqD, we need to complete the first three steps below.

1. Give an explicit description of the first sheaf cohomologies ofOXpD´Eq andOXpDq and of themap

rDÚ of (9).

2. Describe the kernelND < ker rDÚ as a subspace ofH1pX,OXpD ´ Eqq.

3. Choose a right inverse ÷ : ND Ñ RpZqD of ¶ that li�s elements ofND to sections onZ.
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4. Study the ring structure of the direct sum of the resulting spaces to reconstruct the whole structure

ofRpZq.

Steps (1) and (2) have to be completed in particular cases of interest by explicit calculation. Finding amap ÷

in step (3) comes down to untangling the connecting homomorphism ¶. Given s P ND for someD P Pic, let

psi,jq P
{

i�j

OXpD ´ EqpUi X Ujq

be a representative 1-cocycle. Then pr ¨ si,jq is cohomologically trivial, thus the image of a 0-cochain

pviq P
{

i

OXpDqpUiq,

which is compatible since vi|UiXUj
´vj |UiXUj

< si,jr for each i � j. This compatible 0-cochain corresponds

via Lemma3.4(i) to an element v P RpZqD that satisfies ¶v < s. Note that the element v is onlywell-defined

up to an element in ºÚRpXqD, since pviq is well-defined only up to an element of ker d0 < RpXqD. For each

s in a chosen basis ofND, wemay find a v with ¶v in this way and set ÷s < v. Extending linearly we obtain a

well-defined li�ing map

÷ : ND Ñ RpZqD,

a right inverse to ¶. To complete step (4), further arguments are needed that will be based on Lemma 3.4(ii).

We note that, in practice, we may only need to perform Step (2) and Step (3) for a subset of all line bundles

to find generators for the full Cox ring.

The following Lemma, concerning commutativity of the map ¶ with maps on first cohomology induced

by multiplication by a section, is usedmultiple times in this thesis.

Lemma 3.5. Let g be a degreeE P Pic element of ºÚRpXq � RpZq, with induced maps gÚ on first cohomol-

ogy. Then gÚ¶ < ¶gÚ as maps

RpZq Ñ
à

DPPic

H1pX,OXpD ´ Eqq

Proof. Applying ¶ to a cocycle on Z amounts to li�ing this cocycle toX , applying the Čech di�erential d0,

before dividing each element by r. Each of these steps are compatible with gÚ, which is component-wise

multiplication by g.

To conclude the general discussion, we make one further remark. Suppose that v P RpZqD is repre-

sented by a compatible 0-cochain pviq via Lemma 3.4(i). For fixed i P I , we have vi P OXpUiqpDq, and thus

vi < hi

gi
for some regular functions hi, gi onX with gi not vanishing on Ui. Identifying hi and gi with their

restrictions onZ, the section givi ´ hi is zero onZ X Ui, which is open and dense inZ. For each i, we thus

obtain an equation

giv ´ hi < 0

in RpZq. This explains the relevance of localisations of RpXq for the problem, which is the basis of the

approach taken in [19].

Having established a process for hypersurfaces, we turn to subvarieties inX of higher codimension.
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3.3 Themethod on a complete intersection - case 1

Suppose more generally that º : Z Ñ X is a smooth codimension c � 1 intersection of irreducible and

normal hypersurfacesV1, . . . , Vc P X , defined respectively by equations rm P RpXqEm , whereEm < rVms.

For eachm < 1, . . . , c, denote byZm the intermediary intersection

Zm <
m


m1<1

Zm1 .

By convention set Z0 < X . Suppose that for eachm < 1, . . . , c, the hypersurface inclusion Zm´1 ãÑ Zm

defined by rm satisfies the conditions in Section 3.2.1, so thatwemay iteratively apply the procedure in Sec-

tion3.2.2. LetPicdenote the identifiedPicardgroupsofeachZm. Wewill alsoassumethatH ipX,OXpDqq <

0 for eachD P Pic and 2 � i � c, noting that this condition is empty in the case c < 1.

The induced homomorphismRpXq Ñ RpZq factors via

RpXq < RpZ0q Ñ RpZ1q Ñ ¨ ¨ ¨ Ñ RpZcq < RpZq.

For eachm < 1, . . . , c, the inclusionZm´1 ãÑ Zm gives us short exact sequences,

0 ÝÑ ºÚRpZm´1qD ÝÑ RpZmqD
δmÝÑ Nm,D ÝÑ 0, (11)

for eachD P Pic as in (8), where which inclusion meant by º is clear in context. We can work over the direct

sums, and thus denote byNm the direct sum
À

DPPicNm,D. Denote by ÷m the isomorphismof vector spaces

÷m : Nm Ñ RpZmq{ºÚRpZm´1q

induced by any right inverse of ¶m.

Lemma3.6. For each1 � m � cwehaveH ipZm´1,OZm´1
pDqq < 0 for allD P Picand2 � i � c´pm´1q.

Proof. The result is true form < 1 by assumption. Form � 1 we use induction, utilising the long exact

sequence of cohomology associated to the short exact sequence (7) for the inclusionZm´1 ãÑ Zm.

Corollary 3.7. For each 1 � m � c´ 1 andD P Pic, we have a natural isomorphism

H1pZm,OZmpDqq 3 H1pZm´1,OZm´1
pDqq{rm,DÚ ¨H1pZm´1,OZm´1

pD ´ Emqq

Proof. This follows oncemore via induction inm along the long exact sequences of cohomology, using that

H2pZm´1,OZm´1
pDqq < 0 for eachD P Pic and 1 � m � c´ 2 from Lemma 3.6.

Definition 3.8. For eachm < 1, . . . , c, define

Tm <

Þ
à

DPPic

H1 pX,OXpD ´ E1qq

¸
8 ¨ ¨ ¨ 8

Þ
à

DPPic

H1 pX,OXpD ´ Emqq

¸

and

T 1 <
à

DPPic

H1 pX,OXpDqq .
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Note that Tm <
Àm

m1<1
T 1p´Em1q. Denote byBm the map

Bm : Tm ÝÑ T 1

pf1, . . . , fmq ÞÑ r1,Úf1 ` ¨ ¨ ¨ ` rm,Úfm,

and let ¸m be the subspace of of Tm generated by all elements of the form

p0, . . . , 0, rm1,Úq, 0, . . . , 0,´rm2,Úq, 0, . . . , 0q, 1 � m2 � m1 � m,

noting that ¸m � kerBm.

For eachm < 1, . . . , c, there are natural maps

Tm´1 ÝÑ Tm

pf1, . . . , fm´1q ÞÑ pf1, . . . , fm´1, 0q,

where T0 < 0 by convention. These induce maps

µm : pkerBm´1q{¸m´1 Ñ pkerBmq{¸m.

Iterating the result of Corollary 3.7, we see that

Nm 3 ker
`
rm,Ú : T 1p´Emq Ñ T 1

Ú
{pim r1,Ú ` ¨ ¨ ¨ ` im rm´1,Úq.

The natural map Tm Ñ T 1p´Emq given by projection the the final component thus induces a well defined

map

´m : pkerBmq{¸m Ñ Nm.

The following Proposition is key.

Proposition 3.9. For eachm < 0, 1, . . . , c, there is an isomorphism

³m : pkerBmq{¸m Ñ RpZmq{ºÚRpXq,

such that the following diagram commutes for eachm < 1, . . . c.

pkerBm´1q{ηm´1 pkerBm´1q{ηm´1 pkerBmq{ηm
À

bPZ Nm 0

RpZm´1q{ι˚
RpXq RpZm´1q{ι˚

RpXq RpZmq{ι˚
RpXq RpZmq{ι˚

RpZm´1q 0

³m´1

r
‘m´1

m,˚

³m´1

µm

³m

´m

÷m

¨rm º˚ Ãm

. (12)

Proof. We first define the maps ³m. The map ³0 is the zero isomorphism between zero vector spaces. Now

let 1 � m � c and f < pf1, . . . , fmq P kerBm. Choose for each 1 � m1 � m a representative 1-cocycle

psm1,ijq P
{

i�j

OXpD ´ Em1qpUi X Ujq
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of fm1 P H1pX,OXpD ´ Em1qq. That

r1,Úf1 ` ¨ ¨ ¨ ` rm,Úfm < 0 P H1pX,OXpDqq

is the statement that the 1-cocycle

pr1s1,ij ` ¨ ¨ ¨ ` rmsm,ijq P
{

i�j

OXpDqpUi X Ujq

is cohomologically trivial, thus the image of a 0-cocycle pviq P
[

iOXpDqpUiq in the associated Čech com-

plex. By construction, pviq restricts to a Zm-compatible 0-cochain on Zm´1, defining, via Lemma 3.4(i), a

section v P RpZmqwith ¶mv < fm P Nm. Since the choice of pviq is unique up to an element ofRpXq, we

have a well-defined map ³m : kerBm Ñ RpZmq{ºÚRpXq. If f P ¸m, then the psm1,ijq may be chosen so

that pr1s1,ij ` ¨ ¨ ¨ ` rmsm,ijq < 0 as a cochain, thus ¸m � ker³m and we obtain the inducedmap ³m.

By construction, the diagrams (12) commute. The bottom row in each diagram is exact via the long exact

sequence of cohomology associated with the inclusion Zm´1 ãÑ Zm. If we can show that the top rows are

exact, we can conclude that each ³m is an isomorphism using the five lemmawith induction.

To show that ´m is surjective, let fm P Nm, which is an element of the kernel of

rm,Ú : T 1p´Emq{pim r1,Ú ` im rm´1,Úq Ñ T 1{pim r1,Ú ` im rm´1,Úq.

This implies the existence of pf1, . . . , fm´1q P Tm´1 such that Bmpf1, . . . , fmq < 0. Then pf1, . . . , fmq P

pkerBmq{¸mmaps to fm under ´m.

It is immediate that im µm � ker´m. Suppose for the converse that f < pf1, . . . , fmq P ker´m, then

´f < fm P pim r1,Ú ` ¨ ¨ ¨ ` im rm´1,Úq, and thus we can find f 1 P ¸m such that f ´ f 1 has final component

equal 0. Then f ´ f 1, which is equal f in pkerBmq{¸m, is in the image of µm.

Lastly, we check ker µm < imprm,Ú 8 ¨ ¨ ¨ 8 rm,Úq. Suppose f < pf1, . . . , fm´1q P ker µ, so that

pf1, . . . , fm´1, 0q P ¸m. Replacing f with a suitable representative modulo ¸m´1, we conclude that

pf1, . . . , fm´1q P imprm,Ú 8 ¨ ¨ ¨ 8 rm,Úq.

Conversely, suppose f < pf1, . . . , fm´1q P pkerBm´1q{¸m´1. Consider

µm
`
r8m´1
m,Ú

Ú
f < prm,Úf1, . . . , rm,Úfm´1, 0q < p0, . . . , 0,´r1,Úf1 ´ ¨ ¨ ¨ ´ rm´1,Úfm´1q < 0,

where the middle equality is modulo ¸m and the last follows from f P kerBm´1. We are done.

We are now able to give the 4-step procedure to compute Cox rings in our higher codimension setting,

which we will apply to prove Theorem 2.3.

1. Give an explicit description of the first sheaf cohomology ofX and define the vectors spaces Tm, T 1,

¸m andmapsBm as in Definition 3.8.

2. Describe the spaceK < pkerBcq{¸c.

3. Choose a li� ³ : K Ñ RpZmq of ³c : K 3 RpZq{ºÚRpXq, the latter obtained as in Proposition 3.9.
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4. Study the ring structure ofRpZq 3 ºÚRpXq
À
K to reconstruct the whole structure ofRpZq.

Remark 3.10. Our 4-step procedure generalises the one given at the end of Section 3.2.2; if c < 1, then we

notice that kerB1 < N1 and the maps ´1 and Ã1 are the identity maps. Then ³ is just a le� inverse of ¶1.

3.4 Themethod on a complete intersection - case 2

Suppose once more that º : Z Ñ X is a smooth codimension c � 1 intersection of irreducible and normal

hypersurfaces V1, . . . , Vc P X , defined respectively by equations rm P RpXqEm , whereEm < rVms. Once

more denote byZm the intermediary intersections

Zm <
m


m1<1

Zm1

and set Z0 < X . Suppose that for eachm < 1, . . . , c, the hypersurface inclusion Zm´1 ãÑ Zm defined by

rm satisfies the conditions in Section 3.2.1, so that we may iteratively apply the procedure in Section 3.2.2.

Let Pic denote the identified Picard groups of each Zm. This time we assume thatH ipX,OXpDqq < 0 for

each D P Pic and 1 � i � c ´ 1, noting that this condition is empty in the case c < 1. The vanishing

cohomology condition is one degree lower than in Section 3.3.

Once more the homomorphismRpXq Ñ RpZq factors through eachRpZmq and we have short exact

sequences as in (11) and we use the same notation for Nm and ¶m. The following are the analogues of

Lemma 3.6 and Corollary 3.7.

Lemma 3.11. For each 1 � m � cwe haveH ipZm´1,OZm´1
pDqq < 0 for allD P Pic and 1 � i � c´m.

Proof. Exactly as in theproofof Lemma3.6,weuse induction inmalong the longexact sequencesassociated

to the inclusionsZm´1 ãÑ Zm.

Definition 3.12. For eachm < 1, . . . c, let Fm P Pic denote the sum
Ym

m1<1
Em1 and define

Tm <
à

DPPic

HcpX,OXpD ´ Fmqq.

Define also

T 1
m <

Þ
à

DPPic

H1pX,OXpD ´ Fm ` E1qq

¸
8 ¨ ¨ ¨ 8

Þ
à

DPPic

H1pX,OXpD ´ Fm ` Emqq

¸
,

noting that T 1
m <

Àm
m1<1

TmpEmq. Denote byBm the map

Bm : Tm ÝÑ T 1
m

f ÞÑ pr1,Úf1, . . . , rm,Úfmq.

Proposition 3.13. For eachm < 1, . . . , c´ 1 the map

¶1 ß ¨ ¨ ¨ ß ¶m : Hc´mpZm,OXpDqq Ñ kerBm
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is an isomorphism. We also have an isomorphism

¶1 ß ¨ ¨ ¨ ß ¶c´1 ß ¶c : RpZq{ºÚRpXq Ñ kerBc,

which we denote by ¶.

Proof. Weuse induction inm, beginning fromm < 0, where we haveB0 equal the zeromap by convention.

Suppose 1 � m � c ´ 1 and that we have established the result for m ´ 1. By Lemma 3.11 we have

isomorphisms

¶m : Hc´mpZm,OXpDqq Ñ ker
`
rmÚ : Hc´m`1pZm´1,OXpD ´ Emqq Ñ Hc´m`1pZm´1,OXpDqq

Ú
.

Thus ¶1 ß ¨ ¨ ¨ ß ¶m is an isomorphism onto its image, which is shown to be kerBm´1 by induction.

Now let s < psi0...ic´mq be an element of Hc´mpZm,OXpDqq. Then ¶ms < s1 < ps1
i0...ic´m`1

q is an

element of ker rmÚ, so that rmÚs
1 < prms

1
i0...ic´m`1

q is cohomologically trivial. By induction, this is if and

only if ¶1 ß ¨ ¨ ¨ ¶m´1rmÚs
1 is equal zero. By Lemma 3.5, ¶m1 commutes with rmÚ, so we have

rmÚ¶1 ß ¨ ¨ ¨ ¶ms < rmÚ¶1 ß ¨ ¨ ¨ ß ¶m´1s
1 < ¶1 ß ¨ ¨ ¨ ß ¶m´1rmÚs

1 < 0,

so ¶1 ß ¨ ¨ ¨ ß ¶ms P kerBm.

Ifm < c, then ¶1 is not an isomorphism, for it vanishes on ºÚRpXq. Factoring this out, we can extend

the above proof by induction tom < c and we are done.

We once more obtain a 4-step procedure to compute the Cox ringRpZq.

1. Give an explicit description of the sheaf cohomology groupsHcpX,OXpDqq onX and define the vec-

tor spaces Tm, T 1
m andmapsBm as in Definition 3.12.

2. Describe the spaceK < kerBc.

3. Choose a li� ³ : K Ñ RpZq of the isomorphism ¶´1, as obtained in Proposition 3.13.

4. Study the ring structure ofRpZq 3 ºÚRpXq
À
K to reconstruct the whole structure ofRpZq.

3.5 Comments

Remark3.14. InSection3.2.1,wemade theassumption that the inclusionZ ãÑ X inducesan isomorphism

of Picard groups. Weakening to an injection of Picard groups, we can still apply the cohomological method.

In this case we compute only sections of the Veronese subring

à

DPι˚ PicX

RpZqD � RpZq.

Onemay still recover information from such a Veronese subring. We will use this in Chapter 8.

Remark 3.15. The cohomology vanishing conditions onX in Sections 3.3 and 3.4 are strict, but do include

products of projective spaces and, for example, Grassmannian varities. These conditions are only necessary

to find all new sections onRpZqwith ourmethod. Dropping the vanishing cohomology conditions in either
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case, wemay still define the spaces and kernels in Definitions 3.8 and 3.12. The li�s given by³ are no longer

isomorphisms, but injections. The method may then be useful in more general settings, such as complete

intersections in more general trivial Pc-bundles.
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4 On Cox rings of nef complete intersections in P1 ˆ Pn

In this Chapter we apply the programme developed in Section 3.3 to non-singular codimension c � 1 com-

plete intersectionsZ inX < P1 Æ Pn, where n � c` 2. We will prove Main Theorem 2.3.

For c < 1, which is the hypersurface case, this has first been published in [29], Szendrői and Ito as col-

laborators, following on fromwork of Ottem.

As stated in the Structure and Originality Section of the introduction, I have generalised the result on

hypersurfaces to complete intersections, so to general c � 1. These results are to appear in a second paper

of my own, which is still in preparation.

4.1 Finding sections

4.1.1 Basics

We recall the set-up as at the beginning of Section 2.1. Fix c � 1, n � c ` 2 and letX < P1 Æ Pn, with ho-

mogeneous coordinates x0, x1 and y0, . . . , yn on the respective factors. Then PicX 3 Z2, with generators

corresponding the the pullback of hyperplane sections on each factor inX . The Cox ring is

RpXq < Crx0, x1, y0, . . . , yns

with its usual Z2-grading and it containsR < RpPnq < Cry0, . . . , yns as a graded subring, makingRpXq a

gradedR-module.

We recall the Definitions of some subvarieties ofX from Section 2.1.

Definition 4.1. Fix d � 0 and e � 1. Let V be an irreducible and normal hypersurface

V <
!
g0x

d
0 ` g1x

d´1

0
x1 ` . . .` gdx

d
1 < 0

)
� P1 Æ Pn (13)

defined by a set of homogeneous degree e elements g0, . . . , gd P R.

(i) An index sequence of length Ä , where 0 � Ä � d, is a sequence of indices 0 < i0 � ¨ ¨ ¨ � iτ < d. By

convention, Ä < 0 if and only if d < 0. We say V admits the index sequence ti0, . . . , iτu of length Ä if

gi 0 0 if and only if i P ti0, . . . , iτu; we call the set of indices ti0, . . . , iτu the index sequence of V .

(ii) We call V regular with index sequence ti0, . . . , iτu, if it is non-singular, admits the index sequence

ti0, . . . , iτu, and the homogeneous polynomials gi0 , . . . , giÄ form a regular sequence in theR.

Definition 4.2. For given c � 1 and n � c ` 2, the variety Z � X < P1 Æ Pn will be said to have form pÚq

with respect to hypersurfaces V1, . . . , Vc ifZ <
_c

m<1
Vm, and the following conditions are met.

(i) For eachm < 1, . . . , c, the hypersurface Vm � X is irreducible and normal, defined by an equation

rm < gm,0x
dm
0

` gm,1x
dm´1

0
x1 ` . . .` gm,dx

dm
1
,

with dm � 0, em � 1, and Vm admits an index sequence tim,0, . . . , im,τmu of length Äm, with 0 �

Äm � dm as in Definition 4.1.
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(ii) The sequence r1, . . . , rc is regular inRpXq and the intermediary complete intersections

Zm <
m


m1<1

Vm1

are non-singular form < 1, . . . , c.

(iii) The sequence

g1,0, . . . , g1,d1 , . . . . . . , gc,0, . . . , gc,dc

is regular inR. In particular, we have the numerical condition

c`
cÿ

m<1

dm � n` 1. (14)

By the Künneth formula, we haveH ipX,OXpDqq < 0 for all 2 � i � c andD P PicX . We assume that

condition (ii) of Definition 4.2 holds, then the conditions presumed in the method of Section 3.3 are met

– the isomorphisms of Picard groups implied by the Lefschetz hyperplane theorem. For an ordered open

coverW ofX , let U < tU0, U1u, where Ui < txi 0 0u for i < 0, 1 be the standard open cover of P1 and let

V < tV0, . . . , Vnu, where Vj < tyj 0 0u is the standard open cover of Pn. Then letW < tWijui,j be the

open cover ofX given byWij < Ui Æ Vj for each i, j, with lexicographic ordering. If ij � kl, then denote

Wij XWkl byWij,kl.

4.1.2 Describing themaps on first cohomology

We begin with Step (1) of our procedure laid out at the end of Section 3.3. Since we assume throughout that

Z � X is a subvariety satisfying condition (ii) of Definition 4.2, the inclusion induces an isomorphism of

Picard groupsPicX 3 PicZ and we denote their common identification byPic 3 Z2.

Lemma 4.3. (i) There are natural Z2-graded vector space isomorphisms

à

pa,bqPZ2

H1pX,OXpa, bqq 3
1

x0x1
Rrx´1

0
, x´1

1
s 3 Srx´1

0
, x´1

1
s{L, (15)

where L is the vector subspace of Srx´1

0
, x´1

1
s generated by all terms in which x0 or x1 appear with

non-negative exponent.

(ii) For eachm < 1, . . . , c, the map

rm,Ú :
à

pa,bqPPic

H1pX,OXpa´ dm, b´ emqq ÝÑ
à

DPPic

H1pX,OXpa, bqq

can be identified with the map

rm,Ú : Srx´1

0
, x´1

1
s{L ÝÑ Srx´1

0
, x´1

1
s{L

f ÞÑ rm ¨ f mod L

that multiplies an element f P Srx´1

0
, x´1

1
s{L 3 1

x0x1
Rrx´1

0
, x´1

1
s by rm, and ignores those terms in

which x0 or x1 occur with non-negative exponent.
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Proof. This first isomorphism in (15) is clear from the Künneth formula. This identifies an element f P
1

x0x1
Rrx´1

0
, x´1

1
spa,bq with class of the 1-cocycle psij,klq representing an element ofH1pX,OXpa, bqq, where

sij,kl < f if i 0 k and sij,kl < 0 if i < k. The second isomorphism in (15) is immediate. The description in

(ii) is also clear from the explicit cocycle description.

Note that the isomorphisms (15) are also isomorphisms of gradedR-modules, which we will use.

Definition 4.4. For eachm < 1, . . . , c, we define the spaces

Tm,pa,bq 3
mà

m1<1

H1pX,OXpa´ dm1 , b´ em1qq, Tm 3
mà

pa,bqPPic

Tm,pa,bq

and the space

T 1 <
à

pa,bqPPic

H1pX,OXpa, bqq.

Let ¸m � Tm be the subspace generated by elements of the form

p0, . . . , 0, rm1,Úq, 0, . . . , 0,´rm2,Úq, 0, . . . , 0q, 1 � m2 � m1 � m,

and defineBm : Tm Ñ T 1 to be the map

Bm : Tm ÝÑ T 1

pf1, . . . , fmq ÞÑ r1,Úf1 ` ¨ ¨ ¨ ` rm,Úfm,

withBm,pa,bq denoting this map restricted to Tm,pa,bq for each pa, bq P Pic. We denote byKpa,bq the kernel of

Bc,p´a,bq, setKa <
À

bPZKpa,bq andK < kerBc <
À

aPZKa, noting the sign switching convention on a in

the grading.

With this we have completed Step (1) of the programme.

4.1.3 Describing the kernel ofBc

We move onto Step (2). SinceH1pX,OXpa, bqq is only non-zero for a � 0, we will use the index ´a rather

than a. For fixed a � 0, there areR-module isomorphisms

Ra´1 >
ÝÑ

à

bPZ

1

x0x1
Rrx´1

0
, x´1

1
sp´a,bq

pf1, . . . , fa´1q ÞÑ f <
a´1ÿ

k<1

fk

xa´k
0

xk
1

.

(16)

We will use the following Lemma o�en.

Lemma 4.5. Let d � 0, e � 1 and r < g0x
d
0 ` ¨ ¨ ¨ ` gdx

d
1 P RpXqpd,eq. The map

r
paq
Ú :

à

bPZ

H1pX,OXp´a´ d, b´ eqq Ñ
à

bPZ

H1pX,OXp´a, bqq
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is given by the pa´ 1q Æ pa` d´ 1qmatrix

Aa,r <

¨
ÚÚÚÚÚÚÚß

g0 g1 g2 ¨ ¨ ¨ gd 0 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ 0 0

0 g0 g1 ¨ ¨ ¨ gd´1 gd 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ 0 0
...

. . .
...

. . .
...

. . .
...

0 0 0 ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 g0 g1 ¨ ¨ ¨ gd 0

0 0 0 ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 0 g0 ¨ ¨ ¨ gd´1 gd

Û
9999999:

under the identifications of Lemma 4.3 and (16).

Proof. This follows from the description of rpaq
Ú given by Lemma 4.3(ii).

Proposition 4.6. For p´a, bq P Pic, the spaceKa can only be non-zero if´a � maxm dm ´ 2.

(i) For´1 � ´a � maxm dm ´ 2, we have a graded isomorphism

Ka 3 Ra`d1´1re1s Æ ¨ ¨ ¨ ÆRa`dc´1recs,

where by conventionRa1
< 0 if a1 � 0 and re1s denotes a shi� in grading.

(ii) For´a � ´1, we have a graded isomorphism

à

bPZ

Kp´a,bq 3 kerAa,

whereAa is theR-module homomorphism

Aa : Ra`d1´1re1s Æ ¨ ¨ ¨ ÆRa`dc´1recs Ñ Ra´1

given by the matrix of the same nameAa < pAa,r1 | ¨ ¨ ¨ |Aa,rcq.

Proof. We note that Ra`d1´1re1s Æ ¨ ¨ ¨ Æ Ra`dc´1recs corresponds to
À

bPZ Tc,p´a,bq in (15) and that by

Lemma 4.5, the matrixAa is the matrix given by the map
À

bPZBc,p´a,bq.

4.1.4 Li�ing elements ofK to the Cox ring

In Step (3) we choose amap ³ : K Ñ RpZq inducing an isomorphism ³c : K Ñ RpZq{ºÚRpXq fitting into

the setting of Proposition 3.9.

Suppose that f < pf1; . . . ; fcq P K, homogeneous of degree p´a, bq P Pic. By (16), we may identify fm

with an element

pfm,1, . . . , fm,a`dm´1q P Ra`dm´1

for each 1 � m � c, so that pf1; . . . ; fcq P kerAa. Each pfm,1, . . . , fm,a`dm´1q is in turn identified with

um <
a`dm´1ÿ

k<1

fm,k

xa`dm´k
0

xk
1

P
1

x0x1
Rrx´1

0
, x´1

1
s.

The element Bcf is then identified via Lemma 4.3 with u < r1u1 ` ¨ ¨ ¨ ` rcuc. Since f P kerBc, this is

cohomologically trivial onX , thus each term contains at least one of x0 or x1 with non-negative exponent.
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Write

u < up0q ` up1q ` up2q

where each term of up0q, respectively up1q, has x0, respectively x1 occuringwith negative exponent, and up2q

consists of the remaining terms of u. Note that

upiq P OXp´a, bqpWijq for all j and i < 0, 1,

up2q P Sp´a,bq.

The 0-cochain pvijq onX given by

vij <

$
&
%

up0q ` 1

2
up2q if i < 0,

´up1q ´ 1

2
up2q if i < 1,

(17)

restricts to a section v P RpZq. This induces a map ³̄ : K Ñ RpZq. In summary we obtain the following.

Proposition 4.7. Let ¸ < ¸c. The map ³̄ : K Ñ RpZq defined above induces the isomorphism

³c : K{¸ Ñ RpZq{ºÚRpXq

as in Proposition 3.9. Furthermore, ³ is a map ofR-modules and isomorphic over degrees p´a, bq P Pic with

´a � ´1.

Proof. The construction above is compared with the proof of Proposition 3.9. The final statement follows

sinceRpXqp´a,bq < 0 if´a � ´1.

4.2 The ring structure ofRpZq

4.2.1 The Cox ring in higher degrees

In this Section, we evaluate ³ in degrees p´1, bq, where b P Z, which will produce sections inRpZq that,

along with those sections restricted from X , generate the Cox ring RpZq in degrees p´a, bq P Pic with

´a � 1.

Proposition 4.8. LetZ � X be a subvariety satisfying condition (ii) in Definition 4.2.

(i) For each 1 � m � c and 1 � k � dm, there are sections zm,k P RpZq, with deg zm,k < p´1, emq

satisfying the equations

x1zm,k`1 ` gm,k ´ x0zm,k < 0, 1 � m � c, 0 � k � dm, (18)

where variables of undefined index are set equal zero.

(ii) The subalgebra RpZqzm,k
of RpZq generated by the xi, yj , zm,k for the relevant i, j,m, k, contains

RpZqp´a,bq for all´a � ´1, b P Z

Proof. By Proposition 4.6 we have

K1 3 Rd1re1s Æ ¨ ¨ ¨ ÆRdcrecs (19)
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For 1 � m � c, 1 � k � dm, let hm,k be the kth standard basis vector of Rdmrems in (19). This is identi-

fied with 1

x
dm´k`1

0
xk
1

P 1

x0x1
Rrx´1

0
, x´1

1
s. Setting zm,k < ³hm,k gives usR-linearly independent sections inÀ

bPZRpZqp´1,bq. By the definition of³, each section zm,k is given by the following 0-cochain pzm,k,ijq on X.

zm,k,ij <

$
99&
99%

Y
l´k�0

gm,l
xl´k
1

xl´k`1

0

if i < 0,

´
Y

l´k�0
gm,l

xk´l´1

0

xk´l
1

if i < 1.

(20)

Since for any choice of i, j,m, k we have x1zm,k`1,ij ` gm,k ´ x0zm,k,ij < 0, we conclude that

x1zm,k`1 ` gm,k ´ x0zm,k < 0

for each 1 � m � c, 0 � k � dm, where undefined variables are set to be zero. This concludes part (i).

For part (ii), note that part (i) shows that
À

bPZRpZqp´1,bq � RpZqzm,k
. It su�ices to show that ³Ka �

RpZqzm,k
for each p´a, bq P Picwith´a � 0. By Proposition 4.6(ii), anR-module basis ofKa is given by all

h´a,m,kwith1 � m � c, 0 � ´a � dm´2, 0 � k � a`dm´1, whereh´a,m,k is thekth standardbasis vector

of Ra`dm´1rems, which is a direct summand ofKa. This is identified with
1

x
a`dm´k
0

xk
1

P 1

x0x1
Rrx´1

0
, x´1

1
s.

Setting v´a,m,k < ³h´a,m,k, we find for example the equations

v´a,m,k < zm,kx
1´a
0

´
1

2

ÿ

0�l´k�´a

gm,lx
´a´l`k
0

xl´k
1

.

Each v´a,m,k is inRpZqzm,k
and we are done.

Remark4.9. Part (i) of Proposition4.8 canbeproven just applying themethodofSection3.3 in codimension

one. The section zm,k is the restriction of a section given by the inclusion Vm ãÑ X . Similarly, each v´a,m,k

in the proof of Proposition 4.8 are restrictions of sections on Vm.

Corollary 4.10. Let

S1 < CrX0, X1, Y0, . . . , Yn, Z1,1, . . . , Z1,d1 , . . . . . . , Zm,dms

be the Pic-graded C-algebra with generators having degrees degXi < p1, 0q, deg Yj < p0, 1q, degZm,k <

p´1, emq. Let I å S1 be the ideal generated by the equations

X1Zm,k`1 ` gm,kpYjq ´X0Zm,k, 1 � m � c, 0 � k � dm,

with variables of undefined index set to zero. The algebra homomorphism

× : S1 Ñ RpZq

defined byXi ÞÑ xi, Yj ÞÑ yj , Zm,k ÞÑ zm,k has kernel containing I , inducing isomorphisms pS1{Iqpa,bq 3

RpZqpa,bq whenever a � ´1.

Proof. By Proposition 4.8, the ideal I is contained inN < ker×. To prove the corollary, it su�ices to show

that pN{Iqpa,bq < 0 for a � ´1. Firstly, let r1
m < rmpXi, Yjq, which maps via × onto the defining equation
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rm of Vm, so that r1
m P N . Since

r1
m <Xdm

0
pX1Zm,1 ` gm,0pYjqq `Xd1´1

0
X1 pX1Zm,2 ` gm,1pYjq ´X0Zm,1q `

¨ ¨ ¨ `X0X
dm´1

1
pX1Zm,dm´1 ` gm,d´1pYjq ´X0Zm,dq `Xdm

1
pgdmpYjq ´X0Zm,dmq ,

we have r1
m P I . Let f < fpXi, Yj , Zm,kq P N be homogeneous of degree pa, bq, with a � ´1. We prove

that the image f of f inN{I is zero by considering cases in a. Note that any term in f is a monomial in the

Yj multiplied by a monomialM < Xλ0

0
Xλ1

1
Z

µ1,1

1,1 . . . Z
µm,dm

m,dm
such that ¼0 ` ¼1 ´ µ1,1 ´ ¨ ¨ ¨ ´ µm,dm < a.

If a � maxm dm ´2, the generating equations of I allow us to rewrite such anM purely as a polynomial

in theXi and Yj modulo I . Without changing the class f , we replace f with a polynomial fpXi, Yjq inde-

pendent of the Zm,k. SinceRpZqpa,bq < Rrx0, x1s{xr1, . . . , rcy by Proposition 4.6, that f P N implies that

fpxi, yjq P xr1, . . . , rcy, thus f P I and f < 0.

If´1 � a � dc ´ 2, the procedure is similar. The generating equations of I allow us to rewriteM as a

CrYjs-linear combination ofX
a`1

0
Z1,1, . . . , X

a`1

0
Zm,dm´a´1, with monomials containing undefined index

ignored, plus a polynomial independent of theZm,k modulo I . We can thus replace f , without changing f ,

with a polynomial of the form

fpXi, Yj , Zm,kq < f1pYjqX
a`1

0
Z1,1 ` ¨ ¨ ¨ ` fd´a´1pYjqX

a`1

0
Zm,dm´a´1 ` ppXi, Yjq.

Following the proof of Proposition 4.8, we have

×pfq < f1,1pyjqva,1,1 ` ¨ ¨ ¨ ` fm,dm´a´1pyjqva,m,dm´a´1 ` qpxi, yjq

for some q P Rrx0, x1spa,bq 3 ºÚRpXqpa,bq. But q, va,1,1, . . . , va,m,dm´a´1 are R-linearly independent, and

so ×pfq < 0 implies f1,1 < ¨ ¨ ¨ < fm,dm´a´1 < 0, and in turn q < p < 0. Then f̄ < 0 as required.

Remark 4.11. Proposition 4.6 implies that any Cox ring generators except the xi, yj , zm,k exist only in de-

grees p´a, bq with ´a � ´2. Corollary 4.10 implies that any relations as yet unfound between generators

also occur in degrees p´a, bqwith´a � ´2.

4.2.2 Multiplying sections

As explained in Remark 4.11, we only need to exploreRpZq in degrees p´a, bq with´a � ´1. By Proposi-

tion 4.6(ii), this can be reduced to computing the kernels of the mapsAa for a � 1. The mapA1 is the zero

map, and the corresponding sections are understood in Proposition 4.8(i). To find elements of kerAa for

a � 2 we use the map ³, which is an isomorphism in these degrees, to interpret the maps correspond-

ing to multiplication by the xi and the zm,k. More precisely, let a � 1 and consider the isomorphism

³ : Ka{¸ 3
À

bPZRpZqp´a,bq. We get maps

x̃i < ³´1p¨xiq³ : Ka`1{¸ Ñ Ka{¸, z̃m,k < ³´1p¨zm,kq³ : Ka{¸ Ñ Ka`1{¸

Before describing these maps explicitly, we give an explicit description of ³ onKa{¸ for a � 1.

Lemma 4.12. Suppose that

f < pf1; ¨ ¨ ¨ ; fcq < pf1,1, . . . , f1,a`d1´1; . . . . . . ; fm,1, . . . , fm,a`dm´1q P Ka{¸.
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Then ³f is given by the 0-cocycle pvijq onZ defined by

vij <

$
99999999999999999999&
99999999999999999999%

f1,1g1,d1
x
d1´1

1

x
a`d1´1

0

` ¨ ¨ ¨ ` pf1,1g1,1 ` ¨ ¨ ¨ ` f1,d1g1,d1q 1

xa
0

` ¨ ¨ ¨ `

fc,1gc,dc
x
dc´1

1

x
a`dc´1

0

` ¨ ¨ ¨ ` pfc,1gc,1 ` ¨ ¨ ¨ ` fc,dcgc,dcq 1

xa
0

if i < 0,

´pf1,ag1,0 ` ¨ ¨ ¨ ` f1,a`d1´1g1,d1´1q 1

xa
0

´ ¨ ¨ ¨ ´ f1,a`d1´1g1,0
x
d1´1

0

x
a`d1´1

1

´ ¨ ¨ ¨ ´

´pfc,agc,0 ` ¨ ¨ ¨ ` fc,a`dc´1gc,dc´1q 1

xa
0

´ ¨ ¨ ¨ ´ fc,a`dc´1gc,0
x
dc´1

0

x
a`dc´1

1

if i < 1.

(21)

Proof. This follows immediately from the definition of ³, remembering that

f1,lg1,0 ` ¨ ¨ ¨ ` f1,l`d1g1,0 ` ¨ ¨ ¨ ¨ ¨ ¨ ` fc,lgc,0 ` ¨ ¨ ¨ ` fc,l`dcg1,dc < 0

for each l < 1, . . . , a´ 1 since f P Ka.

Proposition 4.13. Let a � 1. The operators x̃0, x1 : Ka`1{¸ Ñ Ka{¸ are defined as follows. Suppose that

u <
´

pf1,lq
a`d1
l<1

; . . . ; pfm,lq
a`dm
l<1

¯
P Ka`1,

then

x̃0u <
´

pf1,lq
a`d1´1

l<1
; . . . ; pfc,lq

a`d1´1

l<1

¯
, x̃1u <

´
pf1,lq

a`d1
l<2

; . . . ; pfc,lq
a`d1
l<2

¯
.

That is, x̃0, respectively x̃1, is truncation of each tuple in each of the c components of u by one entry on the

right, respectively le�.

Proof. Using Proposition 4.12, we see that x0³u and ³x̃0u agree as rational sections onW0j X Z, and thus

must be the same section. Similarly x1³u and ³x̃1u agree on eachW1j . One may also use Lemma 3.5.

Proposition 4.14. Let a � 1, 1 � m � c, 1 � k � dm. The operator z̃m,k : Ka{¸ Ñ Ka`1{¸ is defined as

follows. Suppose that

u <
´

pf1,lq
a`d1´1

l<1
; . . . ; pfm,lq

a`dm´1

l<1

¯
P Ka.

Then z̃m,ku is given by ´
pf 1

m1,lq
a`dm
l<1

¯c

m1<1

,
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where

f
1
m1,l <

$
999999999999999&
999999999999999%

fm1,lgm,k ` ¨ ¨ ¨ ` fm1,l`dm´kgm,dm if 1 � m1 � c, 1 � l � a ` dm1 ´ dm ` k ´ 1,

´f1,l´kg1,0 ´ ¨ ¨ ¨ ´ f1,a`d1´1g1,d1`a`k´l´1 ´ ¨ ¨ ¨

´fm,l´kgm,0 ´ ¨ ¨ ¨ ´ fm,l´1gm,k´1 ´ ¨ ¨ ¨

´fc,l´kgc,0 ´ ¨ ¨ ¨ ´ fc,a`dc´1gc,dc`a`k´l´1

if m1 < m, a ` k � l � a ` dm,

fm1,lgm,k ` ¨ ¨ ¨ ` fm1,dm`l´k´1gm,dm´1 if m1 0 m, a ` dm1 ´ dm ` k � l � a ` dm1 .

Proof. We fixm and use reverse induction in k. If k < dm then we notice that

x0³ pz̃m,dmuq < ³ px̃0z̃m,dmuq < ³pgduq < gd³u < x0zm,dm³u,

wherewehaveusedProposition4.13and theequationgm,dm´x0zm,dm < 0 inRpZq fromProposition4.8(i).

Since the Cox ring is an integral domain, multiplication by x0 is injective and the result is true for k < dm.

Suppose now that 1 � k � dm. One checks from the definition of z̃m,k that for any u1 P Ka, we have

x̃0z̃m,kpu1q < gm,ku
1 ` x̃1z̃m,k`1pu1q.

As such we have

x0³pz̃m,kuq < ³px̃0z̃m,kuq < ³ppgm,k ` x̃1z̃m,k`1quq < pgm,k ` x1zm,k`1q³u < x0zm,k³u,

where the last two equalities invoke the induction hypothesis and the equations in Proposition 4.8 respec-

tively. Once more, as x0 is not a zero divisor, we establish the result for k.

Remark 4.15. Suppose we have a new generator of the Cox ring t P RpZq of degree p´a, bq P Pic, with

´a � ´2. Then t is identified with an element

´
pf1,lq

a`d1´1

l<1
; ¨ ¨ ¨ ; pfc,lq

a`dc´1

l<1

¯
.

Using Proposition 4.13 we obtain equations

x
a´j
0

x
j´1

1
t < f1,jz1,1 ` ¨ ¨ ¨ ` f1,d1`jz1,d1 ` ¨ ¨ ¨ ¨ ¨ ¨ ` fc,jzc,1 ` ¨ ¨ ¨ ` fc,dc`jzc,dc

for each 1 � j � a. It follows thatmultiplication by any section can be understood viamultiplication by the

sections zm,k and theR-module structure onRpZq.

4.2.3 Proof of Main Theorem 2.3

We are now able to prove Main Theorem 2.3. The following Theorem is part (i).

Theorem 4.16. Fix c � 1 and n � c ` 2. Let X < P1 Æ Pn and suppose Z � X has form pÚq with

respect to irreducible hypersurfaces V1, . . . Vc, with all notation as in Definition 4.2. Then there are sections

wm,k P RpZqpim,k´1´im,k,emq for each 1 � m � c and 0 � k � Äm satisfying the equations

x
im,k`1´im,k

1
wm,k`1 ` gim,k

´ x
im,k´im,k´1

0
wm,k, (22)
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where variables of undefined index are set to zero. Furthermore, these sections, alongwith the sectionsx0, x1,

y0, . . . , yn restricted from X , generate the Cox ringRpZq. The ideal of relations among these generators is

generated by the equations (22). More precisely, let

U < CrX0, X1, Y0, . . . , Yn,W1,1, . . . ,W1,τ1 , . . . . . . ,Wc,τcs

be the freeZ2-graded algebra with degXi < p1, 0q, deg Yj < p0, 1q and degWm,k < pim,k´1 ´ im,k, emq for

relevant i, j,m, k, and J å U the homogeneous ideal generated by the equations

X
im,k`1´im,k

1
Wm,k`1 ` gim,k

pYjq ´X
im,k´im,k´1

0
Wm,k, 1 � m � c, 0 � k � Äm.

Then there is a surjective map È : U Ñ RpZq, inducing an isomorphismRpZq 3 U{J . In particular, Z is a

Mori Dream Space.

Proof. The sections

wm,k <
gm,im,k

x
dm´im,k

0
` ¨ ¨ ¨ ` gm,im,lm

x
dm´im,k

1

x
dm´im,k´1

0

< ´
gm,im,0x

m,im,k´1

0
` ¨ ¨ ¨ ` gm,im,k´1

x
im,k´1

1

x
im,k

1

P RpZqpim,k´1´im,k,emq,

(23)

defined for each 1 � m � c and 1 � k � Äm, are defined globally on Z and satisfy the equations (22). One

checks that

³´1wm,k <
´

pf1,lq
d1
l<1

; ¨ ¨ ¨ ; pfm,lq
dm
l<1

¯
P pkerAim,k´im,k´1

q{¸,

where fm1,l < 1 if pm1, lq < pm, im,kq and all other fm1,l are equal zero. We have a well-defined map È :

U Ñ RpZq sendingXi, Yj ,Wm,k to the sections xi, yj , wm,k respectively.

The sections zm,k1 P RpZq found in Proposition 4.8(i) are in the image ofÈ; namely, for each 1 � m � c,

1 � k � Äm and each 1 � j � im,k ´ im,k´1, one computes that

zim,k´1`j < ÈpZim,k´1`jq with Zim,k´1`j < X
j´1

0
X

im,k´im,k´1´j

1
Wm,k. (24)

So imÈ containsRpZqp´a,bq for all´a � ´1byProposition 4.8(ii). Furthermore, the equations (18) become

exactly the equations (22) and any degree pa, bqmonomial ofU with a � ´1 canbe rewritten as amonomial

in theXi, Yj , Zm,k1 . Thus, by Corollary 4.10, we only need to considerRpZq in degrees p´a, bq with ´a �

´2. Sincewecanapply themethoddeveloped inSection1, surjectivityofÈ indegrees p´a, bqwith´a � ´1

is implied by Proposition 4.6(ii) and Theorem5.17, proven algebraically in Chapter 5. It remains to show that

È is injective.

Since È is surjective, Z is a Mori Dream Space, and thus dimRpZq < dimZ ` ÄpZq < n ´ c ` 3 by

[21, Proposition 2.9]. If we can show thatR < U{J is normal and integral of dimension n ´ c ` 3 then we

are done. To conclude the proof of the theorem, it therefore su�ices to show that the algebraR < U{J is

normal and integral of dimension n´ c` 3. The following argument generalises a method of Ito in [29].
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LocalisingR atX0, for eachm < 1, . . . , cwe have the equations

Wm,k <
gm,ikpYjq

X
im,k´im,k´1

0

, . . . ,Wm,1 <
X

im,2´im,1

1
Wm,2 ` gim,1pYjq

X
im,1´im,0

0

inRX0
, implying the surjectivity of

CrX0, X1, Y0, . . . , YnsX0
Ñ RX0

.

Substituting the above equations intoX
im,1´im,0

m,0 Wm,1 ` gim,0pYjq < 0 inRX0
we obtain rmpXi,Yjq

Xd
0

< 0 and

thus

RX0
< pCrX0, X1, Y0, . . . , Yns{xr1pXi, Yjq, . . . , rcpXi, YjqyqX0

. (25)

Similarly one obtains

RX1
< pCrX0, X1, Y0, . . . , Yns{xr1pXi, Yjq, . . . , rcpXi, YjqyqX1

. (26)

On the other hand, we see

R{xX0, X1y < CrY0, . . . , Yn,W1,1, . . . . . . ,Wc,τcs{xg1,i0pYjq, . . . . . . , gc,τcpYjqy. (27)

Let T1 < SpecpR{xX0, X1yq and T2 < SpecpR{xY0, . . . , Ynyq. Since r1, . . . , rc form a regular sequence in

RpXq, the ringsRX0
,RX1

are integral domainsofdimensionn´c`3by (25), (26) respectively. Additionally,

since

g1,i1,0 , . . . . . . , gc,ic,Äc

forms a regular sequence inR, we have dimT1 < n´ c` 1 by (27). One sees that dimpT2 X SpecRX0
q < 2

via

T2 X SpecRX0
< SpecpCrX0, X1, Y0, . . . , YnsX0

{xrmpXi, Yjq, Y0, . . . , Ynyq < SpecCrX0, X1sX0
.

In the same way, dimpT2 X SpecRX1
q < 2. Since

T2 < pT1 X T2q Y pSpecRX0
X T2q Y pSpecRX1

X T2q,

we conclude that dimT2 � maxtdimT1, 2u < n´ c` 1. Wemay now consider the morphism

SpecRzpT1 Y T2q Ñ Z,

which is a pCÚq2-bundle. This implies that SpecRzpT1 Y T2q is smooth and irreducible with dimension

n´ c` 3.

But J å U is generated by
Yc

m<1
Äm ` c elements, and thus each irreducible component of SpecR has

dimension at least n´ c` 3. Since dimpT1 Y T2q < n´ c` 1, it cannot be its own irreducible component,

and thus SpecR is irreducible of dimension n´ c` 3. It follows that J is a complete intersection ideal and

that SpecR is smooth in codimension one, indeed it is smooth away from T1 Y T2. Since J is a complete

intersection ideal and SpecR smooth in codimension one, it follows thatR is normal and integral, and we
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are done.

We now prove Main Theorem 2.3(ii).

Proposition 4.17. Let c � 1 and n � c` 2. LetX < P1 Æ Pn and supposeZ � X satisfies conditions (i), (ii)

in Definition 4.2 and adopt the corresponding notation. Let

U < CrX0, X1, Y0, . . . , Yn,W1,1, . . . . . . ,Wc,τcs

be the Z2-graded algebra with degXi < p1, 0q, deg Yj < p0, 1q and degWm,k < pim,k´1 ´ im,k, emq for the

relevant i, j,m, k, and J å U the homogeneous ideal generated by the equations

X
im,k`1´im,k

1
Wm,k`1 ` gim,k

pYjq ´X
im,k´im,k´1

0
Wm,k, 1 � m � c, 0 � k � Äm.

If there is an isomorphismRpZq 3 R, whereR < U{J , then the sequence

g1,i1,0 , . . . g1,i1,Ä1 , . . . . . . , gc,ic,1 , . . . , gc,ic,oc

is regular inCry0, . . . , yns. In other words,Z is of the form pÚq.

Proof. Again, it is an argument of Ito allowing us to prove this statement in its strongest form. By degree

considerations, the isomorphismR 3 RpZq sends the C-span of X0, X1 to the C-span of x0, x1. By [21,

Proposition 2.7], we concludeX0, X1 is a regular sequence inR, and thus

dimR{xX0, X1y < dimR ´ 2 < dimRpZq ´ 2 < n´ c` 1,

where again the final equality uses Z being a Mori Dream Space. Using (27) as found in the proof of the

previous Theorem, we conclude that

dimCrY0, . . . , Yns{xg1,i1,0pYjq, . . . . . . , gc,ic,oc pYjqy < n´
cÿ

m<1

Äm ´ c` 1,

implying that g1,i1,0 , . . . . . . , gc,ic,oc is regular inCry0, . . . , yns, as claimed.

4.3 Geometry of hypersurfaces

In this Section we apply the techniques developed to some geometric examples with c < 1.

4.3.1 The degeneracy locus of the second projection

Consider the projection p2 : X Ñ Pn restricted toZ. This is generically a d-to-one cover, but it has a degen-

eracy locus

Y < tg0 < g1 < ¨ ¨ ¨ < gd < 0u � Pn,

over which the fibres are isomorphic to P1. Let

IY < xg0, g1, . . . gdy åR < Cry0, . . . , yns
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be the corresponding ideal. The quotientR{IY has a finite freeR-module resolution of the form

. . . ÝÑ Rγ C
ÝÑ Rβ B

ÝÑ Rd`1 A
ÝÑ R ÝÑ R{IY ÝÑ 0, (28)

where we suppressed degrees, with A < pg0, g1, . . . , gdq, andB,C matrices of homogeneous elements of

the appropriate sizes and degrees.

Of particular interest to us is the case where Z is regular with index sequence ti0, . . . , ilu. It is easy to

check that there are always such choices with Z � X nonsingular. Then (28) is the sum of the standard

Koszul complex for tgi0 , . . . , gilu and a trivial complex. The locus Y � Pn is a complete intersection of

codimension l ` 1, and the inverse image E < p´1

2
pY q � X has codimension l in Z. In the extreme case,

where l < 1 and r < g0x
d
0 ` gdx

d
1, the varietyE is a divisor ruled over Y .

4.3.2 Examples

Example 4.18. Let n < 3, d < 2 and choose three general polynomials g0, g1, g2 P Cry0, y1, y2, y3s of

degree e < 4, forming a regular sequence. Consider the family of varieties q : Z Ñ A1
t defined by

Z <
'
g0x

2
0 ` tg1x0x1 ` g2x

2
1 < 0

(
� P1 Æ P3 Æ A1

t .

For every t P A1, the hypersurface fibre Zt � P1 Æ P3 of the family q : X Ñ A1
t is a smooth Calabi–Yau

threefold. LetZt
ft

ÝÑ Z̄t
gt

ÝÑ P3 be the Stein factorizationof the secondprojection p2. Themap gt : Z̄t Ñ P3

is a double cover in all cases, ramified over the divisor

Dt < tt2g21 ´ 4g0g2 < 0u � P3

that is singular along the degeneracy locus

Yt < tg0 < tg1 < g2 < 0u � P3.

For t 0 0, Yt � P3 is a set of 64 points, and the map ft : Zt Ñ Z̄t is a small contraction, contracting a set

of 64 rational curves to nodes. For t < 0 on the other hand, the map Z0 Ñ Z̄0 is a divisorial contraction,

contracting a divisor E � Z0 to a genus-33 curve C � Z̄0 isomorphic to Y0 � P3. As already observed

by [7], see in particular [11, 3.3.2-3.3.2], for numbers of global sections, the Cox ring detects this change in

birational behaviour.

Theorem 4.19. For t 0 0, the Z2-graded Cox ringRpZtq of the Calabi–Yau hypersurface Zt � P1 Æ P3 can

be presented as

RpZtq 3 krx0, x1, y0, y1, y2, y3, z1, z2s{xx1z1 ` g0, x1z2 ` g1 ´ x0z1, g2 ´ x0z2y,

with variables of bidegrees p1, 0q, p0, 1q and p´1, 4q respectively. For t < 0, we have

RpZ0q 3 Crx0, x1, y0, y1, y2, y3, ws{xx21w ` g0, g2 ´ x20wy,

with variables of bidegrees p1, 0q, p0, 1q and p´2, 4q respectively. In particular, every member of the family is

a Mori dream space, with a complete intersection Cox ring, but the e�ective cone and Cox ring jump discontin-
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uously in the family.

Proof. By the assumptions, for t 0 0, the hypesurfaceZt is regular with full index sequence t0, 1, 2u. On the

other hand, the hypersurface Z0 is regular, admitting index sequence t0, 2u. Hence the statements follow

from Theorem 4.16.

Antonio Laface has informed us that the Cox rings in these examples can also be computed using the

method of [19].

Example 4.20. Let n � 3 and d, e � 1with d � n. Choose general polynomials g0, . . . , gd P Cry0, . . . , yns

of degree e, forming a regular sequence. Then by Theorem 2.3 we have

RpZq 3 Crx0, x1, y0, . . . , yn, z1, . . . , zds{xx1z1 ` g0, x1z2 ` g1 ´ x0z1, . . . , gd ´ x0zdy.

LetSZ` be the subalgebra ofRpZq generated by y0, . . . , yn, z1, . . . , zd. By Proposition 5.19, proved in Chap-

ter 5, we have an isomorphism

SZ` 3 Cry0, . . . , yn, z1 . . . , zds{J 1,

where J 1 is the ideal generated by the equations

gkpzk1`1zk2 ´ zk1zk2`1q ´ gk1pzk`1zk2 ´ zkzk2`1q ` gk2pzk`1zk1 ´ zkzk1`1q, (29)

for 0 � k � k1 � k2 � d. The ring SZ` , defined by the equations (29), is the homogeneous coordinate ring

of a birational modelZ` � Pd
zk

Æ Pn
yj
ofZ; compare [28, Section 2].

We introduce one further, singular, member of this deformation family of varieties with interesting be-

haviour.

Example 4.21. Choose general linear, respectively cubic polynomials a0, a1, a2 P R1 and b0, b1, b2 P R3.

Consider the determinantal hypersurface

Z <

$
9&
9%

∣

∣

∣

∣

∣

∣

∣

a0 a1 a2

b0 b1 b2

x20 x0x1 x21

∣

∣

∣

∣

∣

∣

∣

< 0

,
/.
/-

<
'
g0x

2
0 ` g1x0x1 ` g2x

2
1 < 0

(
� P1 Æ P3,

with g0 < a1b2 ´ a2b1, g1 < a2b0 ´ a0b2, g2 < a0b1 ´ a1b0. Then the degeneracy locus is the curve

Y <

#
rk

Þ
a0 a1 a2

b0 b1 b2

¸
� 1

+
� P3,

a smooth space curve of genus 21 and degree 13. Its ideal IY åR has a resolution (28) in Hilbert–Burch form

0 ÝÑ R2 B
ÝÑ R3 A

ÝÑ R ÝÑ R{IY ÝÑ 0. (30)

Here,B <

Þ
a0 a1 a2

b0 b1 b2

¸t

, andA <
z

2B < pg0, g1, g2qt. As a determinantal hypersurface, Z is singular

along the locus given by the 2 Æ 2minors of its defining matrix, which gives the locus

SingZ <
'
g0 < g1 < g2 < a21 ´ a0a2 < x0a1 ` x1a0 < x0a2 ` x1a1 < 0

(
� P1 Æ P3,
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a setof26 isolatedordinarydoublepoints all lyingon the ruled surfaceE � Z. Blowingup this ruled surface,

a Weil divisor through each of the ODP’s, gives a small resolution rZ Ñ Z, a smooth Calabi–Yaumodel.

Since Z � X < P1 Æ P3 has isolated nodal singularities, the restriction map PicpXq Ñ PicpZq is still

an isomorphism. However, Z is notQ-Cartier, so the ringRpZq as defined above only contains sections of

Cartier divisors.

By Proposition 4.6(ii), the columns of B give us elements f1 P Np´2,5q and f2 P Np´2,7q that together

generate theR-module
À

bPZNp´2,bq. Let u < ³f1 P RpZqp´2,5q and w < ³f2 P RpZqp´2,7q be the li�s of

these module generators to elements of the Cox ring. By Proposition 4.13, these satisfy equations

x0u < a1z1 ` a2z2, x1u < a2z1 ` a3z2,

x0w < b1z1 ` b2z2, x1w < b2z1 ` b3z2.

Furthermore, by comparing ¶puq, ¶pwq, ¶pz21q, ¶pz1z2q, ¶pz22qwe have

z21 ` b2u´ a2w < z1z2 ´ b1u` a1w < z22 ` b0u´ a0w < 0.

Consider the free Z2-graded k-algebra

T < CrX0, X1, Y0, . . . , Yn, Z1, Z2, U,W s

with generators in degrees p1, 0q, p0, 1q, p´1, 4q, p´2, 5q and p´2, 7q respectively. Let I å T be the ideal

I < xX1Z1 ` g0pYiq, X1Z2 ` g1pYiq ´X0Z1, g2pYiq ´X0Z2,

X0U ´ a1pYiqZ1 ´ a2pYiqZ2, X1U ´ a2pYiqZ1 ´ a3pYiqZ2,

X0W ´ b1pYiqZ1 ` b2pYiqZ2, X1W ´ b2pYiqZ1 ´ b3pYiqZ2,

Z2
1 ` b2pYiqU ´ a2pYiqW, Z1Z2 ´ b1pYiqU ` a1pYiqW, Z2

2 ` b0pYiqU ´ a0pYiqW y.

Then our observations so far prove the existence of an algebra homomorphism

× : T {I Ñ RpZq,

to the (Cartier) Cox ringRpZq ofZ that induces isomorphisms pT {Iqpa,bq 3 RpZqpa,bq whenever a � ´2.

We sketch an argument provided to us by Antonio Laface that proves that for a general determinantal

hypersurfaceZ, themap× is an isomorphism. By [19, Thm.1], theCox ringRpZq is the intersectionof certain

localizations of quotients ofRpP1 Æ P3q. This intersection can be computed using the ideas of [19, Cor.2.4],

which gives the result that × is surjective under certain dimension and saturation conditions. The latter can

be checked for general ai, bj using computer algebra.

Example 4.22. Consider the hypersurface

Z < ty0x
4
0 ` p´¼0y0 ´ ¼1y1 ´ ¼2y2 ´ ¼3y3qx30x1 ` y1x

2
0x

2
1 ` y2x0x

3
1 ` y3x

4
1 < 0u � P1 Æ P3

of bidegree pd, eq < p4, 1qwith non-zero scalars ¼j P C, noting that a general degree p4, 1q hypersurface in

P1 Æ P3 has this form a�er a coordinate transformation. As the five linear forms are linearly dependent, by
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Theorem 4.17, the Cox ring is not of the form given in (4.16), contrary to the statement [28, Thm.1.1(iv)]. We

investigate the Cox ring of this particular family in this example.

The kernel ofA2 as defined in Proposition 4.6 contains p¼0, 1, ¼1, ¼2, ¼3q, defining a section w P RpZq

of degree p´2, 1q, which satisfies the equations

x0w < ¼0z1 ` z2 ` ¼1z3 ` ¼2z4, x1w < z1 ` ¼1z2 ` ¼2z3 ` ¼3z4. (31)

Theseequations imply that forgeneral choicesof¼j , the subalgebraR1 ofRpZqgeneratedbyx0, x1, w, z3, z4

contains z1, z2. Note also that the relations

x1z1 ` y0 < 0, x1z3 ` y1 ´ x0z2 < 0, x1z4 ` y2 ´ x0z3 < 0, y3 ´ x0z4 < 0

hold inRpZq. Hence the subalgebraR1 contains y0, y1, y2, y3 as well. In fact, we can show thatRpZq < R1,

which is a polynomial ring as follows.

Proposition 4.23. For general constants ¼j P C, the Z2-graded Cox ring RpZq of the hypersurface Z �

P1 Æ P3 is isomorphic to the polynomial ringCrx0, x1, w, z3, z4s.

Proof. Let r P H0pOP1ÆP3p4, 1qq < H0pOP1p4qq b H0pOP3p1qq be the section which defines Z. Then r

induces an exact sequence

0 Ñ OP1p´4q
r
ÝÑ H0pOP3p1qq b OP1 Ñ E Ñ 0

on P1 and we have Z < PP1pEq � P1 Æ P3. We note that E is locally free of rank 3 since r is general. Let

E » OP1paq8OP1pbq8OP1pcqwitha`b`c < 4. SinceE is a quotient of a trivial bundle, wehavea, b, c � 0.

If a < 0, then rmust be contained inH0pOP1p4qqbV 1 forV 1 < kerH0pOP3p1qq Ñ H0pOP1paqq < C, which

contradicts the generality of r. Hence a, b, c � 1 and E » OP1p1q 8 OP1p1q 8 OP1p2q.

Since the embedding Z < PP1pEq � P1 Æ P3 over P1 is induced by H0pOP3p1qq b OP1 ¡ E , the

tautological line bundle OEp1q on PP1pEq is identified with OZp0, 1q, where OZpa, bq :< OP1ÆP3pa, bq|Z .

Since Ep´1q » OP1 8 OP1 8 OP1p1q, the morphism

µ : Z < PP1pEp´1qq Ñ P < PH0pOZp´1, 1qq 3 P3

induced by |OZp´1, 1q| is the blow-up along a line l. We note that P is di�erent from the second factor of

P1 Æ P3.

Let

Di < pxi < 0q, D1
k < pzk < 0q, E < pw < 0q

be divisors on Z. Sincew is a non-zero section ofH0pOZp´2, 1qq < H0pEp´2qq » C,E is the exceptional

divisor of the blow-up µ.

Since z1, z2, z3, z4 are linearly independent overR by Proposition 4.8, so are overC. Hence z1, z2, z3, z4

form a basis ofH0pOZp´1, 1qq < H0pEp´1qq » C4. By (31), x0w, x1w, z3, z4 also form a basis of

H0pOZp´1, 1qq < H0pP,Op1qq.
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We regard P < P3 as a toric variety by this basis. LetHi < pxiw < 0q � P be the torus invariant planes for

i < 0, 1. Since µÚHi < Di ` E, the line l < µpEq isH0 X H1, which is torus invariant. Hence µ is a toric

morphism and Z is a toric variety as well. Then torus invariant prime divisors of Z areD0, D1, E,D
1
3, D

1
4.

Since the Cox ring of a smooth projective toric variety is a polynomial ring whose variables correspond to

torus invariants prime divisors, we conclude thatRpZq » Crx0, x1, w, z3, z4s.

4.4 Geometry in the general case

In this Section we explore the geometry of various complete intersectionsZ � X of the form pÚq. We focus

generally on those with each constitutive hypersurface having full index sequence t0, 1, . . . , dmu. We start

by interpreting the sections zm,k from Proposition 4.8(i) geometrically.

4.4.1 Geometric interpretation of the sections

Recall thatZ � X , of the form pÚq, is defined by degree pdm, emq equations

rm < gm,0x
dm
0

` ¨ ¨ ¨ ` gm,dmx
m
1

form < 1, . . . c. Let 1 � Ã � c be such that dm < 0 if and only ifm � Ã. Then Z is a subvariety of P1 Æ Y

where Y � Pn is given by

Y < tgσ`1,0 < ¨ ¨ ¨ < gc,0 < 0u � Pn.

Suppose that a point

pt, yq < prt0 : t1s, ry0, . . . , ynsq P Z

is given. For eachm < 1, . . . , Ã such that gm,0, . . . , gm,dm don’t all vanish on y, we have that t is a root of

rm evaluated at y, which is a homogenous degree dm polynomial in rmpyq < Crx0, x1s. For such anm, the

sections zm,k as found in Proposition 4.8 do not all vanish. The equations satisfied by the zm,k imply that

rmpyq < p´t1x0 ` t0x1qpzm,1x
dm´1

0
` ¨ ¨ ¨ ` zm,dmx

dm´1

1
q P Crx0, x1s, (32)

where the sections zm,k are evaluated at pt, yq. The sections zm,k thus define the coe�icients of the polyno-

mial rm evaluated at y divided by the linear form determined by the chosen root t of rm over y. Ifm < 2

then the factorisation is

rmpyq < p´t1x0 ` t0x1qpzm,1x0 ` zm,2x1q

and rzm,2 : ´zm,1s is simply the other root of rmpyq. One recovers the matrices given at the start of [28].

Indeed over the locuswhere not all gm,k vanish, rt0 : t1s is only a root of rm if such a factorisation (32) exists,

which is if and only if the kernel of

¨
ÚÚÚÚÚÚÚß

´t1 t0 0 ¨ ¨ ¨ 0

0 ´t1 t0 ¨ ¨ ¨ 0
...

...
...

. . .
...

0 0 ¨ ¨ ¨ ´t1 t0

gm,0pyq gm,1pyq ¨ ¨ ¨ gm,dm´1pyq gm,dmpyq

Û
9999999:

T
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is one dimensional, which is if and only if its determinant vanishes. But the factorisation also exists if and

only if the matrix ¨
ÚÚÚß

zm,1 zm,2 ¨ ¨ ¨ zm,dm 0

0 zm,1 ¨ ¨ ¨ zm,dm´1 zm,dm

gm,0pyq gm,1pyq ¨ ¨ ¨ gm,dm´1pyq gm,dmpyq

Û
999:

T

(33)

has one dimensional kernel, which is if and only if its 3 Æ 3minors vanish.

4.4.2 The space SpecRpZq

We remain in the case thatZ � X has form pÚqwith respect to hypersurfaces each with full index set. Once

more suppose that dm � 0 if and only if m � Ã. For each 1 � m � m1 � Ã let resprm, rm1q be the

determinant of the matrix ¨
ß
Adm1 `1,rm

Adm`1,rm1

Û
:.

For a given y P Pn, there is a pointx P P1 ÆPn over y satisfying rm < rm1 < 0 if and only if resprm, rm1q < 0.

Since Z is a Mori Dream space, we have an a�ine variety Ẑ < SpecRpZq, which is a closed subvariety

of the Toric variety

T < SpecCrx0, x1, y0, . . . , yn, z1,1, . . . . . . , zσ,dÃ s.

Fix 1 � m � m1 � Ã. Set theoretically,Z is defined by the all of the following equations:

(i) The resultant resprm, rm1q and the equations gσ`1,0, . . . , gc,0.

(ii) The 3 Æ 3minors of the matrices (33) associated with rm and rm1 .

(iii) The equations in Proposition 4.8.

Example 4.24. Let n � 3 and d, e � 1. Choose general polynomials g0, . . . , gn P Cry0, . . . , yns of degree e,

forming a regular sequence. Then

RpZq 3 Crx0, x1, y0, . . . , yn, z1, . . . , zds{xx1z1 ` g0, x1z2 ` g1 ´ x0z1, . . . , gd ´ x0zdy.

LetSZ` be the subalgebra ofRpZq generated by y0, . . . , yn, z1, . . . , zd. By Proposition 5.19, proved in Chap-

ter 5, we have an isomorphism

SZ` 3 Cry0, . . . , yn, z1 . . . , zds{J 1,

where J 1 is the ideal generated by the equations

gkpzk1`1zk2 ´ zk1zk2`1q ´ gk1pzk`1zk2 ´ zkzk2`1q ` gk2pzk`1zk1 ´ zkzk1`1q,

for 0 � k � k1 � k2 � d. The ring SZ` is the homogeneous coordinate ring of a birational model Z` �

Pd
zk

Æ Pn
yj
ofZ; compare [28, Section 2].
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4.4.3 Examples

Example 4.25. Let c � 2 andn < c`2. TakeX 1 < Pn andX < P1ÆX 1, with Picard groupPicX 3 Z2 and

Cox ringRpXq < Crx0, x1, y0, . . . , ynswith its usual Z2-grading. For 1 � m � c, let pdm, emq P PicX P Z2

with dm � 0, em � 1. Let

rm < gm,0x
dm
0

` gm,1x
dm´1

0
x1 ` ¨ ¨ ¨ ` gm,dmx

dm
1

P RpXqpdm,emq

define the irreducible hypersurface Vm � X . Suppose that Z has form pÚqwith respect to V1, . . . , Vc. Sup-

pose further that

(i) e1 ` ¨ ¨ ¨ ` ec < c` 3.

(ii) d1 < d2 < 1, dm < 0 form � 2.

We can assume none of the pdm, emq are equal p0, 1q. There are such choices of pdm, emq for 2 � c � 5. The

varietyZ is a Calabi-Yau threefold.

The mapZ Ñ Pn given by the second projection factors through

Y < tg10g21 ´ g11g20 < g30 < ¨ ¨ ¨ < gc0 < 0u � Pn.

Let Z Ñ Z Ñ Y be the Stein factorisation of this map. The map Z Ñ Z is a small contraction, collapsing

the P1 fibres defined over those e21e
2
2e3 ¨ ¨ ¨ ec points in Y where g10 < g11 < g20 < g21 < 0. The map

Z Ñ Pn is a degree one cover, singular on the collapsed P1 fibres. By Theorem 4.16, the Cox ring ofZ is

RpZq < Crx0, x1, y0, . . . , yn, w1, w2s{px1w1 ` g10, g11 ´ x0w1, x1w2 ` g20, g21 ´ x0w2, g30, . . . , gc0q.

If e1 < e2 then the moveable and e�ective cones of Z coincide, generated by p´1, e1q and p1, 0q. If e1 0 e2

wemay assume that e1 � e2. The e�ective cone ofZ is generated by p´1, e1q, p1, 0q and themoveable cone

by p´1, e2q, p1, 0q. In both cases, we can consider the variety

Z` < tg20w1 ´ g10w2 < g21w1 ´ g11w2 < g30 < ¨ ¨ ¨ < gc0 < 0u � P1
wk

Æ Pn
yj
.

The map Z Ñ Z` determined by the sections w1, w2 is birational, giving the second model of Z corre-

sponding to the cone generated by the yj andwk. If e1 � e2 then the immoveable divisor defined byw1 < 0

is the preimage of the locus g10 < g11 < 0 in Y .

Example 4.26. We take the same setting as in Example 4.25, except with numerical conditions

(i) e1 ` ¨ ¨ ¨ ` ec < c` 3.

(ii) d1 < 2, dm < 0 form � 1.

Assuming no pdm, emq < p0, 1q, there are such choices for 1 � c � 4 defining a Calabi-Yau threefold Z �

P1 Æ Pn.

The mapZ Ñ Pn given by the second projection factors through

Y < tg20 < ¨ ¨ ¨ < gc0 < 0u � Pn.
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First assume that V1 has full index sequence t0, 1, 2u, so that g11 0 0. Let Z Ñ Z Ñ Y be the Stein

factorisation of thismap. ThemapZ Ñ Z is a small contraction, collapsing theP1 fibres defined over those

e31e2 ¨ ¨ ¨ ec points in Y where g10 < g11 < g12 < 0. The map Z Ñ Pn is a 2-to-1 cover, ramified over the

divisor

tg211 ´ 4g10g12 < 0u � Y

and singular on the points corresponding to the collapsed P1 fibres inZ. By Theorem 4.16, the Cox ring of Z

is given by

RpZq < Crx0, x1, y0, . . . , yn, w1, w2s{px1w1 ` g10, x1w2 ` g11 ´ x0w1, g12 ´ x0w2, g30, . . . , gc0q.

The moveable and e�ective cones of Z coincide, generated by p´1, e1q and p1, 0q. We may consider the

variety

Z` < tg12w
2
1 ´ g11w1w2 ` g10w

2
1 < g20 < ¨ ¨ ¨ < gc0 < 0u � P1

wk
Æ Pn

yj
,

which is isomorphic to Z. The map Z Ñ Z` determined by the sections w1, w2 is birational but not an

isomorphism, giving the secondmodel ofZ corresponding to the Mori chamber generated by the p´1, e1q,

p0, 1q.

If we allow the coe�icient g11 to deform to zero, so that V1 has index sequence t0, 2u, then the resulting

varietyZ0 � P1 Æ Pn is still a Mori Dream Space; its Cox ring is given by Theorem 4.16 as

RpZ0q 3 Crx0, x1, y0, . . . , yn, ws{px21w ` g10, g12 ´ x20w, g20, ¨ ¨ ¨ , gc0q.

The moveable cone of Z0 is smaller, generated by p0, 1q, p1, 0q. The e�ective cone is larger; it is generated

by p´2, e1q, p1, 0q.

Example 4.27. Let c � 1 and n � c` 2. TakeX 1 < Pn1 Æ ¨ ¨ ¨ Æ Pns , where s � 2 and each ni � c` 1 and

n1 ` ¨ ¨ ¨ns < n andX < P1 Æ X 1. For 1 � m � c, let pdm, emq P PicX 3 Z Æ Zs, with dm � 0 and em

ample (or non-zero semi-ample, as long as we can apply Lefschetz on the subproduct of projective spaces

where em is ample) and let

rm < gm,0x
dm
0

` gm,1x
dm´1

0
x1 ` ¨ ¨ ¨ ` gm,dmx

dm
1

P RpXqpdm,emq

define the irreducible hypersurface Vm � X , each with full index sequence t0, 1, . . . , dmu. Suppose that Z

has form (*) with respect to V1, . . . , Vc. Suppose further that

(i) 3 � d1 ` . . . dc.

(ii) e1 ` ¨ ¨ ¨ ` ec ´ pn1 ` 1, . . . , ns ` 1q is positive in each component.

This produces infinitely many classes of general type varieties Z with ample canonical bundle, each a Mori

Dream Space by Theorem 4.16.

Example 4.28. Let c < 2 andX < P1 Æ P5. Then PicX 3 Z2 andRpXq < Crx0, x1, y0, . . . , y5s. Define

irreducible hypersurfaces

Vm < trm < gm0x
2
0 ` gm1x0x1 ` gm2x

2
1 < 0u
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of degree p2, emq admitting full index sequence t0, 1, 2u form < 1, 2. Suppose e2 � e1 and thatZ has form

pÚqwith respect to V1, V2.

The second projection mapZ Ñ P5 factors through Y � P5 defined by the equation

s < pg12g20 ´ g10g22q2 ´ pg11g22 ´ g12g21qpg10g21 ´ g11g20q.

Indeed, vanishing of this equation implies that r1, r2 share a root. ThemapZ Ñ Y is 1-to-1 except over the

divisor Y ´ � Y defined by the vanishing of the 2 Æ 2minors of

Þ
g10 g11 g12

g20 g21 g22

¸
, (34)

where the map is 2-to-1 since here the roots of r1, r2 agree. By Theorem 4.16,Z has Cox ring

RpZq < RpXqrw11, w12, w21, w22s{

CÞ
x1w11 ` g10, x1w12 ` g11 ´ x0w11, g12 ´ x0w12

x1w21 ` g20, x1w22 ` g21 ´ x0w21, g22 ´ x0w22

¸G
.

Define, form < 1, 2, the varietyZ`
m � P1

wm,k
Æ P5

yj
by the equations

s < gm0w
2
m2 ´ gm1wm1wm2 ` gm2w

2
m1 < 0,

and defineZ`
m 99K Z by

x0 < ´ gm0

wm1
< ´gm1wm2`gm2wm1

w2

m2

x1 < gm2

wm2
< gm1wm1´gm0wm2

w2

m1

,

definedaway from the locuswhere gm0, gm1, gm2 all vanish. Thismaphasbirational inverseZ 99K Z`
m given

by the sectionswm1, wm2, defined once more away from the locus gm0 < gm1 < gm2 < 0. These birational

maps can interpreted geometrically; they simply swap the roots rx0, x1s and rwm2 : ´wm1s of rm.

ThevarietyZ`
2
gives thebirationalmodelofZ corresponding to theMori chambergeneratedby p´1, e2q,

p1, 0q. If e1 < e2 then the birational map Z
`
1

99K Z`
2
is the isomorphism transposing the roots of r1 and

r2 that are not shared. If e1 � e2, then Z
`
1
gives a third minimal model corresponding to the Mori chamber

generated by p´1, e1q, p´1, e2q; indeed we may consider the image of Z`
1

� P1
w1k

Æ Pn
yj
under a suitable

Segre embedding.

4.5 Comments

Remark 4.29. All arguments in this Chapter work in the following more general setting. Let c � 1 and

X < P1 ÆT , whereT is a Mori DreamSpace of dimensionn � c`2. Assume further thatT has free abelian

Picard group and thatH ipT,OT pDqq < 0 for all line bundlesD P PicT and i < 1, . . . , c. Definitions 4.1–4.2

can be generalised to this setting: we let e, em be ample line bundles in PicT and the gi are homogeneous

sections of the corresponding line bundles. All proofs remain the same. In particular, the Main Theorem

holds with the Pn factor ofX replaced with various products of projective spaces or Grassmannians.

Remark4.30. LetZ � P1ÆT beof the form pÚq (with thegeneraliseddefinitionas explained in theprevious

Remark), whereT is a Mori DreamSpacewith free abelian Picard group. IfH ipT,OT peqq does not vanish for
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all line bundles e P PicT and 1 � i � c, thenH ipX,OXpd, eqq may not vanish for all pd, eq P PicX and

all i < 2, . . . , c. As explained in Remark 3.15, we no longer obtain the full Cox ring, rather a subalgebra. In

Chapter 9 we revisit this setting for the ambient space pP1qk Æ Pn with k � 2.
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5 On kernels of Toeplitz style matrices with polynomial entries

The purpose of this Chapter is to prove the remaining algebraic statement that shows the map È in Theo-

rem 4.16 is surjective. This is done via a systematic solving of the kernels of the matrices in each degree a

that appear.

We recall the definitions first mentioned in Section 2.2.

Definition 5.1. Let S be a ring and a � 1, d � 0. The banded Toeplitz matrix of degree a associated to a

sequence g0, . . . , gd P S is the pa´ 1q Æ pa` d´ 1qmatrix p·s,tq so that ·s,t < gi if t´ s < i and ·s,t is zero

otherwise. By convention the degree 1matrix is the zero matrix. If

r < g0x
d
0 ` ¨ ¨ ¨ ` gdx

d
1 P Srx0, x1s

is a general homogeneous degree d polynomial in x0, x1 with coe�icients in S, then we define, for a � 1,

the matrixAa,r to be the degree a banded Toeplitz matrix associated to the sequence g0, . . . , gd P S:

Aa,r <

¨
ÚÚÚÚÚÚÚß

g0 g1 g2 ¨ ¨ ¨ gd 0 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ 0 0

0 g0 g1 ¨ ¨ ¨ gd´1 gd 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ 0 0
...

. . .
...

. . .
...

. . .
...

0 0 0 ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 g0 g1 ¨ ¨ ¨ gd 0

0 0 0 ¨ ¨ ¨ 0 0 0 ¨ ¨ ¨ ¨ ¨ ¨ 0 0 g0 ¨ ¨ ¨ gd´1 gd

Û
9999999:

.

We will be interested in the case that S < Cry0, . . . , yns, the Cox ring of Pn, and the kernels of banded

Toeplitz matrices associated with an equation

r < g0x
d
0 ` ¨ ¨ ¨ ` gdx

d
1 P Srx0, x1s 3 RpP1 Æ Pnq,

defining an normal irreducible hypersurface in P1 Æ Pn for some d � 0, where the gi are homogeneous

polynomials in S of some common degree e � 1. In fact, we consider a more general form of matrix.

Definition 5.2. Let S < Cry0, . . . , yns and c � 1, d1, . . . , dc � 0. For eachm < 1, . . . , c, let

rm < gm,0x
dm
0

` ¨ ¨ ¨ ` gm,cx
dm
1

P Srx0, x1s,

where gm,0, . . . , gm,c are homogeneous polynomials in S of some degree em � 1. Define to this data the

matrix

Aa < pAa,r1 | ¨ ¨ ¨ |Aa,rcq

for each a � 1, which may be viewed as a map of free S-modules

Sa`d1´1 Æ ¨ ¨ ¨ Æ Sa`dc´1 Ñ Sa´1.

Define the trivial spaces ¸a � kerAa to be generated by columns of the matrices

AÚ
a,pm,m1q < p0| ¨ ¨ ¨ |0|At

m1,a`dm
|0| ¨ ¨ ¨ |0| ´At

m,a`dm1
|0| ¨ ¨ ¨ |0qt

for each 1 � m � m1 � c. Then set Ka < pkerAaq{¸a and K <
À

a�1
Ka, which may be viewed as a
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graded S-module.

5.1 Universal case

5.1.1 The set-up

Fix c � 1. For each 1 � m � c, let dm � 0 and fix an index sequence tim,0, . . . , im,τmu of length Äm, with

0 � Äm � dm. Recall that by our conventions, Äm < 0 if and only if dm < 0. We associate further this data

to an element of the set

K < tpc; d1, . . . , dcq : c � 1, d1, . . . , dc � 0u,

which we equip with the lexicographic ordering�.

We define the freeC-algebra

S < CrYi1,0 , . . . , Yi1,Ä1 , . . . , Yic,0 , . . . , Yic,Äc s.

For eachm < 1, . . . , c and a � 1, define amap of free S-modules

Am,a : Sa`dm´1 Ñ Sa´1

by the pa ´ 1q Æ pa ` dm ´ 1qmatrix with ps, tq entry equal to Yim,k
if t ´ s < im,k and 0 otherwise. Then

define

Aa < pA1,a| ¨ ¨ ¨ |Am,aq : Sa`d1´1 Æ ¨ ¨ ¨ Æ Sa`dm´1 Ñ Sa´1.

For each 1 � m � m1 � c, let ¸m,m1 be the submodule of Sa`d1´1 Æ ¨ ¨ ¨ Æ Sa`dm´1 generated by the

pa` dm ` dm1 ´ 1q columns of the matrix

AÚ
a,pm,m1q < p0| ¨ ¨ ¨ |0|At

m1,a`dm
|0| ¨ ¨ ¨ |0| ´At

m,a`dm1
|0| ¨ ¨ ¨ |0qt.

Let ¸ <
Y

1�m�m1�c ¸m,m1 be the sum of these submodules. The calculations

Am,aA
Ú
m1,a`dm1

´Am1,aA
Ú
m1,a`dm

, 1 � m � m1 � c,

imply that ¸ � kerAa.

For each a � 1, we setKa < pkerAaq{¸ andK <
À

a�1
Ka, which we consider as a graded S-module.

We note thatA1 is the zero map since S0 < 0 by convention. In particular

K1 3 Sd1 Æ ¨ ¨ ¨ Æ Sdc .

Example 5.3. Suppose that c < 2, d1 < 5 with index sequence t0, 3, 5u, and d2 < 1 with index sequence

t0, 1u. ThenA3 is given by

Þ
Y1,0 0 0 Y1,3 0 Y1,5 0 Y2,0 Y2,1 0

0 Y1,0 0 0 Y1,3 0 Y1,5 0 Y2,0 Y2,1

¸
.

To describe the structure ofK wemostly employ algebraicmethods. The following auxiliary variety will

however be useful in some steps.
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Definition 5.4. Associated to the data pc; d1, . . . , dcq P K and index sequences tim,0, . . . , im,ocu of dm for

eachm < 1, . . . , c is the varietyZ 1 � P1
xi

Æ PN
Yim,k

defined by the c equations

rm < Yim,0x
dm
0

` ¨ ¨ ¨ ` Yim,dm
xdm
1
, 1 � m � c.

Following the arguments of Chapter 4, the Cox ring of Z 1 contains sections wm,k satisfying equations

as in Theorem 4.16. By the equations (24), the Cox ringRpZ 1q also contains the sections zm,k1 as given in

Proposition 4.8(i). We also have an isomorphism

K 3
à

´a�´1

à

bPZ

RpZ 1qp´a,bq (35)

as graded S-modules via Lemma 4.5 and Proposition 4.6(ii), where the degree of each Yim,k
in the Cox ring

is equal to p0, 1q.

5.1.2 Operators onK

We define operators on the spaceK, which we will see correspond to multiplication by sections in the Cox

ring ofZ 1.

Definition 5.5. Fix a � 1.

(i) Define the operators x̃0, x̃1 : Ka`1 Ñ Ka as follows. Suppose that

u < pf1; . . . ; fcq <
´

pf1,lq
a`d1
l<1

; . . . ; pfc,lq
a`dc
l<1

¯
P Ka`1,

then

x̃0u <
´

pf1,lq
a`d1´1

l<1
; . . . ; pfc,lq

a`d1´1

l<1

¯
, x̃1u <

´
pf1,lq

a`d1
l<2

; . . . ; pfc,lq
a`d1
l<2

¯
.

That is, x̃0, respectively x̃1, is truncation of each of f1, . . . , fc by one entry on the right, respectively

le�.

(ii) For each 1 � m � c and 1 � k1 � dm we define z̃m,k1 : Ka Ñ Ka`1 as follows. Suppose that f P Ka.
Then z̃m,k1f is given by f 1 P Ka`1, where

f 1
m1,k2 <

$
99999999999999&
99999999999999%

fm1,k2Ym,k2 ` ¨ ¨ ¨ ` fm1,k2`dm´k1Ym,dm if 1 � m1 � c, 1 � k2 � a ` dm1 ´ dm ` k1 ´ 1,

´f1,k2´k1Y1,0 ´ ¨ ¨ ¨ ´ f1,a`d1´1Y1,d1`a`k1´k2´1 ´ . . .

´fm,k2´k1Ym,0 ´ ¨ ¨ ¨ ´ fm,k2´1Ym,k1´1 ´ . . .

´fc,k2´k1Yc,0 ´ ¨ ¨ ¨ ´ fc,a`dc´1Yc,dc`a`k1´k2´1

if m1 < m, a ` k1 � k2 � a ` dm,

fm1,k2Ym,k1 ` ¨ ¨ ¨ ` fm1,dm`k2´k1´1Ym,dm´1 if m1 0 m, a ` dm1 ´ dm ` k1 � k2 � a ` dm1 ,

where Y variables of undefined index are set to be zero.

(iii) For each 1 � m � c and 1 � k � Äm, we define w̃m,k : Ka Ñ Ka`im,k´im,k´1
by stipulating that

x̃
j´1

0
x̃
im,k´im,k´1´j

1
w̃m,k < z̃im,k´1`j

for each 1 � j � im,k ´ im,k´1.
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Proposition 5.6. The operators x̃i, z̃k, w̃k : K Ñ K in Definition 5.5 are well defined.

Proof. Consider the auxiliary varietyZ 1 in Definition 5.4. The operators in Definition 5.5 correspond tomul-

tiplication by the corresponding sections xi, zm,k1 , wm,k P RpZ 1q by Propositions 4.13–4.14 under the iden-

tification (35), and are thus well defined.

Let

U < SrX0, X1,W1,1, . . . ,W1,τ1 , . . . . . . ,Wc,1, . . . ,Wc,τcs

be the free graded S-algebra with degpXiq < 1 and degpWm,kq < im,k´1 ´ im,k for relevant i,m, k. For

a general graded S-module U 1, we denote by U 1
�´1 the graded submodule

À
a�´1

U 1
a. It is also useful to

define the elements

Zim,k´1`j < X
j´1

0
X

im,k´im,k´1´j

1
Wm,k P U´1, (36)

for 1 � m � c, 1 � k � Äm and 1 � j � im,k ´ im,k´1.

Proposition 5.7. There is a map of S-modules

È : U�´1 Ñ K

defined as follows. For each 1 � m � c and 1 � k � Äm, set ÈpWm,kq < f P Kim,k´im,k´1
, where fm1,l < 1

if pm1, lq < pm, im,kq and all other fm1,l equal 0. The grading on U implies that any monomialM in U�´1

divides byWm,k for somem, k. IfM < Xα0

0
Xα1

1

[
pm,kq W

βm,k

m,k with say ´m1,k1 � 0, then we set

ÈpMq < x̃α0

0
x̃α1

1
w̃

β1,1

1,1 . . . w̃
βm1,k1 ´1

m1,k1 . . . w̃
βm,dm

m,dm
Èpzl,kq.

Furthermore, the elements ÈpZm,k1q P K1, for 1 � m � c and 1 � k1 � dm, give the standard basis of

K1 3 Sd1 Æ ¨ ¨ ¨ Æ Sdc .

Proof. To argue thatÈ is well defined, we need only argue the operators x̃i and w̃m,k all commutewith each

other, as well as establish that w̃m,kÈpWm1,k1q < w̃m1,k1ÈpWm,kq for each pair pm, kq, pm1, k1q.

As above, the operators correspond to multiplication of sections in the Cox ringRpZ 1q of the auxiliary

hypersurface Z 1. Since multiplication of these sections is commutative, all of the operators must commute

with each other, and the extra property w̃m,kÈpWm1,k1q < w̃m1,k1ÈpWm,kq for each pair pm, kq, pm1, k1q also

holds.

The final statement is easily verified.

5.2 The case c “ 1with full index sequence

We briefly focus on the case c < 1 with full index sequence. That is let d1 < Ä1 < d � 0. We may write

Yk < Y1,k for each k < 0, . . . , d and thus

Z 1 < tY0x
d
0 ` ¨ ¨ ¨ ` Ydx

d
1 < 0u � P1 Æ Pd.

5.2.1 Commutativity using just algebra

In this case, we can show that the operators z̃k commute directly from the formula, o�ering an alternative

proof to Proposition 5.9. Whilst this argument is lengthier, it avoids using Cox rings, and thusworks over any
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ring.

Example 5.8. One explicitly checks the formula

z̃kpzlq <
`
Yk`l´1, Yk`l´2, . . . , Ymaxtk,lu, 0, . . . , 0,´Ymintk,lu´1, . . . ,´Yk`l´d,´Yk`l´d´1

Ú
P K2, (37)

for each 1 � k, l � d; variables of undefined indices are set to be zero. This formula is symmetric in pk, lq,

thus z̃kpzlq < z̃lpzkq P K2. We can identify this element ofK2 with the degree 2monomial zkzl. Under this

identification, these
`
d`1

2

Ú
degree twomonomials in the zk give us a set of S-generators ofK2.

Fora � 1, theexplicit expressions for theseelementsaregettingmorecomplicated. Forexample, ford <

3 the entries of z̃1z̃1pz2q, z̃1z̃2pz3q, z̃2z̃2pz2q are given respectively by the columns of the following matrix:

¨
ÚÚÚÚÚÚß

Y1Y2 ´ Y0Y3 Y2Y3 2Y2Y3

´Y0Y2 0 Y 2
2 ´ Y1Y3

0 ´Y0Y3 ´Y0Y3 ´ Y1Y2

Y 2
0 0 ´Y0Y2 ` Y 2

1

0 Y0Y1 2Y0Y1

Û
999999:

Proposition 5.9. Suppose that 1 � k, l � d and a � 1. Then

z̃kz̃l < z̃lz̃k.

Whilst elementary in formulation, proving Proposition 5.9 from the definition is not easy. We start with

some preliminary lemmas.

Lemma 5.10. If w < pfmqa`d´1

m<1
P Ka, then w is uniquely determined by any d consecutive entries. More

precisely, if w1 < pf 1
mqa`d´1

m<1
is also inKa, and there existsm with 1 � m � a such that f 1

m`n < fm`n for

n < 0, 1, . . . , d´ 1, thenw < w1.

Proof. This is immediate using the equations defined byw being inKa.

We will prove Proposition 5.9 by induction on d. The following notations will be helpful.

Definition 5.11. Assume d � 1. Let

Āa : RrY0, . . . , Yd´1sa`d´2 Ñ RrY0, . . . , Yd´1sa´1

be theR-module maps as defined above, but for the case of d variables rather than d` 1 variables. Denote

K̄a < ker Āa. Define the operators ·̃l : K̄a Ñ K̄a`1 for l < 1, . . . , d ´ 1 as in Definition 5.5 with parameter

d´ 1.

Lemma 5.12. Suppose d � 1 and consider the element z̃la ¨ ¨ ¨ z̃l1zl0 P Ka`1, where no li is equal d. Set-

ting Yd < 0 in the resulting element of Sa`d and discarding the final component gives us an element of

RrY0, . . . , Yd´1sa`d´1. This coincides with ·̃la ¨ ¨ ¨ ·̃l1·l0 P K̄a`1. Similarly, consider an element z̃la ¨ ¨ ¨ z̃l1zl0 P

Ka`1, where no li is equal 1. Setting Y0 < 0 in the corresponding element of Sa`d and discarding the first

component gives us an element of RrY1, . . . , Ydsa`d´1. Reducing the index of each Y variable by one, we

obtain precisely ·̃la´1 ¨ ¨ ¨ ·̃l1´1·l0´1 P K̄a`1.
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Proof. These statements follow immediately from the definitions.

Proof of Proposition 5.9. We use induction in d. If d < 1, then there is only one operator and the result is

trivial. Let d � 1, then in the notation introduced in Definition 5.11, the induction hypothesis is that the

corresponding result holds for the operators ·̃l. Let a � 1 and define an R-module map ´p¨q : Ka Ñ K1

sending an elementw to´w, obtained by discarding all but the first d entries. Note that for any l < 1, . . . , d,

the formula for the first d entries of z̃pwq depend only on the entries of ´w and thus

´pz̃lwq < z̃lp
´wq, w P Ka, l < 1, . . . , d.

By Lemma 5.10, to prove the Proposition it su�ices to show that

´
`
z̃k

´ pz̃lpznqq
Ú

<´
`
z̃l

´ pz̃kpznqq
Ú

(38)

for all 1 � k, l, n � d. Note that ´p¨q ß zd is multiplication by Yd, thus

´
`
z̃d

´ pz̃lpznqq
Ú

< Yd
´ pz̃lpznqq < ´ pz̃lpYdznqq <´

`
z̃l

´ pz̃dpznqq
Ú
.

In a similar fashion, by using the map p¨q´ : Ka Ñ K1 taking an element to its last d entries and noticing

that p¨q´ ß z1 is multiplication by´Y0, we get

´
`
z̃1

´ pz̃lpznqq
Ú

<´
`
z̃l

´ pz̃1pznqq
Ú
.

Weare le�only needing to show (38) is true for 2 � k, l, n � d´1, so assumewehave 2 � k, l, n � d´1.

We now use the ·̃l operators. By induction hypothesis the pd` 1q-tuple

·̃k·̃l·n ´ ·̃l·̃k·n P RrY0, . . . , Yd´1sd`1

is equal to zero and by Lemma 5.12 it is obtained from

z̃kz̃lzn ´ z̃lz̃kzn

by discarding the last entry and setting Yd < 0. Thus the first d ` 1 entries of z̃kz̃lzn ´ z̃lz̃kzn divide by Yd.

Similarly, we obtain

·̃k´1·̃l´1·n´1 ´ ·̃l´1·̃k´1·n´1

is equal to zero and can be obtained from

z̃kz̃lzn ´ z̃lz̃kzn

by discarding the first entry, setting Y0 < 0, and decreasing the index of each variable by one. The last d` 1

terms of z̃kz̃lzn ´ z̃lz̃kzn are thus divisible by Y0. We conclude that

z̃kz̃lzn ´ z̃lz̃kzn < pµ0Yd, ¼1Y0Yd, . . . , ¼dY0Yd, µ1Y0q,

where for degree reasons the ¼j are scalars and theµi are linear forms in the Yj . As this is an element ofK3,
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we get

µ0 < ´¼1Y1 ´ ¨ ¨ ¨ ´ ¼dYd.

If we can show µ0 < 0, then ¼1 < ¨ ¨ ¨ < ¼d < 0. Then the first d entries of z̃kz̃lzn ´ z̃lz̃kzn are zero, and

we would be done. Therefore we have reduced proving Proposition 5.9 to proving that the first entries of

z̃kz̃lzn and z̃lz̃kzn agree for each 2 � k, l, n � d ´ 1. This can be shown with direct calculation, which we

now perform.

Firstly, if 1 � k � l � n � d, then using (37), the first component of z̃kz̃lzn is equal to

k`l´1ÿ

j<k

Yk`l`n´1´jYj ´
d`k´1ÿ

j<k`n

Yk`l`n´1´jYj .

Note that k ` n � k ` l ´ 1 so there are no identical terms across these two sums. The first component of

z̃lz̃kzn is equal to
k`l´1ÿ

j<l

Yk`l`n´1´jYj ´
d`l´1ÿ

j<l`n

Yk`l`n´1´jYj .

Since Yj is not defined and thus zero for j � d ` l and the sums over j < k, . . . , l ´ 1 and j < n `

k, . . . , n ` l ´ 1 cancel, we see that the above two expressions are equal. It remains to show that z̃nz̃lzk

has first entry also equal to this expression, which can be checked similarly. We do not need to check the

remaining permutations, as we know z̃kzl < z̃lzk already.

5.3 Proof of Main Theorem 2.8

ToproveMainTheorem2.8,wefirstprove it in theuniversal case,where thenon-zeropolynomial coe�icients

gim,k
are degree one formal variables Yim,k

.

5.3.1 Universal case

Theorem 5.13. Let J å U be the homogeneous ideal generated by the equations

X
im,k`1´im,k

1
Wm,k`1 ` Ym,im,k

´X
im,k´im,k´1

0
Wm,im,k

, 1 � m � c, 0 � k � Äm.

Then È : U�´1 Ñ K is surjective with kernel kerÈ < J�´1. In particular there is an isomorphism of S-

modulesK 3 pU{Jq�´1.

We prove this by induction in the data pc; d1, . . . , dcq under the ordering� onK. The base case is with

p1; 0q P K, where the result is trivial since thenU�´1 < 0 < K.

Definition 5.14. Suppose first that dc � 1. Then we let

S̄ < CrY1,i1,0 , . . . , Y1,i1,Ä1 , . . . , Yc,ic,0 , . . . , Yc,ic,Äc´1
s.

If instead dc < 0, let

S̄ < CrY1,i1,0 , . . . , Y1,i1,Ä1 , . . . , Yc´1,ic´1,0 , . . . , Yc´1,ic´1,Äc´1
s.
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In either case let

Āa : S̄a`d1´1 Æ . . . S̄a`dc´2 Ñ S̄a´1.

be the S-module maps analogous toAa, noting that the last factor in the domain is to be set to zero if dc is

equal zero. Let ¯̧be analogous to ¸, K̄a < ker Āa{¯̧and K̄ <
À

a�´1
K̄a. Define the operators ·̃m,k : K̄a Ñ

K̄a`im,k´im,k´1
as in Definition 5.5. Finally define the ring Ū < SrX0, X1, ·̄m,ks, the ideal J̄ å Ū and the

map È̄ : Ū Ñ K̄ analogously toU, J and È.

Lemma 5.15. Suppose thatM < Xα0

0
Xα1

1

[
pm,kq W

βm,k

m,k inU�´1 is such that ´c,τc < 0. Setting Yc,ic,Äc < 0

in ÈpMq and discarding the components indexed by pc, lq with ic,τc´1 � l � ic,τc gives us an element of K̄.

This coincides with È̄pM̄q, where M̄ < Xα0

0
Xα1

1

[
pm,kq ·̄

βm,k

m,k

Proof. This follows immediately from the definitions.

Lemma 5.16. Suppose that dc � 1 and

f < pf1; . . . ; fcq <
´

pf1,lq
a`d1´1

l<1
; ¨ ¨ ¨ ; pfc,lq

a`dc´1

l<1

¯
P Ka

for a � 1. If a � ic,τc ´ ic,τc´1 then f is determined by f1, . . . , fc´1 and the first a` iτc´1 ´ 1 entries of fc. If

a � iτc ´ iτc´1 then f is determined by f1, . . . , fc´1 and the first a` iτc´1 ´ 1 entries of fc up to free choices

of the entries fc,a`iÄc´1
, . . . , fc,iÄc . If dc < 0, then an f P Ka is determined by f1, . . . , fc´1.

Proof. Suppose dc � 1 and f1, . . . , fc´1 along with the first a ` ic,τc´1 ´ 1 entries of fc of an f P Ka

are known. If a � ic,τc ´ ic,τc´1, then the first ic,τc ´ ic,τc´1 rows of Aa give equations determining the

remaining entries. If a � ic,τc ´ ic,τc´1, then the rows ofAa determine each of the last a´ 1 entries in f and

the a ` ic,τc´1, . . . , iτc columns of Aa are zero columns, giving the remaining free choices. If dc < 0, then

each row of ofAa gives an equation determining each entry of fc from f1, . . . , fc´1.

Proof of Theorem 5.13. We perform induction in K, where the result is established for p1; 0q P K. Suppose

that pc; d1, . . . , dcq � p1; 0q inK and that f P Ka is given.

Assume first that dc � 1, so that the problemwith S̄ as defined in Definition 5.14 has data

pc; d1, . . . , dc´1, ic,τc´1q � pc; d1, . . . , dcq,

where we may use the inductive hypothesis. Setting Yc,ic,Äc < 0 in each entry of f and discarding the last

ic,τc ´ ic,τc´1 entries of fc we obtain an element f̄ P K̄a. By the induction hypothesis, wemay find

ppX0, X1, ·̄1,1, . . . , ·̄1,τ1 , . . . . . . , ·̄c,τc´1q P Ū�´1

with È̄ppq < f̄ . By Lemma 5.15, the element

u < f ´ ÈpppX0, X1,W1,1, . . . ,W1,τ1 , . . . . . . ,Wc,τc´1qq P Ka

has the form

pf 1
1Yc,ic,Äc ; ¨ ¨ ¨ ; f 1

c´1Yc,ic,Äc ; f
1
c,1Yc,ic,Äc , . . . , f

1
c,a`ic,Äc´1

Yc,ic,Äc , Fa`ic,Äc´1
, . . . , Fa`dc´1q

for some f 1
m P Sa`dm´1 and Fk P S. Write f 1

m < pfm,lq
a`dm´1

l<1
as usual.
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If a � ic,τc ´ ic,τc´1, consider the element

v < Èpf 1
1,1Z1,1 ` ¨ ¨ ¨ ` f 1

1,d1
Z1,d1 ` . . . ¨ ¨ ¨ ` f 1

c,a`ic,Äc´1´1Zc,a`ic,Äc´1´1q P K1.

By considering the definition of w̃c,τc , we establish that

u1 < u´ x̃
ic,Äc´ic,Äc´1

0
w̃c,τcpvq <

´
pu1

1,lq
a`d1´1

l<1
; ¨ ¨ ¨ ; pu1

c,lq
a`dc´1

l<1

¯
,

where u1
m,l < 0 if 1 � m � c ´ 1 and 1 � l � dm or ifm < c and 1 � l � a ` ic,τc´1 ´ 1. Furthermore, for

1 � m � c´ 1 and dm � l � a` dm ´ 1we have that Yc,ic,Äc divides u
1
m,l. Since a � ic,τc ´ ic,τc´1, we can

add an element of ¸, thus not changing u1 inK, and assume further that um,l < 0 for all 1 � m � c´ 1 and

1 � l � a ` dm ´ 1. Since u1 is in the image of È if and only if f is, we can replace f with u1. Now f P Ka

has the form

p < p0; ¨ ¨ ¨ ; 0; 0, . . . , 0, fc,a`ic,Äc´1
, . . . , fa`dc´1q

By Lemma 5.16, we have fc,l < 0 for ic,τc´1 � l � a` dc ´ 1. Then we have

f < È
´

pfc,a`ic,Äc´1
X

ic,Äc´ic,Äc´1´a
1

` ¨ ¨ ¨ ` fc,ic,ÄcX
ic,Äc´ic,Äc´1´a
0

qWc,τc

¯
,

in the image of È.

Now suppose that a � ic,τc ´ ic,τc´1. Since Yc,ic,Äc is not a zero divisor in S, we have

f 1 <
´

pf1,lq
a´ic,Äc`ic,Äc´1`d1´1

l<1
; ¨ ¨ ¨ ; pfc,lq

a´ic,Äc`ic,Äc´1`dc´1

l<1

¯
P Ka´ic,Äc´ic,Äc´1

.

By induction in a, we can find p1 P U�´1 such that Èpp1q < f 1. Again, checking the definition of w̃c,τc , we

have

u1 < f ´ w̃c,τcpf 1q <
´

pu1
1,lq

a`d1´1

l<1
; ¨ ¨ ¨ ; pu1

c,lq
a`dc´1

l<1

¯
,

where u1
m,l < 0 for 1 � m � c and 1 � l � a´ ic,τc ` ic,τc´1 ` dm ´ 1, and furthermore that Yc,ic,Äc divides

u1
m,l for 1 � m � c´ 1 and l � a´ ic,τc ` ic,τc´1 ` dm. As before, without changing the class of u1 modulo

¸, we can assume that u1
m,l < 0 except possibly wherem < c and l � a` ic,τc´1. Except these final entries

are uniquely determined as in Lemma 5.16, and thus are also all zero.

It remains only to deal with the case where c � 1 and dc < 0, where the problem for S̄ has data pc ´

1; d1, . . . , dc´1q P K, so that we may apply induction. Suppose that f P Ka is given. By setting Yc,0 < 0 in

each entry of f and discarding fc, we obtain f̄ P K̄a. Using induction we find

ppX0, X1, ·̄1,1, . . . , ·̄1,o1 , . . . . . . ·̄c´1,τc´1
q P Ū�´1

with È̄ppq < f̄ . By Lemma 5.15, we have

u < f ´ ÈpppX0, X1,W1,1, . . . ,W1,τ1 , . . . . . .Wc´1,τc´1
qq P Ka

which has the form

pf 1
1Yc,0; ¨ ¨ ¨ ; f 1

c´1Yc,0;Fcq.

for some f 1
m P Sa`dm´1 andFc P Sa´1. Adding a suitable element of ¸, we can assume that f 1

m < 0 for each
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1 � m � c´ 1. That the resulting f lies in kerAa is that Yc,0 ¨ Ida´1pFcq < 0, which implies thatFc < 0. We

are done.

5.3.2 General case

We are now able to describe the kernels pkerAaq{¸ defined in Proposition 4.6(ii).

Theorem 5.17. Fix pc; d1, . . . , dcq P K and take an index sequence tim,0, . . . , im,τmu of each dm. Let S be a

quotient of theZ-graded ringCry0, . . . , yns by some homogeneous ideal, with S having projective dimension

» �
Yc

m<1
Äm ` c´ 1. Suppose e1, . . . , ec � 1 and that

g1,i1,0 , . . . , g1,i1,Ä1 , . . . . . . , gc,ic,Äc

forms a regular sequence in S, with each gm,k having degree em. Let a � 1 and for eachm < 1, . . . , c, define

amap of freeS-modulesAm,a : Sa`dm´1 Ñ Sa´1 by the pa´1q Æ pa`dm ´1qmatrix with ps, tq entry equal

to gm,im,k
if t´ s < im,k and 0 otherwise. Then define

Aa < pA1,a| ¨ ¨ ¨ |Am,aq : Sa`d1´1 Æ ¨ ¨ ¨ Æ Sa`dc´1 Ñ Sa´1.

For each 1 � m � m1 � c, let ¸m,m1 be the submodule of Sa`d1´1 Æ ¨ ¨ ¨ Æ Sa`dm´1 generated by the

pa` dm ` dm1 ´ 1q columns of the matrix

AÚ
a,pm,m1q < p0| ¨ ¨ ¨ |0|At

m1,a`dm
|0| ¨ ¨ ¨ |0| ´At

m,a`dm1
|0| ¨ ¨ ¨ |0qt.

Let ¸ <
Y

1�m�m1�c ¸m,m1 be the sum of these submodules. Then ¸ � kerAa and we may set Ka <

pkerAaq{¸ andK <
À

a�1
Ka. Let

U < SrX0, X1,W1,1, . . . ,W1,τ1 , . . . . . . ,Wc,τcs

be the freeZ2-gradedS-algebrawithdeg yj < p0, 1q,degpXiq < p1, 0qanddegpWm,kq < pim,k´1´im,k, emq

for relevant j, i,m, k. Then there is a surjective map

È : U�´1 <
à

´a�´1

à

bPZ

Up´a,bq Ñ K,

whose kernel contains J�´1, where J å U is the homogeneous ideal generated by the equations

X
im,k`1´im,k

1
Wm,k`1 ` gim,k

´X
im,k´im,k´1

0
Wm,k, 1 � m � c, 0 � k � Äk.

Proof. If S < CrY1,i1,0 , . . . . . . , Yc,ic,Äc s and gm,im,k
< Ym,im,k

for each 1 � m � c and 0 � k � Äm, then the

statement is that of Theorem 5.13 with refined degrees. All of the proofs of Section 5.3.1 can be modified

to the more general setting of this Theorem. The operators in Definition 5.5 are defined in the same way

with the Ym,im,k
replaced by the gm,im,k

. Proposition 5.7 holds as we symbolically only replace the Ym,im,k

with gm,im,k
, preserving commutativity. In Definition 5.14, we set S̄ < S{pgc,ic,Äc q, which has projective

dimension »´1. Note that for this induction step the Theorem statementmust allow forS to be a quotient.

For Lemma5.15, rather than settingYc,ic,Äc < 0, we reducemodulo gc,ic,Äc . Lemma5.16holdswith regularity

of the sequence g1,i1,0 , . . . . . . , gc,ic,Äc in S.
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We use induction in the triples p», ¼, aq with lexicographic ordering, where ¼ < pc; d1, . . . , dcq P K. If

» < 0 then ¼ < p1; 0q where the result is trivially true. If » � 1 and ¼ < p1; 0q, again the result is trivially

true. If » � 1, ¼ � p1; 0q and u P Ka, then reducing umodulo gc,ic,Äc and discarding the last ic,τc ´ im,τc´1

terms of uc puts us in a setting with parameters p»´ 1, ¼1, aq, where wemay use induction, using the same

method as in the proof of Theorem 5.13. This gives us the surjectivity of È. That J�´1 � kerÈ follows from

it being true in the universal setting of Theorem 5.13.

5.4 The negative graded algebra for c “ 1 and τ “ d

Following on fromSection 5.2, we assume again that c < 1 and that the single index sequence is full, so that

d1 < Ä1 < d � 0. We write Zk < Z1,k andWk < W1,k for each k and note thatWk < Zk in this case. The

following result is used in Example 4.20.

Proposition 5.18. Suppose that we are in the setting of Theorem 5.13 with c < 1 and d1 < Ä1 < d � 0.

LetU 1 < SrZ1, . . . , Zds be the S-subalgebra ofU generated byZ1, . . . , Zd. Let J 1
åU 1 be the homogeneous

ideal generated by the equations

YkpZk1`1Zk2 ´ Zk1Zk2`1q ´ Yk1pZk`1Zk2 ´ ZkZk2`1q ` Yk2pZk`1Zk1 ´ ZkZk1`1q

for 0 � k � k1 � k2 � d. Then the natural map × : U 1
�´1 Ñ pU{Jq�´1 is surjective and has kernel J 1.

Proof. The equations correspond exactly to the images of the standard basis vectors in the degree 3map of

the Koszul complex of the sequenceY0, Y1, . . . , Yd inS, and thus are contained in J . Alternatively, that J 1 �

J can be checked explicitly by writing the generators of J 1 explicitly as S-combinations of the generators of

J .

We use induction in d. If d < 0 the result is immediate, so suppose that d � 1. Let Ū 1 and J̄ 1 be the

respective analogues of U 1 and J 1 with parameters d ´ 1. The equations in J imply that any element in

pU{Jq�´1 can be written as a polynomial in the Yj , Zk, thus × is surjective. Notice next that pU{Jq´1 3

Sd 3 pU 1{J 1q´1. Suppose that ppYj , Zkq P ker× has degree´a � ´2. Then ppYj , Zkq is also in kerÈ < J .

As in the proof of Theorem 5.13, we can assume all terms of p divide by Yd, Zd. The equations of J 1 can then

be used to replace pwith a polynomial dividing byZd, so that p < qZd. Since z̃d is an injective operator, we

conclude that q P ker×. Using induction in the degree a, we have q P J 1 and thus p P J 1.

Proposition 5.19. Suppose that we are in the setting of Theorem 5.17 with c < 1 and d1 < Ä1 < d � 0. Let

U 1 < SrZ1, . . . , Zds be the subalgebra ofU generated byZ1, . . . , Zd. Let J 1
å U 1 be the homogeneous ideal

generated by the equations

gkpYkqpZk1`1Zk2 ´ Zk1Zk2`1q ´ gk1pYkqpZk`1Zk2 ´ ZkZk2`1q ` gk2pYkqpZk`1Zk1 ´ ZkZk1`1q

for 0 � k � k1 � k2 � d. Then the natural map × : U 1
�´1 Ñ pU{Jq�´1 is surjective and has kernel J 1.

Proof. Theproof is identical to that of Proposition 5.19,with Ū beingdefinedas analgebraover thequotient

S̄ < S{pgdpYjqq for the induction step in d.
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5.5 Comments

Remark 5.20. The largemajority of statements of this Chapterwork for fields, and even commutative rings,

other thanC. Where we used the auxiliary varietyZ 1 of Definition 5.4 to prove Proposition 5.7, we need still

to justify this correspondenceover ringsother thanC. One can insteadprove commutativity of theoperators

directly from the definition, as is done for the case c < 1 in Section 5.2.

Remark 5.21. The statement of Theorem 5.17 can be generalised to the setting where S is the quotient of

the Cox ring of a Mori Dream Space T with free abelian Picard group. We require that the degrees e1, . . . , ec

correspond to ample line bundles on T and that the gm,i0 , . . . , gm,iÄm are sections of the corresponding line

bundle em. Indeed, each proof of this Chapter can be modified to this setting. This generalisation can be

made to justify the statements made in Remarks 2.20 and 3.15.
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6 On Cox rings of codimension 2 complete intersections in P2 ˆ Pn

In this Chapter, we apply the programme developed in Section 3.4 to codimension two complete intersec-

tions in the ambient spaceX < P2ÆPn. In the simplest two cases, whichwill include the Calabi-Yau setting,

we are able to give a full Cox ring in the general case. We are able to do most of the steps of Section 3.4 by

hand in these cases and do so. If c � 2, the map ³ of Proposition becomes too complex to work with. The

c � 2 case is thus postponed to the next Chapter, where we can use our observations in the c < 2 case to

derive results.

6.1 Finding sections

6.1.1 Basics

We recall the set-up as described in Section 2.3, wherewe take c < 2. Fixn � 3 and letX < P2 ÆPn, homo-

geneous coordinates x0, x1, x2 and y0, . . . , yn on the respective factors. The Picard group ofX is isomor-

phic to Z2, generated by the pullbacks of a hyperplane section on each factor ofX . WritingR < RpPnq <

Cry0, . . . , yns, the Cox ring ofX is

S < RpXq < RpP2q b RpPnq 3 Rrx0, x1, x2s.

The graded subringR givesRpXq the structure of a gradedR-module.

Definition 6.1. Let d1, d2, e1, e2 � 1 and suppose we have equations

r1 P RpXqpd1,e1q, r2 P RpXqpd2,e2q,

defining irreducible and normal hypersurfacesV1, V2 respectively. We say thatZ < V1 XV2 has the form p:q

with respect to V1, V2 if the sequence r1, r2 is regular inRpXq and the varieties V1 andZ are non-singular.

All varieties Z � P2 Æ Pn in this section are of the form p:q with respect to hypersurfaces V1, V2 as

in Definition 6.1. For such a Z, the chain of inclusions Z ãÑ V1 ãÑ X induces a chain of isomorphisms

PicX 3 PicV1 3 PicZ of Picard groups by the Lefschetz hyperplane theorem, and we denote their com-

mon identification byPic. We are in a setting to utilise the method developed in Section 3.4.

We require still an ordered a�ine cover ofX . LetW < tWijui,j be the standard a�ine cover, whereWij is

the locus on which xi, yj are non-zero, and set the lexicographic ordering onW . As usual, if ij � kl, denote

byWij,kl the intersectionWij XWkl.

6.1.2 Describing themaps on cohomology

We begin with Step (1) of the programme laid out in Section 3.4.

Lemma 6.2. (i) There are natural Z2-graded vector space isomorphisms

à

pa,bqPZ2

H2pX,OXpa, bqq 3
1

x0x1x2
Rrx´1

0
, x´1

1
, x´1

2
s 3 Srx´1

0
, x´1

1
, x´1

2
s{L, (39)

whereL is the vector subspace of Srx´1

0
, x´1

1
, x´1

2
s generated by all terms in which x0, x1 or x2 appear

with non-negative exponent.
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(ii) Form < 1, 2, the map

rm,Ú :
à

pa,bqPPic

H2pX,OXpa´ dm, b´ emqq ÝÑ
à

DPPic

H2pX,OXpa, bqq

can be identified with the map

rm,Ú : Srx´1

0
, x´1

1
, x´1

2
s{L ÝÑ Srx´1

0
, x´1

1
, x´1

2
s{L

f ÞÑ rm ¨ f mod L

that multiplies an element f P Srx´1

0
, x´1

1
, x´1

2
s{L 3 1

x0x1x2
Rrx´1

0
, x´1

1
, x´1

2
s by rm, and ignores

those terms in which x0, x1 or x2 occur with non-negative exponent.

Proof. This follows directly from the Künneth formula. The details are the same as in Lemma 4.3.

We note that the isomorphisms (39) are isomorphisms ofR-modules, which we will use.

Definition 6.3. Define, for each pa, bq P Z2, the vector spaces

Tpa,bq < H2 pX,OX pa´ d1 ´ d2, b´ e1 ´ e2qq , Ta <
à

bPZ

Tpa,bq,

along with the spaces

T 1
pa,bq < H2 pX,OX pa´ d2, b´ e2qq

à
H2 pX,OX pa´ d1, b´ e1qq , T 1

a <
à

bPZ

Tpa,bq.

For each a P Z defineBa : Ta Ñ T 1
a to be the map

Ba : Ta ÝÑ T 1
a

h ÞÑ pr1,Úh, r2,Úhq.

Where necessary we denote by Bpa,bq the map Ba restricted to the corresponding graded pieces of Ta and

T 1
a. Finally, we writeK´a < kerBa (note the flip of sign in a) for each a P Z andK <

À
aPZKa.

This concludes Step (1) of our programme. By themethod of Section 3.4, there is a graded isomorphism

of vector spacesRpZq{ºÚRpXq 3 K, where the sign of the grading is flipped. To understand this isomor-

phism we continue with our programme

6.1.3 Describing the kernels of themapsBa

In Step (2) wewish to describe the spaceK. We begin by setting up a correspondence betweenTa and a free

R-module for each a P Z.

Definition 6.4. For each a P Z, define the discrete 2-simplex

∆2pa´ 3q < tpi, j, kq P Z�0 : i` j ` k < a´ 3u � R3,

consisting of
`
a´1

2

Ú
points inR3, where we set

`
a´1

2

Ú
< 0 if a � 3, corresponding∆2pa ´ 3q < H. For ease

of notation, we write ijk for an element pi, j, kq in∆2pa´ 3q. If ijk P ∆2pa´ 3q and i1j1k1 P ∆2pdq then we

can write ijk ` i1j1k1 < pi` i1, j ` j1, k ` k1q P ∆2pa` d´ 3q, where a, d P Z.
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SinceH2pX,OXpa, bqq < 0 for a � ´3, we use the index ´a rather than a. Let ´a � ´3. If we give

Rpa´1

2
q a standard basis indexed by∆2pa´ 3q, there areR-module isomorphisms

Rpa´1

2
q >

ÝÑ
à

bPZ

1

x0x1x2
Rrx´1

0
, x´1

1
, x´1

2
sp´a,bq

phijkqijkP∆2pa´3q ÞÑ h <
ÿ

ijkP∆2pa´3q

hijk

xi`1

0
x
j`1

1
xk`1

2

.
(40)

The following Lemma describes the maps on second cohomology induced by the multiplication by a

global section onX .

Lemma 6.5. Let d � 0 and e � 1. A general polynomial r P RpXqpd,eq is given by a collection of degree e

polynomials pgijkqijkP∆2pdq via

pgijkqijkP∆2pdq ÞÑ
ÿ

ijkP∆2pdq

gijkx
i
0x

j
1
xk2.

If´a P Z, then the map

r
paq
Ú :

à

bPZ

H2pX,OXpa´ d, b´ eqq Ñ
à

bPZ

H2pX,OXpa, bqq

is identified via the isomorphisms in Lemma 6.2 and (40)with the map

Rpa`d´1

2
q ÝÑ Rpa´1

2
q

phijkqijkP∆2pa`d´3q ÞÑ ph1
ijkqijkP∆2pa´3q,

where for each ijk P ∆2pa´ 3q, h1
ijk is given by

h1
ijk <

ÿ

i1j1k1P∆2pdq

hijk`i1j1k1gi1j1k1 .

Proof. This follows by construction from the description of rpaq
Ú given by Lemma 6.2(ii).

The maps in Lemma 6.5 can be visualised as in the following example.

Example 6.6. Suppose that a < d < 2 and that

r < g200x
2
0 ` g110x0x1 ` g101x0x2 ` g020x

2
1 ` g011x1x2 ` g002x

2
2

is a global section onX . The element r and a general element phijkqijkP∆2pa`d´3q P Rpa`d´1

2
q can be repre-

sented by the respective triangles (or more formally, discrete 2-simplexes labelled by polynomials)

g200 g101 g002

g110 g011

g020

h300 h201 h102 h003

h210 h111 h012

h120 h021

h030
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There are three ways the triangle on the le� can be translated (without rotation) over the triangle on the

right, so that each gi1j1k1 lines up with a hijk. Where we may do this we may take the scalar product of the

overlapping polynomials. These give the three entries of rÚphijkq.

Proposition 6.7. For each´a P Z, the spaceKa < kerBa may only be non-zero if´a � ´3 ` d1 ` d2.

(i) For´3 ` maxtd1, d2u � ´a � ´3 ` d1 ` d2, we have a graded isomorphism

Ka 3 Rpa`d1`d2´1

2
q re1 ` e2s .

(ii) For´a � ´3 ` maxtd1, d2u, we have graded isomorphisms

Ka 3 ker r
paq
1Ú X ker r

paq
2Ú .

Proof. Thefirst two statements follow sinceTa < 0 if´a � ´3`d1`d2 andT 1
a < 0 for´3`maxtd1, d2u �

´a � ´3 ` d1 ` d2. The isomorphism of part (ii) is immediate from the definition ofBa.

We note that the dimensions of the spaces Ta and T 1
a increase quadratically in a, making these kernels

more complex than those explored in Chapter 4. In particular, representing the maps as matrices becomes

unworkable outside perhaps the first few non-trivial cases. We move onto the procedure of Step (3), which

is also muchmore complex than the analogous Step in Chapter 4.

6.1.4 Li�ing elements ofK to the Cox ring

We recall the theory behind Step (3) of the programme. For a fixed p´a, bq P Z2 there is a map

¶̂ : RpZqp´a,bq Ñ H2pX,OXp´a´ d1 ´ d2, b´ e1 ´ e2qq,

where ¶̂ is the composition ¶1 ß ¶2 of connecting homomorphisms ¶1, ¶2 in the long exact sequence of sheaf

cohomology associated with the subschemes V1, V2 inX . That is, ¶̂ is the composition

RpZqp´a,bq
δ2ÝÑ H1pV1,OV1

p´a´ d2, b´ d2qq
δ1ÝÑ H2pX,OXp´a´ d1 ´ d2, b´ e1 ´ e2qq.

By Proposition 3.13, the map ¶̂ induces an isomorphism

¶ : pRpZq{RpZqqp´a,bq Ñ kerBp´a,bq
.

As usual, we may take the direct sum over p´a, bq P Z2 and we denote all these maps by ¶. We wish to find

amap ³ : K Ñ RpZqwhich induces an inverse isomorphism ³ to ¶.

Suppose thath is a homogeneous element ofK, in the sense it is identified via (40)with a homogeneous

element of 1

x0x1x2
Rrx´1

0
, x´1

1
, x´1

2
s of some degree p´a, bq P Z2. Formally, h is identified, via the Künneth

isomorphism, with the degree p´a, bq Čech 2-cochain ptij,kl,opq onX with

tij,kl,op <

#
h if pi, k, oq < p0, 1, 2q,

0 else.
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Since h P K, we know that r1Úh < pr1 ¨ tij,kl,opq is cohomologically trivial. By Lemma 6.2, this implies each

term of r1 ¨ h contains at least one of x0, x1, x2 with non-negative exponent. Therefore, wemay write

r1h < up01q ` up02q ` up12q ` up0q ` up1q ` up2q ` upgq,

where upijq consists only of terms where xi, xj have negative exponent for each 0 � i � j � 2, upiq consists

only of terms where xi is the only x variable appearing with negative exponent for each i < 0, 1, 2 and upgq

is a global section onX . Consider the 1-cochain psij,klq onX given by

sij,kl <

$
9999&
9999%

up01q ` 1

2
up0q ` 1

2
up2q ` 1

3
upgq if pi, kq < p0, 1q,

´up02q ´ 1

2
up0q ´ 1

2
up2q ´ 1

3
upgq if pi, kq < p0, 2q,

up12q ` 1

2
up1q ` 1

2
up2q ` 1

3
upgq if pi, kq < p1, 2q,

0 else.

(41)

By construction, this maps to r1Úh under the first degree Čech complex map d1 onX . It also restricts to a

1-cocycle on V1. The cohomology class s of psij,klq on V1 is the the unique element

s P H1pV1,OV1
p´a´ d2, b´ e2qq

with ¶1s < h. As shown in the proof of Proposition 3.13, that h P ker r2Ú implies that the 1-cocycle s on V1 is

also in thekernelofr2Ú viewedasamapon thefirst cohomologyonV1. That is, the1-coycle pr2¨sij,klqonV1 is

cohomologically trivial, thus the image of a 0-cochain pvijq onV1. Since no entry of a cochain has depended

on the indices j or l, we can choose pvijq so that vij < vi is independent of the index j for i < 0, 1, 2. Since

RpV1q 3 RpXq{pr1q, each vimay be taken inRpXqrx´1

i s. We obtain equations

r2sij,kl < vi ´ vk P OV1
p´a, bqpWij,klq 3 RpXqrx´1

i , x´1

k s{pr1q.

We are thus able to find qik P RpXqrx´1

i , x´1

k s for each 0 � i � k � 2 such that

vi ´ vk < r2sij,kl ` r1qik, 0 � i � j � 2.

This equation implies that pvijq is a 0-cocycle when considered on Z, which was expected by the construc-

tion. The corresponding section v, defined by vi over the locus xi 0 0 for each i < 0, 1, 2, satisfies ¶̂v < h

by construction. The choice of v is not unique; it is however unique up to an element of ºÚRpXq.

Todefine³ : K Ñ RpZq, we leth1, . . . , ht bea set ofminimal (and inparticularC-linearly independent)

R-module generators of K and find v1, . . . , vt as above so that each ¶̂vt1 < ht1 . Set ³ht1 < vt1 for each

t1 < 1, . . . , t and extendR-linearly.

In practice, we don’t need to worrymuch about the non-uniqueness of³, since
À

bPZ º
ÚRpXqp´a,bq < 0

for nearly all ´a P Z for which Ka 0 0. In our examples, we will only go through the steps of defining

³ in degrees p´a, bq with ´a P t´1, 0u; we will show that the new sections found in these degrees are

enough along with restrictions of sections onX to generate the Cox ringRpZq in the cases pd1, d2q < p1, 1q

and pd1, d2q < p2, 1q with general defining equations. Before restricting to these cases, we interpret how

multiplication by the sections x0, x1, x2 acts onK.
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6.1.5 Multiplication by x0, x1, x2

Let ´a P Z and consider the isomorphism ³ : K Ñ RpZq{ºÚRpXq with inverse ¶. For each i < 0, 1, 2,,

consider the map

x̃i < ¶p¨xiq³ : K Ñ K,

mapping eachKa`1 toKa.

Lemma 6.8. Let´a P Z. The maps x̃0, x̃1, x̃2 : Ka`1 Ñ Ka are given respectively by

x̃0h < ph1
ijkqijkP∆2pa´3q, h1

ijk < hi`1,jk,

x̃1h < ph1
ijkqijkP∆2pa´3q, h1

ijk < hi,j`1,k,

x̃2h < ph1
ijkqijkP∆2pa´3q, h1

ijk < hij,k`1.

Proof. By Lemma 3.5, we have ¶p¨rq < rÚ¶ for any r P RpXq. For any r P RpXqwe thus have r̃ < ¶p¨rq³ <

rÚ¶³ < rÚ. By Lemma 6.2, the maps x0Ú, x1Ú, x2Ú have exactly the descriptions given in the Lemma.

Remark 6.9. As in Example 6.6, wemay view the coe�icients of a h P Ka in a discrete 2-simplex labelled by

the polynomial coe�icients. In this pictorial representation, multiplication by x0 corresponds to discarding

the upper right edge of the triangle:

x̃0

¨
ÚÚÚÚÚÚÚÚÚÚÚß

h300 h201 h102 h003

h210 h111 h012

h120 h021

h030

Û
99999999999:

<

h300 h201 h102

h210 h111

h120

.

Similarly, x̃1 corresponds to discarding the bottom edge of the triangle and x̃2 corresponds to discarding

the upper le� edge. This can be compared directly with the truncation maps of Proposition 4.13.

With this, we end our comments on the general setting, and compute Cox rings in the general cases with

pd1, d2q < p1, 1q and pd1, d2q < p2, 1q.

6.2 The case pd1, d2q “ p1, 1q

Recall that Z � X < P2 Æ Pn is a non-singular complete intersection of irreducible normal hypersurfaces

V1, V2, with V1 also non-singular, defined by equations r1, r2 P RpZq of degrees pd1, e1q, pd2, e2q, where

d1, d2, e1, e2 � 1, respectively. In this Section, we treat the case d1 < d2 < 1. There are homogeneous

degree e1, respectively degree e2, polynomials f1, f2, f3, respectively g1, g2, g3, such that

r1 < f1x0 ` f2x1 ` f3x2, r2 < g1x0 ` g2x1 ` g3x2.
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Wewill see thatZ is a blow-up of P2 Æ Pn in a codimension 2 ideal. Such blow-ups need not be Mori Dream

Spaces, butwewill be able to compute the Cox ring ofZ and show thatZ is aMori DreamSpacewith unique

minimal model.

6.2.1 Basic geometry

LetZ Ñ Pn beprojection to the second factor. Thismap is generically one-to-one, thus defining a birational

map. The fibres are controlled by the rank of the matrix

M <

Þ
f1 f2 f3

g1 g2 g3

¸
.

SinceZ has codimension 2, thematrixM has full rank over a general fibre. On the locus in Pn whereM has

full rank, the fibre is a point. On the locus in Pn whereM has rank 1, given by the vanishing of the 2 Æ 2

minors minus the locus where all 6 coe�icient polynomials vanish, the fibre is a line in P2. Over the locus in

whichM < 0we get P2 fibres. In conclusion, we see thatZ � X is defined by the equations

x0pf1g3 ´ f3g1q ` x1pf2g3 ´ f3g2q,

x0pf1g2 ´ f2g1q ´ x2pf2g3 ´ f3g2q,

x1pf1g2 ´ f2g1q ` x2pf1g3 ´ f3g1q,

(42)

which can be obtained initially by eliminating one of the x0, x1, x2 from the equations r1, r2.

Proposition 6.10. The variety Z is isomorphic to the blow-up of Pn in the codimension 2 subvariety defined

by the 2 Æ 2minors ofM .

Proof. Let Y � Pn be defined by the 2Æ 2minors ofM . There are three defining equations with one syzygy

and Y is thus a codimension 2 ideal. The equations of the blow up in P2 Æ Pn are

x0pf1g3 ´ f3g1q ´ x1pf2g3 ´ f3g2q,

x0pf1g2 ´ f2g1q ´ x2pf2g3 ´ f3g2q,

x1pf1g2 ´ f2g1q ´ x2pf1g3 ´ f3g1q.

Replacing the coordinate x1 of P2 with´x1, we get precisely the equations (42).

We will go through the procedure of Section 3.4, and show thatRpZq is generated by the restrictions of

sections inRpXq along with one new section in degree p´1, e1 ` e2q, which vanishes along the exceptional

divisor ofZ viewed as a blow-up via Proposition 6.10.
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6.2.2 A first new section

The spaces T´a, T
1
´a, as defined in Definition 6.3, are given by

T´a <
à

bPZ

H2pX,OXp´a´ 2, b´ e1 ´ e2qq

T 1
´a <

à

bPZ

`
H2pX,OXp´a´ 1, b´ e2qq 8H2pX,OXp´a´ 1, b´ e1qq

Ú
,

for each ´a P Z. The maps B´a are given by pr1Ú, r2Úq with kernel Ka. By Proposition 6.7 we have that

K´a 0 0 if and only if´a � ´1 and

K1 3 Rre1 ` e2s,

with the standard module generator corresponding to h < 1

x0,x1,x2
P 1

x0x1x2
Rrx´1

0
x´1

1
x´1

2
s under the iso-

morphisms in Lemma 6.2. We apply ³ to h explicitly, noting that the choice is unique sinceRpXqp´1,bq < 0

for each b P Z. We follow closely the procedure given in Section 6.1.4.

If h < 1

x0x1x2
then

r1h <
f1

x1x2
`

f2

x0x2
`

f3

x1x2
.

The 1-cochain psij,klq onX defined by

sij,kl <

$
999999&
999999%

f3
x0x1

if pi, kq < p0, 1q

´ f2
x0x2

if pi, kq < p0, 2q

f1
x1x2

if pi, kq < p1, 2q

0 else,

maps to r1Úh under the Čech di�erential, and restricts to a 1-cocycle on V1. The 1-cochain r2Úpsij,klq <

pr2sij,klq, which can be viewed onX or V1, is then given by

r2Úpsij,klqij,kl <

$
999999&
999999%

f3g3x2

x0x1
` f3g2

x0
` f3g1

x1
if pi, kq < p0, 1q

´f2g2x1

x0x2
´ f2g3

x0
` f2g1

x2
if pi, kq < p0, 2q

f1g1x0

x1x2
` f1g3

x1
` f1g2

x2
if pi, kq < p1, 2q

0 else.

.

We can add the 1-cochain onX or V1 given by

q1
ij,kl <

$
9999&
9999%

´ g3
x0x1

r1 if pi, kq < p0, 1q,
g2

x0x2
r1 if pi, kq < p0, 2q,

´ g1
x1x2

r1 if pi, kq < p1, 2q,

0 else.

,

without changing the 1-cochain on V1. Defining

q01 < ´
g3

x0x1
, q02 <

g2

x0x2
, q12 < ´

g1

x1x2
,
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we get an equality

pr2sij,kl ` r1qikqij,kl <

$
9999&
9999%

f3g2´f2g3
x0

` f3g1´f1g3
x1

if pi, kq < p0, 1q,
f3g2´f2g3

x0
` f1g2´f2g1

x2
if pi, kq < p0, 2q,

f1g3´f3g1
x1

` f1g2´f2g1
x2

if pi, kq < p1, 2q,

0 else,

.

of 1-cochains onX . If we define

v0 <
f3g2 ´ f2g3

x0
, v1 <

f1g3 ´ f3g1

x1
, v2 <

f2g1 ´ f1g2

x2
,

then the equations

vi ´ vj < r2sij,kl ` r1qik

are satisfied for each 0 � i � j � 2, and wemust have ³h < v, where v is given by the 0-cocycle pviq on Z

defined by

vi <

$
999&
999%

f3g2´f2g3
x0

if i < 0,

f1g3´f3g1
x1

if i < 1,

f2g1´f1g2
x2

if i < 2.

The section v satisfies the equations

vx0 ` pf2g3 ´ f3g2q < vx1 ´ pf1g3 ´ f3g1q < vx2 ` pf1g2 ´ f2g1q < 0.

We note finally that the existence of this section is clear from the equations describingZ as a blow-up.

6.2.3 Computing the spaceK

For theseZ we can perform Step (2) of our procedure explicitly.

Proposition 6.11. For each ´a � ´1, the spaceKa < kerB´a is isomorphic to the R-module Rrape1 `

e2qs, that is, generated by a single element in degree p´a, ape1 ` e2qq. In particular,
À

´a�´1,bPZRpZq 3
À

´a�´1
Rrape1 ` e2qs as anR-module.

Proof. Recalling the notation of Section 6.1.3, an element ofKa, for some´a � ´1, is identified with a

h < phijkqijkP∆2pa´1q P Rpa`1

2
q

such that the equations

f1hi`1,jk ` f2hi,j`1,k ` f3hij,k`1 < 0,

g1hi`1,jk ` g2hi,j`1,k ` g3hij,k`1 < 0,
(43)

are satisfied for each ijk P ∆2pa´2q. Ifa < 1 this gives anempty conditionandwe recover the isomorphism

K1 3 Rre1 ` e2s seen in the previous section. If a � 2 these conditions are non-empty. For a fixed ijk P
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∆2pa´ 2q, the equations (43) imply that

hi`1,jkpf1g3 ´ f3g1q ´ hi,j`1,kpf3g2 ´ f2g3q < 0,

hi`1,jkpf2g1 ´ f1g2q ´ hij,k`1pf3g2 ´ f2g3q < 0,

hi,j`1,kpf2g1 ´ f1g2q ´ hij,k`1pf1g3 ´ f3g1q < 0.

(44)

Indeed any element in the kernel ofM satisfies these equations. Now the 2Æ2minors share no common

factor, for otherwise the section v divides by this common factor to yield a global section of degree p0, bq

with b � e1 ` e2, contradicting our known description ofK1. The equations (44) then imply that there is a

homogeneous polynomial p P R so that

hijk < p pf3g2 ´ f2g3qi pf1g3 ´ f3g1qjpf2g1 ´ f1g2qk, ijk P ∆2pa´ 1q.

In particular, Ka is a rank 1 free R-module. Its generator h has entries in degree pa ´ 1qpe1 ` e2q, thus

corresponds to adegree p´a, ape1`e2qq element ofK. The last statement follows since
À

bPZRpZqp´a,bq 3

Ka for each´a � ´1.

6.2.4 Proof of Theorem 2.13 for c < 2

We are now able to prove Theorem 2.13 in the case c < 2.

Theorem 6.12. Suppose that Z � P2 Æ Pn, with n � 2, has form p:qwith respect to irreducible and normal

hypersurfaces

V1 < tf1x0 ` f2x1 ` f3x2 < 0u, V2 < tf1x0 ` f2x1 ` f3x2 < 0u.

Then the 2 Æ 2minors of the matrix

M <

Þ
f1 f2 f3

g1 g2 g3

¸

define a codimension 2 subvariety of Pn and Z is isomorphic to the blow-up of Pn in this locus. Further-

more, if U < CrX0, X1, X2, Y0, . . . , Yn, V s is the free Z2-graded C algebra with generators having degrees

p1, 0q, p0, 1q, p´1, e1 ` e2q respectively, then there is a surjective map of graded C-algebras È : U Ñ RpZq

sendingXi ÞÑ xi, Yj ÞÑ yj , V Ñ v, where xi, yj are the restrictions of sections onX and v is the section ofZ

found in Section 6.2.2. The kernel of È is given by the ideal J generated by the equations

f1pYjqX0 ` f2pYjqX1 ` f3pYjqX3, g1pYjqX0 ` g2pYjqX1 ` g3pYjqX3,

V X0 ` pf2g3 ´ f3g2qpYjq, V X1 ´ pf1g3 ´ f3g1qpYjq, V X2 ` pf1g2 ´ f2g1qpYjq

generated in degree p0, e1 ` e2q.

Proof. Suppose that theminors ofM generate a codimension 1 subvariety ofPn, then they share a common

factor q. This leads to the existence of a global section v
q
in a degree p0, bq with b � e1 ` e2, contradicting

thatK1 3 Rre1 ` e2s. We conclude that suchZ must be singular.

For surjectivity, we note that for each a � 1, the section va is a non-zero section in degree p´a, ape1 `

e2qq. By Proposition 6.11, va generates
À

bPZRpZqp´a,bq as anR-module andÈ is surjective. The equations
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in J certainly lie in the kernel of È. Suppose p is a degree p´a, bq element ofU{J .

If ´a � 0, the equations in J allow us to write p as a polynomial independent of the V . Then Èppq P

ºÚRpXq is zero if and only if it is contained in xr1, r2y, implying that p P xr1pXi, Yjq, r2pXi, Yjqy � J .

If´a � ´1, then the equations in J allow us to write p as an element ofR times V a, and we know that

va is R-linearly independent. There are hence no further relations and kerÈ < J as claimed, proving the

Theorem.

Remark 6.13. Since eachKa for´a � ´1was free of rank one, we didn’t need to interpret the map

ṽ < ¶p¨vq³ : K Ñ K

to prove the Theorem. Using Lemma 6.8 and the equations for vx0, vx1, vx2 we obtain the following. If

h < phijkqijkP∆2pa´1q P Ka with ´a � ´1 is so w < ³h, then as in the proof of Proposition 6.11, we can

find p P R so that

hijk < p pf3g2 ´ f2g3qi pf1g3 ´ f3g1qjpf2g1 ´ f1g2qk, ijk P ∆2pa´ 1q.

Then since ¶vwx0 is equal to the triangle representing vw with its upper right edge discarded, and also

equal to pf3g2 ´ f2g3qw. Similarly, vw with its lower edge, respectively upper le� edge, removed is equal

pf1g3 ´ f3g1qw, respectively pf2g1 ´ f1g2qw. We find that ṽh < h1 < ph1
ijkqijkP∆2paq where

h1
ijk < p pf3g2 ´ f2g3qi pf1g3 ´ f3g1qjpf2g1 ´ f1g2qk, ijk P ∆2paq.

6.3 The case pd1, d2q “ p2, 1q

Once more, we recall that Z � P2 Æ Pn is a non-singular complete intersection of irreducible normal hy-

persurfaces V1, V2, with V1 non-singular, defined by equations r1, r2 P RpXq of degrees pd1, e1q, pd2, e2q

respectively, where d1, d2, e1, e2 � 1. With the case d1 < d2 < 1 considered in the previous Section, we

now turn to pd1, d2q < p2, 1q. There are degree e1 polynomials f1, . . . , f6 P R, respectively degree e2 poly-

nomials g1, g2, g3 P R, so that

r1 < f1x
2
0 ` f2x0x1 ` f3x0x2 ` f4x

2
1 ` f5x1x2 ` f6x

2
2, r2 < g1x0 ` g2x1 ` g3x2.

We will show that in the general case, Z is a Mori Dream Space with Cox ring of a certain form. We will also

describe exactly when this general case occurs in terms of the polynomial coe�icients f1, . . . , g3 of r1 and

r2.

6.3.1 Geometry

Let Z Ñ Pn be the projection to the second factor. The general fibre is two points (with multiplicity) in P2.

The behaviour of remaining fibres ismore complicated, wemay obtain lines, degenerate conics or the entire

P2 over loci determined by the polynomial coe�icients f1, . . . , g3.

In Chapter 4, we considered (a general) degree pd, eq hypersurface inP1 ÆPn. In the case with d < 2, we

constructed a birational map exchanging the two points of a general fibre. We take inspiration from this to

define a birational map from ourZ, a subvariety of P2 Æ Pn, to itself.
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For each i < 0, 1, 2,wemayeliminate the variablexi from the equations r1, r2. For example,multiplying
r1 by g23 wemay eliminate x2:

0 < f1g
2

3
x2
0

` f2g
2

3
x0x1 ` f3g3x0p´g1x0 ´ g2x1q ` f4g

2

3
x2
1

` f5g3x1p´g1x0 ´ g2x1q ` f6p´g1x0 ´ g2x1q2

pf1g
2

3
´ f3g1g3 ` f6g

2

1
qx2

0
` pf2g

2

3
´ f3g2g3 ´ f5g1g3 ` 2f6g1g2qx0x1 ` pf4g

2

3
´ f5g2g3 ` f6g

2

2
qx2

1
.

This equation holds for any point inZ. Similarly, we obtain

pf1g
2
2 ´ f2g1g2 ` f4g

2
1qx20 ` pf2g2g3 ´ f3g

2
2 ´ 2f4g1g3 ` f5g1g2qx0x2 ` pf4g

2
3 ´ f5g2g3 ` f6g

2
2qx22 < 0

pf1g
2
2 ´ f2g1g2 ` f4g

2
1qx21 ` pf2g1g3 ` f3g1g2 ´ f5g

2
1 ´ 2f1g2g3qx1x2 ` pf1g

2
3 ´ f3g1g3 ` g6g

2
1qx22 < 0

Eachof theseequations is of the formFjx
2
0`Gijx0x1`Fix

2
j < 0 for polynomialsF0, F1, F2, G01, G02, G12 P

R of degree e1 ` 2e2. We set thus once and for all

F0 < f4g
2
3 ´ f5g2g3 ` f6g

2
2,

F1 < f1g
2
3 ´ f3g1g3 ` f6g

2
1,

F2 < f1g
2
2 ´ f2g1g2 ` f4g

2
1,

G01 < f2g
2
3 ´ f3g2g3 ´ f5g1g3 ` 2f6g1g2,

G02 < f2g2g3 ´ f3g
2
2 ´ 2f4g1g3 ` f5g1g2,

G12 < f2g1g3 ` f3g1g2 ´ f5g
2
1 ´ 2f1g2g3.

(45)

These polynomials feature throughout this section and in the description of the Cox ring.

Proposition 6.14. There are sections z0, z1, z2 P RpZq of degree p´1, e1 ` 2e2q satisfying the equations

x0z0 < F0, x1z1 < F1, x2z2 < F2,

x0z1 ` x1z0 < ´G01, x0z2 ` x2z0 < ´G02, x1z2 ` x2z1 < ´G12,
(46)

inRpZq. Moreover, there is a birational map × : Z 99K Z defined by

× : prx0 : x1 : x2s, ry0 : ¨ ¨ ¨ : ynsq ÞÑ prz0 : z1 : z2s, ry0 : ¨ ¨ ¨ : ynsq ,

which is regular away from the locus overY � Pn defined by the ideal IY < xF0, F1, F2, G01, G02, G12y. Over

the general fibre, this interchanges the two points.

Proof. We have established above that

Fjx
2
i `Gijxixj ` Fix

2
j < 0
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for each 0 � i � j � 2. The sections z0, z1, z2, defined by

z0 <
F0

x0
< ´

F1x0 `G01x1

x2
1

< ´
F2x0 `G02x2

x2
2

,

z1 < ´
G01x0 ` F0x1

x2
0

<
F1

x1
< ´

F2x1 `G12x2

x2
2

,

z2 < ´
G02x0 ` F0x2

x2
0

< ´
G12x1 ` F1x2

x2
1

<
F2

x2
,

are then seen to be globally defined on Z, in the degrees and satisfying the equations given in the Propo-

sition statement. The vanishing locus of z0, z1, z2 is precisely Y . If y P Pn is so that all three equations

Fjx
2
i `Gijxixj `Fix

2
j do not vanish, then its fibre consists of two points and the equations (46) imply that

rzi : zjs is the second root of Fjx
2
i ` Gijxixj ` Fix

2
j for each 0 � i � j � 2. In particular, rz0 : z1 : z2s is

the other point onZ, and × is birational, interchanging the two points of a general fibre.

In the general case, whichwill be when the locus Y � Pn has codimension 3, wewill see thatZ is a Mori

Dream Space. In this case, the e�ective cone decomposes into two full dimensional Mori chambers, whose

models are each isomorphic to Z, related by the flop × defined in Proposition 6.14. We can already prove

this, without computing the full Cox ring. We will use our method to compute the Cox ring. As usual, our

method gives us muchmore information on what happens in special cases. If Y has codimension less than

three, then× is not an isomorphism in codimension one and the Cox ring di�ers from the formof the general

case. This will be formalised in the rest of this Section.

6.3.2 The spaceK0 and its li� toRpZq

As in Definition 6.3 we have spaces T´a, T
1
a for each´a � Z defined by

T´a <
à

bPZ

H2pX,OXp´a´ 3, b´ e1 ´ e2qq

T 1
´a <

à

bPZ

`
H2pX,OXp´a´ 1, b´ e2qq 8H2pX,OXp´a´ 2, b´ e1qq

Ú
,

andmapsB´a < pr1Ú, r2Úq : T´a Ñ T 1
´a with kernelsKa. By Proposition 6.7, we haveK´a 0 0 if and only

if a � 0 and thatK0 3 Rre1 ` e2s, with standard module generator corresponding to h < 1

x0x1x2
. We can

perform ³h explicitly.

We have

r1h < r1
1

x0x1x2
<
f1x0

x1x2
`
f2

x2
`
f3

x1
`
f4x1

x0x2
`
f5

x0
`
f6x2

x0x1
.

The 1-cochain psij,klq onX defined by

sij,kl <

$
999999&
999999%

f6x2

x0x1
` 1

2

f5
x0

` 1

2

f3
x1

if pi, kq < p0, 1q,

´ f4x1

x0x2
´ 1

2

f5
x0

´ 1

2

f2
x2

if pi, kq < p0, 2q,

f1x0

x1x2
` 1

2

f3
x1

` 1

2

f2
x2

if pi, kq < p1, 2q,

0 else,

73



maps to r1Úh under the Čech di�erential, and restricts to a 1-cocycle on V1. The 1-cochain r2Úpsij,klq <
pr2sij,klq, which can be viewed onX or V1, is then given by

pr2˚sqij,kl “

$
999999999999&
999999999999%

f6g3x
2

2

x0x1
`

1

2
f5g2x1` 1

2
f5g3x2`f6g2x2

x0
`

1

2
f3g1x0` 1

2
f3g3x2`f6g1x2

x1
` 1

2
f3g2 ` 1

2
f5g1 if pi, kq “ p0, 1q,

´
f4g2x

2

1

x0x2
´

f4g3x1` 1

2
f5g2x1` 1

2
f5g3x2

x0
´

1

2
f2g1x0` 1

2
f2g2x1`f4g1x1

x2
´ 1

2
f2g3 ´ 1

2
f5g1 if pi, kq “ p0, 2q,

f1g1x
2

0

x1x2
`

f1g3x0` 1

2
f3g1x0` 1

2
f3g3x2

x1
`

f1g2x0` 1

2
f2g1x0` 1

2
f2g2x1

x2
` 1

2
f2g3 ` 1

2
f3g2 if pi, kq “ p1, 2q,

0 else.

Define now

q01 < ´
g3

x0x1
, q02 <

g2

x0x2
, q12 < ´

g1

x1x2
.

We can add to pr2Úsij,klq the 1-cochain r1Úpqik,klq, where

qij,kl <

$
999999&
999999%

q01 if pi, kq < p0, 1q,

q02 if pi, kq < p0, 2q,

q12 if pi, kq < p1, 2q,

0 else.

Then r2sij,kl ` r1qij,kl < ui ´ uj for each 0 � i � j � 2, where

ui <

$
9999999&
9999999%

´f4g3x1` 1

2
f5g2x1´ 1

2
f5g3x2`f6g2x2

x0
` 1

2
f2g3 ´ 1

2
f3g2 if i < 0,

f1g3x0´ 1

2
f3g1x0` 1

2
f3g3x2´f6g1x2

x1
´ 1

2
f1g5 ` 1

2
f3g2 if i < 1,

´f1g2x0` 1

2
f2g1x0´ 1

2
f2g2x1`f4g1x1

x2
` 1

2
f1g5 ´ 1

2
f2g3 if i < 2.

By construction, puiq restricts to a 0-cocycle on Z, defining a section onRpZq in degree p0, e1 ` e2q, which

we set to be´u, tomake our final Cox ring compatiblewith the result in Chapter 7. That is, we takeu < ´³h

represented by the 0-coycle p´uiq onZ defined above.

Remark 6.15. Whilst we have illustrated how to construct ³ in this case, we could have skipped this step

using the work in Section 6.2.2. First, we rewrite the defining equation r1 as

r1 < f 1
1x0 ` f 1

2x1 ` f 1
3x2,

where

f 1
1 < f1x0 `

1

2
f2x1 `

1

2
f3x2,

f 1
2 <

1

2
f2x0 ` f4x1 `

1

2
f5x2,

f 1
3 <

1

2
f3x0 `

1

2
f5x1 ` f6x2.
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A point px, yq P P2 Æ Pn satisfies r1 < r2 < 0 if and only if x lies in the kernel of

M 1 <

Þ
f 1
1 f 1

2 f 1
3

g1 g2 g3

¸
,

a matrix depending on x and y. Let ¿i, for i < 0, 1, 2, denote the 2 Æ 2minor ofM 1 obtained by deleting

the ith column. Now applying³ to h can be performed exactly as in Section 6.2.2, with f1, f2, f3 replaced by

f 1
1, f

1
2, f

1
3. As there, we get the section

³h < ´u < ´
¿0

x0
<
¿1

x1
< ´

¿2

x2
,

which is exactly our´u obtained above.

6.3.3 The spaceK1 and its li� toRpZq

The space T´1 is a free R-module of rank 3, so we equip it with a standard basis given by
1

x2

0
x1x2

, 1

x0x
2

1
x2

,
1

x0x1x
2

2

. By Lemma 6.5, a h < ph1, h2, h3q P T´1 is inK1 if and only if g1h1 ` g2h2 ` g3h3 < 0. In degrees

p´a, bqwith´a < ´1, themap³ : Ka Ñ
À

bPZRpZqp´a,bq is an isomorphism, sowe need notworry about
choices for ³. If h P K1 we can apply the procedure of Section 6.1.4 to obtain ³h < zh, where zh is given by
the 0-cocycle pzh,ijq onZ given by

zh,ij “

$
9999999&
9999999%

´h1f4g3x1` 1

2
h1f5g2x1´ 1

2
h1f5g3x2`h1f6g2x2

x2

0

`
´h1f2g3`h1f3g2´h2f4g3` 1

2
h1f5g1`h2f5g2`h3f6g2

x0
if i “ 0,

h2f1g3x0´ 1

2
h2f3g1x0` 1

2
h2f3g3x2´h2f6g1x2

x2

1

`
h1f1g3`h2f2g3´h1f3g1´ 1

2
h2f3g2´h2f5g1´h3f6g1

x1
if i “ 1,

´h3f1g2x0` 1

2
h3f2g1x0´ 1

2
h3f2g2x1`h3f4g1x1

x2

2

`
´h1f1g2´h2f2g2´ 1

2
h3f2g3´h3f3g2`h2f4g1`h3f5g1

x2
if i “ 2,

By considering x0zh,0j and h1u0j for any j we spot the equation

x0zh < ´h1u´
1

2
h1f2g3 `

1

2
h1f3g2 ´ h2f4g3 `

1

2
h1f5g1 ` h2f5g2 ` h3f6g2

inRpZq. Similarly we obtain the equations

x1zh < ´h2u` h1f1g3 `
1

2
h2f2g3 ´ h1f3g1 ´

1

2
h2f3g2 ´

1

2
h2f5g1 ´ h3f6g1,

x2zh < ´h3u´ h1f1g2 ´ h2f2g2 ´
1

2
h3f2g3 ´

1

2
h3f3g2 ` h2f4g1 `

1

2
h3f5g1.

It is worth noting that the way these equations are written formally in terms of the variables h1, h2, h3 is not

unique, since we have the relation h1g1 ` h2g2 ` h3g3 < 0.

Consider now the Koszul generators

hp0q < p0,´g3, g2q, hp1q < pg3, 0,´g1q, hp2q < p´g2, g1, 0q.

We see that zi as defined in Proposition 6.14 is equal to ³hpiq for each i < 0, 1, 2. We see the already known

relation g1z0 ` g2z1 ` g3z2 < 0 again.
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Proposition 6.16. The sections z0, z1, z2, u, onRpZq satisfy the equations

x0z0 < F0, x1z0 < g3u´ 1

2
G01, x2z0 < ´g2u´ 1

2
G01,

x0z1 < ´g3u´ 1

2
G01, x1z0 < F1, x2z1 < g1u´ 1

2
G12,

x0z2 < g2u´ 1

2
G02, x1z0 < ´g1u´ 1

2
G12, x2z2 < F2.

These equations imply those found in Proposition 6.14. Furthermore, u2 < É inRpZq, where

É <
G2

01 ´ 4F0F1

4g2
3

<
G2

02 ´ 4F0F2

4g2
2

<
G2

12 ´ 4F1F2

4g2
1

.

inR � RpZq. In particular, u vanishes on those points ofZ where the fibre consists of a double point.

Proof. These equations can be seen by comparing their defining 0-cocycles, which are defined explicitly

above. From these equations, we can find the corresponding expressions for u2, which must therefore be

equal. For example

F0F1 < x0z0x1z1 <

Æ
g3u´

1

2
G01

ÛÆ
´g3u´

1

2
G01

Û
< ´g23 `

1

4
G2

01,

which rearranges to the given result. ThatÉ P R canbe checked explicitly. From the three equal expressions

for É, we see that u2 and thus u, vanishes when the discriminants of the quadratics Fjx
2
i `Gijxixj ` Fix

2
j

vanish, which includes those fibres that are double points.

Corollary 6.17. Suppose that g1, g2, g3 form a regular sequence in R. Then
À

bPZRpZqp´1,bq is isomorphic

as anR-module to the quotient ofR3re1 `2e2s, with generators corresponding to z0, z1, z2, by the submodule

generated by the degree e1 ` 3e2 element corresponding to g1z0 ` g2z1 ` g3z2.

Proof. If g1, g2, g3 is regular inR thenB´1 is the first map of the Koszul complex for the sequence g1, g2, g3

and the result follows.

Remark6.18. There is anotherwayonemay see thatu2 is contained inR. Theequations inProposition6.16

imply that x0z1 ´ x1z0 < 2g3u. Let y P Pn be so that g3pyq 0 0 and the fibre of Z over Y is 0-dimensional.

Let x, x1 be the points (possibly equal) over y. Then the sections x0, x1, x2 are the coordinate functions and

the sections z0, z1, z2 are the coordinate functions for the other point over y. Evaluating u at both of these

points we thus obtain

2g3upx, yq < px0z1 ´ x1z0qpx, yq < x0x
1
1 ´ x1x

1
0 < ´px0z1 ´ x1z0qpx1, yq < ´2g3upx1, yq.

In particular, u takes opposite sign on the two points over a general fibre (which once again shows that u

vanishes along the double point fibres). This implies that u2 is independent of x and thus the pullback of a

function on Pn. This function is unique sinceZ is surjective onto Pn.

Corollary 6.19. Recall the degree p1, e1 ` e2q sections µ0, µ1, µ2 defined in Remark 6.15. Let µ1
0, µ

1
1, µ

1
2 be

the same polynomials except with each xi replaced with zi, thus giving degree p´1, 2e1 ` 3e2q sections. Then

we also have

u < ´
µ1
0

z0
<
µ1
1

z1
< ´

µ1
2

z2
.
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In particular, we obtain equations

uz0 ` µ1
0, uz1 ´ µ1

1, uz2 ` µ1
2

in degree p´1, 2e1 ` 3e2q onRpZq.

Proof. Since the sections z0, z1, z2 define a rational map fromZ to itself, we have

f1z
2
0 ` f2z0z1 ` f3z0z2 ` f4z

2
1 ` f5z1z2 ` f6z

2
2 < g1z0 ` g2z1 ` g3z2 < 0,

and thus by symmetrical arguments as for the x1
i, we conclude the existence of a section

u1 <
µ1
0

z0
< ´

µ1
1

z1
<
µ1
2

z2
.

We just need to show that u1 < ´u. To this end, let y P Pn be so its fibre consists of two points x, x1 in P2.

We can evaluate u1 at px, yq. By Remark 6.18, we have

u1px, yq <
µ1
0px, yq

z0px, yq
<
µ0px1, yq

x0px1, yq
< upx1, yq < ´upx, yq.

Since u1 < ´u on a dense open subset, it is true everywhere.

6.3.4 The spaceK2

We have seen thatK0 is simply a freeR-module of rank 1, and thatK1 can be expressed using a resolution

of R{pg1, g2, g3q. It is first with K2 < kerB´2 that we have both defining equations giving conditions on

coe�icients. An element

h < ph1, h2, h3, h4, h5, h6q < ph200, h110, h101, h020, h011, h001q P T´2

lies inK2 when

h1g1 ` h2g2 ` h3g3 < 0, h2g1 ` h4g2 ` h5g3 < 0, h3g1 ` h5g2 ` h6g3 < 0,

h1f1 ` h2f2 ` h3f3 ` h4f4 ` h5f5 ` h6f6 < 0,

are all satisfied. The matrix ofB2 : R
6 Ñ R4 is thus given by

B2 <

¨
ÚÚÚÚß

f1 f2 f3 f4 f5 f6

g1 g2 g3 0 0 0

0 g1 0 g2 g3 0

0 0 g1 0 g2 g3

Û
9999:
.

Proposition 6.20. ViewB2 : R6 Ñ R4 by its matrix given above. Let Àij be the 4 Æ 4minor ofB2 obtained

ignoring the i and j columns for 1 � i � j � 6 and introduce the standard sign conventions Àij < ´Àji for

i � j and Àii < 0 for each i. There is anR-module complex

0 ÝÑ R4
BT

2ÝÝÑ R6 P
ÝÑ R6 B2ÝÝÑ R4, (47)
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where P is the skew symmetric matrix pp´1qi`jÀijq. Furthermore, the columns of P , which are thus elements

ofK2, map under ³ to the sections z20 , z0z1, z0z2, z
2
1 , z1z2, z

2
2 . The relations given by the columns of B

T
2 are

then those obtained from the equations r1pziq < r2pziq < 0.

Proof. The complex (47) is theBuchsbaum-Rimcomplex ofB2, thus a complex – see [13, §A.2.6.1] for details.

We only need to show that the columns of P correspond to the degree 2monomials in the zi. We use the

following Lemma.

Lemma 6.21. Let z̃i : K Ñ K denote the maps ¶p¨ziq³ for each i < 0, 1, 2. Supposew P RpZq has degree

p´1, bq for some b P Z and

¶w < h < ph1, h2, h3q <

¨
Úß

h1 h3

h2
Û
9:P K1.

For each i < 0, 1, 2 and j < 1, . . . , 6 let h1
ij be so that

z̃ih <

¨
ÚÚÚÚÚÚß

h1
i1 h1

i3 h1
i6

h1
i2 h1

i5

h1
i4

Û
999999:
.

Then we have

h1
01 < F0h1, h1

02 < F0h2, h1
03 < F0h3

h1
04 < ´F1h1 ´G01h2, h1

06 < ´F2h1 ´G02h3

h1
05 < f1g2g3h1 ` f2g2g3h2 ´ f3g1g2h1 ´ f3g

2
2h2 ´ f4g1g3h2 ´ f6g1g2h3

h1
12 < F1h1, h1

14 < F1h2, h1
15 < F1h3

h1
11 < ´F0h2 ´G01h1, h1

16 < ´F2h2 ´G12h3

h1
13 < ´f1g2g3h1 ` f2g1g3h1 ` f4g1g3h2 ´ f5g

2
1h1 ´ f5g1g2h2 ´ f6g1g2h3,

h1
23 < F2h1, h1

25 < F2h2, h1
26 < F2h3

h1
21 < ´F0h3 ´G02h1, h1

24 < ´F1h3 ´G12h2

h1
22 < ´f1g2g3h1 ` f3g1g2h1 ´ f4g1g3h2 ´ f5g

2
1h1 ´ f5g1g3h3 ` f6g1g2h3.

Proof. The equations xizi < Fi inRpZq imply that x̃iz̃ih < Fih. Since the maps x̃i have the description as

in Lemma 6.8, we obtain the equations for

h1
01, h

1
02, h

1
03, h

1
12, h

1
14, h

1
15, h

1
23, h

1
25, h

1
26.
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Similarly, we have px̃iz̃j ` x̃j z̃jqh < ´Gijh for each i 0 j, which along with the already known h1
ij allow us

to deduce the equations for

h1
04, h

1
06, h

1
11, h

1
16, h

1
21, h

1
24.

The equations for h1
05, h

1
13, h

1
22 can then be deduced from the others using z̃ih P K2 for each i.

Returning to the proof of Proposition 6.20, we can use this Lemma to compute ¶zizj for each 0 � i �

j � 2, and we see that these give precisely the columns of P .

Corollary 6.22. Recall thatY � Pn is the vanishing locus of the ideal generated byF0, F1, F2, G01, G02, G12.

If the codimension of Y is 3, then the complex (47) is exact and gives a resolution ofK2, in particularK2 3

R6r2e1 ` 4e2s{ imBT
2 . If the codimension of Y is less than 3, then the complex (47) is not exact, andK2 is not

isomorphic toR6r2e1 ` 4e2s{ imBT
2 .

Proof. By [13, Theorem A.2.10], the complex (47) is exact if and only if the ideal generated by the maximal

minors Àij ofB2 has depth 3. Lemma6.21 implies that thesemaximalminors vanish onY and the statement

follows.

6.3.5 Proof of Main Theorem 2.17 for c < 2

We conclude by proving Main Theorem 2.17 in the case c < 2. We recall our set-up. We defineZ � P2 Æ Pn

to be the complete intersection of two irreducible hypersurfaces V1, V2 defined respectively by equations

r1 < f1x
2
0 ` f2x0x1 ` f3x0x2 ` f4x

2
1 ` f5x1x2 ` f6x

2
2, r2 < g1x0 ` g2x1 ` g3x2,

where f1, . . . , f6, respectively g1, g2, g3, are polynomials inR < Cry0, . . . , ynsof degree e1 � 1, respectively

e2 � 1. We assume that V1 and Z are non-singular so that the inclusions Z ãÑ V1 ãÑ P2 Æ Pn induce

isomorphisms on Picard groups. We define the polynomials F0, F1, F2, G01, G02, G12 P R as in (45). Let

Y � Pn be the vanishing locus of the ideal generated by F0, F1, F2, G01, G02, G12. Since Y contains the

locus on which g1 < g2 < g3 < 0we have codimY � 3.

Theorem 6.23. LetZ � P2 Æ Pn be as above. LetA be the free Z2-graded algebra

A < CrX0, X1, X2, Y0, . . . , Yn, Z0, Z1, Z2, U s,

with degrees

degXi < p1, 0q, deg Yj < p0, 1q, degZi < p´1, e1 ` 2e2q, degU < p0, e1 ` e2q,

for relevant i, j. There is a morphism of graded algebrasÈ : A Ñ RpZq sendingXi ÞÑ xi, Yj ÞÑ yj ,Zi ÞÑ zi,

U ÞÑ u, where z0, z1, z2, u are the sections defined in Proposition 6.14 and Section 6.3.2. Let J å A be the
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homogeneous ideal generated by the equations

r1pXi, Yjq, r2pXi, Yjq, r1pZi, Yjq, r2pZi, Yjq,

X0Z0 ´ F0pYjq, X1Z0 ´ g3pYjqU ` 1

2
G01pYjq, X2Z0 ` g2pYjqU ` 1

2
G02pYjq,

X0Z1 ` g3pYjqU ` 1

2
G01pYjq, X1Z1 ´ F1pYjq, X2Z1 ´ g1pYjqU ` 1

2
G12pYjq,

X0Z2 ´ g2pYjqU ` 1

2
G02pYjq, X1Z2 ` g1pYjqU ` 1

2
G12pYjq, X2Z2 ´ F2pYjq,

X0U ´ ¿0pXi, Yjq, X1U ` ¿1pXi, Yjq, X2U ´ ¿2pXi, Yjq,

Z0U ` ¿0pZi, Yjq, Z1U¿1pZi, Yjq, Z2U ´ ¿2pZi, Yjq,

U2 ` ÉpYjq,

where the ¿ipxi, yjq are defined in Remark 6.15 and Épyjq is defined in Proposition 6.16. Then J � kerÈ.

(i) Suppose the spaceW � Pn has codimension 3. Then È induces an isomorphism of graded algebras

RpZq 3 A{J . The space Z is a Mori Dream Space with two maximal Mori chambers, each giving min-

imal models isomorphic to Z, related by a flop which exchanges the two points of a general fibre over

Pn.

(ii) Suppose there is a presentation of graded rings of the formRpZq 3 A{J . Then codimW < 3.

Proof. By Proposition 6.14, Remark 6.15, Proposition 6.16, Corollary 6.19, the map È is well defined and its

kernel containsK.

Suppose that codimW < 3. By Proposition 6.14, we have a birational map × of order two from Z to

itself:

×prx0 : x1 : x2s, ry0 : ¨ ¨ ¨ : ynsq < prz0 : z1 : z2s, ry0 : ¨ ¨ ¨ : ynsq.

Moreover × is regular away fromW , thus an isomorphism in codimension one. Since × is also a map over

Pn, any contracted fibre is in P2, thus has trivial intersection with the canonical divisorKZ , which has class

p0, e1 ` e2 ´ n´ 1q onZ. It follows that × is a flop fromZ to itself, inducing an isomorphism ×Ú : RpZq Ñ

RpZq of Cox rings.

Surjectivity ofÈ now follows sinceu, x0, x1, x2, y0, . . . , yn generate the algebra
À

a�0,bPZRpZqpa,bq, as it

is isomorphic to ºÚRpXq8K0 and×Ú interchanges
À

a�0,bPZRpZqpa,bq and
À

´a�0,bPZRpZqpa,b`ape1`2e2qq,

so the latter ring is generated by u, z0, z1, z2, y0, . . . , yn.

The equations in J ensure that any degree pa, bq element in R{J with a � 0may be written as a poly-

nomial in u, x0, x1, x2, y0, . . . , yn and thatA{J maps injectively intoRpZq in these degrees. Since the ideal

J is symmetrical with respect to swappingX0, X1, X2, U with Z0, Z1, Z2,´U respectively, we can use the

symmetry of the Cox ring induced by×Ú to conclude the isomorphismsRpZq 3 A{J in degrees p´a, bqwith

´a � 0. This concludes part (i).

Part (ii) follows immediately from Corollary 6.22.

6.3.6 Examples

We provide the Cox rings of some examplesZ � X < P2 Æ Pn of the form p:q of Definition 6.1.

The first example remarks that codimY < 3, where Y is as defined in Proposition 6.14, occurs in the

general case for a Calabi-Yau threefoldZ of form p:q in P2 ÆP3. We can expect it to then be the general case
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in all choices of parameters n, e1, e2.

For the second example, recall that

r1 < f1x
2
0 ` f2x0x1 ` f3x0x2 ` f4x

2
1 ` f5x1x2 ` f6x

2
2, r2 < g1x0 ` g2x1 ` g3x2.

are the defining equations of Z, we compute the Cox ring for a degenerate case, where f2, f3, f5, g2 are all

zero.

Example 6.24. Let n < 3 soX < P2 Æ P3 and choose

pe1, e2q P tp1, 3q, p2, 2q, p3, 1qu.

InMacaulay2, oneverifies that for suitably randomchoicesofdegreee1 polynomialsf1, . . . , f6 anddegreee2

polynomials g1, g2, g3 inR, that codimY < 3. By Theorem6.23, we conclude that a general ample complete

intersection Calabi-Yau threefold is a Mori Dream Space, admitting one flop of order two to itself.

Aswe saw in Chapter 4, ourmethodhas particular strength in understanding degenerate cases, and how

the Cox ring changes form.

Example 6.25. Assume that f2 < f3 < f5 < g2 < 0, so we have

r1 < f1x
2
0 ` f4x

2
1 ` f6x

2
2, r2 < g1x0 ` g3x2.

We temporarily treat the non-zero coe�icients as formal symbols. Note thatGij < 0 for each 0 � i � j � 2.

The spaceK1 is the kernel of the map ofR-modules

R3

Æ
g1 0 g3

Û

ÝÝÝÝÝÝÝÝÝÑ R,

which is a freeR-module of rank 2, generatedbyR-linearly indepentent generators pg3, 0,´g1q and p0, 1, 0q.

Using the work of Section 6.3.3, we have sectionsw < ³p0, 1, 0q and z < ³pg3, 0,´g1q satisfying equations

x0w < f4g3, x1w < u, x2w < ´f4g1,

x0z < ´g3u, x1z < F1, x2z < g1u.

We notice that u is no longer needed as a generator.

The spaceK2 is the kernel of the matrix

¨
ÚÚÚÚß

f1 0 0 f4 0 f6

g1 0 g3 0 0 0

0 g1 0 0 g3 0

0 0 g1 0 0 g3

Û
9999:
,

which is also a free rank 2R-module, generated by the linearly independent elements

h < p0, g3, 0, 0,´g1, 0q, h1 < pf4g
2
3, 0,´f4g1g3,´f6g

2
1 ´ f1g

2
3, 0, f4g

2
3q.
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This gives us sections v < ³h and t < ³h1. Since, using Remark 6.9,

x̃1h < x̃1

¨
ÚÚÚÚÚÚß

0 0 0

g3 ´g1

0
Û
999999:

<

¨
Úß

g3 ´g1

0
Û
9:,

we have x1v < z, and z is not needed as a generator. Using the equations x0w < f4g3, x2w < ´f4g1, we

can calculate t < x1vw. For example

x̃0w̃

¨
ÚÚÚÚÚÚß

0 0 0

g3 ´g1

0
Û
999999:

< x̃0w̃h < f4g3h <

¨
ÚÚÚÚÚÚß

0 0 0

f4g
2
3

´f4g1g3

0
Û
999999:

gives the lower le� 6 entries of vw, and the lower right entries of vw are computed similarly.

Theorem 6.26. Let

A < CrX0, X1, X2, Y0, . . . , Yn,W, V s

be the freeZ2-gradedalgebrawith degreesdegXi < p1, 0q,deg Yj < p0, 1q,degW < p´1, e1`e2q,deg V <

p´2, e1 ` 2e2q. There is a well defined map of graded algebras È : U Ñ RpZqmappingXi ÞÑ xi, Yj ÞÑ yj ,

W ÞÑ w, V ÞÑ v. The kernel of È contains the ideal J generated by the equations

r1pXi, Yjq, r2pXi, Yjq,

X0W ´ f4pYjqg3pYjq, X2
1W ` f1pYjqg3pYjqX0 ´ f6pYjqg1pYjqX2, X2W ` f4pYjqg1pYjq,

X0V ´ g3pYjqW, X2
1V ´ F1, X2V ` g1pYjqW,

W 2 ´ f4pYjqV.

Suppose that g1, g3 are coprime and that f4 does not divide F1. Then È induces an isomorphism of graded

algebrasRpZq 3 U{J .

Proof. The previous discussion gives the existence of È : A Ñ RpZq and implies J � kerÈ.

We now suppose that g1, g3 is regular inR and that f4 does not divide F1. It su�ices to show thatKa is

a freeR-module of rank 2 for each a � 1, with module generators

¶
´
v

a`1

2 x1

¯
, ¶

´
wv

a´1

2

¯
if a odd

¶
´
wv

a
2 x1

¯
, ¶

´
v

a
2

¯
if a even.

The assumptions on f4, g1, g3 imply this is true for a < 1, 2.

If a � 3, then consider an element phijkqijkP∆2paq P Ka. Since g1, g3 is regular, the defining equations

g1hi`1,jk ` g3hij,k`1 < 0
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ofKa imply that for each j < 0, . . . , awe have

pha´j,j,0, . . . , h0,j,a´jq < hjpg
a´j
3

,´g1g
a´j´1

3
. . . , p´1qa´jg

a´j
1

q.

The equations

f1hi`2,jk ` f4hi,j`2,k ` f6hij,k`2 < 0

become

p´1qkgi3g
k
1 phjF1 ` f4hj`2q < 0.

Since f4 does not divide F1, it follows that h is completely determined by the entries ha,0,0 and ha´1,1,0,

which are of the form

ha,0,0 < p1f
ta
2
u

4
ga3 , ha´1,1,0 < p2f

ta´1

2
u

4
ga´1

3
.

Indeed, ha,0,0 determines all hijk with j even and ha´1,1,0 determines all hijk with j odd. This corresponds

exactly to two independent R-module generators of Ka, which must correspond to the a�orementioned

sections up to scalars. Indeed, they are in the same degrees and these sections areR-linearly independent.

One may also verify inductively that these module generators are given by the sections as above using the

known equations inRpZq.

6.4 Comments

Analagously to the Remarks in Section 4.5, Theorem 6.23 generalises to codimension 2 complete intersec-

tions in ambient spacesX � P2 Æ T with T a Mori Dream Space. We spare repeating the details.
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7 On Cox rings of codimension c complete intersections in Pc ˆ Pn

We now treat the case of a su�iciently non-singular codimension c � 2 complete intersections in the ambi-

ent spaceX < Pc Æ Pn with n � c. We will see that Step (2) and Step (3) become too complex to manage

by hand in general. We will take inspiration from the c < 2 case explored in Chapter 6 to give results for

the case with each definining equation being linear in the first factor, and the case with all but one equation

linear and the remaining quadratic in the first factor. The results of this Chapter can be seen to generalise

those of Chapter 6 (and even Chapter 4).

7.1 Finding sections

7.1.1 Basics

FixX < Pc Æ Pn with n � c � 1. Take homogeneous coordinates x0, . . . , xc on Pc and y0, . . . , yn on Pn.

There is an isomorphism of Picard groups PicX 3 Z2, generated by the pullbacks of a hyperplane section

of each factor definingX . WritingR < RpPnq < Cry0, . . . , yns, the Cox ring ofX is

S < RpXq < RpPcq b RpPnq 3 Rrx0, . . . , xcs.

The graded subringR givesRpXq the structure of a gradedR-module. We recall Definition 2.11.

Definition7.1. Foreachm < 1, . . . , c, letVm bean irreducibleandnormalhypersurfacedefinedbyadegree

pdm, emq equation rm P RpXq for some dm, em � 1. The variety Z � X < Pc < Pn will be said to have

form p:qwith respect to the hypersurfaces V1, . . . , Vc if the following hold.

(i) We haveZ <
_c

m<1
Vm.

(ii) The sequence r1, . . . , rc is regular inRpXq and the intermediary complete intersections

Zm <
m


m1<1

Vm1

are non-singular form < 1, . . . , c.

All varieties Z � Pc Æ Pn in this section are of the form p:q with respect to hypersurfaces V1, . . . , Vc

as in Definition 7.1. Each inclusion Zm´1 ãÑ Zm, where by convention Z0 < X , induces an isomorphism

of Picard groups by the Lefschetz hyperplane theorem. We denote the common identification of all Picard

groupsPicZm byPic. We are in a setting to utilise the method developed in Section 3.4.

As an ordered a�ine cover we take the setW < tWiju, whereWij is the a�ine open ofX where xi, yj

are non-zero, as usual with lexicographic order. For ij � klwe denote byWij,kl the intersectionWij XWkl.

7.1.2 Describing themaps on cohomology

Step (1) is as straightforward as in Chapters 4 and 6.

Lemma 7.2. (i) There are natural Z2-graded vector space isomorphisms

à

pa,bqPZ2

HcpX,OXpa, bqq 3
1

x0 ¨ ¨ ¨xc
Rrx´1

0
, . . . , x´1

c s 3 Srx´1

0
, . . . , x´1

c s{L, (48)
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where L is the vector subspace of Srx´1

0
, . . . , x´1

c s generated by all terms in which an xi appears with

non-negative exponent.

(ii) For an r P RpXqpd,eq, the map

rÚ :
à

pa,bqPPic

HcpX,OXpa´ d, b´ eqq ÝÑ
à

DPPic

HcpX,OXpa, bqq

can be identified with the map

rÚ : Srx´1

0
, . . . , x´1

c s{L ÝÑ Srx´1

0
, . . . , x´1

c s{L

f ÞÑ r ¨ f mod L

that multiplies an element f P Srx´1

0
, . . . , x´1

c s{L 3 1

x0¨¨¨xc
Rrx´1

0
, . . . , x´1

c s by r, and ignores those

terms in which an xi occurs with non-negative exponent.

Proof. The argument is the same as in Lemma 6.2, using the Künneth formula.

Once more, we remark that the isomorphisms in Lemma 7.2 are ofR-modules.

Definition 7.3. Set d1 < d1 ` ¨ ¨ ¨ ` dc and e1 < e1 ` ¨ ¨ ¨ ` ec. Define, for each pa, bq P Z2, the vector spaces

Tpa,bq < Hc
`
X,OX

`
a´ d1, b´ e1

ÚÚ
, Ta <

à

bPZ

Tpa,bq,

along with the spaces

T 1
pa,bq <

cà

m<1

Hc
`
X,OX

`
a´ d1 ` dm, b´ e1 ` em

ÚÚ
, T 1

a <
à

bPZ

Tpa,bq.

For each a P Z defineBa : Ta Ñ T 1
a to be the map

Ba : Ta ÝÑ T 1
a

h ÞÑ pr1,Úh, . . . rc,Úhq.

WewriteK´a < kerBa, noting as usual the flip of sign in a, for each a P Z andK <
À

aPZKa.

We have finished Step (1) of the programme. We know that we have isomorphisms of vector spaces

K 3 RpZq{ºÚRpZq, fromwhichK inherits a grading.

7.1.3 Describing the kernels of themapsBa

We begin with Step (2) by identifying each Ta with a freeR-module.

Definition 7.4. For each a P Z, define the discrete c-simplex

∆cpa´ c´ 1q < tpi0, . . . , icq P Z�0 : i0 ` ¨ ¨ ¨ ` ic < a´ c´ 1u � Rc`1,

consisting of
`
a´1

c

Ú
points inRc`1, wherewe set

`
a´1

c

Ú
< 0 if a � c`1, corresponding to∆cpa´ c´1q < H

in this range. For ease of future notation, we write i0 . . . ic for an element pi0, . . . , icq in∆cpa ´ c ´ 1q. If
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i0 . . . ic P ∆cpa´ c´ 1q and i10, . . . , i
1
c P ∆cpdq thenwe canwrite i0 . . . ic ` i10 . . . i

1
c < pi0 ` i10, . . . , ic ` i1cq P

∆2pa` d´ c´ 1q, where a, d P Z.

SinceHcpX,OXpa, bqq < 0 for a � ´c, we use the index´a rather than a. Let´a � ´c ´ 1. If we give

Rpa´1

c q the standard basis indexed by∆cpa´ c´ 1q then there areR-module isomorphisms

Rpa´1

c q >
ÝÑ

à

bPZ

1

x0 ¨ ¨ ¨x2
Rrx´1

0
, . . . , x´1

c sp´a,bq

phi0...icqi0...icP∆cpa´c´1q ÞÑ h <
ÿ

i0...icP∆cpa´c´1q

hi0...ic

xi0`1

0
¨ ¨ ¨xic`1

c

.
(49)

The following Lemma describes the maps on second cohomology induced by the multiplication by a

global section described with these bases.

Lemma7.5. Let d, e � 0. A general polynomial r P RpXqpd,eq is given by a collection of degree e polynomials

pgi0...icqi0...icP∆cpdq via

pgi0...icqi0...icP∆cpdq ÞÑ
ÿ

i0...icP∆cpdq

gi0...icx
i0
0
. . . xicc .

If´a P Z, then the map

r
paq
Ú :

à

bPZ

HcpX,OXpa´ d, b´ eqq Ñ
à

bPZ

HcpX,OXpa, bqq

is identified via the isomorphisms in Lemma 7.2 and (49)with the map

Rpa`d´1

c q ÝÑ Rpa´1

c q

phi0...icqi0...icP∆cpa`d´c´1q ÞÑ ph1
i0...ic

qi0...icP∆cpa´c´1q,

where for each i0 . . . ic P ∆cpa´ c´ 1q, h1
i0...ic

is given by

h1
i0...ic

<
ÿ

i1
0
...i1

cP∆cpdq

hi0...ic`i1
0
...i1

c
gi1

0
...i1

c
.

Proof. This follows from the description of rpaq
Ú given by Lemma 7.2(ii).

Similarly to in Example 6.6, the element r P RpXq and h P Ta viewed as discrete c simplices labelled

with their polynomial coe�icients, and the map rpaq
Ú is seen as a collection of scalar products according to

each way the simplex associated to rmaps rigidly, without rotation, onto the simplex associated to h.

Proposition 7.6. For each´a P Z, the spaceKa < kerB´a may only be non-zero if´a � ´c´ 1 ` d1.

(i) For´c` d1 ´ minm dm � ´a � ´c´ 1 ` d1, we have a graded isomorphism

Ka 3 Rpa`d1´1

c q <e1
0
.

(ii) For´a � ´c´ 1 ` d1 ´ minm dm, we have graded isomorphisms

Kp´a,bq 3 ker r
paq
1Ú X ¨ ¨ ¨ X ker r

paq
cÚ .
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Proof. The first two statements follow sinceTa < 0 if´a � ´c´1`d1 andT 1
a < 0 for´c`d1 ´minm dm �

´a � ´c´ 1 ` d1. The isomorphism of part (ii) is immediate from the definition ofBa.

Since the dimensions of the spaces Ta and T 1
a increase with order c, it is not feasible to try and compute

theKa directly, outside of perhaps the simplest cases.

7.1.4 Problems defining ³ andmultiplication by the xi

For larger c, defining a right inverse³ : K Ñ RpZq, unique on thoseKa with a � 1, explicitly ismuchmore

complex. In Section 6.1.4, we saw the situation with c < 2, where we must work in the polynomial rings

RpXqrx´1

i , x´1

k s{pr1q. For general cwehave computations in the ringsRpXqrx´1

i0
, . . . , x´1

im
s{pr1, . . . , rc´mq

for eachm < 1, . . . , c and 0 � i0 � ¨ ¨ ¨ � im � c. We will be able to derive results without completing this

step explicitly. We can understand the maps onK induced by multiplication by x0, . . . , xc.

Let´a P Z and consider the isomorphism³ : K Ñ RpZq{ºÚRpXqwith inverse ¶. For each i < 0, . . . , c,

we have a map

x̃i < ¶p¨xiq³ : K Ñ K,

mapping eachKa`1 toKa. Even though we have no explicit description for ³, the maps x̃i have a simple

description. The following Lemma generalises Lemma 6.8 to general c � 2.

Lemma 7.7. Let´a P Z. For each k < 0, . . . , c, the map x̃k : Ka`1 Ñ Ka is given by

x̃kh < ph1
i0...ic

qi0...icP∆cpa`d1´c´1q, h1
i0...ic

< hi0...ik`1...ic

for each h < phi0...icqi0...icP∆cpa`d1´cq P Ka`1.

Proof. As for the c < 2 case, this follows from Lemma 3.5 and Lemma 7.2.

If we view an element h < phi0...icqi0...icP∆cpa`d1´c´1q ofKa as the discrete c-simplex∆cpa` d1 ´ c´ 1q

with its points labelled by the polynomial entries, then themap x̃k corresponds to discarding the face of this

c-simplex defined by ik < 0.

Wehaveenough tools in thegeneral case, thatwemaymoveour focusonto thecaseswith pd1, . . . , dcq <

p1, . . . , 1q and pd1, . . . , dcq < p2, 1, . . . , 1q, where the geometry is accessible enough for us to derive com-

plete results in the general case.

7.2 The case pd1, . . . , dcq “ p1, . . . , 1q

Recall thatZ � X < PcÆPn, withn � c, is of the form p:qwith respect to irreducible normal hypersurfaces

V1, . . . , Vc definedbyequationsr1, . . . , rc P RpZqofdegrees pd1, e1q, . . . , pdc, ecq, whered1, . . . , dc, e1, . . . , ec �

1, respectively. In this Section, we treat the case d1 < ¨ ¨ ¨ < dc < 1. For eachm < 1, . . . , c, There are ho-

mogeneous degree em polynomials fm,0, . . . , fm,c P R < Cry0, . . . , yns such that

rm < fm,0x0 ` ¨ ¨ ¨ ` fm,cxc.

We will see that Z is a blow up of Pc Æ Pn in a codimension 2 ideal. We will compute its Cox ring and show

thatZ is a Mori Dream Space with unique minimal model.
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7.2.1 Basic geometry

LetZ Ñ Pn be projection to the second factor. This map is generally one-to-one, defining a birational map.

The fibres are controlled by the rank of the matrix

M <

¨
ÚÚß

f1,0 ¨ ¨ ¨ f1,c
...

. . .
...

fc,0 ¨ ¨ ¨ fc,c

Û
99:.

The fibre over a point y P Pn is isomorphic to Pc´r, where r is the rank ofM at y. Note once more thatM

has full rank over the general fibre, sinceZ has codimension c in Pc Æ Pn. For i < 0, . . . , c, let µi P R be the

minor ofM corresponding to deleting the ith column, so degµi < e1 inR. The following equations are then

satisfied by any point onZ for each 0 � i � j � c.

p´1qiµjxi ´ p´1qjµixj < 0. (50)

To see this, supposeM0 : S
c`1 Ñ Sc is a linear map over a ring S. Then we obtain a map

c?
M0 :

c?
Sc`1 Ñ

c?
Sc 3 S

Themodule
zc Sc`1 is isomorphic to Sc`1 with basis given by te0^ êi. . . ^ecui. Under this basis, the matrix

of
zcM0 is the row vector pµ1

0, . . . , µ
1
cq, where µ

1
i is the c Æ c minor ofM0 obtained by discarding the ith

row. Now x < px0, . . . , xcq P kerM0 implies that x ^ e0^
êi,êj
¨ ¨ ¨ ^ec is in the kernel of

zc´1M0 for each

0 � i � j � c. But for i � j we have

x^ e0^
êi,êj
¨ ¨ ¨ ^ec < pxiei ` xjejq ^ e0

êi,êj
¨ ¨ ¨ ^ec < p´1qixie0^

êj
¨ ¨ ¨ ^ec ´ p´1qjxje0^

êi
¨ ¨ ¨ ^ec,

which maps to p´1qiµ1
jxi ´ p´1qjµ1

ixj under
zc´1M0. Applying this to ourM over the projective coordi-

nate ring ofZ we get the equations (50)

Proposition 7.8. The varietyZ is isomorphic to the blow-up ofPn in the codimension 2 subvariety defined by

the 2 Æ 2minors ofM .

Proof. Let Y � Pn be defined by the cÆ cminors µ0, . . . , µc ofM , which define a codimension 2 ideal. The

equations of the blow up in Pc Æ Pn are

µjxi ´ µixj , 0 � i � j � c.

Replacing the coordinate xi of Pc with p´1qixi, we get precisely the equations (50).

As for the c < 2 case in Section 6.2, we will see that the Cox ring ofZ is generated by restrictions of sec-

tions onX and one new section in degree p´1, e1q, which vanishes along the exceptional divisor in viewing

Z as a blow-up via Proposition 7.8.
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7.2.2 Proof of Theorem 2.13

Define, as in Definition 7.3, the spaces

T´a <
à

bPZ

HcpX,OXp´a´ c, b´ e1qq

T 1
´a <

cà

m<1

à

bPZ

`
HcpX,OXp´a´ c` 1, b´ e1 ` emqq

Ú
,

for each´a P Z. ThemapsB´a are given by pr1Ú, . . . , rcÚqwith kernelKa. We can nowprove Theorem2.13.

Theorem7.9. Suppose that c � 2, n � c, andZ � X < Pc ÆPn is of the form p:qwith respect to irreducible

normal hypersurfaces Vm, with rVms < pdm, emq P PicX 3 Z2, defined by equations

rm < fm,0x0 ` ¨ ¨ ¨ ` fm,cxc < 0

form < 1, . . . , c, so that each fm,l is homogeneous of degree em. IfM is the cÆ pc` 1qmatrix

M <

¨
ÚÚß

f1,0 ¨ ¨ ¨ f1,c
...

. . .
...

fc,0 ¨ ¨ ¨ fc,c

Û
99:,

then let µi be the maximal minor ofM obtained by discarding the ith column for i < 0, . . . , c. These maximal

minors define a codimension 2 subvariety Y � Pn, andZ is isomorphic to the blow-up of Pn in Y . If

U < CrX0, . . . , Xc, Y0, . . . , Yn, V s

is the freeZ2-gradedC-algebra with generators having degrees p1, 0q, p0, 1q, p´1, e1q respectively, then there

is a surjective map of graded C-algebras È : U Ñ RpZq sending Xi ÞÑ xi, Yj ÞÑ yj , V ÞÑ v, where

v P RpZqp´1,e1q is a section satisfying the equations

vxi ` p´1qiµi, i < 0, . . . , c.

The kernel of È is generated by the equations

fm,0pYjqX0 ` ¨ ¨ ¨ ` fm,cpYjqXc, m < 1, . . . , c,

V Xi ` p´1qiµipYjq, i < 0, . . . , c.

In particular, Z is a Mori Dream space, with unique minimal model isomorphic to Pc Æ Pn given by the blow-

down of the exceptional divisor onZ defined by the vanishing of the section v.

Proof. The equations (50) imply the existence of a section

v < ´
µ0

x0
< ¨ ¨ ¨ < p´1qc

µc

xc
,

globally defined in degree p´1, e1q, satisfying the equations as given in the Theorem. This section is the
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image of V in the map È.

By Proposition 3.13, we haveRpXq 3 ºÚRpXq 8 K. We have thatRpXqpa,bq < 0 for a � ´1 and by

Proposition 7.6, we haveKa < 0 for a � 0 (remembering the sign flip convention on the grading ofK).

It is clear that È is surjective in degrees pa, bq with a � 0. Fixing a � 0, the equations in J allow any

degree pa, bqelementpofU witha � 0 tobewritten in termsofonlyXi, Yj . Since thedefiningequationsofZ

are also contained inÈpJq, we see thatÈ induces isomorphismsRpZqpa,bq 3 pU{Jqpa,bq for all a � 0, b P Z.

We now look at the pieces graded by p´a, bqwith´a � ´1. Fix´a � ´1. The equations in J allow us

to write any polynomial of a degree p´a, bq in terms of just the Yj and V . To prove the theorem, it su�ices

then to show thatKa 3 Rrae1s, since then V a maps onto the non-zero element va in under È which must

correspond to a generator ofKa.

Suppose h < phi0...icqi0...icP∆cpa´1q P Ka. By Lemma 7.5, for each i0 . . . ic P ∆cpa´ 2q, we have

fm,0hi0`1...ic ` ¨ ¨ ¨ fm,chi0...ic`1 < 0

for eachm < 1, . . . , c. In other words, we have phi0`1...ic , . . . , hi0...ic`1q P kerM , whereM is viewed as a

map of freeR-modules, for each i0 . . . ic P ∆cpa´ 2q. But then

p´1qjµkhi0...ij`1...ic ´ p´1qkµjhi0...ik`1...ic

for each i0 . . . ic P ∆cpa´ 2q. Since the µi share no common factor, we conclude that there is a polynomial

p P R such that

hi0...ic < pµi0
0

¨ ¨ ¨µicc

for each i0 . . . ic P ∆cpa´ 1q. In particular,Ka 3 Rrae1s as a gradedR-module as required.

7.3 The case pd1, d2, . . . , dcq “ p2, 1, . . . , 1q

For this section,we takeour general set upofZ � X < PcÆPn of the form p:qwith respect to hypersurfaces

V1, . . . , Vc of degrees pd1, e1q, . . . , pdc, ecq and we assume d1 < 2 and d2 < ¨ ¨ ¨ < dc < 1. Oncemore we set

e1 < e1 ` ¨ ¨ ¨ ` ec, and we remark that e1 < n` 1 gives the Calabi-Yau case.

We can write

r1 <
ÿ

0�i�j�c

fijxixj

for some homogeneous degree e1 polynomials fij inR. For eachm < 2, . . . , c, we can write

rm < gm,0x0 ` ¨ ¨ ¨ ` gm,cxc

for some homogeneous degree em polynomials gm,0, . . . , gm,c inR.

7.3.1 Geometry and algebra

IfZ Ñ Pn is the projection map, then the general fibre consists of 2 points (with multiplicity). Taking inspi-

ration from the c < 2 case, explored in Section 6.3, we seek to construct a birational map from Z to itself

interchanging the two points of a general fibre. Non-general fibres may be lines, smooth conic curves in P2,

degenerate conics in P2 or the entire P2.
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Define the pc´ 1q Æ pc` 1qmatrix

M <

¨
ÚÚß

g2,0 ¨ ¨ ¨ g2,c
...

. . .
...

gc,0 ¨ ¨ ¨ gc,c

Û
99:

and letµij , for each 0 � i � j � c, denote the pc´1q Æ pc´1qminor ofM obtained by discarding the i and

j columns ofM . Each such µij has degree e1 ´ e1 inR. If i � j we set µij < ´µji and we also set µii < 0.

If px, yq P Z, then x is in the kernel ofM viewed as a map of free modules on the projective coordinate

ring ofZ embedded in Pc Æ Pn. This implies that

p´1qiµjkxi ´ p´1qjµikxj ` p´1qkµijxk < 0 (51)

for each 0 � i � j � k � 0. Indeed, supposeM0 : Sc`1 Ñ Sc´1 is a map of free S-modules for a ring S.

Then x P kerM0 implies that

x^ e0^
êi,êj ,êk

¨ ¨ ¨ ^ec P ker

Þ
c´1?

M0 :

c´1?
Sc`1 Ñ

c´1?
Sc´1 3 S

¸
,

and the image of x^ e0^
êi,êj ,êk

¨ ¨ ¨ ^ec under
zc´1M0 is p´1qiµ1

jkxi ´ p´1qjµ1
ikxj ` p´1qkµ1

ijxk, where µ
1
ij

is the maximal minor ofM0 taken ignoring the i and j columns for each 0 � i � j � c.

For any i 0 j, we may use the equations in (51) to eliminate all variables xk with k R ti, ju from the

equation µ2ijr1 < 0. We obtain

0 < µ2ijfiix
2
i ` µ2ijfijxixj ` µ2ijfjjx

2
j

`µij
Y

kRti,ju fikxip´p´1qi`kµjkxi ` p´1qj`kµikxjq

`µij
Y

kRti,ju fjkp´p´1qi`jµjkxi ` p´1qj`kµikxjqxj

`
Y

k,lRti,ju fklp´p´1qi`kµjkxi ` p´1qj`kµikxjqp´p´1qi`lµjlxi ` p´1qj`lµilxjq.

Grouping the quadratic terms in xi, xj we obtain

Fijx
2
i `Gijxixj `Hijx

2
j < 0,

where

Fij < µ2ijfii ´ µij
ÿ

k0i,j

p´1qi`kfikµjk `
ÿ

k,lRti,ju

p´1qk`lfklµjkµjl,

Gij < µ2ijfij ` µij
ÿ

k0i,j

´
p´1qj`kfikµik ´ p´1qi`kfjkµjk

¯
´

ÿ

k,lRti,ju

p´1qi`j`k`lfkl pµjkµil ` µikµjlq ,

Hij < µ2ijfjj ` µij
ÿ

k0i,j

p´1qj`kfjkµik `
ÿ

k,lRti,ju

p´1qk`lfklµikµil.
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Recalling our sign conventions, we notice that for each size three subset ti, j, kuwe have Fij < Hjk < Fj ,

where

Fj <
ÿ

k,l0j

p´1qk`lfklµjkµjl.

We also notice that

Gij < ´
ÿ

k,l

p´1qi`j`k`lfkl pµjkµil ` µikµjlq .

Proposition 7.10. There are degree 2e1 ´ e1 polynomials F0, . . . , Fc, G01, . . . , Gc´1,c inR, defining a locus

W of codimension at most 3 in Pn, and sections z0, . . . , zc P RpZq, of degree p´1, 2e1 ´ e1q, satisfying the

equations

xizi < Fi, 0 � i � c,

xizj ` xjzi < ´Gij , 0 � i � j � c,

(52)

inRpZq. Moreover, there is a birational map × : Z 99K Z defined by

× : prx0 : ¨ ¨ ¨ : xcs, ry0 : ¨ ¨ ¨ : ynsq ÞÑ prz0 : ¨ ¨ ¨ : zcs, ry0 : ¨ ¨ ¨ : ynsq ,

which is regular away fromW . Over the general fibre, this interchanges the two points.

Proof. The Fi, Gij are as given above. The codimension of the varietyW � Pn defining them is at most 3,

since they vanish when all maximal minors of the pc ´ 1q Æ pc ` 1qmatrixM vanish. We have established

above that

Fjx
2
i `Gijxixj ` Fix

2
j < 0

for each 0 � i � j � c. For each 0 � i � c, the section zi, defined by

zi <
Fi

xi
< ´

Fjxi `Gijxj

x2j
, j 0 i,

is globally defined on Z in degree p´1, 2e1 ´ e1q. These zi satisfy the equations given in the Proposition

statement. The vanishing locusof z0, . . . , zc is preciselyW . Ify P Pn is so that all equationsFjx
2
i `Gijxixj`

Fix
2
j do not vanish, then its fibre consists of two points and the equations (52) imply that rzi : zjs is the

second root of Fjx
2
i ` Gijxixj ` Fix

2
j for each 0 � i � j � c. In particular, rz0 : ¨ ¨ ¨ : zcs is the other point

onZ over y. Thus × is birational fromZ to itself, interchanging the two points of a general fibre.

We are already able to prove that Z is a Mori Dream Space if codimW < 3, with two minimal models

isomorphic to Z related by ×, which is in this case a flop. This exploits the induced symmetry onRpZq by

the flop ×. We wait until we have more information to give a stronger result, giving also a presentation of

the Cox ring of such aZ.

7.3.2 The spaceK0

The defining equation

r1 <
ÿ

0�i�j�c

fijxixj

92



of V1may also be written as

r1 < g1
1,0x0 ` ¨ ¨ ¨ ` g1

1,cxc,

where

g1
1l <

1

2
f0lx0 `

1

2
f0lx1 ` ¨ ¨ ¨ ` fllxl ` ¨ ¨ ¨ `

1

2
flcxc.

We may consider the c Æ pc ` 1q matrixM 1, with entries in the projective coordinate ring of Z � X ,

obtained by augmentingM with a new first row with entries g1
1,0, . . . g

1
1,c as follows.

M 1 <

¨
ÚÚÚÚß

g1
1,0 ¨ ¨ ¨ g1

1,c

g2,0 ¨ ¨ ¨ g2,c
...

. . .
...

gc,0 ¨ ¨ ¨ gc,c

Û
9999:
.

For each i < 0, . . . , c, let ¿i be the c Æ cminor ofM 1 obtained by removing the ith column, which are each

degree p1, e1q sections in ºÚRpXq. We can assume that no ¿i is equal 0, otherwise xi < 0 on Z and we can

assumeZ � Pc´1 Æ Pn. If px, yq P Z then x P kerM 1pyq, and by considering
zcM 1pyq, we have that

p´1qi¿jxi ´ p´1qj¿ixj < 0.

are satisfied. We obtain a section

u <
¿0

x0
< ¨ ¨ ¨ < p´1qc

¿c

xc

globally defined onZ in degree p0, e1q.

Proposition 7.11. TheR-module
À

bPZ RpZqp0,bq is isomorphic toR8Rre1s, with basis given by 1 in degree

p0, 0q and the section u in degree p0, e1q defined above, which satisfies the equations

uxi ´ p´1qi¿i < 0

inRpZq for each i < 0, . . . , c.

Proof. We know that à

bPZ

RpZqp0,bq 3
à

bPZ

ºÚRpXqp0,bq 8K0.

Now
À

bPZ º
ÚRpXqp0,bq is the restriction of R < RpPnq to Z, which is just R since the projection to Pn

is surjective. By Proposition 7.6, we have K0 3 Rre1s. Since u is a section not contained in ºÚRpXq, we

conclude that the section u above must generate this second summand of
À

bPZ º
ÚRpXqp0,bq. Clearly u

satisfies the given equations.

Remark 7.12. We can show that ¶u P K0 is given by

¶u < p´1q
cpc´1q

2

1

x0 . . . xc
.
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To see this, we consider the fkl and gm,l as formal symbols. By considering the process of applying ³ to

h < 1

x0...xc
, we see that the term

fccg2,c´1 . . . g2,1

x0

appearswithcoe�icient`1 in t0, where ptiq is the0-cocycleonZ representing³h. Since the termfccg2,c´1 . . . g2,1

appears with sign p´1q
cpc´1q

2 in ¿0, we obtain the claim. To not have the sign p´1q
cpc´1q

2 present in our final

Cox ring presentation, we take u to be ³p´1q
cpc´1q

2 h. It is this reason that we chose u < ³p´hq in Sec-

tion 6.3.2

7.3.3 Equations in the u and zi

Recall that in Proposition 7.10we found sections z0, . . . , zc, in degree p´1, 2e1´e1q, which generally give the

coordinates of the second point of a fibre over Pn. From Proposition 7.11 we also have a section u P p0, e1q.

We now attempt to refine the equations in Proposition 7.10 with the section u. The equations

xizj ` xjxi < ´Gij

imply that, for each 0 � i � j � c,

xizj `
1

2
Gij < ´xjzi ´

1

2
Gij < vij

for some degree p0, 2e1 ´ e1q section vij inRpZq. Then

´FiFj < ´xizjxjzi <

Æ
vij ´

1

2
Gij

ÛÆ
vij `

1

2
Gij

Û
< v2ij ´

1

4
G2

ij ,

and thusv2ij < 1

4
G2

ij´FiFj . This is thediscriminant (up to scalar) of thequadratic equationFjx
2
i `Gijxixj`

Fix
2
j .

Lemma 7.13. For each i 0 j, we have vij < p´1qj´iµiju. In particular, the equations

xizi ´ Fi < 0, 0 � i � c,

xizj ´ p´1qj´iµiju`
1

2
Gij , i 0 j,

refine those equations in Proposition 7.10.

Proof. We first show that each vij vanishes where u vanishes. Since v2ij is the determinant of the quadratic

equationFjx
2
i `Gijxixj `Fix

2
j < 0 satisfied by any point onZ, we have that vij vanishes on double point

fibres ofZ overPn. We argue thatumust vanish here also. Note thatu vanishes exactlywhen the cÆcmatrix

M 1 vanishes, andM 1 is the Jacobianmatrix ofZ with first row halved. In particular, over a fixed y P Pn, the

maximal minors of this matrix vanish where the fibre is singular, which includes where the fibre is a double

point. We conclude that the divisor defined by u is the closure of the fibres consisting of one point. Since

each vij vanisheswhereu vanisheswe have vij P xuy for each ij. By considering degreeswe have vij < qiju

for some degree p0, e1 ´ e1q section qij inR.
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Nowwe have

0 <
´

p´1qiµjkxi ´ p´1qjµikxj ` p´1qkµijxk

¯
zk

<
`
p´1qiµjkqik ´ p´1qjµikqjk

Ú
u`

Æ
p´1qi

1

2
Gik ´ p´1qj

1

2
Gjk ` p´1qkFk

Û
,

which implies that p´1qiµjkqik ´ p´1qjµikqjk < 0 for each 0 � i � j � k � c, where we have used that

u and 1 areR-linearly independent. In the general case (where the gm,l are formal symbols), theminors µij

are irreducible and we obtain

qij < p´1qj´1¼µij

for some scalar ¼. Since the non-general case has the same computations, this result holds in general. We

need only to show ¼ < 1. For c � 2 this can be seen from the equations in 6.16. We now suppose c � 3.

Oncemore,weonlyneed to showthat¼ < 1 for oneexampleZ � PcÆPn, sinceanyexample is obtained

from the universal setting (where we treat the polynomial coe�icients as formal variables) by substituting

symbols. In particular, the degrees em are unimportant.

We suppose that pdc, ecq < p0, 1q and that rc < xc. Throughout, we have required that ec � 1, but

everythingworkswith ec < 0 except possibly the isomorphismof Picard groups, which is still okay if dc < 1.

ThenZ � Pc´1

xc<0
Æ Pn � Pc Æ Pn. If, for each 0 � i � j � c´ 1, µ´

ij is the c´ 2 Æ c´ 2minor of thematrix

M´ <

¨
ÚÚß

g2,0 ¨ ¨ ¨ g2,c´1

...
. . .

...

gc,0 ¨ ¨ ¨ gc´1,c´1

Û
99:,

which is obtained fromM by removing the last row and the last column, then we have µ´
ij < µij . Similarly,

let

M 1´ <

¨
ÚÚÚÚß

g1
1,0 ¨ ¨ ¨ g1

1,c´1

g2,0 ¨ ¨ ¨ g2,c´1

...
. . .

...

gc´1,0 ¨ ¨ ¨ gc´1,c´1

Û
9999:

be the matrix obtained byM 1 by removing the last row and column, then if ¿´
i , for 0 � i � c ´ 1, is the

maximal minor ofM 1´ discarding the ith column then ¿´
i < ¿i. Using induction in c, we now conclude that

for 0 � i, j � c´ 1with i 0 j we have

p´1qj´i¼µiju < xizj `
1

2
Gij < p´1qj´iµ´

iju
´ < p´1qj´iµiju,

where u´ is the section obtained in applying the method for Z � Pc´1 Æ Pn, noting u´ < u since each

¿´
i < ¿i. Since at least one such µij is non-zero, we get ¼ < 1 as required.

Corollary 7.14. We have the equations

uzi ` p´1qi¿ 1
i < 0

for each i < 0, . . . , c, where ¿ 1
i is obtained from ¿i by replacing each xi with zi. Furthermore, u satisfies the
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equation u2 < É inRpZq, where

É <
G2

ij ´ 4FiFj

4µ2ij
P R

for any choice of 0 � i � j � c.

Proof. Since xizj ´xjzi < 2p´1qj´iµiju, we conclude u takes opposite signs on the two points of a general

fibre over Pn. If px, yq and px1, yq are the two points of a general fibre and 0 � i � c, then

puzi ` p´1qi¿ 1
iqpx, yq < p´uxi ` p´1qi¿iqpx1, yq < 0

since uxi ´ p´1qi¿i < 0 on Z. It follows that uzi ` p´1qi¿ 1
i < 0. The equation for u2 follows from pxizj ´

xjziq
2 < 4µ2iju

2, which follows from the previous Lemma.

7.3.4 Proof of Main Theorem 2.17

The following generalises Theorem 6.23 to all c � 2.

Theorem 7.15. LetZ � Pc Æ Pn as above. LetA be the free Z2-graded algebra

A < CrX0, . . . , Xc, Y0, . . . , Yn, Z0, . . . , Zc, U s,

with degrees

degXi < p1, 0q, deg Yj < p0, 1q, degZi < p´1, 2e1 ´ e1q, degU < p0, e1q,

for relevant i, j. There is a morphism of graded algebrasÈ : A Ñ RpZq sendingXi ÞÑ xi, Yj ÞÑ yj ,Zi ÞÑ zi,

U ÞÑ u, where z0, . . . , zc, u are the sections defined in Proposition 7.10 and .... Let J åA be the homogeneous

ideal generated by the equations

rmpXi, Yjq, rmpZi, Yjq, m < 1, . . . c,

XiZi ´ F0pYjq, i < 0, . . . , c

XiZj ´ p´1qj´iµijpYjqU ` 1

2
G01pYjq, 0 � i, j � c,

XiU ´ p´1qi¿ipXk, Yjq, ZiU ` p´1qi¿ipZk, Yjq, i < 0, . . . , c,

U2 ´ ÉpYjq,

where the ¿ipxi, yjq are defined in Proposition 7.11 and Épyjq is defined in Corollary 7.14.Then J � kerÈ.

(i) Suppose the spaceW � Pn has codimension 3. Then È induces an isomorphism of graded algebras

RpZq 3 A{J . The space Z is a Mori Dream Space with two maximal Mori chambers, each giving min-

imal models isomorphic to Z, related by a flop which exchanges the two points of a general fibre over

Pn.

(ii) Suppose there is a presentation of the Cox ring ofZ of the formRpZq 3 A{J . Then codimW < 3.

Proof. By Proposition 7.10, Proposition 7.11, Lemma 7.13, Corollary 7.14, the map È is well defined and its

kernel contains J .
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Suppose that codimW < 3. By Proposition 7.10, we have a birational map × of order two from Z to

itself:

×prx0 : ¨ ¨ ¨ : xcs, ry0 : ¨ ¨ ¨ : ynsq < prz0 : ¨ ¨ ¨ : zcs, ry0 : ¨ ¨ ¨ : ynsq.

Moreover, × is regular away fromW , thus an isomorphism in codimension one. Since × is also a map over

Pn, any contracted fibre is in Pc, thus has trivial intersection with the canonical divisorKZ , which has class

p0, e1 ´ n´ 1q. It follows that × is a flop fromZ to itself, inducing an isomorphism ×Ú of Cox rings.

Surjectivity of × follows since x0, . . . , xc, y0, . . . , yn, u generated the subalgebra of RpZq correspond-

ing to degrees pa, bq with a � 0, b P Z. Furthermore, since
À

a�0,bPZRpZq 3 ºÚRpXq 8 K0, it is read-

ily checked that Jpa,bq is the kernel of È in degrees with a � 0. Now ×Ú interchanges
À

a�0,bPZRpZq 3

ºÚRpXq 8 K0 and
À

a�0,bPZRpZq 3 ºÚRpXq 8 K0, sending the sections x0, . . . , xc, y0, . . . , yc, u respec-

tively to z0, . . . , zc, y0, . . . , yn,´u. The equations in J are compatible with this symmetry and it follows

A{J Ñ RpZq is an isomorphism in all degrees.

For (ii), such a presentation of the Cox ring implies that Z is a Mori Dream Space and that × : Z 99K Z

defined by the sections zi, yj is a flop from Z to itself, thus a isomorphism in codimension one. But the zi

sections all vanish onW , and if the codimensionofW inPn is less than three, then thepreimageofW inZ is

a divisor on which × cannot be defined. It follows that if such a presentation exists, then codimW < 3.

7.4 Comments

Analagously to the Remarks in Section 4.5, Theorem 7.15 generalises to codimension c complete intersec-

tions in ambient spacesX � Pc ÆT with T aMori DreamSpace. In Chapter 9, we apply this to codimension

c complete intersections in pPcqk Æ Pn.
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8 On two hypersurface models of degree one del Pezzo surfaces with conic

bundle

In this Chapter, we study two models of certain degree one del Pezzo surfaces. As in the rest of this thesis,

we are working overC, though this may be replaced with any perfect field with characteristic not equal 2.

Suppose that Z is a del Pezzo surface of degree one admitting a morphism Ã : Z Ñ P1, which equips

it with the structure of a conic bundle. We will see that Z can be embedded as an ample hypersurface in

the rational scroll X < Fp0, 1, 1q. For details on rational scrolls we refer to [30]. We will use the method

of Section 3.3 with c < 1 – the hypersurface case – to find sections on Z that may be taken as coordinate

sections for the anticanonical embedding ofZ into the weighted projective space Pp1, 1, 2, 3q. Our method

gives us Cox ring equations for these new sections which we can use, with the help of Macaulay2, to trans-

late between the defining equations of Z inX and Z in Pp1, 1, 2, 3q. This answers a question asked twice

independently in mathoverflow [31, 35].

8.1 Applying themethod

8.1.1 Basics

LetX be the rational scroll Fp0, 1, 1q. This can be viewed as a quotient of pA2 z0q Æ pA3 z0q by the algebraic

torusG2
m. GivingA

2 coordinates t0, t1 andA3 coordinates x0, x1, x2 the action is defined by

¼ ¨ pt0, t1;x0, x1, x2q < p¼t0, ¼t1;x0, ¼
´1x1, ¼

´1x2q, ¼ P Gm.

There is a natural map Ã : X Ñ P1 given by the coordinates t0, t1. The Picard group ofX is isomorphic to

Z2, with generators given by a fibre of Ã and the class of the coordinate section x0. The Cox ring ofX is then

given by

RpXq < Crt0, t1, x0, x1, x2s,

with the generators having degrees

degpt0q < degpt1q < p1, 0q, degpx0q < p0, 1q, degpx1q < degpx2q < p´1, 1q.

Now suppose that Z is a degree one del Pezzo surface admitting a conic bundle structure Z Ñ P1. By The-

orem 5.6 in [14], we can embed Z intoX as a hypersurface such that the conic bundle structure is induced

by the restriction of Ã toZ. We denote by Ã also this restriction.

More precisely,Z is a degree p1, 2q hypersurface inX , defined by an element

r < Apt0, t1qx20 `Bpt0, t1qx0x1 ` Cpt0, t1qx0x2 `Dpt0, t1qx21 ` Ept0, t1qx1x2 ` F pt0, t1qx22

inRpXqp1,2q, whereA,B,C,D,E, F are homogeneous forms in t0, t1 of degrees 1, 2, 2, 3, 3, 3 respectively.

We will write

Apt0, t1q < a0t0 ` a1t1, Bpt0, t1q < b0t
2
0 ` b1t0t1 ` b2t

2
1, Cpt0, t1q < c0t

2
0 ` c1t0t1 ` c2t

2
1,

Dpt0, t1q < d0t
3
0 ` d1t

2
0t1 ` d2t0t

2
1 ` d3t

3
1, Ept0, t1q < e0t

3
0 ` e1t

2
0t1 ` e2t0t

2
1 ` e3t

3
1,

F pt0, t1q < f0t
3
0 ` f1t

2
0t1 ` f2t0t

2
1 ` f3t

3
1.
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The bundle structure Ã : Z Ñ P1 is given by the coordinates t0, t1.

On the other hand, as for all del Pezzo surfaces of degree 1, the anticanonical ring

RpZq´KZ <
à

l�0

H0pZ,´lKZq

ofZ is generated by four elements of respective degrees 1, 1, 2 and 3, giving the anticanonical embedding

Z 3 ProjRpZq´KZ ãÑ Pp1, 1, 2, 3q.

This realisesZ � Pp1, 1, 2, 3q as a hypersurface of degree 6, given by a Weierstrass-like equation.

By the Lefschetz hyperplane theorem, the restriction homomorphism PicX Ñ PicZ is injective, and

we identifyPicX 3 Z2with its image inPicZ. The canonical class ofX is given by p0,´3q inZ2; by adjunc-

tion, the canonical class ofZ is thusKZ < p1,´1q. We conclude that x1, x2 restrict to linearly independent

anticanonical sections of Z, giving a basis of the degree one part of the anticanonical ring RpZq´KZ . As

mentioned above, the anticanonical ring also needs generatorsw, z of degrees 2, 3. As the restriction map

H0pX,OXpa, bqq Ñ H0pZ,OZpa, bqq

is not surjective in the relevant degrees, these generators cannot be expressed as polynomials in the ti and

xj variables.

Using the method of Section 3.2, we can find the sections w, z and give relations for them in terms of

the ti, xj in the Cox ring of Z. For defining an ordered open cover of X , we define for each i < 0, 1 and

j < 0, 1, 2 the a�ine openWij ofX defined by ti 0 0 and xj 0 0. Then our ordered open cover is set to be

W < tWijui,j with lexicographic order.

8.1.2 Maps on first cohomology

Step (1) of our procedure involves describing the first sheaf cohomology ofX and describing the maps in-

duced by multiplication by the defining equation r ofZ. We can do this over all line bundles inPicX .

Lemma 8.1. (i) There are natural Z2-graded vector space isomorphisms

à

pa,bqPZ2

H1pX,OXpa, bqq 3
1

t0t1
Crt´1

0
, t´1

1
, x0, x1, x2s 3 RpXqrt´1

0
, t´1

1
s{L, (53)

where L is the vector subspace ofRpXqrt´1

0
, t´1

1
s generated by all terms in which t0 or t1 appear with

non-negative exponent.

(ii) For eachm < 1, . . . , c, the map

rm,Ú :
à

pa,bqPPic

H1pX,OXpa´ 1, b´ 2qq ÝÑ
à

DPPic

H1pX,OXpa, bqq

can be identified with the map

rm,Ú : RpXqrt´1

0
, t´1

1
s{L ÝÑ RpXqrt´1

0
, t´1

1
s{L

f ÞÑ r ¨ f mod L
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that multiplies an element f P RpXqrt´1

0
, t´1

1
s{L 3 1

x0x1
Rrt´1

0
, t´1

1
s by r, and ignores those terms in

which t0 or t1 occur with non-negative exponent.

Proof. For the first part, we can consider the Čech complexes as direct sums over each monomial in the ti

and xj . These complexes are identical to the case thatX < P1 Æ P2. The cohomology thus takes the same

description; it is only the Z2-grading that changes. The second part then follows as usual.

Definition 8.2. For each pa, bq P Z2, define the vector spaces

Tpa,bq 3 H1pX,OXpa´ 1, b´ 2qq, T 1
pa,bq < H1pX,OXpa, bqq.

LetKpa,bq denote the kernel of rÚ : Tpa,bq Ñ T 1
pa,bq andK <

À
pa,bqPZ2 Kpa,bq.

We have completed Step (1) of the method in Section 3.2. We will perform Step (2) only in the degrees

p2,´2q and p3,´3q, which is where we find the sectionsw and z onZ respectively.

8.1.3 Li�ing elements ofK to the Cox ring

Suppose that we have completed Step (2). In Step (3) we choose amap³ : K Ñ RpZq inducing an isomor-

phism ³1 : K Ñ RpZq{ºÚRpXq as in the setting of Proposition 3.9.

Suppose that f P K, homogeneous of degree p´a, bq in Z2. By Lemma 8.1, we may write u < rÚf as a

sum

u < up0q ` up1q ` up2q

where each term of up0q, respectively up1q, has t0, respectively t1 occuring with negative exponent, and up2q

consists of the remaining terms of u. Note that

upiq P OXp´a, bqpWijq for all j and i < 0, 1,

up2q P RpXqp´a,bq.

The 0-cochain pvijq onX given by

vij <

$
&
%

up0q ` 1

2
up2q if i < 0,

´up1q ´ 1

2
up2q if i < 1,

(54)

restricts to a section v P RpZq. This induces a map ³ : K Ñ RpZq. In summary we obtain the following.

Proposition 8.3. The map ³ : K Ñ RpZq defined in the notation above by sending f P K to v P RpZq is

compatible with Proposition 3.9.

Proof. The construction of ³ is compared with the proof of Proposition 3.9.

8.1.4 Finding sectionsw and z

We now perform Step (2) of the method of Section 3.2 in degree p´2, 2q, where we find a suitable section

w P RpZqp´2,2q, and degree p´3, 3q, where we find a suitable section z P RpZqp´3,3q. By suitable we mean

that the sections x0, x1, which are restrictions of those sections on X , along with w, z give generators of

RpZq´Kz .
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By Lemma 8.1(i), an element of Tp´2,2q < H1pX,OXp´3, 0qqmay be written as

f <
¼0

t2
0
t1

`
¼1

t0t
2
1

for some scalars ¼0, ¼1 P C. Recalling the form of r given in the introduction to this Chapter, we have

u < rÚf <
a0¼0 ` a1¼1

t0t1
P T 1

p´2,2q.

Since we are assuming that r is general, we see that f P K if and only if it is given by a scalar multiple of

g <
a1

t2
0
t1

´
a0

t0t
2
1

.

We define the sectionw to be given by ³pgq. By considering the 0-cocycles defined onW0j andW1j for any

j, we obtain the equations

2t20w ´ a1d1t
2
0x

2
1 ` a0d2t

2
0x

2
1 ´ 2a1d2t0t1x

2
1 ` 2a0d3t0t1x

2
1

´ 2a1d3t
2
1x

2
1 ´ a1e1t

2
0x1x2 ` a0e2t

2
0x1x2 ´ 2a1e2t0t1x1x2

` 2a0e3t0t1x1x2 ´ 2a1e3t
2
1x1x2 ´ a1f1t

2
0x

2
2 ` a0f2t

2
0x

2
2 ´ 2a1f2t0t1x

2
2

` 2a0f3t0t1x
2
2 ´ 2a1f3t

2
1x

2
2 ´ 2a1b1t0x0x1 ` 2a0b2t0x0x1

´ 2a1b2t1x0x1 ´ 2a1c1t0x0x2 ` 2a0c2t0x0x2 ´ 2a1c2t1x0x2 ´ 2a21x
2
0,

2t21w ´ 2a0d0t
2
0x

2
1 ` 2a1d0t0t1x

2
1 ´ 2a0d1t0t1x

2
1 ` a1d1t

2
1x

2
1

´ a0d2t
2
1x

2
1 ´ 2a0e0t

2
0x1x2 ` 2a1e0t0t1x1x2 ´ 2a0e1t0t1x1x2

` a1e1t
2
1x1x2 ´ a0e2t

2
1x1x2 ´ 2a0f0t

2
0x

2
2 ` 2a1f0t0t1x

2
2

´ 2a0f1t0t1x
2
2 ` a1f1t

2
1x

2
2 ´ a0f2t

2
1x

2
2 ´ 2a0b0t0x0x1 ` 2a1b0t1x0x1

´ 2a0b1t1x0x1 ´ 2a0c0t0x0x2 ` 2a1c0t1x0x2 ´ 2a0c1t1x0x2 ´ 2a20x
2
0,

(55)

inRpZq.

We now wish to find h P Kp´3,3q so that we may define z < ³h to be the remaining generator of the

anticanonical ring ofZ. An element of Tp´3,3q is an element ofH
1pX,OXp´1, 4qq, which has the form

f <
¼0

t3
0
t1
x0 `

¼1

t2
0
t2
1

x0 `
¼2

t0t
3
1

x0 `
µ0

t2
0
t1
x1 `

µ1

t0t
2
1

x1 `
¹0

t2
0
t1
x2 `

¹1

t0t
2
1

x2.

for some scalars¼0, ¼1, ¼2, µ0, µ1, ¹0, ¹1. We know that the dimension ofRpZq´3KZ
is equal 7, and that four

of these dimensions are accounted for by the sections x31, x
2
1x2, x1x

2
2, x

3
2, and two more are accounted for

by x1w and x2w. By Lemma 3.5, we see that ¶x1w has only µ0, µ1 not equal zero when written as above,

and ¶x2w has only ¹0, ¹1 not equal zero. We conclude that any h P Kp´3,3q written as above with ¼0, ¼1, ¼2

not all zero can be used to define z < ³h, completing the sections x31, x
2
1x2, x1x

2
2, x

3
2, x1w, x2w to a basis of

RpZq´KZ .
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Up to scalar, the most symmetric choice of h P Kp´3,3q is given by

h <
2a0a

3
1

t3
0
t1

x0 ´
2a20a

2
1

t2
0
t2
1

x0 `
2a30a1

t0t
3
1

x0

´
a31b0 ´ a0a

2
1b1 ` a20a1b2

t2
0
t1

x1 ´
a0a

2
1b0 ´ a20a1b1 ` a30b2

t0t
2
1

x1

´
a31c0 ´ a0a

2
1c1 ` a20a1c2

t2
0
t1

x2 ´
a0a

2
1c0 ´ a20a1c1 ` a30c2

t0t
2
1

x2.

We define z < ³h accordingly. Considering 0-cocycles, we can find polynomials q0pti, xjq, q1pti, xjq P

RpXqp0,3q such that

t30z < q0pti, xjq

t31z < q1pti, xjq
(56)

inRpZq.

8.2 Translating between the twomodels ofZ

8.2.1 Computing the anticanonical ring

We recall from the introduction to this Chapter, that there is a natural map of Z2-graded algebras

È : Crt0, t1, x0, x1, w, zs Ñ RpZq,

which is surjective onto the anticanonical ringRpZq´KZ of Z. There are already 5 known elements of the

kernel of È, namely the defining equation r ofZ inX , the equations of (55), which we label in order h0, h1,

and the equations of (56), which we label in order g0, g1.

Define the homogeneous ideal

J < xr, h0, h1, g0, g1y å Crt0, t1, x0, x1, x2, w, zs,

generated by the five aforementioned known elements of kerÈ. This ideal is not prime, for in its primary

decomposition will be the ideal generated by t0, t1, x0. Discarding this gives us a prime ideal

J0 å Crt0, t1, x0, x1, x2, w, zs,

which describes the ideal of relations between the generators defining Z inside a rank two toric variety.

From J0, we may eliminate the variables t0, t1 using computer algebra. This yields a principal ideal I å

Crx0, x1, x2, w, zs, generated by a single polynomial ppx1, x2, w, zq of degree 6 inRpZq´KZ . This polyno-

mial p is the one defining the anticanonical model ofZ in the weighted projected space Pp1, 1, 2, 3q.

We are currently unable to run this process parametrically in Macaulay2, with coe�icients a0, . . . , f3 as

variable inputs. However, with every concrete input vector of coe�icients, primary decomposition and elim-

ination terminate, returning the Weierstrass cubic equation p in a few seconds. For example, suppose that
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A,B,C,D,E, F are given by

A < t0 ` t1, B < t20 ` t0t1 ` t21, C < t20 ´ t0t1 ´ t21

D < t30 ` t31, E < t30 ´ t20t1 ´ t0t
2
1 ` t31, F < t20t1 ´ t0t

2
1.

Then J has two minimal ideals, one of which is pt0, t1, x0q. Our desired equation must lie in the second

minimal idealJ0; eliminating t0 and t1 givesusaprincipal ideal generatedby theWeierstrass-likepolynomial

ppx1, x2, w, zq < z2 ` 4x2wz ` p4x21x2 ` 6x1x
2
2 ´ 2x32qz

´4w3 ` p3x21 ` 6x1x2 ´ x22qw2

`p8x41 ` 22x31x2 ` 16x21x
2
2 ` 2x1x

3
2 ` 4x42qw

`p4x61 ` 16x51x2 ` 23x41x
2
2 ` 18x31x

3
2 ` 12x21x

4
2 ` 2x1x

5
2 ` x62q.

We give the full Macaulay2 code for computing p from given r in the following Section.

8.2.2 Macaulay2 Code

Wegivebelow theMacaulay2 script. The ringRgen is thepolynomial ringoncoe�icients of r and the sections

ti, xj , w, z with their degrees. The computed elements hgen0, hgen1, ggen0, ggen1 give the equations

of (55), (56) multiplied by 2 and Jgen gives the ideal generated by the five known kernel elements of È.

We then take a specific example, giving explicit choices for the coe�icients a0, . . . , f3 in thematrix subs.

The code below has the example

A < t0 ` t1, B < t20 ` t0t1 ` t21, C < t20 ´ t0t1 ´ t21

D < t30 ` t31, E < t30 ´ t20t1 ´ t0t
2
1 ` t31, F < t20t1 ´ t0t

2
1.

The ring R is now the domain of È and the remaining code gives the ideal J , discards the ideal pt0, t1, x0q,

eliminates the variables representing t0, t1 fromthe remainingprimary component, andoutputs thedesired

equation.

Rgen = QQ[a0,a1,b0,b1,b2,c0,c1,c2,d0,d1,d2,d3,e0,e1,e2,e3,f0,f1,f2,f3,

t0,t1,x0,x1,x2,w,z,Degrees=>{20:{0,0},2:{1,0},1:{0,1},2:{-1,1},1:{-2,2},1:{-3,3}}];

rgen = (a0*t0+a1*t1)*x0^2 + (b0*t0^2+b1*t0*t1+b2*t1^2)*x0*x1 +

(c0*t0^2+c1*t0*t1+c2*t1^2)*x0*x2 +

(d0*t0^3+d1*t0^2*t1+d2*t0*t1^2+d3*t1^3)*x1^2 +

(e0*t0^3+e1*t0^2*t1+e2*t0*t1^2+e3*t1^3)*x1*x2 +

(f0*t0^3+f1*t0^2*t1+f2*t0*t1^2+f3*t1^3)*x2^2;

rawh=(a1*t1-a0*t0)*rgen;

hpart1=sub(rawh, t0=>0);

hpart2=sub(diff(t0,rawh), t0=>0)*t0;

hpart3=sub(rawh, t1=>0);

hpart4=sub(diff(t1,rawh), t1=>0)*t1;

hpart5=rawh - hpart1 - hpart2 - hpart3 - hpart4;
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hgen0 = lift(2*t0^2*w - (2*hpart1 + 2*hpart2 + hpart5)/t1^2,Rgen);

hgen1 = lift(2*t1^2*w + (2*hpart3 + 2*hpart4 + hpart5)/t0^2,Rgen);

s = 2*a0*a1^3*t1^2*x0 - 2*a0^2*a1^2*t0*t1*x0 + 2*a0^3*a1*t0^2*x0-

(a1^3*b0 - a0*a1^2*b1 + a0^2*a1*b2)*t0*t1^2*x1 -

(a0*a1^2*b0 - a0^2*a1*b1 + a0^3*b2)*t0^2*t1*x1 -

(a1^3*c0 - a0*a1^2*c1 + a0^2*a1*c2)*t0*t1^2*x2 -

(a0*a1^2*c0 - a0^2*a1*c1 + a0^3*c2)*t0^2*t1*x2;

rawg = s*rgen;

gpart1 = sub(rawg, t0=>0);

gpart2 = sub(diff(t0,rawg), t0=>0)*t0;

gpart3 = sub(diff(t0,diff(t0,rawg)), t0=>0)*t0^2/2;

gpart4 = sub(rawg, t1=>0);

gpart5 = sub(diff(t1,rawg), t1=>0)*t1;

gpart6 = sub(diff(t1,diff(t1,rawg)), t1=>0)*t1^2/2;

gpart7 = rawg - gpart1 - gpart2 - gpart3 - gpart4 - gpart5 - gpart6;

ggen0 = lift(2*t0^3*z - (2*gpart1 + 2*gpart2 + 2*gpart3 + gpart7)/t1^3,Rgen);

ggen1 = lift(2*t1^3*z + (2*gpart4 + 2*gpart5 + 2*gpart6 + gpart7)/t0^3,Rgen);

Jgen = ideal(rgen,hgen0,hgen1,ggen0,ggen1);

R=QQ[T0,T1,X0,X1,X2,W,Z,Degrees=>{2:{1,0},1:{0,1},2:{-1,1},1:{-2,2},1:{-3,3}}];

subs=matrix{{1,1,1,1,1,1,-1,-1,1,0,0,1,1,-1,-1,1,0,1,-1,0,T0,T1,X0,X1,X2,W,Z}};

f=map(R, Rgen, subs);

J=f(Jgen);

listJ=minimalPrimes J;

K=listJ#1;

I=eliminate(K, {T0,T1});

p=(gens I)_(0,0)
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9 Final comments

In this final Chapter we give some work on the Cox rings of a general codimension c complete intersection

Calabi-Yau varietyZ in the ambient space pPcqk ÆPn, where c � 1, n � c` 1 and k � 2. This uses our work

in combination with [34], which originally generalised the result of [9].

We then close with ideas for further results we expect, focusing primarily on the case of extending the

work in Chapters 7 beyond the twomost simple cases explored.

9.1 Calabi-Yau complete intersections in pPcqk ˆ T

Let c � 1, k � 2 and consider the ambient spaceX < pPcqk Æ T , where T is a product of projective spaces

eachhavingdimension at least c`1. LetZ be a general Calabi-Yau complete intersection. SinceZ is general,

the Lefschetz hyperplane theorem gives us an isomorphism of Picard groupsPicX 3 PicZ 3 Zk 8 PicT .

Let Pc
l denote the l

th factor ofX for each l < 1, . . . , k. Denote by Tl the subproduct

Tl <

Þ
{

l10l

Pc

¸
Æ T

ofX and let Ãl : X Ñ Tl be the natural projection map.

Proposition 9.1. For each l < 1, . . . , k, there is an order two flop ×l : Z 99K Z, interchanging the two points

of a general fibre of Ãl restricted toZ.

Proof. Wecanapply theworkofChapters4,7accordingly toobtain sectionszl,0, . . . , zl,c, for each l < 1, . . . , c,

defining a flop ×l as in the Proposition statement.

Lemma 9.2. The flops ×l generate the birational automorphism group of Z, which is isomorphic to the free

product of k copies of Z{2Z.

Proof. This is the main result of [34].

Proposition 9.3. For each l < 1, . . . , k, there is a section ul, whose degree inZk 8PicT has 0 in each of the

first k entries except the lth entry.

Proof. For each l < 1, . . . , k, we can view Z as a subvariety of Pc Æ Tl and the section ul is the section of

RpZqzºÚRpXq obtained as in Proposition 4.6(i) if c < 1 and Proposition 7.11 if c � 2.

Conjecture 9.4. The Cox ring of Z is generated by the generators ofRpT q, and the union of images of the

sections

x0, . . . , xc, u1, . . . , uk,

under the action of the birational automorphism group of Z. If c < 1, then the u1, . . . , uk are redundant

generators.

For work towards a proof of this conjecture, we first see that by the methods of Chapter 3, we have

à

a1,...,ak�0

RpZqpa,bq 3
à

a1,...,ak�0

ºÚRpXqpa,bq 8K1,0 8 ¨ ¨ ¨ 8Kk,0,
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whereKl,0 is the kernel spaceK0 from themethod when viewingZ as a subvariety of Pc Æ Tl.

The birational automorphism group is generated by flops, and by considering the induced symmetry,

we conclude that the conjectured generators generate all sections with image in the moving cone of Z. It

requires only to show that any element ofRpZq defines a divisor in the interior of the moving cone ofZ.

9.2 More complete intersections in Pc ˆ Pn

Suppose that c � 2,n � c andX < PcÆPn. Consider a subvarietyZ � X of the form p:qwith respect to hy-

persurfacesV1, . . . , Vc definedby respective equations r1, . . . , rc of respective degrees pd1, e1q, . . . , pdc, ecq,

with eachdm, em � 1. WehavegivenCox rings in thegeneral casewhen pd1, d2, . . . , dcq is either p1, 1, . . . , 1q

or p2, 1 . . . , 1q. We now speculate on the case where d1, . . . , dc are general. This follows the observations

seen in Chapter 7.

For each choice of 0 � i � j � c, we should be able to eliminate all variables except xi, xj from the

equations r1, . . . , rc, giving a degree d1 < d1 ¨ ¨ ¨ dc equation in these two variables.

In the case that d1 < 2 seen in Section 7.3, we could do this in a way such that there existed polynomials

Gij P RpPnq for each 0 � i � j � c, such that each point ofZ satisfied

Gjjx
2
i `Gijxixj `Giix

2
j < 0.

From these equations, one deduced the existence of Cox ring sections z0, . . . , zc onZ.

In the general case d1 � 2we conjecture a similar situation; there will be polynomialsGij,l such that

Gij,0x
d1

i ` ¨ ¨ ¨ `Gij,d1xd
1

j ,

and these polynomials occur naturally in the equations in the Cox ring ofZ. The polynomialsGij,l cut out a

subvariety Y � Pn, which will have an expected codimension. If Y has this expected codimension then we

conjecture thatZ will be aMori DreamSpace, with sections corresponding to data recording the coe�icients

of the above polynomials divided by the linear factor according to the values of xi, xj at a point ofZ.

Thiswouldbeanalogous to the situationweobserved inChapter 4with c < 1. In Chapter 4,weonly have

two variables x0, x1 and the expected codimension of Y is simply the number of polynomial coe�icients of

the defining equation r, namely d ` 1. If Y has codimension d ` 1 then the polynomial coe�icients form a

regular sequence and the Cox ring is finitely generated of a standard by Main Theorem 2.3. If n � d then Y

cannot have the expected codimension, and as is proved in [28],Z is not a Mori Dream Space.

Weask furtherwhether this latter occurence generalises to the caseof Chapter 7. Namely, if the expected

codimension of Y is greater than n` 1, thenZ will fail to be a Mori Dream Space.
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